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Abstract

As the informatics evolution of modern society presses forward, the need for smaller,

more powerful and faster computational processing to suit modern problems follows.

Concerns of security and cryptography, NP computational problems and accurate

simulation of quantum physics all demonstrate the inherent limitations of conventional

classical computation. One of the most basic of toy-model quantum objects, a single

two-level system known as a quantum-bit or a qubit, offers the building block of an

alternative computational system, a quantum computer. The quantum nature of a

qubit allows for moving beyond the current binary nature of information processing,

to preparing qubits in quantum superpositions between states and entangling two or

more qubits together, in oder to build powerful algorithms beyond what is achievable

with classical equivalents such as the Shor’s algorithm. Exploiting the rich field of

quantum physical phenomena, a fully function quantum computer promises a major

next step in informatics. However, many different objects such as photons, electrons,

atoms, superconducting circuits etc., can be made to act like qubits, each with their

strengths, such as scalability, how easy it is to transition from one or two-qubits

to a fully functional quantum computer, and drawbacks, such as coherence times,

the length of time for which the qubit acts like a reliable qubit, before it inevitably

couples to the environment and looses its usefulness. While the fields of some proposed

implementations of fully functional quantum computers are more mature than others,

there is no general consensus on what is the best qubit, leaving space for proposals of

alternative and novel methods of implementing a quantum processor.

Since the experimental isolation of a single layer of carbon atoms known as graphene

from a graphite crystal in 2004, the library of realised and proposed two-dimensional

(2D) materials has grown significantly. Generally, 2D materials are novel, mechani-

cally flexible materials isolated from bulk crystals of van der Waals (vdW) interacting

layers that confine carriers within a 2D plane. So far there are known 2D metals,

semimetals, semiconductors, wide band gap insulators and magnets, making what is
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fast becoming a comprehensive set of building blocks for novel low dimensional de-

vices. Isolating single sheets of these materials and stacking them by vdW interactions

with different materials or at specific angles has opened up 2D materials as a rich field

for nanoscopic device engineering and fundamental many-body physics research. One

family of 2D material are the transition metal dichalcogenide (TMDC) monolayers

(MLs). These are semiconducting materials that in bulk have an indirect band-gap

(BG), but when isolated down to the ML have a direct BG at two degenerate but in-

equivalent points in their Brillouin zone knows as the K and K ′ valleys. These valleys

may be treated as an isospin degree of freedom (DOF), and due to intrinsic spin-orbit

coupling (SOC) are coupled to the electric spin DOF, which can be optically indi-

vidually addressed. These intrinsic phenomena make for an intriguing platform for a

solid-state quantum computer. In conventional semiconductors, a quantum processor

is built by isolating small areas of the material that act as 0D artificial atoms known as

quantum dots (QDs), and coupling these together usually by proximity or some cavity

mediated process. TMDCs, with their reduced dimensionality, have exploitable opti-

cal properties and rich spin-valley physics making for a novel and potentially powerful

platform for such an architecture of a quantum computer.

In this thesis, theoretical proposals on how to implement a spin-qubit by gat-

ing and strain-engineering in TMDC MLs are made. Alongside this, a method of

manipulating such systems to prepare any arbitrary qubit state by electric dipole

spin resonance. Comparisons to conventional semiconductor methods of implement-

ing solid-state quantum processors as well to alternative means of exploiting TMDC

MLs for qubits. Additionally, robust intrinsic and induced aspects of the conduction

band structure about the K(K ′) valleys known as topologically non-trivial properties

are investigated, demonstrating novel phenomena such as the quantum spin Hall effect

in TMDC MLs when Bychkov-Rashba SOC is introduced to the ML. Lastly, qubit

architectures, experimental parameters and methods of exploiting the topological phe-

nomena are given as to realise 2D quantum processors.



Zusammenfassung

Mit fortschreitender Entwicklung der Informatik in der modernen Gesellschaft wächst

der Bedarf an kleinerer, leistungsfähigerer und schnellerer Datenverarbeitung, um

den wachsenden Anforderungen gerecht zu werden. Sicherheits- und Kryptographie-

probleme, NP Probleme und eine genaue Simulation der Quantenphysik belegen die

inhärenten Einschränkungen konventioneller klassischer Computer. Eines der grundle-

gendsten Spielzeugmodell-Quantenobjekte, ein einzelnes System mit zwei Niveaus, das

als quantenmechanische Binärzahl oder Qubit bezeichnet wird, bietet den Baustein

eines alternativen Rechensystems, eines Quantencomputers. Die Quantennatur eines

Qubits ermöglicht es, über die derzeitige binäre Natur der Informationsverarbeitung

hinauszugehen, hin zur Präparation des Qubits als Quantensuperposition der Zustände

und der Verschränkung von zwei oder mehr Qubits. Diese gehen über die Möglichkeiten

klassischer Berechnungen hinaus. Ein voll funktionsfähiger Quantencomputer, das

Feld quantenphysikalischer Phänomene ausnutzt, verspricht einen wichtigen nächsten

Schritt in der Informatik. Viele verschiedene Objekte wie Photonen, Elektronen,

Atome, supraleitende Schaltkreise usw. lassen sich als Qubits nutzen. Dabei be-

sitzt jedes seine eigenen Stärken, wie z.B. die Skalierbarkeit, die die Einfachheit des

Übergangs von einem oder zwei Qubits zu einem vollständig funktionalen Quanten-

computer beschreibt, aber auch Schwächen, wie kurze Kohärenzzeiten, die Zeitdauer,

für die das Qubit als zuverlässiges Qubit arbeitet, bevor es unweigerlich an die Umge-

bung koppelt und seine Nützlichkeit verliert. Während einige etablierte Ansätze zur

Implementierung von voll funktionsfähigen Quantencomputern ausgereifter sind als

andere, besteht kein allgemeiner Konsens darüber, welches Qubit das Beste ist, und

es bleibt Raum für Vorschläge von alternativen und neuartigen Methoden zur Imple-

mentierung eines Quantenprozessors.

Seit der experimentellen Isolierung einer einzelnen Schicht von Kohlenstoffatomen,

sogenannten Graphens, aus einem Graphitkristall im Jahr 2004 ist die Bibliothek der

realisierten und vorgeschlagenen zweidimensionalen Materialien (2D) deutlich gewach-
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sen. 2D-Materialien sind neuartige, mechanisch flexible Materialien, die Ladungsträger

in einer 2D-Ebene einschließen und im Allgemeinen aus Volumenkristallen, beste-

hend aus durch van der Waals (vdW) Kräfte wechselwirkenden Schichten, isoliert

werden. Bislang sind 2D-Metalle, Halbmetalle, Halbleiter, Breitbandisolatoren sowie

Magneten bekannt, die sich schnell zu einem umfassenden Satz von Bausteinen für

neuartige niederdimensionale Geräte entwickeln. Das Isolieren einzelner Schichten

dieser Materialien und das Stapeln von Schichten verschiedener Materialien unter

bestimmten Winkeln durch vdW Wechselwirkungen macht 2D-Materialien zu einem

reichhaltigen Feld für die nanoskopische Gerätetechnik und die Grundlagenforschung

in der Vielkörperphysik. Eine Familie von 2D-Materialien sind die Übergangsmetall-

Dichalkogenid (TMDC) Monoschichten (MLs). Dabei handelt es sich um Halbleiter-

materialien, die eine indirekte Bandlücke (BG) aufweisen. Wenn sie jedoch bis auf eine

ML isoliert sind, weisen sie eine direkte BG an zwei entarteten, aber nicht äquivalenten

Punkten in ihrer Brillouin-Zone auf, die als K(K ′) Valley bekannt sind. Diese Valleys

können als Isospin Freiheitsgrad (DOF) behandelt werden und aufgrund der intrin-

sischen Spin-Orbit Kopplung (SOC) mit dem elektrischen Spin-DOF gekoppelt wer-

den, der optisch individuell adressiert werden kann. Diese intrinsischen Phänomene

bilden eine faszinierende Plattform für einen Festkörper-Quantencomputer. Um in

herkömmlichen Halbleitern einen Quantenprozessor zu konstruieren, werden kleine

Bereiche des Materials isoliert, damit sie als künstliche 0D-Atome fungieren, so-

genannte Quantenpunkte. Diese werden üblicherweise durch räumliche Nähe oder

einen Mikrowellenresonator gekoppelt. TMDCs haben aufgrund ihrer reduzierten Di-

mensionalität einzigartige optische Eigenschaften, die zusammen mit der Spin-Valley-

Physik dafür sorgen, dass eine solche Architektur eine neuartige und potenziell leis-

tungsfähige Plattform für einen Quantencomputer darstellt.

Diese Arbeit liefert Vorschläge zur Implementierung eines Spin-Qubits in TMDC

ML durch elektrische Gatter und kontrollierte mechanische Belastung. Als Möglichkeit

zur Manipulation des Quantenzustands wird elektrische Dipol-Spinresonanz disku-

tiert. Vergleiche mit herkömmlichen Halbleiterverfahren zur Implementierung von

Festkörperqubits sowie mit alternativen Methoden zur Nutzung von MLs für Qubits

werden gezogen. Zusätzlich werden intrinsische und induzierte Aspekte der Leitungs-

bandstruktur in der nahen Umgebung der K(K ′) Valleys mit bekanntermaßen nicht-

trivialen topologischen Eigenschaften untersucht. Diese äußern sich durch Phänomene

in MLs, hervorgerufen durch Bychkov-Rashba SOC. Abschließend werden Qubit-

Architekturen, experimentelle Parameter und Methoden zur Ausnutzung topologis-

cher Phänomene, zur Realisierung eines 2D-Quantenprozessors vorgeschlagen.
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Chapter 1

Introduction

“There is a theory which states that if ever anyone discovers exactly

what the Universe is for and why it is here, it will instantly disappear and

be replaced by something even more bizarre and inexplicable. There is

another theory which states that this has already happened.” - Douglas

Adams

Modern life is powered by information. With every year, new generations of semi-

conductor technologies are employed to match the increasing demand for compu-

tational power whilst ongoing developments on, for example, machine learning and

artificial intelligence open up new, exciting and further demanding problems to solve.

The effectiveness of a computers central processing unit (CPU) is measured in a num-

ber of different metrics, most notably by its transistor density. Current generation

commercial CPUs will contain on the order of 1010 transistors, each around 10 nm

long [1, 2]. Since 1965, the evolution of CPU transistor technology has followed what

is known as Moore’s Law, which states that the number of transistors in an integrated

circuit doubles every year [3]. If the development of CPUs continues along its current

path, eventually a limit will be reached where the physics of classical electrodynam-

ics would not describe the system, and instead the physics of quantum mechanics is

needed.

Quantum mechanics, in its simplest form, is the language used to describe particles

and atoms on small energy scales, where the fundamental properties of said particle,

such as its energy or position, may no longer take on any arbitrary value, but only

specific values or states. This is known as quantisation. Consequences of quantum

mechanics include classically counterintuitive behaviours, such as quantum superpo-

sitions, when a particle may partly exist in more than one state “simultaneously”
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2 CHAPTER 1. INTRODUCTION

until measured, and entanglement, when the states of two or more particles may be

linked over any arbitrary distance such that changing the state of one of the particles

effects the states of the others instantaneously [4, 5]. Computing using the language

of quantum mechanics fundamentally changes how information would be processed

and what problems can be solved.

1.1 Solid State Quantum information processing

In a classical computer, i.e. a computer operating with classical physics as opposed to

quantum mechanics, information is stored and processed in binary bits. Bits can be

prepared into one of two classical states, 0 or 1, and two bits can be fed into a gate,

that will return one bit of information depending on the input bits. For example, one

common classical gate is an AND gate, as depicted in Fig. 1.1, which takes two classical

input bits x1 and x2, and returns one classical output x3 depending on its input bits.

Effectively, two bits of information are destroyed to create one bit of information in

an irreversible manner. More complicated processes or algorithms may be built using

these simple building blocks, however the efficiency with which a classical computer

can process these algorithms depends on the question which the algorithm is looking

to solve. An efficient algorithm can be assumed to be one that is polynomial in time

relative to the complexity of the input question, whilst an inefficient algorithm are

generally superpolynomial, i.e. exponential, in time [6].

(a)

x3

x2

x1

(b)

x1 x2 x3

0 0 0

0 1 0

1 0 0

1 1 1

Figure 1.1: (a) Pictorial depiction of a classical AND gate, with input bits x1 and
x2 and output bit x3 (b) Table giving all possible combinations of inputs and the
corresponding outputs for a classical AND gate.

In a quantum computer, however, information is stored and processed with quan-

tum bits or qubits. A qubit is one of the simplest quantum objects, consisting of only

two states in its Hilbert space, |0〉 and |1〉 [6–8]. The Hilbert space of quantum object

is the vector space of all the possible states the object can occupy [4, 5]. Due to the

quantum nature of a qubit, it may exist in more than just a binary, like the classical
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bit, but as a quantum superposition |ψ〉 of the two states such that

|ψ〉 = α |0〉+ β |1〉 , (1.1)

where {α, β} ∈ C and |α|2 + |β|2 = 1. The latter condition is the normalisation

condition and must be satisfied for the qubit to be useful, as it ensures that if the

qubit is measured, collapsing the superposition of the qubit back to a classical bit,

a measurement of |0〉 with probability |α|2 or |1〉 with probability |β|2 will be made.

Applying Eulers theorem to Eq. 1.1, an alterate expression in a spherical coordinate

form

|ψ〉 = eiγ
[
cos

(
φ

2

)
|0〉+ eiθ sin

(
φ

2

)
|1〉
]
. (1.2)

|ψ〉

ŷ

|0〉

|1〉

ẑ

x̂

θ

φ

Figure 1.2: Bloch sphere of a qubit in the state |ψ〉 = cos
(
φ
2

)
|0〉+ eiθ sin

(
φ
2

)
|1〉.

However, the exponential eiγ , known as the global phase, has no measurable effect on

the qubit, and so can be set to 1. A qubit state may be represented pictorially as a

point on a Bloch sphere [9], Fig. 1.2, where the north pole of the sphere is the state

|0〉 and the south pole is |1〉, and the azimuthal angle φ and polar angle θ of the bloch

sphere match the spherical coordinates of the qubit state in Eq. 1.2. Additionally,

an alternative mathematical representation for a qubit state, as is suggested by the
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X X =

(
0 1
1 0

)
Y Y =

(
0 −i
i 0

)

Z Z =

(
1 0
0 −1

)
H H =

1√
2

(
1 1
1 −1

)

S S =

(
1 0
0 i

)
T T =

(
1 0

0 eiπ/4

)

•
CNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0



Figure 1.3: Pictorial and matrix representation of the X, Y , Z, Hadamard H, S and
T single-qubit gates, and the two-qubit CNOT gate.

Bloch sphere representation, is a vector

|ψ〉 =

 cos
[
φ
2

]
eiθ sin

[
φ
2

] , (1.3)

where

|0〉 =

(
1

0

)
and |1〉 =

(
0

1

)
, (1.4)

which is particularly useful when describing processes or gates on qubits.

Single qubit gates can be understood as simply rotations about all axis of the

Bloch sphere [6, 8]. Writing a qubit state as a vector, with the poles along the z-axis

representing the binary basis, combinations of the Pauli matrices and phases are used

to encode any arbitrary rotation. Mathematically, this is done by post multiplying

the vector by the gate matrix U , such that U |ψ〉 = |ψ̂〉, where |ψ̂〉 is the qubit state
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after the gate is applied. The Pauli matrices are a set of three unitary matrices, one

for each cartesian axis, that act as a π rotation about their corresponding axis, i.e. the

Pauli X matrix, as in Fig. 1.3, acts as a π rotation about the x-axis and so on [4–6].

A unitary matrix is a square matrix that satisfies the condition that the product of

the matrix with its Hermitian conjugate gives the identity matrix. This condition

essentially ensures that the normalisation condition of the qubit is not violated by the

application of the gates, and that they are reversible, i.e. applying a gate followed by

the inverse of that gate returns your qubit to its initial state. Only applying gates

that generate Pauli-matrix like rotations to a qubit states does not yet allow for full

arbitrary control over the single-qubit state. Phase gates, such as the S and T gates

shown in Fig. 1.3, are also needed for full control. As can be deduced from their form,

these are gates that effect only the θ phase of the qubit state as it is described in

Eq. 1.3, applying a transformation such that in the case of an S gate θ → θ + π and

in the case of a T gate θ → θ + π/4. A single-qubit state may be fully controlled by

these gates and their various combinations, such as for example, the commonly used

Hadamard gate, H = (X+Z)/
√

2, which transforms a qubit encoded in the {|0〉 , |1〉}
basis that we have considere thus far, to an alternative basis {|+〉 , |−〉} along the

equator of the bloch sphere where |+〉 = (|0〉+ |1〉)/
√

2 and |−〉 = (|0〉 − |1〉)/
√

2 [6].

Single qubit gates are not enough to perform any meaningful computations [6]. The

next step is to define some qubit gates that act on two or more qubits. Mathematically,

when dealing with N > 1 number of qubits, the tensor product of the Hilbert spaces

of each of the constituent qubits gives the basis for our multi-qubit gates, i.e.

|ΨN 〉 = |ψ1〉 ⊗ |ψ2〉 ⊗ . . .⊗ |ψN 〉 . (1.5)

For example, 2 qubits {|ψ1〉 , |ψ2〉} may be represented as a vector of length 4 |Ψ2〉 =

α1α2 |00〉 + α1β2 |01〉 + β1α2 |10〉 + β1β2 |11〉. Accordingly, a gate that acts on both

of these qubits is represented by a 4 × 4 matrix, such as the CNOT gate shown in

Fig. 1.3. The CNOT gate switches the factors of the |10〉 and |11〉 terms of |Ψ2〉, such

that |Ψ2〉 is transformed to |Ψ̃2〉 = α1α2 |00〉+α1β2 |01〉+β1β2 |10〉+β1α2 |11〉. Up to

now, other than moving from a deterministic classical computation to a probabilistic

one, none of the tools of a quantum computer given so far take full advantage of what

such a machine can do. The CNOT gate allows for the entanglement phenomenon

to be exploited. An entangled state of a multi-qubit system, is one that cannot be

represented as a product of each of the constituent qubits of the system, as in Eq. 1.5.

An example of this for a two-qubit system are the Bell states |βxy〉, as given in Fig. 1.4.
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|x〉 H •
|βxy〉 = |0,y〉+(−1)x|1,y+1 mod 1〉√

2

|y〉

Figure 1.4: Quantum circuit to generate an entangled Bell state |βxy〉 from two qubits
|x〉 and |y〉, each of which are initially in a state |0〉 or |1〉.

These states, such as for example |β00〉 = (|00〉+ |11〉)/
√

2, prepared from two qubits

not in superposition states with a Hadamard and CNOT gate cannot be expressed

as the product of two separate normalised qubits. Counterintuitively, a consequence

of generating such an entangled state on a two-qubit system is if the qubits are then

spatially separated by some arbitrary distance and one is measured, say the first qubit,

to be in the |0〉, then obviously, from the form of |β00〉, the second qubit must be in

state |0〉 with 100% probability. If, however, the second qubit were to be measured

first then it could be measured as |1〉 with equal probability as state |0〉. Effectively

the superposition state of the second qubit has been remotely collapsed, due its entan-

gling with the first qubit. When this effect was first discovered, it was assumed to be

paradoxical, and was referred to as the Einstein–Podolsky–Rosen paradox [10], as the

collapsing of a state over some arbitrary distance appeared to transmit information

across the universe instantaneously, violating the basic postulates of general relativ-

ity. Although intuitively paradoxical, entanglement of two qubits is indeed possible,

and not a misinterpretation of some classical effect, as the statistical product of the

measurements taken of the two qubits exceeds the Bell inequalities that limit classical

systems [11]. Entangling qubits is what allows a quantum computer to be more than

just a probabilistic classical computer.

Knowing what a single and multi-qubit gate is, combinations of these gates may be

used to design quantum algorithms. To allow for a quantum computer to perform any

arbitrary algorithm, an accommodating gate set or universal set of quantum gates is

needed. A universal set is comprised of an entangling two-qubit gate along with a set

of gates to allow for arbitrary single-qubit rotations [6–8]. For example, a Hadamard,

CNOT and phase gate, a gate similar to the T gate but with variable phase would

constitute a universal set.

To understand the potential of quantum computers, the limit of classical computers

needs to be considered. To understand this, consider a complexity class, a set of

problems that require similar computations resources (time, hardware, etc.) to solve.
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Two such important classes are the P, problems that can be solved quickly on a

classical computer, and NP, problems whose solutions can be quickly verified on a

classical computer, classes. A typical example of a problem that is NP is checking

if a number is a prime number of not, by dividing it by every number under it other

than 1 and finding no integers, but there is no quick way of finding prime numbers,

it can only be achieved by assuming a infinitely long list of candidates and checking

each one by division. Therefore the problem of primes numbers is NP but not P, as

the amount of time needed to check each number in the list grows superpolynomially.

It is known however that with a quantum computer, some problems in the class NP

can be solved. For example, the factorising of large numbers to algorithmically search

for prime numbers in polynomial time, with the Shor’s algorithm. Therefore quantum

computers should be able to solve problems classical computers cannot. This is known

as quantum supremacy. However, while there are known NP problems that can be

solved with a quantum computer, it is yet to be shown that a NP-complete type

problem can be solved with a quantum computer, a problem which is at least as hard

as any other NP problem, which would demonstrate that all NP problems could be

solved with a quantum computer [6].

Knowing what is needed to build a quantum computer, a suitable platform for

one may be selected, one in which a qubit can exist and be controlled. Many known

systems can host qubits under the correct conditions. These include cold atoms [12–

16], semiconductor dopants [17–19], superconducting circuits [20–25], nitrogen vacancy

centers in diamonds [26–28], linear [29–32] and non-linear optics [32–34], etc.. Most

quantum systems in nature contain more than just the two states required for a qubit,

and so some energetic isolation of a qubit basis away from the other possible states the

object can occupy is required. One simple system however that does exist in only two

possible states is the spin degree of freedom (DOF) of an electron. Spin is a quantum

property of the intrinsic angular momentum of a particle [4, 5, 35]. An electron has

spin 1/2, meaning that the spin can be measured to have one of two values, ±1/2,

commonly referred to as spin up and spin down. One method of isolating an electron

such that its spin may be used as a qubit, is by semiconductor quantum dots (QDs).

QDs are small regions of semiconductors with length scales such that they may be

considered 0-dimensional objects that act like artificial atoms [36, 37]. This can be

achieved by either isolating regions of crystal, such as by self assembled epitaxially

growth [38–40] isolating regions of charge by electrostatic gating on a two-dimensional

electron gas (2DEG) at the interface between two semiconductor crystals [41–43],

or a combination of the two [44–46]. Implementing qubits with electron spins in
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semiconductor devices such as QDs is often referred to as a solid state quantum

processor with spin qubits.

