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1. Introduction
Colloidal systems have been studied since the
first observation of Brownian motion in 1827
[1]. Colloids are on a size scale visible in a
light microscope while still being subject to noticeable strong thermal motion. As such, they
provide a perfect model system to study fundamental phenomena of thermodynamics on a
microscopic level.

an isotropic fluid. This defect mediated melting has been studied extensively in systems
of spherical colloids with magnetic repulsion
by induced dipoles perpendicular to the two
dimensional plane. The melting of a perfect
hexagonal crystal with an intermediate hexatic phase was observed in full accordance with
KTHNY theory [9, 10].

Systems of high numbers of colloids are part of
soft matter and can be used to study order phenomena and phase behavior on modest energy
scales that are easy to access experimentally.
When packed densely in respect to the length
of particle-particle interaction, colloidal crystals can be observed and melting behavior can
be quantified by colloid concentration and interaction strength [2]. Note, that there is no
need for attractive interaction: Order phenomena will occur for any repulsive physical force
as well as pure entropical ordering which relies
on hard-body interaction solely.

On the given energy scale, colloids can be seen
as atomic in the sense, that they define the
smallest spatial scale important in the system
and do not contain any inner excitations. Nevertheless, similar to how anisotropic interaction forces (mainly covalent bonds) of atoms
lead to a variety of crystal structures in solids,
anisotropy in colloidal shape give rise to different structures as well. As single colloids are
the fundamental building blocks of the crystal in a dense phase, the crystal structure is
highly dependent on any non-isotropic particle
shape. Moreover, for colloids, rich phase behavior for lower concentrated dispersions can be
observed. The most prominent example is the
formation of liquid crystals for plate- and rodlike particles [11].

When confined into a single layer, by sedimentation on an interface or other means, colloidal
systems also provide a remarkably good way
to study two dimensional order phenomena.
2D crystals differentiate from their 3D counterpart on important details, such as long range
density fluctuations that can be exited by finite temperature. These Mermin-Wagner fluctuations are not present in 3D and lead to the
absence of true long range translational order
in 2D crystals [3, 4].
Furthermore, 2D crystals are the only crystals for which a microscopic melting theory
has yet been developed: The KTHNY melting
theory was established by Kosterlitz, Thouless,
Halperin, Nelson and Young [5–8], for which
the first two were awarded the Nobel prize in
physics in 2016. It proposes the local creation
and unbinding of topological defect pairs, melting the crystal in two continuous steps. First
into an intermediate “x-atic” phase, a fluid
were positional order is lost, but bond orientational order is still preserved and, final, into

In recent years, chemists have become able to
synthesis more complex shaped colloids, were
our interests lies in cubic colloids [12–15]. If
concentrated in a dense monolayer, cubic colloids can form a tetragonal (simple squared)
crystal. Upon melting, the mechanics of KTHNY theory should apply without limitation and
the crystal should melt continuously with an
intermediate, then called tetratic, phase. This
phase has been observed in simulations [16–
18] and a granular system [19], but not yet
in experiments being subject to real thermal
motion. Zhao and Mason, conducting experiments on a colloidal system, faced challenges
with a finite border radius of their square platelets and observed a hexagonal rotator and an
ordered rhombic crystal phase [20]. Subsequently, Avendano and Escobedo have reproduced
these findings in simulations, and showed that
a perfect tetragonal phase is only present for

5

1. Introduction
sufficiently small corner radii [17].
Finally, preliminary observations have shown
interesting dynamics in dense phases of cubic
colloids [15]. As particle shape and orientation has major influence on friction of particles
against each other and friction forces are an
important part in liquid dynamics, it is of interest to also investigate these effects in more
detail.
In this thesis, I give a detailed discussion on
the geometry of topological defects in tetragonal, two dimensional crystals, which is surprisingly different in some details to the well
studied and known geometry of topological defects in hexagonal crystals. In addition, the
shortcomings of a Voronoi tessellation for the
definition of nearest neighbors in tetragonal
systems is discussed, and an proposal for an
fourfold bond orientation order parameter that
accounts for these issue is given.
Further, I report on our efforts to make and
analyze monolayers of cubic colloids. For this,
particles have been synthesized from Hematite, Fe2 O3 [14, 15], and Neighborite, NaMgF3
[13, 21]. While synthesis and degradation issues for Neighborite particles have not been
solved until the time of writing, hollow silica
cubes, based on Hematite cubes, could be confined to a dense monolayer and imaged in nonequilibrium conditions in a light microscope.
In order to archive long-time observation of
monolayers, existing experimental setups have
been adopted and new analysis routines have
been developed, to not only extract and analyze the position of colloids, but also the angle
of their body orientation in the 2D plane.

6

The analyzed monolayer shows approximately
hexagonal instead of tetragonal order, due to
the more rounded shape of the particles. Also,
imaging was not done in equilibrium conditions: The crystal, that is expected for the observed particle concentration, has been shearmolten into a polyhexaline fluid by randomly
pinned particles in combination with a homogeneous linear drift. The established analysis
routines proved to work reliably and the most
seen features could be quantified by correlating the particles orientation to six- and fourfold
bond orientation. The fluid is rich of unbound
dislocations, but shows no unbound dsiclinations, which would be expected for an isotropic
fluid [10]. The exact bond order is slightly
rhombic, as it would be expected for rounded
cubes, however, the packing of the particles
was not Λ1 , the densest possible packing for
this exact particle shape, globally. Contrary
to what would be expected in equilibrium [22],
a nearly equal amount of Λ0 packed lattice
sites have been observed, which we assume are
favored by particle motion. In addition, interesting dynamics have been observed of extended lines of particles moving along each
other. This line movement is specific to cubic particles and has not been observed yet
in other colloidal systems. An explanation for
these motion of extended lines could be the
reduced friction to neighboring lattice lines,
when cubic particles are aligned with the bond
orientation. Comparable behavior has already
been seen in 3D simulations of cubes by Smallenburg et al. for vacancies that delocalized
into extended lines, due to the low friction of
cubes and, hence, the missing energy barrier,
when aligned to the simple cubic lattice [23].

2. Theory
2.1. Colloidal systems
Colloids are defined as particles on the scale
of 1 nm to 1 µm [24]. Larger particles of up to
several µm in size are, however, also commonly
referred to as colloids. Colloidal systems can
exist from a wide range of materials, where
the only requirement is that one insoluble substance is dispersed throughout another. Both
substances can be a solid, liquid or gas.
In the following, solid colloids in a liquid dispersion are assumed. Due to their size, when
dispersed in liquid, colloids are subject to thermal forces in the form of Brownian motion.
This is of special interest, because such thermally exited systems with increased colloid concentrations form soft matter. As such these
systems can be used to study order phenomena and phase behavior with the ability of not
only observing bulk behavior but also being
able to study microscopic phenomena like defect dynamics at the same time.
While simple polystyrene spheres are often in
use in colloidal soft matter experiments, more
recently chemists were able to synthesize a wide
variety of different shaped colloids from different materials. In this thesis we want to focus
on cubic colloids, which have been successfully
synthesized from Hamatite, Fe2 O3 , and Neighborite, NaMgF3 in the past years [12–15].

where 𝑚 is the mass of the molecule, 𝑘b is
the Boltzmann-constant and 𝑇 is the absolute
temperature [25, 26].
Each time there is a collision between a solvent
molecule and colloid, the colloid gets a small
kick in the molecules direction. In time average, all these kicks can be described as a normal distributed white noise of forces acting on
each colloid. Simplifying the fluid in such a
way, Brownian motion can be expressed via
the stochastic Langevin equation
𝑚𝑟 ̈⃗ = −∇𝑉 (𝑟,⃗ 𝑡) − 𝛾 𝑟 ⃗̇ + 𝛿 𝐹 ⃗ (𝑡)

(2.2)

of a colloid of mass 𝑚 at position 𝑟 ⃗ at time 𝑡.
Here, −∇𝑉 is a generic potential force acting
on the colloid, 𝛾 𝑟 ⃗̇ is a linear friction slowing
down the particle in the dispersion and 𝛿𝐹 are
the random forces representing the kicks by
the surrounding molecules. As the fluid is isotropic the thermal kicks have zero-mean. Further they are uncorrelated and as a result of
thermal kinetic energy their strength is temperature dependent [26].
In the case of an over-damped system the inertia term 𝑚𝑟 ̈⃗ can be neglected and the mobility
𝜇 of the particles becomes anti-proportional to
the friction coefficient 𝛾. For such a system the
Einstein-Smoluchowski relation also connects
the particles diffusion 𝐷 to the mobility and
the strength of the thermal kicks [26–28],
𝐷 = 𝜇 𝑘b𝑇 =

𝑘b𝑇
.
𝛾

(2.3)

2.1.1. Brownian motion
On a microscopic level, the liquid of an colloidal dispersion consist of molecules which are
subject to thermal movement. A good approximation for the average velocity 𝑣 of the molecules can be taken from the kinetic gas theory for an ideal gas in three dimensions
3
1
𝑚𝑣 = 𝑘b𝑇 ,
2
2

(2.1)

Evolution in time leads to a random walk performed by each particle. The average distance
traveled in time 𝜏 = 𝑡 − 𝑡0 in 𝑛 spatial dimensions is denoted by the mean squared displacement (MSD) [25, 26]
⟨𝑟2 (𝜏 )⟩ = 2𝑛𝐷 𝜏 .

(2.4)

It is the variance of a Gaussian probability
distribution on where the particle will end up
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after time 𝜏 . As a potential free colloidal system is assumed to be ergodic, this mean can
be averaged over an ensemble of particles as
well as over different starting times 𝑡0 . As an
extensive body can not only move but also rotate, there is an analogue definition for the
mean squared rotation around angle 𝜃 [25]
⟨𝜃2 (𝜏 )⟩ = 2𝐷𝑟 𝜏 .

(2.5)

In order to track the Brownian movement of
a dedicated particle in a multi particle system it is important to know their characteristic time scales. The Brownian time 𝜏𝐵 is
defined as the time a particle needs to travel
the distance of its own diameter or rotate itself
around once. For 𝑠-fold symmetric particles of
size 𝑎 as presented in this thesis, however, it is
better to define the rotational Brownian time
𝜏𝐵,𝑟 by the rotation around 2𝜋/𝑠 to account
for its symmetry. Hence, in the following I
will use
𝑎2
,
2𝑛𝐷
(2𝜋/𝑠)2
=
.
2𝐷𝑟

𝜏𝐵 =
𝜏𝐵,𝑟

(2.6)
(2.7)

For spherical colloids of radius 𝑅 the diffusion
can be approximated by the dynamic viscosity
of the liquid 𝜂 via Stokes’s law
𝐷=

𝑘b𝑇
,
6𝜋𝜂𝑅

(2.8)

and in similar fashion
𝐷𝑟 =

𝑘b𝑇
.
8𝜋𝜂𝑅3

(2.9)

For anisotropic particles, theory becomes richer,
nevertheless Stokes’s law holds as a rough estimate within the same order of magnitude
[25]. Also diffusion changes within nearly an
order of magnitude, for a particle in the vicinity of an interface. Brenner [29, 30] developed a theory for spheres near a hard wall,
where friction is increased and diffusion will
slow down notably. The opposite is true near a
liquid-air interface which is also important for
this work. Viscosity is decreased which leads
to faster diffusion near such an interface.
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2.1.2. Sedimentation

Diffusion can be limited by any kind of local
potential 𝑉 . While an individual particle can
diffuse against a potential force, movement in
that direction will become less likely, depending on the strength of both diffusion and the
potential. In equilibrium, the probability distribution of the particles position is a Boltzmann distribution 𝑃 with
𝑃 (𝑟)⃗ ∝ exp (

𝑉 (𝑟)⃗
).
𝑘b𝑇

(2.10)

One interesting case of such a distribution is
in height 𝑧, caused by the gravitational potential
𝑉𝑔 (𝑧) = 𝑚𝑏 𝑔 𝑧 .
(2.11)
Here 𝑔 is the gravitational acceleration and
𝑚𝑏 = 𝑉𝑐 (𝜌𝑐 − 𝜌𝑙 )

(2.12)

is the buoyant mass depending on the difference in density between the colloids 𝜌𝑐 and
the liquid 𝜌𝑙 for colloids of volume 𝑉𝑐 . The resulting density distribution 𝜂(𝑧) of a colloidal
dispersion can be written as
𝑧
𝜂(𝑧) = 𝜂0 exp (− ) ,
𝑙𝑔
𝑙𝑔 =

𝑘b𝑇
,
𝑚𝑏 𝑔

(2.13)
(2.14)

where the characteristic length 𝑙𝑔 is the so called gravitational length. It characterizes the
mean height an individual colloid will diffuse
upwards against gravity. If it is small compared to the system size, the colloids will sediment within the dispersion.
If the density of the dispersion is low enough
to allow all colloids to arrange in one layer and
the gravitational length is sufficiently smaller
than the size of the individual colloids, a monolayer is formed on the interface at the bottom
of the system. The colloid dynamics can than
be treated as being two dimensional in very
good approximation.

