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Abstract

Motivated by an application to energy efficient building, in this thesis optimal

control of a linear time-dependent convection-diffusion equation is considered

together with bilateral control and state constraints. To obtain regular Lagrange

multipliers, two different approaches are investigated. The first one is called virtual

control approach and it consists in introducing an artificial control, which allows

replacing the pointwise state constraints with mixed constraints. The regularized

problem is then solved with the Primal Dual Active Set Strategy (PDASS). The

second applied technique is the augmented Lagrangian method: penalization terms

dependent on the state constraints are added to the cost functional and many only

control constrained problems are iteratively solved applying projected gradient or

projected BFGS methods. To speed-up the computational time proper orthogonal

decomposition (POD) is considered together with an a-posteriori error analysis,

which ensures the quality of the POD approximation. Furthermore, model predictive

control (MPC) helps to handle the long-time horizon and the problem parameter

changes in an efficient way. At last, numerical simulations show the advantages and

disadvantages of these techniques.
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Zusammenfassung

Motiviert durch energieeffiziente Gebäudeheizung, wird in dieser Arbeit die

optimale Steuerung einer linearen parabolischen Konvektions-Diffusions-Gleichung

zusammen mit bilateralen Steuerungs- und Zustandsbeschränkungen betrachtet.

Um reguläre Lagrange-Multiplikatoren zu erhalten, werden zwei unterschiedliche

Verfahren untersucht. Die erste Methode heißt “virtual control approach” und

besteht in der Einfürung einer künstlichen Steuerung, die es ermöglicht, die

punktweisen Zustandsbeschränkungen durch gemischte Beschränkungen zu ersetzen.

Das regularisierte Problem wird dann mit der “Primal Dual Active Set Strategy”

(PDASS) gelöst. Die zweite verwendete Technik ist das Augmentiertes Lagrange-

Verfahren: Strafparameter, die von den Zustandsbeschränkungen abhängen, werden

zu den Kostenfunkionen addiert, und viele nur steuerungsbeschränkte Probleme

werden iterativ mit Hilfe von projizierten Gradienten- oder projizierten BFGS-

Verfahren gelöst. Um die Rechenzeit zu beschleunigen, wird “proper orthogonal

decomposition” (POD) zusammen mit einer A-Posteriori-Fehleranalyse betrachtet,

die die Qualität der POD-Approximation sicherstellt. Darüber hinaus hilft die

modellprädiktive Steuerung (MPC), den Langzeithorizont und die Änderungen der

Problemparameter effizient zu behandeln. Zuletzt zeigen numerische Tests die Vor-

und Nachteile dieser Methoden.
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Introduction

Nowadays the study and design of energy efficient buildings is an important part

of the scientific research. In [109], for example, they investigate how the structure

of a building influences its efficiency. In particular, they review all the possible

parameters which has to be considered in the design process. Instead, in [34] they

study the possibility to control the heating process with real-time measurement of

the occupancy. This approach is convenient to treat each room differently, basing

the optimal control strategy on the numbers of people in each area. Furthermore, in

[108, 124] a model predictive control strategy is used to optimize the temperature

inside the building taking in account the weather forecast, which may change as soon

as the time passes. The previously cited works utilize ordinary differential equations

(ODEs) to model the time evolution of the temperature profile. Although this is a

valid approach, model based on partial differential equations (PDEs), e.g., parabolic

equations, allows a deeper understanding of the physical phenomena involved. In

particular, the diffusion-convection equation is suitable for room heating, since it

describes, e.g., how hot regions progressively cool down in presence of colder regions

and vice versa (diffusion), how density differences cause hot air to rise and cold air

to descend (natural convection) and how heating devices, e.g., convection heaters,

force the air to move (artificial convection). Considering energy efficient heating,

the goal is not only to model how the temperature profile evolves, but also to control

such temperature through physical devices, so that it remains inside a comfortable

range. Therefore, an optimal control approach has to be considered to treat the

problem; cf., e.g., [110].

The optimal control of parabolic equations is an established field today. Many

mathematicians have contributed to this field over decades. A milestone is the book

of J.L. Lions [92], while more recently [67, 126] resume the standard theoretical

approaches and numerical techniques. In this work we are particularly interested

in pointwise state constrained problems, i.e., as already said, we want to keep
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the solution of the convection-diffusion equation inside predefined bounds. These

problems are particularly challenging, because of the low regularity of the solution

to the adjoint equation and of the Lagrange multipliers. In fact, these multipliers

belong to the space of Radon measures [23, 27, 30, 32, 39, 115, 117] instead of the

set of Lebesgue square integrable functions L2 [67, 126], affecting the regularity of

the dual variable. Moreover, if one is interested in semilinear parabolic equations

and in deriving second-order necessary and sufficient optimality conditions, the

mathematical challenges grow; cf. [28, 82, 116].

For the previous reasons, regularization techniques or penalty methods can be

applied to approximate the solution of the pointwise state constrained problem,

gaining regular (L2) Lagrange multipliers. Let us mention at first the work of I.

Neitzel, A. Rösch and F. Tröltzsch [102, 103, 121, 125], where the authors study two

regularization approaches: the Lavrentiev regularization and the Moreau-Yosida

one. The first one consists in replacing the pointwise state constraints with mixed

state-control constraints, i.e., the control-dependent solution of the parabolic PDE

plus the control has to be inside the bounds. This optimization problem can be

solved with the Primal-Dual Active Set Strategy (PDASS), which is equivalent to

a semi-smooth Newton method; cf. [22, 63, 64, 74, 128]. Following the same idea,

one can also consider the virtual control (VC) approach introduced for an elliptic

optimal control problem by K. Krumbiegel and A. Rösch in [83]. The difference is in

introducing an artificial control variable (different from the controls of the problem)

in the mixed constraints. For example, this is useful in the case of boundary control,

where the control and the state variables do not belong to the same space, therefore

the Lavrentiev regularization can not be performed. Instead, the Moreau-Yosida

approach adds a quadratic penalization term depending on the state constraints to

the cost functional. Therefore, the solution of the original problem can be computed

by solving iteratively several problems that are only control constrained. This last

approach is equivalent to the augmented Lagrangian method (ALM); cf. [20, 21, 72].

Recently, V. Karl, I. Neitzel and D. Wachsmuth proposed a variant of the ALM for

linear and semilinear elliptic PDEs [79, 80], basing the choice to update or not the

multipliers on predefined residual quantities.

Numerically, the solution of the regularized problem can be computed with

the Finite Element method (FE) in space and with a numerical method for ODEs

in time, e.g., explicit or implicit Euler. For a large number of FE nodes and of

time steps, solving state and adjoint equations is costly in terms of computational

time and memory, in particular with the PDASS. Therefore, one can think on a
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model order reduction technique. There are many possibility to perform model

order reduction for a linear PDE, such as balanced truncation, proper orthogonal

decomposition (POD) and the reduced basis methods. In the balanced truncation

method the reduced-order space is built removing the states which are difficult to

reach or observe; cf., e.g., [19, 58, 97, 100]. Instead, the reduced basis method is

designed for parametric PDEs and it consists in two separated parts called offline

and online phases. In the first step, the most relevant parameters are selected

through a Greedy algorithm based on an a-posteriori error estimator, in order to

approximate the parametric solution manifold. In the online phase, the solution can

then be evaluated fast for different parameters. To this field belongs the following

contributions [16, 40, 59, 105, 111], to name just a few. The POD method is based

on previously computed information on the system dynamics, i.e., the so-called

snapshots. The idea is to compute the first ` basis of the snapshots subspace such

that the distance between the snapshots and their projection on the reduced space

is minimized. This minimization problem can be solved equivalently computing

the eigenvalues of a corresponding self-adjoint compact non-negative operator. The

literature about the POD method has grown exponentially in the last twenty years,

among others we refer to [44, 46, 57, 68, 69, 85, 86]. Furthermore, to certify

the quality of the approximation of the reduced-order model, it is necessary an

a-posteriori error estimator, that allows estimating the error without computing the

solution of the full-order model; cf., e.g., [13, 56, 55, 113, 127]. The a-posteriori

error estimates are also useful to select the most relevant parameters in the reduced

basis method [31, 89, 120, 129, 130] and to develop a basis update strategy for the

POD algorithm [2, 14, 45]. Let us mention that another possibility to update the

POD basis is to consider Optimality System POD (OS-POD) and Trust Region

POD (TR-POD); see [43, 87] and [10, 122], respectively.

In optimal control it is also important to react to parameters changes and to

correct model uncertainties. To achieve this goal, one has to consider closed-loop

controls, also known as feedback controls. These controls depend on the state

variable and are robust to external perturbation of the system. If this feedback

relationship is not estabilished, we have an open-loop control, which then depends

only on the time variable. Starting from the work of Bellman [17], the theory of

closed-loop optimal control is one of the most active research field of the last century

and it is still object of interest nowadays. The two most common techniques are the

Hamilton-Jacobi-Bellman approach (HJB) and Model Predictive Control (MPC),

which is also known as receding horizon control. The HJB approach is based on
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the dynamic programming principle [17] applied to the value function, which is the

viscosity solution to a non-linear HJB equation; cf. [15]. The drawback of this

approach are the numerical challenges, e.g., the curse of dimensionality, that makes

costly (or even impossible) the computation of the value function. To overcome

this problem, different numerical strategies were developed during the past years,

see, e.g., [1, 24, 25, 26, 37, 47, 84]. As well as the HJB approach, MPC relies on

the dynamic programming principle, but it optimizes and stabilizes a given system

around a predifined equilibrium through prediction of its future behaviour. The

feedback controls are computed iterating the following procedure: at first we solve

the optimal control problem for a fixed prediction horizon length, we store the

open-loop optimal control at the first time step and then we shift the horizon for

the next open-loop problem, updating if necessary the parameters of the system; cf.

[52, 73, 81, 94, 114]. In recent time, starting from the work of D. Angeli, R. Amrit

and J.B. Rawlings [5, 7, 8], a new branch of MPC has been developed, the so-called

economic MPC. In economic MPC we do not want to track the state variable to

a predefined equilibrium, but we are interested in other type of quantities, such

as energy consumption, power production, yield of a substance and so on. Strict

dissipativity and, thus, the turnpike property are sufficient to ensure asymptotic

stability for the closed-loop trajectory of the economic MPC; cf. [48, 50, 53, 54, 101].

Let us point out that economic MPC is particularly useful in our application, since

we do not know a-priorly which state is the best for our purpose.

The idea to combine feedback controls and model order reduction has already

been investigated nowadays. Regarding HJB feedback control combined with a

model order reduction approach we mention [88, 91]. For POD-based MPC see, e.g.,

[38, 70, 71]. At last, in [36] the authors consider a reference trajectory computed

by MPC to shrink the computational domain of the HJB equation, speeding up the

computational time with POD.

Outline

This work is focused on the regularization of the pointwise state constraints for

an optimal boundary control problem subjected to the convection-diffusion equation

and on how efficiently combine these techniques with POD and MPC. Moreover, the

discussion is oriented on an energy efficient building application: the convection-

diffusion equation models the temperature inside a room, which can be controlled

by boundary heating devices and it is subjected to the influence of the outside
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temperature and artificially generated airflow.

In Chapter 1 we treat the regularization of the pointwise state constraints,

focusing on the VC approach and on the ALM.

• In Section 1.1, we introduce the state equation and we discuss under which

conditions the solution is continuous. This maximal regularity result is an

extension of the work presented in [126], where the proof is given for a

diffusion parabolic differential operator and Neumann boundary conditions.

In this thesis, we consider a convection-diffusion parabolic operator and Robin

boundary conditions. Let us mention that a more general result for semilinear

parabolic convection-diffusion-reaction equations, but with different proof, is

shown in [27].

• In Section 1.2, we introduce the pointwise state-constrained optimal control

problem and we briefly illustrate the well-known results of low regularity for

the adjoint equation; see, e.g., [27, 67].

• Section 1.3 is entirely dedicated to the VC approach. At first, we introduce

this regularization technique and we derive first-order sufficient and necessary

optimality conditions for the regularized problem. Afterwards, we prove

the convergence of the regularized solution to the one of the problem with

pointwise state constraints, extending the proof in [83]. Let us mention that

the proof presented in [83] is only for an optimal control problem with an

elliptic diffusion-reaction equation, Neumann boundary control and unilateral

state constraint. Instead, in our case we have a parabolic convection-diffusion

operator, Robin boundary controls and bilateral state constraints. In the last

part of the section, we show how to apply the PDASS to this problem and face

numerical challenges, according to the work of M. Hintermüller, K. Ito and K.

Kunisch [63, 74, 75]. This section refers on our preliminary work done in [95].

• In Section 1.4, continuing the work done in [78], we apply the ALM as a second

way to regularize the state-constrained problem. In addition to [78], we adapt

the algorithm in [79, 80] to our different setting. In fact, in [80] the optimal

control problem is subjected only to an elliptic diffusion-reaction equation

with distributed control, homogeneous Neumann boundary conditions and

unilateral state constraint. In [79], the authors study the same optimal control

problem subjected to a semilinear elliptic PDE. Moreover, following the proof

contained in [80] we show convergence for the adapted algorithm.
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• Numerical simulations are reported in Section 1.5. This section is split in three

parts: in the first part tracking-type cost functional is considered, while in the

second subsection we choose an economic cost and in the last part we exploit

the matrix-free structure of the PDASS algorithm, showing improvement on

the computational cost in terms of memory consumption.

In Chapter 2, we apply the POD method to our linear-quadratic optimal

control problem to gain computational time speed-up and decrease the memory

consumption.

• In Section 2.1, we briefly report the basic theory of the POD method, in order

to fix the notation.

• In Section 2.2 and in Section 2.3, we show how the POD method can be applied

to the VC approach and to the ALM, respectively.

• In Section 2.4, we derive the a-posteriori error estimate for the POD-based VC

approach and for the POD-based ALM. The first a-posteriori error estimate

can be derived similarly to the one contained in [43]. Let us mention that

compared to [43] we have additional constraints on the virtual control, that

have to be taken into account in the proof. Instead, the a-posteriori error

estimator for the POD-based ALM follows from standard arguments; cf., e.g.,

[127].

• Section 2.5 contains numerical tests, which show the effectiveness of the POD

method and of the a-posteriori error estimators. Moreover, in addition to [78],

we introduce a new way to generate the POD snapshots for the augmented

Lagrangian algorithm.

In Chapter 3, we introduce MPC and we show how to combine it with POD

and the a-posteriori error estimator, extending our work in [96]. As previously

mentioned, this issue is already investigated in [36, 38], but the authors do not

consider pointwise state constraints and economic MPC. In the last part of the

chapter, numerical simulations illustrate the efficiency of the proposed strategies in

terms of feedback reaction of the controls, reduction of the computational time and

small violations of the state constraints. At the end of the work, we draw conclusions

and comment on possible future work we are interested in.



Chapter 1

The linear-quadratic optimal

control problem

In this chapter, we introduce the object of interest of this thesis: the linear-

quadratic optimal control problem with bilateral control and state constraints. At

first, we present the state equation and we explain under which assumptions its

solution is continuous in time and space. Subsequently, we introduce the pointwise

state constraints and comment about the regularity issues concerning the adjoint

equation. Due to this reason, we show two regularization techniques, i.e., the virtual

control approach and the augmented Lagrangian method, proving that their solution

convergences to the original problem’s one as soon as their respective regularization

parameters go to zero or to infinity. In the last part of this chapter, numerical

simulations confirm the results predicted by the theory. In particular, we study

tracking term type and economic cost functionals.

1.1 The state equation

Let Ω ⊂ Rd, d ∈ {1, 2, 3}, be a bounded domain with Lipschitz-continuous

boundary Γ = ∂Ω. We suppose that Γ is split into two disjoint subsets Γc and Γo,

where at least Γc has nonzero (Lebesgue) measure. Further, let H = L2(Ω) and

V = H1(Ω) endowed with their usual inner products

〈ϕ, ψ〉H =

∫
Ω

ϕψ dx, 〈ϕ, ψ〉V =

∫
Ω

ϕψ +∇ϕ · ∇ψ dx

7



8 1. The linear-quadratic optimal control problem

and their induced norms, respectively. For bounded and fixed T > 0 we set

Q = (0, T ) × Ω, Σc = (0, T ) × Γc and Σo = (0, T ) × Γo. By L2(0, T ;V ) we denote

the space of measurable functions from [0, T ] to V , which are square integrable, i.e.,∫ T

0

‖ϕ(t)‖2
V dt <∞.

When t is fixed, the expression ϕ(t) stands for the function ϕ(t, ·) considered as a

function in Ω only. The space W (0, T ) is defined as

W (0, T ) =
{
ϕ ∈ L2(0, T ;V )

∣∣ϕt ∈ L2(0, T ;V ′)
}
,

where V ′ denotes the dual of V . The space W (0, T ) is a Hilbert space supplied

with the common inner product; c.f. [29, pp. 472-479]. For m ∈ N let bi : Γc → R,

1 ≤ i ≤ m, denote given control shape functions. For U = L2(0, T ;Rm) the set of

admissible controls u = (ui)1≤i≤m ∈ U is given as

Uad =
{
u ∈ U

∣∣uai(t) ≤ ui(t) ≤ ubi(t) for i = 1, . . . ,m and a.e. in [0, T ]
}
,

where ua = (uai)1≤i≤m, ub = (ubi)1≤i≤m ∈ L∞(0, T ;Rm) are lower and upper bounds,

respectively. Further, ‘a.e.’ stands for ‘almost everywhere’. Throughout the thesis

we identify the dual U′ with U. This particular choice of Uad is justified by our

application: since the controls may represent the heaters in the room or other

devices, they are subjected to physical restrictions, such as limited heating power

or minimum cooling temperature.

For any control u ∈ Uad the temperature (or state) y is governed by the following

state equation

yt(t,x)− λ∆y(t,x) + v(t,x) · ∇y(t,x) = 0, a.e. in Q,

λ
∂y

∂n
(t, s) + γcy(t, s) = γc

m∑
i=1

ui(t)bi(s), a.e. on Σc,

λ
∂y

∂n
(t, s) + γoy(t, s) = γoyout(t), a.e. on Σo,

y(0,x) = y◦(x), a.e. in Ω.

(1.1)

We suppose the following hypotheses for the data in (1.1):

Assumption 1.1. We assume that λ > 0, γc, γo ≥ 0, v ∈ L∞(0, T ;L∞(Ω;Rd)) with

d ∈ {1, 2, 3} and ∇ · v = 0, yout ∈ Ls(0, T ), s > d + 1, y◦ ∈ C(Ω) and

b1, . . . , bm ∈ L∞(Γc).
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Remark 1.2. The parameter λ > 0 represents the diffusion coefficient and v is the

velocity field in the room. We assume that the velocity field solves the incompressible

Navier-Stokes equation. Therefore, it holds naturally that ∇ · v = 0. Moreover,

the choice of the Robin boundary conditions is justified by the so-called Newton’s

law of cooling, simplification of the non-linear Stefan-Boltzmann law for radiation.

These simplified conditions are used sometimes in engineering’s models for room

heating, e.g., [6, 131]. Thanks to the constants γc and γo we can model in an

approximated manner the heat transfer fluxes between the heat sources and the room

and how the outside temperature yout influences the temperature y, respectively.

Furthermore, the assumption on the regularity of the temperature yout is justified

for the result in Section 1.1.1, where we can prove continuity for the weak solution

of the state equation. This assumption is not restrictive: since T is bounded we have

Ls(0, T ) ⊂ L2(0, T ) for s > d+ 1 ≥ 2 with d ∈ {1, 2, 3}. ♦

To write (1.1) in weak form we introduce the non-symmetric, time-dependent

bilinear form a(t; · , ·) : V × V → R

a(t;ϕ, φ) =

∫
Ω

λ∇ϕ · ∇φ+
(
v(t) · ∇ϕ

)
φ dx + γc

∫
Γc

ϕφ ds + γo

∫
Γo

ϕφ ds

for ϕ, φ ∈ V a.e. in [0, T ] and the time-dependent linear functional F(t) : V → V ′

〈F(t), ϕ〉V ′,V = γoyout(t)

∫
Γo

ϕ ds for ϕ ∈ V a.e. in [0, T ],

where 〈· , ·〉V ′,V stands for the dual pairing between V and its dual space V ′.

Moreover, the linear operator B : Rm → V ′ is defined as

〈Bu, ϕ〉V ′,V = γc

m∑
i=1

ui

∫
Γc

biϕ ds for all ϕ ∈ V

for given u = (ui)1≤i≤m ∈ Rm. The dual operator B? : V → Rm of B satisfies

〈B?ϕ, u〉Rm = 〈Bu, ϕ〉V ′,V = γc

m∑
i=1

ui

∫
Γc

bi(s)ϕ(s) ds (1.2)

for all (u, ϕ) ∈ Rm × V . Thus,

B?ϕ =

 γc
∫

Γc
b1(s)ϕ(s) ds

...

γc
∫

Γc
bm(s)ϕ(s) ds

 ∈ Rm for ϕ ∈ V.
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Definition 1.3. The state variable y ∈ W (0, T ) is called a weak solution to (1.1) if

d

dt
〈y(t), ϕ〉H + a(t; y(t), ϕ) = 〈F(t) + B(u(t)), ϕ〉V ′,V

for all ϕ ∈ V a.e. in (0, T ],

y(0) = y◦ in H

(1.3)

is satisfied.

Lemma 1.4. Let Assumption 1.1 hold. Then:

1) For almost all t ∈ [0, T ] the bilinear form satisfies∣∣a(t;ϕ, φ)
∣∣ ≤ α ‖ϕ‖V ‖φ‖V for all ϕ, φ ∈ V,

a(t;ϕ, ϕ) ≥ α1 ‖ϕ‖2
V − α2 ‖ϕ‖2

H for all ϕ ∈ V

for constants α, α1 > 0 and α2 ≥ 0.

2) The mapping F belongs to L2(0, T ;V ′), i.e.,

‖F‖L2(0,T ;V ′) = sup
‖ϕ‖L2(0,T ;V )=1

∫ T

0

〈F(t), ϕ(t)〉V ′,V dt ≤ cF .

for a constant cF > 0.

3) The linear operator B is bounded, i.e., there is a constant cB > 0 such that

‖B‖L(Rm,V ′) = sup
|u|2=1

‖Bu‖V ′ ≤ cB,

where | · |2 denotes the Euclidean norm (here in Rm).

Proof. 1) By the trace theorem [35, p. 258] there exists a constant cΓ > 0 such

that

max
{
‖φ‖L2(Γo)

, ‖φ‖L2(Γc)

}
≤ ‖φ‖L2(Γ) ≤ cΓ ‖φ‖V for all φ ∈ V. (1.4)

Then, the first bound follows from∣∣a(t;ϕ, φ)
∣∣ ≤ λ

∫
Ω

∣∣∇ϕ · ∇φ∣∣ dx + ‖v(t)‖L∞(Ω;Rd)

∫
Ω

|∇ϕ|2|φ| dx

+ γc

∫
Γc

|ϕ||φ| ds + γo

∫
Γo

|ϕ||φ| ds

≤ λ ‖ϕ‖V ‖φ‖V + ‖v‖L∞(0,T ;L∞(Ω;Rd))‖ϕ‖V ‖φ‖V
+
(
γc + γo

)
c2

Γ ‖ϕ‖V ‖φ‖V
≤ α ‖ϕ‖V ‖φ‖V
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for every ϕ, φ ∈ V with α = λ+(γc+γo)c
2
Γ+‖v‖L∞(0,T ;L∞(Ω;Rd)). Using Young’s

inequality [4, p. 28]

ab ≤ εa2

2
+
b2

2ε
for a, b ≥ 0 and ε > 0

we have

a(t;ϕ, ϕ) ≥ λ
(
‖ϕ‖2

V − ‖ϕ‖
2
H

)
− ‖v‖L∞(0,T ;L∞(Ω;Rd))‖ϕ‖V ‖ϕ‖H

≥ λ
(
‖ϕ‖2

V − ‖ϕ‖
2
H

)
− λ

2
‖ϕ‖2

V −
‖v‖2

L∞(0,T ;L∞(Ω;Rd))

2λ
‖ϕ‖2

H

= α1 ‖ϕ‖2
V − α2 ‖ϕ‖2

H

with α1 = λ/2 and α2 = λ+ ‖v‖2
L∞(0,T ;L∞(Ω;Rd))

/(2λ).

2) For every ϕ ∈ L2(0, T ;V ) we derive that∫ T

0

〈F(t), ϕ(t)〉V ′,V dt =

∫ T

0

γoyout(t)

∫
Γo

ϕ(t) dsdt

≤
∫ T

0

c1 |yout(t)|‖ϕ(t)‖L2(Γo)
dt,

where we set c1 = γo(
∫

Γo
ds)1/2 ≥ 0. Using (1.4), setting c2 = c1cΓ and

considering the Cauchy-Schwarz inequality we conclude that∫ T

0

〈F(t), ϕ(t)〉V ′,V dt ≤ cF ‖ϕ‖L2(0,T ;V )

for every ϕ ∈ L2(0, T ;V ) with cF = c2‖yout‖L2(0,T ). Now, the claim follows

directly.

3) From (1.4) we infer that

‖Bu‖V ′ = γc sup
‖ϕ‖V =1

m∑
i=1

ui

∫
Γc

biϕ(t) ds ≤ γccΓ

m∑
i=1

‖bi‖L2(Γc)
sup
‖ϕ‖V =1

|ui|‖ϕ‖V

≤ γccΓ

m∑
i=1

‖bi‖L2(Γc)
|ui| ≤ cB |u|2

with cB = γccΓ(
∑m

i=1 ‖bi‖2
L2(Γc)

)1/2 ≥ 0, which gives the desired estimate.
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Proposition 1.5. Suppose that Assumption 1.1 is satisfied. Then, (1.3) possesses

a unique solution y ∈ W (0, T ) for every u ∈ Uad and

‖y‖W (0,T ) ≤ cy
(
‖y◦‖H + ‖yout‖L2(0,T ) + ‖u‖U

)
(1.5)

for a constant cy ≥ 0 which is independent of y◦, yout and u.

Proof. Existence of a unique solution to (1.3) follows directly from Lemma 1.4 and

[29, pp. 512-520]. Moreover, since T is bounded and yout ∈ Ls(0, T ) for s > d + 1,

d ∈ {1, 2, 3}, this implies that yout ∈ L2(0, T ), then the a-priori bound is shown in

[126, Theorem 3.13].

Remark 1.6. We split the solution to (1.3) in one part, which depends on the

fixed initial condition y◦ and on the outside temperature yout, and another part

depending linearly on the control variable. Let ŷ ∈ W (0, T ) be the unique solution

to the problem

d

dt
〈ŷ(t), ϕ〉H + a(t; ŷ(t), ϕ) = 〈F(t), ϕ〉V ′,V for all ϕ ∈ V a.e. in (0, T ],

ŷ(0) = y◦ in H.

We define the subspace

W0(0, T ) =
{
ϕ ∈ W (0, T )

∣∣ϕ(0) = 0 in H
}

endowed with the topology of W (0, T ). Let us now introduce the linear solution

operator, known as control-to-state map, S : U→ W0(0, T ): for u ∈ U the function

y = Su ∈ W0(0, T ) is the unique solution to

d

dt
〈y(t), ϕ〉H + a(t; y(t), ϕ) = 〈(B(u(t)), ϕ〉V ′,V for all ϕ ∈ V a.e. in (0, T ].

From y ∈ W0(0, T ) it follows that y(0) = 0 in H. The boundedness of S follows

from (1.5). Now, the solution to (1.3) can be expressed as y = ŷ + Su. ♦

Remark 1.7. To simplify the notation, throughout the thesis, we will not distinguish

between the control operator B : Rm → V ′ and the operator B̃ : U → L2(0, T ;V ′),

where

〈B̃u, ϕ〉L2(0,T ;V ′),L2(0,T ;V ) :=

∫ T

0

〈B(u(t)), ϕ(t)〉V ′,V dt for all ϕ ∈ L2(0, T ;V ).

We indicate both operators with the notation B and their adjoint operators with B?.
♦
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1.1.1 Maximal Regularity

For later proofs, we want to extend the proof of Lemma 7.12 in [126, pp. 378] to

our setting, where we have different boundary conditions and an additional advection

term. Therefore, we want to prove the following result:

Lemma 1.8. Let Ω ⊂ Rd be a bounded domain for d ∈ {1, 2, 3}. Suppose that

f ∈ Lr(Q), g1 ∈ Ls(Σc), g2 ∈ Ls(Σo) and y◦ ∈ C(Ω) are given functions with

r > d/2 + 1 and s > d+ 1. Moreover, let Assumption 1.1 be satisfied, then the weak

solution y to

yt(t,x)− λ∆y(t,x) + v(t,x) · ∇y(t,x) = f(t,x), a.e. in Q,

λ
∂y

∂n
(t, s) + γcy(t, s) = γcg

1(t, s), a.e. on Σc,

λ
∂y

∂n
(t, s) + γoy(t, s) = γog

2(t, s), a.e. on Σo,

y(0,x) = y◦(x), a.e. in Ω

(1.6)

belongs to W (0, T ) ∩ C(Q). Furthermore, there exists a constant c = c(r, s) > 0,

which does not depend on f , g1 and g2, such that

‖y‖W (0,T ) + ‖y‖C(Q) ≤ c(r, s)
(
‖f‖Lr(Q) + ‖g1‖Ls(Σc) + ‖g2‖Ls(Σo)

)
At last, let {fk}k∈N ⊂ Lr(Q), {g1

k}k∈N ⊂ Ls(Σc) and {g2
k}k∈N ⊂ Ls(Σo) be three

sequences converging weakly to f ∈ Lr(Q), g1 ∈ Ls(Σc) and g2 ∈ Ls(Σo) respectively,

then yk, the weak solution of (1.6) with data fk, g1
k and g2

k, converges strongly in

L2(0, T ;H) and in C(Q) to y, the weak solution of (1.6) with data f , g1 and g2.

Proof. As also stated in [126], for y◦ ≡ 0 the proof relies on the more general results

contained in [41, 42]. What we have to do is essentially to follow step by step

the proof in [126] and check if those results can be applied to our setting. Since

y(0,x) = 0 a.e. in Ω, the result follows from Theorem 7.2 in [42]. Anyway, we

check if our problem fulfils the required assumptions. In [42], the author deals with

equation of the type y′ +Ay + By = F , where A : L2(0, T ;V ) → L2(0, T ;V ′) is of

the form

〈Ay, ϕ〉L2(0,T ;V ′) =

∫ T

0

∫
Ω

∇y(t) · ∇ϕ(t) dx dt for y, ϕ ∈ L2(0, T ;V ). (1.7)

Furthermore, applying the divergence theorem and using the fact that ∇ · v = 0,

one can obtain∫
Ω

v · ∇y(t)ϕ(t) dx = −
∫

Ω

y(t)v(t) · ∇ϕ(t) dx +

∫
Γ

(v(t) · n)y(t)ϕ(t) ds. (1.8)
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Therefore, in our setting the operator B in [42] can be expressed as

〈By, ϕ〉 =

∫ T

0

∫
Ω

y(t)(−v(t)) · ∇ϕ(t) dx +

∫
Γ

(v(t) · n + γ(t))y(t)ϕ(t) ds, (1.9)

where γ(t, s) := γcχΣc(t, s) + γoχΣo(t, s) for almost all s ∈ Γ and t ∈ (0, T ). Thus,

choosing b(t) = −v(t) and bΓ(t) = v(t) · n + γ(t) for almost all t ∈ (0, T ). Since

bΓ ∈ L∞(0, T ;L∞(Γ)) and b ∈ L∞(0, T ;L∞(Ω;Rd)) for Assumption 1.1, we can

apply Theorem 7.2 in [42]. Accordingly, there exists a ω̄ ∈ (d, d + 2] such that for

any ω ∈ [0, ω̄) the restriction of the operator P : y → y′ + Ay + By to the space

W ω
0 (0, T ) := {ϕ ∈ W ω(0, T ) : ϕ(0) = 0} is a linear isomorphism between the space

W ω
0 (0, T ) and Lω2 (0, T ;V ′). These spaces are called Sobolev-Morrey spaces and a

detailed explanation of such spaces and their properties can be found in [41]. In

this work, we do not address all the details to keep the proof as simple as possible,

recalling only the properties and the definitions we need. At first, in [41, pp. 802]

the Morrey space Lω2 (0, T ;H) is defined as the set of all ϕ ∈ L2(0, T ;H) such that

[ϕ]2Lω
2 (0,T ;H) := sup

(I,G)∈Tr×Ωr,r>0

r−ω
∫
I

∫
G

∣∣ϕ(t,x)
∣∣2 dx dt < +∞, (1.10)

where Tr :=
{

(0, T ) ∩ (t− r2, t)
∣∣t ∈ (0, T )

}
and Ωr :=

{
Ω ∩ Cr(x)

∣∣x ∈ Ω
}

with

Cr(x) :=
{
z ∈ Rd

∣∣‖z − x‖∞ < r
}

the open cube of radius r > 0 centered in x ∈ Rd.

