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Chapter 1

Introduction

1.1 Motivation

Orbitopes are highly symmetric objects. Many questions regarding convex sets
can be simplified by this symmetry when regarding orbitopes. A simple example
of an orbitope is the unit ball in the three-dimensional space.

A typical problem is optimizing a linear functional over a given set. Lie
groups frequently appear in mathematical problems and physics. Whenever we
want to optimize a linear functional over a Lie group, this leads to an optimiza-
tion problem over an orbitope.

One way to solve such a problem lies in semidefinite programming. The cen-
tral objects of semidefinite programming are spectrahedra and their images un-
der projections, so called spectrahedral shadows. A semidefinitely representable
set is such a spectrahedral shadow. There exist efficient interior point methods,
which solve these linear optimization problems over spectrahedra and spectrahe-
dral shadows in polynomial time. This motivates us to study the spectrahedral
and semidefinite representability of orbitopes. The aim of this thesis is to get
a better understanding of which orbitopes are spectrahedra or spectrahedral
shadows.

1.2 Acknowledgments

I want to thank Prof. Dr. Claus Scheiderer for his support, many illuminating
conversations, critical comments and useful remarks. He has been extremely
helpful for the research and the creation of this thesis. Professor Scheiderer was
always available for questions and it was inspiring working with him.

I also thank the DFG, which supported the research with generous fundings.

1.3 Related work

The notion of orbitopes was introduced by Sanyal, Sottile and Sturmfels in [38].
An orbitope is the convex hull of an orbit, given by a compact linear algebraic
group, acting linearly on a real vector space. Orbitopes can be studied from
many different points of view.
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On the one hand orbitopes are convex and we can ask the typical questions
arising from convex geometry. On the other hand the underlying orbit of an
orbitope is semialgebraic and being the convex hull of a semialgebraic set, the
orbitope is semialgebraic as well (see Proposition 2.6.3). So we can also study
orbitopes using techniques from (real) algebraic geometry.

Every compact Lie group is isomorphic to a closed linear group ([26] Corol-
lary 4.22). This means, whenever we have a linear optimization problem over a
compact Lie group, an optimization problem over an orbitope occurs.

A spectrahedron is the intersection of the set of positive semidefinite real
matrices with an affine linear subspace of the symmetric matrices. The images
of spectrahedra under linear projections are semidefinitely representable sets, in
short spectrahedral shadows. Every spectrahedral shadow is convex and semi-
algebraic. Helton and Nie conjectured that every convex semialgebraic set is a
spectrahedral shadow ([22] Section 6). The conjecture is based on the results
in [21] and [22], where Helton and Nie use the Lasserre relaxation (see [28]), to
essentially show that every convex, semialgebraic set with non-singular bound-
ary and strictly positive curvature is a spectrahedral shadow. Scheiderer proved
the Helton-Nie conjecture to be true on the plane (see [41]). But only recently
Scheiderer disproved the conjecture in [44].

Spectrahedral shadows are at the heart of semidefinite programming (SDP).
SDP optimizes a linear functional over a spectrahedron. Since every polyhedron
is a spectrahedron, SDP is a generalization of linear programming. It has a
wide range of applications such as in control theory, graph theory and many
others. There exist efficient interior point methods, which solve SDP problems
in polynomial time.

In [38] Sanyal et al. pose ten questions regarding orbitopes. Since we offer at
least partial results for all those questions, we list them here, to give the reader
an overview of problems regarding orbitopes. The questions are essentially (with
slight adjustments) the following:

We take O to be an orbitope.

Q1: Are all faces of O exposed?

Faces play a central role in convex geometry. Proper exposed faces are
given as intersections of so called supporting hyperplanes with the given convex
set. Inclusion gives a partial ordering on the faces and the face lattice is the
description of that partial ordering.

Q2: What is the face lattice of O?

Carathéodorys theorem (see Theorem 2.2.2) essentially implies that every
element v of a compact convex set C is a convex combination of finitely many
extreme points. Take nv to be the minimal number to describe v as the convex
combination of nv many extreme points. Then the Carathéodory number of an
orbitope O is given as max{nv : v ∈ O}.

Q3: What is the Carathéodory number of O?

Whenever the underlying representation of an orbitope is continuous (which
we always assume), the orbitope is a semialgebraic set (see Proposition 2.6.3).
So from a real algebraic geometry point of view we can ask:

Q4: Is O basic semialgebraic?
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The Zariski closure of the euclidean boundary of an orbitopeO is its algebraic
boundary and denoted as ∂a(O). The algebraic boundary of a full-dimensional
orbitope is always a hypersurface (see Proposition 2.3.16), so it is given as the
vanishing set of a single polynomial.

Q5: What is the algebraic boundary ∂a(O) of O?

The polar of a convex set C in V is the set of linear functionals l in the
dualspace V ∗, such that l(C) ≤ 1. The polar set of an orbitope is called the
coorbitope and denoted as O◦.

Q6: What is the algebraic boundary of the coorbitope O◦?

The k-th secant variety of an orbitope conv(G · v) is the Zariski closure of
the union of all (k+1)-flats spanned by points of the orbit G ·v. Secant varieties
and the Carathéodory numbers are connected through Proposition 2.6.7.

Q7: Is ∂aO a secant variety of the orbit?

Spectrahedra are basic closed and all their faces are exposed. This means
whenever an orbitope is a spectrahedron, Q1 and Q4 are immediately answered
positively.

Q8: Is O a spectrahedron?

One could ask whether every orbitope is a spectrahedron, but Sinn found
an example of orbitopes, which have non-exposed faces and as such are not
spectrahedra ([47] Corollary 3.1.15). By a result in [38] the examples found by
Sinn are known to be spectrahedral shadows.

Q9: Is O a spectrahedral shadow?

For optimization purposes one is interested in finding SDP representations
of small size. As we mentioned before one can optimize linear functionals over
spectrahedral shadows efficiently.

Q10: What methods can we use to optimize a linear functional over O?

In [38] Sanyal et al. answer many of their questions for examples of or-
bitopes. Most notably, for this thesis, they prove that every symmetric and
skew-symmetric Schur-Horn orbitope and every Fan orbitope is a spectrahe-
dron. These are special cases of polar orbitopes, which we discuss in Chapter
3.1. Sanyal et al. also prove that every orbitope under the torus T := {z ∈
C : zz = 1} (the group action being the usual multiplication) is a spectrahedral
shadow. In Chapter 4 we generalize this result to a wider range of (multivariate)
toric orbitopes.

Since then other authors have answered some of the posed questions for more
classes of orbitopes. Two works about orbitopes, we wish to highlight, are [5]
by Biliotti, Ghigi and Heinzner about polar orbitopes and [40] by Saunderson,
Parrilo and Willsky about the convex hulls of the special orthogonal groups.

In [5] Theorem 3.2 Biliotti et al. prove, that every face of a polar orbitope
under a connected Lie group is exposed. Their result answers Q1 positively for
these polar orbitopes. The main result of [5] is Theorem 1.1, which gives a bijec-
tion between orbits of faces of a polar orbitope and of its so called momentum
polytope. Even though we present some similar results, we do not use any of
their results.
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A linear group acts on itself by left multiplication. So its convex hull is an
orbitope at the identity and these orbitopes are called tautological orbitopes. In
[40] Saunderson et al. study the tautological orbitopes of the special orthogonal
group SO(n), the orthogonal group O(n) and their coorbitopes. Their main
result is giving a spectrahedral representation of the convex hull conv(SO(n)),
which is of minimal size. It turns out, that this orbitope is a polar orbitope
and a lot of their techniques can be used in the more general setting of polar
orbitopes.

Every spectrahedron is basic semialgebraic and all of its faces are exposed.
One also gets additional information about the algebraic boundary and as men-
tioned before, there exist efficient interior point methods to optimize linear
functionals over spectrahedra. So whenever one can show, that an orbitope is
a spectrahedron this answers many of the posed questions. In this thesis we
are mainly concerned with the spectrahedral and semidefinite representability
of polar orbitopes and toric orbitopes.

1.4 Brief summary of main results

Polar orbitopes are a rich class of orbitopes such as the symmetric and skew-
symmetric Schur-Horn orbitopes, the Fan orbitopes and the tautological or-
bitope of the special orthogonal group. Our main result in Chapter 3.1 is to
show that every polar orbitope under a connected group is a spectrahedron
(Theorem 3.1.19). It follows that the polar orbitopes under connected groups
are basic closed semialgebraic und their faces are exposed. Another consequence
is that every polar orbitope is a spectrahedral shadow (Theorem 3.1.26).

Our main result for Chapter 4 is Theorem 4.3.4. The theorem generalizes
the fact, that every orbitope under the torus is a spectrahedral shadow and
gives new examples of orbitopes under the bitorus, which are spectrahedra.

Chapter 5.1 is concerned with finding orbitopes, which are not spectrahedral
shadows. Our main result here, is to prove that many 30-dimensional orbitopes
under the bitorus are not spectrahedral shadows (Theorem 5.2.2).

1.5 Detailed overview

In Chapter 2 we introduce the notations and definitions that we use. We also
state known results, so that we can use them for our context. Chapter 2 is not
meant to be read linearly, but instead to support the subsequent chapters with
exact notations, definitions and references.

The third chapter is concerned with polar orbitopes. A representation of a
compact group K is polar, if the representation space V has a K-invariant inner
product and if there exists a subspace L of V , which intersects every K-orbit
such that, at intersection points, the tangent space of the orbit is orthogonal to
L. Polar orbitopes are orbitopes under the action of a polar representation.

By a result of Dadok (Proposition 3.1.2) every polar orbitope under a con-
nected Lie group can be given by a symmetric space representation. We shall
call the polar orbitopes under connected Lie groups connected polar orbitopes
(since every orbitope is connected, there should be no confusion). This allows
us to use Lie theory in order to study polar orbitopes.
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Our main result in Chapter 3 is Theorem 3.1.19. The theorem states, that
every connected polar orbitope is a spectrahedron. In special cases such as the
symmetric and skew-symmetric Schur-Horn orbitopes, the Fan orbitopes and
the tautological SO(n) orbitopes it was known that they are spectrahedra. But
for many other connected polar orbitopes Theorem 3.1.19 immediately answers
questions Q1, Q4, Q8, Q9 and Q10. The theorem also gives us an idea on how
to calculate the algebraic boundary of a connected polar orbitope. With some
additional knowledge Theorem 3.1.26 follows from Theorem 3.1.19 and states
that every polar orbitope (under a not necessarily connected group) is a spec-
trahedral shadow, thus answering question 9 positively for any polar orbitope.

The group underlying a polar orbitope also acts on the faces of the orbitope.
Thus faces can be categorized in orbits of faces. The momentum polytope of
a connected polar orbitope is a polytope, which is the image of a projection to
a specific subspace (see Theorem 3.1.10). There is a finite group acting on the
momentum polytope. Billioti et al. prove that there exists a bijection between
the face orbits of a connected polar orbitope and its momentum polytope in [5].

In Section 3.2 we give a new proof for this face correspondence of connected
polar orbitopes (Theorem 3.2.8). Our proof shows that the Carathéodory num-
ber of a connected polar orbitope is bounded by the Carathéodory number of
its momentum polytope (see Corollary 3.2.4). This can drastically reduce the
bound for the Carathéodory number of a connected polar orbitope getting us
closer to answering Q3. Our approach also allows us to get additional infor-
mation about the algebraic boundary and secant varieties of a connected polar
orbitope (see Corollaries 3.2.7 and 3.2.6).

Motivated by the face correspondence between a connected polar orbitope
and its momentum polytope we study the momentum polytope in more detail in
Section 3.3. After studying the restricted weights, we give a polyhedral descrip-
tion of the momentum polytope, which is defined by the restricted fundamental
weights. This allows us to understand the faces of the momentum polytope and
in turn enables us to decrease the size of the matrices used to represent the
connected polar orbitope as a spectrahedron (see Theorem 3.3.28).

In Section 3.4 we use a simple argument by Saunderson, Parrilo and Willsky
[40] to prove that in some cases our spectrahedral representation is of minimal
size. These cases are listed in Theorem 3.4.5. For the cases given in Theorem
3.4.5 we can completely determine the algebraic boundary (Corollary 3.1.23)
thus answering Q5.

Then we discuss equivariant SDP lifts and how they are related to our setup.
An SDP lift, which is just a representation as a spectrahedral shadow, of a G-
invariant set is equivariant if the underlying spectrahedron is G-invariant under
a compatible representation. For the tautological polar orbitope conv(SO(n))
of the special orthogonal group the authors of [40] proved that the minimal size
of S(O(n)×O(n))-equivariant SDP lifts grows exponentially in n (see Theorem
3.4.17).

We expand their result via the induced representation to fit our context
(Theorem 3.4.22). After proving this theorem we use a similar argumentation
as Saunderson, Parrilo and Willsky did in [40], to show that every SO(2n)-
equivariant SDP lift of conv(SO(2n)·

(
0 In
−In 0

)
) grows exponentially in n (Theorem

3.4.23).
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In Section 3.5 we make use of our polyhedral description of the momentum
polytope to find connected polar orbitopes, where the coorbitope is again a polar
orbitope under the same group (see Theorem 3.5.1). Since every connected polar
orbitope is a spectrahedron this shows that these orbitopes are doubly spectra-
hedral. This means that they are spectrahedra, and so is their polar set. In their
conclusion [40] Saunderson, Parrilo and Willsky ask for a complete characteriza-
tion of doubly spectrahedral sets. While this is not a complete characterization,
Theorem 3.5.1 gives us many new examples of doubly spectrahedral sets.

Theorem 3.5.1 also gets us closer to answering Q6. In some cases we can
additionally use Corollary 3.2.7 to completely answer the first part of Q6.

In the last section of the chapter (Section 3.6) we discuss a specific type
of connected polar orbitopes. These orbitopes can be seen as a generalization
of Fan orbitopes (see [38] Section 4.3). Up to special cases we show that the
convex hulls of Stiefel manifolds are connected polar orbitopes. As a result we
see that the convex hull of any Stiefel manifold is a spectrahedron (Corollary
3.6.7). We also discuss their spectrahedral representations in more detail.

In Chapters 4 we take a closer look at toric orbitopes. These are orbitopes
under the action of a (multivariate-) torus Td ∼= SO(2)d. Sinn proved that a
four-dimensional T1-orbitope is a spectrahedron if and only if it is isomorphic to
the universal Carathéodory orbitope (see [47] Corollary 3.1.15). So there exist
many examples of orbitopes, which are not spectrahedra. The authors of [38]
proved that the universal Carathéodory orbitopes are spectrahedra and as a
result every T-orbitope is a spectrahedral shadow. The question arises, whether
every toric orbitope is a spectrahedral shadow.

Chapter 4 is about positive results regarding these questions. In Section 4.1,
after stating some general facts about toric orbitopes, we show that every toric
orbitope is isomorphic to a multivariate Carathéodory orbitope. This gives us
a better understanding of what the toric orbitopes actually look like.

In Section 4.2 we first take an excursion to the extension property of fi-
nite subsets of Zd. Rudins Theorem 4.2.7 is the bridge between the extension
property and the sos-representability of trigonometric polynomials. With this
bridge we prove that the extension property is a sufficient condition for certain
Carathéodory orbitopes to be a spectrahedron. This sufficiency is stated in
Theorem 4.2.19 and is our main theorem for the chapter.

Bakonyi and Nævdal completely characterized all the finite subsets of Z2

having the extension property (see Theorem 4.3.3). In Section 4.3 we use their
positive results to get sufficient conditions for finding many bitoric orbitopes,
which are spectrahedra (see Theorem 4.3.4).

The last section (Section 4.4) serves as a generalization of Section 4.2. We
introduce the generalized extension property and prove that the generalized
extension property gives a sufficient condition for finding toric orbitopes, which
are spectrahedral shadows (see Theorem 4.4.4). Example 4.3.5 is an example of
a finite subset in Z2, which has the generalized extension property but not the
extension property. The existence of such an example shows, that the extension
property is not sufficient for finding spectrahedral shadows and that Theorem
4.4.4 leads to additional results.

In Q9 the authors of [38] ask, whether every orbitope is a spectrahedral
shadow. Scheiderer provides a tool (see [44]) to find convex, semialgebraic sets,
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which are not spectrahedral shadows. Our fifth chapter deals with finding coun-
terexamples to this question.

More explicitly we first cite Scheiderers results in Section 5.1 and then sim-
plify them on the context of orbitopes (see Proposition 5.1.8). We then give an
example of a 14-dimensional orbitope under the bitorus, which is not a spectra-
hedral shadow. In the subsequent sections we generalize the arguments used in
this example.

Section 5.2 focuses on orbitopes under the bitorus. Our main result for
the chapter is Theorem 5.2.2. Irreducible representations of the bitorus are
parametrized by elements in Z2 and the theorem states that if the points in Z2,
corresponding to the underlying representation of a bitoric orbitope, are in some
sense linearly independent and the orbitope is at least of dimension 30, then the
orbitope is not a spectrahedral shadow. Theorem 5.2.6 is similar to Theorem
5.2.2 but restricts to orbitopes with a certain additional symmetry. While the
theorem is a bit less general, its assumptions are easier to check.

Up to a few adjustments the argumentation used to prove 5.2.2 can be
generalized to any Td-orbitope with d ≥ 2. This is done in Theorem 5.3.2,
which can be found in Section 5.3. Similarly to Theorem 5.2.2 the theorem
finds numerous toric orbitopes, which are not spectrahedral shadows.

In the last section (Section 5.4), we prove that for every compact, linear
algebraic group there exists an orbitope under that group, which is not a spec-
trahedral shadow (see Proposition 5.4.3). The proposition is proved by taking
the sixth tensor powers of the standard representation, which forces the assump-
tions of Proposition 5.1.8 to be met.

In Chapter 6 we give a brief summary of our results and follow it up with
ideas for further research. We point out that we have listed the (for our context)
relevant data of simple Lie algebras in Appendix B, which might help the reader
to get an overview of the occurring situations.

13
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Chapter 2

Preliminaries

In this section we introduce the notations and definitions that we use throughout
the thesis. We also summarize (for this thesis) relevant known results.

2.1 General notations

Notation 2.1.1. We denote Z,Q,R and C to be the rings of integers, rational
numbers, real numbers and complex numbers (respectively). The symbol Z≥0

denotes the set of non-negative integers. Similarly we use >,≤, < and other
numbers than 0 over the sets Z,Q and R. We repeatedly use the set N := Z≥0

of natural numbers including 0.

Notation 2.1.2. Let k be a field. A k-algebra is a commutative ring that
contains k. An ideal generated by elements ai(i ∈ I) in the ring is denoted
as (ai : i ∈ I). We write k[x1, ..., xn] for the k-algebra of polynomials in n
variables x1, ..., xn over k. For α = (α1, ..., αn) ∈ Zn and x = (x1, ..., xn) we
write xα := xα1

1 ...xαnn .

Remark 2.1.3. Whenever we work over the complex numbers C we write i :=√
−1 for the square root of −1. In other cases we also use i as an index, in

which case it is an element of Z. Whenever it is not clear from the context, we
emphasize what i is supposed to be.

Notation 2.1.4. Let Y ⊆ X be a subset of the topological space X. Then Y
(unless stated otherwise) denotes the closure of Y in X.

Notation 2.1.5. Let K be any field. We denote Matm(K) to be the m ×m
matrices with entries in K. For a matrix A ∈ Matm(K) we write AT for
the transposed matrix of A and we write det(A) for the determinant of A. If
A ∈ Matm(C) we let A be the matrix A with complex conjugated entries.

The set
GLm(K) := {A ∈ Matm(K) : det(A) 6= 0}

together with the usual matrix multiplication denotes the general linear group
of size m over K.

Moreover we define

Herm := {A ∈ Matm(C) : A
T

= A}

15



to be the space of hermitian matrices. A hermitian matrix A is positive semidef-
inite if all of its eigenvalues are non-negative. In this case we write A � 0. The
real space of symmetric matrices is denoted as

Symm := {A ∈ Matm(R) : AT = A} ⊆ Herm.

The cone of positive semidefinite real symmetric matrices is denoted as Sym+
m.

The trace of a square matrix is given by the sum of its diagonal entries.
Since the trace is invariant under base change, it makes sense to speak of the
trace of an endomorphism.

Notation 2.1.6. The trace of an endomorphism A is denoted as tr(A).

Definition 2.1.7. Let K be a ring. The Kronecker product of A = (aij)i,j ∈
Matm,n(K) and B ∈ Matp,q(K) is the mp× nq-matrix

A⊗B :=

 a11B · · · a1nB
...

. . .
...

an1B · · · annB

 .

2.2 Convex geometry

Being the convex hull of an orbit, every orbitope is convex. To study orbitopes
we use the following notations and results:

Definition 2.2.1. For a set S ⊆ Rn we denote

conv(S) :=

{
m∑
i=1

λisi ∈ Rn : m ∈ N, s1, ..., sm ∈ S, λ1, ..., λm ∈ R≥0,

m∑
i=1

λi = 1

}

to be the convex hull of S. A convex-combination of s1, ..., sm ∈ Rn is an
expression

∑m
i=1 λisi, where λ1, ..., λm ∈ R≥0,

∑m
i=1 λi = 1. So an element

v ∈ Rn can be written as a convex-combination of s1, ..., sm if and only if
v ∈ conv(s1, ..., sm). Further we denote:

aff(S) :=

{
m∑
i=1

λisi ∈ Rn : m ∈ N, s1, ..., sm ∈ S, λ1, ..., λm ∈ R,
m∑
i=1

λi = 1

}

to be the affine hull of S and

cone(S) :=

{
m∑
i=1

λisi ∈ Rn : m ∈ N, s1, ..., sm ∈ S, λ1, ..., λm ∈ R≥0

}

to be the conic hull of S.

Regarding convex hulls Carathéodory proved:

Theorem 2.2.2 (Carathéodorys theorem, see e.g. [33] ”Satz 1.3”). Let S ⊆ Rn
and v ∈ conv(S). Then there exist s1, ..., sn+1 ∈ S such that v is a convex-
combination of s1, ..., sn+1.
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Remark 2.2.3. Note that the proof of Theorem 2.2.2 given in [33] can be gener-
alized to any real closed field.

As a consequence we get:

Corollary 2.2.4 ([33] ”Korollar 1.4”). The convex hull of a compact set in Rn
is compact.

Carathéodorys theorem states that every element of conv(S) ⊆ Rn is a
convex-combination of at most n + 1 many points in S. For specific sets S,
this number can be reduced (for S = Rn every element of conv(S) = Rn is
the convex-combination of one element in S). This leads to the notion of the
Carathéodory number:

Definition 2.2.5. Let S ⊆ Rn. The Carathéodory number c := c(S) of S is the
minimal number m ∈ N, such that for every element in v ∈ conv(S), there exist
s1 := s1(v), ..., sm := sm(v) ∈ S with v ∈ conv(s1, ..., sm).

If C ⊆ Rn is a convex set, its dimension is the dimension of its affine hull
aff(C) as a linear space. The relative interior relint(C) of C is the interior of
C in its affine hull aff(C). Two convex sets C and C ′ are isomorphic if there
exists a vector space isomorphism ϕ such that ϕ(C) = C ′.

Notation 2.2.6. Let V be a vector space over some field F. Then we denote
V ∗ := Hom(V,F) to be the dual space of F-linear functionals. Let V be real
vectors space, l ∈ V ∗ and α ∈ R. We write

Hl,α := {v ∈ V : l(v) = α}

for the hyperplane given by l and α. We denote

H+
l,α := {v ∈ V : l(v) ≥ α}

to be the halfspace given by l and α and we define H−l,α := H+
−l,−α. The

hyperplane Hl,α is a supporting hyperplane of a convex subset C ⊆ Rn if

Hl,α ∩ C 6= ∅ and Hl,α ∩ intC = ∅.

Definition 2.2.7. A subset F ⊆ C is a face of C if F and C \ F are convex.
In particular ∅ and C are faces. A face F ⊆ C is called proper if F 6= ∅ and
F 6= C.

The 0-dimensional faces are called extreme points of C. Faces are partially
ordered by inclusion and inclusion maximal proper faces are called facets.

A face F is exposed if there exists a supporting hyperplane H ⊆ Rn of C
with F = C ∩H. It is well known that every facet is exposed. As a convention
we also define the empty set ∅ and C to be exposed.

Regarding compact convex sets Krein and Milman proved:

Theorem 2.2.8 (Krein-Milman, see e.g. [33] ”Satz 3.13”). Every compact,
convex set in Rn is the convex hull of its extreme points.

Remark 2.2.9. The Krein-Milman theorem holds in the infinite-dimensional case
as well, but it is not needed in this thesis.
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Definition 2.2.10. If C ⊆ V is a subset then its polar set C◦ is defined to be
the convex set

C◦ := {l ∈ V ∗ : l(C) ≤ 1}.

Let C◦◦ denote the double polar (C◦)◦.

The bipolar theorem states that C◦◦ = conv({0} ∪ C) (see [33] ”Satz 8.4”).
In particular if C is convex, closed and contains 0 we have C◦◦ = C .

If C is a cone then C◦ = {l ∈ V ∗ : l(C) ≤ 0}, which is a cone as well.

Definition 2.2.11. We define C∗ = −C◦ = {l ∈ V ∗ : l(C) ≥ 0} to be the dual
cone of C.

2.3 Algebraic Geometry

The central objects of algebraic geometry are varieties. In this thesis we only
speak about affine varieties. We define them as follows:

Definition 2.3.1. Let k ⊆ C be a subfield of an an algebraically closed field
C. An affine k-variety is the vanishing set

V := {v ∈ Cn : p(v) = 0 for all p ∈ J},

where J ⊆ k[x1, ..., xn] is a set of finitely many polynomials (equivalently J can
be an ideal and is generated by finitely many polynomials). Some authors call
these sets algebraic sets and only use the term affine variety when J is a prime
ideal. If J = {p1, ..., pr} we write V (p1, ..., pr) := V .

We equip Cn with the k-Zariski topology k-Zar, which takes the affine k-
varieties as the closed sets. We denote An := (Cn, k-Zar) to be the resulting
topological space. Unless otherwise stated, we equip the complex vector space
Cn with the real Zariski topology, so An = (Cn,R-Zar).

Definition 2.3.2. A morphism f : V −→W of affine k-varieties V ⊆ An,W ⊆
Am is a map v 7→ (f1(v), ..., fm(v)) with f1, ..., fm ∈ k[x1, ..., xn]. We denote
I(V ) = {p ∈ k[x1, ..., xn] : f(v) = 0 for all v ∈ V } to be the vanishing ideal of
V . The coordinate ring of V is k[V ] := k[x1, ..., xn]/I(V ).

There is a canonical bijection between morphisms of affine k-varieties and
k-algebra homomorphisms. The bijection being

{morphisms f : V −→W of affine k-varieties} ←→
{k-homomorphisms f∗ : k[W ] −→ k[V ]},

where a morphism f is mapped to f∗ := (p 7→ p◦f). Note that if the morphism
f : V −→W is surjective, then the associated k-homomorphism f∗ is injective.
The k-rational points of V are V (k) := {v ∈ kn : v ∈ V }.

Definition 2.3.3. A topological space X is irreducible if X 6= ∅ and X =
X1 ∪ X2 implies X1 = X or X2 = X, for any closed subsets X1, X2 ⊆ X.
Otherwise X is reducible. A subset Y ⊆ X is an irreducible component of X, if
Y is irreducible (in the relative topology) but every superset of Y is reducible.
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Notation 2.3.4. For η = (η1, ..., ηn) ∈ V ⊆ An we denote OV,η = k[V ]η to be
the localization of the coordinate ring k[V ] at the maximal ideal (x1−η1, ..., xn−
ηn). By mV,η we invariantly denote the maximal ideal of the local ring OV,η
and its preimage in k[V ].

Definition 2.3.5. A point η ∈ V is regular if OV,η is a regular local ring. So η is
regular if the k-vector space dimension of m/m2 (where m is the maximal ideal
of OV,η) and the Krull dimension of OV,η coincide, i.e. dimkm/m

2 = dimOV,η.
We denote Vreg to be the set of regular points in V . The affine variety V is
smooth if V = Vreg.

Let O be a local ring of dimension r with maximal ideal m. A sequence
s1, ..., sr ∈ m/m2 is called a regular parameter sequence if m = (s1, ..., sr).

Notation 2.3.6. Given a field extension K/k we write VK := V ×k Spec(K)
for the base field extension of V . Similarly we denote fK : VK −→ WK to
be the base field extension of f . Further we write K[V ] := k[V ] ⊗k K and
f∗K := f∗ ⊗k 1K denotes the induced map K[W ] −→ K[V ].

Definition 2.3.7. Let R be a real field. A polynomial p ∈ R[x1, ..., xn] is
positive semidefinite (psd in short) if p(v) ≥ 0 for every v ∈ Rn. Similarly if
X ⊆ V is a subset of an R-variety V , then p ∈ R[V ] is positive semidefinite on
X (X-psd) if p(v) ≥ 0 for every v ∈ X.

Moreover p is a sum of squares (sos) if p =
∑m
i=1 aiq

2
i with m ∈ N, ai ∈ R

and qi ∈ R[x1, ..., xn]. Similarly we use the notion of being a sum of squares for
any R-algebra A. We denote ΣA2 to be the sum of squares cone over A.

Notation 2.3.8. Let n ∈ N and d ∈ 2N. Take Pn,d to be the cone of polynomials
in R[x1, ..., xn] that are psd and of degree ≤ d. Further let Σ2

n,d denote the cone
of polynomials in R[x1, ..., xn] that are sos and of degree ≤ d.

The cone Σ2
n,d is always contained in the cone Pn,d, but equality is given in

exactly the Hilbert cases. That is if (n ≤ 1, d ∈ 2N), (n ∈ N, d ≤ 2) or (n = 3
and d = 4).

Notation 2.3.9 ([44] 1.7). Let V be an affine k-variety. Further let L ⊆ k[V ]
be a finite-dimensional k-linear subspace of k[V ]. We denote S•L :=

⊕
d≥0 S

dL
to be the symmetric algebra over L. The inclusion L ⊆ S•L induces a natural
k-homomorphism S•L −→ k[V ]. The associated morphism of affine k-varieties
is denoted by ϕL : V −→ AL. Where AL is the affine space with coordinate
ring S•L. So if we fix a basis g1, ..., gm of L we may identify ϕL with the map
V −→ Am, ξ 7→ (g1(ξ), g2(ξ), ..., gm(ξ)).

Definition 2.3.10. Let k, V, L, ϕL be given as in Notation 2.3.9. Then we call
ϕL the morphism associated to the finite subspace L ⊆ k[V ].

The following well known fact connects the tangent space and the local ring
of an affine variety at a given point.

Proposition 2.3.11 (see e.g. [36] Proposition 6.2). Let V be an affine k-variety
and let k[V ] be its coordinate ring. Further let η ∈ V be an element and m the
maximal ideal of the local ring OV,η. There exists a natural isomorphism

Tη(V ) −→ (m/m2)∗
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of k-vector spaces. Where Tη(V ) is the tangent space of V at η and (m/m2)∗

is the dual space of m/m2.
In particular the k-dimensions of Tη(V ) and m/m2 coincide.

Remark 2.3.12. The isomorphism in Proposition 2.3.11 is given by Tη(V ) −→
(m/m2)∗, v 7→ Dv(·)(η), where Dv denotes the derivative in direction v. The
tangent space of V at η is the linear space Tη(V ) = {v ∈ kn : (Dvf)(η) = 0
for all f ∈ I(V )}. Here I(V ) ⊆ k[x1, ..., xn] is the vanishing ideal of V and
Dv :=

∑n
j=1 vi(∂/∂xi). In particular if V is a Lie group with neutral element

I, then TI(V ) is its Lie algebra.

Definition 2.3.13. A subset S ⊆ X of an affine real variety is semialgebraic,
if it is a finite boolean combination (complements, unions and intersections) of
sets of the form

UX(f) = {x ∈ X(R) : f(x) > 0},
where f ∈ R[X] is a regular function on X.

A consequence of the Carathéodorys theorem (together with quantifier elim-
ination) is that convex hulls of semialgebraic sets are again semiaglebraic.

Definition 2.3.14. A semialgebraic set S ⊆ Rn is basic closed if there exist
polynomials f1, ..., fr ∈ R[x1, ..., xn] such that

S = {x ∈ Rn : f1(x) ≥ 0, ..., fn(x) ≥ 0}.

Definition 2.3.15. Let S ⊆ Rn be a semialgebraic set. The algebraic boundary
of S is the R-Zariski closure in An of the euclidean boundary of S, it is denoted
as ∂aS.

Proposition 2.3.16 ([47] Proposition 2.1.7). A compact and convex set with
non-empty interior is semialgebraic if and only if its algebraic boundary is an
algebraic hypersurface.

Definition 2.3.17. An algebraic group is a group G which is also a variety, such
that the group structure maps of multiplication mult : G×G −→ G, (g, h) 7→ gh
and inversion inv : G −→ G, g 7→ g−1 are morphisms of varieties. The group G
is said to be linear algebraic if G is an affine variety.

A homomorphism of algebraic groups is a group homomorphism that is also
a morphism.

Let k be a subfield of an algebraically closed field K. Then an algebraic
group is a k-group if G is a k-variety, the maps mult, inv are k-morphisms and
the neutral element e ∈ G is k-rational. In the case k = R we also say that G
is a real algebraic group. We write G(k) for the k-rational points of G.

Proposition 2.3.18 ([7] Proposition 1.2). Let G be an algebraic group. Then

(a) G is a smooth variety,

(b) the identity component G0 of G is a normal subgroup of finite index in G,
whose components are the connected, as well as irreducible components of
G. If G is defined over the field K, then so is G0 and

(c) every closed subgroup of finite index of G contains G0.

Theorem 2.3.19 ([9] Theorem 2.5). Every compact subgroup of GLn(C) is the
group of real points of an algebraic group defined over R.
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2.4 Lie algebras

In order to study orbitopes, we need to understand the representations of com-
pact linear algebraic groups. Every such group is a compact Lie group and there
exist numerous results regarding Lie groups. Lie groups are closely connected
to their tangent space at the identity, which is their Lie algebra. Any Lie alge-
bra g of a compact group G is reductive, thus it is the direct sum of its center
and a semisimple Lie algebra ([26] Corollary 4.25). So understanding the rep-
resentations of G comes down to understanding the representations of abelian
and of simple Lie algebras. Our main reference for this section is Knapps book
[26], where the reader can get a lot additional information. We assume that the
reader has basic knowledge regarding Lie groups and Lie algebras.

A Lie algebra is a finite-dimensional algebra over a field F = R,C with
bilinear product [·, ·] : g× g −→ g, such that

(a) [X,X] = 0 for all X ∈ g and

(b) [[X,Y ], Z] + [[Y,Z], X] + [[Z,X], Y ] = 0 (Jacobi identity).

Usually Lie algebras do not need to be finite-dimensional. However since we
only talk about finite-dimensional ones, we assume the Lie algebras to be finite-
dimensional.

Definition 2.4.1. A Lie algebra g is simple, if it is non-abelian and has no
proper nonzero ideals. A Lie algebra g is semisimple if it is the direct sum of
finitely many simple Lie algebras. Moreover, a Lie group is (semi-)simple if it
is connected and its Lie algebra is (semi-)simple.

The simple Lie algebras have been completely categorized and stand in one-
one correspondence to the connected Dynkin diagrams. For the complete list of
simple Lie algebras and more details on the Dynkin diagrams see Appendix B.

Notation 2.4.2. For an element X of a Lie algebra g the Lie algebra homo-
morphism

ad : g −→ End(g)

X 7→ adX := (Y 7→ adX(Y ) := [X,Y ])

is called the adjoint representation of g. For a subalgebra h ⊆ g we also write
adh for the set {adh : h ∈ h} and adh · Y := {adh(Y ) : h ∈ h} for Y ∈ g.

If G is a Lie group with Lie algebra g, then Ad : G −→ GL(g) denotes
the adjoint representation of G (so for g ∈ G the automorphism Adg is the
derivative of the conjugation map by g at the neutral element). For a Lie
subgroup H ⊆ G we also write AdH := {Adh : h ∈ H} and AdH · Y for the
orbit {Adh(Y ) : h ∈ H}, where Y ∈ g.

The composition of two endomorphisms is again an endomorphism, so we
can define the following:

Definition 2.4.3. Let g be a finite dimensional Lie algebra over F = R,C. The
symmetric bilinear form

B : g× g −→ F
B(X,Y ) := tr(adXadY )

on g is the Killing form of g.
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Cartans criterion for semisimplicity ([26] Theorem 1.42) states that a Lie
algebra is semisimple if and only if the Killing form is non-degenerate on g. A
Cartan involution on a real semisimple Lie algebra g is an automorphism of
the Lie algebra with square equal to the identity and such that −B(X, θY ) is
positive semidefinite. Any real semisimple Lie algebra g has a Cartan involution
θ ([26] Corollary 6.18) and decomposes into the orthogonal (regarding B) sum
of a 1-eigenspace k of θ and a −1-eigenspace p of θ. This decomposition

g = k⊕ p

is called a Cartan decomposition.
Since θ respects Lie brackets we see the following relations

[k, k] ⊆ k, [k, p] ⊆ p, [p, p] ⊆ k.

Definition 2.4.4. Let g be a real semisimple Lie algebra. An element x ∈ g is
real semisimple if adx ∈ End(g) is diagonalizable over R.

A Lie group is a topological group with a structure of a smooth manifold
such that multiplication and inversion are smooth. The tangent space at the
identity of a Lie group is called its associated Lie algebra and is in fact a Lie
algebra. An analytic subgroup of G is a connected Lie subgroup such that the
inclusion mapping is smooth and everywhere regular. Analytic subgroups of G
correspond to the Lie subalgebras of g.

Definition 2.4.5. Let G be a Lie group with real semisimple Lie algebra g and
let g = k ⊕ p be a Cartan decomposition. Further let K ⊆ G be the analytic
subgroup with Lie algebra k and let a be a maximal abelian subspace of p and
let K be the corresponding analytic subgroup of G.

The (relative) Weyl group W = W (g, a) is the quotient NK(a)/ZK(a) of
the normalizer NK(a) = {k ∈ K : Adk(a) ⊆ a} of a in K and the centralizer
ZK(a) = {k ∈ K : Adk|a = ida} of a in K. Then the relative Weyl group W
acts on a via Ad.

Definition 2.4.6. Let G and H be Lie groups. A map ρ : G −→ H is a
homomorphism of Lie Groups, if ρ is a continuous (equivalently smooth) group
homomorphism.

A representation ρ of G is a homomorphism of Lie groups ρ : G −→ GL(V )
for some finite-dimensional vector space V . (Note that we assume all represen-
tations to be finite-dimensional). For g ∈ G, we write ρg for the image of ρ in g
and for v ∈ V we write ρg(v) or g · v for the image of ρg in v. If the underlying
representation is clear, the term G · v denotes the orbit {ρg(v) : g ∈ G}.

Let g be the Lie algebra of G. Similarly a representation ρ of g is a Lie
algebra homomorphism ρ : g −→ End(V ) for some vector space V .

In both cases the space V is then called the representation space of ρ.

Proposition 2.4.7 ([26] Prop. 4.6). If Φ is a representation of the compact Lie
group G on the finite-dimensional C-vector space V , then V admits a Hermitian
inner product such that Φ is unitary.

Corollary 2.4.8 ([26] cor. 4.7). If Φ is a representation of the compact Lie
group G on the finite-dimensional C-vector space V , then Φ is the direct sum of
irreducible representations.
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Definition 2.4.9. Let K = R,C and let G ⊆ GLn(K) be a subgroup. The
representation

G −→ GL(Kn)

M 7→
(

Kn −→ Kn
v 7→ Mv

)
given by the usual matrix multiplication is the standard representation of G.

Definition 2.4.10. Let G be a real linear algebraic group. A rational represen-
tation of G is a linear representation ρ : G −→ GL(V ), which is also a morphism
of real affine varieties, where V is a real vector space.

Theorem 2.4.11 ([47] Theorem A.1). Let G be a linear algebraic group, such
that its real points G(R) are compact in the euclidean topology. Further let
ρ : G −→ GL(V ) be a rational representation of G. For every v ∈ V , the orbit

G · v = {g · v : g ∈ G} ⊆ V ⊗ C

is an affine variety defined over R. The real points of G · v are the images of
real points, i.e.

(G · v)(R) = G(R) · v = {gv : g ∈ G(R)}.

Remark 2.4.12. In the proof of Theorem 2.4.11 Sinn proves more precisely that
the orbit G · v is isomorphic to G/StabG(v) as real algebraic varieties.

A closed linear group is a subgroup of the invertible real or complex matrices.
Such a group has the structure of a Lie group ([26] Proposition 1.75). A corollary
of the Peter-Weyl theorem is:

Theorem 2.4.13 ([26] Corollary 4.22). Every compact Lie group is isomorphic
to a closed linear group.

Let ρ : G −→ GL(V ) be a representation of some Lie group G. Then

ρ∗ : G −→ GL(V ∗)

g 7→
(
l 7→ l ◦ ρ(g

−1)
)

is the dual representation of ρ. The isomorphism in Theorem 2.4.13 is a faithful
representation and every representation of a compact Lie group is in the tensor
powers of a faithful representation.