2.1. Colloidal systems
E

2.1.3. DLVO theory
In a dispersion of multiple colloids there are
also interactions between the colloids. The
strongest interaction on short distances thereby are van der Waals forces. These are commonly known on a molecular level, but apply
to extensive bodies as well. Here the shape
of such a body plays an important role. The
van der Waals potential 𝑉𝐴 for two distinct
particles depends on their size, as well as on
the distance 𝑑 and shape of their interacting
surface. While two perfect spheres of radius 𝑅
can only touch in one point, two perfect cubes
of edge length 𝑎 can connect to each other with
a maximum surface of 𝑎2 . The difference is reflected in the different distance dependencies
of the calculated van der Waals potentials
𝐴12 𝑅
,
6𝑑
𝐴 𝑎2
𝑉𝐴cube (𝑑) ≈ − 12 2 .
12𝜋𝑑

𝑉𝐴sphere (𝑑) ≈ −

Electrostatic

+
+
+
+
+
+
- - - - +
- - - - +
- + + -+ -+ + ++ - - + - + + -+ -+-+ ++ -- + - +
-- + - + - - +-- + -+
-- ++
+
-- ++
- +- ++ -+ - +
- ++ - + - + - ++---- + + - + -+
+
+
+
- + - - - -- +
+ - +
+
+
- +
+
+ +
+ - + + + + ++ +
- -+ +- +- +
- - - +- + +
+
+
+
+

kT
0

van der Waals
D

Figure 2.1.: DLVO potential: The algebraically decaying van der Waals attraction
is stronger than the approximately exponentially decaying screened electrostatic repulsion. Thus, a potential barrier is formed that
keeps particles apart but can occasionally be
overcome causing clustering and pinning in a
sample.

(2.15)
(2.16)

𝐴12 is the Hamaker constant, containing material properties and pair interactions of the
two bodies [31, 32].
While van der Waals attraction is the strongest
on short distances, it is rarely the only force
in a colloidal systems. Most colloids also do
have an intrinsic surface charge, resulting in
an electrostatic repulsion. As the surrounding liquid contains ions as well, the electric
charge does form a screened Coulumb potential, also known as double layer or Yukawa
potential. It is decaying approximately exponential with a characteristic length called the
Debye length and hence much faster than a
normal long-range electrostatic Coulomb potential. Already at a comparable short distance the electric charge is completely screened
by the surrounding ions and the potential becomes negligible [33].
The combined potential as seen in Fig. 2.1 is
called DLVO potential after Derjaguin, Landau, Verwey and Overbeek. It only forms a
finite potential barrier in particle interaction.
This means that while such a dispersion should
be stable for finite time, there is a chance for
two colloids to pass the potential barrier and

stick together, which is increasing with time.
Over long times clusters can grow with more
and more particles sticking together. Also when
the sample is prepared on any kind of substrate, there is a chance of the colloids becoming pinned to the substrate [33].

2.1.4. Steric stabilization
Another way to stabilize colloidal dispersions
is using polymers. Adding polymers or similar
surfactants to the dispersion which can adsorb
on the colloid surface, can form a “brush-like”
structure on the surface. If two colloids come
close to each other, at a certain distance these
brushes will start to interact, reducing each
others spatial freedom and thereby their free
energy. This decrease in free energy of the
brushes is much higher than what is gained by
the van der Waals attraction. Hence, attraction is fully counteracted and the dispersion is
stable. This is called steric stabilization [33].
Which polymers to use has to be considered
and tested carefully. While the principle of
steric stabilization is simple, there are some
possible pitfalls. Figure 2.2 depicts the effective potential of a colloid with brush repulsion
which has a small dip. This dip is also present
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E

and is called athermal. In the case of a closed
system of fixed volume of such particles, temperature ceases to be a valid control parameter.
The system is purely driven by its tendency to
maximize entropy

Brush repulsion
kT
0

𝑆 = 𝑘b ln(𝑍𝑁 ) .
VdW

It will converge to the configuration with the
greatest partition function 𝑍𝑁 .
D

Figure 2.2.: Brush repulsion of polymers adsorbed on the colloids grows very strong as
soon as two particles reach each other. This
fully counteracts van der Waals attraction.
in the DLVO potential, but was not discussed
yet. If it is small in respect to the level of 𝑘b𝑇
it is negligible. However if it becomes deeper,
due to too short brushes or similar influences,
the colloids will tend to accumulate to be at
this preferred distance to each other, forming
again reversible clusters [32, 33].
Another unwanted effect is linking: Longer
polymers with effective groups at more than
one point can chemically adsorb to more than
one colloid. This results in chaining colloids
to each other, leading again to aggregation.
Last but not least polymers will never fully
adsorb to the colloids, but there will always
be a desorption accounting for the given reaction equilibrium. Thus, a equilibrium state is
established between polymers on the surface
and polymers in solution. If the concentration
of polymers in solution is to high, depletion
can act on the system as well. This shall not
be further discussed here, but is another process that might cause clustering of the colloids
in the dispersion [32, 33].

2.2. Entropically ordered
crystals
In a system of hard colloids that only interact with their shell, the ideal pair potential
between two particles is either zero or infinity.
Thus, it does not scale with thermal energy

10

(2.17)

While in general it may seem counter-intuitive
that an increase in entropy will lead to crystal
formation, such systems have many degrees of
freedom and it might be reasonable for the entropy to suffer in one degree of freedom for a
greater gain in other degrees of freedom. This
is especially true for dense systems, where particles are limited in exploration. Hence, density
becomes the main control parameter.
Microscopic phase transition theories have not
yet been developed for 3D systems. However,
in 2D systems the general mechanics of melting is quite well understood and will be discussed later. Still, the exact influence of differently shaped particles has to be investigated, as they add another degree of freedom
to the system. For a start, we can give a qualitative reasoning for the observed phases in an
entropy driven system by looking at the partition function for particle positions in different
cases.
To do so, we first need to consider the excluded volume of an extensive particle or excluded area 𝑎0 in two dimensions respectively.
It defines the space around a particle center,
which can not be penetrated by an others particle center. For hard disks of radius 𝑅 this is
simply the disk of radius 2𝑅, however for anisotropic particle shapes this also depends on
the relative orientation of the particles to each
other. The two extrema for the excluded area
of two squares are shown in Fig. 2.3.
By just assuming that each particle needs an
average excluded volume 𝑎0 while ignoring any
kind of pair interactions, this leads to the partition function
𝑁

𝑍𝑁

1
𝐴
=
( )
𝑁 ! 𝑎0

.

(2.18)

2.2. Entropically ordered crystals
The latter is the partition function of an ideal
gas, which is only a good approximation for
very low densities. Taking into account hard
shell pair interactions, the problem can only
be solved exactly in one dimension. However
the exact solution for this so called ThonksGirardeau gas can be adapted as a first order
correction to higher dimensions:
𝑍𝑁 ≈

(𝐴 − 12 𝑁 𝑎0 )𝑁
.
𝜆2𝑁 𝑁 !

(2.19)

Here 𝜆 is the de Broglie wavelength which is
just a scaling factor and not of further importance. Noticeable, however, is the dependency
on the excluded area. This gives reason to the
assumption that at higher densities it might
benefit total entropy to minimize the excluded
area. Thereby sacrificing the rotational freedom of particles for the greater freedom in positions. In fact, by integrating over all possible
orientations and their pair interactions, this is
what Onsager used in 1949 to develop a mathematical model for the liquid nematic phase
transition in liquid crystals [11, 34].
At even higher densities it is reasonable to divide the system in cells, which can only be occupied by one particle. A Voronoi tessellation
of the area provides such cells. Each particle
has a free volume or free area 𝐴 to explore
without overlapping with other particles. The
partition function can be approximated by
𝑍𝑁 ≈

𝐴
𝜆2𝑁 𝑁 !

.

(2.20)

Hence the entropy of the diffusional degrees of
freedom for each particle is increased by breaking the positional symmetry of a fluid into a
crystal lattice which maximizes the average
area of its Voronoi cells [34].
The exact phases that will occur in a system
as well as the structure of the crystal in the
solid state highly depends on the exact shape
of the particles in the system. Simulations and
experiments in two and three dimensions show
a wide range of different behavior. The main
commonality of all phases is that there is a
maximum density corresponding to the closest
packed state for witch all particles will be jammed and configurational entropy will drop to

Figure 2.3.: Excluded area 𝑎0 of two squares.
It is minimal if the squares are aligned and
maximal at a relative angle of 45°.
zero. If possible the system will always experience a phase transition to a more spaceefficient phase while increasing density before
reaching this jammed configuration [14, 16, 17,
20, 35–39].

2.2.1. Order parameters
To express density in a two dimensional system
of hard shell particles, the control parameter
is given by the relative covered area
𝜙=

𝑁 𝑎2
.
𝐴

(2.21)

For squares of area 𝑎2 this dimensionless density can range from 0 to 1. However, this is
not true for all systems as not all shapes can
be ordered fully space filling. The most prommax
inent
√ example are hard disks, where 𝜙disk =
𝜋/ 12.
For each particle 𝑖 in the system two properties are directly observed: The particles position 𝑟𝑖⃗ relative to an arbitrary coordinate origin and its body orientation 𝜃𝑖 relative to an
arbitrary axis. In experiments usually the origin is chosen as one edge of the field of view
(FOV) for simplicity and the angles to be relative to the 𝑥-axis.
Taking the Fourier transformation of all particles, we can calculate the structure factor
𝑆(𝑞)⃗ = ⟨

1
∑ e−𝑖𝑞(⃗ 𝑟𝑖⃗ −𝑟𝑗⃗ ) ⟩ .
𝑁 𝑖,𝑗

(2.22)

For a 𝑘-fold lattice symmetry there are 𝑘/2
main lattice axes. By looking for the brightest
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Here 𝑗 ∈ NN𝑖 are the set of nearest neighbors
𝑗 of the 𝑖th particle with 𝜃𝑖𝑗 being the angles of
the bonds between 𝑖 and 𝑗. This angle is again
given to an arbitrary reference, by convention
the 𝑥-axis of the system. Figure 2.4 shows a
schematic example of all the recorded particle
properties.

θij
q2

ri

θi
x
q1

Figure 2.4.: Particle properties: Position 𝑟𝑖 ,
bond orientation 𝜃𝑖𝑗 , and body orientation 𝜃𝑖 ,
the latter both in respect to the (arbitrarily
chosen) 𝑥-axis. 𝑞1 and 𝑞2 are the reciprocal
lattice vectors.
peaks in the structure factor along each axis,
the primitive lattice vectors 𝑞𝑙⃗ can be specified.
These can the be used to define an positional
order parameter and its correlation function
𝜒𝑘,𝑖 = ⟨e𝑖𝑟𝑖⃗ ⋅𝑞𝑙⃗ ⟩𝑙=1…𝑘/2 ,
𝑔𝑘𝜒 (𝑟) = Re ⟨𝜒𝑘,𝑖 𝜒∗𝑘,𝑗 ⟩

|𝑟𝑖⃗ −𝑟𝑗⃗ |=𝑟

(2.23)
,

(2.24)

to quantify positional periodicity. However
this method is very sensitive to the precise
choice of 𝑞𝑙⃗ and might not be appropriate, depending on the quality of the structure factor.
Also small density fluctuations will have a huge
impact on an order parameter defined this way.
A different approach is to use the decay of the
pair correlation function
𝑟+∆𝑟

𝑔(𝑟) =

1
∑ ∫𝛿(|𝑟𝑖⃗ − 𝑟𝑗⃗ | − 𝑟′ ) d𝑟′ , (2.25)
𝐴𝑟 𝑖,𝑗 𝑟

𝐴𝑟 = 𝐴(𝑟 + Δ𝑟) − 𝐴(𝑟) .
But this approach has also shown to be limited
near a phase transition. The best method to
quantify different phases has been shown [40]
to be the correlation of the 𝑘-fold bond order
𝜓𝑘,𝑖 = ⟨e𝑖𝑘𝜃𝑖𝑗 ⟩𝑗 ∈ NN ,

(2.26)

𝑖

∗
⟩
𝑔𝑘𝜓 (𝑟) = Re ⟨𝜓𝑘,𝑖 𝜓𝑘,𝑗

|𝑟𝑖⃗ −𝑟𝑗⃗ |=𝑟
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(2.27)

In a similar fashion to the bond orientation, an
order parameter can be defined for the particles
body orientation with respect to a 𝑠-fold shape
symmetry:
𝜉𝑠,𝑖 = e𝑖𝑠𝜃𝑖 ,

(2.28)

∗
⟩
𝑔𝑠𝜉 (𝑟) = Re ⟨𝜉𝑠,𝑖 𝜉𝑠,𝑗

|𝑟𝑖⃗ −𝑟𝑗⃗ |=𝑟

.

