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Abstract

In this thesis, we investigate the interplay between electrons, photons and

time-dependent drives in two different aspects. It is known that an ac drive will

create many distinct features compared to a dc bias. For instance, an ac drive

will generate electron-hole pairs which are naturally entangled pairs. In the first

topic, we focus on a Bell test in ac-driven solid-state devices, which has never

been realized yet. We develop a continuous-variable entanglement test suitable

for electrons and holes that are created by the ac drive. Our ac-entanglement

test depends on the total number of electron-hole pairs and on the distribution of

probabilities of pair creations similar to the Fano factor.

Besides the fundamental importance of quantum correlations of electrons, it

is known that light emission is related to non-symmetrized noise, a quantum cor-

relator of current operators. It has been experimentally shown a dc drive will

lead to unexpected overbias light emission from a STM junction coupled to an

electromagnetic environment, which has been successfully theoretically explained

by 2-electron and even multi-electron tunneling processes. In the second topic, we

generalize the theory of light emission to ac-driven junction. We derive the light

emission rates, both Gaussian and beyond Gaussian approximation. The obtained

results can be well explained by the model of photon-assisted tunneling.

The Thesis is organized as follows. In Chapter 1, we give a brief introduction

on quantum transport. First, we present some typical length scales in mesoscopic

systems. Then we provide several quantum-mechanical methods as theoretical

prerequisites. We introduce the scattering matrices formalism, Green’s functions,

full counting statistics and quantum circuit theory. In Chapter 2, we study the Bell

test in two different solid-state devices. We first give a background introduction on

the Bell test. Then we prove the standard Clauser-Horne-Shimony-Holt (CHSH)

inequality fails in ac-driven junctions. We propose a generalized Bell inequality

using full counting statistics and quantum circuit theory. In Chapter 3, we study

the non-symmetrized noise and light emission from a tunnel junction coupled to a

single-mode resonant oscillator. We obtain the finite-frequency noise spectra and

light emission rates for arbitrarily-shaped ac drives. We give the conclusion in

Chapter 4.
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Zusammenfassung

In dieser Arbeit untersuchen wir anhand von zwei Anwendungsbeispielen das

Wechselspiel zwischen Elektronen, Photonen und zeitabhängigen Antrieben. Es

ist bekannt, dass sich ein AC-Antrieb gegenüber einem DC-Antrieb in vielen

verschiedenen Eigenschaften auszeichnet. Beispielsweise kann ein AC-Antrieb

Elektronen-Loch-Paare hervorrufen, welche auf natürliche Weise verschränkt sind.

In der ersten Aufgabenstellung liegt der Fokus auf dem Bell-Test in ACgetriebenen

Festkörpersystemen, welche bislang noch nicht verwirklicht wurden. Wir entwick-

eln einen Verschränkungstest — basierend auf stetigen Variablen — der sich für

Elektronen und Löcher eignet, die durch einen AC-Antrieb erzeugt wurden. Unser

AC-Verschränkungstest hängt, ähnlich dem Fanofaktor, von der Gesamtzahl der

Elektronen-Loch-Paare, sowie der Wahrscheinlichkeitsverteilung der Paarerzeu-

gung ab.

Neben dem wesentlichen Beitrag der Quantenkorrelationen von Elektronen,

spielt die Emission von Licht eine tragende Rolle bei nichtsymmetrischem Rauschen

— einem Quantenkorrelator von Stromoperatoren. Experimentell konnte gezeigt

werden, dass ein DC-Antrieb zu unerwarteter übersteuerter Lichtemission in einem

Rastertunnelmikroskopschaltkreis führen kann, welcher an eine elektromagnetis-

che Umgebung koppelt. Theoretisch lässt sich dieser Sachverhalt erfolgreich mit-

tels zwei- und viel-Elektronen Tunnelprozessen gerader Ordnung erklären. In

der zweiten Thematik verallgemeinern wir die Theorie der Lichtemission auf AC-

getriebene Kontakte. Wir leiten die Lichtemissionsraten in Gaußscher Näherung

und darüber hinaus her. Die resultierenden Ergebnisse lassen sich gut mittels

Photon-assistiertem Tunneln erklären.

Die Arbeit ist wie folgt gegliedert. Im ersten Kapitel geben wir eine kurze

Einführung in den Quantentransport. Zuerst behandeln wir einige typische Längenskalen

in mesoskopischen Systemen. Danach stellen wir verschiedene quantenmechanis-

che Methoden als theoretisches Handwerkszeug bereit. Wir geben eine Einführung

in den Streuformalismus, Greensche Funktionen, Zählstatistik und Quantenschaltkreis-

theorie. Im zweiten Kapitel untersuchen wir den Bell-Test für zwei verschiedene
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Festkörpersysteme. Zunächst behandeln wir die Grundlagen des Bell-Tests. Da-

raufhin zeigen wir, dass die übliche Clauser-Horne-Shimony-Holt (CHSH) Ungle-

ichung in AC-getriebenen Kontakten versagt. Wir schlagen einen verallgemein-

erten Bell-Test vor, der auf der Zählstatistik und der Quantenschaltkreistheo-

rie basiert. Im dritten Kapitel erforschen wir nichtsymmetrisches Rauschen und

Lichtemission eines Tunnelkontaktes, der an einen Einzelmodenresonator koppelt.

Für beliebig geformte AC-Antriebe erhalten wir Rauschspektra bei endlicher Fre-

quenz, sowie Lichtemissionsraten. Im vierten Kapitel geben wir eine Zusammen-

fassung.
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Chapter 1

Introduction

1.1 Motivation

Great developments of quantum theory have been seen in the last century. One

of the most fascinating features of quantum theory is quantum correlation. In

classical physics, physical laws strictly comply with causality. However, this is not

the case in quantum physics. Classically measurements on one system won’t affect

another system which is far enough from the original system. While if one goes

down to the magic microscopic world and for example measures spin-entangled

particles, one would only need to measure the spin of any one of the particles and

simultaneously knows the spin of the rest particle. This ‘abnormal’ phenomenon

termed as entanglement contradicts with many physicists’ intuition in early 20th

century, including several founders of quantum mechanics.

According to the special relativity, no object nor information can travel faster than

the speed of light. Thus Einstein described entanglement as spooky action at a

distance. In 1935 Einstein, Podolsky, and Rosen put forward the EPR paradox

[1] to question the completeness of quantum mechanics. In their views, the wave

function does not contain complete information about physical reality and thus

quantum mechanics should be completed with some hidden variables.

The interpretation of quantum mechanics has become a highly concerned topic

since then. However, there was no conclusive way to experimentally test their idea

1



Chapter 1. Introduction to quantum transport 2

until almost 30 years later. In 1964, Bell derived an inequality [2] which we now call

Bell inequality to actually test the principle of local realism. Violation of the Bell

inequality implies inapplicability of local realism. Later many experimental tests

of Bell inequality (which are also called Bell tests) were proposed and performed,

which we will give a brief introduction in Chapter 2.

While most of these Bell tests used photons as entangled pairs, it still remains a

challenge to detect entanglement within Fermi sea in mesoscopic systems. Due to

Fermi-Dirac distribution, electrons behave quite differently compared to photons.

Thus the usual experimental techniques dealing with photons become infeasible to

electronic systems. However, thanks to the rapid developments of the techniques

of quantum transport, it becomes promising to detect entanglement in mesoscopic

electronic systems. For example, it is proposed by Chtchelkatchev et al. [3] that

the Bell inequality can be expressed in terms of current and current noise which

are experimentally accessible.

It is known in solid state systems, Cooper-pairs are ideal entangled particles. In

Refs. [4, 5], it is shown that an ac-drive will create electron-hole pairs which can

also be regarded as naturally entangled particles. Thus it becomes promising to

generate and detect entangled electron-hole pairs in ac-driven systems. However,

we found that the Bell inequality is violated in pure ac-driven systems and this

violation is independent of the ac drive itself, which is unreasonable because the

number of electron-hole pairs created depends on the details of the drive. If there

are many electron-hole pairs created, there should be no violation of Bell inequality

because we can not tell if the detected particles come from the same entangled

pair. Thus in the first part of this thesis we develop a new continuous-variable

Bell test which is suitable to pure ac-driven systems.

Besides the fundamental importance of entanglement, quantum correlations also

play important roles in practical application. In the second part of this thesis, we

study light emission from an ac-driven tunnel junction coupled to a LRC resonant

circuit. Indeed, light emission rates are proportional to non-symmetrized noises

which are quantum correlations of current operators. In Refs. [6, 7] it is found that

light emissions in a pure dc-driven junction are related to not only one-electron
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tunneling process but also two-electron tunneling process. Interestingly, the en-

ergy of the emitted photon can exceed the applied voltage, which is previously

experimentally found [8, 9]. Theoretically it is shown that these overbias light

emissions are governed by the two-electron tunneling process [6, 7, 10]. However,

there is still a lack of knowledge of light emission from systems operating under ac

voltages. Actually ac drives will greatly affect the transport properties of the sys-

tem and thus modify the behaviors of light emission. Hence it would be interesting

for us to investigate the light emission in ac-driven systems.

In the following we will introduce some concepts and methods that we used in this

thesis as background information.

1.2 Typical scales in mesoscopic systems

There are several length scales in mesoscopic systems, which characterize different

transport regimes [11, 12].

� Fermi wavelength λF : namely the De Broglie wavelength in the vicinity of

Fermi energy EF and can be written as λF = 2π/kF where kF is the Fermi

wave number. At zero temperature, electrons can only occupy states with

∣k∣ ≤ kF where k is the wave vector.

� Mean free path Lm: the average distance that an electron can travel without

changing its initial momentum and can be written as Lm = vF τm at low

temperature where vF = h̵kF /m is the Fermi velocity with m being the

electron mass and τm being the momentum relation time.

In mesoscopic systems, different transport regimes can be determined de-

pending on the relative magnitude of the size Ls of the system and the mean

free path Lm. In the diffusive regime where Ls ≫ Lm, the transport can be

regarded as a diffusive process and is independent of the form of the system.

While in the ballistic regime where Ls ≪ Lm, electron can move ballistically

in the system without scattering.

� Phase relaxation length Lϕ: the average distance that an electron can retain

its initial phase. In the diffusive regime, the phase relaxation length is given
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by Lϕ = Lm
√
τϕ/τm where τϕ is the phase relaxation time and is determined

by inelastic scattering. In the ballistic regime, the phase relaxation length

is estimated as Lϕ ∼ vF τϕ.

� Superconducting coherence length ξS: the length scale that electrons can

retain in the superconducting states and can be written as ξS = h̵vF /∆ where

∆ is the superconducting gap.

Notice that the Ohm’s Law is valid only when the size Ls is much larger than

λF , Lm and Lϕ. Otherwise, we would expect the conductance given by G = σA/l,

where σ is the conductivity, A is the cross-sectional area of the conductor and l is

the length of the conductor, would become infinite if we keep reducing the length l.

Experimentally, it is found that the conductance will reach a limiting value Gc [13]

when the length l is much smaller than Lm. This originates from the fact that a

mesoscopic conductor only hosts finite quantum channels. In mesoscopic systems,

we often encounter conductor whose size is comparable to or smaller than the

above length scales. Thus we need quantum-mechanical treatments when dealing

with mesoscopic transport problems.

1.3 Scattering matrix formalism

Scattering matrix formalism [14] is a powerful tool in dealing with quantum-

mechanical scattering problem in mesoscopic systems, especially for systems with

sizes Ls ≤ Lm.

1.3.1 s-matrix

The idea of scattering matrix originates from the scattering problem in quan-

tum mechanics. Consider the electron transport through a coherent conductor

as depicted in Fig. 1.1. For simplicity, we consider a two-terminal conductor

while it’s also straightforward to generalize to multi-terminal case. The con-

ductor which acts as a potential barrier is coupled to two macroscopic electron

reservoirs which are characterized by thermal equilibrium Fermi functions fα =
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Left

Contact

Right

Contact

Figure 1.1: Schematic diagram for electron transport using scattering matrix.
The incoming wave amplitudes labeled as a and the outgoing wave amplitudes

labeled as b are related by the scattering matrix s.

1/{exp[(E − µα)/kBTe] + 1} (α = L,R). Within the knowledge of quantum me-

chanics, the total wave function can be decomposed into incoming wave function

Ψ(in) and outgoing wave function Ψ(out). By matching the wave functions at the

interfaces, Ψ(out) can be related to Ψ(in) through the so-called s-matrix. Generally

speaking, the incoming wave function can be expanded in terms of basis functions

ψ
(in)
α ,

Ψ(in) =∑
α

aαψ
(in)
α . (1.1)

Similarly, the outgoing wave function can be expressed as

Ψ(out) =∑
β

bβψ
(out)
β . (1.2)

where a, b are incoming and outgoing wave amplitudes, respectively. They are

related by the scattering matrix

bβ =∑
α

sβαaα. (1.3)

For a two-terminal conductor as shown in Fig. 1.1, Eq. (1.3) is written as

⎛
⎜
⎝

bL

bR

⎞
⎟
⎠
=
⎛
⎜
⎝

sLL sLR

sRL sRR

⎞
⎟
⎠

⎛
⎜
⎝

aL

aR

⎞
⎟
⎠
. (1.4)

For a n-channel conductor, aα and bα (α = L,R) become vectors

aα =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

aα1

aα2

⋯

aαn

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, bα =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

bα1

bα2

⋯

bαn

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (1.5)
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1.3.2 Current operator

One of the applications of scattering matrix formalism is to calculate the cur-

rent. While higher-order current-current correlations, e.g. current noise can be

generalized from the current operator. Here we present the basic introductory

derivations of current operator. Within the knowledge of quantum mechanic, the

current flowing in lead α as shown in Fig. 1.1 is given by

Îα(t, x) =
e

2mi ∫
dy [Ψ̂�

α

∂Ψ̂α

∂x
−
∂Ψ̂�

α

∂x
Ψ̂α] (1.6)

where the field operator is written as

Ψ̂α(t, r) =∑
n

1
√

2πvαn(E)
∫ dEe−iEt [âαn(E)ψ

(in)
αn (E, r) + b̂αn(E)ψ

(out)
αn (E, r)]

(1.7)

with vαn(E) = kαn/m being the electron velocity. Here the incoming and outgoing

modes â and b̂ are second-quantized and they obey the anti-commutation relations

for fermions

{âαn(E), â�βm(E′)} =δαβδnmδ(E −E′), (1.8)

{âαn(E), âβm(E′)} ={â�αn(E), â�βm(E′)} = 0. (1.9)

To calculate the current, first we decompose the basis functions ψ
(in,out)
αn into their

transverse and longitude contributions

ψ
(in)
αn (E, r) =eikαnxφαn(E,y), (1.10)

ψ
(out)
αn (E, r) =e−ikαnxφαn(E,y). (1.11)

Because we are only interested in the current under bias much smaller than the

Fermi energy, that is ∣E −E′∣ ≫ E ∼ EF , we can set kαn(E) ≈ kαn(E′), vαn(E) ≈

vαn(E′) and φαn(E,y) ≈ φαn(E′, y). Then by using these approximations and

substituting Eqs. (1.7)-(1.11) into Eq. (1.6), we obtain the current operator

Îα(t) =
e

2π
∑
n
∫ dEdE′ei(E−E

′)t [â�αn(E)âαn(E
′) − b̂�αn(E)b̂αn(E

′)] . (1.12)
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Above we have used the orthogonal property for the longitude wave functions

∫ dyφαn(E,y)φβm(E,y) = δαβδnm. (1.13)

1.3.3 Landauer-Büttiker formalism

Now we give the expression of the average dc current. By introducing the current

matrix Aγδ with matrix elements

Apqγδ(α,n,E,E
′) = δαγδαδδnpδnq − s

�
αnγp(E)sαnδq(E

′), (1.14)

the current operator Eq. (1.12) can be written as

Îα(t) =
e

2π
∑
γδnpq

∫ dEdE′ei(E−E
′)tApqγδ(α,n,E,E

′)â�γp(E)âδq(E
′). (1.15)

By assuming the occupation numbers at different leads, for different quantum

channels, and for same quantum channel at different energies are statistically in-

dependent, the quantum average of the operators is given by

⟨â�αn(E)âβm(E′)⟩ = δαβδnmδ(E −E′)fα(E). (1.16)

Substituting Eq. (1.16) into Eq. (1.15), we arrive at the so-called Landauer-

Büttiker formula

⟨Îα⟩ =
e

2π
∑
γ
∫ dEfγ(E)Tr[Aγγ(α,E,E)]. (1.17)

For a two-terminal conductor, Eq. (1.17) reduces to the Landauer formula by using

the property of the current matrix (see A.2)

⟨ÎL⟩ =
e

2π ∫
dE∑

n

Tn(E)(fL(E) − fR(E)) (1.18)

where {Tn} are transmission eigenvalues.
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1.4 Green’s functions

The Green’s functions were originally [15] introduced to solve inhomogeneous

differential equations. While they are proved to be a powerful tool in solving

quantum-mechanical problems in many-body interacting systems [16–18]. In this

section we introduce equilibrium Green’s functions, non-equilibrium (Keldysh)

Green’s functions and Green’s functions under the quasiclassical approximation.

1.4.1 Equilibrium Green’s functions

To simplify the problem, here we only consider the fermion system. In general, a

system Hamiltonian can be split into two parts as

Ĥ = Ĥ0 + V̂I (1.19)

where Ĥ0 is the non-interacting Hamiltonian while V̂I is the interaction Hamilto-

nian. In equilibrium, we can define the time-ordered Green’s function as [19, 20]

ĜT (x, t;x′, t′) = −i⟨0∣T ψ̂H(x, t)ψ̂�
H(x′, t′)∣0⟩ (1.20)

where ∣0⟩ is the ground state of the interacting Hamiltonian Ĥ and ψ̂H is the field

operator in Heisenberg picture and can be written as

ψ̂H(x, t) =∑
k

uk(x)ĉk(t), ψ̂�
H(x, t) =∑

k

u∗k(x)ĉ
�

k(t) (1.21)

with ĉk(ĉ
�

k) being the annihilation (creation) operator. T is the time-ordered

operator which moves the earlier operator to the right. For example,

T [ĉi(t)c
�
j(t

′)] =

⎧⎪⎪
⎨
⎪⎪⎩

ĉi(t)ĉ
�
j(t

′) t ≥ t′

−ĉ�j(t
′)ĉi(t) t ≤ t′

The field operators satisfy the following anti-commutation conditions

{ψ̂H(x, t), ψ̂�
H(x′, t)} =δ(x − x′), (1.22)

{ψ̂H(x, t), ψ̂H(x′, t)} ={ψ̂�
H(x, t), ψ̂�

H(x′, t)} = 0. (1.23)
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In equilibrium, the interaction is assumed to be adiabatically switched on in the

distant past t = −∞, and switched off in the distant future t = +∞. Thus ∣0⟩ can

also be expressed as

∣0⟩ = Ŝ(0,−∞)∣⟩0 (1.24)

where ∣⟩0 is the ground state of the non-interacting Hamiltonian Ĥ0 at t = −∞.