Theorem 2.4.14 ([6] Theorem 4.4). Let G be a compact Lie group. Let ρ
be a complex faithful representation of G and let ρ∗ be its dual representation.
Every irreducible representation of G is contained in a complex tensor power
ρ⊗Cm ⊗C (ρ∗)⊗Cn for some m,n ∈ N.

The set of algebraic morphisms is closed under taking direct sums, subrep-
resentations, tensors and conjugates. Obviously the standard representation
of a linear group is polynomial. So Theorem 2.4.13, together with Theorem
2.4.14, shows that every irreducible representation of a compact, complex Lie
group is polynomial. Since every finite-dimensional representation of a compact,
complex Lie group is the direct sum of irreducible representations and due to
Theorem 2.3.19, we have:
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Corollary 2.4.15. Every finite-dimensional representation of a compact Lie
group is rational.

Remark 2.4.16. Note that if G ⊆ GLn(R) is a real Lie group, then its real
representations can be determined through the representations of gC. Let G be
a connected real Lie group with semisimple Lie algebra g and let Π : G −→
GL(V ) be a real representation. Differentiating Π gives us a real representation
π : g −→ End(V ) (see e.g. [34] Proposition 6.9). We can interpret π : g −→
End(V C) as a complex representation and expanding π C-linearly we get a
representation of the complex semisimple Lie algebra gC which is isomorphic to
g+ ig as real vector spaces. So every real representation of G leads to a complex
representation of gC.

On the other hand every representation of gC gives us a real representation
of the universal covering G̃ of G (for more details on the real representations of
g, see [24]). There exists a normal subgroup H̃ ⊆ Z(G̃) such that G ∼= G̃/H̃.
Only the representations with H̃ in the kernel induce representations on G.

Definition 2.4.17. A nilpotent Lie subalgebra h′ of a complex Lie algebra g′

is a Cartan subalgebra if

h′ = Ng(h′) = {X ∈ g : [X, h′] ⊆ h′}.

A Lie subalgebra h of a real Lie algebra g is a Cartan subalgebra if its
complexification hC is a Cartan subalgebra of gC.

A Cartan subalgebra of a complex Lie algebra always exists ([26] Theorem
2.9) and plays an important role for the classification of simple Lie groups. And
important role for this classification is played by the following.

Definition 2.4.18. Let h be a complex Lie algebra and let π : h −→ EndC(V )
be a representation. If α is in the dual space h∗, then define Vα to be

{v ∈ V : (π(H)− α(H))nv = 0 for all H ∈ h and some n = n(H, v) ∈ N} .

Whenever Vα 6= 0, it is called a generalized weight space and α a weight. The
elements of Vα are called generalized weight vectors.

In particular if h is a Cartan subalgebra of a complex Lie algebra g and
π = ad : h −→ EndC(g), then the generalized weight spaces are called root
spaces and the weights of ad are called roots. We usually denote the set of roots
as ∆ = ∆(g, h) and call it the root system of g with respect to h.

A member λ of h∗ is algebraically integral if the expression 2〈λ, β〉/|β|2 is an
integer for every β ∈ ∆.

Proposition 2.4.19 ([26] Proposition 5.4). Let g be a complex semisimple Lie
algebra, let h be a Cartan subalgebra. Further let ∆ = ∆(g, h) be the set of
roots and let h0 be the real form of h, on which all the roots are real valued. If
ϕ : g −→ End(V ) is a complex, finite-dimensional representation of g, then

(a) ϕh acts diagonalizably on V , so that every generalized weight vector is a
weight vector and V is direct sum of all the weight spaces and

(b) every weight is real valued on h0 and is algebraically integral.
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Definition 2.4.20. Let V be a finite-dimensional real vector space with inner
product 〈·, ·〉 and norm squared | · |2. A finite subset ∆ ⊆ V \ {0} is an abstract
root system, if

(a) ∆ spans V ,

(b) for every α ∈ ∆ the orthogonal transformation sα(x) := x− 2〈x,α〉
|α|2 α carries

∆ to itself and

(c) for every α, β ∈ ∆ the term 2〈β,α〉
|α|2 is an integer.

Let ∆ be an abstract root system. A root is an element of ∆.

The root system of a complex semisimple Lie algebra with respect to some
Cartan subalgebra is an abstract root system (Theorem [26] 2.42), so the defi-
nitions of roots do not collide.

Definition 2.4.21. An abstract root system is irreducible, if it cannot be par-
titioned into the union of two proper orthogonal subsets.

Definition 2.4.22. The Weyl group W = W (∆) of an abstract root system
∆ ⊆ V is the subgroup of the orthogonal group generated by the root reflections

σα : V −→ V,

v 7→ v − 2〈v, α〉
|α|2

α,

where α ∈ ∆ is any root. So σα is the reflection at the hyperplane H〈α,·〉,0 given
by α.

Lemma 2.4.23 ([23] Lemma 3.16 or [20] Page 461). Let ∆ ⊆ V be an irreducible
abstract root system in some real vector space V . Then the Weyl group W (∆)
acts irreducibly on V .

Definition 2.4.24. Let v ∈ V be an element of a real vector space V with
root system ∆ and positive roots ∆+. Then v is dominant, if 〈v, α〉 ≥ 0 for all
α ∈ ∆+.

Definition 2.4.25. Let V be a real vector space.

(a) A cone P ⊆ V is a positivity cone, if P ∪(−P ) = V, P ∩(−P ) = {0}, P+P ⊆
P and cP ⊆ P for all c ∈ R≥0.

Then P gives an ordering on V via: v ≤ w if and only if w − v ∈ P . By
fixing an ordering in V , we mean that we fix a positivity cone P ⊆ V and
fix the induced ordering.

An element v ∈ V is positive (w.r.t. P ), i.e. v > 0, if v ∈ P \ {0} and
negative, i.e. v < 0, if v ∈ (−P ) \ {0}.

(b) Let ∆ be an abstract root system in V and fix an ordering P in V . We write
∆+ for the subset of positive roots. A root α is simple, if α > 0 and α can
not be written as the sum α = β1 + β2 of two positive roots β1, β2 ∈ ∆+.

We call Π ⊆ ∆ a simple system, if Π is the set of simple roots in ∆+.
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By the Theorem of the highest weights ([26] Theorem 5.5) the finite dimen-
sional representations of a complex semisimple Lie algebra stand in one-one
correspondence to the dominant algebraically integral linear functionals λ on
the Cartan subalgebra h. The correspondence is that λ is the highest weight
of the corresponding representation. The elementary building blocks for the
highest weights are the so called fundamental weights.

Definition 2.4.26. Let ∆ be the root system of a complex semisimple Lie
algebra with Cartan subalgebra h and let ∆+ denote the positive roots of a
fixed ordering. If β1, ..., βm are the simple roots in δ+ the fundamental weights
λ1, ..., λm ∈ h∗ are given by

2
〈λj , βi〉
|βi|2

= δij for i, j = 1, ...,m.

The fundamental weights are dominant and algebraically integral, so they are
the highest weights of representations. The representations corresponding to
the fundamental weights are the fundamental representations.

Let g be a real semisimple Lie algebra and let g = k⊕ p be a Cartan decom-
position. A fact we repeatedly use is the following proposition:

Proposition 2.4.27 ([26] Theorem 6.51). If a and a′ are two maximal abelian
subspaces of p, then there is a member k of K with Adk(a′) = a. Consequently
the space p satisfies

p =
⋃
k∈K

Adk(a).

Proposition 2.4.28 ([26] Proposition 6.47). Let a be a maximal abelian sub-
space of p. If t is a maximal abelian subspace of m = Zk(a), then h := a⊕ t is a
Cartan subalgebra of g.

Thus hC is a Cartan subalgebra of gC containing a. Let ∆ = ∆(g, h) be the
root system and denote resa : (hC)∗ −→ a∗, α 7→ α|a to be the restriction map.
Then the restricted roots Γ = resa(∆) ⊆ a∗ form an abstract root system of a∗

([26] Corollary 6.53) and the Weyl group W (Γ) coincides with the relative Weyl
group W (g, a) ([26] Theorem 6.57).

Lemma 2.4.29 ([26] Lemma 6.45). Let a be a maximal abelian subspace of
p. There exists a basis of g, such that the matrices representing adg have the
following properties:

(a) the matrices of adk are skew-symmetric and

(b) the matrices of ada are diagonal with real entries.

2.5 Semidefinite programming

Notation 2.5.1. Let Sm+ denote the cone of positive semidefinite matrices in
Symm(R). For M ∈ Symm(R) we also write M � 0 if M ∈ Sm+ .

Definition 2.5.2. A subset S ⊆ Rn is a spectrahedron if there exist real sym-
metric matrices A0, ..., An ∈ Symk(R) such that

S =

{
v ∈ Rn : A0 +

n∑
i=1

Aivi � 0

}
.

26



Some important properties of spectrahedra are that they are basic closed
sets and that their faces are exposed.

Proposition 2.5.3 (see e.g. [35] Proposition 1.4). Every spectrahedron is con-
vex and basic closed.

Proposition 2.5.4 (see e.g. [35] Theorem 6.7). Every face of a spectrahedron
is exposed.

Furthermore we can interpret spectrahedra as intersections of Sm+ with an
affine linear subspace L ⊆ Symm(R). If A0 ∈ L and A1, ..., An ∈ Symm(R) are
a basis of L−A0, then L ∩ Sm+ = {X =

∑n
i=1 aiAi +A0 ∈ Sm+ : a1, ..., an ∈ R}.

Then the map X 7→ (a1, ..., an) is a bijection, since A1, ..., An is a basis. Some-
times it simplifies the notation or the argumentation to interpret spectrahedra
in this way.

Definition 2.5.5. An affine linear image of a spectrahedron is called a spectra-
hedral shadow. The spectrahedral shadows are exactly the sets of the form

S =

{
v ∈ Rn : ∃w ∈ Rm : A0 +

n∑
i=1

Aivi +

m∑
i=1

Biwi � 0

}
,

where Ai, Bi ∈ Symk are real symmetric k × k-matrices. Such a representation
for S as a spectrahedral shadow is also called an SDP lift. Other names for
spectrahedral shadows, commonly used in the literature are: SDP sets, SDP-
representable sets, lifted-LMI representable sets, projected spectrahedra.

One could think that allowing Ai, Bi to be complex hermitian instead of
real symmetric would enlarge the class of spectrahedral shadows. But A ∈
Herk is positive semidefinite if and only if

(
ReA −ImA
ImA ReA

)
∈ Mat2k(R) is positive

semidefinite. That means any spectrahedral shadow represented by hermitian
matrices can also be represented by real matrices.

There are quite a few operations which create new spectrahedral shad-
ows from spectrahedral shadows. That is: intersection, cartesian product,
Minkowski sum, conic hull, convex hull, linear image, linear preimage, convex
dual, closure and relative interior of spectrahedral shadow is again a spectrahe-
dral shadow (see [35] Theorem 2.9).

As affine linear images of a convex set, spectrahedral shadows are convex.
Spectrahedral shadows are also semialgebraic but not much else is known about
them in general. Helton and Nie even conjectured that every convex semial-
gebraic set is a spectrahedral shadow. But Scheiderer recently disproved the
conjecture in [44].

Spectrahedra and spectrahedral shadows are the central objects of semidef-
inite programming. Semidefinite programming (SDP) widely generalizes linear
programming. Whereas linear programming is concerned with optimizing a lin-
ear functional over a polyhedron, one uses SDP to optimize a linear functional
over an affine linear image of a spectrahedron. There exist efficient interior
point methods which optimize the problem in polynomial time and with any
prescribed accuracy.

As we mentioned earlier if an orbitope is shown to be a spectrahedron, then
get information about its algebraic boundary. To be more precise, we have:
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Proposition 2.5.6. Let S = {x ∈ Rn : A(x) � 0} be a spectrahedron, where
A(x) := A0 + x1A1 + ... + xnAn, with Ai ∈ Symr. Moreover assume that
intS 6= ∅. Then ∂aS = V (f), where f is a factor of detA(x) ∈ R[x1, ..., xn].

Proof. By Proposition 2.3.16 O is an algebraic hypersurface. So there exists
f ∈ R[x1, ..., xn], such that ∂aO = V (f). For any spectrahedron {x ∈ V :
A(x) � 0} its boundary is contained in the vanishing set of detA(x). Since
V (f) ⊆ V (detA(x)) we have f | detA(x).

2.6 Orbitopes

The notion of orbitopes was first introduced by Sanyal et al. in [38].

Definition 2.6.1. Let G be a real, compact, linear algebraic group. So G is a
closed subgroup of GLn(R) for some n ∈ N. Moreover let ρ : G −→ GL(V ) be
a real representation. An orbitope Ov = O(G, ρ, v) := conv(ρG · v) is defined to
be the convex hull of the orbit ρG(v), where v ∈ V is fixed. If the underlying
representation is not important, we sometimes suppress it in the notation, so
O(G, v) := O(G, ρ, v).

Any closed subgroup of GLn(C) is a Lie group ([34] ”Satz 6.2”). So the
underlying group G of any orbitope is a compact Lie group. In particular its
Lie algebra g is reductive ([26] Corollary 4.25) and we have g = zg⊕ [g, g], where
zg is the center of g and [g, g] is semisimple. The irreducible representations of
G can be derived from the irreducible representations of its Lie algebra. On the
other hand every compact Lie group is isomorphic to a closed linear group ([26]
Corollary 4.22).

A first general result about orbitopes is given in [38] Proposition 2.2 (see
below). Using the Haar measure we can find a G-invariant inner product and
assume that G ⊆ O(n) is a subgroup of the orthogonal group. Since G acts
orthogonally on V the orbit ρG · v lies in a sphere through v centered at zero.
Thus any hyperplane supporting the sphere at a point in ρG · v also supports
Ov. So we have:

Proposition 2.6.2 ([38] Proposition 2.2). Let O = O(G, v) be an orbitope.
Then the orbit G ·v consists of exposed points in O. In particular every extreme
point of O is an exposed point.

The orbit ρG · v is a smooth compact real affine variety (Theorem 2.4.11
together with 2.4.15). In particular it and (using quantifier elimination) its
convex hull are semialgebraic. It follows that every orbitope is convex and
semialgebraic. If the Helton-Nie conjecture were true, every orbitope would be
a spectrahedral shadow. Since Scheiderer disproved the conjecture in [44] it
makes sense to ask which orbitopes are spectrahedral shadows.

In the introduction we mentioned, that every orbitope under a continuous
representation is semialgebraic. Since we assume all our representations to be
continuous we have:

Proposition 2.6.3. Every orbitope is semialgebraic.

Proof. Let O(G, ρ, v) be an orbitope. By Theorem 2.3.19 the image ρG is a real
affine variety. Corollary 2.4.15 tells us that ρ is rational. By Theorem 2.4.11 the
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orbit G·v is an affine variety. Now we can use Carathéodorys theorem (Theorem
2.2.2) and quantifier elimination (see e.g. [42]), to see that the orbitope, which
is the convex hull of the orbit, is semialgebraic.

Another general fact about orbitopes is that we lose no information in as-
suming that the representation ρ does not contain any copies of the trivial
representation ([38] p. 5). Two convex sets are isomorphic, if there exists a
linear isomorphism, which maps one convex set onto the other. With orbitopes
there is additional structure through the G action and we wish to emphasize
the difference.

Definition 2.6.4. Two G orbitopes O ⊆ V,O′ ⊆ V ′ are called G-isomorphic,
if there exists a R-linear isomorphism L : V −→ V ′, such that L(O) = O′ and
if L preserves the action of G, i.e. if

g · L(w) = L(g · w)

for every g ∈ G and every w ∈ V .

By Krein-Milmans theorem every orbitope is the convex hull of its extreme
points. This motivates the notion of a Carathéodory number of an orbitope.
Note that by Proposition 2.6.2 every point in the orbit G · v of an orbitope
conv(G · v) is exposed, so in particular it is an extreme point.

Definition 2.6.5. The Carathéodory number c(O) of an orbitopeO = O(G, ρ, v)
is the Carathéodory number of the orbit G · v.

A notion connected to the Carathéodory number of an orbitope is the fol-
lowing.

Definition 2.6.6. The k-th secant variety of an orbitope O(G, ρ, v) is the
Zariski closure of the union of the affine k-planes spanned by any k + 1 points
from the orbit G · v.

The connection between the Carathéodory number and secant varieties of
an orbitope is given by:

Proposition 2.6.7 ([38] Proposition 2.3). Let O := O(G, ρ, v) ⊆ Rn be an
orbitope. Let c(O) be its Carathéodory number. If k ≥ c(O), then the k-th
secant variety of G · v is the ambient space Rn.

By Carathéodorys theorem the Carathéodory number of an orbitope O is
always at most dimO + 1. Fenchel improved this bound to dimO if the set of
extreme points is connected ([15]).

Lemma 2.6.8. Let O = O(G, ρ, v) be an orbitope, such that ρ does not contain
the trivial representation. Then we have 0 ∈ relintO.

Proof. The centroid of a convex set K ⊆ Rn is defined to be

c(K) :=

∫
K
xdx∫

K
1dx

.

Since O is G-invariant, so is its centroid. As ρ does not contain the trivial
representation, this means c(O) = 0. The centroid of a convex set is always in
its relative interior, so we see that 0 ∈ relint(O).
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Remark 2.6.9. This proof was explained to the author by R. Sanyal. The author
hereby thanks R. Sanyal for this.

When studying a polar set, there is always a dual convex set, which we refer
to as the polar set. For orbitopes that is:

Definition 2.6.10. Let O = O(G, ρ, v) ⊆ V be an orbitope. The polar set

O◦ = {l ∈ V ∗ : l(O) ≤ 1}

is called the coorbitope of G with respect to v. Since we assume that ρ does not
contain the trivial representation, we know that 0 ∈ relintO. By the bipolar
theorem, if 0 ∈ O, we have O◦◦ = O. In Section 4.3 we use the cone over the
coorbitope O◦. This cone is called the coorbitope cone and is defined as

Ô◦ := {(m, l) ∈ R⊕ V ∗ : l(O) ≤ m}.

A simple fact regarding the polar of an orbitope is the following:

Proposition 2.6.11. Let O := O(G, ρ, v) be an orbitope and let G0 be the
identity component of G. Further let the polar set (O0)◦ of the G0-orbitope
O0 := O(G0, ρ|G0

, v) be a spectrahedron. Then O◦ is a spectrahedron.

Proof. By Proposition 2.3.18 there exist s1, ..., sr ∈ G with s1 being the neutral
element, such that G = s1G0 ∪ ... ∪ srG0. Then

conv(G · v)∗ = conv

(
p⋃
i=1

giG0 · v

)∗

=

p⋂
i=1

gi · conv(G0 · v)∗.

Since by assumption O◦ is a spectrahedron and the intersection of spectrahedra
is again a spectrahedron this shows that O◦ is a spectrahedron.

In Section 3.5 we discuss connected polar orbitopes with coorbitopes that
are polar orbitopes as well. There the situation of Proposition 2.6.11 is met.
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Chapter 3

Polar orbitopes

A finite-dimensional, real representation ϕ : K −→ GL(V ) of a group K is polar
if V is equipped with a K-invariant inner product and if there exists a subspace
of V which intersects every K-orbit of V orthogonally. A polar orbitope is the
convex hull of a K-orbit under a polar representation of a compact group K.
Given a Lie group G with real semisimple Lie algebra g, there is a Cartan
decomposition g = k ⊕ p, where k is the 1-eigenspace and p the −1-eigenspace
of the corresponding Cartan involution. Let K be the analytical subgroup of G
which corresponds to the lie algebra k. Then K is a maximal compact subgroup
of G and acts on p via the adjoint representation. Such a representation is polar
and every connected polar orbitope under a connected group is isomorphic to
the convex hull of such a K-orbit on p for some real semisimple Lie algebra g
with Cartan decomposition g = k⊕ p (see [11] Prop. 6).

In [38] R. Sanyal et al. introduce the notion of orbitopes. They pose 10
questions about orbitopes and present results regarding these questions. Some
examples of polar orbitopes such as the symmetric and skew-symmetric Schur-
Horn orbitope are presented and some of the questions are answered. In [4]
and [5] L. Biliotti et al. generalize parts of these results to polar orbitopes in
general. They prove that every face of a polar orbitope is exposed and give a
bijection between the face orbits of a polar orbitope and its momentum polytope
(which is just the image of the given orbitope when orthogonally projected to a
maximal abelian subspace of p).

Our main result in this chapter is Theorem 3.1.17 and is discussed in Section
3.1. The theorem states that every connected polar orbitope is a spectrahedron.
In fact the theorem gives an explicit spectrahedral description of the orbitope.
We deduce that every polar orbitope is a spectrahedral shadow (see Theorem
3.1.26). The representation as a spectrahedron generalizes [38] Theorem 3.4 for
the symmetric Schur-Horn orbitope, [38] Theorem 3.15 for the skew-symmetric
Schur-Horn orbitope and [38] Theorem 4.7 for the Fan orbitope.

Up toK-conjugacy the momentum polytope of a polar orbitope characterizes
the face structure of the polar orbitope completely. This is the main result in
[5]. In Section 3.2 we present a new proof for this correspondence of face orbits.

In Section 3.3 we find a polyhedral description for the momentum polytope.
This in turn enables us to reduce the size of our spectrahedral representation
for connected polar orbitopes.

We use this knowledge in Section 3.4, to show that in some cases our spec-
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trahedral representation is of minimal size (see Theorem 3.4.5). The proof uses
a simple argument by Saunderson et al. from [40].

Section 3.4.2 is concerned with representations of orbitopes, as spectrahedral
shadows with compatible symmetry. These so called equivariant SDP lifts are
also discussed in [40] and we convert their arguments to our situation.

Another topic discussed in [40] are doubly spectrahedral sets. These are
spectrahedra, such that their polar set is a spectrahedron as well. Very few
doubly spectrahedral sets are known and we give new examples in Section 3.5.

The last section of the chapter walks us through the example of convex hulls
of Stiefel manifolds. These are up to special cases connected polar orbitopes, so
they are spectrahedra.

Before we begin with the proofs, we give a precise definition for the notion
of polar orbitopes.

Notation 3.0.1. Let V be a vector space with inner product 〈·, ·〉. Further let
U ⊆ V be a subspace, then we denote

U⊥ := {v ∈ V : 〈v, U〉 = 0}

to be the subspace of V orthogonal to U .

Definition 3.0.2. Let K be a compact Lie group with Lie algebra k. Further
let V be a real vector space with inner product 〈·, ·〉 and ρ : K −→ O(V ) a
representation preserving the inner product on V . The representation ρ induces
a Lie algebra representation on k and for v ∈ V the set k · v is the tangent space
of K · v at v. Let v0 ∈ V be such that k · v0 is of maximal possible dimension.
The representation ρ is polar, if for any u ∈ (k · v0)⊥ the following equation
holds:

〈k · u, (k · v0)⊥〉 = 0.

A polar orbitope is an orbitope under the action of a polar representation.
Furthermore a connected polar orbitope is an orbitope under the action of a
polar representation of a connected Lie group.

Throughout this chapter we frequently assume the following:

Assumption 3.0.3. Let G be a real Lie group with semisimple Lie algebra g.
We fix a Cartan decomposition g = k ⊕ p, where k denotes the 1-eigenspace of
the according Cartan involution. Let K be the maximal compact subgroup of
G with Lie algebra k. The group K acts on p via the adjoint representation
Ad : K −→ Aut(g). Moreover let a be a maximal abelian subspace of p and
let W := NK(a)/ZK(a) denote the relative Weyl group. We also assume that
a 6= 0, which prevents degenerate cases for our results. We denote 〈·, ·〉 to be
the Killing form on g.

3.1 Spectrahedron property

In this section our goal is to prove that every connected polar orbitope is a spec-
trahedron. Dadok proves in [11] that every connected polar orbitope coincides
with a symmetric space representation:
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Definition 3.1.1. Let g,K, p be as in assumption 3.0.3. The group K acts
on p via the adjoint representation Ad : K −→ Aut(g). This representation is
called a symmetric space representation of K. Let x ∈ p, then the orbitope Ox
is given as the convex hull of the K-orbit of x, i.e.

Ox := O(g,K, p)x := conv(AdK · x) ⊆ p.

Proposition 3.1.2 ([11] Proposition 6). Let ρ̃ : K̃ −→ SO(V ) be a polar
representation of a connected Lie group K̃. Then there exists a connected Lie
group K with symmetric space representation ρ : K −→ SO(p), such that the
vector spaces p, V are isomorphic and the K- and K̃-orbits are mapped to one
another by this isomorphism.

This proposition shows that in order to prove that every connected polar
orbitope is a spectrahedron, we can assume that the polar orbitope is given by
a symmetric space representation. In [27] B. Kostant proves numerous results
regarding symmetric space representations. The first one we use characterizes
the real semisimple elements of a real semisimple group G:

Proposition 3.1.3 ([27] Prop. 2.4). Let G, g, k, a and W be as in Assumption
3.0.3. An element x ∈ g is real semisimple if and only if it is G-conjugate to
an element a ∈ a. In that case (AdG · x) ∩ a = (AdK · a) ∩ a = W · a is a single
W -orbit.

Since any element in p is K-conjugate to an element in a (Proposition 2.4.27),
we get:

Corollary 3.1.4. Let g, p be as in Assumption 3.0.3. Then the elements of p
are real semisimple.

Let gC denote the complexification of g (see [26]). One property of real
semisimple elements is that their images of representations are diagonalizable
with real eigenvalues:

Proposition 3.1.5. Let g, p be as in Assumption 3.0.3 and let x ∈ p. For any
complex representation ψ of gC the endomorphism ψx is diagonalizable (over C)
and has real eigenvalues.

Proof. Let a ⊆ p be a maximal abelian subspace containing x (we can find
a by either iteratively adding according base elements, or using Proposition
2.4.27). By Proposition 2.4.28, a is contained in a Cartan subalgebra hC ⊆ gC.
Using Proposition 2.4.19 we see from the (a) part that the endomorphism ψ|hC

acts diagonalizably on p. The roots are by definition given by the eigenvalues
of ad, so by Lemma 2.4.29 (b) the roots are real valued on a. Then the (b)
part of Proposition 2.4.28 tells us that the weights take real values on a. Since
x ∈ a ⊆ hC, the proof is finished.

Combining proposition 3.1.5 with the fact that elements in p are real semisim-
ple, we see:

Corollary 3.1.6. Let g, p be as in Assumption 3.0.3. For any complex repre-
sentation ψ : gC −→ End(V ) and any x ∈ p the eigenvalues of ψx are real.
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Notation 3.1.7. Let A ∈ End(V ) be an endomorphism of a vector space V with
real eigenvalues. Then µ(A) denotes the list of increasingly ordered eigenvalues
of A (counting multiples). Furthermore we write maxµ(A) for the maximal
eigenvalue of A.

A key ingredient for proving that polar orbitopes are spectrahedral shadows,
is the following theorem:

Theorem 3.1.8. Let g, p be as in Assumption 3.0.3. For x, y ∈ p the following
are equivalent:

1. y ∈ Ox and

2. maxµ(ϕy) ≤ maxµ(ϕx) for all fundamental representations ϕ of gC.

Remark 3.1.9. The fundamental representations of the complexification gC of
g are building blocks for the irreducible representations. One can describe any
irreducible finite-dimensional complex representation of gC as a Cartan prod-
uct (see e.g. [13]) of finitely many fundamental representations. The maximal
eigenvalue of a Cartan product in an element of p is the sum of maximal eigen-
values of the factors. So we can add another equivalent statement to Theorem
3.1.8:

3. maxµ(ρy) ≤ maxµ(ρx) for all finite-dimensional representations ρ of gC.

In order to find a spectrahedral representation of Ox though, we use the fact
that there are only finitely many fundamental representations, which is not true
for irreducible representations.

Proof. For G, g,K, k, p, a,W we use the notation from Assumption 3.0.3. We
prove Theorem 3.1.8 in 4 steps:

(1) AdK-invariance: Obviously the first condition of Theorem 3.1.8 is AdK-
invariant in x as well as in y. The same is true for the second condition: There
exists a simply connected Lie group K̃ and a homomorphism K̃ −→ K, such
that the induced homomorphism of Lie algebras is an isomorphism ([34] ”Satz
8.5”). By [34] ”Satz 9.7” this homomorphism is surjective and has a discrete
kernel. Then the connected group K is isomorphic to K̃/H, where H is a
subgroup of the center ZK̃ (see e.g. [45] Proposition 6.5).

Let ψ : g −→ End(V ) be a finite-dimensional complex representation. By
restriction we can interpret ψ as a representation of k. Then there exists a
unique representation Ψ : K̃ −→ GL(V ) with exp ◦ψ = Ψ ◦ exp (see e.g. [34]
”Korollar 8.3”). For k ∈ K, since K = K̃/H with H central, we can find an
element k̃ ∈ K̃ (k̃H = k), such that Adk · x = Adk̃ · x. Then

ψAdk·x = ψAdk̃·x

=
d

dt
(Ψexp tAdk̃·x)|t=0

= Ψk̃

d

dt
(Ψexp t·x)|t=0Ψ−1

k̃

= Ψk̃ψxΨ−1

k̃
.

34



Thus for any x ∈ p the eigenvalues of ψx and ψAdk·x are the same.

(2) Highest weight gives maximal eigenvalue: Since both conditions of Theorem
3.1.8 are AdK-invariant in x as well as in y and since every element in p is K-
conjugate to an element in a (Proposition 2.4.27), we can assume that x, y ∈ a.

Let Σ ⊆ a∗ be the set of restricted roots. We fix an ordering of a∗ and get
a set Σ+ of positive restricted roots and with that a simple system {α1, ..., αn}
of the abstract root system Σ of a∗ ([26] p. 118 and Cor. 6.53). The Weyl
chambers are the closures of the connected components of

a \
⋃
γ∈Σ

{x ∈ a : γ(x) = 0} .

By the AdK-invariance and using the fact that the Weyl group acts transitively
on the Weyl chambers ([20] Theorem 2.12 or implicitely [26] Theorem 2.63), we
can choose x and y to be in the Weyl chamber

C := {z ∈ a : α1(z) ≥ 0, ..., αn(z) ≥ 0}.

Let t be a maximal abelian subspace of the centralizer Zk(a) = {k ∈ k :
[k, a] = 0}. Then the complexification hC of h := t ⊕ a is a Cartan subalgebra
of gC (Proposition 2.4.28). The restricted roots Σ are given by the restrictions
of the roots ∆ of (gC, hC), which do not vanish on a ([26] Prop. 6.47). The
roots in ∆ take real values on it⊕a ([26] Cor. 6.49). The system Σ+ of positive
restricted roots can be extended to a system ∆+ of positive roots by choosing
a lexicographic ordering on (it⊕ a)∗ which takes a before it. The set of positive
roots ∆+ determines a simple system {β1, ..., βm} in ∆ which is non-negative
on C.

Let λ be the highest weight of some representation ψ : gC −→ End(V ).
Then by the theorem of the highest weight ([26] Theorem 5.5) every weight of
ψ is of the form λ −

∑m
i=1 niβi with non-negative integers ni. Since the βi are

by definition non-negative on C and since the weights are the eigenvalues of ψ,
λ(x) is the maximal eigenvalue of ψx for every x ∈ C.

(3) Reduction to the momentum polytope: In order to change the first condition
of Theorem 3.1.8 we use Kostant’s convexity theorem:

Theorem 3.1.10 ([27] Theorem 8.2). Let P : p −→ a be the orthogonal projec-
tion with respect to the inner product induced by the Killing form on g. Then
for x ∈ a we have:

P (AdK · x) = conv(W · x).

Kostant’s theorem connects the polar orbitope Ox with the momentum poly-
tope

Px := conv(W · x).

Lemma 3.1.11. For x ∈ a the equation Ox ∩ a = Px holds.

Proof. By definition W · x ⊆ AdK · x, so we have Px ⊆ conv(AdK · x) ∩ a. On
the other hand let y ∈ Ox ∩ a. Then by Theorem 3.1.10 we have y = P (y) ∈
P (Ox) = conv(P (AdK · x)) = Px.
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Since we assume x, y ∈ a, we see that y ∈ Ox if and only if y ∈ Px.

(4) Final step: Let x1, ..., xn ∈ a be chosen, such that 〈xi, ·〉 = αi, where 〈·, ·〉
denotes the inner product on a induced by the Killing form. We define the cone
T := cone(xi : i = 1, ..., n) ⊆ a.

Regarding this cone Kostant proved the following lemmata:

Lemma 3.1.12 ([27] Lemma 3.2). Let x ∈ C. Then for any σ ∈ W one
has x − σx ∈ T . Furthermore for any λ ∈ T ∗ in the dual cone of P one has
λ(x) ≥ λ(σx).

Lemma 3.1.13 ([27] Lem. 3.3). Let x, y ∈ C, then y ∈ Px if and only if
x− y ∈ T.

Remark 3.1.14. In Kostant’s notation C is denoted as a+, T as ap and T ∗ is
denoted as a′+.

Let t ⊆ Zk(a) be a maximal abelian subalgebra. Let h = a ⊕ it ⊆ gC. By
Corollary 6.47 in [26], the complexification hC is a Cartan subalgebra of g. Let
∆ = ∆(gC, hC) be the set of roots. Then the roots are real valued on a⊕ it ([26]
Corollary 6.49) and we can interpret the roots as elements of the real dual h∗

of h.
As in step (2) let the positive roots ∆+ be an extension of the positive

restricted roots Σ+. Let β1, ..., βm ∈ ∆ be the according simple system in ∆.
After reordering we can assume that βj |a = αj for j = 1, ..., n. The highest
weights λ1, ..., λm ∈ h∗ of the fundamental representations of gC are given by

2〈λj , βi〉
|βi|2

= δij .

Lemma 3.1.15. T = {z ∈ a : λ1(z) ≥ 0, ..., λm(z) ≥ 0} holds.

Proof. ”⊆”: Let

T ∗ = {l ∈ a∗ : l(T ) ≥ 0} = {l ∈ a∗ : l(xi) ≥ 0 for all i = 1, ..., n}

be the dual cone of T . We define C ′ to be the image of the Weyl chamber C
under the isomorphism a −→ a∗, z 7→ 〈z, ·〉 induced by the Killing form. For
l ∈ a∗ we have l(xi) = 〈l, αi〉 by duality. So C ′ = T ∗.

Let λ be a highest weight of some representation π of gC. We show that λ|a
is in T ∗. For this let ∆λ denote the set of weights of π and let ∆λ|a denote
the restrictions of the elements in ∆λ to a. By duality the Weyl group acts
on a∗ and ∆λ|a is invariant under this action (see Lemma 3.3.10). We denote
µ := λ|a ∈ a∗. Since the Weyl group acts transitively on the Weyl chambers, by
duality we can assume that there exists σ ∈W , such that σµ ∈ C ′ = T ∗.

As ∆λ|a is invariant under W , there exists a λ̃ ∈ ∆λ, such that λ̃ = σµ.
Using Lemma 3.1.12 we see that for any z ∈ C

λ̃(z) = σµ(z)

≥ µ(z)

= λ(z).

On the other hand we have seen in step (2) that λ(z) ≥ λ̃(z) for any z ∈ C.
Thus equality holds on C and since the Weyl chamber C is full dimensional

36



equality holds in a. Since the Weyl group acts simply transitive on the Weyl
chambers (see [20] Theorem 2.12), this implies σ = ida. In particular we have
λ|a ∈ T ∗. By definition the elements of T ∗ take non-negative values on T ,
so λ|T ≥ 0. Since the fundamental weights are the highest weights of the
fundamental representations, the first inclusion is proven.

”⊇”: Since {α1, ..., αn} is a simple system of Σ, the αi’s are a basis of a∗.

By duality x1, ..., xn is a basis of a. Let µ1, ..., µn ∈ a∗ be given by
2µi(xj)
|xj |2 = δij

(note that µi(xj) = 〈µi, αj〉). We interpret the elements of a∗ as elements of h∗

by letting them vanish on it.
Since t and a are orthogonal with respect to the Killing form ([26] Proposition

6.40 (d)), the same is true for it and a. Thus the inner product on a∗ is just
the restriction of the inner product on h∗ to a∗. Moreover the restriction map
resh∗,a∗ : h∗ −→ a∗, λ 7→ λ|a is an orthogonal projection. Since βi|a is either
zero or a simple root (see [26] p. 376-377), we have 〈µj , βi〉h∗ = 〈µj , βi|a〉a∗ ≥ 0
for all i = 1, ..., n, j = 1, ...,m. Moreover since

〈
m∑
i=1

riλi, βj〉 =
2

|bj |2
rj

(for ri ∈ R, i, j = 1, ...,m), an element λ ∈ h∗ is in cone(λ1, ..., λm) if and only
if 〈λ, βj〉 ≥ 0 for all j = 1, ...,m. So µ1, ..., µn ∈ cone(λ1, ..., λm).

Let z ∈ a be such that λi(z) ≥ 0 for all i = 1, ...,m. There exist constants
c1, ..., cn ∈ R, such that

z =

n∑
i=1

cixi.

By definition of µj we have µj(z) = cj
2
|xi|2 for j = 1, ..., n. Since µj is in

cone(λ1, ..., λm) and since the λi’s are non-negative on z we see that the cj ’s are
non-negative. So z ∈ T .

Combining Lemma 3.1.11, Lemma 3.1.13 and Lemma 3.1.15 we see that
y ∈ Ox if and only if λi(x − y) ≥ 0 for all i = 1, ...,m. Which is equivalent to
λi(x) ≥ λi(y) for all i = 1, ...,m. Since the highest weights give the maximal
eigenvalue of their representations when evaluated in C, this finishes the proof
of Theorem 3.1.8.

Proposition 3.1.16. Let g be a real semisimple Lie algebra and let ψ : gC −→
End(V ) be a finite-dimensional complex representation. Then there is a hermi-
tian inner product on V such that for every x ∈ p the endomorphism ψx on V
is hermitian.

Proof. The Lie algebra u = k⊕ ip is the compact real form of gC ([26] p. 292).
Since u is compact the Killing form is negative definite on u. Let θ denote the
complex conjugation on gC with respect to the real form u, that is θ|g = idg

and θ|ig = −idig. Further let B(·, ·) denote the Killing form and let X,Y ∈ u.
Since u is compact, the Killing form is positive semidefinite on u ([26] Corollary
4.26). Thus the symmetric bilinear form

37



Bθ(X + iY,X + iY ) := −B(X + iY, θ(X + iY ))

= −B(X + iY,X − iY )

= −B(X,X)−B(Y, Y )

≥ 0

is positive semidefinite. This shows that θ is a Cartan involution on the real
semisimple Lie algebra (gC)R = u⊕ iu.

Since u is compact and semisimple the simply connected Lie group U belong-
ing to u is compact. Let Ψ : U −→ Aut(V ) be the representation corresponding
to the restriction of ψ to u. Further let 〈·, ·〉V be any hermitian inner product
on V . Using the Haar measure we can define a U -invariant inner product on V :

〈v, w〉U :=

∫
u∈U
〈Ψuv,Ψuw〉V du.

Let x ∈ p. Differentiating the equation 〈Ψetixv,Ψetixw〉U = 〈v, w〉U and eval-
uating in t = 0 we get 〈ψixv, w〉U + 〈v, ψixw〉U = 0, which is equivalent to
〈ψxv, w〉U = 〈v, ψxw〉U . So ψx is self-adjoint.

Using Theorem 3.1.8 and interpreting ϕz (for representations ϕ : gC −→
End(V ) and z ∈ p) as matrices by fixing a basis and taking the inner product
given by Proposition 3.1.16 we get:

Theorem 3.1.17. Let g be a real semisimple Lie algebra with Cartan decompo-
sition g = k⊕ p. For every x ∈ p the polar orbitope Ox is a spectrahedron given
as{
y ∈ p : maxµ(ϕx)Idimϕ − ϕy � 0 for all fundamental representations ϕ of gC

}
.

Remark 3.1.18. After fixing a basis the matrices ϕy in Theorem 3.1.17 might
have non-real entries. But there is a well known way to convert this repre-
sentation of Ox into a representation with real matrices of twice the size. Let
S = {x ∈ Rn : A(x) � 0}, where A(x) = A0 +x1A1 + ...+xnAn with hermitian
matrices Ai. Then S is also given as

S =

{
x ∈ Rn :

(
Re(A(x)) − Im(A(x))
Im(A(x)) Re(A(x))

)
� 0

}
.

Theorem 3.1.19. Every connected polar orbitope is a spectrahedron.

Proof. By [11] Proposition 6, every orbit of a polar representation of a connected
group can be described by a symmetric space representation. Thus Theorem
3.1.17 shows that the orbitope is a spectrahedron.

Using the properties of spectrahedra, there are some immediate corollaries.

Corollary 3.1.20. Every face of a connected polar orbitope is exposed.

Proof. By Theorem 3.1.17 every polar orbitope is a spectrahedron, and by
Proposition 2.5.4 every face of a spectrahedron is exposed.
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Remark 3.1.21. Corollary 3.1.20 is proved in [5] in a different way. The corollary
is a key step for proving their main result.

