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Abstract
The idea of a quantum computer, a device capable of processing information using
quantum bits (qubit) instead of classical bits that outperforms classical computer
in terms of computation speed, is still science fiction. However, recent advances in
quantum information processing showed that this fiction may come true faster than
anticipated. A promising platform for the physical realization of a qubit are spin
qubits where the information is encoded in the quantum mechanical spin of an electron
confined in a semiconductor quantum dot. There are a variety of different implementations how the logical qubit is physically encoded, the use of a single electron spin or
the use of the spins of multi electrons. This thesis focuses on the implementation of the
spin- 21 qubit using the spin of a single electron in a single quantum dot, the exchangeonly (EO) qubit using three electron spins distributed in three quantum dots, and the
novel quadrupolar exchange-only (QUEX) qubit using four electron spins distributed
in three quantum dots.
In this thesis we investigate several theoretical aspects of the physical implementation of the aforementioned qubit encodings. Since all three qubit encodings are allelectric controlled these implementations suffer decoherence, the loss of information,
from electric fluctuations of the environment commonly called charge noise. Typically,
the use of more quantum dots increases the decoherence due to charge noise while it
decreases the decoherence due to magnetic noise. The first main aspect investigated in
this thesis is the protection of the quantum information encoded in the different qubit
implementations against charge noise. Special attention is paid to the multi-electron
spin implementations where high-symmetry points of operation are discovered which
are less sensitive to the charge noise. Protection against charge noise is even better by
increasing the number of electrons while keeping the number of quantum dots making
the QUEX qubit superior to the EO qubit.
So far the main direction in this thesis is the reduction of the qubit sensitivity to
electric fluctuations. However, coherent electromagnetic fields in form of microwaves
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can be used to interconnect qubits. In this thesis also a high-performance coupling
between two spin- 12 is investigated. The use of a resonator, subsequently, allows for a
coupling of qubits over macroscopic distances as well as to extract valuable information
about the physical system. Because of the larger susceptibility of multi-spin qubits
to the electric field of the resonator, this thesis focuses on the coupling between an
EO or a QUEX qubit and a microwave resonator. Points of operations are discovered
for both qubit implementations which offer a strong coupling towards a microwave
resonator while maintaining their protection against charge noise. Subsequently, a
series of measurements are proposed to extract information about the microscopic
structure of the quantum dots. Finally, a promising high-performance protocol for
coupling two qubits remotely via the resonator is investigated in detail.

Zusammenfassung
Die Idee eines Quantencomputers, ein Geräts welches Information mithilfe von Quanten Bits (QuBits) anstelle von klassischen logischen Bits verarbeitet, ist immer noch
Fiktion. Neuere Fortschritte zeigen jedoch, dass diese Fiktion schneller Realität werden könnte, als erwartet. Es existieren verschiedene Möglichkeiten zur realen Implementierung eines logischen QuBits. Eine Platform mit großem Potential zur Realisierung eines QuBits ist das Spin-QuBit, welche die Information im quantenmechanischen Eigendrehimpuls eines oder mehrerer Elektronen kodiert, die in einem Quantenpunkt gebunden sind. In dieser Arbeit liegt der Fokus auf dem Spin- 12 -QuBit,
welches den Eigendrehimpuls eines Elektrons in einem einzelnen Quantenpunkts zur
Kodierung benutzt, dem Nur-Austausch [englisch exchange-only (EO)] QuBit, welches
den Eigendrehimpuls von drei Elektronen in drei Quantenpunkten zur Kodierung benutzt, und dem neuartigen Quadrupol Nur-Austausch [englisch quadrupole exchangeonly (QUEX)] QuBit, welches den Eigendrehimpuls von vier Elektronen in drei Quantenpunkten zur Kodierung benutzt.
In dieser Arbeit werden verschiedene theoretische Aspekte zur Realisierung der
genannten QuBit-Implementierungen untersucht. Da diese Implementierungen vollständig elektrisch gesteuert werden können, leiden diese auch unter Dekohärenz – dem
Verlust von Information – durch elektrische Fluktuation, auch Ladungsrauschen gennant. Üblicherweise nimmt die Verwundbarkeit gegenüber Ladungsrauschen mit der
Anzahl von benötigten Quantenpunkten zu, wohingegen die Verwundbarkeit gegenüber magnetischem Rauschen abnimmt. Das erste Hauptziel dieser Arbeit ist der
Schutz der QuBit-Implementierungen vor den Effekten von Ladungsrauschen. Das
Hauptaugenmerk liegt dabei auf den Mehr-Elektronen-QuBits, für welche Arbeitspunkte mit hoher Symmetrie die gespeicherten Information vor Dekohörenz schützen.
Einen besseren Schutz gewährt das QUEX QuBit welches ein zusätzliches Elektron
zur Kodierung benutzt.
Neben dem Ziel, die Qubits möglischst unempfindlich gegenüber elektrischen Fluk-
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tuation zu machen, können kohärente elektromagnetische Felder im Mikrowellenbereich auch zur Kopplung von mehreren QuBits genutzt werden. In dieser Arbeit wird eine vielversprechende Kopplung zwischen zwei Spin- 21 QuBits untersucht.
Wird zusätzlich ein Mikrowellenresonator benutzt kann die Kopplung sowohl auf
makroskopische Distanzen ausgedehnt werden als auch zur Gewinnung von Informationen über die mikroskopische Struktur der Quantenpunkte benutzt werden. Da
Mehr-Spin-QuBits eine stärkere Kopplung an die elektrischen Felder des Resonators
ermöglichen, liegt in dieser Arbeit das Hauptaugenmerk auf der Kopplung zwischen
dem EO QuBit und dem QUEX QuBit an einen Mikrowellenresonator. Es werden Arbeitspunkte untersucht, welche eine starke Kopplung zwischen den QuBits und dem
Resonator ermöglichen, während die QuBits weiterhin gegenüber Ladungsrauschen
geschützt bleiben. Des Weiteren wird eine Serie von Messungen vorgeschlagen, welche
Einblick in die mikroskopische Struktur der Quantenpunkte gewähren. Abschließend
wird ein Protokoll für eine hochleistungsfähige und vielversprechende Kopplung zwischen zwei entfernten QuBits diskutiert.
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qubit

quantum bit

cnot-gate

controlled-not gate

cphase-gate

controlled-phase gate

cz-gate
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degree of freedom
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EO qubit
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multi sweet spot

TLF
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local magnetic field gradients
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rotating wave approximation
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Chapter 1

Introduction
“The most important application of quantum computing in the future
is likely to be a computer simulation of quantum systems, because that’s
an application where we know for sure that quantum systems in general
cannot be efficiently simulated on a classical computer.”(David Deutsch,
2007 [1])

Quantum information processing
Since its early beginnings, certain aspects of quantum mechanics such as entanglement
and non-locality have fascinated those who studied it due to their counterintuitive behavior in comparison with daily life. With the rise of classical information processing
technology the question arose whether these quantum properties could be exploited
and used in this field, thus opening the research field of quantum information processing (see e.g. Ref. [2] for a historical account). Quantum computers follow a logic based
on quantum mechanics and can be seen as superior to classical computers since they
have the ability to solve certain problems which classical computers cannot handle in
any reasonable time. Particularly, it does not seem that quantum computers surpass
classical computers in performing arbitrary tasks since at the time of writing this
thesis only a few specialized algorithms which outperform classical counterparts are
known. The most well-known application is the Shor algorithm which efficiently factorizes integers [3] and thereby subverts the ability to encode encrypted information
using large prime factors [4]. Other known applications are the Deutsch algorithm
and its generalization, the Deutsch-Josza algorithm [2], and the Grover algorithm for
efficient search in unsorted databases [5, 6]. However, since quantum computers oper1
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Figure 1.1: Visualization of a qubit on the Bloch sphere. The basis states |0i and |1i
are located on the poles and arbitrary pure qubit states |Ψi are represented by vectors
pointing to an arbitrary point on the surface of the sphere. Single qubit operations
are represented by arbitrary rotations of the state vector. Figure taken from Ref. [9]

ate according to quantum mechanical laws, they appear to be superior in simulating
other quantum systems [7, 8], a problem that classical computers are unable to tackle
efficiently.
Qubits are the fundamental building blocks of a quantum computer. In comparison
to classical bits, qubits are not limited to two states |0i and |1i but can be any
superposition of these [2]
|Ψi = α |0i + β |1i
θ
θ
= cos( ) |0i + e−iφ sin( ) |1i
2
2

(1.1)
(1.2)

with complex α, β fulfilling |α|2 + |β|2 = 1, thus forming a quantum two-level system.
In the second line the constrained complex amplitudes are reparametrized in terms
of the real-valued phases θ and φ. A global phase is neglected since for an isolated
single qubit the global phase has no physical relevance as it cannot be measured. Each
qubit can be visualized on the Bloch sphere (see Fig. 1.1) where the basis states of
the qubit, |0i and |1i, are located at the poles while vectors pointing to the surface of
the sphere represent all possible pure states |Ψi of the qubit.
In order to process information stored in bits or qubits, elementary operations,
so-called gates, are applied and sequenced to algorithms. For classical bits these are
the logical gates such as single-bit not gate where the bit is flipped or the two-bit

3
xor gate where the output of the second bit is given by the bitwise addition of both
bits. Quantum gates correspond to unitary operations U with U −1 = U † . The new
state is then given by |Ψ1 i = U1 |Ψ0 i with |Ψ0 i being an initial state and U1 describing
a unitary operation. Mathematically, they can be expressed as unitary operators of
the Hilbert space H with dimension dim(H) = d where d is the dimension of |Ψi.
An important consequence is that each operation is reversible and can be expressed
as the time evolution generated by a hermitian operator A(t). At the first glance
problematic is that even in the case of a single
qubit there are an infinite number of
R
i

2 × 2 unitary operators. Rewriting U = e ~

t1
t0

A(t)dt

where A = A† is an hermitian

operator and decomposing A = a0 12 + a1 σx + a2 σy + a3 σz where σi with i = x, y, z
are the Pauli matrices yields


i
U =e
exp − r · σ
~



r
−ir0 /~
=e
cos (|r| /~) 1 − i sin (|r| /~)
·σ .
|r|
−ir0 /~

Here, rξ =

R t1
t0

(1.3)

aξ dt with ξ = 0, 1, 2, 3 and r = (r1 , r2 , r3 ). Therefore, unitary single-

qubit operations can be visualized as rotations on the Bloch sphere described by the
vector 2r. The factor 2 appears since the group SU2 of all unitary operations with
d = 2 is mapped twice to the group SO3 consisting of all rotations on the surface
of the d = 3 unit sphere [2]. Full control of a single qubit requires interactions that
provide control over two independent axes of rotations on the Bloch sphere [2]. All
remaining rotations can ultimately be decomposed into these two elementary rotations,
e.g., for orthogonal elementary rotations any arbitrary rotation can be decomposed
into three rotations while a non-orthogonal set of elementary rotations lead to longer
sequences [10]. The particular experimental realization of these rotations depends on
the physical system.
Two-qubit gates can be expressed as a unitary operator with dimension 4 × 4.
There are basically two classes of two-qubit gates that can be distinguished by whether
previously unentangled qubits are left entangled or not. Entanglement has no classical
analogy. Here, the corresponding two-qubit state vector cannot be factorized into the
tensor-product of two single qubit states anymore, |Ψi =
6 |ΨA i ⊗ |ΨB i. Entanglement
is also the reason for the significantly improved performance of quantum computers
compared to classical computers since a local operation affects all entangled states
simultaneously. Since non-entangling gates can never entangle qubits a universal twoqubit gate is therefore always entangling. The most prominent universal two-qubit
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gates are the controlled Pauli gates
cσi =

12

0

0

σi

!
(1.4)

with i = x, y, z. Here, cσi is expressed in the conventional |00i , |01i , |10i , |11i product
basis. They all can be transformed into each other using only single qubit operations.
In this thesis, cnot = cσx and cz = cσz are the most relevant controlled Pauli gates.
The cphase gate in the product basis

1

0
cphase = 
0

0

0 0

0




0
.
0 1 0

iφ
0 0 e
1 0

(1.5)

generalizes cz and is only not entangling for φ 6= 2πn with integer n ∈ Z. This is the
native interaction which results apart from single-qubit operations from the unitary
iφ

time evolution U = e 4 σz ⊗σz often referenced as ZZ-interaction.
Another important set of two-qubit gates results from the Heisenberg-exchange
interaction σ ⊗ σ = σx ⊗ σx + σy ⊗ σy + σz ⊗ σz . The unitary operation in the product
basis is given by

iφ
σ⊗σ
4

UH (φ) = e

−i π4

=e

1
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 0

0

0
1
2
1
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1 + eiφ
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0 
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1 + eiφ 0 

0
1

(1.6)

Notable gates are the non-entangling swap = UH (π) gate which swaps the two qubits
√
and the universal two-qubit swap = UH ( π2 ) gate.
The last set of two-qubit gates here is given by


φ

UXY (φ) = ei 4 (σx ⊗σx +σy ⊗σy )


0  0


 0
cos φ2
−i sin φ2
0 


 
 
=

φ
φ
 0 −i sin
cos 2
0 
2


0
0
0
1
1

0 

(1.7)

which yields the universal two-qubit iswap = UXY (π) gate. This quantum gate results
from the Jaynes-Cummings interaction which describes light-matter interaction. This
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last type of interaction is often referenced as the XY or XX-YY interaction.
Immediately after the discovery of some of the potential applications of quantum
information processing, experimental and theoretical concepts for a physical realization of such a quantum computer have been proposed. These concepts are based on
the charge of electrons [11, 12], the spin of electrons in quantum dots [13, 14], nuclear
spin [15], photons in resonators and cavities [16], trapped ions [17], low-capacitance
Josephson junctions [18, 19], donor atoms [20], color centers in diamond [21, 22] or
silicon-carbide [23], or linear optics [24].
One common feature of all physical qubit implementation is their residual coupling
to an environment which ultimately leads to a loss of the stored information. A time
scale to quantify this loss is the decoherence time Tdec . In few words, the decoherence
time is the average time the qubit is unaffected by environmental effects and keeps
it information. In contrast to classical computation where the information loss is
dominated by unaccounted bit flips, qubit are subject to another loss mechanism called
dephasing. Dephasing has no classical counterpart and occurs if a superposed qubit
state |Ψi = α |0i+β |1i is subject to an environment and accumulates a random phase
|Ψi → |Ψ0 i = α |0i + eiϕ β |1i which ultimately destroys the superposition [2]. The
time-scale of the corresponding dephasing time strongly depends on the particular
experimental realization of the qubit. Fortunately, these errors can be corrected if
rare enough through error correction codes. Typical thresholds for error correction
to work require qubit gate fidelities, a scale how close a real gate operation is to the
ideal operation, on the order of 0.999 for surface codes [25].
The five DiVincenzo criteria for a realistic quantum computer [26–28] help to
decide which concepts are reliable. They comprise the scalability of the system, initialization and read-out performance, the durability of the stored information, and
concepts for precise control of the quantum bits (qubits) [26].
1. Being able to initialize a proper state such as |00000 · · ·i
2. Having a long coherence time of the qubits. More precisely be able to perform
a sufficient number of elementary operations while the qubit is coherent. To
quantize the second criteria the qubit quality factor Qq is introduced which is
the number of operations while the qubit is coherent. For a practicable quantum
computer Qq ≫ 1 is required.
3. Having a universal set of quantum gates. This includes arbitrary single-qubit
operations and universal two-qubit gates which connect two qubits. This doesn’t
require two-qubit gates between arbitrary qubits. It is sufficient (in principle)
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to only have two-qubit gates between spatially neighboring qubits.
4. Having the tools to read-out all qubits. For a fault-tolerant quantum computer
the additional requirement for fast read-out techniques should be imposed because of the large number of measurements required for error correction.
5. A possibility to scale the system
In this thesis the focus is on spin qubits implemented in semiconductor quantum

dots. At the end of this thesis we hope that the reader is convinced that this platform
allow us to envision a large-scale quantum computer in the near future.

Organization of the thesis
Chapter 2 is a modified and extended version of the review [9] adapted to provide the
reader with a fundamental basis in the understanding of spin qubits in semiconductor
qubits. All types of qubit implementations investigated throughout this thesis are
introduced, an envisioned physical realization is displayed, the operation of gates are
discussed, and their performance is critically evaluated. This chapter reads as a review
and also shows the progress of the qubits from their inception to the state of the art.
In chapter 3 all necessary theoretical tools and methods are introduced and discussed to describe the behavior of few electrons in quantum dots. Important concepts such as the valley degree of freedom in silicon are derived and useful modeling
techniques such as the Hubbard model, input-output theory, and noise modeling are
displayed. These techniques are extended and adapted to the spin qubits introduced
in chapter 2.
Chapter 4 is an adaption of Ref. [29] in which a high-fidelity two-qubit gate between two spin- 21 qubits is provided. Two implementations of an electric controllable
two-qubit gate are discussed. Error-correcting sequences and a novel synchronization method are proposed. Analytical expressions for the time-evolution are used to
determine the phases which are accumulated during the operation. Our suggested
improvements allow for high-fidelity operations even under the influence of charge
noise.
Chapter 5 is a modified version of the first part of Ref. [30]. The dynamic of
a three-spin qubit under the influence of charge noise is investigated. An extensive
noise model is used which includes fluctuations of the electrochemical potentials in
the quantum dots as well as fluctuations of the hopping amplitudes of the electron
between the dots. Analytical expression for the resulting dephasing times are derived
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and optimal working points, so-called sweet spots, where the qubit is least sensitive
to charge noise are provided. Preferable regimes of operations are also discussed for
spatial correlations of the charge noise.
Chapter 6 is a modified version of the second part of Ref. [30]. The interaction of a
three-spin qubit with a microwave resonator is investigated. A microscopic theory for
the interaction is derived using molecular orbital theory. Analytical expressions for
the interaction strength are derived for the regime with equally distributed electrons.
Numerical simulations are performed to map the interaction strength for the full space
of control parameters. Optimal spots for large or weak couplings are provided.
In chapter 7 a microwave resonator is used to extract information about the energy
spectrum of a triple quantum dot system. A set of measurements are proposed which
allow for the extraction of information about the valley in each quantum dot. The
set of measurements are tested under simulations of “real” experimental conditions
using a full capacitor model of the electrons in a triple quantum dot. The chapter is
supported by appendix A providing details about the simulations.
Chapter 8 examines a long-distant two-qubit gate mediated by a microwave resonator using a modulated longitudinal coupling. The longitudinal gate is superior to
the conventional two-qubit gate due to faster gate operations with higher fidelity and
the avoidance of cross-talk errors. Recent proposals for the implementation of such an
interaction are revised and evaluated under realistic conditions. An error correction
sequence for the two-qubit operation is investigated. The chapter is supported by
appendix B providing details about the derivation.
Chapter 9 is an adaption of Ref. [31]. In this chapter, the quadrupolar exchangeonly (QUEX) qubit is proposed which uses the additional valley degree of freedom of
silicon. This novel qubit provides superior protection against noise while maintaining
the benefits of the all-electrical control of three-spin qubits discussed in previous chapters. Because of the naturally large energy gap, new long-distant coupling methods
between QUEX qubits are possible which maintain the protection of the qubit against
charge noise. The chapter is supported by appendix C providing details about the
model and qubit operations.
The thesis is concluded in chapter 10 with a summary and outlook.
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Chapter 2

Electron spin qubits

The goal of this chapter is to provide a fundamental basis in the understanding
of the progress of electron spin qubit systems in semiconductor quantum dots
from their inception to the state-of-the-art. We direct the main focus towards the
spin- 12 and the three-spin qubits, i.e., the exchange-only qubit and its variations,
the resonant exchange (RX) qubit, the always-on, exchange-only (AEON), and
the hybrid exchange (HE) qubit. Attention is also paid on spin-qubit using four
electron spins to encode the qubit, i.e., the singlet-singlet qubit, which will be
important for the understanding of chapter 9. Because of different requirements
the envisioned physical realization, the implementations of qubit operations, as
well as the read-out and initialization schemes are described for each spin qubit.
Table 2.1 shows an overview how many spins and quantum dots are required to
encode the corresponding type of qubit.
The most important demands on a reliable qubit implementation is good and
fast controllability, and a low (ideally zero) sensibility to noise sources which
decrease the decoherence time. The decoherence occurs on the time-scale Tdec .
In the literature, there are many time scales for describing the decay of the qubit
depending on the experimental measurement. In this thesis, we will always refer
to Tdec to be equal to the pure dephasing time Tϕ measured in a Ramsey-type
experiment if not stated otherwise.
This chapter is organized as follows. We start in section 2.1 by introducing the
reader to the physical realization of spin qubits. The section provides historical
and current information about the fabrication of quantum dots, which are the
hosts of the electrons required to encode spin qubits. Subsequently, we introduce
all relevant qubit implementations, the spin- 12 qubit (see 2.2), three-electron spin
qubits (see 2.3), and four-electron spin qubits (see section 2.4).
Large parts of this chapter have been published in Ref. [9, M. Russ and G.
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Burkard, J. Phys.: Condens. Matter 29 393001]. Modification to the structure,
text, and the notations are performed to keep consistency in this thesis.

2.1

Spin qubits in semiconductor quantum dots

#e−

1

2

3

4

#QD

1

spin- 12 qubit [13]

2

FM qubit [33]

3

SC qubit [32]
S-T0 qubit [34]

HE qubit [35]
EO qubit [26] QUEX qubit [31]

4

S-S qubit [36]

Table 2.1: Overview over most relevant spin-qubit implementations. The horizontal
axis shows the number of electron spins required for the encoding of the corresponding
qubit implementation while the vertical axis gives the number of quantum dots (QD)
required to physically implement the qubit. A more general overview of all kinds of
qubit implementations will soon be provided in Ref. [37].

2.1.1

Quantum dots

One of the most common techniques to implement semiconductor quantum dots (QDs)
are lateral QDs where a two-dimensional electron gas (2DEG) is further confined by
electrostatic potentials provided by gate electrodes forming an (approximately) zerodimensional structure. While GaAs [38] and silicon (Si) [39] are typical materials,
more exotic semiconductors [40–47] are also possible although rare. Crucial for the
implementation is the 2DEG which is usually experimentally realized by using a heterostructure that accumulates the electrons at an interface. To form a 2DEG the
GaAs layer is sandwiched between AlGaAs layers [38] and Si by either SiGe [39] layers or SiOx [48, 49] layers. Advances in fabrication process allow for atomically precise
layer interfaces and gate structures with a very high precision and give rise to scalable
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and controllable quantum dot devices (selected examples see Refs. [50–59]) with the
current record of nine individually addressable QDs [60]. Regarding the choice for
material there is a clear tendency towards favoring silicon since Si consists of ≈ 95%
nuclear spin free isotopes which can be increased with isotopic purification [61]. For
further confinement of the electrons, metallic gates are placed on top and/or underneath the heterostructure which locally deplete the 2DEG forming an isolated island.
In undoped Si/SiGe the 2DEG is typically devoid of free electrons with no voltages
applied on the gates. Applied voltages on the gates then allow to locally accumulate
electrons into the 2DEG [39]. Calibration of the voltages on these gate allows one
to reach the few electron regime where only a few electrons are still occupying the
dots [38, 39]. Additional gates (number depends on the material and fabrication) are
required to form the dots as well as to control the coupling to the lead which allows
for a filling of the dots.
Common techniques for measurement on the QDs devices require additional QDs
or quantum point contacts (QPC) [62, 63], single electron transistors [64–66], or tunnel junctions [67] in order to determine the number and movement of the electrons
in each dot in a time resolved measurement [38, 39]. Due to the finite range of the
charge sensors, large arrays of QDs have multiple sensors, e.g., a recently studied
nine-dot device has three charge sensors [60]. Another measurement technique involves photons that carry the information out of the device. Connecting the device
to a microwave cavity allows for read-out of device parameters using cavity quantum
electrodynamics (cQED) without directly interfering with the device [68–77]. Both
techniques also allow for read-out of the qubit states; cavity read-out requires for a
few implementations a sufficiently strong coupling between the qubit and the cavity.
The measurement techniques can be grouped as either invasive, e.g., emptying the
QD, or noninvasive that is detecting the charge or spin of the electrons in the QD
without changing the electron number [38, 39].

2.1.2

Triple quantum dots

Although three-spin qubits were already proposed in 2000 [26], it took several years for
the appearance of devices capable of operating three-spin qubits due to the multitude
of technical and engineering challenges. The main challenges for a reliable three-spin
[here, three electrons in a triple quantum dot (TQD)] device is the complexity of
the system since several gate electrodes are needed in order to address each electron
individually. The first device was realized in 2006 [78] and was soon followed by other
implementations [79–91] which improved the positioning of the electrons. A three-
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Figure 2.1: Scanning electron micrograph of a depletion mode triple quantum dot
(TQD) device in GaAs. Metallic gates (light gray) are deposited on top of the heterostructure (dark gray) to deplete the 2DEG underneath in order to form isolated
structures. The number of electrons and the energy in each QD is controlled by the
gates labeled as L, C, and R. Tunneling of the electrons between the dots is controlled
by the thinner gates in between. Figure taken from Ref. [99] with permission of the
authors.

spin qubit device capable of performing quantum computation was demonstrated in a
double quantum dot (DQD) [92–95] and in a linear TQD [53, 82, 85, 88, 89, 96–100].
While a triangular shape provides some interesting new features, e.g., chirality [101–
107] and faster qubit operations [26, 108], these advantages currently do not seem to
dominate the experimental drawbacks and difficulties. Therefore, and since almost all
experiments and most theoretical studies use the linear geometry, we also mostly stick
to the linear geometry in this thesis and implicitly assume that each TQD is linearly
arranged, unless otherwise stated.
A typical setup for a TQD consists of at least five gates (see Fig. 2.1), three gates
(L-, C-, R-gate in Fig. 2.1) next to the QD in order to control the electrochemical
energy of each dot and two gates in between for control of the tunneling couplings. Due
to the higher complexity of the multiple-dot nano-devices, recent devices use a stacking
gate architecture a crucial step towards large-scale quantum dot architectures [49, 55,
56, 60, 109].

2.2. SPIN- 21 QUBIT

2.2

13

Spin- 12 qubit

The original idea for a semiconductor electron spin qubit was proposed by Loss and
DiVincenzo [13] two decades ago. As the simplest choice, the spin- 12 qubit is encoded
in the two-level system associated with the spin degree of freedom, i.e., the |0i ≡ |↑i
and |1i ≡ |↓i states of a single electron confined in the lowest orbital of a single
QD. Since the qubit states have opposite spin projections, the qubit is susceptible to
magnetic fields. An external magnetic field B(τ ) (can depend on time τ ) lifts the
degeneracy between the qubit states by the Zeeman energy E = gµB B(τ ) · S [14, 38]
and fixes the quantization axis.

2.2.1

Model

Considering B(τ ) = (Bx (τ ), 0, Bz )T with a large time-independent magnetic field in
z-direction, Bz = B, and a small oscillatory driving field in x-direction, Bx (τ ) =
BD cos(ωτ ). In the qubit space, the Zeeman term takes the expression for electron
spin resonance (ESR)
HESR =

~
~
ωz σz + ωx cos(ωτ )σx
2
2

(2.1)

with the Zeeman energies ~ωz = gµB B and ~ωx = gµB BD . Turning on the oscillating
field with ω = ωZ causes Rabi transitions between the spin states which, together
with the energy splitting of the qubit states, provide full control of the qubit [14].
As an alternative for oscillating magnetic fields one can also modulate the g-factor of
the material which yields the same expression [14]. These Rabo oscillations can be
used to construct single qubit gates. The speed of the gates depends on the strength
of the oscillatory driving field resulting in typical gate times τg ≈ 100 ns [110]. A
remaining problem despite the slow gate speed with this approach is the individual
addressability since each qubit is addressed by the same qubit splitting which is given
by the external magnetic field B. The use of nano antennas solves this problem as
the magnetic field is locally created. A full demonstration of a two-qubit quantum
processor uses these nano antennas [111].
Electric dipole spin resonance (EDSR) can be seen as an improvement of ESR
which allows for electric instead of magnetic driving of the qubit. Also it provides a
tool to address each spin- 21 qubit individually since electric driving can be applied on
each qubit locally. In the presence of spin-orbit interaction, an electric field E(τ ) =
E0 cos(ωτ ) induces, in general, non-zero components of a pseudo magnetic field b(τ )
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perpendicular to the static magnetic field [14, 112]. This perpendicular (pseudo)
magnetic field yields the same dynamics in the system as a real magnetic field due to
b(τ ) ∝ E(τ ) with a coupling strength ωx̃ depending on the spin-orbit parameters [112].
Experiments demonstrate successful qubit rotations including spin flips achieving gate
times on the order of τg ≈ 100 ns in GaAs devices [113]. However, the proposed
τg ≈ 10 ns [112] are not reached yet due to problems occurring at high electric fields,
e.g., incomplete spin flips [114]. Since the Rabi oscillations depend on the strength
of the spin-orbit interaction, materials with strong spin-orbit coupling, such as InAs
nanowires, exhibit an increased spin-flip frequency [115]. Rabi oscillation as fast as
fRabi ≈ 58 MHz has been demonstrated [116]. However, the qubit fidelity of these fast
gates is quite poor (≈ 50%) due to strong dephasing from nuclear spins [116].
Alternatively, one can use an oscillating electric field combined with a gradient in
the magnetic field (slanting magnetic field) which does not rely on spin-orbit interaction [117–120] allowing for the use of materials with weak spin-orbit coupling such as
silicon. However, recent studies have shown that the spin-orbit interaction in silicon
may not be as small as thought and is sufficient to operate single-spin qubits without
the need of a slanting magnetic field [121]. The electric field E(τ ) induces an oscillation
of the electron position such that the electron experiences a time dependent magnetic
field of the same frequency B(τ ) ∝ E(τ ). Experiments in a GaAs device using the
Overhauser fields, local magnetic fields created by the nuclear spins, demonstrate a
spin-flip time comparable to standard ESR (τg ≈ 110 ns) [122] while the use of an integrated magnet yield a spin-flip time as fast as τg ≈ 20 ns [123] due to larger field gradients. High fidelity spin-flips are demonstrated in silicon devices (fRabi ≈ 5 MHz) due
to the lower percentage of nuclear-spins and also show sufficient distinction to other
valley states [109]. High-speed, high-fidelity spin-flips limited by charge noise were
recently demonstrated in isotopically enriched silicon (fRabi ≈ 60 MHz with 99.9%
fidelity) [124]. Individual control in multi-spin systems has been successfully demonstrated in GaAs devices (fRabi ≈ 9 MHz [118],fRabi ≈ 3 MHz [125]) and in silicon
systems [119, 120].
Initialization and read-out schemes, among others, require a nearby auxiliary QD
in order to enable a spin-to-charge conversion which is detectable by a QPC, or the
coupling to the lead [38, 126].

2.2.2

Two-qubit gates

The common implementation of two-qubit gates for spin- 12 qubits makes use of the
exchange interaction [38, 127] between two electrons in neighboring QDs (see subsec-
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tion 3.2) which induces the universal

15
√

swap-gate as described in the original pro-

posal [13]. Experiments demonstrate exchange-based operations with a gate time
τg ≈ 180 ps [38, 127]. A full demonstration of universal quantum control in two spin- 12
qubits was demonstrated about a decade after the original proposal [125].
However, the fidelity of these gates is strongly limited by charge noise, which is
induced by electric fluctuations of the system, and gives rise to substantial gate operation errors [125, 127]. Higher fidelities can be achieved if the system is operated at a
symmetric operation point or sweet spot, where the exchange coupling is insensitive
to electric fluctuations to the first order (see Refs. [57, 128–131] and section 2.3.3).
Alternatively, combining exchange with a strong magnetic field gradient between the
electron spins in the dot [119, 120] suppresses the dominating dephasing processes
through the large energy splitting of the two-qubit states [132]. Two explicit implementations for two-qubit gates have been successfully demonstrated, an ac pulsed
frequency-selective cnot gate [119, 120] and a dc pulsed cz gate [120, 133, 134].
These realizations are still not ideal, both acquiring local phases on the individual
spins during the gate operation due to unitary and non-unitary effects, e.g., charge
noise, which have to be identified and compensated. The reduction of the overall gate
fidelity due to off-resonant driving still remains an issue without the use of complex
pulse shaping [135, 136]. A high-fidelity implementation in Si is shown in chapter 4 of
this thesis. Using advanced pulse shaping and feedback control of the nuclear environment, exchange oscillations exceeding a fidelity of 99% are demonstrated [137]. Note
that in this experiment only the performance of oscillations in the S-T0 subspace are
measured. Extending this scheme to the full two spin- 21 space may be challenging.

2.2.3

Performance

The main advantage of single spin- 12 qubits is their immunity to electric charge noise
from background fluctuations; however, two or more coupled spin- 12 qubits are not
always immune. The exchange interaction needed for two-qubit gates is sensitive to
charge noise, thus limiting the gate fidelity [138]. Improvements use, among others,
dynamical decoupling techniques or operate the qubits at a sweet spot [139–141],
working points least susceptible to the noise.
The electric control of spin- 21 qubits is challenging to implement due to its dependence on slanting magnetic fields, spin-orbit effects, or oscillating magnetic fields
which are not very reliable due to the weak coupling to the spins. Another potential
drawback of the spin- 21 qubit is the rather strong susceptibility to (global) magnetic
fields which are, on the one hand, required for fast single qubit operations, while
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on the other hand, allow coupling the qubit to magnetic noise giving rise to strong
decoherence. The strongest source of decoherence is magnetic noise due to nuclear
spins [14, 142–145] while relaxation processes are dominated by the spin-orbit interaction [14, 146–151]. Theoretical studies [142] and experimental demonstration [38, 127]
show typical dephasing times on the order of Tϕ ≈ 10 ns in GaAs devices [127, 152].
However, due to the slow dynamic of the nuclear field, the coherence time of the qubit
can be significantly increased by either strongly polarizing the nuclear spin [145] which
has not been successfully demonstrated yet, or using rephasing pulse sequences as spinecho or CPMG [153]. By combining echo sequences with additional notch filtering of
the nuclear dynamics gives rise to even longer decoherence times T2 ≈ 0.87 ms [154].
Relaxation processes scale with an external magnetic field and are typically several
orders of magnitudes slower [38, 155] with extreme cases T1 ≈ 1 s [155]. Both main
sources for decoherence are reduced significantly in silicon devices due to the smaller
number of nuclear spins and weaker spin-orbit interaction [39]. Experiments in silicon [119, 120, 124, 156, 157] demonstrate dephasing times up to Tϕ ≈ 10 µs for the
individual qubits.

2.3

Three-electron spin qubits

Taking the idea of electrical control and protection of the qubit against noise one
step further leads ultimately to the three-spin qubit which can be controlled fully
electrically. Some three-spin qubits also form a decoherence-free subspace (DFS) qubit
implying that they are immune to all collective decoherence, i.e., decoherence which
affects all spins in one qubit, many nearby qubits, or ideally in the full quantum
computer in the same way [158]. There are many different ways of implementing such
a three-spin qubit. Here, we only cover the exchange-only (EO) qubit [26], the hybrid
qubit [35, 95, 159], the resonant exchange (RX) qubit [97, 160], and on the always-on
exchange-only (AEON) qubit [161]. All of these qubit implementations are realized
using three electrons in either a double quantum dot (DQD) or a triple quantum dot
(TQD) depending on the qubit implementation. The full spin-space is spanned by
H3spin = H1/2 ⊗ H1/2 ⊗ H1/2 which can be divided into two spin- 12 and one spin- 23
subspace, thus, H3spin = H1/2 ⊕ H1/2 ⊕ H3/2 , where Hσ denotes the Hilbert space
corresponding to the irreducible representation of SU(2) with total spin σ. In other
words the Hilbert space can be separated into a S = 3/2 quadruplet and a degenerate
S = 1/2 doublet [85, 162] which can further be split into a high and low energy qubit
by an external magnetic field along the z-axis. The qubit states for these qubits are

2.3. THREE-ELECTRON SPIN QUBITS

17

chosen in such a way that they have identical spin quantum numbers, both the total
spin S = 1/2 and the total spin projection along the quantization axis Sz = 1/2 giving
rise to immunity against global magnetic fluctuations. Different qubit realizations are
introduced and discussed in detail in the following subsections and we postpone a more
detailed discussion about DFSs and further dynamical (noise) decoupling schemes in
three spin qubits to section 2.3.6 and refer to Ref. [158] for more details. However,
before delving into the qubit implementations, some basic properties of electrons in
TQDs need to be introduced.
For the description of TQDs, the extended Hubbard Hamiltonian (see chapter 3)
is an appropriate choice throughout large parts of this thesis since it combines all key
features of the three-spin qubits while the expressions are still succinct. Therefore,
we skip a realistic and comprehensive discussion of the exact energy levels and their
microscopic dependence on gate voltages, the geometry of the TQD, the number of
electrons, and the magnetic field [163–169]. A comprehensive study of three-spin
molecules can be found in Ref. [169].

2.3.1

Electrostatic properties of electrons in triple quantum dots

As a first step to visualize, navigate, and find relevant states in the large Hilbert
space of multi-electron states in a TQD, the charge stability diagram of the TQD is
helpful as it highlights the charge transitions between different occupancies of multiple
QDs [79, 87, 169–174] and neglects spin related effects. Fig. 2.2 shows the low electron
occupancy part of the charge stability diagram for a triple quantum dot as a function
of the two detuning parameters defined as
ε =(µ1 − µ3 )/2,
εM =µ2 − (µ1 + µ3 )/2,

(2.2)
(2.3)

for a fixed value of the total chemical potential Vtot = (µ1 +µ2 +µ3 ). The parameter µi
with i, j = 1, 2, 3 is the chemical potential of QD i which depends on the gate voltages
(see Fig. 2.1) underneath the QDs. Taking into account a finite coupling between the
QDs due to cross capacitance effects, i.e., adding an electron in one QD, changes the
potential of the neighboring QD, the typical honeycomb structured diagrams shown
in Fig. 2.2 are obtained.
In the center of the charge stability diagram for a fixed value of Vtot lies the
(1,1,1) charge configuration regime with one electron in each QD surrounded by the six
asymmetric charge configurations, (2,0,1), (1,0,2), (1,2,0), (0,2,1), (2,1,0), and (0,1,2)
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Figure 2.2: Charge stability diagram of a triple quantum dot (TQD) with realistic
parameter settings as a function of detuning parameters ε and εM from Eq. (2.3) (a) for
an arbitrary number of electrons and (b) for a fixed number n = 3 of electrons. Both
diagrams were obtained using a capacitor model of the TQD discussed in section 3.3.1.
Figure taken from Ref. [9].
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with the same number of electrons. Here, (l, m, n) labels a charge configuration with l
electrons in the left QD, m electrons in the center QD, and n electrons in the right QD.
Each of these asymmetric states except the last two are interlinked with the (1,1,1)
charge configuration through a single hopping event while the last two states require
two hopping events. States with triple occupation of a single QD are located at more
extreme values of the detuning parameters since higher orbitals have to be occupied.
Special points of interest for quantum computation and qubit implementations
are typically centered inside a charge configuration regime or located at the charge
transition points where multiple charge configurations intersect since these points
provide a high symmetry with respect to charge configurations.

2.3.2

Spin properties of three-spin qubits in TQDs

In a second step, spin and orbital effects are reintroduced which in general further
subdivides the stability diagram. The Hilbert space of three electron-spins with spin
1
2

in a TQD is H3spin = H1/2 ⊗ H1/2 ⊗ H1/2 and combined with only a single available

orbital in each QD contains in total 20 possible states (220 possible states for a second
available orbital, e.g., additional valley). There are eight states with a symmetric
charge configuration (1,1,1), and two states with asymmetric charge configurations
(2,0,1), (1,0,2), (1,2,0), (0,2,1), (2,1,0), and (0,1,2) each. States with a triply occupied
QD (3,0,0), (0,3,0), and (0,0,3) are excluded due to the restriction to a single available
orbit in each dot.
The corresponding spin Hilbert space H3spin = H3/2 ⊕ H1/2 ⊕ H1/2 can be divided
into a quadruplet H3/2 with effective spin-3/2 and two degenerate doublets H1/2 which
combined with different orbits and restricted to the total spin S = 1/2 subspace gives
rise to a two-fold degenerate subspace H+1/2 ⊕ H-1/2 . This subspace is effectively
decoupled from the S = 3/2 subspace considering weak magnetic field gradients [176]
and weak spin orbit interaction [177]. Leakage into the S = 3/2 and Sz = ±1/2 states
is suppressed by exchange [176]. These two subspaces, distinguished by Sz = ±1/2,
are interchangeable with respect to the exchange interaction, thus the presence of
an external magnetic field allows us to focus on only one of them, e.g., S = 1/2,
Sz = +1/2. Without loss of generality, the S = Sz = +1/2 subspace is spanned by
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Figure 2.3: (left column) Energy landscape of the ground-state energy gap ω of a threespin qubit as a function of the detuning parameters ε and εM in a triple quantum
dot in units of the charging energy U . For the calculation an extended Hubbard
model (see section 3.2) is used considering the tunneling parameters tl = 0.022 U
and tr = 0.015 U and the cross charging energy UC = 0.2 U . Maneuvering through
the (ε, εM ) plane one can access various parameter regimes that allow the use of
different qubit implementations in different charge configurations (l, m, n), where l
electrons are in the left, m electrons in the center, and n electrons in the right QD.
We indicated the double sweet spots (DSS) (black dots), the location of the exchangeonly (EO) qubit, the resonant exchange (RX) qubit (dashed triangle), the asymmetric
resonant exchange (ARX) qubit, and the left and right hybrid (Hl,r ) qubit highlighted.
(right column) Charge ground state of a three-spin qubit in the absence of tunneling,
tl = tr = 0 as a function of the detuning parameters ε and εM in a triple quantum
dot in units of the charging energy U . For plots (a) and (b) the states with (2,1,0)
and (0,1,2) charge configurations are neglected corresponding to a large cross-charging
energy UC . U while for plots (c) and (d) small a value UC = 0.2 U is considered.
Figures taken from Refs. [9, 30, 175].
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the basis states
|0i ≡ |si13 |↑i2 ,
r
2
1
|1i ≡
|t+ i13 |↓i2 − √ |t0 i13 |↑i2 ,
3
3

(2.4)

|2i ≡ |si11 |↑i3 ,

(2.6)

|3i ≡ |↑i1 |si33 ,

(2.7)

|4i ≡ |↑i1 |si22 ,

(2.8)

|5i ≡ |si22 |↑i3 ,

(2.9)

|6i ≡ |si11 |↑i2 ,

(2.10)

|7i ≡ |↑i2 |si33 .

(2.11)

(2.5)

√
with the two-electron singlet state |siij ≡ (|↑i |↓i − |↓i |↑i)/ 2 and the two-electron
√
triplet states |t0 iij ≡ (|↑i |↓i + |↓i |↑i)/ 2 and |t+ iij ≡ |↑i |↑i occupying QD i and
QD j. A simple describing model, the Hubbard model, is discussed in section 3.2.
Since the doubly occupied states |2i, |3i, |4i, and |5i are obtained from |0i and |1i
via the motion of a single electron and the states |6i and |7i requires at least two
hopping events, the latter two states are neglected in most studies. The motivation
comes from perturbation theory where these terms only add higher order corrections
in the relevant parameter regimes [30, 97, 160, 161, 177–179].
The logical choice for a qubit is the two-level system consisting of the ground
state and the first excited state, energetically split by the ground-state energy gap ω.
In Figs. 2.3 (a) and 2.3 (c) the ground-state energy-gap is plotted as a function of
the two detuning parameters, ε and εM , with labels indicating the dominant charge
configuration (a) excluding and (c) including the states |6i and |7i. Figs. 2.3 (right
column) show the charge ground state from Eq. (2.11) excluding [Fig. 2.3 (b)] and
including the states |6i and |7i [Fig. 2.3 (d)]. The logical qubit states, defined as the
ground state and the first excited state, have different charge configurations depending
on the exact location in the detuning space. In the (1,1,1) charge configuration regime
the spin qubit states are |0i and |1i hybridized by the admixture of the asymmetric
states |2i , |3i , |4i , |5i (to a less degree also by |6i and |7i) giving rise to a finite
energy gap ω between the qubit states.
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2.3.3

Exchange-only (EO) qubit

For the EO qubit the focus is on the eight-dimensional subspace with a symmetric
(1,1,1) charge configuration which can be separated into a S = 3/2 quadruplet and
a degenerate S = 1/2 doublet [85, 162, 180] whose degeneracy can be lifted by an
external magnetic field aligned along the z-axis. We are interested in these doublets
since they provide two two-level systems, each having identical quantum numbers, one
being the total spin S = 1/2 the other being the projection of the total spin along
the quantization axis Sz = ±1/2. For the Sz = +1/2 two-level system an appropriate
basis is given by
1
|0+ i ≡ |si13 |↑i2 = √ (|↑, ↑, ↓i − |↓, ↑, ↑i) ,
2
r
1
2
|t+ i13 |↓i2 − √ |t0 i13 |↑i2
|1+ i ≡
3
3
1
= √ (2 |↑, ↓, ↑i − |↑, ↑, ↓i − |↓, ↑, ↑i) ,
6

(2.12)

(2.13)

while for the Sz = −1/2 two-level system all spins are flipped,
1
|0− i ≡ |si13 |↓i2 = √ (|↓, ↓, ↑i − |↑, ↓, ↓i) ,
2
r
2
1
|1− i ≡
|t− i13 |↑i2 − √ |t0 i13 |↓i2
3
3
1
= √ (2 |↓, ↑, ↓i − |↓, ↓, ↑i − |↑, ↓, ↓i) .
6

(2.14)

(2.15)

A special feature of the EO qubit is the possibility for two different qubit encodings
using either the “subspace” or the “subsystem” encoding. For the subspace, as the
name suggests, the qubit states are encoded in a real subspace of the total Hilbert
space, either in the positive two-level system, |0i = |0+ i and |1i = |1+ i, or in the
negative two-level system, |0i = |0− i and |1i = |1− i. This implementation needs a
sufficiently strong magnetic field along the quantization axis to break the degeneracy
of the doublets and energetically favor one of the two-level systems depending on the
sign of the magnetic field. Here, we use the convention that the positive (Sz = +1/2)
subspace qubit is energetically favorable. Particularly, fine-tuning of the confinement
potentials and adjusting the strength of the magnetic field energetically separate the
doublet states from the quadruplet states [169, 181, 182].
The second type of encoding is the “subsystem” qubit which utilizes all states with
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S = 1/2, thus, |0i = |0± i and |1i = |1± i giving rise to a qubit implementations with
one leftover degree of freedom [26, 183]. In the absence of a magnetic field there are
parameter regimes where the orbital energies dominate pushing the quadruplet up in
energy and the doublets down in energy [169, 182] allowing for the implementation
of such a subsystem qubit. It is crucial for this implementation that there are no
interactions which couple the |0± i states differently than the |1± i states. Under
this condition, the two-level systems are not entangled and the additional degree of
freedom can be rewritten into a global degree of freedom allowing for a well-defined
qubit [183]. In realistic systems, the exchange interaction fulfills these conditions while
local magnetic field gradients and spin-orbit coupling violate it.
The low energy subspace for the hybridized states in the (1,1,1) charge configuration can be approximated by an effective Heisenberg Hamiltonian with three exchange
parameters
Heff,TQD =

J12
J23
J13
σ1 · σ2 +
σ2 · σ3 +
σ1 · σ3 .
4
4
4

(2.16)

For a linear arrangement and neglecting superexchange one can neglect J13 = 0. The
expressions for the exchange couplings can be derived using perturbation theory (see
section 3.2). Simple expressions for the exchange couplings are then [30]


J12 = Jl =2t2l U/ U 2 − (ε − εM )2 ,


J23 = Jr =2t2r U/ U 2 − (ε + εM )2 ,

(2.17)
(2.18)

where tl (tr ) describes the hopping of electrons between the left (right) and the center
quantum dot and U denotes an effective charging energy an electron one has to pay
to double occupy a quantum dot. More general expressions are given in Ref. [161].
The resulting energy splitting between the qubit states is given by [160]
ω=

q
Jl2 + Jr2 − Jl Jr .