The Ŝ-operator describing the evolution due to the interaction Hamiltonian V̂I is

defined as

Ŝ(t, t′) ≡ Û(t)Û �(t′) = e−iV̂I teiV̂I t
′

= T exp(−i∫
t

t′
V̂I(τ)dτ) (1.25)

with Û being the time evolution operator in the interaction picture. Thus the

time-ordered Green’s function in the interaction picture is written as

ĜT (x, t;x′, t′) = 0⟨∣T Ŝ(−∞,0)Ŝ(0, t)ψ̂I(x, t)Ŝ(t, t
′)ψ̂�

I(x
′, t′)Ŝ(t′,0)Ŝ(0,−∞)∣⟩0

=
0⟨∣T ψ̂I(x, t)ψ̂

�
I(x

′, t′)Ŝ(+∞,−∞)∣⟩0

0⟨∣Ŝ(+∞,−∞)∣⟩0

(1.26)

where ψ̂I is the field operator in the interaction picture. Above we have used the

following relation

0⟨∣Ŝ(−∞,0) = e
−iL

0⟨∣Ŝ(+∞,−∞)Ŝ(−∞,0) (1.27)

where the phase factor comes from the assumption that the state ∣ +∞⟩ does not

depend on the switching procedure so that it returns to the ground state up to a

phase factor

eiL = 0⟨∣ ∣ +∞⟩ = 0⟨∣Ŝ(+∞,−∞)∣⟩0. (1.28)

Eq. (1.26) is an important result since it can be easily evaluated. To obtain a

perturbation expansion of the Green’s function, we need to expand the Ŝ-operator

defined in Eq. (1.25) and the result reads

Ŝ(+∞,−∞) =
∞

∑
n=0

(−i)n

n! ∫
+∞

−∞
dt1dt2⋯dtnV̂I(t1)V̂I(t2)⋯V̂I(tn). (1.29)

Substituting Eq. (1.29) into Eq. (1.26), we can obtain different order contributions.

In principle we only need one Green’s function in equilibrium. We can also define
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the following retarded, advanced, lesser and greater Green’s functions for practical

use

ĜR(x, t;x′, t′) = − iθ(t − t′)⟨{ψ̂H(x, t)ψ̂�
H(x′, t′)}⟩, (1.30)

ĜA(x, t;x′, t′) =iθ(t′ − t)⟨{ψ̂H(x, t)ψ̂�
H(x′, t′)}⟩, (1.31)

Ĝ<(x, t;x′, t′) =i⟨ψ̂�
H(x′, t′)ψ̂H(x, t)⟩, (1.32)

Ĝ>(x, t;x′, t′) = − i⟨ψ̂H(x, t)ψ̂�
H(x′, t′)⟩, (1.33)

where the notation ⟨⋯⟩ is abbreviated for ⟨0∣⋯∣0⟩. The retarded Green’s function

ĜR(x, t;x′, t′) is also known as the propagator, which gives the probability ampli-

tude of a particle created at location x′, at time t′ and traveling to location x at

time t. While the lesser Green’s function Ĝ<(x, t;x′, t′) is directly related to the

particle density n̂(x) through

⟨n̂(x)⟩ = −iĜ<(x, t;x, t). (1.34)

Although we have defined several Green’s functions above, they are not indepen-

dent, that is they are related through the following equations

ĜR =(ĜA)�, (1.35)

ĜR − ĜA =Ĝ> − Ĝ<, (1.36)

Ĝ< = − f(ε)(ĜR − ĜA). (1.37)

The last relation is also known as the fluctuation-dissipation theorem where f(ε)

is the Fermi function.

1.4.2 Non-equilibrium (Keldysh) Green’s functions

Out of equilibrium, the situation becomes different from the equilibrium case. Now

the Hamiltonian consists of not only non-interacting and interaction components

but also external time-dependent part [19, 21]

Ĥ(t) = Ĥ + Ĥ ′(t) (1.38)
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Figure 1.2: Schematic diagram for Keldysh contour CK . The contour consists
of two parts: C1 and C2. C1 starts from −∞ to +∞ and C2 starts from +∞ to

−∞.

where the non-equilibrium part Ĥ ′(t) is assumed to vanish before time t0. The

system is in thermodynamic equilibrium for t < t0 and governed by the thermal

equilibrium density matrix

ρ̂(Ĥ) =
e−βĤ

Tr(e−βĤ)
. (1.39)

At time t = t0, the non-equilibrium part Ĥ ′(t) is switched on. The expectation

value for an operator ÔH in Heisenberg picture can be calculated for t ≥ t0 through

⟨ÔH(t)⟩ = Tr[ρ̂(Ĥ)ÔH(t)]. (1.40)

However, one still needs to refer to the state ∣+∞⟩ which depends on the switching

procedure [20, 21]. After switching on and off the interaction, the state ∣+∞⟩ does

not necessarily go back to ∣⟩0 but to an arbitrary state. Thus we need a theory

which does not refer to the state ∣+∞⟩. In 1964, Keldysh introduced [22] (see also

Refs. [23, 24]) a genius way to avoid this, that is instead of defining the Green’s

functions on the real time axis, the non-equilibrium Green’s functions are defined

on the time contour as shown in Fig. 1.2. We can let t0 → −∞. The time contour

consists of two branches. The system evolves from t = −∞ to t = +∞ in branch C1

and then back to t = −∞ in branch C2. The interaction is switched on and off both

at time t = −∞ and in branch C1 and C2 respectively, which successfully avoids

the reference to the state ∣ +∞⟩. Now we can define the contour-ordered Green’s

function as

G(1,1′) ≡ −i⟨TCψ̂H(1)ψ̂
�
H
(1′)⟩ (1.41)

where we have introduced the notation (1) ≡ (x1, t1) and TC is the contour-ordered

operator which is different from the time-ordered operator. The contour-ordered

operator TC moves operator with earlier time on the contour as shown in Fig. 1.2 to

the right while the time-ordered operator is defined on the real time axis. One thing
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to note, the degree of freedom of the system is doubled because of the doubling

of time branch in this case. Thus the contour-ordered Green’s function can be

cast into the following matrix form with elements residing on the corresponding

branches of the contour

G(1,1′) =
⎛

⎝

Ĝ11 Ĝ12

Ĝ21 Ĝ22

⎞

⎠
(1.42)

where

Ĝ11 ≡Ĝ
T = −i⟨T Ψ̂H(1)Ψ̂�

H(1′)⟩ t1, t1′ ∈ C1 (1.43)

Ĝ12 ≡Ĝ
<(1,1′) t1 ∈ C1, t1′ ∈ C2 (1.44)

Ĝ21 ≡Ĝ
>(1,1′) t1 ∈ C2, t1′ ∈ C1 (1.45)

Ĝ22 ≡Ĝ
T̃ = −i⟨T̃ Ψ̂H(1)Ψ̂�

H(1′)⟩ t1, t1′ ∈ C2 (1.46)

with ĜT being time-ordered Green’s function, ĜT̃ being anti-time-ordered Green’s

function and T̃ being the anti-time-ordered operator. Since ĜT + ĜT̃ = Ĝ< + Ĝ>,

there are only three linearly independent Green’s functions. By performing the

following transformation in Keldysh space

Ǧ ≡ Ľτ̌3GĽ
� (1.47)

with Ľ = (1̌− iτ̌2)/
√

2 and τ̌i(i = 1,2,3) being the Pauli matrices in Keldysh space,

the contour-ordered Green’s function G can be transformed into the following

expression

Ǧ =
⎛

⎝

ĜR ĜK

0 ĜA

⎞

⎠
. (1.48)

In order to obtain a perturbation expansion of the contour-ordered Green’s func-

tion, we need to express it in the interaction picture and it reads [21]

Ǧ(1,1′) = −i⟨TCψ̂H(1)ψ̂�
H(1′)ŜHC ⟩ (1.49)

where

ŜHC = exp(−i∫
C
dτH ′

H(τ)) (1.50)

with H ′
H being the non-equilibrium part of the Hamiltonian in the interaction

picture. The contour-ordered Green’s function can be further transformed into
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the following expression which is suitable for the application of Wick’s theorem

[21]

Ǧ(1,1′) = −i
Tr[ρ̂(Ĥ0)TCŜCiŜCψ̂H0(1)ψ̂

�
H0

(1′)]

Tr[ρ̂(Ĥ0)TCŜCiŜC]
(1.51)

where

ŜCi = exp ( − i∫
Ci
dτ(VI)H0(τ)), (1.52)

ŜC = exp ( − i∫
C
dτH ′

H0
(τ)) (1.53)

with the contours Ci and C shown in Fig. 1.3.

(a) (b)

Figure 1.3: (a) Contour Ci (b) Contour C.

1.4.3 Quasiclassical Green’s functions

The quasiclassical Green’s functions were originally developed to describe the su-

perconductor. While they are proven to be applicable to a much broader range.

Here we give a brief introduction, while the detailed discussion can be found in

the literature [17].

The basic idea of quasiclassical approximation originates from the observation

that the length scales of external disturbances are much larger than the Fermi

wavelength λF while the transport mainly takes place at energies close to the

Fermi energy EF . To get rid of the fast oscillations of the Green’s functions

which correspond to the relative coordinates r = x − x′, one could average out the

relative coordinates while keep the slow oscillations which correspond to center-of-

mass coordinates R = (x + x′)/2. To do so, one could first transform the Green’s

function into the Wigner representation by using this transformation: x = R+ r/2
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and x′ = R − r/2. Then one Fourier transforms the relative coordinates r and

integrates over the magnitude of the relative momentum p. Now the quasiclassical

Green’s function is defined as

Ǧ(R,n; t, t′) =
i

π ∫
dξpǦ(R,p; t, t′) (1.54)

where ξp = p2/2m − EF and n = p/p being the unit vector in the direction of

momentum. The Green’s function defined in Eq. (1.54) is dimensionless and satisfy

the following condition

Ǧ2 = 1. (1.55)

This relation is important for practical calculation. In a homogeneous state, the

Green’s function does not depend on the direction of the momentum n and the co-

ordinate R, Ǧ(R,n; t, t′) = Ǧ(t, t′). In equilibrium, the Green’s function depends

only on the time difference t− t′. In energy representation, it is diagonal in energy

Ǧ(ε, ε′) = 2πδ(ε− ε′)Ǧ(ε). The quasiclassical Green’s function in the normal metal

is given by Eq. (1.48) with the matrix elements given by

ĜR = − ĜA = 1,

ĜK =2h (1.56)

where h(ε) = 1 − 2f(ε) with f(ε) being the Fermi function. In the presence of

superconductor, the situation becomes complicated. Now the Green’s function in

the normal metal side becomes

G =
⎛
⎜
⎝

ḠR ḠK

0 ḠA

⎞
⎟
⎠

(1.57)

where

ḠR = −ḠA = τ̄3, (1.58)

ḠK =
⎛
⎜
⎝

2h(ε) 0

0 2h(−ε)

⎞
⎟
⎠

(1.59)

and G denotes matrices in Nambu ( ¯ ) ⊗ Keldysh ( ˇ ) space. In equilibrium

superconductor, the Green’s function is written in the same structure as Eq. (1.57)
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with matrix elements given by

ḠR,A(ε) =
±1

√
(ε ± i0+)2 − ∣∆∣2

⎛
⎜
⎝

ε ± i0+ ∆

−∆∗ −(ε ± i0+)

⎞
⎟
⎠
, (1.60)

ḠK = (ḠR − ḠA) tanh (
ε

2Te
) (1.61)

where ∆ is the superconducting gap.

1.5 Full counting statistics

1.5.1 Introduction

N electrons

(a) (b)

Figure 1.4: Schematic diagram for counting electrons. For example, within a
time τ , (a) the number of measured electrons is N which satisfies a (b) proba-

bility distribution P (N).

When one measures the electric current, one is actually counting the electrons.

Any measurement can not be performed instantly. During a time interval τ , the

measured electron number is N as shown in Fig. 1.4. While N is a random number,

to get rid of this randomness, one usually repeats the measurement many times and

obtains the average electron number ⟨N⟩. The average number can be expressed

⟨N⟩ =∑
N

P (N)N (1.62)

where P (N) is the probability distribution which satisfies ∑N P (N) = 1. Now

the current can be expressed as I = e⟨N⟩/τ . However, the probability distribution

function is not a convenient way to convey the information of the statistics. One



Chapter 1. Introduction to quantum transport 16

would prefer to use the characteristic function of the probability function

Λ(χ) = ⟨eiNχ⟩ =∑
N

P (N)eiNχ (1.63)

which is also called moment generating function and can be expanded in terms of

moments

Λ(χ) =
∞

∑
n=0

1

n!
(iχ)nMn. (1.64)

While the total distribution function for independent events is the products of the

moment generating functions of each event Λtot(χ) = ΠiΛi(χ). For simplicity, one

would define the cumulant generating function as

S(χ) = ln Λ(χ) (1.65)

whose total distribution function is just the sum of each independent event Stot =

∑i Si. Similarly, the cumulant generating function can also be expanded in terms

of cumulants

S(χ) =
∞

∑
n=1

1

n!
(iχ)nCn. (1.66)

The relations between the first four moments and cumulants are given by

M1 =C1 = ⟨(N − ⟨N⟩)⟩ = 0, (1.67)

M2 =C2 = ⟨(N − ⟨N⟩)2⟩, (1.68)

M3 =C3 = ⟨(N − ⟨N⟩)3⟩, (1.69)

M4 =C4 + 3C2
2 = ⟨(N − ⟨N⟩)4⟩. (1.70)

Now let us look at one example [25, 26]. Consider electrons are transferring be-

tween the left reservoir and the right reservoir through the conductor which is

characterized by the transmission eigenvalues {Tn} and we want to count the

charge Q during the time τ . Levitov et al. found [25] the cumulant generating

function in this case is given by

S(χ) = 2τ ∫
dε

2π
∑
n

ln [1 + Tn(ε)(e
iχ − 1)fL(ε)(1 − fR(ε))

+ Tn(ε)(e
−iχ − 1)fR(ε)(1 − fL(ε))] (1.71)
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where the term with TnfL(1−fR)eiχ represents one electron travels from the occu-

pied state of the left reservoir to the empty state of the right reservoir via channel

n with transmission probability Tn and χ is the counting field with the sign reflect-

ing the transport direction of the electron. The factor fL(1−fR) reflects quantum

statistics of electrons, which is due to the Pauli principle. Likewise, the term with

TnfR(1−fL)e−iχ represents one electron travels from the right reservoir to the left

reservoir.

After taking the derivatives of Eq. (1.71) with respect to the counting field

⟨I⟩ =
e

τ

∂S

∂(iχ)
∣
χ=0
, (1.72)

one returns to the Landauer formula given by Eq. (1.18).

At low temperature Te ≪ eV̄ (µL − µR = eV̄ ) and assuming energy-independent

transmission eigenvalues, Eq. (1.71) reduces to the following expression after inte-

grating over energy

S(χ) =
eV̄ τ

π
∑
n

ln [1 + Tn(e
iχ − 1)]. (1.73)

If we further assume there is only one transport channel, the probability to transfer

m electrons during time τ is then binomial

P
(n)
m =

⎛
⎜
⎝

Mdc

m

⎞
⎟
⎠
Tmn (1 − Tn)

Mdc−m (1.74)

where Mdc = eV̄ τ/π assumed to be an integer is the total number of attempts for

electrons.

In the limit of low transparency Tn ≪ 1, the cumulant generating function reduces

to

S(χ) =Mdc∑
n

Tn(e
iχ − 1). (1.75)

The probability to transfer m electrons during time τ in this case becomes Pois-

sonian

Pm =
e−Mdc∑n Tn(Mdc∑n Tn)

m

m!
(1.76)

and the influence of Pauli principle is smeared out.
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1.5.2 Circuit theory of quantum transport

It is known that the transport properties of a classical circuit can be obtained

by solving the Kirchhoff’s law. Here we use the term “classical” to refer to the

systems whose sizes are much larger than Lm and Lϕ. When the size of the system

is comparable to or even small to Lm and Lϕ, Ohm’s law fails as we mentioned

before. Thus we need a quantum-mechanical description for mesoscopic systems –

quantum circuit theory which combines quasiclassical Green’s functions with full

counting statistics [26].

From the classical circuit theory, an electronic circuit consists of power sources,

leads and loads. Likewise, we can also divide a mesoscopic system into terminals,

nodes and connectors.

� Terminal: A terminal acts as an electron reservoir and is characterized by

a fixed voltage.

� Node: A node is where the voltage does not drop, like a classical perfect

lead.

� Connector: A connector consumes energy and causes the voltage to drop

which is characterized by different distribution of transmission eigenvalues –

usually tunnel junction, ballistic contact or diffusive conductor [26].

Both terminals and nodes are characterized by matrix voltages Ǧ. The matrix

voltage at a terminal is fixed while the matrix voltage at a node is unknown and

needs to be found. As discussed in subsection 1.4.3, the matrix voltage (repre-

sented by quasiclassical Green’s function) should satisfy the following properties

Tr[Ǧ] = 1, Ǧ2 = 1. (1.77)

The counterpart of the matrix voltage is the matrix current. To find the matrix

voltage at each node, one needs to solve the quantum Kirchoff’s law

∑
connector

Ǐ = 0. (1.78)
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The matrix current flowing through a connector can be expressed via two matrix

voltages at its ends

Ǐ = F (Ǧ1, Ǧ2). (1.79)

For a two-terminal junction, the matrix current is given by [27]

Ǐ = GQ∑
n

Tn(Ǧ1Ǧ2 − Ǧ2Ǧ1)

2 + (Tn/2)(Ǧ1Ǧ2 + Ǧ2Ǧ1 − 2)
(1.80)

where GQ = e2/πh̵ is the conductance quantum.

1.5.3 Elementary events of quantum transport

(a)

(b)

position

en
er
g
y e
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Figure 1.5: Schematic diagram [4, 28] of elementary events of electron transfer
in (a) normal contact and (b) normal-metal (N) – superconducting (S) contact.

In ac-driven 2-terminal mesoscopic systems, electron transfer can be decomposed

into bidirectional elementary events [4, 5, 28] as shown in Fig. 1.5 at low temper-

ature. In normal contact, an ac drive will create electron-hole pair. The charge

transfer occurs if either the electron is transmitted and the hole is reflected or
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vice versa. The probability for the this process is given by Tn(1 − Tn)pk where pk

are the probabilities of electron-hole pair creations and are shown in Fig. 1.6 for

different shapes of voltage drives. The cumulant generating function for this event

at low temperature is given by [4, 5]

SNN =M∑
nk

ln [1 + Tn(1 − Tn)pk(V0)(e
iχ + e−iχ − 2)] (1.81)

where M = τωac/π with τ being the measurement time and ωac being the ac

frequency and V0 are the driving amplitude. pk depend on the ratio between the

driving amplitude and ac frequency eV0/ωac. For example, for cosine drive as

shown in Fig. 1.6(a), the first electron-hole pair appears with probability p1 as the

ac drive is applied to the system. At eV0/ωac ≃ 2, the second electron-hole pair

starts to contribute to the transport with probability p2, etc. The probabilities pk

also depend on the shapes of the voltage drives. For square-wave drive as shown

in Fig. 1.6(b), it creates most electron-hole pairs compared to cosine, sawtooth,

triangle-wave and Lorentzian drives at the same value of eV0/ωac. Notice that, this

type of charge transfer is bidirectional. Thus it only contributes to even cumulants.