Corollary 3.1.22. Every connected polar orbitope is a basic closed semialge-
braic set.

Proof. By Theorem 3.1.17 every polar orbitope is a spectrahedron, and by
Proposition 2.5.3 every spectrahedron is basic closed.

Corollary 3.1.23. Let O = O(g, p, x) with non-empty interior. Using the
notation of Theorem 3.1.17, the algebraic boundary of O is the affine variety
V (f), where f is a factor of∏

ϕ∈Ω

det (maxλ(ϕx)Idimϕ − ϕy)

and Ω denotes the set of fundamental representations of gC.

Proof. This is an immediate consequence of Theorem 3.1.17 and Proposition
2.5.6.

A special case of a connected polar orbitope is given by the adjoint action
of a semisimple compact Lie Group acting on its Lie algebra:

Corollary 3.1.24. Let gC be a semisimple Lie algebra with compact real form
g. Further let G be a Lie group with Lie algebra g, acting on g via the adjoint
representation. Then for x ∈ g, the orbitope conv(AdG · x) is a spectrahedron.

Proof. The Lie algebra gC is semisimple. Considering gC as a real Lie algebra
we have (gC)R = g+ ig. We choose the Cartan involution θ : (gC)R −→ (gC)R to
be the corresponding complex conjugation. Using the same arguments as in the
proof of Proposition 3.1.16 we see that θ is a Cartan involution. Its 1-eigenspace
is g and its −1-eigenspace is ig. The maximal compact subgroup K of GC is G.
Using Theorem 3.1.17 we see that conv(AdG · ix) is a spectrahedron. Since Adg
can be seen as a complex automorphism on gC, we have Adg · (ix) = i(Adg · x)
for every g ∈ G. So conv(AdG · x) is a spectrahedron as well.

Being a polar representation is a local condition in G, thus we have:

Lemma 3.1.25. Let ρ : G −→ V be a polar representation and let G0 be
the connected component of G containing the identity. Then ρ|G0 is a polar
representation.

Proof. The identity component G0 is a Lie subgroup of G ([34] ”Satz 2.19”) and
by [34] Proposition 4.3 the Lie algebra of G0 coincides with the Lie algebra g
of G. Since the conditions for ρ|G0 being polar only depend on the Lie algebra,
the assertion is proved.

Since the identity component is connected, this Lemma enables us to reduce
propositions for general polar orbitopes to orbitopes under connected Lie groups.
This is done in the following theorem:

Theorem 3.1.26. Every polar orbitope is a spectrahedral shadow.
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Proof. Let Ox be a polar orbitope under the polar representation ρ of the com-
pact Lie group G. Let G0 be the identity component of G. Since G is a compact
Lie group, it is algebraic. Then by Proposition 2.3.18, G0 is a compact, con-
nected Lie subgroup of G with finite index. So there exist g2, ..., gm ∈ G for
some m ≥ 0, such that

G = G0 ∪ (G0g2) ∪ ... ∪ (G0gm)

is the disjoint union of its m connected components. The restriction of ρ to G0

is again a polar representation (Lemma 3.1.25). Let g1 be the neutral element
of G and define yi := gi · x, i = 1, ...,m. Then the polar orbitopes

conv
(
(G0gi) · x

)
= conv

(
G0 · (gi · x)

)
= conv

(
G0 · yi

)
are spectrahedra by Theorem 3.1.19. It follows that

Ox = conv (G · x)

= conv

(
m⋃
i=1

(G0 · yi)

)

is the convex hull of finitely many spectrahedra, which by [35] Theorem 2.9 is
a spectrahedral shadow.

Theorem 3.1.17 is a generalization of the corresponding results in [38] about
the symmetric and skew-symmetric Schur-Horn orbitopes and the Fan orbitope.
The setup in [38] is slightly different but with some additional effort one can
deduce the results from Theorem 3.1.17.

Remark 3.1.27. Symmetric Schur-Horn orbitopes: In order to see how Theorem
3.1.17 generalizes [38] Theorem 3.4 for the symmetric Schur-Horn orbitope, we
study the real semisimple Lie algebra g = sln(R) = Matn(R) ∩ {tr = 0}.

Decomposing g into the skew-symmetric and the symmetric part gives a Car-
tan decomposition. The special orthogonal group SO(n) acts on the symmetric
matrices in sln(R) by conjugation (adjoint representation). In [38] Section 3.1
the orthogonal group O(n), acting by conjugation on the set of real symmetric
matrices Symn(R) (of any trace), is considered instead. Let M ∈ Symn(R)

then M0 := M − tr(M)
n In has trace 0 and the orbits O(n) ·M0 and SO(n) ·M0

coincide. By Theorem 3.1.17 the orbitope conv(SO(n) ·M0) is a spectrahedron.

Since conv(O(n) ·M) is just a translation by tr(M)
n In it is a spectrahedron as

well.

Skew-symmetric Schur-Horn orbitopes: Next we consider the Lie algebra
g = son(C) as a real semisimple Lie algebra with Cartan decomposition g =
son(R) ⊕ ison(R) (where i :=

√
−1). Again SO(n) is the acting group and

acts on ison(R) by conjugation. The skew-symmetric Schur-Horn orbitope is
the convex hull of such an orbit. The authors of [38] consider the group O(n)
instead of SO(n). If n is even it makes a difference whether the acting group is
SO(n) or O(n). Similarly to Example 3.6.2, by adding a 0 column and row, one
can see that Theorem 3.1.17 implies [38] Theorem 3.15.
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3.2 Correspondence of face orbits

In Section 3.1 we have seen that polar orbitopes are closely related to their
momentum polytope. In this section we exploit this connection further. The
situation is the following:

Let G, g,K, k, p, a,W, 〈·, ·〉 be as in assumption 3.0.3. The Lie group K acts
on the set of all faces of the polar orbitope Ox = O(g,K, p)x by k ·F = {Adk ·y :
y ∈ F} for a face F of Ox and k ∈ K. Assuming x ∈ a (which, by Proposition
2.4.27, we can assume without loss of generality) another orbitope closely related
to Ox is the momentum polytope Px := conv(W ·x) = P (Ox) ⊆ a (see Theorem
3.1.10). Throughout this section P : p −→ a denotes the orthogonal projection
regarding the inner product induced by the Killing form. The Weyl group W
acts on a and again by pointwise operation gives an action on the set of faces
of Px.

The main result in [5] is a bijection between the K-orbits of faces of Ox and
the W -orbits of faces of Px. We present a new proof for this correspondence.
The proof makes use of the fact, that all the faces of Ox are exposed and of
Kostant’s convexity theorem. It is partly based on the proof of Theorem 3.5
in [38]. Our approach enables us to find an upper bound for the Carathéodory
number of polar orbitopes under connected Lie groups. This in turn gives us
information about the secant varieties. The algebraic boundary of an orbitope
is a hypersurface and with our approach we get a lower bound for the degree of
the defining polynomial.

Theorem 3.2.1. Let x ∈ a and let F ⊆ Ox be a face. Then the following hold:

(1) there exists k ∈ K such that f := P (k · F ) is a face of Px,

(2) let f and k be as in (1), then k · F = P−1(f) ∩ Ox and f = (k · F ) ∩ a,

(3) let f ⊆ Px be a face and σ ∈ W . Further let F := P−1(f) ∩ Ox and
F ′ := P−1(σf) ∩ Ox, then there exists k ∈ K such that F ′ = k · F and

(4) let f, f ′ ⊆ Px be faces such that F = P−1(f) ∩Ox and F ′ := P−1(f ′) ∩Ox
satisfy F ′ = k ·F for some k ∈ K. Then f and f ′ are on the same W -orbit.

Before we prove this theorem we fix some necessary notation. Let V be a
finite-dimensional vector space. We write Hl,α ⊆ V for the hyperplane {x ∈
V : l(x) = α}, where l ∈ V ∗ and α ∈ R. A hyperplane Hl,α is a supporting
hyperplane of a convex set C ⊆ V if l(C) ≥ 0 and there exists c ∈ C such that
l(c) = 0. Let l ∈ a∗ and let a ∈ a such that l = 〈a, ·〉. Since a ⊆ p this also gives
a linear functional on p. In this way we interpret the elements of a∗ as elements
in p∗

Remark 3.2.2. Let l ∈ a∗ and y ∈ p. Since P is the orthogonal projection onto
a, we have l(y) = l(P (y)).

Proof of Theorem 3.2.1. If F = ∅ or F = Ox is not proper, then with Kostant’s
convexity Theorem (3.1.10) everything is clear, except for the second part of (2)
when F = Ox. But we already proved this in Lemma 3.1.11.

Now we assume that F is a proper face.

(1) By Corollary 3.1.20 the face F is exposed, thus there exists a supporting
hyperplane Hl,α of Ox with linear functional l ∈ p∗ and α ∈ R such that

41



F = Ox ∩Hl,α. Then there exists an A ∈ p with l = 〈A, ·〉. Since every element
in p is K-conjugate to an element in a there exists k ∈ K such that Adk ·A ∈ a.
Then the linear functional lk := 〈Adk ·A, ·〉 lies in a∗ as well as in p∗.

Since the Killing form is Adk-invariant we have:

F k := Ox ∩Hlk,α = k · F.

As we have seen in Remark 3.2.2, we have lk(y) = lk(P (y)) for all y ∈ p. So by
Kostant’s convexity theorem we get:

P (F k) = P
(
Ox ∩Hlk,α

)
= Px ∩Hlk,α.

Thus since Px ⊆ Ox and F k 6= ∅, the hyperplane Hlk,α is a supporting hyper-
plane for Px. So f := P (F k) is a face of Px.

(2) Clearly we have F k ⊆ P−1(f) ∩ Ox. On the other hand let y ∈ P−1(f) ∩
Ox = P−1(Px ∩ Hl,α) ∩ Ox. Once again we have l(y) = l(P (y)) = α, so
y ∈ Ox ∩Hl,α = F k. Using Lemma 3.1.11 we can see that the equation:

f = Px ∩Hl,α

= Ox ∩ a ∩Hl,α

= F k ∩ a

holds.

(3) Let k ∈ NK(a) be a representative of σ (by definition W = NK(a)/ZK(a)).
Since Px is a polytope, f is an exposed face. Let f = Hl,α ∩ Px and l(Px) ≥ 0,
where l = 〈A, ·〉, A ∈ a. We denote lk := 〈Adk ·A, ·〉, then σf = Hlk,α ∩ Px.
We conclude:

F ′ = Hlk,α ∩ Ox
= k · (Hl,α ∩ Ox)

= k · F.

This proves (3).
Before we move on to proving (4), we prove the following lemma:

Lemma 3.2.3. Let f ⊆ Px be a non-empty face and let z ∈ Px. If y ∈ f ∩ Pz,
then there exists σ ∈W so that σz ∈ f .

Proof. We can assume that f is a proper face of Px. So there exists a supporting
hyperplane H ⊆ a of Px, such that f = Px ∩H. Since y ∈ Pz ∩H and Pz ⊆ Px
the hyperplane H is also a supporting hyperplane for Pz. So f ′ := Pz ∩H is a
face of Pz. The face f ′ contains an extreme point z′ of Pz. So there is a σ ∈W
with σz = z′. And we have z′ ∈ f ′ = Pz ∩H ⊆ Px ∩H = f .

(4) Let f = Hl,α ∩ Px with l ∈ a∗ and α ∈ R. By Remark 3.2.2 we have
F = Hl,α ∩ Ox and using (2) we see that f = F ∩ a. Let z be in the relative
interior of f , i.e. z ∈ relint(f). Since f = F ∩ a, we have z ∈ F , so Adk · z ∈ F ′
and y := P (Adk · z) ∈ f ′. By Kostant’s convexity theorem (Theorem 3.1.10) we
have y ∈ Pz. By Lemma 3.2.3 there is a σ ∈W with σz ∈ f ′. Since z ∈ relint(f)
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we have σz ∈ relint(σf). So σf is the smallest face of Px containing σz. Since
σz ∈ f ′ we see that σf ⊆ f ′ and dim(f) = dim(σf) ≤ dim f ′. We can use the
same arguments to show dim(f ′) ≤ dim(f) = dim(σf), so σf = f ′.

Theorem 3.2.1 has immediate consequences for the polar orbitopes under
connected Lie groups:

Corollary 3.2.4. Let O be a connected polar orbitope and let P ⊆ a be its
momentum polytope. Then c(O) ≤ c(P), where c denotes the Carathéodory
number.

Proof. Let y ∈ O. By Proposition 2.4.27 we can assume that y ∈ a. By Theorem
3.2.1 we have P = O ∩ a, so y ∈ P. Then y is the convex-combination of at
most c(P) many extreme points. By Theorem 3.2.1 these extreme points are
also extreme points of O.

Remark 3.2.5. Since the dimension of a is usually much smaller, than the
dimension of p, Corollary 3.2.4 dramatically reduces the upper limit for the
Carathéodory numbers of polar orbitopes under connected Lie groups.

For example, let O be the symmetric Schur-Horn orbitope given by conjuga-
tion of SO(n) on Symn(R)∩ sln(R) (see [38] Section 3.1). Then Fenchels upper
bound for the Carathéodory number is dim(Symn(R)∩sln(R)) = n(n+1)/2−1.
The maximal abelian subspace a is the space of real diagonal n × n-matrices
with trace zero. Thus the Carathéodory number of the momentum polytope is
at most n.

This bound for the Carathéodory number has an immediate consequence for
the secant varieties of the orbit. Combining 3.2.4 and Proposition 2.6.7 we get:

Corollary 3.2.6. Let O be a connected polar orbitope and let P ⊆ a be its
momentum polytope. For k ≥ dimP + 1 the k-th secant variety is the ambient
space p.

Corollary 3.2.7. Let O ⊆ Rn be a connected polar orbitope and let P ⊆ a be
its momentum polytope. Moreover let f ∈ R[x1, ..., xn], such that V (f) is the
algebraic boundary of O. If m is the number of facets of P, then deg(f) ≥ m.

Proof. The polynomial f vanishes on the euclidean boundary of O. In particular
the restriction f |a vanishes on the boundary of O ∩ a, which by Theorem 3.2.1
is P. So f |a has a linear factor for each facet of P. Altogether we can see that

deg(f) ≥ deg(f |a)

≥ m.

Our main motivation to prove Theorem 3.2.1 is the following observation:

Theorem 3.2.8. There is a bijection between the K-orbits of faces of Ox and
the W -orbits of faces of Px. Let f be a face of Px, then the bijection maps the
W -orbit represented by f to the K-orbit represented by P−1(f) ∩ Ox.
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Proof. Theroem 3.2.1 gives an inverse mapping and shows that these mappings
are well defined.

Remark 3.2.9. Theorem 3.2.8 is the main result of [5]. We offer a completely
different proof for this result. An important step in both approaches though,
was to show that every face of a connected polar orbitope is exposed.

As an immediate consequence of Theorem 3.2.8 we get:

Corollary 3.2.10. A connected polar orbitope has only finitely many orbits of
faces.

Proof. By Theorem 3.2.8 any connected polar orbitope has as many K-orbits
of faces as its momentum polytope has Weyl group orbits of faces. A polytope
has only finitely many faces, so the polar orbitope only has finitely many K-
orbits.

The face correspondence between a polar orbitope and its momentum poly-
tope shows that by having a better understanding of the momentum polytope,
a lot can be learned about the polar orbitope. Motivated by these findings, we
study the momentum polytope in the following section.

3.3 The momentum polytope

In this section we use Theorem 3.1.8 to get a representation of the momentum
polytope as the intersection of halfspaces. Once we understand the momen-
tum polytope well enough, we can use the irredundant polyhedral description
of the momentum polytope and the correspondence of face orbits in Section 2,
to reduce the size of our spectrahedral representation for the connected polar or-
bitope (Theorem 3.1.17). Using this information and a criterion of Saunderson,
Parrilo and Willsky ([40]), we see in Section 3.4 that for some polar orbitopes
our spectrahedral representations are of minimal size.

Understanding the facets of the momentum polytope also helps us to identify,
when the polar set of a connected polar orbitope is a polar orbitope itself and
thus is a spectrahedron as well.

The polyhedral descriptions for the convex hulls of Weyl group orbits are
known in many cases. So it seems like some of the results in this section should
already be known, but we were unable to find a reference for the general case.

Basically the only result from Section 3.1, which our proof of Theorem 3.2.8
uses, is the fact that the faces of polar orbitopes under connected Lie groups are
exposed. This is also an intermediate result in [5] and if the results of Section
3.3 were already known, one could use the arguments of Section 3.2 to prove
that every connected polar orbitope is a spectrahedron (Theorem 3.1.17).

Before we start analyzing the momentum polytope, we have to understand
how the fundamental weights restrict to a.

3.3.1 Restricted weights

In order to understand how the restricted roots system of g relates to the root
system of gC, we take a look at the Satake diagrams. A Satake diagram is an
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extension of the Dynkin diagram of gC. If a simple root restricts to 0 on a the
corresponding edge on the Dynkin diagram is painted black. If two simple roots
restrict to the same restricted root, the corresponding edges are connected by a
two sided arrow. This can only happen if the underlying simple roots β, β′ fulfill
β = −β′ ◦θ, where θ is the corresponding Cartan involution (see [8] Proposition
29.9). For more information on the Satake diagrams, see [8]. In Appendix B we
list the Satake diagrams for the real simple Lie algebras.

Example 3.3.1. The Dynkin diagram of sln(C) is of type Am, so its Dynkin
diagram is:

1 2 m− 1 m

◦ ◦ ◦ ◦ ◦ ◦

Figure 3.1: Dynkin diagram of Type Am.

Here the i-th point corresponds to the i-th simple root βi of a fixed simple
system {β1, ..., βm}. One real form of sln(C) is the real Lie algebra sun,m+1−n
(in [20] this is the real form of type AIII). The simple roots βi and βm+1−i
restrict to the same restricted root αi. So they are connected by a two-sided
arrow. For n < i < m + 1 − n the roots βi restrict to zero on a, so they are
colored black.

1 2 n

◦ ◦ ◦ ◦

◦

◦

◦ ◦ ◦ ◦

m m− 1 m+ 1− n

n+ 1

n+ 2

m− n

Figure 3.2: Satake diagram of Type AIII.

The resulting Dynkin diagram for the restricted roots is:

1 2 n− 2 n− 1 n

◦ ◦ ◦ ◦ ◦

Figure 3.3: Dynkin diagram of the corresponding restricted roots.
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Since for n < i < m+1−n the roots βi restrict to zero on a, the corresponding
fundamental weights do not define a facet on the momentum polytope. For the
roots that restrict to the same restricted root, the corresponding fundamental
weights define the same facet on the momentum polytope. Thus for any polar
orbitope O(sun,m+1−n,SU(n)×SU(m+1−n), p)x one can immediately see that
the spectrahedral representation in Theorem 3.1.17 can be reduced to the first
n fundamental representations.

For some x the representation can be reduced even further. In Remark 3.3.27
we see, when this is the case.

For the remainder of the chapter, unless otherwise stated, we always use the
following notations:

Assumption 3.3.2. Let G, g,K, k, p, a,W be as in Assumption 3.0.3. Let x ∈ p
and let

Ox := conv(AdK · x)

be the associated polar orbitope. Further let

Px := P (Ox) = conv(W · x) ⊆ a

be the momentum polytope (Theorem 3.1.10).
Let Σ := Σ(g, a) ⊆ a∗ be the according restricted root system. We fix

an ordering and denote Σ+ to be the positive roots in Σ. Further we take
{α1, ..., αn} ⊆ ∆+ to be the simple system of simple roots in Σ+. The elements
µ1, ..., µn ⊆ a∗ are given by

2〈µi, αj〉
|αj |2

= δij for all i, j = 1, ..., n.

Let t be a maximal abelian subalgebra of Zk(a). Set h := it ⊕ a ⊆ gC. By
Proposition 2.4.28 the subalgebra hC is a Cartan subalgebra of gC and the roots
take real values on h.

We set ∆ := ∆(gC, hC) ⊆ (hC)∗ to be the set of roots. Moreover we fix
an ordering on ∆, which is compatible with the ordering on Σ. So that the
restrictions of positive roots are positive restricted roots. Take ∆+ to be the set
of positive roots in ∆. We denote {β1, ..., βm} ⊆ ∆+ to be the simple system
ordered, such that βj |a = αj for all j = 1, ..., n. Finally λ1, ..., λm denote the
corresponding fundamental weights.

Proposition 3.3.3. The extreme rays of cone(λ1|a, ..., λm|a) ⊆ a∗ are exactly
the R≥0µ1, ...,R≥0µn. In particular the two cones

cone(µ1, ..., µn) = cone(λ1|a, ..., λm|a)

coincide and for every index i ∈ {1, ..., n} there exists a j ∈ {1, ...,m} and a
constant c ∈ R>0, such that µi = cλ|a.

Proof. As in the proof of Lemma 3.1.15 we interpret a∗ as a subspace of h∗. Once
again, since 〈

∑m
i=1 riλi, βj〉 = rj

2
|βj |2 (for ri ∈ R, i, j = 1, ...,m), an element

λ ∈ h∗ is in cone(λ1, ..., λm) if and only if 〈λ, βj〉 ≥ 0 for all j = 1, ...,m. In the
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proof of Lemma 3.1.15 we have seen that the restriction map resh∗,a∗ : h∗ −→ a∗

is an orthogonal projection, when regarding the restrictions of the Killing form.
So for an element µ ∈ a∗ we have

〈µ, βj〉 = 〈µ, βj |a〉.

The roots βj either restrict to 0 or to a restricted root α ∈ {α1, ..., αn} and each
of the restricted roots α1, ..., αn is the restriction of a root (see [26] p. 376-377).
Thus µ ∈ cone(λ1|a, ..., λm|a) if and only if 〈µ, αj〉 ≥ 0.

Since the αi’s are a basis of a∗, the µi’s are as well. So for any µ ∈ a∗ there
exist c1, ..., cn ∈ R, such that µ =

∑n
i=1 ciµi. Then the constant term is:

〈µ, αj〉 =

n∑
i=1

ci〈µi, αj〉 = cj
2

|αj |2
.

So µ is in cone(λ1|a, ..., λm|a) if and only if it is in cone(µ1, ..., µn). This means
that the two cones coincide.

Since the µi are linearly independent, each of them generates a separate
extreme ray of cone(µ1, ..., µn), which proves the proposition.

Corollary 3.3.4. Let x, y ∈ C := {z ∈ a : α1(z) ≥ 0, ..., αn(z) ≥ 0}. Then the
following are equivalent:

(1) λi(y) ≤ λi(x) for all i = 1, ...,m and

(2) µi(y) ≤ µi(x) for all i = 1, ..., n.

Proof. This is an immediate consequence of Proposition 3.3.3.

Using Corollary 3.3.4 we can reduce the size of our spectrahedral represen-
tation in Theorem 3.1.17, since we only need to consider those fundamental
weights, which restrict to one of the µi.

Lemma 3.3.5. In the situation of Assumption 3.3.2 let θ be the underlying
Cartan involution. The Cartan involution θ extends to an involution on gC

and by duality to an involution on the dual space (gC)∗. If βk|a = βl|a for
k ∈ {1, ..., n}, l ∈ {1, ...,m}, then λk = −θλl.

Proof. By [8] Proposition 29.9 the positive roots are closed under β 7→ −θβ and
we have βk = −θβl. The Killing form is invariant under θ and the fundamental
weights are given by

2〈λi, βj〉
|βj |2

= δij .

So we also have

〈−θλk, βj〉 = 〈θ2λk,−θβj〉
= 〈λk,−θβj〉

=
|βj |2

2
δlj

for all j = 1, ..., n. This means θλk = −λl.
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In the following proposition we prove that as expected, λi restricts to µi for
i = 1, ..., n.

Proposition 3.3.6. For i ∈ {1, ..., n}, λi from Assumption 3.3.2 restricts to a
scalar multiple of µi, i.e. λi|a ∈ R>0µi.

Proof. Fix i0 ∈ {1, ..., n}. Let θ be the underlying Cartan involution. We can
expand θ to an involution on gC and by duality to an involution on the dual
space (gC)∗. By [8] Proposition 29.9 the set of positive roots is invariant under
β 7→ −θβ. By Lemma 3.3.5 the set of fundamental weights, which restrict to a
restricted root, is also invariant under this involution. Thus for the fundamental
weight λ := λi0 the sum λ′ := λ− θλ is a weight and since k is the 1-eigenspace
of θ the weight λ′ restricts to 0 on it.

In the proof of Lemma 3.1.15 we see that the restriction map h∗ −→ a∗ is
the orthogonal projection, when regarding the restrictions of the Killing form.
So

〈λ′, αj〉 = 〈λ′, βj〉
= 〈λ, βj〉+ 〈−θλ, βj〉
= |βj |2δi0j

for all j = 1, ..., n.
Thus by definition of the µi’s we see that λ′ restricts to a scalar multiple of

µi0 . Since p is the −1-eigenspace of θ the two fundamental weights λ and −θλ
restrict to the same restricted weight and the assertion is proved.

Now we can rewrite Theorem 3.1.8 in the following way:

Theorem 3.3.7 (Specification of Theorem 3.1.8). Let g,K, p be as in Assump-
tion 3.0.3 and let α1, ..., αn, λ1, ..., λm be as in Assumption 3.3.2. Further let
ϕ1, ..., ϕn be the fundamental representations of gC corresponding to λ1, ..., λn.
For x, y ∈ p the following are equivalent:

1. y ∈ Ox and

2. maxµ((ϕi)y) ≤ maxµ((ϕi)x) for all i = 1, ..., n.

Proof. In the proof of Theorem 3.1.8 we have seen that we can assume x, y ∈ C
and then the highest weights of a representation give their maximal eigenvalue.
So the theorem is implied by Theorem 3.1.8 together with Corollary 3.3.4.

3.3.2 Polyhedral description of the momentum polytope

Theorem 3.1.8 was the main ingredient for proving that every connected polar
orbitope is a spectrahedron. Similarly Theorem 3.3.7 gives us a spectrahedral
representation of smaller size. Given additional knowledge about the momentum
polytope, we can decrease the matrix size of our spectrahedral representation for
certain polar orbitopes even further. Let us first find a polyhedral description
for the momentum polytope.

Notation 3.3.8. As in Section 3.2 we define Hl,α ⊆ a to be the affine hyper-
plane given by the linear functional l and the real number α. We define H−l,α to
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be the halfspace {y ∈ a : l(y) ≤ α}. We denote Hx to be the intersection of the
halfspaces H−σ·λi,λi(x) for all σ ∈W , that is:

Hx :=
⋂

i∈{1,...,n}

⋂
σ∈W

H−σλi,λi(x). (3.1)

For simplicity we write Hσλi and H−σλi instead of Hσλi,λi(x) and H−σλi,λi(x),

unless we wish to emphasize the dependence on x.

Remark 3.3.9. Let Hl,α be an affine hyperplane. Note, that for c ∈ R>0 the
halfspace H−l,α coincides with the stretched halfspace H−cl,cα. Thus equation

Hx =
⋂

i∈{1,...,n}

⋂
σ∈W

H−σµi,µi(x)

holds.

Lemma 3.3.10. Let λ be a weight of some representation π : g −→ End(V ).
Further let σ ∈W = W (g, a). Then σλ is a weight of π.

Proof. As W = NK(a)/ZK(a), we can choose k ∈ NK(a), such that Adk|a = σ.
Let v be a weight vector of λ. Let G̃ be the simply connected Lie group belonging
to g. Then G is isomorphic to G̃/H, where H is a subgroup of Z(G̃) (G̃ is called
the universal covering group, for more information see e.g. [34] ”Korollar 8.4”
and ”Satz 8.5”). So we can find an element g ∈ G̃ such that Adg = Adk. If

Π : G̃ −→ Aut(V ) is the representation corresponding to π, then as in the first
step of the proof of 3.1.8, we have πAdgy = ΠgπyΠ−1

g . This leads to

πy(Πgv) = πAdgAd−1
g yΠgv

= ΠgπAd−1
g yΠ−1

g Πgv

= ΠgπAd−1
g yv

= λ(Ad−1
g y)Πgv

= σλ(y)Πgv

for every y ∈ a. So Πgv is a weight vector of π with weight σλ.

Corollary 3.3.11. The momentum polytope Px coincides with the polyhedron
Hx.

Proof. Let y ∈ a. Since both sets are W -invariant and since the Weyl group acts
simply transitive on the Weyl chambers (see [20] Theorem 2.12), we can assume
that y ∈ C. Then the λi(y) are the maximal eigenvalues of the corresponding
fundamental representations of gC (see step (2) in the proof of Theorem 3.1.8).
Since by Lemma 3.1.11 we have Px = Ox ∩ a, for y to be in Px is equivalent to
being in Ox.

By Theorem 3.3.7 this is equivalent to λi(y) ≤ λi(x) for all i = 1, ..., n.
For σ ∈ W the functional σλi same representation as λi (Lemma 3.3.10). The
theorem of the highest weight tells us that we have σλi = λi −

∑n
j=1 njβj with

nj ∈ N. Since y ∈ C we see that

σλi(y) = λi(y)−
n∑
j=1

ni︸︷︷︸
≥0

βi(x)︸ ︷︷ ︸
>0

≤ λi(y).
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Since this holds for all σ ∈W and all i ∈ {1, ..., n} we have proved that y ∈ Px
if and only if y ∈ Hx.

Now, that we have a polyhedral description for the momentum polytope, we
have new tools to analyze its facial structure.

Definition 3.3.12. We call two vertices of a polytope adjacent, if they are
connected by an edge.

Proposition 3.3.13. Let αj(x) > 0 for all j = 1, ..., n, then the adjacent
vertices to x ∈ Px are exactly the σαjx where j ∈ {1, ..., n}. Here σαj denotes
the root reflection given by αj. So for σ ∈ W the adjacent vertices of σx are
exactly the unique vertices in the Weyl chambers which intersect σC in exactly
one facet of σC.

Proof. The vertex x is given as the intersection of the n hyperplanes

x = Hλ1
∩ ... ∩Hλn .

The vertex σαjx is given as the intersection of the hyperplanes

σαjx = Hσαjλ1
∩ ... ∩Hσαjλn

(remember that σαj = σ−1
αj ). By definition we have σαj (µi) = µi− 2〈µi,αj〉

|αj |2
αj =

λi − δijαj . Since αj(x) 6= 0 the points x and σαjx are distinct vertices of Px
lying on the line Lj =

⋂
i∈{1,...,j−1,j+1,...,k}Hλi .

On the other hand if σ /∈ StabW (λj), that is if Hσλj 6= Hλj , using the fact
that W acts on the weights and using the theorem of highest weight, we have

σλj(x) = λj(x)−
n∑
i=1

ni︸︷︷︸
≥0

βi(x)︸ ︷︷ ︸
>0

< λj(x).

The second inequality holds since by the choice of σ at least one of the ni is not
zero. Since this is true for every j = 1, ..., n, we see that the only hyperplanes
of the form Hσλi containing x are the Hλi for i = 1, ..., n. So the lines Lj are
the only edges of Px containing x. Due to the W -invariance the same argument
holds for any element of the orbit W · x.

Example 3.3.14. Let g = sl3(R). A possible Cartan decomposition of sl3(R)
is

k⊕ p = so3 ⊕ (Sym3(R) ∩ {trace = 0})
= {A ∈ sl3(R) : A = −AT } ⊕ {A ∈ sl3(R) : A = AT }.

The corresponding maximal abelian Lie group K is SO(3), which acts by conju-
gation on p. The diagonal matrices of trace zero are a maximal abelian subalge-
bra a of p. A simple system can be given by α1(A) = a11−a22, α2(A) = a22−a33.
The fundamental weights restricted to a are then given as λ1(A) = a11, λ2(A) =
a11 + a22, where A = (aij)i,j=1,...,3. Let x ∈ a be the diagonal matrix with en-
tries 1, 0,−1 on the diagonal. The relative Weyl group acts on a by permuting
the diagonal entries.
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The relative Weyl group is generated by the root reflections, thus it is gen-
erated by the reflections at the hyperplanes {A ∈ a : α1(A) = 0} and {A ∈ a :

α2(A) = 0}. After base change on the diagonal (via U =

(
1√
6

1√
6

− 2√
6

1√
2

− 1√
2

0

1√
3

1√
3

1√
3

)
)

and after projection to the first two diagonal entries, the W -orbit is given by
the vertices of:

α2 = 0

α1 = 0

α1 + α2 = 0

(−1, 1, 0)

(−1, 0, 1)

(0,−1, 1)

(1,−1, 0)

(1, 0,−1)

(0, 1,−1)

Figure 3.4: W -orbit of (1, 0,−1) and the hyperplanes defined by the vanishing
of the roots α1, α2 and α1 + α2.

And the momentum polytope Px is the convex hull of this hexagon, which in this
case is the Permutohedron in R3. The intersection of Px with the Weyl chamber
C = {y ∈ a : α1(y) ≥ 0, α2(y) ≥ 0} and with T = {y ∈ a : λ1(y) ≥ 0, λ2(y) ≥ 0}
is then:

α2 = 0

λ1 = 0
α1 = 0

λ2 = 0

(−1, 1, 0)

(−1, 0, 1)

(0,−1, 1)

(1,−1, 0)

(1, 0,−1)

(0, 1,−1)

C

T

Figure 3.5: W -orbit of (1, 0,−1), the hyperplanes given by the vanishing of λ1

and λ2. The cones T and C ⊆ T are indicated by the coloring.

We see that as we proved, the adjacent points of (1, 0,−1) are given by the
root reflections σα1

, σα2
.

Notation 3.3.15. For σ ∈W and i ∈ {1, ..., n}, we define fσλi ⊆ Px to be the
face Hσλi ∩ Px of Px.
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Proposition 3.3.16. Let α1(x) > 0, ..., αn(x) > 0, σ ∈ W and i, j ∈ {1, ..., n}.
Then:

(1) σ−1x ∈ Hλi ⇔ x ∈ Hσλi ⇔ σ ∈ StabW (λi),

(2) fσλi is a facet of Px,

(3) fσλi intersects fλi if and only if σ ∈ StabW (λi),

(4) fσλj intersects fλi if and only if there exists σ̃ ∈ StabW (λi), such that
Hσλj = Hσ̃λj .

Proof. (1): The first equivalence is true since λi(σ
−1x) = σλi(x). By lemma

3.3.10 the term σλi is a weight of the fundamental representation corresponding
to λi. So by the theorem of the highest weight there exist non-negative integers
b1, ..., bm ∈ N, such that:

σλi = λi −
m∑
k=1

bkβk (3.2)

and

σλi(x) = λi(x)−
m∑
k=1

bk︸︷︷︸
≥0

βk(x)︸ ︷︷ ︸
>0

(3.3)

Combining the two equations, we see:

x ∈ Hσλi ⇔Def σλi(x) = λi(x)

⇔(3.3) b1 = ... = bn = 0

⇔(3.2) σ ∈ StabW (λi)

(2): By definition Hλ1 , ...,Hλn contain x and by (1) these are the only
hyperplanes Hσ̃λk ( with σ̃ ∈ W,k ∈ {1, ..., n}) containing x. The intersection
of n hyperplanes in an n-dimensional space can at most contain one point, so

{x} =

n⋂
k=1

Hλk .

We assume the face fλi not to be a facet. Every face of an orbitope is the
intersection of facets and fλi contains x, so there exists a subset S ⊆ {1, ..., n}\
{i}, such that

fλi =
⋂
s∈S

Hλs ∩ Px.

For k ∈ {1, ..., n} \ {i} we have

σαiλk = λk −
2〈λk, αi〉
|αi|2︸ ︷︷ ︸

=0

αi = λk,
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so we get

{x} =

n⋂
k=1

Hλk

=

n⋂
k=1,k 6=i

Hλk

=

n⋂
k=1,k 6=i

Hσαiλk

= {σαix}.

But on the other hand we have

σαix = x− 2αi(x)

|αi|2︸ ︷︷ ︸
6=0

ai 6= x,

where 〈ai, ·〉 = αi. This is a contradiction, so Hλi is a facet. Since dim fσλi =
dim fλi , the face fσλi is a facet as well.

(3) + (4): We first prove the if part. Let σ̃ ∈ StabW (λi) with Hσλj = Hσ̃λj .
Then the two faces fσλj = fσ̃λj coincide by definition. Moreover the faces fσ̃λj
and fλi both contain the point σ̃x.

If on the other hand fσ̃λj and fλi intersect, then they contain an extreme
point. Let σ̃x ∈ Hσλj ∩Hλi . By (1) we have σ̃ ∈ Stabw(λi) and x ∈ Hσ̃−1σλj .

Again by (1) we see, that σ̃−1σ ∈ StabW (λj). If i = j this means σ ∈ StabW (λi)
and (3) is proved. In the general case we at least have Hσ̃−1σλj = Hλj , or
equivalently

Hσλj = Hσ̃λj .

Lemma 3.3.17. Take g, a to be as in Assumption 3.0.3. Let g1, ..., gk be simple
with g = g1 ⊕ ... ⊕ gk and ai := gi ∩ a 6= 0. Further for i = 1, ..., k let xi ∈ ai,
such that x = x1 + ... + xk. Then Px is full dimensional in a if and only if
x1 6= 0, ..., xk 6= 0.

Proof. For K,W as in Assumption 3.0.3 let σ ∈W and write σx = x̃1 + ...+ x̃k
with x̃i ∈ ai. The gi are K-invariant and the restriction W |ai coincides with
the relative Weyl group W (gi, ai). So if xi = 0, then x̃i = σxi = 0 and Px is
not full dimensional.

On the other hand the Weyl group acts irreducibly on the simple factors
(see Lemma 2.4.23), so if xi 6= 0, then Px ∩ ai is full dimensional.

This allows us to reduce to the case, where Px is full dimensional.

Lemma 3.3.18. We have 0 ∈ relintPx.

Proof. By Lemma 3.3.17 we can assume that Px is full dimensional in a. Since
Px is full dimensional it can not be contained in the union of the hyperplanes
Hαi,0 for i = 1, ..., n. So Px intersects the interior of some Weyl chamber and
since the Weyl group acts simply transitive on the Weyl chambers ([20] Theorem
2.12) we have int(C)∩Px is non-empty. It follows by the definition of the Weyl
chambers that 0 is in the interior of Px.
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Lemma 3.3.19. For i ∈ {1, ..., n} with λi|Px 6= 0 the intersection Hλi,λi(x) ∩
int(C) is non-empty.

Proof. Assume the contrary, so Hλi ∩ int(C) = ∅. Since x ∈ Hλi ∩ C the
intersection Hλi ∩C is a non-empty face of C. Since 0 lies in every proper face
of the convex cone C, we have λi(x) = λi(0) = 0. By the polyhedral description
(Corollary 3.3.11) Hλi ∩Px is a face of Px containing x. Since λi|Px 6= 0 the set
Hλi ∩ Px is a proper face.

On the other hand by Lemma 3.3.18 we have 0 ∈ relint(Px) and 0 ∈ Hλi∩Px
which is a contradiction as the elements of any proper face are in the relative
boundary of the convex set.

Corollary 3.3.20. Let x ∈ C (not necessarily in the interior). Further let
y ∈ a and i ∈ {1, ..., n} with λi|Px 6= 0. Then y is an extreme point of Hλi ∩Px
if and only if there exists σ ∈ StabW (λi), such that y = σx.

Proof. Let y = σx with σ ∈ StabW (λi). Then we have

λi(y) = λi(σx)

= σ−1λi(x)

= λi(x).

On the other hand let y be an extreme point of Hλi ∩ Px. Since y is an
extreme point of Px there exists σ′ ∈ W such that y = σ′x. By Lemma 3.3.19
the intersection Hλi ∩ int(C) is non-empty. Choose z ∈ Hλi ∩ int(C) and ε > 0.
Then σ′(x + εz) is an extreme point of Px+εz. Since x ∈ C and z ∈ int(C) we
have αj(x+ εz) = αj(x) + εαj(z) > 0 for all j = 1, ..., n.

By Proposition 3.3.16 there exists σε ∈ StabW (λi) with σε(x+ εz) = σ′(x+
εz). Now if εk = 1/k we find such a σk = σεk ∈ StabW (λi) for every k ∈ N.
Since the Weyl group W is finite we can find a subsequence, with σk = σ for
some σ ∈ W . As k tends to infinity we see that limk→∞ σ(x + εkz) = σx =
σ′x = y.

Remark 3.3.21. The condition λi|Px 6= 0 in Corollary 3.3.20 is not a great
restriction, since whenever we have λi|Px = 0 the polar orbitope lies in a proper
semisimple subalgebra and λi does not appear in this subalgebra.

Lemma 3.3.22. Let g 6= 0. There exists i ∈ {1, ..., n} such that λi|Px = 0 if
and only if there exists a proper semisimple subalgebra g′ ( g such that x ∈ g′.

Proof. Clearly we can assume that x 6= 0. Since g is semisimple, it uniquely
decomposes into simple summands. So there exist non-trivial simple Lie algebras
g1, ..., gk ⊆ g, such that

g = g1 ⊕ ...⊕ gk.

