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Abstract
The existence of spin-triplet superconductivity in non-collinear magnetic heterostructures with
superconductors is by now well established. This observation lays the foundation of superconducting
spintronics with the aim to create a low-power consuming devices in order to replace the conventional
electronics limited by heating. From a fundamental point of view the investigation of the structure and
properties of spin-triplet Cooper pairs continues. Recently, spectroscopic evidence has shown to offer
more detailed insights in the structure of triplet Cooper pairs than the supercurrent. Hence, we study
here the structure of spin-triplet Cooper pairs through the density of states (DOS) in bilayers of a
textured magnetic insulator in proximity to a superconductor. Using quasiclassical Green function
methods, we study the local DOS, both spin-resolved and spin-independent. We show that the equalspin and mixed-spin triplet Cooper pairs leads to different spectroscopic signatures, which can be
further enhanced by spin-polarized spectroscopy. Our results show the huge potential spin-polarized
tunneling methods offer in characterizing unconventional superconductivity in heterostructures.

1. Introduction
The active development of superconducting spintronics, caloritronics and spin caloritronics raised a
tremendous interest in hybrid structures of superconductors and textured ferromagnets. The existence of spinpolarized supercurrents is ubiquitous to the spin-textured superconductor/ferromagnet (SC/FM) hybrid
structures resulting from long-range spin-triplet proximity [1–6] and the following experimental measurements
[7–9]. In particular, it is quite appealing to employ the spin torques generated by the dissipationless spinpolarized superconducting currents [10–12].
On the other hand, a series of interesting phenomena have been studied in SC/FM structures with spin-split
density of states (DOS), such as giant thermoelectric [13–20], thermospin effects [14, 21, 22], highly efﬁcient spin
and heat valves [23–27], cooling at the nanoscale [28, 29] and low-temperature thermometry and development
of sensitive electron thermometers [30], as well as the inﬂuence of the antiferromagnetic exchange bias [31].
Although different F/S systems have been studied for almost three decades, investigation of the inﬂuence of
magnetic proximity on the DOS in S/F layered structures with textured ferromagnets is not very much explored,
contrary to DOS in the usual proximity effect [32–34]. Recent experiments investigated tunneling in the
superconducting side of spin-spiral structures [35]. Furthermore, the inﬂuence of the domain structure on the
position-averaged superconducting DOS in S/FI bilayer was studied experimentally and theoretically [27]. The
DOS in the ferromagnetic part of a metallic S/F bilayer with an inﬁnitely sharp domain wall [36] and in the
ferromagnetic part of a S/F heterostructure with a textured ferromagnet [37, 38] has been investigated.
Characteristic signatures of equal-spin triplet pairing [39] make it possible to identify the spin-carrying
supercurrent. However, the inﬂuence of particular non-collinear textures such as domain walls and other
inhomogeneous ferromagnets on the local DOS in a superconductor practically has not yet been studied, except
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Figure 1. Sketch of the bilayer S/F systems considered in this work. The two examples of magnetic textures are (a) a magnetic helix and
(b) a tail-to-tail domain wall.

for the study of of Andreev resonance features near the edge of S/F bilayer containing a domain wall [40]. The
purpose of the present work is to ﬁll in this gap.
In this work we investigate to two instances featuring different aspects of the spin-triplet pairs created by a
magnetic textures, sketched in ﬁgure 1. In the ﬁrst part we study a magnetic helix structure in magnetic insulator
in proximity to a conventional s-wave superconductor. We treat the system in the diffusive limit and show that
very generically the spin-dependent DOS can be extracted from tunneling spectra. We determine the
characteristic spatial and energy dependence of the spin-dependent DOS, which allows to tomographically
extract the structure of the spin-triplet Cooper pairs. In the second part, we investigate a domain wall-type
magnetic texture imposed in the superconducting ﬁlm in the clean limit. Similar as before, the local DOS reﬂects
that the different spin-triplet Cooper pairs have different spatial structure and one can produce in this way a onedimensional spin-carrying band along the domain wall. Finally, we illustrate how a spin-polarized tunneling
signal can be connected to the spin structure of the Cooper pairs.

