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Zusammenfassung

In dieser Arbeit wird ein Modell für die transversalen Scherspannung in isothermen inkom-
pressiblen unterkühlten Flüssigkeiten hergeleitet und untersucht. Darin zeigen sich gedämpfte
transversale Schallwellen und anisotrope langreichweitige Spannungskorrelationen im elastis-
chen Zustand und anisotrope Scherspannungen in der Flüssigkeit. Massen und Impulser-
haltung wurden für den Zwanzig-Mori Projektionsoperator-Formalismus verwendet, um
die Zerlegung des Scherspannungstensors zu berechnen. Der dabei auftretende Gedächt-
niskern besitzt die gesamte Komplexität des Problems. Auf dem Zwanzig-Mori Formal-
ismus fußend, wurde der Gedächtniskern als Näherung durch das Maxwell-Modell zur
Viskoelastizität (mit einer Relaxationszeit) bestimmt. In dieser Näherung wurden zwei
charakteristische Skalen identifiziert, die Relaxationszeit und die Korrelationslänge. Die
Korrelationslänge beschreibt die räumliche Ausdehnung der elastischen Gebiete im Ma-
terial. In diesem verallgemeinerten Maxwell-Modell wächst die Korrelationslänge pro-
portional zur Relaxationszeit. Der elastischen Grenzfall für lange Zeiten ist somit mit
der Divergenz die Korrelationslänge verbunden. Der transversale Scherspannungstensor
ist die lineare Antwort des Systems auf eine oszillierende Scherung mit kleiner Ampli-
tude. Die berechneten Spektren hängen selbst für verschwindende Wellenvektoren von der
Wellenvektorrichtung ab und zeigen eine gedämpfte Resonanz bei der Resonanzfrequenz
der transversalen Schallwelle. Das Modell kann zu verallgemeinerte hydrodynamischen
Gleichungen umformuliert werden. Für eine überdämpfte Dynamik, um kolloidale Dis-
persion zu beschreiben, zeigen die Spektren einen arretierenden Peak im Verlustmodul
abhängig von der Wellenvektorrichtung.



Abstract

A model for the transverse shear stress in isothermal incompressible supercooled liquids
was derived. The model shows damped transverse soundwaves and anisotropic long ranged
long lived stress correlations in the solid-like state and exhibits anisotropic shear stress
correlations in the liquid state. The conservation of mass and momentum are used within
the Zwanzig-Mori projection operator formalism to decompose the shear stress tensor.
The appearing memory kernel contains the full complexity of the problem. Based on
the Zwanzig-Mori approach, the arising memory kernel is approximated using Maxwell’s
model for viscoelasticity with a single relaxation time. Within this approximation two
characteristic scales could be identified the correlation length and the relaxation time.
The correlation length characterizing the spatial extend of the solid-like region and grows
proportionally to the relaxation time. In the elastic long time limit both the correlation
length and the relaxation time diverge. The transverse shear stress tensor is the linear
response to small amplitude oscillatory shear strain. The computed spectra depend on
the wavevector direction even in the limit of vanishing wavevectors and show a damped
resonance at the frequency of the transverse soundwave. The model can be rephrased
in terms of generalized hydrodynamic equations. For overdamped dynamics, addressing
colloidal dispersions, the spectra show an arresting peak in the loss modulus dependent
on the wavevector direction.
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1. Introduction

In this work, the stressfluctuations in glass-forming liquids will be analyzed. For this, one
need to understand what a liquid compared to an amorphous solid respectively a glass is
and how to differ them. To help to understand what a glass is and what glass-forming
liquids are, it is worthwhile to recall the liquid-solid phase transition. Microscopically a
liquid is made of tiny elements of matter, like molecules or – on larger scales – colloids.
There is no long-range spatial order and each particle can explore the whole (phase) space
via diffusion. Macroscopically a liquid is able to flow and takes the shape of any con-
tainer, it is put in. Lowering the temperature below the freezing point the liquid solidifies
by crystallization. During the crystallization the liquid elements rearrange themselves in
a periodic structure. They form a shape, which is rigid under deformation. If the crys-
tallization is suppressed for example by a fast quench, the liquid elements will not have
enough time or space to rearrange themselves into a ordered crystalline structure. The
liquid will enter a disordered state below the freezing temperature without crystalliza-
tion. In this state the liquid is referred to as supercooled. The preferred thermodynamic
structure is still a crystal, but due to the slowing down of the dynamics the time to reach
the equilibrium structure is relatively long. If the cooling is done fast enough the liquid
solidifies without changing its disordered liquid-like structure. Such such solids exhibiting
a liquid-like structure are often called glass or amorphous solid. Supercooled liquids are
often referred to as glass-forming liquids on the way to the glass transition.

Whether such materials behave solid-like or liquid-like depends on the time scale given
by the relaxation time of their dynamics. At short times, elasticity dominates, whereas
at long times the viscous behavior prevails. Macroscopically liquids and a solids are
distinguished by their response on deformations. Maxwell proposed in 1867 a model,
which interpolates between the behavior of an ideal viscous liquid and an ideal elastic
solid in 1867 [Max67], where he separated the different dynamical regime, liquid or solid-
like, with a single relaxation time.
In this work, a model is developed in the spirit of Maxwell to address stress correlations

in supercooled liquids or other viscoelastic materials. The goal of the first chapter 2 is
to give a brief introduction of the basic theory and to derive the underlying conservation
laws. There, the concept of correlation function is introduced. In the next chapter 3 is
devoted to symmetries and their improved restrictions to correlation function, where the
complete decomposition of the stress tensor due to isotropy and non-chirality is derived.
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In the second to last chapter 4 the Zwanzig-Mori formalism is presented. This formalism is
then applied to derive the main object of this work, the stress fluctuation autocorrelation
tensor, is derived. Then a recap of Maxwells macroscopic model of viscoelastic liquids is
given, which leads to the “generalized Maxwell model” approximation and is followed by
its discussion. The final chapter 5 the linear response theory is derived. The transverse
shear stress tensor can be identified with the response of the system to periodic small
amplitude shear deformations, which lead to the discussion of frequency dependent spectra
of the generalized Maxwell model. Further an alternative differential formulation of the
linear response result is considered. This chapter is concluded by considering spectra of
overdamped dynamics to address colloidal dispersions.
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2. Dynamical Variables and Conservation
Laws

The goal of following sections is to give a brief introduction of the basic theory used
throughout this work. It starts with defining dynamical variables and deriving their time
evolution due to Hamiltonian dynamics. Following that, a probability description is out-
lined by introducing probability distributions and defining the corresponding average of
dynamical variables. Next, the microscopic conservation laws for the particle density field
and the velocity field will be derived. Macroscopic expressions can be obtained by aver-
aging the microscopic quantities. This averaging concept directly leads to the concepts of
correlation functions and fluctuations, which will be addressed finally.

2.1. Dynamical Variables

The derivation follows [Göt08, p. 52ff]. In classical mechanics, the state of system of
particles with f -degrees of freedom is described by points Γ = (Q,P) in phase space,
where P = (p1, . . . , pf ) denotes a set of generalized momenta and Q = (q1, . . . , qf ) denotes
a set of coordinates. The quantities one is interested in are dynamical variables, which
are complex valued functions of the phase space coordinates. The set of all dynamical
variables forms a vector space with the typical operations 1. The space of restricted
dynamic variables is a subspace of the vector space of dynamic variables. It contains those
dynamic variables which vanish outside a bounded area of the phase space.
The evolution of the phase space coordinates, is given by the mapping t 7→ Γt =

(Q(t),P(t)). Here, the 2f -coordinates of Γt obey Hamilton’s equations of motion (α =
1, . . . , f)

∂tqα(t) =∇pαH(Γt),
∂tpα(t) =−∇qαH(Γt).

1Let A and B be dynamical variables, Γ a point in phase space and c a complex number, then

(A+B)(Γ) =A(Γ) +B(Γ),
(cA)(Γ) =cA(Γ).
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2.1. Dynamical Variables

The time evolution of a restricted variable shall be denoted by A(t) which is defined by
A(t)(Γ) = A(Γt). By differentiating A(Γt) with respect to t, one gets the equation of
motion of a restricted dynamic variable

∂tA(Γt) =
f∑

α=1
[(∂qαA)∂tqα + (∂pαA)∂tpα]

=
f∑

α=1
[(∂qαA)∂pαH − (∂pαA)∂qαH] .

For the second equality Hamilton’s equation of motion was used. The right-hand side is
a linear functional for a scalar A. Thus one can define a linear differential operator L the
so called Liouville operator in the space of restricted dynamic variables by

L := −̊ı
f∑

α=1
[(∂pαH)∂qα − (∂qαH)∂pα ] , (2.1)

which cancel the rate of change of a dynamic variable. With the initial condition A(t =
0) = A, the governing equation of the motion of a restricted dynamical variable A becomes

−̊ı∂tA(t) = LA(t) (2.2)

with initial condition A(t = 0) = A. An alternative formulation of the dynamics can be
obtained with the time evolution operator U(t) which is a linear mapping of the space of
restricted dynamic variables onto itself. It is defined via the relation A(t) := U(t)A(0) =
U(t)A (the time argument t = 0 will be suppressed). The equation of motion for the
time-evolution operator reads  −̊ı∂tU(t) = LU(t)

U(t = 0) = 11
.

Since A is arbitrary and A(t) = U(t)A holds, the preceding equation is equivalent to (2.2).
The formal solution of this equation is U(t) = e̊ıLt, where U(t = 0) is the unit operator.
The inverse of the time evolution operator is given by U−1(t) = U(−t). Furthermore, it
satisfies U(t1)U(t2) = U(t1 + t2).

So far the (deterministic) mechanics is described for each individual particle. Since
many properties can only be measured macroscopically as some kind of average (spatially
or temporally), the statistical description aims for the prediction of ensemble averages.
An ensemble is a set of systems (microstates), which have identical dynamics and state
variables, but start from different initial conditions. The microstates of one ensemble
satisfy all the same macroscopic equations and each microstate is described by the so far
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2. Dynamical Variables and Conservation Laws

introduced mechanics.

Starting with the continuous description (namely the deterministic, continuous trajecto-
ries), allows one to define a probability density function Ψ(Γ). The probability distribution
Ψ(Γ) = Ψ(q1, . . . , qf , p1 . . . pf ) gives the probability density to find particle one in the vol-
ume [q1, q1+δq] with the momentum in [p1, p1+δp] and particle two in [q2, q2+δq] with the
momentum in [p2, p2+δp] and so on. δq and δp are infinitesimal coordinates and momenta.
The probability density for finding the particle positions q1, . . . , qf without considering any
momentum, i.e. integrate all p, is Ψ(q1, . . . , qf , p1 . . . , pκ−1, pκ+1, . . . .pf ) =

∫
dpκΨ(Γ).

The probability distribution satisfies the normalization condition∫
dΓ Ψ(Γ) = 1,

where the integral has to read as follows:
∫
dΓ =

∫∫
dQdP =

∫ · · · ∫ dq1 . . . dqfdp1 . . . dpf .
With this, one can define the average or expectation value of some variable X with respect
to some probability distribution Ψ as

〈X(t)〉Ψ :=
∫
dΓ Ψ(Γ)U(t)X(Γ).

Some fundamental quantities, which are used later on, are the density %κ and the current-
density jκ of a particle κ.

%κ(r) = δ(r− rκ), jκ(r) = vκδ(r− rκ).

δ denotes the Dirac delta distribution. Here, the system consists of N particles, which
have three degrees of translational freedom and for our purposes no other degrees of
freedom. The phase space is denoted by Γ = (R,P), where R = (r1, . . . , rN ) are the
three dimensional position vectors of all N particles and P are their momenta. These are
not dynamical variables in the sense of the definition of dynamical variables, because the
delta distribution is no proper function. Instead, the framework of distribution calculus
is applied, which generalizes the concept of dynamical variables. Therefore, one calls
them generalized dynamical variables. One summarize the concept of these generalized
dynamics: If one has a generalized dynamical variable X̃, then this specifies a linear
mapping from the test functions via ξ 7→

〈
X̂
〉
ξ

=
∫
dΓX̃(Γ)ξ(Γ). The physical idea behind

this is that one can only measure expectation values with respect to some probability
distribution ξ. Hence, the expectation value of the density is

〈%κ(r)〉Ψ =
∫
dΓ Ψ(Γ)%κ(r) = Ψκ(r),

with Ψκ(r) :=
∫∫
dΓ̃ Ψ(r1, . . . , rκ−1, r, rκ−1, . . . , rN ,P), the cumulated probability density

function.
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2.1. Dynamical Variables

For thermal systems (with a temperature T ) the equilibrium probability density is given
by the canonical Boltzmann measure/weight ΨB(Γ). It is defined on the phase space via

ΨB(Γ) = Z−1e−H(Γ)/(kBT ),

with T the temperature of the system, H the Hamiltonian of the system and kB Boltz-
mann’s constant. The Hamiltonian governs the average. Using the normalization condi-
tion, one can obtain the so called partition function Z via Z =

∫
dΓe−H(Γ)/(kBT ). Since

in the following all averages are done using Boltzmann’s constant, index will be dropped
for the sake of clarity, 〈. . .〉ΨB = 〈. . .〉. For a time independent Hamiltonian follows that
averages of dynamical variables are time independent.

〈X(t)〉 = 〈X(t = 0)〉 (2.3)

For the correlator of two restricted dynamical variables follows

〈A∗(t1 + t0)B(t0)〉 = 〈A∗(t1)B〉 . (2.4)

The star ∗ denotes complex conjugation. Here, 〈A∗(t)B〉 =
∫
dΓ ΨB(Γ)[U(t)A(Γ)]∗B(Γ).

ΨB is positive and integrable due to the normalization condition . For two restricted
dynamical A and B one can define an inner product on the space of restricted dynamic
variables via the expectation value by

〈A, B〉 := 〈A∗B〉 =
∫
dΓ ΨB(Γ)[A(Γ)]∗B(Γ) (2.5)

With this inner product, the vector space of restricted dynamic variables has the structure
of a unitary space. With this structure one gets some important properties, namley the
time evolution operator is a unitary operator and the Liouville operator is hermitian. By
using (2.4) with t0 = 0 and t1 = t one finds that

〈A(t), B(t)〉 = 〈A, B〉 , (2.6)

where A and B are arbitrary restricted variables. The time evolution operator is therefore
isometric. Since U−1 is defined on the whole space of restricted dynamic variables one
finds that U is unitary. Combining (2.6) with (2.3) leads to

0 = ∂t 〈A(t), B(t)〉 = 〈∂tA(t), B(t)〉+ 〈A(t), ∂tB(t)〉 .

Since the Liouville equation holds

〈LA(t), B(t)〉 = 〈A(t), LB(t)〉 ,
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2. Dynamical Variables and Conservation Laws

one finds that the Liouville operator L is hermitian (L = L†, where L† denotes the adjoint
operator to L).

2.2. Conservation Laws

The dynamics of homogeneous systems are commonly described by fluctuations, which are
deviations from the mean value. The conservation laws for the density and the velocity
field, based on a microscopic description, shall be derived in the following. The densities,
which will be defined are generalized dynamical variables. To get the macroscopic dynamic
variables, one has to average the defined densities.

The system to be discussed consists of N point like particles interacting via a cen-
trosymmetric pair potential (central force interaction). It is requested that the system
is homogeneous, isotropic and non-chiral. The particles shall move according to classical
dynamics. Each particle is point-like and has only three of translational freedom (for sim-
plicity). The position of the κth particle is rκ. All particle having identical masses m and
identical interactions. The velocity of particles κ is vκ, respectively its momentum is given
by pκ = mvκ. The whole system can be represented by a point in the 6N−dimensional
phase space Γ of the positions and momenta as introduced in the previous section. The
Hamiltonian reads

H(r,p) =
N∑
κ=1

p2
κ/(2m) +

N∑
κ=1

∑
σ 6=κ

U(|rκ − rσ|),

which is the sum of kinetic energy and the energy of the interaction potential U .

This derivation of the conservation laws is based on the (seminal) work of Irving and
Kirkwood [IK50]. They start with microscopic variables and obtain macroscopic observ-
ables through ensemble averaging. For the derivation of the continuity equation and the
equation of motion (momentum balance respectively velocity balance) the heat transport
is assumed to be much faster than the time-scales of interest and therefore shall be ne-
glected. The stress tensor will be expressed in terms of microscopic variables.

The total density at point r due to all N point-particles at time t is given by

%(r, t) := 1√
N

N∑
k=1

δ(rk − r). (2.7)

The prefactor 1/
√
N is aimed to simplify the correlation functions later on. To derive its

conservation law, one considers the rate of change of the total density. It changes in time
according to Liouville dynamics (2.2) for the Hamiltonian H(r,p) with the interaction
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2.2. Conservation Laws

potential U . For applying the Liouville operator (2.1) to density, one needs

pi
m
· ∇ri%− (∇riU) · ∇pi% = −∇r ·

pi
m
δ(ri − r).

This leads to

∂t%(r, t) = 1√
N

N∑
k=1
∇r ·

pk
m
δ(rk − r)

for the total density. By defining the velocity field as

v(r, t) := 1√
N

N∑
k=1

vkδ(rk − r), (2.8)

one gets the conservation law for the total density,

∂t%(r, t) = −∇r · v(r, t).

To get the momentum balance equation, some more work is needed. It is assumed, that
the potential energy U of the system is

U :=
N∑
j=1

N∑
k 6=j

Ujk, (2.9)

where Ujk := U(|rjk|) is the interaction potential between particles k and j with the relative
vector rjk := rj−rk. Note, that the definition of the previous densities was straightforward,
since all are built on properties localized to the particles. The pair potential Ujk depending
on particles j and k makes some difficulties, since it is not a naturally localized quantity in
three dimensional space. One can arbitrarily assign to each particle half of the interaction
energy with its partner. The interaction potential energy density at r at time t is thus
defined as

EU (r, t) := 1√
N

N∑
j=1

N∑
k 6=j

1
2Ujkδ(rk − r).

Now one wants to find the rate (of change) for the momentum density

p(r, t) := 1√
N

N∑
j=1

pjδ(rj − r).

To apply to the Liouvillian on the momentum density, one has to calculate the following
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2. Dynamical Variables and Conservation Laws

terms:2 (pk
m
· ∇rk

)
p(r, t) =

(pk
m
· ∇rk

) 1√
N

pkδ(rk − r)

=− 1√
N
∇r ·

(pkpk
m

δ(rk − r)
)
, (2.10)

− [(∇rkU) · ∇pk ] p(r, t) =− [(∇rkU) · ∇pk ] 1√
N

pkδ(rk − r)

=− 1√
N

(∇rkU)δ(rk − r), (2.11)

with (2.9)

∇rkU =
N∑
j=1
j 6=k

∇rkUjk. (2.12)

Altogether, using (2.10), (2.11) and (2.12) with the Liouville operator (2.1), the rate of
change of the momentum density reads

∂tp(r, t) = −∇r ·
1√
N

N∑
k=1

pkpk
m

δ(rk − r)− 1√
N

N∑
j=1

N∑
k 6=j

1
2(∇rkUjk)δ(rk − r). (2.13)

By using Newton’s third law ∇rjUkj = −∇rkUjk, one can symmetrize the last term of the
preceding equation

(2.14a)− 1√
N

N∑
j =1

N∑
k 6=j

1
2(∇rkUjk)δ(ri − r) = − 1√

N

1
4

N∑
j=1

N∑
k 6=j

[(∇rkUjk)δ(rk − r)

+ (∇rjUkj)δ(rj − r)]

= − 1√
N

1
4

N∑
j=1

N∑
k 6=j

(∇rkUjk) [δ(rk − r)− δ(rj − r)] .

By expanding the difference of the δ-distributions in a Taylor’s series in rjk = rk − rj

2Einsteins sum convention shall hold. The term AB denotes the tensor product of the n-rank tensor A
with the m-rank tensor B defined as

AB = (Aα1...αnBβ1...βm )α1...αnβ1...βm .

