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Abstract. In this thesis we use the Reduced Basis (RB) method to sol-
ve multiobjective optimization problems controlled by parameter dependent
semilinear elliptic partial differential equations. First, we show the existence
and uniqueness of solutions of the partial differential equations under con-
sideration. Subsequently, we introduce the RB method to be able to signifi-
cantly reduce the computational effort compared to standard approximation
schemes like the Finite Element (FE) method. Here we work with the true
error and an a-posteriori error estimator. In addition, we use the Discrete
Empirical Interpolation method to solve the surrogate model independently
of the dimension of the FE space so we can save even more computational
effort. In the optimization step we use a set-oriented subdivision algorithm
based on gradient calculations of the objective functions to solve the problem.
To evaluate the objective functions and their gradients in the optimization
step we use the surrogate model and through this we save a lot of compu-
tational effort. In order to take inexactness of the gradients into account,
e.g. caused by the surrogate model, we derive an additional condition for the
descent direction. We prove the convergence with this new descent direction
to a tight superset of the Pareto set in this thesis. Finally we examine our
results using numerical examples.
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1. Introduction

In many applications of industry, medicine or economy several criteria are
optimized at the same time. In human dialysis, for example, the aim is to
remove as many toxins as possible from the body while minimizing costs and
application time. This example illustrates very quickly that different objec-
tives usually contradict each other. The amount of optimal compromises,
the so called Pareto set, has to be calculated. Based on this information,
a decision-maker can choose the best option. Such problems are also called
multiobjective optimization problems.
There are many different methods to solve multiobjective optimization pro-
blems. E.g. deterministic approaches like the weighted sum method in which
several convex linear combination of the individual objective functions are
generated and solved to determine the Pareto set as you can see in [21]. Con-
tinuation methods or homotopy approaches which use the fact, that under
certain smoothness assumptions the Pareto set is a manifold, you can see in
[3] or [19]. Set oriented methods generate a nested sequence of box coverings
of the Pareto-set you can see in [2] or [23]. We want to apply a set-oriented
method based on gradient calculations of the objective functions. In this
turn, we search a descent direction for all objective functions at the same
time. During the evaluation of the objective functions and their gradients,
the computational effort can quickly become very large, especially if these
calculations are dependent on a PDE. In this case it is advisable to consider
a surrogate model to be able to reduce this computational effort.
One method to create a surrogate model here is the RB method. In an offline
step, a low-dimensional surrogate model for the PDE is constructed. In the
online step, only this surrogate model is used to solve the PDE, which can
save a lot of computing time.
In many applications the PDEs involve uncertainties, based on rounding
errors or inexactness due to the use of reduced-order surrogate models. In
order to take these uncertainties into account, we have derived an additional
condition for the descent direction.

1.1. Notation. In this section, we provide basic definitions, notations and
results, which will be used in this master thesis. The proofs for the results
are omitted and references to literature are given instead.
Let m ∈ N be the dimension of the parameter space P, which is a compact
subset of Rm. Let k ∈ N be the number of the objective functions we want to
optimize and G ⊂ R2 be the PDE domain, an open, bounded and connected
set with Lipschitz boundary.
We will use the Einstein summation convention in this thesis. As a reminder,
when a latin index variable appears twice in a single term as an upper and
lower index, it implies summation of that term over all the values of the

index. E.g. Let x, y ∈ Rm, then z = 〈x, y〉Rm =
m∑
j=1

xjyj is simplified by the

convention to z = xjyj .
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1.1.1. Order on Rm.

Definition 1.1.1. For x, y ∈ Rm we write
• x = y :⇔ xi = yi for all i ∈ {1, ...,m}
• x ≤ y :⇔ xi ≤ yi for all i ∈ {1, ...,m}
• x < y :⇔ xi < yi for all i ∈ {1, ...,m}
• x � y :⇔ x ≤ y and x 6= y.

Note that the set (Rm,≤) is partially but not totally ordered.

Definition 1.1.2. For x, y ∈ Rm with x ≤ y we define

(x, y) := {z ∈ Rm : x < z < y}
[x, y] := {z ∈ Rm : x ≤ z ≤ y}

1.1.2. Hilbert and Banach Spaces. For convenience, we will only write, e.g.
V is a Banach space, when we actually mean that (V, ‖ · ‖V ) is a Banach
space and for a Hilbert space we will do the same. On a Hilbert space H the
norm is always induced by the inner product 〈·, ·〉H if not stated otherwise.

Definition 1.1.3. Let V, W be topological vector spaces, then we define

L(V,W ) := {T : V →W : T is a linear and continuous operator}
as the space of all linear and continuous operators from V to W .
If V and W are Banach spaces we endowe L(V,W ) with the norm

‖T‖ = sup
x∈V \{0}

‖T (x)‖W
‖x‖V

= sup
‖x‖V =1

‖T (x)‖W .

In particular V ′ := L(V,R) is called the dual space of V .

Definition 1.1.4. Let H, H̃ be Hilbert spaces. Let T : H → H̃ be a linear,
bounded operator. We call

T ? : H̃ → H

the Hermitian adjoint if it holds

〈Th, h̃〉H̃ = 〈h, T ?h̃〉H for all h ∈ H, h̃ ∈ H̃.
1.1.3. Function spaces. In this section we define function spaces, which will
be used in this master thesis.

Definition 1.1.5. Let (G,B, µ) be a completely σ−finite measure space and
V a Banach space.

• We define L0(G,µ, V ) := {f : G→ V : f is µ−measureable}.
• Let f ∈ L0(G,µ, V ). We define for p ∈ [1,∞)

‖f‖Lp = ‖f‖Lp(G) :=

ˆ
G

‖f(x)‖pV dµ(x)

 1
p

.

Then we define

Lp(G,µ, V ) := {f : G→ V : f ∈ L0(G,µ, V ), ‖f‖Lp(G) <∞}.
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• Let

N := {f : G→ V : f ∈ L0(G,µ, V ), f = 0 µ− a.e.}
and the quotient space

Lp(G,µ, V ) := Lp(G,µ, V )/N .
Denote Lp(G) := Lp(G,µ,R).

Theorem 1.1.6. Let (G,B, µ) be a completely σ−finite measure space and
V a Banach space. For p ∈ [1,∞) is Lp(G,µ, V ) a Banach space.
Is H a Hilbert space, then L2(G,µ,H) is a Hilbert space with the scalar
product

〈f, g〉L2(G,H) :=

ˆ

G

〈f(x), g(x)〉H dµ(x).

Proof. You can find a proof in [6, Section 11]. �

Definition 1.1.7. Let V,W be Banach spaces and G ⊂ V open.
f : G→W is a function.
(i) The function f is (FrŐchet)-differentiable in x0 ∈ G, if a continuous

and linear function Df(x0) ∈ L(V,W ) exists, with

f(x) = f(x0) +Df(x0)〈x− x0〉+ σ(‖x− x0‖) for all x ∈ G.
(ii) If f is (FrŐchet)-differentiable in every point x ∈ G, we call f (FrŐchet)-

differentiable in G.
The function

Df : G→ L(V,W )

x 7→ Df(x)

is called the (FrŐchet-)derivative of f .
If Df is continuous, we call f continuously differentiable.

(iii) Finally we can define the following function spaces:
(i) C1(G,W ) := {f : G→W : f is continuously differentiable in G}
(ii) Ck(G,W ) := {f : G→W : D(l)f ∈ C0(G,W ) ∀ 0 ≤ l ≤ k}.
(iii) Ck(G,W ) := {f ∈ C1(G,W ) : D(l)f is continuous and

bounded extended to G for all 0 ≤ l ≤ k}.
(iv) We define a norm on Ck(G,W ) through

‖f‖Ck(G,W ) :=

k∑
j=0

‖D(i)f‖C0(G,Li(V ;W )).

Remark 1.1.8. Let G ⊂ Rm open and f : G→ Rn (FrŐchet-)differentiable
with

f(x) =

 f1(x)
...

fn(x)

 .
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The transformation matrix of the linear function Df(x) ∈ L(Rm,Rn) is
called the Jacobian matrix and is defined by

J(x) =


∂f1
∂x1

(x) · · · ∂f1
∂xm

(x)
...

...
∂fn
∂x1

(x) · · · ∂fn
∂xm

(x)

 .

Sometimes we only write Df(x) and mean the Jacobian matrix.

Theorem 1.1.9. Let V,W be Banach spaces and G ⊂ V open. Let k ∈ N.
Then Ck(G,W ) is a Banach space with ‖ · ‖Ck(G,W ).

Proof. You can find a proof in [5, Section 6]. �

Definition 1.1.10. Let G ⊂ Rm be open.

(i) Let u ∈ L1(G). Then v ∈ L1(G) is called the αth-weak derivation of u,
if ˆ

G

uDαϕ = (−1)|α|
ˆ

G

vϕ

holds for all testfunctions ϕ ∈ C∞c (G), that is, for all infinitely diffe-
rentiable functions ϕ with compact support in G.

(ii) Let k ∈ N and 1 ≤ p ≤ ∞. We define the Sobolev space

W k,p(G) := {u ∈ L1(G) : Dαu ∈ Lp(G) in the weak sense, for all 0 ≤ |α| ≤ k}.

(iii) We define the following norm on W k,p(G):

‖u‖Wk,p(G) :=



∞ u /∈W k,p(G),( ∑
|α|≤k

´
G

|Dαu|p
) 1

p

1 ≤ p <∞,∑
|α|≤k

sup
G
|Dαu|, p =∞

.

(iv) We define the following function spaces

Hk(G) := W k,2(G),

W k,p
0 (G) := C∞c (G)

Wk,p(G)

and Hk
0 (G) := W k,2

0 (G).

Theorem 1.1.11. Let G ⊂ Rm be open. Let k ∈ N and 1 ≤ p ≤ ∞. Then
W k,p(G) is a Banach space.

Proof. You can find a proof in [7, Section 8]. �

Theorem 1.1.12. Let G ⊂ Rm be an open, bounded set with a Lipschitz
boundary. Then there exists a unique continuous linear operator

T : W 1,p(G)→ Lp(∂G),
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with
Tu = u|∂G for all u ∈ C1(G) ⊂W 1,p(G).

This operator is called the trace operator. It can be proved that there exists a
constant c(p,G) with

‖Tu‖Lp(∂G) ≤ c(p,G)‖u‖W 1,p(G).

Proof. A proof can be found in [8, Section 3]. �

Theorem 1.1.13. Let f : H1(G)→ R be a seminorm with

0 ≤ f(u) ≤ cf‖u‖H1(G) for all u ∈ H1(G) and a constant cf > 0.

If it holds f(u) 6= 0 for every u ∈ H1(G) with c ∈ R\{0} with u = c, we get
that

‖u‖H1(G),f :=
(
|f(u)|2 + ‖∇u‖2L2(G)

) 1
2

is an equivalent norm to ‖u‖H1(G) on H1(G).

Proof. To prove this we will follow [17].
We need to show that there exists a, b ∈ R>0 with

a‖u‖H1(G),f ≤ ‖u‖H1(G) ≤ b‖u‖H1(G),f .

From
‖u‖2H1(G),f = |f(u)|2 + ‖∇u‖2L2(G) ≤ (1 + c2

f )‖u‖2H1(G)

and a = (1 + c2
f )−1 the first inequality follows.

Now we assume that there does not exist any b > 0 with

‖u‖H1(G) ≤ b‖u‖H1(G),f .

In this case we can find a sequence un ∈ H1(G) with

‖un‖H1(G) > n‖un‖H1(G),f .

We define
vn :=

un
‖un‖H1(G)

.

This implies ‖vn‖H1(G) = 1 and ‖vn‖H1(G),f <
1
n . Thus we get

(1.1)

ˆ
G

|∇vn|2 dx

 1
2

≤ 1

n
.

vn is uniformly bounded in H1(G), this implies that we get a convergence
subsequence (vnk

)k ⊂ L
2(G) with limit v ∈ L2(G). From (1.1) we inferˆ

G

|∇v|2 = lim
k→∞

ˆ

G

|∇vnk
|2 dx = 0.
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Thus we have v ∈ R.
Because of

0 ≤ f(vnk
) <

1

nk
we get

f(vk)→ 0.

We also have

|f(vk)− f(v)| ≤ f(vk − v) ≤ cf‖v − vk‖H1(G) → 0

which implies f(v) = 0 and thus we get v = 0. Finally we have

0 = ‖v‖H1(G) = lim
k→∞

‖vk‖H1(G) = 1.  

Therefore it follows that there exists b > 0 with

‖u‖H1(G) ≤ b‖u‖H1(G),f .

�

Corollary 1.1.14. We define

‖u‖H1(G),∂ :=

ˆ
G

|∇u|2 dx+

ˆ

G

|u|2 dx+

ˆ

∂G

|u|2 dx

 1
2

‖u‖∗H1(G),∂ :=

ˆ
G

|∇u|2 dx+

ˆ

∂G

|u|2 dx

 1
2

.

Then ‖ · ‖∗H1(G),∂ and ‖ · ‖H1(G),∂ are equivalent norms on H1(G).

Proof. Theorem 1.1.12 implies that ‖ · ‖H1(G),∂ is an equivalent norm to the
norm ‖ · ‖H1(G) on H1(G).
To show that ‖ · ‖∗H1(G),∂ is an equivalent norm to the norm ‖ · ‖H1(G) on
H1(G) we use Theorem 1.1.13 with

f(u) :=

ˆ
∂G

|u|2dA

 1
2

.

The estimation

0 ≤ f(u) ≤ cf‖u‖H1(G) for all u ∈ H1(G)

for f follows with Theorem 1.1.12 with cf = c(p,G) and
for c ∈ R\{0} it holds

f(c) =

ˆ
∂G

|c|2dA

 1
2

= |c| ·

ˆ
∂G

1dA

 1
2

6= 0.
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This implies, that we have constants c1, c2, d1, d2 ∈ R>0 with

c1‖u‖∗H1(G),∂ ≤ ‖u‖H1(G) ≤ c2‖u‖∗H1(G),∂

and
d1‖u‖H1(G) ≤ ‖u‖H1(G),∂ ≤ d2‖u‖H1(G).

Thus we get

c1d1‖u‖∗H1(G),∂ ≤ d1‖u‖H1(G)

≤ ‖u‖H1(G),∂

≤ d2‖u‖H1(G)

≤ d2c2‖u‖∗H1(G),∂ .

�

Theorem 1.1.15 (Browder and Minty). Let V be a reflexive and separable
Banach space. Suppose that the operator

B : V → V ′

is monotone and continuous on every finite-dimensional subspace with
〈B(u), u〉V ′,V
‖u‖V

→∞ for ‖u‖V →∞.

Then for every Ψ ∈ V ′ there exists u ∈ V which solves

B(u) = Ψ.

If B is strictly monotone, the existence is unique.

Proof. You can find a proof in [8, Section 17]. �

Theorem 1.1.16. Let V,W be Banach spaces and B ∈ L(V,W ) bijective.
Then B is invertible with bounded, continuous and linear inverse function
B−1.

Proof. You can find a proof in [7, Section 6]. �

1.1.4. Optimality conditions. In this section, we provide necessary conditions
for restricted optimization problems of the form

(1.2) min J(x) subject to x ∈ Rm and g(x) ≤ 0, e(x) = 0.

J : Rm → R represents the objective function, e : Rm → Rl the equality
constraints and g : Rm → Rq the inequality constraints.

Definition 1.1.17. Let x0 ∈ Rm be with g(x0) ≤ 0 and e(x0) = 0.
We call x0 regular, if ∇e1(x0), ...,∇el(x0) and ∇gi(x0) for i ∈ A with

A := {i ∈ {1, ..., q} : gi(x0) = 0}
are linearly independent.

Definition 1.1.18. Let x0 ∈ Rm.
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(i) x0 is called a local solution of (1.2), if g(x0) ≤ 0, e(x0) = 0 holds and
there exists a neighbourhood U of x0 with J(x0) ≤ J(x) for all x ∈ U
with g(x) ≤ 0 and e(x) = 0.

(ii) x0 is called a strict local solution of (1.2), if g(x0) ≤ 0, e(x0) = 0 holds
and there exists a neighbourhood U of x0 with J(x0) < J(x) for all
x ∈ U\{x0} with g(x) ≤ 0 and e(x) = 0.

(iii) x0 is called a global solution of (1.2), if g(x0) ≤ 0, e(x0) = 0 and
J(x0) ≤ J(x) for all x ∈ Rm with g(x) ≤ 0 and e(x) = 0.

Theorem 1.1.19 (Karush-Kuhn-Tucker). Suppose that x0 ∈ Rm is a lo-
cal minimizer of (1.2) and regular. Then, there exists a unique Lagrange
multiplier λ0 ∈ Rl and µ0 ∈ Rq such that

∇J(x0) + λi0∇ei(x0) + µi0∇gi(x0) = 0,(1.3)

µi0gi(x0) = 0 for all i = 1, ..., q,(1.4)

µi0 ≥ 0 for all i = 1, ..., q,(1.5)
g(x0) ≤ 0,(1.6)
e(x0) = 0(1.7)

holds. These conditions are called the KKT-conditions.

Proof. You can find a proof in [22]. �

1.2. Problem formulation. We first introduce the framework in which we
will work throughout the thesis.
Let P ⊂ Rm be a compact set with µ, µ ∈ Rm, µ ≤ µ and P = [µ, µ]. We
will call P the parameter-set.
Let G ⊂ R2 be an open bounded Lipschitz domain, e.g. G = (0, 1)2.
Choose the spaces V := H1(G), H := L2(G). Next we choose the functions
g ∈ L2(∂G), ξ1, ..., ξm ∈ V and the constants b, c, d ∈ R with b, c, d ≥ 0 and
c > 0.
We will use the following norm on V

‖u‖2V :=

ˆ

G

|∇u|2 dx+

ˆ

∂G

|u|2 dA for u ∈ V.

on V .
We also define the equivalent norm

(‖u‖∗V )2 :=

ˆ

G

|∇u|2 dx+

ˆ

G

|u|2 dx+

ˆ

∂G

|u|2 dA.

From Corollary 1.1.14 we get constants c1, c2 ∈ R with

c1‖ · ‖∗V ≤ ‖ · ‖V ≤ c2‖ · ‖∗V .

In our case c2 = 1 holds the estimation.
Let J : V × Rm → Rk be the objective function we want to minimize.
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In this thesis we consider the optimization problem
(1.8)

min
(u(µ),µ)∈P×V

J(u(µ), µ) s.t. (u(µ), µ) ∈ P × V solves the following PDE :{
−c∆u(µ) + bu(µ) + du(µ)3 = µiξi + f on G
c∂u(µ)

∂~ν + u(µ) = g on ∂G.
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2. The parameter dependent semilinear elliptic PDE

In this section we will follow [8, Section 17].

2.1. Existence and uniqueness. We will show existence and uniqueness
of solutions of the PDE for a fixed parameter µ. This shows that the mini-
mization problem (1.8) is well-posed.
We consider the following parameter dependent semilinear elliptic boundary
value problem

(2.1)

{
−c∆u(µ) + bu(µ) + du(µ)3 = µiξi + f on G,
c∂u(µ)

∂~ν + u(µ) = g on ∂G.

We will always deal with a weak solution of (2.1), which is defined as follows.

Definition 2.1.1. A weak solution of (2.1) is a function u in a nonempty,
closed subspace W ⊂ V = H1(G), which solvesˆ

G

c∇u · ∇ϕ+
(
bu+ du3

)
ϕdx+

ˆ

∂G

uϕdA =

ˆ

G

(
f + µiξi

)
ϕdx+

ˆ

∂G

gϕ dA,

for all ϕ ∈W . We use the same topology on W as on V , so we also have the
same norm.

Definition 2.1.2. We define the operator A : V → V ′ by

(2.2) 〈A(u), ϕ〉V ′,V :=

ˆ

G

c∇u∇ϕ+
(
bu+ du3

)
ϕdx+

ˆ

∂G

uϕdA

for u ∈ V, ϕ ∈ V .

Remark 2.1.3. A is well-defined, because for any u ∈ V and ϕ ∈ V we get

|〈A(u), ϕ〉V ′,V | = |
ˆ

G

c∇u∇ϕ+
(
bu+ du3

)
ϕdx+

ˆ

∂G

uϕdA|

≤
ˆ

G

|c∇u∇ϕ|+ |
(
bu+ du3

)
ϕ| dx+

ˆ

∂G

|uϕ| dA

≤ c‖∇u‖L2(G)‖∇ϕ‖L2(G) + b‖u‖L2(G)‖ϕ‖L2(G)

+ d

ˆ
G

|u|6
 1

2
ˆ
G

|ϕ|2
 1

2

+ ‖u‖L2(∂G)‖ϕ‖L2(∂G)

≤ max{b, c}‖u‖V ‖ϕ‖V + d‖u‖3L6(G)‖ϕ‖L2(G)

+ C‖u‖V ‖ϕ‖V
≤ (max{b, c}+ C) ‖u‖V ‖ϕ‖V + q · d‖u‖3V ‖ϕ‖L2(G)
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<∞,

where we have used Hölder’s inequality and H1(G) ↪→ L6(G), see [9, Section
3.5].
Furthermore A is coercive, we get for any u ∈ V

〈A(u), u〉V ′,V =

ˆ

G

c∇u∇u+
(
bu+ du3

)
u dx+

ˆ

∂G

u · u dA

=

ˆ

G

c (∇u)2 + bu2 + du4 dx+

ˆ

∂G

u2 dA

≥
ˆ

G

c (∇u)2 +

ˆ

∂G

u2 dA

≥ min{c, 1}‖u‖2V .

Definition 2.1.4. We call an operator B : W → V ′ with W ⊂ V monotone,
if

〈B(u)− B(v), u− v〉V ′,V ≥ 0 for all u, v ∈W
and strictly monotone, if

〈B(u)− B(v), u− v〉V ′,V > 0 for all u, v ∈W, u 6= v.

Lemma 2.1.5. A is a strictly monotone operator on V .

Proof. Let u, v be arbitrary in V . It follows

〈A(u)−A(v), u− v〉V ′,V =

ˆ

G

c|∇ (u− v) |2 + b|u− v|2 dx

+ d

ˆ

G

(
u3 − v3

)
(u− v) dx+

ˆ

∂G

|u− v|2 dA.

We define w := u− v. Similarly to [15] we define the operator

Q : [0, 1]×G→ R

with Q(t, x) := ((1− t)v(x) + tu(x))3 .