2. DOS in diffusive spin-textured S/F bilayers
2.1. Model and method
The model system that we consider is shown in ﬁgure 1. It consists of a spin-textured ferromagnet with a
spatially dependent exchange ﬁeld h (r ) in contact to a spin-singlet superconductor. The ferromagnet can be a
metal or an insulator. It is widely accepted in the literature that if the width of the S ﬁlm d is smaller than the
superconducting coherence length ξS, the magnetic proximity effect, that is the inﬂuence of the adjacent
ferromagnet on the S ﬁlm can be described by adding the effective exchange ﬁeld heff (r ) to the quasiclassical
Eilenberger or Usadel equation, which we use below to treat the superconductor. This approach has been
developed for metallic [4, 41–43] as well as for insulating [44, 45] ferromagnets. While for the ferromagnetic
insulators the magnetic proximity effect is not so simple and in general not reduced to the effective exchange
only [31, 46, 47], we neglect other terms (which can be viewed as additional magnetic impurities in the
superconductor) in the framework of the present study and focus on the effect of the spin texture.
In the framework of this model in the diffusive limit l  xS , where l is the mean free path, the S ﬁlm is
described by the following Usadel equation for the retarded Green’s function:
 , g] = 0,
- iD  (gg) + [etz + h eff stz - D

(1)

where D=vF l/3 is the diffusion constant with Fermi velocity vF. Here and below throughout the paper the
energy ε contains the inﬁnitely small imaginary part η>0, σi and τi are Pauli matrices in spin and particle-hole
 = Dt+ - D*t-, where τ±=(τx±iτy)/2.
spaces, respectively. D
Further we make the spin gauge transform in equation (1) in order to turn to the local spin basis, where the spin
quantization is aligned with the local direction of the exchange ﬁeld: g = Ugl U † with U †heff (r ) sU = heff sz .
2
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In this representation the Usadel equation takes the form:
 , g ] = 0,
 (g 
 g ) + [etz + h eff sz tz - D
- iD 
l
l
l

(2)

 =  + [U † U, ...] is the
where the magnetic inhomogeneity enters as the spin-dependent gauge ﬁeld and 
SU(2)-covariant gradient.
The quasiclassical Green’s function obeys the following normalization condition g2 = gl2 = 1. If the
effective exchange ﬁeld is homogeneous and the matrix Green’s function g is diagonal in spin space, it is
convenient to use the so-called θ-parametrization [48], where the Green’s function is parameterized by two
angles q, . This parametrization satisﬁes the normalization condition automatically. However, in case of
textured ferromagnets the Green’s function becomes non-diagonal in spin space and the parametrization via
two angles fails to work. An appropriate generalization of this parametrization was proposed in [49] and takes
the form:
⎛
sinh q ⎞⎟
gl = cosh (a) ⎜ cosh q
⎝- sinh q - cosh q ⎠
⎛
cosh q ⎞⎟.
+ ms sinh (a) ⎜ sinh q
⎝- cosh q - sinh q ⎠

(3)

This parametrization satisﬁes the normalization condition for energy-dependent parameters q (e), α(ε) and
m (e), where the latter satisﬁes m2 = 1.
Further on, we only study 1D magnetic textures, where heff = heff (x ). Substituting equation (3) into the
Usadel equation (2), we obtain the following equations (the spatial derivatives of all the quantities are denoted by
prime— A¢ º dA dx ):
iDq ¢¢ = 2 cosh (a)(e sinh (q ) + D cosh (q )) + 2h eff m z sinh (a) cosh (q )

(4)

and
⎛
1
iD ⎜a¢¢m + m¢a¢ cosh2 a + m¢¢ sinh 2a - 4 cosh a [a¢ cosh a (a ´ m) + sinh a (a ´ m¢)]
⎝
2
⎞
- sinh 2a (a ¢ ´ m) + 2 sinh 2a [a ´ (a ´ m)]⎟ = 2 sinh a (e cosh q + D sinh q ) m + 2 cosh a sinh q h eff e z ,
⎠
(5)

where (a )i = -(i 2) Tr [si U †¶x U ] are the components of the gauge ﬁeld a , which can be viewed as an effective
spin–orbit coupling [50]. Equations (4) and (5) together with the condition m2 = 1 are enough to ﬁnd θ, α
and m .
The Green’s function in the original basis takes the form:
⎛
sinh q ⎞⎟
g = cosh a ⎜ cosh q
⎝- sinh q - cosh q ⎠
⎛
cosh q ⎞⎟.
+ sinh a U (ms ) U † ⎜ sinh q
⎝- cosh q - sinh q ⎠

(6)

