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We study the phenomenon of persistent response in ultra-strongly driven membrane resonators. This term
denotes the development of a vibrating state with nearly constant amplitude over a very wide frequency range,
which can extend of frequency ranges as large as 50% of the linear eigenfrequency of the strongly driven
mode. We reveal the underlying mechanism to obtain the persistent response state by directly imaging the
vibrational state using advanced optical interferometry. We show that the persistent state is correlated to the
nonlinear mode coupling between different parametrically driven flexural modes and their localized overtones,
the latter of which denotes the phenomenon that different parts of the membrane oscillate dominantly at different
multiples of the driving frequency. We show that two different excitation mechanisms are at play describing
based on parametric subharmonic drive and they give rise to different shapes of the resonance curves. We
propose a stability diagram for the different vibrational states that the membrane can adopt. Our results are
important for understanding nonlinear resonance behavior appearing in different fields of physics as well as for
the development of amplitude-stable mechanical resonators with broadband tunable frequency.

Understanding the behavior of small-scale systems is a
key prerequisite for future advancements in nanotechnologies.
Emblematic examples include low-dimensional mechanical
resonators, which have applications as ultra-sensitive detec-
tors [1]. The nonlinear regime has recently become the fo-
cus of systematic experimental research. Nonlinearity opens
up interesting new possibilities for signal enhancement [2, 3]
and noise reduction in metrology [4, 5]. These effects are
important for mechanical signal processing as, for example,
nanomechanical logic gates [6, 7]. Quasi-onedimensional sys-
tems such as strings, cantilevers, and beams as well as quasi-
two-dimensional membrane oscillators are used, because their
eigenstates cover a broad range of frequencies from kHz to
several GHz, depending on the material and the dimensions
and the nature of the vibrations [8–11]. In membrane oscil-
lators, different flexural modes can be excited and have been
utilized e.g. for coupling mechanical energy to other degrees
of freedom such as light [12–17]. Micro- and nano- mechani-
cal systems are rapidly being pushed to smaller size scale. As
a consequence of the small scale nonlinear effects affect the
dynamics already for moderate driving forces. In the weakly
nonlinear regime, the Duffing oscillator is widely used as the
archetypical model of mechanical resonator with nonlinear
behavior [18–21].

Nonlinear coupling between mechanical modes is expected
to become strong when the ratio between their resonance fre-
quencies is an integer (linear resonance 1:n) or rational (para-
metric resonance 2:n) viz. the so-called internal resonances.
Such coupling leads to exotic line shapes of the response func-
tion due to the transfer of energy between mechanical modes
that can be faster than the energy relaxation time. A remark-
able example is that driving one of the two coupled modes
can cause the second mode to reach a higher amplitude than
that of the driven one. The nonlinear interaction can have
ITS origin in the motion-induced tension. The oscillation
of one mode induces a mechanical tension in the resonator
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that affects the dynamics of another mode. Therefore, for
large deflection amplitudes displacement-induced changes of
the mechanical properties may enforce the nonlinearities and
give rise to mode coupling [22, 23]. In the strongly nonlin-
ear regime, membrane oscillators offer the possibility to ex-
plore peculiar nonlinear response and nonlinear mode cou-
pling mechanisms [18, 24–28].

In the present Letter we analyze a peculiar nonlinear be-
havior achieved in ultra-strongly driven resonators. We ap-
ply a single sinusoidal drive with frequency in the range of
the fundamental mode. Varying the drive frequency, we ob-
serve the development of a plateau in the resonance curves
that extends over a certain frequency range with nearly con-
stant. This plateau is interrupted in some region where the
amplitude strongly fluctuates, which we attribute to the on-
set of chaotic regime [26, 29].However, far away from these
regions the response function of the membrane is stable and
reproducible. The curve shows also hysteresis for upward and
backward frequency scanning.

We denote the almost constant amplitude over extremely
wide frequency ranges as persistent response. We show that
the persistent response range can be extended over an ex-
tremely wide range of more than 50% of the linear eigenfre-
quency. We argue that this state is maintained by two differ-
ent interaction mechanisms: spatial modulation of overtones
[28], i.e. frequency multiples, of one flexural mode of the
membrane deflection, and nonlinear coupling between differ-
ent flexural modes.

The silicon nitride (SiN) membrane resonator fabrication
and measurement principles have been described in detail
elsewhere [28, 30–32]. In brief, a chip carrying a silicon
nitride (SiN) membrane is glued onto a piezo ring and in-
stalled in a vacuum chamber. Deflections of the membrane
are excited by applying an AC voltage Vexc · sin(2π fdt) to the
piezo resulting in an inertial excitation of the membrane, see
Fig. S1(a) in the Supplementary material (SM). The vibra-
tional states of the membrane are observed by imaging white
light interferometry (IWLI), spatially resolving the deflection
profile and obtaining the averaged amplitude response by in-
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tegrating the deflection profile over the membrane surface
[28, 33], and on the other hand by Michelson interferome-
try (MI) focusing on one particular position of the membrane
with a spot diameter of ∼2µ m. Further experimental details
are given in the SM. In the linear response regime, we find res-
onances corresponding to the eigenfrequencies f(m,n) of the
flexural eigenmodes which are characterized by the integers
m and n indicating the number of deflection maxima in the
two spatial directions of the membrane plane [30]. The eigen-
frequencies of all modes discussed in this article as well as
further mechanical parameters are listed in Table 1 in the SM.