Then we get

Q(0, x) = v(x)3,

Q(1, x) = u(x)3 and
d

dt
Q(t, x) = 3 (v(x) + tw(x))2w(x) for x ∈ G, t ∈ [0, 1].

This impliesˆ

G

(
u3 − v3

)
(u− v) dx =

ˆ

G

(
u(x)3 − v(x)3

)
(u(x)− v(x)) dx
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=

ˆ

G

(Q(1, x)−Q(0, x))w(x) dx

=

ˆ

G

 1ˆ

0

d

dt
Q(t, x) dt

w(x) dx

=

ˆ

G

 1ˆ

0

3 (v(x) + tw(x))2w(x) dt

w(x) dx

=

ˆ

G

1ˆ

0

3 (v(x) + tw(x))2w(x)2 dt dx ≥ 0.

Thus it follows

〈A(u)−A(v), u− v〉V ′,V ≥
ˆ

G

c|∇ (u− v) |2 + b|u− v|2 dx

+

ˆ

∂G

|u− v|2 dA

≥
ˆ

G

c|∇ (u− v) |2 dx+

ˆ

∂G

|u− v|2 dA

≥ min{c, 1}‖u− v‖2V .

�

Lemma 2.1.6. A is continuous on every finite-dimensional subspace W ⊂
V .

Proof. Let W ⊂ V be a finite-dimensional subspace with basis

{ϕ1, ...ϕN} ⊂ V.

We need to show, that

FϕW : W → R; u 7→ 〈A(u), ϕ〉V ′,V
is continuous for every ϕ ∈ V .
Choose ϕ ∈ V . Now u ∈W implies that there exists β ∈ RN with u = βkϕk
and we get

FϕW (u) = 〈A(βkϕk), ϕ〉V ′,V

=

ˆ

G

c∇
(
βkϕk

)
∇ϕ+

(
bβkϕk + d

(
βkϕk

)3
)
ϕdx

+

ˆ

∂G

βkϕkϕdA
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= βk

ˆ
G

c∇ϕk∇ϕ+ bϕkϕdx

+ βk
ˆ

∂G

ϕkϕdA

+ d

ˆ

G

(
βkϕk

)3
ϕdx

= βk

ˆ
G

c∇ϕk∇ϕ+ bϕkϕdx

+ βk
ˆ

∂G

ϕkϕdA

+ βkβjβld

ˆ

G

ϕkϕjϕlϕdx

≡ βkQk + βkZk + βkβjβlWk,j,l

with

Qk :=

ˆ

G

c∇ϕk∇ϕ+ bϕkϕdx ∈ R

Zk :=

ˆ

∂G

ϕkϕdA ∈ R

Wk,j,l := d

ˆ

G

ϕkϕjϕlϕdx ∈ R.

Qk, Zk,Wk,j,l are independent of u and only β depends on u. This implies
FϕW is continuous. �

Theorem 2.1.7. V is a reflexive, separable Banach space, A is a strictly
monotone operator and continuous on every finite-dimensional subspaceW ⊂
V with

〈A(u), u〉V ′,V
‖u‖V

→∞ for ‖u‖V →∞.

This implies that for every bµ ∈ V ′ there exists a unique u ∈ V which solves

A(u) = bµ.

Proof. It follows from Theorem 1.1.15. �

Remark 2.1.8. For µ ∈ P we define bµ ∈ V ′ by

〈bµ, ϕ〉V ′,V :=

ˆ

G

(
f + µiξi

)
ϕdx+

ˆ

∂G

gϕ dA for ϕ ∈ V.

Notice, that in our case bµ is independent of the solution u(µ) and linear in
µ.

Remark 2.1.9. For µ ∈ P the solution u(µ) ∈ V is contained in L∞(G).

Proof. You can find a proof in [24, Section 4.2.3]. �
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3. Numerical Model

3.1. Finite Element (FE) Method. In this section we briefly introduce
the FE method, which is need to solve our PDEs approximately. For more
details we refer to [9].

We will use a standard FE method based on a triangulation of the domain
and using piecewise linear basis functions.
We denote the dimension of the FE space V by N and equip V with a basis
ρ1, ...ρN ∈ V . Thus we have V = span{ρ1, ...ρN}. On V we always use the
same topology as on V , therefore we always have

‖u‖V = ‖u‖V for all u ∈ V.

Let T denotes the underlying triangulation and V (T ) := {y1, ..., yN} denote
the set of interior vertices of T and let V (τ) denote the vertices belonging
to τ ∈ T .

For each µ ∈ P, the discrete problem consists of finding uN (µ) ∈ V such
that

(3.1) 〈A(uN (µ)), ρi〉V′,V = 〈bµ, ρi〉V′,V

holds for every ρi ∈ V, i = 1, ..., N .
Because uN (µ) ∈ V holds, we get a representation uN (µ) = ukN (µ)ρk with
ukN (µ) ∈ R.
If we write u(µ), we mean the weak solution of (2.1) in V . If we write uN (µ)
we mean the solution of (3.1). We sometimes skip the µ for brevity, but
in this case it is clear which one is used. Because of this we now write ukN
instead of ukN (µ).
With the representation of uN (µ) in V and (3.1) it follows now

ˆ

G

c∇ukNρk∇ρj +

(
bukN + d

(
ukNρk

)3
)
ρj dx+

ˆ

∂G

ukNρkρj dA

=

ˆ

G

(
f + µiξi

)
ρj dx+

ˆ

∂G

gρj dA j = 1, ..., N

⇔

cukN

ˆ

G

∇ρk∇ρj dx+ bukN

ˆ

G

ρkρj dx+ d

ˆ

G

(
ukNρk

)3
ρj dx+ ukN

ˆ

∂G

ρkρj dA

=

ˆ

G

(
f + µiξi

)
ρj dx+

ˆ

∂G

gρj dA j = 1, ..., N.
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We define the stiffness matrix K ∈ RN×N with Kk,j :=
´
G

∇ρk∇ρj dx,

the mass matrix M ∈ RN×N with Mk,j :=
´
G

ρkρj dx,

the loadvectors F, Fi, F̃µ ∈ RN with
Fj :=

´
G

fρj dx,

(Fi)j :=
´
G

ξiρj dx and(
F̃µ

)
j

:=
´
G

(
f + µiξi

)
ρj dx, with F̃µ = F + µiFi.

We also define the Neumann boundary condition matrix Q ∈ RN×N and
vector G ∈ RN with
Qk,j :=

´
∂G

ρkρj dA and

Gj :=
´
∂G

gρj dA

and the nonlinearity function Hj : RN → R, x 7→
´
G

(
xkρk

)3
ρj dx.

Then we deduce the following system:

(3.2) c · ukNKk,j + b · ukNMk,j + ukNQk,j + d ·Hj(uN ) = (F̃µ)j +Gj .

The difficulty of (3.2) lies in the fact that we cannot assemble Hj(uN ) in
terms of a matrix-vector multiplication.
Therefore we will use mass lumping to solve Hj(uN ) approximately. The
idea is to shift the mass to the vertices of the triangulation and converse the
total mass of the system. With that, we need to evaluate

(
ukNρk

)3 only on
the nodes of the triangulation. We denote with M̃ the lumped mass matrix
defined by

M̃k,j := δk,j

N∑
l=1

Mk,l.

Then we get for j ∈ {1, ..., N}

Hj(uN ) =

ˆ

G

(
ukNρk

)3
ρj dx

≈
∑
τ∈T

∑
yl∈V (τ)

1

3
|τ |
(
ukNρk(yl)

)3
ρj(yl)

=
∑
τ∈T

∑
yj∈V (τ)

1

3
|τ |
(
ujN

)3

=

N∑
l=1

Mj,l

(
ujN

)3

= M̃j,j

(
ujN

)3
.
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We followed [11]. We interprete
(
ukNρk

)3 as a componentwise evaluation of
(·)3.
At least we get the system

(3.3) cKuN + bMuN + dM̃ (uN )3 +QuN = F̃µ +G = F + µiFi +G,

which we can write as a root finding problem of

(3.4) Cµ(uN ) := cKuN + bMuN + dM̃ (uN )3 +QuN − F − µiFi −G.

Now we can solve this problem with the newton method. We write Cµ to
remind the µ depending on the problem.
We note that there is an error in (3.4) compared to (3.2) due to the mass
lumping. But for a finer grid, the lumping error also decreases.
The root finding problem of (3.4) is denoted as the truth problem. We assume
that the solution uN (µ), called the truth approximation, approximates the
exact solution u(µ) sufficiently accurate, in the sense that for any chosen
ε > 0 we can find an N(ε) ∈ N with

‖u(µ)− uN(ε)(µ)‖V < ε for all µ ∈ P.

The computation of the truth solution is potentially very expensive, because
N(ε) gets often really big, for a small ε.
With target applications, which require repeated evaluations of (3.4), it is
clear that we need to seek alternatives if we need to solve the system for
many times. This is exactly where reduced models have its place.

3.2. Reduced basis (RB) Method. In this section we will follow [10].

3.2.1. RB Method. In this section we want to focus on the numerical imple-
mentation of the RB method and also the theoretical point of view of this
method.
First we start with the numerical implementation of the RB method, analo-
gous to the FE method in the section before.
First we assume that we have an M -dimensional reduced basis. The basis
functions are denoted as {ϕ1, ...ϕM} ⊂ V, then the RB space is given by

W := span{ϕ1, ...ϕM} ⊂ V ⊂ V.

On this subspace W of V we will also use the same topology as on V , so
we get the same norm. We assume that M � N is possible. The numerical
results will show us, hat this is a practical assumption.
The RB approximation uM (µ) ∈W solves

〈A(uM (µ)), ϕi〉W′,W = 〈bµ, ϕi〉W′,W

for all ϕi ∈W. Because uM (µ) ∈W holds, we get the representation uM (µ) =

ujM (µ)ϕj with u
j
M (µ) ∈ R. For brevity we write ujM instead of ujM (µ).
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This implies, analogous to the section before the system

cukM

ˆ
G

∇ϕk∇ϕj dx

+ bukM

ˆ
G

ϕkϕj dx


+ d

ˆ

G

(
ukMϕk

)3
ϕj dx+ ukM

ˆ

∂G

ϕkϕj dA

=

ˆ

G

(
f + µiξi

)
ϕj dx+

ˆ

∂G

gϕj dA

for j = 1, ...,M .
We know ϕj ∈ V, in this case we get a representation ϕj = ϕkj ρk with ϕ

k
j ∈ R.

We define
Ψ := (ϕ1, ..., ϕM ) ,

in the sense that we have Ψk,l = ϕkl .
This implies ˆ

G

∇ϕk∇ϕj dx

 =

ˆ
G

∇ϕlkρl∇ϕ
q
jρq dx


= ϕlkϕ

q
j

ˆ
G

∇ρl∇ρq dx


= ϕlkϕ

q
jKl,q.

Analogously we get ˆ

G

ϕkϕj dx = ϕlkϕ
q
jMl,q,

ˆ

∂G

ϕkϕj dA = ϕlkϕ
q
jQl,q,

ˆ

G

(
f + µiξi

)
ϕj dx = ϕlj

(
F̃µ

)
l
and

ˆ

∂G

gϕj dA = ϕljGl.

Next we use mass lumping again to approximate the non-linear part.ˆ

G

(
ukMϕk

)3
ϕj dx = ϕpj

ˆ

G

(
ukMϕ

q
kρq

)3
ρp dx

≈ ϕpj
∑
τ∈T

∑
yi∈V (τ)

1

3
|τ |
(
ukMϕ

q
kρq(yi)

)3
ρp(yi)
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= ϕij
∑
τ∈T

∑
yi∈V (τ)

1

3
|τ |
(
ukMϕ

q
kδq,i

)3

= ϕij

N∑
l=1

Mj,l

(
ukMϕ

q
kδq,i

)3

= ϕijM̃j,j

(
ukMϕ

q
kδq,i

)3
.

Summarizing the system
(3.5)
cΨTKΨuM + bΨTMΨuM + dΨT M̃ (ΨuM )3 + ΨTQΨuM = ΨT F̃µ + ΨTG,

which we write as a root finding problem of

Dµ(uM ) :=cΨTKΨuM + bΨTMΨuM + dΨT M̃ (ΨuM )3 + ΨTQΨuM(3.6)

+ ΨTQΨuM −ΨT
(
F + µiFi

)
−ΨTG.(3.7)

In the praxis we will use

Dµ(uM ) :=cKuM + bMuM + dΨT M̃ (ΨuM )3 +QuM

− F − µiFi −G
with

K := ΨTKΨ

M := ΨTMΨ

Q := ΨTQΨ

F := ΨTF

Fi := ΨTFi

G := ΨTG

Q := ΨTQΨuM

instead of (3.6). Note that we still have to evaluate (ΨuM )3 on the FE level,
which is computationally expensive, if N is big. To overcome this problem,
the Discrete Empirical Interpolation Method (DEIM) is applied in Section
3.2.3. Another question is, how we can generate a proper basis {ϕ1, ...ϕM}
of W. This question will be answered in the following Section.

3.2.2. Greedy algorithm. The main part of this section is the basis {ϕ1, ...ϕM}
of the subspace W of V and in which kind of way we can create this basis.
The idea is to find the basis in a computationally expensive offline phase.
In the online phase we always use the same basis {ϕ1, ...ϕM} to solve the
reduced system (3.5). This can be done computationally fast.
In this thesis we want to focus on the Greedy algorithm to create the basis
for the RB space. We will mainly follow [10, Section 3.2.].
This is an iterative procedure where in each iteration one new basis function
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is added. An essential ingredient of this algorithm is the availability of an
error estimator ηM (µ) with

‖uN (µ)− uM (µ)‖V ≤ ηM (µ).

At this moment, we only assume that an error like this is available. Later in
Section 3.2.4 we will develop such an error.
The idea is to generate a new basis element in every step until the error
ηM (µ) fulfils

max
µ∈P

ηM (µ) < εtol

for a required tolerance ε > 0. It is impossible to compute this maximum
over the entire parameter space P. Therefore we introduce a discrete point
set Strain, also called the training set. Since a point in Strain only requires
the calculation of ηM (µ) the cost is not that big and therefore Strain can be
really dense to approximate the maximum really well. This is described in
Algorithm 1.
Algorithm 1: Greedy algorithm
Require: Dimension M of the current reduced space, tolerance

εtol > 0, error ηM (µ), discrete training set Strain;
Return : RB space WM , basis ΨM ;

1 Set W0 := {0}, Ψ0 := ∅, M := 0;
2 while max

µ∈Strain
ηM (µ) > εtol do

3 Set µM+1 ∈ argmax {ηM (µ) : µ ∈ Strain};
4 ϕ̃M+1 := uN (µM+1);
5 Perform Gram-Schmidt orthonormalization of µM+1 against ΨM

ϕM+1;
6 Set ΨM+1 := [ΨM , ϕM+1], WM+1 := WM ⊕ {ϕM+1} and

M := M + 1;
7 end

Note that the orthonormalization step in Algorithm 1 is helpful and ne-
cessary for a good conditioned problem. From a numerical point of view it
is problematic if different basis functions are almost linearly dependent, e.g.
ϕn ≈ ϕm for n,m ≤ M and n 6= m. This leads to badly conditioned pro-
blems. Thus we use orthonormalization of the reduced basis in every Greedy
step.

3.2.3. Discrete Empirical Interpolation method. In this section we focus on
a cheaper evaluation of (ΨuM )3 in the RB model. We will follow [20] in this
section. Let us recall the two systems for the FE and RB method:

cKuN + bMuN + dM̃ (uN )3 +QuN − F − µiFi −G = 0 in RN

and

cKuM + bMuM + dΨT M̃ (ΨuM )3 +QuM − F − µiFi −G = 0 in RM .
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In this section we ”ignore” the dependence of the solution uM and uN on µ
for a better reading. Note that we still have this dependence.
The main idea is, to project (ΨuM )3 on a subspace S ⊂ V with dimension
L� N . This subspace is generated by the non-linearity (·)3.
Denote Φ1, ...ΦL ∈ V a basis of the subspace S. Let Φ̃i ∈ RN be the FE
coefficient for Φi. Then we define the basis-matrix Φ :=

[
Φ̃1, ..., Φ̃L

]
. Now

we want to find γ ∈ RL with

(3.8) (ΨuM )3 ≈ Φγ.

We normally cannot solve (3.8), because we assumed that L � N . But we
can find a projection P ∈ RN×L with P TΦ is invertible and

P = [~ei1 , ..., ~eiL ]

with ~ekij = δij ,k is the standard unit vector and it holds ij 6= ik for j 6= k.

In this case we get the system

P T (ΨuM )3 =
(
P TΦ

)
γ,

which is uniquely solvable.
Therefore we get

(ΨuM )3 ≈ Φγ = Φ
(
P TΦ

)−1
P T (ΨuM )3

and because (ΨuM )3 means the componentwise evaluation of (·)3, we get

(ΨuM )3 ≈ Φ
(
P TΦ

)−1 (
P TΨuM

)3
.

We finally get the system

Eµ(uL) :=cΨTKΨuL + bΨTMΨuL + dΨT M̃Φ
(
P TΦ

)−1 (
P TΨuL

)3
+ ΨTQΨuL −ΨT

(
F + µiFi

)
−ΨTG = 0 in RM .

For the implementation we will use

Eµ(uL) := cKuL + bMuL + dMP
(
P TΨuL

)3
+QuL − F − µiFi −G

with
MP := ΨT M̃Φ

(
P TΦ

)−1

instead of Eµ. We denote the solution of

(3.9) Eµ(uL) = 0 in Rm

by uL(µ). System (3.9) is independent of N and we finally reach the goal.
In the next step we discuss how we can find the basis functions Φ1, ...,ΦL of
the subspace S and how we calculate the projection P .

To generate the basis we will use snapshots of the non-linearity (ΨuM )3. In
this case we choose a number Ls with L ≤ Ls ≤ N and µ1, ..., µLs ∈ P
which approximate P really well, e.g. an equidistant grid on P as we used
for the Greedy algorithm and calculate the truth solutions uN (µi) for all i ∈
{1, ..., LS}. In the end we generate the snapshot matrix E. This is described
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in Algorithm 2.
Algorithm 2: Snapshot matrix E
Require: µ1, ..., µLS

;
Return : Snapshot matrix E;

1 Set E = [];
2 for i = 1, ..., LS do
3 solve equation (3.3) for µi and store the solution uM (µi) ∈ RM ;
4 set c = (ΨuM (µi))

3;
5 E = [E, c];
6 end

The next step is to generate the basis Φ1, ...ΦL of S. For this, we will use
Proper Orthogonal Decomposition with respect to E see Algorithm 3.
Let E1, ..., ELS

∈ RN be the snapshots which generate the subspace S. We
will also define the matrix

W := K +Q ∈ RN×N .
Then we can define an inner product on RN by

〈·, ·〉W := 〈·,W ·〉2,
because W is symmetric and positivly definit.
A discrete Proper Orthogonal Decomposition (POD) basis (Φi)1≤i≤L is a
solution of the optimization problem

(3.10) min
Φ1,...,ΦL∈RN

LS∑
j=1

‖Ej −
L∑
i=1

〈Ej ,Φi〉WΦi‖2W s.t. 〈Φi,Φj〉W = δi,j .

Then we have S = span{Φ1, ...,ΦL}.
We also define the linear operator

R : RN → S, Ru :=

LS∑
j=1

〈Ej , u〉WEj .

Then R is compact, non-negative and selfadjoint, see [14].
Let λ1, ..., λN be the non-negative eigenvalues with the eigenvectors v1, ..., vN
of R with 〈vi, vj〉W = δi,j .
Then we have

Rvi = λivi and λi ≥ λi+1 for all i ∈ {1, ..., N}.

Moreover we define Ê := W
1
2E. Let λ̂1, ..., λ̂N be the eigenvalues of

ÊÊT

with the eigenvectors v̂1, ..., v̂N , λ̂i ≥ λ̂i+1 and 〈v̂i, v̂j〉2 = δi,j .
Then we have vi = W−

1
2 v̂i and λ̂i = λi. Therefore (3.10) is solved by the

first L eigenvectors v1, ..., vL and the minimal cost of (3.10) is
N∑

i=L+1

λi.
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We will solve the second eigenvalue problem to generate the basis. For more
theoretical background see [13] and [14].
Algorithm 3: POD algorithm
Require: Snapshot matrix E, tolerance ε0 > 0;
Return : approximation basis Φ1, ...ΦL;

1 Set W := M +K;
2 Calculate L as the minimum of the set

{L̃ ∈ {1, ..., N − 1} :
N∑

i=L̃+1

λi < ε0};

3 Generate the solution ψ1, ..., ψL of

min
ψ1,...ψL∈RN

LS∑
j=1

‖Ej −
L∑
i=1

〈Ej , ψi〉Wψi‖2W s.t. 〈ψi, ψj〉W = δi,j ;

4 Choose Φi = ψi for i = 1, ..., L;

The last step is to generate the projection matrix P , for this we will use the
Discrete Empirical Interpolation method, for more details see Algorithm 4.
Algorithm 4: DEIM algorithm
Require: Basis Φ1, ...ΦL and dimension L of S;
Return : Projection P and index ~i;

1 Set idx ∈ argmax k=1,...,N |Φk
1|;

2 Set Φ := [Φ1], i = idx and P = [ ~eidx];
3 for j = 2, ..., L do
4 Solve

(
P TΦ

)
γ = P TΦj and store γ;

5 Set r = Φj − Φγ;
6 Set idx ∈ argmax k=1,...,N |rk|;
7 Set Φ := [Φ,Φj ], ~i = [~i, idx] and P = [P, ~eidx];
8 end

For error analysis we refer to [12].

3.2.4. A posteriori error. The main objective by this section is to develop
an a-posteriori error estimator. Our first choice is the true RB error as an
error estimator. The true error is defined by

∆s(WM , µ) := ‖uN (µ)− uM (µ)‖V.
If we use this error estimator, we need to calculate the true solution for the
whole training set Strain. This can be really costly. Therefore we develop an
error estimator which does not require the true solution and overestimates
the true error not too much.
In this section we want to follow [10].

Theorem 3.2.1. Let V be the FE space with dimension N and WM ⊂ V the
RB space with dimension M � N and let µ ∈ P be an arbitrary parameter.
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Let uN (µ) be the FE solution and uM (µ) the RB solution. Then for the error

e(µ) := uN (µ)− uM (µ)

it holds
‖e(µ)‖V ≤ ∆W (W, µ) := C‖ResM (µ)‖V′ .