The DOS is calculated as
N = 2NF Re [cosh a cosh q ]

(7)

and the spin-resolved DOS corresponding to the spin along the direction l is calculated as
⎡
⎤
1
Nlˆ = NF Re ⎢cosh a cosh q + sinh a sinh q l i Tr(si UmsU †) ⎥ ,
⎣
⎦
2

(8)

where NF is the DOS per spin in the normal state of the system.
2.2. Results: magnetic helix
For the case of spin helix (see ﬁgure 1(a)) the magnetization texture is described by
h = h (cos d , sin d cos j , sin d sin j) ,

(9)

where we assume that the angle δ is spatially independent and j=2πx/L, where L is the helix spatial period.
The spin rotation is given by
Uˆ = e-isx j 2e-isz d 2e-isy p 4.

3

(10)
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Figure 2. DOS as a function of the quasiparticle energy for different heff. δ=0.25π, L/ξS=5. Different curves correspond to different
heff: 0 (black), 0.1Δ (red), 0.2Δ (green), 0.3Δ (blue).

In this case the gauge ﬁeld is given by
a=

¶x j
(sin de y - cos de z )
2

(11)

and does not depend on coordinates. Therefore, the solution of equations (4) and (5) and, consequently, the
Green’s function in the local basis also does not depend on coordinates: a¢ = a¢¢ = 0 and q ¢ = q ¢¢ = 0.
We solve the spatially homogeneous version of equations (4) and (5) numerically. For the case under
consideration α(x)=const and θ(x)=const. Therefore, in accordance with equation (7) the DOS is also
spatially homogeneous for the case of the helix magnetic texture. Figure 2 demonstrates the dependence of the
DOS on the quasiparticle energy for different absolute values of heff. Here, we observe that the DOS has doubly
split structure very similar to the case of spatially homogeneous exchange ﬁeld. At the same time, the distance
between the nearest peaks is not exactly 2heff, as it is known for the homogeneous case. Instead, the splitting is
between hx = heff cos d and heff and depends on the particular value of the helix spatial period, as it is discussed
below. Upon increasing of heff the split peaks move symmetrically around ε=Δ. The peaks are smeared with
respect to the homogeneous case. This smearing is due to the presence of the spin-gauge ﬁeld a , which is
equivalent to the effective spin–orbit coupling. One more important feature is that for the homogeneous case the
outer peaks should be higher than the inner ones. This is not always the case here: the relative height of the inner
and outher peaks depend on the value of the effective spin–orbit coupling and the both cases can be realized
(inner or outer peaks dominate). The fact that the inner peaks are higher due to the inhomogeneity of the
ferromagnet was experimentally observed for Al/EuS hybrid structures [27] and attributed to the domain
structure in EuS.
Now we discuss the inﬂuence of the effective spin–orbit coupling or, in other words, the value of the helix
spatial period on the DOS. As it is seen from equation (11), the effective spin–orbit coupling a is proportional to
dj/dx=2π/L, where L is the helix period. In other words, the effective spin–orbit coupling is inversely
proportional L. Figure 3 demonstrates the inﬂuence of this parameter on the DOS. The three columns of this
ﬁgure differ by the value of δ, viz., by the projection of the effective exchange ﬁeld on the direction of the helix
axis. Let us concentrate at ﬁrst on the middle row of the ﬁgure. We observe that the effective SO smears the peaks
only for intermediate values of L∼ξS. It is obvious that too small effective SO (L?ξS) should inﬂuence the
peaks only slightly, but too strong SO (L=ξS) also does not cause any smearing. In this case heff changes too
rapidly on the length scale ξS and the superconductor only feel the effectively homogeneous averaged exchange
ﬁeld hx.
The effective SO not only smears the peaks, but also shifts them symmetrically with respect to ε=±Δ.
These shifts are because the averaged exchange ﬁeld is reduced from heff to hx upon increasing effective SO. In the
limit of strong SO (L=ξS) the splitting of the DOS peaks tends to 2hx.
We see that the outer peaks are lower than the inner ones only for a range of intermediate values of the
effective SO, where the smearing is well-pronounced, approximately corresponding to L∼3–10ξS. For smaller
and larger values of the effective SO the spin-texture is hardly felt by the superconductor and the DOS behaves
more like in the homogeneous case. The described above features manifest itself for the whole range of the angles
δ, but they are pronounced more clearly for larger values of δ because in this case the difference between heff and
hx = heff cos d is larger. These observations are illustrated by comparing the different columns of ﬁgure 3.
As another interesting issue, we discuss now the behavior of the spin-resolved DOS. It can be calculated in
the ﬁxed spin basis according to equation (8) and for the case of magnetic helix takes the form:
4
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Figure 3. DOS as a function of quasiparticle energy for different values of the effective SO coupling, proportional to 2πξS/L. Panels (a),
(b) correspond to δ=0.125π; for panels (c), (d) δ=0.25π and for panels (e), (f) δ=0.375π. The bottom row represents the energy
region corresponding to the positive-energy double-split coherence peak on a large scale. heff=0. 2Δ for all the panels. L/ξS=100
(black), 10 (red), 5 (green), 2.5 (blue), 1.5 (pink), 0.5 (brown).