We utilize the IWLI-signal integrated over the entire mem-
brane area to record the nonlinear vibration behavior un-
der ultra-strong sinusoidal excitation and with a driving fre-
quency fd around f(1,1). Four selected traces revealing the
pronounced amplitude saturation recorded for four values of
Vexc are plotted over a limited frequency range in Fig. 1; the
complete frequency-vs-driving voltage map of the linear re-
sponse is shown in Fig. S3 in the SM. The frequency range
labeled as I in which the amplitude is still slightly increasing,
can be described by spatial modulation of localized overtones,
as discussed in [28]. When further increasing the detuning
into the really flat plateau area labeled II, the vibration state is
composed by spatial modulation as well as by the excitation of
higher flexural modes, as will be the main topic of the present
Letter. We here concentrate on the analysis of the flexural
mode coupling regime obtained for ultra-strong driving.

Figure 1(b) shows a zoom into the grey-shaded area II plot-
ted in Fig. 1(a), where the amplitude is almost independent
of the driving force Vexc. However, nanometer scale varia-
tions are detected in all four curves, signaled by small steps
and kinks on the apparent plateaus. Depending on the driv-
ing force Vexc the kinks do not appear at exactly the same po-
sition but in similar regions. To obtain further insight, it is
useful to monitor the evolution of the deflection profile as the
frequency is swept upward from 326 kHz. For fd < f(2,2)/2
we only see the deflection pattern of the (1,1) mode. When
fd ≈ f(2,2)/2, a (2,2) mode pattern is observed superimposed
over the (1,1) mode pattern, setting in at the position labeled
A in Fig. 3(a). When further increasing fd , the (2,3) mode is
switched on abruptly and soon transitions into the (3,2) mode
in the region labeled B. For even larger fd , the pattern of the
(1,2) mode appears which then switches to the pattern of the
(3,4) mode at the first shoulder in the area marked by C. These
two mode patterns are shown in the left and middle image in
the corresponding dashed frame. Before they disappear again
at the right end of area C, both patterns are observed simulta-
neously. The abrupt changes of the deflection patterns coin-
cide with the small jumps or kinks on the amplitude plateau.

The appearance of higher modes (m,n) in the deflection pro-
file, is a signature of mode coupling, which is another mani-
festation of internal resonances, now in the conventional sense
occurring between different flexural modes [26, 29]. Together
with the possibility to excite overtones of the individual (m,n)
modes, the vibrational state of the membrane can adopt com-
plex states consisting of several overtones of different modes.
We argue that the complex superposition of several resonances
is generated by an effective nonlinear coupling between differ-

FIG. 1. Persistent response and visualization of mode-coupling pat-
terns (a) Resonance curves generated by different Vexc and recorded
by the IWLI, showing the mean amplitude response (normalized to
the excitation voltage and averaged over the whole membrane area)
from 320 kHz to 342.8 kHz. Two distinct frequency ranges are sepa-
rated by a grey dashed line and marked as I and II for further discus-
sion. (b) Zoom into range II of (a). The amplitude forms a plateau
around 225 nm, but reveals small steps and kinks in the saturated
area, some of them being marked by colored areas A, B and C. The
diagonal slight fringes are caused by the continuous light measure-
ment of IWLI, see Supplementary Material. The red arrows indicate
the positions where we captured the flexural deflection patterns for
Vexc approx. 4.6 V. The independent sweeps within the frequency
range of A, B and C are applied by using the same excitation in order
to prevent the overlapped (1,1) mode (off-resonance measurement).
The black arrow indicates the frequency at which the ring-down ex-
periments shown in Fig. 3 are performed.

ent types of tones and modes. As we will show in detail below,
we propose two different coupling mechanisms: On the one
hand the patterns can be created by sub-harmonic resonances
associated with the self-nonlinearities of the flexural modes
(m = n), or, on the other hand, by the parametric resonance
of higher flexural modes (m 6= n) with the (1,1) fundamental
mode. Also, spatial modulation overtones of the (1,1) mode
can be involved.

