Thermally induced spin-transfer torques in superconductor/ferromagnet bilayers
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Thermally induced magnetization dynamics is currently a flourishing field of research due to its
potential application in information technology. We study the paradigmatic system of a magnetic
domain wall in a thermal gradient which is interacting with an adjacent superconductor. The spintransfer torques arising in this system due to the combined action of the giant thermoelectric effect
and the creation of equal-spin pairs in the superconductor are large enough to efficiently move the
domain wall even in a ballistic situation. The mechanism is independent of hard to control impurity
effects and paves the way to observe superconductivity-induced domain wall motion in realistic
setups.

The essence of the thermoelectric or Seebeck effect is
that a temperature gradient along a structure gives rise
to a charge current and, hence, a bias voltage in an open
circuit. However, in recent years a new paradigm has
emerged by coupling spin and heat degrees of freedom
– called spin caloritronics [1]. In particular, the spin
Seebeck effect, that is the generation of a spin imbalance
by a temperature gradient, has been discussed. Further,
a thermally induced spin-transfer torque (STT), based
on the spin-dependent Seebeck effect was predicted and
its influence on the domain wall (DW) motion has been
discussed[2–9]. The thermally induced STT can have at
least two physical origins: (i) magnonic STT [10–12] and
(ii) STT exerted by electronic quasiparticles [13, 14].
At low temperatures the main contribution to the thermally induced STT in ferromagnetic metals and semiconductors is the electronic one. The STT is generated
by the thermally-induced electron spin flow. This spin
flow can be quantified in terms of the spin thermopower
∇µs /2e∇T generated by the temperature gradient ∇T
in an open circuit, where µs = µ↑ − µ↓ is the spin imbalance of the spin-dependent chemical potentials. In order
to have a nonzero spin current an electron-hole asymmetry at the Fermi level is required [1, 15–19]. Typically the
corresponding electron-hole asymmetry in metallic ferromagnets is rather small resulting in the predicted spin
thermopower µs /2e∇T = SP 0 ∼ 10−3 mV/K for intermetallic interfaces at room temperature [4, 20], while a
much smaller spin thermopower ∼ 10−6 mV/K was measured for a ferromagnetic film [19]. Here S is the thermopower and P 0 = ∂ε (G↑ − G↓ )|εF /∂ε G|εF is the polarization of the energy derivative of the conductance at the
Fermi energy, G↑,↓ is the spin-up (down) conductance
and G = G↑ + G↓ . More recently, a very large thermopower and spin thermopower was predicted by lifting
the spin degeneracy of the density of states in superconductors (e.g., by proximity to magnetic materials), [21–
32]. The reason is that a huge spin-dependent particlehole asymmetry in the superconductor is obtained in this
case due to the presence of a superconducting gap. The
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FIG. 1. Sketch of the bilayer S/F system. The magnetization
of the F has a form of a head-to-head domain wall (DW)
and is indicated by arrows. The picture on the top surface
illustrates the process of thermally induced spin pumping into
the DW region. Spin current in the bulk of the both domains
is directed from the DW. In the right domain the directions
of the spin current and the majority spin (opposite to the
magnetization) flow coincide, while in the left domain they
are opposite. Therefore, the majority spin always moves from
the hot to the cold end. That means that the majority spin
of the hotter domain is pumped into the DW region forcing
the boundary between the domains to shift towards the cold
end.