Nxˆ =

N
 Re [sinh a sinh q (m z cos d - m y sin d )] ,
2
N
Nyˆ =
 g cos (2ax ) ,
2
N
Nzˆ =
 g sin (2ax ) ,
2

(12)

(13)
(14)

where a = ∣a∣ and g=NF Re [sinh a sinh q (my cos d + mz sin d )]. Nhˆ = N 2 + g is the spin-resolved DOS in
the direction of hP(the projection of the exchange ﬁeld on (y, z)-plane). This quantity can be directly extracted
from the spatial dependence of the experimentally measured spin-resolved DOS. One can show that the spinresolved DOS corresponding to the direction h ´ ex is zero.
We observe that the spin-resolved DOS components Nxˆ and Nhˆ are spatially constant, while Nyˆ and Nzˆ
are spatially modulated with the period of the helix. Therefore, the magnetic tip STM measurements of the DOS
in S/F bilayers can give information about the exact spatial structure of the texture. Figure 4 demonstrates a 2D
plot of the spin-resolved DOS (Nyˆ and Nzˆ only differ by the spatial shift along the x-axis) in (ε, x)-plane for the
S/F bilayer with a helix spin texture. The spatial modulations of the inner DOS features with the helix period are
clearly seen on the sides of the central featureless gap region. At the same time the outer peaks practically do not
depend on the coordinate.
Further on, we concentrate on the dependence of Nxˆ and Nhˆ on the effective exchange ﬁeld and effective SO
coupling. The dependence of Nhˆ and Nxˆ on quasiparticle energy for different heff is presented in ﬁgure 5. We see
that they are asymmetric with respect to ε→−ε. This situation is typical for the spin-resolved DOS and
Nhˆ(e) = N-hˆ (-e), that is the particle-hole symmetry is restored if one considers the DOS for the opposite spin
directions simultaneously. The same is valid for Nxˆ . The splitting between the coherence peaks in Nxˆ and Nhˆ is
the same as for the usual DOS N.
The dependences of Nxˆ and Nhˆ on energy for different values of the effective SO coupling are presented in
ﬁgures 6 and 7, respectively. From ﬁgure 6 it is seen that upon increasing the effective SO (that is, reducing L) the
behavior of Nxˆ evolves from the typical spin-resolved DOS behavior for the homogeneous superconductor with
heff ex with split DOS peaks of unequal heights (at very large L) to the typical spin-resolved DOS behavior for
heff = hx ex , where the peaks are not split, but shifted along the energy axis by the value hx (at L  xS ).
Figure 7 demonstrates the behavior of Nhˆ on energy for different values of the effective SO coupling. It is
seen that upon increasing the effective SO its behavior evolves from asymmetric with respect to the quasiclassical
energy to the symmetric one. It is more clearly seen on panel (b) of this ﬁgure, where the difference Nhˆ - N-hˆ is
presented. This difference goes to zero at L  xS , what is equivalent to the fact that Nhˆ becomes symmetric.
The natural explanation is that at L  xS the component of heff located in the (y, z)-plane is effectively averaged
and the superconductor does not feel it. Therefore, any direction in the (y, z)-plane is perpendicular to the
effective exchange hx ex and we have spin-degenerate (and, consequently, symmetric with respect to ε→−ε)
DOS for it. Summarizing this part we can conclude that at L  xS all the components of the DOS behave as for
the superconductor with an effective exchange ﬁeld directed along the x-axis.
5
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Figure 4. 2D plot of the spin-resolved DOS N-yˆ in (ε, x)-plane. Nzˆ has the same form with a spatial phase shift π/2. heff=0. 2Δ,
L/ξS=5, δ=0.25π.