This decomposition is orthogonal regarding the Killing form inner product. The
restricted roots of g correspond to the restricted roots of the summands gi, i =
1, ..., k. After reordering, let x = x1+...+xl with xi ∈ gi\{0} for i = 1, ..., l ≤ k.
Since the restricted roots systems of simple lie groups are irreducible, by Lemma
2.4.23 the momentum polytope Px is full dimensional in gl := g1 ⊕ ...⊕ gl.

First let l < k. We take x1, ..., xp ∈ a ∩ gl to be the elements dual (under
the isomorphism a −→ a∗ induced by the Killing form) to the restricted roots
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of gl. Remember that the restrictions µi of the highest weights are given by
µi(xj) = 2

|xj |2 δij . Since the xi span a ∩ gl, the restrictions µi of the highest

weights corresponding to the restricted roots of ak vanish on gl. In particular,
they vanish on Px.

If on the other hand l = k, then Px is full dimensional in a. Thus no linear
functional is constant on Px.

If x is contained in a proper subalgebra of g, then the orbit AdK · x is
contained in that subalgebra as well. So by this Lemma we can assume that
none of the λi vanishes on Px. For the rest of the chapter, we always make this
assumption. As a next step we are interested in what the stabilizers actually
look like. To study the stabilizer we need the notion of the length of Weyl group
elements.

Definition 3.3.23. Let σ ∈ W . The length l(σ) of σ is defined to be the
number of positive roots α, such that σ(α) < 0.

Proposition 3.3.24 (Chevalley’s Lemma). Let λ ∈ a∗ be a dominant weight.
Then StabW (λ) is generated by those simple root reflections σα, where 〈α, λ〉 =
0.

Proof. Let σ ∈ StabW (λ). We prove this assertion by induction over l(σ). For
l(σ) = 0 we have σ = id and there is nothing to prove. Let l(σ) > 0, then there
exists j ∈ {1, ..., n} such that σ(αj) < 0. If 〈αj , λ〉 > 0 we have

〈σ(α), λ〉 = 〈σ(α), σλ〉
= 〈α, λ〉
> 0.

Since λ is dominant this contradicts σ(αj) < 0, so we have 〈αj , λ〉 = 0. In
particular we have σαj ∈ StabW (λ). While the restricted root system Γ(g, a)
may not be reduced, its Weyl groups coincides with the reduced root system
generated by the simple roots α1, ...αn (see [26] Lemma 2.91). This allows us to
use [26] Lemma 2.71, so we get l(σσαj ) = l(σ)−1 < l(σ) and σσαj ∈ StabW (λ).
By induction σσαj is a product of the required simple root reflections and so is
σ.

Remark 3.3.25. This is basically Chevalley’s Lemma as it is stated and proven
in [26] Proposition 2.72. There are some minor changes to fit it to our context.

Lemma 3.3.26. Let σ ∈W , then dimHσλi,λi(x) ∩ Px = dimHλi,λi(x) ∩ Px.

Proof. This is an immediate consequence of the W -invariance of Px.

Remark 3.3.27 (Irredundant polyhedral description of Px). Even, if each of the
halfspaces in equation (3.1) defines a facet of Px (so x ∈ int(C)), we still do not
have an irredundant polyhedral representation of Px, as some of the halfspaces
appear multiple times. In order to get an irredundant representation we look at
the W -orbit of the λi. The orbit is given by W/(StabW (λi)) · λi. We take Wλi

to be W/(StabW (λi)), then

Px =

n⋂
i=1

⋂
σ∈Wλi

H−σλi,λi(x).
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Lets fix i0 ∈ {1, ..., n}. By Corollary 3.3.20 The vertices in Hλi0 ,λi0 (x) ∩ Px
are StabW (λi0) · x. By Chevalley’s Lemma (Proposition 3.3.24) the stabilizer
StabW (λi0) is generated by those simple reflections σαi such that 〈αi, λi0〉 =
0. The stabilizer StabW (λi0) factors into subgroups of W generated by root
reflections σαi , where i 6= i0. The factors are given by the connected components
of the Dynkin diagram, which results by removing the i0-th point of the Dynkin
diagram of the restricted root system together with its edges.

Let J1, ..., Jk ⊆ {1, ..., n} \ {i0} represent the connected components of the
resulting Dynkin diagram and J0 := {i0}. Further let λ∗1, ..., λ

∗
n ∈ a be given by

〈λ∗i , ·〉 = λi, for i = 1, ..., n.

Since the fundamental weights are a basis of a∗, the duals λ∗1, ..., λ
∗
n are a basis

of a. So a decomposes into:

a =

k⊕
i=0

span
(
λ∗j : j ∈ Ji

)
=:

k⊕
i=0

ai.

Thus we can write x = x0 + ...+ xk with xi ∈ Ji for i = 0, ..., k.
For the simple root reflection σαj with j ∈ Ji, i 6= 0 we have:

σαjxi′ = xi′ −
2〈αj , xi′〉
|αj |2

aj , where 〈aj , ·〉 = αj .

By the relations between the fundamental weights and the restricted roots if
i′ 6= i, then 〈αj , xi′〉 = 0. Thus σαj only acts non-trivially on ai.

Since 0 lies in the convex hull of every Weylgroup orbit (see Lemma 3.3.18),
the affine hull and the span of every Weylgroup orbit coincide. Further since the
Weyl group of a connected Dynkin diagram acts irreducibly (Lemma 2.4.23),
conv(StabW (λi0)xi) is of dimension dim ai(= |Ji|) if and only if xi 6= 0.

So conv(StabW (λi0))(= Hλi0
∩ Px) is of dimension n− 1 or in other words

a facet if and only if x1 6= 0, ..., xk 6= 0. By Lemma 3.3.26 being a facet is
invariant under the Weyl group action.

Theorem 3.3.28. Let Ox := O(g,K, p)x be a polar orbitope. Further let
{α1, ..., αn} be a simple system of restricted roots in the dual space a∗ of a
maximal abelian subspace a ⊆ p (assume x ∈ a and αi(x) ≥ 0). Moreover let
λ1, ..., λn be the corresponding fundamental weights with fundamental represen-
tations ρ1, ..., ρn. Let Λ′ ⊆ {1, ..., n} be the set of indices i, where the restriction
µi, to a defines a facet of the momentum Polytope. Then

Ox =
{
y ∈ p : maxλ(ρix)Idim ρi − ρiy � 0 for all i ∈ Λ′

}
.

Proof. By Corollary 3.3.11 the momentum polytope Px is given as

Px = Hx =
⋂
i∈Λ′

⋂
σ∈W

H−σλi,λi(x).

Since the fundamental weights give the maximal eigenvalue of the corresponding
fundamental representation (step (2) in the proof of Theorem 3.1.8), for y ∈ a
the condition

maxµ(ϕy) ≤ maxµ(ϕx) for all fundamental representations ϕ of gC
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is equivalent to
maxµ(ρiy) ≤ maxµ(ρix) for all i ∈ Λ′.

Since both conditions are AdK-invariant (step (1) in the proof of Theorem 3.1.8)
and by Proposition 2.4.27 the same is true for any y ∈ p. Moreover since the
spectrahedral representation in Theorem 3.1.17 is almost directly implied by
Theorem 3.1.8, the assertion is proved.

Remark 3.3.29. Theorem 3.3.28 improves Theorem 3.1.17, since usually many
redundancies can be removed and the size of the matrix, describing the polar
orbitope as a spectrahedron, is decreased. In particular Corollary 3.1.23 is
improved to possibly much smaller factors for the defining polynomial of the
algebraic boundary.

3.4 Minimality conditions

In [40] Saunderson, Parrilo and Willsky prove that their spectrahedral represen-
tations of the tautological orbitopes conv(SO(n)), conv(O(n)) and their polar
sets are of minimal size, meaning that the linear matrix polynomials are of
minimal size. They also give a lower bound for equivariant SDP lifts (SO(n)-
invariant representations as spectrahedral shadows) of their representation. In
this section we use their techniques to generalize the results to a wider range of
polar orbitopes.

Definition 3.4.1. Let S be a spectrahedron. Then we say S has a spectrahedral
representation of size m if S = {x ∈ Rn : A0 + x1A1 + ...+ xnAn � 0} with real
symmetric matrices Ai ∈ Symm(R). If the Ai are allowed to be hermitian m×m-
matrices instead, we say that S has a hermitian spectrahedral representation of
size m.

Remark 3.4.2. Every symmetric matrix is also hermitian, so as discussed in
Remark 3.1.18 the sets given by hermitian spectrahedral representations are
exactly the spectrahedra. But concerning the size of a spectrahedral represen-
tation it makes a difference, whether the representation is hermitian or real.

Example 3.4.3 (Size of the spectrahedral representation of polar orbitopes).
Let Ox = O(g,K, p)x be a polar orbitope and let ϕ1, ..., ϕm be the fundamental
representations of gC. In Theorem 3.1.17 we see that Ox is a spectrahedron.
For y ∈ p define

Mi(y) := λ((ϕi)x)IdimR ϕi − (ϕi)y ∈ SymdimR ϕi(R), i = 1, ...,m.

Then we have

Ox =

y ∈ p :


M1(y) 0 · · · 0

0 M2(y)
. . .

...
...

. . .
. . . 0

0 · · · 0 Mm(y)

 � 0

 .

The matrices ϕi are not always real, but using Remark 3.1.18 we can interpret
them as real symmetric matrices. The real dimension of ϕi is twice its complex
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dimension. Thus the size of such a spectrahedral representation is
∑m
i=1 dimR ϕi.

In some cases later, we are interested in the size of the spectrahedral represen-
tation using hermitian matrices ϕi. Whenever this is the case we point it out
explicitly.

In Section 3.3 we have seen multiple ways to reduce the size of the spectra-
hedral representation for polar orbitopes under a connected Lie group given in
Theorem 3.1.17. Using Theorem 3.3.28 we do the following:

Let β1, ..., βm be a simple system of roots corresponding to the fundamental
representations ϕ1, ..., ϕm. If βi restricts to zero on a we have (ϕi)y = 0, so
Mi(y) = λ((ϕi)x)IdimR ϕi is constant. We can thus remove the block Mi(y)
from our representation and decrease the size of the representation. Looking at
the corresponding Satake diagram, this is the case whenever the i-th node of
the diagram is colored black.

Whenever βi, βj , i 6= j restrict to the same restricted root we have Mi(y) � 0
if and only if Mj(y) � 0. So in the spectrahedral representation one can remove
the j-th block Mj(y). As a convention we usually remove the block with greater
index, that is j > i. This once again lowers the size of our spectrahedral
representation. This situation occurs, when the i-th and j-th node of the Satake
diagram are connected by a two-sided arrow.

Let J ⊆ {1, ..,m} be the set of indices, which have not been removed in
the prior two paragraphs. In Section 3.3 we have seen, when the fundamental
weights λi, i ∈ J correspond to facets of the momentum orbitope and when they
do not. As was pointed out in Remark 3.3.27, whenever the face given by such
a highest weight λi is not a facet, we can once again remove the i-th block of
the spectrahedral representation.

After this reduction let us show in the following subsection that our spec-
trahedral representation for certain polar orbitopes is of minimal size.

3.4.1 Spectrahedral representations of minimal size

In order to prove that their spectrahedral representations are of minimal size,
Saunderson, Parrilo and Willsky use a simple technique in [40]. By knowing the
number of facets of the momentum polytope, they get a lower bound for the
spectrahedral representations:

Proposition 3.4.4 ([40] Lem. 5.1). Let S ⊆ Rn be a spectrahedron with spec-
trahedral representation of size m. Let V ⊆ Rn be a subspace, such that V ∩ S
is a polyhedron with f facets. Then we have m ≥ f .

The immediate question arising, is how many distinct facets does the mo-
mentum orbitope have? Let W,α1, ..., αn, λ1, ..., λm be as in Assumption 3.3.2.
As we have seen in Section 3.3.2 the stabilizer StabW (λi) is the subgroup of
W generated by α1, ..., αi−1, αi+1, ..., αk and using the Dynkin diagram of W
we can remove the point corresponding to αi and the resulting Dynkin diagram
gives us the Dynkin diagram of StabW (λi).

Theorem 3.4.5. Let Ox = O(g,K, p)x be a polar orbitope. Let {α1, ..., αn} be
a simple system of the fixed maximal subspace a ⊆ p. Without loss of generality
assume x ∈ a. Whenever g and x are as given in the table below, the spectrahe-
dral representation of Ox in Theorem 3.3.28 is of minimal size (in the compact
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cases, sun+1(R), so2n(R) and spn, we additionally use Corollary 3.1.24 to get a
spectrahedral representation).

Let the restricted roots α1, ..., αn be ordered as in the Dynkin diagrams in
Appendix B. We take I to be the set I = {i ∈ {1, ..., n} : αi(x) 6= 0}. In the last
column we list the indices j ∈ J (corresponding to the αj), for which the blocks
Mj(y) in Example 3.4.3 can not be removed. In the notation of Section 3.3 we
have J = {j ∈ {1, ..., n} : Hλj ∩ Px is a facet of Ox}.

g I = {i ∈ {1, ..., n} : αi(x) 6= 0} J
A sln+1(R) any ∅ ( I ⊆ {1, ..., n} J depends on I as dis-

sun+1(R) any ∅ ( I ⊆ {1, ..., n} cussed in Remark 3.3.27
sun,n(R) I = {n} J = {1}

B son+1,n(R) I = {1} J = {n}
so2n+1(R) I = {1} J = {n}

C spn(R) I = {n} J = {1}
spn I = {n} J = {1}

D son,n(R) I = {1} J = {n− 1, n}
I = {n− 1} J = {1, n}
I = {n} J = {1, n− 1}

I = {j}, j ∈ {2, ..., n− 2} J = {1, n− 1, n}
I = {j, j + 1}, j ∈ {1, ..., n− 1} J = {1, n− 1, n}

I = {n− 2, n} J = {1, n− 1, n}
I = {n− 2, n− 1, n} J = {1, n− 1, n}

so2n(R) same as son,n(R) same as son,n(R)
son+2,n(R) I = {n} J = {1}

In the cases of sun,n(R) and son+2,n(R) the representation is only shown to be
minimal when using hermitian spectrahedral representations.

Remark 3.4.6. The assertion of Theorem 3.4.5 only states positive results. There
may be cases of other polar orbitopes, where our representation is of minimal
size. But in those cases we can not use Proposition 3.4.4 with the momentum
polytope.

Proof. The forms sun+1(R), so2n(R) and spn are compact real forms and one
has to use Corollary 3.1.24 to get a spectrahedral representation. Like in the
case of split real forms the restricted root system of a compact real form and
the original root system are of the same type. So the arguments for the split
real form is valid for the compact real form as well.

In Lemma 3.1.11 we have seen that the momentum polytope Px of Ox is
the intersection of Ox with a. Thus, according to Proposition 3.4.4, a given
spectrahedral representation of a polar orbitope is of minimal size if the number
of facets of Px coincides with the size of the spectrahedral representation. The
reader should keep in mind that the real simple Lie Algebras are well known
and a list of data such as Dynkin diagrams, Satake diagrams and |W |, is given
in Appendix B.

Am: Let W be the Weyl group of type Am. Then we have |W | = (m+ 1)! and
the Dynkin diagram of Am is:
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β1 β2 β3 βm−2 βm−1 βm

◦ ◦ ◦ ◦ ◦ ◦

Figure 3.6: Dynkin diagram of type Am.

If we take g to be the split real form sln+1(R) of slm+1(C) (here n = m), the
Weyl group of slm+1(C) and the relative Weyl group W (sln+1(R), a) are both
of type Am. Removing the i-th point of the diagram we obtain the following
Dynkin diagram for the restricted roots:

α1 α2 αi−2 αi−1 αi+1 αi+2 αm−1 αm

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

Figure 3.7: Dynkin diagram of type Ai−1 ×Am−i.

So the stabilizer StabW (λi) is the Weyl group of Ai−1 × Am−i, which has
i!(m − i + 1)!-many elements. So the facet orbit Wλi has |W | / |StabW (λi)| =(
m+1
i

)
-many elements, which is exactly the dimension of the i-th fundamental

representation of slm(C). By Proposition 3.4.4 the spectrahedral representation
given in Theorem 3.3.28 is of minimal size.

Since sln+1(R) is the split real form, all the fundamental representations
are real. Thus for any symmetric Schur-Horn orbitope our spectrahedral repre-
sentation in Theorem 3.1.17 is of minimal size (once redundant conditions are
removed). The same arguments hold in the compact case.

If instead we take g to be the quasi-split real form sun,n of slm(C), the
restricted root system is of type Cn, where n = (m+ 1)/2.

α1 α2 α3 αn−2 αn−1 αn

◦ ◦ ◦ ◦ ◦ ◦

Figure 3.8: Dynkin diagram of type Cn.

By removing the i-th point, we see that the face fi = Px ∩ Hλi defined by
λi, i = 1, ..., n is of type Ai−1 × Cn−i.
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α1 α2 αi−2 αi−1 αi+1 αi+2 αn−2 αn−1 αn

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

Figure 3.9: Dynkin diagram of type Ai−1 × Cn−i.

We choose x ∈ a such that αn(x) 6= 0 and αi(x) = 0 for i = 1, ..., n − 1.
Since α1(x) = 0, ..., αn−1(x) = 0 the factor Ai−1 is reduced to one point for all
i = 1, ..., n. So unless i = 1 we have dim conv(StabW (λi) · x) < n− 1. Thus for
i 6= 1 the face Hλi ∩ Px is not a facet. So we have Px =

⋂
σ∈Wλ1

H−σλ1
. To see,

how the fundamental representations ϕi are related to the restricted roots, we
take a look at the corresponding Satake diagram:

β1 β2 βn−2 βn−1

◦ ◦ ◦ ◦ n

◦

◦ ◦ ◦ ◦
βm βm−1 βn+2 βn+1

Figure 3.10: Satake diagram of type Am with normalform sun,n.

The roots corresponding to the fundamental representations ϕi and ϕm−i+1

restrict to the same restricted root αi and for each i one of the two fundamen-
tal representations can be left out. In this case λ1 is the only facet defining
fundamental weight. The fundamental representation ϕ1 (alternatively ϕm)
corresponding to λ1 is the standard representation and we have

dimϕ1 = m+ 1

= 2n

=
n!2n

(n− 1)!2n−1

= |W | / |StabW (λ1)| .

Since by the choice of x all other fundamental representations give redundant
conditions, our spectrahedral representation is of size dimϕ1, which coincides
with the number |W | / |StabW (λ1)| of facets of the momentum polytope.

Thus Proposition 3.4.4 ensures the minimality of our spectrahedral represen-
tation. One has to be careful, as ϕ1 is complex for n > 1. So Proposition 3.4.4
only tells us that we have a minimal ”hermitian” spectrahedral representation.
Converting ϕ1 into a real matrix doubles its size (see Remark 3.1.18).

These are all examples of type Am, where the criterion of Proposition 3.4.4
is enough to ensure minimality.
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Bm: We take g to be son+1,n(R), which is isomorphic to the split real form of
so2m+1(C), where n = m. Thus the corresponding Weyl groups are of type Bm.
The Dynkin diagram of Bm is:

α1 α2 α3 αn−2 αn−1 αn

◦ ◦ ◦ ◦ ◦ ◦

Figure 3.11: Dynkin diagram of type Bm.

We choose x ∈ a such that α1(x) 6= 0 and αi(x) = 0 for i = 2, ..., n. This time
the faces fi = Px ∩ Hλi , i = 1, ..., n are of type Ai−1 × Bn−i. Since for the
chosen x the factor Bn−i is reduced to one point, λn is the only facet defining
fundamental weight. The corresponding face fn is of type An−1. Let ϕm be the
spin representation, then

dimϕm = 2n

=
n!2n

n!
= |W | / |StabW (λn)| .

Again all other fundamental representations give redundant conditions, and ac-
cording to Proposition 3.4.4 our spectrahedral representation is of minimal size.
As son+1,n(R) is a split real form all of its fundamental representations are real.
Again the same arguments hold in the compact case, that is g = so2n+1(R).

Cm: We take g to be the split real form sp2n(R) of sp2m(C) (n = m). The
restricted root system is of type Cn. We choose x ∈ a such that αn(x) 6= 0 and
αi(x) = 0 for i = 1, ..., n− 1. The Dynkin diagram of Cn is:

α1 α2 α3 αn−2 αn−1 αn

◦ ◦ ◦ ◦ ◦ ◦

Figure 3.12: Dynkin diagram of type Cn.

and StabW (λ1) is of type Cn−1. Then we have

dimϕ1 = 2n

=
n!2n

(n− 1)!2n−1

= |W | / |StabW (λ1)| .
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Due to the choice of x we can disregard the other fundamental representations
and Proposition 3.4.4 asserts the minimality of our representation. Again ϕ1 is
real, since sp2n(R) is split.

Dm: First let g be the split real form son,n of type Dm (here n = m). The
corresponding Dynkin diagram for the Weyl group is

βm−1

β1 β2 β3 βm−3 βm−2 ◦
◦ ◦ ◦ ◦ ◦ βm

◦

Figure 3.13: Dynkin diagram of type Dm.

For i = 2, ...,m − 2 we have dimϕi > |W | / |StabW (λi)| and in the three other
cases the terms on both sides of the inequality coincide. So we have to choose
x ∈ a such that either only one αi 6= 0 or only two adjacent (connected by an
edge) αi 6= 0, or only αn−1 6= 0 and αn 6= 0, or only αn−2 6= 0, αn−1 6= 0 and
αn 6= 0. In every other case there exists j ∈ {2, ...,m−2} such that fj is a facet.

The case, where g is the split real form and only αn(x) 6= 0 is discussed in
[40]. The corresponding polar orbitope is the tautological orbitope of SO(n)
(even though for us the acting group is SO(n)× SO(n), we discuss this in more
detail in Example 3.6.4).

Now we take g to be the quasi-split real form son+2,n of type Dm, where
n = m − 1. Its restricted root system is of type Bn. If we choose x ∈ a with
α1 6= 0, αi(x) = 0 for i = 2, ..., n we only need to consider one of the half-spin
representations ϕm−1 or ϕm since their roots restrict to the same restricted root
αn. The stabilizer StabW (λn) is of type An−1. Thus we have

dimϕn = dimϕn+1

= 2n =
n!2n

n!
= |W | / |StabW (λn)| .

Once again our spectrahedral representation is of minimal size. However, since
ϕm−1 and ϕm are complex fundamental representations, the spectrahedral rep-
resentation is only minimal when using hermitian matrices.

Corollary 3.4.7. Let O = O(g) be a polar orbitope listed in Theorem 3.4.5
except for the cases g = sun,n(R), son+2,n(R). Moreover let O = {x : A(x) � 0}
be the spectrahedral representation given in Theorem 3.3.28 and let intO 6= ∅.
Then the algebraic boundary ∂aO of O is V (detA(x)).

Proof. Using Corollary 3.1.23 together with Remark 3.3.29, we can find f ∈
R[x], such that ∂aO = V (f) and f is a factor of det(A(x)).

On the other hand by Corollary 3.2.7, we have deg(f) is at least the number
m of facets of the momentum polytope. In the cases listed in Theorem 3.4.5 we
have deg(detA(x)) = m.
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3.4.2 Equivariant SDP lifts

In [40] Saunderson, Parrilo and Willsky studied equivariant SDP lifts of the
tautological orbitope conv(SO(n)). An equivariant SDP lift of a K-invariant
set C is a spectrahedral representation, which respects the symmetry of C.
More precisely:

Definition 3.4.8. Let C ⊆ Rn be a spectrahedral shadow invariant under the
action of a group K ⊆ GLn(R). Further let L ⊆ Symm(R) be an affine subspace
and π : Symm(R) −→ Rn be a projection, such that C = π(L ∩ Sm+ ) is an SDP
lift of size m. Then this lift is called K-equivariant if there exists a group
homomorphism ρ : K −→ GLm(R), such that

ρkLρ
T
k = L for all k ∈ K, and (3.4)

π(ρkXρ
T
k ) = k · π(X) for all k ∈ K and all X ∈ L ∩ Sm+ . (3.5)

Note that X 7→ ρkXρ
T
k leaves Sm+ invariant. So the spectrahedron L ∩ Sm+ is

invariant under this action.

Remark 3.4.9. In [40] the authors speak of PSD (positive semidefinite) lifts
instead of SDP lifts. But in the literature the term SDP lift is usually used.

Example 3.4.10 (Polar orbitopes). Let G, g,K, p, a,W be as in Assumption
3.0.3 and let G be simply connected. Further let ϕ1, ..., ϕm be the fundamental
representations of gC with fundamental weights λ1, ..., λm. Since G is simply
connected ϕ1, ..., ϕm induce representations Φ1, ...,Φm on G. We take n1, ..., nm
to be the corresponding dimensions of the representations.

Let x ∈ a. For y ∈ p let Mi(y) := λ((ϕi)x)Ini − (ϕi)y ∈ Symn(R), i =
1, ...,m. By Theorem 3.1.17 the polar orbitope Ox = O(g,K, p)x is a spectra-
hedron given as

Ox =

y ∈ p :


M1(y) 0 · · · 0

0 M2(y)
. . .

...
...

. . .
. . . 0

0 · · · 0 Mm(y)

 � 0

 .

Let us assume that the ϕi are real representations (for example if g is the
real split form of gC). Since K is compact, we can additionally assume that the
restriction of the Φi to K is orthogonal. We fix a basis b1, ..., bl of p and define

A0 := λ1(x)In1
× ...× λm(x)Inm

and
Ai = (ϕ1)bi × ...× (ϕm)bi , i = 1, ..., l.

Thus, if y =
∑l
i=1 aibi ∈ p, then y ∈ Ox if and only if A0 −

∑l
i=1 aiAi � 0. For

k ∈ K we have
(ϕj)Adk·bi = (Φj)k(ϕj)bi (Φj)

−1
k︸ ︷︷ ︸

=(Φj)Tk

.

So the homomorphism ρ : K −→ O(n1 + ... + nm), k 7→ (Φ1)k × ... × (Φm)k
satisfies the equivariance conditions 3.4 and 3.5 (where π is the identity and
L := A0 + span(A1, ..., Al) ⊆ Symn1+...+nm). This shows that the spectrahedral
representation of Ox is K-equivariant.
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We begin by stating some obvious observations.

Proposition 3.4.11. Let G ⊆ GLn(R) be a subgroup. Further let H ⊆ G
be a normal subgroup which acts trivially on Rn and take K := G/H. Let
C = π(L ∩ Sm+ ) ⊆ Rn be a K-equivariant SDP lift of a spectrahedral shadow
C, with corresponding homomorphism ρ. If ϕ : G −→ G/H is the quotient
homomorphism, then ρ̃ := ρ ◦ ϕ is a homomorphism, such that C = π(L ∩ Sm+ )
is a G-equivariant SDP lift.

Proof. For g ∈ G let ḡ = ϕ(g) ∈ K be the residue class of g. By definition we
have ρ̃gLρ̃

T
g = ρḡLρ

T
ḡ = L. For X ∈ L ∩ Sm+ we also have

π(ρ̃gXρ̃
T
g ) = π(ρḡXρ

T
ḡ )

= ḡ · π(X)

= g · π(X).

The last equation holds, since there exists an h ∈ H such that ḡ = gh and H
acts trivially on Rn.

Remark 3.4.12. Let K,W, a as in Assumption 3.0.3. Since the relative Weyl
group is defined as the quotient NK(a)/ZK(a) and ZK(a) acts trivially on a
this situation comes up in our setting. Thus every W -equivariant SDP lift of
the momentum polytope gives an NK(a)-equivariant SDP lift of the same size.

Proposition 3.4.13. Let K be a group with subgroup H ⊆ K. Let C = π(L ∩
Sm+ ) be a K-equivariant SDP lift, then it is also an H-equivariant SDP lift.

Proof. Since C is K-invariant it is of course H-invariant as well. Let ρ : K −→
GLm(R) be the homomorphism of the K-equivariance. Since conditions 3.4 and
3.5 hold for any k ∈ K, they also hold for any h ∈ H. So restricting ρ to H
gives us the homomorphism for the H-equivariance.

Using this proposition we can easily see the following:

Proposition 3.4.14. Let Ox = π(L ∩ Sm+ ) be an AdK-equivariant SDP lift of
the polar orbitope Ox. Then there exists an NK(a)-invariant SDP lift of size m
for the momentum polytope P (Ox).

Proof. Let ρ : AdK −→ GL(m) be the to the AdK-equivariant SDP lift as-
sociated representation. Then Px = P ◦ π(L ∩ Sm+ ) ⊆ a is a SDP lift of the
momentum polytope. By Proposition 3.4.13, the equivariance is given by the
inclusion NK(a) ⊆ K.

Remark 3.4.15. This proposition is of interest, because it is typically easier
to study the momentum polytope Px = conv(W · x) = conv(NK(a · x)) than
the polar orbitope. Kostant’s convexity theorem provides us with additional
information about the equivariant SDP lifts of the polar orbitope.

Whenever the relative Weyl W (g, a) group can be embedded in the maximal
compact subgroup K of G such that the action of W on a is compatible with
the action of its embedding in K, the argumentation of Proposition 3.4.14 even
gives us W -equivariant SDP lifts of size m, where W is the relative Weyl group.
It is however unclear, when this is the case. Results regarding a similiar problem
can be found in [1].
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Saunderson, Parrilo and Willsky use a similar approach in [40]. There the
relative Weyl group is the parity polytope and can not be embedded into K =
SO(n) × SO(n), but into a group G = S(O(n) × O(n)) which contains K and
has the same orbits. In [14] Fawzi, Saunderson and Parrilo give a lower bound
for the Γparity-equivariant SDP lifts of the parity polytope.

Notation 3.4.16. The parity polytope is defined as

PPn := conv(Γparity · (1, ..., 1)T )

= conv

{
(ε1, ..., εn)T ∈ {−1, 1}n :

n∏
i=1

εi = 1

}
⊆ Rn,

where Γparity is the Weyl group of type Dn. Thus Γparity is the semidirect
product ∆n o Πn of the permutation matrices Πn ⊆ GLn(R) and the diagonal
matrices ∆n ⊆ GLn(R) with diagonal entries {1,−1} and an even number of
−1 entries. The group Γparity acts on Rn by left-multiplication.

Theorem 3.4.17 ([14] Theorem 2). For n ≥ 8 any Γparity-equivariant SDP lift
of the parity polytope PPn is of size ≥

(
n
dn/4e

)
.

Similarly to Proposition 3.4.14 the authors of [40] use an embedding of W :=
Γparity into the group S(O(n) × O(n)). The corresponding isomorphism maps
(s, p) ∈ ∆n o Πn to the element(

sp 0
0 p

)
∈ S(O(n)×O(n)).

Saunderson et al. used the lower bound of the Γparity-polytope (Theorem 3.4.17)
to get the same lower bound for the size of S(O(n) × O(n))-equivariant SDP
lifts of conv(SO(n)). Using the estimation in Lemma A.0.1, we see that this
lower bound grows exponentially:

Theorem 3.4.18 ([40] Cor. 5.6). For n ≥ 8 any S(O(n) × O(n))-equivariant
SDP lift of conv(SO(n)) is at least of size 20.60n.

Remark 3.4.19. The authors of [40] use a slightly different estimation, that is(
n
dn/4e

)
≥ 1

n+120.54n. In Appendix A, Lemma A.0.1 we give a proof for the

estimation above. Testing out some numbers, it seems like for very large n
(around n ≥ 325) the estimation can be improved to about

(
n
dn/4e

)
≥ 20.8n.

The tautological orbitope conv(SO(n)) is actually a polar orbitope (see Ex-
ample 3.6.4). There is a small difference between the maximal compact group
K = SO(n) × SO(n) corresponding to the tautological orbitope and the group
S(O(n) × O(n)). Using the following well known construction of an induced
representation, we bypass this gap for odd n.

Proposition 3.4.20. Let G be a group and let H be a subgroup of finite index
r. So there exist s2, ..., sr ∈ G with G = (s1H) ∪ ... ∪ (srH), where s1 is the
neutral element of G. Let ρ : H −→ GL(V ) be a representation. Then ρ induces
a (r dimV )-dimensional representation ρ̃ : G −→ W =

⊕r
i=1 siV (direct sum

of r copies of V indexed by the si).
The representation ρ̃ is given as follows: For every g ∈ G and every i ∈

{1, ..., r} there exists a unique j ∈ {1, ..., n} such that s−1
j gsi ∈ H (that is sjH

is the unique coset which contains gsi). For g ∈ G and v ∈ V we have ρ̃g · (siv)
to be sj(ρs−1

j gsi
v).
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Given an H-equivariant SDP lift of a G- invariant set, the induced action of
a subgroup H ⊆ G induces a G-equivariant SDP lift.

Proposition 3.4.21. Let G be a group with subgroup H and let s2, ..., sr ∈ G
such that G = (s1H) ∪ ... ∪ (srH), where s1 is the neutral element of G. Let
C ⊆ Rn be a G-invariant convex set with H-equivariant SDP lift C = π(L∩Sm+ )
of size m. If the sj’s act trivially on C, then the induced representation of the
H-equivariant SDP lift gives a G-equivariant SDP lift of C, which is of size rm.

Proof. Let ρ : H −→ GL(V ) be the homomorphism of the H-equivariant SDP
lift. Let ρ̃ : G −→ GL(W ) be the induced homomorphism of Proposition 3.4.20,
where W =

⊕r
j=1 sjV . For h ∈ H and v1, ..., vr ∈ V there exists a σ in the

symmetric group of {2, ..., r}, such that

ρ̃h

(∑
sivi

)
= ρh(v1) +

r∑
i=2

sσ(i)ρhvi.

Let σ1, ..., σr be the corresponding permutations for s1, ..., sr, so

ρ̃sj

(∑
sivi

)
=

r∑
i=1

sσj(i)vi.

We choose a basis (v1, ..., vm) of V , then (sivj : i = 1, ..., r, j = 1, ...,m) is a basis
of W . Regarding this basis we have ρ̃h = (Im⊗Ph)(ρh⊗Ir) and ρ̃sj = (Im⊗Pj)
for some permutation matrices Ph, Pj ∈ GLr(R) (here ⊗ denotes the Kronecker
product). We define

L̃ =




X 0 · · · 0

0 X
. . .

...
...

. . .
. . . 0

0 · · · 0 X

 ∈ Symrm(R) : X ∈ L


and π̃ to be π on the upper left m×m-block. Then C = π̃(L̃∩ Symrm(R)) is a
SDP lift and it turns out that this lift is G-equivariant.

Let g ∈ G. There exists a j ∈ {1, ..., r} and an h ∈ H such that g = sjh.
Then we have ρ̃g = (Im⊗P )(ρh⊗ Ir), where P is an r× r-permutation matrix.

Conjugation by (Im ⊗ P ) acts trivially on L̃ and conjugation by (ρh ⊗ Ir) acts
on each factor as conjugation of ρh on L. We see that

ρ̃gL̃ρ̃
T
g = L̃

holds and for X̃ ∈ L̃ ∩ S2m
+ we have:

g · π̃(X̃) = sjh · π̃(X̃)

= h · π̃(X̃)

= π̃(ρ̃hX̃ρ̃
T
h )

= π̃(ρ̃sj ρ̃hX̃ρ̃
T
h ρ̃

T
sj )

= π̃(ρ̃gX̃ρ̃
T
g ).
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Using the induced homomorphism we can now use Theorem 3.4.18 to get a
lower bound for SO(n)× SO(n)-equivariant SDP lifts of conv(SO(n)).

Theorem 3.4.22. For odd n ≥ 8 any SO(n) × SO(n)-equivariant SDP lift of
conv(SO(n)) is of size at least 20.60n−1.

Proof. Let s = −I2n, since n is odd, s is in S(O(n)×O(n)) \ (SO(n)× SO(n))
and S(O(n)×O(n)) = (SO(n)× SO(n))∪ s(SO(n)× SO(n)). Conjugation by s
acts trivially on p = {

(
0 X
XT 0

)
∈ Sym2n(R) : X ∈ Matn(R)}. Thus we are in the

situation of Proposition 3.4.21 with r = 2 and we can use the bound of Theorem
3.4.18.

The spectrahedral representation of conv(SO(n)) given in [40] and our repre-
sentation in Theorem 3.1.17 (after removing redundant conditions, see Remark
3.3.27) are of size 2n−1 + 2n. Similarly to the lower bound for equivariant SDP
lifts, they grow exponentially in n. Additionally we have seen in Example 3.4.10
that our spectrahedral representation is SO(n)× SO(n)-equivariant.

There is only one other polar orbitope where the momentum polytope is a
parity polytope. That is if we have SO(2n), acting on its Lie algebra so2n via
the adjoint representation (see Corollary 3.1.24). Then the projection to the
diagonal of the upper right n× n-block of the polar orbitope

O = conv

(
SO(2n) ·

(
0 In
−In 0

))
sends to the parity polytope of size n. As above the relative Weyl group W
is the semidirect product ∆n o Πn. The Weyl group W can be embedded in
SO(2n) via

(s, p) 7→
(
sp 0
0 p

)
∈ SO(2n).

This embedding respects the action of W on the parity polytope and as in
Proposition 3.4.14 every SO(2n)-equivariant SDP lift of O gives a W -equivariant
SDP lift of the same size for the parity polytope. So we can use the lower bound
of the W -equivariant SDP lifts for the parity polytope (Theorem 3.4.17 and
Lemma A.0.1). This proves the following theorem:

Theorem 3.4.23. For the polar orbitope O = conv(SO(2n) ·
(

0 In
−In 0

)
) and n ≥ 8

every SO(2n)-equivariant SDP lift of O is of size at least 20.60n.

3.5 Doubly spectrahedral polar orbitopes

The polar of a spectrahedral shadow is again a spectrahedral shadow. We have
seen in Theorem 3.1.26 that polar orbitopes are spectrahedral shadows. So it is
clear that their polar sets are spectrahedral shadows as well. Moreover, if the
polar set is an orbitope itself, it is a spectrahedron as well. This can be seen,
by identifying p with its dual via the Killing form induced inner product.

Since the face orbits of a connected polar orbitope correspond to the face
orbits of its momentum polytope we already know, when the polar set is an
orbitope itself. That is, due to the face correspondence in Section 3.2, whenever
the momentum polytope has only one orbit of facets, so does the polar orbitope.
Since the facets correspond to the extreme points of the polar set, we see that
the polar set is an orbitope itself.
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Theorem 3.5.1. Let Ox = O(g,K, p)x be a polar orbitope, such that g is simple
and not the split real form of type Dm, E6, E7 or E8. Let the simple restricted
roots α1, ..., αn be ordered, such that αi and αi+1 are connected in the Dynkin
diagram (i.e. 〈αi, αi+1〉 6= 0) for all i = 1, ..., n − 1. If either only the first
simple restricted root α1 or the last simple restricted root αn does not vanish
on x, the polar set (Ox)◦ is a polar orbitope under K. In particular (Ox)◦ is a
spectrahedron.

Proof. We use the notation form Assumption 3.0.3 and Assumption 3.3.2. First
we prove that the momentum polytope Px only has one orbit of facets. In
Section 3.3 Corollary 3.3.11 we have seen that the momentum polytope Px is
given as

Px =
⋂

i∈{1,...,n}

⋂
σ∈W

H−σλi,λi(x).

By Chevalley’s Lemma (Proposition 3.3.24 and Remark 3.3.27) the stabilizer
StabW (λi) is generated by the simple root reflections σα1

, ..., σαi−1
, σαi+1

, ..., σαn .
As can be seen in the Satake diagrams, since g is not the split real form of

type Dm, E6, E7 or E8, the restricted root space, generated by the restrictions
α1, ..., αn} of the simple system, is of type A,B or C. Thus the stabilizer
StabW (λi) factors into at most two factors F i1 =< σα1

, ..., σαi−1
> and F i2 =<

σαi+1
, ..., σαn > (in the cases i = 1 or i = n only one factor), where σα denotes

the root reflection given by a root α. The hyperplane Hσλi,λi(x) defines a facet
if and only if every factor of StabW (λi) acts non-trivially on x. For the factor
F i1 this is the case, if there exists an index j ∈ {1, ..., i−1}, such that αj(x) 6= 0,
and similarly for the factor F i2.

If α1(x) 6= 0, αi(x) = 0, i = 2, ..., n, then only StabW (λn) does not have a
factor that acts trivially on x. If instead αn(x) 6= 0, αi(x) = 0, i = 1, ..., n − 1,
then only StabW (λ1) does not have a factor that acts trivially on x. So in both
cases there is only one orbit of facets. Let µ ∈ a∗ be the restriction of a highest
weight, such that Hµ,µ(x) ∩ Px is a facet of Px.

Now suppose l ∈ (Ox)◦ ⊆ p∗ is an extreme point. Let α ∈ R, such that Hl,α

is a supporting hyperplane of Ox. Then l defines a face F = Hl,α ∩ Ox on Ox.
As in Section 3.2 let K act on the faces of Ox. By Theorem 3.2.1 there exists
a k ∈ K, such that f := k · F ∩ a is a face of Px given by k · l and k · l can be
seen as an element of a∗.