Spin qubits with QDs were first conceived by Loss and DiVicenzo [41], along with

a proposal of a universal gate set. In this seminal work, the spin of an electron in

a QD provides the qubit basis and coupling by proximity between identical qubits

is controlled by an electrostatic tunneling barrier. The electric controllability and

architecture for coupling many qubits together, known as scalability, provided an

approach of building quantum computers with the high quality materials with which

classical computers are built, semiconductors [47–49]. Since this proposal, many other

spin based qubit architectures have been proposed and demonstrated, such as 2 or

more electron spin qubits employing single-triplet or exchange-only qubit spaces [42,

50–52]. Additionally, long range qubit-qubit interactions are possible by spin-photon

coupling in a confined cavity [53–56]. All existing methods of implementing spin-based

quantum computation offer their own solution to the problem of qubit implementation

and control, and all have been designed around the standard defintion of what makes

for a good qubit platform, the DiVicenzo criteria [57].

There are five DiVicenzo criteria, which need to be satisfied to achieve a good

quantum computer. These are as follows:

• A scalable physical system with well characterised qubits: As previously

discussed, to build a quantum computer a physical quantum two-level system

that can be replicated arbitrarily many times is needed. Scalability is a non-

trivial fabrication problem to consider, replicating near identical qubits whose

control schemes are simple enough that scaling up the number of qubits is not

limited by the architecture itself. For example, semiconductor spin qubits should

be scalable due to the reliability of silicon (Si) device fabrication and considered

gate architecture [49, 58].

• The ability to initialise the state of the qubits to a simple fiducial

state: Most quantum algorithms need to start with known states, which can be

manipulated to give a desired output. Being able to deterministically initialise a

desired state into a qubit is therefore the first step needed when using a quantum

computer. This criteria is inherently linked to the gate and readout criteria. In

a QD spin qubit, this can be achieved by charging a QD with and electron and

measuring its state. This is done by coupling the qubit to a quantum point

contact (QPC), a barrier that allows only quantised charge to pass through.

By the Pauli blockade effect, the inability of two electrons to occupy the same
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state, depending on the spin of the electron in the qubit, the current through

the coupled QPC is varied, confirming the initial state of the qubit. The desired

initial state may then be prepared by applying the appropriate gates [37, 59–62].

• Long relevant decoherence times, much longer than the gate opera-

tion time: Most quantum objects are inherently fragile, as the energy scale of

the quantised object needs to be larger than that of any classical noise that may

influence it, such as temperature or electric fluctuations. Additionally, inadver-

tent coupling of the qubit to other objects in the processor, such as an electron

of a spin qubit coupling to a nuclear spin of the surrounding semiconductor lat-

tice, can allow the qubit to decohere, to loose its expected state. All quantum

objects decohere in time, and even with error correction protocols there is an

expected finite number of operations a qubit can perform with confidence that

is it doing so correctly. As such, the time with which a gate is performed on

the qubit needs to be significantly shorter than its decoherence time, to allow

for useful computations. Recent experiments in Si based spin qubits have gate

speeds of ∼ 100 ns and decoherence times of ∼ 1 ms [46, 50, 63].

• A universal set of quantum gates: A good quantum computer should be

able to perform any quantum algorithm, and therefore any unitary one or two

qubit rotation needs to be possible when building a quantum computer. In a QD

spin qubit, coupling of the spin to electric and magnetic fields allows for arbitrary

single-qubit rotations with microwave pulses, whilst qubit-qubit interactions can

be controlled by variable tunneling barriers and long range cavity mediated spin-

spin coupling [55, 56, 64–66].

• A qubit-specific measurement capability: Most quantum algorithms end

with qubits being measured, the result of which constituting the solution to the

problem. Measuring and initialising a qubit is often a similar process. When a

qubit is measured, any superposition state gets collapsed into the classical binary,

as superpositions can only be directly measured by probabilistic distribution of

classical results. Similarly the initialisation of a qubit is in the binary basis,

before it is then operated on by some select algorithm. In spin qubits, the

spin state of the qubit can be measured again by QPC coupling [37, 59–62] or

dispersive cavity readout [67–69].

Semiconducting QD spin qubits are a known good host for quantum processors.

This maturing field of research has demonstrated promising results with conventional
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semiconductors such as Si and gallium arsenide (GaAs). New generations of semi-

conductors are being developed and improved, including novel two-dimensional (2D)

semiconducting crystals. Implementing good qubits in these new materials is of par-

ticular interest, offering alternative material properties, engineering techniques and

unique interactions with external influences like light. In this thesis, the use of QDs in

2D semiconductors transition metal dichalcogenide (TMDC) monolayers (MLs) will be

considered as a novel and promising platform for a 2D spin qubit quantum processor

1.2 Organization of the thesis

In Ch. 2 the TMDCs and TMDC MLs will be introduced, including introductions

to the basic material physics of the crystals, their symmetries, band structures, and

other phenomena of interest. The k ·p model used to derive the effective Hamiltonians

used throughout this thesis will be described as well as the results and theoretical

reasoning behind two experiments with TMDC MLs, magnetoresistance of MoS2 MLs

and the magneto-optics of trions in WSe2 MLs.

In Ch. 3 TMDC ML QDs, assumed from electrostatic gating, are described from an

effective Hamiltonian and parameter regimes for the dot radius and external magnetic

fields for induced electron spin degeneracy within a single valley demonstrated. Such

a regime is considered throughout this thesis as a possible implementation of a pure

spin qubit in a 2D material.

In Ch. 4 an electric dipole spin resonance mechanism on a pure spin qubit in a

TMDC ML QD. By coupling the qubit to an in plane magnetic and AC-electric field,

arbitrary single-qubit rotations can be achieved. TMDC spin qubits are demonstrated

to have gate speeds that exceed that of conventional semiconductor spin qubits.

In Ch. 5 the low dimensional nature and high mechanical flexibility of TMDC

MLs are considered, and an analytical continuum mechanical method of describing the

strain and band-gap renormalisation of 2D crystals is derived. This demonstrates the

possibility of strain engineered QDs, and expression of states from the Fock-Darwin

basis and the probability of state leakage from Wentzel–Kramers–Brillouin (WKB)

theory derived. The theory is then applied to a lower symmetry system of TMDC

MLs and bilayers (BLs) over dimer nano-antennas, demonstrating a strong agreement

between what is predicted in the continuum mechanical model and experiments on

these systems.

In Ch. 6 an alternative properties of TMDC MLs are considered, by considering

the effect of Bychkov-Rashba (BR) spin-orbit coupling (SOC) on the conduction band
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(CB) structure of MoX2 MLs. The coupling of the spin resolved bands of the CB by

the BR SOC has, is shown to effect the Berry curvature of the CB such that non-trivial

Chern numbers consistent with a quantum spin Hall insulator are derived.

Finally in Ch. 7 a summary of all results discussed in this thesis is given, along

with steps for further research.
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Chapter 2

2-Dimensional Semiconductors

Historically, 1- and 2D lattices of atoms were the foundational toy models of solid state

physics. They were used to predict or rationalise behaviours in solid states systems

from the simply to observe such as Heisenberg [70–72] or tight binding (TB) mod-

els [73–76], to more exotic predictions such as the Kitaev [77, 78] and Haldane [79]

models. It was not until 2004 that 2D materials made the transition from model

to lab [80], as although previously conceded to be a useful theory tool, it was as-

sumed that such materials would not be thermodynamically stable [81]. However, by

a simple mechanical exfoliation process [80, 82], it was shown that a single layer of

carbon atoms in an hexagonal lattice known as graphene could be isolated from bulk

stacks of these sheets weakly bonded via van der Waals (vdW) interactions known as

graphite crystals, see Fig. 2.1. This material not only came with its own novel phys-

ical phenomena distinctly different from the bulk from which it was isolated, being

a transparent semimetal with massless Dirac electrons [80, 82, 83, 83–85], but it also

heralded the search for similar low dimensional crystals of varying properties. Since

the isolation of graphene, the library of 2D materials now includes magnetic materials

like chromium tri-iodide (CrI3) [86] and wide band gap (BG) insulators like hexagonal

boron nitride (hBN) [87, 88]. This advent of nanoscopically thin . 1 nm materials has

opened up the possibilities of nanoscopic engineering beyond what can be achieved by

conventional techniques. For example a micro computer processor consisting of 115

transistors of 0.7 nm thick semiconductors has been demonstrated [89], an order of

magnitude thinner than conventional devices.

These materials are not, however, simply novel analogues of bulk materials, they of-

fer phenomena and engineering possibilities unique to low dimensional crystals. Stack-

ing [90], twisting [91] and straining [92] 2D crystal layers alongside exploitable optical

13
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(a) (b)

Figure 2.1: (a) Crystal lattice of a graphite crystal consisting of sheets of weakly vdW
bonded hexagonal carbon lattices covalently bonded in plane (b) Crystal lattice of a
graphene sheet, a single sheet of a graphite crystal.

properties and spin physics [93–98] have demonstrated 2D materials to be a highly

coveted medium for classical and quantum device applications. Stacking 2D crystals

is the most straight forward of the possible uses of 2D materials and is mostly used

to either build 2D material versions of typical electronic devices or to alter the prop-

erties of the two or more layers by proximity [90, 99]. Due to their low dimensional

nature, stacking two layers into a heterostructure should in practice allow for signif-

icant overlap of the orbitals from the two or more layers. This often translates to

often a significant difference in the physical behaviour of a single monolayer (ML)

of a crystal to a bilayer (BL), when stacked with the same ML, or hetero-BL, when

stacked with a different ML [100–102]. A common example, is hBN encapsulation,

the process of taking a 2D crystal, and sandwiching it between two layers of hBN, See

Fig. 2.2 (a). Not only does doing so preserve the middle material against degradation

if it is a volatile material, the hBN will effect any optical properties of the material by

dielectric screening, often translating into improved responsiveness of the material’s

photoluminescence (PL) spectra [103–105]. Simply stacking 2D crystals such does not

complete the picture of what can be achieved with stacked heterostructures. Adding

some angle between the in plane crystals axes of two stacked MLs has recently been

demonstrated as a platform for long range interactions [91, 106–109]. The twist angle

allows for the existence of a long range composite crystal lattice known as a Moiré

lattice [110, 110] consisting of both the layers of the heterostructure, See Fig. 2.2 (b).
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(a) (b)

Figure 2.2: (a) Cartoon of TMDC ML (red and blue) encapsulation be vdW stacking
with hBN (purple and yellow) (b) cartoon of a TMDC ML with some arbitry hexagonal
ML (green) as a twister hetero BL, twisted by some angle θ, demonstrating a Moiré
lattice of lattice constant aM .

By varying the twist angle, such that the physics of the system can be tuned from

those of the simple BL to more exotic phases such as superconductivity at so called

magic angles in BL graphene [91]. Lastly, 2D crystals have significant mechanical

flexibility, allowing for stresses and strains that would not be withstood in some bulk

crystals, particularly ones used for device purposes [92, 111–114]. Such strains effec-

tively modulate the bond length of the material, again tuning selected properties of

the crystal [76, 115, 116]. With lower dimensionality and higher mechanical flexibility,

2D materials may host devices such as QDs, antennas and nanowires, engineered by

strain [111, 112, 117–119]. This concept will be further elaborated on in Ch. 5. In this

chapter, Sec. 2.3.1 is based on results published in [120, R. Pisoni, M.Brooks et al.,

Phys. Rev. Lett. 121, 247701] and Sec. 2.3.2 is based on results published in [121,

T.P. Lyons, M. Brooks et al., Nat. Comms. 10, 2330].

The novel low dimensionality, tuneable and unique physical properties as well

as varied engineering possibilities means that 2D crystals are a desirable platform

for device applications. In this thesis, the question of how a spin based solid state

quantum processor could be built with 2D materials will be addressed. As such, a

2D semiconductor is needed, suitable to host 2D spin qubits. One such family of 2D

semiconductors are the transition metal dichalcogenide (TMDC) MLs.
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2.1 Transition Metal Dichalcogenide Monolayers

TMDC MLs are a family of vdW stacked semiconductors of chemical composition

MX2, where M is a transition metal, primarily molybdenum (Mo) or tungsten (W),

and X is a chalcogen, primarily sulfur (S) or selenium (Se) [93, 94, 122–126]. A TMDC

sheet, as seen in Fig. 2.3, consists of a transition metal atom sandwiched between two

sheets of chalcogens, in a ∼ 0.7 nm thick layer with broken inversion symmetry [125–

127]. In the x − y plane of the covalently bonded atoms, see Fig. 2.3 (a), TMDCs

have a graphene-like hexagonal lattice [95, 128]. TMDCs have a naturally low nuclear

spin prevalence of ∼ 6 − 10% [129], before any isotropic purification. There are a

number of possible crystal phases of TMDCs varying both in the layer, such as 1T

whose highly non-symmetric unit cell greatly varies the electronic structure compared

to other phases [130, 131], and the stacking polytype, such as 3R where inversion

symmetry is regained depending on the number of layers [132]. However, 1T is not

stable and the 3R only effects BL physics, so the most common crystal phase 2H,

shall be the focus going forward.

TMDCs are stable, unlike low dimensional black phosphorus [133], inorganic, un-

like perovskites [134], and already an established industrial material in bulk and power.

(a) (b)

Figure 2.3: (a) Crystal structure of a TMDC ML in the 2H crystal phase where blue
atoms are transition metal atoms and red atoms are chalcogen atoms (b) Unit cell of
a TMDC ML in 2H crystal.
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Like graphene, MLs can be mechanically exfoliated from bulk crystals [93], as well as

grown from first principals using chemical methods such as chemical vapor deposition

(CVD) [135]. Also like in graphene, few layer and ML TMDCs offer their own set

of physical phenomena when compared to bulk, and in particular, when transitioning

between BL to ML TMDCs a desirable semiconductor emerges.

2.1.1 Few Layer to Monolayer Transition

Bulk TMDCs are indirect BG semiconductors, whilst ML TMDCs are direct BG

semiconductors [93, 94, 136, 137]. To understand the difference it is useful to review

what a semiconductor is. A semiconductor, unlike a metal, has a distinct gap between

the bands of states that an electron can occupy where it is free to move through the

material as electrical current, know as the conduction band (CB), ans states in which

it cannot, known as the valence band (VB) [138–140]. This BG is not however as large

as one found in an insulator, and can be easily overcome by either optical excitation,

by absorbing a discrete quanta of light known as a photon, thermal excitation, or a

sufficiently large voltage.

An indirect BG is one that requires a two step process when optically exciting

an electron from the VB to the CB, as the lowest point in the CB and highest point

in the VB, known as the band edges, are not aligned in momentum. This is usually

depicted by a dispersion relation, the relationship between occupy-able energy states

with crystal momenta, usually limited to the first Brillouin zone (BZ), an indivisible

unit cell in momentum space, see Fig. 2.4 [138]. Thus, when a photon is absorbed by

an electron in the VB, exciting the electron out of the VB and leaving behing a mass

and charge discrepancy which can be treated as its own fermionic quasiparticle called

a hole, the excited electron must couple to a phonon, a vibrational lattice excitation

that may be treated as a bosonic quasiparticle [139]. Coupling to the phonon will

give the electron the momentum needed to occupy a CB state as opposed to decay

back into the VB, recombining with the hole, a process which will release a photon

equal in energy to the initial excitation photon. Here, references have been made

to quasiparticles, these are objects in solid state physics that are not fundamental

particles like electrons, but are instead phenomena which may be described like a

particle, and will obey fermionic or bosonic statistics. This means that identical

fermionic quasiparticles are distinguishable and cannot occupy the same states as one

another, like an electron, whilst bosonic quasiparticles are indistinguishable and may

occupy the same states, like a photon [4, 5]. Conversely to an indirect BG, a direct

BG has no momentum difference between the band edges, see Fig. 2.4 (a), and so if
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(a) (b)

Figure 2.4: (a) Cartoon momentum dispersion with energy relation example of optical
excitation of an electron (e−) from the VB (blue) to the CB (red) leaving behind a
hole (h+) across the BG by excitation from a photon (hν) for a material agnostic
direct BG semiconductor (b) Cartoon example of a material agnostic direct indirect
BG optical excitation of an electron via a phonon (γ) coupling.

a photon of sufficient energy/correct wavelength, equal to or greater than that of the

BG energy, an electron can be directly excited from the VB to the CB [139].

Direct BG semiconductors, are evidently optically active materials, i.e. they may

easily absorb light of certain wavelengths. This is useful for applications in photo-

voltaics [141–143] or CMOS/CCD type digital cameras. In TMDC MLs, the optical

properties of the direct BG ML limit may be further exploited. This will be discussed

in Sec. 2.1.3. To further address the properties and possible applications of TMDC

MLs, a more detailed discussion of the band structure is needed.

2.1.2 Monolayer Band Structure

Equivalently to graphene, the 2D hexagonal lattice of the TMDC MLs results in

a 2D hexagonal BZ in the reciprocal crystal momentum space, with a number of

points of interest. In TMDC MLs these are the K(K ′) valleys, Q valleys, Γ and M

points [124, 144–147]. Each corner of the hexagon, in the case of the MLs limit, is a

band edge in both the CB and the VB and so where the direct BG lies, see Fig. 2.5.

These are known as the K valleys, and degenerate but inequivalent K ′ valleys at

antipodal corners of the hexagon to the K valleys. In the CB, see Fig. 2.5 (b), there

are also 3 inequivalent valleys with no corresponding direct gap edge in the VB known
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as the Q valleys. The Γ point is the high symmetry maximum directly in the center

of the BZ in the VB and lastly, the M is the point equidistant between a K valley,

and its adjacent K ′ valley. Chemically the band structure of TMDC MLs is given by

the lattice size given by the length in plane lattice constant, the distance between the

center of two adjacent crystal unit cells, and the thickness [124, 148]. The contributing

atomic orbitals are the dz2 , dx2−y2 +dxy and dxz+dyz from the transition metal atoms

and pz and px + py from the chalcogen atoms [95, 124, 149, 150].

(a) (b)

Figure 2.5: (a) 2D band structure of the VB of MoS2 ML, highlighting the hexagonal
shape of the first BZ along with all the K, K ′, M and Γ points (b) 2D band band
structure of the CB of MoS2 ML, highlighting the hexagonal shape of the first BZ
along with all the K, K ′ and Q points. The data for these plots is generated from TB
calculations generated by the Eötvös Quantum Utilities software [151].

The K and K ′ valleys will be the most important points in the BZ throughout

this thesis. These two valleys are time reversal symmetric (TRS) pairs of one another,

meaning that under TRS T , the valley of an electron is inverted [96, 152–155]. As

such, the K(K ′) valley index τ = ±1 such that K = 1 and K ′ = −1 may be treated

like the electric spin index s = ±1 where ↑= 1 and ↓= −1 for the electron. This is

referred to as the valley isospin DOF. Therefore, when considering the low energy,

ignoring thermal effects, limit of an electron in the CB or hole in the VB, i.e. at

only the conduction band edges, particles have fourfold DOF with spin and valley

isospin {|K ↑〉 , |K ↓〉 , |K ′ ↑〉 , |K ′ ↓〉}. The low energy limit is what shall be primarily

considered moving forward, as this is the dominant physics when working on the

energy scales where quantum properties of carriers may be exploited. These four
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states per band are not however degenerate. As can be seen in Fig. 2.6, there exists a

splitting in the spin states at the K valley. This splitting is due to the lack of inversion

symmetry and intrinsic Dresselhaus type spin orbit coupling (SOC) of the transition

metal atoms. This splitting is more pronounced in the VB (∆vb) and is generally

approximately an order of magnitude greater than that in the CB (∆cb). To preserve

TRS, the sign of the SOC splitting is inverse in the K ′, such that a Kramer’s pair type

degeneracy is held between the four spin-valley combinations. Thus EK↑ = EK′↓ and

EK′↑ = EK↓, where EK(K′)↑(↓) are the band edge energies at that given spin-valley

combination [96, 149, 152, 153, 156–158]. This is true for all types of TMDC ML,

even though the signs and magnitudes of the intrinsic SOC are variable, as long as

TRS is not violated, i.e. in the absence of external fields.

The Q valleys are similar to the K(K ′) valleys in how they are affected by TRS

and SOC, although they are threefold symmetric {|Q1(Q′1)〉 , |Q2(Q′2)〉 , |Q3(Q′3)〉} and

exist only in the CB. These valleys are however, in the ML limit at higher energy than

the K valleys, and so shall be ignored at the low energy limit. However, in BL and

few layer TMDC, these Q valleys are lower in energy than the K(K ′) valleys. Thus

Figure 2.6: Band structure of an MoS2 ML along the Γ −K −M − Γ line, showing
both the CB (red) and VB (blue) for both spin up (solid) and spin down (dashed)
states. Here the band gap EB and intrinsic SOC splitting at the K valley for both
the CB (∆cb) and VB (∆vb) are marked. The data for these plots is generated from
TB calculations generated by the Eötvös Quantum Utilities software [151].
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in BL, the momentum indirect gap of the K(K ′) in the VB to the Q valleys is the

lowest energy BG [95, 159, 160].

The Γ and M points exist with no TRS pairs in the BZ, and are therefore not

affected by the intrinsic SOC [123, 124, 161, 162], as can be seen by the lack of two spin-

resolved lines at these points in Fig. 2.6. Although these points are of high symmetry,

they are also of high energy, and so can be disregarded when working within a low

energy regime.

This form of Kramers pairs structure of the low energy states of particles, linked

by TRS and split by SOC are unique to TMDC MLs. These four states an electron

in a ground state can occupy and the interactions between them is what differentiates

devices built in TMDCs as opposed to conventional bulk semiconductors, and, as shall

be discussed, their symmetries and interactions with light make them of particular

interest.

2.1.3 Excitons and Optical Selection Rules

When excited by a photon in direct BG semiconductors, depending on the energy

scales and lattice constants, the electron and hole pair generated by the absorption

process can bind together to form a bosonic quasiparticle called an exciton [139, 140].

Generally, these particles are shortly lived before they recombine, the lifetimes and

associated binding energies, energy required to separate the particles, are inversely

proportional to the radius of the quasiparticle, as per the Coulomb interaction poten-

tial VC between the composite particles

VC(R1,R2) =
Q1Q2

4πε0εr|R1 −R2|
, (2.1)

where Q1 and Q2 are the charge of two particles, in this case an electron and hole, each

with respective coordinates R1 and R2, ε0 is the permittivity of free space and εr is

a dimensionless renormalisation of the permittivity depending on the dielectric envi-

ronment around the two charges. Excitons are categorised as either Frenkel excitons,

found in materials with small dielectric constants, unimpeded Coulomb interactions,

with small radii and high binding energy, and Wannier excitons, found in materials

with large dielectric constants with large radii and low binding energy [139, 140].