For example, the first two cumulants of Eq. (1.81) are given by

I =
e

τ

∂SNN
∂(iχ)

RRRRRRRRRRRχ=0

=0, (1.82)

S =
e2

τ

∂2SNN

∂(iχ)2

RRRRRRRRRRRχ=0

=
2e2ωac
π
∑
n

Tn(1 − Tn)∑
k

pk (1.83)

where the average current is zero and the zero-frequency noise spectra are the sum

of the contributions from different transport channels and electron-hole pairs.

While in normal-metal (N) – superconducting (S) contact, the situation becomes

more delicate. The elements of the transferred charges are Cooper pairs. Charges

transfer occurs if either the electron is Andreev reflected and the hole is normal

reflected or vice versa. The probability for the this process is given by RA
n (1 −

RA
n )pk(2V0) where RA

n = T 2
n/(2 − Tn)

2 are the Andreev reflection coefficients. Due

to the doubling of charges of the Cooper pair, the arguments of the probabilities

of electron-hole pair creations are also doubled. Thus in this case the cumulant
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generating function at low temperature is given by [28]

SNS =M∑
nk

ln [1 +RA
n (1 −R

A
n )pk(2V0)(e

2iχ + e−2iχ − 2)]. (1.84)

Notice, that the doubling in NS contact is found not only in the probabilities

pk(2V0) but also in the counting field 2iχ.
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Figure 1.6: Probabilities of electron-hole pair creations for (a) cosine drive, (b)
square-wave drive (c) sawtooth drive (d) triangle-wave drive and (e) Lorentzian
drive and their corresponding shapes of drives (f)-(j). Here the effective charge
is e∗ = e for the normal junction and e∗ = 2e for the SN junction. τac = 2π/ωac

is the period of the drive.



Chapter 1. Introduction to quantum transport 22

1.6 Photon assisted tunneling

Understanding the interplay between time-dependent drive and electron correla-

tions is crucial to the design of electronic devices and also of fundamental in-

terests. The first experiment on electron tunneling under time-dependent volt-

age was carried out by Dayem and Martin [29] using superconductor–insulator–

superconductor hybrid structures and they found multiple peaks appeared in the

I − V curve when the energies of the electron matched the applied microwave fre-

quency. The physics pictures depicting time-dependent quantum transport consist

of not only bidirectional event of electron-hole pairs but also photon-assisted tun-

neling which is first put forward by Tien and Gordon [30] in 1963. Their theory

of multiphoton-assisted electron tunneling successfully explained the emergences

of these peaks.

Consider a conductor subjected to a time-dependent and spatially uniform electric

field V (t) = V̄ +V0 cos(ωact). The Hamiltonian of the conductor is thus written as

[30–32]

H =H0 + eV̄ + eV0 cos(ωact). (1.85)

Solving the time-dependent Schrödinger’s equation, one finds the wave function

can be written as

Ψ(r, t) = ψ0(r)e
−i(E+eV̄ )t exp(

−ieV0

ωac
sin(ωact)) (1.86)

where ψ0 is the time-independent wave function in the absence of external field.

By using the following property

exp(
−ieV0

ωac
sin(ωact)) =

∞

∑
k=−∞

Jk (
eV0

ωac
) e−ikωact (1.87)

with Jk being the Bessel function of kth order, Eq. (1.86) can be written as

Ψ(r, t) = ψ0(r)
∞

∑
k=−∞

Jk (
eV0

ωac
) e−i(E+eV̄ +kωac)t. (1.88)
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Thus the tunneling current is given by

I =
∞

∑
k=−∞

J2
k (
eV0

ωac
) I0(V̄ + kωac/e) (1.89)

where I0 is the current in the absence of ac drive. Eq. (1.89) can be viewed as

many replicas of the tunneling currents in the absence of ac drive shifted by kωac/e

in voltage with weight factors J2
k (

eV0
ωac

). Similarly, the noise spectra in the presence

of a cosine drive can also be cast into the the following form

S =
∞

∑
k=−∞

J2
k (
eV0

ωac
)S0(V̄ + kωac/e) (1.90)

where S0 is the noise spectra in the absence of ac drive. The replicas of photon-

assisted noise have been observed in a phase-coherent conductor [33], a diffusive

normal metal–superconductor junction [34], a tunnel junction [35] and etc.





Chapter 2

Bell test in driven quantum

contact

2.1 Bell inequality and Bell tests

Quantum mechanics in fact is a nonlocal theory. Since the EPR paradox [1] was

put forward in 1935, the interpretation of quantum mechanics has become a central

topics. According to Einstein, Podolsky, and Rosen’s view, quantum mechanics

disobeys the principle of local realism and they argued that quantum mechanics

should be completed with some hidden variables. Almost 30 years later in 1964

Bell derived an inequality [2] to actually test the principle of local realism. In

a standard test of Bell inequality as shown in Fig. 2.1, the particle source emits

particles to two space-separated observers: Alice and Bob. They measure the

particles independently. Here we denote A, B as the values measured by Alice

and Bob respectively. According to the principle of local realism, realism requires

that the observed values are determined by some hidden variables λ while locality

requires that there is no non-local effect. According to Bell’s definition [2], the

correlation of the particles measured by Alice and Bob is thus given by

C(a,b) = ∫ A(a, λ)B(b, λ)f(λ) (2.1)

25
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where a, b denote the detector settings for Alice and Bob and f(λ) is the distri-

bution of the hidden variables λ. Remarkably, it is found that in some cases the

physical results based on the principle of local realism are inconsistent with the

predictions of quantum mechanics.

SA B

Figure 2.1: Schematic diagram for a Bell test. Here two particles are emitted
from the source (S) and separated. One particle is detected by Alice (A) and

the other one is detected by Bob (B).

Later in 1969, Clauser, Horne, Shimony and Holt proposed [36] the so-call CHSH

inequality which is suitable for the experimental realization and it is given by

∣C(a,b) +C(a′,b) +C(a,b′) −C(a′,b′)∣ ≤ 2. (2.2)

In the following decades, many experiments were carried out and violations of

Bell inequalities were reported. However, due to the assumptions of local realism,

there are several types of loopholes [37] which hinder the conclusive tests of Bell

inequalities.

� Space-like loophole: (or locality loophole, or communication loophole)

The experiments performed by Alice and Bob should be independent. In

other word, there should be a space separation for Alice and Bob to prevent

the communication between them.

� Detection loophole: (or fair-sampling loophole) In real experiments, de-

tectors are often not perfect and the detection efficiencies may be less than

100%. According to Eq. (2.2), the minimum efficiency required to observe

the violation of Bell inequality is about 82.84%.

� ...

Here we briefly introduce the history of experimental tests of Bell inequalities.

In 1972 Freedman and Clauser [38] performed the first experimental test of lo-

cal hidden variables theories by measuring the linear polarization correlation of
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the photons emitted in an atomic cascade of calcium. Later Clauser [39] and

independently Fry and Thompson [40] measured the linear polarization correla-

tion between the two photons from the cascade of Hg200. These pioneering works

showed clear violations of Bell inequalities and were in agreement with quantum

mechanics.

In 1981 Aspect et al. [41] measured the linear polarization correlation of photons

emitted in a radiative atomic cascade of calcium using single-channel analyzers

which did not allow the direct measurement of all polarization states. Later they

improved the experiments by using two-channel analyzers[42] and time-varying

analyzers [43] and observed clear violations of the Bell inequalities. Ref. [43]

represents the first experiment trying to close space-like loophole, where the optical

switch was 6 meter away from the source. The Bell inequality was violated by

5 standard deviations. However, the space-like loophole still remained in this

experiment because the switches were not random but quasiperiodic.

Later in 1988, with the availability of technique of parametric down conversion

(PDC), Ou and Mandel [44] and independently Shih and Alley [45] performed

the photon correlation experiments using PDC and observed 6 and 3 standard

deviations, respectively.

In 1990 Rarity and Tapster [46] demonstrated for the first time a violation of Bell’s

inequality based on phase and momentum, rather than spin.

In 1989 Franson [47] proposed a new experimental test of Bell inequality through

an interferometer for position and time, which was first realized in 1992 by Brendel

et al. [48]. Later 16 and 22 standard deviations of violations of Bell inequality

were observed by Kwiat et al. [49] and Kiess et al. [50]. In 1994, Tapster et al. [51]

performed the correlation experiment using energy correlated photon pairs created

in PDC and observed two-photon interference effects in fiber interferometers sep-

arated by 4.3 km of optical fiber. Latter in 1998 Tittel et al. [52, 53] performed

a Franson-type test of Bell inequalities by photons more than 10 km apart which

closed the locality loophole. In Ref. [53] the Bell inequality was violated by 16

standard deviations without subtracting accidental coincidences.
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In 1995 Kwiat et al. [54] produced a high-intensity source of polarization-entangled

photon pairs with high momentum definition using type-II non-collinear phase

matching in PDC. The Bell inequality was violated by over 100 standard de-

viations in less than 5 minutes. Later in 1999 they [55] generated a source of

polarization-entangled photon pairs that was more than ten times brighter than

previous sources using the process of spontaneous PDC in a two-crystal geometry.

The Bell inequality was violated by 242 standard deviations in less than 3 minutes.

A bit earlier in 1998 Weihs et al. [56] observed strong violations of Bell’s inequal-

ity in an EPR-type experiment with independent observers and fully enforced the

condition of locality for the first time.

In 2001 Rowe et al. [57] performed the first test violating a strong Bell inequality.

In contrast to other tests that were based on photons, this experiment took advan-

tage of entangled ions. Later in 2003 Hasegawa et al. [58] performed a complete

set of correlation measurements in the classical properties of massive entangled

particles (9Be+ ions) and eliminated the so-called ‘detection loophole’. In 2006

Matsukevich et al. [59] observed entanglement of two remote atomic qubits based

on collective atomic states. Later in 2008 they [60] observed violation of a Bell

inequality between the quantum states of two remote Yb+ ions separated by a

distance of about 1 meter with the detection loophole closed. The Bell inequality

was violated by over 3 standard deviations. In 2009 Ansmann et al. [61] performed

a Bell test in a superconducting system using a pair of Josephson phase qubits

acting as spin-1/2 particles. The Bell inequality was violated by 244 standard

deviations.

In 2013 Giustina et al. [62] and independently Christensen et al. [63] closed the

detection loophole using entangled pairs of photons in Bell tests.

In 2015, three independent groups [64–66] closed both the locality loophole and

detection loophole and thus local realism was sentenced to death.

Besides their fundamental importance, quantum entanglement and nonlocality

have attracted a lot of attention over the past two decades in the context of

quantum computation [67], teleportation [68, 69], and cryptography [70]. While

most of the Bell tests were performed using quantum optics, it still remains a
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Figure 2.2: Setups for the generalized ac Bell test: (a) normal junction with
transmission eigenvalues {Tn} and (b) superconductor (S ) – normal-metal (N )
beam splitter. In both cases, the test observables are the differences between
the numbers of spin-up and spin-down particles along directions ±a and ±b

detected in the leads A (Alice) and B (Bob).

challenge to detect entanglement within the Fermi sea in mesoscopic systems [71–

80]. Some of these concepts have even been tested experimentally [81–89].

The main content of this Chapter can be found in Ref. [90].

2.2 Failure of CHSH inequality in ac-driven junc-

tions

As discussed before, so far most Bell tests were performed using photons while

it still remains a blank in solid state systems. In 2002, Chtchelkatchev et al. [3]

reformulated the CHSH inequality in terms of currents and current noises, which

is suitable for Bell tests using quasiparticles in solid state systems. However, in

this section we will prove this inequality fails in ac-driven junctions.

In mesoscopic junctions as shown in Fig. 2.2, the modified CHSH inequality reads

[3]

∣C(a,b) +C(a,b′) +C(a′,b) −C(a′,b′)∣ ≤ 2 (2.3)
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where

C(nA,nB) =
⟨(N ↑A −N

↓

A)(N
↑

B −N
↓

B)⟩

⟨(N ↑A +N
↓

A)(N
↑

B +N
↓

B)⟩
(2.4)

are the spin correlators and

Nσ
j (τ) = ∫

τ

0
dtIσj (t) (2.5)

are the numbers of quasiparticles detected in the lead j = A,B with spin projections

σ =↑, ↓ in direction nj and is defined as the time integral of a current Iσj flowing to

lead j and τ is the measuring time. The symbol ′ denotes two different settings of

the Alice and Bob measuring apparatus. Now let us consider the following relation

x′y − x′y′ = x′y(1 ± xy′) − x′y′(1 ± xy) (2.6)

with x, y, x′, y′,X,Y being real numbers. Assuming ∣x∣, ∣x′∣ ≤ ∣X ∣ = 1 and ∣y∣, ∣y′∣ ≤

∣Y ∣ = 1, we have the following inequality

− ∣1 ± xy′∣ − ∣1 ± xy∣ ≤ x′y − x′y′ ≤ ∣1 ± xy′∣ + ∣1 ± xy∣ (2.7)

which can be further derived as

⇒ −(1 ± xy′) − (1 ± xy) ≤ x′y − x′y′ ≤ (1 ± xy′) + (1 ± xy)

⇒ −2 − (xy′ + xy) ≤ x′y − x′y′ ≤ 2 − (xy′ + xy)

⇒ −2XY ≤ xy + xy′ + x′y − x′y′ ≤ 2XY.

By letting

x =⟨N ↑A(τ)⟩λ − ⟨N ↓A(τ)⟩λ,

x′ =⟨N ↑A′(τ)⟩λ − ⟨N ↓A′(τ)⟩λ,

y =⟨N ↑B(τ)⟩λ − ⟨N ↓B(τ)⟩λ,

y′ =⟨N ↑B′(τ)⟩λ − ⟨N ↓B′(τ)⟩λ,

X =⟨N ↑A(τ)⟩λ + ⟨N ↓A(τ)⟩λ = ⟨N ↑A′(τ)⟩λ + ⟨N ↓A′(τ)⟩λ,

Y =⟨N ↑B(τ)⟩λ + ⟨N ↓B(τ)⟩λ = ⟨N ↑B′(τ)⟩λ + ⟨N ↓B′(τ)⟩λ
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and averaging over the density matrix ρ, we recover Eq. (2.3). In the above, the

averages ⟨⋯⟩λ are taken over the local density matrices ρj(λ) while according to

the principle of local realism the averages ⟨⋯⟩ are taken over the joint density

matrix ρ which is written as

ρ = ∫ dλf(λ)ρA(λ)⊗ ρB(λ) (2.8)

with f(λ) being the distribution function of the hidden variables λ as mentioned

before. Letting the particle number fluctuations δNσ
j (τ) ≡ N

σ
j (τ) − ⟨Nσ

j (τ)⟩λ, the

correlators ⟨Nσ
AN

σ′

B ⟩ can be further simplified as

⟨Nσ
AN

σ′

B ⟩ = ⟨Nσ
A⟩⟨N

σ′

B ⟩ + ⟨δNσ
AδN

σ′

B ⟩. (2.9)

By performing the averages of Eq. (2.5), the first term in Eq. (2.9) can be written

as

⟨Nσ
j (τ)⟩ = τI0 (2.10)

where I0 is the average current. After Fourier transformation, the average of the

particle fluctuations is written as

⟨δNσ
A(τ)δN

σ′

B (τ)⟩ = ∫
dω

2π

dω′

2π
⟨δIσA(ω)δI

σ
B(ω

′)⟩
eiωτ − 1

iω

e−iω
′τ − 1

−iω′
(2.11)

which can be further simplified as

⟨δNσ
A(τ)δN

σ′

B (τ)⟩ = ∫
dω

2π
Sσσ

′

AB(ω)
4 sin2(ωτ/2)

ω2
(2.12)

by introducing the noise spectra 2πδ(ω − ω′)Sσσ
′

AB = ⟨δIσA(ω)δI
σ′

B (ω′)⟩. In the limit

of large τ , sin2(ωτ/2)/(ω/2)2 → 2πτδ(ω) and we have

⟨δNσ
A(τ)δN

σ′

B (τ)⟩ = τSσσ
′

AB(0). (2.13)

Now C(nA,nB) can be expressed as

C(nA,nB) =
S↑↑AB − S

↑↓

AB − S
↓↑

AB + S
↓↓

AB

S↑↑AB + S
↑↓

AB + S
↓↑

AB + S
↓↓

AB + 4τI2
0

. (2.14)
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For antiparallel orientations of ferromagnets, the noises can be written as

Sσσ
′

AB = S0 sin2(
θnAnB

2
) (2.15)

where S0 is the noise spectra for antiparallel orientations of the ferromagnets and

θnAnB = arccos(nA ⋅nB) are the angles between the magnetizations of lead A and

lead B. After substituting Eq. (2.15) into Eq. (2.14) and assuming 100% efficient

detectors, the spin correlators can be expressed as

C(nA,nB) =
−nA ⋅nBS0

S0 + 2τI2
0

. (2.16)

Now if the system is driven by pure ac drive with zero average current, that is

I0 = 0, Eq. (2.16) reduces to

C(nA,nB) = −nA ⋅nB. (2.17)

In this case, the CHSH inequality can always be maximally violated with the left

hand side of Eq. (2.3) equal to 2
√

2 if the angles between the spin polarization

directions in the leads are chosen as θab = θa′b = θab′ = π/4 and θa′b′ = 3π/4.

However, this violation does not mean entanglement because it cannot distinguish

whether the detected particles are from the same entangled pair if there are many

entangled pairs. Furthermore, as shown in Fig. 1.6, details of the drive like the

amplitude and the frequency of the ac voltage and even the shape of the drive will

greatly affect the probabilities of electron-hole pair creations and thus change the

number of particles detected. Hence this violation becomes unreasonable because

of its independence of the ac drive. The reason why the CHSH inequality fails to

reveal the entanglement is because it requires unidirectional particle flow in the

leads, a condition which is not satisfied when we apply ac voltage to the system.

Indeed, ac drive leads to fluctuations with

∣N ↑j −N
↓

j ∣ > ∣N ↑j +N
↓

j ∣ (2.18)

which are forbidden in the Bell test [3]. The same problem occurs in a dc bi-

ased junction at finite temperatures [91]. To detect entanglement in an ac-driven

junction, a generalized Bell test is needed which is free from this restriction.