We now drive nonlinear flexural modes sub-harmonically
at a frequencies higher than f(1,1) to exclude the strong contri-
bution of the (1,1) mode. Two examples, for the (2,2) and the
(1,2) mode, i.e.one with m = n and with m 6= n are shown in
Fig 2. To interpret this data, one has to note, that we start the
frequency sweep above the linear resonance frequency (i.e.
fd > f(1,1)). Nevertheless, the (1,1) mode can vibrate at the
lower branch of its Duffing nonlinearity, resulting in the high
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FIG. 2. Amplitude response, ring-down frequency spectrum and amplitude of sub-harmonically driven nonlinear flexural modes. (a) Amplitude
response of the f /2 sub-harmonically driven (2,2) mode. (b) Frequency spectrum of the ring-down for Vexc = 5.0 V and fd = 322.0 kHz showing
up to the 3rd integer overtone of fd . The drive is turned off at t = 0. The frequency ranges in between are cut out, because no sizeable signal is
detected therein. (c) Time resolved, and frequency integrated power spectra of the data shown in panel (b) for different frequency ranges. (d)
Amplitude response of sub-harmonically driven (1,2) mode. (e) Frequency spectrum of the ring-down for Vexc = 7.0 V and fd = 332.5 kHz,
showing up to the third half-integral overtones of fd . The drive is turned off at t = 0. (f) Time resolved and frequency integrated power spectra
of the data shown in panel (e) for different frequency ranges, the ring-down starts at t = 0.

background response measured in Fig. 2 (a) and (d), as also
confirmed in the power spectra in panels (b) and (e). Two
examples, for the (3,3) and the (2,3) modes are given in the
Supplemental Materials.

For the case of m = n, the curves in Fig. 2(a) show the
amplitude responses of the sub-harmonically driven nonlinear
(2,2) mode for different excitation strengths. The driven fre-
quencies are around fd = f(2,2)/2 = 328 kHz. The ring-down
power spectrum shows multiple frequency responses which
decay to the eigenfrequencies of the (1,1), (2,2) and (3,3)
modes. The overtones indicate the sub-harmonic resonances
associated with the self-nonlinearities of the flexural modes
(m = n). The power is mainly concentrated on the f(2,2), and
characterized by the integrated ring-down power traces shown
in Fig. 2(c), which shows a single-exponential decay of the
(2,2) mode.

As an example for the case of m 6= n we show in Fig. 2(d)
the resonance curves of the sub-harmonically driven nonlin-
earity of the (1,2) mode for different excitation strength Here
the condition is fd = 2/3 f(1,2). Upon increasing the drive fre-

quency, the amplitude is suddenly pumped up, characteristic
for parametric coupling, similar to the example of the para-
metric resonance of the (1,1) mode presented in the Supple-
mental Material. The ring-down is performed at fd = 2/3 f(1,2)
= 332.5 kHz and Vexc = 7.0 V, the power spectrum shown in
Fig. 2(e) presents the half-integral overtones: 3/2 fd , 6/2 fd
and 9/2 fd which decay to f(1,2), 2 f(1,2) and 3 f(1,2). One can
see that the 3rd overtone of fd (6/2 fd) performs a paramet-
ric transition to the (1,2) mode, signaled by an intermediate
strong signal at 2 f(1,2) and a pump up the strong nonlinear-
ity of f(1,2) at 3/2 fd . The half-integer overtones indicate the
sub-harmonic resonances associated with the parametric res-
onance of the higher flexural modes (m 6= n). The power is
mainly concentrated on the f(1,2), and characterized by the in-
tegrated ring-down power traces shown in Fig. 2(f). The fre-
quency responses and the power intensity oscillation of 2 f(1,2)
are similar to the behavior of spatial modulation [28]. The
half-integer overtones of fd can be calculated as: i = (m + n)/2
which is explained in the Supplemental Material.

We will now turn to the explanation the persistent response
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FIG. 3. Ring-down measurement in the flexural mode coupling regime. (a) Frequency spectrum of the ring-down for Vexc = 5 V and fd = 338.6
kHz showing up to the 6th overtone of fd . The drive is turned off at t = 0. For details of the mode assignment see Supplemental. Material. (b)
Time resolved, and frequency integrated power spectra of the data shown in panel (a) for different flexural modes.

of the (1,1) mode which is shown in area II in Fig. 1. We re-
peat the experiment showing in Fig. 1 to explore the frequency
response and the ring-down behavior of the membrane subject
to an ultra-strong excitation, Vexc = 5.0 V at driving frequency
fd = 338.6 kHz, well above f(1,1) on the plateau of the persis-
tent response using Michelson interferometry (MI), marked
as black arrow in Fig 1(b). With the excitation switched on,
the time resolved power spectrum recorded in the frequency
range 250 kHz to 2500 kHz displayed in Fig. 3(a) shows
the contribution of fd and its overtones up to 6th order. Af-
ter turning off Vexc at t = 0, owing to the detuned drive, the
frequency of the individual responses shifts towards a nearby
eigenfrequency of the membrane. By comparison with the
eigenfrequencies recorded in the linear response regime, the
most prominent modes classified as (1) flexural modes with
m = n, here the 2nd overtone of the (2,2) mode; (2) flexural
modes with m 6= n, here the 2nd overtone of the (2,3) and the
(3,2) modes and the 4th overtone of the (1,2) mode; (3) Mixed
frequency responses such as 2 f(1,1) + f(2,2), as decay of 4 fd
(the detailed identification of the mixed frequency modes are
shown in the Supplemental Material) see Fig. 3(a).