In TMDC MLs, excitons are tightly bound Frenkel type excitons [128, 163–165],

heavily influenced by dielectric screen effects of the dielectric environment around the

ML [163, 166–169]. Due to the reduced dimensionality of an ML, the field lines of the

constituent particles of the exciton are rationalised to exist both inside and outside of
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Figure 2.7: Cartoon of the electric field lines (black dashed) of an exciton in a TMDC
between and electron (green) and hole (purple).

the material, see Fig. 2.7. As such, the standard Coulomb interaction potential like

in Eq. 2.1 is not sufficient to describe the interactions between the two particle and

instead a screened Keldysh potential [163, 167, 168, 170] VK in needed

VK(R1,R2) =
q1q2π

2r0

[
H0

(
κ|R1 −R2|

r0

)
−Y0

(
κ|R1 −R2|

r0

)]
. (2.2)

were r0 is the screening length of the TMDC, κ is the average dielectric constant of the

surrounding environment (such as hBN or air), H0 is the 0th Struve function and Y0 is

the 0th Bessel Y function. This form of a potential results in a logarithmic in distance

interaction screened potential at small distances and a Coulomb like interaction at

long distances. This gives the ability to tune the exciton energies in a TMDC by

considered heterostructure engineering of the TMDCs surroundings [167, 168, 171], a

property unique to low dimensional materials.

Another property of the excitons unique to TMDCs are the optical selection

rules [95, 128, 172–174]. As previously discussed, carriers in TMDC MLs have both

a spin and valley isospin DOF. Consequently, the constituent particles of excitons

have both the spin and valley indicies of the electron and hole. This is due to crystal

threefold rotational symmetry (C3) about the out of plane axis of the ML, and the

orbital overlaps of the M and X atoms. Under C3 rotation of the carrier wavefunctions

in the VB gather no phase, whilst a phase e−τ2π/3 is gathered in the CB, to the az-

imuthal coordinate. Consequently, the azimuthal orbital momentum quantum number

depending on the valley index in the VB is mτ = 0 whilst the quantum number in the

CB is mτ = ∓τ , −1 for MoX2 TMDCs and +1 for WX2. Thus, as a carrier is excited

from the VB to the CB, an azimuthal number of ±1 needs to be gained during the

absorption process [173]. This is achieved by the absorption of circularly polarised

light. Circularly polarised light is given by the two axes of the polarisation of the
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(a) (b)

Figure 2.8: (a) Neutral exciton (purple) excitation by circularly polarised light σ+(−)

(black dashed) in MoS2 explicitly in the K valley and implicitly be TRS in the K ′

valley shown the CB (solid) and VB (dashed) for spin up (blue) and spin down (red).
This process is shown on a wavenumber dispersion relations, as opposed to a mo-
mentum dispersion relation as is previously given (b) Neutral exciton excitation by
circularly polarised light in WS2.

light being at a phase difference of ±λ/4 where λ is the wavelength of the light, such

that the maximum of the polarisation propagates spirally, either with a left handed

chirality σ+, or right handed σ− chirality [175, 176]. This translates to, for example in

WS2, σ+ will excite excitons only in the K valley, and σ− will only excited excitons in

the K ′ valley. Additionally, for excitons to recombine radiatively, rerelease a photon

out of the ML plane, the spins of the constituent particles need to be aligned. These

are known as bright excitons. Thus, in TMDC MLs the ground state bright excitons

excited by a selected circular polarisation, directly address carriers of a known spin

and valley, see Fig. 2.8. Conversely, dark excitons are composed of unlike constituent

spin states. While the dark excitons do not optically recombine, in TMDC MLs can

be directly measured as radiating within the plane of the crystal [177–181], the bright

ground state exciton is easily addressed and measured. In Sec. 2.3.2, the possibility of

quasiparticle excitations involving carriers across both valleys is addressed. There is

such a possibility of excited state exciton to contain carriers across both valleys, spin

selection rules need to maintained for radiative recombination, and their existence is

dependant on some momentum scattering process between the valley.

Lastly, it is important to note that linearly polarised light (0 or ±λ/2 phase dif-
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ference) may be described as a linear combination of σ+ and σ− polarised light [182].

Consequently, excitons excited with linearly polarised light are created in a coherent

superposition of spin and valley indicies, and can even be shown to undergo coherent

rotations of these indices under external field influences.

2.2 Effective Hamiltonian

Depending on what aspect of a TMDC ML is being studied there are a number of ways

of describing the energy and momenta of electrons in the ML. The most commonplace

models used include TB Hamiltonians [76, 183, 184], gapped Dirac Hamiltonians [95,

152, 185] and k · p Hamiltonians [124, 132, 157]. Throughout this thesis an effective

low energy k · p Hamiltonian will be used [96, 113, 186]. This allows for focusing onto

the properties of electrons in a low energy regime where quantum phenomena like

spin and valley may be considered good quantum numbers. Here, a good quantum

number is a number associated with an operator acting on a wavefunction such that

the wavefunction remains an eigenvector of the operator after some time evolution.

In this sense, k · p theory offers a reasonable middle ground between detailed and

computationally expensive studies of TB models and the simplistic analytics offered

by a Dirac model. This allows for reducing the Hamiltonian to just the dynamics of

single carriers about the K(K ′) valleys to including terms that accounting for electron-

hole number asymmetry, particle-hole asymmetry, and trigonal warping (TW).

2.2.1 k · p Theory

The k ·p method can be derived from the single electron time independant Schrödinger

equation [4, 5, 140, 187] (
p2

2m0
+ V (r)

)
Φn(r) = EnΦn(r), (2.3)

where p is the momentum operator, m0 is the bare electron mass, V (r) is the potential

acting on the electron Φn(r) is the wavefunction of the nth band/excitation of the

electron with associated energy En. In a crystal, i.e. in a solid with regular periodicity,

the wavefunctions of carriers can assumed to be described by the Bloch wavefunctions

Φnk(r) = eik·runk(r), (2.4)

with contributions from the position and crystal momentum in the first BZ k plane
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wave exponential term and the Bloch term unk(r), which has the same periodicity of

the crystal lattice. Using wavefunctions of this form in Eq. 2.3 the k · p equation is

derived as [140, 187](
p2

2m0
+

~k · p
m0

+
~2k2

2m0
+ V (r)

)
unk(r) = Enkunk(r), (2.5)

by solving for the Bloch periodic function. Here ~ is the reduced Planck’s constant.

This equation can be solved exactly for when k = {0, 0, 0}, and so all other values of

k in the first BZ can be solved by perturbation theory with this initial solution.

For TMDC MLs, the model which will be most prevalent throughout this thesis is

given by a 7-band k · p model derived in [124]. This includes all bands from from the

−3rd VB to the +2nd CB, for both electronic spin states. This 7-band model is then

reduced to a 2-band model by the application of a Schrieffer-Wolff transformation

(SWT). An SWT is a transformation of a dense matrix to one of a block diagonal

between a selected basis of interest and all other terms [188–190], in this case the 0th

order CB and VB, and all other terms in the matrix, such that the basis of interest

can assumed to be independant of the other terms, given that the energy scales of

the off-diagonal terms bein reduced are significantly smaller than that the on-diagonal

terms. This process is given in more detail in Ch. 4.

The form of the k · p Hamiltonian of TMDC MLs with no external influences is

given as [124]

Hτ,s
eff = H0 +Hτ,s

SOC +Hτ,s
k·p, (2.6)

where the free electron term H0 is given as

H0 =
~2q2

2m0
(σ0 ⊗ sz) (2.7)

and intrinsic SOC term Hτ,s
SOC

Hτ,s
SOC =

(
τ∆vbsz 0

0 τ∆cbsz

)
. (2.8)

both of which are defined in the particle-hole-spin Hilbert space, σi ⊗ si, where σi

are the Pauli matrices in particle-hole space. The additional k · p terms Hτ,s
k·p, then

describes higher order physics solved by the k · p method given earlier, unique to the

crystal structure of TMDC MLs. Solving for Hτ,s
k·p only about the K(K ′) valleys may

be expressed as the following terms with increasing order in qj = −i∂j the associated
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wavenumber operator with the crystal momenta k

Hτ,s
k·p = Hτ,s

D +Hτ,s
as +Hτ,s

3w +Hτ,s
cub. (2.9)

The first term of Hτ,s
k·p is

Hτ,s
D =

(
−EB/2 τ · γτ,sqτ−
τ · γ∗τ,sqτ+ EB/2

)
⊗ s0, (2.10)

where EB is the BG at the K(K ′) valley and qτ± = qx ± iτqy. This term gives the

CB-VB coupled dynamics that shape the curvature of the band structure about the

K(K ′) valleys. The second term of Hτ,s
k·p is

Hτ,s
as =

(
ατ,sq

2 0

0 βτ,sq
2

)
⊗ s0. (2.11)

This term quadratic in q± breaks the electron hole symmetry in TMDC MLs as ατ,s 6=
βτ,s, as is seen in PL peak splittings in external magnetic fields [191–194]. The third

term of Hτ,s
k·p is

Hτ,s
3w =

(
0 κτ,s

(
qτ+
)2

κ∗τ,s
(
qτ+
)2

0

)
⊗ s0, (2.12)

which gives the TW about the K(K ′) valleys, an effect that can be confirmed by

electroluminescence experiments [195]. TW is a triangular perturbation of the Fermi

surface at the K(K ′) valleys, see the trigonal shape of the maxima in the VB at K(K ′)

points in Fig. 2.5 (a). The final term of Hτ,s
k·p is

Hτ,s
cub =

[
−τ q

2

(
0 ηs,τq−

η∗s,τq+ 0

)
− τ ωs|q|

3 cos (3ϕq)

2
I

]
⊗ s0, (2.13)

where ϕq = arctan (qy/qx). Here, the off diagonal terms describe higher order CB-

VB coupled dynamics, consistent with DFT calculations whilst the on diagonal terms

describe the non-parabolicity of the bands [196]. Throughout, γτ,s, ατ,s, βτ,s, κτ,s,

ηs,τ and ωs are spin-valley dependant material constants given by Löwdin-partitioning

calculations or DFT [124] .

Employing these terms up to the desired order, an effective band structure of a

TMDC MLs may be tailored to the desired problems needs. Primarily, throughout

this thesis, only the first order of Hτ,s
k·p will be needed. This term, along with H0 and

Hτ,s
SOC describes all the dominant physics on the energy scales where QDs and qubits
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in TMDC MLs are feasible, and as will be demonstrated in Ch. 3, it may even be

reduced further when describing low energy single electron dynamics.

2.3 External Field Influences

So far, the degeneracies and level splittings of the spin-valley states in TMDCs MLs

are all TRS conserving. If TRS is violated, the degeneracies are lifted. This may be

achieved by placing the TMDC in a magnetic field perpendicular to the plane of the

ML B⊥.

A free electron, with its associated degenerate spin up and spin down states, placed

in a magnetic field will couple to the magnetic field due to its intrinsic magnetic mo-

ment [35]. Spin may be described as an intrinsic reletavistic quantum dipole moment

with associated magnetic moment

µs = gspµB
S

~
, (2.14)

where gsp is the electric spin gyromagnetic factor or g-factor, the proportionality

constant of the influence of the magnetic field on the spin, µB is the Bohr magneton

and S = {sx, sy, sz} is the vector of spin matrices. The spin matrices are simply the

Pauli matrices as described in Sec. 1.1 and shown in Fig. 1.3, with the pre factor ~/2
since electrons are spin 1/2 particles. This magnetic moment may couple to external

magnetic fields causing a shift in energy of the electrons spin states relative by

∆EZ = µs ·B, (2.15)

where B is the external magnetic field vector. Here the energy shift ∆EZ is known as

the Zeeman shift. So for an external magnetic field B⊥, the associated Zeeman shift

is

∆EsZ =
1

2
gspµBB⊥s. (2.16)

In TMDC MLs, unlike in ML graphene, there exists a magnetic moment due to

the valley DOF [192–194, 197, 198]. The origin of the valley magnetic moment is the

intrinsic geometric phase of carriers in TMDC MLs due to the crystal structure known

as the Berry phase [185, 192]. The Berry phase will be given in more detail in Ch. 6.

The significant Berry phase and associated curvature Ω(k) at the K(K ′) valleys gives
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the valley magnetic moment [185]

µτ = lim
k→K(K′)

( e
~

)
E(k)(Ω(k) · ẑ). (2.17)

where E(K) and E(K ′) are the band edge energies at the corresponding valley and

e is the elementary charge of an electron. This topological valley magnetic moment

may couple to external B⊥, resulting in the valley-Zeeman shifts

∆EτZ =
1

2
gvlµBB⊥τ. (2.18)

where gvl is the valley g-factor. Additionally, the valley magnetic moment can couple

to an electric field in the plane of the ML E‖ resulting in a valley-Hall effect [132, 199,

200]. The valley-Hall effect acts on carriers propagating through the ML, resulting in

a divergence of the carriers perpendicular to the axis of propagation the direction of

which depends on the valley index of the carrier, see Fig. 2.9.

Figure 2.9: Cartoon of the valley Hall effect of electrons in a TMDC ML in the K
valley (green) and K ′ valley purple moving propagating through the ML against some
in-plane electric field E‖.

An electron in a TMDC ML undergoes both an energetic shift due to the spin-

Zeeman effect and the valley-Zeeman effect. Additionally, the external B⊥ effects the

kinetic term of the Eq. 2.3, such that the Schrödinger equation of an electron in a

magnetic field must be written as [4, 5](
p2

2m0
+
e

~
A + V (r)

)
Φn(r) = EnΦn(r), (2.19)

where A is the vector potential due to the magnetic field. The vector potential

is defined as B = ∇ × A. The result of B⊥ and its associated vector potential
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A = (B⊥/2) {−y, x, 0} is the confining of electrons in circular orbitals in the plane of

the ML known as Landau Levels (LLs) [138, 140]. The energy of the confined LLs are

ELL(B⊥) = ~ωc
(
n+

1

2

)
, (2.20)

where ωc is the cyclotron frequency of the LLs, given by

ωc =
e|B⊥|
meff

, (2.21)

where n = 0, 1, 2 . . . is the LL index and meff is the band effective mass of the carrier

in the TMDC. The effective mass is the mass a carrier appears to have in a crystal

dependant on the curvature of the band dispersion at a given k

1

meff
=
∂2E(k)

∂k2
. (2.22)

Therefore, due to the intrinsic SOC splitting at the K(K ′) valleys, carriers with dif-

ferent spin-valley indicies have different effective masses

1

mτ,s
eff

=
1

m0
eff

− τs

δmeff
, (2.23)

where the spin independant effective mass m0
eff and mass difference δmeff are material

dependant. As such the cyclotron frequency is also spin-valley dependant

ωτ,sc =
e|B⊥|
mτ,s

eff

. (2.24)

Accounting for the spin- and valley-Zeeman shifts as well as the LL structure

of carriers in TMDC MLs, the complex level structure of TMDCs in a B⊥ may be

described. These level structures can be probed experimentally by a number of dif-

ference methods, including such standard techniques as magneto-transport [120] and

magneto-optics [121].

2.3.1 Magneto-transport

Magneto-transport is a standard experimental technique for probing the LL structure

of a material [120, 159, 201, 202]. To perform a magneto-transport experiment, a

Hall bar of the material being tested needs to be constructed. A Hall bar is six

metal contacts on the material being tested, two along one axis and the remaining

four on the perpendicular axis, see Fig. 2.10. A current I is then passed through the
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Figure 2.10: Cartoon of a Hall bar on a TMDC ML where all metal contacts are
purple, the direction of the current I given in red and the relevant resistances Rxx
and Rxy are given by green.

two electrodes along the long axis of Fig. 2.10 and then the resistances between the

remaining four electrodes is measured, marked in Fig. 2.10 as Rxx and Rxy. Rxx is the

resistance between the two electrodes running parallel to I whilst Rxy is the resistance

between the electrodes perpendicular to I.

When the Hall bar is placed in some B⊥, the circular confinement of the LLs allows

for non-zero voltage and therefore resistance across Rxx and Rxy. Specifically, clear

oscillations in the Rxx can be measured as a function of the strength of B⊥ known

as Shubnikov-de Haas (SdH) oscillations [203], the peaks of which correspond to a

specific LL n. Additionally, by varying the Fermi level EF , the energy which carriers

in the ML may occupy, with a back gate voltage under the Hall bar and measuring

Rxy as a function of the EF and B⊥ the LL structure may be measured directly.

One such experiment was performed in MoS2 MLs [120], demonstrating all the

previously discuss physics given in Sec. 2.3, i.e. the spin-valley dependant splitting of

the carriers due to spin- and valley-Zeeman shifts and spin-valley dependant cyclotron

frequencies, see Fig. 2.11 (a). However, it became apparent in the experiment that

there were clear couplings between LLs with the same spin. This is manifest in the LL
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(a) (b)

Figure 2.11: (a) LL structure of a MoS2 in the CB for all spin valley combination from
n = 0 to 12. Here |K ↑〉 is black dashed, |K ↓〉 is solid red, |K ′ ↑〉 is solid blue and
|K ′ ↓〉 is green dashed (b) Selected portion of the LL structure of a MoS2 in the CB
for all spin valley combination with coupling between valleys, showing anticrossings
(circle) between LLs with opposite valley index and crossings (square) between the
same valley index.

spectrum by anticrossings between LLs with opposite valley index same spin index and

crossings between LLs with the same valley index opposite spin index, see Fig. 2.11

(b). This is could be due to a non-trivial atomic defect density in the ML [204–207].

Defects, like vacant atomic sites or substitute atoms causing momentum scattering

of carriers, allowing for electrons to be scattered from one valley to another, without

changing the electric spin [204, 205, 208]. This scattering mechanism couples the

valley states together, and will result in anticrossings between the LLs of opposite

valley same spin.

2.3.2 Magneto-optics

Another useful technique for probing the influence of external fields on carriers in

a semiconductor is by magneto-optics. This technique is performed by exiting exci-

tons or other optically generated quasiparticles in a field and then measuring their

recombination energy.

One such experiment in WSe2 MLs offers useful insight into the symmetries, inter-

actions and external field influences of carriers in TMDC MLs by focussing on the neg-

ative trionX− particle [121]. A trion is an exciton bound to an additional electron such

that the three-particle bound object is its own distinct quasiparticle [163, 209, 210].

As there are two possible ground state bright excitons in a TMDC ML, there are four
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(a) (b)

Figure 2.12: (a) Cartoon of the positive singlet s+ (purple) and negative singlet s−

(green) trions in a WX2 ML across both the K valley and K ′ valley, showing the
CB (solid) and VB (dashed) for spin up (blue) and spin down (red) bands and corre-
sponding electrons (solid disk) and holes (dashed circle) (b) Cartoon of the positive
triplet t+ (purple) and negative triplet t− (green) trions in a WX2 ML.

possible ground state bright trions [121, 193, 211]. Two TRS states with all three con-

stituent particles of the trion in a single valley known as a singlet (s±), and two TRS

states with the bright exciton in one valley and the additional or excess electron in the

opposite valley known as the triplet (t±), see Fig. 2.12. The terms singlet and triplet

refers to the symmetry of the two electron spins in the trion [4, 50], singlet for unlike

spins and triplet for like spins. The binding energy of the trion is now dependent on

the Keldysh interactions between three particles in two possible combinations of valley

states as well as the exchange interaction of constituent particles. The exchange inter-

action is an interaction term between identical particles, in this case electrons with the

same spin, and is effectively the energy cost to switch the two particles [4]. As such,

there is an intrinsic splitting of the binding energies between the triplet and singlet

trion states known as the exchange splitting δex [121, 163, 209, 210, 212]. When a

trion recombines, the process is the same as in an exciton. Although only the electron

and hole which make up the exciton component of the trion recombines, the resulting

photon energy is influenced by the excess electron coupling to the exciton.

When measuring the energetic shift of a trion in a magnetic field, the Zeeman

terms of all three constituent particles must be considered. This however will not give

the full picture as to how the measured photon recombination energy of the trion will
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be affected by the magnetic field. The full expression for the change in emitted photon

energy ∆Ehν due to negative trion recombination in a magnetic field, as shown in the

main text, is

∆Ehν = ∆EZ −∆ER + ∆ED, (2.25)

where ∆EZ is the Zeeman shift of the electron-hole pair within the trion, ∆ER is the

excess electron recoil shift and ∆ED is the diamagnetic shift of the trion. The diamag-

netic shift would induce a nonlinear shift in the observed trion lines with magnetic

field. However, it is known from previous works [213, 214] that this nonlinearity is

not expected to become relevant until field strengths of greater than 15 T are reached.

This term will be omitted for the rest of this section, as the experiment limited the

B⊥ to ±10 T. Excess electron recoil arises because, unlike exciton recombination,

trion recombination cannot be a zero momentum process, as some momentum will be

imparted to the excess electron as recoil, detracting from the observed photon energy.

Figure 2.13: Energy level diagram of the TMDC ML ground state trions in the singlet
s± and triplet t± configurations, split at zero field by the exchange interaction δex, with
external magnetic field perpendicular to the ML B⊥, labeling all relavent g-factors for
the singlet g±s and triplet g±t states.

It has been shown that the magnitude of the excess electron recoil is dependant

on both the temperature of the sample [215] and the EF [216]. Assuming both tem-

perature and EF are kept constant, the effect of a perpendicular magnetic field on

the excess electron recoil cost may be described by the difference in the trion and free

electron n = 0 LL. Therefore the change in energy of the excess electron after trion
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recombination in a magnetic field is

∆Eτee =
1

2
~ωeec

(
1− mee

mT

)
,+

1

2
τeegeeµBB⊥, (2.26)

where ωeec is the cyclotron frequency of the excess electron, τee is the valley index of

the excess electron, mT is the effective mass of the trion and gee is the g-factor of the

excess electron. It can be assumed that mT is simply the sum of effective masses of

all the constituent particles of the trion. As the recoil energy cost is equal in the two

valleys and Eq. 2.26 is linear in magnetic field, an effective valley dependant g-factor

model can be used

∆Eτee =
1

2
τeegτµBB⊥. (2.27)

Here gτ is the effective valley dependant g-factors of the excess electron given in the

model as

gτ = gee + τegl. (2.28)

Combing this with Eq. 2.26 and Eq. 2.27 the recoil g-factor may be found to be

gl =
2m0mX

meemT
, (2.29)

where mX is the effective mass of the exciton component of the trion, again assumed

to be the sum of the constituent effective masses. Considering this with the spin-valley

combinations of the four ground state trions, the total Zeeman splitting may be given

as

HZ = g±t/sµBB⊥ =
1

2
(τXgX − τeegee − 2gl)µBB⊥. (2.30)

Here, g±t/s is the g-factor of a given bright trion, which in turn is composed of the

exciton g-factor gX with associated valley indices τX . As such, as shown in Fig. 2.13,
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the total valley g-factors of each of the measured trions are as follows

g+
s =

1

2
(gX + gee − 2gl), (2.31a)

g−s = −1

2
(gX + gee + 2gl), (2.31b)

g+
t =

1

2
(gX − gee − 2gl), (2.31c)

g−t = −1

2
(gX − gee + 2gl). (2.31d)

Lastly, in the experiments there is a sizeable difference between what is measured

as the exciton g-factor of the trion gX and the bare excitonic g-factor. This is most

likely due to a significant shift of the experienced Berry curvature as a consequence of

the exchange energy of the trion [212] which contributes to the valley g-factor [192].