The · defines the tensor contraction via

A ·B := (Aα1...αn−1γBγβ2...βm )α1...αn−1β2...βm .
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2.2. Conservation Laws

(following Irving and Kirkwood [IK50])

δ(rk − r)− δ(rj − r)

=− rjk · ∇rδ(rj − r) + 1
2(rjk · ∇r)2δ(rj − r) + . . .+ 1

n! (rjk · ∇r)nδ(rj − r) + . . .

=−∇r ·
[
rjk

{
1− 1

2rjk · ∇r + . . .+ 1
n! (−rjk · ∇r)n−1 + . . .

}
δ(rj − r)

]
,

one can write for (2.14)

(2.15)
−

N∑
j =1

N∑
k 6=j

(∇rkUjk)δ(rk − r) = ∇r ·
1

2

N∑
j=1

N∑
k 6=j

(∇rkUjk)rjk
{

1− 1
2rjk · ∇r + . . .

+ 1
n! (−rjk · ∇r)n−1 + . . .

}
δ(rj − r)

 .
Inserting (2.15) into (2.13), one gets

(2.16)
∂tp = ∇r ·

− 1√
N

N∑
k=1

m
pk
m

pk
m
δ(rk − r) + 1√

N

N∑
j=1

N∑
k 6=j

(∇rk
1
4Ujk)rjk

×
{

1− 1
2rjk · ∇r + . . .+ 1

n! (−rjk · ∇r)n−1 + . . .

}
δ(rj − r)

 .
One defines a new potential energy Ūij := Uij/4. The bar will not be written further on.
Since the force is assumed to be central, U depends on the distance only Ujk := U(rjk) =
U(|rjk|) one can write

∇rkUjk = rjk
rjk

U ′(rjk) = r̂jkU ′(rjk).

Now one can identify the stress tensor in Irving-Kirkwood form in (2.16). The stress tensor
σ is defined via

σ(r, t) :=σK(r, t) + σV (r, t),

where

σK(r, t) = − 1√
N

N∑
k=1

mvkvkδ(rk − r)

σV (r, t) = 1√
N

N∑
j=1

N∑
k 6=j

rjkrjk
rjk

U ′(rjk)
{

1− 1
2rjk ·∇r + . . .+ 1

n! (−rjk ·∇r)n−1 + . . .
}
δ(rj−r).

Thus one gets for (2.16)

m∂tv = ∇r · σ. (2.17)
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2. Dynamical Variables and Conservation Laws

Note that the stress tensor σ is determined only up to tensors with vanishing divergence,
since in the momentum balance equation (2.17) only the divergence of the stress tensor
appears. σK is the kinetic contribution of the stress tensor. σK · dS describes the mo-
mentum transferred through the surface dS per unit time. It is the typical expression,
which arises in the kinetic gas theory if intermolecular forces are neglected. In liquids,
σK is dominated by σV . σV is the contribution due to particle interaction. σV · dS de-
scribes the force acting on the particles inside the volume, which is bounded by dS, due
to the interactions with particles from outside the volumee (for more details see [IK50,
Appendix]).

The difference of two delta functions can be written in integral form as [Nol55]

δ(rk − r)− δ(rj − r) = ∇r · rkj
1∫

0

ds δ(r− rk − srkj).

Using this identity, the stress tensor in real space reduces to

σV (r) = 1√
N

N∑
j=1

N∑
k 6=j

rjkrjk
rjk

U ′(rjk)
1∫

0

ds δ(r− rk − srkj). (2.18)

This form will be used for the linear response.

In Fourier space (A.1), indicated by wavevector q, the velocity field reads

v(q, t) = 1√
N

N∑
k=1

e̊ıq·rk(t)ṙk(t).

Thus for the Fourier transform of the momentum balance equation (2.17), one obtains

∂tv(q, t) = ı̊Lv(q, t) = 1
m
ı̊q · σ(q, t).

Focusing on supercooled and glassy states, the kinetic term of the stress will be neglected
and only the potential part σV will be considered [LA89]. For the sake of simplicity, σV
will in the following be denoted by σ if not stated otherwise. By using

F
[ 1
n! (−rjk · ∇r)n−1δ(rj − r)

]
(q) = 1

n! e̊
ıq·rjF

[
(−rjk · ∇r)n−1δ(r)

]
(q)

= 1
n! e̊

ıq·rj (irjk · q)n−1,
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2.2. Conservation Laws

one gets

F
[{

1− 1
2 rjk · ∇r + . . .+ 1

n! (−rjk · ∇r)n−1 + . . .

}
δ(rj − r)

]
(q) =

=eiq·rj
∞∑
n=1

(̊ırjk · q)n−1

n!

= e̊ıq·rj

(̊ırjk · q)

∞∑
n=1

(̊ırjk · q)n
n!

=− e̊ıq·rj

(̊ırjk · q)(1− e̊ırjk·q)

= e̊ıq·rj

(̊ırkj · q)(1− e−̊ırkj ·q) (2.19)

because of the sum over all k and j with j 6= k one can exchange k with j. Thus for the
potential part of stress tensor in Fourier space, one gets (time argument is suppressed)

σ(q) = 1√
N

N∑
k=1

N∑
j=1
j 6=k

rjkrjk
rjk

U ′(rjk)
1− e−iq·rjk
iq · rjk

eiq·rj . (2.20)

It is easy to see that the stress tensor is symmetric σαβ = σβα.
Fourier transform of the total density (2.7) results in

%(q, t) = 1√
N

N∑
k=1

eiq·rk(t),

with the associated conservation law in Fourier space

∂t%(q, t) = iL%(q, t) = −iq · v(q, t).

To get macroscopic dynamic variables out of the defined densities one has to average these
densities. Equilibrium averaging is done with the the Boltzmann distribution. The derived
conservation laws are the total density conservation and the momentum balance equation.
The associated fluctuations are the density fluctuations and the velocity fluctuations. The
density fluctuations are δ%(q) := %(q)− 〈%(q)〉. The static structure factor Sq :=

〈|δ%q|2
〉

gives a measure for the magnitude of density fluctuations in equilibrium. Since a quiescent
equilibrium is assumed, 〈vq(t)〉 = 0 (by going to a co-moving frame). Thus the velocity
fluctuations are δv(q) = v(q). Additionally, they shall obey

〈
v∗qvq

〉
= 1

βm11, according
to the Maxwellian velocity distribution.
A central quantity of interest will be the local potential stress fluctuations δσ(q) =

σ(q) − 〈σ(q)〉. In equilibrium, the expectation value of the stress shall be 〈σ(q)〉 =
V/
√
Np11δq,0, where p denotes the pressure.
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2. Dynamical Variables and Conservation Laws

2.3. Fluctuations and Correlation Functions

Equilibrium systems (of many particles) show random deviations of macroscopic variables
(fluctuations) due to the dynamics on microscopic scale. These equilibrium fluctuations
can be related to transport coefficients of a dynamical variable as they relax to equilibrium
[Ons31]. Intuitively this is clear, if one is observing an equilibrium system for a time (short
enough), it is impossible to tell whether the system is at equilibrium and one examines
equilibrium fluctuations or the system is not in equilibrium and one observes the relaxation
towards equilibrium. Fluctuations allow insights into a system.

A fluctuation of the dynamical variable A is defined as

δA := A− 〈A〉 ,

the deviation of A from its average value. If one considers the trivial dynamical variable
X1(Q,P) = 1, then one can write the fluctuation as δA = A −X1 〈X1, A〉. This means
that δA is the projection of A perpendicular to X1. Fluctuations are typically described
by correlation functions.

Basic quantities to describe the dynamics of liquids are correlators. A correlator or A–B
correlator or a correlation function of A and B for a pair of restricted dynamical variables
A and B is defined via the inner product (2.5)

φA,B(t) := 〈A(t), B〉 = 〈A, U(t)B〉 .

If A = B, the correlator is called auto-correlator or auto-correlation function.

The Fourier transformation is defined in the Appendix A. The simplified notation f(k) =
F [f ] (k) shall be used, if no misunderstanding is to be expected. q will also be used as a
letter to indicate the Fourier transformed function. The argument r labels the real space
functions. If one applies the Fourier transform to the mean value of a restricted dynamical
variable A, one obtains

〈A(r)〉 =
∫
dΓ ΨB(Γ)

∫
dk

(2π)3 e−̊ık·rA(k,Γ)

=
∫

dr
(2π)3 e−̊ık·r

∫
dΓΨB(Γ)A(k,Γ)

= F−1 [〈A(k)〉] (r),

provided the integrals can be interchanged. Applying the Fourier transformation to the
A-B correlator leads to

φA(r)B(r′)(t) = F−1
[
φA(−k)B(k′)(t)

]
(r, r′),
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2.3. Fluctuations and Correlation Functions

where the Fourier transformation has been performed for both arguments k 7→ r and
k′ 7→ r′.
While the Fourier transform is used to deal with spatial coordinates, the Laplace trans-

form will simplify the equations for the time. The new argument s is called the Laplace
frequency (or frequency in short). It is required that Φ(t) is continuous and bounded for
all t. The Laplace transformation is defined by

L [Φ] (s) :=
∞∫
0

dtΦ(t)e−st.

Some properties of the Laplace transformation are collected in the Appendix B. For brevity
Φ(s) := L [Φ] (s) is used if not stated otherwise. The mapping φA.B(t) 7→ L [φA,B] (s)
of the A-B correlator in the time domain to the Laplace transformed correlater is an
isomorphism. This justifies referring the Laplace transformed correlator as the correlator
in the frequency domain (a more detailed discussion can be found in[Göt08, p. 65ff]).
The Laplace frequency dependence of a correlator is captured by the resolvent R which is
defined via ΦA,B(s) = 〈A, R(s)B〉. For the resolvent the identities

[s+ ı̊L]R(s) = 1, (2.21)

R(s)[s+ ı̊L] = 1 (2.22)

hold. One can regard the resolvent operator R as the Laplace transformed time-evolution
operator: R(s) =

∫∞
0 dte−stU(t).
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3. Symmetries of Correlation Function

Symmetries play an essential role in modern physics. They can lead to new insights
in theories or are used as a tool to simplify theoretical models. In general symmetries
ascribe to invariance of the system under corresponding unitary operations. Beginning this
chapter with regarding the time-inversion operation to get a first glance on the improved
restrictions to correlation function. Then a general definition of homogeneity, isotropy and
non-chirality of system will be given, which is followed by the derivation of the improved
restrictions due to these symmetries on the form of the correlation functions. The system
considered in this thesis is assumed to be homogeneous, isotropic and non-chiral. Therefore
the derived implications will be used quite frequently.
To do so, the preceding definitions of the space of dynamical variables, its metric and
the time evolution of a dynamical variable are required (see Chapter 2). The following is
based on [Göt08, p. 96ff and Appendix B].

3.1. Time-Inversion

If one thinks in term of a simple recording of a pendulum, the motion of it can be described
by the orbit Ot = (Q(t),P(t)) with initial condition O0 = (Q(t = 0),P(t = 0)) and end
position OT – the end of the movie. If one compares the motion of the pendulum in the
video playing forward and backwards, then at the same local spots in the forward motion
and in the backward motion the momentum of the pendulum is reversed. For the time
reversed motion of the pendulum, the orbit is Ore0 = (Q(T − t),−P(T − t)) with the initial
condition Oret = OT . The time-reversal invariance of the Hamilton equations is build on
this property.
Having this in mind, defining the time-reversal operator Sre as an automorphism in the

space of dynamical variables, which maps every dynamical variable X onto

[SreX](Q,P) := X(Q,−P).

Sre is unitary (Sre = S−1
re ), therefore the inner product is invariant under the time-reversal

operation Sre. Thus for every dynamical variable X and Y holds

〈SreX, SreY 〉 = 〈X, Y 〉 . (3.1)
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3.1. Time-Inversion

A dynamical variable X is said to be of definite time-inversion parity if X is an eigenvector
of the time-reversal operator Sre:

SreX = λXreX.

Since SreSreX = X, one gets for the eigenvalues λXre = ±1. If the variable X is the
eigenvector to the eigenvalue +1 X is called of even time-inversion parity and for −1 of
odd time-inversion parity. Some basic examples of time inversion parities:

(i) The position of a particle q has even time-inversion parity, which follows directly
from the definition,

[Sreq](Q,P) = q(Q,−P) = q(Q,P).

(ii) The momentum of a particle and therefore its velocity has odd time-inversion parity,
which follows directly from the definition:

[Srep](Q,P) = −p(Q,P).

(iii) If X has a definite time-inversion parity, then the rate of change ∂tX has the opposite
time-inversion parity as X itself:

[Sre∂tX](P,Q) = −λXre∂tX(Q,P).

The rate of change of a dynamical variable can also be expressed by the Liouville operator
L. For LX holds an equivalent time-inversion property.

[SreLX](P,Q) = −λXreLX(Q,P).

This can be seen as follows, writing for any dynamical variable Y : [SreY ](Q,P) =
Y (S1

re(Q),S2
re(P)), where S1

re(Q) = Q and S2
re(P) = −P. The rate of change of a variable

is given by

∂tX = iLX =
N∑
k=1

( pk
mk
· ∇qk − (∇qkU) · ∇pk

)
X
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3. Symmetries of Correlation Function

Applying the definition of the time-inversion operation to ∂tX leads to

[Sre∂tX](P,Q) = [SreiLX](P,Q)

=
[
Sre

N∑
k=1

( pk
mk
· ∇qk − (∇qkU) · ∇pk

)
X

]
(P,Q)

=
N∑
k=1

(
S2
re(pk)
mk

· ∇qk − (∇qkU) · ∇pk

)
X(S1

re(Q),S2
re(P))

=
N∑
k=1
−
( pk
mk
· ∇1 − (∇qkU) · ∇2

)
X(S1

re(Q),S2
re(P)

= −iL[SreX](Q,P)

= −λXRe∂tX(Q,P).

For the fourth equality one used that:

∇qkX(S1
re(Q),S2

re(P)) = (∇qkS1
re(Q))︸ ︷︷ ︸

=1

∇1X(S1
re(Q),S2

re(P))

= ∇1[SreX](Q,P)
∇pkX(S1

re(Q),S2
re(P)) = (∇pkS2

re(P))︸ ︷︷ ︸
=−1

∇2X(S1
re(Q),S2

re(P))

= −∇2[SreX](Q,P),

where∇1 and∇2 are the derivatives ofX with respect to the first and the second argument.
When looking at two dynamical variables X and Y of definite time-inversion parity,

then with (3.1) 〈X, Y 〉 = λXreλ
Y
re 〈X, Y 〉 holds. Hence, dynamical variables of opposite

time-inversion parity are perpendicular to each other.

〈X, Y 〉 = 0, if λXreλYre = −1. (3.2)

If one considers the A-B correlator, where A and B are of definite time inversion parity,
then the correlator is an even or an odd function of time depending on the parity of the
dynamical variables [Göt08, p. 98]

〈A(t), B〉 = λAreλ
B
re 〈A(−t), B〉 .

3.2. Symmetries

A symmetry is spatial transformation which does not change the system. The treated
transformations belong to homogeneity, isotropy and chirality.
The following transformations are automorphisms in the space of dynamical variables.

Let X be a dynamical variable.
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3.2. Symmetries

(i) Then the translation operation Str(d) of X for a vector d is defined by

[Str(d)X](Q,P) := X(Q− d,P). (3.3)

Here, Q− d := (q1 − d, . . . ,qf − d) is the translated configuration coordinate.

(ii) For an orthogonal 3-by-3 matrixD of determinant one the rotation operation Sro(D)
acting on X for a rotation D is defined as follows

[Sro(D)X](Q,P) := X(D−1 ·Q,D−1 ·P), (3.4)

where (D−1 ·Q,D−1 ·P) := (D−1 ·q1, . . . ,D−1 ·qf ,D−1 ·p1, . . . ,D−1 ·pf , ) are the
rotated phase-space points (f are the degrees of freedom of the considered system).

(iii) The space-inversion operation Sin for X is defined by

[SinX](Q,P) := X(−Q,−P). (3.5)

The Euclidean measure dΓ = dQdP is invariant under the above transformations S.
For the averages, the inner products (overlaps) and the correlators of dynamical variables
X and Y , one gets

〈SX〉 = 〈X〉S
〈SX, SY 〉 = 〈X, Y 〉S

〈[SA](t), SB〉 = 〈A(t), B〉S ,

where the index S indicates that they are calculated with the Hamiltonian S−1H instead
of H. These quantities are defined in Chapter 2. S can be any of the defined symmetry
operations in (3.3)-(3.5). If for all X and Y for a system the symmetry relations

〈SX〉 = 〈X〉
〈SX, SY 〉 = 〈X, Y 〉

〈[SA](t), SB〉 = 〈A(t), B〉 (3.6)

hold for all translations Str(d) then it is called homogeneous. If the symmetry relations
hold for all rotations Sro(D) then the system is called isotropic. And if the symmetry
relations hold for Sin the system is called chiral.

The symmetry relations imply that the operator S is unitary since S is defined on
the whole space of dynamical variables and due to the second identity of the symmetry
relations (3.6). As a consequence there holds for the time evolution operator U , that
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3. Symmetries of Correlation Function

S−1U(t)S = U(t) respectively

U(t)S = SU(t).

By expressing the time evolution in terms of the operator U(t) one gets from the third
identity in (3.6) that 〈U(t)SA, SB〉 = 〈U(t)A, B〉, where A and B were arbitrary [Göt08,
p. 96ff].

3.3. Symmetries of Fluctuation Correlators

The dynamics in liquids is traditionally described using correlation functions. For a homo-
geneous system it is convenient to describe the dynamics of fluctuations in Fourier space.
In this section some implications for the correlators of dynamical variables in Fourier space
shall be derived.
Zk is called field fluctuation if for there hold the transformation law Str(d)Zk = e̊ık·dZk for
all translations. For the Fourier transform of a dynamical variable Z (compare appendix
A) this transformation law always applies. Zk is a set of dynamical variables, which are
defined for all wave vectors k.

(i) Zk is called scalar field fluctuation if

Sro(D)Zk = ZD·k

holds for all rotations D.

(ii) A vector field fluctuation Zk is defined as a triple of field fluctuations, which obeys

Sro(D)Zmk =
∑
α

ZαD·kD
αm

for all rotations D := (Dαβ)αβ.

(iii) A tensor field fluctuation (of rank two) Zk is a 3-by-3 matrix of field fluctuations,
which satisfies the transformation law

Sro(D)Zmnk =
∑
α

∑
β

ZαβD·kD
αmDβn

for all rotations D.
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3.3. Symmetries of Fluctuation Correlators

Homogeneity

The translation of a field fluctuation Zk by vector d is given by Str(d)Zk = e̊ıq·dZk.
Consequently, for a homogeneous system follows

〈Xk(t), Yq〉 = 〈[Str(d)Xk](t), Str(d)Yq〉 = e̊ı(k−q)·d 〈Xk(t), Yq〉 (3.7)

for a pair of field fluctuations Xk and Yq. If 〈Xk(t), Yq〉 6= 0, then k has to be equal to
q, that (3.7) is satisfied. Accordingly

〈Xk(t), Yq〉 = δk,q 〈Xk(t), Yk〉

Hence, in the following only correlators with field fluctuations with the same wave vectors
will be considered.

Isotropy

Considering an isotropic system the consequences for the correlators of scalar, vector or
tensor field fluctuations and some mixtures shall be derived.

First of all, define for all vectors k the vector k∗ := kez and the rotation matrix D∗
with D∗ · k∗ := k, which rotates k∗ (back) into the direction of k. Rotations around the
third coordinate axis about an angle φ are given by

D(φ) :=


cos(φ) sin(φ) 0

− sin(φ) cos(φ) 0

0 0 1

 .

The procedure to derive the following decomposition is basically the same for all different
correlators. Just the complexity of the calculations increase with dimensions. At first, the
symmetry relation is used to get the condition that shall hold. Next, the condition is
considered for the rotation D = D−1

∗ . Since isotropy is assumed the starting equation
holds for all rotations. This leads to a kind of eigenvalue equation. Specifying k = k∗ and
D = D(φ) in the eigenvalue equation. Then by calculating the derivation with respect
to φ and following evaluation at φ = 0 one gets a linear system of equations. The final
step is to solve this linear system of equations to get the relation of the coefficients of the
decomposition.