As an example, we discuss the possible excitation mecha-
nism of the pattern observed in area B of Fig. 1(b): The eigen-
frequencies f(2,3) and f(3,2) differ slightly from each other,
because of the rectangular shape of the membrane. The 2nd

overtones of these frequencies, 2 f(2,3) = 1636 kHz and 2 f(3,2)
= 1624 kHz are close to 5 fd . We argue therefore that these
modes are excited sub-harmonically by the parametric reso-
nance mechanism.

In Fig. 3(b), the power decay of the resonances in the fre-
quency range from 300 kHz to 2.5 MHz are shown. To inter-
pret the data, one has to keep in mind that the measurement
is local, meaning that sudden jumps up or down of the am-

plitude of particular modes are not violating energy conser-
vation, but just indicate a rearrangement of the spatial distri-
bution of vibration power. At the spot investigated here, the
(1,1) mode shows a simple exponential energy decay. The
power of the (2,2) mode jumps down immediately after turn-
ing off the drive and then also decays exponentially, but slower
than the (1,1) mode. For the higher harmonics, the decay be-
havior is more complex, also involving spatial overtones of
the flexural modes [34, 35] and the sub-harmonic paramet-
ric resonance mechanism discussed above. The decay of the
(2,3)/(3,2) modes are exponential with rather small time con-
stant. In the decay of 6 fd , the 4th overtone of the (1,2) mode
abruptly jumps up at ∼ 30 ms, when the frequency of the
(2,2) mode has shifted such that the condition 4 f(1,2) = 3 f(2,2)
is fulfilled. This sudden power increase of 4 f(1,2) is repro-
ducible when measuring repeatedly at the same spot, but dif-
ferent mode combinations are detected when measuring at an-
other spot on the membrane. The common phenomenon is
a mutual energy transfer between several flexural modes and
their overtones whenever an internal resonance condition is
fulfilled during ring-down. This behavior is consistent with
what we observed by IWLI shown in Fig. 2(a) in the shaded
areas, where at particular driving frequencies internal reso-
nances are met. This observation of an overall redistribution
of the excited modes and overtones can be interpreted as an
indication for the non-equilibrium property of the persistent
response state obtained by the ultra-strong and off-resonant
drive.

Combining the findings covering the linear, the Duffing, the
spatial modulation, and the flexural mode coupling regime en-
ables to establish a tentative stability diagram of the complex
vibrational behavior of the persistent response of the mem-
brane resonator subject to strong excitation, as shown in Fig.
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FIG. 4. Stability diagram of the vibrational state of the membrane
resonator in the strong nonlinear response. Vibrational state phase
diagram as a function of detuning from the ground mode eigenfre-
quency, f , and excitation strength, Vexc. The solid lines are combin-
ing experimental data from MI (colored dots) and IWLI data shown
in Fig. S3 in the Supplemental Material, neglecting the occasional
even longer extensions of the persistent response state. The inset
shows an example of a coexistence of spatial modulation and flex-
ural mode coupling: Ring-down recorded for Vexc = 1.77 V at fd =
331 kHz showing a frequency splitting into f(2,2) and 2 f(1,1).

4(a). For small detuning, f , and small excitation, Vexc, the
membrane oscillates harmonically in its ground mode, in the
linear regime (not shown here). When increasing the excita-
tion strength, a gradual transition to the usual Duffing behav-
ior occurs (green shaded area). For even larger Vexc, the spa-
tial modulation regime sets in (blue shaded area labeled as S in
Fig. 4). Since the overtones can only be identified by MI mea-
surements, which are limited in Vexc, we were not able to de-
termine whether this spatial modulation state vanishes above
a certain drive strength. When increasing f , the spatial modu-
lation state transitions gradually to the flexural mode coupling
state. In the transition range (green shaded area labeled S+F),
spatial modulation of the ground mode and flexural modes are

observed simultaneously, as exemplified in the inset of Fig.
4. Here, a ring-down experiment is shown for the frequency
range around 2 f d. After turning off the drive, the mode splits
into two branches that shift to the 2 f(2,2) and f(2,2) eigenfre-
quencies, hence, one spatial overtone of the ground mode and
one higher flexural mode. As shown in Fig. S3 in the Sup-
plemental Material, we show the persistent response behavior
when further increasing Vexc to the experimental limit 10 V
measured by IWLI.

Summarizing, by combination of two complementary ex-
perimental approaches we revealed a novel coupling mech-
anism between several overtones of a membrane creating a
spatial modulation pattern as well as the appearance of sub-
harmonically excited higher flexural modes. The coupling
mechanism is mediated by ultra-strong driving. The vibra-
tional state of the membrane is hallmarked by the develop-
ment of a pronounced and flat plateau of the frequency which
persists over a large range of driving frequencies. This per-
sistent response state has, in the example shown here, an
extension of more than 50% of the driven frequency, but
even longer plateaus are shown in the Supplemental Mate-
rial. The plateau formation effectively protects the membrane
from bursting, since the local deflections are limited. Owing
to this property, ultra-strongly driven membranes lend them-
selves to be utilized as adaptive resonators without actively
tuning their eigenfrequency, e.g. for energy transfer to res-
onating systems with different degrees of freedom. So far, we
have investigated membranes with quality factors Q around
20,000. We argue that the observed phenomena might become
even more pronounced when increasing the Q factor by using
thinner membranes. We suggest a tentative stability diagram
for the rich vibrational behavior of the resonator. We expect
that our findings will help clarifying other unusual phenom-
ena appearing in strongly nonlinear systems, also beyond the
mechanical case.
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I. FABRICATION AND MEASUREMENT PRINCIPLES

A. Fabrication

FIG. S1. Sketch of the experimental setups showing the membrane chip carrying a free-standing SiN membrane, the piezo ring
and drive, the objective of the imaging white light interferometer (IWLI) and the laser beam of the Michelson interferometer
(MI).