As previously discussed in Sec. 2.3 the Berry curvature is responsible for the valley

magnetic moment, and so dictates all valley g-factors. Therefore the change in the

valley magnetic moment δµex due to the exchange interactions of the trion is given,

similarly to Eq. 2.17, as

δµex =
e

2~
δexΩ(K(′)). (2.32)

The change in g-factor associated with this magnetic moment is therefore

δgΩ =
m0

2~2
δexΩ(k). (2.33)

Accounting for all these phenomena allows for an accurate model of the energetic

splittings of the recombination photon energies of all the ground state trions in TMDC

MLs, in a external B⊥.

2.4 Quantum Information Prospects

Understanding the band structure and external field responses is a prerequisite for

implementing qubits with carriers in TMDC MLs. The next ingredient is isolating a

QD in the TMDC. A number of different methods for doing so have been proposed and

experimentally tested. These include electrostatic gating [96, 186, 217], strain bub-

bles [111–113], nanoflakes [218, 219] and lattice defects [220–225]. Electrostatically

gated dots are a technique for implementing QD in conventional bulk semiconduc-

tors [42, 226–228]. Principally this method consists of patterning electrodes above a



36 CHAPTER 2. 2-DIMENSIONAL SEMICONDUCTORS

2DEG, such that the variable voltage of a given electrode will project an electric po-

tential field into the 2DEG or ML, allowing for the tailoring or a potential landscape.

To gate a QD only a few gates are needed, at least two to mark out the shape of

the dot, labeled Gate in Fig. 2.14, and two to vary the potential that couples the dot

to the rest of the 2DEG such that carriers may be selectively charged into and read

out of the dot, labeled Source and Drain respectively in Fig. 2.14. This method of

implementing dots is standard for qubit use, as it allows for dynamic variability of

the dot and the amount of carriers isolated within it [42, 50, 226–229]. This scheme

also allows for simple readout methods of the charge and spin within the dot by ei-

ther coupling the dot to a QPC and measuring the current through it as previously

described in Ch. 1. The electric gates do allow for electric charge noise to couple to

the spin, the disorder of which may decohere the spin [50, 229].

Figure 2.14: Cartoon of a gated QD on a TMDC ML, with control gates (black), dot
(red) and source and drain electrodes (purple).

While gated QDs are the standard option of dot implementation in conventional
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semiconductors, TMDC MLs do also allow for more novel dot implementations. Strain-

ing with some out of plane deformation of the ML also acts as a potential field in

the ML band structure by a topographic texture of variable bond lengths [76, 113].

Such a QD implementation is unique to 2D materials and allows for easy coupling of

TMDCs to optically confining or plasmonic structures by layering the ML atop the

device [117, 118]. Strain-induced dots are discussed in greater detail in Ch. 5.

Nanoflake dots, similar to self assembled dot in conventional semiconductors, con-

fine carriers laterally in a nanoscopic piece of ML. These Flakes are usually grown

selectively by CVD [230], and can theoretically be coupled to external source, drain

and control gates. QDs of this form are similar in function to purely gate defined dots,

except for the hard crystal edges of the flake that allows for valley scattering [218, 219]

of carriers, similar to the defects discussed in Sec. 2.3.1.

The last known TMDC ML QD type is atomic defects, inherent to high defect

density ML samples. These appear in measured PL spectra as sharp, isolated peaks

and can be shown to reradiate as single photon emitters (SPEs) [221–225]. While the

SPE behaviour of these dots may make them useful for possible optical applications,

their use in solid state qubit implementation seems limited, due to their unstudied

and uncontrolled origins.

Figure 2.15: Level diagrams of the orbital ground states for all combinations of spin
and valley of a MoX2 TMDC QD operating in a Kramers qubit basis, valley qubit
basis and a spin qubit basis.

With a QD type selected, the next choice for the implementation of a quantum

processor in a TMDC is a qubit space. The spin-valley Kramers space offers a number

of different qubit types to be implemented in a QD, a Kramers qubit [208, 208, 219,

231], a valley qubit [218, 219], or, as is derived and discussed in this thesis, a spin

qubit [186]. A Kramers qubit assumes the lowest lying Kramers pair as the qubit

space, i.e. |K ↓〉 = |0〉 and |K ′ ↑〉 = |1〉. Such a qubit space requires little influence

from external magnetic fields to isolate. However, gates with a Kramers qubit [208]

are inherently slow, due to the need for a flip of both spin and valley to rotate between
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the two poles of the Kramers Bloch sphere. Valley qubits encode the qubit in two

states with different valley but same spin, i.e. |K ↑〉 = |0〉 and |K ′ ↑〉 = |1〉. Bringing

these states energentical close enough together for effective use as a qubit requires

influence from an external B⊥, lifting the Kramers degeneracy in favour of a valley

degeneracy. Again, however, these qubits require a slow valley mixing mechanism to

perform gates by some defect mediated [208] process of nanoflake type QDs [218].

Spin qubits of different forms are a standard qubit type in conventional semicon-

ductors [41, 42, 50, 226–228], that have previously not been discussed for implemen-

tation in TMDC ML QDs. They encode the qubit in the spin degree of freedom,

within the same valley, i.e. |K ′ ↓〉 = |0〉 and |K ′ ↑〉 = |1〉. TMDC MLs should be an

ideal spin qubit platform due to their optically active direct BG, optically addressable

spin states and naturally low nuclear spin prevalence to which the qubit may couple

and decohere. In this thesis, a method of implementing spin qubits in TMDC MLs is

presented in Ch. 3 and a method of performing single qubit rotations with said spin

qubits in Ch. 4.



Chapter 3

Monolayer Quantum Dots as

Spin Qubits

In order to implement a spin qubit in a TMDC ML, the two spin states selected for

the qubit space need to be degenerate, or tuneable by some external influence into a

degeneracy [41]. The strong intrinsic SOC of TMDCs makes this a non-trivial task.

The large (order of meV) splitting of the spin states within the same valley in the

CB, see Fig. 2.6, implies that a single electron charged into a QD in TMDCs will not

naturally demonstrate the required degeneracies needed for a spin qubit. There is,

however, a noticeable and useful difference between the low energy band structures of

MoX2 and WX2 MLs as demonstrated in Fig. 2.6: the band crossings observed in the

spin resolved CB structures in MoX2MLs which are absent in WX2MLs which suggest

that it is possible to achieve spin degeneracy localised within a given valley [96]. Such

spin-degenerate regimes offer the possibility of implementing the desired spin qubits

in TMDCs. Additionally, by placing a TMDC material in an external B⊥, the various

Zeeman terms discuss in Sec. 2.3 may also serve to vary the point where these band

crossings are observed. Previous work [96] has suggested that it may be possible

to access regimes of spin degeneracy within the same valley by introducing a large

magnetic field. Building upon previous analyses of TMDC QDs in a effective low

energy regime [96], the various conditions in which a spin qubit in a TMDC QD may

be viable. All results presented in this chapter have been published in [186, M. Brooks

and G. Burkard, Phys. Rev. B 95, 245411].

39
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↑/↓

Figure 3.1: Spin resolved conduction band (red: |0〉− = |K ′ ↑〉 and |1〉− = |K ↓〉,
blue: |0〉+ = |K ↑〉 and |1〉+ = |K ′ ↓〉) around the K valley in the BZ of MoX2and
WX2 TMDC MLs demonstrating the spin crossings present in MoX2TMDCs and not
in W, the K ′ valley may be visualised simply by the time-reversal of the given band
structure.

3.1 Monolayer Quantum Dots in Zero Field

To describe a QD in monolayer TMDC the following effective low energy Hamiltonian,

formed by a SWT of the k · p model given in Ch. 2 to isolate a single electron in the

CB about the K and K ′, is employed [96]

Hdot = Hτ,s
el +H intr

so + V =
~2q+q−
2mτ,s

eff

+ τ∆cbsz + V. (3.1)

Here, sz gives the spin Pauli-z matrix with eigenvalues s, q± = qx ± iqy are the wave

number operators where qk = −i∂k, ∆cb is the energy splitting in the CB due to

the strong intrinsic spin-orbit coupling of the TMDC monolayer and the spin-valley

dependant effective electron mass is defined in Eq. 2.23. Initially, it is assumed that

the QD potential V is sufficiently deep such that it may be described by an infinite
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hard walled potential

V =

0 r ≤ RD
∞ r > RD,

(3.2)

where r is the radial coordinate and RD is the radius of the dot. This may be assumed

in lieu of a harmonic potential, as is often used in conventional semiconductor QD

models, since the 2D nature of a TMDC allows for a more direct interface between

the gates and the plane in which an electron will be confined. Additionally, such an

assumption allows for edge effects at the boundary of the dot to be neglected. In 2D

polar {r, φ} coordinates, the wave number operators may be defined as

q± = ±ie±iφ(∓∂r −
i

r
∂φ). (3.3)

where φ is the angular coordinate. Assuming the dot to be circular, rotational sym-

metry about the z-axis dictates that the dot’s Hamiltonian will commute and share

eigenstates with the z-component of the angular momentum operator (lz). This

allows for the normalised solution of the angular component of the wavefunction

Ψ(r, φ) = R(r)Φ(φ) to be given as

Φ(φ) =
eilφ√

2π
. (3.4)

Since the radial component of the wavefunction observes the boundary condition

R(RD) = 0, the following expression is derived where jn,l is the nth zero (n =

1, 2, 3, . . . ) of the lth Bessel function of the first kind Jl (l = 0,±1,±2, . . . )

Rn,l(r) =
(−1)

|l|−l
2

√
2J|l|

(
jn,|l|
RD

r
)

RDjn,|l|+1
. (3.5)

As such, the full normalised solutions of a hard wall TMDC quantum dot in zero

external field are given in the spinor form as

Ψ↑n,l(r, φ) =
eilφ√

2π

(
1

0

)
Rn,l(r), (3.6a)

Ψ↓n,l(r, φ) =
eilφ√

2π

(
0

1

)
Rn,l(r), (3.6b)
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and the spin, valley and dot radius dependant energy eigenvalues are given as

En,lτ,s(RD) =
~2j2

n,|l|

2mτ,s
effR

2
D

+ τs∆cb. (3.7)
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Figure 3.2: (a) Zero field energy spectrum of the n = 1, l = 0 eigenstates, blue:
|+〉 and red: |−〉, of MoS2 hard wall QD of a given dot radius RD, here a point of
fourfold degeneracy of the valley-spin eigenstates is observed at a particular radius.
Inset: region about which the fourfold degeneracy is observed in the spectrum. (b)
Zero field energy spectrum of the n = 1, l = 0 eigenstates of WS2 hard wall QD of a
given dot radius, here no point of fourfold degeneracy of the valley-spin eigenstates is
observable due to the ∆cb > 0 not being satisfied by WX2 TMDCs.
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From the four combination of spin and valley, only two separate energy solutions

in zero field emerge, i.e. En,lK,↑ = En,lK′,↓ = En,l+ and En,lK′,↑ = En,lK,↓ = En,l− . These

two possible solutions describe the |K, ↑〉 (|K ′, ↓〉) and |K, ↓〉 (|K ′, ↑〉) Kramers pairs

respectively. For simplicity these pairs shall be referred to as the |+〉 and |−〉 Kramers

pairs respectively. If the two solutions are assumed to be equivalent, then Eq. 3.7 may

be used to describe the radius at which fourfold degeneracy in the valley-spin Hilbert

space is achieved. As such, a critical radius Rn,lc at which En,l+ = En,l− is given by

Rn,lc =
~jn,|l|

2
√

∆cb

√
1

m−eff

− 1

m+
eff

, (3.8)

where m−eff = m
K↓/K′↑
eff and m+

eff = m
K↑/K′↓
eff . Therefore, there are real solutions to

the critical radius at which fourfold valley-spin degeneracy may exist for dots with

intrinsic spin-orbit coupling such that ∆cb > 0 and m+
eff > m−eff. The latter condition is

given for all possible TMDC MLs while the former is only satisfied by MoX2 TMDCs

(∆cb = 1.5 meV for MoS2 and ∆cb = 11.5 meV for MoSe2) [96, 124], see Fig. 3.2.

Alternatively, real solutions of Rc may be found in materials where both ∆cb < 0 and

m+
eff < m−eff, however, there is no known TMDC that satisfies the latter condition.

In the groundstate (n = 1, l = 0) the critical radius at which fourfold degeneracy

may be expected is 4.13 nm for MoS2 and 1.46 nm for MoSe2 QDs. While both radii

are difficult to achieve by electrostatic gating, MoS2 MLs offer plausibly achievable

fourfold degeneracy through some critical radii and consequently prove themselves as

a the most viable candidate for 2D single QD pure spin qubits. For the remainder of

the presented work we will focus solely on MoS2 MLs.

3.2 Monolayer Quantum Dots in a Magnetic Field

Following the previous methods [96], the spin-valley eigenenergies of a TMDC mono-

layer QD in a constant perpendicular magnetic field (B⊥) may be derived from the

following Hamiltonian

Hτ,s
B⊥

= ~ωτ,sc α+α− + τ∆cbsz +
1 + τ

2

B⊥
|B⊥|

~ωτ,sc +
1

2
(τgvl + gspsz)µBB⊥, (3.9)

where α± denote the modified wavenumber operators α± = ∓ilBq±/
√

2 where lB =√
~/eB⊥ is the magnetic length. After appropriate gauge selection wavefunctions in
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Figure 3.3: Energy spectra of the n = 1, l = 0 state in a QD of 20 nm radius on a
MoS2 monolayer with under a perpendicular magnetic field. Here the critical field
strength at which En=1,l=0

K′,↓ = En=1,l=0
K′,↑ is observed at the high magnetic field strength

of ∼ 23 T. Blue solid (dashed) line: |K ′ ↑〉 (|K ↓〉) and red solid (dashed) line: |K ↑〉
(|K ′ ↓〉).

terms of the dimensionless length parameter ρ = r2/2l2B are given as

Pn,l(ρ) = ρ|l|/2e−ρ/2M(an,l, |l|+ 1, ρ), (3.10)

where an,l describes the nth solution of the following bound state identity M(an,l, |l|+
1, ρD) = 0, where ρD = ρ[r = RD] and M(a, b, c) is the confluent hypergeometric

function of the first kind. The addition of an out of plane magnetic field does not break

the rotational symmetry of the dot, hence the angular component of the wavefuntion

is not affected by this change and the full wavefunction ψn,l is given by

ψn,l = A(γn,l, ρ)eilθρ|l|/2e−ρ/2M(γn,l, |l|+ 1, ρ), (3.11)
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Figure 3.4: Spin degeneracy curves of critical out of plane magnetic field strength Bc
with the radius of QD on MoS2 monolayer for the first few states, black solid (dashed):
n = 1 (2), l = 0, red solid (dashed): n = 1, l = 1 (−1), blue solid (dashed): n = 1,
l = 2 (−2), purple solid (dashed): n = 1, l = 2 (−2).

where A(γn,l, ρ) is the normalising factor. The eigenenergies are therefore given as

Eτ,sn,l = ~ωτ,sc
(

1 + τ

2

B⊥
|B⊥|

+
|l|+ l

2
− an,l

)
+ τ∆cbsz +

1

2
(τgvl + sgsp)µBB⊥. (3.12)

From Eq. 3.12, spectra demonstrating the effect of an out of plane magnetic field

for QDs in MoS2 MLs may be calculated numerically. The splitting of the spin and

valley states due to the external magnetic field allows for spin-degenerate crossings

for a given radius within the K ′ valley, i.e. at some external magnetic field strength

En,lK′,↑ = En,lK′,↓, see Fig. 3.3. These critical magnetic field strengths (Bc) for given dot

radii may be determined for a range of radii to give the spin-degenerate regime spectra
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shown in Fig. 3.4.

These spectra show separate plateaus in the critical field strength at relatively high

dot radii (R > 20 nm) for the l ≥ 0 and l < 0 angular states, differing by up to ∼ 5 T,

but with both still at high field strengths. This is the limit at which the maximum

Kramers pair energy difference at zero field is observed and valley Zeeman splitting

alone is used to achieve spin degeneracy. On the other end of the spectra, at low

external field strengths the gradient of the regime curves increases compromising the

fabrication error robustness of single dot spin qubits, i.e. small errors (∼ 1 nm) in QD

radii would make the difference between operating the qubit at 1 T and 6 T external

field. Thus operating a spin qubit with a single electron regime in the groundstate is

not easily implemented. The possibility of operation at excited states and alternative

enhancement methods are considered and discussed in Sec. 3.4.

3.3 Finite Well Quantum Dots

Up to this point, all models used assume QDs with an infinite hard wall potential.

Here the effects of transitioning to a finite hard wall potential

V =

0 r ≤ RD
V0 r ≥ RD,

(3.13)

on the spin-degenerate regimes discussed are shown. Thus, for both the zero field

and perpendicular magnetic field regimes, the Ψ(r = RD, φ) = 0 boundary condition

is replaced by the continuity condition at the potential interface ∂r ln[Ψr≥RD
n,l (r =

RD, φ)] = ∂r ln[Ψr≤RD
n,l (r = RD, φ)] [232].

In zero field the unnormalised radial portions of the wavefunction within and

outside of the potential barrier are described as follows

Rn,l(r) =

J|l|(ε
in
n,lr) r ≤ RD

e
ilπ
2 K|l|(ε

out
n,l r) r ≥ RD,

(3.14)

where

εinn,l =

√
2mτ,s

eff [En,l − τ∆cbsz]

~
, (3.13a)

εout
n,l =

√
2mτ,s

eff [V0 − En,l + τ∆cbsz]

~
, (3.13b)
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Figure 3.5: Spin-degenerate critical radii Rc of QD of finite potential height in MoS2

MLs at the ground and first few excited states, red: n = 1, l = 0, blue: n = 1, |l| = 1,
purple: n = 1, |l| = 2.

and Kl is the lth modified Bessel function of the second kind. Eigenenergies as

a function of potential height may then be numerically calculated by applying the

continuity condition to Eq. 3.14,

εinn,lJ|l|+1(εinn,lRD)

J|l|(ε
in
n,lRD)

=
εout
n,l K|l|+1(εout

n,l RD)

K|l|(ε
out
n,l RD)

. (3.16)

From this, the fourfold degenerate critical radii as a function of potential height may

be calculated, leading to the result shown in Fig. 3.5. The effect of a finite potential

is only noticeable at low potential heights < 100 meV, whereafter a sharp drop in the

critical radii is observed.

Similarly, when a finite potential is considered with an external magnetic field over
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Figure 3.6: Spin-degenerate critical magnetic field Bc of QD of finite potential heights
in MoS2 MLs at the ground of heights 1 eV (red), 0.5 eV (blue), 0.25 eV (purple) and
infinite potential (black dashed) for reference

the QD, the unnormalised radial component of the wavefunction is described as

Pn,l(ρ) = ρ|l|/2e−ρ/2

M(ãin
n,l, |l|+ 1, ρ) r ≤ RD

U(ãout
n,l , |l|+ 1, ρ) r ≥ RD,

(3.17)

where U(ãout
n,l , |l| + 1, ρ) is Tricomi’s hypergeometric function and ãin

n,l is the nth

numerical solution to the continuity equation at the potential barrier and ãout
n,l =

ãin
n,l+V0/~ωτ,sc . The continuity condition may then be applied to achieve the following

characteristic equation

(1 + |l|)ãout
n,l M(ãin

n,l, |l|+ 1, ρD)U(1 + ãout
n,l , |l|+ 2, ρD)

+ ãin
n,lM(1 + ãin

n,l, |l|+ 2, ρD)U(ãout
n,l , |l|+ 1, ρD) = 0,

(3.18)

from which ãinn,l may be numerically extracted and applied to Eq. 3.12 in lieu of an,l.

The effect of a finite potential height model on the spin-degenerate regimes of MoS2
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is shown in Fig. 3.6.

A similar effect on the spin degeneracy regimes in shown in both Figs. 3.5 and 3.6.

At shallow potential heights the required critical radius of the dot decreases by ∼
1 − 2 nm. However at high magnetic field, there is no discernible difference between

the finite and infinite potential solutions. This result will pose little threat to the

operation of dots with a single electron charged into the groundstate as the potential

height may be selected to be sufficiently high such that little to no difference in the

critical radii will be observed. Although, as is discussed in Sec. 3.4, this effect must

be considered when switching to an excited operational electron state by charging.

3.4 Single Electron Quantum Dots as Spin Qubits

To achieve a spin qubit in a single MoS2 QD, some considered parameter selection is

required to gain a certain robustness of the operational regime. As previously stated

in Sec. 3.2, a regime with a single electron in the lowest spin-degenerate state either

requires a very large external field (> 20 T) or extreme precision in the QD’s radius.

This is not ideal, however these problems may be mitigated by charging the dot to

operate at higher degenerate states. As can be seen in Fig. 3.4, at reasonable external

fields (≤ 10 T), for each increasing excited state the necessary QD radius increases in

accordance with Eq. 3.8. These regimes allowing for larger dot radii are more reliably

achieved by gated monolayer QD fabrication methods. Moreover, the (|l|+ l)/2 term

of Eq. 3.12 splits the plateaus of the regime curves shown in Fig. 3.4 into the higher

plateaus of the l ≤ 0 and lower l = 1, 2, . . . plateaus. Therefore, if a charged excited

state is chosen as the operational state, the ideal choice would be an l > 0 angular-

state.

Even in the lowest spin-degenerate state, some charging may be required. The

operational electron confined to the K ′ valley is at a higher energy than the two other

possible states in the K valley, see Fig. 3.3. Although valley lifetime is expectedly

long [233, 234], eventually the electron will decay out of the higher operational state

to these empty states. Also, since each excitation state may be split into four different

configurations of spin and valley, the total number of electrons needed to charge the

dot up to the desired operational regime is 3 + 4N where N is an integer describing

the excitation level of the operational state, i.e. N = 0 corresponds to the groundstate

n = 1 l = 0, N = 1 corresponds to the first excited state n = 1 l = −1 etc. The direct

band gap of monolayer MoS2 is ∼ 1.8 eV [126], and current advances in gated QD

nanostructures in MoS2 give a charging energy of 2 meV at a dot radius of 70 nm [235].
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This result was said to align well with the self capacitance model [226, 235, 236],

therefore, using said model, the charging energy at desired radii for spin-degenerate

regimes (∼ 10 nm) may be approximately shown to increase to ∼ 14 meV. This is

however a broad approximation, therefore further study of the perturbation of the

energy levels due to Coulomb interaction mediated by the Keldysh potential [168]

is warranted, however such effects are spin and valley independant and should only

serve as a renormalisation of the effects studied here. These considerations do however

limit the choice of excited operational states, as is evident in Fig. 3.5, at highly

charged states relative to the potential height and band gap, the critical radii will be

compromised.

