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Preface

This thesis was written under the supervision of Prof. Dr. Fabian Pauly in the Theory of Nanostruc-
tures Group at the University of Konstanz. All results presented here were obtained in collaboration
with him. In addition, I interacted with Prof. Dr. Juan Carlos Cuevas from the Univesidad Au-
tonóma de Madrid, during his stay as a Mercator fellow as part of the SFB767 at the University
of Konstanz. Some chapters of this thesis are to a large extent copies of already published papers.
In particular, Chap. 2.4 is a revised version of the publication in Ref. [1]. Furthermore, part of

Chap. 3 has been published in Refs. [2, 3]. The �rst part of Chap. 4.1 is an improved version of
Ref. [4], written in collaboration with Dr. Marius Bürkle from the Institute of Advanced Industrial
Science and Technology, in Tsukuba, Japan, as well as Chap. 4.2 an updated report of Ref. [5].
Chaps. 2.6, 2.7, and 4.3 are partially adaptions of the work in Ref. [6], where also M.Sc. Robert
Siebler contributed to all the results.





Zusammenfassung in deutscher Sprache

Die hier vorliegende Arbeit handelt vom Ladungs- und Wärmetransport in einzel-atomaren sowie
einzel-molekularen Kontakten. Diesbezüglich werden unterschiedliche Beiträge zu den jeweiligen
Strömen berechnet, bestehend aus elektronischen, phononischen und photonischen Anteilen. Ein
besonderer Fokus wird auf den Wärmetransport gelegt, insbesondere getragen von Phononen.
Nachdem in Kap. 1 eine allgemeine Einführung in das Gebiet gegeben wird, werden im ersten

Teil der Arbeit die unterschiedlichen theoretischen Konzepte vorgestellt, die im weiteren Verlauf
zur Berechnung oder Analyse benötigt werden. Insbesondere beinhaltet Kap. 2.1 eine kurze Her-
leitung der relevanten Formel für die Berechnung der phononischen Komponente des Wärme�usses
im phasenkohärenten Regime. Anschlieÿend wird in Kap. 2.2 auf die verwendete theoretische
Modellierung realistischer Geometrien eingegangen und ausgeführt, wie wir diese mittels Dichte-
funktionaltheorie umsetzen. Eine dazu komplementäre Methode basierend auf Molekulardynamik,
sowie Details hinsichtlich ihrer Realisierung im Rahmen dieser Arbeit, wird in Kap. 2.3 aufgezeigt.
Im weiteren Verlauf erläutern wir in Kap. 2.4 ein Verfahren, mit dessen Hilfe sich Informationen
über die phononische Transmission anhand einer Eigenkanalanalyse gewinnen lassen. Des Weiteren
folgt in Kap. 2.5 eine Strategie, wie sich in einem auf Cluster basierendem Modell, die sogenannte
"akustische Summenregel" an Systemen mit Ober�ächen erzwingen lässt. Abschlieÿend beinhalten
Kap. 2.6 sowie Kap. 2.7, die theoretischen Grundlagen in Bezug auf elektronische und photonische
Beiträge zu den jeweiligen Strömen.
Im zweiten Teil werden metallische Kontakte analysiert, in denen aufgrund ihrer leitenden Eigen-

schaften ein wesentlicher Anteil des Wärmestromes von deren elektronischem System herrührt.
Eine wichtige Fragestellung lautet, wie groÿ der Ein�uss des phononischen Systems im Vergleich
zum elektronischen ist. Dies manifestiert sich unter anderem in der Frage bezüglich der Anwend-
barkeit des Wiedemann-Franz Gesetzes, welches in makroskopischen metallischen Systemen gültig
ist. Die in dieser Arbeit verwendeten Methoden erlauben, dessen Geltungsbereich in nanoskopis-
chen Kontakten zu überprüfen. Darüber hinaus wird demonstriert, in welchen Systemen sich eine
Quantisierung des thermischen Leitwertes beobachten lässt.
Diesbezüglich untersuchen wir mit unterschiedlichen Methoden Gold in Kap. 3.1, Platin in

Kap. 3.2 und in Kap. 3.3 Aluminium, wobei Platin ausschlieÿlich im phasenkohärenten Regime
betrachtet wird. Es zeigt sich in der Analyse des phasenkohärenten Transportes, dass für Gold und
Platin die phononischen Beiträge im wesentlichem unterhalb von 10% relativ zum elektronischen
liegen, während für Aluminium gröÿere Abweichungen bis hin zu 40% auftreten können. Darüber
hinaus führen wir für Gold und Aluminium eine statistische Überprüfung der gewonnen Erkennt-
nisse durch, wobei bei der Berechnung des phononischen Beitrages auch anharmonische Prozesse
in Betracht gezogen werden. Die wesentlichen Erkenntnisse sind die allgemeine Anwendbarkeit des
Wiedemann-Franz Gesetzes in Gold und Platin und dessen teilweise Verletzung in speziellen Geome-
trien von Aluminium sowie die Quantisierung des thermischen Leitwertes in Gold. Alle Aussagen
beziehen sich auf Ergebnisse bei Raumtemperatur.
Im dritten Teil dieser Arbeit werden molekulare Kontakte untersucht. Die ersten analysierten

Moleküle in Kap. 4.1 sind Alkanketten. Hier wird primär die Längenabhänigkeit des ballistischem
Transportes diskutiert. Dazu wird in Kap. 4.1.2 auf den Ein�uss unterschiedlicher Ankergrup-
pen sowie verschiedener Substituenten eingegangen. Kap. 4.1.3 verallgemeinert die Ergebnisse
bezüglich der Variabilität in der Modellierung aufgrund von unterschiedlichen Kontaktgeometrien
und Zuleitungsorientierungen und diskutiert die Veränderung des phononischen Beitrages durch
geometrische Defekte. Eine letzte Untersuchung in Kap. 4.1.4 bestätigt die Erkenntnisse durch



molekulardynamische Simulationen.
In Kap. 4.2 werden benzolähnliche Moleküle verwendet, um die Möglichkeit zu untersuchen den

phononischen Wärmestrom durch Interferenze�ekte zu beein�ussen. Es zeigt sich am Beispiel von
Benzol in Kap. 4.2.2, dass durch die Einführung von Substituenten mit groÿer Masse im Vergleich
zum Wassersto�atom eine Reduzierung des Leitwertes möglich ist. Als Ursache können molekül-
interne Resonanzen aufgezeigt werden, welche aufgrund von gewissen Symmetrieeigenschaften zu
einer destruktiven Interferenz führen. Die Aussagen lassen sich sowohl auf mehrere Substituenten
als auch auf das benzolähnliche Molekül OPE3 in Kap. 4.2.3 übertragen.
In Kap. 4.3 wird der Ein�uss der elektronischen, phononischen, sowie photonischen Beiträge des

thermischen Leitwertes auf die thermoelektrische E�zienz berechnet. Dies geschieht am Beispiel
von C60-Monomer, sowie C60-Dimer Kontakten. Während im Monomer die elektronische Kompo-
nente überwiegt, zeigen wir, dass für die Dimere sowohl der phononische als auch der photonische
Beitrag nicht zu vernachlässigen ist, sodass die E�zienz erheblich reduziert wird. Abschlieÿend wird
in Kap. 5 eine Zusammenfassung aller Ergebnisse präsentiert und ein Ausblick auf weiterführende
Problemstellungen gegeben.
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1 Introduction

Heat transport in the most general form can be classi�ed into di�erent contributions stemming
from convection and conduction of particles. Neglecting convective terms, which normally applies
to any condensed matter system, heat conduction can be attributed to three di�erent carriers,
namely photons, electrons, and phonons [7]. While transport between two bodies out of con-
tact, with characteristic dimensions large compared to the thermal wavelength, is mediated by
photons and based on Planck's law of heat radiation, heat conduction of macroscopic solids in
contact is described by Fourier's law for heat conduction, stating that the heat current density
is proportional to the thermal gradient with a proportionality constant � being a material prop-
erty J = ��rT . The microscopic origin of this property depends on the underlying system. In
metals it is generally assumed that � is dominated by electrons for most temperatures, however,
for semiconductors and insulators this is in general not valid because phonons can contribute
the biggest part to the thermal conductivity. Since the focus of this thesis is on the phonon
transport, we concentrate on it in the following.

Figure 1. The dispersion relation of the phonons along the high symmetry lines determines the possible

excitations of the atomic lattice. In the inset an example of a real-space representation of the

phonon mode along the direction M! � is shown.

The concept of a phonon appears in connection with an in�nite translationally invariant atomic
lattice. It represents the quasiparticle as quantized excitation of the collective atomic vibrations.
In the harmonic approximation, they can be derived as small perturbations of the atoms around
their equilibrium position and all possible modes are completely determined by the dispersion
relation [8], see Fig. 1 as an example. Since such a system would have diverging conductivity, for
a realistic description in bulk materials anharmonic e�ects are crucial. The historical idea that
they are responsible for thermal currents is based on Debye who proposed these lattice waves as a
medium for heat currents [9]. This concept has been re�ned by Peierls [10], who used statistical-
mechanical arguments to derive an equation, which is known as the Boltzmann transport equation
for phonons, that could provide a microscopic description of � in these systems. Under the so-
called relaxation time approximation, generally valid in solids dominated by Umklapp processes,
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the thermal conductivity can be calculated as

� =
1

V

∑
�

C�v
2
���; (1.1)

where C� = �h!�@n=@T is the mode-speci�c heat capacity, v� = @!�=@k the respective group
velocity, � denotes a phonon mode with wave vector k and polarization j and �� is the scattering
time or inverse scattering rate. This equation, although it was very successful in the description
of the temperature-dependent heat conductivity in various materials, relies on the choice of
di�erent scattering rates. These rates can arise due to di�erent processes, for instance phonon-
phonon interaction, the presence of grain boundaries, point defects, or scattering with isotopes
[11, 12]. In early days the energy-dependent rates had to be �tted to average values measured
experimentally, so a predictive power was missing.
With the help of computer-assisted science those problems are overcome and a description of

the scattering rates can be done from �rst principles. Today those rates can be calculated using
either density functional theory (DFT) [13, 14, 15, 16], molecular dynamics (MD) simulations
[17, 18, 19, 20] or even theories based on Green's function techniques [21, 22]. Supported by
methods entirely based on molecular dynamics approaches [23], the thermal conductivity in
bulk systems is well understood and successfully led to an understanding of materials with a low
thermal conductivity [24, 25] as well as to predictions of materials with high thermal conductivity
[26]. Together with the progress in nanoscience, which allows the precise control of matter at
the atomic scale, these achievements have inspired scientists to look for new ways to control the
thermal conductivity carried by phonons [27], for instance in terms of super-lattices [28, 29] or
nanostructured holes.
In contrast to these bulk materials, where the transport is di�usive and to a large extent given

by inelastic properties, the progress in nanoscale structuring also allowed to explore systems,
where Fourier's law breaks down and the thermal conductance does not scale with system size as
expected from macroscopic theories [30, 31]. In addition to the contribution of phonons which
have mean free paths bigger than the system's size and thus conduct heat ballistically, there is
an ongoing debate of whether or not Fourier's law should ever be ful�lled in low dimensional
systems [32, 33]. Furthermore, interesting physical phenomena have been explored due to the
coherent nature of phonons like the phonon thermal conductance quantization [34, 35], thermal
lenses [36], thermal recti�ers [37], which all have in common that they have been measured at
low temperatures and not all possible phonon modes contribute to the transport.

Figure 2. (a) The thermal transport in bulk samples occurs via a di�usive walk (curved arrows), while the

phonons (white dots) are exposed to multiple scattering events. (b) In a phase-coherent transport

regime (straight arrows) phonons are exchanged with a certain probability, while they thermalize

inside the reservoirs.

In the extreme case when the characteristic dimensions of the system are comparable to the
smallest coherence length of the phonons, inelastic scattering is negligible for all possible modes
up to the material-speci�c cut-o� frequency, and the view on phonon transport has to be revised.
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Contrary to the di�usive transport of phonons in a bulk situation, similar to a random walk of
a Brownian particle, in this regime their wave character becomes signi�cant. It is important to
notice that in principle a phonon is a solution to the in�nitely extended translationally invariant
system and therefore not well de�ned in regions that lack such symmetries. For this reason,
it is customary to de�ne a phonon bath in a certain semi-in�nite space region and look at the
transmission probability of the modes to be transmitted to an additional bath via an arbitrary
bridge. Thermalization is supposed to occur inside these baths.
Experimentally thermal transport at room temperature in length scales comparable to the

smallest mean free path of phonons is so far unexplored. Nevertheless, with the recent progress
in experimental techniques like scanning thermal microscopy and the subsequent discovery of new
interesting physics related to heat transport, like the quantization of thermal conductance for
electrons at room temperature (see Chap. 3 for further discussion) or the near-�eld enhancement
of radiative heat transport due to the tunneling of evanescent modes [38, 39], there is a chance
that in the near future this regime will be accessible for phonon-dominated systems as well.
A big impact on the �eld of thermal transport is related to the hope that solution to the energy

management in nanoscale systems, like nowadays CPU's where there is a signi�cant amount of
wasted leakage power, will be of thermoelectric nature [40]. Inspired by the fact that most of
the best thermoelectric materials have a very low thermal conductance [41, 42], the need for
an understanding of the phononic transport mechanism arises. Let us emphasize, that recent
advances in conventional thermo-electrical elements can be traced back to an understanding of
processes that reduce the phonon thermal conductance [43, 44, 45, 46, 38].
In this context, a di�erent class of materials has been proposed based on molecular junc-

tions, which due to their strongly energy-dependent transport properties and their high degree
of structural �exibility, could lead to highly e�cient thermoelectric materials [47]. Although
basic properties like electrical conductance and Seebeck coe�cient are well known, the thermal
conductance due to phonons remains to a large extent unexplored in those kinds of systems and
their contribution needs to be clari�ed in order to give a realistic estimation of their thermoelec-
tric suitability. A more comprehensive overview of the state-of-the-art in these systems will be
given in Chap. 4.
This thesis contributes to this large emerging �eld of thermal transport in nanoscale systems

by exploring thermal transport in single-atom or single-molecule junctions, which o�er a platform
to probe thermal transport in the ultimate limit of heat currents entirely dominated by elastic
processes for both electrons and phonons. The content is as follows.
In Sec. 2.1 we derive the basic formula, needed for the description of the coherent heat current

for phonon transport. It is followed by a discussion in Sec. 2.2 on how we model this particular
current with the help of ab-initio methods. Details about a complementary study based on
molecular dynamics are given in Sec. 2.3. In Sec. 2.4 we develop a method to extract a spatial
representation of eigenchannels, which paves the way for a better understanding of coherent
thermal transport. Furthermore, we present in Sec. 2.5 a technical procedure to account for
the acoustic sum rule in atomic-sized systems. The following Secs. 2.6 and 2.7 describe the
calculation of the heat current due to electrons and photons.
We show in Chap. 3 the quantization of the thermal conductance in single-atom gold junctions

in the coherent transport regime and discuss the di�erences related to other metals like platinum
and aluminum. In addition, we will explore whether the Wiedemann-Franz law is still applicable
down to the single-atomic level. Furthermore, in Chap. 4 we aim at an understanding of the
coherent nature of phonon transport in molecular systems and discuss aspects like Fourier's law,
interference e�ects and the impact of phononic as well as photonic processes on the thermoelectric
e�ciency. We close with a summary and an outlook in Chap. 5.
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2 Theoretical formalism

In this chapter, we present the methods to calculate the various contributions to the thermal
conductance in single-atom and single-molecule junctions. It starts with a brief derivation of
the heat current in the phase-coherent regime in Sec. 2.1, followed by an explanation of the
numerical implementation with DFT methods in Sec. 2.2. An alternative method based on
non-equilibrium molecular dynamics (NEMD) will be presented in Sec. 2.3. These sections are
followed by an introduction to the concept of transmission eigenchannels in Sec. 2.4, which
provides a suitable method for analyzing a phononic transmission function. Furthermore, we
illustrate the implications of the acoustic sum rule on the phonon transport in Sec. 2.5, while
Secs. 2.6 and 2.7 are associated with the description of the transport coe�cients of electrons and
photons.

2.1 Phonon heat current

In the following, we will derive the main formula needed for the description of the heat current due
to phonons in nanoscale systems. We start the derivation with the description of the phononic
system in the harmonic approximation. To calculate the heat current, we look at phonons in an
in�nite spatial domain 
, described by the following Hamiltonian

Ĥ =
∑
i2
;�

p̂2i�
2

+
1

2�h2

∑
i ;j2
;�;�

q̂i�Ki�;j� q̂j� (2.1)

Here, q̂i� = Q̂i�
p
mi is the mass-weighted displacement operator of atom i with mass mi , p̂i� =

P̂i�=
p
mi is the corresponding mass-scaled canonical momentum operator, and Ki�;j� couples the

� coordinate of the i-th atom to the � coordinate of the j-th atom. Details about this matrix
will be given in Sec. 2.2. Displacements of atoms i ; j are assumed to be along the Cartesian axes
�; � = x; y; z. The operators in Eq. (2.1) ful�ll the standard commutation relations [q̂i�; q̂j�] =
[p̂i�; p̂j�] = 0 and [q̂i�; p̂j�] = i�h�i ;j��;�.
In a typical transport setup the domain 
 is divided into three parts: a semi-in�nite left (L)

lead, a �nite central (C) part and a semi-in�nite right (R) lead. A sketch of the setup can be
seen in Fig. 3. The Hamilton operator takes the following form

Ĥ = ĤL + ĤC + ĤR; (2.2)

with

ĤX =
∑
i2X;�

p̂2i�
2

+
1

2�h2

∑
i2X;j2
;�;�

q̂i�Ki�;j� q̂j�; (2.3)

where X=L,C,R. Since it is customary in the �eld of phonon transport to work in the Heisenberg
picture, we shall consider the Heisenberg operator

q̂i�(t) = e iĤt=�hq̂i�e
�iĤt=�h: (2.4)

With this, we can de�ne the heat current operator as the change in energy per time of the
Hamilton operator of one of the leads. This quantity can be calculated using the Heisenberg

7



L RC
Figure 3. Sketch of the transport setup assumed for the calculation of the heat current. A semi-in�nite

left reservoir (L) with temperature TL, is coupled via a �nite central part (C) to a right reservoir

(R) at temperature TR < TL. Due to the non-equilibrium condition in phonon population a heat

current evolves.

equation of motion. Here, we consider the right heat current operator ĴR, due to the changes in
the right reservoir, nevertheless, the same considerations can be done for the left heat current
operator ĴL. The heat current operator reads as

ĴR(t) =
d

dt
ĤR(t) =

1

i�h

[
ĤR(t); Ĥ

]
=

1

i�h

[
ĤR(t); ĤC(t)

]
(2.5)

=
1

2�h2

∑
i2Rj;2C;�;�

�q̂j�(t)Kj�;i�@t q̂i�(t) + q̂i�(t)Ki�;j�@t q̂j�(t); (2.6)

where we assumed the left and right leads to be uncoupled. This equation can be recast into the
following form

=
1

2�h2
lim
t!t 0

∑
i2R;j2C;�;�

@t 0
(�q̂j�(t)Kj�;i�q̂i�(t

0) + q̂i�(t)Ki�;j� q̂j�(t
0)
)
: (2.7)

If we now seek for the physically measurable heat current we look at the expression

J =
〈
ĴR(t)

〉
=

1

2�h2
lim
t!t 0

∑
i2R;j2C;�;�

@t 0
(�Kj�;i�

〈
q̂j�(t)q̂i�(t

0)
〉
+Ki�;j�

〈
q̂i�(t)q̂j�(t

0)
〉)
; (2.8)

here the average is taken with respect to a non-equilibrium state, where the left and right leads
are initially held at di�erent temperatures. Note that with steady-state conditions, the heat
current gets time independent. In this equation we can identify the lesser Green's function so
we write the equation as

J =
i

2�h
lim
t!t 0

@t 0Tr
[�KCRD

<
RC(t; t

0) +KRCD
<
CR(t; t

0)
]
: (2.9)

We refer to App. A.2 or Ref. [48, 49] for a complete set of de�nitions of various Greens functions.
The next step is to go into the energy space (see App. A.2 for a de�nition), since we can assume
a general Green's function to obey

D(t; t 0) = D(t � t 0); (2.10)

as the system is supposed to be in a stationary state. The current then becomes

J =
1

4��h

∫ +1

�1
ETr

[�KCRD
<
RC(E) +KRCD

<
CR(E)

]
dE: (2.11)
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Now the question arises how to calculate the lesser Greens function in Eq. 2.11 under non-
equilibrium conditions. The answer is to use non-equilibrium Green's function (NEGF) tech-
niques and evaluate the functions on a so-called Keldysh contour, which is equivalent to an
adiabatic assumption [50]. Under appropriate boundary conditions we get a Dyson like equation
similar to standard perturbation theory but with respect to variables which are de�ned on the
contour [51, 49]. These equations can then be transformed to standard time arguments using
Langreth rules [52]. Again, under the assumption of a stationary current, we can use the Fourier
transformed quantities, to get the following set of equations

D<
CR(E) = D<

CC(E)KCRd
a
RR(E) +Dr

CC(E)KCRd
<
RR(E) (2.12)

D<
RC(E) = d<RR(E)KRCD

a
CC(E) + d rRR(E)KRCD

<
CC(E): (2.13)

In this equation, a Green's function with small letter d refers to the isolated system, whereas
a capital letter D corresponds to a Green's function of the coupled system. Inserting this into
Eq. 2.11 we obtain

J =
1

4��h

∫ +1

�1
ETr

[�KCR

(
d<RRKRCD

a
CC + d rRRKRCD

<
CC

)
+KRC

(
D<
CCKCRd

a
RR +Dr

CCKCRd
<
RR

)]
dE:

(2.14)
This can be further simpli�ed by noting that

d<XX(E; T ) = n(E; TX) (d
r
XX(E)� daXX(E)) ; (2.15)

which is known as the �uctuation-dissipation theorem for systems in equilibrium [53, 50], and

D<
CC(E) = Dr

CC(E) (�L(E)n(E; TL) + �R(E)n(E; TR))D
a
CC(E); (2.16)

with n(E; TX) =
[
1� eE=kBTX

]�1
and �X(E) = KCX

(
d rXX(E)� daXX(E)

)
KXC, which holds for

a set of oscillators described by the Hamiltonian of Eq. 2.1 [54]. Finally, we get the expression
for the heat current due to phonons in the harmonic approximation

J =
1

2��h

∫ 1

0
ETr [Dr

CC(E)�R(E)D
a
CC(E)�L(E)] (n(E; TR)� n(E; TL)) dE; (2.17)

by using the fact that Dr
CC �Da

CC = Dr
CC (�L + �R)D

a
CC and that the kernel is symmetric with

respect to the integrand. This formula is similar to the Landau-Büttiker formula for electrons
and has been derived in more detail in Refs. [55, 56, 57, 51, 58, 59, 60].
Eq. 2.17 determines the heat current in the coherent regime between two reservoirs held at

an arbitrary temperature di�erence �T = TL � TR. In practice, however, one is interested
in the linear response of the system, the heat current which establishes when an in�nitesimal
temperature di�erence is applied. To this end, we expand the distribution function under the
assumption TL = TR + �T , with �T=TR � 1, which leads to

J(T ) = �pn(T )�T; (2.18)

where �pn(T) is given by

�pn(T ) = �0

∫ 1

0
dEWpn(E; T )�pn(E): (2.19)

Here �0 =
�2k2

B
T

3h is the universal thermal conductance quantum,Wpn(E; T ) =
3
�2

(
E
kBT

)2 (
�@n(E;T )

@E

)
is the phonon window function and �pn(E) = Tr

[
Dr
CC(E)�R(E)D

a
CC(E)�L(E)

]
is the phononic

transmission. Notice that sinceWpn(E) is a universal function, the transmission function uniquely
de�nes the thermal conductance and thus plays a crucial role in the context of phononic thermal
conductance.
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For some cases it is useful to investigate the so-called cumulative thermal conductance

�cpn(E; T ) = �0

∫ E

0
dE0Wpn(E

0; T )�pn(E
0) (2.20)

de�ned as the thermal conductance due to phonon modes up to a given energy E. This quantity
can provide more detailed information on how the individual modes contribute to the total
thermal conductance for a given energy.
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2.2 Ab-initio description of phonon transport

In this section, we will show how we model the phonon transport in realistic nanoscale systems
using DFT and the NEGF formalism presented in chapter. 2.1. In principle, this formalism
requires the couplings between an in�nite set of atoms, which is not suitable for DFT calculations.
However, we will explain in the following how we can restrict the computation to a reasonable
subset of atoms.
DFT is a method in the �eld of electronic structure theory, which allows for an e�cient descrip-

tion of the electronic system based on the geometrical con�guration of di�erent atoms. Besides
computation speci�c parameters, like basis sets or pseudopotentials, in this method, there is only
a choice in the use of di�erent density functionals which a�ects the results. More important,
DFT o�ers within the framework of density functional perturbation theory a convenient way to
account for the phononic system, since the coupling elements can be extracted as the second
derivative of the Born-Oppenheimer energy surface with respect to the atomic position

Ki�;j� =
�h2√
MiMj

@2EBO

@Ri�@Rj�
: (2.21)

For an overview of DFT-related topics we refer to Ref. [61, 62] .
In practice, however, using DFT the description is limited to a few hundreds of atoms in the

simulation box, due to the tremendous computational e�ort inherited to this method. This is
in clear contrast to experimental geometry variations which can reach several �m. To overcome
these limitations, the main assumption made in ab-initio transport simulations of atomic or
molecular contacts can be attributed to the expectation, that in nanoscale systems the most
resistive part can be described by a �nite geometry of the size of a few atoms. Thus, only
the geometrical variations at the interface between the smallest part and the macroscopic heat
reservoirs must be described microscopically.

(a) (b) (c)

Figure 4. Comparison of an experimental geometry in (a) taken from Ref. [63], consisting of at least 3 gold

atoms forming a gold chain, with the geometry in (b) considered in the theoretical calculation of

a comparable contact both showing approximately a conductance of 1 G0. In (c) we show the

corresponding ECC.

In our approach, this �nite region is simulated in a so-called extended central cluster (ECC)
calculation. There, only a �nite number of reservoir atoms, which are characterized by �xed
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atom positions on the ideal lattice sites of the perfect crystal, are coupled to a central part. In
the center, however, the atoms are free to adjust their position and will be optimized such that
stress e�ects are minimized. Within the ECC we can extract the coupling elements from the
central part, as well as the coupling to the leads. The semi-in�nite heat reservoirs, on the other
hand, are assumed to have perfect, defect-free, translational symmetry. This allows the use of
bulk parameters, which can be obtained in an independent simulation of a perfect crystal, or
with a cluster-based approach [64]. Thus, using this approach we limit the computation to a
reasonable number of atoms, treatable within DFT. Let us emphasize, that the same concept is
also successfully applied to the electronic description of meso- and nanoscale systems [65, 54].
A comparison of an experimental geometry of a gold chain produced with a scanning electron

microscope at room temperature and taken from Ref. [63] with a geometry used in our simulation
is shown in Fig. 4. While in Fig. 4(a) the experiment (atoms colored in black) reveals variations
of the surface and clear deviations from the ideal fcc-lattice for both sides of the contact in (b)
these variations are neglected in theory and instead the surface is assumed to be symmetric and
of perfect fcc type. The coupling to the leads, as well as the information on the central part is
taken from the ECC calculation shown in Fig. 4(c). Here, only a �nite number of surface atoms
are su�cient to get the relevant parameters (For tests of convergence with respect to the size of
the ECC see Apps. C and D).
In our calculations we always use the functional proposed by Perdew-Burke and Ernzerhof

(PBE) [66, 67], which can be grouped in the class of generalized gradient approximated func-
tionals. If not explicitly stated we use the program TURBOMOLE [68], which is an all-electron
code based on Gaussian orbitals, the default2 basis set of split-valence-plus-polarization quality
def2-SV(P) [69], and the corresponding Coulomb �tting basis [70]. Details about the imple-
mentation of the force constants based on Gaussian orbitals can be found in Ref. [71, 72]. In
general, we use very tight convergence criteria of scfconv 9 and gcart 5 which corresponds to a
convergence of the total energy better then 10�9 a:u: and the maximum norm of the component
of the gradient smaller then 10�5 a:u:, to avoid imaginary modes in the central part. The surface
Greens function, which enters the transmission through the linewidth-broadening matrix �X(E),
will be calculated using a decimation technique proposed by Guinea et al. [73], with parameters
obtained in a separate bulk calculation, see App. C.
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2.3 NEMD description of phonon transport

As an alternative to the calculation of the thermal conductance based on DFT+NEGF, molecu-
lar dynamics o�ers several possibilities to predict the heat current at an atomistic level. Gener-
ally speaking, those methods can be classi�ed into two di�erent subgroups, namely equilibrium
and non-equilibrium molecular dynamics. Whereas in equilibrium one looks at certain corre-
lation functions, using the Green-Kubo formalism, in non-equilibrium the system is driven out
of equilibrium and the response is measured directly. In principle, with either methods both
bulk [23, 74, 75] and interface [76, 77, 78, 79] conductivities can be calculated, however, all of
them su�er from di�erent �nite size e�ects [80, 81, 82].
In comparison to the ab-initio approach described in Sec. 2.2 those methods o�er several

advantages. Whereas the former one is limited to a few hundreds of atoms, with MD simulations
atom numbers in the order of 106 are theoretically computable. Furthermore, temperature
e�ects like lattice expansion and geometrical phase space sampling are implicitly included. The
most important bene�t, however, is that the inclusion of anharmonic e�ects takes place in a
non-perturbative manner.
The major drawback can be attributed to the need for empirical interatomic potentials, which

are not universal and often optimized for special purposes. This becomes most evident when
systems with interfaces on the size of nanometers are considered. Here, due to lack of chemical
information conventional potentials fail to describe geometries at the single atomic scale or rely
on the harmonic approximation. Although there are potentials which incorporate this, these go
hand-in-hand with higher computational costs. In contrast, DFT-based methods are known to
give reliable geometries at these length scales. Moreover, the avoidance of �nite size e�ects in
the heat baths is crucial for a calculation of the thermal conductance and e�ectively limits the
number of interface atoms. Since MD performs simulations using classical statistics, another
disadvantage is that quantum e�ects are not considered, which can be decisive especially for low
temperatures in comparison to the material-speci�c cut-o� energy.
In short, both approaches complement each other and therefore both will be used in this

work. To be precise, we use a direct NEMD approach, where the non-equilibrium situation is
set by maintaining two regions separated in space at a constant temperature di�erence, using a
thermostat. The thermal conductance is calculated according to

�pn =
J

�T
=

�E

�t�T
; (2.22)

where J = �E
�t is the steady-state heat current, which is calculated as the energy fed into the

system by the thermostats per timestep �t divided by the temperature di�erence �T . In practice,
we monitor the output of the thermostats over a measurement time � and calculate the heat
current as the slope of a linear �t to this dataset.
A typical geometry can be seen in Fig. 5. The outermost atoms at each side, indicated in

black, are �xed, to avoid a collapse of the system. These regions are followed by several atom
rows colored in red and blue, where a thermostat is applied. The largest part of the simulation
box consists of the left (L) and right (R) lead, which is colored in orange here. To avoid �nite size
e�ects, their precise number of atoms has to be chosen depending on the interatomic potential
and the average temperature. Similar to the NEGF formalism we de�ne a central part (C) as all
atoms in between the leads.
In all simulations, we apply periodic boundary conditions perpendicular to the direction of

transport and �xed boundary conditions parallel to it. Since we are looking at a non-equilibrium
situation one has to take care of the lattice mismatch due to the temperature di�erence. There-
fore, to minimize strain e�ects we take the following e�ective lattice constant

ae� =
3

√
a(TL)

3 + a(TR)
3

2
; (2.23)
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Figure 5. Typical geometry used in NEMD calculations of the thermal conductance.

which determines the volume of the simulation box. The simulations are done with the LAMMPS
software code [83], for the integration of Newton's equation of motion we use the velocity-Verlet
algorithm [84].
To analyze the phononic spectrum it is useful to look at the phonon density of states (DOS),

calculated according to

D(!) =
1

3NkBT

∫
hvi(t)vi(0)ie i!tdt; (2.24)

with N the total number of atoms and T the temperature. This is the Fourier transformed
velocity autocorrelation function [85].
In this work, we consider two di�erent types of atomic potentials. The �rst one relies on the

embedded atom method (EAM) potential. This potential is de�ned as follows

Etot =
∑
i

Fi(ni) +
1

2

∑
i 6=j

Vi j(Ri j) (2.25)

and
ni =

∑
j 6=i

%j(Ri j); (2.26)

with Fi(ni) the embedding energy, Vi j(Ri j) the pair potential and %j(Ri j) the electron density
function. In most cases, each function is described as a set of points that are connected by
splines of a speci�c degree, trained to a certain data set. This kind of many-body potential is
especially successful in the description of crystal related properties. The second potential used
in this work is a reactive force �eld (REAXFF), which is based on the concept of a bond order to
model interactions within a chemical system. With it a dynamic breaking and forming of bonds
are possible, thus it does not rely on prede�ned reactive sites within harmonic interactions. The
total potential is given as

Esystem = Ebond + Eover + Eunder + Elp + Eval + Eangle + Etor + EvdWaals + ECoulomb; (2.27)

where the contributions are due to bonding order, over-coordination penalty and under-coordination
stability,lone-pair energy, valence angle and torsion, and non-bonding van der Waals and Coulomb
interaction [86, 87]. For the non-bonded interaction REAXFF calculates the polarization of
charges inside the molecule based on the EEM and Qeq methods developed by Mortier and
Rappe [88, 89, 90]. A detailed description of each term can be found in the supplementary
material of Ref. [91].