The silicon nitride (SiN) membranes are fabricated from a 0.5 mm thick commercial (100) silicon wafer, both sides of
which are coated with ∼500 nm thick LPCVD SiN. The membrane is fabricated on the front layer, and the backside
layer serves as an etch mask. Laser ablation is used to open the etch mask with a typical size of 1 × 1 mm2. Using
anisotropic etching in aqueous potassium nitride (KOH), a hole is etched through the openings of the mask. After
about twenty hours the KOH solution reaches the topside layer and a membrane is formed, supported by a massive
silicon frame. The cross section of a free-standing SiN membrane supported by the silicon substrate is presented
in Fig. S2(a). In this work, a 478 nm thick and 413.5 × 393.5 µm2 lateral size membrane is employed. The chip
carrying the membrane is glued using 2-component adhesive with contact points (5 mm diameter) at each corner of
the substrate to a piezo ring with 20 mm diameter and 5 mm thickness [S1, S2].

B. Imaging white light interferometry (IWLI)

The sample is placed in a vacuum chamber connected to a pressure controller, see Fig. S2(b), to ensure full control
over the pressure of the surrounding atmosphere in a pressure range from p = 0.001 mbar to atmospheric pressure.
The measurements discussed in the present work have been performed at 2×10−2 mbar. The surface of the membrane
is observed by an imaging interferometer using different light sources, described in detail in Ref. [29]. The excitation
voltage is applied using a sinusoidal function generator the phase of which can be locked to the stroboscopic light of
the imaging white light interferometer. The observed interference pattern represents the surface profile of the sample
as exemplified in Fig. S2(c). The interference fringes can be used to quantitatively measure the vibrational amplitude.
Figure S2(d) shows a measurement example for the (2,2) mode. The vibrational deflection pattern can be measured
by stroboscopic illumination and by continuous illumination. The deflection pattern measured by stroboscopic light
contains vibrational phase information but is limited to the specific driving frequency with a locked phase. The
continuous light can be applied without any phase lock-in, and thus provides deflection amplitude patterns. In this

ar
X

iv
:2

00
3.

14
20

7v
1 

 [
co

nd
-m

at
.m

es
-h

al
l]

  3
0 

M
ar

 2
02

0



2

FIG. S2. SiN membrane sample and experimental setup of IWLI. (a) Cross section of a free-standing SiN membrane supported
by a 0.5 mm thick silicon substrate. (b) Sketch of the IWLI measurement setup showing the membrane chip, the piezo ring,
the vacuum chamber and the objective. (c) Camera view of a 298 × 296 µm2 membrane under the imaging interferometer
objective using continuous light. The measurement area is indicated by the green frame. Here the membrane is in the (1,2)
mode, as indicated by the blurring of the almost diagonal interference lines. (d) False color image of an amplitude profile of
the membrane recorded at an excitation frequency of 909 kHz, corresponding to the (2,2) mode.

work, we utilized continuous light for recording the mode deflection patterns, stroboscopic light was utilized to measure
the image shown in Fig. S2(d).

C. Michelson interferometry (MI)

A MI is utilized to measure the sweep-up and ring-down processes of the deflection at a certain point on the membrane
area. A HeNe laser (Λ = 633 nm) is focused on a spot (d ≈ 1 µm) on the free-standing membrane which is positioned
using an xyz piezo-positioning stage. The vibrations of the oscillating membrane modulate the reflected light, which
is interfered with a phase reference (stabilized with a control bandwidth of 48 kHz). The detected power of the
interference signal is proportional to the amplitude squared for deflections much smaller than the optical wavelength.
For strong excitation voltages, this limit is hard to obey. At most positions the deflection amplitude is then much
larger than a quarter of the laser wavelength used in the MI. To avoid ambiguities in the data interpretation we focus
the laser on a point close to one edge of the membrane, where the amplitude remains well within one fringe of the
MI signal. Frequency response spectra are measured using a fast lock-in amplifier with a bin width of 1 kHz. For the
frequency-resolved ring-down measurements, the oscillations are recorded with an oscilloscope with a sampling rate
of 5 MS/s. Then an FFT is performed on sets of 2000 sample points each. Integration around a particular oscillation
frequency yields the separated energy decay traces shown in Figs. 2 and 4 of the main text.