With C = 1/min{1, c} and the residual

ResM (µ) : P → V′

is defined by

〈ResM (µ), ρi〉V′,V := 〈bµ, ρi〉V′,V − 〈AuM (µ), ρi〉V′,V for all ρi ∈ V

with bµ and A defined as in (2.2).

Proof. Because uN (µ) is the true solution, the equation

〈A(uN (µ)), ρi〉V′,V = 〈bµ, ρi〉V′,V
holds for every i = 1, ..., N .
For uM (µ) the equation

〈A(uM (µ)), ϕi〉V′,V = 〈bµ, ϕi〉V′,V
holds for every ϕ1, ..., ϕM .
We have e(µ) := uN (µ)− uM (µ) ∈ V. Thus we get

〈ResM (µ), e(µ)〉V′,V = 〈bµ, e(µ)〉V′,V − 〈A (uM (µ)) , e(µ)〉V′,V
= 〈A(uN (µ)), e(µ)〉V′,V − 〈A (uM (µ)) , e(µ)〉V′,V
= 〈A(uN (µ))−A(uM (µ)), e(µ)〉V′,V
= 〈A(uN (µ))−A(uM (µ)), uN (µ)− uM (µ)〉V′,V
≥ min{c, 1}‖uN (µ)− uM (µ)‖2V

In the last step we used Lemma 2.1.5. This implies

‖ResM (µ)‖V′‖e(µ)‖V ≥ 〈ResM (µ), e(µ)〉V′,V
≥ min{c, 1}‖uN (µ)− uM (µ)‖2V
= min{c, 1}‖e(µ)‖2V.

In the end we get

‖e(µ)‖V ≤
1

min{c, 1}
‖ResM (µ)‖V′ .

�

Remark 3.2.2. The error estimator ∆W (WM , µ) developed in the previous
Theorem is independent of the true solution uN (µ). If we want to use this
error estimator we only solve the reduced space problem and afterwards
compute the Riesz-representative of the residuum.
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To get the Riesz-representative for one µ ∈ P we need to solve the following
equation

〈Res(µ), ρi〉V′,V =

ˆ

G

∇Res(µ)∇ρi dx+

ˆ

∂G

Res(µ)ρi dA

=

ˆ

G

(
f + µjξj

)
ρi dx−

ˆ

G

(
buM (µ) + d (uM (µ))3

)
ρi dx

−
ˆ

G

∇uM (µ)∇ρi dx−
ˆ

∂G

uM (µ)ρi dA+

ˆ

∂G

gρj dA

= 〈bµ, ρi〉V′,V − 〈A (uM (µ)) , ρi〉V′,V for all ρi ∈ V, i = 1, ..., N.

Next we show, that Algorithm 1 is well-defined for both error estimators.

Lemma 3.2.3. If it holds uN (µ) ∈W for some µ ∈ P, it implies
(i) uM (µ) = uN (µ) and
(ii) ∆S(W, µ) = ∆W (W, µ) = 0.

Proof. First part: We have uN (µ) ∈W, this implies that also

e(µ) ∈W

holds. We also know

‖e(µ)‖2V ≤
1

min{c, 1}
(
〈bµ, e(µ)〉V′,V − 〈A (uM (µ)) , e(µ)〉V′,V

)
.

Since uM (µ) is the RB solution and e(µ) belongs to W we get

〈bµ, e(µ)〉V′,V − 〈A (uM (µ)) , e(µ)〉V′,V = 0,

which implies e(µ) = 0 and (i) follows.
Second part: From the first part we directly infer that

∆S(W, µ) = ‖uN (µ)− uM (µ)‖V = 0.

As uM (µ) = uN (µ) holds and uN (µ) is the FE solution we get

〈ResM (µ), ρi〉V′,V = 〈bµ, ρi〉V′,V − 〈A (uM (µ)) , ρi〉V′,V
= 〈A(uN (µ)), ρi〉V′,V − 〈A (uM (µ)) , ρi〉V′,V
= 〈A(uN (µ))−A (uM (µ)) , ρi〉V′,V
= 〈A(uN (µ))−A (uN (µ)) , ρi〉V′,V
= 0 for i = 1,...,N.

This implies ResM (µ) = 0 and thus we get ∆W (W, µ) = 0. �

Proposition 3.2.4. Let Strain ⊂ P be a finite subset. Choose a tolerance
εtol > 0 for Algorithm 1. Then the algorithm is well-defined for both error
estimators ∆S(W, µ) and ∆W (W, µ) and it terminates according to meaning
|Strain| iterations.
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Proof. In iteration step n we assume that we have uN (µ) ∈ Wn for one
µ ∈ Strain. Then we have uN (µ) = uM (µ) which implies

∆S(Wn, µ) = ∆W (Wn, µ) = 0 < εtol.

Assume that µn+1 = µ, then we get

max
µ∈Strain

∆S(Wn, µ) = max
µ∈Strain

∆W (W, µ) = 0 ≤ εtol

which means the algorithm has already terminated. This means the algo-
rithm does not choose a parameter twice and because of this the algorithm
is well defined.
Since in every iteration step n the FE solution is added to Wn for one
µ ∈ Strain the algorithm terminates according to meaning |Strain| iterati-
ons. �

3.2.5. Convergence Analysis of RB method. In this section we prove the con-
vergence of the RB solution against the FE solution.

Theorem 3.2.5. Let (Sj)j ⊂ P with Sj ⊂ Sj+1 and Sj = {µ1, ..., µj} be a
growing sequence of training sets. Define

dj := sup
µ∈P

dist(µ, Sj)

and choose a monotone sequence

(εj)j ⊂ R>0

of tolerances for the Greedy algorithm 1 with

εj → 0 for j →∞ and εj ≥ εj+1.

Then we get
lim
j→∞

sup
µ∈P
‖uN (µ)− uj(µ)‖V = 0.

Proof. Choose j ∈ N and an arbitrary parameter µ ∈ P. We write Wj for
the subspaceWj ⊂ V which is generated with Algorithm 1 by Sj and εj . We
can choose µ0 ∈ Sj with ‖µ− µ0‖Rm ≤ dj .
uN (µ) and uN (µ0) are the true solutions for µ and µ0. Thus the following
two equations holds for every ρ ∈ V:ˆ

G

c∇uN (µ)∇ρ+
(
buN (µ) + d (uN (µ))3

)
ρ dx+

ˆ

∂G

uN (µ)ρ dA

=

ˆ

G

(
f + µiξi

)
ρ dx+

ˆ

∂G

gρ dA,

ˆ

G

c∇uN (µ0)∇ρ+
(
buN (µ0) + d (uN (µ0))3

)
ρ dx+

ˆ

∂G

uN (µ0)ρ dA
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=

ˆ

G

(
f + µi0ξi

)
ρ dx+

ˆ

∂G

gρ dA.

Because we have uN (µ) − uN (µ0) ∈ V, we can choose ρ = uN (µ) − uN (µ0)
and subtract both equations. Then we finally getˆ

G

c‖∇ (uN (µ)− uN (µ0)) ‖22 + b (uN (µ)− uN (µ0))2 dx

+

ˆ

∂G

(uN (µ)− uN (µ0))2 dA

+ d

ˆ

G

(
uN (µ)3 − uN (µ0)3

)
(uN (µ)− uN (µ0)) dx

=

ˆ

G

(
µi − µi0

)
ξi (uN (µ)− uN (µ0)) dx.

In Lemma 2.1.5 we show

d

ˆ

G

(
uN (µ)3 − uN (µ0)3

)
(uN (µ)− uN (µ0)) dx ≥ 0.

Consequently, we getˆ

G

c‖∇ (uN (µ)− uN (µ0)) ‖22 + b (uN (µ)− uN (µ0))2 dx

+

ˆ

∂G

(uN (µ)− uN (µ0))2 dA

≤
ˆ

G

(
µi − µi0

)
ξi (uN (µ)− uN (µ0)) dx,

which implies

min{c, 1}‖uN (µ)− uN (µ0)‖2V
≤ ‖µ− µ0‖2 sup

i∈{1,...,m}
‖ξi‖L2(G)‖uN (µ)− uN (µ0)‖L2(G)

≤ C‖µ− µ0‖2‖uN (µ)− uN (µ0)‖V.
Finally we have

‖uN (µ)− uN (µ0)‖V ≤ C̃‖µ− µ0‖2 with C̃ =
C

min{c, 1}
.(3.11)

For uj(µ) and uj(µ0) we get an analogous estimate in the Wj-norm:

‖uj(µ)− uj(µ0)‖Wj ≤ C‖µ− µ0‖2(3.12)

With (3.11), (3.12) and Lemma 3.2.3 we get

‖uN (µ)− uj(µ)‖V ≤‖uN (µ)− uN (µ0)‖V + ‖uN (µ0)− uj(µ0)‖V
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+ ‖uj(µ)− uj(µ0)‖V
= ‖uN (µ)− uN (µ0)‖V + ‖uN (µ0)− uj(µ0)‖V

+ ‖uj(µ)− uj(µ0)‖Wj

≤ C̃‖µ− µ0‖2 + 0 + C‖µ− µ0‖2
≤ 2 max{C̃, C}dj .

Thus it follows that

lim
j→∞

sup
µ∈P
‖uN (µ)− uj(µ)‖V = 0.

�
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4. Objective functions

In the first sections we focus on solving the partial differential equation
in a cost-efficient way. In this section we want to turn our attention to the
objective functions.

4.1. Objective functions. The main objective functions we want to work
with in this thesis are the following three. Let a1, a2 ∈ R>0, u ∈ H1(G) and
µ, µ̃ ∈ Rm be fixed. Then we introduce the objective functions

J1 : V × P → R, (u, µ) 7→ 1

2

ˆ

G

‖u− u‖2 dx,

J2 : V × P → R, (u, µ) 7→ 1

2

m∑
j=1

|µj − µj |2,

J3 : V × P → R, (u, µ) 7→ a1

2

ˆ

G

‖u− u‖2 dx+
a2

2

m∑
j=1

|µj − µ̃j |2

and the reduced objective functions

Ĵ1 : P → R, µ 7→ 1

2

ˆ

G

‖u(µ)− u‖2 dx,

Ĵ2 : P → R, µ 7→ 1

2

m∑
j=1

|µj − µj |2,

Ĵ3 : P → R, µ 7→ a1

2

ˆ

G

‖u(µ)− u‖2 dx+
a2

2

m∑
j=1

|µj − µ̃j |2.

If we write u, we mean the solution of (2.1) for µ ∈ P.

4.2. Gradients of the objective functions. To solve our multiobjective
optimization problem (1.8) we will make use of the gradients of Ji and Ĵi
respectively for i = 1, 2, 3. In this section we derive representations for the
gradients which allow for an efficient numerical realization.

Definition 4.2.1. We define the operator

E : V × P → V ′

by
〈E(u, µ), ϕ〉V ′,V := 〈A(u), ϕ〉V ′,V − 〈bµ, ϕ〉V ′,V .

Then for (u, µ) ∈ V × P it holds

E(u, µ) = 0 in V ′ ⇔ (u, µ) solves (2.1).

Lemma 4.2.2. E is FrŐchet-differentiable with derivation

〈DE(u0, µ0)(u, µ), ϕ〉V ′,V
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=

ˆ

G

c∇u∇ϕ+
(
b+ 3du2

0

)
uϕ− µjξjϕdx+

ˆ

∂G

uϕdA

for (u0, µ0), (u, µ) ∈ V × P and ϕ ∈ V .

Proof. Choose (u0, µ0) ∈ V × P and (u, µ) ∈ V × P.
Define x0 := (u0, µ0) and x := (u, µ).
We define an operator D(x0) ∈ L(V × P, V ′) with

D(x0)(x) : V → R,

ϕ 7→
ˆ

G

c∇u∇ϕ+
(
b+ 3du2

0

)
uϕ− µjξjϕdx+

ˆ

∂G

uϕdA.

For ϕ ∈ V we get

〈E(x), ϕ〉V ′,V − 〈E(x0), ϕ〉V ′,V − 〈D(x0)(x− x0), ϕ〉V ′,V

= 〈E(x), ϕ〉V ′,V − 〈E(x0), ϕ〉V ′,V −
ˆ

∂G

(u− u0)ϕdA

−
ˆ

G

c∇ (u− u0)∇ϕ+
(
b+ 3du2

0

)
(u− u0)ϕ−

(
µj − µj0

)
ξjϕdx

= 〈A(u)−A(u0), ϕ〉V ′,V − 〈bµ − bµ0 , ϕ〉V ′,V −
ˆ

∂G

(u− u0)ϕdA

−
ˆ

G

c∇ (u− u0)∇ϕ+
(
b+ 3du2

0

)
(u− u0)ϕ−

(
µj − µj0

)
ξjϕdx

=

ˆ

G

c∇ (u− u0)∇ϕ+ b (u− u0)ϕ+ d
(
u3 − u3

0

)
ϕ−

(
µj − µj0

)
ξjϕdx

+

ˆ

∂G

(u− u0)ϕdA−
ˆ

∂G

(u− u0)ϕdA

−
ˆ

G

c∇ (u− u0)∇ϕ+
(
b+ 3du2

0

)
(u− u0)ϕ−

(
µj − µj0

)
ξjϕdx

=

ˆ

G

d
(
u3 − u3

0

)
ϕ− 3du2

0 (u− u0)ϕdx

=

ˆ

G

d
(
u3 − u3

0 − 3u2
0 (u− u0)

)
ϕdx

=

ˆ

G

d
(
3u0

(
u2 + u2

0 − 2uu0

)
+
(
u2 + u2

0 − 2uu0

)
(u− u0)

)
ϕdx
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=

ˆ

G

d
(

3u0 (u− u0)2 + (u− u0)3
)
ϕdx

=

ˆ

G

d (2u0 + u) (u− u0)2 ϕdx.

It also holds

sup
ϕ∈V, ‖ϕ‖V =1

|
ˆ

G

d (2u0 + u) (u− u0)2 ϕdx|

≤ sup
ϕ∈V, ‖ϕ‖V =1

‖ (2u0 + u) (u− u0)2 ‖L2(G)‖ϕ‖L2(G)

≤ ‖ (2u0 + u) (u− u0)2 ‖L2(G)

≤ ‖2u0 + u‖L4‖u− u0‖2L8(G)

≤ ‖2u0 + u‖V ‖u− u0‖2V .

For the last estimation we used H1 ↪→ L4 and H1 ↪→ L8, see [9, Section 3.5].
If E is continuous FrŐchet-differentiable in x0 with derivation DE(x0) it
holds

lim
‖x−x0‖V×P→0

‖E(x)− E(x0)−DE(x0)〈x− x0〉‖V ′
‖x− x0‖V×P

= 0.

We have

lim
‖x−x0‖V×P→0

‖E(x)− E(x0)−D(x0)(x− x0)‖V ′
‖x− x0‖V×P

= lim
‖x−x0‖V×P→0

sup
ϕ∈V, ‖ϕ‖V =1

|〈E(x)− E(x0)−D(x0)(x− x0), ϕ〉V ′,V |

‖x− x0‖V×P

= lim
‖x−x0‖V×P→0

sup
ϕ∈V, ‖ϕ‖V =1

|
´
G

d (2u0 + u) (u− u0)2 ϕdx|

‖x− x0‖V×P

≤ lim
‖x−x0‖V×P→0

‖2u0 + u‖V ‖u− u0‖2V
‖x− x0‖V×P

≤ lim
‖x−x0‖V×P→0

‖2u0 + u‖V ‖x− x0‖2V×P
‖x− x0‖V×P

≤ lim
‖x−x0‖V×P→0

‖2u0 + u‖V ‖x− x0‖V×P = 0.

Hence, E is FrŐchet-differentiable with derivation DE(x0) = D(x0). �

Lemma 4.2.3. E is continuously FrŐchet-differentiable.

Proof. Choose x1, x0, x ∈ V × P, x ∈ V × P with x1 = (u1, µ1), x0 =
(u0, µ0), x = (u, µ) and ϕ ∈ V .
It holds

|〈(DE(x1)−DE(x0)) (x) , ϕ〉V ′,V |
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=

∣∣∣∣ ˆ
G

c∇u∇ϕ+
(
b+ 3du2

0

)
uϕ− µjξjϕdx+

ˆ

∂G

uϕdA

−

ˆ
G

c∇u∇ϕ+
(
b+ 3du2

1

)
uϕ− µjξjϕdx+

ˆ

∂G

uϕdA

∣∣∣∣
= 3d|〈(u0 − u1)(u0 + u1), uϕ〉L2(G)|
≤ 3d‖(u0 − u1)(u0 + u1)‖L2(G)‖uϕ‖L2(G)

≤ 3d‖u0 − u1‖L4(G)‖u0 + u1‖L4(G)‖u‖L4(G)‖ϕ‖L4(G)

≤ 3d‖u0 − u1‖V ‖u0 + u1‖V ‖u‖V ‖ϕ‖V .
Consequently, we get the continuity of DE . �

Lemma 4.2.4. Eu(u0, µ0) ∈ L(V, V ′) is bijective and especially invertible
with continuous and bounded inverse function.

Proof. We want to use Theorem 1.1.15.
Note, that V is a reflexive Banach space.
Show that for every x0 ∈ V × P the operator Eu(x0) is continuous on every
finite dimensional subspace W ⊂ V with basis {ψ1, ..., ψn}. Choose u ∈ W
with u = βkψk and ϕ ∈ V . We get

〈Eu(u0, µ0)(u), ϕ〉V,V ′ =

ˆ

G

c∇u∇ϕ+
(
b+ 3du2

0

)
uϕdx+

ˆ

∂G

uϕdA

=βk
ˆ

G

c∇ψk∇ϕ+
(
b+ 3du2

0

)
ψkϕdx

+ βk
ˆ

∂G

ψkϕdA

≡βkQk
with

Qk :=

ˆ

G

c∇ψk∇ϕ+
(
b+ 3du2

0

)
ψkϕdx+

ˆ

∂G

ψkϕdA ∈ R.

This implies the continuity.
Eu(u0) is strictly monotone:
For u, v ∈ V we get

|〈Eu(u0, µ0)(u)− E(u0, µ0)(v), u− v〉V,V ′ |

=

∣∣∣∣ ˆ
G

c∇u∇ (u− v) +
(
b+ 3du2

0

)
u (u− v) dx+

ˆ

∂G

u (u− v) dA

−

ˆ
G

c∇v∇ (u− v) +
(
b+ 3du2

0

)
v (u− v) dx+

ˆ

∂G

v (u− v) dA

∣∣∣∣
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= |
ˆ

G

c∇ (u− v)∇ (u− v) +
(
b+ 3du2

0

)
(u− v) (u− v) dx

+

ˆ

∂G

(u− v) (u− v) dA|

≥ |
ˆ

G

c|∇ (u− v) |2 + b (u− v)2 dx+

ˆ

∂G

(u− v)2 dA|

≥
ˆ

G

c|∇ (u− v) |2 dx+

ˆ

∂G

(u− v)2 dA

≥ min{1, c}‖u− v‖2V .

Eu(u0) is coercive:
For u ∈ V we get

〈E(u0)(u), u〉V ′V =

ˆ

G

c|∇u|2 +
(
b+ 3du2

0

)
u2 dx+

ˆ

∂G

u2 dA

≥
ˆ

G

c|∇u|2 dx+

ˆ

∂G

u2 dA

≥ min{1, c}‖u‖2V .
With Theorem 1.1.15 the bijectivity follows.
With Theorem 1.1.16 we conclued the invertibility and get the continuous
and bounded inverse function. �

Remark 4.2.5. We define the operator

u : P → V

as follows: u(µ) is the unique solution of

〈A(u(µ)), ϕ〉V ′,V = 〈bµϕ〉V ′,V for all ϕ ∈ V.
From Theorem 2.1.7 we know u is well-defined.
Because E is continuously FrŐchet-differentiable,

E(u(µ), µ) = 0 in V ′

holds for every µ ∈ P. Because Eu(u(µ), µ) has a bounded inverse function,
we get that u is FrŐchet-differentiable with derivative

u′(µ) = −Eu(u(µ))−1Eµ(u(µ), µ).

You can show this with the implicit function theorem, see [5, Section 7.3].

Remark 4.2.6. For the gradient of the reduced objective function Ĵi : Rm →
R of the objective function Ji : V ×Rm → R in µ0 with u0 := u(µ0) we know
that

〈∇Ĵi(µ0), µ〉2
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= 〈(Ji)u (u0, µ0), uµ(µ0)µ〉V ′,V + 〈(Ji)µ (u0, µ0), µ〉2
= −〈(Ji)u (u0, µ0), Eu(u(µ0), µ0)−1Eµ(u(µ0), µ0)µ〉V ′,V + 〈(Ji)µ (u0, µ0), µ〉2
= −〈Eµ(u(µ0), µ0)∗

(
Eu(u(µ0), µ0)−1

)∗
(Ji)u (u0, µ0), µ〉2 + 〈(Ji)µ (u0, µ0), µ〉2.

This implies

∇Ĵi(µ0) = −Eµ(u(µ0), µ0)∗p0 + (Ji)µ (u(µ0), µ0)

with p0 = p(µ0) ∈ V is the solution of

Eu(u0, µ0)∗p0 = (Ji)u (u0, µ0) in V ′.

Then we have

∇Ĵi(µ0) = −Eµ(µ)∗
(
Eu(u(µ), µ)−1

)∗
(Ji)u (u0, µ0) + (Ji)µ (u0, µ0).

Remark 4.2.7. Now we derive the gradient of Ĵ1.
We know that

〈Eu(u0, µ0)∗p0, ϕ〉V ′,V = 〈p0, Eu(u0, µ0)ϕ〉V ′,V

=

ˆ

G

c∇ϕ∇p0 +
(
b+ 3du2

0

)
ϕp0 dx+

ˆ

∂G

ϕp0 dA

and

〈J1
u(u0, µ0), ϕ〉 =

ˆ

G

(u0 − u)ϕdx.

This leads to the adjoint equationˆ

G

c∇p0∇ϕ+
(
b+ 3du2

0

)
p0ϕdx+

ˆ

∂G

p0ϕdA =

ˆ

G

(u0 − u)ϕdx.

Furthermore we have J1
µ(u, µ) = 0, this implies

∇Ĵ1(µ) = −Eµ(u(µ0), µ0)∗p0 + (Ji)µ (u0, µ0) =


´
G

ξ1p0 dx

...´
G

ξmp0 dx

 .

