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Abstract
As an essential necessity for fundamental study and a broad variety of technological
applications, it is important to control the propagation of mechanical waves and select particular
vibration modes in phononic structures. In this thesis, the guiding of mechanical waves in
engineered periodic phononic structures is demonstrated theoretically and numerically by using
the finite element method. Controlling the phononic dispersion relation has lead to new insights
in both fundamental research and applications. The band structures, transmission spectra, and
displacement fields/acoustic pressure fields are calculated to characterize mechanical waves in
periodic phononic structures.
Phononic waveguides provide a convenient way to control phonon transport. Surface
modes in the hypersonic regime generated by defects in a silicon pillar-substrate system are
investigated in phononic crystal waveguides. Bandgaps are caused by the hybridization effect
of band branches induced by local resonances and propagating modes in the substrate. The
specific bands shift and localized modes emerge due to the local resonance effect induced by
the defects. Moreover, being a kind of acoustic demultiplexer, channel drop waveguides are
studied as an essential component of a possible acoustic communication system. The localized
mode induced by the coupling elements in the channel drop waveguide is analyzed to achieve
an efficient forward transfer or backward transfer signal of acoustic waves.
Guiding of mechanical waves in a two-dimensional graded phononic crystal plate is
examined. Mechanical waves can be focused or diffused in an infinite phononic crystal and
inclusion-type graded phononic crystal plate. For an attachment-type graded phononic crystal
plate the elastic waves can be guided along specific channels owing to the resonant coupling of
attachments and matrix. Resonance frequencies of guided surface modes can be tuned by
tailoring geometries and material properties of attachments, which shows the capability of
spatially selecting different frequencies into designed channels.
Acoustic directional waveguiding in a two-dimensional phononic crystal is simulated
based on the analysis of equifrequency contours. Taking advantage of a self-collimation effect,
acoustic beam splitting in a defect-free nanostructure is realized in the low Gigahertz range
associated with relaxed limitations regarding the parameters of the excitation source. The
influence factors of beam splitting quality are investigated to achieve potential super-resolution
and construct an acoustic interferometer device at the nanoscale.
As imperfect fabrication or environmental changes lead to defects and result in undesired
coupled modes, it is of great value to realize robust designs and new functionalities by providing
immunity to a variety of perturbations. A topological solid structure with protected phononic
modes is achieved by appropriately engineering a phononic metamaterial based on a 2D
pentamode structure. By separating the double accidental degeneracy Dirac point, a nontrivial
bandgap is obtained and gapless edge states are constructed. Thereby, the elastic waves of the
helical edge states, which are characterized by robust pseudospin-dependent edge phonon
transport, can propagate unidirectionally with the characteristic of being backscatteringimmune.
I

The presented results have implications for tailoring phonon dynamics in phononic crystals
and phononic metamaterials, which offers further possibilities of controlling the propagation
and filtering of mechanical waves in phononic structures and enlightens the interaction of multiphysics fields.
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1. Introduction
1.1 State of research
Progress in information processing has been, to a great extent, enabled by the capability of
a high-density integration units on a chip. Parallel to the invention of the laser in 1960, the
technological advances in the fabrication of semiconductor devices following Moores Law have
been achieved rapidly, which enables further development of electronics, optical and phononic
devices. Information can be transferred using propagating phonons and photons instead of
electrons, i.e., replacing electrons with sound and light in some areas. Phononics is a research
field that investigates sound and heat with the aim to improve the control and thus enable
phonon based applications and devices.
An artificially structured phononic material, which has unconventional phononic
properties beyond the natural intrinsic material properties, has received the extensive attention
of researchers. Detailed experimental investigation and theoretical modeling of phononic
modes are essential for understanding the properties of complex structures. As Wikipedia
defines, a phonon is a collective excitation in the periodic arrangement of atoms or molecules
in condensed matter, which represents an excited state in the quantum mechanical quantization
of the vibration modes of elastic media. This means phonons are quantized vibrations in
condensed matter and follow the laws of quantum mechanics as electrons and photons, which
are commonly exploited as energy and information carriers. The opportunities for phonon
applications arise from phonon confinement in reduced dimensionality, enhanced scattering
and phonon modulation from interfaces, unusual transport regimes at high temperatures to the
interactions with light and electrons [1]. Some sub-areas have already reached a certain level
of maturity, others are still under exploration. Phonons interact with electrons and photons in a
broad range of technological applications, including nanoelectronics, renewable energy
harvesting, nanomechanics and optomechanics, quantum technologies, and medical imaging
and diagnostics [2-6].
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Fig 1.1 The phononic spectrum and related applications [7].

Figure 1.1 demonstrates the frequency regimes of phonons and related applications [7]. An
important and beneficial property of phononic structures is the scalability of frequency
characteristics with a broad range from low audio frequency to the Terahertz frequency range,
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which has greatly increased the ability to control vibrational excitations in a broad spectral
range: sound, ultrasound, hypersound, and heat. Increasing the ability to control phonons
precisely could reveal many possibilities for promising applications.
Photonic crystals (PtC), a periodic dielectric medium with a large difference in refractive
indices, was proposed in the late 1980s by Eli Yablonovitch. Since PtC can produce localization
and guiding of light, slow light, and negative refraction, it leads to many applications in
telecommunications, high-speed computers, large-area coherent laser and optical imaging [8].
A phononic crystal (PnC) is the acoustic analogy of a PtC, which consists of a periodic
arrangement of inclusions/attachments with a lattice constant comparable to the wavelength of
acoustic or elastic waves. A comparison between electronic, photonic, and phononic systems is
shown in Table 1.1.

Material

Crystalline solid

Photonic crystal

Phononic crystal

Description

Periodic arrangement of
atom

Periodic modulation of ε, μ
in dielectric material

Periodic modulation of ρ,
λ, μ in elastic material

Particle

Electrons (fermion)

Photons (boson)

Phonons (boson)

Wave

De Broglie (ψ)

Electromagnetic waves (EB)

Acoustic waves (P)
Elastic waves (U)
Acoustic wave equation

Maxwell wave equation
Wave
equation

Schrödinger equation
2

0
0

1

1

P

P

Elasticity equation
(isotropic material)
2

∙

Table 1.1 Comparison between electronic, photonics, and periodic phononic systems.

The study of mechanical waves in periodic structures was reconsidered in 1992 by
designing a phononic system with a complete bandgap [9,10]. Mechanical waves propagating
in a solid, are usually called elastic waves while those propagating in a gas or liquid material
are called acoustic waves. Mechanical waves exhibit three orthogonal polarizations, one
longitudinal (a compression wave) and two transverses (shear waves). As shear waves are not
supported in liquid and gas, the acoustic wave has only one longitudinal polarization. Both
elastic wave and acoustic wave propagating in periodic structures can be incorporated into the
study of PnCs. Phononic characteristics can be investigated in periodic fluid/fluid, solid/solid
and fluid/solid periodic phononic structures. The manipulation of mechanical waves is a
fundamental problem especially for high frequencies with diverse potential applications. The
coherent scattering in PnC can result in a complicated dispersion relation by a redistribution of
the phonon density of states (DOS) [11,12]. Identification of eigenvaluesω(q) is a fundamental
step to describe phonons in harmonic lattice dynamics for any frequency. PnC can be classified
2
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as three types including sonic, ultrasonic and hypersonic crystals based on frequency ranges as
shown in Table 1.2.

Sonic crystals

1 Hz ~ 20 kHz

Sound manipulation and communications

Ultrasonic crystals

20 kHz ~ 1 GHz

Imaging and nondestructive testing

Hypersonic crystals

≥ 1 GHz

Acousto-optics, signal processing, and thermoelectricity

Table 1.2 Three types of phononic crystals and related applications.

PnC can also be classified according to the dimension of periodic structures: onedimensional (1D) PnC is a multilayer material along one direction; a two-dimensional (2D)
PnC is an array of cylinders with different cross sections embedded or attached to a matrix;
while a three-dimensional (3D) PnC is an array of spheres or blocks embedded in a matrix. For
a 2D PnC, the waves with the direction of polarization parallel to the plane belong to inplane/mixed modes, and with the direction of polarization perpendicular to the plane belong to
out-of-plane/shear modes.
Over the last two decades, the exploration of physical properties and potential applications
of PnCs has achieved fruitful results. The research on PnCs requires the knowledge of multiphysics including material physics, opto-acoustics, heat transfer, mechanical engineering and
electrical engineering. Novel effects in PnCs are helpful for desired functionalities with respect
to waveguides and filter, imaging, focusing, sound collimation, energy harvesting etc. [13-17].
Some excellent works have given a comprehensive and profound review of periodic phononic
structures. Y. Pennec gave a detailed report of examples and applications of 2D PnCs, which
analyzed the influence factors contributing to the bandgaps and examined defected PnCs for
special effects and possible applications [18]. Then a tutorial survey on waves propagating in
periodic media including electronic, photonic and phononic crystal was given in detail in 2013
[19]. M. I. Hussein et al. described the development of dynamics of phononic materials and
structures and gave a detailed overview of the trends of phonon characteristics from the view
of dynamics, vibrations, and acoustics [20].
As a kind of period nanostructure, new functions can be developed in PnCs such as
interesting interference phenomena created by the interaction between sound waves and
periodic structures. Due to the periodic variation in the density and elastic constants of the
structure, the mechanical wave in the specific frequency range is prohibited from propagating
inside the PnC, i.e., bandgaps form in a PnC. Two kinds of mechanisms contribute to phononic
bandgaps, which are Bragg scattering and local resonance effects. In some cases, the
contribution stems from the hybridization of these two mechanisms. The existing bandgap
based on Bragg scattering is caused by the destructive interference of waves scattered by the
inclusions. The bandgap caused by a local resonance mechanism is typically at a very low
frequency situated two orders of magnitude below the Bragg gap. Hybridization arises from the
coupling between propagating modes and the resonance of individual inclusions. Various kinds
of 2D/3D PnCs have been designed to analyze the characteristics of bandgaps for acoustic
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waves or elastic waves including Lamb waves, surface acoustic waves in a wide frequency
range [21-25].
The introduction of defects and waveguides makes it possible to localize the mechanical
waves and control the propagation of waves. The ability to tailor phononic properties of
periodic structures, specifically the PnC waveguides, makes them suitable for a wide range of
applications from the transducer technology to filtering and guidance of acoustic waves.
However, the designed parameters fix the properties of a PnC, which limits their functionalities
to specific arrangements. However, it is possible to dynamically alter the behavior of a PnC by
designing material parameters, which enables the PnC to have more robust properties or large
operation regimes. The tunability, which is to modify specific properties of a PnC continuously,
lays an important foundation for designing phononic structures with effects and potential
applications of interest. A tunable PnC can be achieved by tailoring geometrical parameters,
materials or by applying an external physical stimulus such as rotating square rods, adopting
ferroelectric materials (the bandgap changes with the temperature) or magnetoacoustic
materials (the bandgap changes with the magnetic field). As dispersion relations are determined
by geometrical parameters (e.g. size, symmetry) and material parameters (e.g. stiffness, density),
they can be designed in order to exhibit particular spectral and directional properties. Strongly
anisotropic effects can be achieved and collimation, beam splitting, phase control, acoustic
logical gates etc. can be realized. Similar to the PtC, that can create optical superlenses for the
visible range, PnC can be used to achieve negative refraction of the acoustic wave to provide
new functionalities including acoustic superlensing that can beat the diffraction limit and
construct acoustic cloaking [26-28]. An application of processing of acoustic pulses is the
achievement of slow/fast sound which can store and retrieve information in phonon packets,
design slow delay lines, enhance nonlinearities and create phononic circuits [15,29,30].
Furthermore, the dominant mechanism of the phase control of propagating acoustic waves at a
specific frequency is associated with the phase shift caused by noncollinearity of the wave
vector and the group velocity.
Metamaterials, as artificially designed structures, can be used to design devices which are
unattainable from natural materials. Their application area is associated with photonics,
phononics, thermodynamics, and mechanics. Phononic structures, including PnCs and
phononic metamaterials with anisotropic band structures, may exhibit special characteristics
and lead to directional propagation without the introducing linear defects. Some researchers
treat the PnC as a special type of phononic metamaterials. By tailoring shapes and sizes of
structural units of a metamaterial, tuning the composition and morphology of the nanostructure,
new desired functionalities including metasurface, cloaking, mirage with negative modulus,
vibration isolation, and adaptive behaviors can be achieved [31-33]. One of the well-known
examples is acoustic cloaking that has been experimentally realized by using purpose-designed
metamaterials such as a structured polymer plate [28,34,35].
Low-frequency vibrations are typically referred to as sound, while high-frequency
vibrations are referred to as heat. One of the key limitations of increasing speed and memory
of electronic chips is the dissipation of the generated heat. When the phononic structure is
downscaled to the size which requires an atomic treatment of the constitutive material, the
phonon behaviors may not be completely ballistic and nonlinear phenomena such as phonon4
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phonon scattering occur, thus, the thermal conductivity can be modulated [36]. In this context
with a significant increase in computational power and the structural size of electronic chips
approaching the phonon’s mean free path [37], the understanding of the thermal properties has
become increasingly important. The thermal energy transport of materials consists of
contributions from both electrons and phonons. Thermal transport in non-metallic
nanostructured materials can be strongly affected by the specific phonon dispersion curves as
well as different scattering mechanisms including phonon-phonon interaction and phononboundary scattering which become very important at THz frequencies [37]. When the lattice
constant of PnC is about several tens of nanometers or less, i.e., in the 1012 Hz range, the thermal
conductivity can be reduced by almost two orders of magnitude. The reduction of the thermal
conductivity is not only induced by coherent interference but mainly due to the diffuse
scattering of phonons at interfaces. By blocking propagation of the dominant thermal phonons,
surface resonances from nanopillars were used to reduce the thermal conductivity of silicon
thin films [38].
The development of acoustic diodes, which is the counterpart of the electronic diode,
provides unidirectional sound transmission and promotes the development of novel applications
in ultrasound imaging, nondestructive testing, and environmental noise reduction. Several ways
to achieve acoustic diodes were proposed including doubling the frequency through the
nonlinear medium, constructing a diffraction structure, and sound rectification [39-41]. The
unidirectional transmission of heat is more difficult than that of acoustics, due to the fact that
heat is carried by a broad spectrum of high-frequency Terahertz phonons that are hard to be
controlled. Since thermal phonons with different wavelengths can interact and mix when they
interact, hence producing a different wavelength, their behavior is much more chaotic and thus
difficult to be predicted. Despite controlling heat conduction has been a difficult scientific
challenge, by using newly designed thermal metamaterials, some striking effects to manipulate
heat flow have been implemented and the devices including thermal diodes, thermal transistors,
thermal logic gates and thermal memories are put forward [42-45]. In order to control heat
management in PnC, the development of cutting-edge nanofabrication techniques is needed for
downscaling the size to a few-nanometer scale.
Hypersonic PnCs are able to control light and sound simultaneously by localizing or
propagating them. The designed optomechanical devices reveal themselves as the most
appropriate candidates to boost light-sound interaction in nanoscale structures. The
enhancement of acousto-optical interactions at high frequencies propels a variety of
applications including all-fiber acousto-optic devices, optical delay lines, THz emission in
semiconductor nanostructures, quantum motion and phonon laser action [46-50].
Optomechanical systems with simultaneously bandgap localized photons and phonons exhibit
strong nonlinear optical and acoustic properties, which give rise to a variety of novel
phenomena, such as optical cooling, generation of coherent phonon beams, and
optomechanically-induced transparency [51-53]. Cavity optomechanics explores the
parametric coupling of a mechanical resonator to an optical cavity mode, which is a rapidly
evolving field that studies the interaction between radiation and nanomechanical motion.
Various cavity optomechanical systems which have possible applications regarding sensing,
classical and quantum communication are introduced in Ref. [2]. A review paper has addressed
5
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in detail the microscopic mechanism responsible for the interaction between light and surface
acoustic modes in different periodic structures as well as the technical aspects related to control
of propagation and spatial distribution of acoustic fields [54].
Besides the acousto-optical interaction, acousto-plasmonic interaction is playing with
sound at sub-THz frequencies and nm wavelengths. Some breakthroughs have been achieved,
for example, coherent acoustic phonon emission in copper is driven by super-diffusive hot
electrons and terahertz acoustic vibration of small metal nanoparticles [55,56]. The phononic
and plasmonic modes of nanostructures can be engineered through the selection of shape, size,
and material; the vibrational states are selectively excited using coherent control techniques that
allow selective modulation and detection of ultrafast nanoscale strains [57].
Since these flourishing topics related to multi-physics and multi-fields are based on PnCs,
the in-depth understanding of PnCs is exceptionally important. It will be of great value to
characterize phononic properties by experimental techniques in understanding the propagation
behavior of mechanical waves with a broad frequency range. The PnCs can be fabricated by
using the techniques of interference lithography, self-assembly, phase mask lithography etc.
[58]. A small-scale PnC with hypersound frequencies f ≈ 1GHz was fabricated using
interference lithography [59]. Observation and tuning of hypersonic bandgaps in colloidal
crystals were experimentally realized by self-assembling single-crystalline colloidal
polystyrene spheres into a cubic lattice [60].
A laser can excite high-frequency elastic waves in crystals. The general optoacoustic
conversion mechanisms include deformation potential, thermoelasticity, inverse piezoelectric
process, and electrostriction. In the non-piezoelectric materials, only the former two
mechanisms are considered. The generation and detection of high-frequency phonons in a
semiconductor in the range from Gigahertz (GHz) to Terahertz (THz) have been of interest after
they can be conveniently generated and detected using ultrafast light pulses [61]. Various
methods can be used to characterize the PnCs including piezoelectric transduction, Brillouin
scattering, laser excitation, interferometry, and lithography-based methods [62-64]. There are
two techniques generally employed to investigate the dispersion relation of periodic phononic
structures, which are Brillouin light scattering (BLS) and the pump-probe technique with
ultrashort laser pulses [65,66].
By employing all-optical pump-probe femtosecond laser system, the high frequency
coherent acoustic phonons are excited through different electron-phonon and photon-phonon
coupling mechanisms. Ultrafast phononics is a time-domain technique to characterize physical
properties. The method is complementary to traditional characterization methods such as
electronic transport and inelastic spectroscopies [67]. When an ultrashort laser pulse excites on
a crystal, all excited phonons are in phase, i.e., the coherent phonons are excited. Coherent
phonons in a membrane are generated and detected by the asynchronous optical sampling
(ASOPS) technique [68]. The physical mechanisms of coherent acoustic phonons generated by
ultrafast laser action are reviewed in detail in Ref. [67]. Coherent phonon spectroscopy has
opened the time-domain investigation of electron-phonon coupling, photon-phonon interaction,
phonon-phonon interaction, and spin-phonons coupling [69].
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Figure 1.2 The side view of Brillouin light scattering geometry, ki, ks, and q denote incident light,
scattered light and scattering wavevectors, respectively,  is the scattering angle.

Brillouin light scattering is a result of acousto-optical interactions in the scattering medium.
It allows direct measurement of the phononic dispersion relation along any directions in the
Brillouin zone by employing scattering of the laser beam in the sample. A typical configuration
of BLS is shown in Figure 1.2, the incidence angle of the laser beam is identical with the
scattering angle . Based on the conservation of in-plane momentum, the magnitude of
scattering wave vector is given by
,

(1.1)

where ki, ks and q denote the incident light, scattered light and scattering wavevectors,
respectively,  is the scattering angle. The typical frequency range of Brillouin scattering is
about 1~100 GHz.
Recently, topology in physical systems attracted much attention and has led to a new
paradigm in condensed matters which is characterized by topologically protected states and
phase transitions. Energy can be confined or guided on the surface or along the
interface/boundary of a sample in the topological system. The key features of the topological
electronic model have been transferred to the field of phononics and photonics which have
made a flourishing development in recent years.

1.2 Structure and content
This thesis implements theoretical and numerical methods to study mechanical wave
guiding in periodic phononic structures. A variety of phenomena is investigated in phononic
nanostructures, ranging from PnC waveguiding, directional propagation of acoustic waves,
guiding elastic waves in graded PnC plates to topologically protected propagation in phononic
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metamaterials. The main goal of this work is to achieve effective guiding of acoustic waves and
elastic waves along specific paths in phononic structures.
This thesis is structured as follows. Chapter 1 gives an overview of the development and
the flourishing applications of phononics based on PnCs including phononic metamaterials,
thermal phonons and the interaction with other fields with respect to photonics and plasmonics.
The background closely related to the specific topics will be introduced in details in the
corresponding chapters.
Chapter 2, introduces the related theoretical framework of phononic calculations, which
includes four sections: mechanical wave propagation in solid media, finite element method in
the phononic calculation, mechanical wave propagation in PnCs and fundamentals of PnCs.
Following the theoretical framework, Chapter 3 to 6, as the third part, cover the theoretical
and numerical work of mechanical waves including elastic waves and acoustic waves guided
in periodic phononic structures based on different mechanisms. The investigated topics are
listed below.
 Chapter 3 investigates the mechanical waves in 2D phononic crystal waveguides,
particularly the surface modes in PnC plates. The influence of defects in periodic
structures on band structures and transmission of the phononic system are examined in
2D PnC waveguide plates and acoustic channel drop waveguides.
 Chapter 4 deals with the guiding effect of an elastic wave in a 2D graded phononic
crystal. The guiding of elastic waves induced by the resonance coupling in the
attachment-type PnC plate is studied and the influence factors are explored in different
kinds of graded PnCs.
 Chapter 5 presents the acoustic directional waveguiding in 2D PnCs by tailoring the
equifrequency contours. The defect-free acoustic beam splitting is proposed based on
self-collimation effect. The modulation of the quality of acoustic wave guiding is
analyzed in detail.
 Chapter 6 studies topologically protected waveguiding in a phononic metamaterial. A
pentamode structure is designed to achieve accidental degeneracy Dirac points and then
helical edge states with topologically protected characteristic are obtained.
Parts of Chapter 3~5 have been published in journal articles.
In the last part of the thesis, a summary covering all aspects of the presented results as well
as an outlook over potential investigations is given in Chapter 7. Some important source codes
are listed as supplementary in the Appendix.
The development of numerical and experimental approaches, which are employed for
characterization materials and structures, provide indispensable tools toward a better
understanding and exploitation of phononic systems. It can be expected that the field of PnCs
will experience a continuous growth with a deeper understanding of wave phenomena in
heterogeneous materials associated with their numerous technological applications.

8

2. Theoretical framework of phononic calculations
This chapter provides a brief description of the theoretical background and numerical
calculation methods used in this thesis. Detailed information is provided for understanding
these theoretical and numerical methods clearly. Four subsections are included: Section 2.1
introduces mechanical waves in media; Section 2.2 introduces the finite element method for
phononic calculations; Section 2.3 introduces the theory of mechanical wave propagation in
phononic crystals; Section 2.4 summarizes the fundamentals of phononic crystals.