2.3. NEMD DESCRIPTION OF PHONON TRANSPORT 14



2.4 Transmission eigenchannels

We have seen in Sec. 2.1, that the phononic transmission function uniquely determines the
thermal conductance in the phase-coherent limit. To get an idea about the physical modes
involved in the transport, methods are needed to extract information from this function. In
systems with translational symmetry, an analysis which relates the transmission of a certain
ingoing to a respective outgoing bulk mode exists, which can be naturally performed with mode-
matching-based approaches [92, 93, 94] or with the help of NEGF techniques [95, 96]. However,
mode-dependent transmission studies do not actually provide information on the modes of the
central device part, thus such a kind of analysis is not suitable for atomic and molecular junctions
that lack spatial symmetry.
For this reason, the calculations in these systems are often interpreted with the help of the

local density of states (LDOS) [97, 98, 99, 100]. Such analyses are certainly useful, but they do
not establish a direct connection to the key quantity for coherent phonon transport, namely the
transmission function. Moreover, in those calculations the information about the phase gets lost,
which is important, for instance, for the interpretation of interference e�ects. Instead, the concept
of transmission eigenchannels resolves the total transmission � =

∑
� �� into contributions of

eigenchannels, which are particular scattering states with transmission coe�cients 0 � �� � 1.
More important, those eigenstates are clearly connected to the transmission, they are closely
related to the local vibrational modes, and they preserve the phase information. In the case of
electronic transport, Paulsson and Brandbyge [101] were able to establish a method to obtain
the eigenchannels from information about the subspace of the central part of the device only,
i.e., from data that is readily available in NEGF-based approaches. In the following we extend
those ideas and transfer them to coherent phonon transport. In particular, we present a general
procedure to extract these eigenchannels in NEGF-based calculations.

2.4.1 Scattering states

In mesoscopic systems, the theoretical description of the transport of electrons can be related to
a quantum mechanical scattering problem [102, 103, 65]. There, the concept of scattering states
is introduced, which are solutions of the scattering problem under certain boundary conditions.
More important, these scattering states o�er a spatial representation of the current carrying
modes. Additionally, in Ref. [101] they were shown to give a profound basis for the transmission
eigenchannels in the central part and it was demonstrated how to obtain them from NEGF-
based methods. As we will need the concept of scattering states for the phononic transmission
eigenchannels, they will be introduced in this section.
Consider the displacement operator in the Heisenberg picture

q̂i�(t) = e iĤt=�hq̂i�e
�iĤt=�h: (2.28)

It is straightforward to show that this operator, with the Hamiltonian de�ned in Eq. 2.2, ful�lls
the following equation of motion (see App. A.1)

�h2
d2q̂i�(t)

dt2
= �

∑
j2
;�

Ki�;j� q̂j�(t): (2.29)

The full solution to this equation of motion is formed from two sets of states [104, 102]. One
set includes propagating states with a continuous energy spectrum. It is generated from the
electrodes, which we assume to be perfect semi-in�nite crystals without defects. The upper
cuto� energy Ec of the spectrum is determined by the highest phonon energy of the left or right
electrode material and is set to the maximum of the two values. The other set is formed by
bound states with a discrete energy spectrum, originating from the �nite central region. For
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coherent transport these bound states are not important, because they do not contribute to
the transmission. Nevertheless, we take them into account in our considerations, since they are
important for the normalization of the states, as we will discuss below.
The solution of Eq. (2.29) can then be expressed in terms of the normal modes of the propa-

gating and bound sets as

q̂i�(t) =

∫ Ec

0
dE
∑
m

�hp
2E

(
bym(E)�

�
m;i�(E)e

iEt=�h + h:c:
)

+
∑
m

�hp
2Em

(
�bym ��

�
m;i�e

iEmt=�h + h:c:
)
; (2.30)

where h.c. denotes Hermitian conjugation. The normal mode operators ful�ll standard commu-
tation relations with the only nonvanishing commutators being [bm(E); b

y
n(E

0)] = �mn�(E � E0)

and [�bm; �b
y
n] = �mn. In these expressions, �m;i�(E) is the component of the normal mode vector

�m(E) on atom i for the displacement along �, which solves the following eigenvalue problem

K�m(E) = E2�m(E) (2.31)

for a given energy E. Here, m runs over all degenerate states with energy E. Similar relations
hold for the bound states, where ��m is the normal mode vector m, which is a solution to

K ��m = E2
m
��m: (2.32)

In this case, the index m enumerates all bound states. Overall, the normal mode vectors are
normalized such that ∫ Ec

0
dE
∑
m

��
m;i�(E)�m;j�(E)

+
∑
m

��
�
m;i�

��m;j� = �i j���: (2.33)

Since we are interested in the formulation of transport as a scattering problem, we solve
Eq. (2.31) for the propagating set of states by starting from the solutions of the uncoupled sub-
systems X and treat the coupling between the di�erent parts, KXY with Y 6= X, as a perturbation
K1. For this reason we write K = K0 +K1 with

K0 =

KLL 0 0

0 KCC 0

0 0 KRR

 (2.34)

and

K1 =

 0 KLC 0

KCL 0 KCR

0 KRC 0

 : (2.35)

Note that we assume here and henceforth that left and right parts are decoupled, meaning
that KLR = K

y
RL = 0. For the eigenvalue E2, we arrive in this way at a general solution

�m(E) = (�m;L(E);�m;C(E);�m;R(E))
T , which can be expressed by using the Green's function

formalism as follows

�m;X(E) = 'm;X(E) +
∑
Y 6=X

d rXX(E)KXY�m;Y (E): (2.36)

Here 'm;X(E) is the solution of the unperturbed system, i.e.,
(
E2 �KXX

)
'm;X(E) = 0, and

d rXX(E) =
[
(E + i�)2 �KXX

]�1
(2.37)
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is the retarded Green's function of the unperturbed solution with an in�nitesimal parameter
� > 0. The states in Eq. (2.36) can also be written in terms of the retarded Green's function of
the full system

Dr(E) =
[
(E + i�)2 �K

]�1
(2.38)

as
�m;X(E) = 'm;X(E) +

∑
Z

∑
Y 6=Z

Dr
XZ(E)KZY 'm;Y (E): (2.39)

From this equation, we de�ne the scattering states �L
m(E) [�

R
m(E)] generated from unperturbed

states that enter the junction region from the left [right] lead, which are special solutions with
the boundary conditions 'm;C(E) = 0 and simultaneously 'm;R(E) = 0 ['m;L(E) = 0]. We
will show in the next section that, apart from contributions due to bound states, these left- and
right-incoming states give rise to the spectral function of the central part.

2.4.2 Spectral function

The phonon spectral function plays a central role in the determination of the transmission eigen-
channels. This function is de�ned in terms of the phonon Green's functions as follows

A(E) = ifDr(E)� [Dr(E)]yg: (2.40)

Making use of the propagating and bound sets of solutions to Eqs. (2.31) and (2.32), the spectral
function can be rewritten as

A(E) = �2
∫ Ec

0
dE0

∑
m

Im

[
�m(E

0)�y
m(E

0)

(E + i�)2 � E02

]

�2
∑
m

Im

[
��m

��
y
m

(E + i�)2 � E2
m

]
: (2.41)

We note that this form of the spectral function is consistent with the standard de�nition of the
Green's functions used for the derivation of the Landauer formula [105]. Those Green's functions
are de�ned in terms of the operators q̂i�(t) of Eq. (2.30), and such a starting point also leads to
Eq. (2.41). Now, using that lim

�!0
Im [1=(E + i�)] = ���(E), we can express the spectral function

as follows

A(E) =
�

E

∑
m

�m(E)�
y
m(E)

+
∑
m

�

Em
�(E � Em)��m

��
y
m

=
�

E
�(E); (2.42)

where
�(E) =

∑
m

�m(E)�
y
m(E) +

∑
m

�(E � Em)��m
��
y
m (2.43)

is the phonon density matrix. This means that the sets of states �m(E) and ��m, respectively,
form the density matrix at a given energy. From this expression, the density of states of a given
subset can be obtained by a projection on this subset and an additional trace over the respective
degrees of freedom.
After these general considerations, we now address the spectral function of our scattering

problem. We obtain the retarded Green's function in the central region from Eq. (2.38), and it
is given by the Dyson equation

Dr
CC(E) =

[
(E + i�)2 �KCC � �r

L(E)� �r
R(E)

]�1
; (2.44)
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where �r
Z(E) = KCZd

r
ZZ(E)KZC with Z=L,R is the embedding self-energy due to the coupling

to the leads. The spectral function of the central part can then be expressed using Eq. (2.40) as

AC(E) = iDr
CC(E)

{[
Dr
CC(E)

y
]�1 �Dr

CC(E)
�1
}
Dr
CC(E)

y

=
∑

Z=L;R

Dr
CC(E)�Z(E)D

r
CC(E)

y � 4i�EDr
CC(E)D

r
CC(E)

y (2.45)

with �Z(E) = i
[
�r
Z(E)� �r

Z(E)
y
]
= KCZaZ(E)KZC and aZ(E) = (�=E)

∑
m 'm;Z(E)'

y
m;Z(E).

While the last term �4i�EDr
CC(E)D

r
CC(E)

y in Eq. (2.45) corresponds to the bound-state contri-
butions, one can show that the two terms Dr

CC(E)�Z(E)D
r
CC(E)

y for Z = L;R are related to the
scattering states �L

m(E) and �R
m(E). This can be demonstrated as follows

AZC(E) =
�

E

∑
m

PC�
Z
m(E)�

Z
m(E)

yPC

=
�

E

∑
m

PC
[
'Zm(E) +Dr(E)K1'

Z
m(E)

] [
'Zm(E)

y + 'Zm(E)
yK

y
1D

r(E)y
]
PC

= Dr
CC(E)�Z(E)D

r
CC(E)

y; (2.46)

where we have used Eq. (2.39) for the scattering states, 'Lm(E) =
(
'm;L(E); 0; 0

)T , 'Rm(E) =(
0; 0;'m;R(E)

)T and the projection operator

PC =
∑
i2C;�

e i�e
y
i�: (2.47)

In this expression, e i� is a unit vector of the same dimension as the �m(E), and its entries are
given by ei�;j� = �i j���. We have thus shown that the spectral function of the central part
AC(E) = ALC(E) + ARC(E) + ABC(E) consists of two spectral functions ALC(E) and ARC(E), which
can be attributed to scattering states �L

m(E) and �R
m(E) that enter the central device region

from the left and right leads, respectively, and a part ABC(E) due to bound states.

2.4.3 Transmission eigenchannel from NEGF

We are now in the position to �nally describe the procedure to determine the transmission
eigenchannels. Let us �rst recall that we assume that the left and right parts are decoupled [see
Eqs. (2.34) and (2.35)]. Under these conditions and using the NEGF formalism, one can show
that the phononic heat current is given by a Landauer-like formula (see Sec. 2.1) where the main
quantity to be determined

�(E) = Tr
[
Dr
CC(E)�L(E)D

r
CC(E)

y�R(E)
]
; (2.48)

is the total phonon transmission.
In order to obtain eigenchannels as linear combinations of projections of scattering states onto

the central junction part simultaneously with the corresponding transmission eigenvalues, we
express the transmission using Eq. (2.46) with Z = L as

�(E) = Tr
[
ALC(E)�R(E)

]
=

�

E

∑
m

�L
m(E)

yPC�R(E)PC�
L
m(E): (2.49)

Inspired by this expression, we de�ne the transmission probability matrix

�
(1)
mn (E) =

�

E
�L
m(E)

yPC�R(E)PC�
L
n(E); (2.50)
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which is actually the matrix that we shall diagonalize to obtain the eigenchannels.
In order to diagonalize this transmission matrix, we follow the procedure for the electronic

problem, as described in Refs. [101, 106], and perform a spectral decomposition for the central
part of the spectral function

ALC(E) =
∑
m

~�m(E)�m(E)~�
y
m(E)

=
�

E

∑
m

~�m(E)~�
y
m(E): (2.51)

Here, ~�m(E) =
√
E�m(E)=�~�m(E) and ~�ym(E)~�n(E) = �mn. As can be seen from a comparison

of Eqs. (2.46) and (2.51), the vectors ~�m(E) = PC�
L
m(E) originate from the scattering states

that arrive from the left lead via projections onto the central part and are therefore normalized
through the �L

m(E) [see also Eq. (2.33)]. Then, we transform ��R(E)=E into the new basis of
the ~�m(E) through

�
(1)
mn (E) =

�

E
~�
y
m(E)�R(E)~�n(E)

=
�

E

[
~Uy(E)�R(E) ~U(E)

]
mn

; (2.52)

where ~U(E) =
(
~�1(E); : : : ;~�3NC

(E)
)
and NC is the number of atoms in the central part. The

eigenvectors are solutions of the equation∑
n

�
(1)
mn (E)cn�(E) = ��(E)cm�(E) (2.53)

with
∑

m c�m�(E)cm�(E) = ��� , and the eigenchannel � in the central region is given by

~	�(E) =
∑
m

cm�(E)~�m(E)

=
∑
i2C;�

ai�;�(E)e i�: (2.54)

with ai�;�(E) =
∑

m
~Ui�;m(E)cm�(E). The eigenchannels thus arise from a unitary transforma-

tion of the states ~�m(E).
Let us note that the eigenchannels of Eq. (2.54) are right eigenvectors of the transmission

probability matrix � (2)(E) = ALC(E)�R(E) that appears in the trace of Eq. (2.49), i.e.,

� (2)(E) ~	�(E) = ��(E) ~	�(E): (2.55)

This is evident, if the relations in Eqs. (2.51)�(2.54) are used. It is worth pointing out that
apart from � (1)(E) or � (2)(E), one could eventually consider other forms for the transmission
probability matrix. For instance, we might want to use � (3)(E) = t(E)ty(E) with t(E) =

�
1=2
R (E)Dr

CC(E)�
1=2
L (E). Given an eigenchannel ~	�(E) with eigenvalue ��(E) of � (2)(E) [see

Eq. (2.55)], we �nd that �1=2R (E) ~	�(E) is an eigenvector of � (3)(E) with the same eigenvalue
��(E). Similar to the electronic case [106], we thus observe that the eigenvectors of � (3)(E) do
no longer result from a unitary transformation of scattering states that are projected onto the
center via PC [see Eq. (2.47)], as it was the case when using � (2)(E) [see Eq. (2.54)]. Instead, the
matrix �

1=2
R (E) destroys simultaneously the PC projection property as well as the normalization

[see Eq. (2.33)], and a comparison of the amplitudes of eigenchannels of � (3)(E) would thus not
be meaningful.
As it is obvious from the relation ~�m(E) = PC�

L
m(E), Eqs. (2.50)�(2.54) yield left-incoming

eigenchannels originating from the scattering states �L
m(E). This means that the lattice vi-

brations arrive at the scattering region from the left lead and are subsequently transmitted
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to the right lead or scattered back to the left one. In order to obtain right-incoming eigen-
channels, it is su�cient to start from �

(4)
mn (E) = ��R

m(E)
yPC�L(E)PC�

R
n (E)=E in Eq. (2.50) or

� (5)(E) = ARC(E)�L(E) in Eq. (2.55). The corresponding transmission probability matrices are
obtained by rearranging the expression in the trace of Eq. (2.48) through cyclic permutation, by
exploiting the de�nition of ARC(E) in Eq. (2.46), and by noting that it can also be written in the
form ARC(E) = Dr

CC(E)
y�Z(E)D

r
CC(E) through the relations given in Eqs. (2.40) and (2.45).

The eigenchannels in the complete system space 	�(E) =
∑

m cm�(E)�
L
m(E) can be obtained

from the ~	�(E) in Eq. (2.54) by omitting the projection PC on the central device part. We will,
however, focus in the following on device-projected eigenchannels. The ~	�(E) are normalized
according to Eq. (2.33), because they are constructed through a unitary transformation with
the cm� from the ~�m(E). Consequently, they are measured in units of J�1=2. There is also a
global phase factor that needs to be �xed for every eigenchannel ~	�(E). In the examples shown
below, we will simply set the component of a certain atom to a real value for the one-dimensional
chain. In the ab-initio calculations, the numerical routines used for computing the eigenvectors
determine the phase factor, which may thus vary both with E and �.
We want to transform now the ~	m(E) to displacement vectors measured in units of m, in

analogy to what is done when normal modes of �nite systems are calculated classically from the
eigenvalue equation (2.32). For this reason, we divide ~	�(E) by

p
mi [see also the mass factor in

Eq. (2.30)] and multiply in addition with an energy-dependent scaling factor s(E) of unit J1=2m.
In this way the complex displacements of the central part of the eigenchannels are obtained as

~Q�(E) =
∑
i2C;�

s(E)p
mi

ai�;�(E)e i�

=
∑
i2C;�

s(E)p
mi
jai�;�(E)je i�i�;�(E)e i�: (2.56)

Equation (2.56) shows that each atomic displacement acquires a phase factor due to the in-
cident wave from the left lead. Note that the displacements of the eigenchannels ~Q�(E) in
Eq. (2.56) are proportional to the eigenchannels ~	�(E) in Eq. (2.54), if all of the mi are the
same, as it is the case in mono-atomic junctions. In contrast, the proportionality is broken for
hetero-atomic junctions. We have furthermore introduced a real-valued scaling factor s(E) in
Eq. (2.56), which we may adjust for optimized visualization of displacements at each energy E.
In this way, eigenchannel displacements ~Q�(E) at di�erent energies should only be compared on
qualitative grounds, while they are fully comparable at a certain �xed energy.
The full solution for a wave moving from left to right at an energy E is

~Q�(t; E) = ~Q�(E)e
�iEt=�h: (2.57)

Obviously, ~Q�(t = 0; E) = ~Q�(E). The time dependence of the real part of the eigenchannel dis-
placement vector Re~Q�(t; E) can be shown in a movie. However, for illustrative purposes we shall
often restrict ourselves to the representation of the real part of the eigenchannel displacements
at time t = 0, i.e., Re~Q�(t = 0; E) = Re~Q�(E).

2.4.4 1D chain

We now consider the case of a one-dimensional (1D) atomic chain, where the whole procedure
for the determination of phonon transmission eigenchannels can be carried out analytically. The
system that we are interested in is depicted in Fig. 6(a). In this model junction, the C part
consists of two atoms, labeled �1 and 0 and colored in black. These two atoms are coupled
through a spring with force constant kc. The leads are described by two semi-in�nite chains
of coupled harmonic oscillators with nearest-neighbor coupling constant kl. The left (right)
lead is connected to atom �1 (0) in the central region with a coupling constant kl. Since the
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atomic movements are assumed to happen along the direction of the chain, � reduces to a single
component, and the compound index i� simpli�es to just the atom index i in the following.
Furthermore, we assume that all atoms in the L, C and R parts have the same mass mi = m.
The Green's function of the central part Dr

CC(E) can be obtained from Eq. (2.44) using

KCC =

(
kc + kl �kc
�kc kc + kl

)
(2.58)

together with the self-energies

�r
L(E) = f (E)

(
1 0

0 0

)
; �r

R(E) = f (E)

(
0 0

0 1

)
; (2.59)

where f (E) = (E2 � 2kl � E
√
E2 � 4kl)=2. Thus, the corresponding linewidth-broadening ma-

trices can be written as

�L(E) = g(E)

(
1 0

0 0

)
; �R(E) = g(E)

(
0 0

0 1

)
; (2.60)

with

g(E) =

{
E
√
4kl � E2 if E2 < 4kl;

0 if E2 � 4kl:
(2.61)

From these expressions, the spectral function ALC(E) in Eqs. (2.46) and (2.51) is computed. For
E2 < 4kl, the eigenvalues of this matrix are given by

�1(E) =

√
4kl � E2[2k2c + E2(kl � kc)]

klE[4k2c + E2(kl � 2kc)]
; �2(E) = 0 (2.62)

with the corresponding eigenvectors

~�1(E) =

�E2+2kc�iE
p
4kl�E2p

8k2c+4E
2(kl�kc)

kcp
2k2c+E

2(kl�kc)

 ;

~�2(E) =

 kc(E2�2kc+iE
p
4kl�E2)

2
p
(k2c+E

2(kl�kc))(2k2c+E
2(kl�kc))p

k2c+E
2(kl�kc)p

2k2c+E
2(kl�kc)

 ; (2.63)

which are orthonormal, i.e., ~�ym(E)~�n(E) = �mn. From the ~�m(E) we obtain the C projections
of left-incoming scattering states ~�m(E) by multiplying with

√
E�m(E)=� [see the discussion of

Eq. (2.51)]. Constructing ~U(E) =
(
~�1(E);~�2(E)

)
, we determine � (1)(E) via Eq. (2.52). Diago-

nalizing the resulting transmission probability matrix [see Eq. (2.53)], we obtain the transmission
eigenvalues

�1(E) =
k2c (4kl � E2)

kl[4k2c + E2(kl � 2kc)]
; �2(E) = 0 (2.64)

and eigenvectors

c1(E) =

(
1

0

)
; c2(E) =

(
0

1

)
: (2.65)

These coe�cients determine the eigenchannels ~	�(E) via Eq. (2.54). The time-dependent eigen-
channel displacements can now be computed through Eqs. (2.56) and (2.57) by transforming the
eigenchannels to the eigenchannel displacement vectors and by multiplying with a time-dependent
phase factor.
Since we assume that the masses of all atoms mi = m are identical in the 1D chain, eigen-

channels and eigenchannel displacements are proportional ~Q�(E) = s(E) ~	�(E)=
p
m to each

2.4. TRANSMISSION EIGENCHANNELS 21



0

0.2

0.4

0.6

0.8

1

0 5 10 15 20
0

0.02

0.04

0.06

0.08

0.1

τ

LD
O

S
 (

1/
m

eV
)

Energy (meV)

τ
LDOS

Re

Im

Re

Im

Re

Im

kl kc

-1

kl kl kl kl kl

... ...
0 1 2 3-2-3-4

(a)

(b)

(c)

(d)

Figure 6. (a) Sketch of the 1D junction. Two semi-in�nite leads with nearest-neighbor coupling constants kl
are connected at sites �1 and 0 with the coupling constant kc. The region (�1;�2] is considered
as the L part, the region [�1; 0] as the C part and [1;1) as the R part. (b) Transmission

eigenchannel ~Q1(E; t = 0) for the 1D chain represented in the complex plane for energies of

E = 1 meV, 10 meV, and 19 meV. The red arrow shows the complex number ~Q1;�1(E; t = 0) for

the atom �1, the blue one ~Q1;0(E; t = 0) for atom 0. (c) The same as in panel (b), but now

we display only the real part of the solution Re~Q1(E; t = 0). (d) The corresponding transmission

eigenvalue �1(E) as a function of energy together with the LDOS of one of the atoms (�1 or 0)

in the central part. The energies of those eigenchannels, which are studied in panels (b) and (c),

are indicated with arrows. For panels (b)�(d), we assumed spring constants of kl = 100 meV2

and kc = 20 meV2.
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other. We therefore de�ne ~	�(E; t) =
p
m~Q�(t; E)=s(E) and use both quantities interchange-

ably. Choosing the global phase factor of the eigenchannel such that the component of the atom
0 is real and positive at t = 0, the time-dependent eigenchannels read

~	1(t; E) =

√ √
4kl � E2k2c

�kl (E2(kl � 2kc) + 4k2c )

(
�E2+2kc�iE

p
4kl�E2

2kc
1

)
e�iEt=�h; ~	2(t; E) = 0: (2.66)

Let us discuss several points at this stage. We note that there is only a single eigenchannel
with nonvanishing transmission. This is due to the fact that in our 1D model there is only
nearest-neighbor coupling. Displacements, which we assume to be along the chain direction,
thus need to spread sequentially from atom to atom. The leads provide a cuto� energy of
Ec = 2

p
kl, above which no propagating states exist. If 0 � kc � kl the whole junction shows

no bound states, while they arise if kc > kl � 0. Due to the particular left-right symmetry
of our problem, the following relations hold for kc � kl: �i i(E) = E[ALi i(E) + ARi i (E)]=� =

ETr[ALC(E)]=� = E�1(E)=� = j~	1(E)j2 with i = �1; 0. The expressions imply that the square
of the norm of the transmission eigenchannel 1 follows the LDOS of one of the atoms in the
C part. Integration yields

∫ Ec

0 dE�i i(E) =
∫ Ec

0 dEj~	1(E)j2 = 1, which is consistent with the
normalization condition in Eq. (2.33), since there are no bound states present. For the case
kc > kl, we get

∫ Ec

0 dEj~	1(E)j2 < 1, and bound-state contributions need to be taken into
account in the C part to ful�ll the normalization condition in Eq. (2.33).
If we now consider the perfect chain with kc = kl, the previous results reduce to

�1(E) = 1; �2(E) = 0 (2.67)

with
~	1(t; E) =

1√
�
√
4kl � E2

(
u�1(t; E)

u0(t; E)

)
; ~	2(t; E) = 0; (2.68)

where un(t; E) = exp[ik(E)nd � iEt=�h]. The un(t; E) appear as solutions for the equation of
motion of atoms arranged in an in�nite chain and coupled by the same nearest-neighbor spring
constants [107]. Here, we have introduced the wave vector k(E) = (2=d) sin�1(E=Ec) and
neighboring atoms are assumed to be separated by the distance d . Note that the interatomic
distance d is not relevant for our transport problem, which is entirely determined by the force
constant matrix K [see Eqs. (2.34) and (2.35)], where force constants will of course be functions
of interatomic distances in realistic systems. As discussed in the previous paragraph, we �nd
that �i i(E) = j~	1(E)j2 = 2=(�

√
4kl � E2) with

∫ Ec

0 dE�i i(E) = 1.
We want to use now the analytical expressions to examine di�erent representations of the

transmission eigenchannel displacements. For this purpose we choose the global scaling factor
s=
p
m in Eq. (2.56) to be real, energy-independent and of units J1=2m/kg1=2. In Fig. 6(b)�

(d) we study the transmission, LDOS and eigenchannel displacements for the 1D chain with
kl = 100 meV2 and kc = 20 meV2, i.e., in the situation where there are only propagating states
in the junction system. Corresponding �gures for the perfect chain with kc = kl = 100 meV2

and with bound states contributions, kl = 100 meV2 and kc = 2000 meV2, can be found in
Appendix B. The transmission �(E) in Fig. 6(d) shows a monotonically decreasing behavior
with increasing energy and vanishes above the cuto� energy of Ec = 20 meV. At the same time,
we plot the LDOS �i i(E) of the atom i = �1; 0 in the central part, which starts from a �nite value
at E = 0, increases to a maximum around 9 meV and drops to zero beyond Ec. The transmission
eigenchannel displacements ~Q1(t = 0; E) are shown in Fig. 6(b) for the energies E = 1 meV,
10 meV, and 19 meV, indicated by arrows in Fig. 6(d). The two complex components are indicated
by two arrows in the complex plane. Notice that while the norm of the eigenvector ~Q1(t; E) is
proportional to

√
�i i(E) for the energy-independent s chosen here, the relative magnitude at

the atom i = 0 as compared to the atom i = �1, i.e., j ~Q1;0(t; E)j=j ~Q1;�1(t; E)j, decreases
with increasing energy because a larger portion of the left-incoming wave gets re�ected at the

2.4. TRANSMISSION EIGENCHANNELS 23



constriction. We also note that the phase di�erence �0;1(E)� ��1;1(E) [see Eq. (2.56)] between
the two components increases from 0 at E = 0 to � at E = 20 meV. With increasing time the
arrows precess around the origin at a constant angular velocity of ! = E=�h, spanning the circle
indicated by the dashed lines in the plot. Since the two atoms typically do not swing in phase,
the real parts of ~Q1;�1(t; E) and ~Q1;0(t; E) take maximum amplitudes at di�erent times.
In Fig. 6(c) we present another way to visualize the eigenchannel displacements by simply

plotting Re ~Q1;�1(t; E) and Re ~Q1;0(t; E) at t = 0 as arrows attached to the respective atoms.
This is actually the representation that we will use in all the �gures shown in the rest of this work.
Notice that due to our choice of the global phase factor, we get �0;1(E) = 0 and Re ~Q1;0(t =

0; E) is hence maximal at t = 0. In contrast Re ~Q1;�1(t; E) depends both on the absolute
value j ~Q1;�1(E)j and the phase ��1;1(E), as it is visible from Fig. 6(b). Despite the large
j ~Q1;�1(E)j at E = 10 meV, Re ~Q1;�1(t; E) is rather small, because ��1;1(E) � �0:6�. In spite
of such shortcomings, one gets an impression of the nature of the atomic motions involved in the
eigenchannel. Indeed, we observe that the eigenchannel displacements at low energy E = 1 meV
resemble a translational mode of the two atoms, while they are basically vibrating against each
other at 19 meV, as it is clear from the evolution of the phase di�erence �0;1(E) � ��1;1(E)

with energy, discussed in the previous paragraph. Videos could be used to examine the full
time-dependent dynamics of Re~Q1(t; E), but we refrain from this here, since the simple 1D case
is well characterized with the help of Fig. 6(b).
In total, we have established a method to obtain useful representations of the transmission

eigenchannels with quantities available in standard NEGF-based calculations. This method
allows for a detailed analysis of the vibrational modes involved in the transport of heat.
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2.5 Acoustic sum rule

The acoustic sum rule enforces a relation on a general force constant matrix. Rooted in the
translational invariance of the system, it leads to zero energy or massless modes in the energy-
momentum relation. Models which obey this relation are called momentum conserving, while
momentum non-conserving approaches violate the condition. In the context of heat transport in
systems with reduced dimensionality, especially 1D systems, this rule is important since it has
been shown that momentum conserving models violate Fourier's law, which states that the ther-
mal conductivity is independent of conductor's length, whereas if the momentum is not conserved
for some models Fourier's law is recovered in the thermodynamic limit [32]. Experimentally this
deviation has been measured for 1D[30, 108] and two-dimensional (2D) systems [31].
The sum rule can be derived by noting that an arbitrary translation of the whole system along

a direction �~r , will not lead to a force on it. In a harmonic lattice, this reads as

0 = ~F = H�~r ; (2.69)

where Hi�;j� = @2E
@Ri�Rj�

is the Hessian matrix. Since �~r is arbitrary we get a relation, for each
direction � = x; y; z ∑

j

Hi�;j� = 0; (2.70)

which has to be ful�lled for any physical harmonic system. This equation can be rewritten in
a more familiar form, using the dynamical matrix K =

p
M�1H

p
M�1, with the inverse mass

matrix M and by separating the diagonal elements from the rest∑
j 6=i

√
mj

mi
Ki�;j� = �Ki�;i�: (2.71)

Since the Hessian matrix is symmetric this implies that Ki�;i� = Ki�;i� and

∑
j 6=i

√
mj

mi
Ki�;j� =

∑
j 6=i

√
mj

mi
Ki�;j� (2.72)

Let us mention that although breaking of the translational invariance is in general unphysical, in
low dimensional systems an on-site pinning which violates Eq. 2.71, could be physically motivated
by an additional coupling to a substrate.