Remark 4.2.8. For Ĵ2 it is straight forward to calculate the gradient, be-
cause Ĵ2 is independent of u(µ). Here we get

∇Ĵ2(µ) =

 µ1 − µ1

...
µm − µm

 = µ− µ.
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Remark 4.2.9. ∇Ĵ3 is a linear combination of the gradients of Ĵ1 and Ĵ2.
The adjoint equation for J3 in (u0, µ0) isˆ

G

c∇q0∇ϕ+
(
b+ 3du2

0

)
q0ϕdx+

ˆ

∂G

q0ϕdA =

ˆ

G

(u0 − u)ϕdx.

For the gradient we get

∇Ĵ3 = a1


´
G

ξ1q0 dx

...´
G

ξmq0 dx

+ a2

 µ1 − µ̃1

...
µm − µ̃m

 = a1∇Ĵ1 + a2∇Ĵ2.

Remark 4.2.10. In the numerical implementation we also use the adjoint
equation to generate the basis of the RB space. In the Greedy algorithm we
calculate uN (µn+1) and pN (µn+1) in every iteration step n. If uN (µn+1) is
linearly independent of the space Wn ⊕ span{pN (µn+1)} we define

Wn+1 := Wn ⊕ span{pN (µn+1), uN (µn+1)},
if not, we define

Wn+1 := Wn ⊕ span{pN (µn+1)}
and start again.
We define the true error for the adjoint equation

∆S
p (Wn, µ) := ‖pN (µ)− pM (µ)‖V

and for the Greedy algorithm we use the following error:

∆S
+(Wn, µ) := ‖uN (µ)− uM (µ)‖V + ‖pN (µ)− pM (µ)‖V .

4.3. A posteriori error for the adjoint equation. In Section 3.2.4 we
developed an a-posteriori error for the state equation, which can be calcula-
ted independently of the true solution uN (µ). Now we want to develop an
a-posteriori error for the adjoint equation. We follow [15].

Definition 4.3.1. We define the operator

B : V × V → V ′ by

〈B(p, u), ρ〉V ′,V :=

ˆ

G

c∇p∇ρ+
(
b+ 3du2

)
pρ dx+

ˆ

∂G

pρ dA−
ˆ

G

(u− u) ρ dx.

Theorem 4.3.2. Let V be the FE space with dimension N and W ⊂ V the
RB space with dimension M � N and let µ ∈ P be an arbitrary parameter.
Let pN (µ) be the FE and pM (µ) the RB solution of the adjoint equation.
Then for the error ep(µ) := pN (µ)− pM (µ) it holds

‖ep(µ)‖V ≤ ∆W
p (W, µ)

:= C‖Resp(µ)‖2V ′ + c1(µ)‖e(µ)‖2L2(G) + c2(µ)‖e(µ)‖4L4(G),

with C =
4

min{1, c}2
,
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c1(µ) = 1 + 36d2‖uM (µ)‖2L∞(G)‖pM (µ)‖L∞(G),

c2(µ) = 9d2‖pM (µ)‖2L∞(G)

and the residual
RespM (µ) : P → V′

is defined by

〈RespM (µ), ρi〉V′,V = 〈B(p(µ), u(µ)), ρi〉V ′,V − 〈B(pM (µ), uM (µ)), ρi〉V ′,V
for all ρi ∈ V.

Proof. Because pN (µ) is the FE solution, the equation

〈B(pN (µ), uN (µ)), ρi〉V′,V = 0

holds for every ρ1, ..., ρN ∈ V. For pM (µ) the equation

〈B(pM (µ), uM (µ)), ϕi〉V′,V = 0

holds for every ϕ1, ..., ϕM ∈WM .
For ρi ∈ V we get

〈RespM (µ), ρi〉V′,V = 〈B(p(µ), u(µ)), ρi〉V ′,V − 〈B(pM (µ), uM (µ)), ρi〉V ′,V

=

ˆ

G

c∇ep(µ)∇ρi dx+

ˆ

G

bep(µ)ρi dx+

ˆ

∂G

ep(µ)ρi dA

+

ˆ

G

3d
(
uN (µ)2pN (µ)− uM (µ)2pM (µ)

)
ρi dx

−
ˆ

G

e(µ)ρi dx.

We have ep(µ) := pN (µ)− pM (µ) ∈ V and e(µ) = uN (µ)− uM (µ) ∈ V, thus
we get

〈RespM (µ), ep(µ)〉V′,V =

ˆ

G

c|∇ep(µ)|2 dx+

ˆ

G

b|ep(µ)|2 dx+

ˆ

∂G

|ep(µ)|2 dA

+

ˆ

G

3d
(
uN (µ)2pN (µ)− uM (µ)2pM (µ)

)
ep(µ) dx

−
ˆ

G

e(µ)ep(µ) dx.

Thus we get

‖Resp(µ)‖V ′‖ep(µ)‖V + ‖ep(µ)‖L2(G)‖e(µ)‖L2(G)

≥
ˆ

G

c|∇ep(µ)|2 dx+

ˆ

G

b|ep(µ)|2 dx+

ˆ

∂G

|ep(µ)|2 dA
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+

ˆ

G

3d
(
uN (µ)2pN (µ)− uM (µ)2pM (µ)

)
ep(µ) dx

≥ min{c, 1}‖ep(µ)‖2V +

ˆ

G

3d
(
uN (µ)2pN (µ)− uM (µ)2pM (µ)

)
ep(µ) dx.

With

3d

ˆ

G

(
uN (µ)2pN (µ)− uM (µ)2pM (µ)

)
ep(µ) dx

= 3d

ˆ

G

uN (µ)2ep(µ)2 dx+ 3d

ˆ

G

(
uN (µ)2 − uM (µ)2

)
pM (µ)ep(µ) dx

≥ 3d

ˆ

G

(
uN (µ)2 − uM (µ)2

)
pM (µ)ep(µ) dx

we get

‖Resp(µ)‖V ′‖ep(µ)‖V + ‖ep(µ)‖L2(G)‖e(µ)‖L2(G)

≥ min{c, 1}‖ep(µ)‖2V + 3d

ˆ

G

(
uN (µ)2 − uM (µ)2

)
pM (µ)ep(µ) dx.

Let ε > 0 be an arbitrary parameter, we estimate

|3d
ˆ

G

(
uN (µ)2 − uM (µ)2

)
pM (µ)ep(µ) dx|

= |3d
ˆ

G

((uN (µ)− uM (µ)) (e(µ) + 2uM (µ))) pM (µ)ep(µ) dx|

= |3d
ˆ

G

e(µ)2pM (µ)ep(µ) + 2e(µ)uM (µ)pM (µ)ep(µ) dx|

≤ 3d‖e(µ)‖2L4(G)‖pM (µ)‖L∞(G)‖ep(µ)‖L2(G)

+ 6d‖e(µ)‖L2(G)‖ep(µ)‖L2(G)‖uM (µ)‖L∞(G)‖pM (µ)‖L∞(G)

≤ 2ε‖ep(µ)‖2L2(G) +
9d2

4ε
‖e(µ)‖4L4(G)‖pM (µ)‖2L∞(G)

+
36d2

4ε
‖e(µ)‖2L2(G)‖uM (µ)‖2L∞(G)‖pM (µ)‖2L∞(G)

= 2ε‖ep(µ)‖2L2(G) +
d1(µ)

4ε
‖e(µ)‖4L4(G) +

d2(µ)

4ε
‖e(µ)‖2L2(G)

with d1(µ) = 9d2‖pM (µ)‖2L∞(G) and

d2(µ) = 36d2‖pM (µ)‖2L∞(G)‖uM (µ)‖2L∞(G).
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Thus it follows

3d

ˆ

G

(
uN (µ)2 − uM (µ)2

)
pM (µ)ep(µ) dx

≤ 2ε‖ep(µ)‖2L2(G) +
d1(µ)

4ε
‖e(µ)‖4L4(G) +

d2(µ)

4ε
‖e(µ)‖2L2(G).

This implies

min{c, 1}‖ep(µ)‖2V + 0

≤ min{c, 1}‖ep(µ)‖2V + 3d

ˆ

G

(
uN (µ)2 − uM (µ)2

)
pM (µ)ep(µ) dx

+ 2ε‖ep(µ)‖2L2(G) +
d1(µ)

4ε
‖e(µ)‖4L4(G) +

d2(µ)

4ε
‖e(µ)‖2L2(G)

≤ ‖Resp(µ)‖V ′‖ep(µ)‖V + ‖ep(µ)‖L2(G)‖e(µ)‖L2(G)

+ 2ε‖ep(µ)‖2L2(G) +
d1(µ)

4ε
‖e(µ)‖4L4(G) +

d2(µ)

4ε
‖e(µ)‖2L2(G)

≤ 1

4ε
‖Resp(µ)‖2V ′ + ε‖ep(µ)‖2V +

1

4ε
‖e(µ)‖2L2(G) + ε‖ep(µ)‖2L2(G)

+ 2ε‖ep(µ)‖2L2(G) +
d1(µ)

4ε
‖e(µ)‖4L4(G) +

d2(µ)

4ε
‖e(µ)‖2L2(G).

We choose ε = min{1,c}
8 , then we get

‖ep(µ)‖2V ≤ C
(
‖Resp(µ)‖2V ′ + c1(µ)‖e(µ)‖2L2(G) + c2(µ)‖e(µ)‖4L4(G)

)
,

with C =
4

min{1, c}2

c1(µ) = 1 + 36d2‖uM (µ)‖2L∞(G)‖pM (µ)‖2L∞(G),

c2(µ) = 9d2‖pM (µ)‖2L∞(G).

�

Remark 4.3.3. The convergence analysis for the adjoint equation follows
from the convergence analysis for the state equation (see Section 3.2.5) with
the estimation we proved in Theorem 4.3.2.

4.4. A Posteriori Error for the objectives and their gradients. The
last section leads to an error for the objective functions and their gradient
independently of the true objective functions or their gradients. Later we
work with inexactness in the gradients due to the use of the RB-DEIM-
model, for this we need an estimation for the error between the objective
functions and their approximations and also for the gradients of the objective
functions. We first want to start with the objective functions. If we write
Ĵi(µ) we calculate it with the true solution uN (µ). We will write Ĵri (µ) if we
use the RB-DEIM solution uM (µ) to calculate Ĵi.
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Proposition 4.4.1. Let V be the FE space with dimension N andW ⊂ V the
RB space with dimension M � N and let µ ∈ P be an arbitrary parameter.
Then it holds

|Ĵ1(µ)− Ĵr1 (µ)| ≤ 1

2
‖e(µ)‖2L2(G) + ‖uM (µ)− u‖L2(G)‖e(µ)‖L2(G),

|Ĵ2(µ)− Ĵr2 (µ)| = 0

and

|Ĵ3(µ)− Ĵr3 (µ)| ≤ |a1|
(

1

2
‖e(µ)‖2L2(G) + ‖uM (µ)− u‖L2(G)‖e(µ)‖L2(G)

)
.

Proof. Let µ ∈ P be an arbitrary parameter, then it holds

|Ĵ1(µ)− Ĵr1 (µ)| = |1
2

ˆ

G

|uN − u|2 − |uM − u|2 dx|

= |1
2

ˆ

G

(uN − u− (uM − u)) (uN − u+ uM − u) dx|

= |1
2

ˆ

G

(uN − uM ) (uN + uM − 2u) dx|

= |1
2

ˆ

G

|e(µ)|2 + e(µ) (2uM − 2u) dx|

= |1
2

ˆ

G

|e(µ)|2 dx+

ˆ

G

e(µ) (uM − u) dx|

≤ 1

2
‖e(µ)‖2L2(G) + ‖uM (µ)− u‖L2(G)‖e(µ)‖L2(G).

For the second objective function it holds

|Ĵ2(µ)− Ĵr2 (µ)| =
∣∣∣∣ m∑
i=1

‖µi − µi‖22 −
m∑
i=1

‖µi − µi‖22
∣∣∣∣ = 0.

For the last objective function it follows

|Ĵ3(µ)− Ĵr3 (µ)| =
∣∣∣∣a1

(
Ĵ1(µ)− Ĵr1 (µ)

)
+ a2

 m∑
j=1

‖µj − µ̃j‖2 −
m∑
j=1

‖µj − µ̃j‖2
∣∣∣∣

=

∣∣∣∣a1

(
Ĵ1(µ)− Ĵr1 (µ)

) ∣∣∣∣
≤ |a1|

(
1

2
‖e(µ)‖2L2(G) + ‖uM (µ)− u‖L2(G)‖e(µ)‖L2(G)

)
.

�
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Proposition 4.4.2. Let V be the FE space with dimension N andW ⊂ V the
RB space with dimension M � N and let µ ∈ P be an arbitrary parameter.
Then it holds

‖∇Ĵ1(µ)−∇Ĵr1 (µ)‖22 ≤ C‖ep(µ)‖2L2(G),

‖∇Ĵ2(µ)−∇Ĵr2 (µ)‖22 = 0

and
‖∇Ĵ3(µ)−∇Ĵr3 (µ)‖22 ≤ |a1|C‖ep(µ)‖2L2(G)

with

C =

m∑
j=1

‖ξj‖2L2(G).

Proof. Let µ ∈ P be an arbitrary parameter. Then it holds

‖∇Ĵ1(µ)−∇Ĵr1 (µ)‖22 =
m∑
j=1

|
ˆ

G

ξjpN − ξjpM dx|2

=
m∑
j=1

|
ˆ

G

ξj (pN − pM ) dx|2

≤
m∑
j=1

‖ξj‖2L2(G)‖e
p(µ)‖2L2(G).

= C‖ep(µ)‖2L2(G)

with

C =
m∑
j=1

‖ξj‖2L2(G).

For the second gradient it holds

‖∇Ĵ2(µ)−∇Ĵr2 (µ)‖22 = ‖ (µ− µ)− (µ− µ) ‖22 = 0.

For the last objective function it follows

‖∇Ĵ3(µ)−∇Ĵr3 (µ)‖22 = ‖a1

(
∇Ĵ1(µ)−∇Ĵr1 (µ)

)
+ a2 ((µ− µ̃)− (µ− µ̃)) ‖22

= ‖a1

(
∇Ĵ1(µ)−∇Ĵr1 (µ)

)
‖22

≤ |a1|C‖ep(µ)‖2L2(G).

�
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5. Multiobjective optimization problems

In the following section we want to deal with the multiobjective optimization
problem

(5.1) min
µ∈P

Ĵ(µ) = min
µ∈P

 Ĵ1(µ)
...

Ĵk(µ)

 .

Ĵ : P ⊂ Rm → Rk is the multidimensional objective function. We assume
that Ĵ is continously differentiable.
We follow [3] and [4].

5.1. Pareto optimality. Compared to scalar optimization, we have to cla-
rify the notion of a solution to (5.1). There are different ways to define
optimality in the multiobjective case. In this thesis we rely on the so called
Pareto optimality. For k > 1 we cannot expect that we minimize all functions
Ĵi simultaneously.
There we make use of the following definition.

Definition 5.1.1. (i) A point µ0 ∈ P is called Pareto optimal, if there is
no µ ∈ P with Ĵ(µ) � Ĵ(µ0). In that case we call µ0 Pareto point.

(ii) The set of all Pareto points in P is called Pareto set. We define a Pareto
set

P := {µ ∈ P : µ is Pareto optimal}.
(iii) The image of the Pareto set under Ĵ is called the Pareto front.

First we study the unconstrained case. So we assume J : Rm → Rk.
Analogous to the one-dimensional case, there exists a first-order Pareto op-
timality condition. To formulate that condition we define the convex, closed
and bounded set

∆k := {α ∈ Rk : αj ≥ 0,

k∑
j=1

αj = 1}.

Definition 5.1.2. If for a given µ ∈ Rm there exists an α ∈ ∆k with

(5.2) DĴ(µ)Tα = 0

we call µ Pareto critical.
The set of all Pareto critical points is called the Pareto critical set, we write
Pc for the Pareto critical set.

Theorem 5.1.3. Let µ0 ∈ Rm be Pareto-optimal. Then µ0 is Pareto-critical.
The condition (5.2) is called the KKT-condition for multiobjective optimali-
zation problems.
Therefore it holds P ⊂ Pc.

Proof. You can find a proof in [19]. �
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5.2. Descent direction. The next question is how we can get Pareto criti-
cal solutions. There are several methods for computing Pareto critical points.
Here we utilize the so called descent direction method.

Definition 5.2.1. The vector v ∈ Rk is a descent direction for Ĵ in µ0 ∈ Rm,
if ∇Ĵi(µ0)T v ≤ 0 holds for every i ∈ {1, ..., k} and if there is at least one
j ∈ {1, ..., k} with ∇Ĵj(µ0)T v < 0.

Theorem 5.2.2. Let µ ∈ Rm be given and α0 ∈ ∆k be a solution of the
minimization problem

(5.3) min
α∈∆k

1

2
‖DĴ(µ)Tα‖22.

Then we have either DĴ(µ)Tα0 = 0 or −DĴ(µ)Tα0 is a descent direction in
µ for any objective Ĵj , j = 1, ..., k.

Proof. If we have DĴ(µ)Tα = 0, we are done.
So now we assume DĴ(µ)Tα0 6= 0. This implies

0 < ‖DĴ(µ)Tα0‖22 = min
α∈∆k

‖DĴ(µ)Tα‖22.

Thus we have DĴ(µ)Tα 6= 0 for all α ∈ ∆k.
Let us define the set

K(µ) := {DĴ(µ)Tα : α ∈ ∆k} ⊂ Rm.
We have 0 /∈ K(µ) and we choose v ∈ K(µ) with

(DĴ(µ)Tα0)T v < 0, and v = DĴ(µ)Tαv ∈ Rm with αv ∈ ∆k.

We set q := DĴ(µ)Tα0 ∈ Rm\{0}, then we have

(1− λ)v + λq = DĴ(µ)T ((1− λ)αv + λα0) ∈ K(µ) for all λ ∈ [0, 1]

because ∆k is convex.
qT v < 0 implies

(5.4) 0 < λ‖q‖22 − qT v = qT (λ(q − v)) = λqT (q − v) for all λ ∈ [0, 1].

Let λ0 ∈ [0, 1] be the global minimizer of

min
λ∈[0,1]

‖(1− λ)v + λq‖22.

Define f(λ) := ‖(1− λ)v + λq‖22. Then we have

f ′(λ) = 2
(
λqT (q − v) + (1− λ)vT (q − v)

)
f ′′(λ) = 2(q − v)T (q − v) > 0 for all λ ∈ R.

Therefore f is a convex function and only have one minimizer in [0, 1].
Assume that λ0 = 1 holds:
The first-order optimality condition implies that 0 ≥ f ′(λ0) holds. Therefore
it follows that

0 ≥ f ′(λ0) = f ′(1) = 2qT (q − v) > 0.
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For the last inequality we used (5.4).  .
The assumption λ0 = 1 was wrong and we have λ0 < 1.
Since λ0 is the minimizer, we infer that

‖(1− λ0)v + λ0q‖22 < ‖(1− 1)v + q‖22 = ‖q‖22.
Define α̃ := (1− λ0)αv + λ0α0, then we have α̃ ∈ ∆k and

‖DĴ(µ)T α̃‖22 = ‖(1− λ0)DĴ(µ)Tαv + λ0DĴ(µ)Tα0||22 < ‖DĴ(µ)Tα0‖22.  

This implies that there does not exist any v ∈ K(µ) with the condition

(DĴ(µ)Tα0)T v < 0.

Thus we have
(DĴ(µ)Tα0)T v ≥ 0 for all v ∈ K(µ).

This implies

(DĴ(µ)Tα0)T∇Ĵi(µ) ≥ 0 for all i ∈ {1, ..., k}

⇔− (DĴ(µ)Tα0)T∇Ĵi(µ) ≤ 0 for all i ∈ {1, ..., k}

and therefore −DĴ(µ)Tα0 is a descent direction in µ for any objective Ĵj ,
j = 1, ..., k. �

Lemma 5.2.3. For µ ∈ P the minimization problems

(5.5) min
α∈∆k

1

2
‖DĴ(µ)Tα‖22

and

(5.6) min
(x,β)∈R×Rm

β +
1

2
‖x‖22 s.t

(
DĴ(µ)x

)j
≤ β for all j = 1, ..., k

are equivalent in the sense, that if α0 ∈ ∆k is a minimizer of (5.5) with
Lagrangian multiplier λ0, then (−DĴ(µ)Tα0,−λ0) is a minimizer of (5.6).
If (x0, β0) is a minimizer of (5.6) with Lagrangian multiplier δ0 ∈ Rk then
δ0 is a minimizer of (5.5).

Proof. We assume DĴ(µ)T 6= 0, because in this case we are done. (5.5)
and (5.6) are convex quadratic minimization problems with linear inequality
constraints, because the Hessian matrix is positiv semidefinit in both pro-
blems. This implies, that the KKT-conditions are sufficient for a minimizer.

For (5.5) the Lagrangian functions is

L : Rk × R× Rk → R, (α, λ, γ) 7→ 1

2
‖DJ(µ)Tα‖22 − λ

 k∑
j=1

αj

− γTα
and the KKT-conditions are

DĴ(µ)DĴ(µ)Tα− λ

 1
...
1

−
 γ1

...
γk

 = 0(5.7)
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γjαj = 0 for all j = 1, ..., k(5.8)

γj ≥ 0 for all j = 1, ..., k.(5.9)
k∑
j=1

αj = 1(5.10)

αj ≥ 0 for all j = 1, ..., k.(5.11)

For (5.6) the Lagrangian functions is

L̃ : Rm+1 × Rk → R, ((x, β), δ) 7→ β +
1

2
‖x‖22 + δT

DJ(µ)x− β

 1
...
1




and the KKT-conditions are
x1

...
xm

1

+ δj
(
∇Ĵj(µ)
−1

)
= 0(5.12)

δj
((

DĴ(µ)x
)j
− β

)
= 0 for all j = 1, ..., k(5.13)

δj ≥ 0 for all j = 1, ..., k.(5.14) (
DĴ(µ)x

)j
≤ β for all j = 1, ..., k.(5.15)

Assume that we have a minimizer α of (5.5). Then (5.7)-(5.11) holds. We
define x̃ := −DĴ(µ)Tα, β̃ := −λ and δ̃ := α.
Then it follows that

x̃+ δ̃j∇Ĵj(µ) = −DĴ(µ)Tα+ αj∇Ĵj(µ)

= 0

and
k∑
j=1

δ̃j = 1,

which implies (5.12).
Next, we multiply (5.7) with δ̃i~eiT and get

δ̃i~ei
T

DĴ(µ)DĴ(µ)Tα− λ

 1
...
1

−
 γ1

...
γk


 = 0

⇔

δ̃i
((
−DĴ(µ)x̃

)i
+ β̃

)
− αiγi = 0

⇔
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δ̃i
((

DĴ(µ)x̃
)i
− β̃

)
= −αiγi = 0

which implies (5.13).
(5.14) follows from δ̃i = αi ≥ 0.
Afterwards, we multiply (5.7) with ~ei

T and get(
∇Ĵ(µ)Tx

)i
− β̃ = −γi ≤ 0

which implies (5.15) and we are done.