2.1 Mechanical waves in media
In periodic structures, being a combination of fluid (gas)-fluid (gas), mechanical excitation
is denoted as acoustic waves; if the combination is solid-fluid (gas), the wave is referred to as
elastic or acoustic wave depending on the matrix material; if the combination is solid-solid,
elastic wave is considered. The specific wave type depends on the relationship between the
particle motion direction, the wave propagating direction, and the boundary conditions of the
medium. For an acoustic wave only the longitudinal wave, that propagates by adiabatic
compression and decompression, will be discussed. However, various types of elastic waves
that can propagate in the solid medium. Longitudinal waves (L-waves) and shear waves (Swaves) exist in an ideal infinite isotropic elastic medium. While for practical considerations,
the influence of boundaries has to be taken into account due to the finite size of the structure.
Bulk waves mainly propagating in the medium can be used to carry out non-destructive testing
and calculate the state of matter. Surface acoustic waves (SAWs), also named as Rayleigh
waves, appear in semi-infinite isotropic media due to the existence of boundaries, which is of
great interest in the design of wireless communication devices and sensors. SAWs decay as
depth increases and become an evanescent wave within several wavelengths below the surface.
For Rayleigh waves, the displacement components exist in both propagation direction and
vertical direction (out-of-plane) and the Poynting vector is parallel to the surface. Although
both Rayleigh and Love waves exist on a traction-free surface, Love waves are shear-horizontal
polarized waves without longitudinal component. When the medium is coated with another
material, Sezawa waves will appear, which have a cut-off frequency determined by the layer
thickness. Lamb waves are considered when the wavelength is longer than the thickness of the
medium in a solid plate, where the wave is bounded by the sheet or plate surface and under
compression and refraction, a guided wave effect appears. Several interface waves, such as
Stonely wave at the solid-solid interface and Scholte wave at the solid-fluid interface can be
excited in multilayer structures.
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2.2 Finite element method for phononic calculations
As a powerful tool, numerical simulations provide the basis for the design of nanostructures
and their optimization. Since the way to analyze the periodicity of PnC and PtC are very similar,
the methods used to analyze the electromagnetic waves in PtC can be extended to the study of
elastic waves/acoustic waves in PnCs. In order to accurately simulate phononic structures,
several calculation methods have been developed. The plane wave expansion (PWE), the
multiple scattering theory (MST), the transfer matrix method (TMM), the finite difference time
domain (FDTD) and the finite element method (FEM) are commonly employed for the
calculation and optimization of phononic structures [70]. The PWE method utilizes the BlochFloquet Theorem to solve eigenvalue problems of a large number of plane waves with different
frequencies, which is based on Fourier-transformed propagation in the reciprocal space and its
possible solutions. FDTD adopts finite differences, based on the discretization of timedependent wave equations in the small spatial interval and time step, as approximations for
space and time domains. MST is a method based on multiple expansion in the elastic field. The
appropriate boundary condition is set to deal with discontinuities, which leads to scattered fields
of particles that yield an aggregate of multiple scatterers. FEM discretizes the displacement
field and employs a variational method to deal with the linear algebraic equation subsequently.
The transmission matrix method can be used to analyze the 1D dispersion relation and the
transmission [71]. Some other methods have also been proposed for the analysis of PnCs,
including the wavelet finite element method, the boundary element method, the variational
method, and the intertial amplification method [72-75].
The finite element method (FEM) is one of the most effective methods to solve
multiphysics problems based on differential equations in various areas of science and
technology in terms of acoustics, fluid dynamics, and optomechanics. Therefore, it is employed
to investigate phononic band structures and transmission characteristics in this thesis. FEM can
deal with complicated geometries by discretizing space into a finite number of elements in
which the differential equations are approximately solved in the time domain as well as
frequency domain. These elements are connected at nodes and the assembly process requires
that the solutions are continuous along the boundaries of adjacent elements [76], then the
solution is obtained by an iteratively solved numerical method. In reality, the lower limit for a
reliable solution should be about 10-12 degrees of freedom per wavelength [77]. The analysis
generally includes seven steps, which is the establishment of integral equations, elements
meshing, selection of the unit basis function, unit analysis, integral of the domain, and solving
boundary conditions.
The commercial software Comsol Multiphysics based on FEM, which is widely used in
multi-physics and multi-field analysis, is adopted to investigate the bandgap characteristics of
phononic structures. Comsol linked with Matlab is employed to numerically assist the phononic
analysis. The wave equation in time-harmonic form to be solved in Comsol is of the coefficient
PDE form
∙
The boundary condition is
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∙

in Ω ,

(2.2)

where u is displacement, c is the diffusion coefficient, a is the absorption coefficient, f is the
source term, ea is the mass coefficient, da is the damping coefficient,  is the conservative flux
convection coefficient, is the convection coefficient,  is the conservative flux source,

is

the boundary flux, q is the boundary absorption/impedance term,  is the calculation domain,
Ω is the domain boundary, and n is the outward normal vector on Ω. The meshing and solver
accuracy of the model are validated by suitable selecting discretization unit and solving
calculation method.
Numerical simulations of wave propagation in an infinite media require special truncation
methods to avoid spurious wave scattering from the boundaries of the computational domain.
A layer of absorbing material named perfectly matched layer (PMLs), which envelops the
computational domain, makes the waves decay exponentially with negligible reflection from
the outer boundaries. Although some small reflection can be caused by the inner boundary of
the nonzero size of mesh element in PML, PML is still an effective means for modeling wave
phenomena including electromagnetic waves, acoustic waves, and elastic waves. A coordinate
transformation

→

∶

→

is performed in PML, where

has the value of xj

inside the physical domain. As the PML in the PDEs appears in the form of spatial partial
and
replace the transformation → for the
derivatives, the relation between
transformation. The complex stretch function is defined as
/

.

(2.3)

Since the stretch function is a complex function, the above equation can be expressed in the
two-parameter form
,

1

,

(2.4)

where j is the scaling coefficient responsible for either stretching (j >0) or compressing (0<j
<1) the coordinate, j is the damping coefficient responsible for damping the propagating wave
inside the PML,  is the angular frequency to make the damping wavevector independent.
Polynomial functions are adopted for the stretch function parameters. The expression for the
scaling coefficient

is
1
1

and for the damping coefficient

,

1

(2.5)

is
0
,

(2.6)

where d is the PML thickness, x0 is the distance from the center to the boundary of the domain,
m and n are the polynomial orders,

and

represent the maximum values of  and 

respectively [78].
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2.3 Mechanical wave propagation in phononic crystals
Considering a small sample with density , volume dV and surface area dA, the force
induced by vibration of the sample can be obtained by integrating the stress over the surface
F

∙

.

(2.7)

By inserting Equation (2.7) into Newton’s second law, the equation becomes
∙

,

(2.8)

where ρ is the density of the material, ui is the component of the displacement vector and σij is
the component of the stress tensor. If dV is sufficiently small, the volume integral is
approximately constant
∙

.

(2.9)

The limit of the right-hand side of Equation (2.9) can be shown as
lim
→

∙

∙

.

(2.10)

Consequently, the equation of motion in solid is
∙

,

(2.11)

or can be expressed as
,

(2.12)

For a general anisotropic medium, the constitutive relation is generalized Hooks law
,
where

(2.13)

is the stiffness tensor and

is the strain tensor. In terms of

displacements, Hooke’s law can be expressed as
.
Since

(2.14)

, the two summations on the right are equal, Equation (2.14) becomes
.

(2.15)

The number of independent elastic constants can be reduced from 81 to 36 based on the above
relations. For simplicity, the indices are reduced by defining the matrix notation
,

(2.16)

where  is related to (ij), and  to (kl) as Voigt notation. The number of independent
components in the stiffness tensor is determined by the material symmetry. To be more specific,
for orthotropic materials and isotropic materials, there are 9 and 2 independent elastic constants
respectively, which are listed below
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0
0
0
0
0
0

0
0
0

0
0
0

0
0
0
0

0
0

0
0
0

0
0
0

,

(2.17)

0

0
0
0
0
0
0

0
0
0
0
0

0
0
0
0

/2
0
0

/2

0
0
0
0
0

. (2.18)
/2

0

The governing equation of elastic waves propagating in a heterogeneous medium is
described by the Navier’s equation
2

∙

,

(2.19)

whereand represent the Lamé Constants; u = {ux, uy, uz} is the displacement vector, and r
= (x, y) is the position vector. When the div operator and curl operator are applied to Equation
T

/

2 ⁄
, and the velocity of shear wave
(2.5), the velocity of longitudinal wave
/
⁄
can be achieved respectively. The Young’s modulus E
3
2 /
and Poisson’s ratio ν
/ 2
can be derived from Lamé Constants as well. An
isotropic material can be well characterized by an alternative pair of parameters which can be
transformed according to Table 2.1 [79].
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Table 2.1 Relations between the various elastic constants and the Poisson’s ration for an isotropic solid.

Taking the 2D PnC with square lattice as an example to explain the FEM analysis. The
conditions for hexagonal lattice or honeycomb lattice are similar. As the displacement field is
independent of z ( ⁄
0), the modes of vibration can be decoupled into the in-plane and
the out-of-plane propagation, i.e., the displacement is perpendicular and parallel to the z axis.
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Thus, Equation (2.19) is split into two equations, which govern the in-plane longitudinal and
transverse waves and the out-of-plane waves respectively [80].
2
2

,

(2.20)

,

(2.21)

.

(2.22)

For periodic structures, the displacement vector u(r) satisfy the Bloch-Floquent theorem
,

,

(2.23)

where k = (kx, ky) is the Bloch wave vector. By inserting Equation (2.23) into either Equation
(2.20) and (2.21) or (2.22), the governing equations can be converted into two eigenvalue
equations for in-plane and out-of-plane waves, respectively, which can be easily solved by the
FEM. Both eigenvalue problems can be written as
0,

k

(2.24)

where K and M are the stiffness matrix and mass matrix, respectively
dV ,

(2.25)

dV ,

(2.26)

where B, N, and V are the strain matrix, the shape function matrix and the area of the unit cell,
respectively. Based on the Equation (2.23), the boundary conditions of unit cell should satisfy
∙

,

(2.27)

where a is the lattice constant. Combining Equations (2.24) and (2.27), the eigenfrequency at
certain wavevector k and the corresponding eigenmode u(r) can be obtained. Therefore, by
sweeping the Brillouin zone with wavevector along the Brillouin zone, the band structure of
the system can be obtained. Due to the symmetry of a unit cell, the above eigenvalue equations
only need to be solved within the irreducible Brillouin zone.
The propagation of acoustic wave satisfies the homogeneous wave equation
∆

0,

(2.28)

where p=p(x,t) is the amplitude of the wave at the given location x and time t, c is propagation
velocity of the wave. When the acoustic waves propagating through a periodic structure is the
study point, even if parts of the medium of the structure is solid, the matrix can still be assumed
to be a fluid medium, which takes advantage of solid/fluid approximation. This approximation
is still reasonable when the propagating waves are only considered as longitudinal waves by
means of adiabatic compression and decompression in phononic structures, but such
approximation can yield acceptable results only for lower bands [81].

2.4 Fundamentals of phononic crystals
Phononic structures offer a route to control the propagation of mechanical waves by
engineering the structure of the materials. Controlling the dispersion relation of phonons both
inside and outside of the bandgap could lead to breakthroughs in both fundamental research
14
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and applications. Creating the phonon equivalent of the electronic band theory of solids allows
states to be separated by a phonon gap that consists of forbidden phonon states. Phonon tailoring
by elastic bandgaps is to tailor the phonon distribution by artificially changing the density of
states. The acoustic impedance mismatch in a PnC results in anomalous dispersion, which
cannot be found in a homogeneous material. PnCs consist of periodically arranged material,
which exhibits strong energy confinement, strong diffraction, and strong dispersion, which can
be used to investigate bandgaps (evanescent waves), positive and negative refraction, tunnelling,
slow/fast waves etc. the evanescent character of transmission inside a band gap is analogous to
the tunnel effect [82].
For locally resonant PnCs, the wavelength of forbidden modes can be as much as two
orders of magnitude larger than the size of the structure. The key factor to producing local
resonance bandgap is that the vibration of resonators should couple with a long-wavelength
elastic wave in the matrix in the PnC. A tuned resonator can lead to negative effective properties,
which can be explained by a pendulum consisting of a mass and a string.

Applied force

m

m
Lower frequency

m

m
High frequency

Figure 2.1 The analogous explanation of the pendulum for resonance. The mass moves together with the
applied force at low frequencies; with increasing the frequency, the mass slips out of phase and moves
in the opposite direction with the applied force, which demonstrates a negative effective mass at that
particular frequency [83].

As Figure 2.1 shows, external energy transfer to a pendulum as it moves in accordance
with the direction of the applied force at low frequencies [83]. However, with increasing the
frequency of the applied force, the pendulum begins to swing out of the consistent phase with
the applied force. Finally, the applied force moves forward while the pendulum moves
backward, which can be treated as the pendulum having a negative effective mass at this
frequency due to the opposite moving direction against the applied force. Based on Bragg
scattering, local resonance, and hybridization of these two effects, a variety of effects with
respect to PnC have been proposed.
The basics of the band structure in solids are introduced in the following. The Bravais
lattice is a set of equivalent atoms in a crystal. Such atoms can recover to their original positions
when they are shifted by the length of a unit vector in a direction parallel to a unit vector. The
Bravais lattices are classified as symmetry groups or space groups according to the symmetry
15
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of rotations and reflections. There are fourteen Bravais lattices, which consist of seven groups
including triclinic systems, monoclinic systems, orthorhombic systems, orthorhombic systems,
trigonal (or rhombohedral) systems, tetragonal (or quadratic) systems, hexagonal systems, and
cubic systems [79]. In order to clearly describe physical processes in crystals, in particular,
wave phenomena, the crystal lattice constructed with unit vectors in real space is associated
with some periodic structures which are called the reciprocal lattice. Supposing a1, a2, a3 are
the primitive vectors of a lattice in a Bravais lattice, the location of one point can be defined as
. For an
, the volume of the primitive cell is
∙
infinite lattice, the vectors of reciprocal lattice and primitive lattice satisfy the relationship
∙

2 ,
0,

2

,

1,2,3 .

(2.27)

is the reciprocal lattice vector, which satisfies
∙

2

2π

, h is an integer.

(2.28)

The reciprocal basis vectors b1, b2, b3 can also be determined by the formulae
,

2

,

2

,

2

,

∙

,

∙

(2.29)

.

∙

The unit cell volume in the reciprocal lattice is equal to the inverse value of the unit cell volume
of the regular lattice
,

.

(2.30)

A Brillouin zone is defined as a Wigner-Seitz primitive cell in the reciprocal lattice. A
reciprocal lattice site is chosen as an origin and we draw from it all the vectors G which connect
it to all reciprocal lattice sites. Then planes that are perpendicular to these vectors and that bisect
them is drawn. Supposing q is a vector in a reciprocal space, these planes are given by [84]
.

(2.31)

The first Brillouin zone is the smallest volume entirely enclosed by the planes that are
perpendicular bisectors of the reciprocal lattice vectors drawn from the origin. The periodicity
of the wavefunction leads to the fact that unique information is contained within the first
Brillouin zone. Wave functions in higher zones can be obtained by translating the “pieces” back
through the Bragg planes to the first Brillouin zone. As any Brillouin zone can be reduced to
the first one, the reduced zone is convenient as it only requires knowledge of the geometry of
the first Brillouin zone. Three lattices of periodic structures, which are square, hexagonal, and
honeycomb are investigated. (, X, M) are the high-symmetry points of the first irreducible
Brillouin zone for the square array and (M, K) are the corresponding high symmetry points
for the hexagonal and honeycomb array. Table 2.2 shows the first Brillouin zone, primitive
vectors and reciprocal vectors in square, hexagonal, and honeycomb lattices, respectively. If

r satisfies

, any function describing a physical property of an ideal crystal
can be expanded as a Fourier series where the vector runs over all points of the reciprocal lattice
∑
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Lattice / 1st Brillouin Zone

2D Lattice

Primitive Vectors

Reciprocal Vectors
2

1, 0
0, 1

Square lattice

2

2

√3, 0

Hexagonal
lattice

√

√3
2

,

√3

2

1, 0

Honeycomb
lattice

,

√

2

1, 0
0, 1

1,

√3
3

0,

2√3
3

1,

√3
3

0,

2√3
3

Table 2.2 The first Brillouin zone, primitive vectors and reciprocal vectors of different lattices.

The dispersion relations for propagation in harmonic crystals are introduced briefly in the
following.

(a)

ω

(b)

ω0
a

m
n-1

n

β

n+1
-π/a

0

π/a

k

Figure 2.2 (a) The schematic illustration of a 1D monoatomic harmonic crystal; (b) the corresponding
dispersion relation of propagating waves.

The 1D monoatomic harmonic crystal, which consists of an infinite chain of masses and
springs, is shown in Figure 2.2(a). The motion equation of atom n is
2

,

(2.33)

where β is the spring constant, m is the mass of the atom, and un is the displacement of the atom
n with respect to its position at rest. The solution is set in the form of propagating wave
.

(2.34)
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By substituting this solution into the equation of motion, the dispersion relation can be solved
as
sin

,

(2.35)

where k is the wave vector, ω is the angular frequency and a is the lattice constant.
⁄

2

represents the upper limit for angular frequency. Due to the periodicity of the lattice,

only an interval

∈

,

is needed to represent the dispersion relation as Figure 2.2(b)

shows.

(a)

ω

(b)

ω3

m1 β m2
2n-1

2n

optical

ω2

acoustic

ω1

2n+1
-π/a

k

π/a

0

Figure 2.3 (a) The schematic illustration of a 1D diatomic harmonic crystal; (b) the corresponding
dispersion relation of propagating waves.

For the 1D diatomic harmonic crystal, the motion equation of two adjacent atoms are
.

(2.36)

The solutions for two adjacent atoms are set in the form of propagating wave
.

(2.37)

By substituting the solutions into the motion equation and using the definition of the cosine in
terms of complex exponentials, the two linear equations with the unknowns A and B can be
obtained in the matrix form
2 cos

2
2 cos

0.

2

(2.38)

When the determinant of the matrix is equal to zero, the nontrivial solutions can be admitted in
this set of Equations (2.38), i.e.,
2

2

4

os

0.

(2.38)

The solutions are given by
sin

.

(2.39)

As two atoms are included in a unit cell, the dispersion relation of Figure 2.3(b) shows two
branches. The low-frequency branch is the acoustic branch and the higher one is the optical
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branch. There is a gap between the two branches in the interval of [ω1, ω2]. The specific
frequencies are given by (m1>m2)

.

(2.40)

2
The dispersion relation of a crystal with local resonant effect can be deduced by the
behavior of a monoatomic crystal with a structural perturbation of a side branch [36]. As a
variant of the case of the 1D monatomic lattice, the 1D lattice with internal resonators is shown
in Figure 2.4. The internal resonator is constructed by introducing an addition of an oscillator
of spring constant βR and mass mR connected to each base mass. The dispersion relation is
governed by the following equations of motion
2

0
0

.

(2.41)

Equation (2.41) can be reduced by condensing the degree of freedom of the resonator as
0.

2

(2.42)

By combining Bloch’s theorem, the dispersion relation is derived as
2 1

⁄

1

cos

0.

⁄

(2.43)

Therefore, the resonance frequency can be tuned to obtain the desired characteristics of bands
without the constraint of wavelength.

n-1

n+1

n

β

m
βR
mR

Figure 2.4 The schematic illustration of a 1D harmonic crystal with internal resonators.

Solids with more than one atom in the unit cell exhibit acoustic phonons and optical
phonons. The former describes coherent movements of atoms in the lattice out of their
equilibrium positions and the latter describes out-of-phase movements of the atoms in the lattice.
A crystal with n atoms in the unit cell exhibits three acoustic branches, one longitudinal acoustic
mode and two transverse acoustic modes, and 3n-3 optical branches. The spring-mass lattice
can be extended to a 2D periodic structure by developing atoms array over a plane. Similarly
to the 1D case, solutions of propagating waves are preset and the equations of the determinant
of the linear equations are solved, thus the dispersion relation for the 2D lattice can be obtained
[20].
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It is important to determine and optimize the factors that influence the bandgap of the
periodic structure. Another promising field with numerous potential applications is to take
advantage of defects, which produces localization of elastic or acoustic modes inside the
phononic bandgap, in order to modify wave transport in PnCs. Designing the band structure
and transport properties of phonons at the nanoscale associated with the interactions with
electrons and photons permits the exploration of quantum phenomena with micro/nanoscale
resonators and offers new tools for spectroscopy and imaging.
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In recent years, advances in nanotechnology have enabled the realization of nanophononic
and nanomechanical systems. These systems have emerged as intriguing subjects for studying
mechanics, heat transfer, and optomechanical coupling, which have offered more exciting
possibilities and a larger platform for controlling phonons. Periodic nanostructures exhibit
several novel features in coherent electronic, photonic, thermal as well as phononic transport.
Novel phenomena have been investigated, for example, enhanced light-matter interaction,
ultrafast acousto-plasmonic control, and sensing by evanescent surface acoustic waves
[38,57,85]. Similar to their photonic counterparts, the flexibility of tailoring the acoustic
properties of PnC and PnC waveguide makes them particularly suitable for a wide range of
applications from transducer technology to filtering, guiding, and demultiplexing of acoustic
waves. The advanced fabrication technologies have allowed the reduction of the characteristic
sizes of PnC down to the nanometer scale, enabling the control of phonons in the GHz
frequency range [86,87].

3.1 Band structures of basic phononic crystals
To obtain Gigahertz frequency bandgaps, nanostructures with a feature size of less than a
few hundreds of nanometers are required. Due to the difficulty of fabricating high-quality PnCs
with very small sizes or complicated geometries, it is necessary to design structures that are
feasible in terms of fabrication. The formation of bandgaps in a PnC is based on two
mechanisms, Bragg scattering and local resonances. The former is caused by Bragg reflections
resulting from the periodicity of the arrangement of scatterers in the structure, which is based
on the destructive interference of the scattering by the inclusions and therefore requires a high
contrast of the elastic properties. The wavelength of the bandgap usually falls into the region of
the order of the structural period. The first bandgap generally appears in the order of v/a, where
v is the sound speed, and a is the lattice constant. The latter, local resonances, are due to the
mismatch of the mass density and the elastic stiffness. The wavelength of the bandgap is about
two orders of magnitude lower than lattice periodicity and the Bragg diffraction threshold,
which could be used in lower frequency applications and confined defect modes. As the
localized resonance depends on the properties of the individual scatterers, the resonance
frequency can be tuned by properly choosing the properties of the scatterer, including the elastic
or geometric parameters. Besides the commonly studied bandgap purely arising from Bragg
scattering and local resonance, when the propagating waves are strongly scattered by the
individual inclusions in the PnCs, bandgaps can also be caused by hybridization of weak elastic
coupling effects that are independent on the periodicity and can persist even in presence of
some disorder in the structure [88]. Here, the band structures of basic PnC structures in a solid
caused by the Bragg scattering mechanism is studied firstly.
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3.1.1 Band structures of two-dimensional phononic crystal plates
PnC plates provide vertical confinement, which means a 2D periodic structure is subject to
the confinement in the third direction. However, obtaining complete band gaps of the Lamb
wave can be more difficult in the plate geometry than in the bulk or SAW geometries as more
modes are involved. The existence of complete bandgaps with very high impedance contrasts
enables highly confined acoustic waveguides, SAW, and Lamb wave devices [24,89,90]. PnC
plates, including inclusion-based PnC plates and attachment based PnC plates, have been
studied widely for physical phenomena. Considering the periodic boundary conditions, the
model is reduced to a single unit cell which can be meshed using finite elements. The band
structures can then be obtained by varying the wavevector along the boundary of the irreducible
first Brillouin zone and solving the eigenvalue problem. To observe in-plane propagation modes,
the theoretical phononic dispersion relation is calculated by using FEM based on the linear
elastic plain-strain approximation. There are many factors that can strongly affect the
propagation of mechanical waves in structures, such as elastic properties, shapes, and
arrangement of the scatterers. For the frequency within complete bandgap, the mechanical
waves are strongly attenuated, thus the phononic structure behaves as a perfect mirror for any
angle of incidence.
Band structures in some published works are rendered in terms of a reduced frequency
/2 , versus a reduced wave vector
/2 . The size of the bandgap can be
, where ∆ is the gap
characterized by the gap-midgap ratio which is defined as ∆ ⁄
frequency width and 0 is the frequency at the middle of the gap. This definition is meaningful
in some cases as it is invariant to size scaling. Since the phonon transport in the high frequency
range is our focus area, the system size and the frequency value are important for the analysis
of the characteristics of phononic systems. Thus the frequency as a function versus the direction
between high symmetry points in the irreducible Brillouin zone is adopted. Based on former
studies, it is known that the size of the bandgap is influenced by many parameters including the
symmetry of the crystal, the filling factor, the material, the shape, the orientations etc. Taking
the influence of inclusions’ shapes on bandgaps as example, formation of high-frequency
bandgaps in inclusion-type PnC plates with various holes in silicon plates is investigated here.
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Figure 3.1 The PnC plates with various inclusions and the corresponding band structures: PnC plates
with (a) a circle hole; (b) a “cross +” hole; (c) a “cross x” hole; (d) a fractal hole; (e) a “snowflake” hole.
The center figures are diagrams of various structures, the surrounding figures are the corresponding band
structures. The blue areas represent the locations of bandgaps.