observation of the large thermopower has been reported
experimentally [33–35]. Upon application of strong inplane magnetic fields B ∼ 1T, Seebeck coefficients the
order of 0.3mV/K were measured, what is comparable to
the thermopower measured in magnetic semiconductors
at much higher temperatures[36].
In spite of the impressive results on the Seebeck effect in S/F hybrids, the prospects of using the thermally
induced spin currents to generate STT have not been
explored so far. In the present Letter, we predict the existence of a thermally induced STT in thin film S/F bilayers containing a DW and investigate the resulting DW
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motion. The origin of the STT is the electron spin flow in
the superconductor due to a Zeeman splitting induced by
the proximity of the ferromagnetic domains. Therefore,
the STT is universal and is relevant for ferromagnetic
metals as well as for magnetic insulators. Our results indicate that the role of superconducting elements in the
STT is twofold. First, the giant spin Seebeck effect gives
rise to an adiabatic torque component. However, the
main finding is that the superconducting hybrids provide
a unique mechanism for an anti-damping spin-transfer
torque, which is not connected to spin-flip scattering of
quasiparticles. The reason for the anti-damping STT is
the presence of the superconducting condensate, which
is sensitive to a gauge vector potential caused by a magnetic inhomogeneity and induces a spin current carried
by equal-spin pairs. As a result of this pair-induced antidamping STT the motion of an unpinned DW can be
triggered by very small temperature gradients even in
the ballistic case.
Model and method. The model system that we consider
is shown in Fig. 1. It consists of a spin-textured ferromagnet with a spatially dependent magnetization M (r)
in contact to a spin-singlet superconductor. The superconductor is assumed to be in the ballistic limit. The
ferromagnet can be a metal or an insulator. If the thickness of the S film dS is smaller than the superconducting coherence length ξS , the magnetic proximity effect,
that is the influence of the adjacent ferromagnet on the
S film can be described by adding the effective exchange
field[37–42] h(r) ∼ −M (r) to the quasiclassical Eilenberger equation, which we use below to treat the superconductor. While in general the magnetic proximity effect is not reduced to the effective exchange only [43–45],
in the framework of the present study we neglect other
terms which can be viewed as additional magnetic impurities in the superconductor and focus on the effect of the
spin texture.
The bilayer film is assumed to be connected to equilibrium reservoirs having different temperatures Tl,r . We
neglect all inelastic relaxation processes in the film assuming that its length is shorter than the corresponding relaxation length. As here we are dealing with a
nonequilibrium problem, we work in the framework of
the Keldysh technique for quasiclassical Green’s functions. All the technical details of the Green’s function
calculation are given in the Supplementary Material. [46]
Below we are interested in the spin current flowing in
the superconductor. It exerts a torque on the ferromagnet magnetization. The spin current of spin projection
J in direction j can be calculated as follows:
NF
Jj = −
16

Z∞
−∞

h
i
dεTr4 σhvF,j ǧ K i ,

(1)

where ǧ K (, vF ) represents the Keldysh part of the quasiclassical Green’s function. NF is the normal density

of states at the Fermi level, h· · · i implies averaging over
the Fermi surface, and Tr4 is the trace in Nambu⊗Spin
space.
The torque can be calculated starting from the effective
exchange interaction between the spin densities on the
two sides of the S/F interface:
Z
Hint = − d2 rJex Ss,
(2)
where s is the electronic spin density operator in the S
film, S is the localized spin operator in the F film, Jex is
the exchange constant and the integration is performed
over the 2D interface. It has been shown [45] that this
exchange interaction Hamiltonian results in the appearance of the exchange field h = Jex M/(2γds ) in the S film.
Here M is the saturation magnetization of the ferromagnet and γ is the gyromagnetic ratio.
Making use of the quantum kinetic equation for the
electron Green’s function in the S film, we find that for
the case under consideration the spin density s obeys the
following equation:
∂t s = −∂j Jj + 2h × s,

(3)

where we have introduced the vector Jj = (Jjx , Jjy , Jjz )
corresponding to the spin current flowing along the j-axis
in real space.
Applying Ehrenfest’s theorem, one obtains the additional contribution to the Landau-Lifshitz-Gilbert equation from the exchange interaction Eq. (2) in the form of
a torque acting on the magnetization:
α
∂M
Jex
∂M
= −γM × Heff +
M×
+
M × s, (4)
∂t
M
∂t
dF
where α is the Gilbert damping constant and the last
term represents the torque. Heff is the local effective
field
Heff =