This space is a Banach space endowed with the norm

‖ϕ‖2
Lω
2 (0,T ;H) = ‖ϕ‖2

L2(0,T ;H) + [ϕ]2Lω
2 (0,T ;H). (1.11)

In a similar way, one can define Lω2 (0, T ;L2(Γ)). Moreover

Lω2 (0, T ;V ) :=
{
ϕ ∈ L2(0, T ;V )

∣∣ϕ ∈ Lω2 (0, T ;H), |∇ϕ| ∈ Lω2 (0, T ;H)
}
. (1.12)

In [41, pp. 815], one can also find the definition of the Sobolev-Morrey space

Lω2 (0, T ;V ′). In the end, taking in account the duality mapping from V to V ′,

the Sobolev-Morrey space W ω(0, T ) is defined as

W ω(0, T ) :=
{
ϕ ∈ Lω2 (0, T ;V )

∣∣ϕt ∈ Lω2 (0, T ;V ′)
}

(1.13)

with the choice X = Y = V in Definition 6.1 of [41], as also stated in [126]. The

property of W ω(0, T ) we want to use follows by Theorem 3.4 and Theorem 6.8 in [41],

where it is shown that W ω(0, T ) is continuously embedded in the space of Hölder

continuous functions C([0, T ];C0,α(Ω)) ∩ C0,α/2([0, T ];C(Ω)) for ω ∈ (d, d + 2] and
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α = (ω − d)/2 . Since α > 0 for all ω ∈ (d, d + 2] we have therefore continuity

up to the boundary of Q. What remains to prove is under which conditions on r

and s the mapping (f, g1, g2) → y is continuous from Lr(Q) × Ls(Σc) × Ls(Σo) to

W ω(0, T ;V ) for some ω ∈ (d, ω̄) with ω̄ ∈ (d, d+ 2]. Theorem 5.6 in [41] states that

for ω ∈ [0, d+ 2] the map (h, f, g)→ F (h, f, g) ∈ V ′ defined by

〈F, ϕ〉V ′,V =

∫ T

0

∫
Ω

(h(t) · ∇ϕ(t) + f(t)ϕ(t)) dx dt+

∫ T

0

∫
Γ

g(t)ϕ(t) ds dt

is a bounded linear operator from Lω2 (0, T ;L2(Ω;Rd)) × Lω−2
2 (0, T ;H) ×

Lω−1
2 (0, T ;L2(Γ)) to V ′. In our case g(t, s) = γcg

1(t, s)χΣc(t, s) + γog
2χΣo(t, s) for

almost all s ∈ Γ and t ∈ (0, T ), which is in Ls(Σ) for s > d + 1 ≥ 2. Following

Remark 3.4 and 3.7 in [41] we have

• If r ≥ 2 and ωr − 2 = d
(
1− 2

r

)
+ 2

(
1− 2

r

)
∈ [0, d + 2], then Lr(Q) is

continuously embedded in Lωr−2
2 (0, T ;H). Since we want ωr ∈ (d, ω̄), we

need that r > d
2

+ 1.

• If s ≥ 2 and ωs − 1 = (d − 1)
(
1− 2

s

)
+ 2

(
1− 2

s

)
∈ [0, d + 1], then Ls(Σ) is

continuously embedded in Lωs−1
2 (0, T ;L2(Γ)). Since we want ωs ∈ (d, ω̄), we

need that s > d+ 1.

These conditions are exactly the one we have imposed for the right-hand side and

the boundary data. Therefore we have proved the claim. A different proof, but for

the same problem with y◦ 6= 0 can be found in [27, pp. 1306-1307]. We refer to [27]

to complete the Lemma’s proof, but without going in technical details. Moreover,

the a-priori bound can be shown following [126, Theorem 3.13]. In the end, applying

Aubin-Lions Lemma we have that W (0, T ) is compactly embedded in L2(0, T ;H);

see [123] and references therein. Moreover, W ω(0, T ) is continuously embedded in

C([0, T ];C0,α(Ω)) ∩ C0,α/2([0, T ];C(Ω)), which is compactly embedded in C(Q) for

the Arzelà-Ascoli Theorem; see, e.g., [4]. Thus, we have the strong convergence of

yk to y in L2(0, T ;H) and in C(Q) if {fk}k∈N, {g1
k}k∈N and {g2

k}k∈N converge weakly

to f , g1 and g2 in Lr(Q), Ls(Σc) and Ls(Σo), respectively.

Remark 1.9. As also observed in [126], the subspaces of H1(Ω) containing all

the functions which vanish on the Dirichlet boundary is indicated with H1
0 (G) in

[42], where G = Ω ∪ Γ and Γ ⊂ ∂Ω is the complement of the boundary where

Neumann or Robin boundary conditions can be prescribed. In our case Γ ≡ ∂Ω,

therefore the Dirichlet boundary is empty and we have that H1
0 (G) = H1(Ω) = V

and H−1(G) = H1(Ω)′ = V ′. ♦
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Remark 1.10. As already mentioned, the assumption ∇ · v = 0 in Assumption 1.1

(and therefore in Lemma 1.8) is due to our application setting. Lemma 1.8 can be

formulated in a more general way replacing this assumption with the more general

one ∇ · v ∈ L∞(0, T ;L∞(Ω)), which does not change the proof of the result. ♦

As consequence of Lemma 1.8, we have the following property of high regularity

for the weak solution of (1.1):

Corollary 1.11. Let Assumption 1.1 hold and let u ∈ Uad, then y = ŷ + Su ∈
W (0, T ) ∩ C(Q). Moreover, the estimate

‖y‖W (0,T ) + ‖y‖C(Q) ≤ cy(s)
(
‖y◦‖H + ‖yout‖Ls(0,T ) + ‖u‖Ls(0,T ;Rm)

)
(1.14)

holds true for s > d+ 1 and cy(s) ≥ 0, which is independent of y◦, yout and u.

Proof. For Assumption 1.1, y◦ ∈ C(Ω) and γoyout ∈ Ls(Σo) for s > d+ 1. Moreover,

since T is bounded and uai(t) ≤ ui(t) ≤ ubi(t) for i = 1, . . . ,m and a.e. in [0, T ], we

have that u ∈ L∞(0, T ;Rm) and therefore it is in Ls(0, T ;Rm) for s ∈ [1,+∞], in

particular for s > d + 1. Thus, γc
∑m

i=1 biui ∈ Ls(Σc) and applying Lemma 1.8 we

have the claim.

1.2 The state-constrained optimal control

problem

In our application the temperature y has to satisfy lower and upper bounds.

Therefore, we consider the following optimization problem:

minJ (y, u) :=
σQ
2

∫ T

0

‖y(t)− yQ(t)‖2
H dt+

σT
2
‖y(T )− yT‖2

H

+
1

2

m∑
i=1

σi‖ui‖2
L2(0,T )

(1.15a)

subject to the state equations (1.1) and to the inequality constraints

uai(t) ≤ ui(t) ≤ ubi(t) a.e. in [0, T ] for i = 1, . . . ,m, (1.15b)

ya(t,x) ≤ y(t,x) ≤ yb(t,x) a.e. in QT := (0, T ]× Ω. (1.15c)

We suppose the following properties of the parameters in (1.15):
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Assumption 1.12. yQ ∈ L2(0, T ;H), yT ∈ H, σQ, σT ≥ 0, σ1, . . . , σm > 0 and

ya, yb ∈ C(Q).

Remark 1.13. The parameters yQ and yT are desired temperature states.

Furthermore, ya and yb are given pointwise lower and upper bounds for the

temperature variable, respectively. Moreover, the control constraints ua and ub
represent physical restrictions on the heating devices. From (1.15b) and (1.15c),

it holds clearly that ua(t) ≤ ub(t) a.e. in [0, T ] and ya(t,x) ≤ yb(t,x) a.e. in QT ,

respectively. ♦

Considering Remark 1.6, we can write the previous problem as a pure control

constrained optimization problem. We define ŷQ(t) := yQ(t) − ŷ, ŷT := yT − ŷ(T ),

ŷa := ya− ŷ and ŷb := yb− ŷ, thus considering the control-to-state map S introduced

in Remark 1.6 we define the reduced cost functional

Ĵ (u) := J (y(u), u) =
σQ
2

∫ T

0

‖(Su)(t)− ŷQ(t)‖2
H +

σT
2
‖(Su)(T )− ŷT‖2

H

+
1

2

m∑
i=1

σi‖ui‖2
L2(0,T )

and the admissible set

Ûad =
{
u ∈ U|uai(t) ≤ ui(t) ≤ ubi(t), i = 1, . . . ,m and a.e. in [0, T ],

ŷa ≤ Su ≤ ŷb a.e. in QT

}
.

Thus, the optimal control problem (1.15) is equivalent to the problem

min Ĵ (u) s.t. u ∈ Ûad. (P̂)

Assumption 1.14. There exist ũ ∈ U such that uai(t) ≤ ũi(t) ≤ ubi(t) a.e. in [0, T ]

for i = 1, . . . ,m and there exist τ > 0 such that ŷa + τ ≤ Sũ ≤ ŷb − τ a.e in QT ,

i.e. Ûad has a feasible point.

Theorem 1.15 (Existence of unique solution). Let Assumptions 1.1, 1.12 and 1.14

hold. Then, there exists a unique solution ū ∈ Ûad of (P̂).

Proof. The set Ûad is closed, convex and non-empty, which means that problem (P̂)

has a feasible point. Moreover, σi > 0 for all i = 1, . . . ,m, therefore we can apply

Theorem 1.43 in [67, pp.53-54] that completes the proof.

Corollary 1.16. Let Assumptions 1.1, 1.12 and 1.14 hold. Then, there exists a

unique solution (ȳ, ū) ∈ W (0, T )× Uad of (1.15).
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1.2.1 First-order optimality conditions

In order to derive optimality conditions for problem (P̂), we need to introduce

the following space of Radon measures:

Definition 1.17. Let Q ⊂ Rd+1. The space M(Q) of Radon measures is defined as

the dual space of C(Q) and it is endowed with the norm

‖µ‖M(Q) = sup
f∈C(Q),‖f‖C(Q)≤1

∫
Q

fdµ (1.16)

♦

Now, the first-order optimality conditions for (P̂) can be resumed in the following

result

Theorem 1.18. Let Assumptions 1.1, 1.12 and 1.14 hold. Let ū ∈ Ûad be the

optimal solution (P̂) with associated optimal state ȳ = ŷ + Sū. Then, there exist

unique Lagrange multipliers µ̄a, µ̄b ∈M(Q), p̄ ∈ Lr(0, T ;W 1,s(Ω)) for all r, s ∈ [1, 2)

with 2
r

+ d
s
> d+ 1 and ᾱ = (ᾱi)1≤i≤m ∈ U satisfying the dual equations∫ T

0

d

dt
〈ϕ(t), p̄(t)〉H + a(t;ϕ(t), p̄(t))− σQ 〈yQ(t)− ȳ(t), ϕ(t)〉H dt

=

∫
Q

ϕ dµ̄a −
∫
Q

ϕ dµ̄b

(1.17a)

for all ϕ ∈ W∞
0 (0, T ), where

W∞
0 (0, T ) :=

{
ϕ ∈ W (0, T ) ∩ C(Q)

∣∣ϕ(0, ·) = 0 in Ω, ϕt − λ∆ϕ+ v · ∇ϕ ∈ L∞(Q)
}
.

Furthermore, the Lagrange multipliers satisfy the optimality system

σiūi − γc
∫

Γc

bip̄ ds + ᾱi = 0 in L2(0, T ) for i = 1, . . . ,m, (1.17b)

µ̄a ≥ 0, ȳ(t,x) ≥ ya(t,x) a.e. in QT and

∫
Q

(ȳ − ya) dµ̄a = 0, (1.17c)

µ̄b ≥ 0, ȳ(t,x) ≤ yb(t,x) a.e. in QT and

∫
Q

(yb − ȳ) dµ̄b = 0 (1.17d)

and the complementarity condition

ᾱi = max
{

0, ᾱi + ηi(ūi − ubi)
}

+ min
{

0, ᾱi + ηi(ūi − uai)
}

(1.17e)

for i = 1, . . . ,m and for arbitrarily chosen η1, . . . , ηm > 0, where the max- and

min-operations are interpreted componentwise in the pointwise everywhere sense.
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Proof. The proof of this result can be obtained following, e.g., [27, 39, 67, 103].

Remark 1.19. a) Since µ̄a and µ̄b are measures, we need to clarify the meaning

of µ ≥ 0 for µ ∈ M(Q). This expression is equivalent to 〈µ, ϕ〉M(Q),C(Q) ≥ 0

for all ϕ ∈ C(Q) with ϕ(t,x) ≥ 0 for all (t,x) ∈ Q.

b) The condition (1.17e) is a nonlinear complementarity problem (NCP) function

based reformulation of the complementarity system

ᾱa ≥ 0, ua − ū ≤ 0, 〈ᾱa, ua − ū〉U = 0,

ᾱb ≥ 0, ū− ub ≤ 0, 〈ᾱb, ū− ub〉U = 0

with ᾱ = ᾱb − ᾱa ∈ U. ♦

Remark 1.20. Analogously to Remark 1.6 we split the adjoint variable p into one

part depending on the fixed desired states and into two other parts, which depend

linearly on the control variable and on the measures µ̄a and µ̄b, respectively. Let

p̂ ∈ W (0, T ) denote the unique solution to the adjoint equation

− d

dt
〈p̂(t), ϕ〉H + a(t;ϕ, p̂(t)) = σQ 〈ŷQ(t), ϕ〉H for all ϕ ∈ V a.e. in [0, T ),

p̂(T ) = σT ŷT in H,

where ŷQ and ŷT are defined in Section 1.2. Further, we define the linear bounded

operator A1 : U→ W (0, T ) as follows: for given u ∈ U the function p = A1u is the

unique solution to

− d

dt
〈p(t), ϕ〉H + a(t;ϕ, p(t)) = −σQ 〈(Su)(t), ϕ〉H for all ϕ ∈ V a.e. in [0, T ),

p(T ) = −σT (Su)(T ) in H.

Moreover, the linear bounded operator A2 : M(Q̄) → Lr(0, T ;W 1,s(Ω)) for all

r, s ∈ [1, 2) with 2
r

+ d
s
> d+ 1 is defined in the following way: for given µ ∈M(Q̄)

the function p = A2µ uniquely solves∫ T

0

− d

dt
〈ϕ(t), p(t)〉H + a(t;ϕ(t), p(t)) dt =

∫
Q

ϕ dµ

for all ϕ ∈ W∞
0 (0, T ). Thus, the weak solution to (1.17a) can be expressed as

p̄ = p̂+A1ū+ A2(µ̄a − µ̄b). ♦
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Due to the fact that the cost functional J is strictly convex, the previous first-

order optimality conditions are sufficient and necessary, therefore to find the optimal

solution, one has to solve the optimality system (1.17). Unfortunately, the presence

of the measures µ̄a and µ̄b does not make the computation easy. For this reason,

one can think on regularization techniques or penalty methods. The most common

regularization techniques are the Lavrentiev regularization (e.g. [99]), the virtual

control approach (e.g. [83]) and the Moreau-Yosida regularization (e.g. [21, 102]).

Another possibility is to apply the augmented Lagrangian method, which belongs

to the class of penalty methods; cf., e.g., [20, 72, 76].

1.2.2 Gradient of the reduced cost functional

In this section, we derive the gradient of the reduced cost functional Ĵ (u), which

will be used in later proofs. Suppose that we choose an arbitrary u ∈ Ûad. Then we

set y = ŷ+Su and p = p̂+A1u. It follows by standard arguments that the reduced

cost functional is Fréchet-differentiable. In particular, we have for any direction

uδ ∈ U

Ĵ ′(u)uδ = Ĵu(u)uδ = Jy(y, u)Suδ + Ju(y, u)uδ. (1.18)

Note that

Ju(y, u)uδ =

∫ T

0

m∑
i=1

σiui(t)u
δ
i (t) dt. (1.19)

Moreover, setting yδ = Suδ ∈ W0(0, T ) we derive

Jy(y, u)Suδ =

∫ T

0

σQ 〈y(t)− yQ(t), yδ(t)〉H dt+ σT 〈y(T )− yT , yδ(T )〉H . (1.20)

To proceed in the computation, we use the following lemma:

Lemma 1.21. Suppose that u ∈ Ûad, y = ŷ + Su and p = p̂ + A1u. Moreover,

yδ = Suδ for uδ ∈ U. Then,∫ T

0

σQ 〈(y − yQ)(t), yδ(t)〉H dt

= σT 〈yT − y(T ), yδ(T )〉H −
∫ T

0

m∑
i=1

γcu
δ
i (t) 〈bi, p(t)〉L2(Γc)

dt.
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Proof. At first, we notice that p and yδ satisfy the evolution problems∫ T

0

−〈pt(t), ϕ(t)〉V ′,V + a(t;ϕ(t), p(t)) dt

=

∫ T

0

σQ 〈(yQ − y)(t), ϕ(t)〉H dt for all ϕ ∈ W (0, T )

(1.21)

and ∫ T

0

〈yδt (t), ϕ(t)〉V ′,V + a(t; yδ(t), ϕ(t)) dt

= γc

∫ T

0

m∑
i=1

uδi (t) 〈bi, ϕ(t)〉L2(Γc)
dt for all ϕ ∈ W (0, T ).

(1.22)

respectively. Thus, choosing ϕ = yδ in (1.21), ϕ = p in (1.22), applying integration

by parts and considering p(T ) = σT (yT − y(T )) and yδ(0) = 0, we find that∫ T

0

σQ 〈(y − yQ)(t), yδ(t)〉H dt

=

∫ T

0

〈pt(t), yδ(t)〉V ′,V − a(t; yδ(t), p(t)) dt

=

∫ T

0

−〈yδt (t), p(t)〉V ′,V − a(t; yδ(t), p(t)) dt+ 〈p(T ), yδ(T )〉H − 〈p(0), yδ(0)〉H

= −
∫ T

0

〈yδt (t), p(t)〉V ′,V + a(t; yδ(t), p(t)) dt+ σT 〈yT − y(T ), yδ(T )〉H

= −
∫ T

0

m∑
i=1

γcu
δ
i (t) 〈bi, p(t)〉L2(Γc)

dt+ σT 〈yT − y(T ), yδ(T )〉H

which is the claim.

From Lemma 1.21, (1.20) and (1.2) we infer that

Jy(y, u)Suδ = −
∫ T

0

m∑
i=1

γcu
δ
i (t) 〈bi, p(t)〉L2(Γc)

dt. (1.23)

Combining (1.19) and (1.23) we get for the derivative Ĵ ′(u) ∈ U at u ∈ Ûad the

formula

Ĵ ′(u)uδ =

∫ T

0

m∑
i=1

(
σiui(t)− γc 〈bi, p(t)〉L2(Γc)

)
uδi (t) dt (1.24)
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for every uδ ∈ U with p = p̂ + A1u and therefore the gradient ∇Ĵ (u) ∈ U – the

Riesz representant of Ĵ ′(u) – reads

∇Ĵ (u)(·) =
(
σiui(·)− γc 〈bi, p(·)〉L2(Γc)

)
1≤i≤m (1.25)

with p = p̂+A1u.

1.3 The virtual control approach

At first, we set W = L2(0, T ;H) ' L2(Q), identifying, throughout the thesis, the

spaces L2(0, T ;H) and L2(Q) and the dual W′ with W. Moreover, let y ∈ W (0, T ) be

given and E : W (0, T )→W the canonical linear and bounded embedding operator.

To simplify the notation all through the thesis we indicate with y the solution

y ∈ W (0, T ) itself and its embedded value Ey in W. Let ε > 0 be chosen and w ∈W

an additional (artificial) control. Then, (1.15c) is replaced by the mixed constraints

ya(t,x) ≤ y(t,x) + εw(t,x) ≤ yb(t,x) a.e. in QT .

We introduce the Hilbert space

X = W (0, T )× U×W

endowed with the common product topology. The set of admissible solutions is given

by

Xad =
{

(x = (y, u, w) ∈ X
∣∣ y = ŷ+Su, ya ≤ y+εw ≤ yb, wa ≤ w ≤ wb and u ∈ Uad

}
where wa, wb ∈ R and wa < 0 < wb. Let us mention that, for this problem, we

do not explicitly indicate the dependence on ε, in order to simplify the notation

and avoid confusion with Section 1.3.3, where this dependence is indicated for the

general virtual control approach. The quadratic cost functional J : X→ R is given

by

J(x) =
σQ
2

∫ T

0

‖y(t)− yQ(t)‖2
H dt+

σT
2
‖y(T )− yT‖2

H

+
1

2

m∑
i=1

σi ‖ui‖2
L2(0,T ) +

σw
2
‖w‖2

W
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for x = (y, u, w) ∈ X. Moreover, the optimal control problem is

min J(x) subject to (s.t.) x ∈ Xad. (P)

Also problem (P) can be formulated as pure control constrained problem. Recalling

that ŷa = ya − ŷ ∈W and ŷb = yb − ŷ ∈W, (1.15c) can be formulated equivalently

in the variables u and w as follows:

ŷa(t,x) ≤ (Su)(t,x) + εw(t,x) ≤ ŷb(t,x) a.e. in QT .

We define Z = U×W and introduce the bounded and linear mapping T : Z→ Z

z = (u,w) 7→ T (z) =

(
u

εw + Su

)
=

(
IU 0

S εIW

)(
u

w

)
, (1.26)

where IU : U → U and IW : W → W stand for the identity operators in U and W,

respectively. Notice that T is invertible and T −1 is explicitly given as

T −1(u,w) =

(
IU 0

−ε−1S ε−1IW

)(
u

w

)
=

(
u

1
ε

(w− Su)

)
(1.27)

for all z = (u,w) ∈ Z. In fact, we have

T −1(T (u,w)) =

(
IU 0

−ε−1S ε−1IW

)(
u

εw + Su

)
=

(
u

w

)
for all z = (u,w) ∈ Z and vice versa. Furthermore, we find

T ? =

(
IU S?
0 εIW

)
: Z→ Z, (1.28)

and

T −? =

(
IU −ε−1S?
0 ε−1IW

)
: Z→ Z, (1.29)

where we set T −? = (T ?)−1.

Remark 1.22. Due to the simplification of the notation omitting the embedding

operator E : W (0, T ) → W, it is important to remark that we do not indicate the

term E in the definition of the operator T . For the sake of completeness, we report

the operators T and its adjoint T ? including the omitted operator E:

T =

(
IU 0

ES εIW

)
, T ? =

(
IU S?E?
0 εIW

)
.

This simplification has to be taken in account dealing with operator T and T ?. ♦
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Remark 1.23. The operator S? : W0(0, T )′ → U denote the dual operator of S and

it satisfies

〈S?g, u〉U = 〈g,Su〉W (0,T )′,W (0,T ) for all (g, u) ∈ W (0, T )′ × U.

Then, it follows from [127, Lemma 2.4] that for u ∈ Uad the state y = ŷ + Su and

the adjoint p = p̂+A1u satisfy

B?
(
p(t)

)
=
(
S?
(
Ξ(yQ, yT )−Θ(y)

))
(t) =

(
S?
(
Ξ(ŷQ, ŷT )−Θ(Su)

))
(t) ∈ Rm,

where Ξ : L2(0, T ;H)×H → W (0, T )′ and Θ : W (0, T )→ W (0, T )′ are given by

〈Ξ(χ1, χ2), ϕ〉W (0,T )′,W (0,T ) = σQ 〈χ1, ϕ〉L2(0,T ;H) + σT 〈χ2, ϕ(T )〉H ,

〈Θ(χ), ϕ〉W (0,T )′,W (0,T ) = σQ 〈χ, ϕ〉L2(0,T ;H) + σT 〈χ(T ), ϕ(T )〉H
for χ, ϕ ∈ W (0, T ) and (χ1, χ2) ∈ L2(0, T ;H) × H. In particular, we have

B?(p̂(t)) = (S?Ξ(ŷQ, ŷT ))(t). ♦

With za = (ua, ŷa), zb = (ub, ŷb) ∈ Z we define the closed, convex set of

admissible controls as

Zad =
{
z = (u,w) ∈ Z

∣∣ za ≤ T (z) ≤ zb, wa ≤ w ≤ wb

}
.

Moreover, we introduce the reduced cost functional

Ĵ(z) = J(ŷ + Su, u, w)

=
σQ
2

∫ T

0

‖(Su)(t)− ŷQ(t)‖2
H dt+

σT
2
‖(Su)(T )− ŷT‖2

H

+
1

2

m∑
i=1

σi ‖ui‖2
L2(0,T ) +

σw
2
‖w‖2

W.

Then, (P) is equivalent to the following reduced problem:

min Ĵ(z) s.t. z ∈ Zad. (P̂)

Lemma 1.24. Let Assumptions 1.1, 1.12 and 1.14 be satisfied. Then, for all ε ≥ 0,

z̃ = (ũ, 0) is feasible for (P̂) with ũ feasible point for (P̂).

Proof. Since ũ is a feasible point for (P̂), it satisfies uai(t) ≤ ũi(t) ≤ ubi(t) a.e. in

[0, T ] for i = 1, . . . ,m. Moreover, by assumption wa < 0 < wb. Furthermore,

ŷa < ŷa + τ ≤ Sũ = Sũ+ ε0 ≤ ŷb − τ < ŷb,

which proves the claim.
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Theorem 1.25. Let Assumptions 1.1, 1.12 and 1.14 hold. Then, there exists a

unique (ūε, w̄ε) optimal solution of (P̂) for every ε > 0.

Proof. The existence of a feasible point is proved in Lemma 1.24. The set Zad is

also convex and close; cf. [64]. Moreover, σi > 0 for all i = 1, . . . ,m, therefore we

can again apply Theorem 1.43 in [67, pp.53-54] that completes the proof.

1.3.1 First-order optimality conditions

Theorem 1.26. Let Assumptions 1.1, 1.12 and 1.14 hold. Suppose that z̄ε =

(ūε, w̄ε) ∈ Zad is the solution to (P̂) with associated optimal state ȳε = ŷ + Sūε.
Then, there exist unique Lagrange multipliers p̄ε ∈ W (0, T ) and β̄ε, ϑ̄ε ∈ W,

ᾱε = (ᾱεi )1≤i≤m ∈ U satisfying the dual equations

− d

dt
〈p̄ε(t), ϕ〉H + a(t;ϕ, p̄ε(t)) = σQ 〈(yQ − ȳε)(t), ϕ〉H − 〈β̄

ε(t), ϕ〉H ,

p̄ε(T ) = σT
(
yT − ȳε(T )

)
− β̄ε(T )

(1.30)

for all ϕ ∈ V and a.e. in [0, T ] and the optimality system

σiū
ε
i − γc

∫
Γc

bip̄
ε ds + ᾱεi = 0 in L2(0, T ) for i = 1, . . . ,m, (1.31a)

σww̄
ε + εβ̄ε + ϑ̄ε = 0 in W. (1.31b)

Moreover,

β̄ε = max
{

0, β̄ε + η(ȳε + εw̄ε − yb)
}

+ min
{

0, β̄ε + η(ȳε + εw̄ε − ya
}
, (1.31c)

ᾱεi = max
{

0, ᾱεi + ηi(ū
ε
i − ubi)

}
+ min

{
0, ᾱεi + ηi(ū

ε
i − uai)

}
, (1.31d)

ϑ̄ε = max
{

0, ϑ̄ε + ηw(w̄ε − wb)
}

+ min
{

0, ϑ̄ε + ηw(w̄ε − wa)
}

(1.31e)

for i = 1, . . . ,m and for arbitrarily chosen η, ηw, η1, . . . , ηm > 0, where the max- and

min-operations are interpreted componentwise in the pointwise everywhere sense.

Proof. The proof of this result can be obtained following, e.g., [67, 126].

Remark 1.27. 1) Note that (1.31c) is a NCP function based reformulation of

the complementarity system

β̄εa ≥ 0, ya − ȳε − εw̄ε ≤ 0, 〈β̄εa , ya − ȳε − εw̄ε〉W = 0,

β̄εb ≥ 0, ȳε + εw̄ε − yb ≤ 0, 〈β̄εb, ȳε + εw̄ε − yb〉W = 0
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with β̄ε = β̄εb − β̄εa ∈ W. Analogously, (1.31d) is a NCP function based

reformulation as stated also in Remark 1.19. Furthermore, (1.31e) is a NCP

function based reformulation of the complementarity system

ϑ̄εa ≥ 0, wa − w̄ε ≤ 0, 〈ϑ̄εa, wa − w̄ε〉W = 0,

ϑ̄εb ≥ 0, w̄ε − wb ≤ 0, 〈ϑ̄εb, w̄ε − wb〉W = 0

with ϑ̄ε = ϑ̄εb − ϑ̄εa ∈W.

2) For given β ∈W we define p = A2β ∈ W (0, T ), which uniquely solves

− d

dt
〈p(t), ϕ〉H + a(ϕ, p(t)) = −〈β(t), ϕ〉H for all ϕ ∈ V a.e. in [0, T ),

p(T ) = −β(T ) in H.

In particular, the solution p̄ε to (1.30) is given by p̄ε = p̂ + A1ū
ε + A2β̄

ε ∈
W (0, T ), where the quantities p̂ and A1 are defined in Remark 1.20. ♦

It follows from Theorem 1.26 that the first-order conditions for (P̂) can be

equivalently written as the nonsmooth nonlinear system

σiū
ε
i − γc

∫
Γc

bip̄
ε ds + ᾱεi = 0, i = 1, . . . ,m, (1.32a)

σww̄
ε + εβ̄ε + ϑ̄ε = 0, (1.32b)

ᾱεi = max
{

0, ᾱεi + ηi(ū
ε
i − ubi)

}
+ min

{
0, ᾱεi + ηi(ū

ε
i − uai)

}
, (1.32c)

β̄ε = max
{

0, β̄ε + η(ȳε + εw̄ε − yb)
}

+ min
{

0, β̄ε + η(ȳε + εw̄ε − ya)
}
, (1.32d)

ϑ̄ε = max
{

0, ϑ̄ε + ηw(w̄ε − wb)
}

+ min
{

0, ϑ̄ε + ηw(w̄ε − wa)
}
, (1.32e)

with the unknowns ūε, w̄ε, ᾱε, β̄ε and ϑ̄ε and the dependent variables ȳε = ŷ+Sūε,
p̄ε = p̂+A1ū

ε +A2β̄
ε.

1.3.2 Gradient of the reduced cost functional

Suppose that we choose an arbitrary z = (u,w) ∈ Zad. Then we set y = ŷ + Su
and p = p̂+A1u. It follows by standard arguments that the reduced cost functional

is Fréchet-differentiable. In particular, we have for any direction zδ = (uδ, wδ) ∈ Z

Ĵ ′(z)zδ = Ĵu(z)uδ + Ĵw(z)wδ

= Jy(y, u, w)Suδ + Ju(y, u, w)uδ + Jw(y, u, w)wδ.
(1.33)
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Note that

Ju(y, u, w)uδ =

∫ T

0

m∑
i=1

σiui(t)u
δ
i (t) dt,

Jw(y, u, w)wδ =

∫ T

0

σw 〈w(t), wδ(t)〉H dt.