A carefully designed structure can produce PnC bandgaps with high frequency or wide
width. The band structures of PnC plates with different shapes of cross sections of the inclusion
and the corresponding band structures are shown in Figure 3.1. The lattice constant is 200 nm,
the height is 100 nm. The bottom of the system is fixed and periodic boundary conditions are
applied at the four faces perpendicular to the z direction. The models are oriented perpendicular
to the [100] direction on the (001) surface of silicon. As observed from the band structures,
Gigahertz frequency bandgaps can be realized in different PnC plates including the structure
with circle hole, “cross+” hole, “cross X” hole, fractal hole, and “snowflake” hole. However,
the bandwidth and location of the bandgaps change with the structures. In particular, although
most conditions of Figure 3.1(b) and (c) are identical, the wide bandgap disappears when the
shape of inclusion is rotated 45 degrees. It is still an open topic regarding how to optimize the
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phononic structure to get the needed bandgap. Two conditions are always satisfied to obtain
bandgaps, i.e., the large elastic impedance, which is defined as the product of density and sound
velocity, between the inclusion and matrix, and a sufficient filling factor. In addition, when the
shape of the scatterer is in accordance with the contour of the lattice, the relative maximum
bandgap can be reached in the corresponding system [91].
The physical origin of the bandgaps can be explained as follows: when the excitation
frequency is in the range of bandgap, the wave in the PnC will be evanescent, which can be
described by a complex band structure. The frequency or the wave number is a complex number
here, which represents the attenuation of amplitude. It is worth noting that, under certain
circumstances, the transmission spectrum does not agree with band structures due to the
existence of deaf bands and symmetry [92]. A deaf mode is a mode whose frequency cannot be
excited since the wavefront is parallel to the wave propagation direction. This antisymmetric
mode cannot be excited and will not contribute to the transmission.
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Figure 3.2 (a) The band structure of a PnC plate with honeycomb lattice, the lattice constant is 200 nm,
the height of plate is 100 nm, and the radius of hole is 80 nm; different vibration modes labeled in the
band structure (b) the in-plane transverse mode; (c) the out-of-plane transverse mode; (d) combination
of the longitudinal mode and the in-plane transverse mode; (e) the longitudinal mode.

To understand the physical origin of the band structure from the other views, the vibration
modes are observed from the displacement fields. The vibrational modes labeled in the band
structure of Figure 3.2(a) are shown in Figure 3.2(b). These corresponding vibration modes are
the in-plane transverse mode, out-of-plane transverse mode, a combination of longitudinal
mode and in-plane transverse mode, and longitudinal mode, respectively. This demonstrates
that different bands correspond to different vibrational modes and a specific frequency not only
can excite one pure mode but also hybrid modes.
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3.1.2 Band structures of Lamb waves and SAWs in phononic crystals
SAWs appear on a free surface of a thick substrate (compared to the wavelength of interest)
and most of the energy exists near the surface of the substrate. In a PnC with a free surface,
SAW branches may cross the branches of the in-plane bulk acoustic waves and couple with the
bulk modes propagating far from the free surface, i.e., the periodic structure of the PnC may
cause that the phase of SAWs matches the bulk waves propagating in the substrate. This folding
effect can enable SAWs to couple branches of bulk modes with wave vector components toward
the depth of the substrate [93]. The development and applications of SAWs will be introduced
in Section 3.2.1 in detail. Here, the Lamb waves and SAWs are introduced in a 2D infinite
system in order to provide a basic understanding of them.
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Figure 3.3 (a) The band structures of the Lamb wave and (b) two kinds of vibration modes in a silicon
plate.

The Lamb wave, including the antisymmetric Lamb wave mode (A mode) and the
symmetric Lamb wave mode (S mode), is a combination of a longitudinal wave and a shear
wave due to the constraint of the two parallel surfaces of the plate. As Figure 3.3 shows, the
band structure in a silicon plate consists of the A mode and the S mode and the vibration modes
demonstrate the symmetric characteristics clearly. They are obtained by implementing
symmetric and antisymmetric boundary conditions on the plate. The results obtained by
numerical simulation agree well with theoretical calculation [94].
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Figure 3.4 (a) The band structure in a 2D silicon PnC, the positions marked by stars represent the SAW
modes; (b) two selected vibration modes with symmetric and antisymmetric characteristics on the surface
of the side face of the PnC.

There are several ways to obtain the surface modes from band structures in numerical
simulations. SAWs can be treated as a special case of Lamb waves in a plate when the opposite
surfaces can support independent surface modes. Therefore, SAWs can be recognized by
selecting the overlap of symmetric and antisymmetric Lamb waves, which is an efficient way
to separate the SAW on the side face of PnC. As Figure 3.4 shows, supercells of half of the
structure with symmetric and antisymmetric boundary conditions are adopted in the calculation.
The overlapping part of the lowest order symmetric and antisymmetric Lamb wave marked by
stars represent the SAWs. Figure 3.4(b) shows two selected vibration modes, which have
surface modes with symmetric and antisymmetric characteristics on the surface of the side face
of the PnC.
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Figure 3.5 (a) The schematic diagram of a sound cone; (b) the band diagram along several “special”
directions.

Another more widely used way of separating the surface modes from band structures is to
define a sound line. The sound line limiting the sound cone is given by the smallest phase
velocity in the sample for different propagation directions. For a two-dimensional periodic
system,
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(3.1)
where kx and ky are wavevectors along the x direction and y direction respectively in the
wavevector k space, c is the velocity along a given direction. This function can describe both
the light cone and sound cone. The schematic diagram of a sound cone and the band diagram
along several directions are shown in Figure 3.5. The modes below the sound line can be treated
as surface modes, which apply to Section 3.2.3.
In conclusion, the bandgaps are useful to prohibit the propagation of waves within a certain
frequency range, especially in technologies that require high accuracy, such as transducers,
thereby tailoring bandgaps of samples with fabrication access is an important issue. For the
bandgap caused by scattering, the bandwidth of the gaps depends on the elastic contrast between
the inclusions and the matrix, the geometry of the inclusion array, the inclusion shape and
orientation, the filling factor, and the nature of the constituent materials (solid or fluid). After
the fundamental study of 2D infinite PnCs, the characteristics of band structures and
applications of the waveguide in a PnC plate, which is a periodical array of dots deposited on a
thin substrate, will be analyzed in detail in the following.

3.2 Two-dimensional phononic crystal waveguides
PnC waveguides offer the possibility of tailoring the dispersion properties while the
cavities are used for achieving confinement. Effects with respect to band folding, mode leakage,
opening of frequency gaps, and interaction between the slab and overlayer modes have been
studied by simulation [63,95,96]. Since SAWs can be conveniently excited and detected by
piezoelectric materials or optical approaches and SAW-based components are extensively used
as radio-frequency filters in modern communication systems, the surface mode in PnC
waveguide is the key point to be studied in this subsection.

3.2.1 Introduction of surface modes in phononic crystals
High-frequency SAWs have found applications in material characterization, photonic
modulation, phononic sensor, optomechanics, and transport by phonons or other excitations in
solids [97,98]. Periodic nanostructures are used to modify the properties of SAWs, perturbing
the stress and velocity fields associated with SAW propagation [99,100]. When the frequency
is moved to the GHz range, the periodicity of a structure needs to be in the nanometre range,
which is not convenient for the fabrication. Thus it is a good choice to use pillars instead of
holes in a period bulk nanostructure. There are several advantages for this method, since pillars
on a surface can be resonators storing mechanical energy. The requirements for lithography are
the same as for holes, and the developed deposition or epitaxy techniques can be employed for
both [101]. The published studies show that the filling factor, the ratio of the slab thickness to
the lattice period and the height of the pillar are key parameters for the existence of complete
bandgaps in PnCs with pillars [102,103]. When the substrate’s surface acoustic modes strongly
couple to the periodic overlayer, the SAW will evolve into a pseudo-SAW which is partially
localized in the nanostructure and radiates mechanical energy into the substrate due to the
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scattering introduced by the periodic overlayer [104,105]. Basic surface modes can be
recognized due to their relatively lower velocity compared to bulk wave’s in solids in some
situations. By using a sound cone limitation as discussed in section 3.1.2, the propagation of
surface acoustic waves in different types of phononic structures and the SAW bandgap for
piezoelectric phononic crystals in honeycomb lattice are investigated [106,107]. Bandgaps
induced by local resonances, which can be tuned by changing the characteristic size of the
pillars, has been studied by Y. Pennec et al. [108]. Afterward, Khelif et al. studied a PnC
composed of silicon pillars on a silicon substrate and obtained bandgaps of locally resonant
surface acoustic waves [109]. The experiments of SAW band gaps also have been investigated
in nanoscale 2D pillars system and surface phonon-polariton phononic crystals [110,111].
Elastic waves can be localized by point defects or propagate along line defects in PnCs. Besides
the bandgap, band edge states also exhibit some interesting phenomena worth to be investigated,
such as the bend of acoustic waves, strong dispersion of the group velocity, and the superlens
phenomenon. Experiments have directly demonstrated the trapping and guiding of surfaceguided elastic waves in linear defects in a micron-scale PnC [112].
Based on the calculations of phononic characteristics in the finite size PnC model, the band
modulation in PnC waveguides is investigated in detail. This study demonstrates that localized
modes can be enhanced in GHz phononic structures, which is potentially attractive for highfrequency applications. The band structures and transmission spectra of phononic structures
which contain a surface modes analysis in PnCs and line-defect PnC waveguides have been
analyzed in detail.

3.2.2 Modelling of surface modes
Silicon, a commonly used cubic crystal, is chosen as simulation material as it is beneficial
for the creation of nanophononic structure both for functional and practical purposes. For a
wave propagating along a cube face in the cubic system, the velocities of elastic waves vary
with the propagation directions. There is a transverse wave polarized along z axis with the
⁄ ⁄ which is independent of the angle . The other two velocities are
velocity
functions of the angle, which are given by the expressions
2

cos 2

sin 2 ,

(3.2)

2

cos 2

sin 2 .

(3.3)

When  =0 or /2, the velocity
⁄

⁄

⁄

refers to a pure longitudinal wave and

⁄

represent a pure transverse wave. For other angles, the Equation (3.2) and Equation
(3.3) determine the velocities
and
for quasi-longitudinal and quasi-transverse waves.
Taking into account the anisotropy of silicon, calculations are performed with elastic constant
C11=165.7 GPa, C12=63.9 GPa, C44=79.9 GPa, and mass density =2331 kg/m3 in this section.
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Figure 3.6 (a) The slowness curves of silicon in the (001) plane; (b) the phase k as a function of
frequency in the silicon plate along [100] direction.

Figure 3.6 (a) shows the slowness curve of silicon in the (001) plane, defined as the plot of
the inverse of acoustic velocity as a function of the propagation direction, which is determined
by the crystal system [79]. Figure 3.6 (b) demonstrates the relationship of acoustic velocity
versus frequency in a silicon plate. It shows that, as wave vector k goes to infinity, the phase
velocity k of these bands in silicon plate approaches an asymptotic limit corresponding to the
Rayleigh wave and shear wave. The velocity of the Rayleigh wave is about 4900 m/s. The
agreement between the Rayleigh wave velocity evaluated by FEM of our model and
Brekhovskikh’s attenuation theory is excellent. Brekhovskikh attenuation is a specific
attenuation mechanism in periodicity structure. As the periodicity of structure, zone-folded
dispersion curves cross the bulk velocity threshold and become leaky through the radiation of
bulk waves in the reduced Brillouin zone of band structures, such an interaction leads to a leaky
or pseudo-surface SAW mode [96].
The pillar-substrate system is an appropriate system to investigate the phononic
characteristics for practical applications. The band structures and transmission spectra of SAWs
in the line-defect of a PnC waveguides are analyzed. A PnC consisting of a square array of
cylindrical silicon pillars on a silicon substrate in the air is presented. By variation of structural
parameters and defects, frequencies characteristics can be tailored, which demonstrates the
structure’s ability to be used as a frequency filter.
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Figure 3.7. The scheme of the phononic structure models: (a) the unit cell of PnC composed of silicon
pillars on a substrate arranged in a square array; (b) the transmission model of PnC in the x direction, the
perfectly matched layers are applied to both sides and periodic boundary conditions are set along the y
direction; (c) the model for the band structure calculations of PnC waveguide, periodic boundary
conditions are set along the x direction. The size of the middle pillar is changed as a defect; the red facet
is a 2D cross-section; (d) the transmission model of PnC waveguides (finite size PnCs with defects).

Figure 3.7 shows the scheme of the phononic structures studied in this section. The pillars
are oriented perpendicular to the [100] direction on the (001) surface of silicon. For the
calculation of the band structure of the PnC a unit cell is used as shown in Figure 3.7(a). The
height of the pillars h1, the radius of pillars r and the lattice parameter a are 100nm, 65nm,
200nm, respectively. The filling factor f is defined as f=r2/a2. To decouple the Lamb wave
from surface modes, thick plates larger than several lattice periods are considered. The
penetration depth of SAWs is roughly one-wavelength from the surface, After several tests, it
found that the simulation results change little when the simulated thickness is more than five
times the lattice parameter. Therefore, to reduce the computation time, the thickness of the layer
accounting for the substrate is taken to be five times the lattice constant h=5a throughout
Section 3.2. In a finite structure or a structure with defects, strictly speaking, the characteristics
of periodicity disappears owing to the facts that Bloch wave and the band structures are
disturbed. However, when the deviation caused by defects or disharmony is small, the band
structure can be calculated by selecting a supercell and assuming the Bloch theorem to be valid.
Fixed boundary conditions are adopted for the bottom of the structure, free boundary conditions
for the upper surface and periodic boundary conditions (PBCs) for the interfaces between the
nearest unit cells according to Bloch-Floquet theorem, which is written as
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,

,

exp

(3.4)

where i=x,y, and kx and ky are Bloch wave vectors. By sweeping the wavevector through the
first Brillouin zone in reciprocal space and solving the eigenfrequency equation, the band
structure and the vibrational modes of the structure are obtained. To elaborate the frequency
characteristic of PnCs, a square lattice array model consisting of eleven periods is used and the
transmission spectrum along the x direction is described as shown in Figure 3.7(b). Perfectly
matched layers (PMLs) are applied along the x direction and the bottom to avoid backscattering
from the boundaries. PBCs are applied to the front and back boundaries, which are along the y
direction. A line source is applied to the surface of the silicon substrate in front of the phononic
structure. The excitation source can have two polarizations: (ux, uz) sagittal displacement which
excites Rayleigh surface waves and uy transverse displacement which can be considered as a
shear horizontal wave source [109]. The output signal is integrated at the location over the
cross-section of the right boundary of the phononic in the y direction. The transmission
spectrum represents the sum of the square of three displacement components, ux2+uy2+uz2 as a
function of frequency, which can be regarded as energy transmission spectrum.
To understand the properties of surface modes in line-defect phononic waveguides, the
model of square lattice array in a finite size is used to analyze the dispersion properties of the
PnC waveguides with different defects. The guided modes in the phononic waveguides with
linear defects are formed by removing one row of cylinders or by changing the radii of the
pillars in a row. As shown in Figure 3.7(c), a square lattice array model containing eleven unit
cells is used. A defect is generated by changing the size of the sixth pillar. The size of the defect
is set as 0 nm, 40 nm, 65 nm, and 85 nm, respectively, to form various waveguides. The facet
colored in red in Figure 3.7(c) is the two-dimensional cross-section of the model, which is used
to investigate the mode characteristic of the defect. To calculate the transmission spectrum, the
sagittal polarized excitation line source and the shear horizontally polarized excitation line
source are set as input signals as shown in Figure 3.7(d). PMLs are applied all around the
structure and at the bottom. Besides SAWs in the upper surface, the SAW propagation on the
surface which is perpendicular y direction has also been studied [113,114]. As the surface
modes in that surface are not the point of interest, the boundaries are fixed to avoid interference.
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3.2.3 Surface mode analysis in phononic structures
A. Surface modes analysis of phononic crystals

Figure 3.8 (a) The band structures of PnCs: the red line represents the sound cone, the blue horizontal
bar represents the location of the bandgap, the points (A, B, C) indicate the frequency and the wavevector
of the modes depicted in Figure 3.9, The inset shows the first irreducible Brillouin zone of a square lattice;
(b) left: the dispersion relation in X direction, middle: the corresponding transmission spectrum with
sagittal polarized excitation line source, right: corresponding transmission spectrum with shear
horizontally polarized excitation line source.

Figure 3.8 gives the dispersion relations of silicon pillar-typed phononic crystal based on
the parameters given in the previous chapter. The irreducible Brillouin zone, shown in the inset
of Figure 3.8(a), depends on the symmetry of the phononic crystal lattice. In the band structure
of the PnC, the first order derivative of the frequency over the wave vector is the group velocity.
The red solid line represents the sound cone of silicon which allows distinguishing the surface
acoustic modes. The sound line here corresponds to the lowest bulk wave velocity in silicon.
Those modes below the sound cone, which are confined in the PnC, are of interest to us. A
frequency gap, which spans from 6.8 GHz to 7.5 GHz, is observed, where the acoustic
wavelength is almost four times larger than the size of the lattice constant. The center frequency
of the lowest bandgap in the PnC induced by Bragg scattering is at about v/2a, v is the velocity
and a is the lattice constant. The corresponding wavelength is twice of lattice constant, so this
bandgap is not induced by Bragg scattering [97]. Based on the analysis in Ref. [109], this
bandgap is attributed to the interaction of normal acoustic band branches and a flat band
produced by the local resonance of the phononic structure. This means that the resonant modes
of the pillars interact with surface modes of the substrate to open bandgaps. That is to say, the
coupling between resonant modes of the individual inclusions and the propagating modes of
the matrix causes the hybridization, which can be treated as a level repulsion effect. The
calculation of transmission spectra depicts a clear picture of the band structure. Figure 3.8(b)
shows the transmission spectra for a sagittal and a shear horizontally polarized line source
which correspond to the band structures in X direction. Energy transmissions with the
frequency of the sagittal polarized source and the shear horizontally polarized source both agree
with the dispersion curves. For the transmission with the sagittal line source, two attenuation
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ranges correspond to the first and the third band. While with a shear horizontally line source,
the attenuation range corresponds well to the second and fourth band.
The guided surface modes are localized inside the sound cone, while the bulk modes are
outside. To clearly demonstrate the nature of the dispersion relations inside the sound cone, an
eigenmode analysis is performed and displacement fields are computed. Relative values of the
displacement fields and the corresponding displacement components for the guided surface
modes as indicated in the band structure in Figure 3.8(a) are shown in Figure 3.9. The
displacement fields of points A, B and C are at the frequency of 6.7 GHz, 10.34 GHz, and 12.13
GHz, respectively.

Figure 3.9 The displacement fields for the surface modes indicated in Figure 3.8(a), from left to right are
the total displacement u, the displacement components ux, uy and uz, respectively. (a) Mode 1: point A,
with a frequency of 6.7 GHz, located in the second band; (b) Mode 2: point B, with a frequency of 10.34
GHz, located in the third band; (c) Mode 3: point C, with a frequency of 12.13 GHz, located in the fourth
band.

As Figure 3.9 shows, the elastic energy is mostly confined in the pillar and in the vicinity
area of substrate’s surface, which is characteristic for a surface mode. In a periodically patterned
surface, the SAW is characterized by different polarizations, dispersive and localization
features [107], which are more complex than those of classical surface waves propagating on a
homogeneous surface. From this figure, the displacement field of a guided mode confined is
estimated within a depth equals the wavelength from the top surface, which agrees with Ref.
[104]. Besides the energy transferred to the pillar, the proportion of energy transferred into the
substrate varies obviously. Mode 1 has a shear oscillation, and mode 2 and 3 have elongational
oscillations. As Figure 3.9(a) shows, the energy of mode 1 is concentrated in the pillar,
particularly, uz owns an antisymmetric character (the vibration directions of displacement in
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the pillar are opposite) with respect to the sagittal midplane (x, z) of the structure which could
explain the absence of response of certain bands (second and fourth bands here) in the
transmission spectra with the sagittal polarized source [109]. The surface mode is shown in
Figure 3.9(b) is mostly sagittally polarized which agrees with the transmission spectra for the
sagittal polarized source. The acoustic energy is mostly distributed between ux and uz, while uy
is relatively small. Point C is shown for comparison; the three displacement components all
make an approximately equal contribution to the displacement field. The mode analysis also
confirms that resonant modes of the pillars can interact with the surface modes of the substrate.

Figure 3.10 The band structures of PnCs with a pillar radius of (a) 40nm; (b) 85nm. The blue horizontal
bar represents the location of the bandgap.

The band structures for different pillar radii are calculated for comparison. Except for the
radius of the pillar, all other parameters are the same as in Figure 3.7(b). As Figure 3.10 shows,
the bandgap with pillar radius of 40 nm (f=0.13) is smaller and the center frequency is lower,
while the bandgap with pillar radius of 85 nm (f=0.57) is larger and the center frequency is
higher. Based on our simulations, the width of the bandgap increases and the center frequency
of the bandgap are pushed down towards higher frequency with increasing filling factor from
0.07 to 0.78 in such a structure. By increasing the radius of the pillar, the interaction between
locally resonant modes is enhanced by the surface coupling which in turn leads to a larger
bandgap.
B. The surface modes analysis of line-defect PnC waveguides
Introducing defects into crystals produces localized modes due to the emergence of new
states inside the band gap, i.e., the localized modes associated with the defects which obey a
decaying wave function far from the defect positions. The coupling of resonant cavities and
waveguides can tailor drastically the transmission spectrum and hence enable useful
applications. To understand the properties of surface modes in line-defect phononic waveguides,
the square lattice array in a finite size PnC is used to analyze the dispersion properties of the
waveguide. The guided modes in the phononic waveguides with the linear defect are analyzed
as the key point.
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Figure 3.11. Each subfigure shows the band structures (left), the corresponding normalized transmission
spectrum with a sagittal polarized excitation line source (middle) and the transmission spectrum with a
shear horizontally polarized excitation line source (right) of PnC waveguides with varied defect radii in
a square array. (a) with defect radius r=0 nm (conventional line defect waveguide); (b) with defect radius
r=40 nm; (c) with defect r=65 nm, perfect PnC; (d) with defect radius r=85 nm. The blue horizontal bar
represents the location of the bandgap of the perfect PnC. The patterned area is the location of a bandgap
under the condition with defects. The red crosses mark the shifted bands.

