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A B S T R A C T

A combined dynamics for the spin and lattice degrees of freedom is proposed. For that we couple a Heisenberg
spin Hamiltonian via a distance dependent exchange integral and an anisotropic correction to the lattice, where
the latter is formed by a harmonic potential. With these extensions the transfer of energy as well as angular
momentum between lattice and spins is possible. We test this model successfully by reproducing the Einstein-De
Haas effect for a free cluster. On the other hand we find severe differences of the temperature dependent de-
magnetization dynamics of the new approach as compared to the well-established magnetization dynamics
covered by Gilbert damping.

1. Introduction

Since the discovery of ultrafast magnetization processes [1] the flow
of energy and angular momentum between spin, electron, and phonon
degrees of freedom, their underlying microscopic mechanisms and as-
sociated time scales move in the focus of current research. Experiments
lead to the conclusion [2] that efficient channels exist for the spin an-
gular moment to dissipate into the lattice. However, this phenomenon
and its underlying mechanisms are still controversially discussed [3–7].

Improved imaging techniques allow to track even atomic movement
on ultrashort time scales during magnetization processes[8–10]. These
experiments are available now to examine the mechanisms of spin-
lattice coupling fundamentally, fostering an interest in theory and
modeling of these interactions. Furthermore, spin-lattice coupling is
very important in the field of spin-caloritronic transport in insulators,
where the lattice and spin subsystem are on different temperatures,
leading to a flow of energy and angular momentum between both
systems [11].

The most common way for modeling dissipative magnetization dy-
namics is to assume one single phenomenological damping parameter
which represents the coupling of the magnetic systems to a heat-bath.
This parameter is used in the equation of motion, normally the Landau-
Lifshitz-Gilbert equation (LLG) [12,13]. This approach completely ne-
glects any subtleties coming from the interactions of the spins with the
electrons and the lattice, respectively. The challenge in this context is to
explain the damping processes on a microscopic basis. While the cou-
pling to the electronic reservoir [14–17] and the intrinsic magnon
scattering processes[18] have been discussed before, atomistic models
which determine the coupling to the lattice directly are still rare

[19–23]. The reason for that is the enormous effort in ab initio calcu-
lations to treat the spin-orbit interaction, which allows for the necessary
transfer of spin angular momentum into the lattice. As one needs the
full electronic structure of the material, the numerical complexity re-
stricts the size of the samples to a few atoms. Otherwise one has to
assume perfect lattice symmetries and cannot take distortions through,
e.g., phonons into account.

In this work, we present a phenomenological spin-lattice coupling
term, which arises from anisotropic correction to the Heisenberg ex-
change. With this Hamiltonian we perform simulation for the dynamics
of the spins and the lattice and treat all degrees of freedom on equal
footing. This combined molecular dynamics with spin dynamics (MD-
SD) [22] approach obeys the conservation laws for total energy and
total angular momentum strictly. We also present a possible para-
metrization that can be used to relate our model parameters to known
material parameters.

2. Spin-lattice coupling

For the coupling of the lattice with the magnetic degrees of freedom
this paper follows a microscopic path for which we use an atomistic
Hamiltonian based on a Heisenberg model with localised magnetic
moments = μ μS /i i s, where μi is the magnetic moment of the atom i at
position ri and μs its magnitude. The localised moments are interacting
via distance dependent exchange integrals approximated by a steady
exchange function J r( )ij . Furthermore, an anisotropic part for the ex-
change is considered by an additional term that represents second order
corrections [27] caused by Spin-orbit interaction. The total magnetic
exchange is then assumed as
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. Both terms are necessary, since the scalar iso-

tropic exchange defines the ferromagnetic ground state, but allows only
the transfer of energy to the lattice and vice versa, while the anisotropic
terms makes the transfer of angular momentum between magnetic
system and lattice possible. Because both terms depend on the spin-
configuration as well as the lattice coordiates, the lattice and the
magnetic system can directly interact with each other without any re-
strictions due to angular momentum conservation.