II. CHARACTERIZATION OF MECHANICAL PROPERTIES

By applying our customized VICL (Vibrometery In Continuous Light) [S3] and APSStro (Automated Phase-Shifting
and Surface Measurement in Stroboscopic Light) measurement methods [S4, S5] dispersion relations of the bending
waves of the membrane are measured using IWLI. From this data, Young’s modulus E and the residual stress σ are
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TABLE I. Experimental and theoretical values of different flexural modes. Measured eigenfrequencies of different flexural modes
(m,n) in kHz. The frequency values have been measured by MI (underlined) and IWLI. Calculated eigenfrequencies of different
flexural modes (m,n) in kHz.

Experimental Theoretical
Mode 1 (n) 2 3 4 5 1 2 3 4 5
1 (m) 321 500 712 927 1174 325 507 714 930 1149

2 517 646 818 1018 1233 520 649 821 1014 1218
3 747 837 983 1326 738 834 974 1141 1326
4 979 1052 963 1039 1154 1299 1463
5 1219 1351 1640 1192 1254 1351 1477 1623

determined by fitting. The resonance frequencies as well as the mechanical Q factors of different vibrational modes of
this SiN membrane are quantitatively determined. For the (1,1) mode we find f(1,1) = 323.5 kHz, Q(1,1) = 2×104, E
= 240.2 GPa, σ = 0.1261 GPa. Note that temperature drifts induce frequency shifts in the order of 500 Hz/K. The
temperature in the lab is stabilized with a precision of ± 1K. The IWLI and the MI are located in two different labs
with slightly different average temperature. Thus, the absolute values of the eigenfrequencies may vary about ± 2.5
kHz from set-up to set-up. The absolute values indicated correspond to the ones measured with MI. The full width at
half maximum (FWHM) of the (1,1) mode in the linear response regime is about 50 Hz. Table S1 gives an overview
over the expected eigenfrequencies of the membrane, measured by MI and IWLI, and calculated using the formula:
fm,n

∼=
√

(σxxm2/L2
w + σyyn2/L2

h)/(4ρ). Here the mass density ρ = 3.18 × 103 kg/m3, Lw = 413.5 µm and Lh =
393.5 µm are the edge lengths of the membrane, and m,n denote the integer mode indices representing the number
of antinodes. The observed temperature dependence of the eigenfrequencies is attributed to temperature-dependent
stress tensor components σxx and σyy along x and y axis, respectively. The values given in the table have been
calculated using the values σxx = 0.110 GPa and σyy = 0.108 GPa determined by our spatially resolved measurement
method described in Ref. [32]. Table S1 Experimental and theoretical values of different flexural modes. Measured
eigenfrequencies of different flexural modes (m,n) in kHz. The frequency values have been measured by MI (grey
shading) and IWLI (green shading). Calculated eigenfrequencies of different flexural modes (m,n) in kHz.
For example, we find f(1,1) = 321 kHz and f(2,2) = 646 kHz for the eigenfrequencies of (1,1) and (2,2) mode, respectively,
both with quality factors in the order of 20000. Note that f(2,2) is not exactly twice the (1,1) mode frequency because of
the non-zero bending rigidity and the slightly rectangular shape of the membrane. This feature will become important
in the nonlinear regime.

III. FLEXURAL MODE COUPLING BEHAVIOR

In the main text we present four typical resonance curves to reveal the spatial modulation and flexural mode coupling
behavior (regimes I and II, respectively). In Fig. S3, we present a complete 2D map to demonstrate the excitation-
dependent response near the (1,1) mode. Like in Fig. 1 of the main text, the data is obtained by IWLI integrating
over the whole membrane area. Figure S3 gives an overview of the behavior for 0.1 V ≤ V exc ≤ 9.5 V and in a
frequency range of 320 kHz to 480 kHz as a false-color plot. After an initial fast increase of the amplitude, we observe
a wide plateau that extends over a broad frequency range of up to 20% of f(1,1). At the end of the plateau, the
amplitude drops down abruptly by more than an order of magnitude. The dropping frequency shows a step-wise,
non-monotonic, but reproducible dependence on V exc, indicating the existence of at least two (metastable) vibrational
states of the membrane. For excitation voltages 5.2 V ≤ V exc ≤ 6.4 V, additional nonlinear resonances are excited
at around 410 kHz after the end of the persistent response plateau of the (1,1) mode. No other eigenfrequency beside
the fundamental (1,1) mode is comprised in the plateau range. The driving force 5.2 V ≤ V exc ≤ 6.4 V is not strong
enough to generate the persistent response plateau of the (1,1) mode between 400 kHz and 440 kHz, as seen by the
fluctuating amplitude in this range.



4

FIG. S3. Nonlinear response and amplitude saturation. False-color map of the nonlinear response of the membrane at
frequency fd under increasing sinusoidal drive V exc, measured by IWLI. The drive frequency is increased around the linear
eigenfrequency f(1,1). The color bar shows the absolute amplitude response averaged over the entire membrane. The colored
dashed lines mark the selected traces given in Fig. 1 in the main text.