(2.29)

As we will see later, the bond and body correlation can be correlated quiet strongly. Hence
it might also be of interest to define the crosscorrelation
∗
𝑔𝑠𝜉𝜓 (𝑟) = Re ⟨𝜉𝑠,𝑖 𝜓𝑠,𝑗
⟩

|𝑟𝑖⃗ −𝑟𝑗⃗ |=𝑟

(2.30)

for the latter two particle properties.

2.3. Phase behavior in 2D
It was debated for quite a long time if crystals
in two dimensions would exist at all. By this
time we know that they do. However a specialty in two dimensions is that even though
crystals form, they do not have a true long
range translational order as known from three
dimensions. The first argument for this was
given by Bloch and Peierls by looking at a
magnetic XY model for different dimensions 𝑛.
Assuming a system size of length 𝐿 per dimension, he calculated the energy for the lowest
modes to be
𝐸 ∼ 𝐿𝑛 (2𝜋/𝐿)2 .

(2.31)

As seen easily, this energy will only diverge
with system size for three dimensions. In one
and two dimensions, these modes can be excited at finite temperature, hence destroying
pure long-range order. A more general solution in 2D was given later by Mermin and Wag⃗ from a perfect
ner for the displacement 𝑢(⃗ 𝑅)

2.3. Phase behavior in 2D
lattice side 𝑅.⃗ These diverge with
2

⃗ − 𝑢(⃗ 𝑅⃗ ′ )) ⟩ ∼ ln(𝑅⃗ − 𝑅⃗ ′ )
⟨(𝑢(⃗ 𝑅)

2.3.2. Continuous melting
(2.32)

for |𝑅⃗ − 𝑅⃗ ′ | → ∞. As this divergence is relatively weak, the translational order can still be
seen as quasi-long-range. Also the rotational
order of the crystal is still conserved [3, 4, 9,
41–43].

2.3.1. Elasticity theory
These long range density fluctuations and soft
modes are related to the elasticity of the crystal. Thus, it is important to understand elasticity theory in the crystal. For a two dimensional system there are exactly two independent coefficients necessary to describe elasticity.
Defining the strain tensor
𝑢𝑖𝑗 = 12 (𝜕𝑥𝑖 𝑢𝑗 + 𝜕𝑥𝑗 𝑢𝑖 )

(2.33)

for a displacement field 𝑢,⃗ the elastic free energy is
𝐹 = 12 𝜆𝑢𝑖𝑖 𝑢𝑗𝑗 + 𝜇𝑢𝑖𝑗 𝑢𝑖𝑗

(2.34)

with 𝜆 and 𝜇 being the Lamé coefficients.
While 𝜇 describes pure shear deformation and
is therefore called shear modulus, 𝜆 is less intuitive in its physical meaning. It is thus helpful
to transform the free energy to more meaningful coefficients. The most suitable transformation is highly dependent on the actual case
investigated. The so called bulk modulus
𝐵 =𝜆+𝜇

(2.35)

describes pure area changes without any shear:
Isotropic compression and expansion, respectively. Of further interest in the following is
Young’s modulus
𝐾=

4𝜇(𝜆 + 𝜇)
𝜆 + 2𝜇

(2.36)

which describes elongation due to a force in
one direction and can be seen in analogy to
the spring constant in Hook’s law [9, 44].

For two dimensional crystals microscopic melting theories have been developed. The most
important one is the KTHNY theory, named
after Kosterlitz, Thouless, Halperin, Nelson,
and Young, which proposes the unbinding of
topological defects. This increases the elasticity of the system, making the crystal softer
with increasing temperature or decreasing pressure and eventually cause a melting in two continuous steps. First into a intermediate phase
called hexatic or tetratic, where positional order disappears but a long-range hexagonal or
tetragonal orientational order is still present.
And finally into an isotropic liquid phase.
For simplicity we will neglect extensive bodies
for now and assume a crystal of point masses.
In two dimensions the closest packing for such
a crystal is the hexagonal one. However, the
following theory applies for tetragonal crystals
as well. For a defect free crystal any closed
path integral in the displacement field should
vanish. However this is not true when integrating around a topological defect at location
𝑟,⃗
∮ d𝑢⃗ = 𝑎0 𝑏(⃗ 𝑟)⃗ .
(2.37)
Such a defect, called dislocation, is created by
two half lattice lines ending in a fivefold coordinated lattice site next to a sevenfold coordinated one. Taking the path integral around
this defect in discrete steps of the basic lattice
vectors of length 𝑎0 results in the so called Burgers vector 𝑏(⃗ 𝑟).
⃗ See Fig. 2.5 for a visualization
of the integral path and the resulting vector.
As the half lattice lines that need to be inserted are diverging with system size, so does the
energy. Hence, an isolated topological defect
is not possible. What is possible, is the formation of a dislocation pair with antiparallel Burgers vectors. The energy for such a defect pair
is finite and is diverging only with their separation distance 𝑟 → ∞, forming an attractive
pair potential
𝑉 (𝑟) =

𝑟
𝐾𝑎20
ln ( ) + 𝐸𝑐
4𝜋
𝑎

(2.38)

at distances greater than the dislocation core
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pairs will unbind first at a temperature 𝑇𝑚 ,
melting the crystal into the aforementioned
hexatic phase with orientational but no positional order. In a second phase transition at 𝑇𝑖
the disinclination pairs will unbind as well, resulting in an isotropic fluid phase. The expected temperatures can be calculated by looking
at the mean squared distance between defect
pairs
⟨𝑟2 ⟩ =

∫ 𝑟2 exp(−𝑉 (𝑟)/𝑘b𝑇 ) d𝑟2
.
∫ exp(−𝑉 (𝑟)/𝑘b𝑇 ) d𝑟2

(2.40)

By approaching ⟨𝑟2 ⟩ → ∞ from lower temperatures we find
Figure 2.5.: Topological defect in a
hexagonal crystal, the dashed lines show
where the half lattice lines were inserted. The
defect can also be seen as a Volterra cut, that
shifts two lattice lines, separating the former
next neighbor pairs AA’, BB’ and CC’. This
shift is also represented by the Burgers vector
𝑏⃗ of the dislocation. Image taken from [9].
radius 𝑎. The core energy 𝐸𝑐 is the energy
needed to create the dislocation pair in the
first place.
Furthermore, the fivefold coordinated lattice
site and the sevenfold coordinated lattice site
are defects themselves. This means each dislocation is again a pair of so called disclinations
with contrary charges. On increasing thermal
energy these can also dissociate with an attractive pair potential of
𝑉 (𝑟) =

𝑟
𝐾A 𝜋
ln ( ) + 𝐸𝑠 .
18
𝑎

(2.39)

𝐾A = 2𝐸𝑐 𝑎2 /𝑎20 is the Frank constant and 𝐸𝑠
the disclination core energy.
Note that 𝐾, 𝐾A , 𝐸𝑐 and 𝐸𝑠 are all depending on the thermodynamic state of the system. Further they are influencing themselves
in an recursive manner: The more defects are
present in the system, the softer the system becomes. This leads to a diverging defect density
with changing control parameter, which leads
to the melting of the crystal. The dislocation
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𝐾(𝑇𝑚 )𝑎20
= 16𝜋 ,
𝑘b𝑇𝑚
𝐾A (𝑇𝑖 )
72
=
.
𝑘b𝑇𝑖
𝜋

(2.41)
(2.42)

As a result of the formation and increasing unbinding of defects from a perfect crystal lattice,
both phase transitions should be continuous.
Also note, that this is only a theory of melting!
It is not clear that the mechanisms described
will also work when freezing from a liquid face.
In fact, when freezing at a finite cooling rate,
it has been shown that the Kibble-Zurek mechanism is of importance [5–10, 45].

2.3.3. Influence of particle shape
As mentioned earlier, particle shape is an important factor in the phase behavior. Shape
will always determine the crystal structure of
the densest packed phase, especially if it is
fully space tilling. Systems of triangles and
hexagons will form hexagonal crystals and have
been shown to melt continuously with an intermediate hexatic phase. Systems of squares will
form a tetragonal crystal, hence, when melting, the intermediate phase will be tetratic
[18]. Interestingly, for hard disks, which also
show an hexatic phase and could be thought
to be the most simple system, the hexatic-toliquid phase transition is not continuous but
weekly first-order [18, 36, 46, 47]. This could
be related to different strengths of the dislocations core energy [48] and shows that already

2.3. Phase behavior in 2D

Figure 2.6.: Rhombic lattices for superdisks of different values 𝑚. Note that Λ1 has the perfect hexagonal and the perfect tetragonal lattice as limiting cases and can be used to describe a
continuous transition bewteen these two. Λ0 can only describe a hexagonal, but not a tetragonal
lattice. Image taken from [15].
for simple systems, shape not only defines the
crystal structure but also influences phase transitions.
Due to the topic of this work, I will focus on
hard square systems in the following. Here,
first simulations showing the tetratic phase have
been carried out in 2004 by Wojcienchowski
and Frenkel [16]. While they were unsure about
finite size effects, more recent simulations of
up to 106 particles have confirmed their findings [17, 18]. Most recently Anderson et al.
(2017) reported the existence of a tetratic phase
for 0.72 ≲ 𝜙 ≲ 0.84 and continuous transitions for such systems [18]. Also all simulations agree on a strong correlation of the bond
and body orientation in all phases. While both
show long range order in the crystal phase and
short range order in the liquid phase, they
are also both still quasi long ranged in the
tetratic phase, while positional order decays
faster than algebraically in the latter.
First experiments on hard squares have been
carried out by Zhao and Mason. Surprisingly
they found a hexagonal rotator crystal (plastic
crystal) phase and, when freezing further, a
solid with rhombic instead of tetragonal symmetry [20]. Simulations by Avendaño and Escobedo later confirmed this behavior for squares
with a corner radius not negligible when compared to particle size [17]. These findings show
the sensitive requirements of an experimental
system on the exact colloid shape to observe
the tetratic phase.
While Avendaño and Escobedo used flat cubes
with a finite corner radius, another measure

for the “cubeness” of particles is the concept
of superballs. The area of a superdisk, a superball in two dimensions, can be described
by
𝑥 𝑚
𝑦 𝑚
∣ ∣ + ∣ ∣ ≤ 1.
(2.43)
𝑅
𝑅
For 𝑚 = 2 this results in a circular disk with
radius 𝑅, while for 𝑚 → ∞ the result is a
square of edge length 2𝑅 [14, 15, 49].
When transforming disks in a hexagonal lattice into a superdisk shape, there are two scenarios how the hexagonal lattice could be distorted. Either the flat sides of the superdisks
could orient along one of the hexagonal lattice lines, shortening the distance to the two
nearest neighbors in this direction and elongating the distance to the other four nearest neighbors, called Λ0 further. Or the diagonal of the
superdisks could orient along one hexagonal
lattice line, elongating the distance to the two
nearest neighbors in this direction while bringing closer the other four nearest neighbors. On
𝑚 → ∞ this second lattice, called Λ1 in the
following, will transform continuously into a
tetragonal lattice.
Both of these lattices, depicted in Fig. 2.6, are
of rhombic type, but with different limiting
cases where only Λ1 can describe the hexagonal
and the tetragonal lattice. Jiao et al. calculated that closest packing can be achieved with
the Λ0 for values of 𝑚 slightly larger than 2,
while Λ1 is more space efficient for superdisks
with 𝑚 ≳ 2,572 [22, 50].
Besides a finite corner radius of synthesized or
mechanically produced colloids, another factor
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that might influence phase behavior is polydispersity. While it should be reasonable for
a large polydispersity that some kind of glass
structure will form instead of a crystal, already
small deviations in particle size might have an
influence on the phase behavior. Qualitative apriori-calculations do not exists to the authors
knowledge.
Sofar, the only experiment showing a tetratic
phase is a granular system by Walsh and Menon
[19]. They observed density dependent phases
of a system of Lego cubes, performing Brownianlike motion on a vibrating plate. However,
their system is quite limited in size, with around
500 particles and a circular boundary.
Thus, it is highly desirable to conduct experiments with sufficiently sharp edged cubic colloids to finally observe a KTHNY like melting
of a 2D tetragonal crystal with an intermediate tetragonal phase on a large scale thermally
excited system.

Figure 2.7.: Isolated disclinations in an perfect tetragonal lattice: Positive and negatively
charged disclinations can occur as defects of
lattice points (left) as well as defects of the
primary cell (right).
Burgers vector. This is regardless of the symmetry of the lattice.

