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Zusammenfassung

In dieser Arbeit wird die Anwendbarkeit von Modellreduktion auf skalare und multi-

kriterielle Optimalsteuerungsprobleme, die durch Evolutionsgleichungen beschränkt sind,

untersucht. Im Speziellen werden fortgeschrittene Aspekte der Optimierung thematisiert,

darunter bilineare Kontroll-Zustand-Paarungen, iterative Skalarisierung von

multikriteriellen Kostenfunktionen, mengenorientierte Unterteilungsalgorithmen und

gemischt-ganzzahlige Optimalsteuerung. Die hieraus resultierenden Probleme werden aus

einer funktionalanalytischen Perspektive untersucht und wir schlagen numerische Strate-

gien vor, die zu ihrer Lösung eingesetzt werden können. Da die meisten dieser Methoden

die wiederholte Lösung von partiellen Differentialgleichungen erfordern, wird ein spezieller

Fokus auf die intelligente Anwendung von Modellreduktionstechniken gelegt, um den rech-

nerischen Aufwand gering zu halten. Hier kommen problemspezifische Fehlerschätzer zum

Einsatz, um die Diskrepanz zwischen den hochauflösenden und reduzierten Modellen ger-

ing zu halten.
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Introduction

This thesis investigates the usefulness of reduced-order modelling (ROM) in scalar and

multiobjective optimal control of evolution equations. We approach a variety of advanced

optimization aspects such as bilinear control-state pairings, iterative scalarization of a mul-

tiobjective cost function, set-oriented subdivision algorithms and mixed-integer optimal

control. The resulting problems are investigated from a functional-analytical perspective

and we propose new and efficient numerical strategies that can be used to solve them.

Since a lot of these methods demand repeated solves of partial differential equations, a

special focus is laid on the intelligent application of model-order reduction to reduce the

computational effort. We make use of efficient, problem-specific error estimators to con-

tain the discrepancy between high-order and low-order solutions.

Many real-life systems can be modelled by Partial Differential Equations (PDEs), for

instance in the fields of physics, engineering or chemistry. In scientific and corporate

research, there are various examples where such models are employed as an important part

of the design process since they are usually cheaper to evaluate than actual experimental

setups. If the system contains a time axis, the underlying PDE is referred to as an evolution

equation.

In the context of optimal control, the quantity which is implicitly described by this

equation is referred to as a state and can be influenced by varying parts of the equation that

depend on a control variable. The concrete value of a certain control choice is measured by

a cost function which is minimized by employing strategies from optimization. With each

change of the control, the PDE must be solved anew so we can re-evaluate the cost function,

a process that needs to be repeated multiple times in order to get close to a minimum. If

derivative-based strategies are employed, additional so-called adjoint equations have to be

solved to compute the gradient or Hessian. Optimal control of partial differential equations

is an extensively studied field with fundamental works such as Tröltzsch (2010) or Hinze

et al. (2009) in its portfolio. Each of the arising equations needs to be solved numerically,

where we encounter discretization methods in the space domain (such as Finite Elements

(FE) in this thesis) and on the time axis. Because of the repetitive nature of this setup,

we find ourselves in a so-called multi-query situation. Especially the space discretization

may lead to a large number of variables, so the computational effort for the accumulated

solves tends to be very high.

A powerful tool that can be used to adress this problem comes in the form of reduced-
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order modelling. When applied to optimal control, the main idea is to compute a small

number of full-order solutions and use their data to generate a surrogate model of much

lower complexity that replaces the actual discretized system but behaves comparably. In

the reduced-basis field, these two steps are typically divided into an offline-phase where

the reduced-order model is generated and an online-phase where it is evaluated for a given

sample set. For the purposes of optimal control, however, it is often preferable to employ

more dynamic strategies that can be naturally incorporated into the optimization algo-

rithms. One possible approach lies in Proper Orthogonal Decomposition (POD), where

we compress the information contained in the full-order solution trajectories from the

optimization iteration into a low-order basis. The strategy of when and how to gener-

ate, update or rebuild this basis is essential for the reduced-order model’s reliability and

changes from application to application. In order to keep track of the reduced solution’s

accuracies without actually solving the full-order system for comparison, error estimators

need to be derived and calculated efficiently. Model order reduction for PDEs is an active

area of research with major contributions including Haasdonk and Ohlberger (2008), Ku-

nisch and Volkwein (2001), Singler (2014), Urban and Patera (2014) and Tröltzsch and

Volkwein (2008), to name but a few.

A special focus of this thesis lies on multiobjective optimal control, where several of

the aforementioned cost functions need to be minimized at once while standing in conflict

with each other. This leads to a more general concept of minimizers, which are now also

referred to as optimal compromises. They are defined as those controls where one cost

function cannot be further decreased without increasing another one at the same time.

Usually, a multiobjective problem has an entire set of such minimizers that needs to be

computed approximately in the optimization. If this set is infinite, as is often the case,

we face the challenge of finding an equidistant finite representation (i.e. a discretization)

of it. We investigate two types of solution methods for these kinds of problems. First,

iterative scalarization strategies use a series of functions that map the objective space to

one dimension in order to transform the multiobjective problem into many different scalar-

valued problems. These can be solved using well-known methods from classical optimal

control theory, and under certain conditions yield minimizers that are also optimal for the

multiobjective problem. Second, set-oriented methods use an increasingly fine partitioning

of the control space to identify the set of optimal controls by a multitude of sample

evaluations. For both methods, a large number of state and adjoint equations needs to be

solved, so model order reduction is even more applicable here than in the scalar optimal

control case. The iterative nature of both methods calls for problem-specific deployment

of a suitable reduced-order strategies. Multiobjective optimization has received a lot of

academic attention in the past two decades. A survey on scalarization strategies can be

found in Ehrgott (2005) or Miettinen (2012), while the concept of set-oriented methods

is treated in Dellnitz et al. (2005). Interest in multiobjective optimal control has only
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arisen more recently and is an area of research in which not much work has been done

yet. Preliminary works include Peitz et al. (2015), Iapichino et al. (2017), Banholzer et al.

(2017) and Beermann et al. (2018).

Another aspect that often complicates real-life optimization problems is the presence

of discrete constraints. These may occur when binary do-or-don’t decisions have to be

made or when only a finite number of options is available for a certain decision variable.

Methods from mixed-integer optimization like branch-and-bound or branch-and-cut have

to employed to efficiently deal with these constraints. A good overview on these strategies

can be found in Lee and Leyffer (2012). In the field of optimal control, the presence

of discrete variables is a comparably new concept, which makes mixed-integer optimal

control an active area of research. For the case where the state equations are given by

ordinary differential equations, important publications include Fügenschuh et al. (2009),

Gerdts (2009) and Sager et al. (2012). For partial differential equations, we refer to

Leyffer et al. (2015). Hyperbolic PDEs in particular are considered e.g. for problems of

gas transportation systems in Gugat et al. (2018) and for traffic flow in Hante and Sager

(2013).

Outline

Chapter 1 serves as a collection of basic concepts and properties that are needed to under-

stand the work laid out in the other chapters. It contains well-known results on measure

theory and functional analysis, differentiation in Banach spaces and Sobolev spaces, con-

vex optimization, (linear-)quadratic optimal control, linear evolution equations, Proper

Orthogonal Decomposition and optimization algorithms. For some results, we give our

own proofs to obtain exactly the format for the mathematical statement which we will

utilize later on.

Chapter 2 focuses on linear evolution equations which are influenced by a control variable

in the linear operator and the inhomogeneity.

� In Section 2.1, we introduce the nonlinear solution operator to the state equation and

derive its derivatives by introducing the first and second linearized state equation.

� In Section 2.2, the quadratic cost function is introduced. We define its essential

version which maps a control directly to its cost value using the solution operator.

Some amount of work then goes into deriving its gradient and Hessian. This is

accompanied by the first and second adjoint equations.

� Section 2.3 deals with the particular case where the linear operator is not influenced

by the control variable. The solution operator then becomes affine linear and the

essential cost function is convex, which is the well-known linear-quadratic case.
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� Section 2.4 investigates the circumstance where the underlying spaces of the evolu-

tion equation are finite-dimensional. In this case, there is a basis in which the state

and adjoint solutions can be expressed and a coordinate function that solves a related

ordinary differential equation. This part is carried out in detail since it is directly

used for analytically coherent numerical implementation. In a next step, we con-

sider Galerkin discretizations of infinite-dimensional systems onto finite-dimensional

subspaces, which will be used later on for FE and POD purposes.

� In Section 2.5, we present two numerical examples which come from a simplified

heating, ventilation and air conditioning (HVAC) problem in energy efficient building

management. In both examples, the state equation takes the form of an advection-

diffusion equation representing the heat distribution in a room where the advection

term comes from an incompressible Navier-Stokes equation modelling the air flow.

Distributed and boundary heating elements are used to maintain a desired temper-

ature over time, while in the second example the intensity of the advective flow can

also be controlled. Both problems are solved numerically using the FE method and

appropriate optimization strategies. We also employ reduced-order modelling using

POD and study its effect on the optimization results in terms of accuracy and com-

putation time. An error estimator is used for the first example and compared to the

real error between full-order and low-order optimal controls.

Chapter 3 adresses theory and numerics of multiobjective optimal control.

� Section 3.1 starts with a general multiobjective optimization problem whose opti-

mization variables come from a general Hilbert space. It presents various definitions

of optimality and illustrates them at the hand of two basic examples. We further

give some first-order optimality conditions for local solutions.

� In Section 3.2, we introduce the concept of scalarization methods from a general

standpoint. We give conditions on when the minimizers of a scalarization method

are optimal for the multiobjective problem. It also turns out that any multiobjective

solutions can be formulated as a solution to one very particular scalarization method.

Algorithmically, we present the general iterative scalarization algorithm.

� Section 3.3 is dedicated to the weighted sum method. We discuss the existence of so-

lutions for the case where the cost function is convex and give optimality conditions.

The solutions to the weighted sum method are shown to be optimal for the mul-

tiobjective problem and we give an equivalent condition for when a multiobjective

solution also minimizes a weighted sum method. Finally, we elaborate on how the

weights can be chosen from an algorithmic standpoint in an iterative scalarization

strategy.
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� Section 3.4 adresses the same questions as Section 3.3, but for the reference point

method. We also deal with existence of solutions in the convex case, optimality

conditions and Pareto optimality of reference point solutions. By introducing an

extended reference point problem, we are able to weaken the conditions under which

a reference point solution exists in the case of two objective functions. Lastly, we

present an algorithm of how the reference point method can be used in an iterative

scalarization strategy.

� In Section 3.5, the specific numeric problem is specified as controlling a linear evolu-

tion equation like in Chapter 2. Results from that chapter are used to give derivative

representations of the cost function and introduce an error estimator for the weighted

sum and reference point problems. We return to the particular numerical examples

from Section 2.5, only this time formulated with a bicriterial cost function. For

both of these, the weighted sum algorithm and reference point algorithm are utilized

to solve the multiobjective optimal control problem. In two secondary runs, model

order reduction is employed to reduce the complexity of the computations. In the

linear-quadratic case, the error estimator is used to dynamically update the basis.

� Section 3.6 presents us with a set-oriented approach to multiobjective program-

ming which can be employed when the control dimension is comparatively small.

The strategy is explained with an inclusion of the case where the cost function

can only be evaluated approximately given an error estimator. The concrete mul-

tiobjective optimal control problem is introduced which contains a semilinear heat

equation. After performing semidiscretization by Finite Elements, we elaborate on

how reduced-order modelling by Proper Orthogonal Decomposition is used to reduce

the complexity of the state equation. The nonlinearity is dealt with using Discrete

Empirical Interpolation. Evaluating the state equation in this reduced form gives us

exactly the previously mentioned inexactness of the cost function evaluations. Error

estimators for the state and cost are introduced and tightened by the introduction of

a heuristic scaling factor. In contrast to previous reduced-order models, we choose

not one but a library of reduced models based on reference controls distributed

throughout the admissible control set. Each control that has to be evaluated in the

set-oriented algorithm is assigned to one model in the library by way of choosing

the closest reference control. Finally, we give numerical tests for the method and

compare full-order results with low-order results. A particular focus is also laid on

analyzing the efficiency of the reduced-order strategy.

In Chapter 4, we consider a linear-quadratic mixed-integer optimal control problem

which serves as a simplified model for the heat control in a building. In addition to

external heat sources, we are able to choose the insulation material in the boundary

conditions of the state equation. We introduce a basic branch-and-bound method that is
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used to efficiently compute the optimal control and propose a strategy for the inclusion

of model-order reduction to further reduce the computational cost. An error estimator is

employed to indicate the quality of the surrogate model, which is updated and organized in

a library comparable to Section 3.6. Finally, we present numerical results for a particular

problem setup.
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1 Mathematical basics

1.1 Measure theory and functional analysis

We start by reciting the following results from basic measure theory. For more detail and

proofs, we refer the interested reader to Halmos (2013).

1.1 Reminder: Measure spaces

A set X together with a σ-Algebra A ⊂ P(X)1 and a measure µ : A → [0,∞] is called a

measure space. For two functions f , g defined on X, we use the short notation {f = g}
for the set {x ∈ X | f(x) = g(x)} and say that f = g holds almost everyhwere (a.e.)

or f(x) = g(x) holds for almost all (f.a.a.) x ∈ X if {f 6= g} = X \ {f = g} has zero

measure. The analogue definition holds for other relations like {f ≤ g} or {f < g}.
If there exists a sequence {An}n∈N ⊂ A with µ(An) <∞ for all n ∈ N and ∪n∈NAn = X,

then µ is called σ-finite. For any given generator E ⊂ P(X), there exists a unique smallest

σ-Algebra σ(E) ⊃ E.

If X is given by a subset Ω ⊂ Rm, we call B(Ω) := σ
({
U ⊂ Ω

∣∣U is open in Ω
})

the

Borel-σ-Algebra on Ω. There exists a unique measure λ : B(Ω) → [0,∞] called the

Lebesgue measure which satisfies λ((a, b)) =
∏m
i=1(bi − ai) for all open m-dimensional

boxes (a, b) ⊂ Ω with ai ≤ bi for i = 1, . . . ,m. We then call (Ω,B(Ω),λ) a Borel-Lebesgue

measure space.

If X is a finite set, then the canonical σ-Algebra is given by P(X) itself and the canonical

measure is the counting measure µz(A) = |A| returning the number of elements in every

A ∈ P(X). With this, (X,P(X),µz) is then a measure space.

If (X1,A1,µ1) and (X2,A2,µ2) are two measure spaces with σ-finite measures, there exists

a canonical measure product space (X,A,µ) given by

X = X1 ×X2, A = A1 ⊗A2 := σ
({
A1 ×A2

∣∣A1 ∈ A1,A2 ∈ A2

})
and µ(A1 ×A2) = µ1(A1) · µ2(A2) for all A1 ∈ A1, A2 ∈ A2. �

Next, we would like to introduce a notation which will be consistent throughout this

1Here, P(X) denotes the power set of X.
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1 Mathematical basics

thesis:

1.2 Definition: Let (X,A,µ) be a measure space of any kind and f , g : X → R two

measurable functions. We then introduce the partial order relation

f ≤ g ⇔ f(x) ≤ g(x) f.a.a. x ∈ X. (1.1)

We also define generalized intervals by (f , g) := {h : X → R, f ≤ h ≤ g} and similarily

(f , g], [f , g) and [f , g]. �

Note that the above notation naturally extends to two slightly different cases:

a) In the space Rm with m ∈ N, we understand a vector ξ ∈ Rm as a function ξ :

{1, ...,m} → R. In this case, the set X from Definition 1.2 would be chosen as X =

{1, ...,m} and it holds x ≤ y if and only if xi ≤ yi for all i = 1, ...,m.

b) In the space {f : Y → Rm | f measurable} with m ∈ N and (Y ,B, ν) a second measure

space, we also understand a function f : Y → Rm as a function f : Y × {1, ...,m} → R
and therefore set X as the measure product space of Y and {1, ...,m}. It holds f ≤ g

if and only if fi ≤ gi holds for all i = 1, ...,m in the way defined in (1.1).

The above equivalence between Rm and {f : {1, ...,m} → R} will be utilized multiple

times throughout the thesis for convenience. For every set X and subset A ⊂ X, we will

use the notation χA : X → {0, 1}, χA(x) = 1⇔ x ∈ A and call χA the indicator function

of A.

1.3 Reminder: The Lebesgue integral

For a measure space (X,A,µ), there exists a unique set L1(µ) ⊂ {f : X → R} and a

linear mapping
∫
· dµ : L1(µ) → R ∪ {−∞,∞} which satisfies for every step function

f =
∑n

i=1 ciχAi (ci ∈ R,Ai ∈ A, i = 1, ...,n):
∫
f dµ =

∑m
i=1 ciµ(Ai). L1(µ) is called the

set of measurable and integrable functions whereas the mapping
∫
· dµ is called the Lebesgue

integral . For a set A ∈ A, we define the integration over this set as
∫
A f(x) dx :=

∫
f ·χA dµ

for all f ∈ L1(µ).

If (X,A,µ) is given by a Borel-Lebesgue measure space (Ω,B(Ω),λ), we simply write∫
f dx :=

∫
f(x) dx :=

∫
f dλ for f ∈ L1(λ). If (X,A,µz) is a finite measure space with

A = P(X) and µz as the counting measure, it holds that
∫
f dµz =

∑
x∈X f(x) for every

f ∈ L1(µz).

If (X1,A1,µ1) and (X2,A2,µ2) are two measure spaces and (X,A,µ) is the canonical

measure product space, then Fubini’s theorem states that every f ∈ L1(µ) satisfies:∫
f dµ =

∫ (∫
f(x, y) dµ2(y)

)
dµ1(x) =

∫ (∫
f(x, y) dµ1(x)

)
dµ2(y)
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1.1 Measure theory and functional analysis

In particular, (x 7→
∫
f(x, y)dµ2(y)) ∈ L1(µ1) and (y 7→

∫
f(x, y)dµ1(x)) ∈ L1(µ2).

For p ∈ [1,∞), we have the Banach spaces

Lp(µ) :=
{
f : X → R

∣∣ f is measurable and |f |p ∈ L1(µ)
}

L∞(µ) :=
{
f : X → R

∣∣ f is measurable and ‖f‖L∞(µ) <∞
}

together with the norms

‖f‖Lp(µ) :=

(∫
Ω
|f |p dµ

)1/p

for f ∈ Lp(µ),

‖f‖L∞(µ) := inf
{
C ∈ [0,∞)

∣∣µ({|f | > C}) = 0
}

for f ∈ L∞(µ).

To be more precise, the spaces Lp(µ) consist of equivalence classes of functions f : X → R
where two functions f , g ∈ Lp(µ) are considered equivalent (or equal in Lp(µ)) if f =

g holds almost everywhere. If (X,A,µ) is given by a Borel-Lebesgue measure space

(Ω,B(Ω),λ), we also write Lp(Ω) instead of Lp(λ).

Especially for p = 2, L2(µ) is a Hilbert space with the inner product 〈f , g〉L2(µ) :=
∫
fg dµ.

This is well-defined because of the Hölder inequality : For every p, q ∈ (1,∞) with 1
p+ 1

q = 1,

it holds that for f ∈ Lp(µ) and g ∈ Lq(µ), it is f · g ∈ L1(µ) with ‖f · g‖L1(µ) ≤
‖f‖Lp(µ) · ‖g‖Lq(µ).

This inequality also implies that, if X has finite measure, L∞(µ) is continuously embedded

into Lp(µ) for every p ∈ [1,∞). �

1.4 Reminder: The Bochner integral

Let (X,A,µ) be a measure space and E a Banach space. We define the set of measurable

and integrable functions as L1(µ;E) := {f : X → E | (x 7→ ‖f(x)‖E) ∈ L1(µ)} where

L1(µ) is defined as in Reminder 1.3. Then there exists a unique linear mapping
∫
· dµ :

L1(µ;E)→ E which satisfies for every step function f =
∑n

i=1 ciχAi (ci ∈ E,Ai ∈ A, i =

1, ..,n):
∫
f dµ =

∑m
i=1 ciµ(Ai). This mapping is called the Bochner integral and is

identical to the Lebesgue integral for E = R.

It is therefore obviously an extension of the Lebesgue integral and the same properties and

definitions from Reminder 1.3 also hold accordingly for the Bochner integral. We have the

Banach spaces

Lp(µ;E) :=
{
f : X → E

∣∣ f is measurable and x 7→ ‖f(x)‖pE ∈ L1(µ)
}

L∞(µ;E) :=
{
f : X → R

∣∣ f is measurable and ‖f‖L∞(µ;E) <∞
}

17
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together with the norms

‖f‖Lp(µ;E) :=

(∫
‖f‖pE dµ

)1/p

for f ∈ Lp(µ;E),

‖f‖L∞(µ;E) := inf
{
C ∈ [0,∞)

∣∣µ({‖f‖E > C}) = 0
}

for f ∈ L∞(µ;E).

Like for the Lebesgue spaces, the Bochner spaces Lp(µ;E) for p ∈ [1,∞] consist of equiv-

alence classes, meaning that two functions f , g ∈ Lp(µ;E) are considered equivalent (or

equal in Lp(µ;E)) if f = g holds almost everwhere. In case that (X,A,µ) is given by a

Borel-Lebesgue measure space (Ω,B(Ω),λ), we also write Lp(Ω;E) instead of Lp(λ;E).

For p = 2 and a Hilbert space E, L2(µ;E) is a Hilbert space with the inner product

〈f , g〉L2(µ;E) =
∫
〈f , g〉E dµ.

If X has finite measure, L∞(µ;E) is continuously embedded into Lp(µ;E) for every

p ∈ [1,∞). �

The following Lemma will allow us to view the special Bochner space Lp(µ;Rm) as a

Lebesgue space when it is required.

1.5 Lemma: Let (X,A,µ) be a measure space and Rm with m ∈ N be endowed with

the norm |ξ|p := (
∑m

i=1 |ξi|p)
1/p for p ∈ [1,∞). We understand (X×{1, ...,m}, Ã, µ̃) as the

measure product space of X and {1, ...,m} where {1, ...,m} is endowed with the power set

and the counting measure µz : P({1, ...,m})→ [0,∞). Then the mapping

T : Lp(µ;Rm)→ Lp(µ̃), (T f)(x, i) := (f(x))i

is an isometric isomorphism of Banach spaces.

Proof. The linearity and bijectiveness of the mapping is trivial by definition. For the

conservation of norms, we observe using Fubini’s theorem:

‖T f‖pLp(µ̃) =

∫
|T f |p dµ̃ =

∫
X

∫
{1,...,m}

|(f(x))i|p dµz(i)dµ(x)

=

∫ m∑
i=1

|f(x)|pi dµ(x) =

∫
Ω
|f |pp dµ = ‖f‖pLp(µ;Rm),

where we have utilized the fact that integration with respect to the counting measure is

equal to simple summation over the finite set, cf. Reminder 1.3. �
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1.2 Differentiation in Banach spaces

Throughout this section, let X,Y be real Banach spaces. The following stated propositions

are well-known results in functional analysis. Proofs and further details can be found e.g.

in Gerhardt (2006), Reed and Simon (1980) or Adams and Fournier (2003).

1.6 Reminder: Linear and continuous functions

The vector space of all linear and continuous maps from X to Y is denoted by L(X,Y) or

simply L(X) if X = Y. It becomes a Banach space when endowed with the operator norm

‖A‖L(X,Y) := sup
x∈X,‖x‖X=1

‖Ax‖Y = sup
x∈X\{0}

‖Ax‖Y
‖x‖X

for A ∈ L(X,Y).

For Y = R, the space X′ := L(X,R) is called the dual space of X. If X is a Hilbert space,

the Riesz representation theorem states that the so-called Riesz isomorphism

TX : X→ X′, x 7→ 〈·,x〉X

is an isometric isomorphism of Banach spaces. If X and Y are Hilbert spaces and A ∈
L(X,Y), there is a unique operator A∗ ∈ L(Y,X) satisfying 〈Ax, y〉Y = 〈x,A∗y〉X for all

x ∈ X, y ∈ Y. A∗ is called the Hilbert adjoint of A and the mapping A 7→ A∗ is an

isometric isomorphism between the Banach spaces L(X,Y) and L(Y,X). �

1.7 Reminder: Multilinear and continuous functions

Let Xi, Y be Banach spaces for i = 1, ...,n and X =
∏n
i=1 Xi the product space. A function

A : X→ Y is called multilinear if for all j = 1, ...,n and xi ∈ Xi (i 6= j), the mapping

Xj 7→ Y, xj 7→ A(x1, ...,xj−1,xj ,xj+1, ...xn)

is linear. The space of all multilinear and continuous maps is denoted by by L(X1, ...,Xn;Y).

If X = Xn0 for a fixed Banach space X0 and n ∈ N, we also write Ln(X0,Y). If in addition

Y = R, we simply write Ln(X0). L(X1, ...,Xn;Y) becomes a Banach space when endowed

with the norm

‖A‖L(X1,...,Xn;Y) := sup
{
‖A(x1, ...,xn)‖Y

∣∣ ‖x1‖X1 = ... = ‖xn‖Xn = 1
}

.

Especially for n = 2, the canonical mapping

L(X1,X2;Y)→ L(X1,L(X2,Y)), A 7→ (X1 3 x1 7→ A(x1, ·) ∈ L(X2,Y)) (1.2)

is an isometric isomorphism. �
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In addition to the space of linear and continuous functions, there is also the space

C(Ω;Y ) of continuous functions mapping from Ω to Y. Here, X,Y are Banach spaces and

Ω ⊂ X is an arbitrary subset endowed with the trace topology of X.

Next, we introduce the notion of derivatives of functions f : X→ Y used in this thesis.

1.8 Reminder: The Fréchet derivative

A function f : X → Y is called (Fréchet) differentiable in a point x̄ ∈ X if there is an

operator A ∈ L(X,Y) and a function r : X→ Y such that

f(x) = f(x̄) +A(x− x̄) + r(x) ∀x ∈ X

and ‖r(x)‖Y
‖x−x̄‖X → 0 as x→ x0. If this is the case, then A is unique under these circumstances,

so we write f ′(x̄) = A for the derivative. The function f itself is called differentiable if

it is differentiable in every x̄ ∈ X. In this case, f is called continuously differentiable if

the derivative function f ′ : X→ L(X,Y) is continuous. We denote the set of continuously

differentiable functions with C1(X;Y). �

1.9 Reminder: Second-order derivatives

Let f : X → Y be differentiable. For a point x̄ ∈ X, we call f twice differentiable in x̄

if the function f ′ : X → L(X,Y) is differentiable in x̄. This derivative is then a func-

tion f ′′(x̄) ∈ L(X,L(X,Y)). Due to the isomorphism mentioned in Reminder 1.7, it can

equivalently be considered as an element of L2(X,Y). Schwarz’s Lemma states that if f

is twice differentiable in x̄ ∈ X, the second derivative f ′′(x̄) is symmetric, i.e. it holds

f ′′(x̄)(h1,h2) = f ′′(x̄)(h2,h1) for all h1,h2 ∈ X. f itself is called twice differentiable if f

is twice differentiable in every x̄ ∈ X and twice continuously differentiable if the mapping

f ′′ : X → L2(X,Y) is continuous. The space of all twice continuously differentiable func-

tions is denoted by C2(X;Y).

Higher derivatives are defined accordingly and Ck(X;Y) denotes the space of k-times con-

tinuously differentiable functions from X to Y. We especially have the space of infinitely

differentiable functions C∞(X;Y) = ∩k∈NCk(X;Y). �

1.10 Reminder: Gradient and Hessian

Let X be a Hilbert space and TX ∈ L(X,X′) the Riesz isomorphism. For a differentiable

function f : X→ R, we call the mapping

∇f : X→ X, ∇f(x) = T −1
X f ′(x)

the gradient of f . The fact that TX is an isometric isomorphism implies that ∇f is

continuous if and only if f is continuously differentiable with ‖∇f(x)‖X = ‖f ′(x)‖X′ for
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all x ∈ X. By definition, it holds f ′(x)h = 〈∇f(x),h〉X for all x ∈ X, h ∈ X.

If f is twice differentiable and we understand f ′′ as a mapping to L(X,X′), we define the

Hessian of f as

∇2f : X→ L(X), ∇2f(x)h = T −1
X f ′′(x)h ∀h ∈ X.

Again, since TX is an isometric isomorphism, ∇2f is continuous if and only if f is twice

continuously differentiable with ‖∇2f(x)‖L(X) = ‖f ′′(x)‖L(X,X′) for all x ∈ X. By defini-

tion, it holds f ′′(x)(h1,h2) = 〈∇2f(x)h1,h2〉X for all x,h1,h2 ∈ X. �

1.11 Reminder: Properties of the Fréchet derivative

The following differentiation rules are used multiple times throughout this thesis. They

are well-known properties of the Fréchet derivative and easily proven.

� For y ∈ Y, define f : X → Y as f(x) = y for all x ∈ X. Then f is differentiable

with f ′(x) = 0 for all x ∈ X. If, on the other hand, f : X→ Y is differentiable with

f ′(x) = 0 for all x ∈ X, then f is constant.

� Let Z be another Banach space. If f : X→ Y and g : Y→ Z are differentiable, then

the composition g ◦ f : X→ Z is differentiable with

(g ◦ f)′(x)h = g′(f(x))f ′(x)h ∀x,h ∈ X. (1.3)

This is called the chain rule.

� Every A ∈ L(X,Y) is differentiable with A′(x) = A for all x ∈ X.

� If X is a Hilbert space, then f : X→ R given by f(x) = 1
2‖x‖

2
X is differentiable with

∇f(x) = x for all x ∈ X.

� If f1, f2 : X→ Y are differentiable, then the function g : X→ R, g(x) = 〈f1(x), f2(x)〉Y
is differentiable with derivative

g′(x)h = 〈f ′1(x)h, f2(x)〉Y + 〈f1(x), f ′2(x)h〉Y ∀x,h ∈ X (1.4)

This is called the product rule for inner products.

�
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1.12 Reminder: Definiteness

A linear mapping A : X→ X is called

(i) positive semidefinite if 〈Ax,x〉X ≥ 0 for all x ∈ X.

(ii) positive definite if 〈Ax,x〉X > 0 for all x ∈ X \ {0}.

(iii) δ-uniformly positive definite for δ > 0 if 〈Ax,x〉X ≥ δ‖x‖2X for all x ∈ X.

In case of X = Rn endowed with the Euclidian inner product and a symmetric matrix

A ∈ Rn×n, A is positive semidefinite if it has no negative eigenvalues and positive definite

if it has only positive eigenvalues. In the latter case, A is also δ-uniformly positive definite,

where δ is the smallest eigenvalue of A. �

1.13 Theorem: Implicit function theorem

Let X, Y and Z be Banach spaces, f : X × Y → Z and (x̄, ȳ) ∈ X × Y with f(x̄, ȳ) = 0.

If f is continuous in a neighbourhood of (x̄, ȳ), the partial derivative fy(x̄, ȳ) ∈ L(Y ,Z)

exists, is bijective and the inverse fy(x̄, ȳ)−1 : Z → Y is continuous, then there is a

neighbourhood U of x̄ and a unique continuous mapping g : U → Y such that g(x̄) = ȳ

and f(x, g(x)) = 0 for all x ∈ U . Furthermore, if f is n times continuously differentiable

in a neighbourhood of (x̄, ȳ), then g is also n times continuously differentiable.

1.14 Reminder: Sobolev spaces

Let Ω ⊂ Rd be an open set and E a Banach space. The set of test functions on Ω is

defined as

C∞0 (Ω) =
{
ϕ ∈ C∞(Ω), | supp ϕ ⊂ Ω is compact

}
,

where supp ϕ is defined as the closure of the set {ϕ 6= 0} in Rd. For a function f ∈ Lp(Ω;E)

with p ∈ [1,∞) and a multi-index α ∈ Nd0, the distributional derivative is defined as a

mapping

∂αf : C∞0 (Ω)→ E, (∂αf)(ϕ) = (−1)|α|
∫

Ω
f · ∂αϕ dx

with |α| =
∑d

i=1 αi and ∂αϕ ∈ C∞0 (Ω) the classical derivative. If there exists a function

g ∈ Lp(Ω;E) which satisfies (∂αf)ϕ =
∫

Ω g · ϕ dx for all ϕ ∈ C∞0 (Ω), we write ∂αf ∈
Lp(Ω;E) and identify ∂αf with g, calling it the weak α-derivative. The Sobolev spaces are

defined for p ∈ [1,∞) and s ∈ N as

W s,p(Ω;E) =
{
f ∈ Lp(Ω;E)

∣∣ ∂αf ∈ Lp(Ω;E) for all α ∈ Ņd
0 with |α| ≤ s

}
.
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They are Banach spaces endowed with the norm

‖f‖W s,p(Ω;E) =
( ∑
|α|≤s

‖∂αf‖pLp(Ω;E)

)1
p
, for f ∈W s,p(Ω;E).

In the special case of p = 2, we also write Hs(Ω;E) = W s,2(Ω,E). If E is a Hilbert space,

H1(Ω;E) is also a Hilbert space with the inner product

〈f , g〉H1(Ω;E) = 〈f , g〉L2(Ω;E) +
d∑
i=1

〈fxi , gxi〉L2(Ω;E) for f , g ∈ L2(Ω;E).

Here we have used the notion of partial derivatives: fxi = ∂
∂xi
f = ∂αf with αi = 1 and

αj = 0 for j 6= i.

If the Banach space is specifically given by E = R, we simply write W s,p(Ω) := W s,p(Ω;R)

and Hs(Ω) := Hs(Ω;R). �

The following notion of a trace operator can be found e.g. in Adams and Fournier

(2003).

1.15 Reminder: Trace operator

Let Ω ⊂ Rd be a domain with Lipschitz boundary Γ and p ∈ [1,∞). Then there is a unique

trace operator T ∈ L(W 1,p(Ω);Lp(Γ)) with the property that every f ∈ W s,p(Ω) ∩ C(Ω)

satisfies T f = f
∣∣
Γ
. Here, Ω stands for the closure of Ω in Rd. For the sake of simplicity,

we also write ‖f‖Lp(Γ) instead of ‖T f‖Lp(Γ) and
∫

Γ |f |
p ds instead of

∫
Γ |T f |

p ds for all

f ∈W s,p(Ω). Especially for p = 2, this gives us

‖f‖L2(Γ) ≤ CΓ‖f‖H1(Ω) for all f ∈ H1(Ω) (1.5)

with the constant CΓ = ‖T ‖L(H1(Ω);L2(Γ)) > 0. �

1.3 Convex optimization

In this section, let X be a Hilbert space. The following properties of convexity can be

found in (Zeidler, 1985, Corollary 4.28).

1.16 Reminder: Convexity

Let Xad ⊂ X be a convex set. A functional Ĵ : X→ R is called

(i) convex if Ĵ(λx1 + (1− λ)x2) ≤ λĴ(x1) + (1− λ)Ĵ(x2) for all x1,x2 ∈ Xad, λ ∈ [0, 1].
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(ii) strictly convex if Ĵ(λx1 +(1−λ)x2) < λĴ(x1)+(1−λ)Ĵ(x2) holds for all x1,x2 ∈ Xad

with x1 6= x2, λ ∈ (0, 1).

(iii) strongly convex if there is a δ > 0 such that

Ĵ(λx1 + (1− λ)x2) + δλ(1− λ)‖x1 − x2‖2X ≤ λĴ(x1) + (1− λ)Ĵ(x2)

holds for all x1,x2 ∈ Xad, λ ∈ (0, 1).

If Ĵ is twice differentiable, Ĵ is convex if and only if

〈∇2Ĵ(x)(x̃− x), x̃− x〉X ≥ 0 ∀x, x̃ ∈ Xad. (1.6)

Furthermore, Ĵ is strictly convex if

〈∇2Ĵ(x)(x̃− x), x̃− x〉X > 0 ∀x, x̃ ∈ Xad, x 6= x̃. (1.7)

In particular, Ĵ is convex on X if and only if ∇2Ĵ(x) is positive semidefinite for all x ∈ X

and strictly convex on X if ∇2Ĵ(x) is positive definite for all x ∈ X. �

We take the following result from (Ekeland and Témam, 1999, Proposition II-1.2).

1.17 Theorem: Convex optimization problem

Let Xad ⊂ X be a convex and closed set and Ĵ : Xad → R be continuous, convex and

bounded from below. If Xad is unbounded, assume further that Ĵ(x)→∞ as ‖x‖X →∞
in Xad. Then the minimization problem

min
x∈Xad

Ĵ(x) (1.8)

has a global solution and every local solution is also global. If Ĵ is even strictly convex,

the solution is unique.
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1.4 (Linear-)quadratic optimal control

1.18 Definition: (Linear-)Quadratic Optimal Control Problem

Let (X,A,µ) be a measure space which we will call the control index space and

U := L2(µ) the control space. Let Y1, ...,Yρ be Hilbert spaces called the state spaces

and further Uad ⊂ U be a nonempty, closed and convex subset called the admissible

set . We then introduce the quadratic optimal control problem:

min
u∈U

Ĵ(u) =
1

2

ρ∑
i=1

αi‖Si(u)− ydi ‖2Yi s.t. u ∈ Uad (1.9)

with weights αi ≥ 0, mappings Si : U→ Yi and desired states ydi ∈ Yi for i = 1, ..., ρ.

If Si is linear for i = 1, ..., ρ, we refer to (1.9) as a linear-quadratic optimal control

problem.

Note that in (1.9), we can choose Yi = U and Si = idU, the identity operator, to penalize

a deviation in the control variable. In this case, Yi would of course not be referred to as

a state space.

1.19 Example: Control space

An easy example for the control space is just U = Rm with m ∈ N and the Euclidian

inner product. This can be formulated in the sense of Definition 1.18 by choosing the

finite set X = {1, ...,m}, the power set A = P(X) and the counting measure µz(A) = |A|
for A ∈ A. Another example is the Bochner space U = L2(0,T ;Rm) which, according

to Lemma 1.5, is isometric isomorph to L2((0,T )× {1, ...,m}). The typical control space

occuring in this thesis will be a combination of these two spaces. �

1.20 Lemma: If Si is differentiable for i = 1, ..., ρ, then Ĵ from (1.9) is differentiable

with derivative and gradient:

Ĵ ′(u)h =

ρ∑
i=1

αi〈Si(u)− ydi ,S ′i(u)h〉Yi ∀u,h ∈ U

∇Ĵ(u) =

ρ∑
i=1

αiS ′i(u)∗(Si(u)− ydi ) ∀u ∈ U.

(1.10)

Recall that S ′i(u)∗ ∈ L(Yi,U) denotes the Hilbert adjoint from Reminder 1.6. If Si is

twice differentiable for i = 1, ..., ρ, then Ĵ is twice differentiable with second derivative
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and Hessian

Ĵ ′′(u)(h1,h2) =

ρ∑
i=1

αi
(
〈S ′i(u)h1,S ′i(u)h2〉U + 〈Si(u)− ydi ,S ′′i (u)(h1,h2)〉Yi

)
∇2Ĵ(u)h =

ρ∑
i=1

αi
(
S ′i(u)∗S ′i(u)h+ S ′′i (u)(h, ·)∗(Si(u)− ydi )

) (1.11)

for h1,h2,h ∈ U.

Proof. All these claims are simple combinations of the derivative rules from Reminder

1.11. �

If all Si are linear, we can now prove that the cost function Ĵ is convex, which can be

used to show that (1.9) admits a global solution.

1.21 Theorem: Let Si ∈ L(U,Yi) hold for i = 1, ..., ρ. Then the cost function Ĵ is

convex and specifically satisfies

〈[∇2Ĵ ]h,h〉U ≥ σ‖h‖2U, h ∈ U, σ =

ρ∑
i=1

αi

(
inf

u∈U\{0}

‖Siu‖Yi
‖u‖U

)2

, (1.12)

where we have denoted with ∇2Ĵ ∈ L(U) the constant Hessian of Ĵ . If Uad is bounded or

σ > 0 holds, (1.9) admits a global solution and every local solution is also a global one. If

σ > 0, ∇2Ĵ is uniformly positive definite, Ĵ is strictly convex and the solution is unique.

Proof. The linearity of Si means S ′′i = 0, so that (1.11) yields [∇2Ĵ ]h =
∑ρ

i=1 αiS∗i Sih for

all h ∈ U. From this, we conclude for an arbitrary h ∈ U \ {0}:

〈[∇2Ĵ ]h,h〉U =

ρ∑
i=1

αi‖Sih‖2Yi =

ρ∑
i=1

αi
‖Sih‖2Yi
‖h‖2

U

· ‖h‖2U ≥ ‖h‖2U
ρ∑
i=1

αi

(
inf
u∈U

‖Siu‖Yi
‖u‖U

)2

,

which shows (1.12) and therefore the Hessian is positive semidefinite since the resulting

term is nonnegative. By Reminder 1.16, this implies the convexity of Ĵ and the strict

convexity in case of σ > 0.

Ĵ is also continuous and bounded from below by 0. If Uad is unbounded, we have σ > 0

by assumption. We can then conlude from Young’s inequality for all u ∈ Uad \ {0}:

Ĵ(u) =
1

2

ρ∑
i=1

αi‖Siu− ydi ‖2Yi ≥ −
1

2

ρ∑
i=1

αi‖ydi ‖2Yi +
1

4

ρ∑
i=1

αi

(
‖Siu‖Yi
‖u‖U

)2

‖u‖2U

≥ −1

2

ρ∑
i=1

αi‖ydi ‖2Yi +
σ

4
‖u‖2U →∞ as ‖u‖U →∞.
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Therefore, all preconditions of Theorem 1.17 are satisfied which gives us that (1.9) admits

a global solution and that every local solution is already global. In case of σ > 0, Ĵ is

strictly convex as mentioned before and the global solution is unique. �

From the existence of a local solution, we can infer a general first-order optimality

condition.

1.22 Theorem: Let Uad be convex, S1, ...,Sρ differentiable and u ∈ Uad a local solution

to (1.9). It then holds

〈∇Ĵ(u),u− u〉U ≥ 0 for all u ∈ Uad. (1.13)

Proof. Assume that there is v ∈ Uad with 〈∇Ĵ(u), v − u〉U < 0. We define

r(λ) :=
Ĵ(u+ λ(v − u))− Ĵ(u)

λ
− 〈∇Ĵ(u), v − u〉U for λ ≥ 0.

Note that ū+λ(v− ū) ∈ Uad for λ ∈ [0, 1] because Uad is convex. Since Ĵ is differentiable,

we have r(λ) → 0 for λ ↘ 0. This especially implies that Ĵ(u + λ(v − u)) < Ĵ(u) if λ is

small enough. This contradicts the fact that u is a local minimum of (1.9). �

From the variational inequality (1.13), we can derive an error estimator for an arbi-

trarily given suboptimal control. In the following theorem, we will use the notation from

Definition 1.2.

1.23 Theorem: Let Si ∈ L(U,Yi) for i = 1, ..., ρ and suppose that σ > 0 holds in

(1.12). We denote by u ∈ Uad the unique global solution to (1.9) which exists according

to Theorem 1.21. Further, consider a box-constrained admissible set Uad = [ua,ub] with

ua,ub ∈ U, ua ≤ ub. For an arbitrary u ∈ Uad, we define the perturbation function

ξu ∈ U, ξu(x) :=


max(0,−∇Ĵ(u)(x)), if u(x) = ua(x)

min(0,−∇Ĵ(u)(x)), if u(x) = ub(x)

−∇Ĵ(u)(x), otherwise

f.a.a. x ∈ X.

Then the following a-posteriori error estimate holds true:

‖u− u‖U ≤ 1
σ‖ξu‖U =: ∆(u). (1.14)

Proof. While (1.13) gives us a first-order optimality condition for u, we can construct a

similar one for any ū 6= u ∈ Uad by utilizing the element ξu: For an arbitray v ∈ Uad, we
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observe that

〈∇Ĵ(u) + ξu, v − u〉U =

∫
{ua<u<ub}

(∇Ĵ(u)(x) + ξu(x))︸ ︷︷ ︸
=0

(v(x)− u(x)) dx

+

∫
{u=ua}

(∇Ĵ(u)(x) + ξu(x))︸ ︷︷ ︸
≥0

(v(x)− u(x))︸ ︷︷ ︸
≥0

dx

+

∫
{u=ub}

(∇Ĵ(u)(x) + ξu(x))︸ ︷︷ ︸
≤0

(v(x)− u(x))︸ ︷︷ ︸
≤0

dx ≥ 0. (1.15)

Now we insert v = ū in (1.15), v = u in (1.13) and add these two inequalites to obtain

0 ≤ 〈∇Ĵ(u),u− u〉U + 〈∇Ĵ(u) + ξu,u− u〉U
= −〈∇Ĵ(u)−∇Ĵ(u),u− u〉U + 〈ξu,u− u〉U
(i)

≤ −〈(∇2Ĵ)(u− u),u− u〉U + ‖ξu‖U · ‖u− u‖U
(1.12)

≤ −σ‖u− u‖2U + ‖ξu‖U · ‖u− u‖U

where (i) follows from linearity of Si for i = 1, ..., ρ and the Cauchy-Schwartz inequality.

Dividing by ‖u− u‖ 6= 0 yields the claim. �

1.24 Remark:

a) Let us mention that the last inequality in the above proof is often a very rough estimate

involving the coercivity constant of (∇2Ĵ). In some cases, it might be known in advance

that the minimum ū and the input control u live in a certain subspace W ⊂ U such that

(∇2Ĵ)|W has a higher coercivity constant than σ, thereby tightening this upper bound.

However, computing this constant may be quite costly, especially for high-dimensional

control spaces.

b) It is possible to derive similar error estimates for nonlinear mappings Si, see e.g. Kam-

man et al. (2013). However, this requires further information about the coercivity

constant of the Hessian ∇2Ĵ(ū) evaluated at the optimal control. In praxis, this un-

kown quantity needs to be approximatively computed by the lowest eigenvalue of the

Hessian, possibly after discretization if U is of infinite dimension. Such computations

tend to be costly and unstable, opening up a problem class of their own and will not be

applied in this thesis. Furthermore, the computation of ū often has to be avoided for

speedup reasons, which is why it is sometimes assumed that the coercivity constant of

∇2Ĵ(u) is a good enough estimate for that of ∇2Ĵ(ū). We refer the interested reader

to Trenz (2017), where this topic has been investigated.

�
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1.5 Linear evolution equations

1.25 Definition: If X and Y are Banach spaces, we say that X is continuously embedded

in Y, or X ↪→ Y in symbols, if there exists an injective T ∈ L(X,Y). If T (X) is dense in Y,

the embedding is said be dense, or X
d
↪→ Y in symbols. �

In this section, let H and V be real, separable2 Hilbert spaces and T > 0 a final time. We

quickly recall well-known results that apply if these two spaces form a so-called Gelfand

triple. Details and proofs about these results can be found in Evans (2008) and Tröltzsch

(2010).

1.26 Reminder: Gelfand triples

Let there exist a continuous and dense embedding V
d
↪→ H which for simplicity we will

simply denote as the identity V 3 v 7→ v ∈ H such that there exists a constant CVH > 0

with ‖v‖H ≤ CVH‖v‖V for all v ∈ V. It directly follows that the resulting embedding

H ↪→ V′ : H 3 h 7→ 〈h, ·〉H ∈ V′ (1.16)

is well-defined, i.e. 〈h, ·〉H ∈ V′ for all h ∈ H and (1.16) is linear, continuous and injective.

In particular, we have ‖h‖V′ ≤ CVH‖h‖H for all h ∈ H. If this embedding is dense as well,

(V,H,V′) is called a Gelfand triple. In that case, the space

W (0,T ) := W (0,T ;V,H) := L2(0,T ;V) ∩H1(0,T ;V′)

is a Hilbert space with the inner product

〈f , g〉W (0,T ) := 〈f , g〉L2(0,T ;V) + 〈ft, gt〉L2(0,T ;V′) ∀f , g ∈W (0,T ),

where the inner product in V′ is defined as 〈f , g〉V′ = 〈T −1
V f , T −1

V g〉V and TV ∈ L(V,V′) is

the Riesz isomorphism. Since the latter is isometric, the induced norm in W (0,T ) reads

‖f‖W (0,T ) =
(
‖f‖2L2(0,T ;V) + ‖ft‖2L2(0,T ;V′)

) 1
2 ∀f ∈W (0,T ).

Furthermore, the following formula of partial integration holds for all f , g ∈W (0,T ):

d
dt〈f(t), g(t)〉H = 〈ft(t), g(t)〉V′×V + 〈gt(t), f(t)〉V′×V, f.a.a. t ∈ (0,T ). (1.17)

If we especially choose the time-constant function g(t) = ϕ for all t ∈ (0,T ), we obtain

2A Hilbert space X is called separable if it contains a dense subset that is at most countable.
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the formula

d
dt〈f(t),ϕ〉H = 〈ft(t),ϕ〉V′×V ∀ϕ ∈ V. (1.18)

Lastly, there is an embedding W (0,T ) ↪→ C([0,T ],H) which allows to understand y(t) as

a well-defined function in H for every y ∈W (0,T ) and t ∈ [0,T ]. �

1.27 Definition: Linear evolution equation

Let A ∈ L∞(0,T ;L(V,V′)) be a time-dependent linear operator and F ∈ L2(0,T ;V′)

an inhomogeneity. Then the following is called a linear evolution equation for a

function y ∈W (0,T ):

yt(t) +A(t)y(t) = F(t) in V′, f.a.a. t ∈ (0,T ), (1.19a)

y(0) = y◦ in H, (1.19b)

where y◦ ∈ H is a given initial condition.

The operator A is called uniformly coercive if there exist constants α > 0,β ≥ 0 such

that

〈A(t)ϕ,ϕ〉V′×V ≥ α‖ϕ‖2V − β‖ϕ‖2H, ∀ϕ ∈ V, f.a.a. t ∈ (0,T ), (1.20)

Furthermore, we abbreviate the norm of A by the constant

γ := ‖A‖L∞(0,T ;L(V,V′)) = sup
t∈(0,T )

‖A(t)‖L(V,V′). (1.21)

Finally, we introduce the term

c :=

∫ T

0
e2βt dt =

{
T , if β = 0

e2βT−1
2β , if β > 0.