(2.19)

Conventional single qubit operations
The exchange-only qubit allows for all-electrical control of the qubit, i.e., rotations
using the exchange interactions Jl and Jr provide two independent axes of control. In
the hybridized qubit basis, |0i and |1i, the Heisenberg Hamiltonian from Eq. (2.16)
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can be expressed as
Hqubit

J
= E0 12 − σz −
2

√

3j
σx
2

(2.20)

with the qubit Pauli matrices, σz ≡ |0i h0| − |1i h1| and σx ≡ |0i h1| + |1i h0|, and
the exchange energies J ≡ (Jl + Jr )/2 and j ≡ (Jl − Jr )/2. The first term ∝ E0
only contributes to a global phase of the qubit, thus, can be ignored. Note, that
the rotation axes are provided by the sum and difference of the exchange interaction
between the dots [see Eqs. (2.17) and (2.18)], thus, the rotation axes corresponding
to an exchange pulse of Jl,r are not perpendicular on the Bloch sphere. To be exact,
the angle between the rotation axes corresponding to the pure exchange interactions
J12 and J23 is 120◦ ; a symmetric pulse J12 = J23 provides rotations around the zaxis while the rotation around the x-axis is given by a three-step pulse due to the
exchange interaction always being positive. This can be visualized using the classic
Euler angle construction as rotations around three axes can simulate a rotation around
any axis. Hence, in total four serial exchange pulses (for J13 6= 0 three pulses) are
always sufficient to create arbitrary single qubit operations [26]. In experiments, there
are two ways of controlling the exchange interaction which differentiate in the choice
of the addressed voltage gates.
Tilting based exchange pulses
The usual way to control the exchange interaction in a TQD is by varying the gate
potentials underneath each QD adapted from DQDs [38, 127] and successfully demonstrated for TQDs [53, 88, 96, 98, 100]. The exchange interactions Jl,r (ε, εM ) are
controlled by adjusting the gate potentials, maneuvering through the detuning space
spanned by the two detuning parameters ε and εM . An exchange-pulse, thus, requires
the movement of the point of operation to the correct spot at which Jl and Jr take
the desired values for the single qubit operation. Visualized in parameter space, this
corresponds to maneuvering to a region where either Jl or Jr dominates the exchange
interaction. In a double dot S-T0 qubit, this corresponds to a tilting of the QD potential while for the EO qubit both detuning parameters play a role (shown schematically
in Fig. 2.4 top row). Precisely, a pure Jl -pulse requires |ε − εM |  |ε + εM | and a
pure Jr -pulse requires |ε − εM |  |ε + εM |, while the requirement for the (1,1,1)
charge configuration regime |ε ± εM | < U must still hold. Since the detuning parameters have to be operated adiabatically and are located far away in detuning space,
this limits the speed of arbitrary qubit rotations since they require a sequence of Jl
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and Jr pulses. To speed up gate operations, optimized pulse sequences can be used.
Universal control has been demonstrated experimentally in the two most common materials, Si [53] and GaAs [82, 85, 88, 89, 96–99], yielding control over two independent
rotation axes with both exchange couplings exceeding J ≈ 100 MHz ≈ 40 µeV [53].
Strong dephasing from hyperfine interactions in GaAs devices [88, 98] and charge
noise in Si devices [53], however, limits the fidelity of the qubit rotations. A significant improvement is to be expected by operating the qubit at charge noise sweet
spots [160, 178, 179], using dynamical decoupling sequences [158, 184–186], and using
devices with nuclear-spin-free isotopes [53].
Symmetric operation point (AEON qubit)
A concept for improved single qubit rotations is the symmetric operation point (SOP) [57],
where one keeps the qubit at a high symmetry point while operating the qubit, i.e.
never leaving the SOP in detuning space. Taking a closer look at the expression for
the exchange couplings in Eqs. (2.17) and (2.18) one finds that such operation is possible via controlling the tunneling amplitudes tl,(r) which also leads to control over the
exchange couplings due to Jl,(r) ∝ t2l,(r) . To be exact, this way to control exchange
was already proposed in the original paper by Loss and DiVincenzo [13]. Since recent
architectures for quantum dot devices [38, 39] always include an additional (static)
gate to set the tunnel coupling between the dots the symmetric operation point (SOP)
does not require new quantum dot architectures [57, 129].
The always-on, exchange-only (AEON) qubit [161] is a modified version of the
original EO qubit [26] where the exchange interaction is either completely turned
on or completely turned off while staying at a favorable operation point, therefore,
a candidate for such a symmetric implementation. As already shown, full control
over the qubit is possible through the two exchange interactions J = (Jl + Jr )/2 and
j = (Jl − Jr )/2 consisting of the left (right) exchange coupling Jl,(r) with the ap

proximated expression Jl,r = 2t2l,r U/ U 2 − (ε ∓ εM )2 (for the general expression see
Ref. [161]). The specific expressions for the exchange coupling in the AEON qubit
allow for the existence of a double sweet spot (DSS) which is insensitive to noise in
lowest order with respect to both detuning parameters simultaneously (a more detailed discussion and definition follows in chapter 5). The DSS for the AEON qubit is
located directly in the center in the energy landscape of the ground-state energy gap
p
ω = J 2 + 3j 2 (see Fig. 2.3), thus, possessing the highest symmetry with respect to
all (directly tunnel coupled) asymmetric charge configurations. Since the location of
the DSS is provided by the geometry of the TQD, thus, independent of the tunneling
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Figure 2.4: Schematic illustration of the two methods for operating the qubit described
in the main text. The black lines represent the energy potential of the TQD which is
filled with three electrons (red dots). The qubit is in some initial state at time S. Then,
a single-qubit operation, tilt or symmetric, is performed at time X, leaving the qubit
in some final state at time E. For the tilt method, the detuning, the energy potential
difference between the quantum dots, is changed to operate the single-qubit gates.
The solid and the dashed line correspond to two linear independent rotations. For the
symmetric method the tunnel-barrier, the height of the energy potential separating the
quantum dots, is lowered for the gate operation. A symmetric lowering corresponds to
a rotation around the ẑ-axis, while an asymmetric lowering causes a rotation around
some axis n̂ [161]. Figure taken from Ref. [9].
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parameters, it still exists even for less symmetric geometries albeit not located in the
center [161]. This allows for operating the qubit by tuning the tunneling parameters
while staying permanently on the DSS. Setting the tunneling parameters to be symmetric tl = tr (turning on both exchange coupling simultaneously) results in a rotation
√ √
around the z-axis (see Fig. 2.4 middle row), while setting tl = ( 6+ 2)tr /2 results in
√
a rotation around the n̂ = −(x̂ + ẑ)/ 2-axis (see Fig. 2.4 bottom row) which together
with a rotation around the z-axis causes a rotation around the orthogonal x-axis [161].
Therefore, a three-pulse sequence is sufficient for arbitrary single qubit gates which
is one pulse less than needed for the conventional EO qubit [26]. Since the exchange
couplings are either completely turned on or completely turned off, symmetric gate
operations, which control the tunnel barriers tl,r directly, are required. Simultaneously, this makes the AEON qubit robust against leakage induced by a magnetic field
gradient [176], albeit to a lesser degree than the RX qubit (see subsection 2.3.3) due
to smaller exchange couplings.
The initialization techniques, read-out schemes, and physical implementation of
the AEON qubit are identical to the conventional EO qubit. We note however that
initialization and read-out using spin-to-charge conversion is not optimal for this implementation since one needs to traverse the RX regime in parameter space [161, 187].
Resonant exchange operation (RX qubit)
The RX qubit [97, 160, 188] is a modified version of the EO qubit where the exchange
interaction is always turned on, while the qubit is operated (as the name suggests)
through a resonant modulation of the exchange interaction. At first glance this may
sound like a step backwards to the original spin- 12 qubit which depends on the (slow)
qubit rotation through ESR (electron spin resonance) [38] or EDSR (electric dipole
spin resonance) [189], however, due to the permanently turned on exchange interaction
which induces a strong qubit splitting, the energy gap can be modulated electrically
and also much more strongly, giving rise to high fidelity gates and gate times on the
order of nanoseconds [97, 187].
Analogously to the EO qubit, the qubit states are given by Eqs. (2.12) and (2.13),
and therefore, still located inside the (1,1,1) charge configuration regime. However,
due to εM  |ε| the qubit state are strongly hybridized by the admixture of the (2,0,1)
and (1,0,2) charge configurations resulting in a large energy gap between the qubit
states while the influence of the (1,2,0) and (0,2,1) charge configurations is negligible.
Inside the (ε, εM )-landscape of the ground state energy gap the RX regime is located
in the upper part of the diamond formed (1,1,1) charge regime (white triangle in
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Fig. 2.3). The RX qubit Hamiltonian in its eigenbasis with a modulated detuning
ε → ε + δε takes the form [30, 160]
Hqubit =
with the resonance frequency ~ωRX
1
2ω [J(∂J/∂ε)

~
ωRX σz + δε ησx
(2.21)
2
p
=
J 2 + 3j 2 , the modulation coupling η =

+ 3j(∂j/∂ε)], and the exchange couplings J = (Jl + Jr )/2 and j =

(Jl −Jr ). Due to the negligible influence of the (1,2,0) and (0,2,1) charge configurations
the exchange coupling can be approximated by Jl,r = t2l,r /(U − εM ± ε) [30, 160, 179].
Rabi oscillations corresponding to qubit rotations become accessible through resonant driving of the detuning ε near the qubit’s resonance frequency ωRX , thus,
δε = f (τ ) cos(ντ + φ) with an adjustable phase φ, while the modulation amplitude
f (τ ) varies slowly (compared to ωRX ) in time τ . Near resonance, δ  ωRX with
δ = ν − ωRX , the Rabi frequency is given within the rotating frame approximation
by [160]
√ 2
f (τ )
3t
Ω(τ ) ≈
,
~ (U − εM )2

(2.22)

while the axis of rotation is set by the adjustable phase φ of the driving. Experiments
in a GaAs TQD device have demonstrated π rotations of the qubit around two axes of
control on nanosecond time scales, tgate = 2.5 ns [97, 187]. Combined with a CPMG
coherence time T2 ≈ 10 µs , this allows for more than 103 coherent gates [97]. In
this experiment, the resonance detuning is affected by the Overhauser fields which
causes additional dephasing and is therefore the limiting factor for the coherence time.
Results from another experiment confirm that the limitation is caused by nuclear spins
for weak driving, while for strong driving charge noise is the limiting factor [187].
Interestingly, operating the RX qubit at a symmetric operation point provides only
a slight improvement (a more detailed discussion follows in subsection 2.3.6). An
experimental realization in a silicon device (Si/SiGe or SiMOS) should significantly
improve the RX qubit for weak driving due to the absence of nuclear spins under
isotopic purification [39, 53, 61, 190–192].
The initialization techniques, read-out schemes, and physical implementation are
identical to the conventional EO qubit. As a remark, both initialization and readout schemes using either spin-to-charge conversion or cavity quantum electrodynamics (cQED) based techniques should be feasible due to the short distance in (ε, εM )
parameter space with respect to the (2,0,1) and (1,0,2) charge configurations which
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strongly hybridize the qubit states [160, 193, 194].

2.3.4

Hybrid exchange qubit

The holy grail for quantum computation is claimed by the qubit implementation which
allows most high-fidelity operations during its coherence time. There are basically two
ways of winning the race, either the coherence time is increased or the gate time is
decreased, i.e., making the qubit operations faster. While the exchange-only qubit
and its derivations try to increase the coherence time the hybrid exchange qubit (HE
qubit) is a representative of the latter approach, which in short, combines the longevity
of spin qubits and the fast qubit operations of a charge qubit [35].
The HE qubit qubit is implemented in a double quantum dot (DQD) analogously
to the ST-qubit, however, filled with three electrons. The qubit states are
|0i ≡ |siR |↓iL ,
r
2
1
|1i ≡ −
|t− iR |↑iL + √ |t0 iR |↓iL ,
3
3

(2.23)
(2.24)

where the right QD is doubly occupied while the left QD only singly occupied which
corresponds to the S = 1/2 and Sz = −1/2 subspace (see subsection 2.3.2) and
the (1,2,0) or (0,1,2) charge configuration regime of a TQD discussed above. While
the lowest orbital allows the singlet state |siR , the triplet states |t− iR and |t0 iR are
forbidden in the lowest orbital due to the Pauli exclusion principle, hence, occupy the
first excited orbital [35]. Assuming that the described singlet and triplet states are
lowest in energy [195, 196], higher excited singlets and triplets can be neglected due to
fast spin conserving orbital relaxation processes [197] which immediately relaxes the
higher state into the ground state. The essential difference between the HE qubit and
the EO qubit are the use of a DQD instead of a TQD and the double occupation of the
right QD which includes occupation of higher orbital states (only in the right QD). A
second singlet state, |Li = |↓iR |siL , becomes important which couples to the |0i via
tunneling and gives rise to an additional exchange splitting between the qubit states
|0i and |1i allowing for electrical control. In total there are three relevant states, the
two qubit states, |0i and |1i, and the virtually occupied state |Li; all other states can
be neglected in lowest order. Analogously to the EO qubit, the low-energy subspace
Hamiltonian can be approximated using a perturbative Schrieffer-Wolff transformation
giving rise to a hybridization of the qubit states due to their coupling to the |Li state
(the formal derivation and the explicit expressions can be found in the supplementary
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material of Ref. [35] and Ref. [198]). In contrast to the exchange-only qubit, one is
unable to find a pure spin Hamiltonian for the effective Hamiltonian but needs the
t-J-model to describe the low-energy subspace.
Arbitrary single qubit rotations require control of two independent axes; one finds
for the hybrid qubit, one axis of control is provided by the change of the energy
splitting between the qubit states ~ω while the second axis is given by transitions
between the qubit states. Projecting the low-energy Hamiltonian on the qubit space,
one finds in particular
Hqubit =

~
ωσz + jσx .
2

(2.25)

The energy gap between the qubit states is dominated by the orbital singlet-triplet
splitting EST in the doubly occupied QD, thus, ~ω = J +EST ≈ EST since |J|  |EST |.
In particular one finds, J ∝ JS + 3JT , where JS is singlet exchange coupling due to
the admixture of |0i with the virtual state |Li and JT is the triplet exchange coupling
from the admixture of |1i with |Li. Control over the singlet-triplet EST splitting by
changing the gate voltages in the QD [155, 199–201] gives rise to rotations around
the z-axis, while rotations around the x-axis are given by transitions between the
qubit states which are induced by the off-diagonal terms of the qubit Hamiltonian,
j ∝ JS + JT with JS,(T ) ∝ t2S,(T ) /∆ES,(T ) . Here, tS,(T ) is the tunnel amplitude and
∆ES,(T ) is the energy difference between the virtual state and the singlet (triplet) state.
Therefore, either pulsing the tunnelings tS,(T ) or the pulsing the energy differences
∆ES,(T ) give rise to adjustable transitions between the qubit states. Considering
Si/SiGe as the QD host material, sub-nanosecond (f = 10 GHz) gate times have been
predicted [35] and experimentally demonstrated [92]. Moreover, since both tunnel
couplings tS and tT can be tuned independently (and also independently of EST ),
thus, also the ratio r = tS /tT , a larger set of elementary single qubit rotations becomes
accessible. This provides a more “fine-grained” control of the qubit which reduces the
number of the pulses needed for two-qubit gates [35, 159]. Experiments demonstrate
π-rotations around two orthogonal axes with rotation times tπ ≈ 100 ps and 86%
(transition between states) and 94% (control over qubit splitting) gate fidelity [92]
which is further improved if resonantly modulated, yielding 93% and 96% gate fidelity
in experiments [94]. In total, this allows for over 100 coherent exchange oscillations
within the dephasing time T2? in Si/SiGe quantum dot devices [93]. Most recently,
experiments resonantly modulating the energy gap of the hybrid qubit identical to the
RX qubit (see subsection 2.3.3) achieve a gate fidelity of 98.4% [95]. This is performed
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by optimizing the point of operation, thus mitigating the effect of noise sources which
is is identified as charge noise. At this point we postpone a comprehensive study of
charge noise and only mention that one has to decrease ∂ω/∂ε which naively can be
done by moving further into the spin-regime of the hybrid qubit. This greatly increases
the number of coherent oscillations with the downside of increasing the gate time.
Against theoretical predictions the best point of operation is not found by further
increasing the detuning, but for certain values of ε that show a plateau for ω(ε), thus
a small susceptibility (∼ ∂ω/∂ε) to charge noise. The highest fidelities were found
at such a plateau [95] which found to be caused by atomic disorder [202]. Another
recent demonstration of a modified version of the hybrid qubit with 5 electrons in a
GaAs double quantum which operates at the (2,3)-(1,4) charge transition yields over
10 coherent Rabi oscillations during the coherence time [203]. Note, that in GaAs
dephasing is much faster than in silicon devices due to the presence of nuclear spins.
An initialization and read-out scheme requires the coupling of the doubly occupied
QD to the lead with a significant difference in the tunneling rates between the qubit
states. A large difference in the tunneling rates allows for a time-resolved measurement which yields information about the qubit state to be initialized or read-out. The
crucial requirement, significantly different tunneling rates, are experimentally demonstrated in GaAs [204] and Si/SiGe [35, 205] devices. Numerical results predict further
improvement of the coherence times measuring the current flow through a quantum
point contact [206].

2.3.5

Two-qubit gates for three-spin qubits

Using short-ranged exchange
After the experimental demonstrations of arbitrary single qubit rotations [53, 88] the
remaining challenge is the demonstration of universal two qubit operations in order
to achieve universal quantum computation according to the DiVincenzo criteria [207].
Note that the bulk of two qubit gates are universal [208]. The set-up is the following;
two three-spin qubits are coupled via the exchange interaction, i.e, spins in the set-up
P
are coupled via a Heisenberg exchange term H = i,j Jij S i · S j [see Eq. (3.8)]. Thus,
for the discussion it does not matter whether the electrons are physically separated, i.e.
in different QDs, and/or energetically separated, i.e. in different orbitals, since this
only changes the explicit expressions for the exchange couplings between the electron
spins. If not otherwise mentioned a linear geometry is considered where only spins 3
and 4 are connected (shown schematically in Fig. 2.5 (a)).
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Figure 2.5: (a) Schematic illustration of the coupling of two three-spin qubits consisting of six spins (red dots) labelled numerically from left to right. The black circles
represent the QD of the spins in each qubit (blue box), the black dashed lines correspond to the intra-qubit exchange interactions, and the green dashed line to the
inter-qubit exchange interaction (connecting spin 3 and spin 4). We refer to this geometry as the linear geometry. (b) Schematic illustration of the two-qubit coupling
of two hybrid qubits. The black circles represent the quantum dots of each qubit
(blue box) which each consists of three electrons (red dots), the black dashed lines
correspond to the intra-qubit exchange interactions, and the green dashed lines to the
inter-qubit exchange interaction.

For two spin- 12 qubits a simple sequence yields the two-qubit gate (see subsection 2.2), however, for the case of exchange coupled three-spin qubits the story is
more complex. The main problem arises from the fact that the computational twoqubit space, H2qubit = H+1/2 ⊕ H+1/2 , represents only a subspace of the sector with
spin quantum numbers S = 1 and Sz = +1 of the combined system. The interqubit exchange coupling leads to excursions outside the computational space during
the pulse sequences, and thus, the possibility of leakage into the non-computational
space. There are two distinct approaches to counteract the leakage which we discuss
in detail; in the first approach, complex pulse sequences are applied in order to make
sure that the mapping between the non-computational space and the qubit subspace
at the end of the sequence vanishes [26]. In the second approach a (large) energy
difference between the computational space and the non-computational space in combination with fast gates (approximately) prevents leakage into the non-computational
subspace [188].
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Exact gate sequences
There are many different pulse sequences for implementing an exact entangling gate
between two three-spin qubits. In order to keep the expressions simple, we consider
the time steps τ of the exchange interaction in units of a full swap gate, τswap =
2~/πJ, between connected spins in the remainder of this subsection. This justifies a
consideration where all exchange couplings are identical, Jij = J since the resulting
Rτ
two-qubit gate Uij (τ ) = exp[i 0 dt0 Jij (t0 ) σi · σj /4~] is independent of the pulse shape
of Jij (τ ). In the original proposal, a minimal pulse sequence consisting of 19 exchange
interactions between the spins was found numerically yielding a cnot-gate up to local
single qubit gates [26]. The sequence can be implemented in 13 time steps since some
exchange interactions can be run in parallel. However, this sequence yields a leakagefree entangling gate only for the subspace qubit while there is still leakage in the case
of the subsystem qubit. As a brief reminder, the subspace qubit is encoded in either
of the two-level systems, S = 1/2 and Sz = +1/2 or S = 1/2 and Sz = −1/2, whereas
the subsystem simultaneously uses both two-level systems S = 1/2 and Sz = ±1/2 for
the encoding [26, 183]. An exact cnot-gate sequence for the subsystem qubit consists
of 22 pulses in 13 time steps [209] with all time steps being multiples of τswap /4, where
the bare two-qubit pulse sequence consists of 18 pulses in 11 time steps [108]. Allowing
for simultaneously applied exchange pulses one can find a two-qubit gate sequence in
8 time steps. However, this requires precise control of all couplings individually. It
should be noted that all sequences were discovered using a numerical minimization
algorithm due to the very large Hilbert space of six spins- 12 (dimension 26 = 64). A
full understanding and analytical derivation of the path through the Hilbert space
associated with the exact cnot gate has subsequently been found [210, 211].
Taking into consideration other geometries which have more connections (exchange
couplings) between the two three-spin qubits, shorter and faster pulse sequences are
possible. The shortest sequence consisting of 12 pulses in 9 time steps was found
for the unrealistic case of a fully connected geometry, while one needs at least 14
pulses with the butterfly geometry where the center spins of each three-spin qubit are
connected [connection between spin 2 and spin 5 in Fig. 2.5 (a)].
Nevertheless, the mutual feature that all sequences require more than 10 pulses
makes the exact two-qubit gate somewhat vulnerable to a noisy exchange interaction, i.e., charge noise in the tunnel parameters and detuning parameters or hyperfine
interaction due to nuclear spin. Treating the effects of nuclear noise requires a noisecorrection scheme consisting of permutations which decouple the static effects of the
noise [108, 209]. In simple words, a single pulse is divided into several pulses such that
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each electron “feels” the same nuclear fields at each given time step, thus, unavoidably
increases the pulse sequences [108, 209]. The procedure is comparable to a spin echo
where the effect of dephasing is reversed by a spin flip and can also be adapted for
(quasi) static charge noise. However, due to the nature of charge noise which also
consists of high frequency components the correction scheme is better suited for counteracting the effects of nuclear noise due to its slow dynamics. For charge noise, other
techniques are usually considered, i.e., operating on a charge noise sweet spot.
Since the hybrid qubit has additional single-qubit control [schematically illustrated
in Fig. 2.5 (b)] shorter pulse sequences are feasible consisting of only 14 exchange
pulses [35, 108, 212] summing up to an overall gate time on the order of nanoseconds.
One possible issue for the implementation of exchange-based two-qubit gates for the
hybrid qubit is leakage to the non-computational space which is larger than for the
other implementations as the spin-charge and exchange-only qubit. While the occupation of these states, i.e., clones of the qubit state |0i = |siR |↓iL where |si is not
the ground state, is suppressed for single-qubit rotations [35], this is not the case for
inter-qubit exchange (two-qubit gate), thus giving rise to increased leakage.
Approximated gate sequences
Instead of maneuvering on complex paths through the Hilbert space in order to minimize leakage into the non-computational space, one can use short cuts, gate sequences
consisting of a single exchange pulse [161, 188, 213]. However, these short cuts are
only feasible if there exists a favorably large energy gap between the computational
and non-computational subspaces. This energy gap is crucial since it reduces the
amount of leakage during the operation depending on the size of the energy gap. It
should also be noted that the amount of leakage can never reach exactly zero for a
finite energy gap. Practically speaking, this energy gap is increased by a larger energy
splitting between the qubit states while it is reduced by the inter-qubit exchange interaction [188], thus, making the RX qubit an ideal candidate for its two-qubit scheme
due to the large and always turned-on exchange interaction. Another good candidate is the AEON qubit where the exchange interaction is always turned on or off.
However, the AEON qubit naturally has a smaller qubit splitting than the RX qubit.
We want to discuss two concrete methods for implementing two-qubit gates, the first
consisting of a dc pulse, while in the second the exchange interaction is modulated
by an rf signal. Both methods provide fast two-qubit gates with suppressed (but still
finite) leakage.
Considering a Heisenberg type Hamiltonian for the interaction between the elec-
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Two qubit state
|Q, Qi, |Q3/2 , Q− i, |Q− , Q3/2 i
|0, Qi, |0− , Q3/2 i
|Q, 0i, |Q3/2 , 0− i
|0, 0i
|1, Qi, |1− , Q3/2 i
|Q, 1i, |Q3/2 , 1− i
|1, 0i
|0, 1i
|1, 1i

35

Energy + EZeeman
0
−Jz,A /2
−Jz,B /2
−(Jz,A + Jz,B )/2
−3Jz,A /2
−3Jz,B /2
−(3Jz,A + Jz,B )/2
−(Jz,A + 3Jz,B )/2
−3(Jz,A + Jz,B )/2

Table 2.2: All 15 states in the Sz = 1 subspace of two three-spin qubits with their
respective eigenenergies, where Jz,A (B) is the exchange splitting between the qubit
states |0i and |1i in qubit A (qubit B). For the notation we use |A, Bi = |Ai |Bi,
where the leakage states are defined as follows; |Q3/2 i = |S = 32 , Sz = + 32 i = |↑, ↑, ↑i,
√
|Qi = | 23 , Sz = + 21 i = (|↑, ↑, ↓i + |↑, ↓, ↑i + |↓↑, ↑i)/ 3, and |0− i and |1− i being the
qubit states for Sz = −1/2 (see Eq. (2.15)). Note, that all qubit states differ in energy
from the leakage states. This table was adapted from Ref. [188].

trons in the singly occupied QDs the system is described by H = HA + HB + Hint
where HA,B are the uncoupled single qubit Hamiltonians introduced in Eq. (2.20).
Focusing on the relevant subspace Sz = 1 which has dimension n = 15, there are 11
leakage states [188], however, six states with a total spin S = 2, 3 cannot be accessed
by the exchange interaction alone since it conserves the total spin [26]. However,
gradients in the magnetic field and spin-orbit interaction can cause transitions into
these additional leakage states. In Table 2.2 the corresponding eigenenergies of the 11
states are displayed. In lowest order in perturbation theory, i.e., Jc /J  1 with the
inter-qubit coupling Jc and the intra-qubit coupling J, the interaction between qubit
A and qubit B for a general geometry can be expressed as [188]
Hint =δJ0 + δJz (σz,A + σz,B )/2 + Jzz σz,A σz,B
+ J⊥ (σx,A σx,B + σy,A σyB ),

(2.26)

where σi,q is the i = x, y, z Pauli matrix acting on qubit q = A, B. Each of the
coefficients J0 , δJz , Jzz , and J⊥ is proportional to the inter-qubit exchange interaction
Jc . The parameters strongly depend on the chosen geometry, e.g., for a linear geometry
(inter-qubit coupling between QD 3 of the first qubit and QD 1 of the second qubit)
the parameters can be chosen as follows, δJz /Jc = 1/36, Jzz /Jc = 1/36, and J⊥ /Jc =
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−1/24. It is very useful for the implementation of a cphase gate between the qubits
that for large inequality between the qubit splittings |Jz,A −Jz,B |  Jc the degeneracy
between the |01i and |10i two-qubit states is lifted, thus, one finds J⊥ = 0 [188]. A
Rτ
cphase-gate can now be implemented in a single pulse for 0 dt0 Jzz (t0 ) = π/4. For
J⊥ 6= 0 single qubit operations are additionally needed to “echo out” the effects
of the perpendicular interaction term [188] which is always possible [214]. Realistic
values for the exchange interactions using the RX qubit encoding predict gate times
τgate = 21 ns (τgate = 63 ns) with a leakage error L < 1% (L < 0.1%) [188]. Using
realistic parameter setting for the AEON qubit the gates times are longer (τgate >
100 ns) [161] due to the weaker exchange splitting. An improvement can be achieved
by using different coupling geometries, especially the butterfly geometry (center QD
of both qubits are connected) which provides the best gate times [161, 188]. Further
improvement is obtained using different pulse shapes for the exchange pulse with
the best having a sinusoidal shape, Jc = Jc,0 [1 − cos(2πτ /τgate )] allowing for singlepulse fidelities exceeding 0.9999 for physically reasonable parameter settings [213].
Leakage is increased by considering a realistic environment consisting of charge noise
and Overhauser noise due to nuclear spins. Recent studies show that low-frequency
charge noise has the strongest impact on the gate fidelity [213].
The second approach uses a rf modulation of the exchange coupling Jc (τ ) =
Jc,0 (τ )+Jc,∆ (τ ) cos[(Jz,A −Jz,B )τ ] between the qubits. For example, in experiments using a linear geometry this would correspond to the modulation of the energy barrier between the two qubits. Under a rotating wave approximation [Jc,0 , Jc,∆  (Jz,A −Jz,B )]
the two-qubit interaction is given by [188]
Hint =

Jc,∆
Jc,0
σz,A σz,B +
(σx,A σx,B + σy,A σyB ),
6
24

(2.27)

where we used the same expressions as in the paragraph above. The advantage of this
approach is that both control parameters Jc,0 and Jc,∆ can be set individually allowing
for more flexibility of controlling the two-qubit gate. The only required condition is
|Jc,∆ | < Jc,0 due to the positive sign for the exchange interaction [188].
Long-ranged two-qubit gates mediated by a resonator
At the time of writing of this thesis the best available option for error correction techniques appears to be the surface codes which require a two-dimensional geometry of
qubits [25, 215]. In realistic devices, this is a challenge since each qubit must be accessed by multiple (gate) electrodes limiting the possibility to connect one qubit with
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more than two other qubits through exchange. This makes it more realistic to use
a linear geometry. Since the exchange interaction is limited to adjacent QDs, other,
long-range interactions have to be considered to overcome this technical difficulty allowing for a two-dimensional array of qubits which are spatially separated [216]. There
are several proposals for the achievement of such an interaction, e.g., tunneling mediated by a superconductor [217, 218], coupling though surface acoustic waves [219–224],
ferromagnets [225], superexchange mediated by an additional QD [226–229], spatial
adiabatic passage [212, 230, 231], photon assisted tunneling [232–234], and quantum
Hall edge states [223, 235]. The most practical ideas (up to date) seem to be Coulombbased dipole-dipole coupling [159, 160, 236–239] and cavity quantum electrodynamics
(cQED) mediated coupling [74, 193, 194, 240–244]. They both use the electric dipole
moment of the qubit, whereas in the second approach the interaction range is elongated by the use of a cavity as a mediator [30, 193, 194, 245, 246]. For the capacitative
coupling the relevant interaction is the direct dipole-dipole coupling of the three-spin
qubits originating from the charge difference of the qubit states proposing a fast and
feasible two-qubit pulsed gate [159, 160, 238, 239] while a more realistic analysis
hints possible problems due to charge noise [238]. Three-spin qubits have (in certain parameter regimes) large electric dipole moments [35, 160] which, combined with
recent advances in superconducting microwave cavities, boost the vacuum coupling
strength [247, 248], making the three-spin qubits a good candidate for the implementation of cQED. There are multiple ways to implement such two-qubit gates which
we try to discuss in the following. Many protocols for two-qubit gates [245, 246, 249]
require the resonator to be in the ground state, therefore, depending on the resonance
frequency to be cooled to very low temperatures, e.g., T  50 µeV for a 10 GHz cavity,
while a few protocols also work with thermally populated cavities [243, 250].
In the conventional scheme for a long distant coupling the qubits are entangled
using the photons as a carrier of information [251]. This concept is generally applicable
for all two-level systems and only needs a sufficiently strong qubit-cavity coupling
outmatching the loss and dephasing effects [246, 249, 252]. The starting situation
is as follows; two three-spin qubits in the same cavity that both are coupled to the
same cavity. A single qubit-resonator system is described by the extended JaynesCummings Hamiltonian
H=

~ω
σz + ~ωph a† a + gl (a† + a)σz + g(a† σ− + aσ+ ),
2

(2.28)

where we already performed a rotating wave approximation to eliminate counter ro-
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tating terms. Strictly speaking, the term (a† + a)σz rotates with the resonator frequency but we will keep it for this moment. Operating in the dispersive regime
g  |Ωi | ≡ |ωph − ω1,2 |, where ~ωi is the qubit energy splitting of qubit i = 1, 2, the
cavity mode can be eliminated by a Schrieffer-Wolff transformation (see section 3.2.1)
yielding the effective Hamiltonian [193, 194]
H=

X 1
(~ωi + i ) σz,i + geff (τ )(σ+,1 σ−,2 + σ−,1 σ+,2 ).
2

(2.29)

i=1,2

Here, the ladder operators σ±,i act on qubit i, the coupling strength is given by
geff = g1 g2 (Ω1 + Ω2 )/Ω1 Ω2 with the detuning Ωi of qubit i, and i denotes the Stark
shift of qubit i. After the time τg = ~π/2geff the two-qubit interaction yields the
universal iswap-gate [193, 246, 253]. A sequence of two iswap-gates and two singlequbit rotations form a cnot-gate [254]. In an earlier approach, a cnot-gate gate is
generated by the same Hamiltonian by using the two-qubit π/4-gate instead [251].
Using realistic parameter settings, the iswap-gate can be performed in τg = 540 ns
with a fidelity of 99% while for faster gates the fidelity decreases [194].
Instead of operating in the dispersive regime, a faster alternative scheme uses
resonant driving [194]. This scheme, based on the Cirac-Zoller gate for trapped
ions [17, 255], uses sideband transitions [252, 256, 257] that are generated when an
external driving field ν is included in the qubit-cavity system. For resonant driving
between the driving field and the qubit transition, ν = ω, the interaction Hamiltonian
in a rotating frame is [194]


H = ∆0 a† a + g eiφ aσ+ + e−iφ a† σ− + Ωσy ,

(2.30)

where φ is the phase and  the amplitude of the driving field, ∆0 is the detuning
between the driving field and the cavity, and Ω = g/∆0 is the Rabi frequency of
the qubit. Switching into a second rotating frame of the Rabi frequency and carefully adjusting the detuning ∆0 = ±2Ω yields “red” and “blue” sideband transition
Hamiltonians [194]
H± =


g  ∓iφ †
e a σ∓ + e±iφ aσ± .
2

(2.31)

An entangling controlled-Z gate is constructed using pulses of “red” and “blue” sideband transition gates S± (φ, τ ) ≡ exp(−iH± (g, φ)τ /~) combined with single-qubit rotations. One of such a pulse sequence consists of seven pulses providing a controlled-Z
gate time τg = 270 ns with a fidelity of 99.6% for realistic parameter settings [194].
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The concept of cQED with longitudinal coupling was originally developed to read
out the qubit states via a microwave cavity [69, 71, 74], however, can also be used to
entangle multiple distant qubits [74, 76, 258–260]. This concept is generally applicable
for two-level systems, does not rely on perturbative arguments, and solely bases on
the parametric modulation of the longitudinal qubit-cavity coupling, therefore, does
not produce any residual terms in the Hamiltonian [260]. The starting situation is
as follows; two three-spin qubits (two-level systems) are both longitudinally coupled
to the same cavity |gl | > 0 (see Eq. (2.28)) while the transversal coupling g = 0.
The longitudinal coupling leads to a small displacement of the oscillator field which
can be significantly increased by resonant driving at the cavity frequency. Since the
resonant driving leads also to a rapid dephasing, the modulation drive ωm is to be
chosen off-resonant that finally gives in the polaron frame rise to [260]
H=

X ~
ωi σz,i + ωph a† a + geff (τ )σz,1 σz,2 ,
2

(2.32)

i=1,2

where σz,i acts on qubit i whose states are split by ~ωi . The two-qubit interaction
σz,1 σz,2 yields, after time τg = θ/4|geff |, the entangling controlled-phase gate U =


diag 1, 1, 1, eiθ sufficient for universal quantum computing [260]. An approximate
expression for the coupling strength [260] is geff = −gl,1 gl,2 ωph /[(ωph − ωm )(ωph +
ωm )]. While resembling the transversal coupling [252], the key difference is that for
longitudinal coupling the results are exact and not only valid in a limited regime.
Furthermore, under certain parameter settings, the gate starts and ends in the vacuum
state of the cavity, therefore, the gate can be performed non-adiabatically which yields,
with realistic but optimistic parameter settings, τg = 37 ns with a fidelity of 99.99%.
Note, that there is no trade-off between gate time and fidelity for this scheme, thus,
allowing for fast gates with arbitrarily small errors [260]. Increased fidelity is achieved
if squeezed photon states instead of coherent states are used [260]. More specific
investigations regarding three-spin qubits allow the operation of such a gate on such
time-scales while operated on a charge noise sweet spot [76]. However, all of the above
requires a pure longitudinal coupling with no residual transversal coupling.

2.3.6

Decoherence effects in three-spin qubits

The main sources of decoherence in three-spin qubits are magnetic noise due to nuclear spins and charge noise originating from random fluctuations in the host material
or transmitted via the electric gates [97] and spin-orbit interaction. Spin-orbit inter-
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actions play a less important role in this thesis due to the choice of host material,
typically GaAs and silicon, and design of the device, i.e., lateral quantum dots in a
2DEG [38, 39] versus QDs in wires or nanotubes which usually have stronger spin-orbit
interaction [46, 116, 261].
Magnetic noise
Since both qubit states of the three-spin qubits have identical spin quantum numbers
S and Sz such three-spin qubits possess a natural protection against global magnetic fields [25]. Depending on the qubit implementation this degree of protection
against global magnetic field fluctuations varies. The decoherence free subsystem
(DFS) qubit is completely immune against general collective noise which includes
all noise that couples identically to each spin in the system [25, 26, 183, 262–265].
The DFS Hamiltonian of a system coupled to a noise bath can then be expressed as
P
H = Hsystem + Hbath + Hint and the interaction is Hint = α Sα ⊗ Bα where S solely
acts on the system and B solely acts on the bath. The DFS qubit states both lie
in the same subspace of such a Sα , thus, both affected identically by the noise [25].
However, only global Overhauser (effective nuclear) fields [145, 266–268], which would
require a perfect polarization of the nuclear spins, are considered by general collective
noise while static and fluctuating magnetic field gradients between the QDs are not
considered, therefore, still inducing leakage [100, 176] and dephasing [97]. The general
theory of DFS is covered in a review by D. Lidar [25] and we focus in this thesis on
the effects due to Overhauser field gradients.
Decoherence due to magnetic noise
The main component of magnetic noise is induced by nuclear spins surrounding the
nanostructures and coupling to the trapped electron spins in the QDs. These nuclear
spins are present in almost all host materials with only a few having a nuclear spin free
isotope, i.e., carbon (≈ 99%), silicon (≈ 95%), and germanium (≈ 91%), and unless
one uses one of these materials, the nuclear spins interact with the trapped electrons
through the hyperfine interaction [267, 268]. Due to their (almost) omnipresent nature
the nuclear spins themselves and their effects on QDs are studied and reviewed very
carefully in literature, e.g., by Coish and Baugh (see Ref. [145]), thus, we dispense
with a repetition of the basics and focus on their effect on three-spin qubits.
Considering only the contact hyperfine interaction of the ground-state orbital of
the QD, which requires low temperature and large orbital level spacing [145, 269],
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the interaction between the three-spin qubit and a bath of nuclear spins is effectively
P
P3
described by [176] HHI =
i=1 S i · B i with B i =
k∈i Ak,i I k . Here, Ak,i is the
hyperfine interaction constant of a nucleus with spin I k interacting with the electron
spin in QD i. In typical experiments
q the nuclear spins are randomly oriented hBi i = 0
with a finite standard deviation

hBi 2 i ≈ Ai where Ai is the average hyperfine en-

ergy [176] coupled to electron spin i. These Overhauser fields B i can be correlated
due to a finite overlap between the spin wave functions of the electron i since a nucleus
in an overlapping region affects both electron spin. In realizations using TQD devices
these correlations can be small due to their small overlap. Depending on the material
these coupling constants Ai can be rather strong, e.g., Ai ≈ 85 µeV (for a full list
see Ref. [145]) for GaAs giving rise to effective Overhauser fields |B j | ≈ 5 T for the
unrealistic case of fully polarized nuclear spins. For unpolarized nuclear spins, how√
ever, the Overhauser fields scale with ∝ 1/ N leading to typical values |B j | ≈ 5 mT
for N = 106 nuclear spins [145]. Considering arbitrary and local Overhauser fields
B i = (Bix , Biy , Biz ) the Hamiltonian in the Sz =

1
2

subspace spanned by {|0i , |1i , |Li}

reads


Hhf = 


B3z
√
2 3
Bz
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.


(2.33)

Note, that only the z-component of the Overhauser fields B i appears in the upper
Hamiltonian. The x, y-components give rise to matrix elements out of the Sz =

1
2

subspace as local spin-flips are involved. These Overhauser fields have two main
effects on the three-spin qubit.
Differences in the Overhauser fields cause leakage into the non-computational space
due to the spin non-preserving nature. Therefore, without an external magnetic field
the Overhauser fields couple almost all spin states giving rise to leakage into nearly
every state. Reverting the leakage requires complicated sequences of pulsed magnetic
fields, thus, losing the benefit of the three-spin encoding [176]. However, subject to a
large magnetic field, the EO subspace qubit, S = 1/2 and Sz = +1/2 leaks only into
a single state, the S = 3/2 and Sz = 1/2 state
1
|Li = √ (|↑↑↓i + |↑↓↑i + |↓↑↑i) ,
3

(2.34)

giving rise to an effective three-level system. It is preferable to work in a regime
where both Zeeman energy Ez and exchange splitting J is significantly larger than
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the Overhauser fields, J, Ez  Ai , since their leakage is suppressed ∝ Ai /J. Outside
this regime, the leakage dynamics occurs in timescales of nanoseconds [176].
Nuclear field gradients between the QDs make the qubit vulnerable to inhomogeneous broadening which cause dephasing of the qubit states due to the acquisition
of random local phases. Setting up a Ramsey free induction type measurement consisting of two π/2-pulses separated by the time τ can quantify dephasing. Considering Gaussian distributed Overhauser fields which is valid under typical experimental
conditions [38, 145] the resulting inhomogeneous broadening dephasing time is given
by [145, 176]
T2?

∝

X
3

νi2 A2i

−1/2
.

(2.35)

i=1

Here, Ai are the standard deviations of the Overhauser fields in QD j while their
impact is given by the weighing factors ν1 = ν3 = 1 and ν2 = 2. Therefore, the
dephasing times of three-spin qubits are roughly on the same timescales as for spin- 21
qubits (T2? ≈ 10 ns) assuming uncorrelated Overhauser fields in each dot [176]. This
can be directly seen in Hamiltonian (2.33) since there are non-vanishing fluctuating
diagonal elements.

Suppressing magnetic noise
Since nuclear noise has typically a very slow dynamics [270] dynamical decoupling
(DD) [145, 185, 271–275] offers an efficient way to counteract the effects of noise. In
simple words, DD decouples the noise from the system, e.g., through gate sequences
which swap the electrons in such a way that each electron is exposed to the same
noise, thus, “globalizing” the random phase. Under the assumption of static noise, a
simple example is the permutation sequence which cyclicly swaps the electrons after
each time interval τ .
Introduced by West and Fong [276], the DD sequence consists of operations swapij
that interchange the spin of QD i and QD j and which are realized by the exchange
interaction [13]. During the swap operation leakage is suppressed by exchange [176],
thus, dephasing is only possible in the remaining QD during the short time of an operation since exchange is completely turned in-between the pulses [276]. Under the assumption of Gaussian distributed noise the variance of the gathered phase differences,
which cause the dephasing, can be expressed in terms of switching functions fj (τ ) with
j = 1, 2, 3 which are defined according to the position of the spin states regarding their
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initial position and their rescaled Fourier transforms γj ≡

ω
i

RT
0

dteiωt fj (τ ) [276, 277].

The resulting expression for the variance of the phase differences is
1
h∆Φ(T ) i =
π
2

∞

Z

dω
0

3
X

|γj (ωT )|2

j=1

S(ω)
,
ω2

(2.36)

where S(ω) is the power density noise spectrum of the noise which for simplicity is
assumed to be identical in each QD whereas the noise in each dot is uncorrelated.
In simple words, the power density noise spectrum is multiplied by a filter function
P
F (ω) = 3j=1 |γj (ωT )|2 which suppresses the noise at certain frequencies.
There are many concepts for optimizing the waiting time δj between the switches,
the most popular being the CPMG sequence [278, 279] which uses equidistant time
intervals ∆δj = 1/n. However, CPMG is not optimized for the three-spin case, thus,
does not lead to γi = 0 in lowest order. Until now the best concepts are Uhrig dynamical decoupling (UDD) [280–282] and optimized noise filtration dynamical decoupling
(OFDD) [283] depending on the given noise. UDD requires that the Fourier transforms vanish up to an order m, thus,

∂ k γi (q)
|
∂q k q=0

= 0 for k = 0, ..., m and i = 1, 2, 3.

In the single spin case n = m pulses are required [280] with the analytical expressions
for the waiting times δj = [1 − cos(πj/(n + 1))]/2. For the three-spin case n = 2m
pulses are required [276] while the expression for the waiting times are obtained from
the solution of the 2m polynomial functions up to order m. OFDD directly minimizes
R1
P
the integral 0 dω 3j=1 |γj (ωT )|2 finding a suitable set for the waiting times δj . The
integrals can be treated analytically, however, the values have to be determined using
numerical optimization, e.g., one can use the values for CPMG and UDD as starting
values.

Charge noise
Charge noise or electrical noise, produced by fluctuations of charges or electric fields,
is an omnipresent obstacle if any form of electric control is used in experimental setups, directly, e.g., electric potentials to attract/deplete electrons or indirectly, e.g.,
background charge fluctuations. Thus, this also includes each device based on semiconductors or metals since electrons, the carriers of the charge, move around freely
which unavoidably results in fluctuations due to the discreteness of the electric charge.
These charge fluctuations can be correlated in time or space depending on the source
of the noise. In semiconductors, the background noise is typically dominated by lowfrequency noise or colored noise which has a spectral density S(ω) = Aω −γ , where γ
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Figure 2.6: Schematic illustration of a three-spin qubit coupled to charge noise. The
noisy environment mainly affects the electron spins directly through the gate voltages
Vi with i ∈ {1, 2, 3} that form the quantum dots (QDs) or the exchange coupling
(green cloud) between the electron spins through the gate-controlled tunnel hopping
(tl and tr ).

is the noise exponent [284, 285]. Noise which is induced into the qubit system through
the gate electrodes necessary for confining and controlling the electrons is typically
Nyquist-Johnson noise [286–289] due to the finite temperature and shot-noise [290]
due to quantization (graininess) of electric charge. Like magnetic noise, charge noise
also depends on the system [291–293], however, to a smaller degree than for magnetic noise from nuclear spins, e.g., charge noise can be enhanced in the presence of
piezoelectric phonons and their coupling strength. Therefore, charge noise cannot be
changed significantly if the host material is replaced, since freely-moving electrons
exist in every semiconductor and every device is connected to wires.

Decoherence due to charge noise
Electric noise affects the charge degrees of freedom in a quantum system, thus, allows for coupling through every electrically controlled parameter in the system. The
dominant links which couple the charge noise to the TQD qubit are the detuning parameters, ε (detuning between outer QDs) and εM (detuning between center QD and mean of outer QDs) from Eqs. (3.23), linked to the gate voltages un-
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these control parameters typically induce the qubit gates, thus, they have to be addressed fast and precisely over a large range which limits the amount of noise filtering [53, 88, 98]. Furthermore, the tunneling parameters, tl and tr , also provide
a significant noise contribution if the qubit is operated symmetrically by controlling
the tunnel barriers between the qubits [57, 129] (see Fig. 2.6). Additional parameters worth being considered are the charging and confinement energies [175] but these
play a less important role since they are static, allowing for low-pass filtering. Formally, the noisy control parameters are described by considering noisy parameters
q = f (q, δq), where f is some function which describes how the noisy parameter q
is affected by the corresponding fluctuations δq. Typically, one assumes that the
strength of charge noise is unaffected by the strength of the noisy parameter, thus,
q = q + δq [30, 160, 161, 178, 179, 294]. For the detuning parameters, ε and εM , meap
√
surements in single QDs and DQDs indicate values of S(ω) ω=1 Hz ' 5 µeV/ Hz
p
√
in a GaAs device [295–302] and S(ω) ω=1 Hz ' 1 µeV/ Hz in SiO and Si/SiGe devices [303, 304]. An effective measurement of detuning charge noise in an isotopically
p
√
purified Si/SiGe TQD indicates a higher value, S(ω)ε ω=1 Hz ' 15 µeV/ Hz for
1/f -noise [53]. While these values are likely to be accurate for ε, the noise coupling
for the symmetric detuning εM are claimed to be ten times smaller [294]. More recent
results predict hδε2 i ≈ hδε2M i. The fluctuations of the remaining parameters such
as the tunnel couplings is still unknown, but the tools to measure these are already
present [293, 305, 306]. These charge fluctuations affect the qubit states but, unlike
magnetic noise, do not cause any leakage out of the qubit space due to the spin conserving nature of charge noise. Leakage into other charge states with the same spin
numbers but different charge configurations, e.g., (1,0,2) is possible but suppressed by
the charging energies. In experiments a dephasing time of Tϕ = 2.3 µs is measured [53].
Spin-phonon relaxation
Additionally to dephasing, charge noise can also induce relaxation of the qubits via
the electron-phonon interaction [38, 177, 307–309] through the dipole moment of the
qubit [160, 194]. The phonons in the host material create an electrical field, e.g.,
polar or piezo-electric phonons, which couples via the electric dipole moment to the
qubit inducing relaxation. Direct spin-flips are forbidden due to the dipole transition
rules, however, can be mediated by mechanism such as spin-orbit interaction. This
interaction depends on the lattice symmetry of the host material and is described
for the most common materials (GaAs and silicon with strain in [001] (ẑ 0 ) direction)
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by [160, 194]
s
Ga
Hep
=

X

~
(k · ˆµ,k Ξl − iΞ)(aµ,k + a†µ,−k ),
2ρ0 V0 cµ k

Mk

µ,k

(2.37)

s
Si
Hep
=

X

Mk

µ,k

~
(k · ˆµ,k Ξd
2ρ0 V0 cµ k

+ kz 0 ẑ 0 · ˆµ,k Ξu )(aµ,k + a†µ,−k )
Mk =

3 X
X

(2.38)

hi| eik·r |ji c†i,σ cj,σ .

i,j=1 σ

Here, a†µ,−k (aµ,−k ) creates (annihilates) a phonon with wave vector k, polarization µ,
sound speed cµ , and unit polarization vector ˆµ,k . System material dependent parameters are the Volume V0 and the density of mass ρ0 , while the host material dependent
parameters are the longitudinal deformation potential Ξl and the piezoelectric constant Ξ for GaAs, and the dilation and the uniaxial deformation potential (Ξd and
Ξu ) for silicon [310]. Note, the expressions for the two materials only differ by a single
term, as there is less strain in GaAs and no piezoelectric phonons present in silicon.
The relaxation rates can now be calculated via Fermi’s golden rule [160, 194]
1/T 1 = Γ ∼ | hg| Hep |ei |2 ρ(ω) where ρ(ω) is the phonon density evaluated at the qubit
2
energy gap ~ω. Within a simple model one finds for GaAs [160], Γ ∼ (ω 3 /νGaAs
)ξ 4 ,
2 )ξ 4 , with the fitting parameters ν
and silicon, Γ ∼ (ω 5 /νSi
GaAs,Si and the ratio between

tunneling and the quadrupolar detuning ξ = t/(εM − U ). These results agree well
with experimental and theoretical investigations [155, 177, 311] of single and double
quantum dots showing the dominance of piezoelectric phonons (∼ ω 3 ) for GaAs and
their absence in silicon (∼ ω 5 ). Using realistic parameter settings it is estimated that
these relaxation rates are small in GaAs [160], Γ ∼ 1 − 100 kHz and even smaller
in silicon [36, 194], Γ = 1 − 100 Hz. Therefore, silicon is better protected due to
the absence of piezo-electric phonons despite the presence of the valley giving rise to
additional leakage channels [36].