• For a pair of scalar field fluctuations Ak and Bk in an isotropic system holds

〈Ak(t), Bk〉 = 〈[Sro(D)Ak](t), Sro(D)Bk〉 = 〈AD·k(t), BD·k〉 . (3.8)
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3. Symmetries of Correlation Function

Specializing to D = D−1
∗ , it follows that D · k = D−1

∗ · k = k∗. Hence

〈Ak(t), Bk〉 = 〈Ak∗(t), Bk∗〉 . (3.9)

The correlator only depends on the absolute value k = |k|. The reverse statement
is valid, too. If (3.9) is satisfied, the invariance relation (3.8) holds for the pair of
scalar field fluctuations Ak and Bk for all Sro(D).

• Consider a correlator formed with a scalar field fluctuation Ak and a vector field
fluctuation Vk. For isotropic systems, the equality

(3.10)〈Ak(t), V m
k 〉 = 〈[Sro(D)Ak](t), Sro(D)V m

k 〉
=
∑
α

〈AD·k(t), V α
D·k〉Dαm

holds for all rotations D.

Choosing D = D−1
∗ , (3.10) implies that

〈Ak(t), V m
k 〉 =

∑
α

〈Ak∗(t), V α
k∗〉︸ ︷︷ ︸

=gα
Dmα
∗ , (3.11)

where gα := 〈Ak∗(t), V α
k∗〉.

On the other hand choosing k = k∗ and D = D(φ) in (3.10) one gets

gm =
∑
α

gαD(φ)αm,

because k∗ is invariant under all rotations D(φ) around the third coordinate axis.
This is an eigenvalue equation for D, where g is the eigenfunction. By calculating
the derivative with respect to φ of the eigenvalue equation at φ = 0, it follows that 1

0 =
∑
α

gαεαm3.

By solving this system one finds that g = (gα)α is pointing in third coordinate
direction. g1 = g2 = 0 and g3 6= 0. Hence gα can be written as

gα =
〈
Ak∗(t), V 3

k∗
〉 k∗α
k

(3.12)

1εαβγ is the Levi-Civita tensor. Defined as

εαβγ :=


1, if (αβγ) = (123) or even permutations of it
0, if at least two indices are equal
−1, for odd permutations of (123)

26



3.3. Symmetries of Fluctuation Correlators

k∗ is a vector pointing in z-direction, therefore k∗m/k = δm3. Combining the previous
results (3.11) and (3.12) and using the definition of D∗ (∑αD

mαq∗α = qm), then
this leads to

〈Ak(t), V m
k 〉 =

〈
Ak∗(t), V 3

k∗
〉 km
k
. (3.13)

The correlator
〈
Ak∗(t), V 3

k∗
〉
on the right hand side depends only on the wave vector

via its absolute value k.

An analogous result holds for the interchanged case for a correlator of a vector and
a scalar field fluctuation.

〈V m
k (t), Ak〉 =

〈
V 3

k∗(t), Ak∗
〉 km
k
.

• Consider the correlator of a pair of vector field fluctuations Vk andWk. The isotropy
condition leads to

(3.14)
〈V m

k (t), Wn
k 〉 = 〈[Sro(D)V m

k ](t), Sro(D)Wn
k 〉

=
∑
αβ

〈
V α
D·k(t), W β

D·k
〉
DαmDβn

for all rotation matrices D. For D = D−1
∗ the previous equation becomes

〈V m
k (t), Wn

k 〉 =
∑
αβ

gαβDmα
∗ Dnβ

∗ (3.15)

where gαβ :=
〈
V α

k∗(t), W
β
k∗
〉
.

For k = k∗ and D = D(φ) equation (3.14) leads to

gmn =
∑
αβ

gαβD(φ)αmD(φ)βn,

because k∗ is invariant under all rotations D(φ) around the third coordinate axis.
By deriving with respect to φ for φ = 0 one gets

0 =
∑
αβ

gαβ(εαm3δβn + δαmεβn3). (3.16)

These are nine homogeneous linear equations for the quantities gαβ. By introducing
new indexes

γ := γ(α, β) = 1 + (α− 1)30 + (β − 1)31

l := l(m,n) = 1 + (m− 1)30 + (n− 1)31,
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3. Symmetries of Correlation Function

which combine the indexes α and β respectively m and n, equation (3.16) can be
written as 0 = A · x, with A = (Alγ)lγ := (εαm3δβn + δαmεβn3)lγ and x = (xγ)γ :=
(gαβ)γ . Thus the problem transforms into calculating the kernel of A, which can
easily be done using Gauss elimination. Every solution is thus a linear combination
of the basis vectors of the kernel of A. One possible basis of the kernel of A is
{b1, b2, b3}.

b1 = e9

b2 = e4 − e2

b3 = e1 + e5,

where eγ := (0, . . . , 0, 1, 0, . . . , 0) is a nine dimensional unit vector with the only
non-zero entry at position γ. The basis can be expressed through the former corre-
sponding tuple

b1 = e(33) = k∗αk∗β

k2 ,

b2 = e(11) + e(22) = δαβ − k∗αk∗β

k2 ,

b3 = e(21) − e(12) = εαβi
k∗i

k
.

The general solution of (3.16) can then be written as

gmn = g1

(
k∗mk∗n

k2

)
+ g2

(
δmn − k∗mk∗n

k2

)
+ g3

∑
α

εmnα
(
k∗α

k

)
, (3.17)

where the coefficients are

g1(t) =
〈
V 3

k∗(t), W 3
k∗
〉

g2(t) =
〈
V 1

k∗(t), W 1
k∗
〉

=
〈
V 2

k∗(t), W 2
k∗
〉

g3(t) =
〈
V 1

k∗(t), W 2
k∗
〉

= −
〈
V 2

k∗(t), W 1
k∗
〉
.

By using (3.15) and the definition of D∗ one arrives at

〈V m
k (t), Wn

k 〉 = g1(t)
(
kmkn

k2

)
+ g2(t)

(
δmn − kmkn

k2

)
+ g3(t)

∑
α

εmnα
(
kα

k

)
.

(3.18)

This representation ensures the validity of the isotropy condition.

• Finally, consider a correlator consisting of two tensor field fluctuations Tk and Uk.
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3.3. Symmetries of Fluctuation Correlators

Due to the isotropy condition〈
Tmnk (t), U ijk

〉
=
〈

[Sro(D)Tmnk ](t), Sro(D)U ijk
〉

=
∑
αβ

∑
γδ

〈
TαβD·k(t), UγδD·k

〉
DαmDβnDγiDδj (3.19)

holds for all rotation matrices D.

For the rotations D = D−1
∗ the previous equation reduces to〈

Tmnk (t), U ijk
〉

=
∑
αβ

∑
γδ

gαβγδDmα
∗ Dnβ

∗ Diγ
∗ D

jδ
∗ (3.20)

with gαβγδ :=
〈
Tαβk∗ (t), Uγδk∗

〉
.

For k = k∗ and D = D(φ) equation (3.19) becomes

gmnij =
∑
αβ

∑
γδ

gαβγδD(φ)αmD(φ)βnD(φ)γiD(φ)δj ,

because k∗ is invariant under all rotations D(φ) around the third coordinate axis.
Deriving with respect to φ at φ = 0 leads to

0 =
∑
αβγδ

gαβγδ(εαm3δβnδγiδδj + εβn3δαmδγiδδj + εγi3δαmδβnδδj + εδj3δαmδβnδγi).

(3.21)

The preceding equation is solved in the same way as (3.16). Introducing two new
indexes

ϕ :=ϕ(α, β, γ, δ) = 1 + (α− 1)30 + (β − 1)31 + (γ − 1)32 + (δ − 1)33,

p :=p(m,n, i, j) = 1 + (m− 1)30 + (n− 1)31 + (i− 1)32 + (j − 1)33,

Thus, (3.21) can be written as 0 = A · x, with A = (Apϕ)pϕ(:= εαm3δβnδγiδδj +
εβn3δαmδγiδδj+εγi3δαmδβnδδj+εδj3δαmδβnδγi)pϕ and x = (xϕ)ϕ := (gαβγδ)ϕ. Like in
the previous calculation the problem reduces to calculating the kernel of A, which
can be done with Gauss elimination. Every solution is thus a linear combination
of the basis vectors of the kernel of A. Expressing the basis of the kernel of A
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3. Symmetries of Correlation Function

{b1, b2, . . . , b19} directly through the former index quadruplet, one gets

b1 = e(3333) = 1
k4k
∗αk∗βk∗γk∗δ

b2 = e(1133) + e(2233) =
(
δαβ − 1

k2k
∗αk∗β

)
1
k2k
∗γk∗δ

b3 = e(1233) − e(2133) =
(
εαβl 1

kk
∗l
)

1
k2k
∗γk∗δ

b4 = e(2323) + e(1313) =
(
δαγ − 1

k2k
∗αk∗γ

)
1
k2k
∗βk∗δ

b5 = e(1323) − e(2313) =
(
εαγl 1

kk
∗l
)

1
k2k
∗βk∗δ

b6 = e(3113) + e(3223) =
(
δβγ − 1

k2k
∗βk∗γ

)
1
k2k
∗αk∗δ

b7 = e(3123) − e(3213) =
(
εβγl 1

kk
∗l
)

1
k2k
∗αk∗δ

b8 = e(1331) + e(2332) =
(
δαδ − 1

k2k
∗αk∗δ

)
1
k2k
∗βk∗γ

b9 = e(1332) − e(2331) =
(
εαδl 1

kk
∗l
)

1
k2k
∗βk∗γ

b10 = e(3131) + e(3232) =
(
δβδ − 1

k2k
∗βk∗δ

)
1
k2k
∗αk∗γ

b11 = e(3231) − e(3132) =
(
εβδl 1

kk
∗l
)

1
k2k
∗αk∗γ

b12 = e(3311) + e(322) =
(
δγδ − 1

k2k
∗γk∗δ

)
1
k2k
∗αk∗β

b13 = e(2222) + e(2112) + e(1221) + e(1111) =
(
δαβδβγδγδ − 1

k4k
∗αk∗βk∗γk∗δ

)
+
(
δαδ − 1

k2k
∗αk∗δ

) (
δβγ − 1

k2k
∗βk∗γ

)
b14 = e(1112) + e(1222) − e(2111) − e(2221) =

(
εαδl 1

kk
∗l
) (
δβγ − 1

k2k
∗βk∗γ

)
b15 = e(2122) + e(1112) − e(2221) − e(1211) =

(
δαγ − 1

k2k
∗αk∗γ

) (
εβδl 1

kk
∗l
)

b16 = e(2211) + e(1122) − e(1221) − e(2112) =
(
1− 1

kk
∗α − 1

kk
∗γ + 1

k2k
∗αk∗γ

)
×
(
εβδl 1

kk
∗l
)

b17 = e(3312) − e(3321) =
(
εγδl 1

kk
∗l
)

1
k2k
∗αk∗β

b18 = e(1112) + e(2212) − e(1121) − e(2221) =
(
δαβ − 1

k2k
∗αk∗β

) (
εγδl 1

kk
∗l
)

b19 = e(1212) + e(2121) − e(2112) − e(1221) =
(
1− 1

kk
∗β − 1

kk
∗α + 1

k2k
∗αk∗β

)
×
(
εγδl 1

kk
∗l
)

It is more convenient to use another basis {b′1, . . . , b′19}. Later, one is interested in
non-chiral systems. Therefore only a reduced basis transformation matrix for the
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3.3. Symmetries of Fluctuation Correlators

non-chiral part of the basis bnc = {b1, b4, b7, b8, b10, b12, b14b16, b18, b19} is given2

T
b′nc
bnc

=



0 1 1 1 0 0 0 0 1 1

1 0 1 0 1 0 0 1 0 1

0 0 1 0 0 1 1 0 0 1

0 0 0 0 0 0 0 0 1 1

0 0 0 1 0 0 0 0 0 1

0 0 0 0 0 0 0 1 0 1

0 0 0 0 0 1 0 0 0 1

0 0 0 0 0 0 1 0 0 1

0 0 0 0 1 0 0 0 0 1

0 0 0 0 0 0 0 0 0 1



.

The chiral vectors of the basis remain unchanged. Thus, the general solution is

gmnij = g1δ
mnδij + g4δ

miδnj + g7δ
mjδni + g8δ

mn 1
k2k

∗ik∗j

+ g10
1
k2k

∗mk∗nδij + g12δ
mi 1
k2k

∗nk∗j + g14δ
mj 1
k2k

∗nk∗i

+ g16δ
ni 1
k2k

∗mk∗j + g18δ
nj 1
k2k

∗mk∗i + g19
1
k4k

∗mk∗nk∗ik∗j + fmnij .

fmnij is the chiral part the solution. By using (3.20) and the definition of D∗ one
arrives at

〈
Tmnk (t), U ijk

〉
= g1(t)δmnδij + g4(t)δmiδnj + g7(t)δmjδni + g8(t)

(
δmn

kikj

k2

)

+ g10(t)
(
kmkn

k2 δij
)

+ g12(t)
(
δmi

knkj

k2

)

+ g14(t)
(
δmj

knki

k2

)
+ g16(t)

(
δni

kmkj

k2

)

+ g18(t)
(
δnj

kmki

k2

)
+ g19(t)

(
kmknkikj

k4

)
+ fmnij

(3.22)
2One gets the basis transformation matrix T b′b = (tij)ij by expressing the basis vectors of the new basis
{b′j} as linear combination of the vectors of the old basis {bj}

b′j =
dim({bj})∑

i=1

tijbi
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3. Symmetries of Correlation Function

The coefficients gi only depend on the modulus of k = |k|. The representation
ensures the validity of the isotropy condition. The functions Σ(1)(k, t) and Σ(2)(k, t)
are generalizations of the Lamé coefficients.

Non-Chirality

For the implications of non-chirality for the correlators one needs some more definitions.
The space-inversion Sin of a field fluctuation Xk is given by

SinXk = X−k.

A field fluctuation Xk is said to have definite space-inversion parity if

SinXk = λXinX−k

holds. Since SinSin = 11, thus λin = ±1. If in the preceding equation λXin = 1 the parity
of X is called even and if λXin = −1 the parity of X is called odd. For example the
density fluctuations %κk have even space-inversion parity and current fluctuations jκk have
odd space-inversion parity.
A system is called non-chiral if for every pair of field fluctuations Xk and Yk of definite

space-inversion parity the system is invariant under the space-inversion operation

〈Xk, Yk〉 = 〈SinXk, SinYk〉 = λXinλ
Y
in 〈X−k, Y−k〉 . (3.23)

For isotropic non-chiral system, a correlator of

• two vector field fluctuations Vk andWk with the same definite space-inversion parity
(λVinλWin = 1) the decomposition

〈V m
k (t), Wn

k 〉 = g1(t)
(
kmkn

k2

)
+ g2(t)

(
δmn − kmkn

k2

)
holds. The last term of (3.18) vanishes, g3(t) = 0 due to the non-chirality condition
(3.23).

• two tensor field fluctuations Tk and Uk with the same definite space-inversion parity
(λTinλUin = 1) the decomposition

〈
Tmnk (t), U ijk

〉
= g1(t)δmnδij + g4(t)δmiδnj + g7(t)δmjδni + g8(t)

(
δmn

kikj

k2

)

+ g10(t)
(
kmkn

k2 δij
)

+ g12(t)
(
δmi

knkj

k2

)
+ g14(t)

(
δmj

knki

k2

)

+g16(t)
(
δni

kmkj

k2

)
+g18(t)

(
δnj

kmki

k2

)
+g19(t)

(
kmknkikj

k4

)
.
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3.3. Symmetries of Fluctuation Correlators

The term fmnij of (3.22) has to be zero due to the non-chirality condition (3.23).

The stress auto correlation tensor Σmnij obeys additional symmetries under exchange
of indices (4.44)

Σmnij(k, t) = Σnmij(k, t) = Σ∗ijmn(k, t) = Σijmn(−k, t).

Since Σmnij is an auto correlation tensor, the previous decomposition holds. Due to the ad-
ditional symmetries, the decomposition reduces to a representation with five independent
components Σ(l)(k, t)

Σmnij(k, t) = Σ(1)(k, t)δmnδij + Σ(2)(k, t)(δmiδnj + δmjδni) + Σ(3)(k, t) (δmnkikj + kmknδij)
+ Σ(4)(k, t) (δmiknkj + δmjknki + δnikmkjδnjkmki) + Σ(5)(k, t) (kmknkikj) .

(3.24)

The five components Σ(l)(k, t) only depend on the modulus k = |k|.

Longitudinal and Transverse Splitting of Vector Field Fluctuations

Every vector field fluctuation Vk can be uniquely split into a part parallel and a part
transverse to the vector k. The projection parallel to k is called the longitudinal part Vk,‖
and the projection orthogonal to k is called the transverse part Vk,⊥. For the splitting
holds

Vk = V · k
k2 k︸ ︷︷ ︸

=:Vk,‖

+ k2V − (V · k)k
k2︸ ︷︷ ︸

=:Vk,⊥

.

The longitudinal and the transverse part are characterized by

Vk,‖ · Vk,⊥ = 0,

k× Vk,‖ = 0,
k · Vk,⊥ = 0.

Considering the splitting parallel and orthogonal to k∗, the longitudinal part is given
by Vk∗,‖ = (0, 0, V 3

k∗) and the transverse part by Vk∗,⊥ = (V 1
k∗ , V

2
k∗ , 0). Combining this

decomposition with the results of the isotropy calculations yields to:

• Applying the decomposition for the scalar vector field fluctuation correlator (3.13),

〈Ak, V
m
k (t)〉 =

〈
Ak, V

m
k,‖(t)

〉
.
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3. Symmetries of Correlation Function

The transverse part vanishes 〈
Ak, V

m
k,⊥(t)

〉
= 0.

• Applying the decomposition for both of the vector field fluctuations in (3.18), one
obtains the decomposition

〈V m
k , W n

k 〉 =
〈
V m

k,‖, W
n
k,‖
〉

+
〈
V m

k,⊥, W
n
k,⊥
〉
.

All correlators of mixtures of longitudinal and transverse vector fields vanish.

The longitudinal part is

〈
V m

k,‖, W
n
k,‖
〉

= g1(t)
(
kmkn

k2

)
.

The coefficients g2 and g3 do not appear.

For the transverse part one finds

〈
V m

k,⊥, W
n
k,⊥
〉

= g2(t)
(
δmn − kmkn

k2

)
+ g3(t)

∑
α

εmnα
(
kα

k

)
.

g1 vanishes.

If the system is additionally non-chiral and the field fluctuations have the same
space-inversion parity

〈
V m

k,⊥, W
n
k,⊥
〉

= g2(t)
(
δmn − kmkn

k2

)
if λVinλWin = 1.

If one considers the velocity autocorrelation function (4.24) by using the previous result
for two vector field fluctuations in an isotropic non-chiral system, one gets the decompo-
sition

Kmn(k, t) = K
‖
k(t)k̂mk̂n +K⊥k (t)(δmn − k̂mk̂n) (3.25)

k̂m = km/k is the unit vector in k-direction.

3.4. Conclusion

Regarding the symmetries of a system a variety of implications can be made and used
to improve restrictions on correlation functions. A main result of the first section was
that dynamical variables with opposite time-inversion parity are perpendicular to each
other. This will be especially useful for the calculation within the Zwanzig-Mori formalism.
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3.4. Conclusion

Since the in this thesis considered system is assumed to be homogeneous, isotropic and
non-chiral. The decomposition of the correlators due to isotropy and non-chirality will
lead to a lot of simplification. The homogeneity then justifies that for all the considered
correlators a single wavevector is sufficient.
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4. Stress Autocorrelation Tensor

In large systems, one has to solve way too many coupled for the full dynamics. Therefore,
some level of coarse-graining is needed. The Langevin approach describes the dynamics
through a distinguished set of variables of the system and replaces the interactions with
the solvent by a stochastic force. The Zwanzig-Mori formalism provides a formally ex-
act way to rewrite the equations of motion in terms of “relevant variables”, a selected
set of dynamical variables. The resulting equations consist of a frequency matrix, which
describes the evolution of free particles, and a memory kernel, which includes the inter-
actions between the particles. In order to solve these equations, one generally needs to
apply some approximation.