Figure 5. Spin-resolved DOS Nxˆ (a) and spin-resolved DOS N hˆ (b) as functions of energy for different exchange ﬁelds: 0 (black),
0.1Δ (red), 0.2Δ (green), 0.3Δ (blue). δ=0.25π and L/ξS=5.

3. DOS in ballistic spin-textured S/F bilayers
3.1. Model and method
The model system is the same as in ﬁgure 1. It consists of the spin-textured ferromagnet with the spatially
dependent exchange ﬁeld h (r ) and a spin-singlet superconductor. The magnetic proximity effect is again
described by adding the effective exchange ﬁeld heff (r ) to the quasiclassical equation, which is used for treating
the superconductor. The only difference is that here we consider the ballistic case and the S ﬁlm is described by
the Eilenberger equation for the retarded Green’s function:
 , g] = 0.
iv F g (r , pF ) + [etz + h eff (r ) stz - D

(15)

Contrary to the problem of magnetic helix texture, the spin gauge transform in order to reduce the problem to
the homogeneous one does not help. Hence, for textures of domain wall type such a gauge transform does not
lead to such a simpliﬁcation of the problem. Therefore, we do not perform the spin gauge transform and solve
the problem numerically in the ﬁxed spin basis.
6
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Figure 6. Spin-resolved DOS Nxˆ as a function of energy for different effective SO couplings. (a) δ=0.25π; (b) δ=0.375π. heff=0. 2Δ
for the both panels. The color coding is the same as in ﬁgure 3.

Figure 7. (a) Spin-resolved DOS N hˆ as a function of energy for different effective SO couplings. (b) N hˆ - N-hˆ as a function of energy
for different effective SO couplings. δ=0.25π, heff=0. 2Δ for the both panels. The color coding is the same as in ﬁgure 3.

In the ballistic case, it is convenient to use the so-called Riccati parametrization for the Green’s function
[51, 52]. In terms of the Riccati parametrization the retarded Green’s function takes the form:
-1
⎛1 + gg
⎞
ˆ ˜ˆ
ˆ ˜ˆ
0 ⎞ ⎛1 - gg
2gˆ
⎟ ⎜
⎟,
g = ⎜
- (1 - gg
1 + gg
˜ˆ ˆ ⎠ ⎝ 2gˆ˜
˜ˆ ˆ )⎠
⎝ 0

where ĝ and g̃ˆ are matrices in spin space. Note that, our parametrization differs from the deﬁnition in the
literature [51, 52] by factors iσy as gˆstandard = gˆ isy and g˜ˆstandard = isy g˜ˆ . The Riccati parametrization
equation (16) obeys the normalization condition g2 = 1 automatically.
7
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The Riccati amplitudes ĝ and g̃ˆ obey the following Riccati-type equations:
iv F gˆ + 2eg = -D*gˆ 2 - {hs , gˆ} - D ,

(17)
*

and g̃ˆ obeys the same equation with the substitution ε→−ε, h  -h and Δ→Δ . In this work, we assume
Δ=Δ*. Moreover, we neglect the spatial variations of the order parameter and assume Δ=const.
If we consider a locally spatially inhomogeneous magnetic texture like a domain wall (see ﬁgure 1(b)) the
Riccati amplitudes ĝ and g̃ˆ can be found from equation (17) numerically with the following asymptotic
condition:
gˆ¥ = g0 ¥ +

h¥ s
g¥,
h

(18)

⎡
D
D
1
g0 ¥ = - ⎢
+
2 ⎢⎣ e + h eff + i D2 - (e + h eff )2
e - h eff + i D2 - (e - h eff )2

⎤
⎥,
⎥⎦

(19)

⎡
D
D
1
g¥ = - ⎢
2
2
2 ⎢⎣ e + h eff + i D - (e + h eff )
e - h eff + i D2 - (e - h eff )2

⎤
⎥,
⎥⎦

(20)

and gˆ˜¥ = -gˆ¥.
Equation (17) is numerically stable if it is solved starting from x = -¥ for right-going trajectories vx>0
and from x = +¥ for left-going trajectories vx<0. On the contrary, g̃ˆ can be found numerically starting from
x = +¥ for right-going trajectories vx>0 and from x = -¥ for left-going trajectories vx<0.
Having at hand ĝ (x, pF ) and g̃ˆ (x, pF ) it is possible to calculate the DOS and spin resolved DOS (normalized
to the normal state DOS) as follows:
N = NF Re {Trágˆ ñ}