2.4

Four-electron spin qubits

While three-spin exchange-only qubits already allow for arbitrary qubit rotations using only the exchange interaction, the qubit is encoded in the S = |Sz | =

1
2

subspace.

However, this does not yield increased protection against realistic magnetic noise as
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discussed in section 2.3.6 making the three-spin qubit vulnerable against local magnetic field gradient (LMFG) fluctuations. Additionally, a single EO qubit is protected
against long-wavelength magnetic field fluctuations, a chain of exchange coupled EO
qubits is not. Distant EO qubits can acquire a different global phase because of the
finite total spin S = |Sz | = 12 .
This problem can be circumvented by encoding the qubit in the S = Sz = 0
subspace giving rise to a zero coupling to global magnetic fields due to HZeeman ∝ S·B.
The constraint of a two-level system with total spin S = 0 leads to the singletonly, exchange-only/ singlet-singlet (S-S) qubit [312] which requires four electron spins
distributed in fur quantum dots. This encoding forms a decoherence-free subspace
(DFS) which makes the qubit insensitive to long-range magnetic fields and additionally
first-order insensitive to local magnetic fields [183, 264, 312].

2.4.1

Qubit model

In its simplest form the qubit is physically realized in an array of four quantum dots
each filled by a single electron. Analogously to the three-spin qubits the low-energy
subspace can be approximated by an Heisenberg exchange chain with four sites and
three exchange couplings
HH4 = J12 S 1 · S 2 + J23 S 2 · S 3 + J34 S 3 · S 4 .

(2.39)

The qubit basis states are
|0i = |s14 i |s23 i
1
|1i = √ (|s12 i |s34 i + |s13 i |s24 i),
3
where

√

(2.40)
(2.41)

2sij = (|↑ii |↓ij − |↓ii |↑ij ) denotes a singlet state between electrons in quan-

tum dot i and j. The qubit Hamiltonian reads
HQ4 =

√

− 14 J23

3
4 (J12

√

−

3
4 (J12

+ J34 )

+ J34 ) − 14 (J12 + J34 − 3J23 )
√
J
3j
= E0 12 − σz −
σx
2
2
−

!
(2.42)
(2.43)

with J = (J12 + J34 )/2 − J23 and j = (J12 + J34 )/2. The qubit Hamiltonian has the
same structure as the EO qubit Hamiltonian (2.20). Therefore single-qubit rotations
can be performed in the same way. Either pulsing the exchange interaction (EO
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method) or ac driving while turning the exchange interaction always on (RX method).
Two-qubit gates can be performed in the same manner as for three-spin qubits. The
exact sequences, however, are different and slightly longer due to the larger total
Hilbertspace of two 4-spin qubits [313].

2.4.2

Decoherence effects in four-spin qubits

Magnetic noise
The performance of four-spin qubits under the effect of fluctuating local magnetic
field gradients, as nuclear spins generate, is completely different than for three-spin
P
qubits. The local magnetic fields couple via HHF = 4i=1 gµB B i · Si which reads in
the Sz = 0 subspace spanned by {|0i , |1i , |L1 i , |L2 i , |L3 i , |L4 i} [312]
HHF =


0


0

 B1z B4z
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where |Li i are leakage states with S = 1, 2. Explicit expressions of the leakage
states can be found in the supplement of Ref. [312]. In contrast to the conventional
exchange-only three-spin qubit [see Eq. (2.33)], four-spin qubits have no intra-qubit
matrix elements h0| HHF |0i = h0| HHF |1i = h1| HHF |1i = 0. Therefore, the upper
Hamiltonian does not effect the qubit energies in linear order [312]. Leakage is still
present, however, is suppressed through exchange and an external magnetic field.
Charge noise
Protection against charge noise is provided if the four-spin qubit is operated at a
charge noise sweet spot. In contrast to the exchange-only qubit a double sweet spot,
however, is not sufficient for complete protection. Since there are three independent
detuning parameters 1 , 2 , and 3 (for definition see Ref. [312]) the qubit is only
resilient against charge noise at a triple sweet spot (TSS)
∂ω
∂ω
∂ω
=
=
=0
∂1
∂2
∂3

(2.46)
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where ~ω denotes the energy splitting of the qubit eigenstates. Estimated dephasing
times Tφ are similar what is expected for the conventional EO qubit. A variation
hybrid variation of the singlet-singlet qubit, the quadrupolar exchange (QUEX) spin
qubit, offers significantly improved protection against charge noise while maintaining
the benefits of the singlet-singlet qubit [31]. This implementation is discussed in more
detail in chapter 9.
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Chapter 3

Methods

In the previous chapter we introduced the experimental realization of quantum dots and the implementation of spin qubits. The goal of this chapter is to
introduce and explain all methods used in this thesis to describe the behavior of
spin qubits in quantum dots. Here we follow the credo “Everything [the model]
should be made as simple as possible, but not simpler [than necessary to describe
the dynamics]” [314]. Therefore, a full introduction to semiconductor theory is
omitted and only a brief summery of the band structure of silicon is provided.
Important concepts such as the valley splitting and valley phase are introduced.
For the majority of tasks the starting point is the Hubbard model which describes
the confined electrons as sites on a lattice with a certain energy and electron hopping between the sites. Because not all aspects are properly described by this
(generic) model we extend the Hubbard model in two ways. Using a macroscopic
approach, we combine the Hubbard model with an electrostatic capacitance description. This approach is closely connected to an experimental realization. The
second extension goes in an opposite direction towards a microscopic modeling of
the potential landscape to approximate the microscopic electronic wave functions.
In a second step these matrix elements are then connected to the phenomenological parameters used in the Hubbard model. Next we show theoretical models of a
hybrid system consisting of a qubit and a superconducting microwave resonator.
Techniques are introduced to describe how the quantum dot system behaves under the influence of a quantized electromagnetic field from the resonator. An
analytical method to describe the qubit-resonator coupling and the qubit-qubit
interaction mediated by a resonator is provided. Furthermore, input-output theory is used to model the probe signal of the resonator. Finally, methods are
introduced how to describe environment effects such as the omnipresent charge
noise. Important concepts like noise density spectrum and the noise exponent are
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introduced. Analytical and numerical methods which describe the effect of such
noise on qubit systems are presented.
Sections 3.2, 3.4, and 3.5 of this chapter have partly been published in Ref. [9,
M. Russ and G. Burkard, J. Phys.: Condens. Matter 29 393001]. Modification to
the structure, text, and the notations are performed to keep consistency in this
thesis.

3.1

Theoretical description of semiconductors

As discussed in section 2.1, the most common host materials for spin qubits in gated
quantum dots are GaAs and silicon heterostructures. Since silicon has the advantage
of possessing nuclear spin free isotopes, there is a clear tendency towards the use of
silicon for spin-based quantum information processing. Electrons in semiconductors
under the influence of a slowly varying confinement potential [315]
V (r)  a |∇V (r)|

(3.1)

are theoretically well-described using effective mass (EM) theory by Kohn and Luttinger [316]. Here, the lattice constant a describes the size of the unit cell of the
semiconductor. Throughout this thesis the smallest electron confinements are on
the order of ∼ 10 nm (see section 2.1) compared to lattice constants in the order of
aSi = 0.53 nm and aGaAs = 0.56 nm making EM theory universally applicable. EM
theory allow us to find a solution Ψ(r) to the many body Schrödinger equation for the
electron wave function. The wave function can be approximated at the conduction
minima at k0 by [317]
Ψ(r) ≈ F (r) φk0 (r)

(3.2)

which means it can be written as a product of the slowly varying envelope function
F (r) and the fast, typically at the order of the interatomic distances, oscillating
Bloch function φk0 (r). The envelope function is determined by the explicit shape of
the potential V (r). Since GaAs only has a single conduction band minima the wave
function of a confined electron in GaAs is given by
ΨGaAs (r) = F (r) φk0 (r).

(3.3)

For silicon the situation is more complicated. Bulk silicon has six conduction
band minima at the ±x, ±y, ±z points in the first Brillouin zone (see Fig. 3.1) (a)
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Figure 3.1: (a) Schematic illustration of the position of the six valleys ±x, ±y, and
±z in k-space. For an interface in [001] direction the ±x and ±y (gray) are increased
in energy and only the −z (blue) and +z (red) valley is relevant. (b) Sketch of the SiSiGe normalized interface potential along z-direction for a Si/SiGe heterostructure in
[001] direction. The SiGe region is penetrated by the electron wave functions ΨSi,ξ (r)
with valley number ξ = ±z. Because of the Rvalley oscillations eik0 ξ the probability of
∞
the electron to be in the SiGe region Pξ = z0 dz |ΨSi,ξ (r)| is different for ±z giving
rise to an energy splitting.
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which are called valleys. Fortunately, the presence of a confinement in z direction
from the heterostructure pushes the in-plane valleys up in energy. Thus, for a twodimensional silicon structure only the ±z valley have to be included and ΨSi,ξ (r) =
Fξ (r) φk0 (r)eik0 ξ . The composed real electron wave function in silicon is then given
by
ΨSi (r) =

X

αξ Fξ (r) eik0 ξ φk0 (r)

(3.4)

ξ=±z

with the normalization parameters |α+z |2 + |α−z |2 = 1 and the conduction band
minima in k-space k0 ≈ 0.85 × 2π/aSi . Ideally, the electron is two-fold degenerate but
the presence of the sharp interface from the heterostructure introduces a valley-orbit
mixing term which lifts the degeneracy. In Fig. 3.1 (b) this is graphically illustrated.
The electron wave function |Ψ(r)i = α+z |+zi + α−z |−zi slightly penetrates the
finite barrier from the interface at z = z0 , typically Germanium or silicon-oxide. A
simple argument for the energy difference EV between the valley states arises from
the fact that the two valley functions |ξi oscillate with opposite phase. Therefore,
the two components |ξi can have a different occupation probability inside the barrier,
√
R∞
Pξ = z0 dz |ΨSi,ξ (r)|. Considering |α+z | = |α−z | = 1/ 2, the valley-orbit coupling
due to the presence of an interface described by VB is [315]
ΨSi,+ (r)
ΨSi,− (r)

!

1
=
2

0 + ∆ 0

∆1

∆∗1

0 + ∆0

!

ΨSi,+ (r)
ΨSi,− (r)

!
,

(3.5)

with the matrix elements ∆0 = h−z| VB |−zi /2 = h+z| VB |+zi /2, ∆1 = h+z| VB |−zi /2,
and an arbitrary single particle energy 0 . The complex valley-orbit coupling
∆1 = EV eiφ

v

(3.6)

can be decomposed into the valley splitting EV = |∆1 | and the valley phase φv =
arg(∆1 ). In general the exact orientation φv and splitting EV of the valley depends
on atomistic steps of the interface [318–324]. Imperfections in the cut-angle lead to a
valley-orbit mixing [318, 319], thus, the valley degree of freedom is not a good quantum
number anymore. This all together makes the valley splitting very unpredictable and
difficult to deal with.
In SiMOS devices the valley splitting is controllable to some degree by an electric
field perpendicular to the interface [50, 92, 323–329] which pushes the electrons into
the overlap changing the overlap of the electron wave functions with the interface
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steps.

3.2

Hubbard model and the exchange interaction

The most important tool for spin quantum computation with electrons in QDs is the
exchange interaction, originating from the sign change under exchange of fermionic
particles. It can be electrically controlled both, very precisely and fast, by detuning
of the externally applied electrostatic gate voltages [38, 127].
A sufficient explanation for the exchange interaction between Ne electrons in
N QDs is provided by the Hubbard model [330, 331] with symmetric spin-conserving
nearest neighbor hopping
HHub

"
#
N

X
X
X  †
Ũi
=
ni (ni − 1) + Vi ni +
Uij ni nj +
tij ci,σ cj,σ + h.c. ,
2
i=1

hi,ji

(3.7)

σ=↑,↓

where the operator c†i,σ (ci,σ ) creates (annihilates) an electron in QD i with spin
σ =↑, ↓, Vi is the gate energy in QD i, Ũi is the energy penalty for doubly occupying
the i-th QD due to the Coulomb repulsion, and Uij is the energy to pay for two
P
electrons in neighboring QDs i and j. We define the number operator ni ≡ σ c†i,σ ci,σ
and the gate-controlled hopping matrix elements tij = t∗ji = t.
The low-energy Hamiltonian for suitably adjusted gate potentials Vi can be derived
by a Schrieffer-Wolff transformation (see section 3.2.1 and Refs. [332, 333]). For a
number of electrons Ne matching the number N of QDs, N = Ne , this yields a
Heisenberg spin chain model
HHeis =

X

Jij S i · S j ,

(3.8)

hi,ji

where S i =

~
2 (σx , σy , σz )

is the vector of the spin operators of the i-th electron in

QD i and the sum runs over neighboring pairs of electrons. While the general case
for large N is quite interesting, in this thesis we are only interested in small systems
with N ≤ 4.
We explicitly demonstrate the simplest case which forms an exchange interaction,
Ne = 2 electrons in N = 2 QDs. Considering a single orbital (valley) for each QD
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there are six states
|t+ i ≡ c†1,↑ c†2,↑ |vaci ,

1 
|t0 i ≡ √ c†1,↑ c†2,↓ + c†1,↓ c†2,↑ |vaci ,
2

(3.9)
(3.10)

|t− i ≡ c†1,↓ c†2,↓ ,

1  † †
†
†
√
|si ≡
c c − c1,↓ c2,↑ |vaci ,
2 1,↑ 2,↓

(3.11)

|s11 i ≡ c†1,↑ c†1,↓ |vaci ,

(3.13)

|s22 i ≡ c†2,↑ c†2,↓ |vaci .

(3.14)

(3.12)

Double occupancy of an orbital is only allowed for singlet states due to the Pauli
exclusion principle. The three states with total spin S = 1, |t± i and |t0 i, are pure
triplet states and not coupled to a state with (2,0) or (0,2) charge configurations, thus,
not affected by the exchange interaction. Introducing the dipolar detuning parameter
ε ≡ (V1 − V2 )/2, the charging energy U = Ũ − UC and assuming real valued tunneling
parameters, the matrix representation of Eq. (3.7) in the basis given above reads

HST



0 0 0






=





0 0 0
0 0
0 0
0 0
0 0

0

0

0






0
0
0
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√
√
.
2t
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0
0
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0
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√
2t
0
U −ε
0
0

0

0

(3.15)

In Fig. 3.2 the eigenenergies of this Hamiltonian are plotted as a function of the
detuning ε in the presence of a strong magnetic field which energetically splits the
|t± i states from the |t0 i and the three singlets |si, |s11 i, and |s22 i. Inside the (1,1)charge configuration regime the singlet qubit state |si is hybridized, |si → |s̃i, by the
admixture of the other charge states, |s11 i and |s22 i. The resulting energy difference
between the singlet state |si and the triplet state |t0 i is called exchange interaction
and given by [331]
J≈

4t2 U
.
U 2 − ε2

(3.16)

This approximation is valid in the regime |t|  |U ± ε|. An exact value for the
exchange splitting can be obtained by diagonalizing Hamiltonian (3.15). The exact

3.2. HUBBARD MODEL AND THE EXCHANGE INTERACTION

57

★

Figure 3.2: Eigenenergies (in units of the charging energy U ) of the singlet-triplet
(ST) qubit as a function of detuning ε for weak tunneling, t = 0.02 U . The inset
magnifies the energy splitting between the |si and |t0 i state due to the exchange
interaction J. Inside the (1,1) charge configuration regime J ≈ 4t2 U/(U 2 − ε2 ) [331].
The eigenenergies are labeled with their dominating charge configuration. There is a
sweet spot (black star in inset) at zero detuning, ε = 0. Figure taken from Ref. [9].

value, however, becomes difficult to obtain when scaling to larger systems. The exchange interaction can then be used for entangling the two spins. A generalization of
the exchange interaction in the presence of a valley is discussed in Refs. [334, 335].
The resulting matrix representation of the Hubbard model Eq. (3.7) in the basis
Eqs. (2.4)-(2.11) of Ne = 3 electron spins hosted in N = 3 QDs (up to a global energy
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shift) is [30]


0


 0

 t /2
 l
H=
tr /2

t /2
r
tl /2


tl /2
tr /2
tr /2
tl /2
√
√
√
√

3tl /2 − 3tr /2 − 3tr /2
3tl /2
0

√
3tl /2
E2
0
0
0 

√
.
− 3tr /2
0
E3
0
0 

√
− 3tr /2
0
0
E4
0 

√
3tl /2
0
0
0
E5
0

(3.17)

√
√
The symmetric tunneling parameters are t12 = t21 ≡ tl / 2, t23 = t32 ≡ tr / 2, and
t13 = t31 = 0 and the simplified expressions for the charging energies of the states are
E2 = ε − εM + U,

(3.18)

E3 = −ε − εM + U,

(3.19)

E4 = ε + εM + U,

(3.20)

E5 = −ε + εM + U.

(3.21)

In this case, all of the charging energies Ei depend only on the two detuning parameters
ε =(V1 − V3 )/2,
εM =V2 − (V1 + V3 )/2 + UC ,

(3.22)
(3.23)

and the effective charging energy U = Ũ − UC . In the general case Ui 6= Uj , where Ui
is the charging energy in dot i, the expressions for the charging energies of the states
are altered [161].

3.2.1

Schrieffer-Wolff transformation

For many applications in physics it is sufficient to only describe the low-energy dynamics of the given system. Therefore, it is useful to have a tool which allows us
to perturbatively decouple the low-energy dynamics from the dynamic of energetic
excited states. One such tool is the Schrieffer-Wolff (SW) transformation [332, 333]
which we already used in the previous subsection to find a simple expression for the exchange interaction. Throughout this thesis the SW transformation is frequently used
which we label the SW approximation if combined with a projection on the low-energy
subspace. Typically, the resulting series is truncated at order n. In contrast to conventional (Rayleigh) perturbation theory, the SW transformation is designed to deal
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with degenerate states often appearing for spin systems without external magnetic
field.
Concretely speaking, the SW transformation allows us to bring the block Hamiltonian
H=

hg

hint

h†int

he

!
(3.24)

consisting of a the low-energy Hamiltonian hg , the high-energy Hamiltonian he , and
the Hamiltonian hint describing the interaction between the blocks into block-diagonal
form
H0 =

h0g

0

0

h0e

!
.

(3.25)

The Schrieffer-Wolff transformation is performed by the canonical transformation
H 0 = eS HeS

†

(3.26)

with the yet to be estimated matrix S = −S † . In general this matrix S is hard to
determine. Therefore, we split S = S1 + S2 + · · · and expand Eq. (3.26) in terms of
powers of S
1
1
1
H 0 = H0 + H1 + [S, H0 ] + [S, H1 ] + [S, [S, H0 ]] + [S, [S, H1 ]] + [S, [S, [S, H0 ]]] + · · ·
2
2
2
(3.27)


where [A, B] denotes the commutator between A and B. Here H0 = h0g h0e contains
 0 h 
int
only the block-diagonal terms and H1 = h† 0
the coupling between the blocks.
int

The SW transformation now allows us to find a recursive formula for the matrix
S = S1 + S2 + · · · with ||Si || < ||Sj || for i < j where || · || denotes the Frobenius matrix
norm. The Hamiltonian H 0 is block-diagonal to lowest order in H1 if
H1 + [S1 , H0 ] = 0
which requires that S1 =



0 s1
−s†1 0



(3.28)

. For S = S1 the first-order decoupled Hamiltonian

is then given by
1
1
H 0 = H0 − [S, [S, H0 ]] − [S, [S, [S, H0 ]]] + · · ·
2
3

(3.29)
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where S is defined by Eq. (3.28). Only the last term 13 [S, [S, [S, H0 ]]] = O(||hint ||) couples the low-energy block to the high-energy block. Truncating the series at this point
yields a SW approximation of second order where the effective low-energy Hamiltonian
is given by
1
Heff = Pg H0 Pg − Pg [S, [S, H0 ]]Pg
2

(3.30)

where Pg is the projector on h0g . The second order SW approximation is sufficient
for all applications in this thesis. For the sake of completeness the next higher order
condition is then given by
1
[S2 , H0 ] + [S2 , H1 ] + [S2 , [S2 , H1 ]] = 0.
3

(3.31)

For the higher order corrections to the effective Hamiltonian, the reader is referred to
Ref. [336]. The convergence of the series is guaranteed under the condition of small
disturbance, |min(hg − he )|  ||hint ||. A detailed discussion about the applicability
and convergence is provided in Ref. [333]. If multiple SW approximations are required
the ordering must go from the largest to the smallest perturbation since in general
the SW approximation is non-commutative.

3.3

Extensions to the Hubbard model

While the Hubbard model yields a good description of the dynamics of electrons in
quantum dots it is an idealized model and assumes electrons to be on point-like sites
with a certain energy and hopping amplitudes to other sites. In reality, quantum dots
have a spatial extension, i.e., the electrons are confined in the electrostatic potential
produced by the gates (see section 2.1).

3.3.1

Charge capacitor model

The charge stability diagram of the multi-dot system is a helpful tool as it highlights
the charge transitions between different occupancies of the QDs and neglects all spin
related effects. Additionally, the charge stability diagram can be directly measured
by a nearby charge sensor or through microwave readout. Furthermore, it does not
require difficult quantum mechanical calculations as the underlying idea is based on
classical electrostatic. For this approach the multi-dot system is modeled as Nd + Ng
nodes, where Nd is the number of quantum dots and Ng the number of control gates,
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which are capacitively coupled. In this thesis Nd and Ng are usually 2 or 3. In general
the total charge on each node is given by [79]
Qd

!
=

Qg

Cd,d Cd,g
T
Cd,g

!

Cg,g

Vd
Vg

!
,

(3.32)

where Qd and V d is an Nd -dimensional vector containing the charges and voltage of
the dots and Qg and V g is an Ng -dimensional vector containing the total charge and
voltage of the gates. The Nd × Nd -dimensional matrix Cd,d describes the inter-dot
capacitances where the diagonal elements contain the self-capacitance of each dot and
the Ng × Ng -dimensional matrix Cg,g describes the capacitances between the gates.
The capacitances between the dots and the gates are described by the Nd × Ng dimensional matrix Cd,g 1 . The capacitance matrices can be obtained by fitting to
the lines in the charge stability diagram [170]. In general this is rather tedious, in
reality the coupling between distant nodes is weak and the corresponding capacitance
negligible. Additionally, the inter-gate capacitances only yield a constant energy shift
for independent bias voltages, thus are neglected. The charge stability diagram is then
recovered by minimizing the electrostatic energies. The free energy of such a system
reads [79]
F =

T
1  −1
Cd,d Qeff,D Qeff,D ,
2

(3.33)

where
Qeff,D = en − Cd,g Vg

(3.34)

denotes the effective charges on the quantum dots, n is a Nd -dimensional vector
containing the electron number on each dot, and e < 0 denotes the electron charge.
For later convenience we also introduce the chemical potentials in each dot
µi =F (· · · , Ni−1 , Ni + 1, Ni+1 , · · · ) − F (· · · , Ni−1 , Ni , Ni+1 , · · · ).

(3.35)

The case of a triple quantum dot is of particular interest in this thesis, therefore, used
as an example to numerically generate the charge stability diagram of a triple quantum
dot shown in Fig. 2.2. For this a modified version of the algorithm in Refs. [337, 338]
is used with a maximum number of (four) electrons in a TQD and a fixed rate for the
1

Note, that by convention all entries in Cd,g and all off-diagonal entries in Cd,d have a negative
sign [79].
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electron tunneling between the dots.

3.3.2

Molecular orbital theory

While the charge capacitor model gives insight into the (classical) electrostatic potential created by the real gates it gives limited insight into the quantum processes.
A complementary extension to the Hubbard model is required which describes the
dynamics on a microscopic level. In this thesis molecular orbital theory is used to
determine the envelope function introduced in section 3.1 which gives a microscopic
description of the electrons in the quantum dots. More precisely, a full Hund-Mulliken
orbital calculation is used to determine all relevant matrix elements between the electrons in the quantum dots and connect them to the phenomenological parameters of
the Hubbard model [193, 331]. The Hund-Mulliken procedure is as follows [193, 331]:
1. Determine the single-electron wave functions |ϕi i by solving the time-independent
Schrödinger equation for a single electron for the situation of far-distant quantum dots in potential V(r). An approximation of the potential is sufficient for
most practical implications.
2. Bring the quantum dots together. The set of isolated wave functions becomes
non-orthogonal because of hϕi | φj i 6= δij in general. The overlap between the
wave functions is then described by the overlap matrix Sij = hϕi | ϕj i. Find a new
P
set of wave functions |Φi i = j aij |ϕj i which are orthonormal hΦi | Φj i = δij
and fulfill |Φi i → |ϕi i for large distances. This is fulfilled for |Φi = S −1/2 |ϕi.
There are different ways to determine the matrix S −1/2 , e.g., using the maximally localized Wannier orbitals [339], by a Gram-Schmidt orthonormalization
procedure [340], and by symmetric singular value decomposition [341].
3. Now consider the kinetic energy K(r) = (−i~∇r − eA)2 /2m, the potential V(r),
and the electrostatic Coulomb interaction U (r1 , r2 ) = U0 /(|r1 − r2 |), where
A is the electromagnetic vector potential, m the effective mass, and U0 the
electrostatic Coulomb potential of a single electron. Calculate all single particle,
Z
Kij =
Z
Vij =

d3 r Φ∗i (r)K(r)Φj (r),

(3.36)

d3 r Φ∗i (r)V(r)Φj (r),

(3.37)
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and two-particle matrix elements,
Z
Cij,kl =

Z

3

d r1
Z

Vij,kl =

d3 r 1

Z

d3 r 2 Φ∗i (r 1 )Φ∗j (r 2 )

U0
Φk (r 2 )Φl (r 1 ),
|r 1 − r 2 |

(3.38)

d3 r 2 Φ∗i (r 1 )Φ∗j (r 2 ) [∆V(r1 ) + ∆V(r2 )] Φk (r 2 )Φl (r 1 ). (3.39)

Here, ∆V(r) denotes the potential V(r) subtracted by the isolated potential
used to estimate the single particle wave function (see point 1.). Many integrals
vanish due to symmetry argumentation.
4. Introduce a second-quantized fermionic Fock basis where c†i,σ (ci,σ ) creates (annihilates) an electron described by the orbital wave function |Φi i with spin σ.
The anti-commutator relation {c†i,σ1 , cj,σ2 } = c†i,σ1 cj,σ2 + cj,σ2 c†i,σ1 = δij δσ1 σ2 ensures the anti-symmetrizing of the wave functions. Note, that alternatively to
switching into a second quantization picture one can stay in the single particle
picture and impose the anti-symmetrization through the Slater determinant.
5. Construct the Hamiltonian of the multi-particle Fock basis by reducing the matrix elements into the single-particle and two-particle picture. In the second
quantization the Hund-Mulliken Hamiltonian then takes the form
HH =

XX
σ

i

+

(Kii + Vii )c†i,σ ci,σ +

i6=j

1X X
2

XX
(Kij + Vij )c†i,σ cj,σ
σ

(Cij,ij + Vij,ij )c†i,σ1 c†j,σ2 cj,σ2 ci,σ1

i,j σ1 ,σ2

1X X
(Cij,ji + Vij,ji )c†i,σ1 c†j,σ2 ci,σ2 cj,σ1
+
2
i,j σ1 6=σ2

1 X X
(Cik,jk + Cki,kj + Vik,jk + Vki,kj )c†i,σ1 c†k,σ2 ck,σ2 cj,σ1
+
2
σ ,σ
i6=j,k

1

2

1 X X
(Cik,kj + Cki,jk + Vik,kj + Vki,jk )c†i,σ1 c†k,σ2 cj,σ2 ck,σ1
+
2
σ ,σ
i6=j,k

1
+
2

X

1

2

X

(Cij,kl + Vij,kl )c†i,σ1 c†j,σ2 cl,σ2 ck,σ1 ,

(3.40)

i6=j6=k6=l σ1 ,σ2

where we used that the potential as well as the Coulomb interaction is spin
independent which leads to conservation of the total spin. In general the spinorbit interaction breaks this symmetry and also matrix elements appear where
the total spin is not conserved. The first and second line of the Hund-Mulliken
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Hamiltonian corresponds to the Hubbard Hamiltonian (3.7) with all-to-all connectivity using the relationships ni,σ = c†i,σ ci,σ and ni,σ1 (nj,σ2 − δij δσ1 σ2 ) =
c†i,σ1 c†j,σ2 cj,σ2 ci,σ1 . In the third line the mediated-exchange interaction is described where the Coulomb interaction and the potential mediate an exchange
between two electrons. These terms become important for double occupied
quantum dots. Subsequently, the fourth line describes an elastic scattering process of an electron at another electron. These terms primarily renormalize the
spin-conserving (Hubbard) hopping between the dots
1X
tH
(Cik,jk + Cki,kj + Vik,jk + Vki,kj ) .
ij = Kij + Vij +
| {z } 2

(3.41)

k

=tij

Consequently, the fifth line corresponds to an inelastic scattering process where
one quanta of spin is transferred. These terms give rise to a spin non-conserving
hopping,
τijH =

X

(Cik,kj + Cki,jk + Vik,kj + Vki,jk ) ,

(3.42)

k

while swapping the spin of the scattering electron. The remaining terms in the
last line describe scattering processes where two electrons scatter at each other
and both electrons occupy new dots.

Exemplary, this is shown for the case of a triple quantum dot system. While this
might in principle be extended to arbitrary dimensions, the step of finding the set of
orthonormalized wave functions becomes a challenging task for large systems. In the
case of a triple quantum dot the full system in the x, y-plane can be modeled by the
potential [31]

V(x, y) =





2
mωdot
1 2
− 48
al cl
2
h
2
mωdot
1 2
− 48
al cl
2

h

i

4
−3)x3
2
c3l − 6cl − 8 + xa2 − 2(cl3a
−
(c
−
1)x
x<0
l
l
l
i

3
4
+3)x
c3l − 6cl − 8 + xa2 − 2(cr3a
+ (cr + 1)x2 x ≥ 0
r
r

(3.43)
which separates into three harmonic wells ~ωdot = Eorb located at positions (x, y) =
{(−al , 0), (0, 0), (ar , 0)}. The procedure of the Hund-Mulliken approach tells us to
first consider the situations of far-distant quantum dots. For far distant quantum
dots the potential reduces to a harmonic confinement which can exactly be solved.
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The dynamic of the electron in the presence of an electromagnetic field is reduced to

(p − eA)2 mωdot,i 2
2
H |ϕi i =
+
(x + y ) + eE · r |ϕi i .
2~m
2


(3.44)

The electronic wave function in position space for symmetric gauge A = B(−y, x, 0)/2
is then given in polar coordinates x = ρ cos φ and y = ρ sin φ by [342–344]
s
hx| |ϕi = ϕnm,i (ρ, φ) =

|m|+1
ρ0

ρ2
n!
2
2
ρ|m| e−ρ /2ρ0 Ln|m| ( 2 )eimφ ,
π(n + |m|)!
ρ0

(3.45)

where m = 0, ±1, ±2, · · · and n = 0, 1, 2, · · · are the angular momentum and orbital
|m|

quantum number, and Ln (x) denote the generalized Laguerre polynomials.
The
q
p
2
parameter ρ0 = ~/(mωcon ) is an effective Bohr radius where ωcon = ωdot + ωL2
is given by the confinement potential ωdot,i and the Lamor frequency ωL = eB/(2m)
describing the magnetic confinement. The corresponding eigenenergies are then given
by
Enm = ~ωcon (2n + |m| + 1) + ~ωL n.

(3.46)

Centering the magnetic field at (x, y) = (0, 0) the wave function for the left and right
2

2

dot have to be multiplied by a phase factor e−ial y/(2lB ) and eiar y/(2lB ) with the magnetic
p
length lB = ~/(eB) because of a gauge transformation of the electromagnetic field
A = B(−y, x ∓ al,r , 0)/2 → B(−y, x, 0)/2. Considering a magnetic field such that
ωL  ωdot , the ground states are
2

2

a y

−i l2
1 −i x ρ+y
2
0
ϕl (x, y) = ϕ00,l (ρ, φ) = √
e
e 2lB ,
πρ0
2

2

1 −i x ρ+y
2
0
ϕc (x, y) = ϕ00,c (ρ, φ) = √
,
e
πρ0
2

(3.47)
(3.48)

2

i ar2y
1 −i x ρ+y
2
0
ϕr (x, y) = ϕ00,r (ρ, φ) = √
e
e 2lB .
πρ0

(3.49)

At low temperatures T  Eorb /kB where Eorb = E0−1 − E00 describes the orbital
energy separation excited states can be neglected and the dynamic of the isolated electron is well-described by Eqs. (3.47)-(3.49). Following the Hund-Mulliken procedure
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we have to calculate the overlap matrix


RR

1

dxdyϕ∗l (x, y)ϕc (x, y)

RR

dxdyϕ∗l (x, y)ϕr (x, y)



RR
 RR

S=
dxdyϕ∗c (x, y)ϕl (x, y)
1
dxdyϕ∗c (x, y)ϕr (x, y) 
RR
RR
dxdyϕ∗r (x, y)ϕl (x, y)
dxdyϕ∗r (x, y)ϕc (x, y)
1
(3.50)
to find our orthonormalizing basis transformation


Φl





ϕl






−1/2 
 Φc  = S
 ϕc  .
Φr
ϕr

(3.51)

Because the transformation matrix S −1/2 is not unique, we
apply the further restric
P3 
tion of minimizing the localization functional L = i=1 hΦi | x̂2 |Φi i − hΦi | x̂ |Φi i2
which allows us to find analytical expressions. Assuming hϕl | ϕr i = 0 the orthonormal
wave functions are given by [193]
Φl = ϕl − 2S12 ϕc ,
Φc = ϕc +

S12 ϕ1 + S23 ϕ3
2 − 2 S2 ,
1 − 2 S12
23

Φr = ϕr − 2S23 ϕc .

(3.52)
(3.53)
(3.54)

These wave functions are then used to calculate the single particle and two particle
matrix elements given by Eq. (3.37) and Eq. (3.39). For the sake of brevity the
analytical expressions of the matrix elements are not explicitly shown.

3.4

Hybrid qubit resonator systems

Frequently used for superconducting qubits [249] due to their strong dipole coupling
strength on the order of g ≈ 200 MHz [345, 346], circuit/cavity-quantum electrodynamics (cQED) can also be applied to semiconductor spin qubits despite having
a coupling strength at least one order of magnitude smaller [245, 246, 251], i.e.,
g ≈ 0.1 − 10 MHz [30, 160, 193, 194] for three-spin qubits, due to advances in the
coherence times [39] and resonator designs [75, 247]. This allows for long-distance
entanglement between several spin-qubits if a coherent coupling between the qubit
and the cavity can be achieved. This so-called strong coupling requires that the cou-
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pling between the qubit and the resonator needs to be stronger than the relaxation
and dephasing mechanism in the individual systems, the resonator and the qubit.
Recent experiments demonstrated the strong coupling for a single electron spin in a
semiconductor double quantum dot [347, 348] and three-spin qubit [248].
For the purpose of this thesis, it is sufficient to describe the cavity as a resonator
[see Fig. 3.3 (a)] with only a single mode with frequency ωph that lies nearby the
resonant frequency of the qubit splitting ω. Thus, it is described without loss or
decoherence effects by [349]
1
Hcav = ~ωph (a† a + ),
2

(3.55)

where a† (a) creates (annihilates) a photon inside the resonator with the very same
frequency. The corresponding energy of the resonator is Ecav = ~ωph (nph + 12 ) which
depends on the average number of photons nph = ha† ai.

3.4.1

Qubit-resonator interaction

In the approach of cQED the qubit-cavity interaction is described by the minimal
coupling approach which replaces the momentum with the generalized momentum
p → p − eA that includes the electromagnetic vector potential A and the elementary
charge e [349]. In the dipole approximation near the resonance the coupling is
Hdip = −eE · d

(3.56)

where E = E(a + a† ) denotes the electric field inside the cavity and d is the dipole
operator of the qubit. Defining the qubit-cavity coupling strength as the transition
amplitude between the qubit states g ≡ −e h0| E · d |1i allows for a quantitative comparison [246]. In order to find the dipole operator d the microscopic wave functions
of the qubit states are necessary which are in general rather difficult to obtain. Fortunately, there are a few approximations that help to overcome this difficulty.
In a simplified picture, where the spatial extension of the QD is much smaller than
the wavelength of the resonator mode, the qubit-cavity interaction is derived from the
oscillation of the electrostatic gate potentials [245]. Considering now the case of a
three-spin qubit hosted in a triple quantum dot and depending on the architecture of
the qubit-resonator system, which gate electrode is connected to the resonator, [see
Figs. 3.3 (b) and (d)], the resonator couples to ε, εM , or both [193]. The corresponding
dipole operator is d = dx ex with ex being the unit vector in x-direction and dx =
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Figure 3.3: (a) Schematic illustration of a qubit implemented in a triple quantum dot
coupled to a microwave resonator. The resonator is coupled to the triple quantum
dot (b) with strength α via an asymmetric architecture and (c) with strength β via
a symmetric architecture. The center conductor of the superconducting transmission
line resonator is on the potential Vcav while the outer conductors are connected to the
ground to screen off surrounding fields. Figure adapted and modified from Ref. [30].
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ν∂H(q)/∂q, where the qubit Hamiltonian H depends on the detuning q = αε + βεM
with α, β ∈ R and α2 + β 2 = 1. The phenomenological parameter ν describes the
overall interaction strength between the resonator and the qubit and can be derived
from the capacitances in the hybrid (qubit and cavity) system [245], and the parameter
α (β) denotes the normalized fraction via ε (εM ). For β = 0 the coupling is solely via
the dipolar detuning ε (corresponds to Fig. 3.3 (b)) which leads to dx = ~gσx with
the coupling strength [194]
g
1
=
g0
2

s

∂J
∂ε

2


+3

∂j
∂ε

2
(3.57)

with the exchange coupling J = (Jl +Jr )/2 and j = (Jl −Jr )/2 from Eqs. (2.17) and (2.18)
and, the vacuum coupling strength g0 [194]. The situation is similar for α = 0.
In a more realistic picture, the dipole matrix elements can be directly calculated
from the microscopic three-electron real-space wave functions. For this we follow the
procedure of molecular orbital theory described in Sec. 3.3.2 and use the real-space
wave functions Φi (x) = hx| ii to calculate the single-particle matrix elements
dij = hi| E · d |ji ,
Z

= d3 r Φ∗i (r) E · d Φj (r).

(3.58)

Moving to a second quantization picture, the dipole Hamiltonian (3.56) in the HundMulliken approach can be written as
H
Hdip
=

XX
i,j

dij c†i,σ cj,σ .

(3.59)

σ

This can be used to compute the transversal and also the longitudinal qubit-resonator
coupling strength
H
g = −e h0| Hdip
|1i ,
H
H
gl = −e(h0| Hdip
|0i − h1| Hdip
|1i).

(3.60)
(3.61)

The longitudinal coupling gl can be used for alternative entanglement protocols
described in Sec. 2.3.5. The crucial difference is that the first induces a transition
between the qubit states |0i ↔ |1i through the absorption/emission of a cavity photon,
while the longitudinal coupling only changes the phase of the qubit state assisted by

70

CHAPTER 3. METHODS

the cavity photon.
Under realistic settings, both couplings, the transversal and the longitudinal, are
permanently present. However, depending on the exact position in the (ε, εM )-space,
their strength changes significantly. Therefore, effectively turning off one kind of
coupling [76, 240]. This resembles a dark spot (where first order effects vanish) for
this type of coupling (see subsection 2.3.6). Combining all the above elements, the
qubit-cavity Hamiltonian in its eigenbasis, up to a constant shift in energy, is
H=

~ω
σz + ~ωph a† a + gl (a† + a)σz + g(a + a† )σx .
2

(3.62)

This expression can further be simplified by applying a rotating wave approximation, g  ωph , and excluding the counter-rotating terms a† σ+ and aσ− with the
ladder operators σ± = (σx ± iσy )/2 since they oscillate with twice the cavity frequency and therefore average out [350]. The so-called extended Jaynes-Cummings
Hamiltonian [351–353] is then
H=

3.4.2

~ω
σz + ~ωph a† a + gl (a† + a)σz + g(a† σ− + aσ+ ).
2

(3.63)

Input-output theory

A simple method to calculate the time dynamics of a hybrid system consisting of
a quantum dot system and microwave resonator is input-output theory [354]. The
photons inside the resonator interact with the quantum dot system and with an environment described by a field. In the input-output formalism the impact of the
environment on the resonator is treated as an input field and the “(back)action” of
the resonator on the environment is treated as an output field. Formally, they are
described by the quantum Langevin equation [72, 355, 356]
ȧ = −i[H, a] −

X√
κ
a−
κi ain,i .
2

(3.64)

i=1,2

Here, the first term is the standard Heisenberg equation of motion, where H is
the Hamiltonian of a transversally-coupled (gl = 0) qubit-resonator system given
in Eq. (3.62). The second term describes the loss of the cavity with rate κ and the
last term describes the interaction between the resonator and the input fields i = 1, 2
√
with strength κi . For the purposes of this thesis input field 1 (2) typically correspond to an injected probe signal from the left (right) into the resonator while output
field 1 (2) correspond to the transmitted signal from port 1 (2). The total decay rate
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κ = κ1 + κ2 + κin consists of the loss through port 1 and 2, and the internal decay
κin . From the time-reversed equation above, the input field ain,i and the output field
aout,i can be related to the resonator field via the input-output relation [354, 356]
√

κi a = ain,i + aout,i .

(3.65)

The strategy is now to express [H, a] as a function of a and solve Eq. (3.64). For a
time-independent Hamiltonian H and the injection of a probe signal of frequency ω
the amplitude for the transmitted signal is given by [72, 356]
t=

√ √
i κ1 κ2
aout,2
=
.
ain,1
ωph − ω + g 2 χ(ω) − iκ/2

(3.66)

Here, χ(ω) is the electric susceptibility of the system and depends on the internal
degrees of the system. In the case of the three-spin qubit (or any qubit) the electric
susceptibility reads [356, 357]
χ(ω) =

p1 − p2
p2 − p1
+
ωz − ω − iγϕ − iγ/2 −ωz − ω − iγϕ − iγ/2

(3.67)

with the dephasing rate γϕ = 2π/Tϕ and the relaxation rate γ = 2π/T1 . Note, that
the second term in this expression goes beyond the rotating wave approximation and
therefore is missing if Hamiltonian (3.63) is used instead. The expression above also
reveals that the transmitted amplitude measures the occupation of the eigenstates.
Interestingly, the presence of a finite longitudinal coupling gl 6= 0, which adds an
additional oscillatory signal with frequency ωz to the time-dependent susceptibility
R∞
1
−iωt , only reduces the sensitivity of the signal [356].
χ(t) = 2π
−∞ dω χ(ω)e

3.5

Charge noise

The origin of the charge fluctuations observed in all kinds of semiconductor quantum
dots is still not completely understood. One common feature is that the spectral
density of the noise is almost always described by a power law S(ω) ∝ ω −α with
noise exponent α ≈ 1. Recent experiments show that this 1/f behavior survives
over several orders of magnitude [124] while a different interpretation of the same
data-set shows the first indication for a high-frequency cut-off [358]. The most widely
accepted explanation considers randomly distributed two-level fluctuators in the host
material to be the source for the charge fluctuations. For larger temperatures also
multi-level fluctuators play a role. The superimposition of many two-level fluctuators
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with random frequencies can induce noise with a 1/f spectral density [140].
In this thesis, we assume that charge fluctuations with a spectral density Si (ω) =
Ai ω −α with α = 1 are the dominating noise source. The charge fluctuations affect the
chemical potentials in the dots qi → qi + δqi (t). Considering fluctuations with zero
mean, hδqi (t)i = 0, and a Gaussian distribution, the uncorrelated part of the noise in
our system is completely described by their variances
var(qi ) =

1
π

Z

∞

Si (ω)dω

(3.68)

−∞

or standard deviations σqi , where σq2i = var(qi ). Spatial correlations between the noise
in different quantum dots can be included through their covariances
1
cov(qi , qj ) =
π

Z

∞

Sij (ω)dω

(3.69)

−∞

with the cross spectral density Sij (ω) = cij (ω)/ω. Here, we introduced the noise
correlation coefficient cij (ω). An explicit expression of the cross spectral density can be
found in Eq. (3.84) that assumes the noise has 1/f behavior and the noise correlation
does not depend on the frequency. The cross-correlation of the noise depends on
the system and can be measured, e.g., using spatial separated QDs [293, 359] or
decoherence-free subspaces [360, 361].

3.5.1

Analytic estimation of the dephasing time

The starting situation is: a qubit is affected by charge noise through various noisy
parameters qi . In general, the noisy Hamiltonian is H = H0 + Hnoise where H0 =
~ωσz /2 is the unperturbed qubit Hamiltonian in its eigenbasis. The noise Hamiltonian
is given in first order perturbation theory by
Hnoise = ~ [δωz σz + δωx σx + δωy σy ]

(3.70)

assuming that the single requirement that the fluctuations are small compared to the
energy gap. The perturbation terms, one longitudinal and two transversal, are given
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by
δωz =

X1
i

δωx =

X1

X ∂ωi
i

∂qi

δqi ,

(3.71)

(h0| H1,qi |1i + h1| H1,qi |0i) ,

(3.72)

X 1
(h0| H1,qi |1i − h1| H1,qi |0i) ,
2i

(3.73)

i

δωy =

2

(h0| H1,qi |0i − h1| H1,qi |1i) =

2

i

where we used the Feynman-Hellmann theorem in the first line. The most devastating
effect is contributed by the longitudinal charge noise δωz which becomes clear when
expanding the qubit energy gap
ω=

q
(ω0 + δωz )2 + δωx2 + δωy2

' ω0 + δωz +

δωx2 δωy2
+
+ O(δω 3 )
2ω0
2ω0

(3.74)

while the transversal charge noise, δωx and δωy , contributes only second order. The
upper expression is often impractical since the transversal contributions are difficult
to obtain. Using time-independent perturbation theory the noisy energy gap can be
expressed in the adiabatic limit as a Taylor series with respect to the noisy parameters.
Up to second order the energy gap is then given by
ω(t) = ω0 +

X ∂ω(qi )
i

= ω0 + δω(t)

∂qi

δqi (t) +

1 X ∂ 2 ω(qi , qj )
δqi (t)δqj (t),
2
∂qi ∂qj
i,j

(3.75)

where the transversal contributions are now hidden in the higher derivatives. Note,
that also the eigenstates are affected by the noise and fluctuate in energy and we now
set |0i and |1i as the eigenstates of the noisy Hamiltonian. In this new basis the qubit
states acquire local phases given by the fluctuation of the energy gap resulting in a
dephasing of the qubit. A simple measurement to track these effects is provided by
a Ramsey free decay sequence consisting of two π/2 pulses separated by the waiting
time τ [362]. Starting in the state |0i, the first π/2-pulse produces a superposition of
√
the qubit states, |+i = (|0i + |1i)/ 2. In between the pulses the qubit evolves freely
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where it picks up a local phase e−iφ(t) with
t

Z
φ(t) =

0

t

Z

0

ω(t )dt = ω0 t +
0

δω(t0 )dt0 .

(3.76)

0

After the second π/2-pulse at time t = τ the density matrix of the state is given by
1
ρ=
2

1

e−iφ(τ )

eiφ(τ )

1

!
.

(3.77)

Since the fluctuations are random the final density matrix is given by averaging over
all classical fluctuations δqi
1
ρf = hρi =
2

1

e−i(ω0 +∆ω)τ f (τ )

e−i(ω0 +∆ω)τ f (τ )

1

!
.