Chapter 2. Bell test in driven quantum contact 33

2.3 Generalized Bell tests for ac-driven junctions

2.3.1 Cumulant-based Bell inequality

In this section, we use the following generalized Bell inequality to investigate the

Bell test in ac-driven systems [92]

∣⟨AB(A2 +B2)⟩ + ⟨A′B(A′2 +B2)⟩ + ⟨AB′(A2 +B′2)⟩ − ⟨A′B′(A′2 +B′2)⟩∣

≤⟨A4⟩ + ⟨A′4⟩ + ⟨B4⟩ + ⟨B′4⟩ +
1

2
∑

∗

C,D,E

√√
⟨C4⟩

√
⟨D4⟩⟨(D2 −E2)2⟩ (2.19)

which importantly, does not require a quantized measurement or unidirectional

particle flow and also does not pose restrictions on the possible values of the

observables A,A′,B,B′. Here the summation is taken over C,D,E ∈ {A,A′,B,B′}

and ∗ denotes the restriction D ≠ C and E ≠ C,D,D′. The symbol ′ in Eq. (2.19)

denotes two different settings of the Alice and Bob measuring apparatus. Thus

there are two choices of spin-polarization directions a, a′ for Alice and b, b′ for

Bob.

In this section we study two different setups operated under ac voltage as shown

in Fig. 2.2 for the generalized Bell test. For simplicity, first we assume low tem-

perature limit Te ≪ ωac. In the following subsection we will discuss the effect

of finite temperature. The first setup is a normal-metal junction as shown in

Fig. 2.2(a) which produces entangled electron-hole pairs under ac voltage. The

junction is characterized by the transmission eigenvalues {Tn} and biased by the

pure ac voltage V (t) with frequency ωac, amplitude V0 and zero average V̄ = 0. The

second setup is a superconductor (S) – normal-metal (N) beam splitter as shown

in Fig. 2.2(b) which generates entangled pairs of electrons or holes. In these two

cases, the spin-polarized particles along directions ±a and ±b are detected in the

leads A (Alice) and B (Bob). The test observables are the differences between the

numbers of spin-up and spin-down particles

Â ≡N̂ ↑A − N̂
↓

A = ∫ dt(Î↑A − Î
↓

A)/e, (2.20)

B̂ ≡N̂ ↑B − N̂
↓

B = ∫ dt(Î↑B − Î
↓

B)/e. (2.21)
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Since Eq. (2.19) contains fourth-order moments other than the first and second

order moments I0 and Sσσ
′

AB , it requires the knowledge of full counting statistics.

In the following subsections, we will derive the cumulant generating functions of

the two setups shown in Fig. 2.2 by using the circuit theory of quantum transport

as introduced in the previous chapter.

2.3.2 Normal-metal junction

In this subsection, we will derive the cumulant generating function for the first

setup, a normal-metal junction characterized by transmission eigenvalues {Tn} as

shown in Fig. 2.2(a). The setup contains 4 leads: 2 left leads for Alice γ↑A, γ↓A and

2 right leads for Bob γ↑B, γ↓B. For simplicity, here we assume the leads are perfectly

spin filtered in directions ±a and ±b where ∣a∣ = ∣b∣ = 1. In the following subsection

we will discuss the effect of finite-polarized spin filters. Charges that enter each of

the leads are counted and the counting fields χσj (j = A,B; σ =↑, ↓) are assigned to

them. The leads are characterized by the Keldysh-Green’s functions

ǦL(χ
σ
A) = e

−iχσAτ̌1/2 ǦL(0) e
iχσAτ̌1/2, (2.22)

ǦR(χ
σ
B) = e

−iχσB τ̌1/2 ǦR(0) e
iχσB τ̌1/2, (2.23)

where

Ǧl(0) =
⎛
⎜
⎝

1 2hl

0 −1

⎞
⎟
⎠
. (2.24)

Here, τ̌1 is the first Pauli matrix in Keldysh space and fl = (1−hl)/2 (l = L,R) are

the generalized nonequilibrium distribution functions which depend on two time

or energy indices. For a pure ac-driven junction, we can use 2 × 2 representation

of hL and hR in energy space [4, 5]

hL =
⎛
⎜
⎝

0 e−iαk

eiαk 0

⎞
⎟
⎠
, hR =

⎛
⎜
⎝

0 1

1 0

⎞
⎟
⎠
, (2.25)

where pk = sin2(αk/2) (k = 1,2, . . .) are the probabilities of electron-hole pair

creations as introduced in the previous chapter. Note that the Green’s functions

Ǧl are scalars in the spin space.
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For simplicity, we also make the following assumptions. First, we assume that the

leads are strongly coupled to the nodes A and B, and that the nodes are weakly

coupled with each other via the central junction. More precisely, we assume that

g↑A + g
↓

A ≫ gc, (2.26)

g↑B + g
↓

B ≫ gc, (2.27)

where gσj = (2e2/2π)∑n T
(jσ)
n are the conductances of the leads and gc = (2e2/2π)∑n Tn

is the conductance of the central junction. The above assumptions indicate the

electron undergoes no backscattering when it is transmitted from A to B and

scatter in one of the outgoing leads γ↑B or γ↓B.

Now the Green’s function ǦA of the node A can be obtained with the node B

disconnected since node A is strongly coupled to leads γ↑A and γ↓A and only weakly

coupled to node B. To obtain ǦA, let us consider the normalization condition

Ǧ2
A = 1̌ and the matrix current conservation [93]

∑
σ=↑,↓

Ǐσj = 0 (2.28)

where

Ǐσj = [
1 + gσjm

σ
j ⋅ σ̂

2
Ǧl(χ

σ
j ), Ǧj] (2.29)

with mσ
A = ±a, mσ

B = ±b and σ̂ being the vector of Pauli matrices in spin space.

Eq. (2.28) can also be written as

[
1 + a ⋅ σ̂

2
g↑AǦL(χ

↑

A) +
1 − a ⋅ σ̂

2
g↓AǦL(χ

↓

A), ǦA] = 0. (2.30)

Then we assume the conductances of both leads of Alice are the same, that is

g↑A = g↓A, which means an electron can enter any of the leads γ↑A and γ↓A with equal

probabilities. From Eq. (2.30) we obtain the Green’s function for the node A

ǦA(χ
↑

A, χ
↓

A) =
1 + a ⋅ σ̂

2
ǦL(χ

↑

A) +
1 − a ⋅ σ̂

2
ǦL(χ

↓

A), (2.31)

and similarly for the node B,

ǦB(χ
↑

B, χ
↓

B) =
1 + b ⋅ σ̂

2
ǦR(χ

↑

B) +
1 − b ⋅ σ̂

2
ǦR(χ

↓

B). (2.32)



Chapter 2. Bell test in driven quantum contact 36

Cumulant generating function for a normal-metal junction is given by [27]

S1(χ) =
1

2
∑
n

Tr ln(1̌ +
Tn
4

({ǦA, ǦB} − 2)) , (2.33)

where the trace is taken over Keldysh, spin, and energy indices while one should

notice that the Green’s functions ǦA and ǦB are 8× 8 matrices in Keldysh × spin

× energy space. Since Alice and Bob are measuring the differences between the

spin-up and spin-down particles as given by Eqs. (2.20)-(2.21), we can set χ↑A = χA,

χ↓A = −χA, χ↑B = χB, and χ↓B = −χB, where χA and χB are the counting fields related

to the statistics of Â and B̂.

To proceed, we can split the cumulant generating function S1 into two parts

S1 = S
+
1 + S

−
1 (2.34)

where

S±1 (χA, χB) =
1

2
∑
n

Tr ln(1̌ ±

√
Tn
2

(ǦA − ǦB)) . (2.35)

After substituting the expressions of the Green’s functions, we find that 1̌ ±

(
√
Tn/2)(ǦA − ǦB) have the same eigenvalues and the eigenvalues are pairwise

equal to each other, λ1 = λ2, λ3 = λ4, λ5 = λ6, and λ7 = λ8. Thus we have

S+1 = S−1 =
M

2
∑
n,k

ln(λ1λ3λ5λ7) (2.36)

where M = τωac/π and the product λ1λ3λ5λ7 = 1 + 2pkTnRn[cos(χA) cos(χB) − 1 +

a ⋅b sin(χA) sin(χB)] with Rn = 1−Tn being the normal reflection coefficients. Now

the cumulant generating function reads

S1(χA, χB) =M∑
n,k

ln (1 + 2pkTnRn[cos(χA) cos(χB) − 1 + a ⋅ b sin(χA) sin(χB)]).

(2.37)

Equivalently, S1 can be rewritten as

S1(χA, χB) =M∑
n,k

ln (1 + pkTnRn ∑
α,β=±1

1 + αβa ⋅ b

2
(eiαχAe−iβχB − 1)). (2.38)
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2.3.3 SN beam splitter

In this subsection, we will derive the cumulant generating function for the sec-

ond setup, a superconductor (S ) coupled to a normal-metal lead (N ) through

the central junction characterized by transmission eigenvalues {Tn} as shown in

Fig. 2.2(b). The normal-metal lead is split into 4 outgoing terminals with spin fil-

ters along directions ±a (Alice) and ±b (Bob) with the leads γ↑A and γ↓A belonging

to Alice and the leads γ↑B and γ↓B belonging to Bob. Similarly, we assume strong

coupling of the spin filters to the node N , that is

g↑A + g
↓

A + g
↑

B + g
↓

B ≫ gc, (2.39)

and neglect the backscattering. The conductances of the spin-filtering leads are

also assumed to be the same g↑A = g↓A = g↑B = g↓B, which means an electron that

passes the conductor {Tn} has the same probability to scatter to Alice or Bob.

The cumulant generating function for the SN junction is given by [27]

S2(χ) =
1

4
∑
n

Tr ln(1 +
Tn
4

({GS(0),GN(χ)} − 2)) , (2.40)

where the trace is taken in electron-hole (Nambu), Keldysh, spin, and energy

indices.

At energies and temperatures much smaller than the gap, the Green’s function

GS of the superconductor is given by

GS(0) = τ̄2 ⊗ 1̌ =
⎛
⎜
⎝

0 −i1̌

i1̌ 0

⎞
⎟
⎠
, (2.41)

where the block-matrix structure is in electron-hole space with τ̄2 being the second

Pauli matrix in Nambu space. Likewise, to obtain the Green’s function GN(χ) of

the node N in the normal terminal we use the normalization condition G2
N = 1

and the condition of matrix current conservation and it reads

⎡
⎢
⎢
⎢
⎢
⎢
⎣

⎛
⎜
⎝

ǦAe + ǦBe 0

0 −(ǦAh + ǦBh)

⎞
⎟
⎠
,GN

⎤
⎥
⎥
⎥
⎥
⎥
⎦

= 0 (2.42)
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where the Green’s functions for electrons and holes are given by

ǦAe =
1 + a ⋅ σ̂

2
Ǧe(χ

↑

A) +
1 − a ⋅ σ̂

2
Ǧe(χ

↓

A), (2.43)

ǦBe =
1 + b ⋅ σ̂

2
Ǧe(χ

↑

B) +
1 − b ⋅ σ̂

2
Ǧe(χ

↓

B), (2.44)

and

ǦAh =
1 − a ⋅ σ̂

2
Ǧh(−χ

↑

A) +
1 + a ⋅ σ̂

2
Ǧh(−χ

↓

A), (2.45)

ǦBh =
1 − b ⋅ σ̂

2
Ǧh(−χ

↑

B) +
1 + b ⋅ σ̂

2
Ǧh(−χ

↓

B). (2.46)

Here, one should notice that the counting fields and spin-polarization vectors for

holes are the opposite from the ones for electrons. Because Alice and Bob are

measuring the differences between the spin-up and spin-down particles, likewise,

we can set χ↑A = χA, χ↓A = −χA, χ↑B = χB, and χ↓B = −χB. The counting fields are

incorporated via the gauge transform

Ǧe,h(χ) = e
−iχτ̄3⊗τ̌1/2 Ǧe,h(0) e

iχτ̄3⊗τ̌1/2, (2.47)

where

Ǧe(0) =
⎛
⎜
⎝

1 2UhU �

0 −1

⎞
⎟
⎠
, Ǧh(0) =

⎛
⎜
⎝

1 2U �hU

0 −1

⎞
⎟
⎠

(2.48)

with the unitary operator U(t′, t′′) = exp[−i ∫
t′

0 eV (t)dt]δ(t′ − t′′) which takes into

account the time-dependent drive [4, 5].

From Eq. (2.42) we obtain

GN =
⎛
⎜
⎝

ǦNe 0

0 −ǦNh

⎞
⎟
⎠
, ǦNe,h =

ǦAe,h + ǦBe,h

2
. (2.49)

Substituting the above expression into Eq. (2.40) and after taking the trace over

electron-hole indices we find

S2 =
1

2
∑
n

Tr ln
⎛

⎝
1̌ +

√
RA
n

2
(ǦNe(2V (t)) − ǦNh(0))

⎞

⎠
(2.50)

where RA
n = T 2

n/(2−Tn)
2 are the Andreev reflection coefficients. Now the remaining
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trace is taken over Keldysh, spin, and energy indices. In Eq. (2.50) we have also

performed a gauge transform under the trace and ascribed the effect of the voltage

drive to the electron part of the Green’s function, which leads to an effective voltage

(or charge) doubling [28]. After diagonalization of the operator in Eq. (2.50), we

obtain

S2(χA, χB) = M∑
n,k

ln(1 +
pkRA

n

4
∑

α,β=±1

1 + αβa ⋅ b

2
(eiαχA−iβχB − 1)). (2.51)

2.3.4 Results and discussions

Now the cumulant generating functions S1 and S2 of the normal and the super-

conducting junction shown in Fig. 2.2 can be combined into the following form

Si(χA, χB) = M∑
n,k

ln(1 + P
(i)
n,k ∑

α,β=±1

1 + αβa ⋅ b

2
(eiαχA−iβχB − 1)). (2.52)

where i = 1 (2) stands for the normal (superconducting) junction shown in Fig. 2.2.

Here the probabilities P
(1)
n,k = pkTnRn and P

(2)
n,k = pkRA

n /4 with pk (k = 1,2, . . .)

being the probabilities of electron-hole pair creations as introduced in the previous

chapter. Notice that the above expression is obtained at low temperature Te ≪ ωac

and ωac ≪ ∆ in the superconducting case, which is in the experimentally accessible

range. M = τωac/π is the number of attempts for an electron to travel across the

junction within the measuring time τ . As the measuring time τ is increased, the

number of particles detected also increases which will destroy the entanglement

test. Thus the number of attempts will be set as M = 1 in the remainder of

this section which is the optimal value for the Bell test. Experimentally, the

inverse measuring time 1/τ is related to the bandwidth of the detection setup.

Hence, M = 1 can be achieved by measuring the cumulants of Â and B̂ in a large

bandwidth 1/τ ∼ ωac, which is equivalent to dividing the result by M and justifies

setting of M = 1 in the following.

Then we derive a generalized Bell inequality for the proposed setups using Eq. (2.19).

To obtain the cumulants shown in Eq. (2.19), we take derivatives of the cumulant

generating function in Eq. (2.52) with respect to the counting fields. By using the
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relations between cumulants and moments as given by Eqs. (1.67)-(1.70) and

⟨A(′)3B(′)⟩ =⟪A(′)3B(′)⟫ + 3⟪A(′)B(′)⟫⟪A(′)2⟫ = ⟨A(′)B(′)3⟩, (2.53)

⟨A(′)2B(′)2⟩ =⟪A(′)2B(′)2⟫ + ⟪A(′)2⟫⟪B(′)2⟫ + 2⟪A(′)B(′)⟫2, (2.54)

we obtain the following relations which are valid for both setups:

⟨A(′)⟩ =⟨B(′)⟩ = 0, (2.55)

⟨A(′)4⟩ =⟨B(′)4⟩, (2.56)

⟨A(′)3B(′)⟩ =⟨A(′)B(′)3⟩ = −a(′) ⋅ b(′)⟨A4⟩, (2.57)

⟨A(′)2B(′)2⟩ =(1/3)[1 + 2(a(′) ⋅ b(′))2]⟨A4⟩

+(2/3)[1 − (a(′) ⋅ b(′))2]⟨A2⟩. (2.58)

Substituting the above relations in Eq. (2.19), the generalized Bell inequality be-

comes

B(a,b,a′,b′) ≤ 2 +
2

√
3

¿
Á
ÁÀ1 −

⟨A2⟩

⟨A4⟩
∑
c,d

√
1 − (c ⋅ d)2 (2.59)

where c ∈ {a,a′}, d ∈ {b,b′}, and

B(a,b,a′,b′) = ∣a ⋅ b + a′ ⋅ b + a ⋅ b′ − a′ ⋅ b′∣. (2.60)

To obtain a maximal violation of Bell inequality, we can set the angles between

spin-polarization directions as θab = θa′b = θab′ = π/4 and θa′b′ = 3π/4. In this case,

B is maximal and the generalized Bell inequality reduces to

√
3(2 −

√
2)

4
≤

¿
Á
ÁÀ1 −

⟨A2⟩

⟨A4⟩
. (2.61)

Since Eq. (2.61) requires access to the fourth-order spin current correlations, we

anticipate the use of low-ohmic spin-polarized contacts which convert the spin into

charge currents or testing the spin-dependent chemical potentials using ferromag-

netic tunnel junctions [86, 94].

The moments ⟨A2⟩ and ⟨A4⟩ can be expressed in terms of transmission eigenvalues

and probabilities of electron-hole pair creations using ⟨A2⟩ = ∂2
iχA
S ∣χ=0 and ⟨A4⟩ =
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3⟨A2⟩2 + ∂4
iχA
S ∣χ=0 and the results read

⟨A2
i ⟩ =2∑

n,k

P
(i)
n,k, (2.62)

⟨A4
i ⟩ =2∑

n,k

P
(i)
n,k(1 − 6P

(i)
n,k) + 12(∑

n,k

P
(i)
n,k)

2

. (2.63)

Substituting Eqs. (2.62)-(2.63) in Eq. (2.61), we obtain

√
2 − 1

4
≤

√
Xi

1 + 6Xi

(2.64)

where Xi = ∑n,k P
(i)
n,k − ∑n,k P

(i)2
n,k /∑n,k P

(i)
n,k. Equations (2.61) and (2.64) are the
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Figure 2.3: (a) Probabilities of electron-hole pair creations pk and (b) param-
eter Fp = ∑k pk(1− pk)/∑k pk as a function of the amplitude V0 for cosine drive
V (t) = V0 cos(ωact). (c) Test of a generalized Bell inequality: Normal junc-
tion [solid lines, see Eq. (2.67) and Fig. 2.2(a)] and SN beam splitter geometry
[dash-dotted lines, see Eq. (2.68) and Fig. 2.2(b)]. The generalized Bell inequal-
ity is violated for junction conductances and applied voltages that are below the
lines shown in (c). Fano factors F = 1, 0.99, 0.98 (FS = 2, 1.96) for the normal
(superconducting) junction are shown in the plot. The effective charge is e∗ = e
for the normal and e∗ = 2e for the SN junction. Results for a square-wave drive
are shown in the panels (d)-(f) for comparison. Details of the square-wave drive

can be found in the Appendix.
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main results of this chapter, which represent a generalized Bell test suitable for ac-

driven systems shown in Fig. 2.2, where the particle flow in the leads is bidirectional

due to presence of electron-hole pairs created by the ac drive.