The isotropic exchange function J r( )ij is material specific and diffi-
cult to obtain. Different attempts to find a suitable form for J r( )ij phe-
nomenologically were made [28,22]. For this work we use a function of
the form

J r( )ij (2)

which can be well fitted to ab initio data[29]. For the ferromagnetic
materials Fe, Co, Ni the behavior of the exchange function is shown in
Fig. 1. The function (2) catches most of the features of the ab initio data
for the exchange coupling. For distances smaller than the first neighbors
the coupling must become antiferromagnetic due to Pauli’s principle.
The coupling of the first neighbors can be well approximated as well as
the decay for large distances. The cos-part leads to oscillations which
are well known in metals as RKKY-exchange [30–32].

The influence of the spin-orbit coupling, which causes the necessary
anisotropy for the angular momentum transfer between magnetic and
lattice system, is approximately treated by anisH in this work. Since it
has never been calculated reliably with ab initio methods, experimental
data is used for its parametrization, which are analyzed in the context
of the theory of magneto-elasticity. In this framework the continuous
magnetization field M is coupled in second order to the elastic strain
tensor e, which describes the lattice system. For the coupling in cubic
lattice systems one gets the following terms in the free energy
[20,24,25],
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Here the first two parts come from anisotropic interactions, like the
dipole-dipole interaction or the spin-orbit coupling, while the last two
terms arise from the isotropic exchange interaction. The constants B1
and B2 characterize the strength of anisotropic interactions which are
responsible for the transfer of angular momentum. The arising equa-
tions of motion can be used to study the dynamics of magneto-elastic
excitations[26]. In the following only the energy scale of the experi-
mental accesible constants B1 and B1 are used for the further micro-
scopic calculations based on Eq. (1).

The anisotropic part in Eq. (1) is parametrized by λ in a way, that its
value reproduces the ratio of anisotropic to isotropic energies in the
magneto-elastic expression of Eq. (3) for the microscopic terms in Eq.
(1), leading to
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where the total isotropic exchange is parametrized via the Curie tem-
peratureTC of the material. Here, a0 is the lattice constant of the specific
material. Consequently, it is possible to find suitable parameters to
model different materials based on ab initio data and their magneto-
elastic constants. In Table 1 the resulting parameters are summarized
for common ferromagnetic materials. Furthermore, the used fitting
parameters for the isotropic exchange functions J r( )ij are given.

3. Model and equations of motion

To complete the overall model, the total Hamiltonian totalH consists
of two parts, namely the magnetic part magH and the lattice part latH .
The magnetic part includes besides the exchange interaction presented
in Eq. (1) the Zeeman-energy in an external field B0,
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H H
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Fig. 1. Isotropic exchange Interaction between pairs of atoms for different
ferromagnetic materials. All data are taken from [29]. Solid lines are the fits
following Eq. (2).

Table 1
Parametrization for Fe, Co, Ni. The magneto-elastic constants and the values for
the Young modulus of Fe, Co, Ni are taken from Ref. [33], the other material
parameters from Ref. [34]. The atomic masses are given in unified atomic mass
units (u). The fitting parameters for the exchange function are listed in the last
part.

Fe (bcc) Co (fcc) Ni (fcc)

Y (GPa) 131 114 133
V0 (10−20 J) 2.416 1.588 1.864
a0 (Å) 2.87 3.54 3.52
mi (u) 55.85 58.93 58.71
ΘD (K) 420 385 375

μs (μB) 2.2 1.6 0.6
TC (K) 1043 1390 650
J0 (10−20J) 0.538 0.435 0.145
B1 (MJ m−3) −3.43 −9.2 9.38
B2 (MJ m−3) 7.83 7.7 10

+B B a K T(| | | |) / B C1 2 0
3 0.018 0.039 0.094

d1 (a0) 0.93 0.74 0.735
d2 (a0) 1.90 1.195 1.10
ω ( a1/ 0) 3.2 5.68 8.5
ξ ( a1/ 0) 2.4 3.95 4.7

γ ( a1/ 0
2) 15.0 53.0 35.0

C1 (J0) 1.89 1.92 1.93
C2 (J0) 0.2 0.34 0.39



The lattice part latH includes the classical kinetic and potential energies,
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The potential leads to lattice formation. It is assumed simply harmonic
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where σij is the equilibrium distance for the considered atom pair. Here,
all atom pairs up to a distance of a2 0 are considered. With the in-
itialization of the set of σij the lattice structure is clearly defined as the
atoms can only move around their equilibrium positions.

