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Abstract
We analze the hard sphere model with a rough surface using event driven simulation methods
and study the impact of roughness on the rotational and translational particle dynamics
of Newtonian and Brownian systems. Based on a collision algorithm proposed by Luding
[Lud98], we consider binary collisions with a Coulomb-type friction force, where energy is
dissipated and it is possible to transfer linear to rotational momentum. We furthermore
develop the algorithm by incorporating the conversation of the total energy of the system.
In addition, the rotational and translational diffusion coefficients for Brownian systems are
discussed for different friction and particle densities. Finally, the results also compared to
simulation results from Tomilov [Tom+12] and experiments from Schütter et al. [Sch+17].
We analyze the translational particle dynamics in terms of the mean squared displacement
and the rotational dynamics in terms of the angle correlation and also consider the respective
mean system energy. For Newtonian systems we observe that Luding’s ansatz does not
conserve energy for the translational and rotational particle dynamics and thus causes a
slowing down of the system dynamics. For Brownian systems, no impact of friction on the
system dynamics could be observed. First studies on the extended approach of an energy
conserving collision algorithm for the limiting case of a smooth sphere system yield same
results as our findings on the limit case of smooth spheres using Luding’s ansatz. Our
translational diffusion coefficients for different packing fractions agree with experimental
data and simulations. The rotational diffusion coefficient of smooth spheres is independent of
the packing fraction, whereas experiments indicate a slight decay of the diffusion coefficient
approaching high packing fractions.

Zusammenfassung
Mithilfe Ereignis-gesteuerter Simulationsmethoden simulieren wir harte Kugeln mit rauer
Oberfläche, wobei wir das Ausmaß der Rauigkeit auf die Translationsgeschwindigkeit und
Rotationsgeschwindigkeit brownscher und newtonscher Systeme studieren wollen. Basierend
auf einem Kollisionsalgorithmus nach Konzept Ludings [Lud98] erwägen wir nur jeweils Stöße
zwischen zwei Teilchen, die über coulombsche Reibung derart miteinander wechselwirken,
dass translative Geschwindigkeit in eine Rotationsbewegung übertragen werden kann. Weiterhin wird Ludings Ansatz unter dem Miteinbezug von Energieerhaltung weiterentwickelt
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und getestet. Ferner werden die aus unseren brownschen Systemen ermittelten Diffusionskoeffizienten für Translation und Rotation untersucht und mit Simulationsdaten von Tomilov
[Tom+12] sowie mit Experimenten von Schütter et al. [Sch+17] verglichen. Wir beurteilen
die Translationsgeschwindigkeiten der Systeme über die mittlere quadratische Verschiebung
(MSD) und die Rotationsbewegung über die Winkelkorrelationsfunktion. Außerdem wird
begleitend die gemittelte Systemenergie für die Rotation und Translation diskutiert.
Für newtonsche Systeme stellen wir fest, dass die Gesamtenergie des Systems für Reibung
nicht erhalten ist, sodass Reibung letztendlich zum Teilchenstillstand führt. Für Brownsche
Systeme können wir keinerlei Einfluss von Reibung auf die betrachteten Größen feststellen.
Für die Erweiterung des Kollisionsalgorithmus unter Energieerhaltung für den reibungsfreien
Grenzfall zeigen erste Ergebnisse bereits identische Restultate zu unseren Simulationen von
Luding für glatte Kugeln. Unsere Ergbenisse für die ermittelten Translationdiffusionsskoeffizienten von Ludings Ansatz stimmen mit den Ergebnissen von Tomilov und Schütter
überein. Für den Rotationsdiffusionskoeffizienten stellen wir keine Abhängigkeit zur Packungsdichte fest, wobei die Experimente von Schütter mit steigender Packungsdichte leicht
sinken.
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1

Introduction

1.1 Motivation and problem statement

Fig. 1.1.: Hard sphere potential.

Hard spheres (HS) have long been investigated as an
elementary topic in statistical physics [Iso16]. Due to
its simplicity, [FB00], it plays a major role in helping
to understand and describe physical phenomena at an
atomic level [Iso16]. When speaking of ’hard spheres’ one
refers to non-intersecting particles whose boundaries do
not overlap, such that two monodisperse spheres i, j at
position r follow [Iso16]

V (ri (t), rj (t)) =


∞

kri (t) − rj (t)k ≤ σ,

0

otherwise.

(1.1)

where σ = 2r ist the particle diameter. HS can collide and thus interact if, and only if, they
are in direct contact. Also the collision of HS happens to be instantaneous [LM98]. The
advantages of HS is that it can easily be treated theoretically so that understanding the
fundamental behavior of a physical system resembling HS can be done with the least amount
of assumptions possible. We extend this HS model by introducing surface roughness. This
will affect the collision mechanism such that it enables the particles to transfer an angular
momentum among each other. In this work, we perform inelastic collisions of HS.
In addition, the HS shall be of mesoscopic size, suspended in a solvent. In 1827, biologist
Robert Brown observed that such particles exhibit erratic, fluctuating motions, nowadays
recognized as Brownian motion. Based on Robert Brown’s discovery, Albert Einstein
[Ein05] and Marian von Smoluchowski [Von06] later independently identified the
collisions of the solvent molecules to be the reason for the stochastic changes of the particle
velocities. They derived the Einstein-Smoluchowski relation and quantified the mean
squared displacement of a single particle for diffusive Brownian motion. The simulation of
such diffusion processes is nowadays an often used tool and found already a wide range of
application [GHN95; KBE95]. Because we model HS with a rough surface, also a transfer of
angular momentum has now to be considered. This, in turn, has an impact on the rotational
Brownian behavior of a particle. We therefore extend the Brownian motion to feature the
redistribution of the angular velocities.
For dilute systems, the theory for translational and rotational diffusion processes of a
Brownian particle could be already analytically solved (translation [Ein05], rotation [Per34]).
This is why we will go beyond small packing fractions and want to investigate highly dense
systems. Since the HS exhibits only short range interactions, they play a crucial part when
investigating dense liquids and furthermore exhibit a rich phase diagram [DSS07]: If the
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density of HS systems exceeds a critical threshold, they exhibit a glass transition [Woo76;
Gru+16], which expresses itself in a drastic slowdown of dynamical quantities. Particularly
for a monodisperse HS system, packing fractions above the freezing point at φ = 0.494 are
prone to crystallization [Lan09; RT96]. We thus want to investigate rotational Brownian
behavior (for different roughnesses) close to the freezing point.
We are particularly interested in determining and simulating each trajectory of each single
particle of the system. In order to properly describe the dynamics of a many-body HS
system with Brownian motion, we choose a Langevin-type equation. To model the system,
we use Event driven Brownian Dynamics (EDBD) simulation methods that are designed to
model the spatiotemporal trajectories (of rotation and translation) of individual particles.
EDBD are a common simulation method for such systems and thanks to the ever increasing
availability of efficient computational resources, EDBD simulations became easily feasible
due to high and fast computing power.
The computer code was originally developed by Markus Heinrich [Hei15] and further
developed most recently by Aleena Laganapan [Lag18]. In this work we will extend it by
implementing an inelastic HS collision algorithm and rotational Brownian motion.
Furthermore we strive for a comparison with experimental results discussed in [Sch+17].

1.2 Thesis structure
The overall structure of the study takes the form of five chapters, including this introductory
chapter. It closes with an appendix, where further information, mainly on programming
details, can be found. The structure is organized as follows:
Chapter 2
Chapter 2 begins by laying out the theoretical perquisites of the research and looks at how
Brownian systems can be described and modeled. It first introduces the Langevin equation
which is the fundamental equation of motion and furthermore explains the key concept of
event driven simulations with Brownian motion involved. Furthermore, also the system
setup and some performance issues on reaching high densites shall be explained. Also some
simulation procedures shall be addressed that optimize computational efficiency. At the end
of Chapter 2, an overview of our algorithm and the standard system will be given.
Chapter 3
The third chapter is concerned with proper data mining. A variety of statistical methods
is explained that shall extract the system quantities of interest. Quantities like the radial
distribution function and the static structure factor will be introduced, to examine structural
system properties. Dynamical properties of the studied systems will be expressed by the
mean squared displacement and the angle correlation function. For Brownian systems, they
contain valuable information about the diffusion coefficients of a system. For Newtonian
systems we will use the same dynamical quantities for the better comparison to Brownian
systems, however expecting different results.
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Chapter 1

Introduction

Chapter 4
The fourth section presents the findings of the research, focusing on three key themes. First,
it checks the validity of our systems by comparing Brownian systems for the dilute and also
highly dense case to findings from Lange [Lan09]. Secondly, it studies the impact of roughness
from hard spheres in the style of Luding [Lud98] for Newtonian and Brownian systems.
Demanding the conservation of energy, the collision algorithm will be further developed and
compared to Luding’s approach. The third part of this chapter compares our findings on
the translational and rotational diffusion coefficients for different packing fractions to ‘soft‘
spheres from Tomilov [Tom+12] and experiments from Schütter [Sch+17].
Chapter 5
After having analyzed our data and compared them to experiments, Chapter 5 outlines
major conclusions from this work. Also areas for further research will be addressed.
Appendix
In the appendix, we collected basic facts for the implementation of a collision algorithm
which shall help to gain deeper insight in our simulations.

1.2

Thesis structure

3

Simulation theory

2

In this chapter all theoretical basics to understand the algorithm, its structure, and its
underlying physical aspects shall be given. First the equation of motion that governs our
simulation will be introduced, followed by discussing the basic ideas of EDBD simulations
and finally giving a more specific insight on the physical treatment of the collision rule
and the implementation of rotational and translational Brownian dynamics. At the end of
this chapter, an appropriate system setup and initialization for the initial system shall be
explained in order to yield physically adequate results. Also further aspects some tricks of
the trade shall be addressed, regarding computational efficiency.

2.1 Equation of motion: Langevin equation
2.1.1

Motivation of the choice of the equation of motion

Our intention is to determine the trajectory of particles that are suspended in a (Newtonian) solvent,
see Figure 2.1. The particles (yellow) shall represent spheres of size 1nm to 1µm so that they are
still small enough to underlie Brownian motion (red,
dashed arrows), arising from thermal fluctuations
(black arrows) of the solvent molecules (gray), however too big to exhibit quantum effects. Regarding
the microscopic solvent molecules, that occur in large
quantities, this rises the challenge of timescale separaFig. 2.1.: Illustration of Brownian motion (red dashed) of a parti- tion: In order to describe the trajectory of a particle
cle (yellow) due to thermal properly, it would be necessary for the equation of
kicks of the solvent molecules motion to cover a vast range of time scales. They
(gray). Taken from [Bem16].
have to cover short time-steps to handle the very fast
microscopic velocities (obtained from the solvent molecules), and at the same time, they
need very long times to also allow slower modes to evolve. Altogether, this makes the
calculation (and later applications on simulations) very time consuming and expensive. Also
the interplay among the solvent molecules with a particle, turns out to be very complex
and extensive. Therefore one tries to avoid to account for every single solvent molecule
involved. In fact, the quick motion of each of the solvent molecules is of little interest to
us. However, they will be present in large numbers. For this purpose, it is desirable to
replace the impact of the solvent with a generally less calculation intensive procedure, by
approximating its impact on the particle. This can be done by introducing the method of a
thermostat. The key idea of this concept is to collect the impact of the solvent particles on a
time scale ∆tB and recreate a summarized redistribution of the velocities which collectively
acts on the particle dynamics. We therefore replace the collective impact of the solvent by a
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combination of frictional terms and random forces. This eliminates the solvent molecules
of the system, and in consequence, also the degrees of freedom are reduced enormously.
From the physical aspect, it turns the microcanonical (N, V, E)-ensemble into a canonical
(N, V, T ) ensemble with a given and constant temperature T at equilibrium.
For such treatments, the Langevin equation is ideally suited. It stems from Newton’s
equation of motion for a considered particle i with mass mi and the external force Fi,ext
which is acting on it such way that mi v̇i = Fi,ext (t) and features the Brownian motion
as a representation of frictional forces and stochastic random forces, as introduced in the
following subsection.
2.1.2

Langevin equation

Named after its inventor Paul Langevin, the Langevin equation describes the dynamics
for an arbitrary amount (where 1 ≤ i ≤ N ) of, free, interacting Brownian particles. In a
generalized form it reads [FB00]

N
R
M̂i u̇i = FH
i + Fi + Fi .

(2.1)

For particle i, M̂i denotes the generalized mass (or for the rational case the moment of
inertia) tensor, u̇i is the translational (rotational) velocity vector in three dimensions and
the force (torque) vectors F represent: first the hydrodynamic forces FH , secondly all
non-hydrodynamic forces FN (including interparticle (e.g. collisions) and external forces)
and thirdly, the most characteristic term for a Langevin-type equation, a stochastic force FR ,
which is a stochastic force arising from the coarse graining of the solvent, whose properties
will be discussed below.
In this thesis, we perform both translational and rotational Brownian motion. Since
we neglect hydrodynamic effects, the rotational and translational motion of the particle
completely decouple [FB00]. In the following, we treat the translational and rotational
equation of motion separately.

Translational Langevin equation

First, for an independent translational Brownian motion we have [SVD07]:

mi v̇i = Fdi + Fpi + Fext
+ Fri .
i

6
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(2.2)

The index i refers to the selected particle with mass mi and velocity vi . The second
summand Fpi denotes macroscopic particle-particle forces with other Brownian particles. A
common idealization for modelling this interaction is to assume that the collision partners
are hard bodies [BE12]. For us, Fpi only incorporates HS collisions. Furthermore, Fext
i
covers all external forces such as gravity or electrical fields. In our treatment, this force
will always be set to Fext
= 0. Due to the coarse-grained nature of Langevin dynamics, we
i
treat the impact of the solvent as a dissipative force Fdi together with the random force
Fri . More specific, Fdi describes the frictional effects that a Brownian particle experiences
when traveling through the solvent. The force itself depends on the type of solvent that is
used. Since the fluid is assumed to be isotropic, Fdi simplifies to −mi ζvi (t), pointing anti
parallel to v, with ζ denoting the damping coefficient. The contribution of Fri is of stochastic
nature and constructs the random thermal kicks a particle suffers from the solvent. It is
strictly symmetric and uncorrelated. The fluctuation of this force can be characterized by
considering its first and second moments [Lan09]

hFri (t)

hFri (t)i = 0

(symmetric)

(2.3)

Fri (0)i

(uncorrelated)

(2.4)

= 2kB T mi ζ δ(t)

where h...i denotes an average. The term kB is the Boltzmann’s constant and the temperature is denoted as T . This shows us, that the higher the temperature, the more intense
the thermal kicks are. In this notation, δ(t) represents the Dirac distribution. Regarding a
system with strong dissipation, the overdamped limit, m/ζ → 0, further simplifies Equation
2.2 to a first-order stochastic differential equation [SVD07]:
0 = −ζvi + Fpi + Fri .

(2.5)

Rotational Langevin equation

The rotational Langevin equation for a free Brownian particle reads [DAM85]

r
Ii ω̇i = −γωi + Tpi,rot + Text
i,rot + Ti,rot

(2.6)

where Ii is the associated moment of inertia for particle i and ωi is the angular velocity.
Analogously, −γωi contains all rotational friction forces, Tpi,rot determines all particleparticle forces that influence the momentum, which in our case treats the collision of rough
HS. The term Text
i,rot constitutes all external torques (e.g. electrical field) acting in direction i,
which are again neglected. As before, also Tri,rot models the random changes of the angular
momentum of the particle that are caused by the solvent. We assume that similar to Tri ,

2.1

Equation of motion: Langevin equation
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also Tri,rot also stems from a Gaussian distribution with mean zero and uncorrelated in t
[Dho96, p.95]

hTri (t)

hTri (t)i = 0

(symmetric)

(2.7)

Tri (0)i

(uncorrelated)

(2.8)

= 2kB T Ii γ δ(t)

with γ as the rotational damping constant of the system.

2.2 Simulation techniques
We want to determine the physical properties of HS systems by determining the trajectory
of Equation 2.2 and 2.6 for each particle of the system.

2.2.1

Event driven molecular dynamics simulations (EDMD)

As the name suggests, Molecular dynamics simulations (MD) are designed to calculate the
dynamics of each atom (or macroscopic particle) of a many-particle system. This can be
done by evolving the fundamental equation of motion in time, which is in most cases a
Newtonian equation of motion. MD simulations may contain large number of particles,
in between a few hundred to even several thousand particles, while the aim is trying to
solve many-body problems atomically. MD simulations therefore iteratively keep track of all
particles by, broadly speaking, treating the question ‘What does particle i do next? ‘.
For the moment, we restrict the discussion to the Newtonian part of our equation of motion
by only regard collisions. Our main motivation for using a HS spheres is that it reduces
the number of assumptions to the smallest amount. Since we are investigating systems
at high packing fractions, we are especially interested in a well defined radius in order to
obtain a well definable packing fraction, which is provided by the HS potential (see Eq. 1.1).
Provided that all occurring forces vary only slowly and smoothly during a time step ∆t, one
obtains the trajectory via integration and evolving the equation of motion in discrete time
steps (time driven). However, the discrete time approach is a quasi hard sphere system (such
as inverse-power pair potentials [Tom+12]) with a sufficiently small ∆t for discretization.
Soft spheres, in turn, do not have a well defined radius but can be only attributed to a
hydrodynamical radius [Tom+12]. On the other hand, hardening the spheres to the limiting
case of a HS potential, ∆t gets infinitesimally small. Choosing a sufficiently small enough
∆t indeed shows faithful results in the limit ∆t → 0 for simulating Equation 2.5 [CH90].
However, this approach is contain very small time steps that make the simulation extremely
effortful and time-consuming.
Instead of a regular step-by-step time working chain of equally distributed time steps,
the method of our choice falls on an event driven molecular dynamics (EDMD) process
that evolves on a collision-by-collision basis. This working procedure first determines the
chronologically closest collision to be ‘happening‘, executes it and evolves the system to the
next occurring collision. By this working procedure, ED simulations bear the advantage,
that they can treat HS potentials and furthermore keep a system completely overlap free.
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Fig. 2.2.: Simplified process diagram of our EDBD algorithm from a physical aspect.