2.4. Defects in tetragonal
crystals
In a hexagonal crystal the nearest neighbors
are well defined by triangulation and disclinations will show up as 5-fold or 7-fold coordinated lattice points. However, things are less
trivial in a tetragonal crystal. As shown in
Fig. 2.7 disclinations can occur as defects of
lattice points as well as defects of the primary
cells. The existence of this two different types
of disclinations is important when looking at
dislocations. The most simple dislocation in a
tetragonal crystal, where one half lattice line
is inserted can only be described by a combination of contrary charged disclinations of
different types. Figure 2.8 shows a separated
dislocation pair, where both possible combinations are shown for the two dislocations. Trying to construct a dislocation out of contrary
charged disclinations of the same type in a tetragonal lattice
must lead to a Burgers vector
√
of |𝑏| ≈ 2 with two orthogonal half lattice
lines, ending in the defect. Note further, that
isolated dislocations are free to traverse the
crystal lattice, but only in the direction of its
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Isolated disclinations have been shown in simulations of cubic colloids in a nematic phase on a
spherical surface by Li et al. in 2013 [51]. However, to our knowledge, there is no literature
containing detailed discussion on the geometry
of dislocations in tetragonal colloidal systems
and the microscopic dynamics of KTHNY-like
melting of a tetragonal crystal.
Another difference is already visible when one
decorates the lattice with actual colloids like in
Fig. 2.8. Care has to be taken by defining the
bonds. It is not a priori clear, which combination of disclinations is better suited to describe
the dislocation and depends on the decision of
which particles are neighbors. As we will see
later, various conventional methods fail at this
point for a tetragonal crystal.
Equally less investigated compared to topological defects in tetragonal crystals are geometrical point defects in a 2D tetragonal lattice,
like vacancies and interstitials. Simulations
done for a 3D system of cubes show a vacancy
rich crystal state close to the melting point [23].
For a crystal of hard cubes in an simple cubic
lattice, there is no barrier for an individual

2.4. Defects in tetragonal crystals

Figure 2.8.: A dislocation pair, created by
the shift of some particle bonds. Every simple
isolated dislocation, consisting of only one inserted half lattice line, can be described by the
combination of a lattice point disclination and
an adjacent primary cell disclination.
cube to “slide” along a lattice line. Thus, vacancies in such a crystal are not localized at
one single lattice point, but delocalized along
a lattice line where cubes spread out to fill
the space. Smallenburg et al. concluded, that
this delocalization decreases the entropic cost
of such a defect and hence stabilizes the crystal
at lower pressure [23].
However, for soft 2D crystals, point defects
have been shown to “decay” into different configurations of topological defects by Lechner
at al. [52, 53]. While their studies were performed on a hexagonal lattice of particles with
a dipole-dipole repulsion, there is no argument
why similar behavior should not be observed in
entropically ordered systems, at least at packing fractions near the melting point.

Figure 2.9.: A dislocation pair as the two
ends of a delocalized/decayed vacancy as it
could be expected in a 2D tetragonal crystal
of colloids.
into a separated dislocation pair would be comparable to what has been observed by Lechner
et al. for single point defects in a hexagonal
lattice. Note, that the difference to a pure
shear induced dislocation pair here is, that the
vacancy induced dislocation pair is of course
unable to annihilate. The Burgers vectors of
the dislocations are separated by one lattice
site in a direction the dislocations are unable
to traverse. A more figurative explanation can
be given when arguing with the two half lattice
lines ending at the dislocations: These can not
be reconnected to a full lattice line, as there
would be one particle missing between the two
ends, recreating the original vacancy. Assuming that vacancies are likely to decay into such
vacancy induced dislocation pairs, it could be
questionable if behavior as simulated by Smallenburg et al. would occur in 2D crystals or if
it is more likely that vacancy formation is preempted by KTHNY dislocation unbinding.

Figure 2.9 shows the expected behavior for
2D cubic colloids based on the aforementioned
work: Due to the low cost of a cube sliding
along a lattice line, it is very reasonable to expect behavior in 2D like seen by Smallenburg
et al., however, in the three dimensional case
the particles around such a delocalized vacancy
are “hold in place” by the surrounding crystal.
In the much softer case of a two dimensional
crystal, this delocalization could be seen as
a line of bond rearrangement, terminated by
two dislocations with canceling Burgers vectors. This decay of a vacancy or interstitial
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3. Setup
The setups used for our experiments is a software controlled microscope. In comparison to
a standard microscope it is not optimized for
image quality but for perfect stabilization of
the sample. Of course image quality is still an
important issue.
Of the four setups present for use with spherical magnetic colloids, two were adapted to
measure cubic colloid samples. Besides updating the measurement computers operating system and the control software to run properly
on the new version, we also needed to increase
the magnification and lighting in order to recognize the cubes, as well as adapting the image analysis to detect the cubes orientation.
Additionally, sample cells were imaged in a
commercial light microscope1 equipped with
a camera as well, where videos have been recorded on a connected computer.
Stabilisation. Stabilisation is a key part of
the setup. As parts of the experiments are
done in a hanging water droplet, perfect mechanical isolation and levelling are aspired.
In order to achieve these goals, the setups are
placed on so called “stable tables”2 , which actively isolate the experiments in the range of
acoustic frequencies. These are placed on optical tables were the air-damping is deactivated to provide a heavy and insensible base. If
the air-damping would be used, this could interfere with the active regulation of the stable
tables. On top of the stable table the experiment is mounted on a aluminum base plate
acting as an tripod, with two of its feed being linear extending motors3 controlled by the
setup computer.
4

A high-precision inclination sensor mounted
on the base plate is connected to the setup

computer as well, where a self written IDL5
program drives the motors. A proportional
control algorithm is used to keep the base plate
at zero degree inclination, or a defined offset.
This offset can need to be adjusted after mounting of a sample cell, as it might not be mounted
perfectly parallel to the base plate.

Illumination. The setups are designed for
transmission microscopy, one in top down (displayed in Fig. 3.1) and one in bottom up configuration. Self assembled Köhler illuminations
in each setup provide homogeneous light in
the field of view. The principle of such an illumination can be seen in Fig. 3.2: The light
of a source is focused by a collector lens. In
the light source image plane at the focus point
sits the condenser diaphragm, to cut the border regions of the lamp and regulate intensity.
A condenser lens then diffuses the light to hit
the sample in parallel, which results in homogeneous illumination. With the help of a field
diaphragm at the sample image plane between
the two lenses, the illuminated area can be
trimmed to the field of view, to suppress any
reflections from scattered light somewhere else
in the sample.

Image acquisition. At the other side of the
sample, the camera stack is mounted on a computer controlled stage, capable of moving in all
three spatial dimensions. Next to the sample
a infinity corrected microscope objective connects to a tube system6 containing the tube
lens and followed by a digital camera7 .
For the objectives, different magnifications and
types were tested with different samples. The
best compromise between particle resolution
and number of particles in the field of view

1

Zeiss, Axiovert 100.
The Table Stable Ltd., TS-140 / AVI-90-XL.
3
Physical Instruments, M235.5DG Linear Actuator.
4
Leica Geosystems, Nivel20 / Nivel230.
2

5

Harris Geospatial Solutions, IDL, Version 6.1.
Opto GmbH, 1.0x microscope tube.
7
Allied Vision Technologies GmbH, Marlin F-145B2.
6
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has been chosen to be with a Zeiss 20x objective8 . The latter provided a field of view of
approximately 160 µm × 220 µm.

Figure 3.1.: The “Medea” setup: Notable
features are the motorized syringe (a), the
Köhler illumination (b) coming from the side,
the sample block (c) and the camera stack (d)
with objective tube and objective. Everything
is mounted on an adjustable base plate to level
the setup as perfect as possible.

CAM

e

20x

d
c
b
a

LED

Figure 3.2.: Schematic of the “Medea” setup:
Köhler illumination from below, consisting out
of an ultra light led, a collector lens (a), field
diaphragm (b), condenser diaphragm (c) and
condenser lens (d). A droplet cell connected to
the syringe. And the movable camera stack of
objective, tube lens (e) and the digital camera.
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Note that the images taken with the two setups
are slightly different: As the sample cells rely
on sedimentation they need to be mounted
upright. Hence, the materials and interfaces
between the focus plane and the objective differ depending if observation is done from above
or below. However, this effect is negligible
due to the way the images are analyzed, as
described later. The same way, the slightly differing optical properties of the two cell types
in use are negligible.

3.1. Cell preparation and
mounting
Substrate cell. The easier kind of sample
cell in use are substrate cells, where the colloids will sediment on a glass surface. These
are constructed out of two parts: A base of a
small glass ring of 1.4 mm height, glued to a
thick microscope cover slide9 using uv glue10 .
And a cap of a larger glass ring of 1.2 mm
height, glued to a size fitting cover slide11 . After
uv-illumination the glue is cured further in an
oven, to ensure it is chemically inert. When
filling the cell with a colloid dispersion, surface
tension is used to overfill the base. When closing with the thinner cap, this way no air will be
enclosed in the inner ring, which would result
in imaging problems. After closing the cell, it
is sealed with epoxy gel12 . A schematic drawing of the cell halves is shown in Fig. 3.3.
Droplet cell. The experimentally more demanding cell type is the droplet cell, included
in the stack in Fig. 3.2. A block of glass holds
two reservoirs, each of 4 mm in diameter and
open to the bottom. A small capillary connects the two reservoirs. When the cell is filled
with a dispersion, it will form a hanging droplet
8

Zeiss, Objective LD “Achroplan” 20x/0.40 corr.
Menzel, 20 mm × 20 mm #5.
10
Norland, Optical Adhesive N° 63.
11
VWR, ⌀ 12 mm #1.
12
VersaChem, 5 Minute Epoxy Gel.
9
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1.2 mm
1.4 mm

Figure 3.3.: Substrate ring cell, constructed
of a base ring and a cap. Overfilling the inner
ring with dispersion ensures that no air will
be enclosed in it, when closing and sealing the
cell.
in the reservoirs. By connecting a syringe to
the outer reservoir with a Teflon tube, the
dispersion volume in the center reservoir and
hence the curvature of the droplet surface can
be controlled. Colloids will sediment to this
water-air interface, creating a 2D monolayer.
Below the droplet a window glass with an antifog layer closes off the dispersion compartment,
slowing down evaporation. Still, evaporation
is present and the dispersion volume needs to
be constantly controlled and adjusted by the
setup software via the syringe. Further, the
glass surface outside of the reservoirs is silanized to improve the outer edge of the droplet.
Within the experimental setup, both cells are
mounted on a heavy copper block. This acts as
spatially stable base and heat bath to counter
small temperature fluctuations in the sample.
The latter effect can be improved by applying
heat paste between the glass and the copper.
Microscope cells. For observations in the
normal light microscope, different cells based
on microscope slides where used: Sticker cells
were made from self-adhesive stickers with circular cutouts13 . Sticking these on a microscope slide, filling them with dispersion and
closing of with a cover glass provided a fast and
easy way, to check sample conditions while preparation. More complex but also more stable
cells were made from uv-gluing cover glasses
to microscope slides. Two cover glasses were
glued next to each over, leaving a small channel in between, closed by a third cover glass
glued on top. The ends of these channels were
then sealed by a thick layer of uv-glue, after
filling in the dispersion.
13

Figure 3.4.: Wedge cell, constructed of two
large microscope cover glasses, separated by
a small cover glass at one side. When sealed
around all other sides with uv glue, the cell
can be filled next to the small seperator slide,
which is the thick end of the created wedge.
Confinement cells. Cells to mechanically
confine particles into a monolayer were made
in two ways. For spacer cells, slightly larger
spacer particles where mixed into the cube dispersions and simply put in between am microscope slide and a cover glass. After the
slides have been pulled together by capillary
forces to the distance of the spacer particles,
the edges were sealed with uv glue. Another
design are wedge cells, where two large cover
glasses were glued together at the edges with
a small separating cover glass at one end, as
shown in Fig. 3.4. When filled and sealed, the
wedge cells can be stored with the small end
of the wedge being in a lower position, to increase the particle density in the region of the
cell that is thin enough to only allow for a
single particle layer.
Note, that wedge cells could also be constructed with a normal microscope slide as one side
of the wedge. However, it was helpful in most
cases to be able to image from the side, opposite to the uv-glue, which is the reason to use
cover glasses only.
All glass surfaces for all cells mentioned so far
need to be cleaned properly and sometimes
also treated further depending on the dispersion to be filled in the cell. If such treatment
was necessary, it will be mentioned alongside
with the specific dispersions later in this work.

Thermo Fischer Scientific, Secure-SealTM spacer,
9 mm diameter, 0.12 mm thickness.
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4. Analysis methods
Analysis consists of two major parts: The image analysis, to detect each particles center coordinates as well as the body orientation, and
the data analysis, to compute the order parameters and their correlations.
When performing experiments with the commercial light microscope, it is sufficient to just
record videos of the samples. All analysis is
then done afterwards. On the main setups, image analysis is performed on the fly to reduce
storage usage and increase the possible amount
of measurable time. Furthermore, some information, as the total amount of particles, is
needed for the control of droplet cells. Hence,
it is necessary to perform image analysis on
the fly if these cells are in use.