2.5.1 Acoustic sum rule in phonon transport

In a typical transport setup, one studies the amount of energy transmitted from one reservoir at
temperature TL to a reservoir at temperature TR via a central bridge. Therefore, one divides the
system into three parts, the left lead L, the central part C, and the right lead R, see Sec. 2.1. If
one neglects the coupling between the left and the right lead, the force constant matrix will look
as follows

K =

KLL KLC 0

KLC KCC KRC

0 KCR KRR

 : (2.73)

In most cases, the calculation of the coupling elements is divided into two separate calculations,
namely one for the semi-in�nite leads (KLL and KRR) and the other one for a �nite scattering
region (KCC and KXY , with X; Y 2 C;L;R and X 6= Y ). In our case, the �nite region is calculated
by means of the ECC, see Ref. [109]. Whereas each individual computation can be easily forced
to obey the sum rule, this does not necessarily hold for the combined system. In a system with
equal dimensions in the individual parts, a violation could come from a di�erent number of
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(a) (b)

Figure 7. (a) System with equal dimensions in each part. Upon increasing the central part (indicated with

the dashed line) from top to bottom the geometry does not change. (b)A System with a di�erent

dimension in the lead with respect to the central part. A change in the partitioning leads to a

di�erent geometry of the central part.

neighbors considered in each calculation or di�erences in the simulation-dependent parameters,
like electronic k-points, smearing or di�erent density grids, just to name a few. However, these
parameters can be controlled in principle and for a large enough scattering region, such that the
physical boundary is far away from the cut, Eq. 2.71 should hold. This situation is sketched in
Fig. 7(a). A change in the partitioning does not lead to a di�erent geometry. At some point,
the coupling elements of the outermost lead atoms in the central part should converge to the
bulk values. Nevertheless, in e�cient simulations, a simple correction scheme as, for instance,
proposed in Ref. [110] can be used to ful�ll the sum rule without converging to the bulk limit.
In contrast, if we consider a system with di�erent dimensionality of the lead with respect to the

central part, like in our ECC calculation, a straightforward implementation of the sum rule is not
possible. The reason for this can be seen in Fig. 7(b). A change in the partitioning of the system
is now accompanied by a change of the geometry in the central part since a former layer which
was in�nite perpendicular to the transport direction now becomes �nite. More importantly, with
respect to the acoustic sum rule, there will always be a physical surface layer at the boundary
between leads and central part. In this layer, atoms with a di�erent coordination number in
comparison to the bulk situation exist, and since Eq. 2.71 is a sum over all neighbors, it is clear
that the sum rule can't be ful�lled with bulk parameters in any calculation. Additionally, the
diagonal elements of the surface atoms which are coupled to the central part, have to be corrected
since they have a di�erent environment compared to the bare surface. In what follows we present
a two-step scheme to resolve these issues.
Let us start with the construction of the supercells for the semi-in�nite lead. For simplicity,

we chose the transport direction to be along the z-direction and we focus on the left lead, the
results, however, hold for arbitrary directions and can be done similar for the right lead. If we
take the coupling elements from a separate bulk calculation Ki , where i labels the neighbor in
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the z-direction, the corresponding matrix will take the following form

Kbulk
LL =



. . .
...

...
...

...
...

...
...

...
. . .

...
... Knz�2 Knz�1 Knz 0

...
...

. . .
... Knz�3 Knz�2 Knz�1 Knz

...
...

...
. . .

...
...

...
...

: : : Knz�2 Knz�3 : : : K0 K1 K2 K3

: : : Knz�1 Knz�2 : : : K1 K0 K1 K2

: : : Knz Knz�1 : : : K2 K1 K0 K1

: : : 0 Knz : : : K3 K2 K1 K0


; (2.74)

where each block Ki is of dimension nx � ny � 3 � 3, consisting of 3x3 blocks Kjk
i , where i ; j; k

labels the relative distance of atom in x,y,z-direction, nx ; ny ; nz are the respective total number
of neighbors used in the bulk calculation and we assumed the symmetry Ki = K�i . One can
group this matrix into blocks, such that we get a block diagonal structure

Kbulk
LL =


. . .

...
...

...
...

: : : ~K0
~K1 0 0

: : : ~K1
~K0

~K1 0

: : : 0 ~K1
~K0

~K1

: : : 0 0 ~K1
~K0

 : (2.75)

To account for the missing neighbors in the surface layer we now change the corresponding surface
block, to get a matrix of the form

KLL =


. . .

...
...

...
...

: : : ~K0
~K1 0 0

: : : ~K1
~K0 H1 0

: : : 0 ~K1
~K0

~K1

: : : 0 0 ~K1
~KS

 : (2.76)

Here ~KS represents the surface layer and for ~KS = ~K0 follows KLL = Kbulk
LL . If we use the

bulk parameters, the diagonal elements of ~KS read K00
0 = �∑(i jk)6=(000)K

jk
i �∑i>0K

jk
i , where

0 � i � nz , �ny � j � ny , �nx � k � nx . To ful�ll the sum rule one has to adjust these diagonal
elements according to Eq. 2.71. This leads to

~KS =



Knz
0

... Knz�3 Knz�2 Knz�1 Knz
...

...
...

...
...

...
Knz�3 : : : K3

0 K1 K2 K3

Knz�2 : : : K1 K2
0 K1 K2

Knz�1 : : : K2 K1 K1
0 K1

Knz : : : K3 K2 K1 K0
0


; (2.77)

where the matrices Km
0 di�er in their diagonal element K00

0 given by

(K00
0 )m = �

∑
(i jk) 6=(000)

Kjk
i �

∑
i�m;i 6=0;jk

Kjk
i ; (2.78)

and m labels the di�erent surface layers in z-direction. The surface atoms are supposed to have
equal masses, so the mass term in Eq. 2.71 vanishes. This matrix includes the renormalization of
the diagonal elements due to the missing neighbours in the surface planes. Note, within di�erent
z-layers the atoms are exposed to distinct couplings.
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The next step is to include the couplings from the central part on the diagonal of Eq. 2.77. If
~dLL is the solution to the problem of the bare surface

~dLL =
[
!2 �KLL

]�1
; (2.79)

then dLL is the solution of the problem where the renormalization of the diagonal elements due
to the coupling to the central part has been included. This Greens function can be calculated
using Dyson equation

dLL =
[
!2 �KLL � �

]�1
= ~dLL + ~dLL�dLL; (2.80)

which leads to
dLL =

(
1� ~dLL�

)�1 ~dLL: (2.81)

Here

�i�;i� = �
∑
j2C

√
mj

mi
KECC
i�;j�; (2.82)

with i 2 L is the missing term of the diagonal elements and KECC indicates that these parameters
are taken from the ECC. In the implementation one problem arises with the symmetry condition
Eq. 2.72 since in general it is not ful�lled when two di�erent calculations are considered. One
can think of two di�erent solutions to overcome this problem. The �rst is to force in the ECC
calculation every coupling element to ful�ll KECC

i�;j� = KECC
i�;j�, which would lead to a modi�cation

of the eigenmodes of the central part. The second possibility is to still violate the acoustic sum
rule and only force the diagonal elements of the corrected lead atoms to be symmetric with

Ki�;i� =
1

2

(
Ki�;i� +Ki�;i�

)
i 2 L;R: (2.83)

Let us close with a remark that in principle more advanced correction schemes exists in literature
to account for the acoustic sum rule [111, 112]. However, since all of these would lead to a
modi�cation of the coupling elements between di�erent atoms, we restrict ourselves to the simple
form proposed above.

2.5.2 1D lead

To test the method and to get an idea of how translational invariance in�uences the phonon
transmission, we apply the method to a 1D system where two semi-in�nite leads with coupling
elements kl are coupled to one atom with coupling kc . For simplicity, we assume all atoms to
have identical masses ml = mc = m. Since the dimension of the leads and the central part are
identical the correction scheme would not be necessary, nevertheless, we take this as a pedagogical
example. The matrices of the system without the coupling to the central parts are

KLL =


...

... 0
... 2kl �kl
0 �kl kl

 and KRR =


kl �kl 0

�kl 2kl
...

0
...

...

 : (2.84)

Here the surface element has already been corrected according to Eq. 2.78, although, due to only
nearest neighbor coupling this is somehow trivial. Using these we get a surface Green's function
of the following form

~ds(E) =
1

2klE

(
E �

√
E2 � 4kl

)
: (2.85)

In a next step we correct this function, due to the coupling to a central part with the coupling
kc , using Eq. 2.80, which yields the following equation

ds = ~ds + ~dskcds ! ds =
1

2

E2 � 2kc � E
√
E2 � 4kl

E2(kl � kc) + k2c
: (2.86)
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Figure 8. (Left) Transmission, real and Imaginary part of the surface Greens function for a 1d chain with 1

site. The real part of the Green's function has the value -1/kc at E=0 so Gcc gets a resonance at

this Energy. (Right) Evolution of the zero energy peak with changing of the mode in the central

part. As the mode of the central part shifts to lower energies the zero energy peak gets narrower.

Note that this function is identical to the surface Green's function obtained by directly ful�lling
the sum rule in the matrix of the full system.
To see the e�ect of the sum rule on the transport, we show in Fig. 8(a) the transmission for

a system with kc = 20meV2 and kl = 100meV2, together with the real and the imaginary part
of the surface Green's function ds(E). The eigenmode of the central part is indicated with a
cross. While there is a resonance in the transmission at the position of the eigenmode, another
resonance shows up at zero energy. We want to use the following expression for the transmission
of this simple model

� =
4k4c Im[ds(E)]

2

(E2 � 2kc � 2k2cRe[ds(E)])
2 + 4k4c (Im[ds(E)])

2
=

2�k2c
E

Im[ds(E)]%C(E); (2.87)

to discuss the tranmission at zero energy. One can see that mathematically the transmission gets
1 at zero energy, if the real part of ds(E) goes faster to 1=kc for E ! 0 leading to a resonance
in DCC(E = 0), then the imaginary part of ds(E) going to zero. As we will show later in more
detail, the sum rule leads to a resonance at zero energy, or

Det jKj = 0; (2.88)

for the in�nite matrix K. Next, we want to study the relation of the zero energy peak with the
position of the central resonance. For this we depict in Fig. 8(b) the transmission for di�erent
kc ranging from 0.2 (meV)2 to 200 (meV)2. One can see that while the mode in the central
part shifts to lower energies, the zero energy peak gets narrower. This gives us a very intuitive
physical interpretation of the sum rule. If the wavelength of the incoming phonon is much larger
compared to the wavelength of the lowest central mode, the phonon doesn't see the central part
as an impurity and gets transmitted without being scattered.
To close this section and to show the connection between zero energy peak and sum rule we

study how a violation of this condition in�uences the transmission. For this purpose, we use the
following matrices for the system

KLL =

. . .
...

...
: : : 2kl �kl
: : : �kl (kl + kc + �)

Kn
CC =


2kc �kc : : : 0

�kc 2kc : : : 0
...

...
. . .

...
0 0 : : : 2kc

 ; (2.89)

where Kn
C is of size n�n. First, we pick one n, here n=2 and check the transmission for di�erent

�. In Fig. 9(a) one can see the results. For �=0 there are transmission peaks at the energies
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Figure 9. (Left)Transmission of 1D system violating the sum rule for di�erent � with n=2. (Right) Same

but for �xed � = 10meV2 and varying n.

of the center modes whereas a third peak arises at zero energy. As already discussed this peak
is a consequence of translational invariance. With increasing � this zero energy peak shifts to
higher energies and decreases in amplitude, while the resonances of the system only slightly shift
but decrease in width. At deviations � > 20 meV2 the transmission curve shows only the two
resonances of the center.
Next, we �x � = 10 meV2 and vary n between 2-20 in steps of two to see how the zero energy

peak shifts for di�erent lengths of the central system. A consequence of the increasing length
is a shift of the lowest resonance in the system to lower energies since the maximum possible
wavelength in the system increases. This also modi�es the peak around zero energy, as can be
seen in Fig. 9(b). While it �rst decreases in energy and width, it is nearly absent for n > 18.

2.5.3 2D lead

In the previous section, the 1D model was studied to verify the proposed correction scheme
analytically, although it was not necessary since the dimension of the lead was equal to the
dimension of the center. Now we construct a toy model, where a 2D lead is coupled to a 1D
chain, so the correction scheme is necessary. Furthermore, we assume the vibrational modes of
the y- and x-direction to be decoupled, which will further simplify our analysis and restrict the
transport to be only along x-direction. For the 2D semi-in�nite left/right lead this gives us the
following Hamiltonian

HL = HR =
1

2

∑
i ;j

p2i ;j + kx
(
xi+1;j � xi ;j

)2
+ ky

(
xi ;j+1 � xi ;j

)2
i 2 x; j 2 y ; (2.90)

where kx is the coupling of the x-coordinates of two atoms in x-direction, while ky is the coupling
of the x-coordinates between atoms in y-direction. A sketch of the system can be seen in Fig. 10.
The central part is assumed to couple only with a single surface atom at each side. With this,

kc

} x
y

kx

ky

}

}

Figure 10. Sketch of the model with 2D leads.
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we get two equations of motion for mathematically distinct layers

E2x00 = 2kyx00 � kyx01 � kyx0�1 + kxx00 � kxx10 (2.91)

and
E2x10 = 2kyx10 � kyx11 � kyx1�1 + 2kxx10 � kxx20 � kxx00: (2.92)

Since the problem is translational invariant in y-direction with respect to a lattice vector we can
go in reciprocal space, by assuming

xlm = xle
iqma; (2.93)

where a is the distance between two atoms and q is a reciprocal vector in y-direction. The
equations now read

E2x0 = 2kyx0 � kye
iqax0 � kye

�iqax0 + kxx0 � kxx1 (2.94)

and
E2x1 = 2kyx1 � kyx1e

iqa � kyx1e
�iqa + 2kxx1 � kxx2 � kxx0: (2.95)

We can write this in matrix form as follows
kx + 4ky (sin

2(qa2 )) �kx 0 : : :

�kx 2kx + 4ky (sin
2(qa2 )) �kx . . .

...
. . . . . . . . .

 x =


E2 0 0 : : :

0 E2 0
. . .

...
. . . . . . . . .

 x: (2.96)

The Green's function element d00 = ds of this problem can be calculated in q-space in analogy
to the 1D chain and is given by

~ds(q) = 2

[
E2 � 4ky sin

2(qa=2) +

√
(E2 � 4ky sin

2(qa=2))
(
E2 � 4kx � 4ky sin

2(qa=2)
)]�1

:

(2.97)
The surface Green's function in real space is then calculated according to

~ds(0) =
1

2�

∫
~ds(q)dq; (2.98)

which can't be solved analytically, so one has to use numerical methods to evaluate it. After the
calculation of this integral, the Dyson equation Eq. 2.80 can be used to account for the coupling
to the center.
In Fig. 11 the transmission for a single atom with kx = 100 meV2, ky = 2 meV2 and kc =

19 meV2 is depicted. One can see that instead of a peak at zero energy a peak at the highest
energy of a transversal mode in y-direction arises, namely at 2

√
ky . The inset shows the real

and imaginary part of the surface Green's function for E ! 0 in units of (1/kc). Similar to the
1D lead, the real part of ds(E) goes towards a resonance (! 1=kc) but this time the imaginary
part of ds(E) drops faster, which is the reason for the absence of the zero energy transmission
peak. Let us emphasize that these �ndings are in accordance with the one proposed in Ref. [113],
where they �nd the transmission of systems with dimensions greater than 1 to go to zero for
E ! 0.

2.5.4 3D lead

In this section we apply the method to realistic junctions, consisting of a metallic gold and a
molecular junction. The �rst system contains only atoms of one type such that the sum rule is
valid for both the dynamical matrix and the Hessian, whereas in the second system the sum rule
is only ful�lled for the Hessian matrix due to the mass di�erence of the di�erent atom types.
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Figure 11. Transmission for the 2D in�nite chain coupled to a single atom, with kx=100 meV2 ky=2 meV2

kc=20 meV2. The zero energy peak disappears while a second peak arises at the maximum

energy of the transverse mode (�h!max = 2
p
2meV2 � 2:83meV ).

In Fig. 12(a) we compare the phonon transmission for a metallic nanowire, with and without
the correction scheme, where without correction means using the bulk parameters for the surface
layers. First of all notice that the position of the resonance peaks are quite una�ected and are
very similar for both calculations. The most striking di�erence is the behavior in the low energy
range, especially the width of the resonances increases while using the correction scheme. Overall
the thermal conductance is greater in the whole temperature range upon using the modi�ed
parameters with an increased conductance of � 11 % at 300 K in comparison to the calculation
with the bulk ones. As already seen for the 2D lead in Sec. 2.5.3 there is no transmission peak
around zero energy, which can be explained with the low energy behavior of the phonon density
of states.
Finally in Fig. 12(b) the phonon transmission for a single-molecular junction containing a

dithiolated alkane chain is shown. Once again the high energy behavior is nearly un-e�ected by
the correction, whereas the width of the transmission peaks at low energies in general increases,
leading to a higher total transmission in this energy range. The inset displays the total thermal
conductance and again we �nd an enhanced conductance of � 22 % at 300 K.
Let us emphasize that the low energy behavior gets e�ected by the de�nition of the Green's

function which reads as
D =

[
(E + i�)2 �K

]�1
: (2.99)

Here one adds a small imaginary part to shift the pole in the imaginary plane. Using the form
of Eq. (2.99) the imaginary part gets energy dependent thus one adds a shift of ��2 on the
resonance. For the transmission this � should be small enough such that this shift is negligible
and big enough to avoid numerical problems. Nevertheless, an in�uence especially at low energies
can not be excluded.
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Figure 12. (a) Transmission function of a gold nanowire attached to a 3D surface, without (red) and with

(blue) the corrected surface elements. The partitioning is as indicated in the picture. In the

inset the temperate dependence of both calculations is shown. (b) Same comparison for a

single-molecule junction.

2.6 Electrons

Besides the thermal conductance due to phonons, we are also interested in the thermal conduc-
tance carried by electrons, since the relative contributions from both are important for experi-
mental measurements. Within the Landauer-Büttiker picture, their contribution to the di�erent
transport properties is determined by the energy-dependent electronic transmission �el(E). In
particular, in the linear response regime, in which we are interested in, the electrical conductance
G, thermopower S, and the electronic thermal conductance �el are given by [114, 54]

G = G0K0; (2.100)

S = � K1

eTK0
; (2.101)

�el =
2

hT

(
K2 � K2

1

K0

)
; (2.102)

where e = jej is the absolute value of the electron charge, h is Planck's constant, kB is Boltzmann's
constant, T is the average junction temperature, and G0 = 2e2=h is the conductance quantum.
The coe�cients Kn in Eqs. (2.100)-(2.102) are given by

Kn =

∫ 1

�1
dE �el(E)

(
�@f (E)

@E

)
(E � �)n; (2.103)

where f (E) = fexp[(E � �)=kBT ] + 1g�1 is the Fermi function. Here, the chemical potential
� � EF is approximately given by the Fermi energy EF of the Au electrodes. Dependences of
transport quantities, the coe�cients Kn and the Fermi function on temperature and chemical
potential have been suppressed.
Let us emphasize that we have used the exact Eqs. (2.100)-(2.102) in all calculations, but it

is instructive to have in mind the corresponding low-temperature expansions, which turn out to
be very good approximations in almost all cases. They read

G � G0�el(EF); (2.104)

S � ��2k2BT

3e

@E�el(E)

�el(E)

∣∣∣∣
E=EF

; (2.105)

�el � L0GT: (2.106)
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The latter expression for �el is known as the Wiedemann-Franz law [54] and L0 = (kB=e)
2�2=3

is the Lorentz number.
We remark, that all system dependent parameters are inherently taken into account in the

electron transmission which we compute making use of our DFT-NEGF formalism, implemented
in TURBOMOLE and explained in detail in Ref. [64]. A key advantage of our approach is that
for a given junction we can compute both contributions stemming from electrons and phonons
on the same level of theory, thus we can correlate both values. Additionally, an analysis in
terms of transmission eigenchannels, where the transmission is resolved in terms of individual
contributions from eigensolutions to the transmission matrix, is possible and reads

�el =
∑
i

�el;i : (2.107)

This concept is similar to the one introduced in Sec.2.4 for phonons, and details about our
implementation can be found in Ref. [106].
To account for the de�cits in the description of the molecular orbital alignment related to DFT

and associated with many-electron self-energy e�ects on the carrier energies, we apply a method
known as DFT+� which tries to heuristically account for the quasiparticle energies based on a
physically motivated model [115, 116, 117]. In this, the molecular orbitals attain a self-energy
correction term of the following form

�̂ =
∑
n

�nj	mol
n ih	mol

n j; (2.108)

where n runs over the molecular orbitals. The self-energy correction �n is calculated in the
following manner. First, the highest occupied molecular orbital (HOMO) and lowest unoccupied
molecular orbital (LUMO) obtained from DFT are connected with the ionization energy and
electron a�nity of the gas-phase molecule, derived from the total energy di�erence on a DFT-
level. The resulting band gap is further reduced, due to polarizations in the electrode induced by
adding an electron (LUMO) or hole (HOMO) to the system, which are calculated using classical
image-charge potentials caused by the charge distribution of the respective molecular orbital in
the presence of two metallic leads. Since the electronic transmission is supposed to be dominated
by the HOMO and LUMO resonances, it is su�cient to calculate only �HOMO (�LUMO) and
apply the shift to all occupied (unoccupied) orbitals. Details about the calculation of these
terms can be found in Ref. [118]. As pointed out by Ref. [119], this method neglects the internal
screening response of the molecular orbitals due to the polarization of the metal surface and
depends only on a choice of the image-charge plane. In our calculations, this image plane is
chosen to be 1.47 Å away from the �rst unrelaxed layer.

2.7 Photons

A last contribution to the thermal conductance arises due to the presence of a photonic �ux,
driven by thermal excitations. A theory which determines these contributions, namely �pt, is
the �uctuational electrodynamics [120]. This formulation of photonic heat transport was indeed
employed recently to study the radiative heat transfer between a gold surface and a gold tip
in the extreme near-�eld regime and shown to work nicely all the way down to gaps of a few
nanometers [38].
Our calculation of the radiative thermal conductance �pt proceeds in two steps. First, we

calculate the so-called heat transfer coe�cient, i.e. the linear radiative thermal conductance per
unit area, for two in�nite parallel Au plates, and then we use this result together with the
so-called proximity approximation (see below) to compute �pt for two arbitrary geometries.
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Within the framework of �uctuational electrodynamics [120] the heat transfer coe�cient � for
two in�nite parallel plates separated by a distance � is given by [121]

�(�) =

∫ 1

0

d!

2�

@�(!; T )

@T

∫
d2kk

(2�)2
�pt(!; kk); (2.109)

where �(!; T ) = �h!n(E; T ), ! is the radiation frequency, k = (k?; kk) is the wave vector
expressed in terms of components perpendicular and parallel to the surface planes with k? = kx
and kk = (ky; kz), �pt(!; kk) is the total transmission probability of the electromagnetic waves,
and we have omitted the temperature dependence of �. Notice that the second integral in
Eq. (2.109) is carried out over all possible directions of kk, and it includes the contribution of
both propagating waves with kk < !=c and evanescent waves with kk > !=c , where kk = jkkj
and c is the velocity of light in vacuum. The total transmission can be written as �pt(!; kk) =
�s(!; kk) + �p(!; kk), where the contributions of s- and p-polarized waves are given by [121]

��(!; kk) = (2.110){
(1� jr�;21j2)(1� jr�;23j2)=jD�j2; kk < !=c

4Imfr�;21gImfr�;23ge�2jk?;2j�=jD�j2; kk > !=c
:

Here, � = s; p and index 1 refers to the left plate, 2 to the vacuum gap, and 3 to the right plate.
The coe�cients r�;ij are re�ection (or Fresnel) coe�cients of the two interfaces between gold and
the vacuum gap and are given by

rs;i j =
k?;i � k?;j
k?;i + k?;j

and rp;i j =
�jk?;i � �ik?;j
�jk?;i + �ik?;j

; (2.111)

where the component of the wave vector in system i perpendicular to the plates may also be
expressed as k?;i =

√
�i!2=c2 � k2

k
and �i(!) is the corresponding dielectric function. Finally,

D� = 1� r�;21r�;23e
2ik?;2� is a Fabry-Pérot-like denominator, resulting from multiple scattering

events between the two interfaces.
To compute the heat transfer coe�cient, we have employed the experimental dielectric function

for Au reported in Ref. [122]. Our results basically coincide with those reported in Ref. [123],
with minor di�erences due to the di�erent Au dielectric function employed here. We also �nd
for small gaps in the near-�eld regime that the contribution of s-polarized evanescent waves,
resulting from total internal re�ection, completely dominates the radiative heat transfer all the
way down to separations of about 1 Å. Let us remark that in the formalism detailed above, we
make use of a local approximation, in which the dielectric function is assumed to depend only
on frequency. In fact, non-local contributions due to the momentum dependence of the dielectric
function have been shown to be negligible for gaps larger than 1 Å [123], as the ones studied in
this work.
We can use the results for the heat transfer coe�cient � to estimate the radiative thermal con-

ductance in a junction with Au electrodes. For this purpose, we need to know the macroscopic
shape of the electrodes. In scanning tunneling microscope (STM)-based experiments, the elec-
trodes are a tip and planar surface. Thus, and since we are interested in the extreme near-�eld
regime (with gaps in the order of nanometers), it is reasonable to model this situation with a
�nite sphere of a given radius R and an in�nite planar surface. We shall refer to this geome-
try as tip-surface geometry. On the other hand, in the case of mechanically controllable break
junctions, it is more appropriate to model the electrodes as two spherical tips. For simplicity we
assume two spheres of the same radius R. We shall refer to this geometry as tip-tip geometry.
In principle, one can carry out a very accurate analysis of the radiative heat transfer in these

two types of geometries along the lines of Ref. [38], but for our purposes here it su�ces to make
use of the so-called proximity approximation, sometimes referred to as Derjaguin approximation
[124]. It has been shown to provide a very good approximation for the two geometries considered
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here in the limit in which the tip radius is much larger than the gap size [125, 126, 127, 38].
In particular, Kim et al. [38] showed that microscopic details like surface roughness (either at
the tip or at the surface) do not signi�cantly change the results for Au. Within the proximity
approximation the radiative heat conductance between a sphere and a plane and between two
spheres can be computed as

�pt(�) =

∫ R

0
�(h(r))2�r dr; (2.112)

where � is the gap, � is the heat transfer coe�cient calculated as described above, R is the sphere
radius, and h(r) = �+R�pR2 � r2 for the tip-surface geometry and h(r) = �+2R�2pR2 � r2

for the tip-tip geometry.
Finally, let us point out that we do not take the presence of molecules into account in the

calculation of the photonic thermal conductance. In the single-molecule junctions considered
in this work, the molecules only modify the refractive index of the gap in a very tiny region.
Due to the long-wavelength nature of the electromagnetic waves that dominate the near-�eld
radiative heat transfer (NFRHT), this region is orders of magnitude smaller than the portion
of the electrodes that contribute to the radiative heat transfer [38]. Therefore, the role of the
molecules in the photonic transport is expected to be negligible.
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3 Metallic atomic-size contacts

The invention of experimental techniques like the scanning tunneling microscope and the me-
chanically controllable break junction made it possible to fabricate stable metallic atomic-size
contacts all the way down to single-atom junctions and even atomic chains. A single-atom contact
is the ultimate limit of miniaturization in the context of electronic devices. Since the mean free
path of electrons and phonons is much longer then the characteristic dimension of such systems,
transport is dominated by quantum mechanical e�ects. A lot of interesting properties related to
charge and energy transport, like electrical conductance [128, 129], shot noise [130, 131, 132, 133],
photocurrent [134, 135, 136, 137], thermopower [138, 139, 140, 141], and Joule heating [142, 118],
just to mention a few, have already been theoretically investigated and experimentally measured
in such junctions. Overall these systems have been an ideal test platform to probe scattering
theory for coherent quantum transport.
Only recently, a basic property, the thermal conductance, which was unexplored in this kind of

junction up to this point, has been obtained experimentally [143, 144]. Making use of picowatt
resolution calorimetry our experimental colleagues have been able to measure quantum e�ects
on the thermal conductance, in particular they could show that for some metals the thermal
conductance is quantized in units of �0 = �2k2BT=(3h), where T is the absolute temperature.
A schematic picture of the experimental setup can be seen in Fig. 13(a). A gold-coated SThM
tip suspended on a platform at temperature T0 is brought into contact with a planar surface
at temperature Ts . While the junction forms, a temperature change can be monitored via the
resistance of the platinum thermometer at the tip. This can be further linked to the thermal
conductance of these single-atom contacts with a resistance network model. If simultaneously an
ac-current is supplied to the junctions, both quantities, the thermal and electrical conductance
can be measured at the same time. An example of a measured conductance vs. displacement
curve can be seen in Fig. 13(b), obtained while withdrawing the tip from the surface at a
constant velocity of approx. 0.5 nm/s. The units are normalized such that they correspond to
the quantized values of 2�01 (T = 300) and G0 respectively. In these examples, both signals
follow each other very closely and the conductance signals decrease in discrete steps. Many
of the curves show preferential conductance values at integer multiples of 2�0 or G0. This
measurement has been repeated to perform a statistical analysis over a larger dataset of about
2000 traces and the corresponding 2D histogram of the electrical and thermal conductance can
be seen in Fig. 13(c). It has a prominent peak at the crossing point of 1G0-2�0 which reveals the
�rst measurement of the quantization of the thermal conductance at room temperature for gold
contacts. Further analysis with platinum has demonstrated that this is not a universal feature
and the underlying chemical valence has to be considered in order to explain the results.
Another interesting question which has arisen in these studies concerns the proportional-

ity of the ratio of thermal and electric conductance to the temperature, with the constant
L0 = �2k2B=(3e

2) = 2:44� 10�8 W
K�2, which is well known as the Wiedemann-Franz law for
macroscopic systems. As can be seen in Fig. 13(d) they have found the law to be approximately
valid also for single-atom contacts. An additional measurement on a platinum contact suggests
that this could be true for any metal contact with only small deviations and a statistical spread-
ing related to the electronic structure of the metal. As they have already pointed out, these
1 Note that spin degeneracy, unlike the electrical conductance quantum, is not included in the de�nition of the

thermal conductance quantum because historically this expression was �rst de�ned in the context of phonon

transport.
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Figure 13. (a) Experimental setup to study the thermal conductance in single-atomic junctions. A gold-

coated SThM tip initially at temperature T0 is brought into contact with a planar substrate at

temperature Ts , while an ac-current is supplied. When the contact forms, a temperature change

in the platinum wire can be measured, which can be linked with a network model to the thermal

conductance of these nano contacts. (b) Typical thermal (red) and electrical (blue) conductance

signals, obtained while the tip is displaced with a constant velocity away from the surface. (c)

Histogram of the thermal conductance versus the electrical conductance reveals the quantization

of the thermal conductance at room temperature for single-atom gold contacts. (d) Histogram

of the Lorentz ratio, which veri�es the Wiedemann-Franz law down to the single-atom contact.