Figure 3.11 shows the phononic band structures and the corresponding transmission spectra
of line-defect PnC waveguides with a sagittal polarized excitation line source and a shear
horizontally polarized excitation line source. By changing the defect size, the characteristics of
the band structure, the frequency spectrum, and the elastic wave modes are investigated. As
shown in Figure 3.11, the locations of bandgap change slightly with different defect sizes. The
transmission spectra agree with the corresponding band structures. With an increase in the
defect radius, the transmission peak of the sagittal polarized line source shifts gradually to lower
frequency, indicating an energy transfer to lower frequencies. The transmission peak of the
shear horizontally polarized line source shows no such trend. The solutions of FEM calculations
with higher frequencies are not shown here since they do not satisfy the criteria of surface
modes. Comparing Figure 3.11(c) with Figure 3.8(b), it can be seen that the band structure of
the finite size PnC is much more complex than that of a single unit cell, which is caused by the
finite size in y direction that produces constraint to the band superposition in the finite size PnC.
While they still have similar features, such as the locations and widths of bandgaps are the same,
some bands are in the same frequency range. Although there is no large difference in the overall
band structures at four conditions, some bands change the location. It is evident that the first
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band and the second band decline in Figure 3.11(b), while a band appears in the bandgap region
in Figure 3.11(d). These three bands support modes that are well confined in the pillars which
are shown in Figure 3.12. After checking the concrete bands of perfect PnC and larger defect
waveguides, it was found that the locations of the 20th band and the 22nd band are almost the
same, only the 21st band shifts at defect radius r=85 nm condition. Therefore, the 21st band
(marked with a red cross in Figure 3.11(d)) is not a new band introduced by the defect, but a
shifted band. Based on the analysis of Figure 3.10, it is known that larger defects lead to a
frequency increase of a band and bandwidth. Hence, when a large defect exists in the finite size
PnC, it has a similar effect on the superposition bands as Figure 3.11(d) shows. As shown in
Figure 3.11(b), a small defect has the opposite effect which decreases the bands and narrows
the bandgap. Therefore, the larger defect in a finite size PnC makes certain modes increase in
frequency while smaller defects shift certain modes to lower frequencies.
The defects can strengthen the localized states in the band structure, which also causes
certain bands to shift. The frequency of the shifted band (marked with a red cross in Figure
3.11) is the local resonance frequency which is determined by the defect size. Figure 3.11(d)
evidently shows that the transmission at 7.01 GHz (the rising band marked by a red cross) with
sagittal polarized line source increases significantly, which can be explained due to the
frequency of the rising band located in the bandgap range of the perfect PnC. This band in the
bandgap causes the distribution of the transmission spectrum to change obviously, i.e., a defect
inside the bandgap permits to select a particular frequency to be transmitted intensively. Hence
for the small defect shown in Figure 3.11(b), the transmission intensity does not change very
much at the frequency of the declining bands as these two bands sit at the edge of the band
structure, but not in the bandgap. By changing the defect size, the locations of certain bands
can be tailored to rise or decline in PnC waveguide, which allows to separate or filter the
corresponding frequencies.
As Figure 3.11(a) and (c) show, the distinction of band structures between the perfect PnC
and the conventional line-defect waveguide is not evident, no band appears in the bandgap or
shifts obviously in the conventional line-defect waveguide. This can be explained due to the
bandgap being influenced by the resonance frequency associated with the parameters of a
resonator, which less depends on the periodicity and the symmetry of the structure. That is to
say, the linear waveguide does not introduce new localized resonance mode to the band
structure, so no band shifts or appears obviously in comparison to the perfect PnC condition. It
is also confirmed that there are no similar characteristics in band structures and the transmission
spectrum in hole-type PnC when the size of defects is changed. It is due to the fact that the holetape PnC does not produce a local resonance effect, which confirms the above analysis from
another aspect. Other interesting modes are guided modes with flat dispersion, including bands
around 6.7 GHz for all conditions and the two shifted bands in Figure 3.11(b), which own
special characteristics introduced below. The PnC waveguides show the ability to strengthen
the guided modes with respect to the Si membrane. Localized resonant mode gives rise to a flat
band which shows zero group velocity, the elastic energy is completely or mostly confined
within the resonator. The mode analysis of SAWs in PnC waveguides with various defect radii
is discussed as follows.
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Figure 3.12 The displacement fields of guided waves in PnC waveguides. (a)-(d) The modes of the 2D
cross-section in the X point (ka/ at different eigenfrequencies; (a) Linear waveguide: modes
frequency at 6.11 GHz, 6.72 GHz and 10.42 GHz; (b) With small defect r=40 nm: modes frequency at
5.33 GHz, 5.38 GHz, 6.72 GHz and 10.40 GHz; (c) PnC: modes frequency at 6.21 GHz, 6.71 GHz and
10.34 GHz; (d) With large defect r=85 nm: modes frequency at 6.09 GHz, 6.71 GHz, 7.01 GHz and 10.28
GHz; (e) 3D model of localized modes, with small defect: 5.33 GHz; with large defect: 7.01 GHz.

Figure 3.12(a)-(d) describes the displacement fields of 2D cross sections (red facet in
Figure 3.7(c)) of different models at different eigenfrequencies in the X point (ka/2=0.5) in a
linear waveguide, a waveguide with small defect r=40 nm, a perfect PnC and a waveguide with
large defect r=85 nm, respectively. The displacement fields of guided waves at different
frequencies localize within pillars or the adjacent area of the substrate surface can be observed.
As Figure 3.12(b) and (d) show, the shifted bands, including the 1st and the 2nd band under a
small defect condition and the band at 7.01 GHz under a large defect condition, exhibit strong
localization. Those modes are mainly localized in the pillars with little deformation of the
substrates. According to the former analysis, when the sizes of defects are changed, certain
branches rise or decline in the band structures. Each of them supports a mode that is well
confined within the pillar by the local resonance effect which can be clearly seen in Figure
3.12(e). In addition, since flat bands also produce localized modes, the ones with the flattest
dispersion (lowest group velocity) also show the characteristics of local resonance at around
6.71 GHz as shown in Figure 3.12(a)-(d). The strongly localized mode here is the surface mode
which becomes standing Bloch wave and exhibits a well local or non-propagating character
induced by the resonance of pillar. The cos-SAW modes also can be seen in Figure 3.12(a)-(d).
By introducing a defect with an appropriate radius, the localized state of the defect can be
enhanced in the phononic structure, which can be applied for wave filtering and demultiplexing.
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C. Transient analysis of SAW in PnCs
The process of SAW propagation can be visualized in transient analysis. For transient
modeling in the time domain, the geometry, parameters, and materials are same as the setting
in Figure 3.7, PMLs are used at the boundaries along x direction and the bottom. PBCs are
applied at the boundaries along the y direction. A sagittal polarized excitation line source on
the surface is launched at the front of the simulation region. The source lasts for 1ps, which can
be treated as a transient effect with respect to the calculation time 0.5 ns.
(a)
t=0.10 ns

t=0.25 ns

y
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Figure 3.13 The transient states of the displacement field: (a) the 3D displacement field of PnC supercell
at 0.10 ns, 0.25 ns, 0.30 ns, 0.35 ns, 0.40 ns, and 0.50 ns, respectively; (b) the displacement field of 2D
cross sections of the PnC supercell in 0.03ns, 0.20ns, 0.30ns, and 0.50ns, respectively.

Figure 3.13 shows the transient states of displacement fields with different times in 3D and
2D cross-sections of the PnC model. Due to the influence of periodic pillars, the border of
acoustic waves here could not be clearly distinguished, which is different from the distinct
border of elastic waves in the plate [115]. Surface acoustic modes in the PnC partially localize
in the pillars and partially radiate energy into the substrate. The energy concentrates on pillars
and the area, which the depth is one wavelength from the substrate surface, and attenuates
quickly with the increasing depth. As the figures for t=0.30 ns of Figure 3.13(a) and (b) show,
the energy concentration areas demonstrate unambiguous resonance induced by pillars. Taking
several points on the surface for sampling, the velocity of the SAW is calculated as 4600 m/s,
which is smaller than the SAW velocity 4900 m/s shown in Figure 3.6(b). It can be explained
that the resonance effect induced by pillars has an influence on the propagation of SAW, which
makes the velocity of SAW slower than the velocities in a homogeneous system.
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3.2.4 Conclusions
The theoretical analysis of surface modes in line-defect PnC waveguides in the silicon
pillar-substrate system in a square array is investigated in this section. Confined surface modes
induced by local resonance effect in the GHz range are analyzed in details. The bandgap is
caused by the interaction of normal acoustic band branches and a flat band produced by the
local resonances of the PnC structure, which demonstrates that the resonant modes of pillars
interact with surface modes of the substrate and in turn open bandgaps. As the size of parts of
the pillars changes in PnC waveguides, the corresponding bands will rise or decline hence
forming strongly localized modes due to the local resonance effect. This offers further
possibilities of tailoring the propagation of elastic waves. The main conclusions are also valid
for other materials. The simulation results provide novel insight regarding GHz phononic
dynamics in nanostructures. The discussed structures are potentially attractive for highfrequency applications. This study provides the basis to predict the behaviors of high-frequency
SAW in PnC waveguides, which should facilitate the design of technologically useful structures
and improve the understanding of high-frequency surface acoustic waves in nanostructures in
general.

3.3 Acoustic channel drop waveguides
The drop channel is a simple and useful concept in the artificial design that allows tailoring
the wave propagation characteristics of the host material by exploiting a carefully engineered
network of defects. The channel drop filter is used in wavelength division multiplexing, which
drops a single carrier wavelength from one waveguide to another waveguide while other
frequencies propagate unaffectedly in the original guide. Resonant filters are attractive
candidates for channel dropping because they can potentially be used to select a single channel
with a very narrow linewidth.

Port 1

f1
f2
f3

Port 2
Bus

Defect

Port 4

Drop

Port 3

Figure 3.14 The schematic of a resonant-cavity channel drop filter.

The schematic of a resonant-cavity channel dropping filter is shown in Figure 3.14. The
forward propagating wave in the bus channel excites a defect mode in the ring, which in turn
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couples into the backward propagating mode in the drop channel. It is therefore of great
practical interest to explore the possibilities of using PnC microcavities in a channel drop filter
[116]. While multi-frequency signals propagate inside one waveguide (port 1 in the bus channel
as input), a single frequency channel is transferred out of the bus and into the other waveguide
(the drop) either in the forward (port 3) or backward (port 4) propagation direction. The channel
dropping filter uses a resonant structure with a symmetric plane perpendicular to the wave
guides, so that the only coupling (dropping) occurs at the resonant frequency of the microcavity.
The channel drop filter has been studied in PtC and PnC based on various materials [117-119].
Here, the channel drop effect in the acoustic domain is focused on.
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Figure 3.15 (a) The scheme of a channel drop waveguide; (b) the pressure field with two rows of small
defects as coupling element at 1 GHz and (c) the corresponding transmission spectrum versus frequency;
(d) the pressure field with one large defect and (e) the corresponding transmission spectrum versus
frequency.

Several kinds of channel drop channels, which consist of different resonators and
symmetric waveguides, are investigated in the acoustic field. Figure 3.15 shows the pressure
field of different phononic waveguides with silicon in the air and the corresponding
transmission spectra with forward transfer and backward transfer. The lattice constant is 200
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nm. The radii of normal inclusions, the small inclusions in Figure 3.15 (b), and the large
inclusions in Figure 3.15(d) are 80mm, 40mm, and 200 nm, respectively. The density and
velocity of silicon inclusions are 2700 kg/m3 and 8400 m/s, respectively, and those of the air
are 1.25 kg/m3 and 343 m/s. the pressure acoustic module is adopted in the calculation. The
incident wave is the uniform pressure which only covers the entrance of port 1. Figure 3.15 (b)
shows the strong signal that can be observed at port 3 with a frequency of 1.0 GHz but obvious
signals still appear at port 2 and port 4, which is a disadvantage for the forward transfer. A good
backward transfer can be observed in Figure 3.15(d), which only has strong output at port 4 at
1.0 GHz, i.e., at this frequency, the incoming signal is essentially transferred to the second
waveguide towards port 4, leaving all other exits of the structure unaffected. The transmission
spectra confirm the corresponding propagation characteristics. Figure 3.15(d) shows the
relatively high transmission for all the ports. Even for the port 4, the transmission efficiency is
larger than 5%. However, the transmission efficiency is low in Figure 3.15(e), and only the
transmission in port 4 reaches 3%, which shows transmission needs to be improved. The further
exploration of this phenomenon will be studied from the view of dispersion relation in the
following.

3.3.1 Band structure of supercells

Figure 3.16 The band structures of supercells with different structures: (a) the perfect supercell (PnC);
(b) the supercell with line defects (waveguide); (c) the supercell with a single defect. The insets are the
acoustic modes corresponding to different structures.

To investigate the coupling in channel drop waveguide, the band structures of supercells
which contain different coupling elements are analyzed. Figure 3.16 shows the band structures
of supercells with different structures and the corresponding acoustic modes. The waveguides
with a linear defect and a point defect are formed by removing a single row of pillars and a
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single pillar, respectively. The supercell is comprised of 5 5 arrays of unit cells. The materials
of the supercell are silicon and air, and the geometrical parameters are the inclusion radius r =
80 nm and the lattice constant a = 200 nm. A large bandgap exists in the perfect supercell as
Figure 3.16 (a) shows. For the supercell with line defects in Figure 3.16 (b), there are several
defect bands in the band structure and a well-guided mode can be observed in the acoustic field,
while for the supercell with a point defect, only one defect band appears within the location of
the bandgap of perfect supercell and well-localized modes can be observed. As defects are
spatially associated with localized responses, which results in additional modes located in the
bandgap, they can guide the propagation wave to another waveguide. The squared magnitude
of the amplitude represents the energy in the mode. When the cavity and waveguide modes
support the same frequency, the coupling between the adjacent waveguides is largely enhanced
and vibrational energy is effectively transferred from one guide to the other. Based on the
theoretical calculation, it is clarified that the specified frequency and high transmission of a
certain port can be achieved by selecting appropriate radii and positions of defects. Besides the
common channel drop structures, other structural waveguides are also investigated, which
proves that the channel drop concept can be widely extended to structures in the electromagnetic
and acoustic regimes [120-122].

Figure 3.17 The band structures of supercells with point-defect sizes of (a) r=0 nm; (b) r=45 nm; (c)
r=60 nm, respectively. The insets are the acoustic modes corresponding to different structures.

Figure 3.17 shows the band structures of supercells with point-defect sizes of 0 nm, 45 nm,
and 60 nm, respectively. The other parameters are the same as the parameters in Figure 3.16.
The figure shows that the defect band shifts up with increasing radius. When the radius of defect
increases to 80 nm, which means the system is at the perfect supercell condition, the defect
mode in bandgap disappears. More and more energy dissipates around the defects with
increasing defect size is also observed. This is because a guided mode can be confined more
effectively inside the waveguide if it appears in the band structure far away from the edges of
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the bandgap. A completely localized mode has no capabilities to travel in the crystal. However,
acoustic coupling between the defect modes of the neighboring point-defect through their
evanescent fields opens a way for the defect modes to travel. The liner coupled-mode theory
describes the defect modes coupling successfully [123].
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Figure 3.18 The coupling frequencies of the defect modes as a function of the defect radius.

To check the influence of defect sizes on coupling frequencies, the defect is introduced by
increasing the radius of a single pillar in the crystal. Figure 3.18 demonstrates that with
increasing defect radius, the resonant center frequency of defect modes shifts up as a function
of the radius. The defect mode provides dynamic coupling at specific frequencies between the
source and the waveguides. The dropping frequency can be steered by tuning the cavity mode.
In addition, the resonant frequency is scalable in respect of the parameters of the structure,
which is helpful for achieving tenability of acoustic devices.

3.3.2 Further investigation of acoustic channel drop waveguides
By designing appropriate waveguide structures, the propagating signals can be transferred
into the drop channel along the forward or backward direction at a certain frequency. The
influence of the location of the defects in the channel drop tunneling, which have symmetric
microcavities side coupled between linear waveguides, is analyzed in details in this section.
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Figure 3.19 (a) The transmission spectra of the acoustic channel drop waveguide with two symmetric
defects; the acoustic pressure fields at frequencies of (b) 1.000 GHz, (c) 1.027 GHz and (d) 1.050 GHz,
respectively.

Figure 3.19 shows the transmission spectra at different ports and the acoustic pressure field
with different frequencies. The defect size is 45 nm and the other parameters are the same as
the other calculation in section 3.3. If the defect mode is not excited, the incident waves will
propagate along port 2 unaffected, as Figure 3.19 (b) shows, with a phase shift due to the finite
size of the waveguide. An obvious forward transfer can be observed in Figure 3.19 (c) at 1.027
GHz. A significant peak of transmission occurs at port 3, while the transmission signal at the
ports 2 and 4 are really weak. The transmission spectrum exhibits a distinct peak at 1.027 GHz,
which means the signal drops into another waveguide along the forward direction for a small
frequency range. This makes the structure a good candidate for frequency selection. As the
wavelength of the dropping wave is roughly equal to four times the lattice constant in the
structure (=v/f =8.2 m), the device occupies an area of only a few wavelengths square. Hence,
these acoustic filters are more compact than other structures. According to the transmission
spectra in Figure 3.19(a), although the forward transfer still occupies the range from 1.047 GHz
to 1.053 GHz, the drop effect in this frequency range is not as clear as that at 1.027 GHz.
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Figure 3.20 The acoustic pressure fields at the frequency of 1.027 GHz with (a) a single defect at the left
of the waveguide; (b) symmetric defects at the center of the waveguide; (c) a single defect at the right of
the waveguide.

Figure 3.20 shows the acoustic pressure field at 1.027 GHz with different defects, including
the single defect at the left/right of the structure (left/right defect conditions) and the symmetric
defects in the waveguide. The well forward dropping at the frequency of 1.027 GHz can be
treated as the superposition of acoustic pressure fields of the left and the right defect conditions
as the drop transfer is produced by the coupling of the two defects. Owing to the different phases
of acoustic waves in the channel of the ports 2 and 4, the destructive interference of the
propagating waves takes place which weakens the output of these two ports. However, the
acoustic waves along the forward transfer direction are enhanced and obvious dropping appears
in the port 2 as Figure 3.20 (b) shows. In other words, the amplitude along the backward
direction of the drop waveguide counteracts that of the direct transmission direction, leaving
most of the power to be transferred into the forward direction in the drop waveguide.
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Figure 3.21 The acoustic pressure fields at the frequency of 1.027 GHz with (a) a defect distance of 2a;
(b) a defect distance of 4a; (c) a defect distance of 6a.

The obvious channel drop effect disappears when the distance between two defects changes
as Figure 3.21 shows, which indicates the location of defects is a vital factor for the propagation
of the acoustic wave. When the distance between defects is not multiple times the wavelength
of waves propagating in the waveguide, the phase of propagating waves induced by the
resonance modes cannot have a good interference condition as Figure 3.21 (a) and (c) show,
thus the effect of drop transfer is not obvious. The coupling frequencies and the decay rates are
strongly dependent on the distance between the two coupling elements in the waveguide
sections. Therefore, the transmission characteristics of a system depend critically on the relative
positions of resonant frequencies induced by microcavities.
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In conclusion, the channel drop waveguide with the capability of dropping different
frequency components of a broadband incident temporal acoustic signal into different channels
can function as an acoustic division de-multiplexer. As a cavity inside the waveguide permits
the selected frequency to be transmitted, the propagation characteristics of acoustic waves can
be tailored in both spatial and frequency domains by designing properties of the localized
modes induced by cavity sizes, cavity materials and arrangement of cavities. Based on the
aforementioned work, it is possible to realize an ultra-small channel drop filter for a
wavelength-division-multiplex optical communication system. The emergence of localized
modes associated with cavities and waveguides and their functionalities has widened the
applications of phononic devices. The continuing miniaturization and progress in
nanofabrication techniques have enabled the reduction of the characteristic size of PnCs to the
nanometre scale. Hence, it is possible to modify and control phonon transport in the frequency
range from hypersonic (GHz) phonons to thermal (THz) phonons [124].
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Controlling the waves propagating under given conditions reveals a new realm of effective
optical or acoustical devices. Based on the study of PnC waveguide, a special kind of PnC, the
graded phononic crystal (GPnC) will be investigated in this chapter. A GPnC exhibits a gradual
variation of constitutive parameters of inclusions along one direction, which can be tailored by
filling factors, inclusion geometries, and material properties to manipulate the propagation of
mechanical waves [125-128]. The phononic characteristics of finite size structures which are
more relevant for applications are the main focus, while those of infinite structures will be
introduced briefly.

4.1 Two-dimensional infinite graded phononic crystals
2D GPnCs, which are able to focus propagating waves, have been implemented in acoustic
lenses, beamwidth compressors, and bending waveguides [129-134]. Acoustic beam aperture
modifiers and acoustic mirage can be designed by using a gradient-index PnC [135,136], which
is similar to the graded PnC. The difference between the gradient-index PnC and the graded
PnC is that the parameter of the former changes continuously, while that of the latter changes
discretely. Both of them can guide acoustic waves to follow a sinusoidal trajectory and
efficiently focus waves at a sub-wavelength spot in some structures. The gradient distribution
is modulated by the density and the elastic moduli of the materials, the diameters or shapes of
the cylinders, and the period of the PnC, thus the wave speed at different rows of cylinders can
be tuned.
The model of the 2D infinite GPnCs in Section 4.1 is comprised of 40 rows in the x
direction and 15 columns in the y direction. The lattice constant is 200 nm and the radius of the
inclusion is set as r(y)=r0-n(y)*∆, where n is the ordinal number of inclusions, ∆ is the variation.
The radii of inclusions change gradually from 30 nm to 86 nm with ∆=8 nm. The thickness of
the PML around the domain is 200 nm. The excitation line source located in front of the
phononic structure is set as a unit pressure or force. Two kinds of GPnCs with opposite variation
of the inclusion radius are designed in the models. The parameters of silicon in the models are
set as Young’s module E=131 GPa, Poisson ratio σ=0.27, density ρ=2330 kg/m3 [137]. To have
a general understanding of propagation characteristics of mechanical waves in GPnCs, the
propagation of acoustic waves and elastic waves is investigated in the Acoustic Module and the
Solid Mechanics Module, respectively.
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Figure 4.1 The acoustic pressure fields at the frequency of 0.30 GHz in a 2D infinite GPnC with silicon
inclusions in the air: (a) the sizes of inclusions decease from the center to the edge; (b) the sizes of
inclusions increase from the center to the edge.

The acoustic waves in GPnCs with silicon inclusions in the air are analyzed firstly. Such
silicon inclusions have different inclusion arrangement conditions. The speed of sound of air is
343 m/s and the density is 1.25 kg/m3. As Figure 4.1 shows, the phenomena of focusing or
diffusion of acoustic waves can be observed from the acoustic pressure fields, because the
acoustic waves along various y positions have different propagation routes, which is in
accordance with Ref. [126]. Thus the propagating acoustic waves are focused or diffused
depending on the phononic structures. The PnC-based acoustic lenses possess advantages in
nanoscale systems as the traditional acoustic lenses with small-scale convex cannot be readily
fabricated.
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Figure 4.2 The displacement fields in a 2D infinite phononic structure: (a) and (b) represent the GPnC
with air holes in silicon with a frequency of 0.39 GHz; (c) and (d) represent the GPnC with silicon
inclusions in rubber with a frequency of 0.20 GHz.