4.1. Image analysis
To detect the cubes centers and orientation, a
binary approach is chosen. Based on a cutoff
value for the intensity in a greyscaled original
image, each pixel either belongs to a particle
or to the background, without weighting.
To improve quality off the greyscale image filters can be used. A perfect bandpass filter has
been tested too reduce high frequency noise
and was helpful in some cases. However in
other cases problems arose near intensity extrema that were smoothed out too widely by
the bandpass. Also the required double Fourier transformation of the image is too computation-intensive for on the fly analysis. For these
reasons it was finally decided to not use any
pre-binarization filters.
Quality of the binarized image can be improved
by morphological operations such as erosion
and dilution. The are applied recursively in
different orders to fill holes within the particles
and reduce noise at particle borders. It is important, that such operations should also be

chosen carefully on a case to case base, as information on particle orientation is lost when
used too extensively.
In the final binarized image, white blobs are
labeled by an algorithm looking for connected white pixels. As all data taken is two dimensional, the advances of complex numbers
are used in all analysis routines. Specifically,
all vectors are represented by a complex number
𝑟 ⃗ = 𝑥 + 𝑖𝑦
(4.1)
in the following and treated accordingly in respect to multiplication.
Defining BLOB𝑖 to be the set of pixels that
belong to the 𝑖th blob, we can then average
over the pixel positions 𝑟𝑝⃗ to calculate the coordinates of the center of mass
𝑟𝑖⃗ = ⟨𝑟𝑝⃗ ⟩

𝑝 ∈ BLOB𝑖

,

(4.2)

which defines the particle position used in the
further steps.
The orientation of the cubes can be determined by looking at the pixel positions relative
to the center of mass and analyzing their distribution. Assuming a cubic shape, there should
be 4 angles with more pixels further of the center (the corners). Thus, this information can
be used to determine the four-fold body orientation
̃ = − ⟨(𝑟𝑝⃗ − 𝑟𝑖⃗ )4 ⟩
𝜉4,𝑖

𝑝 ∈ BLOB𝑖

̃ / ∣𝜉4,𝑖
̃ ∣ .
𝜉4,𝑖 = 𝜉4,𝑖

,

(4.3)
(4.4)

Note, that the average of the four-folded pixel
coordinates will point towards the corners of
the cube, thus the negative is taken so that
𝜉4 holds the direction of the flat sides of the
cubes.
The relative pixel positions are further used to
calculate the ratio Δ𝐼/⟨𝐼⟩ of the moments of
inertia 𝐼1/2 of the principle axes in the image
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plane. As they should be equal for a perfect
cube (or any regular polygon), this is useful to
detect elongated particles. The detailed calculation is derived in appendix A.

Detection challenges. For the Neighborite
cubes it can happen that two touching cubes
are detected as one blob in the binary image.
By recording the elongation of blobs this can
be detected and dealt with.
For the hollow silica cubes detection is not as
straight forward as with filled cubes. Due to
their hollow nature they only appear as a cubic
frame in the microscope image with a darker
border, but the center being nearly as bright
as the background. When packed densely, this
is not a problem, as they appear as brighter
cubes in front of a darker background. However, as soon as gaps between the particles
become large enough, these gaps become as
bright as particles or even brighter and, hence,
can be miss-interpreted as “particles” in the
binarized image. These gaps must thus be sorted out again later, based on properties that
can be assumed unlikely for cubes.
A first measure of such is the size of the detected blob. Only blobs within a reasonable size
range are taken into account when determining position and orientation, thus already ignoring small gaps and small blobs that purely
arise from noise. The intensity of the original
image at the calculated blob center can be
taken as a further measure to sort out gaps,
as equally sized gaps are likely to be recognizably brighter than particles in the image.
Thus they can be detected and ignored by the
selection of a threshold value. A last criteria is
the calculated ratio of the moments of inertia.
If the size of a blob is in the range of regular particles and the center intensity is below
the threshold, it can still be considered to be a
gap if its highly unsymmetrical. In contrast to
the Neighborite cubes, it is very rare that two
hollow cubes are detected as one particle, due
to their dark border. Hence it is sufficient to
just include blobs as particles below a certain
threshold of Δ𝐼/⟨𝐼⟩.
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4.2. Data analysis
The first step in data analysis is to determine
the next neighbors of a particle to calculate
bond orientations and the corresponding order
parameters 𝜓6 and 𝜓4 .
For a hexagonal crystal structure the procedure to find bonds and topological defects is
straight forward. A Delaunay triangulation,
which is the dual graph of a Voronoi tessellation, is used to determine the bonds between
particles and the coordination numbers of the
particles.
The detection of nearest neighbors is more complicated in a rhombic or square crystal, where
particles are assumed to have four nearest neighbors. For a perfect tetragonal crystal at 𝑇 = 0
a Voronoi construction would lead to perfectly
squared Voronoi cells that still would identify
the nearest neighbors as the particles in the
adjacent cells properly. In this special case
the nodes in the Voronoi graph (the touching corners of the Voronoi cells) would be degenerated and quadrivalent. However, on any
small distortions these would split up into two
trivalent nodes, creating “diagonal” bonds in
the tetragonal crystal. Thus, a Voronoi construction will always lead to an average of six
in the number of nearest neighbors, except at
𝑇 = 0.
Naturally all data taken has distortions from
finite temperature, but even in the absence of
any distortion a triangulation would find these
diagonal bonds due to the nature of the algorithm. As a particle on a tetragonal lattice,
hence, will have four to eight nearest neighbors
depending on small thermal distortions, triangulation is unsuitable to detect topological defects in a tetragonal structure.
A further challenge arise on the calculation of
the bond orientation 𝜓𝑘 of the particles, relying on the set of nearest neighbors. For 𝜓6
the bonds given by the triangulation can be
used without problems. The value will drop
in a more rhombic lattice structure and will
be very low in a tetragonal lattice, so that the

4.2. Data analysis
√2a0

high “defect density” is negligible. Hence,
6

𝜓6,𝑖

𝑏⃗𝑖𝑗
= ⟨(
)⟩,
|𝑏⃗𝑖𝑗 |

𝑏⃗𝑖𝑗 = 𝑟𝑗⃗ − 𝑟𝑖⃗ .

(4.6)

For the calculation of the fourfold bond orientation 𝜓𝑘 the set of nearest neighbors provided
by the triangulation is not suitable. Some authors suggest to select the four shortest bonds
[18], which works well if a tetragonal structure
is assumed at all times. However, this method
is also unsuitable when looking at transitions
between tetragonal and hexagonal lattices with
intermediate rhombic order. A perfect hexagonally coordinated lattice site should satisfy
!

𝜓4,ℎ𝑒𝑥 = 0 , .

(4.7)

But if only taking four bonds are taken into
account, such lattice sites are getting a value
of 0.25 or 0.5 assigned, depending on which
bonds have been selected.
Distance criteria to determine the set of nearest
neighbors are commonly used in 3D systems,
but are also not ideal, as they would need
to be scaled with local density fluctuations.
Such density fluctuations can be much larger
in 2D crystals than possible in 3D. More important, when looking at transitions between
tetragonal and hexagonal, these kind of criteria would lead to jumps in the order parameters and unexpected behavior in intermediate rhombic crystal structures. A continuously
changing order parameter would be preferred
here. The difficulty in which bond to take into
account is shown in Fig. 4.1.
Therefore, I propose an approach where the
bonds defined by triangulation are weighted
according to their relative length. First, a
local mean lattice spacing
𝑎𝑖 = ⟨|𝑏𝑖𝑗 |⟩

a0

(4.5)

𝑗≤4

(4.8)

is calculated from the four shortest bonds. Next,
all other bonds are weighted, or ignored
√ completely if they are equal or longer than 2 𝑎, as
bonds longer than a square diagonal are only

Figure 4.1.: Challanges in bond selection: All
“regular” bonds (green) should be taken into
account equally, to achieve proper values for
the order parameters. The potential diagonal
bonds in a tetragonal lattice (red) schould not
be taken into account. In order to have a continuosly transition in the order parameter on
a transition between hexagonal and tetragonal
lattice, the short diagonals in a rhombic lattice (orange) should optimally be taken into
account partly, weighted proportional to the
state of transition.
possible next to vacancies:
⎧1
{
2
𝑤𝑖𝑗 =
⎨max(2 − ∣ 𝑏⃗ 𝑖𝑗 ∣ , 0)
𝑎𝑖
{
⎩

𝑗≤4
𝑗>4

. (4.9)

The fourfold bond orientation parameter is than
calculated as the weighted average of the single
bond orientations
4

𝜓4,𝑖

𝑏⃗𝑖𝑗
1
=
∑ 𝑤𝑖𝑗 (
) .
(∑𝑗 𝑤𝑖𝑗 ) 𝑗
|𝑏⃗𝑖𝑗 |

(4.10)

This method satisfies Eq. (4.7) as all bonds in
a perfect hexagonal lattice are taken into account equally, while any diagonal bonds in a
perfect tetragonal lattice are neglected. Furthermore, as there is no cutoff value used to
determine bonds, a smooth transition from tetragonal to hexagonal will lead to an equally
smooth decay of 𝜓4 .
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5. Preparation of colloidal monolayers
In order to image cubic monolayers, these have
to be prepared first. The synthesis of cubic
colloids is far less trivial than spherical colloids, which can be grown from a wide variety of materials and are commercially available in a broad range of materials and sizes.
To get materials to grow into macroscopic cubic shapes during colloidal synthesis, however,
the internal material structure needs to favor
this growth.
As there are no cubic-shaped particles available commercially, all colloids discussed further were synthesized by Janne-Mieke Meijer.
Two materials that grow into cubic shapes of
sufficient size under the right conditions are
Hematite, Fe2 O3 , and Neighborite, NaMgF3 .
The cubes formed from Hematite are additionally coated in amorphous silica, SiO2 , for different reasons discussed in the next section.
To prevent any unintentional side effects, all
water used in combination with samples and
cells is demineralized and particle filtered water from a Millipore system.

5.1. Silica cubes
Synthesis. Hematite can be synthesized to
cubic like colloids in sizes between 500–1500 nm
with a gel-sol method [14, 15, 54]. The resulting cubes are then coated in amorphous silica,
in a Stöber process [55]. The detailed synthesis
process can be found in [15].
Due to the magnetic properties of Hematite,
the cubes are known to have a permanent dipole moment, which is oriented along an axis
12° off of the diagonal axis of the cubes [54]. As
this would change the pair interaction potential discussed in section 2.2, it is necessary to
change the macroscopic properties of the core.
Therefore, in an additional step, HCl can be
used to dissolve the Hematite core, leaving hollow silica cubes. The exact shape of the colloids is not perfectly sharp edged cubic, but

Table 5.1.: Properties of silica particles, determined from TEM images. Listed are the
edge length 𝑙shell , measured from flat side to
flat side, the thickness 𝑑SiO2 of the silica and
the estimated superball parameter 𝑚.
Synthesis
HC4_S2_Si01
JMHC4_Si01

𝑙shell

𝑑SiO2

𝑚

1363(47) nm
1494(50) nm

87 nm
38 nm

3.33
n.a.

Table 5.2.: Samples of reduced, silica coated
Hematite cubes, listed with reduction time
and temperature.
Sample

Based on

Ma1
Ma2/Ma3
Ma4

JMHC4_Si01
Ma1
Ma2

T

t

360 ∘C
380 ∘C
500 ∘C

22h
72h
24h

slightly rounded. Their shape can be approximated by that of a superball as the images
in Fig. 5.1 show. For the work of this thesis
I was provided with stock solutions of coated
Hematite and hollow silica cubes in ethanol as
listed in Tab. 5.1.
Instead of dissolving the Hematite core, the
core can also be reduced to Magnetite, Fe3 O4 ,
as proposed by Sun et al. [56]. The reduction
removes the permanent dipole moment and
results in super-paramagnetic properties of the
cubes. For the reduction the stock dispersion
of silica coated hematite cubes (JMHC4_Si01)
were washed with water and freeze-dried to obtain dry powder with a maximum surface to be
reduced in the oven. Next, the dry powders
were backed in an oven at 360 ∘C, 380 ∘C and
500 ∘C for varying times under Hydrogen atmosphere (95% N2 , 5% H2 ) to obtain full conversion. Sample details are listed in Tab. 5.2 After
the reduction the particles were redispersed in
ethanol for further storage.
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a

b

1µm

1µm

Figure 5.1.: Scanning electron microscope (a) and transmission electron microscope (b) images
of hollow silica cubes (HC4_S2_Si01). Their superball like shape is clearly recognizable.
Stabilization. As amorphous silica is known
to slowly dissolve in water as silicic acid, Si(OH)4 [57], hollow silica cubes were stored in
ethanol as noted before. For sample preparation either ethanol or water was used for the
dispersions. Tetramethylammoniumhydroxid
(TMAH) was used to increase the pH of the
sample dispersions, deprotonating the Silica
for charge stabilization. LiCl in ethanol and
NaCl in water was used to tune the screaning
length and hence the double-layer potential of
the colloids.
For steric stabilization Polyvinylpyrrolidone1
(PVP) was used in ethanol and water based
samples and Pluronics2 in water based samples.
In samples without TMAH, Ethyl(2-mercaptobenzoato-(2-)-O,S) mercurate(1-) sodium (Thiomersal) was added at low concentrations of
2 × 10−5 to prevent algae growth.
All glass for cells that were used with silica
cubes was put into a KOH bath over night to
obtain a clean and hydrophylic surface. Cells
used for steric stabilized dispersions were also
coated with the same polymers used in the dispersions, by rinsing or even by filling and drying them with the appropriate polymer solutions.
1
2

𝑀 ≈ 1 300 000 g mol−1 .
Pluronic® F 127, 𝑀 ≈ 8 000 000 g mol−1 .
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Results on sample stability. A variety of
dispersions was made and tested for stability
in microscope cells, as described in section 3.1.
As especially dense monolayers need long equilibration times to study equilibrium phase behavior, samples need to be sufficiently stable
against aggregation and pinning to the cell
wall. Performing experiments with different
charge stabilized dispersions clearly showed the
sensitivity of such systems to screening lengths
and particle charge. A key point is the use
of TMAH, or potentially some other base as
well, to increase the dispersions pH value and,
hence, the surface charge of the colloids. Concentrations of 5 mM have been found to be
sufficient, causing a pH between 8–9 . In addition, salt was found to be important as well
to screen the electrostatic repulsion, decreasing the Debye length. Figure 5.2 (a) shows a
sample with TMAH but without any salt: Any
cubes reaching the lower wall of the cell (in focus) immediately got pinned to it. The sample
shown in Fig. 5.2 (b) containing 1 mM NaCl
shows remarkably less pinning: The particles
diffusing freely above the glass surface can be
seen as slightly out of focus, while the particles
in focus are pinned to the wall. Best results
have been found for concentrations of 10 mM
NaCl, were nearly no pinning and particle aggregation has been observed. The calculated
Debye length for this salt concentration is 3 nm
[15].