In between its former and next point of a collision a particle is assumed to move force free,
following the trajectory of a ballistic flight, so that its velocity remains unchanged. Thus
all particles between two collisions can be updated by a simple spatial displacement ∆r.
This turns the simulation method into a process of discrete collision events, which have
to be continuously kept up to date in chronological order: One first determines the next
occurring collision in a system and updates the system to this instant moment of time. Then,
the collision is executed. Having processed the event, it goes on by determining the next
upcoming event and restarts the process again.
It may be helpful to remark that in this kind of ED simulations do not consider fluid-mediated
hydrodynamic interactions at all [Rom+11]. Such interactions account for computationally
more expensive methods and are included in methods like Stochastic Rotation Dynamics
[MK99] or Lattice Boltzmann Dynamics [Cat+04].

2.2.2

Event driven Brownian dynamics simulations (EDBD)

We now want to go further by not only considering Newtonian dynamics (collisions and
ballistic motion) but rather Brownian dynamics (BD). We use the same ED working
mechanism for executing overlap free collision events but introduce another event which
shall enable us to account for BD movements as well. EDBD simulations thus generally
simulate interacting Brownian particles by solving the (overdamped) Langevin equation. In
our particular case, EDBD simulations solve Equations 2.2 and 2.6. From a physical point of
view, all important steps of the EDBD algorithm process are shown in a somewhat simplified
process diagram in Figure 2.2. It consists of first checking the system for upcoming collisions
and upcoming changes regarding Brownian dynamics (later on: Brownian event). Then it
updates the particle positions ri and orientations Θi to the time point at which the next
event takes place, pursuant to
ri → ri + ∆tvi

and

Θi → Θi + ωi ∆t

(2.9)

After that, it executes the soonest upcoming move and finally begins the process again.
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In sum, we find that EDBD simulations can numerically solve the Langevin equations, where
all necessary physical requirements are complied: These demands are, first, that the system
has to be entirely free of overlaps, and secondly, the Brownian nature of the particles must
be incorporated. We will now turn to the physical aspects of our system, by explaining, how
the terms Fpi , Tpi,rot (rough HS collisions) and Brownian movements Fri , Tpi,rot specifically
can be implemented in the EDBD simulation.

2.3 Brownian events
In general, Brownian events shall reconstruct the erratic motion (fluctuations) the particle
exhibits due to the random thermal kicks of the solvent. From a computational viewpoint,
a Brownian event incorporates the heat bath by periodically redistributing all (translational
and rotational) particle velocities at a certain time step ∆t, each drawn randomly from
the Maxwell-Boltzmann distribution for the translational vi,x and rotational ωi,x velocity
component of the ith particle, pursuant to [Wöt12, p. 27] and [AFT89, p.170]
ρ(vi,x ) =



mi
2πkB T

 12

2
mi vi,x
exp −
2kB T

!
and

ρ(ωi,x ) =



Ii
2πkB T

 21

2
Ii ωi,x
exp −
2kB T

!
.

(2.10)
The term ρ is the probability density for the respective velocity component and x denotes
the spatially considered dimension. According to 2.3 and 2.7, there shall be no overall
momentum created, which is the case, since
hvi,x i = 0

and

hωi,x i = 0

(2.11)

Since we want the magnitudes to be in accordance with the (constant) temperature, the
variances read [Wöt12, p. 27]
2
hvi,x
i=

kB T
m

and

2
hωi,x
i =

kB T
I

(2.12)

where I = 25 mr2 is the moment of inertia for a solid sphere of constant density and radius
r.

2.3.1

Translational Brownian event

The implementation of a translational Brownian event is very straightforward. The common
derivation of this algorithm, as can be read in [Lan09, p. 4 ff.], stems from the overdamped
Langevin equation without external forces. Moreover, we first consider the Brownian motion
for a single particle:
mv̇i = −mζvi + Fri

(2.13)

with its already familiar mathematical explicit and formal solution
vi (t) = vi0 e−ζt +

10
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1
m

Z
0

t

0

Fri (t0 ) e−ζ(t−t ) dt0 .

(2.14)

For a more detailed derivation of Eq. 2.13, cf. [Lan09, p. 4 ff.]. According to [Lan09], the
equation can be restricted to the over damped limit τt  1/ζ, so that the first summand of
Equation 2.14 decays to zero. If one integrates Equation 2.14 again, one finds the spatial
trajectory of the particle. It then can finally be expressed as [Lan09, p. 6]

ri (t + ∆tt ) = ri (t) + rri (t) = ri (t) + ∆tt vir (t)

(2.15)

rri = ∆tt vir

(2.16)

This solution reconstructs a free particle’s trajectory. The term ri (t) describes the position
of the ith particle at time t. From now on, time ∆tt represents the translational Brownian
time step. If the system evolves in time, every ∆tt it draws a new, Maxwell-Boltzmann
distributed random translational velocity vir . The step size of ∆tt can be freely set, however,
remains fixed during a run.
The self diffusion of a single particle can be connected via the Einstein relation (see Section
3.3.1) to the translational diffusion coefficient Dt for long times in the diffusive regime. It
is caused by thermal transport in the canonical ensemble (if the fluid system consists of
identical particles). Consequently, the quantity Dt is a measure for the mobility of a particle.
Pursuant to [Lan09, p. 41] the translational diffusion coefficient of our simulation can thus
be connected to ∆tt the following way:
Dt =

kB T ∆tt
2m

(2.17)

In experiments, for the special case of fluids, it also satisfies the Stokes-Einstein relation[Rom+11]
Dt =

kB T
6πηr

(2.18)

with η denoting the viscosity of the fluid and r the particle radius.
From the friction coefficient we obtain the (translational) relaxation time of a particle [Phi18,
p.57]
τt =

r2
.
Dt

(2.19)

During this time span, a particle has on average diffused a distance, which is comparable to
its own radius.

2.3.2

Rotational Brownian event

Generally, the rotational Brownian event can be treated by using a similar algorithm as
the translational Brownian event - every ∆tr it draws a new random rotational velocity for
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the particles. The solution from the rotational Langevin equation of a free particle without
particle-particle interaction (from Eq. 2.6)
r
Ii ω̇i = −γωi + Ti,rot

(2.20)

looks similar to the solution of the translational Langevin equation, namely [Dho96, p. 95]
− γt
I

ωi (t) = ω0 e

i

+

1
Ii

t

Z

e

−

γ(t−t0 )
Ii

Tri,rot (t0 ) dt0 .

(2.21)

0

However, the integration of ωi (t) in order to obtain the angles φi (t) is somewhat less
straightforward than the calculation for ri (t) in the translational case. This is due to to
the fact, that the three dimensional angular velocity ω is not integrable. In this work, we
treat the angles in a unified, four dimensional quaternion representation. A treatment of
Equation (2.20) in the over-damped limit and in quaternion representation can be found in
[DBD15]. In terms of ui (t) representing a set of orthonormal vectors that are attached to
the spheres according to
3

∆û(∆tr ) =

1X
ui (0) × ui (∆tr ),
2 i=1

(2.22)

[DBD15] relates the total angle of rotation ∆φ to the rotational displacement as follows:

3

∆û(∆tr ) = sin(∆φ)∆φ̂ = ∆φ + O(∆tr2 )

(2.23)

Here, φ̂ = φ/kφk indicates the rotation axis from a counterclockwise rotation in quaternion
representation, cf. [DBD15].

The rotational diffusion coefficient can be connected to the simulational Brownian time step
for rotation ∆tr in terms of [Rom+11]
Dr =

kB T ∆tr
2I

(2.24)

and determines the decay of the orientations of the spheres, on a spherical surface. In
analogy to the Stokes-Einstein law, we also have a frictional drag coefficient for spherical
particles in the solvent, when it comes to rotational diffusion. In this case the rotational
diffusion coefficient Dr can be set equal to Perrin’s friction law, which reads [Rom+11]
Dr =

kB T
.
8πηr3

(2.25)

and finds its application predominantly in experimental determinations of Dr . Again, η
denotes the viscosity of the solvent.
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The relaxation time of the rotational motion of a particle is defined as [Phi18, p.58]
τr =

2.3.3

1
.
Dr

(2.26)

Relation between rotational and translational Brownian motion

Comparing both diffusion coefficients (Eq. 2.18, 2.25), one can see that they only depend on
T and η. Even more interesting to us is the fact, that they are in close and steady relation
to each other. Since the diffusion coefficients determine the relaxation times (Eq. 2.19,
2.26) their ratio causes a separation. This, in turn, has to be considered in a fixed ratio
of the simulation times for ∆tt and ∆tr in our simulation as well. From the comparison
of Equations 2.17 and 2.18 we obtain ∆t = 2m/(2πηr) and from Equation 2.24 and 2.25
∆tr = 2I/(8πηr3 ). [Rom+11] states that this leads to the ratio

∆tt
10
=
∆tr
3

(2.27)

Note, that this ratio is independent of T and η.

Summary on Brownian event
To summarize, this section considered the stochastic part of the particle-solvent interactions
We derived an algorithmic expression for the rotational and translational Brownian motion
(Eq. 2.15) for a single, free particle that diffuses in a solution. Implementation of the
solvent kicks regarding translational and rotational velocities are represented by Brownian
time steps, which periodically redraw new random velocities from a Maxwell-Boltzmann
distribution. Note, that the ratio τt /τr = 10/3 must be obeyed in order to model the proper
Brownian motion of the system. In a next section, we will concentrate on the mathematical
formulation of rough HS collision rule.

2.4 Collision event
In a next step we now only focus on the treatment of particle-particle interactions Fpi .
Whatever these particle interactions will look like, decides the physical behavior of our system
substantially. This interaction force becomes most influential when treating systems of high
densities, where particle-particle interactions predominate in solvent-particle interactions.
In our case, we will regard two different cases: the smooth HS model and a rough HS model.
The smooth sphere model shall only perform elastic collisions where no transfer of angular
momentum will not be possible. The rough HS model performs inelastic collisions, which
due to its microscopic rough surface allows a transfer of angular momentum.
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Regarding computational implementation, the impenetrability is realized by the treatment
of rigid particles. According to our model, the interaction potential is a step function. This
implies that the spheres will interact with each other if - and only if - they are in direct
contact. As long as they are not in contact, all particles shall move unaffectedly through the
simulation box. Furthermore, the step potential also implies, that collisions only happen
instantaneously [Lud98].
Many-body interactions quickly become excessively complex here. Since the collision happens
instantaneously, the probability of having three spheres in contact at exactly the same time
becomes infinitesimally small [BB09, p.247]. We therefore specify on two-particle interactions,
supposing many-body-interactions to result from the sum of all the two-particle forces. A
big advantage for computational implementation is then, to reduce the collision performance
down to simple interaction events on a level of binary collisions only so that all our processed
dynamics is a sequence of binary collisions. As previously mentioned, for HS, both involved
particle velocities of a collision event are only modified during collisions. In between two
collisions, particles follow rectilinear trajectories because they do not interact.
Since Fpi significantly determines the physical characteristic of the system, a reliable collision
algorithm is crucial for an ED simulation. In between two Brownian events, the system shall
proceed in a series of discrete collisions. Consequently, the collision event has two principal
steps to perform ballistic motion well:
1. Collision prediction
2. Collision performance
Both steps will be explained in more detail now.

2.4.1

Collision prediction

Before we can execute a particle collision, we first have to determine when and where it
will happen. We now want to predict the time point of a collision. The outline of this
derivation can also be found in [Fri18, p.17] and in [AT17, chpt. 3.6.1]. In summary, one
tracks and also predicts the position of a particle i (shown in Equation 2.15), by looking at
its trajectory at a given point of time
ri (t + τ ) = ri (t) + vi (t)τ

(2.28)

where ri denotes the old position of the respective particle and τ denotes the time evolution.
Two particles of radius ri are in contact, if their absolute spacial distance is
k∆rij (t)k = kri (t) − rj (t)k = ri + rj = σ.

(2.29)

In our case, all particle radii are equal and therefore can be set to 2r = σ. If we insert the
prior formula into the definition of the spatial distance, we can check if two trajectories will
intersect at any point in time in the future. This yields
2

2

σ 2 = (ri (t) − rj (t)) + 2 (ri (t) − rj (t)) (vi (t) − vj (t)) τ + (vi (t) − vj (t)) τ 2 .
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Simplified by ai,j (t) = ∆ri,j (t)∆vi,j (t) we get

2
0 = ∆r2ij (t) − σ 2 + aij (t) τ + ∆vij
(t) τ 2

(2.30)

which is a quadratic polynomial in τ . If ai,j (t) is positive, both particles move away from
each other and no collision will be detected. If ai,j (t) is negative it can still be the case that

2
a2i,j (t) − ∆vi,j
(t) ∆r2i,j (t) − σ 2 > 0. Then, the equation yields a complex time and again
no collision takes place. For the rest of incidents1 two positive roots arise whereas only the
smaller one is of interest:

tcoll =

−ai,j (t) −

q

2 (t) ∆r2 (t) − σ 2
a2i,j (t) − ∆vi,j
i,j
2 (t)
∆vi,j


.

(2.31)

A real and positive, exact solution will be given in case of a future intersection of the two
trajectories which will cause a collision.
The algorithm first detects all collision times tcoll = t + τcoll,ij of all particles and executes
only the soonest of those, except the point of collision tcoll exceeds the Brownian time step.
After a Brownian time step, the algorithm recalculates all collision times and processes them
again.
Predicting all the collisions of a system is a costly part of the program since all collisions
between any particle pairs have to be checked. The calculational expense can be significantly
lowered by certain tricks of the trade such as examining only collisions in a close surrounding
of a particle or restricting the time interval in which it is considered realistic for a collision
to occur (e.g. in between a Brownian time step). From the simulation perspective, these
techniques are extensive enough to be implemented as a special event, which will be
introduced in chapter 2.5.
2.4.2

Collision performance

Once we have detected a collision, we now want to perform it. If two particles collide, their
velocities have to be recalculated after the collision. The instantaneous characteristic of a
HS collision explains why we are rather interested in the velocity just before and just after
the point of collision than the collision process itself. The derivation of velocities after the
collision is described in this section.
Our main modification to the hard sphere model will be the introduction of roughness. The
rough sphere is perhaps one of the simplest particle models that has rotational degrees of
freedom, [FB00]. This will evoke friction and thus allows a transfer of angular momentum
among the colliding partners without breaking spherical symmetry. Regarding roughness
in terms of computing, it plays no further important role apart from its ability to make a
1 apart

from the case of already overlapping spheres, which we can exclude
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Fig. 2.3.: Illustration of the vector composition of vc in a COM reference frame.

transfer of angular momentum possible. Rough spheres differ from HS only in their collision
dynamics. The free flight dynamics in between collisions shall remain unchanged. We
characterize a rough sphere by its diameter σ and moment of inertia I = 25 mi r2 . They
feature not only a translational velocity vi but also an angular velocity ωi .
Our implemented collision algorithm is in the style of S. Luding’s publications for two
dimensional, rough-surfaced, hard disks [Lud98] and three-dimensional spheres [Lud95]; also
shortly sketched by Allen [AT17, chpt. 3.6.1].
For simplification, we first express all the collision parameters in a center of mass reference
frame (COM). In case of a two body problem (particle i and j), the transformation of a
translational particle velocity from a laboratory viL to a COM reference frame vi can be
done according to [Lud98]
vi = viL − vcm

(2.32)

vj =

(2.33)

vjL

− vcm

where vcm = (mi viL + mj vjL )/(mi + mj ). We now consider two spheres that get into contact
at the moment of collision. The relative velocity of the contact point just before the collision
is given by [Lud98]

vc = viimp − vjimp = vi − vj −
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σ
2

ωi +

σ 
ωj × n
2

(2.34)

which contains the relative linear velocity vi − vj of particle i with respect to j, as well as
the rotational velocities, expressed in terms of ωi and ωj . The variable n denotes the unit
normal vector and points along the line of the center of masses from j to i. Thus the normal
vector of a collision reads
n=

ri − rj
.
kri − rj k

(2.35)

We see that kvc k increases if, for example, the translational velocities of both particles point
in the opposite, meanwhile their angular velocities point in the same direction (in the COM
reference frame). We emphasize, that vi and vj are always parallel to each other, so that
vi × vj equals zero. The new translational velocities, the emerging relative velocity and the
normal vector are illustrated in Figure 2.3.
Furthermore, vc can be split into a normal and a tangential vector component
vc = vcn + vct .

(2.36)

Because the spheres are hard, vcn determines the impact of the collision. For smooth spheres,
where no transfer of angular momentum takes place, it already defines the entire collision
process because vct remains unaffected [AFT89]. For rough spheres however, both components
are necessary to describe the collision. Therefore, a separate analysis of tangential and
normal velocity will be necessary. It is helpful, to also express the particle velocities in a
conform vector representation
vin = n (vi · n),
vit

= vi −

(2.37)
(2.38)

vin .