(1.22)

1.28 Theorem: Let A be uniformly coercive. Then System (1.19) admits a unique

solution y ∈W (0,T ) which depends bilinearily on (F , y◦) and satisfies the energy estimates

‖y(t)‖2H ≤ e2βt
(
‖y◦‖2H +

1

α

∫ t

0
‖F(s)‖2V′ ds

)
f.a.a. t ∈ (0,T ) (1.23a)

‖y‖2L2(0,T ;H) ≤ c
(
‖y◦‖2H +

1

α
‖F‖2L2(0,T ;V′)

)
(1.23b)
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‖y‖2L2(0,T ;V) ≤
2βc+ 1

α

(
‖y◦‖2H +

1

α
‖F‖2L2(0,T ;V)

)
(1.23c)

‖yt‖2L2(0,T ;V) ≤ 2γ2 2βc+ 1

α
‖y◦‖2H + 2

(
1 + γ2 2βc+ 1

α2

)
‖F‖2L2(0,T ;V′). (1.23d)

In particular, there exists a constant C > 0 such that it holds

‖y‖2W (0,T ) ≤ C
(
‖y◦‖2H + ‖F‖2L2(0,T ;V′)

)
. (1.24)

This constant depends continuously on T , the coercivity constants α,β from (1.20) and

the norm γ from (1.21).

Proof. The existence of a unique solution to (1.19) is a standard result and can be found

e.g. in Evans (2008). The bilinearity of the mapping (F , y◦) 7→ y follows directly from the

linear structure of (1.19). For the energy estimates, we start by taking the derivative of

‖y(t)‖H using (1.17) and applying (1.19a) to the result.

d

dt
‖y(t)‖2H = 2〈yt(t), y(t)〉V′×V = 2〈F(t)−A(t)y(t), y(t)〉V′×V

≤ 1
α‖F(t)‖2V′ + α‖y(t)‖2V − 2α‖y(t)‖2V + 2β‖y(t)‖2H (1.25)

= 2β‖y(t)‖2H − α‖y(t)‖2V + 1
α‖F(t)‖2V′ .

Here we have used the coercivity of A along with Young’s inequality. From (1.25), we can

particularly infer that

d

dt
‖y(t)‖2H ≤ 2β‖y(t)‖2H + 1

α‖F(t)‖2V′ .

We apply the Gronwall inequality (Teschl, 2012, Lemma 2.7) to arrive at

‖y(t)‖2H ≤ exp
( ∫ t

0
2β ds

)(
‖y(0)‖2H +

1

α

∫ t

0
‖F(s)‖2V′ ds

)
,

which is equivalent to (1.23a). Integrating this inequality over (0,T ) yields

‖y‖2L2(0,T ;H) =

∫ T

0
‖y(t)‖2H dt ≤

∫ T

0
e2βt

(
‖y◦‖2H +

1

α

∫ t

0
‖F(s)‖2V′ ds

)
dt

≤
(∫ T

0
e2βt dt

)(
‖y◦‖2H +

1

α

∫ T

0
‖F(t)‖2V′ dt

)
which is equivalent to (1.23b). To get at the norm in L2(0,T ;V), we integrate (1.25) over

(0,T ) and get

‖y(T )‖2H − ‖y◦‖2H ≤ 2β‖y‖2L2(0,T ;H) − α‖y‖
2
L2(0,T ;V) + 1

α‖F‖
2
L2(0,T ;V′).
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Rearranging, omitting the term ‖y(T )‖2H and applying the estimate (1.23b) gives us

‖y‖2L2(0,T ;V) ≤
1

α

(
‖y◦‖2H + 2β‖y‖2L2(0,T ;H) +

1

α
‖F‖2L2(0,T ;V′)

)
≤ 1

α
‖y◦‖2H +

2βc

α

(
‖y◦‖2H +

1

α
‖F‖2L2(0,T ;V′)

)
+

1

α2
‖F‖2L2(0,T ;V′).

This is equivalent to (1.23c). Finally, it follows directly from the evolution equation (1.19a)

that

‖yt(t)‖V′ = ‖F(t)−A(t)y(t)‖V′ ≤ ‖F(t)‖V′ + γ‖y(t)‖V f.a.a. t ∈ (0,T ).

Integration over (0,T ) gives us

‖yt‖2L2(0,T ;V′) =

∫ T

0
‖yt(t)‖2V′ dt ≤ 2‖F‖2L2(0,T ;V′) + 2γ2‖y‖2L2(0,T ;V).

We insert the estimate (1.23c) for the second term to get

‖yt‖2L2(0,T ;V′) ≤ 2‖F‖2L2(0,T ;V′) + 2γ2 2βc+ 1

α

(
‖y◦‖2H +

1

α
‖F‖2L2(0,T ;V′)

)
,

which is equivalent to (1.23d). Finally, we can combine (1.23c) and (1.23d) to get

‖y‖2W (0,T ) = ‖y‖2L2(0,T ;V) + ‖yt‖2L2(0,T ;V′)

≤ 2βc+ 1

α

(
1 + 2γ2

)
‖y◦‖2H +

(
2 +

2βc+ 1

α2
(1 + 2γ2)

)
‖F‖2L2(0,T ;V′).

This gives us the estimate (1.24) with a constant C depending continuously on c, α, β and

γ. Since c depends continuously on T and β (for β ↘ 0, the constant c converges to T as

can be seen by L’Hôpital’s rule), the constant C does as well. �

The estimates (1.23) allow to present an a-posteriori error estimate for inexact solutions

of System (1.19).

1.29 Corollary: Let ȳ ∈W (0,T ) be the exact solution to (1.19) and y ∈W (0,T ) an

arbitrary function. Then the error between the two can be estimated as follows:

‖ȳ(t)− y(t)‖2H ≤ e2βt
(
‖y◦ − y(0)‖2H +

1

α

∫ t

0
‖Ry(s)‖2V′ ds

)
f.a.a. t ∈ (0,T ) (1.26a)

‖ȳ − y‖2L2(0,T ;H) ≤ c
(
‖y◦ − y(0)‖2H +

1

α
‖Ry‖2L2(0,T ;V′)

)
(1.26b)

‖ȳ − y‖2L2(0,T ;V) ≤
2βc+ 1

α

(
‖y◦ − y(0)‖2H +

1

α
‖Ry‖2L2(0,T ;V)

)
, (1.26c)

where the residual Ry ∈ L∞(0,T ;V′) is given by Ry(t) = F(t)−yt(t)−A(t)y(t) for almost
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all t ∈ (0,T ).

Proof. We introduce the error function e := ȳ − y ∈W (0,T ). It follows that e satisfies:

et(t) +A(t)e(t) = F(t)− yt(t)−A(t)y(t) = Ry(t), f.a.a. t ∈ (0,T )

e(0) = y◦ − y(0)

Applying Theorem 1.28 to e and this system yields the proposition. �

Two particular evolution equations

1.30 Definition: Advection-Diffusion-Reaction Equation

Let Ω ⊂ Rd be a domain with Lipschitz boundary Γ. We define Q := (0,T )× Ω and

Σ := (0,T )×Γ and introduce the advection-diffusion-reaction equation for a function

y : Q→ R:

yt − κ∆y + b · ∇y + ηy = f in Q (1.27a)

κ ∂y∂n + αy = g, on Σ (1.27b)

y(0) = y◦, in Ω (1.27c)

where the coefficients are given by

� κ > 0, γ ∈ L∞(Q), b ∈ L∞(Q;Rd) and f ∈ L2(Q) with η(t,x) ≥ 0 for all

(t,x) ∈ Q.

� α ∈ L∞(Σ) and g ∈ L2(Σ) with α(t, s) ≥ 0 for all (t, s) ∈ Σ.

� y◦ ∈ L2(Ω)

We choose the spaces V := H1(Ω) and H := L2(Ω) which form a Gelfand triple, see e.g.

Evans (2008). The weak formulation of System (1.27) arises by integrating (1.27a) over Ω

with a test function. It becomes a special example of (1.19) with the following coefficients:

〈A(t)ψ,ϕ〉V′×V = κ

∫
Ω
∇ψ(x) · ∇ϕ(x) dx+

∫
Ω

(b(t,x) · ∇ψ(x))ϕ(x) dx

+

∫
Ω
η(t,x)ψ(x)ϕ(x) dx+

∫
Γ
α(t, s)ψ(s)ϕ(s) ds

〈F(t),ϕ〉V′ =

∫
Ω
f(t,x)ϕ(x) dx+

∫
Γ
g(t, s)ϕ(s) ds.

(1.28)

Recall that the integration over Γ is implicitly well-defined for functions in H1(Ω) here
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via the the trace operator from Reminder 1.15.

1.31 Theorem: The mappings defined by (1.28) satisfy A ∈ L∞(0,T ;L(V,V′)) and

F ∈ L2(0,T ;V′). A is uniformly coercive in the sense of (1.20) with

α =
κ

2
, β =

κ

2
+
‖b‖2

L∞(Q;Rd)

2κ
− η

where η = inf
(t,x)∈Q

η(t,x). Therefore, (1.27) admits a unique solution y ∈ W (0,T ) which

depends multilinearily and continuously on (f , g, y◦).

Proof. First of all, it follows for every ϕ,ψ ∈ V:

|〈A(t)ψ,ϕ〉V′×V| ≤ κ‖ψ‖V · ‖ϕ‖V + ‖b‖L∞(Q;Rd) · ‖ψ‖V · ‖ϕ‖V
+ ‖η‖L∞(Q) · ‖ψ‖V · ‖ϕ‖V + C2

Γ‖α‖L∞(Σ) · ‖ψ‖V · ‖ϕ‖V,

where CΓ > 0 is the constant from the trace operator in (1.5). This proves

A ∈ L∞(0,T ;L(V,V′)). For F , we have∫ T

0
|〈F(t),ϕ〉V′ |2 dt ≤

∫ T

0

(
‖f(t, ·)‖L2(Ω) · ‖ϕ‖H + CΓ‖g(t, ·)‖L2(Γ) · ‖ϕ‖V

)2
dt

≤ 2
(
‖f‖2L2(Q) + C2

Γ‖g‖2L2(Σ)

)
‖ϕ‖2V,

which proves F ∈ L2(0,T ;V′). Note we have utilized above that ‖ϕ‖H ≤ ‖ϕ‖V holds for

all ϕ ∈ V in this particular Gelfand triple. For the coercivity, let ϕ ∈ V and t ∈ (0,T ).

We utilize Young’s inequality and obtain:

〈A(t)ϕ,ϕ〉V′×V =

∫
Ω
κ|∇ϕ|2 dx+ (b · ∇ϕ)ϕ+ ηϕ2 dx+

∫
Γ
αϕ2 ds

≥ κ
(
‖ϕ‖2V − ‖ϕ‖2H

)
− ‖b‖L∞(Q;Rd) · ‖∇ϕ‖L2(Ω;Rd) · ‖ϕ‖H + η‖ϕ‖2H

≥ κ
(
‖ϕ‖2V − ‖ϕ‖2H

)
− ‖b‖L∞(Q;Rd)

(
κ

2‖b‖
L∞(Q;Rd)

· ‖∇ϕ‖2L2(Ω;Rd)+

‖β‖
L∞(Q;Rd))

2κ · ‖ϕ‖2H
)

+ η‖ϕ‖2H

= κ
2‖ϕ‖

2
V −

(
κ
2 +

‖β‖2
L∞(Q;Rd))

2κ − η
)
‖ϕ‖2H,

which proves the coercivity. Note that we have assumed that β 6= 0 in L∞(Q;Rd). For

β = 0, the advection term vanished and we arrive at the same estimate.

It follows from Theorem 1.28 that a unique solution y ∈ W (0,T ) exists of (1.27) which

depends bilinearily and continuously on (F , y◦). Since F itself depends bilinearily and

continuously on (f , g), this yields the multilinearity and continuity of (f , g, y◦) 7→ y. �
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1.32 Definition: Weak Ordinary Differential Equation

We consider the ordinary differential equation (ODE):

Myt(t) +A(t)y(t) = f(t), f.a.a. t ∈ (0,T ) (1.29a)

y(0) = y◦ (1.29b)

with a positive definite matrix M ∈ Rn×n and A ∈ L∞(0,T ;Rn×n), f ∈ L2(0,T ;Rn)

and y◦ ∈ Rn.

1.33 Lemma: We introduce the Hilbert spaces H = (Rn, 〈·, ·〉M ) and V = (Rn, 〈·, ·〉2)

with 〈x, z〉M = xTMz and 〈x, z〉2 = xT z for x, z ∈ Rn. Then (V,H,V′) forms a Gelfand

triple.

Proof. As linear maps between finite-dimensional spaces, the canonical injections V ↪→ H

and H ↪→ V′ are continuous. They are obviously injective and further surjective since all

spaces have dimension n. Thus, they are trivially dense and (V,H,V′) forms a Gelfand

triple. �

The above Lemma allows us to understand the ODE (1.29) in the sense of the linear

evolution equation (1.19) by defining

〈A(t)ψ,ϕ〉V′×V = 〈A(t)ψ,ϕ〉V ∀ψ,ϕ ∈ V, ∀t ∈ (0,T )

〈F(t),ϕ〉V′ = 〈f(t),ϕ〉V ∀ϕ ∈ V, ∀t ∈ (0,T ).
(1.30)

In the following, we also write Rn for the Euclidian Hilbert space V and Rn×n for the

space L(V) of matrices endowed with the spectral norm.

1.34 Theorem: The mappings from (1.30) satisfy A ∈ L∞(0,T ;L(V,V′)) and F ∈
L2(0,T ;V′). A is uniformly coercive in the sense of (1.20) with

α = 1, β = 1
λ(1 + ‖A‖L∞(0,T ;Rn×n)), (1.31)

where λ > 0 is the smallest eigenvalue of M . Therefore, (1.29) admits a unique solution

y ∈W (0,T ) which depends bilinearily and continuously on (f , y◦).

Proof. We can directly observe that:

|〈A(t)ψ,ϕ〉V′×V| = |ψTA(t)Tϕ| ≤ ‖A‖L∞(0,T ;Rn×n) · ‖ψ‖V · ‖ϕ‖V
|〈F(t),ϕ〉V′ | = |f(t)Tϕ| ≤ ‖f(t)‖Rn · ‖ϕ‖V,
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which proves that A is bounded and F is square integrable. For the coercivity, we obtain

for every c > 0:

〈A(t)ϕ,ϕ〉V′×V = ϕTA(t)ϕ ≥ −‖A‖L∞(0,T ;Rn×n)ϕ
Tϕ

=
(
−‖A‖L∞(0,T ;Rn×n) + cλ− cλ

)
ϕTϕ

≥
(
−‖A‖L∞(0,T ;Rn×n) + cλ

)
ϕTϕ− cϕTMϕ

=
(
−‖A‖L∞(0,T ;Rn×n) + cλ

)
‖ϕ‖2V − c‖ϕ‖2H.

By choosing c = 1
λ(1 + ‖A‖L∞(0,T ;Rn×n), we have shown uniform coercivity of A with the

constants α and β from (1.31).

It follows from Theorem 1.28 that a unique solution y ∈ W (0,T ) exists of (1.29) which

depends bilinearily and continuously on (F , y◦). Since F itself depends linearily and

continuously on f , this yields the bilinearity and continuity of the mapping (f , y◦) 7→ y. �

1.35 Remark: In Theorem 1.40, we will see that W (0,T ) is homeomorphic to

H1(0,T ;Rn), so we can also understand y as an element of H1(0,T ;Rn) such that

‖y‖H1(0,T ;Rn) ≤ C
(
‖f‖2L2(0,T ;Rn) + ‖y◦‖2Rn

)
,

where the constant C does not depend on f or y◦, but on n. �

Backwards evolution equations

Note that in the evolution equation (1.19), time moves forward since we set an initial

condition y(0). By inverting the sign before the time derivative and setting a terminal

condition, we can consider a backward equation in the very same way.

1.36 Definition: Backward linear evolution equation

Let T > 0 be a final time, A ∈ L∞(0,T ;L(V,V′)) a time-dependent linear operator

and G ∈ L2(0,T ;V′) an inhomogeneity. Then the following is called a backward linear

evolution equation for a function p ∈W (0,T ):

−〈pt(t),ϕ〉V′×V + 〈A(t)ϕ, p(t)〉V′×V
= 〈G(t),ϕ〉V′×V ∀ϕ ∈ V, f.a.a. t ∈ (0,T ) (1.32a)

p(T ) = pT in H, (1.32b)

where pT ∈ H is a given terminal condition.
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It is very easy to derive the same properties for this backward equation than for the

forward system (1.19).

1.37 Corollary: Let A be uniformly coercive. Then system (1.32) admits a unique

solution p ∈W (0,T ) which depends bilinearily on (G, pT ) and satisfies the energy estimate

‖p‖2W (0,T ) ≤ C
(
‖pT ‖2H + ‖G‖2L2(0,T ;V′)

)
(1.33)

with a constant C > 0 that depends continuously on T , ‖A‖L∞(0,T ;L(V,V′)) and the coer-

civity constants α,β from (1.20).

Proof. First, let us define the time-dependent operator

〈Ã(t)ϕ1,ϕ2〉V′×V := 〈A(T − t)ϕ2,ϕ1〉V′×V ∀ϕ1,ϕ2 ∈ V, f.a.a. t ∈ (0,T ).

It holds Ã ∈ L∞(0,T ;L(V,V′)) with ‖Ã‖L∞(0,T ;L(V,V′)) = ‖A‖L∞(0,T ;L(V,V′)). Further, Ã is

coercive with identical coercivity constants α,β as A. Similarily, define the inhomogeneity

〈F(t),ϕ〉V′×V := 〈G(T − t),ϕ〉V′×V ∀ϕ ∈ V, t ∈ (0,T ),

for which it holds F ∈ L2(0,T ;V′) with ‖F‖L2(0,T ;V′) = ‖G‖L2(0,T ;V′). Let us now choose

y ∈W (0,T ) as the unique solution to

yt(t) + Ã(t)y(t) = F(t) in V′, f.a.a. t ∈ (0,T ), (1.34a)

y(0) = pT in H. (1.34b)

Defining p(t) := y(T − t) implies that p ∈W (0,T ) along with the fact that p solves (1.32).

Applying the continuity estimate (1.24) to y yields

‖p‖2W (0,T ) = ‖y‖2W (0,T ) ≤ C
(
‖pT ‖2H + ‖F‖2L2(0,T ;V′)

)
= C

(
‖pT ‖2H + ‖G‖2L2(0,T ;V′

)
,

with C depending on T and the norm and coercivity constants of Ã. Since these coincide

with the same properties of A, this proves (1.33). �

Finite-dimensional systems

From now on, we focus on the case where V and H are of finite dimension. This includes

situations in which (1.19) or (1.32) represent a system of ordinary differential equations

or are discretizations of infinite-dimensional systems, for example by the Finite Element

(FE) method.
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1.38 Definition: Finite-dimensional systems 1

For the rest of this section, let both V and H be n-dimensional for n ∈ N and

{v1, ..., vn} ⊂ V linearily independent. We define the basis matrices H,V ∈ Rn×n by

Hij := 〈vi, vj〉H and Vij := 〈vi, vh〉V for i, j = 1, ...,n and introduce the inner products

〈x, y〉H := xTHy, 〈x, y〉V := xTV y ∀x, y ∈ Rn.

If Rn is endowed with either one of those products, we denote the resulting Hilbert

space by RnH or RnV . If the Euclidian inner product is used, we write Rn2 .

1.39 Definition: Finite-dimensional systems 2

We further define the mappings A : (0,T )→ Rn×n and F : (0,T )→ Rn by

Aij(t) = 〈A(t)vj , vi〉V′×V, Fi(t) = 〈F(t), vi〉V′×V ∀i, j = 1, ...,n

Since {v1, ..., vn} is a basis of V, the mapping Ξ : Rn → V, x 7→
∑n

i=1 xivi is isomorphic

and we write its inverse as Ξ−1 : V → Rn, Ξ−1ψ =: ψ̊ for ψ ∈ V. Note that

the embedding V ↪→ H is bijective because V and H have the same dimension, so

{v1, ..., vn} is also a basis of H. Furthermore, Ξ can be understood as a mapping

Ξ : Rn → H. We call Ξ the coordinate operator .

The coordinate operator Ξ plays a large role for numerical implementations since it

bridges the gap between theory and praxis: A numerical language only works with values

in Rn and does not understand vector spaces like V or H. By providing the inner product

matrices H and V to the programm, we are able to translate theoretical results to a

representation that uses matrices in Rn×n and vectors in Rn. For example, it is easy to

verify that the inner products are conform in the following sense:

〈Ξx, Ξy〉H = 〈x, y〉H , 〈Ξx, Ξy〉V = 〈x, y〉V ∀x, y ∈ Rn. (1.35)

In other words, Ξ is unitary both as an element of L(V,RnV ) and of L(H,RnH). Further,

all norms on finite-dimensional spaces are equivalent, so if it is not explicitly necessary,

we will forego the notation RnH , RnV and simply write Rn instead.

1.40 Theorem: The spaces W (0,T ) and H1(0,T ;V) are homeomorphic, i.e. there

exists a bijective operator I ∈ L(W (0,T ),H1(0,T ;V)) with bounded inverse.
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Proof. If we thoroughly write down the spaces in question, we get (cf. (1.18))

W (0,T ) =
{
yW ∈ L2(0,T ;V)

∣∣ ∃yWt ∈ L2(0,T ;V′), yWt = d
dt〈y(t), ·〉H in V′

}
H1(0,T ;V) =

{
yH

1 ∈ L2(0,T ;V)
∣∣ ∃yH1

t ∈ L2(0,T ;V), yH
1

t = d
dty(t) in V

}
.

Therefore, we can also see its elements as couples (yW , yWt ) ∈ L2(0,T ;V) × L2(0,T ;V′)

and (yH
1
, yH

1

t ) ∈ L2(0,T ;V)×L2(0,T ;V). Our constructed isomorphism will then satisfy

I(yW , yWt ) = (yH
1
, yH

1

t ) with yH
1

= yW .

In other words, it will be shown that the input function yW with V′-derivative yWt also

has a V-derivative yH
1

t . This already makes I linear (since the Fréchet derivative itself is

linear) and injective (since the Fréchet derivative is unique if it exists). We still have to

show that I is well-defined and surjective.

Let therefore (yW , yWt ) ∈W (0,T ) be given. We define the isomorphism K = Ξ−1H−1V Ξ,

where Ξ ∈ L(Rn,V) is the coordinate operator from Definition 1.39. Because Ξ is unitary,

we have achieved the property

〈ψ,ϕ〉V = 〈Ξ−1ψ, Ξ−1ϕ〉V = ψ̊>V ϕ̊ = ψ̊>HH−1V ϕ̊ = 〈Ξψ, ΞKϕ〉H = 〈ψ,Kϕ〉H.

for all ψ,ϕ ∈ V. Next, we consider the map t 7→ TVyW (t), where TV ∈ L(V,V′) is the Riesz

isomorphism of V. It has the equivalent representation

TVyW (t) = 〈yW (t), ·〉V = 〈yW (t), ·〉H ◦ K.

Note that the outer function t 7→ 〈yW (t), ·〉H has the V′-derivative yWt , so by the chain rule

TVyW (t) is weakly differentiable in t as well with derivative function t 7→ yWt (t) ◦ K ∈ V′.

Since TV is an bounded isomorphism, this makes yH
1

= yW V-differentiable as well with

derivative yH
1

t (t) = T −1
V yWt (t)K ∈ V for almost all t ∈ (0,T ). Therefore, I is well-defined.

For the norms, we use that TV is an isometry and arrive at

‖yH1

t ‖2L2(0,T ;V) =

∫ T

0
‖yH1

t (t)‖2V dt ≤ ‖K‖2L(V)

∫ T

0
‖yWt (t)‖2V′ dt = ‖K‖2L(V)‖y

W
t ‖2L2(0,T ;V′).

This means that yH
1

t indeed belongs to L2(0,T ;V) and we can estimate the total norm as

‖IyW ‖2H1(0,T ;V) = ‖yH1‖2L2(0,T ;V) + ‖yH1

t ‖2L2(0,T ;V)

≤ ‖yW ‖L2(0,T ;V) + ‖K‖2L(V)‖y
W
t ‖2L2(0,T ;V′)

≤ max
(
1, ‖K‖2L(V)

)
‖yW ‖2W (0,T )

Altogether, the operator I is bounded with operator norm smaller than max(1, ‖K‖L(V)).

39



1 Mathematical basics

Finally, it can be shown by identical arguments in the other direction that every function

yH
1 ∈ H1(0,T ;V) has a weak derivative yW ∈ L2(0,T ;V′) of t 7→ 〈yH1

(t), ·〉H in V′, so the

operator I is also surjective. Its inverse then satisfies the estimate

‖I−1yH
1‖2W (0,T ) ≤

(
max(1, ‖K−1‖2L(V)

)
‖yH1‖H1(0,T ;V),

so I is indeed a homeomorphism. �

The coordinate operator allows us to transform the finite-dimensional system (1.19) into

an ODE system that can be solved numerically.

1.41 Lemma: Let A be uniformly coercive. The linear evolution equation (1.19) is

equivalent to looking for ẙ ∈ H1(0,T ;Rn) that satisfies

Hẙt(t) +A(t)ẙ(t) = F (t) in Rn, f.a.a. t ∈ (0,T ) (1.36a)

ẙ(0) = ẙ◦ in Rn (1.36b)

and the solution y ∈ H1(0,T ;V) of (1.19) is given by y(t) = Ξẙ(t) for almost all t ∈ (0,T ).

The backward equation (1.32) is equivalent to looking for p̊ ∈ H1(0,T ;Rn) with

−Hp̊t(t) +A(t)>p̊(t) = G(t) in Rn, f.a.a. t ∈ (0,T ) (1.37a)

p̊(T ) = p̊T in Rn (1.37b)

with G : (0,T ) → Rn, Gi(t) := 〈G(t), vi〉V′×V for i = 1, ...,n. Its solution is given by

p(t) = Ξp̊(t) for almost all t ∈ (0,T ).

Proof. Theorem 1.28 states that there is a unique solution y ∈ W (0,T ) of (1.19) while

Theorem 1.40 yields that it even holds y ∈ H1(0,T ;V). We define ẙ(t) := Ξ−1y(t) for

almost all t ∈ (0,T ). Since {v1, ..., vn} is a basis of V, (1.19a) is equivalent to

〈yt(t) +A(t)y(t), vi〉V′×V = 〈F(t), vi〉V′×V
(1.18)⇔ d

dt〈y(t), vi〉H + 〈A(t)y(t), vi〉V′×V = 〈F(t), vi〉V′×V

⇔
n∑
j=1

(
(ẙj)t(t)〈vj , vi〉H + ẙj(t)〈A(t)vj , vi〉V′×V

)
= 〈F(t), vi〉V′×V

⇔ Hi,·ẙt(t) +Ai,·(t)ẙ(t) = Fi(t)

for all i = 1, ...,n and almost all t ∈ (0,T ). This is equivalent to (1.36a). The initial

condition (1.36b) trivially holds since ẙ(0) = Ξ−1y(0) = Ξ−1y◦ = ẙ◦.

The same arguments applied to the backward equation (1.32) prove the second part of the

claim. �
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1.6 Proper Orthogonal Decomposition

Proper Orthogonal Decomposition (POD) is a mathematical tool to compress the informa-

tion contained in discrete or continuous data trajectories into a specific low-dimensional

subspace. There are many different versions and results of which we will cite only those

that are used throughout this thesis. Further information and proofs can be found in

Gubisch and Volkwein (2017) or Holmes et al. (1996).

1.42 Reminder: Continuous POD

Let X be a separable Hilbert space, T > 0 a final time and y1, ..., y% ∈ C([0,T ];X) given

continuous data trajectories. We define the high-fidelity space

V = span
{
yν(t)

∣∣ t ∈ [0,T ], ν = 1, ..., %
}

(1.38)

with dimV ≤ ∞. The goal is to approximate this space by an `-dimensional reduced-order

space V` = span {ψ1, ...,ψ`} ⊂ X with X-orthonormal POD basis vectors ψ1, ...,ψ` ∈ X.

The main characteristic of POD is to choose the subspace that best approximates the

trajectories in a least-squares manner, so that its basis vectors solve the POD minimization

problem

min
ψ1,...,ψ`∈X

%∑
ν=1

∫ T

0
‖yν(t)−

∑̀
i=1

〈yν(t),ψi〉X ψi‖2X dt

s.t. 〈ψi,ψj〉X = δij for i, j = 1, ..., `.

(1.39a)

The Kronecker symbol δij is defined as δij = 1 if i = j and δij = 0 if i 6= j. It is straight-

forward to show that Problem (1.39a) is equivalent to the continuous POD maximization

problem

max
ψ1,...,ψ`∈X

%∑
ν=1

∫ T

0

∑̀
i=1

|〈yν(t),ψi〉X|2 dt

s.t. 〈ψi,ψj〉X = δij for i, j = 1, ..., `.

(1.39b)

If we define the compact, self-adjoint and positive semidefinite operator

R : X→ X, Rψ =

%∑
ν=1

∫ T

0
〈yν(t),ψ〉X yν(t) dt,

we can write its spectrum as a series of decreasing, nonnegative eigenvalues {λi}i∈I with

I = N if dimX =∞ and I = {1, ...,N} if dimX = N ∈ N:

Rψi = λiψi (i ∈ I), λ1 ≥ λ2 ≥ ... ≥ λd > 0, λi = 0 (i > d),
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where {ψi}i∈I ⊂ X are orthonormal eigenvectors ofR which form a basis of X. The number

d ∈ N ∪ {∞} represents the dimension of the range of the operator R. �

The following Theorem was proven in Gubisch and Volkwein (2017) by finite induction

over `. In the induction step, the sum from (1.39b) was split into one part consisting of

the first ` − 1 summands and another with the `th summand. It was argued that by the

induction hypothesis, the first part was maximized by ψ1, ...,ψ`−1 and then shown that

ψ` maximizes the second part under the restriction of orthonormality to ψ1, ...,ψ`−1. This

is not fully complete on its own since it is unclear whether there exists another sequence

ϕ1, ...,ϕ`−1 that is suboptimal for the first part but which has an orthonormal vector ϕ`

that gives a larger second part so that, in total, ϕ1, ...,ϕ` may give a larger value in (1.39b)

than ψ1, ...,ψ`. In truth, this is of course not the case, and the reason lies in the descending

eigenvalues of R. For the sake of completeness, however, we give an alternative proof here

that does not rely on finite induction and fixes this minor inconsistency.

1.43 Theorem: For every ` ≤ d, the eigenvectors ψ1, ...,ψ` from Reminder 1.42 solve

(1.39) and satisfy

d∑
i=`+1

λi =

%∑
ν=1

∫ T

0
‖yν(t)−

∑̀
i=1

〈yν(t),ψi〉Xψi‖2X dt (1.40a)

∑̀
i=1

λi =

%∑
ν=1

∫ T

0

∑̀
i=1

|〈yν(t),ψi〉X|2 dt. (1.40b)

Proof. First, let ϕ1, ...,ϕ` ∈ X be an orthonormal set in X. By expressing it in the

orthonormal basis {ψi}i∈I, we get ϕi =
∑

j∈I〈ϕi,ψj〉Xψj for all i = 1, ..., `. Inserting these

identities into the objective function of (1.39b) yields

F(ϕ1, ...,ϕ`) : =

%∑
ν=1

∫ T

0

∑̀
i=1

|〈yν(t),ϕi〉X|2 dt

=

ρ∑
ν=1

∫ T

0

∑̀
i=1

∑
j,k∈I
〈yν(t),ψj〉X 〈ψj ,ϕi〉X 〈yν(t),ψk〉X 〈ψk,ϕi〉X dt

=
∑
j,k∈I

〈
ρ∑

ν=1

∫ T

0
〈ψj , yν(t)〉Xyν(t) dt,ψk

〉
X

∑̀
i=1

〈ψj ,ϕi〉X 〈ψk,ϕi〉X

=
∑
j,k∈I
〈Rψj ,ψk〉X

∑̀
i=1

〈ψj ,ϕi〉X 〈ψk,ϕi〉X.
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We further use the fact that {ψj}j∈I is an orthonormal eigenvector family and deduce

F(ϕ1, ...,ϕ`) =
∑
j,k∈I

λj〈ψj ,ψk〉X
∑̀
i=1

〈ψj ,ϕi〉X 〈ψk,ϕi〉X

=
∑
j∈I

λj
∑̀
i=1

|〈ψj ,ϕi〉X|2. (1.41)

Next, we add a zero term by utilizing 1 = ‖ϕi‖2X =
∑

k∈I|〈ϕi,ψk〉X|2 for i = 1, ..., `:

F(ϕ1, ...,ϕ`) =
∑̀
i=1

(∑
j∈I

λj |〈ϕi,ψj〉X|2 + λ` − λ`
∑
k∈I
|〈ϕi,ψk〉X|2

)

=
∑̀
i=1

(
λ` +

∑
j∈I

(λj − λ`)|〈ϕi,ψj〉X|2
)

≤
∑̀
i=1

(
λ` +

∑̀
j=1

(λj − λ`)|〈ϕi,ψj〉X|2
)

,

where we have used that λj ≤ λ` for j > `. Rearranging the sum, we finally end up with

F(ϕ1, ...,ϕ`) ≤
∑̀
j=1

(
λ` + (λj − λ`)

∑̀
i=1

|〈ϕi,ψj〉X|2
)

≤
∑̀
j=1

(
λ` + (λj − λ`)

∑
i∈I
|〈ϕi,ψj〉X|2

)
=
∑̀
j=1

λj . (1.42)

We have now derived an upper bound to the cost function F for any orthonormal set

ϕ1, ...,ϕ` ∈ X. If we particularly insert the set ψ1, ...,ψ`, we have by (1.41):

F(ψ1, ...,ψ`) =
∑
j∈I

λj
∑̀
i=1

|〈ψj ,ψi〉X|2 =
∑̀
j=1

λj .

This coincides with the upper bound (1.42) and proves that ψ1, ...,ψ` solves (1.39b) and

satisfies (1.40b). For (1.40a), we compute

%∑
ν=1

∫ T

0
‖yν(t)−

∑̀
i=1

〈yν(t),ψi〉ψi‖2X dt

=

%∑
ν=1

∫ T

0

∥∥∥ ∑
i∈I\{1,...,`}

〈yν(t),ψi〉Xψi
∥∥∥2

X
dt
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=

%∑
ν=1

∫ T

0

∑
i∈I\{1,...,`}

|〈yν(t),ψi〉X|2 dt

=

%∑
ν=1

∫ T

0

∑
i∈I
|〈yν(t),ψi〉X|2 dt−

%∑
ν=1

∫ T

0

∑̀
i=1

|〈yν(t),ψi〉X|2 dt

=
∑
i∈I

λi −
∑̀
i=1

λi =
d∑

i=`+1

λi.

The last equality follows exactly like in the prior part of this proof. �

While the continuous POD version yields an optimal approximation of data vectors

y1, ..., y% depending on the continuous variable t ∈ [0,T ], every numerical implementation

will deal with this continuity by a finite discretization which tries to represent the integrals

in (1.39) by a finite sum. We therefore also introduce the discrete POD version below.

1.44 Reminder: Discrete POD

Let X be a separable Hilbert space and y1, ..., y% ∈ XK given discrete data trajectories for

K ∈ N. We define the high-fidelity space

Vn = span
{
yνk
∣∣ k = 1, ...,K, ν = 1, ..., %

}
(1.43)

with dimVn ≤ K%. The goal is to approximate Vn by an `-dimensional subspace V` =

span {ψ1, ...,ψ`} using X-orthonormal POD basis vectors ψ1, ...,ψ` ∈ X. The discrete

versions of the POD problems (1.39) introduce positive weights α1, ...,αK > 0 and are

given by the discrete POD minimization problem

min
ψ1,...,ψ`∈X

%∑
ν=1

K∑
k=1

αk‖yνk −
∑̀
i=1

〈yνk ,ψi〉Xψi‖2X

s.t. 〈ψi,ψj〉X = δij for i, j = 1, ..., `.

(1.44a)

Like in the continuous version, (1.44a) is equivalent to the discrete POD maximization

problem

max
ψ1,...,ψ`∈X

%∑
ν=1

K∑
k=1

αk
∑̀
i=1

|〈yνk ,ψi〉X|2

s.t. 〈ψi,ψj〉X = δij for i, j = 1, ..., `

(1.44b)

The discrete version of the operator R from Reminder 1.42 is given by the compact,
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self-adjoint and positive semidefinite operator

RK : X→ X, RKψ =

%∑
ν=1

K∑
k=1

αk〈yνk ,ψ〉Xyνk .

We also write its spectrum as a series of decreasing, nonnegative eigenvalues {λi}i∈I:

RKψi = λiψi (i ∈ I), λ1 ≥ λ2 ≥ ... ≥ λdK > 0, λi = 0 (i > dK) (1.45)

where {ψi}i∈I ⊂ X are orthonormal eigenvectors of RK which form a basis of X. The

number dK ∈ N represents the dimension of the range of the operator RK . �

Like in the continuous version, the above eigenvectors solve the POD problem (1.44).

The following theorem states this and can be proven similarily as Theorem 1.43.

1.45 Theorem: For every ` ≤ dK , the eigenvectors vectors ψ1, ...,ψ` solve (1.44) and

satisfy

dK∑
i=`+1

λi =

%∑
ν=1

K∑
k=1

αk‖yνk −
∑̀
i=1

〈yνk ,ψi〉Xψi‖2X (1.46a)

∑̀
i=1

λi =

%∑
ν=1

K∑
k=1

αk
∑̀
i=1

|〈yνk ,ψi〉X|2. (1.46b)

Let us note that we can use (1.46a) to obtain a condition how large the basis ` is

to be chosen. Since the remaining eigenvalues λ`+1, ...,λdK measure the error the POD

computation makes, a sensible condition is that the so-called relative energy be above a

given threshold value 0 < ε� 1:

Choose the smallest ` such that

∑`
i=1 λi∑dK
i=1 λi

> 1− ε. (1.47)

A typical threshold value would be given by ε = 10−3.

In a numerical implementation, the Hilbert space X will be given by Rn with the inner

product 〈x, y〉X = xTXy and a positive definite, symmetric matrix X ∈ Rn×n. The

operator RK then corresponds to a matrix R ∈ Rn×n whose eigendecomposition can

of course be computed by an appropriate algorithm like Matlab’s eig function or the

eig function from Python’s scipy.linalg package. An alternative and often preferable
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strategy is to use singular value decomposition.

1.46 Reminder: Singular value decomposition

In the situation of Reminder 1.44, it can be shown that the matrix representation R of

the operator RK described above satisfies R = Y DY >X with the matrices

D = diag(α1, ...,αK , . . . . . . ,α1, ...,αK) ∈ R(K%)×(K%)

Y =
[
y1

1, ..., y1
K , . . . . . . , y%1 , ..., y%K

]
∈ Rn×(K%).

If we switch to the variables ψ̄i = X1/2ψi and also redefine Ȳ := X1/2Y D1/2, the eigenvalue

problem Rψ = λψ is equivalent to Ȳ Ȳ >ψ̄ = λψ̄. The singular value decomposition of Ȳ

gives us singular values σ̄1 ≥ ... ≥ σ̄r ≥ 0 and singular vectors φ̄1, ..., φ̄r ∈ RK% as well as

ψ̄1, ...,ψr ∈ Rn where r = min(n,K%). The φ̄i are eigenvectors of Ȳ >Ȳ while the ψ̄i are

eigenvectors of Ȳ Ȳ >. They furthermore satisfy

Ȳ φ̄i = σ̄iψ̄i, Ȳ >ψi = σ̄iφ̄i ∀i = 1, ..., dK ,

where 1 ≤ dK ≤ r is the rank of Y and of R. If it holds ` ≤ dK , this means that we

can compute the eigenvectors of R by computing the singular value decomposition of Ȳ

and setting ψi = X−1/2ψ̄i. Alternatively, we can use the so-called method of snapshots by

computing the first ` eigenvectors φ̄1, ..., φ̄` ∈ RK% of Ȳ >Ȳ and setting

ψi = W−1/2ψ̄i =
1

σ̄i
W−1/2Ȳ φ̄i ∀i = 1, ..., `.

This method if preferable for K%� n due to computational complexity. �

1.7 Optimization algorithms

In this section, we will assume like in Definition 1.18 that (X,A,µ) is a measure space

called the index space and U := L2(µ) the control space. Let Ĵ : U→ R be an arbitrary cost

function which we assume to be twice continuously differentiable and Uad ⊂ U a nonempty

admissible set. We will introduce the algorithms that are used for scalar minimization of

the problem type

min
u∈U

Ĵ(u) s.t. u ∈ Uad (1.48)

throughout this thesis. All of these are iterative descent methods in nature, which means

they generate a sequence (u(i))i∈N ⊂ Uad using directions (d(i))i∈N ⊂ U and step sizes
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1.7 Optimization algorithms

(θi)i∈N ⊂ [0,∞) such that the next iterate is given by

u(i+1) = P
(
u(i) + θid

(i)
)

∀i ∈ N.

The function P : U→ U represents a projection onto the admissible set Uad. The choices

of directions d(i) and step sizes θi vary depending on the nature of the cost Ĵ and the

admissible set Uad. For proofs and further information on the following specific Algorithms,

we refer e.g. to De Los Reyes (2015), Nocedal and Wright (1999) or Kelley (1999). First,

however, we briefly need to recall convergence rates.

1.47 Definition: Convergence rates

Let X be a Banach space and (xi)i∈N ⊂ X a sequence that converges to x̄ ∈ X as i→∞.

For any p ∈ (0,∞), we say that (xi)i∈N converges (at least) with rate p if there exists a

C ≥ 0 such that it holds

‖x(i+1) − x̄‖X ≤ C‖x(i) − x̄‖pX ∀i ∈ N.

For p = 1 and C < 1, we say that (xi)i∈N has (at least) linear convergence and for p = 2

(at least) quadratic convergence. If the quotient ‖x(i+1) − x̄‖X/‖x(i) − x̄‖X converges to 0

as i→∞, the sequence (u(i))i∈N is said to have superlinear convergence.

1.48 Reminder: Newton method

The most basic second-order method in unconstrained optimization (Uad = U) is given by

the Newton method where the direction is given by the linear equation

∇2Ĵ(u(i))d(i) = −∇Ĵ(u(i)) ∀i ∈ N. (1.49)

It can be motivated either by analytically minimizing the second-order Taylor approxima-

tion of Ĵ around u(i) in each iteration or by solving the first-order optimality condition

∇Ĵ(u) = 0 using Newton’s iterative method. The classical Newton’s method chooses the

step size θi = 1 for all i ∈ N.

If ū ∈ U is a local minimum of Ĵ , ∇2Ĵ(ū) is uniformly positive definite and there is a

neighbourhood U ⊂ U of ū in which ∇2Ĵ |U : U → L(U) is Lipschitz continuous, the clas-

sical Newton method has local quadratic convergence. This means that there is a radius

δ > 0 such that for all u(1) ∈ U with ‖u(1) − ū‖U < δ, the iteration (1.49) is well-defined

for all i ∈ N and converges quadratically to ū as i→∞.

In praxis, the Newton equation (1.49) will only be solved approximately utilizing e.g. a

Conjugate Gradient (CG) or a GMRES method. This translates to

∇2Ĵ(u(i))d(i) +∇Ĵ(u(i)) = r(i) ∀i ∈ N, (1.50)
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and we call (1.50) an inexact Newton method . If particularly the CG method is used to

approximately solve the Newton system (1.49), we refer to (1.50) as a Newton-CG method .

Under the given assumptions on ū and ∇2Ĵ |U , the following convergence results hold for

an initial control ū(1) close enough to ū:

(i) If the residuals satisfy ‖r(i)‖U ≤ ηi‖∇Ĵ(u(i))‖U with 0 ≤ ηi ≤ η < 1 for all i ∈ N,

then (u(i))i∈N converges to ū.

(ii) If, additionally, ηi → 0 as i→∞, the convergence is superlinear.

(iii) If, additionally, the convergence of ηi → 0 is at least linear, then the convergence of

u(i) → ū is quadratic.

�

We recall that for two controls u, v ∈ U, the notation {u = v} is an abbreviation of the

set {x ∈ X | u(x) = v(x)} in the index space.

1.49 Reminder: Projected Newton method

Suppose that the admissible set is given by a box Uad = [ua,ub] with ua,ub ∈ U such that

ua ≤ ub. For any control u ∈ Uad, we define the active and inactive sets A(u), I(u) ⊂ X

as3

A(u) = {u = ua} ∪ {u = ub}, I(u) = {ua < u < ub}.

Furthermore, let the canonical projections PA(u),PI(u) ∈ L(U) be given by

(
PA(u)h

)
(x) =

{
h(x), if x ∈ A(u)

0, if x ∈ I(u)
, PI(u)h = (1− PA(u))h ∀h ∈ U, f.a.a. x ∈ X.

The reduced Hessian of Ĵ is defined as ∇2
RĴ : U→ L(U) with(

∇2
RĴ(u)h

)
(x) =

(
PA(u) + PI(u)∇2Ĵ(u)PI(u)

)
(x)

=

{
h(x), if x ∈ A(u)(

∇2Ĵ(u)PI(u)h
)
(x), if x ∈ I(u)

(1.51)

for all u,h ∈ U, for almost all x ∈ X. Instead of the Newton iteration (1.49), the Projected

Newton method solves the system

∇2
RĴ(u(i))d(i) = −∇Ĵ(u(i)) ∀i ∈ N. (1.52)

3In a numerical implementation, one would naturally replace a condition like u(x) = ua(x) with the
relaxed version |u(x)− ua(x)| < ε for a tolerance 0 < ε� 1.
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This implies that in the indices where the control is active (x ∈ A(u)), the gradient

information is used to determine the search direction (d(i)(x) = −∇Ĵ(u(i))(x)). In an

active index, the iteration is still inside the admissible box and information from the

Hessian is used to determine this component of the search direction. Similar to Reminder

1.48, the system (1.52) may be solved inexactly, in which case we call it an inexact Projected

Newton method. If a CG method is used to approximately solve (1.52), we refer to it as a

Projected Newton-CG method. After having found the direction d(i) ∈ U and a step size

θ ∈ (0, 1], the next iteration is then projected onto the admissible set by

u(i+1) = P[ua,ub]

(
u(i) + θid

(i)
)

∀i ∈ N. (1.53)

This projection is given by (P[ua,ub]u)(x) = max(ua(x), min(ub(x),u(x))) for all x ∈ X.

Let now ū ∈ Uad be a local minimizer of Ĵ
∣∣
[ua,ub]

such that ∇2Ĵ(ū) ∈ L(U) is uniformly

positive definite and ∇2Ĵ is Lipschitz continuous in a neighbourhood of ū. If ū(1) ∈ Uad

is an initial control that lies close enough to ū and it holds A(u(1)) = A(ū), then we can

expect quadratic convergence of the sequence (u(i))i∈N to ū, cf. (Kelley, 1995, Theorem

5.5.3). �

1.50 Reminder: Step size control

In any descent method where (d(i))i∈N ⊂ U are guaranteed to be descent directions, there

exists a threshold θi > 0 such that for all θ ∈ (0, θi), the Armijo rule

Ĵ(u+ θd(i))− Ĵ(u) ≤ αθ〈d(i),∇Ĵ(u)〉U (1.54)

is satisfied for a fixed value α > 0.4 Since the inner product in (1.54) is usually negative

for descent directions, the Armijo condition guarantees a certain decrease in the cost

function. In the Newton methods from Reminders 1.48 and 1.49, we add a step size as

the maximum value θi ∈ (0, 1] such that (1.54) is satisfied and call the resulting strategies

damped Newton methods. In a practical implementation, we first check if θi = 1 satisfies

the Armijo rule and then start backtracking by updating θi ← βθi with a value 0 < β < 1

until θi satisfies (1.54). �

The problem of the Newton and Projected Newton approaches alike lie in the uncertainty

when ‖ū− u(1)‖U will be small enough to ensure the convergence of the iterations. Under

certain conditions, e.g. if the function Ĵ is strictly convex on all of U, the initial guess is not

as crucial and the iteration will often converge to a minimizer. For nonconvex functions,

however, the Newton step needs to be abandoned for slower yet more reliable strategies

in a nonconvex area of U. In addition, the second Taylor approximation of Ĵ around a

4In the algorithms used for this thesis, we use α = 10−4 as suggested in Nocedal and Wright (1999).
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current iterate u(i) may be trusted only in a certain radius around the iterate. These

ideas lead to the trust region method, which we formulate immediately for a constrained

problem.

1.51 Reminder: Trust region method

Suppose that the admissible set is given by a box Uad = [ua,ub] with ua,ub ∈ U such that

ua ≤ ub. The trust region method operates under the main idea that at every iterate u(i),

there is a quadratic model

mi : U→ R, mi(h) = Ĵ(u(i)) + 〈∇Ĵ(u(i)),h〉U +
1

2
〈B(i)h,h〉U,

where B(i) ∈ L(U) is an approximation of the Hessian ∇2Ĵ(u(i)). There further exists a

trust region Bk ⊂ U with 0 ∈ Bk such that mi(h) serves as an approximation for Ĵ(u(i)+h)

for all h ∈ Bk. Since we only consider box-constrained problems, we choose a boxed trust

region as suggested in Conn et al. (1988), given by

Bk =
{
h ∈ U

∣∣ ‖h‖∞ := sup
x∈X

|h(x)| ≤ ∆i

}
.