Additionally, ferromagnetic substrates may be employed to enhance the valley

splitting due to an external magnetic field. Recent experiments demonstrate an effec-

tive ∼ 2 T addition to the magnetic field inducing valley Zeeman splitting [237]. It

has been shown by vdW heterostructure engineering that by layering TMDCs with

magnetic MLs and substrates such as CrI3, EuS and EuO, local TRS violation in

the TMDC occurs, significantly enhancing the valley-Zeeman effect observed in the

TMD [100–102, 238–241]. A similar result may also be achieved with doping [242].

Ideally, a vdW stack of hBN - CrI3 or EuS - MoS2 - hBN would be used to implement

a TMDC spin quantum processor. The purpose of the hBN is to protect the other

MLs from degradation as well as improve the optical response of the TMDC for state

initialisation [103–105]

Here only gated QDS are considered. While such methods like flakes [129, 243, 244]

offer quantum confinement on the desired scale, high inter-valley coupling terms are

introduced at small dot radii due to edge effects, offering a decoherence channel to

the system. Additionally, such structures offer scalability challenges such as the lack

of a method of adjusting the exchange coupling if the proposed model is extended

to a double QD system. However, such studies of quantum confinement in TMDCs

pay close attention to the effect of dot shape, a consideration omitted here for simple

symmetry considerations, but could yet warrant consideration in further research.

However, gated QDs shall continue to be the primary focus moving forward in this

work.

With a suitable operational regime selected, a TMDC spin qubit has been theo-

retically demonstrated. The next step is therefore to propose a scheme by which any

arbitrary single qubit rotation could be achieved with the qubit described here.



Chapter 4

Single Qubit Gates on

Monolayer Spin Qubits

Towards building a 2D quantum processor, the next step, after realising the spin

qubit described in Ch. 3, is a scheme for single qubit gates. This may be demon-

strated by electric-dipole spin resonance (EDSR) in TMDC pure-spin qubits. All

results presented in this chapter are in prepring [245, M. Brooks and G. Burkard,

arXiv:1906.11350].

EDSR is effectively the rotations of a spin state from an artificially induced os-

cillating magnetic. This requires the coupling of the qubit spin states to an external

AC-electric field and some SOC [50, 246]. The time for which the induced rotations

between the spin states is switched on can be used to perform the desired single qubit

gate, ideally achieved by sequenced microwave pulses. This has been theoretically

shown to be achievable in TMDCC QDs adopting a Kramers qubit architecture, with

the aid of an additional lattice defect to mix the valley states [208] and a maximum

rotation frequency of 30 MHz.

4.1 Electric Dipole Spin Resonance

Here the QD assumed follows on from the spin qubit QD regimes described in Ch. 3,

but for simplicity the notation

ε̃τ,sn,l = ετ,sn,l + τs
∆cb

2
, (4.1)

shall be used for the a single electron in a QD with radial number n, orbital number

l, spin s and valley τ .

51
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4.1.1 External Influences

To achieve control over the qubit spin states, two additional ingredients to the spin-

orbit interaction inherent in the crystal are needed; a spin-mixing interaction and a

Figure 4.1: Rabi frequency Ω̃ of a MoS2 QD in dependance of the dot radius Rd and
out-of-plane magnetic field B⊥ where Eac = 10−2 mV/nm and B‖ = 1 T. The black
dashed line gives the points of spin degeneracy in the ground states of the K ′ valley.
Note that the region where the RWA is valid is where the frequencies calculated off-
resonantly from the spin degeneracy line are small (blue), while the region where the
maximum Ω̃ deviates from the spin degeneracy line is where the RWA breaks down.
Inset: diagram of the setup considered in this work of a gated TMDC QD of radius
Rd (purple representing the TMDC ML and cyan representing the top gate), exposed
to a static out-of-plane magnetic field B⊥, in-plane magnetic field B‖ and an in plane
AC-electric field Eac.



4.1. ELECTRIC DIPOLE SPIN RESONANCE 53

driving field. These are achieved by subjecting the QD to a static in-plane magnetic

field and AC in-plane electric field.

The Hamiltonian describing an in-plane magnetic field along the x-direction is

given as

HB‖ =
1

2
µBg‖B‖sx, (4.2)

where g‖ is the in-plane g-factor, B‖ is the in-plane magnetic field and si are the spin

Pauli matrices. The in-plane g-factor is assumed in this work to be g‖ = 2, as we

assume a clean crystal void of any defects that may contribute more to the coupling

of B‖ to the electrons than their intrinsic spin, unlike the out of plane spin g-factor

gsp as in Eq. 3.9, which is material dependant.

The real-space Hamiltonian of an AC-electric driving field along the x-direction is

given as

H̃ac = exEac cosωt, (4.3)

where Eac and ω denote the field strength and frequency of the AC-field and t is time.

To write Eq. 4.3 in a matrix form, the corresponding dipole matrix elements need to

be calculated. The dipole matrix elements represent the off-diagonal elements that

in the case of this work couple the qubit states with the first excited orbital states.

These are calculated as follows

dnl,n′l′ = 〈ψnl|H̃ac|ψn′l′〉, (4.4)

The wavefunctions used here are given Eq. 3.11. The corresponding matrix element

is dependent on B⊥ and Rd, however, we find that the dependance on B⊥ is so slight

(< 0.01%) that for this work we shall simply assume

〈ψ0,1|H̃ac|ψ0,0〉 ≈
eEacRd

2
√

2
. (4.5)

Therefore in the orbital basis this can be rewritten as approximately

Hac = σx
eEacRd cos(ωt)

2
√

2
, (4.6)

where σi is the ith orbital Pauli matrix. From these matrix elements, the full Hamil-

tonian for ESDR in TMDC QDs may be written.
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4.1.2 4 × 4 Valley-Polarised Hamiltonian

Due to our choice of material and B⊥ direction (positive along the z-axis), the valley

in which the spin qubit is achieved is the K ′. From all the elements collected the full

Hamiltonian of the valley-polarised TMDC dot with an in-plane magnetic field and

AC-electric field is

HK′ =
1

2


2εK

′,↑
1,0 −∆cb µBg‖B‖

eEacRd cos(ωt)√
2

0

µBg‖B‖ 2εK
′,↓

1,0 + ∆cb 0 eEacRd cos(ωt)√
2

eEacRd cos(ωt)√
2

0 2εK
′,↑

1,−1 −∆cb µBg‖B‖

0 eEacRd cos(ωt)√
2

µBg‖B‖ 2εK
′,↓

1,−1 + ∆cb

 , (4.7)

for the qubit basis and the first excited orbital spin states ({|l = 0,K ′, ↑〉, |l = 0,K ′, ↓
〉, |l = −1,K ′, ↑〉, |l = −1,K ′, ↓〉}) to which the qubit couples by the driving field.

From this, an approximate 2× 2 time dependent qubit Hamiltonian may be derived.

4.1.3 Time Dependent Schrieffer-Wolff Transformation

To isolate the qubit space of Eq. 4.7 from that of the orbitally excited states such that

analysis of the qubit rotations may be made, a time dependent Schrieffer-Wolff trans-

formation (TDSWT). The TDSWT is a perturbative method to derive an effective

block diagonal Hamiltonian H̃(t) from a dense Hamiltonian H(t) such as Eq. 4.7 [190],

assuming that off-diagonal terms that need to be significantly smaller than the dif-

ference between the corresponding on-diagonal terms such that the TDSWT may be

considered reasonable. These terms are referred to as the small parameters. the first

step of the TDSWT is the unitary transformation U(t) = e−S(t), such that

ψ̃(t) = e−S(t)ψ(t), (4.8)

and, using the time-dependent Schrödinger equation

−i~ ∂
∂t
ψ(t) +H(t)ψ(t) = 0, (4.9)

leading to the transformed Hamiltonian

H̃(t) = e−S(t)H(t)eS(t) + i~
∂e−S(t)

∂t
eS(t). (4.10)
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Here S(t) is some block off-diagonal matrix. From this set up, a power-series expansion

can then be applied which can be simplified to give

H̃(t) =
∞∑
j=0

1

j!
[H(t), S(t)](j) − i~

∞∑
j=0

1

(j + 1)!

[
Ṡ(t), S(t)

](j)
, (4.11)

where [A,B](0) = A and [A,B](n+1) =
[
[A,B](n) , B

]
. Here, S(t) is solved for by

assuming H̃(t)off-diagonal = 0. At this point no approximation has been made. The

approximation made to solve Eq. 4.10 such that H̃(t)off-diagonal = 0 is a power-series

expansion of the small parameters (in plane electric and magnetic fields) of the S(t)

matrix

S(t) = S(t)(1) + S(t)(2) + S(t)(3) + . . . , (4.12)

where S(t)n is the nth order of the power-series.

At this point, all the necessary definitions have been made to perform a general

TDSWT, as such, now only a second order perturbation of the Eq. 4.7 will be con-

sidered. The small parameters are the electric field strength eEacRd/~ω0,0
↑,↓(B⊥) � 1

and in-plane magnetic field strength µBg‖B‖/~ω
0,0
↑,↓(B⊥) � 1, where ωl,l

′

s,s′ is the en-

ergy difference between the two QD levels εK
′,s

1,l and εK
′,s′

1,l′ expressed as an angular

frequency such that, for example εK
′,↑

1,0 − ε
K′,↓
1,−1 = ~ω0,−1

↑,↓ . The effective Hamiltonian

with corrections up to second order is given by

HEDSR(t) = H̃(0) + H̃(1) + H̃(2)(t). (4.13)

From this, the expansions in HEDSR(t) can be solved from Eq. 4.10 as

H̃(0) = H0, (4.14a)

H̃(1) = H1, (4.14b)

H̃(2)(t) =
1

2

[
H2(t), S(t)(1)

]
. (4.14c)

Here H0 is the diagonal part of Eq. 4.10, H1 is the block diagonal part omitting

the diagonal part of Eq. 4.10 and H2(t) is the block off-diagonal part of Eq. 4.10,

which for the case of the EDSR mechanism described translates as the QD levels

H0 =
∑

s,l ε
K′,s
1,l |s, l〉 〈s, l|, in-plane magnetic field Eq. 4.2 for H1 and AC-electric field

matrix elements Eq. (4.6) for H2. Only S1(t) needs to be solved for, which is done by
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applying the H̃(t)off-diagonal = 0 condition giving[
H0, S(t)(1)

]
= −H2. (4.15)

So finally, all the relevant terms of the transformation are

H̃(0) =
∑
s,l

˜ετ,s1,l |s, l〉 〈s, l| , (4.16a)

H̃(1) =
µBg‖B‖

2
sx, (4.16b)

H̃(t)(2) =
E2

acR
2
d[1 + cos(2ωt)]

36~ω0,−1
s,s

σz. (4.16c)

Accordingly, Eq. 4.13 leads to a block diagonal Hamiltonian for which the relevant

time dependent qubit basis portion may be extracted as

HEDSR(t) =

εK
′,↑

1,0 +
e2E2

acR
2
d[1+cos(2ωt)]

16~ω0,−1
↑,↑

µBg‖B‖
2

µBg‖B‖
2 εK

′,↓
1,0 +

e2E2
acR

2
d[1+cos(2ωt)]

16~ω0,−1
↓,↓

 . (4.17)

4.2 Rabi Oscillations

From the time-dependent qubit Hamiltonian given in Eq. 4.17, a transformation into

the rotating basis may be performed and the rotating-wave approximation (RWA)

applied [5]. This is achieved by first solving for some transformation matrix

Urot =

(
cos
[
θ
2

]
sin
[
θ
2

]
− sin

[
θ
2

]
cos
[
θ
2

]) , (4.18)

such that the on-diagonal elements of Eq. 4.17 are static in time, which in this case is

achieved if

θ =
72B‖g‖µBω

0,−1
↑,↑ ω0,−1

↓,↓

e2E2
acR

2
d(ω0,−1
↓,↓ − ω

0,−1
↑,↑ ) + 36ω0,0

↑,↓ω
0,−1
↑,↑ ω0,−1

↓,↓ ~
. (4.19)

With Eq. 4.17 now transformed into the rotating frame the RWA can be applied. The
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RWA is applicable to systems with the following form

H = ~

(
−ω01

2 −
(
ΩRe

−iωt + ΩCRe
iωt
)

−
(
Ω∗Re

iωt + Ω∗CRe
−iωt) ω01

2

)
, (4.20)

where ω01 the qubit energy splitting frequency, and ΩR and ΩCR are the rotating and

counter-rotating Rabi frequencies respectively. The Rabi frequency is the frequency

with which it takes a state in |0〉 to fully rotate to |1〉. This expression may then be

rotated into the interacting frame by some unitary Uint

Hint = UintHU
†
int − i~Uint∂tU

†
int, (4.21)

such that the resulting Hamiltonian in the interaction from has the form

Hint = ~

(
0 −

(
ΩRe

−i∆ωt + ΩCRe
i(ω+ω01)t

)
−
(
Ω∗Re

i∆ωt + Ω∗CRe
−i(ω+ω01)t

)
0

)
, (4.22)

where ∆ω = ω − ω01. Assuming the system is driven close to resonance, i.e. |∆ω| �
ω, the counter rotating terms may be ignored as higher order terms due to their

significantly faster frequency leaving only the terms with the Rabi frequency Ω

Following this process, the Rabi frequency for TMDC spin qubits is therefore

Ω̃ =
3µBg‖B‖e

2E2
acR

2
d

(
ω0,−1
↓,↓ − ω

0,−1
↑,↑

)
4

√(
36µBg‖B‖ω

0,−1
↑,↑ ω0,−1

↓,↓ ~
)2

+
(
e2E2

acR
2
d

[
ω0,−1
↓,↓ − ω

0,−1
↑,↑

]
− 36ω0,0

↑,↓ω
0,−1
↑,↑ ω0,−1

↓,↓ ~2
)2
.

(4.23)

Note that in this form, the implicit dependance of the Rabi frequency Ω̃ on B⊥

is within all the ωl,l
′

s,s′(B⊥) frequencies while the dependance of Ω̃ on the spin-orbit

splitting of the conduction band ∆cb is within ω0,−1
↑,↑ (B⊥,∆cb) and ω0,−1

↓,↓ (B⊥,∆cb).

The difference between the two however, present in the numerator of Eq. 4.23 is not

dependent on the spin-orbit splitting. Note that, as the spin splitting due to the spin

orbit interaction is decreased, so too is the maximum Rabi frequency achievable, and

as ∆cb → 0 the in-plane magnetic field small parameter condition of the TDSWT is

violated and all of the calculations made up to this point are no longer valid.
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Figure 4.2: The out-of-plane magnetic field B⊥ dependance of the Rabi frequency Ω
for MoS2 QDs with Rd = 11 nm (red), 12 nm (black), 13 nm (purple), 14 nm (blue)
and 15 nm (green), with Eac = 10−2 mV/nm and B‖ = 50 mT.

A further simplification of Eq. 4.23 may be given as its dominant term

Ω =
µBg‖B‖e

2E2
acR

2
d

(
εK
′,↑

1,−1 − ε
K′,↓
1,−1

)
48∆cb

[
εK
′,↑

1,0 − ε
K′,↑
1,−1

] [
εK
′,↓

1,0 − ε
K′,↓
1,−1

]
~2
, (4.24)

assuming εK
′,↑

1,0 ≈ εK
′,↓

1,0 , i.e. operating at the spin qubit regime. The physics of the

terms dropped from 4.23 to give 4.24 are apparent from the following expansion

Ω̃ = Ω(1 + δ1 + δ2 + . . . ), (4.25)

where

δ1 =
e2E2

acR
2
d

[
ω0,−1
↓,↓ − ω

0,−1
↑,↑

]
36ω0,0

↑,↓ω
0,−1
↑,↑ ω0,−1

↓,↓ ~2

1 +
e2E2

acR
2
d

[
ω0,−1
↓,↓ − ω

0,−1
↑,↑

]
72ω0,0

↑,↓ω
0,−1
↑,↑ ω0,−1

↓,↓ ~2

 , (4.26a)
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δ2 =

(
µBg‖B‖

)2
2
(
ω0,0
↑,↓~

)2 . (4.26b)

From this, δ1 can be reasoned as a shift due to the AC Stark effect as it is a perturbation

in a higher order of Eac and δ2 is the plane Zeeman shift due to B‖. From this form

of the Rabi frequency, the effect of the EDSR fields may be probed.

Firstly, the effect of the strength of the AC-electric field Eac is clearly quadratic.

As such, this value shall be fixed at 10−2 mV/nm, as in alternate proposals with

Kramers qubits [208] to allow for direct comparison. This is an achievable electric

field amplitude that is consistent the small parameter conditions stated in Sec. 4.1.3.

The effect of B⊥ can be seen in both Fig. 4.2 and 4.3. Fig. 4.2 shows the dependance

of Ω on B⊥ for a number of dot radii. There is a clear peak for each radius and clear

minimum, where Ω → 0, at which ω0,−1
↓,↓ = ω0,−1

↑,↑ . The reason for this interference is

clear in Fig. 4.3. The avoided crossings for the qubit states and the orbitally excited

states do not align with B⊥, as such, there are values of B⊥ that are after one avoided
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Figure 4.3: The out-of-plane magnetic field B⊥ dependance of the QD level splittings
expressed as angular frequencies ω0,−1

↓,↓ (red), ω0,−1
↑,↑ (black), ω0,0

↑,↓ (purple) and ω−1,−1
↑,↓

(blue), for MoS2 QDs of with Eac = 10−2 mV/nm, B‖ = 50 mT and Rd = 15 nm.
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Figure 4.4: Rabi frequency on resonance for MoS2 QDs with Rd = 11 nm (red), 12 nm
(black), 13 nm (purple), 14 nm (blue) and 15 nm (green), and Eac = 10−2 mV/nm.
Inset: Extracted maximum Rabi frequency Ω with dot radius Rd for MoS2 QDs with
Eac = 10−2 mV/nm and B‖ = 1 T.

crossing and before the second. This manifests itself in Fig. 4.3 where each of the

kinks in the gradient of the ω0,−1
↓,↓ and ω0,−1

↑,↑ lines occur at the avoided crossings. It is

in between these two kinks that the destructive interference is such that ω0,−1
↓,↓ = ω0,−1

↑,↑
and Ω→ 0. The effect of B‖ is also not fully apparent from Eq. 4.24. Of course, from

the numerator as B‖ → 0 so does Ω→ 0, as there is no spin mixing mechanism at this

limit, but the relationship between the two is not linear, as a wider avoided crossing

can be detrimental to the rotation speed. As is seen in Fig. 4.4, there is a clear peak

in the achievable Ω at some small B‖ specific and inversely proportional to the dot

radius. For values of B‖ larger than this critical field strength, the potential Rabi

frequency decreases, converging to some minimum frequency that is proportional to

the dot radius.

4.3 Optimal Operations

Understanding in detail the effects of each of the contributing EDSR mechanisms on

the derived single qubit rotational frequency now allows for an optimisation of the
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EDSR procedure. However, there is still one parameter with which the mechanism

may be optimised, the dot radius. Fig. 4.1 gives Ω̃ in dependence of Rd and B⊥ at

constant Eac and B‖, showing a clear peak running along the spin-degeneracy line

as well as the interference line under the peak. Note that here the full expression

Ω̃ is plotted as to demonstrate where the RWA starts to break down, as for Rd &

22.5 nm, the higher order terms deviate the peak from around the spin degeneracy

point and the Rabi frequency diverges past the reasonable range of the assumed driving

frequency (microwave). The reduced form of the Rabi frequency Ω gives exactly the

same result below this point, without showing the deviation at larger dot radii. The

inset of Fig. 4.4 shows more explicitly the Rd dependance of the maximum Rabi

Figure 4.5: The out-of-plane B⊥ and in-plane B‖ magnetic field dependancies of the
Rabi frequency Ω for an MoS2 QD of radius Rd = 20 nm where Eac = 10−2 mV/nm
only within the microwave qubit detuning range.
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frequency achievable when at a fixed B‖ = 1 T. Here a close-to-exponential increase

in achievable Rabi frequency is observed. This trend is easily exploitable but comes

with a significant cost in B⊥ needed to achieve spin qubits with increasing dot radius.

As a proposal for an optimal operational regime, consider a dot of Rd = 20 nm. To

satisfy both the conditions of the RWA and experimental preferences, only the regime

where the qubit detuning is within the microwave range< 300 GHz shall be considered.

This is shown in Fig. 4.5, where a clear peak region at B⊥ = 23.5 T and B‖ = 20 mT

can be seen. At this optimised point a very desirable Rabi frequency of ∼ 250 MHz is

reached. However, there is a band where Rabi frequencies ∼ 100 MHz are attainable,

allowing for less precise control of the magnetic fields to access a desirable frequency

range.

4.4 Implementation and Comparison

To implement a pure-spin qubit with fast single gate operations we find that a good

choice consists of an MoS2 QD of radius Rd = 20 nm, in a external out-of-plane

magnetic field B⊥ = 23.5 T, in-plane magnetic field B‖ = 20 mT and a microwave

frequency AC-electric field of strength Eac = 10−2 mV/nm. This allows for a Rabi

frequency of Ω = 250 MHz. All of the assumed field parameters are within reasonable

viability. The B⊥ requirement is high, however this can be reasonably mitigated by

vdW heterostructure engineering with magnetic MLs, as previously discussed. All

calculations given assume the qubit is implemented in a free standing TMDC ML, to

give an upper limit on what would be experimentally required. This mechanism only

serves however to rotate the qubit state between the two poles of the Bloch sphere. To

perform any arbitrary rotation on the qubit state with the method proposed pulses

of microwaves, that temporarily switch the EDSR mechanism are needed. If the

spins of the QD are degenerate in energy, which is true for the proposed mechanism

due to the selection of B⊥, when the EDSR mechanism is turned off, the qubit will

naturally rotate about the equator of the Bloch-sphere. This is shown by solving

Eq. 4.9 for a degenerate qubit. The frequency of these rotations is dependant on the

initial state, i.e. the close the initial state to the equator the faster the rotations.

Therefore by carefully selecting a sequence of pulses, turning the EDSR on and off

for the appropriate amount of time, as well as the time between the pulse, allowing

the qubit to naturally rotate, any single qubit gate may be achieved. To keep the

qubit then in the state generated after the gate, the B⊥ then needs to be changed

such that the spin states are no longer degenerate and the qubits natural rotations
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are suppressed.

The gate speed shown here is an order of magnitude faster within reasonable

experimental limitations than has been shown in the alternative single dot approach

to TMDC qubits, the Kramers qubit [208]. This assumes a clean crystal, unlike the

Kramers qubit that requires a defect to mix the valleys. While defects are currently

inherent to TMDC samples, they are usually undesirable, and in the proposed pure-

spin qubit scheme offer a dephasing mechanism. However, the K-valley levels are

higher in energy and become more energetically separated at lower Rd, therefore, some

tradeoff between gate speed and stability can be made in the case of valley-mixing

crystal defects. Additionally, there has recent significant progress in synthesising low

defect rate MLs by chemical as opposed to mechanical means [247].