(1.34)

Moreover, setting yδ = Suδ ∈ W0(0, T ) we derive

Jy(y, u, w)Suδ =

∫ T

0

σQ 〈y(t)− yQ(t), yδ(t)〉H dt

+ σT 〈y(T )− yT , yδ(T )〉H .
(1.35)

Lemma 1.28. Suppose that z = (u,w) ∈ Zad, y = ŷ + Su and p = p̂ + A1u.

Moreover, yδ = Suδ for uδ ∈ U. Then,∫ T

0

σQ 〈(y − yQ)(t), yδ(t)〉H dt

= σT 〈yT − y(T ), yδ(T )〉H −
∫ T

0

m∑
i=1

γcu
δ
i (t) 〈bi, p(t)〉L2(Γc)

dt.

Proof. This lemma can be proven similarly to Lemma 1.21.

From Lemma 1.28, (1.35) and (1.2) we infer that

Jy(y, u, w)Suδ = −
∫ T

0

m∑
i=1

γcu
δ
i (t) 〈bi, p(t)〉L2(Γc)

dt

= −〈B?p, uδ〉L2(0,T ;V ′),L2(0,T ;V ).

(1.36)

Combining (1.34) and (1.36) we get for the derivative Ĵ ′(z) ∈ Z′ at z = (u,w) ∈ Zad

the formula

Ĵ ′(z)zδ =

∫ T

0

m∑
i=1

(
σiui(t)− γc 〈bi, p(t)〉L2(Γc)

)
uδi (t) dt

+

∫ T

0

σw 〈w(t), wδ(t)〉H dt.

(1.37)

for every zδ = (uδ, wδ) ∈W with p = p̂+A1u. Moreover, the gradient ∇Ĵ(z) ∈ Z –

the Riesz representant of Ĵ ′(z) – reads

(∇Ĵ(z))(·) =

( (
σiui(·)− γc 〈bi, p(·)〉L2(Γc)

)
1≤i≤m

σww(·)

)
. (1.38)

with p = p̂+A1u.
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1.3.3 Regularization Error

The strategy introduced in Section 1.3 belongs to a general setting known as

virtual control approach; cf. [83]. Starting from the problem (1.15) one can consider

the generalized problem

minJ ε(y, u, w) :=
σQ
2

∫ T

0

‖y(t)− yQ(t)‖2
H dt+

σT
2
‖y(T )− yT‖2

H

+
1

2

m∑
i=1

σi‖ui‖2
L2(0,T ) +

κ1(ε)

2
‖w‖2

W

(1.39a)

subject to the modified state equations

yt(t,x)− λ∆y(t,x) + v(t,x) · ∇y(t,x) = κ2(ε)w(t,x) a.e. in Q,

λ
∂y

∂n
(t, s) + γcy(t, s) = γc

m∑
i=1

ui(t)bi(s) a.e. on Σc,

λ
∂y

∂n
(t, s) + γoy(t, s) = γoyout(t) a.e. on Σo,

y(0,x) = y◦(x), a.e. in Ω

(1.39b)

and to the modified inequality constraints

uai(t) ≤ ui(t) ≤ ubi(t) a.e. in [0, T ] for i = 1, . . . ,m, (1.39c)

ya(t,x) ≤ y(t,x) + κ3(ε)w(t,x) ≤ yb(t,x) a.e. in QT , (1.39d)

wa ≤ w(t,x) ≤ wb a.e. in QT , (1.39e)

where wa, wb ∈ R and κ1, κ2 and κ3 are chosen non-negative continuous functions

defined for ε ≥ 0. As in Section 1.3, we can assume without loss of generality that

wa < 0 and wb > 0. In [83] convergence of a solution x̄ε = (ȳε, ūε, w̄ε) ∈ X of

(1.39) to a solution x̄ = (ȳ, ū, 0) ∈ X of (1.15) is proved for ε→ 0 in the case of an

elliptic state equation and unilateral state constraints. In this section, we extend

the arguments in [83] to our parabolic setting and to bilateral state constraints.

Remark 1.29. We introduce the time-dependent linear operator W(t) : V → V ′

〈W(t), ϕ〉V ′,V = κ2(ε)

∫
Ω

w(t)ϕdx. (1.40)

For fixed ε ≥ 0 and wa ≤ w ≤ wb, the mapping W belongs to L2(0, T ;V ′), in fact
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for every ϕ ∈ L2(0, T ;V )∫ T

0

〈W(t), ϕ(t)〉V ′,V dt =

∫ T

0

∫
Ω

κ2(ε)w(t)ϕ(t) dx dt

≤ κ2(ε)

∫ T

0

‖w(t)‖H‖ϕ(t)‖H dt.

Choosing cW = κ2(ε) max(|wa|, wb)
(∫

Ω
dx
)1/2

, we have that

‖W‖L2(0,T ;V ′) = sup
‖ϕ‖L2(0,T ;V )=1

∫ T

0

〈W(t), ϕ(t)〉V ′,V dt ≤ cW,

which proves the claim. The weak formulation of (1.39b) is the following:

d

dt
〈y(t), ϕ〉H + a(t; y(t), ϕ) = 〈F(t) + W(t) + B(u(t)), ϕ〉V ′,V

for all ϕ ∈ V a.e. in (0, T ],

y(0) = y◦ in H.

(1.41)

If Assumption 1.1 is satisfied, (1.41) admits a unique weak solution yε = ŷ + Su +

S̃(κ2(ε)w), where S̃ : W → W0(0, T ) is the linear solution operator such that for

q ∈W the function y = S̃q solves in a weak sense

yt(t,x)− λ∆y(t,x) + v(t,x) · ∇y(t,x) = q(t,x) a.e. in Q,

λ
∂y

∂n
(t, s) + γcy(t, s) = 0 a.e. on Σc,

λ
∂y

∂n
(t, s) + γoy(t, s) = 0 a.e. on Σo,

y(0,x) = 0 a.e. in Ω.

(1.42)

Clearly, yε = ŷ + Su + S̃(κ2(ε)w) solves (1.41) and y = ŷ + Su + S̃(κ2(ε)0) solves

(1.3). Moreover, if y is the solution of (1.41), it satisfies the estimate

‖y‖W (0,T ) ≤ Cy
(
‖y◦‖H + ‖yout‖L2(0,T ) + ‖u‖U + κ2(ε)‖w‖W

)
for a constant Cy ≥ 0 which is independent of y◦, yout, u, ε and w. ♦

We can now define the reduced cost functional

Ĵ ε(u,w) := J ε(yε(u,w), u, w)

=
σQ
2

∫ T

0

‖(Su+ κ2(ε)S̃w)(t)− ŷQ(t)‖2
H dt+

1

2

m∑
i=1

σi‖ui‖2
L2(0,T )

+
σT
2
‖(Su+ κ2(ε)S̃w)(T )− ŷT‖2

H +
κ1(ε)

2
‖w‖2

W
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and the admissible set

Zεad =
{
z = (u,w) ∈ U×W|uai(t) ≤ ui(t) ≤ ubi(t), i = 1, . . . ,m and a.e. in [0, T ],

ŷa ≤ Su+ κ2(ε)S̃w + κ3(ε)w ≤ ŷb a.e. in QT , wa ≤ w ≤ wb a.e. in QT

}
,

respectively. Thus, (1.39) is equivalent to

min Ĵ ε(z) s.t. z ∈ Zεad (P̂ε)

From now on we follow [83], in order to apply their results to (P̂ε).

Lemma 1.30. Let Assumption 1.14 be satisfied. Then, for all ε ≥ 0, z̃ = (ũ, 0) is

feasible for (P̂ε) with ũ feasible point for (P̂).

Proof. To get the claim, we can proceed as in the proof of Lemma 1.24.

Applying again standard arguments [67, 92], one can prove that there exist a

unique optimal solution z̄ε = (ūε, w̄ε) ∈ Zεad to (P̂ε). The uniqueness follows from

the strict convexity property of the reduced cost functional Ĵ ε on Zεad.

Remark 1.31. If we choose κ1(ε) = σw, κ2(ε) = 0 and κ3(ε) = ε, for fixed ε > 0

problem (P̂ε) and problem (P̂) coincide. Therefore, as already said, problem (P̂)

belongs to the general class of virtual control approach problems. We can follow the

proof in [83] to prove convergence of our method in the parabolic setting. ♦

To proceed, we want to have an estimation for the term S̃w̄ε. For this purpose,

we apply Lemma 1.8 to (1.42) with q = κ2(ε)w. In fact, since for fixed ε > 0,

wa ≤ w̄ε(t,x) ≤ wb a.e in Q we have that w̄ε ∈ L∞(Q) ⊂ Lr(Q) for all r ∈ [1,+∞)

and therefore in particular it holds for r > d/2 + 1. Clearly, 0 ∈ Ls(Σc), 0 ∈ Ls(Σo)

for all s ≥ 1 and y◦ = 0 ∈ C(Q), thus we have that y = κ2(ε)S̃w̄ε ∈ W (0, T )∩C(Q)

and the following estimate holds true for r > d/2 + 1:

κ2(ε)
(
‖S̃w̄ε‖W (0,T ) + ‖S̃w̄ε‖C(Q)

)
≤ Cκ2(ε)‖w̄ε‖Lr(Q). (1.43)

First-order optimality conditions

Similarly to Section 1.3.1, we can derive the first-order optimality conditions

and the dual equation for (P̂ε). They are resumed in the following theorem:
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Theorem 1.32. Let Assumptions 1.1, 1.12 and 1.14 hold. Let z̄ε = (ūε, w̄ε) ∈ Zεad
be the solution to (P̂ε) with associated optimal state ȳε = ŷ+Sūε+S̃w̄ε. Then, there

exist unique Lagrange multipliers p̄ε ∈ W (0, T ) and β̄ε, ϑ̄ε ∈W, ᾱε = (ᾱεi )1≤i≤m ∈ U

satisfying the dual equations

− d

dt
〈p̄ε(t), ϕ〉H + a(t;ϕ, p̄ε(t)) = σQ 〈yQ(t)− ȳε(t), ϕ〉H − 〈β̄

ε(t), ϕ〉H
p(T ) = σT (yT − ȳε(T ))− β̄ε(T )

(1.44)

for all ϕ ∈ V and a.e in [0, T ] and the optimality system

σiū
ε
i − γc

∫
Γc

bip̄
ε ds + ᾱεi = 0 in L2(0, T ) for i = 1, . . . ,m,

κ1(ε)w̄ε + κ3(ε)β̄ε + ϑ̄ε = κ2(ε)p̄ε in W.

(1.45)

Moreover,

β̄ε = max
{

0, β̄ε + η(ȳε + κ3(ε)w̄ε − yb)
}

(1.46a)

+ min
{

0, β̄ε + η(ȳε + κ3(ε)w̄ε − ya
}
,

ᾱεi = max
{

0, ᾱεi + ηi(ū
ε
i − ubi)

}
+ min

{
0, ᾱεi + ηi(ū

ε
i − uai)

}
(1.46b)

ϑ̄ε = max
{

0, ϑ̄ε + ηw(w̄ε − wb)
}

+ min
{

0, ϑ̄ε + ηw(w̄ε − wa)
}

(1.46c)

for i = 1, . . . ,m and for arbitrarily chosen η, ηw, η1, . . . , ηm > 0.

Proof. The proof of this result can be obtained following, e.g., [67, 126].

Remark 1.33. We define the linear and bounded operator A3 : W → W (0, T ) as

follows: p = A3w is the unique solution to

− d

dt
〈p(t), ϕ〉H + a(t;ϕ, p(t)) = −σQ 〈(S̃w)(t), ϕ〉H

p(T ) = −σT (S̃w)(T )

for all ϕ ∈ V , a.e. in [0, T ] and for given w ∈W. Thus, the solution to (1.44) can

be expressed as p̄ε = p̂+A1ū
ε +A2β̄

ε +A3w̄
ε. ♦

In what follows, we derive the reduced gradient of Ĵ ε. The procedure is similar

to the one applied in Section 1.3.2, but we need to precise small details. We start

from problem (P̂ε) and suppose that we choose an arbitrary z = (u,w) ∈ Zεad. Then

we set y = ŷ + Su+ S̃w and p = p̂+A1u+A3w. It follows by standard arguments
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that the reduced cost functional Ĵ ε is Fréchet-differentiable. In particular, we have

for any direction zη = (uη, wη) ∈ Z

(
Ĵ ε
)′

(z)zη = ∂uĴ ε(z)uη + ∂wĴ ε(z)wη

= ∂yJ ε(y, u, w)(Suη + S̃wη) + ∂uJ ε(y, u, w)uη + ∂wJ ε(y, u, w)wη.
(1.47)

Note that

∂uJ ε(y, u, w)uη =

∫ T

0

m∑
i=1

σiui(t)u
η
i (t) dt,

∂wJ ε(y, u, w)wη = κ1(ε)

∫ T

0

〈w(t), wη(t)〉H dt.

(1.48)

Moreover, setting yη = Suη + S̃wη ∈ W0(0, T ) we derive

∂yJ ε(y, u, w)(Suη + S̃wη) =

∫ T

0

σQ 〈y(t)− yQ(t), yη(t)〉H dt

+ σT 〈y(T )− yT , yη(T )〉H .
(1.49)

Lemma 1.34. Suppose that z = (u,w) ∈ Zεad, y = ŷ + Su + S̃w and p =

p̂+A1u+A3w. Moreover, yη = Suη + S̃wη for (uη, wη) ∈ Z. Then,

∫ T

0

σQ 〈(y − yQ)(t), yη(t)〉H dt

= −
∫ T

0

κ2(ε)〈wη(t), p(t)〉H +
m∑
i=1

γcu
η
i (t) 〈bi, p(t)〉L2(Γc)

dt

+ σT 〈yT − y(T ), yη(T )〉H .

Proof. First we notice that p and yη satisfy the following equations:

∫ T

0

−〈pt(t), ϕ(t)〉V ′,V + a(t;ϕ(t), p(t)) dt

=

∫ T

0

σQ 〈(yQ − y)(t), ϕ(t)〉H dt for all ϕ ∈ W (0, T ),

(1.50a)

p(T ) = σT
(
yT − y(T )

)
in H (1.50b)
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and ∫ T

0

〈yηt (t), ϕ(t)〉V ′,V + a(t; yη, ϕ(t))− κ2(ε)〈wη(t), ϕ(t)〉H dt

=

∫ T

0

γc

m∑
i=1

uηi (t) 〈bi, ϕ(t)〉L2(Γc)
dt for all ϕ ∈ W (0, T ),

(1.51a)

yη(0) = 0 in H. (1.51b)

Thus, choosing ϕ = yη in (1.50a), ϕ = p in (1.51a), applying integration by parts

and using (1.50b) and (1.51b), we find that∫ T

0

σQ 〈(y − yQ)(t), yη(t)〉H dt

=

∫ T

0

〈pt(t), yη(t)〉V ′,V − a(t; yη(t), p(t)) dt

=

∫ T

0

−〈yηt (t), p(t)〉V ′,V − a(t; yη(t), p(t)) dt+ 〈p(T ), yη(T )〉H − 〈p(0), yη(0)〉H

= −
∫ T

0

〈yηt (t), p(t)〉V ′,V + a(t; yη(t), p(t)) dt+ σT 〈yT − y(T ), yη(T )〉H

= −
∫ T

0

κ2(ε)〈wη(t), p(t)〉H +
m∑
i=1

γcu
η
i (t) 〈bi, p(t)〉L2(Γc)

dt

+ σT 〈yT − y(T ), yη(T )〉H

which is the claim.

From Lemma 1.34, (1.49) and (1.2) we infer that

∂yJ ε(y, u, w)(Suη + S̃wη) = −〈κ2(ε)p, wη〉W − 〈B?p, uη〉U. (1.52)

Combining (1.48) and (1.52) we get for the derivative
(
Ĵ ε
)′

(z) ∈ Z′ at z = (u,w) ∈
Zad the formula

(
Ĵ ε
)′

(z)zη =

∫ T

0

m∑
i=1

(
σiui(t)− γc 〈bi, p(t)〉L2(Γc)

)
uηi (t) dt

+

∫ T

0

〈κ1(ε)w(t)− κ2(ε)p(t), wη(t)〉H dt.

(1.53)
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for every zη = (uη, wη) ∈ Z with p = p̂ + A1u + A3w. Moreover, the gradient

∇Ĵ ε(z) ∈ Z – the Riesz representant of Ĵ ε′(z) – reads

∇Ĵ ε(z) =

( (
σiui(·)− γc 〈bi, p(·)〉L2(Γc)

)
1≤i≤m

κ1(ε)w(·)− κ2(ε)p(·)

)
. (1.54)

with p = p̂+A1u+A3w. Furthermore, following, e.g., [67] and in [126], we have:

Theorem 1.35 (Variational Inequalities). ū ∈ Ûad is an optimal solution for (P̂)

if and only if the variational inequality

〈Ĵ ′(ū), u− ū〉U ≥ 0 for all u ∈ Ûad (1.55)

is satisfied. Moreover, z̄ε = (ūε, w̄ε) ∈ Zεad is an optimal solution to (P̂ε) if and only

if the following variational inequality〈 (
Ĵ ε
)′

(z̄ε), z − z̄ε
〉
Z
≥ 0 for all z ∈ Zεad (1.56)

holds true.

Remark 1.36. According to Section 1.2.2, the inequality (1.55) is equivalent to

〈 σ1ū1

...

σmūm

− B?p̄, u− ū〉
U

≥ 0 for all u ∈ Ûad (1.57)

and p̄ = p̂+A1ū. Moreover, according to (1.53), (1.56) is equivalent to

〈 σ1ū
ε
1

...

σmū
ε
m

− B?p̄ε, u− ūε〉
U

+ 〈κ1(ε)w̄ε − κ2(ε)p̄ε, w − w̄ε〉W ≥ 0 (1.58)

for all z = (u,w) ∈ Zεad and p̄ε = p̂+A1ū
ε +A3w̄

ε. ♦

Convergence and error estimate

In general, ūε may not be feasible for (P̂). Then, to derive the main result of

this section, we need the next two lemmas:
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Lemma 1.37. Let κ2(ε) > 0 hold true. For every ε > 0 there exists a constant

C > 0 such that the estimate

‖S̃w̄ε‖C(Q) ≤ C (1.59)

is satisfied.

Proof. Starting from (1.43), we obtain

‖S̃w̄ε‖C(Q) ≤ C1‖w̄ε‖Lr(Q)

with r > d/2 + 1. We are now interested to estimate ‖w̄ε‖Lr(Q):

‖w̄ε‖Lr(Q) =
(∫ T

0

∫
Ω

|w̄ε(t,x)|r dx dt
)1/r

≤ max(|wa|, wb)(TΛ(Ω))1/r = C2

with Λ(Ω) the finite Lebesgue-measure of the bounded domain Ω. Clearly,

‖S̃w̄ε‖C(Q) ≤ C1C2 = C,

so that the lemma is proved.

Lemma 1.38. Let ũ satisfy Assumption 1.14 and let (ūε, w̄ε) ∈ Zεad be the optimal

solution of (P̂ε) for fixed ε > 0. Moreover, let Assumptions 1.1 and 1.12 hold.

Then, for every ε > 0 there exists a δε ∈ (0, 1), such that uδ = (uδi)1≤i≤m, where

uδi := (1− δ)ūεi + δũi for i = 1, . . . ,m, is feasible for (P̂) for every δ ∈ [δε, 1].

Proof. Since the control constraints of the problems (P̂) and (P̂ε) are equal, the

convex combination uδ of ūε and ũ also satisfies the constraints

uai(t) ≤ uδi(t) ≤ ubi(t) a.e. in [0, T ] and for i = 1, . . . ,m.

In order to make uδ feasible for (P̂), we assume that wδ ≡ 0. Then, according to

Remark 1.29, we have that

yδ = Suδ = (1− δ)ȳε + δỹ − (1− δ)κ2(ε)S̃w̄ε,

with ỹ := Sũ. Since we want to prove that ŷa ≤ yδ ≤ ŷb for all δ ∈ [δε, 1], we recall

that ŷa ≤ ȳε + κ3(ε)w̄ε ≤ ŷb and ŷa + τ ≤ ỹ ≤ ŷb − τ . At first, we prove the left

inequality:

yδ = (1− δ)ȳε + δỹ − (1− δ)κ2(ε)S̃w̄ε

≥ (1− δ)(ŷa − κ3(ε)w̄ε) + δŷa + δτ − (1− δ)κ2(ε)S̃w̄ε

= ŷa + δτ − (1− δ)(κ2(ε)S̃w̄ε + κ3(ε)w̄ε).
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Since wa ≤ w̄ε(t,x) ≤ wb a.e. in QT , we have κ3(ε)w̄ε ≤ κ3(ε)wb. Using (1.59) we

obtain

κ2(ε)S̃w̄ε + κ3(ε)w̄ε ≤ κ3(ε)wb + κ2(ε)C.

We define κ4(ε) = κ3(ε)wb + κ2(ε)C. If δτ − (1 − δ)κ4(ε) ≥ 0, we have yδ ≥ ŷa.

Recalling that we suppose wb > 0, note that κ4(ε) ≥ 0 for every ε > 0. Thus, for

now we can choose

δε =
κ4(ε)

κ4(ε) + τ
. (1.60)

We need still to find a δε such that yδ ≤ ŷb for all δ ∈ [δε, 1]. As before,

yδ = (1− δ)ȳε + δỹ − (1− δ)κ2(ε)S̃w̄ε

≤ (1− δ)(ŷb − κ3(ε)w̄ε) + δŷb − δτ − (1− δ)κ2(ε)S̃w̄ε

= ŷb − δτ − (1− δ)(κ2(ε)S̃w̄ε + κ3(ε)w̄ε).

Using the fact that κ3(ε)w̄ε ≥ κ3(ε)wa and (1.59), we get

κ2(ε)S̃w̄ε + κ3(ε)w̄ε ≥ κ3(ε)wa − κ2(ε)C.

We define κ5(ε) = κ3(ε)wa − κ2(ε)C. If δτ + (1 − δ)κ5(ε) ≥ 0, we find yδ ≤ ŷb.

Recalling that we suppose wa < 0, note that κ5(ε) ≤ 0 for every ε > 0. To

summarize, we can choose

δε = max
( κ4(ε)

κ4(ε) + τ
,
−κ5(ε)

τ − κ5(ε)

)
(1.61)

and (uδ, yδ) is feasible for (P̂) for all δ ∈ [δε, 1].

We are ready to prove the main result of this section:

Theorem 1.39. Let (ȳ, ū) ∈ W (0, T ) × U and (ȳε, ūε, w̄ε) ∈ X be the optimal

solution of (P̂) and (P̂ε), respectively. Then, there exist positive constants C1 and

C2 independent of ε such that

σQ

∫ T

0

‖ȳ(t)− ȳε(t)‖2
Hdt+ σT‖ȳ(T )− ȳε(T )‖2

H+

+
m∑
i=1

σi

∫ T

0

|ūi(t)− ūεi (t)|2 dt ≤ C1δ
ε + C2

κ2(ε)2

κ1(ε)

(1.62)

with δε defined as in (1.61).
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Proof. Due to Lemma 1.30, the pair (ū, 0) is feasible for (P̂ε). Thus, we can choose

it as test function for the variational inequality (1.58) and obtain that

〈 σ1ū
ε
1

...

σmū
ε
m

− B?p̄ε, ū− ūε〉
U

+ 〈κ1(ε)w̄ε − κ2(ε)p̄ε,−w̄ε〉W ≥ 0 (1.63)

holds true with p̄ε = p̂ + A1ū
ε + A3w̄

ε. Moreover, choosing δε and uδ as in

Lemma 1.38, we have that uδ ∈ Ûad for δ ∈ [δε, 1]. Consequently, uδ can be used as

test function in the variational inequality (1.57) to get

0 ≤
〈 σ1ū1

...

σmūm

−B?p̄, uδ−ū〉
U

=

〈 σ1ū1

...

σmūm

−B?p̄, uδ−ūε+ūε−ū〉
U

(1.64)

for all δ ∈ [δε, 1] and p̄ = p̂ +A1ū. Adding (1.63) and (1.64) and rearranging their

terms, we find

〈B?(p̄− p̄ε), ū− ūε〉U +
m∑
i=1

σi〈ūi − ūεi , ūεi − ūi〉L2(0,T )+

+

〈 σ1ū1

...

σmūm

− B?p̄, uδ − ūε〉
U

+ 〈κ1(ε)w̄ε − κ2(ε)p̄ε,−w̄ε〉W ≥ 0.

(1.65)

For the first term of (1.65) we have

〈B?(p̄− p̄ε), ū− ūε〉U = 〈B(ū− ūε), p̄− p̄ε〉L2(0,T ;V ′),L2(0,T ;V )

=

∫ T

0

〈B(ū(t)− ūε(t)), p̄(t)− p̄ε(t)〉V ′,V dt

=

∫ T

0

d

dt
〈ȳ(t)− ȳε(t), p̄(t)− p̄ε(t)〉H dt

+

∫ T

0

a(t; ȳ(t)− ȳε(t), p̄(t)− p̄ε(t)) dt

+

∫ T

0

κ2(ε)〈w̄ε(t), p̄(t)− p̄ε(t)〉H dt

(1.66)

according to (1.3) and (1.41). Using the fact that p̄ε(T ) = σT (yT − ȳε(T )) and
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p̄(T ) = σT (yT − ȳ(T )) together with integration by parts, we obtain∫ T

0

d

dt
〈ȳ(t)− ȳε(t), p̄(t)− p̄ε(t)〉H dt

=

∫ T

0

〈∂t(ȳ(t)− ȳε(t)), p̄(t)− p̄ε(t)〉V ′,V dt

=

∫ T

0

−〈∂t(p̄(t)− p̄ε(t)), ȳ(t)− ȳε(t)〉V ′,V dt+ 〈ȳ(T )− ȳε(T ), p̄(T )− p̄ε(T )〉H

=

∫ T

0

− d

dt
〈p̄(t)− p̄ε(t), ȳ(t)− ȳε(t)〉H dt+ σT 〈ȳ(T )− ȳε(T ), ȳε(T )− ȳ(T )〉H .

Then, considering the previous equality and choosing ϕ = ȳ(t) − ȳε(t) in the

respective definitions of p̂, A1 and A3, i.e., in Remarks 1.20 and 1.33, we have∫ T

0

d

dt
〈ȳ(t)− ȳε(t), p̄(t)− p̄ε(t)〉H + a(t; ȳ(t)− ȳε(t), p̄(t)− p̄ε(t)) dt

=

∫ T

0

− d

dt
〈p̄(t)− p̄ε(t), ȳ(t)− ȳε(t)〉H + a(t; ȳ(t)− ȳε(t), p̄(t)− p̄ε(t)) dt

+ σT 〈ȳ(T )− ȳε(T ), ȳε(T )− ȳ(T )〉H

=

∫ T

0

σQ〈ȳε(t)− ȳ(t), ȳ(t)− ȳε(t)〉H dt+ σT 〈ȳ(T )− ȳε(T ), ȳε(T )− ȳ(T )〉H

= −σQ
∫ T

0

‖ȳ(t)− ȳε(t)‖2
H dt− σT‖ȳ(T )− ȳε(T )‖2

H .

Thus, using the previous equality in (1.66), we obtain

〈B?(p̄− p̄ε), ū− ūε〉U = κ2(ε)〈p̄− p̄ε, w̄ε〉W − σT‖ȳ(T )− ȳε(T )‖2
H

− σQ
∫ T

0

‖ȳ(t)− ȳε(t)‖2
H dt.

(1.67)

Inserting (1.67) into (1.65), we get

σQ

∫ T

0

‖ȳ(t)− ȳε(t)‖2
H dt+ σT‖ȳ(T )− ȳε(T )‖2

H +
m∑
i=1

σi‖ūi − ūεi‖2
L2(0,T )

≤
〈 σ1ū1

...

σmūm

− B?p̄, uδ − ūε〉
U

− κ1(ε)‖w̄ε‖2
W + κ2(ε)〈p̄, w̄ε〉W.

(1.68)
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Now we are interested to estimate the terms in the right-hand side of inequality

(1.68). For the first one, we exploit the definition of uδ in Lemma 1.38. Therefore,

〈 σ1ū1

...

σmūm

− B?p̄, uδ − ūε〉
U

=
m∑
i=1

〈σiūi(t)− γc〈bi, p̄(t)〉L2(Γc), uδi − ūεi 〉L2(0,T )

≤
m∑
i=1

‖σiūi(t)− γc〈bi, p̄(t)〉L2(Γc)‖L2(0,T )‖uδi − ūεi‖L2(0,T )

=
m∑
i=1

Ĉi‖δ(ũi − ūεi)‖L2(0,T )

≤
m∑
i=1

Ĉiδ‖ubi − uai‖L2(0,T ),

where we have used the Cauchy-Schwarz inequality, the fact that ũ and ūε satisfy the

control constraints and Ĉi = ‖σiūi(t) − γc〈bi, p̄(t)〉L2(Γc)‖L2(0,T ). Since (1.68) holds

for every δ ∈ [δε, 1], we can choose in particular δ = δε, obtaining

σQ

∫ T

0

‖ȳ(t)− ȳε(t)‖2
H dt+ σT‖ȳ(T )− ȳε(T )‖2

H +
m∑
i=1

σi‖ūi − ūεi‖2
L2(0,T )

≤
m∑
i=1

Ĉiδ
ε‖ubi − uai‖L2(0,T ) − κ1(ε)‖w̄ε‖2

W + κ2(ε)〈p̄, w̄ε〉W.
(1.69)

If κ1(ε), κ2(ε) > 0, we can apply the Cauchy-Schwarz and Young’s inequalities to

get

〈p̄, w̄ε〉W ≤ |〈p̄, w̄ε〉W| ≤
κ2(ε)

4κ1(ε)
‖p̄‖2

W +
κ1(ε)

κ2(ε)
‖w̄ε‖2

W. (1.70)

Setting

C1 =
m∑
i=1

Ĉi‖ubi − uai‖L2(0,T ), C2 =
1

4

∫ T

0

‖p̄(t)‖2
H dt,

we obtain the claim from (1.69) and (1.70). If κ1(ε) > 0 and κ2(ε) = 0 hold1, we

1We do not discuss the case κ1(ε) = 0, since this implies that there is no term depending on

w in Ĵ ε. Therefore, we can not ensure the uniqueness of w, when we solve the state constrained

problem minimizing Ĵ ε.
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can follow step by step the previous proof to obtain

σQ

∫ T

0

‖ȳ(t)− ȳε(t)‖2
H dt+ σT‖ȳ(T )− ȳε(T )‖2

H +
m∑
i=1

σi‖ūi − ūεi‖2
L2(0,T )

≤ C1δ
ε − κ1(ε)‖w̄ε‖2

W.

(1.71)

Considering the fact that −κ1(ε)‖w̄ε‖2
W ≤ 0 in (1.71), we get anyway the claim.

It is also possible to limit the previous constants C1 and C2 by expressions which

contain only data of the problem, as also mentioned in [83], but we do not go further

proving it.

As stated in [83], in practical applications the infeasibility of the regularized

control ūε with respect to (P̂) may cause problems. Thus, following the same idea

of [83] we can prove the same rate of convergence in Theorem 1.39 for uδ. Before

doing this, we need to prove the following lemma:

Lemma 1.40. Let Assumption 1.14 hold. Consider ε > 0, κ1(ε) > 0 and let

(ȳε, ūε, w̄ε) ∈ Zεad be the optimal solution to problem (P̂ε), then the estimation

‖w̄ε‖W ≤
C√
κ1(ε)

(1.72)

holds true for C > 0 constant independent from ε.

Proof. Since (ȳε, ūε, w̄ε) ∈ Zεad is the optimal solution for problem (P̂ε), we have

that
κ1(ε)

2
‖w̄ε‖2

W ≤ J ε(ȳε, ūε, w̄ε) ≤ J ε(ỹ, ũ, 0) = J (ỹ, ũ)

with ũ satisfying the Assumption 1.14 and ỹ = ŷ+Sũ. From the previous inequality,

we can derive the claim with C =
√

2J (ỹ, ũ).