Now let us consider the limit where the number of transport channels is large. In

this limit, Xi ≫ 1 and Eq. (2.64) becomes

√
2 − 1

4
≤

1
√

6
(2.65)

which is not violated, as one might expect. The same is true when many electron-

hole pairs are created in the system (pk = 1 for k = 1, . . . ,Neh; Neh ≫ 1). Thus we

need to single out the entangled pair from the rest in order to observe the violation

of Eq. (2.64). To do so, we need a junction with low conductance or small number

of transport channels and with few particles created per voltage cycle. In the low

conductance limit, Eq. (2.64) reduces to

√
2 − 1

4
≤ βi (2.66)

where to lowest order in 1 − F (1 − FS/2)

β2
1 =

G

GQ
∑
k

pk − (1 − Fp)(1 − F ) (2.67)

and

β2
2 =

1

4
(
GS

2GQ
∑
k

pk − (1 − Fp)(1 − FS/2)) (2.68)

for the normal and superconducting junction, respectively. Here, G = GQ∑n Tn

(GS = 2GQ∑nR
A
n ) and F = ∑n TnRn/∑n Tn (FS = 2∑nR

A
n (1 − R

A
n )/∑nR

A
n ) are

the conductance and the Fano factor of the normal (superconducting) junction,

and GQ = e2/π is the conductance quantum. The distribution of probabilities of

electron-hole pair creations is characterized by

Fp =
∑k pk(1 − pk)

∑k pk
, (2.69)

in analogy with the Fano factor for the transmission eigenvalues and is shown

in Fig. 2.3(b) for cosine drive and (e) for square-wave drive. In Fig. 2.3 we also

plot the generalized Bell tests for (c) cosine drive and (f) square-wave drive using
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Eq. (2.66) as a function of junction conductance G, amplitude of applied voltageV0,

and different Fano factors that are close to the tunneling limit. We find that the

Bell inequality can be violated in both setups with low conductance or small driv-

ing amplitude. Furthermore, small deviations from the Poissonian statistics, that

is, the presence of open channels helps in violating the generalized Bell inequal-

ity. Notice that the probabilities pk of electron-hole pair creations depend on the

details of the drive as shown in Fig. 1.6, which leads to the dependence of the

Bell test on the drive as well. From Fig. 1.6, we see the square-wave drive creates

more electron-hole pairs than cosine drive with the same driving amplitude. Thus

it is less likely to violate the Bell inequality for square-wave drive with the same

driving amplitude compared to the cosine drive.

It is also interesting see to which extent the inequality is violated for a given set

of parameters. This extent of the Bell inequality violation is shown in Fig. 2.4 for

cosine drive. As we see, small amplitudes V0 are in general favorable.
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Figure 2.4: Violation of a generalized Bell inequality as a function of ampli-
tude for cosine drive: (a) normal junction with G/GQ = 0.02 and (b) SN beam
splitter with GS/4GQ = 0.02. Inequality is violated in the shaded regions in

which β1 and β2 (solid lines) are smaller than (
√

2 − 1)/4 (dashed line).

The inequality (2.64) can also be violated beyond the low conductance limit in a

quantum point contact with only a few discrete transport channels Tn. In case of
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Figure 2.5: Generalized Bell test for a single-channel contact: (a) normal
junction and (b) SN beam splitter. Results are shown for different shapes of the
drive with the amplitude V0. The biharmonic voltage V (t) = V0[0.8 cos(ωact) +
0.1 cos(3ωact)] is an approximation of the triangle-wave drive. The regions to
the left of the displayed lines are where the generalized Bell inequality is violated.

a single-channel contact, the parameters Xi in Eq. (2.64) read

X1 =TR(∑
k

pk + Fp − 1), (2.70)

X2 =
RA

4
(∑
k

pk + Fp − 1). (2.71)

In this case, the generalized Bell test (2.64) with Xi given by Eqs. (2.70)-(2.71)

is shown in Fig. 2.5 as a function of the contact transparency, driving amplitude,

and for different shapes of ac voltage. From Fig. 2.5 we can see that for normal

junction, violations of Bell inequality occur mostly when the contacts are either

open or closed. This is because the parameter X1 for normal junction is propor-

tional to TR, which means a successful Bell test occurs when one particle from an

entangled pair is transmitted to Bob while the other one is reflected to Alice, or

vice versa. If there are many entangled pairs, then the signal from one entangled

pair is obscured by other pairs and Eq. (2.64) is not violated. For SN beam split-

ter, the story is slightly different. Now the injected particles are entangled pairs

of electrons or holes. The parameter X2 for superconducting junction is propor-

tional to RA, which means a successful Bell test does not require the reflection of
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particles. Violations of Eq. (2.64) mostly occur when the contact transparency is

small RA ≪ 1. Moreover, similar to the previous discussion, the violations of Bell

inequality depend on the details of the drive. From Fig. 2.5, we can see the shapes

of the drive greatly affect the Bell inequality violation. Because the square-wave

drive creates the most electron-hole pairs with same driving amplitude compared

to cosine, sawtooth, and triangle-wave drive as shown in Fig. 1.6, it is most un-

likely to observe the violation of Bell inequality for square-wave drive. On the

contrary, triangle-wave drive would be the optimal drive among the given drives

to detect entanglement. Notice that, in Fig. 2.5 the Bell inequality (2.64) is vio-

lated regardless of contact transparency when the driving amplitude is small. This

is expected because there is at most one electron-hole pair created and detected

per voltage cycle, see Fig. 1.6.
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Figure 2.6: Effect of a finite temperature on the violation of the generalized
Bell inequality for cosine drive. (a) The voltage ranges of violation (to the left
of the respective curves) are reduced by a finite temperature. (b) For a fixed
conductance a violation is only possible below a certain critical temperature for

entanglement generation.

2.3.5 Finite temperature effect

In this subsection we consider the effect of a finite temperature Te, since one ex-

pects that the entanglement detection will become more difficult if not impossible

for increased temperatures. To this end, we have evaluated the correlators in

Eq. (2.19) for a normal junction in the tunneling limit {Tn} ≪ 1 and at arbi-

trary temperature. At finite temperature, hL and hR cannot be written as 2 × 2
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matrices because the involution property does not hold: h2
L ≠ h2

R ≠ 1. In energy

representation, they are given by [5]

hL(ε
′, ε′′) =∑

l,m

g lg
∗
l+mh(ε

′ − lωac − eV̄ )2πδ(ε′′ − ε′ −mωac), (2.72)

hR(ε
′, ε′′) = h(ε′)2πδ(ε′ − ε′′) (2.73)

where

h(ε) = tanh(
ε

2Te
) (2.74)

and g l is the lth coefficient of the Fourier series of the ac phase

e−iϕac(t) =∑
l

g le
−ilωact, ϕac(t) = ∫

t

0
eV (t′)dt′. (2.75)

In tunneling limit, the cumulant generating function Eq. (2.33) for the normal

junction reduces to

S1(χ) ≈
1

4

G

GQ

Trε(ǦAǦB) (2.76)

where the trace Trε is taken over energy indices. After substituting Eqs. (2.72)-

(2.74) into S1 and integrating over energy, we have

S1(χ) =
G

GQ
∑
l

∣g l∣
2l coth(

lωac
2Te

)

× [cos(χA) cos(χB) + a ⋅ b sin(χA) sin(χB) − 1]. (2.77)

Here we have assumed zero dc bias V̄ = 0. Eq. (2.77) could be equivalently written

as

S1(χ) =
G

2GQ
∑
l

∣g l∣
2l coth(

lωac
2Te

)

× ∑
α,β=±1

1 + αβa ⋅ b

2
(eiαχA−iβχB − 1) . (2.78)
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Taking derivatives of Eq. (2.78) with respect to the counting fields, we have the

relations between the cumulants

⟪A2n⟫ =⟪B2n⟫ = ⟪A2nB2n⟫ =
G

GQ
∑
l

∣g l∣
2l coth(

lωac
2Te

), (2.79)

⟪AB⟫ =⟪A3B⟫ = ⟪AB3⟫ = −a ⋅ b⟪A2n⟫. (2.80)

Choosing the angles between spin-polarization directions θab = θa′b = θab′ = π/4

and θa′b′ = 3π/4, the generalized Bell inequality reduces to

2 −
√

2

4
≤

⟨A2⟩
√

⟨A4⟩
. (2.81)

Letting XTe =
G

2GQ
∑l ∣g l∣

2l coth( lωac2Te
), Eq. (2.81) can be rewritten as

√
2 − 1

4
≤

√
XTe

1 + 6XTe

(2.82)

which takes the same form of Eq. (2.64). In tunneling limit, G/GQ ≪ 1, and

Eq. (2.82) can be approximately written as

√
2 − 1

4
≤ βTe (2.83)

where β2
Te
=XTe . The Bell test using Eq. (2.83) are shown in Fig. 2.6 for different

temperatures. From Fig. 2.6(a), we can see that the violations of Bell inequality

in Eq. (2.83) become more difficult with the increase of temperature. While from

panel (b), we can extract a critical temperature of entanglement [95] for given

conductance, above which detection of entanglement is not possible. However, the

numerical values still allow a violation for an experimentally accessible temperature

range Te ≲ ωac.

2.3.6 Finite polarization spin filter

In this subsection we analyze the effect of finite polarization of spin filters on the

Bell test. Here we consider finite-polarized spin filters for normal junction with

a = PmA and b = PmB where spin polarization 0 ≤ P ≤ 1 and ∣mA∣ = ∣mB ∣ = 1.
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The cumulant generating function can be obtained by using Eqs. (2.31) - (2.33)

and setting χ↑A = −χ↓A = χA and χ↑B = −χ↓B = χB. The result reads

S1(χ) =∑
n,k

ln [1 + 2Tn(1 − Tn)pk

× [cos(χA) cos(χB) − 1 +mA ⋅mBP
2 sin(χA) sin(χB)]

+
T 2
n

2
pk(1 −P

2)[cos(2χA) + cos(2χB) − 2] +
T 2
n

4
p2
k(1 −P

2)2

× [1 − cos(2χA) − cos(2χB) + cos(2χA) cos(2χB)]]. (2.84)

Note that for P ≠ 1 there are no simple relations between the cumulants or the mo-

ments. Thus Eq. (2.61) and Eq. (2.64) is not valid in this case. For simplicity, here

we consider the low conductance limit. In this limit, the generalized Bell inequal-

ity can be written as following by choosing the angles between spin-polarization

directions θab = θa′b = θab′ = π/4 and θa′b′ = 3π/4

√
2P2 − 1

4
≤ βP (2.85)

where

β2
P =(2 −P

4)
G

GQ
∑
k

pk − (3 − 2P2)(1 − Fp)(1 − F )

+ 2(1 −P2)(1 − F ). (2.86)

In the fully-polarized spin case P = 1, the above inequality reduces to Eq. (2.67).

The violations of the above inequality as a function of driving amplitude and

spin polarization for different Fano factors are plotted in Fig. 2.7. From Fig. 2.7,

we find that imperfect spin polarization decreases the possibility to violate our

generalized Bell inequality. Moreover, the above results indicate that to violate

the generalized Bell inequality in the low conductance normal junction, the spin

polarization has to be larger than P > 2−1/4 ≈ 84%, similar to the standard Bell

test.
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Figure 2.7: Generalized Bell test for a normal junction with finite polarization
for cosine drive. Fano factors F = 1,0.99,0.98 are shown in the plot. The
generalized Bell inequality is violated for spin polarizations and applied voltages

that are above the lines.

2.3.7 Bell test for a single-channel normal-metal beam split-

ter

In this subsection we analyze a normal-metal beam splitter analogous to the su-

perconducting one shown in Fig. 2.2(b). It has been found in Ref. [3] that the

normal beam splitter is not suitable for detection of entangled electron spin sin-

glets injected by a dc voltage [93]. We show that this setup is inefficient in an

ac-driven case as well. For this setup, the cumulant generating function reads

SN(χA, χB) =∑
n,k

ln [1 + (pkTnRn/2)(e
iχA + e−iχA + eiχB + e−iχB − 4)

+ (pkT
2
n/8) ∑

α,β=±1

(1 + αβa ⋅ b)(eiαχA−iβχB − 1)]. (2.87)

The charge transfer statistics consists of two parts. The spin-dependent part is

proportional to pkT 2
n and is related to the Bell-type events in which both electron

and hole from a pair are transmitted to Alice and Bob. The spin-independent

part is proportional to pkTnRn and describes events in which only one particle is

transmitted to Alice or Bob while the other one is reflected back at the contact.
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These events carry no information on the particle spin correlations and lead to

current fluctuations which obscure entanglement detection. Therefore, a violation

of a generalized Bell inequality can be achieved only in a normal beam splitter of

high transparency. For a single-channel junction with transmission coefficient T ,

Eq. (2.19) reduces to

1 −
1

√
2
≤

2R

1 + 3Xp/2
+ 2

¿
Á
ÁÀ2R +Xp/2

1 + 3Xp/2
, (2.88)

where Xp = ∑k pk + Fp − 1. This inequality is violated for T > 0.99 when Bell-type

events dominate over particle reflections at the contact, see Fig. 2.8.

0 2 4
0.990

0.995

1.000

eV0/ωac

T Square

Cosine

Sawtooth

Triangle

Figure 2.8: Generalized Bell test for a single-channel normal-metal beam
splitter. Results are shown for different shapes of the drive with the amplitude
V0 and transmission coefficient T . The generalized Bell inequality is violated
in the regions above the displayed lines where contact transparencies are very

close to T = 1.

2.4 Summary

In this chapter, we have proved the standard CHSH inequality fails in ac-driven

systems, which is due to the fact that this inequality does not take into account the

bidirectional particle flow in ac-driven system. We have developed a continuous-

variable entanglement test for the two given setups suitable for entangled-pairs that

are created by the ac drive, which does not require charge quantization, single-

particle detection, or unidirectional particle flow. The first setup, namely the
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normal-metal junction, can be used to detect the entanglement between electrons

and holes. While the second setup, the SN beam splitter, can be used to probe

the entanglement of Cooper pairs.

The success of entanglement detection relies on the ability to differentiate between

the overall current fluctuations and the specific current correlations coming from

the entangled pairs. This can be achieved in quantum contacts with low conduc-

tance or small number of transport channels and with ac drive which creates few

electron-hole pairs per cycle. We have investigated the effects of the shape of ac

drive on the entanglement test. We have found that for the given drives: cosine,

square-wave, sawtooth and triangle-wave drives, triangle-wave drive is the most

ideal drive to observe violations of our Bell inequality because it creates fewest

electron-hole pairs compared to the rest of the drives. We have also shown that

our proposed entanglement test is robust against a finite temperature in the ex-

perimentally accessible regime. Regarding of the polarization of spin filter, P has

to be larger than 2−1/4 ≈ 84% for a successful entanglement test, similar to the

standard Bell test. Finally, we have shown that a normal-metal beam splitter is

inefficient for a entanglement test, which requires contact with high transparency

to violate the generalized Bell inequality.





Chapter 3

Non-classical noise and light

emission of an ac-driven tunnel

junction

3.1 Noise and light emission

Noise as a nuisance in daily life, could come from the traffic jam, construction sites

and etc. In daily one always looks for ways to avoid noise. While in mesoscopic

systems, this is not the case. As pointed out by Landauer [96], “The noise is the

signal”. In mesoscopic systems, noises can provide informations that are hidden

in the standard conductance experiments. For example, noises can be used in

entanglement test as shown in the previous chapter. Indeed, noise measurement is

the simplest way to observe electron correlations. However, the story is not that

simple. Noises which come from different sources play different roles. In general,

we can categorize the noises in mesoscopic systems into two major types.

� Thermal noise: (also called Johnson-Nyquist noise) Noise comes from ther-

mal agitation, which provides no information about electron correlations. In

equilibrium, the thermal noise is given by

S = 4GkBTe (3.1)

53
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where G is the conductance. As we can see from the above formula, this type

of noises vanishes at zero temperature and increases linearly with respect to

the temperature. Thus this noise dominates when Te ≫ eV̄ .

� Shot noise: Noise originates from the discreteness of electric charge. This

noise is first predicted by Schottky [97] in 1918. Assuming that the electrons

are emitted independently, in other word the statistics of electron transport

is Poissonian, the shot noise obtained by Schottky is given by

S = 2eI (3.2)

where I is the average current. However, in Poissonian process electrons

will lose correlations. Taking into account the statistics of electron, that is

the Fermi-Dirac statistics, shot noise becomes suppressed due to the Pauli

principle. Shot noise in mesoscopic systems at zero temperature is given by

S =
e3V̄

π
∑
n

Tn(1 − Tn). (3.3)

The study on the quantum nature of shot noise [98] has progressed slowly since

the first prediction of shot noise by Schottky. Until 1987 the suppressions of the

shot noise were first theoretically studied by Khlus [99] and in 1989 by Lesovik

[100] in point contacts and were later experimentally demonstrated by Reznikov

et al. [101] and Kumar et al. [102].

Furthermore, shot noise can also be used to reveal the charge of elementary ex-

citations in mesoscopic systems. For example, it has been used to observe the

fractional charge with filling factor ν = 1/3 [103, 104] and ν = 1/5 [105] in quantum

Hall regime, the doubled charge in normal-metal–superconductor contact [34, 106]

and etc.

Besides, due to the quantum property of shot noise, not only novel measures

have been proposed to detect shot noise [107–109] but also classical to quantum

crossovers of shot noise have been investigated [110, 111]. Shot noise has also been

used to probe many-body states of ultracold atoms [112], to reveal the relativistic

quantum dynamics in graphene [113], to observe Majorana bound states in p-wave

superconductors [114] and etc.
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Figure 3.1: Schematic illustration of non-symmetrized noise and symmetrized
noise.

Classically, the noise spectrum S(ω) = ∫ dte
iωt⟨∆I(t)∆I(0)⟩ of a conductor is sym-

metrized in frequency S(ω) = S(−ω) as shown in Fig. 3.1. However, for quantum

conductor S(ω) ≠ S(−ω) because the current operators Î do not commute with

each other at different time, which manifests the quantum nature of noise, see also

Fig. 3.1. Here the relation between the symmetrized noise and non-symmetrized

noise could be written as

Ssym(ω) =
1

2
(Snsym(ω) + Snsym(−ω)) . (3.4)

Indeed light emission is related to the non-symmetrized noise. Consider a simple

two-level system as a photon detector. The transition rates between the two levels

are proportional to the non-symmetrized noise [115] Γ(ω) ∝ Snsym(ω). Thus by

analyzing the non-symmetrized noise spectrum, informations about light emission

can also be obtained.