5.1. Silica cubes

a

b

25µm

25µm

Figure 5.2.: Charge stabilized hollow silica cubes (JMHC4_Si01) with different salt concentrations for different screening lengths. a) Unscreened cubes, pinning to the glass substrate on first
contact. b) Cubes with 1 mM NaCl added to the dispersion, were most of the particles are freely
diffusiing above the surface. With the surface in focus on both images, (b) also shows the issue of
week sedimentation.
However, even under these good conditions,
charge stabilization failed to keep dispersions
stable for longer than 2-3 days and aggregation
and the number of pinned particles increased
remarkably with increasing time. Therefore,
steric stabilization was investigated as well.
PVP is known for its stabilization of silica colloids [55] and showed good results in ethanol
based samples. In water based samples stabilized with PVP, some clustering effects were
observed. The clustering could be due to high
concentration and large size of the PVP in
use. This effect of induced particle attraction
is called depletion [14], but has not been further quantified. In addition to PVP, Pluronics
F-127 emerged as an alternative for steric stabilization, with also showing good long term
stabilization of the samples.

Mechanical confinement. Having achieved
stable samples, Fig. 5.3 (a) shows another challenge we encounter for hollow silica cubes: With
a density of 𝜌 = 1.6 g/cm3 [15] of the amorphous silica, the cubes are comparably light weight.
Their gravitational length can be calculated as
described in Eq. (2.14) in section 2.1.2 and is
at the order of 900 nm for the HC4_S2_Si01
cubes. This is relatively large compared to the
edge length of the cubes and leads to diffusion

away from the cell wall on a scale that is not
negligible. Therefore, a confined monolayer
can not be achieved by sedimentation only.
A possible solution for this sedimentation issue is to confine the cubes mechanically into
a single layer by using cells that are nearly as
thin as the size of a single cube. Two designs
for such confinement cells have been presented in section 3.1. The first type, spacer cells
with added spacer particles, turned out to be
unsuccesful: In some regions the spacer particles were diffusing as well, indicating a too
wide spacing, while in other regions a lot off
cubes got stuck or even crushed on preparation. Also for this kind of geometry, the intended concentrations of colloids in the monolayer had to be realized in the dispersion filled
into the cells. This gives rise to further complications: The high colloid density needed for
dense phases makes the dispersion very viscous. This worsens the proper distribution and
formation of a monolayer when the two glass
slides get pushed together by capillary forces.
The second type of cell, wedge cells, proved a
much better solution for confinement because
these could be filled with considerably less concentrated dispersions. When the wedge cells
were stored at an angle of ∼ 10°–20° with the
thin part of the wedge at the lowest position,
cubes can sediment into this thin part, form-
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a

b

25µm

25µm

Figure 5.3.: Confined silica cubes. a) Sterically stabilized hollow silica cubes (HC4_S2_Si01)
confined to a monolayer in a wedge cell. This monolayer is analyzed in more detail in the next
chapter. b) Reduced silica coated Hematite cubes (Ma4), confined into 2D by sedimentation, but
still connecting to chains, indicating a permanent dipole moment.
ing a dense monolayer. It proved to be difficult
to find a reliable way to make wedge cells with
a large monolayer region, but sufficiently thin
areas could be found at least in small parts
of most of the cells. Also most areas found
were presumably not equilibrated and showed
drift on observation. Nevertheless regions with
ordered monolayers have been recorded, like
the one shown in Fig. 5.3 (a), which is analyzed in more detail in the next chapter.
Results on Hematite reduction. Another
confinement solution would be to retain the
heavy core of the silica cubes, but to remove
the Hematite specific permanent dipole moment. This is achievable by reducing Hematite to Magnetite which is super-paramagnetic.
All our reduction attempts, resulted in visibly
darker cubes, indicating that a good amount of
the normally red Hematite was reduced. Unfortunately, it was observed that all samples
still had a dark reddish color, where pure Magnetite should be completely black. Furthermore, re-dispersed cubes still showed chain formation, when observed in the light microscope
(Fig. 5.3 b). Hence, it is conceivable that the
reduction process failed to fully convert all Hematite into Magnetite, still leaving a dipole in
the cubes. Furthermore, X-ray diffraction measurements performed on the samples, in fact
showed, that unfortunately little to no Hem-
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atite has been reduced. We assume that this
is due to the comparable large size of the cubes,
which prevents reduction of the inner core. Previous reduction experiments were, to our knowledge, only carried out on notably smaller colloids [56, 58].

5.2. Neighborite cubes
Synthesis. Particles from Neighborite, NaMgF3 , can be synthesized in a precipitation
reaction by mixing NaF and MgCl2 solutions.
Again, all synthesis was performed by JanneMieke Meijer. The shape of the resulting colloids is strongly depending on the initial concentrations of both salt solutions, but under
the right conditions perfectly sharp cubes can
be achieved [13, 21]. Pre-heating to around
80°C and injection speed turned out to be critical as well.

Stabilization. As the Neighborite cubes have
an intrinsic positive surface charge in pure water, the dispersions are charge stabilized quite
well. In order to prevent pinning to the cell
walls, the cells have to be coated with a Polyethylenimine solution to provide a positive surface charge as well. To the dispersions, different amount of NaCl were added to achieve dif-

5.2. Neighborite cubes

a

b

5µm

5µm

Figure 5.4.: Scanning electron microscope image of (a) freshly synthesized Neighborite cubes
(NC24) and (b) after three times of sonication. Apart from the fast degrading of the cubes other
challenges as elongated shapes, polydispersity and particles grown together are clearly visible.
However, the edges are perfectly sharp before degradation and would make up for nearly perfect
cubes if the other issues could be fixed.
ferent screening ranges. In addition, steric stabilisation was tested with general surfactants
and polymers including PVP, Pluronics, Cetrimonium bromide (CTAB), Polydiallyldimethylammonium chloride (PDADMAC) and Sodium dodecyl sulfate (SDS). Furthermore, specialized block polymers were tested. Helmut
Cölfen3 kindly provided us with Poly(ethylene
glycol)-block-poly(methacrylic acid)4 and Poly(ethylene glycol)-block-poly(aspartic acid)5
synthesized by his group.

Results. In comparison to the superball like
silica cubes, the Neighborite cubes do have
notably sharp edges and corners, as seen in
the SEM image in Fig. 5.4 (a). Unfortunately,
the synthesis turned out to be challenging to
control. While some particles are indeed perfect cubes, elongated cuboids can be seen as
well as particles grown together to more complex structures. Furthermore, the synthesized
stock solution also turned out to be very polydisperse.
Another challenge regarding Neighborite cubes
is their fast degradation. Ultrasound treat3

Group of Professor Dr. Helmut Cölfen, Department
of Chemistry, University of Konstanz.
4
𝑀PEG ≈ 3000 g/mol, 𝑀PMAA ≈ 700 g/mol.
5
𝑀PEG ≈ 5000 g/mol, 𝑀PAsp ≈ 3765 g/mol.

ment should not be used for washing and redispersing samples, as the cubes get noticeably
damaged. The colloids also showed to degrade
in water over time, especially losing their sharp
edged shape. The SEM image in Fig. 5.4 (b)
shows the same sample (NC24) as in (a), visibly damaged after three times of sonication.
Comparable to the hollow silica cubes, charge
stabilization was successful on relatively short
time scales, but failed to keep proper sample
conditions over multiple days. In order to observe equilibrated monolayers, this is not sufficient. Steric stabilization with PVP, Pluronics, CTAB, PDADMAC and SDS did not work
as well. Only the specialized block polymers
succeeded to provide long term stability. To
do so, the acidic parts of the polymers, that
potentially bind to the positively charged cube
surface, had to be deprotonated by neutralizing the pH of the polymer solutions with some
NaOH.
Apart from the chemical difficulties of Neighborite cubes, their physical properties are promising. Their size and density cause for a very
short gravitational length and, hence, fast sedimentation into a monolayer. When imaged
in a microscope cell, they show very good contrast in liquid phases as well as on dense packing, as seen in Fig. 5.5 (a) and (b). Also in

31

5. Preparation of colloidal monolayers

a

b

25µm

c

25µm

d

50µm

50µm

Figure 5.5.: Monolayers of Neighborite cubes (based on NC30). They show good contrast in
microscope cells, on loose (a) and dense (b) packing, as well as in the hanging droplet at the
Medea setup (c and d). In both samples, regions could be found where the otherwise fluid phase
was compressed into a dense, glass-like structure due to drifts of unknown cause. Note that the
cubes are laying and diffusing on a flat side, not only on the glass substrate but also on the waterair interface in the droplet. Hence, they nicely resemble a 2D square shape in theplane of the
monolayer.
the droplet cells, shown in Fig. 5.5 (c) and (d),
were microscope objectives with larger working distances needed to be used, their shape is
well recognizable by eye and (more important)
by the image analysis routines. It is important to note that the cubes are diffusing while
laying on their flat side on the liquid-air interface of the droplet without tilting. This can
not necessarily be expected for such soft surfaces, as Soligno et al. have shown for cubes
on liquid-liquid interfaces [59]. Diffusion on
the flat side, however, is important in order
to have a 2D square shape in the plane of the
monolayer.
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As Fig. 5.5 (b) and (d) also show, it is doubtable if a tetragonal crystal structure would
form when equilibrating a dense packed phase
of the present Neighborite cubes. In the images displayed, particles were pushed together
in one sample region due to drifts of unknown
cause. Hence, the area could considered to
be quenched, and conclusions to equilibrium
phase behavior should not be drawn. Nevertheless, it seems reasonable to expect a similar glass like structure in a dense equilibrated
phase, due to the high polydispersity of the
cubes.

6. Defect-rich hollow cube monolayer
As reported in the last chapter, stable monolayers of hollow cubes can be made in wedge
cells. A time series of 100 frames, recorded
at 1 frame per second, of a dense monolayer
area is analyzed in detail in this chapter. The
analyzed time series was selected for its good
image quality and interesting dynamics.

6.1. Sample details
The recorded wedge cell, Ho4201DII, was filled
with a hollow cube dispersion, stabilized by
1 g/l Pluronics and 0.01 M NaCl, but no additional TMAH. Prior to recording, it was stored
at an angle of approximately 20° for 8 days, for
the cubes to sediment into the thin part of the
wedge. The sample was then imaged on the
light microscope with a 100x magnification, oil
immersion objective.
The investigated monolayer is made up of hollow silica cubes with a size of 1363(47) nm (flat
side to flat side) and an approximated superball parameter of 𝑚 ≈ 3.33. In order to get
properly recognize body shape, the outermost
particles in the field of view were not taken
into analysis. With the amount of particles
detected in the reduced area, Eq. (2.21) can
be used to calculate the density in the sample
to be 𝜙 ≈ 0.86. According to previous results
of similar particles [17, 20], a rhombic Λ1 crystal lattice is expected in equilibrium at this
density.
However, the sample was found to contain an
average linear drift of 1.167 µm in the 100 s of
observation and random pinning of particles to
the wall. The drift observed during imaging,
has an unclear origin. Possible sources could
be heat flux from the sample illumination or
mechanical forces on the cell, created by the oil
droplet between cell and microscope objective.
Drift induced by an air bubble at the thick part
of the wedge could also be a possible option.