Here ∆i > 0 is called a trust radius. A trial step for the next iterate is given by ũ(i+1) =

u(i) + d̃(i), where d̃(i) ∈ U is an approximate solution to the trust region subproblem

min
d∈U

mi(d) s.t. d ∈ Bk and u(i) + d ∈ Uad. (1.55)

Notice that we can set da := max(ua − u,−∆i) and db := min(ub − u, ∆i) and (1.55) is

equivalent to

min
d∈U

mi(d) s.t. d ∈ [da, db]. (1.56)

In this thesis, we choose B(i) := ∇2
RĴ(u(i)), the reduced Hessian from (1.51). For the

approximate solution of (1.56), we follow the main concept laid out in Conn et al. (1988),

which consists of two steps. First, an approximation of the generalized Cauchy point

(GCP) is computed, which is defined as dGCP = −tGCP∇Ĵ(u(i)), where tGCP > 0 is the

smallest local minimum of the function

ϕ : [0,∞)→ R, ϕ(t) = mi

(
P[da,db]

(
− t∇Ĵ(u(i))

))
.

Here, P[da,db] : U→ [da, db] is the projection onto the trust region. Since mi is a quadratic

function, ϕ itself is piecewise quadratic, so dGCP can be analytically computed by iterating

through the segments, cf. Conn et al. (1988). However, due to computational efficiency, we

choose an inexact bisection algorithm from (Conn et al., 2000, Algorithm 12.2.2) instead
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where tGCP has to satisfy the Armijo condition

ϕ(tGCP)− ϕ(0) ≤ α〈dGCP,∇Ĵ(u(i))〉U (1.57)

and at least one of the conditions

‖dGCP‖∞ = sup
x∈X
|dGCP(x)| ≥ κfrd∆i

or ϕ(tGCP)− ϕ(0) ≥ κlbs〈dGCP,∇Ĵ(u(i))〉U

or ‖PT(dGCP)

[
−∇Ĵ(u(i))

]
‖ ≤ κepp

∣∣〈∇Ĵ(u(i)), dGCP〉
∣∣

∆i


(1.58)

Here, the coefficients are from the ranges 0 < α < κlbs < 1, 0 < κfrd < 1 and 0 < κepp < 0.5.

In the last condition, the projection is performed onto the tangent cone at dGCP, defined

by

T(dGCP) :=
{
d ∈ U

∣∣ di(x) ≥ 0 if dGCP(x) = da(x) and

di(x) ≤ 0 if dGCP(x) = db(x), f.a.a. x ∈ X
}

.

We start with the bisection set [0,∞) and shrink this interval from the right if (1.57) is

not satisfied, and from the left if (1.58) does not hold. For more details, we refer to (Conn

et al., 2000, pp. 453-459).

In a next step, we follow again Conn et al. (1988) and determine the set of active and

inactive indices at dGCP given by

Ai(dGCP) = {dGCP = da} ∪ {dGCP = db}, Ii(dGCP) =
{
da < dGCP < db

}
.

The active indices remain fixed on the values of the GCP, while we perform a version of

the truncated Steihaug-Toint CG algorithm5 in the inactive indices, starting at dGCP: If

d+ ∈ U then denotes a full CG step in these components and d+ /∈ [da, db], we accept

P[da,db](d
+) as a solution of (1.56). If negative curvature is encountered, we do the same.

Otherwise, we have d+ ∈ [da, db] and move on to the next CG iteration until tolerance is

reached.

Having thus computed an inexact solution d(i) ∈ [da, db], it is now tested by evaluating

the quotient

σi :=
Ĵ(u(i) + d(i))− Ĵ(u(i+1))

mi(0)−mi(d(i))
,

which indicates the relation between the actual reduction (numerator) and the predicted

reduction (denominator). This value is used to determine if the trial step is accepted and

5Fore more details on Steihaug-Toint, see (Conn et al., 2000, pp. 202-207).
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if the trust region should be enlarged or shrunk. This is done by using threshold values

0 < σ0 < σ < σ.

� If σi < σ0, the trial step is not accepted and we set u(i+1) = u(i).

� If σi < σ, the trust radius is reduced (∆i+1 = 1
2∆i) and the trial step is accepted

(u(i+1) = u(i) + d(i)).

� If σ ≤ σi ≤ σ, the radius is not changed (∆i+1 = ∆i) and the trial step is accepted.

� If σ < σi, the radius is increased (∆i+1 = min(2∆i, ∆max), where ∆max > 0 is a

maximum trust radius) and the trial step is accepted.

We use the values σ0 = 0.01, σ = 0.25 and σ = 0.75. �

1.52 Reminder: Termination criteria

For all algorithms described in Reminders 1.48, 1.49 and 1.51, we terminate the iteration

in any of the cases below:

(1) The iteration number i exceeds a maximal number imax ∈ N. A typical value would

be imax = 30.

(2) For i ≥ 2, if the quotient

‖u(i) − P
(
u(i) −∇Ĵ(u(i))

)
‖

‖u(1) − P
(
u(1) −∇Ĵ(u(1))

)
‖

(1.59)

falls below a certain threshold tol∇. Usually, tol∇ is chosen between 10−7 and 10−3.

This is based on Kelley (1999) and goes back to the relative gradient norm in an

unconstrained problem.

(3) For i ≥ 2, if the quotient

|Ĵ(u(i))− Ĵ(u(i−1))|
|Ĵ(u(1))|

(1.60)

falls below a threshold tolJ . This measaures stagnation of the algorithm in the cost

function values and we typically choose tolJ between 10−8 and 10−4.

(4) For i ≥ 2, if the quotient

‖u(i) − u(i−1)‖U
‖u(1)‖U

(1.61)

falls below a threshold tolU . As with (3), this measaures stagnation in the control

variables and we usually choose tolU identical to tolJ .
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The conditions (3) and (4) measure stagnation of the algorithm. This may happen when

the error induced by the chosen mesh and time discretization is too large to allow for

further improvement of the gradient norm. �
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2 Controlled linear evolution equations with

quadratic QTU cost functions

In Section 1.5, we introduced the linear evolution equation (1.19) defined on a Gelfand

triple (V,H,V′) and proved unique solvability in Theorem 1.28 and continuous dependence

on the data by ways of (1.23) and (1.24). This chapter will consider the case where the

coefficients in the equation can be controlled.

2.1 Definition: Controlled linear evolution equation

Let T > 0 be a final time, (X,A,µ) a measure space and U = L2(µ) the control

space. Let A : U→ L∞(0,T ;L(V,V′)) be a controlled, time-dependent linear operator

where A(u) is uniformly coercive for every u ∈ U in the sense of (1.20). Further, let

F : U → L2(0,T ;V′) be a controlled inhomogeneity. Then the following is called a

controlled linear evolution equation for a function y ∈W (0,T ):

yt(t) +A(u)(t)y(t) = F(u)(t) in V′, f.a.a. t ∈ (0,T ) (2.1a)

y(0) = y◦ in H. (2.1b)

From here on, the elements A and F will be dependent on the two variables u and t.

We have chosen to represent this by two consecutive brackets, for example A(u)(t). Con-

sequently, A(u) is considered as an element in L∞(0,T ;L(V,V′)) for all u ∈ U and A(·)(t)
is a function mapping from U to L(V,V′) for almost all t ∈ (0,T ). Due to the isomorphism

(1.2) between L(V,V′) and the space L2(V) of bilinear and continuous functions mapping

from V × V to R, A(u)(t) can also be seen as a controlled and time-dependent bilinear

form on V. The controlled inhomogeneity gets the same notation: For all u ∈ U, F(u) is

considered as an element in L2(0,T ;V′) and for almost all t ∈ (0,T ), we have F(u)(t) ∈ V′.

It was shown in Theorem 1.28 that the uncontrolled linear evolution equation (1.19) ad-

mits a unique solution y ∈W (0,T ) for every A ∈ L∞(0,T ;L(V,V′)) and F ∈ L2(0,T ,V′).

Therefore, (2.1) also admits a unique solution y ∈ W (0,T ) for every u ∈ U, which allows
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us to define a solution operator

S : U→W (0,T ), S(u) = y where (y,u) solves (2). (2.2)

For further proofs, we will write (2.1) in a more abstract manner as it was suggested in

Hinze et al. (2009). We introduce the function c : W (0,T )×U→ L2(0,T ;V′)×H defined

by

c1(y,u)(t) = yt(t) +A(u)(t)y(t)−F(u)(t) f.a.a. t ∈ (0,T ) (2.3a)

c2(y,u) = y(0)− y◦. (2.3b)

Note that the embedding operator W (0,T ) ↪→ C([0,T ];H) is hidden in the definition of

c2 for y(0). The system (2.1) is now equivalent to the condition c(y,u) = 0.

In addition to (2.1), we will introduce a particular quadratic cost function next whose

properties we will examine in this chapter. In order to do so, let us define the canonical

linear and continuous embeddings ΦQ : W (0,T ) → L2(0,T ;H) and ΦT : W (0,T ) → H

by (ΦQy)(t) = y(t) in H and ΦT y = y(T ). The latter is again well-defined due to the

embedding W (0,T ) ↪→ C([0,T ],H). Combining these with the solution operator (2.2)

yields the adjusted solution operators

SQ : U→ L2(0,T ;H), SQ(u)(t) = y(t) in H, f.a.a. t ∈ (0,T ) (2.4a)

ST : U→ H, ST (u) = y(T ) in H. (2.4b)
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2.2 Definition: Quadratic QTU cost function

Let Z be a Hilbert space and Θ ∈ L(H,Z). For parameters αQ,αT ,αU ≥ 0, desired

states zQ ∈ L2(0,T ;Z), zT ∈ Z and a nominal control u◦ ∈ U, the following map

J : W (0,T )× U→ R is called a quadratic QTU cost function:

J(y,u) =
αQ
2

∫ T

0
‖ΘΦQy(t)− zQ(t)‖2Z dt+

αT
2
‖ΘΦT y − zT ‖2Z +

αU
2
‖u− u◦‖2U.

(2.5)

If the variable y is particularily chosen as the solution to (2.1), the resulting function

Ĵ : U→ R given by Ĵ(u) = J(S(u),u) is called the essential cost function:

Ĵ(u) =
αQ
2

∫ T

0
‖ΘSQ(u)(t)− zQ(t)‖2Z dt+

αT
2
‖ΘST (u)− zT ‖2Z +

αU
2
‖u− u◦‖2U.

(2.6)

The function Ĵ is often called the reduced cost function in standard literature since the

number of variables is reduced from two (y and u) to one (u). However, this thesis reserves

the tag reduced for the context of model-order reduction and uses the key word essential

here instead to avoid confusion. The label “QTU” comes from the three summands in

(2.5) and (2.6), where the first one tracks over time and the state space Z (denoted by the

letter Q in a time-space setting, cf. Section 2.5.1), the second tracks in the state space Z

at the final time T, and the third is a control penalization represented by the letter U.

2.1 The solution operator

In this section, we analyze various aspects of the solution operator S from (2.2). It was

already established that it is well-defined, so we will now extract more properties. Since S
is dependent on the mappings A and F , the main theme of the upcoming results will be

that, if A and F satisfy some property, a similar property will hold true for S. In context

of the cost functions (2.5) and (2.6), the controlled linear evolution equation (2.1) will also

be referred to as the state equation. In addition, let us consider the simplified system

et(t) +A(u)(t)e(t) = G(t) in V′, f.a.a. t ∈ (0,T ) (2.7a)

e(0) = 0 in H, (2.7b)

with G ∈ L2(0,T ;V′). Theorem 1.28 states that this system admits a unique solution

e ∈W (0,T ) for every u ∈ U. The following lemma proves that e remains bounded by the
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inhomogeneity uniformly in local neighborhoods of U.

2.3 Lemma: Let A be continuous from U to L∞(0,T ;L(V,V′)) and ū ∈ U a fixed

control. Then there exist a constant C > 0 and a radius δ > 0 such that for all u ∈ U

with ‖u− ū‖U < δ, the solution e ∈W (0,T ) to (2.7) satisfies

‖e‖W (0,T ) ≤ C‖G‖L2(0,T ;V′). (2.8)

Proof. Let ē ∈ W (0,T ) be the solution of (2.7) for u = ū. We know from the continuity

estimate (1.24) that there is a constant Cū > 0 such that ‖ē‖W (0,T ) ≤ Cū‖G‖L2(0,T ;V′).

For an arbitrary u ∈ U with solution e ∈W (0,T ) to (2.7), there is an according constant

Cu > 0 with ‖e‖W (0,T ) ≤ Cu‖G‖L2(0,T ;V′). It was stated in Theorem 1.28 that the constant

depends continuously on the norm and coercivity constants of A(u), so it would follow

Cu → Cū as u → ū if these factors converged as well. The norm ‖A(u)‖L∞(0,T ;L(V,V′))

converges trivially since A is continuous. As for the coercivity constants, let us observe

for arbitrary ϕ ∈ V :

〈A(u)(t)ϕ,ϕ〉V′×V = 〈A(ū)(t)ϕ,ϕ〉V′×V + 〈(A(u)(t)−A(ū)(t))ϕ,ϕ〉V′×V
≥ αū‖ϕ‖2V − βū‖ϕ‖2H − ‖A(u)−A(ū)‖L∞(0,T ;L(V,V′)) · ‖ϕ‖2V.

Therefore, the coercivity constants for A(u) can be chosen as

αu = αū − ‖A(u)−A(ū)‖L∞(0,T ;L(V,V′)), βu = βū,

if ‖A(u)−A(ū)‖L∞(0,T ;L(V,V′)) is small enough, i.e. if ‖u− ū‖U is small enough. With the

above reasoning, it follows that Cu ≤ 2Cū if ‖u− ū‖U is small enough. Setting C := 2Cū

proves the claim. �

2.4 Theorem: Let A and F be continuous as mappings from U to L∞(0,T ;L(V,V′))

and L2(0,T ;V′), respectively. Then S is continuous from U to W (0,T ).

Proof. As it was mentioned already, the solution operator S can also be characterized by

c(S(u),u) = 0 with the function c from (2.3). We would like to utilize the implicit function

theorem and have to verify certain properties of c to be able to apply it. First of all, it

holds for all (y,u) ∈W (0,T )× U and all directions (yδ,uδ) ∈W (0,T )× U:

c1(y + yδ,u+ uδ)(t)− c1(y,u)(t) = yδt (t) + [A(u+ uδ)(t)−A(u)(t)](y(t) + yδ(t))

+A(u)(t)yδ(t)− [F(u+ uδ)(t)−F(u)(t)] f.a.a. t ∈ (0,T ) (2.9a)

c2(y + yδ,u+ uδ)(t)− c2(y,u)(t) = yδ(0). (2.9b)

58



2.1 The solution operator

From here, we can show continuity of c since it holds

‖c1(y + yδ,u+ uδ)− c1(y,u)‖2L2(0,T ,V′)

≤ 2
(
‖yδt ‖2L2(0,T ;V′) + ‖A(u+ uδ)−A(u)‖2L∞(0,T ;L(V,V′)) · ‖y + yδ‖2L2(0,T ;V)

+ ‖A(u)‖2L∞(0,T ;L(V,V′)) · ‖y
δ‖2L2(0,T ;V

)
+ ‖F(u+ uδ)− F (u)‖2L2(0,T ;V′) → 0

as yδ,uδ → 0 since A and F are continuous and W (0,T ) embeds into L2(0,T ;V). Fur-

thermore,

‖c2(y + yδ,u+ uδ)− c2(y,u)‖H = ‖yδ(0)‖H ≤ ‖yδ‖C([0,T ];H) → 0

as yδ → 0 because of the continuity of the embedding W (0,T ) ↪→ C([0,T ];H). Altogether,

c is continuous. Furthermore, we can easily infer from (2.9) that the partial derivative ∂yc

exists and it holds

[∂yc1(y,u)yδ](t) = yδt (t) +A(u)(t)yδ(t) f.a.a. t ∈ (0,T ) (2.10a)

∂yc2(y,u)yδ = yδ(0). (2.10b)

For the invertibility of ∂yc(y,u), let F̂ ∈ L2(0,T ;V′) and ŷ◦ ∈ H be given arbitrarily.

Theorem 1.28 states that there exists a unique yδ ∈ W (0,T ) such that ∂yc(y,u)yδ =

(F̂ , ŷ◦), which proves that ∂yc(y,u) is bijective. Theorem 1.28 also states that there exists

a constant Cu > 0 depending only on T , ‖A(u)‖L∞(0,T ;L(V,V′)) and the coercivity constants

of A(u) such that

‖
[
∂yc(y,u)

]−1
(F̂ , ŷ◦)‖ = ‖yδ‖2W (0,T ) ≤ Cu

(
‖F̂‖2L2(0,T ;V′) + ‖ŷ◦‖H

)
.

In other words, the inverse of ∂yc(y,u) is bounded. Now all prerequisites of the implicit

function theorem (cf. Theorem 1.13) are satisfied, meaning that there exists a neighbor-

hood U of u and a unique continuous function SU : U →W (0,T ) satisfying c(SU (u),u) = 0

for all ũ ∈ U . This just means that ỹ = SU (ũ) is the unique solution to (2.1), so it holds

S(ũ) = SU (ũ) for all ũ ∈ U . By this logic, S is continuous on U , and we can repeat this

procedure for every point u ∈ U, so that S is continuous everywhere. �

The upcoming proofs will continue at the point where the proof of Theorem 2.4 has

ended, getting higher regularity results out of the implicit function theorem.

2.5 Theorem: Let A and F be continuously differentiable as mappings from U to

L2(0,T ;L(V,V′)) and L2(0,T ;V′), respectively. Then S is continuously differentiable from

U to W (0,T ) and for u,h ∈ U, the derivative is given S ′(u)h = yh where yh ∈ W (0,T )
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2 Controlled linear evolution equations with quadratic QTU cost functions

solves the linearized state equation

yht (t) +A(u)(t)yh(t) = [F ′(u)h](t)− [A′(u)h](t)y(t) in V′, f.a.a. t ∈ (0,T ) (2.11a)

yh(0) = 0 in H (2.11b)

and y = S(u) solves the state equation (2.1).

Proof. We continue from the proof of Theorem 2.4 where we had a point u ∈ U, a neigh-

bourhood U of u and the continuous function SU = S|U : U →W (0,T ) from the implicit

function theorem. The latter states that SU will be continuously differentiable if we can

prove that c is continuously differentiable as well.

The derivative with respect to y is given by (2.10) and we can directly observe that it does

not depend on y, so it is trivially continuous with respect to that variable. Furthermore,

∂yc2 is independent of u, so we only have to show the continuity of ∂yc1 with respect to

u. For ũ ∈ U , we have∥∥∥[∂yc1(y,u)− ∂yc1(y, ũ)
]
yδ
∥∥∥
L2(0,T ;V′)

≤ ‖A(u)−A(ũ)‖L∞(0,T ;L(V,V′)) · ‖yδ‖L2(0,T ;V)

≤ ‖A(u)−A(ũ)‖L∞(0,T ;L(V,V′)) · ‖yδ‖W (0,T ).

Since A is continuous, we infer ∂yc1(y, ũ)→ ∂yc1(y,u) in L(W (0,T ),L2(0,T ;V′)) as ũ→ u

in U. Altogether, ∂yc is continuous in (y,u).

For the u-derivative, we can conclude from (2.9) that it is given by

[∂uc1(y,u)uδ](t) = [A′(u)uδ](t)y(t)− [F ′(u)uδ](t) (2.12a)

∂uc2(y,u)yδ = 0 (2.12b)

so ∂yc2 is trivially continuous. For the first component, let us choose (ỹ, ũ) ∈W (0,T )×U

to observe: ∥∥∥[∂uc1(y,u)− ∂uc1(ỹ, ũ)
]
uδ
∥∥∥2

L2(0,T ;V′)

≤ 2
(
‖A′(u)−A′(ũ)‖2L(U,L∞(0,T ;L(V,V′))) · ‖y‖

2
L2(0,T ;V′)

+ ‖A′(ũ)‖2L(U,L∞(0,T ;L(V,V′))) · ‖y − ỹ‖
2
L2(0,T ;V′)

+ ‖F ′(u)−F ′(ũ)‖2L2(0,T ;V′)

)
· ‖uδ‖2U.

Since A and F are continuously differentiable, we get A′(ũ) → A′(u) in

L(U,L∞(0,T ;L(V,V′))) and F ′(ũ) → F ′(u) in L(U,L2(0,T ;V′)) as ỹ → y in W (0,T )

and ũ → u in U. Altogether, this yields ∂uc1(ỹ, ũ) → ∂uc1(y,u) in L(U,L2(0,T ;V′)) as

ỹ → y and ũ→ u, which means that ∂uc1 is continuous in (y,u).

Since the derivatives for both components with respect to both arguments are continuous,
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this means that c′ is continuous. As it was mentioned above, the implicit function theorem

now states that S|U = SU is continuously differentiable. We can repeat this procedure for

every point u ∈ U and get that the entire function S is continuously differentiable.

Lastly, we differentiate the condition c(S(u),u) = 0 with respect to u using the chain rule

and obtain

∂yc(S(u),u)S ′(u) + ∂u(S(u),u) = 0 in L(U,L2(0,T ;V′)×H). (2.13)

We now apply this to a direction h ∈ U and abbreviate y := S(u), yh := S ′(u)h to end up

with

∂yc(y,u)yh = −∂u(y,u)h in L2(0,T ;V′)×H,

which is equivalent to the linearized state equation (2.11). �

2.6 Theorem: LetA and F be twice continuously differentiable as mappings from U to

L∞(0,T ;L(V,V′)) and L2(0,T ;V′) respectively. Then S is twice continuously differentiable

from U to W (0,T ) and for u,h1,h2 ∈ U, the derivative is given by S ′′(u)(h1,h2) = y(h1,h2)

where y(h1,h2) ∈W (0,T ) solves the second linearized state equation

y
(h1,h2)
t (t) +A(u)(t)y(h1,h2)(t) = [F ′′(u)(h1,h2)](t)

− [A′′(u)(h1,h2)](t)y(t) − 2[A′(u)h1](t)yh2(t) in V′, f.a.a. t ∈ (0,T ) (2.14a)

y(h1,h2)(0) = 0 in H. (2.14b)

Here, y ∈ W (0,T ) solves the state equation (2.1) and yh2 ∈ W (0,T ) solves the linearized

state equation (2.11) with direction h = h2. If A and F are even twice continuously

differentiable, then S is as well.

Proof. We continue from the proof of Theorem 2.5, so we have a point u ∈ U, a neighbour-

hood U ⊂ U of u and S|U = SU with SU ∈ C1(U ,W (0,T )). The implicit function theorem

states that, if c is twice continuously differentiable from W (0,T )×U to L2(0,T ;V′)×H,

S|U will be twice continuously differentiable as well. This in turn will yield that S itself

is twice continuously differentiable by repeating the proof for every u ∈ U.

If we look at the first partial derivatives of c in (2.10) and (2.12), it is apparent that the

second derivatives of c1 are given for almost all t ∈ (0,T ) and directions yδ, ỹδ ∈W (0,T ),

uδ, ũδ ∈ U by

∂yyc1(y,u)(yδ, ỹδ)(t) = 0

∂yuc1(y,u)(yδ,uδ)(t) = [A′(u)uδ](t)yδ(t)

∂uuc1(y,u)(uδ, ũδ)(t) = [A′′(u)(uδ, ũδ)](t)y(t)− [F ′′(u)(uδ, ũδ)](t)
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2 Controlled linear evolution equations with quadratic QTU cost functions

whereas the second derivative of c2 is zero. Similarily as in the proof of Theorem 2.5, we

use the fact that A and F are twice continuously differentiable to show that c is twice

continuously differentiable.

This gives us c ∈ C2(W (0,T )×U;L2(0,T ;V′)×H). We are now able to further differentiate

(2.13) with respect to u and obtain for directions h1,h2 ∈ U:

∂yyc(S(u),u)(S ′(u)h1,S ′(u)h2) + 2∂yuc(S(u),u)(h1,S ′(u)h2)

+∂yc(S(u),u)S ′′(u)(h1,h2) + ∂uuc(S(u),u)(h1,h2) = 0.

If we abbreviate y := S(u), yh2 := S ′(u)h2 and y(h1,h2) := S ′′(u)(h1,h2) and utilize

∂yyc = 0, we end up with the following equality in L2(0,T ;V′)×H:

∂yc(y,u)y(h1,h2) = −∂uuc(y,u)(h1,h2)− 2∂y,uc(y,u)(h1, yh2).

This is equivalent to the second linearized state equation (2.14). �

2.2 The cost function

In this section, we focus on the cost function from Definition 2.2 and derive the gradient and

Hessian of the reduced cost function. First of all, however, we prove that Ĵ is continuous.

2.7 Lemma: Let A be continuous from U to L∞(0,T ;L(V,V′)) and F continuous

from U to L2(0,T ;V′). Then Ĵ is continuous from U to R.

Proof. Theorem 2.4 tells us that the solution operator S is continuous from U to W (0,T ).

Since Θ, ΦQ and ΦT are continuous as well, the mappings

U→ L2(0,T ;Z), u 7→ ΘSQ(u)− zQ
U→ Z, u 7→ ΘST (u)− zT

are continuous. Altogether, the function Ĵ given by (2.6) is continuous as a composition

of continuous functions. �
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2.8 Definition: Adjoint equation

Consider the adjoint equation for a function p ∈W (0,T ):

−〈pt(t),ϕ〉V′×V + 〈A(u)(t)ϕ, p(t)〉V′×V = 〈G(t),ϕ〉H ∀ϕ ∈ V, f.a.a. t ∈ (0,T )

(2.15a)

p(T ) = pT in H (2.15b)

with right-hand sides G ∈ L2(0,T ;H) and pT ∈ H

2.9 Corollary: Let A be continuous from U to L∞(0,T ;L(V,V′)). For every u ∈ U,

the system (2.15) admits a unique solution p ∈W (0,T ) and the adjoint solution operator

R : U× L2(0,T ;H)×H→W (0,T ), R(u,G, pT ) = p, where p solves (2.15) (2.16)

is linear and continuous in (G, pT ) for every u ∈ U. For a fixed ū ∈ U, there exists a

constant C > 0 and a radius δ > 0 such that for all u ∈ U with ‖u− ū‖U < δ, it holds

‖R(u,G, pT )‖2W (0,T ) ≤ C
(
‖pT ‖2H + ‖G‖2L2(0,T ;H)

)
. (2.17)

Proof. The unique solvability is proven in Corollary 1.37 where it was also stated that

(2.17) holds for u = ū with a constant Cū ∈ R+. Further, Cū depends continuously on

T , the norm of A(ū) and its coercivity constants. T is fixed and, as it was argued in the

proof of Lemma 2.3, norm and coercivity constants of A(u) depend continuously on A(u)

which in turn depends continuously on u. Therefore, C depends continuously on u and

there is a δ > 0 with Cu ≤ 2Cū for all u ∈ U with ‖u− ū‖U < δ. Setting C := 2Cū yields

(2.17) for those u. �

For the next Lemma, we require an adjoint of a linear map B ∈ L(U,L2(0,T ;V′)). This

is given by∫ T

0
〈[Bh](t), g(t)〉V′×V dt =

∫ T

0
〈[T −1

V Bh](t), g(t)〉V dt = 〈T −1
V Bh, g〉L2(0,T ;V)

= 〈h, [T −1
V B]∗g〉U =: 〈h,B∗g〉U,

(2.18)

where TV ∈ L(V,V′) denotes the the Riesz isomorphism.

2.10 Lemma: Let A and F be differentiable. Then the derivatives of the solution

operators SQ : U → L2(0,T ;H) and ST : U → H defined in (2.4) have the following
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2 Controlled linear evolution equations with quadratic QTU cost functions

Hilbert adjoints:

S ′Q(u)∗G = [F ′(u)−A′y(u)]∗R(u,G, 0) ∀u ∈ U,G ∈ L2(0,T ;H) (2.19a)

S ′T (u)∗pT = [F ′(u)−A′y(u)]∗R(u, 0, pT ) ∀u ∈ U, pT ∈ H. (2.19b)

Here we have used the adjoint concept from (2.18) and defined for the state solution

y = S(u) ∈W (0,T ):

A′y : U→ L(U,L2(0,T ;V′))

[A′y(u)h](t) = [A′(u)h](t)y(t) ∀u,h ∈ U, f.a.a. t ∈ (0,T ).
(2.20)

Proof. Let u,h ∈ U, G ∈ L2(0,T ;H) and pT ∈ H be given. We define y := S(u) and

yh := S ′(u)h and set p := R(u,G, pT ) ∈ W (0,T ). It is straightforward to verify that

A′y(u) belongs L(U,L2(0,T ;V′)). We now take the inner product:

〈S ′Q(u)h,G〉L2(0,T ;H) + 〈S ′T (u)h, pT 〉H

=

∫ T

0
〈yh(t),G(t)〉H dt+ 〈yh(T ), pT 〉H

(2.15a)
=

∫ T

0
−〈pt(t), yh(t)〉V′×V + 〈A(u)yh(t), p(t)〉V′×V dt+ 〈yh(T ), pT 〉H

(1.17)
=

∫ T

0
〈yht (t), p(t)〉V′×V + 〈A(u)yh(t), p(t)〉V′×V dt

+ 〈yh(T ), pT − p(T )〉H + 〈yh(0), ph(0)〉H.

Next, we insert yh(0) = 0 from (2.11b), p(T ) = pT from (2.15b) and replace the integrand

by applying (2.11a).

〈S ′Q(u)h,G〉L2(0,T ;H) + 〈S ′T (u)h, pT 〉H

=

∫ T

0

〈
[F ′(u)h](t)− [A′(u)h](t)y(t), p(t)

〉
V′×V dt

=

∫ T

0

〈
[F ′(u)h](t)− [A′y(u)h](t), p(t)

〉
V′×V dt

=
〈
h, [F ′(u)−A′y(u)]∗p

〉
U

,

where we have made use of (2.20) and the adjoint concept in (2.18). We have shown that

it holds

〈S ′Q(u)h,G〉L2(0,T ;H) + 〈S ′T (u)h, pT 〉H =
〈
h, [F ′(u)−A′y(u)]∗R(u,G, pT )

〉
U

.

Setting once G = 0 and the other time pT = 0 yields the claim. �
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2.11 Lemma: Let A and F be twice differentiable. Then the second derivatives of

the solution operators SQ : U → L2(0,T ;H) and ST : U → H defined in (2.4) have the

following Hilbert adjoints for all u,h ∈ U:

S ′′Q(u)(h1, ·)∗G = [F ′′(u)(h1, ·)−A′′y(u)(h1, ·)− 2A′
yh1

(u)]∗R(u,G, 0) (2.21a)

S ′′T (u)(h1, ·)∗pT = [F ′′(u)(h1, ·)−A′′y(u)(h1, ·)− 2A′
yh1

(u)]∗R(u, 0, pT ). (2.21b)

Here, we have used the adjoint concept from (2.18) and defined for the state and linearized

state solutions y = S(u), yh1 = S ′(u)h1:

A′′y : U→ L2(U,L2(0,T ;V′))

[A′′y(u)(h1,h2)](t) = [A′′(u)(h1,h2)](t)y(t) ∀u,h1,h2 ∈ U, f.a.a. t ∈ (0,T ),
(2.22)

while Ayh1 coincides with (2.20) for y = yh1 .

Proof. Let u,h1,h2 ∈ U, G ∈ L2(0,T ;H) and pT ∈ H be given. We define y := S(u),

yh1 := S ′(u)h1 and y(h1,h2) := S ′′(u)(h1,h2) as well as p := R(u,G, pT ) ∈ W (0,T ). It is

straightforward to show that A′′y(u) belongs to L2(U,L2(0,T ;V′)). We infer for the inner

product

〈S ′′Q(u)(h1,h2),G〉L2(0,T ;H) + 〈S ′′T (u)(h1,h2), pT 〉H

=

∫ T

0
〈y(h1,h2)(t),G〉H dt+ 〈y(h1,h2)(T ), pT 〉H dt

(2.15a)
=

∫ T

0
−〈pt(t), y(h1,h2)(t)〉V′×V + 〈A(u)y(h1,h2)(t), p(t)〉V′×V dt+ 〈y(h1,h2)(T ), pT 〉H dt

(1.17)
=

∫ T

0
〈y(h1,h2)
t (t), p(t)〉V′×V + 〈A(u)y(h1,h2)(t), p(t)〉V′×V dt

+ 〈y(h1,h2)(T ), pT − p(T )〉H + 〈y(h1,h2)(0), ph(0)〉H

Next, we insert y(h1,h2)(0) = 0 from (2.14b), p(T ) = pT from (2.15b) and replace the

integrand by applying (2.14a).

〈S ′′Q(u)(h1,h2),G〉L2(0,T ;H) + 〈S ′′T (u)(h1,h2), pT 〉H

=

∫ T

0

〈
[F ′′(u)(h1,h2)](t)− [A′′(u)(h1,h2)](t)y(t)− 2[A′(u)h2](t)yh1(t), p(t)

〉
V′×V dt

=

∫ T

0

〈
[F ′′(u)(h1,h2)](t)− [A′′y(u)(h1,h2)](t)− 2[A′

yh1
(u)h2](t), p(t)

〉
V′×V dt

=
〈
h2, [F ′′(u)(h1, ·)−A′′y(u)(h1, ·)− 2A′

yh1
(u)]∗p

〉
U

,

where we have switched the order of (h1,h2) from (2.14). This is allowed by Schwarz’s
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Lemma from Reminder 1.9 which states that the the second Fréchet derivative of S is

symmetric. Also, we made use of the adjoint concept in (2.18) which is allowed because

F ′′(u)(h1, ·), A′′y(u)(h1, ·) and A′
yh1

(u) all belong to L(U,L2(0,T ;V′)). Altogether, we have

shown that it holds

〈S ′′Q(u)(h1,h2),G〉L2(0,T ;H) + 〈S ′′T (u)(h1,h2), pT 〉H
= 〈h2, [F ′′(u)(h1, ·)−A′′y(u)(h1, ·)− 2A′

yh1
(u)]∗R(u,G, pT )〉U

Setting once G = 0 and the other time pT = 0 yields the claim. �

We return to the QTU cost function given by

Ĵ(u) =
αQ
2

∫ T

0
‖ΘSQ(u)(t)− zQ(t)‖2Z dt+

αT
2
‖ΘST (u)− zT ‖2Z +

αU
2
‖u− u◦‖2U (2.23)

with Θ ∈ L(H,Z). Note that Θ can equivalently be considered as an linear and continuous

operator mapping from L2(0,T ;H) to L2(0,T ;Z) since

‖Θf(t)‖2Z ≤ ‖Θ‖2L(H,Z)‖f(t)‖2H ∀f ∈ L2(0,T ;H)

and therefore ‖Θ‖L(L2(0,T ;H),L2(0,T ;Z)) ≤ ‖Θ‖L(H,Z). It is also worth mentioning that Ĵ is

a special case of the general quadratic cost function introduced in (1.9) if we set ρ = 3,

α1 = αQ, α2 = αT , α3 = αU , S1 = ΘSQ, S2 = ΘST , S3 = idU, yd1 = zQ, yd2 = zT , yd3 = u◦,

Y1 = L2(0,T ;Z), Y2 = Z and Y3 = U.

2.12 Lemma: Let A and F be differentiable. Then Ĵ is differentiable with gradient

∇Ĵ(u) = [F ′(u)−A′y(u)]∗p+ αU (u− u◦) ∀u ∈ U, (2.24)

where p ∈W (0,T ) solves the adjoint equation

− 〈pt(t),ϕ〉V′×V + 〈A(u)(t)ϕ, p(t)〉V′×V
= αQ〈Θ∗(Θy(t)− zQ(t)),ϕ〉H ∀ϕ ∈ V, f.a.a. t ∈ (0,T ) (2.25a)

p(T ) = αTΘ∗(Θy(T )− zT ) in H (2.25b)

and y ∈W (0,T ) is the solution to the state equation (2.1).

Proof. Since A and F are differentiable, S and therefore the mappings ΘSQ : U →
L2(0,T ;Z) and ΘST : U → Z are differentiable as well by Theorem 2.5 with deriva-

tives ΘS ′Q and ΘS ′T , respectively. Hence, we can apply Lemma 1.20 and conclude that Ĵ
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is differentiable with gradient

∇Ĵ(u) = αQS ′Q(u)∗Θ∗(ΘSQ(u)− zQ) + αTS ′T (u)∗Θ∗(ΘST (u)− zT ) + αU (u− u◦).

Applying (2.19) further yields

∇Ĵ(u) = αQ[F ′(u)−A′y(u)]∗R(u, Θ∗(ΘSQ(u)− zQ), 0)

+ αT [F ′(u)−A′y(u)]∗R(u, 0, Θ∗(ΘST (u)− zT )) + αU (u− u◦)
= [F ′(u)−A′y(u)]∗R(u,αQΘ∗(ΘSQ(u)− zQ),αTΘ∗(ΘST (u)− zT ))

+ αU (u− u◦),

which gives the claim. �

2.13 Lemma: Let A and F be twice differentiable. Then Ĵ is twice differentiable

with Hessian

[∇2Ĵ(u)]h =
[
F ′(u)−A′y(u)

]∗
q +

[
F ′′(u)(h, ·)−A′′y(u)(h, ·)− 2A′yh(u)

]∗
p+ αUh,

(2.26)

where p ∈ W (0,T ) solves the adjoint equation (2.25), q ∈ W (0,T ) solves the second

adjoint equation

−〈qt(t),ϕ〉V′×V + 〈A(u)(t)ϕ, q(t)〉V′×V = αQ〈Θ∗Θyh(t),ϕ〉H ∀ϕ ∈ V, f.a.a. t ∈ (0,T )

(2.27a)

q(T ) = αTΘ∗Θyh(T ) in H, (2.27b)

and yh ∈W (0,T ) is the solution to the linearized state equation (2.11).

Proof. Since A and F are twice differentiable, S and therefore the mappings ΘSQ : U →
L2(0,T ;Z) and ΘST : U→ Z are twice differentiable as well by Theorem 2.6 with second

derivatives ΘS ′′Q and ΘS ′′T . Lemma 1.20 yields that Ĵ is twice differentiable and its Hessian

is given for all h ∈ U by

[∇2Ĵ(u)]h = αQ
(
S ′Q(u)∗Θ∗ΘS ′Q(u)h+ S ′′Q(u)(h, ·)∗Θ∗(ΘSQ(u)− zQ)

)
+ αT

(
S ′T (u)∗Θ∗ΘS ′T (u)h+ S ′′T (u)(h, ·)∗Θ∗(ΘST (u)− zT )

)
+ αUh

=
[
F ′(u)−A′y(u)

]∗
R
(
u,αQΘ∗ΘS ′Q(u)h,αTΘ∗ΘS ′T (u)h

)
+
[
F ′′(u)(h, ·)−A′′y(u)(h, ·)− 2A′

yh1
(u)
]∗

R
(
u,αQΘ∗Z(ΘSQ(u)− zQ)),αTΘ∗(ΘST (u)− zT ))

)
+ αUh
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2 Controlled linear evolution equations with quadratic QTU cost functions

where we have made use of the first and second adjoint representations (2.19) and (2.21).

The function q is given by the first R-term while p is given by the second. This gives the

claim. �

2.3 Linear-quadratic case

2.14 Definition: Linear-quadratic case

Assume that A(u) = A ∈ L∞(0,T ;L(V,V′)) is control-independent with coercivity

constants α > 0, β ≥ 0 from (1.20) and norm γ > 0 from (1.21). Let F : U →
L2(0,T ;V′) be linear and continuous. Let ỹ := S(0) ∈W (0,T ) denote the solution to

(2.1) with u = 0 called the shift and S̃ : U → W (0,T ) the shifted solution operator

given by S̃(u) = S(u)−ỹ for all u ∈ U. Likewise, the shifted adjusted solution operators

are defined as S̃Q(u) = ΦQS̃(u) and S̃T (u) = ΦT S̃(u) for all u ∈ U. Furthermore, let

the shifted desired states be given by

z̃Q ∈ L2(0,T ;Z), z̃Q(t) = zQ(t)−ΘΦQỹ(t) f.a.a. t ∈ (0,T )

z̃T ∈ Z, z̃T = zT −ΘΦT ỹ(T ).

2.15 Lemma: In the situation of Definition 2.14, the shifted solution operator S̃ and

its adjusted versions S̃Q and S̃T are linear and continuous in u. Furthermore, the essential

cost function Ĵ : U→ R from (2.6) satisfies

Ĵ(u) =
αQ
2

∫ T

0
‖Θ(S̃Qu)(t)− z̃Q(t)‖2L2(0,T ;Z) dt+

αT
2
‖Θ(S̃Tu)− z̃T ‖Z +

αU
2
‖u− u◦‖2U

(2.28)

for all u ∈ U.

Proof. Let u1,u2 ∈ U and β1,β2 ∈ R be arbitrary and y(i) := S̃(ui) for i = 1, 2. We can

infer for y := β1y
(1) + β2y

(2) that it holds for almost all t ∈ (0,T ):

(y + ỹ)t(t) +A(t)(y + ỹ)(t)

= β1

[
y

(1)
t (t) +A(t)y(1)(t)

]
+ β2

[
y

(2)
t (t) + y(2)(t)

]
+
[
ỹt(t) +A(t)ỹ(t)

]
= β1F(u1)(t) + β2F(u2)(t) + F(0)(t)

= F(β1u1 + β2u2)(t).
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Furthermore, the initial value satisfies

(y + ỹ)(0) = β1y
(1)(0) + β2y

(2)(0) + ỹ(0)

= β1(y◦ − ỹ(0)) + β2(y◦ − ỹ(0)) + ỹ(0) = y◦.

Therefore, it holds y + ỹ = S(β1u1 + β2u2) and we have y = S̃(β1u1 + β2u2). This proves

the linearity of S̃. Furthermore, we infer from Theorem 2.4 that S is continuous since the

constant operator function A and the inhomogeneity F are continuous with respect to u.

Therefore, the concatenations S̃Q, S̃T are linear and continuous as well. If we now look at

the cost function Ĵ from (2.6), the equality (2.28) follows directly from the definitions of

S̃ and ỹ. �

2.16 Remark: For a control u ∈ U, the shifted solution y := S̃(u) ∈W (0,T ) satisfies

the system

yt(t) +A(t)y(t) = (Fu)(t) in V′, f.a.a. t ∈ (0,T ) (2.29a)

y(0) = 0 in H. (2.29b)

The shift ỹ ∈W (0,T ) solves

ỹt(t) +A(t)ỹ(t) = 0 in V′, f.a.a. t ∈ (0,T ) (2.30a)

y(0) = y◦ in H. (2.30b)

�

It is a well-known result that linear-quadratic optimal control problems are convex,

which quickly follows in the next Corollary.

2.17 Corollary: The cost function Ĵ is convex with

〈[∇2Ĵ ]h,h〉U ≥ αU‖h‖2U, ∀h ∈ U,

where we have denoted by ∇2Ĵ ∈ L(U) the constant Hessian of Ĵ . If αU > 0 holds true,

∇2Ĵ is positive definite and Ĵ is strictly convex.

Proof. This follows from Theorem 1.21 applied to the representation (2.28) of Ĵ . We

have set ρ = 3, Y1 = L2(0,T ;Z), Y2 = Z and Y3 = U. The operators were chosen as

S1 := ΘS̃Q, S2 := ΘS̃T and S3 := idU, where idU ∈ L(U) denotes the identity operator in

in U. Furthermore, the constants are α1 = αQ, α2 = αT and α3 = αU . The desired states

read yd1 = z̃Q, yd2 = z̃T and yd3 = u◦. �
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2 Controlled linear evolution equations with quadratic QTU cost functions

2.4 Finite-dimensional systems

In this section, we return to the case where V and H are of finite dimension. That includes

the cases when (2.1) represents a system of ordinary differential equations or when an

infinite-dimensional system is discretized e.g. by the Finite Element (FE) method. As it

was already mentioned on page 38, we have to find coordinate representations in Rn for all

occuring values and matrix representations in Rn×m for all operators, so a programming

language will be be able to handle these objects.

2.18 Definition: Finite-dimensional state equation

Let both V and H be n-dimensional with basis {v1, ..., vn} exactly as in Definition

1.38. For u ∈ U, define the mappings A(u) : (0,T ) → Rn×n and F (u) : (0,T ) → Rn

like in Definition 1.39 by

Aij(u)(t) = 〈A(u)(t)vj , vi〉V′×V, Fi(u)(t) = 〈F(u)(t), vi〉V′×V ∀i, j = 1, ...,n.

It was shown in Lemma 1.41 that the state equation (2.1) is equivalent to

Hẙt(t) +A(u)(t)ẙ(t) = F (u)(t) in Rn, f.a.a. t ∈ (0,T ) (2.31a)

ẙ(0) = ẙ0 in Rn (2.31b)

and the solution ẙ ∈ H1(0,T ;Rn) can be expressed by ẙ = S̊(u) with the coordinate

solution operator

S̊ : U→ H1(0,T ;Rn), S̊(u)(t) = Ξ−1S(u)(t) f.a.a. t ∈ (0,T ). (2.32)

Here, Ξ ∈ L(Rn,V) is the bijective coordinate operator from Definition 1.39. The re-

sults obtained in Section 2.1 for the solution operator transfer over to S̊ in the following

canonical way.

2.19 Corollary:

(i) If A and F are (locally Lipschitz) continuous, then S̊ is (locally Lipschitz) continuous

from U to H1(0,T ;Rn).

(ii) If A and F are (continuously) differentiable, then S̊ is (continuously) differentiable

as well with derivative S̊ ′(u)h = ẙh where ẙh ∈ H1(0,T ;Rn) solves the linearized

coordinate state equation

Hẙht (t) +A(u)(t)ẙh(t) = [F ′(u)h](t)− [A′(u)h](t)ẙ(t) in Rn, f.a.a. t ∈ (0,T )

(2.33a)
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2.4 Finite-dimensional systems

ẙh(0) = 0 in Rn (2.33b)

and ẙ = S̊(u) ∈ H1(0,T ;Rn) solves the state equation (2.31).

(iii) If A and F are twice (continuously) differentiable, then S̊ is twice (continuously) dif-

ferentiable with second derivative S̊ ′′(u)(h1,h2) = ẙ(h1,h2) where ẙ(h1,h2) ∈
H1(0,T ;Rn) solves the second linearized coordinate state equation

Hẙ
(h1,h2)
t (t) +A(u)(t)ẙ(h1,h2)(t) = [F ′′(u)(h1,h2)](t)

− [A′′(u)(h1,h2)](t)ẙ(t) (2.34a)

− 2[A′(u)h1](t)ẙh2(t) in Rn, f.a.a. t ∈ (0,T )

ẙ(h1,h2)(0) = 0 in Rn : (2.34b)

Here, ẙ = S̊(u) ∈ H1(0,T ;Rn) solves the state equation (2.31) and ẙh2 = S̊ ′(u)h2 ∈
H1(0,T ;Rn) solves the linearized state equation (2.33).

Proof. We can also understand the coordinate operator as

Ξ ∈ L(H1(0,T ;Rn),H1(0,T ;V)), (Ξẙ)(t) = Ξẙ(t) f.a.a. t ∈ (0,T ).

The solution operator can then be written as S̊(u) = Ξ−1S(u) and since Ξ is continuous,

linear and does not depend on u, it follows S̊ ′ = Ξ−1S ′, S̊ ′′ = Ξ−1S ′′. From this, all claims

of the corollary follow directly from Theorems 2.4, 2.5 and 2.6. �

Next, we analyze the cost function Ĵ from (2.6) for the finite-dimensional case.

2.20 Definition: Finite-dimensional cost function 1

Let the Banach space Z in Definition 2.2 bem-dimensional and {z1, ..., zm} ⊂ Z a given

basis. Define the basis matrix Z ∈ Rm×m by Zij := 〈zi, zj〉Z for i, j = 1, ...,m. We

denote the space Rm together with the inner product 〈x, y〉Z := xTZy (x, y ∈ Rm)

by RmZ . As with Ξ in Definition 1.39, there is an isometric isomorphic coordinate

operator of Z given by Λ : RmZ → Z, Λx =
∑m

i=1 xizi.
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2 Controlled linear evolution equations with quadratic QTU cost functions

2.21 Definition: Finite-dimensional cost function 2

For the operator Θ ∈ L(H,Z), define its coordinate representation by Θo = Λ−1ΘΞ ∈
L(RH ,RZ). We also denote its basis matrix by Θo ∈ Rm×n. The coordinate repre-

sentation of Ĵ is then defined as Ĵo : U→ R with

Ĵo(u) =
αQ
2

∫ T

0
‖ΘoS̊Q(u)(t)− z̊Q(t)‖2Z dt+

αT
2
‖ΘoS̊T (u)− z̊T ‖2Z +

αU
2
‖u− u◦‖2U

(2.35)

for all u ∈ U with the coordinate representations z̊Q = Λ−1zQ ∈ L2(0,T ;Rm), z̊T =

Λ−1zT ∈ Rm of the desired states.

Note that the inner product is conform with the coordinate operator via

〈Λϕ, Λψ〉Z = 〈ϕ,ψ〉Z ∀ϕ,ψ ∈ Rm. (2.36)

2.22 Lemma: The cost functions Ĵ and Ĵo are identical, i.e. it holds Ĵo(u) = Ĵ(u)

for all u ∈ U.

Proof. From S̊(u) := Ξ−1S(u) and Θo = Λ−1ΘΞ, we infer for all u ∈ U:

Ĵ(u) =
αQ
2

∫ T

0
‖ΘSQ(u)(t)− zQ(t)‖2Z dt+

αT
2
‖ΘST (u)− zT ‖2Z +

αU
2
‖u− u◦‖2U

=
αQ
2

∫ T

0
‖ΛΘoS̊Q(u)(t)− zQ(t)‖2Z dt+

αT
2
‖ΛΘoS̊T (u)− zT ‖2Z +

αU
2
‖u− u◦‖2U

(2.36)
=

αQ
2

∫ T

0
‖ΘoS̊Q(u)(t)− z̊Q(t)‖2Z dt+

αT
2
‖ΘoS̊T (u)− z̊T ‖2Z +

αU
2
‖u− u◦‖2U

= Ĵo(u).

which yields the claim. �

In Section 2.2, we have used the solution operators SQ and ST from (2.4). The analogon

in Rn is given by

S̊Q : U→ L2(0,T ;RnH), (S̊Q)(u)(t) = S̊(u)(t) in Rn f.a.a. t ∈ (0,T )

S̊T : U→ RnH , S̊T (u) = S̊(u)(T ) in Rn.