The reason for choosing a harmonic potential is its simplicity and
the reduced numerically effort. The harmonic potential is certainly a
good approximation for a temperature regime where the amplitudes of
the atomic motion is rather small. At the same time, going beyond
nearest neighbor interaction, the lattice becomes stable even under
torsional movement, a property that is otherwise hard to achieve with a
pair-potential. For studies where structural changes play a role the use
of more complex many-body potentials would be necessary. For tem-
peratures above the Debye temperature ΘD the approximation becomes
less appropriate.

To parametrize the potential from known elastic properties we
consider the Young modulus Y of the material and estimate the po-
tential strength via

≈V a
N2

,0
0
3Y

(8)

where N is the total number of neighbors for which the interactions are
calculated. This approach leads to a potential which reproduces the
interatomic forces of the material in the linear regime. The lattice
model is not able to reproduce elastic anistropies or the correct thermal
expansion of the lattice. As this work lies a special focus on the influ-
ence of the dynamic lattice on the magnetic system, we consider this
shortcomings as acceptable. For the three ferromagnetic elements Fe,
Co and Ni the corresponding numbers are given in Table 1. The total
Hamiltonian is the sum of all parts,
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Now the equations of motion for all degrees of freedom p r,i i and Si can
be derived directly via
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The classical evaluation of the Poisson-brackets for the spin leads to the
torque equation[35]
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The most common approach to describe spin dynamics rests on the
Landau-Lifshitz-Gilbert equation which neglects the motion of the
atoms and extends the equation of motion for the spins above with a
phenomenological damping term, characterized by damping constant
αtot, which also renormalizes the precession frequency,
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In Eq. (13) γ is the gyromagnetic ratio for the chosen material. In this
work the value for the free electron[36] = ×γ 1.760859708 1011 rad/sT
is used. In the following, the dynamics obtained by the LLG equation is
only used for comparison to the MD-SD approach using the equations of
motion (10).

Finally, we define the angular momentum of the lattice via
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i

i
i
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as the simulations perform classical dynamics.

4. Algorithm

To follow the flow of angular momentum it is necessary to use a
symplectic algorithm, which treats all degrees of freedom equally.
Different schemes have been developed, based on the Liouville form-
alism [37] and Suzuki-Trotter decompositions [38], which are able to
handle the problem. In this paper the same decomposition as in Ref.
[35] is used. The propagation of the spin system is described in Ref.
[39]. The operators for position and momentum lead to a shift in phase
space, as described in Ref. [37]. The algorithm is able to keep the total
energy and phase space volume constant over the required timescales of
several nanoseconds. We perform our simulations in the microcanonical
ensemble since keeping the system at constant temperature would re-
quire the use of a thermostat, where most integration schemes are
problematic regarding the angular momentum conservation. To define
a temperature we use the equipartition theorem, where the temperature
of whole system is defined through its total inner energy [37]. Starting
from the inner energies of the parts one obtains
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For the magnetic system the spin-wave approximation [40] for lower
temperatures is used to approximate the heat capacity of the magnetic
system. Furthermore in Eq. (15) only excitations from the magnetic
ground state are taken into account, therefore one has to substract the
ground-state energyUmag

0 . The system temperature is then calculated by
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This formula is only valid after some equilibration time.