The vector n connects both centers of mass via the difference vectors between the two
spheres at contact. Together with vc , n encloses the collision angle γ. This angle lies in
the range between π/2 < γ ≤ π. The tangential axis (perpendicular to the normal axis n)
points along the sphere’s surfaces and is located at their point of contact, which is at the
same time the center of mass provided that the particles are identical. The tangential unit
vector t thus can be defined via the relative tangential velocity
t=

vct
.
kvct k

(2.39)

for the special case of two particles with masses mi , mj and no rotational velocity at the
beginning, an illustration of some of the introduced parameters (in the COM reference
frame) is given in Figure 2.4 .
Provided that the velocities of two colliding particles are known just before the collision,
there are three further parameters which are required to evaluate the velocities after the
collision: the normal restitution n , the coefficient of friction µ and maximum tangential
restitution γ0 . All of them can be connected to the restitution coefficient . Generally
speaking,  is a measure of the ratio of the final relative velocity of kvc0 k to the initial relative
velocity kvc k of a collision. The first two parameters shall be discussed now, the third will
appear in the later derivation.
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Fig. 2.4.: Collision of two particles. (left) before the collision with no angular velocities, (right)
after a collision. Now rotational velocities are caused by the momentum transfer of the
rough surfaces, included in ∆p.

First, the normal restitution n . The normal restitution
coefficient describes the negative ratio between the normal
components of the relative velocity vct at the point of
contact just before and after the impact. It thus can be
seen as the measurement for the elasticity of the impact
and arises from the conservation of momentum (p = p0 ⇒
mi vin − mj vjn = mi vi0n − mj vj0n ) so that according to
n = −

mi vi0n − mj vj0n
vi0n − vj0n
=
,
mi vin − mj vjn
vin − vjn

(2.40)

provided that masses are the same. The prime index in
v0 labels the velocity of the respective particle after the
collision. The normal restitution coefficient n only bears
values between n ∈ [0, 1] where n = 1 corresponds to
Fig. 2.5.: Collision of smooth a purely elastic and n = 0 to a fully inelastic collision.
spheres in the laboratory Although this is not the case for every type of collision,
frame. Solely the nor- in the case of elasticity, not only the conservation of
mal components (in red)
momentum but also of energy is given. At this point, it
change their sign.
is helpful to mention that, for smooth spheres, n already
fully suffices to determine all subsequent velocities. Figure 2.5 illustrates this statement
for two colliding smooth spheres in the laboratory reference frame: The particles follow a
straight path until their point of contact and from there onwards switch to their reflected
trajectory. As a consequence only the normal component of both velocities changes sign,
however, neither does it change its magnitude nor becomes the tangential velocity affected
by the collision.
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Secondly, we treat the coefficient of friction µ. This parameter is motivated by the roughness
of the spheres, where a momentum transfer is feasible. It relates the tangential force to the
normal force by any suitable force law. These force laws are different approaches to specify
how particles rub or slide next to each other. Some of them are described in [Lud98]. In our
case, it will be connected via Coulomb’s law, as [Lud98] states,
(2.41)

kFt k ≤ µ kFn k

We notice that the tangential surface friction is proportional to the normal force. Its
magnitude of sliding friction µ is a constant value, independent of position, displacement,
velocity and surface area. This is, why the Coulomb law is often used to describe particles
that are only in contact with each other over a tiny part of their overall area, as it is in
our case. The model is an empirical construct based on experiments by Coulomb [Cou21]
and can be seen as an excellent approximate rule of thumb for a very complicated physical
interaction. Although there are some reasonable approximations here, this model is valid
over a broad range of parameters. Some problematic limiting cases and reasons for losses of
accuracy can be found in [Rad+97]. If a friction µ, one can correlate the normal restitution
to a tangential restitution t which is generally not a constant. It depends on the impact of
the normal velocity and reads
v0t = −t vn .

(2.42)

With help of the conservation of momentum we are now capable of deriving an algorithm for
the new velocities in a COM frame. We will come to the conclusion, that all velocity changes,
be it vi0 or ωi0 , only depend on the change of the total (linear and angular) momentum ∆p .
Rt
In case of a given, time dependent, force F(t), ∆p is defined by Newton’s law 0 c F(t)dt.
We may state that ∆p = F(t)dt since tc → 0 and F(t) = const. In terms of conservation of
linear momentum we know that
∆p = mi (vi0 − vi ) = −mj (vj0 − vj )

(2.43)

and for conservation of angular momentum we suppose
−n × ∆p =

2
Ii (ωi0 − ωi ) .
σ

(2.44)

The latter statement can be ascribed to the fact of rough spheres: only the tangential
component ∆pt affects the angular velocities, unlike the normal component ∆pn which
does not contribute to the change of momentum. Vector ∆pt takes effect at the point of
contact, which is at (− σ2 )n, perpendicular to the moment arm (normal). Mathematically,
this is calculated by the cross product of the change of momentum and (− σ2 )n. Here, I
is the moment of inertia at the center of a particle and ω 0 denotes the respective final
rotational velocity after the collision. Note that this relation causes the same change of
angular momentum to both particles as it is required due to the conservation of angular
momentum. From the change of momentum ∆p, we obtain the velocities after the collision.
From Equation 2.43 we predict the translational and from Equation 2.44 we obtain the new
rotational velocities as follows [Lud98]:
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∆p
mi
∆p
0
vj = vj −
mj
σ
ωi0 = ωi −
rij × ∆p
2Ii
σ
ωj0 = ωj −
rij × ∆p
2Ij
vi0 = vi +

(2.45a)
(2.45b)
(2.45c)
(2.45d)

So far, this is a very common formalism for a collision execution that conserves the impact.
It is often quoted, just to mention a few: The textbook of [AT17]; a similar ansatz for
non-smooth billiard balls can be found in [Dom08], and for general rigid bodies [AFT89]. We
see, that these equations only require the quantity of the change of momentum for determinig
the new translational and rotational velocities. Thus ∆p defines a crucial physical aspect of
the collision process. It can appear in different variations. In this work, we pursue Ludings
ansatz from [Lud98]. We now derive how ∆p in this specific case looks like.
The normal component ∆pn can be derived, if we insert the normal components of Equation
n
2.45a and Equation 2.45b (e.g. vj0n = vjn + ∆p
mj ) into the definition of the normal restitution
coefficient n (Eq. 2.40):
∆pn = −(1 + n ) vcn mij

(2.46)

From now on, we will denote mi mj /(mi + mj ) as reduced mass mij . For the tangential
component, we make use of Coulombs force (Eq. 2.41) which relates the normal and the
tangential vector components of ∆p to k∆pt k = µ k∆pn k with a positive coefficient of
friction µ ≥ 0. Since friction works in opposite direction to the velocity, the direction of ∆pt
points in opposite direction to vct and therefore alsongside −t. By using the mathematical
relation vcn = kvcn k = −vc cos(γ), the minus ensures the opposite direction since cos (γ) ≤ 0
for all possible γ, the tangential component of the change of momentum is [Lud98]
k∆pt k ≤ kµ mij (1 + n ) vc cos(γ) tk.

(2.47)

Since −t can be expressed in terms of −t = vct /(vc sin(γ)) From the definition of the
tangential unit vector (Eq.2.39) we can further simplify the equation. The expression for
the total change of momentum then is the combination of Eqs. 2.46 and 2.47 and reads
∆p = −mij (1 + n ) vcn + µ mij (1 + n ) vc cot(γ) vct

(2.48)

For µ = 0, we recover the collision expression for smooth spheres. A key problem that arises
here, however, is the execution of collisions for critically steep angles. For example, in case of
a central collision for γ → π follows cot(γ) → −∞. As a consequence, if one inserts Eq. 2.48
in Eqs. 2.45a and 2.45b, the tangential momentum ∆pt can become very large so that even
0
0
the velocities after the collision kvit k may be greater than the prior kvit k. [Lud98] states,
that in this case, the energy may then increase unrealistically in the system. To envision
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Fig. 2.6.: Visualization of the concept of the tangential restriction coefficient γ0 . The curve represents t (γ) and the dashed lines at t = ±1 indicate the maximum and minimum value,
which t may take. Here, γ0 is illustratively set to γ0 = 0.9π and cuts off t for larger γ.

this instance: If ∆pt gets too large, this means that also the corresponding tangential force
becomes very large. If this force gets too large, it causes a break of contact which in turn
results in a non-frictional tangential motion of two surfaces. Walter and Braun suggested
the application of a cut-off in the tangential restitution, which ensures, that the tangential
velocities do not get too small (or γ too large), [WB86]. In this case, restricting the equation
of the maximum tangential restitution coefficient t0 to a value between t0 ∈ [−1, 1], ensures
that the energy for ∆p and all possible values of γ cannot increase uncontrollably. In essence,
it limits the tangential restitution for critically steep angles of impact and prevents the case
of broken contact. In a next step [Lud98], expresses change of momentum, such that ∆p
does not only depend on n anymore but invents further the dependency on t so that

∆p = −mij (1 + n ) vcn − mij

2
(1 + t ) vct
7

(2.49)

where tangential restitution t is defined as

t (γ) = −1 − µ (1 + n ) cot(γ)

7
,
5

γ = min[γ1 , γ0 ].

(2.50)

If we insert 2.50 into 2.49, we obtain 2.48 again. The coefficients and that turns up in Eqs.
2.49, and 2.50 stems from a structure factor q/(q + 1) where for q the factor q = 2./5 from
the moment of inertia from a sphere was considered. The factor can be attributed to the fact,
that a change of linear tangential velocity always evokes a change in angular momentum.
The angular momentum, in turn, depends on the moment of inertia of the involved collision
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(a)

(b)

Fig. 2.7.: (a) Two different ways of listing the particles: (left) linked list. (middle) verlet list, (b)
Periodic boundary conditions: The system (shaded) is sequenced with images of its own.
Every particle from the initial system shares same color with its referring image particles.
The arrows shall indicate the particle propagation. Two cases are highlighted here: One
shows the incident of a collision of a ‘real‘ particle with an ‘image‘ particle (dark blue
with light blue). The other shows the entrance and exit of a particle close to the wall of
the box (gray).

partners. For more details, cf. [Lud98]. The term γ1 is used for the collision angle and γ0
the restricted threshold angle in order to limit possible critical angles from γ1 .
In Figure 2.6, t is shown as a function of the collision angle γ. We see, that t can take on
negative values which causes vct to decrease. Positive values of t cause an inversion of the
direction of vc . If t remains in the interval of (−1, 1), this means that the absolute relative
velocity vc is smaller after the collision than before and that energy is conserved.
To summarize the last paragraph, we have seen that angular and translational velocities of
a collision can be easily determined in a COM reference frame via Equations 2.45a-2.45d,
depending only on the change of momentum ∆p and thus the collision angle γ. Therefore,
three important parameters were established, that fully describe the collision process, namely
the normal restitution n , the friction coefficient µ, the tangential restitution coefficient t .
We furthermore introduced a tangential restriction coefficient γ0 , which shall restrict t to
values below 1. We obtain an expression for ∆p given in 2.49 together with 2.50 where t
corresponds to Coulomb-type contacts for only small γ. The code implementation for these
equations is quite straightforward and is shown in A.1.3.

2.5 Administrative events
From a physical viewpoint, the EDBD algorithm already contains all necessary events that
will do for a physically correct simulation. Apart from collisions and the implementation
of Brownian dynamics, there are further events of different nature. They are purely
administrative events that are necessary for bookkeeping: Because ED simulations usually
deal with large numbers of collision events and have to keep track of all collision partners,
times, locations, etc., a chronological record keeping of all parameters and thus proper data
handling is required. Event trees provide a remedy for such reasons. They store upcoming
events in chronological and most likely order and also delete events that became obsolete.
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Their stable and reliable algorithms play a significant role in every efficient ED simulation.
In our case, an external python module named SimPy is in charge of performing events
in chronological order. The way it works and the way it creates and cleans up event trees
can be understood in the online accessible SimPy documentation. Another important event
interrupts the simulation regularly to store all particle data into an output file. An overview
of all occurring events of our simulation is
1. Physical events:
• Collision event: particle-particle interactions, in our case: instantaneous collisions of HS
• Brownian event: a new random (translational or rotational) velocity is assigned
to each particle
2. Administrative events:
• Cell crossing event: maintaining a neighbor list for each particle similar to
linked-list method
• Summary event: the summary of system properties, saving to files, updating
positions or make snapshots
• Output event: write data to an output file
The last event that shall be quickly referred to is the cell crossing event. Since we attach
great importance to an efficient operation, we try to decrease simulation time whenever
possible. Collision predictions usually quickly become a computationally expensive and
time-consuming business as we are compelled to check collisions for n2 pairs of particles,
especially when dealing with a big system of more than, say 1000 particles. Cell crossing
events are thus developed to reduce the calculation time of our simulation by reducing
collision predictions to only the nearest neighborhood of a particle. They maintain a list
of neighbors, where each particle is tagged properly to its neighboring particles, and keep
every single particle up-to-date in this list. For low densities, we particularly work with Cell
structures, where the simulation box is divided into a grid of sub-cubes of length σ ≤ l ≤ 2σ
(Figure 2.7a) where the closest neighborhood of a particle is defined by the surrounded cubes
of its own labeled subunit. For dense systems, it will be sufficient to only consider the nearest
neighbor of a particle in a cutoff sphere which for us yields good results for rcut ≈ 1.2ri , so
that with this restriction no collision in our simulation was mistakenly ignored. A sketch of
this application is shown in Figure 2.7a, called verlet listing. Further details about these
methods can be found in [Hei15; AT17; DTS05]

Periodic boundaries

Another particular case of cell crossing event occurs if the centered mass of a sphere crosses
the border of the simulation box. ED simulations are generally designed to simulate systems
which usually consist of a considerable amount of particles far beyond 103 particles. Our
comparably small particle amount causes unwanted surface and finite size effects. They can
be mostly inhibited by periodic boundary conditions. Periodic boundary conditions are a
very common approach to approximate infinite systems with only relatively few samples,
surrounded by periodic images of themselves. If a particle leaves the original simulation
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(a) φ = 0.2

(b) φ = 0.2

(c) φ = 0.3

(d) φ = 0.494

Fig. 2.8.: These images illustrate a planar view from above of some exemplary standard initial
systems of 256 particles radius r = 1 at different packing fractions. System (a) shows
the same packing fraction as in system (b), however having used the random position
generation method. For (b-d) one can see slight deviations of a common fcc arrangement,
which is made to accelerate the equilibration process.

box, it simultaneously enters the box at the backside. The system then can be regarded
as an infinite system, consisting of ‘the actual particles‘ at (xi , yi , zi ) and their images at
xi + L, xi + 2L, etc. Note that in order to avoid overlaps, particles now also collide with
their images, as shown in Figure 2.7b. Also bear in mind, that the particle density remains
constant in this treatment.

2.6 System setup
As a starting point for EDBD simulations, an initial configuration needs to be constructed.
These systems have to contain the specified positions and orientations of all particles, as well
as their initial velocities and angular velocities. Although the algorithm could process any
overlap free system, we want it to process a system, that behaves like a typical equilibrated
canonical system would behave like. In other words, the simulation shall yield reasonable
results regarding physics.
2.6.1

Initial configuration

We treat systems of equally sized HS that are suspended in an aqueous solvent, which means
we want them to be in a disordered structure. The algorithm, therefore, creates an empty,
three-dimensional cubic volume element and fills it with a desired amount of particles. The
size of the box is adjusted to the previously determined packing fraction, φ = nVspheres /Vbox
([Lan09], p. 15), for a given number and radius of the particles. The particles shall be in an
isotropic structure, which means they are randomly distributed inside the box. We use two
different techniques to arrange the particles in the box.
For low densities, we place the particles via random position generation. This technique
draws a randomized, three dimensional coordinate inside the box volume and checks if this
position and its surrounding area is free for a particle to be placed there2 . An example is
shown in Figure 2.8a. Random position techniques are efficient and guarantee a randomly
2 By

saying a surrounding area is ‘free‘ we mean it to be free from any other particles, so that it will not
create any overlaps in the starting system. We do not speak of solvent particles here. Generally, we will
not pay attention to the solvent particles at all, except their impact regarding friction and the fact that
they cause Brownian kicks.
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distributed set of particles. For high packing fractions (φ ≥ 0.3) this procedure becomes very
inefficient because the algorithm finds increasingly less suitable and unoccupied places that
do not cause spherical overlaps. It, then, becomes practically impossible to generate dense
systems with this approach. Since performance is of great concern, we use this method only
for low packing fractions below φ = 0.3. For high packing fractions, we will pursue a more
suitable method.
Another, more conventional, way is to start from a lattice. Almost any lattice structure can
be chosen but from a historical perspective, the face-centered cubic structure (fcc) became
the starting point for most of the simulations[AT17]. We therefore arrange the particles with
their center of mass in a cubic fcc lattice. Please note that the number of particles then only
can take certain discrete values, that are nf cc = 4 · n3 = 32, ..., 500, 1372, ... where the factor
4 stems from the total particle number of an fcc unit cell. Arranging an fcc crystal is no
computational obstacle. However, a challenging problem that arises is, that this initial solid
configuration of extremely high symmetry, is certainly far away from a liquidized, random
distributed system in equilibrium. To reduce symmetry, we try to loosen the fcc structure by
giving each particle a small random spatial displacement from its initial position in all three
dimensions (without causing an overlap). The way we did this is shown in the Appendix
A.2. This method slightly loosens the fcc structure, and shall help to accelerate the further
achievement of a disordered system. A selection of initial configurations for different packing
fractions with slight dislocations can be seen in Figure 2.8.