HK M x
2A
ex + 2 ∇2 M − K⊥ Mz ez .
M
M

(5)

HK is the anisotropy field, along the x-axis, A is the
exchange constant and the self-demagnetization field
K⊥ Mz is included.
In a stationary situation ∂t s = 0 from Eq. (3) one can
obtain that
N=

dS
Jex
M × s = γ ∂j Jj .
dF
dF

(6)

To understand the efficiency of the torque N induced
by the presence of the superconductor, we compare its
value to the characteristic value of the torque induced
by the effective field Heff . Eq. (6) can be rewritten
as N /γHK M = ζ∂x̃ J˜x , with the dimensionless quantities ∂x̃ J˜x = (2e2 RN vF /∆20 )∂x Jx and ζ = ES /πEA .
The latter is proportional to the ratio of the condensation energy ES = NF ∆20 dS /2 and the anisotropy energy EA = M HK dF /2 per unit area of the film in the
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with F (x) = x tanh x − ln cosh x. The maximal values
of 2eJRN /δT are of the order of (h/∆0 ) × 10−1 mV/K
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FIG. 2. Spin current divided by the temperature difference
δT → 0 in the homogeneous S/F bilayer vs the temperature.
hef f = 0.1(red), 0.2(green), 0.4(purple), 0.6(blue) in units of
∆0 . Insert: spin resolved DOS filled by thermally activated
right-moving quasiparticles coming from the hot end. It is
seen that all the right-moving quasiparticles contribute to spin
flow of the same direction.

2e2 RN Jxi /∆0

(x, y)-plane. Here and below RN = π/(2e2 NF vF ) is
the normal state resistance of the film and ∆0 is the
superconducting order parameter of the S film in the absence of the ferromagnet at zero temperature. Taking
3
ES ∼ dS × (10 ÷ 103 ) erg/cm (for conventional super3
conductors like Al and Nb) and EA ∼ dF × 105 erg/cm
3
for Py thin films [47, 48] or EA ∼ dF ×(10÷102 ) erg/cm
for YIG thin films [49], we obtain that ζ can vary in a
wide range ζ ∼ (10−4 ÷ 102 )(dS /dF ).
Equilibrium spin current and superconductivityinduced DW deformation. The spin texture in the F can
be parametrized as M = M (cos θ, sin θ sin δ, sin θ cos δ),
where in general the both angles depend on x-coordinate.
The equilibrium shape of the DW in the absence of the
superconducting film is given by cos θ = − tanh(x/lDW )
and δ = π/2, that is the DW is in (x, y)-plane.
It turns out that in the S/F bilayer with textured magnetization in the form of a plane DW a spontaneous spin
current occurs in the region occupied by the wall. It is
carried by the equal-spin Cooper pairs generated by the
magnetic texture. The spin carried by this current is
directed perpendicular to the DW plane, that is in our
case in the z-direction (See details on the spontaneous
spin current in the Supplementary material [46]). Similar
spontaneous spin currents have already been obtained in
the systems containing textured ferromagnets or homogeneous ferromagnets and spin-orbit coupling, presumably
in the Josephson junction geometry [50–58]. The spin
current is not conserved and exerts a torque on the magnetization. We find the resulting equilibrium shape of the
DW from the LLG equation Eq. (4). It is found that the
presence of the superconductor results in the appearance
of the additional oscillations of the magnetization in the
(x, y)-plane. These oscillations generate additional contributions to the in-plane effective field, which exerts a
z-directed torque on the magnetization, thus compensating the action of the spontaneous spin current [46].
Thermally induced spin current in a homogeneous S/F
bilayer. Now let us apply a temperature difference Tl −Tr
to the ends of the film. At first we consider a bilayer with
a homogeneous magnetization without a DW. In this case
a thermally induced spin current appears in the superconductor. This is a kind of a spin Seebeck effect. The
spin current in the homogenous S/F bilayer only carries
an x-spin component Jxx ≡ J, which is directed along
the ferromagnet magnetization. Fig. 2 demonstrates the
dependence of the spin current on the cold (right) end
temperature Tr at small δT = Tl − Tr  Tr for different
h. For a homogeneous bilayer the spin thermopower at
δT /∆0  1 can be readily found from Eq. (1)
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FIG. 3. Spatial profile of the spin current components Jxx
(red), Jxy (green) and Jxz (blue) for different temperatures
of the hot end, δJxz = Jxz − Jxz (Tl = Tr ). hef f = 0.3∆0 ,
Tr = 0.02∆0 , lDW = 0.5ξS , where ξS = vF /∆0 throughout
the paper.