Thus, we can prove the next result:

Corollary 1.41. Let uδ be the control defined in Lemma 1.38 and let the hypotheses

of Lemma 1.38 and Theorem 1.39 be satisfied. Then, for δ = δε there exist positive

constants C̃1 and C̃2 independent of ε, such that the estimate

σQ

∫ T

0

‖ȳ(t)− yδ(t)‖2
Hdt+ σT‖ȳ(T )− yδ(T )‖2

H+

+
m∑
i=1

σi

∫ T

0

|ūi(t)− uδi(t)|2 dt ≤ C̃1δ
ε + C̃2

κ2(ε)2

κ1(ε)

(1.73)

holds true.
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Proof. Using the inequality (a+ b)2 ≤ 2(a2 + b2), we have∫ T

0

‖ȳ(t)− yδ(t)‖2
Hdt ≤ 2

∫ T

0

‖ȳ(t)− ȳε(t)‖2
H + ‖ȳε(t)− yδ(t)‖2

H dt, (1.74a)

‖ȳ(T )− yδ(T )‖2
H ≤ 2‖ȳ(T )− ȳε(T )‖2

H + 2‖ȳε(T )− yδ(T )‖2
H , (1.74b)∫ T

0

|ūi(t)− uδi(t)|2 dt ≤ 2

∫ T

0

|ūi(t)− ūεi (t)|2 + |ūεi (t)− ūδi(t)|2 dt. (1.74c)

At first, we get∫ T

0

|ūεi (t)− ūδi(t)|2 dt ≤ δ2

∫ T

0

|ūεi (t)− ũi(t)|2dt ≤ δ2‖ubi − uai‖2
L2(0,T ), (1.75)

because by construction uδi := (1− δ)ūεi + δũi for i = 1, . . . ,m and by Lemma 1.38

uδ is feasible for (P̂) for every δ ∈ [δε, 1]. Hence, it satisfies the control constraints

as well as ūε and ũ do. Further, it holds that

‖ȳε(t)− yδ(t)‖2
H = ‖δȳε(t)− δỹ(t) + (1− δ)κ2(ε)S̃w̄ε(t)‖2

H

= ‖δ(Sūε + κ2(ε)S̃w̄ε)(t)− δ(Sũ)(t) + (1− δ)κ2(ε)(S̃w̄ε)(t)‖2
H

= ‖δ(S(ūε − ũ))(t) + κ2(ε)(S̃w̄ε)(t)‖2
H .

a.e. for t ∈ [0, T ]. Applying Proposition 1.5 and Lemma 1.40, we obtain∫ T

0

‖ȳε(t)− yδ(t)‖2
H dt ≤ δ2C‖ūε − ũ‖2

U + C̃
κ2(ε)2

κ1(ε)

≤ δ2C‖ub − ua‖2
U + C̃

κ2(ε)2

κ1(ε)

Moreover, using Corollary 1.11 and Lemma 1.40

‖ȳε(T )− yδ(T )‖2
H ≤ δCT‖ūε − ũ‖2

Us + C̃T
κ2(ε)2

κ1(ε)

≤ δ2CT‖ub − ua‖2
Us + C̃T

κ2(ε)2

κ1(ε)

for s > d+ 1 and

Us := Ls(0, T ;Rm). (1.76)

Thus, due to the fact that δ ∈ [δε, 1], we find

σQ

∫ T

0

‖ȳ(t)− yδ(t)‖2
Hdt+ σT‖ȳ(T )− yδ(T )‖2

H+

+
m∑
i=1

σi

∫ T

0

|ūi(t)− uδi(t)|2 dt ≤ C̃1δ
ε + C̃2

κ2(ε)2

κ1(ε)
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with C̃1 and C̃2 positive constant independent from ε.

To have strong convergence in U of ūε to ū as ε→ 0 and of ȳε to ȳ in L2(0, T ;H),

we have to make the following assumption:

Assumption 1.42. The continuous and non-negative functions κ1(ε), κ2(ε) and

κ3(ε) satisfy

lim
ε→0+

κ3(ε) = 0, lim
ε→0+

κ2(ε)√
κ1(ε)

= 0. (1.77)

Therefore, we have the following result:

Corollary 1.43. Let Assumption 1.42 and hypotheses of Theorem 1.39 hold.

Moreover, let κ4(ε), κ5(ε) and δε be defined as in Lemma 1.38. Then, we have

the three strong convergences:

ūε
U−→ ū, ȳε

L2(0,T ;H)−→ ȳ, ȳε(T )
H−→ ȳ(T ),

as ε → 0, where (ȳ, ū) ∈ W (0, T )× U and (ȳε, ūε, w̄ε) ∈ X are the optimal solution

of (1.15) and (1.39), respectively.

Proof. The proof follows directly from Assumption 1.42, Theorem 1.39 and from

the fact that κ4(ε), κ5(ε), δε → 0 as ε→ 0.

Remark 1.44. Due to Corollary 1.41 and Corollary 1.43, the feasible control uδε

converges to ū and yδε converges to ȳ as ε→ 0. ♦

Remark 1.45 (Stronger convergence). Due to Proposition 1.5, Remark 1.29 and

Lemma 1.40 we have

‖ȳ − ȳε‖W (0,T ) = ‖Sū− Sūε − κ2(ε)S̃w̄ε‖W (0,T ) ≤ Ĉ1‖ū− ūε‖U + Ĉ2
κ2(ε)√
κ1(ε)

with Ĉ1 and Ĉ2 independent from ε. Thus, applying Theorem 1.39 we have that

ȳε → ȳ in W (0, T ) as ε→ 0. ♦

Remark 1.46. In (P̂), we have made the choice κ1(ε) = σw, κ2(ε) = 0 and

κ3(ε) = ε. Since with this choice we satisfy Assumption 1.42, we have convergence
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to the solution of the pointwise state constrained optimal control problem. Moreover,

using (1.61), Theorem 1.39 reads

σQ

∫ T

0

‖ȳ(t)− ȳε(t)‖2
Hdt+ σT‖ȳ(T )− ȳε(T )‖2

H+

+
m∑
i=1

σi

∫ T

0

|ūi(t)− ūεi(t)|2 dt ≤ C
ε

ε+ τ
.

(1.78)

Hence, defining σu = min{σ1, . . . , σm},

σu ‖ūε − ū‖2
U ≤ C

ε

ε+ τ

and the expected rate of convergence is ‖ūε − ū‖U = O(
√
ε). ♦

1.3.4 Primal-dual active set strategy

Aware of the convergence of the virtual control approach as ε → 0, to find the

solution of the optimality system (1.31) (and therefore the optimal solution of (P̂)),

we utilize the primal-dual active set strategy (PDASS); cf. [63, 64, 74, 75]. In [63],

it is proven that the PDASS is equivalent to a semi-smooth Newton method and

therefore it is super-linearly convergent. To derive this approach for our problem,

we start from the optimality conditions (1.32) and we rearrange them in such a way

that the semi-smooth Newton method can be applied. From (1.32a) we have

ᾱεi = γc

∫
Γc

bip̄
ε ds− σiūεi a.e. in [0, T ] for i = 1, . . . ,m. (1.79)

Inserting (1.79) into (1.32c) and choosing ηi = σi > 0, i = 1, . . . ,m, we find that

0 = γc

∫
Γc

bip̄
ε ds− σiūεi −max

{
0, γc

∫
Γc

bip̄
ε ds− σiūεi + σi(ū

ε
i − ubi)

}
−min

{
0, γc

∫
Γc

bip̄
ε ds− σiūεi + σi(ū

ε
i − uai)

}
= γc

∫
Γc

bip̄
ε ds− σiūεi −max

{
0, γc

∫
Γc

bip̄
ε ds− σiubi

}
−min

{
0, γc

∫
Γc

bip̄
ε ds− σiuai

}
a.e. in [0, T ] for i = 1, . . . ,m.

(1.80)

Analogously, (1.32b) yields

β̄ε = −σw
ε
w̄ε − ϑε

ε
a.e. in QT . (1.81)
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Setting η = σw/ε
2 > 0 and utilizing (1.32b) we derive from (1.32d)

0 = −σw
ε
w̄ε − ϑε

ε
−max

{
0,−σw

ε
w̄ε − ϑε

ε
+
σw
ε2

(ȳε + εw̄ε − yb)
}

−min

{
0,−σw

ε
w̄ε − ϑε

ε
+
σw
ε2

(ȳε + εw̄ε − ya)
}

= −σw
ε
w̄ε − ϑε

ε
−max

{
0,
σw
ε2

(ȳε − yb)−
ϑε

ε

}
−min

{
0,
σw
ε2

(ȳε − ya)−
ϑε

ε

}
a.e. in QT .

(1.82)

Unfortunately, the non-smooth equation (1.32e), as also remarked in [74, 75], may

cause numerical problem if we apply directly the semi-smooth Newton method. The

reason is that the variable ϑε appears outside and inside the minimum and maximum

operation, therefore it cancels out when ϑε is active, implying that the matrix of the

semi-smooth Newton method is singular (or close to a singular matrix). Moreover,

it may imply jumps in the solution across the boundary of the active and inactive

sets, which are not predicted by the theory; cf. [75]. Following [74, 75], we smooth

(1.32e) replacing it with

0 = ϑ̄ε − αmax
{

0, θ̄ε + ηw(w̄ε − wb)
}
− αmin

{
0, ϑ̄ε + ηw(w̄ε − wa)

}
for 0 < α < 1. This is equivalent to

0 = ϑ̄ε −max {0, c (w̄ε − wb)} −min {0, c (w̄ε − wa)} (1.83)

setting c := ηwα/(1−α). Note that (1.83) can be considered as a penalty formulation

of the complementarity condition (1.31e) as c → +∞. At this stage, we have a

parameter ε that has to be sent to zero and a parameter c that has to be sent to

infinity in order to have convergence to the solution of (P̂). Therefore, assuming

without loss of generality that 0 < ε < 1, it seems reasonable to make the choice

0 < α = 1 − ε < 1 and ηw = σw/α > 0. With these choices c = σw/ε and goes to

infinity as ε → 0. Going back to the semi-smooth Newton method, (1.32e) has to

be replaced by (1.83) with c = σw/ε, i.e.

0 = ϑ̄ε −max
{

0,
σw
ε

(w̄ε − wb)
}
−min

{
0,
σw
ε

(w̄ε − wa)
}
. (1.84)

To simplify the notation, the non-smooth operator equations (1.80), (1.82) and

(1.84) can be rewritten as a unique one. To do so, for i = 1, . . . ,m and for
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j = m+ 1,m+ 2 we introduce the mappings Hi : Z×W→ U and Hj : Z×W→W

by

Hi(ν) = γc

∫
Γc

bip(ν) ds− σiui −max

{
0, γc

∫
Γc

bip(ν) ds− σiubi
}

−min

{
0, γc

∫
Γc

bip(ν) ds− σiuai
}

a.e. in [0, T ],

Hm+1(ν) = −σw
ε
w − ϑ

ε
−max

{
0,
σw
ε2

(y(ν)− yb)−
ϑ

ε

}
−min

{
0,
σw
ε2

(y(ν)− ya)−
ϑ

ε

}
a.e. in Q,

Hm+2(ν) = ϑ−max

{
0,
σw
ε

(w − wb)

}
−min

{
0,
σw
ε

(w − wa)

}
a.e. in Q

for ν = (u,w, ϑ) ∈ Z×W with y(ν) = ŷ+Su and p(ν) = p̂+A1u− 1
ε
A2 (σww + ϑ).

Then, we define

G = (H1, . . . ,Hm+2)> : Z×W→ Z×W.

Clearly, the nonsmooth operator equations (1.80), (1.82) and (1.84) become

G(ν̄ε) = 0 in Z×W,

where ν̄ε = (ūε, w̄ε, ϑ̄ε) ∈ Z × W. Suppose that ν = (u,w, ϑ) ∈ Z × W is an

approximation for ν̄ε. According to (1.79) and (1.81), we set

αi(ν) = γc

∫
Γc

bip(ν) ds− σiui for i = 1, . . . ,m and β(ν) = −σw
ε
w − ϑ

ε
.

Let us define the associated active sets

AU
ai(ν) =

{
t ∈ [0, T ]

∣∣αi(ν) + σi(ui − uai) < 0 a.e.
}
, i = 1, . . . ,m,

AU
bi(ν) =

{
t ∈ [0, T ]

∣∣αi(ν) + σi(ui − ubi) > 0 a.e.
}
, i = 1, . . . ,m,

AW
a (ν) =

{
(t,x) ∈ QT

∣∣ β(ν) +
σw
ε2

(
y(ν) + εw − ya

)
< 0 a.e.

}
,

AW
b (ν) =

{
(t,x) ∈ QT

∣∣ β(ν) +
σw
ε2

(
y(ν) + εw − yb

)
> 0 a.e.

}
,

AW
a,2(ν) =

{
(t,x) ∈ QT

∣∣w − wa < 0 a.e.

}
,

AW
b,2(ν) =

{
(t,x) ∈ QT

∣∣w − wb > 0 a.e.

}
.

(1.85)
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The associated inactive sets are defined as

IUi (ν) = [0, T ] \
(
AU

ai(ν) ∪AU
bi(ν)

)
for i = 1, . . . ,m,

IW(ν) = QT \
(
AW

a (ν) ∪AW
b (ν)

)
,

IW2 (ν) = QT \
(
AW

a,2(ν) ∪AW
b,2(ν)

)
.

(1.86)

Throughout we denote by χA the characteristic function of the set A. Now, a

particular Newton step is given by

DG(ν)νδ = −G(ν) in Z×W,

where the Newton derivative DG at ν in direction νδ = (uδ, wδ, ϑδ) ∈ Z×W is given

as

DG(ν)νδ =


((

1− χAU
bi(ν) − χAU

ai(ν)

)
γc
∫

Γc
bip

δ ds− σiuδi
)

1≤i≤m

−σw
ε2

(
εwδ + (χAW

b (ν) + χAW
a (ν))y

δ
)
− 1

ε

(
ϑδ − (χAW

b (ν) + χAW
a (ν))ϑ

δ
)

ϑδ −
(
χAW

b,2(ν) + χAW
a,2(ν)

)
σw
ε
wδ

 ,

where

yδ = Suδ and pδ = A1u
δ − 1

ε
A2(σww

δ + θδ) (1.87)

holds. The semismooth Newton method is summarized in Algorithm 1.

Algorithm 1 (Semismooth Newton method with active sets)

1: Choose starting value ν0 = (u0, w0, ϑ0) ∈ Z×W and set k = 0;

2: Determine y0 = ŷ + Su0 and p0 = p̂+A1u
0 −A2(σww

0 + ϑ0)/ε.

3: Determine AU
ai(ν

0), AU
bi(ν

0), IUi (ν0) for i = 1, . . . ,m, AW
a (ν0), AW

b (ν0), IW(ν0)

and AW
a,2(ν0), AW

a,2(ν0) and IW2 (ν0) from (1.85) and (1.86), respectively;

4: repeat

5: Compute the solution νδ = (uδ, wδ, ϑδ) ∈ Z×W to

DG(νk)νδ = −G(νk); (1.88)

6: Set νk+1 = νk + νδ and k = k + 1;

7: Determine yk = ŷ + Suk and pk = p̂+A1u
k −A2(σww

k + ϑk)/ε.

8: Determine AU
ai(ν

k), AU
bi(ν

k), IUi (νk) for i = 1, . . . ,m, AW
a (νk), AW

b (νk), IW(νk)

and AW
a,2(νk), AW

a,2(νk) and IW2 (νk) from (1.85) and (1.86), respectively;

9: if AU
ai(ν

k) = AU
ai(ν

k−1) and AU
bi(ν

k) = AU
bi(ν

k−1) for i = 1, . . . ,m then
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10: if AW
a (νk) = AW

a (νk−1) and AW
b (νk) = AW

b (νk−1) then

11: if AW
a,2(νk) = AW

a,2(νk−1) and AW
b,2(νk) = AW

b,2(νk−1) then

12: flag = true;

13: end if

14: end if

15: end if

16: until flag = true;

Remark 1.47. Since the semi-smooth Newton method converges locally, it may

happen that the initial guess ν0 is not close enough to the solution to guarantee

convergence. Therefore, one should fix also a maximum number of iteration K for

Algorithm 1, checking if G(νK) is close to zero, i.e., if its norm is smaller than

a given small tolerance τ . If it is, then the solution νK is accepted, otherwise a

different initial guess has to be chosen. Let us mention that this never happened in

the numerical simulations shown in this thesis, due to the fact that the chosen initial

control u0 was enough to have convergence, but, as said, the possibility of convergence

failure was taken in account in the numerical implementation. Moreover, another

possible stopping criterion for Algorithm 1 is to check directly at each iteration if

‖G(νk)‖Z×W ≤ τ , but we do not include it in our algorithms. ♦

Suppose that νk = (uk, wk, ϑk) ∈ Z×W, k ≥ 0, is a current iterate for Algorithm 1

and (yk, pk) be given by step 3 of Algorithm 1. Moreover, νδ = (uδ, wδ, ϑδ) denotes

the solution to (1.88). Utilizing (1.87) and

uk+1 = uk + uδ, wk+1 = wk + wδ, ϑk+1 = ϑk + ϑδ, yk+1 = yk + yδ, pk+1 = pk + pδ

we obtain that

γc

∫
Γc

bip
k+1 ds− σiuk+1

i = 0 in IUi (νk), i = 1, . . . ,m, (1.89a)

uk+1
i = uai in AU

ai(ν
k), i = 1, . . . ,m, (1.89b)

uk+1
i = ubi in AU

bi(ν
k), i = 1, . . . ,m, (1.89c)

wk+1 = 0 in IW(νk), (1.89d)

yk+1 + εwk+1 = ya in AW
a (νk), (1.89e)

yk+1 + εwk+1 = yb in AW
b (νk), (1.89f)

θk+1 = 0 in IW2 (νk), (1.89g)

σww
k+1 − εθk+1 = σwwa in AW

a,2(νk), (1.89h)

σww
k+1 − εθk+1 = σwwb in AW

b,2(νk). (1.89i)
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Thus, uk+1
i is fixed on the active sets AU

ai(ν
k) and AU

bi(ν
k) for i = 1, . . . ,m.

Analogously, wk+1 is determined by yk+1 on AW
a and AW

b and consequently ϑk+1

is determined by yk+1 on the intersections of AW
a,2 and AW

b,2 with AW
a and AW

b . These

facts help to rewrite the state and adjoint equations as a unique coupled system. In

fact, we infer from (1.81) and (1.89d)-(1.89i) that

βk+1 =



0 in IW(νk),
σw
ε2

(
yk+1 − ya

)
in AW

1 (νk) := AW
a (νk) ∩ IW2 (νk),

σw
ε2

(
yk+1 − yb

)
in AW

2 (νk) := AW
b (νk) ∩ IW2 (νk),

σw
ε2

(
ε+ 1

ε

(
yk+1 − ya

)
+ wa

)
in AW

3 (νk) := AW
a (νk) ∩AW

a,2(νk),

σw
ε2

(
ε+ 1

ε

(
yk+1 − ya

)
+ wb

)
in AW

4 (νk) := AW
a (νk) ∩AW

b,2(νk),

σw
ε2

(
ε+ 1

ε

(
yk+1 − yb

)
+ wa

)
in AW

5 (νk) := AW
b (νk) ∩AW

a,2(νk),

σw
ε2

(
ε+ 1

ε

(
yk+1 − yb

)
+ wb

)
in AW

6 (νk) := AW
b (νk) ∩AW

b,2(νk).

(1.90)

Inserting βk+1 into the dual equation (c.f. (1.30)) we derive

− d

dt
〈pk+1(t), ϕ〉H + a(t;ϕ, pk+1(t)) + σQ 〈yk+1(t), ϕ〉H

+
σw
ε2

〈
yk+1(t)

6∑
i=1

χAi(νk)(t) +
1

ε
yk+1(t)

6∑
i=3

χAi(νk)(t), ϕ

〉
H

= σQ 〈yQ(t), ϕ〉H +
σw
ε2

〈
r(ε, ya, yb, wa, wb, χAW

1 (νk), . . . , χAW
6 (νk))(t), ϕ

〉
H

(1.91)

for all ϕ ∈ V a.e. in (0, T ], where

r(ε, ya, yb, wa, wb, χAW
1 (νk), . . . , χAW

6 (νk)) =

yaχAW
1 (νk) + ybχAW

2 (νk) − wa

(
χAW

3 (νk) + χAW
5 (νk)

)
− wb

(
χAW

4 (νk) + χAW
6 (νk)

)
+
ε+ 1

ε
ya

(
χAW

3 (νk) + χAW
4 (νk)

)
+
ε+ 1

ε
yb

(
χAW

5 (νk) + χAW
6 (νk)

)
.

(1.92)
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Moreover, the terminal condition of the dual equation becomes

pk+1(T ) = σT
(
yT − yk+1(T )

)
− σw
ε2

(
yk+1(T )

6∑
i=1

χAi(νk)(T ) +
1

ε
yk+1(T )

6∑
i=3

χAi(νk)(T )

)
+
σw
ε2
r(ε, ya, yb, wa, wb, χAW

1 (νk), . . . , χAW
6 (νk))(T ).

(1.93)

Furthermore, combining (1.79) and (1.89a)-(1.89c) we derive

αk+1
i = γc

∫
Γc

bip
k+1 ds− σiuk+1

i =



0 in IUi (zk),

γc

∫
Γc

bip
k+1 ds− σiuai in AU

ai(z
k),

γc

∫
Γc

bip
k+1 ds− σiubi in AU

bi(z
k)

and

uk+1
i =


γc
σi

∫
Γc

bip
k+1 ds in IUi (zk),

uai in AU
ai(z

k),

ubi in AU
bi(z

k)

for i = 1, . . . ,m. Inserting uk+1 into the state equation (1.3) we get

d

dt
〈yk+1(t), ϕ〉H + a(yk+1(t), ϕ)− γc

m∑
i=1

χIUi (zk)(t)
γc
σi

∫
Γc

bip
k+1(t)ds̃

∫
Γc

biϕ ds

= 〈F(t), ϕ〉V ′,V + γc

m∑
i=1

(
χAU

ai(z
k)(t)uai(t) + χAU

bi(z
k)(t)ubi(t)

) ∫
Γc

biϕ ds,

yk+1(0) = y◦.
(1.94)

for all ϕ ∈ V a.e. in (0, T ]. Summarizing, the dual and primal equations can be

formulated in the variables yk+1 and pk+1 only:(
Ak11 Ak12

Ak21 Ak22

)(
yk+1

pk+1

)
=

(
Q1(νk;ua, ub, bi, σi, γc, γo, yout)

Q2(νk; yQ, yT , ya, yb, wa, wb, ε, σw)

)
. (1.95)

The operators Ak11 and Ak22 are of the form

Ak11 = H + Ãk11, Ak22 = H? + Ãk22,
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where H stands for the heat-convection operator, which does not depend on k. A

discretization of (1.95) leads to the discrete system

A =

(
Ak

11 Ak
12

Ak
21 Ak

22

)(
yk+1

pk+1

)
=

(
Qk

1

Qk
2

)
. (1.96)

with

Ak
11 = H + Ãk

11, Ak
22 = H> + Ãk

22,

where H stands for the discrete heat-convection operator, which is independent of

k. We resume the previous strategy in Algorithm 2.

Algorithm 2 (Primal-dual active set strategy)

1: Choose starting value ν0 = (u0, w0, ϑ0) ∈ Z×W, set k = 0 and flag = false;

2: Determine y0 = ŷ + Su0 and p0 = p̂+Au0 −A2(σww
0 + ϑ0)/ε.

3: Determine AU
ai(ν

0), AU
bi(ν

0), IUi (ν0) for i = 1, . . . ,m, AW
a (ν0), AW

b (ν0), IW(ν0)

and AW
a,2(ν0), AW

a,2(ν0) and IW2 (ν0) from (1.85) and (1.86), respectively;

4: repeat

5: Compute the solution (yk+1, pk+1) by solving (1.96);

6: Compute νk+1 = (uk+1, wk+1, ϑk+1) ∈ Z × W from (1.89a)-(1.89i) and set

k = k + 1;

7: Determine AU
ai(ν

k), AU
bi(ν

k), IUi (νk) for i = 1, . . . ,m, AW
a (νk), AW

b (νk), IW(νk)

and AW
a,2(νk), AW

a,2(νk) and IW2 (νk) from (1.85) and (1.86), respectively;

8: if AU
ai(ν

k) = AU
ai(ν

k−1) and AU
bi(ν

k) = AU
bi(ν

k−1) for i = 1, . . . ,m then

9: if AW
a (νk) = AW

a (νk−1) and AW
b (νk) = AW

b (νk−1) then

10: if AW
a,2(νk) = AW

a,2(νk−1) and AW
b,2(νk) = AW

b,2(νk−1) then

11: Set flag = true;

12: end if

13: end if

14: end if

15: until flag = true;

Remark 1.48. The discrete linear system (1.96) can be obtained discretizing the

primal and dual equations (1.91)-(1.94), for example, with piecewise linear FE in

space and implicit Euler scheme in time. Indicating the number of FE nodes with Nx

and the number of time steps with Nt, we have that the matrix A ∈ R2NxNt×2NxNt and
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clearly it can be large enough to cause problems regarding the memory consumption

and the computational time. Unfortunately, in our application, these problems can

not be avoided choosing a small Nx, since a coarse FE grid can not capture the

complexity of the dynamics involved. For example, as shown in Figure 1.1, with a

(a) Nx = 585 (b) Nx = 2257 (c) Nx = 8865

Figure 1.1: Example of velocity field v(t,x) for different meshes.

small number of FE nodes we can not capture all the vortices in the velocity field,

missing important information. Our goal is then to apply POD to approximate the

solution of (1.96) with a reduced-order system of dimension 2`Nt with ` � Nx,

gaining computational time but paying in approximation; cf. Chapter 2. On the

other hand, also the number of time steps may not be small, since the time horizon

T could be extremely large, e.g., a month, and the heating system may have to

interact frequently to control the temperature, e.g., every 10-15 minutes. It is also

for this reason that we want to apply the MPC algorithm, where, solving many

optimal control subproblems on a smaller time horizon, we can iteratively compute

a feedback control that approximate the optimal control in [0, T ]; cf. Chapter 3.

Regarding the memory consumption, the matrix A has a block structure that allows

using a matrix-free GMRES algorithm to solve (1.96), although it is still necessary

to store the finite element blocks which have dimension Nx ×Nx. Anyway, there is

definitely an improvement in saving memory. In [64], the authors propose related

preconditioners based on the block structure of matrix A. Since the blocks Ak
ii

for i = 1, 2 have themselves a sparse block structure, in Section 1.5.3 we apply

a different preconditioner, i.e., we perform in advance the incomplete LU (ILU)

factorization of each block in the principal diagonal of the matrix H, which contains

the main information on the PDE dynamics. Then, we assemble a block diagonal

preconditioner based on the previous ILU decomposition and we apply it in the
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matrix-free GMRES iteration. Note that the expression matrix-free in our case

means that we do not have to assemble the matrix A and the preconditioner, but

we use still the single FE blocks, e.g., the mass matrix. This approach let us to save

some memory, which can be crucial if the number of FE degree of freedoms (DOFs)

increases significantly; see Section 1.5.3. ♦

1.4 The augmented Lagrangian method

Another way to avoid to deal directly with pointwise state constraints (and

therefore measures) is to apply the augmented Lagrangian method, which is a

penalty method based on an augmentation of the reduced cost functional Ĵ (u)

summing terms related to the pointwise state constraints. Following [77, 78], we

define the slack variables sa := y− ya, sb := yb− y a.e. in QT . Note that sa, sb ∈W.

Then, the inequality constraints (1.15c) can be equivalently rewritten as

ya − y + sa = 0 a.e. in QT , (1.97)

y − yb + sb = 0 a.e. in QT , (1.98)

together with the conditions sa ≥ 0 and sb ≥ 0 a.e. in QT . For c > 0 the augmented

Lagrangian is defined as

Lc(y, u, sa, sb, µa, µb) =J (y, u) + 〈µa, ya − y + sa〉W + 〈µb, y − yb + sb〉W
+ 〈µa(T ), ya(T )− y(T ) + sa(T )〉H
+ 〈µb(T ), y(T )− yb(T ) + sb(T )〉H
+
c

2
‖ya − y + sa‖2

W +
c

2
‖y − yb + sb‖2

W

+
c

2
‖ya(T )− y(T ) + sa(T )‖2

H

+
c

2
‖y(T )− yb(T ) + sb‖2

H

with µa, µb ∈W. Defining

Xc
ad =

{
x = (y, u, sa, sb) ∈ W (0, T )× U×W×W

∣∣
y = ŷ + Su, sa ≥ 0, sb ≥ 0 and u ∈ Uad

}
,

we can write the augmented Lagrangian problem as

minLc(y, u, sa, sb, µa, µb) s.t. (y, u, sa, sb) ∈ Xc
ad (1.99)
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for c > 0 and µa, µb ∈ W. As in [77, 78], to ensure the first-order optimality

conditions 〈
∂Lc
∂sa

(y, u, sa, sb, µa, µb), s− sa
〉

W

≥ 0 for all s ≥ 0, s ∈W,

〈
∂Lc
∂sb

(y, u, sa, sb, µa, µb), s− sb
〉

W

≥ 0 for all s ≥ 0, s ∈W,

we impose

sa = max
{

0, y − ya −
µa

c

}
≥ 0, (1.100)

sb = max
{

0, yb − y −
µb

c

}
≥ 0. (1.101)

Hence, following [77, 78] we can rewrite the augmented Lagrangian as

Lc(y, u, µa, µb) =J (y, u)− 1

2c
(‖µa‖2

W + ‖µb‖2
W + ‖µa(T )‖2

H + ‖µb(T )‖2
H)

+
c

2

∥∥∥max
{

0, ya − y +
µa

c

}∥∥∥2

W
+
c

2

∥∥∥max
{

0, y − yb +
µb

c

}∥∥∥2

W

+
c

2

∥∥∥∥max

{
0, ya(T )− y(T ) +

µa(T )

c

}∥∥∥∥2

H

+
c

2

∥∥∥∥max

{
0, y(T )− yb(T ) +

µb(T )

c

}∥∥∥∥2

H

.

Thus, solving the optimal control problem (1.99) is equivalent to solve

minLc(y, u, µa, µb) s.t. y = ŷ + Su, u ∈ Uad (L)

for µa, µb ∈ W and c > 0. Moreover, the corresponding reduced augmented

Lagrangian is

L̂c(u, µa, µb) := Lc(ŷ + Su, u, µa, µb)

= Ĵ (u)− 1

2c
(‖µa‖2

W + ‖µb‖2
W + ‖µa(T )‖2

H + ‖µb(T )‖2
H)

+
c

2

∥∥∥max
{

0, ŷa − Su+
µa

c

}∥∥∥2

W
+
c

2

∥∥∥max
{

0,Su− ŷb +
µb

c

}∥∥∥2

W

+
c

2

∥∥∥∥max

{
0, ŷa(T )− Su(T ) +

µa(T )

c

}∥∥∥∥2

H

+
c

2

∥∥∥∥max

{
0,Su(T )− ŷb(T ) +

µb(T )

c

}∥∥∥∥2

H

.
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The optimal solution ū of the reduced optimal control problem

min L̂c(u, µa, µb) s.t. u ∈ Uad (L̂)

solves (L) with ȳ := ŷ + Sū. Problem (L̂) admits a unique solution for fixed c > 0

and µa, µb ∈ W; cf. [92]. Hence, problem (L) admits a unique optimal solution

(ȳ, ū). Clearly, the idea is to send progressively the penalty parameter c to infinity

and show convergence of the solution of (L) to the solution of (1.15). First questions

that may arise are how large c can be chosen at the begin and how much it has to

increase at every iteration. For this reason, we follow the algorithm in [79, 80],

where they propose an efficient way to deal with the initial choice of the penalty

parameter c and its increment. In [79, 80] the algorithm is applied to an elliptic state

constrained optimal control problem requiring only an upper bound for the state.