All Pictures are taken from Ref. [2].

discoveries are generally only possible if in this transport regime the electronic contribution is
still dominating the thermal properties as it is in bulk systems.
On this background we now want to explore the theoretical principles underlying these exper-

iments and investigate metallic contacts of Au in Sec. 3.1 and Pt in Sec. 3.2. In addition, we
consider Al in Sec. 3.3, which is interesting because of its lower mass compared to the former
metals and hence the possible greater in�uence of phonons. In particular, we calculate the elec-
tronic and phononic contribution to the heat conduction using di�erent techniques, to compare
with the experimental results and estimate the expected in�uence of phonons. With the help of
a combination of DFT and NEGF techniques we �rst explore an ideal geometry, represented by a
dimer con�guration, and look at the di�erent contributions coming from electrons and phonons
in a harmonic approximation. Additionally, we study stretching and pulling curves in close anal-
ogy to the measurements. Furthermore, we combine NEMD simulations with a tight-binding
parametrization for the electronic system to justify the transport regime and discuss the in�u-
ence of anharmonic e�ects on the phonon thermal conductance. At last, we show a statistical
analysis, to allow for a direct comparison to the experiments. The DFT studies are carried out
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for all metals, while the NEMD calculations exclude Pt since a similar behavior to Au can be
expected.

Simple estimation in the phase-coherent transport regime

Before we present our detailed calculations using realistic electronic and phononic structure
parameters, we want to estimate, in a simpli�ed picture, under which circumstances the experi-
mental observations can be understood in the context of phase-coherent transport. In particular,
we want to highlight in which cases we expect the Wiedemann-Franz law to hold for the metalic
contacts. As outlined in Sec. 2 the system dependent parameter, for the electronic as well as for
the phononic response, is given by the corresponding transmission function and therefore this
quantity uniquely determines the respective transport coe�cient. With this in mind we �rst
focus on the electronic system, neglecting any phononic in�uence, by looking at three generic
electronic transmission functions as depicted in Fig. 14(a).

Figure 14. (a) Three electronic transmission functions which di�er in their energy dependence. (b) Corre-

sponding electronic Lorentz ratio as de�ned in Eq. 3.2.

The �rst one is constant in energy E while the others are choosen to have a Lorentzian shape
given by

�el =
�2

�2 + (E � EF )2
(3.1)

with varying width �. Important for our considerations, they di�er in their energy dependence.
Since we are interested in the validity of the Wiedemann-Franz law we can de�ne the so called
electronic Lorentz ratio

Lel
L0

=
�el

L0TG
(3.2)

which is a measure for deviations from the theoretical Lortenz constant L0. In Fig. 14(b) this
quantity can be seen for the respective transmission function for a temperature range from
0 � 350 K. For the constant transmission it is equal to one irrespective of the temperatures,
meaning the proportionality between thermal and electronic conductance divided by temperature
is L0 for the whole range. In contrast, we see small deviations from one for the transmission with
a larger width which gets even more pronounced for � = 0:1. These results can be understood
by inspecting Eq. 2.102. Without an energy dependence K1 will vanish and �el will be given by
the low temperature limit 2.106. In other words, a small or negligble energy dependece leads to
the validity of the Wiedmann-Franz law for the eletronic ratio.
After we have discussed the neccesary conditions for the electrons, we now turn to the phonon

thermal conductance at room temperature. To get an estimate for an upper bound, we assume
that there are three phonon conduction channels. We choose the number of three, since one

39



expects one channel for each spatial dimension. They might also be seen as a longitudinal and
two transverse eigenchannels. Let us furthermore assume that the channels exhibit a perfect
transparency for energies up to the corresponding Debye energy ED of the metal: 20 meV for
Au, 25 meV for Pt, and 40 meV for Al. Thus, if we use �ph(E) = 3 for E 2 [0; ED] , we
obtain a room temperature phononic thermal conductance of 0:199 nW/K = 0:7�0 for Au,
0:244 nW/K = 0:86�0 for Pt, and 0:378 nW/K = 1:33�0 for Al. Notice that the largest
value arises for Al, which is simply due to its higher Debye energy as compared to Au and
Pt. These estimates need to be put into relation to the electronic contribution to the thermal
conductance. If we assume for instance electronic values of 1G0=2�0, we see that the phononic
and electronic contributions could in principle be of similar order, and it is by no means obvious
that phonons can be ignored in the analysis of the heat conduction in metallic atomic contacts.
The quantitative determination of the relative contributions of electrons and phonons to the
thermal conductance will be a central issue of the rest of this chapter.

3.1 Gold

3.1.1 DFT-NEGF

The gold contact is known from the experiment as well as classical MD and DFT simulation
to exhibit a plateau corresponding to a one-atom-thick geometry that is usually formed by an
atomic dimer con�guration before breaking of the contact [145]. For this reason, we study �rst an
ideal dimer con�guration as shown in Fig. 15(a) as a representative example of such single-atom
contacts.
The crystallographic direction of the contact is assumed to be in (111) direction. If we look at

the electronic transmission in Fig. 15(b), we see that at the Fermi energy transport is dominated
by one single channel, which is fully open, meaning a transmission of � 1. The number of
channels is well known to be determined by the chemical valence of the metal which is of s-type
for gold [129, 146, 147]. The corresponding transmission eigenchannel is visualized in Fig. 15(a).
Although on the pyramid a contribution from the d-orbitals is visible, at the constriction, a
�-bond evolves. Additionally, we see that the transmission is nearly energy independent around
the Fermi energy. In this particular case, we �nd that the electrical conductance is 1.01G0, while
the corresponding result for the electric conductance at room temperature is �el = 0:577nW=K �
2�0. This value agrees very well with the expectation from the Wiedemann-Franz law, which can
be explained by the �at transmission around the Fermi energy. If we next look at the phononic
transmission in Fig. 15(c), we see that the transmission is nonzero only for values below the
cut-o� energy which is here � 20meV. Furthermore, we see that the transport is dominated
approximately by a maximum of 3 transmission channels over the whole energy range, except
for a short interval around 5 meV, corresponding to the three di�erent polarizations. This can
be illustrated for instance if we look at the three most transmissive phonon eigenchannels, at
the lowest possible energy which exhibits a resonance at 1.5 meV, depicted in Fig. 15(b). There,
one can see the transversal character of the two channels highest in transmission, which have
perpendicular polarization to each other, depicted in the inset, while the third one exhibits
longitudinal character. Note that due to a lower transmission, the decay of the phonon mode
for the third channel is clearly visible, since the amplitude on the right is reduced compared
to the left side. For completeness, we show in Fig. 15(d) the temperature dependence of the
thermal conductance, including the electronic and the phononic contributions, as well as the total
one. As one can see, the thermal conductance of this Au dimer contact is clearly dominated by
electrons for most temperatures. On the other hand, the room temperature thermal conductance
quantization, as observed in Ref. [143], is a consequence of the fact that, in addition, the
Wiedemann-Franz law is ful�lled for the electronic contribution.
To further study the relative contributions of electrons and phonons to the thermal conductance
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Figure 15. (a) Picture of the studied geometry with the highest electronic transmission eigenchannel at the

Fermi energy where the color code represents the phase of the channel. In addition, the three

highest phononic ones at an energy of 1.5 meV are shown. There the color corresponds to the

respective color in the transmission plot. (b) Electronic transmission �el as a function of energy

(measured with respect to the Fermi energy EF). We display the total transmission as well as the

�ve largest transmission coe�cients, as indicated in the legend. (c) The corresponding phononic

transmission as a function of energy. Similar to the electronic transmission we show both the

total one and the largest �ve individual transmission coe�cients. (d) Thermal conductance as

a function of temperature for the Au single-atom contact with the total thermal conductance

� resolved into electronic and phononic contributions, �el and �pn, respectively. The arrows

indicate the energy of the respective transmission eigenchannel in (a).

and to model the experiments more closely, we have used our DFT-based approach to simulate
the contact formation and to compute the corresponding conductance traces. This is done
by separating or by approaching the electrodes in a step-like manner and by subsequent re-
optimization of the junction geometry. As displacement step, we use 0.26 Å and compute G, �el,
�pn and � with our DFT-based transport method for the obtained equilibrium geometries.
In Fig. 16(a) we show the results of such a simulation for the Au contact of Fig. 15 that is

grown along the (111)-direction of the fcc lattice. We started with the dimer contact represented
by the second geometry in that panel, counting from the right. This geometry was compressed
to obtain thicker cross-sections as well as stretched to simulate the breaking of the contact.
In Fig. 16(a) we show the results for G and � at room temperature for the series of contacts,
obtained following our protocol. The electrical conductance in this plot is normalized by the
electrical conductance quantum, G0, while the thermal conductance is normalized by 2�0 with
T = 300 K. As one can see, both conductances proceed in a step-like manner in a succession
of plateaus and abrupt jumps, related to elastic stages, where bonds are stretched and forces
build up, and plastic stages, where bonds break and the accumulated tension is released. This
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Figure 16. (a) Electrical and thermal conductance at room temperature as a function of electrode dis-

placement for an Au contact, oriented along the fcc (111) crystallographic direction. The blue

dots correspond to the results for the electrical conductance (right vertical scale), which is nor-

malized by the electrical conductance quantum G0. The red diamonds correspond to the total

thermal conductance (left vertical scale), taking into account both the electronic and phononic

contributions, and it is normalized by twice the thermal conductance quantum �0. The di�er-

ent geometries, shown in this panel, correspond to snapshots taken during the elongation and

compression processes. (b) The corresponding Lorentz ratios, de�ned via Eq. (3.3). The red

diamonds show the full ratio computed with the total thermal conductance, while the blue dots

show the electronic Lorentz ratio, if the thermal conductance consists only of the electronic

contribution. Panels (c) and (d) show the corresponding plots for an Au contact grown along

the fcc (100) crystallographic direction. The contact was elongated, starting with the geometry

shown in the upper left part of panel (c).

behavior resembles the experiments [143]. In addition, both conductances follow each other very
closely. With the normalization used here, this means that the Wiedemann-Franz law is well
obeyed. Notice also that both G and � feature a plateau at 1G0 and 2�0, respectively, which
illustrates the tendency of Au single-atom contacts to exhibit quantized electronic and thermal
transport, even at room temperature [143].
To quantitatively assess the validity of the Wiedemann-Franz law, it is customary to de�ne

the so-called Lorentz ratio as follows
L

L0
=

�

L0TG
: (3.3)

Here, � = �el+�pn is the total thermal conductance due to both electrons and phonons, L0 is the
Lorentz number, and G is the electrical conductance. A Lorentz ratio equal to 1 means that the
measured thermal conductance agrees exactly with the expectations from the Wiedemann-Franz
law, while deviations from 1 signal that this relation is violated. Such violations could be due
to the contribution of phonons or they can have an electronic origin. In Fig. 16(b) we show the
Lorentz ratio (red diamonds), using the results of panel (a). As one can see, there are small
deviations from 1 on the order of 5-10% in the contact regime, depending on the exact junction
geometry. These observations are in good agreement with the measurement of Ref. [143].
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In order to better understand the origin of these deviations, we also show in Fig. 16(b) (blue
dots) the electronic Lorentz ratio Lel=L0 = �el=(L0TG), constructed by replacing � with �el
in Eq. (3.3). As one can see, this electronic Lorentz ratio is very close to 1, irrespectively of
the electrode displacement. This means that the deviations from the Wiedemann-Franz law are
mainly due to phonons. It is also worthwhile to consider in detail the behavior of L=L0 with the
electrode displacement in Fig. 16(b). Deviations from the Wiedemann-Franz law tend to increase
with larger displacements, i.e. towards smaller minimal contact cross sections. Furthermore, L=L0
exhibits a sawtooth-like shape, typically decreasing within each elastic stage. Taking into account
that Lel=L0 � 1 implies L=L0 � �=�el = 1 + �pn=�el, this means that the relative weight of �pn
in � tends to reduce with increasing stress in the Au single-atom contacts. We attribute this
to overall decreasing force constants with pulling or, in other words, a softening of interatomic
bonds. Revivals of L=L0 are seen at the points, where bonds break and the atomic contact
recon�gures.
It is worth stressing that we have checked that the conclusions above are not an artifact of the

protocol used to simulate the contact formation or the choice of the crystallographic direction
of the contact geometries. On the right side of Fig. 16 we show an example of such tests, where
we have simulated the contact formation of another Au atomic wire. In this case, the contact
is grown along the fcc (100)-direction, and we started the simulation with the geometry shown
in the upper left part of Fig. 16(c). As before, we then stretched the contact progressively in
steps of 0.26 Å. We �nd that all the basic observations made above about the Au contacts are
reproduced here. Notably, this Au wire forms a chain with up to four atoms in length in the last
stages before breaking. During the formation of this atomic chain, G and � remain approximately
quantized with values of 1G0 and 2�0, respectively. The formation of such Au atomic chains
has been reported in numerous experiments [148, 149, 150, 151], and their electronic transport
properties have been amply discussed in the literature [152, 54]. As for the Au contact before,
the plots of the Lorentz ratio show that the relative contribution of phonons to the total thermal
conductance tends to decrease with increasing tension in the contact.

3.1.2 NEMD

The former approach based on a combination of DFT and NEGF techniques allows for a nearly
parameter-free approach, which captures all the details of a speci�c geometry and incorporates
all the quantum mechanical e�ects, although relying on the harmonic approximation. Ideally,
to get a better comparison with experiments, one would like to generate a set of independent
geometrical realizations on this level of theory to analyze statistics over a large set of reasonable
con�gurations. However, these simulations are very time-consuming, and a study of conductance
histograms with DFT-based methods is presently not feasible. It is therefore customary to use
alternative methods based on for instance classical molecular dynamics, to create such large sets
of geometries. Those studies rely on a choice of the interaction potential and are therefore not
a priori parameter free. Nevertheless, it has been demonstrated in a lot of theoretical studies
that this kind of approach, combined with appropriate interaction potentials and a tight-binding
parametrization for the electrons, reproduces the experimental �ndings regarding the electronic
properties well [143, 153, 140, 145]. To look at the phononic contribution in such systems non-
equilibrium molecular dynamics can be used as has been done for instance in Ref. [154, 155]
on molecular junctions, using a reversed non-equilibrium method. A major advantage over
the previous study is the inclusion of the full anharmonicity of the potential into the simulation,
thus allowing for phonon-phonon interaction up to arbitrary order and direct access to di�erences
related to the harmonic approximation.
We start this section with the �rst obvious di�erence due to temperature e�ects not captured in

the former approach, the expansion of the lattice at �nite temperature, leading to an equilibrium
lattice constant as a function of the temperature. Since this crucially depends on the used
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Figure 17. In panel (a) we show the temperature dependence of the bulk equilibrium lattice constant,

exhibiting thermal expansion with increasing temperature. The �t is done with a polynomial

of second order. In (b) we display the evolution of the phonon DOS at various temperatures.

Additionally, the phonon DOS used for the DFT part is plotted. Panel (c) shows a temperature

pro�le of a geometry as depicted in the inset and (d) depicts the temperature dependency of this

geometry at various temperatures. In addition, we show results for the same initial geometry

using DFT-NEGF method. The dashed line indicates the classical limit.

interacting potential, these parameters have to be calculated in a separate reference calculation.
For this, we run MD calculations in the NPT ensemble, with a timestep of 1 fs at constant
temperate and zero pressure using a Nose-Hoover thermostat for 10 ns with damping constants
of 100 (500) timesteps for temperature (pressure) and drag of 1.2. The �nal volume will be
extracted at the last 2 ns. Using the EAM potential of Ref. [156] we get the following temperature
dependence for the equilibrium lattice constant of gold

aAu(T ) = 4:06262 + 4:70275� 10�5T + 1:81318� 10�8T 2; (3.4)

which is plotted in Fig. 17(a). As a consequence of this expansion, the phonon density of
states from the bulk material also gets a function of temperature. In Fig. 17(b) we show this
temperature dependence for various temperatures in the range of 50 K -700 K. First of all,
notice that the cut-o� energy is in all cases roughly below 20 meV. The most obvious in�uence
of temperature is the reduced peak at energies around 15-20 meV, accompanied by a softening
of the phonon modes, meaning a shift of the modes to lower energies. In analogy to the DFT
studies, this means that the highest possible frequency shifts to lower energies, giving a �rst
hint regarding the in�uence of anharmonicity on the thermal conductance, although being very
low. We want to emphasize that common approaches to treat anharmonic e�ects based on a
perturbative treatment using NEGF-techniques, like Ref. [157, 48, 49, 105, 158, 159] neglect such
e�ects, since the anharmonic interaction in this cases is restricted to the central part, whereas the
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bulk modes are used unperturbed. In consideration to compare both approaches, we also show in
Fig.17(b) the phonon DOS for the DFT calculations. In spite of that the overall shape looks quite
similar, we see a shift to higher energies, which is larger than the shift due to temperature e�ects.
This has to be kept in mind when we, later on, show a direct comparison of both approaches.
Having established the di�erences with respect to the bulk parameters, we now want to use

NEMD to calculate the thermal conductance in a single-atom junction. For this, we use a direct
NEMD approach, where we control the temperature of two reservoirs using a velocity-rescaling
thermostat in an NVT-ensemble. Time integration is done using the Velocity-Verlet algorithm,
as before we use a timestep of 1 fs and the initial velocity distribution is chosen randomly to
ful�ll a Maxwell-Boltzmann distribution at the applied temperature. The measurement protocol
is as follows. First, we equilibrate the junction at the respective temperature for 1 ns, then we
establish the temperature di�erence of 20 K for an additional ns to run the simulation at the
applied temperature gradient for further 10 ns. The thermal conductance can then be calculated,
by �tting the amount of energy added/subtracted in the reservoir over time with an assumed
linear dependency. To make sure that our system reaches a steady-state condition, we start the
�tting procedure after 4 ns. The output from the thermostats is written every ps.
A sketch of the junction geometry can be seen in the inset of Fig. 17(c). The transport direction

is assumed to be along the fcc (100) plane. In this setup, in both leads, the two outermost atom
rows are kept �xed to avoid a collapse of the junction, followed by four rows on which the
thermostat is applied and additional 32 rows mimicking the phonon bath. Perpendicular to the
transport axis additional 32 atom rows are used in each direction. The size of the bath has been
chosen such that they minimize �nite size e�ects on the bulk phonon DOS. The central part
consists of two (100) pyramids facing each other in one atom. In total, the simulation includes
38939 atoms. Initially, we start with an ideal geometry based on the lattice constant of roughly
aAu(T + �T=2).
In Fig. 17(c) we see as an example a temperature pro�le of a considered junction at 300 K

calculated as the average kinetic energy with an arbitrary binning of N=50 along the transport
direction. Interestingly, and in accordance with interpretations of transport measurements in the
harmonic regime, the temperature drop occurs at the narrowest constriction, whereas the two
heat baths are at their respective constant temperature. Let us point out that, in contrast to the
former one, a �nite temperature gradient exists. Fig. 17(d) �nally shows the thermal conductance
calculated within NEMD formalism at temperatures ranging from 50-700 K, each sampled by 8
independent runs. Considering the use of classical statistics, when using MD simulations, one
would expect, in a harmonic limit, the thermal conductance to be constant over temperature.
And indeed we �nd the mean value of thermal conductance, except for T=700 K to be roughly
the same. However, as an e�ect of temperature the variance increases. This can be understood
in terms of the increased phase space of geometrical con�gurations due to higher temperatures.
As a consequence, and opposite to the DFT approach, thermal conductance calculations are an
average over multiple con�gurations within the measurement time, consistent with the boundary
condition. Let us stress that at higher temperatures than 700 K the initial geometry was not
stable, and at 700 K some runs revealed a minimum cross-section of 2 atoms within the smallest
part during measurement time. For completeness, we compare the thermal conductance to results
from DFT with the same initial geometry, where for DFT the experimental lattice constant of
4.08 Å has been used.
As mentioned earlier, the di�erence in the limit T ! 0 comes from the use of classical statistics

in the case of MD, whereas DFT uses the right quantum statistics. However, for a better
comparison, we show also the classical limit of the DFT results using a dashed curve, which
is, due to the harmonic approximation, independent of temperature. In this limit the thermal
conductance from DFT �DFTpn = 100pW=K is almost twice the thermal conductance obtained from
NEMD calculations. Di�erent reasons can explain this discrepancy. First, the MD potential,
optimized for bulk properties, could fail in the description of these single-atom contacts. Secondly,
the slightly higher cut-o� frequency used in the DFT calculations could partially lead to this
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Figure 18. (a) Initial geometry used for the statistical analysis. The black rows are �xed during the mea-

surement, whereas on the red (blue) area a thermostat is applied at TL (TR). (b) Partitioning

of the system to calculate the electronic transport.

higher value and as a last point, di�erent stress conditions, due to unequal boundary conditions
used in NEMD and DFT, could be the origin of this discrepancy. Whereas in the NEMD approach
the lattice constant of the unstrained bulk is used, in DFT we use the experimental lattice
constant of 4:08 Å which is smaller than the bulk equilibrium lattice constant of � 4:2 Å for a
reference calculation with the same parameter set (see App. C).
Now we are in the position to perform a statistical analysis over di�erent geometrical con�g-

urations in analogy to what has been done for purely electronic transport, for instance in [6],
however, with a slightly di�erent simulation protocol to be compatible with measurements on
phonon thermal conductance. We start with an initial geometry shown in Fig. 18(a) and equili-
brate the system as before for 1 ns at the initial temperature of 300 K, followed by an increased
temperature of 20 K for the left reservoir over an additional nanosecond. After this, we stretch
the junction by � 0:26�A over 1 ns to let the con�guration run for further 3 ns. These stretching
steps are repeated for a maximum of 35 times. The phononic thermal conductance is obtained
for every stretching step with a �t over the last 2 ns.
For the electronic contribution, we take the geometries obtained from the MD simulations

and compute their transport properties within the Landauer-Büttiker formalism. In this case,
the electronic transmission that determines both the electrical conductance and the electronic
contribution to the thermal conductance is computed with the help of a tight-binding model. To
be precise, we employ a non-orthogonal Slater-Koster tight-binding parameterization, which has
been constructed by �tting DFT-based results for the electronic band structure and total energies
of metals across the periodic table, see Refs. [160, 161] for details. In this parameterization, we
take into account the relevant valence orbitals, which include for Au the 5d , 6s and 6p orbitals.
Moreover, the hopping and overlap matrix elements in this tight-binding model are functions of
the distance between the atoms, which enables us to use it with our MD simulations.
To compute the electronic transmission, we combine this model with NEGF techniques and

the formulas detailed in section 2.6, very much like in the DFT-based calculations. Details
can be found in Refs. [145, 153]. Brie�y, as in the MD simulations, the system is divided into
three regions for the transport calculations, i.e., the two electrodes and the central wire, see
Fig. 18(b). Because the local environment of the atoms in the central part is very di�erent from
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Figure 19. (a) Electric conductance histogram for the Au contact, revealing the quantization of the electric

conductance. (b) Corresponding histogram for the total thermal conductance including both

contributions from electrons and phonons. (c) Histogram for the ratio of L=L0 for the contacts

up to a conductance value of 3:5G0. The peak position is at 1.07%. (d) Two-dimensional

heat map of the correlation between deviations from the Wiedemann-Franz law and the electric

conductance.

that in the bulk-crystal, we impose a charge neutrality condition for all the atoms of the central
wire [145, 153], which is known to be approximately ful�lled in metallic systems. As in the DFT
case, the electrodes are considered to be semi-in�nite perfect crystals, and their surface Green's
functions are computed with the help of a decimation technique [64, 73].
Since the phononic measurement is an average over a timespan of 2 ns, we also calculate the

electronic contribution as the mean value of the conductance for 8 geometrical con�gurations
within these 2 ns with a di�erence in time of 250 ps. This kind of quasi-static measurement
is justi�ed by the experimental timescales for electronic conductance measurements of roughly
1�s and stretching velocities of 0.05 nm/s [2], which is by far longer than the total measurement
time considered in our calculations. Fig. 19(a) shows the histogram of the electric conductance
over 60 independent runs, whereas in Fig. 19(b) the corresponding total thermal conductance,
including both contributions from electrons and phonons, is depicted. Both histograms reveal
a prominent peak around 1G0/2�0, which explains the experimental observation of the thermal
conductance quantum [143]. As already discussed in the DFT part, this peak can be traced back
to a single-atom contact, which is dominated by one fully open channel. At last, we show in Fig.
19(c) a histogram of the ratio L=L0 for all geometrical con�gurations, which is a measure of the
deviation from the Wiedemann-Franz law, whereas in Fig. 19(d) a histogram of this ratio over
the electronic conductance of the particular geometry is shown. Overall, and in accordance to the
experimental �ndings, the in�uence of the phonons on the thermal conductance is less than 10%
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and the mean in�uence is approximately 6-7%, which con�rms the validity of the Wiedemann-
Franz law down the single-atom contact regime for gold. Let us stress out the excellent agreement
between the DFT and the NEMD results which reveals elastical events to be the dominant source
of scattering mechanism in these systems.

3.2 Platinum

3.2.1 DFT-NEGF
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Figure 20. The same as in Fig. 15 for a platinum contact, representing a dimer con�guration. (a) The four

highest electronic transmission eigenfunctions are visualized.

As a next example, we will now discuss the second material studied in Ref. [143], which is
platinum. Contrary to Au, no quantization of the electronic thermal conductance was found,
although the Wiedemann-Franz law was still ful�lled with a mean deviation of roughly 3 %
stemming from phonons. To proof this, we start our discussion again with a Pt single-atom
contact as shown in Fig. 20(a). The corresponding total electronic transmission function is
displayed in Fig. 20(b) along with the �ve most relevant transmission coe�cients. There are four
conduction channels that provide a sizable contribution to the transport at the Fermi energy,
which is in strong contrast with the Au case. This is due to the fact that apart from the s-
valence orbitals, the d-valence orbitals of Pt atoms also contribute to the electronic transport
[162, 153, 140], which can be seen, for instance by looking a the 4 most transmissive transmission
eigenfunctions in Fig. 20(a). Moreover these orbitals yield conduction channels that are partially
open, which naturally explains the lack of electrical conductance quantization in this metal
[163, 148, 140]. The transmission function results in electrical conductance of 1:83G0, while
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the corresponding electronic contribution to the thermal conductance at room temperature is
1:098 nW/K = 3:87�0. This is close to the value of 1:041 nW/K = 3:67�0 suggested by the
Wiedemann-Franz law. The larger deviation from this law, as compared to Au, arises from the
more pronounced energy dependence of the electronic transmission function of Pt around the
Fermi energy, caused by the d bands [153, 164, 140].
In contrast to the electronic transport, the shape of the phonon transmission of this Pt contact

is similar to that of the Au contact, as visible from Fig. 20(c). This originates from the similar
masses of Au and Pt atoms, leading to comparable Debye energies. As in the case of Au, three
to four conduction channels dominate the phonon transport in the Pt dimer contact, leading to a
phonon thermal conductance of 0:098 nW/K = 0:35�0. This value almost doubles �pn of the Au
contact, but is comparable in relative terms: It also constitutes about 8% of the total thermal
conductance � .
Fig. 20(d) shows that, very much like in the case of Au, the thermal conductance is largely

dominated by the electrons at all relevant temperatures. The lack of electrical conductance
quantization results in the absence of thermal conductance quantization for single-atom contacts
of Pt, as was con�rmed experimentally in Ref. [143]. We omit the analysis based on NEMD
for this type of metal since we expect the phononic behavior to be very similar to the case of
gold due to the comparable atomic mass. Note that the electronic properties have already been
studied in [1].