We further require the coordinate representation of the adjoint equation.
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2.23 Definition: Finite-dimensional adjoint equation

The coordinate adjoint equation is given by looking for a function

p̊ ∈ H1(0,T ;Rn) with

−Hp̊t(t) +A(u)>p̊(t) = HG(t) in Rn, f.a.a. t ∈ (0,T ) (2.37a)

p̊(T ) = p̊T in Rn (2.37b)

and given right-hand sides G ∈ L2(0,T ;Rn) and p̊T ∈ Rn.

In the same way as in Corollary 2.9, we can prove the following solvability result.

2.24 Corollary: The system (2.37) admits a unique solution and the adjoint coordinate

solution operator

R̊ : U× L2(0,T ;Rn)× Rn → H1(0,T ;Rn), R̊(u,G, p̊T ) = p̊ solves (2.37)

is linear and continuous in (G, p̊T ).

The adjoints of the coordinate solutions operator take a particular structure, which we

show in the next lemma.

2.25 Lemma: Let F and A be differentiable. Then the Hilbert adjoints of the

derivatives S̊ ′Q(u) ∈ (U,L2(0,T ;RnH)) and S̊ ′T (u) ∈ L(U,RnH) are for all u ∈ U given by

S̊ ′Q(u)∗p̊ =
n∑
i=1

[
F ′(u)−

n∑
j=1

A′ẙjvj (u)
]∗

(p̊ivi) ∀p̊ ∈ L2(0,T ;Rn2 ) (2.38a)

S̊ ′T (u)∗p̊T =
n∑
i=1

[
F ′(u)−

n∑
j=1

A′ẙjvj (u)
]∗

(q̊ivi) ∀p̊T ∈ Rn2 . (2.38b)

Here, we have set p̊ = R̊(u,G, 0) and q̊ = R̊(u, 0, p̊T ) and ẙ ∈ H1(0,T ;RnV ) is the solution

to the coordinate state equation (2.31). Recall that v1, ..., vn ∈ V are the basis functions of

V and for a function y ∈W (0,T ), A′y was defined in (2.20), its adjoint is to be understood

in the sense (2.18). Note that it holds ẙjvj , p̊ivi ∈W (0,T ) for i, j = 1, ...,n.

Proof. Let u,h ∈ U and G ∈ L2(0,T ;RnH), p̊T ∈ RH be given arbitrarily. We set p̊ :=

R̊(u,G, p̊T ) ∈ H1(0,T ;Rn) and infer

〈S̊ ′Q(u)h,G〉L2(0,T ;RnH) + 〈S̊ ′T (u)h, p̊T 〉RnH
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=

∫ T

0
ẙh(t)>HG(t) dt+ ẙh(T )>Hp̊T dt

=

∫ T

0
ẙh(t)>

(
−Hp̊t(t) +A(u)(t)>p̊(t)

)
dt+ ẙh(T )>Hp̊T dt

= ẙh(0)>Hp̊(0) + ẙh(T )>H(p̊T − p̊(T )) +

∫ T

0
p̊(t)T

(
Hẙt(t) + p̊(t)TA(u)(t)ẙh(t)

)
dt

=

∫ T

0
p̊(t)>

(
[F ′(u)h](t)− [A′(u)h](t)ẙ(t)

)
dt

where we have made use of the partial integration formula (1.17), the linearized coordinate

state equation (2.33) and the coordinate adjoint equation (2.37). Next, the definition of

F yields: ∫ T

0
p̊(t)>[F ′(u)h](t) dt =

n∑
i=1

∫ T

0

〈
[F ′(u)h](t), vi

〉
H
p̊i(t) dt

=
〈
h,

n∑
i=1

F ′(u)∗(p̊ivi)
〉
U

.

In the same way, it follows for A:∫ T

0
p̊(t)>[A′(u)h](t)ẙ(t) dt =

n∑
i,j=1

∫ T

0

〈
[A′(u)h](t)vj , vi

〉
H
ẙj(t)p̊i(t) dt

=
〈
h,

n∑
i,j=1

A′ẙjvj (u)∗(p̊ivi)
〉
U

.

Setting once G = 0 and the other time p̊T = 0 yields the claim. �

The concrete form of F ′(u)∗ and Aẙjvj (u)∗ will still depend on the mappings A, F and

the control space U. To further specify the implementation of the adjoint, we require less

abstract information about the specific structure of the problem.

2.26 Corollary: Let F and A be differentiable. Then Ĵo is differentiable with gradient

∇Ĵo(u) =
n∑
i=1

[
F ′(u)∗ −

n∑
j=1

A′ẙjvj (u)∗
]
(p̊ivi) + αU (u− u◦) ∀u ∈ U, (2.39)

where p̊ ∈ H1(0,T ;Rn) solves the coordinate adjoint equation

−Hp̊t(t) +A(u)(t)>p̊(t) = αQΘ>o Z(Θoẙ(t)− z̊Q(t)) in Rn, f.a.a. t ∈ (0,T ) (2.40a)

p̊(T ) = αTH
−1Θ>o Z(Θoẙ(T )− z̊T ) in Rn. (2.40b)
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Proof. From Lemma 1.20, we know that

∇Ĵo(u) = αQS̊ ′Q(u)∗Θ∗o

(
ΘoS̊Q(u)− z̊Q

)
+ αT S̊ ′T (u)Θ∗o

(
ΘoS̊T (u)− z̊T

)
+ αU (u− u◦)

We apply Lemma 2.25 to further express S̊ ′Q(u) and S̊ ′T (u) which results in (2.39) where

p̊ ∈ H1(0,T ;Rn) solves the adjoint equation

−Hp̊t(t) +A(u)(t)>p̊(t) = αQHΘ∗o(Θoẙ(t)− z̊Q(t)) in Rn, f.a.a. t ∈ (0,T )

p̊(T ) = αTΘ∗o(Θoẙ(T )− z̊T ) in Rn.

Lastly, the adjoint of Θo ∈ L(RH ,RZ) has the matrix form Θ∗o = H−1Θ>o Z so that the

above equation coincides with (2.40). �

2.27 Lemma: Let A and F be twice differentiable. Then the second derivatives

of the solution operators S̊Q and S̊T have the following Hilbert adjoints for u,h ∈ U,

G ∈ L2(0,T ;RnH) and p̊T ∈ RnH :

S̊ ′′Q(u)(h, ·)∗G =

n∑
i=1

[
F ′′(u)(h, ·)∗ −

n∑
j=1

A′′ẙjvj (u)(h, ·)∗ − 2
n∑
j=1

A′
ẙhj vj

(u)∗
]
(p̊ivi) (2.41a)

S̊ ′′T (u)(h, ·)∗p̊T =

n∑
i=1

[
F ′′(u)(h, ·)∗ −

n∑
j=1

A′′ẙjvj (u)(h, ·)∗ − 2

n∑
j=1

A′
ẙhj vj

(u)∗
]
(q̊ivi) (2.41b)

with p̊ = R̊(u,G, 0), q̊ = R̊(u, 0, p̊T ). Also, ẙ ∈ H1(0,T ;Rn) and ẙh ∈ H1(0,T ;Rn) are

the solutions to the state and linearized state equations (2.31) and (2.33), respectively.

The maps A′y and A′′y have been defined in (2.20) and (2.22), accordingly for a function

y ∈W (0,T ). Their adjoints are to be understood as in (2.18) and it holds ẙjvj , ẙ
h
j vj , p̊ivi,

q̊ivi ∈W (0,T ).

Proof. Exactly as in the proof of Lemma 2.25, we choose u,h1,h2 ∈ U, G ∈ L2(0,T ;RnH)

and p̊T ∈ RH to arrive at

〈S̊ ′′Q(u)(h1,h2),G〉L2(0,T ;RnH) + 〈S̊ ′′T (u)(h1,h2), p̊T 〉RnH)

=

∫ T

0
p̊(t)>

(
[F ′′(u)(h1,h2)](t)− [A′′(u)(h1,h2)](t)ẙ(t)− 2[A′(u)h2](t)ẙh1(t)

)
dt.

By further inserting the expressions for F and A from Definition 2.18, we obtain

... =
n∑
i=1

∫ T

0
p̊i(t)

[
〈[F ′′(u)(h1,h2)](t), vi〉H −

n∑
j=1

〈[A′′(u)(h1,h2)](t)vj , vi〉Hẙj(t)
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− 2
n∑
j=1

〈[A′(u)h2](t)vj , vi〉Hẙh1j (t)
]

dt

=
n∑
i=1

∫ T

0
p̊i(t)

[
〈[F ′′(u)(h1,h2)](t), vi〉H −

n∑
j=1

〈[A′′ẙjvj (u)(h1,h2)](t)vi〉H

− 2
n∑
j=1

〈[A′
ẙ
h1
j vj

(u)h2](t)vi〉H
]

dt

=

n∑
i=1

〈
h2, [F ′′(u)(h1, ·)]∗(p̊ivi)

〉
U
−

n∑
i,j=1

〈
h2, [A′′ẙjvj (u)(h1, ·)]∗(p̊ivi)

〉
U

− 2

n∑
i,j=1

〈
h2, [A′

ẙ
h1
j vj

(u)]∗(p̊ivi)

〉
U

.

Setting once G = 0 and the other time p̊T = 0, we arrive at (2.41). �

2.28 Corollary: Let F and A be twice differentiable. Then Ĵo is twice differentiable

with Hessian

[∇2Ĵo(u)]h =
n∑
i=1

[
F ′′(u)(h, ·)∗ − [

n∑
j=1

A′′ẙjvj (u)(h, ·)]∗ − 2
n∑
j=1

A′
ẙhj vj

(u)∗
]
(p̊ivi)

+

n∑
i=1

[
F ′(u)∗ −

n∑
j=1

A′ẙjvj (u)
]
(p̊ivi) + αUh ∀u,h ∈ U,

(2.42)

where p̊ ∈ H1(0,T ;Rn) solves the coordinate adjoint equation (2.40), ẙh ∈ H1(0,T ;Rn)

solves the linearized coordinate state equation (2.33) and q̊ ∈ H1(0,T ;Rn) solves the

second coordinate adjoint equation

−Hq̊t(t) +A(u)>q̊(t) = αQΘ̊>ZΘ̊ẙh(t) in Rn, f.a.a. t ∈ (0,T ) (2.43a)

q̊(T ) = αTH
−1Θ̊>ZΘ̊ẙh(T ) in Rn. (2.43b)

Proof. From Lemma 1.20, we infer that

[∇2Ĵ(u)]h = αQ

[
S̊ ′Q(u)∗Θ̊∗Θ̊S̊ ′Q(u)h+ S̊ ′′Q(u)(h, ·)∗Θ̊∗

(
Θ̊S̊Q(u)− zQ

)]
+ αT

[
S̊ ′T (u)∗Θ̊∗Θ̊S̊ ′T (u)h+ S̊ ′′T (u)(h, ·)∗Θ̊∗

(
Θ̊S̊T (u)− zT

)]
+ αUh.

We apply the Lemmata 2.25 and 2.27 to express S̊ ′Q(u)∗ and S̊ ′′Q(u)(h, ·)∗ and use Θ∗o =

H−1Θ>o Z to end up with (2.42). �

At this point, we have fully described the case where the controlled linear evolution

equation (2.1) and the quadratic QTU cost function (2.5) live in a finite-dimensional
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2.4 Finite-dimensional systems

Gelfand triple as assumed in the Definitions 2.18, 2.20 and 2.21. In a next step, we will

introduce the concept where the possibly infinite-dimensional system is semidiscretized

onto a finite subspace of V.

2.29 Definition: Galerkin discretization of the state equation

Let {v1, ..., vn} ⊂ V be linear independent and Vn,Hn := span {v1, ..., vn} be endowed

with the inner products in V and H, respectively. Then the Galerkin discretization

of the controlled linear evolution equation (2.1) onto Vn is defined as looking for

yn ∈ H1(0,T ;Vn) with

〈ynt (t) +A(u)(t)yn(t),ϕn〉V′×V = 〈F(u)(t),ϕn〉V′×V ∀ϕn ∈ Vn, f.a.a. t ∈ (0,T )

(2.44a)

〈yn(0),ϕn〉H = 〈y◦,ϕn〉H ∀ϕn ∈ Vn. (2.44b)

For the quadratic QTU cost function from Definition 2.2, let {z1, ..., zm} ⊂ Z by linear

independent and Zm := span {z1, ..., zm} endowed with the inner product in Z. We assume

that it holds ΘVn ⊂ Zm. Let zmQ (t), zmT ∈ Zm be the Z-orthogonal projections of zQ(t), zT

onto Zm for almost all t ∈ (0,T ).

2.30 Definition: Galerkin discretization of the cost function

The discretized QTU cost function is defined as

Jn,m : H1(0,T ;Vn)× U→ R

Jn,m(yn,u) =
αQ
2

∫ T

0
‖ΘΦQy

n(t)− zmQ (t)‖2Zm dt (2.45)

+
αT
2
‖ΘΦT y

n − zmT ‖2Zm +
αU
2
‖u− u◦‖2U.

The essential discretized cost function then reads

Ĵn,m : U→ R, Ĵn,m(u) = Jn,m(Sn(u),u),

where Sn : U → H1(0,T ;Vn) is the solution operator to (2.44). Let us now define the

restrictions

An(u)(t) := A(u)(t)
∣∣
Vn×Vn and Fn(u)(t) := F(u)(t)

∣∣
Vn

∀u ∈ U, f.a.a. t ∈ (0,T ),

where we have interpreted A(u)(t) as an element of L2(V). It is straightforward to show

that An(u) and Fn(u) belong to L∞(0,T ;L(Vn, (Vn)′)) and L2(0,T ; (Vn)′) for every u ∈ U.
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2 Controlled linear evolution equations with quadratic QTU cost functions

Furthermore, let yn◦ ∈ Hn be the H-orthonormal projection of y◦ onto Hn. The Galerkin

discretization (2.44) is equivalent to

ynt (t) +An(u)(t)yn(t) = Fn(u)(t) in (Vn)′, f.a.a. t ∈ (0,T ) (2.46a)

yn(0) = yn0 in Hn, (2.46b)

which puts us in the situation of Definition 2.18. The same discretization can be performed

for the adjoint equation (2.25), which results in

− 〈pnt (t),ϕn〉H + 〈A(u)(t)ϕn, pn(t)〉V′×V
= αQ〈Θ∗(Θyn(t)− zmQ (t)),ϕn〉H ∀ϕn ∈ Vn, f.a.a. t ∈ (0,T ) (2.47a)

pn(T ) = αTΘ∗(Θyn(T )− zmT ) in H. (2.47b)

If we insert a state yn ∈ H1(0,T ;Vn) into the original cost function J , we have zQ(t) =

zmQ (t) + z⊥Q(t) for almost all t ∈ (0,T ) and zT = zmT + z⊥T with zmQ (t), zmT ∈ Zm, z⊥Q(t), z⊥T ∈
(Zm)⊥. Due to ΘVn ⊂ Zm, we can directly infer from orthogonality:

J(yn,u) = Jn,m(yn,u) +
αQ
2

∫ T

0
‖z⊥Q(t)‖2Z dt+

αT
2
‖z⊥T ‖2Z ∀yn ∈ H1(0,T ;Vn), ∀u ∈ U.

Since the second and third term are constant with respect to the variables (yn,u), we can

neglect them in the optimization and restrict ourselves to Jn,m.

In a last step, we consider a particular example for the space U and the mappings A,

F which will often occur throughout the thesis. It will allow us to give a fully algebraic

representation of the gradient in terms of vectors and matrices that can be processed by

a programming language.
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2.4 Finite-dimensional systems

2.31 Definition: Linear A and F

Until the end of this chapter, let the control space be given U = L2(0,T ;RpU ) where

RpU stands for Rp with the inner product defined by 〈x, y〉U := x>Uy for x, y ∈ Rp.
The matrix U ∈ Rp×p is symmetric and positive definite. Further, let the mappings

A and F be specifically given by

F(u)(t) = F̃u(t), A(u)(t) = Ãu(t), ∀u ∈ U, f.a.a. t ∈ (0,T ) (2.48)

with linear maps F̃ ∈ L(RpU ,H), Ã ∈ L(RpU ,L(V,H)). For these mappings, we define

the coordinate representations by F̃ ∈ L(RpU ,Rn) and Ã ∈ L(RpU ,Rn×n) where

F̃iũ = 〈F̃ ũ, vi〉H, Ãij ũ = 〈[Ãũ]vj , vi〉H ∀ũ ∈ RpU ∀i, j = 1, ...,n.

For ϕ ∈ Rn, further define

Ãϕ ∈ L(Rp,Rn), Ãϕũ = [Ãũ]ϕ.

With this setup, we can further specify how the adjoints occuring in (2.38) and (2.39)

look like exactly. With F̃ and Ã, F and A are linear maps between finite-dimensional

spaces as well. Therefore, they are differentiable with the derivative being identical to the

original map.

2.32 Lemma: Let Ã and F̃ be differentiable. Then it holds

n∑
i=1

[
F ′(u)∗(p̊ivi)

]
(t) = U−1F̃>p̊(t) ∀p̊ ∈ L2(0,T ;Rn), f.a.a. t ∈ (0,T )

n∑
i,j=1

[
A′ẙjvj (u)∗(p̊ivi)

]
(t) = U−1Ã>ẙ(t)p̊(t) ∀p̊, ẙ ∈ L2(0,T ;Rn), f.a.a. t ∈ (0,T ).

Proof. For u,h ∈ U and G̊ ∈ L2(0,T ;Rn), it follows

n∑
i=1

〈F ′(u)h, p̊ivi〉L2(0,T ;H) =
n∑
i=1

〈Fh, p̊ivi〉L2(0,T ;H) =
n∑
i=1

∫ T

0
p̊i(t)〈F̃h(t), vi〉H dt

=

n∑
i=1

∫ T

0
p̊i(t)F̃ih(t) dt =

∫ T

0
p̊(t)>F̃ h(t) dt

=

∫ T

0
h(t)>U

(
U−1F̃>p̊(t)

)
dt
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2 Controlled linear evolution equations with quadratic QTU cost functions

We further conclude for all ẙ ∈ L2(0,T ;Rn):

n∑
i,j=1

〈A′ẙjvj (u)h, p̊ivi〉L2(0,T ;H) =

n∑
i,j=1

〈Aẙjvjh, viG̊i〉L2(0,T ;H)

=
n∑

i,j=1

∫ T

0
p̊i(t)ẙj(t)〈[Ãh(t)]vj , vi〉H dt =

n∑
i,j=1

∫ T

0
p̊i(t)ẙj(t)Ãijh(t) dt

=
n∑
i=1

∫ T

0
p̊i(t)

[
Ãẙ(t)h(t)

]
i

dt =

∫ T

0
p̊(t)>Ãẙ(t)h(t) dt

=

∫ T

0
h(t)>U

[
U−1Ã>ẙ(t)p̊(t)

]
dt,

which proves the claim. �

Lasty, the second adjoints occuring in (2.41) and (2.42) vanish since F ′′(u) = 0 and

A′′(u) = 0 due to the linearity of F and A.

After the application of a Galerkin discretization as in Definition 2.29, the resulting

problem (2.44) - or equivalently (2.46) - is fully discrete with respect to the underlying

Hilbert spaces Vn, Hn. The only remaining continuous variable is the time t ∈ (0,T ). We

apply an equidistant discretization of the horizon (0,T ) with step size ∆t > 0, resulting

in a grid

0 = t1 < . . . < tK = T , tk = (k − 1)∆t ∀k = 1, ...,K. (2.49)

The Galerkin discretization (2.46) is equivalent to the system of ordinary differential equa-

tions in (2.31), to which we apply an implicit Euler method for the time integration. It

represents an implicit first-order one-step method with consistency error O(∆t). Further-

more, it is A-stable and therefore a basic choice for stiff systems since the step width can

be chosen chosen arbitrarily with guaranteed stability. When the evolution equation (2)

represents a parabolic PDE, its space discretization often results in such a stiff ODE due

to the coercivity of the operator A(u), see e.g. Dziuk (2010).
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2.4 Finite-dimensional systems

2.33 Definition: Time discretization of the state equation

In the situation of Definition 2.29 and with the time grid (2.49), the full discretization

of the controlled linear evolution equation (2.1) is defined as looking for yn,K =

(yn,K
1 , ..., yn,K

K ) ∈ (Vn)K with

〈yn,K
k+1 − y

n,K
k

∆t
+A(u)(tk+1)yn,K

k+1,ϕn
〉
V′×V

= 〈F(u)(tk+1),ϕn〉V′×V ∀ϕn ∈ Vn,∀k = 1, ...,K − 1 (2.50a)

〈yn,K
1 ,ϕn〉H = 〈y◦,ϕn〉H ∀ϕn ∈ Vn. (2.50b)

2.34 Definition: Time discretization of the cost function

For the quadratic QTU cost function from Definition (2.2), the fully-discretized QTU

cost function is defined as Jn,m,K : (Vn)K × U→ R, given by

Jn,m,K(yn,K ,u) =
αQ
2

K∑
k=1

wk‖ΘΦQy
n,K(tk)− zmQ (tk)‖2Zm

+
αT
2
‖ΘΦT y

n,K
K − zmT ‖2Zm +

αU
2
‖u− u◦‖2U,

where w = (∆t
2 , ∆t, ..., ∆t, ∆t

2 )> ∈ RK denote trapezoidal weights for the time grid.

The essential, fully-discretized cost function reads

Ĵn,m,K : U→ R, Ĵn,m,K(u) = Jn,m,K(Sn,K(u),u) (2.51)

where Sn,K : U → (Vn)K is the solution operator to (2.50). Similar as in Section 2.4, we

may use the coordinate operator Ξ ∈ L(Rn,Vn) and write the fully-discrete solution as

yn,K
k = Ξẙn,K

k for k = 1, ...,K. Here, ẙn,K ∈ (Rn)K solves the discrete system

H
ẙn,K
k+1 − ẙ

n,K
k

∆t
+A(u)(tk+1)ẙn,K

k+1 = F (u)(tk+1) in Rn, ∀k = 1, ...,K − 1 (2.52a)

ẙn,K
1 = ẙn0 in Rn. (2.52b)

All numerical simulations are actually performed by solving (2.52) with similar dis-

cretiziations being used for the linearized state equation (2.11), second linearized state

equation (2.14), adjoint equation (2.25) and second adjoint equation (2.27). It has to

be noted that these discretizations do not reproduce the exact gradient of the fully-
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Figure 2.1: Blue path: Optimize-then-discretize. Green path: Discretize-then-
optimize.

discrete cost function Ĵn,m,K . However, they are used in an optimize-then-discretize ap-

proach where all discetizations are used to approximate the infinite-dimensional analytical

derivatives. Further details on this ansatz and its opposite, the discretize-then-optimize

approach, can be found in Hinze et al. (2009).

In line with this and for the sake of readability, we will not use the notation yn,K
k for

our numerical results. Instead, we simply write e.g. y(T ) when we have in fact computed

yn,K
K . This further indicates the fact that we perceive all algorithmic outcomes as a finite-

dimensional representation of the infinite-dimensional original problem.

2.5 Numerical examples

2.5.1 Example I: Linear-quadratic heat control in a building

In the energy management of a building, the various heating, ventilation and air condi-

tioning (HVAC) components need to be run in an optimized fashion to preserve energy.

At the same time, it has to be guaranteed that the temperature inside the building re-

main near a predescribed comfort degree. On a highly detailed level, we can describe the

physical evolution of air flow coupled with temperature and pressure by the Boussinesq

approximation of the incompressible Navier-Stokes equations. Let the domain Ω ⊂ Rd

(d ∈ {2, 3}) describe the room in question with boundary Γ, let T > 0 be the final time

and Q := (0,T )× Ω as well as Σ := (0,T )× Γ denote the time-space and time-boundary

cuboids. Then the air flow velocity b : Q→ R2, the pressure p : Q→ R and the tempera-
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ture y : Q→ R satisfy (cf. Heywood and Rannacher (1982)):

bt + (b · ∇)b− ν∆b = −1
%∇p− gα∆y (2.53a)

∇ · b = 0 (2.53b)

yt − κ∆y + b · ∇y = f (2.53c)

almost everywhere in Q, along with certain boundary conditions that will be mentioned

later. In the conservation equation (2.53a), ν > 0 describes the kinematic velocity and the

density % > 0 (not to be confused with the dimension ρ of the objective space) is assumed

to be constant throughout Q. Furthermore, the vector g ∈ Rd represents a gravitational

pull and α > 0 is the coefficient of thermal expansion. Equation (2.53b) originates from

the more general mass conservation equation %t+∇· (%b) = 0 which simplifies to ∇·b = 0,

again because % is assumed constant. Finally, (2.53c) describes the temperature evolution

as influenced by the thermal diffusivity κ > 0, the velocity field b and an external heat

source term f : Q→ R.

The Boussinesq equations (2.53) form a nonlinear, coupled system of partial differential

equations which contains many difficulties from both an analytical and numeric perspec-

tive. Since the multicriterial approaches that we focus on in this thesis present many

challenges on their own, we choose to simplify the structure of (2.53) by decoupling the

system into one part (2.53a)&(2.53b) containing the velocity field and density and another

part (2.53c) for the temperature evolution. In this thesis, we choose a two-dimensional

cross-section approach over the third dimension which makes the usually three-dimensional

gravitational pull g = (0, 0,−9.81)> vanish in two dimensions. In this way, we have to

solve an incompressible Navier-Stokes equation (2.53a)&(2.53b) which is independent of

the heat distribution y but itself influences the advection-diffusion equation (2.53c). It is

explicitly given by

bt(t,x) + (b(t,x) · ∇)b(t,x)− ν∆b(t,x) = −1

%
∆p(t,x) f.a.a. (t,x) ∈ Q (2.54a)

∇ · b(t,x) = 0 f.a.a. (t,x) ∈ Q. (2.54b)

In our numerical setups, we choose a building represented by the unit square Ω = (0, 1)2

which is depicted in Figure 2.2a. On the boundary Γ, suppose that there are two open

windows at Γ1 = {0} × [0.75, 1] and Γ2 = {1} × [0, 0.25]. The time interval is chosen as

a day (0, 24) measured in hours where t = 0 stands for 12am. We assume a kinematic

velocity of ν = 0.1 and a uniform density of % = 1, which puts us in the situation of

laminar flow with low Reynolds numbers. As for the boundary conditions, we prescribe

an inflow at the first door given by the constant pressure p = 1 and an outflow at the

second door with p = 0. On all remaining boundary segments, which indicate walls, we
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tion b to the Navier-Stokes equation (2.54).

Figure 2.2

impose a no-slip velocity condition.

p
∣∣
(0,T )×Γ1

= 1, p
∣∣
(0,T )×Γ2

= 0, b
∣∣
(0,T )×Γ\(Γ1∪Γ2)

= 0. (2.54c)

Finally, as an initial condition for velocity, we assume a homogeneous steady state of

b(0,x) = 0 f.a.a. x ∈ Ω. (2.54d)

For the numerical solution of (2.54), we employ Chorin’s projection method first proposed

in Chorin (1968). We use a Finite-Element method on a grid with 765 nodes, using piece-

wise quadratic elements for the velocity field and piecewise linear elements for the pressure

field, also known as Taylor-Hood elements. The time interval is discretized to an equidis-

tant grid containing 200 discrete time instances. A time-average plot of the solution b is

depicted in Figure 2.2b.

After the computation of the velocity field b, the partial differential equation (2.53c)

can be considered as an advection-diffusion equation controlled by the heat source term

f . We assume that the control enters in a linear fashion as

yt(t,x)− κ∆y(t,x) + b(t,x) · ∇y(t,x) = u1(t)ξ(x) f.a.a. (t,x) ∈ Q. (2.55a)

Here the thermal diffusivity is chosen to be κ = 0.5 and the shape function is given as a
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scaled indicator function ξ = 0.1 · χΩ1 , where

Ω1 = ([0.2, 0.4] ∪ [0.6, 0.8])× [0, 0.1]

indicates the location of heating elements that can be controlled transiently in intensity

by the control term u1. Likewise, we assume that above the first door Γ1, there is a

heating vent which can be controlled by another time-dependent control u2. In order to

describe this, we use the scaled boundary shape function ζ = 0.1 · χΓ1 . In addition to

this external source, Fourier’s law for heat conduction from Fourier (1822) states that the

difference between the inside temperature y and outside temperature ya is proportional

to the outward derivative ∂y
∂n at the boundary. We assume that the outer temperature

ya : (0, 24) → R is a spatially constant, randomly perturbed periodical function depicted

in Figure 2.4 and get the boundary condition

κ
∂y

∂n
(t, s) + q(s)y(t, s) = q(s)ya(t) + u2(t)ζ(s) f.a.a. (t, s) ∈ Σ. (2.55b)

Here, q : Γ→ [0,∞) represents an insulation coefficient for the boundary which serves as

the proportionality factor between ∂y
∂n and (ya − y) if no boundary control is used. In our

setup, we assume that the two walls at Γ3 = (0, 1)×{0} and Γ4 = (0, 1)×{1} are interior

walls with the neighbour rooms sharing the same temperature as Ω. This is modelled

by using a vanishing insulation parameter on these walls. At the open windows Γ1 and

Γ2, we naturally have a poorer insulation coefficient which in this case corresponds to the

high number of 0.1. The rest of the boundary is supposed to consist of exterior walls with

insulation parameters of 0.01. Altogether, we have

q
∣∣
Γ1∪Γ2

= 0.01, q
∣∣
Γ3∪Γ4

= 0, q
∣∣
Γ\∪4i=1Γi

= 0.1.

Finally, we assume that the initial temperature is uniformly given by

y(0,x) = 17 f.a.a. x ∈ Ω. (2.55c)

To describe the two objectives of tracking a desired temperatue and minimizing energy

consumption, we choose a quadratic QTU model where an ideal temperature of yd(t,x) =

17 is to be kept to as closely as possible in an integral quadratic sense. The control lives

in the Hilbert space U = L2(0, 24;R2
2) and its effort is penalized in a least-squares way as

well, but with a much smaller priority which we scale by a factor of 10−3 compared to the

temperature deviation. Finally, we impose lower box-constraints on the controls by the

vector 0 ∈ L2(0, 24;R2
2). In other words, the heating elements can only be used to warm

up, not cool down the room. Altogether, we are faced with the following optimal control
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problem:

min
y∈W (0,24)

u∈L2(0,24;R2
2)

J(y,u) =
1

2

∫ 24

0

∫
Ω
|y(t,x)− 17|2 dx dt+

10−3

2

∫ 24

0
|u(t)|22 dt (2.56a)

s.t. (y,u) solves (2.55) (2.56b)

and 0 ≤ u(t) f.a.a. t ∈ (0, 24). (2.56c)

We want to reformulate (2.56) in a more concise manner using the cost functions introduced

in Section 2.2. The weak formulation of the state equation (2.55) is done exactly as for

(1.27), using the Gelfand triple given by H = L2(Ω) and V = H1(Ω). We define for every

u ∈ U and and almost all t ∈ (0, 24) the bilinear form A(t) ∈ L(V,V′) and the linear form

F(u)(t) ∈ V′ by

〈A(t)ψ,ϕ〉V′×V = κ

∫
Ω
∇ψ(x) · ∇ϕ(x) dx+

∫
Ω

(b(t,x) · ∇ψ(x))ϕ(x) dx

+

∫
Γ
q(s)ψ(s)ϕ(s) ds (2.57)

〈F(u)(t),ϕ〉V′×V = u1(t)

∫
Ω
ξ(x)ϕ(x) dx+ u2(t)

∫
Γ
ζ(s)ϕ(s) ds+ ya(t)

∫
Γ
q(s)ϕ(s) ds

for all ψ,ϕ ∈ V and almost all t ∈ (0, 24). We can then understand (2.55) as a special case

of the controlled linear evolution equation (2.1) for which we have introduced the solution

operator S : U→W (0, 24) in (2.2). It allows to write the OCP (2.56) in the more concise

form

min
u∈U

Ĵ(u) = 1
2‖SQ(u)− 17‖2L2(0,T ;H) + 10−3

2 ‖u‖
2
U s.t. 0 ≤ u, (2.58)

where the adjusted solution operator SQ : U → L2(0,T ;H) was defined in (2.4). Note

that Ĵ in (2.58) represents a special case of the essential cost function from (2.6) if we

declare Θ = idH, the identity operator on H. As mentioned before, the controls are only

allowed to be nonnegative, so the admissible set is given by Uad = {u ∈ U | 0 ≤ u}. Using

the main results from Sections 2.1 and 2.2, we can show the following result for the cost

function.

2.35 Lemma: The essential cost function Ĵ : U → R in (2.58) is well-defined, twice

Fréchet differentiable and strictly convex. For all u,h ∈ U and almost all t ∈ (0, 24), its

gradient and Hessian are given by

[
∇Ĵ(u)

]
(t) =

( ∫
Ω ξ(x)p(t,x) dx∫
Γ ζ(s)p(t, s) ds

)
+ 10−3u(t) f.a.a. t ∈ (0,T ),
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2.5 Numerical examples

[
∇2Ĵ(u)h

]
(t) =

( ∫
Ω ξ(x)q(t,x) dx∫
Γ ζ(s)q(t, s) ds

)
+ 10−3h(t) f.a.a. t ∈ (0,T ).

The variable p ∈W (0,T ) solves the adjoint equation

−〈pt(t),ϕ〉V′×V + 〈A(t)ϕ, p(t)〉V′×V =

∫
Ω

(y(t,x)− 17)ϕ(x) dx ∀ϕ ∈ V, f.a.a. t ∈ (0,T )

(2.59a)

p(T ) = 0 in H, (2.59b)

whereas the u-independent function q ∈W (0,T ) solves the second adjoint equation

−〈qt(t),ϕ〉V′×V + 〈A(t)ϕ, q(t)〉V′×V =

∫
Ω
yh(t,x)ϕ(x) dx ∀ϕ ∈ V, f.a.a. t ∈ (0,T )

(2.60a)

q(T ) = 0 in H. (2.60b)

The variable yh ∈W (0,T ) denotes the solution to the linearized state equation

yht (t,x)− κ∆yh(t,x) + b(t,x) · ∇yh(t,x) = h1(t)ξ(x) f.a.a. (t,x) ∈ Q

κ
∂yh

∂n
(t, s) + q(s)yh(t, s) = h2(t)ζ(s) f.a.a. (t, s) ∈ Σ

yh(0,x) = 0 f.a.a. x ∈ Ω.

Proof. The proof is little more than a check list since we only have to show that the main

results from Section 2.2 are applicable to the essential cost function Ĵ from (2.58).

(i) Well-definedness: We know from Theorem 1.31 that the state equation (2.55) has a

unique solution, which makes the solution operator S and with it Ĵ well-defined.

(ii) Derivatives of F : F is clearly affine linear and continuous in u which makes it

differentiable with first derivative

〈[F ′(u)h](t),ϕ〉V′×V = h1(t)

∫
Ω
ξ(x)ϕ(x) dx+ h2(t)

∫
Γ
ζ(s)ϕ(s) ds

for all u,h ∈ U, ϕ,ψ ∈ V and for almost all t ∈ (0, 24). The second derivative

vanishes.

(iii) Gradient of Ĵ : The adjoint equation (2.59) and the differentiability of Ĵ follow from

Lemma 2.12. For the exact representation of the gradient, we need the adjoint F ′(u)∗
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2 Controlled linear evolution equations with quadratic QTU cost functions

in the sense of (2.18): For all u,h ∈ U and g ∈ L2(0,T ;V), we have

∫ T

0
〈[F ′(u)h](t), g(t)〉V′×V =

∫ T

0

〈
h(t),

( ∫
Ω ξ(x)g(t,x) dx∫
Γ ζ(s)g(t, s) ds

)〉
R2

dt.

(iv) Hessian of Ĵ : The second adjoint equation (2.60) and the fact that Ĵ is twice dif-

ferentiable follow from Lemma 2.13. The concrete form of the Hessian follows from

the shape of F ′(u)∗ and the fact that F ′′ vanishes.

(v) Strict convexity: This follows from Corollary 2.17.

�

Note that the Hessian is independent of u, so (2.56) is a linear-quadratic optimal control

problem with a unique global solution by Theorem 1.17. In order to solve the state equation

(2.55) and all linearized and adjoint equations numerically, we utilize the Finite Element

(FE) method . The domain Ω is decomposed into a finite number of triangles (d = 2) or

tetrahedra (d = 3) given by T1, ...,TN ⊂ Ω. Let P = {p1, ..., pn} ⊂ Ω denote the vertices

of this triangulation. For i = 1, ...,n, the ith linear finite element is defined as a function

vi ∈ C(Ω), vi(pj) = δij , vi
∣∣
Tk

is affine linear ∀j = 1, ...,n ∀k = 1, ...,N .

It can be shown (Dziuk, 2010, Element 3.16) that it holds vi ∈ H1(Ω) for i = 1, ...,n.

We use {v1, ..., vn} ⊂ V to perform a Galerkin discretization as in Definition 2.29, leading

to a semidiscretized solution function yn ∈ H1(0,T ;Vn) and its coordinate representation

ẙn ∈ H1(0,T ;Rn), cf. Section 2.4. The discretization matrix A(u)(t) ∈ Rn×n and the

inhomogeneity F (u)(t) ∈ Rn from Definition 2.18 can be assembled by standard FEM

software such as the PDE Toolbox for MATLAB or the FEniCS Project for PYTHON.

From an optimization point of view, we employ the Projected Newton-CG method de-

scribed in Reminder 1.49 with the Armijo step size control from Reminder 1.50.

In Figure 2.3, we can see that the optimization takes 7 iterations before aborting because

the relative cost function increment from (1.60) and the relative control increment from

(1.61) have reached the threshold value of tolJ = tolU = 10−7.

We can further observe the time evolution of temperature and control intensity at the

computed optimal control in Figure 2.4. Over the time horizon (0, 24), the space-averaged

temperature y(t) = 1
|Ω|
∫

Ω y(t,x) dx never strays far from the ideal temperature of 17. The

outside temperature exceeds this threshold in the intervals (0, 5) and (23, 24), during which

the building receives a heat input at the window locations Γ1 and Γ2 and at the exterior

walls Γ \∪4
i=1Γi. The control u ∈ L2(0, 24,R2

2) therefore remains idle during these periods

and some time after t = 5 due to some surplus heat from the first time interval. Then both
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Figure 2.3: The values from Reminder 1.52,(2)-(4) for the termination criterion in the
optimization. In this run, the threshold values where set to tol∇ = 10−6,
tolJ = 10−7 and tolU = 10−7.

0 5 10 15 20

Time t [h]

8

10

12

14

16

18

20

T
e

m
p

e
ra

tu
re

 [
°C

]

0

5

10

15

20

C
o

n
tr

o
l 
in

te
n

s
it
y

a

Figure 2.4: Time evolution plot at the computed optimal control u ∈ L2(0,T ;R2
2). The

function y denotes a space average temperature at the optimal state y = S(u),
i.e. y(t) = 1

|Ω|
∫

Ω y(t,x) dx for almost all t ∈ (0,T ).
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(a) Distributed control u1 acting on Ω1.
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(b) Boundary control u2 acting on Γ1.

Figure 2.5: Optimal controls for the OCP (2.56) where the flow field velocity b was replaced
by cb · b, with different values for cb.

controls u1 and u2 start up with a similar strategy to counteract the below-ideal outside

temperature with the peak intensity coinciding with the lowest outside temperature of the

night between t = 14 and t = 15. Let us mention here that both controls are strongly

affected by the intensity of the advection field b which is depicted in Figure 2.2b. Since

heat is transported from the first windows Γ1 to the second window Γ2 while passing

through most of the building Ω, the input heat from u2 at Γ1 is more effective the stronger

the flow field b is, getting transported through most of the domain by the velocity field.

In our case, the maximal value of this was at ‖b‖∞ = sup(t,x)∈Q |b(t,x)| ≈ 0.617.

To demonstrate the effect that b has over the controls, we have replaced the term b in

(2.55) by the term cb · b where cb ∈ [0,∞) is a scaling factor for the velocity field. The

optimal controls for this alternative flow field can be seen in Figure 2.5 and a time-average

depiction of the according temperature trajectories in Figure 2.6. For each computed value

of cb, the qualitative properties of these curves are very similar with control intensities

peaking simultaneously and temperatures exceeding the target of 17 in the first time

interval where the outside temperature heats up the room. All temperature curves show

an excessive heat during the first period where the outside temperature exceeds the desired

temperature. This effect is more dominant for the more convective cases, since they see

this surplus heat being spread throughout the domain by the air flow. When it gets

colder outside, the system becomes dependent on the effectiveness of the heat given by

the controls. Starting at t = 13, we begin to see a reverse effect - The more convective

cases are able to stay closer to the desired temperature whereas cb = 0 and cb = 1 show a
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Figure 2.6: Space-average temperatures ȳ(t) = 1
|Ω|
∫

Ω y(t,x) dx to the optimal controls
from Figure 2.5 for varying intensities cb of the flow field velocity b.

cooldown in this time period. This can be explained by lacking control efficiency, meaning

that the controls can not heat up the entire domain evenly enough when there is not

enough air flow to quickly spread the warmth. This effect can be observed n Figure 2.7,

where the time-average temperature has been plotted for the four different values of cb at

the optimal control.

To summarize, it appears that a lower value of cb is beneficial at the beginning of the

time horizon, while higher values improve the control performance of the system at later

time instances. The obvious question is if there is an optimal value of cb if we treat it

as an optimization variable. In addition, what if the intensity of the flow field could be

controlled transiently over time? These questions will be studied and answered in the next

numerical example.

2.5.2 Example II: Nonlinear heat and ventilation control in a building

As it was mentioned at the end of Section 2.5.1, we introduce a new time-dependent

variable u3 to control the intensity of the velocity field b. This means that the control

space is extended to U = L2(0, 24;R3
ω) where the inner product in R3

ω is given by

〈ϕ,ψ〉ω = ϕ1ψ1 + ϕ2ψ2 + 10−2ϕ3ψ3 ∀ϕ,ψ ∈ R3.
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2 Controlled linear evolution equations with quadratic QTU cost functions

Figure 2.7: Time-average temperatures ȳ(x) = 1
T

∫ 24
0 y(t,x) dt to the optimal controls

from Figure 2.5 for varying intensities cb of the flow field velocity b.
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2.5 Numerical examples

This signifies that a control effort for the new variable is one hundred times as cheap as

one for the distributed or boundary controls u1 and u2. The linear state equation (2.55)

from Example I is now extended to

yt(t,x)− κy(t,x) + u3(t)b(t,x) · ∇y(t,x) = u1(t)ξ(x) f.a.a. (t,x) ∈ Q

(2.61a)

κ
∂y

∂n
(t, s) + q(s)y(t, s) = q(s)ya(t) + u2(t)ζ(s) f.a.a. (t, s) ∈ Σ

(2.61b)

y(0,x) = 17 f.a.a. x ∈ Ω. (2.61c)

The cost function in this example has to incorporate the new control variable u3 which is

done in a canonical way. We further demand that u3 may not reverse the velocity direction

b, so only nonnegative values are permitted for this control. In total, we face the optimal

control problem

min
y∈W (0,24)

u∈L2(0,24;R3
ω)

J(y,u) =
1

2

∫ 24

0

∫
Ω
|y(t,x)− 17|2 dx dt+

10−3

2

∫ 24

0
|u(t)|2ω dt (2.62a)

s.t. (y,u) solves (2.61) (2.62b)

and 0 ≤ u. (2.62c)

In the weak formulation of (2.61), we proceed exactly as in Example I, keeping the

Gelfand triple H = L2(Ω) and V = H1(Ω). For all u ∈ U and almost all t ∈ (0, 24), we

have the bilinear form A(u)(t) ∈ L(V,V′) and the linear form F(u)(t) ∈ V′ given by

〈A(u)(t)ψ,ϕ〉V′×V = κ

∫
Ω
∇ψ(x) · ∇ϕ(x) dx+ u3(t)

∫
Ω

(b(t,x) · ∇ψ(x))ϕ(x) dx

+

∫
Γ
q(s)ψ(s)ϕ(s) ds ∀ϕ,ψ ∈ V

〈F(u)(t),ϕ〉V′×V = u1(t)

∫
Ω
ξ(x)ϕ(x) dx+ u2(t)

∫
Γ
ζ(s)ϕ(s) ds (2.63)

+ ya(t)

∫
Γ
q(s)ϕ(s) ds ∀ϕ ∈ V.

Note that F is unchanged from Example I while A is now controlled. Again, we can view

the state equation (2.61) as a special case of the controlled linear evolution equation (2.1)

which has a solution operator S : U→W (0,T ). Like in Example I, this allows us to write

the OCP (2.62) in the more concise form

min
u∈U

Ĵ(u) = 1
2‖SQ(u)− 17‖2L2(0,24;H) + 10−3

2 ‖u‖
2
U s.t. 0 ≤ u. (2.64)
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2 Controlled linear evolution equations with quadratic QTU cost functions

We have to derive differentiability of the essential cost function Ĵ and the representation

of its gradient and Hessian.

2.36 Lemma: The essential cost function Ĵ : U → R in (2.64) is well-defined and

twice Fréchet differentiable. For all u ∈ U and h ∈ U and almost all t ∈ (0, 24), its gradient

and Hessian are given by

[∇Ĵ(u)](t) =


∫

Ω ξ(x)p(t,x) dx∫
Γ ζ(s)p(t, s) ds

−10
∫

Ω(b(t,x) · ∇y(t,x))p(t,x) dx

+ 10−3u(t)

[∇2Ĵ(u)h](t) =


∫

Ω ξ(x)q(t,x) dx∫
Γ ζ(s)q(t, s) ds

−10
∫

Ω(b(t,x) · ∇y(t,x))q(t,x) dx− 20
∫

Ω(b(t,x) · ∇yh(t,x))p(t,x) dx


+ 10−3h(t)

where p ∈W (0, 24) solves the first adjoint equation

−〈pt(t),ϕ〉V′×V + 〈A(u)(t)ϕ, p(t)〉V′×V

=

∫
Ω

(y(t,x)− 17)ϕ(x) dx ∀ϕ ∈ V, f.a.a. t ∈ (0, 24) (2.65a)

p(24) = 0 in H (2.65b)

and q ∈W (0, 24) the second adjoint equation

−〈qt(t),ϕ〉V′×V + 〈A(u)(t)ϕ, p(t)〉V′×V

=

∫
Ω
y(t,x)ϕ(x) dx ∀ϕ ∈ V, f.a.a. t ∈ (0, 24) (2.66a)

q(24) = 0 in H. (2.66b)

The variable yh ∈W (0, 24) denotes the solution to the linearized state equation

yht (t,x)− κ∆yh(t,x) + u3(t)b(t,x) · ∇yh(t,x)

= h1(t)ξ(x)− h3(t)b(t,x) · ∇y(t,x) f.a.a. (t,x) ∈ Q

κ
∂yh

∂n
(t, s) + q(s)yh(t, s) = h2(t)ζ(s) f.a.a. (t, s) ∈ Σ

yh(0,x) = 0 f.a.a. x ∈ Ω.

Proof. We perform the same steps as in the proof of Lemma 2.35.

(i) Well-definedness: The existence of the solution operator follows again from Theorem

1.31.
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(ii) Derivatives of A and F : Since F has not changed from Example I, its derivatives

are the same as in Section 2.5.1. The operator A is affine linear in u3 and clearly

continuous which gives the first derivative

〈[A′(u)h](t)ψ,ϕ〉V′×V = h3(t)

∫
Ω

(b(t,x) · ∇ψ(x))ϕ(x) dx ∀ϕ,ψ ∈ V, f.a.a. t ∈ (0, 24)

for all u,h ∈ U. The second derivative vanishes since A′ does not depend on u

anymore.

(iii) Gradient of Ĵ : The adjoint equation (2.65) and the differentiability of Ĵ follow

from Lemma 2.12. The adjoints of F ′(u) and A′y(u) can be easily computed for all

g ∈ L2(0, 24;V) and almost all t ∈ (0, 24) to

[F ′(u)g]∗(t) =


∫

Ω ξ(x)g(t,x) dx∫
Γ ζ(s)g(t, s) ds

0


[A′y(u)g]∗(t) =

 0

0

102(
∫

Ω b(t,x) · ∇y(t,x))g(t,x) dx

 ,

where the factor of 102 comes from the inner product in U being weighted by 10−2

in the third component.

(iv) Hessian of Ĵ : The second adjoint (2.66), the linearized state equation and the fact

that Ĵ is twice differentiable follow from Lemma 2.13. The concrete form of the

Hessian follows from the adjoints of F ′(u) and A′y(u) and the fact that A′′y and F ′′

vanish.

�

For the numerical solution of (2.62), we employ a linear Finite-Element method with

the same mesh as in Example I. Since the cost function Ĵ is not convex, we employ the

trust region method from Reminder 1.51.

If we examine the behavior of the optimal control u depicted in Figure 2.8a, the advection

control u3 is activated in unison with the other two controls, namely when the outside

temperature falls below the ideal temperature, and shuts down when it becomes warm

again near the end of the time horizon. This corraborates our observations made during

the cb-variation from Example I, where we have seen that lower values of cb are beneficial

in the beginning with higher values being preferable during the cold middle phase. In this

sense, we have optimized the ventilation control cb (or u3 in this setting).

Let us now take a look at the effect this optimization has on the distributed and boundary
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(a) Optimal control u(t) for the problem (2.62).
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(b) Comparison of the first two optimal control
components u1(t), u2(t) with the optimal
control v(t) of (2.56).

Figure 2.8: Study of the time evolution for optimal controls of (2.62).

control. In Figure 2.8b, we see a comparison between the first and second component of

the optimal control u and the optimal control v from Example I. We can observe that both

control efforts are similar in quality but reduced from the advection-static model (2.56).