The stress autocorrelation tensor is the main object studied in this work. After a brief
introduction of the Zwanzig-Mori formalism in the first section, this formalism shall be ap-
plied to derive the stress autocorrelation tensor in the second section. Density fluctuations
and velocity fluctuations are chosen as “relevant variables”. Thus the corresponding auto-
correlators are determined through the Zwanzig-Mori formalism. After that the derivation
of the full stress autocorrelation tensor is presented. So far no approximations were applied
and the full dynamics of system governed by the conservation laws are considered. Then
deriving the shear stress autocorrelation tensor, which are selected components of the full
stress autocorrelation tensor. The second to last section discusses the derived stress au-
tocorrelation tensor. It starts with a brief recapitulation of Maxwells macroscopic model
for the stress of viscoelastic fluids. It is followed by a section which examined the hydro-
dynamic limit and the elastic limit of the shear stress tensor. The “generalized Maxwell
model” is made of of a single relaxation time, controlling the phase of the glass-forming
fluid, and a damping constant accounting for dissipation. It has a rather rich content,
which is discussed in the last two subsections. The last section provides a summary of the
results.

4.1. Zwanzig-Mori Formalism

A short derivation of the Zwanzig-Mori formalism is provided, following Götze [Göt08, p.
72ff]. Say, the dynamics of interest are described by a distinguished variables A1, . . . , An.
The set of distinguished variables is requested to be linearly independent and in the domain
of the Liouville operator L. The dynamical variables are elements of the vector space of
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4.1. Zwanzig-Mori Formalism

dynamical variables and refereed to as vectors. The metric matrix g = (gij)ij for the
set A1, . . . , An is formed with the elements gij := 〈Ai, Aj〉. g is Hermitian and positive
definite. With the Gram-Schmidt orhonormalization method one can construct recursively
a matrix T and its inverse T ′ so that the constructed orthonormal vectors Ej can be
expressed through the vectors of the distinguished set Ai via

Ej =
n∑
i=1

AiTij ,

Ai =
n∑
l=1

ElT
′
li. (4.1)

Since 〈Ei, Ej〉 = δij , the metric matrix g can be factorized

gij =
n∑
l=1

T ′∗li T
′
lj .

The inverse metric matrix is

(g−1)ij =
n∑
l=1

T ∗ilTjl.

The Zwanzig-Mori formalism achieves the splitting of the equation of motion, such that
the distinguished set of variables can be treated separately from the remaining variables.
This is achieved via a projection operator formalism as in quantum mechanics. Therefore,
the bra-ket notation will be used in the same spirit. The projector on the subspace of the
distinguished vectors is P := ∑n

i=1 |Ei〉 〈Ei|. With (4.1)

P =
n∑

i,j=1
|Ai〉 (g−1)ij 〈Aj | . (4.2)

The set {E1, . . . , En} can be extended by other orthonormalized vectors F1, F2, . . . such
that their union forms a basis of the whole Hilbert space of dynamical variables. Thus
〈Ei, Fj〉 = 0 and 1 = ∑n

i=1 |Ei〉 〈Ei| + ∑∞
j=1 |Fj〉 〈Fj |. The projector onto the space

spanned by F1, F2, . . . is defined as Q := ∑∞
j=1 |Fj〉 〈Fj |. P and Q project onto orthogonal

subspaces, thus

PQ = QP = 0 (4.3)

and provide (by definition) the identity

P +Q = 1. (4.4)
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4. Stress Autocorrelation Tensor

Besides that, the general relations for projectors hold: P = P† and Q = Q†, PP = P and
QQ = Q.1

The reduced Liouville operator shall be introduced

LQ := QLQ.

The domain of definition of L is contained in the domain of LQ. LQ is Hermitian: LQ =
L†Q, because Q and L are Hermitian. The reduced Liouville operator can be used to define
a reduced time evolution operator UQ and a reduced resolvent operator RQ

UQ(t) := e−̊ıLQt,

RQ(s) := [s+ ı̊LQ]−1.

They can be used for defining the correlation functions

φQA,B(t) = 〈A, UQ(t)B〉 ,
φQA,B(s) = 〈A, RQ(s)B〉 .

LQ describes the dynamics in the subspace spanned by F1, F2, . . ., which will be referred
to as reduced dynamics. Consider a vector or a variable A = PA from the subspace of
distinguished variables. Since −̊ı∂tUQ(t)A = UQ(t)LQA = 0, where (4.3) was used, A is a
constant of motion in the reduced dynamics.

The goal is now to find an identity for the PR(s)P, which will cancel the time evolution
of variables in the subspace of the distinguished set of variables. Starting with (2.21) and
using (4.4), one gets the second resolvent identity

(s+ ı̊L)PR(s) + (s+ ı̊L)QR(s) = 1. (4.5)

Multiplying this identity (4.5) by P from left and right and using P2 = Pleads to

(s+ ı̊PLP)PR(s)P + ı̊PLQR(s)P = P. (4.6)

Multiplying the second resolvent identity (4.5) with QRQ(s)Q from left and P from right,
leads to

QR(s)P = −̊ıQRQ(s)QLPR(s)P. (4.7)

Here, was used that RQ[s+ ı̊LQ] = 1. Eliminating QR(s)P in (4.6) with (4.7), one arrives

1The symbol † denotes the adjoint operator.
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4.1. Zwanzig-Mori Formalism

at the desired identity for PR(s)P

[s+ ı̊PLP + PLQRQ(s)QLP]PR(s)P = P. (4.8)

The operator in the bracket and PR(s)P are operators which map vectors from the sub-
space of the distinguished set of variables onto itself. The identity maps the subspace of dis-
tinguished variables onto itself. This means, that one can regard the identity as PR(s)P =
R̂(s)P, where R̂(s) is defined as the resolvent of the operator ı̊PLP + PLQRQ(s)QLP.
With the representation (4.2) of the projector P the identity (4.8) can be expressed in
terms of matrix elements formed with the distinguished set of variables A1, . . . , An. The
matrix elements of the resolvent in the Laplace domain define the correlator

φij(s) := 〈Ai, R(s)Aj〉 = 〈Ai, PR(s)PAj〉 .

Now introduce the frequency matrix Ω with frequencies Ωil

Ωil :=
n∑
k=1
〈Ai, iLAk〉 (g−1)k,l

⇔ Ω :=Ω̂g−1, Ω̂ik := 〈Ai, ı̊LAk〉

The frequency matrix captures the overlaps of the distinguished variables Ak with ı̊LAk
which can be combined through distinguished variables, since Ω̂il = 〈PAi, iLAl〉 =
〈Ai, iPLAl〉. Ω̂ is Hermitian: Ω̂ = Ω̂†, because L is Hermitian. With the frequency
matrix one obtains for the matrix element of the second term of (4.8)

〈Ai, ı̊PLPPR(s)PAj〉 = 〈Ai, ı̊LPR(s)Aj〉 =
n∑
l=1

Ωilφlj(s),

where (4.2), the projector represented via the distinguished variables was used. For the
third term of (4.8) define the Laplace frequency dependent memory matrix M by

Mil(s) :=
n∑
k=1

〈
FQi , RQ(s)FQk

〉
(g−1)kl

⇔M(s) :=M̂(s)g−1, M̂il(s) :=
〈
FQi , RQ(s)FQl

〉
,

where FQk are the fluctuating forces

FQk := Q∂tAk(t = 0) = ı̊QLAk.

The time evolution of the fluctuating forces is generated by the reduced Liouville operator
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4. Stress Autocorrelation Tensor

LQ. Multiplying (4.8) from left with 〈Ai| and from right with |Aj〉 leads to

n∑
l=1

[sδil − Ωil +Mil(s)]φlj = −gij , (4.9)

the Zwanzig-Mori equations of motion in the Laplace domain. In the time domain the
Zwanzig-Mori equations of motion for the correlators read B

∂tφij(t)−
n∑
l=1

Ωilφlj(t) +
n∑
l=1

t∫
0
dt′Mil(t− t′)φlj(t′) = 0

φij(t = 0) = gij

, (4.10)

with the corresponding correlators for the distinguished set of variables in the time domain

φij(t) = 〈Ai, U(−t)Aj〉
M̂il(t) =

〈
FQi , UQ(−t)FQl

〉
.

[Zwa61]; [Mor65] The Zwanzig-Mori equations describe the dynamics of a system as that of
two coupled subsystems. The first subsystem is described by the set of distinguished vari-
ables A1, . . . , An. The second subsystem contains the complementary variables F1, F2, . . ..
The frequency matrix Ωij is determined through overlaps of the distinguished variables
and the forces which can be combined through distinguished variables.The memory matrix
Mij and the fluctuating forces FQl depends on the space spanned by F1, F2, . . .. The mem-
ory function accounts for the coupling between those two subsystems. If a distinguished
variable Al evolves in the subspace of the distinguished variables (i.e. P∂tAl = ∂tAl), the
corresponding fluctuating forces FQl are zero. In this case, the dynamics of the subsystem
are independent and Mml(t) = 0. But if the fluctuating forces FQl (t) are non zero, then
a time variation in subsystem one creates a disturbance of subsystem two, which in turn
changes the the forces on subsystem one. The force acting on Am at time t depends on
the perturbation created through the rate of change of Al at time t′ before t, t′ ≤ t. This
feedback coupling is described by the memory kernel/functionMml(t− t′). The Zwanzig-
Mori equations do not provide a simplification of the problem of calculating the correlation
function. They split the problem into two, determining the memory matrix and solving
the equation of motion for the correlator.
For general correlators φX,Y , one has to find a formula for the full resolvent expressed

through the reduced ones. Using (4.4), the resolvent operator can be decomposed into a
sum of four terms

R(s) = PR(s)P + PR(s)Q+QR(s)P +QR(s)Q. (4.11)

(4.7) already provides an expression for the third term. Using the first resolvent identity
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4.2. Derivation of the Stress Autocorrelation Tensor

(2.21) with (4.4), leads to the resolvent identity

ı̊R(s)P(s+ ı̊L) +R(s)Q(s+ ı̊L) = 1. (4.12)

Multiplying the preceding equation from left and right by QR(s)QQ, one gets a formula
for the fourth term,

QR(s)Q = QR(s)QQ− ı̊QR(s)PLQR(s)QQ. (4.13)

By multiplying (4.12) from the left with P and from the right with QRQ(s)Q, the coun-
terpart to equation (4.7) is obtained,

PR(s)Q = −̊ıPR(s)PLQRQ(s)Q. (4.14)

Collecting all, using (4.7), (4.13) and (4.14), one arrives at an identity for the full resolvent

R(s) = QRQ(s)Q+ [1− ı̊QRQ(s)QL]PR(s)P[1− ı̊LQRQ(s)Q],

which provides a formula expressing the resolvent through the reduced one. By introducing
the reduced resolvent R′(s) := Q[LQ − s]−1Q = QRQ(s)Q, the identity shortens to

R(s) = R′(s) + [1− ı̊R′(s)L]PR(s)P[1− ı̊LR′(s)]. (4.15)

4.2. Derivation of the Stress Autocorrelation Tensor

The set of variables of interest are the fluctuations of the conserved density and veloc-
ity.Besides these correlators, the main goal is to derive an expression for the stress fluctu-
ation autocorrelation function.

4.2.1. Density and Velocity Fluctuation Autocorrelation Function

The system is assumed to be homogeneous, isotropic and non-chiral as in Chapter 2.2.
In the present case the set of distinguished variables are the density fluctuations δ% and
velocity fluctuations δv. By considering a quiescent equilibrium 〈v(q, t)〉 = 0, the velocity
fluctuations coincide with the velocity field δv = v. The following derivation is done
in Fourier space. The conservation laws for the fluctuations follow directly from the
conservation laws of the density and the velocity field 2.2

∂tδ%(q, t) = ı̊Lδ%(q, t) = ı̊L%(q, t) = −̊ıq · v(q, t), (4.16)

∂tv(q, t) = ı̊Lv(q, t) = 1
m
ı̊q · σ, (4.17)
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4. Stress Autocorrelation Tensor

where L denotes the Liouville operator and N counts the particles of identical mass m in
the volume V . The wavevector q shall be fixed but arbitrary. The arguments q and t are
suppressed, but will appear at important points for the sake of clarity. The metric matrix
associated with the conserved variables is

g = (gij)ij =

 〈δ%, δ%〉 (〈δ%, vβ〉)Tβ
(〈vα, δ%〉)α (〈vα, vβ〉)αβ

 . (4.18)

In this chapter Greek indices are taken from the set {1, 2, 3}, while Latin indices shall be
taken from {1, 2, 3, 4}. Einsteins sum convention2 will be used. (ai1...in)i1...in denotes an
4n dimensional matrix and shall not be confused with Einsteins sum convention.

Partial expectations values over velocities can be calculated independently from those
over the configuration space (Ψ is the probability density, not further specified), thus

〈vα, δ%〉 =
∫∫

dRdV Ψ(R,V, t)vαδ%(r)

=
∫
dR δ%(r)

∫
dV Ψ(R,V, t)vα,

where also was used that vα is real which, means that v∗α = vα. Since a quiescent equi-
librium is assumed 0 = 〈vα〉 =

∫∫
dRdV Ψ(R,V, t)vα holds, thus

∫
dV Ψ(R,V, t)vα = 0.

Combining these statements one can conclude, that the velocity fluctuations are orthogo-
nal to those of the densities:

〈vα, δ%〉 =0 (4.19)

〈δ%, vβ〉 =0. (4.20)

This also holds for the Fourier transformed variables. Thus the metric matrix simplifies
to

g =

 Sq 0T

0 kBT
m (δαβ)αβ

 , (4.21)

where Sq denotes the static structure factor, defined by Sq :=
〈|δ%q|2

〉
and

〈
v∗αq vβq

〉
=

1
βmδαβ, because of the equipartition theorem. The inverse metric matrix follows

g−1 =

 1
Sq

0T

0 m
kBT

(δαβ)αβ

 .
2When an index appears twice or more in a single term and is not defined otherwise, a sum over all values
of the index is implied, i.e. aαbα =

∑3
α=1 aαbα.
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4.2. Derivation of the Stress Autocorrelation Tensor

The projector (4.2) onto the space of the conserved variables, respectively distinguished
variables, thus can be expressed as

P(q) = |δ%(q)〉 1
Sq
〈δ%(q)∗|+ |v(q)〉 m

kBT
〈v(q)∗| . (4.22)

The correlator corresponding to the conserved variables reads

ϕ(q, t) =(ϕij(q, t))ij

=

 〈δ%(q), δ%(q)〉 (〈δ%(q), vβ(q)〉)Tβ
(〈vα(q), δ%(q)〉)α (〈vα(q), vβ(q)〉)αβ


=

 Sqφ(q, t) (ϕ1
β(q, t))Tβ

(ϕ2
α(q, t))Tα (Kαβ(q, t))αβ

 , (4.23)

with the initial condition ϕ(q, t = 0) = g(q). K denotes the velocity auto correlation
function

Kαβ(q, t) := 〈vα(q), U(−t)vβ(q)〉 , (4.24)

with initial value Kαβ(q, t = 0) = kBT
m δαβ through the assumed Maxwell distribution of

the velocities in equilibrium. φ is the density fluctuation autocorrelator defined as

φ(q, t) := 1
Sq
〈δ%(q), U(−t)δ%(q)〉 ,

with its initial value φ(q, t = 0) = 1 and the static structure factor Sq. The correlators ϕ1

and ϕ2 are

ϕ1
α(q, t) := 〈δ%(q), U(−t)vα(q)〉

ϕ2
α(q, t) := 〈vα(q), U(−t)δ%(q)〉 ,

with the initial values ϕ1(q, t = 0) = ϕ2(q, t = 0) = 0.
Next, the Frequency matrix Ω shall be determined

Ω =(Ωil)il
=
(
〈Ai, ı̊LAk〉 (g−1)kl

)
il

=

 〈̊ıLδ%, δ%〉∗ (〈Lδ%, vβ〉∗)β
(〈̊ıLvα, δ%〉∗)α (〈̊ıLvα, vβ〉∗)αβ

 ·
 1

Sq
0T

0 m
kBT

(δβγ)βγ

 .
The Liouville operator applied to the density fluctuation gives ı̊Lδ% = −̊ıq · v. Since the
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4. Stress Autocorrelation Tensor

mean and therefore the inner product, is independent of the wave vector q and q is real,
one can write

〈δ%, Lvα〉 = 〈Lδ%, vi〉 = 〈−qβvβ, vα〉 = −qβ 〈vβ, vα〉 = −kBT
m

qα. (4.25)

There was also used, that L is Hermitian L = L† and that the equilibrium velocity
distribution is Maxwellian. For 〈δ%, Lδ%〉, one gets

〈δ%, Lδ%〉 = 〈Lδ%, δ%〉 = 〈−qα · vα, δ%〉 = −qj · 〈vj , δ%〉 = 0, (4.26)

since the velocity and the density fluctuations are orthogonal. Using (4.25) and (4.26),
and that (〈̊ıLvα, vβ〉∗)αβ = 0, since Lvα and vβ have opposite time inversion parity (see
(3.2)), one arrives at

Ω =

 0 −kBT
m (qβ)Tβ

−kBT
m (qα)α 0

 ·
 1

Sq
0T

0 m
kBT

(δβγ)βγ


= −

 0 (qβ)Tβ
1
Sq

kBT
m (qα)α 0

 . (4.27)

Before determining the memory matrix M , the fluctuating forces are calculated

FQδ% = ı̊QLδ% = qαQvα = 0

FQvα = ı̊QLvα = ı̊QFα
m
,

where was used that vα is a distinguished variable, that is Pvα = vα and QP = 0.
F is defined as the force appearing in Newton’s equations of motion F(q) = m̊ıLv(q).
Recalling that L is Hermitian, one gets for the memory matrix

M(t) =(Mil(t))il
=
(〈
FQi , UQ(−t)FQk

〉
(g−1)kl

)
il

=

 0 0T

0 q2kBT
nm2 (Gαβ(q, t))αβ

 ·
 1

Sq
0

0 m
kBT

(δβγ)βγ


=

 0 0

0 q2

nm(Gαβ(q, t))αβ

 , (4.28)
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4.2. Derivation of the Stress Autocorrelation Tensor

where G denotes the force auto correlation function with reduced dynamics, defined as

Gαβ(q, t) := n

kBTq2

〈
Fα(q), Qe−̊ıQLQtQFβ(q)

〉
. (4.29)

Collecting the results, the correlator of the conserved variables (4.23) with its initial value
(4.21), the frequency matrix (4.27) and the memory matrix (4.28) one gets the following
Zwanzig-Mori equations (arguments are suppressed)

0 =Sqφ̇+ qαϕ
2
α,

0 =ϕ̇1
α + qβKβα,

0 =ϕ̇2
α + kBT

m
qαφ+ q2

nm

t∫
0

dt′ Gαβ(t− t′)ϕ2
β(t′),

0 =K̇αβ + kBT

m

1
Sq
qαϕ

1
β + q2

nm

t∫
0

dt′ Gαγ(t− t′)Kγβ(t′). (4.30)

In Laplace space these equations reduce to four algebraic equations B

0 =sSqφ(s)− Sq + qαϕ
2
α(s) (4.31)

0 =sϕ1
α(s) + qβKβα(s) (4.32)

0 =sϕ2
α(s) + kBT

m
qαφ(s) + q2

nm
Gαβ(s)ϕ2

β(s) (4.33)

0 =sKαβ(s)− kBT

m
δαβ + kBT

m

1
Sq
qαϕ

1
β(s) + q2

nm
Gαγ(s)Kγβ(s), (4.34)

where s denotes the Laplace frequency. Due to the (assumed) isotropy and non-chirality
of the system, the force autocorrelator with reduced dynamics and the velocity auto cor-
relation function can be decomposed into (see (3.25))

Kαβ(q, s) = q̂αq̂βK
‖
q (s) + (δαβ − q̂αq̂β)K⊥q (s), (4.35)

Gαβ(q, s) = q̂αq̂βG̃
‖
q(s) + (δαβ − q̂αq̂β)G⊥q (s), (4.36)

where K‖q and G̃‖q are called the longitudinal correlators and K⊥q and G⊥q are called the
transverse correlators. Both, the longitudinal and the transverse, dependent only on the
magnitude of the wavevector q = |q|. The direction is denoted by q̂ := q/q. These
decompositions will play an important role in the following calculations.