The elastic waves in GPnCs with air holes or solid inclusions in the solid matrix are then
analyzed. The parameters of rubber are Young’s module E=7.8 MPa, Poisson ratio σ=0.47, and
density ρ=1150 kg/m3. Figure 4.2 shows the displacements of PnCs with the solid matrix, where
(a) and (b) represent the GPnC with air holes in silicon with a frequency of 0.39 GHz, (c) and
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(d) represent the GPnC with silicon inclusions in rubber with a frequency of 0.20 GHz. It
demonstrates focus or diffusion of elastic waves along the propagation direction of the
displacement field in GPnCs, which agrees with the published works very well [131]. It is worth
noting that the arrangements of inclusions in Figure 4.2 (a) and (c) are opposite, but both of
them can achieve the focus of the elastic waves. Therefore, the appearance of the focus at one
specific frequency depends not only on the phononic structure but on materials of constituents.
Similar results can be realized in the 2D GPnC plates with inclusions.
The focused or diffused mechanical waves, including acoustic waves and elastic waves,
can be realized in 2D GPnCs. Since 2D infinite GPnCs and inclusion-type GPnC plates are not
the main points of this study, thus these were discussed only briefly. For more detailed
information in terms of the theoretical and experimental analysis, please refer to Ref.
[126,129,138].

4.2 Guiding elastic waves in graded phononic crystal plates
For 2D infinite GPnCs and inclusion-type GPnC plates, the propagating waves can be
focused or diffused. However, when the local resonance effect is considered in the system, the
propagation of waves will be greatly influenced and a different effect appears in the GPnC plate
with attachments.

4.2.1 Two-dimensional attachment-type graded phononic crystal plates
For PnCs with pillars as attachments, resonance effects are very important in determining
the properties of the system and its possible applications [38,108,138-140]. By placing several
locally resonant layers of different resonance frequencies on a PnC, a broadband sound shield
which is induced by the combination of different local resonant bandgaps can be achieved [141].
As a kind of acoustic wavelength division demultiplexer, an acoustic rainbow trapping device
can distribute different frequencies of a broadband incident temporal acoustic signal into
different channels [142]. Based on a graded index inhomogeneity design, the focusing and
collimation performance of structure-embedded acoustic lenses has been proposed [143-145].
As introduced in Section 3.2.1, surface acoustic waves have been explored in-depth, which can
be applied in material characterization, photon or phonon modulation, acoustic sensors, and
optomechanics. Thus, tailoring the propagation of surface modes is significant for these
multitudinous applications. In this section, the guiding of elastic waves on the surface of a
GPnC plate is studied. The resonance effect in a pillar-type GPnC plate is thoroughly
investigated by analyzing various influence factors. Our finding provides a guide for the
realization of acoustic filter preparation at specific frequencies. The induced elastic waves
propagate along multi-resonance channels, some of the frequencies components are bound in
the resonators. Hence, this device can separate frequencies spatially.
Coupled mode theory describes the interaction between few fields in a periodically
perturbed structure; the fields in the unperturbed condition are considered, while the periodic
modulation perturbation couples these modes [146,147]. This theory allows studying the finite
or non-periodic structures considering position-dependent coupling coefficients. The coupled
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modes in a PnC generally mean the coupling between inclusions/resonators and matrix, which
can result in a bandgap in the dispersion relations and Fano-like line shape in transmission
spectra. The coupling can be modulated by the characteristics of different systems. The
resonance can be enhanced and the coupling is strengthened by introducing pillars on the solid
regions in phononic structure [148]. Here other ways to tune the resonance coupling in solid
PnCs are explored.

4.2.2 Guiding of elastic waves in two-dimensional finite graded phononic crystals
Simulations provide an effective method to investigate the resonance frequency of a
periodic nanostructure which is inconveniently obtained by theoretical analysis. The phononic
properties of the designed graded phononic nanostructure and the propagating elastic wave are
investigated. Pillars on a surface are resonators storing mechanical energy which act as multiresonance channels. A 2D pillar-type GPnC plate is used to analyze the guiding of elastic waves
on the surface in the attachment-matrix system, where the GPnC is realized by varying sizes
and heights of attachments along one direction gradually. Perfectly matched layers (PMLs) are
used all around the matrix to avoid backscattering from the boundaries.
Figure 4.3 and 4.4 show the relationship between frequencies and displacements with
decreasing and increasing radii of attachments in a silicon pillar-type PnC plate. The model of
the 2D GPnC plate is comprised of 11 rows of silicon pillars in the x direction and 11 columns
in the y direction on a silicon substrate. The lattice constant is 200 nm and the radius of the
pillar is set as r(y) = r0+n(y)*, where n is the ordinal number of pillars, is the variation. The
radii of pillars change gradually from 40 nm to 90 nm with a step size of =10 nm. The
thickness of the substrate in this model is 600 nm with 200 nm PML. The radii of pillars
decreasing from the middle to the edge are defined as decreasing radii, vice versa as increasing
radii. The Young’s module, the Poisson ratio and the density of silicon are E=131 GPa, σ=0.27,
and ρ=2330 kg/m3, respectively. The excitation line source is set as a unit force Fx with a fixed
frequency which is located in front of the phononic structure. The frequency is then swept in
order to obtain the specific frequency dependence on the propagating wave in the structure. The
output signals are taken from the sampling points in the rear of the phononic structure marked
as blue crosses. The silicon matrix is surrounded by PMLs and a fixed boundary condition is
used for the bottom. To study the guided waves in the solid, the surface of the substrate, which
is also the interface of attachments and matrix, is selected as a cut plane to show the result
intuitively.
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Figure 4.3 Normalized displacements of different sampling points in a GPnC plate with decreasing radii
from the middle to the edge. The arrows indicate the largest displacements at a specific frequency among
all sampling points. The inset shows the geometry of the model and the sampling points (marked as blue
crosses).

Figure 4.3 shows the displacements of six different sampling points for output signals for
the GPnC plate with decreasing radii. The arrows indicate the largest displacements at one
frequency among all sampling points. The gray inset shows the geometry of the model and the
sampling points (behind different sizes’ pillars). Each sampling point exhibits six local
displacement peaks and the peaks are located almost at the same frequencies indicated by
dashed lines. The frequencies of the displacement peaks are around 0.81 GHz, 0.96 GHz, 1.09
GHz, 1.22 GHz, 1.33 GHz, and 1.48 GHz, respectively. The first two local displacement peaks
are relatively small, hence the zoom-in figure is shown as an inset. The origin of the large
displacement at 1.43 GHz is not yet fully understood. However, it is considered that this mode
is not caused by periodicity truncation of the structure as PMLs are applied around the matrix
[149], but a mode which is achieved due to the close proximity of the 80 nm and 90 nm pillars.
The displacement peak shifts to higher frequencies with increasing radii. This demonstrates that
a specific radius corresponds to a preferred guided frequency. Here, it is interesting to compare
crystals with increasing and decreasing pillar radii.
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Figure 4.4 The displacement peak values of pillars with decreasing and increasing radii from the middle
to the edge respectively. The gray insets are the 3D geometry of models with decreasing radii (left upper)
and increasing radii (right down). The colored insets close to the data show stress fields of the interface,
the upper and lower ones correspond to the decreasing and increasing radii, respectively.

The displacement peak values with decreasing and increasing radii are shown in Figure 4.4.
The gray insets are the 3D geometry of models. The colored insets which are around the data
show stress fields of the interface, the upper and lower ones correspond to the decreasing and
increasing radii, respectively. As shown in the colored insets, the guiding of elastic waves can
be observed unambiguously along different channels. The displacement peaks with the
decreasing and increasing radii are almost located at the same frequencies, which shows the
scattering mechanism is not the dominant factor in phonon transport here. Therefore, the key
point of controlled guiding is to design the resonance characteristics of the pillars.
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Figure 4.5 The displacement distributions of the line profile at the output with decreasing radii. The
dashed lines indicate the locations of pillars. The inset is the displacement field of the interface at 1.09
GHz, the red line is the line profile of sampling.

Figure 4.5 shows the displacement distributions at the output line along the y direction for
the decreasing radii. The frequencies here correspond to the local displacement peaks in Figure
4.3. At different frequencies, the large displacements are observed at different locations which
are related to the radii of the pillars. For example, in the displacement distribution at 1.22 GHz,
the large displacements appear at 1.1 m and 1.9 m, which is the location of pillars r with 70
nm. This observation corroborates the conclusion that the radii of pillars determine the channels
of propagation of elastic waves. The inset shows the displacement field at 1.09 GHz, which
demonstrates the strong guiding. Thus, the guiding is induced by the resonance effect in the
system and the guided frequency and propagation channel is determined by the geometry of
attachments. To further explore the strong guiding effect, results for different lattice constants
are compared in the following.

Figure 4.6 The peak values of displacements of pillars with decreasing radii; four different lattice
constants are considered.
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As shown in Figure 4.6, the displacement peak values of pillars with decreasing radii
change little with increasing the lattice constant. The results show that the displacement peak
is determined by the resonance effect produced by pillars and not influenced by scattering. The
guiding of the elastic waves in the GPnC plate is caused by the interaction of vibrations of
pillars with the traveling wave in the substrate. Hence, the displacement peak corresponds to
the resonance frequency induced by the coupling of pillars and substrate. In 2D infinite GPnC
and hole-type GPnC plates, the focus length can be adjusted by modulation of the lattice
constant [126,131,150,151]. However, due to the resonance effect induced by pillars here, the
elastic waves are guided instead of the focused. The coupling between resonators and matrix
can be changed by modulating the quality factor, including geometry and material properties.
The influence of the geometry of the resonators on the guiding of elastic waves is analyzed in
detail in the following.
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Figure 4.7 Comparison of resonance frequencies with different heights of pillars in a GPnC plate with
decreasing radii (the star-marked points are taken from a GPnC plate with increasing heights from the
middle to the edge which is introduced below).

Here, the influence of the heights of the pillars on the resonance frequency is focused on.
The influence of the thickness of the substrate is discussed below. As Figure 4.7 shows, with
increasing the heights of the pillars, the resonance frequencies decrease gradually and the
gradient of frequencies becomes smaller. With increasing heights of the pillars, the difference
values of resonance frequencies between different sizes of pillars decrease, e.g., the difference
value of frequencies between pillars with r=50 nm and r=90 nm is 0.81 GHz at the 150 nm
height condition while the difference value is 0.25 GHz at the 500 nm height condition. Since
this phenomenon is determined by the coupling of attachments and substrate, it is not easy to
obtain a general theoretical formula to get the relationship of resonance frequency and
parameter of attachments, thus the simulation is essential to explore it.
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Figure 4.8 The relationship between resonance frequencies and geometry parameters (radius and height)
of pillars, the size and color of circles indicate the values of frequencies.

The relationship between resonance frequencies and geometry parameters of pillars is
shown in Figure 4.8, the size and color of circles indicate the values of resonance frequencies.
From this bubble figure, the change trend of frequencies can be observed unambiguously, which
increases with the radius and decreases with the height of the pillar. Based on the simulation
results, with pillars of height h=50 nm the system demonstrates the characteristics of focusing
of elastic waves which are similar to acoustic lens; with h=100 nm the system shows the hybrid
effect of focusing and guiding of elastic waves; when the height reaches to 150 nm or higher,
the guiding appears unambiguously; if the height exceeds 600 nm, the guiding of lower
resonance frequencies which propagate along the channels with slim pillars are hard to be
observed. Therefore, the strong guiding of elastic waves in GPnC plate can also be achieved
with the appropriate setting of the heights of pillars. It can be explained well by the coupling
effect between attachments and matrix. By modulating the coupling of pillars and substrate one
can realize a continuous change from localized resonance to Bragg scattering. When the height
of the pillars is smaller than a certain value (150 nm here), the coupling between pillars and
substrate is so strong that the local resonance weakens and the scattering effect enhances, thus
the guiding turns into the acoustic focusing effect; when the height of the pillar is larger than
600 nm, the resonance frequency of pillar is small and most energy will be stored in the pillars,
so that the coupling of pillars and substrate is too weak to produce the guiding distinctly.
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Figure 4.9 (a) The dispersion relation and (b) transmission spectra of the GPnC plate with decreasing
radii in Figure 4.3.

The dispersion relation and the corresponding transmission spectra of the GPnC with
decreasing radii (the model in Figure 4.3) are shown in Figure 4.9, which provides another
viewpoint to explore the guiding phenomenon. The dispersion relation is calculated by using
the supercell which contains one column of pillars along the y direction and applies periodic
boundary conditions in the x direction. The transmission spectrum is the energy transmission
spectrum which is obtained by the sum of the square of displacement components. Large
bandgaps which forbid the propagation of elastic waves can be observed from Figure 4.9(a).
The local resonance modes and propagation modes are both shown in the dispersion relation as
flat or flat-like bands and non-flat bands, respectively. Corresponding to the transmission peaks
at 0.81 GHz, 0.96 GHz, 1.09 GHz, 1.22 GHz, 1.33 GHz, and 1.48 GHz, the bands are relatively
flat which correspond to local resonance modes along the propagation direction. In addition,
the relative flat bands can be taken advantage of realizing slow wave propagation. Slow
phonons are an important topic, which has potential application in gas sensing, enhancing the
nonlinear effect and high-pressure field. The transmission spectrum agrees with the dispersion
relation and the transmission peaks correspond to the resonance frequencies. Therefore, the
guiding in the GPnC plate can be used as a multi-channel frequency filter which exhibits multiresonance channels. When the excitation frequency is at one resonance frequency, the elastic
waves mainly propagate along these specific channels and distribute most energy in the surface
and subsurface of the substrate and the pillars in the channels. In the following, another
approach will be introduced where instead of the gradient radii of pillars, the pillar heights
change gradually.
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Figure 4.10 Normalized displacements of a GPnC plate with increasing heights from the middle to the
edge. The radii of pillars are 70 nm, the heights of pillars are from 200 nm to 400 nm with variation =40
nm, and the other settings are the same as those of a GPnC plate with decreasing radii in Figure 4.3. The
gray inset is the 3D geometry of the GPnC plate with increasing heights, the colored inset is the stress
field at 1.76 GHz and the red cross denotes the sampling point.

The numerical simulation is performed for a GPnC plate with increasing heights of pillars
from the middle to the edge and all the other conditions are the same as those in a GPnC plate
with decreasing radii. Figure 4.10 shows six local displacement peaks corresponding to
resonance frequencies, which is in close similarity to the results obtained on radius graded PnC,
and thus also demonstrates the guiding in the GPnC plate with increasing heights. The values
of resonance frequencies here are plotted in Figure 4.7, which agrees well with the variation
trend of frequency in the case of varying the heights of pillars. This result strengthens the
conclusion that the guiding is induced by resonance coupling of attachments and matrix and
provides another way to control the propagation of elastic waves and drop different frequencies
into different channels.
Besides the above discussions with respect to the influence of the geometry of pillars on
guiding, further influence factors are also explored. The simulation results show that resonance
frequencies increase with Young's modulus and decrease with density. The shapes of crosssections of pillars in z plane also influence resonance frequencies due to the discrepancy of
boundary conditions. Since the most energy of guided wave exists on the surface and the area
adjacent to the surface of substrate and resonators at resonance frequencies, the thickness of the
substrate which is outside of subsurface range has no influence on the guiding of elastic waves
in GPnC plate.
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4.2.3 Conclusions
To summarize, the guiding of elastic waves induced by the resonant coupling of
attachments and the matrix, is shown in 2D pillar-type GPnC plates. The resonance frequency
is influenced by geometry and material properties of the resonators, which offers a new way to
control phonon transport. For the GPnC plate with gradient-radius, the strong guiding of elastic
waves can be achieved by appropriately setting the pillar’s height and the pillar’s radius. The
guiding of elastic waves is not limited to the gradient-radius condition, but also the gradientheight, the gradient-Young's modulus, and the gradient-density conditions. The increase of
radius and Young’s modulus of pillars will increase the resonance frequencies, while the
increase in the height and the density will decrease them, which offers several ways to guide
the propagation of elastic waves. The GPnC plate can be designed to separate components of
elastic waves at different frequencies into the different channels, which provides possibilities
of designing wavelength-division demultiplexers or multi-channel frequency filters.
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5. Directional propagation of acoustic waves in
phononic crystals
Besides the interest in the bandgap and defect-based waveguiding of PnCs, waveguiding
based on the shape of equifrequency contours (EFCs) has recently attracted extensive attention
[131,152,153]. The development of PnCs and exploration of directional waveguiding therein
have enabled a wide range of possible applications [7,20,58,154]. However, many concepts and
basic applications have so far been demonstrated in the sonic regime while the realization of
hypersonic applications in the GHz regime still remains challenging [58,155]. In this chapter,
some of the established concepts of the design of directional waveguiding of acoustic waves
are applied in order to study possible designs for devices in the low GHz range.

5.1 Self-collimation of acoustic waves
Self-collimation in PtC was first studied in 1999 [156]. The collimated wave is determined
by the shape of EFC which is the surface in k-space described by
where  is constant.
For a homogeneous isotropic material, frequency linearly increases with the wave vector, thus
EFCs should be circles or spheres. However, due to the modulation of periodic structures in
PnCs, EFCs are more complicated. The directional wave propagation can be achieved at some
frequencies.
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Figure 5.1 (a) An EFC at a typical frequency, kx and ky are the components of the wave vector ki and vg
is the group velocity which is perpendicular to the EFC (not necessarily parallel to ki); (b) diffraction
patterns of propagating waves depend on the shape of EFCs: zero diffraction, normal diffraction, and
focusing, respectively. The arrows represent the wave propagation directions in the wave vector space.

In the equifrequency contour in k space, the magnitude of a wavevector k of a plane wave
propagation in a given medium is a function of the direction of propagation and the direction
of the group velocity at a given frequency coincides with the normal direction of the
equifrequency surface
.

(5.1)

For an anisotropic medium, the group and the phase velocity do not point necessarily in the
same direction. Figure 5.1 shows the propagation direction of mechanical waves with different
EFCs, which demonstrates zero diffraction, normal diffraction, and focusing. kx and ky are the
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wave vector components, ki is a wave vector and vg is the group velocity which is perpendicular
to the EFC (not necessarily parallel to ki). The arrows represent the wave propagation directions
in the wave vector space. The propagation direction within the PnC is decided by the gradient
at each point on the EFC, while the type of refraction is influenced by the shape of the EFCs
and their positions [157]. The group velocity defines the direction of the energy transport inside
the crystal. The energy density is inversely proportional to r except in special directions in
which the group velocity is stationary with respect to variation in the wave vector direction.
The phononic group velocity is calculated by taking the derivative of the phononic frequency
with respect to the wave number, which can be written as
,

,

,

(5.2)

for comparison with the phase velocity
,

,

.

(5.3)

The effective speed of sound for an array of circular scatters in a PnC can be calculated by
,

(5.4)

where ve is the effective speed of sound, v is the speed of sound, f is the filling factor of the
array [158]. The concept of phase control between propagating waves in a PnC can be realized
through analyzing EFCs.

5.2 Directional acoustic waveguiding
Since collimated waves only propagate in one direction, which limits their application in
integrated acoustic devices, the splitting and bending of them are significant problems that are
difficult to be solved. Several approaches have been presented to show acoustic beam splitting
capabilities utilizing either defect-based [159-163] or defect-free concepts [164,165]. A defectfree structure is highly desirable due to advantages in actual fabrication at the nanoscale when
hypersonic crystals are concerned, which can strongly reduce tedious technological processes
and potentially increase the precision of the devices. Many of the already explored crystals and
concepts for defect-free beam splitting devices show certain limitations, especially regarding
the spatial size of the excitation source [165]. Regarding laser or transducer induced acoustic
wave excitation for hypersound, this poses a severe limitation and needs to be addressed.

5.2.1 Acoustic beam splitting based on directional propagation
A defect-free acoustic beam splitting device of m size in the low GHz frequency regime
which has relaxed limitations regarding the excitation source will be discussed in this section.
This design approach shows that the experimental realization of GHz acoustic beam splitting
devices is still challenging but is within reach. The influence of the source parameters and a
possible application of the highly directional beam splitting as an acoustic interferometer at the
nanoscale will be discussed.
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The PnC consists of a square array of cylindrical silicon inclusions in the air. The Young’s
modulus E, Poisson ratio σ, density ρ of silicon are set as 165 GPa, 0.27 and 2330 kg/m3,
respectively. The simulation is calculated in a frequency range from 0 to 3 GHz using Comsol.
The lattice constant a is 200 nm and the radius of the pillars r is 60 nm. The calculation region
is comprised of 36 37 inclusions and PMLs are set in front and the rear of the PnC in order
to suppress artificial back reflections. An acoustic Gaussian source with a full width at half
maximum (FWHM) of 100 nm along the y direction, which is placed 200 nm in front of the
PnC, is used as the excitation source.

(b)

(a)

(c)

Figure 5.2 (a) The band structure of a PnC with silicon inclusions in air, the coloured lines (red and blue)
denote the frequencies of interest; (b) EFCs corresponding to the first band (with unit of 2/a) from 0.40
GHz to 0.76 GHz in the first Brillouin zone, the contour marked in blue is at 0.66 GHz; (C) EFCs
corresponding to the third band from 1.28 GHz to 1.72 GHz, the contour marked in red is at 1.60 GHz.
Both two EFCs are centered at the M point.

The characteristics of propagation of acoustic waves are obtained by analyzing the EFCs
of the PnC. Figure 5.2(a) shows the band structure of a PnC with silicon pillars in the air in the
first Brillouin zone. The colored lines mark two selected frequencies. Figure 5.2(b) depicts the
EFCs of the first band from 0.40 GHz to 0.76 GHz and the contour marked in blue is at 0.66
GHz. Figure 5.2(c) depicts the third band from 1.28 GHz to 1.72 GHz and the contour marked
in red is at 1.60 GHz. Both EFCs are centered on the M point. The marked EFCs exhibit flat
curvatures along different directions which are of a square shape except at their corners. When
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Bloch modes are excited in the flat portions of EFCs with the propagation directions
perpendicular to EFCs, all excited modes for this particular excitation source are self-collimated.
The propagating waves undergo zero-angle refraction and are transmitted through the crystal
as nondiffractive beams.
(a)
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Figure 5.3 (a) The pressure field of the PnC at 1.60 GHz, the inset corresponds to the EFCs of the 3rd
band and the red contours represent 1.60 GHz; (b) the pressure field of the PnC at 0.66 GHz, the arrows
represent the propagation directions of acoustic waves; the red lines indicate the location of input and
output.

Figure 5.3 shows the acoustic pressure fields at 0.66 GHz and 1.60 GHz. The incident
acoustic wave is split at 0.66 GHz as Figure 5.3(a) shows. The standard collimated beam at
1.60 GHz is shown in Figure 2(b). The outer gray regions represent the absorbing region with
the PML boundary conditions and arrows indicate the propagation direction of acoustic waves.
When the acoustic wave of frequency 0.66 GHz impinges upon the PnC, the acoustic beams
are split into two branches and the two splitting branches exhibit equal intensities and form
angles of ± 45 degrees with the propagation axis. The hard boundaries here act as mirrors for
the self-collimated beams. When the two splitting beams reach the upper and bottom hard
boundaries, the two beams get reflected and the reflected beams change the propagation
directions which are perpendicular to the incident beams. Since the two reflected beams are in
phase, constructive interference is obtained at the intersection point at the output, which
provides the possibility of constructing an acoustic interferometer. When the incident wave is
with frequency 1.60 GHz, the acoustic beam propagates nondiffractive because Bloch wave
vectors lying on the flat segment of the dispersion curve have equal longitudinal components
and thus do not dephase mutually in propagation [153]. This also leads to the beam splitting
after exiting the crystal in Figure 5.3(b) as the EFCs of air is larger than the Brillouin zone of
the crystal, thus Bloch modes in the extended Brillouin zone are excited inside the crystal and
then produce multiple beams as output after exiting [166].
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Figure 5.4 The extended zone scheme of the EFCs of the first band in the PnC for kx and ky ranging from
0 to 0.5 (with a unit of 2/a). The arrows represent the propagating directions of acoustic waves, the
frequency of EFC marked in blue is 0.66 GHz, and the red square shows the first Brillouin zone centered
at the  point.

