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Zusammenfassung

In der vorliegenden Arbeit befassen wir uns mit der Thematik einer verlässlichen sowie (numerisch)
effizienten a-posteriori Fehlerschätzung für modell-reduzierte, nichtlineare sowie steuerungsbe-
schränkte Optimierungsprobleme in Abhängigkeit semilinearer parabolischer partieller Differential-
gleichungen (PDGn). Im Laufe unserer Untersuchung präzisieren wir diese Aufgabe für parameter-
abhängige (multi-kriterielle) Optimalsteuerungsprobleme, denen eine parameter-invariante partielle
Differentialgleichung als Nebenbedingungen zugrunde liegt.

Die Notwendigkeit der optimalen Steuerung ist ein wesentlicher Bestandteil zahlreicher aktueller
Problemstellungen, wie sie unter anderem auf den Gebieten der Ingenieur-, Pharmazie-, Medizin-
sowie Ökonomiewissenschaften häufig anzutreffen sind. Hierbei stellt sich oft die Aufgabe, einzelne
Prozessabläufe bezüglich relevanter Kenngrößen, wie z.B. der Leistung oder des Verlusts, zu
optimieren, das heißt zu maximieren oder zu minimieren. Dabei genießt die Modellierung der
wesentlichen Merkmale des zugrundeliegenden Prozesses mittels partieller Differentialgleichungen
ein hohes Maß an Akzeptanz. In Abhängigkeit des Umfangs der Problemstellung kann sich die
numerische Behandlung unter Berücksichtigung einer qualitativ hinreichenden diskreten Modellfor-
mulierung als sehr aufwändig herausstellen. Aus diesem Grund genießen Methoden zur Herleitung
einer reduzierten Modellformulierung besondere Aufmerksamkeit, insbesondere dann, wenn die ver-
fügbaren Rechner-Ressourcen limitiert sind (z.B. im Falle von mobilen Endgeräten wie Tablets oder
sogenannten smart home Haushaltsgeräten wie dem “intelligenten” Kühlschrank oder der Heizung)
oder wenn Entscheidungsmodelle schnell optimal gelöst werden müssen (z.B. im Anwendungsge-
biet der autonomen Fahrzeugsteuerung). In solchen Fällen profitieren Optimierungsprozesse, deren
Berechnung auf reduzierten Ersatzmodellen basieren, von einer (teilweise erheblich) verminderten
numerischen Komplexität. Der in fast allen Fällen eindeutig approximative Charakter dieser Art von
Ersatzmodellen birgt den Nachteil, dass dadurch auch oft nur sogenannte suboptimale Lösungen der
ursprünglichen Problemstellung berechnet werden können. Unter diesen Umständen ist die Kennt-
nis der Abweichung zwischen der Lösung des modell-reduzierten Problems und der eigentlichen
(hoch-dimensionalen) Lösung für eine verlässliche Beurteilung der Lösungsqualität unabdingbar.
Ist diese (noch) nicht ausreichend, könnte man als Konsequenz daraus eine entsprechende An-
passung der reduzierten Modellformulierung in Betracht ziehen. Idealerweise ist diese Information
bereits von vornherein (a-priori) verfügbar, was aber nur in seltenen Fällen gegeben ist. Dies macht
eine Fehlerschätzung im Nachgang, also a-posteriori, notwendig. Wie gerade erwähnt, geschieht
dies im Anschluss an den Optimierungsprozess, weswegen neben einer hohen Verlässlichkeit auch
die (numerisch) effiziente Berechnung der Fehlerschätzer von zentraler Bedeutung ist. Dahingehend
hat sich ein weites Feld vielfältiger und aktiver Forschung aufgebaut, für das wir unter anderem
auf die Arbeiten von Hinze und Volkwein [HV05], Tröltzsch und Volkwein [TV09], Kammann et.
al [KTV13], Kärcher und Grepl [KG14a] Lass, T. und Volkwein [LTV15], Wesche [Wes16], Gubisch
[Gub16] und Banholzer et al. [BBV17] verweisen.

Sämtliche Optimierungsmethoden, die in dieser Arbeit Verwendung finden, basieren auf dem
allgemeinen Prinzip der Liniensuchverfahren, wie es zum Beispiel in Kelley [Kel99] oder Nocedal



Zusammenfassung

und Wright [NW06] erläutert ist. Die Suchrichtungen werden mittels (Quasi-)Newton-Verfahren in
Kombination mit einer sogenannten “Armijo backtracking”-Strategie zur Globalisierung berechnet.
Die Beschränkungen der Kontrollen werden anhand der Methode einer Projektion auf entsprechende
aktive und inaktive Mengen realisiert. Ein vollständig diskretes Modell der zugrundeliegenden
parabolischen PDG wird durch eine Diskretisierung mittels Finite Elemente Methode (FEM) im
Ort und mittels impliziter Euler Methode in der Zeit umgesetzt. Die Reduktion des hochdimen-
sionalen FE-Modells wird anhand der Methode der “proper orthogonal decomposition” (POD), in
Kombination mit der Methode der empirischen Interpolation (EIM) zur Reduktion des nichtlin-
earen Terms, realisiert. Wir verweisen hierzu auf die Arbeiten von Kunisch und Volkwein [KV01]
sowie Barrault et al. [BMNP04]. Nachdem die Optimierung für das reduzierte Modell erfolgt ist,
wird eine a-posteriori Fehlerschätzung entsprechend Tröltzsch und Volkwein [TV09] durchgeführt.
Diese, zunächst für linear-quadratische Problemformulierungen eingeführte Methode, wurde an-
schließend von Kamman et al. [KTV13] auf semilineare parabolische Problemstellungen erweitert.
Dabei wird in letzterer Arbeit der kleinste Eigenwert des Hesse-Operators, der zur Abschätzung
der Koerzitivitätskonstante an der aktuellen modell-reduzierten Lösung verwendet wird, mittels der
Nullraum-Methode berechnet. Dies stellt sich als (numerisch) teures Unterfangen dar, weswegen in
dieser Arbeit alternative Wege zur Berechnung des kleinsten Eigenwerts präsentiert und diskutiert
werden. Dazu werden vier (teilweise grundlegend) unterschiedliche Konzepte zur Bereitstellung
der benötigten Ableitungsinformationen zweiter Ordnung bezüglich ihrer rechentechnischen Per-
formanz und Verlässlichkeit untersucht. Basierend auf den daraus erhaltenen Ergebnissen erweitern
wir unsere Forschungsarbeit auf die Klasse von parametrisierten Optimalsteuerungsproblemen unter
der Nebenbedingung einer parameter-invarianten PDG. Zur Herleitung einer vertrauenswürdigen
und effizienten a-posteriori Fehlerschätzung wird ein Gitter-basierter Ansatz zur Schätzung des
kleinsten Eigenwerts eingeführt, in der eine geeignete Zerlegung des Hesse-Operators für eine per-
formante Berechnung Anwendung findet. Anschließend wird dieser numerisch im Rahmen eines
sogenannten “POD-greedy” Algorithmus realisiert (siehe z.B. Grepl et al. [GMNP07], Patera und
Rozza [PR07], Haasdonk und Ohlberger [HO08] oder Grepl [Gre12]). Dieser wiederum findet
abschließend Anwendung im Zusammenhang mit einem (modell-reduzierten) multikriteriellen Op-
timalsteuerungsproblem auf Basis einer semilinearen parabolischen PDG, das mittels der Methode
der gewichteten Summen, im Englischen “weighted sum method“ (WSM), gelöst wird. Hierzu
verweisen wir auf die Arbeiten von Iapichino, T. und Volkwein [ITV15] und Peitz et al. [POD15].
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Introduction

In this thesis we approach a reliable and (numerical) efficient a-posteriori error estimation for
reduced order nonlinear control constrained optimization problems governed by semilinear partial
differential equations (PDEs) of parabolic type. In the course of our investigations we specify this
task for parametrized (multiobjective) optimal control problems, which are subject to parameter-
invariant PDE constraints.

The necessity for optimal control is an integral part of a wide range of real world problems as
they arise in the (scientific) fields of engineering, pharmacy, medicine and economics, for example.
There is often the task to optimize individual processes with regard to certain key aspects, e.g., to
maximize performance or minimize deficiencies. Partial differential equations are a highly accepted
tool to describe the fundamental principles of the underlying processes. Depending on the scope
of the problem, the numerical treatment of a qualitatively sufficient discrete model formulation
can become very expensive. Therefore, model order reduction techniques are of particular interest,
especially in situations, in which the available computational resources are limited (e.g., for mobile
devices like tablets or so-called smart home appliances such as “intelligent” refrigerators or heating
systems) or fast optimal decisions have to be made (e.g., in applications for autonomous car
control). In those specific cases, optimization processes based on reduced order surrogate models
benefit from a (to some extent substantially) reduced numerical complexity. In nearly all cases,
those (surrogate) models are of approximative character, bearing the handicap to provide only
suboptimal solutions to the original problem. Then, a determination of the distance between the
reduced order (approximative) solution and the actual (high-dimensional) “truth” solution for a
reliable quality assessment of the surrogate model is needed. If the quality is not (yet) sufficient,
a proper customization of the reduced order model could be considered to improve the quality of
the solution obtained by the reduced order model approach. Ideally, this information is available a-
priori, i.e., before the optimization process starts, but, unfortunately, this is often not the case and
a-posteriori error estimates become necessary. Since they are applied (by definition) downstream
to the optimization process, beside a solid reliability also an efficient (numerical) computation of
the error estimates is of central importance. Therefore, a wide field of multifaceted active research
is established, to which we refer, e.g., to Hinze and Volkwein [HV05], Tröltzsch and Volkwein
[TV09], Kammann et. al [KTV13], Kärcher and Grepl [KG14a], Lass, T. and Volkwein [LTV15],
Wesche [Wes16], Gubisch [Gub16] and Banholzer et al. [BBV17] to name but a few.

In this work we apply for optimization the general concept of line search methods as it can be
found, e.g., in Kelley [Kel99] or Nocedal and Wright [NW06]. The search directions are computed
by a (Quasi-)Newton approach in combination with an Armijo-backtracking strategy for global-
ization. The control constraints are handled by an active/inactive set projection technique. A
full discretization of the underlying parabolic PDE is achieved by the finite element (FE) method
for the spatial domain and by the implicit Euler method for the time domain. Based on the
high-dimensional discrete FE model, the reduced order model (ROM) is realised by the method of
proper orthogonal decomposition (POD) in combination with the empirical interpolation method
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(EIM) to deal with the nonlinear term, see, e.g., Kunisch and Volkwein [KV01] and Barrault et
al. [BMNP04]. Once the optimization has been carried out on the reduced order model, an a-
posteriori error estimate for the (approximative or sub-)optimal reduced order solution is performed
as suggested by Tröltzsch and Volkwein [TV09] for linear-quadratic problems, and extendend to
semilinear parabolic problems by Kammann et al. [KTV13]. In the latter work, the smallest
eigenvalue of the Hessian at the current reduced order solution, that is needed as an estimate for
the coercivity constant in the a-posteriori error estimate, is determined by the null space method.
This proves to be an expensive procedure, for which reason alternative ways for the eigenvalue
computation are presented and discussed in this work. Therefore we investigate four (to some
extent basically) diverging concepts of provisioning (Hessian) second-order derivative information
with regard to their computational performance and reliability. Based on the obtained results we
extend our research to an application on the class of parametrized optimal control problems with
parameter-invariant PDE constraints. For the derivation of reliable and efficient (weak) a-posteriori
error estimates, we introduce a grid-based (smallest) eigenvalue approximation approach, that uti-
lizes a convenient decomposition of the reduced Hessian operator for a performant computation.
It is then numerically realised in the framework of a so-called POD-greedy algorithm for reduced
basis computation (compare, e.g., Grepl et al. [GMNP07], Patera and Rozza [PR07], Haasdonk
and Ohlberger [HO08] or Grepl [Gre12]). This again is used for an application in the context
of (reduced-order) multiobjective optimal control problems subject to semilinear parabolic PDEs
solved by the weighted sum method (see, e.g., Iapichino, T. and Volkwein [ITV15] and Peitz et al.
[POD15]).

Outline

The work is organized as follows: At the beginning of the first chapter we provide some fundamental
notions from functional analysis and Sobolev spaces and introduce the nonlinear optimal control
problem formulation under investigation. This is followed by some basic insights into the theory of
(weak) solutions to semilinear evolution equations as well as optimization in Banach spaces.

The second chapter focuses on the discrete modelling of the underlying semilinear partial dif-
ferential equation. For a full (spatial and time) discrete high-dimensional problem formulation we
employ the finite element method in combination with an implicit Euler scheme. Based on this, the
reduced order model is derived by the method of proper orthogonal decomposition and empirical
interpolation for the nonlinear term.

Chapter 3 is adressed to the general concept of (projected) line search methods upon which
the utilized optimization algorithms are based. Concretely, we grant a deeper view on projected
(Quasi-)Newton methods and make suggestions on their algorithmic realisation concerning search
direction and step length computation.

The fourth chapter gives an introduction to the concept of the a-posteriori error estimates as
they are applied here for reduced order model optimal solutions. While the evaluation of the
perturbation function can be adopted from the linear-quadratic case, we put special emphasis on
the numerical realisation of the determination of the coercivity constant by the smallest eigenvalue
of the Hessian at the reduced order (sub-)optimal control.

In Chapter 5 we present the numerical results that we have obtained for the different optimization
methods and a-posteriori error estimates. The variations in the setting of the optimal control
problem are distinguished by the aspects of time dependency as well as the activity of control
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constraints. For each variant we present the numerical observations at the end of the section.
Completing the chapter we state a comprehensive conclusion and outlook.

In Chapter 6 we introduce the approach of an eigenvalue approximation by a decomposition of
the Hessian for the class of parametrized optimal control problems. Therefore, the decomposition
of the reduced Hessian and a corresponding eigenvalue approximation is presented. The section
concludes with an application of the suggested approach in context of multiobjective optimal
control problems. Again, relevant observations and conclusions are presented at the end of the
particular sections.
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1 The nonlinear optimal control problem

Linear modeling do often not suffice for the numerical simulation of complex systems arising in
many real-world phenomena and nonlinear models are considered instead. In this work we take
the somewhat simpler class of semilinear equations into account: a second-order equation is called
semilinear, if the expressions that involve highest-order derivatives, the so called main parts of the
differential operators considered in the domain and on the boundary, are linear with respect to the
desired solution. For those equations a well developed theory of optimal control is available, on
which we will refer in the following. Note, that in general optimal control problems governed by
semilinear state equations are nonconvex, even if the cost function is convex.

We outline some basic definitions and propositions from functional analysis and keep close to
the formulations as they can be found in Tröltzsch [Tro10] and Hinze et al. [HPUU09] and the
references therein. We focus only on notions that are necessary for a proper understanding, proofs
will not be given. For a more detailed insight we refer to standard textbooks on functional analysis,
e.g., by Alt [Alt06] and Werner [Wer05].

1.1 Basic functional analysis and Sobolev spaces

Let Ω ⊂ Rd with d ∈ {1, 2, 3} denote an open, non-empty, bounded and Lebesgue-measurable
set. We refer to Ω as the spatial domain and define its boundary by Γ = ∂Ω = Ω \ Ω, where Ω
denotes the closure of the spatial domain.

Definition 1.1.1 (Lebesgue space) For 1 ≤ p < ∞ the space Lp(Ω) is defined as the space of
all (equivalence classes of) functions f : Ω→ R for which the p-th power of the absolute value is
Lebesgue integrable:

Lp(Ω) =
{
f : Ω→ R

∣∣∣ f is measurable and
∫
Ω

|f(x)|p dx <∞
}
. (1.1)

The Lp-norm of f ∈ Lp(Ω) is defined by

‖f‖Lp(Ω) =

∫
Ω

|f(x)|p dx

1/p

. (1.2)

The space Lp(Ω) endowed with the norm ‖ · ‖Lp(Ω) for 1 < p <∞ becomes a Banach space that
is reflexive.

In this context, we identify those functions with each other, that only differ on a set of zero
measure and consider them to belong to the same equivalence class. We will not distinguish
between the function and its equivalence class, except the theory necessitates a precise distinction.
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1 The nonlinear optimal control problem

For p = ∞ the definition of the Lebesgue space L∞(Ω) needs the notion of the essential
maximum or supremum of the measurable function f : Ω → R on the measure space (Ω,A, µ)
with σ-algebra A over Ω and measure µ,

ess sup
Ω

f = inf
{
a ∈ R

∣∣∣ µ{x ∈ Ω | f(x) > a} = 0
}
, (1.3)

or, equivalently,

ess sup
Ω

f = inf

{
sup

Ω
g

∣∣∣∣ g : Ω→ R , g = f pointwise almost everywhere
}
. (1.4)

Verbally, those maxima are excluded, that change upon the removal of single, in a certain sense,
isolated and therefore not essential points. We say that f is essentially bounded on Ω, if

ess sup
Ω
|f | <∞. (1.5)

Definition 1.1.2 The space L∞(Ω) is defined as the Lebesgue space of almost everywhere essen-
tially bounded and measurable functions f on Ω,

L∞(Ω) =

{
f : Ω→ R

∣∣∣∣ f is measurable and ess sup
Ω
|f | <∞

}
, (1.6)

equipped with the norm
‖f‖L∞(Ω) = ess sup

Ω
|f |. (1.7)

Remark 1.1.3 For 1 ≤ p ≤ ∞ the space Lp(Ω) is a Banach space, i.e., a complete normed vector
space. In a Banach space an inner product of two elements as in Rn does not necessarily exist.
However, for p = 2 we define for the space L2(Ω) of square-integrable functions an inner product
of two functions f, g ∈ L2(Ω) by

〈f, g〉L2(Ω) =

∫
Ω

f(x)g(x) dx (1.8)

that induces the norm ‖f‖L2(Ω) =
√
〈f, f〉L2(Ω). The space L2(Ω) becomes therefore a Hilbert

space.

We define by Cm(Ω), m ∈ N, the linear space of all real-valued continuous functions on Ω,
whose partial derivatives Dαf up to order |α| ≤ m exist and are continuous. By Cm(Ω) we
denote for any m ∈ N0 the linear space of all elements of Cm(Ω) that together with their partial
derivatives up to order m can be continuously extended to Ω. The spaces Cm(Ω) are Banach
spaces with respect to the following norms:

‖f‖C(Ω) = max
Ω
|f |, ‖f‖Cm(Ω) =

∑
|α|≤m

‖Dαf‖C(Ω), for m ∈ N. (1.9)
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1.1 Basic functional analysis and Sobolev spaces

The set
supp f =

{
x ∈ Ω | f(x) 6= 0

}
(1.10)

is called the support of f , that is the smallest closed set outside of which f vanishes identically. Our
special interest is in C∞0 (Ω) of so-called test functions, i.e., functions that vanish on the boundary
Γ by yielding zero boundary integrals upon integration by parts, and that can be differentiated up
to an arbitrary order.

The theory of partial differential equations requires spatial domains Ω with a sufficiently smooth
boundary Γ. Therefore, the affiliation of the domain and its boundary to a certain class Ck,1,
k ∈ N∪{0} is utilized, which presupposes that Ω, in a geometrical interpretation, is locally situated
on exactly one side of the boundary Γ. For more details we refer, e.g., to Tröltzsch [Tro10] and
are settled for the following compact definition.

Definition 1.1.4 (Lipschitz domain and boundary) Domains and boundaries of class C0,1 are
called Lipschitz domains (or regular domains) and Lipschitz boundaries, respectively. Boundaries
of class Ck,1 are referred to as Ck,1-boundaries.

We introduce the surface measure by the (d−1)-dimensional Lebesgue measure on the boundary
Γ and denote it by ds(x) or ds.

For a satisfactory theory for our governing partial differential equations, it is necessary to replace
the classical function spaces Ck(Ω) by the so-called Sobolev spaces. They are based on the
concept of weak derivatives which we will present next. We denote by L1

loc(Ω) the set of all locally
integrable functions in Ω, i.e., all functions that are Lebesgue integrable on every compact subset
of Ω, and denote with

Dαf(x) =
∂|α|f

∂xα1
1 ∂xα2

2 ... ∂xαd
d

= Dα1
1 ... Dαd

d f(x) (1.11)

its partial derivative of total order |α| =
∑d

i=1 αi with multi-index α = (α1, α2, ..., αd)
> ∈ Nd0.

We put D(0)f := f .

Definition 1.1.5 (Weak derivative) Let f ∈ L1
loc(Ω) and some multi-index α be given. If a

function g ∈ L1
loc(Ω) satisfies∫

Ω
f(x)Dαϕ(x) = (−1)|α|

∫
Ω
g(x)ϕ(x)dx ∀ϕ ∈ C∞0 (Ω), (1.12)

then g is called the weak derivative of f (associated with α) and we set g = Dαf .

The property of weak differentiability can be understood as an extension of the concept of
classical (or strong) differentiability. Herewith it is possible to assign (weak) derivatives to functions
that are not differentiable in the strong sense. If the weak derivative exists, it may belong to spaces
Lp(Ω) with more regularity than only L1

loc(Ω). It is easy to see that Lp(Ω) ⊂ L1
loc(Ω) for all

p ∈ [1,∞].

Definition 1.1.6 (Sobolev space) Let 1 ≤ p <∞ and k ∈ N. We denote by W k,p(Ω) the linear
space of all functions f ∈ Lp(Ω) having weak derivatives Dαf in Lp(Ω) for multi-indices α of
length |α| ≤ k,

W k,p(Ω) =
{
f ∈ Lp(Ω)

∣∣ Dαf ∈ Lp(Ω) with |α| ≤ k
}
, (1.13)

17



1 The nonlinear optimal control problem

endowed with the norm

‖f‖Wk,p(Ω) =

∑
|α|≤k

∫
Ω

|Dαf(x)|p dx

1/p

. (1.14)

For p =∞ we define W k,∞(Ω) analogously, equipped with the norm

‖f‖Wk,∞(Ω) = max
|α|≤k

‖Dαf‖L∞(Ω). (1.15)

For the particular case p = 2 we write

Hk(Ω) := W k,2(Ω). (1.16)

The spaces W k,p(Ω) are Banach spaces. Of special importance for our purposes is the space
H1(Ω) = W 1,2(Ω). Therefore we repeat the definition explicitly for the case k = 1, p = 2:

Definition 1.1.7 We denote by H1(Ω) the linear space of all functions f ∈ L2(Ω) with weak
derivative Dif in L2(Ω) for i = 1, ..., d,

H1(Ω) =
{
f ∈ L2(Ω)

∣∣ Dif ∈ L2(Ω) for i = 1, ..., d
}
, (1.17)

endowed with the norm

‖f‖H1(Ω) =

∫
Ω

f2 +
d∑
i=1

(Dif)2 dx

1/2

=

∫
Ω

f2 + |∇f |2 dx

1/2

. (1.18)

Remark 1.1.8 The space H1(Ω) supplied with the inner product

〈f, g〉H1(Ω) =

∫
Ω

fg +∇f · ∇g dx, f, g ∈ H1(Ω), (1.19)

and the induced norm ‖·‖H1(Ω) =
√
〈·, ·〉H1(Ω) becomes a Hilbert space. With the existence of the

structure of an inner product, length and angle can be measured and the concept of orthogonality
is available.

We state a useful embedding result that is a direct consequence of Tröltzsch [Tro10, Theorem
7.1] about the existence and continuity of embeddings in Sobolev spaces.

Proposition 1.1.9 Let Ω ⊂ R2 be a bounded Lipschitz domain. Then H1(Ω) is continuously
embedded in Lq(Ω) for all 1 ≤ q <∞, especially

H1(Ω) ↪→ L2(Ω) .

For a more comprehensive insight into the theory of Lebesgue and Sobolev spaces we refer the
interested reader, e.g., to the monograph of Adams and Fournier [AF03] and to the textbook of
Evans [Eva02].

Further we want to introduce another important concept in functional analysis, the dual space,
and the thereon defined dual or adjoint operators.
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1.1 Basic functional analysis and Sobolev spaces

Definition 1.1.10 (Linear operator) Let X and Y be normed real vector spaces with norms
‖ · ‖X and ‖ · ‖Y .

1. A mapping A : X → Y is said to be linear or a linear operator if it satisfies

A(λu+ µv) = λAu+ µAv ∀u, v ∈ X, λ, µ ∈ R. (1.20)

A linear mapping f : X → R is called linear functional.

2. A linear operator A : X → Y is bounded if there is a constant c(A) such that

‖Au‖Y ≤ c(A) ‖u‖X ∀u ∈ X. (1.21)

Then we call ‖A‖X,Y ∈ R the (operator) norm of A and it holds

‖A‖X,Y := sup
‖u‖X=1

‖Au‖Y <∞. (1.22)

3. We denote by L (X,Y ) the normed space of all bounded linear operators from X into Y ,
endowed with the operator norm ‖ · ‖X,Y .

A linear operator is bounded if and only if it is continuous (see Tröltzsch [Tro10, Theorem 2.8]).
If Y is complete, the space L (X,Y ) is complete and hence a Banach space.

Definition 1.1.11 (Dual space) The space X∗ := L (X,R) of all bounded linear functionals on
X is called dual space with associated operator norm

‖f‖X∗ = sup
‖u‖X=1

|f(u)| = sup
u∈X\{0}

|f(u)|
‖u‖X

, with f ∈ X∗. (1.23)

By (·, ·)X∗,X we denote the dual pairing of X∗ and X, defined by

(f, u)X∗,X := f(u). (1.24)

Since the space of real numbers R is complete, X∗ is always a Banach space.

Definition 1.1.12 (Adjoint or dual operator) Let Banach spaces X,Y , a continuous linear
operator A : X → Y and linear functionals f ∈ Y ∗ and g = f ◦ A : X → R, g(x) = f(Ax), be
given. The mapping A∗ : Y ∗ → X∗ defined by f 7→ g = f ◦ A is called the adjoint operator or
dual operator of A, fulfilling

(A∗f)(x) = f(Ax) ∀x ∈ X, (1.25)
‖A∗f‖X∗ ≤ ‖A‖X,Y ‖f‖Y ∗ ∀f ∈ Y ∗. (1.26)

Further A∗ is continuous, so that A∗ ∈ L (Y ∗, X∗) and ‖A∗‖Y ∗,X∗ ≤ ‖A‖X,Y holds. The
readability is improved using the duality pairing notation:

f(Ax) = (f,Ax)Y ∗,Y = (A∗f, x)X∗,X =: (x,A∗f)X,X∗ ∀f ∈ Y ∗,∀x ∈ X. (1.27)
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1 The nonlinear optimal control problem

Although this form suggests A∗ to be already explicitly determined, this cannot be expected due
to the fact that a functional f∗ ∈ Y ∗ can take several completely different representations. An
important result, which will help us in deriving explicit expressions for adjoint operators in Hilbert
space, is the following theorem.

Theorem 1.1.13 (Riesz representation theorem) Let H be a real Hilbert space. The dual
space H∗ is isometric to H itself, it means that for any functional F ∈ H∗ there exists a uniquely
determined f ∈ H such that

F (v) = (F, v)H∗,H = 〈f, v〉H ∀v ∈ H (1.28)

and ‖F‖H∗ = ‖f‖H . Due to this we can identify H∗ with H and write H = H∗.

With this at hand we can formulate the following definition.

Definition 1.1.14 (Hilbert space adjoint) Let the real Hilbert spaces H and V as well as an
operator A ∈ L (H,V ) be given. An operator A∗ is called Hilbert space adjoint or adjoint of A,
if

〈v,Ah〉V = 〈A∗v, h〉H ∀h ∈ H,∀v ∈ V. (1.29)

Here we followed the suggestion in Tröltzsch [Tro10, p. 62, Remark] and skipped the distinction
between the adjoint operator in Banach or Hilbert space and use the uniformly marking by ∗.

Let us further introduce the notion of another useful construct that helps us to ease the argu-
mentation in Hilbert space.

Definition 1.1.15 (Gelfand triple) Let H be a Hilbert space with V ⊂ H a dense subspace which
is a Hilbert space in turn, endowed with an inner product 〈 · , · 〉V , and continuous embedding
E : V → H. By identifying H with its dual space H∗, the adjoint embedding is given by

E∗ : H = H∗ → V ∗,

and for any f ∈ H = H∗ ⊂ V ∗ and all v ∈ V ⊂ H the duality pairing (f, v)V ∗,V is compatible
with the inner product of H in the following sense

(f, v)V ∗,V = 〈f, v〉H .

The chain of dense and continuous embeddings

V
E−→ H = H∗

E∗−→ V ∗

is called Gelfand triple (V,H, V ∗).

The later introduced necessary and sufficient optimality conditions involve (higher order) deriva-
tives. Therefore we extend the notion and concept of differentiability to operators between Banach
spaces.

Definition 1.1.16 (Directional, Gâteaux and Fréchet derivative) Let X and Y be real Banach
spaces and X an open subset of X. A mapping F : X ⊂ X → Y is called

20



1.2 The problem formulation

(i) directionally differentiable at x ∈ X if the limit

dF (x, h) = lim
t→0+

F (x+ th)− F (x)

t
∈ Y

exists for all h ∈ X. We call dF (x, h) the directional derivative of F in direction h.

(ii) Gâteaux differentiable at x ∈ X if F is directionally differentiable at x and the directional
derivative F ′(x) : X 3 h 7→ dF (x, h) ∈ Y is bounded and linear, i.e., F ′(x) ∈ L (X,Y ).

(iii) Fréchet differentiable at x ∈ X if F is Gâteaux differentiable at x and if the following
approximation condition holds:

‖F (x+ h)− F (x)− F ′(x)h‖Y = o(‖h‖X) for ‖h‖X → 0 .

(iv) directionally/Gâteaux/Fréchet differentiable on V ⊂ X , if F is directionally/Gâteaux/Fréchet
differentiable at every x ∈ V .

(v) twice Gâteaux/Fréchet differentiable if F is Gâteaux/Fréchet differentiable in a neighborhood
V of x, and F ′ : V → L (X,Y ) is itself Gâteaux/Fréchet differentiable at x. We denote
the second derivative of F at x by F ′′(x) ∈ L (X,L (X,Y )) and proceed analogously for
defining Gâteaux/Fréchet differentiability of (higher) order k.

Remark 1.1.17 Every continuous linear operator A ∈ L (X,Y ) is Fréchet differentiable. The
derivative of a continuous linear operator is given by the operator itself (compare Tröltzsch [Tro10,
Example (vii), p. 59]).

Concluding we state two important facts that come along with Fréchet differentiability, that
prove to be essentially later on.

Theorem 1.1.18 (Chain rule) Let Banach spaces X,Y ,Z with open subsets X ⊂ X, Y ⊂ Y and
Z ⊂ Z be given. Further let F : X → Y and G : Y → Z be Fréchet differentiable at x ∈ X and
F (x) ∈ Y, respectively. Then the composition E = G ◦F : X → Z, defined by E(x) = G

(
F (x)

)
is Fréchet differentiable at x, and

E′(x) = G′
(
F (x)

)
F ′(x).

Theorem 1.1.19 (Partial derivatives) Let Banach spaces X,Y and Z be given. If F : X×Y →
Z is Fréchet differentiable at (x, y) then F (·, y) and F (x, ·) are Fréchet differentiable at x and y,
respectively. These derivatives are called partial derivatives and denoted by Fx(x, y) and Fy(x, y).
Since F is Fréchet differentiable it holds

F ′(x, y)(hx, hy) = Fx(x, y)hx + Fy(x, y)hy .

1.2 The problem formulation

We present the (nonlinear) PDE-constrained optimal control problem under consideration in this
thesis. We denote by y ∈ Y the state of the underlying system described by a (nonlinear) PDE,
while u ∈ U denotes the control to be adapted in an optimal way. We will specify the spaces Y
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1 The nonlinear optimal control problem

and U in due course. Throughout we assume for state y the well-posedness of the PDE, in which
u appears as a control, such that a unique corresponding solution y(u) ∈ Y for every u in U is
admitted (cp. Hinze et al. [HPUU09]).

We consider the following minimization problem:

min
y∈Y,u∈U

J(y, u) =
αQ
2

te∫
t◦

∫
Ω

|y − yQ|2 dx dt+
αΩ

2

∫
Ω

|y(te)− yΩ|2 dx+
κ

2
‖u− ud‖2U (P.J)

subject to the semilinear evolution equation

c1 yt(x, t)−∆y(x, t) +N (x, t, y(x, t)) = f(x, t) + u(x, t) in Q,
∂y

∂ν
(s, t) + q y(s, t) = g(s, t) in Σ,

y(x, t◦) = y◦(x) in Ω,

(P.SE)

and the control constraints
u ∈ Uad ⊂ U. (P.U)

Let Ω ⊂ RN for N ≥ 1 be an open and bounded spatial domain with Lipschitz boundary Γ = ∂Ω
and [t◦, te] ⊂ R be a finite time period given by fixed initial and final time t◦ and te with 0 ≤ t◦ < te.
Together they define the space-time cylinder Q := Ω × (t◦, te) and the corresponding boundary
set Σ := Γ× (t◦, te), respectively.

The cost function (P.J) is of quadratic type and defined for given desired state and control
functions yQ ∈ L∞(Q), yΩ ∈ L∞(Ω) and ud ∈ U with non-negative real scalar-valued weightings
αQ, αΩ ∈ R+ and regularization parameter κ ∈ R+.

The semilinear evolution equation (P.SE) is of parabolic type and also referred to as state
equation. We denote by ∂y

∂ν the derivative in the direction of the outer unit normal ν(x) of Γ at
x ∈ Γ.

The nonlinearity N : Q× R→ R considered in this thesis is given by

N (x, t, y(x, t)) = y(x, t)3 . (1.30)

Note, that the mapping Φ given by Φ(y) = N (·, ·, y(·, ·)), which assigns to a function y : Q→ R
the function z : Q→ R, z(x, t) = N (x, t, y(x, t)), is called a Nemytskii operator or superposition
operator. The analysis of Nemytskii operators (and their derivatives) in Lp spaces with 1 ≤ p <∞
necessitates more or less restrictive growth conditions on the nonlinearity N (x, t, y) with respect
to y, compare Tröltzsch [Tro10, Section 4.3]. We will account for them in our assumptions
subsequently.

The control function u : Q→ R influences the system dynamics in form of an in Q distributed
control on the right-hand side of our PDE. The constraints on the control are given by the set of
admissible controls Uad ⊂ U . While using here some general notation u, we will rather make use
of a distributed control ui : [t◦, te]→ R, i = 1, ..., Nu that is applied to the spatial domain by so
called shape functions bi ∈ L∞(Ω), i = 1, ..., Nu,

u(x, t) =

Nu∑
i=1

bi(x)ui(t) .
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1.2 The problem formulation

The control space is given by the separable Hilbert space U = L2(t◦, te;RNu) with inner product

〈v, w〉U =

te∫
t◦

〈
v(t), w(t)

〉
RNu

dt .

We restrict the controls by lower and upper bounds ua, ub ∈ L∞(t◦, te;RNu) on the admissible set

Uad =
{
u ∈ U

∣∣ uai (t) ≤ ui(t) ≤ ubi (t) almost everywhere in [t◦, te] for i = 1, .., Nu

}
. (1.31)

As indicated we expect the inequalities to hold in a pointwise sense. The space of admissible
controls Uad is a bounded, closed and convex subset of L∞(t◦, te;RNu). Further we will consider
(finite dimensional) time-invariant distributed controls ui ∈ R, i = 1, ..., Nu,

u(x, ·) =

Nu∑
i=1

bi(x)ui

for control space U = RNu with inner product 〈v, w〉U = 〈v, w〉RNu and the bounded, closed and
convex set of admissible controls defined as

Uad = {u ∈ U
∣∣ uai ≤ ui ≤ ubi for i = 1, .., Nu

}
(1.32)

with pointwise lower and upper bounds ua, ub ∈ RNu . In (P.J) we choose the desired control
ud ∈ U and the corresponding norm ‖v‖U =

√
〈v, v〉U appropriately.

According to Tröltzsch [Tro10] we impose some basic assumptions, that are sufficiently strong
for all the following theorems to hold, even when several results keep valid under (much) weaker
assumptions.

Assumptions 1 Let Ω ⊂ RN be a bounded Lipschitz domain and consider the general form of the
cost function

J(y, u) =

∫
Ω

φ(x, t, y(te)) dx+

te∫
t◦

∫
Ω

ϕ(x, t, y, u) dx dt . (1.33)

for functions

φ(x, y) : Ω× R→ R and ϕ(x, t, y, u) : Q× R× RNu → R .

(i) The functions φ, ϕ and N (x, t, y) : Q× R→ R are measurable with respect to x and t for
all y ∈ R and u ∈ RNu , and twice differentiable with respect to y and u for almost every
x ∈ Ω and t ∈ (t◦, te). Moreover, they satisfy the boundedness and local Lipschitz conditions
of order k = 2: this means that for ϕ, for example, there exist some K > 0 and a constant
L(M) > 0 for any M > 0 such that we have

|ϕ(x, t, 0,0)|+ |∇ϕ(x, t, 0,0)|+ |ϕ′′(x, t, 0,0)| ≤ K , (1.34)
|ϕ′′(x, t, y1, v)− ϕ′′(x, t, y2, w)| ≤ L(M)

(
|y1 − y2|+ |v − w|

)
, (1.35)
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1 The nonlinear optimal control problem

for almost every (x, t) ∈ Q and any yi ∈ [−M,M ], i = 1, 2 and v, w ∈ [−M,M ]Nu ⊂ RNu

with zero vector 0 ∈ RNu . Here the gradient ∇ϕ and the Hessian ϕ′′ are defined by

∇ϕ =


ϕy
ϕu1

...
ϕuNu

 , ϕ′′ =


ϕyy ϕyu1 . . . ϕyuNu

ϕu1y ϕu1u1 . . . ϕu1uNu
...

...
. . .

...
ϕuNuy ϕuNuu1 . . . ϕuNuuNu


with |·| representing a corresponding but arbitrary norm in RNu , RNu+1 and R(Nu+1)×(Nu+1).

(ii) We have Ny(x, t, y) ≥ 0 for almost every (x, t) ∈ Q.

(iii) The bounds ua, ub : D → R belong to L∞(D) for D ⊂ RN measurable and bounded and
ua(d) ≤ ub(d) for almost every d ∈ D.

Proposition 1.2.1 For the nonlinear optimal control problem (P) with nonlinearity N given in
(1.30) and admissible control set Uad as defined by (1.31) or (1.32), respectively, the basic As-
sumptions 1 are fulfilled.