Intuitively one would expect the energies of the emitted photons are limited by

the applied voltage. However, experimentally it is found that unexpected overbias

emission occurred [8, 9], which cannot be explained by the standard dynamical

Coulomb blockade theory (also called P (E)-theory) [116, 117]. According to the

standard P (E)-theory, the tunneling current in the presence of environment is



Chapter 3. Non-classical noise and light emission of an ac-driven
tunnel junction 56

given by [116]

IT =
1

RT
∫

+∞

−∞
dE ∫

+∞

−∞
dE′{f(E)[1 − f(E′)]P (E + eV̄ −E′)

− [1 − f(E)]f(E′)P (E′ −E − eV̄ )} (3.5)

where 1/RT is the tunneling conductance. The function P (E) describing the

probability of a tunneling electron to exchange energy with the environment is

given by

P (E) =
1

2π ∫
+∞

−∞
dt exp(J(t) + iEt) (3.6)

where J(t) = ⟨[ϕ(t)−ϕ(0)]ϕ(0)⟩ is the equilibrium phase correlation function with

ϕ(t) = e ∫
t

−∞
δV (t′)dt′ and δV being the voltage fluctuation. It is later found [108]

that P (E)-function is related to the non-symmetrized noise with

J(t) =
2π

RQ
∫

+∞

−∞
dω

∣Z(ω)∣2

ω2
Snsym(ω)(e−iωt − 1) (3.7)

where RQ = 2π/e2 is the quantum resistance and Z(ω) is the impedance of the

environment.

The standard P (E)-theory failing to account for the overbias light emissions is

due to the fact that it takes only the Gaussian fluctuations into consideration.

Taking the non-Gaussian fluctuations into account, these overbias light emissions

are successfully explained by two-electron [6, 7, 10] or even multi-electron [118, 119]

processes.

So far most of the previous studies concerned pure dc-driven systems. Though

in the field of ac quantum transport, ac conductances and photon-assisted noises

have been widely discussed [34, 120–123], there is still a lack of the general formula

for noise driven by arbitrary-shaped voltage, let alone the light emission. In this

chapter we generalize the theory for the quantum noise and the P (E)-theory to

ac-driven systems by taking into account the non-Gaussian phase fluctuations.
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3.2 Quantum noise in ac-driven systems

Using scattering matrix approach, the current operator is written as [14, 124]

Îα(t) =
e

2π ∫
dEdE′ei(E−E

′)t[â�
α(E)âα(E

′) − b̂�α(E)b̂α(E
′)] (3.8)

where âα and b̂α are vectors of annihilation operators of incoming and outgoing

waves in lead α. The incoming and outgoing waves are related by the scattering

matrices b̂α(E) = ∑β sαβ(E)âβ(E) as discussed in Chapter 1. Introducing the

current matrix Aγδ(α,E,E′) = δαγδαδ1α − s
�

αδ(E)sαδ(E′), Eq. (3.8) becomes

Îα(t) =
e

2π ∫
dEdE′ei(E−E

′)t
∑
γδ

Aγδâ
�
γ(E)âδ(E

′). (3.9)

If the reservoir is biased by an arbitrary periodic voltage V (t) = V̄ +∆V (t), with

V̄ , ∆V (t) being the dc and ac components respectively, the wave function for the

single-particle Schrödinger equation can be written as

Ψα,n(x, t;E) = φα,n(x;E)e−i(E+eV̄ )t
∑
k

gk(
eVα
ωac

)e−ikωact (3.10)

where

e−iϕac(t) =∑
k

gke
−ikωact (3.11)

with the ac phase ϕac(t) = ∫
t

0 dt
′e∆V (t′) and Vα, ωac being the amplitudes and

frequency of the ac component ∆V (t), respectively. φα,n(x;E) is the wave function

in reservoir α in channel n in the absence of the ac drive.

Similarly, the annihilation operator for an incoming state close to the conductor

can be expressed in terms of the reservoir states â′α

âα(E) =∑
k

gk(
eVα
ωac

)â′α(E − kωac). (3.12)
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Now the current operator becomes

Îα(t) =
e

2π ∫
dE ∫ dE′ei(E−E

′)t
∑
γδ

Aγδ(α,E,E
′)

×∑
kk′

g∗k(
eVγ
ωac

)gk′(
eVδ
ωac

)(â′γ)
�(E − kωac)â

′
δ(E

′ − k′ωac). (3.13)

Assuming that the contacts are in dynamic equilibrium, the average current ⟨Îα(t)⟩

can be calculated by taking the quantum statistical average of the reservoir oper-

ators

⟨(â′α)
�(E)â′β(E

′)⟩ = δαβδ(E −E′)fα(E) (3.14)

and now it is written as

⟨Îα(t)⟩ =
e

2π
∑
γδkk′

g∗k(
eVγ
ωac

)gk′(
eVδ
ωac

)

× ∫ dE Tr[Aγγ(α,E,E + k′ωac − kωac)]fγ(E − kωac). (3.15)

Thus the current correlator is expressed as

⟨∆Îα(t1)∆Îβ(t2)⟩ =(
e

2π
)

2

∑
γ1γ2δ1δ2
k1k

′

1k2k
′

2

g∗k1(
eVγ1
ωac

)gk′1(
eVδ1
ωac

)g∗k2(
eVγ2
ωac

)gk′2(
eVδ2
ωac

)

× ∫ dE1dE
′
1dE2dE

′
2e
i(E1−E

′

1)t1ei(E2−E
′

2)t2

×Tr[Aγ1δ1(α,E1,E
′
1)Aγ2δ2(β,E2,E

′
2)]

× ⟨[(â′)�γ1(E1 − k1ωac)â
′
δ1
(E′

1 − k
′
1ωac)

− δγ1δ1δ(E1 −E
′
1 + k

′
1ωac − k1ωac)fγ1(E1 − k1ωac)]

× [(â′)�γ2(E2 − k2ωac)â
′
δ2
(E′

2 − k
′
2ωac)

− δγ2δ2δ(E2 −E
′
2 + k

′
2ωac − k2ωac)fγ2(E2 − k2ωac)]⟩ (3.16)
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where ∆Îα = Îα − ⟨Îα⟩. By using the Wick’s theorem and taking the Fourier

transformation, we have

Sαβ(Ω1,Ω2) =∫ dt1dt2e
iΩ1t1eiΩ2t2⟨∆Îα(t1)∆Îβ(t2)⟩

=e2
∑
γ1γ2

k1k
′

1k2k
′

2

g∗k1(
eVγ1
ωac

)gk′1(
eVγ2
ωac

)g∗k2(
eVγ2
ωac

)gk′2(
eVγ1
ωac

)

× ∫ dE1δ(Ω1 +Ω2 + (k1 + k2 − k
′
1 − k

′
2)ωac)Tr[Aγ1γ2(α,E1,E1 +Ω1)

×Aγ2γ1(β,E1 +Ω1 + k2ωac − k
′
1ωac,E1 + k

′
2ωac − k1ωac)]

× fγ1(E1 − k1ωac)(1 − fγ2(E1 +Ω1 − k
′
1ωac)). (3.17)

Using the relation between the noise spectra and the current-current correlation

function 2πSαβ(Ω1)δ(Ω1 + Ω2) = Sαβ(Ω1,Ω2), the non-symmetrized noise spectra

can be written as

Sαβ(Ω) =
e2

2π
∑

γ1γ2k1k2k3

g∗k1(
eVγ1
ωac

)gk2(
eVγ2
ωac

)gk3(
eVγ1
ωac

)

× g∗k2+k3−k1(
eVγ2
ωac

)∫ dE Tr[Aγ1γ2(α,E,E −Ω)

×Aγ2γ1(β,E −Ω + (k3 − k1)ωac,E + (k3 − k1)ωac)]

× fγ1(E − k1ωac)(1 − fγ2(E −Ω − k2ωac)). (3.18)

Consider a 2-terminal conductor with the scattering matrices independent of en-

ergy (see A.2). The autocorrelation noise spectra can be written as (kB = 1)

SLL(Ω) =
e2

2π

⎧⎪⎪
⎨
⎪⎪⎩

2TeΘ
NS(

Ω

2Te
)∑
n

T 2
n +∑

k

∣gk(N)∣2∑
n

Tn(1 − Tn)

×[TeΘ
NS(

Ω + eV̄ + kωac
2Te

) + TeΘ
NS(

Ω − eV̄ − kωac
2Te

)]

⎫⎪⎪
⎬
⎪⎪⎭

, (3.19)

where ΘNS(x) = xe−xcsch(x), N = eV0/ωac, V0 = VL − VR, Te is the temperature

and Tn is the energy-independent transmission eigenvalues. Above we have used

the property

∑
k

g∗l+k(
eVγ1
ωac

)gk(
eVγ2
ωac

) = g∗l (
e(Vγ1 − Vγ2)

ωac
) (3.20)
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and the integration

∫

∞

0
dEf2(1 − f1) =

µ1 − µ2

2 sinh(µ1−µ22Te
)

exp(−
µ1 − µ2

2Te
) (3.21)

with Fermi functions f1,2(ω) = [exp((ω−µ1,2)/Te)+1]−1 and the chemical potentials

µ1,2. The above formulas can also be generalized to symmetrized noise. For

symmetrized noise ΘS(x) = x coth(x) and its relation to non-symmetrized case is

ΘNS(x) = ΘS(x) − x.

For zero-frequency noise, Eq. (3.19) becomes

SLL(0) =
e2

π
[Te∑

n

T 2
n +∑

k

∣gk(N)∣2(eV̄ + kωac) coth(
eV̄ + kωac

2Te
)∑
n

Tn(1 − Tn)].

(3.22)

Eq. (3.22) can be further simplified in two limits. In equilibrium, that is V̄ = V0 = 0,

Eq. (3.22) reduces to the thermal noise given by Eq. (3.1). The difference of a

factor of 2 comes from spin degeneracy. While at zero temperature, Eq. (3.22)

reduces to the shot noise given by Eq. (3.3).

In this chapter, we are mainly interested in the non-symmetrized noise of a tunnel

junction. In the following SLL will be the non-symmetrized noise for the tunnel

junction without further clarification and it is simplified as

SLL =
e2ωac

2π
S̃LL∑

n

Tn. (3.23)

Here we have introduced the dimensionless non-symmetrized noise

S̃LL(Ω) =
Ŵac(Ω) −Ω

ωac
, Ŵac(x) =

1

2
[Wac(x) +Wac(−x)] (3.24)

whereWac(x) = ∑k ∣gk∣
2W (x−kωac−eV̄ ) withW (x) = x coth(x/2Te) = 2TeΘS(x/2Te).

At low temperature Te ≪ ωac, such W -function reduces to W (x) ≃ ∣x∣. In this chap-

ter, we mainly consider the low temperature case where shot noise dominates, while

the effect of finite temperature on light emission has been discussed in Ref. [7].

In Fig. 3.2 the non-symmetrized noises with different driving frequencies ωac for

cosine and square-wave drives (details of the drives can be found in A.3) are

shown. Note that the noise spectra with pure dc drive (V0 = 0) exhibit a clear
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Figure 3.2: Non-symmetrized noise of a tunnel junction for different applied
voltages V (t) = V̄ + ∆V (t) at low temperature for (a) cosine drive and (b)

square-wave drive. Here N = eV0/ωac is chosen as N = 1.0.

cutoff at Ω = eV̄ . The inclusion of ac drive smears out this feature. In Fig. 3.3,
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Figure 3.3: (a) (b) Scaled dimensionless non-symmetrized noises S̃LL/N and
(c) (d) their corresponding differential noises ∂S̃LL/∂Ω for (a) (c) cosine drive

and (b) (d) square-wave drive. The dc voltage is zero V̄ = 0.

the dimensionless non-symmetrized noises S̃LL and their corresponding differential

noises ∂S̃LL/∂Ω for pure ac drives are shown. The noise spectra for both cosine and

square-wave drives display kinks at Ω = nωac (n = 1,2,3,⋯), which can be explained

by the photon-assisted tunneling as introduced in Chapter 1. This becomes more

clear if we look at the differential noises. The differential noises are piecewise



Chapter 3. Non-classical noise and light emission of an ac-driven
tunnel junction 62

constants as a function of Ω. At Ω/ωac = n, n ac-excited photons are created and

contribute to the electron transport. With the increase of the ratio between the ac

amplitude V0 and driving frequency ωac, namely N , the number of the ac-excited

photon is also increased, which in the end leads to the increase of the noises. In

Fig. 3.3 we consider the case with pure ac drive, while it is straightforward to see

from Eq. (3.19), with finite dc voltage applied, the kinks of the noise spectra will

be shifted to Ω = nωac + eV̄ . Besides, the noise spectra are also affected by the

shape of the ac drive through the Fourier coefficients gk, which satisfy

∞

∑
k=−∞

gn+kg
∗
m+k = δnm,

∞

∑
k=−∞

k∣gk∣
2 = 0. (3.25)

Thus ∣gk∣
2 can be regarded as the probabilities for electron to absorb (k > 0) or emit

(k < 0) ∣k∣ ac-excited photons. For better illustration, ∣gk(N)∣2 and their logarithms

for different k and N are plotted in Fig. 3.4. For N ≪ 1, ∣g0∣
2 dominates. With

the increase of N , higher harmonics of ∣gk∣
2 (k = ±1,±2,⋯) start to contribute.

One thing to note, for cosine, square-wave, triangle-wave and sawtooth drives,

∣gk∣
2 = ∣g−k∣

2 for arbitrary k as shown in Fig. 3.4. For Lorentzian drive, there is no

such relation, i.e. ∣gk∣
2 ≠ ∣g−k∣

2. However, Eq. (3.25) is valid for any periodic drives

and thus still holds for Lorentzian drive. The differential dimensionless noise with

zero dc voltage as shown in Fig. 3.3 for Ω > 0 can be expressed as

∂S̃LL
∂(−Ω)

= (1 −
⌊Ω/ωac⌋

∑
k=⌈−Ω/ωac⌉

∣gk∣
2)/ωac, (3.26)

where ⌈x⌉ is the smallest integer greater than or equal to x and ⌊x⌋ is the largest

integer less than or equal to x. From the above expression we can see there is

a direct connection between the differential noises and ∣gk∣
2. For example, the

differential noises for cosine drive with N = 3.5 change significantly at Ω/ωac = 2,3

while for square-wave drive, they change significantly at Ω/ωac = 3,4 as shown

in Fig. 3.3, which corresponds to the facts that the leading orders of ∣gk∣
2 with

N = 3.5 for cosine drive are ∣g±2∣
2 and ∣g±3∣

2 and for square-wave drive are ∣g±3∣
2

and ∣g±4∣
2 as shown in Fig. 3.4.

For zero-frequency noise spectra, it is known that the Lorentzian drive carrying

integer number of charge quanta at N = n (n = 1,2,3,⋯) exhibits zero excess noise
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Figure 3.5: Dimensionless excess noise S̃LL − S̃dc for (a) cosine drive and (b)
Lorentzian drive with τL/τac = 0.1 characterizing the sharpness of the Lorentzian
drive at low temperature. The amplitude and the dc voltage increase simulta-

neously, V0 = V̄ .

[25, 125–127]. Here we could also define the dimensionless finite-frequency excess

noise S̃LL − S̃dc with

S̃dc(Ω) =
W (Ω + eV̄ ) +W (Ω − eV̄ ) − 2Ω

2ωac
. (3.27)

In Fig. 3.5, the dimensionless finite-frequency excess noises for cosine drive and

Lorentzian drive are shown. Unlike zero-frequency excess noise, the locations of

the minimum of the finite-frequency excess noises are shifted to N = n + Ω/ωac.

Extra kinks appear at N = n−Ω/ωac. Furthermore, for Lorentzian drive, the finite-

frequency excess noises do not vanish at minimum, which is due to the fact that

the finite-frequency excitations destroy the ideal integer charge quanta situation.

3.3 Light emission in an ac-driven tunnel junc-

tion

3.3.1 Model

It is experimentally found that light emission occurs not only at energies lower than

the dc bias but also at the overbias energies [8], of which the latter is successfully

explained by the two-electron and even multi-electron processes [6, 7, 119]. How-

ever, light emission with a time-dependent drive has not been investigated so far.
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Figure 3.6: Schematic setup for light emission from a STM junction coupled
to a single resonance mode (SRM) (see Ref. [6, 7]). Here the STM junction is
modeled as a tunnel junction while the SRM is depicted by a LRC resonance
circuit. The emitted photons are captured by the photon detector which is

assumed to be a two-level system.

Since the transport property is remarkably altered by the ac drive compared to the

dc drive as shown in Sec. 3.2, it is of great interest to investigate the light emission

from the ac-driven system. In this section we consider light emission from a tunnel

junction with dimensionless conductance gc = RQ/RT = ∑n Tn and RQ = π/e2, RT

being the quantum and tunneling resistances, respectively. The tunnel junction

is coupled to a LRC circuit with impedance zω = iz0ωω0/(ω2
0 − ω

2 + iωη) where

ω0 = 1/
√
LC is the frequency of the single resonance mode (SRM), η = 1/RC is the

damping, and z0 =
√
L/C/RQ is the scaled characteristic impedance, as shown in

Fig. 3.6. The current fluctuations in the tunnel junction are transformed into the

voltage fluctuations at the node between the tunnel junction and the LRC circuit,

which are characterized through the phase ϕ(t) = e ∫
t

−∞
dt′δV (t′).