2.6.2

Initial velocities

An ED simulation considers each translational and rotational velocity of each particle. This
is why after a particle position was initialized, it must be furthermore equipped with a
randomized orientation and a translational v and rotational ω velocity. According to [Wöt12,
p. 27], the particle velocities shall be in thermal equilibrium for each degree of freedom and
thus satisfy the equipartition theorem. For each velocity component, their initial velocities
are thus randomly drawn from a Maxwell-Boltzmann distribution according to Equation
2.10. The code for this initialization can be found in Appendix A.1.1.

2.6.3

System equilibration

It is important to notice that all our reviewed systems have to be a representative of the
canonical equilibrium ensemble (i.e. number of particles n, volume L3 , and temperature
T ). This means that all macroscopic properties have to be stationary in time. Only then
the particles move in a physically appropriate manner. No matter how much fluid-like the
structure of the particles of an initial system is already created, a system initialization only
constructs artificial systems, which now have to be turned into physical systems by setting
them to a state of equilibrium. Therefore, all their degrees of freedom have to relax, including
the position, orientation, and velocities of each particle. This can be a memory-expensive
and time-consuming process, especially when having an fcc initial arrangement far away
from a liquid structure. The crystal has to melt first until it is fully liquidized, as shown in
Figure 4.4. The blue marked spheres in the Figure indicate the initial fcc arrangement and
were assessed by the visualization tool OVITO [Stu15] and its tool of ‘common neighbor
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(a)

(b)

(c)

Fig. 2.9.: These images illustrate a planar view from above of an exemplary standard system of 1372
particles at φ = 0.494 with radius r = 1 at different states of their equilibration process.
The identified fcc-structure, which the visualization tool OVITO [Stu15] offers, is marked
in blue. (a) at time t = 0 it is in pure crystalline state. At its initial configuration, one
can nicely see the boundary conditions and a skilled eye also can detect slight deviations of
the particles compared to the original fcc positions. (b) shows the system at an advanced
state at simulation time t = 5.0. (c) shows a melted crystal at time t = 265.0

analysis‘3 . A state of equilibrium can be generally achieved by running the ED simulation
with Newtonian dynamics only (without imposing the Brownian time step) for a time
interval, which is larger than the relaxation time. This causes the particles to leave their
position and reform a configuration which is typical for a liquid state. Once the memory of
the initial configuration is lost, the system is then said to be equilibrated. Any ‘snapshot‘
from this simulation4 can now be used as a starting point for the actual ED simulation, by
switching on the Brownian event and writing the output to a file. The progress of the phase
of equilibration can be assessed by monitoring the relaxation of several key indicators, such
as
• particle dynamics (MSD)
• particle orientations (MSRD, angular correlation)
• system structure, particle position (structure factor, incoherent structure factor)
• system energy (potential and kinetic energies)
• system pressure
which help to classify the state of equilibration. Some of these criteria will be treated in
chapter 3. Further details of equilibration can be found in [AT17].
2.6.4

Approaching glass transition

Since we are interested in the impact of friction, highly dense systems, where friction
dominates, are of special interest to us. For free particles, diffusion coefficients ([Ein05;
3 ‘Here,

4
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a threshold distance criterion is used to determine whether a pair of atoms is bonded or not. The
cutoff distance must be chosen according to the crystal structure at hand. For face-centered cubic (FCC)
and hexagonal close-packed (HCP) structures the cutoff radius must lie midway between the first and
the second shell of neighbors.[...] Sometimes it may be difficult to choose the right cutoff radius for the
conventional CNA, in particular in the case of multiphase systems. This is why an adaptive version of
the CNA has been developed that works without a fixed cutoff. The Adaptive Common Neighbor Analysis
(a-CNA) method [Stukowski, Modell. Simul. Mater. Sci. Eng. 20, 045021]* determines the optimal
cutoff radius automatically for each individual particle.‘- Cited from [Stu17]. The referenced resource
can be found at *[Stu12]
as long as these snapshots are sufficiently different to each other, so that all memory of the particle
position is lost
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Per09]) and thereto connected quantities are already determined. Current investigations
thus rather focus on high dense systems [Gru+16; Zac+09], where characteristic effects
begin to dominate the system that can be generally be attributed to the glass transition:
With an increasing density, the particles move closer
to each other and thereby obstruct each other’s passages. If the density is sufficiently high enough, particles hold each other trapped, referred to as the cage
effect. Such systems of disordered (amorphous), high
dense liquids are called glasses. A sufficiently high
packing fraction can thus cause a drastic slowdown in
the relaxation of the degrees of freedom of a system
to such an extent, that they become prone to crystallize in a disordered structure. For a monodisperse
HS system, the freezing point could be estimated at
Fig. 2.10.: Cage effect: Hard spheres
φ = 0.494 [Lan09; RT96]. Note, that a glass tranat high densities hold each
other trapped. In the style sition generally expresses itself through dynamical
of [Wey11]
quantities only. An example of the dynamical quantity which is measured by the MSD (see Section 3.3.1)
for a monodisperse HS glass at φ = 0.62 is given by [Gru+16, Fig. 3]. Other correlation
functions (correlation functions measure the dynamical quantities of a system, see Chapter
3) don’t decay to zero anymore for glasses but stabilize at a constant value. Note also, that
this leads to the fact that glasses are nonergodic systems, which do no longer explore the
whole phase space, so that the system can not be in a state of equilibrium anymore. Since
we are particularly interested in equilibrated systems, φ = 0.494 turns out to be a good
compromise as it exhibits most effectively frictional interactions and at the same time avoids
nonergodicity.

2.7 The system
We simulate a suspension of mono-dispersed (ri = rj ), spherically shaped, hard particles in
a solvent, without taking hydrodynamic effects into account. All particles are of same mass
and furthermore have a microscopic rough surface. In general, our systems contain n = 1372
particles. The spheres shall represent mesoscopic particles of size 1nm to 10µm so that they
only exhibit ‘classical‘ behavior - they are small enough to underlie thermal fluctuations,
however too big for showing significant quantum effects. As HS perform instantaneous
collisions [Lud98], the interaction potential of our simulated particles follows Equation 1.1.
It may be interesting for the reader to mention, that our algorithm manages to execute
particle-particle interactions with a precision of ∆σ ≥ 2r · 10−14 .
Our algorithm creates a cubic simulation box, whose lengths adapt to the wanted packing
fraction φ and furthermore features periodic boundary conditions in order to suppress
unwanted side effects. The standard system will always contain 1372 particles, if not claimed
otherwise. All investigated particle numbers in this work represent a fully occupied cubic
box of fcc ordered spheres, which indicates that the equilibrated standard system is won out
of a melted fcc crystal. If not claimed otherwise, kB T is set to unity. The temperature only
leads to a different time scaling but does not change the dynamics quantitatively [Lan09].
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Fig. 2.11.: This is an example of a standard system we investigate. We see a monodisperse
suspension of HS, that due to their rough surface, feature an orientation (indicated by
the spherocylindcal core inside of each particle). This system here contains 1372 particles
at a packing fraction of φ = 0.45. The inset shows a single particle.

The standard system (see Figure 2.11) employs 1372 particles of mass m = 1, radius
r = 1, Brownian translational (simulation-)time step ∆tt = 0.01 and Brownian rotational
(simulation)time-step ∆tr = 10/3 ∆tt .

The algorithm

The algorithm tracks the propagation of each particle and furthermore records the current
particle velocities and further parameter in a backup file and also records the cumulative
translational velocity of the particles in an extra output where periodic boundary conditions
are switched off. The latter file is used for MSD calculations. Their rotational and
translational velocities are reset periodically at ∆t, sampled from Eqs. 2.10. The ratio of
∆tt /∆tr = 10/3 between translational and rotational Brownian time steps is maintained.
Between each Brownian time step, the system propagates according to Newtonian dynamics.
As soon as a canonical system in thermodynamic equilibrium is successfully generated, it
begins to proceed a working chain as follows (Fig. 2.12):
1. Draw random velocities for each single particle pursuant to Equation 2.15
2. Predict all upcoming future events (including next rotational and translational Brownian events at τbr and τbt , upcoming soonest collisions at τcoll,ij (Eq. 2.31), saving
events etc.) and bring them into chronological order
3. Advancing the system to the event with minimum waiting time
4. Execute this certain event, e.g. performing collision (Eqs. 2.45a -2.45d) or drawing
new random velocities (Eqs. 2.10)
5. Update all particle positions, orientations and velocities. Save them, if needed.
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Fig. 2.12.: The structure of the algorithm is given.

6. Repeat procedure from (2-5) until end time of simulation is reached
Our code was written in Python3 where SimPy was used for the event tree processing.
Moreover, the standard random number generator from the NumPy module was used.
Visualizations were realized by the open source program Ovito [Stu15; Stu09]or the matplotlib
python plotting library [Hun07].
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MD simulations generate information on a microscopic or mesoscopic level (atomic positions,
orientations, velocities, ...) that have to be converted into macroscopic terms (energy,
temperature...). This chapter deals with mathematical procedures that will help us to
evaluate and examine the physical characteristics of our simulations. It is common to
monitor certain parameters (such as the kinetic energy for example) in order to evaluate
equilibration processes or other states of a system more easily. Certain quantities are
as straight forward, such as the diffusion coefficient, structure correlations and particle
dynamics. These quantities shall be introduced in this chapter.

From the simulation, we can obtain the temporal evolution of positions and orientations of
each particle. They can be used to gain information about the local structure, the dynamics,
energies, and the mean orientation of the system. Since most of the time, we are speaking
of systems that contain 500 − 1372 spheres, this ansatz leads to a major ingredient for this
discussion: We will not treat the wealth of detail which is embodied in every single particle
trajectory itself, but rather extract meaningful information by treating quantities in averages,
preferably ensemble averages, denoted as h...i. Using methods of statistical mechanics, we
can relate the average of particles to thermodynamic quantities since the ergodic hypothesis
justifies equating trajectory averages with ensemble-based thermodynamic properties. As is
generally known, the mean value, also referred to as average, is defined as [BP00]
hXi =

N
1 X
Xi
N i=1

(3.1)

where Xi denotes measurements of a quantity that are independent. The variance reads
σ 2 (X) =

1 X
2
(Xi − hXi i) = hX 2 i − hXi2
N i

(3.2)

so that the mean is of variance
σ 2 (hXi) =

1 2
σ (X).
N

(3.3)
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3.1 Mean energies
We can calculate the average kinetic energy in translation and rotation for each degree of
freedom f = 3. When using Maxwell distributed velocities, we can apply the equipartition
theorem. We thus obtain for the averages the following expressions [Dho96, p.74, p.96 ]:
hEkin i =

N
1 X
3
mi vi2 = kB T
2N i=1
2

and hErot i =

N
1 X
3
Ii ωi2 = kB T.
2N i=1
2

(3.4)

3.2 Static quantities: inspecting the system structure
3.2.1

Radial Distribution Function

The structure of monoatomic fluids can be characterized by a set of distribution functions of
which the pair correlation function g(r) is the
simplest. It describes the distribution of the
distances between each particle i and j inside
a given volume. It is a very sensitive measure
of the local (atomic) structure of a system and
thus is often used as a major descriptor. For
an isotropic, equilibrated fluid, radial symmetries are present that can be mathematically
exploited. This allows us to gather statistical
data from a spherical shell of small width dr, see
Fig. 3.1.: Illustration of the radial distribu- Figure 3.1. In this regard, the radial distribution
tion function for a small distance function g(r) is of special practical importance.
r ≈ σ (green) and a larger distance By regarding the distances of each particle to all
(blue)
other particles (rij ), g(r) describes the measured
amounts of distances found for r. According to [RR04], it reads:
g(r) =

N N
V XX
δ(r, rij )i
h
N 2 i=1 j=1

(3.5)

j6=i

with δ representing the delta function. The normalization factor ensures that g(r → ∞) = 1.
Using periodic boundary conditions leads to the restriction that the local structure can only
be evaluated up to L/2 of the (cubic) box length. This treatment can be studied in more
detail in [Vio16] and [Lan09].

3.2.2

Static structure factor

Eventually, one can turn g(r) into a definition depending on wave vectors k instead the
positions. This has generally the main advantage, that the equation can be directly related
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to experimentally observable properties (e.g. neutron scattering, X-ray scattering). The
static structure factor S(k) is obtained by Fourier transforming g(r), [Vio16]:
S(k) = 1 + ρ

Z

(3.6)

e−ikr g(r) dr

For a simple and isotropic liquid we can furthermore simplify the equation and define the
static structure factor as [Vio16; Gru14]
S(k) =

1
hρ(k)ρ(−k)i
N

(3.7)

PN
where ρ(k) = i=1 exp(−ikri ) is the spatial Fourier transform of the microscopic local
PN
density ρ(r) = h i=1 δ(r − ri )i. In the limiting case of no particle interaction, e.g. the ideal
gas, the structure factor is S(k) = 1, as two particles are not correlated to each other at all.
In a cubic simulation box of length L we are restricted to wave vectors that are adapted to
the box length via q = 2πL. For further study, have a look at [Vio16] for a more detailed
derivation and particularly for its treatment in simulational applications [AT17].

3.3 Time dependent quantities: inspecting the system
dynamics
We have seen, that the radial distribution function and its Fourier transform are utilized in
order to understand the local structure. When the system reaches a steady state, one can
calculate static quantities, such as g(r) and S(k) since they no longer vary temporally. There
are however, quantities whose time dependence is of interest, such as the mean squared
displacement and correlation functions. Generally, time-correlation functions are of great
interest in MD simulations, because they can provide a clear picture of the dynamics in a
fluid. Their Fourier transforms can often be connected to experimental spectra and their
time integrals often reveal macroscopic transport coefficients.

3.3.1

Mean squared displacement

The mean squared displacement (MSD) offers an insight into the dynamics of a system by
dealing with the question: How far could particle i travel away from its initial location
during some time t?
Regarding Brownian systems, it thus measures the mobility of a particle in a fluid and also
is directly related to the thermal induced transport of the system. In an analytical approach,
the trajectory of a considered particle stems from the solution of the Langevin equation.
The MSD for 3 spatial dimensions then is defined as the spatial displacement from its initial
position at ri (t = 0) to ri (t), averaged over all contained particles, such that [Rom+11]
*
2

h(r(t) − r(0)) i =

Z t
N
1 X
k
vi (t0 ) dt0 k2
N i
0

3.3

+

*
=

N
1 X
kri (t) − ri (0)k2
N i

+
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and can be connected to the translational diffusion coefficient Dt (Equations 2.17 and 2.18)
via the Einstein relation [Ein05]:
2

h(r(t) − r(0)) i = 6Dt t.

(3.9)

For Newtonian systems, Equation 3.9 can not be applied as there is no such thing as diffusive
behavior. However, we will also use the quantity of Equation 3.8 to assess the particle
dynamics of Newtonian systems and to compare this quantity to Brownian systems.
MSD calculations are an attractive tool to study ED simulations, since they can be directly
calculated, only requiring the particle positions: One simply adds up the distances traveled
of each single particle divided by N at each time step. The diffusion coefficient is then
revealed in the slope of the curve. Experimentalist obtain the diffusion coefficients in many
different ways, such as real space imagining [Sch+17], spectral techniques [BP74] and further
techniques [TH13] which then can be directly connected to our simulation data.
Periodic boundary conditions generally cause problems here. Since the MSD is interested
in distances a particle traveled in total, we have to pay attention to the ’true’ atomic
displacements. This means that the periodical wraparound corrections of the particle
position at the boundaries may not be contained. It is therefore advisable to additionally
keep track of the particles in particle coordinates without spatial periodic boundary resets.
It is also advisable to save and analyze the data on a logarithmic time scaling. One the
one hand, this significantly reduces the amount of data that have to be handled and on the
other hand, regarding data representation, helps to reveal particle dynamics on large time
ranges and different time regimes.

3.3.2

Angular correlation Function

In order to express the reorientation motion, we
use the quantity of the angular correlation function. In order to track the reorientation, we
introduce the unit vector u(t), which is rigidly
attached to particle, see Figure 3.2. The diffusion
equation generally offers access to any diffusion
coefficient by solving the partial differential equation. Since in our case of rotational diffusion, the
orientation happens to be in a unit sphere, one
can express the rotational diffusion equation in
spherical coordinates and can become somewhat
simplified, see [BP00], by using the expression of
Fig. 3.2.: Illustration of the unit vectors at the dimensionless orbital angular momentum optime zero u(0) (rigidly attached to erator Î (which might be familiar from quantum
the particle) and time t u(t). They mechanics) for the angular part of the Laplacian
represent the orientation and thus
the rotational diffusion of the sur- operator:
face on a unit sphere. Image taken
from [BP74]
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∂c(u, t)
= −Dr Î2 c(u, t)
∂t

(3.10)

Conventiently such equations are resolved by a complete, orthonormal set of functions,
particularily the spherical harmonics, the eigenfunctions of Î and Iz with the corresponding
eigenvalues l(l + 1), ml . In the special case of an isotropic liquid, we can however further
simplify the solution. Due to the fact that the probability c(u, t)du is symmetric, c(u, t)
with u = cos(Θ) only depends on the angle Θ between any arbitrary inital orientation axis
at t = 0 and a later time t. According to [Wil78], this simplifies the spherical harmonics
to the treatment of Legendre polynomials Pn (u(t)). The angular correlation function, also
named orientational correlation function, therefore may be expressed as
hPn (u(t))i = exp(−n(n + 1)Dr t),

n = 1, 2, ...