6.2. Analysis results
Figure 6.1 shows an comprehensive overview of
most particle properties and order parameters
that were calculated for the system. These are
shown next to each other for easier comparison
later on.
The bonds and numbers of next neighbors as
defined by a Delaughney triangulation, can
be seen in Fig. 6.1 (a) for the first frame of
observation. Unbound disclinations would be
seen as isolated lattice sites with five- or sevenfold bond coordination, but are not present
in the image. Unbound dislocations, on the
other hand, are present in increased amounts
and can be seen as pairs of one fivefold and
one sevenfold coordinated lattice site next to
each other. Figure 6.1 (b), shows the particle
traces for all timesteps, along with the estimated drift direction, marked by a blue arrow.
Marked red in the same image, are particles
that are assumed to be pinned by visual analysis.
The order parameters 𝜉4 , 𝜓4 and 𝜓6 were calculated as described in chapter 4 and are depicted in Fig. 6.1 (d-h) for the first frame with
their absolute value and their angle respectively. As |𝜉4 | = 1 for all particles, the local
correlation to the average 𝜉4 of the set of next
neighbors in the first frame is depicted instead
of the absolute value in Fig. 6.1 (c). This
local correlation value is a good way to differentiate between body ordered crystal regions
and orientational random populated crystal regions.
Figure 6.2 shows, the radial distribution (or
pair correlation) function 𝑔(𝑟), the mean squared displacement ⟨𝑟(𝑡)2 ⟩ and the fourfold body
and hexagonal bond orientational correlation
functions 𝑔4𝜉 (𝑟) and 𝑔6𝜓 (𝑟). Again, these are
shown next to each other for easier comparison later on. A global lattice spacing of 𝑎0 =
1.43(10) µm can be determined by a Gaussian
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Figure 6.1.: Particles in the field of view in the discussed sample. For the first frame exemplarily,
the numbers of nearest neighbors as defined by a Delaunay triangulation (a) are shown. Particle
traces of the whole time of observation are depicted along with the estimated drift direction (b).
Marked red, are particles that are assumed to be pinned by visual analysis. The calculated order
parametesr for the first frame are shown with their magnitude and angle respectively (d-h). For
the body orientation, the correlation to the mean of the next neighbors is shown (c) instead of the
absolute value (wich by definition equals 1 for all particles).
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fit to the first peak of the radial distribution
function 𝑔(𝑟).
Phase classification. Based on the positions
of the particles, we can classify the phase of the
monolayer. The mean squared displacement
(MSD), shown in Fig. 6.2 (top right) has been
calculated in 3 different ways: i) Without any
corrections, ii) corrected by the linear drift and
iii) relative to the cage of nearest neighbors of
each particle in the first frame, as introduced
by Mazoyer et al. [60]. The only small deviation of the drift corrected MSD to the uncorrected could be explained by the large chunks
of particles not drifting, that are clearly present
when looking at 𝑟𝑖⃗ (𝑡) in Fig. 6.1 (b). Hence,
other particles can be expected to drift comparably faster than the mean drift speed. While
the cage relative MSD shows smaller absolute
diffusion, all three methods indicate a liquid
like, fully diffusive behavior of the sample. The
sample is, hence, unlikely to be in a polycrystalline phase, where at least the cage relative
MSD should converge to some value smaller
than the lattice spacing [60].

the particle orientations are not random, as
they would be in a plastic (rotator) crystal
phase. The body orientation correlation 𝑔4𝜉 (𝑟)
(Fig. 6.2, center) is showing a algebraic decay
on a similar length scale compared to 𝑔6𝜓 (𝑟),
showing that particle orientation is indeed locally ordered. However, the decay is significantly stronger than for the bond orientations
and for 𝑟 ≳ 14𝑎0 correlation is negligibly low
(< 0.1). Clearly, a rotation of particles does
not destroy the overall hexagonal bond order.
More interesting in dense phases such as the
one studied here, is the influence of body shape
to the crystal lattice. As stated before, the observed monolayer is hexagonally ordered. This
can be supported further by the relatively high
global average of local sixfold bond orientation
⟨|𝜓6 |⟩𝑖,𝑡 = 0.81(18).
However, |𝜓4 | should be negligibly low for perfect hexagonal ordered lattice sites, as discussed in chapter 4. This is not the case when
looking at the global average of
⟨|𝜓4 |⟩𝑖,𝑡 = 0.26(14)

For a global hexatic phase, the bond orientation correlation 𝑔6𝜓 (𝑟) should show an algebraic decay [40]. This is true for 𝑟 ≲ 14𝑎0 ,
showing up as linear behavior on a log-log plot
in Fig. 6.2 (bottom left). On the other hand,
exponential decay is seen on larger distances,
showing up as linear behavior in the lin-log
plot in Fig. 6.2 (bottom right). This exponential decay could indicate grains of different
bond orientation angles. Indeed such grains
can be observed in Fig. 6.1 (h). Therefore,
it is reasonable to conclude that local shear,
induced by random pinned particles in a homogeneous drift, has molten the crystal into
a polyhexaline fluid. This is in accordance
with the high density of dislocations which can
be observed in Fig. 6.1 (a), as reported above.
Note that this phenomena is of course highly
out of equilibrium and a homogeneous crystal would still be expected for the observed
particle density under equilibrium conditions.

This proves that local body orientation is clearly correlated to local rhombic distortion of the
hexagonal order and, hence, that these distortion is most likely caused by the shape of the
particles. This strong correlation can also be
seen when comparing Fig. 6.1 (d) to (f).

Influence of particle shape. Even though
the bond orientations are hexagonally ordered,

So far, we have only shown that the local hexagonal order is distorted by the shape of the
particles. To specify if the local packing is Λ0
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and gives rise to the assumption that hexagonal
order is distorted to a more rhombic order on
a large scale. When calculating 𝜓4 for ideal
lattice sites of the Λ0 or Λ1 packing that were
discussed in section 2.3.3, the interesting fact
emerges, that for both packings, the local 𝜓4
value has the same orientation as the cubes.
Calculating the average correlation of the body
orientation 𝜉4 and the normalized fourfold bond
orientation 𝜓4 (only angle taken into account,
not the magnitude) in the monolayer results
in
𝜓
⟨Re ( 4 𝜉4∗ )⟩ = 0.71(46).
|𝜓4 |
𝑖,𝑡

6.2. Analysis results
section 2.4, lines of connected cubes can shift
relatively easy, as their flat sides impose less
friction to neighboring lattice lines than there
would be for spherical particles.

Figure 6.3.: Classification of local rhombic
lattice by evaluating the particle orientations.
Λ0 is expected when cubes are aligned with the
hexagonal bond orientation. Λ1 is expected
when the cube diagonals are aligned with one
hexagonal lattice direction.
or Λ1 , the correlation of particle orientation
and the hexagonal lattice orientation can be
taken. Note, that as the least common multiple of 4 and 6 is 12, this has to be done in a
twelve-fold angular space. Thus, if
Re ((𝜓6 )2 (𝜉4∗ )3 )
is positive (correlation), this indicates a local
Λ0 structure, while being negative (anticorrelation) indicates a local Λ1 structure. Figure 6.3
shows the local correlation values in the observed monolayer. As expected, there are extended areas of Λ1 packing, which is the closets
packing for superdisks of the given roundness
𝑚 ≈ 3.33 (see section 2.3.3 and [22]). Surprisingly, there is a nearly equal amount of
particles with local Λ0 packing, which can not
be explained solely by particle shape.

Influence of pinning and drift. As discussed earlier, random pinning in combination
with the linear drift introduces a lot of particle
motion in the system. It is, hence, cause to
the shear-molten polyhexaline liquid state of
the monolayer, but also important to other features that were observed. A key feature of the
cubic shaped particles here is, that longer lines
of particles easily shift by one lattice point, if
they are oriented in that direction. Similar
to the delocalization of vacancies, discussed in

These line shifts can be recognized very well by
their high intermediate fourfold bond orientation. One such line of high |𝜓4 | can be seen
in the right center of Fig. 6.1 (e) for the first
frame of observation. Other shifts, occurring
in later frames of observation showed comparable behavior. Further, in the intermediate position of such a line shift, a lot of topological
defects will show up along these lines, as the
local tetragonal order will lead to high fluctuations in the number of next neighbors found
by triangulation. This can be seen when looking for the same line of particles in Fig. 6.1
(a).
It is not clear a priori, how and if such shifts
and rearrangements would occur in an equilibrium phase. One possibility is that unbound
dislocations should be able to travel multiple
lattice sites at once in the direction of their
Burgers vectors. In the present case it is likely,
that most particle shifts are introduced by the
shear forces of pinned particles. If a line would
shift in a defect free crystal lattice, this would
create two geometrical point defects, a vacancy
at the one end and an interstitial at the other.
It is, however, possible that two half lattices
are shifting against each other locally, resulting in bond rearrangement with the creation of
a dislocation at each end of the shift. Creation
of these separated dislocation pairs, is likely
how the crystal structure is molten into the
defect-rich polyhexaline phase in the present
sample on a microscopic level. The particle
traces in Fig. 6.1 (a) illustrate, how lines of
multiple particles in front of the pinned particles are ”held back” against the drift.
Further influence of the drift can be found in
the bond as well as in the body orientation of
the cubes: The direction of the drift can be
calculated to be
𝜃drift ≈ 141.9°
off the 𝑥-axis. Even though there are multiple
grains and body orientation is only weakly cor-
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related, both 𝜉4 and 𝜓6 have finite global averages of
⟨𝜉4 ⟩𝑖,𝑡 ≈ 0.32 exp(−0.82𝜋𝑖),
⟨𝜓6 ⟩𝑖,𝑡 ≈ 0.57 exp(0.85𝜋𝑖).
Unfolding the angular part and looking for the
direction nearest to the drift, results in
⟨𝜃body ⟩

𝑖,𝑡

≈ 143.0°,

⟨𝜃bond ⟩𝑖,𝑡 ≈ 145.5°.
These angles, being very close to each other, indicate that the average orientation of the polyhexaline fluid as well as the body orientations
of the cubes are oriented along the direction
of motion in the sample.
Also the type of rhombic lattice observed in
the sample is influenced by the drift. As written earlier, there is a surprisingly high amount
of Λ0 packing, compared to what would be
expected for superdisks with 𝑚 ≈ 3.33. The
global average of
⟨Re ((𝜓6 )2 (𝜉4∗ )3 )⟩𝑖,𝑡 = −0.11(51)
shows a relatively large standard deviation but
just a slight preference for Λ1 packing. This
can be explained by the strong dynamics, as
a Λ0 packing is preferred when lines of cubes
are sliding along each other and, hence, align
to the direction of the movement. Such lines of
local Λ0 orientation can be identified in Fig. 6.3.
Without further quantification, it seems like
the majority of these lines are, again, oriented
in the direction of the drift.

6.3. Discussion
Our observations show rich “phase” behavior
in this dense packed out-of-equilibrium state.
Key features of the recorded sample can be explained reasonably by the anisotropic particle
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shape and the dynamics induced by drift and
random pinning. The shifts of extended lines
of particles are of special interest, as this is a
distinct behavior of the cubic shapes and is not
seen in similar samples of spherical particles
or systems with dipole-dipole interaction, that
were studied before. These line shifts allow for
fast defect movement and particle reordering
on longer distances.
Geometrical point defects, such as vacancies
and interstitials, have not been observed in
this sample. However, some vacancies have
been seen in other recordings. As these vacancies have shown to decay into complexions
of topological defects with a zero Burgers vector sum, delocalized or decayed point defects
could exist in the present sample as well. As
the sample it is already shear-molten into a
fluid phase, dislocations are free to traverse
through the sample in the direction of their
Burgers vector and out of the field of view. As
such, it is not possible to assign single dislocations to a potential geometrical point defect.
Another interesting observation is the kind of
rhombic lattice distortion found in the present
polyhexaline fluid. Even though there are extended areas of local Λ1 packing and distinct
lines of local Λ0 packing, grain boundaries between these packings have not been observed.
The orientation of neighboring cubes seem to
be correlated in the majority of the sample,
forming soft, continuous spacial transitions between Λ0 and Λ1 type packing.
As all recorded monolayers showed some kind
of drift or other distortions, no equilibrium
phase behavior could be observed for the hollow silica cubes. It is very reasonable to expect
a Λ1 packed rhombic crystal in a dense phase,
but no conclusion can be drawn, if superdisks
would also form a rotator crystal in less dense
phases, as seen by Zhao and Mason [20] and
Avendano and Escobedo [17] for flat squares
with rounded corners.