IV. NONLINEAR RESPONSE IN THE FLEXURAL MODE COUPLING REGIME

A. Sub-harmonically driven nonlinear flexural modes

Mode assignment of Fig. 2 of the main text: Fig. 2(b), we observe the following developments: fd = 322.0 kHz→ f(1,1)
= 319.3 kHz, 2fd = 644.0 kHz→ f(2,2) = 643.3 kHz and 3fd = 966.0 kHz→ f(3,3) = 975.0 kHz. Fig. 2(d),We observe
the following developments: fd = 332.5 kHz → f(1,1) = 319.0 kHz, 3/2fd = 498.8 kHz → f(1,2) = 496.9 kHz, 6/2fd =
997.5 kHz→ 2f(1,2) = 993.8 kHz and 9/2fd = 1496.3 kHz→ 3f(1,2) = 1490.7 kHz. Higer frequency ranges are cut out.

We now drive nonlinear flexural modes sub-harmonically at a frequencies higher than f(1,1) to exclude the strong
contribution of the (1,1) mode. Two addition examples of (3,3) and (2,3) modes are showing here, as an supplement
of the examples (2,2) and (1,2) modes shown in the main text in Fig. 2.

The curves in Fig. S4(a) show the amplitude responses of the sub-harmonically driven nonlinearity of the (3,3)
mode under different excitations, the drive frequencies are around fd = 1

3f(3,3) = 331 kHz. Vexc is calibrated as:
4.62, 4.71, 4.76, 4.80, 4.85, 4.90, 4.94, 4.99, 5.17, 5.36, 5.54, 5.73 V, respectively. The “duffing-liked” curves fit the
self-nonlinearities of the flexural modes (m = n), high background amplitude around 100 nm corresponds to the
contribution of (1,1) mode. The curves in Fig. S4(b) show the amplitude responses of the sub-harmonically driven
nonlinearity of the (2,3) mode under different excitations, the drive frequencies are around fd = 2

5f(2,3) = 333.5 kHz.
Vexc is calibrated as: 5.86, 5.91, 5.95, 6.00, 6.05, 6.09V, respectively. The curves shows a sub-harmonically driven
parametric resonance of the higher flexural modes (m 6= n) character. We discuss the parametric resonance curves of
(1,1) mode in the following.

For a quick overview of the parametric resonance, we perform a simple parametric excitation of (1,1) mode and mea-
sure the amplitude response by using MI as shown in Fig. S5. The for- and back-ward frequency sweeps are recorded.
The amplitude response of 2nd and 3rd higher harmonics are plotted as well. The (1,1) mode is parametrically driven
around 2f(1,1), with excitation Vexc = 90 mV and Vexc = 200 mV, respectively. The corresponding typical parametric
resonance curves are plotted in (a) and (b). In this case, the standard parametric driving is performed: the excitation
frequency is around 2f(1,1) and the driving can be small. The curves in panel (b) is similar to the resonance curves we
measured by IWLI as shown in Fig. 3(d) in the main text for (1,2) mode and Fig. S4(b) for (2,3) mode. In the main
text, we discussed the sub-harmonic parametrically driven nonlinearity. The higher overtone of the driven nonlinear
mode acts as a parametric driving source, transferring part of its energy, as long as the frequency of the overtone
matches (close to) the twice the eigenfrequency of one specific flexural mode.
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(a)                                                                                                         (b)

(3,3) mode (2,3) mode

FIG. S4. Off-resonantly measured amplitude response of sub-harmonically driven nonlinear flexural mode. (a) Amplitude
response of sub-harmonically driven nonlinear (3,3) mode. Drives selected for each curves are: 4.62, 4.71, 4.76, 4.80, 4.85,
4.90, 4.94, 4.99, 5.17, 5.36, 5.54, 5.73 V, respectively. (b) Amplitude response of sub-harmonically driven nonlinear (2,3) mode.
Drives selected for each curves are 5.86, 5.91, 5.95, 6.00, 6.05, 6.09 V, respectively
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FIG. S5. Parametric resonance frequency sweep (for- and back-ward) by using MI. The amplitude response of the 2nd and 3rd

higher harmonics are plotted as well. (a) The (1,1) mode is driven around 2f(1,1), with excitation Vexc = 90 mV, the typical
parametric resonance curves are plotted in (a) as well as (b). In panel (b) with Vexc = 200 mV, two spikes can be found while
sweeping downward at a distance of around 4.7 kHz.

For example, the 5th overtone of the drive (5fd) can parametrically drive the (2,3) and (3,2) mode as shown in Fig.
S6. The fractional relation of sub-harmonic parametrically driven nonlinearity of different modes can be predicted
as: 2f(m,n) = (m+ n) · fd briefly. The corresponding fractional frequency relations are showing as follow:

For (1,2) mode:

• 1f(1,2) ≈ 3
2fd
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• 2f(1,2) ≈ 6
2fd

• 3f(1,2) ≈ 9
2fd

For (2,3) mode:

• f(2,3) ≈ 5
2fd

• 2f(2,3) ≈ 10
2 fd

For (m,n) mode:

• f(m,n) ≈ m+n
2 fd

For the ith overtone of (m,n) mode:

• if(m,n) ≈ i(m+n)
2 fd

f(2,3) = 814 kHz

f(3,2) = 833 kHz

5/2 fd

(dBm)

FIG. S6. Ring-down frequency spectrum of sub-harmonically driven (1,2) mode. The same measurement showing in Fig. 2(e)
in the main text. Vexc = 7.0 V and fd = 332.5 kHz, showing the frequency spectrum in the range of 5

2
fd.