(21)

and the spin-resolved DOS corresponding to the spin along the direction l is calculated as
N
Nlˆ = F Re {Tr ágˆ ñ + l i Trási gˆ ñ},
(22)
2
where á...ñ means averaging over the 2D Fermi surface of the superconducting ﬁlm and
gˆ = (1 + gg
ˆ ˆ˜ )-1(1 - gg
ˆ ˆ˜ ) is the normal Green’s function, that is the upper left element in the particle-hole
space of equation (16).
3.2. Results: domain wall
It is convenient to parametrize the spin texture of the head-to-head (or tail-to-tail) DW by
h = h (cos q , sin q cos d , sin q sin d ) ,

(23)

where in general the both angles depend on x-coordinate. The equilibrium shape of the DW is dictated by the
interplay between the magnetic anisotropy energy and the exchange energy and is given by
cos q =  tanh [x d w ] ,

(24)

and δ=const for the classical in-plane DW. However, here we also consider noncoplanar DW conﬁgurations,
which correspond to a spatially dependent δ. This situation can occur due to the contact with the superconductor
or due to external perturbations such as applied supercurrent or applied magnetic ﬁeld.
The DOS for a weakly noncoplanar wall is presented in ﬁgure 8. Different curves correspond to different
distances from the wall center. The results for a coplanar wall with δ=0 are practically the same and are
not presented here. Obviously, far from the wall center the DOS is very close to the double-split DOS of a
homogeneous superconductor with h = heff . The exception is the Friedel-type oscillation [53, 54], which
decays very slowly in the energy region close to the gap and are a signature of the ballistic system. The DOS
for wide enough DWs (see ﬁgure 8(c), where dw=2ξS) is close to the shape typical for a homogeneous
superconductor with the exchange ﬁeld coinciding with the local ﬁeld at a given point. That is, if the
characteristic width of the wall is larger than (1 ¸ 2) xS , the spin-independent DOS a superconductor results
from an effectively homogeneous exchange ﬁeld. However, this picture is not correct for the spin-resolved DOS,
what is discussed below.
Only for the wall widths dW  ξS the Zeeman-split shape is distorted and we see signatures of the mixing
between the peaks in the vicinity of the wall. The 2D plot of the DOS for such a short wall with dW=0.5ξS is
presented in ﬁgure 11(a). The mixing between the coherence peaks is clearly seen in the region occupied by
the wall.
8
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Figure 8. DOS for a noncoplanar domain wall with d (x ) = p (4 cosh2[x 2d w ]) as a function of quasiparticle energy. Only ε>0 data
are plotted, while negative energies follow from symmetry. Different curves correspond to different distances x from the wall center:
x=0 (black), x=0.5ξS (blue), x=ξS (green), x=2ξS (red), x=5ξS (pink). (a) dw=0.5ξS; (b) dw=ξS; (c) dw=2ξS. heff=0. 3Δ
for all the panels.