and are reached for T ∼ 0.6 − 0.7Tc , as illustrated in
Fig. 2. The estimated values of 2eJRN /δT are much
larger than that ones obtained for nonsuperconducting
systems containing metallic ferromagnets. Such large values of the spin Seebeck effect are a result of the huge spindependent electron-hole asymmetry close to the Fermi
level, see the inset of Fig. 2. In fact, these estimates are
close to the maximal possible value of the spin Seebeck
effect, which can be reached if all the thermally induced
quasiparticles (both electrons and holes) have the same
spin. This optimal situation is realized in the present
case of a Zeeman-split superconductor [23].
Thermally induced spin-transfer torque. The spatial
profiles of the spin current for the plane DW (in the
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(x, y)-plane) are presented in Fig. 3 for different temperatures of the hot end. At first, let us focus on Jxx
component, which is the only nonzero component of the
thermally induced spin current in the bulk. Due to the
presence of two magnetic domains with opposite magnetizations it leads to spin pumping into the region occupied
by the DW. This process is schematically illustrated on
the top surface of Fig. 1 and is described there.
We observe that the in-plane components Jxx and Jxy
grow strongly when the temperature difference is increased. At the same time the temperature dependence
of the out-of-plane Jxz -component is much weaker. In the
limit Tl − Tr → 0 only Jxz survives and the spin current coincides with the spontaneous spin current found
in equilibrium.
The corresponding spatial profiles of the torque components can be easily deduced as spatial derivatives
of the corresponding spin current components Ni =
γ(dS /dF )∂x Jxi . For a nonsuperconducting ferromagnetic
system the thermally induced spin torque can be written
as [5] N = a ∂x m + b m × ∂x m, where m = M /M .
Both coefficients a and b are phenomenological parameters. They are proportional to the temperature gradient in the framework of the linear response theory. The
first (second) term can be related to electron spins following (mistracking) the magnetic texture. Therefore, a
accounts for the adiabatic contribution to the torque and
b describes the nonadiabatic contribution.
For the S/F bilayer the adiabatic contribution to the
torque results from the spin pumping process described
above. The non-adiabatic contribution, which for the
plane DW is Nz ∼ ∂x Jxz , is nonzero even for the ballistic case. It indicates that the physical nature of this
contribution is strongly different from that in nonsuperconducting systems. While in nonsuperconducting systems the origin of the nonadiabatic torque is connected
to spin-flip processes, here we don’t have any spin-flip
processes and the nonadiabatic contribution is generated
by a spin current carried by spin-triplet pars in the region
of the DW. This is also seen by the fact that the nonadiabatic torque does not vanish at δT → 0 contrary to the
nonsuperconducting situation. In equilibrium it is compensated by the additional contributions to the in-plane
effective field due to the DW shape distortion, as we described above. However, any deviation of the DW shape
from the equilibrium shape immediately results in the
appearance of an uncompensated nonadiabatic torque.
Thermally induced DW motion. The dynamics of the
DW under the applied temperature difference is calculated from the LLG Eq. (4). At the present study we
focus on small values of the parameter ζ describing how
strong is the torque induced by the superconductor. In
this case we calculate the torque for the unperturbed DW
neglecting the distortion of the DW shape due to the
presence of the superconductor. Our numerical results
for the spatial profiles of the moving DW demonstrate
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FIG. 4. DW velocity vst as a function of δT = Tl − Tr .
t0 = (γHK )−1 . Insert: vst as a function of b(x = xDW ). The
direction of δT growing along this curve is marked by the
arrow. ζ = 0.3, α = 0.2, K⊥ = HK /M , Tr = 0.35∆0 .