B. Flexural mode coupling and ring-down measurement

We identified all the flexural modes and their overtones shown in Fig 3 in the main text. We observe the following
main developments: fd = 338.6 kHz → f(1,1) = 320.2 kHz, 2fd = 677.2 kHz → f(2,2) = 645 kHz, 3fd = 1015.8 kHz
→ f(3,3) = 977.5 kHz, 4fd = 1354.4 kHz → 2f(2,2) = 1292 kHz and 2f(1,1) + f(2,2) = 1287 kHz, 6fd = 2031.6 kHz →
(3f(2,2) = 1946 kHz and) 4f(1,2) = 1939 kHz, 7fd = 2370.2 kHz → 2f(3,4) = 2304 kHz (not plotted in (a)). The 5th

overtone splits up into the 2nd overtone of the (2,3) and the (3,2) modes (5fd = 1693 kHz → 2f(2,3) = 1636 kHz and
2f(3,2) = 1624 kHz).

Other traces are produced by frequency modulation between flexural modes and their overtones. We propose that
the frequency modulation/mixing can be predicted by fmix = if(1,1)±jf(2,2)±kf(3,3)± ...±zf(m,n), here i, j, k ... z...
are integer and we only consider the m = n modes for the frequency modulation/mixing due to the coupling possibility.
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FIG. S7. Mode identification of all curves measured in Fig. 3 in the text. The frequencies of the flexural (1,1), (2,2) and (3,3)
mode at t = 0.33s, they can be read from the ring-down spectra: f(1,1) = 322.5 kHz, f(2,2) = 648.2 kHz and f(3,3) = 981.3 kHz.
We only consider the m = n modes for the frequency modulation due to the coupling possibility. We locate all the calculated
modulated frequency on the ring-down spectrum by the white dots on figures and labeled as white mode names, for the flexural
modes been marked as black dots and labeled as yellow mode names. From (a) to (f) we labeled all the identification of flexural
modes and frequency modulated modes in different frequency responses from 1fd up to 6fd.

FIG. S8. Energy decay in the strongly driven persistent response regime of the (1,1) mode, selected frequency ranges from the
same measurement shown in Fig. 3 in the main text.frd in each frequency ranges are reading at the time t.
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FIG. S9. Frequency shift as a function of vibrational amplitude. The 2- stage quadratic dependence of each mode ring-down of
Fig. 3(a) in the main text (fitted with dashed line) are plotted. Two distinctive decay stages are fitted with different quadratic
functions shown as blue and red dashed lines.

In Fig. S8, we present the same data as shown in Fig. 3(b) of the main text. We zoom into the ring-down frequency
response around the f(1,1), f(2,2), and the 4f(1,2) modes. At t = 16 ms after switching off the drive, the 4f(1,2) mode
is generated abruptly at frd = 1965 kHz. As shown in Fig 3c in the main text, the f(3,3), 2f(2,3)/(3,2) and 2f(3,4)
modes are decaying fast and to the noise floor within the first 16 ms, while the (1,1) and the (2,2) mode decay more
slowly and shift their frequencies. At t = 16 ms the ring-down frequencies of the modes are 325.5 kHz and 655
kHz, respectively. We noticed that the frd of 4f(1,2) mode at t = 16 ms is exactly three times the actual frequency
of the (2,2) mode. Hence, because of the equality 4f(1,2) = 3f(2,2) at this particular moment, we argue that the

4th overtone of the (1,2) mode is generated by energy transfer from the (2,2) mode. No other integer factor rela-
tion between mode eigenfrequencies (up to mode (4,5)) or their overtones (up to 4th overtone) are fulfilled at that time.

For comparing this two-stage frequency change and the vibrational amplitude decay, the quadratic amplitude
dependencies of the frequency are presented in the Fig. S9. We analysis the frequency shift as a function of vibrational
amplitude. In some internal resonance 1:3 case, the amplitude dependency of the ring-down frequency is quadratic



9

[S6, S7].

[S1] F. Yang, F. Rochau, J. S. Huber, A. Brieussel, G. Rastelli, E. M. Weig, and E. Scheer, Spatial modulation of nonlinear
flexural vibrations of membrane resonators, Phys. Rev. Lett. 122, 154301 (2019).

[S2] F. Yang, R. Waitz, and E. Scheer, Quantitative determination of the mechanical properties of nanomembrane resonators
by vibrometry in continuous light, (2017), arXiv:1704.05328 [cond-mat.mes-hall].

[S3] L. D. Landau and E. M. Lifshitz, Course of theoretical physics (Elsevier, 2013).
[S4] X. Zhang, R. Waitz, F. Yang, C. Lutz, P. Angelova, A. Gölzhäuser, and E. Scheer, Vibrational modes of ultrathin carbon
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