(3.11)

For practical reasons, we will mainly treat the case of the second order orientation correlation
function N = 2 because the exponential function decays faster to zero than for N = 1 and
thus helps us to restrict all later evaluations in smaller time ranges. In this case we get
hP2 (cos(Θ(t)))i = exp(−6Dr t),

with P2 (x) =

3x2 − 1
.
2

(3.12)

We can now determine Dr via the decay of the angular correlation function.
For Newtonian dynamics, the orientational autocorrelation function for a smooth rotator in
the canonical ensemble is discussed in [DSS07]
 2  
3t
t
t
hP1 (cos(θ(t)))i = hcos(θ(t))i = 1 −
exp − 2 Φ
2τ
τ
τ

(3.13)

where 1/τ 2 = hω(0)2 i is connected to the inital variance of ω and Φ(t) labels the complex
error function erfi(t), such that
Φ(t) =

Z
0

√

t

exp x

2



dx =

π
erfi(t).
2

(3.14)

A discussion of the orientation autocorrelation function for a free rotator is also given in
[RLB95].
In our work, we regarded the best method to adopt was to parametrize the orientation of each
particle by using normalized (four dimensional) quaternions. From a computational point of
view we can therefore avoid potentially calculation expensive trigonometric expressions (that
are needed for Euler angles) in order to evaluate the orientation [DBD15]. Its main advantage
however is that it is free of problem causing singularities and thus stays numerically robust
[DBD15]. The transformation from quaternions back to Euler angles can be proceeded
without any information loss and shall not be treated in this work [DBD15]. Recent studies
on quaternions have been made and can be studied in external literature, if necessary. To
mention one good reference, [DBD15] may be very interesting.
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This chapter reports all findings of our investigations on Newtonian and Brownian HS
systems. We first approve the validity of our algorithm by testing the free particle limit and
further on testing the limiting case of a particle system close to freezing. The next section is
concerned with the system preparation and gives insight to findings on the equilibration
process. The main issue of this chapter will be the discussion of the collision algorithm
from Section 2.4.2 for different friction coefficients. This collision algorithm will be further
developed by the demand of energy conservation. Finally our findings on the rotational
and translational diffusion coefficients shall be compared to ‘soft‘ sphere simulations from
[Tom+12] and experimental data [Sch+17].

4.1 Validating the algorithm
4.1.1

Comparison to free particle theory

In a first step, we want to validate our algorithm at the limiting case of a very dilute system
to theoretical predictions (see Equation 3.9) of a free Brownian particle and findings of
[Lan09]. We therefore took 5 dilute systems with N = 1372 particles of radius r = 0.5 at
density φ = 0.05 with ∆tt = 0.01. For kB T set to unity, theory thus predicts a translational
diffusion coefficient of Dt = 0.005 (Eq. 2.17). The results are depicted in Figure 4.1. For
this section, we only treat smooth spheres.
Figure 4.1 compares our MSD simulation data, averaged over all 5 systems, to free Brownian
particles from [Lan09, p.6] (light green) and theory (dotted). In a double logarithmically
scaled representation of our data in Figure 4.1, it is apparent, that the MSD of our curve
exhibits two different regimes that can be separated by their different slope: We discern the
ballistic flight on a timescale up to t = 0.01 from the diffusion regime for larger timescales.
In the ballistic regime, the particle follows pure Newtonian dynamics, so that the slope is
proportional to ∝ t2 . This regime covers the average length a particle can travel freely (e.g.
before colliding or redrawing the velocities by the Brownian event). We see, that also for
the diffusive regime (beginning at t > 0.01), our curve aligns with the theoretical prediction
6Dt0 t of a free Brownian particle [Ein05]. Up to here, we see that for a dilute particle, the
MSD follows its theoretical predictions for both regimes (see dotted lines). If we compare
our simulation data to [Lan09], we find that our curve aligns with Lange’s findings. For
our results of the MSD however, the transition from the ballistic to diffusive regime is a
somewhat more noticeable edge which is not obtained in Lange’s data. In our simulation it
reveals the introduction of the first Brownian event and is an artifact from our simulation.
As we can see from Figure 4.1, this edgy transition does not affect the diffusion coefficient.
From Figure 4.1 we furthermore recognize that meanwhile the diffusion coefficient of Lange’s
system stabilizes at the theoretical prediction, a slight decrease of the diffusion coefficient
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Fig. 4.1.: Log-log representation of MSD for simulated, dilute Brownian particles (dark blue) compared to theory (dotted, Eq. 3.9) and findings from Lange [Lan09, p.6] of a free Brownian
particle diffusion. The curve of our results is averaged over 5 systems under study, who
each contain N = 1372 particles with radius r = 0.5 at packing fraction φ = 0.05. The
translational Brownian time step was set to ∆tt = 0.01. Theory predicts a translational
diffusion coefficient of Dt = τt /2 = 0.005. The theoretic curve of 6Dt t is indicated by the
dotted line. The light blue curve shows the result of a free particle from [Lan09]. The inset
shows the same curves with a y-axis normalized to the free particle diffusion coefficient in
order to detect deviations.

for our data is obtained. This is even better revealed by the inset of Figure 4.1, which
represents the diffusion of the particles normalized by the free particle diffusion coefficient
at the y-axis. From the inset we observe, that the decrease starts at t = 0.1 and begins to
steadily decrease from then on for larger times. The reason for this slight deviation stems
from the fact, that the system does not consist of entirely free spheres but rather is a very
dilute system which still contains collision partners. With larger times, the particle meets
more and more particles of the system and collides. These collisions sum up over large time
scales and impact the dynamics of the system slightly.
In conclusion, Figure 4.1 confirms that our simulation of dilute particle systems show good
agreements with the findings of free Brownian particles simulations of [Lan09] and theory
[Ein05].

4.1.2

Comparison to E. Lange

Now, we want to continue the presentation of our findings on our system calibration by
regarding the other limiting case - validating our results close to the freezing point. We
therefore compare g(r), S(k), the evolution of S(k, t) at its global peak and the MSD to the
findings of Lange’s standard system in [Lan09, chpt. 4] and see, if they match.
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Fig. 4.2.: We examine highly dense systems where each system contains 1372 particles of radius
r = 0.5. The Brownian time step is set to ∆tt = 0.01. We compare our results (blue)
to [Lan09, chpt. 4] (gray, dotted) where 500 systems of 1000 particles with otherwise
same system parameters were discussed. The light gray line in (a,b) indicates the axis of
unity. (a) pair correlation function. Presented is an average of twenty systems. (b)
static structure factor. 480 systems have reached a fluid-like curve, whose average is
represented here. (c) incoherent structure factor. Within a given time of 300 hours,
only very few systems have decayed. We therefore plot only the average of those 280
systems, who have decayed beneath a threshold value of 0.06 (this value was set by our
own choice).

Since we reproduce Lange’s standard system, we adopted the same system parameters from
his standard system: We study 500 (equilibrated) systems with particles of radius r = 0.5.
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Both systems have a translational Brownian time step of ∆tt = 0.01 and no rotational time
step, since they are only of smooth nature. The packing fractions are chosen to be dense,
close to the freezing point. However, since our equilibration process started from an fcc
crystal, the choice of particle number falls on N = 1372 in order to get close to Lange’s
system size of NLange = 1000. We gave our algorithm 300 hours to process. Since some of
the systems evolved only very slowly during the simulation we will only average over plots
who have significantly advanced in time during the computation time to avoid misleading
results and at the same time covering largest possible times. For reasons of better statistics
however, we try to include as many systems as possible for each considered quantity. This
is, why the number of systems, over which we average, may vary.
The set of analyses from our system at high densities in comparison to [Lan09, chpt. 4] is
presented in Figure 4.2. Figure 4.2a compares the local structure of our system at φ = 0.45
to [Lan09, chpt. 4] via the radial distribution function g(r). An average over 20 systems
of our simulation already yields a curve that is in precise accordance to the findings in
[Lan09, chpt. 4]. We observe, that our results for g(r) nicely reflect the characteristic
of the HS potential, such that no particles can be found next to each other at a lower
distance than 2r. As g(r < 1) = 0 this also confirms, that our systems are free from
any particle overlaps1 . Since we deal with a dense system, most neighbors are found very
close to each other, which explains the peak that follows the forbidden distance after 2r.
This peak is periodically followed by further local peaks of g(r), that all have the same
distance of about 2r and flatten out. The decay of g(r) for large r to a structureless average
density (normalized) is a typical attribute of amorphous matter [Lan09]. This can also
be mathematically understood: According to Equation 3.5, if a system disorders and thus
reaches the configurational equilibrium, g(r) decays from an initial value and begins to
fluctuate around an average value of 1, averaged over N particles. We conclude from Figure
4.2a that g(r) shows all characteristics of a disordered, overlap free, HS system at high
density and also perfectly falls on the curve of [Lan09, chpt. 4].
The static structure factor S(k) in Figure 4.2b shows the Fourier transform of g(r) at
φ = 0.494. We observe, that our findings are in perfect alignment with the results of E.
Lange. The global peak at k = 7 for both curves reveals the approach to freezing according
to the Hansen-Verlet criterion [HV69]. Every k = n · 7 the peak periodically reoccurs, while
the amplitude flattens out to an average of unity for long wave vectors. The temporal
development of the incoherent structure factor of S(k, t) at k = 7 from Figure 4.2b is shown
in Figure 4.2c. This plot reveals, that the development of S(k = 7, t), mainly marked by
a long enduring plateau phase during the simulation, which does not match to Lange’s
investigation. For our simulations, we observe that for short times below t < 1 quickly
declines to a value of S(k, t) ≈ 0.9 and then remains steady for times 1 ≤ t ≤ 102 . For
times bigger than t > 102 the incoherent structure factor eventually collapses. This curve
reminds more of an equilibration process (compare to Figure 4.4c), which reveals, that
the initial systems for this section have not been appropriately equilibrated. In case of a
crystalline initial system, the particles first freely move from their fcc position (explains
the first decrease for t < 1) until they meet each other and obstruct each other’s passages
(plateau phase). Nevertheless, both curves collapse at the same time t ≈ 60. This might
1 Every

40

smaller distance than kri − rj k < 2r − 10−14 in this work is called a particle overlap

Chapter 4

Results and discussion

101
100

sim., 30 Syst.
E. Lange
6Dt0 t

10−2
h(∆r)2 i/(σ 2 t)

h(∆r)2 i

10−1

10−3
10−4
10−5
10−3

10−2
10−1

φ = 0.494
10−2

101
t/τt

10−1

100
time t

101

102

103

Fig. 4.3.: We examine the particle dynamics of 30 systems with 1372 particles with radius r = 0.5
at packing fraction φ = 0.494 and Brownian time step ∆tt = 0.01 by regarding the MSD
in a log-log plot. We compare our results (blue) to [Lan09] (gray, dotted) whereas the
same system parameters were used, however calculated for N = 1000 particles. The
light blue dashed line indicates the slope for a free diffusive Brownian particle. The inset
shows the same data, where the time axis was nondimensionalized by τt and the MSD
was normalized to σ 2 t

explain, why the earlier discussion of g(r) and S(k) have not suffered in precision as they
were evaluated at the end point of our simulation.
To summarize our investigations on the local system structure, our simulation data align
perfectly with [Lan09, chpt. 4] for g(r) and S(k). Both quantities exhibit typical characteristics of an amorphous system. The temporal development of S(k = 7, t) does not fit to
findings from [Lan09, chpt. 4] which can be attributed to the fact, that the initial systems
have not been at a state of equilibrium.
Concerning the system dynamics, the MSD of Figure 4.3 shows that, our results yield
excellent agreement to [Lan09]. We, similar to the dilute particles in Figure 4.1, detect a
ballistic time range below t = 10−2 which is proportional to ∝ t2 . It is followed by the
diffusive regime at t ≈ 0.01 at the first Brownian time step. Since we deal with a packing
fraction close to the freezing point, we expect a slowing down of the dynamics come into
effect. Thus, we expect the diffusion coefficient to be slower compared to the diffusion
of a free particle. Our data reveal, that in the diffusive regime, the slope is no longer a
constant but deviates from the slope of a free particle MSD. The inset of Figure 4.3 clearly
outlines the deviation of Dt compared to a free particle diffusion coefficient Dt0 , where
h(∆r)2 i was divided by σ 2 t. This representation shall make different diffusive time ranges
more distinguishable [Lan09] and show how strong the system deviates from a free particle
diffusion. The dashed line in the inset indicates the slope of the MSD for a free particle
according to Equation 2.17 so that 6Dt = 6 · 0.005 = 0.03. We see, that at the beginning
of the diffusive regime, both diffusion coefficients are of same value, however the diffusion
coefficient decays almost immediately to a lower constant. According to Figure 4.3 Dt
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stabilizes for large times (t > 102 ) and we thus obtain Dt = 1.5 · 10−4 ± 7.1 · 10−7 . The value
is obtained by a fitting curve shown in Figure4.11a (black dotted, note that Figure4.11a has
rescaled axes). In conclusion, Figure 4.3 confirms, that the MSD of our simulation matches
with the findings from [Lan09].
From all previous results so far we conclude, the underlying algorithm seems to reproduce
physically adequate simulations, that do not only satisfy the theory for the limiting case of
a free particle, but also agree with highly dense systems close to the freezing point from
[Lan09]. We concluded this by having a closer look on the particle dynamics quantified in
terms of the MSD. Having successfully verified the trustworthiness of our simulation, we
will now turn to the implementation of a rough HS system.

4.2 Equilibration process
A very challenging part of this work was the equilibration process from fcc crystals to
disordered initial systems for φ = 0.494, because close to freezing point caging effects set in
[Gru+16]. From our experience, the structural relaxation is affected most by caging effects
so that it takes a very large number of collisions to wait for highly dense systems to disorder
spontaneously. Since this was a very time consuming business and thus is a big part of this
work, the equilibration process shall be treated in this section.
In this section, we will introduce a selection of equilibrated systems which stem from the
former equilibration procedure of Section 4.1.2. These systems will be used as initial systems
for all further studies. To avoid unwanted possible correlations among the initial systems
which could arise from too few different initial systems, we chose 10 systems. Each system
contains N = 1372 particles of radius r = 1 at φ = 0.494. In order to evaluate their physical
accuracy, we now examine their structure and dynamics by quantifying their liquid structure
g(r), S(k) and also their dynamical evolution in terms of the MSD.
Figure 4.4a presents the results obtained from g(r) for each system. Similar to previous
discussions from Section 4.1.2, we observe that all systems exhibit a structureless average
density for long distances g(r) → 1, which, according to [Lan09] indicates that all systems
have a disordered structure. Figure 4.4b furthermore confirms that none of the systems
contains long range orders as it shows that S(k) for each system flattens out to unity for
long wave vectors [Lan09]. According to the Hansen-Verlet criterion [HV69], the global
peaks at k ≈ 3.5 classically indicate the approach to freezing, which arise due to the high
density which we investigate. The incoherent structure factor for the global peak S(3.5, t)
is depicted in Figure 4.4c. Since our early simulations (including equilibration processes)
only started to save at t = 5, we have obtained no equilibration data for smaller times.
Nevertheless, we observe a plateau for 5 ≤ t ≤ 102 where S(3.5, t) stabilizes at 0.9. We
assume this plateau to be the impact of the particles, meeting each other after drifting
away from their initialized fcc position. We also observe, that for times above t > 102 , the
quantity S(3.5, t) eventually collapses for all systems except system 9 (dark blue), which
only decays to S9 (3.5, t) = 0.4. Since S(k, t) is connected to the local structure via S(k)
and since neither S9 (k) (from Figure 4.4b) nor g9 (r)(from Figure 4.4a) indicate remains
of a crystalline local structure, we decided to include this system to our simulations. To
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Fig. 4.4.: Equilibration process four the used initial systems. They contain N = 1372 particles with
r = 1 at φ = 0.494. Each color from a-d refers to the same system. The dotted line
indicates an example of a metastable system that did not melt during a calculation time of
300h (a) g(r) of each system 1-10 and for the metastable case. (b) S(k) for each initial
system and the metastable system. (c) Incoherent structure factor S(k, t) at wave vector
k = 3.5 for each initial system. (d) MSD for the equilibration process of system 1-10.
Since our early calculations started to write to output files at t = 5, we obtained no data
for lower time regimes for (c) and (d).
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(a) Metastable system.

(b) Equilibrated system.