Now we assume that we have a minimizer (x, β) of (5.6). Then (5.12)-(5.15)
holds. We define

α̃ := δ,

λ̃ := −β and

γ̃j := −
((

DĴ(µ)x
)j
− β

)
.

(5.14) implies
0 ≤ δj = α̃j ,

therefore (5.11) holds. (5.13) implies

0 = δj
((

DĴ(µ)x
)j
− β

)
= −α̃j γ̃j

and (5.8) holds. The last component in (5.12) implies

1−
k∑
j=1

δj = 0

which leads to (5.10). (5.15) implies

−γ̃j =
(
DĴ(µ)x

)j
− β ≤ 0

and thus γ̃j ≥ 0 follows and (5.9) holds. (5.7) follows, because we have

DĴ(µ)DĴ(µ)T α̃− λ̃

 1
...
1

−
 γ̃1

...
γ̃k


= DĴ(µ)DĴ(µ)T δ + β

 1
...
1

+

DĴ(µ)x− β

 1
...
1




= DĴ(µ)
(
DĴ(µ)T δ + x

)
= 0,

in the last equality we use (5.12). �

Corollary 5.2.4. Let µ ∈ Rm be a arbitrary parameter,
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(i) if µ is Pareto critical, a minimizer of (5.6) is (0, 0) ∈ Rm × R.
(ii) if µ is not Pareto critical, it holds β + 1

2‖x‖
2
2 < 0 for every minimizer

(x, β) of (5.6).

Proof. (i) If µ is Pareto critical, there exists α ∈ ∆k with DĴ(µ)Tα = 0.
Lemma 5.2.3 implies that (0, 0) minimize (5.6).

(ii) If µ is not Pareto critical, Theorem 5.2.2 implies

0 < min
α∈∆k

‖DĴ(µ)Tα‖22.

Let α0 be a minimizer of (5.5), then the KKT-conditions hold and we
get λ ∈ R, γ ∈ Rk≥0 with

(5.16) DĴ(µ)DĴ(µ)Tα0 − λ

 1
...
1

−
 γ1

...
γk

 .

We multiplie (5.16) with αT0 and get

‖DĴ(µ)Tα0‖22 − λ
k∑
j=1

αj0︸ ︷︷ ︸
=1

− γjαj0︸︷︷︸
=0

= 0.

This leads to
0 < ‖DĴ(µ)Tα0‖22 = λ.

Lemma 5.2.3 implies, that x0 := DĴ(µ)Tα0 and β0 := −λ minimize
(5.6). Therefore we get

β0 +
1

2
‖x0‖22 = β0 +

1

2
‖DĴ(µ)Tα0‖22 =

1

2
β0 < 0.

�

Algorithm 5: Steepest descent
Require: β ∈ (0, 1), µ1 ∈ Rm and k := 1;

1 while µk is not Pareto critical do
2 Calculate vk as solution of (5.6);
3 Choose the stepsize tk > 0 as maximum of the set

Tk := {t =
1

2j
: j ∈ N, Ĵ(µk + tvk) ≤ Ĵ(µk) + βtDĴ(µk)

T vk};

4 Declare µk+1 := µk + tkvk;
5 k := k + 1;
6 end

Observe that if Algorithm 5 terminates after a finite number of iterations,
it terminates at a Pareto critical point. From now on we suppose that an
infinite sequence is generated.
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Theorem 5.2.5. Every accumulation point of the sequence (µk)k produced
by Algorithm 5, if the algorithm does not terminates after a finite number of
iteration steps, is a Pareto critical point.

Proof. Let µ̃ ∈ Rm be an accumulation point of the sequence (µk)k and vµ̃,
βµ̃ solutions of (5.6) for µ̃. According to Corollary 5.2.4 it is enough to show
that βµ̃ + 1

2‖vµ̃‖
2
2 = 0 holds.

Let vk and βk be solutions of (5.6) for µk and according to Lemma 5.2.3 we
have αk ∈ ∆k with vk = −DĴ(µ̃)Tαk.
Now we choose a subsequence (µkl)l with µkl → µ̃.
The objective Ĵ is continuous and we get Ĵ(µkl) → Ĵ(µ̃) for l → ∞. This
implies

‖Ĵ(µkl)− Ĵ(µkl+1
)‖2 → 0 for l→∞.

It also holds
Ĵ(µkl)− Ĵ(µkl+1

) ≥ −tklβDĴ(µkl)vkl ≥ 0

due to tkl > 0 and DĴ(µkl)vkl ≤ 0 and thus we get

lim
l→∞

tklDĴ(µkl)vkl = 0.

Define t0 := lim
l→∞

tkl . We have two possibilities, t0 > 0 or t0 = 0.
First case t0 > 0.
After extracting a subsequence we get

lim
p→∞

DĴ(µlp)vlp = 0.

We know that DĴ is continuous, which implies DĴ(µlp) → DĴ(µ̃). Due to
αlp ∈ ∆k the sequence

(
αlp
)
l
is bounded. Thus we can find a converging

subsequence (αpr)r with αpr → α ∈ ∆k for r → ∞. αpr is a minimizer of
(5.5) in µpr , therefore we have Lagrangian multiplier λpr and γpr with

(5.17) DĴ(µpr)DĴ(µpr)Tαpr − λpr

 1
...
1

−
 γ1

pr
...
γkpr

 = 0.

We multiply (5.17) with αTpr and get

(5.18) 0← ‖DĴ(µpr)Tαpr‖22 = λpr ,

thus λpr → 0 holds for r →∞. (5.17) and (5.18) implies, that γpr converges.
Therefore α is a minimizer of (5.5) in µ̃ and it holds DĴ(µ̃)Tα = 0. Lemma
5.2.3 implies that (0, 0) is a minimizer of (5.6) and therefore µ̃ is Pareto
critical and we are done. Second case t0 = 0.
Let αµ̃ ∈ ∆k be a minimizer of (5.5) with vµ̃ = −DĴ(µ̃)Tαµ̃. Since (αkl)l
is bounded, we can select a subsequence (µlp)p from (µkl)l with αlp → αµ̃.
(Recall that Ĵ is continously differentiable we can argue analogous to the
first case.)
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We have t0 = 0, this implies lim
p→∞

tlp = 0. Let n ∈ N and p0 ∈ N be with

tlp <
1

2n for all p ≥ p0. This means that the Armijo condition is not satisfied
for t = 1

2n and we have

Ĵ(µlp +
1

2n
vlp) � Ĵ(µlp) + β

1

2n
DĴ(µlp)T vlp for all p ≥ p0.

For every p ≥ p0 we can find at least one jn(p) ∈ {1, ...,m} with

Ĵ(µlp +
1

2n
vlp)jn(p) > Ĵ(µlp)jn(p) + β

1

2n

(
DĴ(µlp)T vlp

)jn(p)
.

m <∞ implies that {1, ...,m} is bounded, because it holds jn(p) ∈ {1, ...,m}
there exists at least one jn ∈ {1, ...,m} and a subsequence (µnpg)g of (µlp)p≥p0
with jn(pg) = jn for all g ∈ N and

Ĵ(µnpg +
1

2n
vpg)jn > Ĵ(µnpg)jn + β

1

2n

(
DĴ(µnpg)T vnpg

)jn
∀g ∈ N.

Passing onto the limit g →∞ we get

Ĵ(µ̃+
1

2n
vµ̃)jn ≥ Ĵ(µ̃)jn + β

1

2n

(
DĴ(µ̃)T vµ̃

)jn
∀n ∈ N.

(jn)n ⊂ {1, ...,m} implies, that we can find a subsequence (jnr)r of (jn)n
and j ∈ {1, ...,m} with jnr = j for all r ∈ N. Thus we get

Ĵ(µ̃+
1

2nr
vµ̃)j ≥ Ĵ(µ̃)j + β

1

2nr

(
DĴ(µ̃)T vµ̃

)j
∀r ∈ N.

Ĵ is continuously differentiable, so we have

(5.19)
(
DĴ(µ̃)T vµ̃

)j
≥ 0.

Because it holds
(
DĴ(µ̃)T vµ̃

)i
≤ βµ̃ for all i ∈ {1, ..., k} (5.19) implies that

βµ̃ ≥ 0 holds.
Because of Lemma 5.2.3 αµ̃ holds the KKT-conditions (5.7)-(5.11) with λ =
−βµ̃. If we multiply (5.7) with αTµ̃ we get

‖DĴ(µ̃)Tαµ̃‖22 −

 k∑
j=1

αjµ̃

λ− αjµ̃γj = 0.

Using (5.8) and (5.10) we conclude that

0 ≤ ‖vµ̃‖22 = ‖DĴ(µ̃)Tαµ̃‖22 = λ = −β ≤ 0

which implies
‖vµ̃‖22 = 0 and also βµ̃ = 0.

With Corollary 5.2.4 we conclude that µ̃ is Pareto critical. �
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5.3. Inexactness of the gradients. In this section we assume that we have
another objective function Ĵr : Rm → Rk, Ĵr is smooth and it holds

sup
µ∈Rm

‖Ĵi(µ)− Ĵri (µ)‖2 ≤ ε̃i

and
sup
µ∈Rm

‖∇Ĵi(µ)−∇Ĵri (µ)‖2 ≤ εi

for ε̃i, εi ∈ R≥0 and i ∈ {1, ..., k}. If we write P we mean the Pareto set for
Ĵ , if we write Pr we mean the Pareto set for Ĵr, if we write Pc we mean the
Pareto critical set for Ĵ and Prc is the Pareto critical set for Ĵr.

Lemma 5.3.1. Let µ0 ∈ Rm be Pareto critical for Ĵ with the KKT-condition
vector α0 ∈ ∆k. Then it also holds

(5.20) ‖DĴr(µ0)Tα0‖22 ≤ α
j
0εj ≤ ‖ε‖∞.

Proof. Let µ0 ∈ Rm be Pareto critical for Ĵ with the KKT-condition vector
α0 ∈ ∆k. Then we have

‖DĴr(µ0)Tα0‖2 = ‖DĴr(µ0)Tα0 −DĴ(µ0)Tα0︸ ︷︷ ︸
=0

‖2

= ‖
(
∇Ĵrj (µ0)−∇Ĵj(µ0)

)
αj0‖2

≤ ‖∇Ĵrj (µ0)−∇Ĵj(µ0)‖2αj0
≤ εjαj0
≤ ‖ε‖∞.

�

Based on estimate (5.20) we define two approximation sets for the Pareto
set.

Definition 5.3.2. Let

Pr1 := {µ ∈ Rm : min
α∈∆k

‖DĴr(µ)Tα‖22 ≤ ‖ε‖2∞}

and
Pr2 := {µ ∈ Rm : min

α∈∆k

(
‖DĴr(µ)Tα‖22 −

(
αjεj

)2) ≤ 0}.

Remark 5.3.3. It holds

Pc ⊂ Pr2 ⊂ Pr1 and Prc ⊂ Pr2 ⊂ Pr1.

Proof. Let µ0 ∈ Pc be a Pareto critical point of Ĵ , then there exists α0 ∈ ∆k

with DĴ(µ0)Tα0 = 0. From Lemma 5.3.1 Pc ⊂ Pr2 follows.
Let µ0 ∈ Prc be a Pareto critical point of Ĵr, then there exists α0 ∈ ∆k with
DĴr(µ0)Tα0 = 0. This implies

min
α∈∆k

(
‖DĴr(µ)Tα‖22 −

(
αjεj

)2) ≤ (‖DĴr(µ0)Tα0‖22 −
(
αj0εj

)2
)
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= −
(
αj0εj

)2
≤ 0.

Thus we have µ0 ∈ Pr2.
Let µ0 ∈ Pr2, then there exists α0 ∈ ∆k with(

‖DĴr(µ0)Tα0‖22 −
(
αj0εj

)2
)
≤ 0.

Thus we get

‖DĴr(µ0)Tα0‖22 ≤
(
αj0εj

)2
≤ ‖ε‖2∞

and Pr2 ⊂ Pr1 follows. �

Lemma 5.3.4. Let µ ∈ Rm be an arbitrary parameter and αµ be a minimizer
of

(5.21) min
α∈∆k

‖DĴr(µ)Tα‖22 − 〈α, ε〉2.

Then we have µ ∈ Pr2 or v := −DĴr(µ)Tαµ is a descent direction for every
objective function Ĵrj in µ for j ∈ {1, ..., k}.

Proof. For (5.21) the Lagrangian functions is

L̃ : Rk×R×Rk → R, (α, λ, ρ) 7→ ‖DĴr(µ)Tα‖22−〈α, ε〉2+λ

1−
k∑
j=1

αj

−ρjαj .
Since αµ is a minimizer of (5.21) we get Lagrangian multipliers λ ∈ R and
ρ ∈ Rk≥0 with:

2DĴr(µ)DĴr(µ)Tαµ − 2ε〈ε, αµ〉+ λ(−1, ...,−1)T − ρ = 0(5.22)

αiµρ
i = 0(5.23)

ρi ≥ 0.(5.24)

If we multiply (5.22) with αTµ , we get

2αTµDĴ
r(µ)DĴr(µ)Tαµ − 2〈ε, αµ〉2 − λ

m∑
i=1

αiµ − αiµρi = 0

⇔ 2
(
‖DĴr(µ)Tαµ‖22 − 〈αµ, ε〉2

)
= λ.

First case: λ ≤ 0 then µ ∈ Pr2 holds and we are done.
Second case: λ > 0 then µ /∈ Pr2 holds. In this case we show that v =

−DĴr(µ)Tαµ is a descent direction in µ for every objective function Ĵrj with
j = 1, ..., k:
Define

K(µ) := {DĴr(µ)Tα : α ∈ Rk, αi ≥ 0 and
m∑
i=1

αi = 1}.
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If we can show, that wT v < 0 holds for every w ∈ K we know that v is a
descent direction for every objective function Jri in µ.
Choose w ∈ K(µ). Then there exists an αw ∈ ∆k with w = DĴr(µ)Tαw and
then we get

wT v =
(
DĴr(µ)Tαw

)T
v

= −αTwDĴr(µ)DĴr(µ)Tαµ

= −αTw
(
ε〈ε, αµ〉+

1

2
λ(1, ..., 1) +

1

2
ρ

)
= −

(
〈αw, ε〉〈αµ, ε〉+

1

2
λ

k∑
i=1

(αw)i +
1

2
〈αw, ρ〉

)

= −
(
〈αw, ε〉〈αµ, ε〉+

1

2
λ+

1

2
〈αw, ρ〉

)
≤ −1

2
(λ+ 〈αw, ρ〉) ≤ −

1

2
λ < 0.

Hence, v is a descent direction in µ for every objective function Ĵrj , j =
1, ..., k. �

Algorithm 6: Alternative descent
Require: β ∈ (0, 1), µ1 ∈ Rm and k := 1;

1 while µk /∈ Pr2 do
2 Calculate αk as solution of

min
α∈∆m

‖DJr(µk)Tαk‖22 − 〈αk, ε〉2;

3 Choose vk := −DJr(µk)Tαk;
4 Choose the stepsize tk as maximum of the set

Tk := {t =
1

2j
: j ∈ N, Jr(µk + tvk) ≤ Jr(µk) + βtDJr(µk)

T vk};

5 µk+1 := µk + tkvk;

6 k := k + 1;
7 end

Observe that if Algorithm 6 terminates after n iteration steps, µn is contained
in Pr2 . From now on we suppose that an infinite sequence is generated.

Theorem 5.3.5. Every accumulation point of the sequence (µk)k produced
by Algorithm 6, if the algorithm does not terminates after a finite number of
iteration steps, is in the set Pr2.

Proof. Let αk and Fk be a solution and the optimal value of the problem

(5.25) min
α∈∆k

‖DĴr(µk)Tα‖22 − 〈α, ε〉2.
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We have µk /∈ Pr2, this implies Fk > 0 for every k ∈ N.
Let y be an accumulation point of the sequence (µk)k. Let αy and Fy be a
solution and the optimal value of the problem

(5.26) min
α∈∆k

‖DĴr(y)Tα‖22 − 〈α, ε〉2.

It is enough to prove that Fy ≤ 0 holds, in this case we get y ∈ Pr2.
We define vk := −DĴr(µk)Tαk and vy := −DĴr(y)Tαy. Lemma (5.3.4)
implies that vk is a descent direction in µk.
Now we choose a subsequence (µkl)l converging to y. Ĵr is continuous and we
get Ĵr(µkl) → Ĵr(y). Furthermore is the sequence (Ĵ(µk))k componentwise
monotonially decreasing and we get

lim
k→∞

Ĵr(µk) = Ĵr(y).

Therefore it holds
lim
k→∞

‖Ĵr(µk)− Ĵr(µk+1)‖ = 0

and because of

Ĵr(µk)− Ĵr(µk+1) ≥ −tkβDĴr(µk)vk ≥ 0

it implies
lim
k→∞

tkDĴ
r(µk)vk = 0.

Observe that tk ∈ (0, 1] holds for every k ∈ N, we define t := lim
l→∞

sup tkl .

We have two possibilities, t > 0 or t = 0.
First case t > 0. We choose a subsequence (µlp)p of (µkl)l with tlp → t. In
this case we get

lim
p→∞

DĴr(µlp)vlp = 0.

αlp is a minimizer of (5.25), so we get Lagrangian multipliers λlp ∈ R and
ρlp ∈ Rm≥0 with

2DĴr(µlp)DĴr(µlp)Tαlp − 2ε〈ε, αlp〉 − λlp(1, ..., 1)T − ρlp = 0(5.27)

αilpρ
i
lp = 0(5.28)

ρilp ≥ 0.(5.29)

If we multiply (5.27) with αTlp we get

2αTlpDĴ
r(µlp)DĴr(µlp)Tαlp − 2〈ε, αlp〉2 − λlp

k∑
i=1

αilp − α
i
lp

(
ρlp
)
i

= 0

⇔ 2
(
‖DĴr(µlp)Tαlp‖22 − 〈αlp , ε〉2

)
= λlp .

αlp is bounded and −DĴr(µlp)DĴr(µlp)Tαlp = DĴr(µlp)vlp → 0, thus we
get

‖DĴr(µlp)Tαlp‖22 = −αTlpDĴ
r(µlp)vlp → 0.
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Thus follows
2〈αlp , ε〉2 + λlp → 0.

Because αlp is bounded we get a subsequence (µpr)r of (µlp)p with

αpr → α,

〈αpr , ε〉2 → a

and especially
λpr → λ.

We define
F := ‖DĴr(y)Tα‖22 − 〈α, ε〉2.

From (5.27) also follows

2DĴr(µpr)DĴr(µpr)Tαpr − 2ε〈ε, αpr〉 − λpr(1, ..., 1)T = ρpr .

The left side of the equation converges, this implies that the right side con-
verges, too and we have ρpr → ρ for r →∞.

If it holds ε > 0 we know that ε〈ε, αpr〉 ≥
(

min
1≤i≤k

εi
)2

> 0 holds for every
αpr .
We also have −λpr < 0 and −ρipr ≤ 0 for all i ∈ 1, ...,m and we know

0← −2DĴr(µpr)DĴr(µpr)Tαpr

= −2ε〈ε, αpr〉 − λpr(1, ..., 1)T − ρpr

≤ −
(

min
1≤i≤k

εi
)2

< 0.  

So in this case it holds ε ≥ 0 and there is one i ∈ {1, ..., k} with εi = 0. This
implies λ = 0.
Ĵr is continuosly differentiable and µpr converges to y. We also know αpr →
α, ρpr → ρ and λpr → λ.
Now we want to show that α is also a minimizer of 5.26:
We assume that it does not hold, in this case there exists a minimizer α̃ ∈ ∆k

of 5.26 with
F̃ := ‖DĴr(y)T α̃‖22 − 〈α̃, ε〉2 ≤ F

and there exists σ ∈ R>0 with F̃ = F − σ.
We know

αpr → α and µpr → y

and because DĴr is continuous it follows that for every δ > 0 there exists an
index r0 with

‖DĴr(y)−DĴr(µpr)‖22 < δ and − δ ≤ F − Fpr ≤ δ for all r ≥ r0.

It holds

‖DĴr(µpr)T α̃‖22 − 〈α̃, ε〉2 − Fpr
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≤ ‖DĴr(µpr)T α̃−DĴr(y)T α̃‖22 + ‖DĴr(y)T α̃‖22 − 〈α̃, ε〉2 − Fpr
≤ ‖DĴr(µpr)−DĴr(y)‖22‖α̃‖22 + ‖DĴr(y)T α̃‖22 − 〈α̃, ε〉2 − Fpr
≤ ‖DĴr(µpr)−DĴr(y)‖22 + F̃ − Fpr
= ‖DĴr(µpr)−DĴr(y)‖22F − σ − Fpr
≤ 2δ − σ.

We choose δ = σ
2 and then we get

‖DĴr(µpr)T α̃‖22 − 〈α̃, ε〉2 ≤ Fpr −
σ

2
.

Thus αpr is no minimizer of 5.25. This cannot be right, so the assumption
was wrong and α is a minimizer of 5.26.
Now we get

0 = λ = lim
r→∞

λpr = lim
r→∞

2Fpr = 2Fy.

Thus we have y ∈ Pr2.
Second case t = 0.
(αkl)l is bounded, thus we can select a subsequence (xlp)p from (xkl)l with
αlp → α. Because Ĵr is continiouosly differentiable, µlp converges to y and
αlp converges to α this implies that α is a minimizer of (5.26). Without loss
of generality we may assume that αy = α, because if it does not hold, we
can choose αy = α.
We have t = 0, this implies tlp → 0 and then for every n ∈ N we can find
pn ∈ N with tp < 1

2n for all p ≥ pn. This means that the Armijo condition is
not satisfied for t = 1

2n and we have

Ĵr(µlp +
1

2n
vlp) � Ĵr(µlp) + β

1

2n
DĴr(µlp)T vlp ∀p ≥ pn.