5. Results

5.1. Einstein-de Haas effect

As a first scenario we reproduce the Einstein-de Haas Effect [41] for
a free magnetic particle. Here, the conservation laws for energy and
angular momentum play a crucial role.We start our simulation with an
almost homogeneously magnetized sample in an external field which
points in the opposite direction. While the magnetization aligns with
the external field angular momentum is transferred from the spin
system into the lattice, so that the sample will begin to rotate. This
effect relies on the conservation of total angular momentum. In these
simulations we use a particle of cubic shape with an fcc lattice structure
where the edge size is 6 atoms, corresponding to 666 atomic spins in
total, with the parameters of Cobalt (see Table 1). As mentioned before,
the simulation uses open boundary conditions to enable the conserva-
tion of total angular momentum.

To match the respective lattice temperature the positions of the
atoms are initialized slightly off their equilibrium position, such that
the resulting lattice temperature after equilibration is about 300 K. The



atoms are placed randomly within spheres with an adjusted radius. A
Boltzmann distribution of the lattice momenta is then established
within several picoseconds. Then an external field of 50 T in z-direction
is applied. The spins are all aligned almost antiparallel to the field, so
that a magnetization of μ0.8 s per atom is achieved. The sample mag-
netization is not exactly antiparallel to the external field to avoid a
metastable state. The final results for the dynamics are obtained by
averaging over 20 independent simulation runs, where the starting
configuration of the initial atom positions is varied.

In Fig. 2a) the dynamic behavior of the z-components of the mag-
netization and of the lattice angular momentum is shown. One can see
that the magnetization switches, finally pointing in field direction,
while the spin angular momentum flows into the lattice. The z-com-
ponent of the total angular momentum (spin plus lattice) remains
constant. This flow of angular momentum leads to a rotation of the
sample around its z-axis — the Einstein-de Haas effect. The external
field breaks the rotation symmetry of x- and y-components, therefore
these components of the total angular momentum are not conserved.

In Fig. 2b) the different parts of the energy are plotted versus time.
The thermalization of the lattice degrees of freedom is nearly in-
stantaneous. The slight mismatch between spin energy and lattice en-
ergy vanishes also after 300ps. The switching process of the magneti-
zation takes longer and starts some time later. The induced rotation of
the sample leads to a small increase of the lattice energy but also to a
decrease of Zeeman energy. The total energy of the system is conserved

as our model obeys all conservation laws.
In Fig. 2 c) the ratio between the anisotropic and the isotropic part

of the exchange energy is shown. As the lattice is randomly disordered
the ratio is in the beginning slightly higher, but converges to an equi-
librium value while the lattice and spin degrees of freedom equilibrate.
Then the ratio remains nearly constant and small during the whole
switching process, so that it is justified to consider the coupling anisH as
a small correction.

5.2. Thermal demagnetization

To gain a better understanding for the thermal non-equilibrium
processes in magnetic materials the relaxation of lattice excitations and
the resulting magnetic behavior is simulated. At the same time this
procedure tests the resulting equilibrium magnetization for different
lattice temperatures and the dynamics can be compared to the more
established way of performing magnetization dynamics calculations at
elevated temperatures within the framework of the stochastic LLG
equation [42].

In a first step we vary the initial energy deposed in the lattice and
determine the resulting saturation magnetization after the relaxation
process. This approach is similar to the way the spin-lattice relaxation
time is determined in Ref. [43]. To omit rotations of the sample the
bottom layer is not integrated in time. This artificial residual magne-
tization is subtracted in the high temperature regime.

The results are shown in Fig. 3a). In the low temperature regime the
residual magnetization drops nearly linear while it decays faster near
the critical point. The model displays a magnetic phase transition. A
small non-vanishing magnetization above the Curie-temperature is due
to the finite size effect, an effect which is even increased by the open
boundary conditions which are used in the simulations. Most im-
portantly, the equilibrium properties agree well in the low temperature
regime with simulations of the stochastic LLG equation which were also
performed for the spin part of the model. In the high temperature re-
gime the LLG simulations show more finite size effects as the phase
space in the pure spin-dynamics is smaller.