Proof. Obviously, the cost function (P.J) is equivalent to (1.33) for setting

φ(x, y(te)) :=
αΩ

2
|y(te)− yΩ|2 and ϕ(x, t, y, u) :=

αQ
2
|y − yQ|2 +

κ

2
〈u, u〉U .

Below we only proof (1.34) and (1.35) in Assumption 1(i) and refer to Tröltzsch [Tro10, Assumption
5.6, Remark p. 269] otherwise. We have

ϕy = αQ(y − yQ), ϕui = κui, ϕyy = αQ, ϕuiui = κ,

while for all 1 ≤ i, j ≤ Nu, i 6= j, the mixed derivatives vanish. Therefore, the gradient and the
Hessian of ϕ are given by

∇ϕ(x, t, y, u) =


αQ(y − yQ)

κu1
...

κuNu

 , ϕ′′(x, t, y, u) =


αQ 0 . . . 0
0 κ . . . 0
...

...
. . .

...
0 0 . . . κ

 .
Hence, choosing the euclidean vector-norm | · |2 and a matrix-norm defined by the maximum
absolute row sum |M|∞ = max

i=1,...,m

∑n
j=1 Mij , we obtain for (1.34)

|ϕ(x, t, 0,0)|+ |∇ϕ(x, t, 0,0)|2 + |ϕ′′(x, t, 0,0)|∞ =
αQ
2

(yQ)2 + αQ|yQ|+ max{αQ, κ}︸ ︷︷ ︸
>0

=: K

and by
|ϕ′′(x, t, y1, v)− ϕ′′(x, t, y2, w)|∞ = 0

that (1.35) is fulfilled for any constant L(M) > 0 for any M > 0.

Remark 1.2.2 Although the cost function (P.J) is convex, this does not apply to the optimal
control problem (P), since the parabolic state equation is nonlinear. In nonconvex optimization
the first-order necessary optimality conditions are no longer sufficient and second-order sufficient
conditions have to be considered in addition.
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1.3 Weak solution of the semilinear evolution equation

1.3 Weak solution of the semilinear evolution equation

We state an existence and uniqueness result of our evolutionary system in time, represented by the
semilinear parabolic state equation (P.SE):

c1 yt(x, t)−∆y(x, t) +N (x, t, y(x, t)) = f(x, t) + u(x, t) in Q,
∂y

∂ν
(s, t) + q y(s, t) = g(s, t) in Σ,

y(x, t◦) = y◦(x) in Ω.

We consider an open and bounded 2-dimensional spatial domain Ω = (a, b)2 ⊂ R2, a < b, with
Lipschitz boundary Γ = ∂Ω, and define for inital and final time t◦ and te with 0 ≤ t◦ < te the
space-time cylinder Q := Ω× (t◦, te) and the corresponding boundary set Σ := Γ× (t◦, te). The
coefficients c1 and q are considered to be real valued (nonnegative) constants c1 > 0 and q ≥ 0.
Furthermore, let functions f, u ∈ Lr(Q), g ∈ Ls(Σ) with r > 2 and s > 3 and y◦ ∈ L∞(Ω) be
given.

The standard space for the treatment of (linear) parabolic initial-boundary value problems is the
Hilbert space W (t◦, te), cf. Tröltzsch [Tro10], which we introduce next. Therefore we set V =
H1(Ω) and H = L2(Ω). Both V and H are separable Hilbert spaces with V being continuously
embedded in H (cp. Proposition 1.1.9). By the Riesz representation theorem (Theorem 1.1.13)
we identify H with its dual H∗ and obtain the chain of dense and continuous embeddings

V ↪→ H = H∗ ↪→ V ∗ ,

(cp. Definition 1.1.15, Gelfand triple). The space L2(t◦, te;V ) stands for the space of (equivalence
classes of) measurable abstract functions ϕ : [t◦, te]→ V , which are square integrable, i.e.,

te∫
t◦

‖ϕ(t)‖2V dt <∞.

When t is fixed, the expression ϕ(t) stands for the function ϕ(·, t) considered as a function in the
spatial domain Ω only. We denote by W (t◦, te) the linear space of all functions ϕ ∈ L2(t◦, te;V )
having a (distributional) derivative yt ∈ L2(t◦, te;V

∗), equipped with the norm

‖ϕ‖W (t◦,te) =

 te∫
t◦

‖ϕ(t)‖2V + ‖ϕt(t)‖2V ∗ dt

1/2

.

The space
W (t◦, te) =

{
ϕ ∈ L2(t◦, te;V )

∣∣ ϕt ∈ L2(t◦, te;V
∗)
}

is a Hilbert space with the inner product

〈u, v〉W (t◦,te) =

te∫
t◦

〈u(t), v(t)〉V dt+

te∫
t◦

〈ut(t), vt(t)〉V ∗ dt.

The following fundamental proposition holds for any Gelfand triple and is thus of central interest
(see Tröltzsch [Tro10], Wloka [Wlo87] or Zeidler [Zei90]; we refer also to Hinze et al. [HPUU09]
and Evans [Eva02]).
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1 The nonlinear optimal control problem

Proposition 1.3.1 Every y ∈W (t◦, te) coincides (possibly after a suitable modification on a set of
zero measure) with an element of C([t◦, te], H). In this sense, we have the continuous embedding
W (t◦, te) ↪→ C([t◦, te], H). In particular, it follows that for any y ∈ W (t◦, te), the values y(t◦)
and y(te) belong to H. Moreover, there exists a constant cE > 0 such that

‖y‖C([t◦,te],H) ≤ cE‖y‖W (t◦,te) ∀y ∈W (t◦, te) ,

and the integration by parts formula

te∫
t◦

(
yt(t), ϕ(t)

)
V ∗,V

dt = 〈y(te), ϕ(te)〉H − 〈y(t◦), ϕ(t◦)〉H −
te∫
t◦

(
ϕt(t), y(t)

)
V ∗,V

holds for all y, ϕ ∈W (t◦, te).

For the treatment of nonlinear parabolic initial-boundary value problems the inclusion of the
requirements on the nonlinearity from Assumptions 1 are essential, since otherwise N (x, t, y) for
y ∈W (t◦, te) is not necessarily bounded and may not be integrable. We will find that the Hilbert
space W (t◦, te) ∩ L∞(Q) is a suitable solution space for the nonlinear problems considered here.
We introduce for this purpose the notion of a weak solution. Therefore we multiply (P.SE) with a
testfunction v ∈ V , integrate by parts and substitute the outward conormal derivative appropriately.

Definition 1.3.2 (Weak solution) A function y ∈W (t◦, te)∩L∞(Q) is said to be a weak solution
to (P.SE) if it satisfies y(t◦) = y◦ in H and the variational formulation

(
c1 yt(t), v

)
V ∗,V

+

∫
Ω

∇y(t) · ∇v +N (·, t, y(t)) v dx−
∫
Γ

(
g(t)− q y(t)

)
v ds

=

∫
Ω

(
f(t) + u(t)

)
v dx

(1.36)

holds for all v ∈ V and for almost all t ∈ [t◦, te].

With this definition at hand we formulate the main result for the existence and uniqueness of a
continuous weak solution, that forms the basis of the corresponding optimal control theory. The
following assertions are based on Tröltzsch [Tro10, Theorem 5.5, Remark p. 268].

Theorem 1.3.3 Suppose that Assumptions 1 hold. Then, the semilinear parabolic initial-boundary
value problem (P.SE) has a unique weak solution y = y(u) ∈W (t◦, te)∩C

(
(t◦, te]×Ω

)
∩L∞(Q)

for any triple f, u ∈ Lr(Q), g ∈ Ls(Σ), and y◦ ∈ L∞(Ω) with r > 2 and s > 3. Moreover, there
exists a constant c∞ > 0, which is independent of N , f , g, y◦, and u, such that

‖y‖W (t◦,te) + ‖y‖L∞(Q) ≤ c∞
(
‖(f + u)−N (·, ·, 0)‖Lr(Q) + ‖g‖Ls(Σ) + ‖y◦‖L∞(Ω)

)
.

Remark 1.3.4 Since y◦ ∈ L∞(Ω), we only obtain a weak solution y belonging to C
(
(t◦, te] ×

Ω
)
∩ L∞(Q). If we choose y◦ ∈ C(Ω), we even get a solution y ∈ C(Q).
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1.3 Weak solution of the semilinear evolution equation

We define the state space

Y = W (t◦, te) ∩ L∞(Q) ,

endowed with the norm

‖y‖Y = ‖y‖W (t◦,te) + ‖y‖L∞(Q) ,

and introduce the control-to-state operator

G : U → Y, u 7→ y(u), (1.37)

where y(u) = G(u) is the weak solution to (P.SE) for u ∈ U . By Theorem 1.3.3 the operator G
assigns to each control u ∈ U a unique state y ∈ Y . The following important property is shown
in Tröltzsch [Tro10, Theorem 5.15].

Proposition 1.3.5 Suppose that Assumptions 1 hold and let y(u) ∈ Y be the weak solution to
(P.SE) for u ∈ U . The control-to-state mapping G : u 7→ y(u) is twice continuously Fréchet
differentiable from L∞(Q) into W (t◦, te) ∩ L∞(Q).

We further assume that for all u ∈ U the first and second derivatives G′(u) : L∞(Q)→ Y and
G′′(u) : L∞(Q) × L∞(Q) → Y can be continuously extended to L2(Q), i.e., there exists some
constant c > 0 not depending on u and v such that

‖G′(u)v‖Y ≤ c‖v‖L2(Q) for all u ∈ U and v ∈ L∞(Q), (1.38)

‖G′′(u)(v1, v2)‖Y ≤ c‖v1‖L2(Q)‖v2‖L2(Q) for all u ∈ U and v1, v2 ∈ L∞(Q). (1.39)

Consequently the operators G′(u) and G′′(u) can also be applied to increments v, v1 and v2 in
L2(Q), so we can view G′(u) as continuous linear operator from L2(Q) to Y with its adjoint
operator G′(u)∗ mapping continuously from Y to L2(Q). Note that the uniformity with respect
to u in (1.38) and (1.39) requires usually the boundedness of U in L∞(Q).

Remark 1.3.6 This assumptions on the derivatives of G allows us to handle the well-known two-
norm discrepancy that usually occurs in second-order optimality conditions for nonlinear parabolic
control problems. As discovered by Ioffe [Iof79], one has to work with two different norms for
satisfying the second-order sufficient condition. We will not go into further details and refer
instead to Tröltzsch [Tro10, Sections 4.10 and 5.7].

The proof of [Tro10, Theorem 5.15] underlying Proposition 1.3.5 is carried out by the implicit
function theorem and utilizes the reformulation of (1.37) as an operator equation e(y(u), u) = 0
for the twice continuously Fréchet differentiable operator e : Y × U → Z with invertible partial
Fréchet derivative ey(y, u) ∈ L (Y, Z). Let us also refer here to Hinze et al. [HPUU09, Theorem
1.41]. For (P) we define the operator e : Y × U → Z for Z := L2(t◦, te;V

∗)×H as

e(y, u) =

(
e1(y, u)
e2(y, u)

)
(1.40)
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1 The nonlinear optimal control problem

with e1(y, u) : Y × U → L2(t◦, te;V
∗) =: Z1 and its dual Z∗1 = L2(t◦, te;V

∗)∗ = L2(t◦, te;V )

(
z1, e1(y, u)

)
Z∗1 ,Z1

=

te∫
t◦

((
c1 yt(t), z1(t)

)
V ∗,V

+

∫
Ω

∇y(t) · ∇z1(t) +N (·, t, y) z1(t) dx

−
∫
Γ

(
g(t)− q y(t)

)
z1(t) ds−

∫
Ω

(
f(t) + u(t)

)
z1(t) dx

)
dt

(1.41)

and e2(y, u) : Y × U → H =: Z2 and its dual Z∗2 = H∗ = H(
z2, e2(y, u)

)
Z∗2 ,Z2

=
〈
z2, y(t◦)− y◦

〉
H

=

∫
Ω

(
y(t◦)− y◦

)
z2 dx . (1.42)

Then, for given u ∈ U the corresponding weak slution y(u) to (P.SE) fulfills(
z, e(y(u), u)

)
Z∗,Z

= 0

for all z = (z1, z2) ∈ Z∗1 × Z∗2 =: Z∗. Hence, the partial derivatives ey ∈ L (Y,Z) and eu ∈
L (U,Z) in directions yδ ∈ Y and uδ ∈ U are given as follows:

(
z, ey(y, u)yδ

)
Z∗,Z

=

te∫
t◦

((
c1 yδt(t), z1(t)

)
V ∗,V

+

∫
Ω

∇yδ(t) · ∇z1(t) +Ny(·, t, y) yδ(t) z1(t) dx

+

∫
Γ

q yδ(t) z1(t) ds

)
dt+

∫
Ω

yδ(t◦) z2 dx

(1.43)

and (
z, eu(y, u)uδ

)
Z∗,Z

= −
te∫
t◦

∫
Ω

uδ(t) z1(t) dx dt (1.44)

for all z = (z1, z2) ∈ Z∗. The formulation as operator equation turns out to be an elegant way for
stating optimality results as introduced next.

1.4 Optimization in Banach space

For stating theoretical optimality results we utilize a common general formulation for (nonlinear)
PDE-constrained optimization problems, given by

min
y∈Y,u∈U

J(y, u) subject to e(y, u) = 0, (y, u) ∈ Y × Uad , (1.45)

with continuous cost function J : Y ×U → R, the continuous (nonlinear) operator e : Y ×U → Z
between (reflexive) Banach spaces Y , U and Banach space Z, and an admissible control set
Uad ⊂ U (see, e.g., Hinze et al. [HPUU09]). The operator equation

e(y, u) = 0 (1.46)
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1.4 Optimization in Banach space

represents the constraint given by a (single) PDE or a system of coupled PDEs. For the confirmation
of the main results derived in this section, we state the general assumptions to be fulfilled.

Assumptions 2 Let Y , U and Z be Banach spaces.

(i) Y and U are reflexive.

(ii) Uad ⊂ U is a nonempty, closed and convex set.

(iii) J : Y × U → R is a convex and twice continuously Fréchet differentiable function with
respect to y and u.

(iv) e : Y × U → Z is continuously Fréchet differentiable and ey(y(u), u) ∈ L (Y,Z) has a
bounded inverse for all u ∈ V in a neighborhood V ⊂ U of Uad.

(v) For all u ∈ U the state equation (1.46) has a unique corresponding solution y = y(u) ∈ Y .

Remark 1.4.1 Let us point out that for the underlying problem formulation (P) all quantities Y ,
U , Uad, Z, J , e and y(u) comply with Assumptions 2 by definition or as already shown in Sections
1.2 and 1.3.

In the following we will complement the developed theoretical results by concrete formulations
concerning the underlying problem formulation (P), such that we get an impression of the intro-
duced quantities.

First, we introduce the notion of optimality and present an existence result for an optimal solution
to the (nonlinear) problem (1.45).

Definition 1.4.2 (Optimal state and control) A control ū ∈ Uad is said to be (globally) optimal
for the (nonlinear) problem (1.45) with associated optimal state ȳ = y(ū) ∈ Y , if

J(ȳ, ū) ≤ J(y(u), u) for all u ∈ Uad.

Theorem 1.4.3 Let Assumptions 2 hold. Then the (nonlinear) problem (1.45) has an optimal
solution (ȳ, ū) ∈ Y × Uad.

For a proof see Hinze et al. [HPUU09, Theorem 1.45] or Tröltzsch [Tro10, Theorem 5.7].

Next, we state optimality conditions, that characterize and identify optimal points. Therefore
we define the Lagrange function L : Y × U × Z∗ → R associated with (1.45) by

L(y, u, p) = J(y, u) +
(
p, e(y, u)

)
Z∗,Z

(1.47)

where p denotes the Lagrange multiplier. For the concrete problem formulation (P) with operator
e : Y × U → Z as defined in (1.40) we introduce the corresponding Lagrange function with
Langrange multipliers p := (p1, p2) from Z∗ = Z∗1 ×Z∗2 = L2(t◦, te;V )×H as defined for (1.41)
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1 The nonlinear optimal control problem

and (1.42) as follows:

L(y, u, p) =
αQ
2

te∫
t◦

∫
Ω

(y − yQ)2 dx dt+
αΩ

2

∫
Ω

(y(te)− yΩ)2 dx+
κ

2

te∫
t◦

∫
Ω

(u− ud)2 dt

+

te∫
t◦

((
c1 yt(t), p1(t)

)
V ∗,V

+

∫
Ω

∇y(t) · ∇p1(t) +N (·, t, y) p1(t) dx

−
∫
Γ

(
g(t)− q y(t)

)
p1(t) ds−

∫
Ω

(
f(t) + u(t)

)
p1(t) dx

)
dt

+

∫
Ω

(y(t◦)− y◦) p2 dx.

By the principle of the method of Lagrange multipliers, we expect the optimal pair (ȳ, ū) with cor-
responding Langrange multiplier p̄ to fulfill the necessary optimality conditions of the minimization
problem

min L(y, u, p̄) subject to u ∈ Uad, y ∈ Y.

Therefore we have to consider the derivatives of L with respect to its arguments.

Theorem 1.4.4 (First order necessary optimality conditions) Let Assumptions 2 hold and
(ȳ, ū) ∈ Y ×Uad be an optimal solution to problem (1.45). Then there exists a unique associated
Lagrange multiplier p̄ ∈ Z∗ such that the following optimality conditions hold

Lp(ȳ, ū, p̄) = e(ȳ, ū) = 0 , (1.48)
Ly(ȳ, ū, p̄) = 0 , (1.49)
Lu(ȳ, ū, p̄) (u− ū) ≥ 0 for all u ∈ Uad . (1.50)

For a proof we refer to Hinze et al. [HPUU09, Corollary 1.3]. An equivalent variational formu-
lation, that avoids dual operators, is given by

(
p,Lp(ȳ, ū, p̄)

)
Z∗,Z

=
(
p, e(ȳ, ū)

)
Z∗,Z

= 0 for all p ∈ Z∗ ,(
Ly(ȳ, ū, p̄), y)Y ∗,Y = 0 for all y ∈ Y ,(
Lu(ȳ, ū, p̄), (u− ū)

)
U∗,U

≥ 0 for all u ∈ Uad .

According to our problem formulation (P) the derivative of L with respect to p can be formulated
by the operator equation (1.46) representing the state equation (P.SE). The second equation
involving the Fréchet derivative of L with respect to y leads to the so-called adjoint (state)
equation, which will be introduced next. Recall, that the derivative of a continuous linear operator
is given by the operator itself (cf. Tröltzsch [Tro10, Examples (vii), p. 59]), thus the derivative of
the linear and continuous mapping y → y( · , te) coincides with the mapping itself. Therefore the
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1.4 Optimization in Banach space

derivative Ly in a direction yδ ∈ Y is given by

Ly(y, u, p) yδ = αQ

te∫
t◦

∫
Ω

(y − yQ) yδ dx dt+ αΩ

∫
Ω

(
y(te)− yΩ

)
yδ(te) dx

+

te∫
t◦

((
c1 yδt(t), p1(t)

)
V ∗,V

+

∫
Ω

∇yδ(t) · ∇p1(t) +Ny(·, t, y) yδ(t) p1(t) dx

+

∫
Γ

q yδ(t) p1(t) ds

)
dt+

∫
Ω

yδ(t◦) p2 dx.

(1.51)
By applying the formal Lagrange method according to Tröltzsch [Tro10, §2.10] and identifying
p2 = c1 p1(t◦) on Ω, we formulate the adjoint (state) equation corresponding to our optimal
control problem (P) for p := p1:

c1 pt(t, x) + ∆p(t, x)−Ny(t, x, ȳ(t, x)) p(t, x) = −αQ
(
ȳ(t, x)− yQ(t, x)

)
in Q,

∂p

∂ν
(t, s) + q p(t, s) = 0 in Σ,

c1 p(te, x) = αΩ

(
ȳ(te, x)− yΩ(x)

)
in Ω.

(P.AE)

Note that (P.AE) can be considered as a state equation running backward in time. But with p(te)
at final time te the needed “initial” state is given and therefore it is well posed.

Proposition 1.4.5 Let Assumptions 1 and 2 be satisfied and suppose that ū ∈ Uad is a local
optimal solution to (P) with associated optimal state ȳ = y(ū). Then, there exists a unique
Lagrange multiplier p ∈ Y , that is the weak solution to the variational problem

(
c1 pt(t), v

)
V ∗,V

−
∫
Ω

∇p(t) · ∇v +Ny(·, t, ȳ(t)) p(t) v dx−
∫
Γ

q p(t) v ds

=

∫
Ω

−αQ
(
ȳ(t)− yQ(t)

)
v dx

for all v ∈ V and for almost all t ∈ [t◦, te], and that satisfies p(te) = αΩ
c1

(
ȳ(te) − yΩ

)
in H.

Moreover, there exists a constant ĉ > 0, which does not depend on the given functions, such that

‖p‖Y ≤ ĉ
(
‖αQ

(
ȳ(t)− yQ(t)

)
‖L∞(Q) + ‖αΩ/c1

(
ȳ(te)− yΩ

)
‖L∞(Ω)

)
.

Proof. For τ ∈ [t◦, te] we substitute t = te+t◦−τ in (P.AE) and define p̃(τ) := p(te+t◦−τ) and
ṽ(τ) := v(te + t◦ − τ). Then p̃(t◦) = p(te), ṽ(t◦) = v(te), etc., and p̃t(τ) = −pt(te + t◦ − τ) =
−pt(t). Hence we obtain an equvialent formulation as a parabolic initial-boundary value problem
running forward in time. By Assumptions 1 the derivative of the nonlinearity Ny is essentially
bounded and nonnegative. Thus, by Tröltzsch [Tro10, Theorem 5.5, p. 213], there is a unique
weak solution p̃(τ) to our transformed problem that belongs to Y . The assertion follows directly
from reversing the time-transformation.
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1 The nonlinear optimal control problem

The Fréchet derivative Lu in a direction uδ ∈ U is given by

Lu(y, u, p)uδ = κ

te∫
t◦

∫
Ω

(u− ud)uδ dx dt−
te∫
t◦

∫
Ω

−uδ p dx dt

=

te∫
t◦

∫
Ω

(κ(u− ud) + p)uδ dx dt.

In conclusion we infer by standard arguments the following result and refer, e.g., to Tröltzsch [Tro10]
and Hinze et al. [HPUU09] for more details.

Theorem 1.4.6 Let Assumptions 1 and 2 hold. Suppose that ū ∈ Uad is a local optimal solution
to (P) with associated optimal state ȳ = y(ū) and associated Lagrange multiplier p as introduced
in Proposition 1.4.5. Then, a first-order necessary optimality condition for (P) is given by the
variational inequality :

te∫
t◦

∫
Ω

(
κ(ū− ud) + p

)
(u− ū) dx dt ≥ 0 for all u ∈ Uad. (P.VI)

The variational inequality can also be interpreted in terms of a reduced cost function Ĵ . By
inserting the control-to-state mapping G(u) = y(u) in (1.45), we obtain an equivalent formulation
as so-called reduced problem

min
u∈U

Ĵ(u) subject to u ∈ Uad , (1.52)

where the reduced cost function is defined as

Ĵ(u) := J(y(u), u) . (1.53)

The first-order necessary optimality conditions can be also expressed as follows:

Corollary 1.4.7 Let Assumptions 2 hold. If ū ∈ Uad is a local solution of the reduced problem
(1.52) then ū satisfies the variational inequality(

Ĵ ′(ū), u− ū
)
U∗,U

≥ 0 for all u ∈ Uad .

Proof. We refer to Hinze et al. [HPUU09]. Otherwise we relegate the reader to the end of
upcoming Section 1.5.1, where the equvialence Ĵ ′(u) = Lu(y(u), u, p(u)) for a certain p(u) will
be emphasized and the assertion is easy to conclude.

According to the variational inequality (P.VI) a representation of the first derivative Ĵ ′(u) of
the reduced cost function (1.53) for u ∈ U concerning our control problem (P) is given by

Ĵ ′(u) = κ(u− ud) + p (1.54)

with p the Lagrange multiplier associated with u.

Finally we present for completeness also second-order sufficient conditions, for which we revert
to the next definition.
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1.4 Optimization in Banach space

Definition 1.4.8 (Strongly active constraints, τ -critical cone) Let Uad ⊂ L∞(D) be given for
ua, ub ∈ L∞(D) with D ⊂ Rn measurable and bounded. For arbitrary but fixed τ > 0 the set

Aτ (ū) =
{
d ∈ D

∣∣ |Ĵ ′(ū(d))| > τ
}

(1.55)

is called the set of strongly active constraints for ū. The τ -critical cone Cτ (ū) is the set of all
u ∈ L∞(D) satisfying

u(d)


= 0 if d ∈ Aτ (ū),

≥ 0 if ū(d) = ua and d /∈ Aτ (ū),

≤ 0 if ū(d) = ub and d /∈ Aτ (ū).

(1.56)

Remark 1.4.9 The τ -critical cone Cτ (ū) is a useful tool to close (to a certain extent) the gap
between necessary and sufficient second-order conditions. In the finite dimensional case, every
component of a vector, that lies in the critical cone for which the corresponding component of
the gradient is nonzero, must vanish. In function space this does not hold, see Dunn [Dun98].
Therefore we assume τ > 0 and set u(d) = 0 at points d ∈ D where the gradient of the cost
function is at least τ in absolute value. For more details we refer to Tröltzsch [Tro10, Sections
4.10.5, 5.7.2].

For stating the second-order conditions we make again use of the Lagrange function and introduce
for this purpose the Banach space X(ad) := Y × U(ad).

Theorem 1.4.10 (Second-order sufficient condition) Let Assumptions 2 hold and suppose
x̄ = (ȳ, ū) ∈ Xad fufills the first-order necessary condition from Theorem 1.4.4. with corresponding
Lagrange multiplier p̄ ∈ Z∗. Assume there exist constants δ > 0 and τ > 0 satisfying the coercivity
condition

Lxx(x̄, p̄)[x, x] ≥ δ‖u‖2L2(Q) (1.57)

for all x = (y, u) with u ∈ Cτ (ū) and y ∈W (t◦, te) the solution to the linearized state equation

e′(x̄)x = 0 . (1.58)

Then, there are constants ε > 0 and σ > 0 such that every u ∈ Uad with ‖u − ū‖L∞(Q) ≤ ε,
together with its associated solution y = y(u) satisfies the quadratic growth condition

Ĵ(u) ≥ Ĵ(ū) + σ‖u− ū‖2L2(Q).

Hence, ū is a strict local minimizer for (1.45).

For a proof we refer to Tröltzsch [Tro10, Theorem 5.17]. Note that two different norms L2

and L∞ were employed to deal with the two-norm discrepancy mentioned in Remark 1.3.6. As a
further consequence we can derive from the proof the following corollary.

Corollary 1.4.11 Let Assumptions 2 hold. Then the reduced cost function Ĵ : L∞(Q) → R,
Ĵ(u) = J(y, u) for y = y(u), is twice continuously Fréchet differentiable and the second derivative
of Ĵ can be expressed in the form

Ĵ ′′(u)[uδ1, uδ2] = Lxx(x, p)
[
xδ1, xδ2

]
, (1.59)

where p is the adjoint state corresponding to x = (y, u) and xδi = (yδi, uδi) is defined for i = 1, 2
by yδi = y′(u)uδi ∈ Y the solution to the linearized problem e′(y, u)(yδi, uδi) = 0 for uδi ∈ U .
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1 The nonlinear optimal control problem

An evidence of consistency for (1.59) is given in Section 1.5.2, where the computation of the
second derivative is carried out formally. For our problem (P) an explicit formulation of the second
derivative in (1.57) and (1.59), respectively, is given by

Lxx(x, p)
[
xδ1, xδ2

]
= Lyy(y, u, p) [yδ1, yδ2] + Lyu(y, u, p)[yδ1, uδ1]

+ Luy(y, u, p)[uδ2, yδ2] + Luu(y, u, p)[uδ1, uδ2]

with

Lyy(y, u, p) [yδ1, yδ2] = αQ

te∫
t◦

∫
Ω

yδ1 yδ2 dx dt+ αΩ

∫
Ω

yδ1(te) yδ2(te) dx

−
te∫
t◦

∫
Ω

Nyy(y) [yδ1, yδ2] p dx dt ,

(1.60)

Lyu(y, u, p)[yδ1, uδ1] = 0 , (1.61)
Luy(y, u, p)[uδ2, yδ2] = 0 , (1.62)

Luu(y, u, p)[uδ1, uδ2] = κ

te∫
t◦

∫
Ω

uδ1 uδ2 dx dt . (1.63)

A general representation of the linearized state equation (1.58) according to (P) is given for
x̄ = (y, u) and x = (yδ, uδ) by the initial-boundary value problem

c1 yδt(x, t)−∆yδ(x, t) +Ny(x, t, y(x, t)) yδ(x, t) = uδ(x, t) in Q,
∂yδ
∂ν

(s, t) + q yδ(s, t) = 0 in Σ,

yδ(t◦, x) = 0 in Ω.

(P.LSE)

1.5 Deriving the (reduced) cost function

The computation of the derivatives of the reduced cost function Ĵ as defined in (1.53) can be
achieved essentially by the sensitivity approach and the adjoint approach (compare Hinze et al.
[HPUU09]). In the following we will introduce both approaches, even when the latter one pro-
vides a more efficient computational way and will therefore be used in application. Nevertheless
we will make at least use of the sensitivity concept for the computation of a Hessian operator
representation.

Also here we will directly relate the presented theoretical formulas to our problem formulation
(P) and introduce additional quantities accordingly.

1.5.1 First-order derivatives

For both the sensitivity and the adjoint approach we start with differentiating Ĵ for u ∈ U and a
direction s ∈ U by the chain rule(

Ĵ ′(u), s
)
U∗,U

=
(
Jy(y(u), u), y′(u)s

)
Y ∗,Y

+
(
Ju(y(u), u), s

)
U∗,U

. (1.64)
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1.5 Deriving the (reduced) cost function

For (P) the partial derivatives of J in (1.64) for directions yδ ∈ Y and uδ ∈ U are given by

Jy(y, u) yδ = αQ

te∫
t◦

∫
Ω

(y − yQ) yδ dx dt+ αΩ

∫
Ω

(
y(te)− yΩ

)
yδ(te) dx (1.65)

and

Ju(y, u)uδ = κ

te∫
t◦

∫
Ω

(u− ud)uδ dx dt . (1.66)

Sensitivity approach

Sensitivities are directional derivatives as introduced in Definition 1.1.16, representing the instan-
taneous change of a function at a certain point in a given direction. Therefore we consider (1.64)
as sensitivity for the reduced cost function Ĵ ,

d Ĵ(u, s) =
(
Ĵ ′(u), s

)
U∗,U

=
(
Jy(y(u), u), y′(u)s

)
Y ∗,Y

+
(
Ju(y(u), u), s

)
U∗,U

, (1.67)

where in turn the sensitivity d y(u, s) = y′(u)s appears. Differentiating the operator equation
e(y(u), u) = 0 with respect to u in the direction s, the sensitivity δsy = d y(u, s) is computed as
the solution of the linearized state equation

ey(y(u), u) y′(u)s+ eu(y(u), u)s = 0 , (1.68)

that is given for (P) by (P.LSE) with y = y(u) the solution to the state equation (P.SE) at given
u ∈ Uad, and setting yδ = δsy and uδ = s. Consequently, the computation of the directional
derivative d Ĵ(u, s) =

(
Ĵ ′(u), s

)
U∗,U

is carried out by first solving the linearized state equation
(1.68) for the sensitivity δsy and then computing

d Ĵ(u, s) =
(
Jy(y(u), u), δsy

)
Y ∗,Y

+
(
Ju(y(u), u), s

)
U∗,U

with Jy and Ju given for (P) by (1.65) and (1.66).

Obviously, we obtain as result only the application of Ĵ ′(u) in a direction s ∈ Uad, not a
representation of the derivative itself. This procedure is expensive, if an explicit representation of
the whole derivative Ĵ ′(u) ∈ U∗ is needed. Then, one has to compute all directional derivatives
for a basis B of U ,

d Ĵ(u, v) , v ∈ B .

Hence, a solution of the linearized state equation (1.68) for all s = v ∈ B is needed, which results
in a computational effort growing linearly in the dimension of U .

Remark 1.5.1 For comparison reason we should mention that the computation of all sensitivities
δvy = y′(u)v for v ∈ B is equivalent to computing the whole operator y′(u) ∈ L (U, Y ), which is
circumvented in the adjoint approach.
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1 The nonlinear optimal control problem

Adjoint approach

We will describe now a more efficient way of representing the derivative of Ĵ and continue refor-
mulating (1.64):(

Ĵ ′(u), s
)
U∗,U

=
(
Jy(y(u), u), y′(u)s

)
Y ∗,Y

+
(
Ju(y(u), u), s

)
U∗,U

=
(
y′(u)∗Jy(y(u), u), s

)
U∗,U

+
(
Ju(y(u), u), s

)
U∗,U

=
(
y′(u)∗Jy(y(u), u) + Ju(y(u), u), s

)
U∗,U

.

By identifying
Ĵ ′(u) = y′(u)∗Jy(y(u), u) + Ju(y(u), u)

we see that for the computation of Ĵ ′(u) not the operator y′(u) ∈ L (U, Y ) itself, but only
the vector y′(u)∗Jy(y(u), u) ∈ Y ∗ is really required. Here lies the main difference and therefore
computational benefit of the adjoint approach compared to the sensitivity approach (see Remark
1.5.1).

By differentiating the equation e(y(u), u) = 0 with respect to u,

ey(y(u), u) y′(u) + eu(y(u), u) = 0 ,

we obtain
y′(u) = −ey(y(u), u)−1eu(y(u), u)

and hence
y′(u)∗Jy(y(u), u) = −eu(y(u), u)∗ey(y(u), u)−∗Jy(y(u), u) .

Now we simplify the right-hand side by introducing the adjoint state p = p(u) ∈ Z∗ that solves
the adjoint equation

ey(y(u), u)∗p = −Jy(y(u), u) . (1.69)

Thus, we finally have
Ĵ ′(u) = eu(y(u), u)∗p(u) + Ju(y(u), u) , (1.70)

that is, we obtain a representation of the derivative via the adjoint approach by first solving the
adjoint equation (1.69) and then computing the reduced gradient representation by (1.70).

For the concrete problem (P) a formulation of (1.69) is given by (P.AE), as it will become
apparent in the following section, while (1.70) can be evaluated by (1.44) and (1.66).

Lagrangian-based ansatz of the adjoint approach

The adjoint gradient representation can also be derived by means of the Lagrange function L :
Y ×U ×Z∗ → R as introduced in (1.47). Even though we will arrive at the same result (1.70), we
will present this approach to emphasize some equivalencies between L and Ĵ and their derivatives.

We consider the Lagrange function associated with (1.45),

L(y, u, p) = J(y, u) +
(
p, e(y, u)

)
Z∗,Z

.
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1.5 Deriving the (reduced) cost function

By inserting y = y(u) that solves (1.46) for u ∈ U we obtain for arbitrary p ∈ Z∗

Ĵ(u) = J(y(u), u) = J(y(u), u) +
(
p, e(y(u), u)

)
Z∗,Z︸ ︷︷ ︸

=0

= L(y(u), u, p) .

Differentiating this for s ∈ U we get(
Ĵ ′(u), s

)
U∗,U

=
(
Ly(y(u), u, p), y′(u)s

)
Y ∗,Y

+
(
Lu(y(u), u, p), s

)
U∗,U

. (1.71)

To eliminate the first addend we choose now a special p = p(u) ∈ Z∗ such that

Ly(y(u), u, p) = 0 . (1.72)

From (1.51) we know that this is for (P) the solution to the adjoint equation (P.AE). Since(
Ly(y, u, p), d

)
Y ∗,Y

=
(
Jy(y, u), d

)
Y ∗,Y

+
(
p, ey(y, u)d

)
Z∗,Z

=
(
Jy(y, u) + ey(y, u)∗p, d

)
Y ∗,Y

for d ∈ Y , and therefore

Ly(y(u), u, p) = Jy(y(u), u) + ey(y(u), u)∗p , (1.73)

the p in (1.72) is nothing else than the solution to the adjoint equation (1.69). Choosing now this
p = p(u) we obtain from (1.71) exactly the adjoint gradient representation (1.70) by

Ĵ ′(u) = Lu(y(u), u, p(u)) = Ju(y(u), u) + eu(y(u), u)∗p(u) .

1.5.2 Second-order derivatives

For stating an expression for the Hessian operator Ĵ ′′(u) ∈ L (U,L (U,R)) for an arbitrary u ∈
Uad, we make again use of the (adjoint) approach based on the Lagrange function. For all p ∈ Z∗
we have the identity

Ĵ(u) = J(y(u), u) = L(y(u), u, p).

Differentiating the first derivative of Ĵ in a direction u1 ∈ U , given by(
Ĵ ′(u), u1

)
U∗,U

=
(
Ly(y(u), u, p), y′(u)u1

)
Y ∗,Y

+
(
Lu(y(u), u, p), u1

)
U∗,U

,

subsequently again in a direction u2 ∈ U , we arrive at(
Ĵ ′′(u)u2, u1

)
U∗,U

=
(
Ly(y(u), u, p), y′′(u)[u1, u2]

)
Y ∗,Y

+
(
Lyy(y(u), u, p)y′(u)u2, y

′(u)u1

)
Y ∗,Y

+
(
Lyu(y(u), u, p)u2, y

′(u)u1

)
Y ∗,Y

+
(
Luy(y(u), u, p)y′(u)u2, u1

)
U∗,U

+
(
Luu(y(u), u, p)u2, u1

)
U∗,U

.

Now we choose for p = p(u) the solution to the adjoint equation (1.69), i.e., by (1.73) it holds

Ly(y(u), u, p) = 0,
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1 The nonlinear optimal control problem

and hence the first term on the right-hand side containing y′′(u) drops out:(
Ĵ ′′(u)u2, u1

)
U∗,U

=
(
Lyy(y(u), u, p)y′(u)u2, y

′(u)u1

)
Y ∗,Y

+
(
Lyu(y(u), u, p)u2, y

′(u)u1

)
Y ∗,Y

+
(
Luy(y(u), u, p)y′(u)u2, u1

)
U∗,U

+
(
Luu(y(u), u, p)u2, u1

)
U∗,U

.