(3.78)

with
Rτ

0

Rτ

0

f (τ ) = hei 0 δω(t )dt i ≈ e−h
1
Z τ
0
0
δω(t )dt
∆ω =
0

0

2

δω(t0 )dt0 iC /2

,

(3.79)
(3.80)

C

where h·inC denotes the n-th cumulant. For the second equality in the first line Gaussian
distributed charge noise is assumed [30, 179]. Note, that this assumption only holds
for δqi while δqi2 is not Gaussian distributed. Thus, additional cumulants have to be
taken into account for a realistic description [36, 306, 363] of the dynamics. For an
estimate of the dephasing times, however, this approximation is sufficient. The exact
form of the f (τ ) and ∆ω strongly depends on the exact noise spectral density S(ω).
The frequency shift can explicitly be expressed as
∆ω =

1 X ∂2ω
cov(δqi , δqj )
2
∂qi ∂qj

(3.81)

i,j

with the identity cov(δqi , δqi ) = var(qi ). For further simplifications of the dephasing
function f (τ ) the exact noise spectral density is required. Considering 1/f noise, the
exponent can be expressed as
−

f (τ ) ≈ e



t
Tϕ

2

(3.82)
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with the pure dephasing time Tϕ . An analytical expression is derived in Ref. [179]
for uncorrelated noise. The generalized expression for the dephasing time including
cross-correlations reads as

1
1  1 X ∂ω ∂ω
cov(qi , qj )
=
Tϕ2
2 2
∂qi ∂qj
i,j



1 X ∂2ω ∂2ω
+
cov(qi , qk )cov(qj , ql ) + cov(qi , ql )cov(qj , qk )  .
16
∂qi ∂qj ∂ql ∂qk
i,j,k,l

(3.83)

3.5.2

Numerical estimation of the dephasing time

Here we briefly introduce numerical methods to estimate the dephasing process. While
realistic modeling of charge fluctuations with a certain spectral density Si (ω) = Ai ω −α
is possible [360, 364], the fact that for each data point the time-dependent Schrödinger
equation needs to be solved thousand of times, makes this procedure impracticable for
large systems. The large quanta of runs is absolutely necessary to get a good statistic
in the process of averaging the final density matrix to fit the dephasing time Tϕ .
However, in the last subsection we indicated that the low-frequency components have
the strongest impact on the dephasing time. Taking this argument to the extreme,
the quasistatic-part, Sqs = Ai δ(ω), of the 1/f spectrum is able to explain the lowfrequency dephasing process. In the quasistatic approximation the noise is to be
considered time-independent for the duration of the experiment which simplifies the
computation significantly in certain cases.
To generate spatially correlated fluctuations it may be useful to introduce the
correlation coefficient
ci,j =

cov(qi , qj )
.
σqi σqj

(3.84)

Spatially correlated noise can then be generated recursively
δ q̂0 = p0 ,
q
δ q̂i+1 = 1 − c2i,i+1 pi+1 + ci,i+1 q̂i

(3.85)
(3.86)

where pi is a Gaussian distributed random variable with unit variance. The final
correlated fluctuations are then given by δqi = Ai q̂i .
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Chapter 4

High-fidelity quantum gates in
Si/SiGe double quantum dots

This chapter is motivated by the recent experiments of Zajac et al. (2018)
and Watson et al. (2018), both demonstrating a universal two-qubit gate quantum processor. Two explicit implementations for two-qubit gates using the exchange interaction between the spins in neighboring quantum dots subject to
a magnetic field gradient have been successfully demonstrated, an ac pulsed
frequency-selective cnot gate [119, 120] and a dc pulsed cz gate [120, 133, 134].
The combination of exchange with a strong magnetic field gradient between the
electron spins in the dot [119, 120] can suppresses the dominating dephasing
processes through the large energy splitting of the two-qubit states [132]. A combination of analytical calculations and numerical simulations is used to provide
the optimal pulse sequences and parameter settings for the gate operation. We
address both the dc cz gate and the ac cnot gate, and propose several steps
towards implementing high-fidelity gates. These steps include adding an echo
pulse, synchronizing the resonant and off-resonant Rabi frequencies, and identifying local phases that the individual spins acquire during the gate operation.
Our novel synchronization method allows us to avoid detrimental spin flips during the gate operation. Details about phase mismatches accumulated during the
two-qubit gates are provided which occur due to residual exchange interaction,
non-adiabatic pulses, and off-resonant driving. By adjusting the gate times, synchronizing the resonant and off-resonant transitions (only necessary for the ac
gate), and compensating the phase mismatches by phase control, the overall gate
fidelity can be increased significantly.
This chapter is structured as follows. In section 4.1, we begin with the theoretical description of our system. Subsequently, we model the dc pulsed cz
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gate (section 4.2) and present a high-fidelity implementation in subsection 4.2.1.
Then, we describe the ac pulsed frequency-selective cnot gate (section 4.3), provide a synchronized high-fidelity implementation in subsection 4.3.1, and show its
performance under the influence of charge noise in subsection 4.3.2.
All results presented in this chapter have been published in [29, M. Russ et
al., Phys. Rev. B 97, 085421]. Changes were made to the structure, text, and
notations to keep consistency in this thesis. The theoretical model for the dc
pulsed gate in section 4.2, the model and high-fidelity implementation for the ac
gate in section 4.3, and the treatment of charge noise in section 4.3.2 were mainly
developed by myself. The echo sequence for the dc pulsed cz gate was mainly
developed by Jacob M. Taylor.

4.1

Theoretical model

Our theoretical investigation is inspired by the experiments of Ref. [119], therefore,
we use the same terminology for the theoretical description. The setup (see Fig. 4.1)
consists of two gate defined quantum dots in a Si/SiGe heterostructure operated in the
(1,1) regime where (nL , nR ) is defined as the charge configuration with nL electrons
in the left and nR electrons in the right dot. The methods presented in the following
can be applied to quantum dots in other materials as well. A middle barrier gate is
biased with voltage VM to tune the exchange interaction J between the two spins.
For our theoretical description we use the Heisenberg Hamiltonian of two neighboring
spins that are placed in an inhomogeneous magnetic field
H(t) = J(t)(S L · S R − 1/4) + S L · B L + S R · B R .

(4.1)

Here J(t) describes the time-dependent Heisenberg exchange interaction between the
spin of the electron on the left dot, S L , and the spin of the electron on the right dot,
S R , resulting from the hybridization of the singlet electron wave-function with the
additional charge states, (2,0) and (0,2). In the Hubbard limit, in the (1,1) charge
configuration, the exchange coupling is given by J = 2t2M (UL + UR )/[(UL + ε)(UR − ε)]
(see section 3.2) where tM = tM (VM ) is the tunneling matrix element between the
electron spins which depends on the middle barrier voltage VM , ε ∝ (VL − VR )/2
is the single-particle detuning between the energy levels of the two spins set by VL
and VR , and UL and UR are the respective charging energies in the dots. Here,
ε = 0 corresponds to the center of the (1,1) charge regime. Either biasing the DQD,
thus, changing ε, or barrier control, changing VM , yields control over the exchange
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Figure 4.1: Illustration of a gate defined double quantum dot (DQD) occupied with
two electron spins inside a large homogenous magnetic field (not shown) and an
z
anisotropic magnetic field B from a micromagnet. A gradient ∂B
∂x along the double
dot axis (x-direction) gives rise to distinguishable spin resonance frequencies. Periodic modulation of the gate voltages (VL and VR ) shifts the electron position in the
z-direction (in plane) which generates an oscillating magnetic field in the motion-frame
∂B
of the electrons due to the gradient ∂zy . An electrostatic barrier gate VM allows for
precise control over the exchange interaction J between the spins. Figure taken from
Ref. [29].
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interaction with barrier control being superior if operated at a charge noise sweet
spot [34, 57, 129] near the center of the (1,1) charge region.
The remaining terms in the Hamiltonian (4.1) describe the interaction between the
spin and the magnetic field (in energy units) B L = (0, ByL (t), Bzh + BzL )T and B R =
(0, ByR (t), Bzh +BzR )T . The field consists of the homogeneous component Bzh which lifts
the spin degeneracy, and an inhomogeneous field produced by the micromagnet BzQ
(Q = L, R) that leads to distinct ESR frequencies for the left and right spin allowing
one to individually address each spin. A transverse time-dependent field
ByQ (t) = ByQ,0 + ByQ,1 cos(ωt + θ)

(4.2)

occurs from the shift of the electron position in the slanting magnetic field along xdirection. This last contribution is further composed of a small static part, ByQ,0 and
a dynamic coupling term, ByQ,1 due to an electrostatic modulation of the electrostatic
gates, VL and VR , with frequency ω. The contribution of the static part, ByQ,0 
|B L − B R |, will drop out in the rotating wave approximation with frequency ω, and
is therefore neglected in the following.
Addressing each spin as a separate qubit, the Hamiltonian (4.1) can be written in
the two-qubit basis {|↑↑i , |↑↓i , |↓↑i , |↓↓i} as follows;


Ez

−iByR (t)

−iByL (t)

0




 R
iBy (t) −(δEz + J)/2
J/2
−iByL (t) 
.
H(t) = 
 iB L (t)
J/2
(δEz − J)/2 −iByR (t)
 y

0

iByL (t)

iByR (t)

(4.3)

−Ez

Here we introduced the difference and the average Zeeman splitting δEz = BzR − BzL
and Ez = Bzh +(BzL +BzR )/2. In the absence of exchange, J ≈ 0, single qubit operations
are possible by matching ω with the resonance frequency, Bzh + BzL (Bzh + BzR ), of the
left (right) dot. This corresponds to regime II in Fig. 4.2. A large δEz is beneficial
since it widely separates both resonances in energy allowing for stronger driving, thus,
faster gate operations.

4.2

DC Entangling gates: Pulsed exchange

Two-qubit gates between neighboring single-spin qubits are realizable using the exchange interaction between the spins [13, 127] with or without a magnetic field gradient [133, 134]. If the exchange energy dominates the Hamiltonian (4.3), i.e. J  δEz ,
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Figure 4.2: (a) Eigenenergies E of two spins in a double quantum dot in the presence of
a magnetic field gradient and relevant transitions between them for three distinct [119]
parameter regimes. Regime I describes the case without a magnetic field gradient in
which all single-spin flip transitions are energetically degenerate. In the presence of
a field gradient (Regime II) the degeneracy of the transition frequencies between the
left (solid-line arrow) and right spin (dashed-line arrow) is lifted, making it possible
to energetically distinguish between single-qubit operations on the left and right spin.
Turning on the exchange interaction, J  δEz , (Regime III) further distinguishes
conditional spin-flips from each other, i.e. the left ESR resonance frequency now
depends on the right spin state, thus, allowing for frequency-selective entangling twoqubit gates. Such conditional spin flip operations are possible, e.g., by resonantly
e to perform a single-shot cnot gate. Since the
driving the transition |↑↑i ↔ |↓↑i
e and E(|↑↓i)
e are both energetically lowered (by J/2 for J  δEz )
eigenstates E(|↓↑i)
e
the transition |↓↓i ↔ |↑↓i is detuned from resonance by ∼ J. (b) Schematic pulse
sequence of the spin-echo cz gate described in subsection 4.2.1. Two adiabatic middle
barrier pulses of length τdc /2 and ramp time τr are combined with two ac pulses of
L,R
length τac
, performing a spin-flip on the left and right spin. (c) Schematic pulse
sequence of the frequency selective cnot gate. An adiabatic middle barrier pulse
with length 2τdc and ramp time τr is combined with an ac pulse of length τac resulting
in a conditional spin-flip. Figures taken from Ref. [29].
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the (approximate) two-qubit eigenstates are the spin singlet, |↑↓i − |↓↑i and triplets,
|↑↑i, |↑↓i + |↓↑i, |↓↓i, and the resulting operation yields (for δEz = 0) the entan√
√
gling swap-gate. Sequential implementation of two swap-gates and single-qubit
rotations yields a cnot-gate [13]. In the case of weak exchange, i.e. J  δEz , the
e |↓↑i,
e |↓↓i with small cortwo-qubit states are effectively the product states |↑↑i, |↑↓i,
e and |↓↑i
e due to the exchange interaction. In this limit the exchange
rections in |↑↓i
interaction yields a conditional phase (cphase) gate. In this chapter we focus on the
regime J  δEz which is typical for DQD systems in the presence of a micromagnet.
However, for adiabatic pulses, with ramp time τr  J/δEz2 , both implementations are
equivalent. The definition of the ramp time τr is illustrated in Fig. 4.2 (b) and (c).
Note that the criteria for the adiabatic regime is usually fulfilled in state-of-the-art
devices [119, 120, 124]. For an adiabatic pulse the instantaneous eigenvalues of the
Hamiltonian (4.3) are given as follows:
E(|↑↑i) = Ez ,


p
e = −J − J 2 + δE 2 /2,
E(|↑↓i)
z


p
e = −J + J 2 + δE 2 /2,
E(|↓↑i)
z

(4.5)

E(|↓↓i) = −Ez .

(4.7)

(4.4)

(4.6)

Figure 4.2 (a) shows the eigenenergies for three different parameter regimes. Note,
p
J2
that for J  δEz one can use the expansion J 2 + δEz2 ≈ δEz + 2δE
simplifyz
ing the expressions in Eqs. (4.5) and (4.6). The time evolution of an adiabatic exe
change pulse of length τ in the rotating frame H(t)
= R̃† H R̃ + iR̃˙ † R̃ with R̃ =
exp [−iωt(Sz,L + Sz,R )/~] and ~ω = Ez /2 is given by
h
i
τ
τ
¯
¯
U (τ ) = diag 1, ei(J+K̄ ) 2~ , ei(J−K̄ ) 2~ , 1 .

(4.8)

Rτ
Here we define the average exchange J¯ = τ1 0 J(t)dt and an average effective graRτ p
dient K̄ = τ1 0 J(t)2 + δEz2 dt. The time evolution, up to a global phase, can be
decomposed into two parts as U = Uent Uloc with an entangling term

¯ Sz,L Sz,R /~ ,
Uent (τ ) = exp iJτ

(4.9)
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and an accumulated local phase

Uloc (τ ) = exp −iK̄(Sz,L − Sz,R )τ /~
 


J¯2
≈ exp −i δEz +
(Sz,L − Sz,R )τ /~ .
2δEz

(4.10)

¯ τ = (2n + 1)~π/J¯ the timeFor gate times being odd integer multiples of ~π/J,
evolution (4.9) is equivalent to cz up to single-qubit z-rotations [134]. Even multiples,
¯ correspondingly yield identity up to local Sz -rotations eiΦL Sz,L /2
τ = 2τdc ≡ 2~πn/J,
and eiΦR Sz,R /2 for the left and right spin. From Eq. (4.10) we find the following
expressions for the phases,
¯
Φdc
L = −2πnK̄/J,

(4.11)

¯
Φdc
R = 2πnK̄/J.

(4.12)

The correction of these phases will be discussed in subsection 4.3.1. The fact that the
dc cz operation can be cancelled out will be important for the ac gate discussed in
section 4.3.

4.2.1

High fidelity dc implementation

So far we have shown that we can implement two-qubit gates between both spins using
the exchange interaction, however there are several obstacles that need to be considered for a high-fidelity performance. We consider the inclusion of an echo mechanism
for removing the excess phases in the exchange gate as well as potentially unknown
magnetic gradients [49, 365]. In the following we distinguish between adiabatic and
non-adiabatic exchange pulses which both are experimentally feasible.
In the absence of exchange, J ≈ 0, and electric driving, ByQ (t) = 0, the Hamiltonian (4.3) can be written in the following compact way
H0 = Ez (Sz,L + Sz,R ) + δEz (Sz,L − Sz,R )/2,

(4.13)

which consists of two parts that both act in different subspaces. The Ez term only
acts in the even parity space spanned by {|↑, ↑i , |↓, ↓i} giving rise to fast oscillations,
while the δEz term only acts in the odd parity space spanned by {|↑, ↓i , |↓, ↑i}. For
an efficient examination of the exchange dynamics, we define new Pauli operators,
σx = S+,L S−,R + H.c., σz = Sz,L − Sz,R , and the projector P = (1 − 4Sz,L Sz,R )/2,
acting only in the odd parity space. In a similar manner, we define the new Pauli
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operators, τz = Sz,L + Sz,R and τx = S+,L S+,R + S−,L S−,R , acting only on the even
parity subspace.
In this new basis, the (time-dependent) Hamiltonian (4.1) neglecting transverse
gradient fields is
H(t) = Ez τz + δEz σz /2 − J(t)[P − σx ]/2,

(4.14)

with J(t) being the externally controlled exchange. We also note that a π rotation of
both spins about the x-axis corresponds, up to a global phase, to the unitary τx + σx
while a pair of y-axis pulses would correspond to τx − σx .
For both fast and slow exchange pulses of length T , we see that the even parity
space only undergoes evolution according to Ez τz , and thus will effectively factor out
after inclusion of the π pulses shown in Fig. 4.2 (b). Meanwhile, the odd parity space
¯ /2 and
undergoes nontrivial evolution, due to both the overall phase evolution −JT
from the rotation in the subspace about the axis (J, 0, δEz ).
We first consider fast instantaneous exchange pulses, τr  J/δEz2 . The time
evolution in the odd parity (P ) subspace is then given by rotations for a controlled
period about various axes. A simple exchange pulse corresponds to
UJ =(1 − P )e−iT Ez τz /~ +


Jσx + δEz σz
iΦx
cos(ΩJ T ) − i
Pe
sin(ΩJ T ) ,
2~ΩJ

(4.15)

p
δEz2 + J 2 /(2~). We note that for ΩJ T = nπ with integer n, we obtain a
¯ nπ/(2ΩJ ~) = √ J¯
cphase gate with phase Φx = JT
nπ, as the sin term vanishes.
with ΩJ =

δEz2 +J 2

This presents one way to remove the excess phase.
We now consider the full echo-sequence consisting of two exchange pulses and the
rotations of individual spins in the middle of the sequence. Towards the end of this
section, we would like to understand how this gate behaves in the rotating frame in
which we apply our single qubit gates (motivated by experiment [119]). If we envision
starting UJ at time t1 and ending it at time t2 = t1 + T , we need to know the rotating
frame state at the end of the sequence. We can move UJ to the rotating frame defined
by R(t) = e−i(ω1 Sz,L +ω2 Sz,R )t with the qubit frequencies ω1 = (Ez + δEz /2)/~ and
ω2 = (Ez −δEz /2)/~ by applying the unitary transformation |ψrf (t)i = R† (t) |ψlab (t)i.
Thus, we have
|ψrf (t2 )i = R† (t2 )UJ R(t1 ) |ψrf (t1 )i = UJrf (t2 , t1 ) |ψrf (t1 )i ,

(4.16)
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where we move back to the lab frame, apply UJ , then move back to the rotating frame.
In total, in the rotating frame, we find
UJrf (t1 + T, t1 ) = (1 − P )+P eiΦx eiδEz T σz /4


Jσµ + δEz σz
× cos(ΩJ T ) − i
sin(ΩJ T ) eiδEz T σz /4 ,
2ΩJ
(4.17)
where σµ = cos(δEz (2t1 + T )/2)σx + sin(δEz (2t1 + T )/2)σy . Thus the start time t1
enters in the definition of the rotation axis µ = (cos(δEz (2t1 + T )/2), sin(δEz (2t1 +
T )/2), 0)T . While we do not necessarily want any such rotation, as the diagonal term
∼ J will perform a cphase-like evolution, we will have to be careful to avoid unwanted
effects from this evolution.
One approach for removing the spin-flip effect [σµ term in Eq. (4.17)] consists
in switching J(t) adiabatically, thus τr  J/δEz2 . Considering parameters from
Ref. [119], the adiabatic condition corresponds to a rise time on the timescale of
> 4 ns. Diagonalization of H(t) in the rotating frame yields H̃ rf = −P J(t)/2 +
p
(ΩJ (t) − δEz /2)σz with ΩJ (t) = δEz2 + J(t)2 /2. Small non-adiabatic corrections
enter with a σ+ term, which behaves in a similar manner to the σx term given by UJ
for the fast case. The net result of the adiabatic case in the rotating frame is
rf
= (1 − P ) + P eiΦad e−iφz σz ,
Uad

¯ /2 and φz = (K̄ −δEz )T /2 =
with Φad = JT

(4.18)

RT p
δEz2 + J(t)2 dt/2−δEz T /2. Thus we
0

see that the adiabatic J pulse leads to an extra single qubit z rotation for both spins,
in addition to the desired cphase-like operation. Note, that this phase in the rotating
frame of the individual spins is equivalent to the phase given by Eqs. (4.11) and (4.12)
for n = 1.
We now consider a more general solution to the extra phase evolution (corresponding to a potentially undesired set of single qubit z rotations) as well as the extra
rotation about the µ-axis. Specifically, we consider two π pulses about the x-axis on
the qubits in between two cphase-like unitaries [see Fig. 4.2 (b)]. For the adiabatic
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case, we have
rf
rf
Uc,ad = Uad
(4Sx,L Sx,R )Uad
i
h
= (4Sx,L Sx,R ) (1 − P ) + P eiΦad eiσz φz
h
i
× (1 − P ) + P eiΦad e−iσz φz


= (4Sx,L Sx,R ) (1 − P ) + P e2iΦad

= 4Sx,L Sx,R e−2iΦad (Sz,L +Sz,R ) Ucphase ,

(4.19)

(4.20)
(4.21)
(4.22)

where Ucphase = diag[1, 1, 1, e−2iΦad ]. For the special case of 2Φad = π, we find for our
gate
Uπ,ad = (4Sy,L Sy,R )Ucz .

(4.23)

Returning to the fast pulse version of the gate, Eq. (4.17), we see that the same π
pulses in the middle lead to
Uc,fast = UJrf (t2 + T, t2 )(4Sx,L Sx,R )UJrf (T, 0)
= UJrf (t2 + T, t2 )(τx + σx )UJrf (T, 0)

(4.24)
(4.25)

= (1 − P )τx + P e2iΦx eiδEz (t2 +T )σz /2 [c − i n · σs]
× e−iδEz t2 σz /2 σx eiδEz T σz /2 [c − i n · σs]

(4.26)

where c = cos(ΩJ T ), s = sin(ΩJ T ), and n = (J, 0, δEz )/(2ΩJ ). In order to remove the
terms proportional to n in the above, we need the action of the intermediate rotation
e−iδEz t2 σz /2 σx eiδEz T σz /2 to correspond to σy which requires sin(δEz (t2 + T )/2) = ±1.
Furthermore, we want the equivalent unitary after the sequence,
eiδEz /2(t2 +T )σz σy
to be σx , which in turn requires δEz (t2 +T )/2 = (2n+1)π with integer n. Conveniently,
these are the same requirement.

4.3

Resonant single step cnot gate

Additional controllability is given if the adiabatic dc exchange pulse is combined with
microwave ac driving, ByQ (t) ∝ cos(ωt + ϕ), matching the transition frequencies between the two-qubit states which allows for direct conditional spin-flips. The gate
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sequence is outlined in Fig. 4.2 (c) and the basic concept is visualized in Fig. 4.2 (a)
in regime III. With the exchange interaction turned on, the energy of both eigenstates
e and |↓↑i
e is lowered by ∼ J/2, providing in total six energetically distinct resonance
|↑↓i
frequencies in the spectrum. There are four entangling transitions corresponding to
the four conditional spin-flips. For example, inducing a resonant spin-flip between the
e yields a cnot with the right qubit as control and the left qubit as
states |↑↑i ↔ |↓↑i
target gate as the following truth-table shows
|↑↑i → |↓↑i
|↑↓i → |↑↓i
|↓↑i → |↑↑i

(4.27)

|↓↓i → |↓↓i .
In the remainder of this chapter, we always refer to this implementation of the cnot,
however, in experiments other transitions can be resonantly driven as well, giving
access to a much larger set of two-qubit quantum gates.
From the eigenenergies (4.4)-(4.7) the corresponding resonance frequencies of the
four conditional transitions are given as follows;
L
e
f|Ψ
≡|E(|↓↓i) − E(|↑↓i)|
R i=|↓i


p
=Ez + −J − J 2 + δEz2 /2,

(4.28)

L
e − E(|↑↑i)|
f|Ψ
≡|E(|↓↑i)
R i=|↑i


p
=Ez + J − J 2 + δEz2 /2,

(4.29)

R
e
f|Ψ
≡|E(|↓↓i) − E(|↓↑i)|
L i=|↓i


p
=Ez + −J + J 2 + δEz2 /2,

(4.30)

R
e − E(|↑↑i)|
f|Ψ
≡|E(|↑↓i)
L i=|↑i


p
=Ez + J + J 2 + δEz2 /2.

(4.31)

One important observation is that the splitting between the conditional spin-flips is
always provided by exchange,
L
L
R
R
f|Ψ
− f|Ψ
= f|Ψ
− f|Ψ
= J.
R i=|↑i
R i=|↓i
L i=|↑i
L i=|↓i

(4.32)
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4.3.1

High fidelity ac implementation

We have shown so far that we can effectively cancel out a resulting cphase gate from
the dc dynamics of our frequency selective gate by appropriately timing the length
of the dc exchange pulse 2tdc = 2πn/J where n is a positive integer. This can be
thought of as applying cz twice or any even number of times such that each cz is
cancelled out by another one due to cz2 = 1. However, there are two additional
effects which will disturb the gate if not treated appropriately. The first effect results
from the off-resonant driving of nearby transitions; this effect becomes large when J is
comparable to the Rabi frequency Ω of the selectively driven spin transition. A second
effect originates from relative phase accumulation of the spins during the microwave
drive. Below we discuss both effects and how they can be avoided.
In the experiment described in Ref. [119] the gates are driven at the resonance
L
frequency ω = f|Ψ
during a dc exchange pulse which flips the left spin if and
R i=|↑i

only if the right spin is in the state |ΨR i = |↑i, thus inducing a transition between
e states. However, the energy separation of the transition frequency
the |↑↑i and |↓↑i
L
f|Ψ
and the transition frequency for an opposite right spin, |ΨR i = |↓i, is given
R i=|↑i

by the exchange interaction strength J [see Eq. (4.32)]. In the regime of operation
e is also driven and
[119] Ω ∼ J ≈ 20 MHz the transition between the states |↑↓i and |↓↓i
R
R
gives rise to off-resonant Rabi dynamics. Other transitions, f|Ψ
and f|Ψ
,
L i=|↑i
L i=|↓i

are even further off-resonant because they are separated in energy by δEz  J, Ω, and
will be neglected here.
e
Starting with the Hamiltonian (4.3) in the rotating frame H(t)
= R̃† H R̃ + iR̃˙ † R̃
with R̃ = exp [−iωt(Sz,L + Sz,R )/~] and neglecting fast oscillations, we find in the
e , |↑↓i
e , |↓↓i} for J  δEz
instantaneous adiabatic basis {|↑↑i , |↓↑i
1
e
H(t)
≈
2

A1

B∗

B

A2

!
.

(4.33)

with the matrices
A1 =
A2 =
B=

−J + (δEz +

J2
2δEz )

iβ1

0

0

iβ2

J2
2δEz )

.

J2
2δEz )

,

J2
2δEz )

(4.34)

!

−iα2∗
J − (δEz +

iα2
!

!

−iα1
−J + (δEz +

iα1
−J − (δEz +

− δω

+ δω

,

(4.35)
(4.36)
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Figure 4.3: Schematic plot of the resonant (blue) and off-resonant (red) transition
e
probabilities with (a) desynchronized and (b) synchronized Rabi frequencies Ω and Ω
[see Eq. (4.41)]. A cnot gate is provided at time τcnot where the resonant driving
exactly flips the spin (p↑ = 1) for |ΨR i = |↑i (blue). (a) Using an arbitrary Rabi
frequency Ω, we find that the frequencies are desynchronized and the off-resonant
driving also yields a finite population (p↑ > 0) of the flipped spin for |ΨR i = |↓i
(red). (b) Synchronized resonant Rabi frequency Ω and off-resonant Rabi frequency
e which avoids any undesired population for |ΨR i = |↓i. We choose m = 0 and n = 1
Ω
for the fastest realization of the synchronized cnot gate yielding an ac pulse length
τcnot ≈ 144 ns. Note that to enhance the visibility, we rescaled the off-resonant state
probabilities in (a) by a factor of 5. Figure taken from Ref. [29].

Here
α1,2 ≈ [±ByL,1 + ByR,1 J/(2δEz )] eiθ ,

(4.37)

β1,2 ≈ [∓ByR,1 + ByL,1 J/(2δEz )] eiθ ,

(4.38)

are the effective microwave driving amplitudes after transforming into the adiabatic
L
basis. Nearby the resonance frequency ω − δω = f|Ψ
≈ Ez − {δEz + J[1 −
R i=|↑i
e
J/(2δEz )]}/2, β1,2 ≈ 0, the Hamiltonian (4.33) decouples into two blocks, {|↑↑i , |↓↑i}

e , |↓↓i} which are separated in energy by ∼ δEz [see Eq. (4.32)] and evolve
and {|↑↓i
independently in time.
L
For δω = 0, only f|Ψ
(top-left block) is resonant and yields full Rabi osR i=|↑i
L
cillations with a Rabi frequency Ω = |α1 |/~ while f|Ψ
(bottom-right block) is
R i=|↓i

detuned (off-resonant) by J, therefore, performing partial spin-flips with the detuned
p
e = |α2 |2 + J 2 /~. Since the time evolution of each 2 × 2 block can
Rabi frequency Ω
be computed individually we find the following time evolutions of each block for the
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Figure 4.4: Simulated cnot gate fidelity (in percent) as a function of the compensated phase ΦL and ΦR on the left spin (target) and right spin (control) after the
ac drive. Compensation is provided for a z-rotation Ẑ(Φ) on the left spin with
Φl = 2πkl − ΦL and on the right spin Φr = 2πkr − ΦR with integers kl and kr , thus
Φ = (Φl , Φr ) ≈ (−0.03π, −0.469π) (blue and red dashed lines). For the simulation we
used the following parameters related to the experiment in Ref. [119]; J = 19.7 MHz,
δEz = 210 MHz, τr = 5 ns, τcnot = 94 ns (corresponding to α = 1/(2τcnot ),
2τdc = 198 ns, and m = 0 and n = 1 in Eq. 4.41). Figure taken from Ref. [9].
.
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phase θ = 3π/2 of the driving,
−

itf1
2

U|ΨR i=|↓i = e−

itf2
2

U|ΨR i=|↑i = e


 
  
Ωt
Ωt
cos
1 + i sin
σx ,
2
2
!
!
"
#
e
e
Ωt
|α2 |
Ωt
J
σ −
σ
1 + i sin
.
cos
e x
e z
2
2
~Ω
~Ω

with the frequencies ~f1 = −J + (δEz +

J2
2δEz )

and ~f2 = −δEz −

J2
2δEz .

(4.39)
(4.40)

Setting

t = τcnot ≡ π (2m + 1)/Ω with integer m yields a spin flip in the |ΨR i = |↑i
block. We note, that Eqs. (4.39) and (4.40) also hold for arbitrary θ under the replacement σx → − cos(θ)σx + sin(θ)σy which leads to a conditional rotation about
µ = (− cos(θ), sin(θ), 0)T instead of cnot [see Eq. (4.27) for our definition]. In order
to cancel the dynamics of the off-resonant states, we synchronize the Rabi frequencies
by setting
Ω=

2m + 1 e
Ω,
2n

(4.41)

with an integer n. This can be achieved by adjusting the ac driving strength ByL,1 .
Considering ByL,1 = ByR,1 , we find the following analytical result for the ac driving
strength,
ByL,1 = an,m ≡ ± r

J
4n2
(2m+1)2



1+

J
2δEz

2



− 1−

J
2δEz

2 ,

(4.42)

with integer m and n which fulfills Eq. (4.41). A comparison of the dynamics with
and without synchronization is depicted in Fig. 4.3.
At this point the time-evolution in the rotating frame R̃ is given by
ac

U (τcnot ) = e−iΦR Sz,R Ucnot

(4.43)

which is up to a local z-rotation on the right spin the desired cnot operation. The
phase Φac
R consists of two contributions. During the cnot gate a dynamic phase
Φac,dyn
is acquired on the right (control) spin originating from the energy difference
R
between the two blocks in Eq. (4.33). While states with |ΨR i = |↑i are oscillating
with e−

itf1
2

, states with |ΨR i = |↓i oscillate with e−

after the ac spin flip,

Φac,dyn
R

itf2
2

which yields a relative phase

= −(f2 − f1 )τac /2, on the right spin [see Eqs. (4.39)

and (4.40)]. Additionally, we observe a holonomic phase [366] Φac,hol
on the right
R
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spin which depends only on the initial and final state and does not depend on the
taken path in parameter space. From Eqs. (4.39) and (4.40) it follows directly that
Φac,hol
= −π(m − n + 1/2) whether cos(πm) = ±1 and sin[π(2m + 1)/2] = ±1 which
R
only depends on the chosen time interval τcnot and the ac driving strength ByL,1 . We
find the following analytic expressions for the local Sz -rotation eiΦR Sz,R /2 on the right
(control) spin after the ac spin flip,
Φac
R







2
1
J
2m
+
1
J
.

 δEz +
= −π  m − n +
−
−
J
2
δEz
2
an,m 1 + 2δE
z

(4.44)

The combined gate consists of the dc exchange pulse, the driven ac field, the
ac phase error, Eq. (4.44), and the dc phase phase errors, Eqs. (4.11) and (4.12).
Therefore, Eqs. (4.11), (4.12), and (4.44) have to be combined in order to find the total
phase accumulated during the full cnot gate. Considering the rotating frames for the
dc and ac phase accumulation, we find the following results in the rotating frame of
each individual spin, R = exp [−it(ω1 Sz,L + ω2 Sz,R )/~], with ω1 = (Ez + δEz /2)/~
and ω2 = (Ez − δEz /2)/~ (consistent with [119]);
p
δEz2 + J 2
δEz
τdc +
τac ,
ΦL =
+
2
2p
δEz2 + J 2
δEz
ac
ΦR = Φdc
−
τ
+
Φ
−
τac .
dc
R
R
2
2
Φdc
L

(4.45)
(4.46)

This additional phase can either be compensated by adjusting J such that both phases
are a multiple of 2π (not possible in our regime of operation) or by including additional
z-rotations on the left and right spin before and after the cnot gate with angles
Φl = 2k1 π − ΦL and Φr = 2k2 π − ΦR with integers k1,2 . Simulations where we
e
numerically integrate the time-dependent Schrödinger equation i~Ψ̇(t) = H(t)Ψ(t)
for the full Hamiltonian (4.33) support our analysis (see Fig. 4.4). The highest fidelity
can indeed be found after correcting the described phase shifts. At this point it is worth
mentioning that z-rotations in the experiment in Ref. [119] and similar experiments
[120, 124] can be performed by modifying the reference phase for the individual spins.
This can be done rapidly and accurately in software with no additional microwave
control required.
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Figure 4.5: Zoom in of the simulation in Fig. 4.4 in the presence of charge noise
fluctuations with strength (a) σδJ = 0 MHz, (b) σδJ = 0.33 MHz, (c) σδJ = 0.67 MHz,
and (d) σδJ = 1.33 MHz. For the simulation the fluctuations are assumed to be
quasistatic and Gaussian distributed with standard deviation σδJ and mean hδJi ≈ 0.
Figure taken from Ref. [9].
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4.3.2

Charge noise analysis

In semiconductor devices charge noise is omnipresent [140]. In a simple model, charge
noise can be described as fluctuations of the electric potentials near the dot. Thus,
charge noise couples to the two-qubit systems mainly through the exchange interactions due to its dependence on the detuning, tunneling, and confinement of the
spins [331, 367]. To be precise, charge noise couples also to single spins through the
same mechanism that allows EDSR to rotate the spin though fluctuations of the electron positions. This effect, however, is small as evidenced by Ref. [124], thus will be
neglect in the analysis below.
In lowest order J → J + δJ where δJ are fluctuations of the exchange energy due
to charge noise, we find the following first-order corrections to the diagonal Hamiltoe , |↑↓i
e , |↓↓i}
nian (4.4)-(4.7) in the adiabatic basis {|↑↑i , |↓↑i
Hnoise =

2JδJ eL eR
(Sz + Sz ) − 2δJ SezL SezR .
δEz

(4.47)

The first term in Eq. (4.47) induces single-qubit dephasing but is highly suppressed
in the case where J  δEz since it has strength ∝ J/δEz . Therefore, large magnetic
field gradients are beneficial for operating the two-qubit gate. The second term couples
longitudinally to the two-qubit gate operation since it has the same form as the dc
pulse, ∝ SzL SzR , and reduces the fidelity of the resulting two-qubit gate that only
depends on the bare charge noise fluctuations δJ. In experiments [120], this is the
limiting factor for the gate fidelity, since simple echo protocols would also filter out the
desired two-qubit interaction ruling out their use. Simulations assuming quasistatic
p
noise show that for σδJ ≡ hδJ 2 i − hδJi2 = 0.33 MHz two-qubit gate fidelities > 97%
are still possible [see Fig. 4.5 (b)]. However, fluctuations twice (four times) as large
already limit the gate fidelity to about ≈ 93% (≈ 77%) [see Fig. 4.5 (c) and (d)],
which is problematic for fault-tolerant quantum computation. However, mitigation of
these effects is still possible through advanced pulse shaping [368], composite pulse
sequences [15], complex dynamical decoupling sequences [369], and a reduction of the
amplitude of the fluctuations, i.e., operating at a charge noise sweet spot.

4.4

Summary

In this chapter, we have presented high-fidelity implementations of a dc-pulsed cz
gate and a single-shot resonant cnot gate.
For the dc-pulsed cz gate, we have provided a high-fidelity implementation us-

4.4. SUMMARY

95

ing dc exchange pulses. We have analyzed two regimes for the exchange pulses, slow
(adiabatic) and fast (instantaneous) exchange pulses, and have described how to compensate for residual spin-flip and phase errors. In the adiabatic regime, spin-flip errors
are suppressed by the magnetic field difference and we have identified the phases that
the individual spins accumulate during the two-qubit operation. By interrupting the
cz gate with single-qubit spin-flips to form a spin-echo sequence, spin-flip errors and
local phases which the individual spins acquired during the cz gate can be avoided
even for the non-adiabatic exchange pulses.
For the ac resonant cnot gate, we have presented a high-fidelity implementation
through frequency-selective resonant modulations of the two-qubit transitions. By
selecting different transition frequencies a larger set of two-qubit quantum gates is accessible allowing for more efficient algorithms. We have shown that all intrinsic errors
due to all relevant off-resonant transitions can be compensated by fine-tuning the ac
driving amplitude such that the resonant and the off-resonant oscillations are synchronized. Additionally, we have identified phases which the individual spins accumulate
during the two-qubit operation. These phases can be compensated for by performing
single-qubit z-rotations before and after each cnot gate. Our two-qubit gate implementation also incorporates a reduction of charge noise by suppression through large
magnetic field gradients. Using the synchronization technique and the analytic values
of the accumulated phases, we predict that existing experiments will be able to reach
higher two-qubit gate fidelities exceeding 97% under realistic assumptions.
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Chapter 5

Coupling of three-spin qubits to
their electric environment

In this chapter the behavior of three-electron spin qubits in triple quantum
dots subject to electric field fluctuations is investigated. We recall the situation
of three electrons in a triple dot forming an exchange-only spin qubit. Because
of the encoding of the qubit in the S = 21 subspace of three electrons arbitrary
single-qubit rotations are feasible using only the exchange interaction between
the electron spins [26]. The exchange interaction itself depends simplified on two
detuning parameters, ε and εM , the two-electron Coulomb interaction elements,
and the hopping of the electrons between the left and center dot and between the
right and center dot, tl and tr . In a typical experimental setup (see 2.3.3) the
exchange interaction is controlled either by detuning via electric control of the
plunger gates underneath the quantum dots, or by tunneling via electric control of
the barrier gates between the quantum dots. The electric control of the detuning
allows one the perform exchange oscillations on sub-nanosecond time-scales [127],
however, with only moderate gate-fidelities. This is due to the fact that electric
control also comes with a higher susceptibility of the operation to charge noise
which strongly limits the gate performance. Tunnel control, in contrast, allows for
high-fidelity control on nanosecond time-scales [57, 129] because of the presence
of a so-called (single) sweet spot where the qubit states are least susceptible to
these electric fluctuations.
In this chapter we provide a complete map of the pure dephasing time Tϕ of
the three-spin qubit as a function of the two bias parameters. Unlike the situation
of a double dot where noise mainly is introduced via a single detuning parameter,
a triple dot qubit requires a simultaneous sweet spot, a so-called double sweet spot
(DSS), with respect to both detuning parameters. It is known that there is a DSS
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in the center of the (1,1,1) charge regime [161, 178] and at the triple-point between
the (2,0,1), (1,0,2), and (1,1,1) charge regime [179]. Here, (l, m, n) describes a
configuration with l electrons in the left dot, m electrons in the center dot, and
n electrons in the right dot. Our theoretical model includes electric fluctuations
of the two independent bias parameters, ε → ε + δε(t) and εM → εM + δεM (t)
and the two independent hopping matrix elements, tl → tl + δtl (t) and tr →
tr + δtr (t). Special attention is paid to the single sweet spots (SSS) and double
sweet spots with respect to all four relevant system parameters, detuning and
tunneling. Multi sweet spots with respect to three or four of the both detuning
and tunneling parameters do not appear. Lastly, the effect of correlated noise
sources is investigated.
This chapter is organized as follows. In section 5.1, we briefly review the threespin qubit states. In section 5.2, we analyze in detail the optimal working points
best suitable for operating the qubit in the presence of charge noise coupled to
the qubit through detuning and tunnel parameters. We first analyze fluctuations
in detuning (see section 5.2.2) and tunnel couplings (see section 5.2.3) separately
and later combined in section 5.2.4. Subsequently in section 5.3, we discuss the
case of correlated noise sources. We conclude in section 5.4 with a small summary
and outlook.
All results presented in this chapter except section 5.3 have been published
in Ref. [30, M. Russ, F. Ginzel, and G. Burkard, Phys. Rev. B 94, 165411].
Small modification to the structure, text, and the notations are performed to
keep consistency in this thesis. The case of fluctuating tunnel couplings has
first been investigated by Florian Ginzel in his Bachelor thesis [370] with the
focus of searching sweet spots within the (1,1,1) charge regime and at the triplepoint between the (2,0,1), (1,0,2), and (1,1,1) charge regime. In this chapter the
investigations are generalized by myself to all charge configurations.

5.1

Theoretical model

We consider the spins of three electrons in a linearly arranged triple quantum dot
(TQD) (Fig. 5.1) where each QD has a single available orbital, whereas, higher orbitals are energetically unfavorable due to a strong confinement. Additionally, we
restrict ourselves to the spin degree of freedom (DOF) only, hence, we either consider
a material with no valley DOF or a strong valley splitting surpassing the energy of the
exchange splittings and then treat the valley as an orbital DOF. Further we assume
that the TQD is connected to an electric environment (schematically illustrated in
Fig. 5.1) via the gate voltages Vi of QD i with i ∈ {1, 2, 3} and via the gate-controlled
tunnel barriers which, in addition to a static classical part, consist of random electric
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Figure 5.1: Schematic illustration of a three-spin qubit coupled to a noisy electric
environment. The environment can affect the electron spins directly through the gate
voltages Vi with i ∈ {1, 2, 3} of each quantum dot (QD) or the exchange coupling
(green cloud) between the electron spins through the gate-controlled tunnel hopping
(tl and tr ). Figure taken from Ref. [30].

fluctuations. As a model of the TQD we use the three-site extended Hubbard model
(see section 3.2)

HHub



"
#
3

X
X
X  †
Ũ
UC ni nj +
=
ni (ni − 1) + Vi ni +
tij ci,σ cj,σ + h.c.  , (5.1)
2
i=1

hi,ji

σ=↑,↓

where c†i,σ (ci,σ ) creates (annihilates) an electron in QD i with spin σ. We define the
P †
number operator ni =
σ ci,σ ci,σ and the gate-controlled pairwise hopping matrix
elements tij with i, j ∈ {1, 2, 3}. Here, we consider symmetric, spin-conserving nearest√
√
neighbor hopping, t13 = t31 = 0, t12 = t21 ≡ tl / 2, and t23 = t32 ≡ tr / 2. We also
include the Coulomb repulsion of two electrons in the same QD Ũ and in neighboring
QDs UC which leads to a static energy shift in the dots.
Restricting ourselves to the subspace of the three-spin Hilbert space with total
spin S = Sz = 1/2, there are six relevant states, two states with a (1,1,1) charge
configuration, and one each with a (2,0,1), (1,0,2), (1,2,0), (0,2,1) charge configuration
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Figure 5.2: Energy landscape of the ground-state energy gap ω as a function of the
detuning parameters ε and εM in units of the charging energy U . For the tunneling
parameters we used tl = 0.022 U and tr = 0.015 U . Maneuvering through the (ε,
εM ) plane one can access various parameter regimes that allow the use of different
qubit implementations in different charge configurations (l, m, n), where l electrons
are in the left, m electrons in the center, and n electrons in the right QD. We further
highlight the double sweet spots (DSS) (black dots), the location of the exchange-only
(EO) qubit, the resonant exchange (RX) qubit (dashed triangle), the asymmetric
resonant exchange (ARX) qubit, and the left and right hybrid (Hl,r ) qubit. Figure
taken from Ref. [30].
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(see section 2.3)

1 
|0i ≡ √ c†1,↑ c†2,↑ c†3,↓ − c†1,↓ c†2,↑ c†3,↑ |vaci
2
= |si13 |↑i2 ,

1 
|1i ≡ √ 2c†1,↑ c†2,↓ c†3,↑ −c†1,↑ c†2,↑ c†3,↓ −c†1,↓ c†2,↑ c†3,↑ |vaci ,
6
r
2
1
|t+ i13 |↓i2 − √ |t0 i13 |↑i2 ,
=
3
3

(5.2)

|2i ≡ c†1,↑ c†1,↓ c†3,↑ |vaci = |si11 |↑i3 ,

(5.4)

|3i ≡ c†1,↑ c†3,↑ c†3,↓ |vaci = |↑i1 |si33 ,

(5.5)

|4i ≡
|5i ≡

c†1,↑ c†2,↑ c†2,↓ |vaci
c†2,↑ c†2,↓ c†3,↑ |vaci

(5.3)

= |↑i1 |si22 ,

(5.6)

= |si22 |↑i3 ,

(5.7)

where |vaci denotes the vacuum state, |siij denotes the singlet state, |t0 iij denotes
the Sz = 0 triplet state, and |t+ iij denotes the Sz = +1 triplet state. Here, (l, m, n)
describes a configuration with l electrons in the left dot, m electrons in the center
dot, and n electrons in the right dot. An additional leakage state with S = 3/2 and
Sz = 1/2 is not coupled since charge noise conserves the total spin S.
We introduce a the usual set of detuning parameters ε ≡ (V1 − V3 )/2 and εM ≡
V2 − (V1 + V3 )/2 + UC . The asymmetric detuning ε is the energy difference between
the left QD and the right QD, and the symmetric detuning εM is the energy difference
between the center QD and the mean of the outer QDs. Defining the charging energy
U ≡ Ũ − UC we find for the Hamiltonian Eq. (5.1) in the S = Sz = 1/2 basis
{|0i , |1i , |2i , |3i , |4i , |5i} the matrix representation


0

0

1
t
√2 l
3
2 tl


 0
0

√
 1t
3
ε − εM + U
 l
2 tl
√
H =  12
3
 tr − tr
0
2
√2
1t − 3t
0
r
2 r
√2
3
1
0
2 tl
2 tl

1
2√tr
− 23 tr

1
2√tr
− 23 tr

1
t
√2 l
3
2 tl

0

0

0

−ε − εM + U

0

0

0

ε + εM + U

0

0

0

−ε + εM + U







.




(5.8)

We assume tl,r to be real since any complex phase only contributes a global phase to
the eigenstates.
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Depending on the position in the (ε, εM )-plane different qubit implementations are

realized (Fig. 5.2). We recall that directly in the center of the (1,1,1) charge occupancy
region, the exchange-only (EO) qubit [26] and the always-on exchange-only (AEON)
qubit [161] are located. Still in the (1,1,1) charge occupancy, but in the area with
εM  ε which allows transitions into the (2,0,1) and (1,0,2) charge states, we find
the resonant exchange (RX) qubit (white dashed triangle). The asymmetric resonant
exchange (ARX) qubit is located deeper into the regime with εM  ε and a strong
mixture of (2,0,1) and (1,0,2) charge configurations [179]. Due to mirror-symmetry
four DSS can be found (black dots) in the corner of the diamond-shaped (1,1,1)-charge
configuration area. At the bottom left (right) in the (ε, εM )-plane in Fig. 5.2 only two
neighboring QDs are occupied by three electrons giving rise to the double quantum
dot hybrid qubit [35, 159, 203] formed in QD 1 and QD 2 (QD 2 and QD 3).1

5.2

Charge dephasing

Recent progress of spin qubits using purified silicon as the host material show exceptionally long T1 and T2 times emphasizing the importance of charge noise. The use of
isotopically purified Si eliminates nuclear spins as the leading source for decoherence
and leaves charge noise as the main cause of decoherence [305]. Therefore, while our
analysis is general and valid for all material systems, it is particularly relevant for
spin qubits in Si. Charge noise or electrical noise originates from random charge fluctuations of the material or from the control and confinement voltages giving rise to
fluctuating energies. Formally, we describe this by substituting q → q+δq in which the
parameter q ∈ {ε, εM , tl , tr } is affected by random fluctuations δq ∈ {δε, δεM , δtl , δtr }.
There are two effects of decoherence for charge noise, longitudinal and transversal dephasing, where the first is caused by fluctuations of the energy gap between the qubit
states |ei and |gi while the second one originates from random transitions between
the qubit states. These can further be divided into decoherence due to detuning parameters [160, 161, 178, 179] (ε, εM ) and decoherence due to charge noise coupled to
the qubit by tunneling (tl , tr ).