Fig. 3b) illustrates the dynamics of the demagnetization process.
The sigmoid shape differs clearly from the usual expectations, which
would be an exponential behavior [44,45], and is analyzed in detail
below. For increasing temperature the dynamics become faster, because
the energy difference between lattice and magnetic system increases
which leads to a stronger energy flow. There is a striking difference to
the dynamic produced by the Landau-Lifshitz Gilbert equation as shown
in 3 c), where the magnetization decays always nearly exponential.
Only around the Curie temperature a deviation from that behavior due
to a critical slowing down can be observed. In the MD-SD approach the
dynamics is more complex, since spins as well as lattice contribute to
each others equilibration mutually. Another important point is that this
behavior seems to be more prominent in the regime of lower tem-
peratures. So even in situations where both systems are energetically
closer to each other, the energy transfer from the lattice into the
magnetic system does not lead to a simple exponential decay and goes
therefore beyond the description of the Landau-Lifshitz Gilbert equa-
tion.

To analyze the relaxation processes of the MD-SD approach quan-
titatively we chose a logistic approach for the inner energies = 〈 〉Ux xH ,
namely

= −

= − −

ηU t U U t

ηU t U U t

( )[Δ ( )]

( )[Δ ( )].
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dU
dt

lat 0 lat

mag 0 mag

lat

mag
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The reason for choosing this ansatz is that in the beginning the lattice
distortions have to create magnonic excitations to interact further. With
increasing magnon population the dynamics become faster. In the end
the amount of energy one can store in the magnetic system is limited,

Fig. 2. a) z-components of reduced magnetization and angular momentum of
the lattice versus time. The external field reverses the magnetization and the
angular momentum flows from the spin system into the lattice. b) Different
energy contributions versus time: first the energy mismatch of spin and lattice
system equilibrates, then the rotation of the sample due to the angular mo-
mentum transfer increases the lattice energy slightly while the Zeeman energy
shrinks. c) The ratio of anisotropic and isotropic exchange energy remains
nearly constant during the switching process.



therefore the inner energy has an upper border. After complete de-
magnetization only high frequency magnon modes are able to take
further energy, but this processes become less likely with increasing
energy flow. The Eqs. (17) have solutions of the form

= −

= +
+ − −

+ − −

U U

U U

U
η U t

U
η U t

lat 0
lat Δ

1 exp[ Δ Θ]

mag 0
mag Δ

1 exp[ Δ Θ]

0
0

0
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where UΔ 0 is the initial energy difference between the two subsystems.
The most important parameter of the logistic approach is the relaxation
parameter η as it determines the time scales of the damping behavior
for any excitations. The parameter Θ defines the inflection point. To
verify the applicability of the logistic approach and to determine the
two unknown parameters our simulation data for the internal energies
of the lattice and the magnetization are fitted to Eq. (18). The result is
shown in Fig. 4. The agreement of the logistic approach with the si-
mulation data is remarkable. Only above the Curie temperature
stronger deviations occur.

For better comparison to experimental data one can consider the
relaxation rate, which can be calculated by

= η UΓ Δ ,0 (19)

as this rate can be obtained in ferromagnetic resonance measurements.
Furthermore, theoretical modeling of the longitudinal ferromagnetic
dynamics [45,46] in the high temperature regime assumes a linear
dependence of spin-lattice relaxation. With our simulations we can
confirm that the lattice dynamics can induce such behavior. As shown
in FIG. 5 the linear increase of the relaxation rate is valid up to the
Curie temperature. The relaxation rate increases by nearly an order of
magnitude from room temperature up to the Curie temperature. This
behavior can explain the increase of the magnetic damping for higher
temperatures even in metals, as the electronic dissipative effects do not
increase in the high temperature regime [16].

Interestingly, we also find that the relaxation dynamics strongly
depends on the initial state of the spin system. To investigate this effect
we compare in Fig. 6 the difference of the spin relaxation dynamics,
varying the initial spin state between fully ordered and completely
disordered. The magnetization after equilibration is in all simulations
about =μ μ/ 0.5seq , so that in two cases the spin system relaxes towards
a state with lower energy, while in the other cases it is excited.