Fig. 4.5.: This image shows the comparison of the metastable system which is examined in Figure
4.4 to system 10 from Figure 4.4 after an equilibration process of 300 hours computation
time. We see that compared to (b), the particle structure of the metastable system still
reminds of an fcc arrangement. The visualization tool OVITO colored the particles that
have not left the fcc position yet blue.

conclude, all our initial systems meet the demands of a liquidized structure, as g(r) and
S(k) reflect that none of the systems has a long range order. Also all structural decays,
quantified by S(3.5, t) are almost completely performed.
Figure 4.4d provides the results obtained from the particle dynamics in terms of on the
MSD during the equilibration process. For t < 102 we notice a plateau of all curves (so
that the slope less than unity in a log-log plot). We assume this plateau to relate to the
cageing effect that appears at high densities. From the Newtonian equationi, we expect
a free particle move linearly to ∝ t2 . Since in this system, particles are packed densely
and thus obstruct each other’s passage, this might be reflected by a diminised MSD value.
After the plateau, the particle dynamics begin to increase. Since all our initial systems
have successfully exceeded the plateau and have reached the diffusive regime, we regard the
dynamics of each system as fully developed.
Another interesting fact that we observed during these investigations is, that a long computation time is no assurance for our systems to fully equilibrate. Each of the systems
underwent an equilibration calculation for 300h of calculation time. We found out, that
since our systems are close to the freezing point, some systems tend to be metastable. One
exemplary system that remained metastable during the equilibration is illustrated in Figure
4.5a, where the fcc particle structure is marked in blue and still present to a great extent.
The figure shows, that even for the (slightly) melted rest of the system (white particles), the
initial fcc structure is still recognizable. Figure 4.4 also discusses the studied quantities of the
metastable system (black dotted) that was obtained from the same equilibration process as
systems 1 to 10. Regarding the dynamics of a metastable system, it is apparent from Figure
4.4d, that during the simulation time the system hardly exceeds the plateau, so that its
dynamics have not fully developed yet. However, in our data analysis, a metastable system
expresses itself even more noticeably through quantities that measure the local structure:
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As can be obtained from Figure 4.4a, g(r) clearly shows a remaining order for long distances
r, reflected by the local peaks that even occur at long distances (r = 8 or r = 10). The most
obvious result emerges from S(k) where the residual remains of the characteristic Bragg
peaks can be observed. These peaks occur due to crystalline periodic structures [Dem].
During our investigations, we have observed, that at the beginning of the melting process,
these peaks are of large quantity and by disordering shrink and at the same time widen up
until they show a characteristic curve, similar to our equilibrated systems. We see, that this
widening has obviously not taken place yet for metastable systems. From Figure 4.4c, we
also observe that the incoherent structure factor remained unchanged throughout the whole
equilibration phase as it stagnates at around S(k = 3.5, t = 100) = 0.9 and does not decay
for large times.
All in all, we can estimate the equilibration process as successfully. We have identified the
state of equilibrium for 10 systems by analyzing their local structure in terms of g(r) and
S(k) to be of disordered structure. Also their structural relaxation in terms of S(3.5, t) have
(to a great extent) collapsed. Regarding the dynamical evolution of our systems, all have
reached the diffusive regime and thus fully developed. We furthermore detected metastable
systems among all simulated systems, which have, according to g(r), S(k) and S(3.5, t),
neither structurally nor dynamically (via MSD) fully developed.

4.3 Examining different types of collision algorithm
Having validated our algorithm and having successfully set up the initial systems, we now
want to study the dynamics of the system dependent on the surface roughnesses.
4.3.1

Collision algorithm with Luding’s ansatz

During the investigation, we changed and improved the features of our collision algorithm
a few times. Especially for early investigations in section 4.1, we started with a collision
algorithm for spheres with a very classical and frictionless approach in a lab reference frame,
where only the normal tangent becomes mirrored and the tangential component remains
unchanged. The code for this approach can be inspected in the appendix A.1.2. In a
next step, we now implemented a collision algorithm that includes friction as according to
chapter 2.4.2, developed by Luding [Lud95; Lud98]. It proceeds in a COM reference frame
according to Equations 2.45a -2.45d and applies Equation 2.49 for the calculation of ∆p.
The implementation is recorded in A.1.3.
We study a system with N = 1372 particles of radius r = 1 at the freezing point φ = 0.494
for different friction coefficients. We want the tangential restriction coefficient γ0 = 0.8π to
be the same for all systems. Since, according to Section 2.4.2, the tangential restitution t
shall be limited to −1 ≤ t ≤ 1, this yields only a certain range of friction coefficients µ that
are eligible. To illustrate our choice of friction coefficients under study, Figure 4.6, illustrates
the trend of t (γ) (Eq. 2.6) for different values of µ between 0 ≤ µ ≤ 0.7. The dotted lines
indicate the upper and lower limit value of t (γ) which shall be guaranteed for all occurring
collision angles π/2 ≤ γ ≤ π. As we can see, using a cut off angle at γ0 = 0.8π only allows
frictions up to µ = 0.5 to ensure t (γ) remains below t (γ) ≤ 1 for any collision angle γ.
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Figure 4.6 furthermore shows, that for higher frictions, the requirement of t (γ) = 1 for
γ0 = 0.8π is no longer complied. In conclusion, we only treat friction coefficients µ ∈ [0, 0.5]
in this study.

Newtonian System

We first want to present the data, we obtained from the system energies. Beforehand, we
inform the reader, that for the study of the Newtonian systems, the system energy does
not yield 3/2kB T = 1.5 as Equation 3.4 suggests. This is due to the fact, that for our early
calculations the initial velocities have been corrected in their variance in order to avoid
unwanted drift terms, cf. [Tue+01]. The algorithm corrected the velocities by subtracting
the mean velocity component-wise so that the random speed of the particles has mean
µ = 0, where µ denotes the mean (and not the friction). In a next step, the variances of
PN
the velocities were calculated, according to Equation 3.2: ( i (vi − µ)2 )/N . The same
procedure was done for ωi . In a last step, the particle velocities were updated according to
p
p
2
2 . According to Equation 2.12, the variance of the system
vi = 1/σtrans
and ωi = 5r/σrot
can be directly related to the system temperature. This is why correcting the variances of
the system is also reflected in our system energies.
Figure 4.7 provides the results obtained from the analysis of the rotational (a) and translational (b) average system energies for different frictions. It reports, that both energies
collapse for systems that contain friction. Both graphs contain 5 curves with different friction
coefficients µ = 0, 0.01, 0.02, 0.1 and µ = 0.5, whereas each color in both graphs refers to
the same system. We see, that for smooth spheres, both energies hEkin i and hErot i are
conserved. For friction coefficients µ > 0 all systems exhibit a decay which gets stronger,
the larger the friction coefficient was set. The decay was fitted with f (t) = 0.5 exp(−a · t)
where a is the fitting parameter that evaluates the decay rate of each curve (gray dotted).
The inset shall justify the choice of our fitting curve as we can se with bare eye in a semi
logarithmic representation, that the decay looks linear. The evaluation of the obtained
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Fig. 4.7.: Newtonian system of N = 1372 particles, radius r = 1 at the freezing point φ = 0.494
with different friction coefficients µ. The term γ0 is set to 0.8π. The gray dotted lines
indicate our fitting curves of shape f (t) = 0.5 · exp(−t a) for each curve with fitting
parameter a. Since the amount of systems, over which we averaged, varied, the legend
furthermore indicates, how many systems have been considered. For both plots, the same
color refers to the same system. (a)Mean rotational energy. (b) Mean translational
energy. The inset shows the same data again, but in a semi-logarithmic representation in
order to reveal exponential decays.

fitting parameters is displayed in the legend of Figure 4.7a for hErot i and in Figure 4.7b for
hEkin i. Regarding the decay rates for hErot i we observe a growth for the decay rates from
a1 = −0.056 ± 1.63 · 10−4 for µ = 0.01 to a4 = −1.342 ± 1.61 · 10−2 for µ = 0.5. Regarding the
decay rates for hEkin i we observe a growth for the decay rates from a1 = −0.024 ± 4.11 · 10−5
for µ = 0.01 to a4 = −0.687 ± 4.86 · 10−3 for µ = 0.5. The rotational and translational decay
rates obtained from this preliminarily analysis of Figure 4.7 are als compared in Figure
4.8. From Figure 4.8 we observe, that our obtained energetic decay rates of a Newtonian
system seems to be linearly dependent on µ. Furthermore, we find, that the decay rate of
rotational energies in Newtonian systems is about a factor 2 smaller that the translational
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The energetic slow down also becomes clearly reflected in the dynamical quantities of the
system. The MSDs for different friction coefficients µ = 0, 0.01, 0.02, 0.1, 0.5 are shown in
Figure 4.9. It reveals that the larger the friction, the earlier and the stronger the deceleration
of the translational particle velocities. This effect of slowing down can be clearly attributed
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to the friction of the system. As it is apparent from Figure 4.9 µ = 0 the system dynamics
first follow ∝ t2 for small times (up to t ≈ 1) and afterwards transition to a slope that is
linear in time ∝ t, as the gray dashed line visualizes. If friction is involved, Newtonian
particles experience a dynamical slowdown which expresses itself in terms of a decreasing
slope (compared to µ = 0). For example, for friction µ = 0.01 the slope of the curve first
remains similar to the slope of µ = 0 and begins to deviate at t = 11. The strongest slow
down can be found for µ = 0.5 where the curve already deviates from the frictionless slope
at t = 0.02. Since our findings on the system energies of Figure 4.8 report a collapse for
each µ > 0, this becomes also reflected in the MSD: Shortly before the particles freeze, the
collision algorithm still may detect spheres in contact, however cannot execute any effective
collision anymore, due to their lack of kinetic energy. As a consequence, the algorithm
would detect increasingly more (still standing) particle contacts which are interpreted as
collisions throughout a next time interval. This, in turn, causes the algorithm to first over
strain and eventually break down due to a memory error. All our Simulations with friction
coefficients above µ = 0.02 exited the simulation with a memory error2 . This is why for
friction coefficients larger than µ = 0.02 we can not obtain any data for larger times. all
systems broke up the simulation at more or less the same time. (To avoid confusion, we
mention, that the MSD curves for µ = 0 only fall short because they stem from another run,
where the computation time was set lower and not because the system exited the simulation.
In contrary, particularly for µ = 0.5, we hardly obtain any data for longer times due to
freezing as can be confirmed by our output log files.)
To conclude our findings on the MSD of Newtonian systems with friction, we see a slowing
down in the particle dynamics which is expressed by a vanishing slope regarding the MSD
and a collapse in the total energy of the system. Furthermore, for large frictions we obtain
a simulation abort when close to (dynamical) freezing.
For purely Newtonian systems, our observations of the slowing down can be related to
everyday observations of dissipative materials: Authors, like [LM98], have obtained similar
results. [LM98] therefore instances the illustrative example of granular matter (in the absence
of energy sources) to explain the physical correctness of this finding. According to [LM98], a
system looses energy due to dissipation, which can be illustrated by the special case of a box
filled with granular matter which is exposed to gravity. In this case, the granular particles
will eventually stand still and stay at rest. Consequently, all rotational and translational
energies will decay Ekin = 0 meanwhile the potential Epot and elastic energies Eel approach
constant values, [LM98]. Thus, the total energy still remains conserved Etot = Epot + Eel
[LM98]. Transferring this illustration to our simulation, we treat an energy conserving
system, whereas, according to the statement in [LM98], the kinetic energies are expected to
tend towards zero in the long time limit meanwhile Epot , Eel increase. However, Eel can
not be properly defined for the case of perfect elastic particles, cf. [LM98]. This explains
numerical issues, and why most our simulations sooner or later broke down with a Memory
error (e.g. the case of µ = 0.01 the MSD curve abruptly stops at about t ≈ 102 ). In the long
time limit, the stable static configuration expects long lasting contacts between the particles
(which we called ‘freezing‘). The ideal HS model thus is not necessarily a suitable model for
long lasting particle contacts, unless further developed, because it would violate the rule of
2 in

a given calculation time span of 300hours and 15GB Memory storage.
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instantaneous interactions. [LM98] summarizes the energetic collapses to the fact, that the
model of HS (Eq. 1.1) has due to its design no static ‘zero-temperature‘ limit.
From the viewpoint of implementation, a possible explanation for the slowdown in this
dissipative system may be first off the fact, that the demand of energy conservation has
never been explicitly incorporated into the algorithm. Also the demand of the boundary
condition (in 2.44) for both angular velocities to be of same value after the collision reminds
in its principle idea of the translational analogy of an inelastic collision, where it is also
demanded that the collision partners move towards the same direction after the collision. In
this case, the kinetic energy is not necessarily conserved.
It may be also interesting to highlight two further aspects that result from the HS model,
regarding energy dissipation of a Newtonian system. Firstly, since the HS model provides
instantaneous collisions of zero duration they allow an infinite amount of collisions in only a
finite time span, which Luding calls the singularity of inelastic collapse, [LM98]. It manifests
itself, provided that dissipation and particle density is large enough and causes rather
numerical issues than physical ones, since only a small fraction of particles is involved in the
inelastic collapse. Secondly, we do not take many body interactions into account. Earlier
publications have proven, that slightly more energy is dissipated in a run of binary collisions
compared to the same run with multi particle events. This can be studied in [Lud+94] and
[Lud02] and shall be only mentioned here for reasons of completeness.
Figure 4.10 compares the angular correlation function hP2 (cos(Θ(t)))i for different surface
roughnesses. According to Figure 4.10a we detect a transformation from the curve of a
characteristic shape of a free spherical rotator [DSS07; RLB95] to an exponential decay for
large frictions. Especially the exponential decay is furthermore revealed in the inset of Figure
4.10a by a semi logarithmic representation of the data. We see that the decay from µ = 0 to
µ = 0.5 turns to a linear decay in this representation. The free rotator for µ = 0 is addressed
individually in Figure 4.10b, represented by the light green curve. Here, we observe that
at time t = 1.5 hP2 (cos(Θ(t)))i decays to zero which indicates, that the orientation of the
particles is distributed in such way so that the particle orientation is equally distributed
in the system. However after the decline, we see, that hP2 (cos(Θ(t)))i begins to increase
until it stabilizes at hP2 (cos(Θ(t)))i = 0.2 for the long time limit. This plateau can be
explained by considering the long time limit of the theoretical prediction of Equation 3.13
by applying L’Hôpital’s rule. This yields lim hP2 (cos(Θ(t)))i = 1 − 32 for the long time limit
t→∞
which comes close to our observed plateau. Fitting the theoretical prediction of Equation
3.13 for our modified variances hω(0)2 i with Erot = 0.5 yields a plot (dark green dashed)
that qualitatively corresponds to our measurement. Both curves qualitatively feature the
collapse, fall together at the same minimum and show a similar long time behavior. Since
Equation 3.13 also depends on the temperature, we want to furthermore test the theoretical
prediction for a free rotor with an updated velocity initialization (see Appendix A.1.1)
T = 1.5. The gray line represents a system with Maxwell Boltzmann distributed particle
velocities with T = 1.5. We obtain, that the velocity correction only shifts the curve in time
but remains unmodified otherwise. The blue plot is the curve directly taken of [DSS07] and
refers to a free rotator (at φ = 0.5) for an ellipsoid with axis ratio X = a/b = 1.1 close to
the spherical limit, where a refers to the revolution axis length and b denotes the length of
the two other axes, see [DSS07]. For the comparison of the curve from [DSS07] to our curve
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Fig. 4.10.: (a) Angle correlation function hP2 (cos(Θ(t)))i for Newtonian particles with r = 1 and
roughness µ = 0, 0.01, 0.02, 0.1, 0.5 at φ = 0.494. The inset shows the same curves in a
semi logarithmic representation. (b) Curve fitting for a (free) smooth spherical rotator
(µ = 0) pursuant to Eq. 3.13 (dashed, T = 0.5). The gray curve refers to the same
investigated system µ = 0 without modified velocity variances. The blue curve is directly
taken from [DSS07] and considers a quasi spherical particle at φ = 0.5. (c) Fitting the
exponential decay of µ = 0.5 via f (t) = b exp(−at).
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without corrected variances, we see an excellent agreement for the decay of hP2 (cos(Θ(t)))i,
although after the collapse our system shows a slight delay in the evolution. Switching
back to Figure 4.10a, the figure reports, that for larger friction coefficients, hP2 (cos(Θ(t)))i
relaxes more slowly and the plateau in the long time limit is not maintained. For µ = 0.01
and µ = 0.02 the systems follow the angular relaxation and the subsequent renewed increase
of a smooth rotator, however do not stabilize at the plateau but decay for times larger than
t ≈ 4. Approaching larger frictions, the curves begin to remind of an exponential decay.
Figure 4.10c provides the evolution of hP2 (cos(Θ(t)))i for µ = 0.5. We see, that after the
collapse, hP2 (cos(Θ(t)))i remains zero. As the inset from Figure 4.10a reveals, the decay of
µ = 0.5 is exponential. To obtain the decay rate of the system, we fitted a curve of shape
f (t) = b · exp(−at), where b represents the initial value at t = 0 and a quantifies the decay
rate. According to the Figure, we obtain a = −1.053 ± 0.007 for the decay. To sumarize
our findings from this Figure, we report that in the limiting case of no friction, our curve
exhibits the characteristic curve for a free rotor. With larger friction, the curve changes into
an exponential decay. For slight frictions hP2 (cos(Θ(t)))i stabilizes at zero, however only for
at long time limit.
The present findings in this section have shown so far, that frictions between 0 < µ ≤ 0.5
significantly affect the translational and rotational dynamics of a system (equilibrated). We
have seen, that friction causes the system to first dynamically slow down and finally freeze.
The slowing down could be detected in the MSD as well as regarding the mean translational
and rotational energies of the systems. The orientational decay for the limiting case of
a free rotator could be detected, as well as for high friction an exponential decay could
be proved. Supported by our findings, the main conclusion that can be drawn from this
section is that for Luding’s ansatz of colliding HS, the conservation of energy in Newtonian
systems is not observed. This is also what our investigations on rotational and translational
system energies reflect. The next subsection is concerned with the same algorithm applied
to Brownian dynamics.