Let y ∈ relint(f). The normal cone NPx(y) of Px at y is the set of all v ∈ a,
such that

〈v, z − y〉 ≤ 0 for all z ∈ Px.
By construction k · l is in the dual of the normal cone NPx(y) under the isomor-
phism v 7→ 〈v, ·〉 induced by the Killing form. Since the normal cone NPx(y) is
generated by the normal vectors of the hyperplanes containing y (see e.g. [31]
Theorem 2.3.24), the functional k · l is in cone(σµ : σ ∈ W ) ⊆ a∗. Thus there
exist σ1, ..., σr ∈W and a1, ..., ar ∈ R>0, such that

k · l =

r∑
i=1

aiσiµ.

Since Ox is K-invariant, so is its polar set (Ox)∗. Thus k · l is an extreme
point of (Ox)∗ as well. This means that r = 1 and a1 = 1, so k · l = σ1µ. In
particular l is on the K-orbit of µ.
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It follows, that any extreme point l is on the K-orbit of µ and the set (Ox)∗ is
an orbitope. Identifying p with its dual space via the Killing form inner product
and using the fact that this identification respects the action of AdK , we see
that in these cases the polar set of Ox is a polar orbitope under K as well.

In [40] the authors proved that conv(SOn) and its polar set conv(SOn)∗ are
both spectrahedra (note, that conv(SOn) is a polar orbitope of the split form of
type Dm, see Example 3.6.4). They introduced the term of doubly spectrahedral
sets:

Definition 3.5.2. A subset C ⊆ Rn is doubly spectrahedral, if it is a spectra-
hedron and its polar set C◦ is a spectrahedron as well.

Other known doubly spectrahedral sets are conv O(n), its polar set, poly-
hedra and homogeneous cones. Remember that every connected polar orbitope
is a spectrahedron (Theorem 3.1.19. So Theorem 3.5.1 says that the polar or-
bitope Ox from the assumption are doubly spectrahedral. Note that the doubly
spectrahedral orbitopes in Theorem 3.5.1 allow us to use Proposition 2.6.11 to
find new spectrahedra.

As an open question the authors of [40] ask for a characterization of doubly
spectrahedral sets (section 6.1). Though we have not found a full characteri-
zation, the examples in Theorem 3.5.1 give us numerous new cases of doubly
spectrahedral sets.

3.6 Example - Stiefel manifolds

The semisimple Lie groups are locally direct products of simple Lie groups.
There exist complete tables of simple Lie groups and a lot of their properties
are listed (see e.g. [26], [48], [49] or [16]). In Appendix B the relevant data can
be found. We use these tables to discuss some examples in more detail:

In the following we discuss the compact Lie groups

SO(m)× SO(n), S(U(m)×U(n)) and Sp(m)× Sp(n).

They are the maximal compact subgroups of many classical simple Lie algebras.
In the first two cases the S stands for special, meaning matrices with determinant
one. Let G be O(n),U(n) or Sp(n) and respectively let F be R,C or H. Then

G = {U ∈ Matn(F) : U∗U = In} ,

where ∗ denotes the conjugate transpose in the respective F.

Corollary 3.6.1. Let K be SO(m)×SO(n),S(U(m)×U(n)) or Sp(m)×Sp(n),
where m,n are positive integers with m ≥ n. Further let M ∈ Matm,n(F), where
F is R, C or H. The group K acts on Matm,n(F) via (A,D) ·M = AMD−1.
Then the orbitope OM = conv(K ·M) is a spectrahedron.

Proof. This is a special case of Theorem 3.1.17 using g = so(m,n), su(m,n)
or sp(m,n). Let ∗ denote the conjugate transpose in the respective field. The
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corresponding Lie groups are given by the invariance of the indefinite quadratic
form

Im,n :=

(
Im 0
0 −In

)
,

i.e. A∗Im,nA = Im,n and in the first two cases we also take det(A) = 1. Thus
the Lie algebras are given by the equation X∗Im,n + Im,nX = 0 and in the
unitary case we additionally require tr(X) = 0. This leads to a representation
in matrix block form:

g =

{(
a b
b∗ d

)
∈ Matm+n(F) : a = −a∗, d = −d∗, b ∈ Matm,n(F)

}
.

As just mentioned for F = C we also require tr(a+d) = 0. The Cartan involution
X 7→ −X∗ leads to the Cartan decomposition

g =

{(
a 0
0 d

)
: a = −a∗, d = −d∗

}
︸ ︷︷ ︸

=k

⊕
{(

0 b
b∗ 0

)
: b ∈ Matm,n(F)

}
︸ ︷︷ ︸

=p

.

Then the group K, corresponding to k, is as in the assumption and we can take
M ′ =

(
0 M
M∗ 0

)
to be an element in p. In Theorem 3.1.17 we proved that the

orbitope conv(AdK ·M ′) ∼= OM is a spectrahedron. The adjoint action of K
translates into the left and right multiplication of factors as it is given in the
assumption.

In Corollary 3.6.1 the diagonal of ReM corresponds to the maximal abelian
subspace a of p. In most cases the corresponding restricted root system is of
type B. The only exceptions are su(n, n), spn,n, which are of type C and so(n, n)
which is the split real form of type D. Since the Weyl groups of type B and C
coincide, there is only one exceptional case.

Example 3.6.2. Fan orbitopes: We take a closer look at the real semisimple
Lie algebra g = som,n = {X ∈ glm+n(R) : XT Im,n + Im,nX = 0}, where

Im,n :=

(
Im 0
0 −In

)
and m+ n ≥ 3. The Lie algebra som,n(R) may also be given as{(

A B
BT C

)
∈ glm+n(R) : A ∈ som(R), C ∈ son(R), B ∈ Matm,n(R)

}
.

The involution θ : X 7→ −XT is a Cartan involution on som,n(R) and the
corresponding Cartan decomposition is

som,n(R) =

{(
A 0
0 C

)
∈ som,n(R)

}
︸ ︷︷ ︸

=k

⊕
{(

0 B
BT 0

)
∈ som,n(R)

}
︸ ︷︷ ︸

=p

.

One choice for the maximal abelian subspace a of p is

a =

{(
0 D
DT 0

)
∈ som,n(R) : D = (dpq)p,q ∈ Matm,n(R), dpq = 0 for p 6= q

}
.
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The maximal compact subgroup of G is K = SO(m)× SO(n). The complexifi-
cation som,n(R)C is isomorphic to som+n(C) via conjugation by

J =

(
iIm 0
0 In

)
, i.e. X =

(
A B
BT C

)
7→ JXJ−1 =

(
A iB
−iBT C

)
,

where i :=
√
−1. What the fundamental representations of som+n(C) look like

depends on whether m+ n is odd or even.

In the odd case som+n(C) is of type Br, where 2r + 1 = m + n. The
fundamental representations are the exterior powers

ϕp =
∧p

ϕ1 : gC −→ End
(∧p

Cm+n
)

of the standard representation

ϕ1 : gC −→ End(Cm+n),

M 7→ (v 7→Mv)

for p = 1, ..., r − 1 and the spin representation ϕr. The corresponding highest
weights are given by L1 + ...+ Lp for p ≤ r − 1 and (L1 + ...+ Lr)/2, where

Lj : a −→ R,(
0 D
DT 0

)
7→ (enj )TDemj

maps to the j-th diagonal entry of D for j ≤ min(m,n) and maps to 0 for j >
min(m,n). So the maximal eigenvalue of a representation ϕp when evaluated

in an element x =
(

0 B
BT 0

)
∈ p is the sum (or in the case p = r half the sum) of

the p largest singular values of B (observe that B is not a square matrix, so all
the singular values are achieved). Since the highest weight only differs by the
factor 2, we can use the r-th exterior power instead of the spin representation.
Assume m > n and let s1 ≥ ... ≥ sn ≥ 0 be the singular values of B. Then the
polar orbitope Ox is given as{

y ∈ p : (s1 + ...+ sp)Idimϕp −
(∧p

ϕ1

)
y
� 0 for all p = 1, ..., r

}
. (1.1)

In case n + m is even, som+n(C) is of type Dr, where 2r = n + m. The first

r − 2 fundamental representations ϕ1, ..., ϕr−2 are again the exterior powers
of the standard representation. The two other fundamental representations
ϕr−1, ϕr are the halfspin representations. The highest weights of the halfspin
representations are (L1 + ...+Lr−1−Lr)/2 and (L1 + ...+Lr)/2. The maximal
eigenvalues of the fundamental representations on p are again given as sums (and
in one case a difference) of the singular values of the B part. The spectrahedral
representation looks very similar to (1.1), but one has to differentiate between
the exterior powers and the halfspin representations.

In [38] the authors study the group O(n) × O(n) acting on Matn(R) by
(g, h) ·B = gBhT which comes down to the adjoint action (conjugation) of

(
g 0
0 h

)
on
(

0 B
BT 0

)
.

For every B ∈ Matn(R) there exist g, h ∈ O(n) such that gBhT is diagonal,
with entries being the singular values of B (singular value decomposition). Let
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G = O(n) × O(n) and H = SO(n) × SO(n). Both groups act on Matn(R) via
(g, h) ·B = gBhT . If B is regular, the orbits G ·B and H ·B are different. But
we can embed Matn(R) into Mat2n+1(R) via

B 7→ B0 :=

 0 0 B
0 0 0

BT 0 0

 ∈ p ⊆ son+1,n ⊆ Mat2n+1(R),

where son+1,n = k ⊕ p as above. Let B,M ∈ Matn(R). We write CM :=
conv (G ·M) and OM0 := conv (K ·M0), where K := SO(n + 1) × SO(n) acts
on p by conjugation. Without loss of generality we assume that M is diagonal.
Using the embedding B 7→ B0, we claim that CM = OM0

∩Matn(R).
Let B be in the orbit G · M . Then B has the same singular values as

M and B0 has the same eigenvalues as M0. Due to the 0-row/column B0

having the same eigenvalue as M0 is equivalent to B0 ∈ K ·M0. Thus B ∈
OM0 ∩Matn(R) for every B ∈ G ·M . Since OM0 ∩Matn(R) is convex we have
CM ⊆ OM0

∩Matn(R).
On the other hand let B0 ∈ OM0

∩Matn(R). Then B0 is K-conjugate to an
element D0 ∈ OM0

∩Matn(R), where D ∈ Matn(R) is diagonal ([26] Theorem
6.51 with a as above). The matrices B0 and D0 have the same eigenvalues and
by Kostant’s convexity Theorem 3.1.10 we have D0 = P (D0) ∈ conv(W ·M0).
The Weyl group W acts on M0 by permuting and changing signs (due to the
0-row/column not just even sign changes) of the diagonal entries of M . So
W ·M0 ⊆ CM and we have D0 ∈ conv(W ·M0) ⊆ CM . Since D0 and B0 have
the same eigenvalues, D and B have the same singular values, so B ∈ CM . We
see that CM = OM0 ∩Matn(R) is a spectrahedron.

Convex hulls of Stiefel manifolds are a special case of the orbitopes in Corol-
lary 3.6.1. Let us give a proper definition of Stiefel manifolds and then show
that this assertion is true.

Definition 3.6.3. Let F be R,C or H. The Stiefel manifolds are given by

Vn(Fm) = {A ∈ Matm,n(F) : A∗A = In} ,

where m ≥ n.

Thus the Stiefel manifolds are exactly the images of projections of O(m),U(m)
and the symplectic group Sp(m) to the first n columns. Corollary 3.6.1 tells us
that their convex hulls are spectrahedra:

Example 3.6.4 (Convex hulls of Stiefel manifolds). First we consider F to be R
or H. In the situation of Corollary 3.6.1, let K = Km×Kn (in the unitary case
K = S(U(m)×U(n)) is not the direct product of two factors and we make slight
adjustments in our argumentation). As in Corollary 3.6.1 the group K acts on
M :=

(
In
0

)
∈ Matm,n(F) via left-multiplication of Km and right-multiplication

of (Kn)−1 = Kn.
For D ∈ Kn we have:

KmMD−1 = Km

(
D−1 0

0 Im−n

)(
D 0
0 Im−n

)(
In
0

)
D−1

= Km

(
D−1 0

0 Im−n

)
︸ ︷︷ ︸

=Km

(
In
0

)
.
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So for every fixed D the Km-orbit is the projection of Km to its first n columns,
which in most cases is the Stiefel manifold Vn(Fm). The only exception is when
F = R and n = m, in that case the orbit is Km = SO(m).

Define ρ : Km −→ (Fm)n to be the direct sum of n standard representations.
Then the orbitope OM is given as conv(Km · (e1, ..., en)). In particular for
n = 1 this is the standard representation of Km and for n = m the orbitope
OM = conv(Km · Im) is the tautological orbitope of Km, given by the action of
group-multiplication ([38] p. 15).

Using Corollary 3.6.1, we see that the tautological orbitopes of SO(m) and
Sp(m) and their images of projections to the columns are spectrahedra. This
generalizes one of the main results in [40], which says that the tautological
orbitope of SO(m) is a spectrahedron.

Since for n < m the projections of SO(m) to the first n columns coincides
with the first n columns of O(n) we can see that these convex hulls of Stiefel-
manifolds are spectrahedra.

The Tautological orbitope conv O(n) is also known to be a spectrahedron
([38] Corollary 4.9). There the authors basically use the same arguments in a
less general context. We get:

Corollary 3.6.5. The convex hulls of the Stiefel manifolds Vn(Fm) for F = R,H
are spectrahedra (here we identify H with R4).

For proving that the convex hulls of Stiefel manifolds Vn(Cm) are spectra-
hedra, we have to make slight adjustments:

Corollary 3.6.6. The convex hulls of the Stiefel manifolds Vn(Cm) are spec-
trahedra (here we identify C with R2).

Proof. In the situation of Corollary 3.6.1, let K =

S(U(m)×U(n)) =

{(
U1 0

0 U2

)
: U1 ∈ U(m), U2 ∈ U(n),det(U2) = det(U1)−1

}
.

As in Corollary 3.6.1 the group K acts on M :=
(
In
0

)
∈ Matm,n(C) via left-

multiplication of the U1 part and right-multiplication of the conjugate inverse
of the U2 part.

For D ∈ U(n) we denote UD(m) := {A ∈ U(m) : detA = (detD)−1} to
be the corresponding subset, such that UD(m) × D ⊆ K is the subset of all
elements with D as the second component.

Then we have:

UD(m)MD−1 = UD(m)

(
D−1 0

0 Im−n

)(
D 0
0 Im−n

)(
In
0

)
D−1

= UD(m)

(
D−1 0

0 Im−n

)
︸ ︷︷ ︸

=:BD⊆U(m)

(
In
0

)
⊆ K ·M.

The determinant of any matrix in BD is (detD)−2 and is an element of the torus
T. The set BD is the set of all elements in U(m), such that their determinant
is (detD)−2, so we have ⋃

D∈U(n)

BD = U(m).
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This shows that the orbit K · M is the image of the projection of U(m)
to the first n columns. Using Corollary 3.6.1 for M =

(
In
0

)
we see that the

tautological orbitope of U(m) and also its images of projections to the columns,
are spectrahedra.

Combining the two corollaries we have proved:

Corollary 3.6.7. The convex hull of any Stiefel manifold is a spectrahedron.

Remark 3.6.8. Let M be defined as in Example 3.6.4. The proofs of the previous
corollaries used the representations given by Theorem 3.1.17 and the resulting
spectrahedral representations are the following:

som,n: Depending on whetherm+n is odd or even the complexification soCm,n
is of type B or D. In Example 3.6.2 we have seen a spectrahedral representation
of O(som,n,SO(m)×SO(n), p)x for any x ∈ p. But in the special case of a Stiefel
manifold we can drastically decrease the size of the representation.

Assume n + m is odd and n < m. Restricting to a the first n simple roots
β1, ..., βn restrict to a simple system α1, ..., αn in a∗. The restricted root system
of som,n is of type Bn.

Let L1, ..., Lr be given as in Example 3.6.2, so Lj maps an element
(

0 D
DT 0

)
∈ a

to the j-th diagonal entry of D for i = 1, ..., n (remember D ∈ Matm,n(R) is
not necessarily a square matrix, but only has entries on the diagonal). The
restricted roots α1, ..., αn can be given by αj = Lj −Lj + 1, j = 1, ..., n− 1 and
αn = Ln. Then all simple roots other than αn vanish when evaluated in M .

Thus the fundamental weight λ1 corresponding to β1 is the only fundamental
weight, which defines facets of the corresponding momentum orbitope. The
fundamental representation corresponding to λ1 is the natural representation ρ.
So the spectrahedral representation in Theorem 3.3.28 is:

conv

(
O(m)

(
In
0

))
=

{
X ∈ Matm,n(R) :

(
Im −X
−XT In

)
� 0

}
∼=

{
x ∈ pR : Im+n − ρx � 0

}
On the other hand let us assume that m+n is even. If n < m then the spec-

trahedral representation looks the same. However if n = m, then the restricted
root system is of type Dn and two of the roots do not vanish in M . The three
facet defining fundamental weights then correspond to the natural representa-
tion and the two halfspin representations. Thus the representation gets a bit
messy, but in Theorem 3.4.5 we have seen that it is a hermitian spectrahedral
representation of minimal size.

sum,n: The complexification of sum,n is of type Am+n−1, i.e. suCm,n =
slm+n(C). The relative Weyl group of sum,n is of type Bn/Cn and its sim-
ple system is {l1− l2, ..., ln−1− ln, ln}, where li maps a matrix in Matm,n(C) to
the real part of its i-th diagonal entry. So ln is the only restricted root of the
simple system that does not vanish on

(
In
0

)
.

As we have seen in 3.3, the only facet defining highest weight is the highest
weight λ1 corresponding to the first restricted root α1. The corresponding fun-
damental representation is the standard representation ρ : g −→ Matm+n(C).

75



Thus the spectrahedral representation given in 3.3.28 is:

conv

(
U(m)

(
In
0

))
=

{
X ∈ Matm,n(C) :

(
Im −X
−XT

In

)
� 0

}
.

∼=
{
x ∈ pC : Im+n − ρx � 0

}
By Theorem 3.4.5 we know that for m = n this is a minimal hermitian spectra-
hedral representation.

spm,n: The momentum polytope of spm,n is of type Bn/Cn as well and once
again its simple system is {l1 − l2, ..., ln−1 − ln, ln}, where li maps a matrix in
Matm,n(H) to the real part of its i-th diagonal entry. So as before ln is the only

restricted root of the simple system that does not vanish on
(
In
0

)
. Again using the

results of 3.3 we see that the only facet defining highest weight λ1 corresponds
to the standard representation ρ : g −→ Matm+n(H). Thus Theorem 3.3.28
leads to the following spectrahedral representation:

conv

(
Sp(m)

(
In
0

))
=

{
X ∈ Matm,n(H) :

(
Im −X
−XT

In

)
� 0

}
∼=
{
X ∈ pH : Im+n − ρX � 0

}
,

where one reads the matrix

(
Im −X
−XT

In

)
as a hermitian matrix via the

C-isomorphism

Matn(H) −→ Matn(C)

A+ iB + jC + kD 7→
(
A+ iB −C − iD
C − iD A− iB

)
,

where A,B,C,D ∈ Matn(R) and i is interpreted as
√
−1 in H as well as in C

(see [26] pages 35-36).
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Chapter 4

Toric orbitopes

The 1-torus T := {z ∈ C : |z|2 = 1} is the only real, compact, connected,
linear algebraic group, which is one-dimensional. In this regard the T-Orbitopes
are the simplest non-trivial cases of orbitopes with a non-discrete group. A
special case of toric orbitopes are the universal Carathéodory orbitopes (see
[38]). It is known that the universal Carathéodory orbitopes are spectrahedra
([38] Theorem 5.2) and every T-orbitope is isomorphic to the projection of a
universal Carathéodory orbitope. So every T-orbitope is a spectrahedral shadow
and can be optimized using semidefinite programming. In his PhD-thesis [47],
Sinn proved the 4-dimensional universal Carathéodory orbitope to be the only
4-dimensional T-orbitope which is a spectrahedron. Thus there exist many
examples of T-orbitope that are spectrahedral shadows, but not spectrahedra.

In this chapter we add another dimension to the group by analyzing which
T2-orbitopes are spectrahedra or projections of those. First we introduce the
multivariate Carathéodory orbitope and show that every toric orbitope is iso-
morphic to a Carathéodory orbitope. In Section 4.2 we present the results of
Bakonyi and Nævdal [3]. They prove exactly which sets in Z2 have the extension
property and Rudins results in [37] provide a connection to the toric orbitopes.
Then in Section 4.3 we generalize the universal Carathéodory orbitope and us-
ing the extension property we show that they are spectrahedra as well. Finally
in Section 4.4 we generalize the extension property, such that it is still sufficient
for finding toric orbitopes which are spectrahedral shadows.

Unlike in the one-dimensional case not every T2-orbitope is a spectrahedral
shadow. In Chapter 5 we show that there are a lot of T-orbitopes that are
not spectrahedral shadows. For this we use results by Scheiderer [44], in which
Scheiderer recently disproved the Helton-Nie conjecture.

4.1 The multivariate Carathéodory orbitope

Definition 4.1.1. A toric orbitope is an orbitope under the action of a d-torus
Td := {(t1, ..., td) ∈ Cd : |ti|2 = 1}.

Remark 4.1.2. As a Lie group the d-torus is isomorphic to the d-tuple SO(2)×
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...× SO(2), which can be parametrized as{
Aθ =

(
cos(θ1) − sin(θ1)
sin(θ1) cos(θ1)

)
× ...×

(
cos(θd) − sin(θd)
sin(θd) cos(θd)

)
: θ1, ..., θd ∈ R

}
,

where A×B denotes the block diagonal matrix with A,B on its diagonal.
The isomorphism maps an element Aθ in SO(2)× ...× SO(2) to

(cos(θ1) + i sin(θ1), ..., cos(θd) + i sin(θd)).

The Lie algebra of SO(2) × ... × SO(2) is the algebra so2 × ... × so2, where
the elements are direct sums of d-many skew-symmetric 2× 2-matrices. So the
d-torus is d-dimensional.

Throughout this chapter we use the following notation:

Notation 4.1.3. The irreducible representations of Td are parametrized by
elements of Zd. For m ∈ Zd \ {0} let

ρm : Td −→ GL(C)

g = (g1, g2, ..., gd) 7→ (ρm)g =

{
C −→ C

z 7→ gmz = gm1
1 gm2

2 ...gmdd z

}
.

And ρ0 : Td −→ GL(R) is the trivial representation g 7→ idR (here 0 denotes
the neutral element of the additive group Zd). Note that unlike the other
representations ρ0 is one-dimensional as a real representation. Unless otherwise
stated we always interpret these representations as real representations via C ∼=
R2, a + ib 7→ ae1 + be2, where e1, e2 is the standard basis of R2. Note that for
m ∈ Zd the representations ρm and ρ−m are isomorphic, where the equivariant
map is the complex conjugation.

As Td is compact, any representation of Td decomposes into the direct sum
of irreducible representations. Thus any representation of Td is the direct sum
of representations ρm. The orbitopes under the action of the 1-torus T on
(1, ..., 1) ∈ Cn, n ∈ N are the Carathéodory orbitopes. The orbitopes conv(T ·
(1, ..., 1)) where the action ρ : T −→ GL(Cn) decomposes into the direct sum
ρ1 ⊕ ρ2 ⊕ ...⊕ ρn are the universal Carathéodory orbitopes.

In [38] Theorem 5.2 the authors prove every universal Carathéodory orbitope
to be a spectrahedron. Every T-orbitope is isomorphic to a Carathéodory or-
bitope ([38] Lemma 5.1) and every Carathéodory orbitope is the projection
of a universal Carathéodory orbitope. So every T-orbitope is a spectrahedral
shadow. The proof of [38] Theorem 5.2 uses the Fejér-Riesz theorem, which
states that every univariate trigonometric polynomial which is non-negative on
the unit circle is a hermitian square. The Fejér-Riesz theorem does not com-
pletely generalize to multidimensional trigonometric polynomials (d ≥ 2). How-
ever there are many works on generalizations for the multidimensional case, see
for example [2], [3], [12], [17], [18], [19], [37].

In [12] Dritschel establishes that every multivariate trigonometric polynomial
p with p(Td) ≥ ε > 0 is a sum of squares. (Schmüdgen already proved this earlier
in a more general context, see [46]). The problem is that as ε tends to zero, the
degrees of the sos-representations might grow towards infinity. The extension
property however does give us degree bounds for the sos-representations of non-
negative trigonometric polynomials. In this sense, the result of Bakonyi and
Nævdal gives us a sufficient condition for T2-orbitopes being spectrahedra.
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Definition 4.1.4. A set H ⊆ Zd is a halflattice, if H ∪ (−H) = Zd \ {0} and
H ∩ (−H) = ∅. In this case we denote H0 := H ∪ {0}.

Example 4.1.5. One halflattice in Z2 is

H = {(m,n) ∈ Z2 : m ≥ 0, (n ≤ 0⇒ m > 0)}.

If we color the points in H ⊆ Z2 black we get the image:

◦ ◦ • • •

◦ ◦ • • •

◦ ◦ ◦ • •

◦ ◦ ◦ • •

◦ ◦ ◦ • •

(0, 0)

Figure 4.1: Example of a halflattice in Z2.

Here the positivity cone defining the halflattice is the union {(x, y) ∈ R2 : x >
0} ∪ {(0, y) ∈ R2 : y ≥ 0}.

Definition 4.1.6. Let H ⊆ Zd be a halflattice. Further let S = {m1, ...,mn} ⊆
H with pairwise different mj and let ρ = ρm1 ⊕ ρm2 ⊕ ... ⊕ ρmn be the repre-
sentation of Td that is given by S. We define the (multivariate) Carathéodory
orbitope to be

CS := OTd,ρ,(1C,...,1C)

= conv
(

(gm
1

, gm
2

, ..., gm
n

) ∈ Cn : g ∈ Td
)
⊆ (R2)n.

To take the convex hull we interpret C as the 2 dimensional real vector space
R2.

Remark 4.1.7. Since ρm is isomorphic to ρ−m for m ∈ Zd, the Carathéodory
orbitope does not depend on the choice of H.

Remark 4.1.8. Let S = {m1, ...,mn} ⊆ Zd be a finite subset of some halflattice
in Zd. We fix the representation ρ = ρm1⊕ρm2⊕ ...⊕ρmn of Td. By Proposition
2.6.2 the set of extreme points of CS coincides with the orbit Td ·v ⊆ Cn, where
v := (1C, ..., 1C). The orbit Td · v ⊆ Cn is{(

zm
1

, ..., zm
n
)

=
(
z
m1

1
1 · · · zm

1
d

d , ..., z
mn1
1 · · · zm

n
d

d

)
∈ Cn : z ∈ Td

}
.

For each i = 1, ..., d let mi be the greatest common divisor of m1
i , ...,m

n
i .

Moreover let m̃j := (mj
1/m1, ...,m

j
n/mn) and S̃ := {m̃1, ..., m̃n}. For t ∈ C

and b ∈ Z \ {0} we have t ∈ T ⇔ tb ∈ T. Thus for z ∈ Cn the element
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(
z
m1

1
1 · · · zm

1
d

d , ..., z
mn1
1 · · · zm

n
d

d

)
=
(

(zm1
1 )m̃

1
1 · · · (zmdd )m̃

1
d , ..., (zm1

1 )m̃
n
1 · · · (zmdd )m̃

n
d

)
lies in Td · v if and only if

(
z
m̃1

1
1 · · · zm̃

1
d

d , ..., z
m̃n1
1 · · · zm̃

n
d

d

)
lies in Td · v. So the

orbit Td · v does not change if we exchange m1
i , ...,m

n
i by m1

i /mi, ...,m
n
i /mi.

Interpreted as a subset of (R2)n the orbit can also be parametrized as{(
cos

(
d∑
i=1

m1
i θi

)
, sin

(
d∑
i=1

m1
i θi

)
, ... , cos

(
d∑
i=1

mn
i θi

)
, sin

(
d∑
i=1

mn
i θi

))

∈ (R2)n : θi ∈ [0, 2π), for all i = 1, ..., d

}
.

Proposition 4.1.9. Let S ⊆ Zd be a finite subset of some halflattice in Zd.
Further let ϕ : Qd −→ Qd be a Q-linear automorphism with ϕ(S) ⊆ Zd and
such that there exist qi ∈ Q with ϕ(ei) = qiei for all i = 1, ..., n. Then CS and
Cϕ(S) are isomorphic as convex sets.

Proof. This is an immediate consequence of what is discussed in Remark 4.1.8
(there it is shown that the orbits coincide).

By [38] Lemma 5.1 every orbitope under the one-dimensional torus is iso-
morphic to a Carathéodory orbitope. Using basically the same arguments, [38]
Lemma 5.1 can be generalized to any toric orbitope.

Lemma 4.1.10. Any orbitope O under the action of the d-torus is Td-isomor-
phic to a Carathéodory orbitope CS, where S is a finite subset of a halflattice
in Zd. Moreover, as a convex set O is isomorphic to a Carathéodory orbitope
CS, where the coordinates of elements in S are relative prime integers (each
coordinate taken separately).

Proof. Let OTd,ρ,v be a toric orbitope. Then ρ decomposes into ρm1 ⊕ ...⊕ ρmn
for some m1, ...,mn ∈ Zd. Since we assumed (for any orbitope) that ρ does not
contain the trivial representation, we have m1 6= 0, ...,mn 6= 0. Let H ⊆ Zd be
a halflattice. Since for m ∈ Zd the representation ρ−m is isomorphic to ρm, we
can assume that m1, ...,mn ∈ H. Without loss of generality, we also assume
that no entry of v = (v1, ..., vn) ⊆ Cn vanishes.

The R-isomorphism

Cn −→ Cn,
(x1, ..., xn) 7→ (x1

v1
, ..., xnvn )

maps OTd,ρ,v to OTd,ρ,(1C,...,1C) and preserves the group action. Take S :=

{m1, ...,mn} to be the set of the pairwise different mi. The toric orbitope
OTd,ρ,(1C,...,1C) lies in the invariant, 2|S|-dimensional real subspace

{v = (v1, ..., vn) ∈ Cn : vi = vj whenever ρmi = ρmj}.

Clearly OTd,ρ,(1C,...,1C) is Td-isomorphic to OTd,
⊕
m∈S ρm,(1,...,1) ⊆ C|S|. This is

exactly the Carathéodory orbitope CS .
Finally let mi be the greatest common divisor of m1

i , ...,m
n
i for all i = 1, ..., n.

In Remark 4.1.8 we have seen that CS = CS′ if S′ is S with each mj
i replaced

by mj
i/mi. Thus the identity maps these two Carathéodory orbitopes onto each

other. However, this does not preserve the action of Td, so the orbitopes are
only isomorphic as convex sets.
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Thus for every toric orbitope O(Td, ρ, v) we can assume that ρ is multiplicity
free and v = (1C, ..., 1C) ∈ Cn.

4.2 Extension property

In order to get a spectrahedral representation of certain toric orbitopes we use
the main result from Bakonyi and Nævdal in [3] about the extension property
in Z2. This section gives us the needed preliminaries for Section 4.3. First
we present a result by Rudin in [37], which gives an equivalence between the
extension property and positive semidefinite trigonometric polynomials being
sums of squares. This motivates defining and discussing the extension property,
leading to the main result of [3], which characterizes all the subsets of Z2 with
the extension property.

Notation 4.2.1. Let x = (x1, ..., xd) be a vector of d variables and let α =
(α1, ..., αd) ∈ Zd. Then we write xα := xα1

1 ...xαdd . For β ∈ Zd and if p =∑
α∈Zd cαx

α ∈ C[x1, x
−1
1 , ..., xd, x

−1
d ] let coeffβ(p) := cβ denote the correspond-

ing coefficient. Further let supp(p) := {α ∈ Zd : cα 6= 0} denote the support of
p.

Notation 4.2.2. The ring ΠC := C[x1, x
−1
1 , ..., xd, x

−1
d ] of Laurent polynomials

in d variables is a complex vector space. We define the antilinear involution:

σ : ΠC −→ ΠC, f =
∑

aαx
α 7→ σ(f) := aαx

−α.

This involution provides ΠC with a real structure. The resulting real form is the
set of elements f ∈ ΠC, such that σ(f) = f and is called the ring of trigonometric
polynomials:

Definition 4.2.3. Let Π be the commutative ring of trigonometric polynomials:

Π :=
{
p ∈ C[x1, x

−1
1 , ..., xd, x

−1
d ] : coeff−α(p) = coeffα(p) for all α ∈ Zd

}
.

Remark 4.2.4. For elements in the 1-Torus the inverse is its conjugate. Since
adding to a complex element its conjugate gives twice its real part, the trigono-
metric polynomials take real values on the d-dimensional torus Td.

Let H ⊆ Zd be a halflattice. The elements of Π are called trigonometric
polynomials, since there is a natural isomorphism between the real vector space
Π and the space of real trigonometric functions

Π′ :=

{ ∑
α∈Ω∩H0

aα cos

(
d∑
i=1

αiθi

)
+ bα sin

(
d∑
i=1

αiθi

)
:

aα, bα ∈ R,Ω ⊆ Zd, |Ω| <∞

}
(note that we can always assume that b0 = 0).

If p =
∑
α∈Ω cαx

α =
∑
α∈Ω∩H0

cαx
α+cαx

−α the R-isomorphism ϕH : Π −→
Π′ is given by

p 7→
∑

α∈Ω∩H0

2 Re(cα) cos

(
d∑
i=1

αiθi

)
− 2 Im(cα) sin

(
d∑
i=1

αiθi

)
.
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In particular we have p(eiθ1 , ..., eiθd) = ϕH(p)(θ1, ..., θd).

Definition 4.2.5. Let Ω ⊆ Zd be any subset. We denote

ΠC
Ω := {p ∈ ΠC : supp(p) ⊆ Ω}

to be the Laurent polynomials with support in Ω. Further we define

ΠΩ := {p ∈ Π : supp(p) ⊆ Ω}

to be the set of all trigonometric polynomials whose coefficients are 0 outside
the index set Ω. Notice that by the definition of Π we can assume that Ω = −Ω.
With this assumption ΠΩ is a |Ω|-dimensional real vector space.

Definition 4.2.6. A hermitian square is an element f ∈ Π such that there
exists a p ∈ Π with f(z1, ..., zd) = p(z1

−1, ..., zd
−1)p(z1, ..., zd) =: |p(z1, ..., zd)|2,

where p denotes p with complex conjugated coefficients. In this case we also
write f = |p|2. Every hermitian square is a sum of two real squares since, for

f = g + ih, we have |f |2 = g2 + h2.
An element f in Π is a sum of squares (sos) if there exist m ∈ N and

p1, ..., pm ∈ Π such that f =
∑m
j=1 |pi|

2
. Further f is Ω-sos if there exist m ∈ N

and p1, ..., pm ∈ ΠΩ such that f =
∑m
j=1 |pi|

2
. We write ΣΩ for the set of Ω-sos

trigonometric polynomials.

In order to show that certain toric orbitopes are spectrahedra we show that
certain non-negative trigonometric polynomials are sums of squares. The ques-
tion of non-negative trigonometric polynomials being sums of squares translates
directly into Λ ⊆ Zd having the extension property (as defined in Definition
4.2.14). This connection is specified in the following theorem by Rudin:

Theorem 4.2.7 ([37] Theorem 1.4). A finite subset Λ ⊆ Zd has the extension
property if and only if for any non-negative polynomial f ∈ ΠΛ−Λ on Td, there
exist polynomials p1, ..., pm ∈ ΠΛ, such that f =

∑m
i=1 |pi|

2
.

The main result in [3] is the characterization of all Λ ⊆ Z2 having the
extension property. These results (which we state in the next section) and
Rudins theorem motivate us to study the extension property:

Notation 4.2.8. For a subset Λ ⊆ Zd let Λ − Λ = {x − y ∈ Zd : x, y ∈ Λ} be
the set of differences between elements in Λ.

Definition 4.2.9. Let Λ ⊆ Zd be a finite subset and let (ck)k∈Λ−Λ be a sequence
of complex numbers. We say (ck)k∈Λ−Λ is positive semidefinite with respect to
Λ if for every k ∈ Λ − Λ we have c−k = ck and for every sequence {hk}k∈Λ of
complex numbers we have ∑

k,l∈Λ

ck−lhkhl ≥ 0.

The condition c−k = ck ensures that the term on the left is a real number, since
ck−lhkhl + cl−khlhk ∈ R.
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Remark 4.2.10. Set Λ = {λ1, ..., λm} ⊆ Zd. A sequence (ck)k∈Λ−Λ of complex
numbers is by definition positive semidefinite with respect to Λ if and only if
the hermitian matrix A := AΛ := (cλk−λl)1≤k,l≤m is positive semidefinite. The
matrix A is the matrix associated with the sequence (ck)k∈Λ−Λ.

The associated matrix A has real eigenvalues and is positive semidefinite if
and only if its eigenvalues are non-negative. Of course adjoining a permutation
matrix on A does not change the eigenvalues of A, so the term of positive
semidefiniteness does not depend on the ordering of the λi. The matrix AΛ is
positive semidefinite if and only if all of its principal minors are non-negative.
Thus for any subset ∆ ⊆ Λ, if AΛ is positive semidefinite, the associated matrix
A∆ := (cλ1−λ2

)λ1,λ2∈∆ is positive semidefinite. We see:

Proposition 4.2.11. Let ∆ ⊆ Λ ⊆ Zd. If the sequence (ck)k∈Λ−Λ is posi-
tive semidefinite with respect to Λ, then the subsequence (ck)k∈∆−∆ is positive
semidefinite with respect to ∆.

Definition 4.2.12. Let µ be a finite and positive Borel measure on the d-
dimensional Torus Td, where T = {z ∈ C : zz̄ = 1}. For k ∈ Zd the moments of
µ are defined to be

ck(µ) =
1

(2π)d

∫
Td
xkdµ(x), x ∈ Td.

For any finite subset Λ ⊆ Zd the sequence (ck(µ))k∈Λ−Λ is positive semidefinite
with respect to Λ and its entries are bounded. Given a finite subset Ω ⊆ Zd and
a sequence (ck)k∈Ω of complex numbers, we say that a positive Borel measure
µ on Td is a positive extension of (ck)k∈Ω, if for all k ∈ Ω we have ck(µ) = ck.

Remark 4.2.13. In terms of sequences (ck)k∈Ω having a positive extension is
equivalent to the existence of a sequence (bk)k∈Zd , with (bk)|Ω = (ck)k∈Ω and
such that for every finite subset ∆ ⊆ Zd we have (bk)|∆−∆ is positive semidefinite
with respect to ∆. If a sequence (ck)k∈Λ−Λ has a positive extension the sequence
is clearly positive semidefinite with respect to Λ.

In general being positive semidefinite with respect to some Λ is not sufficient
to ensure having a positive extension. In [3], Bakonyi and Nævdal study for
which sets Λ ⊆ Z2 the positive semidefiniteness of a sequence is sufficient for
having a positive extension.

Definition 4.2.14. A finite subset Λ ⊆ Zd has the extension property, if every
positive semidefinite sequence with respect to Λ has a positive extension.

Bakonyi and Nævdal characterize all Λ ⊆ Z2, which have the extension
property. We use their notation to state their result:

Definition 4.2.15. Two subsets S1, S2 ⊆ Zd are called isomorphic, if there
exists a group isomorphism Φ : (Qd,+) −→ (Qd,+), with Φ(S1) = S2.

The extension property is clearly invariant under translation with elements
in Zd. By [17] Lemma 4.3, S1 having the extension property is also invariant
under injective group homomorphisms Zd −→ Zd. The extension property is
also invariant under Q-isomorphism:
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Lemma 4.2.16. Let Φ : (Qd,+) −→ (Qd,+) be an isomorphism and Λ,Φ(Λ) ⊆
Zd. Then Λ has the extension property if and only if Φ(Λ) has the extension
property.

Proof. Let e1, ..., ed ∈ Qd be the standard vectors. Then after expanding frac-
tions we have Φ(ei) = (pi,1/q, ..., pi,d/q), with pi,j , q ∈ Z for i, j = 1, ..., d. Let
multq : Zd −→ Zd denote multiplication by q. By [17] Lemma 4.3, Λ has the
extension property if and only if Φ ◦ multq(Λ) has the extension property. In
the same way Φ(Λ) has the extension property if and only if multq ◦ Φ(Λ) has
the extension property. Since Φ and multq commute, the Lemma is proved.

Remark 4.2.17. In [3] the definition, of two subsets S1, S2 ⊆ Zd being isomor-
phic, leaves some space for interpretation. In order to understand this notion of
”isomorphic subsets” we give a proof of Lemma 4.2.16. Although Lemma 4.2.16
is no new result, we were unable to find a reference.

Example 4.2.18. The universal Carathéodory orbitopes C0,...,n are given by
the sets {0, 1, ..., n} (see [38] Theorem 5.2). In Z the set {0, 1, ..., n} is isomorphic
to all arithmetic series {0,m, 2m, ..., nm} of length n + 1 starting at 0, where
m ∈ Z \ {0}. The set {0, 1, ..., n} has the extension property and by Lemma
4.2.16 so does {0,m, 2m, ..., nm}.

Now that we have worked through the preliminaries, we can prove our main
theorem for this section.