We can find at least one jn(p) ∈ {1, ...,m} for all p ≥ pn with

Ĵr(µlp +
1

2n
vlp)jn(p) > Ĵr(µlp)jn(p) + β

1

2n

(
DĴr(µlp)T vlp

)jn(p)
.

m < ∞ implies that {1, ...,m} is bounded therefore we get jn ∈ {1, ...,m}
and a subsequence (µnpg)g of (µlp)p≥p0 with

Ĵr(µnpg +
1

2n
vpg)jn > Ĵr(µnpg)jn + β

1

2n

(
DĴr(µnpg)T vnpg

)jn
∀g ∈ N.

Passing onto the limit g →∞ we get

Ĵr(y +
1

2n
vy)

jn ≥ Ĵr(y)jn + β
1

2n

(
DĴr(y)T vy

)jn
∀n ∈ N.

(jn)n ⊂ {1, ...,m} implies, that we can find a subsequence (jnr)r of (jn)n
and j ∈ {1, ...,m} with jnr = j for all r ∈ N. Thus we get

Ĵr(y +
1

2nr
vy)

j ≥ Ĵr(y)j + β
1

2nr

(
DĴr(y)T vy

)j
∀r ∈ N.
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Because Ĵr is continuousIy differentiable it holds that

Ĵr(y)j +
1

2nr

(
DĴr(y)T vy

)j
+ σ(‖ 1

2nr
vy‖)

= Ĵr(y +
1

2nr
vy)

j

≥ Ĵr(y)j + β
1

2nr

(
DĴr(y)T vy

)j
.

Thus we get

(1− β)
1

2nr

(
DĴr(y)T vy

)j
+ σ(‖ 1

2nr
vy‖) ≥ 0

and this implies

(5.30)
(
DĴr(y)T vy

)j
≥ 0.

αy is a minimizer of (5.26), so we get Lagrangian multipliers λy ∈ R and
ρy ∈ Rm≥0 with

2DĴr(y)DĴr(y)Tαy − 2ε〈ε, αy〉 − λy(1, ..., 1)T − ρy = 0(5.31)

αiyρ
i
y = 0(5.32)

ρiy ≥ 0.(5.33)

(5.31) implies

2(DĴr(y)DĴr(y)Tαy)
j − 2εj〈ε, αy〉 − λy − ρ

j
y = 0

With (5.30) it follows that

0 ≤ 2
(
DĴr(y)T vy

)j
= −2(DĴr(y)DĴr(y)Tαy)

j

= −2εj〈ε, αy〉︸ ︷︷ ︸
≤0

−λy −ρjy︸︷︷︸
≤0

and this implies −λy ≥ 0. We conclude

2Fy = λy ≤ 0.

Thus we have y ∈ Pr2. �

5.4. Solve multiobjective optimization problems.

5.4.1. Subdivision algorithm. There are many different ways to solve mul-
tiobjective optimization problems. In this section we apply a set-oriented
method based on gradient calculations of the objective functions.
A similar way, but gradient-free has already been introduced in [2].
We will now introduce a gradient-based method, but we will only give a small
introduction, for more details see [23] or [2].
The main idea is to use descent directions to construct a subdivision algo-
rithm, which computes a nested sequence of box coverings Bs of the Pareto
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critical set.
We first formulate a descent step of the optimization procedure with

µk+1 = m(µk) := µk + tkvk,

where vk is a descent direction according to (5.3) or (5.21) in the case of
inexact gradients. The parameter tk denotes the Armijo’s step length. We
want to calculate the Pareto critical set Pc. I.e. we want to find the subset
AP ⊂ P by

m(AP) = AP.

If we can solve this, we get all the Pareto critical points, which implies the
Pareto critical set Pc.
To generate the set AP we will use a multilevel subdivision method. This
method produces an outer approximation of the set AP in the form of a
nested sequence of sets B0,B1, ... ⊂ P(P) where each Bi is a subset of Bi−1

in the sense that ⋃
B∈Bi

B ⊂
⋃

B∈Bi−1

B

holds and Bi consists of finitely many subsets B covering AP for all i ∈ N.
For each set Bi we define a diameter through

diam(Bi) := max
B∈Bi

diam(B).

This procedure is summarized in Algorithm 7.
Algorithm 7: Subdivision
Require: B0 ⊂ P(P) be a finite collection of subsets of P with⋃

B∈B0 B = P;
θ ∈ (0, 1);

1 while m(
⋃
B∈Bi B) 6=

⋃
B∈Bi B do

2 Subdivision:
3 Construct from Bi a set B̂i+1 ⊂ P(P) with⋃

B∈B̂i+1

B =
⋃
B∈Bi

B and diam(B̂i+1) = θ · diam(Bi);

4 Selection:
5 Define the new set Bi+1 by

Bi+1 := {B ∈ B̂i+1 : ∃ B̂ ∈ B̂i+1 with m−1(B) ∩ B̂ 6= ∅};
6 i := i+ 1;

7 end

5.4.2. Numerical realization of the subdivision step. In the practical part we
choose B0 = {P} in an initial step and to keep it easy we choose θ = 1

2 .

To create B̂i we divide all subsets which are constrained in Bi−1 in halves.
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5.4.3. Numerical realization of the selection step. Through our subdivision
step, the elements B ∈ Bi are m-dimensional boxes. It is impossible to cal-
culate the objective functions and their gradient in every point of B ∈ Bi
during the selection step. Because of this, we need to approximate each box
by a finite number of sample points. These sample points are for example on
an equidistant grid or distributed randomly in B.
Then, we evaluate on which boxes the sample points are mapped and remove
all those that are not hit.
We repeat this step until we reach a certain stopping criterion, for example
a sufficient level of refinement or a prescribed number of iteration steps.
The final set Bñ includes an approximation of the Pareto critical set with⋃

B∈Bñ

:= ÃP ≈ Pc.

We illustrated one subdivision step of Algorithm 7 in Figure 1.
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(a) (b)

(c) (d)

Figure 1. Subdivision algorithm in iteration step 3:
(A) Before the subdivision step. (B) After the subdivision
step. (C) Evaluation of the descent step m in every sample
point in every box. (D) All boxes that do not possess a

preimage are removed.

6. Numerical results

In this section we want to test our algorithm to solve multiobjective optimi-
zation problems with PDE constraints and interpret the numerical results.
All Matlab scripts are run on Matlab R2017b in an OS X Yosemite 10.10.5
system with an Intel HD Graphics 4000 1024 MB. All programs have been
written by ourselves, except the program for the optimization step. For this
we use a program named „GAIO“ by the University of Paderborn from the
group of Prof. Dr. Michael Dellnitz with Dr. Sebastian Peitz and Bennet
Gebken.
First we want to test our solver for the state equation in order to check the
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accuracy of the FE-, the RB- and the RB-DEIM-solution. Later we are able
to interpret the results in the optimization step better.

6.1. Solver. We start off by introducing some examples to solve the equa-
tions and compare the results with the theoretical point of view. To recall,
the state equation is given by

(6.1)

{
−c∆u+ bu+ du3 = µjξj + f on G
c∂u∂~ν + u = g on ∂G

for µ ∈ Rm and the adjoint equation is given by{
−c∆p+

(
b+ 3du(µ)2

)
p = u(µ)− u on G

c ∂p∂~ν + p = 0 on ∂G

for µ ∈ Rm and u(µ) is the solution of (6.1).

6.1.1. FE method. In the first example we want to check the error between
the FE-solution and the analytic solution of the state equation. To make
that possible we need to know the analytic solution of the state equation.
For this we changed the conditions for the PDE a little bit and use the
following function values and parameters:

• G = (0, 1)2,
• c = 1,
• b = −4π2,
• d = 10,
• f = 0,
• g = 0,
• m = 1
• P = [0, 4] and
• ξ1(x, y) = −10 sin(π(x− y))3 sin(π(x+ y))3.

We change the boundary condition for this example to

c
∂u

∂~ν
= g on ∂G.

This leads to the following state equation

(6.2)

{
−∆u− 4π2u+ 10u3 = µξ1 on G
∂u
∂~ν = 0 on ∂G

.

We do not choose d = 10 too small, to guarantee that the non-linear term
(·)3 is not dominated by the Laplacian and the linear part and to have an
existence even though b = −4π2 is negative. In Figure 3 the solution is
plotted for different parameters µ.

Lemma 6.1.1. For µ ∈ R≥0 the function

uµ(x, y) = − 3
√
µ sin(π(x− y)) sin(π(x+ y))

solves (6.2).
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Proof. We define

f(x, y) := − sin(π(x− y)) sin(π(x+ y)),

then we get

fx =− π cos(π(x− y)) sin(π(x+ y))

− π sin(π(x− y)) cos(π(x+ y)),

fx,x =2π2 sin(π(x− y)) sin(π(x+ y))

− 2π2 cos(π(x− y)) cos(π(x+ y))

=2π2f(x, y)− 2π2 cos(π(x− y)) cos(π(x+ y)),

fy =π cos(π(x− y)) sin(π(x+ y))

− π sin(π(x− y)) cos(π(x+ y)),

fy,y =2π2 sin(π(x− y)) sin(π(x+ y))

+ 2π2 cos(π(x− y)) cos(π(x+ y))

=− 2π2f(x, y) + 2π2 cos(π(x− y)) cos(π(x+ y)).

This implies

∆f = fx,x + fy,y = −2π2f − 2π2f = −4π2f.

We have

uµ = 3
√
µf

and thus we get

−∆uµ − 4π2uµ = 3
√
µ
(
−∆f − 4π2f

)
= 0.

This leads to

−∆uµ − 4π2uµ + 10u3
µ = 0 + 10µf3 = µξ1.

We define E1, ..., E4 with ∂G =
⋃4
i=1Ei, see Figure 2.
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Figure 2. Boundary of G.

(i) On E1 it holds y = 0 and this implies
∂uµ
∂~ν

= − (uµ)y

= 3
√
µ (−π cos(πx) sin(πx) + π sin(πx) cos(πx)) = 0,

(ii) on E2 it holds x = 1 and this implies
∂uµ
∂~ν

= (uµ)x

= 3
√
µ (−π cos(π(1− y)) sin(π(1 + y))− π sin(π(1− y)) cos(π(1 + y)))

= − 3
√
µπ sin(π(1− y + 1 + y)) = 0,

(iii) on E3 it holds y = 1 and this implies
∂uµ
∂~ν

= (uµ)y

= 3
√
µ (π cos(π(x− 1)) sin(π(x+ 1))− π sin(π(x− 1)) cos(π(x+ 1)))

= − 3
√
µπ sin(π(x+ 1− (x− 1))) = 0

(iv) and on E4 it holds x = 0 and this implies
∂uµ
∂~ν

= − (uµ)x

= 3
√
µ (π cos(π(−y)) sin(π(y)) + π sin(π(−y)) cos(π(y)))

= − 3
√
µπ sin(π(−y + y)) = 0.

In this case uµ solves the PDE. �

Figure 3 shows the solution for different parameter µ ∈ P. We can notice that
the solution look quite similar and probably it would be easy to approximate
the solutions with the FE-solution.
After showing that uµ solves the PDE, we want to focus on the error of the
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(a) (b)

(c) (d)

Figure 3. Solutions for (A) µ = 0, (B) µ = 0.1, (C) µ = 2,
(D) µ = 4

analytic and the FE-solution. As we notice in Section 3.1, we use linear FE to
solve the state equation approximately. To generate different fine grids we use
different maximum mesh edge lengths ∆Hmax. In Section 3 we assumed that
the analytic solution can be approximate with the FE solution with arbitrary
high accuracy. Now we want to verify if this assumption was justified. We
expect that the maximum error between the analytic and the true solution
decreases for decreasing ∆Hmax. To solve the generated linear system we use
the standard Newton method.
To generate the maximum error between the analytic and FE-solution we
use different test sets Tj ⊂ P, which approximate P well enough. We used
the V-norm to evaluate the error ‖u(µ) − uN (µ)‖V. We also calculate the
average error, to interpret the results better. The results are shown in Table
1. For the tests we use the following parameters and test sets: ∆Hmax =
0.5, 0.25, 0.1, 0.05, .025, 0.01 and

T1 = {0, 4},
T2 = {0, 1, 2, 3, 4},
T3 = {k · 0.5 : k ∈ {0, ..., 8}},
T4 = {k · 0.1 : k ∈ {0, ..., 40}}
T5 = {k · 0.05 : k ∈ {0, ..., 80}}.
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∆Hmax 0.5 0.25 0.1 0.05 0.025 0.01
T1 max error 5.5732 2.5757 0.5219 0.1318 0.0354 0.0067

average error 3.9409 1.8213 0.3691 0.0932 0.0251 0.0047
T2 max error 5.5732 2.5757 0.5219 0.1318 0.0354 0.0067

average error 3.5784 1.5176 0.2956 0.0762 0.00042 0.0039
T3 max error 5.5732 2.5757 0.5219 0.1318 0.0354 0.0067

average error 3.5071 1.4502 0.2993 0.0781 0.0207 0.0039
T4 max error 5.5732 5.2766 1.6576 0.2446 0.0345 0.0183

average error 3.4518 1.6685 0.4061 0.0946 0.0281 0.005
T5 max error 5.5732 5.3291 1.5732 1.2124 0.1218 0.0359

average error 3.445 2.682 0.3605 0.1640 0.0297 0.0062
Table 1. Maximum and average error between analytical

and FE-solution for different grids and test sets.

For better ilustration we also plot the average error for T1, T3 and T5 as you
can see in Figure 4.

Figure 4. Average error for different girds and trainingset
T1, T3 and T5.

As expected, the maximum and the average error decrease if the grids get
finer. Additionally we can notice, that the error itself is still not that small.
One reason for this phenomen is probably the mass lumping error for the
non-linear term. Due to the limited computing power, we cannot select any
fine grid without expecting very long computing times. But it seems that
the error decreases the more the finer the grid gets.
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We also notice that for more test points the maximum error is bigger, one
reason could be that in T1 for example are fewer testing points than in T4

or T5 and the parameters, where the error is bigger, are not included in T1

or T2. Both errors get smaller as the grid gets finer. So the assumption, that
the analytic solution can be approximate with the FE solution with arbitrary
high accuracy, we made at the beginning is justified.

6.1.2. Second example. In the next step we want to test the RB algorithm.
For this, we are going to create two different examples. As we saw before,
the FE algorithm is sufficiently accurate, therefore we are only looking for
the error of the FE and the RB solution. Another reason is probably, that
we normally do not have the analytic solution. Later we compare the error
between the RB-solution and the RB-DEIM solution. We are going to test
different error estimators as introduced in the preceding sections. For this
we choose the following setting:

• G = (0, 1)2,
• We define E1, ..., E4 with ∂G =

⋃4
i=1Ei, see Figure 2,

• c = 1, b = 1 and d = 1,
• f(x, y) = −4 + x2 + y2 + (x2 + y2)3,
• g(x, y) = −2y1E1 + 2x1E2 + 2y1E3 − 2x1E4 + x2 + y2,
• m = 2,
• P = [−2, 2]× [−2, 2],
• ξ1(x, y) = −251x>0.5 and
• ξ2(x, y) = 251x≤0.5.

this leads to the following PDE{
−∆u+ u+ u3 = f + µ1ξ1 + µ2ξ2 on G
∂u
∂~ν + u = g on ∂G

.

Figure 5 shows the solution of the PDE for different parameter µ ∈ P. We
notice that the solution differs significantly more than with just one para-
meter. We need probably a bigger RB-basis to approximate the solution in
a good way.
For the following test, we will use a training set with 225 testing points, if
not stated otherwise.
First of all we want to verify if we can probably approximate the snapshot
matrix with a low-dimensional subspaceW of V. For this we will analyse the
eigenvalue decay. In the Figure 6 you can see the Eigenvalues of the snaps-
hot matrix E with respect to the matrix W = K +Q. We observe that the
eigenvalues decrease rapidly. After 36 iterations they already reached a value
below 10−8.
Because of this, we can probably find a low-dimensional subspace to appro-
ximate the FE-solution sufficiently well.
Our next goal is the convergence of the RB-solution to the FE-solution for an
increasing dimension of the RB-spaceW. We test this for three different grids.
For the first one we choose a maximum mesh edge length ∆Hmax = 0.15,
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(a) (b)

(c) (d)

Figure 5. Solutions for (A) µ = (0, 0)T , (B) µ = (0, 1)T ,
(C) µ = (1, 0)T and (D) µ = (1, 1)T

for the second ∆Hmax = 0.08 and for the last ∆Hmax = 0.04. To generate
different fine RB-spaces we choose decreasing tolerances εtol for the Greedy
algorithm. As in the test before, we use the V-norm to calculate the error.
We calculate the maximum error and the average error on the test set T ⊂ P
with T = {(−2 + k0.28,−2 + l0.28)T : k, l ∈ {0, ..., 14}}.
The results are shown in Table 2, 3 and 4.
We notice, that the average error decreases mostly similar by different grids.
For better illustration you can see the error behavior for ∆Hmax = 0.04 in
Figure 7. If we have a closer look, it appears that the dimension of the RB-
space W decreases with ∆Hmax decreasing. This probably happens because
we have a bigger „selection“ of possible basis functions for the subspace, so
whenever ∆Hmax decreases the dimension of W also decreases if the error
tolerance εtol stays the same.



66 6. NUMERICAL RESULTS

Figure 6. Eigenvalue decay for the 36 largest eigenvalues

∆Hmax = 0.15 max-error average error dim. RB-space
εtol

0.3162 0.2339 0.0831 10
0.1 0.0678 0.0424 12

0.03162 0.0262 0.0104 18
0.01 0.0069 0.0039 24

0.003162 0.0029 0.0015 30
0.001 0.0008 0.0004 38

Table 2. Maximum and average error for different
tolerances εtol and ∆Hmax = 0.15

In the end we want to have ‖u(µ) − uM (µ)‖W for µ ∈ P sufficiently small.
To get this, we use the estimation

‖u(µ)− uM (µ)‖W ≤ ‖u(µ)− uN (µ)‖V + ‖uN (µ)− uM (µ)‖W.
The first summand decreases with decreasing ∆Hmax as we saw before. The
second summand decreases if εtol decreases. For a good approximation with
the FE-solver and to save computing effort we choose ∆Hmax = 0.04. Then
Table 4 leads to the stopping condition εtol = 10−2 for the Greedy algorithm,
because it’s not useful if we have ‖uN (µ) − uM (µ)‖2W < 10−4 and ‖u(µ) −
uN (µ)‖2V ≤ 10−2.
To generate the Greedy algorithm we use also the maximum error of the
adjoint equation to be able to guarantee that the error between the RB- and
FE-solution of the adjoint equation becomes small for decreasing tolerance



6.1. SOLVER 67

∆Hmax = 0.08 max-error average error dim. RB-space
εtol

0.3162 0.2454 0.0768 10
0.1 0.049 0.0307 12

0.03162 0.0309 0.0123 16
0.01 0.0093 0.0053 20

0.003162 0.002 0.001 30
0.001 0.0008 0.0004 34

Table 3. Maximum and average error for different
tolerances εtol and ∆Hmax = 0.08

∆Hmax = 0.04 max-error average error dim. RB-space
εtol

0.3162 0.2786 0.0883 12
0.1 0.0583 0.0346 12

0.03162 0.0252 0.0103 16
0.01 0.0094 0.0041 20

0.003162 0.0069 0.0011 26
0.001 0.0009 0.0004 32

Table 4. Maximum and average error for different
tolerances εtol and ∆Hmax = 0.04

εtol. Therefore and because we know, that if ‖uN (µ)−uM (µ)‖W is small, also
‖pN (µ) − pM (µ)‖W gets small by a factor we expect a similar behavior for
the solution of the adjoint equation and have not taken the adjoint equation
into account in the tests.
In the following tests we assume εtol = 10−2 if not stated otherwise.
So far, we have generated the RB-basis with the true error ‖uN (µ)−uM (µ)‖W
as estimator. As noticed in Section 3.2.4, it can be expensive to calculate the
true error, because we need to solve the true solution for every testing point
µ ∈ Strain and especially for |Strain| � 0 this is getting really costly. For this
we developed an error estimator ∆W

u which is independent of uN (µ).
As we need to calculate the error between pN and pM at the same time, we
also needed an error estimator which is independent of pN . For this case we
developed the error estimator ∆W

p . In Figure 8 and Figure 9 we can see that
∆W
u is a really good approximation for ∆S . We need 10 iteration steps with

∆S or ∆W
u to reach the tolerance εtol. We want to introduce the effectivity

index

effW,u(µ) :=
∆W
u (µ)

∆S(µ)

as measures of the quality of the estimator. For the sharpness of the error
estimator we want the effictivity index as close to one as possible. In our
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Figure 7. Maximum and average error for ∆Hmax = 0.04
for decreasing tolerance εtol.

Figure 8. Different error estimators for ∆Hmax = 0.04 in
every iteration step n.

case, the effectivity index holds the estimation

effW,u ∈ (1.029, 1.267) for ∆Hmax = 0.04, for n ≤ 3 and
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Figure 9. Different error estimators for ∆Hmax = 0.12 in
every iteration step n.

effW,u ∈ (1.018, 1.262) for ∆Hmax = 0.12 for n ≤ 3

and n is the iteration step.
This implies, that ∆W

u is a good approximation for the true error. If we on-
ly have to solve the state equation this would be a good alternative error
estimator for the Greedy algorithm which is independent of uN (µ) and for
|Strain| � 0 it is rather faster.
But in our case it is necessary to generate the RB-solution even for the
adjoint equation. Then ∆W

u is not a good alternative, as we still use the
true error estimator ‖pN (µ)− pM (µ)‖W to calculate the error in the adjoint
equation. For this calculation we need to solve the adjoint equation on the
FE-space and therefore we need the FE solution of the state equation, so we
cannot save computing times in our case.
Thus only ∆W

p would be a good alternative error estimator. We notice imme-
diately that ∆W

p needs more steps to achieve the tolerance and overestimate
∆S significantly.
The problem here is the non-linearity (·)3, which appears with u2 in the
adjoint equation. Solving this equation works pretty well but finding an esti-
mation for this equation is difficult and at the moment our estimation, which
was introduced in Theorem 4.3.2, is not that good and leads to a huge over-
estimation. In the end the dimension of the RB space is significantly bigger
than with ∆S and this leads to longer computational time, with ∆W

p . This
does not seem to be a good alternative either.
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∆Hmax ∆S [sec] ∆W
u [sec] ∆W

p [sec]

0.04 69.7 79.99 119.1
0.08 31.45 41.79 55.49
0.12 28.09 29.02 45.68
0.16 23.38 25.36 37.12

Table 5. Computing time for different error estimators
and different grids.