Then the origin of the observed wave behavior with the help of EFCs is discussed. For the
beam splitting in the rear of PnC in the air, the operating frequency for the circular EFC in the
air is larger than the first Brillouin zone of the PnC, which permits several Bloch modes to exit
the crystal, leading to the phenomena of beam splitting in the air [167]. However, the
explanation of beam splitting within PnC is different from that in the air. Figure 5.4 shows the
extended zone scheme of the EFCs in the first band of the PnC, which can explain the beam
splitting shown in Figure 5.3(a). The blue arrows represent the propagating direction of acoustic
waves. Here the use of EFCs in an extended zone allows all possibly excited Bloch modes
within the PnC to be observed. When the incident wave propagates along X direction at 0.66
GHz, the wave vector of the refracted wave inside the PnC is refracted with 45 degrees which
is along the direction. Then the refracted wave propagates as self-collimated wave owing
to the propagation direction which is perpendicular to the portion of EFC in direction. Since
the portions of EFC demonstrate symmetry along the ky=0, the incident waves will be separated
into two parts and reach the portions of EFC at symmetrical locations, which results in
symmetrical characteristics of the refracted waves. Since the PnC has no bandgap in the studied
range, all the Bloch modes can propagate and transfer into the PnC. It needs to emphasize that
a rotation of the PnC by 45 degrees, interchanges the propagation behavior of the 0.66 and 1.60
GHz mode due to the exchange in the X and M directions.
It is important to note here that all the Bloch modes can couple into and propagate within
the PnC as no directional bandgap exists in the M direction as Figure 5.2(a) shows. Therefore
there is no limitation of the source size in order to achieve beam splitting, contrary to previously
proposed designs in the sonic range [165]. In other words, the acoustic beam splitting can be
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obtained within a wide range of possible sizes of the excitation source, while the details of the
beam splitting are influenced by the parameters of the excitation source, which will be discussed
in more detail later on.
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Figure 5.5 The normalized pressure at the input and output versus the location.

The distributions of the pressure of input and output of the PnC at 0.66 GHz, i.e., the beam
splitting case, are analyzed with respect to their intensity and width of the central fringe in
Figure 5.5. The pressure distributions are taken from the red lines marked in Figure 5.3(a). The
pressure distributions calculated in the frequency domain take into account losses due to waves
leaving the PnC as well as cumulative effects due to waves remaining in the crystal because of
multiple reflections and scattering. In this case, the FWHM of 280 nm at 0.66 GHz for the
central fringes from the input and output region show only small deviations. Self-collimation
suppresses the broadening of propagating acoustic waves within the PnC. Although the
propagating beams are scattered within the PnC, the intensity of the output is larger than the
input at 0.66 GHz due to the constructive interference of the two reflected waves. The halfwidth of the central fringe at 0.66 GHz is 0.41λ, which is less than the half-wavelength of
propagating waves in the PnC. This finding is of possible interest for applications in acoustic
super-resolution imaging, e.g., flexible superlenses at high frequency as well as sensing and
detecting objects at the sub-wavelength level [168].
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5.2.2 Influence factors of acoustic beam splitting

Figure 5.6 The normalized pressure at the output at 0.66 GHz with a source-PnC distance of 0.1a. The
left inset shows the corresponding pressure field while the right one shows the center region.

The key point here is that the beam splitting is achieved for a wide range of parameters of
the excitation source. However, the interference phenomena in the overlap region depend on
the details of the source position and size. Figure 5.6 shows pressure distribution of the output
at 0.66 GHz where the source is placed closer to the PnC (source-PnC distance is 0.1a), the left
inset shows the corresponding pressure field and the right one shows the center region in more
detail. The strong signal at the center region at the output and the clearly acoustic wave within
the area surrounded by split beams can be observed from the pressure field. When the distance
between the source and the PnC is less than the lattice constant, the amplitude distribution of
the pressure in the overlap region resembles double-slit Fraunhofer diffraction, which is given
by single slit diffraction and double slit interference. Thus, the pressure distribution here shows
the combination of the diffraction of the whole source and the interference of the two split
beams. This design is similar to a Mach-Zehnder interferometer, which produces two-wave
interference by splitting the amplitude of the wave. The respective contributions of diffraction
and interference affect the pressure distribution of the output. Thus the possibilities of tuning
them independently of each other which allow influencing the pressure distribution in the
overlap region will be discussed, which is also beneficial to optimize the acoustic interferometer.
When the excitation source is in close proximity to the PnC, strong diffraction occurs
which resemble optical counterpart, thus disturbs the observation of interference signals. An
increase in the source-PnC distance causes a broadening of the splitting beams due to the
diffusive behavior of the excited waves which in turn results in a larger overlap area. The
published work shows that the super-resolution can be obtained when the source is closer to the
PnC due to more evanescent waves couple to a bound mode of the crystal [169,170]. In our
case, the width of the center fringes is 231 nm with half-width 0.27λ, which is narrower than
the normal source-PnC distance condition and agrees with the conclusions in Ref. [170], and
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hence provides the possibility of super-resolution imaging. However, the amplitude of the
center fringe decreases and secondary fringes increase, which poses a disadvantage for superresolution imaging.

Figure 5.7 The normalized pressure at the overlapped position of collimated beams and the corresponding
pressure fields at 0.66 GHz with different source sizes.

The beam splitting capabilities of the PnC are investigated by exciting the PnC with line
sources at different locations and with different sizes. As Figure 5.7 shows, when the size of
the excitation source is just several times that of the lattice constant, with increasing the size,
the propagating beams within the PnC broaden, therefore the overlap region increases and the
disturbance of the pressure from side lobes on the center fringe at the output position increases.
When the size of the source is comparable to the lattice constant, their lengths in reciprocal
space are similar too, which guarantees the excited acoustic wave can couple well into the PnC
and reduces the disadvantageous influence of round corners in the EFC. When the size of the
source is more than five times larger than the lattice constant, the beam splitting still can be
clearly observed, while the location of overlapping region shifts and the amplitude of the
splitting beams decreases as only outer parts of the acoustic waves reached in the PnC
contribute to the split beams. The strong pressure distribution near the source, which is similar
to a plane wave, is caused by the superposition of diffractive waves induced by the long
excitation source.
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Figure 5.8 The normalized pressure at the overlapped position of collimated beams and the corresponding
pressure fields at 0.66 GHz with different source-PnC distances.

With increasing the source-PnC distance (source length is a), the intersection point shifts
closer to the excitation source and the beam splitting quality deteriorates as Figure 5.8 shows.
Although the diffraction is not as strong as in Figure 5.6, the beams reach the PnC are not
perfectly collimated anymore which lead to the noises to the central fringes increase and the
intensities of split beams decrease. Therefore, the location and size of the excitation source are
two critical factors in the beam splitting quality of the PnC at a given frequency.

Figure 5.9 The normalized pressure at the output with a shifted excitation source. The insets are the
corresponding acoustic field at different frequencies.
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So far the self-collimated and the split beams intersect at the same output position of the
crystal. This might pose problems or might be unwanted in actual devices. One possibility of
achieving a frequency dependent spatial separation can be realized by adjusting the source
position. When the excitation source shifts along the y axis, the distance 3a from the center
along the y direction, as Figure 5.9 shows, the intersection point of the reflected waves shifts
down the same distance 3a while the output of the self-collimated beam stays at the original
position along the y direction of the excitation source. Therefore, the distance between the two
outputs is 6a, which provides a convenient way to separate the output signals.
In principle, EFCs with different shapes can be used to change the angle between the split
beams. Since the self-collimation is obtained from EFCs determined by the band structure, the
beam splitting can be achieved both in hole-type and pillar-type PnCs. This effect still persists
when the size of the PnC system scales to m or mm, and therefore extends the possible design
applications to a wide frequency range.

5.2.3 Transient analysis of acoustic beam splitting
The beam splitting process of the propagating acoustic wave can be visualized by transient
analysis. The boundary conditions of input and output of the phononic structure are set as plane
wave radiation, which is to avoid the influence of reflected waves. The excitation source at the
sin 2
, where f is the excitation frequency 0.66 GHz, and p0 is the unit
input is set as
pressure.
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Figure 5.10 The dynamic propagation of splitting beams at different time steps: (a) the acoustic pressure
fields; (b) the absolute pressure fields with the excitation frequency of 0.66 GHz.

The total acoustic pressure field and the absolute pressure at different time steps with the
excitation frequency of 0.66 GHz are shown in Figure 5.10 to support the conclusions obtained
from the frequency domain. Based on the dynamic pressure fields, it is observed that the
splitting of the acoustic wave takes place immediately when the acoustic waves enter into the
structure. Then the split beams keep propagating linearly and reflected at the boundaries, finally
the interference region is formed by the overlapped beams.
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5.2.4 Further discussion of acoustic beam splitting

(a)

Acoustic pressure field

(b)

Acoustic pressure field

1.60 GHz

0.64 GHz

Figure 5.11 The pressure fields with a monopole point source excited at the center of PnC with a
frequency of (a) 0.64 GHz and (b) 1.60 GHz.

When the excitation source is a monopole point source with unit amplitude and is set at the
center of the PnC, the beam splitting can still be observed as Figure 5.11 shows. The PnC
consists of 36 36 arrays. The parameters of inclusions are the same as those in Figure 5.3 and
the PMLs are set around the PnC to avoid the disturbance from reflected waves. Obvious
directional propagation of the acoustic wave, which is split into four beams due to the symmetry
of the structure, is observed in the acoustic pressure fields. According to the contour line of
EFCs at different frequencies, the split beams can propagate along different directions which
are in accordance with the analysis stated before.

0.66 GHz
1.60 GHz

Figure 5.12 The normalized pressure at the output in the PnC with a defect at the upper boundary. The
insets are the corresponding acoustic fields at different frequencies.
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To analyze the influence of overlap of split beams on the signal of output, a defect, which
is absent with 2 4 inclusions, is set at the upper boundary to break the symmetry of the structure.
The normalized pressure along the output and the corresponding acoustic pressure field are
shown in Figure 5.12. According to the pressure field, it can observed that the defect set at the
upper boundary affects the pressure field of beam splitting condition at 0.66 GHz, which
interrupts upper propagation path and makes the pressure distribution asymmetric as more
scattering effects are induced around the upper boundary and more noise is generated at the
output at this frequency. The behaviors at 1.60 GHz are unaffected as the propagating path of
this collimated wave is away from the defect.

Location
Figure 5.13 The normalized pressure at the output in the PnC with one more PML boundary condition at
the upper boundary. The left and the right insets are the corresponding acoustic fields under the long y
condition and the standard condition (Figure 5.3(a)), respectively.

If the arrays of a model have an increased number of columns (46 in the y direction) and
the same number of rows (37 rows in the x direction), it is called the long y condition. One more
PML boundary condition is needed at the upper boundary to break the symmetry of reflection
and absorb the energy of one branch of split beams. The normalized pressure plots at the output
of a standard model in Figure 5.3 and a model with the long y condition are compared in Figure
5.13. It can be observed that for the model with the long y condition there are no overlapped
beams at the output and that the amplitudes in the center regime are reduced more than half and
the distribution of pressure loses symmetry. It also shows that for the model with the long y
condition, more scattering waves appear in the acoustic field as the suppression effect of
scattering is less significant without the protection of structure’s symmetry. Therefore, the
symmetry of the structure is an important and essential factor to enhance signals’ intensity in
the overlapped region of split beams.

5.2.5 Conclusions
By tailoring the EFCs in a 2D PnC, the directional waveguiding is analyzed and a defectfree beam splitting device in the low GHz frequency is demonstrated. The relaxed limitations
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of the excitation source provide a possible way to realize a beam splitting device in the GHz
frequency range. The influence factors on the waveguiding quality are examined in detail. With
appropriate settings of the location and the size of the source, the diffraction of acoustic waves
can be tuned and, in turn, influences the pressure distribution in the overlapped region and thus
the interference of the overlapped beams. This approach can be used to design devices based
on acoustic beam splitting such as acoustic sensors, acoustic integrated circuits, and nanoelectromechanical systems.
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6. Topologically protected waveguiding in phononic
metamaterials
As the mathematics of conserved properties has undergone continuous development,
topology has created a wide range of new opportunities in various regimes, including electronic,
magnetic, photonic, phononic, and mechanical fields. Topological insulators observed in
electronic systems have inspired analogy in bosonic systems in which edge states of protected
propagation are induced by topologically nontrivial bandgaps. The well-designed topological
structures establish interfaces which support unidirectional wave propagation without backreflection. It is still a challenge to create practical artificial structures, which are named as
metamaterials, to achieve unconventional performance in modern sciences. Comparison of the
limited bulk properties with the associated performance trade-offs of topological matters for
electrons and photons shows that phononic metamaterials can access a much wider range of
material properties. The background of topological states will be introduced first in this chapter,
then the constructed phononic metamaterial with topological characteristics will be analyzed in
detail.

6.1 Theory of topological states
Topologically designed materials can ensure topological symmetries and facilitate
backscattering-immune wave transport. The development of topological materials is based on
the concept of the Dirac point and the analogy of the quantum spin Hall effect associated with
the theoretical analysis of the Berry phase. The related fundamental topics will be introduced
in this subsection.

6.1.1 Graphene and Dirac point
Graphene is a zero-gap semiconductor since its conduction bands intersect with valence
bands at six points in the momentum space. The electrons propagating through the honeycomb
lattices produce quasi-particles which can be described by the massless Dirac equation. Thus,
these six points which have the linear dispersion relation in the vicinity are called Dirac points.
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Figure 6.1 (a) The honeycomb lattice of graphene with two kinds of carbon atoms designated A and B;
(b) the Dirac cone that denotes linear variation of the energy of graphene with respect to the momentum
along the Brillouin zone boundary.

Figure 6.1(a) shows the honeycomb lattice of graphene with two kinds of carbon atoms
and Figure 6.1(b) demonstrates the energy of graphene varies linearly with the momentum
around the Dirac points. Electron states have opposite chirality in conduction and valence bands
as indicated by yellow arrows [171]. The concept of the Dirac point, which has the special linear
dispersion relation, can be extended to classical periodic systems including photonic and
phononic systems.

6.1.2 The Hall effect and topological insulators

A family of Hall effects

Hall effect
(1879)
Quantum Hall effect
(1980)

Integer quantum Hall effect
(1980)
Fractional quantum Hall effect
(1982)

Spin Hall effect
(2004)

Quantum spin Hall effect
(2007)

Anomalous Hall effect
(1881)

Quantum anomalous Hall effect
(2013)

Figure 6.2 The introduction of a family of Hall effects.

A family of Hall effects is introduced in Figure 6.2, where the numbers in parentheses
indicate the years of each discovery [172]. For the quantum Hall effect, the quantum spin Hall
effect, and quantum anomalous Hall effect, electrons flow along the lossless edge channels with
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the rest of system insulating. The quantum Hall effect includes the integer quantum Hall effect
(IQHE) and the fractional quantum Hall effect (FQHE). The edge current in IQHE is caused
by electrons at the edge of the 2D electron gas, which follows ballistic transport. The origin of
FQHE is explained by the Laughlin’s theory and still under development.

(b)
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Conduction band
Gap
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Momentum
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(d)
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Quantum Hall
Conduction band
Gap
Valence band
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(f)
Quantum spin Hall
Spin down

Energy

(e)

Conduction band
Gap

Spin up

Valence band
Momentum

Figure 6.3 Electronic states with different topologies: (a) electronic states in insulators; (b) band
structures in insulators; (c) electronic states in the quantum Hall regime; (d) band structures in the
quantum Hall regime; (e) electronic states in the quantum spin Hall regime; (f) band structures in the
quantum spin Hall regime [173].

Figure 6.3 demonstrates different electronic states in the insulator, the quantum Hall regime
and the quantum spin Hall regime [173]. Figure 6.3(a) shows the pinned outer electrons rotate
around their atoms in an insulator and Figure 6.3(b) represents the corresponding band
structures which own a gap at all values of momentum. As Figure 6.3(c) shows the formation
of the quantum Hall effect with a strong uniform magnetic field applied to the semiconductor.
The inner electrons follow quantized cyclotron orbits of discrete energies while the outer
electrons are pinned and edge conductance appears, which remains constant regardless of
sample sizes, composition, and purity. In the quantum Hall regime, the gap of a 2D electron gas
is still open and a chiral edge state carries current across the gap as Figure 6.3(d) shows. For
the condition of the quantum spin Hall regime in Figure 6.3(e), a bulk gap always appears as
only spin currents existing in the material, and there are two edge states across the gap with
counter-propagating currents of spin-up and spin-down electrons. Figure 6.3(f) shows the
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corresponding two gapless edge modes, i.e., helical edge states. As introduced before, unless
the perturbation is strong enough to destroy and reopen the bulk energy gap, one state cannot
be transformed into another as they are topologically distinct. The quantum spin Hall effect has
the similar physical origin of a topological insulator, which allows the coexistence of counterpropagating spin-polarized edge states.
A topological insulator behaves as an insulator in its interior but its surface contains
conducting states without dissipation or back-scattering which has a non-trivial topological
order and symmetry protection. In other words, edge states of topological insulators possess a
striking property, which is the ability to propagate along a single direction without
backscattering, regardless of the perturbation of defects or disorder. The key features of the
topological electronic model were transferred into the field of photonics in photonic crystals in
2005 [174], which has inspired numerous subsequent theoretical, numerical and experimental
investigations.

6.1.3 The Berry phase for wavefunctions
In topology, different topologies can be mathematically characterized by topological
invariants - integers which remain constant under arbitrary continuous deformations. Systems
with the same topological invariants are equivalent topologically, i.e., their topological phases
are the same. Gauge field is included in the Lagrangian to ensure its invariance under the local
group transformation. The Z2 topological invariant of 2D bands takes 2 values. The invariant
is derived from Kramers degeneracy of fermions with time-reversal symmetry. The Kramers
doublet is a prerequisite condition for the topological insulator, which can be fulfilled by the
intrinsic spin -1/2 fermionic character of the electron. Rotating a fermion by 2π will not return
1. As the Kramers
the particle to its original state but to its negative state, which means
doublet is applied in fermionic time-reversal symmetry, the Kramers degeneracy theorem
cannot be applied directly to photons or phonons since they are bosons with spin -1. However,
the physical explanations of time-reversal symmetry in the bosonic system have been
established from other views. Bands with different topologies in dispersion relations cannot be
transited into each other without closing the bandgap. The topological phase transition takes
place at the domain wall after closing a trivial bandgap, neutralizing the Chern numbers and
reopening a nontrivial bandgap. It appears when the dispersion relation has bandgaps that
support gapless edge states. The number of gapless edge modes generally equals to the
difference of the topological invariants across the interface [175].
Symmetry is a crucial factor for determining possible topological phases of a structure.
Non-conventional topology can be reached by extrinsic systems and intrinsic systems. For the
former, energy is imported into systems to break time symmetry; for the latter, symmetry is
broken through tailoring structures of systems. To achieve gapless edge states, both timereversal symmetry and spatial inversion symmetry should be broken. Breaking either symmetry
can produce a bandgap between the two bands. However, it will lead to topologically
inequivalent, i.e., the bulks carry different Chern numbers, which characterize the quantized
collective behaviors of wavefunctions of bands. It is the topological invariant of a 2D dispersion
band that characterizes the non-trivial feature, which represents the winding number of the
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phase along the Brillouin zone boundary. The Chern number can be calculated by integrating
the Berry curvature over the Brillouin zone or analyzing the symmetry of the lowest band at
high symmetry points [176]. For time-invariant systems, all ordinary Chern numbers are zero.
A non-zero Chern number implies a non-trivial bandgap above the corresponding band. When
the sum of Chern numbers of bands below a band gap is not zero, a topological photonic or
phononic system analogous to a topological insulator emerges.
Most of the useful information regarding periodic structures can be deduced from the
dispersion diagram, while it lacks topology information of systems. Topological numbers can
only be calculated from the eigenfunctions. Table 6.1 shows the comparison of the Berry phase
for Bloch wavefunctions and the Aharonov-Bohm phase [177].
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Table 6.1 Comparison of the Berry phase for Bloch wavefunctions and the Aharonov-Bohm phase [177].

The Chern number can be considered as the number of monopoles of the Berry flux inside
a closed surface. The Berry connection measures the local change of the phase of wavefunctions
at the momentum space. Berry connection and Berry phase are gauge dependent, which are
similar to the vector potential and the Aharonov-Bohm phase, respectively. The remaining
quantities in the table are gauge-invariant. Taking advantage of the Stokes’ theorem, the Berry
phase and the Berry flux can be connected. As Table 6.1 shows, the Berry connection of a band
n is
∮

V ,

(6.1)

or in the component representation is
∮

∗

∗

∗

V ,

(6.2)

where i can be 1 or 2 for a 2D crystal, u is the displacement field of the eigenmode. The
amplitude of eigenmode can be normalized by
∮

V

1.

(6.3)

The Berry curvature can be given as
.