The ∼ 100 MHz single gate rotations makes this 2D qubit implementation com-

petitive with more conventional bulk semiconductor architectures due to the intrinsic

spin orbit coupling of the MLs and the validity of a square walled potential of the

dot model due to gating directly to an ML or ML-hBN heterostructure [186]. Both

GaAs and Si 2D electron gas gated single spin qubits have experimentally shown

Rabi oscillations in the order of ∼ 10 MHz [46, 50, 63]. However, in TMDCs, these

fast gate speeds are required as spin lifetimes have only been measured up to a few

nanoseconds [233]. This is however, expected to improve with the advent of cleaner

crystal samples.The promise of similar to improved speeds attainable with the TMDC

device proposed here, in a flexible and optically active medium, further position 2D

semiconductors as exciting novel materials for quantum device applications.
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Chapter 5

Strain Confinement in

Monolayers

So far, the only method of implementing QDs in TMDC MLs is by electrostatic

gating. While this is a proven method of implementing QDs in MLs, it is not a

method unique to MLs and the added benefits of their reduced dimensionality. A

number of studies into out-of-plane straining as a novel manipulation technique have

been experimentally investigated for deterministically implementing quantum light

sources [92, 111, 112]. As stated in Ch. 2, similarly to other low dimensional crystals

TMDCs exhibit great flexibility and mechanical strength. It is known that TMDC

MLs can withstand tensile strain up to the order of 10% [248] before rupture, thus

the ongoing interest in TMDCs for flexible substrate technologies [249, 250]. As such,

there have been notable DFT studies into the electronic response of TMDC MLs to

tensile strain [116, 251]. Interestingly, it is believed that all TMDC species form a

type II quantum well (electron confining but hole repulsive) of the CB and VB under

strain, with the exception of WSe2 which forms type I quantum dots (electron and

hole confining), see Fig. 5.1. One noticeable change in the behavior of specifically

sulphide semiconducting TMDCs (M S2) under strain is a direct to indirect band gap

transition that has been observed at 2.5% tensile strain in WS2 [115] and calculated

to be at about 2% for MoS2 [116].

Quantum light sources had previously been observed in a TMDC monolayer at

strained defect points along the edge of a monolayer flake [221]. With out-of-plane

straining, this effect has now been shown to be deterministically implementable, by

creating strain fields with an appropriate renormalisation of the band gap to fun-

nel excitons to a given location in WSe2 by placing the TMDC on a substrate that

65
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Figure 5.1: Cartoon of type I and type II QDs, showing the shape of the wells in real
space r for both the CB and the VB. Note that a type I may confine both an electron
(red) and a hole (blue) whilst a type II can only confine electrons.

selectively deforms the monolayer. Similarly, it has previously been suggested that

an AFM tip may be used to strain MoS2 MLs for electron collection in photovoltaic

devices [114]. It is clear that the flexibility, strain band-response and durability of

TMDC MLs opens up the novel device implementation tool of strain manipulation,

by exploiting the third dimension of a 2D material. Out-of-plane strain field engi-

neering has the potential to become part of the standard toolbox of TMDC device

implementation, to be used as an additional tool to help manipulate the CB and VB.

The potential for strain engineering for quantum emitters is now well demonstrated,

but a similar method could be combined with other known manipulation techniques to

allow for hybrid strain-gated electronic devices. All results presented in this chapter

have been published in [113, M. Brooks and G. Burkard, Phys. Rev. B 97, 195454],

apart from Sec. 5.5 which is as yet unpublished.
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5.1 Deformation Topography

To calculate the out-of-plane deformation topography of the TMDC MLs layered

atop nanopillars, continuum-mechanical plate-theory will be used. The full set of

elastostatic equilibrium equations [252] assuming rotational symmetry are

D∆2ζ − h

r

(
dχ

dr

d2ζ

dr2
+
d2χ

dr2

dζ

dr

)
= P, (5.1a)

∆2χ+
Y

r

(
dζ

dr

d2ζ

dr2

)
= 0, (5.1b)

where ζ is the deformation coordinate (height field) of TMDC, χ the stress function,

h the thickness of the TMDC, Y is the Young’s modulus, P is the externally applied

force per unit area and D is the flexural rigidity of the TMDC defined as

D =
Y h3

12(1− σ2)
(5.2)

where and σ is the Poisson’s ratio. The stress function χ is defined as

∆χ =
Y

(1− σ)
∇ · u =

Y

(1− σ)

(
1

r

d(rur)

dr

)
, (5.3)

where u = (ur, uθ) is the displacement vector. Note that ∆ = ∇2 where ∆ is the

Laplacian operator and ∇ is the gradient while ∆2 is the biharmonic operator. The

fist of these, Eq. 5.1a is derived from energetic considerations while the second Eq. 5.1b

describes the stress-strain relationship. In this work, we study similar topographies to

those used in experiments where the TMDC monolayer is passively strained (lacking

clamping of the edges and allowing for elastic equilibrium). In such a regime, the con-

tribution from the stress function to the overall strain in the TMDC will be five orders

of magnitude lower than that of the contribution from the height field topography.

As such, a pure bending regime is assumed where the elastostatic equations may be

simplified to

D∆2ζ − P = 0, (5.4)

where Eq. 5.1b may no longer be satisfied.

There are a number of choices for force per unit area to be considered; P = 0 with
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boundary conditions, Van der Waals attraction between the TMDC and substrate [253]

PVDW =
HTMDC-Sub

(h/2 + ζ)3
, (5.5)

where HTMDC-Sub is the Hamaker constant between the choice TMDC and substrate,

and a constant force per unit area P = Pc approximation. The Van der Waals force

topography may be calculated numerically while the height fields of the P = 0 and

P = Pc models may be exactly solved to give

ζP=0(r) =
H
(
R2 + r2

[
log
(
r2

R2

)
− 1
])

R2
, (5.6)

and

ζP=Pc(r) =

β
(√

H
β − r

2
)2

r ≤ R

0 r > R,
(5.7)
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Figure 5.2: 2D radial deformation topography of WSe2 derived from the P = 0
(purple) P = Pc (blue) and P = PVDW (Red) assuming a nanopillar height of 135 nm
with tenting radius of 400 nm as chosen from experimental examples [111].
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respectively where H is the height of the deforming nanopillar i.e. the height at which

the TMDC is held at at the origin, R is the tenting radius i.e. the radius at which the

TMDC meets the substrate and β is defined as

β =
Pc

64D
=

3Pc(1− σ2)

16h3E
. (5.8)

Both of these models for the height field assume clamped boundary conditions ∂rζ(r)|r=0,R =

0. The values of R and H need to be assumed for the P = 0 model, as all mechanical

properties of the TMDC are lost, while for the P = Pc model the relationship between

R and H is given as R = 4
√
H/β.
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Figure 5.3: Height field ζ(x, y) as a function of the x and y coordinates in the TMDC
plane of a WSe2 monolayer layered atop a 200 nm tall nanopillar.

Fig. 5.2 demonstrates the difference between the topographies given by the three

proposed P functions. As is evident, the P = Pc model aligns well with the P = PVDW

model close to the origin (where electron confinement takes place) while close to the

tenting radius the P = Pc model aligns with the P = 0 model. As such, the P = Pc

will be used to give a reasonable analytical approximation to experimental works which

we aim to model.

Moving forward, focus shall be kept on the TMDC monolayer species of MoS2

and WSe2. WSe2 is considered since it has been the focus of past TMDC strain

experiments [92, 111, 112] that measured quantum emitters in strained regions of
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the monolayer. WSe2’s optical response on and off resonance may be greatly en-

hanced [254] and, as has been shown in DFT studies [116], exhibits exciton funnelling

under strain. MoS2 is also considered, as this material has been studied for its possi-

ble spintronic and valleytronic applications such as quantum dots [255] for quantum

information [96, 186] due to its relatively small spin-orbit splittings. Values for the

Young’s modulus [256, 257], Poisson’s ratio [258, 259] and layer thickness [125, 260] are

all taken from mechanical experiments, while a reasonable value for the applied force

is approximated from the tenting radii of a nanopillar strained TMDC experimental

study [111].

A deformation topography of WSe2 and MoS2 may be drawn, see Fig. 5.3, and

compared, see Fig. 5.4, as deformed by nanopillars within the height range of 50 −
200 nm. This range has been chosen to coincide with the experimental possibilities for

nanopillar growth and should not strain the MLs to the point of perforation. These

topographies shall lay the foundation of the bandgap renormalisation and CB potential

calculations given.
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Figure 5.4: 2D radial deformation topography of WSe2 (solid) and MoS2 (dashed) MLs
layered atop nanopillars of heights 50 nm (black), 100 nm (purple), 150 nm (blue) and
200 nm (red).
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5.2 Strain Induced Potential

With the deformed TMDC monolayer topography derived in Eq. 5.7, the strain in-

duced potential is given as [76]

V =

(
δvD 0

0 δcD

)
, (5.9)

where δc and δv are the strain response parameters for the CB and VB respectively,

and D is the trace of the strain tensor D = Tr[εij ]. In plate theory, the strain tensor

is defined as [252]

εij =

 −h ∂
2ζ
∂x2

−h ∂2ζ
∂x∂y 0

−h ∂2ζ
∂x∂y −h∂

2ζ
∂y2

0

0 0 σh
1−σ∆ζ

 , (5.10)
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Figure 5.5: Radial dependence of the strain induced potential in the CB of WSe2 MLs
deformed by nanopillars of heights 50 nm (black), 100 nm (purple), 150 nm (blue) and
200 nm (red). The curvature of the potential is unaffected by the pillar height while
the depth depends on the height.
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Using the above, D = Tr[εij ] may be simplified to

D =
(2σ − 1)h

1− σ
∆ζ. (5.11)

Therefore, the strain induced potential in the CB and VB from the derived topography

has the following (truncated) harmonic from

Vc/v(r) =

−
8hδc/v(2σ−1)(2r2β−

√
Hβ)

σ−1 r ≤ R

0 r > R,
(5.12)

Notably, as can be seen in Fig. 5.5, the height of the deforming nanopillar does not

affect the curvature of the induced potentials in the CB and VB, yet does affect the

overall bandgap shift, see Fig. 5.6, and potential well depth, see Fig. 5.5, i.e. the dif-

ference in potential between r = 0 and r > R. Although our assumptions are modest,

this result aligns with experiment [111], where the linewidth of single photon emitters

observed at the tip of deforming nanopillars was shown to scale with nanopillar height.

In the experiment no discernable relationship between the nanopillar height and the

emitted photon energies was observed, most likely due to the uncontrolled topograph-
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Figure 5.6: Strain induced potential well height ∆V = V (r > R)−V (r = 0) in the CB
(solid) and band gap shift ∆Ebg = Ebg − (Vcb(r = 0) − Vvb(r = 0) (dashed), induced
by deforming nanopillars of height H for WSe2 MLs (red) and MoS2 MLs (black).
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ical variance between the observed strain induced quantum emitters. However, while

the shift in photon energy compared to unstrained MLs seen experimentally are ap-

proximately equal to those predicted by the bandgap renormalisation calculated, if the

experimental systems offered greater consistency in topography with varying nanopil-

lar height, we predict that there should be a shift in the photon energy by the predicted

bandgap shift shown in in Fig. 5.6.

The quadratic form of this potential also allows for further extrapolations of the

properties of the strained potential wells to be made such as an estimation of single

particle energy spectra and expected leakage. Other tight binding approach studies

of strain in TMDCs [76, 261] have shown the rise of fictitious gauge fields acting like

pseudomagnetic fields in the plane of the monolayer due to curvature. In the systems

considered here, this effect may be treated as a perturbation, as for these curvatures,

the effective magnetic field energy is on the order of ∼ µeV, which is a few orders of

magnitude below the confining potentials considered here.

5.3 Fock Darwin Energy Levels

From DFT studies [116], the behavior of the CB and VB under strain for the four most

common TMDC species (MX 2 with M =Mo, WX2and X =S, Se) is well characterised.

Notably, WSe2 is the only compound which exhibits hole attraction, i.e. an increase

in the VB energy about the K(K ′) point, under strain. Conversely, the other three

TMDC species are believed to demonstrate hole repulsion, i.e. an increase in the

VB energy at the K(K ′) point, under strain. This is partly why WSe2 has been the

material of choice of optical strain experiments searching for quantum emitters in

determined strained regions, as the strain potential shape of both bands should allow

for exciton funnelling to a strain maximum. It can also be argued that strain induced

single particle devices such as quantum dots may be implemented in the other TMDC

types such as MoS2 [114], due to the hole repulsion.

Here we calculate the single particle energy spectra of the strain induced quantum

dots, given deformed topography and induced strain potential described in Sec. 5.1

and 5.2, in the presence of an external magnetic field. We begin by assuming the

potential depth of the well described in Eq. 5.12 to be deep enough that a harmonic

potential may be assumed. Then the Fock-Darwin energy levels of the quadratic

portion of the potential may be obtained from the single particle in a B⊥ model used

in Ch. 3 and 4, combined with the bandgap shift of Eq. 5.12. Thus the single band

electron energy Eτ,sn,l in a strain-induced potential with external magnetic field is given
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as

Eτ,sn,l = EFD + ESO + ETRSV + EZS, (5.13)

In Eq. 5.13, EFD gives the Fock-Darwin energy levels of a 2D harmonic potential

quantum dot defined by the strain potential

EFD = (n+ 1)

√
(~ωτ,sc )2

4
− 32~2hβδc(2σ − 1)

mτ,s
eff (σ − 1)

− ~ωτ,sc l

2
+

8hδc(2σ − 1)
√
Hβ

σ − 1
, (5.14)

ESO gives the energy splitting due to spin-orbit coupling of the Kramers pairs

ESO = τs∆cb, (5.15)

ETRSV gives the of the valley degeneracies due to the violations of TRS

ETRSV =
(1 + τ)sgn(B⊥)

2
~ωτ,sc , (5.16)

and finally EZS gives the valley and spin Zeeman splitting

EZS =
µBB⊥

2
(τgvl + sgsp) , (5.17)

where gvl is the valley-Zeeman splitting g-factor and gsp is the spin-Zeeman splitting g-

factor. The quantum numbers are the principal quantum number n = 0, 1, 2 . . . , which

is defined as n = 2nr + |l| with the radial quantum number nr of the wavefunction

and the azimuthal quantum number l = −n,−n+ 2, . . . , n− 2, n.

The energy spectra with out-of-plane magnetic field of the first few states in MoS2

is shown in Fig. 5.7. The larger spin-orbit splitting and lower magnetic response

in WSe2 give rise to a relatively unchanged magnetic spectrum when compared to

other confinement methods in TMDC MLs. However, the MoS2 levels demonstrate

greater magnetic sensitivity than those derived for quantum dots assuming a hard wall

potential of electrostatic gating [96], with clear Landau levels present at magnetic field

strengths of ∼ 5 T.

Notably, the energy spectra depicted here are calculated with constants mimicking

previous experimental set-ups [111]. As such, the dots assumed are particularly large

(∼ 1µm in diameter), which limits some of their potential for single particle applica-

tions and scalability. In Sec. 5.6, possible methods of maintaining the spectra shown

here for topographies more conducive to dot applications are discussed.
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Figure 5.7: Fock-Darwin energy spectra with external perpendicular magnetic field B
of an electron confined within the strain induced potential well of an MoS2 monolayer
deformed by a nanopillar of height 200 nm up to n = 2 l = ±2, 0. Here, the K (K ′)
states are given by the black (red) lines and the ↑ (↓) states are given by the solid
(dashed) lines.

5.4 State Leakage

One important comparison that needs to be made when comparing strain induced

potential wells in TMDCs with other confinement methods, is the state leakage prob-

ability. Demonstration of low leakage confinement by just out-of-plane straining of

the monolayer crystal would open up the discussion for strained TMDCs for quantum

dots, whose purposes extend past single photon emitters, to single electron dots that

may be coupled to other dots in a strain array for quantum information purposes.

The transmission of an electron through a potential barrier like the ones discussed in

this work may be calculated by the semi-classical Wentzel–Kramers–Brillouin (WKB)

method. The WKB method assumes the particle in 1D space’s momentum to given

by the classical momentum p(x) =
√

2m[E − V (x)], thus the semi-classical nature of

the method, an approximate wavefunction for each side of a potential barrier may

be written and solved for with the continuous boundary conditions or the barrier.

Following this method, the unitless transmission coefficient T of an electron from a
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Figure 5.8: Transmission coefficient of electrons in the |K ↓〉, n = 0, l = 0 state with
magnetic fields B = 0 T (black), B = 2.5 T (purple), B = 5 T (blue) and B = 10 T
(red) in potential wells induced by nanopillars of height H in WSe2 MLs as given by
the Fock-Darwin energy levels.

strain-induced QD is given in the following form

T τ,sn,l = exp

[
−2

~

∫ R

r0

√
2mτ,s

eff [V (r)− Eτ,sn,l ]dr
]
, (5.18)

where r0 is the radial coordinate of the classical turning point at which Eq. 5.12

yields V (r0) = 0, below which tunneling is not allowed, and above which the WKB

approximation is valid. The full form of r0 is given as follows

r0 =

√√
H

2β
+

Eτ,sn,l (σ − 1)

16hβδc(1− 2σ)
. (5.19)

As can be seen from Figs. 5.8 and 5.9, the transmission coefficient of the potential

well in the classically allowed region (E > 0) is a function of the height of the deforming

nanopillar, exhibits a sharp cut-off point at which the electron may be assumed to

be well confined. This sharp dependence of confinement with the nanopillar height

aligns well with experimental results demonstrating decreased single photon emitter

linewidth with increased nanopillar height [111]. As is also visible in Figs. 5.8 the
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WKB approximation breaks down at T ≈ 1.
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Figure 5.9: Transmission coefficient spectrum of electrons in MoS2 MLs of energies E
in potential wells induced by nanopillars of height H.

For states below the classically forbidden region (E < 0) the potential well, no

tunnelling outside the strained area should occur, unless aided by some thermal pro-

cess. For MoS2 this is very promising, as theoretically these strained dot arrays, if

prepared properly and held at a sufficiently low temperature, should demonstrate low

leakage. Additionally, the potential well depth may be tuned for state selection. If the

height of the nanopillar is chosen such that the groundstate energy of one of Kramers

pairs lies below the external zero-energy line, while the opposite Kramers pair lies

above the line, with time, the dot will deliberately leak the unwanted Kramers pair,

isolating only the desired Kramers pair. Additionally, an external magnetic field may

be applied perpendicular to the dot to further tune the dot to confine only one spin-

valley combination within the low-energy Kramers pair. This state selection process
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may be difficult in MoS2, since due to the relatively low spin-orbit splitting, high

precision in the process may be required. However, TMDC MLs such as WX2, where

the spin-orbit splitting is an order of magnitude greater, and hole repulsion due to

strain is still present, this Kramers isolation energy alignment may be more easily be

attained.

This demonstration of possible low leakage confinement in strain dots may be the

key to opening up the possibility of strain defined technologies in the TMDC MLs.

For example, if an array of confining nanopillars may be grown underneath a TMDC

monolayer, with patterned electronic gates atop the TMDC, the strain would confine

the electrons in the dots, while the gates may be used for local potential offsets to

tune the coupling between each of the dots.

5.5 Strain Nano Antennas

Moving beyond strain engineering of TMDC MLs of only QDs, the theoretical frame-

work provided here is a useful tool to describe BG renormalisation of more complex

systems with lower symmetry. One such example is a TMDC ML coupled to a high

refractive index GaN nano antenna (NA) dimer comprised of two equivalent cylinders

called monomers of GaN separated by some small distance [117]. Such an NA struc-

ture is designed such that a photonic mode may couple to one axis of the dimer (the

axis along which the two monomers are separated), whilst no mode can couple to the

other axis in the 2D plane of substrate on which the dimer is made [117, 262, 263].

Layering a TMDC ML over such an optically active device allows for the light-matter

interactions of confined modes and TMDC MLs to be studied, as well as the effect of

the strain of the out-of-plane topography of the TMDC ML, by measuring the bright-

ness and frequency of excitonic recombination processes that occur on the dimer.

Following the methods given in Sec. 5.1 and 5.2 The strain topography of the

TMDC-dimer NA geometry considered in this work may be achieved by first modelling

the strain topography of a single monomer of height H and radius Rm. Making the

same assumptions here as was made in Sec. 5.2 of P = 0 with the boundary conditions

of ζP=0(Rm) = H, ζP=0(R) = 0, and ∂rζP=0|Rm,R = 0 where R is the tenting radius

taken from microscopy measurements (citation pending), an analytical solution for
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Figure 5.10: Spatial plot of the out-of plane displacement ζ and induced strain ε of a
WSe2 ML atop a dimer NA comprised of two monomers of radii 500 nm, height 200 nm
and separation 120 nm. The strain is showed to be maximal at the rim of the dimer,
with regions of compressive strain between the two monomers and at the tenting radii
of the monomers, where the TMDC meets the substrate, whilst 0 strain exists where
the TMDC rests atop the NA.

the topography is given as follows

ζmono(r) =
H

(R2 −R2
m) 2 − 4R2R2

m ln2
[
R
Rm

] {2R2 ln[R]

(
R2
m + 2R2

m ln

[
Rm
R

]
− r2

)
+
(
r2 −R2

) (
R2
m + 2R2

m ln [Rm]−R2
)

+2 ln[r]

(
r2
(
R2 −R2

m

)
+ 2R2R2

m ln

[
R

Rm

])}
.

(5.20)

A notable difference between this model and the deformations considered in Sec. 5.2,

is that the radius of the monomer sets a continuous boundary for the maximum

of ζmono(Rm), as opposed to the maximum existing at a point, i.e. the origin of

the radial coordinate. As such, Eq. 5.20 is only valid from Rm < r ≤ R, as from

0 < r ≤ Rm ζmono(r) = H. From this model of a monomer, a dimer system of two

of these monomers next to each other may be numerically intercalated and the strain

topography calculated, as is plotted in Fig. 5.10.

In the experiments, a laser was shone on the NA and the reemitted photolumines-
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cence (PL) collected to analyse the position, frequency and lifetimes of the excitons in

the TMDC excited by the incident laser, for both ML and BL WSe2. The decrease in

the lifetimes of the excitons is due to the interaction of the TMDC and the confined

mode and as such shall not be commented on here [117, 264, 265], however all other

effects measured in the experiment may be related to the induced stain.

Figure 5.11: BG renormalisation due to the out-of-plane strain of a WSe2 ML atop a
dimer NA comprised of two monomers of radii 500 nm, height 200 nm and separation
120 nm, along a line through the long (x) axis (red) and short (y) axis (black) of the
dimer when, relative to Fig. 5.10. The potential wells induced by the strain, partic-
ularly along the long axis, correspond to greater brightness in the PL measurements
taken, corresponding to exciton funnelling.