that the distortion is indeed very small, therefore justifying the above assumption.
We found that for the values of ζ and Tl − Tr considered in Fig. 4 the DW moves as a rigid object reaching
the steady state at a characteristic time td = 1/4παγM .
For the considered parameters we have found no sign of
a precessional motion. The steady state velocity vst as
a function of δT is plotted in Fig. 4. We see that at
δT  ∆0 the velocity is a linear function of the temperature difference. For nonsuperconducting systems it
is well-known that the stationary DW motion at small
applied currents or temperature gradients is provided by
the non-adiabatic torque contribution[59]. Here the situation is very similar. An essential feature of the superconducting system is that the microscopically calculated coefficients a and b are spatially dependent, see
supplementary material [46] for details. Nevertheless,
vst ∼ b(x = xDW ) = −lDW Nz (x = xDW ), as it is
demonstrated in the insert to Fig. 4 (xDW is the DW
center position at a given time). The hysteretic behavior
of the line is due to the nonmonotonic dependence of the
velocity, as well as b(xDW ) on δT , which in turn results
from the suppression of superconductivity by heating of
the film.
The DW velocity vst is linearly proportional to the S/F
coupling strength ζ. At ζ = 0.3 and taking material parameters for Py films[48] HK = 500Oe and lDW = 20nm
or for YIG thin films[49] HK ∼ 0.5Oe and lDW = 1µm
the maximal DW velocities can be estimated from Fig. 4
as vP y ∼ 200m/s and vY IG ∼ 10m/s. In these estimates
we take into account that vst ∼ α−1 and realistic values
of α ∼ 0.01.
In summary, we have predicted and microscopically
calculated a thermally induced STT in thin film S/F
bilayers containing a DW. It features adiabatic as well
nonadiabatic contributions. The former results from the
thermally induced spin pumping into the superconduct-
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ing region close to the DW. The physical mechanism of
the latter is a unique feature of superconducting hybrids:
it is caused by the presence of a spatially dependent spin
current carried by triplet Cooper pairs in the region occupied by the DW. We have demonstrated that this torque
contribution allows for the steady DW motion at small
temperature differences.
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SUPPLEMENTARY MATERIAL
Quasiclassical Keldysh Green’s functions technique
in terms of Riccati parametrization

The matrix Green’s function ǧ(r, pF , ε, t) is a 8 × 8
matrix in the direct product of spin, particle-hole and
Keldysh spaces and depends on the spatial vector r,
quasiparticle momentum direction pF , quasiparticle energy ε and time t. In the S film it obeys the Eilenberger
equation:
h
i
ˇ ǧ = 0,
ivF ∇ǧ(r, pF ) + ετz + h(r)στz − ∆,
(8)
⊗

where
[A, B]⊗
=
A ⊗ B − B ⊗ A
and
A ⊗ B
=
exp[(i/2)(∂ε1 ∂t2 −
∂ε2 ∂t1 )]A(ε1 , t1 )B(ε2 , t2 )|ε1 =ε2 =ε;t1 =t2 =t . τx,y,z are Pauli
matrices in particle-hole space with τ± = (τx ± iτy )/2.
ˆ = ∆(x)τ+ − ∆∗ (x)τ− is the matrix structure of the su∆
perconducting order parameter ∆(x) in the particle-hole
space.
In the ballistic case, it is convenient to use the socalled Riccati parametrization for the Green’s function
[60, 61]. In terms of the Riccati parametrization the retarded Green’s function takes the form:




ǧ R,A = ±N R,A ⊗

1 − γ̂ R,A ⊗ γ̃ˆ R,A
2γ̂ R,A
,
2γ̃ˆ R,A
−(1 − γ̃ˆ R,A ⊗ γ̂ R,A )

(9)

ǧ K = 2N R ⊗

ˆK ⊗ γ̃ˆ A −(γ̂ R ⊗ x̃
ˆK − x̂K γ̂ A )
xK + γ̂ R ⊗ x̃
A
ˆK ⊗ γ̃ˆ A x̃
ˆK + γ̃ˆ R ⊗ x̂K ⊗ γ̂ A ) ⊗ N (10)
γ̃ˆ R ⊗ x̂K − x̃

with
N R,A =



1 + γ̂ R,A ⊗ γ̃ˆ R,A
0
0
1 + γ̃ˆ R,A ⊗ γ̂ R,A

−1
(11)

ˆK are matrices in spin
where γ̂ R,A , γ̃ˆ R,A , x̂K and x̃
space. Note that our parametrization differs from the

definition in the literature [60, 61] by factors iσy as
R,A
R,A
γ̂standard
= γ̂ R,A iσy and γ̃ˆstandard
= iσy γ̃ˆ R,A . The Riccati parametrization Eq. (9) obeys the normalization condition ǧ ⊗ ǧ = 1 automatically.
The Riccati amplitude γ̂ obeys the following Riccatitype equations:

ivF ∇γ̂ R + 2εγ̂ R = −γ̂ R ⊗ ∆∗ ⊗ γ̂ R − hσ, γ̂ R ⊗ − ∆ (12)
and γ̃ˆ obeys the same equation with the substitution ε →
−ε, h → −h and ∆ → ∆∗ .
The distribution function x̂K obeys the equation:
ivF ∇x̂K + i∂t x̂K + γ̂ R ⊗ ∆∗ ⊗ x̂K +
x̂K ⊗ ∆ ⊗ γ̃ˆ A + [hσ, x̂K ]⊗ = 0,

(13)

ˆK obeys the same equation with the substitution
while x̃
h → −h, ∆ → ∆∗ , γ̂ R,A ↔ γ̃ˆ R,A . In this work, we
assume ∆ = ∆∗ .
If we consider a locally spatially inhomogeneous magnetic texture like a domain wall, the Riccati amplitudes
γ̂ and γ̃ˆ can be found from Eq. (12) numerically with the
following asymptotic condition:
h∞ σ
γ∞ ,
γ̂∞ =γ0∞ +
h
h
1
∆
p
γ0∞ = −
2 ε + h + i ∆2 − (ε + h)2
i
∆
p
+
,
ε − h + i ∆2 − (ε − h)2
∆
1h
p
γ∞ = −
2 ε + h + i ∆2 − (ε + h)2
i
∆
p
−
,
ε − h + i ∆2 − (ε − h)2

(14)

(15)

(16)

and γ̃ˆ∞ = −γ̂∞ .
Eq. (12) is numerically stable if it is solved starting
from x = −∞ for right-going trajectories vx > 0 and
from x = +∞ for left-going trajectories vx < 0. On
the contrary, γ̃ˆ can be found numerically starting from
x = +∞ for right-going trajectories vx > 0 and from
x = −∞ for left-going trajectories vx < 0. The advanced
Riccati amplitudes can be found taking into account the
relation [61] γ̂ A = −(γ̃ˆ R )† . The superconducting order
parameter is to be found self-consistently according to
λ
∆=−
8

ZΩ

dεTr4 hτ− ǧ K i,

(17)

−Ω

where h...i means averaging over the Fermi surface, λ
is the coupling constant and Ω is the Debye frequency
cutoff.
If we neglect the dependence of h on time, then it follows from Eq. (13) that the distribution function x̂K for

mi
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x/ξS
FIG. 5. Spin current Jxz (x) at the plane DW in equilibrium. Other components of the spin current are zero. lDW =
ξS (blue); 0.5ξS (black); 0.2ξS (red). ξS = vF /∆0 throughout
the paper. hef f = 0.3∆0 , T = 0.02∆0 .