The derivation of the density fluctuation correlator φ from the Zwanzig-Mori formalism
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4. Stress Autocorrelation Tensor

will be shown explicitly. From (4.31) one obtains

φ(s) = 1
s

(
1− qαϕ

2
α(s)
Sq

)
. (4.37)

To determine the term qαϕ
2
α in the bracket, one can multiply qα on (4.33) and use the

decomposition of the force autocorrelator with reduced dynamics. Thus one gets

qαϕ
2
α(s) =

− q2kBT
m φ(s)

s+ q2

nmG̃
‖
q(s)

. (4.38)

Inserting (4.38) into (4.37) and solving for φ, one arrives at the expression for the density
fluctuation autocorrelator

φ(q, s) =

s+
Ω2
q

s+ q2

nmG̃
‖
q(s)

−1

,

where the frequency Ωq is defined as Ωq :=
√
q2/(nmκTq ) and κTq := Sq/(nkBT ) the

generalized q-dependent isothermal compressibility3. Ωq quantifies the initial decay of the
density fluctuation correlations. This can be seen as follow: By using the equations of
motion (4.16) one can obtain a second order differential equation in time connecting the
density fluctuation autocorrelator φ with the velocity autocorrelator K

−∂2
t Φ(q, t)Sq = qαqβKαβ(q, t).

Due to the tensor structure of K (4.35) this equation simplifies to

−∂2
t Φ(q, t) = q2

Sq
K‖q (t).

By considering the initial value of the velocity autocorrelator Kαβ(k, 0) = kBT
m δαβ one

gets

∂2
t Φ(q, t = 0) = − q

2

Sq

kBT

m
= −Ω2

q . (4.39)

This is in particular the second order Taylor coefficient in time of the density fluctuation
autocorreltor. From (4.19) (velocity and density fluctuations are orthogonal) one obtains

∂tΦ(q, t = 0) = 0, (4.40)

that the first order Taylor coefficient of Φ vanishes. With Φ(q, t = 0) = 1, (4.40) and
3The identification of κTq with the isothermal incompressibility can be found in [Göt08, p. 134f]
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4.2. Derivation of the Stress Autocorrelation Tensor

(4.39) one can formulate the short time expansion

Φ(q, t) = 1− 1
2(Ωqt)2 +O(t3).

Thus the frequency Ωq quantifies the inital decay of the density fluctuation correlator.

The velocity autocorrelators can be derived analogously to the density fluctuation au-
tocorrelator. For the longitudinal velocity autocorrelator K‖q one obtains

K‖q (s) = kBT/m

s+ Ω2
q

s + q2

nmG
‖
q(s)

, (4.41)

where G‖q(s) = 1
κTq

+ G̃
‖
q(s) was substituted – this substitution shortens some formulas.

Solving the equations (4.31) - (4.34) for the transverse velocity fluctuation autocorrelator
K⊥q , one obtains

K⊥q = kBT/m

s+ q2

nmG
⊥
q (s)

. (4.42)

Here one can see, that the transverse velocity autocorrelator is connected to the memory
matrix of the fluctuating forces G. With the longitudinal velocity autocorrelator the
density fluctuation autocorrelator Φ can be expressed as

φ(q, s) = 1
s

(
1− q2

sSq
K‖q (s)

)
. (4.43)

4.2.2. Stress Autocorrelation Tensor

(4.43),(4.41) and (4.42) are the solutions of the Zwanzig-Mori equations in Laplace space.
Besides the correlation functions of the conserved variables the stress fluctuation auto
correlation function Σ shall be considered. In time space Σ is defined as

Σαβγδ(q, t) := n

kBT
〈δσαβ(q), U(−t)δσγδ(q)〉 , (4.44)

where n := N/V is the particle density. Σ is a real function. With the microscopic form
of the fluctuations plus the hermiticity of the Liouville operator a number of symmetries
can be identified

Σαβγδ(q, t) = Σβαγδ(q, t) = Σ∗γδαβ(q, t) = Σγδαβ(−q, t).
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4. Stress Autocorrelation Tensor

With the force appearing in Newton’s equation F(q) = m̊ıLv(q), one can define the force
auto correlation function for the full dynamics

Zαβ(q, t) := n

kBTq2 〈Fα(q), U(−t)Fβ(q)〉 .

One can see that the divergence of the stress auto correlation function Σ is equal to the
force auto correlation function Z

Zαβ(q, s) = q̂µΣµαβν(q, s)q̂ν
= q̂αq̂βZ

‖
q (s) + (δαβ − q̂αq̂β)Z⊥q (s). (4.45)

To use the Zwanzig-Mori formalism developed in the chapter 4.1, consider Σ in the
Laplace space

Σαβγδ(q, s) = n

kBT
〈δσαβ(q), R(s)δσγδ(q)〉 .

Now equation (4.15) for the resolvent operator R(s), can be applied

(4.46a)Σαβγδ(q, s) = n

kBT

[〈
δσαβ(q), R′(s)δσγδ(q)

〉
+
〈
δσαβ(q), [1− ı̊R′(s)L]PR(s)P[1− ı̊LR′(s)]δσγδ(q)

〉]
= Ξαβγδ(q, s) + n

kBT

〈
δσαβ(q), [1− ı̊R′(s)L]PR(s)P[1− ı̊LR′(s)]δσγδ(q)

〉
,

where the projected stress memory matrix is defined by

Ξαβγδ(q, s) := n

kBT

〈
δσαβ(q), R′(s)δσγδ(q)

〉
.

In time space Ξ reads

Ξαβγδ(q, t) = n

kBT

〈
δσαβ(q), Qe−̊ıQLQtQδσγδ(q)

〉
.

To determine Σ, the second term of (4.46) is expanded

(4.47)[1− ı̊R′(s)L]PR(s)P[1− ı̊LR′(s)] = PR(s)P − ı̊PR(s)PLR′(s)
− ı̊R′(s)LPR(s)P −R′(s)LPR(s)PLR′(s)

Each term of this expansions will be considered separately. Starting with the first one, by
using the explicit form of the projector (4.22) in combination with the conservation laws
for the fluctuations (4.16), one gets

PR(s)P = |δ%〉 φ(s)
Sq
〈δ%∗|+ |vµ〉

m2

(kBT )2Kµν(s) 〈v∗ν | ,
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4.2. Derivation of the Stress Autocorrelation Tensor

where the orthogonality of the velocity and density fluctuations was used. Thus

(4.48)

n

kBT
〈δσαβ, PRPδσγδ〉

= 〈δσαβ, δ%〉
φ(s)
Sq
〈δ%, δσγδ〉+ 〈δσαβ, vµ〉

m2

(kBT )2Kµν(s) 〈vν , δσγδ〉 .

From the conservation laws, one can conclude that δσαβ and vµ have opposite time inver-
sion parity, thus their inner product vanishes. One obtains that

(4.49)n

kBT
〈δσαβ, PRPδσγδ〉 = κ2

qSqΦ(s)δαβδγδ.

κq abbreviates the coupling of the pressure to the density fluctuations. δσ is a second
rank isotropic symmetric tensor, thus it holds δσαβ = 1/3 tr[δσ]δαβ [JCB78]; [DA11].
Therefore κq is defined as κq := 1/3 〈δ%, tr[δσ]〉 /Sq.
Next, the second term of (4.47). With the identity R(s) = (s+ ı̊L)−1 = (1− ı̊LR(s))/s

and analogue time reversal arguments one gets

ı̊PR(s)PLR′(s) = ı̊

s
|vα〉

m

kBT
qη
〈
σ∗ηβ

∣∣∣R′(s)− 1
s
|δ%〉 1

Sq
qη

Kηα

(kBT )2 qξ
〈
σ∗αξ

∣∣∣R′(s).
Therefore

n

kBT

〈
δσαβ, ı̊PR(s)PLR′(s)δσγδ

〉
= −κq

sn
δαβqζ

Kζη(s)
kBT

qξΞηξγδ(s), (4.50)

where the fact was used that the stress fluctuations coincide with the stress σ = δσ for
q 6= 0.

The third term of (4.47) follows analogously to the second one

n

kBT

〈
δσαβ, ı̊R′(s)LPR(s)Pδσγδ

〉
= −κq

sn
Ξαβηξ(s)qη

Kξζ(s)
kBT

qζδγδ. (4.51)

The fourth and last term of (4.47) is obtained in similar fashion to the three preceding
ones:

R′(s)LPR(s)PLR′(s) = R′(s) |σαβ〉 qαβKβδ(s)qγ
〈
σ∗γδ
∣∣∣R′(s).

Thus for the inner product with the stress fluctuations one obtains

n

kBT

〈
δσαβ, R′(s)LPR(s)PLR′(s)δσγδ

〉
= 1
n2 Ξαβζξ(s)qζKξξ′(s)Ξζ′ξ′γδ(s)qζ′ . (4.52)

Collecting all four terms (4.49), (4.50),(4.51) and (4.52) one arrives at the final result
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for the stress auto correlation tensor

(4.53)

Σαβγδ(q, s) = Ξαβγδ(q, s)

+ κq
sn

[
δαβqζ

Kζη(q, s)
kBT

qξΞηξγδ(q, s) + Ξαβηξ(q, s)qη
Kξζ(q, s)
kBT

qζδγδ

]
+ κ2

qSqΦ(q, s)δαβδγδ + 1
n2 Ξαβζξ(q, s)qζKξξ′(q, s)Ξζ′ξ′γδ(q, s)qζ′ .

Going back to the correspondence between the stress auto correlation function Σ and
the force autocorrelator Z (4.45) one can determine the transverse and longitudinal part of
the force auto correlation tensor. Using the relation (4.45) in combination with the explicit
formula of Σ (4.53) and the relation (4.54) one obtains by substituting the decomposition
of K and G

Z‖q (s) = G‖q(s) +
nκ2

q

kBT
Sqφ(q, s)− q2

nm

2kBZκq
s G

‖
q(s) + (G‖q(s))2

s+ q2

nm

(
1
κTq s

+G
‖
q(s)

)
Z⊥q (s) = G⊥q (s)− q2

nm

(G⊥q (s))2

s+ q2

nmG
⊥
q (s)

=
[
q2

nms
+ 1
G⊥q (s)

]−1

.

The transverse force auto correlation Z⊥q (s) is discontinuous at frequency s = 0 and
wavevector q = 0. Z⊥q (s) =

[
q2/(nms) + 1/G⊥q (s)

]−1
is discussed in [Eva81].

4.2.3. Shear Stress Autocorrelation Tensor

In this work the focus lies on a model for the liquid to glass transition. An idealized liquid
(Newtonian liquid) flows under shear with a shear viscosity, while an idealized Hookian
solid deforms elastically under an infinitesimal shear [Lan+86]. Consider the shearing
motion of two parallel planes with surface normal parallel to ẑ. Thus focusing on the off
diagonal parts of the stress autocorrelation function. Choosing the orthogonal directions
x̂ and ŷ and focusing on

Σxyxy(q, s) = Ξxyxy(q, s) + 1
n2 Ξxyζξ(q, s)qζKξξ′(q, s)Ξζ′ξ′xy(q, s)qζ′ .

The divergence of Ξ, the stress memory matrix with reduced dynamics, corresponds to
the memory matrix of the fluctuating forces with reduced dynamics G via

Gαβ(q, s) = q̂µΞαµνβ(q, s)q̂ν . (4.54)
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Throughout the following chapter, the limit of small wavevectors q will be considered. For
q ≈ 0 follows that

Fα(q, t) = 1√
N

N∑
k=1

e̊ıq·rkFαk (t) ≈ 1√
N

N∑
k=1

Fαk (t).

Due to Newton’s third law the total force has to vanish, so that

Fα(q = 0, t) = 1√
N

N∑
k=1

Fαk (t) = 0.

Thus the limit of vanishing wavevectors q of the memory matrix G, which is a force
autocorrelator for the reduced dynamics (4.29), is well defined. The force memory matrix
Gxx(qŷ) reduces to the transverse memory matrix Gxx(qŷ, s) = G⊥q (s) and Gyy(qŷ, s)
to the parallel memory matrix Gyy(qŷ, s) = G

‖
q(s) using the decomposition (4.36). The

limit of vanishing wavevectors for G⊥q will be denoted by G⊥0 (s) := lim
q→0

G⊥q (s). Due to
the tensor structure of the memory matrix Ξ (satisfies the same decomposition due to the
symmetries of the system as Σ (3.24)), one can approximate

Ξαβγδ ≈ Ξ(1)δαβδγδ + Ξ(2)(δαγδβδ + δαδδβγ) +O(q2),

With (4.54) follows that Ξ(2) = G⊥0 . Therefore the reduced stress memory kernel Ξxyαβ
in lowest order in q is

Ξxyαβ ≈ G⊥0 (δxαδyβ + δyαδxβ) +O(q2). (4.55)

By using the tensor structure (4.35) of K, one obtains the shear stress fluctuation in
leading order in q

Σxyxy(q, s) = Ξxyxy(q, s)−
(
q2
x + q2

y − 4
q2
xq

2
y

q2

)
(G⊥0 (s))2

nkBT
K⊥q (s)− q2

xq
2
y

q2
(G⊥0 (s))2

nkBT
K‖q (s).

(4.56)

Σxyxy couples to the velocity fluctuations via the stress memory matrix G⊥0 (s).

4.3. Generalized Maxwell Model

This Section starts with a brief description of Maxwell’s model of viscoelasticity and is
followed by the analysis of the fluid and solid limit of the transverse shear stress tensor.
Maxwell’s insight combined with the discussion of the limits shall motivate the “generalized
Maxwell model”. It is introduced as an approximation of the transverse force memory
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kernel. The model consists of an single relaxation time, controlling the phase of the
supercooled viscoelastic fluid, and a damping constant accounting for dissipation.

4.3.1. Maxwell Model of Macroscopic Linear Response

A viscoelastic fluid, which is undergoing deformations, deforms elastically like a solid on
short timescales and flows for long times like a viscous fluid (at this point short and long
times are not further specified).

Let us consider a shearing motion of two parallel plates with a viscous fluid in between.
For an idealized (Newtonian) liquid, the shear stress σ is proportional to the shear rate

σαβ = ηγ̇ik,

where γαβ = ∇αvβ +∇βvα is the strain tensor, vα the velocity field of the flow and η the
viscosity. In contrast, for an idealized (Hookean) solid, the stress is proportional to the
deformation. Under such a shearing motion4 the stress for a Hookean solid is thus given
by

σαβ = G∞γαβ,

where γαβ = ∇αuβ + ∇βuα is the strain tensor, uα the displacement and G∞ the shear
modulus.
Following Maxwell [Max67] the properties of a viscous fluid can be described as follows:

During short time scales the deformation is elastic. However, this stress decays on a
timescale τ so that it vanishes for long times. Maxwell introduced a relaxation time
τ which separates these two regimes. The decay of the inner stress after the shearing
motion is assumed to be exponential

σ̇αβ = −1
τ
σαβ. (4.57)

In solids for the stress holds σαβ = µγαβ and thus

σ̇αβ = G∞γ̇αβ (4.58)

Combining the two equations (4.57) and (4.58) leads to

σ̇αβ + 1
τ
σαβ = G∞γ̇αβ, (4.59)

which is a interpolation between the two limits solid respectively liquid. For the initial
4The displacement is assumed to be infinitesimal and only pure shear stress viz γαα = 0 and σαα = 0 is
considered.
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4.3. Generalized Maxwell Model

condition γ̇αβ(t = 0) = 0, the solution of Maxwells equation (4.59) is

σαβ(t) =
t∫

0

dt′ ΣM (t− t′)γ̇αβ(t′),

where Σxyxy denotes the relaxation kernel to Maxwell’s model

ΣM (t) := G∞e−
t
τ .

The Laplace transformed kernel reads

ΣM (s) = G∞τ
1 + sτ

.

Using the limit theorems of the Laplace transformation B, one gets

sΣM (s) ≈

 G∞ , for sτ � 1,

ηMs , for sτ � 1,

where ηM := G∞τ is the viscosity and G∞ the finite shear modulus. The fluid behav-
ior is obtained in the limit of short frequencies sτ � 1 respectively long times. The limit
limsτ→0 ΣM

xyxy(s) = ηM corresponds to the viscous response. The solid behavior is accessed
for high frequencies sτ � 1 respectively short times. The limit limsτ→∞ sΣM

xyxy(s) = G∞
resembles the elastic response. Maxwell combined the two limiting idealizations using a
single relaxation, which diverges approaching the solid. Maxwell’s model is a continuum
mechanics model (q = 0). As shown by Eshelby [Esh57] it fails to reproduce the emer-
gence of long ranged stress fluctuations at the liquid to solid transition and neglects the
anisotropy of the stress.

4.3.2. Motivation of the Force Memory Kernel Approximation

The Zwanzig-Mori equations (4.10) do not facilitate the problem of determining the cor-
relators, they just split the problem into two, determining the memory kernel and solving
the Zwanzig-Mori equations. The memory kernel contains the full complexity of the many
body problem. Based on the Zwanzig-Mori approach, one can replace the memory kernel
in the hydrodynamic limit with frequency independent transport coefficients to recover
the hydrodynamic fluctuations [For95]; [HM13].

The hydrodynamic approach is valid on scales of length and time much larger than those
of the microscopic dynamics. In the hydrodynamic limit one assumes that the correlation
functions of microscopic variables in the limit of small wavevectors q and short frequen-
cies s are identical to the corresponding correlation functions derived from hydrodynamic
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4. Stress Autocorrelation Tensor

equations. This assumption can be justified on the basis of the fluctuation-dissipation the-
orem [KM63]. I.e. to describe smooth fluctuating hydrodynamic fields one has the take
the limit q → 0 accompanied with the limit s → 0, which is referred to as hydrodynamic
limit. It is important to preserve the order, q → 0 before s→ 0 [HM13, p. 257].
For q = 0 Equation (4.56) combined with Equation (4.55) leads to the relation

Σxyxy(q = 0, t) = G⊥q=0(t) = G⊥0 (t) (4.60)

for the global shear stress (shear stress at q = 0). In Laplace space, for vanishing frequen-
cies s = 0, relation (4.60) induces a Green-Kubo relation

G⊥0 (s = 0) = n

kBT

∞∫
0

dt 〈δσxy(q = 0, t), δσxy(q = 0)〉 ,

which is a generalized fluctuation dissipation relation. The limit q ≈ 0 and s ≈ 0 cor-
responds to the hydrodynamic limit. Now, identify G⊥q=0(s = 0) for vanishing frequency
s = 0 and vanishing wavevector q = 0 with the shear viscosity η, which is in the macro-
scopic hydrodynamics an off-diagonal element of the stress tensor σxy 5

η = G⊥0 (s = 0) = n

kBT

∞∫
0

dt 〈δσxy(q = 0, t), δσxy(q = 0)〉 .

The shear stress correlation function in a liquid has two shear viscosities. The transverse
shear viscosity was already identified in the previous equation η = G⊥0 (s = 0).