1

Note, that our model does not correctly describes the hybrid qubit since only the lowest orbital/valley levels are considered in this work. In the hybrid qubit, however, one logical qubit state
is encoded in the excited valley or orbital state.
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General framework

In general, we can write the (low-energy) qubit Hamiltonian in its eigenbasis [179],
{|gi , |ei}, as
Hnoise =

~
[(ω + δωz ) σz + δωx σx + δωy σy ] ,
2

(5.9)

with the unperturbed energy gap ~ω between the qubit states. Here, |ei and |gi are
the two lowest eigenstates of H in Eq. (5.8). The longitudinal effect of the charge
noise up to second order is
δωz =

X

ωq δq,

(5.10)

q

where we used the definitions ωq ≡

∂ω
∂q

with q ∈ {ε, εM , tl , tr }. For the transversal

effects we find
δωx =

X

δωx,q δq,

(5.11)

q

with δωx,q ≡ hg| H1,q |ei and δωy = 0 due to real valued tunneling. Here, H1,q is
the part of the Hamiltonian from Eq. (5.8) associated with the perturbation in q,
thus, H1,q =
∂ω
∂q

∂
∂q H

δq. The Hellmann–Feynman theorem allows us to further connect

= (hg| H1,q |gi − he| H1,q |ei)/2.
In the adiabatic limit, transversal charge noise changes the orientation of the

eigenstates and therefore the energy gap giving rise to an additional term for the
dephasing in second order of the fluctuations. This becomes clear when expanding
the eigenenergy difference from Eq. (5.9),
ω=

q
(ω0 + δωz )2 + δωx2 + δωy2

' ω0 + δωz +

δωx2 δωy2
+
+ O(δω 3 ).
2ω0
2ω0

(5.12)

Therefore, the longitudinal effect of the charge noise up to second order is
δωz =

X
q

where ωp,q ≡

∂2ω
∂p∂q

ωq δq +

ωq,q 2  1 X
δq +
ωp,q δpδq,
2
2

(5.13)

p6=q

with p, q ∈ {ε, εM , tl , tr }. Considering only longitudinal noise one
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can calculate the pure dephasing in a Ramsey free decay approach [362]
D
E
2
2
2
f˜(t) ≡ eiφ(t) = e−hφ(t) i = e−t /Tϕ
with φ(t) ≡

Rt
t0

(5.14)

dt0 δωz (t0 ) in which we used δq = δq(t). For the first equality we used

Gaussian distributed noise with zero mean, while for the second equality we assumed
low-frequency 1/f - charge noise. This allows us to calculate for a given spectral density
of the noise Sq (ω̃) = Aq /|ω̃| the associated dephasing time [179]
X 2
− 1
2
2
2
ωq
ωq,q
1 X ωp,q
2
2
2
Tϕ =~
.
Ap log r +
Aq log r +
Ap Aq log r
2
4
2
2
q

(5.15)

p6=q

Here, we assumed independent and uncorrelated noise for each noisy parameter p, q ∈
{ε, εM , tl , tr } and used the ratio r ≡ ωUV /ωIR of lower frequency cutoff ωIR and upper
frequency cutoff ωUV needed to ensure convergence of the intergral.
With this in mind, we formally define the expression “sweet spot” initially introduced as best points for operations due to a vanishing coupling of the qubit to the
noise in first order. Assuming first order noise effects to be the dominant ones these
points yield the longest life-time of the qubit according to Eq. (5.15), and therefore,
the ideal operation points for the qubit. Taking only first order effects into account
we obtain for the best working points the condition
X

ωq δq = 0,

(5.16)

q

which is in general only possible for each ωq = 0 with q ∈ {ε, εM , tl , tr }. We now
define a single “sweet spot” (SSS) if this condition is fulfilled for one noisy parameter. Analogously, we define a “double sweet spot” (DSS) if ωq = ωp = 0 with
q 6= p ∈ {ε, εM , tl , tr }. Considering a total of four noisy parameters we can also introduce “triple” and “quadruple sweet spots” in which Eq. (5.16) is for three noisy
parameters or completely fulfilled. Unfortunately, we find that there exist no nontrivial quadruple sweet spots in the three-electron spin qubit discussed in this chapter.
A trivial quadruple sweet spot ε = εM = tl = tr = 0 cannot be used for quantum
computing since no gates can be performed but instead can be useful for quantum
storage. However, turning off the exchange interaction increases decoherence effects
due to magnetic noise [176].
The high-frequency components beyond the adiabatic approximations in the second term in Hamiltonian [see Eq. (5.9)] δωx lead to random rotations of the qubit
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around the x-axis with timescales on the order of ms for realistic charge noise (assump
ing hδq 2 i = 1 µeV at 1 Hz) [304].
Inside the (1,1,1) charge configuration regime and away from the charge transition
lines, the states |0i and |1i defined in Eq. (5.3) and Eq. (5.4) are nearly the qubit
states while the coupling of the other states can be taken into account using a lowenergy Schrieffer-Wolff approximation [333]. We obtain for the resonance frequency
between the qubit eigenstates [161]
~ω =

p
J 2 + 3j 2 ,

(5.17)

with the mean J ≡ (Jl + Jr )/2 and the half of the difference j ≡ (Jl − Jr )/2 of the
left and right exchange interaction and respectively between the left (right) QD and
the center QD,


Jl =2t2l U/ U 2 − (ε − εM )2 ,


Jr =2t2r U/ U 2 − (ε + εM )2 .

(5.18)
(5.19)

Utilizing this, we find a closed analytical expression for the longitudinal fluctuation
ωq = (J∂q J + 3j∂q j)/ω,

(5.20)

δωx,q = (J∂q j − j∂q J)/ω,

(5.21)

and the transversal effect

in the (1,1,1) charge regime. For εM  0 (RX regime) these results converge with
the expressions considering only the RX qubit [179], since there the influence of the
states |4i and |5i becomes negligible.

5.2.2

Detuning noise

Longitudinal dephasing Tϕ due to low frequency charge noise originating from the
detuning parameters ε and εM is usually seen as the dominant source for decoherence.
For reasons of simplicity we set in this subsection δtl = δtr = 0 and only consider
charge noise originating from the detuning parameters δε 6= 0 and δεM 6= 0. The
effect of this can be drastically reduced by working on SSS [160] or DSS [161, 178, 179].
They fulfill the condition ωε = ωεM = 0 such that the longitudinal coupling given in
Eq. (5.13) vanishes and only second order effects remain.
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Figure 5.3: Dephasing time Tϕ given by Eq. (5.15) due to longitudinal noise as a
function of the detuning parameters ε and εM . In the top row [(a) and (b)] we plot Tϕ
resulting from charge noise in the two detuning parameters ε and εM , in the center row
[(c) and (d)] we plot Tϕ resulting from charge noise in the two tunneling parameter
tl and tr , and in the bottom row [(e) and (f)] we plot Tϕ resulting from charge noise
from all four parameters combined, where we choose the parameter settings identical
in each column. The left column shows results for weak tunneling and strong noise
while in the right column, results for strong tunneling and weak noise are plotted.
Parameters are set as follows; tl = 0.022 U , tr = 0.015 U , Aq = (10−3 U )2 where
q = ε, εM in (a) and (e), and Aq = (10−4 U )2 , where q = tl , tr in (c) and (e), for
the left column and tl = 0.22 U , tr = 0.15 U , Aq = (10−5 U )2 where q = ε, εM in
(b) and (f), and Atl = Atr = (10−6 U )2 , where q = tl , tr in (d) and (f), for the right
column. To include a large frequency bandwidth we globally set the ratio of the lower
and higher frequency cut-off r = 5 × 106 . For the scale of Tϕ we used an explicit value
of U = 1 meV; note that Tϕ scales inversely proportional with U . The black dots
indicate the DSS. Figure taken from Ref. [30].
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In Figs. 5.3 (a)-(b), we plot the resulting dephasing time Tϕ given in Eq. (5.15) as
a function of the detuning parameters considering only longitudinal noise originating
from ε and εM for different parameter settings. We find in total five DSS for the threespin qubit marked as black dots. Two DSS are already known, one inside the (1,1,1)
charge configuration regime [161] and one at the transition between the (2,0,1) and
(1,0,2) charge states [179], while the other three DSS appear at the remaining three
charge transitions, located on the left between (2,0,1) and (1,2,0), on the right right
between (1,0,2) and (0,2,1), and bottom between (1,2,0) and (0,2,1) in the figures due
to symmetry considerations.2 For symmetric tunneling (tl = tr = t) the five DSS are
approximately located at (ε, εM ) = (0, U ), (0, −U ), (−U, 0), (U, 0), and (0, 0), while
for asymmetric tunneling (tl 6= tr ) all DSS except the center one are slightly shifted
due to a shift of the charge transitions. Comparing these DSS with each other, the
four DSS located at the charge transitions are unfavorable for a small tunneling and
strong noise due to strong higher order effects limiting the coherence of the qubit.3
Considering stronger tunneling between the QDs and weaker noise, the higher order
effects are greatly reduced due to softening of the charge transitions. If for some
reasons working on the DSS is unpractical, e.g. coupling the qubit to a cavity, one
should favor in the case tl 6= tr the working points given by ε = εM (diagonal orange
line seen in the in Fig. 5.3 (a) and see Appendix 5.2.7).
Comparing the resulting dephasing times considering noise coupled to the qubit
through only one of the detuning parameters ε or εM [plotted in Fig. 5.4 (a) and
Fig. 5.4 (e)], we find that the results are mirror symmetric to each other with the
symmetry axis given by ε = εM . Single sweet spots are found on a straight vertical
(horizontal) line passing through the center; serpentine vertical (horizontal) line for
tl 6= tr (a comparison of symmetric and asymmetric tunnel coupling can be found in
section 5.2.7).
Inside the (1,1,1) charge configuration regime and considering only noisy detuning
parameters ε and εM the sweet spot condition from Eq. (5.16) simplifies to
J∂ε J + 3j∂ε j = J∂εM J + 3j∂εM j = 0
2

(5.22)

Note, that the left and right sweet spot further splits into two sweet spots giving to a total of seven
DSSs for the exchange-only qubit due to the presence of the (2,1,0) and (0,1,2) charge configurations
neglected in this work (see section 2.3.1). One located in the center and six sweet spots at every triple
point of the honey-combed shaped charge stability diagram.
3
This is caused by their large dipole moment. Recent experiments show that these sweet spots are
ideal for achieving strong coupling between an exchange-only qubit and a microwave cavity due to a
good compromise between dipole coupling strength and decoherence time. This is discussed in detail
in section 6.2.
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with ∂ε,εM J = ±Jl2 (ε−εM )/2t2l U +Jr2 (ε+εM )/2t2r U and ∂ε,εM j = ±Jl2 (ε−εM )/2t2l U −
Jr2 (ε − εM )/2t2r U . There exist only a single complete solution (DSS) in this regime
for ε = εM = 0 [161]. In contrast to the outer 4 DSS the position of the center DSS is
unaffected by the strength of the tunneling couplings tl and tr , thus, more convenient
for symmetric gate operations using the tunnel couplings as qubit control parameters.

5.2.3

Tunnel noise

Symmetric qubit control by tuning the tunneling coupling between the QDs for qubit
control has long been proposed [13] and recent experiments in Si/SiGe [57] and
GaAs [129] indicate that symmetric operations lead to longer coherence times. Working at the symmetric operation points with respect to the detuning parameters, ε and
εM , reduces the coupling to the charge noise originating from the detuning parameters. However, this opens another channel for noise coupling to the qubit systems
via fluctuations in the tunnel amplitude, since the tunneling is now gate-controlled,
time-dependent, and strong, narrow-band filtering cannot be applied as effective as
for the static case. Thus, the tunneling of the electrons is susceptible to charge noise.
In analogy to detuning noise, considering longitudinal noise through the tunnel
parameters tl and tr can also drastically be reduced by working on sweet spots. Setting the noisy tunnel parameters δtl 6= 0 and δtr 6= 0 and ignoring noise coupled to
the qubit through the detuning parameters δε = δεM = 0 we again find preferable
working points and single sweet spots associated with either tl or tr . The resulting
dephasing is plotted in Fig. 5.3 (c)-(d) for the same parameter settings used previously. We find the best working points deep inside the (1,1,1) charge configuration
regime, however, unlike in the case of detuning noise, there is no trace of DSS in
the entire observed regime. The best working point we find is located at the center
DSS (ε = εM = 0) which is marginally better than the surrounding area while the
other DSS at the charge transitions appear very unfavorable at first sight. A zoom-in,
however, reveals a steep valley with a long dephasing time which is broadened by
larger tunneling couplings. Therefore, the lifetime of the qubit at the DSS located at
the charge transitions are limited by higher order effects. Strong tunnel coupling [see
Fig. 5.3 (d)] drastically increases the lifetime at these points due to softening of the
charge transitions challenging the center DSS.
For the case δtr = 0 [see Fig. 5.4 (e)-(f)] we find single sweet spots nearby the
charge transition associated with tr , thus, (1, 1, 1) ↔ (1, 0, 2) and (1, 1, 1) ↔ (1, 2, 0)
since at these lines in parameter space hopping from the left QD to the center QD is
energetically highly unfavorable. The opposite case δtl = 0 is shown in Fig. 5.4 (g)-(h)
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in section 5.2.5.
Inside the (1,1,1) charge configuration regime taking only noisy tunneling into
account the condition for a double sweet spot can be simplified to
Jl (2Jl − Jr ) = Jr (2Jr − Jl ) = 0.

(5.23)

This condition is only fulfilled in the trivial case Jl = Jr = 0, thus, no DSS exists
for tunneling noise within the (1,1,1) charge configuration. Single sweet spot corresponding to the tunneling parameter tl (tr ) require Jr,(l) = 2Jl,(r) which simplifies for
√
ε = 0 to tr,(l) = ± 2tl,(r) . However, the best working points are given for an overall
symmetric configuration including both tunneling and detuning. Since the DSS are
all located at high symmetry points, the optimal working points are given by tl = tr .
Preferring points of operation nearby the states |3i and |4i (|2i and |5i) the optimal
ratio is tl /tr > 1 (tl /tr < 1). However, the benefit is not very large compared to
operating on a DSS.

5.2.4

Combination

Combining all effects, we plot in Fig. 5.3 (e)-(f) the dephasing time Tϕ taking into
account all four noisy parameters ε, εM , tl , tr . Note that we put less weight to the
tunneling parameters due to their smaller strength compared to the detuning parameters. As a result, we find that the previous areas with long coherence times
considering only detuning noise of the sweet spots become less pronounced and softened due to the absence of DSS for tunneling. The center DSS still remains as the
optimal point of operation in terms of pure coherence time, however, only slightly better than the surrounding area in the parameter space. Note that recent experimental
and theoretical investigation indicate that the fluctuations in tunneling parameters
are even smaller than considered in this thesis. The question whether tunneling noise
or quadratic fluctuations limit the dephasing time at the sweet spots is not answered
and needs further investigation. A distinction is experimentally possible by analyzing
the spectral density of the noise [306, 371]. Electric fluctuations away from the sweet
spot mainly affect the qubit in linear order ω → ω + δωq δq(t), thus, giving rise to a
gaussian decay of the decoherence for low frequency noise [179]. Electric fluctuations
located at the sweet spot as discussed in Refs. [36, 179, 306, 363, 371] affect the qubit
quadratically ω → ω + δωq,q δq(t)2 . This leads to a non-gaussian decay because of
non-vanishing higher-order contributions from the cumulant expansion. However, the
gaussian approximation describes the dephasing process sufficiently for short times
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t < Tϕ . Therefore, in a possible experiment to distinguish gaussian from non-gaussian
noise the dephasing has to be investigated for long times t > Tϕ where the nongaussian noise significantly deviates and follows more a power-law and exponential
decay [363]. As a final remark, one also needs to ensure that an isolated two-level
system is investigated since the dephasing process in a multi-level system deviates
from the ideal gaussian decay.

5.2.5

Longitudinal noise coupled only through a single noisy parameter

In Fig. 5.4 the dephasing times are plotted considering the case where charge noise is
coupled to the qubit through only a single noisy parameter for two different parameter
settings. Comparing the plots, we find that the resulting dephasing times for detuning
noise in ε and εM are mirror symmetric to each other with the symmetry axis given by
ε = εM , while there is no such symmetry axis for tunneling noise in the general case
tl 6= tr . The SSS for detuning noise are located on a serpentine vertical or horizontal
line with the crossing points given by the DSS. For tunneling noise (tl or tr ) we find
that the SSS are located on a narrow curve connecting the top DSS and the right
DSS as well as the right DSS and the bottom DSS. A zoom in, however, reveals that
the DSS are not directly located on the line, more precisely, the SSS for tunneling
noise in tl (tr ) are slightly shifted to the right (left) in parameter space. In contrast
to detuning noise, there exist no crossing points for the SSS in tunneling noise.

5.2.6

Transversal noise

Considering transversal noise we cannot easily find an analytical expression for the Tϕ
using the free decay model from Eq. (5.14). Thus, we show instead the corresponding
transition caused by the charge fluctuations, δωx = |δωx,ε |+|δωx,εM | for δε = δεM 6= 0
and δtl = δtr = 0 which is a good measure for the susceptibility of the qubit to the
charge noise. In Fig. 5.5 (a) and (b) we plot the resulting δωx for different parameter
settings. Note, that in these figures, δωx rather than the dephasing time is plotted,
thus, small values lead to a longer lifetime of the qubit. Since transversal noise leads
to transitions between the qubit states, this is also a first indication for the strength
of the coherent coupling between a qubit and a microwave cavity. Comparison of
the results obtained for transversal charge noise (Fig. 5.5 in subsection 5.2.6) and
qubit-cavity coupling strength (Fig. 6.2) show a high level of agreement as expected.
In Fig. 5.5 the combined effects of only noisy detuning (top row), only noisy
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Figure 5.4: Dephasing time Tϕ due to longitudinal noise for each noisy parameter
ε, εM , tl , and tr individually in the (ε, εM )-plane. Each row shows the dephasing time
due to a single noisy parameter (from top to bottom: ε, εM , tl , tr ), while we choose
the parameter settings identical in each column. The left column contains the results
for weak tunneling and strong noise, while the right column comprises the results for
strong tunneling and weak noise. Parameters are set as follows; tl = 0.022 U , tr =
0.015 U , Aq = (10−3 U )2 where q = ε in (a) and q = εM in (c), and Aq = (10−4 U )2 ,
where q = tl in (e) and q = tr in (g), for the left column and tl = 0.22 U , tr = 0.15 U ,
Aq = (10−5 U )2 where q = ε in (b) and q = εM in (d), and Aq = (10−6 U )2 , where
q = tl in (f) and q = tr in (h), for the right column. For the scale of Tϕ we used an
explicit value of U = 1 meV; note that Tϕ scales inversely proportional with U . The
black dots represent DSS. Figure taken from Ref. [30].
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Figure 5.5: Impact of transversal noise as a function of the detuning parameters ε and
εM . In this figure, δωx rather than the dephasing time is plotted, thus, small values
lead to longer coherence times of the qubit. In the top row [(a) and (b)] we consider
charge noise only from the two detuning parameters ε and εM , in the center row [(c)
and (d)] we consider charge noise only from the two tunneling parameters tl and tr ,
and in the bottom row [(e) and (f)] we consider charge noise from all four parameters
simultaneously, while we choose the parameter settings identical in each column. The
left column contains the results for weak tunneling and strong noise, while the right
column comprises the results for strong tunneling and weak noise. The black dots
indicate DSS. Parameters are set as follows; tl = 0.022 U , tr = 0.015 U , δq = 10−3 U
where q = ε, εM in (a) and (e), and δq = 10−4 U , where q = tl , tr in (c) and (e), for
the left column and tl = 0.22 U , tr = 0.15 U , δq = 10−5 U where q = ε, εM in (b) and
(f), and δq = 10−6 U , where q = tl , tr in (d) and (f), for the right column. For the
scale of |δωx | we used an explicit value of U = 1 meV. Figure taken from Ref. [30].

5.2. CHARGE DEPHASING

113

Figure 5.6: Comparison of the dephasing time Tϕ as a function of the detuning parameters ε and εM for symmetric and asymmetric tunnel coupling. In the top row
[(a) and (b)] we consider charge noise only from ε, in the center row [(c) and (d)] we
consider charge noise only from εM , and in the bottom row [(e) and (f)] we consider
charge noise both detuning parameters, ε and εM , simultaneously, while we choose the
parameter settings identical in each column. The left column comprises the results
for symmetric tunneling, while the right column repeats the results for asymmetric
tunneling given in Fig. 5.3 (a) and Fig. 5.4 (a) and (c). The black dots denote DSS. Parameters are set as follows; tl = tr = t = 0.02 U for the left column and tl = 0.022 U ,
tr = 0.015 U for the right column. Further we set Aq = (10−3 U )2 where q = ε in (a)
and (b), q = εM in (c) and (d), and q = ε, εM in (e) and (f). For the scale of Tϕ we
used an explicit value of U = 1 meV; note that Tϕ scales inversely proportional with
U . Figure taken from Ref. [30].
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tunnel coupling (center row), and the combined effects of two noisy detuning and
tunneling parameters (bottom row) are shown. Comparison leads to similar results
as for longitudinal noise. The well protected spot in the center of the (1,1,1) charge
configuration considering only detuning noise fades away in the bottom row due to the
influence of tunneling noise and becomes as well protected against transversal charge
noise as its surrounding are. Since the outer DSS are located at charge transitions,
they are very susceptible to transversal noise and, therefore, will dephase much faster
than other points. A zoom-in, however, reveals that the outer DSS are not located at
a maximum, although, much more susceptible than the center DSS to transversal
charge noise. This fact can be seen in the much shorter dephasing times of the
outer DSS compared to the center DSS. The connecting link is here, that for lowfrequency fluctuations (in the adiabatic limit) the off-diagonal elements caused by
these fluctuations (transversal noise) give rise to the second order fluctuations of the
eigenenergies (longitudinal noise). From time-independent perturbation theory follows
for the second order corrections
X  | h0| H1,q |ii |2  X  | h1| H1,q |ii |2 
~ωqq =
−
E0 − Ei
E1 − Ei
i6=0

(5.24)

i6=1

where the |ii are the basis states given in Eq. (5.7) and Ei the eigenenergies of the
unperturbated Hamiltonian (5.8). For fluctuations with frequencies on the order of
the energy splittings this approximation may break down and time-dependent perturbation theory or equivalent formalism have to be used instead.

5.2.7

Dephasing for symmetric tunnel coupling

In Fig. 5.6 we plot the resulting dephasing time Tϕ for symmetric tunnel couplings
tl = tr = t (left column) and asymmetric tunnel coupling tl 6= tr (right column)
taking into account only the noise from the detuning parameters. Comparing these
two situations, we find that in the case of only a single noisy parameter ε (εM )
and symmetric tunneling the SSS can be found on a straight vertical (horizontal)
line through the center DSS in contrast to the serpentine vertical (horizontal) lines
for asymmetric tunneling. Taking both noisy parameters into account, this leads
to a single crossing point of the two lines at the center DSS in the symmetric case
(tl = tr = t) while we find an elongated area in the asymmetric case (tl 6= tr ) for the
center DSS. Therefore, the asymmetric case allows for a greater flexibility in choosing
the point of operation while still being protected against longitudinal charge noise.
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Figure 5.7: Plot of the relative dephasing time Tϕ (λ)/Tϕ (0) as a function of the correlation coefficient λ for four detuning settings: (blue) at the center charge noise
double sweet spot (DSS), (ε, εM ) = (0, 0), (red) at a single sweet spot (SSS),
(ε, εM ) = (0, 0.4 U ), (green) at (ε, εM ) = (0.1 U, 0.4 U ), (orange) and at (ε, εM ) =
(−0.1 U, 0.4 U ). tl = 0.022 U , tr = 0.015 U for the right column. Furthermore we set
Aq = (10−3 U )2 where q = ε, εM , tl = tr = 0.02 U , and r = 5 × 106 .

5.3

Correlated charge noise

Until now, we have neglected any kind of spatial correlations of the electric fluctuations, therefore, considered the fluctuations of the detuning parameters and the tunnel
couplings to be independent hδqδpi = δq,p . This is justified for electric fluctuations
originating from the wires to the different plunger and barrier gates. However, there
are many scenarios where this may not be true. A simple scenario is a two-level fluctuator (TLF) sitting between the left plunger gate and the left barrier gate. This
TLF has the strongest effect on the nearest gates, i.e., the corresponding dot energy
or tunnel barrier, but with now (cross)-correlated noise
Z

∞

(
0

hδq(t)δp(t + t )i e
−∞

−iωt0

0

dt =

S(ω)

q=p

λqp S(ω) q 6= p

.

(5.25)

Here, λqp = [−1, 1] describes the correlation strength between fluctuations of the
parameters q, p ∈ {ε, εM , tl , tr }. Note, that a correlation λ = 1 between two sources
of fluctuations does not imply that there is no dephasing process involved. From
Hamiltonian (5.8) it becomes clear that even for correlated detunings there is still
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a relative phase between the states accumulating causing dephasing. The case of
λp,q describes uncorrelated fluctuations discussed in previous sections above, λpq = 1
describes the case of completely correlated noise sources, and λpq = −1 the case of
completely anti-correlated fluctuations. Using Eq. (5.25) allows us to find a general
expression for the dephasing time Tϕ assuming for real λqp , gaussian distributed, and
longitudinally coupled noise. Following the procedure described in Ref. [179, 372], we
find the following generalized dephasing time
X 2
2
2
ωq
ωq,q
1 X ωp,q
Tϕ =~
Ap log r +
A2q log2 r +
Ap Aq log2 r
2
4
2
2
q
p6=q

X

λpq

q6=p

+

ωq ωp p
Ap Aq log r +
2
2

2
1 X 2 ωp,q
λpq
Ap Aq log2 r
2
2

1X
p6=q

λpq

ωp,p ωp,q p
Ap Ap Aq log2 r
2

− 1
2

.

(5.26)

p6=q

In Fig. 5.7 the relative dephasing time is shown for different correlation coefficients.
Interestingly is that the dephasing time at the DSSs only distinct around ±20% with
a maximum for uncorrelated noise, λ = 0. This implies that the qubit at the DSS is
still protected against correlated (anti-correlated) charge noise. At a single sweet spot
the depashing time is independent of the correlation coefficient since the dephasing
process is dominated by a single fluctuation. For all other parameter settings the
correlation coefficient has a strong effect on the dephasing time. Either correlated or
anti-correlated noise depending on the sign of the product of the derivatives sign(ωq ωp )
significantly improves the performance of the qubit. For correlated noise between the
detuning parameters, ε and δεM , the qubit should be operated near the (2,0,1) or
(1,2,0) regime and in the presence of anti-correlation qubit operations near the (1,0,2)
or (0,2,1) regime are favorable.

5.4

Summary

In this chapter we have analyzed different three-spin qubits in a noisy electric environment. An extensive description is provided where we consider external electric
fluctuations coupled to the qubit through four distinct noisy parameters, two detuning parameters, and two tunneling parameters. We presented and discussed the best
suitable working points which take all these couplings into account and minimize the
impact limiting the coherence time at the detuning sweet spot. No quadruple sweet
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spot was found suppressing first order noise effects of all four noisy parameters simultaneously. We found that charge noise coupled to the tunneling parameters may be
the limiting factor due to the possibility of working on one of the five double sweet
spots (DSS) for noisy detuning parameters. Four of the five DSS are located each at
the crossover regions between connecting asymmetric charge configurations with the
fifth sitting in the center of the (1,1,1) charge configuration regime. We have presented a full map of the dephasing time in the (ε, εM ) parameter plane taking either
the effect of all four noisy parameters, pairs of two noisy parameters or each noisy
parameter individually into account. The optimal strategy depends on the strength
of the noise and the strength of each tunneling parameter and it appears that a symmetric implementation (tl = tr ) typically provides the best result exactly at the DSS
while a slightly asymmetric implementation (tl 6= tr ) elongates the favorable area surrounding the DSS. Spatial correlations between the detuning fluctuations only slightly
affect the dephasing time at the sweet spots. Away from the optimal working points
the performance of the qubit can significantly improved for correlated/anti-correlated
noise.
In this chapter we have neglected relaxation and dephasing effects from electric
noise originating from phonons coupled to the dipole moment of the qubit [38, 160,
177] due to their much longer time-scales. The time-scales for spin relaxation in the
presence of a homogeneous magnetic fields are on the order of milliseconds (B ≈ 4 T)
to seconds (B ≈ 1 T) in GaAs [155, 160, 177] and several orders of magnitude longer
in silicon due to the lack of piezoelectric phonons in unstrained silicon [39, 194].
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Chapter 6

Coupling of three-spin qubits to
microwave resonators

In this chapter the coupling of qubits consisting of three electron spins in a
triple quantum dot with a superconducting microwave resonator is investigated.
Two types of architectures for the triple-dot resonator system are analyzed. First,
the triple-dot is connected (asymmetrically) to the microwave resonator via the
left or right plunger gate which results in a dipolar type of coupling. Secondly,
the plunger gate of the center quantum is connected to the resonator. This (symmetric) architecture gives rise to a quadrupolar type of coupling. Furthermore,
two types of coupling mechanism between the qubit and the resonator are investigated. Firstly, a transversal coupling, where the qubit and the resonator can
freely exchange excitations. This problem is well-studied in general, the so-called
Rabi model Hint = σx (a + a† ), or within the rotating wave approximation, the
Jaynes-Cummings model Hint = σ+ a + σ− a† . Here, the Pauli matrices σ and
the ladder operators σ± = σx ± iσy describe the dynamic of the qubit system
and a† and a create and destroy a photon in the cavity. In the dispersive limit
where the qubit resonance frequency and the resonator frequency is far detuned
an interaction between two distant three-spin qubits can be implemented using
virtual photons [193, 373]. Secondly, a longitudinal coupling, where no (virtual)
photons are excited inside the cavity. This can be used to parametrically couple
the qubit and the resonator Hint = σz (a + a† ). This type of coupling is discussed
in detail in chapter 8. A complete map of the coupling strength for each type and
architecture between a three-spin qubit and a microwave resonator as a function
of the two bias parameters is provided.
This chapter is structures as follows. In section 6.2, we present two setups for
coupling three-spin qubits to a superconducting strip-line cavity in order to find
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operation points with a strong and controllable coupling. First we introduce the
basic framework for the qubit-cavity coupling in section 6.2.1. Subsequently, we
calculate the qubit-cavity coupling strength for the asymmetric (see section 6.2.2)
and symmetric (see section 6.2.3) architecture in a simple dipole model. In the last
part of this section 6.2.4 we compare the results with the results from the previous
chapter 5 and provide spots where strong coupling is possible. We conclude this
chapter with a summary in section 6.3.
Many results presented in this chapter have been published in Ref. [30, M.
Russ, F. Ginzel, and G. Burkard, Phys. Rev. B 94, 165411] and were developed
mainly by myself. Complementary content is added to the text and modifications
to the structure, text, and the notations are performed to keep consistency in this
thesis.

6.1

Introduction

We recall the situation of three electrons in a linear arranged triple quantum dot
forming a single qubit. The qubit is encoded in the spin S =

1
2

subspace of the

three electrons. The exchange interaction of the electrons in neighboring dots lifts the
degeneracy between the qubit states and allows an inter-qubit coupling. The physical
origin of this coupling is the hybridization of the qubit states with different charge
configurations but identical S = Sz = + 12 . Such a spin-charge hybridization can be
useful for several purposes. It allows for fast qubit read-out using spin-blockade [9,
160] and also allows for a intrinsic mechanism to couple the spin degree of freedom
to the photonic state in a superconducting microwave resonator [30, 160, 193, 248,
373]. Alternative schemes for coupling spin and charge require either strong spinorbit interaction or dot structure with a micromagnet involved to artificially create
the spin and charge hybridization. Using exchange-only qubits this hybridization is
for free and also electrically controllable.
However, a strong coupling to the electric environment typically comes together
with a strong dephasing (see chapter 5) since the qubit does not distinguish between
coherent electric fields from a microwave resonator and the incoherent fluctuations
from charge noise. Going more into detail, one finds a small difference between the
couplings; charge noise couples dominantly longitudinally to the qubit, which gives
rise to fluctuations in the energy gap, while the electric field from the resonator couples
mainly transversally to the qubit via transitions between the qubit states. Comparing
the effect of longitudinal noise with the qubit-resonator coupling as a function of
detuning one can see some crucial differences allowing for working points which have
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weak dephasing as well as strong qubit-cavity coupling. This asymmetry between
dephasing and coupling strength can be expressed in terms of the quality factor of the
cavity needed to reach strong coupling between a qubit and the resonator.

6.2

Qubit resonator coupling

We consider the spins of three electrons in a linearly arranged triple quantum dot
(TQD) where each QD has a single available orbital, whereas, higher orbitals are
energetically unfavorable due to a strong confinement. The three-spin qubit realized
in a linear TQD is embedded in a superconducting transmission line resonator (see
Fig. 6.1) with a single photon mode near the resonance frequency of the qubit. The
combined hybrid system is described by (see section 3.4)
Htot = Hres + H + Hint .

(6.1)

The superconducting transmission line resonator is well described by a single-mode
harmonic oscillator
Hres = ~ωres a† a,

(6.2)

where a† (a) creates (annihilates) a photon inside the resonator with the frequency
ωres .
Restricting ourselves to the subspace of the three-spin Hilbert space with total spin
S = Sz = 1/2, the six relevant states, two states with a (1,1,1) charge configuration,
and one each with a (2,0,1), (1,0,2), (1,2,0), (0,2,1) charge configuration, are given by

1 
|0i ≡ √ c†1,↑ c†2,↑ c†3,↓ − c†1,↓ c†2,↑ c†3,↑ |vaci
2

1  † † †
|1i ≡ √ 2c1,↑ c2,↓ c3,↑ −c†1,↑ c†2,↑ c†3,↓ −c†1,↓ c†2,↑ c†3,↑ |vaci ,
6
|2i ≡ c†1,↑ c†1,↓ c†3,↑ |vaci = |si11 |↑i3 ,
|3i ≡
|4i ≡
|5i ≡

c†1,↑ c†3,↑ c†3,↓ |vaci
c†1,↑ c†2,↑ c†2,↓ |vaci
c†2,↑ c†2,↓ c†3,↑ |vaci

(6.3)
(6.4)
(6.5)

= |↑i1 |si33 ,

(6.6)

= |↑i1 |si22 ,

(6.7)

= |si22 |↑i3 ,

(6.8)

where c†i,σ (ci,σ ) creates (annihilates) an electron in QD i = 1, 2, 3 with spin σ =↑↓.
We assume that the TQD is connected to the coherent quantized electric field of a
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microwave resonator via the gate voltages Vi of QD i with i = 1, 2, 3. The three spin
Hamiltonian in the basis defined above reads (see section 3.2)
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t
√2 l
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2 tl


 0
0

√
 1t
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 l
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.




(6.9)

in terms of the detuning parameters ε ≡ (V1 − V3 )/2 and εM ≡ V2 − (V1 + V3 )/2 + UC
√
√
in the basis {|0i , |1i , |2i , |3i , |4i , |5i}. Here, t12 = t21 ≡ tl / 2, and t23 = t32 ≡ tr / 2
denotes symmetric, spin-conserving hopping between the dots, Ũ (UC ) describes the
onsite (cross) charging energies due to the Coulomb repulsion between two electrons,
and U ≡ Ũ − UC describes an effective charging energy.

6.2.1

General framework

We proceed as follows. We calculate the qubit-cavity coupling for the full (ε,εM )-plane
including all charge configuration numerically, and subsequently, we approximate the
center of the (1,1,1) charge configuration analytically in order to analyze the results.
To generalize our previous analysis [193] to the full range of charge states, we extend
the existing formalism to include all six relevant states given by Eqs. (6.3)-(6.8). We
model the dipolar interaction [349] between the qubit and the resonator by
HQC = −eE · x̂ = −eE · x̂ (a + a† )

(6.10)

and define the transversal and longitudinal qubit-cavity coupling strength, g and gl ,
as
g ≡ − e h0| E · x̂ |1i ,
1
gl ≡ − e (h0| E · x̂ |0i − h1| E · x̂ |1i),
2

(6.11)
(6.12)

where a† (a) creates (annihilates) a photon with frequency ωph of the cavity mode.
Note, that here the formalism using E · x̂ is more convenient than the equivalent
formalism [349] A · p̂ used in previous works [193, 246]. Here, E is the quantized
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Figure 6.1: (a) Schematic illustration of a qubit implemented in a TQD coupled to the
transmission line resonator and the architecture for a (b) asymmetric and (d) symmetric qubit-cavity coupling. The center conductor of the superconducting transmission
line resonator is on the potential Vcav while the outer conductors are connected to
the ground to screen off surrounding fields. The corresponding potential (green) and
electric field (blue) is shown for the asymmetric (c) and symmetric (e) arrangement
as a function of the position x. Figure taken from Ref. [30].
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electric field, E = E(a + a† ), and A is the quantized electromagnetic vector potential.
In Fig. 6.1 (a) the basic implementation is schematically shown together with the
two architectures discussed in this work which we label asymmetric and symmetric
coupling corresponding to the affected detuning parameter. For both settings, the
qubit is placed in the anti-node of the electromagnetic field of the cavity to achieve
the strongest coupling. The vacuum coupling strength of the interaction, g0 , is here
defined as the coupling strength of the qubit if the dipole moment h0| x̂ |1i ∼
= al + ar ,
i.e. the full length of the TQD. Here al,(r) is the distance between the left (right) QD
and the center QD [sketched in Fig. 6.1 (b) and (d)]. We find
g0 = −eE(al + ar )
with E = |E| =

(6.13)

p
~ωph /20 v, where e is the electron charge, 0 () is the (relative)

dielectric constant of the vacuum (material) and v is the volume of the cavity [349].
Using realistic parameter settings for a silicon TQD (v = 3 cm × 5 µm × 5 µm,  ≈ 12,
ωph = 4.7 GHz, and al + ar = 60 nm) we obtain g0 = 2π × 1.96 MHz. Note, that this
is the pure vacuum coupling strength and no field enhancement was included, which
can further enhance the strength drastically [75, 247, 374, 375]. To make connection
with experiments, it is sometimes more convenient to express the vacuum coupling
p
strength in terms of capacitance and impedance, thus, E = νωph Z0 /π~/2w with
ν = Ccon /(Ccon + CTQD ). Here, ν is the relative capacitance between the capacitance
of the TQD, CTQD , and the capacitance of the connection to the resonator, CCon ,
Z0 is the characteristic impedance, and w is the distance in which the voltage drop
occurs [194]. Experiments show high impedance resonators giving rise to a vacuum
coupling strength g0 in the order of 2π × 100 MHz [75, 247, 360].
We first construct the real-space wave-functions of the states |0i , |1i , |2i , |3i , |4i,
and |5i, needed for the transition dipole matrix element. For this we use the formalism of orthonormalized Wannier orbitals [193], which transforms overlapping singleelectron wave-functions |φi i into an orthonormal basis of maximally localized [339]
wave-functions |Φi i with i ∈ {1, 2, 3}. Here, the overlaps between the pure singleelectron wave-functions are denoted as Sl ≡ hφ1 | φ2 i, Sr ≡ hφ2 | φ3 i, and 0 = hφ1 | φ3 i
due to the linear arrangement [193]. As a result we obtain for the position operator
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in the basis {|0i , |1i , |2i , |3i , |4i , |5i}
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where xij ≡ hΦi | x̂ |Φj i denotes the transition dipole matrix element between the
Wannier orbitals. Under the assumption of equal confinement potentials in each QD
these transition dipole matrix elements can always be chosen real [193].

6.2.2

Asymmetric architecture

Placing the TQD inside the cavity such that the electric field aligns with the long axis
of the qubit [193] [see Fig. 6.1 (b)], leads to a standard dipole coupling interaction
between the qubit and the cavity. States with an asymmetric charge configuration
interact with the electromagnetic field of the cavity via their coupling to the opposite
charge state, e.g., |2i ↔ |3i and |4i ↔ |5i, while creating or annihilating a photon in
the process. Hence, the qubit-cavity interaction gA in Eq. (6.10) can be simplified to
HA = −eE x̂(a + a† ),

(6.15)

and the qubit-cavity coupling strength for the asymmetric architecture becomes
gA ≡ − eE hg| x̂ |ei ,
1
gl,A ≡ − e E(hg| x̂ |gi − he| x̂ |ei),
2

(6.16)
(6.17)

where |gi is the ground and |ei the first excited state. In the (1,1,1) charge configuration these states approximately coincide with |0i and |1i. In Fig. 6.2 (left column)
the transversal qubit-cavity coupling is calculated numerically and plotted for various
parameter settings. The weakest qubit-cavity coupling can be found inside the (1,1,1)
charge configuration regime which is expected due to the symmetric electron distribution. The strongest coupling is located near the four outer DSS, since at these points a
charge transfer only requires a small variation of the detuning parameters to produce
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a large dipole moment. The asymmetric implementation favors a charge transition
associated with a transfer of one electron from the left QD to the right QD [193], thus,
|2i ↔ |3i and |3i ↔ |4i resulting in a strong coupling along a vertical line above and
underneath the (1,1,1) charge regime in Fig. 6.2.
In Fig. 6.3 (left column) the longitudinal qubit-cavity coupling strength is numerically calculated for symmetric and asymmetric tunnel couplings. As expected the
weakest qubit-cavity coupling can be found inside the (1,1,1) charge regime at a vertical (s-shaped for tl 6= tr ) line from top to bottom. Interestingly, we find a finite but
weak coupling directly at the center DSS.
Deep inside the (1,1,1) charge configuration regime the ground states are |0̃i and
|1̃i which are |0i and |1i hybridized by a small admixture of the other charge states
(|2i, |3i, |4i, |5i), hence, x̃ = eS x̂e−S ≈ x̂ + [S, x̂] +

1
2

[S, [S, x̂]] + · · · . Here, S is the

same Schrieffer-Wolff transformation matrix used to derive the qubit splitting in the
low-energy subspace given in Eq. (5.17) of the previous chapter 5. As a result, we
obtain a closed analytical expression for the transversal qubit-cavity coupling strength
in Eq. (6.16),
r 

3 Jl Re(x12 )
Jr Re(x23 )
gA /g0 = −
−
2 tl 2(al + ar )
tr 2(al + ar )
√ 

2
3 (ε − εM ) Jl x11
(ε + εM ) Jr2 x33
−
+
.
4
U
U
t2r al + ar
t2l al + ar

(6.18)

Here, the first (second) term in the second line resembles the matrix element of a
DQD in the left (right) QD and the center QD [246] which compensate each other
at the EO DSS located at ε = 0 and εM = 0. Due to the sign change in the first
term the overall matrix element is nonzero at the EO DSS as may be expected from
general considerations. For a completely symmetric setup, ε = 0, al = ar ≡ a,
Sl = Sr ≡ S0 , and tl = tr ≡ t which leads to Jl = Jr ≡ J0 = 2t2 U/(U 2 − ε2M ),
Re(x12 ) = −Re(x23 ) ≈ −3aS0 , and x11 = −x33 ≈ −a, Eq. (6.18) simplifies to
√

3 εM J 0
gA,0 /g0 = −
+
2 U 2 − ε2M

r

3 3 J0 S0
.
2 2t

(6.19)

The first term is identical to the expression for a simple charge model gA,0 /g0 =
p
− (∂ε J)2 + 3(∂ε j)2 /2 for this choice of parameters [194] and approaches zero at
the DSS while the second term remains finite. The general expression, however, is
given in Eq. (6.18). Introducing ξ ≡ S0 /t, we find zero qubit-cavity coupling at
p
ξ = 2/3 εM /(U 2 − ε2M ), e.g., for the exchange-only DSS εM = 0 the condition is
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Figure 6.2: The transversal qubit-cavity coupling strength g in units of the vacuum
coupling strength g0 as a function of the detuning parameters ε and εM for the asymmetric coupling (left column) and symmetric coupling (right column). The parameters
are chosen as follows; top row [(a) and (b)] tl = tr = 0.02 U , center row [(c) and (d)]
tl = 0.022 U and tr = 0.015 U , and bottom row [(e) and (f)] tl = tr = 0.2 U . The
interdot distances al and ar and the overlaps Sl and Sr are set by the strength of the
tunneling parameters [193, 331]. The black dots denote the DSS. Figure taken from
Ref. [30].
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ξ = 0, thus, S0  1.
Analogously to the transversal coupling we find deep inside the (1,1,1) charge
configuration regime a closed analytical expression for the longitudinal qubit-cavity
coupling strength


1 Jl Re(x12 )
Jr Re(x23 )
gl,A /g0 = √
+
tr 2(al + ar )
2 tl 2(al + ar )


2
(ε + εM ) Jr2 x33
1 (ε − εM ) Jl x11
+
.
+
4
U
U
t2r al + ar
t2l al + ar
In contrast to the transversal coupling the expression above for the longitudinal coupling vanishes for a completely symmetric setup gl,A,0 = 0.

6.2.3

Symmetric architecture

Alternatively, one can place the TQD in the cavity such that the center QD is connected to the transmission line while the outer two QDs are connected with the ground
plane [193] [see Fig. 6.1 (d)]. In this scheme, the electric field is not aligned continuously with the x-axis or any other axis, but it changes sign and strength in the center.
This setup effectively couples the qubit to the detuning parameter εM . Fig. 6.1 (e)
shows the expected electric field as a function of position which without screening
effects can be described as a jump function. To model the electric field, we use
1
E(x̂) =
π



−1

tan





x̂
π(al − ar )
+
,
T (al + ar )
2(al + ar )

(6.20)

where T is a screening parameter that softens the step [see Fig. 6.1 (e)]. Note that E
is an operator here because it is a function of the position operator. Hence, we obtain
for the qubit-cavity interaction
HS = −e E(x̂) x̂ (a + a† ).

(6.21)

This Hamiltonian can be understood as a generalization of the single-mode dipole
interaction [349] Hdip = −eE · x, in which the electric field E(x̂) can be dependent
on the position x̂ associated with the architecture of the qubit inside the cavity. For
the qubit-cavity strength for the symmetric architecture we find
gS ≡ −e hg| E(x̂) x̂ |ei ,

(6.22)
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Figure 6.3: Longitudinal qubit-cavity coupling strength gl in units of the vacuum coupling strength g0 as a function of the detuning parameters ε and εM for the asymmetric
coupling (left column) and symmetric coupling (right column). The parameters are
chosen as follows; top row [(a) and (b)] tl = tr = 0.02 U and bottom row [(c) and (d)]
tl = 0.022 U and tr = 0.015 U . The interdot distances al and ar and the overlaps Sl
and Sr are set by the strength of the tunneling parameters [193, 331]. The black dots
denote the DSS.