Our aim is to show that the same algorithm can be applied (and obviously adapted)

to our parabolic bilateral state constrained optimal control problem. At first, we

resume the proposed strategy in Algorithm 3, giving later all the necessary remarks

and adapting to our setting the proof of convergence in [79, 80] in Section 1.4.2.

Algorithm 3 : First-order augmented Lagrangian method

1: Data: Initial pair (µc0a , µ
c0
b ) ∈ W × W, initial weight c0 > 0, increment

β > 0 for cn, tolerance ε > 0, maximum number of iterations nmax, residuals

R0,+
a , R0,+

b � 1, residual weight τ ∈ (0, 1);

2: set n = 0, k = 0 and flag = true;

3: while flag and n < nmax do

4: for fixed (µcka , µ
ck
b ) find uk+1 solving the problem

min L̂ck(u, µcka , µ
ck
b ) s.t. u ∈ Uad; (L̂k)

5: update the Lagrange multipliers

µck+1
a =max{0, µcka + cn(ŷa − Suk+1)},
µ
ck+1

b =max{0, µckb + cn(Suk+1 − ŷb)};

6: compute the residuals

Rk
a =‖max

{
0, ŷa − Suk+1

}
‖C(Q) + max{0,

∫ T

0

〈µck+1
a ,Suk+1 − ŷa〉H dt}

+ max{0, 〈µck+1
a (T ),Suk+1(T )− ŷa(T )〉H},

Rk
b =‖max

{
0,Suk+1 − ŷb

}
‖C(Q) + max{0,

∫ T

0

〈µck+1

b , ŷb − Suk+1〉H dt}

+ max{0, 〈µck+1

b (T ), ŷb(T )− Suk+1(T )〉H};
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7: if Rk
a > τRn,+

a & Rk
b > τRn,+

b then

8: reset µ
ck+1
a = µcka and µ

ck+1

b = µckb ;

9: reject uk+1;

10: increase penalty ck+1 = βck;

11: else

12: accept un+1,+ = uk+1 and the multipliers (µn+1,+
a , µn+1,+

b ) = (µ
ck+1
a , µ

ck+1

b );

13: set ck+1 = ck;

14: set Rn+1,+
a = Rk

a and Rn+1,+
b = Rk

b;

15: set n = n+ 1;

16: end if

17: if Rn,+
a +Rn,+

b ≤ ε then

18: flag = false;

19: end if

20: set k = k + 1;

21: end while

Definition 1.49. If at iteration k we have that Rk
a ≤ τRn,+

a and Rk
b ≤ τRn,+

b , we

call the iteration successful. Otherwise, we call the iteration not successful.

To find the optimal control u, we have replaced the problem (P̂), which is a state

and control constrained optimization problem, with the sequence of only control

constrained problems (L̂k) for k = 0, 1, . . .. Problem (L̂k) can be solved utilizing a

projected gradient algorithm or a BFGS method for fixed ck > 0 and µcka , µ
ck
b ∈W;

cf., e.g., [104]. Thus, in the next section, we compute the Riesz-representative of

L̂′c(u, µa, µb) and then we resume these optimization methods in Algorithms 4 and

5, respectively.

1.4.1 Gradient of the reduced augmented Lagrangian

In first place, one can note that

L̂′c(u, µa, µb)u
δ = Ĵ ′(u)uδ + c

〈
max

{
0,Su− ŷb +

µb

c

}
,Suδ

〉
W

− c
〈

max
{

0, ŷa − Su+
µa

c

}
,Suδ

〉
W

+ c

〈
max

{
0,Su(T )− ŷb(T ) +

µb(T )

c

}
,Suδ(T )

〉
H

− c
〈

max

{
0, ŷa(T )− Su(T ) +

µa(T )

c

}
,Suδ(T )

〉
H

.

(1.102)
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Now, let A4 : U ×W ×W → W (0, T ) be such that p = A4(u, µa, µb) is the unique

solution of

− d

dt
〈p(t), ϕ〉H + a(t;ϕ, p(t)) = c

〈
max

{
0, ŷa(t)− Su(t) +

µa(t)

c

}
, ϕ

〉
H

− c
〈

max

{
0,Su(t)− ŷb(t) +

µb(t)

c

}
, ϕ

〉
H

,

p(T ) = cmax

{
0, ŷa(T )− Su(T ) +

µa(T )

c

}
− cmax

{
0,Su(T )− ŷb(T ) +

µb(T )

c

}
,

for all ϕ ∈ V a.e. in [0, T ). To compute the gradient of the reduced augmented

Lagrangian we can use the following lemma:

Lemma 1.50. Suppose that u ∈ Uad, y = ŷ + Su and p = p̂ +A1u +A4(u, µa, µb)

for fixed c > 0 and µa, µb ∈W. Moreover, yδ = Suδ for uδ ∈ U. Then,∫ T

0

σQ 〈(y − yQ)(t), yδ(t)〉H dt

= σT 〈yT − y(T ), yδ(T )〉H −
∫ T

0

m∑
i=1

γcu
δ
i (t) 〈bi, p(t)〉L2(Γc)

dt.

Proof. This lemma can be proven similarly to Lemma 1.21.

Combining (1.18)-(1.20) with Lemma 1.50 and (1.102), we obtain

L̂′c(u, µa, µb)u
δ =

∫ T

0

m∑
i=1

(
σiui(t)− γc 〈bi, p(t)〉L2(Γc)

)
uδi (t) dt (1.103)

for every uδ ∈ U with p = p̂ + A1u + A4(u, µa, µb) and therefore the gradient

∇L̂c(u, µa, µb) ∈ U – the Riesz representant of L̂′c(u, µa, µb) – reads

∇L̂c(u, µa, µb)(·) =
(
σiui(·)− γc 〈bi, p(·)〉L2(Γc)

)
1≤i≤m (1.104)

with p = p̂+A1u+A4(u, µa, µb). Therefore, we can resume the first-order optimality

conditions of problem (L̂k) in the following theorem:

Theorem 1.51 (First-order optimality conditions for (L̂k)). Let Assumptions 1.1

and 1.12 hold and suppose that the feasible set Uad is not empty. Let ūk ∈ Uad be the
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optimal solution to (L̂k) for a fixed ck > 0 and µcka , µ
ck
b ∈W with associated optimal

state ȳk = ŷ+Sūk. Then, there exist unique Lagrange multipliers p̄k ∈ W (0, T ) and(
ᾱki
)

1≤i≤m ∈ U satisfying the dual equations

− d

dt
〈p̄k(t), ϕ〉H + a(t;ϕ, p̄k(t)) = 〈 µ̄ka − µ̄kb + σQ(yQ(t)− ȳk(t)), ϕ〉H ,

pk(T ) = µ̄ka(T )− µ̄kb(T ) + σT (yT − ȳk(T ))
(1.105a)

for all ϕ ∈ V and a.e. in [0, T ) with

µ̄ka := max{0, µcka + ck(ya − ȳk)},
µ̄kb := max{0, µckb + ck(ȳ

k − yb)}.
(1.105b)

The Lagrange multipliers satisfy also the optimality system

σiū
k
i − γc

∫
Γc

bip̄
k ds + ᾱki = 0 in L2(0, T ) for i = 1, . . . ,m (1.105c)

and

ᾱki = max
{

0, ᾱki + ηi(ū
k
i − ubi)

}
+ min

{
0, ᾱki + ηi(ū

k
i − uai)

}
(1.105d)

for i = 1, . . . ,m and for arbitrarily chosen η1, . . . , ηm > 0.

At last, for the sake of completeness, before proving that Algorithm 3 converges,

we briefly resume the projected gradient method and the BFGS method in

Algorithms 4 and 5, respectively.

Algorithm 4 Projected Gradient Method for (L̂k)

1: Choose an initial control u0, a maximum number of iterations kmax and a

tolerance for the projected gradient τ ;

2: Set k = 0;

3: repeat

4: Compute the descend direction dk = −∇L̂c(uk, µa, µb) from (1.104);

5: Compute the step size s̃k through the Armijo Rule; cf. [104];

6: Compute the new control uk+1 = ProjUad

(
uk + s̃kd

k
)
;

7: Set k = k + 1;

8: until ‖uk+1 − uk‖U < τ or k > kmax
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Remark 1.52. Let us mention that with the operator ProjUad
we indicate the

projection operator onto the admissible set Uad, i.e. given a control u ∈ U

ProjUad
(ui)(t) =


uai(t) if ui(t) < uai(t),

ubi(t) if ui(t) > ubi(t),

ui(t) otherwise

for i = 1, . . . ,m and a.e. in [0, T ]. ♦

Algorithm 5 Projected BFGS Method for (L̂k)

1: Choose an initial control u0, a maximum number of iterations kmax and a

tolerance for the projected BFGS τ ;

2: Set k = 0 and H0 = IU;

3: Compute the descend direction d0 = −∇L̂c(u0, µa, µb) from (1.104)

4: repeat

5: Compute the step size s̃k through the Armijo Rule; cf. [104];

6: Set pk = s̃kd
k;

7: Compute the new control uk+1 = ProjUad

(
uk + pk

)
;

8: Compute ∇L̂c(uk+1, µa, µb) from (1.104);

9: Set gk = ∇L̂c(uk+1, µa, µb)−∇L̂c(uk, µa, µb);

10: if 〈pk, gk〉U > 0 then

11: Compute the new descend direction dk+1 = −Hk+1∇L̂c(uk+1, µa, µb), where

the Hessian’s inverse approximation Hk+1 is obtained from

Hk+1 = Hk+
〈pk, gk〉U + 〈gk, Hkgk〉U

〈pk, gk〉2U
(pk⊗Up

k)− p
k ⊗U H

kgk

〈pk, gk〉U
−H

kgk ⊗U p
k

〈pk, gk〉U
.

The product ⊗U is defined as

u⊗U v :=


∫ T

0
u1(t)v1(t) dt · · ·

∫ T
0
u1(t)vm(t) dt

...
. . .

...∫ T
0
um(t)v1(t) dt · · ·

∫ T
0
um(t)vm(t) dt

 ,

for all u, v ∈ U; c.f., e.g., [104];

12: else

13: Set dk+1 = −∇L̂c(uk+1, µa, µb) and Hk+1 = IU;

14: end if

15: Set k = k + 1;

16: until ‖uk − uk−1‖U < τ or k > kmax
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1.4.2 Proof of convergence

At first, we have to prove the following lemma, which justifies the choice for the

residuals Rk
a and Rk

b.

Lemma 1.53. Let (ȳ, ū) be the unique optimal solution to (1.15) and µ̄a, µ̄a ∈M(Q)

be the optimal Lagrange multiplier for problem (1.15), satisfying (1.17c)-(1.17d).

Furthermore, let
(
ȳk, ūk

)
be the unique optimal solution to (L) for fixed ck > 0 and

µcka , µ
ck
b ∈W. Then, it holds

σQ‖ȳ − ȳk‖2
L2(0,T ;H) + σT‖ȳ(T )− ȳk(T )‖2

H +
m∑
i=1

σi‖ūi − ūki ‖2
L2(0,T ) ≤∫ T

0

〈µ̄ka , ȳk − ya〉H dt+

∫
Q

(ya − ȳk) dµ̄a

+ 〈µ̄ka(T ), ȳk(T )− ya(T )〉H + 〈µ̄kb(T ), yb(T )− ȳk(T )〉H

+

∫ T

0

〈µ̄kb, yb − ȳk〉H dt+

∫
Q

(ȳk − yb) dµ̄b

(1.106)

with µ̄ka , µ̄
k
b ∈W defined as in (1.105b).

Proof. At first, considering (1.3), we have that ȳ − ȳk satisfies∫ T

0

d

dt
〈(ȳ − ȳk)(t), ϕ(t)〉H + a(t; ȳ − ȳk, ϕ) dt =

∫ T

0

〈B(ū− ūk)(t), ϕ(t)〉V ′,V dt

for all ϕ ∈ W (0, T ). Furthermore, let p̄ = p̂ + A1ū ∈ W (0, T ) and p̄k = p̂ +

A1ū
k +A4(ūk, µcka , µ

ck
b ) ∈ W (0, T ). We recall that the operators A1 : U→ W (0, T )

and A4 : U × W × W → W (0, T ) have been introduced in Remark 1.20 and in

Section 1.4.1, respectively. From Remark 1.20 and (1.105a) we obtain∫ T

0

− d

dt
〈(p̄− p̄k)(t), ϕ(t)〉H + a(t;ϕ, p̄− p̄k) dt =∫ T

0

〈σQ(ȳk − ȳ)(t) + µ̄kb(t)− µ̄ka(t), ϕ(t)〉H dt

for all ϕ ∈ W (0, T ). Choosing ϕ = p̄k − p̄ ∈ W (0, T ) in the first and ϕ = ȳ − ȳk ∈
W (0, T ) for the second and considering the respective values of p̄(T ) and p̄k(T ), we
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have

∫ T

0

〈B(ū− ūk), p̄k − p̄〉V ′,V dt =

∫ T

0

d

dt
〈ȳ − ȳk, p̄k − p̄〉H + a(t; ȳ − ȳk, p̄k − p̄) dt

=

∫ T

0

− d

dt
〈p̄k − p̄, ȳ − ȳk〉H + a(t; ȳ − ȳk, p̄k − p̄) dt

+ 〈p̄k(T )− p̄(T ), ȳ(T )− ȳk(T )〉H

+ 〈p̄k(0)− p̄(0),

=0︷ ︸︸ ︷
ȳ(0)− ȳk(0)〉H

=

∫ T

0

〈σQ(ȳ − ȳk) + µ̄ka − µ̄kb, ȳ − ȳk〉H dt

+ 〈σT (ȳ(T )− ȳk(T ) + µ̄ka(T )− µ̄kb(T ), ȳ(T )− ȳk(T )〉H

Applying a Lagrangian-based Adjoint approach [67], the variational inequality for

problem (1.15) defined in (1.55) can be equivalently rewritten as

〈 σ1ū1

...

σmūm

− B?p̄, u− ū〉
U

−
∫
Q

S(u− ū)dµ̄a +

∫
Q

S(u− ū)dµ̄b ≥ 0 (1.107)

for all u ∈ Uad. Similarly, the one for problem (L) is

〈 σ1ū
k
1

...

σmū
k
m

− B?p̄k, u− ūk〉
U

≥ 0 for all u ∈ Uad. (1.108)

Then, testing (1.107) and (1.108) with u = ūk and u = ū respectively, after some

computations, one can obtain that

∫ T

0

〈B(ū− ūk), p̄k − p̄〉V ′,V dt ≤ −
m∑
i=1

σi‖ūi − ūki ‖2
L2(0,T ) +

∫
Q

(ȳ − ȳk)dµ̄a

−
∫
Q

(ȳ − ȳk)dµ̄b.
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Hence, putting everything together, we have

m∑
i=1

σi‖ūi − ūki ‖2
L2(0,T ) + σQ‖ȳ − ȳk‖2

L2(0,T ;H) + σT‖ȳ(T )− ȳk(T )‖2
H ≤∫ T

0

〈µ̄ka(t)− µ̄kb(t), ȳk(t)− ȳ(t)〉H dt+ 〈µ̄ka(T )− µ̄kb(T ), ȳk(T )− ȳ(T )〉H

+

∫
Q

(ȳ − ȳk) dµ̄a −
∫
Q

(ȳ − ȳk) dµ̄b

Now, we show the boundedness of few terms on the right-hand side, the others can

be estimated in the same way:

∫ T

0

〈µ̄ka(t), ȳk(t)− ȳ(t)〉H dt =

∫ T

0

〈

≥0︷ ︸︸ ︷
µ̄ka(t), ȳk(t)− ya +

≤0︷ ︸︸ ︷
ya − ȳ(t)〉H dt

≤
∫ T

0

〈µ̄ka(t), ȳk(t)− ya〉H dt

∫
Q

(ȳ − ȳk) dµ̄a =

=0︷ ︸︸ ︷∫
Q

(ȳ − ya) dµ̄a +

∫
Q

(ya − ȳk) dµ̄a

=

∫
Q

(ya − ȳk) dµ̄a.

These estimates come from the optimality conditions (1.17) and (1.105), in particular

from (1.17c) and (1.105b). It is now clear, how one can prove the claim.

Remark 1.54. Following the idea of [79, 80], from Lemma 1.53 follows that

m∑
i=1

σi‖ūi − ūki ‖2
L2(0,T ) + σQ‖ȳ − ȳk‖2

L2(0,T ;H) + σT‖ȳ(T )− ȳk(T )‖2
H ≤

max

{
0,

∫ T

0

〈µ̄ka(t), ȳk(t)− ya〉H dt

}
+ ‖µ̄a‖M(Q)‖max

{
0, ya − ȳk

}
‖C(Q)

+ max
{

0, 〈µ̄ka(T ), ȳk(T )− ya(T )〉H
}

+ max
{

0, 〈µ̄kb(T ), yb(T )− ȳk(T )〉H
}

+ max

{
0,

∫ T

0

〈µ̄kb(t), yb − ȳk(t)〉H dt

}
+ ‖µ̄b‖M(Q)‖max

{
0, ȳk − yb

}
‖C(Q).

Hence, when Rk
a and Rk

b become small, also the quantities on the right-hand side of

the previous inequality get small as well. ♦
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Now that is clear the reason to choose Rk
a and Rk

b as in Algorithm 3, we prove

that (ȳk, ūk) converges to the solution (ȳ, ū) of (1.15) as the penalty parameter ck
increases, where ȳk = ŷ+Sūk and ūk is the solution to (L̂k) for fixed ck-independent

multipliers µa, µb ∈W. In other words, we prove the following lemma:

Lemma 1.55. Let {ck}k∈N be a sequence of positive real numbers with ck → +∞ as

k →∞ and suppose that Assumptions 1.1, 1.12 and 1.14 hold true. Let µa, µb ∈W

with µa, µb ≥ 0 be given and (ūk, p̄k) be respectively the solutions of (L̂k) and

(1.105a) for µ̄cka ≡ µa and µ̄ckb ≡ µb. Furthermore, ȳk = ŷ + Sūk. Then, it holds

(ȳk, ūk) → (ȳ, ū) in (W (0, T ) ∩ C(Q)) × U as k → ∞, where (ȳ, ū) is the optimal

solution to (1.15). Moreover, rk → 0 as k → ∞ for µ̄ka , µ̄
k
b defined as in (1.105b)

and

rk := max

{
0,

∫ T

0

〈µ̄ka(t), ȳk(t)− ya(t)〉H dt

}
+ max

{
0, 〈µ̄ka(T ), ȳk(T )− ya(T )〉H

}
+ max

{
0,

∫ T

0

〈µ̄kb(t), yb(t)− ȳk(t)〉H dt

}
+ max

{
0, 〈µ̄kb(T ), yb(T )− ȳk(T )〉H

}
.

Proof. From the proof of Lemma 1.53, it holds

0 ≤
m∑
i=1

σi‖ūi − ūki ‖2
L2(0,T ) + σQ‖ȳ − ȳk‖2

L2(0,T ;H) + σT‖ȳ(T )− ȳk(T )‖2
H ≤∫ T

0

〈µ̄ka(t)− µ̄kb(t), ȳk(t)− ȳ(t)〉H dt+ 〈µ̄ka(T )− µ̄kb(T ), ȳk(T )− ȳ(T )〉H

+

∫
Q

(ȳ − ȳk) dµ̄a −
∫
Q

(ȳ − ȳk) dµ̄b.

(1.109)

Now, we are interested in estimating the terms on right-hand side. At first, from

(1.105b) we have∫ T

0

〈µ̄ka(t), ȳk(t)− ȳ(t)〉H dt =

∫ T

0

〈µ̄ka(t),−µa(t)

ck
+ ȳk(t)− ya(t)〉H dt

+

∫ T

0

〈
µ̄ka(t), ya(t)− ȳ(t) +

µa(t)

ck

〉
H

dt

≤ − 1

ck
‖µ̄ka‖2

W +
1

ck

∫ T

0

〈µ̄ka(t), µa(t)〉H dt

+

∫ T

0

〈

≥0︷ ︸︸ ︷
µ̄ka(t),

≤0︷ ︸︸ ︷
ya(t)− ȳ(t)〉H dt.

(1.110)
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Applying Cauchy-Schwarz and Young’s inequalities we get∫ T

0

〈µ̄ka(t), ȳk(t)− ȳ(t)〉H dt ≤ − 1

ck
‖µ̄ka‖2

W +
1

2ck
(‖µ̄ka‖2

W + ‖µa‖2
W)

= − 1

2ck
‖µ̄ka‖2

W +
1

2ck
‖µa‖2

W.

(1.111a)

Similarly, we obtain∫ T

0

〈µ̄kb(t), ȳ(t)− ȳk(t)〉H dt ≤ − 1

2ck
‖µ̄kb‖2

W +
1

2ck
‖µb‖2

W, (1.111b)

〈µ̄ka(T ), ȳk(T )− ȳ(T )〉H ≤ −
1

2ck
‖µ̄ka(T )‖2

H +
1

2ck
‖µa(T )‖2

H , (1.111c)

〈µ̄kb(T ), ȳ(T )− ȳk(T )〉H ≤ −
1

2ck
‖µ̄kb(T )‖2

H +
1

2ck
‖µb(T )‖2

H . (1.111d)

Consider z̄k = ȳ− ȳk and ν̄k = ū− ūk, z̄k is a weak solution of the following equation

zt(t,x)− λ∆z(t,x) + v(t,x) · ∇z(t,x) = 0, a.e. in Q,

λ
∂z

∂n
(t, s) + γcz(t, s) = γc

m∑
i=1

ν̄k(t)bi(s), a.e. on Σc,

λ
∂z

∂n
(t, s) + γoz(t, s) = 0, a.e. on Σo,

z(0,x) = 0, a.e. in Ω

(1.112)

Since ū, ūk ∈ Uad, it holds true that ū, ūk ∈ L∞(0, T ;Rm) and since (0, T ) has a

finite measure it holds that ū, ūk ∈ Us for all s ∈ [1,+∞] and therefore ν̄k ∈ Us

as well. Let us mention that the space Us is defined in (1.76). Moreover, since

b1, . . . , bm ∈ L∞(Γc) we have that γc
m∑
i=1

ūkbi, γc
m∑
i=1

ūbi, γc
m∑
i=1

ν̄kbi ∈ Ls(Σc) for all

s ∈ [1,+∞]. In particular, they are in Ls(Σc) for s > d+1. Therefore, we can apply

Lemma 1.8 having that ȳ, ȳk and z̄k are bounded in W (0, T ) ∩ C(Q). Moreover, it

holds

‖ȳ − ȳk‖W (0,T ) + ‖ȳ − ȳk‖C(Q) ≤ C(s)‖ū− ūk‖Us (1.113)

with C independent from ū and ūk. In addition, since the sequence
{
ūk
}

is bounded

in Us for s ∈ [1,+∞). Thus, we can extract weakly converging subsequences ūk
′
⇀ ũ

in Us, in particular for s > d + 1. Applying Lemma 1.8, ȳk
′

converges strongly to

ỹ = ŷ + Sũ in L2(0, T ;H) and C(Q). Then, using (1.113) we derive∫
Q

(ȳ − ȳk) dµ̄a ≤ C(s)‖µ̄a‖M(Q)‖ū− ūk‖Us ≤ C(s)‖µ̄a‖M(Q)‖ub − ua‖Us , (1.114a)
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∫
Q

(ȳ − ȳk) dµ̄b ≤ C(s)‖µ̄b‖M(Q)‖ū− ūk‖Us ≤ C(s)‖µ̄a‖M(Q)‖ub − ua‖Us . (1.114b)

Inserting (1.111) and (1.114) in (1.109) we obtain that

1

2ck
‖µ̄ka‖2

W +
1

2ck
‖µ̄kb‖2

W +
1

2ck
‖µ̄ka(T )‖2

H +
1

2ck
‖µ̄kb(T )‖2

H ≤ C (1.115)

with C = C(s, ck, µa, µb, µ̄a, µ̄b, ua, ub) a positive bounded constant depending on s,

ck, µa, µb, µ̄a, µ̄b, ua and ub. The boundedness of the multipliers µ̄ka and µ̄kb shown in

(1.115) can be used for proving that ỹ satisfies the state constraints. In fact, passing

to the limit for k′ →∞ in the identities

1

ck′
‖µ̄k′a ‖2

W = ck′

∥∥∥∥max

{
0,
µa

ck′
+ ya − ȳk

′
}∥∥∥∥2

W

, (1.116a)

1

ck′
‖µ̄k′b ‖2

W = ck′

∥∥∥∥max

{
0,
µb

ck′
+ ȳk

′ − yb
}∥∥∥∥2

W

, (1.116b)

1

ck′
‖µ̄k′a (T )‖2

H = ck′

∥∥∥∥max

{
0,
µa(T )

ck′
+ ya(T )− ȳk′(T )

}∥∥∥∥2

H

, (1.116c)

1

ck′
‖µ̄k′b (T )‖2

H = ck′

∥∥∥∥max

{
0,
µb(T )

ck′
+ ȳk

′
(T )− yb(T )

}∥∥∥∥2

H

, (1.116d)

we have that ya ≤ ỹ ≤ yb in QT , because 1
ck′
‖µ̄k′a ‖W → 0, max

{
0, µa

ck′
+ ya − ȳk

′
}

converges to max {0, ya − ỹ} in W and the other quantities in (1.116) behave

similarly. What remains to prove is that ũ = ū and ỹ = ȳ. To do so, we combine

again (1.109) and (1.111) together with (1.17c)-(1.17d) obtaining

m∑
i=1

σi‖ūi − ūki ‖2
L2(0,T ) ≤

1

2ck
‖µa‖2

W +
1

2ck
‖µb‖2

W +
1

2ck
‖µa(T )‖2

H +
1

2ck
‖µb(T )‖2

H

+

∫
Q

(ya − ȳk) dµ̄a +

∫
Q

(ȳk − yb) dµ̄b.

(1.117)

Sending k′ →∞ we have

0 ≤ lim
k′→∞

m∑
i=1

σi‖ūi − ūk
′

i ‖2
L2(0,T ) ≤

∫
Q

(ya − ỹ) dµ̄a +

∫
Q

(ỹ − yb) dµ̄b ≤ 0.

Hence, ūk
′ → ū in U, which implies ȳk

′ → ȳ in W (0, T ) (and in particular in

L2(0, T,H)) for (1.5). Therefore, for the uniqueness of the limit ũ = ū and ỹ = ȳ,
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meaning that ȳk
′ → ȳ also in C(Q). Due to the fact that the optimal solution of

(1.15) is unique, the limit is independent from the chosen subsequence, hence we

have convergence for the whole sequences to the limit points ū and ȳ. At last, the

estimates ∫ T

0

〈µ̄ka(t), ȳk(t)− ya(t)〉H dt ≤ 1

2ck
‖µa‖2

W,∫ T

0

〈µ̄kb(t), yb(t)− ȳk(t)〉H dt ≤ 1

2ck
‖µb‖2

W,

〈µ̄ka(T ), ȳk(T )− ya(T )〉H ≤
1

2ck
‖µa(T )‖2

H ,

〈µ̄kb(T ), yb(T )− ȳk(T )〉H ≤
1

2ck
‖µb(T )‖2

H

(1.118)

can be proved following the same techniques used to derive (1.111). Therefore

0 ≤ lim inf
k→∞

rk ≤ lim sup
k→+∞

rk ≤ 0

which proves the claim.

As also mentioned in [79, 80], it is important to prove that Algorithm 3 makes

infinitely many successful iterations. In fact, if the number of successful iterations is

finite, there exists an index m > 0 such that for all iterations k > m the quantities

Rk
a and Rk

b are not decreasing enough. This implies that the algorithm can not exit

the while loop and consequently can not converge. Fortunately, the proof of the

following lemma shows that this is impossible.

Lemma 1.56. Let Assumptions 1.1, 1.12 and 1.14 hold true. Then, Algorithm 3

makes infinitely many successful iterations.

Proof. The proof follows exactly the proof in [79, 80]. We report it in this thesis only

for the sake of completeness. Assume that Algorithm 3 does only a finite number

of successful iterations, then, as already mentioned, there exists an index m > 0

such that for all iterations k > m these iterations are not successful. Therefore,

it holds µcka = µcma and µckb = µcmb for all k > m. Moreover, Rk
a > τRm

a > 0 and

Rk
b > τRm

b > 0. From Lemma 1.55 and the fact that ȳ satisfies (1.15c), we have

that

lim
k→∞

Rk
a +Rk

b = ‖max {0, ya − ȳ} ‖C(Q) + ‖max {0, ȳ − yb} ‖C(Q) = 0,

that leads to a contradiction.
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Now that all the technical details are set up, convergence for the generated

control sequence un,+ and the associated state yn,+ := ŷ + Sun,+ is shown in the

following theorem:

Theorem 1.57. Let Assumptions 1.1, 1.12 and 1.14 hold true. The sequence

{(un,+, yn,+)}n∈N of successful iterations in Algorithm 3 converges to the optimal

solution (ū, ȳ) of (1.15) in U×W (0, T ) ∩ C(Q) as n→∞.

Proof. For Lemma 1.56, the algorithm makes infinitely many successful iterations,

therefore

0 = lim
n→∞

Rn,+
a +Rn,+

b

= lim
n→∞

(
‖max

{
0, ya − yn+1,+

}
‖C(Q) + max

{
0,

∫ T

0

〈µn+1,+
a , yn+1,+ − ya〉H dt

}
+ max

{
0, 〈µn+1,+

a (T ), yn+1,+(T )− ya(T )〉H
}

+ ‖max
{

0, yn+1,+ − yb
}
‖C(Q) + max

{
0,

∫ T

0

〈µn+1,+
b , yb − yn+1,+〉H dt

}
+ max

{
0, 〈µn+1,+

b (T ), yb(T )− yn+1,+(T )〉H
})

.

Together with Lemma 1.53, it implies

0 ≤ lim
n→∞

m∑
i=1

σi‖ūi − un,+‖2
L2(0,T ) ≤ 0.

Therefore, un,+ converges to ū in U. Consequently, (1.5) implies that yn,+ converges

strongly to ȳ in W (0, T ). Now, since un,+ ∈ Uad holds, un,+ is bounded in

L∞(0, T ;Rm) for all n > 0. Hence, {un,+} is a bounded sequence in Us for all

s ∈ [1,+∞), in particular for s > d + 1. This implies that there exist weakly

converging subsequences {unj ,+} which weakly converge to ū in Us for s > d + 1.

Since un,+ converges strongly in U to the unique limit point ū, then, independently

from the subsequence taken, the entire sequence {un,+} converges weakly to ū in Us.

Finally, Lemma 1.8 implies that yn,+ converges strongly to ȳ in C(Q).

1.5 Numerical tests

All the tests in this thesis have been made on a Notebook Lenovo ThinkPad

T450s with Intel Core i7-5600U CPU @ 2.60GHz and 12GB RAM. The codes are
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written in Python language and we use the tools of Firedrake, cf. [112], PETSc, cf.

[11, 12], and SLEPc, cf. [62, 119], for our numerical computations. In order to have

a fair comparison of the methods previously presented, when it is not differently

specified, we always make use of the data that will be presented in this section. At

first, we choose as domain Ω = [0, 5]× [0, 5] ⊂ R2 and we introduce a triangulation

with Nx = 2257 nodes, as shown in Figure 1.2(b). To compute the numerical

solution of state and adjoint equations we use the Finite Element method in space

and implicit Euler method in time. Moreover, as can be seen in Figure 1.2(a), we

place m = 4 controls on the boundary ∂Ω according to the following shape functions

b1(x) =

{
1 if x ∈ {0} × [0, 1]

0 otherwise,
, b2(x) =

{
1 if x ∈ [1, 2]× {5}
0 otherwise,

,

b3(x) =

{
1 if x ∈ {5} × [3, 4]

0 otherwise,
, b4(x) =

{
1 if x ∈ [2, 3]× {0}
0 otherwise,

.