The spin-resolved DOS projected on the x-axis, coinciding with the direction of the magnetization in the
bulk of the domains, is presented in ﬁgure 9. The results for the coplanar wall are practically the same and are not
presented. We see again that far from the wall center (pink curves) the DOS is practically the same as the spinresolved DOS for a homogeneous superconductor with h = heff ex . The results for a narrow DW dw=0.5ξS
are qualitatively similar to the results, obtained in [27] for a inﬁnitely narrow DW. In contrast to the spinindependent DOS, here the spin-resolved DOS does not follow the homogeneous shape of the local ﬁeld even
for the case of wide walls. The proﬁle of the spin-resolved DOS is always distorted in the vicinity of the center
regardless of the wall width.
The spin-resolved DOS along y-axis is presented in ﬁgure 10. The results for the coplanar wall are practically
the same and are not presented. We observe that far from the wall center (pink curves) the DOS is practically the
same as the spin-independent DOS for a homogeneous superconductor. That is because the spin-resolved DOS
for a spin direction perpendicular to the direction of the homogeneous exchange ﬁeld does not depend on spin
and here we have a superconductor in a homogeneous exchange ﬁeld h = heff ex far from the wall. Nyˆ also
does not follow the homogeneous shape of the local ﬁeld even for the case of wide walls. The proﬁle of the spinresolved DOS is always distorted in the vicinity of the center regardless of the wall width. This component of
the spin-resolved DOS cannot be obtained in the model of inﬁnitely narrow wall, because in this model the
magnetization is always collinear and there is no spin rotation, which leads to the creation of the equal-spin pairs
and, therefore, a nonzero difference N yˆ - N-yˆ . The 2D plots of the spin resolved DOS N-xˆ and N-yˆ are
presented in ﬁgures 11(b) and (c), respectively.
The spin-resolved DOS along z-axis Nzˆ and N-zˆ for noncoplanar DW are very similar to N yˆ and N-yˆ and
not presented here. For a coplanar DW with d = 0 (the DW is in (x, y)-plane) Nzˆ = N-zˆ = N and, therefore,
the DOS does not show a spin polarization along the axis perpendicular to the DW plane.
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Figure 9. Spin-resolved DOS Nxˆ (left column) and N-xˆ (right column) for noncoplanar domain wall as a function of quasiparticle
energy. Only e > 0 data are plotted. ε<0 part of the curve can be obtained by symmetry Nxˆ (-e ) = N-xˆ (e ) . Different curves
correspond to different distances x from the wall center: x=0 (black), x=0.5ξS (blue), x=ξS (green), x=2ξS (red), x=5ξS (pink).
(a), (b) dw=0.5ξS; (c), (d) dw=ξS; (e), (f) dw=2ξS. heff=0. 3Δ for all the panels.

4. Spin-resolved DOS as a signature of triplet superconducting correlations
Now our goal is to demonstrate that measurements of the spin-resolved DOS provide an information about the
presence and the structure of spin-triplet correlations in the system. Indeed, from the normalization condition
⎛ g 0 + gs f 0 + f s ⎞ 2
⎟⎟ = 1,
g2 = ⎜⎜
⎝ f˜0 + f˜ s g˜0 + g˜ s ⎠

(25)

where the structure of the Green’s function in particle-hole space is written explicitly, it follows that
g=-

1
[ f f˜ + f˜0 f + if ´ f˜ ].
2g0 0

(26)

On the other hand
Nlˆ - N-lˆ = NF Re [ág ñ l ].

(27)

Combining equations (26) and (27), we can conclude a that nonzero difference Nlˆ - N-lˆ is an direct
signature of the presence of triplet superconducting correlations in the system. It is worth to note that the inverse
statement is not always true: from N - N = 0 it does not follow that the odd-frequency correlations are
absent, what is similar to the situation in the Zeeman-split conventional superconductors [55]. This situation is
realized in the region of the gap.
4.1. Diffusive limit
In the diffusive limit equation (27) can be further simpliﬁed. As it seen from equation (3), in this case f˜ = -f
and f˜0 = -f0 and the Green’s function does not depend on the momentum direction. Hence, we obtain:
10
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Figure 10. The spin-resolved DOS N yˆ (left column) and N-yˆ (right column) for parameters similar to ﬁgure 9.

Figure 11. 2D plot of (a) DOS N; (b) spin-resolved DOS N-xˆ and (c) N-yˆ in (e , x )-plane. heff=0. 3Δ, dW/ξS=0.5, The
noncoplanarity δ(x) is the same as in ﬁgure 8.

Nlˆ - N-lˆ = NF Re [tanh qfl ].

(28)

We observe that measurements of spin-resolved DOS corresponding to the spin axis l provide information
about the projection of the triplet pair correlations vector f onto the direction l .
For the case of the magnetic helix, it is physically more reasonable to consider the pair correlations structure
in the local spin basis, where the quantization axis coincides with the local magnetization direction. In this basis
fl s = U †fsU and fl, z = mz sinh a cosh q represents the opposite-spin pair correlations fl, z = ( f +f) 2,
while fl, y = my sinh a cosh q = -if = -if is the amplitude of the equal-spin pair correlations. Therefore,
we can conclude that measurements of the spin-resolved DOS along the direction of the local magnetization
l = h provide us with information about the mixed-spin triplet correlations without the contamination of the
equal-spin correlations, while measurements of the spin-resolved DOS along l perpendicular to the local
11