3.3 Aluminum

3.3.1 DFT-NEGF

Let us now address the Al single-atom contact displayed in Fig. 21(a). We remark that the
thermal transport in Al contacts has not been investigated experimentally so far. Aluminum is
a reactive metal that is not easy to handle at room temperature, but the electronic transport
through Al atomic contacts has been thoroughly explored at low temperatures. It is a very good
example of light metal with a Debye energy that is signi�cantly larger than those of Au and Pt.
The total electronic transmission around the Fermi energy stems from two to three partially open
channels, as one can see in Fig. 21(b) and has been reported both theoretically and experimentally
in numerous occasions [165, 129, 166, 167, 168, 169]. These observations can be understood by
the contribution of both s and p valence orbitals of Al atoms [129, 166], as can be seen in the
transmission eigenchannels in Fig. 21(a). The electrical conductance in this example is 0:49G0,
while the room temperature electronic thermal conductance is 0:277 nW/K = 0:98�0, in very
good agreement with the value of 0:271 nW/K = 0:95�0 from the Wiedemann-Franz law. As it is
visible at the phonon transmission function, displayed in Fig. 21(c), the phonon transport is also
dominated by three to four conduction channels, like in the Au and Pt cases, but now phonon
modes up to 40 meV participate. These additional phonon modes give rise to a phonon thermal
conductance of 0:130 nW/K = 0:46�0. This value is clearly larger than those of Au and Pt.
Together with the lower electrical conductance, �pn yields now about to 32% of �. Figure 21(d)
shows the corresponding temperature dependence of the thermal conductance for the Al dimer
contact. Notice that contrary to the cases of Au and Pt the phonon contribution is now of
the same size as the electronic one in a broad range of temperatures up to T = 100 K and at
room temperature it still constitutes a very signi�cant contribution. These results suggest that
a clear violation of the Wiedemann-Franz law should be observable in Al single-atom contacts,
a prediction that yet awaits experimental veri�cation.
In Fig. 22(a) we show the results of the simulation for an Al atomic wire that was performed

following exactly the same protocol as in the Au simulation of Fig. 16, where we use the Al dimer
contact of Fig. 21 as starting geometry. As in the Au case, the electrical and thermal conductances
proceed in a step-like manner with the peculiarity that most plateaus exhibit a positive slope at
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Figure 21. The same as in Fig. 15 for an aluminum contact, representing a dimer con�guration. (a) The

three highest electronic transmission eigenfunctions are visualized.

the end of each plateau, i.e., the conductance increases upon stretching before bonds break. This
unique behavior of Al contacts is well-known, and it has been observed in di�erent experiments
and convincingly explained [165, 129, 167, 170, 168]. The electrical and thermal conductance
are correlated, but larger deviations as compared to Au are visible. This is well apparent in
the Lorentz ratio, shown in Fig. 22(b), which features deviations from the Wiedemann-Franz
law as large as 40% and even above. Notice also that the electronic contribution to the thermal
conductance follows closely the prediction of the Wiedemann-Franz law, with deviations that are
at most about 5%, as can be inferred from the electronic Lorentz ratio Lel=L0. Thus, the larger
violations of the Wiedemann-Franz relation that we �nd for Al are mainly due to the phonon
contribution to the thermal transport.
Let us emphasize that the high relative contributions from phonons are intrinsically coupled to

the positive slope of the electronic conductance upon stretching of the contact since the phonon
conductance behaves inverse to it. Henceforth, the largest deviations from the Wiedemann-Franz
are seen at dips in the electronic conductance. Our results illustrate that the phonon thermal
conductance cannot always be neglected when analyzing the thermal transport of metallic atomic-
size contacts. The sawtooth-like behavior of L=L0, discussed for Au before, is not so apparent
for this Al contact. In any case, the Lorentz ratio exhibits minima close to the displacement
values, at which atomic bonds break.
As the last example, we brie�y discuss the stretching simulation for the Al contact depicted in

Fig. 22(c). As in the Au case of Fig. 16(c), this Al contact is grown along the fcc (100)-direction
and the stretching simulations were initiated with the geometry displayed in the upper left part
of Fig. 22(c). There are two features of the results that we want to highlight. First of all, the
last plateau before the breaking of the wire exhibits an electrical conductance of about 2G0.
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Figure 22. The same as in Fig. 16, but for an Al contact.

It originates from a one-thick contact, where there is a monomer in the narrowest region, as
opposed to the dimer realized before breaking in the previous Al simulation of Fig. 22(a). This
type of geometry is responsible for a second peak in the electrical conductance histogram of this
metal close to 2G0. The second feature worth remarking is that, as one can see in Fig. 22(d),
the phonons give a slightly smaller contribution to the total thermal conductance, as compared
with the example of Fig. 22(b), but still clearly larger than in the Au case. This is mostly due to
the fact that, in this type of geometry the anomalous slope of the electronic conductance upon
elongation is typically not observed [171, 172]. On the other hand, the sawtooth-like shape of
L=L0 as a function of electrode displacement in Fig. 22(d) is much more pronounced than in
Fig. 22(b)

3.3.2 NEMD

To complete the analysis of the thermal conductance in single-atom aluminum contacts, we want
to use NEMD to generate a statistical set of geometries and furthermore look at the in�uence
of anharmonicity in these type of junctions. If not stated otherwise, the simulation details are
identical to the one used in Sec. 3.1.2. The EAM potential is taken from Ref. [173], which has
been generated by �tting the potential apart from bulk properties also to ab-initio forces of Al
cluster and (100) surfaces. In Fig. 23(a) we show the temperature dependence of the lattice
constant which reads

aAl(T ) = 4:03209 + 9:49545� 10�5T � 1:37243� 10�7T 2 + 1:58162� 10�10T 3: (3.5)

Opposite to gold, a polynomial of second degree was unable to capture the data calculated in
the MD run, so we used the next higher one. Fig. 23(b) shows the density of states as a function
of temperature and energy. In accordance with the density of states obtained within our DFT
calculation, the cut-o� energy of Al is roughly at 40 meV which is almost twice the value of Au.
As a consequence of thermal expansion, the phonon modes soften, leading to a shift of the whole
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Figure 23. The same as in Fig. 17, but for aluminum.

density of states to lower energies. However, similar to the case of Au this e�ect is rather low.
Let us mention that for T=50 K �nite size e�ects are most pronounced in terms of a peaked
DOS, especially at energies around 15-30 meV, which could be avoided by further increasing the
size of the bath.
After the discussion related to bulk properties, we now want to study a single-atom contact as

depicted in Fig. 23(c), together with a temperature pro�le for an example at T = 300 K. Again,
as assumed by the NEGF approach, both phonon baths are almost decoupled and at their
respective temperature, whereas the temperature drop occurs at the smallest part containing the
single-atom contact. We repeat the calculation for this geometry using the simulation protocol
of Sec. 3.1.2, with a smaller temperature di�erence of �T = 10 K, since the heat transport due
to phonons is much larger in this material. The results for N = 8 independent runs for each
temperature can be seen in Fig. 23(d). The mean value is almost energy-independent, apart
from the T=700 K results, whereas the variance increases with temperature. As already stated
for gold, this is due to an enhanced phase space of geometrical con�gurations, with increasing
temperature. In all runs for T < 700 K, the single-atom contact persist over the measurement
time. At T = 700 K, the junction breaks at some point for some junctions, leading to a very
small thermal conductance in those cases.
The higher conductance for this material compared to gold can be explained by the higher

phonon energies occuring for aluminum. For completeness, we also compare to DFT calculations
for this monomer, with the same boundary conditions. The results are in good agreement with
each other, nevertheless, di�erences could be associated to, poor description of the MD potential
for this type of geometry, di�erences related to the bulk DOS, and the di�erent stress conditions
stemming from the use of the experimental lattice constant in the DFT part. The in�uence of
the latter one is less important compared to Au since here the deviation from the equilibrium
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Figure 24. The same as in Fig. 19, but for aluminum. The peak position in (c) is at 1.09 %.

lattice constant to the experimental one is smaller (see App. C).
Finally, we present a statistical analysis for the aluminum atomic contact, starting with the

initial geometry as depicted for gold in Fig. 18. For the electronic contribution we employ, similar
to the gold simulation, a tight-binding parametrization of the electronic structure, including the
3s, 3p and 3d orbitals of Al. The details about the calculation are identical to Sec. 3.1.2. The
histograms for the electronic and the thermal conductance can be seen in Fig. 24(a) and 24(b).
At low temperatures, these are experimentally known to exhibit two peaks in the electronic
histogram at values around 1:3 G0 and 1:8 G0 [174], which corresponds to dimer- and monomer-
contacts, similar to those studied in Fig. 22. However, our histogram at 300 K only shows the
second peak. This raises the question of whether the dimer con�guration is stable, or if the
used MD potential is just incapable of describing this kind of geometry at room temperature.
Furthermore, as explained in Sec. 3.3.1 the lack of conductance quantization can be related to
the valence structure of Al with contributions from s and p orbitals. As a consequence, also
the histogram of the thermal conductance does not show peaks at quantized values. To test
the validity of the Wiedemann-Franz law we plot in Fig. 24(c) the histogram of the ratio L=L0
for all geometries with conductance values up to 6 G0. Clearly visible is that the deviations
are larger compared to gold with a peak at almost 10 %. In accordance with the DFT results,
this can be attributed to the higher Debye energy of Al. The heat map in Fig. 24(d) reveals
the correlation between the electronic conductance value and the Lorenz ratio. The largest
deviations are observed for single atom contacts with a conductance value around 1-2 G0, with
up to 20%, in accordance with the DFT results. Interestingly, we do not see higher deviations
in contrast to Sec. 3.3.1. As already pointed out, the large deviations there could be explained
by the anomalous slope of Al upon elongation. However, this e�ect is not observed within our
set of geometries. In addition, the dimer con�guration with a lower electronic conductance and
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a relatively high phonon contribution is not stable in our MD simulations.
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4 Single-molecule junctions

In the last chapter fundamental properties of heat conduction at the nanoscale in monoatomic
metal junctions have been investigated. Due to their electrically conducting nature, it has been
shown that in most cases phonons play a minor role in the total thermal conductance. In this
chapter we now come to systems consisting of molecules connected to metallic leads, so-called
molecular junctions, which are generally insulating and henceforth the thermal conductance is
expected to be determined by phonons.
The �eld of molecular electronics has gained a lot of attention due to the appealing idea of

building electrical components based on single molecules as the ultimate limit of miniaturized
electronic devices [175, 176]. Experimental studies have commenced with advances in the control
of subnanometer distances, such as in platforms based on molecular break compounds [177] or
STM-based methods [178], which revealed the broad facets of transport through single molecules
at the fundametal level of quantum theory. It turned out, that those systems o�er a large tun-
ability in terms of conjugation [179], anchoring groups [180, 181], chemical substituents [182]
or structural changes induced mechanically [183, 184] or due to photo-active processes [185].
Additionally, they provided a deeper understanding about the nature of metal-molecule inter-
faces [186, 187] and the role of interference e�ects on the electronic transport properties [188].
Although, from a technological point of view, it is widely believed that they will not be com-
petitive with silicon based technology, all these works contributed signi�cantly to our current
understanding of charge transport at the shortest length scales [54].
In recent years, these nanojunctions were additionally studied in the context of quantum the-

ories that describe energy transport in nanoscale devices [47]. In particular, recent experimental
advances have made it possible to investigate di�erent aspects of energy and heat conduction
in molecular junctions such as thermoelectricity [189, 190, 191], Joule heating [142] and Peltier
cooling [192]. All these studies focused on the electronic properties in these kinds of systems
and only recently the phononic contribution or the thermal conductance has been started to be
analyzed [193, 143].
A lot of work is related to phonon transport in multi-molecular systems so called self-assembled

monolayers [194, 195, 57, 196] or ideal in�nite molecular wires [197]. From an experimental point
of view most studies up to date di�ered from the conventional approaches used in molecular elec-
tronics, for instance, with time domain thermal re�ectance measurements, which are restricted
to multi-molecular systems [198, 199, 200, 201]. The ultimate limit of a single-molecule junction,
seemed so far experimentally not accessible. Nevertheless, with the recent progress in experi-
mental measurements at the single-atom scale [143, 144], the realization of such an experiment
has come within reach.
From the theoretical side, a few groups studied the thermal conductance in contacts, where

only a single molecule contributes to the heat transport, but either with simpli�ed models [202,
56, 203, 60, 204], with 2D leads, or semiconducting leads [205, 206, 207, 208, 154]. Only few works
are done with gold electrodes [209, 109], although these are experimentally the most relevant
systems.
In this work we �ll this gap from a theoretical point of view and study systematically various

aspects related to phonon thermal conductance in single-molecule systems attached to gold elec-
trodes, by taking advantage of the structural �exibilities which is intrinsic to molecular systems.
More precisely, in Sec. 4.1 we study one of the most fundamental questions related to heat con-
duction in nanoscale system, namely the length dependence of the thermal conductance. The
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molecular system we are considering are alkane chains of varying length and di�erent anchoring
groups as well as alternating substituents. Furthermore, we look at the expected variance in
these systems due to variations in the metal-molecule bonding, lead orientation and geometrical
defects on the basis of ab-initio as well as NEMD methods.
Sec. 4.2 is referring to the question, whether one could take advantage of the coherent transport

regime and use interference e�ects in the phononic system to manipulate the thermal properties
of a molecular junction. Here we use amine anchored benzene derivatives. Upon inclusion of
substituents with di�erent masses, we analyze if it is possible to tune interference e�ects, such
that they vary the thermal conductance signi�cantly.
At last, we study in Sec. 4.3 the possible in�uence of the phononic as well as the electronic

contribution to the thermal conductance on the thermoelectric e�ciency. Therefore we consider
the single-C60 junction and a C60-dimer junction. In addition, we estimate the importance of a
further contribution coming from photons, to give a realistic device e�ciency.
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4.1 Alkanes

In this section we will study one of the most fundamental questions in the context of phonon
transport in atomic-scale systems, namely the length dependence of the thermal conductance of
a molecular chain.
It starts with a comparison of distinct classes of molecules in Sec. 4.1.2. The classes are

divided into di�erent groups of anchoring groups and variations upon substituents (alkanes vs
�uoroalkanes). Here, we investigate equally constructed geometries with a lead orientation in
(111) direction. In Sec. 4.1.2.2 we develop a simple 1D model for these kinds of systems to
rationalize the e�ect of binding group in terms of scalar coupling constants. In addition, in
Sec. 4.1.2 we compare the in�uence of electronic contributions to the thermal conductance among
all subsets of molecules and relate them to existing experimental as well as theoretical works.
To estimate the variations of the thermal conductance, we furthermore compare di�erent

geometries in Sec. 4.1.3.1, based on di�erent lead orientations and alternating gold-sulfur bonding
positions. Here, we restrict the analysis to a subset of dithiolated molecule from 2-10 units, since
those are known to form various kind of contact structures. As a further variation we look in
Sec. 4.1.3.2 at the in�uence of structural defects upon elongation of the junction. We close in
Sec. 4.1.4 with a comparison to NEMD calculations.

4.1.1 Length dependence - introduction

The theoretical discussion of the thermal conductance of a linear 1D chain has a long history
[210, 32, 55]. The general conclusion is that in long ideal chains (of more than 100 identical
units) exhibiting nonlinear interactions, momentum conservation and no disorder, the thermal
conductance decays algebraically as �pn / L��1, where L is the chain length and the exponent
� is found to be � = 1=3. Although these results are of fundamental interest, it is not clear that
they are very relevant for actual experiments on nanoscale systems due to the long chain lengths
required.
In the context of molecular junctions, the issue of the length dependence of the thermal con-

ductance has already been addressed both experimentally and theoretically. Often the molecules
of choice have been alkane chains [198, 196], which are saturated molecules, whose electrical
properties have been widely studied in the context of molecular electronics [211, 212, 213, 214,
215, 216, 217, 218, 179, 180, 219, 220, 221, 222]. From the experimental side, the length depen-
dence of the thermal conductance of alkane-based molecular junctions was investigated by Wang
et al. [57] making use of alkanedithiol self-assembled monolayers (SAMs) that were sandwiched
between Au and GaAs electrodes. It was found that the thermal conductance of junctions with
8, 9, and 10 CH2 units did not depend signi�cantly on the molecule length. More recently, Meier
et al. [201] reported thermal conductance measurements of monothiolated alkane monolayers,
self-assembled on Au(111) surfaces as a function of their length (ranging from 2 to 18 methylene
units). Making use of a scanning thermal microscope with a Si tip, it was found that the thermal
conductance �rst increases for short chains, reaching a maximum for 4 units, and then it ex-
hibits an (arguable) slow decay for lengths above 8 units. From the theory side, Segal et al. [202]
made use of semi-empirical methods to predict that the thermal conductance of alkane chains
approaches a constant value for more than 20 CH2 units for a weakly coupled junction, while it
decreases inversely proportional to the length for the strongly coupled case. On the other hand,
Duda et al. [195], using a di�usive transport model combined with Hartree-Fock calculations of
the vibrational modes of alkane chains, suggested that the thermal conductance should be fairly
length-independent for chains with more than 5 CH2 units. In the only ab-initio study of this
issue that we are aware of, Sadeghi et al. [209] explored the phonon transport in alkane-based
single-molecule junctions with 2, 4, 8, and 16 CH2 units and found a very pronounced decay
of the thermal conductance for the longest molecular length. These seemingly contradictory
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theoretical results call for new inspections of the fundamental issue of the length dependence of
the thermal conductance of molecular junctions.

4.1.2 Comparison of anchoring groups and substituents

4.1.2.1 DFT-NEGF

=H =Au =S =F =C =N

Figure 25. Examples of the four types of molecular junctions studied in this work. The four molecules have

the structure X-(CY2)n-X, where the terminal or anchoring group X is either S or NH2, while

the Y atom in the repeated unit is either H or F. The integer number n denotes the number of

CY2 segments in the molecules. In all cases, the electrodes are made of gold and the contact

geometries are such that molecules are bonded to the electrodes in an atop position via the

anchoring groups.

To investigate the length dependence of the thermal conductance of single-molecule junctions,
we study alkanes chains of di�erent length with an even number n of methylene (CH2) units
ranging between 2 and 30, using the ab-intio approach as explained in Sec. 2.2. These saturated
molecules are electrically rather insulating, which ensures that the thermal transport is dominated
by phonons (see below). To elucidate the role of the anchoring or terminal group in the length
dependence of the phonon transport, we analyze two standard groups in molecular electronics,
namely thiol (S) and amine (NH2) groups. Moreover, we study the impact of the substitution
of the H atoms in the alkane chains by heavier F atoms to investigate polytetra�uoroethylenes
(PTFEs) with both thiol and amine groups. Thus, in an attempt to draw general conclusions,
we investigate four di�erent families of molecules attached in all cases to gold electrodes.
In what follows, we shall focus on the binding geometries illustrated in Fig. 25, where the

molecules are bonded to the electrodes in an atop position via the corresponding anchoring
group. Let us stress that in all cases the molecular junctions were optimized, such that the
maximum gradient is below 10�5a:u: . Moreover, in order to establish a meaningful comparison
between the di�erent compounds, special care was taken to avoid both strain e�ects and the
appearance of defects in the molecular chains. In this sense, the alkane chains remain linear in
our case, while the introduction of F atoms causes the carbon atoms to deviate from this linear
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structure, leading to more disordered PTFE chains. Independent of this, the distance between
the carbon atoms stays nearly constant in all chains with a value of around 1.5 Å.
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Figure 26. Room-temperature (T = 300 K) phonon thermal conductance as a function of the number of

CY2 units (Y = H;F) in the molecule for both anchoring groups, thiol and amine. The distance

between neighboring C atoms in the chains of around 1.5 allows to translate the number of units

to a corresponding distance.

We summarize in Fig. 26 the main result of this part, namely the room-temperature phononic
thermal conductance for the four types of molecular junctions as a function of the number of CY2
segments (Y = H;F) ranging from 2 to 30, which corresponds to a maximum length of around
4.5 nm. The �rst thing to mention is that the conductance values range from 15 to 45 pW/K.
Second, for chains with more than 5 segments the conductance exhibits small variations, but it
is basically length-independent, irrespective of the molecular family. Third, the molecules with
amine anchoring groups typically exhibit a lower conductance than the corresponding dithiolated
ones. This is particularly evident in the case of the PTFE-diamine molecules, which exhibit ther-
mal conductances that are about a factor of 2 smaller than those of the other families. Overall,
these results show that the phononic thermal conductance of alkane-based single-molecule junc-
tions is rather insensitive to the molecular length for up to 30 segments, which is a signature of
ballistic phonon transport.
To understand these results, let us �rst analyze the energy dependence of the phonon trans-

mission. An example for the four types of molecules with n = 10 CY2 segments is shown in
Fig. 27. First of all, notice that the transmission is di�erent from zero only in an energy region
between 0 and 20 meV, which is determined by the phonon density of states of the gold elec-
trodes (see Ref. [109]). Second, the most obvious feature in these results is the fact that for the
molecules with the amine group the transmission spectra exhibit narrower peaks, which explains
the lower conductance obtained for these molecules. (This is particularly well pronounced for
the PTFE-diamine ones.) This strongly suggests that the phononic metal-molecule coupling for
the amine group is weaker than for thiol. On the other hand, although the �uorinated molecules
are expected to exhibit more vibrational modes in the transport window than the alkane chains
due to the larger mass of the F atoms, one does not observe signi�cant di�erences.
To further clarify how the elastic phonon transport takes place, we show in Fig. 28 the largest

individual phonon transmission coe�cients for molecular junctions with alkanedithiols of three
di�erent lengths (n = 10, 20, and 30 methylene units). The �rst thing to notice is that the
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Figure 27. Phonon transmission as a function of energy for junctions containing molecules with 10 CY2
units.

total transmission is dominated by a single or two phonon channels, with a third one giving
only a small contribution. The number of channels is controlled in this case by the rather
linear molecules, and the three channels correspond to the three polarizations of the vibrational
modes. It is important to realize that this number of channels cannot be altered by the number
of vibrational modes in the molecular chains, which only determine the actual values of the
transmission coe�cients. More important for our discussion of the length dependence is the fact
that the dominant channel is fully open (transmission equal to 1) over a wide range of energies,
irrespective of the length of the molecule. This is indeed the true signature of ballistic phonon
transport, which is realized here with alkane and alkane-related molecular chains.

4.1.2.2 1D model

To gain further insight into our ab-initio results, we have developed a simple 1D model that is
schematically represented in Fig. 29(a). In the following we will use the notation ki j for elements
of the dynamical matrix coupling atoms i and j in the toy model as compared to Ki j in the full
ab-initio results. In the model we consider only nearest-neighbor couplings between segments
in the molecular chain, kCC, and the leads are modeled as 1D Au chains with an analogous
nearest-neighbor coupling, kAuAu. Finally, the metal-molecule coupling is described by a single
constant, kAuC = kAuX

√
MX=MC with X = S;N. We extracted these parameters from the DFT

calculations as the highest eigenvalue of Ki j , see Eq. (2.21). These parameters depend on the
molecular species, but not on the molecular length, and we summarize their values in Table 3.
Using these parameters, we computed the corresponding thermal conductance with the Green's

function method described in Sec. 2.1 and the results are displayed in Fig. 29(b). As one can see,
this simple model is able to reproduce all the salient features of our ab-initio results in Fig. 26.
In particular, it nicely reproduces the fact that the amine-terminated molecules exhibit a lower
thermal conductance, which is especially evident in the case of the PTFE-diamine chains. Now
we can con�rm that this lower thermal conductance is due to a weaker coupling to the leads (see
values of kAuX in Table 3). The strongly reduced coupling for PTFE-diamine chains as compared
to their alkane-diamine counterparts results in practice from the larger distance (about 0.15 Å)
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X Y kAuX kCC kAuAu
S H 485 6150 100
S F 426 4850 100
N H 218 6150 100
N F 55 4850 100

Table 1. Parameters for the 1D model schematically represented in Fig. 29(a). All elements ki j of the

dynamical matrix are given in units of meV2. Notice that the same value of kAuAu was used in all

cases.

between the Au electrodes and the N atoms in these molecular junctions. Let us also mention
that we attribute the higher conductance values obtained with the 1D model as compared to the
ab-initio results to the fact that we extract the parameters ki j from the largest eigenvalues of
the dynamical submatrices Ki j and the contrasting behavior of �(E) for E ! 0 due to di�erent
lead dimensions. This can be seen in Fig. 30, where the transmission for the alkane chains for 3
di�erent length of n=8,14,20 is shown. In opposite to the DFT results with 3D lead, for the 1D
leads the transmission goes to 1 as the energy approaches zero.
Another aspect we want to highlight in this simple model is the oscillatory behavior in the

thermal conductance as seen for all sets of molecules in Fig. 29(b). To explain this behavior let
us look at the di�erent transmissions in Fig. 30 for X=NH2 and Y =H. The values for n have
been chosen, such that they show the evolution of one maxima to the next following. At n=8,
which corresponds to the �rst peak in the thermal conductance for this molecule, a transmission
peak is located just next to the cut o� energy of 20 meV. Upon increasing of the chain length
this resonance shifts to lower energies which lowers the total thermal conductance (exempli�ed
at n=14), until the next resonance shifts in the energy window set by the Debye energy (n=20),
which leads to another maximum in �pn. The value at which the maxima occur depends on the
respective coupling constants, which gets obvious, for instance, in the second example with X=S
and Y =H, where the maximum occurs at n=14. The general behavior however is identical within
one set of molecules, irrespective of the chosen parameters. Comparing to the DFT results in
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Figure 29. (a) Schematic representation of the 1D model used to understand our �ndings. The meaning

of the di�erent parameters is explained in the text. (b) Results obtained with the 1D model for

the room-temperature phonon thermal conductance as a function of the number of CY2 units

(Y = H;F) in the molecule for both anchoring groups, thiol and amine.

Fig. 26, we can also identify this kind of behavior, although being less pronounced compared to
the simple model. In fact, we observe that speci�c modes shift inside the energy window �rst
and then to lower ones, especially in the range around 10-20 meV. However, the phonon density
of states of a 3D material has a much more complex energy dependence then the simple 1D
model, and di�erent polarizations of the molecule can couple di�erently to the leads. So in order
to interpret the DFT transmission generally one need to take into account additional features,
beyond this simple shift of resonances due to increasing chain lengths. Nevertheless, we want to
point out that the "maxima" there could be in�uenced by variations in the contact geometries,
as well as by di�erent stress conditions, since all of these in�uences the position of the molecular
resonances slightly.

4.1.2.3 Further discussion

So far we have focused on the phononic contribution to the thermal conductance but for experi-
ments it is important to analyze whether the electrons play any role. Alkanes are known to be
poor electrical conductors [211, 212, 213, 214, 215, 216, 217, 218, 179, 180, 219, 220, 221, 222].
Thus, on the basis of the Wiedemann-Franz law [54, 109], therefore one does not expect the
electrons to give a signi�cant contribution to the thermal conductance. To check this, we have
studied the electronic contribution to the thermal conductance, �el, in all of our molecular junc-
tions using the ab-initio methodology brie�y described in Sec. 2.6. Using T = 300 K, we show
in Fig. 31 the results for the ratio between the electronic and phononic thermal conductances
as a function of the molecular length for the four families of molecules investigated here. As
one can see, when molecular chains have more than 4 segments, the electronic contribution is
negligible. Notice that the exponential decay of the conductance ratio is a simple consequence
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alkane chains.

of the exponential decay of the electrical conductance with length in the o�-resonant transport
situation. It follows from the proportionality of �el and the electrical conductance and a rather
length-independent �pn.
In the previous section we discussed the results for the thermal conductance at room tem-

perature. For completeness, we now brie�y address the issue of the temperature dependence
of the phonon transport. Fig. 32 displays the temperature dependence from 0 to 300 K of the
phonon thermal conductance for junctions with the four molecular species and featuring n = 10

CY2 segments. This temperature dependence is relatively insensitive to the molecular length
and thus, the results of Fig. 32 are representative for the four molecular species studied in this
work. As one can see, the thermal conductance raises abruptly at low temperatures, it tends
to saturate, depending on the molecule, above approximately 100 to 200 K, and around room
temperature it is fairly constant. This overall behavior simply re�ects the fact that for temper-
atures above the Debye temperature of gold, all the phonons of the metal electrodes as well as
the vibrational modes of the molecule with energies within the transport window are thermally
occupied, while below this temperature the higher-lying modes are only partially occupied and
the thermal conductance hence becomes sensitive to the temperature.
Let us now discuss the comparison with existent results. From the theory side our results,

showing a thermal conductance relatively insensitive of the molecular length, are qualitatively
compatible with the insights of Segal et al. [202] for weakly coupled alkane chains. This also
applies to the results of Duda et al. [195]. Our results are also in agreement with the molecular
dynamics calculations performed by Luo and Lloyd [194], which studied octanedithiol SAMs
sandwiched between gold electrodes and estimated a thermal conductance per molecule of 43
pW/K. However, our results are clearly at variance with the strong decay for the longest molecule
reported by Sadeghi et al. [209], which indeed is the only ab-initio study published to date on
the length dependence of the thermal conductance of alkane single-molecule junctions. The
reason for the discrepancy is unclear to us, but it is worth pointing out that those authors only
analyzed a very limited number of molecules (with 2, 4, 8, and 16 methylene units) and they
used a di�erent anchoring group (hydrobenzothiophene).
With respect to existent experiments on the length dependence, we cannot establish a direct

comparison, but our length independence is compatible with the experiments of Wang et al. [57]
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in junctions based on alkanedithiol SAMs sandwiched between Au and GaAs electrodes. On the
other hand, the experiments of Meier et al. [201], which represent the most systematic study of
the length dependence of the thermal conductance of alkane junctions to date, exhibit some basic
di�erences with the junctions studied in this work. First, their tip electrode has been made of
Si. Second, the alkanes have been monothiolated. Third, the temperature di�erence used in the
experiment has been between 200 and 300 oC, which is most likely beyond the linear response
regime addressed in our work. Finally, in this experiment the number of contacted molecules is
not directly determined, and it is only inferred with the help of tip models. Furthermore, the
estimated conductance values per molecule lie in the range of our calculated values and a careful
inspection of the experimental data shows that the conductance is indeed fairly independent of
the molecular length for chains with more than 8 methylene units. Anyway, a rigorous comparison
with experiments to settle the issue of the length dependence of the thermal conductance requires
true single-molecule experimental techniques, and our results provide clear predictions that we
hope will be tested experimentally in the near future.
Related to the role of the anchoring group, let us mention that Losego et al. [223] investigated

experimentally with the time-domain thermore�ectance technique its impact on heat transport
in SAMs of alkanes contacted to quartz and gold �lms. They observed that the replacement
of amines as the binding group to the Au �lm by thiols led to a 60% increase of the thermal
conductance per unit area for chains with 11 methylene units. This is consistent with the
general trend found here in the sense that the amine-terminated molecules exhibit in general a
lower thermal conductance than their thiolated counterparts.
Let us conclude this section by stressing that in spite of the fact that we are using an approach,

where anharmonic e�ects are not taken into account, the �nding of a length-independent thermal
conductance, as reported, here is by no means trivial. The intrinsic disorder in the molecular
chains, which is present e.g. in the PTFE chains, can in principle lead to a di�usive transport
regime, where the conductance decays linearly with length, or ultimately to an Anderson-localized
regime, where the conductance is exponentially suppressed with length. In our study we see that
for chains of up to 30 segments (with a length of up to 4.5 nm) the conductance exhibits a weak
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Figure 32. Phonon thermal conductance as a function of the temperature for junctions containing molecules

with 10 CY2 units.

length dependence, indicating that the elastic mean free path is larger than the system size. It
would be interesting to study the limits of this quasi-ballistic transport. Let us also emphasize
that Segal et al. [202] showed that anharmonicity in the alkane chains is rather weak and it is
not expected to play a crucial role in the range of lengths studied in this work. Therefore, our
approach is well justi�ed.