Hence,

Γc =
{
x ∈ ∂Ω

∣∣∃i ∈ N s.t. bi(x) = 1, 1 ≤ i ≤ m
}
, Γo = ∂Ω \ Γc.

For the state equation (1.1), we choose γc = 1, γo = 0.03, as diffusion coefficient

λ = 1, as initial temperature profile y◦(x) = 15+sin(2πx1) cos(2πx2) and as outside

(a) Boundary Γ (b) Triangular mesh, Nx = 2257

Figure 1.2: Domain Ω with the location of the boundary controls, the inflow and

the outflow (left), together with its triangulation (right).
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temperature yout(t) = 15 − t for all t ∈ [0, T ]. Furthermore, we generate the time-

dependent velocity field v(t,x) solving the following Navier-Stokes equation2

vt + (v · ∇)v − ν∆v = −∇P in Q,

∇ · v = 0 in Q,

P = 0 in [0, T ]× Γol = {x1 = 5.0, x2 ∈ [4, 5]} ,
v = ṽ in [0, T ]× Γil = {x1 = 0.0, x2 ∈ [0, 1]} ,
v = 0 in Γ \ Γol ∪ Γil,

v(0) = 0 in Ω,

(1.119)

where P is the pressure of the air in the room, ν = 0.01 and

ṽ(t,x) = (4.5(4.0x2(1− x2)), 0.0).

In this scenario, we have a constant in time inflow ṽ(t,x) of maximum magnitude

4.5 on the bottom left side of Ω, i.e., Γil, represented in green in Figure 1.2(a).

Moreover, there is an outflow on the top right part of the domain, i.e., Γol, which is

in blue in Figure 1.2(a). In Figure 1.3, we show the magnitude of v(t,x) for some

time instances.

Figure 1.3: Velocity field v, t = 1.0, 2.0, 4.0

Remark 1.58. This choice of data describes a room where there are three radiators

u2, u3 and u4 and a warm air heater u1, of which we can control only the temperature.

Moreover, there is the possibility for the air to flow out from the room, e.g., in

a presence of a door. For simplicity, we suppose that the wall permeability γo is

constant and the room is subjected to the same external temperature on each side. ♦
2The code is courtesy of Dr. J. Andrej, our DFG-project partner at Christian-Albrechts-

Universität zu Kiel and a detailed explanation of the code can be found in his Ph.D. thesis [6].
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1.5.1 Tracking term

In this section, we prescribe a target that has to be reached inside the state

constraints. This turns out to be helpful in the optimization problem to keep the

solution inside the bounds. However, the corresponding optimal controls are not the

smallest which guarantee that the temperature does not violate the constraints, as

will be shown in Section 1.5.2. We choose as target yQ(t,x) = yT (x) = 17 for all

x ∈ Ω, t ∈ [0, 4] and we fix σT = σQ = 1000. Furthermore, we choose as pointwise

state constraints the following quantities

ya(t,x) =


14 + t t ∈ [0, 1.82683],

q(t) t ∈ (1.82683, 2.17222),

16 t > 2.17222,

yb(t,x) = 29,

where
q(t) = −0.0202027t6 + 0.242131t5 − 1.0464t4

+ 1.92074t3 − 1.49028t2 + 1.40626t+ 14.
(1.120)

The bottom constraint ya ∈ C(Q) is shown in Figure 1.4 and it is chosen in such

a way to simulate an increasing heating process. In fact, we can not expect that

a feasible solution exists setting ya(t,x) = 16 from the beginning, because of the

initial state y◦ and the position of the controls, which can not act immediately on

every point of the domain Ω. For example, in the bottom right corner the effect of

the controls relies only on the velocity field v(t,x) and on the diffusion coefficient

λ. Furthermore, we set as control constraints uai(t) = 0 and ubi(t) = 45 and as

initial control u0
i (t) = 20 for all t ∈ [0, 4]. For the time discretization we use a

 14

 14.5

 15

 15.5

 16

 0  0.5  1  1.5  2  2.5  3  3.5  4

ya(t)

Figure 1.4: Lower state constraint ya



70 1. The linear-quadratic optimal control problem

step ∆t = 0.05 and we apply both methods presented in this chapter. For the

virtual control approach we set and keep fixed ε = 10−5 and wb = −wa = 109,

pointing out the fact that the bounds on the virtual control w can be chosen

sufficiently large, since they have to be imposed only for convergence reason; see

Section 1.3.3 and in particular Lemma 1.38. Furthermore, we choose the initial

w0 = ϑ0 = 0 in W. For the augmented Lagrangian method, instead, we set as initial

penalty parameter c0 = 0.1, an increment β = 4.0, a residual weight τ = 0.95,

a residual tolerance of 10−5 and a maximum number of iterations nmax = 1000.

In Table 1.1, we report a comparison between the two methodologies, where for

Method ‖u‖U rel err Q rel err T Out. It. In. It. Time

ALM-PG 88.25 0.0459 0.0056 1 433 4625 s

ALM-BFGS 88.09 0.0460 0.0058 1 17 145 s

VC-PDASS 88.23 0.0459 0.0056 – 5 89 s

Table 1.1: VC and ALM results for the tracking term test

the ALM we make use once of the projected gradient method (PG) and once of

the projected BFGS. As it can be expected, the ALM-PG is the slowest among

the methods tested. This is due to the nature of the projected gradient method,

which is really robust, convergence speaking, but it takes many iterations before

reaching the optimal solution. Therefore, combining the ALM with a quasi-Newton

method like BFGS improves the computational time of the 97%, because the number

of inner iterations needed to converge is significantly reduced. Surprisingly, the

ALM algorithm is immediately successful, i.e., despite the fact it starts with a small

penalty parameter c0, Algorithm 3 takes only 1 outer iteration to drop the residuals

under the tolerance chosen. This is justified by the presence of the tracking term:

the optimal solution of the minimization problem (L̂k) for k = 0 is close enough to

the target to be already inside the state constraints range. The PDASS converges

in a really small number of steps and therefore this method is the quickest among

the one tested. The reason is that the PDASS algorithm is equivalent to a semi-

smooth Newton method, thus it is super-linearly convergent. However, we have not

a significant speed-up compared to the BFGS time because each PDASS iteration

costs significantly more. In fact, for each BFGS iteration and each line-search step

we need to solve 2Nt = 160 linear systems with Nx = 2257 unknowns, instead for

the PDASS we have to find the solution of a linear system of dimension 2NtNx,

that is way more costly to solve. The dimension of the PDASS iteration matrix has
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to be taken in account also for memory consumption, that can be avoided using

a matrix-free implementation, as it is shown in Section 1.5.3. In Figure 1.5, we

plot the maximum, minimum and average values of the optimal solution for each

time instance, together with the target yQ and the state constraints ya and yb. As
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(c) VC-PDASS

Figure 1.5: Comparison between optimal solution maximum, minimum and

average values, target yQ and constraints ya and yb.

one can notice, the optimal solution is always inside the bounds for all the three

methods test, meaning that this approach is successful. The fact that the target is

not reached exactly in all the points at each time step is due to the cost functional

weights and due to the choice of the boundary conditions. In fact, the outside

temperature is moving the optimal trajectory away from the target. Moreover, the

way the controls are placed in the domain does not allow an instantaneous reaction
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to this effect. Anyway, as one can see in Table 1.1, the relative errors

rel err Q :=
‖y − yQ‖L2(0,T ;H)

‖yQ‖L2(0,T ;H)

, rel err T :=
‖y(T )− yT‖H
‖yT‖H

,

show that this deviation from the target is negligible, especially for the last time step

T where the error is only of the 0.56%. Let us mention that the peaks appearing

in the maximum temperature reported in Figure 1.5 are due to the fact that the

maximum is located in different grid points at each time step. Especially at the

begin, the maximum temperature is connected to the control values, therefore, as

soon as a control decreases, there may be a sudden switch of the position and of the

value of the maximum, causing such peaks. Figure 1.5 shows also how the optimal

trajectories computed by both ALMs and VC-PDASS are similar, especially the
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Figure 1.6: Optimal controls computed by the ALMs and the VC.
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ALM-PG and VC-PDASS ones. This is also confirmed by the control norm reported

in Table 1.1 and by Figure 1.6, where the optimal controls are plotted.

1.5.2 Economic optimal control

In this section, we treat the case where the cost functional depends explicitly

only on the control variables, therefore we set σQ = σT = 0, which is possible

according to Assumption 1.12. Let us point out that the proofs (and thus the

results of convergence) contained in Sections 1.3 and 1.4 do not change because of

this choice. Anyway, it is clear that the presence of state constraints is crucial in this

setting, otherwise the minimization algorithm will always select the smallest possible

value for all the controls at each time step. This kind of optimal control problem is

known as economic optimal control problem, because we do not focus on bringing

the trajectory to a target, but only on optimizing the economic performance of the

process, so that we can compute the smallest control that allows the state solution

to satisfy the bounds. In this section, we keep the same control and state constraints

of the previous test, i.e. uai(t) = 0.0, ubi(t) = 45.0,

ya(t,x) =


14 + t t ∈ [0, 1.82683],x ∈ Ω,

q(t) t ∈ (1.82683, 2.17222),x ∈ Ω,

16 t > 2.17222,x ∈ Ω,

where q(t) is defined in (1.120) and yb(t,x) = 29. For the augmented Lagrangian

method, we start with the initial penalty parameter c0 = 0.1, with an increment

β = 4.0 and a residual weight τ = 0.95. The maximum number of iterations for the

projected gradient (and projected BFGS) is 1000 and a tolerance of 10−5 for the

residuals. From Table 1.2 we deduce that, also for this test, the projected BFGS

Method ‖u‖U k n avg. it. time

Proj. Gradient 73.42 69 40 162.3 > 2 days

Proj. BFGS 72.10 63 40 30.6 ' 7 hours

Table 1.2: Economic optimal control problem: augmented Lagrangian method

method performs better than the projected gradient one in terms of computational

time and iterations. For our application, the reduction of computational time is

crucial, because the aim is to get as fast as possible the optimal control to apply it

in real time. Since the convergence criterion on the residual Rk
a and Rk

b is satisfied,
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both methods are able to find the solution of the problem. Due to the quasi-Newton

behaviour of the BFGS algorithm, the BFGS optimal controls are smaller than the

projected gradient ones. This is also due to the choice for the maximum number

of iterations, which is reached for the last six outer PG iterations, introducing a

truncation error. It is also important to point out that the norm of the controls

is smaller than the norms of the optimal controls in Section 1.5.1. This is due to

the economic choice for the cost functional: now we are computing the smallest

control such that the optimal state respects the state constraints, without focusing

on a tracking term. Unfortunately, the computational time increases significantly,

because the penalization parameter c is not large enough to get the optimal solution

in one successful outer iteration. However, starting with a large penalty parameter

from the begin would not fix the issue, since we lose the warm start effect typical

of the ALM and, therefore, we would need many costly inner iterations to converge.

In Table 1.3, we report the numerical results for different choices of the parameter

ε in the VC. As one can see, the number of state active points, i.e., the number of

points (t,x) in the time-space grid whose solution y(t,x) violate the constraints, gets

smaller as ε decreases, since for a decreasing ε the solution of the VC is converging

to the solution of (1.15), as also proved in Corollary 1.43. At the same time the

number of iterations and the optimal controls increase to compensate the effort

needed to keep the optimal trajectory inside the bounds, even if these controls

remain smaller than the ones computed in Section 1.5.1, as expected. In Table 1.3,

it is also reported the convergence order of the method, which is O(
√
ε) according to

Remark 1.46. Since we do not know a priorly the optimal solution and computing it

ε ‖u‖U State Act. Points It. Time Conv. Order

0.5 42.81 146200 (81%) 9 140 s –

0.281170 52.62 103749 (57.5%) 10 155 s 0.67

0.158113 59.37 73705 (41%) 10 170 s 0.78

0.088914 63.34 48392 (27%) 12 290 s 0.65

0.05 66.23 25924 (14.4%) 13 335 s 0.82

0.028117 67.90 15327 (8.5%) 18 482 s 0.53

0.015811 69.29 7542 (4.2%) 32 795 s 0.71

0.008891 70.09 4311 (2.4%) 40 923 s 0.59

0.005 70.91 2242 (1.2%) 49 1196 s –

Table 1.3: VC-PDASS convergence rate for decreasing ε.
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for a really small ε can be costly and numerically challenging, we approximate the

convergence order through the following formula

Conv. Order ' logκ
‖uκε − uε‖U
‖uε − uε/κ‖U

, (1.121)

where κ = 4
√

10. For decreasing ε the numerical convergence rate is sometimes better

than the expected 0.5. This may point out that the convergence estimate can be

improved or that the chosen ε are still too big to compute a good approximation

of the convergence rate with the approximation formula (1.121). To improve the

results and to compute the optimal solution for smaller ε, one has to refine the space-

time grid, because the pointwise error between the optimal solution for ε = 0.005
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Figure 1.7: Comparison between optimal solution maximum, minimum and

average values, target yQ and constraints ya and yb.
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and the state constraints is smaller than the discretization approximation error

corresponding to the chosen Nx and Nt. Similar discretization and convergence rate

issues are also observed in [83]. In Figure 1.7, we compare the state constraints with

the maximum, minimum and average values of the optimal solution in each time

step for ALM-PG, ALM-BFGS and VC-PDASS. As one can see, for a decreasing

ε the PDASS solution is approaching the ALM-BFGS one, which is the best

approximation of the optimal solution among the three computed. As already

mentioned, the chosen maximum number of iterations influences the ALM-PG

solution, making it worse than the ALM-BFGS one.

Remark 1.59. With our application in mind, for ε = 0.005 the magnitude of the

violation of the state bounds is negligible, due to the fact that the human body can not

perceive such small temperature differences. Therefore, there is no need in our case

to send ε to zero, but we have to choose it in such a way that these violations can be

neglected. This last remark justifies the future tests in Chapter 2 and in Chapter 3.

♦

1.5.3 PDASS matrix-free implementation

In this section we perform the same test of Section 1.5.2 fixing ε = 0.005,

exploiting the block structure of the PDASS iteration matrix A of (1.96) and

applying our matrix-free preconditioner. From Table 1.4, one can see that the

matrix-free GMRES can solve large system without running out of memory. Let

us mention that the number of iteration before restarting the GMRES algorithm

is not crucial in the failed tests, since the program runs out of memory while it is

assembling the iteration matrix A. To point out that it is crucial to find a good

Nx 585 2257 8865 35137

Matrix X X X X

Matrix-Free X X X X

Table 1.4: Results for different number of DOFs and Nt = 3000 time steps for

PDASS. ( X = Out of memory, X= Convergence)

preconditioner for the linear system matrix, we report in Table 1.5 the number of

iterations needed by GMRES to converge to the solution with ten random initial

guesses and ten random initial controls u0 for the PDASS algorithm. As one can see,

when the matrix A is not preconditioned the number of iterations is of order 103−104.
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When we apply an ILU preconditioner to the assembled matrix A, the convergence

performance for the GMRES method improves, but, as already seen, such technique

requires a lot of memory making it inapplicable for large systems. Instead, applying

the matrix-free preconditioner proposed in Remark 1.48 is convenient in terms of

memory, but the performance is way too dependent on the structure of the problem.

Since we use only the blocks in the main diagonal of A, we are missing the coupling

terms in state and adjoint equations, which depends on the active sets AW
a , AW

b , AW
a,2,

AW
b,2 and on the inactive sets IW and IUi for i = 1, . . . ,m. In fact, these blocks are in

the off-diagonals of A. For this reason, the quality of the proposed preconditioner

(MFB-PC) is affected by the number of active and inactive points and thus by the

control variables. This explains why the MFB preconditioned GMRES performs

worse than the not preconditioned one for some runs; cf. Table 1.5. Therefore,

in future work, we will investigate matrix-free preconditioners based on different

techniques, like domain decomposition methods; cf. [18, 60].

Run Nr. 1 2 3 4 5 6 7 8 9 10

No-PC 14313 2960 5675 2537 9132 7653 12984 1950 925 877

MFB-PC 9729 235 853 2811 1041 3426 17230 156 875 55

ILU PC 354 89 125 81 222 251 393 127 56 39

Table 1.5: Iterations for different random u and random initial guess for GMRES

(relative residual: 10−6, Nx: 2257, Nt = 80)
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Chapter 2

Proper Orthogonal Decomposition

for linear-quadratic OCP

In this chapter we apply the POD method to our problem. We use this

model order reduction technique to gain computational time speed-up and memory

saving. At first, we briefly give the necessary basic knowledge about this method,

fixing also the notation. Subsequently, we show how the regularization approaches

described in Chapter 1 can be combined with POD. Further, we derive a-posteriori

error estimators to certify the quality of the POD approximation and to develop

strategies for updating the POD basis. At the end of the chapter, through numerical

simulations, we study the effectiveness and the tightness of such estimates in relation

to the parameters of the problem.

2.1 Basics

The results presented in this section marked an important milestone for model

order reduction using POD, therefore we briefly mention them in order to fix the

notation. For a detailed excursus on the topic we refer, e.g., to [57, 68, 85]. Let S

be either the space H or the space V . In S we denote by 〈·, ·〉S and ‖ · ‖ = 〈·, ·〉1/2S

the inner product and the associated norm, respectively. For fixed K ∈ N let the

so-called snapshots sk ∈ L2(0, T ; S) be given for 1 ≤ k ≤ K. We introduce the linear

subspace SK ⊂ S, where

s ∈ SK ⇔ ∃ω1, . . . , ωK ∈ L2(0, T ) : s =
K∑
k=1

∫ T

0

ωk(t)sk(t) dt. (2.1)

79
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We call the set SK the snapshots subspace and we indicate its dimension with D ≥ 1.

Let {ψi}Di=1 denote an orthonormal basis for SK , then each snapshot can be expressed

as

sk(t) =
D∑
i=1

〈sk(t), ψi〉S ψi, a.e. in [0, T ], for k = 1, . . . , K. (2.2)

The POD method consists in choosing an orthonormal basis {ψi}Di=1 for SK such

that for every ` ∈ {1, . . . , D} the mean square error between the snapshots sk and

their corresponding `-th partial sum of (2.2) is minimized:

min
K∑
k=1

∫ T

0

‖sk(t)−
∑̀
i=1

〈sk(t), ψi〉S ψi‖2
S dt

s.t. {ψi}`i=1 ⊂ S and 〈ψi, ψj〉S = δij, 1 ≤ i, j ≤ `,

(2.3)

where δij is the Kronecker delta.

Definition 2.1. A solution {ψi}`i=1 to (2.3) is called a POD basis of rank `.

We define the subspace spanned by the first ` POD basis functions as S` =

span{ψ1, . . . , ψ`}.

Using a Lagrangian framework, the solution to (2.3) is characterized by the

following optimality conditions:

Rψ = λψ, (2.4)

see [68, 85], where R : S→ S is given by

Rψ =
K∑
k=1

∫ T

0

〈sk(t), ψ〉S sk(t) dt for ψ ∈ S.

It can be proven that R is a compact, nonnegative and self-adjoint operator. By

Hilbert-Schmidt theory, see [118], there exists an orthonormal basis {ψi}i∈N for S

and a sequence {λi}i∈N of non-negative real numbers so that

Rψi = λiψi, λ1 ≥ · · · ≥ λD > 0 and λi = 0, for i > D. (2.5)

Moreover SK = span{ψi}Di=1. Notice that R, {λi}i∈N and {ψi}i∈N depend on K.

Throughout the thesis we omit to indicate this dependency. Furthermore, the error

formula
K∑
k=1

∫ T

0

‖sk(t)−
∑̀
i=1

〈sk(t), ψi〉S ψi‖2
S dt =

D∑
i=`+1

λi, (2.6)

holds true for the POD basis {ψi}`i=1 of rank `; cf. [68].
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Remark 2.2. a) In the context of optimal control problems a reasonable choice

for the snapshots is, e.g., the solution of state and adjoint equations for an

arbitrary admissible control.

b) For the numerical realization, the space S has to be discretized by, e.g., a finite

element discretization in space and a finite difference one in time. In this case

the Hilbert space S has to be replaced by a Euclidean space RNx endowed with

a weighted inner product. Nx corresponds to the number of FE nodes and we

choose `� Nx. Furthermore, we have to perform a trapezoidal approximation

for the integral in time in (2.3); see [57, Chapter 1].

♦

If a POD Basis {ψi}`i=1 of rank ` is computed, we can derive a reduced-order

model for (1.3): for any g ∈ L2(0, T ;Rm) the function q` = S`g is given by

d

dt
〈q`(t), ψ〉H + a(t; q`(t), ψ) = 〈(Bg)(t), ψ〉V ′,V for all ψ ∈ S` a.e. in (0, T ],

q`(0) = 0 in H.
(2.7)

For any u ∈ Uad the POD approximation y` for the state solution is y` = ŷ` + S`u,

where ŷ` solves

d

dt
〈ŷ`(t), ψ〉H + a(t; ŷ`(t), ψ) = 〈F(t), ψ〉V ′,V for all ψ ∈ S` a.e. in (0, T ],

ŷ`(0) = y◦ in H.
(2.8)

Analogously a reduced-order model can be derived for the adjoint equation; see,

e.g., [57, Chapter 1]. The POD Galerkin approximation of (P̂) is given by

min Ĵ `(z) = min J(ŷ` + S`u, z) s.t. z ∈ Z`ad, (P̂`)

where the set of admissible controls is

Z`ad = {z = (u,w) ∈ Z |u ∈ Uad, ya ≤ ŷ`+(S`u)(t,x)+εw(t,x) ≤ yb, wa ≤ w ≤ wb}.

Similarly, the POD Galerkin approximation of (L̂) is given by

min L̂`ck(u, µcka , µ
ck
b ) s.t. u ∈ Uad, (L̂`)
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where the POD-based reduced augmented Lagrangian is defined as

L̂`c(u, µ
c
a, µ

c
b) :=Ĵ `(u)− 1

2c
(‖µca‖

2
L2(Q) + ‖µcb‖

2
L2(Q) + ‖µca(T )‖2

L2(Ω) + ‖µcb(T )‖2
L2(Ω))

+
c

2

∥∥∥∥max

{
0, ŷa − S`u+

µca
c

}∥∥∥∥2

L2(Q)

+
c

2

∥∥∥∥max

{
0,S`u− ŷb +

µcb
c

}∥∥∥∥2

L2(Q)

+
c

2

∥∥∥∥max

{
0, ŷa(T )− (S`u)(T ) +

µca(T )

c

}∥∥∥∥2

L2(Ω)

+
c

2

∥∥∥∥max

{
0, (S`u)(T )− ŷb(T ) +

µcb(T )

c

}∥∥∥∥2

L2(Ω)

,

where

Ĵ `(u) := J (ŷ + S`u, u).

Remark 2.3. Since the PDASS is an all at once approach, in the POD formulation

we have to reduce the state and the adjoint variables including the parts which do

not depend on the controls, like ŷ and p̂, respectively. The reason relies on the

fact that we can not consider the splitting of the variables y and p solving system

(1.96). In the ALM method, instead, we can compute ŷ and p̂ in advance and build

a reduced-order model only for the parts depending on the control variables. ♦

2.2 POD-based primal-dual active set strategy

As already mentioned in Remark 1.48, the PDASS algorithm can be really

costly in terms of computational time, especially when the number of DOFs is

large. Therefore, it is natural to apply a model order reduction approach to the

problem. Once a POD basis {ψ}`i=1 of rank ` is computed, one can derive the

following POD Galerkin formulation of the PDASS coupled equations (1.91)-(1.94).

The reduced-order state equation is

d

dt
〈yk+1,`(t), ψ〉H + a(t; yk+1,`(t), ψ)− γc

m∑
i=1

χIUi (zk)(t)
γc
σi

∫
Γc

bip
k+1,`(t)ds̃

∫
Γc

biψ ds

= 〈F(t), ψ〉V ′,V + γc

m∑
i=1

(
χAU

ai(z
k)(t)uai(t) + χAU

bi(z
k)(t)ubi(t)

) ∫
Γc

biψ ds

(2.9)
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for all ψ ∈ S` a.e. in (0, T ]. Similarly, the reduced-order dual equation reads

− d

dt
〈pk+1,`(t), ψ〉H + a(t;ψ, pk+1,`(t)) + σQ 〈yk+1,`(t), ψ〉H

+
σw
ε2

〈
yk+1,`(t)

6∑
i=1

χAi(νk)(t) +
1

ε
yk+1,`(t)

6∑
i=3

χAi(νk)(t), ψ

〉
H

= σQ 〈yQ(t), ψ〉H +
σw
ε2

〈
r(ε, ya, yb, wa, wb, χAW

1 (νk), . . . , χAW
6 (νk))(t), ψ

〉
H

(2.10)

for all ψ ∈ S` a.e. in [0, T ) where r(·, . . . , ·) is defined in (1.92). Likewise, yk+1,`(0)

and pk+1,`(T ) can be defined. When equation (1.91)-(1.94) are discretized with

piecewise linear FE, the discrete FE matrices have dimension Nx × Nx, where Nx

is the number of FE nodes. The respective reduced order matrices describing (2.9)

and (2.10) belong to R`×` with ` � Nx. Therefore, in the POD-based PDASS

algorithm one has to solve only a linear system of dimension 2`Nt at each Newton

iteration, where Nt is the number of time steps. Hence, we gain a speed-up of the

computational time. In particular, this happens in real application, where ` has an

order of magnitude of 102 ∼ 103, while Nx has one of 106 ∼ 109.

Remark 2.4. So far, some issues are still not clear: how to generate good snapshots

(and therefore a good POD-basis), how to choose the rank ` and how to ensure

the quality of the approximation. The first issue is strictly related to the problem

structure itself. Therefore, there is no good recipe that works for every situation.

In the context of optimal control problems, one can start from the idea that the

best snapshots are the one related to the optimal solution. Clearly, if we are able

to have an a-priori knowledge of the optimal solution, we do not need to solve the

optimization problem. For the POD-PDASS algorithm, we suggest to compute some

optimization steps with a cheap first-order method, e.g., the augmented Lagrangian

method and then generate the POD-basis with the state and adjoint snapshots

computed with the obtained sub-optimal control. Another option to get a sub-optimal

control is to compute one or two steps directly with the full-order semi-smooth

Newton method, if the computational time related to the application allows it. What

we want to point out is that these procedures are all heuristic and related to the

problem. For the second issue, one can choose the rank ` looking at the a-priori

error estimate (2.6) and selecting the smallest ` such that

D∑
i=`+1

λi ≤ τ (2.11)
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where 0 < τ � 1 is a predefined tolerance. Of course, this procedure guarantees

that the snapshots sk are well reconstructed by the solution of the POD-Galerkin

approximation, but, if the snapshots are still not good for the problem, the suboptimal

POD solution (u`, w`) may be far from the optimal solution (ū, w̄). This leads to

the third issue regarding the quality of the approximation, which can be measured

with an a-posteriori error estimator, cf. Section 2.4. If the a-posteriori estimate

is larger than a predefined tolerance, we could increase ` or generate a new basis

from new snapshots. Also in this situation, the procedures to follow are heuristic,

problem related and dependent on the tightness of the a-posteriori estimate, meaning

that there is no unique recipe that efficiently solves each mentioned issue. ♦

Based on the considerations done in Remark 2.4, we present the POD-PDASS

method in Algorithm 6. To keep the algorithm simple, we suppose that few iterations

K of the Newton algorithm are sufficient to generate good snapshots. Moreover, we

suppose that the tolerance τ1 is sufficiently small. These previous assumptions are

made to guarantee that we do not update the POD basis after each step of the semi-

smooth Newton method. If such assumptions do not hold, according to Remark 2.4,

one can think to not only update the basis in Algorithm 6, but also to increase `.

It may be significant also to choose a greater K at the begin. Let us mention that,

for example, in [14] and [45] a detailed overview on possible basis update strategies

is presented, respectively, for a POD-based multi-objective and non-linear optimal

control problems.

Algorithm 6 (POD-based primal-dual active set strategy)

1: Choose starting value ν0 = (u0, w0, ϑ0) ∈ Z × W, number of Newton steps

to compute the snapshots K, tolerance τ1 for the a-priori estimate (2.11) and

tolerance τ2 for the a-posteriori error estimate (2.14)

2: Set k = 0, flag =false and snapflag = true;

3: Determine y0 = ŷ + Su0 and p0 = p̂+Au0 −A2(σww
0 + ϑ0)/ε.

4: Determine AU
ai(ν

0), AU
bi(ν

0), IUi (ν0) for i = 1, . . . ,m, AW
a (ν0), AW

b (ν0), IW(ν0)

and AW
a,2(ν0), AW

a,2(ν0) and IW2 (ν0) from (1.85) and (1.86), respectively;

5: repeat

6: if snapflag = true then

7: Compute the solution (yk+1, pk+1) by solving (1.96);

8: if k > K then

9: Set snapflag = false;
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10: Generate a POD-basis of rank ` according to τ1 using the computed

(yk+1, pk+1) as snapshots;

11: end if

12: else

13: Compute the POD solution (yk+1, pk+1) according to (2.9)-(2.10);

14: Compute the a-posteriori error estimate e from (2.14);

15: if e > τ2 then

16: Set snapflag = true;

17: end if

18: end if

19: Compute νk+1 = (uk+1, wk+1, ϑk+1) ∈ Z × W from (1.89a)-(1.89i) and set

k = k + 1;

20: Determine AU
ai(ν

k), AU
bi(ν

k), IUi (νk) for i = 1, . . . ,m, AW
a (νk), AW

b (νk), IW(νk)

and AW
a,2(νk), AW

a,2(νk) and IW2 (νk) from (1.85) and (1.86), respectively;

21: if AU
ai(ν

k) = AU
ai(ν

k−1) and AU
bi(ν

k) = AU
bi(ν

k−1) for i = 1, . . . ,m then

22: if AW
a (νk) = AW

a (νk−1) and AW
b (νk) = AW

b (νk−1) then

23: if AW
a,2(νk) = AW

a,2(νk−1) and AW
b,2(νk) = AW

b,2(νk−1) then

24: flag = true;

25: end if

26: end if

27: end if

28: until flag = true;

2.3 POD-based augmented Lagrangian method

In the augmented Lagrangian method, the evaluation of the gradient and of the

step size can be costly, in particular in the projected-gradient algorithm. Therefore,

it seems reasonable to try a reduced-order approach based on POD to approximate

the state and adjoint solutions. According to Remark 2.3, the POD approximation

of the state solution is y` = ŷ + S`u, where S` is defined in (2.7). The POD

approximation of the dual equation, instead, is defined as p` = p̂+A`1u+A`4(u, µa, µb)

for µa, µb ∈W, where for any g ∈ L2(0, T ;Rm) we have that q = A`1g satisfies

− d

dt
〈q(t), ψ〉H + a(t;ψ, q(t)) = −σQ 〈(S`g)(t), ψ〉H ,

q(T ) = −σT (S`g)(T )
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for all ψ ∈ S` a.e. in [0, T ). Moreover, for any g ∈ L2(0, T ;Rm) we have that

q = A`4(g, µa, µb) for µa, µb ∈W satisfies

− d

dt
〈q(t), ψ〉H + a(t;ψ, q(t)) = c

〈
max

{
0, ŷa(t)− (S`g)(t) +

µa(t)

c

}
, ψ

〉
H

− c
〈

max

{
0, (S`g)(t)− ŷb(t) +

µb(t)

c

}
, ψ

〉
H

,

q(T ) = c

〈
max

{
0, ŷa(T )− (S`g)(T ) +

µa(T )

c

}
, ψ

〉
H

− c
〈

max

{
0, (S`g)(T )− ŷb(T ) +

µb(T )

c

}
, ψ

〉
H

for all ψ ∈ S` a.e. in [0, T ). The POD reduced gradient can be computed accordingly.