(1.74)

By rearranging the dual pairings we obtain(
Ĵ ′′(u)u2, u1

)
U∗,U

=
((
y′(u)∗Lyy(y(u), u, p)y′(u) + y′(u)∗Lyu(y(u), u, p)

)
u1, u2

)
U∗,U

+
((
Luy(y(u), u, p)y′(u) + Luu(y(u), u, p)

)
u1, u2

)
U∗,U

where y′(u)∗ : Y ∗ → U∗ denotes the dual operator of y(u), satisfying(
y′(u)∗r, u

)
U∗,U

=
(
r, y′(u)u

)
Y ∗,Y

for all r ∈ Y ∗, u ∈ U.

Finally, a representation of the Hessian of the reduced cost function Ĵ can be formulated as

Ĵ ′′(u) = y′(u)∗Lyy(y(u), u, p)y′(u) + y′(u)∗Lyu(y(u), u, p)

+ Luy(y(u), u, p)y′(u) + Luu(y(u), u, p)

= T (u)∗ Lww(y(u), u, p) T (u)

(1.75)

with operator

T (u) =

(
y′(u)
IU

)
∈ L (U, Y × U),

the dual operator

T (u)∗ =

(
y′(u)
IU

)∗
=
(
y′(u)∗ , IU

)
∈ L (Y ∗ × U∗, U∗),

and the second derivative

Lww =

(
Lyy Lyu
Luy Luu

)
∈ L (Y × U, Y ∗ × U∗).

Here, IU ∈ L (U,U) denotes the identity in U .

Often one does not need to know the derivatives of an operator itself explicitly, since they become
commonly rather abstract mathematical objects with an increasing order of differentiability. In fact,
one is more interested in the results of their application on certain increments, evaluated at certain
points. Therefore we use the Hessian representation (1.75) to compute just the “effect” of the
operator Ĵ ′′(u) at given u ∈ Uad on a direction s ∈ U as follows:

(1) We compute the sensitivity δsy, i.e., the directional derivative at u ∈ Uad with respect to s,

δsy = y′(u)s = −ey(y(u), u)−1 eu(y(u), u)s , (1.76)
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1.5 Deriving the (reduced) cost function

which arises from the application of the first component of the operator T (u) on s:

T (u)s =

(
y′(u)s
IUs

)
=

(
−ey(y(u), u)−1 eu(y(u), u) s

IUs

)
.

This requires the solution of the linearized state equation (1.68),

ey(y(u), u) δsy = −eu(y(u), u) s ,

which is given for (P) by (P.LSE) with y = y(u) the solution to the state equation (P.SE)
at given u ∈ Uad, and setting yδ = δsy and uδ = s. Of course, for the second component we
have IUs = s.

(2) Let p = p(u) be the corresponding weak solution to the adjoint equation (1.69) given by
(P.AE). We apply the operator Lww on the result and compute

Lww
(
δsy
s

)
=

(
Lyy(y(u), u, p) δsy + Lyu(y(u), u, p) s
Luy(y(u), u, p) δsy + Luu(y(u), u, p) s

)
=

(
h1

h2

)
∈ Y ∗ × U∗. (1.77)

The derivatives of the Lagrange function for (P) are given by (1.60) to (1.63).

(3) Now we apply the operator T (u)∗ on the result, i.e.,

T (u)∗
(
h1

h2

)
=
(
y′(u)∗ , IU

)(h1

h2

)
= h3 + h4 ∈ U∗. (1.78)

While for the second component h4 as a result we obtain immediately h4 = IUh2 = h2, the
situation for the first component

h3 = y′(u)∗h1 = −eu(y(u), u)∗ ey(y(u), u)−∗ h1

is more elaborate. We introduce an auxiliary variable η = (η1, η2) ∈ L2(t◦, te;V )×H,

η = −ey(y(u), u)−∗ h1 ,

as the solution to the linearized adjoint equation

ey(y(u), u)∗ η = −h1 ,

which is given for (P) by

−c1 η1t −∆η1 +Ny(y) η1 = −αQ yδ +Nyy(y)[yδ, p] in Q,
∂η1

∂ν
+ q η1 = 0 in Σ,

c1 η1(te) = −αΩ yδ(te) in Ω,

(P.LAE)

with sensitivity yδ = δsy, and setting for η2 = η1(t◦). Subsequently we compute

h3 = eu(y′(u), u)∗ η (1.79)
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1 The nonlinear optimal control problem

by identification via the variational formulation. For (P) according to (1.44) for all ϕ ∈ U
holds (

h3, ϕ
)
U∗,U

=
(
eu(y(u), u)∗ η, ϕ

)
U∗,U

=
(
eu(y(u), u)ϕ, η

)
U,U∗

=
〈
eu(y(u), u)ϕ, η

〉
U

with U∗ = U,

= −
te∫
t◦

∫
Ω

η ϕ dx dt ,

and therefore
h3 = −η .

Doing the same for h4 we obtain
h4 = κs .

Finally we get for the Hessian operator at u ∈ Uad applied on a direction s ∈ U

Ĵ ′′(u)s = h3 + h4 = −η + κs .

This approach is of special interest, when an explicit Hessian representation is not needed and one
is only interested in the “effect” of the application of the Hessian operator. This is for example
the case for the Newton-CG method, where the conjugate gradient method is applied to solve the
so-called Newton equation

Ĵ ′′(u) v = −Ĵ ′(u)

for v ∈ U at given u ∈ Uad (up to a certain tolerance), see Hinze et al. [HPUU09], Kelley [Kel99]
or Nocedal and Wright [NW06], for instance.

Remark 1.5.2 Also here the sensitivity approach can be applied to compute the second derivative
and turns out to be an expensive procedure, if an explicit representation of the whole derivative
Ĵ ′′(u) ∈ L (U,L (U,R)) for some u ∈ U is needed. Again we will make use of a basis B of U ,
for which all directional derivatives

d2Ĵ(u, v, w) = Ĵ ′′(u)[v, w] , v, w ∈ B

have to be computed.
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2 Model discretization techniques

For the mathematical treatment of real world problems, such as they occur, e.g., in engineering,
pharmacy and economics, a reasonable modeling that considers problem relevant aspects, is of
great significance. To deal with those models numerically, an adequate discretization is essential
to provide reliable computational solutions to the initial problem formulation. The quality of the
solution strongly depends on the degree of freedom (DOF) provided by the discretized model: The
higher the degree, the “better” one expects the corresponding solution. Unfortunately, this involves
also higher numerical expenses, which, on the other hand, arouses again special interest on so-called
techniques for model oder reduction (MOR). Those techniques are applied on high-dimensional
models, for instance, when the focus is put on the supply of expeditiously computed decisions
as in the field of automated car control, or on an efficient exploitation of limited computational
resources, e.g., on mobile or smart home devices. Of course, the loss in quality of the solution
caused by the reduction should be measurable low, so that we still can make reliable statements
concerning the initial problem formulation. The following sections in this chapter are dedicated to
this task.

2.1 A high-dimensional model formulation

In this section we introduce a fully discrete and high-dimensional model (HDM) of the semilinear
evolution equation (P.SE). The spatial discretization is done by the finite element method (FEM),
while for time discretization we apply an implicit Euler scheme. The spatial integration will be
carried out on basis of the mass lumping technique. Further we comment on the discretization
error for semilinear optimal control problems. References are stated in the following at relevant
position.

2.1.1 Spatial discretization

Let Ωh =
{
TΩ
i

}NT

i=1
be a triangulation of the space domain Ω ⊂ Rn for a number of NT ∈ N+

disjoint partitions TΩ
i ⊂ Ω, TΩ

i ∩ TΩ
j = ∅ for i 6= j, with

⋃NT
i=1 T

Ω
i = Ω, and h > 0 the maximum

edge length respective to all TΩ
i for i = 1, ..., NT . The vertices of the triangulation define the

corresponding set of grid nodes
{
PΩ
i

}Nx

i=1
for the resulting numberNx ∈ N+ of spatial discretization

points. The method of finite elements makes use of finite dimensional ansatz spaces V h ⊂ V ,
whose elements consist of piecewise polynomials on the partitions of Ω and are uniquely determined
by their function values at the grid nodes of the triangulation, for a suitable approximation of V .
We denote by

{
ϕi
}Nx

i=1
the linear independent FE ansatz or nodal basis functions, such that the

Nx-dimensional ansatz space V h is given by

V h =

{
vh ∈ V

∣∣∣∣ vh =

Nx∑
i=1

ci ϕi with ci ∈ R for i = 1, ..., Nx

}
= span

{
ϕ1, ..., ϕNx

}
.
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2 Model discretization techniques

Since
{
ϕi
}Nx

i=1
is a basis of V h ⊂ H, we obtain the FE Galerkin approximation for a solution of

the weak formulation (1.36) as follows: find yh(t) ∈ H1(t◦, te;V
h) for all t ∈ [t◦, te] that solves∫

Ω

c1 y
h
t (t)ϕj dx+

∫
Ω

∇yh(t) · ∇ϕj +N (·, t, yh(t))ϕj dx−
∫
Γ

(
g(·, t)− q yh(t)

)
ϕj ds

=

∫
Ω

(
f(·, t) + u(·, t)

)
ϕj dx

(2.1a)

with initial value ∫
Ω

yh(t◦)ϕj dx =

∫
Ω

y◦ ϕj dx (2.1b)

for 1 ≤ j ≤ Nx and test functions ϕj ∈ V h. Apparently, we choose for testing the same ansatz
space V h. A technique, where different (but equal dimensional) ansatz and test spaces are utilized,
lead to the so called Petrov-Galerkin method, being of special interest for problems with singularities
(see, e.g., Braess [Brae13]). By inserting now the standard Galerkin ansatz

yh(x, t) =

Nx∑
i=1

yhi (t)ϕi(x), (2.2)

where yhi (t) ∈ R denote the time-dependent nodal Galerkin coefficients, we obtain for (2.1) and
t ∈ [t◦, te] the following Nx-dimensional semidiscrete nonlinear initial value system of ordinary
differential equations:

c1 Mh ẏh(t) + Sh yh(t) + nh
(
t, yh(t)

)
− gh(t) = fh(t) + uh(t) ,

Mh yh(t◦) = yh◦ .
(2.3)

Here, yh(t) =
(
yh1 (t), ..., yhNx

(t)
)> ∈ RNx denotes the Nx-dimensional column vector of the nodal

Galerkin coefficients from (2.2). Further we introduce the so called FE mass and stiffness matrices
Mh and Sh in RNx×Nx and the boundary and right-hand side column vectors gh(t), fh(t) ∈ RNx

with entries

Mh
ij =

∫
Ω
ϕj ϕi dx , (2.4)

Shij =

∫
Ω
∇ϕj · ∇ϕi dx+

∫
Γ
q ϕj ϕi ds , (2.5)

ghi (t) =

∫
Γ

g(t)ϕi ds ,

fhi (t) =

∫
Ω

f(t)ϕi dx ,

for 1 ≤ i, j ≤ Nx and t ∈ [t◦, te]. Obviously, for q ≥ 0, the matrices Mh and Sh are symmetric and
positive definite and thereby in particular invertible. A discrete spatial evaluation of the nonlinearity
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2.1 A high-dimensional model formulation

and the control function for t ∈ [t◦, te] are given as the column vectors nh( · , t) and uh(t) in RNx

with entries

nhi (yh(t)) =

∫
Ω

N (·, t, yh(t))ϕi dx , (2.6)

uhi (t) =

∫
Ω

u(t)ϕi dx ,

as well as for the inital value given as the column vector yh◦ ∈ RNx with entries

yh◦ i =

∫
Ω

y◦ ϕi dx .

The existence of a unique solution yh(t) ∈ V h for all t ∈ [t◦, te] to (2.3) follows by an analoguous
argumentation as for the existence of an unique solution y to the continuous problem (1.36).
We refer to Dziuk [Dzi10, Lemma 5.27], where the framework of the proof can be adapted for
the nonlinear system (2.3). Furthermore, the spatial discretization error can be approximated by
means of the maximum edge length h. For a more diversified view onto the field of numerics for
partial differential equation and the finite element approach we refer to Dziuk [Dzi10], Knabner
and Angermann [KA00], Braess [Brae13], Larson and Bengzon [LB10], Brenner and Scott [BS08],
or Neittaanmäki and Tiba [NT94] in context of optimal control problems.

Remark 2.1.1 As nodal basis functions we use the linear (Courant) elements ϕi : Ωh → R with
ϕi(P

Ω
j ) = δij , ϕi ∈ C(Ωh) and ϕi|TΩ

j
∈P1(TΩ

j ) for all 1 ≤ i, j ≤ Nx, where we denote by

Pr(X) =
{
p : X → R

∣∣ p polynomial with deg(p) = r
}

the set of polynomials of degree r (cf. Dziuk [Dzi10, Element 3.16, p. 95]). These functions are
also commonly referred to as hat functions.

2.1.2 Time discretization

In a next step we discretize the time domain [t◦, te] in a number of Nt ∈ N+ time points with
equidistant step size ∆t = te−t◦

Nt−1 > 0 and apply the implicit (or backward) Euler method on (2.3)
to obtain the fully discrete model. As an implicit A-stable method of order one with error O(∆t)
at specific time point t ∈ [t◦, te], it represents one of the basic numerical solution methods for stiff
systems of ordinary differential equations, as they typically arise in the numerical approximation of
parabolic differential equations (see, e.g., Hairer and Wanner [HW02], Golub and Ortega [GO92]).

For a (general) ordinary differential equation

ẏ(t) = f(t, y),

the implicit Euler iteration scheme for computing the sequence of approximative solutions y(1) =
y(t◦), y(2) = y(t2), ..., y(k) = y(tk), ..., y

(Nt) = y(te) for discrete time points tk = t◦ + (k− 1) ∆t
with k = 1, ..., Nt is given by

y(k+1) = y(k) + ∆t f(tk+1, y
(k+1)) .
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2 Model discretization techniques

By applying this scheme to our semidiscrete system (2.3), for which we abbreviate yh,(k) := yh(tk),
we obtain the following fully discretized nonlinear system:

c1

(
Mh + ∆tSh

)
yh,(k+1) = c1 Mh yh,(k)

+ ∆t

(
fh,(k+1) + uh,(k+1) − nh

(
yh,(k+1)

)
+ gh,(k+1)

)
,

Mh yh,(1) = yh◦ ,

(2.7)

for k = 1, ..., Nt. For its solution a total number of NDOF = Nt · (Nx)2 unknowns, the degrees of
freedom, have to be computed. For the solution of the nonlinear system at a certain time point tk
for k ∈ {2, ..., Nt}, we apply a (general) Newton method as described in, e.g., Deuflhard [Deu04]
or Kelley [Kel95, Kel03]: for the solution of a nonlinear operator equation

F (x) = 0, F : D ⊂ X → Y, (2.8)

with Banach spaces X,Y and F at least once continuously differentiable, one computes from a
starting guess x(0) by successive linearization the unknown (numerical approximative) solution to
(2.8) by solving

F ′(x(l)) ∆x(l) = −F (x(l))

and updating
x(l+1) = x(l) + ∆x(l)

for l = 0, 1, 2, ..., until F (x(l+1)) = 0 is fulfilled or, more practicable, a termination condition is
reached.

For establishing now the Newton method to the fully discretized nonlinear system (2.7) we define
therefore

F
(
yh,(k+1)

)
:= c1

(
Mh + ∆tSh

)
yh,(k+1) − c1 Mh yh,(k)

−∆t
(

fh,(k+1) + uh,(k+1) − nh
(
yh,(k+1)

)
+ gh,(k+1)

)
∈ RNx ,

(2.9)

with the Jacobian F ′ : RNx → RNx×Nx

F ′
(
yh,(k+1)

)
:= c1

(
Mh + ∆tSh

)
+ ∆tJh

(
yh,(k+1)

)
,

where we have denoted the derivative nh
′
( · ) of the nonlinearity by its Jacobian

Jh( · ) =


∂ nh

1

∂ yh
1

( · ) . . .
∂ nh

1

∂ yh
Nx

( · )
...

. . .
...

∂ nh
Nx

∂ yh
1

( · ) . . .
∂ nh

Nx

∂ yh
Nx

( · )

 ∈ RNx×Nx . (2.10)

As termination condition we define a tolerance ε > 0 for the norm of the residual of F at current
iterate, as well as a maxmimum number of iterations lmax. The implicit Newton iteration rule for
(2.7) at discrete time points k ∈ {1, ...., Nt} with starting guess y

h,(k+1)
(0) is then given by: while

‖F
(
y
h,(k+1)
(l)

)
‖ > ε solve and update

F ′
(
y
h,(k+1)
(l)

)
∆y(l) = −F

(
y
h,(k+1)
(l)

)
,

y
h,(k+1)
(l+1) = y

h,(k+1)
(l) + ∆y(l),

(2.11)
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2.1 A high-dimensional model formulation

for l = 0, 1, 2, ..., lmax.

The Newton method is known as a locally convergent method with (at least) quadratic con-
vergence rate, i.e., the choice of the starting guess in a “suitable” neighborhood of the root is
of central importance to ensure the desired convergence. The practical application of classical
convergence theorems of Newton-Kantorovich or Newton-Mysovskikh for the characterization of
such a neigborhood and the corresponding convergence ball might fail, since the computation of
the needed quantities are typically far off any use in numerical application (cf. Deuflhard [Deu04]).
We try to attenuate this obstacle and compute a starting guess for (2.11) by initially performing
a semi-implicit Euler step. That is, we evaluate the nonlinearity nh in (2.9) for the already known
solution yh,(k) at previous time step and solve therefore a linear system instead. Of course, conver-
gence is still not guaranteed, but in our practical application it turned out to be numerically very
effective.

Remark 2.1.2 This will be the standard procedure for computing numerical solutions to the nonlin-
ear state equations (SE) in this work. Of course, for linear or linearized state and adjoint equations
(LSE), (AE) and (LAE) no Newton method has to be applied.

2.1.3 Spatial integration

For the entries of both the nonlinearity nh and the Jacobian Jh we have to compute for 1 ≤ i, k ≤
Nx the following integrals

nhi (yh(t)) =

∫
Ω

N (·, t, yh(t))ϕi dx =

∫
Ω

N
(
·, t,
∑Nx

j=1 yhj (t)ϕj
)
ϕi dx (2.12)

and
∂ nhi
∂ yhk

(yh(t)) =

∫
Ω

Ny
(
·, t,
∑Nx

j=1 yhj (t)ϕj
)
ϕk ϕi dx , (2.13)

which could turn out to be (very) expensive numerical tasks, since the evaluation of the nonlinearity
and its derivative has to be applied on the Galerkin approximation, resulting in large sums of mixed
products of ansatz functions. Furthermore, the addition of Jh might influence in some negative
way the property of a M-matrix that the Jacobian F ′ inherits from the symmetric positive definite
mass and stiffness matrices (cf. Knabner and Angermann [KA00, p. 287]). In practice a common
workaround is to approximate the spatial integral of a function g ∈ C(Ω) by a quadrature rule
Q(g) =

∑Nx
i=1 ωi g(PΩ

i ), i.e., ∫
Ω

g dx ≈ Q(g),

with weightings ωi ∈ R and g evaluated only on grid nodes PΩ
i , i = 1, ..., Nx. An approximation

can be computed by defining Q(g) as the spatial integration of the FE interpolation operator
I : C(Ω)→ V h, I(g) :=

∑Nx
i=1 g(PΩ

i )ϕi, obtaining:

Q(g) :=

∫
Ω

I(g) dx =

∫
Ω

Nx∑
i=1

g(PΩ
i )ϕi dx =

Nx∑
i=1

g(PΩ
i )

∫
Ω

ϕi dx .
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Hence we approximate the nonlinearity for (2.12) with weightings ωi =
∫

Ω ϕi dx for i = 1, ..., Nx

by

nhi (yh(t)) ≈ Q
(
N
(
·, t,
∑Nx

j=1 yhj (t)ϕj
)
ϕi

)
=

Nx∑
k=1

ωk

(
N
(
·, t,
∑Nx

j=1 yhj (t)ϕj
)
ϕi

)
(PΩ

k )

∣∣∣∣ ϕi(PΩ
k ) = δik

=

Nx∑
k=1

ωkN
(
·, t,
(∑Nx

j=1 yhj (t)ϕj
)
(PΩ

k )
)
δik

= ωiN
(
·, t,
(∑Nx

j=1 yhj (t)ϕj
)
(PΩ

i )
) ∣∣∣∣ ϕj(PΩ

i ) = δji

= ωiN
(
·, t,
∑Nx

j=1 yhj (t) δji
)

= ωiN
(
·, t, yhi (t)

)
.

The entries (2.13) of the Jacobian Jh are approximated for 1 ≤ i, k ≤ Nx by the linearization of
Q as follows:

∂ nhi
∂ yhk

(yh(t)) ≈ ∂

∂ yhk
Q
(
N
(
·, t,
∑Nx

j=1 yhj (t)ϕj
)
ϕi

)
=

∂

∂ yhk

(
ωiN

(
·, t, yhi (t)

))
= ωiNy

(
·, t, yhi (t)

) ∂

∂ yhk
yhi (t)

= ωiNy
(
·, t, yhi (t)

)
δik .

This technique is also called mass lumping (cf. Knabner and Angermann [KA00]) and preserves
especially a diagonal structure for the Jacobian approximation:

Jh
(
yh,(k+1)

)
≈ diag

(
ωiNy

(
·, t, yhi (t)

) ∣∣ ωi =
∫

Ω ϕi dx for i = 1, ..., Nx

)
.

Based on this approach another numerically efficient alternative is to directly replace function
g := N

(
·, t,
∑Nx

k=1 yhk(t)ϕj
)
in (2.12) for i = 1, ..., Nx by its FE interpolant I(g) as shown below:∫

Ω

I(g)ϕi dx =

∫
Ω

( Nx∑
j=1

g(PΩ
j )ϕj

)
ϕi dx =

Nx∑
j=1

g(PΩ
j )

∫
Ω

ϕj ϕi dx

=

Nx∑
j=1

N
(
·, t,

Nx∑
k=1

yhk(t)ϕk

)
(PΩ

j )

∫
Ω

ϕj ϕi dx

∣∣∣∣ ϕk(PΩ
j ) = δkj

=

Nx∑
j=1

N
(
·, t,

Nx∑
k=1

yhk(t) δkj

) ∫
Ω

ϕj ϕi dx

=

Nx∑
j=1

N
(
·, t, yhj (t)

) ∫
Ω

ϕj ϕi dx =
(
MhN

(
·, t, yh(t)

))
i
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2.2 Reduced order modeling

Obviously, we obtain an approximation of nh(yh(t)) by evaluating the nonlinearity pointwise for
the FE coefficient vector yh(t) and multiply the result with the (already known) mass matrix:

nh(yh(t)) ≈MhN
(
·, t, yh(t)

)
.

Following the same principle we obtain an approximation for the Jacobian by

Jh
(
yh,(k+1)

)
≈Mh diag

(
Ny
(
·, t, yhi (t)

) ∣∣ i = 1, ..., Nx

)
.

Remark 2.1.3 The resulting Jacobian approximation by the mass matrix approach has band struc-
ture and loses most likely its symmetry. Despite an efficient numerical assembling, this causes loss
concerning computational time when using (linear) equation solvers that exploit the system struc-
ture (compare MATLAB function mldivide). A symmetric band matrix approximation based on
nodal function evaluations can be obtained by an interpolation of the values at the triangluation
midpoints and assembling of corresponding area integral contributions, as it can be realised by
MATLAB PDE Toolbox functions pdeintrp and assema. Here the computational time for the
interpolation and assembling has to be taken into account, since it might be time consuming for
high dimensions.

In this work we will utilize the mass matrix approach as the standard approximation technique
for spatial integration, whenever the focus lies on fast numerical computations and evaluations,
especially during the iterative optimization process. Outside this framework, e.g. for discrete data
precomputations, also the approach via the MATLAB PDE Toolbox as described in Remark 2.1.3
was employed.

2.1.4 Discretization error

In practical application the FE spatial discretization error for piecewise linear ansatz functions can
be specified by ‖y − yh‖L2(Ω) ≤ C h2, while the expected time discretization error in the implicit
Euler method, induced by the forward difference approximation of the time derivative, is O(∆t).
In [NV12] Neitzel and Vexler have shown for semilinear optimal control problems, that the error
between a locally optimal control ū and the corresponding fully discrete locally optimal control ūhτ
can be estimated a-priorily by

‖ū− ūhτ‖L2(Q) ≤ C(∆t+ h2)

for some constant C. For time discretization a discontinuous Galerkin scheme with piecewise linear
ansatz and test functions was applied, which correlates to the implicit Euler method used here.
For the spatial discretization also piecewise linear ansatz functions were utilized. We will consider
this useful estimate in our numerical investigations to get (at least) an indication of the order of
accuracy to be expected from the numerical optimization procedures.

2.2 Reduced order modeling

Based on the high-dimensional (FE) model from the previous section, we derive now a reduced order
model formulation of the considered system. Therefore we apply a technique, that attempts to
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2 Model discretization techniques

cover the relevant system dynamics at current state by a selected (small) number of basis vectors,
to set up a low dimensional approximation of the underlying PDE: the method of proper orthogonal
decomposition. For a fundamental insight we refer, e.g., to Hinze and Volkwein [HV05], Lass and
Volkwein [LV13] and Gubisch and Volkwein [GV13]. Further, for an efficient numerical treatment
of the nonlinear term in the reduced order context, we utilize a so-called empirical interpolation
method as introduced in Barrault et al. [BMNP04]). This technqiue allows a computational
evaluation of the nonlinearity at reasonable costs.

2.2.1 Proper orthogonal decomposition

We consider the separable real Hilbert space X endowed with the inner product 〈·, ·〉X and the
associated induced norm ‖ · ‖X =

√
〈·, ·〉X . The separability of X ensures the existence of a

countable dense subset, which implies that X posesses a countable orthonormal basis.

Let NS ∈ N+ be the total number of multiple snapshot sets

Ss =
{
ys(t) ∈ X

∣∣ t ∈ [t◦, te]
}

for s = 1, ..., NS, each set consisting of trajectories ys ∈ C([t◦, te];X). In the following we will
refer to the trajectories y(k)

s := ys(tk) ∈ X at (fixed) time points tk ∈ [t◦, te] for 1 ≤ k ≤ Nt as
snapshot instances, or just snapshots for short. The snapshot subspace is then given by

V S = span
{
Ss
∣∣ 1 ≤ s ≤ NS

}
⊂ X

with dimension d = dim(V S) ≤ ∞. By the method of proper orthogonal decomposition (POD) we
compute an orthonormal set {ψi}`i=1 in X, such that for every finite number ` ∈ N with 1 ≤ ` ≤ d
the averaged mean square error between all trajectories ys ∈ V S and their corresponding `-th
partial Fourier sum is minimized in the time interval [t◦, te] as follows:

min

NS∑
s=1

∫ te

t◦

∥∥∥∥ys(t)− ∑̀
i=1

〈ys(t), ψi〉X ψi
∥∥∥∥2

X

dt

s.t.
{
ψi
}`
i=1
⊂ X,

〈ψi, ψj〉X = δij for 1 ≤ i, j ≤ ` .

(P`)

Definition 2.2.1 (POD basis) An optimal solution set {ψ̄i}`i=1 to the minimization problem (P`)
is called a POD basis of rank `.

From the numerical analysis point of view it is an attractive property of (P`), that finding an
optimal solution can be characterized by an eigenvalue problem for the linear integral operator
R : X → X, given as

Rψ =

NS∑
s=1

∫ te

t◦

〈ys(t), ψ〉X ys(t) dt for ψ ∈ X. (2.14)

The operator R is compact, nonnegative and selfadjoint, see Gubisch and Volkwein [GV13, Lemma
2.13].
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2.2 Reduced order modeling

Remark 2.2.2 The development and design of numerical efficient and stable algorithms for dealing
with eigenvalue problems is still an active field of research and lead to a varitey of different
procedures and techniques in numerical linear algebra (see, e.g., Trefethen and Bau, III [TB97]).

We state now the main conclusion for the POD basis computation. For a proof we refer to
Gubisch and Volkwein [GV13, Theorem 2.15].

Theorem 2.2.3 Let X be a separable real Hilbert space with given trajectories ys ∈ C([t◦, te];X)
for 1 ≤ s ≤ NS and R be a compact, nonnegative and selfadjoint operator as introduced in (2.14).
Then, there exist nonnegative eigenvalues {λ̄i}di=1 and corresponding orthonormal eigenfunctions
{ψ̄i}di=1 satisfying

Rψ̄i = λ̄i ψ̄i, λ̄1 ≥ λ̄2 ≥ ... ≥ λ̄d ≥ ... ≥ 0.

For every 1 ≤ ` ≤ d the first ` eigenfunctions {ψ̄i}`i=1 solve the minimization problem (P`).
Furthermore, the POD approximation error can be quantified by

NS∑
s=1

∫ te

t◦

∥∥∥∥ys(t)− ∑̀
i=1

〈ys(t), ψ̄i〉X ψ̄i
∥∥∥∥2

X

dt =

d∑
i=`+1

λ̄i . (2.15)

Let us comment on two important requirements concerning the basis computation.

Remark 2.2.4 The quality of the POD basis strongly depends on the following aspects:

i) The provided trajectories ys that form the snapshot subspace V S should contain the significant
structures and describe the characteristic dynamics of the underlying system in a sufficient
manner.

ii) For the intention to keep the approximation error (2.15) of the POD basis small, the decay of
the eigenvalues with respect to the basis rank ` should not be too slow, since otherwise the
resulting reduced order model can be of large dimension.

Of course, in numerical application, we only have access to a (spatial and time) discrete rep-
resentation of the snapshot data provided by the trajectories. In our case we consider multiple
snapshot data given by the FE approximations yhs ∈ V h of the trajectories ys ∈ X at discrete time
points tk ∈ [t◦, te],

ys(tk) ≈ yh,(k)
s =

Nx∑
i=1

y
h,(k)
s,i ϕi ,

k = 1, ..., Nt, and 1 ≤ s ≤ NS. Therefore we define the (fully discrete) multiple snapshot sets as

Sh,τs =
{

yh,(k)
s

∣∣ k = 1, ..., Nt

}
and, accordingly, the (fully discrete) snapshot subspace

V S,h,τ = span
{
Sh,τs

∣∣ 1 ≤ s ≤ NS
}

= span
{

y
h,(1)
1,· , ... , y

h,(Nt)
1,· , y

h,(1)
s,· , ... , y

h,(k)
s,· , ... , y

h,(Nt)
s,· , y

h,(1)
NS,· , ... , y

h,(Nt)
NS,·

}
⊂ RNx ,

49



2 Model discretization techniques

with the (column) vector representation

y
h,(k)
s,· =



y
h,(k)
s,1
...

y
h,(k)
s,i
...

y
h,(k)
s,Nx


∈ RNx ,

and finite dimension d = dim(V S,h,τ ) ≤ min(Nx, (NS ·Nt)). In this regard we replace the inner
product 〈 · , · 〉X in the Nx-dimensional ansatz space V h by an appropriate weighted inner product
〈·, ·〉W for the FE nodal coefficient vector in RNx as follows: For two arbitrary elements uh, vh ∈ V h

with FE nodal coefficient vectors uh = (uh1 , ...,u
h
Nx

)> and vh = (vh1 , ..., v
h
Nx

)>,

uh =

Nx∑
i=1

uhi ϕi and vh =

Nx∑
i=1

vhi ϕi ,

we define the weighted inner product by

〈uh, vh〉W := uh
>

W vh ,

where W ∈ RNx×Nx is a symmetric and positive-definite weighting matrix. We set

〈uh, vh〉X = 〈uh, vh〉W , ‖uh‖X = ‖uh‖W =
√
〈uh,uh〉W ,

and make the following distinction concerning the choice of the Hilbert space X:

X = H : W = Mh ,

X = V : W = Mh + Ŝh ,

where Mh is the mass matrix (2.4) and Ŝh denotes the stiffness matrix (2.5) for q = 0.

For time integration we employ an approximation by the trapezoidal rule

∫ te

t◦

f(t) dt ≈
Nt∑
k=1

αk f(tk) ,

with tk ∈ [t◦, te] for k = 1, ..., Nt, and introduce the nonnegative trapezoidal weights αk ∈ R as
follows:

αk =


tk+1−tk

2 for k = 1,
tk+1−tk−1

2 for k = 2, ..., Nt − 1,
tk−tk−1

2 for k = Nt.

(2.16)

Note, that we assume here and continual that all snapshot sets are based on the identical time
discretization, so that we do not have to distinguish the weightings for different snapshot sets.
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2.2 Reduced order modeling

Finally we are able to formulate a discrete version of (P`) for the computation of a (FE) POD
basis representation {ψhl }`l=1 for every finite number 1 ≤ ` ≤ d:

min

NS∑
s=1

Nt∑
k=1

αk

∥∥∥∥yh,(k)
s −

∑̀
l=1

〈yh,(k)
s ,ψhl 〉W ψhl

∥∥∥∥2

W

s.t.
{
ψhl
}`
l=1
⊂ RNx ,

〈ψhi ,ψhj 〉W = δij for 1 ≤ i, j ≤ ` .

(P̂
`
)

As aforementioned, we consider here for the desired set of POD basis functions {ψl}`l=1 their
FE Galerkin approximations ψl ≈ ψhl =

∑Nx
i=1ψ

h
l,i ϕi with FE nodal coefficient vector ψhl =

(ψhl,1, ...,ψ
h
l,Nx

)> ∈ RNx . The corresponding discrete linear, bounded, nonnegative and self-adjoint
operator Rh,τ : RNx → RNx according to (2.14) for ψhl ∈ RNx is given by

Rh,τ ψhl =

NS∑
s=1

Nt∑
k=1

αk 〈yh,(k)
s ,ψhl 〉W yh,(k)

s

= Yh A (Yh)>Wψhl ,

(2.17)

with (multiple) snapshot matrix representation

Yh =
(
y
h,(1)
1,·

∣∣ ... ∣∣ y
h,(k)
s,·

∣∣ ... ∣∣ y
h,(Nt)
NS,·

)
∈ RNx×(NS·Nt) ,

the diagonal (multiple) trapezoidal weights matrix

A = diag
(
{as}NS

s=1

)
∈ R(NS·Nt)×(NS·Nt) , as = (α1, ..., αNt) ∈ RNt ,

and the inner product weighting matrix W ∈ RNx×Nx .

We formulate now the discrete equivalent to Theorem 2.2.3.

Corollary 2.2.5 The POD basis {ψhl }`l=1 of rank ` ≤ d with ψhl =
∑Nx

i=1ψ
h
l,i ϕi, that solves (P̂

`
),

can be computed by solving the (discrete) eigenvalue problem

Rh,τ ψhl = λhl ψ
h
l , 〈ψhl ,ψhj 〉W = δlj , 1 ≤ l, j ≤ ` ,

withRh,τ as introduced in (2.17), and {ψhl }`l=1 ⊂ RNx denoting the set of (orthonormal) eigenvec-
tors corresponding to the ` largest eigenvalues λh1 ≥ λh2 ≥ ... ≥ λh` > 0. The POD approximation
error is quantified by

NS∑
s=1

Nt∑
k=1

αk

∥∥∥∥yh,(k)
s −

∑̀
l=1

〈yh,(k)
s ,ψhl 〉W ψhl

∥∥∥∥2

W

=
d∑

l=`+1

λhl .

For a proof we refer to Gubisch and Volkwein [GV13, Theorem 2.8].

In numerical application the determination of a concrete number ` of POD basis functions is of
central importance, since the dimension as well as the quality of the reduced order model depend
on this choice. Unfortunately, no general a-priori rules are available. A heuristic approach to deal
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with this deficit is the consideration of the so-called energy ratio E(`) ∈ [0, 1] of the modeled to
the total energy, contained in the snapshots representing the system dynamics, formally expressed
by

E(`) =

∑`
i=1 λ

h
i∑d

i=1 λ
h
i

. (2.18)

We will make use of E(`) as an indicator for the choice of a “sufficient small” number of basis
functions ` in the following sense: The closer the ratio E(`) is to 1, the more we expect the
underlying model to represent the essential dynamics of the snapshot data at hand.

Remark 2.2.6 By the equivalency of

d∑
i=1

λhi =

NS∑
s=1

Nt∑
k=1

αk
∥∥yh,(k)

s

∥∥2

W
,

see Gubisch and Volkwein [GV13, Remark 2.7, formula (2.8)], the denominator in the fraction of
(2.18) can be replaced in terms of the trapezoidal weights (2.16) and the already known snapshot
data. Therefore, in numerical application, it is not necessary to compute the whole set of eigen-
values {λhi }di=1, which can be computational expensive for `� d, but only the ` largest. This can
be exploited by the application of iterative eigenvalue solver for the POD basis computation such
as the Lanczos method, as it is investigated in Fahl [Fah00, Chapter 4].

We turn over to the practical computation of the POD basis. In general, the discrete operator
Rh,τ = Yh A (Yh)>W in (2.17) turns out to be non-symmetric. Since most of the (numerical
efficient) algorithms are formulated for symmetric eigenvalue problems (cf. Trefethen and Bau, III
[TB97]), especially when they are of (very) large dimension, we will introduce the following matrix

Y
h

= W
1
2 Y A

1
2 ∈ RNx×(NS·Nt) . (2.19)

Since W is claimed to be symmetric positive-definite, there exists an eigenvalue decomposi-
tion of the form W = PΛP> with orthogonal matrix P ∈ RNx×Nx and diagonal matrix
Λ = diag(λ1, ..., λNx), satisfying Λ

1
2 = diag(

√
λ1, ...,

√
λNx), see, e.g., Horn and Johnson [HJ12].

Hence, we obtain

W
1
2 =

(
PΛP>

) 1
2 =

(
PΛ

1
2 (P>P)Λ

1
2 P>

) 1
2 =

(
(PΛ

1
2 P>)2

) 1
2 = PΛ

1
2 P> .

For the square root of the diagonal matrix A, containing nonnegative trapezoidal weights, we follow
the analogue argumentation as for Λ and get A

1
2 = diag

(
{√as}NS

s=1

)
with

√
as = (

√
α1, ...,

√
αNt)

an element in RNt .

Remark 2.2.7 The MATLAB routine sqrtm offers an efficient implementation for the computation
of the principal square root of a matrix based on “Blocked Schur Algorithms” as presented in
Deadman, Higham and Ralha [DHR13].