4.1.3 Variations of the thermal conductance

In the previous section we compared di�erent types of molecules within a set of similar geometries.
We now want to estimate the variation in the thermal conductance due to a di�erent binding to
the lead, di�erent lead orientations and the in�uence of geometrical defects, within one class of
molecules. For this we use dithiolated alkanes and restrict our analysis to chain lengths of 2-10
CH2 units, hereafter named C2-C10.

4.1.3.1 Contact geometry

To better understand the variability of the thermal conductance in single-molecule junctions, we
have determined the thermal conductance of di�erent junction types. These junctions have been
created by varying the binding position as well as the lead orientation. The lead orientations
are (111) for junction type 1 (JT1) and JT2, (100) for JT3 and (110) for junction type JT4. A
picture of the various geometries can be seen in Fig. 33(a) shown here for an alkane with 6 CH2

units. The contacts have been constructed such that within one junction type, all the alkanes
of di�erent length show a comparable geometry. Let us �rst look at the electronic conductance
for each junctions, calculated using DFT+� as explained in Sec. 2.6. For all junctions types
the electronic conductance shows an exponential decay, with a variation which can reach up to
80% of the average value. Together with the phononic contribution, this gives the total thermal
conductance depicted in Fig. 33(c). Here, the thermal conductance is nearly length independent,
apart from a reduced thermal conductance, when going from 2 CH2 units to 4 CH2 units. Typical
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Figure 33. (a) Di�erent types of junction geometries (JT1-JT4) used for the calculation of thermal and

electrical conductances, as shown for an alkane with 6 CH2 units. (b) Calculated electrical

conductance as a function of molecular length. (c) Total thermal conductance and (d) ratio

between electronic and phononic contribution to the thermal conductance as a function of

molecular length.

variances are on the order of 5 pW/K for C4-C10, whereas the variance for C2 di�ers and is on
the order of 10 pW/K. The origin of this can be explained by looking at the relative contributions
�el=�pn plotted in Fig. 33(d). Consistent with the previous results, the thermal conductance is
dominated by phonons for C4-C10 and both contribute equal for a chain length of 2. Thus, the
variance as well as the total thermal conductance of the smallest chain length is in�uenced by the
electronic contribution, whereas the variance and the total conductance for the other molecules
is dominated by the phononic system.

4.1.3.2 Defects and pulling curves

The former results focused on the thermal conductance of alkane chains in a straight con�gura-
tion. However, alkane chains are known to exhibit geometrical defects, which can be thermally
activated. In a recent study with graphene leads [205], these defects have been shown to re-
duce the thermal conductance in comparison to straight chains, where the authors suggested a
mechanically driven thermal switch, based on this e�ect. In a study related to the electronic
conductance, using ab-initio MD simulation [224], the authors could relate a low conductance
peak in the electronic conductance histogram of a gold-alkane-gold junction to these defects.
Furthermore, they pointed out that upon stretching of the system all defects vanish and before
breaking of the contact, it inhibits a straight con�guration.
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Figure 34. (a) Pulling curve for the C10 chain with defects. The thermal conductance of the visualized

geometries are indicated with arrows. (b) Corresponding pulling curves for the chain C2-C8. (c)

Eigenchannel resolved transmission for the three geometries of (a) in contact, together with the

cumulative thermal conductance. (d) Average thermal conductance for C2-C10.

To test the in�uence of these defects on the phonon thermal conductance, we generate defective
chains by arbitrary varying the torsional angle in the alkanes. In this way, we produce four
di�erent geometries for each length. Then we pick one geometry for each molecule and construct
the junction in the usual way, by �rst relaxing the chain on top of one lead and afterwards
attaching the second lead by applying a point mirror symmetry operation at the free thiol group.
These geometries are then stretched to look at their response to di�erent strain conditions. The
displacement is done along the gold atop-atop distance vector with an increment of approximately
0:26 Å. Since C2 can not host any geometrical defect, the defective chains are restricted to the
set of C4-C10.
Let us �rst look at the example of an alkane chain with 10 CH2 segments, depicted in Fig. 34(a).

Initially this chain inhibits various defects and the thermal conductance varies smoothly around
20-30 pW/K. In this stage the response of the junction to the elongation is just a variation of the
bonding distances to adopt for the new strain condition. This stage ends with a certain jump in
the thermal conductance at a pulling step of 10. There, the geometry of the alkane chain changes
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and all but one defect vanishes. After 2 additional points with a decreased thermal conductance
due to the induced strain, an additional jump occurs, and the chain is now defect free. At this
point a further pulling only smoothly varies the conductance. Before breaking of the contact, the
thermal conductance decreases, and �nally breaks at an Au-Au bond. This behavior is similar
for the other molecules (C2-C8), which are depicted in Fig. 34(b). Whereas C2 does not contain
a defect and is just shown for completeness, the single defect in C4 and C6 and the two defects
in C8 dissapear upon pulling, visible in a jump of the thermal conductance. In all cases, the
thermal conductance of the straight con�guration is consistently larger then the one with defects.
To gain more insight into the origin of these reductions, we show in Fig. 34(c) the eigenchannel

resolved transmission of the three examples indicated with an arrow in Fig. 34(a), which have
non-negligible conductance values. In the two examples with defects, named 1 and 2, phonons
within a di�erent energy range are responsible for the reduced conductance as compared to
the chain without defects (example 3). In 1 this energy range is about 10-20 meV, for 2 the
reduced transmission is in the opposite region of 0-10 meV. This gets evident by looking at their
cumulative thermal conductance, as de�ned in Eq. 2.20. Here, the curves 1 and 3 almost coincide
up to an energy of around 15 meV, and deviate above this energy. However, a comparison of 2
and 3 reveals the main di�erence to occur around 5 meV, whereas after this energy the di�erence
stays nearly constant.
At last we show in Fig. 34(d) a mean thermal conductance of all junctions, calculated by

averaging over the conductance values > 0.1 pW/K, together with the highest and lowest contri-
bution within this range plotted as an arrow bar. The so calculated thermal conductance is an
average over several strain conditions and geometrical con�gurations and thus, is likely to repre-
sent experimental results at ambient temperature, as we will point out in Sec. 4.1.4. Consistent
with the previous results in Sec. 4.1.2 the thermal conductance is nearly length independent
and ranges from 20-30 pW/K. In comparison to the straight chain con�guration, however, the
inclusion of defects into the alkane chain generally leads to a lower thermal conductance.

4.1.4 NEMD

To close the analysis of the alkane chains, we want to look at temperature e�ects in this type of
molecular junction, in terms of NEMD simulations. Since those simulations rely on a choice of
the interaction potential, we need a parametrization which is able to express the geometry and
the vibrational modes of the molecule as well as the ones of the metallic lead and at the same
time is capable to describe the metal-molecule interaction.
In the literature several calculations exist with di�erent force �elds, which have in common that

the sulfur-gold bond is described with a Morse potential [194, 225]. This kind of parametrization
is useful to characterize the binding situation in a self-assembled monolayer [194, 226, 196].
If we go to single-molecular contacts, however, these potentials are incapable to describe the
correct chemical bond and therefore lead to an overcoordination of the sulfur atom. Additionally,
within this parametrization the intra-molecular interactions are usually described in a harmonic
approximation. In contrast, reactive force �elds are able to describe chemical bonds and therefore
lead to more reliable geometries. Furthermore, they contain anharmonic interactions in the
overall system [87].
In our study we use the REAXFF from Ref. [227, 228] which has a preferable bonding of the

sulfur atom to a gold surface in an atop position. Similar to the calculation in Chap. 3, we �rst
look at the parametrization of a gold bulk within REAXFF. In Fig. 35(a) the lattice constant as
a function of temperature is depicted. In comparison to the EAM potential used in Sec. 3.1.2,
this potential shows less anharmonicity for gold, so the lattice expansion with temperature is
smaller. The vibrational density of states at 300 K, plotted in Fig. 35(b) for various dimensions of
the cubic simulation cell Lx;y ;z=2Na0(T ), shows a slight blue shift, nevertheless, the qualitative
agreement is su�ciently. Consistent with the smaller lattice expansion (less anharmonicity),
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Figure 35. (a) Gold bulk lattice constant of the REAXFF potential as a function of the temperature. (b)

Phonon density of states for di�erent dimension L = 2a0(T )N of the simulation box. (c)
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bigger �nite size e�ects are observed in terms of a more "peaked" density of states for smaller
simulation boxes.
In order to calculate the thermal conductance comparable to the ab-initio method, we use the

central part of the DFT geometries as the starting point and attach the leads oriented along
the (111) direction, such that the initial surface layers coincide. In this way we get similar
geometries, nevertheless, due to temperature e�ects the junction is likely to be in a di�erent
strain condition. In transport direction, we consider six unit cells for the baths on each side,
followed by one unit cell in which the thermostat is applied. These are enclosed by two rows of
�xed atoms. Transverse to this direction we use 6 unit cells, oriented along the (-1-12) plane for
the x-direction and along the (1-10) plane for the y-direction. In total the geometry consists of
around 8000 atoms. The measurement is similar to that of the metallic contacts. We start by
1 ns of equilibration at 300 K, then increase the temperature for 1 ns in one lead to the applied
temperature di�erence. After an additional equilibration for 1 ns, we start measuring for 5 ns.
The timestep for C4 is 0.5 fs and 1 fs for C6-C10.
In Fig. 35(c) four representative snapshots of geometries during the measurement time are

visualized for an alkane chain with 8 CH2 segments. As an e�ect of temperature the alkane chain
can exhibit di�erent geometrical defects. Henceforth, the calculation of the thermal conductance
at ambient temperatures is an average of several geometrical con�gurations, including chains
with as well as without defects. Although here only shown for C8, this holds also for the other
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molecules. The corresponding thermal conductance for two di�erent temperature di�erences
�T = 20; 40K is plotted in Fig. 35(d) for C4-C10. First of all, notice that there is no signi�cant
di�erence related to the applied temperature gradient, so the linear response regime is justi�ed.
Overall the conductance ranges from 20-40 pW/K. This is smaller then the conductance ranges
of the straight chain in di�erent geometrical con�gurations studied in Sec. 4.1.2 but perfectly
agrees with the results obtained for the defective chains in Sec. 4.1.3.2, especially for C4-C8.
For C10 we noticed that, due to the mentioned inconsistencies in the boundary conditions and
the expansion at �nite temperatures, the geometry of one side of the lead changes from a tip or
pyramid, to a blunt shape. This would correspond to a higher stress con�guration for the alkane
chain, or in analogy to the DFT studies to a lower probability of a geometrical defect. Indeed, the
value for C10 is in closer correspondence to the DFT results of the straight chain. To conclude,
we have pointed out the in�uence of geometrical variations upon the thermal conductance at
room temperature. Furthermore, we �nd an excellent agreement between both methods, which
con�rms the phase-coherent nature of heat transport in this kind of system.
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4.2 Benzene derivatives

In this section we study the impact of interference e�ects on the thermal conductance in molec-
ular junctions. In particular we explore benzene- and OPE3-related molecules connected to Au
electrodes, which is often the material of choice for the leads in such systems, and use amine
anchoring groups. After a general introduction related to interfence e�ects in Sec. 4.2.1, we start
with the benzene derivatives in Sec. 4.2.2 and analyze the in�uence of connecting the molecule in
para and meta position. Moreover, we investigate the e�ect of single halogenides with di�erent
masses (F, Cl, Br, I), the variation related to additional substituents (Br), as well as the in�uence
of alternating strain conditions. To understand the principles behind the occuring interferrence
patterns we look at a simpli�ed model. In Sec. 4.2.3 we additionally investigate similar topics in
OPE3-based molecules.

4.2.1 Interference e�ects - introduction

While conventional attempts to perform manipulation of phonon heat conduction in bulk systems
focused on incoherent transport mechanisms, due to the possibility to fabricate nanoscale devices
and nanostructured materials, the interest to control heat currents in the coherent regime by
making use of interference e�ects is growing [28]. Thus for instance, in the context of phononic
structures the so-called superlattices have been introduced. Here one can tune the phonon band
structure, phonon group velocity, and the related phonon density of states by means of wave
interference e�ects [29, 229]. This strategy is limited by the quality of interfaces in terms of
interface roughness and by the mean free path of the heat carriers. Due to these constraints
the strategy is in general better applicable to systems, in which heat is carried by low-energy
or equivalently long-wavelength phonons. However, if one assumes that atomically thin, single
crystal planes can be manipulated at will, also higher-energy or short-wavelength phonons can
in principle be a�ected, since structural length scales are of interatomic distance. Thus, Han
et al. [230] theoretically proposed the suppression of heat transport using defect atom arrays
embedded in a single crystal plane. To inhibit the heat �ow, the authors exploited the destructive
interference between two phonon paths. Resulting line shapes of the energy-dependent phonon
transmission are indeed reminiscent of Fano resonances. Such Fano resonances are, in fact, a
very general concept in nanostructured materials and occur in every system, in which a narrow
discrete mode couples to a broad continuous spectrum [231]. Indeed, they have been reported in
a great variety of systems ranging from quantum dots to photonic structures [232, 233, 234].
As compared to the inorganic materials discussed above, molecules o�er an ideal platform to

tailor structures at the single-atom level, and single-molecule junctions can be used to probe the
coherent transport through the molecules [54]. In the �eld of molecular electronics interference
e�ects have been studied with a special emphasis on their impact on the electronic transport
properties of such junctions. Theoretically this topic has been explored extensively in the last
two decades [235, 236, 237, 238, 239, 240, 241, 242, 243, 244, 245, 246, 247, 248, 249, 250,
251]. In particular, special attention has been devoted to the role of destructive interference
[252, 253, 254, 255, 256] and to the determination of general rules governing the appearance
of quantum interference e�ects in molecules with extended �-electron systems [257, 258, 259,
260]. Also di�erent experimental reports in recent years have convincingly shown the in�uence
of the quantum interference on electronic transport of molecular junctions, as illustrated by
measurements of linear conductances and current-voltage characteristics [261, 262, 263, 264, 265,
266, 267, 268, 269, 270, 271, 272, 188]. When comparing electron and phonon transport, it needs
to be kept in mind that for electrons the interference has to occur within some kBT around
� � EF, with the Fermi energy EF, to get a measurable e�ect on the linear conductance. For
phonons instead, Debye energies of typical metal electrodes are in the range of several ten meV
so that already a sizable window of phonon energies contributes to thermal transport at room
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temperature.
In the case of coherent phonon transport in molecular junctions the impact of interference ef-

fects is starting to be analyzed theoretically [273, 274]. For instance, Markussen [273] investigated
the role of phonon interference in molecular junctions made of benzene and oligo-phenylene-
ethynylene (OPE3) molecules attached to Si and graphene nanoribbon electrodes. Combining ab
initio calculations for vibrational properties of the molecules with a phenomenological descrip-
tion of the leads and the molecule-lead couplings, Markussen found that the phonon transmission
function for cross-conjugated molecules, like meta-connected benzene, exhibits destructive inter-
ference features very similar to those found for the corresponding electronic transport, which
cause a reduction of the phononic thermal conductance with respect to the linearly conjugated
analogues. On the other hand, Famili et al. [274] studied the phonon transport in alkane chains
by means of a �rst-principles method based on DFT. In particular, they investigated the ap-
pearance of Fano resonances, when the alkanes are modi�ed by the inclusion of certain side
groups, so-called �Christmas trees�. These resonances led to a reduction of the corresponding
thermal conductance by a factor 2. However, alkanes are known to exhibit geometrical gauche
defects that result in the localization of vibrational modes. These defects have been reported to
reduce the thermal conductance by a similar magnitude [205], making it presumably di�cult to
discriminate between the e�ects of side-groups and gauche defects. In this sense, the study of
sti� molecules like benzene derivatives may provide more conclusive results about the existence
of interference e�ects.

4.2.2 Benzene

We start our discussion of the results with an analysis of single-molecule junctions based on
the unsubstituted benzenediamine molecule. As shown in the upper part of Fig. 36(a), we
consider contacts, where the amino (NH2) group is attached to a single tip atom of the gold
electrodes on each side both in the para and in the meta con�guration. We will refer to this
amino binding site on the gold also as �atop position� and note that these geometries are similar
to those used in previous studies of electronic transport, mimicking typical binding geometries
[115]. In Fig. 36(a) we show the results for the phononic transmission of these two binding
con�gurations, computed with our ab-initio method, described in Sec. 2.2. The �rst thing to
notice is that the transmission is only �nite below approximately 20 meV, which corresponds to
the maximum phonon energy possible in the gold electrode material. On the other hand, notice
that although both transmission curves are di�erent, which is reasonable due to the di�erent
geometrical con�gurations, we do not �nd any signature of destructive interference in the form
of antiresonances. This is further con�rmed by the results for the temperature dependence of
the phononic thermal conductance, which we show in Fig. 36(b). In fact, both molecules exhibit
similar thermal conductance values over the whole temperature range explored here.
The reason for the lack of destructive interference e�ects in these benzene-based junctions can

be understood with the help of the work of Markussen [273]. Considering his semi-empirical
results for phonon transport in benzene junctions with Si electrodes, he found that the lowest
observable destructive interference features appear at energies around 40 meV. Since this energy
is above the cut-o� energy of gold, no e�ects are visible in our case.
These results raise the question, whether it is possible to observe interference e�ects in the

phonon transport in junctions based on benzene derivatives with the standard Au leads. In the
context of electronic transport it is known that interference features can be shifted in energy by
introducing side groups [246], which have either electron-withdrawing or electron-donating char-
acter. The inclusion of such side groups moves the resonance features to lower or higher energies,
respectively. Furthermore, the substituents can also break the symmetry of the molecule, lead-
ing to destructive interference in benzene junctions even for the para con�guration of anchoring
groups. Inspired by this idea, we shall analyze in what follows the e�ect of substituting a H
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Figure 36. (a) Phonon transmission as a function of energy for the Au-benzenediamine-Au junctions shown

above this panel for both para (left) and meta (right) binding con�gurations. (b) The corre-

sponding phononic thermal conductance as a function of temperature. (c) Phonon transmission

as a function of energy for Au-benzenediamine-Au junctions, where a H atom of the benzene

molecule has been substituted by a halogen atom (X=F, Cl, Br, I), see upper part of the �gure.

(d) The corresponding phononic thermal conductance as a function of temperature for the dif-

ferent benzenediamine derivatives. The inset shows the room-temperature cumulative thermal

conductance as a function of energy for the junctions with X=H, Br, I.

atom in the benzenediamine molecule by a heavier atom of mass m to tune the position of the
resonance features. The basic idea is to try to shift the destructive resonances below the Debye
energy of gold to observe a measurable e�ect on the thermal conductance.
With this idea in mind we consider the phonon transport in Au-benzenediamine-Au single-

molecule junctions, where one of the H atoms of the benzene has been substituted by a halogen
atom X=F, Cl, Br, I, as depicted in the upper part of Fig. 36(c). The naive expectation is that
since the energy of a harmonic oscillator scales as E /

√
k=m, with k being the force constant,

the resonance features should decrease in energy with increasing mass m of the substituent
from F to I. This simple view is indeed con�rmed by our ab-initio calculations of the phononic
transmission, which are summarized in Fig. 36(c) for the substituted benzenediamine molecule
in the para con�guration. As one can see, there is a clear destructive interference feature for
X=Br at an energy of around 19 meV. It is further shifted to lower energies for X=I, where
it appears at around 16 meV. Additionally, we see that the peak at around 13 meV for the
unsubstituted benzenediamine shifts to lower energies as the mass of the substituent increases,
while the transmission for energies lower than 10 meV remains nearly una�ected. These results
for the transmission have a clear impact on the phononic thermal conductance, see Fig. 36(d).
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Figure 37. (a) In the upper part we visualize the two modes 1 and 2 that are responsible for the destructive

interference feature at 19 meV in the benzenediamine molecule, substituted with X=Br. The

�rst mode is at an energy of 15.61 meV and the second one at 20.07 meV. Since for both

modes the arrows on the N atoms on the left and right sides point in the same direction, they

interfere destructively. The graph below shows the calculated absolute value of the relevant

Green's function element of the isolated molecule, taking into account in Eq. (4.2) only the

modes 1 and 2 and using � = 10�3 meV. (b) The three highest eigenchannel transmissions as

a function of energy for a Au-2-bromo-1,4-diaminobenzene-Au junction. Above the graph, one

can see the eigenchannels with the highest transmission for the three di�erent energies from left

to right of 17:03 meV, 18:85 meV, and 19:37 meV. The energies are selected by peaks of �1 in

the transmission plot and are indicated by corresponding arrows.

Notice, in particular, that the thermal conductance decreases monotonically with the mass of
the substituent, reaching in the case of X=I a reduction factor of 1.7 at room temperature, as
compared with the unsubstituted benzene molecule.
To assess in a quantitative manner the impact of the antiresonances on the reduction of the

thermal conductance upon the introduction of substituents, we show in the inset of Fig. 36(d) the
room-temperature cumulative thermal conductance as a function of energy as de�ned in Eq. 2.20
for the Au-benzenediamine-Au junctions with X=H, Br, I. As one can see, the introduction of
substituents actually modi�es the phonon transport at all energies, but the change is particularly
drastic at the energies at which the antiresonances occur. This illustrates that the destructive
interference e�ects, induced by substituent atoms, play a key role in the reduction of the heat
transport and can be used as a strategy to modify the thermal conductance.
In order to understand the origin of the destructive interference e�ect, discussed above for

Br and I, we follow an argument based on the symmetry of the molecular orbitals developed
for electron transport [257]. Since the structure of the transport formalism is almost identical
for electrons and phonons, with the only di�erence arising from the equations of motion, this
argument can be straightforwardly adapted to phonon transport. Assuming for simplicity only
nearest neighbor couplings, the idea is as follows. If the molecule is attached to the left lead at
position l with coupling constant klL and at position r with coupling constant krR to the right
lead, then the transmission function can be expressed as

�pn(E) =
�2

E2
k2lLk

2
rR�L(E)�R(E) jDlr(E)j2 : (4.1)

Here ��(E) is the local density of states at the lead atom � = L;R that is connected to the atom
l; r of the molecule, respectively, and Dlr(E) is the lr-matrix element of the Green's function at
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energy E. Let us assume that the typical embedding self-energies ��(E), which describe the
coupling of the central junction part to the left and right electrodes[109, 4] and appear in the full
expression for Dlr(E), can be neglected, which is for instance the case if molecule-lead couplings
are not too strong. In this situation the Green's function entering in the previous equation can
be approximated by the corresponding Green's function of the isolated molecule. It is given by
the following spectral representation

Dlr(E) =
∑
j

CljC
�
rj

(E + i�)2 � E2
j

; (4.2)

where Cnj is the n-th component of the j-th eigenfunction or vibrational mode. Given the
dynamical matrix K, the eigenfunctions Cnj and angular momentum frequencies !j are obtained
by solving the secular equation

KC j = !2
j Cj : (4.3)

In the spectral representation in Eq. (4.2), � is a small imaginary part that prevents Dlr(E) from
diverging at E ! Ej , and Ej = �h!j is the energy of the j-th vibrational mode of the isolated
molecule. As discussed in Ref. [257] for molecular junctions and in Ref. [275] for mesoscopic
systems, a destructive interference occurs between vibrational modes j that exhibit the same
sign of the product CljC

�
rj , or more pictorially, the same parity of vibrational modes at the

lead-connecting molecular sites. This conclusion is obvious from the general form of the Green's
function in Eq. (4.2). If the embedding self-energies ��(E) are taken into account, they may lead
to renormalizations of level positions and hence antiresonance peaks. They are also important
to describe level broadenings, which are mimicked in Eq. (4.2) by �, and hence to avoid any
divergences of the transmission in Eq. (4.1) at resonance positions E = Ej .
Let us now apply these ideas to understand the antiresonance that appears at around 19 meV

in the transmission function for the benzenediamine junction with the substituent X=Br, see
Fig. 36(c). For this purpose we �rst analyzed the vibrational modes of the isolated molecule
within DFT and identi�ed the two modes at 15.61 meV and 20.07 meV, which are shown in the
upper part of Fig. 37(a). Taking into account only these two modes in the sum over j in Eq. (4.2),
we display in this �gure also the corresponding absolute value of Dlr(E). Here the connection
to the leads has been assumed to be established only at the N atoms and the coe�cients Cnj
have been taken from the calculations of the isolated molecule. Since these two modes exhibit
the same oscillation direction on the N atoms, the products Cl1C�r1 and Cl2C

�
r2 have the same

sign, and the modes 1 and 2 are expected to interfere destructively. This is con�rmed by the
behavior of jDlr(E)j in Fig. 37(a), which exhibits two peaks at the energies of the two modes and
a minimum at around 19 meV, energetically located between these two modes. The position of
the minimum is in good agreement with the minimum in the transmission curve in Fig. 36(c).
Let us mention that the same considerations apply for the molecule with X=I, where we �nd
two modes of similar characteristics at energies around 14.7 and 19.5 meV.
To complete the analysis we show in Fig. 37(b) the energy dependence of the three largest

eigenchannel transmissions for this molecule. In this �gure the most transmissive eigenchannel
are displayed for three di�erent energies. These dominate the phonon transport in this energy
range. Clearly visible all the eigenchannels exhibit indeed a character that resembles the out-of-
plane character (with respect to the molecular plane) of the two vibrational modes of the free
molecule. Below the interference, one would naively expect the eigenchannel to resemble the
�rst eigenmode of the free molecule, while above it could be related to the second mode of the
free molecule. However, and in spite of the fact that the second mode of the free molecule and
the highest eigenmode are similar, a simple one-to-one correspondence cannot be established,
especially for the �rst eigenmode. This is partially due to the perturbation of the molecular
modes due to the presence of the metal atoms. In addition, since both molecular vibrations are
close in energy, the eigenchannel is actually a mixture of both them with di�erent, non-negligible
weights. Moreover, in the static picture of the eigenchannel shown in Fig. 37(b), one can see
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Figure 38. (a) Phonon transmission as a function of energy for the molecular junctions shown above this

panel, which have been created by compression and stretching of the junction with "0 a.u.". (b)

Comparison of the thermal conductance between the junction shown in (a) and the unsubstituted

benzene junction upon elongation.

a jump of � in the phase of molecular motion as compared to the Au reference atoms, which
is re�ected by the fact that the arrows on the molecule point in opposite directions at energies
above and below the antiresonance. This jump in the phase is a well-known phenomenon that
accompanies destructive interference of various properties in the electronic transport [248, 244]
and, in general, in the Fano model [276].
One may wonder whether the antiresonances, resulting from destructive interference, survive

upon the elongation of the molecular junctions. We have investigated this aspect for the junctions
with the benzene derivatives studied in Fig. 36(c) and found that the appearance of antireso-
nances is quite robust against stretching or compression, outlined in Fig. 38(a). The junctions
were realized by stretching and compressing the original one up to 2 a.u.. Whereas we see small
shifts in the resonance peaks due to geometrical variations, the interference pattern persists in all
cases. This is indeed expected since, as we have already mentioned, the antiresonance is caused
by the interaction of two vibrational modes within the molecule, and is therefore not strongly
in�uenced by variations of the distance between the electrodes. For a complete story, the ther-
mal conductance of the various strain conditions for the benzene bromide have to be compared
to the one without substituent, which is shown in Fig. 38(b). Although the di�erent boundary
conditions in�uences the absolute value of �pn slightly, for all considered con�gurations the e�ect
of the anti-resonance dominates the thermal conductance.
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Figure 39. (a) Phonon transmission as a function of energy for the three molecular junctions shown above

this panel, where two H atoms of the benzenediamine molecule have been replaced by two Br

atoms. (b) The corresponding temperature dependence of the phononic thermal conductance.

(c) All vibrational modes in the central region of the three molecular junctions in the energy

range between 15 and 20 meV

Following the analogy with electronic systems, we analyze now, how the inclusion of additional
substituents modi�es the interference patterns [260]. For this purpose we investigate the phonon
transport through benzenediamine junctions, if two H atoms are replaced by two Br atoms.
Moreover we study the in�uence of the exact position, where these Br atoms are incorporated,
and examine the three molecular junctions shown in the upper part of Fig. 39. All vibrational
modes between 15 and 20 meV in the central region of the corresponding junctions are shown in
Fig. 39(c).
The results for the phonon transmission are displayed in Fig. 39(a). As one can see, for

molecule 1 a destructive interference antiresonance appears at about 17 meV. The origin of this
feature is, as for the previous compounds, the interference between two modes that lie close
in energy. These are the modes with energies of 17.75 and 18.95 meV in the left column of
Fig. 39(c) that show the same parity on the terminal N atoms of the molecule. The di�erence
with respect to the singly-substituted molecules discussed above is that these modes have no
analogues in the isolated molecule. Instead they are hybrid modes in the sense that they also
involve vibrations of the gold atoms in the electrodes. Additionally, a reduced transmission
peak at 12.5 meV arises, which is due to a localized mode that is asymmetrically coupled to
the electrodes. Interestingly, the other two molecules 2 and 3 do not exhibit any pronounced
antiresonance, resulting from destructive interference, see Fig. 39(a), which we attribute to the
lack of the necessary symmetry of the vibrational modes on the terminal N atoms, see Fig. 39(c).
This shows that not only the masses of the substituents play a role, but also the exact position,
where they are introduced. The changes in the transmission are re�ected in the corresponding
thermal conductance results. As we see in Fig. 39(b), while molecule 1 exhibits a largely reduced
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thermal conductance at room temperature as compared to both the singly substituted case and
the unsubstituted benzenediamine, molecules 2 and 3 exhibit conductance values that are similar
to those of the singly substituted case.

4.2.3 OPE3

Figure 40. (a) Phonon transmission as a function of energy for the Au-OPE3-Au junctions shown above this

panel for both para (left) and meta (right) binding con�gurations at the central benzene ring.

(b) The corresponding phononic thermal conductance as a function of temperature. (c) Phonon

transmission as a function of energy for Au-para-OPE3-Au junctions, where a H atom of the

central benzene ring has been substituted by a halogen atom (X=F, Cl, Br, I), see plot above

this panel. (d) The corresponding phononic thermal conductance as a function of temperature

for the di�erent para-OPE3 derivatives.