The longitudinal shear viscosity η‖ can be linked to G‖0(s = 0), where G‖0 denotes the
limit of small q (G‖0(s) := lim

q→0
G
‖
q(s)). This can be done in analogy to the transverse

shear viscosity. First, one has to consider Σzzzz(q = 0, s = 0), which can be obtained
from (4.53). Due to time reversal symmetry one can cancel one of the remaining terms
containing φ(q = 0, s = 0). By using the tensor structure of Ξ (satisfies the same as Σ
thus can be decomposed with Equation (3.24)) and G (4.29) one gets the relation between
Ξ(1) = G

‖
q − 2G⊥q (like for equation (4.54)). Finally by comparing to the hydrodynamic

result in [HM13, p. 280] one can then identify

G
‖
0(s = 0) = η‖.

Thus, in leading order in the hydrodynamic limit the shear stress auto correlation function
5Following Hansen and McDonald [HM13, p. 267]

η = n

kBT

∞∫
0

dt 〈σxy(q = 0, t), σxy(q = 0)〉 .
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4.3. Generalized Maxwell Model

Σxyxy becomes

Σxyxy(q, s) ≈ η +
(
q2
xq

2
y

q2 −
q2
x + q2

y

4

)
4η2

nms+ ηq2 −
q2
xq

2
y

q2
4sη2

nms2 + q2

κTq
+ sη‖q2

. (4.61)

This expression corresponds to the shear stress of a fluid. Notice, Σxyxy exhibits a q

dependent anisotropy. The second term shows shear momentum diffusion and the third
term describes damped compressional sound wave motion.

A pole in s in the hydrodynamic limit will be referred to as hydrodynamic pole for ex-
ample in (4.61). A diffusive process has the following equation of motion, which translates
into s = −Dq2. To see that, consider a function φ(q, t) satisfying the diffusion equation

φ̇(q, t) +Dq2φ(q, t) = 0,

with initial condition φ(q, t = 0) = φ0, where D is the diffusion constant. The Laplace
transform of this diffusion equation is

sφ(q, s)− φ0 +Dq2φ(q, s) = 0.

Solving for φ one obtains

φ(q, s) = φ0
s+Dq2 .

Here, one can see that a diffusive process is characterized by a pole s = −Dq2.
In similar fashion, one can see that a hydrodynamic pole satisfying an equation of the
form s2 +aq2 + bq2s = 0, where a and b are some constants, corresponds to and a damped
wave equation.

An other access is provided by mode coupling theory. Microscopic Mode Coupling
Theory (MCT) suggests that in the glass state the collective density fluctuation correlation
function Φ and the fluctuating memory kernelG do not decay to zero [Leu84] and [BGS84].
Therefore, for an ideal glass state

G⊥q (t→ 0) := G⊥∞,q and

G‖q(t→ 0) := G‖∞,q.

Using these definitions in the shear stress tensor, it follows for t→∞ (only leading order
in q)

Σxyxy(q, t)→ Σ∞xyxy(q) ≈
(

4
q2
xq

2
y

q4 + q2
z

q2

)
G⊥∞,0 −

(
4
q2
xq

2
y

q4

)
(G⊥∞,0)2

G
‖
∞,0

.
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4. Stress Autocorrelation Tensor

The shear stress exhibits long-ranged stress correlations (small wavevectors correspond to
long ranges). Fourier transformation leads to the result derived by Eshelby [Esh57] for
the response of an elastic isotropic medium to a point force, which predicts long ranged
stress correlations.

For the investigation of the liquid-glass transition, which goes beyond the results G⊥0 (s =
0) = η and G⊥0 (t→ 0) = G⊥0,∞, further approximations are required.

In the limit of an incompressible fluid the isothermal compressiblity κTq is small. The
consideration of an isothermal system is assumed to not interfere with the neglected heat
transport. Combined with small wavevectors q the longitudinal velocity autocorrelator is
approximately

K‖q (s) = kBT/m

s+ Ω2
q

s + q2

nmG
‖
0(s)

≈ ns

q2 κ
T
q ,

where Ωq =
√
q2/(nmκTq ). For small q and small κTq , the longitudinal velocity autocor-

relator K‖q is small in comparison to the transverse velocity autocorrelator K⊥q and can
therefore be neglected in the shear stress. In this limit the shear stress autocorrelator
is determined by a single memory kernel G⊥0 and will be referred to as transverse shear
stress. By applying some equivalence manipulations to the transverse shear stress tensor
(4.56) without the term containing K‖ (noting that q2 − q2

x − q2
y = q2

z) one obtains

Σxyxy(q, s) = Z⊥0 (s) +
(

4
q2
xq

2
y

q4 + q2
z

q2

)
q2(G⊥0 (s))2

nms+ q2G⊥0 (s)

(4.62a)= Z⊥0 (s) +
(

4
q2
xq

2
y

q4 + q2
z

q2

)[
G⊥0 (s)− Z⊥q (s)

]
,

where Z⊥0 is the transverse force auto correlation function

Z⊥0 (s) = 1
q2

nms + 1
G⊥0 (s)

. (4.63)

4.3.3. Generalized Maxwell Model without Damping

Maxwell’s model provides a description of viscoelastic materials like supercooled liquids.
In the previous chapter the stress autocorrelation tensor was expressed in terms of the
force memory kernel. Although the exact solution for this kernel is not known, one can
approximate it for viscoelastic materials by using the corresponding kernel from Maxwell’s
model

G⊥0 (s) ≈ GgM (s) = G∞τ
1 + sτ

. (4.64)
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4.3. Generalized Maxwell Model

This leads to a gerneralized hydordynamic approach was pioneered by [KM63] and trans-
ferred to supercooled liquids by [GL89]. By (4.64) a generalized Maxwell model (indicated
by the superscript gM) for the shear stress of a supercooled liquid in the limit of small
wavevectors q and isothermal incompressibility (small κTq ) is obtained. Here, G∞ denotes
the shear elastic constant and τ the relaxation time. For sτ � 1 one approaches the fluid
limit GgM (s) ≈ G∞τ =: ηM , where ηM denotes the shear viscosity. In the opposite limit
sτ � 1, which is equal to a long relaxation time, one obtains the solid/glass state with
sGgM (s) ≈ G∞. Inserting the Maxwell Model (4.64) into (4.62a) leads to

(4.65)ΣgM
xyxy(q, s) = ZgMq (s) +

(
4
q2
xq

2
y

q4 + q2
z

q2

)[
GgM (s)− ZgMq (s)

]
,

where ZgM is the transverse force auto correlation function with the substituted transverse
force memory kernel GgM . The term in the round brackets in (4.65) contains the full
angular dependence of the shear stress.In spherical coordinates it can be expressed as

P (ϑ, ϕ) := 1
2
(
1 + cos4(θ)− cos(4ϕ) sin4(θ)

)
=
(

4
q2
xq

2
y

q4 + q2
z

q2

)
,

where ϑ and ϕ are the azimuthal and the polar angle. In the qx-qy plane (qz = 0) for q
pointing in the direction of the axis (qx = 0 or qy = 0) the shear stress coincides with
the force auto correlation function ZgMq . When q is aligned with the diagonal (qx = qy)
then the shear stress is equal to the force memory kernel GM . If qz 6= 0 is accompanied
by qx = 0 or qy = 0 Σxyxy is equal to ZgMq . For the general case of q pointing into an
arbitrary directions ΣgM

xyxy is a superposition of ZgMq and GgM . The limit of q → 0 depends
on the direction of q and is thus non analytic. By transforming (4.65) back to time space,
characteristic scales for the length ξ and the time τ can be identified. In time space the
shear stress reads

ΣgM
xyxy(q, t) = ZgMq (t) +

(
4
q2
xq

2
y

q4 + q2
z

q2

)[
GgM (t)− ZgMq (t)

]
,

where the transverse force correlation function ZgMq and the force memory kernel GgM

become

ZMq (t) = G∞e−
t

2τ

(
cos(ωst)− 1

2τωs sin(ωst)
)
,

GM (t) = G∞e−
t
τ ,
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4. Stress Autocorrelation Tensor

with the remaining quantities, the transverse sound frequency ωs, the characteristic length
scale ξ and the transverse sound frequency c⊥

ωs(q) :=

√
(2ξq)2 − 1

2τ ,

ξ := c⊥τ,

c⊥ :=
√
G∞
nm

.

With the characteristic length scale ξ and the characteristic time scale τ , one recognizes
that the shear stress obeys the scaling law

ΣgM
xyxy = G∞F(t/τ, qξ, P (ϑ, ϕ)) with ξ = c⊥τ.

When approaching the critical point of the glass transition, only the characteristic scales
will change, but the generic behavior is given by the master function F . Note that the
characteristic length scale ξ is proportional to the relaxation time τ (ξ ∝ τ). It describes
the spatial extension of the solid regions. By approaching the glass transition (τ →∞) the
length scale ξ diverges. Thus by considering different spatial limits one has to pay attention
to complement them with appropriate rescaled times and vice versa. The hydrodynamic
poles (in the limit of vanishing q and s) of ΣgM

xyxy(q, s) are determined by the equation

sτ(1 + sτ) + q2ξ2 = 0

in the complex frequency s plane. This equation for the poles follows directly from ZM ,
due to the structure of ΣgM

xyxy in Equation (4.65). The hydrodynamic poles correspond to
temporally damped sound waves. In the fluid state (sτ � 1) follows sτ = −q2ξ2. In the
elastic regime (sτ � 1) is implied that sτ = ±̊ıqξ is pure imaginary pole.

In Figure 4.1 the scaling function F is plotted. In the lower left panel the decay of the
transverse force fluctuation correlator for two different values of the rescaled wavevector
qξ with respect to the rescaled time are shown. One can see that in the transverse force
correlator damped oscillates appear for qξ = 2 and qξ = 1/4 corresponds to the behavior
of critical damping. By analyzing the sound frequency one finds

ωs(q) =

√
(2ξq)2 − 1

2τ →

 ±
ı̊

2τ for qξ � 1,

qc⊥ for qξ � 1.

The critical rescaled wavevector qcritξ = 1/4 separates the regime with a purely real
frequency from the one with a purely imaginary frequency. The real limit qξ � 1, corre-
sponds to the glass state which requires ξ →∞, since τ →∞ in the elastic solid limit. It
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4.3. Generalized Maxwell Model

is displayed in the top left panel of Figure 4.1. In the glassy state oscillations appear in
the transverse force correlation function ZgMq , which propagate through the elastic solid
with the sound speed c⊥. In this short distance limit the transverse shear stress becomes

ΣgM
xyxy(q, t) ≈ GgM (t)

(
4
q2
xq

2
y

q4 + q2
z

q2

)
+G∞e−

t
2τ cos(c⊥qt)

(
1− 4

q2
xq

2
y

q4 + q2
z

q2

)
+O

( 1
qξ

)
.

For long relaxation times (t/τ � 1) a q dependent contribution of the shear stress auto
correlation function remains. Thus it predicts long ranged and long lived stress corre-
lations, which reproduces the results of [Esh57]; [Pic+04]. The first order term of this
expansion decays faster in time than the second order term, due to the different expo-
nential functions. For q lying aligned with the diagonal in the qx-qy-plane (qx = qy with
qz = 0) only the first order term remains. If q is parallel to the axis (qx = 0 or qy = 0
combined with qz = 0) only the second order term remains. Clearly the second order term
exhibits oscillations.
In contrast in the imaginary case for qξ � 1, the transverse force fluctuation correlation

function ZgM decays exponentially with time – complex arguments of cosine and sine lead
to hyperbolic functions. The lifetime is determined by the relaxation time τ . Thus one
sees damped oscillations. For long distances the fluid state is approached. This limit is
shown in the bottom left panel of figure 4.1. The shear stress reads for long distances

ΣgM
xyxy(q, t) ≈ GgM (t) +GgM (t)

(
t

τ
+ 1− e tτ

)(
1− 4

q2
xq

2
y

q4 + q2
z

q2

)
(qξ)2 +O (qξ)3 .

For long times GgM recovers the the shear viscosity ηM . In the second order of the
expansion in qξ the transverse shear stress correlation shows an anisotropic q dependence.
Intriguingly, even though the fluid is isotropic the transverse shear stress correlations are
anisotropic.

In the intermediate regime t/τ ≈ 1(top right panel of figure 4.1) the scaling F shows
the full anisotropy. Along the axis it reveals the full oscillatory pattern and shows an
exponential decay along the diagonals. The transverse force fluctuations ZgM0 (along the
axis) decay half as fast as the force memory kernel GM (along the diagonals), which can
be seen on the exponential functions in their time representations.
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Figure 4.1.: Stress auto-correlation function. An temporally damped oscillation is
found for finite wavenumbers in the stress autocorrelation function. The scaling func-
tion ΣgM

xyxy/G∞(q, t) = F(t/τ,qξ) of the Maxwell model in the qx-qy-plane is shown for
three different rescaled times t/τ , qz is set to zero (qz = 0). The top right panel shows
the glassy state for t/τ = 10−1. The top left panel corresponds to the viscoelastic regime
t/τ = 2. The bottom left displays the fluid limit with t/τ = 101. c⊥ = 1 is chosen. The
bottom right panel shows the time dependence of F(t/τ,qξ) along the axis qy = 0 for two
different qxξ. As shown in [MZF17].
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4.3.4. Generalized Maxwell Model with Damping

The Maxwell like approximation of the force memory kernel shows a rich behavior as
discussed in the previous section. For example it exhibits rapid oscillations along the
axes. By introducing a damping constant Γ one can further generalize the approximation,
so that a spatially/ hydrodynamic sound damping is achieved.

The generalized Maxwell model, which will be addressed in the following, is

G⊥0 (s) ≈ GgM (s) = G∞τ
1 + sτ

+ Γ. (4.66)

The model from Section 4.3.3 is extended by an instantaneous damping Γδ(t). Here, G∞
and τ denote the shear elastic constant and the relaxation time. For sτ � 1, one obtains
GgM (s) ≈ ηM + Γ =: ηgM , where ηgM is the generalized shear viscosity. ηgM shall be
dominated by the viscoelatic shear viscosity ηM . For the glassy limit sτ � 1, Γ is a small
correction for the time remanent pole G∞/s. Γ actually introduces a fast microscopic time
scale into the model, which is defined by τ0 := Γ/G∞. The transverse shear stress (4.62a)
with substituted generalized shear stress modulus (4.66) reads in time space

ΣgM
xyxy(q, t) = ZgMq (t) +

(
4
q2
xq

2
y

q4 + q2
z

q2

)[
GgM − ZgMq (t)

]
, (4.67)

where the hydrodynamic limits of the transverse force autocorrelation function and the
generalized transverse shear stress modulus in time space are

ZgMq (t) = 2G∞
τ0
τ
δ

(
t

τ

)
+G(q)e−γ(q)t [cos(ωs(q)t)− α(q) sin(ωs(q)t)] ,

GgM (t) = G∞e−
t
τ + 2G∞

τ0
τ
δ

(
t

τ

)
,

with

α(q) = γ(q)
ωs(q) + τ0

τ
(qξ)2

(
1 + τ0

τ

) 1
τωs(q)

G∞
G(q) .

The generalized transverse sound frequency ωs, a damping rate γ and the generalized
elastic modulus G are given by

ωs(q) = 1
2τ

√
(2qξ)2 − 1 + 2x− x2, x = τ0

τ
(qξ)2,

γ(q) = 1
2τ

(
1 + τ0

τ
(qξ)2

)
,

G(q) = G∞

(
1−

(
τ0
τ

)2
(qξ)2

)
.
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The ξ = c⊥τ denotes the characteristic length scale, where c⊥ is the sound velocity
c⊥ =

√
G∞/(nm). The angular dependence of the shear stress (4.67) in the generalized

Maxwell with damping coincides with the angular dependence of the Maxwell model with-
out damping. By setting τ0 = 0 (Γ = 0) ΣgM

xyxy recovers the transverse shear stress of the
previous section (4.65). A plot of ΣgM

xyxy with qz = 0 is shown in Figure 4.2, the delta func-
tions are neglected. The decay of the transverse force fluctuation with the rescaled time is
shown in the bottom left panel. It behaves similar to the transverse force correlator in the
simple Maxwell model except for the critical value now being qcritξ =

√
1− 2x+ x2/4. In

the fluid limit qξ � 1, the transverse shear stress becomes

ΣgM
xyxy(q, t) = GgM (t)−G∞

[(
τ0
τ

+ 1
)2
−
(

2τ0
τ

+ t

τ
+ 1

)
e−

t
τ

](
1− 4

q2
xq

2
y

q4 + q2
z

q2

)
(qξ)2

+O(qξ)4.

It resumes in the lowest order value of the generalized shear viscosity ηgM due to the
force memory kernel GgM . In the second order of the expansion the anisotropy shows up,
which is clearly visible in the bottom left panel of figure 4.2. In the opposite limit of solid
behavior (for τ →∞) the transverse shear stress is

(4.68)
ΣgM
xyxy(q, t) ≈ 2G∞

τ0
τ
δ

(
t

τ

)
+G∞

(
4
q2
xq

2
y

q4 + q2
z

q2

)

+
(

1− 4
q2
xq

2
y

q4 + q2
z

q2

)
G(q)e−

1
2
τ0
τ

(qξ)2 t
τ cos

(
cgM⊥ qt

)
.

Here, a transverse sound wave appears, which is spatially exponentially damped because
Γ > 0 (thus τ0 > 0), which one can recognize in the center of the top left panel Figure 4.2.
The generalized transverse sound velocity

cgM⊥ := c⊥

√
1− 1

4(qξ)2
(
τ0
τ

)2

is reduced compared to the sound velocity c⊥ of the Maxwell model without damping.
The first term of the expansion (4.68) exhibits the anisotropic time remanent elastic con-
tribution.
In the intermediate regime t/τ ≈ 1 (top right panel of figure 4.2) the strong anisotropy

as well as the oscillations along the axis are clearly visible.
By comparison with Figure 4.1 one recognizes, that the plots look the same except for

the upper left panel. This is due to the fact, that τ0 is to small compared to τ . In the
fluid and in the transition regime τ0 only provides small corrections.
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Figure 4.2.: Transverse shear stress ΣgM
xyxy/G∞(q, t) of the generalized Maxwell model in

the qxξ-qyξ-plane for three different rescaled times t/τ and τ0/τ = Γ/(G∞τ) = 10−3, qz
is set to zero (qz = 0) and the delta functions are neglected. The top right panel shows
the glassy state for t/τ = 10−1. The top left panel corresponds to the viscoelastic regime
t/τ = 2. The bottom left displays the fluid limit with t/τ = 101. c⊥ = 1 is chosen. The
bottom right panel shows the time dependence of ΣgM

xyxy/G∞(q, t) along the axis qy = 0
for two different qxξ.
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4.4. Conclusion

The Zwanzig-Mori formalism was used to derive the shear stress autocorrelation tensor
for supercooled liquids. For simplicity isothermal incompressibility was assumed, thus
only the transverse shear stress remained, which only depends on the transverse force
memory kernel. The assumption of a wavevector independent memory kernel was done
for simplicity, but it disagrees with the simulations of [Pus+10]; [MY13] who find a strong
q dependence of G⊥q . In the generalized Maxwell model the transverse force memory
kernel was approximated with a single relaxation time τ and a damping constant Γ. In
this approximation three characteristic scales could be identified: the relaxation time τ
controlling the state of the viscoelastic fluid, the characteristic length scale ξ determining
the size of solid-like regions and a fast microscopic time scale τ0 accounting for dissipation.
Going to a solid-like state by increasing the relaxation time caused an increase of the
correlation length (τ ∝ ξ), which characterizes the elastic limit. Visocelastic behaviour
could be captured by the generalized Maxwell model. In the elastic limit long ranged and
long lived anistoropic stress correlations were found, which is according to the findings of
[Esh57]; [Pic+04] and a transverse sound wave were observed, which could be damped by
setting Γ 6= 0. In the fluid limit the observed anisotropy remained. Concluding, the stress
correlations in isothermal incompressible supercooled liquids, in solid-like states and in
the transition in between could be described consistently.
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So far, the transverse shear stress autocorrelation function for supercooled incompressible
liquids was discussed. It revealed a strong anisotropy in the elastic limit as well as in
the liquid and showed long ranged long lived stress correlations at the liquid to solid
transition. The question is how do these findings compare with the experiment. Linear
response theory provides an answer to this question. It describes a formalism to connect
microscopic correlation functions to in principle measurable quantities.
This chapter is organized as follows. In the first section the linear response theory is de-

rived. This theory is applied to the system in Section 5.2, which leads to the identification
of the transverse shear stress tensor as the response of the system to shear deformation.
From there on frequency dependent spectra of the generalized Maxwell model will be dis-
cussed. Starting with the spectra for the case without damping Γ = 0 and then consider
the case of the spectra with damping Γ 6= 0. After that, an alternative differential formula-
tion of the linear response result, using a Navier-Stokes-like equation complemented with
Maxwell’s constitutive equation for the stress, is considered in Section 5.4. In the second
to last section the dynamics are overdamped to address colloidal dispersions. Finally the
findings are concluded.