The total control effort is therefore decreased, indicating that by using the advection

effect in a controlled way, the cost of the other controls can be reduced by intelligently

distributing the heat input. This effect is more dominant in the boundary control, which

is clear when we consider the geometry of our setup depicted in Figure 2.2a and the

orientation of the advection term b seen in Figure 2.2b. The input heat at Γ1 from the

controls u2 and v2 is located exactly where the flow field b originates. It can be transported

by the advection effect and distributed throughout Ω. By controlling the intensity of the

flow field, this distribution can be performed in an optimal way so the boundary control

becomes much more effective. In Example I, this transportation was static and suboptimal,

so the control v2 could not be employed as effectively as u2.

In Figure 2.9, we can see a comparison between the space-average temperature evolution

for the advection multipliers cb = 1 and cb = 5 in the advection-static case (2.56) and the

advection-controlled case (2.62). The temperature curve with controlled advection unites

the advantages of both lower and higher values of cb from Figure 2.6, with an improved

approximation of the ideal temperature both in the warm and cold time periods.

The optimization trajectories can be seen in Figure 2.10a.
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Figure 2.9: Space-average, optimal temperatrue evolution ȳ(t) = 1
|Ω|
∫

Ω y(t,x) dx for the

controlled case (2.62) and the uncontrolled case (2.56).
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(a) The projected gradient norm from Re-
minder 1.52 and relative distance to the ul-
timately computed cost value

¯̂
J(u(n)). In

this run, the threshold value was set to
tol∇ = 10−3.
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(b) Time required for computing the General-
ized Cauchy Point (GCP) and running the
Steihaug-Toint CG routine (cf. Reminder
1.51) in each iteration.
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2.5.3 Example III: Linear-quadratic heat control using POD-ROM

To reduce the computational complexity of solving optimal control problems such as Ex-

ample I or II, it is well-known that the state and adjoint equations can be replaced by

low-order surrogate models. One very prominent method is to employ Proper Orthogonal

Decomposition (POD) to known state and adjoint trajectories. Let us recall that both

previous examples take the essential form

min
u∈U

Ĵ(u) = J(S(u),u) s.t. 0 ≤ u. (2.67)

where S : U → W (0, 24) is the solution operator to the state equation (2.1) and J :

W (0, 24)×U→ R is a quadratic QTU cost function of the type (2.5). Let v1, ..., vn ∈ V be

the given linear FE basis which we use to numerically solve the state and adjoint equations.

It was established in Definition 2.30 that the discrete version of (2.67) is given by

min
u∈U

Ĵn,m(u) = Jn,m(Sn(u),u) s.t. 0 ≤ u, (2.68)

where Sn : U→ Vn := span {v1, ..., vn} is the solution operator to the Galerkin discretiza-

tion (2.44) of the state equation and Ĵn,m : U → R is the discretized QTU cost function

(2.45). We look at Example I in this section. In this case, we have Jn,m = J |H1(0,T ;Vn)×U
and the FE-Galerkin discretization is given by

min
yn∈H1(0,24;Vn)
u∈L2(0,24;R2

2)

J(yn,u) =
1

2

∫ 24

0

∫
Ω
|yn(t,x)− 17|2 dx dt+

10−3

2

∫ 24

0
|u(t)|22 dt (2.69a)

s.t.

{
〈ynt (t) +A(t)yn(t), vi〉V′×V = 〈F(u)(t), vi〉V′×V f.a.a. t ∈ (0, 24)

〈yn(0), vi〉H = 〈y◦, vi〉H ∀i = 1, ...,n

(2.69b)

and 0 ≤ u (2.69c)

with the linear operatorA and inhomogeneity F from (2.57). The main idea of model order

reduction using POD is to use a reference control uref ∈ U, the according high-fidelity state

yref = Sn(uref) ∈ H1(0, 24;Vn) and high-fidelity adjoint pref ∈ H1(0, 24;Vn) which solves

(2.47b). These trajectories generate a low-order subspace V` = span {ψ1, ...,ψ`} ⊂ Vn by

means of POD:

min
ψ1,...,ψ`∈Vn

∫ 24

0

(
‖yref(t)−

∑̀
i=1

〈yref(t),ψi〉Vψi‖2V + ‖pref(t)−
∑̀
i=1

〈pref(t),ψi〉Vψi‖2V
)

dt

s.t. 〈ψi,ψj〉V = δij for i, j = 1, ..., `. (2.70)
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One more Galerkin discretization of the type (2.44) onto V` yields the POD version of

(2.69).

min
y`∈H1(0,24;V`)
u∈L2(0,24;R2

2)

J `(y`,u) =
1

2

∫ 24

0

∫
Ω
|y`(t,x)− P`H(17)|2 dx dt+

10−3

2

∫ 24

0
|u(t)|22 dt

(2.71a)

s.t.

{
〈y`t (t) +A(t)y`(t),ψi〉V′×V = 〈F(u)(t),ψi〉V′×V f.a.a. t ∈ (0, 24)

y`(0) = P`Hy◦ ∀i = 1, ..., `

(2.71b)

and 0 ≤ u. (2.71c)

Here, P`H : H → V` is the H-orthonormal projection onto V ` which is applied to the

constant function 17 ∈ H and the initial condition y◦ ∈ H.

2.37 Remark: Coordinate representations

As it was shown in Section 2.4, there is the canonical coordinate operator Ξ ∈ L(Rn,Vn)

and the FE problem (2.69) is equivalent to its coordinate version

min
ẙn∈H1(0,24;Rn)
u∈L2(0,24;R2

2)

Jno (ẙn,u) =
1

2

∫ 24

0
(ẙn(t)− z̊nQ)>H(ẙn(t)− z̊nQ) dt+

10−3

2

∫ 24

0
|u(t)|22 dt

s.t.

{
Hẙnt (t) +An(t)ẙn(t) = Fn(u)(t) in Rn, f.a.a. t ∈ (0,T )

ẙn(0) = ẙn◦ in Rn

and 0 ≤ u.

Here, the stiffness matrix is given byH = (〈vi, vj〉H)ni,j=1 ∈ Rn×n andAn ∈ L∞(0,T ;Rn×n),

Fn ∈ L2(0,T ;Rn) as assembled like in Definition 2.18. Since we are using a linear FE

basis, the space-constant function 17 ∈ V is an element of Vn given by znQ =
∑n

i=1 z̊
n
Qvi

with z̊nQ = (17, ..., 17)> ∈ Rn. For the POD version (2.67), suppose that the basis is given

by ψj =
∑n

i=1 Ψijvi for j = 1, ..., ` with the basis matrix Ψ ∈ Rn×`. By defining the

reduced versions H` = Ψ>HΨ, A`(t) = Ψ>An(t)Ψ and F `(u)(t) = Ψ>Fn(u)(t) for u ∈ U

and almost all t ∈ (0, 24), it is easy to verify that the coordinate representation of (2.67)
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2 Controlled linear evolution equations with quadratic QTU cost functions

satisfies

min
ẙ`∈H1(0,24;R`)
u∈L2(0,24;R2

2)

J `o(ẙ
`,u) =

1

2

∫ 24

0
(ẙ`(t)− z̊`Q)>H`(ẙ`(t)− z̊`Q) dt+

10−3

2

∫ 24

0
|u(t)|22 dt

s.t.

{
H`ẙ`t (t) +A`(t)ẙ`(t) = F `(u)(t) in R`, f.a.a. t ∈ (0,T )

ẙ`(0) = ẙ`◦ in R`

and 0 ≤ u.

The vectors z̊`Q, ẙ`◦ ∈ R` are the coordinate representations of the H-orthonormal pro-

jections z`Q, y`0 ∈ V`. It is easily shown that these satisfy H`ẙ`◦ = Ψ>Hẙn◦ and H`z̊`Q =

Ψ>Hz̊nQ. �

The adjoint equations undergo similar Galerkin projections. Once the POD model has

been assembled, we can replace all evaluations of state and adjoint equations necessary

for the evaluation of Ĵn, ∇Ĵn and ∇2Ĵn with their POD Galerkin projections. With a

much smaller number ` of POD ansatz functions than the dimension n of the FE space,

this is accompanied by a significant speedup of the optimization. However, choosing an

appropriate length ` and a representative reference control uref is no trivial task and will

significally impact the dynamic of the system. In order to illustrate this, we have cho-

sen two reference controls for the POD discretization of Example I. For the first one, we

computed one full-order Projected Newton-CG step from the initial control and used the

second iterate as the reference control. For the second, we used uref,2 = ūfem ∈ U as the

optimal control computed with the FE method in Figure 2.4. Naturally, we expect the

second POD basis to capture the dynamics near the optimal solution in more detail. For

both reference controls, we use a very low POD basis length of ` = 2.

In Figure 2.11, we can observe two different error indicators for the controls over the

course of the iterative Projected Newton iteration with the POD surrogate model. All set-

tings and strategies from Example I were adopted for this run. The variables upod,j
i ∈ U

indicate the optimization iterates where the POD basis was built with the reference control

uref,j for j = 1, 2. Figure 2.11a shows the error between these controls and the FE-optimal

control ūfem. We can observe that both iterations start out comparably but after three

steps, the second optimization is and remains closer to this FE solution than the first.

This is not surprising since it was built using the optimal ūfem itself as a reference control.

However, the first POD surrogate model also yields satisfactory results, considering the

fact that its reference control was chosen after only one Newton step.

In contrast to this real computed error, Figure 2.11b shows the a-posteriori error estimator

from (1.14). We can observe a similar qualitative behavior with a significant quantitative

upward scaling when compared to the real error. The reason for this lies in the term
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(a) Error to the FEM optimal control.
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(b) A-posteriori error estimator from (1.14).

Figure 2.11: Error and error estimator over the course of the POD optimization of (2.71).

αU = 10−3 which was essentially used in Theorem 1.23 as a lower bound to the coercivity

constant of the Hessian. In the current example, the low value of 10−3 leads to a drastic

overestimation since the dominant part of the cost function lies on tracking the desired

temperature. However, additional information about the qualitative behavior of the error

evolution contained in the perturbation function ξu from (1.14) is captured well enough,

even in this tracking-dominated case.

In Figure 2.12, we can see the temperature evolution at the POD optimal controls

ūpod,j and the FE optimal control ūfem in their respective models. All three curves show

a similar behavior with minor differences in the beginning. Note that ūpod,2
1 lies below

ūfem1 yet the temperature ȳpod,2 exceeds ȳfem. The reason for this lies in the error be-

tween the FE solution operator Sn : U → H1(0,T ;Vn) and the POD solution operator

S` : U → H1(0,T ;V`), leading to different state solutions for similar controls. However,

the overall quality of approximation is still very much acceptable, considering that only

two basis vectors where used for the low-order model.

In Figure 2.14 are depicted the first basis functions for both computed POD bases.

They show a comparable qualitative behavior, which underlines the previously observed

similarity between the two models. However, a major quantitative difference can be seen

when comparing the ranges of the first basis vector of each. While ψpod,1
1 ranges from 0.15

to 1.25, ψpod,2
2 remains very close to −1. This is not surprising since their main purpose

is to approximate the states yref,j = Sn(uref,j) for j = 1, 2. While yref,1 belonged to a
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2 Controlled linear evolution equations with quadratic QTU cost functions
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Figure 2.12: Temperature evolution at the optimal controls ȳpod,j = S`(ūpod,j) for the
POD models and ȳfem = Sn(ūfem) for the FE model.
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Figure 2.13: Control intensities at the optimal control ūpod,j for the POD models and ūfem

for the FE model.
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Figure 2.14: First POD basis vectors ψpod,i
1 ∈ V of the first (left) and second (right) POD

basis.

FE POD #1 POD #2

Optimization 55.94s 6.60s 5.32s

Solving POD problem - 0.02s 0.02s

POD-Galerkin discretization - 0.23s 0.22s

Error estimation - 1.100s 0.97s

Table 2.1: Computation times for the optimizations with FE and both POD models.

suboptimal control after one Newton iteration, its counterpart yref,2 was already optimized

by uref,2 = ūfem to be very close to the constant desired temperature of 17. Therefore,

the latter would not contain much variation over space or time which is reflected in this

approximately constant first basis function.

Figure 2.15 shows the first 15 eigenvalues of the operator RK from (1.45) for the first

and second POD basis. We can infer from Theorem 1.45 that the speed of their decay can

be considered as a measure how well the data can be approximated by a certain number `

of basis functions. In this particular case, we observe that the second base has one major

eigenvalue of magnitude 104 while the second has already fallen to 100. This is due to the

near-constant temperature distribution at the optimal control uref,2 = ūfem which can also

be observed in the first POD basis vector ψpod,2
1 in Figure 2.14. On the other hand, the

first POD basis’s two largest eigenvalues are comparable, after which a similar rapid drop

in the eigenvalues is observed. For i ≥ 3, the decay between the two is comparable.
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Figure 2.15: Decay of the first 15 eigenvalues λi from (1.45) for the first and second POD
basis.

Finally, the computation times for all three optimization runs are depicted in Table

2.1. They are reduced by a factor of around 10 when switching from FE to POD. The

offline computation times for solving the POD problem and performing the POD-Galerkin

discretization are neglectible compared to the online optimization times. The computation

of the error estimator increases the POD computation time by roughly 15%, which is a

small enough price to pay for information about the discrepancy between the full-order

and reduced-order model.

2.5.4 Example IV: Nonlinear heat and ventilation control using POD-ROM

In this section, we employ the same POD method as in Section 2.5.3 for the heating-

and-ventilation example (2.62), replacing all evaluations of Ĵn with Ĵ `, its reduced-order

version. The FE-Galerkin and POD-Galerkin discretizations are computed similarly to

that section. Again, we use two different reference controls uref,i ∈ U to build the reduced-

order model. For the first, we compute one full-order trust region iteration and use the

second iterate to build the reduced-order model. For the second, we use the FE-optimal

control ūfem ∈ Uad from Example II. In contrast to Example III, we choose ` = 5 as

a basis length which proves necessary due to the nonlinearity of the solution operator

S : U→W (0, 24).

Figure 2.16 shows the progression of the error to the optimal control ūfem computed in

the FE optimization and depicted in Figure 2.8a. Keep in mind that due to the opera-

tor control, the present optimal control problem is not strictly convex and is therefore not
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Figure 2.16: Error the the FEM optimal control.

guaranteed to have a unique optimal solution. In fact, ūfem may only be a local, non-global

optimum. Therefore, other controls than ūfem may exist with a lower cost function value,

so the distance to ūfem is no guaranteed error indicator. We can nevertheless observe that

both reduced-order optimization runs converge simultaneously to a control which is not far

from the FE-optimal control. There is also no observable difference between both surro-

gate modes. The reason for this lies in the increased basis size of ` = 5 when compared to

` = 2 in Example III. It lowers the importance of choosing the best possible reference con-

trol since there are 2.5 times the number of variables available in the reduced-order model.

In Figure 2.17, we see the space-average temperatures to the FE-optimal and POD-

optimal controls. The left-hand plot shows the POD-reduced states to these controls

while on right-hand side, its high-fidelity FE states where computed for comparison. Here

we can observe the effect of a discrepancy in the reduced-order models. While in the

left-hand plot it looks as if the high-fidelity temperature curve is approximated almost

perfectly, the right-hand side shows the reality in form of the FE states to the respective

POD-optimal controls.

This effect also shows in Figure 2.18, where the control intensities for the FE-optimal

and POD-optimal controls are depicted. We can observe that for both POD models, the

optimization chose a larger amount of distributed controls u1 while the boundary controls

u2 where nearly identical when compared to the FE solution. For the advection control

u3, we can observe that the active set of the truth solution is not matched by the POD

solutions.
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(a) Space-averages y(t) = 1
|Ω|
∫

Ω
ȳ(t,x) dx

where ȳpod,j = S`(ūpod,j) are the POD-
reduced states to the POD-optimal con-
trols.
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(b) Space-average temperatures S(ūpod,j)(t) =
1
|Ω|
∫

Ω
Sn(ūpod,j)(t,x) dx where Sn(ūpod,j)

are the FE states to the POD-optimal con-
trols.

Figure 2.17: Mean temperature evolution at the FE and POD optimal states.
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Figure 2.18: Control intensities at the optimal control ūpod,j for POD and ūfem for FE.
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Figure 2.19: Decay of the first 15 eigenvalues λi from (1.45) for the first and second POD
basis.

FE POD #1 POD #2

Optimization 303s 35s 26s

Solving POD problem - 0.02s 0.02s

POD-Galerkin discretization - 0.31s 0.31s

Table 2.2: Computation times for the optimizations with FE and both POD models.

For comparison with the advection-static, linear case, we have plotted the singular value

decay for the two POD bases in Figure 2.19. The trend in the first three basis functions

is comparable to that case, with the second, optimized reference control having only one

”major” basis vector whereas the first, suboptimal one has two of them. After that, how-

ever, we see larger eigenvalues for higher indices i in both cases, with the second basis

remaining significantly above the first one. This translates to a higher amount of data

contained in these trajectories than in the linear-quadratic case. The reason for it lies in

the transient influence on the advection term which complexifies the dynamic we obserbe

in states and adjoints.

Finally, the computation times for all three optimization runs are depicted in Table

2.2. They are reduced by a factor of 8− 12 when switching from FE to POD. The offline

computation times for solving the POD problem and performing the POD-Galerkin dis-

cretization are neglectible compared to the online optimization times.

To summarize, the inclusion of POD-ROM leads to a significant speedup for both the
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2 Controlled linear evolution equations with quadratic QTU cost functions

linear-quadratic problem (2.56) and the nonlinear problem (2.62). At the same time,

the error to the high-fidelity model remains in tolerable bounds, making the POD-based

surrogate problems viable alternatives to its FE versions. The standard error estimator

was found to contain a large overestimation due to the small value of αU , but nevertheless

produced similar curves as the real error on a scaled axis.

As a possible continuation for the work in this section, it would be conceivable to

more closely intertwine the POD models with the trust region algorithm. For example,

as proposed in Rogg (2014), the reduced cost function Ĵ ` could be chosen as the model

function in the current trust region. After computing an inexact minimizer of it, we would

compute the actual reduction of the FE cost function Ĵn and adapt the trust region radius

as well as the POD basis itself accordingly. This strategy presents a possibility for basis

updates without having an error estimator available.

108



3 Multiobjective optimal control

In many realistic optimization problems, there are several objective functions that often

conflict with each other. Take for example the quadratic QTU cost function in (2.5),

which consists of three nonnegative summands to be minimized simultaneously. Here, the

conflict lies in the fact that a control effort is needed to steer the state variable y towards

the desired states zQ and zT but at the same time, any deviation from the nominal control

u◦ is penalized as well. Conflicts such as this call for the computation of a so-called ideal

compromise between objectives, which is the main focus of multiobjective optimization,

see e.g. Ehrgott (2005), Miettinen (2012) or Stadler (2013).

3.1 Multiobjective optimization

In this section, we will lay out basic definitions of multiobjective optimization. We discuss

different notions of optimality and some first-order necessary optimality conditions. Two

simple examples are introduced to visualize these concepts.

3.1 Definition: Objective space

Let ρ ∈ N with ρ ≥ 2 and Rρ be called the objective space. In accordance with

Definition 1.2, we define a partial order relation on Rρ by

x ≤ y ⇔
(
xi ≤ yi ∀i = 1, ..., ρ

)
∀x, y ∈ Rρ. (3.1)

The symbol “≤” is called a partial order relation on Rρ because it is reflexive (x ≤ x

always holds), antisymmetric (from x ≤ y and y ≤ x follows x = y) and transitive (from

x ≤ y and y ≤ z follows x ≤ z). However, it is not a total order relation because it lacks

the totality property. In the one-dimensional space R, for example, every two elements

x, y ∈ R satisfy either x ≤ y or y ≤ x. This allows for the very straightforward concept

of optimality in scalar minimization: If two objective values have to be compared, one of

them will always be smaller or equal to the other, making it the more or equally optimal

choice for the problem. In multiobjective optimization, two objective values x, y ∈ Rρ

may be comparable (x ≤ y or y ≤ x) or incomparable (if this is not the case). In the

incomparable case, x and y form a compromise or trade-off between objective functions.
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x

y x

y

Figure 3.1: Examplary objective values x, y ∈ R2. Left: x and y are comparable with
x ≤ y. Right: x and y are incomparable because x1 < y1 but y2 < x2.

If e.g. x1 < y1 and y2 < x2, x is more optimal in the first objective dimension but y

performs better in the second.

These simple observations lead to to the concept of Pareto optimality in a set A ⊂ Rρ.
Like in R, we will call an objective value x̄ ∈ A a minimal element of A if there is no other

objective value x ∈ A \ {x̄} which is comparably better, meaning x ≤ x̄. Unlike in R,

most optimal objective values x̄ ∈ A will have trade-off partners ȳ ∈ A which are likewise

optimal on their own but incomparable to x̄.

3.2 Definition: Multiobjective optimization problem

Let (X,A,µ) be a σ-finite measure space called the (control) index space, U = L2(µ)

the control space and Ĵ : U→ Rρ a multiobjective cost function with ρ ≥ 2. Given a

nonempty set Uad ⊂ U, we introduce the multiobjective optimization problem (MOP):

min
u∈U

Ĵ(u) =


Ĵ1(u)

...

Ĵρ(u)

 s.t. u ∈ Uad. (3.2)
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3.1 Multiobjective optimization

3.3 Definition: Pareto optimality

A control ū ∈ Uad and its objective value Ĵ(ū) ∈ Rρ are called

(i) weakly (locally) Pareto optimal if there exists no control u ∈ Uad (in a neighbor-

hood of ū) that satisfies Ĵ(u) < Ĵ(ū).

(ii) (locally) Pareto optimal if there exists no control u ∈ Uad (in a neighborhood of

ū) that satisfies Ĵ(u) ≤ Ĵ(ū) and Ĵ(u) 6= Ĵ(ū).

(iii) strongly (locally) Pareto optimal if there exists no control ū 6= u ∈ Uad (in a

neighborhood of ū) with Ĵ(u) ≤ Ĵ(ū).

We further define

Uopt :=
{
u ∈ Uad | u is Pareto optimal

}
Jopt :=

{
Ĵ(u) ∈ Rρ | u is Pareto optimal

}
= Ĵ(Uopt)

and call Uopt the Pareto set , Jopt the Pareto front .

Obviously, we have the logical chain

ū strongly Pareto optimal ⇒ ū Pareto optimal ⇒ ū weakly Pareto optimal

and the same holds for local Pareto optima. Instead of “Pareto optimal”, we will also use

the expressions “solution” or “Pareto minimizer” in the following.

3.4 Example: Two-dimensional parabolas

In this example, let the control space be given by U = R2, the cost function by

Ĵ : U→ R2, Ĵ(u) =

(
1
2(u2

1 + u2
2)

1
2((u1 − 1)2 + u2

2)

)

and the admissible set by Uad = R2, so we consider an unconstrained problem. First

of all, we can estimate Ĵ(u) > Ĵ(u1, 0) for all u = (u1,u2) ∈ U with u2 6= 0, so all

Pareto optimal points have to satisfy u2 = 0. Second, the function u1 7→ Ĵ1(u1, 0) is

strictly monotonically decreasing on (−∞, 0) and strictly monotonically increasing on

(0,∞), whereas u1 7→ Ĵ2(u1, 0) is strictly monotonically decreasing on (−∞, 1) and strictly

monotonically increasing on (1,∞). Therefore, the interesecting segement [0, 1] × {0}
consists of all Pareto optimal points, cf. Figure 3.2. �
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Figure 3.2: A visualization of Example 3.4 for control values in the box [−1, 2]×[−1, 1] ⊂ U.

3.5 Example: Nonconvex cost function

In this example, let again U = R2 and the cost function be given by

Ĵ : U→ R2, Ĵ(u) =

(
u1

u2
2 − u1 − 1

10 sin(3πu1)

)
.

Notice that in contrast to Example 3.4, this time Ĵ2 is a non-convex function. By the same

reasoning as in that example, however, all Pareto optimal points must still satisfy u2 = 0.

Furthermore, u1 7→ Ĵ1(u1, 0) is strictly monotonically increasing while u1 7→ Ĵ2(u1, 0) is

strictly monotonically decreasing on R. This means that the curve R× {0} represents all

the Pareto minimizers of Ĵ , cf. Figure 3.3. �

In scalar optimization, we are familiar with optimality conditions of first and second

order that characterize solutions and form the basis for most numerical algorithms. Similar

results of first order exist for multiobjective optimization, yet the existence of conflicting

cost functions enforces the additional assumption that the interior of the admissible set

int(Uad) :=
{
u ∈ Uad | There is a neighborhood U of u with U ⊂ Uad

}
be nonempty. This is not always guranteed for infinite-dimensional control spaces. We

quote the following result from (Jahn, 2009, Theorem 7.3).

3.6 Lemma: First-order variational optimality condition

Let ū ∈ Uad be a weak local Pareto optimum of (3.2) with Ĵ being Fréchet differentiable.
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(b) Obtained objective values in the space R2.

Figure 3.3: A visualization of Example 3.5 for control values in the box [−1, 1]×[−1, 1] ⊂ U.

Then the following first-order variational optimality condition holds:

@u ∈ int(Uad) : Ĵ ′(ū)(u− ū) < 0 in Rρ. (3.3)

3.7 Remark: If int(Uad) is empty, then (3.3) contains no information because there are

no interior points u ∈ int(Uad) anyway. Let us give some examples of when the admissible

set does or does not contain interior points.

a) For unconstrained problems, we have int(Uad) = Uad = U. Therefore, (3.3) holds for

all directions u ∈ U.

b) For U = Rm (with the index space X = {1, ...,m}) and Uad being given by [ua,ub] with

ua,ub ∈ U and ua ≤ ub, we have int(Uad) = (ua,ub).

c) If the index space is given by an open set X ⊂ Rd and we again have Uad = [ua,ub] with

ua,ub ∈ L2(X) and ua ≤ ub, the admissible set does not contain any interior points.

This goes back to the well-known fact that the ordering cone C := {u ∈ Lp(X) | u ≥ 0}
has empty interior in Lp(X) for all p ∈ [1,∞).

�

Next, we focus on two specific cases for the admissible set, namely the unconstrained case

and the box-constrained case. Like in scalar optimization, we can conclude the existence

of Lagrange multipliers belonging to the constraint functions, yet again only if the interior
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of the admissible set is nonempty.

3.8 Theorem: KKT conditions

Let ū ∈ Uad be a weak local Pareto optimum of (3.2) and Ĵ Fréchet-differentiable.

a) In the unconstrained case (Uad = U), there exists a vector ω ∈ Rρ with ω ≥ 0, ω 6= 0

such that

ρ∑
i=1

ωi∇Ĵi(ū) = 0. (3.4)

b) In the box-constrained case (Uad = [ua,ub] with ua,ub ∈ U and ua ≤ ub), if [ua,ub]

contains interior points, there exists a vector ω ∈ Rρ with ω ≥ 0, ω 6= 0 and two

Lagrange multipliers ηa, ηb ∈ U satisfying ηa, ηb ≥ 0 such that

ρ∑
i=1

ωi∇Ĵi(ū)− ηa + ηb = 0 (3.5a)

〈ηa,ua − ū〉U + 〈ηb, ū− ub〉U = 0. (3.5b)

Proof. Let us first rewrite the admissible set by introducing a function c : U → Z with a

Hilbert space Z. In the unconstrained case, define c : U→ {0} by c(u) = 0 for all u ∈ U.

In the box-constrained case, let c be given by c : U → U× U, c(u) = (ua − u,u− ub). In

both cases, the multiobjective optimization problem is equivalent to

min
u∈U

Ĵ(u) s.t. c(u) ≤ 0 (3.6)

with c being Fréchet differentiable as well. We infer from (Jahn, 2009, Theorem 7.4) that

there exist x′ ∈ (Rρ)′, ν ′ ∈ Z′ with x′(x) ≥ 0 for all x ∈ Rρ with x ≥ 0 and ν ′(z) ≥ 0 for

all z ∈ Z with z ≥ 0. Furthermore, it holds[
x′ ◦ Ĵ ′(ū) + ν ′ ◦ c′(ū)

]
(u− ū) ≥ 0 ∀u ∈ U

(ν ′ ◦ c)(ū) = 0.

Since all elements u ∈ U are allowed in the variational inequality, the only way it can

hold true is if the functional in the square brackets itself vanishes. We can write x′ as

x′(x) =
∑ρ

i=1 ωixi where ω ∈ Rρ has to satisfy ω ≥ 0 because of the x′-nonnegativity. The

element ν ′ vanishes for a) and can be expressed as ν ′(u1,u2) = 〈ηa,u1〉U + 〈ηb,u2〉U with

ηa, ηb ∈ U for all u1,u2 ∈ U. Due to the ν ′-nonnegativity, it has to be ηa, ηb ≥ 0. This

yields (3.4) and (3.5) and we only have to show that ω 6= 0 is true. To do this, we show

114



3.1 Multiobjective optimization

the following property for both cases a) and b):

There is an element û ∈ U with c(ū) + c′(ū)(û− ū) ∈ −int({z ∈ Z | z ≥ 0}). (3.7)

In the case of a), this is quite straightforward because of c(ū) = 0, c′(ū) = 0. The set

−{z ∈ Z | z ≥ 0} coincides with the open set {0}, so choosing any û ∈ U will do.

For the case b), the element û has to satisfy the condition

c(ū) + c′(ū)(û− ū) =

(
ua − ū
u− ub

)
+

(
ū− û
û− ū

)

=

(
ua − û
û− ub

)
∈ −int({(u1,u2) ∈ U2 | u1,u2 ≥ 0})

or, equivalently, û ∈ int([ua,ub]). By assumption, this interior was supposed to be

nonemtpy, so such an element exists and (3.7) holds.

From (3.7), (Jahn, 2009, Theorem 7.4) further tells us that x′ 6= 0, so ω 6= 0. �

3.9 Remark:

a) Equation (3.5b) is called a complementarity condition. If we explicitly write down the

inner products, we end up with∫
ηa · (ua − ū) + ηb · (ū− ub) dµ = 0.

Because of ηa, ηb ≥ 0 and ū ∈ [ua,ub], the integrand here is always nonpositive. There-

fore, the entire integral vanishes if and only if

ηa · (ua − ū) = 0 and ηb · (ū− ub) = 0 a.e. in U. (3.8)

b) In the case b) of the above proof, we could still show that Condition (3.5) holds with-

out the additional assumption that int([ua,ub]) be nonempty, but would not get the

essential information that it will also be ω 6= 0. However, this is a quintessential part

of the result because for ω = 0, all information about the cost function itself would be

lost in (3.5) and we would just end up with Lagrange multipliers to the box constraints.

c) For more information about Lagrange multipliers in connection to empty ordering

cones, we refer to Durea et al. (2010).

�

If every cost function is convex, we can prove a result which is well-known from scalar
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optimization: There are no local, non-global optima.

3.10 Lemma: Let Uad and Ĵi be convex for i = 1, ..., ρ. Then every weak local / local

/ strong local Pareto optimum of (3.2) is also a weak global / global / strong global one.

Proof. Let ū ∈ Uad be a local Pareto optimum of (3.2). Assume that there is a control

u ∈ Uad with Ĵ(u) ≤ Ĵ(ū), Ĵ(u) 6= Ĵ(ū). For λ ∈ (0, 1), define uλ := λu+ (1− λ)ū. Since

Uad is convex, we have uλ ∈ Uad for all λ ∈ (0, 1). The convexity of Ĵi for i = 1, ..., ρ gives

us

Ĵ(uλ) ≤ λĴ(u) + (1− λ)Ĵ(ū) ≤ Ĵ(ū)

and also Ĵi(uλ) < Ĵi(ū) for at least one i ∈ {1, ..., ρ}. For λ ↘ 0, we now have uλ → ū

and Ĵ(uλ) ≤ Ĵ(ū), Ĵ(uλ) 6= Ĵ(ū), which contradicts the local Pareto optimality of ū.

For weak and strong Pareto optima, the claim is proven in the same way. �

3.2 Scalarization methods

While the previous section has introduced a notion of optimality for multiobjective opti-

mization problems, it is still unclear how to compute them in a practical sense. A common

strategy is to use a so-called scalarization function g : Rρ → R and then minimize the

concatenation g ◦ Ĵ over the admissible set Uad. If g satisfies certain properties, it can be

shown that a minimum of this concatenation will be a Pareto optimal point of Ĵ . For a

specific g, it is even possible to show the reverse: That every Pareto optimal point of Ĵ

has a scalarization function g such that this point is a minimum of g ◦ Ĵ .

3.11 Definition: Scalarization method

Assume from now on that Ĵi(Uad) is bounded from below with Ĵ id
i := infu∈Uad

Ĵi(u)

for every i = 1, ..., ρ. Then we call Ĵ id ∈ Rρ the ideal objective vector . A function

g : Rρ → R is called a scalarization function and the following problem is referred to

as a scalarization method for (3.2):

min
u∈U

Ĵg(u) := g(Ĵ(u)) s.t. u ∈ Uad. (3.9)

We postulate that g be monotonically increasing , i.e. that it holds g(x) ≤ g(y) for all

x, y ∈ [Ĵ id,∞ρ) with x ≤ y.

The choice of the concrete function g plays a large role for both the analytical and

numerical approach to solving (3.2). We will give three examples of common scalarization
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methods:

3.12 Example: Scalarizations

a) For a weight vector ω ∈ Rρ with ω ≥ 0, ω 6= 0, define the function gω : Rρ → R by

gω(x) =
∑ρ

i=1 ωixi. Then the following is called a weighted sum method for (3.2):

min
u∈U

ρ∑
i=1

ωiĴi(u) s.t. u ∈ Uad. (3.10)

Because of ω ≥ 0, the function gω is monotonically increasing.

b) For a reference point z ∈ Rρ, define the function gz,2 : Rρ → R by half the Euclidian

distance gz,2(x) = 1
2

∑ρ
i=1(xi − zi)2. We then call

min
u∈U

1

2

ρ∑
i=1

(Ĵi(u)− zi)2 s.t. u ∈ Uad (3.11)

a Euclidian reference point method for (3.2). Note that gz,2 will only be monotonically

increasing if it holds z ≤ Ĵ id.

c) Similar as in b), let gz,∞ be given by the ∞-distance gz,∞(x) = maxi=1,...,ρ |xi − zi|.
Then the ∞-reference point method for (3.2) is defined as

min
u∈U

max
i=1,...,ρ

|Ĵi(u)− zi| s.t. u ∈ Uad. (3.12)

As for the Euclidian reference point method, gz,∞ is only monotonically increasing if

z ≤ Ĵ id.

�

One of the central questions that poses itself is if a solution of (3.9) will be Pareto-

optimal for (3.2) or vice versa. The first direction is easily answered just by using the

definition of Pareto optimality.

3.13 Lemma: Let ū ∈ Uad be a (local) solution to the scalarization method (3.9).

(i) If g is even strictly monotonically increasing - meaning that g(x) < g(y) for all

x, y ∈ Rρ with x < y - then ū is weakly (locally) Pareto optimal.

(ii) If g is even strongly monotonically increasing - meaning that g(x) < g(x) for all

x, y ∈ Rρ with x ≤ y and x 6= y - then ū is (locally) Pareto optimal.

(iii) If ū is even a strict (local) minimizer of (3.9) - meaning that there is no control

ū 6= u ∈ Uad (in a neighborhood around ū) that satisfies Ĵg(u) ≤ Ĵg(ū) - then ū is

strongly (locally) Pareto optimal.
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Proof. (i) If ū was not a weak (local) Pareto optimum, there would exist an element

u ∈ Uad (in any arbitrarily small neighborhood of ū) with Ĵ(u) < Ĵ(ū). The strict

monotonicity of g then yields Ĵg(u) < Ĵg(ū), which contradicts the fact that ū is a

(local) minimum of (3.9).

(ii) Let us assume that ū is not (locally) Pareto optimal, meaning that there is an

element u ∈ Uad (in any arbitarily small neighborhood of ū) with Ĵ(u) ≤ Ĵ(ū) and

Ĵ(u) 6= Ĵ(ū). Then the strong monotonicity of g yields Ĵg(u) < Ĵg(ū), contradicting

the fact that ū is a (local) solution of (3.9).

(iii) If ū was not a strong (local) Pareto optimum, there would exist an element ū 6=
u ∈ Uad (in any arbitrarily small neighorhood of ū) with Ĵ(u) ≤ Ĵ(ū). Because g is

monotonically increasing, Ĵg(u) ≤ Ĵg(ū) holds, which contradicts the fact that ū is

a strict (local) minimizer of (3.9).

�

3.14 Remark: Lemma 3.13 incentivizes us to distinguish between monotonicity, strict

monotonicity and strong monotonicity of the scalarization function g. We do this for the

three functions introduced in Example 3.12.

a) The weighted sum function gω is always strictly monotone increasing and strongly

monotone increasing if and only if the weight vector satisfies ω > 0.

b) The Euclidian reference point function gz,2 is strongly monotone increasing for all

reference points z ≤ Ĵ id.

c) The ∞-reference point function gz,∞ is strictly monotone increasing for all reference

points z ≤ Ĵ id and never strongly monotone increasing.

To summarize, a strongly monotone increasing function is always affected by every com-

ponent i = 1, ..., ρ. �

The question for the other direction (Is every Pareto optimal solution also the solution to

a scalarization method?) can be answered positively as well if we choose the scalarization

method correctly.

3.15 Lemma: Let ū ∈ Uad be weakly (locally) Pareto optimal and the reference point

z ∈ Rρ be given by z = Ĵ(ū)− e where e = (1, ..., 1)> ∈ Rρ. Then ū is a (local) minimizer

of the ∞-reference point method (3.12).
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Figure 3.4: A Pareto optimal point ū. The set Ĵ(ū)− [0,∞)ρ consists of all points in the
objective space which dominate Ĵ(u). The point z is chosen in the proof of
Lemma 3.15 as zi = Ĵi(ū)− 1 for i = 1, ..., ρ.

Proof. Let us assume that there exists a control u ∈ Uad (in an arbitrarily small neigh-

borhood of ū) such that Ĵgz,∞(u) < Ĵgz,∞(ū) holds. In other words,

max
i=1,...,ρ

|Ĵi(u)− (Ĵi(ū)− 1)| < 1 ⇒ Ĵi(u) < Ĵi(ū) ∀i = 1, ..., ρ.

This contradicts the fact that ū is a weak (local) Pareto optimum. �

In the sense of Lemma 3.15, the ∞-reference point method (3.12) is the most canonical

scalarization choice since minimizing this function is very close in nature to finding a

Pareto optimum of (3.2) just by definition. In fact, the proof chooses the∞-ball around z

with radius 1 as a bounded, representative part of the set Ĵ(ū)− (0,∞)ρ; see Figure 3.4.

This set is relevant because weak Pareto optimality for ū can equivalently be defined in

terms of sets by (
Ĵ(ū)− (0,∞)ρ

)
∩ Ĵ(Uad) = ∅.

In Lemma 3.15, we basically just use that this set equality also implies(
z + [−1, 1]ρ

)
∩ Ĵ(Uad) =

(
Ĵ(ū)− [0, 2]ρ

)
∩ Ĵ(Uad) = ∅.

From a numerical point of view, however, the ∞-reference point method carries its own

disadvantages stemming from the nonsmoothness of the function gz,∞, which makes it

easier to algorithmically solve e.g. the problems (3.10) or (3.11). Therefore, we would like
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to adress the question which Pareto optimal controls take the form of a solution to these

problems, which will be done in the next two sections.

From a numerical perspective, all scalarization methods share a common objective,

which is to approximate the Pareto front Jopt ⊂ Rρ with according Pareto set Uopt ⊂
Uad - both of which often have infinite cardinality - by a finite series of scalarization

methods. Algorithmically, this means that we choose scalarization functions g1, ..., gn :

Rρ → R which lead to minimizers ū1, ..., ūn ∈ Uopt of (3.9) with according objective

values Ĵ(ū1), ..., Ĵ(ūn) ∈ Jopt. This way, the finite sets Unum
opt = {ū1, ..., ūn} and J num

opt =

{Ĵ(ū1), ..., Ĵ(ūn)} are used to approximate Uopt and Jopt.

3.16 Remark: Independent of the numerical realization of the above process, there

are certain qualities of this approximation which are deemed desirable:

1. Every computed minimizer ūi is in fact Pareto optimal for i = 1, ...,n.

2. J num
opt is a fairly equidistant representation of Jopt, meaning that there is no apparent

clustering of objective values.

3. ”Warm start”: In the ith iterate, the knowledge of ū1, ..., ūi−1 can be used to generate

a good initial guess for the variable ūi.

�

A general algorithm for this kind of iteration is presented in Algorithm 3.17. In it, line

5 contains a check if the solution to the scalarization method is indeed Pareto optimal.

Depending on the underlying problem and the utilized scalarization function, this can be

known a-priori (before the minimization of (3.9)), a-posteriori (after the minimization of

(3.9)) or only be tested for heuristically.

Algorithm 3.17 Multiobjective optimization by iterative scalarization

Require: Maximal iteration number n ∈ N and termination criterion.
1: Set Unum

opt ← ∅ and J num
opt ← ∅.

2: for i = 1, ...,n do
3: Choose a scalarization function gi : Rρ → R.
4: Compute a minimizer ūi of the scalarization method (3.9) with scalarization func-

tion gi.
5: if ūi is Pareto optimal then
6: Unum

opt ← Unum
opt ∪ {ūi} and J num

opt ← J num
opt ∪ {Ĵ(ūi)}.

7: end if
8: if Termination criterion reached then
9: return Unum

opt and J num
opt .

10: end if
11: end for

120



3.3 The weighted sum method

In the upcoming Sections 3.3 and 3.4, we will focus especially on the weighted sum

method and Euclidian reference point method from Example 3.12. The nonsmooth ∞-

reference point method will not be part of this thesis and we refer to Ehrgott (2005) for

further details. Alternatively, Eichfelder (2008) covers the Pascoletti-Serafini scalarization

method which is a generalization of the ∞-reference point method. For the other two

scalarization methods, we will focus on the existence of solutions to (3.9), Pareto optimality

of these solutions and the concrete numerical strategies for Algorithm 3.17.

3.3 The weighted sum method

We recall the weighted sum method from (3.10).

3.18 Definition: Weighted sum method

Let ω ∈ Rρ with ω ≥ 0, ω 6= 0 and the weighted sum method for (3.2) be given by

min
u∈U

Ĵgω(u) =

ρ∑
i=1

ωiĴi(u) s.t. u ∈ Uad. (3.13)

3.3.1 Existence of solutions and optimality conditions

We can easily prove the existence of solutions to (3.13) for the case when all cost functions

are convex, which we summarize in the following assumption.

3.19 Assumption:

(1) The admissible set Uad is closed and convex in U.

(2) The cost function Ĵi is continuous, convex and bounded from below by Ĵ id
i for i =

1, ..., ρ.

(3) If the admissible set Uad is unbounded in U, it holds Ĵρ(u)→∞ as ‖u‖U →∞ in Uad.

In Assumption 3.19-(3), it is of course equally viable that Ĵi(u) → ∞ as ‖u‖U → ∞
in Uad for any i = 1, ..., ρ. The convention to specifially choose i = ρ merely serves to

facilitate the notation in the following.

3.20 Theorem: Let Assumption 3.19 hold true and, in case when Uad is unbounded,

ωρ > 0. Then the weighted sum method (3.13) admits a global solution and every local

solution is also global. If there additionally exists a j ∈ {1, ..., ρ} such that Ĵj is strictly

convex and ωj > 0, the solution is unique.
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Proof. We want to apply Theorem 1.17 and have to check the preconditions. The admissi-

ble set is closed and convex by Assumption 3.19-(1). The weighted sum cost function Ĵgω
is continuous and convex since every Ĵi is continuous and convex by Assumption 3.19-(2)

and it holds ω ≥ 0. If Uad is unbounded, Assumption 3.19-(3) gives us that

Ĵgω(u) ≥
ρ−1∑
i=1

ωiĴ
id
i + ωρĴρ(u)→∞ as ‖u‖U →∞ in Uad.

We can now apply Theorem 1.17 and conclude that there exists a global solution of (3.13)

and every local solution is also global. If Ĵj is additionally strictly convex and ωj > 0

for a j ∈ {1, ..., ρ}, we infer that this makes Ĵgω strictly convex, so the global solution is

unique. �

3.21 Lemma: First-order variational optimality condition

Let Uad be convex and Ĵi differentiable for i = 1, ..., ρ. Then every local solution ū ∈ Uad

of the weighted sum method (3.13) satisfies

.〈∇Ĵgω(ū),u− ū〉U =

ρ∑
i=1

ωi〈∇Ĵi(ū),u− ū〉U ≥ 0 ∀u ∈ Uad. (3.14)

Proof. This is shown exactly as Lemma 1.22. �

For the unconstrained and box-constrained case, we derive the KKT conditions for the

weighted sum method.

3.22 Theorem: KKT conditions

Let Uad be convex, Ĵi differentiable for i = 1, ..., ρ and ū ∈ Uad a local solution of the

weighted sum method (3.13).

a) In the unconstrained case (Uad = U), it holds

∇Ĵgω(ū) =

ρ∑
i=1

ωi∇Ĵi(ū) = 0. (3.15)

b) In the box-constrained case (Uad = [ua,ub] with ua,ub ∈ U and ua ≤ ub), there exist

two Lagrange multipliers ηa, ηb ∈ U satisfying ηa, ηb ≥ 0 such that

∇Ĵgω(ū)− ηa + ηb =

ρ∑
i=1

ωi∇Ĵi(ū)− ηa + ηb = 0, (3.16a)

〈ηa,ua − ū〉U + 〈ηb, ū− ub〉U = 0. (3.16b)
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Proof. In case of a), this follows directly from (3.14) since we can insert any vector u ∈ U.

For b), let us define ηa := max(∇Ĵgω(ū), 0) and ηb = max(−∇Ĵgω(ū), 0), which directly

implies (3.16a). Since ū is a minimum of Ĵgω in [ua,ub], it is apparent that it has to hold

∇Ĵgω(x)


≥ 0 f.a.a. x ∈ {ū = ua}
= 0 f.a.a. x ∈ {ua < ū < ub}
≤ 0 f.a.a. x ∈ {ū = ub}.

This implies (3.16b). �

3.23 Remark: The conditions (3.15) and (3.16) are very similar to the multiobjective

KKT conditions (3.4) and (3.5). This means that if the conditions of Theorem 3.8 are

satisfied, there is a weight vector ω ∈ Rρ, ω ≥ 0 such that ū along with possible Lagrange

multipliers ηa, ηb ∈ U satisfies the first-order conditions of its weighted sum method. If Ĵi

is convex for i = 1, ..., ρ, it turns out that these conditions are also sufficient for a minimum

and ū is a solution of this method. In the nonconvex case, it may happen that ū is not

a minimum but only a saddle point of (3.13). This indicates a close connection between

Pareto optima and solutions to the weighted sum method in the convex case, which will

come up again in the following subsection. �

3.3.2 Pareto optimality of weighted sum solutions

First, we recapture the results of the impliciation “Weighted sum optima ⇒ Pareto op-

tima” in the following corollary which immediately follows from Lemma 3.13 and Remark

3.14a).

3.24 Corollary: Let ū ∈ Uad be a (local) minimum of the weighted sum method

(3.13).

(i) ū is a weak (local) Pareto optimum of (3.2).

(ii) If ω > 0, then ū is a (local) Pareto optimum of (3.2).

(iii) If ū is even a strict (local) minimum of (3.13), then ū is strongly (locally) Pareto

optimal for (3.2).

For the reverse implication “Pareto optima⇒Weighted sum optima”, there is no general

result comparable to Lemma 3.15 without further assumptions on the cost function. As

can be seen in Figure 3.5, solutions to the weighted sum method seem to include all

Pareto optimal points for the convex parabola example 3.4, whereas only some portions

of the Pareto front to the nonconvex example 3.5 appear to be captured by this particular

scalarization method.
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(a) Example 3.4.
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(b) Example 3.5 with the additional constraint
that u ∈ [0, 1]2.

Figure 3.5: Solutions to the weighted sum (WS) method. 50 different weight vectors ω ∈
R2 were chosen in (3.13) as ω = ((i − 1)∆ω, 1 − (i − 1)∆ω)> (i = 1, ..., 50)
with ∆ω = 1/49. The solutions to the weighted sum method (3.13) were then
computed by a trust region method, cf. Reminder 1.51.

3.25 Remark: We can also show analytically that there are parts of Jopt for the

nonconvex example 3.5 that can not be captured by a weighted sum method. It was

established that its Pareto set is given by Uopt = R× {0}. We can further show that the

Hessian matrix of the weighted sum cost function Ĵgω : R2 → R satisfies

∇2Ĵgω(u1, 0) =

(
9π2ω2

100 sin(3πu1) 0

0 0

)
∀u1 ∈ R.

Consequently, for those u1 ∈ R where sin(3πu1) is negative, the Hessian is negative

semidefinite and standard optimization theory tells us that (u1, 0)> does not represent

a minimum of the weighted sum method, even though it is a Pareto optimum of the mul-

tiobjective problem. �

Since convexity seems to be a determining factor concerning the question if the Pareto

front can be covered by weighted sum solutions, we focus on convex objective functions

first. Thanks to Lemma 3.10, we can neglect local Pareto optima in this case. Next, we

answer the question which Pareto optimal controls also solve a weighted sum method. As

it turns out, a definite answer can only be given for weak Pareto optima and strong Pareto
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optima with an additional condition.

3.26 Theorem: Let Uad and Ĵi be convex for i = 1, ..., ρ.

(i) If ū ∈ Uad is a weak Pareto optimum of (3.2), it is also a minimizer of a weighted

sum method (3.13) with a weight vector ω ≥ 0.

(ii) Let ū ∈ Uad be a strong Pareto optimum of (3.2) with the additional property that

it is properly Pareto optimal , i.e. there exists a δ > 0 so that for every i ∈ {1, ..., ρ}
and every u ∈ Uad with Ĵi(u) < Ĵi(ū), there exists at least one j ∈ {1, ..., ρ} with

Ĵj(u) > Ĵj(ū) and

Ĵi(ū)− Ĵi(u)

Ĵj(u)− Ĵj(ū)
≤ δ. (3.17)

Then ū is also a minimizer of a weighted sum method (3.13) with a weight vector

ω > 0.