Brownian dynamics

In a next step, we study the same investigated system from the previous section with
Brownian particles for ∆tt = 0.01 (and ∆tr = 0.003). For the Brownian motion, we expect
the energies of the system to remain stable, provided that the Brownian time step is small
enough, so that it redraws velocities much quicker than the dissipation retards them. From
Figure 4.7 one can estimate, that a translational Brownian time step at ∆tt = 0.01 is
sufficiently small in order to avoid a ’stop-and-go’ motion of the particles.
The results for the study of friction in Brownian systems are presented in Figure 4.11.
All plots share the same x-axis but were differently rescaled to a dimensionless time scale,
where the simulation time t was divided by the respective relaxation time τr = 266.67s for
rotational quantities and τt = 200s for translational quantities. Curves with the same color
refer to the same system and gray dotted lines indicate the corresponding data fits. All
fitting parameters are declared at the figure legends.
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Fig. 4.11.: Brownian particles with r = 1 and roughness µ = 0, 0.01, 0.02, 0.1, 0.5 at φ = 0.494 (all
on top of each other) with N = 1372 particles.(a) MSD over t/τt . We fitted f (t) = 6t · a
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Figure 4.11a assets the system dynamics regarding the MSD for different frictions 0 ≤ µ ≤ 0.5.
As it is apparent from the figure, we observe that for different friction coefficients, all curves
fall on top of each other. Furthermore, we recognize the curve from the smooth sphere
system, reported in Figure 4.3 and identify, that these are all the same curves. To determine
the diffusion coefficient we fit the curve with a linear equation of the form f (t) = 6at,
where a shall be the fitting parameter. In the diffusion regime, we observe two different
slopes separated by a very weak plateau in between. The plateau can be attributed to
caging effects at high densities. It is helpful to make two fits, as the curve changes its slope
at some point. On a short diffusion times we obtain Dt = 0.0001 ± 0.0332 · 10−4 . For
the long time diffusion coefficient (black dotted), we obtain a smaller value that amounts
Dtlong = 0.0015 ± 0.007 · 10−4 .
From Figure 4.11b and d we obtain information about the translational and rotational
energies and find, that both fluctuate around hEkin (t)i = 1.5 which is also the expected
value according to Equation 3.1.No deviation of the energies regarding the friction can be
found.
According to Figure 4.11c also hP2 (cos(Θ(t)))i remains unaffected by the applied friction
coefficients as all 5 curves fall in one line. As stated in Equation 3.12, the decay follows an
exponential curve of shape f (t) = exp(−6at) where a labels the decay rate and is according to
Equation 3.12 the rotational diffusion coefficient Dr . For Dr we get Dr = 0.0038(±5.90·10−6 ).
The inset of Figure 4.11c once more reveals in a semi logarithmic representation that the
fitting curve fits nicely to the decay of hP2 (cos(Θ(t)))i.
In sum, we detect, that the friction parameters have no impact on Brownian systems. We
can rule out the argument of an insufficiently high particle density, as we are already at the
freezing point, where we expect most particle collisions and thus the impact of friction to be
most emerging. The findings from these studies rather suggest, that no significant change
can be observed due to an inappropriate range of friction coefficients. It seems possible that,
that µ = 0.5 may represent only a very small friction so that its impact gets lost in the
thermostat. To rephrase this conclusion in terms of the Brownian motion, we observe, that
the Brownian kicks from the solvent happen so frequently that for Luding’s algorithm we
detect no impact of friction.
To summarize Luding’s collision method, we can state that for Newtonian systems with
friction involved, the rotational and translational energies are not conserved. This leads to a
final collapse of the system dynamics. In Brownian dynamics, friction has no impact on the
investigated system quantities of MSD, angular correlation function and the kinetic energies.
We now pursue another ansatz, which shall conserve energy.
4.3.2

Collision rule with energy conservation

It is to find a collision rule, which allows a transfer of momentum and at the same time
conserves energy and momentum. The key idea of this approach is based on the concept
similar up to Equations 2.45a-2.45d. However, the implementation of ∆p from section 2.4.2
is used in a modified version here. In section 2.4.2 only the conservation of momentum
was regarded for the rough HS case, so that ∆p only conserves energy in the limiting case
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of elastic collisions. We now demand that ∆p conserves energy, even if a rough surface is
included. The generalized formula for energy conserving collisions for spheres reads [Cra89;
AFT89]
2∆E = ∆p (vc0 + vc ) .

(4.1)

Inserting Equation 2.34 and expressing the velocities after the collision in terms of Equations
2.45a-2.45d for ∆E = 0 yields
0 = 2∆p vc + ∆p2



1
1
+
m1
m2


−

k∆p × nk2
k∆p × nk2
−
.
I1
I2

(4.2)

Since m1 = m2 = 1 and I1 = I2 , we can simplify this to
0 = 2∆p vc + 2∆p2 + 2

k∆p × nk
.
I

(4.3)

By parameterizing the transfer of momentum with
∆p = k∆pk (cos(γ 0 )n + sin(γ 0 )t)

(4.4)

where γ 0 denotes the angle between n and vc such that π ≤ γ 0 ≤ π + γ, we can obtain the
magnitude of ∆p by inserting Eq.4.4 into Eq. 4.3. This is a quadratic formula in k∆pk and
we calculated the result to be
k∆pk =

kvc k
1+

sin2 (γ 0 )
I

.

(4.5)

This can be also found in [AFT89] in a more generalized representation. The implementation
of this collision rule can be found in the appendix at Appendix A.1.4.
Since this investigation is the most recent one and thus still under development, we will only
present our fist findings for the simplest case of setting γ 0 = 0 so that ∆p always points
along n. For this limiting case of Equation 4.4, we now want to discuss first findings for
Newtonian and Brownian systems separately.

Newtonian System

We want to study the system dynamic quantities MSD and hP2 (cos(Θ(t)))i for an energy
conserving concept such that ∆p = k∆pkn where the magnitude is obtained by Equation 4.5.
For the simulation, we used the same system as from Section 4.3.1 for better comparison.
Figure 4.12 presents our findings for a Newtonian system for the modified ansatz (dark
blue) and compares it to the collision algorithm from Section 4.3.1 for a smooth sphere
(light green). For the new simulation approach, we see a ballistic flight ∝ t2 for time up to
t = 1 which is followed by a linear increase in time. At each data point of the curve, we
furthermore have measured that the kinetic energy remained unchanged so that hEkin i = 1.5
is conserved. If we compare our findings for Luding’s approach, we see that they describe
the identical curve, however somewhat retarded. This reiterates, that initial velocities had
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Fig. 4.12.: Log-log plot of the MSD for Newtonian particles with r = 1 and N = 1372 particles at
φ = 0.494. Our result for γ 0 = 0 so that ∆p = k∆pkn (blue) is compared to the smooth
sphere case of Figure 4.9 (green) averaged over 20 Systems.

been corrected (see Section 4.3.1) in their variance to that point of time. As we concluded in
Section 4.3.1, according to Figure 4.7, the modification of the variance affected the system
temperature to such that hEkin i = 0.5. For Newtonian systems temperature leads to a
different time scale, however does not change the dynamics quantitatively [Lan09]. Since
both curves only differ in a time shift, we consequently obtain the identical results and
can therefore state, that the MSD curve, for ∆p = k∆pkn perfectly describes a smooth
sphere.
Like in Figure 4.12 indicated, also Figure 4.13 confirms that the new limiting case of our
simulation approach performs the classical curve progression of a free spherical rotor, also
earlier discussed in Figure 4.10b. We obtain that the mean orientation completely averages
out at t = 1 which is for larger times followed by a characteristic ([BP74]) increase to a stable
plateau at hP2 (cos(Θ(t)))i = 0.2 for large times. Throughout the whole simulation we have
measured, that the mean rotational energy remained constant at hErot i = 0.5. Again, Figure
4.12 reveals a temporal shift for this approach compared to Luding’s ansatz, which can be
attributed to the fact, that for previous studies, the rotational initial particle velocities had
been corrected in their variance. This, according to our findings on Section 4.3.1 and Figure
4.7, affected the rotational energy in such way, that hErot i = 0.5. However, again, we argue
that the quantities of Newtonian dynamics are not affected by temperature, except that
they lead to different time scales, [Lan09]. With this argument, we obtain identical results
for our new approach as for the smooth sphere case from the dissipative approach from
Figure 4.9b.
Overall, our studies on the limiting case of ∆p = k∆pkn yield exactly the expected smooth
sphere case for both quantities, angular correlation function and MSD. We also observed,
that the total energy of the system remains constant. Since for the smooth sphere case of
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Fig. 4.13.: hP2 (cos(Θ(t)))i for the simulation of ∆p = k∆pkn for γ 0 = 0 (dark blue) in a Newtonian
system. The curve is compared to Figure 4.10b (light blue) for µ = 0. Both systems
consist of particles with r = 1 at φ = 0.494 for N = 1372 particles. The new approach
was averaged over 40 systems, the reference curve was averaged over 30 systems.

Luding in Section 4.3.1 energy was also conserved, we can not make further estimations for
cases, where the momentum transfer takes effect, yet.

Brownian system

We now investigate the same system from Section 4.3.1 for the limiting case ∆p = k∆pkn
of Equation 4.4 for Brownian systems. This yields following results:
Beginning with the evaluation of the MSD, shown in Figure 4.14, we see that for the new
collision algorithm we get the identical system dynamics to Luding’s collision algorithm in
Section 4.3.1 in Figure 4.11a. Furthermore, we also gain the identical result from Figure
4.11c for the smooth sphere angular correlation function, as it is reported in Figure 4.15.

4.4 Comparison to experimental data
We now want to compare our simulation results from Luding’s model [Lud98] on the
diffusional and rotational diffusion coefficient with other publications. We start by comparing
our data to Tomilov et al. [Tom+12], who have simulated Brownian dynamics for soft
spheres and go on by comparing our findings with experimental data from [Sch+17] that
have tracked translational and rotational Brownian motion for hard particles.
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Fig. 4.14.: Log-log plot of the MSD for the simulation of ∆p = k∆pkn for γ 0 = 0 (dark blue)
compared to Figure 4.11a (light blue). Both systems consist of Brownian particles with
r = 1 at φ = 0.494 for N = 1372 particles and translational Brownian time step
∆tt = 0.01. The new approach was averaged over 40 systems, the reference curve was
averaged over 30 systems.The time axis was rescaled by the relaxation time τt .

4.4.1

Comparison with ‘soft‘ spheres

We want to compare our findings on Brownian systems with other simulation results. Since
we observed, that the Brownian (translational and rotational) kicks from the solvent happen
so frequently that for Luding’s algorithm we detect no impact of friction (Figure 4.11),
friction is negligible. We set µ = 0 and rather study the system at different packing fractions
between the dilute limiting case of µ = 0.03 until close to freezing at µ = 0.494. For each
curve, we are treating systems consisting of N = 1372 particles of radius r = 1 at a Brownian
time step of ∆tt = 0.01 and ∆tr = 0.003. (The curve for µ = 0.494 stems from Figure 4.11.)
The systems at µ = 0.03, 0.1 and µ = 0.29 are newly calculated systems, averaged over 5
Tasks each.
A very suitable publication for comparing the short and long time translational diffusion
coefficient to BD simulations can be found in [Tom+12]. They study Brownian soft spheres
with an inverse power law interaction potential (at n=12) without hydrodynamic interactions
considered. According to [Tom+12], they estimate the particle radius to be rc = 3 · 10−7m
and obtain a free particle diffusion coefficient of Df ree = 7.17 · 10−13 m2 /s.
For φ = 0.001, 0.2 and φ = 0.5 their results on the MSD are compared to our simulation
data, see Figure 4.16. For better comparison, we divided each system by their respective
relaxation time at the time axis and divided the MSD results by the respective particle
diameter. The figure represents three curves of our obtained data for packing fraction for
the dilute limiting case of φ = 0.03 a packing fraction at intermediate density φ = 0.2
and close to freezing at φ = 0.494 which stems from Figure 4.11a. Figure 4.16 shows that
for all three curves, our simulation data (colored) match to the findings from [Tom+12]
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Fig. 4.15.: hP2 (cos(Θ(t)))i for the simulation of ∆p = k∆pkn for γ 0 = 0 (dark blue) compared
to Figure 4.11c (light blue). Both systems consist of Brownian particles with r = 1 at
φ = 0.494 for N = 1372 particles and translational Brownian time step ∆tt = 0.01. The
new approach was averaged over 40 systems, the reference curve was averaged over 30
systems.The time axis was rescaled by the relaxation time τr .

(gray dotted). In the limiting case of the free particles and only low densities (φ = 0.2),
both curves show exactly the same development and thus accord in their predictions on the
diffusion coefficient for small and long times. Regarding dense systems close to freezing, both
compared systems experience caging effects that cause the system dynamics to a slight slow
down, which can be recognized by the split of the curve below the free particle evolution.
We attribute slight observable deviations from the comparison at freezing to the fact, that
we compare soft spheres (quasi hard with n = 12) to a HS simulation. Since for soft spheres,
r is not well defined, this blurs the conceptuality of a well defined packing fraction. All in
all, however, we can state, that our findings perfectly align with [Tom+12] as they do not
only qualitatively report the same trend but also show nice quantitative agreement.

4.4.2

Comparison with experiments

The curves of our simulation for Luding from Figure 4.16 shall now be also compared to
experimental results from [Sch+17, Fig. 6]. We try to discuss similarities and deviations of
our results.
[Sch+17] have tracked translational and rotational diffusion of spherical polymethyl methacrylate (PMMA) shells. Their systems consist of tracer particles of radius rtracer = 2.75µm
embedded in a host system of PMMA particles with radius rhost = 2.50µm. They claim, that
the host particles share the same chemical and physical properties with the tracer particles and
that all particles can be described with a HS potential. They measured the MSD of the host
particles as well as for the tracer particles. The tracer particles were furthermore equipped
with two differently fluorescently labeled PMMA cores, so that their rotation could be tracked
optically. Since they measured T = 23◦ C and η = 2.17945 · 10−3 P a s we obtain the transla-
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Fig. 4.16.: Log-log plot of the MSD for our simulation at φ = 0.03, 0.2, 0.494 compared to the BD
simulation of soft spheres (quasi hard) from[Tom+12, Fig. 7] for φ = 0.001, 0.2 and
φ = 0.5 . The plot contains rescaled times t/τt .

tional diffusion coefficients Dt,host = 3.982 · 10−14 for the host Dt,tracer = 3.620 · 10−14 m2 /s
and for the tracer particles. This leads, according to Equation 2.19, to the diffusion times of
τt,host = 156.96s and τt,tracer = 208.91s. The rotational diffusion coefficient for the tracer
can be calculated via Equation 2.25 and amounts Dr,tracer = 3.59 · 10−3 s−1 . Thus, the
rotational diffusion time is τr,tracer = 278.55s.
In Figure 4.17 our results from the preliminary analysis of the MSD of Figure 4.16 is
compared to [Sch+17, Fig. 6] for the host (Fig. 4.17a) and tracer (Fig. 4.17b) particles. In
Figure 4.17b, each curve represents one tracer particle, which explains stronger fluctuations
compared to the curves of the host systems that represent an averaged result. Recall, that
we can detect no friction effects for Brownian systems (Figure 4.11) so that we will only
treat frictionless systems of different density here. For better comparison, time axes are
scaled to a dimensionless quantity t/τ for the specific relaxation time of the system as well
as the MSD was normalized by the particle diameter.
As we are particularly interested in comparing the translational diffusion coefficient of our
simulations with the experiment, the most relevant observance from Figure 4.17 a and b,
is that both, our data and the experiments, exhibit qualitative similarities in their curve
development and slope. Regarding the slope, especially Figure 4.17a indicates, that in the
long time diffusife regime, the slopes or the regardes systems match. In case of dilute systems
φ = 0.03, the curves fall on the same line. For the coexistence region at φ = 0.29 we see
that the slope of the tracer particle is a bit steeper than our obtained slope. We ascribe
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Fig. 4.17.: Log-log plot of the MSD of our simulation data (colored) at packing fractions φ =
0.03, 0.2, 0.29, 0.494 compared to experiments (gray dotted) from [Sch+17, Fig. 6].
Both time axes were nondimentionalized by the respective relaxation time. Figure (a)
compares our data to the experimental MSD averaged over the host particles. In (b)
the comparison our our simulation to tracer particles is shown. Each curve (from the
experiment) represents the measurement for one tracer particle.

this deviation to poor statistics and support this assumption by comparing our simulation
data at φ = 0.29 to the MSD of the host particles, where we obtain the same slope for large
times. Regarding the curve development, we detect that all slopes tend to weaken close to
the freezing point. This is due to caging effects. Very nicely revealed in Figure 4.17a and b
is the qualitative transition from the diffusion coefficient from short times 0.02 ≤ t ≤ 0.1 to
long times t < 1, which is found for both cases, experimental and simulation results. We
see, that close to the freezing point, the MSD does not remain linear anymore but starts
to take the shape of a plateau before it goes over to a second phase of diffusion in the
long time regime. For the simulation, we recognize a plateau resembling part in between
10−2 ≤ t ≤ 100 , where the diffusion coefficient slightly decreases. If we compare this to the
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experimental results in Figure 4.11 (clearly visible for the case of the host system), we can
see that for µ = 0.48 the diffusion coefficient does not significantly deviate. However, at
φ = 0.5 we already can see a change of the slope, so that the curve first increases linearly,
decays in between 10−1 ≤ t ≤ 5 and then begins to evolve linearly again. The discussion for
a plateau for higher packing fractions from theory can be found in [Gru+16] and will refer
to a discussion on glass transitions, further experimental results are provided in [Sch+17].
Having discussed the major information of interest, we now discuss a second detail of Figure
4.17 that, on first sight, is even more noticeable from the plot: Figure 4.17 a and b also
shows, that regarding experimental data, there is a clear trend of a decreasing offset for large
densities. This offset is caused by hydrodynamic interactions that cause a change of the
particle dynamics at intermediate time scales [Sch+17]. Since hydrodynamic effects mainly
emerge at high densities, dilute systems (here at φ = 0.03) of experiment and simulation fall
are the same curve. As it is apparent from Figure 4.17a, for larger densities, the impact
of hydrodynamics increases as the curves are increasingly shifted downwards. We neglect
hydrodynamic effects in our simulations, so that our curves do not feature these offsets.
Trying to normalize the experimental data by their offset, we determined the slope of the
first 5 data points of each curve. Since the experimental data points only start at the end of
the intermediate time range, we can not capture the offset appropriately, so that rescaling
the offset this way turned out to be no helpful method in this case.
Regarding the rotational dynamics by evaluating hP2 (cos(Θ(t)))i, it is apparent from Figure
4.18, that the qualitative progression of experiment and simulation are the same. Both
investigations report an exponential decay that eventually collapse at about the same time.
For the simulation we observe that the packing fraction does not impact smooth sphere
rotations. The experimental data fluctuate very strongly for large times, which can be
attributed to poor statistics, as each curve represents only one tracer particle. We detect,
that from the experiment we can not clearly identify a trend that can be connected to the
system densities. However, speaking of all experimental data curves, we observe, that the
experiment is temporally shifted backwards compared to our simulation data. This effect
can be attributed to additional hydrodynamic effects that occur in the experiment [Sch+17].
A more detailed discussion of the experimental and simulational diffusion coefficients Dr
(connected to the decay rate of hP2 (cos(Θ(t)))i) of this Figure will also be discussed in the
following section.
The discussion of this section on Brownian motion of HS yields, that Luding’s collision
algorithm matches qualitatively to the quantities (MSD, hP2 (cos(Θ(t)))i) regarding experimental results as both data curves qualitatively agree in their curve progression for short
and long diffusion times.