130

CHAPTER 6. THREE-SPIN QUBIT-CAVITY COUPLING

with |gi again being the ground state and |ei the first excited state. Unfortunately, gS
cannot be expressed in a closed analytical form in the general case. In Fig. 6.2 (right
column), the results are numerically calculated and plotted for the same parameter
settings as for the asymmetric architecture (left column). We find the weakest values
for the qubit cavity coupling again deep inside the (1,1,1) charge configuration regime,
which is expected due to the large energy required to enable a charge transition. In
the vicinity of the expected charge transition areas which includes the DSS we find
the strongest coupling strength. For ε = 0 and tl = tr (for tl 6= tr slightly shifted) the
symmetric coupling gS vanishes since for this architecture a charge transition between
(1,0,2) and (2,0,1) or (1,2,0) and (0,2,1) is unfavorable with both outer QDs being
at the same potential. In contrast to the asymmetric architecture, the symmetric
implementation should favor a charge transition associated with an electron transfer
only between the left (right) and center QD, thus, |2i ↔ |4i (|3i ↔ |5i). Thus, we
expect a strong response seen in a horizontal line from left to right in the (ε, εM )
parameter plane through the center (see Fig. 6.2). We believe the reason for the
absence of this line in the numerical results (Fig. 6.2, right column) is the absence of
the (2,1,0) and the (0,1,2) charge configurations in our model.
Analogously, in Fig. 6.3 (right column) the longitudinal qubit-cavity coupling
strength is numerically calculated for symmetric and asymmetric tunnel couplings.
We find the weakest response again inside the (1,1,1) charge regime but it never vanishes completely. Interestingly, we have a finite coupling strength at  = 0.
Inside the (1,1,1) charge configuration regime and assuming a large screening T >
1, thus, justifying an expansion of the position dependent electric field,
E(x̂)/E ≈ x̂/πT (al + ar ) + (al − ar )/2(al + ar ) we find an analytical expression for
the qubit-cavity coupling defined in Eq. (6.22)
gS /g0 =

al − ar
1
hg| x̂ |ei +
hg| x̂2 |ei
2(al + ar )2
πT (al + ar )2

(6.23)

The first term hg| x̂ |ei is the asymmetric coupling given in Eq. (6.18) and for the
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Figure 6.4: (Top row) The minimal vacuum coupling g0 [see Eq. (6.27)] needed to reach
strong coupling between the qubit and the cavity under the assumption that qubit
dephasing is the dominant loss mechanism. (Bottom row) Minimal Q-factor of the
cavity [see Eq. (6.28)] needed for successful entanglement between two qubits in the
same cavity. Subfigure (a) and (c) show the results for the asymmetric architecture and
only noise in the asymmetric detuning parameter ε while (b) and (d) show the results
for the symmetric architecture and only noise in the symmetric detuning parameter
εM . The parameters are chosen as follows; ωph = 4.7 GHz, g0 = 2π × 10 MHz, tl =
0.022 U , tr = 0.015 U , and Aq = (10−3 U ) where q = ε in (a) and q = εM in (b).
The datasets for Tϕ are obtained from Fig. 5.4 (a) and Fig. 5.4 (c). For the scale of
Tϕ and g we used an explicit value of U = 1 meV. The black dots denote the DSS.
Figure taken from Ref. [30].
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second term we obtain analogously
√  2 2

3 Jl x11 Jr2 x233
hg| x̂ |ei =
−
4
t2r 2
t2l 2
√ 

3
(ε − εM ) Jl x11 2
√
Re(x12 ) +
+
4
U
tl 2
√ 

3
(ε + εM ) Jr x33 2
√
−
Re(x23 ) −
.
4
U
tr 2
2

(6.24)

For a completely symmetric setup, ε = 0, al = ar ≡ a, Sl = Sr ≡ S0 , and tl = tr ≡ t
which leads to Jl = Jr ≡ J0 , Re(x12 ) = −Re(x23 ) ≈ −3aS0 and x11 = −x33 ≈
−a. Thus, in this fully symmetric case, both Eq. (6.24) and Eq. (6.23) yield gA =
0. This result is consistent with previous results using a simple phenomenological
approach [193].
Again, we analogously find a closed analytical expression for the longitudinal qubitcavity coupling strength inside the (1,1,1) charge configuration regime
gl,S /g0 =

1
al − ar
(hg| x̂ |gi − he| x̂ |ei) +
(hg| x̂2 |gi − he| x̂2 |ei).
2
4(al + ar )
2πT (al + ar )2
(6.25)

The first term (hg| x̂ |gi − he| x̂ |ei)/2 is the asymmetric coupling given in Eq. (6.20)
and for the second term we obtain analogously


1
1
Jl
Jr
2
2
(hg| x̂ |gi − he| x̂ |ei) = √
Re(x12 ) + Re(x23 )
2
tr
2 2 tl


2
1 (ε − εM ) Jl
(ε + εM ) Jr2
+
(x11 − x22 ) −
(x33 − x22 ) .
4
U
U
t2r
t2l
Note the similarity of the expression above to the first order transversal coupling for
the asymmetric architecture. For a complete symmetric setup this simplifies to the
non-vanishing expression
1
J0 εM
(hg| x̂2 |gi − he| x̂2 |ei) → 2
x22 .
2
U − εM

6.2.4

(6.26)

Qubit-resonator system under the influence of charge noise

In a last step both architectures are compared with respect to both the transversal qubit-cavity coupling strength g and the dephasing Tϕ due to charge noise from
chapter 5. In order to achieve strong coupling between the qubit and the cavity two
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conditions have to be fulfilled, g > γ, κ with the dephasing rate γ ≡ 1/Tϕ and the
cavity-loss rate κ ≡ ωph /2πQ being inversely proportional to the quality factor Q of
the cavity [245, 249]. Earlier experiments indicated that strong coupling was denied
by decoherence effects [355, 376] but recent experiments achieved strong coupling with
g0 ≈ 100 MHz [248]. The limiting condition is
g0 >

1
Tϕ g/g0

(6.27)

with the relative qubit-cavity coupling g/g0 from Eq. (6.18) for the asymmetric architecture or Eq. (6.23) for the symmetric one. Alternatively, placing two qubits (here
for simplicity assumed to be identical) in the same cavity allows for a long-range twoqubit interaction [193, 194, 246]. Working in the dispersive regime where the cavity
mode is only virtually occupied gives rise to the universal two-qubit iswap gate in the
time-step [193] tiswap = ωph /8Qg 2 . In order to successfully entangle the qubits, the
minimal condition is tiswap < Tϕ , thus,
Q>

ωph
.
8Tϕ g 2

(6.28)

In Fig. 6.4 the key requirement for strong coupling, Eq. (6.27) and for entanglement,
Eq. (6.28), are plotted as a function of the detuning parameters for the asymmetric (left column) and the symmetric (right column) architecture. Concerning charge
noise, all electric fluctuations except fluctuations in the coupling parameter (ε or εM )
are neglected due to a strong suppression in ideal resonators. Independently of the
used architecture the strongest response and therefore the weakest requirements (both
g0 and Q) are located at their respective SSS for charge noise if they do not intersect
with the lines where g ≈ 0 for the qubit-cavity coupling. Note that in this simple
model the DSS play no role since we are considering only a single noise parameter
and our results indicate that the asymmetric coupling is beneficial due to a stronger
qubit-cavity coupling under the assumption of identical noise in both detuning parameters. However, recent investigations suggest that noise coupled to the symmetric
detuning parameter εM is considerably weaker than for the asymmetric detuning parameter ε. [294] Including tunneling noise does not further discriminate between the
two architectures since both are affected in the same way, thus, are neglected in this
study. Estimating realistic numbers, we find that a qubit-cavity vacuum coupling
g0 > 1 kHz is sufficient for reaching strong coupling and one can successfully entangle two qubits with Q > 10 if the qubit is operated at the corresponding DSS, i.e.,
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top and bottom DSS for the asymmetric architecture and left and right DSS for the
symmetric architecture. In a recent experiment strong coupling between a three-spin
qubit and a microwave resonator was achieved at the upper DSS using the asymmetric
architecture [248].

6.3

Summary

In this chapter, we have presented a full description of the coupling between a threespin qubit and a high-finesse transmission line cavity. Two basic alignments of connecting the physical qubit and the cavity are considered. An asymmetric architecture
where the first and the last QDs are on opposite potentials giving rise to a constant
electric field and a symmetric architecture where both outer QDs are on the same
potential while the center QD is connected with the transmission line of the cavity.
For both alignments we have provided a detailed map of the transversal and longitudinal coupling strength in parameter space. Analytical results are derived inside the
(1,1,1) charge regime fully agreeing with and extending previous results where they
exist. Additional features only appearing in the extended model were discussed.
Considering transversal coupling, the best working points for the asymmetric architecture were located nearby the (2, 0, 1) ↔ (1, 0, 2) and (1, 2, 0) ↔ (0, 2, 1) charge
transitions (the exact position depending on the parameter setting) featuring the top
and bottom DSS as favorable choices. For the symmetric alignment these points turn
out to be less favorable within the scope of our model and working points nearby
the (1,1,1) charge transitions should be favored in order to obtain decent coupling
strength combined with a long coherence of the qubit. In a direct comparison assuming identical noise the asymmetric transversal coupling is beneficial due to the
stronger qubit-cavity coupling.
Considering longitudinal coupling, the best working points for the asymmetric
architecture do not coincide with the position of sweet spots. This is clear, since
longitudinal coupling is also the dominant process which couples charge noise to the
qubit. In the presence of long-wavelength (low-frequency) charge noise this coupling
should be minimized. For the symmetric architecture the situation is different since
theoretical models indicated that charge noise coupling through the quadrupole is only
10% [294]. Therefore, the symmetric architecture seems favorable for longitudinal
coupling. For an experimental realization an alternative schemes using a modulated
coupling (see chapter 7) is also interesting since recent experiments indicate that
charge noise coupled via the quadrupole may be stronger than predicted [360].

Chapter 7

Valley-resolved spectroscopy of a
Si triple quantum dot coupled to
a microwave resonator

The electron valley degree of freedom in nanostructures is still not fully understood and therefore represents an unpredictable system parameter, present in
most materials with nuclear spin-free isotopes such as silicon and graphene. It is
known that the valley degree of freedom can be described as a pseudo-spin in a
two dimensional electron gas (2DEG) whose attributes, i.e., valley-splitting and
valley-phase, drastically depend on the interface of the heterostructure. A single
atomic step can change the quantization axis of the pseudo-spin, the complex
phase of the valley-orbit coupling, of an electron by as much as π. This has a
large impact on silicon quantum computation for most qubit implementations,
which use the spin degree of freedom to encode the information. For the three
electron-spin exchange-only qubit the presence of the valley leads to several noncomputational states in which the information can “leak” into . This gives rise to
a complex energy diagram with a high density of states making it difficult to find
the optimal parameter regime for encoding the qubit information. Therefore,
a precise knowledge of the valley structure is required for a high-fidelity qubit
implementation.
In this chapter we theoretically study a silicon triple quantum dot (TQD) system coupled to a superconducting microwave resonator via its electric “quadrupole”
moment. A set of measurements are proposed which allow us to read out relevant
system parameters for a triple quantum dot system. The response signal of an
injected probe signal can be used to extract information about the level struc-

135

136

CHAPTER 7. VALLEY SPECTROSCOPY
ture by measuring the transmission and phase shift of the output field which can
further be used to gain knowledge about the valley splittings and phases in the
individual dots. Since relevant valley states are typically split by several µeV, a
finite temperature or an applied external bias is required to populate energetically
excited states. The theoretical methods in this chapter include a capacitor model
to fit experimental charging energies, an extended Hubbard model to describe the
tunneling dynamics, a rate equation model to find the occupation probabilities,
and an input-output model to determine the response signal of the resonator.
The chapter is organized as follows. Firstly, we introduce a general theoretical
model of the TQD system in Section 7.1. For this we use a classical capacitor
model to find the electrostatic energies of the electrons and substitute them into
an extended Hubbard model to account for hopping of the electrons between
the dots (see subsection 7.1.1). Subsequently in subsection 7.1.2, we use a Master
equation to find the steady state solution of the electron dynamics in the presence
of dissipative processes. This allows us to find the corresponding occupation
probabilities. Finite temperature effects or an externally applied bias are included
in our model. In subsection 7.2, we consider the response of a superconducting
microwave cavity dispersively coupled to the TQD system and use input-output
theory to derive analytical expressions for the response signal. Subsequently in
Section 7.2, we show how one can read out the relevant system parameters from
the amplitude and phase of the cavity response. The chapter is concluded by a
summary and outlook in section 7.3. A brief appendix A provides details about
the simulation.
All results in this chapter are prepared for publication by Maximilian Russ,
Csaba G. Péterfalvi, and Guido Burkard where Csaba G. Péterfalvi and the author of this thesis contributed equally. Changes were made to the structure, text,
and notations to keep consistency in this thesis. The model for the electron and
valley dynamics in section 7.1 and the discussion of the results in section 7.2
were mainly developed by myself. The complex model to estimate the occupation
probabilities of the electrons in subsection 7.1.2 was mainly developed by Csaba
G. Péterfalvi.

7.1

Theoretical description

Our system consists of a triple quantum dot (TQD) connected to two leads and a
superconducting transmission line resonator via the center gate (see Fig. 7.1). In order
to describe the TQD theoretically, we first construct the bare electron Hamiltonian H
of the system and introduce the interaction to the leads and the microwave resonator
later. We consider a basis with 0, 1, 2 or 3 electrons with spin and two-fold valley

degeneracy in each dot. For a fixed number of electrons ne , there are dd ndse dv possible
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basis states with dd ds dv = 3 × 2 × 2 = 12 being the product of the number of
dots dd , the spin degeneracy ds , and the valley degeneracy dv . Therefore, we find

P3
12
= 299 basis states in total. Here, we restrict our analysis to the
N =
i=0 i
two lowest laying orbital levels. Silicon quantum dots typically have relatively large
orbital energies Eorb = 3 − 5 meV [60, 377], thus, the impact of higher orbitals levels
can be neglected for temperatures kB T  Eorb and applied voltage biases Vl − Vr 
Eorb /|e|||α|| where e is the electron charge and ||α|| is the norm of the lever arm
matrix [170].

7.1.1

Hamiltonian

In order to obtain a good agreement of our theoretical studies with experiments we
rely on a description with the extended Hubbard model discussed in section 3.3.1.
The electrostatic energies are given by a capacitor model of the TQD, schematically
shown in Fig. 7.1. The free energy of the triple dot system reads [79]
F =

T
1 −1
Cdot Qeff Qeff ,
2

(7.1)

where T denotes the transposition and

Qeff

nL





V1



 
 
= e nC  − Cgate V2  − Clead
nR

V3

Vl
Vr

!
(7.2)

quantifies the total effective charge on the quantum dots composed of the electron
occupation number ni and the applied gate voltages V = (V1 , V2 , V3 )T . Here e < 0
denotes the electron charge and ∆V = Vl − Vr the applied bias voltages between the
left and right leads. The dot capacitance matrix reads


C1


Cdot =  −C12

−C12 −C13
C2

−C13 −C23




−C23 
C3

(7.3)
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Figure 7.1: Illustration of the setup: (a) a superconducting microwave resonator capacitively coupled to a linearly arranged silicon triple quantum dot (TQD) via the
center plunger gate V2 . We probe the cavity with the input signal ain . Measurement
of the transmitted signal aout can be used to reconstruct the energy landscape of the
TQD. (b) Capacitor model of the TQD where each dot is filled with ni electrons
(i = L, C, R) and capacitively coupled to an electrostatic gate, V1 , V2 , V3 . The capacitances Cvi denote the capacitance between gate v = 1, 2, 3 and dot i = L, C, R.
The coefficients Ci,j describes the capacitance between the electrons in dot i and lead
j = l, r. Applied voltages to lead reservoirs are denoted by Vj . The mutual capacitance Cik describes the electrostatic interaction between the electrons in the QD i
and QD k. Black lines capacitively couple neighboring dots, leads or gates and gray
lines denote next-neighbor coupling. Cross-coupling between the electrostatic gates is
neglected since it leads only to an overall shift in energy [79].
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which contains the self capacitances Ci and the mutual capacitances C12 , C23 and
C13 . The capacitances between the gates and the dots reads




C1L

C2L

C3L


Cgate = −  C1C

C2C


C3C 
C3R ,

C1R C2R

(7.4)

and


0

−CL,l





Clead =  −CC,l CC,r 
0
−CR,r

(7.5)

contains the capacitances between the dots and the left and right lead. For later
convenience we also define the chemical potential in each dot


µL (V ) =F (nL + 1, nC , nR ), V − F (nL , nC , nR ), V ,


µC (V ) =F (nL , nC + 1, nR ), V − F (nL , nC , nR ), V ,


µR (V ) =F (nL , nC , nR + 1), V − F (nL , nC , nR ), V .

(7.6)
(7.7)
(7.8)

The total Hamiltonian of the hybrid TQD-resonator system is given by
H = Hcharge + HZeeman + Hvalley + Htunnel ,

(7.9)

where the individual contributions are introduced below.
The electrostatic interaction is described by the Hamiltonian
X ∂F (nL , nC , nR ), V
Hcharge = F (0, 0, 0), V +
∂ni
i

1 X ∂ 2 F (nL , nC , nR ), V
+
n̂i n̂j
2
∂ni ∂nj
nL,C,R =0





n̂i
nL,C,R =0

(7.10)

i,j

with n̂i =

†
s,v ci,s,v ci,s,v

P

and the free energy F defined in Eq. (7.1). Here c†i,s,v (c†i,s,v )

creates (annihilates) an electron in dot i = L, C, R, with spin s =↑, ↓, and occupying
the v = ± valley state.
An externally applied magnetic field B breaks the spin-degeneracy. Considering
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a homogeneous magnetic field B = (0, 0, B), the Zeeman splitting is described by
Hzeeman =
with n̂s =

P

†
i,v ci,s,v ci,s,v .

EZ
(n̂↑ − n̂↓ )
2

(7.11)

The Zeeman energy is EZ = gµB B where g ≈ 2 is the

electron g-factor in silicon. To be precise, the electron g-factor depends on the valley and orbital level and is slightly anisotropic giving rise to small magnetic field
gradients [378]. In this chapter this small anisotropy is neglected.
For a silicon heterostructure the two minima in the conduction band [39] give rise
to the valley degree of freedom. From Eq. (3.5) the valley splitting can be expressed
locally in QD i (see section 3.1) as
Hv,j

1
=
2

0

∆j

∆∗j

0

!
(7.12)

with the complex quantity [see Eq. (3.6)] ∆j = EV,j eiφj consisting of the valley
splitting EV,j and valley phase φj in dot j = L, C, R. Because of atomistic defects
at the silicon interface the valley pseudo-vector can have a different phase in each
dot [31, 72, 323, 379]. The valley Hamiltonian in the valley eigenbasis of each dot can
be written as
Hvalley =

3
X
EV,i
i=1

with n̂i,v =

†
s ci,s,v ci,s,v .

P

2

(n̂i,+ − n̂i,− )

(7.13)

In this particular choice of representation the valley phase

is transferred to the coupling matrix elements between the quantum dots. All singlequbit inter-dot matrix elements are renormalized [72]
c†i,s,v cj,s,u → cos(θij ) c†i,s,v cj,s,u + i sin(θij ) c†i,s,v cj,s,ū

(7.14)

with i, j = L, C, R, v = ±, u = ± and ū = −u. The real-valued quantities θij =
(φi − φj )/2 can be visually interpreted as the angle between the direction of the valley
pseudo-spin in dot i and dot j.
Off-diagonal elements of H allow for coherent hopping of electrons between neighboring quantum dots. In our model hopping is only allowed between basis states with
the same total electron number, the same total spin, and the same momentum (conservation of valley). Because of the renormalization of inter-dot matrix elements, the
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tunneling Hamiltonian reads as
Htunnel =

X



tij cos(θij ) c†i,s,v cj,s,v + i sin(θij ) c†i,s,v cj,s,v̄ ,

(7.15)

i,j,s,v

with tij = tji . We define
tL = cos(θLC ) t12 ,

(7.16)

t0L =i sin(θLC ) t12 ,

(7.17)

tR = cos(θRC ) t23 ,

(7.18)

t0R = − i sin(θRC ) t23 ,

(7.19)

t13 = cos(θLR ) t13 ,

(7.20)

t013

(7.21)

= − i sin(θLR ) t13 .

The tunnel barriers are assumed to be aligned such that the hopping matrix elements
between the ground states are equal in strength, i.e., |tL | = |tR |. Note, to avoid
infinite expressions in our simulation, we chose the valley phases θ12 6= n1
θ23 6=

n2 π2

π
2

and

with integer n1 , n2 . Because of the linear alinement of the TQD direct

hopping between the left and the right dot becomes negligible, thus, we set t13 = 0.
As a consequence the valley phase θLR becomes undetectable.

7.1.2

Occupation probabilities

In order to calculate the occupation probabilities of the dots, we assume that incoherent transitions can occur between the eigenstates of H, both internally and via
electron hopping between the TQD and the leads. These incoherent interactions with
the environment can be taken into account with the Lindblad master equation
i
ρ̇ = − [H, ρ] + D(ρ),
~

(7.22)
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where ~ is the reduced Planck constant, ρ is the density matrix. The dissipative part
D(ρ) consists of the following terms
D(ρ) =

X

Γi

v=±,s=↑↓
i=L,R

+

X


1
1
c†i,s,v ρci,s,v − ρci,s,v c†i,s,v − ci,s,v c†i,s,v ρ
2
2

1 †
1 †
− ρci,s,v ci,s,v − ci,s,v ci,s,v ρ
2
2

1 †
1 †
− ρbλλ0 bλλ0 − bλλ0 bλλ0 ρ .
2
2

(7.23a)

+ ci,s,v ρc†i,s,v

(7.23b)


bλλ0 ρb†λλ0

(7.23c)

λ,λ0

Here Γi is the transition rate at the lead i = L, R, and the operators c†i,s,v and ci,s,v
create and annihilate an electron in dot i and valley v with spin s, respectively. The
sum of (7.23a) corresponds to the flow of electrons from lead i = l, r into dot i = L, R,
while (7.23b) describes the current in the opposite direction, out of the dot to the
lead. The third term (7.23c) describes excitations within the TQD, i.e. incoherent
interactions with a bosonic bath, such as phonons, that can induce transitions from
one eigenstate of H to the other with the sameqtotal number of electrons in the dots
−1
0
with the same total spin. The operator bλλ0 = τλλ
0 |λi hλ | takes the system from an
−1
initial state |λ0 i to a final state |λi with a transition rate τλλ
0.

We assume that the level broadenings, caused by the interaction with the leads
and the bosonic bath, are smaller than the level splittings between the eigenstates
of H which we ensure by an external magnetic field B. This is the so-called secular
approximation [380], which results in a steady-state density matrix ρ diagonal in the
eigenbasis of H. This significantly simplifies the Lindblad equation (7.22), where the
commutator vanishes and after taking the matrix representation of the remaining
dissipative term in the eigenbasis of H, we obtain Redfield equations for the diagonal
elements of the steady-state solution
0 = ρ̇n =

X

Γj (ρm cmjn − ρn cnjm

(7.24a)

m
j=L,R

+

X
m6=n

+ ρm cnjm − ρn cmjn )
X
−1
−1
τnm
ρm −
τmn
ρn ,

(7.24b)
(7.24c)

m6=n

where m, n runs over all diagonal elements of ρ. The expressions (7.24a)-(7.24c) are
approximations of their respective counterparts (7.23a)-(7.23c). Here ρn ≡ hn| ρ |ni is
P
the n-th diagonal element of the density matrix ρ, and cmjn = v,s |hm| cj,s,v |ni|2 ,
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which can be finite only if there is one more electron in state |ni than in |mi.
We can extend this description toward finite temperatures in the leads with the
following replacement rules in Eq. (7.24)
ρm cmjn

→ ρm cmjn nnjm

(7.25a)

ρn cmjn

→ ρn cmjn nmjn ,

(7.25b)


where nmjn = nFD Em − En + (νm − νn )|e|Vj , T , Em and En are the eigenenergies,
νm and νn the number of electrons in the given eigenstates of H, and
nFD (δEj , T ) =

1
exp(δEj /(kB T )) + 1

(7.26)

is the Fermi-Dirac distribution of the electrons in the lead j, with kB and T being the
Boltzmann constant and the electron temperature.
−1 transition rates in
To include finite temperature effects in Eq. (7.24c) the τmn
−1 = γ
(7.24c) are redefined as τmn
mn nBE (Em − En , T ). We use the following phe-

nomenological model
γmn = hm||·| Γeff |ni|·| .

(7.27)

to describe the incoherent decay rate from |mi → |ni where |m, ni denotes the eigenstate with eigenenergy Em,n . In our model |mi|·| denotes the absolute-valued eigenvector by taking the absolute value of each entry in |mi and the matrix elements of
the effective decay rate read

Γeff,ij




γ

 v
= γc



0

Γv,ij 6= 0
Γc,ij 6= 0 and Γv,ij = 0 .

(7.28)

otherwise

Here, the matrices Γc and Γv include all transitions between charge and valley states
with the charge decay rate γc and the valley decay rate γv . We neglect any spin-related
decays due to the much longer relaxation rates involving a spin-flip on the order of
milliseconds. Because of γc  γv a decay channel, where both the charge and the
valley changes, is always limited by the smaller decay rate and the valley decay Γv
serves as a bottleneck of the process. Note that the matrices Γeff , Γc , and Γv are
necessarily be represented in the eigenbasis of the uncoupled system in which spin,
valley, and charge configurations are well-defined quantum numbers. The temperature
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dependent prefactor
nBE (δE, T ) =

1
+ Θ(−δE)
exp(|δE| /(kB T )) − 1

(7.29)

accounts for the Bose-Einstein statistics of the environmental thermal bath, which is
assumed to be in thermal equilibrium with the electronic system and having an approximately constant density of states in the relevant energy window of the transitions.
Θ(·) denotes the Heaviside step function.
Eq. (7.24) can be put in a more concise form, which also reflects the temperature
dependence
0 = ρ̇n =

X

(Γnm ρm − Γmn ρn ) +

m6=n

X


−1
−1
τnm
ρm − τmn
ρn ,

(7.30)

m6=n

where the total decay rate Γmn of the state |ni to state |mi with one electron hopping
on or off the TQD is given by
X

Γmn =

Γj (cmjn + cnjm ) nmjn .

(7.31)

j=L,R

Note that depending on the direction of the hopping, either cmjn or cnjm will be
zero. This set of classical rate equations can also be formulated as a matrix equation
M ρ = 0, where ρ is a vector of the diagonal elements of the density matrix ρ. The
steady-state solution in the secular approximation is thus provided by the nullspace
of the matrix M , as a normalized vector of the probabilities ρk for finding the system
in its kth eigenstate. If the calculation of the nullspace of M does not return the
expected, physically meaningful result because of numerical inaccuracies, then the
direct integration of Eq. (7.30) with the initial condition of a thermal distribution can
deliver the correct solution.

7.1.3

Input-ouput theory

For read-out of the energies in the system, one can directly connect the oscillating
voltage generated inside the microwave resonator to one of the gate potentials [see
Fig. 7.1 (a)]. The response of the system to a microwave probe field due to this electric
dipole coupling can be determined using cavity input-output theory (see section 3.4.2).
We assume that the microwave field can induce transitions between all energy levels
of the TQD, whereby transitions between neighboring energy levels are more likely
for low temperatures and bias voltages. Following the calculation given in Refs. [72,
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356, 357] the transmission coefficient A for the TQD is
√
−i κ1 κ2
A=
.
P
PN
ωres − ωP − iκ/2 + gc N
m=1
n=1 dm,n χm,n

(7.32)

The electric susceptibility of the TQD is given by
χn,m =

−gc dm,n (ρn − ρm )
.
Em − En − ωP − iγm,n /2

(7.33)

Here dn,m is the dipole matrix element pertaining to the n → m transition and nFD
and γm,n are defined in Eqs. (7.26) and (7.27). The total cavity decay rate is κ =
κ1 + κ2 + κi , where κ1 and κ2 are the photon decay rates through the input and
output ports and κi is the internal photon decay rate. The probe frequency and the
cavity resonance frequency are denoted by ωP and ωres , and gc (also commonly known
as gc = 2g0 ) is the electric dipole coupling strength. The summation in (7.32) runs
over all the possible transitions within the N -electron states, and the eigenstates are
indexed with increasing eigenenergies En . The dipole matrix can be calculated easily
in the basis of H, by taking the derivative
D=

∂H(V1 , V2 , V3 )
,
∂V2

(7.34)

with gate V2 connected to the resonator [see Fig. 7.1 (a)]. The dipole matrix elements
are then accordingly defined as
dm,n = hm| D |ni .

7.2

(7.35)

Results

Our goal is to extract spectral information about the energetic structure, in particular
the valley splitting and valley phase, of the triple quantum dot system by measuring
the output signal of the microwave resonator. We expect, in analogy to Ref. [72], that
the finite dipole moment at avoided crossings in the triple quantum dot system yields
measurable features in the output signal. Ideally, the location of these features as a
function of detuning parameters allows us to reconstruct the energy spectrum of the
triple dot. In order to limit the number of anti-crossings we first analyze the case of
a single electron in the triple dot. Afterwards, we use the collected information to
interpret the case of three electrons which has broad interest due to the realization as
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an exchange-only qubit [9].
We further consider a homogeneous magnetic field with Zeeman spin splitting
EZ,i = EZ = 0.4 µeV larger than typical valley splittings EZ > EV,i for i = L, C, R
in SiGe quantum dots. The presence of a magnetic field allows us to ignore the
spin degree of freedom and focus solely on valley physics. The remaining simulation
parameters are listed in appendix A.

7.2.1

One electron in a triple quantum dot

Considering a single electron in the TQD the total Hamiltonian reads
H1e = Hcharge,1e + Hvalley,1e + HZeeman,1e + Htunnel,1e

(7.36)

which can be acquired from Hamiltonian (7.9) and using N = 1. The charge Hamiltonian


ε−


Hcharge,1e = 

0
0

εM
3

0

0

2εM
3

0

0

−ε −


εM
3

 εg
 + 13
2

(7.37)

contains the electrostatic interactions from the capacitor model. The two detuning
parameters are defined as
ε =(µL − µR )/2
εM =µC − (µL + µR )/2

(7.38)
(7.39)

where µi is the chemical potentials of quantum dot i = L, C, R given in Eqs. (7.6)-(7.8)
with N = (0, 0, 0). The average energy in the TQD is then given by
εg = (µC + µL + µR )/3.

(7.40)

Through a variation of εg the total amount of electrons inside the TQD can be adjusted. Furthermore, we introduce two additional detuning parameters
εL =(µL − µC )/2,

(7.41)

εR =(µR − µC )/2.

(7.42)
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Figure 7.2: (a) Calculated phase response of the probe signal of the TQD filled with a
single electron coupled to the microwave cavity for T = 1 K and no applied voltage bias
∆V = 0 as a function of the TQD detuning parameters ε and εM . Here (nL , nC , nR )
denotes the occupation of dot i by ni with i = L, C, R electrons. The left and right
white lines are cuts along the double quantum dot (DQD) detuning parameters εL
and εR while keeping εg and the respective orthogonal detuning parameter fixed. This
allows for the investigation of the (1,0,0)-(0,1,0) and (0,0,1)-(0,1,0) charge transition.
(b) Phase response of the probe signal of the TQD coupled to the microwave cavity
for T = 500 mK and applied bias ∆V = 0.2 mV. Similar features are visible as for
the high-temperature phase response with zero bias. (c) Cut along εL (white line
in (a)) and the energy of the four lowest eigenstates, E1 , E2 , E3 , E4 , is plotted as
function of εL . The peaks 1L , 2L , 3L , and 4L in the phase response correspond to an
anti-crossing between states |E2 i ↔ |E3 i, |E1 i ↔ |E2 i, |E3 i ↔ |E4 i, and |E2 i ↔ |E3 i.
(d) Cut along εR (white line in (a)). For identification of the avoided crossings also
the energy of the four lowest eigenstates, E1 , E2 , E3 , E4 , is plotted as function of
εR . For convenience the E2 + ~ωres (black-dashed) is also shown. The peaks 3R and
4R in the phase response correspond to an anti-crossing between states |E1 i ↔ |E2 i
and |E3 i ↔ |E4 i. The very sharp peaks 1R and 2R and 5R and 6R correspond to the
condition E3 − E2 = ~ωres (crossings of black-dashed line).

148

CHAPTER 7. VALLEY SPECTROSCOPY

These two detuning parameters have two implications. Firstly, εL and εR allow for
a simple investigation of the (1,0,0)-(0,1,0) and (0,0,1)-(0,1,0) charge transitions. At
these transitions the TQD behaves like a DQD with one charge state highly separated
in energy. This effectively reduces the system to a conventional charge qubit. Secondly,
unlike the set, ε, εM , and εg , the set εL , εR , and εg does not form an orthogonal set.
Therefore, it is impossible to sweep through the left charge qubit along εL while
keeping the average energy εg and the right-center detuning εR constant. Respective
cuts along εL and εR seem to be non-orthogonal to the respective charge transition in
(ε, εM ) space [see Fig. 7.2 (a)].

Extracting valley splitting
The valley physics effectively creates two copies of the charge states which are intercoupled by the valley non-conserving tunnel amplitudes. Therefore, instead of a single anti-crossing between charge states we expect to see four anti-crossings [72]. In
Fig. 7.2 (a) the phase shift of the cavity signal for the single electron is shown as a function of the two detuning parameters ε, εM . At the (1,0,0)-(0,1,0) and the (0,0,1)-(0,1,0)
charge transitions we see the splitting of a single line into three and five distinct lines.
A cut along the left-center detuning εL shows in comparison to the level diagram that
the phase responses directly match the corresponding valley splittings [see Fig. 7.2 (c)].
We see a phase response (peak) at 1L = − (EV,L + EV,C ) /4, 2L = − (EV,L − EV,C ) /4,
3L = (EV,L − EV,C ) /4, and 4L = (EV,L + EV,C ) /4.
A cut along the right-center detuning R shows a very similar phase response [see
Fig. 7.2 (d)]. We see a phase response (peak) at 3R = − (EV,R − EV,C ) /4 and 4R =
(EV,R − EV,C ) /4. However, there is no phase response at εR = − (EV,R + EV,C ) /4
and εR = (EV,R + EV,C ) /4 but instead two phase responses (each a sharp dip followed
by a sharp peak) at 1R = −62 µeV, 2R = −43 µeV and 5R = 41 µeV, 6R = 60 µeV.
This splitting into two signals appears if the energy splitting at the avoided crossing is
smaller than the resonator frequency, 2t0R < ~ωres . The microwave resonator becomes
resonant with the ground-state excited-state transition ~ωres = E3 − E2 at exactly two
points [see crossing between dashed and solid lines in Fig. 7.2 (d)]. For small tunnel
couplings |t0R |  |EV,L + EV,C |/4 the left anti-crossing between the first and second
excited state in Fig. 7.2 (d) can be approximated by an isolated two-level system with
energy splitting
q
∆ER,1 = 2 (εR − ˜1R )2 + |t0R |2 ,

(7.43)
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where ˜1R is the position in εR detuning space. From the equation above it is obvious
that (1R + 2R )/2 = − (EV,R + EV,C ) /4. Similar, we find the position of the right anticrossing between the first and second excited state at (5R + 6R )/2 = (EV,R + EV,C ) /4.
In total we find the valley splittings EV,L = 72 µeV, EV,C = 92 µeV, and EV,R =
eV,L = 80 µeV, E
eV,C =
112 µeV which are roughly 10% smaller than the input settings E
eV,R = 120 µeV. We attribute this systematic error to a deformation of
100 µeV, and E
the energy levels due to the mixing of the different levels via tunneling. To mitigate
these kind of errors the cuts along εL and εR can be performed further away from the
triple point, ε = εM = 0 where all three charge configurations intersect. Note, that
we assumed a large electron temperature T = 1 K to occupy the excited states and
see features of the excited valley states in Fig. 7.2 (a). In contrast, the phase response
with smaller temperature T = 0.5 K but applied bias ∆V = 0.2 meV between the two
leads shows very similar features [see Fig. 7.2 (b)].
Extracting valley phase
The extraction of the phase is a more challenging task. Following the procedure in
Ref. [77] the valley phase can be estimated by fitting the amplitudes of the phase
response for the avoided crossings at 1L , 2L , 3L , and 4L in Fig. 7.2 (c) to the tunnel
couplings tL and t0L . However, in actual measurements the peaks are broadened by the
influence of charge noise and to reproduce the measurements, the calculated cavity
response should be convolved with a Gaussian of width σi to account for low frequency (quasistatic) noise on the gates i = L, C, R. Unfortunately, this includes two
more unknown parameters making the fits very hard and unstable. Furthermore, this
method requires large tunnel couplings 2|tj , t0j | > ~ωres with j = L, R to gain a single
response signal which for our parameter setting is not fulfilled for the (0,1,0)-(0,0,1)
charge transition. Then the tunnel coupling strength |tR | and |t0R | can be extracted by
fitting to the energy gap. For small tunnel amplitudes Eq. (7.43) provides a sufficient
approximation. Alternatively, for a frequency tunable resonator [248] the tunnel couplings can be extracted using spectroscopy by observing the splitting of the signal into
two signal mentioned above. Using Eqs. (7.16)-(7.19) two valley phases are given by
θLC = tan−1 |t0L /tL | = 0.23 π and θRC = tan−1 |t0R /tR | = −0.2 π. For the extraction of
the final valley phase θLR additional measurements beyond the scope of this chapter
are required.
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Figure 7.3: (a) Calculated phase response of the probe signal of the TQD coupled
to the microwave cavity for T = 1 K and no applied voltage bias ∆V = 0. Here
(nL , nC , nR ) denotes the occupation of dot i = L, C, R with ni with electrons. (b)
Calculated phase response of the probe signal of the TQD coupled to the microwave
cavity for T = 500 mK and applied bias ∆V = 0.2 mV. The left and right white lines
are cuts along the double quantum dot (DQD) detuning parameters εL and εR while
keeping εg and the respective orthogonal detuning parameter fixed. This allows for the
investigation of the (2,0,1)-(1,1,1) and (1,0,2)-(1,1,1) charge transition. (c) Cut along
εL [white line in (b)] and the energy of the four lowest eigenstates, E1 , E2 , E3 , and E4
(red, blue, green, and orange) is plotted as function of εL . For convenience Ei + ~ωres
(black-dashed lines) is also shown. The sharp peaks at 1L , 2L , and 3L correspond to
the condition E2 −E1 = ~ωres and E3 −E2 = ~ωres (crossings of black-dashed line). (d)
Cut along εR [white line in (b)]. For interpretation also the energy of the four lowest
eigenstates, E1 , E2 , E3 , and E4 (red, blue, green, and orange) are plotted as function
of εR . The very sharp peaks 1R and 2R correspond to the condition E2 − E1 = ~ωres
(crossings of black-dashed line).
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Three electrons in a triple quantum dot

The total Hamiltonian of the three-electron case is given by
H3e = Hcharge,3e + Hvalley,3e + HZeeman,3e + Htunnel,3e

(7.44)

which can be acquired from Hamiltonian (7.9) and using N = 3. Focusing only on the
(2,0,1), (1,1,1), and (1,0,2) charge configuration regime where the resonant exchange
(RX) qubit is typically realized, the charge Hamiltonian can be simplified to

ε − εM

HC =  0
0

0

0



0

0


 + 3εg 13

(7.45)

0 −ε − εM

containing the electrostatic interactions from the capacitor model. The detuning parameters ε and εM are up to a constant energy shift identical to Eqs. (7.38) and (7.39).
We choose the average detuning εg such that the TQD is occupied by three electrons.
The left-center and right-center detuning parameters, εL and εR , then allow us to
investigate the (2,0,1)-(1,1,1) and (1,0,2)-(1,1,1) charge transitions. Analogously to
the single-electron case, the dynamics is effectively reduced to an DQD filled with two
electrons.

Extracting valley splitting and phase
The valley physics effectively creates eight copies of the charge states, two from the
valley DOF in each dot, for the (1,1,1) configuration and two copies for the (2,0,1) and
(1,0,2) configuration neglecting the spin due to the Pauli exclusion principle. These
are inter-coupled by the valley non-conserving tunnel matrix elements. Therefore,
instead of a single anti-crossing between charge states we expect to see in the ideal
case 16 anti-crossings between the (2,0,1)-(1,1,1) and (1,0,2)-(1,1,1) charge states. Of
course, to see all crossings a temperature or bias is required such that the excited
states are populated. In Fig. 7.3 (a) and (b) the phase shift of the cavity signal
for three electrons is shown as a function of the two detuning parameters ε, εM . At
the (2,0,1)-(1,1,1) and the (1,0,2)-(1,1,1) charge transitions we could potentially see
the splitting of a single line into 16 distinct lines. Because of the high occupation
probability of the ground state, one anti-crossing is clearly visible while the others
are not. Note, that the maximum phase difference ∆Φ for the three electron case
caused by the resonant condition may be unrealistically large since we omitted the
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influence of charge noise on the plunger gates. The asymmetry in brightness between
the (2,0,1)-(1,1,1) and the (1,0,2)-(1,1,1) charge transitions is due to different energy
detunings ∆ = |(E2 − E1 ) − ~ωres | for the left and right charge transitions.
A cut along the left-center detuning εL provides information about the level splittings [see Fig. 7.3 (c)]. The ground state in the (1,1,1) regime is a polarized valley
state, where all electrons occupy the lower valley state, and in the (2,0,1) charge
regime the two electrons form a valley-singlet state and the remaining electron in
the right dot occupies the ground state. The respective energy crossing occurs at
εL = −(EV,L +EV,C )/4 = (1L +2L )/2. From Fig. 7.3 (c) we find (1L +2L )/2 ≈ −40 µeV
which is consistent with the extracted valley splitting in the single electron case but
still slightly smaller than the real value.
A cut along the right-center detuning εR between (1,0,2) and (1,1,1) charge states
shows similar features [see Fig. 7.3 (d)]. The respective energy crossing occurs at
εR = −(EV,R + EV,C )/4 and we find two surrounding peaks at 1R and 2R which allows
us to estimate −(EV,R + EV,C )/4 = (1R + 2R )/2 ≈ −51 µeV. This matches with the
results in the single electron case.
Unfortunately, further energy crossings are hardly visible for our choice of simulation parameters in the case of three electrons, thus, we refrain from a further analysis.

7.3. SUMMARY AND OUTLOOK
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Summary and outlook

In this chapter we have theoretically investigated the response signal of a probed
microwave resonator coupled to a linearly arranged triple quantum dot via the center
plunger gate. A realistic model of the TQD is used in our analysis which includes
electrostatic cross-talk between the dots and gates via a capacitor model, valley and
spin effects, and the solution of a Redfield master equation to find the occupation
probabilities. We show that a setup consisting of a TQD filled with a single electron
can be used to extract important information from the TQD system such as the valley
splitting and the valley phase. The accuracy of the extracted valley splitting and phase
becomes higher and the interpretation simpler if the TQD is detuned such that one
chemical potential is significantly increased which reduces the triple dot system to an
effective double dot. A setup consisting of three electrons in a triple quantum dot is
in principle capable to deliver the same information but the larger number of energy
levels makes the interpretation of the data more difficult.
The methods introduced in this chapter do not provide a way to measure the
valley angle between the left and right valley pseudo-spin θLR . In our simplified
picture for the tunneling between the dots, a direct tunnel matrix element t13 between
the left and right dot is set to zero which is close to the real scenario for a linear
array. For a triangular geometry of the triple dot all tunnel matrix elements are finite
and the valley angle eiθLR can be directly measured by performing the same type of
measurement to extract θLC and θRC at the (1,0,0)-(0,0,1) charge transition. This
requires the comparison of the tunnel couplings t13 and t013 . Furthermore, we note
that in the presence of a triangular geometry a closed path can give rise to a nonvanishing geometric phase. This can in principle also be used to probe the valley in a
complementary way.
Instead of the two-step measurement discussed in this chapter to extract the energy
spectrum from cuts through the (1,0,0)-(0,1,0) and (0,1,0)-(0,0,1) charge configurations an investigation of the intersection point (1,0,0)-(0,1,0)-(0,0,1) yields the same
information. Considering again the case of a large magnetic field there are n = 8
copies of the intersection point nQ due to the presence of the valley degree of freedom.
The location of the intersection points in detuning space (ε, εM ) are shown in Tab. 7.1
together with an approximate energy level. In principle the three valley splittings
can solely be extracted from the coordinates of two intersection points, e.g., 6Q and
8Q assuming that the detuning (ε, εM ) are already independently calibrated. Since in
the intersection point 8Q a ground state transition is involved a finite occupation of
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ε
1Q
4Q
3Q
4Q
5Q
6Q
7Q
8Q

EV,R
EV,L
4 − 4
E
EV,R
− V,L
4 − 4
EV,R
EV,L
4 − 4
E
EV,R
− V,L
4 − 4
EV,L
EV,R
4 + 4
EV,L
EV,R
4 − 4
EV,L
EV,R
4 + 4
EV,L
EV,R
4 − 4

εM

Eex

EV,L
EV,R
EV,C
2 + 4 + 4
E
EV,L
EV,R
− V,C
2 + 4 − 4
EV,C
EV,L
EV,R
2 + 4 + 4
EV,C
EV,L
EV,R
2 + 4 − 4
E
EV,L
EV,R
− V,C
2 − 4 + 4
E
EV,L
EV,R
− V,C
2 − 4 − 4
EV,C
EV,L
EV,R
2 − 4 + 4
EV,C
EV,L
EV,R
2 − 4 − 4

max(EV,L , EV,C , EV,R )

−

max(EV,L , EV,C )
max(EV,L , EV,R )
EV,L
max(EV,C , EV,R )
EV,C
EV,R
0

Table 7.1: Coordinates of the triple intersection points nQ of (1,0,0)-(0,1,0)-(0,0,1)
charge states in detuning space (ε, εM ) as a function of the valley splittings EV,L ,
EV,C , and EV,R . (Forth column) Estimated energy Eex = E − EGS to populate the
state with respect to the ground state energy at the triple points in the absence of
tunneling. The triple points are only visible in the output signal if there is a finite
population of the corresponding states.

excited levels is not required and a low temperature measurement is possible at this
intersection point. However, without prior calibration of the detuning parameters
(ε, εM ) a minimum of three triple points are required, e.g., 4Q , 6Q and 7Q . Note, that
for 4Q , 6Q , and 7Q no ground-state transition is involved, thus, an excited state needs
to be populated either by thermal energy or via an external bias.
While not visible in our calculated spectrum in Fig. 7.2 because of the smallness of the resonator frequency ~ωres = 32.4 µeV for the chosen tunnel couplings
t12 = 25 µeV and t23 = 23 µeV, these intersection points posses a large electric
quadrupole [294, 360]. Therefore, a symmetric architecture of the TQD resonator
system, i.e, a connection via the center gate, is advantageous for probing of these
triple points.

Chapter 8

High fidelity longitudinal
non-local two-qubit gate between
modulated spin qubits

In this chapter a high fidelity two-qubit protocol between two parametrically
modulated qubits mediated by a superconducting microwave resonator is investigated. The qubits are longitudinally coupled to a common resonator mode
and additionally parametrically modulated which leads to a state dependent shift
in phase space that can be used to perform a universal cphase gate between
the qubits [69, 243, 260, 381, 382]. Because the longitudinal coupling commutates with the qubit Hamiltonian there is no trade-off between fast and highfidelity operations. In contrast the conventional transversal coupling does not
commute with the qubit Hamiltonian and high-fidelity operations are only possible in the dispersive limit where the qubit and resonator frequency are sufficiently
detuned [246]. The gate performance is limited by Purcell decay or higher order
corrections. The longitudinal coupling scheme was first proposed for superconducting qubits [69, 249] and for ion-trap qubit implementations [381]. For spin
qubits the longitudinal coupling required for the cphase gate can be realized
through parametric modulation of the spin qubits [76, 382], through an inhomogeneous electric field [375], and using multi-spin qubits (see chapter 6). While
for superconducting qubits longitudinal coupling can be engineered in a reliable
way [259], additional, problematic terms appear for spin qubits which have been
neglected so far. In this chapter we account for these problematic terms and show
that their effects can be greatly suppressed by using an echo-pulse sequence and
optimizing the parameter settings.
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CHAPTER 8. LONGITUDINAL COUPLING
This chapter is organized as follows. We start in section 8.1 with a simple
derivation of a longitudinal coupling between two modulated three-spin qubits and
a common resonator. Subsequently in section 8.2, we show that the modulated
qubit-resonator interaction can be used to derive an entangling two-qubit cz
gate. Firstly in subsection 8.2.1, the ideal case is investigated where the ac Stark
shifts from the modulation and the resonator are neglected. In subsection 8.2.2
we show that the presence of these terms can lead to fidelities below the errorcorrection threshold. Finally in subsection 8.2.3, conditions for a correcting echo
sequence are derived and a high-fidelity pulse sequence is presented. A supporting
appendix B includes details about the analytical and numerical calculations.
All results presented in this chapter are prepared for publication by Maximilian
Russ and Guido Burkard and were mainly developed by myself.

8.1

Longitudinal qubit resonator coupling

In this section we derive the interaction Hamiltonian between a triple quantum dot
system longitudinally coupled to a common superconducting resonator while being
modulated by an ac signal (see Fig. 8.1). The microwave resonator is connected capacitively to the electrochemical potential of the center QD, VC , corresponding to the
symmetric architecture discussed in chapter 6. However, our derived expressions are
general and can easily be adapted to a different geometry. Additionally, we electri(D)

cally modulate the potential of the center QD, VC , with a drive with amplitude VC ,
frequency ωD , and phase φ. The left electrochemical potential reads then
(D)

VC → VC (t) = VC0 + VC (t) sin(ωD t + φ) + g0 (a + a† ),

(8.1)

where a† and a create and annihilates a photon inside the resonator with frequency
ωres , and g0 denotes the charge-photon coupling between the triple quantum dot and
the resonator. This charge-photon coupling corresponds to the symmetric architecture
discussed in chapter 6. The uncoupled qubit resonator Hamiltonian reads
HTQD,0 = ~ωres a† a +

X

Ej (VC ) |ji hj|

(8.2)

j

with eigenenergies Ej of the triple quantum dot. The coupled Hamiltonian is then
given by the replacement VC → VC (t) [see Eq. (8.1)]. Performing an adiabatic ap-
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proximation allows us to express the coupled system as follows;
†

HTQD (t) = ~ωres a a +

X

Ej +

j

∂Ej
∂VC

VC0

(VC (t) − VC0 ) +

+ O (VC (t) −

VC0 )3



1 ∂ 2 Ej
2 ∂VC2

(VC (t) − VC0 )2
VC0


|ji hj| .

(8.3)

The regime of validity for the adiabatic approximation are qubit splittings ωQ,i  ωD .
In the following we will assume that this condition is met.
Since the Hamiltonian above is diagonal in the TQD system, the hybrid system
consisting of a qubit encoded in the |0i and |1i subspace and the resonator is given
by projection on the qubit states,
H(t) = |0i h0| HTQD (t) |0i h0| + |1i h1| HTQD (t) |1i h1| .