Now, for a given rank `, a POD basis {ψhl }`l=1 with ψhl =
∑Nx

i=1ψ
h
l,i ϕi can be determined by

the subsequent approaches. They differ mainly concerning the computational costs regarding the
dimension of the respective eigenvalue problem to be solved, and caused by the post-processing to
finally obtain the POD basis:
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2.2 Reduced order modeling

(1) Define the symmetric operatorRh,τ := Y
h (

Y
h)> of dimension Nx×Nx and solve therefore

the eigenvalue problem

Rh,τ uhl = λhl uhl , (uhl )>uhj = δlj , 1 ≤ l, j ≤ ` . (2.20)

To obtain the POD basis we set for 1 ≤ l ≤ `

ψhl = W− 1
2 uhl . (2.21)

(2) Define the symmetric operator Kh,τ :=
(
Y
h)>

Y
h of dimension (NS ·Nt)× (NS ·Nt) and

solve therefor the eigenvalue problem

Kh,τ vhl = λhl vhl , (vhl )>vhj = δlj , 1 ≤ l, j ≤ ` . (2.22)

To obtain the POD basis we set for 1 ≤ l ≤ `

ψhl =
1√
λhl

Y A
1
2 vhl .

While in approach (1) and (2) the solutions to (2.20) and (2.22) are based on an eigenvalue
decomposition of the operators Rh,τ and Kh,τ (that can be computed by MATLAB routine eig),
a third approach is characterized by the direct application of a singular value decomposition (SVD)
to (2.19), as we show next:

(3) Compute the singular value decomposition for Y
h of the form

Y
h

= U Σ V>. (2.23)

with orthogonal matrices U = (u1 | ... |uNx) ∈ RNx×Nx and V ∈ R(NS·Nt)×(NS·Nt), and
diagonal matrix Σ = diag(σ1, ..., σd, 0, ..., 0) ∈ RNx×(NS·Nt) with non-negative singular
values σ1 ≥ σ2 ≥ ... ≥ σd > 0. To obtain the POD basis and related eigenvalues we set for
1 ≤ l ≤ `

ψhl = W− 1
2 ul (2.24)

and
λhl = σ2

l . (2.25)

Again, MATLAB provides a routine svd for the singular value decomposition of the form (2.23).
As investigated also in Lass [Las14], the POD basis computation utilizing the singular value as well
as the eigenvalue decomposition shows for the first ` basis vectors (up to the numerical accuracy
of the employed routines, of course) no difference in quality concerning the approximation error.
Being aware the fact, that a singular value decomposition with MATLAB svd is computationally
more involving than utilizing MATLAB eig, the approach (3) offers an appropriate alternative.

Remark 2.2.8 In this work, for a spatial dimension of two, we are mainly confronted with the case
(NS ·Nt)� Nx, so that approach (2) describes computationally the most efficient strategy to be
applied. Note that in literature the second approach is sometimes also referred to as method of
snapshots (c.f. Sirovich [Sir87], Gubisch and Volkwein [GV13]).
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Let us comment on some further numerical aspects.

Remark 2.2.9 For an efficient implementation the following could be useful:

• MATLAB additionally provides routines eigs and svds, offering the possibility to compute
only a fixed number k > 0 of the largest magnitude eigenvalues and singular values with
corresponding eigenvectors and singular vectors.

• In (2.21) we solve the linear system W
1
2 ψhl = uhl rather than computing the inverse matrix

of the square root of W and applying it to uhl . The analogue holds for (2.24).

• In some cases additional postprocessing by means of (modified) Gram-Schmidt orthonor-
malization might be applied to the POD basis to improve “numerical orthonormality”. This
might be useful, when a basis is assembled by basis functions from two or more (different)
POD bases, as it is the case during reduced basis generation by a POD-greedy algorithm and
introduced in later Section 6.4.4. For a modified Gram-Schmidt algorithm we refer, e.g., to
Trefethen and Bau, III [TB97].

• If the weighting matrix is represented by some weight lumping technique W := Iω =

ω ·diag(1, ..., 1) ∈ RNx×Nx for weight ω > 0 in R, the operator Rh,τ in (2.17) is symmetric,
and one might not need the symmetrization by (2.19).

Before we set-up the reduced order model, we introduce the following term.

Definition 2.2.10 (POD Galerkin approximation) For yh ∈ V h we call

yh(x, t) ≈ y`(x, t) :=
∑̀
i=1

y`i(t)ψ
h
i (x) (2.26)

the POD Galerkin approximation of yh concerning the POD basis {ψhl }`l=1 with ψhl =
∑Nx

i=1ψ
h
l,i ϕi,

where y`i(t) ∈ R, 1 ≤ i ≤ `, denote the time-dependent POD coefficients for t ∈ [t◦, te].

We can rewrite (2.26) in the following way:

y`(x, t) =
∑̀
i=1

y`i(t)ψ
h
i (x) =

∑̀
i=1

y`i(t)

Nx∑
j=1

ψhi,j ϕj(x) =

Nx∑
j=1

(
Ψh y`(t)

)
j
ϕj(x) ,

where
(
Ψh y`(t)

)
j
∈ R ist the j-th component of the vector resulting from the matrix-vector

product of the finite element nodal POD basis coefficient matrix

Ψh :=
(
ψh1
∣∣ . . . ∣∣ ψh` ) ∈ RNx×` , (2.27)

and the POD coefficient vector y`(t) ∈ R`. Now, we replace in (2.1) the standard Galerkin ansatz
by the POD Galerkin approximation (2.26) and project the system onto the POD subspace by
multiplying (from the left) the transposed (FE) POD basis coefficient matrix (Ψh)> ∈ R`×Nx .
Then, for the semidiscrete system (2.3) we obtain

c1 (Ψh)>Mh Ψh ẏ`(t) + (Ψh)> Sh Ψh y`(t) + (Ψh)> nh
(
t,Ψh y`(t)

)
− (Ψh)> gh(t)

= (Ψh)> fh(t) + (Ψh)> uh(t) ,
(2.28a)

54



2.2 Reduced order modeling

with initial value
(Ψh)>Mh Ψh y`(t◦) = (Ψh)> yh◦ . (2.28b)

By defining now

M` := (Ψh)>Mh Ψh ∈ R`×` ,
S` := (Ψh)> Sh Ψh ∈ R`×` ,

n`
(
t, y`(t)

)
:= (Ψh)> nh

(
t,Ψh y`(t)

)
∈ R` , (2.29)

g`(t) := (Ψh)> gh(t) ∈ R` ,
f`(t) := (Ψh)> fh(t) ∈ R` ,
u`(t) := (Ψh)> uh(t) ∈ R` ,

and considering (2.28) for discrete time points tk ∈ [t◦, te], tk = t◦+(k−1)∆t with k = 1, ..., Nt,
we formulate according to (2.7) a full discrete system of reduced order

c1

(
M` + ∆tS`

)
y`,(k+1) = c1 M` y`,(k)

+ ∆t

(
f`,(k+1) + u`,(k+1) − n`

(
y`,(k+1)

)
+ g`,(k+1)

)
,

M` y`,(1) = y`◦ .

(2.30)

Here, for its solution, a total number of NDOF = Nt · (`)2 unknowns have to be computed. For an
adequate decay of the eigenvalues, resulting in a small number of basis functions `� Nx compared
to the number of spatial discretization points, this turns out be a tremendous gain with regard to
the computational costs in each discrete time point tk for k ∈ {1, ..., Nt}. Again, for the solution
of the nonlinear system (of reduced order) at a certain time point we apply the Newton method
as in the high dimensional case. Therefore we will need also a reduced order approximation of the
Jacobian matrix Jh ∈ RNx×Nx in (2.10), which we define as follows:

J`(y`(t)) := (Ψh)> Jh
(
Ψh y`(t)

)
Ψh ∈ R`×` . (2.31)

Remark 2.2.11 So far we have tacitly omit a numerical “bottleneck” concerning the reduced order
approximations of the nonlinearity and its derivatives. For the computation we have to evaluate
nh in (2.29) at each time point in high dimension d = Nx for Ψh y`(t) ∈ RNx , while the remaining
system can be computed in lower dimension d = `. The same will arise from the computation of
the reduced order approximation of the Jacobian matrix J` as defined in (2.31). Depending on
the complexity of the hereby approximated nonlinear function, this might compensate the attained
computational benefit. A possibility to deal with this is presented in the next section.

2.2.2 The empirical interpolation method

As already indicated in Remark 2.2.11, we are confronted with the task of a numerical efficient
evaluation of the nonlinearity and its derivatives and computation of their respective reduced order
approximations. Let us therefore recall the corresponding Definitions (2.29) and (2.31) from the
previous section at given y`(t) ∈ R`,

n`
(
t, y`(t)

)
:= (Ψh)> nh

(
t,Ψh y`(t)

)
∈ R` ,
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2 Model discretization techniques

J`(y`(t)) := (Ψh)> Jh
(
Ψh y`(t)

)
Ψh ∈ R`×` ,

with nodal POD basis coefficient matrix Ψh ∈ RNx×` from (2.27). We first have to evaluate nh

and Jh in high dimension by multiplying y`(t) with Ψh, to subsequently project the result back to
low dimension by multiplying with (Ψh)> from the left (and additionally with Ψh from the right
in case of the Jacobian). Regarding the complexity of the nonlinearity this can be computational
expensive and time consuming and hence numerical inefficient.

Here we will employ the empirical interpolation method (EIM), that was originally introduced
by Barrault et al. [BMNP04] as an efficient procedure for a reduced-basis discretization of partial
differential equations with nonaffine parameter dependence. The key aspects mentioned are

i) a good (collateral) reduced-basis approximation space,

ii) a stable and inexpensive interpolation procedure,

iii) an effective a-posteriori error estimator.

We will transfer the concept to our semilinear parabolic problem for an efficient evaluation and
computation of our time-dependent nonlinearity and its derivatives as follows. We adapt there-
fore the continuous setting in Barrault et al. [BMNP04] to a discrete formulation in a more
implementation-related context.

Remark 2.2.12 A discrete empirical interpolation method (DEIM) to reduce the computational
complexity for POD reduced-order models of time dependent and/or parametrized nonlinear partial
differential equations is presented in Chaturantabut and Sorensen [CS10]. The main difference is
that for the basis computation a POD approach is utilized, while once computed a (D)EIM basis
the further procedure turns out to be equivalent. A comparison of both methods, also regarding
the numerical costs, can be found, e.g., in Lass and Volkwein [LV13].

The idea is to approximate the high dimensional evaluation of nh at given y`(t) ∈ R` at time
t ∈ [t◦, te] by an EIM approximation n℘ : [t◦, te]→ RNx ,

n℘(t) ≈ nh
(
t,Ψh y`(t)

)
,

that can be computed efficiently in (much) lower dimension ℘ � Nx. Recall that it holds
nhi
(
t,Ψh y`(t)

)
=
∫

ΩN (·, t, y`(t))ϕi dx for i = 1, ..., Nx, cp. (2.6) . For this purpose we ap-
ply for the nonlinear function a Galerkin approximation of the form

N (x, t, y`(t)) ≈
℘∑
p=1

cp(t)φp,

where {φp}℘p=1 with φp =
∑Nx

j=1φp,j ϕj denote the set of linearly independent EIM basis functions
and corresponding time-dependent EIM basis coefficient vector c(t) = (ci(t), ..., c℘(t))> ∈ R℘.
Hence we obtain for n℘(t) = (n℘1 (t), ...,n℘Nx

(t))> the entries

n℘i (t) =

∫
Ω

( ℘∑
p=1

cp(t)φp

)
ϕi dx =

∫
Ω

( ℘∑
p=1

cp(t)
( Nx∑
j=1

φp,j ϕj

))
ϕi dx

=

℘∑
p=1

cp(t)

( Nx∑
j=1

φp,j

∫
Ω
ϕj ϕi dx

)
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2.2 Reduced order modeling

for i = 1, ..., Nx. Obviously, we can write the approximation also in matrix-vector form

n℘(t) = MhΦ c(t) , (2.32)

where Mh ∈ RNx×Nx denotes the FE mass matrix (2.4) and Φ :=
(
φ1,·

∣∣ . . . ∣∣ φ℘,·) ∈ RNx×℘

the nodal coefficient matrix with φp,· = (φp,1, ...,φp,Nx)> ∈ RNx for 1 ≤ p ≤ ℘.
The (collateral) reduced-basis approximation space, represented by the time-independent EIM

basis {φp}℘p=1 and its corresponding matrix representaton Φ, will be pre-computed as described in
Algorithm 1 in an offline-phase. The remaining question is, how to compute online the coefficient
vector c(t) for certain time t ∈ [t◦, te] to obtain the desired approximation n℘(t). For this reason,
we consider for further proceeding the linear system

n(t) = Φ c(t) , (2.33)

i.e., we neglect the integration by the mass matrix in (2.32) and account only for nodal coefficient
information without the spatial weighting. Algorithm 1 provides additionally an index vector i ∈ N℘
used in the (empirical) interpolation procedure to determine c(t) at interpolation points specified
by i as described next.

We denote for some matrix A ∈ RNx×℘ by A{i} ∈ R℘×℘ the submatrix consisting of the rows
Ai,· for i ∈ i, respectively for a vector v ∈ RNx we write v{i} = (vi)i∈i for the corresponding
subvector. For given n(t) ∈ RNx , the linear system (2.33) is overdetermined. By choosing now a
number of ℘ distinguished rows according to the index vector i ∈ N℘, such that Φ{i} ∈ R℘×℘ is
invertible, and corresponding entries i ∈ i in the right-hand side n(t), the coefficient vector c(t)
can be uniquely determined. Consider the matrix P =

(
p1

∣∣ . . . ∣∣ p℘
)
∈ RNx×℘ with entries

pi,j = δi(i),j for 1 ≤ i ≤ ℘ and 1 ≤ j ≤ Nx, such that pi is the i(i)-th unit vector. Then it holds
Φ{i} = P>Φ and thus

P> n(t) = P>Φ c(t)(
P>Φ

)−1
P> n(t) = c(t) .

We consider now for n(t) the component-wise evaluation of the nonlinear function N at given
ỹ(t) := Ψhy` ∈ RNx ,

n(t) = N (x, t, ỹ(t)) ∈ RNx , (2.34)

with ni(t) = Ni(x, t, ỹ(t)) = N (x, t, ỹi(t)) for 1 ≤ i ≤ Nx, and obtain

c(t) =
(
P>Φ

)−1
P>N (x, t, ỹ(t))

=
(
P>Φ

)−1N (P>x, t,P>ỹ(t))

=
(
P>Φ

)−1N (P>x, t,P>Ψhy`) ,

(2.35)

where we moved in the latter (due to the component-wise evaluation) the matrix P into the
nonlinear function. Thereby the number of components to be evaluated by N reduces from Nx to
℘. So instead of approximating the nonlinearity in high dimension we just have to evaluate it at a
number of ℘ interpolation points and solve the corresponding ℘-dimensional linear system (2.35).
Finally, the nonlinearity n` in reduced order (POD-) dimension at time t ∈ [t◦, te] can be computed
by the EIM approximation n℘ as

n`
(
t, y`(t)

)
= (Ψh)> n℘(t) = (Ψh)>MhΦ c(t) ∈ R` . (2.36)
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Furthermore, for an efficient online computation, we pre-compute the matrices

P>Φ ∈ R℘×℘, P>Ψh ∈ R℘×` and (Ψh)>MhΦ ∈ R`×℘,

already in the offline phase. Analogue we proceed for the Jacobian matrix Jh
(
Ψh y`(t)

)
. Here we

obtain an approximation in reduced order (POD-) dimension at time t ∈ [t◦, te] by computing

J`(y`(t)) = (Ψh)>MhΦ
(
P>Φ

)−1
diag

(
Nyi(P

>x, t,P>Ψhy`)
∣∣ i = 1, ..., ℘

)
P>Ψh ∈ R`×` ,

cp. also [CS10]. Note that here the linear system to be solved for the basis coefficients can be
interpreted as a system with multiple right-hand sides

C(t) =
(
P>Φ

)−1
diag

(
Nyi(P

>x, t,P>Ψhy`)
∣∣ i = 1, ..., ℘

)
,

where C(t) =
(
c·,1(t)

∣∣ ... ∣∣ c·,℘(t)
)
∈ R℘×℘ is a matrix containing the corresponding coefficients

for each column i = 1, ..., ℘ of the diagonal matrix. Note, that the evaluation of the nonlinearity
and its derivative is done component-wise, which is a fundamental property. For DEIM an extension
to general nonlinearities can be found in Chaturantabut and Sorensen [CS10].

Remark 2.2.13 Another approach for an approximation of the Jacobian in reduced order is de-
scribed in Lass [Las14] by solving (2.35) for n(t) = Ny(x, t, ỹ(t)) ∈ RNx in (2.34) and setting

J`(y`(t)) =

℘∑
k=1

(Ψh)>Ξk Ψhck(t) ,

with matrix Ξk ∈ RNx×Nx , Ξki,j =
∫

Ω φkϕjϕi dx, 1 ≤ i, j ≤ Nx for φk =
∑Nx

j=1φk,j ϕj . The
advantage here is that the symmetry for the Jacobian matrix approximation J` is kept, that
otherwise gets lost by integrating the nonlinearity utilizing the mass matrix approach, as mentioned
in section 2.1. Also here the matrices (Ψh)>Ξk Ψh ∈ R℘×℘, k = 1, ..., ℘, can be precomputed for
an efficient online evaluation.

Let us now introduce the alogrithm for computing the EIM basis and the index vector in the
offline phase. It is a sort of greedy algorithm, computing the basis on grounds of snapshot instances
of the nonlinearity. By selecting and adding iteratively that instances to the basis, that come up
with a maximum projection error concerning the basis computed so far, the basis will be extended
until a certain tolerance for the error is reached. This determines also the total number ℘ of basis
vectors. By scaling the selected instances with that entry, that occurs with maximum absolute
value, it is ensured that the projection error at those points is zero and the corresponding instance
will not be selected again. The indices of those entries define the interpolation index vector i. We
denote by ‖ · ‖∞ the maximum norm in RNx .

Finally let us also comment on the a-posteriori error estimation as described in Barrault et al.
[BMNP04]. The estimator presented there specifies not quite a rigorous upper bound and should be
more considered as an indicator for the quality of the EIM approximation. However, the advantage
is that it can be computed cheaply, since only one additional evaluation of n(t) will be needed.
Therefore we compute offline after determining Φ and i a further interpolation index j by line 11 in
Algorithm 1, that is stored separately. Then, in the online phase, we estimate the error as follows:

ε℘(t) = |nj(t)− (Φc(t))j | .

Since this is not part of this work, we will not go into further detail. Instead we refer the interested
reader for a more extensive insight, e.g., to Grepl [Gre12].
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2.2 Reduced order modeling

Algorithm 1 EIM basis computation

Require: snapshot instances S = {n(tk)}Nt
k=1 ⊂ RNx , error tolerance ε > 0

1: Init: empty matrix Φ = ( ) and empty vector i = ( )
2: κ← arg max

1≤k≤Nt

(
‖n(tk)‖∞

)
3: ι← arg max

1≤i≤Nx

(
|ni(tκ)|

)
4: φ← n(tκ)/nι(tκ)
5: Φ·,1 = φ← append basis vector as first column
6: i1 = ι← append interpolation index as first entry
7: c = (c1, ..., cNt)← solve Φ{i}ck = n{i}(tk) for 1 ≤ k ≤ Nt

8: κ← arg max
1≤k≤Nt

(
‖n(tk)−Φck‖∞

)
9: p← 2

10: while ‖n(tκ)−Φcκ‖∞ > ε do
11: ι← arg max

1≤i≤Nx

(
|(n(tκ)−Φcκ)i|

)
12: φ← (n(tκ)−Φcκ)/(n(tκ)−Φcκ)ι
13: Φ·,p = φ← append basis vector as pth column
14: ip = ι← append interpolation index as pth entry
15: c = (c1, ..., cNt)← solve Φ{i}ck = n{i}(tk) for 1 ≤ k ≤ Nt

16: κ← arg max
1≤k≤Nt

(
‖n(tk)−Φck‖∞

)
17: p← p+ 1
18: end while
19: ℘← p− 1
20: return Φ and i and ℘
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3 Optimization methods

We present a selection of algorithms that are well suited for PDE-constrained optimization problems
with (simple) bound constraints on the control as introduced for the underlying problem formulation
(P) in Chapter 1,

min Ĵ(u) subject to u ∈ Uad,

where the cost function Ĵ : U → R on an admissible set Uad ⊂ U is given for a Banach space U
with dual space U∗. We refer mainly to the textbooks of Hinze et al. [HPUU09] and De los Reyes
[DlR15], where the development and analysis of such algorithms is carried out in Banach space.
For results, complements and annotations in finite dimensional settings we refer to Kelley [Kel99],
Nocedal and Wright [NW06], or Ulbrich and Ulbrich [UU12].

As an introduction we provide common access to the general concept of lines search methods
for the unconstrained case Uad = U and specify the optimization algorithms applied effectively
in this work in the subsequent sections. In the following the gradient ∇Ĵ(u) ∈ U is the Riesz-
representation of Ĵ ′(u) ∈ U∗ for given u ∈ U , satisfying

〈∇Ĵ(u), v〉U =
(
Ĵ ′(u), v

)
U∗,U

for all v ∈ U .

In the same manner for given u, v ∈ U we denote by ∇2Ĵ(u)v ∈ U the Riesz-representation of
Ĵ ′′(u)v ∈ U∗ with

〈∇2Ĵ(u)v, w〉U =
(
Ĵ ′′(u)v, w

)
U∗,U

for all w ∈ U .

3.1 General concept of line search methods

The aim is to find an optimal solution to the (unconstrained) minimization problem

min
u∈U

Ĵ(u) . (3.1)

Therefore we apply the general concept of line search methods. These are iterative methods that
generate a sequence {uk}k∈N ∈ U by computing in each iteration k a search direction dk ∈ U and
then decide how far to move along that direction by determining a step length ςk > 0, such that
the cost function decreases, i.e.,

Ĵ(uk + ςk dk) < Ĵ(uk)

holds. The (general) iteration rule is given by

uk+1 = uk + ςk dk . (3.2)

Effective choices of the search directions and the step lengths are crucial for the success of a line
search method. In general we are already satisfied, if the method can be proved to converge to
stationary points, i.e., the first-order necessary optimality conditions are satisfied.

Basically, there are two desirable properties an optimization algorithm should come up with:
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(1) Global convergence.
For a formulation we utilize the notion of stationarity measure: Let Σ : U → R+ with Σ(u) = 0
if u is stationary and Σ(u) > 0, otherwise. For some continuous stationarity measure Σ there
holds

lim
k→∞

Σ(uk) = 0 .

Hence every accumulation point of {uk} is a stationary point. In the unconstrained case it is
common to define Σ(u) := ‖Ĵ ′(u)‖U∗ .

(2) Fast local convergence.
These are local results in a neighborhood of a stationary point ū ∈ U in the following sense:
There exists ρ > 0 such that, for all initial u◦ ∈ U with ‖u◦ − ū‖U < ρ, we have uk → ū and

‖uk+1 − ū‖U = o
(
‖uk − ū‖U

)
“(q-)superlinear convergence”

or even, for α > 0,

‖uk+1 − ū‖U = O
(
‖uk − ū‖1+α

U

)
“(q-)superlinear convergence with order 1 + α” .

We speak of (q-)quadratic convergence if 1 + α = 2.

All fast convergence optimization methods are based on Newton’s method in principle. Thus we
will put our main focus on Newton-type methods for optimization problems in Banach space.

3.1.1 Global convergence

To derive global convergence results for line search algorithms we have to require two key properties.
Therefore the following conditions have to be satisfied in every iteration k:

(i) The angle condition:

cos θk =
−〈∇Ĵ(uk), dk〉U
‖∇Ĵ(uk)‖U ‖dk‖U

≥ δ (3.3)

for constant δ > 0.

(ii) The sufficient decrease condition (also known as Armijo rule):

Ĵ(uk + ςk dk) ≤ Ĵ(uk) + αA ςk 〈∇Ĵ(uk), dk〉U (3.4)

with parameter αA > 0.

The angle condition indicates that the chosen search directions dk should never be too close to
orthogonality with the gradient, i.e., the angle θk between dk and ∇Ĵ(uk) is bounded away from
90◦. The sufficient decrease condition claims, that the reduction in Ĵ should be proportional to
both the step length ςk and the directional derivative 〈∇Ĵ(xk), dk〉U .

Proposition 3.1.1 Let Ĵ be continuously differentiable and bounded from below. Let {uk} for
initial u◦ ∈ U be a sequence generated by the (general) iteration rule (3.2) for search directions
{dk} and step lengths {ςk} that satisfy the angle condition (3.3) and the Armijo rule (3.4). Then
it holds

lim
k→∞
∇Ĵ(uk) = 0 , (3.5)

and every accumulation point of {uk} is a stationary point of Ĵ .
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For a proof compare Hinze et al. [HPUU09] or De los Reyes [DlR15].

We refer to algorithms as globally convergent, if they satisfy (3.5) for any arbitrary initial guess
u◦ ∈ U . According to Nocedal and Wright [NW06] this limit represents the strongest global
convergence result, that can be obtained for line search methods of the general form (3.2), in the
sense, that there is only guarantee for attraction by stationary points, but not for convergence to
local minimizers. A globally convergent line search algorithm is then given by the following steps:

Algorithm 2 Globally convergent line search
Require: u◦ ∈ U
1: Init: k ← 0, uk ← u◦
2: while termination criterion not fulfilled do
3: choose search direction dk such that (3.3) holds
4: determine step length ςk such that (3.4) holds
5: uk+1 ← uk + ςk dk
6: k ← k + 1
7: end while
8: ū← uk
9: return ū

3.1.2 Fast local convergence

In consideration of condition (3.3), a nearby choice for search directions is given by

dk = −∇Ĵ(uk) , (3.6)

since Ĵ decreases most rapidly in the direction of the negative gradient. Those methods are referred
to as steepest descent method, or, due to the choice of the search direction, also called gradient
method.

Although these directions are favorable to compute since only first-order derivatives have to be
considered, the method of steepest descent is usually very inefficient, lacking fast (local) conver-
gence (cp. Kelley [Kel99]). For this reason, as indicated, another special class of search directions
is of central importance, namely such that we obtain for solving the (generalized) Newton equation

Mk dk = −∇Ĵ(uk) , (3.7)

where {Mk}k∈N ⊂ L (U,U) is a sequence of positive operators, i.e., they satisfy

c‖v‖2U ≤ 〈Mk v, v〉U ≤ C‖v‖2U for all v ∈ U and all k = 1, 2, ... ,

for some constants 0 < c < C independent of k. We refer to methods that implement (3.7) for
direction computation as Newton-type methods. Just like for directions of steepest descent (3.6),
also here condition (3.3) is fulfilled for this class of directions (cp. De los Reyes [DlR15]).

Depending on the information provided by {Mk}k∈N, it is possible to attain high(er) rates of
convergence, at least locally. Obviuosly, for Mk = IU the identity in U , we obtain the direction of
steepest descent (3.6). We introduce now two common methods that improve local convergence
by endowing Mk with (approximative) second-order derivative information.
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The (classical) Newton method

For setting Mk = ∇2Ĵ(uk) the Riesz-representation of the second derivative Ĵ ′′ evaluated at uk,
we obtain for (3.7) the (classical) Newton equation

∇2Ĵ(uk) dk = −∇Ĵ(uk) . (3.8)

Provided u◦ is sufficiently close to a (local) solution ū of our minimization problem, Algorithm
2 then turns into the so-called (classical) Newton method, where no step size strategy is needed
(i.e., ς ≡ 1) and always the full Newton step dk is accepted.

Proposition 3.1.2 Let ū ∈ U be a local optimal solution to problem (3.1) and Ĵ be twice
continuously differentiable. Let ∇2Ĵ be Lipschitz continuous in a neighborhood of ū and

〈∇2Ĵ(ū) v, v〉U ≥ C ‖v‖2U for all v ∈ U ,

for some constant C > 0. Then there exists a constant ρ > 0 such that for inital guess u◦ ∈ U
with ‖u◦ − ū‖U < ρ holds:

(i) The Newton iterates
uk+1 = uk −

(
∇2Ĵ(uk)

)−1∇Ĵ(uk)

converge to ū.

(ii) There exists a constant C̄ > 0 such that

‖uk+1 − ū‖U ≤ C̄ ‖uk − ū‖2U .

For a proof we refer to De los Reyes [DlR15, Theorem 4.3]. In particular, the last result implies
that the (classical) Newton method converges locally with quadratic rate.

Remark 3.1.3 An inexact solution of the (generalized) Newton equation (3.7) can be interpreted
as a solution to the same system, but with Mk replaced by a perturbed operator M̃k. As long as
the perturbation is sufficiently small, convergence is not affected if the system is solved inexactly
in consideration of a suitable controlled accuracy of the solution (cp. Hinze et al. [HPUU09]).
In case of the (classical) Newton equation (3.8), for this purpose so-called Krylov methods such
as the minimal residual method (MINRES) or the conjugate gradient method (CG) are generally
used. We then speak of inexact Newton methods.

To ensure global convergence to a (local) minimizer ū, an essential prerequisite is the positivity
of ∇2Ĵ(uk) in the neighborhood of ū, since otherwise this could result in the computation of a
direction of ascent and, hence, convergence to a (local) maximizer. To avoid this unintended case,
we introduce a check for negative curvature, given by

〈dk,∇Ĵ(uk)〉U < 0 ,

which can be considered as a (generalized) angle test. If the negative curvature condition stays
unfilled, the Newton direction computed by (3.8) is a direction of descent and therefore feasible.

For the design of an efficient globally convergent method we proceed as follows: In each iteration
we generate a trial direction by a locally fast convergent method e.g., the Newton method. If the
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3.1 General concept of line search methods

generated direction satisfies a (generalized) angle test, the direction is feasible and will be accepted.
Otherwise we reject the direction and choose another (feasible) search direction, e.g., that one of
steepest descent. Of course, in the latter case we have to take care for a feasible step length by
employing a sufficient decrease condition, e.g., such as the Armijo rule (3.4).

Quasi-Newton methods

Another approach based on solving (3.7) is given by the so-called Quasi-Newton methods. They
provide fast local convergence by considering operatorsMk which successively approximate second-
order derivative information. At the same time, they preserve positivity and lead therefore to a
globally convergent method. Out of this class the BFGS method, named after their inventors C.G.
Broyden, R. Fletcher, D. Goldfarb and D.F. Shanno, is a common representative. Therein the
second derivative is approximated by using an operator Bk+1 ∈ L (U,U) that fulfills the secant
equation

Bk+1(uk+1 − uk) = ∇Ĵ(uk+1)−∇Ĵ(uk).

After in iteration k a direction dk is computed by solving (3.7) for Mk = Bk, the (rank-2) update
formula is given by

Bk+1 = Bk −
Bk sk ⊗Bk sk
〈Bk sk, sk〉U

+
zk ⊗ zk
〈zk, sk〉U

,

where sk := uk+1− uk and zk := ∇Ĵ(uk+1)−∇Ĵ(uk) and the operator w⊗ z ∈ U is defined for
w, z ∈ U by

(w ⊗ z)(v) = 〈z, v〉U w .

Similar to the steepest descent method, for computing the BFGS update only the evaluation of
fist-order derivatives is needed.

Proposition 3.1.4 Let ū ∈ U be a local optimal solution to problem (3.1) and Ĵ be twice
continuously differentiable. Let ∇2Ĵ be Lipschitz continuous in a neighborhood of ū, with bounded
inverse. Let B◦ ∈ L (U,U) be an initial positive operator. If B◦ − ∇2Ĵ(ū) is compact, and
‖u◦ − ū‖U < ρ and ‖B◦ − ∇2Ĵ(ū)‖L (U,U) < ε for sufficiently small ρ, ε > 0, then the BFGS
iterates

uk+1 = uk −B−1
k ∇Ĵ(uk)

converge q-superlinearly to ū.

For a proof we refer to De los Reyes [DlR15].

Analogue to the (classical) Newton method we obtain global convergence by satisfying in each
iteration k a curvature condition, here given by

〈zk, sk〉U > 0 , (3.9)

in combination with a sufficient decrease condition providing feasible step lengths. The compact-
ness condition in Proposition 3.1.4 is necessary for the superlinear convergence rate (cp. Kelley
and Sachs [KS91]), while the bounded inverse condition can be replaced by a convexity condition
on the second derivative, see De los Reyes [DlR15].
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Remark 3.1.5 To assure the presupposed positivity of the operators Bk, the updates are performed
just as long as the curvature condition (3.9) is fulfilled. Otherwise the update is skipped or the
approximation will be reinitialized correspondingly. Especially the reinitialization may cause the loss
of too much information and slow down convergence. To overcome this difficulty let us mention
here the damped BFGS updating as presented in Nocedal and Wright [NW06, Procedure 18.2] for a
finite dimensional setting in Rn. It consistently assures the positive definiteness of the subsequently
computed approximations Bk+1 ∈ Rn×n. But even though the damped BFGS updating often works
well, it may behave poorly on difficult problems. Furthermore it fails to address the underlying
problem that the Hessian that is approximated, actually may not be positive definite at the current
iterate. Let us also point to the existence of a modification of the BFGS formula, that allows a
direct computation of an inverse Quasi-Newton approximation B̃k :≈ (∇2Ĵ(uk))

−1 of the Hessian
(cf., e.g., Nocedal and Wright [NW06]). In this case, a direction dk can be computed directly by
applying the inverse approximation to the negative gradient

dk = −B̃k∇Ĵ(uk) .

3.2 Projected (Quasi-)Newton method

We are now confronted with the situation to take care also for constraints on the control, repre-
sented by the admissible set Uad ⊂ U . As stated in Section 1.2, we expect that the restrictions
given by lower and upper bounds ua, ub ∈ U are met in a pointwise sense. This is of meaningful
relevance, since then a formula for a projection on the admissible set PUad : U → Uad can be
basically defined by

PUad(u) = P[ua,ub](u) =


ua(x, t) for u(x, t) ≤ ua(x, t) ,
u(x, t) for ua(x, t) < u(x, t) < ub(x, t) ,

ub(x, t) for u(x, t) ≥ ub(x, t) ,

for almost all (x, t) ∈ Q. Constraints that can be handled like this are often referred to as simple
constraints. In this section, we will mainly discuss a projected version of the (classical) Newton
method, since the proceeding for a projected Quasi-Newton approach follows analoguously.

Remark 3.2.1 Let us note here, that the numerical realisation of the presented algorithms in this
work are fundamentally based on the algorithmic prototypes as they can be found in Kelley [Kel99]
and Nocedal and Wright [NW06].

An obviuos access for the treatment of simple control constraints is given by the projected
gradient method with iteration rule

uk+1 = PUad(uk − ςk∇Ĵ(uk)) ,

where the projection PUad of the next iterate on the admissible set ensures feasibility of the update.
Still we are confronted here with the lack of fast (local) convergence, since nothing changed in
the choice of the search direction. Unfortunately, a simple projection of the Newton direction dk
obtained by solving (3.8) onto the feasible set,

uk+1 = PUad(uk + ςk dk)
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3.2 Projected (Quasi-)Newton method

do not always produce a descent in the cost function as demonstrated in Kelley [Kel99, Section
5.5.1]. A modification of the Newton method to alleviate this problem was introduced by Bertsekas
[Ber76, Ber82] for the finite dimensional case with (simple) pointwise upper and lower bounds as
so-called projected Newton method. Instead of (3.8) we solve now for direction computation

HP(uk) dk = −∇Ĵ(uk)

where HP(uk) ∈ L (U,U) is defined as

HP(uk) =

{
∇2Ĵ(uk) on I (uk) ,

IU on A (uk) ,
(3.10)

with the active and inactive sets concerning the admissible set Uad given by

A (uk) =
{

(x, t) ∈ Q
∣∣ uk(x, t) = ua(x, t) or uk(x, t) = ub(x, t)

}
,

I (uk) = Q \A (uk) .

Due to its property, HP is typically called reduced Hessian. Here, to avoid confusion in naming
concerning the second derivative of the reduced cost function Ĵ , we refer to it as projected Hessian
and will later see, that this naming is also justified. The idea is now, to utilize Hessian information
for direction computation only on interior points of the admissible set, while for boundary points
we accept negative gradient information.

We exemplify this concept by considering the following minimization problem in Rn as presented
in Kelley [Kel99] for twice differentiable cost function f : Rn → R,

min f(x) subject to x ∈ Xad, (3.11)

with Xad = {x ∈ Rn
∣∣ ai ≤ xi ≤ bi for i = 1, ..., n} for lower and upper bound a,b ∈ Rn with

−∞ < ai < bi < +∞ pointwise for i = 1, ..., n. Furthermore we need a distinction of so-called
active and inactive constraints concerning the admissible set Xad. We say that the ith constraint
is active at x ∈ Xad if either xi = ai or xi = bi, otherwise we call it inactive. The set of active
indices is defined as

A (x) =
{
i ∈ {1, ..., n}

∣∣ xi = ai or xi = bi
}

and, consequently, the complementary set of inactive indices as

I (x) =
{

1, ..., n
}
\A (x) .

If x̄ is a solution of (3.11) for which no constraints are active (A (x̄) = ∅), we obtain ∇f(x̄) = 0
and that the Hessian ∇2f(x̄) is positive semidefinite as in the unconstrained case. However, if one
or more constraints are active (A (x̄) ⊂ {1, ..., n}), the variational inequality ∇f(x̄)(x − x̄) ≥ 0
is fulfilled for all x ∈ Xad, while we cannot draw conclusions about the positivity of ∇2f(x̄). Let
us make this clear: Suppose that for dimension n = 2 a minimizer is located at x̄ = (ξ, a2) for
a1 < ξ < b1, that the second constraint is active (A (x̄) = {2}). While no statement can be
made about ∂2f(x̄)

∂x2
2

, the function φ : (a1,b1)→ R, φ(t) := f(t, a2), must satisfy for x = (t, a2)

φ′′(t) =
∂2f(x̄)

∂x2
1

≥ 0 .
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We conclude, that second partial derivatives in directions corresponding to the set of inactive
constraints I (x̄) must be nonnegative, while nothing can be said about directions corresponding
to the set of active constraints A (x̄) (cp. Kelley [Kel99, p. 88]). Here, the projected Hessian
HP(x) comes into play, that can be formulated for the finite dimensional case by a symmetric
n× n-dimensional matrix representation with entries

(
HP(x)

)
ij

{
δij if i ∈ A (x) or j ∈ A (x) ,(
∇2f(x)

)
ij

otherwise.
(3.12)

By regarding the mapping of those matrix entries onto δij ∈ {0, 1} with active indices i, j ∈ A (x)
as a kind of “projection”, we legitimate the designation of (3.12) as projected Hessian (instead of
“reduced Hessian” as originally introduced by Kelley [Kel99, Definition 5.2.2]). A computation of
the projected Hessian matrix can be realised as follows:

(1) Define the active and inactive set for given lower and upper bound a,b ∈ Rn.