As in Section 2.2, we get an improvement of the computational time, of course paying

in accuracy of the approximation. Moreover, the same issues of Remark 2.4 arise

for the augmented Lagrangian method. Since in this framework we are exclusively

interested in the limit for the penalty parameter ck, we propose to solve the full-order

augmented Lagrangian problem (L̂k) for few steps k = 0, . . . , K in order to compute

good snapshots. If K is sufficiently small, one can still compute the POD solution

of the ALM with a good speed-up. In fact, at the begin the projected gradient (or

the projected BFGS) should not take many iterates to converge, since the penalty

parameter ck is still sufficiently small to not strongly enforce the state constraints,

which are the reason for an increasing computational challenge for the optimization

solver. This strategy leads to a further issue: if the parameter ck gets too large,

the state and adjoint snapshots do not have the same order of magnitude, therefore,

when we solve the minimization problem (2.3) to compute the POD basis, the first

POD bases would contain more (or even exclusively) information about the dynamics

of the dual equation, causing problems in the POD approximation. As in [78], we fix

this problem dividing the state and adjoint snapshots by different quantities, e.g., by

their own variance. This strategy turns out to be successful in [78], but the choice

of the scaling parameter is also heuristic and depends on the problem formulation.

Anyway, we will use this technique in our numerical simulations. An a-posteriori

error estimate for the POD-ALM is derived in Section 2.4.2. This estimate is used

to ensure the quality of the POD approximation, especially when the parameter c

increases significantly, implying that the initial snapshots are no more representative

of the dynamics of the full-order model. In this case, it is necessary to update the

POD basis. In [78], this a-posteriori estimate is not utilized. Therefore, in addition
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to [78], we consider a basis update strategy, cf. Algorithm 7.

Algorithm 7 (POD-based augmented Lagrangian method)

1: Data: Initial pair (µc0a , µ
c0
b ) ∈W×W, initial weight c0 > 0, increment β > 0 for

cn, tolerance ε > 0, maximum number of iterations nmax, residuals R0,+
a � 1,

R0,+
b � 1, residual weight τ ∈ (0, 1), number of iteration to generate the

snapshots K, tolerance τ1 for the a-priori estimate (2.11) and tolerance τ2 for

the a-posteriori error estimate (2.30);

2: set n = 0, k = 0, flag = false and snapflag= true;

3: while flag and n < nmax do

4: if snapflag = true then

5: Follow Step 4 - Step 20 of Algorithm 3;

6: if n ≥ 1 and k > K then

7: Set snapflag = false;

8: Scale the snapshots yn = Sun and pn = A1u
n+A4(un, µcka , µ

ck
b ), e.g., with

their own variance;

9: Generate a POD-basis of rank ` according to τ1 using the scaled (yn, pn)

as snapshots;

10: end if

11: else

12: For fixed (µcka , µ
ck
b ) find uk+1 solving the problem

min L̂`ck(u, µcka , µ
ck
b ) s.t. u ∈ Uad; (L̂

`

k)

13: Follow Step 5 - Step 20 of Algorithm 3;

14: Compute the a-posteriori error estimate e from (2.30);

15: if e > τ2 then

16: Set snapflag = true;

17: end if

18: end if

19: end while

Remark 2.5. Note that in Step 8 we do not need to include ŷ and p̂ in the snapshots,

because they are independent from the control u and they can be precomputed once

for all the steps in the ALM algorithm. In fact, thanks to the linearity of the state

and adjoint equations, we have y` = ŷ + S`u and p` = p̂ + A`1u + A`4(u, µcka , µ
ck
b ).
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Moreover, the condition n ≥ 1 in Step 6 is to ensure that at least there was one

successful step before computing the POD basis, otherwise we know a-priorly that

the snapshots can not be a good approximation of the optimal solution. ♦

2.4 A-posteriori error estimates

As previously mentioned, the approximation error in the reduced-order model

depends on the snapshots. The better the snapshots represent the dynamics involved

in the problem the more the reduced-order model is accurate. Furthermore, the rank

of the POD basis ` is also playing a role in the approximation quality: the greater

` is the better the model can reconstruct the dynamics. Therefore, two questions

arise naturally:

• How large does one have to choose `?

• How is it possible to measure the error between the reduced-order and the

full-order solutions without computing the full-order one?

To answer these two questions an a-posteriori error analysis can be used together

with the a-priori error (2.6). In this section we derive an a-posteriori error analysis

for the virtual control approach and the augmented Lagrangian method.

2.4.1 A-posteriori error estimate for the virtual control

approach

In this section we present an a-posteriori error estimate which is based on a

perturbation argument [33] and has been already utilized in [127]. As done in

[43], this estimate can be generalized for the mixed control-state constraints case.

In addition to [43], the virtual control w is also constrained, causing additional

restrictions to the estimate; see Remark 2.7. At first, the first-order sufficient

optimality conditions for (P̂) are given as

〈∇Ĵ(z̄), z − z̄〉Z ≥ 0 for all z ∈ Zad, (2.12)

where the gradient ∇Ĵ of Ĵ at a given z = (u,w) ∈ Zad has been given in (1.38).

Note that we do not indicate explicitly the dependence of the solution on ε, in

order to simplify the notation. Moreover, we recall that the linear, invertible
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operator T has been introduced in (1.26). Notice that z = (u,w) belongs to Zad if

z = (u,w) = T (z) ∈ Zad ⊂ Z holds with the closed, bounded and convex subset

Zad =
{

(u,w) ∈ Z
∣∣ua ≤ u ≤ ub, ŷa ≤ w ≤ ŷb and wa ≤

1

ε
(w− Su) ≤ wb

}
.

Instead of (P̂), we consider the following optimal control problem

min Ĵ
(
T −1z

)
s.t. z = (u,w) ∈ Zad. (P̂T )

If z̄ = (ū, w̄) solves (P̂), then z̄ = T (z̄) is the solution to (P̂T ). Conversely, if z̄

solves (P̂T ), then z̄ = T −1(z̄) is the solution to (P̂). First-order sufficient optimality

conditions for (P̂T ) are〈
T −?∇Ĵ

(
T −1z̄

)
, z− z̄

〉
Z
≥ 0 for all z = (u,w) ∈ Zad, (2.13)

where T −? : Z→ Z denotes the adjoint of the operator T −1. Now, we can state the

main result of this section in the following theorem:

Theorem 2.6. Let Assumptions 1.1 and 1.12 hold true. Let z̄ = (ū, w̄) be the

optimal solution to (P̂). Then, z̄ = T (z̄) is the solution to (P̂T ). Suppose that

zap = (uap, wap) ∈ Zad is an approximate solution to (P̂). We set zap = T (zap).

Then, there exists a perturbation ζ = (ζu, ζw) ∈ Z, which is independent of z̄, so

that

‖z̄ − zap‖Z ≤
1

σz
‖T ?ζ‖Z with σz = min{σ1, . . . , σm, σw} > 0, (2.14)

where T ? denotes the adjoint of the operator T ; cf. (1.28).

Proof. Since T has a bounded inverse, the first part follows. Since zap = (uap, wap) ∈
Zad, then zap = T (zap) ∈ Zad. Therefore, recalling (2.13), there exists a perturbation

ζ = (ζu, ζw) ∈ Z so that 〈
T −?∇Ĵ(zap) + ζ, z− zap

〉
Z
≥ 0 (2.15)

for all z = (u,w) ∈ Zad; cf. [9, 93]. Let p̃ = p̂+A1ū and pap = p̂+A1u
ap. Moreover,

we set yap = ŷ + Suap and we have ȳ = ŷ + Sū. Then, p̃ and pap satisfy∫ T

0

−〈p̃t(t), ϕ(t)〉V ′,V + a(t;ϕ(t), p̃(t)) dt

=

∫ T

0

σQ 〈(yQ − ȳ)(t), ϕ(t)〉H dt for all ϕ ∈ W (0, T ),

(2.16a)

p̃(T ) = σT
(
yT − ȳ(T )

)
in H (2.16b)



90 2. Proper Orthogonal Decomposition for linear-quadratic OCP

and ∫ T

0

−〈papt (t), ϕ(t)〉V ′,V + a(t;ϕ(t), pap(t)) dt

=

∫ T

0

σQ 〈(yQ − yap)(t), ϕ(t)〉H dt for all ϕ ∈ W (0, T ),

(2.17a)

pap(T ) = σT
(
yT − yap(T )

)
in H, (2.17b)

respectively. Recall the ajoint operator B? : L2(0, T ;V ) → U from (1.2). Choosing

z = zap in (2.13), z = z̄ in (2.15) and adding both inequalities we infer that

0 ≤
〈
T −?

(
∇Ĵ(T −1zap) + T ?ζ −∇Ĵ(T −1z̄)

)
, z̄− zap

〉
Z

=
〈
∇Ĵ(zap)−∇Ĵ(z̄) + T ?ζ, T −1

(
z̄− zap

)〉
Z

=

〈( (
σi
(
uapi − ūi

)
− γc 〈bi, pap(·)− p̃(·)〉L2(Γc)

)
1≤i≤m

σw
(
wap − w̄

)
)
, z̄ − zap

〉
Z

+ 〈T ?ζ, z̄ − zap〉Z
=
〈 (

σi(u
ap
i − ūi)

)
1≤i≤m , ū− uap

〉
U

+ σw 〈wap − w̄, w̄ − wap〉W
− 〈B?(pap − p̃), ū− uap〉U + 〈T ?ζ, z̄ − zap〉Z
≤ −σz‖z̄ − zap‖2

Z − 〈B(ū− uap), pap − p̃〉L2(0,T ;V ′),L2(0,T ;V )

+ 〈T ?ζ, z̄ − zap〉Z.

(2.18)

Using integration by parts and (2.16a), (2.17a) we have

〈B(ū− uap), pap − p̃〉L2(0,T ;V ′),L2(0,T ;V )

=

∫ T

0

γc

m∑
i=1

(ū− uap)i(t)(pap − p̃)(t) dt

=

∫ T

0

〈(ȳ − yap)t(t), (pap − p̃)(t)〉V ′,V + a(t; (ȳ(t)− yap)(t), (pap − p̃)(t)) dt

=

∫ T

0

−〈(pap − p̃)t(t), (ȳ − yap)(t)〉V ′,V + a(t; (ȳ(t)− yap)(t), (pap − p̃)(t)) dt

+ 〈(ȳ − yap)(T ), (pap − p̃)(T )〉H − 〈(ȳ − y
ap)(0), (pap − p̃)(0)〉H .

We have ȳ(0) = yap(0) = y◦. Moreover, (2.16b) and (2.17b) yield

(pap − p̃)(T ) = σT
(
ȳ(T )− yap(T )

)
.
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Thus, utilizing (2.16a) and (2.17a) with ϕ = ȳ − yap we get

〈B(ū− uap), pap − p̃〉L2(0,T ;V ′),L2(0,T ;V )

=

∫ T

0

−〈papt (t), (ȳ − yap)(t)〉V ′,V + a(t; (ȳ(t)− yap)(t), pap(t)) dt

−
∫ T

0

−〈p̃t(t), (ȳ − yap)(t)〉V ′,V + a(t; (ȳ(t)− yap)(t), p̃(t)) dt

+ σT ‖(ȳ − yap)(T )‖2
H

= σQ ‖ȳ − yap‖2
L2(0,T ;H) + σT ‖(ȳ − yap)(T )‖2

H .

(2.19)

Combining (2.18) and (2.19) we obtain

σz‖z̄ − zap‖2
Z ≤ −σQ ‖ȳ − yap‖

2
L2(0,T ;H) − σT ‖(ȳ − y

ap)(T )‖2
H + 〈T ?ζ, z̄ − zap〉Z

≤ 〈T ?ζ, z̄ − zap〉Z

which implies that

‖z̄ − zap‖Z ≤
1

σz
‖T ?ζ‖Z. (2.20)

The perturbation ζ can be computed as follows: Let ξ = (ξu, ξw) ∈ Z be given

as ξ = T −?∇Ĵ(zap) ∈ Z. Then, ξ solves the linear system T ?ξ = ∇Ĵ(zap), i.e.,(
IU S?
0 εIW

)(
ξu

ξw

)
=

( (
σiu

ap
i − γc

∫
Γc
bip

ap ds
)

1≤i≤m
σww

ap

)
(2.21)

where pap = p̂+ A1u
ap. Note that (2.15) can be written as

〈ξ + ζ, z− zap〉Z ≥ 0 for all z ∈ Zad.

Thus, to ensure the previous inequality, we have that

ζui (t) =


−min{0, ξui (t)} for t ∈ AU

ai(z
ap),

−max{0, ξui (t)} for t ∈ AU
bi(z

ap),

−ξui (t) for t ∈ IUi (zap)

(2.22a)

for i = 1, . . . ,m and

ζw(t,x) =


−min{0, ξw(t,x)} for (t,x) ∈ AW

a (zap),

−max{0, ξw(t,x)} for (t,x) ∈ AW
b (zap),

−ξw(t,x) for (t,x) ∈ IW(zap).

(2.22b)
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Hence, ζ is independent from IW2 (zap), AW
a,2(zap) and AW

b,2(zap), but the constraints wa

and wb impose restrictions on the perturbation zap, as will be shown in Remark 2.7.

Note that we can easily decouple the equations in system (2.21) by computing

ξw = ε−1σww
ap from the second equation and plugging it in the first one in order to

have

ξu = −S?ξw +
(
σiu

ap
i − γc

∫
Γc

bip
ap ds

)
1≤i≤m

= −σw
ε
S?wap +

(
σiu

ap
i − γc

∫
Γc

bip
ap ds

)
1≤i≤m

We recall that S? : W0(0, T )′ → U denotes the dual operator of the linear solution

operator S; cf. Remark 1.23. Moreover, the omission of the operator E in T has

to be taken in account here; see Remark 1.22. Following the proof of Lemma 2.4 in

[127], we obtain (
S?E?ξw

)
(t) = B?

(
pw(t)

)
for all t ∈ [0, T ],

where pw is the solution of the dual equation (c.f. (1.30)) with yQ = ξw, yT = ξw(T ),

σQ = σT = 1, y = 0 and β = 0.

Remark 2.7. In our numerical realization the approximate solution zap is given by

the POD suboptimal solution z̄` = (ū`, w̄`) ∈ Z`ad to the POD Galerkin scheme for

(1.96). Thus, (2.14) can be utilized as an a-posteriori error estimate. Due to the

PDASS algorithm structure, the suboptimal POD solution satisfies the constraints

ua ≤ ū` ≤ ub, ya ≤ εw̄` + ȳ` ≤ yb, wa ≤ w̄` ≤ wb

with ȳ` = ŷ` + S`ū`. Therefore, we set

zap = (uap,wap) ∈ Z with uap = ū` and wap = εw̄` + ŷ` + S`ū` − ŷ. (2.23)

To apply the a-posteriori estimate, zap has to be in Zad. In particular, we need that

wa ≤ ε−1(wap − Suap) ≤ wb,

i.e., that

wa ≤ w̄` +
1

ε
(ŷ` + S`ū` − ŷ − Sū`) ≤ wb. (2.24)

In general, this condition may not be satisfied, therefore it has to be checked, before

applying the a-posteriori error estimate. In our application, this condition is not

restrictive, since we can choose the artificial bounds wa and wb very small and very
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large, respectively. Therefore, for large enough ε and ` the term ε−1(ŷ` +S`ū`− ŷ−
Sū`) should be small enough to guarantee (2.24). Throughout the thesis we assume

that (2.24) is verified. From z̄` ∈ Z`ad and from the previous assumption, we infer

that zap ∈ Zad. It follows from (1.27) and (2.23) that

zap = T −1(zap) =
(
uap, ε−1

(
wap − Suap

))
=
(
ū`, w̄` + ε−1

(
ŷ` + S`ū` − ŷ − Sū`

))

fulfills (2.14). Moreover, we find that

z̄ − zap = z̄ − z̄` +
(
0, ε−1

(
ỹ` − ȳ`

))
. (2.25)

where ỹ` = ŷ + Sū` is the solution of (1.3) for u = ū`. If ζ = (ζu, ζw) is computed

according to (2.22) we have that

‖ū− ū`‖2
U ≤ ‖z̄ − zap‖2

Z ≤
1

σz
‖T ?ζ‖Z. (2.26)

Therefore, we have to evaluate

T ?ζ =

(
IU S?
0 εIW

)(
ζu

ζw

)
=

(
ζu + S?ζw

εζw

)
,

in order to get an a-posteriori error estimate for ‖ū− ū`‖2
U. ♦

2.4.2 A-posteriori error estimate for the augmented

Lagrangian method

Let uap ∈ Uad be an approximation of the optimal solution ū of (L̂) for fixed

c > 0 and µa, µb ∈ W. Using again the perturbation argument in [9, 33, 93], we

have that there exists a perturbation ζ such that

〈∇L̂c(uap, µa, µb) + ζ, u− uap〉U ≥ 0 for all u ∈ Uad. (2.27)

Moreover, the optimal control ū to (L̂) satisfies the following variational inequality

〈∇L̂c(ū, µa, µb), u− ū〉U ≥ 0 for all u ∈ Uad. (2.28)
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Choosing u = uap in (2.28) and u = ū in (2.27), we obtain from (1.104)

0 ≤ 〈∇L̂c(uap, µa, µb) + ζ −∇L̂c(ū, µa, µb), ū− uap〉U

=
m∑
i=1

〈σiuapi − γc 〈bi, pap〉L2(Γc) + ζi − σiūi + γc 〈bi, p̄〉L2(Γc), ūi − u
ap
i 〉L2(0,T )

≤ −σu‖ū− uap‖2
U + ‖ζ‖U‖ū− uap‖U −

∫ T

0

m∑
i=1

γc(ūi − uapi ) 〈bi, pap(t)− p̄(t)〉L2(Γc)
dt,

where pap = p̂ + A1u
ap + A4(uap, µa, µb), p̄ = p̂ + A1ū + A4(ū, µa, µb) and σu =

min {σ1, . . . , σm}. Now, setting uδ = ū− uap in Lemma 1.50, we obtain∫ T

0

m∑
i=1

γc(ūi − uapi ) 〈bi, pap(t)− p̄(t)〉L2(Γc)
dt =

σQ‖S(ū− uap)‖2
L2(0,T ;H) + σT‖S(ū− uap)(T )‖2

H

(2.29)

Hence, the following estimate

‖ū− uap‖U ≤
1

σu
‖ζ‖U (2.30)

holds true. The perturbation ζ can be computed as follows: Let ξ ∈ U be given as

ξ = ∇L̂c(uap, µa, µb). Note that (2.27) can be written as

〈ξ + ζ, u− uap〉U ≥ 0 for all u ∈ Uad

Thus, to ensure the previous inequality, we have to choose ζ ∈ U as follows

ζi(t) =


−min{0, ξi(t)} for uapi = uai,

−max{0, ξi(t)} for uapi = ubi,

−ξi(t) otherwise

(2.31)

for almost all t ∈ [0, T ] and i = 1, . . . ,m.

Remark 2.8. Analogously to Section 2.4.1, in our numerical realization the

approximate solution uap is given by the POD suboptimal solution ū` to the POD

Galerkin scheme for (L̂). Thus, (2.30) can be utilized as an a-posteriori error

estimate, if ζ is computed according to (2.31). ♦
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2.5 Numerical tests

For these numerical tests we refer to the test data in Section 1.5. Moreover,

we set the parameters of the optimal control problem as in Section 1.5.2. Let us

point out that also here the choice of an economic optimal control problem, i.e.,

σT = σQ = 0, does not change the proofs of the estimates in Section 2.4. We apply

the POD method introduced in this chapter, studying especially the effectiveness

of the a-posteriori error estimators. These estimators are important to certify the

validity of the POD approximation without computing the full-order model solution,

which is in general really costly in terms of computational time. As it is well-

known, the quality of the POD approximation depends on the snapshots and the

number of POD basis functions; cf. [57, 68, 85]. In [95], we study how the POD-

PDASS approximation error behaves for different snapshots choices, including the

best possible one, i.e., the optimal solution, that is clearly unknown without solving

the optimal control problem with the full-order model, making its use impossible.

A similar study for the ALM-POD algorithm can be found in [78]. In this thesis

we do not repeat this kind of tests, which are also well commented in the literature,

e.g. in [57, 61, 78, 85, 95] and many others. Here, with our application in mind,

we focus on different aspects of the POD method. In Section 2.5.1, we study the

behaviour of the POD reduced-order model and of the a-posteriori error estimator

(2.14) for different values of ε. In Section 2.5.2, instead, we propose a different way

to generate the POD snapshots compared to the ones described in [78], making use

of the a-posteriori error estimator (2.30). This new strategy justifies a later approach

for the MPC-POD snapshots generation in Chapter 3.

2.5.1 PDASS a-posteriori error estimator

For this test we generate the snapshots with the optimal state and adjoint

solutions, in such a way that the true error, i.e., the norm of the difference between

the optimal FE control and the reduced-order optimal one, is going to zero when the

number of POD basis functions ` is increasing. As observed in Remark 2.7, we need

that (2.24) hold. In all of the tests in this section, we checked this assumption and it

is verified for all the choices of ε and ` we make. As one can see from Figure 2.1, the

eigenvalues corresponding to the POD basis functions decay faster for greater values

of ε. Therefore, taking into account (2.6), for larger ε we need less basis functions

to reconstruct the snapshots, i.e., the optimal solution. This is because the optimal

solution violates less the constraints for a decreasing ε, as shown in Section 1.5.2,
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Figure 2.1: Normalized eigenvalues for different ε, plotted in semi-logarithmic

scale.

ε rel err u rel err AS Avg.Sol.Time Speed-up Tot.Time Speed-up

0.5 0.00002 0.0 0.045 s 263 8 s 17.5

0.05 0.00112 0.002 0.093 s 241 20 s 16.8

0.005 0.00927 0.018 0.124 s 169 71 s 16.8

Table 2.1: POD-PDASS results for ` = 40 and different ε

and thus the optimal state and adjoint trajectories differ much more. This is also

confirmed by the results reported in Table 2.1. To simplify the notation, we set

A = AW
a (ν̄) ∪AW

b (ν̄) and A` = AW
a (ν̄`) ∪AW

b (ν̄`). The relative errors

rel err u =
‖ū− ū`‖U
‖ū‖U

, rel err AS =

∣∣A ∪A` \A ∩A`
∣∣

|A ∪A`|
,

measure the difference between the FE and POD optimal solutions in terms of

optimal controls and of points belonging to the space-time grid in which the solutions

violate the constraints. For the same number of POD basis functions `, these errors

are smaller for ε = 0.5 and increase for decreasing ε, as expected. Instead, the

averaged computational time speed-up to solve one PDASS iteration has the same

order of magnitude, due to the fact that ` is fixed and therefore also the discrete

linear system dimension is the same for all ε. Similarly, the time speed-up for the

overall algorithm is of the same order for all values of ε, but it is significantly reduced

compared to the one for the averaged time. This is due to the fact that we can not

avoid the computation of the active sets. This computation can only be done on
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the FE level, because we do not have the knowledge of the pointwise value of the

solution in the reduced-order space. Another costly part is the assembling of the

POD-PDASS iteration matrix, since each reduced matrix is dense. Therefore, the

assembling time is almost the same, despite the fact that the reduced-order linear

system is smaller than the full-order sparse one. This last issue can be bypassed

using a matrix-free implementation of the POD-PDASS algorithm. In Figure 2.2,
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Figure 2.2: Comparison between true and a-posteriori errors for different ε, plotted

in semi-logarithmic scale.

we plot the true and the estimated a-posteriori errors for different values of ε. By

true error we mean ‖ū− ū`‖U. As one can notice, the gap between the a-posteriori

estimate and the true error increases as soon as ε decreases. The reason is hidden
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in the estimate (2.14), where to estimate the true error we get rid of the term

‖w̄ − wap‖2
W = ‖w̄ − w̄` + ε−1

(
ỹ` − ȳ`

)
‖2
W (2.32)

with ỹ` = ŷ+Sū` and ȳ` = ŷ` +S`ū`. The term in (2.32) gets larger as ε decreases,

making the a-posteriori estimate less accurate. As one can notice from Figure 2.2,

this overestimation is then balanced by the fact that the differences ỹ`−ȳ` and w̄−w̄`
get small as soon as ` increases. In fact, the gap between true and estimated error

reduces progressively for increasing `. The tightness of the error estimator is crucial

to certify the validity of the POD approximation and decide when it is necessary to

update the POD basis, i.e., when to compute new snapshots; cf. Section 3.3.

2.5.2 POD-based ALM and a-posteriori error estimator

In [78], we discussed some possibilities to generate the POD snapshots for the

augmented Lagrangian problem. We showed also how scaling the snapshots by their

variance improves the POD approximation. According to [78], the best snapshots

are, of course, the optimal ones. In this section, we compare the results obtained

using Algorithm 7 and Algorithm 8.

Algorithm 8 (POD-based augmented Lagrangian method with optimal

snapshots)

1: Data: Initial pair (µc0a , µ
c0
b ) ∈W×W, initial weight c0 > 0, increment β > 0 for

cn, tolerance ε > 0, nmax maximum number of iterations, R0,+
a � 1, R0,+

b � 1

residuals, residual weight τ ∈ (0, 1), tolerance τ1 for the a-priori estimate (2.11)

and optimal solutions ȳ and p̄;

2: set n = 0, k = 0, flag = true;

3: Compute a POD-basis of rank ` according to τ1 using as snapshots the scaled

(ȳ, p̄);

4: while flag and n < nmax do

5: for fixed (µcka , µ
ck
b ) find uk+1 solving the problem (L̂

`

k);

6: Follow Step 5 - Step 20 of Algorithm 3;

7: end while

The first algorithm makes use of the a-posteriori error estimate (2.30) to decide when

it is necessary to update the POD basis. In the second one, instead, there is no need

to update the basis, since we know a-priorly that the optimal state and adjoint
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solutions are the best snapshots we can use. Unfortunately, as already pointed out,

Algorithm 8 can only be used for comparison purposes, because such an algorithm

is not applicable in practice. According to Table 2.2, Algorithm 7 can be used as a

Method rel err u k n avg. it Time Speed-up

ALM-BFGS-FE – 63 40 162.3 7.10 h –

ALM-BFGS-POD-Alg7 0.045 66 41 174.2 2.22 h 3.2

ALM-BFGS-POD-Alg8 0.021 64 40 164.7 0.52 h 13.6

Table 2.2: Comparison between ALM-BFGS-FE and ALM-BFGS-POD using

Algorithm 7 and Algorithm 8 with a-priori tolerance τ1 = 10−5
∑D

i=1 λi.

valid alternative for Algorithm 8. Although the speed-up is way smaller, the relative

error and the successful steps n are close. The increase of the computational time

for Algorithm 7 is caused by two factors: the computation of the a-posteriori error

estimate and the computation of new snapshots. Moreover, we choose K = 3 in

Algorithm 7, which implies that we solve the optimal control problem with FE in

the first three iterations. However, since ck is small for k ≤ K, the inner iterations

are not so many, making this approach reasonable. When there is a POD basis

update, we solve the full-order optimal control problem (L̂k). This costly procedure

is unfortunately necessary to keep a good approximation and it is justified by the

fact that the optimal solutions for ck and ck+1 should not be too different for a

small enough increment β. Compared to the techniques presented in [78], e.g., the

random control approach, Algorithm 7 has the advantage of using the a-posteriori

error estimate to check the quality of the approximation, thus it is more robust. As

already pointed out, it is really important to have a robust technique to build the

reduced-order model. For this reason, in Section 3.3 we use an a-posteriori update

approach for the MPC-POD-PDASS algorithm; cf. Section 3.2. According to (2.30),

we do not expect that the tightness of the a-posteriori error estimate for the ALM-

POD is affected by the magnitude of the penalty parameter c, as it happens instead

for the estimate for POD-PDASS when ε changes. This is confirmed by Figure 2.3,

where the gap between the true error and the a-posteriori estimate is almost the

same for different values of c. To compute the plotted data, we choose an initial

pair (µca, µ
c
b) ∈ W ×W and we solve the full-order optimal control problem (L̂k)

for a fixed c. Then, we use the optimal state and adjoint solutions to generate a

POD basis and we solve (L̂`) for ` = 1, . . ., the same c and the same (µca, µ
c
b). Since

we use the optimal snapshots, we expect that the true error ‖ū− ū`‖U goes to zero
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Figure 2.3: True and a-posteriori errors (2.30) for different c, plotted in semi-

logarithmic scale.

as ` increases. The oscillations occurring in Figure 2.3 for a large number of basis

functions ` are caused by the tolerances set, e.g., the stopping criteria of the PG and

of the Armijo rule. In fact, these oscillations occur when the true and a-posteriori

errors are below 10−6. The a-posteriori estimate is affected by this phenomena as

well, therefore it happens that for some indices ` the a-posteriori estimator is even

below the true error.



Chapter 3

POD-based Model Predictive

Control for linear-quadratic OCP

In this chapter, we introduce the Model Predictive Control (MPC) algorithm.

This method is used mainly for infinite (or large) time horizon optimal control

problems, which, obviously, can not be directly solved on the whole time interval.

Here, we use this technique to avoid the curse of dimensionality in time for the

PDASS iteration matrix; cf. Remark 1.48. Moreover, as will be shown in Section 3.1,

MPC computes a feedback control and, thus, it is possible to update the parameters

in the optimal control problem without destroying the convergence of the algorithm.

This updating strategy is justified by our application, where it is not possible, for

example, to have an exact long-term weather forecast for the outside temperature.

Thus, it seems reasonable to progressively update it as long as the algorithm runs.

Furthermore, in Section 3.2 we show how POD and MPC can be successfully

combined to speed-up the computational time and preserving a good quality of

the approximation of the solution.

3.1 Model Predictive Control

The basic idea of MPC is to predict, stabilize and optimize a given dynamical

system by reconstructing the optimal control u(t) = Φ(t, y(t)) in a feedback form.

In order to do that, one has to solve repetitively many open-loop optimal control

problems on smaller time horizons N∆T � T , N ∈ N. Then, the open-loop control

on the first time step is stored and used to compute the dynamical system trajectory,

before solving the next open-loop problem on a shifted time interval. More details

101
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on MPC and its properties can be found, e.g., in [52, 114]. Now, how can MPC be

applied to (P)? At first, for chosen 0 ≤ tn < tNn ≤ T with tNn = tn + N∆T and

yn ∈ H we consider the following dynamical system on the time horizon [tn, t
N
n ]:

yt(t) = D(t; y(t), u(t)) ∈ V ′ a.e. in (tn, t
N
n ], y(tn) = yn in H. (3.1)

where the time-dependent mapping D(t; ·, ·) : V × Rm → V ′ is defined as

〈D(t;φ, u), ϕ〉V ′,V = −a(t;φ, ϕ) + 〈F(t), ϕ〉V ′,V +
m∑
i=1

ui(t)γc

∫
Γc

bi(s)ϕ(s) ds

for φ, ϕ ∈ V , u = (ui) ∈ Rm a.e. in [0, T ]. Furthermore, we consider the inequality

constraints

uai(t) ≤ ui(t) ≤ ubi(t), i = 1, . . . ,m a.e. in [tn, t
N
n ],

ya(t,x) ≤ y(t,x) + εw(t,x) ≤ yb(t,x) a.e. in Qn = (tn, t
N
n ]× Ω,

wa ≤ w(t,x) ≤ wb a.e. in Qn.

(3.2)

Next we define the function spaces related to [tn, t
N
n ]

Un = L2(tn, t
N
n ;Rm), Wn = L2(Qn), Xn = W (tn, t

N
n )× Un ×Wn.

Moreover, let the set of admissible solutions be given as

X
ε,n
ad =

{
x = (y, u, w) ∈ Xn

∣∣ x satisfies (3.1) and (3.2)
}
.

Now, the open-loop problem can be adapted by choosing the following cost

Jn(x) =
σQ
2

∫ tNn

tn

‖y(t)− yQ(t)‖2
H dt+

1

2

m∑
i=1

σi ‖ui‖2
L2(tn,tNn ) +

σw
2
‖w‖2

Wn

for x = (y, u, w) ∈ Xn.