(8.4)

Introducing the qubit splitting ~ωQ (VC ) = E1 − E0 and the total qubit energy
~ΣQ (VC ) = E1 + E0 we finally obtain
~
H(t) = ~ωres a† a + ωQ σz
2
i
~ ∂ωQ h (D)
+
VC (t) sin(ωD t + φ) + g0 (a + a† ) σz
2 ∂VC
i2
~ ∂ 2 ωQ h (D)
†
+
V
(t)
sin(ω
t
+
φ)
+
g
(a
+
a
)
σz
0
D
C
4 ∂VC2
i
~ ∂ΣQ h (D)
+
VC (t) sin(ωD t + φ) + g0 (a + a† ) 1
2 ∂VC
i2
~ ∂ 2 ΣQ h (D)
†
V
(t)
sin(ω
t
+
φ)
+
g
(a
+
a
)
1.
+
0
D
C
4 ∂VC2

(8.5)

The total system consisting of two qubits i = 1, 2 coupled to the same resonator
(see Fig. 8.1) is then given by
i
1 Xh
~e
ωQ,i σz,i + gi (t)(a + a† )σz,i + ηi (2a† a + 1)σz,i
2
i=1,2
i
1 Xh
+
fi (t)(a + a† ) + λi (2a† a) ,
(8.6)
2

Htot = ~ωres a† a +

i=1,2

where we neglected all two-photon processes, ∝ a† a† , aa. We also introduced the timedependent qubit resonator coupling terms gi (t) and the time-dependent driving of the
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Figure 8.1: Schematic illustration of the setup considered in this chapter for a highfidelity long-distant two-qubit gate. Two three-spin qubits are longitudinally coupled
via their center gate VC to a common microwave resonator mode of frequency ωres with
coupling strength g0,i and simultaneously modulated by an external drive of frequency
ωD .

resonator fi (t) which read
gi (t) = g0,i

2
~∂ωQ,i
(D) ~∂ ωQ,i
+ g0,i VC,i
sin(ωD t + φi )
2
∂VC,i
∂VC,i

= gst,i + gm,i sin(ωD t + φi )
fi (t) = g0,i

(8.7)

~∂ 2 Σ

~∂ΣQ,i
Q,i
(D)
+ g0,i VC,i
sin(ωD t + φi )
2
∂VC,i
∂VC,i

= fst,i + fm,i sin(ωD t + φi ).

(8.8)

The first static terms gst,i and fst,i describe the time independent longitudinal interaction and the second terms gm,i and fm,i directly follow from the modulation.
Note, that because of the driving of the qubits the qubit splittings are renormal
2
∂2ω
∂ω
(D)
(D)
ized ω
eQ,i = ωQ,i + ∂VCQ VC,i (t) sin(ωD t + φi ) + 2∂VQ2 VC,i (t) sin2 (ωD t + φi ). The
C

remaining parameters
2
ηi = g0,i

~∂ 2 ωQ,i
,
2
∂VC,i

(8.9)

2
λi = g0,i

~∂ 2 ΣQ,i
2
∂VC,i

(8.10)

describe the qubit state dependent and qubit state independent ac Stark shift of
the resonator. These Stark shifts are directly proportional to the total quantum

8.2. TWO-QUBIT COUPLING

159

capacitance ∂ 2 ΣQ /(∂VC2 ) and the quantum capacitance of the qubit ∂ 2 ωQ /(∂VC2 ) [69,
76].

8.2

Two-qubit coupling

If we have two qubits coupled to a common resonator, we can use the Hamiltonian in
Eq. (B.1) with subindex i corresponding to qubit i = 1, 2. In order to calculate the
effective coupling between the modulated qubits mediated by the resonator we can
switch into the polaron frame of the hybrid system by applying the unitary displacement transformation [260]
h
i
UP = exp Sa† − S † a .

(8.11)

Here, the effective spin operator S = β1 (t)σz,1 + β2 (t)σz,2 + β3 (t)σz,1 σz,2 + β4 (t)1 and
the yet to estimate complex functions β1 (t), β2 (t), β3 (t), and β4 (t). The transformed
Hamiltonian in the Polaron frame then reads
~ 0
~ 0
pol
(t) = ~e
ωres a† a + geff (t)σz,1 σz,2 + ω
Htot
eQ,1 (t)σz,1 + ω
e (t)σz,2 + (η1 σz,1 + η2 σz,2 )a† a
2
2 Q,2
(8.12)
with the renormalized resonator frequency ~e
ωres = ~ωres + λ1 + λ2 , an effective two


∗
qubit interaction geff (t) ≈ g1 (t) β2 + β2 + g2 (t) β1 + β1∗ /4 [see Eq. (B.10)], and
0 (t) [see Eq. (B.11)]. Note, that in Hamiltothe renormalized qubit splittings ~e
ωQ,i

nian (8.12) the qubits and the resonator are still coupled via the spin-dependent ac
Stark shifts (η1 σz,1 + η2 σz,2 )a† a. For simplicity, we first neglect the ac Stark shifts.
Later we reintroduce the terms and show that an echo sequence is an effective tool to
suppress the impact of the Stark shifts.

8.2.1

Ideal case

In order to understand the mechanism of the operation let us first consider the ideal
case of negligible ac Stark shifts. The dynamics of the Hamiltonian (8.12) for η1 =
η2 = 0 and λ1 = λ2 = 0 consists of rapid oscillations from the resonator and the
drive and the slow dynamics ∝ geff (t) which we see later yields our entangling cphase
gate. For stroboscopic times tk = πk/ωres with integer k ∈ Z the time-evolution of
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the Hamiltonian (8.12) reduces to
i

Uid (t0 , t0 + tk ) = e− ~

R t0 +tk
t0

pol
Htot
(t)dt

= diag(1, 1, 1, eiΦZZ ) e−iΦz,1 σz,1 e−iΦz,2 σz,2 ≡ Uph (ΦZZ )Rz,1 Rz,2 , (8.13)
and coincides with the time evolution of the Hamiltonian (B.1) in the laboratory
frame [243, 260]. Hamiltonian (8.13) yields an entangling cphase gate Uph (ΦZZ ) [see
Eq. (1.5)] up to single-qubit z-rotations Rz,i on qubit i. The two-qubit and single
qubit phase are given by the respective accumulated time evolution
ΦZZ
Φz,i

Z t0 +tk
1
1
=−
geff (t)dt ≡ − ḡeff (t0 , tk )
4~ t0
4~
Z t0 +tk
π
ω
ei (t)dt + ,
=−
4
t0

(8.14)
(8.15)

where the additional single-qubit rotations with angle πz /4 are required to transform
the zz-gate into the cz gate. Note, that the derivation of the gate is exact and the
result independent of the photon number in the cavity for the stroboscopic times. For
a cavity with constant photon number a† a ≈ ha† ai = const, the number operator
can be replaced by its average and the time evolution, Eq. (8.13), is exact at every
time-step. If we modulate for a gate time tg = tk [as shown in Fig. 8.2 (a)] such that
ΦZZ = π

(8.16)

the time-evolution in Eq. (8.13) yields a cz gate up to local phase shifts of the qubits.
Thus, only a precise knowledge of the average coupling ḡeff (t0 , tg ) is required to achieve
a high fidelity gate operation [260]. The local phase shifts of the qubits Rz,i can be
compensated via an echo sequence discussed below. Imposing additionally ωD = jπ/tg
with integer j the average coupling ḡeff becomes independent of the initial time t0 and
can be simplified considering identical qubits and opposite phases φ2 = φ1 + π as
follows;
2
2
2
gst
gm
gm
−
+
4~ωres 16(~ωD − ~ωres ) 16(~ωD + ~ωres )
2
gm
.
≈−
16(~ωD − ~ωres )

ḡeff (t0 , tg ) t−1
g =−

(8.17)
(8.18)

For the second line we assumed ωD , ωres  |ωD − ωres |. The general expression are
derived and shown in appendix B.10.We note that for setting gst = 0 and gm → 2gm
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Figure 8.2: (a) Pulse sequences for a two-qubit cz gate consisting of a single ac pulse
with length tg . (b) Echo pulse sequence for a two-qubit [76] gate where the phase
φi of the modulation is switched by π at t = tg /2. (c) Three-step Hahn echo pulse
sequence for a high-fidelity two-qubit cz gate consisting of two ac pulses with length
tg /2 interleaved by a idle pulse of the same length tg /2. (d) Gate
√ circuit diagram of the
Hahn echo pulse sequence. Each ac pulse yields a two-qubit cz gate. Single-qubit
πx rotations are performed as an echo pulse during the idle pulse. The πx rotations
on both qubits are reversed after the full sequence.

in Eq. (8.18) we recover the special case discussed in Ref. [260].
To estimate a final gate time tg from Eq. (8.16), we use the following parameters.
We consider a high kinetic inductance microwave resonator, with frequency ωres =
6 GHz, a charge-photon coupling g0,1 = g0,2 = 200 MHz, a modulation with frequency
(D)

(D)

ωD,1 = ωD,2 = ωres −δ with detuning δ = 50 MHz, a driving amplitude VC,1 = VC,2 =
1 GHz, the phase of the modulation φ1 = π/2 = φ2 + π, and the modulated qubitresonator coupling gm,1 = 12.5 MHz = −gm,2 . The complete cz gate is then possible
within tg = 80 ns. In the reminder of this chapter we use these parameter settings for
all numerical simulations.

8.2.2

General case

So far we have neglected the presence of the ac Stark shifts (λ1 + λ2 )a† a and (η1 σz,1 +
η2 σz,2 )a† a. In general these terms give rise to a frequency shift of the resonator ~e
ωres =
~ωres + λ1 + λ2 and to additional entanglement between the qubits and the resonator
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that reduces the fidelity of the cphase operation. The exact time propagator (8.13)
for stroboscopic times ω
eres tk = πk in the Polaron frame reads
† a/~

Ug (t0 , t0 + tk ) = Uid (t0 , t0 + tk ) e−i tk (η1 σz,1 +η2 σz,2 )a

.

(8.19)

The propagator above obviously does not commute with the displacement operator in
Eq. (8.11), thus, entangles the qubit with the resonator in the laboratory frame. This
results in systematic errors of the gate operation. To evaluate the performance of the
gate we calculate the corresponding the two-qubit average gate fidelity [383]
F =

i
1h
2
†
(tg )Ug (tg )]
4 + tr[Uid
20

(8.20)

where tr[·] denotes the matrix trace over the Hilbert space of the qubits. Note, that
we use the simple form of the fidelity since (almost) no leakage into the resonator
†
(tg )Ug (tg ) is (almost) unitary. Fig. 8.3 shows that the
occurs, which ensures that Uid

infidelity 1 − F becomes larger for increasing ηi /gm,i . From Eqs. (8.7) and (8.9) we
find the relation
g0,i
ηi
,
=
gm,i
VD,i

(8.21)

thus, a strong coupling of the qubits to the resonator decreases the two-qubit gate
fidelity. On a first glimpse the increase in infidelity may be seen negligible, however, due to the tendency towards high-impedance resonators to speed up the gates,
g0,i /VD,i ∼ 0.2 is reasonable which limits the fidelity to 99.9% which is below the
error-correction threshold for surface codes [25].
We can recover the ideal case Ug = Uid by imposing additionally η1 = lπ/tg and
η2 = mπ/tg with integer l, m (see ηi /gm,i ≈ 0.157 in Fig. 8.2). This, however, is
very unpractical for an experimental realization since the additional requirements are
challenging to impose and can lead to very long gate times tg for unfortunate cases.
Therefore, in the following, we explain alternative pulse sequences to suppress this
negative effect.

8.2.3

High-fidelity implementation

Here, we provide an echo sequence where we interleave the time evolution (8.19) by
an echo pulse [see Fig. 8.2 (c)-(d)] to suppress the gate error. If we envision starting
the second part of the two-qubit gate Ug (t1 , t2 ) at time t1 and ending it at time
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Figure 8.3: Full numerical simulation of the infidelity 1 − F of a longitudinal twoqubit cz gate with (blue) no echo, (green) phase echo, and (red) Hahn echo as a
function of the ratio ηi /gm,i . The corresponding pulse sequences are displayed in
Fig. 8.2. Note that for the no-echo and phase-echo sequence the single qubit z-rotations
on both qubits have to be compensated. The Hahn echo pulse sequence performs
best for all parameter since erroneous single-qubit rotations are compensated. For
ηi /gm,i ≈ 0.157 the special condition ηi tg = 2πn with integer n is fulfilled and both
qubits and the resonator are disentangled at the end of the sequence. Details about
the numerical simulation are provided in Appendix B.5
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t2 = t1 + tg /2, we need to know the exact polaron frame state at the end of the pulse.
The final state |ψ(t2 )i of the total system in the laboratory frame |ψ(t)i is then given
by
|ψ(t2 )i = UP (t2 )Ug (t1 , t2 )UP† (t1 ) |ψ(t1 )i ≡ U√cz (t1 ) |ψ(t1 )i ,

(8.22)

where we move to the polaron frame UP , apply Ug , and then move back to the laboratory frame. Setting the constraints ω
eres tg = 2jπ and ωD tg = 2kπ with integer j, k allows us to decompose the time evolution into an ideal gate and an error
√
U√cz (t1 ) = Uid (t1 , t2 ) Uer . The error of the cz operation then reads
tg

†a

Uer = UP (t2 )e−i 2~ (η1 σz,1 +η2 σz,2 )a
er

er

UP† (t1 )
† a/2

≈ e−i [Φz,1 (t1 ,t2 ) σz,1 +Φz,2 (t1 ,t2 ) σz,2 ]a

er

e−i Φ̂ZZ (t0 ,t1 ) σz,1 σz,2 /4 ,

(8.23)

where we performed an expansion for small ηi in the second line. Approximate expressions for the erroneous single-qubit z-rotations Φer
z,i (t1 , t2 ) = O(ηi ) and entangled
phases Φ̂er
ZZ (t0 , t1 ) = O(η1 , η2 ) can be found in Eqs. (B.27) and (B.28) of the appendix.
The last contribution is the most problematic since first it is not cancelled by a conventional echo sequence and second it is an operator that depends on the photonic
ωres which is negligible for high
operators a† and a. Fortunately, Φ̂er
ZZ ∝ (fst + gst )/~e
frequencies. Therefore, the dominating error are single-qubit z rotations that depend
on the the initial and final time t1 and t2 as well as the resonator state which we
compensate below with an echo sequence. The Hahn echo pulse sequence consists of
πx rotations on both qubits, Uecho = e−iπ(σx,1 +σx,2 )/2 = −σx,1 σx,2 , and two entangling
operations. Actually, this question is similar to the one discussed in section 4.2.1
where a high fidelity realization of an exchange-based cz gate between two spin- 12 is
presented. A similar approach is used here to eliminate the additional phases from the
ac Stark shifts by generalizing the echo procedure to the present case. In Fig. 8.2 (d)
the full pulse sequence is shown. The πx rotations on both qubits Uecho are sandwiched
√
between two cz operation. The state flip of the qubits are reversed by a final Uecho
pulse.
For an adiabatic turn-on and off of the qubit-resonator couplings gst,i , gm,i the time
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evolution yields
Ucz = (σx,1 σx,2 ) U√cz (t1 + tg /2) (σx,1 σx,2 ) U√cz (t0 )
π

er

† a/2

er

= e−i 4 σz,1 σz,2 (σx,1 σx,2 ) e−i [Φz,1 (t1 +tg /2,t1 +tg ) σz,1 +Φz,2 (t1 +tg /2,t1 +tg ) σz,2 ]a
er

er

† a/2

× (σx,1 σx,2 ) e−i [Φz,1 (t0 +tg /2,t0 ) σz,1 +Φz,2 (t0 +tg /2,t0 ) σz,2 ]a

,

(8.24)

where we plugged in the explicit expression for the error from Eq. (8.23). Since
(σx,1 σx,2 )σz,i (σx,1 σx,2 ) = −σz,i the erroneous single-qubit rotations are compensated
for
er
Φer
z,i (t1 + tg /2, t1 + tg ) = Φz,i (t0 + tg /2, t0 ).

(8.25)

which is fulfilled in lowest order for ω
eres (t1 − t0 ) = kπ and ωD (t1 − t0 ) = jπ with
integer k, j. The time evolution in Eq (8.24) yields a high-fidelity universal cz twoqubit gate up to a single-qubit πz /4 rotation on both qubits. In Fig. 8.3 the fidelity of
the high-fidelity gate operation with t1 − t0 = tg /2 is shown as a function of the ratio
between the coupling strength and the driving strength. For comparison we also show
the fidelity without the echo pulse and for an echo sequence from Ref. [76] where the
phase is switched, φi → φi + π, at time tg /2. The echo sequence introduced above
significantly increases the fidelity of the two-qubit cz gate above the error-correction
threshold for surface codes [25].

8.3

Summary

In this chapter we have provided a detailed investigation of an spin-qubit implementation of a modulated longitudinal two-qubit cz gate. Our analysis shows that overlooked relevant terms have two negative effects in the gate performance. First they
yield the qubits and the resonator in an entangled state after the cz gate and, consequently, reduce the fidelity of the cz gate. For stronger qubit resonator coupling,
e.g., through using high-impedance resonators, the unintended entanglement, thus,
the gate error is increased. Fortunately, these errors can be mitigated through appropriated parameters, i.e., modulating the qubits with opposite phases. The second and
dominating effect is the accumulation of local phases that depend on the timing and
the resonator state.
The accumulated phases can be compensated by a Hahn echo pulse sequence where
√
the cz gate is divided into two cz operations interleaved by a refocusing pulse.
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Detailed instructions are provided for the implementation regarding the timing of the
pulse sequence and the choice of appropriate parameter settings. A direct comparison
with the results obtained with uncorrected sequence and an alternative echo sequence
reveals an increase in fidelity of two orders of magnitude by employing our Hahn echo
pulse sequence.

Chapter 9

Quadrupolar exchange-only spin
qubit

In this chapter a quadrupolar exchange-only spin (QUEX) qubit is proposed
that is highly robust against charge noise and nuclear spin dephasing, the dominant decoherence mechanisms in quantum dots. The novel qubit consists of
four electrons trapped in three quantum dots, and operates in a decoherencefree subspace to mitigate dephasing due to nuclear spins. To reduce sensitivity
to charge noise, the qubit can be completely operated at an extended charge
noise sweet spot that is first-order insensitive to electrical fluctuations. Due to
on-site exchange mediated by the Coulomb interaction, the qubit energy splitting is electrically controllable and can amount to several GHz even in the “off”
configuration, making it compatible with conventional microwave cavities.
This chapter is structured as follows. We begin in section 9.1 with a brief
motivation and in section 9.2 with the theoretical description of our system. Subsequently, an initialization and read-out scheme (see section 9.3), decoherence
properties (see section 9.4), and single-qubit operations (see section 9.5) are discussed. Finally, in section 9.6 a possibility for a long-distant two-qubit operation
is introduced. A supporting appendix C includes a derivation of the model using
molecular orbital theory (see sections C.1 and C.2), details about the single-qubit
operations (see section 9.5), and provides the two-qubit coupling mechanism (see
section C.2.2 and section C.6). Additional simulations for asymmetric configurations in sections C.3 and C.4 support the analysis.
All results presented in this chapter have been published in [31, M. Russ, J.R.
Petta, and Guido Burkard, Phys. Rev. Lett. 121, 177701]. Changes were made
to the structure, text, and notations to keep consistency in this thesis. All ideas
in this chapter were mainly developed by myself.
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9.1

Introduction

In the previous chapters and in Refs. [9, 30, 57, 129, 160, 161, 178, 179, 187] it is
shown that protection against charge noise is provided by operating qubits at a socalled charge noise “sweet spot”, a point of operation which is first-order insensitive to
electric fluctuations. However, the energy splitting at these sweet spots is too small to
couple the qubit to conventional superconducting resonators required for long-distance
entanglement protocols [30, 193, 194, 245, 246, 251, 255–257] and the decoherence time
is limited by charge noise coupled through the quantum capacitance of the system.
Moreover, most qubits are sensitive to local (short-wavelength) magnetic field gradient (LMFG) noise [9, 176, 238, 384], which can arise from fluctuating nuclear spins
or Meissner expulsion of magnetic fields near superconducting gates limiting the spin
coherence times. Thus, all experimental demonstrations until now suffer from decoherence due to the omnipresent charge noise and LMFG noise [53, 97, 98, 187, 248].
Additionally, while a single exchange-only qubit or hybrid qubit is insensitive to fluctuations in the overall magnetic field, an array of exchange coupled exchange-only
qubits does not benefit from this protection since each exchange-only qubit can acquire a slightly different phase.
In this chapter, we propose a quadrupolar exchange-only spin (QUEX) qubit that
allows for universal quantum computation with high-speed qubit operations and very
long coherence times. The QUEX qubit is operated in the 4 electron regime, with the 4
electrons distributed on 3 series-coupled semiconductor quantum dots [see Fig. 9.1(a)]
and is encoded in the low-energy subspace with total spin S = 0. This encoding
makes the QUEX qubit insensitive to overall (long-wavelength) magnetic fields, firstorder insensitive to LMFG noise [183, 264, 312], and no global phases are acquired
from long-range magnetic fields, thus there is no desynchronization problem if used
in a large-scale array. Compared to the singlet-singlet qubit [312], the QUEX qubit
offers a simplified architecture requiring only three dots and two detuning parameters. As with the exchange-only qubit [26], single-qubit operations in the QUEX
qubit can be driven using either dc pulses or ac modulation.

Compared to the

exchange-only [9, 26, 30, 53, 85, 88, 97, 98, 100, 160, 161, 178, 179, 187] and the
hybrid [9, 35, 95, 159, 203, 385] qubit, the QUEX qubit offers an increased protection
against charge noise [95, 386] due to an extended charge noise sweet spot. This arises
from the addition of the fourth electron which flattens the energy bands and provides a
large qubit energy splitting at the sweet spot. The energy splitting is electrically controllable and can amount to several GHz even in the “off” configuration making it com-
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Figure 9.1: (a) Illustration of a four-electron spin qubit residing in an electrostatically
defined triple quantum dot (TQD). The four spins are coupled via inter-dot and onsite
exchange interaction. The center dot is occupied by two electrons, giving rise to a
large and electrostatically tunable energy splitting. (b) TQD charge stability diagram
as a function of ε and εM . The optimal operating point is marked by the star. Figure
taken from Ref. [31].

patible with conventional superconducting resonators. Building on recent experiments
showing that strong coupling of semiconductor qubits [75, 244, 248, 347, 348, 387] to
electromagnetic resonators is feasible, we present an electrically switchable two-qubit
interaction [194] making use of the large and strongly tunable qubit splitting.

9.2

Qubit design

A defining feature of the QUEX qubit is its use of the valley degree of freedom in Si
to achieve an energy splitting that is compatible with conventional superconducting
cavities with 4 − 10 GHz resonance frequencies. The QUEX qubit is implemented in
a TQD that contains a total of four electrons in the (1,2,1) charge configuration [see
Figs. 9.1 and 9.2(a)]. Here (NL , NC , NR ) denote the number of electrons confined
in each of the three dots. For later convenience we define the dipolar detuning ε ≡
(VL − VR )/2 and the quadrupolar detuning εM ≡ VC − (VL + VR )/2 [see Fig. 9.2 (a)].
Silicon quantum dots typically have relatively large orbital energies Eorb = 3 −
5 meV [60, 377]. In contrast, the smaller valley splittings EV,C = 20 − 250 µeV are
compatible with microwave frequency photons (1 GHz ∼ 4.2 µeV) [77, 377]. In the
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Figure 9.2: Qubit basis states and TQD confining potential V (x). The left and right
dots each contain one electron in the ground state (black level). The middle dot
contains two electrons, one of which can occupy an excited valley state (grey level),
lying EV,C above the ground state. The electrons are allowed to hop with valley
conserving (green tl,r ), and valley non-conserving (blue t0l,r ) tunneling. (a) Possible
spin configuration of the qubit state |0i. (Inset) Spin configuration in the center dot.
Both electrons reside in the valley ground state. (b) Possible spin configuration of
the qubit state |1i. (Inset) Spin configuration in the center dot. One electron resides
in the valley ground state while the second electron occupies an excited valley state.
Figure taken from Ref. [31].
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QUEX qubit, the valley degree of freedom plays a crucial role in the middle dot, as
it adds a level that can be treated as an additional fourth pseudo-dot. An external
(homogeneous) magnetic field with Zeeman splitting EZ  EV,C  Eorb energetically
separates states according to Sz . The QUEX qubit resides in the two lowest energy
levels in the S = Sz = 0 subspace with the two following logical spin qubit states [158,
312]
|0i = |sLR i |sCC i
1
|1i = √ (|sLC 0 i |sCR i + |sLC i |sC 0 R i).
3

(9.1)
(9.2)

Here, |sµν i denotes the singlet state formed by two electrons in orbitals µ and ν with
µ, ν = L, C, C 0 , R where L (R) reside in the left QD (right QD) and C, (C 0 ) reside in
the lower (upper) valley in the center QD. Note that both qubit states are constructed
using only two-electron singlet states making them resilient to LMFG.
We describe the dynamics of the QUEX qubit by the following effective Hamiltonian
H = J0 |0i h0| + (J1 + EV,C − JC ) |1i h1| + Jx σ+ + Jx∗ σ− ,

(9.3)

†
with the qubit raising and lowering operator σ+ = |0i h1| and σ− = σ+
= |1i h0|. Here,

J0 and J1 are real-valued and Jx complex-valued exchange couplings from virtual
tunneling processes to states with a (2,2,0), (2,1,1), (1,3,0), (0,3,1), (1,1,2) and (0,2,2)
charge configuration, EV,C is the valley splitting in the center QD, and JC is the
onsite Coulomb-exchange coupling between the electrons occupying the center QD.
The phase of Jx depends on the phase an electron acquires by consecutively tunneling
from the lower to the excited valley state on the center dot via an intermediate state on
P
the left or right dot (see Fig. 9.2). For later convenience, we can also write Jµ = ν Jµν
with µ = 0, 1, x and ν = l, l0 , r, r0 where Jµl (JµL ) denotes exchange coupling via valley
conserving (non-conserving) tunneling of an electron from the center QD to the left QD
and similarly for Jµr (JµR ) to the right QD. The qubit splitting for |Jx |  |EV,C − JC |
is given by
ωq ≈ (J1 + EV,C − JC − J0 ) +

|Jx |2
.
2(J1 + EV,C − JC − J0 )

(9.4)

The explicit expressions for the exchange parameters and a detailed derivation of the
effective Hamiltonian (9.3) can be found in appendix C.1.
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Figure 9.3: Protocol for initializing the QUEX qubit: First the (2,0,2) charge configuration regime (a) is prepared by loading the left and right QD with two electrons in
the spin-up and spin-down state of the lowest valley. (b) Adiabatic tuning from the
(2,0,2) to the (1,2,1) charge state directly maps |initi → |1i. Readout is performed
by reversing the initialization sequence, as described in the main text. Figure taken
from Ref. [31].

9.3

Initialization and Readout

Figures 9.3 (a)-(b) illustrate the initialization protocol. To prepare the system in state
|initi = |sLL i |sRR i the detuning parameter εM is set such that the (2,0,2) charge
configuration is the ground state [Fig. 9.3 (a)]. Due to the large single dot exchange
splittings, the two electron ground state in the left and right dots is a singlet [127] and
can be prepared with high fidelity [388]. Adiabatic tuning of εM into a configuration
where the (1,2,1) charge configuration is the ground state [Fig. 3(b)] maps |initi → |1i
through spin conserving tunneling events. Readout is performed in reverse, i.e., by
detecting the tunneling of the electrons from the center dot to the left and right dots.
Tunneling of |1i to the (2,0,2) ground state is allowed, but tunneling of |0i to the (2,0,2)
ground state is Pauli blocked, similar to singlet-triplet readout in double dots [127].
Charge detection therefore provides a fast and high fidelity readout scheme.

9.4

Decoherence properties

The Si/SiOx and Si/SiGe systems appear to be most favorable for the experimental realization of the QUEX qubit due to their large, and somewhat tunable, valley
splitting. Since the four spin encoding of the QUEX is resilient to fluctuating LMFG
noise [312] an implementation in natural silicon is still possible without significantly
decreasing the decoherence time. Note that this protection against fluctuating LMFG
arises solely from the singlet-singlet encoding of the qubit basis states and is indepen-
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Figure 9.4: Qubit energy splitting ω as a function of (a) the dipolar detuning ε and
(b) quadrupolar detuning εM . The stars in (a) and (b) mark the sweet spots where
∂ωq /∂ε = 0 and ∂ωq /∂εM = 0. For comparison the energy gap ωEO of the conventional
exchange-only qubit (gray dashed lines) is shown with identical parameter settings.
The curvature of ωEO is larger in magnitude causing a higher susceptibility to charge
noise. (c) Qubit dephasing time Tϕ due to charge fluctuations as a function of ε and
εM for t0l = t0r using realistic parameters. The calculations shows that Tϕ > 100 µs if
the qubit is operated at the charge noise sweet spot. (d) Qubit dephasing time for the
conventional exchange-only (EO) qubit with identical parameter settings. Expressions
for the calculation of Tϕ can be found in Refs. [30, 179]. (e) Schematic of the microwave
resonator mediated two-qubit coupling. A cavity with resonance frequency ωres is
coupled to the center dot with an effective charge-cavity coupling rate gc,i . Each
qubit is simultaneously driven at a frequency ωD,i . Figure taken from Ref. [31].
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dent of the spatial wavefunctions of these states [312]. The QUEX qubit possesses a
full charge noise sweet spot where the qubit is first order insensitive to charge fluctuations in both detuning parameters ε, εM [see Figs. 9.4 (a)-(b)]. From the condition
∂ε ωq = ∂εM ωq = 0 and assuming |tl | = |t0l |, |tr | = |t0r |, and symmetric charging energies
U , we find a double sweet spot at ε = 0 and εM = (Jc − EV,C )/2 − U . Arbitrary nonequal charging energies only lead to a shift of the sweet spot in detuning space (see
appendix C.4). Importantly, the sweet spot of the QUEX qubit is very flat compared
to the conventional exchange-only qubit, i.e., the curvature of ω(ε, εM ) is reduced by
a factor (U − Un )3 /(U + Un )3 with the onsite- and cross-(nearest-neighbor)-charging
energy U and Un , therefore protecting it significantly better against charge noise.
A related increase in protection is observed when using the center dot as a remote
coupler between two spins in the left and right dot due to the screening from the doubly occupied dot [229]. Numerical simulations that take into account the dominant
charge fluctuations in Si are shown in Fig. 9.4 (c). We predict dephasing times Tϕ on
the order of several hundreds of microseconds for the QUEX qubit assuming realistic
parameters, one order of magnitude longer than for the conventional exchange-only
qubit [Fig. 9.4 (d) and chapter 5]. A full study for the general case tl 6= t0l and tr 6= t0r
yields qualitatively similar results (see appendix C.3). Additional dephasing may arise
from the electric field dependence of the valley splitting EV in SiMOS devices. This
contribution is negligible for Si/SiGe devices.

9.5

Single-qubit operations

Arbitrary single-qubit gates can be implemented by pulsing the exchange interactions,
Jµν . Assuming valley-orbit conserving and non-conserving tunneling to be equal (tl = t0l
and tr = t0r ), the Hamiltonian (9.3) can be rewritten as
1
Hq = (2J0l − 3J1l + 2J0r − 3J1r + 8EV,C − 8JC )σz
8 √
1 3
+ √ (J0l + J1l − J0r − J1r )σx .
4 8

(9.5)

Here, we introduced the Pauli operators σz = |0i h0| − |1i h1| and σx = σ+ + σ− .
Therefore, pulsing Jql = Jqr results in pure (and fast) z-rotations while pulses with Jql 6=
Jqr yield rotations around a tilted axis [389]. Experimentally, the exchange interaction
can either be controlled through detuning [127] or tunnel barrier control [57, 128,
129, 187]. Barrier control has the advantage that it operates the qubit at the charge
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noise sweet spot, thus, mitigating decoherence from charge noise during the exchange
pulse. This statement, however, is only valid for tl ≈ t0l and tr ≈ t0r since otherwise
the position of the sweet spot depends on the tunneling and moves during the qubit
operation. In the latter case, one can combine barrier control with tilting control to
compensate for the shift of the sweet spot. Similar pulsing schemes are commonly
implemented to cancel crosstalk between electrostatic gates [170].
A more natural way of implementing single-qubit rotations in the QUEX qubit is to
modulate the exchange coupling, Jµν → Jµν + jµν cos (ωD + φ) analogous to the resonant
exchange (RX) qubit [9, 97, 160]. In a frame rotating with the drive frequency ωD ,
and neglecting fast oscillations at 2ωD , the Hamiltonian (9.3) can be written in its
eigenbasis as

1
J1 
Hq = (ωq − ωD )σz + x eiφ |1i h0| + e−iφ |0i h1| .
(9.6)
2
2


Here, the drive amplitude Jx1 = Aq jx Jx ∂(J1 − J0 )/∂q − (J1 − J0 )∂Jx /∂q /(2ωq ) sets
the Rabi flip time τx−1 ∝ Aq ∝ Jx1 , where Aq denotes the amplitude of the driving
of the parameter q ∈ {ε, εM , tl,r , t0l,r } . The phase φ can be used to adjust the qubit
rotation axis. Experimentally, this can realized by parametric modulation of either the
detuning parameters, ε, εM , or the tunneling couplings, tl,r and t0l,r . Using realistic
parameters we find AεM ≈ 0.13 µeV, thus, τx = 30 ns while driving at the charge
noise double sweet spot (see appendix C.5). Modulation of the tunnel barrier has the
additional benefit of providing a dynamic sweet spot, where the Rabi drive is firstorder insensitive to fluctuations in detuning, ∂Jx1 /∂q = 0. Recent experiments show
that charge noise affecting the Rabi frequency significantly reduces the number of
coherent exchange oscillations [187]. Thanks to the naturally large energy splitting of
the qubit ωq counter-rotating terms are small and off-resonant transitions are strongly
suppressed, making strong driving feasible.

9.6

Two-qubit interaction

Exchange-only qubits operated at the charge-noise sweet spots are limited to shortranged, exchange-based operations requiring complex pulse sequences (see section 2.3.5
and Refs. [26, 183, 264, 390, 391]). While exchange-based two-qubit gates consisting
of 14 elementary exchange operations are also possible for interconnecting QUEX
qubits [183, 264, 390, 391], the QUEX qubit, with its large and tunable energy splitting, allow us to enable a near-resonant coupling to high frequency resonators giving
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rise to new entanglement generation protocols [392]. We now describe a resonantlydriven, cavity-mediated two-qubit entanglement protocol [17, 194, 255–257].
For this setup a superconducting cavity with resonance frequency ωres is capacitively coupled to the electrostatic potential VC at the center QD while VC of each qubit
is simultaneously modulated with frequency ωD ≈ ωq and phase φ [see Fig. 9.4 (e)].
Thus, VC → VC (t) = VC0 + VC1 cos(ωD + φ) + gc (a + a† ). Here a† (a) creates (annihi√
lates) a cavity photon with frequency ωres , and gc ∝ Z is the charge-photon coupling
strength and Z is the characteristic impedance of the resonator [75, 247, 248, 348].
The effect of VC (t) on each qubit is described by the Hamiltonian (see appendix C.6)
Hint = ωres a† a + gσx (a + a† ) + Ω cos(ωD + φ)σx ,

(9.7)

where the second term describes the qubit-cavity interaction with coupling strength
g = gc h0| ∂VC Hq (VC ) |1i and the last term induces a spin-flip with Rabi frequency Ω =
VC1 h0| ∂VC Hq (VC ) |1i. Following the protocol described in Ref. [194], Hamiltonian (9.7)
generates “red” and “blue” sideband transitions for the particular choice of Ω =
±(ωres − ωD ) and ωD = ωq
H∓ (g, φ) =


g  ±iφ †
e a σ∓ + e∓iφ aσ± .
2

(9.8)

An entangling cz gate is constructed using pulses of “red” and “blue” sideband transition gates S∓ (φ, τ ) ≡ exp[−itH∓ (g, φ)] combined with single-qubit rotations [194]. Using experimentally feasible parameter settings, a cz gate is possible within τ ≈ 340 ns
(see appendix C.6). For this implementation it is essential to be able to tune the qubit
near resonance to fulfill Ω = ±(ωres − ωD ) while simultaneously matching ωD = ωq ,
therefore, requiring a large and controllable qubit splitting. Alternative two-qubit
coupling schemes include exchange-based interaction [390, 391] and capacitative coupling [159, 236].

9.7

Discussion

In summary, we have proposed a quadrupolar exchange (QUEX) spin qubit that
uses the spin of four electrons in a TQD and gives rise to a large controllable qubit
splitting. The decoherence-free (S = 0) qubit encoding makes the qubit insensitive
to local magnetic field gradients primarily from nuclear spins and Meissner expulsion.
Further the large energy gap and flat qubit dispersion suppresses the susceptibility to
charge noise and the qubit can be fully operated at a (extended) charge noise sweet
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spot. We predict dephasing times exceeding ∼ 100 µs at the sweet spot, one order of
magnitude longer than for the conventional exchange-only qubit, allowing for a high
quality qubit implementation. A symmetric readout and initialization protocol can
be used to perform fast and high fidelity measurements. Together with the proposed
cavity-mediated, long-distance entangling protocol, these properties render the QUEX
qubit suitable for implementation in a large-scale quantum information processing
architecture.
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Chapter 10

Conclusion
Summary
Quantum computation with electron spins in quantum dots (QDs) are a promising
concept in the long run to outperform classical information processing. Long coherence times can be achieved and there is a close connection to established techniques
of classical chip manufacturing. The first concepts proposed are rather simple implementations and new techniques and implementations have been developed which show
better characteristics, but at the cost of more complex setups.
In this thesis, selected problems in the field of quantum information processing with
semiconductor quantum dots have been investigated and solved. Important questions
have been answered in order to increase the protection of the semiconductor qubits
against decoherence and improve the performance of the gate operations. Referring to
the DiVincenzo criteria, this thesis mainly addresses the second and the third criteria:
Being able to perform a large number of elementary operations while the qubit is
coherent and having a universal set of quantum gates.
In chapter 4 two concepts for a high-fidelity implementation of a two-qubit operation between neighboring spin- 12 qubits in which phase and spin-flip errors are compensated were proposed. The concepts have already been tested in recent experiments
showing the desired improvements [157].
In chapter 5 and chapter 6, three-spin qubits subject to external electric fields were
investigated. Because three-spin qubits are all-electrically controllable they are always
coupled to arbitrary electric fields. On one side, charge noise gives rise to decoherence
of the qubit, on the other side, coherent electromagnetic fields offer a tool for coupling
qubits over large distances. Points of operations are suggested which have increased
179
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protection against the negative effects of charge noise while still allowing for sufficient
coupling to the coherent electric field of a microwave resonator if desired. This concept
developed here has been tested and confirmed in experiments [248] as well.
In chapter 7, a related question is addressed. Particularly, it is investigated how
relevant information about the energy spectrum of the qubit can be extracted. Because of the clear trend of spin qubit devices towards silicon, a set of measurements are
proposed which use the sensitivity of electrons in a triple quantum dot to the electric
field of a microwave resonator to gather information about silicon-exclusive parameters. Simulations using realistic parameters have been used to allow for immediate
experimental realizations.
In chapter 8, a concept for a high-fidelity implementation of a two-qubit operation
mediated by a common microwave resonator mode is discussed. A detailed model
used in this thesis predicts the appearance of problematic and previously unaccounted
effects. However, it is shown that by proper use of echo sequences, the high-fidelities
can be restored.
Finally in chapter 9, the QUEX qubit was proposed which is designed to address
and fulfill the aforementioned DiVincenzo criteria. The QUEX qubit predicts long
coherence times combined with fast and all-electric control. The increased protection
is realized by increasing the number of encoded electron spins in order to flatten the
qubit dispersion.

The next steps
It remains an open question how the field of spin qubits progresses and whether spin
qubits will advance to be feasible qubits for a large-scale quantum computer. At the
moment semiconductor spin qubits are still in the shadow of superconducting and ion
trap qubits in terms of number of experimentally realized qubits and gate fidelities.
Therefore, in order to catch up and surpass these platforms several important steps
are necessary.
Most importantly, the field has to advance to more qubits and multi-qubit operations. From the experimental side huge progress is made, i.e., multi-dot devices
designed to host multiple qubits [60, 157, 393–395]. The theoretical side lacks this enthusiasm, not much work has been done for spin-qubits beyond the two-qubit systems.
Nevertheless, spin qubits are an ideal platform for multi-qubit operations. For example, the two-qubit cnot gate between two spin- 12 discussed in chapter 4 can easily be
extended to multiple qubits coupled by the exchange interaction. In the case of three
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exchange-coupled qubits a single Rabi pulse allows for a quantum Toffoli gate [396], a
conditional cnot gate which is universal together with single-qubit rotations, between
the three spin- 21 qubits. In general this can be extended to even more qubits, however,
the addressing of the resonance frequency becomes harder each time because of the
higher density of states. Alternatively, instead of inducing the conditional spin-flip
of the two-qubit device via an external microwave source, the vacuum fluctuations
of a high-impedance resonator may also induce the transition via the absorption of a
photon1 . We set the resonator frequency fres such that it matches conditional spin-flip
L
transition frequency of the left spin- 21 qubit, f|Ψ
= fres , while the right spin- 12
R i=|↑i

qubit is in state |↑i. At first glance, this yields a quantum Toffoli gate where the empty
and occupied resonator and the right spin- 12 qubit operate as control qubits and the
left spin- 21 qubit serves as the target. However, since the resonator is not bound to
only populate a single photon there is eventually leakage into the non-computational
space. This can be prevented if the resonator is anharmonic which ultimately leads to
a superconducting qubit coupled to two spin- 12 qubits. Alternatively, the resonator can
also be used as a mediator to entangle another distant qubit with both spin- 21 qubits
L
via a mediated three-qubit gate. Here, the resonator is detuned f|Ψ
= fres + ∆
R i=|↑i

and either a dispersive gate or a modulated resonant gate (see section 2.3.5) can be
used to entangle the systems. This may open a new approach for interconnecting
distant qubits or different qubit platforms.
The second important step to advance spin qubits is to even better understand the
sources of decoherence, how the noise impacts the qubits, how to avoid, and if not possible how to suppress the bad effects. Analytical modeling tools for the decoherence
are often used to identify optimal working points. However, they often rely on approximations and are difficult to derive for realistic noise models. Frequently used noise
models for charge noise based on the assumption of an infinite amount of fluctuating
two or multi-level system giving rise to a diverging and unphysical 1/f noise spectral
density [140]. Because of the smaller size of spin-qubits also the question arises how
they are distributed, i.e., are they far distant and affect several qubits simultaneously,
are they close and only affect a single spin qubit, is there a strong source of charge noise
directly between two spin qubits. Since the best performing error-correction schemes
rely on local noise sources, knowledge of the spatial dependence of noise is an urgent
task. The answer to all these question can be summarized with a spatial-temporal
spectral density of the noise. Tests with brute-force simulations of numerically generated noise using a large quantity of runs can then be used to ultimately invent better
1

This idea was first raised in private communication between Thaddeus Ladd and Guido Burkard.
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decoupling schemes to filter out exactly the bad effects. Concepts how the spatialtemporal correlations are measured base on the decoherence free subspaces [360, 361],
spin-locking techniques [359], and dynamical decoupling sequences [293]. The logical
extension are the use of three or four-spin qubits [158] to extract even more information about the noisy environment. A typical experimental setup could be as follows:
Measure the decoherence of three exchange-coupled spin- 12 qubits individually, measure the decoherence between pairs of spin- 12 qubits initialized in a decoherence free
subspace, and finally measure the decoherence in the three-spin decoherence free subspace. An evaluation of the results provide information about the noise correlations.
The most precise results are obtained if the decoherence can be frequency resolved,
i.e., locking the spin in a rotating frame with tunable frequency [359]. Experiments
to measure dephasing rates such as Ramsey or two-tone spectroscopy may underestimate the correlation since they simultaneously observe multiple frequencies which can
originate from different sources.
If both issues, implementing multiple qubits and gaining a better understanding of
the source of decoherence, are tackled and mastered, spin qubits are indisputable the
qubit platform with the highest potential. The small spatial extension of spin qubits
and their compatibility in fabrication with recent transistor technologies allow for very
dense quantum processor architectures. The potential of spin qubits attracted widespread industrial interest especially spin- 21 qubits due to their simplicity and exchangeonly qubits because they do not depend on complex magnetic fields. This interest will
eventually raise the yield of spin qubit devices from less than hundred devices annually
world wide to at least hundreds or even thousand devices in the next year [397].
Automation of several fabrication and characterizing steps will further accelerate this
process. If simultaneously the uniformity of the spin qubit devices increases new
methods for characterizing the devices are possible. At the moment, the uniformity for
spin qubits relies on controlling atomistic properties, i.e., in silicon devices the presence
of the valley degree of freedom. New device characterization methods which can be
applied before the fabrication step [398] and new deposition techniques [399] may show
promising results towards uniformity of spin qubits. Then a few devices of a series
can be sacrificed to characterize the remaining devices beyond currently achievable
accuracies. New theoretical concepts designed to model spin qubits in semiconductor
quantum dots based on more precise information are then desired. Such concepts can
be adapted from currently more advanced platforms [400] or independently derived for
spin qubits. An already existing model which connects measured data with a simple
theoretical concept is the charge capacitor model extensively discussed in this thesis
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which only accounts for classical electrostatic effects needs then to be extended to
include quantum and electrodynamic effects in a simple manner.
The future is bright for spin qubit quantum information processing but will require
further theoretical and experimental work.
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Appendix A

The appendix contains details about the numerical simulations used in chapter 7. All electrostatic capacitance of the dots and the gates are extracted from
experiments performed in Princeton under the supervision of Jason Petta. Valley
splitting and phase, and tunnel couplings are chosen to resemble experimental
situations.

For the simulation in the main text we use the following parameters from experiments in undoped Si/SiGe performed in a triple quantum dot using the gate layout
described in Ref. [56]. The extracted capacitance matrix consisting of the electrostatic
capacitances between the dots reads


56.2

−5.5


Cdot =  −5.5

50.5

−0.5




−11.7 
−0.5 −11.7 59.4

(A.1)

and the extracted capacitance matrix consisting of the electrostatic capacitances between the dots and the gates reads


−6.9

−2.4

−0.3





Cdot =  −0.15 −5.9 −0.03  .
−0.4 −3.6 −6.9

(A.2)

The capacitance matrix consisting of the electrostatic capacitances between the dots
and the leads is set to


40.6

0





 13.6 13.6  .
0
36.4
185

(A.3)
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All capacitances are given in units of (aF) attofarad.
The remaining parameters that are necessary for the simulation are the tunneling
couplings, t12 and t23 , between the dots and the valley-orbit parameters ∆j = EV,j eiφj
in each dot j = L, C, R. The tunneling parameters used in all simulations in the main
text are chosen to be t12 = 25 µeV and t23 = 23 µeV. For the valleys splittings we
use EV,L = 80 µeV, EV,C = 100 µeV, and EV,R = 120 µeV. The relative valley phases
θLC = φL − φC = 0.23 π, θRC = φR − φC = −0.2 π, and θLC = φL − φR = 0 π, where
the last phase is undetectable in a linear aligned triple quantum dot.

Appendix B

The appendix contains details to several topics discussed in chapter 8. First,
the derivation of the Hamiltonian in the polaron frame is described, performed
by a displacement transformations. From the (almost) decoupled Hamiltonian
in the polaron frame, the effective two-qubit interaction is derived in the general
case which includes erroneous quantum capacitances of the qubit. Closed-form
expressions are derived for small errors. Subsequently, the gate error of the unitary operation is estimated which can approximately be divided in local phase
errors and a residual, non-correctable entanglement. Finally, we provide details
about the numerical simulations used in the main text.