The photon detector is modeled as a two-level system for simplicity, with the level

spacing ε. The tunnel amplitude between the two level is TA and is modified

as TAeiαϕ(t) in the presence of voltage fluctuations with α being the coupling

constant between the energy levels and the voltage fluctuations and is assumed

to be weak since in most experiment the photon detectors are far away from the

tunnel junction [6, 7].
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The transition rate between the two levels due to the voltage fluctuations can be

calculated using the Fermi’s golden rule [128]

Γ(ε) = ∣TA∣
2
∫ dt⟨eiαϕ(t)e−iαϕ(0)⟩e−iεt. (3.28)

In this chapter we study only the absorption rate of the detector, namely the

emission rate of the tunnel junction, which corresponds to ε > 0. The correlator

can be calculated using the path integral formalism and is given by

⟨eiαϕ(t)e−iαϕ(0)⟩ = ∫ D[Φ] exp ( − iSe[Φ] − iSc[Φ] + iα[−ϕ+(0) + ϕ−(t)]), (3.29)

where Φ = ((ϕ++ϕ−)/2, ϕ+−ϕ−)T and ϕ± are defined on the forward and backward

Keldysh contours respectively. The environment action describing the LRC circuit

is given by [129, 130]

Se[Φ] = ∫
dω

2π
ΦT
−ωAωΦω (3.30)

where

Aω = −
i

4π

⎛
⎜
⎝

0 − ω
z−ω

ω
zω

W (ω)Re{ 1
zω

}

⎞
⎟
⎠
. (3.31)

The conductor action describing the tunnel junction Sc can be expressed [27, 131]

in terms of Keldysh Green’s function ǦL,R

Sc =
i

4
gc∫ dtdt′Tr[ǦL(t, t

′)ǦR(t
′ − t)] (3.32)

where the dc voltage is applied to ǦR so that ǦR(ω) = Ǧeq(ω − eV̄ ) and the real

fields and ac drive are applied to ǦL as ǦL(t, t′) = Ǔ �(t)Ǧeq(t − t′)Ǔ(t′) with the

transformation matrix

Ǔ(t) = e−iϕac(t)
⎛
⎜
⎝

e−iϕ
+(t) 0

0 e−iϕ
−(t)

⎞
⎟
⎠
. (3.33)

Here the equilibrium Keldysh Green’s function is written as

Ǧeq(ω) =
⎛
⎜
⎝

1 − 2f(ω) 2f(ω)

2[1 − f(ω)] 2f(ω) − 1

⎞
⎟
⎠

(3.34)

with the Fermi function f(ω) = [exp(ω/Te) + 1]−1.
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Because of the non-quadratic form of the conductor action Sc, the transition rate

cannot be solved exactly. However, by assuming weak coupling between the tunnel

junction and the detector with α≪ 1 and small environment impedance gcz2
ω ≪ 1,

the transition rate can be decomposed as

Γ(ε) = ΓG(ε) + ΓnG(ε) +O(α2, g2
cz

4
ε ), (3.35)

where the Gaussian rate scales as ΓG(ε) ∼ Γ0 = πα2∣TA∣
2gcz2

0/ω0 while the non-

Gaussian rate scales as ΓnG ∼ λΓ0 with λ defined as λ = gcz2
0 . In the absence

of ac drive, the Gaussian and non-Gaussian rates reduce to the previous results

obtained by Xu et al. [6, 7].

3.3.2 Expansion

Because the conductor action can not be expressed in quadratic form of the real

fields, the emission rates can not be solved exactly. In this subsection, we apply

the expansion of the conductor action to ensure the problem solvable.

After substituting Eqs. (3.34) and (3.33) into Eq. (3.32), we have

Sc =
igc
4 ∫

dtdt′eiϕac(t)−iϕac(t
′)

× {∫
dω

2π
e−iω(t−t

′)(1 − 2fL(ω))∫
dω′

2π
e−iω

′(t′−t)(1 − 2fR(ω
′))

(1 + iϕ+(t) − (ϕ+(t))2 +⋯)(1 − iϕ+(t′) − (ϕ+(t′)2) +⋯)

+ ∫
dω

2π
e−iω(t−t

′)2fL(ω)∫
dω′

2π
e−iω

′(t′−t)2(1 − fR(ω
′))

(1 + iϕ+(t) − (ϕ+(t))2 +⋯)(1 − iϕ−(t′) − (ϕ−(t′)2) +⋯)

+ ∫
dω

2π
e−iω(t−t

′)2(1 − fL(ω))∫
dω′

2π
e−iω

′(t′−t)2fR(ω
′)

(1 + iϕ−(t) − (ϕ−(t))2 +⋯)(1 − iϕ+(t′) − (ϕ+(t′)2) +⋯)

+ ∫
dω

2π
e−iω(t−t

′)(2fL(ω) − 1)∫
dω′

2π
e−iω

′(t′−t)(2fR(ω
′) − 1)

(1 + iϕ−(t) − (ϕ−(t))2 +⋯)(1 − iϕ−(t′) − (ϕ−(t′)2) +⋯)}. (3.36)
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..
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Figure 3.7: Schematic diagram for photon-assisted one-electron tunneling pro-
cess. An ac drive creates multiples sidebands and k is the sideband index. Here
Γk represents the k-th electron tunneling process, where the electron can ab-
sorb/emit k energy quanta (ac photons) to tunnel through the barrier. ∣gk∣2

denotes the probability of the k-th process.

By using the expansion of ac phase given by Eq. (3.11), the above expression can

be expanded to arbitrary order in real fields.

3.3.3 Gaussian rate
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Figure 3.8: Gaussian part of the transition rates with finite dc voltage at
low temperature for different N , for (a) cosine drive and (b) square-wave drive.

Here eV̄ = 1.5ωac, ω0 = 5ωac and η = ωac.
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First we consider only the Gaussian approximation where the action of the tun-

nel junction can be written as quadratic function of the real fields. Within this

approximation, Sc can be obtained by collecting the quadratic terms of the real

fields ϕ± in Eq. (3.36) and it reads

SGc =
igc
8
∑
k1k2

g∗k1gk2 ∫
dω

2π
{ϕ+ω+k1ωacϕ

−
−ω−k2ωac

2F2(ω) + ϕ
−
ω+k1ωac

ϕ+−ω−k2ωac2F3(ω)

+ϕ+ω+k1ωacϕ
+
−ω−k2ωac

[2F1(ω) −F1(−k1ωac) −F1(−k2ωac) −F2(−k2ωac) −F3(−k1ωac)]

+ϕ−ω+k1ωacϕ
−
−ω−k2ωac

[2F1(ω)−F1(−k1ωac)−F1(−k2ωac)−F2(−k1ωac)−F3(−k2ωac)]}

(3.37)

with Fi(i = 1,2,3) defined as following

F1(x) =∫
dω

2π
[1 − 2fL(ω)] [1 − 2fR(ω + x)]

=
1

π
W (x − eV̄ ), (3.38)

F2(x) =∫
dω

2π
4fL(ω) [1 − fR(ω + x)]

=
1

π
(x − eV̄ ) +

1

π
W (x − eV̄ ), (3.39)

F3(x) =∫
dω

2π
4 [1 − fL(ω)] fR(ω + x)

=
1

π
(eV̄ − x) +

1

π
W (x − eV̄ ). (3.40)

Eq. (3.37) can be further simplified in the basis Φ = ((ϕ+ +ϕ−)/2, ϕ+ −ϕ−)T . Now

the action Sc reads

SGc [Φ] = ∫
dω

2π
ΦT
−ω+lωac

Bl
ωΦω+lωac , (3.41)

Bl
ω = −

igc
4π

⎛
⎜
⎝

0 −ωδl0

ωδl0 Slc(ω)

⎞
⎟
⎠
, (3.42)
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where

Slc(ω) =
1

2
∑
k

g∗k+lgk−l[W (ω − kωac − eV̄ ) +W (ω + kωac + eV̄ )] (3.43)

with S0
c (ω)/ωac being the dimensionless symmetrized noise.

Within Gaussian approximation, the correlation function can be calculated by

combining the environment action and conductor action together by using Eq. (3.29),

⟨eiαϕ(t)e−iαϕ(0)⟩ = ∫ D[Φ] exp (
dω

2π
− iΦT

−ωDωΦω + iαbTωΦ(ω)) (3.44)

where

Dω = Aω +B
0
ω = −

i

4π

⎛
⎜
⎝

0 − ω
z̃−ω

ω
z̃ω

S(ω)

⎞
⎟
⎠

(3.45)

and bω(t) = (e−iωt − 1,−(e−iωt + 1)/2) with S(ω) = gcS0
c (ω)+W (ω)Re{ 1

zω
} and z̃ω =

zω/(1 + zωgc). One should notice that the l ≠ 0 terms vanish due to normalization

condition of the path integral. Finally, the correlation function can be written as

⟨eiαϕ(t)e−iαϕ(0)⟩ ≡ eα
2J(t) = exp (∫

dω

2π

i

4
α2bTω(t)D

−1
ω b−ω(t)). (3.46)

The Gaussian part of the transition rate is obtained by expanding the correlation

function Eq. (3.46) to the lowest order in α2 and taking the Fourier transformation.

It is now written as

ΓG(ε) = 2πα2∣TA∣
2 ∣z̃ε∣

2

ε2
Stot(ε), (3.47)

where Stot(ε) = S(ε) − εRe{1/z̃ε}. For ε > 0, Stot(ε) = gcωacS̃LL(ε) at low tem-

perature. Note that the factor gc in z̃ε only leads to an increased damping of the

resonator and thus can be absorbed in the renormalized damping as η → η+1/RTC.

In the following calculation we neglect this factor because gczε ≪ 1 and assume

z̃ε ≈ zε. Eq. (3.47) represents light emission from one-electron tunneling process,

which can be decomposed as (ε > 0) ΓG = ∑k Γk at low temperature with

Γk(ε) = πα
2∣TA∣

2gc
∣z̃ε∣2

ε2
∣gk∣

2 [W (ε − kωac − eV̄ ) +W (ε + kωac + eV̄ ) − 2ε] . (3.48)

It can be interpreted as following: An ac drive creates multiple sidebands, which

leads to the tunneling of an electron through the barrier by absorbing (k > 0) or
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emitting (k < 0) k energy quanta with probability ∣gk∣
2. All these processes sum up

and contribute to the excitation of the SRM and finally lead to the light emission

as shown in Fig. 3.7.

In case of pure dc voltage as shown in Ref. [7], the Gaussian rates exhibit a clear

cutoff at ε = eV̄ for eV̄ < ω0, which is also shown in Fig. 3.8 for N = 0. Now

we consider the effects of the ac drive on the dc-biased Gaussian rates. At small

ac driving amplitude, e.g. N = 0.5, the Gaussian rates exhibit a small deviation

from the pure dc drive case, where the cutoff at ε = eV̄ is lifted. The overbias

light emissions at ε > eV̄ are due to the interplay between the electron and the

ac-excited photons. As N increases, the kink at ε = eV̄ is smeared out and there

are extra kinks that appear at ε = eV̄ ± nωac. Furthermore, the Gaussian rates

just mimic the features of the non-symmetrized noise at energy far away from the

resonance frequency ω0, which is due to the fact that the impedance behaves like a

quasilinear function at energies far away from the resonance frequency. At energies

close to ω0 and with sufficiently large ac amplitude, e.g. N = 2.5, the resonance

peak of the SRM starts to appear. Here we should note that not only the driving

strength but also the shape of the drive affects the behavior of the Gaussian rates.

For instance, there is a more pronounced peak at ε ≃ ω0 for square-wave drive than

for cosine drive in case of N = 2.5, whose origin is the same as the discussion of

the differential noises, that is the leading-order harmonics of ∣gk∣
2 for square-wave

drive are ∣g±2∣
2 and ∣g±3∣

2 while for cosine drive, they are ∣g±1∣
2 and ∣g±2∣

2. The

physics behind is the following, for square-wave drive, the tunneling electron can

absorb most likely 2 or 3 ac-excited photons, which leads to the emission of photon

from the SRM with energy close to ω0 = 5ωac (notice that here we have applied

the dc voltage eV̄ = 1.5ωac to the system). While for cosine drive, the electron can

only absorb most likely 1 or 2 ac-excited photons, with which the energy of the

electron is not sufficiently large enough to reach the frequency of the SRM.

From Eq. (3.48), we can prove that the decomposition of Gaussian rates at low

temperature Γk ∝ θ(∣kωac + eV̄ ∣ − ε) where θ(x) is the Heaviside step function.

This means that the energy of the emitted photon is limited by ∣kωac + eV̄ ∣, which

is due to the law of conservation of energy. In Fig. 3.9, we plot the leading-order

decompositions of the emission rate in case of N = 2.5, where there is a clear cutoff

at ∣kωac + eV̄ ∣ for each Γk. In Fig. 3.10, we also plot the effects of the dc drive on
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the Gaussian rates. The results are quite similar to the ac case. With the increase

of the dc voltage, the kinks of the Gaussian rates are shifted. With sufficiently

large dc voltage, the resonance peak of the SRM starts to appear.

In Fig. 3.11, the Gaussian rates with zero dc voltage V̄ = 0 for different shapes

of drives are shown. It can be seen that the shapes of drives greatly affect the

emission rates. For example, with the same V0 and ωac, the emission rates for

Lorentzian, square-wave and sawtooth drives can exhibit the resonance peaks at

ε ≃ ω0. While for cosine and triangle-wave drives, this peak is hardly seen. The

Lorentzian drive is special because its corresponding ∣gk∣
2 is not symmetrized over

k and it has a long tail compared to other drives as shown in Fig. 3.4. Thus

with the same driving strength, Lorentzian drive would be the most likely drive

to observe the resonance peaks of the SRM. Furthermore, the resonance peaks of

the SRM can come into being even in case of small driving amplitude for a sharp

Lorentzian drive with τL/τac ≪ 1, as shown in Fig. 3.12.

For the completeness of the theory, we also plot the effects of broadening η on the

Gaussian rates in Fig. 3.13. In Fig. 3.13, we can see that the Gaussian rates for

square-wave drive are more sensitive to the broadening than the rates for cosine

drive. For a sharp broadening, e.g. η = 0.4ωac, the Gaussian rates for square-wave
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Figure 3.9: Decompositions of Gaussian part of the transition rates for cosine
drive at low temperature. Here N = 2.5, eV̄ = 1.5ωac, ω0 = 5ωac and η = ωac.
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Figure 3.10: Gaussian part of the transition rates at low temperature for
different dc voltages V̄ , for (a) cosine drive and (b) square-wave drive. Here

N = 1.5, Ndc = eV̄ /ωac, ω0 = 5ωac and η = ωac.
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Figure 3.11: Gaussian parts of the transition rates with zero dc voltage V̄ = 0
at low temperature for different shapes of drives. Here N = 2.5, ω0 = 5ωac and

η = ωac.

drive exhibit a clear resonance peak at energies around ω0. While for cosine drive,

the Gaussian rates almost remain unchanged for different broadenings.

Regarding the effect of finite temperatures on the Gaussian rates, it has been

thoroughly discussed in Ref. [7] for the dc case. Here we simply present the results

of ac case. At finite temperature, the Gaussian rates are not solely proportional

to the non-symmetrized noise but also an extra factor:

ΓG(ε)∝ S̃LL(ε) +
W (ε) − ε

ωac

η

gcz0ω0

. (3.49)
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Figure 3.12: Gaussian parts of the transition rates with zero dc voltage V̄ = 0
for Lorentzian drive at low temperature for different τL/τac characterizing the
sharpness of the Lorentzian drive. The smaller the ratio is, the sharper the

Lorentzian drive is. Here N = 0.1, ω0 = 5ωac and η = ωac.
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Figure 3.13: Gaussian part of the transition rates at low temperature for
different broadenings, for (a) cosine drive and (b) square-wave drive. Here

N = 1.5, eV̄ = 1.5ωac and ω0 = 5ωac.

Notice that the second term at low temperature vanishes because W (ε) ≈ ∣ε∣. In

Fig. 3.14 we plot the results for the finite temperature case. From Fig. 3.14 we

can see that at temperature Te ≪ ωac, the overall behavior of the Gaussian rates

remains unchanged. With the increase of the temperature, the low energy kinks

at ε = eV̄ + nωac are smeared out. At temperature comparable to the driving

frequency Te ∼ ωac, the effect of the ac drive is hardly seen in Fig. 3.14(a).
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Figure 3.14: Gaussian part of the transition rates at different temperatures,
for (a) cosine drive and (b) square-wave drive. Here N = 1.5, eV̄ = 1.5ωac,

ω0 = 5ωac, gcz0 = 1 and η = ωac.

3.3.4 Non-Gaussian rate

Beyond the Gaussian approximation, the correlation function cannot be evaluated

exactly. Thus we make the following approximations. First we expand the action

of conductor up to the fourth order in the real fields using Eq. (3.36). By assuming

weak coupling between the tunnel junction and photon detector, i.e. α ≪ 1, the

correlation function is expressed as

⟨eiαϕ(t)e−iαϕ(0)⟩ ≈ eα
2J(t) − i⟪S(3)

c ⟫ − i⟪S(4)
c ⟫. (3.50)

Note that the third order expansion of the conductor action S(3)
c gives a non-

vanishing result only to the order α3 and is therefore neglected here.

Now the non-Gaussian contribution of Sc is written as

SnGc ≈ S(4)
c =

igc
96
∑
kl

g∗k+lgk−l ∫
dω1

2π

dω2

2π

dω3

2π
{SnGc1 + SnGc2 + SnGc3 + SnGc4 + SnGc5 } (3.51)

with the components expressed as

SnGc1 =ϕ+ω1+lωac
ϕ+ω2+lωac

ϕ+ω3+lωac
ϕ+−lωac−ω1−ω2−ω3

× [F +
kl − 4F1(ω1 − kωac) − 4F1(−ω1 − kωac)

+ 6F1(ω1 + ω2 − kωac + lωac)], (3.52)
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SnGc2 =ϕ−ω1+lωac
ϕ−ω2+lωac

ϕ−ω3+lωac
ϕ−−lωac−ω1−ω2−ω3

× [F −
kl − 4F1(ω1 − kωac) − 4F1(−ω1 − kωac)

+ 6F1(ω1 + ω2 − kωac + lωac)], (3.53)

SnGc3 =ϕ−ω1+lωac
ϕ+ω2+lωac

ϕ+ω3+lωac
ϕ+−lωac−ω1−ω2−ω3

× [−4F2(−ω1 − kωac) − 4F3(ω1 − kωac)] , (3.54)

SnGc4 =ϕ+ω1+lωac
ϕ−ω2+lωac

ϕ−ω3+lωac
ϕ−−lωac−ω1−ω2−ω3

× [−4F2(ω1 − kωac) − 4F3(−ω1 − kωac)] , (3.55)

SnGc5 =ϕ+ω1+lωac
ϕ+ω2+lωac

ϕ−ω3+lωac
ϕ−−lωac−ω1−ω2−ω3

× [6F2(ω1 + ω2 − kωac + lωac)

+ 6F3(−ω1 − ω2 − kωac − lωac)], (3.56)

where

F +
kl =F1(−kωac − lωac) + F1(−kωac + lωac)

+ F2(−kωac + lωac) + F3(−kωac − lωac),

F −
kl =F1(−kωac − lωac) + F1(−kωac + lωac)

+ F2(−kωac − lωac) + F3(−kωac + lωac).