Now we show that the basic concepts discussed above also apply to other, more complex
molecules. For this purpose, we consider OPE3. This molecule has been analyzed in the context
of phonon transport in Ref. [273] with the help of semi-empirical methods and considering Si as
well as graphene-nanoribbon electrodes. First we discuss the in�uence of the binding con�gu-
ration, by examining para- vs. meta-OPE3, as shown in the upper part of Fig. 40(a). In this
case our ab-initio results for the phonon transmission, which are displayed in Fig. 40(a), show
that for meta-OPE3 several resonance peaks at energies below 15 meV appear shifted to lower
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energies as compared to para-OPE3, while there is a pronounced decrease of the transmission
for the meta-OPE3 above. The strong suppression of the transmission at around 18 meV is
due to an interference e�ect, in which two quasi-degenerate modes are involved, as explained in
Ref. [273]. In total the meta-OPE3 thermal conductance is reduced by a factor of 2, as compared
to para-OPE3.
As in the case of benzene, the thermal conductance of Au-OPE3-Au junctions can be tuned

by substituting one H atom in the central benzene ring with a halogen atom, as sketched in the
upper part of Fig. 40(c). Similar to benzenediamine in Fig. 36(c), one can see in Fig. 40(c) that
the phonon transmission exhibits an antiresonance at energies around 15-20 meV for the sub-
stituents Br and I, but now this feature also appears for Cl. Again the occurrence of destructive
interferences below the Debye energy of gold leads to a suppression of the corresponding thermal
conductance, as we show in Fig. 40(d). We �nd a monotonically decreasing thermal conductance
with increasing mass of the substituent. As in the case of the benzene derivatives this behavior
is due to the fact that, upon introducing the substituents, the energies of the vibrational modes
decrease and the antiresonances, resulting from the interference e�ects, are redshifted at the same
time. Thus, since the contribution of a vibrational mode scales with its energy, see Eq. 2.17, �pn
is reduced upon increasing mass of the substituents.
Let us mention that we are not aware that the exact OPE3 compounds, shown in Fig. 40(c),

have been synthesized. But closely related molecules exist, in which the central ring of an OPE3-
diamine has been modi�ed, among others, by the inclusion of several �uorine atoms and which
have been studied in the context of single-molecule junction experiments [277]. So, we think
that there should not be any fundamental problem to synthesize the compounds discussed in
this work. In this respect, it is also worth stressing that our DFT calculations demonstrate that
these molecules are indeed stable.
To complete the discussion of our results on phonon heat transport, it is important to empha-

size that in all the molecular junctions investigated in this work, the room-temperature thermal
conductance is dominated by the contribution of phonons. Therefore the impact of the inter-
ference e�ects discussed here should be, in principle, amenable to measurement. This point is
discussed in detail in Appendix E, where we present our results for the electronic contribution
to the thermal conductance.
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4.3 C60

The goal of this section is to critically evaluate the thermoelectric device e�ciency of a single-
molecule junction. For this purpose, we present here a detailed study of the role of di�erent heat
carriers in both the thermal conductance and the �gure of merit of monomer and dimer C60

molecular junctions. In particular, we compute the contribution of both electrons and phonons
to the di�erent transport properties in Sec. 4.3.2., whereas in Sec. 2.7 the e�ect of a thermally
driven photonic �ux is additionally considered.

4.3.1 Thermoelectric �gure of merit - introduction

The phonon contribution to the thermal conductance plays a fundamental role, when assessing
the performance of molecular junctions as thermoelectric devices. This performance is charac-
terized by the so-called �gure of merit ZT , which is given by a combination of several transport
quantities as follows [278]

ZT =
GS2T

�
=

ZelT

1 + �other=�el
: (4.4)

Here, G is the electrical conductance, S the thermopower, T the absolute temperature, and �

the thermal conductance. Strictly speaking, this thermal conductance should include all possible
contributions, and it can be written as � = �el + �other, where �el is the electronic contribution
and �other includes the contributions of other heat carriers like that of phonons and photons. By
bringing Eq. (4.4) into the form on the right hand side using ZelT = GS2T=�el, it is obvious
that any additional heat transport contribution (beyond electrons) will be detrimental for the
thermoelectric performance, since ZT needs to be maximized. Therefore, the experimental and
theoretical determination of �other is crucial to critically evaluate, whether molecular junctions
can potentially operate as e�cient nanoscale thermoelectric devices.
The most obvious additional contribution to the heat conductance in molecular junctions is

that of phonons, a topic that is currently attracting a lot of attention. For a recent review, we
recommend Ref. [193]. However, photons can also give a signi�cant contribution to the total heat
conductance. Molecular junctions actually constitute nano-scale gaps between metal surfaces,
bridged by few or single molecules. Thus, even if the experiments are carried out in ultra-high
vacuum conditions, one should also consider the contribution of thermal radiation or photon
tunneling. It has been understood that when two bodies are brought su�ciently close together
(with a separation below the thermal wavelength, which is 9:6 �m at room temperature), near-
�eld contributions in the form of evanescent waves dominate the radiative heat transfer and
lead to a huge enhancement of the radiative thermal conductance [121]. This NFRHT can
exceed by orders of magnitude the limit set by the Stefan-Boltzmann law for black bodies, see
Ref. [279] for a recent review. These ideas have been experimentally veri�ed in recent years,
and advances in nanothermometry have even made possible to explore thermal radiation in the
extreme near-�eld regime, where objects are separated by gaps of a few nanometers and even
below [280, 281, 38, 282, 283]. This aspect of photonic heat conduction has traditionally been
ignored thus far in the �eld of molecular electronics.
The main goal of this work is to rigorously compute the contribution �pn of phonons to

both the thermal conductance and the �gure of merit in C60-based single-molecule junctions
using parameter-free ab-initio electronic structure methods. But also the photonic part �pt will
be estimated using simple models for the molecular junction geometries within the framework
of �uctuational electrodynamics. We will thus ultimately consider � = �el + �pn + �pt in the
following, i.e., a thermal conductance � consisting of electronic (el), phononic (pn), and photonic
(pt) parts.
The fullerene C60 is a test-bed molecule for molecular electronics and its electrical trans-

port properties have been extensively investigated both experimentally [284, 285, 286, 287, 288,
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Figure 41. (a) Equilibrium geometries of C60 monomer and C60 dimer junctions. The molecules are bonded

to blunt and sharp Au electrodes on the left and right. These geometries correspond to the

minimum of the total energy with respect to the distance d between the electrodes. We call

this particular separation for the equilibrium geometry d0, see illustration in Fig. 43(a). (b)

Electronic transmission as a function of energy, measured with respect to the Fermi level, for

the two geometries shown in panel (a). (c) Phonon transmissions as a function of energy. (d)

Thermopower of the two junctions as a function of temperature. (e) Electronic and phononic

contributions to the heat conductance as a function of temperature for both junctions. Data

referring to the monomer is shown in black, those of the dimer in red.

289, 290, 291, 292] and theoretically [288, 290, 291, 292, 293, 294, 295, 296, 297, 298, 299, 300,
301, 250]. Also in the context of thermoelectricity, C60-based single-molecule junctions have
been analyzed and several groups have reported room-temperature thermopower measurements
[302, 303, 304]. In particular, Evangeli et al. [303] employed a STM setup to report simultane-
ous measurements of the conductance and thermopower in �single-C60� or monomer molecular
junctions with Au electrodes. They showed that these junctions can exhibit thermopower values
ranging from �40 to 0 �V/K, depending of the contact details, with a mean value of �18 �V/K.
The �ndings agree well with theoretical expectations that predict that these negative values are
due to charge transport that is dominated by the lowest unoccupied molecular orbital (LUMO)
[301]. Moreover, these authors were able to pick up C60 molecules with the STM tip and sub-
sequently use them to contact another individual C60 molecule, forming in this way molecular
junctions with a C60 dimer bridging the gap between the Au electrodes. These �two-C60� or
dimer molecular junctions were shown to exhibit negative thermopower values of up to �72
�V/K with an average value of �33 �V/K. This almost doubles the magnitude observed in the
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monomer junctions, as it is generally expected for increasing molecular length in the o�-resonant
transport regime [305]. These results, together with �rst-principles transport calculations, led
the authors to suggest that stacks of C60 molecules could provide a way to achieve high ZT values
(even above 1), making fullerene-based junctions very promising for thermoelectric applications.
However, it is worth stressing that this appealing suggestion was made without taking into ac-
count the phonon contribution in the ab-initio calculations and without measuring the thermal
conductance. Indeed experimental setups were until recently not sensitive enough to measure �
at the atomic scale, and single-molecule junctions have yet to be examined with newly developed
tools [2]. Thus, this interesting suggestion still has to stand careful theoretical and experimental
tests with access to all the major quantities determining the �gure of merit. In this work we try
to �ll this gap from the theoretical point of view.

4.3.2 Electron + phonon transport

We start our discussion of the results by considering the geometries shown in Fig. 41(a) for an
Au-C60-Au and an Au-C60-C60-Au junction, which will be hereafter referred to as monomer
and dimer junctions, respectively. In these particular geometries, the molecules make contact
to three Au atoms of a blunt tip on the left, while they are bonded to a single Au atom of an
atomically sharp tip at the right Au electrode. This asymmetric situation is meant to mimic the
geometries realized in the STM experiments of Ref. [303], in which one of the electrodes is an Au
surface and the other one an Au STM tip. Let us stress that these geometries were obtained by
minimizing the total energy of the junctions as a function of the electrode separation d , yielding
the distance d0. The distances d and d0 are also visualized in Fig. 43(a). Using a coordinate
system, oriented as depicted in Fig. 41, we �nd that the closest Au-C separation along the x-
axis is roughly 1.8 Å from the blunt tip and 2.2 Å from the sharp tip. The x-axis separation
between the two C60 molecules in the dimer junction is approximately 3.0 Å. In Fig. 41(b)-(e)
we summarize the thermoelectric transport properties for these two junctions by showing the
electronic transmission as a function of energy, the corresponding phononic transmission, the
thermopower as a function of temperature, and the electronic and phononic contributions to the
heat conductance as a function of temperature.
For these blunt-sharp junctions, the electrical conductance is 0:23G0 for the monomer and

7:1�10�4G0 for the dimer. These values are close to the experimental values found in Ref. [303],
where mean values of 0:1G0 and 1:8� 10�3G0 were reported for the monomer and dimer junc-
tions, respectively. Notice that in both cases the electronic transmission at the Fermi energy is
determined by the LUMO of the molecules, as it has been reported in numerous studies, see for
instance Ref. [301] and references therein.
With respect to the phononic transmission, one can see in Fig. 41(c) that the phonon conduc-

tion is dominated by low-lying vibrational modes with energies E < 10 meV. Let us recall that
the Debye energy of the metal electrodes sets an upper limit for the energy of the vibrational
modes that can contribute to the transport, which in our case is around 20 meV [109]. However,
in the range between 10 and 20 meV there are no signi�cant contributions to the phonon ther-
mal conductance, which we attribute to the weak metal-molecule coupling for the modes in this
energy range.
Turning now to the thermopower, we see in Fig. 41(d) that it approximately follows a linear

dependence on temperature, as expected from the low-temperature expression in Eq. (2.105). In
particular, the room-temperature thermopower has a value of �49:6 �V/K for the monomer and
�75:3 �V/K for the dimer junction. The negative values are due to the fact that the electronic
transport is dominated in both cases by the LUMO, meaning that electric conduction is electron-
like. Notice also that the thermopower value for the dimer junction almost doubles that of the
monomer, similar to what was observed in Ref. [303], while the absolute values are somewhat
larger than those reported experimentally.
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Figure 42. Figure of merit ZT as a function of temperature for the two geometries shown in Fig. 41(a).

Black curves are for the monomer junction, while red ones are for the dimer. The solid lines

correspond to Zel+pnT , including both the electronic and phononic contributions to the heat

conductance, � = �el + �pn, while the dashed lines correspond to ZelT , including only the

electronic one, � = �el.

The temperature dependence of the di�erent contributions to the heat conductance, dis-
played in Fig. 41(e), shows that both junctions behave qualitatively di�erent, especially at room
temperature. In the monomer junction the room-temperature electronic thermal conductance
�el = 142:0 pW/K, which is very close to the value expected from the Wiedemann-Franz law,
dominates over the phononic one, �pn = 25:5 pW/K. At the contrary, for the dimer junction the
phononic contribution �pn = 7:3 pW/K dominates the thermal conductance and the electrons
give an insigni�cant contribution of �el = 0:5 pW/K. Notice also that the total thermal conduc-
tance at room temperature is about 20 times larger for the monomer case than for the dimer
case, which is mainly due to a dramatic decrease in the electronic contribution for the latter. For
the sake of comparison, it is worth mentioning that we found in Ref. [4] that alkane-based chains
of varying length exhibit phononic thermal conductance values ranging from 15 to 45 pW/K.
Our results for these blunt-sharp C60 junctions show that there is a change in the dominant heat
carriers as a function of the number of C60 molecules. This has a crucial impact on the �gure of
merit, as we proceed to discuss.
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Figure 43. Evolution of the electronic and phononic transmissions with the elongation of the junctions

in Fig. 41. (a) Geometries of the monomer junction. The upper geometry is the equilibrium

geometry, already displayed in Fig. 41, while the lower junction is stretched. The distance d is

measured between Au layers of the electrodes that are held �xed in the geometry optimization

process, and d0 is the separation for the equilibrium geometry. The gap distance � between

the outer atoms of the Au electrodes that contact the molecules is somewhat shorter. (b)

Same as in (a) but for the dimer junction. (c) Evolution of the electronic transmission of the

monomer contact upon stretching as a function of the energy that is measured with respect to

the Fermi energy. (d) The same as in panel (c) but for the dimer junction. (e) The corresponding

evolution of the phononic transmission for the monomer junction. (f) The same as in panel (e)

but for the dimer junction. We determine elongations as d � d0, and plot the corresponding

energy-dependent transmission curves in di�erent colors as indicated by the color scale bar.
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Figure 44. Transport coe�cients at T = 300 K as a function of the distance d�d0. The results are obtained
from the transmission functions shown in Fig. 43. (a) Electrical conductance, (b) thermopower,

(c) electronic and phononic thermal conductance, and (d) the corresponding �gures of merit

Zel+pnT and ZelT . In all panels, black lines correspond to the monomer junction and red lines

to the dimer junction.

Results for the �gure of merit ZT , see Eq. (4.4), are shown in Fig. 42. There we depict the
evolution of Zel+pnT with temperature, taking into account both the electronic and phononic
contributions to the thermal conductance, and ZelT , taking into account only the electronic con-
tribution. The �rst thing to notice is that at room temperature the monomer junction reaches
a value of ZelT = 0:093, which is only slightly reduced to Zel+pnT = 0:079 by the phononic
contribution to the thermal transport. However, in the dimer case the room-temperature value
ZelT = 0:18 is strongly reduced by the phonon heat conduction to Zel+pnT = 0:012. Exploit-
ing the Wiedemann-Franz law in Eq. (2.106), which we �nd to be well obeyed, we can write
ZT � S2=[L0(1 + �other=�el)]. With this relation the ZT values of the dimer junction can be
interpreted as follows. Neglecting �other, the increase in ZelT for the dimer junction is due to the
increase of the thermopower as compared with the monomer. Setting �other = �pn, we see from
Fig. 41 that the phonon thermal conductance of the dimer is slightly lower than those of the
monomer. But due to the much stronger decrease of the electrical conductance for two C60 as
compared to a single one, leading to a corresponding reduction of �el via the Wiedemann-Franz
law, the ratio �pn=�el and the denominator L0(1 + �pn=�el) get large, resulting in a pronounced
suppression of Zel+pnT for the dimer. Thus, this �rst example of blunt-sharp monomer and dimer
junctions indicates that because of the important contribution of phonon conduction to the ther-
mal transport, the appealing suggestion of Ref. [303] that high ZT values may be achieved by
stacking C60 molecules, as discussed in the introduction, is not backed up by our calculations.
To test the robustness of the main conclusions so far, especially the strong reduction of Zel+pnT

as compared to ZelT for the dimer junction, we have studied the role of strain in the di�erent
transport properties. For this purpose, and in order to mimic the STM experiments of Ref. [303],
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Table 2. Gap between the gold electrodes � and room temperature values of the di�erent transport prop-

erties for the three types of monomer and dimer equilibrium geometries with d = d0 of Figs. 41,

45, 47. The distances d; d0;� are de�ned in Fig. 43.

junction � (nm) G (G0) S (�V/K) �el (pW/K) �ph (pW/K) ZelT Zel+pnT

m, b-s 1.12 0.23 -49.6 142.0 25.5 0.093 0.079
d, b-s 2.12 7:1� 10�4 -75.3 0.5 7.3 0.185 0.012
m, s-s 1.18 0.11 -57.4 68.6 20.0 0.129 0.100
d, s-s 2.18 1:3� 10�4 -189.2 0.1 7.4 0.963 0.014
m, b-b 1.11 1.08 -41.9 572.7 46.3 0.077 0.071
d, b-b 1.91 2:3� 10�3 -96.9 1.8 7.0 0.273 0.057

we simulated the stretching and compression of the junctions shown in Fig. 41. The evolutions
of the electronic and phononic transmissions for the monomer and dimer junctions are shown in
Fig. 43. Here, the di�erent curves correspond to di�erent distances d between the electrodes,
measured with respect to the distance in the equilibrium geometries d0, as de�ned in Fig. 43(a).
The thermoelectric transport properties G, S, � and ZT are shown in Fig. 44 as a function of
d � d0. As one can see in Fig. 44(a), the electrical conductance exhibits an exponential decay
both for the monomer and the dimer, as expected, when the junctions break and enter the
tunneling regime. At all distances, G is much lower for the dimer than for the monomer, as
expected for o�-resonant transport (see for instance the electronic transmissions in Fig. 43(c,d)).
In this regime the thermopower remains relatively constant, see Fig. 44(b), and for any distance
the value for the dimer junction roughly doubles that of the monomer junction. With respect to
the thermal conductance, both electronic and phononic contributions decay monotonically in the
tunneling regime. And, like in the equilibrium geometry, we �nd that while for the monomer the
electrons determine the thermal transport, in the dimer case the phonons dominate at almost all
distances due to the largely reduced electronic thermal conductance of the dimer junctions. This
fact is re�ected in the behavior of Zel+pnT for both junctions, see Fig. 44(d), which is dictated
by the electronic thermal conductance in the monomer case during the whole stretching process,
while it is clearly limited by the phononic thermal conductance in the dimer junction. In other
words, the main conclusion of the previous paragraph � that ZT values of dimer junctions are
small due to phonon heat conduction � holds for the whole elongation process from the contact
to the deep tunneling regime.
For completeness, let us now consider the role of the binding geometry. In particular, we

now proceed to discuss the results for the equilibrium geometries shown in Fig. 45(a), where
the molecules are bonded to both Au electrodes through atomically sharp tips. This kind of
symmetric geometry is more likely to be realized in a break-junction con�guration like that of
Ref. [287]. The results for the di�erent transport properties G, S, �el and �pn are qualitatively
similar to those of the blunt-sharp geometries discussed above. All the room temperature values
of these properties are summarized in Table 2 together with the derived ZelT and Zel+pnT values.
The main di�erence to the blunt-sharp geometries is the fact that the electronic transmission
does not follow a Lorentzian-like shape around the Fermi energy, see Fig. 45(b). This peculiar
energy dependence is the result of a quantum interference and its origin has been explained in
detail in Ref. [250]. This quantum interference leads to a rather steep transmission at the Fermi
energy, which is in turn responsible for the particularly large values of the thermopower for these
kind of binding geometries, see Fig. 45(d). The phononic thermal conductance in Fig. 45(e) is
again determined by the transmission at energies below 10 meV, as visible in Fig. 45(c). Finally,
�el in Fig. 45(e) is larger than �pn at T = 300 K for the monomer junction. This behavior is
reversed for the dimer junction, where �pn � �el.
Thus, as in the case of the blunt-sharp geometries above, the room temperature thermal

conductance is dominated by the electronic contribution in the monomer case, while phonon
transport dictates the total value of the thermal conductance in the dimer case. This is re�ected
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Figure 45. (a) Equilibrium geometries of a C60 monomer and a C60 dimer, bonded to both Au electrodes

through atomically sharp tips. These geometries correspond to the minimum of the total energy

with respect to the distance d between the electrodes, i.e. d = d0. (b) Electronic transmission

as a function of energy, measured with respect to the Fermi level, for the two geometries shown

in panel (a). (c) Phonon transmissions as a function of energy. (d) Thermopower of the two

junctions as a function of temperature. (e) Electronic and phononic contributions to the heat

conductance for monomer and dimer junctions as a function of temperature. Data referring to

the monomer is shown in black, those of the dimer in red.

in the ZelT and Zel+pnT values of these junctions, see Fig. 46. For the monomer ZelT and Zel+pnT

are very similar in the whole temperature range, while Zel+pnT is 1-3 orders of magnitude smaller
than ZelT . As it is clear from the data listed in Table 2, at room temperature we �nd indeed
Zel+pnT � ZelT for the monomer, while for the dimer �pn reduces Zel+pnT as compared to ZelT

by more than one order of magnitude. This illustrates once more the key role played by phonon
transport in these dimer junctions.
In Figs. 47 and 48 we show results for yet another binding geometry, where in this case

the molecules are bonded to both electrodes through blunt tips, see Fig. 47(a). The room
temperature values of the di�erent thermoelectric transport properties are summarized in Table
2. This binding geometry allows us to test our conclusions in a situation, where the metal-
molecule coupling takes place through several Au atoms on both sides. As one can see in these
two �gures, the main conclusions of our discussions above are con�rmed again. In particular,
Zel+pnT is very similar to ZelT for the monomer, since �pn is negligible as compared to �el, while
there is a strong reduction of Zel+pnT as compared to ZelT for the dimer since �pn dominates
over �el.

4.3. C60 87



10-7
10-6
10-5
10-4
10-3
10-2
10-1
100
101

 100  200  300  400

ZT

T (K)

Zel+pnT ZelT

Figure 46. Figure of merit ZT as a function of temperature for the two geometries shown in Fig. 45(a).

Black curves are for the monomer junction, while red ones are for the dimer. The solid lines

correspond to Zel+pnT , including both the electronic and phononic contributions to the heat

conductance, � = �el + �pn, while the dashed lines correspond to ZelT , including only the

electronic one, � = �el.

A major di�erence of the blunt-blunt geometry with respect to the previous two types of ge-
ometries is the fact that the stronger electronic metal-molecule coupling leads to a rather high
electronic transmission at the Fermi energy, which is re�ected both in the electrical conductance
and in the electronic contribution to the thermal conductance. As it is clear from Table 2, both
G and �el increase monotonically for monomer and dimer junctions in the order of sharp-sharp,
blunt-sharp, and blunt-blunt geometries. Let us emphasize that the metal-molecule binding ge-
ometry also limits the e�ciency of phonon heat transfer in the monomer junctions, with the most
e�cient coupling for the blunt tips. Indeed we obtain a clear ordering of �pn, which increases
from sharp-sharp to sharp-blunt and blunt-blunt junctions. However, the phonon thermal con-
ductance of the dimer junctions is nearly insensitive to the metal-molecule coupling and limited
by the weak molecule-molecule coupling.
Let us conclude this section by noting that we have also simulated the stretching of the

sharp-sharp and blunt-blunt geometries (not shown here) and found that the main conclusions
also apply there. In particular, we �nd in all of the cases that the phonon transport is very
detrimental for the ZT values of the dimer junctions, while it plays a marginal role in the case
of the monomer junctions.

4.3.3 Photon transport and thermoelectric �gure of merit

The question that we want to address in this section is whether photon transport via thermal
radiation can have an impact on the �gure of merit of molecular junctions. Due to NFRHT the
thermal conductance �pt can indeed largely exceed limits set by the by the Stefan-Boltzmann
law for black bodies [279, 121]. We therefore put �pt in relation to �el and �pn, which were
discussed before.
As described in Sec. 2.7, we use the formalism of �uctuational electrodynamics [120] to treat

NFRHT. The results for the room temperature radiative heat conductance �pt, obtained with this
procedure, are shown in Fig. 49 as a function of the gap size (or distance between the electrodes)
� for (a) the tip-surface and (b) tip-tip geometries. We show these results in a relatively large
gap-size range from 1 to 5 nm to provide an idea of the expectations for the photonic contribution
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Figure 47. (a) Equilibrium geometries of a C60 monomer and a C60 dimer, bonded to both Au electrodes

through blunt tips. These geometries correspond to the minimum of the total energy with

respect to the distance d between the electrodes, i.e. d = d0. (b) Electronic transmission as

a function of energy, measured with respect to the Fermi level, for the two geometries shown

in panel (a). (c) Phonon transmissions as a function of energy. (d) Thermopower of the two

junctions as a function of temperature. (e) Electronic and phononic contributions to the heat

conductance for monomer and dimer junctions as a function of temperature. Data referring to

the monomer is shown in black, those of the dimer in red.

to the thermal conductance in a wide range of molecular junctions. Notice that the radiative
heat conductance changes quite slowly with the gap size.
For our purposes, we can assume that �pt basically remains constant in the range of studied

electrode-to-electrode distances �. De�ned as shown in Figs. 43 and 49 and listed in Table 2, gap
sizes � between the electrodes in our molecular junction geometries vary between 1 and 3 nm.
Maximal elongations d � d0, considered in Fig. 44, remain below 1 nm. The range of �, studied
in Fig. 49, is thus compatible with the atomistic molecular junction models.
To relate �pt to �el and �pn, we consider again Table 2. The comparison of the listed thermal

conductances with Fig. 49 shows that, depending on the radius of the tip used to model the
electrodes, the photonic contribution to the thermal conductance can be comparable or larger
than the phononic one in the contact regime. In some cases �pt can even exceed the electronic
contribution �el. This happens for both types of nanogap con�gurations, i.e. tip-surface and
tip-tip geometries. It is obvious that �pt is particularly important in the tunneling regime. There
it dominates the thermal transport, if junctions are stretched just by a few Å, see Fig. 44.
To illustrate the impact of �pt on the �gure of merit, we display in Fig. 50 the ZT values as a
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Figure 48. Figure of merit ZT as a function of temperature for the two geometries shown in Fig. 47(a).

Black curves are for the monomer junction, while red ones are for the dimer. The solid lines

correspond to Zel+pnT , including both the electronic and phononic contributions to the heat

conductance, � = �el + �pn, while the dashed lines correspond to ZelT , including only the

electronic one, � = �el.

function of the displacement of the electrodes for the blunt-sharp junctions considered in Fig. 44.
In particular, we show how the ZT values are modi�ed by the photonic contribution for the tip-
surface con�guration and for various values of the tip radius. Notice that for elongations of the
electrodes o� the equilibrium by up to 2 Å, Zel+pn+ptT with � = �el+�pn+�pt for the monomer
junction is similar to Zel+pnT that considers only electronic and phononic contributions. But for
larger separations, Zel+pn+ptT breaks down dramatically. For the dimer junction, a suppression
of Zel+pn+ptT as compared to Zel+pnT is obvious throughout the full range of elongations d � d0
considered. Generally speaking, the detrimental in�uence of �pt on ZT is strongest in the
tunneling regime for large electrode separations.
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Figure 50. Comparison of the room temperature �gure of merit Zel+pn+ptT (solid colored lines), includ-

ing electronic, phononic and photonic contributions to the thermal conductance, with Zel+pnT
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the hollow-top monomer junction and (b) the hollow-top dimer junction. The dashed curves for

Zel+pnT are identical to those shown in Fig. 44(d) and are reproduced to provide a reference.

To determine the photonic heat conductance, the tip-surface geometry was assumed with tips

of di�erent radii R, as indicated by the legend.
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5 Summary and outlook

This work presented the theoretical analysis of both charge and heat transport in nanoscale
systems. To be more precise, we took into account several contributions from electrons, phonons,
and photons, and looked at their in�uence on the di�erent currents. Especially, our focus was
set on the heat current in particular driven by phononic excitations.

In the �rst part of this thesis a theoretical model was developed, to look at a space or space-time
representation of the phononic eigenchannels. These eigenchannels are known from the study
of electronic transport, and we were able to transfer these ideas to phononic systems. The key
issue was to connect the phononic scattering states with the transmission matrix in the NEGF
framework. In the basis of these scattering states, we proposed a representation in terms of a
static, and a time-dependent version, which helps to analyze the phononic transmission function.
These ideas were demonstrated by the help of an analytical 1D model and various realistic
examples that could be explored throughout this work.
Concerning an improvement of the theoretical transport modelling with the standard NEGF

approach, we incorporated the, in the phononic community, well-known problem of the acoustic
sum rule into a cluster-based transport description that allows di�erent dimensionalities in certain
subregions. In particular, we emphasized the importance of considering the alternating number
of atomic neighbors for a surface atom compared to a bulk-crystal environment. By further
correcting the on-site elements of these atoms in terms of a Dyson equation, for instance, due to
a coupling to a molecule, we managed at least in principle to construct a system which perfectly
ful�lls the acoustic sum rule. The basic ideas were tested and veri�ed in an analytical 1D model.
Furthermore, we built a simpli�ed model of 2D leads connected via a 1D wire with only 1 degree
of freedom. There, we wanted to analyze the impact of the leads dimensionality on the phononic
transmission function. In fact, we were able to reveal that, in contrast to the 1D model, a
resonance at zero energy is suppressed due to the di�erent behavior of the phononic density of
states of the leads with respect to their spatial dimension. Finally, the method was tested for
realistic examples, where the sum rule is on the one hand ful�lled for both Hessian and dynamical
matrix and on the other hand only for the Hessian. We demonstrated here empirically that the
inclusion of our method leads to an enhanced thermal conductance up to 22 %.

The second part of this work was related to metallic single-atom contacts. The main ques-
tion we wanted to address was to check whether the macroscopic Wiedemann-Franz law is still
applicable in these length scales. Herefore we looked at three di�erent metals, namely gold,
platinum, and aluminum, which di�er in their chemical valence. In particular, we �rst analyzed
a so-called atomic dimer con�guration and discussed the speci�c electronic and phononic trans-
mission functions for every metal, in terms of an eigenchannel representation, to quantify their
relative contributions to the total heat current. We found out that, in contrast to the electronic
transmission, or the number of electronic eigenchannels, that are mainly in�uenced by the chemi-
cal valence, for phonons the total number of eigenchannels are comparable, and the Debye energy
sets an upper limit for the thermal conductance. In these examples, the Wiedemann-Franz law
was still valid within a tolerance of 10% for gold and platinum, while for aluminum, due to an
interplay of reduced electronic transmission and a higher Debye energy, a larger deviation of 32%
occurred.
Furthermore, we investigated pulling and stretching curves with lead orientations in (111) and

(100) directions for aluminum and gold contacts, to see whether these insights are robust against

93



di�erent strain conditions and surface orientations. Consistent with the previous analysis, we
found in all cases the phononic in�uence in aluminum higher compared to gold. For the gold
contact, we saw additionally a plateau at twice the thermal conductance quantum before the
junction breaks in both examples, while in aluminum no such precise plateau occurred. Again,
we were able to explain this with the chemical valence of s-type for gold and p-type for aluminum.
In total, we observed deviations for the Wiedemann-Franz law below 10% for gold, while we got
larger deviations up to 40% for aluminum.
Besides the NEGF-based approach, we explored the validity of the assumed phase-coherent

transport regime for the phononic system, as an example with gold and aluminum. Here we
used NEMD simulations which take into account anharmonic e�ects in terms of phonon-phonon
scattering. First of all, we calculated the impact of lattice expansion at �nite temperatures on
the phonon density of states, which can be summarized in a shift of the cut-o� energy, relative to
the zero temperature value. Moreover, we simulated the temperature-dependent phonon thermal
conductance of an ideal monomer contact, to quantify the in�uence of anharmonicity. We found
the mean conductance almost independent of temperature and due to the temperature only the
variance increased. This enabled us to justify our assumption of a harmonic transport at room
temperature. Additionally, we compared these results to the NEGF approach in the classical
limit and discussed certain di�erences between these two models. Finally, we concluded that the
phase-coherent transport regime is reasonable within the relative uncertainty of both methods.
At last, we performed a statistical analysis of di�erent geometrical con�gurations by simulating

multiple conductance traces. Here we combined the phononic description in the framework of
NEMD with a tight-binding representation of the electronic system, to look also at the statistical
validity of the Wiedemann-Franz law. For gold, the calculations are in qualitative agreement with
the DFT-based approach and the mean in�uence of the phonons on the total thermal conductance
is less than 10%. Further, we statistically veri�ed the occurrence of the quantized thermal
conductance at the value of twice the thermal conductance quantum. In the case of aluminium,
however, we found an in�uence on possible geometric con�gurations as a result of temperature.
It turned out that the dimer con�guration is unstable at room temperature. Nevertheless, for the
stable monomer con�guration the contribution of the phonons was comparable to the DFT-based
approach. In this metal statistically no quantized value for the thermal conductance appeared.
In summary, we could con�rm the Wiedemann-Franz law in the gold and platinum contacts,

while in some cases for aluminum larger deviations are possible. Our study reveals that not simply
the phonons, but rather the interplay between electronic properties and phononic contributions
is important for the question, whether this law is applicable. Furthermore, due to the excellent
agreement between the DFT and NEGF results, we can identify elastic processes as the dominant
scattering mechanism on these length scales.