A (x) =
{
i ∈ N

∣∣ xi = ai or xi = bi for i = 1, ..., n
}
, I (x) =

{
1, ..., n

}
\A (x) .

(2) Assemble the active and inactive set projection matrices PA (x),PI (x) ∈ Rn×n, which is
defined for an index set S ⊆ {1, ..., n} by the diagonal matrix PS ∈ Rn×n with entries

(PS)ij =

{
1 if i = j for i ∈ S and j ∈ {1, ...n} ,
0 otherwise.

(3.13)

(3) Compute the projected Hessian matrix by

HP(x) = (PI (x))
> (∇2f(x)) PI (x) + PA (x). (3.14)

For the following proposition we also refer to Kelley [Kel99, Theorems 5.2.3 and 5.3.2].

Proposition 3.2.2 Let f be twice differentiable in a neighborhood of x̄ ∈ Xad. We formulate the
following (second-order) optimality conditions:

(1) Necessary condition: Let x̄ be the solution of problem (3.11). Then the projected Hessian
HP(x̄) is positive semidefinite.

(2) Sufficient condition: Let x̄ be a nondegenerate stationary point for problem (3.11), i.e., it
holds (

∇f(x̄)
)
i

{
= 0 if i ∈ I (x̄) (“stationary”) ,
6= 0 if i ∈ A (x̄) (“nondegenerate”) ,

and assume that HP(x̄) is positive definite. Then x̄ is a solution of problem (3.11).

This idea of a (pointwise) projected Newton method was introduced by Bertsekas [Ber82] for
the finite dimensional case with simple (pointwise) constraints. In combination with a customized
step length strategy, that will be introduced consecutively, it is shown that locally a quadratic
convergence rate can be be achieved since it identifies all active constraints after finitely many steps
and becomes the Newton method for an unconstrained problem. At least superlinear convergence
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3.2 Projected (Quasi-)Newton method

can be assured. For the general setting in function space, a local superlinear convergence result is
proved in Kelley and Sachs [KS95].

We return to our original problem in function space and adopt in an analoguous manner the
projected BFGS method with reduced BFGS approximation BP(uk) ∈ L (U,U) defined by

BP(uk) =

{
Bk on I (uk) ,

IU on A (uk) .
(3.15)

In relation of the term “reduced”, also here we avoid confusion in naming by referring to it in
the further course as projected BFGS approximation for known reason. In summary, the general
computation of a projected (Quasi-)Newton direction for a positive operator MP ∈ {HP,BP} is
given by

dk(x, t) =

{(
−MP(uk)

−1∇Ĵ(uk)
)
(x, t) on I (uk) ,

−∇Ĵ(uk)(x, t) on A (uk) ,
(3.16)

for a solution to the (generalized) projected Newton equation

MP(uk) dk = −∇Ĵ(uk) . (3.17)

Hence, an algorithm for a projected (Quasi-)Newton method can be stated as in Algorithm 3. We
will specify the single computation steps in detail in the sections below.

Algorithm 3 Projected (Quasi-)Newton method
Require: u◦
1: Init: k ← 0, uk ← u◦
2: while termination criterion not fulfilled do
3: A (uk),I (uk)← identify active and inactive sets
4: dk ← compute (Quasi-)Newton direction by solving (3.17)
5: ςk ← compute step length
6: uk+1 ← PUad(uk + ςk dk)
7: k ← k + 1
8: end while
9: ū← uk

10: return ū

3.2.1 Search direction computation

If the operator MP is explicetly known, a solution to (3.17) can be computed by any solver
for linear equation systems, e.g., for an implementation in MATLAB the function mldivide is a
preferrable choice. This is mainly the case for computing a direction dk by the projected Quasi-
Newton approach, settingMP = BP. A numerical realisation of the projected BFGS approximation
BP(uk) is given by substituting B(uk) for ∇2f(x) in (3.14). We refer to Kelley [Kel99, Section
5.5.3], where a numerically more specific implementation can be found, that performs the projected
BFGS updates only on the inactive set.

For MP = HP a solution to (3.17) is computed by a fairly standard (truncated) Newton-CG
method as can be found, e.g., in Nocedal and Wright [NW06], Kelley [Kel99] or Hinze et al.
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[HPUU09]. This approach iteratively computes a solution to the (classical) Newton equation (3.8)
by using a conjugate gradient (CG) algorithm, which was originally designed to solve (symmetric)
positive definite systems of linear equations. Unfortunately, this need not be the case for the
Newton equation (3.8), since the Hessian may have negative eigenvalues when we are not in a
neighborhood of a (local) minimizer. Therefore the Newton-CG method presented in Algorithm 4 is
complemented by a check for negative curvature as implemented in line 4 with threshold parameter
εNC > 0. As soon as negative curvature is detected, the CG iteration terminates and returns the
previuously computed iterate as a solution. This adaption guarantees on the one hand that the
generated solution to the Newton equation is a descent direction, and on the other hand that the
fast convergence rate of the (classical) Newton method is preserved (provided full steps with step
length parameter ς = 1 are accepted, cp. Nocedal and Wright [NW06] or Kelley [Kel99]). It is
called “truncated”, when the CG iteration stops after a certain (predefined) accuracy ηCG > 0 of
the computed solution is reached (cp. Nocedal and Wright [NW06]). Therefore we refer to the
solution also as inexact Newton direction.

Algorithm 4 Newton-CG (solves Az = b)
Require: A ∈ L (U,U), b ∈ U , kmax, εNC > 0, ηCG > 0
1: Init: z ← 0, r ← b, p← r, ρ0 ← ‖r‖2U , k ← 1
2: while k < kmax do
3: w ← Ap
4: if 〈p, w〉U/‖p‖2U < εNC then
5: if k = 1 then
6: z ← p
7: end if
8: return z
9: end if

10: α← ρk−1/〈p, w〉U
11: z ← z + αp
12: r ← r − αw
13: ρk ← ‖r‖2U
14: if

√
ρk ≤ ηCG ‖b‖U then

15: return z
16: end if
17: β ← ρk−1/ρk−2

18: p← r + β p
19: k ← k + 1
20: end while

An advantage of the CG algorithm is, that it only requires the computation of applications of the
Hessian on a sequence of (CG) directions without assembling an explicit Hessian representation.
Thus, no (direct) solution of the full (and therefore very likely large) system (3.8) is needed (cp.
Hinze et al. [HPUU09]). For our concrete problem formulation (P) an algorithm that computes
only the application of the Hessian ∇2Ĵ(u) on a direction s ∈ U as described in Section 1.5.2 is
presented in Algorithm 5.
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Algorithm 5 Hessian application (evaluates r = ∇2Ĵ(u)s)
Require: Direction s, control u, state solution y(u) to (P.SE), adjoint solution p(u) to (P.AE)
1: Init: y ← y(u), p← p(u)
2: yδ ← solve linearized state equation (P.LSE) for s
3: (h1, h2)← apply Lww in (1.77) for yδ
4: h3 ← solve linearized adjoint equation (P.LAE) for h1 and compute (1.79)
5: h4 ← evaluate T (u)∗ on h2 in (1.78)
6: r ← h3 + h4

7: return r

The procedure is as follows: solve HP(uk) dk = −∇Ĵ(uk) by Algorithm 4 for A = HP(uk) and
b = −∇Ĵ(uk). In numerics the projected Hessian HP(uk) can be realised by interpreting ∇2f(x)
in (3.14) as function that implements Algorithm 5.

3.2.2 Step length computation

To ensure global convergence as introduced in the previous section, we employ a so-called projected
Armijo-backtracking strategy for determining a feasible step length ς. This strategy consists of an
appropriately modified version of the Armijo rule (3.4), given by

Ĵ(u(ς))− Ĵ(u) ≤ −αA
ς
‖u− u(ς)‖2U (3.18)

for projection u(ς) := PUad(u + ς d), in combination with a so-called backtracking strategy for a
proper adjustment of the step length ς > 0. The concept of backtracking is as follows: starting
from a given initial length ς◦ > 0, we iteratively shrink the step length ς < ... < ς◦ until the
sufficient decrease condition (3.18) is fulfilled or a lower bound ςLB < ς◦ is reached. The latter
condition prevents the step length parameter from becoming too small.

A general algorithmic description is given in Algorithm 6. The parameter αA > 0 is typically set
to 1.0× 10−4 (cp. Dennis and Schnabel [DS96]). The backtracking is realised by multiplying in
each iteration m the initial step length ς◦ by a (fixed) diminuition factor β ∈ (0, 1) with exponent
m until the termination criteria are fulfilled.

Algorithm 6 Armijo-backtracking (computes ς)
Require: u, ς◦, β, αA, ςLB
1: Init: ς ← ς◦, m← 1
2: while (3.18) is not fulfilled and ς ≥ ςLB do
3: ς ← βm ς◦
4: m← m+ 1
5: end while
6: return ς

To obtain fast convergence rates, it is recommended for the (classical) Newton method to test
(3.18) at first for the full (Newton) step, i.e., the initial step length is set to 1. We will follow the
suggestion in Nocedal and Wright [NW06] and adopt to set ς◦ = 1 also for the inexact Newton
and Quasi-Newton approach.
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3.2.3 Termination criterion

As recommended in Kelley [Kel99] we use a termination criterion that is based on relative and
absolute reductions in the measure of stationarity ‖u−u(1)‖U , where u(1) denotes the projection
u(ς) = PUad(u + ς d) for ς = 1. For given initial residual r◦ = ‖u◦ − u◦(1)‖U and relative and
absolute tolerances τr > 0 and τa > 0, the termination citerion is defined as

‖u− u(1)‖U ≤ τa + τr r◦ . (3.19)

Since a-priorily no general settings for the tolerances τa and τr can be specified, we vary them for
our numerical tests in the range of 1.0× 10−2 to 1.0× 10−6.

Also the (relative) deviation εĴ k ∈ R+ in the reduced cost function Ĵ from the previous to the
current iteration,

εĴ k :=
|Ĵ(uk)− Ĵ(uk−1)|
|Ĵ(uk−1)|

,

might give some meaningful information about the decay in the costs, which can be used for an
additional criterion, e.g., the algorithm stops as soon as the deviation εĴ k becomes too small and
no further decline can be expected. The termination criterion is then defined by

εĴ k ≤ τĴ (3.20)

for a given lower tolerance τĴ > 0.

Finally, as a kind of “standard” criterion, we employ also a maximum number of iterations, after
which the optimization is stopped and the current iterate is returned as candidate for an optimal
solution. Of course, this criterion is exclusively meant as a last resort for preventing the algorithm
getting stuck in an infinite loop for numerical reasons. Therefore it is recommended to first adjust
problem-related criterions such as (3.19) and (3.20) properly (compare for example also Kelley
[Kel99], Nocedal and Wright [NW06], or Ulbrich and Ulbrich [UU12]).
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In this chapter, we present the main concept of error analysis that will find application in this work.
We suppose that ũ is some arbitrary (suboptimal) control as it might be obtained by a numerical
optimization procedure or as solution to some reduced order optimization model. The goal is a
reliable estimation of the difference

‖ū− ũ‖U

in an appropriate norm ‖ · ‖U , without commonly knowing the optimal solution ū, of course. The
idea on which here it is reverted to was used in the context of error estimates for optimal control
of ordinary differential equations by Malanowski et al. [MBM97] and extended to elliptic optimal
control problems in Arada et al. [ACT02] and Casas and Tröltzsch [CT02]. Let us already mention,
that in case of proper orthogonal decomposition (POD) as model order reduction technique no
a-priori estimation is available, so that the concept of a-posteriori estimation introduced in the
following is of special interest. In this context, a-posteriori error analysis for linear-quadratic
optimal control problems was examined in Tröltzsch and Volkwein [TV09] and extended to some
nonlinear case in Kammann et al. [KTV13]. We will refer here mainly to the latter publication.

A fundamental assumption is that such a solution ū exists in a neighborhood of ũ. Moreover,
ũ should be sufficiently close to ū. The approach itself is based on a fairly standard perturbation
method involving second-order information for the (unknown) locally optimal control. Especially
the latter fact makes this approach in consideration of the underlying nonlinear problem more
elaborate, compared to the linear-quadratic case, see Tröltzsch and Volkwein [TV09]).

All quantities arising in the next sections have already been introduced in the chapters before
and can be directly drawn on for computation. For this reason we will present a general access
to the field of a-posteriori error analysis for the class of optimal control problems for semilinear
parabolic equations as it can be found in Kammann et al. [KTV13].

4.1 The perturbation method for nonconvex functionals

In this section we present the concept of the perturbation method. Therefore we consider the
following general form of a nonconvex but smooth optimization problem

min Ĵ(u) :=
1

2
‖G(u)− yH‖2H +

κ

2
‖u‖2L2(D) subject to u ∈ C, (4.1)

with real Hilbert space H, a measurable and bounded set D ⊂ Rm, a nonempty, convex, closed
and bounded set C ⊂ L2(D), a fixed real number κ ≥ 0 and a fixed element yH ∈ H. Again,
we assume that for all u ∈ C the control-to-state operator G : L∞(D)→ H is twice continuously
Fréchet differentiable with first- and second-order derivatives G′(u) : L∞(D) → H and G′′(u) :
L∞(D)× L∞(D)→ H continuously extendable to L2(D)× L2(D), compare (1.38) and (1.39).
Hence the operators G′(u) and G′′(u) can also be applied to increments v, v1 and v2 in L2(D) and
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we can view G′(u) as continuous linear operator from L2(D) to H with adjoint operator G′(u)∗

mapping continuously from H to L2(D).

The first derivative Ĵ ′(u) is given by

Ĵ ′(u)v =
(
G(u)− yH ,G′(u)v

)
H

+ (κu, v)L2(D)

=
(
G′(u)∗ (G(u)− yH) + κu, v

)
L2(D)

= (pu + κu, v)L2(D)

with L2(D)-function pu denoting the adjoint state associated with u,

pu := G′(u)∗(G(u)− yH).

For the second derivative Ĵ ′′(u) we consider the expression for Ĵ ′ with fixed increment v := v1 ∈
L∞(D) and differentiate again in direction v2 ∈ L∞(D). By the chain and product rule we find

Ĵ ′′(u)[v1, v2] =
(
G′(u)v2,G′(u)v1

)
H

+
(
G(u)− yH ,G′′(u)[v2, v1]

)
H

+ (κ v2, v1)L2(D).

By our assumptions on G, also the second derivative Ĵ ′′(u) can be continuously extended to a
bilinear form on L2(D)× L2(D) and it holds

|Ĵ ′′(u)[v1, v2]| ≤ c ‖v1‖L2(D) ‖v2‖L2(D) for all u ∈ C and v1, v2 ∈ L∞(D) .

If now ū ∈ C is a locally optimal solution to the nonlinear problem (4.1) in the sense of L∞(D),
then there is some radius ρ > 0, such that ū ∈ L∞(D) satisfies

Ĵ(u) > Ĵ(ū) for all u ∈ C with ‖u− ū‖L∞(D) ≤ ρ .

Together with the variational inequality from Corollary 1.4.7,

Ĵ ′(ū)(u− ū) ≥ 0 for all u ∈ C ,

we obtain the following proposition.

Proposition 4.1.1 If ū ∈ C is a locally optimal solution of (4.1) in the sense of L∞(D), then it
obeys the variational inequality∫

D

((
G′(ū)∗(G(ū)− yH)

)
(x) + κ ū(x)

) (
u(x)− ū(x)

)
dx ≥ 0 for all u ∈ C. (4.2)

On the other hand, let us consider a function ũ ∈ C that need not be optimal for the nonlinear
problem (4.1). If ũ 6= ū holds, then the (suboptimal) control ũ does not satisfy the optimality
condition (4.2). Anyway, this can be compensated by introducing a so called perturbation function
ζ ∈ L2(D), such that the perturbed variational inequality∫

D

((
G′(ũ)∗(G(ũ)− yH)

)
(x) + κ ũ(x) + ζ(x)

) (
u(x)− ũ(x)

)
dx ≥ 0 for all u ∈ C (4.3)
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is fulfilled. Consequently, ũ satisfies the optimality condition of the perturbed optimization problem

min
u∈C

Ĵζ(u) :=
1

2
‖G(u)− yH‖2H +

κ

2
‖u‖2L2(D) +

∫
D

ζ(x)u(x) dx . (4.4)

Obviously, the smaller the perturbation function ζ, the closer is ũ to the optimal solution ū of the
original problem (4.1).

For quantifying the distance ‖ũ− ū‖, we additionally need also some second-order information
on ū, namely the coercivity constant δ ∈ R of Ĵ ′′(ū), which makes the situation more elaborate
compared to the linear-quadratic approach (see Kammann et al. [KTV13]). Assume that there
exists some δ > 0 such that the coercivity condition

Ĵ ′′(ū)[v, v] ≥ δ ‖v‖2L2(D) for all v ∈ L2(D) (4.5)

is satisfied. Then for any 0 < δ̃ < δ there exists a radius r(δ̃) > 0 such that for all u with
‖u− ū‖L∞(D) < r(δ̃) holds

Ĵ ′′(u)[v, v] ≥ δ̃ ‖v‖2L2(D) for all v ∈ L2(D), (4.6)

i.e., the coercivity condition holds also true in a neighborhood of ū. Let us emphasize here, that this
is a serious theoretical obstacle that can hardly be rigorously overcome, since we can only assume
that the method of determining the (suboptimal) control ũ was sufficiently precise to guarantee
‖ũ− ū‖ < r. If ũ belongs to this neighborhood, we are able to estimate the distance as follows:

Theorem 4.1.2 Let ū be locally optimal for (4.1) and assume that ū satisfies the second-order
condition (4.5). If ũ ∈ C is given such that ‖ũ− ū‖L∞(D) < r(δ̃), then it holds

‖ũ− ū‖L2(D) ≤
1

δ̃
‖ζ‖L2(D), (4.7)

where ζ is chosen such that the perturbed variational inequality (4.3) is fulfilled.

Proof. By (4.3) ũ satisfies the first-order necessary optimality conditions for the perturbed opti-
mization problem (4.4)

min
u∈C

Ĵζ(u) = Ĵ(u) + (ζ, u)L2(D).

We insert ū in the variational inequality for ũ and vice versa, obtaining(
Ĵ ′(ũ) + ζ, ū− ũ

)
L2(D)

≥ 0,(
Ĵ ′(ū), ũ− ū

)
L2(D)

≥ 0 .

Now we add both inequalities and get(
Ĵ ′(ũ)− Ĵ ′(ū), ū− ũ

)
L2(D)

+
(
ζ, ū− ũ

)
L2(D)

≥ 0.

The mean value theorem implies

−Ĵ ′′(ξ)[ū− ũ, ū− ũ] + (ζ, ū− ũ)L2(D) ≥ 0
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4 A-posteriori error analysis

with some ξ ∈ {v ∈ L2(D) | v = sū + (1 − s)ũ with s ∈ (0, 1)}. Now we apply (4.6) and the
Cauchy-Schwarz inequality to deduce

δ̃ ‖ũ− ū‖2L2(D) ≤ ‖ζ‖L2(D) ‖ũ− ū‖L2(D).

From this inequality, the assertion of the theorem follows in turn.

Remark 4.1.3 In Kammann et al. [KTV13, Remark 3.3] the authors make the suggestion, to
select δ̃ := δ

2 and set the radius r := r( δ2), which might be a too pessimistic choice. Since in the
application the main interest lies in the order of the error, the factor 1

2 is not that important and
also δ̃ := δ is used, even this might slightly be a too optimistic choice.

4.2 Construction of the perturbation function

We pass on to the construction of the perturbation function ζ ∈ L2(D). Let now the specific set
C :=

{
u ∈ L2(D)

∣∣ ua(x) ≤ u(x) ≤ ub(x) for almost all x ∈ D
}
with ua, ub ∈ L2(D) satisfying

ua < ub almost everywhere in D be given. Let p̄ be the adjoint state associated with ū ∈ C,

p̄ := G′(ū)∗(G(ū)− yH).

Then we can express the variational inequality (4.2) equivalently in a pointwise form:(
p̄(x) + κ ū(x)

)
ū(x) = min

u∈C

(
p̄(x) + κ ū(x)

)
u(x) for almost all x ∈ D.

Obviously, this allows us to determine ū via the expression “ p̄+ κ ū” as follows:

ū(x) =


ua(x) if p̄(x) + κ ū(x) > 0 ,

− 1
κ p̄(x) if p̄(x) + κ ū(x) = 0 ,

ub(x) if p̄(x) + κ ū(x) < 0 .

On the other hand, for the opposite direction it must hold

p̄(x) + κ ū(x)


≥ 0 if ū(x) = ua(x) ,

= 0 if ua(x) < ū(x) < ub(x) ,

≤ 0 if ū(x) = ub(x) .

The last implications are crucial for the construction of the perturbation function ζ, as we will
show next. The goal is to determine for given ũ ∈ C with ũ 6= ū and associated adjoint state p̃
the perturbation function ζ such that the perturbed variational inequality (4.3)∫

D

(
p̃(x) + κ ũ(x) + ζ(x)

) (
u(x)− ũ(x)

)
dx ≥ 0

holds for all u ∈ C. Therefore we distinguish between three different cases, that are all considered
for a fixed x ∈ D:
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4.2 Construction of the perturbation function

(1) Case ũ(x) = ua(x), i.e. ũ is active at the lower bound. Then,

u(x)− ũ(x) = u(x)− ua(x) ≥ 0

for all u ∈ C. Thus, ζ(x) has to satisfy

(p̃+ κ ũ)(x) + ζ(x) ≥ 0 ,

what is achieved by setting

ζ(x) =
[
(p̃+ κ ũ)(x)

]
− = −min

(
0, (p̃+ κ ũ)(x)

)
=

1

2

(∣∣(p̃+ κ ũ)(x)
∣∣− (p̃+ κ ũ)(x)

)
.

Here, [s]− = −min(0, s) denotes the negative part function.

(2) Case ũ(x) = ub(x), i.e. ũ is active at the upper bound. Now,

u(x)− ũ(x) = u(x)− ub(x) ≤ 0

for all u ∈ C, and ζ(x) has to ensure

(p̃+ κ ũ)(x) + ζ(x) ≤ 0 .

Therefore we define analogously to the first case

ζ(x) =−
[
(p̃+ κ ũ)(x)

]
+

= −max
(
0, (p̃+ κ ũ)(x)

)
=− 1

2

(
(p̃+ κ ũ)(x) +

∣∣(p̃+ κ ũ)(x)
∣∣) .

with [s]+ = max(0, s) denoting the positive part function.

(3) Case ua(x) < ũ(x) < ub(x), i.e. ũ is inactive for fixed x ∈ D. Accordingly,

(p̃+ κ ũ)(x) + ζ(x) = 0

holds, so that
ζ(x) = −(p̃+ κ ũ)(x)

satisfies the perturbed variational inequality (4.3).

Clearly, ζ ≡ 0 holds in the case, where ũ satisfies the first-order necessary optimality conditions. In
this way, we obtain the representation of the perturbation function ζ as the (negative and positive
part) projection of the first derivative Ĵ ′(ũ(x)) = p̃(x) + κ ũ(x) onto the active and inactive sets
A−, A+ and I defined as follows:

ζ(x) :=


[
Ĵ ′(ũ(x))

]
− on A− := {x ∈ D | ũ(x) = ua(x)} ,

− Ĵ ′(ũ(x)) on I := D \ (A− ∪ A+) ,

−
[
Ĵ ′(ũ(x))

]
+

on A+ := {x ∈ D | ũ(x) = ub(x)} .

This definition of the perturbation function ζ can be easily transferred to our nonlinear problem
(P) for C = Uad, D = Q and reduced gradient representation Ĵ ′ as formulated in (1.54).
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4 A-posteriori error analysis

4.3 Determination of the coercivity constant

The coercivity constant δ is an essential part of the error estimate as formulated in (4.7), but its very
hard to determine (exactly). Since in application we deal with a finite dimensional approximation
of the control problem (P), we employ for this purpose an estimate of δ by the smallest eigenvalue
λmin of the reduced Hessian (see Kammann et al. [KTV13]). Let us point out, that this way is
not reliable in estimating the coercivity constant for the infinite-dimensional undiscretized optimal
control problem, as it is shown in Rösch and Wachsmuth [RW09].

In addition to the requirement in Theorem 4.1.2 that the computed (suboptimal) control ũ
belongs to a neighborhood of a locally optimal solution ū, we postulate throughout this work, that
at least we are able to determine the order of the coercivity constant by the smallest eigenvalue
of the reduced Hessian associated with the suboptimal control. The latter should enable us to
state proper (a-posteriori) error estimates that allow the qualitative evidence of the computed
(suboptimal) solution ũ.

In the following we present a variety of different approaches for the numerical computation of
the smallest eigenvalue of the reduced Hessian at certain control u. The approaches are based on
matrix-free as well as on explicit (Hessian) matrix representation and approximation procedures.
The formulation is close to an implementation in MATLAB, utilizing specific MATLAB built-in
functions such as eig and eigs, and can therefore be easily adopted.

Numerical realisation

We consider the set of time-dependent admissible controls Uad for (P) as given in (1.31),

Uad =
{
u ∈ U

∣∣ uai (t) ≤ ui(t) ≤ ubi (t) almost everywhere in [t◦, te] for i = 1, .., Nu

}
,

and discretize the time domain [t◦, te] in a number of Nt ∈ N+ discrete time points tk ∈ [t◦, te],
tk = t◦ + (k − 1)∆t for k = 1, ..., Nt, with equidistant step size ∆t = te−t◦

Nt−1 > 0 as in Section
2.1.2. We define a time-discrete approximation of U by

U :=
{
U =

(
u(1)| ... |u(Nt)

)
∈ RNu×Nt

∣∣ u(k) ∈ RNu and u
(k)
i = ui(tk)

for i = 1, ..., Nu and k = 1, ..., Nt

} (4.8)

and, hence, a time-discrete approximation of Uad by

Uad :=
{
U ∈ U

∣∣ u
a,(k)
i ≤ u

(k)
i ≤ u

b,(k)
i for i = 1, ..., Nu and k = 1, ..., Nt

}
(4.9)

with bounds u
a,(k)
i = uai (tk) and u

b,(k)
i = ubi (tk) for tk ∈ [t◦, te]. Furthermore, we introduce for

any time-discrete control U ∈ U ⊂ RNu×Nt an equivalent (column) vector representation

u =


u(1)

...

u(Nt)

 ∈ RNu·Nt ,

for which we also write u ∈ U. Accordingly we define the active (linear) index set for u ∈ U by

A (u) =
{
ι = i+ (k − 1)Nu ∈ {1, . . . , Nu ·Nt}

∣∣ u
(k)
i = u

a,(k)
i or u

(k)
i = u

b,(k)
i

for i = 1, ..., Nu and k = 1, ..., Nt

}
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4.3 Determination of the coercivity constant

and the inactive (linear) index set by I (u) = {1 . . . , Nu ·Nt} \A (u).

Remark 4.3.1 For the case of time-independent admissible controls u ∈ Uad as given in (1.31)
for U = RNu , Uad = {u ∈ U

∣∣ uai ≤ ui ≤ ubi for i = 1, .., Nu

}
, we directly define U := U

and Uad := Uad. Consequently it holds u ≡ U ≡ u ∈ RNu . The active index set for u ∈ U
is given by A (u) =

{
i ∈ {1, . . . , Nu}

∣∣ ui = ua
i or ui = ub

i

}
and the inactive index set by

I (u) = {1 . . . , Nu} \ A (u). The procedures in the following will be suggested for the more
elaborate case of time-dependent controls, since analogous results can easily be derived otherwise.

As already indicated, we are interested in determining the smallest eigenvalue λmin ∈ R of the
matrix representation for the reduced Hessian Ĵ ′′(u), denoted by

H(u) ∈ RnH×nH ,

at certain control u ∈ U with its corresponding discrete approximation u ≈ u ∈ U. To be
more precise, for the case of identifying active constraints at u such that A (u) 6= ∅, we have to
compute the smallest eigenvalue only on inactive parts of the Hessian matrix determined by I (u).
Therefore we consider only matrix entries (H(u))ij ∈ R for indices i, j ∈ I (u), or, even more
demonstrative, we delete the ιth rows and columns for all indices ι ∈ A (u), obtaining a matrix
reduced to only inactive entries

HI (u) ∈ RnI×nI

with dimension nI ≤ nH, i.e., reduced to the cardinality nI = |I (u)| ∈ N. This is analogous
to the proceeding for the formulation of the projected Hessian as in Section 3.2, but instead of
modifying active rows and columns according to (3.14), they will now be removed. The smallest
eigenvalue λmin to estimate the coercivity constant for the a-posteriori error (4.7) is then computed
on HI (u).

Remark 4.3.2 Once the active and inactive index sets A (u) and I (u) are determined, MATLAB
offers an efficient way of reduction by simply calling the matrix H(u) ∈ RnH×nH on the logical
vector i(u) ∈ RnH representing the inactive set I (u):

HI (u)← H(u)(i, i) ∈ RnI×nI .

For further implementation details we refer to the MATLAB help function.

For unconstrained time-discrete approximations as presented in (4.8) the matrix dimension is
given by nH = Nu · Nt = nI , since all entries are considered inactive such that A (u) = ∅ and
|I (u)| = Nu · Nt holds. In the same way we obtain for the time-independent case in Remark
4.3.1 a dimension of nH = Nu.

For the computation of the smallest eigenvalue we utilize four approaches. To this let the
function

r← computeHs(u, s) (4.10)

be the Hessian matrix-free (MATLAB-)implementation of Algorithm 5 for input arguments u, s ∈ U
and output r ∈ U. Then the result r is equivalent to computing the application of the Hessian
matrix H(u) at u ∈ Uad on a direction s ∈ U:

r ≡ H(u)s.
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4 A-posteriori error analysis

Along with this, let for U a canonical basis B = {B(l)}NB
l=1 be defined by elements B(l) ∈ RmB×nB

for (columnwise) linear indexing l = 1, ...,mB · nB with entries

B(l),ij =

{
1 for j = dl/me and i = l − (j − 1)m,

0 else ,
(4.11)

where dae = min{z ∈ Z | z ≥ a} denotes the ceiling function. For U as defined in (4.8) we have
NB = Nu ·Nt with mB = Nu and nB = Nt, obtaining elements B(l) ∈ RNu×Nt

B(1) =


1 0 ... 0
0 0 ... 0
...

...
. . .

...
0 0 ... 0

 , B(2) =


0 0 ... 0
1 0 ... 0
...

...
. . .

...
0 0 ... 0

 , . . . , B(NB) =


0 0 ... 0
0 0 ... 0
...

...
. . .

...
0 0 ... 1

 ,

with corresponding (column) vector representation b(l) ∈ RNu·Nt

b(1) =


1
0
...
0

 , b(2) =


0
1
...
0

 , . . . , b(NB) =


0
0
...
1


for l = 1, . . . , NB. For the smallest eigenvalue computation we introduce the following approaches
realised by an implementation in MATLAB:

(1) Matrix-free eigenvalue computation by CGHS

The MATLAB function eigs offers the possibility to compute smallest magnitude eigenvalues of a
matrix A by requiring as input a function Afun instead, that equivalently returns A\x for argument
x, where “\” denotes the MATLAB “backslash”-operator for solving linear equation systems. For our
purpose this is realised by defining Afun as a wrapper function that “inverts” the Hessian-direction
application computeHs by embedding it in a Newton-CG approach ncg:

Afun = @(x) ncg(@(s) computeHs(u,s),x).

Then we employ MATLAB function eigs with parameter ’sm’ for “smallest magnitude” eigenvalue
on Afun. A function call in (simplified) MATLAB notation is given by

λmin = eigs(Afun,’sm’).

For more details on the MATLAB function eigs and therein implemented algorithms (so far
disclosed) we refer to the MATLAB help function or MATLAB documentation provided with each
distribution.

Remark 4.3.3 Please note that for our numerical investigations on a-posteriori error estimation in
Chapter 5 we utilize this approach only for the unconstrained setting Uad = U. This is due to the
fact, that the implementation of computeHs (4.10) used in this work operates for the optimization
process in case of active constraints on projected Hessian information, comprising modified matrix
entries, and not on the (reduced) inactive Hessian information HI (u) actually needed for the
error estimation. Of course, this can be rectified by an appropriate implementation of computeHs,
which was here not further pursued.

80



4.3 Determination of the coercivity constant

Since the eigenvalue computation is carried out by embedding the function computeHs in a
(Newton-)CG method, we refer to this approach hereafter as “CGHS”.

(2) Explicit Hessian matrix representation by FULLHS

This approach utilizes computeHs (4.10) to set up (columnwise) an explicit representation of the
Hessian matrix. Therefore we put a fundamental circumstance to use: if we apply the matrix
H(u) on the l-th basis vector b(l), we obtain the l-th column H(u)·,l ∈ RnH of the Hessian matrix
representation:

H(u)·,l = H(u) b(l) .

Obviously, by the definition of function computeHs, this is nothing else than successively computing
h(l) ∈ RnH by calling computeHs(u,b(l)) for all l = 1, ..., NB,

h(l) ← computeHs(u,b(l)) ,

and then defining the full Hessian matrix representation by

H(u) :=
(
h(1)

∣∣ ... ∣∣ h(l)

∣∣ ... ∣∣ h(NB)

)
∈ RnH×nH .

Of course, in case of active constraints A (u) 6= ∅, the columns h(l) are only computed for l ∈ I (u)
and rows are deleted accordingly to obtain HI (u). An algorithmic description is given in Algorithm
7. Since a (full) matrix representation is generated utilizing the approach by the Hessian-direction
application (computeHs), we refer to this proceeding by “FULLHS”. The smallest eigenvalue is
then obtained by the minimum over all eigenvalues computed by MATLAB function eig:

λmin = min(eig(H(u))) .

Algorithm 7 FULLHS
Require: u ∈ Uad
1: Init: A (u), I (u) with indices arranged in ascending order, empty matrix H =

( )
, column

index j = 1
2: for l ∈ I (u) do
3: b(l) ← generate B(l) by (4.11) and store (column) vector representation
4: H·,j = h(l) ← compute l-th column by calling computeHs(u,b(l))
5: j ← j + 1
6: end for
7: if A (u) 6= ∅ then
8: H(ι, :) = [ ]← delete ιth row in H for ι ∈ A (u)
9: end if

10: return H

For the computation of an nH × nH-dimensional matrix, we have to call nH-times the function
computeHs, such that the numerical effort grows linearly in the dimension nH. Note, that each call
includes the solution to the linearized state equation (P.LSE) and the linearized adjoint equation
(P.LAE), see Algorithm 5.
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4 A-posteriori error analysis

(3) Explicit Hessian matrix representation by SENS

The third approach describes an entry-by-entry computation of a (full) Hessian matrix represen-
tation, based on the principle, that the ij-th matrix entry of H(u) can be determined by basis
vectors b(i) and b(j) for i, j ∈ {1, ..., NB} as follows:

H(u)ij = b>(i) H(u) b(j) ∈ R .

Instead of the function computeHs, we use here the sensitivity approach as mentioned in Remark
1.5.2 and refer therefore to this procedure by “SENS”. We recall the basic idea: For an explicit
representation of Ĵ ′′(u) for some u ∈ U we have to compute all directional derivatives

d2Ĵ(u, v, w) = Ĵ ′′(u)[v, w] , v, w ∈ B ,

for a basis B of U . We can see by formula (1.74),(
Ĵ ′′(u)v, w

)
U∗,U

=
(
Lyy(y(u), u, p)y′(u)v, y′(u)w

)
Y ∗,Y

+
(
Lyu(y(u), u, p)v, y′(u)w

)
Y ∗,Y

+
(
Luy(y(u), u, p)y′(u)v, w

)
U∗,U

+
(
Luu(y(u), u, p)v, w

)
U∗,U

,

that for the evaluations of all combinations for v, w ∈ B, we once have to compute all sensitivities
δsy = y′(u)s for all elements s ∈ B. For problem (P) this is nothing else than solving the linearized
state equation (P.LSE), while the derivatives for the Lagrange function L are given by (1.60) to
(1.63). Of course, in case of active constraints A (u) 6= ∅, we consider for the computation again
only inactive entries according to I (u). An algorithmic description is presented in Algorithm 8,
for which we already considered the fact, that the Hessian is a symmetric operator and hence we
only need to compute the entries of the diagonal and the upper half of the matrix.

Algorithm 8 SENS
Require: u ∈ Uad
1: Init: A (u), I (u) with indices arranged in ascending order, empty sets B, S = {}, empty

matrix H =
( )

, row index i = 1
2: nH = |I (u)| ← determine matrix dimension by cardinality of I (u)
3: for l ∈ I (u) do
4: B(i) = b(l) ← generate B(l) by (4.11) and store (column) vector representation in B
5: S(i) = δb(l)

y ← solve (P.LSE) for b(l) and store the sensitivity δb(l)
y in S

6: i← i+ 1
7: end for
8: for i = 1 to nH do
9: for j = i to nH do

10: Hij ← evaluate (1.74) for basis elements B(i),B(j) and sensitivities S(i) and S(j)
11: Hji ← Hij

12: end for
13: end for
14: return H
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4.3 Determination of the coercivity constant

As can be seen in Algorithm 8, for setting up the nH × nH-dimensional matrix H, we have to
compute and store in a preprocessing phase the sensitivities δb(l)

y for all l ∈ I (u), that means, we
solve nH-times the linearized state equation (P.LSE). Subsequently we generate the entries Hij

only for combinations i, j ∈ {1, . . . , nH} of the upper triangular matrix, exploiting the symmetric
structure of H. That is, we have to evaluate (1.74) for a total number of 1

2(n+ 1)n times. Since
this requires no more system solves, the decisive numerical effort is located in the preprocessing
phase, growing (again only) linearly in the dimension of nH.

(4) Hessian matrix approximation by BFGS

A fourth approach is given by choosing for optimization the (projected) Quasi-Newton BFGS
method as described in Section 3.2. Then, the nearby idea is to employ the smallest eigenvalue
computation on the BFGS approximation B ≈ H ∈ RnH×nH of the Hessian matrix, which is
iteratively generated during the optimization process. The advantage is quite clear, since the
approximation matrix is already available at the end of the optimization process and, in case of
existing active constraints A (u) 6= ∅, it has only to be reduced on inactive entries according to
I (u) as decribed in Remark 4.3.2. Hence, the numerical effort is nearly equal zero.