5.1. Linear Response Theory

Driving the system out of equilibrium, with a small perturbation due to a weak external
force, the response of the system can in linear order be related to correlation functions of
the equilibrium system. This was first done in 1957 by Kubo [Kub57]. This derivation
follows Kubo [Kub57] and Zwanzig [Zwa01, p. 127ff]
First, the statistical description will be generalized, in particular the formation of av-

erages, from Chapter 2.1 to time dependent probability distributions. Following [Göt08,
p. 82ff] an equation for the rate of change of the probability distribution shall be derived.
The time dependent probability distribution shall be denoted by Ψt(q,p) and the time
dependent Hamiltonian shall be indicated by Ht(q,p). Hamilton’s equations remain valid
for the time dependent Hamiltonian. The 2f -coordinates satisfy

∂tqα(t) = ∂pαHt(Γt),
∂tpα(t) = −∂qαHt(Γt),

65



5. Linear Response

to the initial condition Γt0 = Γ0, where α = 1, . . . , f . Liouville’s theorem that the volume
of a 2f -dimensional domain G(t) is preserved shall hold. This means, that if the 2f -
dimensional domain G0 is mapped to G(t),

∫∫
G(t) dqdp =

∫∫
G0
dqdp is satisfied. Physically

speaking, the flow of the phase space is that of an incompressible fluid. One natural
request is that the probability is conserved, which reads∫∫

G(t)

dqdpΨt(q,p) =
∫∫
G0

dqdpΨt0(q,p).

In turn, this is equivalent to a vanishing time derivative

d

dt

∫∫
G0

dq(t0)dp(t0)Ψt(q(t),p(t)) = 0

vanishes. Because this statement holds for arbitrary domains G0, the time derivative of
the integrand has to vanish. This implies

∂tΨt(q(t),p(t)) +
f∑

α=1
[(∂tqα(t)) ∂qαΨt(Γt) + (∂tpα(t)) ∂pαΨt(Γt)] = 0.

Substituting Hamilton’s equation of motion, one arrives at Liouville’s equation of motion
for the probability density

∂tΨt(q(t),p(t)) = −
f∑

α=1
[(∂pαHt(Γt)) ∂qαΨt(Γt)− (∂qαHt(Γt)) ∂pαΨt(Γt)] .

Identifying, analogue to (2.1), the linear differential Liouville operator L for the probability
densities is given by

LΨt(q,p) :=̊ı
f∑

α=1
[(∂pαHt(Γ)) ∂qα − (∂qαHt(Γ)) ∂pα ] Ψt(Γ). (5.1)

The Liouville equation of motion for the probability densities thus reads

∂tΨt(Γ) = −̊ıLΨt(Γ).

If one assumes that the system was in thermodynamic equilibrium in the finite past, the
equation is completed with the initial distribution respectively equilibrium distribution
Ψt0(Γ) = Ψeq(Γ).

To get the time dependent average of a dynamical variable 〈A〉Ψ(Γ,t) := 〈A〉t, one has to
even find the time dependent distribution function Ψ(Γ, t) for t > t0.

In the following, the system shall be disturbed by an external force. A force driving

66



5.1. Linear Response Theory

the system out of equilibrium performs work on it, thus preventing relaxation to equilib-
rium. The work done on the system is converted into heat (which means that it relaxes to
equilibrium again). Since the expectation values are determined by a temperature depen-
dent distribution function, one requests, that the system is connected to a thermostat, so
that the temperature remains constant. A more general discussion of the linear response
formalism is done by Evans and Morriss [EM10].

Consider a small time dependent force εf(t) perturbing the system, which is switched on
at a time t0 = 0. For t ≤ t0 the perturbation is absent and the system is described with the
equilibrium Liouville operator L0, obtained from the unperturbed Hamiltonian H(q,p)
of the system. For t ≥ t0 the dynamics is governed by the time dependent Hamiltonian
Ht(q,p) = H(q,p) + ∆Ht(q,p), where ∆Ht(q,p) := −εf(t)M(Γ), which accounts for
the external force (M is the dynamical variable of the system to which the external force
couples). The time dependent distribution function obeys the Liouville equation ∂tΨ = −̊ı[L0 + Lextεf(t)]Ψ

Ψ(Γ, t = t0) = Ψeq(Γ)
. (5.2)

Lext is defined in analogy to (5.1) just with the perturbed Hamiltonian. For t < 0 assume
that the system is in thermal equilibrium, i.e. its probability distribution is given by the
Boltzmann distribution:Ψ(Γ, t ≤ t0) = Ψeq(Γ) = Z−1 exp [−H(Γ)/(kBT )], where Z is the
unperturbed partition function. Ψeq is the stationary solution of the unperturbed system

∂tΨeq = −̊ıL0Ψeq = 0.

For small perturbations |ε|� 1 one can expand Ψ in powers of ε: Ψ(Γ, t) = Ψeq(Γ) +
εΨ1(Γ, t) +O(ε)2. In first order in ε the governing Liouville equation reads

[∂t + ı̊L0]Ψ1 = −̊ıLextf(t)Ψst.

Therewith one gets the first order response to the perturbation [∂t + ı̊L0]Ψ1 = −̊ıLextf(t)Ψst

Ψ(Γ, t ≤ t0) = Ψeq(Γ)
. (5.3)

This equation is an inhomogeneous first order linear differential equation. A general
solution for t = t0 can be obtained via the method of variation of constants or Greens
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5. Linear Response

functions. (5.3) is solved by

Ψ1(Γ, t) = −
t∫

t0

dt′ e−̊ıL0(t−t′)[−̊ıLext(t′)f(t′)Ψeq(Γ)]. (5.4)

Using the explicit form of Ψeq ∝ exp [−H(Γ)/(kBT )] and recalling the definition of Lext
and the Liouville operator (5.1), one gets

LextΨeq =̊ı [(∂pM)(∂qΨeq)− (∂qM)(∂pΨeq)]

= 1
kBT

Ψeq̊ı [(∂pM)(∂qH)− (∂qM)(∂pH)] ,

where M is the dynamical variable of the system to which the external force couples.
Using the Liouville equation for dynamical variables, one can identify the bracket as the
time derivative Ṁ

−̊ıLextf(t)Ψeq = − 1
kBT

f(t)ṀΨeq. (5.5)

Inserting (5.5) in (5.4) provides

Ψ1(Γ, t) = 1
kBT

t∫
−∞

dt′ e−̊ıL0(t−t′)f(t′)ṀΨeq . (5.6)

Collecting all, one arrives at the full time dependent probability distribution solving (5.2)

Ψ(Γ, t) = Ψeq(Γ) + ε

kBT

t∫
−∞

dt′ e−̊ıL0(t−t′)f(t′)ṀΨeq +O(ε2). (5.7)

The mean value of the fluctuation of A, the deviation of the expectation value of A from
its equilibrium value, thus follows as

〈A(t)〉lr := 〈δA〉t (5.8)

=
〈
A− 〈A〉Ψeq

〉
t

(5.9)

=
∫
dΓ A(Γ)εΨ1(Γ, t) (5.10)

=
∫
dΓ A(Γ) ε

kBT

t∫
−∞

dt′ e−̊ıL0(t−t′)f(t′)ṀΨeq(Γ) (5.11)

=
t∫

−∞
dt′ RA(t− t′)εf(t′) (5.12)
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5.2. The Shear Stress Response

where

RA(t) := 1
kBT

〈
A(Γ)e−̊ıL0tṀ(Γ)

〉
Ψeq

is the time dependent response function. RA can be interpreted as a correlation function
φAB(t) = 〈A, B(t)〉Ψeq of the variables A and B(t) := 1/(kBT )Ṁ(t) respectively as

RA(t) = 1
kBT

∂tφAM (t)

RA connects the fluctuations of the dynamical variable δA to the perturbing field εf(t).
The preceding equation suggests a simple method to determine the correlator φAB ex-
perimentally. By probing the system with an external field εf(t), which couples to the
dynamical variable M and measuring simultaneously the expectation value of the fluctu-
ation 〈δA〉t, one can determine the response function, hence the correlator.

5.2. The Shear Stress Response

Here an application of the previous derived theory shall be presented. Consider a weak
inhomogeneous velocity field vext perturbing the system. Since a model for supercooled
liquids is assumed, the kinetic contribution to the perturbed part of the Hamiltonian will
be neglected (∆Ḣ = U̇). Thus only the total potential U is disturbed

[∂t + ı̊L0]Ψ1 = 1
kBT

U̇Ψeq.

The applied velocity field vext(r, t) acts as a displacement field for the particles. The
displacement of a particle is

ṙακ =
∫
dr w(rκ − r)vextα (r, t), (5.13)

where w is a weighting function, which describes the region of influence of the external
field on the particles. w is assumed to be symmetric. The rate of change of the total
potential is (2.9)

U̇(t) = d

dt

N∑
i=1

N∑
j 6=i

U(rjk)

=
N∑
i=1

N∑
j 6=i

U ′(rjk)
ṙαjk
rjk

(rαj − ṙαk ).
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5. Linear Response

Substitution of the displacement through the external velocity field (5.13) leads to

U̇(t) =
N∑
i=1

N∑
j 6=i

U ′(rjk)r̂αjk ·
∫
dr vextα (r, t)[w(r− rj)− f(r− rk)]

=
N∑
i=1

N∑
j 6=i

U ′(rjk)r̂αjk ·
∫
dr vextα (r, t)

1∫
0

ds ∂sf(r− rk − srjk).

By using ∂sw(r−srjk) = −rαjk∇αw(r−srjk) and partial integration, neglecting the surface
terms, one gets

U̇(t) =
N∑
i=1

N∑
j 6=i

U ′(rjk)r̂αjkr
β
jk

∫
dr

1∫
0

ds f(r− rk − srjk)∇αvextβ (r, t).

With the Irving Kirkwood expression of the stress tensor (2.18), one obtains

U̇(t) =
√
N

∫
dr σαβ(r)∇αvextβ (r, t).

Thus the linear response of the system to the applied weak inhomogenous velocity field
vext is given by

〈σαβ(r, t)〉lr = 1
kBT

∫ t

−∞
dt′
∫
dΓ
√
Nσαβ(r)e−̊ıL(t−t′)U̇(r′, t′)Ψeq

= 1
kBT

∫ t

−∞
dt′

〈√
Nσαβ(r)e−̊ıL(t−t′)U̇

〉
Ψeq

= 1
kBT

∫ t

−∞
dt′
∫
dr′ N

〈
σαβ(r)e−̊ıLtσγδ(r′)∇′γvextδ (r′, t)

〉
Ψeq

.

The prefactor
√
N is introduced to simplify the equations. Normalizing the response to

the volume V and substituting the particle density n = N/V yields

〈σαβ(r, t)〉lr = 1
kBT

∫ t

−∞
dt′
∫
dr′ n

〈
σαβ(r)e−̊ıLtσγδ(r′)∇′γvextδ (r′, t)

〉
Ψeq

.

Note that formally this is not the same linear response function, but 〈δσαβ〉lr /V . The
external velocity gradient κextαβ (r, t) := 1/2(∇αvextβ (r, t) + ∇βvextα (r, t)) can be identified.
Since the stress tensor is symmetric σαβ = σβα, only the symmetric part of the external
velocity gradient κextαβ (r, t) enters and therefore

〈σαβ(r, t)〉lr = 1
kBT

∫ t

−∞
dt′
∫
dr′ n

〈
σαβ(r)e−̊ıLtσγδ(r′)κextγδ (r′, t)

〉
Ψeq

.
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5.2. The Shear Stress Response

The external perturbation can be pulled out of the average as a constant factor, since
it is not a function of (thermal) fluctuations. Using the homogeneity of the system, one
obtains the linear response of the system to the external field gradient κext

〈σαβ(r, t)〉lr = 1
kBT

∫ t

−∞
dt′
∫
dr′ n

〈
σαβ(r− r′))e−̊ıLtσγδ(0)

〉
Ψeq

κextγδ (r′, t).

In order to address rheology experiments, the case of a shear flow shall be considered.
The stress fluctuations are δσαβ(q) = σαβ(q) + V/

√
Npδαβδq,0. Thus, the transverse

stress fluctuations coincide with the transverse stress. By using the definition of the stress
fluctuation autocorrelation function Σ (4.44) the linear response result reduces to

〈σxy(r, t)〉lr =
∫ t

−∞
dt′
∫
dr′ Σxyαβ(r− r′, t− t′)κextαβ (r′, t′). (5.14)

This equation can be seen as generalized Green-Kubo relation for the transverse shear
stress. Furthermore the linear response of the system to the external induced velocity
gradient is determined by the shear stress autocorrelation function Σxyxy, which can
thus be investigated with rheological methods. Consider the shear flow κextαβ (q, t) :=
γ̇(t)(δxαδyβ + δxβδyα)/2, where γ̇(t) denotes the shear rate. Fourier transformation leads
to

〈σxy(q, t)〉lr =
∫ t

−∞
dt′ γ̇(t′)Σxyxy(q, t− t′),

where symmetry Σxyαβ = Σxyβα was used. The transverse shear stress is given by the
convolution of Σxyxy with the shear rate γ̇. For the case of (small amplitude) oscillatory
shear strain of the form

γ(t) = γ0 sin(ωt),

one arrives at the linear response result

〈σαβ(r, t)〉lr = γ0[Σ′xyxy(q, ω) sin(ωt) + Σ′′xyxy(q, ω) cos(ωt)], (5.15)

where Σ′xyxy and Σ′′xyxy are the storage and loss moduli, respectively, defined by

Σ′xyxy(q, ω) = ω

∞∫
0

dt′ sin(ωt′)Σxyxy(q, t′),

Σ′′xyxy(q, ω) = ω

∞∫
0

dt′ cos(ωt′)Σxyxy(q, t′).
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5. Linear Response

This is the familiar linear response result. Furthermore (5.15) can be rewritten as

〈σαβ(r, t)〉lr = γ0 |Σxyxy(q, ω)| sin(ωt+ θ(ω)) (5.16)

with the complex modulus |Σxyxy|2 = (Σ′xyxy)2 + (Σ′′xyxy)2 and the phase shift given by
θ = arctan(Σ′′xyxy/Σ′xyxy). For a purely elastic solid is Σ′′ equal to zero and the response
is in phase with γ(t) (δ = 0). In the case of an viscous fluid is Σ′ is equal to zero and
dissipation dominates the response. The response is in phase with γ̇(t) ( δ = 90◦ – lags in
phase compared to γ). With the identity

ı̊ωΣxyxy(q, s = −̊ıω) = Σ′xyxy(q, ω) + ı̊Σ′′xyxy(q, ω) (5.17)

one can easily connect the transverse shear stress in the generalized Maxwell model (4.67)
to the linear response result (5.15).

5.3. Spectra of the Transverse Shear Stress

Frequency dependent spectra can be observed experimentally. Equation(5.17) gives a
relation to compute the spectra resulting from the transverse shear stress. First the spectra
of the generalized Maxwell model without damping Γ = 0 are discussed. Following that a
damping Γ 6= 0 is introduced and the consequences will be analyzed.

5.3.1. Generalized Maxwell Model without Damping

In chapter 4.3.3 the transverse shear stress tensor for incompressible supercooled liquids
ΣgM
xyxy (4.65) was discussed. The force memory kernel was modeled with a single relaxation

time τ and with the damping constant Γ set to zero. The linear frequency dependent
moduli ΣgM ′

xyxy and ΣgM ′′
xyxy for ΣgM

xyxy are computed via relation (5.17) and shown in figure
5.1. The storage modulus ΣgM ′

xyxy is given by

Σ′xyxy(q, ω) = ZgM ′q (ω) +
(

4
q2
xq

2
y

q4 + q2
z

q2

)[
GgM ′(ω)− ZgM ′q (ω)

]
,

where the storage modulus of the force autocorrelation function and the force memory
kernel are

ZgM ′q (ω) = G∞
(ωτ)4 − (ωτqξ)2

(ωτ)2 + [(ωτ)2 − (qξ)2]2 ,

GgM ′(ω) = G∞
(ωτ)2

1 + (ωτ)2 ,
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Figure 5.1.: Frequency dependent shear stress spectra obtained from the generalized
Maxwell model at finite wavevectors without damping. The storage modulus ΣgM ′

xyxy (solid
lines) and ΣgM ′′

xyxy (dashed lines) are displayed for the directions qz = 0, qx = qy = q/2
(top left) and qz = qx = 0 (top right) and for different relaxation times τ (bottom left).
For τ = 1 s the moduli are shown in a linear plot in the bottom central panel and the
phaseshift θ in the bottom right panel. The resonance frequency is set to c⊥q = 2πHz and
the wavevector magnitude to q = 2πmm−1.

with G∞ the shear modulus and ξ the correlation length, which grows like the relaxation
time ξ ∝ τ . The loss modulus ΣgM ′′

xyxy is given by

Σ′′xyxy(q, ω) = ZgM ′′q (ω) +
(

4
q2
xq

2
y

q4 + q2
z

q2

)[
GgM ′′(ω)− ZgM ′′q (ω)

]
,

where the corresponding linear loss moduli are

ZgM ′′q (ω) = G∞
(ωτ)3

(ωτ)2 + [(ωτ)2 − (qξ)2]2 ,

GgM ′′(ω) = G∞
ωτ

1 + (ωτ)2 .

At first, one recognizes the dependence of the transverse shear stress moduli on the
wavevector q. The moduli depend not only on the modulus q but also on the direc-
tion – even in the limit of vanishing wavevectors. The angular dependence is the same as
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5. Linear Response

of ΣgM
xyxy (already discussed in chapter 4.3.3).

For qz = 0 and qx = qy = q/2 (upper left panel of Figure 5.1) only the spectra of the
generalized Maxwell model GgM remain, which are the moduli of Maxwell’s macroscopic
model for viscoelasticity (Chapter 4.3.1). They display Maxwell’s viscoelastic behavior.
For low frequencies GgM ′ increases quadratically and GgM ′′ linearly with the frequency.
In the limit ωτ � 1 the storage modulus is dominated by the loss modulus, which is char-
acteristic for a fluid. The two lines intersect at ωτ = 1. For high frequencies ωτ � 1 the
storage modulus becomes constant GgM ′ = G∞. The loss modulus decreases reciprocally
with the frequency. For high frequencies the loss modulus is dominated by the storage
modulus GgM ′′ < GgM ′′, which is the characteristic of an elastic response.
For qx = qz = 0 the spectra of the transverse force autocorrelation function ZgMq remain

the same. They are shown in the upper left panel of Figure 5.1. For low frequencies
ωτ � qξ the loss modulus increases proportionally to ΣgM ′′

xyxy ∝ (ωτ)3. At the transition to
the intermediate regime, where ωτ ≈ qξ, one can see that a hump occurs in the curves at
ωτ ≈ 1 (basically for the red and blue graphs). In the intermediate regime ΣgM ′′

xyxy depends
linearly on the frequency ΣgM ′′

xyxy ∝ ωτ . At high frequencies ωτ � qξ the loss modulus
falls proportional to the reciprocal frequency ΣgM ′′

xyxy ∝ 1/(ωτ). By comparison the storage
modulus shows a resonance at the intermediate regime for ω = qcritξ/τ = c⊥q, which is
the resonance frequency of the transverse sound wave appearing in the force autocorrelator
ZgMq (see Chapter (4.3.3)). The resonance in Figure 5.1 is set to c⊥q = 2πHz. At the
resonance frequency ω � c⊥q the phase θ = arctan(ΣgM ′′

xyxy/Σ′xyxy) (bottom right panel)
jumps from −π/2 to π/2 (coming from lower frequencies) so that the sign changes from
negative to positive (bottom central panel). Due to the sign change the curves of ΣgM ′

xyxy

in the upper right panel start at ωτ = qcritξ. The resonance develops when the hump at
ωτ ≈ 1 shifts to the resonance frequency ωτ ≈ c⊥q. At high frequencies ωτ � qξ the
storage modulus becomes constant ΣgM ′

xyxy = G∞. At high frequencies the storage modulus
dominates over the loss modulus ΣgM ′′

xyxy < ΣgM ′
xyxy, which is characteristic for the elastic

limit.