For low initial magnetization the relaxation is nearly exponential, as
the lattice can be considered as a heat sink for the spin system. The

Fig. 3. Magnetization of a cobalt cluster. In a) the temperature dependence of
MD-SD and LLG simulations is compared and agreement if found. The experi-
mental Curie temperature of Cobalt is 1390 K, which can be approximately
reproduced. b) Relaxation of the magnetization within the MD-SD approach.
The magnetization decays non-exponential. c) Comparison to the LLG dynamics
with damping constant =α 0.005 and stochastic thermostat [42]. As one can see
the relaxation, which is driven by the lattice is much slower. Even for high
temperatures reaching equilibrium takes nearly two order of magnitudes
longer.

Fig. 4. Relaxation of an initially magnetically ordered cobalt cluster for dif-
ferent lattice temperatures. The agreement of the numerical data with the lo-
gistic model is remarkable. Only at very high temperature deviations occur.

Fig. 5. Relaxation rates for different initial temperature differences of the both
subsystems. The rates increase linearly up to the Curie temperature. This be-
havior is in good agreement with experimental findings. Again the results are
obtained by fitting to temporal behavior of the inner energies depicted in Fig. 4.



logistic model can still be applied in this regime, but one is always
behind the inflection point where the curve cannot be discriminated
from an exponential decay. For initial magnetization above the equili-
brium the spin system has to be excited from the coupling to the lattice
and the logistic model fits well for the dynamics.

One can also see that the values of the parameters η and Θ depend
on the initial magnetization and, with that, on the number of available
magnons. With increasing initial number of magnons the parameter Θ
(the inflection point) decreases, leading finally to a more exponential
behavior. At the same time the damping effects become stronger with
higher number of magnons available for scattering. To compare the
resulting dissipation, we calculate the damping constant α in the LLG
equation as

=α ημ γ/ .slat (20)

So α describes the dissipated energy per precession cycle of the mag-
netization. The damping parameters resulting from the obtained re-
laxation rates for low and high initial temperature of the magnetic
system are calculated. For that two cases are considered. First when the
magnetic system is completely ordered and therefore is at zero tem-
perature and second then the magnetic system is at elevated tempera-
ture.

For Cobalt one calculates for low temperatures a value of
≈ × −α 3 10 5 and a value a magnitude larger for the high temperature

regime ≈ × −α 4 10 4. For iron and nickel the values are almost the same
for low temperatures (Fe: ≈ × −α 3 10 5, Ni: ≈ × −α 2 10 5), as well as in
the elevated temperature regime (Fe: ≈ × −α 8 10 4, Ni: ≈ × −α 2 10 4).

Comparing the resulting damping parameter values to the overall
damping arising from electronic effects [16], one can see that the spin-
lattice damping is at least one order of magnitude smaller. For the high
temperature regime the gap closes, as the electronic effects become
weaker [16] and the phononic effects stronger, but the electronic effects
are still dominant. The linear increase of the damping constant for
elevated lattice temperatures is in good agreement with experimental
measurements [47]. Compared to the damping in magnetic insulators
like YIG ( ≈ −− −α 10 10tot

4 6, see Ref. [20]) the resulting spin-lattice
damping seems to be in a reasonable regime.

6. Summary

We suggest a model for combined simulations of spin and lattice
degrees of freedom. The spin-lattice coupling obeys the conservation
laws for energy and angular momentum and, hence, reproduced the
Einstein-De Haas effect. We also suggest a possible parametrization of
the model which rests on experimentally accessible data so that the
approach can be applied to various materials. The spin system relaxa-
tion depends on initial state and can clearly deviate from a pure ex-
ponential behavior for fully saturated magnetization. In that case, the
relaxation is better described by a logistic approach. We calculate the
resulting relaxation rates, which are at least one order of magnitude
smaller than the electronic dissipation effects in metals. However, in
magnetic insulators like YIG this behavior could play a role for ter-
ahertz excitation as in this kind of experiment the phononic system can
be strongly pumped.
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