Proof. First of all, we infer from (Banholzer, 2017, Lemma 3.19) that since Ĵi is convex

for i = 1, ..., ρ, the set Ĵ(Uad) + [0,∞)ρ is convex in Rρ. Following (Jahn, 2009, Theorem

5.4), in (i) there exists a linear functional 0 6= x′ ∈ (Rρ)′ with x′(x) ≥ 0 for all x ≥ 0

such that x′(Ĵ(ū)) ≤ x′(Ĵ(u)) for all u ∈ Uad. We can write x′ as x′(x) =
∑ρ

i=1 ωixi with

ω ≥ 0, ω 6= 0. This proves (i).

The claim in (ii) can be shown exactly as in (Jahn, 2009, Theorem 11.19), where it was

additionally assumed that U be given by Rn (n ∈ N), but with this assumption not being

used in the proof. �

3.27 Remark:

a) The condition (3.17) sets a limit to the degree in which an improvement in the coordi-

nate j may lead to a deterioration in the coordinate i. It prevents the case where there

could exist a sequence (un) ⊂ Uad with Ĵj(un)↘ Ĵj(ū) and

Ĵi(ū)− Ĵi(un)

Ĵj(un)− Ĵj(ū)
↗∞.

b) Since all strong Pareto optima of (3.2) are Pareto optima and each of those is a weak

Pareto optimum, Theorem 3.26 tells us that in the convex case, a necessary condition

for a Pareto optimum is that it solve a weighted sum method (3.13) with ω ≥ 0. On

the other hand, Corollary 3.24 tells us that a sufficient condition is that it solve (3.13)

with ω > 0.
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�

In Theorem 3.26, we have learned that all Pareto optimal points of (3.2) solve a weighted

sum method (3.13) if all cost functions are convex. This is due to the fact that the set

Ĵ(Uad) + [0,∞)ρ is then convex. In the more general case of nonconvex cost functions, we

have to extend this set a little.

3.28 Definition: We define the convex hull of Ĵ(Uad) + [0,∞)ρ as

CĴ := co
(
Ĵ(Uad) + [0,∞)ρ

)
:=
⋂{

C ⊂ Rρ | C is convex and Ĵ(Uad) + [0,∞)ρ ⊂ C
}

as the smallest convex set that contains Ĵ(Uad) + [0,∞)ρ. We extend the notion of min-

imality now to this set. A control ū ∈ Uad is called a weak convex minimizer of (3.2) if

Ĵ(ū) is a weak minimum of the set CĴ , meaning that there is no x ∈ CĴ with x < Ĵ(ū).

�

Apparently, every weak convex minimizer is also a weak Pareto optimum of (3.2).

3.29 Theorem: Let ū ∈ Uad be a weak Pareto optimum of (3.2). Then the following

statements are equivalent:

(i) ū is even a weak convex minimizer of (3.2).

(ii) ū solves the weighted sum method (3.13) with a weight ω ≥ 0, ω 6= 0.

Proof. Since the set CĴ is convex, we can infer from (Jahn, 2009, Theorem 5.29) that the

following statements are equivalent for an element x̄ ∈ CĴ .

(1) x̄ ∈ CĴ is a weak minimum of the set CĴ .

(2) There is a linear functional 0 6= x′ ∈ (Rρ)′ with x′(x) ≥ 0 for all x ≥ 0 such that there

is no x ∈ CĴ with x′(x) < x′(x̄).

Obviously, (i) and (1) are equivalent. The functional in (2) can be expressed as x′(x) =∑ρ
i=1 ωixi with ω ≥ 0, ω 6= 0.

→ If (i) holds true, (1) ⇒ (2) particularly tells us that there is no u ∈ Uad with∑ρ
i=1 ωiĴi(u) <

∑ρ
i=1 ωiĴi(ū) because of Ĵ(Uad) ⊂ CĴ . In other words, (ii) holds.

→ If (i) does not hold true, ¬(1) ⇒ ¬(2) implies that for every weight ω ≥ 0, ω 6= 0,

there exists an element x ∈ CĴ with
∑ρ

i=1 ωixi <
∑ρ

i=1 ωiĴ(ū). Since x belongs to

the convex hull, we can express it as

x =
n∑
j=1

αj(Ĵ(uj) + d(j)),
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with α1, ...,αn ∈ [0, 1],
∑n

i=1 αi = 1 and uj ∈ Uad, d(j) ∈ [0,∞)ρ for all j = 1, ...,n.

Now assume that it would hold
∑ρ

i=1 ωiĴi(uj) ≥
∑ρ

i=1 ωiĴi(ū) for all j = 1, ...,n.

This would imply

ρ∑
i=1

ωixi =

n∑
j=1

αj

ρ∑
i=1

ωi
(
Ĵi(uj) + d

(j)
i

)
≥

n∑
j=1

αj

ρ∑
i=1

ωiĴi(ū) =

ρ∑
i=1

ωiĴi(ū),

which is a contradiction. Therefore, we have
∑ρ

i=1wiĴi(uj) <
∑ρ

i=1 ωiĴi(ū) for at

least one j ∈ {1, ...,n}. Since uj ∈ Uad, this means that ū does not solve the weighted

sum method with the weight ω. Since this is the case for every weight, it means that

(ii) does not hold.

�

3.30 Remark:

a) Theorem 3.29 can be seen as a generalization of Corollary 3.24(i) and Theorem 3.26(i)

since for convex cost functions Ĵ1, ..., Ĵρ, every weak minimizer of (3.2) is also a weak

convex minimizer. This is again due to the fact that the set Ĵ(Uad)+ [0,∞)ρ is already

convex in that case.

b) We can see the result of Theorem 3.29 in Figure 3.5b) where the solutions to the

weighted sum method only occur in the those parts of the Pareto front that coincide

with its convex hull.

�

3.3.3 The iterative weighted sum algorithm

We will now elaborate on the algorithmic approach for the weighted sum method, the

general structure of which has been laid out in Algorithm 3.17. We require a total number

of n weights ω(1), ...,ω(n) to define the scalarization functions gi = gω(i) for i = 1, ...,n.

Without further information about the cost functions Ĵ1, ..., Ĵρ, the canonical way to

choose these weights is in an equidistant manner. We observe in (3.13) that the solution

to the weighted sum method is invariant with respect to multiplication of the weight by a

positive scalar. Therefore, we choose all weights as a uniform discretization of the standard

simplex

T =
{
ω ∈ Rρ | ω ≥ 0,

ρ∑
i=1

ωi = 1
}

.
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In two objective dimensions, for example, we take ω
(i)
1 = (i−1)∆ω and ω

(i)
2 = 1−(i−1)∆ω

for i = 1, ...,n with the step size ∆ω = 1
n−1 , as it was described in the caption of Figure

3.5. From Corollary 3.24(ii), we know that the solution to (3.13) will be Pareto optimal

if ω > 0 holds true. In the cases where a component of ω vanishes, we can compare its

objective value to all other computed Pareto points, a so-called nondominance test . In

contrast to Algorithm 3.17, it is better to do this after all weighted sum solutions have

been computed, cf. Algorithm 3.31.

Algorithm 3.31 Iterative weighted sum method with nondominance check

Require: Weighting parameters ω(1), ...,ω(n) ∈ T .
1: Set Unum

opt ← ∅ and J num
opt ← ∅.

2: for i = 1, ...,n do
3: Compute a minimizer ūi of the weighted sum method (3.13) with weight ω(i).
4: Add Unum

opt ← Unum
opt ∪ {ūi} and J num

opt ← J num
opt ∪ {Ĵ(ūi)}.

5: end for
6: for i = 1, ...n do
7: if ¬(ω(i) > 0) then
8: for j = 1, ...n do
9: if Ĵ(ū(j)) ≤ Ĵ(ū(i)) and Ĵ(ū(j)) 6= Ĵ(ū(i)) then

10: Remove Unum
opt ← Unum

opt \ {ūi} and J num
opt ← J num

opt \ {Ĵ(ūi)}.
11: Break
12: end if
13: end for
14: end if
15: end for
16: return Unum

opt and J num
opt .

If we take a look at the desirable properties from Remark 3.16, we get the following

behavior of Algorithm 3.31:

1. The computed minimizer ūi is analytically guaranteed to be Pareto optimal if ω(i) >

0. Otherwise, the nondominance test in the lines 6-15 only provides a heuristic

indicator for Pareto optimality.

2. There is no guaranteed equidistance of J num
opt . In fact, clustering phenomena often

occur if the different cost functions do not scale in a similar way, which can already

be observed in Figure 3.5(b) and becomes very apparent in the numerical examples

from Section 3.5.

3. A warm start for the optimization is straightforward in the case ρ = 2, where the

weights are given by ω(i) = ((i − 1)∆ω, 1 − (i − 1)∆ω)> and increase with i in

the first dimension and decrease with i in the second dimension. It is therefore not

unreasonable to assume that ū(i−1) lies close to ū(i) and is a good initial guess for the
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3.4 The Euclidian reference point method

weighted sum method with the weight ω(i). In case of ρ > 2, a similar strategy could

be employed where we first choose the index j ∈ {1, ..., i− 1} where ω(j) lies closest

to ω(i) in some sense and then ū(j) is chosen as an initial guess for the weighted sum

method with weight ω(i).

Furthermore, let us mention that the for-loop in line 2 can efficiently be computed in

parallel since there is no inherent iterative nature to it. In this case, however, we can not

use the warm-start strategy mentioned above since the initial control ū(i−1) may belong

to a different thread and could therefore be unaccessible.

3.4 The Euclidian reference point method

3.32 Definition: Reference point method

Let z ∈ Jopt − [0,∞)ρ and the (Euclidian) reference point method for (3.2) be given

by

min
u∈U

Ĵgz,2(u) =
1

2
|Ĵ(u)− z|2 =

1

2

ρ∑
i=1

(Ĵi(u)− zi)2 s.t. u ∈ Uad. (3.18)

We further assume that the convex hull CĴ = co(Ĵ(Uad) + [0,∞)ρ) from Definition

3.28 is closed.

3.4.1 Existence and optimality conditions of reference point solutions

We start by computing derivatives and investigating the convexity of the reference point

function.

3.33 Lemma: Let Ĵ be twice differentiable. Then the reference point function Ĵgz,2
is twice differentiable as well with gradient and Hessian

∇Ĵgz,2(u) =

ρ∑
i=1

(Ĵi(u)− zi)∇Ĵi(u) ∀u ∈ U (3.19a)

∇2Ĵgz,2(u)h =

ρ∑
i=1

〈∇Ĵi(u),h〉U∇Ĵi(u) + (Ĵi(u)− zi)∇2Ĵi(u)h ∀u,h ∈ U. (3.19b)

Furthermore, if Uad is convex, Ĵ1, ..., Ĵρ are convex on Uad and it holds z ≤ Ĵ id, then Ĵgz,2
is convex on Uad. If Ĵi is even strictly convex on Uad for any i ∈ {1, ..., ρ} and it holds

zi < Ĵi(u) for all u ∈ Uad, then Ĵgz,2 is strictly convex on Uad.
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Proof. By use of the chain rule, we can identify the first derivative of Ĵgz,2 as

Ĵ ′gz,2(u)h =

ρ∑
i=1

(Ĵi(u)− zi)Ĵ ′i(u)h

for all u,h ∈ U. This gives us (3.19a). For the second derivative, further differentiation

by the chain rule yields for all u,h1,h2 ∈ U:

Ĵ ′′gz,2(u)(h1,h2) =

ρ∑
i=1

(Ĵ ′i(u)h1)(Ĵ ′i(u)h2) + (Ĵi(u)− zi)Ĵ ′′i (u)(h1,h2)

=

ρ∑
i=1

〈〈∇Ĵi(u),h1〉U∇Ĵi(u),h2〉U + 〈(Ĵi(u)− zi)∇2Ĵi(u)h1,h2〉U.

By definition of the Hessian, this gives us (3.19b). Let now Ĵi be convex on Uad for

i = 1, ..., ρ. We conclude for all u, v ∈ Uad:

〈∇2Ĵgz,2(u)(v − u), v − u〉U ≥
ρ∑
i=1

(Ĵi(u)− zi)〈∇2Ĵi(u)(v − u), v − u〉U.

Because Ĵi is convex on Uad, Reminder 1.16 states that the inner product is always nonneg-

ative, as is the term in brackets by the assumption z ≤ Ĵ id. Therefore, Ĵi itself is convex

on Uad. If Ĵi is even strictly convex on Uad for an i ∈ {1, ..., ρ} and it holds zi < Ĵi(u) for

all u ∈ Uad, Reminder 1.16 gives us that Ĵgz,2 is strictly convex on Uad. �

As for the weighted sum method (3.13), the existence of solutions to the reference point

method can be easily shown for the convex case described by Assumption 3.19. For Ĵgz,2
to be convex, we further require that z ≤ Ĵ id holds, as we have seen in Lemma 3.33. Since

we have shown convexity there under the assumption that Ĵ is twice differentiable, we will

do it again in the following theorem without any assumptions on differentiability.

3.34 Theorem: Let Assumption 3.19 be satisfied and z ≤ Ĵ id hold. Then the reference

point function Ĵgz,2 is convex, the reference point method (3.18) admits a global solution

and every local solution is already global. If, in addition, at least one cost function Ĵi is

strictly convex with zi < Ĵi(u) for all u ∈ Uad, this solution is unique.

Proof. We want to verify that the preconditions of Theorem 1.17 are satisfied. The ad-

missible set is closed and convex by Assumption 3.19-(1). The reference point function

has the form Ĵgz,2(u) = 1
2

∑ρ
i=1 ξi(Ĵi(u)) with the outer functions ξi(x) = (x− zi)2. Since

it holds z ≤ Ĵ(u) for all u ∈ Uad, ξi is strictly monotone increasing on Ĵi(Uad) and the

concatenation ξi ◦ Ĵi is therefore convex because Ĵi is convex for i = 1, ..., ρ by Assump-

tion 3.19-(2). Therefore, Ĵgz,2 itself is convex. It is also continuous as a concatenation of

130



3.4 The Euclidian reference point method

continuous functions and bounded from below by 1
2

∑ρ
i=1(Ĵ id

i − zi)2. If Uad is unbounded,

Assumption 3.19-(3) gives us

Ĵgz,2(u) ≥ 1

2
(Ĵρ(u)− zρ)2 →∞ as ‖u‖U →∞ in Uad.

Altogether, we can apply Theorem 1.17 and get that (3.18) admits a global solution and

that every local solution is already global. If Ĵi is strictly convex for any i ∈ {1, ..., ρ}
and it holds zi < Ĵi(u) for all u ∈ Uad, Ĵgz,2 is even strictly convex and the solution is

unique. �

3.35 Theorem: First-order variational optimality condition

Let Ĵ be differentiable and Uad convex. Then every local solution ū ∈ Uad of the reference

point method (3.18) satisfies

0 ≤ 〈∇Ĵgz,2(ū),u− ū〉U =

ρ∑
i=1

(Ĵi(ū)− zi)〈∇Ĵi(ū),u− ū〉U ∀u ∈ Uad. (3.20)

Proof. This follows exactly as the proof of Lemma 1.22. �

3.4.2 Pareto optimality of reference point solutions

For this subsection, we omit the assumption that z ≤ Ĵ id has to hold and derive statements

about Pareto optimality of solutions to (3.18). In the following, let Rρ be endowed with

the Euclidian inner product denoted by (x, y)2 = x>y for x, y ∈ Rρ. We write the induced

norm as |x|2 =
√
x>x for x ∈ Rρ.

3.36 Definition: Consider the extended reference point problem

min
y∈CĴ

1

2
|y − z|22 =

1

2

ρ∑
i=1

(yi − zi)2. (3.21)

A control ū ∈ Uad is called an extended reference point minimizer if ȳ = Ĵ(ū) solves (3.21).

�

It is apparent that every extended reference point minimizer also solves the reference

point method (3.18).

3.37 Lemma: The extended reference point method admits a unique solution ȳ ∈ CĴ
which satisfies ȳ ≥ z. If it holds ȳ = Ĵ(ū) + d̄ with ū ∈ Uad and d̄ ∈ [0,∞)ρ, the following

statements hold true:
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(i) The complementarity condition (ȳi − zi)d̄i = 0 for i = 1, ..., ρ.

(ii) The solution takes the form

ȳi =

{
Ĵi(ū), if Ĵi(ū) > zi,

zi, if Ĵi(ū) ≤ zi.
.

(iii) ū is a weak Pareto minimum of (3.2). If ȳ > z, ū is Pareto optimal.

(iv) For ρ = 2, we have d̄ = 0, so ū is an extended reference point minimizer.

Proof. Since CĴ is closed and convex, the Hilbert projection theorem (cf. Rudin (2006))

tells us that a solution ȳ ∈ CĴ of (3.21) exists and particularily satisfies

0 ≤ (ȳ − z, y − ȳ)2 ∀y ∈ CĴ . (3.22)

If we assume that there is an index i ∈ {1, ..., ρ} with ȳi < zi, we can choose y = ȳ+d ∈ CĴ
with dj = 0 for j 6= i and di arbitrarily large. Then it follows (ȳi − zi)(yi − ȳi)→ −∞ as

di → ∞, which also entails (ȳ − z, y − ȳ)2 < 0 if di is large enough, as a contradiction to

(3.22).

In order to prove (i)-(iv), let ȳ now especially be given by ȳ = Ĵ(ū) + d̄ with ū ∈ Uad and

d̄ ∈ [0,∞)ρ.

(i) Choosing y = Ĵ(ū), we get 0 ≤ (ȳ − z,−d̄)2. Because of ȳ ≥ z and d̄ ≥ 0, this is

equivalent to the complementarity condition (ȳi − zi)d̄i = 0 for all i = 1, ..., ρ.

(ii) For Ĵi(ū) > zi, we infer ȳi > zi and therefore d̄i = 0 because of (i). If Ĵi(ū) = zi, (i)

reads d̄2
i = 0 which means d̄i = 0. For Ĵi(ū) < zi, the nonnegativity of ȳ − z means

that d̄i ≥ zi − Ĵi(ū) > 0. Therefore, (i) yields ȳi = zi.

(iii) First, if ȳ = z, we have Ĵ(ū) ≤ ȳ = z ≤ Ĵ(ũ) with a Pareto minimal control ũ ∈ Uad

which exists because z ∈ Jopt − [0,∞)ρ by assumption in Definition 3.32. Due to

the minimality of ũ, we can only have equality everywhere, so Ĵ(ū) = Ĵ(ũ) is Pareto

optimal. If ȳ 6= z, we can rewrite (3.22) by defining ω := ȳ − z ≥ 0 to read

ρ∑
i=1

ωiĴi(ū) = (ȳ − z, ȳ − d̄)2 = (ȳ − z, ȳ)2 ≤ (ȳ − z, y)2 =

ρ∑
i=1

ωiyi ∀y ∈ CĴ ,

(3.23)

where we have used the complementarity condition (ȳ − z, d̄)2 = 0. The above

inequality especially holds for all y = Ĵ(u) with u ∈ Uad, so ū solves a weighted sum

method with the weight ω ≥ 0, ω 6= 0. Corollary 3.24(i) tells us that ū is weakly

Pareto minimal. If ȳ > z, we have ω > 0 and Corollary 3.24(ii) tells us that ū is

even Pareto optimal.
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Figure 3.6: Visualization of the reference point method with ρ = 3, the reference point
z = (0, 0, 0)> and Ĵ(Uad) being given by the straight line between Ĵ(ū) =
(−1, 1, 1)> and Ĵ(ũ) = (1, 1/2, 2)>. The solution to (3.21) is given by ȳ =
Ĵ(ū) + (1, 0, 0)> = (0, 1, 1)> /∈ Ĵ(Uad). Both figures show the same plot from
different angles.

(iv) Let now ρ = 2 and assume without loss of generality that d̄1 > 0, so Ĵ1(ū) < z1 and

then ȳ1 = z1 because of (ii). Like in (ii), we have a Pareto optimal control ũ ∈ Uad

with z ≤ Ĵ(ũ). Inserting y = Ĵ(ũ) in (3.22) yields

0 ≤ (ȳ1 − z1)(Ĵ1(ũ)− ȳ1) + (ȳ2 − z2)(Ĵ2(ũ)− ȳ2) = (ȳ2 − z2)(Ĵ2(ũ)− ȳ2). (3.24)

Due to Ĵ1(ū) < z1 ≤ Ĵ1(ũ), the Pareto optimality of ũ enforces Ĵ2(ū) > Ĵ2(ũ) ≥ z2.

Because of (ii), this also means ȳ2 = Ĵ2(ū) > Ĵ2(ũ) ≥ z2. However, this results in

(ȳ2 − z2)(Ĵ2(ũ)− ȳ2) < 0, which is a contradiction to (3.24). Therefore, it has to be

d̄1 = 0.

�

In more than two objective dimensions, part (iv) of Lemma 3.37 is no longer true.

A three-dimensional counterexample to this can be found in Figure 3.6 where the set

CĴ = Ĵ(Uad) + [0,∞)3 is approximately visualized by a green polyhedron and the best

approximation of the reference point z = (0, 0, 0)> from this set is given by a point not

belonging to Ĵ(Uad).
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The part (iii) allows us to characterize solutions to the reference point method for two

objective dimensions in the convex case.

3.38 Corollary: Consider the case ρ = 2. If Uad and Ĵ1, Ĵ2 are convex, there exists

an extended reference point minimizer ū ∈ Uad which is weakly Pareto optimal for (3.2).

If z < Ĵ(ū) holds, it is Pareto optimal. If Ĵ2 is additionally strictly convex, ū is the only

reference point minimizer.

Proof. Since Uad and Ĵ1, Ĵ2 are convex, the set Ĵ(Uad) + [0,∞)2 is convex as well (Ban-

holzer, 2017, Lemma 3.19) and identical to its convex hull CĴ . Therefore, the unique

solution to the extended reference point problem can be written as ȳ = Ĵ(ū) + d̄ ∈ CĴ
with ū ∈ Uad and d̄ ∈ [0,∞)2. Lemma 3.37(iv) states that d̄ = 0 will hold, so ū is an

extended reference point minimizer and weakly Pareto optimal by Lemma 3.37(iii). It is

further Pareto optimal if z < Ĵ(ū) holds, also by Lemma 3.37(iii).

Let now additionally Ĵ2 be strictly convex and ũ ∈ Uad another reference point mini-

mizer. We immediately get

|Ĵ(ũ)− z|2 ≤ |Ĵ(ū)− z|2 ≤ |y − z|2 ∀y ∈ CĴ .

In other words, ỹ = Ĵ(ũ) is also an extended reference point minimizer and we have

Ĵ(ū) = Ĵ(ũ) due to uniqueness of this minimizer. Next, we define for λ ∈ (0,∞) the

shifted reference point zλ := Ĵ(ū) +λ(z− Ĵ(ū)). If we look at the necessary and sufficient

condition (3.22) for extended reference point minimizers, we can observe that

(Ĵ(ū)− zλ, y − Ĵ(ū))2 = λ(Ĵ(ū)− z, y − Ĵ(ū))2 ≥ 0 ∀y ∈ CĴ

and identically for ũ, so both ū and ũ are extended reference point minimizers with the

reference point zλ. Because of z < Ĵ(ū), we have zλ < Ĵ id if λ is large enough. Theorem

3.34 states that the reference point problem to the reference point zλ has a unique, global

solution, so we have ū = ũ. �

3.39 Remark:

a) Note that in the proof of Corollary 3.38, we did not assume that z < Ĵ(u) holds true for

all u ∈ Uad but only that z ≤ Ĵ(û) holds for one Pareto optimal control û ∈ Uad. This

means that the scalarizing function gz,2 is not necessarily monotonically increasing and

gz,2 ◦ Ĵ may not be convex on Uad, even though Ĵ1 and Ĵ2 are. Nevertheless, we have

shown that a global solution of the reference point method exists and will be (weakly)

Pareto optimal for ρ = 2.

b) It was assumed without loss of generality in the previous Corollary that Ĵ2 is the strictly

convex function. Of course, the same holds true if it is Ĵ1 instead. We have chosen the
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last one in our notation since this will be the case in the upcoming numerical examples.

�

For more than two objective functions, if we want to show that a minimizer of the

reference point method is also Pareto optimal, we can not rely on it to be an extended

minimizer. Instead, this is something that has to be assumed.

3.40 Corollary: Consider the case ρ ≥ 3. Then every extended reference point

minimizer ū is weakly Pareto optimal. If z < Ĵ(ū) holds, ū is Pareto optimal.

Proof. This is exactly Lemma 3.37(ii). �

3.41 Remark: If ū ∈ Uad is an extended reference point minimizer, we have seen

in the proof of Corollary 3.38 that it will also be one for every reference point zλ :=

λz + (1 − λ)Ĵ(ū), λ ∈ [0,∞). The geometrical interpretation of this phenomenon is that

we can move the reference point along the ray starting from Ĵ(ū) and going through z

without changing the solution. With the assumption z < Ĵ(ū), zλ will eventually be

smaller than the ideal objective vector Ĵ id. We have already learned in Remark 3.14 that

the distance function gzλ,2 will then be strongly monotonically increasing. This in turn

allows Lemma 3.13(ii) to apply, thereby again stating that ū is Pareto optimal in this case.

This corroborates that the condition z < Ĵ(ū) is strongly linked to Pareto optimality of

the reference point minimizer. �

3.4.3 The iterative reference point algorithm

The difference between Corollaries 3.38 and 3.40 already hints at the fact that the refer-

ence point method is well suited for two objective functions, i.e. ρ = 2. Furthermore, we

can intuitively find a sensible variation of the reference points to cover the Pareto front

iteratively like in Algorithm 3.17. We will first describe this procedure for ρ = 2 and later

elaborate on the arising difficulties in the case ρ > 2.

In two objective dimensions, we often observe that the Pareto front Jopt can be locally

described by a one-dimensional path, cf. Figures 3.2(b) and 3.3(b). As in Algorithms

3.17 and 3.31, we want to derive an iterative procedure that can be used to numerically

compute the front. Remark 3.41 states that the ray {zλ | λ ∈ [0,∞)} lies perpendicular

to the Pareto front at Ĵ(ū). This information can be used to approximate geometrical

first-order information about the Pareto front. At the iterate ūi with the reference point

135



3 Multiobjective optimal control

z(i), we can define the normed vectors

ϕ(i) :=
z(i) − Ĵ(ūi)

|z(i) − Ĵ(ūi)|2
, ψ(i) :=

(
ϕ

(i)
2

−ϕ(i)
1

)
, (3.25)

where ψ(i) now lies tangential to the Pareto front by construction. If we assume that

z(i) < Ĵ(ū(i)) holds, ψ(i) lies in the upper left quadrant (−∞, 0) × (0,∞). The idea is to

obtain a reference point by starting from Ĵ(ūi) and going in the directions of ψ(i) and ϕ(i):

z(i+1) := Ĵ(ūi) + h‖ψ(i) + h⊥ϕ(i) (3.26)

where h‖,h⊥ ∈ (0,∞) are scalar values. The step size h‖ determines the coarseness of

J num
opt while h⊥ can be used to choose the distance of the reference points from Jopt. Since

ψ(i) moves the reference point towards the “upper left”, it tends to decrease Ĵ1 and increase

Ĵ2 from (i) to (i+ 1). We would therefore like to start with a very small value of Ĵ2 as not

to miss parts of Jopt on the “lower right”. This can be done by choosing ū1 as the solution

to a weighted sum method (3.13) with the weight ω = (0, 1)>. Alternatively, we can

choose ω = (ε, 1− ε)> with 0 < ε � 1 to ensure that ū1 is Pareto optimal, cf. Corollary

3.24(ii). Note that we can not yet define the vectors ϕ(1),ψ(1) as in (3.25) because there is

no reference point z(1). Instead, we know from (?, Lemma 3.23) that Jopt lies horizontal

at the lower right boundary point Ĵ(ū1) and choose ϕ(1) := (0,−1)>, ψ(1) = (−1, 0)>. In

case of ω = (ε, 1− ε)>, these values have to be adapted to

ϕ(1) =
1√

ω2 + (1− ω)2

(
ω

−1 + ω

)
, ψ(1) =

1√
ω2 + (1− ω)2

(
−1 + ω

−ω

)
.

For a natural termination criterion, Corollary 3.38 tells us that we can expect optimality

of ūi if z(i) < Ĵ(ūi), so we will break the iteration if this no longer holds. Additionally, if

Ĵ1(ū(i)) ≥ Ĵ1(ū(i−1)), or Ĵ2(ū(i)) ≤ Ĵ2(ū(i−1)), the algorithm no longer moves to the upper

left, so we terminate as well.

To choose the tangential grid size h‖, we can - in addition to ū1 - compute ū0 as the

solution to the weighted sum problem (3.13) with weight ω = (1, 0)> (or (1− ε, ε)> with

0 < ε � 1). If we assume that Ĵ(ū1) and Ĵ(ū0) represent the lower right and upper left

end of Jopt, every curve lying in Jopt between these two points can not be longer than the

path {(
Ĵ1(ū0)

λĴ2(ū0) + (1− λ)Ĵ2(ū1)

) ∣∣ λ ∈ [0, 1]

}

∪

{(
λĴ1(ū1) + (1− λ)Ĵ1(ū0)

Ĵ2(ū1)

) ∣∣ λ ∈ [0, 1]

}
,
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•

•

Ĵ(ū0)

Ĵ(ū1)

Figure 3.7: Longest possible trajectory lying in Jopt between Ĵ(ū0) and Ĵ(ū1)

with length |Ĵ(ū0)− Ĵ(ū1)|1 = |Ĵ1(ū0)− Ĵ1(ū1)|+ |Ĵ2(ū0)− Ĵ2(ū1)|, cf. Figure 3.7. With

a maximal iteration number of n ∈ N, we can therefore set a step size of

h‖ =
|Ĵ1(ū0)− Ĵ1(ū1)|+ |Ĵ2(ū0)− Ĵ2(ū1)|

n
. (3.27)

Algorithm 3.42 Iterative reference point method

Require: Maximal iteration number n ∈ N, distance size h⊥ > 0.
1: Compute the solutions ū1, ū0 of the weighted sum method (3.13) with weights (0, 1)>

and (1, 0)>.
2: Set Unum

opt ← {ū1} and J num
opt ← {Ĵ(ū1)}.

3: Compute the parallel step size h‖ by (3.27).
4: Set ϕ(1) = (0,−1)> and ψ(1) = (−1, 0)>.
5: for i = 2, ...,n do
6: Calculate the current reference point z(i) by (3.26).
7: Solve the reference point problem (3.18) with solution ūi.
8: if z(i) < Ĵ(ūi) and Ĵ1(ūi) < Ĵ1(ūi−1) and Ĵ2(ūi) > Ĵ2(ūi−1) then
9: Unum

opt ← Unum
opt ∪ {ūi} and J num

opt ← J num
opt ∪ {Ĵ(ūi)}.

10: Compute the directional vectors ϕ(i) and ψ(i) by (3.25).
11: else
12: return Unum

opt and J num
opt .

13: end if
14: end for

3.43 Remark: We can compare Figures 3.5b) and 3.8b) for a clear example of some

of the Euclidian reference point method’s advantages over the weighted sum method.

First, consider the nonconvex part of Jopt. While Theorem 3.29 explicitly states that

these parts can not be computed by any weighted sum method, Corollary 3.38 only states

137



3 Multiobjective optimal control

0 0.2 0.4
0

0.1

0.2

0.3

0.4

0.5 Suboptimal values
Pareto front
RP solutions

(a) Example 3.4. The step sizes were chosen as
h⊥ = 0.05, h‖ = 0.03. Jopt consists of 31
points.
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(b) Example 3.5 with the additional constraint
that u ∈ [0, 1]2. The step sizes were chosen
as h⊥ = 0.05, h‖ = 0.05. Jopt consists of 33
points.

Figure 3.8: Result of the reference point algorithm 3.42. The solutions to the reference
point method (3.11) were computed by the trust region method from Reminder
1.51.

that there is no analytical guarantee that Pareto optimal points in this area can be com-

puted by a Euclidian reference point method. Therefore, it may still be possible that

suitable reference points exist to represent these nonconvex parts. As can be seen in Fig-

ure 3.8b), there indeed turn out to be reference points belonging to the nonconvex part

of Jopt. So even if there is no analytical certainty, the numerical implementation of the

reference point method may well work even for nonconvex objective functions.

Second, we can observe for the weighted sum method in Figure 3.5b) that the chosen

uniform representation of weights ω does not correspond to a uniform representation of

J num
opt in R2. Figure 3.8b) indicates that the reference point algorithm works much better

in this regard. By maintaining a fixed value of h‖, the reference points z(1), ..., z(n) are

spaced evenly in R2 which yields a similar equidistance of J num
opt . �

3.44 Remark: If the objective dimension exceeds ρ = 2, we are faced with the geo-

metrical problem that the orthogonal space to the vector ϕ(i) is no longer one-dimensional.

For the example ρ = 3, there exist two vectors ψ(i),1,ψ(i),2 orthogonal to ϕ(i), so we would

have to choose the next reference point somewhere on the hyperplane{
Ĵ(ūi) + h⊥ϕ(i) + h

‖
1ψ

(i),1 + h
‖
2ψ

(i),2
∣∣ h‖1,h

‖
2 ∈ R

}
. (3.28)
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3.5 Bicriterial quadratic QTU optimal control of linear evolution equations

Due to the abundance of possible new reference points, more sophisticated strategies need

to be thought of here in order to cover the Pareto front. �

3.5 Bicriterial quadratic QTU optimal control of linear evolution

equations

In this section, we apply the multiobjective framework from the last sections to the specific

cost functions from Chapter 2.

3.45 Definition

Let all assumptions from Definitions 2.1 and 2.2 hold. We then consider the bicriterial

optimal control problem

min
y∈W (0,T )

u∈U

J(y,u) =

(
αQ
2

∫ T
0 ‖ΘΦQy(t)− zQ(t)‖2Z dt+ αT

2 ‖ΘΦT y − zT ‖2Z
αU
2 ‖u− u◦‖

2
U

)
(3.29a)

s.t.

{
yt(t) +A(u)(t)y(t) = F(u)(t) in V′, f.a.a. t ∈ (0,T )

y(0) = y0 in H
(3.29b)

and u ∈ Uad, (3.29c)

where J : W (0,T )×U→ R2 is the bicriterial QTU cost function, (3.29b) is called the

state equation and the admissible set Uad is either given by U itself (unconstrained

case) or by [ua,ub] with ua,ub ∈ U and ua ≤ ub (box-constrained case).

In (2.2) and (2.6), we have introduced the solution operator S : U → W (0,T ) and the

adjusted solution operators SQ : U → L2(0,T ;H), ST : U → H for the state equation

(3.29b). With the help of these, (3.29) can equivalently be expressed as

min
u∈U

Ĵ(u) =

(
αQ
2

∫ T
0 ‖ΘSQ(u)(t)− zQ(t)‖2Z dt+ αT

2 ‖ΘST (u)− zT ‖2Z
αU
2 ‖u− u◦‖

2
U

)
s.t. u ∈ Uad.

(3.30)

Here, Ĵ : U→ R2 defined by Ĵ(u) = J(S(u),u) for u ∈ U is called the essential bicriterial
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QTU cost function.

3.46 Corollary: Let A and F be differentiable. Then Ĵ is differentiable with gradients

∇Ĵ1(u) = [F ′(u)−A′y(u)]∗p, ∇Ĵ2(u) = αU (u− u◦) ∀u ∈ U

where p ∈W (0,T ) solves the adjoint equation

− 〈pt(t),ϕ〉V′×V + 〈A(u)(t)ϕ, p(t)〉V′×V
= αQ〈Θ∗(Θy(t)− zQ(t)),ϕ〉H ∀ϕ ∈ V, f.a.a. t ∈ (0,T ) (3.31a)

p(T ) = αTΘ∗(Θy(T )− zT ) in H (3.31b)

and y ∈ W (0,T ) is the solution to the state equation (3.29b). The adjoint is to be

understood as in (2.18).

Proof. This follows directly from Lemma 2.12 applied individually to the cost functions

Ĵ1 and Ĵ2. �

3.47 Corollary: Let A and F be twice differentiable. Then Ĵ is twice differentiable

with Hessians

[∇2Ĵ1(u)]h =
[
F ′(u)−A′y(u)

]∗
q +

[
F ′′(u)(h, ·)−A′′y(u)(h, ·)− 2A′yh(u)

]∗
p,

[∇2Ĵ2(u)]h = αUh

for all u,h ∈ U, where the adjoints are to be understood as in (2.18). Here, y ∈ W (0,T )

solves the state equation (3.29b), p ∈ W (0,T ) solves the adjoint equation (3.31) and

q ∈W (0,T ) solves the second adjoint equation

−〈qt(t),ϕ〉V′×V + 〈A(u)(t)ϕ, q(t)〉V′×V = αQ〈Θ∗Θy(t),ϕ〉H ∀ϕ ∈ V, f.a.a. t ∈ (0,T ),

(3.32a)

q(T ) = αTΘ∗Θy(T ) in H. (3.32b)

Proof. This follows directly from Lemma 2.13 applied individually to the cost functions

Ĵ1 and Ĵ2. �

For the computation of the Pareto front J num
opt , we employ the reference point method

in form of Algorithm 3.42. For a reference point z ∈ R2, the reference point function from
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3.5 Bicriterial quadratic QTU optimal control of linear evolution equations

(3.18) is given by Ĵgz,2 : U→ R and

Ĵgz,2(u) =
1

2

(
Ĵ1(u)− z1

)2
+

1

2

(
Ĵ2(u)− z2

)2
=

1

2

(αQ
2

∫ T

0
‖ΘSQ(u)(t)− zQ(t)‖2Z dt+

αT
2
‖ΘST (u)− zT ‖2Z − z1

)2

+
(αU

2
‖u− u◦‖2U − z2

)2

for all u ∈ U.

3.48 Corollary: LetA be uncontrolled (A(u) = A for all u ∈ U), F ∈ L(U,L2(0,T ;V′))

and αU > 0 in case of Uad = U. Then the bicriterial problem (3.30) satisfies Assumption

3.19. Furthermore:

(i) For every weight vector ω ∈ Rρ with ω ≥ 0, the weighted sum method (3.13) to

Problem (3.30) admits a global solution and every local solution is also global. If

αU > 0 and ω2 > 0, the solution is unique. Every solution is a weak Pareto optimum

of (3.30) and a Pareto optimum in case of ω > 0. Additionally, every weak Pareto

optimum of (3.30) is the solution to a weighted sum method with a weight ω ≥ 0,

ω 6= 0.

(ii) For every reference point z ∈ Jopt − [0,∞)2, the reference point method (3.18) to

Problem (3.30) admits a weakly Pareto optimal solution ū ∈ Uad which is Pareto

optimal if z < Ĵ(ū). If αU > 0 holds additionally, ū is unique.

Proof. Assumption 3.19-(1) is satisfied because both U and [ua,ub] are closed and convex

in U. Corollary 2.17 states that Ĵ1, Ĵ2 are convex and Ĵ2 is strictly convex. They are

further continuous by Lemma 2.7 since both A and F are continuous as mappings in u.

They are also bounded from below by 0. Altogether, Assumption 3.19-(ii) is true. If Uad

is unbounded, clearly we have Ĵ2(u) → ∞ as ‖u‖U → ∞ in Uad, so Assumption 3.19-(3)

is satisfied as well.

(i) The existence of solutions to the weighted sum method is Theorem 3.20, the Pareto

optimality of these solutions is Corollary 3.24. The fact that weak Pareto minima

are weighted sum solutions is Theorem 3.29.

(ii) This is exactly the claim of Corollary 3.38 for convex, two-dimensional objective

functions.

�

3.49 Theorem: A-posteriori error estimators for u

Let A be uncontrolled (A(u) = A for all u ∈ U), F ∈ L(U,L2(0,T ;H)) and αU > 0 in

case of Uad = U. Consider an arbitrary vector u ∈ Uad.
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(i) Let ω ∈ R2 with ω ≥ 0, ω2 > 0 be a weight and ūω ∈ Uad a solution to the weighted-

sum method (3.13). Then we have the a-posteriori error estimate

‖ūω − u‖U ≤
1

ω2αU
‖ξu‖U =: ∆ω(u). (3.33)

(ii) Let z ∈ Jopt− (0,∞)2 and ūz ∈ Uad a solution to the reference point method (3.18).

Then we have the a-posteriori error estimate

‖ūz − z‖U ≤

(
Ĵ2(u)− z2

2

)−1

‖ξu‖U =: ∆z,2(u). (3.34)

In both cases, the perturbation functions are given by

ξu ∈ U, ξu(x) :=


max(0,−∇Ĵg(u)(x)), if u(x) = ua(x)

min(0,−∇Ĵg(u)(x)), if u(x) = ub(x)

−∇Ĵg(u)(x), otherwise

f.a.a. x ∈ X,

where Ĵg denotes either Ĵgω or Ĵgz,2 .

Proof. (i) The weighted sum cost function has the form

Ĵgω(u) =
ω1αQ

2
‖θSQ(u)− zQ‖2L2(0,T ;Z) +

ω1αT
2
‖ΘST (u)− zT ‖2Z

+
ω2αU

2
‖u− u◦‖2U ∀u ∈ U.

Therefore, the claim follows from Theorem 1.23.

(ii) This was shown in (Banholzer, 2017, Corollary 3.51).

�

We also take the following estimator for the cost function from (Banholzer, 2017, Propo-

sition 3.51).

3.50 Theorem: Error estimator for J

Let A be uncontrolled (A(u) = A for all u ∈ U), F ∈ L(U,L2(0,T ;H)) and αU > 0 in

case of Uad = U. Let z ∈ Jopt − (0,∞)2 be a reference point, ūz ∈ Uad the solution to the

reference point method (3.18) for Problem (3.29) and u ∈ Uad an arbitrary control. Then

we have the a-posteriori error estimate

|Ĵ(ūz)− Ĵ(u)|2 ≤
1

2

(
Ĵ2(u)− z2

2

)− 1
2

‖ξu‖U, (3.35)

142



3.5 Bicriterial quadratic QTU optimal control of linear evolution equations

with the perturbation function ξu ∈ U from Theorem 3.49.

We now present some numerical examples whose basic setups coincide with those from

the Examples I-IV. Similar results as in Example V and Example VII have already been

published in Banholzer et al. (2017), to which the author has made essential contributions.

3.5.1 Numerical example V: Linear-quadratic bicriterial heat control in a

building

In Example I, we have introduced the control problem for the heat optimization in a

simplified building including a distributed and a boundary variable. The heat tracking

and control penalization terms in the cost function were scaled against each other using the

variable αU = 10−3, a fairly arbitrary value to make cost penalization almost neglectible.

A different approach is to use multiobjective optimization, where the cost function is split

into a vector to eliminate the a-priori scaling between these terms. The state equation

remains the same as in (2.55), namely

yt(t,x)− κ∆y(t,x) + b(t,x) · ∇y(t,x) = u1(t)ξ(x) f.a.a. (t,x) ∈ Q (3.36a)

κ ∂y∂n(t,x) + q(s)y(t, s) = q(s)ya(t) + u2(t)ζ(s) f.a.a. (t, s) ∈ Σ (3.36b)

y(0,x) = 17 f.a.a. x ∈ Ω. (3.36c)

The bicriterial optimal control problem is then given by

min
y∈W (0,T )

u∈L2(0,T ;R2
2)

J(y,u) =

(
1
2

∫ 24
0

∫
Ω|y(t,x)− 17|2 dx dt
0.1
2

∫ 24
0 |u(t)|22 dt

)
(3.37a)

s.t. (y,u) solves (3.36) (3.37b)

and 0 ≤ u. (3.37c)

Obviously, (3.37) is a special instance of (3.29), so we know how to derive gradients and

Hessians of the essential cost function. Since this works almost identically as in Example I,

we will not be giving further details here. In order to compute the Pareto set Uopt and the

Pareto front Jopt of (3.37), we employ the weighted sum method and the reference point

method. For the scalar optimization problems, we have utilized the Projected Newton-CG

method from Reminder 1.49.

The numerical Pareto front J num
opt as computed by these two methods is depicted in

Figure 3.9. For the weighted sum method, the weights were chosen equidistantly as ω
(i)
1 =

(i − 1)∆ω and ω
(i)
2 = 1 − (i − 1)∆ω for i = 1, ..., 50 and ∆ω = 1

50 . This equidistance

does not result in an equidistant distribution of the computed Pareto points in R2, with

a dense clustering of points in the ”upper left” area of the Pareto front. Recall that a
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0 20 40 60 80

20

40

(a) Computed using the weighted sum method
with Algorithm 3.31 and n = 50 equidistant
weights.
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(b) Computed using the reference point method
with Algorithm 3.42 and h‖ = 4, h⊥ = 1.5.
A total of 32 iterations were performed.

Figure 3.9: Numerical Pareto front J num
opt of (3.37).

small value of Ĵ1 indicates a close tracking of the ideal temperature while small values of

Ĵ2 mark small control efforts. The first weight ω(1) = (0, 1)> in Figure 3.9a corresponds

to the upper left point with the control variable set to u = 0. The next computed Pareto

points contain an incrementally bigger weight on the control cost which results in a small

increase of the cost penalization Ĵ2 and a large drop of the tracking term Ĵ1. We also see

that the Pareto points are grouped very densely in this area. After only some 10 steps

are left, the Pareto points are spaced more sparsely until the last one belonging to the

weight ω(50) = (49
50 , 1

50)> lies near (0, 100)> in the objective plane. Note that we have

purposefully avoided the boundary weight ω = (1, 0)> since the corresponding weighted

sum method would contain no cost penalization, leading to undesirable theoretical and

numerical properties such as bang-bang controls (cf. Section 3.2.4 in Tröltzsch (2010)) or

the uncertainty whether the weighted sum solution would actually be Pareto optimal (cf.

Corollary 3.24).

In Figure 3.9b, we can see the results of the reference point method. The spacing in

the objective plane is comparably equidistant, which is unsurprising because the reference

point method’s objective-oriented nature. The upper-left initial point with zero control

value obviously yields the same value as for the weighted sum method, while the lower-

right terminal point is located near (0, 100)> and yields a comparable value as the weighted

sum method’s terminal point.

As far as the qualitative results in the objective plane are concerned, we can summarize

that both methods allow us to identify the area in which both objectives vary at compara-

ble speeds, lying somewhere in the box [5, 40] for the Ĵ2-values. For values below 5, it does

not seem worth it to use the control u = 0 with the smallest value of Ĵ2, since this would

come at the price of the very large Ĵ1-value of 45. Instead, using the Pareto point near

(20, 5)> seems like the better choice in this area. The same argument can be made for the

lower-right area with a Ĵ2-value exceeding 40. Here, further improvements of Ĵ1 come at

the cost of immensely higher cost values and it does not seem worth the additional effort.
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Figure 3.10: Iterative complexity during the computation of J num
opt for (3.37).

In the middle area, where the slope of the Pareto front is neither too small nor too large,

there is always a significant trade-off between Ĵ1 and Ĵ2.

Figure 3.10 shows the numerical complexity of the scalar optimization problems in each

iteration for both the weighted sum and the reference point method. The weighted sum

method was set to use 50 iterations while the reference point method converged after 32

iterations.

In Figure 3.10a, we can see the number of iterations the Projected Newton-CG method

takes to converge to a minimum of the scalarization method. Both methods took about 5

iterations on average. The weighted sum method requires a large number of iterations in

the beginning, which can be attributed to a poor initial guess of the algorithm, whereas

later iterations have the benefit of warm starts by the previous solution.

Figure 3.10b depicts the computation time per scalar iteration. Here we can see that the

reference point method generally requires more time than the weighted sum scalarization.

This aspect can be attributed to the quartic nature of the reference point cost function

as well, its nonconstant Hessian containing slightly more complexity than that of the

weighted sum cost. Furthermore, we can see an increase in computational demand over

the course of the algorithms. In this case, we have computed the Pareto fronts in Figure

3.9 by going from left to right. Note that in the beginning, we compute very small values

of Ĵ2, which are easy to obtain since it is simple to minimize the quadratic function Ĵ2.
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During the end of the algorithms, however, we get increasingly close to the minimum of

Ĵ1, which in itself is not easy to compute due to its lack in strong convexity. Therefore,

it is only natural that the scalar iterations take more and more time the closer we get to

this elusive minimum.

The total computation times are 632 seconds for the weighted sum method and 483 seconds

for the reference point method. However, recall that this comparison has to be taken with

a grain of salt because both computations were carried out sequentially even though the

weighted sum method is easily parallelizable on multi-core processors, as it was mentioned

on page 129.

3.5.2 Numerical example VI: HVAC bicriterial heat control in a building

Just as the previous section has reinterpreted the scalar-valued Problem (2.56) as a specific

scalarization of the more general multiobjective optimal control problem (3.37), we can

do the same for the nonlinear, nonconvex problem (2.62). The state equation remains the

same as before, namely

yt(t,x)− κy(t,x) + u3(t)b(t,x) · ∇y(t,x) = u1(t)ξ(x) f.a.a. (t,x) ∈ Q

(3.38a)

κ
∂y

∂n
(t, s) + q(s)y(t, s) = q(s)ya(t) + u2(t)ζ(s) f.a.a. (t, s) ∈ Σ

(3.38b)

y(0,x) = 17 f.a.a. x ∈ Ω. (3.38c)

The multiobjective optimal control problem is given by

min
y∈W (0,T )

u∈L2(0,T ;R3
ω)

J(y,u) =

(
1
2

∫ 24
0

∫
Ω|y(t,x)− 17|2 dx dt
1
2

∫ 24
0 |u(t)|2ω dt

)
(3.39a)

s.t (y,u) solves (3.38) (3.39b)

and 0 ≤ u, (3.39c)

which is a special instance of (3.29).

Just like in the previous secction, we employ a weighted sum method and a reference

point method to compute the Pareto set Uopt and the Pareto front Jopt. For the scalar

optimization problems, we use the trust region method from Reminder 1.51.