7. Conclusion and future work
Analyzing a confined monolayer of hollow silica
cubes has shown approximately hexagonal packing, due to their relatively round superballlike shape. Imaging the sample out of equilibrium caused a homogeneous linear drift, that,
in combination with random pinned particles,
has lead to rich particle dynamics and a shearmolten polyhexaline state. Even though equilibrium conditions could not be studied in the
created monolayers, important features have
been observed. Extended areas of rhombic
Λ1 packing, which has been predicted to be
the closest packing for particles of the given
shape, was observed in the sample. Lines of
Λ0 packing have also been observed, which we
assume is favored by the motion in the sample,
as it reduces friction between adjacent lines
of particles. Interestingly, there seem to be
no distinct grain boundaries, but continuous
transitions in body orientation between the Λ0
and Λ1 packed sites.
All analysis routines that were established, proved to work reliably. Using the density distribution to find a particles orientation turned
out to be more stable than just looking for the
pixel furthest away from the center, as done
by Zhao et al. [20]. Further this method
should work reliably for any 𝑠-fold symmetric particle shape. The determination of a
continuous bond orientation parameter |𝜓4 |,
showed to be reliable as well, resulting in visible lines of local tetragonal order on line shifts,
independent of the high defect density along
these lines.
Creation of cubic monolayers has, unfortunately, shown to be very challenging regarding
synthesis and stabilization of colloids. We were
able to achieve stable monolayers of hollow
silica cubes in confined cells, and imaged these
on the light microscope. Distortions by the
imaging process caused drift that has lead to
the observed behavior.
In order to image sufficiently equilibrated samples, it is desirable for future work to mount

stable wedge cells in the setup, to avoid the
distortion present when mounting the cell on
the light microscope. Also mounting the cell
at a specified angle would be of interest, as
phase changes with density gradients could be
observed similar to the experiments of Thorneywork et al. [46]. Of course this also implies
that wedge cells are constructed such that they
have a large area thin enough for monolayer
formation. A solid reproducible technique on
how these cells are made best has yet to be
established.
Even better for equilibrium conditions would
of course be the hanging droplet geometry possible in the setups. If the cubes were dense
enough to sediment properly into a single layer,
this would provide for very stable samples that
could be equilibrated over long times and areas.
Future work could address this issue by either
finding a functional way to make the cubes
heavier, with or without keeping and transforming the Hematite core, or by changing the
properties of the surrounding liquid. It is even
thinkable to let the cubes float on a droplet of
a denser liquid, like a dense salt solution.
Cubes from other materials would be great as
well. Neighborite particles have been shown
to be sharp-edged and show promising physical behavior in the hanging droplet. They
are dense enough to sediment nicely with a
very short gravitational length compared to
their their size and diffuse in 2D while laying on their flat sides on the interface. On
the other hand they are lightweight enough to
not distort the surface of the air-water interface, an effect that has been seen on clusters
of large magnetite doped polystyrene colloids.
Further, they can be grown comparably large
to be recognized well in image analysis. The
later point is important for the droplet cells, as
they require larger optical working distances
than possible with some high magnification
objectives. Finding a way to synthesize or
size-select sufficient monodisperse batches of
Neighborite cubes, would be a huge improve-
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ment, as observation of a perfect tetragonal
crystal could be expected from these sharp
cubes.
Another possibility are cubes consisting of silver, which can be synthesized on a scale of
few hundred nanometers and are tried to be
grown larger at the time of writing. Gold is another material that could be considered. For
both materials, it has to be singled out if they
can be supported by the droplet interface, as
already silver is three times as dense compared
to Neighborite. Particles that are to heavy
might happen to deform the droplet surface,
or even “stick out” of the droplet, resulting in
additional particle pair interactions, based on
the surface tension of the supporting droplet
surface.
Flat square platelets could also be printed with
the Nanoscribe1 , a 3D laser lithography system. This method would support arbitrary
shaped particles for future investigation, but
it is not possible to fabricate cubes without
a finite corner radius due to the width of the
printing laser beam.
In addition, a more elegant approach for the
bond orientational order parameters could be
implemented for future evaluation, where each
bond is weighted by the length of its related
Voronoi cell edge, similar to what has been
proposed by Mickel et al. [61] for a Minkowski
structure metric. This eliminates the need to
1

Nanoscribe GmbH, Photonic Professional GT
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define a local lattice spacing, should result in
an equally continuous order parameter independent of changes in the number of nearest
neighbors and could be applied for all 𝑘-fold
bond orientation parameters equally for consistency reasons.
It would be of interest for future work, to further study the observed particle dynamics in
a more controllable system. Optimally dedicated particles could be tweezed and a constant, defined drift could be applied by moving the sample stage. We have seen that the
system prefers to orient along the direction of
induced mobility and also particle orientation
changes to support for lower friction, changing
the local body to bond orientation correlation
and, thus, the type of the local packing in an
continuous way. In a controlled system, these
effects could be better quantified.
Entropy driven dynamics and density dependent phase behavior could unfortunately not be
observed yet, but would very well be of interest
in future investigations. Zhao et al. [20] report a first order phase transition between a
rhombic crystal and a hexagonal plastic crystal, but their platelets are off slightly different
geometry and it is, hence, unclear if similar behavior can be expected for the superball-like
hollow silica cubes. In addition the observation of a tetragonal phase of perfectly sharp
cubes, is still not achieved experimentally and
is as such also subject to future work.
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A. Ratio of moments of inertia
For any regular polygon the rotation around an axis in the polygon plane has the same moment
of inertia. The inertia matrix is therefore degenerated in that plane and every vector in the plane
is an eigenvector, and, as such, a principle axis. This is also the reason why the moment of inertia
fails as a way to determine a regular polygons orientation. However if a detected particle is missshaped it can be detected and the ratio between the moments of inertia of the principle axes in
the plane can be used as a good measure on how unsymmetrical it is.
Even though we are looking at two dimensional particles, the moment of inertia describes rotations
in a three-dimensional space and hence calculations must be done in 3D accordingly. The inertia
matrix IC of a rigid body of 𝑁 point masses around its center of mass can be defined as
𝑁

IC = − ∑ 𝑚𝑖 [Δ𝑟𝑖⃗ ]2 ,

(A.1)

𝑖=0

where
0
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(A.2)

is the screw-symmetric matrix of vector Δ𝑟.⃗
For the 𝑖th blob in a binary image, where the 𝑧-components of the 𝑝 ∈ BLOB𝑖 pixels are always
0 and we assume a total mass of 1 as well as equal mass distribution, this becomes
Δ𝑦2
−Δ𝑥Δ𝑦
0
⎛
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(A.3)

Here 𝐼3 = ⟨Δ𝑥2 + Δ𝑦2 ⟩ is the moment of inertia for a rotation around the 𝑧-axis. Thus, the
moments of inertia for rotation around the principal axes in plane are
𝐼1/2 =

1
2

⟨Δ𝑥2 ⟩ +

1
2

2
⟨Δ𝑦2 ⟩ ± 12 √(⟨Δ𝑥2 ⟩ + ⟨Δ𝑦2 ⟩)2 − 4 ⟨Δ𝑥2 ⟩ ⟨Δ𝑦2 ⟩ − 4 ⟨Δ𝑥Δ𝑦⟩
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⟨Δ𝑦2 ⟩ ± 12 √(⟨Δ𝑥2 ⟩ − ⟨Δ𝑦2 ⟩)2 − 4 ⟨Δ𝑥Δ𝑦⟩ .

(A.4)

Hence, given the relative pixel coordinates to a blob, the ratio of the in-plane moments of inertia
can be calculated as
√(⟨Δ𝑥2 ⟩ − ⟨Δ𝑦2 ⟩)2 − 4 ⟨Δ𝑥Δ𝑦⟩2
Δ𝐼1/2
=
.
(A.5)
1
1
2
2
⟨𝐼1/2 ⟩
2 ⟨Δ𝑥 ⟩ + 2 ⟨Δ𝑦 ⟩
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Deutsche Zusammenfassung
Weiche Materie aus kolloidialen Dispersionen bildet eine hervorragende Basis zur Beobachtung
grundlegender thermodynamischer Prozesse. Phasenverhalten und Phasenübergänge könne dabei
nicht nur auf makroskopischer Ebene beobachtet werden. Durch die Möglichkeit, die Bewegung
einzelner Teilchen aufzuzeichnen, lassen sich auch die zugrundeliegenden mikroskopischen Prozesse
beobachten. Hinzu kommt, dass in Systemen, in denen die Teilchenwechselwirkung nicht von
einer physikalischen Kraft, sondern im wesentlichen durch den direkten Kontakt einzelner Kolloide
bestimmt wird, das Phasenverhalten und die Kristallstruktur im dichtest gepackten Zustand primär
durch die Form der Kolloide bestimmt wird. Dies führt zu reichhaltigem Phasenverhalten für
verschiedene Systeme unterschiedlich geformter Teilchen.
In der vorliegenden Arbeit wurde das Phasenverhalten von Kolloiden in einer zweidimensionalen
Monolage untersucht. Solche Monolagen können gebildet werden, indem die Ausbreitungsrichtung von Kolloiden durch Methoden wie zum Beispiel Sedimentation auf zwei Dimensionen eingeschränkt wird. Kristalle in zwei Dimensionen unterscheiden sich dabei in wichtigen Eigenschaften
von jenen in drei Dimensionen. Durch die Möglichkeit von langreichweitigen Dichtefluktuationen
– sogenannten Mermin-Wagner-Fluktuationen – bildet sich keine echte langreichweitige Translationssymmetrie im Kristall. Weiterhin konnte bislang nur für zweidimensionale Kristalle eine
mikroskopische Schmelztheorie entwickelt werden. Die KTHNY-Theorie, benannt nach Kosterlitz, Thouless, Halperin, Nelson und Young, beschreibt das Schmelzen zweidimensionaler Kristalle
durch topologische Defekte in zwei Stufen mit kontinuierlichen Phasenübergängen. Dabei bilden
sich im perfekten Kristall Dislokationspaare, deren Separation den Kristall in eine flüssige, aber
noch diskret rotationssymmetrische, sogenannte “x-atische” Phase schmilzt. Durch die Separation
von Dislokationen in getrennte Disklinationen schmilzt diese Phase in einem zweiten Schritt in
eine isotrope Flüssigkeit.
Durch die Verwendung von würfelförmigen Kolloiden soll dieses Schmelzen für einen tetragonal
geordneten Kristall untersucht werden. Die Geometrie von topologischen Defekten auf tetragonalen Gitter unterscheidet sich dabei in manchen Details erstaunlich von deren Geometrie auf
hexagonalen Gittern, wie im Theorieteil dieser Arbeit gezeigt wurde. Auch die in zwei Dimensionen
oft verwendete Voronoi-Konstruktion, zur Bestimmung der nächsten Nachbarn eines Teilchens,
lässt sich bei tetragonalen Kristallen nur bedingt einsetzen. Zur Umgehung der auftretenden
Schwierigkeiten wurde bei der Bestimmung des 4-zähligen Orientierungs-Ordnungsparameters eine
Gewichtung der nächsten Nachbarn eingeführt.
Bedauerlicherweise erwies sich die Synthese und Stabilisierung von würfelförmigen Kolloiden komplizierter als zuerst angenommen. Dispersionen von scharfkantigen Würfeln aus Neighborite,
NaMgF3 , erwiesen sich als zu polydispers um kristalline Monolagen zu bilden. Hohle, würfelförmige
Glaskolloide, welche mithilfe von würfelförmigem Hämatit, Fe2 O3 , hergestellt wurden, zeigten sich
als nicht dicht genug um allein durch ihre Masse in eine Monolage zu sedimentieren. Sie konnten
allerdings, durch die Herstellung spezieller Probenzellen mit hinreichend dünnen Bereichen, mechanisch auf Ausbreitung in zwei Dimensionen beschränkt werden. Eine weitere Herausforderung
bildete die Stabilität der Kolloiddispersionen, welche schließlich durch sterische Stabilisierung mit,
zum Teil speziellen, kommerziell nicht erhältlichen, Polymeren gewährleistet werden konnte.
Die Beobachtung einer Monolage aus hohlen Glaswürfeln, zeigte zu großen Teilen das theoretisch
erwartete Verhalten. Da diese Kolloide leicht abgerundet sind, bildete sich eine eher hexagonale,
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rhombische Struktur. Es konnte gezeigt werden, dass die rhombische Struktur dabei, wie erwartet, auf die würfelförmige Form der Kolloide zurückzuführen ist. Da die betrachtete Probe zum
Zeitpunkt der Beobachtung nicht im Gleichgewicht war, konnten außerdem interessante Teilchenbewegungen beobachtet werden. Ein homogener, linearer Drift in Kombination mit einzelnen,
an dem Substrat haftenden, Teilchen, führte zum scher-induzierten Schmelzen der Monolage in
eine polyhexaline Flüssigkeit. Dabei konnten die gemeinsame Bewegungen von, in einer Linie
benachbarten, Teilchen beobachtet werden. Dieses Phänomen ist einzigartig für würfelförmige
Kolloide und kann durch die geringe Reibung zwischen zwei benachbarten Gitterlinien erklärt
werden, wenn die Würfel entlang der Linien ausgerichtet sind. Da keine Beobachtungen im thermodynamischen Gleichgewicht möglich waren, konnte das dichteabhängige Phasenverhalten der
Kolloide leider nicht weiter bestimmt werden.
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