Theorem 4.2.19. Let Λ ⊆ Λ′ ⊆ Zd, where Λ′ is finite and has the exten-
sion property. Further let H ⊆ Zd be a halflattice. For S = (Λ − Λ) ∩ H
the Carathéodory orbitope CS ⊆ (R2)|S| is a spectrahedron (here CS is as in
Definition 4.1.6).

Remark 4.2.20. As noted in Remark 4.1.7 the orbitope CS is independent of
the choice of the halflattice H.

Proof. Let m := |S| and let the d-torus Td act on Cm via the representation
ρS (as defined in 4.1.3). Moreover let B denote the orbit Td · (1C, ..., 1C) ⊆
Cm. Then B is the set of extreme points of CS (see Proposition 2.6.2). The
coorbitope cone

ĈS
◦ = {f = b+

∑
α∈S

aαzα + aαzα ∈ C[zα, zα : α ∈ Zd] : b ∈ R, f(B) ≥ 0}

consists of all real valued affine-linear functionals in R⊕ (Cm)∗, which are non-
negative on the orbit B. Suppose that f = b+

∑
α∈S aαzα+aαzα ∈ R⊕ (Cm)∗,

then f being in ĈS
◦ is equivalent to f̃(z) := b +

∑
α∈S aαz

α + aαz
−α ≥ 0 for

all z ∈ Td. Since Λ has the extension property, Theorem 4.2.7 then implies
that f̃(z) is a sum of hermitian squares of elements in ΠC

Λ. So whenever f̃ is

non-negative on Td there exist p1, ..., pl ∈ ΠΛ such that f̃(z) =
∑l
i=1 |pi(z)|

2
.

The polynomial pi(z) may also be expressed as 〈hi, (zα)α∈Λ〉 = hTi (zα)α∈Λ,
where hi ∈ Cn is the coefficient vector of pi and n := |Λ|. Thus the hermitian

square |pi(z)|2 may also be expressed as (z−α)Tα∈Λhih
T
i (zα)α∈Λ, which is the

image of the hermitian (Gram-) matrix hih
T
i ∈ Hern under the Gram map

π : Hern −→ ΠΛ−Λ, U 7→ (z−α)Tα∈ΛU(zα)α∈Λ. Here Hern denotes the space of
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hermitian n × n-matrices equipped with the inner product tr(AB). The map
π is linear and as we have seen its image of the hermitian positive semidefinite
matrices Her+

n = {
∑n
i=1 hihi

T : hi ∈ Cn} is the cone of positive semidefinite
elements in ΠΛ−Λ.

An element w ∈ Cm lies inOS if and only if we have f(w) ≥ 0 for all f ∈ ÔS◦.
For f ∈ Π let coeff(f) denote the vector of real coefficients of ϕH(f) ∈ Π′ (where
ϕH is the R-isomorphism Π −→ Π′ defined in Remark 4.2.4). We take the first
entry of coeff(f) to be the constant term. We can rewrite f(w) as the euclidean
inner product 〈(1, w), coeff(f)〉R|Λ−Λ| , where (1, w) ∈ R × (R2)m = R|Λ−Λ| is
w expanded by one dimension for the constant term. Further we can rewrite
f̃ =

∑n
i=1 |pi|

2
= π(

∑n
i=1 hih

T
i ) as a sum of squares. So f(w) being non-negative

for every f ∈ ÔS◦ is equivalent to

0 ≤

〈
(1, w), coeff

(
π

(
n∑
i=1

hih
T
i

))〉
R|Λ−Λ|

=

〈
π∗(1, w),

n∑
i=1

hih
T
i

〉
Hern

= tr

(
π∗(1, w)

l∑
i=n

hih
T
i

)

=

n∑
i=1

tr
(
hTi π

∗(1, w)hi
)

=

n∑
i=1

hTi π
∗(1, w)hi

for every h1, ..., hn ∈ Cn (here π∗ denotes the adjoint linear function of π with
the given inner products). This is of course equivalent to π∗(1, w) ∈ Hern being
positive semidefinite.

Remark 4.2.21. The proof of Theorem 4.2.19 is constructive and the spectrahe-
dral representation is the following:

conv(CS) =
{

(zα)α∈S ∈ C|S| : (zλi−λj )λi,λj∈Λ � 0, where z0 = 1, z−α = zα

}
.

Since ρ0Zd
is the trivial representation, conv(CS∪{0}) is only a translation of

conv(CS) and is a spectrahedron as well. Thus it does not matter whether we
include {0} in S, but for the proof it was convenient to exclude {0}.
Remark 4.2.22. Theorem 4.2.19 is a generalization of [38] Theorem 5.2. As for
d = 1 the set Λ has the extension property if and only if Λ is an arithmetic
progression, so the resulting orbitope CΛ is, as a convex set, isomorphic to
the universal Carathéodory orbitope. The proof of Theorem 4.2.19 uses the
arguments that were used in [38] Theorem 5.2 and replaces the Fejér-Riesz
theorem with its generalization in form of the extension property.

Corollary 4.2.23. Let H be a halflattice and S′ ⊆ (Λ − Λ) ∩H0 ⊆ Zd, where
Λ has the extension property. Then the orbitope conv(CS) is a spectrahedral
shadow.
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Proof. This is an immediate consequence, as by Theorem 4.2.19 and Remark
4.2.21 the set conv

(
C(Λ−Λ)∩H0

)
is a spectrahedron and conv (CS′) is a projection

of it.

4.3 Spectrahedral and semidefinite representa-
bility of orbitopes under the bitorus

The finite subsets of Z2 having the extension property have been completely
characterized by Bakonyi and Nævdal in [3]. Thus we can combine their result
with Theorem 4.2.19 to find bitoric orbitopes that are spectrahedra. Let us
start by introducing their notation:

Notation 4.3.1. Let

R(m1,m2, ...,mn) := {0, 1, ...,m1} × {0, 1, ...,m2} × ...× {0, 1, ...,mn},

and
S(m1,m2) := R(m1,m2) \ (m1,m2).

Example 4.3.2. The sets we are particularly interested in are the following:

◦ ◦ ◦ · · · ◦ ◦

◦ ◦ ◦ · · · ◦ ◦

◦ ◦ ◦ · · · ◦ ◦

◦ • • · · · • ◦

◦ ◦ ◦ · · · ◦ ◦
(0, 0) (0,m)

(1, 0)

Figure 4.2: R(m, 0) ⊆ Z2,

◦ ◦ ◦ · · · ◦ ◦

◦ ◦ ◦ · · · ◦ ◦

◦ • • · · · • ◦

◦ • • · · · • ◦

◦ ◦ ◦ · · · ◦ ◦
(0, 0) (0,m)

(1, 0)

Figure 4.3: R(m, 1) ⊆ Z2,

and

◦ ◦ ◦ · · · ◦ ◦ ◦

◦ ◦ ◦ · · · ◦ ◦ ◦

◦ • • · · · • ◦ ◦

◦ • • · · · • • ◦

◦ ◦ ◦ · · · ◦ ◦ ◦
(0, 0) (0,m)

(1, 0)

Figure 4.4: S(m, 1) ⊆ Z2.
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Our interest in these sets is motivated by the following theorem.

Theorem 4.3.3 ([3] Theorem 1.6). A finite set S ⊆ Z2 has the extension
property if and only if S is the translation by a vector in Z2 of a set isomorphic
to one of the following sets: R(m, 0), R(m, 1) or S(m, 1), for some m ≥ 0.

This theorem together with Rudins theorem 4.2.7 are the key ingredients for
finding many orbitopes under the bitorus, which are spectrahedra.

Theorem 4.3.4. Up to translation by an element in Z2, let the set Λ ⊆ Z2

be isomorphic to R(m, 0), R(m, 1) or S(m, 1) for some m ∈ N. Further let
H ⊆ Z2 be a halflattice and S = (Λ−Λ)∩H. Then the orbitopes conv(CS) and
conv(CS∪{0}) are spectrahedra.

Proof. This is the immediate consequence of Theorem 4.3.3 and Theorem 4.2.19
together with the observation that it does not matter whether we include 0 in
S in Remark 4.2.21.

Example 4.3.5. Let Λ = R(m, 0) ∪ R(0, n) ⊆ Z2 with m,n ≥ 2 and further
let Φ : (Q2,+) −→ (Q2,+) be an isomorphism. Since m,n ≥ 2, the image Φ(Λ)
contains the points Φ(0, 0),Φ(e1),Φ(2e1) = 2Φ(e1),Φ(e2) and Φ(2e2) = 2Φ(e2).
The images of the standard vectors are Q-linearly independent, so the image
Φ(Λ) contains at least three different points in two independent lines through
the origin. We conclude that, even after translation, the set Φ(Λ) can not be
a subset of R(0, p), R(1, p), S(1, p) for any p ∈ N. These are exactly the three
cases in Theorem 4.3.3.

Since the extension property is invariant under ϕ (Lemma 4.2.16), there
exists no set, which has the extension property and contains Λ. Thus Theorem
4.2.19 (and Corollary 4.2.23) can not be used directly, to show that CΛ is a
spectrahedron (resp. spectrahedral shadow).

The orbitope CΛ however is a spectrahedron, as it is the direct product of
the universal Carathéodory orbitopes CR(m) and CR(n). So in terms of Theorem
4.2.19 and Corollary 4.2.23 the extension property is not a necessary condition
for finding spectrahedra and spectrahedral shadows.

4.4 Generalized extension property

Having an sos-representation with degree bounds was a crucial part for the proof
of Theorem 4.2.19 and was implied by the extension property. In Example 4.3.5
we have seen that the extension property is not a necessary condition for a
Td-orbitope to be a spectrahedron or a spectrahedral shadow. Instead of a
sos-representation with elements in ΠC

Λ one could work with sos-representations
with elements in ΠC

∆, where ∆ is some bounded subset of Zd which does not
necessarily have the extension property. More explicitly we use the following
notation:

Remark 4.4.1. For any subset Ω ⊆ Zd let

PSDΩ = {f ∈ ΠΩ : f(Td) ≥ 0}
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be the cone of non-negative trigonometric polynomials with support in Ω. Notice
that, for a, b ∈ R with b 6= 0, we have∫

[0,2π)

cos(a+ bθ) dθ = 0 and

∫
[0,2π)

sin(a+ bθ) dθ = 0.

Thus for any

f(θ1, ..., θd) =
∑
α∈Ω

aα cos

(
d∑
i=1

αiθi

)
+ bα sin

(
d∑
i=1

αθi

)
∈ Π′

with b0 = 0, the integral 1
(2π)d

∫
[0,2π)d

f dθ = a0 is the constant term of f . Using

the identification of Π and Π′ (Remark 4.2.4) this means, if f ∈ PSDΩ \ {0},
then the constant term a0 > 0 is positive. Or in other words, if 0 /∈ Ω, then
PSDΩ = {0} is trivial. So we always assume that 0 ∈ Ω.

Let Λ be another subset of Zd. We define

ΣΛ :=

{
f ∈ Π : ∃l ∈ N ∃p1, ..., pl ∈ ΠC

Λ : f =

l∑
i=1

|pi|2
}

to be the cone of sums of hermitian squares of elements in ΠC
Λ. We always have

ΣΛ ⊆ PSDΛ−Λ. By Rudins Theorem 4.2.7, the set Λ has the extension property
if and only if PSDΛ−Λ ⊆ ΣΛ. We generalize the extension property as follows:

Definition 4.4.2. Let Ω,Λ ⊆ Zd be finite subsets. We say that the pair (Ω,Λ)
has the generalized extension property, if 0 ∈ Ω and PSDΩ ⊆ ΣΛ.

Remark 4.4.3. By the definition of Π we can and always will assume that Ω =
−Ω. If α ∈ Ω \ (Λ − Λ) then 2 + zα + zα

−1 ∈ PSDΩ \ ΣΛ. Thus if (Ω,Λ) has
the generalized extension property, we automatically have Ω ⊆ Λ− Λ.

Clearly if Λ ⊆ Zd is a finite subset, then having the extension property is
equivalent to (Λ − Λ,Λ) having the generalized extension property. If on the
other hand Λ has the extension property and Ω ⊆ Λ − Λ is any subset with
0 ∈ Ω, then (Ω,Λ) has the generalized extension property.

Also note that if Λ ⊆ Λ′ ⊆ Zd and (Ω,Λ) has the generalized extension
property, so does (Ω,Λ′).

Theorem 4.4.4. Let Ω,Λ ⊆ Zd be subsets, such that (Ω,Λ) has the generalized
extension property. Let H ⊆ Zd be a halflattice and let S := (Ω∩H)\{0}. Then
the Carathéodory orbitope CS (Definition 4.1.6) is a spectrahedral shadow.

Proof. Let n = |Λ|. Further let Her+
n denote the hermitian, positive semidef-

inite n × n-matrices. Using Remark 3.1.18 we see that the set Her+
n is a

spectrahedron. Every element of Her+
n can be written as

∑n
i=1 hihi

t with
hi ∈ Cn. The Gram map π (as in the proof of Theorem 4.2.19) maps hihi

t to

(z−α)α∈Λhihi
t(zα)α∈Λ = |pi(z)|2. This map is linear and its image is π(Her+

n ) =
ΣΛ. Being the linear projection of a spectrahedron, ΣΛ is a spectrahedral
shadow. Since (Ω,Λ) has the generalized extension property we see that PSDΩ =
ΣΛ ∩ΠΩ. Thus PSDΩ is a spectrahedral shadow as well.

Let m := |S| and let

V :=

{
b+

∑
α∈S

aαzα + aαzα ∈ C[zα, zα]

}
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be the space of real valued, affine-linear functionals on Cm. Take B to be the set
of extreme points of CS ⊆ Cm (by Lemma 2.6.2 this is the group orbit, which
defines the orbitope CS). As in the proof of Theorem 4.2.19, the coorbitope
cone cone({1} × CS◦) ⊆ V is given as

ĈS
◦ =

{
f = b+

∑
α∈S

aαzα + aαzα ∈ C[zα, zα : α ∈ Zd] : b ∈ R≥0, f(B) ≥ 0

}
,

so it consists of all functionals in V , which are non-negative on the orbit B.
The R-linear map

V −→ ΠΩ

f = b+
∑
α∈S

aαzα + aαzα 7→ f̃ := b+
∑
α∈S

aαz
α + aαz

−α

is an R-isomorphism, which maps ĈS
◦ onto PSDΩ. Thus the coorbitope cone

ĈS
◦ is R-linearly isomorphic to PSDΩ and is a spectrahedron as well.
We identify R× Cm with the dual space of V by defining:

(v0, v)(b, l) := v0b− l(v) for every v0, b ∈ R, v ∈ Cm and l ∈ (Cm)
∗
.

Using this identification we interpret the dual cone
(
ĈS
◦
)∗
⊆ V ∗ as a subset of

R× Cm. Let v ∈ Cm, then

v ∈ CS ⇔ l(v) ≤ 1 for all l ∈ CS◦

⇔ bl(v) ≤ b for all l ∈ CS◦ and all b ∈ R≥0

⇔ (1, v)(b, bl) ≥ 0 for all l ∈ CS◦ and all b ∈ R≥0

⇔ (1, v)(f) ≥ 0 for all f ∈ ĈS◦.

Using this equivalence we see that the following identity holds:

({1} × Cm) ∩
(
ĈS
◦
)∗

= {1} × CS ⊆ R× Cm.

This means that CS is the image of a linear projection of a spectrahedral shadow
and as such it is a spectrahedral shadow as well.

As the name suggests, the generalized extension property generalizes the ex-
tension property. So Theorem 4.4.4 is a generalization of Corollary 4.2.23. The
following example shows that Theorem 4.4.4 is, without further argumentation,
applicable to more examples than Corollary 4.2.23.

Example 4.4.5. Let Λ = (R(m)×{0})∪ ({0}×R(n)) ⊆ Z2 with m,n > 1. In
Example 4.3.5 we have seen that no set containing Λ has the extension property.
But CΛ is a spectrahedron. However (Λ∪(−Λ),Λ) has the generalized extension
property:

For f ∈ ΠΛ∪(−Λ) there exist g ∈ ΠR(0,m)∪−R(0,m) and h ∈ ΠR(n,0)∪−R(n,0)

such that
f(z1, z2) = g(z1) + h(z2).

So if f ∈ PSDΛ∪(−Λ), we have g ∈ PSDR(0,m)∪−R(0,m) and h ∈ PSDR(n,0)∪−R(n,0).
Since these sets have the extension property, we have PSDR(0,m)∪−R(0,m) =
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ΣR(0,m) and PSDR(n,0)∪−R(n,0) = ΣR(n,0). We see that f ∈ ΣΛ is a sum of
squares. Thus PSDΛ∪(−Λ) ⊆ ΣΛ.

Then Theorem 4.4.4 shows that CΛ is a spectrahedral shadow. This shows
that Theorem 4.4.4 leads to new examples of spectrahedral shadows, for which
Corollary 4.2.23 was not sufficient. Note that if we also use the fact that the
direct product of two spectrahedral shadows is again a spectrahedral shadow,
then Corollary 4.2.23 is sufficient to prove that CΛ is a spectrahedral shadow.

Example 4.4.6. In Example 5.1.12 we see that the Carathéodory orbitope
given by Λ = {(1, 0), (2, 0), (3, 0), (0, 1), (0, 2), (1, 1), (1,−1)} ⊆ Z2 is not a spec-
trahedral shadow. By Theorem 4.4.4 the contemplable subsets Λ ⊆ Zd never
have an Ω ⊆ Zd, such that (Λ,Ω) has the generalized extension property.

Frankly it is quite hard to verify whether a pair (Ω,Λ) ⊆ Zd × Zd has the
generalized extension property. Using the arguments that Rudin used to prove
Theorem 4.2.7, one can translate the generalized extension property into the
language of positive extensions of sequences. In order to do so, we identify the
dual space Π∗∆ of Π∆ with the vector space of sequences (ck)k∈∆ with c−k = ck.
Using the coefficient vectors of the elements in Π∆, we can equip Π∆ with the
standard hermitian inner product and identify it with its dual space Π∗∆. So if
we have a sequence (ck)k∈∆ we interpret it as an element of Π∗∆ by

(ck)k∈∆ 7→ 〈(ck)k∈∆, coeff(·)〉C|∆| ∈ Π∗∆.

In [37] Lemma 1.1, Rudin proves that a sequence (ck)k∈Λ−Λ is positive
semidefinite with respect to Λ if and only if it lies in the polar cone ΣΛ

◦, when
interpreted as a linear functional. In [37] Lemma 1.2, Rudin also proves that a
sequence (ck)k∈Ω has a positive extension if and only if (interpreted as a linear
functional) it lies in the polar cone PSDΩ

◦ (it is worth noting that in the second
Lemma Ω does not need to be in the form Ω = ∆−∆ for some ∆ ⊆ Zd).

Now we see, how the general extension property translates to extensions of
positive semidefinite sequences. Taking the polar inverts inclusion, so PSDΩ ⊆
ΣΛ if and only if PSD◦Ω ⊇ Σ◦Λ. By Rudin’s lemmata this is equivalent to: if
(ck)k∈Λ−Λ is a positive semidefinite sequence with respect to Λ, then (ck)|Ω
has a positive extension. Here (ck)|Ω denotes the subsequence induced by the
inclusion of Ω ⊆ Λ− Λ. Thus we have proved the following proposition:

Proposition 4.4.7. Let Ω,Λ ⊆ Zd with 0 /∈ Ω ⊆ Λ − Λ. Then the pair (Ω,Λ)
has the generalized extension property if and only if every sequence (ck)k∈Λ−Λ

that is positive semidefinite with respect to Λ satisfies that (ck)|Ω has a positive
extension.

For further research this proposition allows us to try to find pairs, having
the generalized extension property, from the sequences point of view. However
we will not go further into this.

In chapter 5 we find a lot of examples of Carathéodory orbitopes which are
not spectrahedral shadows. Theorem 4.4.4 then tells us that the corresponding
Ω ⊆ Zd is never part of a pair (Ω,Λ), which has the extension property. So
this gives us many examples of pairs (Ω,Λ), which do not have the generalized
extension property. Using an isomorphism, which can be found in [37], this has
implications for the sos-representability of psd polynomials in R[x1, ..., xd].
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Notation 4.4.8. Let n = (n1, ..., nd) ∈ Rd. We define

Ωn := R(n1, ..., nd)−R(n1, ..., nd) ⊆ Zd

and let R[x1, ..., xd](2n1,...,2nd) denote the polynomials with degree ≤ 2nj in the
variable xj for all j = 1, ..., d.

Lemma 4.4.9. Let n = (n1, ..., nd) ∈ Rd. The map

Ψn : ΠΩn −→ R[x1, ..., xd](2n1,...,2nd)

f(x1, ..., xd) 7→ (1 + x2
1)n1 · · · (1 + x2

d)
ndf

(
x1 + i

x1 − i
, ...,

xd + i

xd − i

)
is an R-linear isomorphism such that f ∈ ΠΩn is positive semidefinite if and
only if Ψn(f) is positive semidefinite. Moreover if m ∈ N with Λ ⊆ Ω(m,...,m),
then for f in ΣΛ we get Ψn(f) to be a sum of squares in R[x1, ..., xd](2m,...,2m).

Proof. To see that Ψn is well defined, note first that for x ∈ R we have x+i
x−i ∈

T. Clearly the image of Ψn lies in C(x1, ..., xd). Any f ∈ Π is of the form∑
aαz

α + aαz
−α and on Td we have aαz

α + aαz
−α = 2 Re(aαz

α). Thus the
image Ψn(f) has only real coefficients. Further, we have 1 +x2 = (i+x)(i−x).
So Ψn(f) lies in the polynomial ring R[x1, ..., xd] and the degree in each variable
xj is bounded by 2nj .

The map Ψn is linear and preserves linear independence, so it is injective. By
comparing dimensions dimR ΠΩn = Πd

j=1(2nj+1) = dimR R[x1, ..., xd](2n1,...,2nd)

we see that Ψn is an isomorphism of real vector spaces.
Clearly f ∈ ΠΩn satisfies f(Td) ≥ 0 if and only if Ψn(f) is non-negative on

Rd. Thus Ψn preserves positive semidefiniteness.
Now suppose Λ ⊆ R(m, ...,m) ⊆ Nd and f ∈ ΠΩn ∩ ΣΛ. Then there exist

g1, ..., gm ∈ ΠΛ such that f =
∑m
j=1 |gj |2 is a sum of hermitian squares. For

j = 1, ...,m we take

Gj(x1, ..., xd) := (x1 − i)n1 · · · (xd − i)ndgj
(
x1 + i

x1 − i
, ...,

xd + i

xd − i

)
,

to be an element of C[x1, ..., xd](2m,...,2m). These are complex polynomials with

|Gj(x1, ..., xd)|2 = (1 + x2
1)n1 · · · (1 + x2

d)
nd

∣∣∣∣gj (x1 + i

x1 − i
, ...,

xd + i

xd − i

)∣∣∣∣2 .
So we have

(Ψnf)(x1, ..., xd) =

m∑
j=1

|Gj(x1, ..., xd)|2 .

We rewrite
Gj(x1, ..., xd) = uj(x1, ..., xd) + ivj(x1, ..., xd),

where u, v ∈ R[x1, ..., xd](m,...,m). Then Ψn(f) =
∑m
j=1(u2

j + v2
j ) is a sum of

squares. Thus whenever f ∈ ΠΩn ∩ ΣΛ is a sum of squares, Ψn(f) is a sum of
squares in R[x1, ..., xd](2m,...,2m).

Remark 4.4.10. This isomorphism was used by Rudin in [37] in a less general
form with n1 = ... = nd. Rudins argumentation to prove the assertions from
Lemma 4.4.9 is quite scarce. For completeness we filled that gap.
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So the map Ψn from Lemma 4.4.9 is a R-linear isomorphism, which preserves
positive semidefiniteness and the property of being a sum of squares with certain
degree bounds. This leads to the following:

Proposition 4.4.11. Let n ∈ Rd and Ω ⊆ Ωn ⊆ Zd, such that there exists
no Λ ∈ Zd with (Ω,Λ) having the generalized extension property. Then for any
m ∈ N with m > n there exists a trigonometric polynomial fm ∈ PSDΩ, such
that (1+x2

1)m−n1 · · · (1+x2
d)
m−ndΨn(fm) is positive semidefinite and not a sum

of squares in R[x1, ..., xd](m,...,m).
If on the other hand (Ω,Λ) does have the generalized extension property, then

we get sos representations with uniform degree bound for the positive semidefinite
elements in Ψn(ΠΩ) ⊆ R[x1, ..., xd].

Proof. For the first assertion we assume that every f ∈ Ψn(PSDΩ) has a sum of
squares representation in R[x1, ..., xd](4m,...,4m). Let u ∈ R[x1, ..., xd](2m,...,2m).
Define g := Ψ−1

m (u) ∈ ΠR(m,...,m)−R(m,...,m), then

Ψ2m

(
g2
)

=
(
1 + x2

1

)2m · · · (1 + x2
d

)2m
g

(
x1 + i

x1 − i
, ...,

xd + i

xd − i

)2

= Ψm(g)Ψm(g)

= u2.

Since g ∈ Π and Π are invariant under the involution given in Notation 4.2.2,
g2 is a hermitian square. Thus we have proved Ψ−1

n (f) to be a sum of her-
mitian squares with elements in ΠR(m,...,m)−R(m,...,m), whenever f is a sum of
squares in R[x1, ..., xd](4m,...,4m). This however contradicts the assumption that
(Ω, R(m, ...,m)−R(m, ...,m)) does not have the extension property.

On the other hand let (Ω,Λ) have the generalized extension property. Let
m ∈ N with Λ ⊆ Λm := Ω(m,...,m). Then (Ω,Λm) has the generalized extension
property as well. So PSDΩ ⊆ ΣΛm and in particular we have Ψm(PSDΩ) ⊆
Ψm(ΣΛm). By the properties of Ψ(m,...,m) the set of positive semidefinite el-
ements of Ψm(ΠΩ) is exactly the image Ψm(PSDΩ) and each such positive
semidefinite element is a sum of squares in R[x1, ..., xd](2m,...,2m).

Remark 4.4.12. Let f ∈ PSDΩ, with Ω ⊆ Z2. By Scheiderers Corollary 3.12 in
[41] there exists an n ∈ N, such that

Ψn(f) = (1 + x2
1)n(1 + x2

2)nf(
x1 + i

x1 − i
,
x2 + i

x2 − i
)

is a sum of squares in R[x1, x2]. Proposition 4.4.11 together with the examples
from Chapter 5 allow us, to find finite subspaces of R[x1, x2], such that this n
can not be uniformly bounded. This however is true for most finite dimensional
subspaces of the polynomial ring.

On the other hand the positive results by Bakonyi and Nævdal for the exten-
sion property together with Proposition 4.4.11 give us examples with uniform
degree bounds for the sos representations of certain psd polynomials in R[x1, x2].
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Chapter 5

Orbitopes which are not
spectrahedral shadows

In [38] Corollary 5.3 Sanyal et al. proved that every orbitope under the 1-torus
is a spectrahedral shadow. In Chapter 4 we proved that the extension property
is sufficient for proving that certain multivariate Carathéodory orbitopes are
spectrahedral shadows. Using the results of Bakonyi and Nævdal in [3], which
depicted all the subsets of Z2, having the extension property, we were able to
find bitoric orbitopes, which are spectrahedral shadows. In this section we prove
that many orbitopes under the d-torus (with d ≥ 2), of high enough dimension
are not spectrahedral shadows.

It is difficult to prove that a semialgebraic convex set is not a spectrahedral
shadow. Helton and Nie even conjectured that every semialgebraic convex set
is the projection of a spectrahedron. The conjecture is based on several results
by Helton and Nie in their works [22] and [21]. They used the Lasserre Relax-
ation, to basically show that every semialgebraic convex set with a non-singular
boundary with strictly positive curvature, is a spectrahedral shadow.

The Helton-Nie conjecture was proved to be true on the plane by Schei-
derer in [43]. But only recently the Helton-Nie conjecture was disproved by
Scheiderer in [44]. Scheiderer generalized the Lasserre relaxation such that the
relaxation does not only give a sufficient condition for being a spectrahedral
shadow, but it also gives a necessary condition. With this Scheiderer was able
to find many examples of convex semialgebraic sets that are not spectrahedral
shadows. It is however difficult to find examples of low dimensions. The lowest
dimensional convex, semialgebraic set known to the author is 11-dimensional
and is mentioned in [44].

5.1 How to find orbitopes, which are not spec-
trahedral shadows

In this section we first cite Scheiderers results in [44] on how to find examples of
convex, semialgebraic sets, which are not spectrahedral shadows. These results
have a lot of technical assumptions and we simplify Scheiderers results for the
use on orbitopes (Proposition 5.1.8). In the following sections we use Proposition
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5.1.8 to find many examples of orbitopes, which are not spectrahedral shadows.
The situation in Scheiderers approach is the following:

Notation 5.1.1. Let V be an affine R-variety, L ⊆ R[V ] a finite-dimensional
linear subspace and ϕL : V −→ AL the associated morphism (as in Notation
2.3.9). Further let S ⊆ V (R) be a semialgebraic set. Moreover we take V ′ to
be an irreducible component of V and S′ ⊆ S ∩ V ′ to be a semialgebraic set,
which is Zariski dense in V ′.

Using the notation of [44] 4.13 let R be a real closed field containing R. We
denote B := {a ∈ R : ∃n ∈ N − n < a < n} to be the valuation ring of R.
The maximal ideal of B is mB := {a ∈ R : ∀n ∈ N |na| < 1} and its non-zero
elements are called infinitesimals.

We write B[V ] := R[V ] ⊗R B. Given an element ξ ∈ V (R) we denote
MV,ξ ⊆ B[V ] to be the kernel of the evaluation map B[V ] −→ B, f 7→ f(ξ).

The proposition in [44], which we use, is the following:

Proposition 5.1.2 ([44] Proposition 4.19). Let V,L, ϕL, S, V
′, S′, R,B as in

Notation 5.1.1 and assume R ) R. Suppose that for every element η ∈ S′ there
exists an fη ∈ LB + B1 ⊆ B[V ] with fη ≥ 0 on SR and such that fη is not a
sum of squares in B[V ]/(MV,η)N for some N ≥ 1. Then the closed convex hull

conv(ϕL(S)) ⊆ AL(R) ∼= RdimL is not a spectrahedral shadow.

(Here LB := L⊗B ⊆ R[V ]⊗B = B[V ]).

It is usually quite difficult to check, whether the assumptions of Proposi-
tion 5.1.2 are met. In the following we clarify, how this situation comes up
with general orbitopes. Due to the symmetry of orbitopes it is enough to take
a fixed η ∈ S′, which simplifies the assumptions of Proposition 5.1.2. Next we
give a 14-dimensional example of a T2-orbitope, which is not a spectrahedral
shadow. Generalizing the arguments used for this 14-dimensional orbitope, we
then show in the subsequent sections, that many 30-dimensional T2-orbitopes
are not spectrahedral shadows. Further we show that for every real, compact,
linear algebraic group there exists an orbitope under that group, which is not a
spectrahedral shadow.

Remark 5.1.3. Scheiderer also provides a simpler way ([44] Proposition 4.8) for
finding convex semialgebraic sets, which are not spectrahedral shadows. But
[44] Proposition 4.19 offers a stronger tool and usually creates examples of lower
dimensions, so we focus on the latter Proposition.

Our goal in this section is to find representations such that the require-
ments of Proposition 5.1.2 are met. In order to do this Scheiderer provides the
following:

Proposition 5.1.4 ([44] Lemma 4.22). Let R,B be as in Notation 5.1.1 and
assume R ) R. Further let V be an affine R-variety, η ∈ Vreg(R) a regular point
and let q1, ..., qn ∈ B[V ] be a regular parameter sequence for the local ring OVR,η.
Take a form f ∈ R[x0, ..., xn] that is psd and non-sos. If ε is an infinitesimal
in R, then f(ε, q1, ..., qn) ∈ B[V ] is psd on V (R) but not sos in B[V ]/(MV,η)N

for any N ≥ deg f + 1.
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Notation 5.1.5. Let G be a real, linear algebraic group such that G(R) ⊆
Matn(R) is compact. Further let ρ : G(R) −→ GL(V ) be a rational representa-
tion. Then ρ̃v : G −→ V ⊗ C denotes the orbit morphism g 7→ g · v given by ρ
and v ∈ V . In particular if V = Rn and v = e1 is the first standard vector in
Rn, we write ρ̃ := ρ̃e1 .

The orbit morphism ρ̃v is the composition of the rational representation
ρ : G −→ GL(V ) and the linear projection GL(V ) −→ Cm, A 7→ Av. Thus ρ̃v

is indeed a morphism.

When studying orbitopes, we usually start out with an orbit of a linear alge-
braic group. In the situation of Proposition 5.1.2 instead of taking a morphism
associated to a finite-dimensional subspace, we take a subspace associated to
the orbit morphism.

Definition 5.1.6. Let ϕ : V −→ V ′ ⊆ Am be a surjective morphism of real
affine varieties. Moreover let R[V ′] := R[x1, ..., xm]/J to be the coordinate ring
of V ′, where J is the vanishing ideal of V ′ in R[x1, ..., xm]. Then we define

Lϕ := spanR (ϕ∗ (xi) : i = 1, ...,m) ⊆ R[V ]

to be the image of the linear forms in R[x1, ..., xm] under the pull-back ϕ∗. We
call Lϕ the linear subspace of R[V ] associated to ϕ.

Lemma 5.1.7. Let ϕ : V −→ V ′ be a surjective morphism of real affine vari-
eties. Further let L := Lϕ ⊆ R[V ] be the subspace associated to ϕ. Then ϕ = ϕL
is the morphism associated to L (see Notation 2.3.9).

Even though this should be clear, we reassure ourselves:

Proof. Since ϕ is surjective, its pullback ϕ∗ is injective and ϕ∗(x1), ..., ϕ∗(xm)
is a basis of L. The morphism ϕL associated with L is given by

ϕL : V −→ Am

ξ 7→ (ϕ∗(x1)(ξ), ..., ϕ∗(xm)(ξ)) .

Finally we have ϕ∗(xi)(ξ) = (xi ◦ ϕ)(ξ). So we see that

(ϕ∗(x1)(ξ), ..., ϕ∗(xm)(ξ)) = ϕ(ξ).

Combining Proposition 5.1.2 and Proposition 5.1.4 and following our discus-
sion above we get:

Proposition 5.1.8. Let G be a real, linear algebraic group, such that its real
points G(R) are compact and let e be its neutral element. Further let ρ :
G(R) −→ GL(W ) be a rational representation with real vector space W and
for w ∈ W let ϕ = ρ̃w be the orbit morphism. Moreover let L = Lϕ ⊆ R[G] be
the finite-dimensional linear subspace associated with ϕ. Let q1, ..., qn ∈ R[G] be
a regular parameter sequence for the local ring OG,e.

If there exists a psd and non-sos form

f =

degx0
(f)∑

i=0

pi(x1, ..., xn)xi0 ∈ R[x0, ..., xn],
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where p1, ..., pk ∈ R[x1, ..., xn], such that

p1(q1, ..., qn), ..., pk(q1, ..., qn) ∈ L+ R1 ⊆ R[G],

then the orbitope
O(G, ρ,w) = conv(G(R) · w)

is not a spectrahedral shadow.

Remark 5.1.9. This Proposition is of course in a less general form, than Propo-
sition 5.1.2. Since there are quite a few technical assumptions in Proposition
5.1.2, we try to keep it simple. We repeatedly use Proposition 5.1.8 to find
examples of orbitopes, which are not spectrahedral shadows.

Note, that since G is a Lie group, if m is the maximal ideal of O(G, e), then
m/m2 is linearly isomorphic to the Lie algebra g of G (see Proposition 2.3.11).

Proof. In order to use Proposition 5.1.2, we take V := G,L := Lϕ, ϕL := ϕ, S :=
G(R), V ′ := irreducible component of G containing e (this is a real, linear al-
gebraic group, see Proposition 2.3.18 together with 2.3.19), S′ := V ′(R), R :=
any real closed field, such that the variables of R[G] are transcendent over R
and with R ) R. Now we need to check that all the assumptions of Proposition
5.1.2 are given.

Since G is smooth (see Proposition 2.3.18), the identity e is a smooth point
in G(R). Thus by the Artin-Lang theorem G(R) is Zariski dense in G (see e.g.
[42] Corollary 7.11, alternatively [25] Lemma 5.3), so S′ is Zariski dense in V ′.

By Lemma 5.1.7 the morphism ϕ is the morphism associated to the linear
subspace L ⊆ R[G].

Let η ∈ S′ ⊆ G(R) and let f ∈ L. We take A to be a polynomial ring and
J ⊆ A to be an ideal, such that R[ϕ(G)] := A/J is the coordinate ring of ϕ(G).
Then there exists a linear polynomial q ∈ A, such that f = q ◦ ϕ.

We interpret the linear algebraic group G as a subgroup of GLn(C). The
group G acts by matrix-multiplication from the left on itself. In this sense η is
a linear automorphism on Matn(C), which maps G(R) to itself.

Let ρ̃ : G −→ GL(WC) be the induced representation of ρ. Let g ∈ G, then

(ϕ ◦ η−1)(g) = ρ̃η−1g · w
= ρ̃η−1 ρ̃g · w
= ρ̃η−1 ◦ ϕ(g).

Thus we get

(f ◦ η−1)(g) = q ◦ ϕ ◦ η−1

= q ◦ ρ̃η−1 ◦ ϕ.

Since ρ̃η−1 is a linear automorphism we see that q◦ ρ̃η−1 ∈ A is a linear represen-
tative of a residue class in R[ϕ(G)]. By definition the linear subspace L ⊆ R[G]
is spanned by the pullbacks of ϕ of linear forms in A, so f ◦ η−1 ∈ L.

Now let b ∈ B and f be such that (f + b)(S′R) ≥ 0 and f + b is not a sum
of squares in B[G]/(MGR,e)

N . Any element in G can be be written in the form
ηg with g ∈ G. Then

((f + b) ◦ η−1)(ηg) = ((f ◦ η−1) + b)(ηg)

= (f + b)(g)
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takes the same values on S′R as f + b. Thus (f + b) ◦ η−1 is psd on S′R.
Assume (f + b) ◦ η−1 is a sum of squares in B[G]/(MGR,η−1)N . So there

exist polynomials p1, ..., pr ∈ B[G], p′ ∈ (MGR,η−1)N , such that

(f + b) ◦ η−1 =

r∑
i=1

(pi)
2 + p′.

Then

f + b =

r∑
i=1

(pi ◦ η)2 + (p′ ◦ η).

Since (p′ ◦ η)(η−1) = p′(e) = 0, we have found a sum of squares representation
of f + b in B[G]/(MGR,e)

N . This is a contradiction to our choice of f and b, so
(f+b)◦η−1 does not have a sum of squares representation in B[G]/(MGR,η−1)N .

Thus in order to use Proposition 5.1.2, it is enough to find f + b ∈ L+ R1,
which is psd on S′R and not a sum of squares in B[G]/(MGR,e)

N .
Let ε be an infinitesimal in R. Since, by assumption, all the pi(q1, ..., qn)

are in L + R1, f(ε, q1, ..., qn) is in L ⊗ B + B1 ⊆ R[G] ⊗ B. By Proposition
5.1.4, f(ε, q1, ..., qn) is psd on G(R)R, but not sos in B[G]/(MG,e)

deg f+1. By

Proposition 5.1.2 the closed convex hull conv(ϕL(G(R))) is not a spectrahedral
shadow. Since G(R) is compact, conv(ϕ(G(R))) is compact (see Corollary 2.2.4)
and in particular closed, so the statement is proved.

Toric orbitopes are the simpler cases of orbitopes and we discuss them in
more detail in the following example.

Example 5.1.10. Let G = Td, seen as a real algebraic group in (R2)d (under
the R-isomorphism C −→ R2, z 7→ (Re z, Im z) the torus T is the unit circle of
R2). The torus T ∈ R2 is given by the vanishing of f(x, y) = x2 + y2 − 1. Since
f is irreducible, its principal ideal (f) is radical. By Hilberts Nullstellensatz
the coordinate ring of T ⊆ R2 is R[T] = R[x, y]/(x2 + y2 − 1). Similarly the
coordinate ring of Td ⊆ (R2)d is R[Td] = R[xj , yj : j = 1, ..., d]/(x2

j + y2
j − 1 :

j = 1, ..., d).
For λ ∈ Zd let ρλ : Td −→ GL(C) ∼= C∗ denote the irreducible representation

given by
(g1, g2, ..., gd) 7→ gλ1

1 gλ2
2 ...gλdd ∈ C∗ = Aut(R2),

seen as a real representation. Further let ϕλ : Td −→ C be the orbit morphism
given by g 7→ gλ1

1 gλ2
2 ...gλdd ∈ C∗. The polynomials defining this morphism have

2d real arguments, that is xj := Re gj and yj := Im gj for all j = 1, ..., d. In this
case the associated finite subspace Lλ = Lϕλ ⊆ R[G] is spanned by

Re
(

(x1 + i sign(λ1)y1)
|λ1| ... (xd + i sign(λd)yd)

|λd|
)

and
Im
(

(x1 + i sign(λ1)y1)
|λ1| ... (xd + i sign(λd)yd)

|λd|
)
.