Assuming that, as the spot size of the excitation laser used was larger than the

dimer NAs tested, excitons excited in the TMDCs were evenly distributed in the crys-

tal, reemitted light from recombination was concentrated to the rims of the monomers,

and from the gap between the two monomers. These regions map to where it is pre-

dicted that strain is highest, see Fig. 5.10, and as such, the BG renormalisation will

be large in magnitude and negative in sign, see Fig. 5.11. It is believed that this

effect is due to excitonic funnelling. Due to the extended lifetimes of the excitons

coupled to the dimer system, there is some time for the excitons to migrate from their

initial position before recombining. The strain-induced potential well around the top
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Figure 5.12: The maximum strain ε induced in a WSe2 ML (black) and BL (red) by a
monomer of radius Rm. These results match the measured red-shift with decreasing
monomer radii of the exciton recombination at the monomer edges of dimer NA.

of the dimer serves to trap these wandering excitons from regions of positive or zero

BG renormalisation. This is further confirmed when comparing the increase in the

brightness at these regions of the dimer, not just to the rest of the dimer area, but to

unstrained TMDC regions on the substrate.

Another parameter tested in experiments was the monomer radii of the NAs. In

the monomer model, the radius of the monomer sets one the boundary conditions of

the system. Consequently, the maximum strain experienced by a TMDC deformed by

a monomer at the point where the ML contacts the top of the monomer, is inversely

dependant on Rm. This is reflected in the experiments, where a significant red-shift

in the recombination frequency is found as monomer radii are decreased. In Fig. 5.12,

the extent of how the maximum strain at the boundary of a deformed ML and BL.

The dependance of the BL on Rm is much more pronounced due to the higher flexural

rigidity and density of BL TMDC. Also note that in this model, as Rm → 0, ε→∞,

as at this limit one could imagine the monomer is as a Dirac-delta function, exerting a

finite force over an infinitely small area of the TMDC, resulting in an infinite pressure

at the origin.

This direct example of the applications of out-of-plane strain engineering in TMDC



82 CHAPTER 5. STRAIN CONFINEMENT IN MONOLAYERS

device application, demonstrates how the analytic methods outlined in Sec. 5.1 and 5.2

may be applied to more complex systems, whilst still accurately predicting the effect

of the renormalised BG on the device. This method of modelling the crystals, whilst

simplistic compared to say a strained tight-binding model [76], offers a solution for

strained device design with scalable complexity whilst remaining faithful to what is

observed in experiment.

5.6 Strain as a Tool for Device Engineering

Many possible electronic, photonic, spintronic and valleytronic applications of TMDC

MLs are in discussion, as these materials offer a number of interesting physics. Strain-

induced potential engineering is quickly becoming one of the many tools available for

device implementation. Strain defined quantum dots and wires in the MLs can be

used in combination with other confinement techniques such as electronic gating and

patterned etching or cutting of the MLs. Additionally, strain engineering is also

compatible with vdW few layer heterostructure devices. This extensive toolbox of

device engineering may allow for a new dimension of TMDC devices to be explored.

Here, beyond the example explicitly discussed in Sec. 5.5, we discuss the possibility

of device implementations, building on the notion of strained well arrays introduced

in Sec. 5.4.

The previously introduced idea of an electrically tuneable quantum dot array

strained by nanopillars does present some problems, primarily; how would gating such

an array affect the exploited mechanical properties of the TMDC monolayer? Tradi-

tional metal contacts deposited on the TMDC will certainly give regions of counterpro-

ductive stiffness to the monolayer, either limiting the strain response exploited in this

work, or increasing the probability of perforation or rupture. One possible solution is

the replacement of the metal contacts with Van der Waals heterostructure contacts.

Some realisations of TMDC gated devices have used separate graphene sheet contacts

either side of the device to tune the potential in lieu of or as intermediate interface

with metal contacts [164, 266]. These heterostructure would impact the mechanical

properties to a certain extent, stiffening the Young’s modulus and Poisson’s ratio,

but not enough to nullify the results presented here, additionally, the heterostructure

should not affect the likelihood of monolayer damage. Positioning will be key in im-

plementing a hybrid heterostructure gated-strain dot array, such as to correctly align

nanopillars with the contacts. Thus, thin-finger like graphene nanoribbons or even

carbon nanotubes contacts would provide a positioning challenge while reducing the
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risk from perforation that etching provides.

If two nanopillars are placed close together, with a TMDC layered above them, the

resulting potential would resemble two anharmonic wells with a near square potential

barrier of width equal to that of the distance between the nanopillars, see Fig. 5.13.

If carbon nanotube contacts are placed atop the TMDC in between the nanopillars

and on either side of the central strained region, then these contacts may be used

to tune the barrier height between the two wells. In WSe2 such a device could have

interesting quantum optical applications. As it is known that similar strained regions

in WSe2 demonstrate quantum emitters, two dots joined by a tuneable tunnelling

barrier would allow for a switchable coupling of the emitted photons from the device.

A similar principle could be used with a MoS2 single particle quantum dot, where a

variable potential may be used tune the coupling constant of the dots, a necessary

feature in scaling semiconducting spin or Kramers qubit implementations. This would

allow for control over a quantum dot array while eliminating some of the charge noise

compared to a similar system that is purely electrically confined [229], as fewer metallic

gates would be needed to implement such a scheme.

What has been shown has focussed on passively straining monolayer specifically

with nanopillars grown from silica substrates. This method has been demonstrated

to be useful for exciton coalescing, allowing for arrays of deterministically placed

quantum emitters. For single particle quantum dot applications, the width of such

purely strain induced wells may be too wide (∼ 500 nm) and the well depths too

shallow (∼ 70 meV) to be experimentally useful. However, the method discussed in

this work is only straining the MLs up to ∼ 0.5% as calculated from the trace of the

strain tensor. This is a very comfortable level of strain for a TMDC monolayer, as

these materials should be able to withstand straining up to ∼ 10% before rupture

and ∼ 2% before transitioning to an indirect bandgap in XS2 type MLs. More active

straining of the TMDCs could be implemented to engineer deeper, smaller dots but

only up to these material limits. One method of doing so while still using a nanopillar

system could be from material selection of the substrate to foster greater Van der

Waals attraction between the substrate and the TMDC, or by electrostatic attraction

of TMDC to a backgate underneath the substrate [267]. These methods have good

compatibility as the allow for degrees of control over the system parameter β = H/R4.

AFM tip straining is another proposed method of tuneable active straining for TMDC

QD definition. This method offers a more addressable height to radius ratio of the

dot at a greater risk of perforation, and may not be as compatible with the on chip

hybrid systems discussed.
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Figure 5.13: Cross section along the x-axis of the height field ζ (dashed) and potential
V (solid) induced in a WSe2 monolayer by two 200 nm heigh nanopillars separated
200 nm apart centered at r = (±100 nm, 0).

An additional possibility of hybrid implementation is impurity compensation in

TMDC QD implementations. Experimentally, lattice defect density in TMDC MLs

is still problematic, randomly distributing local potential minima within a gated dot

region. Similarly to using such strained systems to deterministically place SPEs as

opposed of relying on randomly distributed lattice defects, an additional layer of strain

potential within a gated dot would limit the effect of the random strain defects.

Deterministic straining in combination with more conventional low dimensional

device control methods could potentially open up more device possibilities or improved

implementations of devices in TMDC MLs. This further addition to the toolbox of

low dimensional material manipulation may help further bolster the already fertile

field next generation TMDC based technologies.



Chapter 6

Spin-Orbit Induced Topological

Effects

A limiting factor of any qubit is its coherence time. The coherence time is the amount

of time during which a quantum object, such as an electron’s spin, stays in some

prepared state before coupling to its surrounding environmental noise (temperature,

control field fluctuations, etc.) and loosing its state information [42, 226–229, 268].

In TMDC MLs, although the nuclear spin prevalence is low, due modern isolation

and fabrication methods samples have very high atomic defect densities, and as such

low electron mobility. This results in variable coherence times for both spin and

valley [172, 233, 269]. New advances in CVD synthesis of TMDC MLs in inert, high

temperature and pressure environments has brought forward a new generation of near

pristine MLs [270]. Although not much is known on the achievable mobility and spin

lifetimes of these pristine MLs, new synthesis techniques do promise improvements to

these coherence times. Additionally, a number of work arounds, correction protocols

and exploits of the environment, device architecture and qubit can be made to extend

the coherence times of a single qubit [50, 271, 272]. This is critical when scaling up

a quantum processor with many qubits, where the coherence times of single electron

spins become more problematic.

There are some properties of some forms of solid state materials which are known

to be robust to noise like crystal defects and field noise. These are known as topological

properties, indicated by some topological invariant, some value that can be calculated

to be inherent to the material, usually linked to the crystal symmetries and interac-

tions [273–279]. Here, topological phases of TMDC MLs will be proposed analytically

and numerically, by exploiting the Bychkov-Rashba (BR) SOC to TMDCs.

85



86 CHAPTER 6. SPIN-ORBIT INDUCED TOPOLOGICAL EFFECTS

6.1 Topology in Solid State Physics

In 1980, it was discovered that a 2DEG at a semiconducting interface, exposed

to a strong magnetic field experiences what is known as the quantum Hall effect

(QHE) [280]. Due to the strong magnetic field, electrons in the bulk of the 2DEG

were confined into set circular motions, making the 2DEG insulating in the bulk.

However, at the edges of the 2DEG, a quantised number of states were found to

be delocalised, and as such the 2DEG was conducting along the edges. Analysis of

the band structure of a semiconductor under such extreme field conditions showed

that number of these edge conductance channels was related to an integer property

of the bands known as the Chern number [79]. Such behaviour is now known as a

topological insulator (TI), and the associated edge states are now known to be ro-

bust to noise such as defects and edge smoothness [276, 281]. Since the discovery of

the QHE, numerous other topological properties of solid state and artificial materials

(cold atom lattices, topological circuits, photonic crystals etc.) have been proposed

and demonstrated [282–284]. These include, for example, the quantum spin-Hall ef-

fect (QSHE) [285], a form of the QHE where the direction of the edge conductance

is dependant on the spin of the carrier, Majorana fermions [286], fractionalisation of

electrons [202], 3D edge states [287] and so on.

When investigating topological properties of a material, it is useful to employ a

property of the material known as the Berry phase, and associated Berry connection

and Berry curvature [273, 288]. The Berry phase is what is known as a geometric

phase, and is conceptually the phase gathered between adjacent states in the Hilbert

space of a system, summed up over a loop of all the possible states in said Hilbert

space. In the discrete case, the geometric phase γi,j between two states |Ψi〉 and |Ψj〉
in some arbitrary Hilbert space is given as

e−iγi,j =
〈Ψi|Ψj〉
|〈Ψi|Ψj〉|

, (6.1)

therefore the sum of all these phases around some loop in a Hilbert space of size N is

defined as

γl = −arg Tr

(
N∏
i

|Ψi〉〈Ψi|

)
, (6.2)

where γl is the Berry phase of the system, and arg is the complex argument. Note

that this phase is invariant under local gauge transformations, and so, although it
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cannot be measured as it is not an expectation value of some operator, it does have

direct physical significance.

In the continuum case, where the a wavefunction of the system |Ψ(r)〉 is depen-

dant on say some spatial or momentum parameter space r, a smooth curve c in said

parameter space may be considered. Assuming |Ψ(r)〉 is smooth along this curve, the

relative phase ∆γ between two states along this curve at r and r + dr is defined as

e−i∆γ =
〈Ψ(r)|Ψ(r + dr)〉
|〈Ψ(r)|Ψ(r + dr)〉|

. (6.3)

Here, up to first order as dr→ 0, the relative phase is given as

∆γ = A(r) · dr, (6.4)

from which the Berry connection A(r) may be defined as

A(r) = 〈Ψ(r)|i∇r|Ψ(r)〉. (6.5)

Therefore, the total phase gathered along the smooth curve c is defined in terms of

the Berry connection as

γ(c) = −arg e
∮

c A(r)·dr, (6.6)

which is the Berry phase of the system, similar to Eq. 6.2 but in the continuum case.

Applying Stoke’s theorem to Eq. 6.2, a new parameter defining the curvature of the

Berry connection known as the Berry curvature Ω(r) is formed

Ω(r) = ∇r ×A(r). (6.7)

The Berry connection and curvature can be thought of as a pseudovector potential and

pseudomagnetic field of the system respectively, such that the identity ∇rΩ(r) = 0

holds true. Much like a magnetic field, when integrating over the Berry curvature, a

scalar flux is derived

C = − 1

2π

∫
Ω(r)d2r. (6.8)

This integer number is known as the Chern number, a gauge invariant property of a

given Hilbert space that can be rationalised as the topological charge of a system, the

value and sign of which is the fingerprint of different physical behaviours associated

with topological materials.
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Although in the lower symmetry 1T crystal phase TMDC ML TI behaviour has

been observed [130, 131, 289], in the more standard and stable 2H crystal phase ML

has only be proposed by straining the ML [152] or as part of a photonic system [290].

Additionally, these previous investigations have only considered models of TMDC MLs

known as massive Dirac models, which are limited in their description of the known

physics of a TMDC ML. Here, non-trivial topological properties of TMDC ML will be

demonstrated by introducing BR type SOC to more detailed effective Hamiltonians

considered throughout this thesis.

6.2 Bychkov-Rashba Spin-Orbit Coupling

Throughout this thesis, the intrinsic SOC of TMDC MLs has been considered, ma-

nipulated and exploited to describe a possible 2D spin qubit architecture. This SOC

is a Dresselhaus type SOC that lifts the degeneracy of the spin-states whilst leaving

them uncoupled. Here, a different type of SOC, controllable by an external electric

field known as BR type SOC will be considered.

By introducing a homogenous out-of-plane electric field E⊥ BR SOC is induced,

coupling the spin states and shifting the band energies. Generally the form of the BR

SOC is as follows [96]

H̃BR = λBR(syqx − sxqy), (6.9)

where the parameter λBR is a coupling strength dependant on the external field.

However, in TMDC MLs, due to the C3 rotational symmetry at the K(K ′) valleys,

an additional term describing the effect of some E⊥ about the valleys is needed such

that

HBR = λiBR(syqx − sxqy) + λrBR(sxqx − syqy)

=

(
0 λ∗BRq−

λBRq+ 0

)
.

(6.10)

In TMDC MLs the BR SOC parameters |λBR| are small, (0.033E⊥ eVÅ in MoS2

and 0.13E⊥ eVÅ in WS2) [96]. However, as has been discussed in Ch. 3, the spin split

CB structure of different TMDC MLs around the K(K ′) points due to the intrinsic

SOC offers a rich engineering space for spin dynamics of QDs. Here, by taking away

the constraints of a QD and coupling the spin states of TMDC MLs by their unique
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form of BR SOC, the band structure of just the CB and a more general case including

the VB will be considered, demonstrating non-trivial topological charges.

6.3 2-Band Effective Model

One approach to study the effect of BR SOC in TMDC MLs, and its effect on the

Berry curvature about the K(K ′) points, is the two-band effective Hamiltonian [96],

identical to the one used in Ch. 3, 4 and 5. To facilitate the following derivation, the

effective Hamiltonian first defined in Eq. 3.1 is reformulated as follows as to remove

the need for superscripted labels of the spin-valley dependant effective masses

H2-B =
~2q2√

∆2
m + 4Ξm − sτ∆m

+ sτ∆cb, (6.11)

where ∆m is the difference of the two effective masses due to spin in one of the valleys

(τ∆m = mτ,↓
eff −m

τ,↑
eff ) and Ξm is the product of the two effective masses due to spin in

one valley (Ξm = mτ,↓
eff m

τ,↑
eff ). Note that ∆m is equal in magnitude but opposite in sign

from one valley to the opposite whilst Ξm is equal in magnitude and sign in the two

valleys. Adding Eq. 6.10 to Eq. 6.11 the full form of the effective spin-resolved band

structure may be written as

H2-B = H2-B +HBR

=

 ~2q2√
∆2

m+4Ξm−τ∆m
+ τ∆cb λ∗BRqe

−iθ

λBRqe
iθ ~2q2√

∆2
m+4Ξm+τ∆m

− τ∆cb

 ,
(6.12)

which has eigenvalues

Eτ,s2-B =
q2
√

∆2
m + 4Ξm~2 + sτ

√
16Λ2q2Ξm + (4∆cbΞm + q2∆m~2)2

4Ξm
, (6.13)

where Λ2 ≡ λBRλ
∗
BR. Here, instead of the cartesian wave number space q = {qx, qy, qz}

a cylindrical q = {q, θ, qz} wave number space is used to facilitate the analytics. Note

the similarity between Eq. 6.12 and previously studied massive Dirac Hamiltonians

used to study the Berry curvature of both graphene and TMDC MLs [185, 291].

Crucially, the difference between Eq. 6.12 and massive Dirac model [185], is that

the model considered here concerns itself only with the spin Hilbert space of the CB
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about one valley of the TMDC ML whilst the massive Dirac approach is written in the

particle-hole Hilbert space about one valley. Plotting the eigenvalues of this 2-band

model with both the BR SOC switched on and off, the difference in how the BR SOC

effects TMDC MLs of different transition metals becomes clear. In Fig. 6.1 (a), the

eigenvalues with and without BR SOC in MoS2 show a clear opening of anticrossings at

the previously discussed spin-resolved band crossings either side of the K(K ′) points,

when E⊥ = 1 V/Å. Conversely, in the same regime, even though the magnitude of the

BR SOC parameter (Λ) is greater for WS2 MLs, no notable effect to the spin-resolved

band structure about the K(K ′) points is seen in Fig. 6.1 (b), due to the difference in

sign and magnitude of the CB spin-splitting (∆cb). Consequently, with this approach

we can analytically study the effect of the ∆cb on the BR spin-orbit Berry curvature

in TMDC MLs, something which is not possible with a masssive Dirac model.

The normalised wavefunctions to Eq. 6.12 may be written as follows

ψτ,s(q, θ) = Aτ,s
 eiθ

[
τ(4∆cbΞm+q2~2∆m)+s

√
(4∆cbΞm+q2~2∆m)2+16Λ2q2Ξ2

m

∣∣∣
4ΛqΞm

1

 , (6.14)

where the normalising factor Aτ,s is

Aτ,s =
1√[

τ(4∆cbΞm+q2~2∆m)+s
√

(4∆cbΞm+q2~2∆m)2+16Λ2q2Ξ2
m

]
2

16Λ2q2Ξ2
m

+ 1

. (6.15)

From Eq. 6.14 the Berry curvature may be calculated, using ∇q ≡ {∂q, (1/q)∂θ, ∂qz}
and dq ≡ {qdq, dθ, dqz}. From these wavefunctions, the Berry curvature may be

written as follows

Ωτ,s
2-B(q) =

sτ8Λ2Ξ2
m

(
q2~2∆m − 4∆cbΞm

)
[(4∆cbΞm + q2~2∆m) 2 + 16Λ2q2Ξ2

m] 3/2
. (6.16)

Again, note the similarity between this form of the Berry curvature and similar cal-

culations done for massive Dirac models [185]. This Berry curvature is plotted in

Fig. 6.2. The TMDC Kramers pair symmetry is preserved in this model and the per-

turbation of the valley magnetic moment δµτ at the K(K ′) point due to the addition

of the BR SOC is given from Eq. 2.17 as

δµτ = −τ eΛ2

2~|∆cb|
. (6.17)
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Figure 6.1: The spin resolved (red: spin down, blue: spin up) dispersion of the
eigenenergies E about the K valley of (a) MoS2 and (b) WS2 MLs, with (solid) and
without (dashed) BR SOC as a function of wave number q. In both plots and external
E⊥ to the ML of 1 V/Å. Inset of (a): region about which one of the anticrossings is
opened up due to the addition of BR SOC in MoS2 MLs.

The integral of the Berry curvature may be solved to give to following general expres-
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sion for the Chern numbers of the 2-band effective model

Cτ,s2−B =
τs

2
(sgn[∆cbΞm]− sgn[∆m]) , (6.18)

where sgn[x] is the sign function, returning ±1 depending on the sign of the input.

This expression for the Chern numbers of TMDC MLs with BR SOC confirms what

can be intuited from Fig. 6.1. As sgn(Ξm) = 1 and sgn(∆m) = −1 are equivalent for

both MoX2 and WX2 MLs but sgn(∆cb) is 1 for MoX2 MLs and −1 for WX2 MLs,

Cτ,s2−B will always be 0 for WX2 MLs and may be considered topologically trivial,

whilst Cτ,s2−B = −sτ ≡ ±1 for MoX2 MLs, and therefore has topologically non-trivial

CBs. Additionally, Eq. 6.18 is not dependant on Λ, implying that the strength of the

induced BR SOC is irrelevant to any topological effects within the CB in this model,

so long as the inducing electric field is non-zero. The physical implications of these

and all other Chern numbers derived here and Sec. 6.4 will be discussed in Sec. 6.5.

Figure 6.2: The Berry curvature Ω of a MoS2 ML with radial wave number q in the
K valley for spin up (blue) and spin down (red), with a BR SOC inducing electric
field of 1 V/Å. In the K ′ valley the Berry curvatures are equivalent, but with opposite
spins.

The effect of external magnetic fields on these topologically non-trivial bands can

also be derived. To investigate the effect of some B⊥, the following additions from
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Eq. 3.9 is made to Eq. 6.12

HB⊥2-B = H2-B +HBR +HB⊥ , (6.19)

where

HB⊥ =
1 + τ

2
sgn[B⊥]~ωτ,sc +

1

2
(τ (gvl + δgvl(B⊥)) + gsps)µBB⊥, (6.20)

where δgvl(B⊥) is the perturbation of the valley g-factor due to the additional Berry

curvature when BR SOC is introduced and all other parameter definitions are equiva-

lent to Eq. 3.9. Following the same derivation for Berry curvature and Chern number

with Eq. 6.19 as was shown for Eq. 6.12, Berry curvature of TMDC MLs in a perpen-

dicular magnetic field is given as

Ωτ,s
2-B,B⊥

(q) =
8τsΛ2Ξ2

m

{
~∆m

[
B⊥e(τ + 1) + q2~

]
− 2Ξm [B⊥τµBgsp + 2∆cb]

}
{[2Ξm (B⊥τµBgsp + 2∆cb) + q2~2∆m] 2 + 16Λ2q2Ξ2

m} 3/2
,

(6.21)

which is plotted in Fig. 6.3. Note here that all valley-Zeeman terms drop out of the

final expression for the Berry curvature, which allows for a linearly solvable expression

for the valley magnetic moment perturbation [185]

δµτ (B⊥) =
eΛ2τs

4~Ξ2
m (B⊥τµBgsp + 2∆cb) 3

[B⊥e(τ + 1)~∆m − 2Ξm (B⊥τµBgsp + 2∆cb)]{
s
√

[2Ξm (B⊥µBgsp + 2τ∆cb) +B⊥eτ(τ + 1)~∆m] 2+

+4B⊥τµBgvlΞm +B⊥e(τ + 1)~
√

∆2
m + 4Ξm

}
.

(6.22)

This B⊥ dependant valley magnetic moment suggets valley asymmetric non-linear

Zeeman splitting due to topological considerations when BR SOC is introduced to

the ML. The extent, however, of this effect at reasonable experimental parameters is

negligible, < 1 × 10−12%. The Chern numbers associated with Eq. 6.21 can also be
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Figure 6.3: The Berry curvature Ω of a MoS2 ML with radial wave number q in the
K (solid) and K ′ (dashed) valley for spin up (blue) and spin down (red), with a BR
SOC inducing electric field of 1 V/Å with external B⊥ = 1 T.

analytically solved as

Cτ,s2−B(B⊥) =
τs

2

(
sgn

[
Ξm (B⊥τµBgsp + 2∆cb) +

1

2
B⊥e(τ + 1)~∆m

]
− sgn[∆m]

)
.