The last part of this work was dedicated to molecular junctions, which was divided into three
di�erent sections. In these we addressed several topics like Fourier's law or the length depen-
dence of the thermal conductance, the in�uence of phonon interference e�ect on the thermal
conductance, and the impact of various heat carriers, like electrons, phonons, and photons, on
the thermoelectric e�ciency.

Starting the �rst section with the length dependence we studied in particular molecular junctions
of various alkane derivatives. In the �rst part, we used comparable geometries of straight chains
coupled to leads oriented in (111) direction and alternated the internal molecular degrees of
freedom like anchoring groups and substituents. To be precise, we used thiolated, and amino-
anchored alkane and �uoroalkane chains of length varying between 2 and 30 C units in steps of
two. We found the thermal conductance at room-temperature of all investigated junctions to
be nearly length independent and the relative e�ciency to be mainly, although not exclusively,
dictated by the metal-molecule coupling. We explained these results with the help of a 1D
model, where the individual coupling elements were extracted from the corresponding DFT
calculation, which showed that the coupling strength is smaller for amino-anchors in comparison
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to the thiols. Furthermore, we calculated the electronic contributions in all the molecules, which
demonstrated that in these systems, except for the smallest molecule with 2 C units, the total
thermal conductance is dominated by the phononic contribution. Additionally, we related our
calculations to existing experiments and calculations in the literature.
The next part of this section dealt with the variability of the phononic thermal conductance,

due to variations in the lead orientation and bonding position, as well as the impact of geometric
defects. Here we focused especially on the thiolated alkane chains of lengths ranging from 2 to 10
units. Regarding variations in the lead geometry, we could correlate the variance to the relative
contributions coming from electrons and phonons, thus we found an increased variance for C2.
Overall, conductance variations were obtained within a range of roughly 5 pW/K, while in the
speci�c case of C2, due to electrons, these were roughly 10 pW/K. With respect to geometric
defects, we considered for each molecule an arbitrary geometric con�guration which holds at
least one of these. Further, we simulated stretching curves with those, to look at their response
to di�erent lead distances. It turned out that all defects vanish upon stretching of the junction,
so before rupture, all molecules were in a straight, defect-free con�guration. In all cases we
obtained consistently a reduced thermal conductance of the defective alkane chain with respect
to the defect-free one. Our analysis in terms of the accumulated thermal conductance revealed,
that we could not associate a particular set of vibrations in a speci�c energy range to this
reduction.
At the end of this section, we looked again at temperature e�ects by means of NEMD sim-

ulations. In all calculations we could observe the thermally activated occurrence of geometric
defects. Therefore, we concluded that at ambient temperature the thermal conductance must be
averaged over several geometric con�gurations, including defect-containing as well as defect-free
chains. Since the mean thermal conductance compared well with the one obtained for defective
chains under the DFT approach, we provided a further justi�cation for phase-coherent transport
in such systems.

In the second section the in�uence of interference e�ects on the thermal conductance was an-
alyzed. Here we considered molecular junctions of benzene derivatives. In particular, we in-
vestigated the impact of para vs. meta conjugation as well the e�ect of attaching substituents
with di�erent masses to the molecule. In the case of benzenediamine we found that due to the
small maximum phonon energy in Au of around 20 meV, no destructive interference e�ects were
visible in the phonon transmission function, irrespective of whether the molecule is contacted
to Au in para or meta con�guration. This leads to a room-temperature thermal conductance
that is similar for the two contacting schemes. More importantly we showed that this situa-
tion can be changed by replacing a H atom of benzene by a halogen atom (F, Cl, Br, I). The
substitution leaded to a reduction of the thermal conductance up to a factor of 1.7. A calcula-
tion of the accumulated thermal conductance revealed that this reduction can be attributed to
an anti-resonance in the transmission function. Going further, we could relate the interference
feature to two molecular vibrations, based on a symmetry argumentation. Since this e�ect is a
molecular-internal one, we could demonstrate that it persists under di�erent strain conditions.
We also showed that by increasing the number of substituent atoms in the benzene molecule
and depending on their precise position on the ring, one can induce additional reductions of the
thermal conductance by a factor of 2.5. Finally, we also demonstrated that similar concepts
apply to the case of OPE3 and, in particular, we found a clear di�erence between para- and
meta-OPE3, where the central benzene ring is connected in para or meta position.

The last section dealt with molecular C60 junctions. Here we looked at the individual contribu-
tions from electrons, phonons, and photons and estimated their in�uence on the thermoelectric
�gure of merit. We calculated for a C60 monomer as well as a dimer junction all the contributions
for contact geometries, hollow-hollow, hollow-top, and top-top. The photonic contributions were
taken into account within the framework of �uctuational electrodynamics. Our results showed
that the phonons play a minor role in the thermal conductance of the monomer junctions, while
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they largely determine this property in dimer junctions. This fact resulted in a substantial re-
duction of the ZT values of the dimer junctions, as compared to the monomer junctions, in spite
of the fact that phonons are transported less e�ciently in the dimer case. In other words, our
results showed that phonons severely limit the thermoelectric performance of dimer junctions. In
addition, we provided in this work a critical analysis of the impact of thermal radiation on the ZT
values of molecular junctions, a factor that has been overlooked so far in molecular electronics.
We revealed, in particular, that the NFRHT between the metallic electrodes can indeed further
reduce the �gure of merit of molecular junctions. This e�ect was particularly pronounced in the
tunneling regime. Overall, our work demonstrated the importance of taking into account both
phonons and photons for a proper evaluation of the performance of molecular junctions as possi-
ble thermoelectric devices. Moreover, it provided valuable insights into the relative contribution
of di�erent heat carriers to the thermal conductance, namely electrons, phonons, and photons.

Let us close with a short outlook with respect to future projects. We have illustrated in this thesis
at several examples, that the phase-coherent transport regime is justi�ed in single-atomic contacts
and molecular junctions with gold leads. Nevertheless, the physics of phonon heat conduction in
systems related to applications is, in general, anharmonic, so it should be worthwhile to explore
e�ects related to this topic. Simple systems for which the assumption of coherent transport is
expected to break down, are those with a large miss-match between the Debye energies of the
leads. Here the ballistic transport should underestimate the real conductance since anharmonic
processes should be able to establish a connection between modes with energies below to modes
with energies above the lowest Debye energy of the two materials. Further, molecular junctions
with a reduced mismatch of the molecular vibrations to the phonons of the lead, for instance,
alkane chains attached to graphene, or graphite, should also show higher anharmonic e�ects
since it is known from bulk calculations that the anharmonicity scales with the energy as E2.
Henceforth due to the higher modes involved in the transport in these systems, an e�ect could be
visible in terms of a reduced conductance. The key question which should be addressed is how can
the molecular design in�uence the anharmonicity to either reduce or increase the e�ects. From a
methodology point of view, an appealing strategy could be to combine recent advances in theories
based on the quasi-harmonic approximation for the lead materials [158], where the change of the
density of states of the phonon bath due to temperature can be considered consistent with our
NEMD results, with more progressive ways of handling perturbative approaches based on NEGF-
methods in the central part [306, 307, 308]. There, one calculates the current conserving Born
series up to a certain degree and uses e�cient resummation techniques to get convergent results.
Another interesting topic which emerged in recent years that is closely related to this thesis is

the transition of the heat current between the contact and the tunneling regime. Motivated by
the experiments in Ref. [282], the in�uence of phonon tunneling has been debated with various
methods [309, 310, 311, 312], the actual role of this e�ect, however, is still under discussion
and a clear ab-initio prediciton is missing, too. From a di�erent perspective it has been shown
that the whole story can be translated to the question of how the microscopic description of
heat transfer mediated by phonons and electrons merges into the macroscopic theory based
on �uctuational electrodynamics [313, 314, 315]. Combined with methods beyond DFT like
Random-Phase-Approximation [316, 317] one could further contribute to this exciting research
area by investigating these theories with material parameters obtained from �rst-principles.
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A Phonon Green's function

In this appendix we calculate the Heisenberg equation of motion for a system of coupled harmonic
oscillators and de�ne some basic properties related to phonon Green's functions.

A.1 Quantum oscillator

For the quantum mechanical system of coupled harmonic oscillators the following commutators
for the position and momentum operator [qi�; qj�] = 0 = [pi�; pj�] and [qi�; pj�] = �i j��� i�h hold.
Transforming the operators into the Heisenberg picture according to

qHi�(t) = e iHt=�hqi�e
�iHt=�h; (A.1)

we can evaluate the dynamics of the system using the Heisenberg equation of motion

dqHi�(t)

dt
=

1

i�h

[
qHi�(t); H

]
: (A.2)

If a Hamiltonian of the form Eq. 2.2 applies, we obtain

dqHi�(t)

dt
=

1

i�h
e iHt=�h [qi�; H] e

�iHt=�h =
1

i�h
e iHt=�h

[
qi�;

p2i�
2

]
e�iHt=�h =

1

i�h
e iHt=�h

i�hpi�
2

e�iHt=�h =
pHi�(t)

2
(A.3)

and

dpHi�(t)

dt
=

1

i�h

[
pHi�(t); H

]
=

1

i�h
e iHt=�h

∑
j�

[
pi�; qi�Ki�j�qj�

]
e�iHt=�h = �

∑
j�

Ki�j�q
H
j�(t): (A.4)

Finally, we get the following equation

d2qHi�(t)

dt2
= �

∑
j�

Ki�j�q
H
j�(t): (A.5)

A.2 De�nition of phonon Green's function

We outline in this appendix the de�nitions of the Green's functions used in this work. The
greater phonon Green's function is de�ned as

D>(t; t 0) = �1

�h
hq(t)q(t 0)i: (A.6)

Other functions are those of the lesser phonon Green's function

D<(t; t 0) = �1

�h
hq(t 0)q(t)i; (A.7)

the retarded phonon Green's function

Dr (t; t 0) = �1

�h
�(t � t 0)h[q(t); q(t 0)]i; (A.8)
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where �(t) is the usual Theta function and the last one

Da(t; t 0) =
1

�h
�(t 0 � t)h[q(t); q(t 0)]i; (A.9)

the advanced phonon Green's function. These di�erent quantities are connected according to

Dr (t; t 0)�Da(t; t 0) = D>(t; t 0)�D<(t; t 0): (A.10)

A typical case in the transport calculations is the assumption of a stationary current. In this
way, the respective functions can be calculated in energy space, with the Fourier transformation
de�ned as

D(E) =

∫ +1

�1
D(t)e itE=�hdt (A.11)

and

D(t) =
�h

2�

∫ +1

�1
D(E)e itE=�hdE (A.12)

for the inverse transformation.
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B Transmission eigenchannels

We present in this appendix further results for the 1D-chain model discussed in Chap. 2.4.4.
The idea is to cover the limiting cases that have not been discussed so far. For this purpose,
we start with the case of a perfect chain kc = kl, see Fig. 51(a). The total transmission for
this chain is constant and one over the whole energy range, as expected for the defect-free case.
Therefore, the absolute values of the two individual components of the transmission eigenchannel
are equal. The total one follows again the local density of states, which has the well-known van
Hove singularity at the cut-o� energy. As in the case kc < kl, atom i = �1 gains a phase equal
to � when going from 0 energy to the cut-o� energy of 20 meV.
Now we consider kc > kl shown in Fig. 51(b) with kc = 2000meV2, we �nd that the absolute

value of each component is almost the same, again. Note that in contrast to the example
discussed in the Sec. 2.4.4, the absolute value is now slightly larger on the right atom i = 0.
More interestingly, there is almost no phase di�erence between the two atoms. Here, due to the
strong bonding between the two atoms, they behave like a rigid molecule.
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Figure 51. Same as Fig. 52 in the main manuscript, but with the parameters (a) kl = 100 meV2 and

kc = 100 meV2, and (b) kl = 100 meV2 and kc = 2000 meV2.

For completeness we depict in Fig. 52 the components of j~�1j (Eq. (2.63) in the main manuscript),
which apart from the normalization with the local density of states is proportional to the trans-
mission eigenchannel. In particular, we show this quantity for the energies 1; 10 and 19meV as a
function of the coupling constant kc. Notice that below kl the absolute value on the left atom is
bigger compared to the one of the right atom, whereas at kl both are equal, and above one can
see a transition to the �rigid molecule�.
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C Bulk parameters

In addition to the information about the contact geometry in single-atom or molecular junctions,
it is necessary to �nd a suitable parametrization of the bulk parameters for the respective lead
material, in order to get a realistic description of the whole junction. For all our electronic calcu-
lations, we extract these parameters from a �nite cluster of 1415 atoms, using TURBOMOLE, as
the coupling elements from the central atom to all its surroundings. This procedure is described
in Ref. [64] and it enables a satis�ying description of the electronic band structure. However, for
phononic systems, due to computational burdens within density functional perturbation theory,
we are restricted to relative small clusters of around 300 atoms. For these sizes, the phonon
dispersion relation is generally not converged. However, since the phonon basis is the Cartesian
elongations of the atoms, parameters from di�erent DFT codes are convertible. Henceforth, in
order to achieve adequate parametrization, we use the plane-wave code QUANTUM ESPRESSO
for some materials. In the following, we present all properties for materials related to this work,
namely gold, platinum, and aluminum. Additionally, we investigate the convergence of the elec-
tronic transmission for metallic dimer junctions with respect to the number of atoms in the
ECC.

C.1 Gold

For gold, we use the def-SV(P) basis set with the scalar relativistic core potential from Ref. [318].
The electronic bulk parameters are extracted from a gold cluster consisting of 1415 atoms. For
the calculation we use an orbitalshift of 0.5, Fermi smearing with Tstart = 50, a start damping of
20.7, scftol 1e-14, and scfconv 6. A plot of the band structure with these parameters can be seen
in Fig. 53(a) together with a periodic calculation using the riper module. The band structure of
the cluster calculation is shifted by an amount �EF such that the two curves are on top of each
other. In this way, we can estimate the Fermi energy of the material.
As is apparent, the shifted band structure �ts quite well to the periodic calculation except

for a few single points, for example in the vicinity of the W point. These points are caused
by a poor k-point dependent conditioning of the basis due to the use of a �nite k-point mesh.
An increased number of k-points or a better-conditioned basis would resolve this issue. For
the purpose of transport calculation, however, these parameters are su�cient since the density
of states, which in�uences the transmission, is nearly una�ected from these single points. In
Fig. 53(b) all coupling elements of the Fock matrix from the central atom to all its neighbours
and all basis functions, as a function of the distance, are shown. Since we are looking at an ideal
fcc lattice, points appear at discrete distance values. The maximum value decreases as a function
of separation, however, only after the 7-th nearest neighbour, or beyond the distance of 8 Å, its
value is in the meV range.
Inspired by this, we try to look at the convergence of the electronic transmission, with respect

to the number of lead atoms inside the ECC. Here, we use the geometries depicted in Fig. 53(c).
These consist of an idealized gold-dimer junction, build with a lattice constant of 4.08 Å. In
every junction the central part is identical. The leads, in contrast, are varied so that every gold
atom in the center is coupled to at least all possible 3,4,5,6, and 7 nearest neighbours. In this
way, we get a systematic way of looking at a convergence of the electronic transmission function.
The corresponding transmissions are depicted in Fig. 53(d), where from top to bottom the
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Figure 53. (a) Comparison of the electronic band structure obtained with cluster parameters to those of

the riper module. (b) Fock matrix elements of the central cluster atom to all its neighbours

and all basis functions. The inset shows a geometry of the cluster used in this calculation.

(c) Geometries for the test of convergence with respect to leads-center coupling. The number

of lead atoms increases from top to bottom and from left to right. (d) The corresponding

eigenchannel resolved electronic transmission.

number of neighbours increases. Typical for this gold contact, only a single channel is present in
the vicinity of the Fermi energy. Around -2 eV, and 2 eV, in all cases several channels show up,
which are connected to the d-, and p- bands of the crystal. This illustrates the correspondence
of the transmission eigenchannels to the electronic band structure. With respect to the cluster
size, we see that while larger variations are visible for the smallest contacts, these are nearly
negligible for the biggest ones.
For completeness, we also show the phonon band structure and the corresponding density

of states for gold in Fig. 54. The dynamical matrix has been obtained with the cluster-based
approach using a cluster size of 333 atoms and a comparison to the experimental density of states
has already been published in Ref. [109]. We supplement this comparison by analyzing now, in
addition, the agreement of the band structures. The measurement has been done at 300 K,
and is taken from Ref. [319]. The shapes of the calculated, and the experimental curves are
in a reasonable agreement to each other. However, the theoretical ones are shifted � 3 meV to
higher energies, with respect to the experiment. Under this circumstances, all calculated thermal
conductances values in this thesis tend to be slightly overestimated.
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Figure 54. Comparison of the Au bulk parameters to the experiment at T=300 K taken from Ref. [319].

Additionally, the density of states is shown.

C.2 Platinum

As a further material we are considering platinum. Here, the standard basis sets are not com-
patible with bulk calculation, due to bad conditioning of these bases. For this reason, we build
a basis derived from the def-TZVP basis of Ref. [320], by changing the exponent of the most
di�usive s basis function from 0.04 a.u.�2 to 0.07 a.u.�2 and those of the most di�use p function
from 0.05 a.u.�2 to 0.08 a.u.�2. For the electronic bulk parameters, we use again a cluster of
1415 atoms with an automatic orbitalshift of 0.5, a start damping of 25.00, scftol 1e-14, scfconv
7, and marij with a precision of 0.1e-10. In Fig. 55(a) the obtained band structure is shown in
comparison to a riper calculation. Here the agreement is satisfactory, too. The Fermi energy
is -5.55 eV. Again, the Fock matrix elements of the bulk parameters decrease with increasing
distance. This time already after the 5-th nearest neighbour, the maximum element is in the
meV range. We proceed similar to gold and study the convergence of the transmission with
respect to the lead-center coupling. The structures in Fig. 55(c) have been constructed with a
lattice constant of 3.92 Å. Their transmission in Fig. 55(d) , ordered from top to bottom with
an increasing electrode, shows a reasonable convergence.
For the calculation of the phononic bulk parameters, we use QUANTUMESPRESSO. As a

pseudopotential, we use a PAW from the PsLibrary [321]. We employ a grid of 24 x 24 x 24
elec- tronic k-points, an energy cuto� of 100 Ry and a Marzari- Vanderbilt smearing of 0.07 Ry.
The phonons are computed on a grid of 9 x 9 x 9 q-points. The resulting band structure and
density of states can be seen in Fig. 56, with a comparison to experimental results from Ref. [319],
measured at 90 K.

C.3 Aluminum

The last material is aluminum. For the electronic band structure, we use the def-TZVP with
the corresponding coulomb �tting basis. The bulk properties, obtained with a cluster of 1415
atoms, are compared to the riper module in Fig. 57(a). Here we used an automatic orbitalshift
of 0.2, scfconv 7, start damping of 15.000, and Fermi smearing with Tstart = 300. Similar to
Au, a non-physical point in the direction � ! K appears, due to a bad condition number of
the basis set. The Fermi energy of this material is -4.1 eV. The maximum Fock element of the
central atom to its neighbours in Fig. 57(b) decreases with increasing distance. The electronic
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Figure 55. Same as Fig. 53 for a platinum contact.

transmission in Fig. 57(d), for the contacts displayed in Fig. 57(d), shows a good convergence
around the Fermi energy after the inclusion of all atoms up to the 5-th nearest neighbour.
To complete, we calculate the phononic properties using QUANTUMESPRESSO, with a PAW

pseudopotential taken from the PsLibrary [321]. For the calculation we utilize 24 x 24 x 24 k-
points, an energy cuto� of 100 Ry, Marzari-Vanderbilt smearing of 0.1 Ry and a q-grid of 11 x
11 x 11. A comparison of the band structure with an experiment at 300 K is depicted in Fig. 58.

C.4 Lattice constant

In the DFT calculations for the ECCs, we always use �xed atomic positions equal to the exper-
imental lattice sites for the parts belonging to the leads, while the positions of the atoms in the
central parts are variable. In this way, we introduce arti�cial stress in our calculation. To esti-
mate the discrepancy to the theoretical equilibrium lattice constant, we compute the energy of an
ideal fcc structure with respect to the lattice parameter. For the calculation we use 24� 24� 24

electronic k-points, epsbext 1e-10, a smearing of 0.005 a.u., scfconv 9, PBE functional, and the
basis as described in the previous section. The results can be seen in Fig. 59. Apart from Al the
di�erence in the experimental lattice constant and the calculated equilibrium position is in the
order of 0.2 Å. This is partially attributed to the use of ECPs, which are not optimized for bulk
calculations. Instead, they are built for molecular purposes. In order to reduce stress e�ects in
the calculation we would need to �nd more sophisticating core potentials.
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D Alkanes

In this appendix, we consider the convergence of the transmission functions with respect to the
lead-center coupling for a molecular junction as an example with a dithiolated alkane chain of 10
CH2 segments. Therefore, we try to follow the same ideas as for the metallic contacts in App. C,
and systematically increase the number of nearest neighbours of the gold atoms nearest to the
surface. Here, we are also interested in the convergence of the phonon transmission function, so
the junction has to be relaxed. However, this leads to unavoidable variations of the geometry in
the center, which can in�uence the transmission and thus distort the comparison. In principle,
two ways of looking at the convergence could be imagined. In a �rst way, one starts with a
relaxed structure, builds a particular geometry in the usual manner by relaxing the molecule
�rst on one lead and then attaching the second lead. If one increases the number of lead atoms
afterwards, the distance between the leads stays unaltered. Another possibility would be to build
each junction individually, thus allowing additionally for a variation in the lead distance.
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Figure 60. (a) Energy levels of the 4 systems shown in (d). With increasing N, The number of lead atoms
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orientation is in (111) direction. (b) Electronic transmission and corresponding electronic con-

ductance. (c) Phononic transmission and (d) corresponding temperature-dependent phononic

thermal conductance.
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While the former one would give in general more comparable geometries, the latter one is more
related to the general work�ow in building a molecular junction. For this reason, we will always
use the second approach to additionally reveal the di�erences in the starting geometries related
to the modelling.
The results for the leads oriented along (111) direction will be presented in the following.

In Fig. 60(a) we show the occupation of the di�erent systems, where with increasing N the
number of lead atoms increases. We show this plot to emphasize two things, �rst, the electronic
structure alternates quite strong with respect to the chosen ECC structure, so the electronic
levels di�er in energy. Second, the band gap also strongly depends on the system size. In
general, one would like to pick up an ECC which gives the largest band gap, since the band
gap correlates with the behaviour of the scf-convergence and, in general, systems with a larger
band gap behave better. The electronic transmission for these clusters are depicted in Fig. 60(b).
Overall, the HOMO of the electronic transmission shifts to lower energies with increasing cluster
size. The electronic conductance at zero temperature, in contrast, does not follow this monotonic
behavior. However, the transmissions for the two biggest clusters compare well. Regarding the
phononic transmission in Fig. 60(c), we �nd a reasonable convergence in all energy ranges, within
the uncertainty and with respect to geometrical variations. In addition, the phononic thermal
conductance in Fig. 60(d) is nearly equal for all cluster except the smallest.
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Figure 61. Same as Fig. 60 for a contact oriented along (110) direction.

Next, we look at ECCs with leads oriented along the (110) direction. The occupation is shown
in Fig. 61(a). Except for the structure with N=2, almost degenerate levels at the energy of
the highest occupied state appear. These unphysical, or unstable, situation is due to the �nite
size of the lead cluster and in general, can have an unwanted, and uncontrolled, in�uence on
the force constant, which are evaluated in the framework of density functional perturbation
theory. Nevertheless, in Fig. 61(b) the electronic transmission shows a nice convergence. The
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phononic transmission alternates more compared to the (111) leads, although this variation
can be partially explained due to the di�erences in the geometries. This time, the thermal
conductance in Fig. 61(d) does not show a clear convergence.
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Figure 62. Same as Fig. 60 for a contact oriented along (100) direction.

At last, we show in Fig. 62(a) the occupation of the structure with a lead orientation in (100)
direction. In all but the �rst structure, the levels at the energy of the HOMO are degenerate.
The electronic transmission in Fig. 62(b) displays again a shift of the HOMO to lower energies
with respect to the size of the clusters and the electronic conductance shows a monotonic trend
towards convergence. However, the phononic thermal conductance of the biggest cluster, this
time, strongly deviates in comparison to the smaller ones, which is due to a strong variation in
the geometry.
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E Benzene derivatives

In this appendix, we brie�y discuss our results on the electronic contribution to the thermal
conductance for the di�erent molecular junctions investigated in Chap. 4.2. The aim is to show
that the thermal transport in these junctions is dominated by phonons and that the interference
e�ects predicted here should therefore be observable experimentally. We neglect contributions to
the thermal conductance from NFRHT, whose signi�cance can be controlled by the macroscopic
shape of the electrodes, see Chap. 4.3.
As in the phononic case, we assume that the electronic transport is dominated by elastic

tunneling processes. Thus, we compute the electronic contribution to the thermal conductance
in the linear response regime within the Landauer-Büttiker formalism, as explained in Sec. 2.6.
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Figure 63. Electronic transmission as a function of energy, computed for (a) the molecular junctions of

Fig. 36(b) based on benzene with a single halogen atom as substituent, (b) the junctions of
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Figure 64. Temperature dependence of the phononic and electronic contribution to the thermal conductance

for the (a) Au-1,4-diaminobenzene-Au and (b) Au-2-bromo-1,4-diaminobenzene-Au junctions of

Fig. 36(b).

In Fig. 63 we show our results for the electronic transmission �el as a function of energy for
all the junctions of Figs.39, and 40, based on both benzene and OPE3 derivatives. In all cases
the electronic transport proceeds mainly through the tail of the HOMO of the molecule in an
o�-resonant situation. The results for the transport properties of these molecular junctions at
room temperature are summarized in Table 3. We present there both the phononic and electronic
thermal conductances �pn and �el, as well as the electrical conductance

G(T ) = G0K0(T ); (E.1)

with G0 = 2e2=h. Moreover, when available, we also report the experimental values for G. The
electric conductance can be used together with the Wiedemann-Franz law �el � L0GT with the
Lorentz number L0 = (kB=e)

2�2=3 to estimate the electronic thermal conductance. We �nd the
Wiedemann-Franz law to be approximately ful�lled for our computed molecular junctions, and
the comparison of experimental and theoretical electrical conductance values G can hence be
used to estimate uncertainties in the theoretical �el.
The key point is that in all the studied cases the electronic thermal conductance is considerably

smaller than the corresponding phononic thermal conductance. In particular, for the junctions
based on the benzene derivatives the electronic contribution is at least 5 times smaller than the
phononic one, while for the OPE3 compounds the electronic contribution is more than two orders
of magnitude smaller. Due to their lower G the longer molecules are thus advantageous, if we
want to exclude the contribution of electrons to heat transport.
Moreover, in order to illustrate that phonons dominate the thermal transport in these junctions

for a wide temperature range, we show in Fig. 64 the temperature dependence of the phononic
and electronic thermal conductances for the Au-1,4-diaminobenzene-Au and Au-2-bromo-1,4-
diaminobenzene-Au junctions of Fig. 39. As one can see, the phononic contribution largely
dominates at all temperatures between 10 and 400 K. Similar results hold for all the other
molecular junctions.
To conclude, the results presented in this appendix con�rm that the thermal transport in

these molecular junctions is dominated by phonons. The predicted interference e�ects should,
therefore, be visible in possible experiments.
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Table 3. Computed room-temperature phononic thermal conductance �pn, electronic thermal conductance

�el and electrical conductance G in units of the electrical conductance quantum G0 = 2e2=h for

the di�erent molecular junctions investigated in this work. The last column shows, when available,

the experimental value of the electrical conductance, as obtained from the peaks of conductance

histograms. Experimental uncertainties due to broad distributions of conductance values have been

omitted.

Molecule �pn (pW/K)�el (pW/K)G (G0) (theory) G (G0) (exp.)
1,4-diaminobenzene (para) 25.24 2.61 4:7� 10�3 6:4� 10�3 [182]
2-�uoro-1,4-diaminobenzene 24.40 2.62 4:7� 10�3 5:8� 10�3 [182]
2-chloro-1,4-diaminobenzene 22.17 2.70 4:9� 10�3 6:0� 10�3 [182]
2-bromo-1,4-diaminobenzene 16.94 2.78 5:0� 10�3 6:1� 10�3 [182]
2-iodo-1,4-diaminobenzene 15.24 3.25 5:8� 10�3

2,5-dibromo-1,4-diaminobenzene 17.85 2.88 5:20� 10�3

2,6-dibromo-1,4-diaminobenzene 10.46 2.88 5:19� 10�3

2,3-dibromo-1,4-diaminobenzene 17.99 3.02 5:44� 10�3

OPE3 (para) 24.57 0.11 1:94� 10�4 2:6� 10�5 [322],
1:27� 10�4 [323]

OPE3 (meta) 13.82 4:24� 10�4 7:53� 10�7

F-OPE3 24.56 0.11 1:93� 10�4

Cl-OPE3 23.12 0.11 1:96� 10�4

Br-OPE3 19.62 0.11 1:97� 10�4

I-OPE3 19.04 0.11 2:00� 10�4
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List of abbreviations

1D One-dimensional

2D Two-dimensional

3D Three-dimensional

DFT Density functional theory

DOS Density of states

EAM Embedded atom method

ECC Extended central cluster

ECP E�ective core potential

HOMO Highest occupied molecular orbital

LDOS Local density of states

LUMO Lowest unoccupied molecular orbital

MD Molecular dynamics

NEGF Non-equilibrium Green's function

NEMD Non-equilibrium molecular dynamics

NFRHT Near-�eld radiative heat transfer

OPE3 Oligo-phenylene-ethynylene

PBE Perdew-Burke-Ernzerhof

PTFE Polytetra�uoroethylene

REAXFF Reactive force �elds

SAM Self-assembled monolayer

SThM Scanning thermal microscope

STM Scanning tunneling microscope
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