B.1

Polaron frame

In this appendix we explicitly show the derivation of the Hamiltonian
pol
Htot
= UP† Htot UP + i~U̇P† UP

(B.1)

of two qubits i = 1, 2 subject to external modulation with frequency ωD and coupled
to a common microwave resonator with frequency ωres in the polaron frame. Applying
the time and qubit state dependent displacement operator UP = exp[Sa† − S † a], the
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transformed Hamiltonian (8.12) is given by [260]
pol
Htot
=

~
~
ω
e1 σz,1 + ω
e2 σz,2
2
2
1
1
+ g1 (t)(a† + a + S † + S)σz,1 + g2 (t)(a† + a + S † + S)σz,2
2
2
1
1
+ f1 (t)(a† + a + S † + S) + f2 (t)(a† + a + S † + S)
2
2
†
†
†
†
+ η1 (a a + S a + Sa + S S)σz,1 + η2 (a† a + S † a + Sa† + S † S)σz,2
+ λ1 (a† a + S † a + Sa† + S † S) + λ2 (a† a + S † a + Sa† + S † S)
i
+ ~ωres (a† a + S † a + Sa† + S † S) − i(Ṡa† − Ṡ † a) − (ṠS † − Ṡ † S).
2

(B.2)

For the application of displacement transformation the following relations have been
useful;
UP† σz,i UP = σz,i

for i = 1, 2,

(B.3)

UP† aUP = a + S,

(B.4)

UP† a† UP = a† + S † ,

(B.5)

UP† a† aUP = UP† a† UP UP† aUP = (a† + S † )(a + S) = a† a + S † a + Sa† + S † S,
1
U̇P† UP = −Ṡa† + Ṡ † a − (ṠS † − Ṡ † S)
2

(B.6)
(B.7)

The last relation above is the special case with vanishing second order commutators of
Eq. (A3) in Ref. [401]. We envision that Hamiltonian (B.2) decouples the qubits and
the resonator. Setting the additional requirement that the qubits and the resonator
are disentangled at t = 0 in the polaron frame, the spin operator S is set by
0=

1
[g1 (t)σz,1 + g2 (t)σz,2 + f1 (t) + f2 (t)] + η1 Sσz,1 + η2 Sσz,2 + ~e
ωres S − i~Ṡ.
2
(B.8)

Note, that the resonator frequency is shifted by the ac Stark effect ~e
ωres = ~ωres +
λ1 + λ2 .
Imposing the condition above the total Hamiltonian in the Polaron frame up to a
constant shift in energy reads
pol
Htot
= ~e
ωres a† a + η1 a† aσz,1 + η2 a† aσz,2 + geff σz,1 σz,2 +

1 X
0
~e
ωQ,i
2
i=1,2

(B.9)
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with the effective two-qubit coupling
geff (t) =





1
g1 (t) β2 + β2∗ + g2 (t) β1 + β1∗ + f1 (t) + f2 (t) β3 + β3∗ .
4

(B.10)

and the modified qubit splittings




1
g1 (t) β4 + β4∗ + g2 (t) β3 + β3∗ + f1 (t) + f2 (t) β1 + β1∗ ,
4
(B.11a)





1
= ~e
ωQ,2 + η2 +
g2 (t) β4 + β4∗ + g1 (t) β3 + β3∗ + f1 (t) + f2 (t) β2 + β2∗ .
4
(B.11b)

0
~e
ωQ,1
= ~e
ωQ,1 + η1 +

0
~e
ωQ,2

B.2

Derivation of the effective coupling strength

In this appendix we show how the polaron transformation operator UP can be derived by solving a differential equation system. The expression in Eq. (B.8) can be
reformulated into a inhomogeneous linear differential equation system for the complex
functions βk (t) with k = 1, 2, 3, 4 that has a unique solution. We obtain for the vecT
tor B(t) = β1 (t), β2 (t), β3 (t), β4 (t) the following inhomogeneous linear differential
equation system
M B(t) + F (t) = Ḃ(t)

(B.12)

B(0) = 0

(B.13)

with


i 
M =− 
~


~e
ωres

0

η2

η1



0

~e
ωres

η1

η2

η2

η1

~e
ωres

0







η1

η2

0

~e
ωres

(B.14)

and
F (t) = g1 (t), g2 (t), 0, f1 (t) + f2 (t)

T

/2.

(B.15)
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The solution exists since M is diagonalizable at all times t and is given by
Mt

B(t) = e

Z
B(0) +

t

eM (t−s) F (s)ds.

(B.16)

0

B.3

Effective coupling strength geff

In this appendix we calculate the effective two-qubit coupling in the polaron frame.
The effective two-qubit coupling strength between the qubits in the polaron frame
reads
geff (t) =





1
g1 (t) β2 + β2∗ + g2 (t) β1 + β1∗ + f1 (t) + f2 (t) β3 + β3∗ .
4

(B.17)

Due to the complexity of the results we refrain from the presentation of the full
expression. Considering identical qubits, ω
e1 = ω
e2 = ωD , η1 = η2 = η, as well as
opposite phases, φ1 = π/2 and φ2 = 3π/2, and ~ωres , ~ωD  η the effective coupling
can be approximated by
2
1
gm
ω
eres cos(ωD t)[cos(e
ωres t) − cos(ωD t)]
(B.18a)
4 ~e
ωres − ~ωD
ωD + ω
eres
g 2 [1 − cos(e
ωres t)]
(B.18b)
− st
4~e
ωres


fst gst [1 − cos(e
ωres t)] fst gst t sin(e
ωres t)
−
+η
(B.18c)
2
~2 ω
eres
~2 ω
eres




2
2 − 2 cos(te
f 2 + gst
t2 ~2 ω
eres
ωres ) − 2t~e
ωres sin(te
ωres ) + 2
. (B.18d)
− η 2 st
3
2~3 ω
eres

geff (t) = −

The expressions in the first line Eq. (B.18a) coincide with the results in Ref. [260]
and give rise to the two-qubit cz gate uprising from the modulation of the qubits.
Subsequently, the second line Eq. (B.18a) yields a two-qubit cz gate uprising from
the static longitudinal coupling of the qubits discussed in Ref. [243]. The ideal twoqubit coupling Eqs. (B.18a)-(B.18b) are modified by the quantum capacitance η of
the qubit [see Eq. (B.18c)-(B.18d)].
Since only a precise knowledge of the average coupling ḡeff (t0 , tg ) =

R t0 +tg
t0

geff (t)dt

is required to estimate the effective coupling for a high fidelity gate operation [260].
Imposing ω
eres = kπ/tg and ωD = jπ/tg with integer k, j the average coupling ḡeff
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becomes independent of the initial time t0 and can be simplified to
2
2
2
gst
gm
gm
−
+
4~e
ωres 16(~ωD − ~e
ωres ) 16(~ωD + ~e
ωres )

 2

k
2
k
[1 + (−1) ] fst gst
2 2(−1) + 1 fst + gst
+η
−η
.
2
3
~2 ω
eres
~3 ω
eres

ḡeff (tg ) t−1
g =−

(B.19)

The expression Eq. (8.18) in the main text follows for η = 0. It is obvious from
Eq. (B.19) that the impact of the problematic quantum capacitance can be minimized
for odd k and a small static longitudinal qubit resonator coupling gst , i.e., operating
the qubit at a sweet spot regarding VC .

B.4

Gate error

In this appendix we derive the time evolution for the general ηi 6= 0. For this we
pol
pol
pol
(t) + Htot,rest
(t) in Eq. (8.12) into an ideal
(t) = Htot,id
divide the Hamiltonian Htot

Hamiltonian,
~ 0
~ 0
pol
(t) = ~e
ωres a† a + geff (t)σz,1 σz,2 + ω
Htot,id
eQ,1 (t)σz,1 + ω
e (t)σz,2 ,
2
2 Q,2

(B.20)

and the remaining terms,
pol
Htot,rest
(t) = (η1 σz,1 + η2 σz,2 )a† a,

(B.21)

that includes the ac Stark shifts ηi . The time-evolution from time t = t0 until t = t1
then consequently reads
Ugpol (t0 , t1 ) = e− ~

R t1

pol 0
Htot
(t )dt0

i

R t1

pol
Htot,id
(t0 ) − ~i

i

= e− ~

t0

t0

e

R t1
t0

pol
Htot,rest
(t0 )dt0
† a/~

pol
≡ Uid
(t0 , t1 ) e−i tk (η1 σz,1 +η2 σz,2 )a

.

(B.22)

Since we are interested in the time-evolution in the laboratory frame, the timeevolution above has to be multiplied by the inverse polaron transformation UP−1 = UP† .
We obtain
† a/~

pol
Ugpol (t0 , t1 ) = UP (t1 )Uid
(t0 , t1 ) e−i (t1 −t0 ) (η1 σz,1 +η2 σz,2 )a

= Uid (t0 , t1 )Uer (t0 , t1 )

UP† (t0 ),

(B.23)
(B.24)
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where UP (t) = exp S(t)a† − S † (t)a is the displacement at time t. In the second
pol
(t0 , t1 )UP = Uid (t0 , t1 ). For an accurately chosen time interval
line we used UP† Uid

t1 − t0 = πk/e
ωres with integer k ∈ Z the first term coincides in the polaron and the
pol
laboratory frames Uid
(t0 , t1 ) = Uid (t0 , t1 ) and yields the desired cphase gate. The

remaining term Uer (t0 , t1 )UP (t0 ) leads to errors in the operation. To quantify the
error we write
† a/~

Uer (t0 , t1 ) = UP (t1 ) e−i (t1 −t0 ) (η1 σz,1 +η2 σz,2 )a

UP† (t0 )

i

† a−aS † (t )−a† S(t )+S † (t )S(t )
1
1
1
1

i

† a−aS † (t )−a† S(t )+S † (t )S(t )
1
1
1
1

= e− ~ (t1 −t0 ) (η1 σz,1 +η2 σz,2 )[a

] U (t ) U † (t )
P 1
P 0

= e− ~ (t1 −t0 ) (η1 σz,1 +η2 σz,2 )[a

]

† −[S † (t )−S † (t )](t)a+[S(t )S † (t )−S † (t )S(t )]/2
1
0
1
0
1
0

× e[S(t1 )−S(t0 )]a
er

er

† a/2

≈e−i [Φz,1 (t0 ,t1 ) σz,1 +Φz,2 (t0 ,t1 ) σz,2 ]a

er

e−i Φ̂ZZ (t0 ,t1 ) σz,1 σz,2 /4

(B.25)
(B.26)

Here, we used in the second line the relations given in Eqs. (B.3)-(B.7) and in the
third line the Baker–Campbell–Hausdorff formula to combine the two displacement
operators UP (t1 ), UP† (t0 ). To recover the expression from Eq. (8.23) in the main text,
we have expanded both exponents for small η  ~e
ωres in the last line. Leading order
expressions for identical qubits are as follows;
2
Φer
z,i (t0 , t1 ) = 2η(t1 − t0 )/~ + O(η )
i
(t1 − t0 )(fst + gst ) h iπ(4k+1)/4 †
−iπ(4k+1)/4
√
Φ̂er
(t
,
t
)
=
η
e
a
−
e
a
+ O(η 2 ).
0
1
ZZ
2~2 ω
eres

B.5

(B.27)
(B.28)

Parameters for the numerical simulation

In this appendix we provide details for the simulation of the average gate fidelities of
the pulse sequences displayed in Fig. 8.3. For the numerical simulation of the gate we
explicitly solve the time-dependent Schrödinger equation i~ |Ψ̇(t)i = Htot |Ψ(t)i with
Htot from Eq. (B.1) for the initial conditions |Ψ(0)i = |00i , |01i , |10i , |11i which yields
the corresponding unitary time evolution. Here, |01i denotes that qubit 1 is initialized
in the ground state and qubit 2 in the excited state. The resonator is initialized in all
runs in the ground state. We note, that a finite population corresponding to a temperature T = 20 mK does not yield significant changes. The following parameters from
the main text are used. We consider a high kinetic inductance microwave resonator,
with frequency ωres = 6 GHz, a charge-photon coupling g0,1 = g0,2 = 200 MHz, a modulation with frequency ωD,1 = ωD,2 = ωres − δ with detuning δ = 50 MHz, a driving
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(D)

amplitude VC,1 = VC,2 = 1 GHz, the phase of the modulation φ1 = π/2 = φ2 + π,
and the modulated qubit-resonator coupling gm,1 = 12.5 MHz = −gm,2 .
The uncorrected and the phase echo cz pulse sequence are then realized within
tg = 80 ns where we switch the phase of the phase echo sequence φ1 → φ2 and φ2 → φ1
at t = tg /2 = 40 ns. For the Hahn echo we turn off the interaction at t = tg /2 = 40 ns,
swap the qubit states at t = 60 ns, and turn on the interaction at t = 80 ns. The
complete cz gate is then realized within 120 ns.
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Appendix C

This appendix contains details to several topics discussed in chapter 9. First,
the derivation of the effective Hamiltonian in the main text is described, performed by two Schrieffer-Wolff (SW) transformations. Starting from the extended
Hubbard model, the first SW transformation eliminates higher energy charging
states while the second SW eliminates states with higher valley-orbital occupation reducing the model to an approximate low-energy two-level system. Using
the resulting effective model, we show that a modulation of detuning or tunneling
allows for arbitrary single-qubit rotations. We support this analysis by computing
the matrix elements of the Hamiltonian and the electric dipole operator using a
full Hund-Mullikan orbital study. Subsequently, we show that the charge noise
sweet spot exists also in the case tl 6= t0l and tr 6= t0r and possesses a negligible
electric dipole. We support this finding with numerical simulations. Finally, we
also provide details about the cavity-mediated two-qubit interaction.

C.1

Derivation of the effective Hamiltonian for the quadrupolar exchange-only qubit

In this appendix we present a derivation of the effective Hamiltonian which describes
the setup discussed in the main text consisting of three linearly arranged quantum
dots (QDs). The dots are occupied with a total of four electrons and are electrostatically tuned such that the (1,2,1) charge configuration is energetically favorable.
Here, (l, m, n) denotes the charge configuration with l electrons in the left, m electrons in the center, and n electrons in the right dot. For our theoretical model we
use an extended Hubbard model (t − J model) [402, p. 25] which includes intra-dot
and inter-dot charging energies, the direct Coulomb exchange interaction between two
electrons occupying the same dot with different valley-orbit quantum numbers, and a
195
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valley-orbit non-conserving tunneling between the dots (see section C.2).
Our proposed system is described by the following Hamiltonian
H = H0 + Hch + Htun

(C.1)

where H0 contains the quantum dot orbital energies iα and the chemical potentials Vi ,
Hch the intra-dot (internal) charging energies Ciα,iβ , Kiα,iβ and the inter-dot (external)
charging energies Ciα,jβ , Kiα,jβ with i 6= j, and Htun the tunneling matrix elements
tiα,jβ ,
H0 =

X
(iα + Vi )(niα,↑ + niα,↓ ),

(C.2)

i,α

Hch =

XXX


Ciα,jβ c†iα,σ c†jβ,σ0 cjβ,σ0 ciα,σ + Kiα,jβ δσσ0 c†iα,σ c†jβ,σ0 ciα,σ cjβ,σ0 ,

i,j α,β σ,σ 0

(C.3)
Htun =

XXX

tiα,jβ δσσ0 c†iα,σ ciβ,σ0 .

(C.4)

i6=j α,β σσ 0

Here, the indices i, j = L, C, R refer to the QD, the indices α, β = v0 , v1 to the
valley-orbit, and σ, σ 0 =↑, ↓ label the electron spin. In this notation, niα,σ = c†iα,σ ciα,σ
is the number operator and c†iα,σ (ciα,σ ) creates (annihilates) an electron in QD i
(i=L,C,R) occupying orbital α (α = 1, 2) with spin σ (σ =↑, ↓). Vi is the dot potential
affected by the electrostatic gates, EV,i ≡ iv0 −iv1 is the valley-orbital splitting, Ciα,iβ
and Kiα,iβ denote the onsite (internal) Coulomb and Coulomb-exchange energies of
two electrons occupying the same dot, and Ciα,jβ and Kiα,jβ with i 6= j describe the
Coulomb and Coulomb-exchange interaction between electrons occupying different
dots. These parameters, Ciα,jβ , Kiα,jβ , and tiα,jβ are given by computing the corresponding single- and two-particle matrix elements of the electronic wavefunctions
(see subsection C.2) or are experimentally accessed by fitting the parameters to transport or cavity measurements [72, 170]. Note, that the above Hamiltonian directly
enforces spin-conserving tunneling and Coulomb interaction through the Kronecker
delta δσσ0 . This is justified by the relatively small spin-orbit interaction in silicon.
Restricting ourselves to the situation where the (1,2,1) charge configuration is energetically favorable and considering large orbital spacings for the left and right dot,
i.e. strong confinement of the electrons, we find that the excited valley-orbital levels
in the outer two QDs are frozen out. Assuming symmetric confinement potentials
and small dot sizes (charge distribution in different orbitals is small compared to the
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electron-electron repulsion), we find Ui ≡ Ciα,iβ ≈ Ciα0 ,iβ 0 , Ui,j ≡ Ciα,jβ ≈ Ciα0 ,jβ 0 for
α, α0 , β, β 0 = v0 , v1 , and JC ≡ Kiv0 ,iv1 = Kiv1 ,iv0 while Kiα,iα = 0. To introduce the
same notation as used in the main chapter, we now omit the orbital index if α = v0 and
use Q0 if α = v1 for Q = L, C, R. Hence, there are four relevant tunneling amplitudes
in the regime of our interest (see Fig. 9.2)
∗
tl ≡tL,C + KL,C = t∗C,L + KC,L
,

(C.5)

t0l ≡tL,C 0 + KL,C 0 = t∗C 0 ,L + KC∗ 0 ,L ,

(C.6)

tr ≡tC,R + KC,R =
t0r

t∗R,C

≡tC 0 ,R + KC 0 ,R =

+

t∗R,C 0

∗
KR,C
,

+

∗
KR,C
0,

(C.7)
(C.8)

where tl,(r) and t0l,(r) describe valley-orbit conserving and non-conserving tunneling
between the left (right) QD and the center QD renormalized by the Coulomb-exchange
interaction. In a linear array the tunneling matrix element t13 ≡ tL,R + KL,R =
∗
t∗R,L + KR,L
≈ 0 between the left and right dot is small and neglected for all analytical

calculations in this supplement.
For later convenience, we also define the dipolar-detuning, ε = (VL − VR )/2, and
the quadrupolar detuning, εM = VC − (VL + VR )/2. An applied magnetic field sets the
quantization axis (z) of the qubit and allows for a separate analysis of each subspace
P
spanned by the states with total spin S = |S| ≡ | µ S µ | and Sz . Note, that the
z-projection of the spin is given by the direction of the magnetic field and not by the
geometric coordinate system x, y, z of the quantum dot system.
The quadrupolar exchange-only spin qubit is implemented in the (1,2,1) charge
configuration using the logical spin qubit states [158, 312]
|0i = |sLR i |sCC i

1 
= √ c†Lv0 ,↑ c†Cv0 ,↑ c†Cv0 ,↓ c†Rv0 ,↓ − c†Lv0 ,↓ c†Cv0 ,↑ c†Cv0 ,↓ c†Rv0 ,↑ |vaci
2
1
|1i = √ (|sLC 0 i |sCR i + |sLC i |sC 0 R i)
3
1  †
= √ cLv0 ,↑ c†Cv0 ,↑ c†Cv1 ,↓ c†Rv0 ,↓ + c†Lv0 ,↑ c†Cv0 ,↓ c†Cv1 ,↑ c†Rv0 ,↓
2 3

(C.9)

− 2c†Lv0 ,↑ c†Cv0 ,↓ c†Cv1 ,↓ c†Rv0 ,↑ − 2c†Lv0 ,↓ c†Cv0 ,↑ c†Cv1 ,↑ c†Rv0 ,↓

+ c†Lv0 ,↓ c†Cv0 ,↑ c†Cv1 ,↓ c†Rv0 ,↑ + c†Lv0 ,↓ c†Cv0 ,↓ c†Cv1 ,↑ c†Rv0 ,↑ |vaci

(C.10)

both residing in the S = 0 subspace of the four electron system and forming a
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Figure C.1: (a) TQD confining potential V (x). The left and right dots each contain
one electron in the ground state (black level). The middle dot contains two electrons,
one of which can occupy an excited valley state (grey level) EV,C above the ground
state. The electrons are allowed to hop with valley conserving (green), tl,r , and valley
non-conserving (blue) tunneling, t0l,r . Tunneling from the center dot to an excited
valley state (grey dashed) in the outer dots is energetically unfavorable. (b) Energy
level diagram of the center quantum dot filled with two electrons for total spin Sz = 0.
The lowest energy level is the spin-singlet state |sCC i in the valley ground state. The
first excited state |sCC 0 i + |sC 0 C i is a triplet-like state and occupies a valley ground
and excited state but its energy is lowered by the electrostatically tunable onsite
Coulomb-exchange coupling Jc . Figure taken from Ref. [31].
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decoherence-free subspace (DFS) qubit [26, 158]. Here, |vaci denotes the vacuum
√
state, |sµν i = (|↑iµ |↓iν − |↓iµ |↑iν ) 2 denotes the spin singlet state between electrons
in orbitals µ and ν with µ, ν = L, C, C 0 , R where L (R) reside in the left (right) dot and
C, (C 0 ) reside in the lower (upper) orbital in the center dot. There are two additional
(leakage) states with the same total spin and charge configuration [see Fig. C.1 (b)]
|0+ i = |sLR i |sCC 0 i ,

(C.11)

|0++ i = |sLR i |sC 0 C 0 i

(C.12)

occupying excited valley-orbit levels in the center dot. There are no direct hopping
matrix elements between the states |0i, |1i, |0+ i, and |0++ i and their Hamiltonian is
given in the basis {|0i , |1i , |0+ i , |0++ i} by the diagonal matrix
0
H(1,2,1)
= diag(0, EV,C − Jc , EV,C , 2EV,C ).

(C.13)

However, coherent tunneling of the electrons couples states with (1,2,1) charge configuration to states with different charge occupations, i.e, states with (2,2,0), (2,1,1),
(1,3,0), (0,3,1), (1,1,2) and (0,2,2) charge configuration, each energetically separated
at least by the non-local nearest neighbor Coulomb repulsion Uij . Considering only the
lowest energy states within these charge configurations, we have to take the following
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10 states with their respective energy into consideration;
|(2, 1, 1)1 i = |sLL i |sCR i , with E4 = ε − εM + U1 − U2 + U2,3 ,

(C.14)

|(2, 1, 1)2 i = |sLL i |sC 0 R i , with E5 = ε − εM + U1 − U2 + U2,3 + EV,C ,

(C.15)

|(1, 1, 2)1 i = |sLC i |sRR i , with E6 = −ε − εM + U3 − U2 + U1,2 ,

(C.16)

|(1, 1, 2)2 i = |sLC 0 i |sRR i , with E7 = −ε − εM + U3 − U2 + U1,2 + EV,C ,

(C.17)

|(1, 3, 0)1 i = |sLC 0 i |sCC i , with E8 = ε + εM + 2U2 − U1,2 + U2,3 + EV,C − JC ,
(C.18)
|(1, 3, 0)2 i = |sLC i |sC 0 C 0 i , with E9 = ε + εM + 2U2 − U1,2 + 2U2,3 + 2EV,C − JC
(C.19)
|(0, 3, 1)1 i = |sCC i |sC 0 R i , with E10 = εM − ε + 2U2 + 2U1,2 − U2,3 + EV,C − JC
(C.20)
|(0, 3, 1)2 i = |sCR i |sC 0 C 0 i , with E11 = εM − ε + 2U2 + 2U1,2 − U2,3 + 2EV,C − JC
(C.21)
|(2, 2, 0)i = |sLL i |sCC 0 i , with E12 = 2ε + U1 − 2U1,2 + U2,3 + EV,C + JC

(C.22)

|(0, 2, 2)i = |sCC 0 i |sRR i , with E13 = −2ε + U3 + 2U1,2 − U2,3 + EV,C + JC , (C.23)
In the remainder of the derivation of the effective Hamiltonian we neglect the influence
of |(2, 2, 0)i and |(0, 2, 2)i since they only contribute terms of the order ∼ t2l,(L) t2r,(R) [9].
However, we take these terms into consideration for numerical calculations.
The effective low-energy subspace in the (1,2,1) charge regime can be approximated
via a Schrieffer-Wolff transformation in the limit tl,r , tL,R  |Ui − Ui,j ± ε ± εM |. The
resulting effective Hamiltonian in the (1,2,1) subspace with S = Sz = 0 is given as
follows


Heff

J0,0
J˜0,1
 ˜∗
 J0,1 J1,1 + EV,C − JC
=
 J˜∗
J1,2

0,2

0

∗
J˜1,3

J˜0,2
J1,2
J2,2 + EV,C
J˜∗
2,3

0
˜
J1,3
J˜2,3
J3,3 + 2EV,C




.



(C.24)
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For the relevant exchange couplings we find the following analytic expressions
J0,0
J˜0,1


|tl |2 |tr |2 |t0l |2 |t0r |2
+
+
+
,
E4
E6
E10
E8
r 
t∗l t0l
t∗ t0
t∗l t0l
1 3 t∗l t0l
+
+ l l +
=−
4 8 E4
E4 + JC − EV,C
E10 E10 + JC − EV,C
1
=−
4



(C.25)


t0∗
t0∗
t0∗ tr
t0∗
r tr
r tr
r tr
−
− r −
,
(C.26)
E6
E6 + JC − EV,C
E8
E8 + JC − EV,C

|t0l |2
|t0l |2
3
|tl |2
|tl |2
=−
+
+
+
8 E5 + JC − EV,C
E10 + JC − EV,C
E4 + JC − EV,C
E11 + JC − EV,C

2
2
0
2
|tr |
|tr |
|tr |
|t0r |2
+
+
+
+
,
E7 + JC − EV,C
E8 + JC − EV,C
E6 + JC − EV,C
E9 + JC − EV,C
(C.27)
−

J1,1

while for the higher excitation couplings we refer to Section C.7. We note, that
0

0

l + J l + J r + J r , where J q ∝ |t |2 are real parameters and describe a
Ji,j = Ji,j
q
i,j
i,j
i,j
i,j

Heisenberg-type exchange interaction between states occupying the same valley, while
J˜i,j = J˜l,(i,j) + J˜r,(i,j) , where J˜p,(i,j) ∝ t∗p tp0 with p = l, r and p0 = l0 , r0 are complex
parameters and describe valley-orbit non-conserving exchange. Since the degeneracy
of the (1,2,1) charge states is lifted due to the valley-orbit splitting EV,C and the
intra-dot direct Coulomb exchange Jc , we use a second Schrieffer-Wolff transformation
assuming Ji,j  ||EV,C − Jc | − EV,C | to find the dynamics in the qubit subspace
{|1i , |0i}. Defining
J0 ≈J0,0 +
J1 ≈J1,1 +
Jx ≈J˜0,1 +

|J˜0,2 |2
J0,0 − J2,2
|J1,2 |2
|J˜1,3 |2
+
J1,1 − J2,2 J1,1 − J3,3
J˜0,2 J1,2 (J0,0 + J1,1 − 2J2,2 )
2(J0,0 − J2,2 )(J1,1 − J2,2 )

(C.28)
(C.29)
(C.30)

we find for the qubit Hamiltonian the same expressions as used in the main text,
Hq = J0 |0i h0| + (J1 + EV,C − JC ) |1i h1| + Jx |1i h0| + Jx∗ |0i h1|

(C.31)

202

APPENDIX C. APPENDIX

Figure C.2: Modeling of the triple quantum dot in the 2DEG using the harmonic
square wells of Eq. (C.33). The x-axis is aligned along the triple dot axis, the y-axis
is perpendicular in the 2DEG plane, and the z-axis is perpendicular to the plane.
The following parameters have been chosen: al = ar = 41.2 nm, cl = cr = 0, and
Eorb = 6 meV. Figure taken from Ref. [31].

with the qubit splitting
ωq =

q
(J1 + EV,C − JC − J0 )2 + |Jx |2

≈ (J1 + EV,C − JC − J0 ) +

|Jx |2
.
2(J1 + EV,C − JC − J0 )

(C.32)

We note that Jx couples the two logical qubit states |0i and |1i and is tunable through
electrical control of the tunnel barrier or the detuning parameters. Moreover, J1 ∼
EV,C − JC  Jx is dominated by the valley-orbit splitting and Coulomb exchange,
therefore “always-on”, giving rise to a large zero-bias splitting.

C.2

Molecular orbital analysis

In this section we support our analysis using a full Hund-Mullikan orbital calculation.
Following Ref. [193, 331], the triple quantum dot is modeled by a potential of the form
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V(x, y) =





2
mωdot
1 2
− 48
al cl
2
h
2
mωdot
1 2
− 48
al cl
2

h
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i

4
−3)x3
2
−
(c
−
1)x
c3l − 6cl − 8 + xa2 − 2(cl3a
x<0
l
l
l
i

3
4
2(c
+3)x
+ (cr + 1)x2 x ≥ 0
c3l − 6cl − 8 + xa2 − r3ar
r

(C.33)
which separates into three harmonic wells of frequency ~ωdot = Eorb (see Fig. C.2).
Here, al,(r) is the distance between the left (right) and the center quantum dot and
the parameter |cl,(r) | < 1 phenomenologically describes the slope in energy between
the left (right) dot and center dot. The cl,r are related to the detuning parameters by
6(ε − εM )
,
2
a2l mωdot
6(ε + εM )
cr = − 2
.
2
ar mωdot
cl = −

(C.34)
(C.35)

In this model, the height of the tunnel barrier hl,r is given by the inter-dot distance
hl,r ∝ al,r .
In the effective mass (EM) approximation the orbital ground state electron wavefunctions of a multi-valley system with valley ξ = z, z̄ residing in quantum dot
q = l, c, r is given by [201, 307, 308, 318, 323, 325, 327]
s
ikξ z
χξs
q (x, y, z) = Φorb (x, y) × Ψ(z) × uξ (x, y, z) × e

≈

e

iaq y
2l2
B

−

e
√

(x−aq )2 +y 2
2
2Rq

πRq

z2

e− 2d2
√ × 1 × eikξ z .
×√
2π 1/4 d

(C.36)

Note, that setting uξ (x, y, z) = const does not affect our results since all relevant
energies vary slowly with respect to the lattice site, therefore, all matrix elements are
averaged over several periods of the Bloch function. Here, the first factor describes
the orbital confinement in the xy-plane at x-positions al , ac = 0, ar with quantum
p
p
dot radius Rq = ~/ mEorb,q < al , ar , and the magnetic length lB = ~/eB. The
remaining factors describe the confinement along z-direction in a quantum well with
length d  Rq , with z-valley position kξ = ±k0 in k-space. The electronic quantum
dot wavefunction of a multi-valley system in the first excited orbital state can similarly
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be approximated by [197, 201, 315, 318, 319, 323, 327, 403, 404].
p
ikξ z
χξp
q (x, y, z) = Φorb (x, y) × Ψ(z) × uξ (x, y, z) × e
iaq y
2

−

(x−aq )2 +y 2
2

2Rq
e 2lB e
√ 2
≈ [(x − aq ) + iy]
πRq

z2

e− 2d2
√ × 1 × eikξ z .
×√
1/4
2π
d

(C.37)

In realistic devices, however, miscuts, atomistic steps at the interface, or other effects
couple the valley and orbital degrees of freedom. In general, the valley-orbit coupling
zp
z̄p
z̄s
can be described in the basis of each dot {χzs
q , χq , χq , χq } by [321, 323, 403]


HVO,q =

0

 ∗
1
 ∆VOs,q
∗
2
 ∆Oz,q
∆∗V s,q



∆VOs,q

∆Oz,q

∆V s,q

0

∆V p,q

∆∗V p,q

2Eorb,q

∆∗Oz̄,q

∆∗VOp,q


∆Oz̄,q 
0
1
 = HVO,q
+ HVO,q
,

∆VOp,q 
2Eorb,q

(C.38)

0
1
where HVO,q
contains only the diagonal elements and HVO,q
only off-diagonal el-

ements. Here, ∆VOs (∆VOp ) is the intra-orbit inter-valley coupling of the ground
(excited) state, ∆O,ξ denotes the inter-orbit intra-valley coupling of the ξ = z, z̄ valley, and ∆V s (∆V p ) describes the inter-orbit inter-valley coupling between the orbital ground (excited) states. The eigenstates of the Hamiltonian (C.38) are calculated in two steps. First, a SW transformation is applied to block-diagonalize
e VO,q = eS HVO,q e−S with |∆V s , ∆V p , ∆Oz , ∆Oz̄ |  Eorb,q . Thus, we obtain (up
H
to a energy shift)


e VO,q
H

e VOs,q
−2Es,q ∆
0
0
 e∗

∆VOs,q 2Es,q
0
0
1
≈ 

e
2
0
0
2(Eorb,q − Ep,q )
∆VOp,q
∗
e
0
0
∆VOp,q
2(Eorb,q + Ep,q )




,



(C.39)

−S |χξo i with o = s, p and ξ = z, z̄.
in the basis of the valley-orbit mixed states |ϕξo
q i=e
q
0
1
The anti-hermitian matrix S is set by the SW condition [S, HVO,q
] = −HVO,q
. Note,

that in general the mixing between s- and p-orbitals is different for z and z̄ valley
which we will find useful below. The complex valley-orbit coupling of the ground
e VOs,q = |∆
e VOs,q |eiφvq now defines the valley-splitting hV,q = |∆
e VOs,q | and the
state ∆
phase of the valley pseudo-spin φvq (similarly for the p-orbitals). The orbital splittings
e VOs,q |, |∆
e VOp,q | are neglected in the remainder of the supplement.
Es,q , Ep,q  |∆
In a second step, we diagonalize the s-orbital 2 × 2-block using the basis transfor-
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√
ξs
ξ̄s
iφv
mation |ϕξs
q i → (|ϕq i ∓ e q |ϕq i)/ 2 and similarly for the p-orbitals. The electron
wavefunctions are then given by
√
−S
zs
iφvq −S
z̄s
i
−
e
e
|χ
i)/
|ϕ0s
i
=(e
|χ
2,
q
q
q
√
v
−S
iφq −S
|ϕ1s
|χzs
e |χz̄s
q i =(e
q i+e
q i)/ 2,
√
0p
−S
zp
iφvp,q −S
|ϕq i =(e |χq i − e
e |χz̄p
q i)/ 2,
√
−S
iφvp,q −S
|ϕ1p
|χzp
e |χz̄p
q i =(e
q i+e
q i)/ 2,

(C.40)
(C.41)
(C.42)
(C.43)
(C.44)

e VOp,q ) being the valley pseudo-spin phase of the p-orbital. The set
with φvp,q = arg(∆
of wavefunctions introduced above
0p
0p
0p
1p
1p
1p T
1s
1s
0s
0s
1s
ϕ ≡ {ϕ0s
l , ϕc , ϕr , ϕl , ϕc , ϕr , ϕl , ϕc , ϕr , ϕl , ϕc , ϕr } , however, is unsuitable

for further calculations due to finite overlaps
Σαβ
ij

Z
=

β
d3 rϕα∗
i (r)ϕj (r) 6= δij δαβ .

(C.45)

Enforcing the orthonormalization conditions yields a new set of wavefunctions
0p
0p
0p
1p
1p
1p T
1s
1s
1s
0s
0s
Φ ≡ {Φ0s
l , Φc , Φr , Φl , Φc , Φr , Φl , Φc , Φr , Φl , Φc , Φr } that is uniquely given

by
Φ = Σ−1/2 ϕ
for sufficiently small overlaps

α6=β
i,α |Σi6=j |

P

(C.46)

< |Σα=β
i=j | = 1. There are different ways to

determine the matrix Σ−1/2 , e.g., using the maximally localized Wannier orbitals [339],
by a Gram-Schmidt orthonormalization procedure [340], and by symmetric singular
value decomposition [341]. Here, we used the method of symmetric singular value
decomposition which maintains the symmetry of the wavefunctions and imposed the
least deformation relative to the original wavefunctions in the least-squares sense.
Note that for large inter-dot distances Φ → ϕ, thus, both sets of wavefunctions are
identical.
With this toolbox of orthonormalized wavefunctions we can now calculate the
matrix elements of the Hamiltonian (C.2)-(C.4) in the basis given by Eqs. (C.9)-(C.12)
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and Eqs. (C.14)-(C.23)
Z

β
d3 rΦα∗
i (r) [K(r) + V(r)] Φj (r),
Z
Z
U0
β∗
3
= d r 1 d3 r 2 Φα∗
Φβ (r 2 )Φαi (r 1 ),
i (r 1 )Φj (r 2 )
|r 1 − r 2 | j
Z
Z
U0
β∗
= d3 r 1 d3 r 2 Φα∗
Φβ (r 1 )Φαi (r 2 ).
i (r 1 )Φj (r 2 )
|r 1 − r 2 | j

tiα,jβ =
Ciα,jβ
Kiα,jβ

(C.47)
(C.48)
(C.49)

Here, K = (−i~∇ − eA)2 /2m contains the kinetic terms in the presence of a magnetic
field B = ∇ × A using the symmetric gauge A = B(−y, x, 0)T /2, and V is the
potential given in Eq. (C.33). To compute the Coulomb integrals Eqs. (C.48)-(C.49)
U0
0
in the 2D limit d  R. These integrals
we approximated |r1U−r
≈√
2
2
2|
(x1 −x2 ) +(y1 −y2 )

can be evaluated analytically but yield rather unwieldy expressions (not shown here).

C.2.1

Achievability of the condition tl = t0l and tr = t0r

As discussed in the main text, the decoherence properties are best under the condition
|tl | = |t0l | and |tr | = |t0r | since in this case the qubit is also robust against charge noise
during the pulse sequences (dynamic sweet spot). Here we show that this condition
is realizable in experiments.
There are two main effects which lead to finite transition amplitudes between a
valley ground state and a valley excited state necessary for a finite t0l,r . The first effect
is valley-orbit mixing resulting from imperfect interfaces in the heterostructure. This
effect mixes the valley and orbital levels and gives rise to a finite overlap between
the electronic wavefunctions. The mixing degree is usually very small, and only a
few percent are predicted [403]. Considering only this effect yields only very small
valley non-conserving tunneling amplitudes |t0l |  |tl | and |t0r |  |tr |. The second
effect arises from local differences in the orientation of the z-valleys due to atomistic
steps in the interface. The atomistic interface steps locally change the orientation of
the valley pseudo-spin giving rise to a phase difference between valley pseudo-spin of
electrons at different lateral position [323]. As a result, the valley pseudo-spins in the
different quantum dots can have completely different phase factors φvq with q = l, c, r.
Setting φvc = 0, atomistic steps give rise to |tl | ∼ |t0l tan(φvl /2)| and |tr | ∼ |t0r tan(φvr /2)|
which yields identical tunnel couplings for φvl = φvr = π/2. The phases φvl and φvr are
mostly set by the geometry of the interface [77]. Tuning can be achieved by changing
the position of the electron wavefunctions either by moving the quantum wells by the
electrostatic gates or by adjusting the tunnel-barriers. [201, 323]. Refs. [199, 405, 406]

C.2. MOLECULAR ORBITAL ANALYSIS

207

���

���

��-�

��-���

��

��

��

��

Figure C.3: Absolute value of the valley-conserving tl (red) and the valley-nonconserving t0l (blue) tunnel matrix element between the left and the center dot.
For the simulation the following parameter settings are used; the quantum dot radius R = 8.17 nm (corresponds to an orbital energy of Eorb ≈ 6 meV), the magnetic length lB = 55 nm (corresponds to a magnetic field B ≈ 210 mT), the twoelectron charging energies U1 = U2 = U3 = 3 meV, the valley phases φvl = 0.4 π and
φvr = −0.4 π, and valley-orbit parameters [see Eq. (C.38)] ∆V s,q = ∆V p,q = 0.2 meV
and ∆Oz,q = ∆Oz̄,q = 0.3 meV. Note, that in our simulation the tunnel barrier is
set by al and does not precisely match the inter-dot distance in experimental setups.
Figure taken from Ref. [31].
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Figure C.4: Transition matrix element e x01 = h0| x̂ |1i of the position operator (C.51)
as a function of detuning parameters for (a) a constant electric field E(x̂) = E||êx
and (b) for the electric field E(x̂) = E sign(x̂)||êx . For the simulation the same
parameters are used as in the main text; tl = tr = 25 µeV and |t0l | = |t0r | = 20 µeV and
arg(t0l ) = arg(t0r ) = −π/2 which corresponds to the interdot distance al = ar = 41.2 nm
in Fig. C.3. Figure taken from Ref. [31].

also show that external magnetic and electric fields provide control over the valley
splitting. However, this only weakly affects the phase of the pseudo-spin. A second
control mechanism relies on the valley-orbit mixing making use of the fact that the
tunneling matrix element between the dots depends on the orbital level. This leads to
a difference in the spatial dependence of the tunneling amplitude as seen in Fig. C.3.
Here, |t0l | = |tl | and |t0r | = |tr | is possible even for φvl 6= φvr .

C.2.2

Electric dipole moment

With the orthonormalized wavefunctions (C.46) we can also calculate the interaction
between the qubit and the electromagnetic field. The interaction Hamiltonian in the
dipole approximation reads [30]
Hdip = eE(x̂) · x̂

(C.50)

C.3. QUBIT DECOHERENCE FOR TL 6= TL0 AND TR 6= TR0
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where E(x̂) is the position dependent electric field. Following Ref. [193] the dipole
transitions are described by the matrix elements of the position operator
x̂ =

XXX
i,j α,β

xiα,jβ c†iα,σ cjβ,σ .

(C.51)

σ

Analogously to Eq. (C.47), we find
Z
xiα,jβ =

β
d3 rΦα∗
i (r)r(r)Φj (r).

(C.52)

Fig. C.4 (a) shows the resulting dipole interaction
e x01 = e h0| x̂ |1i

(C.53)

between the two qubit states considering a constant electric field aligned in x-direction
E(x̂) = E||êx . This corresponds to an architecture where the qubit is connected via
the gate VL to the cavity. In Fig. C.4 (b) the results are shown if the qubit is connected
via the plunger gate VC . In our model this corresponds to E(x̂) = E sign(x̂)||êx
with sign(x) =

x
|x| .

As expected, there is a small dipole [Fig. C.4 (a)] and quadrupole

[Fig. C.4 (b)] moment near the location of the double sweet spot, therefore, protecting
the qubit against charge noise. Note, that the dipole and quadrupole moment do not
completely vanish due to the choice |tl | > |t0l | and |tr | > |t0r |.

C.3

Qubit decoherence for tl 6= t0l and tr 6= t0r

In this section we show that the extended sweet spot described in the main text still
exist in the general case tl 6= t0l and tr 6= t0r . Evidence for the existence of the charge
noise double sweet spot is given in Fig. C.5 (b) which shows a dephasing time Tϕ on
the same order as for the location of the double sweet spot defined in the main text
for the case tl = t0l and tr = t0r in Fig. C.5 (a). While this does not proof the existence
of a double sweet spot, it does show that one can find working points that are equally
protected as in the case tl = t0l and tr = t0r . The exact location of these sweet spots,
however, depends on the tunneling couplings, tl , t0l , tr , and t0r and is given by the
conditions
∂ε ωq = 0,

(C.54)

∂εM ωq = 0.

(C.55)
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Figure C.5: Qubit dephasing time Tϕ as a function of ε and εM for (a) tl = t0l and
(b) tl > t0l . We used the following parameter settings in (a); tl = t0l = 25 µeV,
tr = t0r = 15 µeV, Ui = U = 3 meV, Ui,j = Un = 1 meV, JC = 100 µeV, and
EV,C = 150 µeV. And in (b) we used the parameter settings; tl = 22 µeV, t0l = 11 µeV,
tr = 15 µeV, t0r = 7.5 µeV, Ui = U = 3 meV, Ui,j = Un = 1 meV, JC = 100 µeV, and
EV,C = 150 µeV. The simulations indicate the presence of a charge noise double sweet
spot with Tϕ > 100 µs for both parameter settings. Figure taken from Ref. [31].

These equation cannot be solved analytically in the general case, but we found numerical solutions in the (1,2,1) charge configurations regime for a large set of parameters.

C.4

Sweet spot for asymmetric charging energies

In this section we show that the extended charge noise double sweet spot exists for
asymmetric charging energies. For the derivation of the effective model, no assumptions regarding the charging energies are made, thus Eq. (9.3) describes the dynamics
of the qubit also for asymmetric charging energies Ui 6= Uj with i 6= j. Considering
|tl | = |t0l | and |tr | = |t0r | the location of the double sweet spot is given by
ε = (U3 − U1 )/4 + U12 − U23
εM = (JC − EV,C )/2 + (U1 − 6U2 + U3 )/4,

(C.56)
(C.57)
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where Ui and Uij are the onsite- and cross-charging energies. In the general case tl 6= t0l
and tr 6= t0r no analytical expression can be found and the charge noise sweet spot can
be obtained numerically from the conditions in Eqs. (C.54) and (C.55).

C.5

Single qubit operations

In this section we estimate the single-qubit operation time of the QUEX qubit under
the effect of periodic driving VC (t) = VC0 + VC1 cos (ωD + φ) of the center gate voltage
VC ∼ εM . Using Eqs. (C.34) and (C.35) one can calculate directly the resulting matrix
element between the qubit states from the modulation via Eqs. (C.47) and (C.1).
Assuming the inter-dot distance al = 41.2 nm, a driving voltage VC1 = 1.2 mV, a lever
arm α = 0.1 meV/mV [170], and ε = 0 and εM = −25 µeV (corresponding to the
charge noise double sweet spot), we find the Rabi frequency AεM ≈ 0.13 µeV. For
this choice of parameters, the gate time is estimated to be τx = 2π~/AεM ≈ 30 ns as
shown in the main text.

C.6

Entangling distant QUEX qubits

In this section we estimate the entangling time between two QUEX qubits connected
via a shared microwave resonator. The entangling pulse sequence described in the
main text is given by [194]

UCZ = Ra,z

π
√
2



π
Sa+ (π, φ)Sb− ( , 0)Sb− (π
2

√

π
π
2, )Sb− ( , 0)Ra,z
2
2



π
√
2



Sa+ (π, φ).
(C.58)

Here Sq± (φ, τ ) ≡ exp(−iHq,± (g, φ)τ /~) are “red” and “blue” sideband transition gates
of qubit q generated by the Hamiltonian [9, 194]
H± =


g  ∓iφ †
e a σ∓ + e±iφ aσ± .
2

(C.59)

One way to realize this interaction requires driving the qubits with VC1 cos(ωD t + φ)
at the qubit transition frequency ωD = ωq while the qubits are coupled to the
resonator via their electric dipole with strength ga = gb = g.

The interaction

Hamiltonian between a single qubit and the cavity in the rotating frame defined by
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† a+σ /2)
z

Ur1 = e−iωD t(a

neglecting rapidly oscillating terms is



H rf = ∆0 a† a + g eiφ aσ+ + e−iφ a† σ− + Ωσy ,

(C.60)

with the effective resonator frequency ∆0 ≡ ωD − ωres and the Rabi frequency of the
qubits Ω ≡ |gVC1 /∆0 |. Transforming the Hamiltonian (C.60) into a second rotating
† a+Ωσ )
y

frame Ur2 = e−it(∆0 a

and subsequently applying the rotation Urot = eiπσx /4 ,

one obtains [194]
H drf =

i
g h iφ −i(∆0 −Ω)t
e e
σ+ a + e−iφ ei(∆0 −Ω)t σ− a† + e−iφ ei(∆0 +Ω)t σ+ a† + eiφ e−i(∆0 +Ω)t σ− a
2
g
+ i σz (eiφ e−i∆0 t a − e−iφ ei∆0 t a† )
(C.61)
2

Applying the rotating wave approximation for the particular choices Ω = ±∆0 and
neglecting rapidly oscillating terms, one obtains the Hamiltonian (C.59) which enables
side-band transitions. For this second rotating wave approximation to be valid and
therefore minimizing the error, one greatly benefits from the large tunability of the
energy gap of the QUEX qubit.
The qubit-resonator coupling is induced by connecting the center gate to the resonator VC → VC (t) = VC0 + αV0 (a + a† ). Analogously to the procedure for the
single-qubit Rabi oscillations (see Sec. C.5), the coupling strength is given by
g = α h0| H |1i

(C.62)

where H depends on VC via H0 and Htun and where α is the lever arm between the real
applied voltage on the center gate and the subsequent changes in the potential (C.33),
and [245]
r
V0 = ~ωres

Z0
~π

(C.63)

denotes the zero-field fluctuation amplitude of the resonator.
Considering ωres = 10 GHz and using realistic parameters [247] (extrapolated to
10 GHz) we find V0 ≈ 70.7 µV. Assuming α = 0.1 meV/mV and εM = 20 meV allows
us to estimate the qubit-resonator coupling strength g = 2π × 6.4 MHz and the Rabi
frequency (see Sec. C.5) Ω = AεM = 2π × 110 MHz. The final gate time [194] is
√ 
then τ = 3 + 2 π/g + 2τz ≈ 339 ns assuming a single-qubit z-rotation gate time
τz ≈ 5 ns. Note that the gate is performed while operating at the charge noise sweet
spot with respect the dipolar detuning ε. Faster gates can be achieved by moving

C.6. ENTANGLING DISTANT QUEX QUBITS
away from the sweet spot.
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C.7

Higher excitations exchange parameters

For completeness the explicit expressions for all exchange coupling terms read with
the energies Ei in Eqs. (C.14)-(C.23)
t0 t∗
t0 t∗
t0l t∗l
t0l t∗l
− √l l
+ √l l + √
+ √
4 2E10 4 2E4 4 2(E10 − EV,C ) 4 2(EV,C − E4 )
!
tr t0∗
tr t0∗
tr t0∗
tr t0∗
r
r
r
r
− √
+ √
− √
,
(C.64)
+ √
4 2E6 4 2E8 4 2(EV,C − E6 ) 4 2(EV,C − E8 )
√ 02
√ 02
√
√
3|tl |
3|tl |
1
3|tl |2
3|tl |2
=
−
+
+
−
2
8E10 + JC − EV,C
8E11 + JC − EV,C
8E4 + JC − EV,C
8E5 + JC − EV,C
√ 0 2
√
√
√
3|tr |
3|tr |2
3|tr |2
3|t0r |2
−
+
+
−
8E6 + JC − EV,C
8E7 + JC − EV,C
8E8 + JC − EV,C
8E9 + JC − EV,C
√
√
√
√
3|t0l |2
3|t0l |2
3|tl |2
3|tl |2
−
+
−
+
8(E10 − EV,C ) 8(E11 − EV,C ) 8(EV,C − E4 ) 8(EV,C − E5 )
√ 02
√
√
√ 0 2 !
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3|tr |2
3|tr |2
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+
+
−
,
(C.65)
−
8(EV,C − E6 ) 8(EV,C − E7 ) 8(EV,C − E8 ) 8(EV,C − E9 )

|t0l |2
|t0l |2
1
|tl |2
|tl |2
=
−
−
+
+
2
4(E10 − EV,C ) 4(E11 − EV,C ) 4(EV,C − E4 ) 4(EV,C − E5 )

0
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+
+
+
,
(C.66)
+
4(EV,C − E6 ) 4(EV,C − E7 ) 4(EV,C − E8 ) 4(EV,C − E9 )
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