In Eq. (3.50) the Gaussian averages of the moments are given by

⟪. . .⟫ ≡ ∫ D[Φ](. . . )e∫
dω
2π

{−iΦT
−ωDωΦω+iαbTω (t)Φω}, (3.57)

which can be easily evaluated by taking the derivatives of Eq. (3.46) with respect

to bω. The results read

⟪Φω+lωac⟫ =
α

2
D−1
ω b−ω(t)δl0, ⟪Φω+lωacΦ

T
−ω−ωac⟫ = −

i

2
Dωδl0. (3.58)
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Changing the basis, we obtain the following averages

⟪ϕ+ω+lωacϕ
+
−ω−lωac

⟫ =2π[Z(ω) +
iIm(z̃ω)

ω
]δl0 =X(ω), (3.59)

⟪ϕ+ω+lωacϕ
−
−ω−lωac

⟫ =2π[Z(ω) −
Re(z̃ω)

ω
]δl0 = Y (ω), (3.60)

⟪ϕ−ω+lωacϕ
+
−ω−lωac

⟫ =2π[Z(ω) +
Re(z̃ω)

ω
]δl0 = P (ω), (3.61)

⟪ϕ−ω+lωacϕ
−
−ω−lωac

⟫ =2π[Z(ω) −
iIm(z̃ω)

ω
]δl0 = Q(ω), (3.62)

⟪ϕ+ω+lωac⟫ =iα[Y (ω)eiωt −X(ω)], (3.63)

⟪ϕ−ω+lωac⟫ =iα[Q(ω)eiωt − P (ω)], (3.64)

where

Z(ω) = gc[Ŵac(ω) −W (ω)]
∣z̃ω ∣2

ω2
+W (ω)

Re(z̃ω)

ω2
. (3.65)

After taking the Gaussian averages of Eq. (3.51) and substituting Eqs. (3.59)-

(3.64) into Eq. (3.51), and in lowest order of α2, the non-Gaussian part of the

transition rate is written as

ΓnG(ε) =π
2α2∣TA∣

2g2
c

∣z̃ε∣2

ε2 ∫
+∞

0

dω

2π

⎧⎪⎪
⎨
⎪⎪⎩

∣z̃ω ∣2

ω2
[Ŵac(ω) −W (ω)]

× [−2Ŵac(ε) + Ŵac(ω + ε) + Ŵac(ω − ε)]

+2 [Ŵac(ε) −W (ε)]
Re{z̃ε}

ε

Re{z̃ω}

ω
[Ŵac(ω + ε) − Ŵac(ω − ε)]

+2 [Ŵac(ε) −W (ε)]
Im{z̃ε}

ε

Im{z̃ω}

ω

× [2W (eV̄ ) − 2Ŵac(ε) − 2Ŵac(ω) + Ŵac(ω + ε) + Ŵac(ω − ε)]

⎫⎪⎪
⎬
⎪⎪⎭

, (3.66)

which takes a similar form as Eq. (12) in Ref. [7].

While the Gaussian rates represent the one-electron tunneling process, the non-

Gaussian rates indicate the more complicated two-electron tunneling process. Com-

pared with the Gaussian rates, the non-Gaussian rates become more distinguish-

able between cosine drive and square-wave drive as shown in Fig. 3.15. For cosine

drive, kinks at ε = nωac are clearly visible for the given N . As N increases, the

peaks are shifted towards the frequency of the SRM. With sufficiently large N ,

the peak at ε ≃ ω0 dominates and the “photon-assisted tunneling” peaks become
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Figure 3.15: Non-Gaussian part of the transition rates with zero dc voltage
V̄ = 0 at low temperature for different N , for (a) cosine drive and (b) square-

wave drive. Here ω0 = 5ωac and η = ωac.
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Figure 3.16: Decompositions of non-Gaussian part of the transition rates for
cosine drive at low temperature. Here N = 2.5, eV̄ = 0, ω0 = 5ωac and η = ωac.

invisible. For square-wave drive, because it creates more ac-excited photons than

the cosine drive, the electrons are more likely to reach the frequency of the SRM.

Thus even in case of small N , the peak at resonance energy dominates. With

the increase of N , this peak is enhanced. Notice that with sufficiently large N ,

the satellite peaks are smeared out except the peak at resonance energy. Similar

behaviors appear if we increase the driving frequencies or the dc amplitudes.

In Fig. 3.16, we plot the leading-order decompositions of the non-Gaussian rates.
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Figure 3.17: Schematic diagram for two-electron tunneling process by ab-
sorbing i, j energy quanta. The maximum energy of the emitted photon of this

process is εij = 2eV̄ + (i + j)ωac.

The decomposition reads ΓnG = ∑ij Γij where Γij corresponds to the term con-

taining ∣g i∣
2∣gj ∣

2 with ∣g i(j)∣
2 coming from the decomposition of the first (second)

Ŵac-function in each term of Eq.(3.66) and we rewrite W (x) = ∑i(j) ∣g i(j)∣
2W (x)

by using Eq. (3.25). The physics behind Γij can be explained by the two-electron

tunneling process as shown in Fig. 3.17. Two electrons tunnel through the bar-

rier by absorbing (or emitting) i, j energy quanta with probabilities ∣g i∣
2, ∣gj ∣

2,

respectively. Thus the energy of the emitted photon in this process is limited by

εij = ∣iωac + eV̄ ∣ + ∣jωac + eV̄ ∣.

3.3.5 Infinitesimal broadening

Here we consider the limit where η → 0. In this limit, the emission rates at ε = ω0

are most relevant. Thus we can take the limit ε → ω0 for the Gaussian rate. Now

Eq. (3.47) becomes

ΓG(ω0) = 2πα2∣TA∣
2 z

2
0

η2
Stot(ω0), (3.67)

which is just proportional to the non-symmetrized noise with a scaled prefactor.

While for the non-Gaussian rate, it becomes more delicate. To proceed, we take

the following procedures. First, we take the limit ε → ω0, which will cancel the
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Figure 3.18: Non-Gaussian parts of the transition rates at ε = ω0 with infinites-
imal η (black solid curve) and with pure dc voltage N = 0 at low temperature.

Curves with different finite broadenings are also shown for comparison.
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Figure 3.19: Non-Gaussian parts of the transition rates with infinitesimal η
and with V̄ = ωac at low temperature for different N , for (a) cosine drive and

(b) square-wave drive.

third term in Eq. (3.66). Then we take the limit η → 0, and the impedances inside

the integrand become

∣zω ∣
2 =
π

2

z2
0ω

2
0

η
[δ(ω + ω0) + δ(ω − ω0)], (3.68)

Re(zω) =
π

2
z0ω0[δ(ω + ω0) + δ(ω − ω0)]. (3.69)
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Now the non-Gaussian rate becomes

ΓnG(ω0) =
π2

4η3
α2∣TA∣

2g2
cz

4
0[Ŵac(ω0) −W (ω0)][ − 2Ŵac(ω0) − Ŵac(0) + 3Ŵac(2ω0)].

(3.70)

First we consider the case with pure dc drive as shown in Fig. 3.18. We can

see the non-Gaussian rate at ε = ω0 for infinitesimal η only gives a non-vanishing

value when eV̄ /2 < ω0 < eV̄ . Surprisingly, no overbias light emission occurs for

infinitesimal η. The inclusion of finite broadening smears out this feature. Then

we consider the case with the effect of ac drive as shown in Fig.3.19. Unlike the

pure dc drive case, the inclusion of the ac drive broadens the range of the non-

Gaussian rate. Extra kinks appear at ω0 = nωac, which is due to “photon-assisted”

tunneling as discussed before. From Fig. 3.19, it can also be seen that for square-

wave drive, the non-Gaussian rate has a long tail compared to cosine drive, which

is due to the fact that the higher harmonics of ∣gk∣
2 for square-wave drive decay

much slower than cosine drive as shown in Fig. 3.4(b) and (d).
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Figure 3.20: Total transition rates at low temperature for cosine drive. Here
N = 0.5 and ω0 = 5ωac, η = ωac, λ = 0.2.
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Figure 3.21: Total transition rates at low temperature for different drive: (a)
square-drive (b) sawtooth drive (c) triangle-wave drive (d) Lorentzian drive.

Here N = 0.5 and ω0 = 5ωac, η = 0ωac, λ = 0.2.

3.3.6 Total rates

Now the total rates can be written as the sum of Gaussian contribution and non-

Gaussian contribution as discussed before

Γtot = ΓG + ΓnG (3.71)

where ΓG scales as Γ0 and ΓnG scales as λΓ0. Here the dimensionless parameter

λ characterizes the ratio between the Gaussian and non-Gaussian contributions.

For λ ≪ 1, the Gaussian rates dominate and the features of non-Gaussian rates

are smeared out. While for λ≫ 1, the features of Gaussian rates are obscured by

the non-Gaussian rates. Thus we are interested in the range between these two

limits. In Fig. 3.20, the total emission rates with given dc voltages for cosine drive

are plotted. Different from the pure dc-driven case[6, 7], the emission spectrum

exhibits kinks not only at ε = eV̄ but also at ε = eV̄ + nωac where n is an integer.

Besides, the energy cutoff for overbias light emission, namely the two-electron
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process is smeared out with the ac voltage applied. Furthermore, for different

drives the emission spectra vary differently while exhibit same kinks at ε = eV̄ +nωac

as shown in Fig. 3.21.

3.4 Summary

In this chapter, we have generalized the quantum noise of a coherent conductor

suitable for arbitrarily-shaped voltages. Unlike the pure dc-driven case where there

is a clear cutoff for the non-symmetrized noise at Ω = eV̄ , the inclusion of ac drive

will smear out this feature. Besides, extra kinks appear at Ω = nωac + eV̄ where

n is an integer. Moreover, we have defined the finite-frequency excess noise. We

find that for Lorentzian drive, the finite-frequency excess noise does not vanish at

N = n. While in zero-frequency case, a Lorentzian drive carrying integer number

of charge quanta at N = n gives zero excess noise.

We have also generalized the theory of light emission suitable for an ac-driven

tunnel junction coupled to an electromagnetic environment. Our formulas reduce

to the results of dc-driven case obtained by Xu et al. [6, 7] in the absence of ac

voltage. We find that the ac drive greatly affects the behaviors of the light emission.

Both the Gaussian and non-Gaussian rates exhibit extra kinks at ε = nωac + eV̄ ,

which can be well explained by photon-assisted tunneling. Furthermore, we have

shown the emission rates can be tuned not only by the driving amplitudes but also

by the shapes of the drive, which opens the avenue to engineered quantum light

sources purely tuned by applied voltages.





Chapter 4

Conclusions and outlook

In this thesis, we have investigated the interplay between electrons, photons and

time-dependent drives in two different aspects. It is known that an ac drive will

give arise to an ac phase, which will lead to two different interpretations of the

time-dependent quantum transport. One is bidirectional event of electron-hole

pair. Another is photon-assisted tunneling.

In the first project, we have used the electron-hole pair creation picture to general-

ize the Bell test in two different setups: a normal-metal junction and a SN beam

splitter. We have found the standard CHSH inequality fails to describe quan-

tum correlations in ac-driven systems because of the requirement of unidirectional

particle flow, which is not fulfilled in ac-driven systems. By using full counting

statistics and quantum circuit theory, we have developed a continuous-variable

entanglement test which does not require charge quantization, single-particle de-

tection, or unidirectional particle flow and is therefore suitable for entanglement

detection in ac-driven systems.

Our theory can be applied to a 4-terminal normal-metal junction or a SN beam

splitter to reveal quantum correlations between electron-hole pairs or Cooper pairs.

We have shown that a successful entanglement test requires quantum contacts with

low conductance or small number of transport channels and with ac drive which

creates few electron-hole pairs per cycle. Our theory can be applied to entangle-

ment test with various periodic drives. A successful entanglement test requires

the ability to distinguish whether the detected particles are coming from the same
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entangled pairs. Because the triangle-wave drive creates least electron-hole pairs

with the same voltage drive applied compared with the given drives, it would be

the optimal shape of drive for entanglement test. We have shown that a finite

temperature will set an upper limit for the entanglement test and our proposed

entanglement test is robust against a finite temperature in the experimentally ac-

cessible regime. Regarding of the polarizations of the spin filters, we have shown

a successful entanglement test requires the polarizations have to be larger than

84%, which is similar to the standard Bell test. We have shown a successful

entanglement test in a normal-metal beam splitter requires contacts with high

transparency, which is not ideal for experimental realizations.

However, our inequality is not violated for large number of transport channels

G/GQ ≫ 1. This does not mean there is no entanglement. Indeed, our inequality

lacks the ability to reveal the temporal information about when the electron or

hole are created, and this may prevent us from detecting entanglement when there

are many transport channels. In the future it would be a good idea to improve our

generalized Bell inequality such that it takes into account the temporal information

of electron-hole pair creation and that it works also for large number of transport

channels.

In the second project, we have used the photon-assisted tunneling picture to illus-

trate the non-symmetrized noise and light emission from a tunnel junction coupled

to an electromagnetic environment.

By using the scattering matrix formalism, we have generalized the quantum noise

of a coherent conductor suitable for arbitrarily-shaped time-dependent drives. We

have shown that the ac-driven non-symmetrized noises possess different features

compared to the dc case. For example, an ac drive will smear out the cutoff of

the noise at Ω = eV̄ . Extra kinks appear at Ω = eV̄ + nωac. We have generalized

excess noises to finite-frequency case and found the minima of the excess noises

are shifted and extra kinks arise.

We have extended the theory of light emission suitable for an ac-driven junction

by using the path integral formalism. The results can be well explained by photon-

assisted tunneling. The obtained Gaussian rates have already behaved distinctly

compared to the dc case. Because the Gaussian rates are proportional to the
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non-symmetrized noises, extra kinks at ε = eV̄ + nωac appear for the Gaussian

rates, similar to the previous discussions of non-symmetrized noises. Due to the

applied ac voltage, multiple sidebands are created and electrons gain more energies

to tunnel through the barrier by absorbing n energy quanta, which leads to the

disappearance of the cutoff at ε = eV̄ and the emergences of extra kinks at ε = eV̄ +

nωac. For non-Gaussian rates, the results become more distinguishable between

different shapes of voltage drives. Our results open the avenue for engineered

quantum light sources purely tuned by applied voltages.
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Appendix

A.1 Properties of scattering matrices

The scattering matrices are unitary, that is

ŝŝ� = ŝ�ŝ = Î (A.1)

which can be proved as following

∫ d3r∣Ψ(in)∣2 =∫ d3r∑
α

aαψ
(in)
α ∑

β

a∗βψ
(in)∗
β

=∑
αβ

aαa
∗
βδαβ

=∑
α

∣aα∣
2 = 1.

Similarly, we have ∑β ∣bβ ∣
2 = 1, which can be written in a matrix form

b̂�b̂ = Î = â�â

⇒(ŝâ)�ŝâ = â�â

⇒ŝ�ŝ = Î = ŝŝ�.

From Eq. (A.1), we also have the following relations

∑
α

sβαs
�
γα =∑

α

s�αβsαγ = 1βδβγ. (A.2)
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The transmission and reflection coefficients can be obtained according to the def-

inition of scattering matrices and are given by [14]

Tαβ ≡Tr[s�αβsαβ(1 − δαβ)], (A.3)

Rαα ≡Tr[s�αβsαβδαβ]. (A.4)

A.2 Properties of current matrices

Here for simplicity we consider a energy-independent current matrix

Aβγ(α) = 1αδαβδαγ − s
�
αγsαβ. (A.5)

Using Eq. (A.2), we have

∑
α

Aβγ(α) = 0. (A.6)

Similarly, we have

∑
γ

Tr[Aγδ(α)Aδγ(β)] = Tr[1αδαδδβαδβδ − s
�

αβsαδδβδ

− s�βδsβαδαδ + 1αsαδs
�

βδδαβ] (A.7)

and

∑
γδ

Tr[Aγδ(α)Aδγ(β)] = Tr[21αδβα − s
�

αβsαβ − s
�

βαsβα]. (A.8)

A.3 Coefficients gk

The calculations of the coefficients gk for the given shapes of drives can be found

in Ref. [5]. The drive is given by V (t) = V̄ +∆V (t) where V̄ is the dc component

and ∆V (t) is the ac component with driving amplitude V0, frequency ωac and

period τac = 2π/ωac. Here we present the results.

� Cosine drive:

∆V (t) = V0 cos(ωact),
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gk = Jk(N) (A.9)

where Jk are Bessel functions of the first kind and N = eV0/ωac.

� Square-wave drive:

∆V (t) =V0, 0 < t < τac/2,

∆V (t) = − V0, τac/2 < t < τac,

gk =
2N

π

sin[(k −N)π/2]

k2 −N2
ei(k−N)π/2. (A.10)

For integer value of N , the coefficients are obtained by taking the limit of

the above formula.

� Sawtooth drive:

∆V (t) = 2V0t/τac − V0,

gk =
1

2
√

2N
exp(i

π

2

(N + k)2 −N/2

N
)[erf (

√
π(N − k)
√

2N
eiπ/4) + erf (

√
π(N + k)
√

2N
eiπ/4)]

(A.11)

where erf(z) = (2/
√
π) ∫

z

0 dt exp(−t2) is the error function.

� Triangle-wave drive:

∆V (t) =4V0t/τac − V0, 0 < t < τac/2

∆V (t) = − 4V0t/τac + 3V0, τac/2 < t < τac

gk =
1

2
√
N

Re{exp(i
π

4

(N + k)2 −N

N
)[erf (

√
π(N − k)

2
√
N

eiπ/4) + erf (

√
π(N + k)

2
√
N

eiπ/4)]} .

(A.12)
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� Lorentzian drive:

∆V (t) = − V0 +
V0

π

∞

∑
k=−∞

τacτL
(t − kτac)2 + τ 2

L

= − V0 +
V0 sinh(2πτL/τac)

cosh(2πτL/τac) − cos(2πt/τac)
,

gk = e
−iπN
∫

1/2

−1/2
dx

{sin[π(x + iy)]}N

{sin[π(x − iy)]}N
ei2π(N+k)x (A.13)

where y = τL/τac.
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Wootters. Teleporting an Unknown Quantum State via Dual Classical and

Einstein-Podolsky-Rosen Channels. Phys. Rev. Lett., 70:1895, Mar 1993.

[69] D. Boschi, S. Branca, F. De Martini, L. Hardy, and S. Popescu. Experimen-

tal Realization of Teleporting an Unknown Pure Quantum State via Dual

Classical and Einstein-Podolsky-Rosen Channels. Phys. Rev. Lett., 80:1121,

Feb 1998.

[70] N. Gisin, G. Ribordy, W. Tittel, and H. Zbinden. Quantum cryptography.

Rev. Mod. Phys., 74:145, Mar 2002.

[71] G. Burkard, D. Loss, and E. V. Sukhorukov. Noise of entangled electrons:

Bunching and antibunching. Phys. Rev. B, 61:R16303, Jun 2000.

[72] D. Loss and E. V. Sukhorukov. Probing Entanglement and Nonlocality

of Electrons in a Double-Dot via Transport and Noise. Phys. Rev. Lett.,

84:1035, Jan 2000.



Bibliography 100

[73] P. Recher, E. V. Sukhorukov, and D. Loss. Andreev tunneling, Coulomb

blockade, and resonant transport of nonlocal spin-entangled electrons. Phys.

Rev. B, 63:165314, Apr 2001.

[74] C. Bena, S. Vishveshwara, L. Balents, and M. P. A. Fisher. Quantum En-

tanglement in Carbon Nanotubes. Phys. Rev. Lett., 89:037901, Jun 2002.

[75] P. Samuelsson, E. V. Sukhorukov, and M. Büttiker. Orbital Entanglement
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