5.3.2. Generalized Maxwell Model with Damping

Now a damping is introduced. The linear moduli for transverse shear stress ΣgM
xyxy (4.67)

obtained from the generalized Maxwell model with Γ 6= 0 are computed with (5.17). In
figure 5.2 the frequency dependent storage modulus (solid lines) and loss modulus (dashed
lines) are shown. For simplification the q dependency is suppressed. The storage modulus
is given by

ΣgM ′
xyxy(q, ω) = ZgM ′q (ω) +

(
4
q2
xq

2
y

q4 + q2
z

q2

)[
GgM ′(ω)− ZgM ′q (ω)

]
,
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5.3. Spectra of the Transverse Shear Stress

where moduli of the transverse force autocorrelation function and the memory kernel of
the generalized Maxwell model are

ZgM ′q (ω) = Gω2[(ωs)2 − 2αγωs + γ2 + ω2]
(γ2 + ω2)2 + 2(γ2 − ω2)(ωs)2 + (ωs)4 ,

GgM ′(ω) = G∞
(τω)2

1 + (τω)2 .

The loss modulus follows as

ΣgM ′′
xyxy(q, ω) = ZgM ′′q (ω) +

(
4
q2
xq

2
y

q4 −
q2
z

q2

)[
GgM ′′(ω)− ZgM ′′q (ω)

]
where the corresponding moduli are

ZgM ′′q (ω) = ωΓ + −(γ2 + (ωs)2)αω + (2Gγ + δ)ω3

(γ2 + ω2)2 + 2(γ2 − ω2)(ωs)2 + (ωs)4 ,

GgM ′′(ω) = G∞
ωτ

(ωτ)2 + 1 + ωΓ,

with

α(q) = γ(q)
ωs(q) + τ0

τ
(qξ)2

(
1 + τ0

τ

) 1
τωs(q)

G∞
G(q) .

The generalized transverse sound frequency ωs, the damping rate γ and the generalized
elastic modulus G are given by

ωs(q) = 1
2τ

√
(2qξ)2 − 1 + 2x− x2, x = τ0

τ
(qξ)2,

γ(q) = 1
2τ

(
1 + τ0

τ
(qξ)2

)
,

G(q) = G∞

(
1−

(
τ0
τ

)2
(qξ)2

)
.

τ0 = Γ/G∞ is a time scale induced through the damping constant Γ. For Γ = 0 the
equation reduces to the moduli of the previous chapter 5.3.1. ΣgM ′

xyxy and ΣgM ′′
xyxy possess

the same angular dependence as the moduli without damping. Thus for qz = 0 and
qx = qy = q/2 (upper panel of Figure 5.2) the moduli reduce to the spectra of the
generalized Maxwell model GgM with damping. GgM ′ behaves the same for Γ = 0. For
low frequencies GgM ′′/G∞ increases with ωτ0(1 + τ/τ0). For high frequencies ωτ0 � 1 the
loss modulus GgM ′′/G∞ ωτ0 � 1 increases linearly with ωτ0.
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Figure 5.2.: Frequency dependent shear stress spectra obtained from generalized Maxwell
model at finite wavevectors. The storage modulus ΣgM ′

xyxy (solid lines) and ΣgM ′′
xyxy (dashed

lines) are displayed for the directions qz = 0, qx = qy = q/2 (top panel) and qz = qx = 0
(bottom panel) and for different relaxation times τ (see legend). The moduli are plotted
over the rescaled frequency ωτ0. τ0 = Γ/G∞ is the time scale of instantaneous dissipation.
c⊥qτ0 = 2π · 10−5 is set.
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5.4. Generalized Hydrodynamic Equations

For qx = qz = 0 the moduli reduce to the transverse force autocorrelation function ZgMq .
They are shown in the bottom panel of Figure 5.2. The show for low and intermediate
frequencies a similar behavior like in the undamped case. For frequencies ωτ ≈ 1 the loss
modulus ΣgM ′′

xyxy shows a hump. If the hump shifts to the resonance frequency, a damped
resonance develops. For high frequencies the loss modulus ΣgM ′

xyxy increases proportionally
to ωτ0. τ0 characterizes the scale of instantaneous dissipation. The storage modulus
plateaus at G∞.

The most significant difference to the spectra of the generalized Maxwell model without
damping shows in the high frequency regime, where the loss modulus increase proportional
to Γ. The increase account for dissipation in the elastic limit. Except that the resonance
frequency is slightly shifted compared to the case of Γ = 0. This due to the fact, that the
low frequency regime, which corresponds to long times, the effects of τ0 are so small that
they are negliable.

5.4. Generalized Hydrodynamic Equations

Here an equivalent formulation of the linear response result (5.15) is considered. Starting
with a Navier-Stokes-like equation and use Maxwell’s constitutive equation for the stress
to close the set of equations.

The total velocity field vtotα (r, t) shall consists of two parts: an intrinsic velocity field
vα(r, t) and an externally imposed velocity field vextα (r, t). The intrinsic field satisfies the
microscopic conservation laws

mn∂tvα(r, t) = ∇β(σgMβα (r, t) + p(r, t)δβα), (5.18)

∇αvα(r, t) = 0, (5.19)

which is completed with the incompressibility condition. p denotes the pressure. The
preceding equation is Navier-Stokes like. To close the set of equations a constitutive
relation is needed. Therefore Maxwell’s model for the the viscoelastic stress tensor σgM

is used

(1 + τ∂t)σ̄gMαβ (r, t) = 2ηMκtotαβ(r, t), (5.20)

σ̄gMαβ (r, t) = σgMαβ (r, t)− 2Γκtotαβ(r, t). (5.21)

Here, the stress tensor consists of an instantaneous dissipative contribution (term pro-
portional to Γ) and a viscoelastic contribution following Maxwell’s ansatz from Chapter
(4.3.1). The difference to Maxwell’s ansatz here is that the stresses are generated by the
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5. Linear Response

inhomogeneous flow field gradient, which include both the local and the streaming motion

κtotαβ(r, t) = κextαβ (q, s) + καβ(q, s)

= 1
2
[
∇α

(
vβ + vextβ

)
+∇β

(
vα + vextα

)]
.

In Fourier space the external perturbation of the shear flow shall be given by the velocity
gradient

κextαβ (q, s) = γ̇(s)
2 (δαxδβy + δαyδβx).

That these equations reproduce the linear response result (5.15) will be shown in the
following by solving them. Combination of the two (5.20) and (5.21) leads to

(1 + τ∂t)σgMαβ (r, t) = 2(ηM + Γ + Γτ∂t)κtotαβ(r, t).

The pressure can be decoupled from the Navier-Stokes like equation, due to the incom-
pressibility condition. Therefore one has to apply the curl operation twice on the equation
(5.18) and then uses the incompressibility condition.1 Then, one obtains the governing
equation for the intrinsic velocity field

−mn∂t∇β∇βvα = ∇α∇β∇γσgMγβ −∇β∇β∇γσgMγα .

By applying the divergence to the Navier Stokes a Poisson equation for the pressure follows

∇α∇αp = ∇α∇βσgMαβ .

Thus the system is governed by the equations
−mn∂t∇β∇βvα = ∇α∇β∇γσgMγβ −∇β∇β∇γσgMγα

(1 + τ∂t)σgMαβ (r, t) = 2(ηM + Γ + Γτ∂t)κtotαβ
∇α∇αp = ∇α∇βσgMαβ

.

It will be assumed that at time t = 0 the system is in quiescent equilibrium. The initial

1For an appropriate vector field vα(r, t) the curl operation is defined as

∇× v := (εαβγ∇βvγ)α.

The curl of a gradient field vanishes ∇αp(r, t) = 0. Applying the curl twice on the velocity field vα,
the identity

∇× (∇× v) = (∇α∇βvβ −∇β∇βvα)α

holds.
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5.4. Generalized Hydrodynamic Equations

conditions read

vα(r, t = 0) = 0,

σgMαβ (r, t = 0) = 0,

κtotαβ(r, t = 0) = 0.

Fourier transformation followed by a Laplace transformation of the governing equations
leads to

mnsq2vα(q, s) = ı̊qαqβqγσ
gM
γβ (q, s)− ı̊q2qγσ

gM
γα (q, s),

(1 + sτ)σgMαβ (q, s) = 2(ηM + Γ + Γsτ)κtotαβ(q, s),

κtotαβ(q, s) = γ̇(s)
2 (δαxδβy + δαyδβx) + ı̊

2(qαvβ + qβvα),

q2p(q, s) = qαqβσ
gM
αβ (q, s).

From the second line one obtains an equation for the stress tensor

σgMαβ (q, s) =
(

ηN

1 + sτ
+ Γ

)
︸ ︷︷ ︸

=GgM (s)

2κtotαβ(q, s)

= GgM (s) [γ̇(s)(δαxδβy + δαyδβx) + ı̊(qαvβ + qβvα)] ,

where the generalized force memory kernel GgM can be identified. Inserting this expression
of σgMαβ into the equation in the first line one arrives after some steps at

nms

ZgM (q, s)vα − qαqβvβ = −̊ıγ̇(s)
[
2qxqy
q2 qα − (qxδαy + qyδαx)

]
,

where the force auto correlation function ZgMq can be identified

ZgMq (s) =
[

1
GgM (s) + q2

nms

]−1

.

By rewriting the preceding equations in the form Aαβ(q, s)vβ = bα(q, s), the system of
equations can be solved by inverting A via (A)−1 = adj(A)/det(A), where adj(A) is the
adjoint of A and det(A) denotes the determinant of A. This leads to

vα = −̊ıγ̇(s)
ZgMq (s)
nms

[
2qxqy
q2 qα − (qxδαy + qyδαx)

]
. (5.22)

By considering only the transverse shear stress (for the directions x̂ and ŷ), the stress
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5. Linear Response

tensor reduces to

σgMxy (q, s) =
(

ηN

1 + sτ
+ Γ

)
︸ ︷︷ ︸

=GgM (s)

2κtotαβ(q, s)

= GgM (s) [γ̇(s) + ı̊(qxvy + qxvy)] .

Substitution of the solution vα (5.22) into σgMxy and using that q2
x+ q2

y = q2− q2
z , the linear

response result follows

σgMxy (q, s) = γ̇(s)ΣgM
xyxy(q, s),

with the transverse shear stress ΣgM
xyxy in the known form, as discussed in (4.62a)

ΣgM
xyxy(q, s) = ZgMq (s) +

(
4
q2
xq

2
y

q4 + q2
z

q2

)
q2(GgM (s))2

mns+ q2GgM (s) .

5.5. Spectra of the Overdamped Dynamics

So far, the transverse shear stress spectra for supercooled incompressible liquids were dis-
cussed. In this section a method will be provided to extend the results for the overdamped
dynamics of colloidal dispersions.
In some cases [Kli+12] it has been exposed, that by substituting nms with nζ one

can switch from the description of the underdamped (Newtonian) dynamics for the de-
scribing of liquids to the overdamped (Brownian) dynamics of colloidal dispersions. This
substitution allows the easy transfer the results for liquids to colloidal dispersions.
This can be seen as follows: Equation (9) from the supplementary material of [Kli+12]

descriebes the motion of the collective mean-squared displacement tensor Cαβ for colloidal
dispersions with overdamped dynamicsEquation. Transforming this equation to Laplace
space and solving for Cαβ, one obtains by using relation (8) from the supplementary
material an expression for the velocity auto correlation function Kαβ. The transverse
correlator K⊥ follows with the symmetry decomposition for tensors (Chapter 3.3)

K⊥q (s) = nkBT
(
nζ + q2G⊥q (s)

)−1
, (5.23)

where the Stokes-Einstein relation ζ = kBT/D0 was applied for the drag coefficient. Note
that G̃⊥ = G⊥ in the supplementary material holds. This is the transverse velocity
autocorrelation function for dynamics of colloidal dispersions.
The transverse shear stress tensor (4.62a) is determined by Z⊥q and G⊥q . By inspection,

the transverse force autocorrelator Z⊥q is assembled by G⊥q and K⊥q . Thus the transverse
shear stress is determined by the two correlators G⊥q and K⊥q . In the generalized Maxwell
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5.5. Spectra of the Overdamped Dynamics

model G⊥q is approximated with the kernel of the Maxwell model. So to speak, the
transverse shear stress autocorrelator in the generalized Maxwell model depends only on
K⊥q . Now by comparing K⊥q from equation (4.42)

K⊥q = nkBT
(
nms+ q2G⊥q (s)

)−1
,

with (5.23) one recognizes that the substitution mns → nζ transfers the velocity auto-
correlator of the Newtonian dynamics to the one for the overdamped dynamics. Thus
by applying the substitution the transverse shear stress tensor ΣgM

xyxy can be overdamped,
respectively transferred to Brownian dynamics.2

If one is not satisfied with this argumentation, one can alternatively consider the over-
damped equation (5.18).

nζvα(r, t) = ∇β(σgMβα + p(r, t)δβα),

from which one can derive the transverse shear stress for overdamped dynamics in analogy
to Chapter 5.4. Both ways lead to the same result. The overdamped transverse shear stress
tensor is given by

Σov
xyxy(q, s) = Zovq (s) +

(
q2
xq

2
y

q4 + q2
z

q2

)[
GgM (s)− Zovq (s)

]
,

where ζ is the drag coefficient The generalized force memory kernel and the overdamped
transverse force autocorrelation function are given by

Zovq (s) =
(
q2

nζ
+ 1
GgM (s)

)−1

GgM (s) = G∞τ
1 + sτ

+ Γ,

with the damping constant Γ, the shear modulus G∞ and the particle density n. The
moduli can be computed with the relation (5.17). They are shown in Figure 5.3. Due
to the structure of Σov

xyxy the spectra posses the same angular dependence as the spectra
of the underdamped (Newtonian) dynamics. For qz = 0 and qx = qy = q/2 (top panel)
the moduli reduce to the force memory kernel GgM , which is the same for the spectra of
the generalized Maxwell model with Γ 6= 0. For qz = qx = 0 (bottom panel) the moduli
reduce to the overdamped force memory kernel. One can see that the peak of the loss
modulus shifts not proportionally to the relaxation time 1/τ like in the Maxwell model
(upper panel). The the peak arrest for increasing relaxation times.

2Strictly speaking it remains to verify that in the derivation of the transverse shear stress tensor (4.62a)
the explicit Liouvillian does not enter.
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Figure 5.3.: Frequency dependent shear stress spectra obtained by the overdamped equa-
tions at finite wavevectors. The storage modulus Σov′

xyxy (solid lines) and Σov′′
xyxy (dashed

lines) are displayed for the directions qz = 0, qx = qy = q/2 (top panel) and qz = qx = 0
(bottom panel) and for different relaxation times τ (see legend). The moduli are plotted
with the parameter: τ0

G∞
nζ q

2 = 2π10−6.
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5.6. Conclusion

The peak is located at the frequency

ωpeak = 1
4τ2

0 γ̃
− 1
τ0

√
1

(4τ0γ̃)2 + 1
2τ0γ̃

+ 1
4τ γ̃ −

(τ + τ0)2

τ2 ,

where τ0 := Γ/G∞ is the time scale of instantaneous dissipation and γ̃ the damping rate,
given by

γ̃(q) := 1
2τ0

(
1 + q2Γ

nζ

)
.

In a linear response experiment Siebenbuerger et al. [Sie+09] could determine the loss
moduli for a suspension of thermosensitve particles dispersed in water spanning over nine
orders of magnitude down to smallest shear frequencies. In their measurement an arrest-
ing peak at low frequencies is observed approaching the elastic limit. This peak has been
assigned to an aging effect (comparing with the results of [Pur+06]; [Pur+07] or to be an
artefact due to visible “noise” on the signal. This model gives an alternative explanation
namely that the arresting peak could potentially arise due to the geometry of the rheome-
ter, since the arresting of the peak only appears for qz = qx = 0 and not for qz = 0 and
qx = qy = q/2.

5.6. Conclusion

In this chapter, the transverse shear stress tensor was identified as the response of the
system to small amplitude oscillatory shear strain, which led to a relation for comput-
ing frequency dependent spectra. Hence spectra of the generalized Maxwell model were
regarded, which showed a strong wavevector direction dependence (even for vanishing
wavevector). This wavevector dependence arises due to the anisotropy of the transverse
shear stress tensor. The dissipation in the elastic state could be accounted for by intro-
ducing an instantaneous damping. At frequencies of the order of the transverse sound
wave a damped resonance was observed. After that an alternative differential formulation
of the linear response relation was presented. It resembled a Navier-Stokes-like equation
complemented with a constitutive equation for the stress inspired by Maxwell’s model
for viscoelasticity. In the last section overdamped dynamics for colloidal dispersions were
considered. This was achieved by the substitution nms→ nζ. The regarded spectra of the
overdamped dynamics showed an arresting peak in the loss modulus for certain wavevec-
tor directions. This could possibly give an alternative explanation for some experimental
findings.
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A. Fourier Transformation

The Fourier transformation is defined on the vector space of complex valued functions
which are stepwise continuous and absolutely integrable. For a function f we use the
convention of the Fourier transformation from real space to Fourier space

F [f ] (k) :=
∫
R3

dr eik·rf(r) (A.1)

and for the inverse

F−1 [f ] (r) :=
∫
R3

dk
(2π)3 e−ik·rf(k).

The argument k or as indices fk denotes Fourier transform if not stated otherwise. Some
properties:

(i) The Fourier transformation is linear. For a1, a2 ∈ C and two complex valued func-
tions f, g, which are stepwise continuous and absolutely integrable

F [a1f + a2g] (k) = a1F [f ] (k) + a2F [g] (k).

(ii) For the translation of a function f along the vector a holds

F [f(r− a)] (k) = eiq·aF [f ] (k).

(iii) The Fourier transform of the derivative of a function f is given by

F [∇nf ] (k) = (−iq)nF [f ] (k).

(iv) For the convolution of two functions f and g there holds

F
[∫

R3
dr′ f(r′)g(r− r′)

]
(k) = F [f ] (k)F [g] (k).
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(v) For the delta function holds

F [δ] (k) =1

F−1 [1] (r) = 1
(2π)3 δ(r).
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B. Laplace Transformation

The Laplace transformation is defined on the vector space of complex valued functions
which are exponentially bounded. For φ the Laplace transformation is defined as

L [φ] (s) = φ̃(s) :=
∞∫
0

dt e−stφ(t).

The Laplace transform of φ is indicated by the argument s if not stated otherwise. Some
properties of the Laplace transformation are:

(i) The Laplace transformation is linear. For a1, a2 ∈ C and two complex valued func-
tions φ1, φ2, which are exponentially bounded

L [a1φ1 + a2φ2] (s) = a1L [φ1] (s) + a2L [φ2] (s).

(ii) For the the derivatives of a function φ holds

L
[
φ(n)

]
(s) = snL [φ] (s)−

n−1∑
k=0

φ(k)(0)sn−k−1.

(iii) For the convolution of two functions φ and ψ there holds

L
 t∫

0

dt′φ(t′)ψ(t− t′)
 (s) = L [φ] (s)L [ψ] (s).

(iv) For the limits holds, if φ is finite for t→ 0 or t→∞

lim
t→∞
(t→0)

φ(t) = lim
s→0

(s→∞)
sL [φ] (s).
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