4.4.3

Diffusion coefficients

We want to conclude the discussion bringing together all obtained translational and rotational
diffusion coefficients, from our own investigations in Figure 4.11 and Figure 4.16 and compare
them to experiments [Sch+17] for the rotational and to experiments [Sch+17] and smooth
soft spheres [Tom+12] for the translational diffusion coefficient. Our results on Dt stem
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Fig. 4.18.: Angle correlation function hP2 (cos(Θ(t)))i for our simulation data (colored) for φ =
0.03, 0.2, 0.29, 0.494 compared to experiments of [Sch+17, Fig. 6] for a single tracer
particle (gray dotted) at packing fractions φ = 0.03, 0.29, 0.48 and φ = 0.494. The time
axes were individually rescaled by the respective relaxation time of the systems.

from fitting curves of Figure 4.17a whereas the last 10 data points of the curve were fitted
(long time diffusion).
Recall, that for Ludings’s model we have observed, that the rotational and translational
Brownian kicks from the solvent happen so frequently, that no effects of friction are negligible,
see Figure 4.11. This is why we only discuss the smooth sphere system here.
We begin with the discussion of the translational diffusion coefficient. Figure 4.19 show
a selection of translational diffusion coefficients from experiments [Sch+17, Fig. 7A] and
simulations [Tom+12, Fig. 8] and compares them to our results (dark blue). The time axis
is scaled dimensionless and the values of Dr have been normalized to the respective free
particle diffusion coefficient. We see, that all three data sets indicate the same trend for
increasing packing fractions. According to Figure 4.20 they indicate that with an increasing
packing fraction, the particle diffusion decreases. From the free particle to freezing point,
the translational diffusion of our coefficient decreases almost one decade.
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Fig. 4.19.: Diffusion coefficients for translation determined from our EDBD simulation with Luding’s
ansatz (dark blue) compared to experimental data (light green) from [Sch+17, Fig. 7A]
and simulations from [Tom+12, Fig. 8, curve for n=12] for different packing fractions.
For better comparison, both data were normalized to the respective free particle rotational
diffusion coefficient D0 .

The rotational diffusion coefficient is shown in Figure 4.20, where we compare rotational
diffusion coefficients for different packing fractions from [Sch+17, Fig. 7A] to our fitted
decay rates obtained from Figure 4.18. The y-axis is normalized by the respective free
particle diffusion coefficient for reasons of better comparison. We observe for the that Dr
remains similar for each examined packing fraction and thus is not affected by φ at all. This
result just reiterates the fact, that since we consider smooth spheres that do not interact via
rotational velocities, Dr must unaffected from different packing fractions. However, [Sch+17]
observes, that the rotational motion of smooth spheres is slightly affected by an increasing
packing fraction as it exhibits a small decrease in rotational dynamics. In experiments, real
colloids are not perfectly spherical and smooth [Pad+05]. That is why the solvent molecules
can transfer angular momentum, leading to a decrease in rotational diffusion. Yet, we have
shown here that even by incorporating rotational Brownian motion and roughness, the
rotational diffusion does not change. Therefore to model the experimental system further,
one needs to develop Luding’s algorithm or maybe incorporate different colloid-solvent
boundary conditions, as suggested in [Pad+05]
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Fig. 4.20.: Diffusion coefficients for rotation determined from our EDBD simulation with Luding’s
ansatz (blue) and experiments (light green) from [Sch+17, Fig. 7A] for different packing
fractions. For better comparison, all data were normalized to the respective free particle
translational diffusion coefficient D0 .

4.5 Further findings
For reasons of consistency, we would like to remark, that from Section 4.1.2 to Section 4.2
the particle radius has changed. To proof, that neither the particle radius nor ∆t influences
Dt impact of different radii and different Brownian time steps is studied in Figure 4.21. The
time axis was rescaled to a dimensionless quantity t/τt with diffusion time τt from Equation
2.19 (for each system individually) and the y-axis was rescaled by h∆r2 i/σ 2 . We see, that
the slope remains in all four cases the same. As expected, the curves for smaller Brownian
time steps (here ∆tb = 0.01) enter the diffusive time regime earlier than for bigger Brownian
time steps. We conclude, that r and ∆tt do not affect translational system properties.
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Fig. 4.21.: The 5 systems under study contain each N = 1372 particles at packing fraction φ = 0.05.
(left) The MSD for spheres with r = 0.5 and ∆tt = 0.01. Theory predicts a translational
diffusion coefficient of Dt = τt /2 = 0.005. The theoretic curve of 6Dt t is indicated by
the dotted line. The light blue curve shows the result of a free particle from [Lan09].
(right) The MSD for spheres with radii r = 1 or r = 0.5 and varying Brownian time
steps ∆tt = 0.01 or ∆tt = 0.001.
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Conclusion

5

We now want to summarize the major conclusions, which we draw from this study.

5.1 Result summary
First off, we observe, Luding’s collision algorithm (from section 2.4.2, originally from [Lud98])
does not conserve energy in Newtonian systems where friction is applied. This expresses
itself by a slow down in temperature until freezing and is also reflected by a decline in all
measured translational dynamics (MSR). Since the decay of angular correlation relaxes very
quickly, the energetic collapse has no noticeable impact here.
For Brownian systems we observe, that the Brownian kicks from the solvent happen so
frequently, that frictions between 0 ≤ µ ≤ 0.5 do not affect the translational and rotational
particle velocities at all, and also the total energy remains constant.
We extended Luding’s algorithm by incorporating energy conservation. For the limit case of
smooth spheres the algorithm could already yield first results and shows, identical results to
the smooth sphere cases of Luding.
We also observe, the translational long time diffusion coefficient Dr for large packing
fractions are consistent to other BD simulations from [Tom+12] and experimental results
from [Sch+17]. In contrast to findings of [Sch+17], however, no evidence for a decrease of
Dr for increasing packing fractions could be estimated.

5.2 Future Work
Since we assume the choice of a maximum friction µ = 0.5 to be of too small size to see
effects in Brownian system, it would be interesting to test the algorithm for larger frictions,
whereas then a good compromise between the interplay of the restriction angle γ0 and the
friction coefficient has to be found. Tis is could be an interesting issue for future work.
Also, further work will be required to establish the new approacht of collision algorithm
for more general cases than just the smooth sphere limiting case. Even generally, there is
also abundant room for further progress in elaborating the pursuit of an energy conserved
modification of Luding’s algorithm. For example, it could be interesting to adopt Luding’s
determination for ∆p, however rescale the magnitude of k∆pk according to Equation 4.5.
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A.1 Detailed version of the simulation codes
A.1.1

Brownian event for translation and rotation

The following two excerpts of the code reveals how the particle velocities are drawn when the
Brownian event takes place. We draw normal distributed velocities for each component ot
the translational and rotational velocity (see line 9). According to Equation 2.12 the angular
velocities need furthermore to be divided by I. Since m = 1, the translational velocities
remain unchanged when applying Equation 2.12. We use the same event to initialize the
velocities of Newtonian systems. However, in this case, the initialization will be only used
once at the beginning of the simulation and not every ∆t.
1

def draw_rotational_velocities (self):

2

particles = []

3

for particle in self. event_manager . system . _particles :

4
5

if not particle . pinned :
particles . append ( particle )

6
7

# 2. give ’particles ’ random speed with mean 0

8

pn = len( particles )

9

rn = np. random . normal (loc =0, scale =1, size =(pn ,3)) # random angvelx , angvely ,
angvelz for each particle ; loc => mu , scale => sigma

10

for (p, r) in zip(particles , rn): # p is reference to a particle , r is 3d
numpy array

11

p. angvel

12

for p in particles :

13

1

= r # returns a numpy . array ()

p. angvel

∗= np.sqrt (5 / (2. ∗ p. major ∗∗2)) # mass = 1!

def draw_translational_velocities (self):

2

particles = []

3

for particle in self. event_manager . system . _particles :

4
5

if not particle . pinned :
particles . append ( particle )

6
7

# 2. give ’particles ’ random speed with mean 0

8

pn = len( particles )

9

rn = np. random . normal (loc =0, scale =1, size =(pn ,3)) # random xvel , yvel , zvel
for each particle ; loc => mu , scale => sigma

10

for (p, r) in zip(particles , rn): # p is reference to a particle , r is 3d
numpy array

11

p. velocity = r # returns a numpy . array ()
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A.1.2

Simple Collision algorithm for smooth spheres

For early calculations, we implemented the collision algorithm for smooth spheres as shown
below. It proceeds in the laboratory reference frame and can be obtained by regarding the
conversation of the total linear momentum before and after the collsion p = p0 . Further
details can be found in [AFT89, p.104]. Our algorithm therefore first determines the
minimum distance between two particles regarding periodic boundaries (line 7). Then, the
particle velocities are updated according to [AFT89]
(r1 − r2 )(v1 − v1 )
(r1 − r2 )
σ2
(r1 − r2 )(v1 − v1 )
v20 = v2 +
(r1 − r2 )
σ2

v10 = v1 −

(A.1)
(A.2)

provided that m1 = m2 = 1. This algorithm as used for equilibration and also for the
calculations of Figure 4.1 and Figure 4.2.
1

def collision_smooth (self , coll_partner , collision_point ):

2
3

self. lastCollision [ coll_partner ] = self.cell. cellspace . system .
system_properties . localtime ()

4

coll_partner . lastCollision [self] = self. lastCollision [ coll_partner ]

5
6

sigma

= self. radius + coll_partner . radius

7

delta_r

= self.cell. cellspace . system . boundary . delta_dir ( coll_partner .position

, self. position )

# r1−r2 with respect to periodic boundaries

= self. velocity

− coll_partner . velocity

8

delta_v

9

delta_rv = np. float64 (np.dot(delta_r , delta_v ))

# v1−v2

10
11

− 2 ∗ delta_rv / ((1 + self.mass () /

12

self. velocity = np. float64 (self. velocity

13

coll_partner . velocity = np. float64 ( coll_partner . velocity + 2

coll_partner .mass ())

∗ sigma ) ∗ delta_r / sigma )

+ coll_partner .mass () / self.mass ())

A.1.3

∗ delta_rv / ((1

∗ sigma ) ∗ delta_r / sigma )

Collision algorithm with friction, no energy conservation

In the following, our code for the collision performance in the style of Luding is shown.
First, all translational velocities are transformed to a COM reference frame according to
Equations 2.32 (line 16 and 17). Secondly vc0 is calculated pursuant to Equation 2.34 (line
22). It follows the collision angle γ (line 28) and then the tangential restitution coefficient t
(line 30) vial Equation 2.50 so that ∆p (line 33) from Equation 2.49 yields the momentum
that can be applied used to determine the velocities from Equations 2.45a-2.45d after the
collision (lines 36-40). Finally, the translational velocities are transformed to the laboratory
reference frame again (lines 43-45).
1
2

def collision_rough (self , coll_partner , collision_point ):
’Collision execution after S. LUDINGs work: Collisions & contacts between two
particles with friction ’
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3

# stores executed collisions for future events

4

self. lastCollision [ coll_partner ] = self.cell. cellspace . system .
system_properties . localtime ()

5

coll_partner . lastCollision [self] = self. lastCollision [ coll_partner ]

6
7

’0.) Transform velocities into center of mass (COM) reference frame v1 v2 ’

8

# Minimum distance due to periodic boundaries

9

r_min = self. position +self.cell. cellspace . system . boundary . delta_dir (self.
position , coll_partner . position )

10

oldpos2 = np.copy( coll_partner . position )

11

coll_partner . position = r_min

12

r_new = self. position

− coll_partner . position

13
14

# Transform to C.O.M.

15

v_cm = (self.mass ()

16

v1

= self. velocity

17

v2

= coll_partner . velocity

∗ self. velocity + coll_partner .mass ()∗ coll_partner .

velocity )/ (self.mass () + coll_partner .mass ())

− v_cm
− v_cm

18
19

’1.) calculate v_c ’

20

sigma

= self. radius + coll_partner . radius

mass

# r1+r2 distance to center of

−−> sigma
/ np. linalg .norm (( coll_partner . position −self. position ))
− np.float ( sigma )/2 ∗ np. cross (( self. angvel + coll_partner .

21

normal = r_new

22

v_imp = v1−v2

angvel ), normal )

∗ np.dot(v_imp , normal )
− v_imp_normal

23

v_imp_normal = normal

24

v_imp_tangential = v_imp

25
26

’2.) calculate Delta p’

27

mu = 0.5

28

gamma_1 = np. arccos (np.dot(normal , v_imp )/( np. linalg .norm( normal )∗ np. linalg .

# coulomb friction

norm( v_imp )))
29
30
31

gamma = np. minimum (gamma_1 , 0.8 ∗ np.pi) # gamma_0 = 0.8 !!!

−1 − mu ∗ 2 ∗ 1./ np.tan( gamma ) ∗ 7./5
m_ij = self.mass () ∗ coll_partner .mass () / (self.mass ()+ coll_partner .mass ())
epsilon_t =

32
33

delta_p =

−2 ∗ m_ij ∗ v_imp_normal − m_ij ∗ 2./7 ∗ (1+ epsilon_t ) ∗

v_imp_tangential
34
35

’3.) execute collision ’

36

v1 += delta_p # m1 =1 !!!

37

v2

−= delta_p # m2 = 1 !!!

38

cross_product = np. cross (normal , delta_p )

39

self. angvel = self. angvel

40

∗ self. radius ∗∗2 ) ∗ cross_product
coll_partner . angvel = coll_partner . angvel − sigma / (4./5 ∗ coll_partner . radius
∗∗2 ) ∗ cross_product
− sigma / (4./5

41

A.1

Detailed version of the simulation codes
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42

’4.) return to lab reference frame ’

43

self. velocity = v1+ v_cm

44

coll_partner . velocity = v2 + v_cm

45

coll_partner . position = oldpos2

A.1.4

Collision algorithm with friction and energy conservation

For the parametrization proposed in Section 4.3.2 only the part ‘2.) calculate Delta p‘ from
the previous section has to be modified. This excerpt then reads:
1

# angle = np. float64 (np. arccos (np.dot(v_imp , normal ) / (np. linalg .norm( normal )

∗ np. linalg .norm( v_imp ))))
2

# gamma = angle + pi

3

gamma = 0 # we treat the special case of gamma = 0 here !

4

k = cos( gamma )

5

abs_delta_p = np.dot(v_imp ,

6

∗ normal + sin( gamma ) ∗ tangential # unit vector for delta p
−k) / (1 + ( sin( gamma ) ∗∗2/ (2./5 ∗ self.mass () ∗
self. radius ∗∗ 2)) ) # energy conservation
delta_p = abs_delta_p ∗ k # parametrization of delta p

A.2 Rearrangement of the fcc structure
We start with a general geometric consideration by expressing the maximum radius rmax of
a particle in an fcc unit cell (whereas rmax means the least biggest radius before a particle
overlap in the unit cell is caused) by
√
rmax =

2
a
4

(A.3)

whereas a denotes the side lenght of cubic unit cell. In our case, a is known from the relation
of the wanted packing fraction and the given particle radius r (r ≤ rmax ). Furthermore
we can add any random dislocation in x, y, z direction. To avoid particle overlaps, the
displacement of the particle may not transcend its maximum shell. We get
  

 
xi
xi,fcc
ξi,x
  

 
 yi  =  yi,fcc  + (rmax − ri ) ξi,y 
zi
zi,fcc
ξi,z

(A.4)

where the random dislocation of an equally distributed function between (−1, 1) dislocates
each single x, y, z component from its original position indicated by the index fcc.
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