Figure 3.11 depicts the numerically computed Pareto fronts J num
opt for both methods.

Qualitatively, the results are comparable with those from Section 3.5.1, especially with

the reference point method yielding a more equidistant depiction of the Pareto front. Af-
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(a) Computed using the weighted sum method
with Algorithm 3.31 and n = 45 equidistant
weights.
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(b) Computed using the reference point method
with Algorithm 3.42 and h‖ = 4, h⊥ = 1.5.

Figure 3.11: Numerical Pareto front J num
opt of (3.39).

ter 24 iterations, the algorithm terminates with a good representation of Jopt while the

weighted sum method required 45 iterations to achieve a similar picture. Quantitatively,

optimal objective values do not exceed a value of 60 in the second component. In the

linear-quadratic case without advection control, seen in Figure 3.9, we have seen values

of up to 100 in this component. This indicates that the same level of approximation to

the desired state of yQ(t,x) = 17 is now possible with about 60% of the control effort. In

other words, the ability to (cheaply) control the advection flow decreases the amount of

heat energy we have to apply.

In Figure 3.12, we can see the computational demand of solving the iterative problems

arising in the weighted sum or reference point method, which has remarkably increased

from the linear-quadratic case in Figure 3.10. The maximal number of scalar iterations

was set to 30, which translates to 30 computations of the Generalized Cauchy Point (GCP)

and 30 runs of the Steihaug-Toint CG algorithm. As can be seen from Figure 3.12a, this

threshold was encountered multiple times, leading to a suboptimal termination with the

projected gradient norm above the threshold value of tol∇ = 10−3.

The computation times in Figure 3.12b have also increased drastically from the linear-

quadratic case by a factor of up to 20.

3.5.3 Numerical example VII: Linear-quadratic bicriterial heat control using

POD-ROM

The previous examples have shown that a lot of computational time is necessary in order to

solve a multiobjective optimal control problem. Furthermore, the scalarization algorithms

3.31 and 3.42 of the utilitzed methods can be viewed in a multi-query context since the

nature of the scalarization method changes gradually from multiobjective iteration to

iteration. This makes it a prime candidate for model-order reduction since the low-order

surrogate models can be computed on the fly using information that is generated by the
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Figure 3.12: Iterative complexity during the computation of J num
opt for (3.39).

optimization anyway.

As in Section 2.5.3, let us consider the semidiscrete case where v1, ..., vn ∈ V is a linear

Finite Element (FE) basis and we have to solve

min
yn∈H1(0,24;Vn)
u∈L2(0,24;R2

2)

J(yn,u) =

(
1
2

∫ 24
0

∫
Ω|y

n(t,x)− 17|2 dx dt
1
2

∫ 24
0 |u(t)|22 dt

)
(3.40a)

s.t.

{
〈ynt (t) +A(t)yn(t), vi〉V′×V = 〈F(u)(t), vi〉V′×V f.a.a. t ∈ (0, 24)

〈yn(0), vi〉H = 〈y◦, vi〉H ∀i = 1, ...,n

(3.40b)

and 0 ≤ u. (3.40c)

Here, the linear operator A and the nonlinearity F are given as in Example I by (2.57).

Using the solution operator Sn : U → H1(0,T ;Vn) for (3.40b), the essential version of

(3.40) is given by

min
u∈L2(0,24;R2

2)
Ĵn(u) = J(Sn(u),u) s.t. 0 ≤ u (3.41)
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and every scalarization method will take the form

min
u∈L2(0,24;R2

2)
g(Ĵn(u)) s.t. 0 ≤ u, (3.42)

where g : R2 → R is the current scalarizing function. Exactly as in (2.70), we use

a reference control uref ∈ L2(0, 24;R2
2) and its according state and adjoint trajectories

yref , pref ∈ H1(0, 24;Vn) to compute a POD subspace V` = span {ψ1, ...,ψ`} ⊂ Vn with

a V-orthonormal basis ψ1, ...,ψ`. A Galerkin discretization of (3.40) onto V` yields the

POD-reduced multiobjective optimal control problem

min
y`∈H1(0,24;V`)
u∈L2(0,24;R2

2)

J `(yn,u) =

(
1
2

∫ 24
0

∫
Ω|y

`(t,x)− P`H(17)|2 dx dt
1
2

∫ 24
0 |u(t)|22 dt

)
(3.43a)

s.t.

{
〈y`t (t) +A(t)y`(t),ψi〉V′×V = 〈F(u)(t),ψi〉V′×V f.a.a. t ∈ (0, 24)

〈y`(0),ψi〉H = 〈y◦,ψi〉H ∀i = 1, ..., `

(3.43b)

and 0 ≤ u. (3.43c)

With the solution operator S` : U→ H1(0, 24;V`) to (3.43b), this can be reformulated in

essential form as

min
u∈L2(0,24;R2

2)
Ĵ `(u) = J `(S`(u),u) s.t. 0 ≤ u. (3.44)

Finally, the POD-reduced scalarization method is given by

min
u∈L2(0,24;R2

2)
g(Ĵ `(u)) s.t. 0 ≤ u. (3.45)

After assembling the POD model, all scalar optimizations in Algorithm 3.17 can be re-

placed by their reduced-order counterpart (3.45). This is done in the following for the

weighted sum and reference point methods that have been presented in Example I. In the

POD variant, the error estimators in (3.33) and (3.34) are used to adaptively update the

POD basis when it becomes necessary. Let ūpodi ∈ Uad for i = 1, 2, ...,n denote the Pareto

optimal controls of (3.43b) computed by Algorithm 3.51, with the scalarization being

given either by the weighted sum method or the reference point method. The first of these

solutions is computed just as in the full-order versions of these algorithms, so either we

obtain the solution ū1 for the first weight in the weighted sum method (Algorithm 3.31)

or we compute the two initial controls ū0, ū1 for the reference point method (Algorithm

3.42). Then ū1 is used as a reference control to build a POD basis ψ1, ...,ψ` ∈ Vn and

we perform a Galerkin discretization of all state and adjoint equations onto the reduced
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space V`. From here on, the algorithms continue as usual, but after each new control ūpodj

is obtained, we evaluate the error estimator for it. If this exceeds a predefined threshold

value of tol∆ > 0, we require a basis update. Using ūpodj as the new reference control,

we compute the according state and adjoint solutions yref , pref ∈ H1(0, 24;Vn) and project

them onto the V-orthogonal complement of V` by

y⊥(t) := y(t)−
∑̀
i=1

〈y(t),ψi〉Vψi, p⊥(t) := p(t)−
∑̀
i=1

〈p(t),ψi〉ψi f.a.a. t ∈ (0, 24).

Exactly as in (2.70), we construct a POD basis ψ`+1, ...,ψ`+ν to these trajectories and

perform a Gram-Schmidt orthonormalization method on {ψ1, ...,ψ`+ν} for the sake of

numerical stability. We then define V`+ν := span{ψ1, ...,ψ`+ν}, perform another Galerkin

discretization of (3.40) onto V`+ν and continue with this reduced-order model until the

next error estimator exceeds the threshold. This procedure is summarized in Algorithm

3.51 and works for the weighted sum and the reference point method.

Algorithm 3.51 Multiobjective optimization by iterative scalarization with adaptive
POD

Require: Maximal iteration number n ∈ N and termination criterion. Error estimator
∆ : U→ R, threshold tol∆ > 0, basis length ` ∈ N and maximum basis length `max > `.

1: Choose an initial scalarization function g1 : R2 → R.
2: Compute a minimizer ūfem1 of the scalarization method.

3: Set Unum
opt ← {ū

pod
1 } and J num

opt ← {Ĵ(ūfem1 )}.
4: Compute an initial POD basis ψ1, ...,ψ` with ūfem1 as reference control.
5: Set Ψ← {ψ1, ...,ψ`} and L← `.
6: for i = 2, ...,n do
7: Choose a scalarization function gi : Rρ → R.
8: Compute a minimizer ūpodi of (3.9) with scalarization function gi.

9: Unum
opt ← Unum

opt ∪ {ū
pod
i } and J num

opt ← J num
opt ∪ {Ĵ(ūpodi )}.

10: Compute the error estimator ∆(ūpodi ).

11: if ∆(ūpodi ) > tol∆ and L < `max then
12: Set L̃← min(L+ `, `max).

13: Use ūpodi as a reference control to compute new basis vectors ψL+1, ...,ψL̃.

14: Set Ψ← Ψ ∪ {ψL+1, ...,ψL̃} and L← L̃.
15: Switch to the POD model defined by the Galerkin projection onto span(Ψ).
16: end if
17: if Termination criterion reached then
18: return Unum

opt , J num
opt and Ψ.

19: end if
20: end for

In Figure 3.13, we can observe the workings of Algorithm 3.51 applied to Problem (3.37).

For both scalarization methods, we have used ` = 2, `max = 15 and tol∆ = 10−1. For the
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Figure 3.13: Error estimator and POD basis length ` over the course of the MO iteration.

first three quarters of the multiobjective iteration, the strategy works as we would have

expected - after a short initialization phase, the reduced-order models remain viable for

some iterations, after which we have strayed too far from the dynamics of the reference

control and the error estimator would increase beyond tol∆. To counteract this, the basis is

enhanced with fresh full-order information at the current control, which leads to a decrease

of the error estimator below the tolerance value. When we get closer to the end of the

iteration, however, a drastic increase in the estimator can be observed which further basis

updates are apparently unable to counteract. The reason for this lies in an efficiency lack

of the error estimators and can be best explained by analyzing Figure 3.14.

It shows the comparison between the error estimator and the error to the truth solu-

tions ūfem
i . For the weighted sum method, the error estimator ∆ω from (3.33) proves to be

a satisfyingly tight bound right until the very end, where a drastic overestimation takes

place. In this region, we encounter values of ω2 which are very close to zero, leading to a

high number in the constant factor 1/(αUω2). A similar effect takes place in the reference

point method, but occurs much sooner in the iteration. The estimator ∆z,2 from (3.34)

contains a similar factor given by (Ĵ2(u) − z2)−1. Near the middle of the multiobjective

iteration, we find ourselves in a near-horizontal part of the Pareto front Jopt, as depicted

in Figure 3.11b. Since u coincides with a POD-suboptimal solution ūpodz to the reference

point method, the vector Ĵ(u) − z is orthogonal to the Pareto front. Since the front is

near-horizontal, this translates to a very small difference Ĵ2(ūpodz )−z2. Because the inverse

of this term enters the error estimator, the result is another drastic overestimation towards

the end of the algorithm. In both cases, this discrepancy goes back to the fact that the
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Figure 3.14: True error and error estimators in the control variable for each scalar iteration
over the course of the multiobjective optimization of (3.37).

scalarization cost function Ĵgω or Ĵgz,2 comes very close to being just convex instead of

strongly convex. We could counteract this problem by introducing an intelligent scaling

of the error estimators depending on the values of ω2 or (Ĵ2(ūpodz ) − z2), but this would

result in a loss of rigor, allowing the real error to potentially exceed the estimator. Since

the overestimation only results in a minor basis increase towards the end in our case, we

accept this deficiency and keep using the estimators as they are instead.

In Figure 3.15, we see a depiction of the cost function estimator ∆J
z,2 from (3.35) and

the error in the cost function to the truth solution. As for the control estimator ∆z,2,

we observe satisfactory results in the first half of the iteration, after which the factor

(Ĵ2(ūpodz )− z2)−1/2 leads to a similar explosion of ∆J
z,2, albeit slightly less drastic than for

∆z,2 due to the square root.

From Figure 3.16, we can see that computation times are decreased by a factor of 10

when the adaptive POD strategy from Algorithm 3.51 is employed. The error estimation

is about as costly as the optimization of the reduced-order scalarizations.

3.5.4 Numerical example VI: HVAC bicriterial heat control using POD-ROM

For the nonlinear, advection-controlled problem (3.39), we also introduce a reduced-order

version analogous to (3.43) and its reduced-order scalarizations (3.45). Since this is done
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Figure 3.15: Errors in the cost function Ĵ for each scalar iteration over the course of the
MO iteration of (3.37).
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Figure 3.16: Computation times over the course of the MO iteration of (3.37).

153



3 Multiobjective optimal control

10 20 30 40

10-4

10-2

100 pod fem fem

pod fem fem

(a) Weighted sum method

5 10 15 20
10-6

10-4

10-2

100

pod fem fem

pod fem fem

(b) Reference point method

Figure 3.17: Evolution of the error in controls and cost function values for each scalar
iteration over the course of the multiobjective, reduced-order optimization of
(3.39).

exactly as in the previous chapter, we omit its derivation here. The particular reduced-

order model is generated with the reference control uref ∈ U given by the second iterate of

the scalarization methods with a basis length of ` = 8. As it was mentioned at the end of

Section 1.4, there is no easy way to adapt the error estimators from Theorem 3.49 to the

case where the cost function is nonconvex. Therefore, we choose a large basis size and do

not update the surrogate model throughout the multiobjective iteration.

Figure 3.17 depicts the evolution of the true relative error over the course of the multi-

objective iterations. As we can see, all error curves tend to increase during the iteration,

which can be attributed to the reduced-order model being generated at the start. Towards

the end, we observe relative errors in the control variable up to orders of 10−1 with the

weighted sum method and even in the range of 100 for the reference point method. How-

ever, the cost function values never stray above relative magnitudes of 10−2 and are often

far below that. This tendency is especially acceptable for the reference point method,

since its main focus is to compute a good representation of the Pareto front Jopt, not

the Pareto set Uopt. This is still achieved since the error in the generated Pareto points

remains in the per mill range.

Figure 3.18 shows the computation times for the multiobjective optimizations. In con-

trast to the linear-quadratic case in Figure 3.16, we can see an increase in computation
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Figure 3.18: Computation times over the course of the MO iteration of (3.39).

time during the iteration. The major reason for this lies in the inexact choice of the Gen-

eralized Cauchy Point from Reminder 1.51, which requires much more computational time

towards the end. It was argued before that the scalarization functions contain convexify-

ing factors at the beginning of the iteration. For the weighted sum method, this comes in

the form of a larger value of ω2 and the reference point method has an increased term of

(Ĵ2(u) − z2). Since the Generalized Cauchy Point contains among others a Wolfe-Powell

condition, it is easier to find for cost functions that contain these convexifying aspects.

Overall, we see a significant reduction in computation time by employing model-order

reduction. For the weighted sum method, the total time drops from 8611s to 1512s. The

reference point method is sped up from 3753s to 468s.

To summarize both multiobjective setups, we have seen that both the weighted sum

method and the reference point method are able to compute a finite representation of the

Pareto front for the linear-quadratic and nonlinear numerical examples. In each case, the

reference point method was able to depict a uniform discretization while the weighted sum

method produced a clustering of Pareto points for small control cost values. Every run

proved to be computationally expensive with the weighted sum method for the advection-

controlled setup taking the most time. This motivated the use of model-order reduction

by POD, which proved to succesfully compute comparable Pareto fronts with a significant

time reduction. In case of the linear-quadratic problem, the use of an error estimator

allowed us to adaptively update the basis when needed to contain the surrogate error
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beneath a given threshold. However, the overestimation became very drastic in parts of

the Pareto front where the scalarization methods were ”less convex”, which leads to a

significant and suboptimal increase in basis functions towards the end of the iteration.

3.6 A set-oriented approach

The results presented in this section grew out of a cooperation with the University of

Paderborn within the project Multiobjective Optimal Control of Partial Differential Equa-

tions Using Reduced-Order Modeling which is part of the DFG Priority Programme 1962 -

Non-smooth and Complementarity-based Distributed Parameter Systems: Simulation and

Hierarchical Optimization. They have previously appeared in Beermann et al. (2018) and

the author has made substantial contributions. There also exists a gradient-based version

of this algorithm for which we refer to Peitz (2017).

The scalarization approach for multiobjective optimization problems that was intro-

duced in Algorithm 3.17 usually relies on a fairly low dimension ρ of the objective space.

For example, the weighted sum method in Algorithm 3.31 uses a discretization of the

standard simplex T ⊂ Rρ and the reference point method moves sequentially along the

Pareto front Jopt ⊂ Rρ. Consequently, both methods suffer from the curse of dimension-

ality when it comes to increased numbers of ρ. As a benefit, however, the control space

U may still be high-dimensional after possible discretization. In Example V for instance,

the time interval was discretized into 200 discrete points and U was given by L2(0, 24;R2
2),

so it had 400 degrees of freedom after discretization. We will now present a method that

can be effectively used if U has very low dimension but the number ρ of cost function is

comparably large. More detailed information on the concepts in this section can be found

in Beermann et al. (2018) and Dellnitz et al. (2005).

Throughout this section, we consider problem instances of (3.2) where the control space

is given by U = Rm2 with a fairly low dimension m ∈ N and constrained by a bounded box

Uad = [ua,ub]. We present a particular, derivative-free algorithm, so the cost function Ĵ

is only assumed to be continuous.

3.6.1 The set-oriented sampling algorithm

Since we present a set-oriented strategy, we need to be able to compare sets of objective

values to each other.

3.52 Definition: Let U ,V ⊂ U be given subsets of the control space. We then use

the notation U �J V and say that U dominates V if for every control v ∈ V , there exists

another control u ∈ U such that Ĵ(u) ≤ Ĵ(v) and Ĵ(u) 6= Ĵ(v).
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At the beginning of the algorithm, let us assume that V0 is a decomposition of Uad, i.e.

a collection of subsets of Uad such that⋃
V0 = Uad, U ∩ V = ∅ ∀U ,V ∈ V0, U 6= V .

The goal is to inductively reshape V0 by a series of refinements (Vj)j∈N0 such that ∪Vj+1

is a subset of ∪Vj for all j ∈ N0 and that ∪Vj approximates Uopt as j →∞. This is done

in two recurring steps:

Algorithm 3.53 Subdivision and selection

Require: V0 a collection of subsets of Uad such that Uad = ∪V0.
1: for j = 0, 1, 2, ... do
2: Subdivision: Split each subset U ∈ Vj into a number of disjoint subsets WU ⊂ P(U)

such that ∪WU = U and W ∩ W̃ = ∅ for W , W̃ ∈ WU with W 6= W̃ . Define the
candidates for the next refinement level to

V̂j+1 =
{
W ∈WU

∣∣ U ∈ Vj

}
.

3: Selection: Define the next refinement level as

Vj+1 =
{
U ∈ V̂j+1

∣∣ @V ∈ V̂j+1 with V �J U
}

.

4: end for

Let us use the example U = R2 to illustrate the numerical reality. Each subset U ∈ Vj

can then be chosen as a box U = [a1, b1] × [a2, b2]. In the subdivision step of Algorithm

3.53, we may choose to divide U equidistantly into four smaller boxes along the medians

c1 = a1+b1
2 and c2 = a2+b2

2 :

WU =
{[
a1, c1

]
×
[
a2, c2

]
,
(
c1, b1

]
×
[
a2, c2

]
,
[
a1, c1

]
×
(
c2, b2

]
,
(
c1, b1

]
×
(
c2, b2

]}
.

However, many more subdivision techniques are valid here. In Figure 3.19, we see a

visualization for a variation in which each rectangle is only split along one of two dimension,

with the particular dimension alternating between iterations, which is the strategy we will

apply in the upcoming numerical examples.

3.54 Remark: Of course, it can not be numerically verified during the selection phase

of Algorithm 3.53 if it really holds V �J U for two sets U ,V ∈ V̂j+1 since that would

entail comparing an infinite amount of points in V and U against each other. Instead, we

distribute in each box U ∈ V̂j+1 a finite number of sampling points uU1 , ...,uUn ∈ U . Then

it is checked for every uUi if there exists another box V ∈ V̂j+1 and a point uVk ∈ V with

Ĵ(uVk ) ≤ Ĵ(uUi ) and Ĵ(uVk ) 6= Ĵ(uUi ). If that is the case for every point uUi , the set U is

marked as dominated and removed from the pool of sets in V̂j+1. �
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(a) j = 0, subdivision (b) j = 0, selection (c) j = 1, selection (d) j = 2, selection

Figure 3.19: Illustration of Algorithm 3.53 for U = R2
2 using rectangles as subsets. The

Pareto set Uopt is indicated by the red curve. The dots in each box indicate
the sample points mentioned in Remark 3.54.

Besides globality, a benefit of this technique is that it can easily be applied to higher

dimensions whereas geometric approaches struggle with a larger number of objectives.

However, the computational cost still increases with the dimension of the Pareto set such

that in practice, we are restricted to a moderate number of objectives, i.e. ρ ≤ 5.

We can conclude that in order to solve (3.2) by Algorithm 3.53, we have to evaluate the

objectives Ĵ for many different controls which can quickly result in a prohibitively large

computational effort if model evaluations are expensive. The idea is therefore to introduce

a reduced-order model which is less expensive to solve but on the other hand only yields

approximations of the exact function values.

3.6.2 Inexact cost function values

Suppose now that we can only evaluate the cost function approximately by a disturbed

replacement Ĵ ` : U→ Rρ which satisfies

|Ĵ `i (u)− Ĵi(u)| ≤ ∆J
i (u) ∀u ∈ Uad, ∀i = 1, ..., ρ (3.46)

and the upper bound function ∆J : Uad → Rρ can be evaluated more efficiently than an

actual computation of Ĵ . For a more detailed introduction to multiobjective optimization

with uncertainties, also with respect to the treatment of inexact gradients, the reader is

referred to Peitz (2017). Based on the inexactness, we now extend the concept of non-

dominance (cf. Definition 3.52) to inexact function values.

3.55 Definition: Let Ĵ , Ĵ ` : U→ Rρ denote the exact and inexact cost functions and

∆J : U→ Rρ the error bound satisfying (3.46).

a) A control u ∈ U is said to confidently dominate another control v ∈ U if it holds

Ĵ `i (u) + ∆J
i (u) ≤ Ĵ `i (v)−∆J

i (v) ∀i = 1, ..., ρ

and Ĵ `i (u) + ∆J
i (u) < Ĵ `i (v)−∆J

i (v) for at least one i ∈ {1, ..., ρ}.
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b) A set U ⊂ U condidently dominates another set V ⊂ U, in symbols U �∆ V , if for

every control v ∈ V , there exists a control u ∈ U such that u confidently dominates v.

c) The set Uopt,∆ of almost non-dominated points is defined as all controls u ∈ Uad which

satisfy:

@v ∈ Uad : Ĵ `i (v) + ∆J
i (v) ≤ Ĵ `i (u)−∆j

i (u) ∀i = 1, ..., ρ. (3.47)

It is apparent that Uopt,∆ is a superset of the Pareto set Uopt. Using Definition 3.55,

we can extend Algorithm 3.53 to the situation where the cost function is only known

approximately. This can simply be achieved by changing the non-dominance test in the

selection step to the weak condition in (3.47).

Algorithm 3.56 Inexact subdivision and selection

Require: V0 a collection of subsets of Uad such that such that Uad = ∪V0.
1: for j = 0, 1, 2, ... do
2: Subdivision: Split each subset U ∈ Vj into a number of disjoint subsets WU ⊂ P(U)

such that ∪WU = U and W ∩ W̃ = ∅ for W , W̃ ∈ WU with W 6= W̃ . Define the
candidates for the next refinement level to

V̂j+1 =
{
W ∈WU

∣∣ U ∈ Vj

}
.

3: Selection: Define the next refinement level as

Vj+1 =
{
U ∈ V̂j+1

∣∣ @V ∈ V̂j+1 with V �∆ U
}

.

4: end for

This allows us to compute the set of almost non-dominated points Uopt,∆ based on

inexact function evaluations using Algorithm 3.56. Consequently, if we are interested in

approximating the exact Pareto set with a prescribed accuracy, we are faced with the chal-

lenge to control the error of the underlying approximation such that it satisfies condition

(3.46). Algorithm 3.56 requires a large number of function evaluations for different con-

trols with an error as small as possible. This task can be addressed by using model-order

reduction, which will be adressed in Section 3.6.4.

3.6.3 Problem setup: Multiobjective optimal control of a nonlinear heat

equation

As a particular example, we consider the problem of controlling a nonlinear heat equation.

Let Ω ⊂ R2 denote a Lipschitz domain with boundary Γ and T > 0 a final time. As for

all previous parabolic evolution equations, let Q := (0,T ) × Ω and Σ := Γ × (0,T ). The
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state equation is then given by

yt(t,x)− κ∆y(t,x) + y(t,x)3 =
m∑
i=1

uiξi(x) f.a.a. (t,x) ∈ Q (3.48a)

∂y

∂n
(t, s) = 0 f.a.a. (t, s) ∈ Σ (3.48b)

y(0,x) = y◦(x) f.a.a. x ∈ Ω. (3.48c)

Here, the shape functions on the right-hand side of (3.48a) are indicator functions belong-

ing to subdomains Ωi ⊂ Ω, i.e. ξi = χΩi for i = 1, ...,m. The constant κ > 0 is a diffusion

term and y◦ : Ω→ R denotes an initial condition.

Let yT ,1, yT ,2 ∈ L2(Ω) be two conflicting desired states of the cost function. Then the

multiobjective optimal control problem is given by

min
y∈W (0,T )
u∈Rm2

J(y,u) :=


1
2

∫
Ω|y(T ,x)− yT ,1(x)|2 dx

1
2

∫
Ω|y(T ,x)− yT ,2(x)|2 dx

1
2 |u|2

 (3.49a)

s.t. (y,u) solves (3.48) (3.49b)

and u ∈ Uad. (3.49c)

For the weak formulation of (3.48), we impose the usual Gelfand triple given by V =

H1(Ω) and H = L2(Ω). A function y ∈ Y := W (0,T ) ∩ L∞(Q) is called a weak solution

of (3.48) if it satisfies∫
Ω

(
yt(t)ϕ+∇y(t) · ∇ϕ+ y(t)3ϕ

)
dx =

m∑
i=1

ui

∫
Ω
ξiϕ dx ∀ϕ ∈ V, f.a.a. t ∈ (0,T )

(3.50a)

y(0) = y◦ in H. (3.50b)

As usual, we denote the control space as U := Rm2 and get the following result for a solution

operator.

3.57 Lemma: The state equation (3.48) admits a well-defined, Lipschitz continuous

solution operator S : U→ Y.

Proof. It was shown in (Tröltzsch, 2010, Theorem 5.5) that there exists a well-defined

solution operator G : L∞(Q) → Y where f ∈ L∞(Q) is mapped to y = G(f) ∈ Y, the

unique function that satisfies y(0) = y◦ in H and∫ T

0

∫
Ω

(−yvt +∇y · ∇v + y3v) dx dt =

∫ T

0

∫
Ω
fv dx dt+

∫
Ω
y◦v(0, ·) dx
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for all v ∈ H1(Q) with v(T , ·) = 0 almost everywhere. It is then easy to show by partial

integration that y also solves (3.50) for f =
∑m

i=1 uiξi. Therefore, we simply define the

linear and Lipschitz continuous operator B : U→ L∞(Q) by (Bu)(t,x) =
∑m

i=1 uiξi(x) for

all (t,x) ∈ Q and get that the concatenation S := G ◦B is exactly the Lipschitz continuous

solution operator to (3.48). �

With the solution operator S : U → Y from Lemma 3.57, we can rewrite the multiob-

jective optimal control problem (3.49) in the essential form

min
u∈U

Ĵ(u) := J(S(u),u) s.t. u ∈ Uad. (3.51)

In a next step, we apply a semidiscretization of the state equation by linear Finite Elements

(FE). Let v1, ..., vn ∈ V denote the FE basis and Vn := span{v1, ..., vn}. A standard

Galerkin discretization of the weak formulation (3.50) sends us looking for a function

yn ∈ H1(0,T ;Vn) that satisfies∫
Ω

(
ynt (t)vj +∇yn(t) · ∇vj + yn(t)3vj

)
dx =

m∑
i=1

ui

∫
Ω
ξivj dx f.a.a. t ∈ (0,T ) (3.52a)∫

Ω
yn(0)vj dx =

∫
Ω
y◦vj dx ∀j = 1, ...,n.

(3.52b)

Alternatively, this can be expressed in coordinates as yn(t) =
∑n

j=1 ẙ
n
j (t)vj with ẙn ∈

H1(0,T ;Rn). Let the weight and stiffness matrices Mn,An ∈ Rn×n be given by

Mn
ij =

∫
Ω
vivj dx, Anij = κ

∫
Ω
∇vi · ∇vj dx, i, j = 1, ...,n.

Let us further define the vector-valued nonlinearity

N n : Rn → Rn, N n
i (ϕ̊) = ϕ̊3, ∀i = 1, ...,n.

Since we have chosen linear Finite Elements, the function
∑n

i=1N n
i (ϕ̊)vi serves as an

approximation of the function N (
∑n

i=1 ϕ̊ivi). The coordinate function is then determined

by

Mnẙnt (t) +Anẙn(t) +MnN n(ẙn(t)) = Bnu f.a.a. t ∈ (0,T ) (3.53a)

ẙn(0) = yn◦ , (3.53b)

where Bn ∈ Rn×m is given by Bn
ij = 〈vi, ξj〉H for i = 1, ...,n, j = 1, ...,m and yn◦ ∈ Rn is

the coordinate representation of the H-orthogonal projection of y◦ onto Vn. We assume

that (3.52) admits a solution operator Sn : U→ H1(0,T ;Vn) and define the essential FE
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optimal control problem

min
u∈U

Ĵn(u) := J(Sn(u),u) s.t. u ∈ Uad. (3.54)

This is the multiobjective problem that will be solved by the set-oriented algorithm 3.53.

3.58 Remark: The semilinear nature of the state equation makes it computationally

much more expensive to solve than the linear evolution equations introduced in Section

2. After applying an implicit Euler scheme to the coordinate FE equation (3.53) on

an equidistant time grid tk = (k − 1)∆t (k = 1, ...,K), we have to compute a solution

ẙn,K = (ẙn,K
1 , ..., ẙn,K

K ) ∈ (Rn)K satisfying

Mn
ẙn,K
k+1 − ẙ

n,K
k

∆t
+Anẙn,K

k+1 +MnN n(ẙn,K
k+1) = Bnu

⇔
(
Mn + ∆tAn

)
ẙn,K
k+1 + ∆tMnN n(ẙn,K

k+1) = Mnẙn,K
k + ∆tBnu

for k = 1, ...,K − 1 as well as ẙn,K
1 = ẙn◦ . In each time step, a Newton method has to be

employed to solve for the next iterate ẙn,K
k+1. This makes it computationally expensive to

employ a multi-query method such as the set-oriented Algorithm 3.53. Model-order re-

duction techniques present themselves as an alternative to solving the high-fidelity system

which will be the issue of Section 3.6.4. �

3.6.4 Inexact cost evaluations by Model-order Reduction

In Section 3.6.2, we have introduced an alternative to the set-oriented Algorithm 3.53

where the cost function is only evaluated approximately, cf. (3.46). In this section, we

focus on how such an effect can be achieved if the FE state equation (3.52) is projected

onto a low-dimensional subspace. The question of how this surrogate model is chosen will

be answered in Section 3.6.5. For now, we assume that there is an orthonormal system

ψ1, ...,ψ` ∈ Vn with `� n and define the reduced space V` := span{ψ1, ...,ψ`}. A Galerkin

projection of (3.52) onto V` sends us looking for a function y` ∈ H1(0,T ;V`) which satisfies

∫
Ω

(
y`t (t)ψj +∇y`(t) · ∇ψj + y`(t)3ψj

)
dx =

m∑
i=1

ui

∫
Ω
ξiψj dx f.a.a. t ∈ (0,T ) (3.55a)∫

Ω
y`(0)ψj dx =

∫
Ω
yn◦ψj dx ∀j = 1, ..., `. (3.55b)

In order to compute the coordinate representation of (3.55a), let the jth basis vector be

given by ψj =
∑n

i=1 Ψijvi which defines the basis matrix Ψ ∈ Rn×`. This allows to write

the solution function as y`(t) =
∑`

j=1 ẙ
`
j(t)ψj =

∑n
i=1(Ψẙ`(t))ivi with y` ∈ H1(0,T ;R`).
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Altogether, this gives us the coordinate representation of (3.55a):

M `ẙ`t (t) +A`ẙ`(t) + Ψ>MnN n(Ψẙ`(t)) = B`u f.a.a. t ∈ (0,T ) (3.56a)

M `ẙ`(0) = Ψ>Mnẙn. (3.56b)

The reduced matrices are given by M ` = Ψ>MnΨ, A` = Ψ>AnΨ and B` = Ψ>B. Notice

that for the evaluation of the nonlinearity in (3.56a), a low-order vector in R` is first

expanded to a vector in Rn by multiplication with Ψ. Then, the high-order nonlinearity is

evaluated for the expanded vector and the result is shrunk down again by multiplication

with Ψ>. These full-order operations need to be avoided for model-order reduction to

achieve its desired effect. One possible way to circumvent this bottleneck is the Discrete

Empirical Interpolation Method (DEIM) which is proposed in Chaturantabut and Sorensen

(2010) and further analyzed in Lass and Volkwein (2013). Its main idea is to find an

approximation

N n(Ψξ) ≈ R · N `(ξ) ∀ξ ∈ R`, (3.57)

where R ∈ Rn×` is a matrix and N ` : R` → R` is a reduced-order version of N n. The

matrix R fulfills a similar role as the basis matrix Ψ since its range determines the `-

dimensional subspace that the right-hand side approximation in (3.57) can reach in Rn. It

is therefore a good idea to generate R from high-order nonlinearity trajectories evaluated

on known solutions to (3.53). In other words, we take a reference control uref ∈ U and

its accordining high-fidelity solution yref,n = Sn(uref) ∈ H1(0,T ;Vn) whose coordinate

representation ẙref,n ∈ H1(0,T ;Rn) solves (3.53). The nonlinearity is evaluated for this

solution in a vector

nref : (0,T )→ Rn, nref(t) = N n(ẙref,n(t)) f.a.a. t ∈ (0,T ).

It can easily be shown that nref ∈ L2(0,T ;Rn) holds. We want to approximate the subspace

Nn =
{∫ T

0
ω(t)nref(t) dt

∣∣ ω ∈ L2(0,T )
}
⊂ Rn

spanned by the trajectory nref as well as possible. This can be done by POD, cf. Section

1.6, where we look for vectors r(1), ..., r(`) ∈ Rn which solve

min
r(1),...,r(`)∈Rn

∫ T

0

∣∣nref(t)− ∑̀
i=1

〈nref(t), r(i)〉Hr(i)
∣∣2
H

dt (3.58a)

s.t. 〈r(i), r(j)〉H = δij ∀i, j = 1, ..., `. (3.58b)
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Here, we utilize the inner product 〈·, ·〉H and the induced norm |·|H of the space RnH
introduced in Definition 1.38. If we define the matrix as R = [r(1), ..., r(`)] ∈ Rn×`, its

range coincides with span{r(1), ..., r(`)}.

The next question we have to adress is how the reduced-order nonlinearity N ` is chosen.

The approximation (3.57) can be viewed as an overdetermined system of size n × ` in

N `(ξ) for every ξ ∈ R`. If it is restricted from n to ` rows, the system is uniquely

solvable. Let therefore i1, ..., i` ∈ {1, ...,n} by a chosen set of row indices and the matrix

P = [ei1 , ..., ei` ] ∈ Rn×` be given where ei ∈ Rn denotes the ith unit vector for i = 1, ...,n.

We will elaborate later on how these indices are chosen in practice. The mentioned demand

that (3.57) must exactly hold in every ithj row can be expressed by

P>N n(Ψξ) = P>RN `(ξ) ⇔ N `(ξ) = (P>R)−1P>N n(Ψξ). (3.59)

Note that both P and R have full rank, so P>R ∈ R`×` is a regular matrix. Since the

multiplication by P> from the left-hand side is equivalent to a projection onto the rows

i1, ..., i`, it is straightforward to show that

N `(ξ) = (P>R)−1Ñ `
(
P>Ψξ

)
∀ξ ∈ R`, (3.60)

where Ñ ` : R` → R` is given by Ñi(η) = η3
i for all η ∈ R` and i = 1, ..., `. For the

evaluation of (3.60), the matrices P>R ∈ R`×` and P>Ψ ∈ R`×` can be assembled in an

offline phase, so only operations in R` need to be performed to compute N `.

We still have to adress the question which indices to choose for the projection matrix P>.

A Greedy approach is used to accomplish this task, which is presented in Algorithm 3.59.

It is referred to as an interpolation algorithm since the main idea of DEIM is to interpolate

the overdetermined system (3.57) in ` interpolation points. The general strategy here is to

use information from the POD basis r(1), ..., r(`) ∈ Rn which can be seen as a compressed

representation of the nonlinear trajectory nref . The first index i1 is simply chosen as the

component of the first, most representative basis vector r(1) with the highest absolute

value. From here on out, we use the notation R·,{j−1} = [r(1), ..., r(j−1)] ∈ Rn×(j−1) as

the matrix which consists of the first (j − 1) columns of R. The jth basis vector r(j) is

first subjected to the same approximation as N n(Ψξ) in (3.59), only this time for the first

(j − 1) basis functions in line 4. Then the defect vector δ ∈ Rn of this approximation is

used to determine the next interpolation index ij in line 6, again by the choice of largest

absolute value.

3.60 Remark: The DEIM algorithm that was presented here is based on the work

done in Chaturantabut and Sorensen (2010). Some simplifications were made to adopt

their more general version of the method to the already present POD framework. For

example, the choice to have N ` map from R` to R` in (3.57) is a restriction of the more
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Algorithm 3.59 Greedy DEIM interpolation

Require: Matrix R = [r(1), ..., r(`)] ∈ Rn×` from the POD problem (3.58).

1: Choose i1 ← arg maxν=1,...,n |r
(1)
ν |.

2: Initialize P ← ei1 ∈ Rn×1.
3: for i = 2, ..., ` do
4: Define the approximation s← (R·,{j−1}P )>P>r(j) ∈ R(j−1).

5: Compute the defect vector δ = r(j) −R·,{j−1}s ∈ Rn.
6: Choose ij = arg maxν=1,...,n |δν |.
7: Update P ← [P , eij ] ∈ Rn×j .
8: end for

general possibility to use a reduced nonlinearity N ` : R` → R% and a matrix R ∈ Rn×%,
with the number % ∈ N being chosen as small as possible yet large enough that the space

Nn can be approximated as well as possible. In our numerical experiments, however, this

additional possibility did not significantly improve the results, so we chose to utilize and

present the simplified version with ` = %. �

Finally, the DEIM version of the reduced-order state equation (3.56) looks like this:

M `ẙ`t (t) +A`ẙ`(t) + Ψ>MnRN `(ẙ`(t)) = B`u f.a.a. t ∈ (0,T ) (3.61a)

M `ẙ`(0) = Ψ>Mnẙn. (3.61b)

The matrix Ψ>MnR ∈ R`×` is of course assembled in an offline phase. We assume

that (3.61) admits a unique solution ẙ` ∈ H1(0,T ;R`) with y ∈ H1(0,T ;V`) given by

y(t) =
∑`

j=1 ẙ
`
j(t)ψj for almost all t ∈ (0,T ). Let the solution operator be denoted by

S` : U → V` which maps u ∈ U to y` ∈ H1(0,T ;V`). This gives us the essential reduced-

order model (ROM) optimal control problem

min
u∈U

Ĵ `(u) = J(S`(u),u) s.t. u ∈ Uad. (3.62)

Now that the concrete inexact order cost function in (3.46) has been defined for the

problem (3.49), an error estimator ∆J : U→ R3 is required.

3.61 Theorem: Let u ∈ U be given arbitrarily.

a) For the FE solution yn = Sn(u) ∈ H1(0,T ;Vn) and the POD solution y` = S`(u) ∈
H1(0,T ;V`), we have the a-posteriori state estimate

‖yn(T )− y`(T )‖2H ≤ ∆y(u) := e2T
(
‖yn◦ − y`(0)‖2H +

∫ T

0
‖R`(s)‖2(Vn)′ ds

)
(3.63)
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where the residual R` ∈ L2(0,T ; (Vn)′) is given for all ϕ ∈ Vn by

〈R`(t),ϕn〉(Vn)′×Vn =

∫
Ω

(
y`t (t)ϕ+∇y`(t) · ∇ϕ+ y`(t)3ϕ−

m∑
i=1

uiξiϕ
)

dx f.a.a. t ∈ (0,T ).

b) Let the upper bound function ∆J : U→ R3 be given by

∆J(u) =


1
2∆y(u) +

√
2Ĵ `1(u)∆y(u)

1
2∆y(u) +

√
2Ĵ `2(u)∆y(u)

0

 ∀u ∈ U. (3.64)

Then it holds |Ĵ `i (u) − Ĵni (u)| ≤ ∆J
i (u) for all u ∈ U and all i = 1, ..., 3 as postulated

in (3.46).

Proof. a) This was proven in (Rogg et al., 2017, Proposition 1).

b) Let yn = Sn(u) ∈ H1(0,T ;Vn) be the FE solution and y` = S`(u) ∈ H1(0,T ;V`) the

POD solution. Then it follows for i = 1, 2, i.e. the first two cost functions:

|Ĵni (u)− Ĵ `i (u)|

=
1

2

∣∣∣‖yn(T )− yT ,i‖2H − ‖y`(T )− yT ,i‖2H
∣∣∣

=
1

2

(
‖yn(T )− yT ,i‖H + ‖y`(T )− yT ,i‖H

)
·
∣∣∣‖yn(T )− yT ,i‖H − ‖y`(T )− yT ,i‖H

∣∣∣
≤ 1

2

(
‖yn(T )− y`(T )‖H + 2‖y`(T )− yT ,i‖H

)
· ‖yn(T )− y`(T )‖H

=
1

2
‖yn(T )− y`(T )‖2H +

√
2Ĵ `i (u) · ‖yn(T )− y`(T )‖H

≤ 1

2
∆y(u) +

√
2Ĵ `i (u)∆y(u)

Since the third cost function does not contain a state variable, this proves the claim.

�

3.62 Remark: It can be shown that the dual norm of the residual vector R` can be

numerically evaluated as

‖R`(t)‖2(Vn)′ = d̊(t)>(Mn +An)−1d̊(t) f.a.a. t ∈ (0,T )

with the coordinate function

d̊(t) = MnΨẙ`t (t) +AnΨẙ`(t) +MnN n(Ψẙ`(t))−Bnu ∈ Rn f.a.a. t ∈ (0,T ).

166



3.6 A set-oriented approach

While the matrices MnΨ,AnΨ ∈ Rn×` can be precomputed in an offline phase, the eval-

uation of the nonlinearity N n is still of full order and has to be performed online. It is a

price to be paid for the application of error estimation: Instead of solving the nonlinear

system (3.52) using a Newton method in each time step, we solve the low-dimensional

system (3.55a) this way and additionally evaluate the error estimator (3.64). This usually

still reduces the overall computation time, as we will see in Section 3.6.6. �

The estimator ∆y from (3.63) is a so-called rigorous estimator, i.e. it is mathematically

guaranteed that it serves as an upper bound to the true error in the state variable. To

derive it, it was assumed during the proof in Rogg et al. (2017) that the unknown true

error always behaves according to the worst-case scenario. In a concrete application,

it is therefore often observed that this estimator overshoots the true error by a roughly

constant factor. Depending on the application, it may be desirable to increase the tightness

by heuristically incorporating data from a precomputed offline phase. In the context of

multiobjective optimization, all points resulting in optimal compromises are contained in

the Pareto set. If the Pareto front is very ”steep” in certain regions, i.e. very small changes

in one objective lead to strong changes in another objective, then small inaccuracies can

result in large deviations from the exact solution. Since this is exactly the situation in the

problem considered in Section 3.6.6 (cf. Figure 3.22), we will introduce such a heuristic

in this section. However, it has to be noted that the mathematical rigor that is prevalent

at this point will be lost by doing this. We assume an over-estimation of the true error of

the form

∆y(u) ≈ Csc‖yn(T )− y`(T )‖2H ∀u ∈ U, yn = Sn(u), y` = S`(u).

Here, Csc > 1 is an unknown scaling factor. Let a finite sample set Usc ⊂ Uad be given

prior to the optimization. We compute the full and reduced state solutions Sn(u), S`(u)

for all sample controls u ∈ Usc and set the scaling factor as the geometric average

Csc =
( ∏
u∈Usc

∆y(u)

‖Sn(u)(T )− S`(u)(T )‖2H

) 1
|Usc| (3.65)

Having thus obtained a heuristic correctional factor, we replace the error estimator by

∆y,sc(u) =
∆y(u)

Csc
, ∆J(u) =


1
2∆y,sc(u) +

√
2Ĵ `1(u)∆y,sc(u)

1
2∆y,sc(u) +

√
2Ĵ `2(u)∆y,sc(u)

0

 ∀u ∈ U. (3.66)

A proof-of-concept example for this scaling method will be presented in Section 3.6.6, cf.

Table 3.1.
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3.6.5 U-localized reduced-order models

In this section, we will go into more detail on how the reduced-order model from Section

3.6.4, represented by the basis ψ1, ...,ψ` ∈ Vn, is chosen. As in the previous model-order

reduction examples, we will perform POD on the the solutions to the FE state equation

for certain reference controls uref ∈ U. However, while these examples only ever had one

single ROM active at a time which was updated if necessary, we will now have several

of them active at once. The main idea is to use reference controls from a ROM library

L ⊂ U, each of which is used to generate a ROM by POD. For uref ∈ L, we compute the

FE state solution yref = Sn(uref) ∈ H1(0,T ;Vn) to (3.52) and generate the POD basis as

a solution to

min
ψ1,...,ψ`∈V

∫ T

0

∥∥yref(t)− ∑̀
i=1

〈yref(t),ψi〉Vψi
∥∥2

V
dt

s.t. 〈ψi,ψj〉V = δij ∀i, j = 1, ..., `.

The length ` of the basis is chosen by the relative energy condition (1.47) with ε = 10−3,

so 99.9% of the energy in yref is contained in the POD-ROM. Note that we only include

state information in the POD basis this time since the present algorithm is derivative-free

and therefore does not require adjoint information. Having computed the POD basis to

this reference control, we refer to the cost function Ĵ ` from (3.62) based on this particular

ROM by Ĵ `,u
ref

: U→ R3. Identically, the scaled error estimator for this model is denoted

by ∆J ,sc,uref : U → R3. This is done for every reference control in the library L. During

the optimization, every control u ∈ U that needs to be computed is assigned to one of

these ROMs, so we have a map Φ : U → L. In our case, we choose the reference control

which is closest to the given control, cf. line 5 in Algorithm 3.63. The overall reduced cost

function and overall error estimator are then defined as

Ĵ `, ∆J ,sc : U→ R3, Ĵ `(u) = Ĵ `,Φ(u)(u), ∆J ,sc(u) = ∆J ,sc,Φ(u).

This concept of a U-local reduced basis approach is inspired by Grepl et al. (2007) and

Haasdonk et al. (2011). We require the error estimator ∆J ,sc from (3.66) to remain below

a given tolerance ∆J ,max ∈ (0,∞)3. When compared to a single-ROM strategy, this has

the advantage that the respective models can be smaller in size whereas a single reduced

model which has to be accurate within a large range of controls may become too high-

dimensional to possess the necessary efficiency. This advantage comes with the price that

many high-fidelity function evaluations need to be performed in order to build the library

of different ROMs.

It has to be noted that evaluating the cost function Ĵ ` and maintaining the library L

is a dynamic process that goes both ways. Algorithm 3.63 summarizes our approach in
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this regard. Given a sample set S ⊂ U that we have to evaluate with a current library L,

we first mark all controls as insufficiently approximated and all ROMs as unused in lines

1 and 2. Then we start an iteration over all unsufficiently approximated controls from

the sample set. We assign them a ROM and compute the reduced-order cost function

and error estimator within that model. If the estimate does not exceed the tolerance, the

control and its ROM are marked as used and we continue to the next control. If, at the

end of this process, there are still some unmarked controls, we identify the one with the

highest error estimate and add it as a new reference control for the library. This process

is repeated until all sample controls have been marked. At the end, all unused ROMs are

removed from the library to keep its size as small as possible.

Algorithm 3.63 U-local ROM evaluation

Require: Sample set S ⊂ U, ROM library L ⊂ U, error tolerance ∆J ,max ∈ (0,∞)3.
1: Mark all sample controls as insufficiently approximated: IS := S.
2: Mark all ROMs as unused: IL := L.
3: while IS 6= ∅ do
4: for u ∈ IS do
5: Find the closest ROM: uref = arg minv∈L‖u− v‖U.

6: Compute Ĵ `(u) = Ĵ `,u
ref

(u).

7: Evaluate the scaled error estimator ∆J ,sc(u) = ∆J ,sc,uref (u).

8: if ∆J ,sc,uref (u) ≤ ∆J ,max then
9: Accept u as sufficiently approximated: IS ← IS \ {u}.

10: Mark uref as used: IL ← IL \ {uref}.
11: end if
12: end for
13: if IS 6= ∅ then
14: Identify the sample control with largest error: uerr := arg maxu∈IS∆J ,sc(u).
15: Build a ROM model for uerr and add it to the library: L← L ∪ {uerr}.
16: end if
17: end while
18: Remove all unused ROM models from the library: L← L \ IL.
19: return function evaluations Ĵ `(u) and error estimates ∆J ,sc(u) for all u ∈ S as well

as updated ROM library L.

3.6.6 Numerical results

Algorithm 3.64 summarizes the subdivision-and-selection method using sampling and U -

local ROM that we employ. It is the numerical reality to the abstract concepts from

Algorithms 3.53 and 3.56.

For the numerical results, we choose the unit square Ω = (0, 1)2 and the final time T = 1.
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Algorithm 3.64 Subdivision, sampling and selection using U-local ROM

Require: V0 a collection of subsets of Uad such that Uad = ∪V0, L ⊂ Uad an initial ROM
library.

1: for j = 0, 1, 2, ... do
2: Subdivision: Split each subset U ∈ Vj into a number of disjoint subsets WU ⊂ P(U)

such that ∪WU = U and W ∩ W̃ = ∅ for W , W̃ ∈ WU with W 6= W̃ . Define the
candidates for the next refinement level to

Vj+1 =
{
W ∈WU

∣∣ U ∈ Vj

}
.