(6.4)

To make the numerical error minimum, the arbitrary eigenmode phase is normalized by that of
an arbitrary point [178].
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6.2 Fundamentals of topological phononics
The topological properties of classical waves with non-reciprocity in bosonic systems in
respect of photonics [174,179,180], acoustics [181-185], and mechanics [186-189] have made
a flourishing development in recent years. Moreover, magnetization twisting skyrmions, which
also have non-trivial topological properties, have received attention [190-192]. The exploration
of new topological phases in photonics, acoustics, and mechanics started with the concept of
the quantum spin Hall effect (QSHE). The engineering of new topological materials with novel
properties can potentially be achieved by capturing their physical background. The imperfect
fabrication is a common and unavoidable problem in the industrial manufacturing, which leads
to defects in real structures and results in undesired coupling modes. The edge modes of
topological materials are robust compared to the whispering gallery modes (WGMs). WGMs
are sensitive to the propagation path that can be influenced by the shape of boundaries/surfaces,
the defects etc., while the topological edge states are able to remain stable under a variety of
perturbations. Therefore, the advantage of topological edge modes can be taken in realizing
applications which require energy to be confined or guided on the surface or along the
interface/boundary of some devices.
The linear dispersions of the Dirac cone in the electronic band structure have stimulated
interest in investigations of physical properties of graphene. The studies have shown that the
concept of the Dirac cone dispersions can be extended in some classical wave systems in terms
of 2D PtCs and PnCs. Most of Dirac points are found at the Brillouin zone boundary, while a
recent study showed that Dirac points can also be realized at the zone center of 2D PtCs/PnCs.
The physical origin of a Dirac point at the Brillouin boundary is the consequence of the lattice
symmetry, while that of a Dirac point at the zone center is the appearance of accidental
degeneracy. Using the effective medium theory, structures with a Dirac point in photonic and
phononic systems can be described as isotropic zero-refractive-index materials at a Dirac point
frequency, which demonstrates zero effective permittivity and permeability for photonic
systems and the zero effective mass density and reciprocal of bulk modulus for phononic
systems [193].
The nontrivial bandgap with non-zero Chern numbers can be designed to construct a
phononic insulator, which owns the topologically protected acoustic edge state, i.e., being able
to produce robust one-way propagation immune to the perturbation of topological defects and
impurities. Topologically protected edge states are accompanied with the occurrence of
accidental degeneracy. According to the group theory, as C6v symmetry possesses two 2D
irreducible representations, it is easy to be used to construct a double Dirac cone with four-fold
accidental degeneracy. To obtain topologically protected edge states, the symmetry of spatial
inversion and time-reversal should be broken, the nonzero Berry curvature and the nonzero
Chern number can be achieved respectively. The origin of the Berry curvature is the spin-orbit
coupling. The gapless edge states are robust against backscattering when the spins are
decoupled. The directional spatiotemporal modulation makes it possible to tailor the spin and
orbital components in wave functions. Scattering-free phonon waveguides with almost arbitrary
shapes can be achieved owing to the stability of topological edge states. Those protected edge
state waveguides could benefit the development of novel surface wave devices that are widely
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used in areas of electronics, telecommunication, and imaging. The topological phase transition
is associated with band mode inversion between two adjacent bands.
The chiral symmetry and continuous deformation of a Hamiltonian with exact zero-energy
edge states were proposed for both gapped and gapless systems [194]. The topological phase
of sound and light based on cavity optomechanics have also been realized, which gives rise to
a more flexible optomechanical concept than geometry-based approaches [184]. A topological
photonic insulator was realized in a composite lattice structure by the zone folding mechanism
[195]. A phononic system is far more susceptible to the disorder than a photonic system due to
the enhanced backscattering caused by the slow group velocity and the high density of states.
Therefore, realizing phononic topological protection against structural imperfections and
disorders have significant implications for practical applications.
By using a perturbation method, the double Dirac cone was obtained in a core-shellstructure PnC [196]. A study confirmed that symmetry-protected 3D topological bandgaps
supporting disorder-immune surface states can be obtained in bosonic systems [197]. The edge
modes in the phononic system are important in many aspects including vibration control and
acoustic imaging [198-200]. Ref. [181] proposed a convenient way to obtain the accidental
degeneracy Dirac point and acoustic topological states by dynamically modulating the
parameters of inclusion. A nonreciprocal material platform which demonstrates the acoustic
analogy of the Floquet topological insulator is designed based on a slow, on-site rotating
modulation scheme. The acoustic topological nontrivial phases have been realized by breaking
time-reversal through setting rotating fluid in a “meta-atom” [183,201], breaking inversion
symmetry though utilizing chiral interlayer coupling [202], or creating of acoustic pseudospin
multipoles [203]. Not only an acoustic wave but also elastic waves including Lamb waves
exhibit properties related to topological states. With the Coriolis forces obtained from
gyroscopes, the chiral edge states are obtained in a hexagonal lattice [188]. Topologically
protected elastic wave has been realized in both static and time-dependent regimes by designing
a spin-degenerate metacrystal in a dual-scale PnC slab [178]. Given a large number of recent
works of topological phononics, it is expected to see the appearance of many works leading the
way to new applications regarding phonon guiding from sonic range to thermal range.

6.3 Modelling and results analysis
In this section, a 2D phononic metamaterial, a kind of phononic graphene based on a 2D
pentamode structure is proposed in order to realize topologically protected elastic wave with
one-way backscatter-immune propagation. By calculating the band structures, vibration modes
and transmission spectra of the designed structures, the topological characteristics of this novel
structure are analyzed in detail.

6.3.1 Modelling of designed structures
Pentamode materials, a kind of mechanical metamaterial, only supports longitudinal
polarization due to the small effective shear modulus compared to the bulk modulus. The
pentamode material is defined as a degraded elastic material with unique non-zero eigenvalues.
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Due to the special elastic tensor C KS⨂S, pentamode materials can only sustain the stress
state proportional to the characteristic stress S, and will deform (“flow”) under other stress
conditions just as a liquid under the shear stress condition, thus it is treated as a kind of
complicated fluid in the form of solid. The anisotropic stiffness and the isotropic mass density
are the special characters of pentamode metamaterials. It was proposed years ago and have been
realized in the mechanical and acoustic fields [204,205]. Considering the necessity of structural
stability, the shear modulus of the solid medium cannot be designed as zero, which is a
pentamode material. Since solid PM is independent of the resonant mechanism, a broadband
frequency can be achieved [206].
The phononic metamaterial in a solid system, which can be termed as an elastic
metamaterial, is used to break or buckle to dissipate mechanical shock energy. This work can
lead to active mechanical metamaterial, intergrading energy source, feedback loops etc
[148,207]. Mechanical cloaking based on metamaterial can protect sensitive objects
mechanically or even hide them [208]. Based on the established concept, a 2D phononic
graphene based on the pentamode structure with topological characteristics is demonstrated
numerically.
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Figure 6.4 The geometry of a 2D pentamode structure: (a) a honeycomb array of the designed structure;
(b) a unit cell of the structure.

Figure 6.4 shows the schematic of a unit cell of the 2D pentamode structure with the
arrangement of the honeycomb lattice. The radius of a joint circle
∗ , where r0 = 1 mm
is the basic value of radius. The lattice constant a=12 mm. The elastic material is silicon with
the Young’s modulus E=167 GPa, the Poisson’s ratio σ=0.27 and the density ρ=2330 kg/m3.
To show the “flow” ability of pentamode materials intuitively, the transmission of a pentamode
structure in the fluid is demonstrated at a low megahertz frequency.
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Figure 6.5 The acoustic pressure fields at 0.2 MHz with (a) plane wave incident on the pentamode
structure of Silicon in water; (b) the same plane wave incident on the water.

Figure 6.5 shows the acoustic pressure fields at 0.2 MHz with plane wave incident on the
pentamode structure of Silicon in the water and the same plane wave incident on the water. The
pentamode structure is the arrays of the unit cell with m=1.0. The plane wave with an incident
angle of 30 degrees is set as background pressure field and the four outer boundaries are set as
plane wave radiation. The density and the speed of sound of water are 1000 kg/m3 and 1400
m/s, respectively. It can be observed that the existence of pentamode structures has little
influence on the acoustic pressure field, i.e., the pentamode structure can acts as acoustic fluids
at this frequency. By changing the material parameters of the pentamode structure, the phononic
properties of the solid structure are similar to that of the background medium, which keeps the
propagating wave with the same waveform outside the area of the pentamode structure without
obvious reflection on the side of the incident.
The following works are all analyzed in the module of Solid Mechanics to discuss the
characteristics of elastic waves in pentamode structures. The periodic boundary conditions are
set on the four boundaries of the unit cell for the calculation of band structures. The
eigenfrequency equations are solved with the wavevector sweeping along the irreducible
Brillouin zone of the honeycomb lattice. Although the elastic material with the pentamode
structure can also be treated as a kind of elastic metamaterial, as the key point here is the
propagating characteristics of the elastic wave in the system, the phononic terms are adopted
here.
There are three steps to achieve topologically protected states in the designed structure.
The first step is to achieve the accidental degeneracy Dirac point by modulating parameters,
which ensures the existence of two candidate pseudo-spin states. The second step is to break
time-reversal symmetry by introducing the counterpart of spin-orbit coupling, which results in
a phase transition. The final step is to break spatial inversion symmetry by truncating the
boundary or loading external forces.
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6.3.2 Accidental degeneracy Dirac point
A phononic band structure with a degeneracy point which emulates the electronic band
structure of graphene with Dirac dispersion is presented.
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Figure 6.6 The band structures of 2D pentamode structures with different radii of joint circles: (a) m=1.00;
(b) m=1.48; (c) m=1.52; (d) m=2.00.

The geometrical parameter of the joint circle is tailored for the modulation of band
structures. The band structures of 2D pentamode structures and the accidental degeneracy
points are illustrated in Figure 6.6. Four-fold accidental degeneracy points with linear
dispersions between four bands appear at the  point in Figure 6.6(b) and (c), respectively.
However, the degeneracy point at 0.777 MHz under the m=1.48 condition is a “fake” Dirac
point and the degeneracy point at 0.360 MHz under the m=1.52 condition is a Dirac point with
double Dirac cones, the corresponding theoretical confirmation will be shown in section 6.3.3.
The accidental degeneracy double cones are formed by manipulating the filling factor of
periodic structures within the honeycomb lattice. The Dirac cones generate and annihilate in
pairs. The breaking of time-reversal symmetry can be achieved by separating the Dirac point
with two opposite states in the separated bands. Figure 6.6(a) and (d) show the nontrivial
bandgap under the m=1.0 condition and the trivial bandgap under the m=2.0 condition which
are induced by the time-reversal symmetry breaking. Accompanied by the opening of a
nontrivial bandgap at the  points, the topological phase transition appears owing to the effect
resembling spin-orbit coupling. With decreasing the characterized number m of the joint circle
from 2.00 to 1.00, the bandgap closes and reopens, experiencing a phase transition, i.e., a band
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inversion takes place, which means the trivial bandgap has been transformed into a nontrivial
bandgap. In other words, the structure with m=1.0 is a topological structure, while the structure
with m=2.0 is an ordinary structure. Therefore, the bandgaps that belong to different topological
phases can be transferred by appropriately tuning the system’s parameters.
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modes B: 0.377 MHz

modes A: 0.253 MHz

0

modes C: 0.339 MHz

modes D: 0.481 MHz

Figure 6.7 The vibration modes of separated degeneracy points at the high symmetry point in Brillouin
zone centre (marked in Figure 6.6): (a) degeneracy modes A with a frequency of 0.253 MHz; (b)
degeneracy modes B with a frequency of 0.377 MHz; (c) degeneracy modes C with a frequency of 0.339
MHz; (d) degeneracy modes D with a frequency of 0.481 MHz.

The band structures demonstrate that by modulating parameters the designed structures
would undergo a phase transition in the reciprocal space, then the analysis of vibration modes
will confirm these results in an intuitive way. The displacement fields of separated degenerated
points are shown in Figure 6.7 to identify the vibration modes of different structures. The fourfold accidental degeneracy point in Figure 6.6(c) is separated into two double-fold degeneracy
points in both topological and ordinary structures, thus, each double-fold degeneracy point in
Figure 6.6(a) and (d) owns two vibration modes at the same frequency. It can be clearly
observed from Figure 6.7(a) and (d) that the vibration modes of the degeneracy modes A with
the frequency of 0.253 MHz in the upper bands of the topological structure are the same as the
degeneracy modes D with the frequency of 0.481 MHz in the lower bands of the ordinary
structure, i.e., the modes of separated degeneracy points in the upper bands of the topological
structure with the nontrivial bandgap are coincident with that in the lower bands of the ordinary
structure with the trivial bandgap. Figure 6.7(b) and (c) show the degeneracy modes B at 0.377
MHz in the lower bands of the topological structure and the degeneracy modes C in the upper
bands of the ordinary structure, which demonstrate the same conclusion and confirm the
appearance of a phase transition in the two structures.
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Figure 6.8 The transmission spectra with different sizes of joint circles: (a) m=1.00, the area marked in
blue represents the frequency range of the nontrivial bandgap; (b) m=1.48, the inset figure is the
corresponding band structures around the frequencies of degeneracy points; (c) m=1.52, the inset figure
is the corresponding band structures around the frequencies of degeneracy points; (d) m=2.00, the area
marked in blue represents the frequency range of the trivial bandgap.

Figure 6.8 shows the different transmission spectra in designed phononic structures, which
consist of 18 18 arrays of unit cells, with four different sizes of joint circles. The band
structures around the frequencies of degeneracy points with double cones are included in Figure
6.8(b) and (c). The location of the nontrivial bandgap and the trivial bandgap are marked in
blue in Figure 6.8(a) and (d). The transmission spectra are obtained by normalizing the
integration of displacements at the output. The input and output are set at the different locations
along the edges of the structure. Since the system is periodic in the xy plane, the selection of
output location can be random, which has little influence on the transmission distribution. Here,
the same setting is applied to the transmission calculation with four kinds of structures. The
transmission spectra agree well with the corresponding band structures shown in Figure 6.6.
The zero transmissions of the frequency range of the nontrivial bandgap and the trivial bandgap
can be clearly observed from the transmission in Figure 6.8(a) and (d). It can be also found
from Figure 6.8(b) and (c) that the locations of four-fold degeneracy points at 0.360 MHz and
0.777 MHz correspond to the near-zero transmission.
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6.3.3 Berry curvatures of phononic structures
The k ∙ p method, which has been applied in photonic topological insulators, has also been
used to calculate the Chern number of a phononic graphene structure. Here, k is the wave vector
and p is the quantum mechanical pulse operator. A double Dirac cone can be created with two
double-fold states (pseudospin-up and pseudospin-down) in a bosonic system with artificially
designed structures, which is analogous to the time-reversal symmetry of electrons. That
guarantees the appearance of the Kramers doublet at the  point of the C6 symmetry structure
[181,195].

Figure 6.9 Berry curvatures for the four bands (bands 5-8) above and below the nontrivial bandgap in the
topological structure; the inset is the band structure with the nontrivial bandgap.

Each band can be characterized by a topological invariant. As Table 6.1 shows, the Chern
numbers can be obtained by integrating the Berry Curvature over the first Brillouin zone. Based
on the Equation (6.1)-(6.4), a 9-point stencil in each dimension is used to calculate the Berry
curvature. By using Comsol linked with Matlab, the Berry curvature of the phononic bands
above and below the nontrivial bandgap in the reciprocal space of the topological structure are
calculated and shown in Figure 6.9. The degenerate bands, i.e., the band (5,6) and the band
(7,8), have opposite signs of the Berry curvature, which is in accordance with the characteristics
of the quantum spin Hall effect. When the integration of the Berry curvature near a peak or dip
is performed, the Berry phase is equal to π or –π and the Chern number is Cs=±1. The
topological transition appears with a band inversion between the bands (5,6) and (7,8) near the
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 point. The topological property of this phononic metamaterial is characterized by a non-zero
Chern number of bulk bands, which implies that the edge states are preserved under continuous
deformation.
According to the bulk-boundary correspondence principle, the number of edge states at a
specific interface is decided by the change in the sum of the Chern numbers of the bulk bands
at lower frequencies [180,209]. Since each Dirac point carries the Berry phase , for one Dirac
cone, the exchange of the Berry curvature between the two bands is 2, which results in a chiral
edge state in the gap [188]. Thereby, the helical edge states forms from the double Dirac cones.
The Berry phase is independent of the edge states, which proves that it is the topology of bulk
band structures that determine the topological property of a structure. By calculating the Chern
numbers, the bandgaps exhibit different topologies in different structures. To break the timereversal symmetry, not only a nontrivial bandgap is needed, but also the topological transition
point should be reached.

6.3.4 Robust wave transport in phononic structures
The last step to achieve topologically protected transport is to construct structures with a
domain wall which supports helical edge states, thus topologically protected edge modes will
emerge at the boundary according to the bulk-boundary correspondence principle [210].
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Figure 6.10 (a) The band structure of the supercell consisting of topological structures stacked with
ordinary structures with helical edge states; the forward and backward transport of edge states are marked
as red and blue respectively; (b) and (c) the local band structures of helical edge states; (d) the two
degeneracy vibration modes at the intersection point with frequencies of 0.350 MHz at k=0; (e) the
vibration modes on the edge states at k=0.04 with the frequencies of 0.345 MHz and 0.358 MHz which
are shown as the dots in Figure 6.10(b), the red arrow represents the amplitude and the direction of the
vibration velocity.
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To confirm the characteristics of topologically protected edge states, band structure and
vibration mode analysis of a supercell comprising 24 1 unit cells is performed numerically.
The supercell is a ribbon of 24 unit cells along the x direction, which consists of 12 unit cells
of the topological structure on the left and 12 unit cells of the ordinary structure on the right.
The periodic boundary conditions are applied to the top and bottom edges along the y direction
and the free boundary conditions are set on the rest edges.
Figure 6.10 shows the band structure of the stacked structure and the vibration modes of
the edge states at specific wavevectors. The two gapless edge states which connect the bulk
wave modes can be clearly observed from the band structure in Figure 6.10(a) and the local
band structure of this helical edge states are shown in Figure 6.10(b) and (c). As the gapless
dispersion connects the bulk bands above and below the frequency gap, this edge band will not
be moved out of the gap even by changing the edge terminations. The domain wall appears
whenever the discrete symmetry is broken. The two degeneracy vibration modes at the
intersection point with a frequency of 0.350 MHz at k=0 are presented in Figure 6.10(d). The
degeneracy modes demonstrate that the vibration energy concentrates around the domain wall
with little energy away from the area of the domain wall. Figure 6.10(e) demonstrates the
vibration modes of the edge states at 0.345 MHz and 0.358 MHz with same wavevector k=0.04
have opposite directions of the velocity, i.e., one with a positive group velocity propagates
forward and the other one with a negative velocity propagates backward. The characteristics of
the two edge bands can be analyzed by borrowing the concept of spin states. The two edge
branches of this phononic metamaterial support modes bound on the interface with different
velocity directions, which can be treated as a pseudo spin-up mode and a pseudo spin-down
mode analogous to the quantum spin Hall effect. Since the edge bands are located in the
frequency range of a gap without bulk modes, the edge modes cannot scatter into the bulk of
the structure. In addition, the unidirectional group velocity ensures the absence of
backscattering and leads to one-way vibration propagation, which will be demonstrated in the
following.
Based on the displacement fields in Figure 6.10(d) and (e), the vibration modes at the
helical edge states demonstrate that the elastic waves are well localized in the domain wall and
carry the characteristics of forward and backward transfer, which is in accordance with the
implication of Figure 6.10(c). The edge modes inside the area limited by the dash lines k=±0.12
demonstrates that the energy is concentrated in the domain wall; the modes at the turning points
show the hybridization of vibrations of the domain wall and parts of the topological structure
or the ordinary structure; when the wavevector is out of the turning point, the edge mode
transforms into the bulk mode which excites the bulk vibrations only.
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Since topologically protected gapless edge states can be formed at the interface between
two phononic structures with dissimilar phases, i.e., with the nontrivial bandgap and the trivial
bandgap, the various topologically protected waveguides can be constructed for diverse
applications.
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Figure 6.11 The displacement field of robust propagation of the elastic wave with a frequency of 0.35
MHz along the domain walls in the designed phononic structures consisting of topological structures
stacked with ordinary structures. The locations of input and output are marked in the displacement field.

Figure 6.11 shows the zigzag domain walls functioning as curved waveguides in the
designed phononic structures consisting of topological structures stacked with ordinary
structures with a frequency of 0.35 MHz. The band can severely inhibit the wave forward
propagation in an ordinary waveguide. However, it can be clearly observed that the elastic
waves can detour around the bands, which demonstrates a high-quality transmission in this
phononic metamaterial. The backscattering is largely suppressed in the domain wall due to the
topological protection, which demonstrates robust propagation against defects including
disorders and sharp bends. Thus, the topologically protected mode with backscatter-immune to
a broad range of structural imperfections is realized for elastic waves in phononic metamaterials.
By summarizing the results from band structures and transmission spectra of the designed
structures, It is known that when the geometric parameter of the structure exceeds the
topological transition point, the state of a trivial bandgap transits into a nontrivial bandgap,
which forms the topologically protected one-way transport immune to backscattering. The
displacement fields demonstrate the unidirectional propagation of the elastic wave on the
domain wall due to the different topologies of the topological structure and the ordinary
structure.
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Figure 6.12 The transmission spectra in the stacked structure. The structure and the setting of input and
output are the same as those in Figure 6.11(b). The insets are the schematic diagrams of two kinds of
outputs. The blue area marks the frequency range where helical edge states appear.

The transmission spectra for the stacked structure (combination of topological structures
and ordinary structures) is shown in Figure 6.12, which is used to compare with the transmission
of structures with one kind of unit cell in Figure 6.8 and further confirm the conclusion of
protected propagation of the elastic waves. The phononic structure and the locations of input
and output are the same as those in Figure 6.11(b), the insets in this figure are the schematic
diagrams of two kinds of outputs and the blue area marks the frequency range where helical
edge states appear. A prominent peak is observed in the frequency range (0.340 MHz~0.365
MHz) of helical edge states, which is in accordance with Figure 6.10(a), and also within the
bandgaps of structures with the single unit cell (with m=1.0 or m=2.0) as Figure 6.8(a) and (d)
shows. The elastic wave can keep a high transmission in the frequency range of helical edge
states along the path of the domain wall. Although the output 1 and the output 2 are two different
selections, the transmission trends are similar, i.e., the frequency ranges of transmission peaks
and near-zero transmission zone are almost identical, which confirms the statement in terms of
the output selection in Figure 6.8.
More characteristics regarding robust propagation of elastic waves are explored in this
phononic metamaterial.
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Figure 6.13 The displacement fields (upper figures) and the displacement contours (lower figures) at 0.35
MHz with the left input (port 1) and the right input (port 2) of the model of the topological structure (with
m=1.0) coating the ordinary structure (with m=2.0) with an upward bend. The red stars mark the incident
ports.

Figure 6.13 shows the displacement fields and the displacement contours with the left input
and the right input of the model of the topological structures stacked onto the ordinary structure
with an upward bend. The robust propagation along the domain wall can be obtained with both
incident ports and the two displacement fields demonstrate the mirror symmetry. The
topological edge states obey the helical symmetry selection rule, which shows the right-handed
and left-handed effects on the two sides of mirror plane with energy unchanged. At a specific
frequency in the range of helical edge states, the elastic wave can be either transferred forward
or backward in a structure, which pseudospin state will appear in the transmission in a structure
cannot be known until the measurement method is determined.
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Figure 6.14 The contours of displacement fields of the topological structure coating the ordinary structure
with an upward bend (a)(b)(c); with a downward bend (d)(e)(f) at different frequencies.
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The contours of displacement fields of the topological structure coating the ordinary
structure with an upward bend and a downward bend at different frequencies are shown in
Figure 6.14. As 0.345 MHz, 0.350 MHz, and 0.355 MHz are all in the frequency range of helical
edge states, when the transmission is not totally forbidden, the energy mostly distributes in the
area of domain walls. Comparing the figures with the upward bend (left column) with the
figures with the downward bend (right column), their characteristics of transmission are largely
different at the same frequency. Figure 6.14(a) and (c) show strong transmissions with a
frequency of 0.345 MHz along the domain wall under the upward condition, while weak
transmissions under the downward condition. However, it is on the contrary at 0.355 MHz, the
transmissions show weak transmission under the upward condition and strong transmission
under the downward condition.
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Figure 6.15 The displacement fields of different phononic structures with a frequency of 0.35 MHz: (a)
the topological structure coating the ordinary structure with an upward bend; (b) the ordinary structure
coating the topological structure with an upward bend; (c) the topological structure coating the ordinary
structure with a downward bend; (d) the ordinary structure coating the topological structure with a
downward bend; (e) and (f) are the corresponding displacement field contours of (c) and (d), respectively.
The arrows in red and blue represent the forward and backward transport, respectively.