a given ballistic trajectory is determined by the equilibrium distribution function of the left (right) reservoir for
vF,x > 0 (vF,x < 0) and takes the form
R
ˆA
x̂K
± = (1 + γ̂± ⊗ γ̃± ) tanh

ε
,
2Tl,r

(18)

where the subscript +(−) corresponds to the trajectories
vF,x > 0 (vF,x < 0). On the contrary,
A
ˆK
ˆR
x̃
± = −(1 + γ̃± ⊗ γ̂± ) tanh

ε
.
2Tr,l

(19)

The terms ∝ ḣ in Eq. (13) can be neglected under the
condition (h/∆)(1/td ∆)  1, where td is the characteristic time of the induced magnetization dynamics. For
realistic parameters td ∼ 10−9 − 10−8 c. Therefore, at
∆ ∼ 1K and h/∆ . 1 this condition is fulfilled to a good
accuracy. Physically, these terms account for the electromotive force, which arises in the system due to the
magnetization dynamics and has been studied in different contexts before [62–74], but here its back influence
on the magnetization dynamics can be safely neglected.
Spontaneous spin current, DW magnetization profile
and self-consistent superconducting order parameter
in equilibrium S/F bilayer

The spontaneous spin current for our ballistic S film
in proximity to the ferromagnet with a coplanar DW is
plotted in Fig. 5. It is seen that the amplitude of the
spontaneous current is higher for narrow DWs. In the
limit lDW /ξS  1 it disappears. The spin current is not
conserved and exerts a spin-transfer torque on the magnetization. We find the resulting equilibrium shape of
the DW accounting for the spin-transfer torque from the
LLG equation. It is found that the presence of the superconductor results in the appearance of the additional oscillations of the magnetization in the (x, y)-plane. These

x/lDW
FIG. 6. Magnetization profile in the equilibrium S/F bilayer
for ζ = 10. mi = Mi /M . Different magnetization components are plotted in different colors: mx -red, my -green
and mz -blue. The dotted curves correspond to ζ = 0 (the
superconductor is absent). lDW = 0.5ξS , hef f = 0.3∆0 ,
T = 0.02∆0 , K⊥ = HK /M .

oscillations generate additional contributions to the inplane effective field, which exerts a z-directed torque on
the magnetization, thus compensating the action of the
spontaneous spin current. The resulting magnetization
profile in equilibrium is presented in Fig. 6. For realistic ratios of the anisotropy field to the demagnetization
field HK /K⊥ M we have found no noticeable deviation
of the DW shape from the initial (x, y)-plane. At the
same time the distortion of the DW is accompanied by
its narrowing, which also appears to provide appropriate
contributions to the in-plane effective field. It is worth
noting that Fig. 6 is plotted for the extremely high value
of ζ = 10 to make the distortions clearly visible.
Equilibrium S/F bilayer with a DW was previously
considered for a dirty system in Ref. 58 based on the
free energy consideration. For a trial Neel-type plane
DW it was found that the presence of the superconductor
shrinks the DW size. This effect is closely connected to
the fact that the the superconductivity can be enhanced
for narrow DWs due to the effective averaging of the exchange field, and, consequently, to weaker suppression
of superconductivity in the DW region. The increase of
the superconducting order parameter provides the corresponding gain in the condensation energy. Here we do
not see this effect because the considered exchange fields
and temperatures are too small to cause essential suppression of the order parameter far from the DW, what
is a necessary condition to have the superconductivity enhancement (restoring) near the DW. Instead, we observe
weak Friedel-like oscillations of the order parameter near
the DW and suggest that it is a specific feature of the
ballistic limit we consider.
The self-consistent profile of the order parameter calculated in the presence of a DW in the F layer is demon-

∆/∆0

Ni /ζHK M γ
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Tl = 0.12
Nx
Nz


δNz

Ny
Tl = 0.32

x/ξS
x/ξS

x/ξS

b

strated in Fig. 7 for three different DW widths. It is seen
that it manifests Friedel-like oscillating behavior. The
oscillations become more pronounced for narrow DWs,
but are generally weak for considered values of the suppression factors: exchange field and temperature.