Now let Λ = {λ1, ..., λm} ⊆ Zd. If ρΛ :=
⊕m

j=1 ρλj : G −→ (C∗)m is the direct
sum of m pairwise distinct, irreducible, real representations ρλj of G, then we
denote the morphism ϕΛ := ⊕mj=1ϕλj . The associated finite subspace is then
L := LΛ := ⊕mj=1Lλj .
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In order to use Proposition 5.1.8, we try to find representations ρΛ (given
by a collection of λj ∈ Zd) of Td, such that L+ R1 contains all monomials of a
polynomial f as in Proposition 5.1.8.

It is known that all the orbitopes under the 1-torus are spectrahedral shad-
ows. But for T2 there exist representations such that the associated orbitope is
not a spectrahedral shadow. The Motzkin form is one of the simpler psd forms,
which is non-sos. To give a first simple example we make use of that. First we
remind the reader, of what a regular parameter sequence over Td may look like:

Lemma 5.1.11. The sequence y1, ..., yd is a regular parameter sequence of the
local ring OTd,e, where R[Td] = R[x1, y1, ..., xd, yd]/(x

2
i + y2

i − 1, i = 1, ..., d) and
e = (1, ..., 1) ∈ Td.

Proof. The local ring OTd,e is the localization of R[Td] at the prime ideal (x1 −
1, y1, ..., xd− 1, yd). Thus the maximal ideal in OTd,e is m = (x1− 1, y1, ..., xd−
1, yd). Locally xi + 1 is invertible, and

yi
2 = 1− xi2

= (1 + xi)(1− xi).

So xi − 1 ∈ (yi)OTd,e
and m = (y1, ..., yd).

On the other hand
⊕d

i=1 so2 is the Lie algebra of Td ∼= SO(2)d, which
is d-dimensional. Thus by Proposition 2.3.11, the vector space m/m2 is d-
dimensional.

Example 5.1.12. Let Λ = {(2, 0), (4, 0), (6, 0), (0, 2), (0, 4), (2, 2), (2,−2)} ⊆
Z2. In the following we prove that the 14-dimensional Carathéodory orbitope
CΛ := conv(ρΛ) ⊆ C7 ∼= R14 is not a spectrahedral shadow.

Using Proposition 4.1.9 we then see that CΛ/2 is not a spectrahedral shadow
either. Due to Theorem 4.4.4 we see that no pair (Ω,∆) with Ω,∆ ⊆ Z2 and
Λ/2 = {(1, 0), (2, 0), (3, 0), (0, 1), (0, 2), (1, 1), (1,−1)} ⊆ Ω, has the generalized
extension property.

We prove that CΛ is not a spectrahedral shadow in two different ways:

1. If we choose L = LΛ as in Example 5.1.10 then L is spanned by the following
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polynomials (modulo x2
j + y2

j = 1):

f0,2 := Re(x2 + iy2)2 = −2y2
2 + 1,

g0,2 := Im(x2 + iy2)2 = 2x2y2

f0,4 := Re(x2 + iy2)4 = 8y4
2 − 8y2

2 + 1,

g0,4 := Im(x2 + iy2)4 = −8x2y
3
2 + 4x2y2

f0,6 := Re(x2 + iy2)6 = −32y6
2 + 48y4

2 − 18y2
2 + 1,

g0,6 := Im(x2 + iy2)6 = 32x2y
5
2 − 32x2y

3
2 + 6x2y2

f2,0 := Re(x1 + iy1)2 = −2y2
1 + 1,

g2,0 := Im(x1 + iy1)2 = 2x1y1

f4,0 := Re(x1 + iy1)4 = 8y4
1 − 8y2

1 + 1,

g4,0 := Im(x2 + iy2)4 = −8x1y
3
1 + 4x1y1

f2,2 := Re(x1 + iy1)2(x2 + iy2)2 = −4x1y1x2y2 + 4y2
1y

2
2 − 2y2

1 − 2y2
2 + 1,

g2,2 := Im(x1 + iy1)2(x2 + iy2)2 = 2x2y2 − 4x2y
2
1y2 + 2x1y1 − 4x1y1y

2
2

f2,−2 := Re(x1 + iy1)2(x2 − iy2)2 = 4x1y1x2y2 + 4y2
1y

2
2 − 2y2

1 − 2y2
2 + 1,

g2,−2 := Im(x1 + iy1)2(x2 − iy2)2 = −2x2y2 + 4x2y
2
1y2 + 2x1y1 − 4x1y1y

2
2

We see that (1, f0,2, f0,4, f0,6) span the vector space {f ∈ R[y2] : supp(f) ⊆
{0, 2, 4, 6}}, the polynomials (1, f2,0, f4,0) span the linear space {f ∈ R[y1] :
supp(f) ⊆ {0, 2, 4}} and (1, f2,0, f0,2, f2,2 + f2,−2) are a basis of {f ∈ R[y1, y2] :
supp(f) ⊆ {(0, 0), (0, 2), (2, 0), (2, 2)}}. So L+ R1 contains the R-linear space

W := {f ∈ R[y1, y2] : supp(f) ⊆ {(0, 0), (0, 2), (0, 4), (0, 6), (2, 0), (4, 0), (2, 2)}}.

Let
pMotz(y0, y1, y2) := y4

0y
2
1 + y2

0y
4
1 + y6

2 − 3y2
0y

2
1y

2
2

be the Motzkin form. The Motzkin form is psd and non-sos. We have

pMotz(1, y1, y2) = y2
1 + y4

1 + y6
2 − 3y2

1y
2
2 ∈W ⊆ L+ R1.

by Lemma 5.1.11 the sequence y1, y2 is a regular parameter sequence of the local
ring R[G]e, where e = (1, 1) ∈ T2 is the neutral element. By Proposition 5.1.8
the orbitope CΛ is not a spectrahedral shadow.

2. The second method to show that CΛ is not a spectrahedral shadow, is a more
general approach. We force the Motzkin polynomial to be in the associated lin-
ear space, by taking the according tensor powers of the standard representation.

Let λ1 := (1, 0) ∈ Z2 and λ2 := (0, 1) ∈ Z2 and let

ρj := ρλj : T2 −→ GL(C)

(g1, g2) 7→ gj , j = 1, 2

be the standard representations of the two factors in T2. The representation
ρj is a morphism and the subspace Lρj ⊆ R[G] associated to ρj is spanned by
Re(xj + iyj) = xj , Im(xj + iyj) = yj , for j = 1, 2.

Let m ∈ N. We define

ϕ⊗mj : G −→ C⊗m ∼= (R2)⊗m,

g 7→
(
(ρj)

⊗m)
g

(
e⊗m1

)
,
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where e⊗m1 ∈ (R2)m is the first canonical unit vector (Kronecker product of
m copies of e1 ∈ R2) and ⊗ denotes the real tensor product. After fixing a
basis, so that ρj ⊆ GL2(R), the tensor power (ρj)

⊗m evaluated in g coincides
with the Kronecker product ((ρj)g)

⊗m of m factors (ρj)g. The finite subspace
L⊗j ⊆ R[G], associated to ϕ⊗mj is given by the degree j forms in R[xj , yj ].

Combining the two we denote ϕ⊗a,⊗b(a, b ∈ N) to be the morphism given by

ϕ⊗a,⊗b(g) =
(
(ρ1)⊗a ⊗ (ρ2)⊗b

)
g

(
e⊗a+b

1

)
.

Then the associated linear subspace L⊗a,⊗b ⊆ R[G] is spanned by the degree a+b
monomials f ∈ R[x1, y1, x2, y2], where degx1

(f) + degy1
(f) = a and degx2

(f) +
degy2

(f) = b. Since we work in R[G] we replace x2
j by 1−y2

j for those monomials
and take L⊗a,⊗b ⊆ R[G] to be the span of the resulting polynomials instead.

We define
L := L⊗4,⊗0 + L⊗0,⊗6 + L⊗2,⊗2.

Since y2 − y4 = x2
2y

2
2 ∈ L⊗0,⊗4 ⊆ R[G], the R-space L + R1 contains all the

occurring monomials of the Motzkin polynomial

pMotz(1, y1, y2) = y2
1 + y4

1 + y6
2 − 3y2

1y
2
2 .

By Proposition 5.1.8 the resulting Orbitope is not a spectrahedral shadow.
Next we analyze which representations are being used in this construction.

There exist a lot of results on the decompositions of tensor products of rep-
resentations, but the situation is quite simple here and one can calculate the
tensor powers by hand. We have ρ1,0⊗ρ1,0 = 2ρ0,0⊕ρ2,0 and for j ≥ 2 we have
ρj,0 ⊗ ρ1,0 = ρj+1,0 ⊕ ρj−1,0. Tensor powers of ρ0,1 lead to the corresponding
equations. Finally tensoring ρm,0 ⊗ ρ0,n we get ρm,n ⊕ ρm,−n. Using these ob-
servations we see that (ρ⊗4

1,0 ⊗ ρ
⊗0
0,1)⊕ (ρ⊗0

1,0 ⊗ ρ
⊗6
0,1)⊕ (ρ⊗2

1,0 ⊗ ρ
⊗2
0,1) is the following

sum:
ρ4,0 ⊕ 6ρ2,0 ⊕ ρ0,6 ⊕ 6ρ0,4 ⊕ 17ρ0,2 ⊕ ρ2,2 ⊕ ρ2,−2 ⊕ 30ρ0,0.

By Lemma 4.1.10 we can assume that any Td-orbitope is multiplicity free.
This leaves us exactly with the factors Λ ∪ {(0, 0)}. When using Proposition
5.1.8 the trivial representation ρ0,0 leads to the constant polynomial in L+ R1
and can be left out.

Remark 5.1.13. Let S ⊆ H be a subset of some halflattice H ⊆ Zd. Whenever
the Carathéodory orbitope CS , is not a spectrahedral shadow, we can deduce
from Theorem 4.4.4 that there exists no Λ ⊆ Zd, such that (S∪(−S)∪{0},Λ) has
the generalized extension property. Thus Example 5.1.12 gives us information
about which sets can not have the generalized extension property.

In example 5.1.12 we used two ways to show that a certain orbitope is not
a spectrahedral shadow. Both argumentations can be generalized to obtain
further results for other orbitopes. We do this consecutively in the following
sections.

5.2 Orbitopes under the bitorus

In this section we use Scheiderers approach to show that many T2-orbitopes of
at least dimension 30, are not spectrahedral shadows. Later we generalize the
proof, to obtain similar results for any Td-orbitopes with d ≥ 2.
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In order to generalize the first argumentation of example 5.1.12, we define
the following subspace:

Notation 5.2.1. We denote

Ω := spanR (knlm ∈ R[k, l] : m+ n ∈ {2, 4, 6}) ⊆ R[k, l].

This is a 15-dimensional real vector space with basis:

k2, kl, l2, k4, k3l, k2l2, kl3, l4, k6, k5l, k4l2, k3l3, k2l4, kl5, l6.

Using this notation we now prove the following:

Theorem 5.2.2. Let Λ ⊆ Z2 be a finite subset of a halflattice in Z2. Further
let M := {λ1, ..., λ15} ⊆ Λ, such that there exists no f ∈ Ω with f(λ1) = ... =
f(λ15) = 0. Then the Carathéodory orbitope CΛ is not a spectrahedral shadow.

Proof. Let 2Λ := {2λ = (2λ1, 2λ2) ∈ Z2 : λ ∈ Λ}. By Proposition 4.1.9 the two
orbitopes CΛ and C2Λ are isomorphic as convex sets. We show that C2Λ is not
a spectrahedral shadow.

In Example 5.1.10 we have seen that if L ⊆ R[V ] is spanned by the real and
imaginary part of

f2k,2l = (x1 + sign(k)iy1)2k(x2 + sign(l)iy2)2l,

then L ⊆ R[G] is the linear subspace associated to ϕ2k,2l. After replacing x2
1, x

2
2

by 1− y2
i , 1− y2

2 and Modulo (x1 − 1, y1, x2 − 1, y2)7, we have

Re f2k,2l =
∑

p,q∈2N,
p+q≤6

cp,qk,l y
p
1y
q
2 +

∑
p,q∈(1+2N),
2≤p+q≤6

cp,qk,lx1x2y
p
1y
q
2

and

Im f2k,2l =
∑

p∈(1+2N),q∈2N,
p+q≤5

cp,qk,lx1y
p
1y
q
2 +

∑
p∈2N,q∈(1+2N),

p+q≤5

cp,qk,lx2y
p
1y
q
2,

where the cp,qk,l are integers. Let L′ ⊆ R[x1, y1, x2, y2] be the R-linear span of the
above occuring monomials, that is

L′ := spanR
(
1, y2

1 , y
2
2 , y

4
1 , y

2
1y

2
2 , y

4
2 , y

6
1 , y

4
1y

2
2 , y

2
1y

4
2 , y

6
2 ,

x1x2y1y2, x1x2y
3
1y2, x1x2y1y

3
2 , x1x2y

5
1y2, x1x2y

3
1y

3
2 , x1x2y1y

5
2

)
.

Then L ⊆ L′ and through the coefficients we have L′ ∼= Ω + R1. In particular
we see dimL + R1 ≤ dimL′ = 16. We show that these representatives of
{Re f2k,2l + Im f2k,2l : (k, l) ∈M} together with the constant polynomial p = 1
span L′. Since L′ contains psd polynomials, which are non-sos (such as the
Motzkin polynomial), we can then use Proposition 5.1.2 to show that C2Λ is
not a spectrahedral shadow. (Note, that the (0, 0) representation only adds to
the constant term in L, which we already get for ”free” when using Proposition
5.1.2).

We can find linear recursion formulas of order one for the coefficients cp,qk,l in
dependence of the ck,l−1 via

Re f2k,2l = Re(f2k,2l−2) Re(x2 + iy2)2 − Im(f2k,2l−2) Im(x2 + iy2)2,
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Im f2k,2l = Re(f2k,2l−2) Im(x2 + iy2)2 + Im(f2k,2l−2) Re(x2 + iy2)2,

At first we take k = 0 and get:

c0,00,l = 1

c0,10,l = c0,10,l−1 + 2

c0,20,l = c0,20,l−1 − 2c0,10,l−1 − 2

c0,30,l = c0,30,l−1 + 2c0,20,l−1 − 2c0,30,l−1

c0,40,l = c0,40,l−1 − 2c0,30,l−1 − 2c0,20,l−1 + 2c0,10,l−1

c0,50,l = c0,50,l−1 + 2c0,40,l−1 − 2c0,30,l−1

c0,60,l = c0,60,l−1 − 2c0,50,l−1 − 2c0,40,l−1 + 2c0,30,l−1.

Analogously, by exchanging k and l we get recursion formulas for the cp,q(k,0).

From these recursion formulas we see that the coefficients cp,qk,l are polyno-
mials in k, l with a certain degree. Interpolation and using the equations

Re f2k,2l = Re(f2k,0) Re(f0,2l)− Im(f2k,0) Im(f0,2l),

Im f2k,2l = Re(f2k,0) Im(f0,2l) + Im(f2k,0) Re(f0,2l),

leads to the following descriptions as polynomials in Ω + R1:

g0(k, l) := c0,0k,l = 1

g1(k, l) := c2,0k,l = −2k2

g2(k, l) := c1,1k,l = −4kl

g3(k, l) := c0,2k,l = −2l2

g4(k, l) := c4,0k,l =
2

3
k2(k2 − 1)

g5(k, l) := c3,1k,l =
8

3
(k2 − 1)kl

g6(k, l) := c2,2k,l = 4k2l2

g7(k, l) := c1,3k,l =
8

3
(l2 − 1)kl

g8(k, l) := c0,4k,l =
2

3
l2(l2 − 1)

g9(k, l) := c6,0k,l =
−4

45
k2(k2 − 1)(k2 − 22)

g10(k, l) := c5,1k,l = − 8

15
(k2 − 4)(k2 − 1)kl

g11(k, l) := c4,2k,l = −4

3
k2(k2 − 1)l2

g12(k, l) := c3,3k,l = −16

9
(l2 − 1)kl(k2 − 1)

g13(k, l) := c2,4k,l = −4

3
k2l2(l2 − 1)

g14(k, l) := c1,5k,l = − 8

15
(l2 − 4)(l2 − 1)kl

g15(k, l) := c0,6k,l =
−4

45
l2(l2 − 1)(l2 − 22).
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The map

α : Ω −→ R15

g 7→ (g(λ1), ..., g(λ15))

is linear. By assumption the kernel of α is {0} and α is injective. This means
that α maps the basis g1, ..., g15 of Ω to a basis of R15. In other words the
matrix

A =

 g1(λ1) · · · g1(λ15)
...

. . .
...

g15(λ1) · · · g15(λ15)

 (5.1)

is invertible. Since g0 = 1 is constant and gj(0, 0) = 0 for j = 1, ..., 15 this is
equivalent to the matrix

A′ =


g0(0, 0) g0(λ1) · · · g0(λ15)
g1(0, 0) g1(λ1) · · · g1(λ15)

...
. . .

...
g15(0, 0) g15(λ1) · · · g15(λ15)

 (5.2)

being invertible. So in particular the columns of A′ are linearly independent.
The j-th column of A′ is exactly the coefficient vector of Re f2λj + Im f2λj

modulo (y1, y2)7. Thus the Re f2λj + Im f2λj , j = 1, ..., 15 together with the
constant polynomial p = 1 are linearly independent. Since L+ R1 ⊆ L′ and L′

is at most 16-dimensional, equality L+ R1 = L′ holds.
Since L′ contains the monomials of the Motzkin polynomial

pMotz(1, y1, y2) = y2
1 + y4

1 + y6
2 − 3y2

1y
2
2 ,

we can use Proposition 5.1.8 to see that C2Λ = conv(ϕ2Λ(G)) is not a spectra-
hedral shadow.

Remark 5.2.3. In Theorem 5.2.2 the assumption that there exists no f ∈ Ω with
f(λ1) = ... = f(λ15) = 0, is equivalent to the evaluation functionals

evλi : Ω −→ R,
f 7→ f(λi),

i = 1, .., 15, being a basis of the dual space Ω∗ of Ω. This can be seen, by
interpreting the evaluations evλi as hyperplanes {g ∈ Ω : g(λi) = 0} in Ω.
These hyperplanes have a non-trivial intersection if and only if the evaluations
in λ1, ..., λ15 are linearly dependent.

Let A, g0, ..., g15 be as in the proof of Theorem 5.2.2. Similarly to matrix A
we define the matrix

A(z) :=

 g1(k1, l1) · · · g1(k15, l15)
...

. . .
...

g15(k1, l1) · · · g15(k15, l15)


for z = (k1, l1, k2, l2, ..., l15) ∈ (C2)15. Taking the entries of z as variables,
the determinant det(A(z)) is a homogeneous polynomial in Q[k1, l1, ..., k15, l15].
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(The homogeneity can be seen by iteratively using Laplace’s formula along the
rows but is irrelevant here).

If z = (k1, l1, k2, l2, ..., l15) ∈ (Z2)15 is fixed the evaluations evk1,l1 , ..., evk15,l15

are linearly independent if and only if det(A(z)) does not vanish. The points
z ∈ (C2)15 with detA(z) 6= 0 can be seen as general points. And by Theorem
5.2.2, for a general point in (Z2)15 the corresponding Carathéodory orbitope is
not a spectrahedral shadow. This suggests that ”most” bitoric orbitopes of at
least dimension 30 are not spectrahedral shadows.

Remark 5.2.4. The representations in Theorem 5.2.6 are at least 30-dimensional.
Example 5.1.10 gives a T2-orbitope of even smaller dimension, since it is enough
to span a subspace of Ω+R1 = {f ∈ R[y1, y2] : suppf ⊆ (2N)×(2N),deg f ≤ 6}
which contains any T2-psd polynomial that is non-sos.

A simple observation can help us reduce the number of λi, for which we need
to check the assumption. More explicitly we define:

Notation 5.2.5. Let

Ω2 := spanR
(
k2ml2n ∈ R[k, l] : 2m+ 2n ∈ {2, 4, 6}

)
⊆ R[k, l].

denote the 9-dimensional subspace spanR(k2, l2, k4, k2l2, l4, k6, k4l2, k2l4, l6) of
Ω. For λ = (m,n) ∈ Z2 let λ := (m,−n). Similarly for a subset Λ ⊆ Z2 let
Λ = {λ ∈ Z2 : λ ∈ Λ}.

Theorem 5.2.6. Let Λ ⊆ Z × Z with Λ = Λ. Further let Λ contain a subset
M = {λ1, ..., λ9}, such that there exists no f ∈ Ω2 with f(λ1) = ... = f(λ9) = 0.
Then the Carathéodory orbitope CΛ is not a spectrahedral shadow.

Proof. The arguments of this proof are very similar to those used in Theorem
5.2.2. Due to the additional assumption that Λ = Λ we can use Ω2 instead of
Ω.

If L ⊆ R[G] is the linear subspace associated with ϕ2k,2l ⊕ ϕ2k,−2l, then L
contains the real part of

f2k,2l + f2k,−2l =(x1 + sign(k)iy1)2k(x2 + sign(l)iy2)2l

+ (x1 + sign(k)iy1)2k(x2 − sign(l)iy2)2l.

Modulo (y1, y2)7 the polynomial Re(fk,l+fk,−l) has a representative in Ω2 +R1.
After replacing x2

i by 1− y2
1 let

1

2
Re(f2k,2l + f2k,−2l) =

∑
p,q∈2N,p+q≤6

cp,qk,l y
p
1y
q
2.

In a similar manner as in the proof of Theorem 5.2.2 we can calculate the
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coefficients of 1
2 Re(f2k,2l + f2k,−2l) and get:

g0(k, l) := c0,0k,l = 1

g1(k, l) := c2,0k,l = −2k2

g2(k, l) := c4,0k,l =
2

3
k2(k2 − 1)

g3(k, l) := c6,0k,l =
−4

45
k2(k2 − 1)(k2 − 22)

g4(k, l) := c0,2k,l = −2l2

g5(k, l) := c0,4k,l =
2

3
l2(l2 − 1)

g6(k, l) := c0,6k,l =
−4

45
l2(l2 − 1)(l2 − 22)

g7(k, l) := c2,2k,l = 4k2l2

g8(k, l) := c2,4k,l = −4

3
k2l2(l2 − 1)

g9(k, l) := c4,2k,l = −4

3
k2(k2 − 1)l2

So the gi(k, l) are polynomials in Ω2 + R1 ⊆ R[k, l]. The map

α : Ω2 −→ R10

g 7→ (g(0, 0), g(λ1), ..., g(λ9))

is linear. By assumption the kernel of α is {0} and α is injective. This means
that α maps the basis f0, ..., f9 of Ω2 +R1 to a basis of R10. In other words the
matrix

A =


g0(0, 0) g0(λ1) · · · g0(λ9)
g1(0, 0) g1(λ1) · · · g1(λ9)

...
. . .

...
g9(0, 0) g9(λ1) · · · g9(λ9)

 (5.3)

is invertible and in particular its columns are linearly independent. But the j-th
column is exactly the coefficient vector of 1

2 Re(f2λj + f2λ∗j
) modulo (y1, y2)7.

Thus the Re(f2λj + f2λ∗j
), j = 1, ..., 9 together with the constant polynomial

p = 1 span (Ω2 + R1)⊗R over R.
Since Ω2 +R1 contains the Motzkin polynomial, we can now use Proposition

5.1.4 and Proposition 5.1.2 to see that C2Λ = conv(ϕ2Λ(G)) is not a spectrahe-
dral shadow.

Remark 5.2.7. Similarly to Remark 5.2.3, the assumption in Theorem 5.2.6,
that there exists no f ∈ Ω2 with f(λ1) = ... = f(λ9) = 0, is equivalent to the
evaluations evλi : Ω2 −→ R, f 7→ f(λi), i = 1, .., 9 being a basis of the dual
space Ω∗2 of Ω2.

Remark 5.2.8. Because of the assumption Λ = Λ, the representations in The-
orem 5.2.6 are usually be at least 36-dimensional, which is worse than the di-
mension in Theorem 5.2.2. The advantage of Theorem 5.2.6 is that we only
need to check linear independence of evaluations in nine different λi. Since ρj,0
is isomorphic to ρ−j,0 we can reach smaller dimensions if some points in M
intersect Z× {0} or {0} × Z.
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Example 5.2.9. A possible choice for Λ in Theorem 5.2.6 is

Λ = {(2, 0), (4, 0), (6, 0), (0, 2), (0, 4), (0, 6),

(2, 2), (2,−2), (2, 4)(2,−4), (4, 2), (4,−2)}.

As the representations given by (0, l) and (0,−l) are isomorphic (see Lemma
4.1.10), we left these terms out accordingly.

We already know from example 5.1.12 that the Carathéodory orbitopes CΛ

is not a spectrahedral shadow. However we discuss Example 5.2.9, because we
generalize the arguments to obtain further examples.

When evaluating the basis gi(k, l) (as in the proof of Theorem 5.2.6) in
the points (0, 0), (1, 0), (2, 0), (3, 0), (0, 1), (0, 2), (0, 3), (1, 1), (1, 2) and (2, 1) as
in matrix A in 5.3 we get

1 1 1 1 1 1 1 1 1 1
0 −2 −8 −18 0 0 0 −2 −2 −8
0 0 8 48 0 0 0 0 0 8
0 0 0 −32 0 0 0 0 0 0
0 0 0 0 −2 −8 −18 −2 −8 −2
0 0 0 0 0 8 48 0 8 0
0 0 0 0 0 0 −32 0 0 0
0 0 0 0 0 0 0 4 16 16
0 0 0 0 0 0 0 0 −16 0
0 0 0 0 0 0 0 0 0 −16


.

So the evaluations given by these points are linearly independent. By Theorem
5.2.6 the resulting T2-orbitope CΛ is not a spectrahedral shadow.

Remark 5.2.10. In Theorem 5.2.6 the condition of evλ1
, ..., evλ9

being a basis
of Ω∗2 is equivalent to ev(0,0), evλ1

, ..., evλ9
being a basis of Ω2 + R1. The proof

of Theorem 5.2.6 also works if we assume that M = {2λ1, ..., 2λ10} such that
evλ1 , ..., evλ10 is a basis of (Ω2 +R1)∗. In this case, since Λ = Λ and dim ρλ = 2
the orbitope CΛ is usually (up to special cases) at least 40-dimensional.

Example 5.2.11. We can generalize Example 5.2.9 in the following way: Take
M/2 = {λ0, ..., λ9} ⊆ N2 to be

{(k0, l0), (k1, l0), (k2, l0), (k3, l0), (k0, l1), (k0, l2), (k0, l3), (k4, l4), (k4, l5), (k5, l6)},

where k0, ..., k3 are pairwise different, l0, ..., l3 are pairwise different, k0, k4, k5

are pairwise different, l0, l4, l5 are pairwise different and l6 6= l0. Then we can
take

f0(k, l) = 1

f1(k, l) = (k2 − k2
0)

f2(k, l) = (k2 − k2
0)(k2 − k2

1)

f3(k, l) = (k2 − k2
0)(k2 − k2

1)(k2 − k2
2)

f4(k, l) = (l2 − l20)

f5(k, l) = (l2 − l20)(l2 − l21)

f6(k, l) = (l2 − l20)(l2 − l21)(l2 − l22)

f7(k, l) = (k2 − k2
0)(l2 − l20)

f8(k, l) = (k2 − k2
0)(l2 − l20)(l2 − l24)

f9(k, l) = (k2 − k2
0)(k2 − k2

4)(l2 − l20).
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The polynomials f0, ..., f9 are linearly independent in Ω2 ⊕ R1, so they are a
basis. Evaluating f0, ..., f9 in M/2 leads to the following matrix (similarly to
5.3 in the proof of Theorem 5.2.6):

A = (fi(λj))i,j=0,...,9 =



1 1 1 1 1 1 1 1 1 1
0 ∗ ∗ ∗ 0 0 0 ∗ ∗ ∗
0 0 ∗ ∗ 0 0 0 ∗ ∗ ∗
0 0 0 ∗ 0 0 0 ∗ ∗ ∗
0 0 0 0 ∗ ∗ ∗ ∗ ∗ ∗
0 0 0 0 0 ∗ ∗ ∗ ∗ ∗
0 0 0 0 0 0 ∗ ∗ ∗ ∗
0 0 0 0 0 0 0 ∗ ∗ ∗
0 0 0 0 0 0 0 0 ∗ ∗
0 0 0 0 0 0 0 0 0 ∗


.

Due to the conditions on the kj , lj the elements on the diagonal of A do not
vanish. Thus the evaluations in λ0, ..., λ9 are a basis of (Ω2 +R1)∗. By Theorem
5.2.6 and Remark 5.2.10 the Carathéodory orbitope CΛ is not a spectrahedral
shadow.

5.3 Toric orbitopes

In this section we generalize Theorem 5.2.2 to any orbitope under the action of
the d-torus with d ≥ 2. The arguments are the same as in the proof of 5.2.2,
but the notation gets more cumbersome.

Notation 5.3.1. We define

Ωd := spanR

(
kα = kα1

1 ...kαdd ∈ R[k1, ..., kd] :

d∑
i=1

αi ∈ {2, 4, 6}

)
⊆ R[k1, ..., kd].

The number of monomials of degree m in R[k1, ..., kd] is
(
m+d−1
m

)
. So Ωd is a(

1+d
2

)
+
(

3+d
4

)
+
(

5+d
6

)
dimensional real subspace of R[k1, ..., kd].

Theorem 5.3.2 (Generalization of Theorem 5.2.2). Let Λ ⊆ Zd be a finite
subset of a halflattice in Zd. Further let M := {λ1, ..., λdim Ωd} ⊆ Λ, such that
there exists no f ∈ Ωd with f(λ1) = ... = f(λdim Ωd) = 0. Then the Carathéodory
orbitope CΛ is not a spectrahedral shadow.

Proof. As in the proof of Theorem 5.2.2 we can assume that Λ ⊆ (2Z)d. Let
k = (k1, ..., kd) ∈ Zd. We consider the polynomials

f̃2k = (x1 + sign(k1)iy1)2k1 · · · (xd + sign(kd)iyd)
2kd .

We replace every instance x2
i in f̃2k by 1 − y2

i for i = 1, ..., d and denote the
resulting polynomial to be f2k. In R[Td] the residue classes of f2k and f̃2k

coincide. We choose LΛ ⊆ R[Td] to be the real span of the real and imaginary
parts of f2k with 2k ∈ Λ. Then LΛ ⊆ R[G] is the linear subspace associated
with the orbit morphism ϕΛ (see Example 5.1.10).

Define the map

Odd : N −→ {0, 1},
n 7→ 1, if and only if n is odd.
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Further let n ∈ Z, then we define the set

Mn :=

{
p ∈ Nd :

d∑
i=1

pi ≤ 6,

d∑
i=1

Odd(pi) = n

}

of elements p ∈ Nd, such that the sum of entries in p is at most 6 and p has
exactly n odd entries.

Modulo (x1 − 1, ..., x1 − 1, yd, ..., yd)
7 the polynomial Re f2k has a represen-

tative of the form

Re f2k =
∑

n∈{0,2,4,6}

∑
p∈Mn

cpkx
Odd(p1)
1 · · ·xOdd(pd)

d yp (5.4)

and
Im f2k =

∑
n∈{1,3,5}

∑
p∈Mn

cpkx
Odd(p1)
1 · · ·xOdd(pd)

d yp.

As in the proof of Theorem 5.2.2 we can interpret the coefficients cpk as polyno-
mials in k and get recursion formulas for these. As polynomials in k the cpk with
p ∈Mn, n ∈ {0, 2, 4, 6} are a basis of Ωd+R1. Let m := dim Ωd. We enumerate
this basis as g0, ..., gm, where g0 := c0k = 1.

Once again, by assumption, the linear map

α : Ωd −→ Rm

g 7→ (g(λ1), ..., g(λm))

is injective. This means that

A =

 g1(λ1) · · · g1(λm)
...

. . .
...

gm(λ1) · · · gm(λm)

 (5.5)

is invertible. Since g0 = 1 is constant and gj(0, 0) = 0 for j = 1, ...,m, the
matrix

A′ =


g0(0, 0) g0(λ1) · · · g0(λm)
g1(0, 0) g1(λ1) · · · g1(λm)

...
. . .

...
gm(0, 0) gm(λ1) · · · gm(λm)

 (5.6)

is invertible as well. But the i+ 1-th row of A′ is exactly the coefficient vector
of Re f2λi + Im f2λi , (i = 1, ...,m). Thus the Re f2λi + Im f2λi , (i = 1, ...,m) are
linearly independent and span an m-dimensional subspace of LΛ.

There are at most m + 1 many monomials occurring in Re f2k + Im f2λi

(Equation 5.4). This can be seen by looking at the yp parts. Each monomial
in R[y1, ..., yd] of degree 0, 2, 4, 6 comes up exactly once. Since the Re f2λi +
Im f2λi , (i = 1, ...,m) are linearly independent, span(Re f2λi+Im f2λi

, (i = 1, ...,m))+
R1 contains each monomial occurring in Re f2k + Im f2λi .

In particular LΛ + R1 contains
∑
p∈M0 Ryp, which in turn contains the

monomials of pMotz(1, y1, y2) = y2
1 + y4

1 + y6
2 − 3y2

1y
2
2 . By Proposition 5.1.8

the Carathéodory orbitope CΛ is not a spectrahedral shadow.
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Remark 5.3.3. Analogously to Remark 5.2.3 we can see the toric orbitopes from
the assumption as general points. This once again suggests, that in some sense
”most” toric orbitopes of high enough dimension are not spectrahedral shadows.

Remark 5.3.4. The dimension of Ωd quickly gets quite large with growing d
(growing at O(d6)), and as a result Theorem 5.3.2 leaves room for a lot of lower
dimensional toric orbitopes, which can be spectrahedral shadows.

If d ≥ 3 there exist polynomials of degree 4 in R[y1, ..., yd], which are psd
and non-sos (for example f(1, y2, y3, y4), where f is the form y4

1 + y4
2 − 2(y2

1 +
y2

2)y3y4 + y2
3y

2
4 + 2(y2

1y
2
4 + y2

2y
2
3), see [10] §4). One could try to use this fact

in order to get to lower dimensions for an adjusted Ωd. The problem with this
approach is that none of these polynomials, known to the author, are elements
of ∑

p∈M0

Ryp.

Since every toric orbitope is isomorphic to a Carathéodory orbitope (see
Lemma 4.1.10), it seems like most orbitopes under the d-torus (d ≥ 2) of high
enough dimension are not spectrahedral shadows.

5.4 Tensor powers of the standard representa-
tion

Our second approach in example 5.1.12 was to take the tensor powers of the
standard representation. In this section we generalize this argumentation to
find other examples of orbitopes which are not spectrahedral shadows.

Notation 5.4.1. Let G ⊆ GLn(C) be a linear algebraic group. Further let
ρ : G −→ GL(V ) be a rational representation. For v ∈ V and m ∈ N we denote
(ρ̃v)⊗m to be the morphism

(ρ̃v)⊗m : G −→ V ⊗m

g 7→ (ρ⊗m)g(v
⊗m).

So (ρ̃v)⊗m is the orbit morphism of the m-th tensor power of ρ in the m-th
tensor power of v (see Notation 5.1.5).

Example 5.4.2. Let G = SO(n). For X = (xij)i,j=1,...,n the coordinate ring
R[G] is R[X]/(XXT = I, det(X) = 1). Let ρ : SO(n) −→ GLn(R) be the
standard representation. Then G acts on (Rn)⊗6 via ρ⊗6. Take e1 ∈ Rn to be
the first standard vector. We define ϕ : G −→ G ·e⊗6

1 , to be the orbit morphism.
Let y1, ..., yN be the degree 6 monomials in the variables x11, x21, ..., xn1 of

the first column of X (N =
(
n+5

6

)
). In R[G] we have

(x11)2 = 1− (x21)2 − ...− (xn1)2.

We denote ỹ1, ..., ỹN to be as y1, ..., yN , but with every instance of (x11)2 being
replaced by 1− (x21)2 − ...− (xn1)2.

Let L ⊆ R[G] be the R-span of ỹ1, ..., ỹN . For n ≥ 3 the variables x21, x31

are part of a regular parameter sequence of the local ring OG,e (using the same
arguments as in Lemma 5.1.11). The morphism associated to L is the orbit
morphism ϕ. This can be seen as follows:
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Let g = (gij)i,j ∈ G. The matrix Ag representing (ρ⊗6)g ∈ GLn6(R) is given
by the Kronecker product of six copies of g and e⊗6

1 is the first standard vector
in (Rn)⊗6. Thus Ag(e

⊗6
1 ) is the first column of Ag and the entries are exactly

the degree 6 monomials in g11, g21, ..., gn1.
Let f ∈ R[x21, ..., xn1] be a monomial of degree four. Then L contains

x2
11f = (1− (x21)2 − ...− (xn1)2)f.

So L contains all the monomials of degree six and four in the variables x21, ..., xn1.
In particular the subspace L+ R1 contains the monomials of

pMotz(x21, x31, 1) = x4
21x

2
31 + x2

21x
4
31 + 1− 3x2

21x
2
31.

By Proposition 5.1.8 the orbitope conv(G(R)e⊗6
1 ) is not a spectrahedral shadow.

Note that e⊗6
1 is a symmetric tensor, so the orbitG(R)e⊗6

1 lies in the invariant
subspace of symmetric tensors.

The irreducible representations of SO(3) can be parametrized by the odd
numbers, via taking their dimensions (see e.g. [34] ”Satz 12.11”). the 6-th
symmetric tensor power of G decomposes into the direct sum 1⊕5⊕9⊕13, where
k denotes the k-dimensional representation of SO(3) for k ∈ (2Z + 1). We can
drop the trivial representation 1 and have a 27-dimensional SO(3)-orbitope that
is not a spectrahedral shadow. In [38] Theorem 6.1 the authors proved that the
14-dimensional Veronese orbitope is a spectrahedron. There the representation
decomposes into 5⊕ 9, which after adding the trivial representation is the 4-th
symmetric tensor power of G. This is the only example, known to the author,
of an orbitope under a semisimple real Lie group, which is a spectrahedron and
not a polar orbitope.

In the T2 case the space (so(2) ⊕ so(2))e1 ⊆ R4 is only one dimensional.
Thus we had to use two unit vectors e1, e3 ⊆ R4 in order to get a Motzkin
polynomial.

Proposition 5.4.3. For every compact, linear algebraic subgroup G ⊆ GLn(C)
with dimG ≥ 2 there exist a real representation ρ : G(R) −→ GL(V ) and a
point v ∈ V such that the orbitope O(G(R), ρ, v) is not a spectrahedral shadow.

Proof. Let dimG = d ≥ 2 and let e be the neutral element of G (identity ma-
trix). Further let R[X] := R[x11, x12, ..., x1n, x21, ..., xnn] and let xi1j1 , ..., xidjd
be representatives of a regular parameter sequence of the local ring OG,e.

The group G(R) operates on R[X] via

ρ : G −→ GL(R[X])

A 7→
(
f(X) 7→ f(A−1X)

)
,

where we interpret X = (xij)i,j=1,...,n as a matrix of variables and A−1X is
defined by matrix multiplication. For m ∈ N this operation leaves R[X]deg=m

invariant and we denote

ρm : G −→ GL(R[X]deg=m)

A 7→
(
f(X) 7→ f(A−1X)

)
.

We take
pMotz(y0, y1, y2) = y4

0y
2
1 + y2

0y
4
1 + y6

2 − 3y2
0y

2
1y

2
2
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to be the psd and non-sos Motzkin form. Then

pMotz(y0, y1, 1) = y4
0y

2
1 + y2

0y
4
1 + 1− 3y2

0y
2
1

and the R-span L of the orbit

G(R) · pMotz(xi1j1 , xi2j2 , 1) ⊆ R[X]

is an invariant subspace of R[X]deg=6+R[X]deg=4+R1. So ρL : G(R) −→ GL(L)
is a finite-dimensional, real representation of G(R).

Let

ϕ : G(R) −→ GL(Matn(R))

A 7→ (M 7→ A−1M)

be the tautological representation, where A−1M is given by matrix multipli-
cation. The polynomial ring R[X] is canonically isomorphic to the symmetric
algebra S(Matn(R)∗) over the dual space. Using this isomorphism, the repre-
sentation (ρm)|G(R) is the dual representation of the symmetric power Sm(ϕ).

Let J ⊆ R[X] be the vanishing ideal of G. Then the coordinate ring R[G] of
G is R[X]/J . The image L′ of L under the quotient map is a finite-dimensional
subspace of R[G]. The morphism associated to L′ is the representation

ψ := S6(ϕ)⊕ S4(ϕ) : G −→ S6(Matn(C))⊕ S4(Matn(C)).

Since L+R1 contains the monomials of pMotz(xi1j1 , xi2j2 , 1) we can use Propo-
sition 5.1.8 to see that the orbitope

conv(ψG(R) · e)

is not a spectrahedral shadow.