We now want to take a look at the computational time of the Greedy al-
gorithm with different error estimators and different grids. The results are
listed Table 5.
We track the time for the overall computational time, because we think this
is the important quantity in this case. We discover that the computational
time for ∆W

u is bigger than for ∆S and the finer the grid gets the slower ∆W
u

gets in comparison with ∆S . One reason is, as we already expected before,
the fact that we also need to solve the state and the adjoint equation on the
FE-space to generate the true error for pN −pM . For ∆W

p the computational
time is almost twice as long as for ∆S . One reason for that is the fact, that
we have a lot more iteration steps until we reach the tolerance εtol with ∆W

p .
This leads to the question what dimension the RB space has for different
error estimators. The results are shown in Table 6. An alternative way to

∆Hmax ∆S ∆W
u ∆W

p

0.04 20 20 30
0.12 24 24 36

Table 6. Dimension of the RB-space for different error
estimators and different ∆Hmax.

use ∆W
p instead of ∆S could be, that you calculate the minimum of the

effectivity index

min effW,p := min
µ∈Strain

effW,p(µ) = min
µ∈Strain

∆W
p (µ)

∆S(µ)

and use an alternative tolerance

ε̃tol = min effW,p · εtol
for the Greedy algorithm.
In our case we have min effW,p ≈ 7.5, this leads to ε̃tol = 7.5·10−2. We test the
Greedy algorithm with ε̃tol = 7.5 10−2 and ∆W

p , the results for different grids
are shown in Table 7. We discover that the computing time is still bigger for
∆W
p than for ∆S not twice as big, but almost the same. One reason for this

could be that the dimension of the RB-space for the error estimator ∆W
p is
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∆Hmax ∆W
p [s] dim. RB-space

0.04 76.25 22
0.08 35.06 22
0.12 29.03 24
0.16 23.24 24

Table 7. Dimension of the RB-space for different error
estimators and ∆Hmax.

still twice as large as for the true error and this probably still depends on
ε̃tol. Now we want to take a look at the selected test points for the reduced
basis. In Figure 10 you can see the chosen test points for the generated basis
for ∆Hmax = 0.04 and ∆Hmax = 0.12. We can see, that there is no big
difference between the parameters which are chosen for ∆Hmax = 0.04 or
∆Hmax = 0.12. But most of the points are on the boundary of P except
one point. This point is chosen near (0, 0)T . On the boundary the points are
chosen near the corner or near the points with one component zero.
If we choose P = [−4, 4]× [−4, 4] instead of P = [−2, 2]× [−2, 2] we can see
the same pattern.
One reason for this might be the chosen functions ξ1 and ξ2. Let us recall
the definition of ξ1 and ξ2:

ξ1(x, y) = −251x<0.5

ξ2(x, y) = 251x≥0.5.

We can see that (0, µ2)T or (µ1, 0)T correspond to the parameter values whe-
re only one of the two functions are used on the right side of the equation.
In this case we get the solutions which depend only on one parameter. If we
choose a parameter as big or small as possible, we have covered the largest
difference between the solutions depending only on one parameter. The pa-
rameters in the corner are probably chosen to catch the solutions with the
biggest difference. Finally we choose the parameter near (0, 0)T to have the
solution which is independent of ξ1 and ξ2. After that we can approximate
the other solutions well enough.
Between the two error estimators ∆S and ∆W

u is no big difference in the
chosen parameters. This is exactly what we expected, because the two error
estimators have nearly the same values and they both produce a RB-space
with the same dimension.
For ∆W

p we cannot be sure, because it is overestimating ∆S sufficiently. We
discover that Figure 10 show the same chosen points. The only difference is,
that for ∆W

p there are also parameters chosen which are not in the corners
or with one parameter near zero.
Finally, one can say, that the two error estimators ∆W

u and ∆W
p on a theo-

retical point of view seem to save computing time, but in the praxis we see
that they do not save any computational time.
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(a)

(b)

Figure 10. Parameters chosen by the Greedy algorithm
for (A) ∆Hmax = 0.04 and (B) ∆Hmax = 0.12 and different

error indicators.

However, for other equations, especially in the linear case or if the adjoint
equation is not relevant, ∆W

u might be a better option than ∆S .
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We will now only use the true error as an error estimation for the Greedy
algorithm.
For all the testings we did before, we used a training set Strain with 225
equidistant testing points. In the last test we want to keep εtol = 10−2,
∆Hmax = 0.04 and only change the size of Strain. The results are listed in
Table 8. We do not have a big change in the size of the RB-space, except

|Strain| dim. RB-space computational time [sec]
121 20 37.42
225 20 73.69
361 20 114.22
400 22 138.72
1681 22 607.29

Table 8. Computational time and dimension of the
RB-space for different training sets Strain.

in the computational time. Therefore we will choose 225 testing points again.

In the next step we will turn our attention to the RB-DEIM-algorithm.
In this part we generate a second basis to approximate the non-linearity (·)3

in the equation and have a system which is completely independent of the
dimension N of the FE-space. As in the RB test before we want to get a first
impression how good the approximation would be. For this, we are going to
calculate the eigenvalues of the snapshot matrix with respect to the matrix
W = K + Q. We choose ∆Hmax = 0.04, |Strain| = 225, εtol = 10−2. In

(a) (b)

Figure 11. (A) The first 69 eigenvalues of the
snapshotmarix for the DEIM algorithm; (B) all eigenvalues

of the snapshotmatrix for the DEIM algorithm.
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Figure 11 you can see that the eigenvalues do not decrease as fast as in the
RB case, but fast enough. Until we reach the tolerance 10−11 they decrease
really quickly with the same speed up. After this, it slows down until the
end. A reason for this could be the fact, that we are already near zero.
In the next step our goal is the convergence of the RB-DEIM solution to-
wards the FE-solution for an increasing dimension of the RB-space W and
an increasing dimension of the subspace S. In the first test we will choose
∆Hmax = 0.04. To generate different fine RB-spaces we choose decreasing
tolerances εtol and also decreasing tolerances for the DEIM-space S. For the
tolerance we choose

εtol = 0.3162; 0.1; 0.03162; 0.01; 0.003162; 0.001

and ε0 = εtol. We will compare the maximum error and the average error
between the FE- and RB-DEIM-solution and the RB- and RB-DEIM solu-
tion. To calculate the error we choose the V-norm. We will also compare the
dimensions of the RB-space and the DEIM-space.
Our results for the error between the FE- and RB-DEIM-solution are shown
in Table 9. Our results for the error between the RB- and RB-DEIM-solution

∆Hmax = 0.04 max-error average error dim. RB-DEIM-space
ε0 εtol

0.3162 0.3162 0.2645 0.0618 22
0.1 0.1 0.051 0.0201 25

0.03162 0.03162 0.0234 0.0103 29
0.01 0.01 0.008 0.0039 30

0.003162 0.003162 0.0021 0.0009681 34
0.001 0.001 0.000637 0.000107 36

Table 9. Error between FE- and RB-DEIM-solution for
different tolerances.

are shown in Table 10.
We can see that the error between the RB- and the RB-DEIM-solution is

∆Hmax = 0.04 max-error average error dim. RB-space
ε0 εtol

0.3162 0.3162 0.000577 0.0001799 10
0.1 0.1 0.000533 0.000146 12

0.03162 0.03162 0.000406 0.00009697 16
0.01 0.01 0.000109 0.000027 20

0.003162 0.003162 0.000155 0.0000337 26
0.001 0.001 0.0000447 0.00001265 32
Table 10. Error between RB- and RB-DEIM-solution for

different tolerances.
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sufficiently small and compared to the error between the RB- and the FE-
solution it’s 10−2 times smaller for tolerances ε0 ∈ (0.01, 0.3162) and 10−1

times smaller for tolerances smaller than 0.01. In comparison to that the
dimension of the RB-DEIM space is bigger than for the RB-space, strictly
speaking for big tolerances twice as big and for smaller tolerances only 1.2
as big. The difference between the dimension of the RB- and DEIM-basis
decrease for decreasing tolerance ε0.
A reason for that could be the tolerance ε0 which we choose to generate the
dimension of the DEIM-space. We recall the criterion for the dimension L of
the DEIM-basis:

L = argmin{L ∈ {1, ..., N − 1} :

N∑
j=L+1

λi ≤ ε0}.

With this assumption we get

min
Φ1,...ΦL∈RN

LS∑
j=1

‖Ej −
L∑
i=1

〈Ej ,Φi〉WΦi‖2W =
N∑

j=L+1

λi ≤ ε0,

LS is the number of snapshots we use to generate the DEIM-basis.
If we choose LS � 0 this estimation seems to be too hard. Instead, we will
choose

ε0 = εtol ·
√

(N) = εtol ·
√

762.

Again, we will test the program for the same condition, except the tolerance
for the DEIM-algorithm, here we choose the new one.
The results for the error between the RB- and RB-DEIM-solution are listed
in Table 11.

∆Hmax = 0.04 max-error average error dim. RB-DEIM-space
ε0 εtol

4.743 0.3162 0.0059 0.0012 19
1.5 0.1 0.0039 0.000723 20

0.4743 0.03162 0.001 0.0003712 23
0.15 0.01 0.0011 0.000254 26

0.04743 0.003162 0.000283 0.0000901 30
0.015 0.001 0.0000699 0.0000252 31

Table 11. Error between RB- and RB-DEIM-solution for
different tolerances.

In this case the error between the RB and RB-DEIM solution is smaller
than the error between the FE- and RB- solution. This implies, that this
is not a good tolerance for the DEIM-algorithm, because it’s unnecessarily
hard. Nevertheless, the main result is, that the RB-DEIM solution converges
really fast to the RB-solution and in this case, also for a small RB-DEIM
basis, we have a good approximation and hopefully can save computational
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time.

The main objective of the first part of this thesis was a significant speed up
in solving the state and adjoint equation. So far, we have placed particular
emphasis in the test on the accuracy and convergence of the approximative
solutions.
Now we want to look at the computational time of the different solvers, with
the premise that the bases of the respective subspaces have already been
generated. For this we choose different test sets Z ⊂ P with

T ∩ Strain = ∅.
Then we will solve the state and adjoint equation for all µ ∈ T with the
FE-solver, the RB-solver and the RB-DEIM-solver for different grids and a
fixed tolerance εtol = 10−2 and ε0 = 10−1.
We choose

T1 = {(−2 + 0.281k,−2 + 0.281)T j : k, j ∈ {0, ..., 14}} and
T2 = {(−2 + 0.8k,−2 + 0.8j)T : k, j ∈ {0, ..., 5}}.

Then we have |T1| = 225 and |T2| = 36. To generate different grids we have
chosen different maximum edge mesh lengths ∆Hmax = 0.08, ∆Hmax = 0.04
and ∆Hmax = 0.02.
We will compare the absolute computational time and the average compu-
tational time. The results are shown in Table 12, 13 and 14. The absolute
computational time is the time which is needed to solve the PDE for all
µ ∈ Tj j = 1, 2. The average computational time is the absolute computa-
tional time divided by |Tj | for j = 1, 2. You can see that there is a huge

∆Hmax abs. comp. time [sec] average comp. time [sec]
T1 0.08 2.37 0.0105

0.04 7.12 0.0316
0.02 48.45 0.215

T2 0.08 0.413 0.0115
0.04 1.3972 0.0388
0.02 11.28 0.313

Table 12. Computational times for the FE-solver

speed up between the FE-solver and the RB-solver or the RB-DEIM-solver
for a high dimensional FE-space or a rather finer grid. If ∆Hmax increases,
the dimension of the FE-space decreases and then the speed up is not that
big. For ∆Hmax = 0.08 the three solvers have the same average computa-
tional time. But for ∆Hmax = 0.04 or ∆Hmax = 0.02 the speed-up is really
big. If we compare the speed-up between the RB-solver and the RB-DEIM-
solver we can notice that for finer grids the RB-DEIM-solver gains ground
in comparison to the RB-solver. If ∆Hmax increases the difference between
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∆Hmax abs. comp. time [sec] average comp. time [sec]
T1 0.08 2.47 0.011

0.04 4.17 0.0185
0.02 8.94 0.0397

T2 0.08 0.42 0.0117
0.04 0.684 0.190
0.02 1.47 0.041

Table 13. Computational times for the RB-solver

∆Hmax abs. comp. time [sec] average comp. time [sec]
T1 0.08 2.29 0.0102

0.04 3.822 0.017
0.02 6.53 0.029

T2 0.08 0.385 0.0107
0.04 0.573 0.0159
0.02 1.04 0.029

Table 14. Computational times for the RB-DEIM-solver

the RB-solver and the RB-DEIM-solver is not that big.

Here the numerical results for the RB method and the RB-DEIM method
come to an end.
In the next section we want to focus on the numerical results for the opti-
mization.

6.2. Optimization. In the second part we want to take a look at the nu-
merical results of the optimization. Let us recall the optimization problem
introduced previously in this thesis

min
µ∈P

Ĵ(µ) = min
µ∈P

 Ĵ1(µ)
...

Ĵk(µ)

 .

6.2.1. Third example. In the third example we will assume k = 2.
We will use the same PDE as before:

(6.3)

{
−∆u+ u+ u3 = f + µ1ξ1 + µ2ξ2 on G
∂u
∂~ν + u = g on ∂G

with

G = (0, 1)2,(6.4)

f(x, y) = −4 + x2 + y2 + (x2 + y2)3,(6.5)

g(x, y) = −2y1E1 + 2x1E2 + 2y1E3 − 2x1E4 + x2 + y2,(6.6)
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m = 2(6.7)
P = [−2, 2]× [−2, 2](6.8)
ξ1(x, y) = −251x>0.5(6.9)
ξ2(x, y) = 251x≤0.5.(6.10)

Remark 6.2.1. For µ =

(
0
0

)
is u(x, y) = x2 + y2 the solution of (6.3).

Proof. We have u(x, y) = x2 + y2, thus we get

ux = 2x,

uy = 2y,

uxx = 2,

uyy = 2.

This implies

−∆u+ u+ u3 = −4 + x2 + y2 + (x2 + y2)3

= f + 0

= f + µ1ξ1 + µ2ξ2

and
∂u

∂~ν
+ u = g on ∂G.

�

We choose the following objective functions

Ĵ1(µ) =
1

2

ˆ

G

|u(µ)− u|2dx

Ĵ2(µ) =
1

2

m∑
j=1

|µj − µj |2

with µ =

(
1
1

)
and u(x, y) = x2 + y2.

In the previous section we have examined different solvers of the state equa-
tion for accuracy, convergence and computational time. On the basis of these
investigations, we select fixed conditions for these solvers. We will set

Strain = {(−2 + 0.281k,−2 + 0.281)T j : k, j ∈ {0, ..., 14}}
with |Strain| = 225, the maximum edge mesh length ∆Hmax = 0.04, the
tolerance for the Greedy algorithm εtol = 10−2 and the tolerance for the
DEIM algorithm ε0 = 10−2.
In the first testing we will focus on the computational time to generate
the approximated Pareto critical set with different solvers for the PDE. In
addition, we will compare the different approximated Pareto critical sets. A
problem in this case is the fact, that we do not have an analytic solution
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of the PDE in dependent on µ and therefore we are not able to calculate
the exact Pareto critical set. From our current point of view we can only
assume that the approximated Pareto critical set, which we calculate with
the FE-solver, approximates the exact Pareto critical set with arbitrarily
high accuracy if we choose the grid fine enough. Therefore we will only use
the following objective functions for the optimization:

Ĵ1(µ) =
1

2
(uN (µ)− uN )′ ·M · (uN (µ)− uN )

Ĵ2(µ) =
1

2

m∑
j=1

|µj − µj |2

with uN = uN (

(
0
0

)
) and µ =

(
1
1

)
. The gradients are

∇Ĵ1(µ) =

(
pN (µ)TF1

pN (µ)TF2

)
∇Ĵ2(µ) = µ− µ.

We cannot calculate the Pareto critical set exactly, but from the theoretical
point of view we know, that the algorithm converges to the Pareto critical
set. This leads to the Pareto critical set which you can see in Figure 12. In the

Figure 12. The Pareto critical set of Ĵ

first part we will use the subdivision algorithm (see Algorithm 7) with the
steepest descent direction (see Algorithm 5) to generate the approximated
Pareto critical set and front for different PDE solvers. As a short reminder,
the descent direction is chosen as v0 = −DĴT (µ0)α0 with α0 is the minimizer
of the following minimization problem:

min
α∈∆2

1

2
‖DĴ(µ0)Tα‖22.(6.11)

For the subdivision algorithm we will use the following conditions:
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• σ = 10−7 as stopping criterion in the sense that we set m(µk) = µk
if it holds ‖vk‖2 < σ.
• To generate the descent direction we use fmincon and solve (5.6).
• We use 25 iteration steps. In every step we halve the boxes.
• We choose 5 sample points during the first 5 iteration steps, 4 sample
points in the next 5 iteration steps and 3 in the last 15 iteration steps.

We test the algorithm for the FE-solver, RB-solver and RB-DEIM-solver.
The RB-basis and the RB-DEIM-basis are generated with the true error ∆S .
With the fixed conditions the RB-basis has dimension 20 and the DEIM-basis
has dimension 35. If we use the RB-solver we choose the following objective
functions

ĴR1 (µ) =
1

2
(uM (µ)− uM )′ ·M · (uM (µ)− uM )

ĴR2 (µ) =
1

2

m∑
j=1

|µj − µj |2

and for the RB-DEIM-solver we choose

Ĵr1 (µ) =
1

2
(uL(µ)− uL)′ ·M · (uL(µ)− uL)

Ĵr2 (µ) =
1

2

m∑
j=1

|µj − µj |2.

To generate the descent direction for the RB- or RB-DEIM-solver we use ĴR

or Ĵr to solve 6.11 corresponding the objective function. In Figure 13 you
can see the generated approximated Pareto sets and fronts for the FE-solver
after 10, 15 and 25 iteration steps.
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(a) (b)

(c) (d)

(e) (f)

Figure 13. Pareto critical set and front in iteration step
(A)-(B) 10, (C)-(D) 15 and (E)-(F) 25.

You can clearly see the convergence to the Pareto critical set in each step.
In the Figure 14 and Figure 15 we compare the approximated Pareto critical
sets we generated with the three different solvers after 10 and 20 iteration
steps. We observe a good agreement between the approximated Pareto cri-
tical sets after 10 and 20 iteration steps for all solvers. One reason for this is
probably the small error between the FE-, RB- or RB-DEIM-solution. The-
refore the gradients have a small difference, too. More precisely a maximum
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(a) (b) (c)

Figure 14. Pareto critical set after 10 iteration steps using
(A) FE-solver (B) RB-solver (C) RB-DEIM-solver

(a) (b) (c)

Figure 15. Pareto critical set after 20 iteration steps using
(A) FE-solver (B) RB-solver (C) RB-DEIM-solver

difference of
max
µ∈P
‖∇Ĵ1(µ)− Ĵr1 (µ)‖2 ≈ 5.7602 · 10−6

and
max
µ∈P
‖∇Ĵ2(µ)− Ĵr2 (µ)‖2 = 0

between the FE-gradient and the RB-DEIM-gradient.
In the first steps the same boxes are deleted. In the end, while the size of the
boxes is getting really small you are not able to see a difference. If we zoom in,
some boxes are not the same, about 50 boxes, but most of them are the same.

In this situation we have nearly the same results with the three solvers
although we solve a lower dimensional system with the RB- or RB-DEIM-
solver.
In Table 15, 16 and 17 we have listed the exact data in every iteration step
for the different solvers.
We have similar number of boxes in every iteration step for every solver

which also leads to similar approximated Pareto critical sets.
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It. step time [min] # funct. eval. # del. boxes num. of boxes
1 0,39 330 0 2
3 0,91 1312 2 6
5 1,29 1961 7 11
7 2,57 3980 11 23
9 4,71 7641 13 47
11 5,78 9559 40 88
13 11,19 19.058 74 174
15 21,73 37.966 144 344
17 41,46 73.694 276 670
19 71,98 145.167 524 1.316
21 165,04 294.349 1.051 2.601
23 323,24 605.421 2.076 5.152
25 715,53 1.287.001 4.102 10.162

Table 15. Data for the FE-solver

It. step time [min] # funct. eval. # del. boxes num. of boxes
1 0,1 330 0 2
3 0,42 1312 2 6
5 0,69 1961 7 11
7 1,25 3980 11 23
9 2,43 7641 13 47
11 2,98 9559 40 88
13 5,97 19.056 74 174
15 11,99 37.965 144 344
17 23,04 73.686 276 670
19 45,08 145.122 524 1.316
21 93,18 294.130 1.051 2.601
23 186,25 604.452 2.075 5.151
25 409,65 1.283.650 4.101 10.159

Table 16. Data for the RB-solver

In addition, we illustrated the computational time in Figure 16 for better
interpretation.
One can see directly that we get a huge speed up by the RB-solver compared
to the FE-solver. We need almost half the time. The speed up between the
RB-solver and the RB-DEIM-solver is not that big, but still noticeable. Of
course, one reason for this is that the equation only has to be solved on a
lower dimensional space and that for RB-DEIM-solver it is even completely
independent of the FE-dimension.
Nevertheless you still need a lot of computational time to determine the
approximated Pareto critical set very accurately, this is mainly due to the
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It. step time [min] # funct. eval. # del. boxes num. of boxes
1 0,09 330 0 2
3 0,35 1.312 2 6
5 0,5 1.961 7 11
7 1,02 3.980 11 23
9 1,98 7.641 13 47
11 2,49 9.559 40 88
13 4,85 19.056 74 174
15 9,77 37.965 144 344
17 18,76 73.530 274 670
19 37,54 145.100 524 1.316
21 75,64 294.077 1.052 2.600
23 156,64 604.533 2.078 5.152
25 328,83 1.283.043 4.095 10.161

Table 17. Data for the RB-DEIM-solver

Figure 16. Computational time ascent in the iteration steps

huge number of function evaluations that are needed in each iteration step.
This number increases rapidly, because we halve all the boxes in every step
and therefore we need to evaluate the function in more sample points. One
can see a decrease of the computational time after the 5th. and 10th. iteration
step, this happens because we reduced the number of sample points, which
are chosen in every box in this steps and this leads to a smaller number of
function evaluations. Therefore one opportunity to save computational time
could be a lower number of sample points in every box. But this could also
lead to the situation, that some boxes are deleted, which need to stay in the
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set. In this thesis we will not test this opportunity.
We will now finish this example. In the next part we will focus on a three
dimensional objective function.