Details of the order parameter and torque
calculations under the applied temperature
difference

At first in Fig. 8 we demonstrate results for the selfconsistent profile of the superconducting order parameter
in the presence of the DW and a temperature difference.
The small overall suppression of the order parameter by
heating of the superconductor is clearly seen. More interesting feature is that the order parameter is additionally suppressed near the DW from the ”hotter” side and

x/ξS

Tl = 0.12

Tl = 0.22

Tl = 0.32

Tl = 0.42

δb

a

x/ξS

FIG. 8. Self-consistent profile of the order parameter in the
presence of the DW and a temperature difference. Different curves correspond to different temperatures of the hot
end Tl = 0.02∆0 (grey), 0.12(red), 0.22(green), 0.32(blue) and
0.42(purple). hef f = 0.3 ∆0 , Tr = 0.02∆0 , lDW = 0.5ξS .

Tl = 0.42

FIG. 9. Spatial profile of the torque components Nx (red), Ny
(green) and Nz (blue) at the plane DW under the applied heat
bias, δNz = Nz − Nz (Tl = Tr ). hef f = 0.3∆0 , Tr = 0.02∆0 ,
lDW = 0.5ξS .

a(x), b(x) × ∆0 /vF ζHK M γ

∆/∆0

FIG. 7. Self-consistent order parameter as a function of
the spatial coordinate along the bilayer. lDW = ξS (red);
0.5ξS (green); 0.2ξS (blue). hef f = 0.3∆0 . Black dotted line
represents the order parameter value in the S/F bilayer in the
absence of a DW.

Tl = 0.22

x/ξS

FIG. 10. Torque coefficients a(x)(red) and b(x)(green) for
different temperatures of the hot end, δb = b − b(Tl = Tr ).
hef f = 0.3∆0 , Tr = 0.02∆0 , lDW = 0.5ξS .

slightly enhanced with respect to the bulk value from the
”colder” side of the DW. It seems that there appears an
excess (lack) of quasiparticles at the corresponding side
of the DW.
The spatial profiles of the torque N acting on the
DW from the spatially-dependent spin current, shown
in Fig. 3 of the main text, are presented in Fig. 9. In
order to investigate the structure of the torque induced
by the presence of the superconductor, we separate it to
adiabatic a∂x m and nonadiabatic bm × ∂x m contributions. In fact, the full microscopic result obtained from
Eq. (6) of the main text also contains the term ∼ m, but
we exclude this contribution because in the framework of
the considered model the amplitude of the magnetization
is fixed.
The essential feature of the superconducting system is
that the microscopically calculated coefficients a and b
in our case are spatially dependent. They are plotted in

8
Fig. 10 as functions of x-coordinate (the DW center is at
x = 0) for different temperatures of the hot end. It is
different from the nonsuperconducting case, where they
are typically do not depend on coordinates due to absence
of a corresponding spatial scale. Here the characteristic
scale of the spatial variation of a and b is determined by
the superconducting coherence length ξS . It is interesting
that the coefficient b is even a sign-changing function of
the x-coordinate. In equilibrium, at Tl = Tr , b = 0 at
x = xDW , that is, in the center of the DW. Under the
applied temperature difference it is useful to introduce
δb = b − b(Tl = Tr ). It becomes nonzero at x = xDW :
δb(x = xDW ) = b(x = xDW ) 6= 0. The DW velocity is
proportional to this quantity as it is demonstrated in the
main text.
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