(6.23)

Here, it is apparent that for both MoX2 and WX2 MLs, by tuning to a large enough

B⊥ would eventually flip the spin up and spin down bands, making the trivial bands

non-trivial in WX2 and vice-versa in MoX2. There is also third case, where the B⊥

is tuned such that Ξm (B⊥τµBgsp + 2∆cb) + 1
2B⊥e(τ + 1)~∆m = 0. In this case, for

all TMDC MLs, the Chern numbers are all Cτ,s2−B(B⊥) = −(τs/2)sgn[∆m] and are

therefore half integers. The significance of this is not yet clear, but is most likely

indicative that in a system without TRS this topological invariance is no longer a

good measure of the system at this point.

Lastly, the effect of an in-plane magnetic field B‖ on the Berry curvature in the

2-band effective model will be investigated. The addition of an in-plane magnetic field
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pointing along some angle φ in the x− y plane transforms Eq. 6.12 to

HB‖2-B = H2-B +HBR +HB‖ , (6.24)

where, similarly to as is written in Eq. 4.2

HB‖ =
µBg‖B‖

2

(
0 e−iφ

eiφ 0

)
. (6.25)

Calculating the associated Berry curvature and Chern numbers shows that a B‖ has

no effect on the topological effects of the TMDC MLs with BR SOC, so long as the

energy scale of the B‖ is smaller than that of the E‖ associated with the BR SOC,

regardless of the angle φ. This is apparent in Fig. 6.4, showing clear steps from ±1

to 0 in the Chern numbers of the spin up and spin down bands in the K valley at a

sufficiently large B‖. This suppression of the Chern numbers is due to the polarisation

of the electronic spins along the plane of the ML, nullifying the effect of the BR SOC

terms to mix the spin states.

Figure 6.4: The Chern number of the (a) K ↑ and (b) K ↓ bands of a MoX2 ML
with BR SOC induced by a 0.1 V/Å external electric field, as a function of in-plane
magnetic field B‖ and angle φ that B‖ points in the x − y plane. A clear step from
a topologically non-trivial to a trivial regime is show due to the polarisation of the
spins in the plane of the ML with sufficiently large B‖.

This approach to probe the effect of BR SOC in TMDC MLs paints a clear picture
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that the CB of MoX2 MLs is topologically non-trivial so long as |E‖| > 0, and all

external magnetic fields are tuned accordingly. To investigate this effect further, and

to extend this investigation to include what happens at large |E‖| > 0, the VB needs

to also be considered, requiring a more detailed model.

6.4 4-Band Effective Model

To investigate the effect of the BR SOC on TMDC MLs more generally, both the

CB and VB spin-valley physics up to an effective first order k · p model is employed.

The limiting of the model to only the first order is to focus the investigation to the

low-energy physics about the K(K ′) valley, such that higher order effects such as

particle-hole asymmetry [124, 191–194] and trigonal warping [124, 162, 195, 196, 292]

may be ignored. The primary reason for using a k · p over a simpler massive Dirac

model, is the inclusion of the CB SOC spin splitting which, as was show in Sec. 6.3,

is vital for describing all topological non-trivial behaviours about the K(K ′) valleys.

The k · p Hamiltonian including the BR SOC has the form [124]

Hτ,s
eff = H0 +Hτ,s

SOC +Hτ,s
k·p +Hσ,s

BR, (6.26)

where H0 (Eq. 2.7), Hτ,s
SOC (Eq. 2.8) and Hτ,s

k·p are defined in Ch. 2. Here only the

first order contribution to Hτ,s
k·p will be considered, as such Eq. 2.10 shall be used for

the k · p term. The additional BR SOC Hamiltonian given in Eq. 6.10 may be simply

transformed into the relevant Hilbert space as

Hσ,s
BR = σ0 ⊗HBR. (6.27)

Following the process described in Sec. 6.1 and demonstrated in Sec. 6.3, the Berry

curvature of Eq. 6.26 may be numerically determined and investigated.

There are some notable differences and similarities between the calculated Berry

curvatures in the 4-band and 2-band models, as is visible in Fig. 6.2 and Fig. 6.5.

Firstly, the Berry curvature of the 4-band model is non-zero when the BR SOC is

switched off, unlike in the 2-band model, encoding some of the known properties of

TMDC ML such as the valley-Hall effect [132, 199, 200]. This inherent Berry curvature

is expressed as

ΩNo BR(q) =
2τσm3

e|γ|2 (EB + sτ [∆cb −∆vb])(
me

[
4q2|γ|2 +

(
EB + sτ [∆cb −∆vb]2

)]) 3
2

. (6.28)
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Figure 6.5: Berry curvature Ω with wave number in the x direction qx from the 4-band
model in the K valley of an MoS2 ML. The CB (solid) and VB (dashed), spin up (blue)
and spin down (red) are shown with (a) no BR SOC and (b) BR SOC generated with
an external E⊥ to the ML of 0.1 V/Å.

The associated Chern numbers of the 4-band model without BR SOC are calculated
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to be

Cs,τ,σNo BR = −στ
2

sgn [EB − sτ(∆vb −∆cb)] , (6.29)

where σ is the particle-hole index (+1 for the CB and −1 for VB). Since for all known

TMDC MLs EB > ∆vb −∆cb, Eq. 6.29 can be simplified to simply Cτ,σNo BR = −στ/2.

When the BR SOC is switched on, at small values of E⊥ ≤ 1 V/Å, there is no

meaningful effect on the VBs, whilst in the CBs of MoX2, integrable divergences in

the Berry curvature at the spin band crossings manifest. This shifts the numerically

calculated Chern numbers just in the CB to Cτ,sSmall BR = −τ
(

1/2 − s
)
. Accordingly,

in the K valley, when a small BR SOC term is introduced the Chern number of the

spin up band in the CB goes from −1/2 → −3/2 whilst the Chern number of the

spin down band in the CB goes from −1/2 → 1/2. These half integer Chern numbers

manifest when only the CB or VB spin resolved band. To derive the Chern number

for the electron in a given spin and valley, the sum of the CB and VB Chern number

is considered, and gives an integer. An expression for the Chern numbers for TMDC

MLs with small values of BR SOC can be written as follows

Cs,τ,σSmall BR = Cτ,σNo BR + s

(
1− sgn[∆cb]

2

)(
1 + σ

2

)
=
−τσ + s(1− sgn[∆cb)])(1 + σ)

2
.

(6.30)

Lastly, in this model, unlike in the the 2-band model, it becomes apparent that the

Chern numbers vary with the strength of the BR SOC by way of the E⊥, suggesting

a different set of Chern numbers at some high E⊥ limit (≥ 10 V/Å). Fig. 6.6 shows

the band dispersion of an MoS2 ML with strong BR SOC in the, demonstrating the

behaviour that is consistent to all TMDC MLs considered. At strong BR SOC, the

lowest energy CB and highest energy VB get pushed towards each other, until two

avoided crossing each side of the K(K ′) point are formed between the two bands.

This suggests a coupling between the CB and VB, along with a spin-state coupling by

q = 0 avoided crossing of the two CBs. As can be seen in Fig. 6.7, the Berry curvature

for both MoX2 and WX2 MLs at this strong BR SOC limit show divergences of the

two CBs at the q = 0 avoided crossing. Numerically calculating the Chern numbers

in this regime, a clear pattern begins to emerge such that the following expression can
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Figure 6.6: Band dispersion of the eigenenergies E with the wave number in the x
direction qx of a MoS2 ML in the K valley with strong BR SOC as induced by a E⊥
of 70 V/Å. All 4 of the CB (solid) and VB (dashed), spin up (blue) and spin down
(red) bands are shown.

be derived for both ML types

Cτ,s,σLarge BR = −τσ
2

(1 + s) . (6.31)

This implies that the particle-hole bands coupled by the strong BR SOC have Chern

numbers ±1 depending on their spin-valley-particle indicies, whilst in all other bands

have Chern trivial numbers of 0, and the is no dependancy on the ML type.

6.5 Observable Implications

With the expressions derived for the Chern numbers of all combinations of spin-

valley and, in the case of the 4-band model, CB/VB index, predictions of the physical

ramifications of the signs and magnitude of the topological invariants may be made.

To aide in doing so, a number of extra definitions of topological invariants are useful.

These are the total Chern number C, the spin Chern number Cs, valley Chern number
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Figure 6.7: Berry Curvature Ω with wave number in the x direction qx as derived from
the 4-band model at high values of BR SOC with large E⊥ of 10 V/Å. The CB (solid)
and VB (dashed), spin up (blue) and spin down (red) are shown for an (a) MoS2 ML
(b) WS2 ML.

Cv and the spin valley Chern number Csv [293]

C = CK↑ + CK′↑ + CK↓ + CK′↓, (6.32a)



6.5. OBSERVABLE IMPLICATIONS 101

Cs =
1

2

(
CK↑ + CK′↑ − CK↓ − CK′↓

)
, (6.32b)

Cv = CK↑ − CK′↑ + CK↓ − CK′↓, (6.32c)

Csv =
1

2

(
CK↑ − CK′↑ − CK↓ + CK′↓

)
, (6.32d)

where CK(K′)↑(↓), is the associated Chern number with a specific spin-valley combina-

tion. Note, usually for 2D TIs with preserved TRS, a different topological invariance

known as the Z2 invariant is usually used to describe the system. However, if spin in

the z direction is a good quantum number, which it is assumed here that it is, Cs may

be used instead [293–296]. With the definitions given in Eqs. 6.32a- 6.32d, a Chern

number vector (CNV) defined as {C, Cs, Cv, Csv} shall be the fingerprint assigned to

each model considered here.

ML τ s Cτ,s

MoX2

1 1 -1

1 -1 1

-1 1 1

-1 -1 -1

WX2

1 1 0

1 -1 0

-1 1 0

-1 -1 0

Table 6.1: Table of Chern numbers for MoX2 and WX2 MLs for all combinations of
spin s and valley τ , as calculated from the 2-band effective model with non-zero BR
SOC.

Consider initially the Chern numbers derived from the 2-band model, with some

BR SOC, given in Tab. 6.1. As previously discussed, WX2 MLs have all trivial (0)

Chern numbers in this model. For MoX2 MLs however, in small to no B⊥, the Chern

numbers are all of magnitude 1, with signs depending on the Kramer pair index (τs).

This model however, is only concerned with the CB. As such no predictions of edge

current behaviour, a usual indicator for topologically non-trivial behaviour, can be

made from this model, as edge currents are due to gapless edge modes from the CB to

the VB. The associated CNV for the 2-band model is {0, 0, 0,−2}, which is indicative

of a trivial insulator with antiferromagnetic ordering [293].
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ML τ s σ Cτ,s,σ

MoX2

1 1 1 −1/2

1 1 -1 1/2

1 -1 1 −1/2

1 -1 -1 1/2

-1 1 1 1/2

-1 1 -1 −1/2

-1 -1 1 1/2

-1 -1 -1 −1/2

WX2

1 1 1 −1/2

1 1 -1 1/2

1 -1 1 −1/2

1 -1 -1 1/2

-1 1 1 1/2

-1 1 -1 −1/2

-1 -1 1 1/2

-1 -1 -1 −1/2

Table 6.2: Table of Chern numbers for MoX2 and WX2 MLs for all combinations of
spin s, valley τ and particle-hole σ, as calculated from the 4-band k · p model with
no BR SOC.

Next consider the 4-band model in the absence of BR SOC, Tab. 6.2. Here, and for

all of the variants of the 4-band model considered, the constituent spin-valley Chern

numbers used to calculate the CNV shall be given by the sum of Chern numbers of

bands associated with the same spin-valley indicies. Evidently without BR SOC, all

the spin-valley Chern numbers are 0 and the associated CNV is {0, 0, 0, 0}, which is

indicative of a completely trivial insulator.

For the 4-band model with small BR SOC, Tab. 6.3, as was expected from the

2-band model, the results are of physical interest. As previously discussed, there is no

change in the Chern numbers of WX2 MLs, and the CNV remains trivial {0, 0, 0, 0}.
However, for MoX2 MLs, the CNV becomes {0, 2, 0, 0}, which is indicative of the

MoX2 MLs hosting the QSHE in small E⊥ [293].

Lastly, the limit of large BR SOC is considered in Tab. 6.4. Interestingly, when

computing the CNVs for both MoX2 and WX2 MLs, even though the composite Chern

numbers at large E⊥ for both ML types change, there is no net change to the CNV

in MoX2, but the CNV for WX2 changes to match that of the MoX2. For MoX2 a

the CNV conducive to QSH insulator of {0, 2, 0, 0} is given at this limit similarly to at
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ML τ s σ Cτ,s,σ

MoX2

1 1 1 1/2

1 1 -1 1/2

1 -1 1 −3/2

1 -1 -1 1/2

-1 1 1 3/2

-1 1 -1 −1/2

-1 -1 1 −1/2

-1 -1 -1 −1/2

WX2

1 1 1 −1/2

1 1 -1 1/2

1 -1 1 −1/2

1 -1 -1 1/2

-1 1 1 1/2

-1 1 -1 −1/2

-1 -1 1 1/2

-1 -1 -1 −1/2

Table 6.3: Table of Chern numbers for MoX2 and WX2 MLs for all combinations of
spin s, valley τ and particle-hole σ, as calculated from the 4-band k · p model with
small BR SOC due to E⊥ ≤ 1 V/Å.

small values of BR SOC, whilst for WX2 the CNV transitions from a trivial insulator

to an equivalent QHS insulator of {0, 2, 0, 0}.
The aforementioned QSH TI behaviour in TMDC MLs is manifest due to the Chern

numbers of spin up carriers across both valleys being 1 whilst spin down carriers across

both valleys being −1. This suggests that at the edges of the ML, chiral spin-polarised

current modes should exist, i.e. spin up flows in one direction around the edge of the

flake, whilst spin down flows in the opposite direction [285, 285, 297, 298]. This time

reversal symmetric Z2 invariant behaviour is an as yet unobserved behaviour of 2H

phase TMDC MLs, and if demonstrated experimentally could open up new topological

approaches to the study of TMDC MLs and their possible device application.

To experimentally observe the QSH TI behaviour of TMDC MLs, the MoS2 or

MoSe2 with small values of BR SOC due to an experimentally achievable external

E⊥ would be the ideal testing regime. Then by standard two-terminal conductance

measurements on a Hall bar, see Sec. 2.3.1, quantised conductance of integer values

of e
2
/h would confirm the QSH TI behaviour [285, 299]. It is, however, unclear where

the Fermi-level needs to be such that the dominant contribution to the conductance
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ML τ s σ Cτ,s,σ

MoX2

1 1 1 0

1 1 -1 1

1 -1 1 −1

1 -1 -1 0

-1 1 1 1

-1 1 -1 0

-1 -1 1 0

-1 -1 -1 −1

WX2

1 1 1 0

1 1 -1 1

1 -1 1 −1

1 -1 -1 0

-1 1 1 1

-1 1 -1 0

-1 -1 1 0

-1 -1 -1 −1

Table 6.4: Table of Chern numbers for MoX2 and WX2 MLs for all combinations of
spin s, valley τ and particle-hole σ, as calculated from the 4-band k · p model with
large BR SOC due to E⊥ ≥ 10 V/Å.

will be quantised. Either in the band gap as is in other measured QSH TI like HgTe

quantum wells, where there is a band inversion of the CB and VB. In this model,

however, the Fermi energy may need to be at the minimum of the the CB as it the

spin bands of the CB that exhibit band inversion. However, the Z2 invariant conducive

with QSH TIs includes contributions from the VB. If the Fermi energy needs to be in

the BG to demonstrate the QSHE, then the confirmation experiment for MoX2 MLs

is identical to that of HgTe quantum wells. If, however, that is not that case and the

Fermi level needs to be at the CB minimum, the experiment needs to be amended to

distinguish the egde conductance from standard conductance of populating the CB.

This could be achieved by running a two-terminal conductance experiment with and

without some external B⊥ and comparing the two results. The B⊥ should violate

the time reversal symmetry of the experiment, which in turn would violate the Z2

invariannce, destroying the edge channels of the ML, which could cause a measurable

quantised decrease in the measured conductance. However, further numerics on the

effect of B⊥ on the CNV of the 4-band model is also needed.

This is the first derivation of the QSHE in 2H TMDC MLs with BR SOC.
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This could have exciting ramifications when approaching quantum information with

TMDCs. The topological nature of the QSHE should be protected, being an intrinsic

property of the band structure of the ML. Consequently, the edge channels and their

spin-resolution should be robust to the shape of the ML as well as crystal defects, fac-

tors that limit the spin lifetimes of electron spins in QDs. By encoding a qubit space

with the edge channels of the QSHE, a novel, topologically protected and intrinsically

long lasting scheme could be achieved in a TMDC ML [300–302].
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Chapter 7

Conclusion

Summary

In this thesis, QDs isolated in the TMDC ML family of 2D semiconductors known

are shown to be a viable host for a novel, low dimensional quantum processor. The

band structure of TMDC MLs allows for a number of possible choices of qubit space,

from which the valley-polarised pure-spin qubit space is shown to be a desirable op-

tion. It is shown in an effective Hamiltonian model that, by a combination of a

sufficiently small quantum dot radius and large external out-of-plane magnetic field,

MoX2 type TMDC gated QDs can be tuned to a regime where the spin states are

degenerate in one valley, depending on the direction of the magnetic field. Assuming

this system as a qubit, fast single-qubit operations are shown to be viable by an EDSR

scheme. Within reasonable experimental assumptions. A maximum Rabi frequency of

∼ 250 MHz is predicted. This work frames TMDCs as a novel competitor to conven-

tional bulk semiconductor spin qubit schemes. The drawbacks of implementing such

a scheme in TMDCs can be reasonably addressed by the unique device engineering

of 2D materials. Specifically, the large magnetic field strengths needed to isolate the

spin qubit regime discussed in this work can be remedied by the ever-expanding field

of vdW heterostructure engineering. Hybridising the properties of 2D materials, such

as 2D ferro- or antiferromagnets and TMDCs, allows for the tailoring of the composite

material properties, like the valley g-factors, significantly reducing the magnetic field

costs of the proposed schemes.

Initially, only a conventional electrostatic gating method of implementing QDs

in semiconductors is considered when describing the TMDC qubit scheme. The high

mechanical flexibility of TMDCs and 2D materials as a whole allows for the possibility

107
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of an alternative method of implementing QDs in TMDCs by out-of-plane straining. In

this thesis, a description of the expected BG renormalisation by continuum mechanics

of a strained TMDC ML is given along with proposals for implementing a strain only,

hybrid, and double strain only QDs. The derived method of calculating the band gap

renormalisation as a function of out-of-plane topography is also applied numerically to

a lower symmetry system of a coupled WSe2 ML to a high refractive index dimer NA.

The emission spectra as a function of the dimensions of the antenna is then shown

to match what is predicted by the strain renormalisation landscape of the theory.

This work outlines a simple method of making reasonable predictions for device strain

engineering of TMDCs, a unique benefit of 2D materials.

Lastly, moving away from QDs in TMDCs but continuing with the theoretical

methods of effective single particle Hamiltonians, topologically non-trivial behaviours

can be expected when introducing BR SOC with an out-of-plane electric field. The

unique form of the spin-coupling terms in the ML by BR SOC is predicted to introduce

topologically non-trivial behaviour to all TMDC types at the limit of high electric

field. Intriguingly however, at a limit of small electric field, specifically in the CB of

MoX2 MLs such topological behaviours are also present. The topological invariants

derived for these bands are consistent with what is expected to be a QSHE. There has

yet been no experimental observation or theoretical prediction of such behaviour in

conventional 2H crystal phase TMDC MLs without strain or heterostructuring. Such

topological behaviours are predicted to be robust against such factors which limit the

usefulness of TMDC MLs for quantum information.

The next steps

To complete a proposal of a scheme for a quantum processor with TMDC ML spin

qubits, multi-qubit gate mechanisms are needed. Coupling of the qubits to a cavity to

allow for long range qubit-qubit interactions and two-qubit gates would be the next of

research. TMDC are direct band-gap semiconductors that exhibit a unique set of spin-

valley optical selection rules due to the crystal symmetry, allowing for a specific spin-

valley combination to be addressed depending on the ML type and the polarisation of

the incident light. These unique phenomena could prove to offer efficient long range

two-qubit gate schemes. Demonstrating a universal gate set in a TMDC spin qubit

scheme and long range qubit coupling would help satisfy the DiVincenzo criteria of an

ideal solid state quantum processor. To fulfil the final criteria, study into the expected

coherence times of the TMDC spin qubits and methods of suppressing decoherence
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are needed.

Lastly, a more detailed study of the proposed topological phenomena due to BR

SOC in MoX2 MLs is needed. Going beyond the low energy limit of the models

assumed, to include a more general description of the band structure of TMDCs

beyond just the K(K ′) points as well as such phenomena as TW and the particle-hole

asymmetry. The theoretical effect of external magnetic fields on the 4-band model

also needs investigation, along with a refined experimental measurement proposal and

with further investigation into possible quantum informatics and spin- or valleytronic

exploits of the phenomena.
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[157] A. Kormányos, V. Zólyomi, N. D. Drummond, P. Rakyta, G. Burkard, and

V. I. Fal’ko, Phys. Rev. B 88, 045416 (2013).

[158] Z. Zhu, Y. Cheng, and U. Schwingenschlögl, Phy. Rev. B 84, 153402 (2011).

[159] Z. Wu, S. Xu, H. Lu, A. Khamoshi, G.-B. Liu, T. Han, Y. Wu, J. Lin, G. Long,

Y. He, et al., Nat. Comms. 7, 12955 (2016).

[160] W. Yao, D. Xiao, and Q. Niu, Phys. Rev. B 77, 235406 (2008).

[161] W. Jin, P.-C. Yeh, N. Zaki, D. Zhang, J. T. Sadowski, A. Al-Mahboob, A. M.

van Der Zande, D. A. Chenet, J. I. Dadap, I. P. Herman, et al., Phys. Rev.

Letts. 111, 106801 (2013).

[162] N. Alidoust, G. Bian, S.-Y. Xu, R. Sankar, M. Neupane, C. Liu, I. Belopolski,

D.-X. Qu, J. D. Denlinger, F.-C. Chou, et al., Nat. Comms. 5, 4673 (2014).

[163] T. C. Berkelbach, M. S. Hybertsen, and D. R. Reichman, Physical Review B

88, 045318 (2013).

[164] K. F. Mak and J. Shan, Nat. Photonics 10, 216 (2016).

[165] M. Palummo, M. Bernardi, and J. C. Grossman, Nano Letts. 15, 2794 (2015).
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127403 (2017).
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