Based on the analysis of Figure 6.10, it is known that the edge states demonstrate forward
transport and backward transport, which can be treated as pseudo spin-up and pseudo spindown states, respectively. As it is useful to select a particular pseudospin from the gapless edge
states, the different phononic structures are analyzed to study pseudospin-dependent transport.
Figure 6.15 shows the displacement fields of four different phononic structures which consist
of the topological structure and the ordinary structure with an upward bend or a downward bend.
Compare Figure 6.15(a) with Figure 6.15(c), although both models are the topological structure
coating the ordinary structure, the former with the upward bend demonstrates robust
transmission while the transmission of the latter with the downward bend is forbidden. It is due
to the different pseudospin states selected by the different paths of the domain wall, which
results in the different transmission of the elastic waves. Based on Figure 6.15(a) and (b), it can
be also observed that even with the same shape of the domain wall and the same input, when
the locations of the topological structure and the ordinary structure exchange, the transmission
characteristics will change from propagating to forbidding or to the contrary as the velocity
direction changes. The results prove that the measurement results, determined by the
pseudospin states, can be influenced by the configuration of stacked structures.
Structure 1

Structure 2

Structure 3

Structure 4

1.0_2.0_upward bend 1.0_2.0_downward bend 2.0_1.0_upward bend 2.0_1.0_downward bend

Port 1
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\
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Figure 6.16 The schematic diagrams of transmissions at 0.35 GHz in different phononic structures. The
small circle and larger circle represent a topological structure and an ordinary structure, respectively; the
polyline demonstrates the shape of the domain wall; the red arrows show the incident ports.

The schematic diagrams of transmissions in the different phononic structures are
demonstrated in Figure 6.16. The exchange of excitation ports (e.g.,diagrams (1,1) and (2,1)),
or the positions of topological and ordinary structures (e.g., diagrams (1,1) and (1,3)), can cause
the reversion of the forward and backward transport of the elastic wave, which can be used to
control the phonon transport along a specific path in periodic phononic structures. This selected
phonon transport could be used to represent information, like the 0s and 1s of conventional
computing, providing a new way to design phononic logic gates.
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6.3.5 Further discussion with respect to edge modes
A. The other accidental degeneracy point
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Figure 6.17 The band structures and edge mode analysis around the degeneracy point at 0.777 MHz (as
Figure 6.6(b) shows), the model settings are same as those in the Figure 6.10(a).

Figure 6.17 shows the band structures and edge mode analysis around degeneracy point at
0.777 MHz (as Figure 6.6(b) shows), the model setting are same as those in the Figure 6.10(a).
Different propagation modes of elastic waves at different frequencies are observed from Figure
6.16(b)-(e): the elastic wave can propagate along the domain wall and the edges of the
topological structure at 0.83 MHz; the elastic wave can only propagate along the edges of the
topological structure at 0.84 MHz; the elastic wave can propagate within the topological
structure at 0.86 MHz; and the elastic wave cannot propagate in the structure at 0.90 MHz which
locates in the bandgap. As the edge bands here are disconnected with the bulk bands above and
below the frequency gap, it can continuously shift out of the edge gap and get into the bandgap
or bulk bands. That means the edge states here are not gapless and are unstable. The slow
change of systems will make the edge modes increase or disappear. The four edge bands
represent the two kinds of vibration conditions including the vibrations occurring in the domain
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wall or on the edge of the topological structure. When the system is excited at a specific
frequency, the vibration mode is determined by the superposition of the vibration conditions of
bands at this frequency. Taking the frequency of 0.83 MHz for example, there are two bands,
which represent the vibration of the interface and of the edge of the topological structure, having
the vibration modes at this frequency, thus the final vibration mode is the superposition of these
two modes, i.e., the elastic wave can both propagate along the domain wall and the edge of
topological structure as Figure 6.17(b) shows.
B. Further exploration of helical edge states
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Figure 6.18 The band structures of a supercell consisting of a topological structure with m=1.3 stacked
with an ordinary structure with m=1.7 with helical edge states; (b) and (c) are local band structures to
present the bands of interest more clearly.

The topology of bulk band structures decides the topological characteristics of edge modes,
then produces protected edge modes. Figure 6.18 shows the band structures of a supercell
consisting of a topological structure with m=1.3 stacked with an ordinary structure with m=1.7
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with helical edge states. Compared with Figure 6.10(a), the gapless edge states still exist in the
system as the parameter m=1.7 already exceed the topological transition point. Thereby, the
band inversion appears and the helical edge states shape. However, at the relatively high
frequency, the unstable edge modes disappear in comparison with Figure 6.17(a). The
frequency range of helical edge states here is higher than that of the case in Figure 6.10(a),
which provides a readily way to modulate the location of gapless edge states that can broaden
the frequency range of topologically protected applications. Furthermore, although the results
in this section focus on the frequencies in the Megahertz range, the scale invariance in the solid
system allows the designed frequency to be scaled to a higher range.

6.4 Conclusions
By appropriately engineering a solid structure, a topological system with protected elastic
waves having the feature of being backscattering-immune is successfully constructed, which is
characterized by robust pseudospin-dependent edge phonon transport. This approach yields a
phononic metamaterial exhibiting helical edge states and it provides a specific lattice network
topology. A double Dirac cone with a four-fold accidental degeneracy is presented in the
pentamode structures. By modulating structural parameters, gapless edge states are obtained
and a unidirectional edge propagation is achieved in the phononic systems. The Berry curvature
and the Berry phase are calculated to verify the band inversion. This proves the protected
propagation from the physical point of view. Since gapless edge states are associated with
nontrivial topological properties of bulk systems, a topological phononic system can enable
robust designs and new functionalities by offering immunity to perturbations induced by
fabrication imperfections or environmental changes.
The phonon transport direction can be dynamically selected and controlled by changing
configurations of structures and measurement methods. The requirements of fabrication
processes of phononic systems are relatively simple and easy to control, which is beneficial for
the realization of specific applications. Phononic helical edge states provide an intriguing
solution to fulfill the need of nonreciprocal elastic wave devices, opens the door to nonlinear
effect and active phononic metamaterials, and benefits the exploration of new forms of
topological orders.
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7. Summary and outlook
This thesis investigates the guiding of mechanical waves in various phononic structures.
The FEM-based software Comsol is used for investigations of the propagating characteristics
of mechanical waves in phononic nanostructures from the aspects of band structures,
transmission spectra, and displacement fields or acoustic pressure fields.
Phononic bandgaps bring a wealth of applications including waveguiding, resonators,
filtering etc., but it is not the only striking phenomena in phononic crystals (PnCs). Other
phenomena appearing in the pass band such as zero reflection, self-collimation also obtain great
attention. Controlling the phononic dispersion relation both inside and outside the bandgap sets
the foundations for phononic engineering in periodic nanostructures and for future
investigations, and provides the possibility of applications in wave guiding at high frequencies.
The confined surface mode affected by the local resonance effect in a 2D PnC waveguide
plate is discussed in detail in Chapter 3. The hybrid bandgap is caused by the interaction of
normal acoustic band branches and a flat resonance band in line-defect PnC waveguides. The
specific bands can be tailored by changing the defect size, which provides the possibility of
predicting propagating behaviors of surface modes in PnC waveguides. Moreover, the acoustic
channel drop waveguide, as an acoustic division demultiplexer, is studied by designing the
localized modes induced by the coupling elements. The emergence of localized modes is
associated with defects in 2D PnC waveguides and their functionalities broaden the application
of phononic devices.
The guiding of mechanical waves in graded PnCs is investigated in Chapter 4. The
acoustic/elastic waves in 2D infinite graded PnCs or inclusion-type graded PnC plates can be
focused or diffused. The guiding of elastic waves induced by the resonant coupling of
attachments and matrix is examined in 2D attachment-type graded PnC plates in detail, which
demonstrates that the resonance frequency is greatly influenced by geometries and material
properties of resonators. A variety of properties including structural parameters and material
properties can be designed as a gradient type to guide the elastic waves into different channels.
The acoustic directional waveguiding in 2D PnCs is achieved in Chapter 5 and a defectfree beam splitting device with relaxed limitations of the excitation source is demonstrated. The
waveguiding without introducing defects strongly reduces tedious technological processes and
potentially improves the precision of the devices. The influence factors on the beam splitting
quality are analyzed in detail to benefit the construction of an effective acoustic beam splitter.
A phononic metamaterial with topological properties is designed in Chapter 6 to realize
protected propagation of elastic waves which are backscattering-immune. The structure based
on 2D pentamode materials shows a double Dirac cone at the center of Brillouin zone with a
four-fold accidental degeneracy, which exhibits helical edge states with unidirectional edge
propagation. The gapless edge states associated with the nontrivial bandgap are explored and
explained by pseudospin behavior. This topological phononic system is immune to
perturbations induced by fabrication imperfections, which provides a pivotal way towards
practical applications of efficient guiding of elastic waves along a specific path.
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This thesis covers fundamental research on a broad range of guiding of mechanical waves
including acoustic waves and elastic waves in phononic structures. The broad operation range
of PnCs spans from Hertz to a few Terahertz, which benefits a variety of applications with
various configurations and regimes of operation. Further developments demand high-frequency
signal processing, which targets frequencies higher than Gigahertz, for communications
including filters, multiplexers, sensors etc. based on PnCs. However, the applications of
periodic structures are strongly limited by difficulties associated with manufacturing for
physical validation, which requires high precision. Furthermore, it is unclear how the scale of
wave equations becomes as the size goes from the continuum length scales to the quantum
length scales. Regarding the simulation, efficient analytical solvers for 3D PnCs is also
demanded.
The phononic structures discussed in this work have been constituted by passive media
satisfying linear continuum elasticity. Structures adopting dissipative media, i.e., obeying
nonlinear elasticity, also have a set of interesting properties worth to be investigated further.
More studies on nonlinear phenomena of periodic structures, including nonlinear lattices and
nonlinear materials, complex wave formats, and multi-physics are waiting to be fully
understood. For example, the damping and viscoelasticity in granular media is an interesting
topic as it does not have linear elastic behavior and it is associated with solitary waves,
bifurcation, and tunability. More attention should also be paid to phononic (acoustic and
thermal) diodes and transistors and the appearance of nonlinear effects in these structures.
Nonlinear effects will surely surprise us with interesting features beyond the simple linear
theory, which is worthy of being investigated more deeply.
Artificial materials are powerful in a way that they can be designed and fabricated for
unique and novel electromagnetic, acoustic, elastic, thermal, mechanical properties that cannot
be achieved by natural materials. Thus, we can say that it is only our own imagination and
creativity that will set the limit of our future.
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Zusammenfassung
In dieser Doktorarbeit wurde die gezielte Leitung mechanischer Wellen in verschiedenen
phononischen Strukturen gezeigt. Die FEM-basierte Software Comsol wird für die
Untersuchungen der Ausbreitungseigenschaften mechanischer Wellen in phononischen
Nanostrukturen verwendet in Bezug auf Bandstrukturen, Transmissionsspektra,
Verschiebungsfelder und akustischer Druckfelder.
Phononische Bandlücken ermöglichen eine Fülle von Anwendungen wie unter anderem in
Wellenleitung, Resonatoren und Filtern. Sie sind jedoch nicht das einzige bemerkenswerte
Phänomen in phononischen Kristallen (PnCs). Weitere Phänomene wie Null Reflexion und
Selbstfokussierung treten in dem Durchlassband auf und sind ebenfalls von großem Interesse.
Die Kontrolle über die phononische Dispersionsrelation innerhalb und außerhalb der Bandlücke
bildet die Grundlage für Phononik in periodischen Nanostrukturen und für zukünftige
Untersuchungen und liefert die Möglichkeit Wellenleitung bei hohen Frequenzen anzuwenden.
Die von lokalen Resonanzeffekten beeinflusste, räumlich begrenzte Oberflächenmode in
2D PnC Wellenleiterplatten wird im Detail in Kapitel 3 diskutiert. Die hybride Bandlücke wird
durch die Wechselwirkung von gewöhnlichen akustischen Bändern und einem flachen
Resonanzband in linien- defekten PnC Wellenleitern erzeugt. Die spezifischen Bänder können
durch die Änderung der Defektgröße auf verschiedene Bedürfnisse zugeschnitten werden.
Dadurch wird die Möglichkeit gegeben das Ausbreitungsverhalten von Oberflächenmoden in
PnC Wellenleitern vorherzusagen. Des Weiteren wird ein akustischer frequenzabhängiger
Wellenleiter als akustischer Demodulator untersucht anhand von der Konstruktion lokalisierter
Moden die von Kopplungselementen erzeugt werden. Das Auftauchen lokalisierter Moden wird
mit Defekten in 2D PnC Wellenleitern assoziiert und ihre Funktionsweise erweitert die
Anwendungsmöglichkeiten von phononischen Bauteilen.
Die Leitung mechanischer Wellen in abgestuften PnCs (GPnCs) wird in Kapitel 4
untersucht. Die akustischen/ elastischen Wellen in 2D unendlichen GPnCs oder löchrigen
GPnC Platten können fokussiert oder verbreitert werden. Die Wellenleitereigenschaften die
durch die resonante Kopplung von Anhängen und verschiedenen Matrizen ermöglicht wird,
wird in 2D anhang-induzierten GPnC Platten genau untersucht. Dies zeigt, dass die
Resonanzfrequenz stark durch die Geometrie und die Materialeigenschaften des Resonators
beeinflusst wird. Eine Vielzahl an Eigenschaften wie die Struktureigenschaften und
Materialeigenschaften können als abgestuft konstruiert werden um die elastischen Wellen in
verschiedene Kanäle zu leiten.
Die gerichtete akustische Wellenleitung in 2D PnCs wird in Kapitel 5 dargestellt und ein
defekt-freies Strahlteilungsbauteil mit abgeschwächten Einschränkungen der Anregungsquelle
wird gezeigt. Die Wellenleitung ohne auftretende Defekte mindert langwierige technologische
Prozesse und verbessert potentiell die Genauigkeit der Bauteile. Die Einflussfaktoren auf die
Strahlteilungsqualität werden im Detail analysiert um die Konstruktion eines effektiven
akustischen Strahlteilers zu begünstigen.
Ein phononisches Metamaterial mit topologischen Eigenschaften wird in Kapitel 6
entworfen um die geschützte Ausbreitung von elastischen Wellen unempfindlich gegenüber
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Rückreflektionen zu ermöglichen. Die auf pentamode-ähnlichen Metamaterialien beruhende
Struktur weißt einen doppelten Dirac-Kegel im Zentrum der Brillouinzone auf mit
unbeabsichtigter vierfacher Entartung welches spiralförmige Randzustände mit unidirektionale
Ausbreitung entlang der Kante darstellt. Die lückenlosen Randzustände die mit nicht-trivialen
Bandlücken assoziiert werden werden untersucht und mit Pseudospin erklärt. Dieses
topologische phononische System ist unempfindlich gegenüber Störungen die durch
Herstellungsfehler auftreten. Das wiederum ermöglicht einen zentralen Schritt in Richtung
praktischer Anwendungen der effektiven Leitung elastischer Wellen entlang eines speziellen
Weges.
Diese Doktorarbeit deckt die Grundlagenforschung in einem weiten Bereich der Leitung
mechanischer Wellen einschließlich akustischer und elastischer Wellen in phononischen
Strukturen ab. Der Arbeitsbereich von PnCs reicht von Hertz bis zu einigen wenigen Terahertz.
Das kommt einer Vielzahl von Anwendungen mit verschiedenen Konfigurationen und
Arbeitsregimen zugute. Für weitere Entwicklungen wird eine HochfrequenzSignalverarbeitung welche oberhalb von Gigahertz liegt benötigt für den Datentransfer mit
PnC-basierten Filtern, Multiplexern, Sensoren, etc. Die Anwendungen von periodischen
Strukturen sind jedoch noch stark limitiert durch Schwierigkeiten in ihrer Herstellung für eine
physikalische Bestätigung welche eine hohe Genauigkeit erfordert. Des Weiteren ist es unklar
inwieweit sich die Wellengleichungen ändern wenn man von der Kontinnumslängenskala zur
Quantenlängenskala geht. In Bezug auf die Simulationen werden ebenfalls effiziente
analytische Lösungen für 3D PnCs benötigt, die eine Vielzahl von Anwendungsmöglichkeiten
haben.
Die in dieser Arbeit diskutierten phononischen Strukturen wurden aus passivem Medium
erzeugt welches die lineare Elastizitätstheorie im Kontinnuum erfüllt. Die Strukturen die das
dissipative Medium übernimmt, d.h. erfahren eine nichtlineare Elastizität, weisen ebenfalls eine
Vielzahl an interessanten Eigenschaften auf die es sich lohnt noch genauer zu untersuchen.
Weitere nichtlineare Phänomene periodischer Strukturen wie nichtlineare Gitter und
nichtlineare Materialien, komplexe Wellengebilde und weitere vielfältige physikalische
Prozesse warten darauf gänzlich verstanden zu werden. Beispielsweise ist die Dämpfung und
Viskoelastizität in granularen Medien ein interessanter Bereich da er kein linear elastisches
Verhalten aufweist und mit Soliton-Wellen, Mehr-Niveau- Sytemen und Lebensdauern
assoziiert wird. Weitere Aufmerksamkeit sollte auch phononischen (akustischen und
thermischen) Dioden und Transistoren geschenkt werden auf Grund des Auftretens
nichtlinearer Effekte in diesen Strukturen. Nichtlineare Effekte werden uns mit Sicherheit mit
interessanten Eigenschaften jenseits der einfachen linearen Theorie überraschen, welche es
Wert sind vertiefter zu untersuchen.
Künstliche Materialien sind leistungsstark da sie mit einzigartigen neuen
elektromagnetischen, akustischen, elastischen, thermischen und mechanischen Eigenschaften
entworfen und hergestellt werden können die nicht mit natürlichen Materialien erreicht werden
können. Man kann daher sagen, dass nur unsere eigenen Vorstellungen und unsere Kreativität
die Grenzen unserer Zukunft setzen werden.
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Appendix
1. The core codes for the calculation of EFCs
The EFCs of 2D PnC described in Chapter 5 is calculated in Comsol linked with Matlab.
The core codes are presented as below:
a) Load Comsol model
global model
model = mphload('comsol file.mph');
model.study('std1').feature('eig').set('neigs',9);
model.param.set('mesh_max', 'a/60');
b) Define the function to calculate eigenfrequency
for r_item = r
kx = r_item * cos(theta);
ky = r_item * sin(theta);
disp('k: ')
disp([kx/cell_b,ky/cell_b])
model.param.set('k_x', num2str(kx));
model.param.set('k_y', num2str(ky));
model.study('std1').run();
lamda=(model.sol('sol1').getPVals+1i*model.sol('sol1').getPValsImag);
freqs=-lamda./(2i*pi);
disp('freqs: ')
freqs = freqs(real(freqs) > freq_lower_bound);
disp(real(freqs'))
c) Find equifrequency contour by sweeping frequencies
target_freq_list = [0.4,0.48,0.54,0.60,0.66,0.70,0.76].* 1e9;
for target_freq = target_freq_list
cell_a = 200e-9;
cell_b = pi/cell_a;
theta_list = linspace(0, pi/4,30);
rsl_r = [];
for theta = theta_list
Brillouin_zone_r_max = cell_b./ max([abs(cos(theta)),abs(sin(theta))]);
fun = @cal_freq;
r0_range = [cell_b * 0.05 Brillouin_zone_r_max*0.99];
options=optimset('Display','iter','TolX',0.5e-2,PlotFcns',{@optimplotx,@optimplotfval});
try
fzero_counter=-1;
[r,fval,exitflag,output ] = fzero(fun,r0_range,options);
end
end
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2. The core codes for the calculation of Berry curvatures
The Berry curvatures of the designed phononic metamaterial in Chapter 6 is also calculated
in Comsol linked with Matlab.
a) Define parameters of model and the Brillouin zone
cell_a = 0.012;
setting.freq_number = 14;
k_length_totla = (2*pi/3/cell_a * (1+2+sqrt(3)));
k_G = [0, 0];
k_K = [4*pi/3/cell_a, 0];
k_M = [pi/cell_a, pi/cell_a/sqrt(3)];
total_grid = 3;
sweep_kx_array = linspace(-1,1,total_grid)*k_K(1)*0.1 + k_K(1);
sweep_ky_array = linspace(-1,1,total_grid)*k_K(1)*0.1 + k_K(2);
delta_k_step = 0.0001;
[delta_k_kx,delta_k_ky]=meshgrid([-delta_k_step,0,delta_k_step],[delta_k_step,0,delta_k_step]);
delta_k_kx = delta_k_kx(:);
delta_k_ky = delta_k_ky(:);
[sweep_kx,sweep_ky] = meshgrid(sweep_kx_array,sweep_ky_array);
sweep_kx = sweep_kx(:);
sweep_ky = sweep_ky(:);
setting.mph_name={files.mph'};
if isfield(setting,'inputargs') && length(setting.inputargs)>sum(length(sweep_kx))
setting=rmfield(setting,'inputargs');
end
if isfield(setting,'inputargs_cell') && length(setting.inputargs_cell)>sum(length(sweep_kx))
setting=rmfield(setting,'inputargs_cell');
end
setting.inputargs_cell={};
b) Calculation of eigenvalue
branch_sn_freq = [5,6,7,8];
tmp_msg = ' ';disp(tmp_msg);
for i =1:length(setting.inputargs)
setting1 = setting.inputargs(i);
model=mphload([setting1.mph_name],setting1.mph_name);
model.param.set('k_x',[num2str(setting1.kx,16),'[m^-1]']);
model.param.set('k_y',[num2str(setting1.ky,16),'[m^-1]']);
model.study('std1').feature('eig').set('neigs',setting1.freq_number);
model.study('std1').run();
[disp_field{i}.u, disp_field{i}.v, disp_field{i}.w] =...
mphinterp(model,{'u','v','w'},'Solnum',branch_sn,'coord',coords,'Complexout','on');
disp_field_freq{i} =...
mphglobal(model,{'freq'},'Solnum',branch_sn_freq,'Complexout','on');
end
c) Calculate Barry curvature
Berry_connection_kx = NaN(total_grid, total_grid, size(norm_disl_field{1}.u,1));
Berry_connection_ky = NaN(total_grid, total_grid, size(norm_disl_field{1}.u,1));
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for i_kx = 1:total_grid
for i_ky = 1:total_grid
iii = (i_kx - 1) * total_grid + i_ky;
tmp_sn = (iii-1) * 9;
du6_dkx = (norm_disl_field{tmp_sn + 9}.u ...
- norm_disl_field{tmp_sn + 3}.u)/2/delta_k_step;
du4_dkx = (norm_disl_field{tmp_sn + 7}.u ...
- norm_disl_field{tmp_sn + 1}.u)/2/delta_k_step;
du8_dky = (norm_disl_field{tmp_sn + 9}.u ...
- norm_disl_field{tmp_sn + 7}.u)/2/delta_k_step;
du2_dky = (norm_disl_field{tmp_sn + 3}.u ...
- norm_disl_field{tmp_sn + 1}.u)/2/delta_k_step;
tmp_a =(conj( norm_disl_field{tmp_sn + 6 }.u) .* du6_dkx);
Berry_connection_kx_6 = sum(tmp_a , 2);
tmp_a =(conj( norm_disl_field tmp_sn + 4 }.u) .* du4_dkx);
Berry_connection_kx_4 = sum(tmp_a , 2);
tmp_a =(conj( norm_disl_field{tmp_sn + 8 }.u) .* du8_dky);
Berry_connection_ky_8 = sum(tmp_a , 2);
tmp_a =(conj( norm_disl_field{tmp_sn + 2 }.u) .* du2_dky);
Berry_connection_ky_2 = sum(tmp_a , 2);
Berry_connection_kx(i_kx, i_ky, : ) = (Berry_connection_kx_6 +
Berry_connection_kx_4) /2;
Berry_connection_ky(i_kx, i_ky, : ) = (Berry_connection_ky_8 +
Berry_connection_ky_2) /2;
Berry_curvature(i_kx, i_ky, :) = (Berry_connection_ky_8 - Berry_connection_ky_2)
/2/delta_k_step - ( Berry_connection_kx_6 - Berry_connection_kx_4 ) /2/delta_k_step;
end
end
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