Remark 3.1. Note that we choose σT = 0 for simplicity. This choice is due to the

fact that there could be inconsistencies between the MPC optimal control subproblem

and problem (P) if σT 6= 0. This can be avoided for example setting yQ(t) ≡ yT for

t ≥ T . Because of the structure of the MPC Algorithm 9, this assumption will force

the trajectory to remain close to yT for every t ≥ T and therefore in particular for

t = T . ♦
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Algorithm 9 MPC method

1: Choose initial state y◦, time horizon N∆t and regularization parameter ε > 0;

2: Set t0 = 0 and y0(0) = y◦;

3: for n = 0, 1, 2, . . . do

4: Set tNn = tn +N∆t;

5: Compute the optimal solution x̄εn = (ȳεn, ū
ε
n, w̄

ε
n) to

min Jn(x) subject to x ∈ X
ε,n
ad ; (Pε

n)

6: Define the MPC feedback law ΦN(t; y(t)) = ūεn(t) for t ∈ (tn, tn + ∆t];

7: Get the MPC state yn+1 solving

(y)t(t) = D(t; y(t),ΦN(t; y(t))) ∈ V ′ a.e. in (tn, tn + ∆t], y(tn) = yn in H;

8: Set tn+1 = tn + ∆t.

9: end for

If ΦN is computed by the MPC algorithm, then the state ȳN solves (3.1) for the

closed-loop control ūN = ΦN(· ; y(·)) with a given initial condition y◦. Moreover,

after a shift of the time horizon, Algorithm 9 always allows updating the data of the

problem before Step 5. The next open-loop optimal control will be computed in such

way that the optimal closed-loop solution reacts to the changes of the parameters.

On the contrary, this is not possible in the PDASS, since such online update will lead

to divergence. It is clear that this possibility is a big advantage in a real application,

such as room heating: suppose that we have a weather forecast for the next month

telling us that the temperature will never be under 10◦C, but unexpectedly the

forecast changes after two weeks and the new predicted minimum temperature is

0◦C. Clearly, the optimal control computed for the entire month by the PDASS will

not be able to handle temperatures which are way lower than the expected one. On

the other hand, due to its feedback structure, the MPC algorithm can react as soon

as yout is updated according to the new weather forecast, implying that the MPC

control will perform better than the PDASS one; cf. Section 3.3.1. Moreover, in this

test case, the real optimal control could be computed only knowing in advance for

the entire month the exact outside temperature. This is impossible with the weather

forecast models available nowadays. Therefore, the MPC feedback control becomes

relevant for our application. Furthermore, another asset for the MPC algorithm is
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that the feedback control for the time interval (tn, tn + ∆t] is immediately accessible

after each Step 6. Once again, there is no on the fly availability of the control for

the PDASS. At last, the MPC subproblems are solved for a smaller number of time

steps compared to the PDASS, helping with the curse of dimensionality in time, as

pointed out in Remark 1.48. Nevertheless, also the MPC algorithm has its own cons.

For example, it is well known that the larger the MPC horizon N is the better the

MPC closed-loop control will approximate the optimal control in [0, T ]. However,

how large the horizon N has to be chosen to have a good approximation is not clear

a-priorly. In [51], for example, there are suboptimality estimates for the MPC cost

functional Jn which gives the possibility to check a-posteriorly how much the MPC

suboptimal trajectory is close to the optimal one. These estimates can be used also

for finding a suitable horizon N ; cf. [51]. Unfortunately, they can not be directly

applied in our setting, since they are derived for autonomous dynamical systems

and perfect tracking. The main problem is that in our case it is not clear if the

system has always an equilibrium. Moreover, the cost to keep the trajectory at the

equilibrium may not be zero. This implies that the relative performance estimates

in [51] are going to zero as soon as the time increases. To avoid this issue, in [49] we

introduce an absolute performance estimator, but still the estimate holds only for

an autonomous system. In future works we are interested to extend the proofs to

the example presented in this thesis. Due to this consideration, in Section 3.3, we

assume that the horizon N is chosen sufficiently large to have a good approximation

of the optimal control in [0, T ].

3.2 MPC-POD algorithms

In Chapter 2, the POD method is introduced to get rid of the high number

of FE DOFs, constructing a reduced order model. This method can be used in

Algorithm 9 to speed-up the computation of the solution to (Pε
n) and, thus, to obtain

a suboptimal control for the whole time horizon. As already mentioned, one has to

take care of the quality of the POD approximation and the length of the horizon N ,

in order to compute a control which is close enough to the optimal one, so that it

can be accepted from an application point of view. As said, there is no a-priori and

a-posteriori estimates available for N in our setting. Thus, we previously run tests

for different N and we show the numerical results only for the smaller horizon such

that its increase does not change significantly the new MPC optimal control. On

the other hand, for the POD approximation we can check a-posteriori the quality
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of the POD basis with the error estimates derived in Section 2.4. Moreover, as

said, also the snapshots have a key role in this setting, since we would like to have

a POD basis which can be used for as many MPC steps as possible. We want

to point out that finding suitable snapshots is a really big challenge in this non-

autonomous setting, since every open-loop optimal control starts with a different

initial guess and the time-dependent parameters, in particular the advection field,

may also introduce new dynamics in the problem. Luckily, the MPC algorithm itself

is designed to have at the n-th step a knowledge of the future dynamic until the

time tNn . Therefore, we can start solving the first open-loop problem with the full-

order PDASS algorithm, if it is possible, and then use the open-loop trajectory as

snapshot for the computation of the POD basis. We expect that for some time steps

the quality of the approximation is good enough, since the first predicted open-loop

trajectory would not be too far from the future dynamics, unless a parameter update

is performed. Then, one can continue with the reduced order model, checking the

a-posteriori error and refreshing the POD basis solving the full-order model when

necessary. The previous strategy is resumed in Algorithm 10. Note that when we

refresh the POD basis, we are also correcting the MPC-POD model, thanks to the

full-order solve and the feedback structure of the MPC method.

Algorithm 10 MPC-POD-PDASS method

1: Choose an initial state y◦, time horizon N∆t, regularization parameter ε > 0,

tolerance τ1 for the a-priori estimate (2.11) and tolerance τ2 for the a-posteriori

estimate;

2: Set t0 = 0, y0(0) = y◦, and flag = true;

3: for n = 0, 1, 2, . . . do

4: Set tNn = tn +N∆t;

5: if flag = true then

6: Compute the optimal solution x̄εn = (ȳεn, ū
ε
n, w̄

ε
n) to (Pε

n);

7: Compute a POD basis {ψi}`i=1 of rank ` according to τ1 using as snapshots

ȳεn and p̄εn;

8: Define the MPC feedback law ΦN(t; y(t)) = ūεn(t) for t ∈ (tn, tn + ∆t];

9: Set flag = false;

10: else

11: Compute the POD suboptimal solution x̄ε,`n = (ȳε,`n , ū
ε,`
n , w̄

ε,`
n ) to (Pε

n);

12: Define the MPC feedback law ΦN(t; y(t)) = ūε,`n (t) for t ∈ (tn, tn + ∆t];

13: Compute the a-posteriori error estimate e := ‖T ?ζ‖Z from (2.14);
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14: if e > τ2 then

15: Set flag = true;

16: end if

17: end if

18: Get the MPC state yn+1 solving

(y)t(t) = D(t; y(t),ΦN(t; y(t))) ∈ V ′ a.e. in (tn, tn + ∆t], y(tn) = yn in H;

19: Set tn+1 = tn + ∆t.

20: end for

A possible drawback in Algorithm 10 is that we have to perform several full-

order solves, if we have to update the POD basis frequently. This procedure

increases significantly the computational time. Moreover, due to the curse of space

dimensionality, it may be not even possible to use the full-order PDASS algorithm,

unless we exploit its matrix-free structure. Therefore, we propose a second less

efficient way to generate the snapshots. For example, we can use the augmented

Lagrangian method, which requires only matrices whose size is the number of finite

element nodes. Now, there are several possibilities to make use of the ALM. In

Chapter 1 we proposed to set a tolerance ε for the residuals to stop the algorithm.

Of course, the smaller is ε the better the solutions will be, but more time is needed to

compute it. This technique has also a second advantage: make use of the augmented

Lagrangian at first will produce a good warm start for the semi-smooth Newton

method, decreasing the number of iterations to converge for smaller regularization

parameter ε. In fact, as shown in Section 1.5, the local convergence of the semi-

smooth Newton is affected by ε, the smaller ε is the closer we are to the solution

of (1.15). Hence, the admissible set of controls is a subset of the one belonging

to the problem with larger value of ε. Due to this consideration, one has to be

careful in the choice of the stopping criterion for the ALM method, i.e., this has

to be done according to ε. In fact, if we stop the algorithm too early, the ALM

sub-optimal solution may not be a good warm start. On the other hand, if we stop

too late, the ALM sub-optimal solution may be inside the bounds with almost all

points, but the controls related to this solution may be too high compared to the

ones which are solution of the problem regularized with the VC. In our numerical

simulations, we set the tolerance ε such that the residuals Rn−1,+
a and Rn−1,+

b are

not so large compared to the desired violation of the state constraints for the VC.

All the previous considerations are resumed in Algorithm 11, where the MPC-POD-

ALM-PDASS algorithm is described.
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Algorithm 11 MPC-POD-ALM-PDASS method

1: Choose an initial state y◦, time horizon N∆t, regularization parameter ε > 0,

tolerance τ1 for the a-priori estimate (2.11) and tolerance τ2 for the a-posteriori

estimate;

2: Set t0 = 0, y0(0) = y◦, and flag = true;

3: Set ALM tolerance τ3 for the stopping criterion, initial penalty parameter c0 and

increment β according to ε;

4: for n = 0, 1, 2, . . . do

5: Set tNn = tn +N∆t;

6: if flag = true then

7: Run Algorithm 3 setting ε = τ3 ;

8: Compute a POD basis {ψi}`i=1 of rank ` according to τ1 using as snapshots

the scaled yn and pn of the ALM method;

9: Compute with PDASS the POD suboptimal solution x̄ε,`n = (ȳε,`n , ū
ε,`
n , w̄

ε,`
n )

to (Pε
n) using as warm start the suboptimal control computed in Step 7;

10: Define the MPC feedback law ΦN(t; y(t)) = ūε,`n (t) for t ∈ (tn, tn + ∆t];

11: Set flag = false;

12: else

13: Compute with PDASS the POD suboptimal solution x̄ε,`n = (ȳε,`n , ū
ε,`
n , w̄

ε,`
n )

to (Pε
n);

14: Define the MPC feedback law ΦN(t; y(t)) = ūε,`n (t) for t ∈ (tn, tn + ∆t];

15: Compute the a-posteriori error estimate e := ‖T ?ζ‖Z from (2.14);

16: if e > τ2 then

17: Set flag = true;

18: end if

19: end if

20: Get the MPC state yn+1 solving

(y)t(t) = D(t; y(t),ΦN(t; y(t))) ∈ V ′ a.e. in (tn, tn + ∆t], y(tn) = yn in H;

21: Set tn+1 = tn + ∆t.

22: end for

Remark 3.2 (Snapshots selection). Everytime the POD basis is updated, we

compute new snapshots, since we need to add information about the new dynamics

involved. What about the old information? One can think to make use also of
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the previous snapshots to compute the new POD basis, since this information can be

helpful to improve the quality of the approximation. A-priorly this is a good idea, but

it may happen that we are including information, which are not needed to compute

an accurate reduced-order solution for the next MPC steps. Moreover, in this setting,

it may become inconvenient also for another reason: everytime we compute a new

basis, if we want to keep the a-priori estimate (2.6) below a certain tolerance, we have

to choose a higher rank ` compared to the previous one, implying that the dimension

of the reduced order model increases; cf. Section 3.3. An increasing ` for a large (or

infinite) T may overtake the number of DOFs Nx, making useless the reduced order

model. Therefore, in Algorithm 12 we propose a snapshots selection procedure based

on the consideration that the discrete trajectories can be seen as vectors of RNx and

that the new computed snapshots are the starting point to build the new POD basis.

Due to Step 4 in Algorithm 12, we discard essentially the dynamics which are ”not

close enough” or ”too similar” to the new computed ones, i.e., the ones which do not

help to decrease the approximation error of the reduced-order model. As shown in

Section 3.3, this procedure helps to improve the reduced order model keeping ` small

with properly chosen tolerances ρ, % and inner product 〈·, ·〉. ♦

Algorithm 12 Snapshots selection

Require: Snapshots previously computed and stored in a list L and tolerances

0 < ρ < % << 1.

1: Compute the new M snapshots and store them in a list S;

2: for i ≤ length(L) do

3: for j ≤ M do

4: if (1− %)‖S[j]‖‖L[i]‖ ≤ |〈S[j], L[i]〉| ≤ (1− ρ)‖S[j]‖‖L[i]‖ then

5: Add L[i] to S;

6: break

7: end if

8: end for

9: end for

3.3 Numerical tests

In this section, we study the efficiency of the proposed MPC-POD algorithms.

At first, in Section 3.3.1 we compare the MPC algorithm to the PDASS, showing

the advantages connected to computing a feedback control. Subsequently, we test
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the proposed combination of MPC, POD, PDASS and a-posteriori error estimator,

verifying the computational time speed-up and the suboptimality of the reduced-

order solution. Moreover, we show how considering a basis update strategy together

with Algorithm 12 improves the results.

3.3.1 Feedback versus open-loop control

As already mentioned, the PDASS alone can not take care of the changes of

the parameters. Therefore, it is necessary to combine it with a MPC strategy. In

this section, we show with a numerical example how much a combination of MPC

and PDASS can improve the results of the PDASS used alone. Regarding the state

equation, we choose the same setting as in Section 1.5 except for γo = 0.2. Hence,

the effect of the outside temperature on the boundary Γo is stronger than the one

in Section 1.5. Furthermore, we fix as MPC prediction horizon N = 60 and we run

our simulation in the time interval [0, 4]. Aware of the results reported in Table 1.3,

we fix ε = 0.01, since for our application small violations of the constraints are

accepted. In fact, small temperature differences in few points of the room can not

be detected by the human body, allowing such relaxation of the state constraints.

Moreover, for the optimal control problem, we choose a different upper bound for

the state, i.e.

yb(t,x) =


25 t ∈ [0, 1],x ∈ Ω,

26− t t ∈ (1, 3],x ∈ Ω,

23 t > 3,x ∈ Ω,

(3.3)

fixing the rest of the parameters as the one in Section 1.5.2. Since σT = σQ = 0,

we are in the setting of economic MPC. The choice of a different yb respect to

the previous chapters is motivated by the application: at the begin we empower

the control to keep the temperature almost inside the bounds, then, to avoid

uncomfortable high temperature in the room, we decrease progressively the upper

bound. At last, we solve the PDASS algorithm with yout(t) = 16.0 for all

t ∈ [0, 4]. For the MPC-PDASS algorithm we suppose instead that at the time

instance t = 2 we have a new weather forecast, so that from t = 2 we have

yout(t) = max(16.0 − t, 10.0). We expect that the MPC-PDASS algorithm will

react to this change. Instead, since in the PDASS algorithm there is no possibility to

update parameters during the optimization procedure, we predict that the computed

optimal control will not be good for this new scenario. In Figure 3.1, we report the

solution to the dynamical system (3.1) computed using the PDASS control and the
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(b) MPC-PDASS

Figure 3.1: Plot of optimal solution maximum, minimum and average values and

of the constraints ya and yb for yout as in (3.4).

MPC-PDASS one for

yout(t) =

{
16 t ∈ [0, 2],

16− t t ∈ (2, 4].
(3.4)

Of course, both solutions are suboptimal, since the PDASS control is optimal only

when yout = 16 for all the time steps and the MPC-PDASS one does not know that

the outside temperature changes until the time step t = 2. Anyway, the MPC-

PDASS algorithm reacts and tries to keep the temperature inside the bounds, as

it can also be seen from Figure 3.2, where the controls are shown. Clearly, if the

parameter is updated too late and it differs much from the previous one, the MPC

algorithm may take time before the solution is brought again inside the range of the

state constraints. Thus, for some time steps our solution may not be feasible for

problem (1.15). For example, suppose that you are driving a car with constant speed

and your braking distance is ten meters. If five meters in front of you there is a traffic

light that immediately turns red, obviously you can not stop in time. Similarly, the

MPC reaction can not avoid this infeasibility of the solution. However, since in

our numerical example we have chosen ε = 0.01 allowing small violations of the

constraints, the MPC-PDASS algorithm can still compute a suboptimal solution,

which is better than the PDASS one computed not knowing that yout has changed.

As last, to validate our thesis, we point out that the MPC-PDASS cost functional

is equal to 4457.91 and the PDASS one is 35477.98. These values are computed

considering the norm of the controls and of the violation of the state constraints.
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Figure 3.2: MPC-PDASS control reaction to the update of the parameter yout.

Remark 3.3. We observe a trade-off among the violations of lower and upper

bounds in Figure 3.1(b). As our example is designed, the reaction of the controls

is also mitigated by the constraint yb. In fact, this reaction takes in account that

the maximum temperature in the room can not exceed too much the upper bound

yb. Thus, the possibility to obtain infeasible solutions rises. This suggests different

approaches to fix this problem. For example, one could think to impose state

constraints only in some regions of the domain Ω, excluding the boundary parts

where the control is acting. Another possibility is to consider an integral constraint

as in [65], then the goal is to control the average temperature, making also the optimal

control problem easier to be solved. These considerations can be a starting point for

future works. ♦

3.3.2 MPC and POD

For these numerical tests we refer to the test data in Section 1.5. Moreover, we

set the prediction horizon N = 60 and we stop the MPC algorithm after T = 4.0.

For the same reasons of Section 3.3.1, we set ε = 0.01 and yb as in (3.3), keeping the

other as in Section 1.5.2. Therefore, we are again in the setting of economic MPC.

In the first part of this section we compare the MPC-FE solution with the reduced-

order one (MPC-POD-EE) computed by Algorithm 10. Moreover, we report the

results obtained with the MPC-POD algorithm without updating the POD basis

(MPC-POD), i.e., setting a too large τ2 in Algorithm 10. Every time we compute a

POD basis, we select ` according to (2.11) with tolerance τ1 = 10−8
∑D

i=1 λi. Already
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from Figure 3.3, one can deduce that the solution computed updating the POD basis

during the MPC algorithm is closer to the full-order one than the one computed

using the same reduced-order model for all the steps of Algorithm 10. This confirms

what shown in Chapter 2: it is extremely important to certify the approximation

error of the reduced-order model. Moreover, according again to Figure 3.3, the

room temperature can be kept inside the bounds with small violations, which are

irrelevant for our application. In particular, the average temperature in the room is

at every time step inside the constraints range. Therefore, the proposed approach,

i.e., to fix a small enough ε instead of approximating the solution to (1.15), can

be considered valid. The same remarks can be done looking at Table 3.1. In fact,
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(b) MPC-POD
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(c) MPC-POD-EE

Figure 3.3: Plot of optimal solution maximum, minimum and average values and

of the constraints ya and yb.
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Method J rel err u rel err y State Act. Pts. rel err AS

MPC-FE 2593.58 – – 4054 (2.2%) –

MPC-POD 2597.21 0.039 0.0145 3039 (1.7%) 0.322

MPC-POD-EE 2593.75 0.002 0.0003 4090 (2.3%) 0.016

Table 3.1: Results for Algorithm 9 (MPC-FE) and Algorithm 10 with fixed POD

basis (MPC-POD) and with basis updates (MPC-POD-EE).

the number of state active points is only around the 2% for all the methodologies.

Furthermore, the reported relative errors for the optimal control (rel err u) and

for the optimal state (rel err y) show that using the error estimator to update

the POD basis improves the results. This can be also deduced from Figure 3.4,

where the absolute difference between MPC-FE and MPC-POD controls with and

without the basis updates is shown. Also the values of the cost functional shown in

Table 3.1 underline the improvement given by the a-posteriori error estimator: the

value of J for MPC-POD-EE is one order of magnitude closer than the MPC-POD

one. Looking again to the number of state active points, it seems that MPC-POD
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Figure 3.4: Control difference δi :=
∣∣ūεi − ūε,`i ∣∣ at each time step for i = 1, . . . ,m.

unexpectedly performs better than the others, since less points are active. Actually,

as one can see from the values of the cost functionals reported in Table 3.1 and

from Figure 3.3, the MPC-POD solution violates the constraints more than MPC-

FE and MPC-POD-EE ones. Therefore, MPC-FE optimal solution performs better

than the other two methodologies, as predicted by the theory. The importance to
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Method Sol. avg. time Sol. speed-up Tot. time Speed-up

MPC-FE 26.73 s – 3.54 h –

MPC-POD 0.49 s 54.55 1.06 h 3.34

MPC-POD-EE 2.12 s 12.61 2.40 h 1.48

Table 3.2: Average computational time to perform a PDASS iteration, total

computational time for the MPC algorithms and POD speed-up.

update the basis for improving the results is also confirmed by rel err AS, reported

in Table 3.1 and defined in Section 2.5. In fact, for this test, the MPC-POD relative

error for the state active sets is twenty times larger than the MPC-POD-EE one. Of

course, there are not exclusively advantages in using the a-posteriori error estimator.

As one can see from Table 3.2, the computational speed-up of MPC-POD-EE is

significantly reduced compared to the one of MPC-POD. This is due to the fact

that we have to compute the full-order open-loop optimal control for each POD

basis update, according to Algorithm 10. Moreover, evaluating the error estimator

implies solving full-order state and adjoint equations; cf. Section 2.4.1. At last,

at every basis update the number of POD basis functions increases as shown in

Table 3.3. The reason relies on the fact that both old and new snapshots are used

to compute a new POD basis, i.e., the snapshots subspace is enriched with new

dynamics. Therefore, the number of basis may increase to keep the same a-priori

tolerance τ1. For example, at the last refresh we have a snapshots set of dimension

D = 600 with a large variety of dynamics, thus the algorithm select ` = 186 basis

functions, because of the small chosen tolerance τ1. Due to this last consideration,

Basis updates 0 1 2 3 4

Basis functions 65 103 132 165 186

Table 3.3: Number of POD basis functions after each POD basis update according

to tolerance τ2 and a-posteriori error estimator (2.14).

we apply the snapshots selection procedure explained in Algorithm 12. We do a

first test (MPC-POD-EED) choosing ρ = 0.001 and % = 0.05 and a second one

(MPC-POD-EED2) with ρ = 0.001 and % = 0.2. Moreover, we perform a test where

we use only the new computed snapshots for each basis update, throwing away

the old ones (MPC-POD-EEONS). In this last test, we expect that the number of

basis functions will be around the same order of magnitude for every update, since
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the dimension of the snapshots subspace remains constant. On the other hand,

excluding the old snapshots may not guarantee a POD approximation as good as

MPC-POD-EE. At first, Table 3.4 shows that the snapshots selection does not affect

Method J rel err u rel err y State Act. Pts. rel err AS

MPC-POD-EED 2594.07 0.003 0.0002 4095 (2.3%) 0.013

MPC-POD-EED2 2593.59 0.003 0.0004 4100 (2.3%) 0.016

MPC-POD-EEONS 2594.14 0.003 0.0003 4095 (2.3%) 0.013

Table 3.4: Results for Algorithm 10 either excluding the old snapshots (MPC-

POD-EEONS) or performing the snapshots selection with tolerances ρ = 0.001 and

% = 0.05 (MPC-POD-EED) or % = 0.2 (MPC-POD-EED2).

the approximation error and the number of active points. As expected, discarding

the dynamics which are far from the optimal ones does not change the behaviour

of Algorithm 10. Furthermore, it improves the computational time according to

Table 3.5. The reason is shown in Figure 3.5: thanks to the selection strategy

the number of POD basis functions does not always increase, but it may happen

that we need more basis updates. This fact could slow down the computation and

affect the improvement in computational time. This occurs for MPC-POD-EED,

where also important dynamics are discarded, due to the strict set tolerance %.

When we increase % (MPC-POD-EED2), we are including more snapshots, having

a greater number of basis, but without missing important information. Thus, less

POD basis updates are needed and this improves the computational time. Due to

the previous considerations, it makes sense to examine in depth and improve the

snapshots selection strategy in future works. At last, MPC-POD-EEONS results

show that it is important to include the old snapshots (at least for this test). Even

Method Sol. avg. time Sol. speed-up Tot. time Speed-up

MPC-FE 26.73 s – 3.54 h –

MPC-POD-EED 1.71 s 15.63 1.88 h 1.88

MPC-POD-EED2 1.20 s 22.28 1.47 h 2.41

MPC-POD-EEONS 23.67 s 1.13 3.32 h 1.06

Table 3.5: Average computational time to perform a PDASS iteration, total

computational time for the MPC algorithms and POD speed-up with snapshots

selection or excluding the old snapshots.
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if in Table 3.4 the relative errors are of the same order of the other methods, there is

almost no time speed-up (cf. Table 3.5). Figure 3.5 shows the reason: every two or
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Figure 3.5: Number of POD basis functions at each time step for MPC-POD-

EE, MPC-POD-EED, MPC-POD-EED2 and MPC-POD-EEONS. (�= POD basis

update.)

three time steps the POD basis are updated, because only the new information are

not enough to guarantee a good error approximation, according to the a-posteriori

estimator. Therefore, for half of the time steps we are solving the optimal control

problem with FE, obtaining a good approximation of the optimal control ū, but with

almost the same computational time of MPC-FE. As last numerical simulation, we

test Algorithm 11, keeping the same parameters. We set τ3 = 0.5 as stopping

Method J rel err u rel err y State Act. Pts. rel err AS

MPC-POD-EED2 2593.59 0.003 0.0004 4100 (2.3%) 0.016

MPC-POD-ALM 2594.16 0.004 0.0005 4105 (2.3%) 0.013

Table 3.6: Results for Algorithm 10 and for Algorithm 11 performing the snapshots

selection with tolerances ρ = 0.001 and % = 0.2 (MPC-POD-EED2 and MPC-POD-

ALM respectively).

criterion for the ALM algorithm. This tolerance is not too far from the expected

and desired violation of the state constraints. Furthermore, aware of the previous

results, we apply the snapshots selection strategy with ρ = 0.001 and % = 0.2, in

order to prevent a large increase of the POD basis functions at every update. As one
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can see from Table 3.6, the results are similar to the one obtained with Algorithm 10.

Anyway, we want to point out that the number of basis updates is doubled respect to

the one of Algorithm 10. We have, in fact, 9 POD basis updates. This is expected,

because the snapshots computed by the ALM are suboptimal compared to the one

computed by the PDASS algorithm. Therefore, especially at the begin, the quality of

the POD approximation is worse than the previous simulations. This is confirmed by

Table 3.7, where we report at which time step a POD basis update is performed and

how many POD basis functions are selected. As one can see, this updates are mainly

performed at the first time instances, meaning that the suboptimal ALM snapshots

are not good enough to guarantee a small approximation error at the begin. This

Time 0.0 0.1 0.2 0.7 0.8 1.0 1.8 2.2 3.8

Basis functions 65 113 75 124 160 174 123 117 106

Table 3.7: POD basis functions for each basis update and time at which this

update occurs for MPC-POD-PDASS-ALM algorithm

influences the computational time: it turns out that the MPC-POD-ALM-PDASS

algorithm is not faster compared to the MPC-POD-PDASS one, as one can notice

in Table 3.8. One can think then to decrease the tolerance τ3 for the residuals Rn,+
a

and Rn,+
b to improve the snapshots and decrease the number of updates, but this will

cause, of course, an increase of the computational time, since we need to perform

more ALM iterations with the full-order model. Therefore, it is really important to

find a good compromise between the ALM and the VC. If the number of snapshots

updates is significantly reduced using only few more iterations of the full-order ALM

algorithm, then there is the possibility to speed-up the procedure. Unfortunately,

the challenge to find a good interplay between the proposed techniques is not easily

solvable. A more rigorous way has to be found to choose the tolerance τ3 for the

Method Sol. avg. time Sol. speed-up Tot. time Speed-up

MPC-FE 26.73 s – 3.54 h –

MPC-POD-EED2 1.20 s 22.28 1.47 h 2.41

MPC-POD-ALM 3.36 s 7.96 1.49 h 2.38

Table 3.8: Average computational time to perform a PDASS iteration, total

computational time for the MPC algorithms and POD speed-up with snapshots

selection and ALM suboptimal snapshots.
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computation of the snapshots. We believe that there is the possibility to establish

a mathematical relation between the regularization parameter ε for the VC and the

residuals Rn,+
a and Rn,+

b of the ALM. Such relation will help in the a-priori choice

of the stopping criterion of the ALM snapshots generation, improving the results of

Algorithm 11. This will be investigated in future works.



Conclusion

In this thesis we presented regularization and penalization techniques for

pointwise state-constrained linear-quadratic optimal control problem: the virtual

control approach and the augmented Lagrangian method, respectively. We applied

them to the particular case of a parabolic convection-diffusion equation. Moreover,

existing proofs for different problems [79, 80, 83] were adapted to our specific setting,

showing convergence for the previously mentioned techniques. The main differences

to [79, 80, 83] rely on bilateral pointwise state constraints, parabolic convection-

diffusion equation and Robin boundary controls. A model order reduction approach

based on POD was applied to speed-up the computational time. Furthermore,

an a-posteriori estimate for the approximation error of the reduced order model

was derived for the virtual control approach and the existing estimate [127] was

considered for the augmented Lagrangian method. These estimates were used to

certify the POD approximation error and to develop a POD basis update procedure.

Moreover, an economic MPC strategy was employed to take in account the changes

of problem parameters in a feedback way. The proposed methodologies were

successfully combined with a particular focus on an application to energy efficient

building.

Regarding future work, although we have already addressed throughout the

thesis specific tasks which can be object of study, we make general remarks in what

follows. At first, the model can be improved. In the thesis we considered a linear

convection-diffusion equation, where the velocity field v solves the incompressible

Navier-Stokes equation. Therefore, a possible improvement is to consider the

full coupling of the convection-diffusion equation with the Navier-Stokes in the

so-called Boussinesq approximation [66, 113]. Despite the increase of theoretical

and numerical challenges, the Boussinesq effect, i.e., the physical phenomenon for

which the airflow is influenced by temperature differences, is perfectly designed for

central heating. As an intermediate step, one can consider the following inexact

119
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model: the POD snapshots and the convection field can be generated solving the

Boussinesq approximation for an arbitrary control, then the MPC-POD-PDASS

algorithm for the linear-quadratic optimal control problem can be used to compute

the optimal control, checking the POD approximation error with the a-posteriori

error estimate. If an update of the POD basis is necessary, then we compute new

snapshots and the velocity field through the Boussinesq model, using the stored

closed-loop and the last computed open-loop controls. Thanks to the feedback

property of the MPC algorithm, we expect that the gap between the computed

suboptimal closed-loop controls and the optimal ones is reduced as soon as the time

passes. Another important issue is the computation of the POD snapshots through

the PDASS algorithm. To fix this problem we have already shown in this thesis the

possibility to consider ALM suboptimal solutions, in order to get a good compromise

between speed-up and accuracy, even if the interplay between the two techniques is

difficult to be balanced. Another perspective is to consider domain decomposition

preconditioners for the linear system involved at each PDASS iteration. For example,

one can consider [18, 60] as starting point, although the authors do not consider state

constraints. At last, to deal with the costly evaluation of the state active points,

one can consider localized model order reduction techniques [106, 107], in order to

split the domain in several subdomains and building different reduced-order models

with a different number of basis functions or even using a FE discretization in some

of them. This procedure should speed up the computation of the solution, giving

good performances in terms of approximation. The previous ideas are some of the

possible developments of this work and they will be the main focus of our future

research.
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(eds.), Numerical Methods for Optimal Control Problems, pp. 63–87, Springer,

2018.

[96] L. Mechelli and S. Volkwein. POD-based economic model predictive control

for heat-convection phenomena. Lecture Notes in Computational Science and

Engineering, 126:663–670, 2019.

[97] V. Mehrmann and T. Stykel. Balanced truncation model reduction for large-

scale systems in descriptor form. Lecture Notes in Computational Science and

Engineering, 45:83–115, 2005.

[98] T. Meurer and J. Andrej. Flatness-based model predictive control of linear

diffusion-convection-reaction processes. 2018 IEEE Conference on Decision and

Control (CDC), 527–532, 2018.
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model predictive control for an energy efficient building heating system. Applied

Energy, 88(9):3079–3087, 2011.
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