As already mentioned, this approach is based on an eigenvalue computation of only an approx-
imation B of the Hessian. The quality of a BFGS approximation depends on established, but up
to a certain degree also heuristic standards, for instance, how to initialize or reset an approxima-
tion properly if needed during optimization (compare, e.g., Kelley [Kel99] or Nocedal and Wright
[NW06]), as well as on an adequate number of iterations and therein performed (rank-2) updates.
Hence the question is justified, whether the generated approximation B is reliable also for an esti-
mation of the coercivity constant δ, even when it was sufficient for optimization. For our numerical
analyses we will take this aspects into consideration by imposing the requirement to utilize only
approximations B for smallest eigenvalue computation, that are continuously updated through the
optimization process and no reset is performed.

Remark 4.3.4 Let us emphasize the fact, that except for the fourth approach by BFGS (4), neither
CGHS (1), FULLHS (2) nor SENS (3) are linked to the choice of the optimization method. This
should be also considered for a possible comparison concerning the numerical effort as a whole.
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5 Numerical results

In this chapter we present a numerical survey on the a-posteriori error estimation concept as
introduced in Chapter 4. Therefore we suppose, that the (in general unknown) optimal solution ū
and the approximated (sub-)optimal solution ũ are given by the numerical optimal finite element
(FE) and POD-reduced order (RO) solutions ūh and ū` to the nonlinear optimal control problem
formulation as introduced in (P). Hence, we are interested in estimating the distance

‖ūh − ū`‖U ≤ εape(ū`)

by the a-posteriori error εape(ū`) := (λmin)−1 ‖ζ(ū`)‖U , with λmin the smallest eigenvalue of the
Hessian matrix representation of Ĵ ′′(ū`) and ζ the perturbation fuction as constructed in Sec-
tion 4.2. In the following we put special focus on a numerical analysis of the different approaches
CGHS, FULLHS, SENS and BFGS as introduced in Section 4.3 for the computation of the smallest
eigenvalue. Therefore we compare, beside the computed eigenvalues and computational perfor-
mances, also the quality of the (approximative) Hessian matrix representations. To this purpose
we utilize as matrix norm the so-called spectral norm ‖M‖2 =

√
λmax(M>M) for square matrix

M ∈ Rn×n, as it can be found, e.g., in Stewart and Sun [SS90], and define for (Hessian) matrices
X,Y ∈ Rn×n and controls u, v, w ∈ U the norms

η(X; v, w) := ‖X(v)−X(w)‖2 (5.1a)

and
η(X,Y;u) := ‖X(u)−Y(u)‖2 . (5.1b)

We start our numerical analyses for time-independent controls u ∈ Uad as given in (1.32), in a
first instance for the unconstrained case Uad = U , proceeding then by the activation of upper
bounds such that Uad ⊂ U holds. Subsequently we consider the case of time variant controls as
given in (1.31), confined on unconstrained controls for specified reasons. The different numerical
evaluations are determined by presenting the relevant observations and a summary of the gained
knowledge is stated in a conclusion at the end of the chapter.

For our numerical investigations we consider a fully discrete (FE as well as RO) problem for-
mulation of (P) as introduced in Chapter 2. Unless otherwise stated, the space-time cylinder
Q = Ω × (t◦, te) is given by the two-dimensional space domain Ω = (0, 1) × (0, 1) ⊂ R2 with
regular FE triangulation of maximum edge size ∆x = 3.0× 10−2 and Nx = 1089 mesh points,
and the time interval (t◦, te) for t◦ = 0 and te = 1, discretized in Nt = 251 time points with
∆t = 4.0× 10−3. For Nu = 25 we split the spatial domain in subdomains Ω1, . . . ,Ω25 and apply
in (P.SE) the 25-dimensional control u = (u1, . . . , u25) ∈ R25 by time-invariant cuboid shape
functions b1, . . . , b25 on the corresponding subdomains, see Figure 5.1. The nonlinearity is defined
as N (y) = 0.1 y3. Furthermore we set f ≡ 0 and the coefficient c1 = 1, and consider (P.SE)
for homogeneous Neumann boundary conditions, setting q = g ≡ 0. As initial value at time t◦
we set y◦(x) = 1.5 − 2(x2 − 0.5)2. For the cost function (P.J) we choose the desired states
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Figure 5.1: Spatial domain and shape functions.

yQ(x, t) = sin(x1) · sin(x2) · cos(tπ) and yΩ(x) = 2(1 + |2x1−x2|) with weightings αQ = 1.0 and
αΩ = 10.0, see Figure 5.2, and the desired control ud ≡ 0 with regularization κ = 0.1. For opti-
mization we set the termination tolerances τa = 2.5× 10−3, τr = 1.0× 10−4 and τĴ = 1.0× 10−6,
compare Sections 3.2.3 and 2.1.4.
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Figure 5.2: Desired states yQ and yΩ.

For POD basis computation we employ multiple snapshot sets SPOD
1 = {y(t) | t ∈ [t◦, te]}

and SPOD
2 = {p(t) | t ∈ [t◦, te]} with (high-dimensional) state and adjoint solutions y and p to

(P.SE) and (P.AE) for basis computation control ubc ∈ U . The EIM basis computation is
consequently done for snapshots SEIM = {N (y(t)) | t ∈ [t◦, te]}. The optimization is carried
out by (projected) line search methods as introduced in Chapter 3, once with Newton-direction
computation by CG, denoted by “(P)NCG”, and then with Quasi-Newton direction computation by
BFGS, short “(P)BFGS”. Unless otherwise stated, we use the standard settings as described in the
related chapters and sections.

For reasons of clarity we try to avoid sub- and superscripts in the notation, when the assertions
become clear from context. We also present results arising from RO optimization only for selected
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5.1 Time-independent unconstrained controls

numbers ` of POD basis functions as long as a derivation of the general beahviour and performance
can be achieved. Otherwise we comment on relevant observations and aspects in more detail at
certain points.

5.1 Time-independent unconstrained controls

For a first numerical investigation we consider the time-independent and unconstrained case Uad =
U = RNu , i.e., the bounds are set to uai = −∞ and ubi = +∞ for i = 1, . . . , Nu. Hence, for
admissibility of the controls u ∈ U no projection is needed.

We start by a comparison of the optimization methods concerning their performance and quality
in high (FE) as well as in low (RO) dimension. In addition we consider a standard gradient method
“GRAD” as can be found in Kelley [Kel99] or Nocedal and Wright [NW06]. The focus is mainly on
the more sophisticated methods NCG and BFGS, while GRAD is utilized to emphasize the numer-
ical efficiency that goes along with the additional implementation costs for higher-order methods,
e.g., for providing second-order derivative information. The BFGS approximation is initialised by
the identity matrix I = diag(1, . . . , 1) ∈ RNu×Nu . The optimization in reduced order (RO) was
done for up to a number ` = 13 of POD basis functions and a (fixed) number ℘ = 18 of EIM
basis functions. The snapshot sets are computed for ubc ≡ 1 ∈ RNu . The decay of the first 20
eigenvalues for the POD basis computation with corresponding energy ratio E(`) can be found in
Figure 5.3 and Table 5.1.
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Figure 5.3: Eigenvalue decay for i = 1, . . . , 20.

` E(`)

1 7.988 301× 10−1

3 9.965 216× 10−1

5 9.998 180× 10−1

7 9.999 842× 10−1

9 9.999 961× 10−1

11 9.999 995× 10−1

13 9.999 999× 10−1

Table 5.1: Energy ratio for POD.

In Table 5.2 we list the average FE and RO computation times that are needed in a single op-
timization iteration step to solve the (linearized) state and adjoint equations (P.SE), (P.AE),
(P.LSE) and (P.LAE). Here the numerical benefit of the ROM optimization approach becomes
clearly evident. Let us note, that the amount of the computational speed-up that is additionally
generated by EIM can be quantified by a factor between 1.2 to 2. That is, in the best case (here
for ` = 9) the solution time for (P.SE) was halfened from 0.26 sec to 0.13 sec by utilizing POD in
combination with EIM for model order reduction. The FE and RO optimization results for GRAD,
NCG and BFGS are presented in Tables 5.4, 5.5 and 5.6. The number of solver calls that are
needed in a single optimization iteration step to solve the (linearized) state and adjoint equations
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∅ Time [s] per iteration step

` (P.SE) (P.AE) (P.LSE) (P.LAE)

1 0.11 0.03 0.03 0.04
3 0.15 0.05 0.04 0.06
5 0.13 0.03 0.03 0.05
7 0.13 0.04 0.04 0.05
9 0.13 0.03 0.04 0.06
11 0.14 0.04 0.04 0.06
13 0.14 0.04 0.04 0.06

FE 2.18 0.58 0.57 0.61

Table 5.2: Average solver times for a single optimization iteration step.

are listed in Table 5.3, where we denote by nCG ∈ N+ the number of (CG-)iterations needed to
solve the Newton equation (3.8) (inexactly) by the conjugate gradient approach. For this setting,
the average number of CG-iterations over all ` and FE is given by ∅nCG = 3. The FE optimal

# Calls per iteration step

(P.SE) (P.AE) (P.LSE) (P.LAE)

GRAD 1 1 0 0
NCG 1 1 3∗ 3∗

BFGS 1 1 0 0

∗Average number ∅nCG of CG-iterations over all ` and FE

Table 5.3: Number of solver calls for a single optimization iteration step.

control for NCG is visualized in Figure 5.4. A comparison of the differences between the computed
optimal controls is given in Table 5.7. In Figures 5.5 and 5.6 we substitutionally present the com-
puted NCG-optimal FE and RO state and ajoint solutions yh, y` at final time te and ph, p` at an
intitial time t◦, since for GRAD and BFGS we hardly see differences in the behaviour for FE as well
as increasing number ` of POD basis functions.

In the next step we compare the a-posteriori error estimation from Chapter 4 for the different
computational ways of the smallest eigenvalue of the Hessian matrix as introduced in Section 4.3:
CGHS, FULLHS, SENS and BFGS. We start with an investigation of the quality of the obtained
matrices, omitting the approach by CGHS, since it goes along without setting up an explicit matrix
representation. For clarity, we denote the obtained matrices by HF ∈ RNu×Nu for FULLHS,
HS ∈ RNu×Nu for SENS and B ∈ RNu×Nu for BFGS and analyse their difference by the spectral
norm introduced in (5.1). Since we have only access to a BFGS approximation B for a-posteriori
error estimation if the optimization was carried out by a Quasi-Newton BFGS approach, we utilize
for a comparison the solutions ūh and ū` generated by the BFGS method. The results are shown
in Tables 5.8 and 5.9. The norm of the perturbation as well as the smallest eigenvalues for the
different approaches are presented in Table 5.10, the corresponding computation times are shown
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5.1 Time-independent unconstrained controls

` NIt J Time [s] ‖ȳh − ȳ`‖ ‖p̄h − p̄`‖ ‖ūh − ū`‖

1 30 1.5839× 101 5.8 2.6097× 10−1 1.5672 1.3578
3 37 1.5625× 101 6.9 1.9671× 10−2 6.8450× 10−2 3.5555× 10−2

5 37 1.5645× 101 7.6 1.8050× 10−2 1.9397× 10−2 3.8354× 10−2

7 37 1.5642× 101 8.2 4.4473× 10−3 1.4677× 10−2 3.8252× 10−2

9 37 1.5640× 101 8.6 3.9492× 10−3 1.4503× 10−2 3.8305× 10−2

11 37 1.5642× 101 8.9 3.2822× 10−3 1.2873× 10−2 3.7915× 10−2

13 37 1.5644× 101 9.1 3.0513× 10−3 1.2635× 10−2 3.7920× 10−2

FE 30 1.5692× 101 73.8

Table 5.4: FE and RO optimization results for GRAD.

` NIt J Time [s] ‖ȳh − ȳ`‖ ‖p̄h − p̄`‖ ‖ūh − ū`‖

1 3 1.5839× 101 0.8 2.6022× 10−1 1.5633 1.3593
3 3 1.5625× 101 0.9 1.9653× 10−2 6.8771× 10−2 1.8423× 10−2

5 3 1.5644× 101 1.2 1.8035× 10−2 1.9676× 10−2 1.5147× 10−2

7 3 1.5641× 101 1.4 4.3771× 10−3 1.5183× 10−2 1.4581× 10−2

9 3 1.5639× 101 1.4 3.8724× 10−3 1.5092× 10−2 1.4756× 10−2

11 3 1.5641× 101 1.4 3.1772× 10−3 1.3468× 10−2 1.4305× 10−2

13 3 1.5643× 101 1.5 2.9267× 10−3 1.3183× 10−2 1.4429× 10−2

FE 3 1.5692× 101 20.1

Table 5.5: FE and RO optimization results for NCG.

in Tables 5.11 and 5.12. Finally, the a-posteriori error estimation with smallest eigenvalues λmin
computed by FULLHS, SENS, BFGS and CGHS at optimal solutions ūh, ū` obtained by the BFGS
method is shown in Table 5.13.

Observation

The numerical benefit of considering reduced order approximations of high-dimensional models for
solving the (linearized) state and adjoint equations can be seen in Table 5.2, where a computational
speed-up up to a factor of 20 can be achieved. Let us mention here, that this factors cannot be
directly transferred to the optimization approach, since not all algorithmical parts can be reduced
and hence accelerated by the MOR concept. For example, the computation of the right-hand
sides in (P.LSE) and (P.LAE) have to be done in full dimension before they are reduced for
an application in the RO context. This is were the procedures for FE and RO coincide and no
numerical benefit can be achieved.

The optimization in high (FE) dimension as well as reduced (RO) dimension processes for all three
methods GRAD, NCG and BFGS almost equal, except for the number of iterations needed until
termination, of course (compare Tables 5.4, 5.5 and 5.6). Regarding to this, if we have a look at the
optimization times, we see the numerical advantage the additional effort for implementing second-
order derivative information brings along: for FE the NCG and BFGS method are approximately
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` NIt J Time [s] ‖ȳh − ȳ`‖ ‖p̄h − p̄`‖ ‖ūh − ū`‖

1 8 1.5839× 101 1.7 2.6027× 10−1 1.5649 1.3547
3 8 1.5624× 101 2.2 1.9786× 10−2 7.0305× 10−2 2.9636× 10−2

5 8 1.5643× 101 2.3 1.8200× 10−2 2.5262× 10−2 2.9371× 10−2

7 8 1.5641× 101 2.5 5.0356× 10−3 2.2343× 10−2 2.8222× 10−2

9 8 1.5639× 101 2.5 4.6262× 10−3 2.2576× 10−2 2.7768× 10−2

11 8 1.5641× 101 2.6 4.0309× 10−3 2.1240× 10−2 2.7740× 10−2

13 8 1.5643× 101 2.7 3.8148× 10−3 2.0800× 10−2 2.8115× 10−2

FE 8 1.5692× 101 22.5

Table 5.6: FE and RO optimization results for BFGS.

GRAD – NCG GRAD – BFGS NCG – BFGS
∆ū := ūGRAD − ūNCG ∆ū := ūGRAD − ūBFGS ∆ū := ūNCG − ūBFGS

` ‖∆ū‖U max
i

(|∆ūi|) ‖∆ū‖U max
i

(|∆ūi|) ‖∆ū‖U max
i

(|∆ūi|)

1 3.314× 10−2 1.117× 10−2 3.919× 10−2 1.448× 10−2 7.866× 10−3 3.315× 10−3

3 2.334× 10−2 8.286× 10−3 4.042× 10−2 1.660× 10−2 2.361× 10−2 8.705× 10−3

5 2.363× 10−2 7.236× 10−3 4.067× 10−2 1.614× 10−2 2.870× 10−2 9.401× 10−3

7 2.362× 10−2 7.228× 10−3 4.059× 10−2 1.600× 10−2 2.863× 10−2 9.246× 10−3

9 2.361× 10−2 7.207× 10−3 4.060× 10−2 1.601× 10−2 2.859× 10−2 9.250× 10−3

11 2.361× 10−2 7.207× 10−3 4.057× 10−2 1.595× 10−2 2.858× 10−2 9.194× 10−3

13 2.362× 10−2 7.205× 10−3 4.055× 10−2 1.592× 10−2 2.859× 10−2 9.160× 10−3

FE 4.826× 10−2 1.532× 10−2 5.220× 10−2 1.849× 10−2 1.177× 10−2 3.880× 10−3

Table 5.7: Difference ∆ū ∈ R25 of the computed optimal controls.

3.5 times as fast as GRAD. The same holds true for RO, even providing a speed-up factor of
around 9.0 for ` = 13 by utilizing the NCG approach. As expected, the approximation quality for
optimal state and adjoint solutions improves for an increasing number ` of POD basis functions
(see Figures 5.5 and 5.6).

Concerning the a-posteriori error estimation, we will find only small deviation between the Hessian
matrices HF and HS computed by FULLHS and SENS, both comparing the corresponding FE
solution matrix against the RO solution matrices as in Table 5.8, and comparing HF and HS at
all RO solutions as in Table 5.9. The same holds true for the corresponding smallest eigenvalues,
including the CGHS approach. While the first observation can also be transferred for the BFGS
approximation B, the deviation is higher when we compare it to matrices HF and HS at solutions
ūh and ū`. Indeed, this is nothing to be unexpected, since BFGS only approximates second-order
derivative information. Here, the BFGS approximation was carried out by a total number of 8
rank-2 updates for a Hessian matrix of dimension 25 × 25. Starting by the identity matrix I as
initial BFGS approximation, one might speculate that the number of iterations is not enough for an
sufficient approximation. Therefore we will find also larger gaps between the associated smallest
eigenvalues as shown in Table 5.10. But for the main purpose of an reliable a-posteriori error
estimate, we are mainly interested in the order of the smallest eigenvalue λmin, which is met the
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Figure 5.4: FE optimal control ūh for i = 1, . . . , Nu.

same for all four approaches FULLHS, SENS, BFGS and CGHS. In combination with the norm of
the perturbation function ζ, the a-posteriori error estimates provide for all ` narrow upper bounds
as can be seen in Table 5.13 and Figure 5.7.
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Figure 5.7: A-posteriori error estimates for increasing number `.
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Figure 5.5: NCG state solutions y(te).
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Figure 5.6: NCG adjoint solutions p(t◦).
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FULLHS SENS BFGS

` η
(
HF; ūh, ū`

)
η
(
HS; ūh, ū`

)
η
(
B; ūh, ū`

)
1 2.1608× 10−2 2.1646× 10−2 2.2269× 10−1

3 3.4279× 10−4 3.4336× 10−4 1.8581× 10−2

5 3.3564× 10−4 3.3620× 10−4 7.2876× 10−3

7 3.1238× 10−4 3.1289× 10−4 6.3119× 10−3

9 2.9771× 10−4 2.9820× 10−4 7.1602× 10−3

11 3.0731× 10−4 3.0782× 10−4 6.8709× 10−3

13 3.1753× 10−4 3.1806× 10−4 6.9626× 10−3

Table 5.8: Matrix deviation at BFGS solutions ūh and ū`.

FULLHS – SENS BFGS – FULLHS BFGS – SENS

` η
(
HF,HS; ū`

)
η
(
B,HF; ū`

)
η
(
B,HS; ū`

)
1 6.8272× 10−5 8.9999× 10−1 8.9999× 10−1

3 6.1275× 10−5 8.9999× 10−1 8.9999× 10−1

5 6.1272× 10−5 8.9999× 10−1 8.9999× 10−1

7 6.1266× 10−5 8.9999× 10−1 8.9999× 10−1

9 6.1263× 10−5 8.9999× 10−1 8.9999× 10−1

11 6.1265× 10−5 8.9999× 10−1 8.9999× 10−1

13 6.1267× 10−5 8.9999× 10−1 8.9999× 10−1

FE 6.1204× 10−5 8.9999× 10−1 8.9999× 10−1

Table 5.9: Matrix deviation at BFGS solutions ū`.

Finally let us comment on the computation time for the a-posteriori error estimation. The
evaluation of the norm of the perturbation ‖ζ‖ is independent of the choice of the method of
smallest eigenvalue computation and took around 2.4 sec, see Table 5.11. The smallest eigenvalue
computation by CGHS turns out to be the most expensive method with 37.7 sec, followed by
FULLHS (27.5 sec), SENS (15.1 sec) and BFGS (0.0002 sec), compare Table 5.12. While for
GRAD the computational time for both the RO optimization (9.1 sec for ` = 13) and the a-
posteriori error estimation (40.1 sec for CGHS) is in sum still less than the FE optimization time
(73.8 sec), this is here not longer the case for FE optimization with NCG (20.1 sec) and BFGS (22.5
sec). Only an error estimation with the eigenvalue computation by the BFGS approach (0.002 sec)
offers a competitive alternative. Please remember, that a BFGS approximation B for eigenvalue
computation is only available, if for optimization the Quasi-Newton BFGS approach was utilized
before (which might not be the method of choice for some reasons). An obvious reason concerning
the computational time is the (very) small number of iterations needed during the optimization
process by NCG and BFGS. Of course, FULLHS and SENS (and even CGHS) can become attractive
again, when the FE optimization time exceeds the computational time for RO optimization plus
a-posteriori error estimation by a multiple. This could be the case for engineering problems, where
very large (FE) optimality systems have to be solved and the advantages of reduced order model
techniques are particularly brought to the fore. But so far we can only hold to the fact the smallest
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Perturbation FULLHS SENS BFGS CGHS

` ‖ζ‖ λmin(HF) λmin(HS) λmin(B) λCGHSmin

1 3.315× 10−1 0.1000035 0.1000022 0.1093267 0.1000165
3 6.147× 10−3 0.1000035 0.1000024 0.1175361 0.1000137
5 6.145× 10−3 0.1000035 0.1000024 0.1180094 0.1000179
7 5.859× 10−3 0.1000035 0.1000024 0.1179999 0.1000150
9 5.681× 10−3 0.1000035 0.1000024 0.1180264 0.1000122
11 5.790× 10−3 0.1000035 0.1000024 0.1180250 0.1000196
13 5.923× 10−3 0.1000035 0.1000024 0.1180004 0.1000149

FE 8.496× 10−4 0.1000033 0.1000024 0.1193409 0.1000153

Table 5.10: Perturbation and smallest eigenvalues.

∅ Time [s]

Step 1: Solve state equation (P.SE) (FE) 1.870
Step 2: Solve adjoint equation (P.AE) (FE) 0.525

Step 3: Compute gradient ∇Ĵ and perturbation ζ 0.002
Step 4: Evaluate norm of perturbation ‖ζ‖ < 0.001

Total time for steps 1 to 4 2.397

Table 5.11: Computation times for norm of perturbation ‖ζ‖.

eigenvalue computation is the most expensive part and may even exceed FE optimization costs.

5.2 Time-independent constrained controls

We adopt the setting from the previous section and add constraints in form of upper bounds
ubi = 1.5 for the first five controls i = 1, . . . , 5, such that now the constraint case Uad ⊂ U is
considered. Consequently for optimization we will apply the projected line search methods PNCG
and PBFGS. Since ubc ≡ 1 ∈ Uad, the reduced order modeling is not affected and the decay of
the eigenvalues as well as the POD energy ratio E(`) stay unchanged (see Figure 5.3 and Table
5.1). The optimization results for PNCG and PBFGS are presented in Tables 5.14 and 5.15, the
FE optimal control for PBFGS is visualized in Figure 5.8. A comparison of the differences between
the computed optimal controls can be found in Table 5.16.

For the a-posteriori error estimation we again compare the quality of the matrices HF, HS

and B obtained by the different approaches FULLHS, SENS and BFGS introduced in Section
4.3 for optimal solutions generated by the PBFGS optimization method. Since we are dealing
here with control constraints, the smallest eigenvalue computation is conducted only on matrix
entries according to the inactive set I (u) at current solution u ∈ Uad. After identifying the
active set A (u) according to the constraints met for u ∈ Uad, the inactive set is determined by
I (u) = {1, ..., Nu}\A (u). Obviously, a comparison of the (reduced) matrices HF

I (u), HS
I (u) and

BI (u) only makes sense, when they coincide in their active and inactive sets, respectively. Please
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∅ Time [s]

CGHS Call eigs(ncg(computeHs),’sm’) 37.7
FULLHS Set up HF (27.5 s) and call min(eig(HF)) (0.002 s) 27.5
SENS Set up HS (15.1 s) and call min(eig(HS)) (0.002 s) 15.1
BFGS Use B from optimization and call min(eig(B)) 0.002

Table 5.12: Computation times for smallest eigenvalue λmin.

Error FULLHS SENS BFGS CGHS

` ‖ūh − ū`‖ 1
λmin(HF)

‖ζ‖ 1
λmin(HS)

‖ζ‖ 1
λmin(B)‖ζ‖

1
λCGHS

min
‖ζ‖

1 1.3547 3.3144 3.3144 3.0317 3.3140
3 2.9636× 10−2 6.1468× 10−2 6.1469× 10−2 5.2299× 10−2 6.1462× 10−2

5 2.9371× 10−2 6.1449× 10−2 6.1450× 10−2 5.2073× 10−2 6.1441× 10−2

7 2.8222× 10−2 5.8592× 10−2 5.8592× 10−2 4.9656× 10−2 5.8585× 10−2

9 2.7768× 10−2 5.6809× 10−2 5.6810× 10−2 4.8135× 10−2 5.6805× 10−2

11 2.7740× 10−2 5.7893× 10−2 5.7894× 10−2 4.9053× 10−2 5.7884× 10−2

13 2.8115× 10−2 5.9232× 10−2 5.9233× 10−2 5.0198× 10−2 5.9225× 10−2

Table 5.13: A-posteriori error estimates for BFGS optimization solutions ū`.

note that for the sake of a simple notation we skip the subscript, being aware of the fact, that the
Hessian matrix for eigenvalue computation is only considered on inactive entries (compare Section
4.3). For our numerical PBFGS optimization solution at hand, the identified active sets are given in
Table 5.17. Apparently, a comparison of the matrices at FE solution ūh against the RO solution ū`

for ` = 1 is not productive, since for all approaches FULLHS, SENS and BFGS the corresponding
active sets are not matching. For all other cases the results are presented in Tables 5.18 and 5.19.
The last column “Mat.Dim.” indicates the resulting (reduced) matrix dimension. The norm of
the perturbation function and the smallest eigenvalues computed by FULLHS, SENS and BFGS
are given in Table 5.20. The last row shows the corresponding average computation times. In
the case of FULLHS and BFGS this includes the time for setting up the matrix representation HF

and HS, while in case of BFGS the matrix B is already generated during the PBFGS optimization
process. Finally, the resulting a-posteriori error estimates are presented in Table 5.21.
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5.2 Time-independent constrained controls

` NIt J Time [s] ‖ȳh − ȳ`‖ ‖p̄h − p̄`‖ ‖ūh − ū`‖

1 3 1.6005× 101 0.9 2.6764× 10−1 1.6462 1.4135
3 3 1.5708× 101 1.2 2.0811× 10−2 7.2828× 10−2 2.6095× 10−2

5 3 1.5728× 101 1.6 1.9626× 10−2 3.2357× 10−2 3.0066× 10−2

7 3 1.5726× 101 1.6 7.5219× 10−3 2.9326× 10−2 3.1909× 10−2

9 3 1.5724× 101 1.7 6.8475× 10−3 2.8658× 10−2 3.2677× 10−2

11 3 1.5727× 101 1.9 2.7136× 10−3 2.4336× 10−2 3.0980× 10−2

13 3 1.5729× 101 1.9 2.5231× 10−3 2.4713× 10−2 3.0504× 10−2

FE 3 1.5759× 101 16.8

Table 5.14: FE and RO optimization results for PNCG.

` NIt J Time [s] ‖ȳh − ȳ`‖ ‖p̄h − p̄`‖ ‖ūh − ū`‖

1 8 1.6005× 101 1.6 2.6760× 10−1 1.6462 1.4121
3 8 1.5708× 101 1.5 2.0875× 10−2 7.0718× 10−2 1.7852× 10−2

5 8 1.5728× 101 1.6 1.9655× 10−2 2.4790× 10−2 1.6129× 10−2

7 8 1.5726× 101 2.0 7.5884× 10−3 2.0716× 10−2 1.6292× 10−2

9 8 1.5724× 101 1.9 6.9421× 10−3 2.0397× 10−2 1.6134× 10−2

11 8 1.5727× 101 2.0 2.7422× 10−3 9.3819× 10−3 9.2610× 10−3

13 8 1.5729× 101 2.1 2.4926× 10−3 9.1815× 10−3 9.1971× 10−3

FE 8 1.5759× 101 21.7

Table 5.15: FE and RO optimization results for PBFGS.

Perturbation FULLHS SENS BFGS

` ‖ζ‖ λmin(HF) λmin(HS) λmin(B)

1 3.149× 10−1 0.1000036 0.1000025 0.1060343
5 3.374× 10−3 0.1000038 0.1000026 0.1121178
9 3.147× 10−3 0.1000038 0.1000026 0.1121735
13 2.716× 10−3 0.1000038 0.1000026 0.1121009

FE 1.972× 10−3 0.1000038 0.1000026 0.1131077

∅ Time [s] 2.4 20.8 12.3 0.001

Table 5.20: Perturbation and smallest eigenvalues.
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5

l

3
4

j

2
3

1 2

1
0

0.5

1

1.5

2

Figure 5.8: FE optimal control ūh for i = 2, . . . , Nu with ūhi = ubi for i = 1, . . . , 5.

Error FULLHS SENS BFGS

` ‖ūh − ū`‖ 1
λmin(HF)

‖ζ‖ 1
λmin(HS)

‖ζ‖ 1
λmin(B)‖ζ‖

1 1.4121 3.1487 3.1487 2.9696
5 1.6129× 10−2 3.3737× 10−2 3.3737× 10−2 3.0091× 10−2

9 1.6134× 10−2 3.1469× 10−2 3.1469× 10−2 2.8055× 10−2

13 9.1971× 10−3 2.7163× 10−2 2.7163× 10−2 2.4232× 10−2

Table 5.21: A-posteriori error estimates for PBFGS optimization solutions ū`.

Observation

As can be seen in the present tables, the numerical optimization process for PNCG and PBFGS
differs not seriously from the unconstrained case in Section 5.1. Hence we can transfer our previous
observations in an analoguous way. The same holds true for the quality of the a-posteriori error
estimates as presented in Table 5.21 for selected number ` of POD basis functions, obtaining
again for all ` narrow upper bounds for the actual error. The only striking difference we will find
is given in the average computation times for setting up the Hessian matrix representation for
FULLHS and SENS: since we only need to compute matrix entries according to the inactive set
I (ū`), the computational time is reduced correspondingly, compare Table 5.20 and Table 5.12 for
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5.3 Time-dependent (unconstrained) controls

PNCG – PBFGS
∆ū := ūPNCG − ūPBFGS

` ‖∆ū‖U max
i

(|∆ūi|)

1 7.3399× 10−3 3.4623× 10−3

3 3.2948× 10−2 1.0685× 10−2

5 3.6749× 10−2 1.1301× 10−2

7 3.6934× 10−2 1.1307× 10−2

9 3.6898× 10−2 1.1303× 10−2

11 3.7671× 10−2 1.1538× 10−2

13 3.7674× 10−2 1.1520× 10−2

FE 1.1116× 10−2 4.5083× 10−3

Table 5.16: Difference ∆ū ∈ R25 of the computed optimal controls.

Active sets A (ūh) and A (ū`)

` FULLHS SENS BFGS

1 {1, 2, 3, 4, 5} {1, 2, 3, 4, 5} {1, 2, 3, 4, 5}
5 {2, 3, 4, 5} {2, 3, 4, 5} {2, 3, 4, 5}
9 {2, 3, 4, 5} {2, 3, 4, 5} {2, 3, 4, 5}
13 {2, 3, 4, 5} {2, 3, 4, 5} {2, 3, 4, 5}

FE {2, 3, 4, 5} {2, 3, 4, 5} {2, 3, 4, 5}

Table 5.17: Identified active sets at PBFGS solutions ūh and ū`.

the unconstrained case. Anyway, we are still confronted with the fact, that setting up the Hessian
matrix explicetly for the a-posteriori error computation outperforms the temporal advantage gained
by the RO optimization.

5.3 Time-dependent (unconstrained) controls

For time-dependent controls u ∈ Uad defined in (1.31) the situation is more ellaborate, since
we have to consider also a time-discretization for each control parameter ui(tk), i = 1, . . . , Nu,
k = 1, . . . , Nt, i.e., the dimension of the Hessian matrix is now up to (Nu ·Nt)× (Nu ·Nt),
depending on the number of active constraints as we have seen in the previous section! Obviously,
this can become very quickly extremly large and the capacities of standard computation platforms
and workstations might no longer suffice. Therefore we restrict our setting to a smaller number
Nu = 4 of time-dependent control parameter and perform the optimization on coarser spatial as
well as time discretization, now for regular FE triangulation of maximum edge size ∆x = 3.8× 10−2

with Nx = 729 mesh points and a time discretization ∆t = 1× 10−2 with Nt = 101 time points.
Of course, we accept in this regard less accuracy in our numerical solutions (compare Section
2.1.4). As before, the BFGS approximation is initialised by the identity matrix I = diag(1, . . . , 1)
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FULLHS SENS BFGS Active sets Mat.Dim.

` η
(
HF; ūh, ū`

)
η
(
HS; ūh, ū`

)
η
(
B; ūh, ū`

)
A (ūh) ≡ A (ū`) n× n

1 n/a n/a n/a 6= n/a
5 2.7421× 10−5 2.7462× 10−5 2.4375× 10−2 {2, 3, 4, 5} 21× 21
9 4.7495× 10−6 4.7608× 10−6 2.3899× 10−2 {2, 3, 4, 5} 21× 21
13 1.0547× 10−5 1.0560× 10−5 8.0377× 10−3 {2, 3, 4, 5} 21× 21

Table 5.18: Matrix deviation at PBFGS solutions ūh and ū`.

FULLHS – SENS BFGS – FULLHS BFGS – SENS Active set Mat.Dim.

` η
(
HF,HS; ū`

)
η
(
B,HF; ū`

)
η
(
B,HS; ū`

)
A (ū`) n× n

1 5.9604× 10−5 8.999× 10−1 8.999× 10−1 {1, 2, 3, 4, 5} 20× 20
5 5.5393× 10−5 8.999× 10−1 8.999× 10−1 {2, 3, 4, 5} 21× 21
9 5.5386× 10−5 8.999× 10−1 8.999× 10−1 {2, 3, 4, 5} 21× 21
13 5.5390× 10−5 8.999× 10−1 8.999× 10−1 {2, 3, 4, 5} 21× 21

FE 5.5390× 10−5 8.999× 10−1 8.999× 10−1 {2, 3, 4, 5} 21× 21

Table 5.19: Matrix deviation at PBFGS solutions ū`.

of corresponding dimension (Nu · Nt) × (Nu · Nt). The spatial domain and the cuboid shape
functions are presented in Figures 5.9 and 5.10. The eigenvalue decay and corresponding energy
ratio for the POD basis computation on the coarser spatial grid for ubc ≡ 1 ∈ RNu·Nt can be
found in Figure 5.10 and Table 5.22. The EIM basis range reduced to ℘ = 16.
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Figure 5.10: Eigenvalue decay for i = 1, . . . , 20.

` E(`)

1 7.991 614× 10−1

3 9.964 854× 10−1

5 9.998 697× 10−1

7 9.999 906× 10−1

9 9.999 982× 10−1

11 9.999 998× 10−1

13 9.999 999× 10−1

Table 5.22: Energy ratio for POD.

Due to the coarser grid, also the average FE and RO computation times needed in a single
optimization iteration step to solve the (linearized) state and adjoint equations (P.SE), (P.AE),
(P.LSE) and (P.LAE) reduced, see Table 5.23. Of course, reducing a system that is of lower
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Figure 5.9: Spatial domain and shape functions.

dimension from the beginning, we cannot expect the same effectivitiy. But still the numerical
benefit of the ROM approach is clearly evident, even when the maximum speed-up in the solution
time decreased to a factor around 17. The same holds true for the amount of speed-up generated
by emplyoing EIM, which can now be stated by a factor between 1.2 and 1.8. For the numerical

∅ Time [s] per iteration step

` (P.SE) (P.AE) (P.LSE) (P.LAE)

1 0.111 0.035 0.031 0.039
5 0.079 0.027 0.027 0.031
9 0.053 0.015 0.015 0.022
13 0.054 0.017 0.018 0.024

FE 0.664 0.176 0.265 0.198

Table 5.23: Average solver times for a single optimization iteration step.

anlyses of optimization and a-posteriori error estimation for time-dependent controls we confine
our research without restriction of generality on the unconstrained case Uad = U = RNu×Nt with
bounds set to uai (tk) = −∞ and ubi (tk) = +∞ for i = 1, . . . , Nu and k = 1, . . . , Nt. This allows us
to formulate “worst case” estimations concerning the numerical effort, since otherwise the existence
of active constraints reduces, accompanied with the matrix dimension, also the computational time,
of course (we refer to Section 5.2). The optimization results for NCG and BFGS are presented
in Tables 5.24 and 5.25. A comparison of the differences between the computed optimal controls
can be found in Table 5.26. A visualization of the FE optimal control ūh computed by NCG is
presented in Figure 5.11. For the a-posteriori error estimation we again compare the matrices
HF,HS,B ∈ R(Nu·Nt)×(Nu·Nt) obtained for FULLHS, SENS and BFGS and analyse their difference
by the spectral norm introduced in (5.1) for solutions ūh and ū` generated by the BFGS method.
The results are shown in Tables 5.27 and 5.28. The norm of the perturbation as well as the
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` NIt J Time [s] ‖ȳh − ȳ`‖ ‖p̄h − p̄`‖ ‖ūh − ū`‖

1 4 7.2291 1.2 2.2235× 10−1 1.0108 3.5146
3 4 7.7484 1.3 2.2901× 10−2 9.5154× 10−2 2.3660× 10−1

5 4 7.7680 1.1 2.0581× 10−2 5.4454× 10−2 1.2615× 10−1

7 4 7.7691 1.3 1.0611× 10−2 5.2306× 10−2 1.1819× 10−1

9 4 7.7707 1.2 1.0317× 10−2 5.2141× 10−2 1.1672× 10−1

11 4 7.7701 1.4 1.0096× 10−2 5.2029× 10−2 1.1784× 10−1

13 4 7.7694 1.4 1.0081× 10−2 5.1713× 10−2 1.1789× 10−1

FE 4 7.9857 13.7

Table 5.24: FE and RO optimization results for NCG.