New J. Phys. 21 (2019) 043001

I V Bobkova et al

Figure 12. (a) Nxˆ - N-xˆ ; (b) N hˆ - N-hˆ; (c), (d) real part of opposite-spin triplet correlations Re[fl, z] and equal-spin triplet
correlations Re[fl, y], respectively; (e), (f) imaginary part of opposite-spin triplet correlations Im[fl, z] and equal-spin triplet correlations
Im[fl, y], respectively; different curves correspond to different values of the effective SO coupling L/ξS=100 (black), 10 (red), 5 (green),
2.5 (blue), 1.5 (pink), 0.5 (brown). heff=0. 2Δ and δ=0.25π for all the panels.

magnetization direction can give us the information about the equal-spin correlations without the
contamination of the mixed-spin correlations signal. At the same time, in the considered case of the helix spin
texture in the ﬁxed reference frame the opposite-spin and equal-spin correlations are represented as an
oscillating spatial mixture. Therefore, for a certain ﬁxed l direction a mixture of the mixed- and equal-spin
correlations should be observed.
Figure 12 demonstrates the mixed-spin and equal-spin pairing amplitudes in comparison to the spinresolved DOS. This ﬁgure illustrates our statement that in the energy intervals, where the spin-resolved DOS in
non-zero, the triplet pair correlations are inevitably present. Therefore, the spin-resolved DOS deﬁnitely
indicates the presence of the triplet correlations, but does not allow for obtaining their exact structure.

4.2. Ballistic limit
In the clean case the situation is similar. However, the condition f ´ f˜ = 0 is not fulﬁlled for each of the
trajectories separately. Therefore, the non-unitary pairing [56] with nonzero spin of the pair is nonzero if we are
only interested in the direction-resolved pairing before averaging over trajectories. However, the term f ´ f˜
becomes zero after averaging over trajectories. This pairing can manifest itself in the DOS under the applying of
the supercurrent to the system, which we do not discuss here. The resulting relationship between the spinresolved DOS and the triplet correlations takes essentially the same form as in the diffusive case:
⎡ f˜ f
Nlˆ - N-lˆ = - NF Re ⎢ 0
⎢⎣ g0

⎤
⎥.
⎥⎦

(29)

Figure 13 demonstrates fx and fy pairing amplitudes in comparison to the spin-resolved DOS. For this case,
we present the results in the ﬁxed spin basis. We see that there is a clear correlation between the real part of fx(y)
averaged over trajectories and the corresponding spin-resolved DOS Nxˆ ( yˆ) - N-xˆ ( yˆ). The imaginary part of fx(y)
is also strongly correlated with the spin-resolved DOS, but is nonzero at subgap energies, where the
corresponding DOS is zero. This fact again illustrates our statement that a nonzero spin-resolved DOS deﬁnitely
indicates the presence of triplet correlation, while a vanishing spin-resolved DOS does not guarantee their
absence.
Far from the DW center only fx correlations and Nxˆ - N-xˆ are nonzero. This is because far from the wall the
magnetization is homogeneous and is directed along the x-axis. Therefore only mixed-spin triplet correlations
represented by fx are present in this case. Upon moving to the wall center the mixed-spin correlations are
partially converted into equal-spin ones and therefore the magnitude of fy grows. For the case of a noncoplanar
wall the behavior of fz is essentially the same as the behavior of fy, while for the case of the coplanar wall fz is
absent.
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Figure 13. (a) Nxˆ - N-xˆ ; (b) N yˆ - N-yˆ ; (c), (d) Re [á fxñ] and Re [á f yñ], respectively; (e), (f) Im [á fxñ] and Im [á f yñ], respectively.
Different curves correspond to different distances x from the wall center: x=0 (black), x=0.5ξS (blue), x=ξS (green), x=2ξS
(red), x=5ξS (pink). dw=ξS. heff=0. 3Δ for all the panels.

5. Conclusions
We have investigated the inﬂuence of inhomogeneous ferromagnetic textures on the structure of the Zeemansplit DOS and the spin-polarized DOS in thin ﬁlm S/F bilayers. The modiﬁcations of the typical Zeeman-split
DOS by the spin texture of the ferromagnet show that the spin-polarized DOS clearly indicates the presence and
the spatial structure of spin-triplet correlations in the superconducting layer in proximity to a spin-textured
ferromagnet. Our results demonstrate the huge potential of tunneling spectroscopic methods in characterizing
superconductivity in hybrid structures containing magnetic elements. Even more so, by using spin-polarized
tunneling information about different spin-component of the local pairing amplitude can be obtained.
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