6.2.2. Fourth example. This time we will choose k = 3.
The PDE is the same as in the example before, see (6.3) and (6.4) - (6.10).
For the objective functions we will choose:

Ĵ1(µ) =
1

2

ˆ

G

|u(µ)− u|2dx(6.12)

Ĵ2(µ) =
1

2

m∑
j=1

|µj − µj |2(6.13)

Ĵ3(µ) =
1

2

ˆ

G

|u(µ)− u|2dx+
1

2

m∑
j=1

|µj − µ̃j |2.(6.14)

with µ =

(
1
1

)
, µ̃ =

(
−0.5
0.5

)
and u(x, y) = x2 + y2. For the Greedy and

DEIM algorithm we choose the same conditions in order to get a meaningful
comparison of the two examples later. Again we do not know the analytic
solution and choose the FE-solution instead as true solution. This leads to
the new objective functions

Ĵ1(µ) =
1

2
(uN (µ)− u)′ ·M · (uN (µ)− u)

Ĵ2(µ) =
1

2

m∑
j=1

|µj − µj |2

Ĵ3(µ) =
1

2
(uN (µ)− u)′ ·M · (uN (µ)− u) +

1

2

m∑
j=1

|µj − µ̃j |2

with µ =

(
1
1

)
, µ̃ =

(
−0.5
0.5

)
and u(x, y) = uN (0, 0) and the gradients

are

∇Ĵ1(µ) =

(
pN (µ)TF1

pN (µ)TF2

)
∇Ĵ2(µ) = µ− µ

∇Ĵ2(µ) =

(
pN (µ)TF1

pN (µ)TF2

)
+ µ− µ.

In the optimization step we test the subdivision algorithm with the steepest
descent direction. We will take over all the conditions from the example
above for the algorithm and choose the descent direction in the same way
and spare a repetition, for reminding see (6.11). Also in this case we will test
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it for the FE-solver, RB-solver and RB-DEIM-solver. If we use the RB-solver
we choose the following objective functions

ĴR1 (µ) =
1

2
(uM (µ)− uM )′ ·M · (uM (µ)− uM )

ĴR2 (µ) =
1

2

m∑
j=1

|µj − µj |2

ĴR3 (µ) =
1

2
(uM (µ)− uM )′ ·M · (uM (µ)− uM ) +

1

2

m∑
j=1

|µj − µ̃j |2

and for the RB-DEIM-solver we choose

Ĵr1 (µ) =
1

2
(uL(µ)− uL)′ ·M · (uL(µ)− uL)(6.15)

Ĵr2 (µ) =
1

2

m∑
j=1

|µj − µj |2(6.16)

ĴR3 (µ) =
1

2
(uL(µ)− uL)′ ·M · (uL(µ)− uL) +

1

2

m∑
j=1

|µj − µ̃j |2(6.17)

To generate the descent direction for the RB- or RB-DEIM-solver we use ĴR

or Ĵr to solve (6.11). In Figure 17 you can see the generated approximated
Pareto critical sets and fronts for the FE-solver after 10, 15 and 25 iteration
steps.
Similar to the 2-dimensional case we can see the good approximation with
the subdivision algorithm. In Figure 18 and 19 we compare the Pareto critical
sets between the FE-solver, RB-solver and RB-DEIM-solver after 15 and 25
iteration steps. Although we now have a 3 dimensional objective function,
it does not change the agreement of the boxes of the 3 solvers in every
iteration step. As before we have a complete agreement in the first 15 steps.
After that only a few boxes differ and these differences appear only in the
boundary. Table 18, 19 and 20 show the data in detail for every solver in
iteration step 5, 11,12, 15, 20 and 25. If we compare the three solvers we can

It. step time [min] # funct. eval. # del. boxes num. of boxes
5 0,92 1.360 3 9
11 6,2 9.858 41 101
12 8,59 13.832 51 151
15 25,07 46.281 153 597
20 92,12 157.783 998 7.968
25 1.298,71 2.349.062 4.441 202.643

Table 18. Data for the FE-solver

see that we have almost the same number of boxes in every iteration step.
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(a) (b)

(c) (d)

(e) (f)

Figure 17. Pareto critical set and front in iteration step
(A)-(B) 10, (C)-(D) 15, (E)-(F) 25.

This confirms once again the agreement of the boxes of the 3 solvers. If we
compare the number of boxes with the 3-dimensional objective function with
the number of boxes with the 2-dimensional objective function we notice,
that in the 11th. iteration step the number of boxes in the 3-dimensional part
is bigger than the number of boxes in the 2-dimensional part. This difference
increases and leads to a bigger computational time in the 3-dimensional part.
This is exactly what we had expected, because for a 3-dimensional objective
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(a) (b) (c)

Figure 18. Pareto set after 15 iteration steps using
(A) FE-solver (B) RB-solver (C) RB-DEIM-solver

(a) (b) (c)

Figure 19. Pareto set after 25 iteration steps using
(A) FE-solver (B) RB-solver (C) RB-DEIM-solver

It. step time [min] # funct. eval. # del. boxes num. of boxes
5 0,44 1.360 3 9
11 3,17 9.856 41 101
12 4,44 13.832 51 151
15 14,92 46.276 153 597
20 51,74 157.680 998 7.968
25 767,99 2.343.132 4.436 202.636

Table 19. Data for the RB-solver

function we have a 2-dimensional Pareto set and for a 2-dimensional objective
function we have a 1-dimensional Pareto set. In Figure 20 we illustrated the
computational time.
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It. step time [min] # funct. eval. # del. boxes num. of boxes
5 0,36 1.360 3 9
11 2,59 9.857 41 101
12 3,63 13.832 51 151
15 12,17 46.410 155 597
20 42,37 157.623 998 7.968
25 632,44 2.349.062 4.441 202.643

Table 20. Data for the RB-DEIM-solver

Figure 20. Computational time ascent in the iteration
steps for the 3-dimensional objective function

Similar to the 2-dimensional case we have a huge speed up by the RB-solver
compared to the FE-solver and also the speed up between the RB-solver and
RB-DEIM-solver is noticeable. All in all we need even more time than in the
2-dimensional part, because the number of boxes is bigger and therefore we
have even more function evaluations.
This finishes the numerics for the optimization with the steepest descent
direction and different solvers. Now we will turn our attention towards the
optimization with different descent methods and the RB-DEIM-solver.

6.2.3. Fifth example. In this example we want to go back to the 2-dimensional
objective function which we already introduced in Section 6.2.1. Therefore
we take over the objective functions Ĵ1, Ĵ2, Ĵ

r
1 , Ĵ

r
2 and the PDE constraints

from this section.
In the section before we observed a good agreement between the approxi-
mated Pareto critical sets of the three different solvers, which is due to the
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small error between the solvers. However, we cannot always guarantee this
agreement. In addition, we do not want to determine the approximated Pa-
reto critical set with the FE-solver, since this is very time-consuming. So
in order to be able to ensure that the true Pareto critical set is contained
in the approximated Pareto critical set, we have introduced an algorithm in
Section 5.3 that takes the inexactness of the gradients into account if we use
ĴR or Ĵr instead of Ĵ . In our situation we will only focus on the RB-DEIM-
solver, now we will test the subdivision algorithm (see Algorithm 7) with the
alternative descent direction (see Algorithm 6) to take the inexactness into
account.
To begin with, we recall the important results of Section 5.3.
For the gradients we assume that we have the following estimation

|∇Ĵi −∇Ĵri |2 ≤ εi for i = 1, 2

with εi ≥ 0.
Under this estimation we defined the following approximated Pareto critical
sets

Pr1 := {µ ∈ Rm : min
α∈∆k

‖DĴr(µ)Tα‖22 ≤ ‖ε‖2∞}

Pr2 := {µ ∈ Rm : min
α∈∆k

(
‖DĴr(µ)Tα‖22 −

(
αjεj

)2) ≤ 0}.

We use the subdivision algorithm to generate Pr1 and Pr2. To generate Pr1 we
use the steepest descent direction and minimize the following problem:

(6.18) min
α∈∆2

1

2
‖DĴr(µk)Tα‖22.

Let αk be the minimizer of (6.18), the descent direction is vk := −DĴr(µk)Tαk.
So far it is analogous to Section 6.2.1, the main difference is the stopping
condition. Instead of using σ = 10−7, we now choose σ = ‖ε‖∞ and set
m(µk) = µk if it holds

‖DĴr(µk)Tαk‖2 = ‖vk‖2 < σ = ‖ε‖∞.
To generate Pr2 we use the alternative descent direction and minimize the
following problem:

(6.19) min
α∈∆2

‖DĴr(µk)Tα‖22 − 〈α, ε〉2.

Let αk be the minimizer of (6.19), the descent direction is ṽk := −DĴr(µk)Tαk.
In this case we choose σ = 0 as stopping criterion in the sense that we set
m(µk) = µk if it holds

‖DĴr(µk)Tαk‖22 − 〈αk, ε〉2 = ‖ṽk‖22 − 〈αk, ε〉2 ≤ σ = 0.

In the first test we will set the conditions for the Greedy algorithm and the
DEIM-algorithm as we choose them in Section 6.2.1. We recall these condi-
tions:
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• We set

Strain = {(−2 + 0.281k,−2 + 0.281)T j : k, j ∈ {0, ..., 14}}

with |Strain| = 225.
• We choose the maximum edge mesh length ∆Hmax = 0.04.
• For the Greedy algorithm we choose the tolerance εtol = 10−2

• and for the DEIM algorithm we choose the tolerance ε0 = 10−2.
With these conditions we generate a RB-basis with 20 elements and a DEIM-
basis with 30 elements. This leads to the following estimations for the gra-
dients of Ĵ and Ĵr:

max
µ∈P
‖∇Ĵ1(µ)−∇Ĵr1 (µ)‖2 = 5.7602 · 10−6 = ε1

max
µ∈P
‖∇Ĵ2(µ)−∇Ĵr2 (µ)‖2 = 0 = ε2.

Thus we have

ε =

(
5.7602 · 10−6

0

)
.

For the subdivision algorithm we will use the following conditions:
• σ = 5.7602 · 10−6 as stopping criterion if we use the steepest descent
direction or
• σ = 0 if we use the alternative descent direction.
• To generate the descent direction we use fmincon and solve (6.18) or
(6.19).
• We use 25 iteration steps. In every step we halve the boxes.
• We choose 5 sample points during the first 5 iteration steps, 4 sample
points in the next 5 iteration steps and 3 in the last 15 iteration steps.

Since 5.7602 · 10−6 is already very small and close to 10−7, there is no diffe-
rence in the first 25 iteration steps between the approximated Pareto critical
sets with the subdivision algorithm with the steepest descent direction with
Ĵr and σ = 5.7602 · 10−6 or the approximated Pareto critical sets we deter-
mined in Section 6.2.1 with the RB-DEIM-solver and σ = 10−7. So we save
the illustration here and refer to Section 6.2.1.
If we choose the subdivision algorithm with the alternative descent direction
and Ĵr we can see in Figure 21 that the approximated Pareto critical sets
coincide with the results of the steepest descent direction. This is exactly
what we expected, because ε1 is close to zero and ε2 is already zero. Therefore
we do not expect large differences between the minimizer of (6.18) and (6.19)
in each sample point. This leads to the almost equal approximated Pareto
critical set in every iteration step with both descent directions. Even if we
look at the computational time, we cannot see any significant difference, it
only differs in seconds as you can see in Table 21. We have kept this first
test short on purpose, because due to the small errors between the gradients
of Ĵ and Ĵr, we did not expect large differences in the results and therefore
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(a) (b)

(c) (d)

Figure 21. Pareto critical set in step (A) 10, (B) 15, (C)
20, (D) 25

It. step time [min] (steepest desc. dir.) time [min] (alt. desc. dir.)
5 0,52 0,52
10 1,79 1,83
15 9,96 10,04
20 54,99 55,97
25 337,85 336,76

Table 21. Computational time for the subdivision
algorithm with the steepest descent direction and the
alternative descent direction after 5, 10, 15, 20 and 25

iteration steps.

it is not meaningful to go into detail. We will focus more on the next test
where we have a bigger error.
To see a significant difference between Pr1 and Pr2 we need to have a bigger
error between the gradients. To get this, we change our conditions for the
Greedy algorithm to generate a smaller RB basis and also the conditions for
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the DEIM algorithm to get a bigger error between the FE- and RB-DEIM-
solver on the parameter set P.
For this we choose the following conditions:

• We set

Strain = {(−2 + 1.97k,−2 + 1.97)T j : k, j ∈ {0, 1, 2}}

with |Strain| = 9.
• We choose the maximum edge mesh length ∆Hmax = 0.04.
• For the Greedy algorithm we choose the tolerance εtol = 0.5
• and for the DEIM algorithm we choose the tolerance ε0 = 0.5.

With these conditions we generate a RB-basis with 6 elements and a DEIM-
basis with 9 elements. This leads to the following estimations for the gradi-
ents of Ĵ and Ĵr:

max
µ∈P
‖∇Ĵ1(µ)−∇Ĵr1 (µ)‖2 = 0.085 = ε1

max
µ∈P
‖∇Ĵ2(µ)−∇Ĵr2 (µ)‖2 = 0 = ε2.

Thus we have

ε =

(
0.085

0

)
.

For the subdivision algorithm we will use the following conditions:

• σ = 0.085 as stopping criterion if we use the steepest descent direc-
tion or
• σ = 0 if we use the alternative descent direction.
• To generate the descent direction we use fmincon and solve (6.18) or
(6.19).
• We use 25 iteration steps. In every step we halve the boxes.
• We choose 6 sample points during the first 5 iteration steps, 5 sample
points in the next 5 iteration steps, 4 sample points for the iteration
steps 10 to 14, 3 sample points for the next 5 steps and 2 sample
points for the last 5 iteration steps.

To illustrate the need for Pr1 we first test the subdivision algorithm with the
steepest descent direction with Ĵr and σ = 10−7 as we did it in Section
6.2.1, in this case we choose 27 iteration steps to get a better result. The
approximated Pareto critical sets are shown in Figure 22.
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(a) (b)

(c)

Figure 22. Pareto critical set after (A) 15, (B) 20 and (C)
27 iteration steps

Figure 23. Expected Pareto critical sets for Ĵ and Ĵr
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If we compare the approximated Pareto set for Ĵr with the Pareto set for
Ĵ as you can see in Figure 23 we notice that we cannot simply replace Ĵ with
Ĵr for a major error and expect the same results as in the third example.
In this case, we must generate Pr1 or Pr2 to ensure that the Pareto critical
set is included. In the next step we test the subdivision algorithm with the
steepest descent direction and σ = 0.085. We show the approximated Pareto
critical set after 10, 15, 20 and 25 iteration steps in Figure 24. Afterwards

(a) (b)

(c) (d)

Figure 24. Pareto critical set after (A) 10 (B) 15 (C) 20
and (D) 25 iteration steps with the steepest descent

direction, Ĵr and σ = 0.085.

we test the subdivision algorithm with the alternative descent direction and
σ = 0 and generate Pr1. We show the approximated Pareto critical set after
10, 15, 20 and 25 iteration steps in Figure 25. Figure 24 shows the results
of the algorithm to generate P r2 after 10,15, 20 and 25 iteration steps with
the steepest descent direction and σ = 0.085. It is directly noticeable that
Pr2 is significantly smaller than Pr1 so we have a much better approximation
for Pc if we choose Pr2 instead of Pr1. This difference will be discussed in more
detail later. Next we take a look at the computational time, the number of
boxes and function evaluations in each iteration step for the two descent di-
rections. The data are shown in Table 22 and Table 23 The main reason for
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(a) (b)

(c) (d)

Figure 25. Pareto critical set after (A) 10 (B) 15 (C) 20
and (D) 25 iteration steps with the alternativ descent

direction, Ĵr and σ = 0.

It. step time [min] # funct. eval. # del. boxes num. of boxes
5 0,76 3.045 6 12
10 2,76 11.334 30 62
15 7,48 30.346 130 406
20 21,91 87.458 539 6.563
25 414,99 1.570.906 547 190.369
Table 22. Data for Ĵr with the steepest descent direction

and σ = 0.085

the big difference in the computational time is the much larger number of
function evaluations that we have for Pr1. This in turn can be attributed to
the significantly larger number of boxes for Pr1. If we have a large inexactness
in the gradients of Ĵ and Ĵr it is useful to determine Pr2 instead of Pr1. To
keep in mind, Pr2 is only a superset for the Pareto critical set, but one of the
best we can generate if we only have this condition and only want to use Ĵr.
Next we want to take a look at the differences between Pc, Pr1 and Pr2. For



6.2. OPTIMIZATION 97

It. step time [min] # funct. eval. # del. boxes num. of boxes
5 0,82 3.051 6 12
10 2,85 11.719 31 61
15 8,46 34.655 149 353
20 15,77 63.020 623 2.625
25 153,36 1.887.617 703 61.035

Table 23. Data for Ĵr with the alternative descent
direction and σ = 0

this, we plot the three sets in Figure 26. The critical points of Ĵr1 and Ĵr2 in P

Figure 26. Expected Pc, Pr1 and Pr2.

are located at µ1 = (0, 0)T and µ2 = (1, 1)T , therefore it holds ∇Ĵri (µi) = 0.
Because of that we can expect, that the influence of ∇Ĵri (µ) in the minimi-
zation of (6.18) or (6.19) becomes larger the closer µ is to µi. We notice that
the difference between Pc and Pr2 becomes smaller the closer µ gets to µ2 and
at µ2 the difference is zero. This can be expected, because ε2 = 0 and near
µ2 the influence of ∇Jr2 is larger for the minimization of (6.19). To reach the
stopping condition near µ2 it’s necessary to get close to Pc.
Near µ1 we can see, that Pr2 is bigger than Pc. A reason for this is the fact,
that ε1 = 0.085 > 0. Near µ1 the influence of ∇Ĵr1 for the minimization is
larger and therefore the minimizer α̃0 of (6.19) holds α̃1

0 � 0. With that it
it not necessary to get close to Pc to reach the stopping condition. In this
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case the algorithm stops earlier.
If we compare Pr1 and Pr2 we see, that near µ1 the difference between the sets
becomes zero, again the reason for this is the fact, that the influence of ∇Ĵr1
becomes larger in the minimization. If α0 is the minimizer of (6.18) and α̃0

as before, we get α1
0 � 0 and α̃1

0 � 0 the closer µ is to µ1. To reach the
stopping condition in this case, we have

0 ≥ ‖DĴr(µ)T α̃0‖22 − 〈α̃0, ε〉2

≈ ‖DĴr(µ)Tα0‖22 −
(
ε1
)2

= ‖DĴr(µ)Tα0‖22 − σ2.

Therefore the difference becomes zero.
Near µ2 the influence of ∇Ĵr2 (µ) is getting larger for the minimization, the-
refore the stopping condition is reached faster than the difference becomes
smaller and therefore Pr1 is bigger than Pr2 or Pc.
If we have εi = ‖ε‖∞ for i = 1, 2 it holds Pr1 = Pr2.
In case of strong inexactness, which are not present in all objective functions,
the alternative descent direction is clearly better than the steepest descent
direction.
We will now finish our numerical results.
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7. Conclusions and Outlook

In this thesis we introduce a way to solve multiobjective optimization pro-
blems controlled by parameter dependent semilinear elliptic partial differen-
tial equations. We introduce the RB-DEIM-method to evaluate the objective
functions and their gradients. To solve the optimization problem we use a
set-oriented subdivision algorithm based on gradient calculations of the ob-
jective functions, which computes a box-covering of the Pareto set. Using
the RB-DEIM method in this setting introduces an error in the objective
functions and their gradients, which we must take into account. Therefore
we demand that the reduced basis provides an error estimation for the gra-
dients, which we incorporate in the optimization step to generate a tight
superset Pr2 of the Pareto set P.
First we show well-posedness of the PDE and prove strict monotone of the
solution operator, which leads to the uniqueness of solutions of the PDE.
Afterwards we introduce the RB-method for the state and adjoint equation.
For constructing the Reduced basis, we use the Greedy algorithm. For this
we prove the convergence of the RB-method, introduce an a-posteriori error
estimator for the state and adjoint equations and show error estimations ba-
sed on the strict monotonity of the solution operator.
Our numerical results show that the presented a-posteriori error estimator
for the error in the state and adjoint equation is not well-suited for the
Greedy algorithm due to its overestimation. Therefore we use the true error
to generate the Reduced basis. We reach the non-linear system with mass
lumping and to solve it independently of the FE-space we use the DEIM-
method. From the a-posteriori error of the adjoint equation we can calculate
an a-posteriori error for the gradients of the objective functions, which we
could use in the optimization. But due to the huge overestimation of the
a-posteriori error, we use the true error of the gradients. One can also use
the error of the gradients of the objective functions in the Greedy algorithm
to generate the Reduced basis, which we did not perform in this thesis. This
could be a topic for further research.
The numerical results show that we demand a small tolerance εtol for the
Greedy algorithm we can save almost half of the computational time with the
RB-DEIM-solver instead of the FE-solver. If the tolerance is bigger we can
save even more computational time. In the case of a small tolerance we have
nearly the same approximation set for the Pareto set with both solvers. We
cannot notice perceivable difference between the steepest descent direction
either the alternative descent direction. If the tolerance is bigger, we get a
noticeable error between the gradients of the objective functions and there-
fore we can notice a difference between the RB-DEIM- and FE-solver. In this
case it is necessary to take the error into account. In this case the alternative
descent direction leads to a better superset Pr2 of the Pareto set P. Another
possibility to save computational time could be, if we worked with changing
RB-basis. For example in the sense that we adjust the Reduced basis after
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every second iteration step. In this case we can change the tolerance for the
Greedy algorithm, in the beginning εtol is quite bigger than in the end. We
did not try this in this thesis, this could be a topic for further research.
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