` NIt J Time [s] ‖ȳh − ȳ`‖ ‖p̄h − p̄`‖ ‖ūh − ū`‖

1 10 7.2300 1.2 2.2370× 10−1 1.0204 3.5080
3 11 7.7499 1.5 2.3141× 10−2 9.4656× 10−2 2.3450× 10−1

5 10 7.7698 1.3 2.0802× 10−2 5.3832× 10−2 1.2759× 10−1

7 10 7.7711 1.3 1.1182× 10−2 5.1675× 10−2 1.2260× 10−1

9 10 7.7726 1.3 1.0907× 10−2 5.1382× 10−2 1.2104× 10−1

11 10 7.7720 1.4 1.0745× 10−2 5.1209× 10−2 1.2242× 10−1

13 10 7.7713 1.4 1.0678× 10−2 5.1008× 10−2 1.2230× 10−1

FE 10 7.9874 8.9

Table 5.25: FE and RO optimization results for BFGS.

smallest eigenvalues computed by the different approaches FULLHS, SENS, BFGS and CGHS are
presented in Table 5.29. The corresponding computation times for evaluating the norm of the
perturbation and the computation of the smallest eigenvalues are shown in Tables 5.11 and 5.12.
Please note, that for CGHS the average computation time of 100 sec in Table 5.12 has to be
considered with caution (and is therefore put in brackets). This is due to the observation, that
the computational time varied for the same setting, but multiple computation runs as well as for
different numbers `, in a range from 20 sec up to 180 sec, while all other methods FULLHS, SENS
and BFGS kept stable. A reason for that might be found in the implementation of the function
eigs, which utilizes randomly generated start vectors (see MATLAB help on eigs). So far we
have no indication how to establish a suitable initial vector that guarantees short computation
times. Therefore we suggest this issue for further investigation. Concluding, we present again the
a-posteriori error estimation at optimal solutions ūh, ū` obtained by the BFGS method in Table
5.32.

Observation

Also for the time-dependent (unconstrained) case we adopt for the optimization procedure in an
analoguous way the observations from the previous sections. As remarked at the beginning, due
to the coarser discretization, we expect less accuracy in the approximation of the optimal state,

102



5.3 Time-dependent (unconstrained) controls

PNCG – PBFGS
∆ū := ūPNCG − ūPBFGS

` ‖∆ū‖U max
i,k

(|∆ūi(tk)|)

1 2.3784× 10−1 2.6487× 10−2

3 6.8090× 10−1 1.5652× 10−1

5 7.0480× 10−1 1.2703× 10−1

7 7.2843× 10−1 1.2321× 10−1

9 7.2652× 10−1 1.3021× 10−1

11 7.3154× 10−1 1.2768× 10−1

13 7.2600× 10−1 1.2754× 10−1

FE 6.5833× 10−1 1.2032× 10−1

Table 5.26: Difference ∆ū ∈ RNu×Nt of the computed optimal controls.

FULLHS SENS BFGS

` η
(
HF; ūh, ū`

)
η
(
HS; ūh, ū`

)
η
(
B; ūh, ū`

)
1 1.5328× 10−1 1.5450× 10−3 8.9084× 10−1

3 3.9236× 10−3 3.9316× 10−5 3.0305× 10−1

5 3.8047× 10−3 3.8143× 10−5 1.4285× 10−1

7 4.0533× 10−3 4.0637× 10−5 1.1899× 10−1

9 4.1875× 10−3 4.1991× 10−5 1.1891× 10−1

11 4.1273× 10−3 4.1378× 10−5 1.2152× 10−1

13 4.0600× 10−3 4.0700× 10−5 1.2146× 10−1

Table 5.27: Matrix deviation at BFGS solutions ūh and ū`.

adjoint and control ȳh, p̄h and ūh by the RO approximations ȳ`, p̄` and ū`. Here, more important
is to maintain the striven behaviour of the procedure, that for an increase in the number ` of POD
basis functions also the approximation quality improves (compare Tables 5.24 and 5.25). The
stagnation of the further improvement for ` > 9 is traced back on the observation, that the energy
ratio E(`) is not significantly changing any more.

Again, the more interesting part is provided by the a-posteriori error estimation. Of course, we
find also less accuracy in the comparison of the Hessian matrices and approximations obtained by
FULLHS, SENS and BFGS at FE and RO solutions as well as between themselves, pointing out,
that SENS seems here to be the most reliable approach (see Tables 5.27 and 5.28). Nervertheless,
the smallest eigenvalues preserved for the different approaches allow in all cases a (very) good
a-posteriori estimation of the error, again providing narrow upper bounds, even when we identify
a slight underestimation for ` = 3 in case of BFGS, compare Table 5.32 and Figure 5.12. Let us
also mention here, that we are mainly interested in the order of the error, which was finally met.

Completing, we comment again on the computational times. Due to the coarser discretization
grid the time for the evaluation of the norm of the perturbation function has reduced, since (P.SE)
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Figure 5.11: FE optimal control ūh for i = 1, . . . , Nu and k = 1, . . . , Nt.

and (P.AE) are solved for less degrees of freedom (see Table 5.11). The same holds for solving
(P.LSE) and (P.LAE) involved in the smallest eigenvalue computation in case of FULLHS, SENS
and CGHS, compare Table 5.23. Due to the (much) larger dimension of the Hessian matrices
resulting from the time-dependence of the control, we are even more confronted with the problem
of an efficient a-posteriori error estimation in combination with RO optimization: The smallest
eigenvalue computation time of 99.4 sec by FULLHS is more than 7-times larger than the FE
optimization time of 13.7 sec for NCG, in case of SENS even more than 10-times, compare Tables
5.24 and 5.31. Hence, it seems that the only competitive a-posteriori error estimation approach
is given by BFGS. Again, this applies only on the condition, that the BFGS approach is also the
optimization method of choice.

5.4 Conclusion and outlook

In our numerical analyses we have shown, that the a-posteriori error estimate as introduced in
Chapter 4 provides consistently for all approaches CGHS, FULLHS, SENS and BFGS reliable upper
bounds for a proper quantification of the distance from the (available) RO solution ū`, obtained
by solving the reduced order substitute of the nonlinear control-constrained optimization problems
of the form (P), to the (usually unknown) high-dimensional FE solution ūh. This is an important
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FULLHS – SENS BFGS – FULLHS BFGS – SENS

` η
(
HF,HS; ū`

)
η
(
B,HF; ū`

)
η
(
B,HS; ū`

)
1 5.2357× 10−1 9.005 366× 10−1 9.002 944× 10−1

3 6.5265× 10−1 9.008 449× 10−1 9.331 713× 10−1

5 6.5277× 10−1 9.007 774× 10−1 9.106 458× 10−1

7 6.5255× 10−1 9.007 863× 10−1 9.085 695× 10−1

9 6.5243× 10−1 9.007 845× 10−1 9.087 846× 10−1

11 6.5248× 10−1 9.007 848× 10−1 9.085 226× 10−1

13 6.5254× 10−1 9.007 832× 10−1 9.083 853× 10−1

FE 6.5624× 10−1 9.007 501× 10−1 9.089 295× 10−1

Table 5.28: Matrix deviation at BFGS solutions ū`.

Perturbation FULLHS SENS BFGS CGHS

` ‖ζ‖ λmin(HF) λmin(HS) λmin(B) λCGHSmin

1 8.853× 10−1 0.0992363 0.0999914 0.105964 0.0992601
3 2.694× 10−2 0.0989972 0.1000000 0.129780 0.1000276
5 2.106× 10−2 0.0989971 0.1000000 0.131916 0.1000328
7 2.043× 10−2 0.0989978 0.1000000 0.133789 0.1000401
9 2.054× 10−2 0.0989982 0.1000000 0.133669 0.1000279
11 2.046× 10−2 0.0989979 0.1000000 0.133798 0.1000402
13 2.032× 10−2 0.0989977 0.1000000 0.133821 0.1000241

FE 2.613× 10−3 0.0989883 0.1000000 0.133230 0.1000336

Table 5.29: Perturbation and smallest eigenvalues.

aspect for the acceptance of model order reduction techniques in real world applications, since
otherwise there is no guarantee for the quality and reliability of the approximated solution.

The most relevant part concerning the numerical cost in the a-posteriori error estimation is the
supply of an explicit Hessian representation (in case of FULLHS and SENS) or application (in case
of CGHS), that can be utilized for the computation of the smallest eigenvalue λmin at RO optimal
solution ū`. While the eigenvalue computation on its own can be realised by MATLAB functions
eig and eigs numerically very efficient, the provision of second-order derivative information for the
Hessian requires (multiple) high-dimensional (FE) state and adjoint solutions to (P.SE), (P.AE),
(P.LSE) and (P.LAE). Hence, depending on the numerical scope of the problem, the speed-up
gained by the reduced order model is consumed by the error estimation in connection with the
RO optimization. Only for the case of choosing a Quasi-Newton BFGS approach for optimization
we succeeded to present a competitive a-posteriori error estimation, providing a sufficient number
of iterations and no reinitializations of the BFGS approximation. Anyhow, let us propose this
approach for future numerical investigation and research. For all other cases we have to suggest
at current status a limitation of the application on control problems (P) that involve only a small
number Nu of (time-independent) controls, to allow an efficient a-posteriori error estimation. In
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5 Numerical results

∅ Time [s]

Step 1: Solve state equation (P.SE) (FE) 0.655
Step 2: Solve adjoint equation (P.AE) (FE) 0.120

Step 3: Compute gradient ∇Ĵ and perturbation ζ < 0.001
Step 4: Evaluate norm of perturbation ‖ζ‖ < 0.001

Total time for steps 1 to 4 0.775

Table 5.30: Computation times for norm of perturbation ‖ζ‖.

∅ Time [s]

CGHS Call eigs(ncg(computeHs),’sm’) (100)∗

FULLHS Set up HF (99.4 s) and call min(eig(HF)) (< 0.01 s) 99.4
SENS Set up HS (156.5 s) and call min(eig(HS)) (< 0.01 s) 156.5
BFGS Use B from optimization and call min(eig(B)) < 0.01

∗Note: The computational time varied in a range of 20 sec up to 180 sec.

Table 5.31: Computation times for smallest eigenvalue λmin.

case of time-dependent controls, a possible adaption could be given for problems, that only allow
the influenece of controls at a fixed number K ∈ N of certain time points {t1, . . . , tK} ⊂ (t◦, te)
for K � Nt. For example, such problems are considered in a model predictive control approach
for an optimal EPO dose computation for patients with chronic kidney disease, see Rogg et al.
[RFVKK17]. This has the benefit, that the controls are completely decoupled from the underlying
time discretization and the thereby generated numerical overhead.

As an alternative (global convergent) reduced order model optimization procedure, that circum-
vents an a-posteriori error estimation for the obtained RO optimal solution ū`, one can adduce a
so-called trust-region POD approach (TR-POD). Based on a (standard) trust-region framework,
as can be found, e.g., in Kelley [Kel99] or Nocedal and Wright [NW06], the idea is to replace
the (commonly) quadratic model approximation of the cost function to be minimized by a POD
reduced order model. By an evaluation of the gradient error in each iteration the decision is made,
whether to update the reduced order model, or to keep it for further computations. We refer the
interested reader to the works of, e.g., Arian et al. [AFS00], Fahl [Fah00], Schuh [Sch12] or Sachs
et al. [SSS14], where (adaptive) trust-region POD methods where applied on flow control and par-
tial integro differential equation (PIDE) constrained optimization problems. Let us further mention
the current research of Rogg, T. and Volkwein [RTV17], where a numerical efficient estimation for
the gradient error is investigated.
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5.4 Conclusion and outlook

Error FULLHS SENS BFGS CGHS

` ‖ūh − ū`‖ 1
λmin(HF)

‖ζ‖ 1
λmin(HS)

‖ζ‖ 1
λmin(B)‖ζ‖

1
λCGHS

min
‖ζ‖

1 3.5080 8.9214 8.8540 8.3549 8.9192
3 2.3450× 10−1 2.7210× 10−1 2.6937× 10−1 2.0756× 10−1 2.6930× 10−1

5 1.2759× 10−1 2.1272× 10−1 2.1059× 10−1 1.5964× 10−1 2.1052× 10−1

7 1.2260× 10−1 2.0635× 10−1 2.0428× 10−1 1.5269× 10−1 2.0420× 10−1

9 1.2104× 10−1 2.0745× 10−1 2.0537× 10−1 1.5364× 10−1 2.0531× 10−1

11 1.2242× 10−1 2.0664× 10−1 2.0457× 10−1 1.5290× 10−1 2.0449× 10−1

13 1.2230× 10−1 2.0524× 10−1 2.0319× 10−1 1.5183× 10−1 2.0314× 10−1

Table 5.32: A-posteriori error estimates for BFGS optimization solutions ū`.

1 3 5 7 9 11 13

ℓ

10
0

Error estimates

‖uh
− uℓ‖

CGHS
FULLHS
SENS
BFGS

Figure 5.12: A-posteriori error estimates for increasing number `.
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6 Eigenvalue approximation by Hessian
decomposition

Since the smallest eigenvalue computation of the reduced Hessian turned out to be numerically
the most challenging and costly task, the question arises, if there is a way to make use of the
(certain) structure of an OCP to derive an efficient way for the a-posteriori error estimation, in
particular for the eigenvalue computation. An interesting candidate was found from the class
of parametrized optimal control problems with parameter-invariant PDE constraints, that allows
a parameter-independent decomposition of the reduced Hessian to determine a lower bound for
the smallest eigenvalue. Based on this, we introduce the concept of a “weak” a-posteriori error
estimation for parametrized optimal control problems, which is then realised numerically in the
framework of a so-called POD-greedy algorithm for reduced basis computation. Finally this finds
application in the context of (reduced-order) multiobjective optimal control problems, that are
solved by the weighted sum method.

Please note, that we slightly modify for a better readability the notation for some variables and
expressions in the subsequent sections, while the initial meanings are completely taken over.

6.1 The parametrized nonlinear optimal control problem

We consider the following class of a parametrized nonlinear optimal control problem (µOCP),
where the parameter µ = (µ1, µ2, µ3) ∈ R3 influences the cost function J in form of scalar-
valued weightings in front of the integral terms and the control is given as a right-hand side in our
parameter-invariant PDE, distributed by shape functions on the space-time domain Q:

min
y,u

J(y, u;µ) =
µ1

2

∫
Ω

|y(te)− yΩ|2 dx+
µ2

2

∫
Q

|y − yQ|2 dx dt+
µ3

2

m∑
i=1

|ui − udi|2 (Pµ.J)

subject to the semilinear evolution equation

c1 yt(x, t)−∆y(x, t) +N (x, t, y(x, t)) =

m∑
i=1

ui bi(x, t) + f(x, t) in Q,

∂y

∂ν
(s, t) + q y(s, t) = g(s, t) in Σ,

y(x, t◦) = y◦(x) in Ω,

(Pµ.SE)

for the admissible control and parameter sets

u ∈ Uad =
{
u = (u1, ..., um) ∈ Rm

∣∣ uai ≤ ui ≤ ubi for i = 1, ...,m
}
, (Pµ.U)

µ ∈Mad =
{
µ = (µ1, µ2, µ3) ∈ R3

∣∣ 0 ≤ µi ≤ µbi for i = 1, 2, 3
}

(Pµ.M)
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6 Eigenvalue approximation by Hessian decomposition

with ua, ub ∈ Rm, µb ∈ R3, and uai ≤ ubi , µ
b
i > 0 for i = 1, 2, 3 in a componentwise sense.

Following the argumentation in Section 1.3, we derive that (Pµ.SE) has a unique weak solution
y = y(u) in Y = W (t◦, te)∩L∞(Q) for every u ∈ Uad. For every parameter µ ∈Mad the reduced
cost function and the further on considered reduced problem are given by

Ĵ(u;µ) = J(y(u), u;µ) for u ∈ Uad

and
min Ĵ(u;µ) subject to u ∈ Uad, (P̂µ)

respectively.

Let µ ∈ Mad be chosen and therefore fixed. We compute for given control u ∈ Uad and the
associated state solution y = y(u) to (Pµ.SE) the gradient Ĵ ′( · ;µ) ∈ Rm of the reduced cost
function: let p1 = p1(u) ∈ Y and p2 = p2(u) ∈ Y be the (µ-independent) weak solutions to

−c1 p1t(x, t)−∆p1(x, t) +Ny(x, t, y(x, t))p1(x, t) = yQ(x, t)− y(x, t) in Q,
∂p1

∂ν
(s, t) + q p1(s, t) = 0 in Σ,

p1(x, te) = 0 in Ω,

(Pµ.AE1)

and

−c1 p2t(x, t)−∆p2(x, t) +Ny(x, t, y(x, t))p2(x, t) = 0 in Q,
∂p2

∂ν
(s, t) + q p2(s, t) = 0 in Σ,

p2(x, te) = yΩ − y(x, te) in Ω.

(Pµ.AE2)

Note, that the sign of the term yQ − y as well as of yΩ − y depends on the choice of the (here
positive) sign of the Lagrangian multiplier p in the definiton of the Lagrangian function. We define
the on control u (via y = y(u)) and on parameter µ depending adjoint variable as the linear
combination

p = p(u;µ) = µ1 p1(u) + µ2 p2(u) ∈ Y,

which is the weak solution to the linear adjoint equation

−c1 pt(x, t)−∆p(x, t) +Ny(x, t, y(x, t))p(x, t) = µ1(yQ(x, t)− y(x, t)) in Q,
∂p

∂ν
(s, t) + q p(s, t) = 0 in Σ,

p(x, te) = µ2(yΩ − y(x, te)) in Ω,

(Pµ.AE)

where p1(u) = p(u, µ̃(1)) and p2(u) = p(u; µ̃(2)) are the weak solutions to (Pµ.AE) for fixed
parameters µ̃(1) = (µ1, µ2) = (1, 0) and µ̃(2) = (µ1, µ2) = (0, 1), respectively. The gradient of
the reduced cost function is given by

Ĵ ′(u;µ) =

µ3(ui − udi)−
te∫
t◦

∫
Ω

p(x, t) bi(x, t) dx dt


1≤i≤m

for every u ∈ Uad and µ ∈Mad.
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6.2 Decomposition of the reduced Hessian

6.2 Decomposition of the reduced Hessian

We turn to the reduced Hessian Ĵ ′′( · ;µ) for a given µ ∈ Mad. Suppose that u ∈ Uad and
uδ ∈ Rm are chosen arbitrarily. Let y = y(u) and p = p(u;µ) are the weak solutions to (Pµ.SE)
and (Pµ.AE), respectively. The application of the reduced Hessian to uδ is given for (Pµ) as
follows (compare Section 1.5.2):

1) Compute the weak solution yδ = y′(u)uδ ∈ Y to the at the point u linearized state equation:

c1 y
δ
t (x, t)−∆yδ(x, t) +Ny(x, t, y(x, t))yδ(x, t) =

m∑
i=1

uδi bi(x, t) in Q,

∂yδ

∂ν
(s, t) + q yδ(s, t) = 0 in Σ,

yδ(x, t◦) = 0 in Ω.

(Pµ.LSE)

2) Compute the weak solution pδ = p′(u;µ)uδ ∈ Y to the at the point u linearized adjoint
equation:

−c1 p
δ
t (x, t)−∆pδ(x, t) +Ny(x, t, y(x, t)) pδ(x, t)

= −µ1 y
δ(x, t)−Nyy(x, t, y(x, t)) yδ(x, t) p(x, t) in Q,

∂pδ

∂ν
(s, t) + q pδ(s, t) = 0 in Σ,

pδ(x, te) = −µ2 y
δ(x, te) in Ω.

(Pµ.LAE)

3) Set the Hessian application to uδ as

Ĵ ′′(u;µ)uδ =

µ3 u
δ
i −

te∫
t◦

∫
Ω

pδ(x, t) bi(x, t) dx dt


1≤i≤m

for u ∈ Uad and µ ∈Mad.

We decompose now the application Ĵ ′′(u;µ)uδ into µ-independent parts. Again, we assume that
u ∈ Uad and uδ ∈ Rm are chosen arbitrarily. Let y = y(u) be the weak solution to (Pµ.SE) and
p1, p2 are the µ-independent weak solutions to (Pµ.AE1) and (Pµ.AE2), respectively. Then we
proceed as follows:

1) Compute the weak solution yδ = y′(u)uδ ∈ Y to the at the point u linearized state equation
(Pµ.LSE).

2) Compute the weak solutions pδ1 = p′1(u)uδ ∈ Y and pδ2 = p′2(u)uδ ∈ Y to the (µ-independent)
adjoint equations

−c1 p
δ
1t(x, t)−∆pδ1(x, t) +Ny(x, t, y(x, t)) pδ1(x, t)

= −yδ(x, t)−Nyy(x, t, y(x, t)) yδ(x, t) p1(x, t) in Q,

∂pδ1
∂ν

(s, t) + q pδ1(s, t) = 0 in Σ,

pδ1(x, te) = 0 in Ω,

(Pµ.LAE1)
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6 Eigenvalue approximation by Hessian decomposition

and

−c1 p
δ
2t(x, t)−∆pδ2(x, t) +Ny(x, t, y(x, t)) pδ2(x, t)

= −Nyy(x, t, y(x, t)) yδ(x, t) p2(x, t) in Q,

∂pδ2
∂ν

(s, t) + q pδ2(s, t) = 0 in Σ,

pδ2(x, te) = −yδ(x, te) in Ω,

(Pµ.LAE2)

respectively. Note that pδ = µ1 p
δ
1 + µ2 p

δ
2 ∈ Y is the weak solution to the linearized adjoint

equation (Pµ.LAE), where pδ1 = p′(u, µ̃(1))uδ and pδ2 = p′(u; µ̃(2))uδ are the weak solutions to
(Pµ.LAE) for fixed parameters µ̃(1) = (µ1, µ2) = (1, 0) and µ̃(2) = (µ1, µ2) = (0, 1).

3) Now we obtain for the Hessian application to uδ at u ∈ Uad

Ĵ ′′(u;µ)uδ = µ1 H1(u)uδ + µ2 H2(u)uδ + µ3 H3(u)uδ ∈ Rm, (6.1)

where for every µ ∈Mad holds:

H1(u)uδ = −

 te∫
t◦

∫
Ω

pδ1(x, t) bi(x, t) dx dt


1≤i≤m

, (6.2)

H2(u)uδ = −

 te∫
t◦

∫
Ω

pδ2(x, t) bi(x, t) dx dt


1≤i≤m

, (6.3)

H3(u)uδ = uδ, (6.4)

with the latter implying H3(u) ≡ IU the identity in U .

Obviously, the Hessian components Hi(u) ∈ Rm×m, i = 1, 2, 3, can be computed µ-independent
for u ∈ Uad.

6.3 Estimation of the smallest eigenvalue

We are interested in an estimation for the smallest eigenvalue λmin of the reduced Hessian Ĵ ′′(u;µ).
By utilizing the approach of decomposing the reduced Hessian as introduced in the section before,
we are able to specify a lower bound for λmin.

Proposition 6.3.1 The operators Hi(u)[ · , · ] : Rm×Rm → R, i = 1, 2, 3, in (6.1) are symmetric,
i.e., Hi(u)[v, w] = Hi(u)[w, v] for all v, w ∈ Rm.

Proof. We reformulate the reduced cost function of (Pµ.J) in the following form:

Ĵ(u;µ) = µ1 Ĵ1(u) + µ2 Ĵ2(u) + µ3 Ĵ3(u) , (6.5)

with µ-independent functionals Ĵi(u), i = 1, 2, 3, defined as

Ĵ1(u) :=

∫
Ω

|G(u)(te)− yΩ|2 dx ,
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6.3 Estimation of the smallest eigenvalue

Ĵ2(u) :=

∫
Q

|G(u)− yQ|2 dx dt ,

Ĵ3(u) :=

m∑
i=1

|ui − udi|2 .

Therefore we have for the second derivative of the reduced cost function

Ĵ ′′(u;µ) =
3∑
i=1

µi Ĵ
′′
i (u)

with the identity Ĵ ′′i (u) = Hi(u). With Ĵi(u), i = 1, 2, 3, being two times continuously differen-
tiable, we obtain by the Theorem of Schwarz for the entries of the matrix representation of the
second derivatives (

Ĵ ′′i (u)
)
k,l

=
(
Ĵ ′′i (u)

)
l,k

for 1 ≤ l, k ≤ m.

Hence we have v>
(
Ĵ ′′i (u)

)
w = w>

(
Ĵ ′′i (u)

)
v for all v, w ∈ Rm and therefore the symmetry of the

corresponding Hi(u)[ · , · ] : Rm × Rm → R for i = 1, 2, 3.

With this at hand we formulate the following proposition.

Corollary 6.3.2 Let the Hessian application Ĵ ′′(u;µ)uδ to uδ at u ∈ Uad for every µ ∈ Mad be
given as in (6.1). Then we obtain a lower bound λLBmin for the smallest eigenvalue λmin of the
Hessian operator Ĵ ′′(u;µ)[ · , · ] : Rm × Rm → Rm by

λmin
(
Ĵ ′′(u;µ)

)
≥ µ1 λmin

(
H1(u)

)
+ µ2 λmin

(
H2(u)

)
+ µ3 λmin

(
H3(u)

)︸ ︷︷ ︸
=: λLB

min

(
Ĵ ′′(u;µ)

) , (6.6)

where λmin
(
Hi(u)

)
is the smallest eigenvalue of the symmetric operator Hi(u)[ · , · ] : Rm×Rm →

Rm for i = 1, 2, 3.

Proof. We consider the symmetric matrix representation H ∈ Rm×m of Ĵ ′′(u;µ) in (6.1) and set
without loss of generality µ = (µ1, µ2, µ3) = (1, 1, 1). Then we obtain the reduced Hessian matrix
decomposition

H = H1 +H2 +H3

for symmetric matrices Hi ∈ Rm×m, i = 1, 2, 3, as shown in Proposition 6.3.1. The Rayleigh
quotient for a symmetric matrix A ∈ Rn×n and x ∈ Rn, x 6= 0, is defined as

RA(x) =
x>Ax

x>x
.

By the Theorem of Courant-Fischer (compare Stuart and Sun [SS90, Corollary 4.7]), it holds for
any x ∈ Rn, x 6= 0, that

λAmin ≤ RA(x) ≤ λAmax,

where λAmin and λAmax ∈ R are the smallest and the largest eigenvalue of A. Particular equality
is obtained by setting for x the corresponding eigenvector to the smallest or largest eigenvalue.
Hence we have for the Rayleigh quotient of H for x ∈ Rn, x 6= 0,

RH(x) =
x>Hx

x>x
=
x>(H1 +H2 +H3)x

x>x
=
x>H1x+ x>H2x+ x>H3x

x>x
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6 Eigenvalue approximation by Hessian decomposition

=
x>H1x

x>x
+
x>H2x

x>x
+
x>H3x

x>x
= RH1(x) +RH2(x) +RH3(x)

with RHi(x) the corresponding Rayleigh quotient of Hi, i = 1, 2, 3. Now let v be the eigenvector
to the smallest eigenvalue λHmin of H. Then it holds

λHmin = RH(v) = RH1(v)︸ ︷︷ ︸
≥λH1

min

+RH2(v)︸ ︷︷ ︸
≥λH2

min

+RH3(v)︸ ︷︷ ︸
≥λH3

min

≥ λH1
min + λH2

min + λH3
min,

with λHi
min the smallest eigenvalues of Hi, i = 1, 2, 3.

For a more detailed insight and further information about matrix perturbation theory we refer
to the textbook of Horn and Johnson [HJ12].

6.4 A-posteriori error estimation for µOCP

The general concept of our a-posteriori error estimation for µOCP introduced next is well established
and fundamental in the context of reduced basis methods (RBM), where one of the key features is
depicted by efficient offline-online splitting of numerically expensive computations (see, e.g., Patera
and Rozza [PR07]). Suppose that the set Ξgrid = {uk}Kk=1 is a discrete (regular) control grid in
the set Uad of admissible controls. In an offline phase we compute the µ-independent smallest
eigenvalues λmin(H1(uk)) and λmin(H2(uk)) on each grid node uk ∈ Ξgrid for k = 1, ...,K and
store them, for instance, in a data set Dgrid. Clearly, H3(uk) is the identity, so that λmin(H3(uk)) ≡
1 for all uk, k = 1, ...,K, and need not to be computed. For every µ ∈ Mad the estimate (6.6)
offers the possibility to determine a lower bound λLBmin

(
Ĵ ′′(uk;µ)

)
for the smallest eigenvalue of the

reduced Hessian Ĵ ′′(uk;µ) at grid node uk ∈ Ξgrid by the precomputed eigenvalues λmin(H1(uk)),
λmin(H2(uk)) and λmin(H3(uk)). This data can now be used in the online phase for a numerically
efficient computation of an approximative lower bound λLBapp

(
Ĵ ′′(ũ;µ)

)
that is utilized instead of the

smallest eigenvalue for the a-posteriori error estimation at any (suboptimal) control ũ ∈ Uad with ũ
not an element of Ξgrid. Therefore we will refer to it in the following also as weak a-posteriori error
estimate (WAPEE), compared to the estimate introduced by Tröltzsch and Volkwein in [TV09],
where the effective smallest eigenvalue of the reduced Hessian is used.

6.4.1 The offline phase: Eigenvalue computation on control grid Ξgrid

We present the offline phase in more detail by stating the underlying algorithm. The eigenvalue
computation in line 7 and 8 can be realised by different approaches CGHS, FULLHS or SENS as
introduced in Section 4.3. We will state some remarkable properties of Algorithm 9:

Remark 6.4.1 For an efficient implementation the framework of Algorithm 9 features some inter-
esting numerical aspects:

1) The for-loop can be realised in parallel computing, in which the eigenvalue computations for
each grid node can be carried out simultaneously on up to the number of CPUs available.

2) The solving of the adjoint equations in line 4 as well as for the linearized adjoint equations in
line 6 can be done simultaneously in each case for every time instance t ∈ [t◦, te].

114



6.4 A-posteriori error estimation for µOCP

Algorithm 9 Offline
Require: Number of grid nodes K, Uad
1: Ξgrid ← generate regular control grid {uk}Kk=1 in Uad
2: for k = 1 to K do
3: y ← solve state equation (Pµ.SE) for uk ∈ Ξgrid
4: {p1, p2} ← solve adjoint equations (Pµ.AE1), (Pµ.AE2)
5: yδ ← solve linearized state equation (Pµ.LSE)
6: {pδ1, pδ2} ← solve linearized adjoint equations (Pµ.LAE1), (Pµ.LAE2)
7: λ1

min ← compute smallest eigenvalue λmin(H1(uk))
8: λ2

min ← compute smallest eigenvalue λmin(H2(uk))
9: dk ← store data set {uk, λ1

min, λ
2
min}

10: end for
11: return data on grid nodes Dgrid = {dk}Kk=1

3) Depending on available (hard-disk) storage capacity also the (linearized) state and adjoint
solutions y, p1, p2, y

δ, pδ1, p
δ
2 in each iterate k can be stored additionally in the data set dk,

extending the grid node data Dgrid in line 9, e.g., for further postprocessing.

Since from our theory of a-posteriori error estimation in Chapter 4, we have to assume the
reduced Hessian to be positive definite at a suboptimal solution with positive smallest eigenvalue,
one could also extend the approach presented in Algorithm 9 by some adaptive grid refinement
in the following way: when positive smallest eigenvalues λ1

min and λ2
min are computed in iterate

k, the grid around the corresponding uk will be refined by introducing additional grid nodes, e.g.,
by halfening the step lengths from uk to the neighboring nodes. Subsequently we compute the
smallest eigenvalues on the new grid nodes and enrich therefore the approximation data for the
eigenvalue computation around possible candidates at suboptimal control ũ ∈ Uad.

6.4.2 The online phase: Approximation of lower bound λLB
app

We present also the online phase in more detail. Let us have a closer look on the approximation of

Algorithm 10 Online
Require: Suboptimal control ũ, parameter µ = (µ1, µ2, µ3)
1: y ← solve state equation (Pµ.SE) for ũ
2: p← solve adjoint equation (Pµ.AE)
3: ζ ← compute perturbation on active/inactive sets as in Section 4.2
4: λ1

app ← approximate smallest eigenvalue λmin(H1(ũ)) on Dgrid
5: λ2

app ← approximate smallest eigenvalue λmin(H2(ũ)) on Dgrid
6: Compute approximative lower bound based on (6.6):

λLBapp ← µ1λ
1
app + µ2λ

2
app + µ3

7: Compute weak a-posteriori error estimate:

εwape ←
2

λLBapp
‖ζ‖U

8: return εwape
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6 Eigenvalue approximation by Hessian decomposition

the smallest eigenvalues in line 4 and 5. We approximate the smallest eigenvalue on Dgrid by linear
interpolation if the suboptimal control ũ is located on the line segment between two grid points.
Otherwise we employ the distances of ũ to direct neighbor nodes {uj}j∈J , J ⊂ {1, ...,K}, on Ξgrid
to compute weightings ωj , which are used in a convex combination of the smallest eigenvalues
computed at node uj for the approximation of the smallest eigenvalues of the reduced Hessian at
ũ,

λimin(ū) ≈ λiapp(ū) :=
∑
j∈J

ωj λ
i
min(uj) , i = 1, 2, and

∑
j∈J ωj = 1 with ωj > 0. (6.7)

The shorter the distance, the greater the weighting ωj . Therefore, we define σ :=
∑

j∈J dist(ũ, uj)
and βj := σ

dist(ũ,uj)
for j ∈ J , and compute the weightings finally as

ωj =
βj∑

j∈J
βj

for j ∈ J .

If ũ lies up to a certain tolerance τ > 0 (e.g. the spatial discretization size) in the neighborhood
of a grid node uk, we consider them to be equal and accept the smallest eigenvalues λ1

min, λ
2
min of

uk. We will illustrate this in the following example.

Example 6.4.2 Consider forK = 4 the regular control grid Ξgrid = {u1, u2, u3, u4} with node data
Dgrid = {dk}4k=1 and given suboptimal controls ũj ∈ Uad, j ∈ {A,B,C}, with corresponding non-
negative weightings ωjk ∈ R (see Fig. 6.1). For a better readability we denote by [λiapp]j , i = 1, 2,
the smallest eigenvalues to be approximated at ũj , and by [λimin]k, the smallest eigenvalues from
the data set dk precomputed at uk. We compute the approximative smallest eigenvalues as follows:

1) For ũA with j = A and k = 3, 4:

[λ1
app]A = ωA4 [λ1

min]4 + ωA3 [λ1
min]3,

[λ2
app]A = ωA4 [λ2

min]4 + ωA3 [λ2
min]3.

2) For ũB with j = B and k = 1, 2, 3, 4:

[λ1
app]B = ωB1 [λ1

min]1 + ωB2 [λ1
min]2 + ωB1 [λ1

min]3 + ωB2 [λ1
min]4,

[λ2
app]B = ωB1 [λ2

min]1 + ωB2 [λ2
min]2 + ωB1 [λ2

min]3 + ωB2 [λ2
min]4.

3) For ũC with j = C and k = 1:

[λ1
app]C = [λ1

min]1,

[λ2
app]C = [λ2

min]1.

In this context it might be useful for high-dimensional controls and a large number K of grid
nodes to administrate the grid node data Dgrid = {dk}Kk=1 in a data base (e.g., MATLAB Database
Toolbox) with unique control keys related to the corresponding control uk for each data set dk.
This ensures faster location of neighbor nodes of ũ and hence faster access to the associated node
data sets.
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Figure 6.1: Eigenvalue computation on control grid Ξgrid.

6.4.3 Numerical simulation: Eigenvalue approximation on 2-D grid

For a demonstration of the numerical efficiency of the approximative online eigenvalue computation
approach based on offline precomputed grid node data we consider the following setting: the space-
time cylinderQ = Ω×(t◦, te) is given by the two-dimensional space domain Ω = (0, 1)×(0, 1) ⊂ R2

with regular FE triangulation of maximum edge size ∆x = 3.0× 10−2 andNx = 1089 mesh points,
and the time interval (t◦, te) for t◦ = 0 and te = 1, discretized in Nt = 251 time points with
∆t = 4.0× 10−3. For m = 2 we split the domain in subdomains Ω1, Ω2 and apply in (Pµ.SE) the
two-dimensional control u = (u1, u2) ∈ R2 by time-invariant cuboid shape functions b1, b2 on the
corresponding subdomains, see Figure 6.2. The nonlinearity is defined as N (y) = y3. Furthermore
we set f ≡ 0 and the coefficient c1 = 1, and consider (Pµ.SE) for homogeneous Neumann
boundary conditions, setting q = g ≡ 0. As initial value at time t◦ we set y◦(x) = χΩ1(x), where
the characteristic function χA : Ω→ {0, 1} for subset A ⊆ Ω is defined by

χA(x) =

{
1 for x ∈ A ,
0 else .

(6.8)

In the offline phase, we consider an equidistant two-dimensional control grid Ξgrid = {uk}Kk=1,
uk = (uk1, u

k
2) ∈ R2 with K = 25 nodes, on the set of admissible controls Uad =

{
u ∈ R2

∣∣ uai ≤
ui ≤ ubi , i = 1, 2

}
for bounds uai = −0.5 and ubi = 1.5, i = 1, 2. The grid width is ∆Ξ = 0.5.

We are interested in an approximation of the smallest eigenvalue λmin of the reduced Hessian Ĵ ′′

at ū = (0.6, 0.8), see Fig. 6.3. For fixed parameter µ = (µ1, µ2, µ3) ≡ 1, a lower bound for the
smallest eigenvalue according to (6.6) is given by

λLBmin
(
Ĵ ′′(ū;µ)

)
= 1.002 548 24,

with corresponding smallest eigenvalues of the decomposed Hessian

λmin
(
H1(ū)

)
= 1.5773× 10−3,
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Figure 6.2: Spatial domain and shape functions.

λmin
(
H2(ū)

)
= 9.7094× 10−4,

λmin
(
H3(ū)

)
= 1.0 .

Since [λ3
min]k := λmin(H3(uk)) ≡ 1 for all uk, k = 1, ...,K, we are mainly interested in the quality

of the approximations λiapp(ū) of λimin(ū) := λmin(Hi(ū)), i = 1, 2, as defined in (6.7). For the
possibility of a more extensive comparison of the quality we compute approximations concerning a
coarse and a fine neighbor node grid, represented by the node index subsets Jfine and Jcoarse. The
smallest eigenvalues on grid nodes and corresponding weightings are given in Table 6.1.