Remark 5.4.4. Let e1, ..., en be the standard basis of Rn and let I = [e1, ..., en] ∈
GLn(R) be the identity matrix. The orbit G(R) · I of the tautological represen-
tation of G(R) ⊆ GLn(R) is the direct sum of the n distinct orbits G(R) · ei, i =
1, ..., n. Instead of using the tautological representation in Proposition 5.4.3, we
could use the standard representation γ : G(R) −→ GL(Rn) of G. This would
lower the dimensions for the resulting orbitope, but make the notation more
cumbersome.

Let xi1j1 , xi2j2 be as in Proposition 5.4.3. Then we could use the orbit
morphism

λ := γ̃⊗6(e⊗4
j1
⊗ e⊗2

j2
)⊕ γ̃⊗6(e⊗2

j1
⊗ e⊗4

j2
)⊕ γ̃⊗4(e⊗2

j1
⊗ e⊗2

j2
)

and a suitable L to prove Proposition 5.4.3.

Remark 5.4.5. Finding the decompositions of tensors of representations into
irreducible representations can be tricky. Fortunately there exist a lot of results
that can help. The software in [30] is a good tool for calculating with the objects
of interest. There, one can also find an online application, which calculates the
decompositions of the lower tensor powers.
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Chapter 6

Conclusions and future
work

Spectrahedra and spectrahedral shadows are the central objects of semidefinite
programming. The aim of this thesis was to examine the spectrahedral and
semidefinite representability of orbitopes.

The connected polar orbitopes are a rich class of orbitopes, which for example
include the Schur-Horn orbitopes, Fan orbitopes and the convex hulls of Stiefel
manifolds. So far only a few subclasses of polar orbitopes have been known to
be spectrahedra or spectrahedral shadows.

Saunderson, Parrilo and Willsky proved that the tautological orbitope of the
special orthogonal group is a spectrahedron.

In [38] Sanyal et al. prove that the symmetric Schur-Horn orbitope, the
skew-symmetric Schur-Horn orbitopes and the Fan orbitopes are spectrahedra.
In each case they use a similar argumentation. Generalizing the arguments in
the context of real semisimple Lie algebras, we were able to prove that every
polar orbitope is a spectrahedral shadow (Theorem 3.1.26), thus enabling us
to use efficient interior point methods to optimize linear functionals over those
orbitopes. More precisely we were able to give a spectrahedral representation
for every polar orbitope under a connected Lie group (Theorem 3.1.19), which
we call connected orbitopes.

Due to the known properties of spectrahedra this immediately implies that
every connected polar orbitope is basic closed semialgebraic and all of its faces
are exposed. The determinant of a linear matrix polynomial underlying a spec-
trahedral representation vanishes on the boundary of the given spectrahedron.
Thus Theorem 3.1.19 also gives us an idea on how to calculate the algebraic
boundary of a given connected polar orbitope.

Connected polar orbitopes have already been studied in the works [4] and
[5] by Biliotti et al. They were able to prove that all the faces of a connected
polar orbitope are exposed without proving that it is a spectrahedron. The
main result in their works is a bijection between the orbits of faces of a polar
orbitope and the Weyl group orbits of the underlying momentum polytope.

We have given a completely new proof for this correspondence (Theorem
3.2.8) and our approach enabled us to drastically reduce the upper bound of
the Carathéodory number for polar orbitopes (Corollary 3.2.4). The new upper
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bound in turn has consequences for the secant varieties (Corollary 3.2.6). The
algebraic boundary of a semialgebraic convex body is a hypersurface given by
some polynomial f . Our approach also enabled us to find a lower bound for the
total degree of f .

By using the restrictions of the fundamental weights, we established an ir-
redundant polyhedral description for the momentum polytope (3.3.11). This
in turn reduced the size of our spectrahedral description for connected polar
orbitopes (Theorem 3.3.28). Using a simple argument that Saunderson, Parrilo
and Willsky used in [40], we were then able to prove that our spectrahedral rep-
resentation for certain connected polar orbitopes is of minimal size (Theorem
3.4.5). For these polar orbitopes the algebraic boundary is given as the variety
defined by the determinant (Corollary 3.4.7).

For every other case of connected polar orbitopes it is unclear whether our
representation is of minimal size. But there are some indicators suggesting that
they are. By the theorem of the highest weight ([26] Theorem 5.5) the finite-
dimensional representations of a complex semisimple Lie algebra correspond to
the highest weights. If λ is a highest weight of such a representation π, then

λ = n1λ1 + ...+ nmλm,

where n1, ..., nm ∈ N and λ1, ..., λm are the highest weights of the fundamental
representations π1, ..., πm (see[24]). Then

π = π1 ∗ ... ∗ π1︸ ︷︷ ︸
n1-times

∗... ∗ πm ∗ ... ∗ πm︸ ︷︷ ︸
nm-times

,

where ∗ is the so called Cartan product (see e.g. [13]). So the fundamental
representations and their highest weights are in some sense minimal.

Let the connected polar orbitope Ox = O(g,K, p)x have a spectrahedral
representation

Ox = {y ∈ Rq : A0 + y1A1 + ...+ yqAq � 0}

with A0, ..., Aq ∈ Symr (where we identify p ∼= Rq). Further let a,W, λ1, ..., λn
be as in Assumption 3.3.2 and let I ⊆ {1, ..., n} such that for each i ∈ {1, ..., n}
the hyperplane Hλi (as defined in Section 3.2) defines a facet of the according
momentum polytope if and only if i ∈ I. By the argumentation in the proof
of Proposition 3.4.4 together with our polyhedral description of the momentum
polytope we know that the restriction of p(y) := det(A0 + y1A1 + ...+ yqAq) to
the maximal abelian subspace a has the linear factors λi(x)− σλi(y) with i ∈ I
and σ ∈W/StabW (λi). Note that for different i ∈ I the factors are on different
K-orbits. In the cases of Theorem 3.4.5 the number of these linear factors was
exactly the dimension of our spectrahedral representation. In other cases one
might be able to additionally use the K-invariance of the boundary of Ox to
find more factors for p(y).

If such an approach is unsuccessful, one can additionally require the spec-
trahedral representation of Ox to be K- or G-equivariant. One might be able
to show that the underlying representation contains at least one copy of each
fundamental representation. This would then prove that our spectrahedral rep-
resentation given in Theorem 3.3.28 is a minimal K- or G-equivariant spectra-
hedral representation (or maybe even SDP lift).
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In Example 3.4.10 we have seen that our spectrahedral representation of
connected polar orbitopes is K-equivariant. Using results from [14] and [40] we
were able to show that the size of K-equivariant SDP lifts of the polar orbitopes
given in Theorem 3.4.22 and Theorem 3.4.23 grows exponentially in the rank of
the underlying group.

In [40] Saunderson et al. ask for a complete characterization of spectrahedra
with spectrahedral polar sets. Usually the convex polar set of a polar orbitope
has many orbits of extreme points. In Theorem 3.5.1 we give the complete
list of connected polar orbitopes O(g,K, p), where g is simple and the convex
polar set is a connected polar orbitope as well. In particular these connected
polar orbitopes are doubly spectrahedral. Thus we found many new examples
of doubly spectrahedral sets.

In the last section of Chapter 3 we examine the convex hulls of Stiefel man-
ifolds. These are, up to a few exceptions, special cases of connected polar
orbitopes and as such they are spectrahedra.

Every toric orbitope is isomorphic to a multivariate Carathéodory orbitope
(Lemma 4.1.10). We were able to prove that the extension property is a suffi-
cient condition to show that certain Carathéodory orbitopes are spectrahedra
(see Theorem 4.2.19). Subsets of Z2 having the extension property were com-
pletely characterized in [3] and the positive results give us new examples of toric
orbitopes which are spectrahedra.

Since we are also interested in the semidefinite representability of orbitopes,
we introduced the generalized extension property. We proved that the gen-
eralized extension property is sufficient for finding multivariate Carathéodory
orbitopes that are spectrahedral shadows (Theorem 4.4.4). Example 4.3.5 meets
the assumptions of Theorem 4.4.4 but not the assumptions of Corollary 4.2.23,
which only uses the extension property.

It is quite challenging to find pairs of subsets of Zn, which have the gener-
alized extension property. In Chapter 5 we proved that many toric orbitopes of
high enough dimension are not spectrahedral shadows (Theorem 5.3.2). Thus
by Theorem 4.4.4 the corresponding subset is never the first part of a pair, which
has the generalized extension property.

A question one might want to answer is: Is the generalized extension prop-
erty necessary for finding multivariate Carathéodory orbitopes, which are spec-
trahedral shadows? A first step towards answering this question would be to
characterize all pairs of subsets of Zd having the generalized extension property.

In Proposition 5.4.3 we argued that for every compact linear algebraic group
G there exists a real representation ρ : G −→ GL(V ) and v ∈ V such that
the orbitope O(G(R), ρ, v) is not a spectrahedral shadow. Our results suggest,
that in some sense ”most” toric orbitopes of high enough dimension are not
spectrahedral shadows. Can something similar be said about all orbitopes of
high enough dimension? For non-toric orbitopes O(G(R), ρ, v) the situation gets
more complex, since the choice of v becomes relevant.

Helton and Nie conjectured that every convex, semialgebraic set is a spec-
trahedral shadow. The Helton-Nie conjecture was proved to be true on the
plane by Scheiderer in [43]. Already in R3 it is unclear whether the Helton-Nie
conjecture holds.

Only recently Scheiderer disproved the Helton-Nie conjecture in [44]. In his
work Scheiderer asks, what the smallest possible dimension for finding coun-
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terexamples is. Example 5.1.12 is a 14-dimensional orbitope, which is not a
spectrahedral shadow. There even exists an 11-dimensional example of a con-
vex semialgebraic set, which is not a spectrahedral shadow (Scheiderer explained
it in personal communication and its existence is mentioned in [44]). One might
still be able to find orbitopes of smaller dimension.

A promising candidate seems to be the class of SU(2) orbitopes. For every
n ∈ N the group SU(2) has exactly one irreducible representation of dimension
n. The fourth complex symmetric tensor power of the natural representation is
only 8-dimensional (once the trivial representation is removed). But with our
approaches we were so far unable to find a counterexample of small dimension.
Since the natural representation of SU(2) is complex, when translating it into
a real representation, and taking real tensor powers, the dimensions get a lot
bigger.

The irreducible representations of SO(3) correspond to the odd dimensional
irreducible representations of SU(2). Here the dimensions of the symmetric
powers of the natural representation also grow very fast and there seem to be
no counterexamples of small dimension using our approaches.

The 14-dimensional Veronese orbitope under the action of SO(3) in [38]
Theorem 6.1 is a spectrahedron and not a polar orbitope. Other than the
Carathéodory orbitopes and the connected polar orbitopes (and the few other
polar orbitopes under O(n)) mentioned in this thesis, this Veronese orbitope is
the only orbitope known to be a spectrahedron. So on the one hand there are
probably still other orbitopes, which are spectrahedra but on the other hand
our results generalize many of the known results from [38] and [40] and give new
examples of orbitopes which are spectrahedra or spectrahedral shadows.
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Chapter 7

Zusammenfassung

Orbitope sind extrem symmetrische Objekte und viele Fragestellungen zu kon-
vexen Mengen können in Bezug auf Orbitope durch ebendiese Symmetrie ver-
einfacht werden. Ein Themengebiet dieser Fragestellungen ist die Optimierung
linearer Funktionale über konvexen Mengen. Jedes solche Optimierungspro-
blem über einer Lie Gruppe führt zu der Optimierung eines Orbitops. Um uns
der Lösung jener Fragestellungen zu nähern, wenden wir uns der Semidefiniten
Programmierung zu.

Die Zentralen Objekte der Semidefiniten Programmierung sind Spektraeder
und ihre Bilder unter Projektionen, sogenannte Spektraeder Schatten. Ziel
der Semidefiniten Programmierung ist es, ein gegebenes lineares Funktional
über einem Spektraeder zu optimieren. Dazu existieren effiziente innere-Punkt-
Verfahren, welche das Optimierungsproblem in polynomialer Zeit lösen.

Ziel dieser Dissertation ist es zu untersuchen welche Orbitope Spektraeder
Schatten oder gar Spektraeder sind. In [22] stellen Helton und Nie die Vermu-
tung auf, dass jede Semialgebraische konvexe Menge ein Spektraeder Schatten
ist. Da jedes Orbitop konvex und semialgebraisch ist (siehe Proposition 2.6.3),
wäre eine positive Beantwortung der Helton-Nie Vermutung hinreichend, um zu
zeigen, dass jedes Orbitop ein Spektraeder Schatten ist. Jedoch ist die Vermu-
tung erst vor kurzem von Scheiderer in [44] widerlegt worden.

Kapitel 3.1 dieser Dissertation behandelt sogenannte polare Orbitope. Po-
lare Orbitope sind eine reiche Klasse an Orbitopen, welche zum Beispiel das
symmetrische und schief-symmetrische Schur-Horn Orbitop und die Konvexen
Hüllen von Stiefel Mannigfaltigkeiten beinhaltet.

Durch ein Resultat Dadoks (siehe Proposition 3.1.2) können wir polare Or-
bitope betrachten, indem wir uns der Strukturtheorie halbeinfacher Lie Alge-
bren bedienen. Das Hauptresultat dieser Dissertation findet sich in Theorem
3.1.19 und besagt, dass alle zusammenhängenden polaren Orbitope Spektraeder
sind. Daraus folgern wir in Theorem 3.1.26, dass alle polaren Orbitope Spek-
traeder Schatten sind. Das heißt, dass wir semidefinite Programmierung anwen-
den können, um Lineare Funktionale über polaren Orbitopen zu optimieren.

Eine wichtige Rolle im Bezug auf polare Orbitope spielt das Momentum
Polytop. Dieses betrachten wir in den folgenden Abschnitten genauer. In Ab-
schnitt 3.2 geben wir einen komplett neuen Beweis für die Korrespondenz (Haup-
tresultat von [5]) zwischen den Seitenbahnen eines polaren Orbitops und den
Seitenbahnen seines Momentum Polytops. Als Nebenprodukt unseres Ansatzes
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können wir die obere Schranke der Carathéodory Zahl von polaren Orbitopen
in Form von Korollar 3.2.4 drastisch reduzieren.

In Abschnitt 3.3 finden wir eine Darstellung des Momentum Polytops als
Polyeder. Dies dient als Vorbereitung für die Argumentation des darauffolgen-
den Abschnittes. Dort zeigen wir, dass in einigen Fällen unsere Darstellung der
zusammenhängenden polaren Orbitope als Spektraeder von minimaler Größe
ist (siehe Theorem 3.4.5). Insbesondere können wir in diesen Fällen genau den
algebraischen Rand des jeweiligen Orbitops bestimmen (Korollar 3.4.7).

Abschnitt 3.4.2 behandelt äquivariante Darstellungen als Spektraeder Schat-
ten. Dort beweisen wir Theorem 3.4.22 and Theorem 3.4.23, welche eine un-
tere Schranke für die Größe der jeweiligen äquivarianten Spektraeder Schatten
Darstellungen liefern.

In einigen Fällen ist die polare Menge eines polaren Orbitops wieder ein po-
lares Orbitop. Diese Fälle werden in Abschnitt 3.5 erarbeitet. Insbesondere ist
für diese zusammenhängenden polaren Orbitope auch dessen polare Menge ein
Spektraeder. Spektraeder, deren polare Menge auch ein Spektraeder ist, nennt
man doppelt spektraedrisch und in [40] fragen Saunderson, Parrilo und Willsky
nach einer vollständigen Charakterisierung der doppelt spektraedrischen Men-
gen. Dieser Fragestellung können wir also einige neue Beispiele beisteuern.

Der letzte Abschnitt des Kapitels ist Abschnitt 3.6. Dort zeigen wir, dass die
(meisten) konvexen Hüllen von Stiefel Mannigfaltigkeiten Beispiele von polaren
Orbitopen sind. Insbesondere zeigen wir, dass die konvexen Hüllen von Stiefel
Mannigfaltigkeiten Spektraeder sind (Korollar 3.6.7).

In Kapitel 4 untersuchen wir sogenannte torische Orbiope. Dies sind Or-
bitope unter der Operation eines d-Torus Td = {z = (z1, ..., zd) ∈ Cd : |zi| = 1}.
Torische Orbitope sind durch Teilmengen von Zd gegeben (Lemma 4.1.10) und
Theorem 4.2.19 besagt, dass die ”extension property” dieser Teilmenge eine hin-
reichende Eigenschaft dafür ist, dass das dazugehörige Orbitop ein Spektraeder
ist. Mit den positiven Ergebnissen von Bakonyi und Nævdal zur ”extension
property” in [3], finden wir damit neue Beispiele von Orbitopen unter dem 2-
Torus, die Spektraeder sind (siehe Theorem 4.3.3).

Wir verallgemeinern die ”extension property” in Abschnitt 4.4 und zeigen,
dass die Verallgemeinerung hinreichend dafür ist, dass das dazugehörige torische
Orbitop ein Spektraeder Schatten ist (siehe Theorem 4.4.4).

Kapitel 5 widmet sich den Orbitopen, welche keine Spektraeder Schatten
sind. Scheiderer hat in [44] erstmals einen Weg gefunden, der zeigt, dass es
semialgebraische konvexe Mengen gibt, die keine Spektraeder Schatten sind.
Wir nutzen seine Resultate und vereinfachen sie für die Anwendung auf Or-
bitopen (Proposition 5.1.8). Mithilfe dieser Proposition finden wir zunächst
ein 14-dimensionales torisches Orbitop, welches kein Spektraeder Schatten ist
(Beispiel 5.1.12).

Die Argumentation dazu verallgemeinern wir und zeigen in Form einer hin-
reichenden Bedingung, dass viele 30-dimensionale Orbitope unter dem 2-Torus
keine Spektraeder Schatten sind (Theorem 5.2.2). Noch allgemeiner zeigen wir,
dass viele torische Orbitope, deren Dimension hoch genug ist, keine Spektraeder
Schatten sind (Theorem 5.3.2).
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Als letztes beweisen wir in Abschnitt 5.4, dass es zu jeder Lie Gruppe, dessen
Lie Algebra mindestens 2-dimensional ist, ein Orbitop gibt, welches kein Spek-
traeder Schatten ist.
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Appendix A

Proof of inequality

In Appendix A we prove the inequality that is used in Section 3.4.2 as it was
out of context there.

Lemma A.0.1. For n ≥ 8 we have
(

n
dn/4e

)
≥ 20.60n.

Proof. First we take a look at n = 4m. We have(
4m

m

)
=

(4m)!

m!(3m)!

=
3m+ 1

1

3m+ 2

2
...

3m+ j

j
...

4m

m
.

Thus we have m factors and the smallest factor is 4 > (20.60)3. So in particular
every factor is larger than (20.60)3. We see that whenever 3m+j

j < (20.60)4 ≈
5.27803, then there exists a corresponding factor that is bigger than (20.60)5.
Let 3m+j

j < 5.5, then 3m
j < 4.5 and equivalently j > 2

3m. For j > 2
3m and

k = m+ 1− j, we have

3m+ k

k
=

3m

k
+ 1

=
3m

m+ 1− j
+ 1

>
3m

m/3 + 1
+ 1.

The sequence 3m
m/3+1 + 1 is strictly growing in m and for m ≥ 11 it is greater

than 8 = (20.60)5. Thus we see that the product of the m factors is larger than
(20.60)4m, which is what we wanted. The cases m = 2, ..., 10 are of course easily
checked. For m = 2 for example we have

(
8
2

)
= 28 > 27.85761 ≈ (20.60)8.

Next we consider n = 4m+ 1.(
4m+ 1

m+ 1

)
=

(4m+ 1)!

(m+ 1)!(3m)!

=
3m+ 1

1

3m+ 2

2
...

3m+ j

j
...

4m+ 1

m+ 1

=

(
4m

m

)
4m+ 1

m+ 1
.
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We have seen that
(

4m
m

)
> (20.60)4m For m ≥ 2 the factor 4m+1

m+1 is at least 3,

which is larger than (20.60)2.
For n = 4m+ 2 we have(

4m+ 2

m+ 1

)
=

3m+ 2

2

3m+ 3

3
...

4m+ 1

m+ 1
(4m+ 2)

=

(
4m

m

)
4m+ 2

3m+ 1

4m+ 1

m+ 1
.

The inequalities 4m+2
3m+1 >

4
3 and 4m+1

m+1 ≥ 3 give us what we need. Similarly for
n = 4m+ 3 we have(

4m+ 3

m+ 1

)
=

3m+ 3

3

3m+ 3

3
...

4m+ 1

m+ 1
(4m+ 2)

=

(
4m

m

)
4m+ 3

3m+ 2

4m+ 2

3m+ 1

4m+ 1

m+ 1
.

And finally 4m+3
3m+2

4m+2
3m+1

4m+1
m+1 > 4

3
4
33 > (20.60)3.
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Appendix B

List of simple Lie algebras

In this section of the appendix we list the (for this thesis) relevant data of simple
Lie algebras. Most of the information is taken from [49], [26], [48] and [20].

The complex simple Lie algebras gC are categorized into types Am, Bm, Cm,
Dm and the exceptional cases E6, E7, E8, F4, G2, where the index m denotes
the rank of the given Lie group and Lie algebra. So m is the dimension of
the according Cartan subalgebras. The term dim gC is the dimension of gC as
a complex vector space. The real part of any Cartan subalgebra is R-linearly
isomorphic to h and is here given as a subspace of a real vector space Rp with
the standard inner product. The e1, ..., ep denote the standard basis in the
according Rp. The corresponding Weyl group is denoted as W = W (gC, h) and
|W | is its cardinality.

The Dynkin diagram is a graph, where each node corresponds to a simple
root (this correspondence is hinted by the numbering). Two nodes are connected
by a line if and only if the corresponding simple roots are not orthogonal to
each other. If two roots are not orthogonal and of the same length, they are
connected by a single line. Some simple roots are twice or three times as long as
others, in the diagram this is indicated by double or triple lines with a greater or
smaller symbol. This exhausts all cases of length relations. A Dynkin diagram
is connected if the underlying simple system can not be written as the union of
two non-empty and orthogonal subsets.

As subcategories we list the simple real forms of the given complex simple
Lie algebra. The index n is always the so called real rank, which is the length
of a simple system of restricted roots. In other words it is the dimension of the
maximal abelian subspace a as in Assumption 3.0.3. If G is the simply connected
Lie group corresponding to g, its maximal compact subgroup is denoted as K
(as in Assumption 3.0.3). We also give the corresponding Satake diagram and
the Dynkin diagram of the restricted root system. The numbering indicates
which simple root restricts to a simple root in a∗.

Am:

m ≥ 1
gC = slm+1(C) = {X ∈ Matm+1(C) : tr(X) = 0}
dim gC = m2 + 2m
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|W | = (m+ 1)!
h = real diagonal matrices with vanishing trace

∼= {v ∈ Rm+1 : 〈v, e1 + ...+ em+1〉 = 0}
Simple system:

Π = {α1, ..., αm}
= {e1 − e2, e2 − e3, ..., em − em+1}

Dynkin diagram:

1 2 m− 1 m = n

◦ ◦ ◦ ◦ ◦ ◦

Fundamental representations: ρ1 = standard representation, ρi =
∧i

ρ1 for
i = 2, ...,m, dim ρi =

(
m+1
i

)
.

Fundamental weights: λi = e1 + ...+ ei − 1
m+1 (e1 + ...+ em), i = 1, ...,m.

Type AI:

g = sln+1(R) = {X ∈ Matn+1(R) : tr(X) = 0}
slm+1(R) is the split real form of slm+1(C), so the Satake diagram and the
Dynkin diagram of the restricted root system coincide with the Dynkin dia-
gram of slm+1(C) and n = m.
K = SO(m)

Type AII:

For n ≥ 1,m = 2n+ 1 and

J =

(
0 In+1

In+1 0

)
,

we have

g = sln+1(H) =
{
X ∈ slm+1(C) : JXJ−1 = X

}
=

{(
A B
−B A

)
∈ slm+1(C) : A,B ∈ Matn+1(C)

}

K = Sp(m+ 1)
Satake diagram:

1 2 3 m− 2 m− 1 m

◦ ◦ ◦ ◦ ◦

Dynkin diagram of the restricted root system:

2 4 2n− 2 2n

◦ ◦ ◦ ◦
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Type AIII:

For 0 ≤ n ≤ m+1
2 and

J ′n =

(
In 0
0 −Im+1−n

)
we have

g = sun,m+1−n =
{
X ∈ slm+1(C) : X

T
J ′n = −J ′nX

}
=

{(
A B

B
T

D

)
∈ slm+1(C) : A ∈ un, D ∈ um+1−n, B ∈ Matn,m+1−n(C)

}

K = S(U(n)× U(m+ 1− n))

Case n < m+1
2 :

Satake diagram:

1 2 n

◦ ◦ ◦ ◦

◦

◦

◦ ◦ ◦ ◦

m m− 1 m− n+ 1

n+ 1

n+ 2

m− n

Dynkin diagram of the restricted root system:

1 2 n− 2 n− 1 n

◦ ◦ ◦ ◦ ◦

Case n = m+1
2 :

K = S(U(n)× U(n))
Satake diagram:

1 2 n− 1

◦ ◦ ◦ n

◦

◦ ◦ ◦

m m− 1 n+ 1
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Dynkin diagram of the restricted root system:

1 2 n− 2 n− 1 n

◦ ◦ ◦ ◦ ◦
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Bm:

m ≥ 2(B1
∼= A1)

gC = so2m+1(C) = {X ∈ Mat2m+1(C) : X = −XT }
dim gC = 2m2 +m
Split real form is son,n+1(R), where n = m
|W | = 2m(m+ 1)!
h ∼= Rm
Simple system:

Π = {α1, ..., αm}
= {e1 − e2, e2 − e3, ..., em−1 − em, em}

Dynkin diagram:

1 2 3 m− 2 m− 1 m = n

◦ ◦ ◦ ◦ ◦ ◦

Fundamental representations: ρ1 = standard representation, ρm = spin
representation, ρi =

∧i
ρ1 for i = 2, ...,m− 1.

dim ρi =
(

2m+1
i

)
for i = 1, ...,m− 1, dim ρm = 2m.

Fundamental weights: λi = e1 + ...+ei, i = 1, ...,m−1, λm = 1
2 (e1 + ...+em).

Type BI:

For 2 ≤ n ≤ m and

J ′n =

(
In 0
0 −I2m+1−n

)
,

we have

g ∼= son,2m+1−n =
{
X ∈ Mat2m+1(R) : XTJ ′n = −J ′nX

}
=

{(
A B
−BT D

)
: A ∈ Symn, D ∈ Sym2m+1−n, B ∈ Matn,2m+1−n(R)

}
(Note that son,2m+1−n is only isomorphic to g. This representation of g is used
in [26] and is nicer to work with. In [48] one can find a representation such that
the complexification of g is given as above)
K = SO(n)× SO(2m+ 1− n)
Satake diagram:

1 2 n n+ 1 m− 2 m− 1 m

◦ ◦ ◦ ◦ ◦ ◦ ◦

Dynkin diagram of the restricted root system:

1 2 n

◦ ◦ ◦ ◦ ◦
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Cm:

m ≥ 3(C1
∼= A1, C2

∼= B2)
For

J =

(
0 Im
−Im 0

)
we have gC = spm(C) =

{
X ∈ Mat2m(C) : XTJ = −JX

}
dim gC = 2m2 +m
|W | = 2m(m+ 1)!
h ∼= Rm
Simple system:

Π = {α1, ..., αm}
= {e1 − e2, e2 − e3, ..., em−1 − em, 2em}

Dynkin diagram:

1 2 3 m− 2 m− 1 m = n

◦ ◦ ◦ ◦ ◦ ◦

Fundamental representations: ρ1 = standard representation, ρi = restric-
tion of

∧i
ρ1 to the kernel of the natural contraction map (see [16] p. 260),

dim ρ1 = 2m, dim ρi =
(

2m
i

)
−
(

2m
i−2

)
for i = 2, ...,m.

Fundamental weights: λi = e1 + ...+ ei, i = 1, ...,m.

Type CI:

n = m
spn(R) = spm(C) ∩ Mat2m(R) is the split real form of spm(C), so the corre-
sponding Dynkin diagrams coincide.
K = U(n)

Type CII:

For

J ′n =

(
In 0
0 −I2m−n

)
,

where ∗ denotes the conjugation in H, we have

g = spn,2m−n = {X ∈ Mat2m(H) : X∗J ′n = −J ′nX} .

K = Sp(n)× Sp(2m− n)

Case 1 ≤ n ≤ m−1
2 :

Satake diagram of spn,m−n:

1 2 3 2n 2n+ 1 m− 1 m

◦ ◦ ◦ ◦ ◦ ◦ ◦
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Dynkin diagram of the restricted root system:

2 4 2n− 2 2n

◦ ◦ ◦ ◦ ◦

Case n = m
2 :

Satake diagram of spn,n:

1 2 3 m− 2 m− 1 m = 2n

◦ ◦ ◦ ◦ ◦ ◦

Dynkin diagram of the restricted root system:

2 4 2n− 2 2n

◦ ◦ ◦ ◦ ◦
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Dm:

m ≥ 4 (dimD1 = 1, D2
∼= A1 ×A1, D3

∼= A3)
gC = so2m(C) = {X ∈ Mat2m(C) : X = −XT }
dim gC = 2m2 −m
|W | = 2m−1(m+ 1)!
h ∼= Rm
Simple system:

Π = {α1, ..., αm}
= {e1 − e2, e2 − e3, ..., em−1 − em, em−1 + em}

Dynkin diagram:

n− 1

1 2 3 n− 3 n− 2 ◦

◦ ◦ ◦ ◦ ◦ n

◦

Fundamental representations: ρ1 = standard representation, ρi =
∧i

ρ1, i =
1, ...,m− 2 and ρm−1, ρm = half-spin representations.
dim ρi =

(
2m
i

)
for i = 1, ...,m− 2, dim ρm−1 = dim ρm = 2m−1.

Fundamental weights: λi = e1 + ...+ ei, i = 1, ...,m− 2, λm−1 = 1
2 (e1 + ...+

em−1 − em), λm = 1
2 (e1 + ...+ em).

Type DI

For 2 ≤ n ≤ m and

J ′n =

(
In 0
0 −I2m−n

)
,

we have

g ∼= son,2m−n =
{
X ∈ Mat2m(R) : XTJ ′n = −J ′nX

}
=

{(
A B
−BT D

)
: A ∈ Symn, D ∈ Sym2m−n, B ∈ Matn,2m−n(R)

}
(Note that son,2m−n is only isomorphic to g. This representation of g is used in
[26] and is nicer to work with. In [48] one can find a representation such that
the complexification of g is given as above)
K = SO(n)× SO(2m− n)

Case n ≤ m− 2:
Satake diagram of g:

m− 1

1 2 n n+ 1 m− 2 ◦

◦ ◦ ◦ ◦ ◦ m

◦
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Dynkin diagram of the restricted root system:

1 2 3 n− 2 n− 1 n

◦ ◦ ◦ ◦ ◦ ◦

Case n = m− 1:
g = son,n+2

Satake diagram:

n

1 2 3 n− 2 n− 1 ◦

◦ ◦ ◦ ◦ ◦

◦
m = n+ 1

Dynkin diagram of the restricted root system:

1 2 3 n− 2 n− 1 n = m− 1

◦ ◦ ◦ ◦ ◦ ◦

Case n = m:
g = son,n is the split real form of so2m(C) and the Satake diagram coincides
with the Dynkin diagram of Dm.

Type DIII

m ≥ 3 (so∗(4) ∼= sl2(R)⊕ su(2))
For

K =

(
0 Im
Im 0

)
we have g = so∗(2m) :=

{
X ∈ sum,m : XTK = −KX

}
K = U(m)
Case m = 2n is even:
Satake diagram:

m− 1

1 2 3 m− 2 ◦

◦ ◦ ◦ ◦ m = 2n

◦

Dynkin diagram of the restricted root system:

2 4 6 2n− 4 2n− 2 2n = m

◦ ◦ ◦ ◦ ◦ ◦
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Case m = 2n+ 1 is odd:
Satake diagram:

m− 1

1 2 3 m− 3 m− 2 ◦

◦ ◦ ◦ ◦ ◦

◦

m = 2n+ 1

Dynkin diagram of the restricted root system:

2 4 6 2n− 4 2n− 2 2n = m− 1

◦ ◦ ◦ ◦ ◦ ◦
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E6:

dim gC = 78
|W | = 27 · 34 · 5
h ∼= {v ∈ R8 : 〈v, e6 − e7〉 = 〈v, e7 + e8〉 = 0}
Simple system:

Π = {α1, α2, α3, α4, α5, α6}

= {1

2
(e8−e7−e7−e7−e7−e7−e7 +e1), e2 +e1, e2−e1, e3−e2, e4−e3, e5−e4}

Dynkin diagram:

2

◦

◦ ◦ ◦ ◦ ◦

1 3 4 5 6

Fundamental weights: see [26] p. 687

Type E6I:

g = Split real form
K = Sp(4)

Type E6II:

K = SU(6)× SU(2)
Satake diagram:

2

1 3 ◦ 5 6

◦ ◦ ◦ ◦ ◦

Dynkin diagram of the restricted root system:

2 4 3 1

◦ ◦ ◦ ◦

Type E6III:

K = SO(10)× SO(2)
Satake diagram:
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2

1 3 ◦ 5 6

◦ ◦ ◦ ◦ ◦

Dynkin diagram of the restricted root system:

2 1

◦ ◦

Type E6IV:

K = maximal compact group of type F4

Satake diagram:

1 ◦ 6

◦ ◦ ◦ ◦ ◦

Dynkin diagram of the restricted root system:

1 6

◦ ◦
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E7

dim gC = 126
|W | = 210 · 34 · 5 · 7
h ∼= {v ∈ R8 : 〈v, e7 + e8〉 = 0}
Simple system:

Π = {α1, α2, α3, α4, α5, α6, α7}

{1

2
(e8−e7−e6−e5−e4−e3−e2+e1), e2+e1, e2−e1, e3−e2, e4−e3, e5−e4, e6−e5}

Dynkin diagram:

2

1 3 ◦ 5 6 7

◦ ◦ ◦ ◦ ◦ ◦

4

Fundamental weights: see [26] p. 688

Type E7V:

Split real form, so the diagrams coincide
K = SU(8)

Type E7VI:

K = SO(12)× SU(2)
Satake diagram:

1 3 ◦ 5 6 7

◦ ◦ ◦ ◦ ◦ ◦

4

Dynkin diagram of the restricted root system:

1 3 4 6

◦ ◦ ◦ ◦

Type E7VII:

K = E6 × SO(2)
Satake diagram:

1 3 ◦ 5 6 7

◦ ◦ ◦ ◦ ◦ ◦
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Dynkin diagram of the restricted root system:

1 6 7

◦ ◦ ◦
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E8

dim gC = 248
|W | = 214 · 35 · 52 · 7
h ∼= R8

Simple system:

Π = {α1, α2, α3, α4, α5, α6, α7, α8}

=

{
1

2
(e8 − e7 − e6 − e5 − e4 − e3 − e2 + e1), e2 + e1,

e2 − e1, e3 − e2, e4 − e3, e5 − e4, e6 − e5, e7 − e6

}
Dynkin diagram:

2

1 3 ◦ 5 6 7 8

◦ ◦ ◦ ◦ ◦ ◦ ◦

4

Fundamental weights: see [26] p. 689

E8V III :

g = Split real form.
K = SO(16)

Type E8IX:

K = E7 × SU(2)
Satake diagram:

2

1 3 ◦ 5 6 7 8

◦ ◦ ◦ ◦ ◦ ◦ ◦

Dynkin diagram of the restricted root system:

8 7 6 1

◦ ◦ ◦ ◦
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F4

dim gC = 52
|W | = 27 · 32

h ∼= R4

Simple system:

Π = {α1, α2, α3, α4}

= {e2 − e3, e3 − e4, e4,
1

2
(e1 − e2 − e3 − e4)}

Dynkin diagram:

1 2 3 4

◦ ◦ ◦ ◦

Fundamental weights in terms of simple roots:
λ1 = α1 + 2α2 + 3α3 + 2α4

λ2 = 2α1 + 4α2 + 6α3 + 3α4

λ3 = 3α1 + 6α2 + 8α3 + 4α4

λ4 = 2α1 + 3α2 + 4α3 + 2α4

F4I:

g = Split real form. K = Sp(3)× SU(2)

F4II:

K = SO(9)
Satake diagram:

1 2 3 4

◦ ◦ ◦ ◦

Dynkin diagram of the restricted root system:

4

◦
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G2

dim gC = 14
|W | = 23 · 3
h ∼= {v ∈ R3 : 〈v, e1 + e2 + e3〉 = 0}
Simple system:

Π = {α1, α2}
= {−2e1 + e2 + e3, e1 − e2}

Dynkin diagram:

1 2

Fundamental weights in terms of simple roots:
λ1 = α1 + 2α2

λ2 = 2α1 + 3α2

G2I

g = Split real form.
K = SU(2)× SU(2)
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Appendix C

List of symbols

N Set of natural numbers including 0
Z Set of integers
Q Set of rational numbers
R Set of real numbers
C Set of complex numbers
An Affine space Cn equipped with the real Zariski topology
Td The d-torus {z ∈ Cd : |zi|2 = 1, i = 1, ..., d}
GL(V ) Automorphism group of some vector space V
End(V ) Endomorphism Lie-algebra of some vector space V
Matn(k) Set of n× n-matrices with entries in k
Matm,n(k) Set of m× n-matrices with entries in k
Symn Set of real, symmetric n× n-matrices
Sym+

n Cone of real symmetric positive semidefinite n× n-matrices
Hern Set of complex, hermitian n× n-matrices
GLn(k) Group of invertible n× n-matrices with entries in k
gln(k) Lie algebra of GLn(k), coincides with Matn(k)
SLn(k) Group of n× n-matrices with determinant 1
sln(k) Lie algebra of SLn(k), n× n-matrices over k with trace = 0
O(n) Group of orthogonal n× n-matrices
SO(n) Group of orthogonal n× n-matrices of determinant 1
son Lie algebra of SO(n), skew-symmetric n× n-matrices
U(n) Group of unitary n× n-matrices
SU(n) Group of unitary n× n-matrices of determinant 1
sun Lie algebra of SU(n), given as the

skewhermitian n× n-matrices with trace = 0
Sp(n) Symplectic group of size n
spn Lie algebra of the symplectic group Sp(n)
O(g,K, p)x Polar orbitope given by g, k, p, x (Section 3.1)
Px Momentum polytope of the given polar orbitope (3.1.10)
CΛ Multivariate Carathéodory orbitope given by Λ ⊆ Zd (4.1.6)
StabG(v) Stabilizer of v with elements in G
pMotz(y0, y1, y2) The Motzkin form y4

0y
2
1 + y2

0y
4
1 + y6

2 − 3y2
0y

2
1y

2
2

R[x1, ..., xm]a Forms in R[x1, ..., xm] of degree a
R[x1, ..., xm]≤a Polynomials in R[x1, ..., xm] of total degree at most a
G0 Identity component of a Lie group G
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Über Krümmung und Windung geschlossener Raumkurven. Math. ann., Vol.
101, No. 1 (1929), p. 238-252.

[16] William Fulton, Joe Harris:
Representation Theory - A First Course. Springer-Verlag, Berlin, Heidel-
berg, New York (1991).

[17] Jean-Pierre Gabardo:
Trigonometric moment problems for arbitrary finite subsets of Zn. Trans.
Amer. Math. Soc., Vol. 350, No. 11 (1998), p. 4473-4498.

[18] Jeffrey S. Geronimo, Ming-Jun Lai:
Factorization of multivariate positive Laurent polynomials. J. of Approx.
Theory, Vol. 139 (2006), p. 327-345.

[19] Jeffrey S. Geronimo, Hugo J. Woerdemann:
Positive extensions, Fejér-Riesz factorization and autoregressive filters in
two variables. Annals of Mathematics, Vol. 160 (2004), p. 839-906.

[20] Sigurdur Helgason:
Differential geometry, Lie Groups, and symmetric spaces. Academic Press,
New York (1978).

[21] J. William Helton, Jiawang Nie:
Semidefinite representation of convex sets. Math. Program., Ser. A, 122
(2010), p. 21-64.

[22] J. William Helton, Jiawang Nie:
Sufficient and necessary conditions for semidefinite representability of convex
hulls and sets. SIAM J. Optim., Vol. 20, No. 2 (2009), p. 759-791.

[23] H. Huang:
Lie Algebra. Lecture notes, Auburn university (2016),
http://www.auburn.edu/˜huanghu/math7360/2016-spring.html.

[24] N. Iwahori:
On real irreducible representations of Lie algebras. Nagoya Math. J., Volume
14 (1959), p. 59-83.

144



[25] Joel Kamnitzer:
Representation theory of compact groups and complex re-
ductive groups. Lecture notes, University of Toronto (2011),
http://www.math.toronto.edu/jkamnitz/courses/reptheory/reptheory.pdf.

[26] Anthony W. Knapp:
Lie Groups Beyond an Introduction. Progress in Mathematics Vol. 140
(1996), Birkhäuser.
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