3: Sampling : For each subset U ∈ Vj+1, define some sample controls SU ⊂ U . Denote
the entirety of sample controls as S := ∪U∈V̂j+1

SU .

4: U-local ROM evaluations: Call Algorithm 3.63 to evaluate Ĵ `(u), ∆J ,sc(u) for all
u ∈ S and to update the ROM library L.

5: for U ∈ Vj+1 do
6: Selection: If for every u ∈ SU , there exists another set V ∈ Vj+1 \ {U} and a

sample control v ∈ SV such that v confidently dominates u, remove the set: Vj+1 ←
Vj+1 \ {U}.

7: end for
8: end for

The domain is split like a checkerboard to accomodate the controls at the subdomains

Ω1 = (0, 0.5)× (0, 0.5), Ω2 = (0, 0.5)× (0.5, 1),

Ω3 = (0.5, 1)× (0, 0.5), Ω4 = (0.5, 1)× (0.5, 1).

The initial condition is given by y◦(x) = 0 for almost all x ∈ Ω and we strive to arrive at

the desired states

yT ,1(x) =

{
0.5, x2 ≤ 0.5

0.3, x2 > 0.5
yT ,2 =

{
−0.5, x1 ≤ 0.5

0.5, x1 > 0.5

Controls are permitted from the admissible set Uad = [(−1,−1,−1,−1)>, (1, 1, 1, 1)>] ⊂
R4

2. The linear FE space over Ω contains n = 712 degrees of freedom and the time interval

is discretized equidistantly into K = 101 points.
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|Ĵn
1 −Ĵ`

1|/|Ĵn
1 | |Ĵ

n
1 −Ĵ`

1|/∆J
1
|Ĵn

1 −Ĵ`
1|/∆J,sc

1

mean over Utest 0.0572 0.3421 0.6418
min in Utest 0.0004 0.0099 0.0186
max in Utest 0.4989 0.9285 1.7608

Table 3.1: Sample evaluation of true error, scaled and unscaled error estimator and their
efficiency. A set Utest ⊂ Uad of |Utest| = 100 randomly chosen sample controls
were evaluated, 10 of which were used to perform the scaling.

In a first test, we want to analyze the behavior of the error scaling introduced in Section

3.6.4. We distribute 100 test controls throughout Uad in a set Utest, use one of these to

generate a ROM and then compute Ĵ `(u) and ∆y(u) for all u ∈ Utest. In the scaling set

Usc ⊂ Utest, we choose 10 controls and evaluate the scaling factor Csc > 0 from (3.65).

This allows to define the scaled error estimator from (3.66) which was then computed for

all u ∈ Utest.

The results are depicted in Table 3.1. We can see that the relative error between the FE

and POD model for the first cost function lies between 0.04% and 50% with a mean error

of 6%. The third and fourth column give us the relative efficiencies of the unscaled and

scaled error estimators. Keep in mind that the ideal value here would lie at 1.00 (because

the denominaor is supposed to be an estimate of the numerator). For the unscaled error

estimator, we can see that the maximum quotient lies at 0.93, validating the fact that ∆J

is indeed a rigorous estimator. However, it is not very tight with an average overestimation

by a factor of 1
0.34 ≈ 3. For the scaled version, it is no surprise to observe that rigorousity

no longer holds with an underestimation of 1 − 1
1.76 ≈ 43%. On average, however, the

estimator grows more tight with the overestimation being reduced to 1
0.64 ≈ 1.5.

For the evaluations performed on the test set Usc, we have also measured the time it

takes for FE and POD solves. A high-fidelty FE solve takes on average 0.31 seconds, a

reduced-order solve 0.05 seconds and the evaluation of the error estimator 0.07 seconds,

so the computational effort is roughly reduced by a factor of 3 when switching from FE

to POD with error estimation.

Next, we adress some specifications on how Algorithm 3.64 itself is carried out for the

main run. First, we define the scaling set Usc by sampling |Usc| = 8 random controls

throughout Uad. This set also serves as our initial ROM library L = Usc, so we build a

POD-ROM at each of these reference controls and evaluate the true error and the error

estimator at each point and get the scaling factor Csc according to (3.65). For the specific

problem we consider here, this factor turned out to be Csc ≈ 2.5. The basis lengths of

these intitial and all further ROMs varied between ` = 4 and ` = 16. For our initial

subset V0 in Algorithm 3.64, we choose the box Uad itself. In a subdivision step j, each

box U ∈ Vj is split into two boxes of half the volume along the middle in one of its
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Figure 3.20: Pareto set Uopt ⊂ R4 for the FE problem (3.54) computed by Algorithm 3.53.
We see the end result after 22 subdivision iterations. The remaining boxes in
V22 were projected onto the first three dimensions with the fourth dimensions
being visualized by box coloring.

dimensions. The particular dimension is varied cyclically over the subdivision iterations.

In the sampling phase of the algorithm, each dimension i ∈ {1, ..., 4} of a four-dimensional

box U = [v,w] ∈ R4 with v < w is discretized in the points 1
4vi +

3
4wi and 3

4vi +
1
4wi. This

leads to a total of 24 = 16 sample points per box.

In the standard approach (Algorithm 3.53), one FE evaluation is required for each evalu-

ation of the objective function. The computed Pareto set of (3.49) is shown in Figure 3.20,

where the boxes are colored according to the fourth component u4. The corresponding

Pareto front is given in Figure 3.22 in green. The Pareto set obtained with the POD-ROM

strategy from Algorithm 3.64 is shown in Figure 3.21, the corresponding Pareto front in

Figure 3.22 in red. We observe a good agreement both between the Pareto sets and the

Pareto fronts. The error bound ∆J ,max = (0.025, 0.025, 0)> is satisfied as desired. It should

be mentioned that the two Pareto sets are still visibly different. Due the fact that the

Pareto front is very steep, the inexact non-dominance property (Definition 3.55) results in

a significantly reduced number of dominated boxes in each subdivision step. When further

decreasing the error bound ∆J ,max, this results in ROMs that are only valid for very few

sample points such that the number of FE evaluations is not sufficiently reduced. This

emphasizes the additional difficulties introduced by multiple objectives and justifies the

use of a heuristic scaling factor. Furthermore, the error bound only influences the distance

between the exact and inexact the Pareto fronts. In order to also bound the error in the
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3.6 A set-oriented approach

Figure 3.21: Pareto set Uopt ⊂ R4 for the ROM problem (3.62) computed by Algorithm
3.64. We see the end result after 22 iterations as in Figure 3.20.

Figure 3.22: The Pareto fronts Jopt for the FE problem (3.54) and the ROM problem
(3.62) corresponding to the Pareto sets in Figures 3.20 and 3.21. The FE
front is depticted in green and the ROM front in red.
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Figure 3.23

decision space, further assumptions on the objectives have to be made.

A total number of 444 local ROMs were created throughout Algorithm 3.64. This means

that in sum over all subdivision steps, only 444 evaluations of the FE model were required

(cf. Figure 3.23a). Compared to the standard approach, the number of FE evaluations

was reduced by a factor of more than 1000. These FE evaluations become less frequent

in later subdivision steps (cf. Figure 3.23a) when almost the entire decision space can be

approximated by the existing ROMs. This is also illustrated in 3.23b, where we observe an

exponential increase in the ratio between POD solves and FE solves. Therefore, it might

be worthwhile for future improvements on this algorithm to investigate the benefit of a

more elaborate offline phase similar to classical reduced basis approaches. However, as

has been mentioned before, this should ideally be done in such a way that not too much

numerical effort is invested in parts of the decision space which are far apart from the

Pareto set.

Due to the inexactness, the number of boxes is larger in the inexact computation, which

is shown in Fig. 3.23c. Similar to the observations in Peitz and Dellnitz (2018), this effect

becomes more severe during higher-order subdivision steps. All boxes in the vicinity of the

exact Pareto set are not eliminated which results in an exponential increase in the number

of boxes. This ratio is directly influenced by the error bound ∆J ,max. In other words, the

combination of the inexact subdivision algorithm with POD-based reduced-order model-

ing leads to a dilemma: if we demand a very small error for the reduced-order models,
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3.6 A set-oriented approach

Figure 3.24: Clustering of the sample points after 22 iterations of Algorithm 3.64. Each one
of the colored patches has been assigned to one ROM, which are represented
by black dots.

the number of boxes in the exact and the inexact solution will be very similar. On the

other hand, this results in very accurate and therefore less efficient ROMs. Consequently,

further research is required to address this issue and determine an optimal trade-off in

terms of efficiency.

In Figure 3.24, the locations of the reference controls uref from the ROM library L of

the (remaining) ROMs are shown as black dots. The remaining points depict the sample

points that were evaluated in the 22nd subdivision step, where the coloring depends on

the ROM the point was assigned to. Due to the fact that the selection is based on the

Euclidean distance, the size of all the patches is comparable. Since there is no formal

reason to choose this specific way of assigning sample points to ROMs, this motivates

the investigation of more advanced clustering approaches in order to further reduce the

number of required ROMs. We see concepts like this entering, e.g., in Hess et al. (2018).

To summarize, our numerical results for a simple test problem confirm that the reduced-

order approach is able to qualitatively approximate both the Pareto front and the Pareto

set. The Pareto front is captured accurately according to the prescribed error bounds

on the cost function values. Furthermore, the error estimator for the state variable and

the cost function values are coupled with a simple heuristic to compensate for a constant
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over-estimation factor.

It has to be mentioned that there is room for improvement to the presented algorithm.

Due to the difference in the Definitions 3.52 (exact dominance) and 3.55 (confident dom-

inance), it is a natural consequence that the inexact algorithm can eliminate fewer boxes

in each iteration. This makes it necessary to perform more function evaluations in the

next iteration than for the exact algorithm. It may therefore be beneficial to develop

alternative or additional criteria in order to reduce the number of non-dominated boxes.

As far as the construction of reduced-order models is concerned, it has to be stated that

the current strategy only follows the heuristic that controls which lie close to each other in a

geometrical sense may share similar state and cost function behavior. This straightforward

approach may result in an inefficiently large number of reduced-order models since there

may be more distant controls which are still sufficiently well approximated by the given

reduced model. As a result, more sophisticated clustering techniques in the control space

need to be developed which can result in fewer, more cleverly spread reduced models for

the state equation.

Let us mention at last that the gradient-based version of the subdivision algorithm

has also been extended to inexactness in Peitz and Dellnitz (2018). In order to combine

model-order reduction and in particular error estimation with this method, we would have

to estimate the error between the FE gradients ∇Ĵn and the POD gradients ∇Ĵ ` by using

an a-posteriori estimator for the adjoint equation to the system (3.49).
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4.1 Definition: Discrete set

A subset C ⊂ Rn is called discrete if its elements are isolated, meaning that for every

x ∈ C, there exists a radius r > 0 such that there are no elements y ∈ C \ {x} with

|x− y| < r. Here, |·| is an arbitrary norm on Rn.

We take the following result about discrete sets from Krantz (2012).

4.2 Lemma: Let C ⊂ Rn be a discrete set that is also closed. Then C has no

accumulation points. If it is additionally bounded, it has to be finite.

We consider an optimal control problem where some of the control variables are re-

stricted to a discrete set and employ methods from mixed-integer optimization for its

solution. The control space is given by U = L2(0,T ;Rmc
c )× Rmi

i with the canonical inner

product. T > 0 is a final time and the Hilbert spaces Rmc
c and Rmi

i are Rmc and Rmi with

mc,mi ∈ N endowed with particular inner products that will be introduced later. We can

express a control variable u ∈ U as u = (uc,ui) with uc ∈ L2(0,T ;Rmc
c ) and ui ∈ Rmi

i . We

consider uc to be the continuous control and ui as the discrete control. The indices c and

i stand for continuous and integer, since the discrete constraints we will encounter in the

numerical example are of integer type.

Let the admissible set be of box type, so Uad := [ua,ub] with ua,ub ∈ U and ua ≤ ub.

This generalized interval is to be understood as in Definition 1.2, where the partial order

relation ”≤” takes the form

[uc]j(t) ≤ [vc]j(t) and [ui]k ≤ [vi]k ∀j = 1, ...,mc ∀k = 1, ...,mi, f.a.a. t ∈ (0,T )

for all u, v ∈ U. More generally, for any two discrete controls vi,wi ∈ [uai ,u
b
i ] with vi ≤ wi,

we define the set Uad(vi,wi) := [uac,u
b
c ]× [vi,wi]. Note that it holds Uad = Uad(uai ,u

b
i ). Let
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the discrete constraints be represented by a discrete and closed set I = I1× ...× Imi ⊂ Rmi

and Ui := {u ∈ U | ui ∈ I}. For each dimension k = 1, ...,mi, the discrete set Ik contains

the discrete constraints for the variable [ui]k. Since we want the controls to be admissible

from a bounded point of view and their discrete part to satisfy the discrete constraints,

all feasible controls have to be contained in the set Uad ∩ Ui.

Let (V,H,V′) be a Gelfand triple and the state equation be given by a controlled linear

evolution equation with an uncontrolled operator:

yt(t) +A(t)y(t) = F(u)(t) in V′, f.a.a. t ∈ (0,T ) (4.1a)

y(0) = y◦ in H. (4.1b)

Here we have A ∈ L∞(0,T ;L(V,V′)), F ∈ L(U,L2(0,T ;V)), y◦ ∈ H and A is assumed to

be uniformly coercive. For the cost function, we consider a quadratic QTU cost function

like in Definition 2.2, so we end up with the following problem to solve.

4.3 Definition: Mixed-integer optimal control problem (MIOCP)

Let the control space U, the admissible set Uad, the discrete set Ui and the state

equation (4.1) be given as previously described. For scalar multipliers αQ,αU ≥ 0, a

desired state yQ ∈ L2(0,T ;H) and a nominal control u0 ∈ U, we consider the following

mixed-integer optimal control problem:

min
y∈W (0,T )

u∈U

J(y,u) =
αQ
2

∫ T

0
‖y(t)− yQ(t)‖2L2(0,T ;H) dt+

αU
2
‖u− u0‖2U (4.2a)

s.t. (y,u) solves (4.1) (4.2b)

and u ∈ Uad × Ui. (4.2c)

With the affine linear solution operator S : U → W (0,T ) of (4.1) from Lemma 2.15,

we can equivalently express (4.2) in its essential version:

min
u∈U

Ĵ(u) = J(S(u),u) s.t. u ∈ Uad ∩ Ui. (4.3)

4.1 The Branch and Bound method

Let us introduce the relaxation of (4.3) as the linear-quadratic optimal problem

min
u∈U

Ĵ(u) s.t. u ∈ Uad(vi,wi) for vi,wi ∈ [uai ,u
b
i ] with vi ≤ wi, (4.4)
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where we have dropped the discrete constraints and tightened the box constraints from

[uai ,u
b
i ] to [vi,wi].

4.4 Theorem:

(i) The relaxed problem (4.4) admits a solution ū(vi,wi) ∈ Uad(vi,wi). It is unique if

αU > 0.

(ii) The MIOCP (4.2) admits a solution u? ∈ Uad ∩ Ui.

Proof. (i) This follows from Theorem 1.17. Note that Uad(vi,wi) is closed, convex and

bounded in U (independent of the particular choice for the inner products in Rmc

and Rmi) and the cost function is convex by Corollary 2.17 and strictly convex if

αU > 0.

(ii) Since I∩ [uai ,u
b
i ] is discrete, closed and bounded, it is finite by Lemma 4.2. Note that

it holds

Uad ∩ Ui = [uac,u
b
c ]× ([uai ,u

b
i ] ∩ I)

and we can also formulate the MIOCP (4.3) as

min
{
Ĵ(u)

∣∣ u ∈ Uad ∩ Ui

}
= min

{
min

{
Ĵ(uc,ui)

∣∣ uc ∈ [uac,u
b
c ]
} ∣∣ ui ∈ [uai ,u

b
i ] ∩ I

}
= min

{
Ĵ
(
ū(ui,ui)

) ∣∣ ui ∈ [uai ,u
b
i ] ∩ I

}
,

where ū(ui,ui) is the solution to (4.4) with vi = wi = ui from (i). Note that this is

the solution with the discrete variable fixed at ui. Because the remaining index set

[uai ,u
b
i ] ∩ I is finite, there is a ûi in it with the minimal value of Ĵ(ū(ui,ui)). The

control u? = ū(ûi, ûi) is then a global minimum of (4.2).

�

The proof of Theorem 4.4 (ii) can theoretically be used to solve the MIOCP (4.2)

if the set [uai ,u
b
i ] ∩ I is not too large. For every discrete variable ui in it, the relaxed

problem (4.4) has to be solved for vi = wi = ui, resulting in the solution ū(ui,ui) ∈
Uad ∩ Ui and we pick one particular discrete variable ûi with the smallest cost function

value Ĵ(ū(ûi, ûi)). However, this approach suffers greatly from the curse of dimensionality

since the cardinality of [uai ,u
b
i ]∩ I may grow very quickly depending on the dimension mi.

It is also a well-known fact that mixed-integer programming is NP-hard, cf. Kannan and

Monma (1978). More sophisticated strategies have emerged in the field of mixed-integer

optimization, one of which is the branch-and-bound method. Its basic idea is to repeatedly

solve instances of the relaxation (4.4) for different bounding variables vi,wi and thereby

approximate the solution u? ∈ Uad ∩ Ui by a process called branching.

179
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After an initial solve of (4.4) with the primal constraints v
(1)
i = uai , w

(1)
i = ubi , we get a

solution u(1) = ū(v
(1)
i ,w

(1)
i ) ∈ Uad. Most likely, this control will not satisfy the discrete

constraints, i.e. it would lie outside of Ui. However, since Uad is a superset of Uad ∩Ui, we

can infer that Ĵ(u(1)) ≤ Ĵ(u?), the minimum of Ĵ over Uad ∩Ui. This way, we have found

a lower bound to the minimal value we seek. Since we have assumed that u(1) /∈ Ui, there

has to be one or more indices k ∈ {1, ...,mi} with [u
(1)
i ]k /∈ Ik. In a branching step, this

variable is eliminated from the admissible set by splitting the interval from [uai ]k to [ubi ]k

left and right of [u
(1)
i ]k. We choose w

(2)
i , v

(3)
i ∈ Rmi given by

[w
(2)
i ]ν :=

{
max{θ ∈ Ik | θ < [u

(1)
i ]k}, if ν = k

[w(1)]ν , if ν 6= k.

[v
(3)
i ]ν :=

{
min{θ ∈ Ik | θ > [u

(1)
i ]k}, if ν = k

[v(1)]ν , if ν 6= k.

Futhermore, the other bounds are kept at v
(2)
i = v

(1)
i and w

(3)
i = w

(1)
i . By splitting

the admissible set in this way, two new relaxed problems have been created and we can

compute u(2) = ū(uai ,w
(2)
i ) and u(3) = ū(v

(3)
i ,ubi ). Since [u

(1)
i ]k was not part of Ik, it still

holds

Uad ∩ Ui =
(
[uac,u

b
c ]× ([v

(2)
i ,w

(2)
i ] ∩ I)

)
∪
(
[uac,u

b
c ]× ([v

(3)
i ,w

(3)
i ] ∩ I)

)
.

In other words, no feasible variable has been lost by splitting the admissible set like this

and we have

Ĵ(u?) = min
(

min{Ĵ(u) | u ∈ [uac,u
b
c ]× ([v

(2)
i ,w

(2)
i ] ∩ I)},

min{Ĵ(u) | u ∈ [uac,u
b
c ]× ([v

(3)
i ,w

(3)
i ] ∩ I)}

)
.

By this procedure, the infeasible variable [u(1)]k has been removed and the global solu-

tion u? has not been lost. It is now repeated iteratively for the resulting subproblems.

Since two new subproblems are created in every branching step, this results in a so-called

branch-and-bound tree whose nodes correspond to relaxations (4.2) with certain bounds.

The question which node to select in each iteration and which discrete variable should

be branched on is essential for the efficiency of the algorithm and will be adressed later.

Suppose now that we have solved a node relaxation with bounds vi,wi and it turns out

that ū(vi,wi) ∈ Ui, so it satisfies the discrete constraints. This means that we have found

a feasible variable, which directly implies Ĵ(ū(vi,wi)) ≥ Ĵ(u?). It serves as an upper bound

to the minimal value we seek. On the other hand, if ū(vi,wi) /∈ Ui, we branch on a variable

and thereby create two child node relaxations, the feasible set of each being a subset of

the current feasible set. Therefore, the value Ĵ(ū(vi,wi)) is a lower bound for the feasible
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solution of both these nodes.

In Algorithm 4.5, we present the basic branch-and-bound method. Let us quickly ex-

plain the nested conditions starting at line 6. Here we only continue with the chosen node

if the cost function value at the solution to the relaxed problem is below the current upper

bound, otherwise there would be no improvement to the current best solution u?. In line

7, if the solution satisfies the discrete constraints, we have found a better solution and

may update the bounds. All tree nodes from which we know by lower bounds that their

cost function values can not be lower than that of the found solution may be pruned from

the tree since they do not offer any improvement. In line 10, if the discrete constraints are

not satisfied, we branch on a discrete variable as previously explained and create two new

nodes. Their lower bounds are set to the current cost function value, since their feasible

sets are subsets of the current node’s feasible set.

Algorithm 4.5 The branch-and-bound method

1: Initialize the root node with L← {(ua,ub)} and the upper bound z ←∞.
2: while termination criterion not reached do
3: Select a node N = (vi,wi) ∈ L and remove it from the tree: L← L \ {(vi,wi)}.
4: Solve the relaxation (4.4) with vi,wi as bounds.
5: Set z ← Ĵ(ū(vi,wi)) as the optimal relaxed cost value.
6: if z < z then
7: if ū(vi,wi) ∈ Ui then
8: Update the upper bound: z ← z and the solution u? ← ū(vi,wi).
9: Delete all nodes Ñ = (ṽi, w̃i) from L with lower bound z

Ñ
≥ z.

10: else
11: Choose a variable k ∈ {1, ...,mi} with [ūi(vi,wi)]k /∈ Ik.
12: Define ṽi, w̃i ∈ Rmi by [ṽi]j = [vi]j , [w̃i]j = [wi]j for j 6= k and

[ṽi]k = max{θ ∈ Ij | θ < [ūi(vi,wi)]k}, [w̃i]k = min{θ ∈ Ij | θ > [ūi(vi,wi)]k}

13: Set Ñ = (vi, w̃i) and add L← L∪{Ñ} with lower bound z
Ñ
← Ĵ(ū(vi,wi)).

14: Set N̂ = (ṽi,wi) and add L← L∪{N̂} with lower bound z
N̂
← Ĵ(ū(vi,wi)).

15: end if
16: end if
17: end while

Note that there are many possible variations of Algorithm 4.5. In the following, we

introduce our approach and refer to Lee and Leyffer (2012) for different strategies.

1. We terminate the iteration when the tree L is empty. This will ensure that a feasible

solution has been found and there are no branches left that would be beneficial to

solve. This is possible for our numerical examples because the branch-and-bound
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4 POD-based mixed-integer optimal control

trees end up being comparably small. For larger trees and more discrete variables,

the discrepancy between lower and upper bound would be used as a so-called error

gap to indicate a termination criterion.

2. In line 3, the next node is selected by a two-phase method. In a first phase, we

always choose one of the deepest nodes, i.e. those that resulted from the most

amount of branching. This will ensure that a feasible control will be found quickly.

Afterwards, we always select one of the nodes with the lowest lower bound. This

strategy minimizes the number of explored nodes for a fixed sequence of branching

decisions, as these would have been solved independently of the upper bound.

3. Line 11 asks us to choose a discrete variable to branch on. This is done by so-called

strong branching. Let K ⊂ Rmi be the set of all indices k with [ūi(vi,wi)]k /∈ Ik.

Then we actually precompute all possible branching nodes and the solutions to their

relaxations. For a variable k ∈ K, let z+
k , z−k ∈ R be the cost function values of its

child nodes’ relaxations. We compute

D+
k := z+

k − Ĵ(ū(vi,wi)) and D−k := z−k − Ĵ(ū(vi,wi)).

Then the branching variable is chosen as the one which maximizes the score function

sk := µmin(D−k ,D+
k ) + (1− µ) max(D−k ,D+

k ). (4.5)

Here, µ ∈ [0, 1] is a fixed parameter. Strong branching is particularly effective

in reducing the number of nodes in the branch-and-bound searching tree, but the

computational burden of solving each added subproblem could be significantly large.

Fortunately, we do not encounter excessive tree sizes and the subproblems can be

solved sufficiently quick due to their convex structure.

4.2 Inclusion of POD-ROM

In applying Algorithm 4.5, we find ourselves in a similar situation as for the multiobjective

scalarization approach in Algorithm 3.17. To solve the MIOCP (4.2), we have to solve

many instances of the relaxation (4.4). The computational demand is significant and of

a multi-query nature, so model-order reduction techniques can be employed to shorten

the optimization time. Like in the previous examples in Sections 2.5.3, 2.5.4, 3.5.3, 3.5.4

and 3.6, we use a reference control uref ∈ U to build the ROM by POD. As before,

suppose that v1, ..., vn ∈ V is a Finite Element basis with Vn = span{v1, ..., vn}. Let

Sn : U→ H1(0,T ;Vn) be the solution operator to the Galerkin discretization (2.44) of the

station equation (4.1) onto Vn. We take the state solution yref = Sn(uref) ∈ H1(0,T ;Vn)

and the adjoint variable pref ∈ H1(0,T ;Vn) which solves (2.47b). The ROM is then
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generated for POD vectors ψ1, ...,ψ` ∈ Vn solving the POD problem (2.70). We set

V` := span{ψ1, ...,ψ`} ⊂ Vn and get a solution operator S` : U→ H1(0,T ;V`) by another

Galerkin discretization of (4.1) onto V`. The essential POD-reduced cost function is given

by Ĵ `(u) = Ĵ(S`(u),u) for all u ∈ U. Instead of (4.4), we consider the reduced relaxation

min
u∈U

Ĵ `(u) s.t. u ∈ Uad(vi,wi). (4.6)

By the same reasoning as in Theorem 4.4 (i), the reduced relaxation (4.6) has a unique

solution ūpod(vi,wi) ∈ [vi,wi]. With Theorem 1.23, we have the following a-posteriori

estimate to the Finite Element solution ūfem(vi,wi):

‖ūpod(vi,wi)− ūfem(vi,wi)‖U ≤ 1
αU
‖ξ‖U =: ∆(ūpod(vi,wi)). (4.7)

The perturbation function is given for u = ūpod(vi,wi) by

ξu ∈ U, ξu(x) :=


max(0,−∇Ĵn(u)(x)), if u(x) = v(x)

min(0,−∇Ĵn(u)(x)), if u(x) = w(x)

−∇Ĵn(u)(x), otherwise

f.a.a. x ∈ X,

where Ĵn : U→ R is the FE-essential cost function. The main idea for the deployment of

reduced-order modeling is identical to the strategy for adaptive POD in Algorithm 3.51.

The ROM is built with the data from one full-order optimization - in this case of the

root node - and updated when the error estimator (4.7) exceeds a certain threshold. It is

presented in Algorithm 4.6, where we have paraphrased the major steps from Algorithm

4.5 to improve readability and focus on the model order reduction component.

We especially take note of the fact that the initial POD basis is allowed to be enhanced

differently along particular branches of the tree. From the parent node, the basis may

or not be updated based on the a-posteriori information and is then passed down to its

two child nodes. This can be considered a form of U-local reduced bases as in Section

3.6.5, since the admissible control set is divided by the branching step and different ROMs

may be assigned to each subset. The update procedure works exactly as in Section 3.5.3,

where the reference trajectories are first projected onto the orthogonal complement of

(V`)⊥. We then compute POD vectors of these projections and perform a Gram-Schmidt

orthonormalization procedure for the sake of numerical stability.

In contrast to the multiobjective version of adaptive POD in Algorithm 4.6, we can not

get away with keeping a POD solution ūpod(vi,wi) that exceeds the error tolerance. This

is due to the fact that we need to be sure that each node is solved to sufficient exactness.

Otherwise, the branch-and-bound algorithm may terminate without a solution since an

error made in a particular node has propagated to its children and further descendants.

Furthermore, it could happen that a branch is falsely pruned, thereby removing the exact
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4 POD-based mixed-integer optimal control

Algorithm 4.6 The branch-and-bound method with adaptive POD-ROM

Require: error tolerance tol∆ > 0, basis length ` ∈ N and maximum basis length `max > `.
1: Initialize L with the root node.
2: while termination criterion not reached do
3: Select a node N = (vi,wi) ∈ L and remove it from the tree: L← L \ {(vi,wi)}.
4: if N is the root node then
5: Solve the FE relaxation (4.4). Set z ← Ĵn(ūfem(uai ,u

b
i )).

6: Compute an initial POD basis Ψ = {ψ1, ...,ψ`} with ūfem(uai ,u
b
i ) as reference

control.
7: else
8: Solve the POD relaxation (4.6). Set z ← Ĵ `(ūpod(vi,wi)).
9: Compute the a-posteriori error estimator ∆(ūpod(vi,wi)) from (4.7).

10: if ∆(ūpod(vi,wi)) > tol∆ then
11: Compute a FE solution ūfem(vi,wi) with ūpod as initial guess. Set z ←

Ĵn(ūfem(vi,wi)).
12: Get the POD basis Ψ = {ψ1, ...,ψL} assigned to N .
13: if L < `max then
14: Set L̃← min(L+ `, `max).
15: Use ūfem(vi,wi) as reference control to compute new POD vectors

ψL+1, ...,ψL̃ .
16: Update the POD basis Ψ← Ψ ∪ {ψL+1, ...,ψL̃}.
17: end if
18: end if
19: end if
20: if z < z then
21: if ū(vi,wi) ∈ Ui then
22: Update the bounds with z and delete all dominated nodes from L.
23: else
24: Choose a variable and branch into two new nodes Ñ and N̂ .
25: Assign the POD basis Ψ to Ñ and N̂ .
26: end if
27: end if
28: end while
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4.3 Problem setup: MIOC of a linear heat equation

solution from the tree. For these reasons, if the error estimator is exceeded, we use the

POD solution ūpod(vi,wi) as a warm start to compute ūfem(vi,wi) in line 12.

4.3 Problem setup: MIOC of a linear heat equation

For a concrete numerical example, we consider the problem of controlling a linear heat

equation modeling the temperature distribution in a building. Similar to Section 2.5.1,

let Ω ⊂ R2 denote a Lipschitz domain representing the cross-section of the building with

boundary Γ and T > 0 a final time. As usual, let Q := (0,T ) × Ω and Σ := Γ × (0,T ).

Let Ω and Γ be split into disjoint subdomains and segments, i.e.

Ω =

mc⋃
j=1

Ωj and Γ =

mi⋃
k=0

Γj .

Each Ωj (j = 1, ...,mc) represents a portion of the building that can be heated individually

over time, whereas each Γk (k = 1, ...,mi) is a portion of an exterior wall which has to be

equipped with insulation material. The boundary set Γ0 represents the interior walls of the

building. Let y : Q → R denote the inside temperature. In a simplified heat dissipation

model, the evolution of y can be described by a linear heat equation

yt(t,x)− κ∆y(t,x) =

mc∑
j=1

[uc]j(t)ξj(x) f.a.a. (t,x) ∈ Q. (4.8a)

The structure of this differential equation and its components has already been motivated

in Section 2.5.1 as a special form of (2.55a). The term κ > 0 is a diffusivity coefficient,

the shape functions are given by indicator functions ξj = χΩj for j = 1, ...,mc and we can

see the effect of the continuous, time-dependent control variables uc : (0,T )→ Rmc acting

on the segments Ωj . For the boundary conditions, we introduce a fixed base temperature

ybase ∈ R and set, along the lines of (2.55b):

κ
∂y

∂n
(t, s) =

mi∑
k=1

[ui]kqk(s)(ya(t)− ybase) =

mi∑
k=1

[ui]kζk(t, s) f.a.a. (t, s) ∈ Σ. (4.8b)

Here, we have scaled indicator functions qk = βk · χΓk with βk > 0 for k = 1, ...,mi

and abbreviated ζk(t, s) = qk(s)(ya(t) − ybase) for almost all (t, s) ∈ Q. As a result,

the normal derivative of the temperature at the boundary segment Γk is proportional to

the difference between the outside and the base temperature, with the control variable

[ui]k defining the insulation parameter. By using ybase instead of the actual temperature

y(t, s), we avoid a bilinear control-state coupling. This linearization is used to convexitfy

the cost function which will make it a special instance of (4.1). It is apparent that only

nonnegative values of ui can be permitted, with small values leading to a reduced influence
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4 POD-based mixed-integer optimal control

of the outside temperature on the system, the perfect insulation being given by ui = 0.

We additionally assume that there is only a finite number of insulation materials available

for each boundary segment. For the sake of simplicity, we demand ui ∈ I := Zmi . Together

with an upper bound that will be introduced later, this leads to a finite number of possible

choices for ui. Finally, the initial condition is given by

y(0,x) = y◦(x) f.a.a. x ∈ Ω. (4.8c)

with an initial temperature y◦ : Ω→ R.

As usual, we define the standard Gelfand triple (V,H,V′) with V = H1(Ω) and H =

L2(Ω). A function y ∈W (0,T ) is called a weak solution to (4.8) if it solves (4.1) with

〈A(t)ψ,ϕ〉V′×V = κ

∫
Ω
∇ψ(x) · ∇ϕ(x) dx ∀ϕ ∈ V

〈F(u)(t),ϕ〉V′×V =

mc∑
j=1

[uc]j(t)

∫
Ω
ξj(x)ϕ(x) dx+

mi∑
k=1

[ui]k

∫
Γ
ζk(t, s)ϕ(s) ds ∀ψ,ϕ ∈ V,

both for almost all t ∈ (0,T ). For the cost function, let yQ : Q → R be a desired tem-

perature and u◦,i ∈ Rmi with u◦,i > 0 a nominal control vector representing the cheapest

choice of insulation material. For given cost weights αQ, [αc]j , [αi]k > 0 (j = 1, ...,mc and

k = 1, ...,mi), the task of minimizing the temperature deviation and heating costs is given

by

min
y∈W (0,T )

u∈U

J(y,u) :=
αQ
2

∫ T

0

∫
Ω
|y(t,x)− yQ(t,x)|2 dx dt

+
1

2

mc∑
j=1

[αc]j

∫ T

0
|[uc]j(t)|2 dt+

1

2

mi∑
k=1

[αi]k|[ui − u◦,i]k|2
(4.9a)

s.t. (y,u) is a weak solution of (4.8) (4.9b)

and uc ∈ [uac,u
b
c ], ui ∈ [uai ,u

b
i ] ∩ Zmi . (4.9c)

We can view (4.9) as a special instance of the general MIOCP (4.2) if we set αU = 1 and

U is endowed with the particular inner product

〈u, v〉U =

mc∑
j=1

[αc]j

∫ T

0
[uc]j(t)[vc]j(t) dt+

mi∑
k=1

[αi]k[ui]k[vi]k ∀u, v ∈ U.

In Figure 4.1a, we can see the domain geometry of our numerical example. It is given

by Ω = (0, 1)2 with subdomains Ω1 = (0, 0.5) × (0, 0.5), Ω2 = (0.5, 1) × (0, 0.5), Ω3 =

(0.5, 1) × (0.5, 1) and Ω4 = (0, 0.5) × (0.5, 1). The interior wall part Γ0 of the boundary
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Figure 4.1

is located at x1 = 0 and x2 = 0 and the interior walls are at Γ1 = (0, 0.25) × {1},
Γ2 = (0.25, 0.75) × {1} and Γ3 = ((0.75, 1) × {1}) ∪ ({1} × (0, 1)). For the time horizon,

we choose the final time T = 1. We assume that all continuous controls may be operated

at the same cost of [αc]j = 0.075 and are bounded by [uac]j = 0, [ubc ]j = 10 for j = 1, ..., 4.

In contrast, the integer control costs vary and are specified to [αi]1 = 0.1, [αi]2 = 0.2 and

[αi]3 = 0.1. Their efficiencies are set identically to β1 = 0.1, β2 = 0.2 and β3 = 0.1. The

ideal control and upper boundary is chosen as ubi = u◦,i = (10, 10, 10)> while the lower

boundary is given by uai = (1, 2, 1)>. The initial temperature is y◦(x) = 18, the desired

temperature yQ(t,x) = 22 and the base temperature ybase = 22 for almost all (t,x) ∈ Q.

The outdoor temperature ya : (0, 1) → R is a rescaled, cubic spline interpolation of an

hourly weather forecast of Lisbon, Portugal on May 6th, 2017. The multiplier for the

tracking term is set to αQ = 10.

The domain Ω is triangulated by linear Finite Elements with n = 721 degrees of freedom

and a maximal mesh size of Hmax = 0.05. The time interval is discretized equidistantly

into K = 101 discrete points and all derivatives and integrals are approximated by the

implicit Euler method and trapezoidal weights, cf. Definition 2.33. All arising relaxation

problems (4.4) and (4.6) are solved by the Projected Newton-CG method from Reminder

1.49 with error tolerances set to tol∇ = 10−6, tolU = tolJ = 10−7. For the score function in

(4.5), we choose µ = 0.5. The basis lengths in Algorithm 4.6 are set to ` = 2 and `max = 9.
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Figure 4.2: Continuous part u?c of the optimal control. Overall picture (left) and zoom in
(right).

Figure 4.1b shows the temperature evolution at three distinct points xi ∈ Ω (i = 1, 2, 3)

visible in Figure 4.1a, evaluated at the optimal control u? ∈ Uad∩Ui. The first point sits in

a corner near two interior walls, where the outside temperature has little effect compared

to the continuous controls. The point x2 is located in the middle of the domain and x3

is very close to the boundary segment Γ2 with the least effective insulation at the highest

cost. Naturally, the temperature grows exceedingly colder the closer we get to the outside

walls, and Γ2 in particular. Let us note that the discrete part of the optimal control

is given by u?i = (7, 6, 1). The smallest boundary segment is given a poor insulation of

[u?i ]1 = 7 due to its small effect on the domain, while the largest is endowed with the best

possible choice of [u?i ]3 = 1. At Γ2, which might indicate the location of a window, the

cost of [αc]2 was doubled from [αc]1 or [αc]3, so a compromise of [u?i ]2 = 6 is the optimal

value here.

Figure 4.2 depicts the distributed part u?c of the optimal control. We observe very sim-

ilar trajectories for all four subdomains of Ω. In the beginning, all of them are activated

to maximum capacity since the discrepancy between the intitial temperature of 18 and

the desired temperature of 22 has to be bridged. At a closer look, we see that [u?c ]1 and

[u?c ]2 are slightly below [u?c ]3 and [u?c ]4, since they are most directly affected by Γ0 and Γ1,

which have a much better insulation than Γ2 and Γ3.

In Figure 4.3a, we see the branch-and-bound tree that was created by Algorithm 4.6.

The first feasible control was found in the first phase at node #4 while node #3 was

pruned from the tree. Branching at node #5 resulted in feasible solutions at both child
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nodes, so the list of untreated nodes was empty afterwards. Figure 4.3b shows the true

error and the error estimator at all nodes except the root node, where no reduced-order

model was utilized. The picture we get is comparable to the results in Section 3.5.3. While

the tracking term in the cost function was weighted with αQ = 10, the penalizations for

discrete controls lie at 0.1 and those for continuous controls even at 0.075. This leads to

a small coercivity constant of ∇2Ĵ(u) entering in the error estimator (1.14). Therefore,

the curve of the error estimator behaves similarily as that of the true error, but has been

overestimated by a significant amount. Heuristic rescalings like in (3.65) could be an

option to tighten the bound here but would result in a loss of rigor.

The overall computational time between Algorithms 4.5 and 4.6 has been reduced from

45.80s to 21.44s. It has to be noted that Algorithm 4.6 represents a hybrid strategy

between full-order and reduced-order models since full-order optimizations are still per-

formed in line 12 if the acceptable error tolerance is breached. Therefore, we cannot expect

to encounter the same magnitude of speedup factors as in the fully-reduced optimization

strategies like Algorithm 3.51. Without taking model-order reduction into account, we

can see that the branch-and-bound strategy is preferrable to the brute-force method from

the proof of Theorem 4.4 even in this case. We allowed for a total of 10 · 9 · 10 = 900

possible combinations of discrete controls since these had to be integer and from the box

[(1, 2, 1), (10, 10, 10)]. To get the overall minimum by trying every possible combination,

we would therefore have to solve a total of 900 relaxations, whereas the branch-and-bound

tree for this example only had to solve a total of 7 nodes.
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To summarize, we have introduced a canonical way to perform a branch-and-bound

algorithm for a linear-quadratic optimal control problem. By using a reduced-order sur-

rogate model whenever possible as indicated by an error estimator, we were able to cut

the computation time in half while still being able to retain the correct integer part of the

optimal control.

Possible future continuations of this work could include an increase in discrete controls

resulting in larger branch-and-bound trees. In addition, it would be of interest to omit

the base temperature ybase in (4.8b) and replace it by the actual inside temperature.

Mathematically, this would represent a bilinear pairing of the state variable y with the

discrete control ui. In terms of the weak formulation (4.1), the operator A would then be

controlled, a situation that was treated in detail in Chapter 2.

For more test runs of the kind (4.9), we refer the interested reader to Bachmann et al.

(Submitted in 2017).
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Conclusion

In this thesis, we investigated scalar and multiobjective optimal control problems for evo-

lution equations. By allowing the control variable to influence the linear operator, we

generalized the standard linear-quadratic setting of optimal control found e.g. in Hinze

et al. (2009) or Tröltzsch (2010). First and second Fréchet derivatives for quadratic cost

functions were derived by adjoint and linearized state equations. The theoretical results

were corroborated by the specific example of an advection-diffusion equation with a con-

trolled advection term. In the bicriterial setting, the reference point method proved to

be more effective and computationally efficient than the standard weighted sum method.

It was shown that reduced-order modelling by Proper Orthogonal Decomposition (POD)

can be seamlessly integrated into all employed optimization strategies to reduce compu-

tational complexity. This extends the results about POD effectiveness in optimal control

from works like Gubisch and Volkwein (2017) to more advanced techniques like multiob-

jective or mixed-integer optimization. Especially for convex cost functions, we were able to

make use of problem-specific error estimators to develop adaptive basis update strategies.

Depending on the specific problem, we employed either a single basis or a U-local library

of reduced-order models.

The work done in this thesis can be extended in many ways. While we stated the possible

outlooks for the specific problems in the appropriate sections, there are some general

observations to be made here. First of all, the example of scaling a convection term is

only one possible way to control an operator in an evolution equation. With the particular

example of advection-diffusion equations alone, there is the possibility of influencing the

diffusion term or the Robin parameter in the boundary conditions. The latter would

particularly be an interesting choice in the mixed-integer problem from Chapter 4, which

would lead to nonconvex relaxations of the branch-and-bound tree. Second, it would

improve the efficiency of reduced-order modelling if we had access to error estimation for

the nonconvex problems. Here it would be beneficial to integrate ideas about numerical

approximation of the smallest Hessian eigenvalues from Trenz (2017) in the algorithms of

this thesis. Lastly, the aforementioned U-local reduced-order models relied on a canonical

clustering of the admissible control set where a given control is assigned to the closest POD

reference control. Undoubtably, these algorithms could benefit from more sophisticating

clustering techniques.
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dense, 26

control index space, 23, 108

control space, 23, 108

convex, 21

convex hull, 124

coordinate operator

for H and V, 36, 78

for Z, 69

cost function

bicriterial QTU, 137

coordinate QTU, 69

discretized QTU, 75

essential bicriterial QTU, 138

essential QTU, 55
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Index

fully-discretized QTU, 78

QTU, 55

quadratic, 23

counting measure, 13

covergence rate, 45

δij , 39

data trajectories

continuous, 39

discrete, 42

derivative

second Fréchet, 18

distributional, 20

Fréchet, 18

desired state, 55

shifted, 66

desired states, 23

discrete, 175

dominates, 154

dual space, 17

energy estimate, 35

energy estimates, 28

F , 28

F(u), 53

F̃ , 76

f ′, 18

f ′′, 18

finiteElementMethod, 85

first-order optimality condition, 25

Fubini’s theorem, 14

Γ, 31, 80

Galerkin discretization, 74

GCP, 48

Gelfand triple, 27

generalized Cauchy point, 48

gradient, 18

Hs(Ω;E), 21

H, 27

h‖, h⊥, 134

Hölder inequality, 15

Hessian, 19

reduced, 46

high-fidelity space, 39, 42

Hilbert adjoint, 17

ind(Uad), 110

ideal objective vector, 114

implicit Euler method, 77

implicit function theorem, 20

indicator function, 14

intervals, generalized, 14

J , 55

Ĵ , 23, 108

Ĵo, 69

Ĵ id, 114

Jopt, 109

J num
opt , 118

KKT conditions, 112

L(X,Y), L(X), 17

L(X1, ...,Xn;Y), Ln(X0;Y), Ln(X0), 17

Lp(Ω), 15

Lp(Ω;E), 16

Lp(µ),L∞(µ), 15

Lp(µ;E),L∞(µ;E), 16

L1(µ), 14

Λ, 69

Lebesgue integral, 14

Lebesgue measure, 13

linear evolution equation, 28

backward, 34

controlled, 53

µz, 13

measure space, 13

product, 13
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MIOCP, 176

monotonically increasing, 114

strictly,strongly, 115

multilinear, 17

multiobjective optimization problem, 108

Newton method, 45

damped, 47

inexact, 46

Newton-CG, 46

projected, 46

nominal control, 55

nondominance test, 126

Ω, 31, 80

objective space, 107

optimal control problem

bicriterial, 137

linear-quadratic, 23

quadratic, 23

optimality condition

first-order variational, 111

P(X), 13

Pareto front, 109

Pareto optimal, 109

properly, 123

strong, 109

weak, 109

Pareto set, 109

partial integration, 27

perturbation function, 25

POD, 39

basis vectors, 39, 42

continuous, 39

discrete, 42

energy maximization problem, 39, 42

minimization problem, 39, 42

positive (semi)definite, 20

power set, 13

product rule

for inner products, 19

RnH ,RnV ,Rn2 , 36

RpU , 76

RmZ , 69

R, 61

R̊, 70

Ry, 30

ρ, 107

reduced-order space, 39

reference control, 95

reference point method

∞, 115

Euclidian, 115, 127

reference point minimizer

extended, 129

reference point problem

extended, 129

relaxation, 176

residual, 30

Riesz isomorphism, 17

Riesz representation theorem, 17

ROM, 7, 163

S, 54

S1, ...,Sρ, 23

SQ, ST , 54

Σ, 31, 80

S̊, 68

S̊Q, S̊T , 70

σ-finite, 13

scalarization function, 114

scalarization method, 114

separable, 26

Sobolev spaces, 20

solution operator, 54

adjoint, 61

adjoint coordinate, 70

adjusted, 54

coordinate, 68
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shifted, 66

state equation, 55

linearized, 57

linearized coordinate, 68

second linearized, 59

second linearized coordinate, 69

state spaces, 23

TX, 17

Θ, 55

Θo, 69

T , 125

test functions, 20

trace operator, 21

Trust region method, 48

U �J V , 154

U, 23

Uad, 23

Uad(vi,wi), 175

Uopt, 109

Unum
opt , 118

uniformly coercive, 28

V, 27

W (0,T ), W (0,T ;V,H), 27

W s,p(Ω;E), 20

ω(1), ...,ω(n), 125

weak convex minimizer, 124

weak ordinary differential equation, 33

weak-α-derivative, 20

weighted sum method, 115, 119

X, 53, 108

X′, 17

Ξ, 36

ξu, 25

Y1, ...,Yρ, 23

yd1 , ..., ydρ , 23

Z, 55

zλ, 133
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theorie. Springer, 2013.

S. Chaturantabut and D. C. Sorensen. Nonlinear model reduction via discrete empirical

interpolation. SIAM J. Sci. Comput., 32(5):2737–2764, 2010.

A. J. Chorin. Numerical solution of the Navier-Stokes equations. Mathematics of compu-

tation, 22(104):745–762, 1968.

197

http://kops.uni-konstanz.de/handle/123456789/43934
http://kops.uni-konstanz.de/handle/123456789/43934
https://kops.uni-konstanz.de/handle/123456789/39948
https://kops.uni-konstanz.de/handle/123456789/39948


Bibliography

A. R. Conn, N. I. M. Gould, and P. L. Toint. Testing a class of methods for solving mini-

mization problems with simple bounds on the variables. Mathematics Of Computation,

50(182):399–430, 1988.

A. R. Conn, N. I. M. Gould, and P. L. Toint. Trust Region Methods. MPS-SIAM series

on optimization, 2000.

J. C. De Los Reyes. Numerical PDE-Constrained Optimization. Springer Verlag, 2015.

M. Dellnitz, O. Schütze, and T. Hestermeyer. Covering Pareto sets by multilevel sub-

division techniques. Journal of optimization theory and applications, 124(1):113–136,

2005.

M. Dihlmann, S. Kaulmann, and B. Haasdonk. Online reduced-basis construction proce-

dure for model reduction of parametrized evolution systems. IFAC Proceedings Volumes,

45(2):112–117, 2012.

M. Durea, J. Dutta, and C. Tammer. Lagrange multipliers for ε-Pareto solutions in vector

optimization with nonsolid cones in Banach spaces. Journal of Optimization Theory

and Applications, 145:196–211, 2010.

G. Dziuk. Theorie und Numerik Partieller Differentialgleichungen. Walter de Gruyter,

2010.

M. Ehrgott. Multicriteria Optimization. Springer Science & Business Media, 2005.

G. Eichfelder. Adaptive Scalarization Methods in Multiobjective Optimization. Springer,

2008.

I. Ekeland and R. Témam. Convex Analysis and Variational Problems. Classics in Applied

Mathematics, 1999.

L. C. Evans. Partial Differential Equations. American Mathematical Society, 2008.

M. Fahl. Trust-Region Methods for Flow Control Based on Reduced Order Modelling. PhD

thesis, University of Trier, 2000.
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