For the fine grid Jfine = {13, 14, 18, 19} we have

λ1
app(ū) = ω13 [λ1

min]13 + ω14 [λ1
min]14 + ω18 [λ1

min]18 + ω19 [λ1
min]19 = 1.5483× 10−3,

λ2
app(ū) = ω13 [λ2

min]13 + ω14 [λ2
min]14 + ω18 [λ2

min]18 + ω19 [λ2
min]19 = 9.1895× 10−4,

while for the coarse grid Jcoarse = {7, 9, 17, 19} we obtain

λ1
app(ū) = ω7 [λ1

min]7 + ω9 [λ1
min]9 + ω17 [λ1

min]17 + ω19 [λ1
min]19 = 1.7642× 10−3,

λ2
app(ū) = ω7 [λ2

min]7 + ω9 [λ2
min]9 + ω17 [λ2

min]17 + ω19 [λ2
min]19 = 1.4386× 10−3.

On the fine grid we have a deviation of magnitude 10−5, while for the coarse grid the deviation is
of magnitude 10−4, see Table 6.2. The approximative lower bound of the smallest eigenvalue of
Ĵ ′′ at ū = (0.6, 0.8) for parameter µ = (µ1, µ2, µ3) ≡ 1 computed on Jfine is therefore given by

λLBapp
(
Ĵ ′′(ū;µ)

)
= µ1 λ

1
app(ū) + µ2 λ

2
app(ū) + µ3 1 = 1.002 467 250.

We will consider this approximative lower bound as the smallest eigenvalue obtained by the control
grid approximation approach (GRID) and define λGRIDmin := λLBapp. Since we actually need (in the
online phase) for our a-posteriori error estimation the effective smallest eigenvalue of the Hessian
Ĵ ′′(ū;µ), we compare it to the other approaches of eigenvalue computation as introduced in
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6.4 A-posteriori error estimation for µOCP

ωk

k (uk1, u
k
2) [λ1

min]k [λ2
min]k k ∈ Jfine k ∈ Jcoarse

1 (−0.5,−0.5) 3.3043× 10−3 4.8915× 10−3

2 (0,−0.5) 3.1050× 10−3 4.6147× 10−3

3 (0.5,−0.5) 2.7575× 10−3 3.6940× 10−3

4 (1.0,−0.5) 2.3540× 10−3 2.5836× 10−3

5 (1.5,−0.5) 1.9592× 10−3 1.5604× 10−3

6 (−0, 5, 0) 3.0802× 10−3 4.6560× 10−3

7 (0, 0) 2.7315× 10−3 3.7194× 10−3 1.6849× 10−1

8 (0.5, 0) 2.3246× 10−3 2.5994× 10−3

9 (1.0, 0.0) 1.9265× 10−3 1.5800× 10−3 1.8837× 10−1

10 (1.5, 0) 1.5713× 10−3 7.4231× 10−4

11 (−0.5, 0.5) 2.7003× 10−3 3.7439× 10−3

12 (0, 0.5) 2.2922× 10−3 2.6237× 10−3

13 (0.5, 0.5) 1.8913× 10−3 1.6109× 10−3 2.6640× 10−1

14 (1.0, 0.5) 1.5334× 10−3 7.9084× 10−4 1.6849× 10−1

15 (1.5, 0.5) 1.2297× 10−3 1.1001× 10−4

16 (−0.5, 1.0) 2.2577× 10−3 2.6558× 10−3

17 (0.0, 1.0) 1.8546× 10−3 1.6503× 10−3 2.6640× 10−1

18 (0.5, 1, 0) 1.4933× 10−3 8.4726× 10−4 3.7674× 10−1

19 (1.0, 1.0) 1.1864× 10−3 1.9836× 10−4 1.8837× 10−1 3.7674× 10−1

20 (1.5, 1.0) 9.3254× 10−4 −4.9142× 10−4

21 (−0.5, 1.5) 1.8175× 10−3 1.6961× 10−3

22 (0, 1.5) 1.4525× 10−3 9.0657× 10−4

23 (0.5, 1.5) 1.1413× 10−3 2.9056× 10−4

24 (1.0, 1.5) 8.8307× 10−4 −3.3510× 10−4

25 (1.5, 1.5) 6.7079× 10−4 −1.8871× 10−3

5 (0.6, 0.8) 1.5773× 10−3 9.7094× 10−4

Table 6.1: Nodal grid data Dgrid and weightings for Ξgrid.
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Figure 6.3: Control grid Ξgrid.

Jfine Jcoarse

i λimin(ū) λiapp(ū) |λimin − λiapp| λiapp(ū) |λimin − λiapp|

1 1.5773× 10−3 1.5483× 10−3 2.9000× 10−5 1.7642× 10−3 1.8690× 10−4

2 9.7094× 10−4 9.1895× 10−4 5.1990× 10−5 1.4386× 10−3 4.6766× 10−4

Table 6.2: Quality of the approximations.

Section 4.3. While for SENS and FULLHS the full Hessian is set-up explicitly by the sensitivity
approach and by the Hessian-vector application on a basis of U , we utilize for CGHS an iterative
approach, where we wrap the Hessian-vector application in a conjugate gradient method and apply
MATLAB function eigs. We obtain the smallest eigenvalues and computation times as can be
seen in Table 6.3. The computational costs for the additional offline phase needed in case of the

Comp. λmin Time [s]

GRID 1.002 467 0.007

SENS 1.002 688 3.05

FULLHS 1.002 842 5.51

CGHS 1.002 842 9.05

Table 6.3: Online eigenvalue computation.

control grid approximation approach are given in Table 6.4.

120



6.4 A-posteriori error estimation for µOCP

Offline ∅ Time [s] # Calls Total [s]

Control grid generation � 0.01 1 � 0.01

FE state solve 5.24 25 131.10

FE adjoint solve 1.52 25 38.23

Eigenvalue computation (SENS) 3.11 25 77.77

Single Dual-Core-CPU 247.17

4 Dual-Core-CPUs (MATLAB parfor, 4 workers) 83.79

Table 6.4: Computational costs.

The computational time for the evaluation of the perturbation function ζ at ū with norm
‖ζ(ū)‖U = 1.134 82 is given in Table 6.5.

Perturbation evaluation Time [s]

FE state solve 5.22

FE adjoint solve 1.49

FE gradient evaluation 0.001

Computing norm of perturbation ζ < 0.001

Total 6.71

Table 6.5: Perturbation computation times.

Remark 6.4.3 We want to state two comments on the computational performance of also a higher
dimensional control grid and the usage of MATLAB parfor:

(1) The generation of a five-dimensional control grid Ξgrid = {uk}Kk=1 for controls uk ∈ R5 with a
discretization of 30 points for each component uki , i = 1, ..., 5, resulting in a total number of
K = 24 300 000 grid nodes, was done in MATLAB in 4.4 sec. On this grid, the identification
of 32 neighbor nodes (including the computation of their corresponding weightings) for an
arbitrary ū and the approximation of λ1

app(ū) and λ2
app(ū) was computed in 0.002 sec.

(2) As can be seen in Table 6.4 the usage of MATLAB parfor with 4 workers, each started on
a Dual-Core-CPU, results in a speed-up factor in time of around 3 and not 4, as might be
assumed due to the number of available cores. This is mostly owed to the fact that also the
starting and closing process of the MATLAB workers spend some computational time, which
is otherwise not needed.

Conclusion and outlook

The grid approximation approach (GRID) of a lower bound λLBapp for the smallest eigenvalue λmin of
the reduced Hessian Ĵ ′′(u;µ) at u ∈ Uad and for µ ∈Mad, based on the data Dgrid precomputed
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6 Eigenvalue approximation by Hessian decomposition

Comp. (W)APEE Time [s]

GRID 1.1320 6.71

SENS 1.1318 9.76

FULLHS 1.1316 12.21

CGHS 1.1316 15.76

Table 6.6: Error estimates and computation times.

on a control grid Ξgrid, offers a computational very fast possibility to determine a substitute λGRIDmin
for the eigenvalue λmin required for the a-posteriori error estimation, see Table 6.3. The numerical
advantage is here, that for the computation of λLBapp no additional equation solves have to be done
in the online phase, as it is the case in all the other variants SENS, FULLHS and CGHS. Once the
neighbor nodes with their corresponding grid node data have been identified and their weightings are
determined, the approximation can be computed by (6.7) with negligible numerical costs, compared
to a (non-)linear solver call. The quality of the approximation, of course, depends on the numerical
expenditure put into the offline phase for the data precomputation on single grid nodes, but was
finally very satisfying for the a-posteriori error estimation as can be seen in Table 6.6. Unfortunately,
the speed-up in time is compensated by the evaluation of the perturbation function, for which the
computation of the gradient and therefore high-dimensional nonlinear and linear (FE) solver calls
are needed. One option could be to transfer the concept of the grid approximation approach to the
evaluation of the perturbation function in form of a gradient approximation based on precomputed
grid data including state and adjoint solutions yk and pk at grid nodes uk, k = 1, ...,K. Of course,
as already mentioned in Remark 6.4.1, this involves the necessity of adequate storage capacity.

6.4.4 Numerical realisation: POD-greedy algorithm

An application can be realised in form of the implementation of a POD-greedy algorithm presented
in this section for constructing a reduced basis to generate a reduced order model. It is based on
Haasdonk and Ohlberger [HO08]. We will not present a detailed discussion of the comprehensive
reduced basis framework, since this is not part of this work, and refer instead the interested reader
to Patera and Rozza [PR07] and Grepl [Gre12]. The main interest for this application lies in
the experimental extension of the work of Iapichino, Ulbrich and Volkwein [IUV15], where the
reduced basis approach was linked to multiobjective (PDE-constrained) optimal control problems,
to some nonlinear case. As an input, Algorithm 11 requires some discrete parameter training set
Strain ⊂ Mad, as well as the control grid Ξgrid, and the corresponding precomputed grid node
data Dgrid, both needed for the smallest eigenvalue approximation in the weak a-posteriori error
estimation. Algorithm 11 computes a reduced basis Q based on subsets of the POD bases ΨN ,
for which the corresponding snapshots were computed by those µ ∈ Strain with maximum (weak
a-posteriori) error concerning the optimal solution ū`(µ) of the reduced order OCP identified by
εwape.

Let us also have a closer look on some basic lines in Algorithm 11. Of course, one has to
declare the termination criterion in line 3. Obviously, this could be the error estimate εwape up to
a certain tolerance or when a total number of iterations N is reached. For our numerical tests
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6.4 A-posteriori error estimation for µOCP

Algorithm 11 POD-greedy
Require: Strain, Ξgrid, Dgrid
1: Init: S0 = { }, Q0 = { }, N = 1, εwape = +∞
2: µ? ← choose µ ∈ Strain
3: while termination criterion not fulfilled do
4: SN = {SN−1,µ

?} ← append µ? to SN
5: ūh(µ?)← solve OCP (Pµ) for µ? with FE
6: yN ← solve state equation (Pµ.SE) for ū(µ?)
7: pN ← solve adjoint equation (Pµ.AE) for yN
8: if N > 1 then
9: ysnap ← Compute projection error: yN − PQN−1

(yN )
10: psnap ← Compute projection error: pN − PQN−1

(pN )
11: else
12: ysnap ← yN
13: psnap ← pN
14: end if
15: Ψ(µ?)← compute POD basis from snapshots ysnap,psnap
16: QN = {QN−1,ΨN} ← append subset of POD basis functions ΨN ⊂ Ψ(µ?)
17: Init: UN = { }
18: for all µ ∈ Strain do
19: ū`(µ)← solve OCP (Pµ) for µ with ROM(QN )
20: UN = {UN , ū`(µ)} ← append ū`(µ)
21: end for
22: Weak a-posteriori error estimation:

µ? ← arg max
ū`(µ)∈UN

εwape
(
ū`(µ); Ξgrid,Dgrid

)
23: N ← N + 1
24: end while
25: return Q← QN

both of them were considered. Furthermore the reduced order model (ROM) in line 19 based on
the current POD basis QN can involve some additional techniques for reducing numerically costly
computations, especially in the case of nonlinear OCPs. Here the empirical interpolation method
(EIM) is applied, see Section 2.2.2. In this context also the specification of the subset ΨN in
line 16, that determines the POD basis upgrade, should be mentioned. Here, only a single POD
basis function ψ ∈ Ψ(µ?), namely that with largest corresponding eigenvalue, is chosen to define
the subset ΨN = {ψ} for a basis upgrade in iteration N . It should be also mentioned here, that if
the newly identified µ? in line 22 is equal to the initial µ? for which the POD basis was computed,
we will not go further in the while loop, but go back to line 16 and append another basis function
form the current set Ψ(µ?). Please note, that also here one can introduce a criterion for controlling
the basis expansion up to a certain tolerance or number of basis functions.

We will compare now our approximative grid approach against the FULLHS approach and the
actual error ‖uh − u`‖. The a-posteriori (upper) error bounds for the maximum errors concerning
the parameter µ up to a number of POD basis functions ` = 6 are illustrated in Figure 6.4 with a
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6 Eigenvalue approximation by Hessian decomposition

more detailed and extended description given in Table 6.7. Here, µi ∈ Strain denotes the parameter
for which the ROM is set up, while µ?i is the parameter identified corresponding the respective
error computation. In Figure 6.5 the decay of the eigenvalues from the POD basis computations
for the first iterations is shown. The last column in the tables indicates the number as which the
corresponding basis function to the eigenvalue λi is added to the basis QN at the current iterate.

For the numerical evluation we consider for (Pµ.SE) in our parameter dependent optimal control
problem (Pµ) the same settings as in Section 6.4.3. As initial value we set the desired state function
on Q evaluated at initial time y◦ = yQ(t◦), defined as yQ(x, ·) = χΩ1(x), taking value 1 for x ∈ Ω1

and 0 otherwise (cp. characteristic function (6.8)), for all time points t ∈ [t◦, te]. The desired
state at final time te is set as its converse to yΩ = χΩ2 and the desired control to ud = 0. Here,
we consider the unconstrained case for the control and define the admissible control set Uad = R2.
The admissible parameter set is given by

Mad =
{
µ = (µ1, µ2, µ3) ∈ R3

∣∣ 0 < µi < 1 for i = 1, 2, 3, and
∑3

i=1 µi = 1
}

with randomly chosen training set Strain ⊂ Mad of quantity |Strain| = 20. The offline phase is
computed on K = 25 nodes of the equidistant control grid Ξgrid = {−1,−0.5, 0, 0.5, 1}2 ⊂ Uad
with grid width ∆Ξ = 0.5. The corresponding grid node data is stored in Dgrid.

Observation

In the first iteration N = 1, the OCP is solved in full dimension with FE for an arbitrarily chosen
parameter µ? = µ1 ∈ Strain and an initial reduced order model is generated. By solving the
reduced OCP for all µ ∈ Strain we identify by the weak a-posteriori error estimation the parameter
µ17 with maximum error. As we can see in Figure 6.4(a), both the FULLHS as well as the GRID
approach act as an upper bound and meet the error behaviour ‖uh − u`‖ between the subotpimal
ROM solution u` and the (unknown) high-dimensional FE solution uh in a very good way. Even
more, the FULLHS and the GRID solution are nearly identical (and will even keep this behaviour,
as we will see), why we will focus from now on only on the GRID approach. The same holds
true in iteration N = 2 for an improved ROM, resulting in smaller errors for each parameter µi,
i = 1, ..., 20. But here we will identify µ? = µ17 two times more as the parameter with maximum
error, resulting in two basis expansion from ` = 2 to ` = 4, before a different parameter µ? = µ14

is identified, see Figure 6.4(d). This parameter is not identical with that one, that would have been
identified by the actual maximum error, which is in that case again µ17. Here, one should recall
that all we compute are upper bounds for the actual error ‖uh − u`‖, so that we cannot expect
to meet always the identical parameter µi. This holds true in general, when the error behaviour
is (as in this situation) well represented in its characteristics, and in particular, when the error
estimates for εwape at µ14 and µ17 lie close together, see Figure 6.4(d). Nevertheless, we recognize
a larger gap in the decay of the error, with the actual error ‖uh− u`‖ decreasing (due to the basis
expansion) further from 6× 10−4 to 2× 10−5 with a factor around 30, and εwape observing only
a decrease from 1× 10−3 to 8× 10−4 with a factor around 1.5, see Table 6.7. Also for the next
iteration N = 3 with basis expansions for ` = 5 and ` = 6, resulting in only slight variances of
the computed errors, we will retain this observation. For an explanation we have to look at the
eigenvalues of the added basis functions in iteration 3: due to them, only little new information
will be added to the basis. Therefore, the approximation of uh by u` as well as the attended
perturbation function evaluation and smallest eigenvalue computation of the Hessian operator at
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Figure 6.4: Error bounds.
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u` for the a-posteriori error estimation will stagnate. Even more, it would be reasonable to stop
adding new basis functions with small eigenvalues for not reducing the quality of the ROM, as can
be seen in Table 6.7 for ` = 7 and following.

Conclusion

The intended goal is to avoid the numerically expensive computation of the smallest eigenvalue of
the reduced Hessian operator, which is needed in the a-posteriori error estimation for the maximum
error parameter identification. A promising possibility is offered by the fast online grid approxi-
mation approach (GRID), where the smallest eigenvalue is approximated by offline precomputed
grid node data for a weak a-posteriori error estimation (WAPEE) as introduced in Algorithm 11.
As can be seen in Figure 6.4, only minimal divergence in the computed a-posteriori errors using
FULLHS compared to GRID is given. Of course, the result is strongly depending on the quality
of the data precomputed on the control grid, which, in turn, should come up with an adequate
discretization accuracy. But this is in general a major purpose in the reduced basis framework, so
that we do not add a further characteristic by this postulation.

With respect to representing the general error behaviour ‖uh−u`‖U , we also can conclude that
this is sufficiently transferred with the present approach, as can be seen in Table 6.7. With cautious
optimism concerning the computation of “only” upper bounds one might also argument here, that
it does not matter if we are able to identify exactly the same maximum error parameter µ?, as
long with this choice the ROM quality can be improved and the error is decreasing.

Fig. 6.4 It µi ` εwape µ?i ‖uh − u`‖ µ?i

(a) 1 µ1 1 6.9763× 10−1 µ17 2.1370× 10−1 µ17

(b) 2 µ17 2 1.4974× 10−1 µ17 6.7728× 10−2 µ17

(c) 2 µ17 3 1.1934× 10−3 µ17 6.1091× 10−4 µ17

(d) 2 µ17 4 7.9434× 10−4 µ14 2.0162× 10−5 µ17

(e) 3 µ14 5 7.7791× 10−4 µ14 2.1005× 10−5 µ17

(f) 3 µ14 6 7.7859× 10−4 µ14 1.8094× 10−5 µ17

3 µ14 7 7.8923× 10−4 µ14 3.6627× 10−5 µ17

3 µ14 8 7.9112× 10−4 µ14 4.1483× 10−5 µ17

3 µ14 9 7.9023× 10−4 µ14 4.3246× 10−5 µ17

3 µ14 10 7.8807× 10−4 µ14 4.4633× 10−5 µ17

Table 6.7: Error bounds.

6.5 Application: Multiobjective optimal control

We apply our strategy in connection with reduced-order multiobjective optimal control problems
(MOCP) subject to semilinear parabolic PDEs and refer to the publication by Iapichino, T. and
Volkwein [ITV15]. It extends the work of Iapichino, Ulbrich and Volkwein [IUV15] to nonlinear
control constrained optimal control problems governed by evolution problems. Preliminary results,
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Figure 6.5: Decay of the eigenvalues in iterations 1, 2 and 3.
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combining reduced-order modeling and multi-objective PDE-constrained optimization, are also
derived in Peitz and Dellnitz [PD15]. For a more detailed insight into the field of (nonlinear)
multiobjective optimization we refer the interested reader to the textbooks of Ehrgott [Ehr05] and
Miettinen [Mie98], on which this section is mainly based on.

In real world optimization applications one is often confronted with problem settings that have
to deal with several objective functions conflicting with each other, so-called multiobjective or
multicriterial optimization problems. Here the primary concern focuses on finding an optimal
control that represents a satisfying compromise between the multiple objectives. Therefore usually
more than one solution has to be taken into consideration, which leads us to the concept of Pareto
optimality introduced next. We consider the following class of multiobjective optimal control
problems with vector-valued objective function

minJ (y, u) =

J1(y, u)

J2(y, u)

J3(y, u)

 =



1

2

∫
Ω

∣∣y(·, te)− yΩ

∣∣2 dx

1

2

∫ te

t◦

∫
Ω

∣∣y − yQ∣∣2 dx dt

1

2

m∑
i=1

∣∣ui − udi∣∣2


∈ R3 (6.9a)

subject to the semilinear parabolic differential equation

yt(x, t)−∆y(x, t) + y3(x, t) =
m∑
i=1

ui bi(x) + f(x, t) in Q,

∂y

∂ν
(s, t) = 0 in Σ,

y(x, t◦) = y◦(x) in Ω,

(6.9b)

and to the bilateral control constraints

u ∈ Uad =
{
ũ = (ũ1, . . . , ũm)> ∈ Rm

∣∣uai ≤ ũi ≤ ubi for 1 ≤ i ≤ m
}
. (6.9c)

Also here we introduce a reduced vector-valued objective function by Ĵ (u) = J (y(u), u) for
u ∈ Uad and consider now

min Ĵ (u) =

Ĵ1(u)

Ĵ2(u)

Ĵ3(u)

 ∈ R3 subject to u ∈ Uad (6.10)

instead of (6.9). For the solution of the (reduced) multiobjective minimization problem (6.10) we
introduce the concept of Pareto optimality and establish therefore the following order relation for
elements a, b ∈ R3:

a ≤ b ⇐⇒ b− a ∈ R3
+ = {x ∈ R3 | xi ≥ 0 for i = 1, 2, 3} . (6.11)

This permits the following definition.
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Definition 6.5.1 (Efficiency and Pareto optimality) Let Z = Ĵ (Uad) ⊂ R3 be the image set
of Uad under the cost function Ĵ . We call a point z̄ ∈ Z globally (strictly) efficient with respect
to the order relation "≤" in (6.11), if there exists no z ∈ Z\{z̄} with z ≤ z̄. If z̄ is efficient and
ū ∈ Uad satisfies z̄ = Ĵ (ū), we call ū (strictly) Pareto optimal. Let ū ∈ Uad hold. If there exists
a neighborhood N(ū) ⊂ Uad of ū so that z̄ = Ĵ (ū) is (strictly) efficient for the (local) image set
Ĵ (N(ū)) ⊂ Z, the point ū is called locally (strictly) Pareto optimal. Moreover, z̄ is said to be
locally efficient.

The intention is now to find the set U ⊂ Uad of Pareto optimal controls ū ∈ U for the
computation of the set Z ⊂ Z of (strictly) efficient points z̄ ∈ Z under the vector-valued reduced
objective function Ĵ (U) = Z ⊂ R3 according to Definition 6.5.1. First-order necessary optimality
conditions for Pareto optimality are presented in the next theorem. The proof is based on the result
of Kuhn and Tucker [KT51] and can be found in Ehrgott [Ehr05, Theorem 3.21, Corollary 3.23].

Theorem 6.5.2 Suppose that ū ∈ Uad is Pareto optimal. Then there exists a parameter vector
µ = (µ̄1, µ̄2, µ̄3) ∈ R3 satisfying the Karush-Kuhn-Tucker conditions

µ̄i ∈ [0, 1],

3∑
i=1

µ̄i = 1 and
3∑
i=1

µ̄i Ĵ ′i (ū)>(u− ū) ≥ 0 for all u ∈ Uad . (6.12)

Motivated by Theorem 6.5.2, we are able to relate the vector-valued optimal control problem
(6.9) to the parametrized and scalar-valued optimal control problem (Pµ) introduced in Section
6.1. We specify the set of admissible parameter (Pµ.M) by

Mad :=
{
µ = (µ1, µ2, µ3) ∈ R3

+

∣∣∣ ∑3
i=1 µi = 1, µ ≥ µLB := (µLB1, µLB2, µLB3)

}
⊂ (0, 1)3

with lower bound 0 � µLB < 1 strictly positive in a componentwise sense, and define for any
parameter µ ∈Mad the parameter-dependent and scalar-valued cost function (Pµ.J) as

J(y, u;µ) := µ>J (y, u) ∈ R .

Then, by the necessary condition µ3 ≥ µLB3, the respective reduced problem (P̂µ) with reduced
cost function Ĵ(u;µ) = µ>Ĵ (u),

min Ĵ(u;µ) subject to u ∈ Uad ,

is well-posed (cf. Tröltzsch [Tro10]), and by (6.12) first-order necessary optimality conditions for
a local solution ū = ū(µ) for the parameter µ = µ̄ are given. Furthermore a decomposition of the
reduced Hessian Ĵ ′′( · ;µ) for an approximative smallest eigenvalue computation as presented in
Sections 6.2 and 6.3 can be adopted.

The computation of the set of Pareto optimal controls U ⊂ Uad is now realised by the weighted
sum method (WSM), where weighted sums of the multiple objectives are optimized (cf. Gass
and Saaty [GS55], Zadeh [Zad63]). Therefore the reduced problem (P̂µ) is solved for various
µ ∈ Mad. By taking only strictly positive weights µ ∈ Mad into account, the corresponding
optimal solution ū(µ) ∈ Uad to the scalar-valued problem (P̂µ) represents a Pareto optimal control
ū = ū(µ) in the desired set of Pareto optimal controls U ⊂ Uad, see Miettinen [Mie98, Theorems
3.1.2 and 3.1.3]. The computation of Pareto optimal controls by the weighted sum method
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is then carried out on a finite dimensional subset MWSM ⊂ Mad. Since the solving of (P̂µ)
for a large parameter set MWSM ⊂ Mad can be numerically (very) expensive, especially when
the discrete problem formulation is considered in high (FE) dimension, a model order reduction
technique would suggest itself. Therefore we follow the approach as formulated in Section 6.4 and
generate a reduced basis by means of the POD-Greedy Algorithm introduced in Section 6.4.4 in an
offline phase, where during the basis generation process precomputed eigenvalue data is utilized for
efficient error estimates. Subsequently, in the online phase, the weighted sum method is applied
to a reduced order problem formulation of (P̂µ), as it is derived in Chapter 2.

Remark 6.5.3 The weighted sum method is applied here, since it offers an unpretentious access
for obtaining solutions to multiobjective optimal control problems by solving the introduced class of
paramterized optimal control problems (µOCP) for a specified set of parameterMad: no additional
constraints have to be taken into account and for each (valid) variation of Mad different solutions
can be obtained. Nevertheless it accompanies also some drawbacks that should be mentioned in
the following (cf. Miettinen [Mie98]):

• a uniform distribution of the parameters (“weights”) rarely results in an evenly distributed
Pareto optimal set, producing “gaps” in the Pareto front,

• yet small changes in the parameter set can lead to strong changes in the solution, which
necessitates a proper understanding of the correlation between the weights and the multiple
objectives,

• for non-convex problems some of the Pareto optimal solutions may fail to be found (especially
those of that parts, where the corresponding image set is not convex).

In view of the mentioned deficiencies of the weighted sum method, more sophisticated multi-
objective optimization strategies can be considered. Those methods generally aim at a uniform
representation of the Pareto front by adaptive algorithms. As mentioned above, this stands in
contrast to the weighted sum method, where the representation is defined in advance by choices
of the parameter µ. In combination with PDE-constrained optimization, let us mention the work
of Peitz et al. [POD15], where both the reference point method and a set-oriented global sub-
division approach have been applied to an incompressible Navier-Stokes equation in combination
with ROM. Furthermore, in Banholzer, Beermann and Volkwein [BBV17], error estimators and
analytical results are derived for the reference point method applied to a linear advection-diffusion
equation and time-dependent controls. For the weighted sum method an extended insight con-
cerning the fundamental significance of the weights in terms of preferences, the Pareto optimal
set, and objective function values, is given in Marler and Arora [MA10].

We consider now (6.9) concretely for the two-dimensional spatial domain Ω = (0, 1)× (0, 1) ⊂
R2 and the time interval (t◦, te) = (0, 1). The desired states are given by yΩ(x) = 0 and
yQ(x, t) = t cos(2πx1) cos(2πx2) with desired control ud = (0.5,−4,−0.5, 4)> ∈ R4. The control
is applied to the spatial domain Ω by m = 4 time-invariant shape functions bi(x), i = 1, ..., 4,
each with support in a quarter Ωi ⊂ Ω of the domain, see Figure 6.6. The inhomogeneity is set
to f(x, t) = 10tx1 and the initial state at time t◦ = 0 is given by y◦(x) = 0. The admissible
control set Uad is defined by lower and upper bounds ua = (−2.5,−7.5,−3.5,−0.5)> ∈ R4 and
ub = (1.5,−2.5, 1.5, 4.5)> ∈ R4. For the (high-dimensional) truth solution approximation we used
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Figure 6.6: Spatial domain and shape functions.

for spatial discretization a regular FE triangulation with maximum edge size ∆x = 7.1× 10−2 and
Nx = 225 mesh points, while the time interval was discretized in Nt = 101 time points with
equidistant step size ∆t = 1.0× 10−2.

6.5.1 Pre-offline phase: Eigenvalue computation on grid

We choose a four-dimensional discrete regular control grid Ξgrid = {uk}Kk=1 ⊂ R4 with grid nodes
uk ∈ [−2.5, 1.5]×[−7.5,−2.5]×[−3.5, 1.5]×[−0.5, 4.5], each component range discretized in four
points and hence resulting in a total number of K = 44 = 256 grid nodes. The grid generation was
done in 0.0004 sec. For each grid node the high dimensional state solve took about 0.65 sec, the
adjoint solve about 0.15 sec and the smallest eigenvalue computation of the decomposed Hessian
(using the sensitivity approach SENS) was done in 0.5 sec. The total computation time for the
pre-offline phase was about 370 sec. The smallest eigenvalues computed on the grid vary in the
following ranges: λ1

min ∈ (−2.37× 10−3, 2.16× 10−4) and λ2
min ∈ (−4.56× 10−2, 2.95× 10−4).

For each grid node uk ∈ Ξgrid the computed eigenvalue pairs {λ1
min, λ

2
min}k are stored in the data

set Dgrid.

6.5.2 Reduced basis generation: POD-greedy algorithm

For the basis generation we fix a discrete parameter training set Strain = {µi}Ni=1 ⊂Mad for a num-
ber of N = 20 randomly chosen admissible parameters and apply Alogrithm 11 in Section 6.4.4,
with (weak) a-posteriori error estimates, based on eigenvalue computation by the grid approxima-
tion approach (GRID). The error estimate behaviours over the training set Strain for identifying
the parameter µ? ∈ Strain with maximum error, that is needed to compute the basis update, is
shown for the first six iterations in Figure 6.8. The error decay for an increasing number ` of
basis functions is presented in Figure 6.7, where for a better readability the errors computed for
each ` (see subfigures in Figure 6.8) are averaged over the total number N = 20 of parameters
in Strain. For the purpose of comparison, we present again in both figures the actual error be-
tween the (unknown) high-dimensional (FE) solution uh and the ROM solution u` as well as the
a-posteriori error estimate with smallest eigenvalue computation by the FULLHS approach. We
terminate the basis computation for a total number of ` = 6 basis functions for the generation of
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the reduced order model. We motivate this choice by the indication of the error estimate, that the
quality of the ROM is no longer improving for a number ` > 6 of basis functions (compare Figure
6.7). The computation times for the main components of the algorithm are presented in Table
6.8. The smallest eigenvalue approximation by the GRID approach for a single WAPEE call took
in average less than 0.001 sec computational time, while a single evaluation of the perturbation
function ζ needed around 1.0 sec. If we consider the FULLHS approach instead, the smallest
eigenvalue computation for a single call would need in average more than 1.1 sec. Taking for both
approaches also the total time for the perturbation function evaluation into account, this results in
a total APEE time of 272.5 sec, compared to 121.2 sec for WAPEE. Note that for setting up the
ROM we applied the empirical interpolation method (EIM, see Section 2.2.2) up to a tolerance of
εEIM ≤ 1.0× 10−10 for reducing the order of the nonlinearity during the optimization process.

POD-greedy ∅ Time [s] # Calls Total [s]

Optimization FE 5.40 6 32.4

Optimization RO 1.05 120 126.0

POD 0.031 6 0.186

EIM 0.001 6 0.006

ROM 0.033 6 0.198

WAPEE 1.01 120 121.2

Reduced basis generation 284.1

Table 6.8: Computation times.

6.5.3 Multiobjective optimization by the weighted sum method

The multiobjective optimal control problem (6.9) is now solved by the weighted sum method in
reduced order for a discrete parameter set MWSM = {µi}Ni=1 ⊂ Mad with a number of N = 500
randomly chosen admissible parameters. If we assume for each chosen parameter µ ∈ MWSM
the average optimization times according to the reduced basis generation as given in Table 6.8,
we gain a MOR speed-up of factor > 5 with respect to the high-dimensional (FE) optimization.
The resulting set of efficient points Z = Ĵ (U) ⊂ R3 for the Pareto optimal control set U =
{ū(µ)}µ∈MWSM , representing the Pareto front, is shown in Figure 6.9. A more detailed view is
presented in Figure 6.10 by taking a closer look on an extraction of the Pareto front. For illustration
we also added some non-efficient points, which are obtained without optimization by just evaluating
J (y, u) for arbitrarily chosen controls u ∈ Uad and their corresponding state solution y = y(u).

6.5.4 Conclusion and outlook

Once a reduced order model is derived, the multiobjective optimization can be done by the weighted
sum method in reduced dimension at (much) lower computational costs. During the reduced basis
generation by the POD-greedy algorithm, the weak a-posteriori error estimaton WAPEE (121.1
sec), that utilizes the grid approximation approach (GRID) for the computation of an approximative
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Figure 6.7: Error estimates for increasing number ` of basis functions. For each ` we indicate by
“avg” the error estimates averaged over the total number of parameters in Strain.

lower bound of the smallest eigenvalue, is more than twice as fast as the a-posteriori error estimate
APEE (272.5 sec), where the smallest eigenvalue of the Hessian is computed by FULLHS. If we
compare only the computation times for the eigenvalue approximation (0.001 sec by GRID) and
eigenvalue computation (> 1.1 sec by FULLHS), we even gain a tremendous computational speed-
up of factor > 1000. Unfortunately, this is almost fully compensated by the evaluation of the
perturbation function ζ (around 1.0 sec) in the error estimator, for which high-dimensional (FE)
solves of the (nonlinear) state and adjoint equations are needed. Moreover, one has also to take
the additional numerical costs caused by the pre-offline phase into account, which took here a total
computation time of 370 sec. Of course, this makes the GRID approach for this constellation, where
only one POD-greedy run for a single training set Strain was performed, in sum more expensive. But
for those cases, where reduced bases have to be generated for a multitude N of large and varying
training sets Strain(1) 6= Strain

(2) 6= ... 6= Strain
(N), it will represent a cost-efficient implementation,

since the pre-computation of the eigenvalues on the control grid Ξgrid is parameter-independent.
Concrete, it would be here the case for a number N > 3. In this regard let us recall the important
property, that the pre-offline phase is ideally suited for parallel computation as shown in Section
6.4.3, Table 6.4, where a computational speed-up in time of factor around 3 is gained. Another
promising possibility of saving computational time (and hence a suggestion for further research)
could be a numerical efficient estimate for the perturbation function ζ that does not rely on high
dimensional (FE) solves of the (nonlinear) state and adjoint equation, as it is successfully applied
for linear elliptic and parabolic problems by Kärcher and Grepl in [KG14a, KG14b]. Since both
(FE) solutions are essential for the computation of the Hessian, they have always to be computed
for the FULLHS approach.

Remark 6.5.4 For a (very) small parameter training set Strain it might be also numerical efficient to
apply the “strong” POD-greedy algorithm, i.e., we solve for all µ ∈ Strain a high-dimensional optimal
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Figure 6.8: Iterations 1 to 6: identifying µ? ∈ Strain = {µi}20
i=1 with maximum error (by GRID).
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Figure 6.9: Pareto front.

135



6 Eigenvalue approximation by Hessian decomposition

0.185

0.19

0.65

0.195

0.2

0.205

0.21

J
1

0.215

0.22

0.225

350.7

0.23

30

J2

25

J3

0.75
20

15
0.8 10

0.19

0.195

0.2

0.205

0.21

0.215

0.22

0.225

J for random u ∈ Uad

Pareto front (WSM)

(a)

0.65 0.7 0.75 0.8

J2

10

15

20

25

30

35

J
3

(b) J2-J3 view.

0.65 0.7 0.75 0.8

J2

0.185

0.19

0.195

0.2

0.205

0.21

0.215

0.22

0.225

0.23

J
1

(c) J2-J1 view.

10 15 20 25 30 35

J3

0.185

0.19

0.195

0.2

0.205

0.21

0.215

0.22

0.225

0.23

J
1

(d) J3-J1 view.

Figure 6.10: Extraction of Pareto front for 0.18 ≤ J1 ≤ 0.23, 0.65 ≤ J2 ≤ 0.8 and 10 ≤ J3 ≤ 35.
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control problem and are therefore able to compute during basis generation always the actual error
‖uh(µ)− u`(µ)‖U instead of the a-posteriori estimate. In this case we would need in total (for a
number of 20 parameters and the corresponding high-dimensional optimization runs) only 108 sec,
based on the average FE optimization time given in Table 6.8. Here, the crucial thing is the RO
optimization speed-up factor of “only” around 5, compared to a factor of up to 14 in the previous
Section 5.1. This can be attributed primarily to the underlying coarser FE discretization, so that
the accompanying reduced order approach can also develop only less potential. But already for an
average RO optimization speed-up factor of around 7, which is only half the factor as presented in
Section 5.1 for a higher FE discretization, the weak a-posteriori error estimation again turns out
to be the computational faster (online) approach. Let us also refer here to the already mentioned
fact, that this behaviour is especially consolidated for a multitude N of large and varying parameter
training sets {S(i)

train}Ni=1. Nevertheless, let us conclude, that for this constellation it would be the
method of choice, and – as far as possible – an (a-priori) investigation in the numerical effort for
additional a-posteriori error estimation techniques might be quite reasonable.
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Summary

Finally we present a brief recap of the observations and conclusions made in this work as they can
be found in detail in Sections 5.4, and 6.5.4 as well as at the end of Sections 6.4.3 and 6.4.4.

In this thesis an a-posteriori error estimation for POD reduced-order (parametrized) optimal
control problems, governed by nonlinear (parameter-independent) partial differential equations,
was investigated with regard to numerical reliability as well as efficiency. For this purpose, special
focus was put on suitable approaches for the computation and approximation of the smallest
eigenvalue of the Hessian at the computed optimal control, being an integral part of the underlying
error estimation formula. For all presented approaches in this work, the quality of the provided
second-order derivative information was sufficient to establish reliable a-posteriori error estimates
for any numerical test and application considered to this end. However, this applied not in general
for the purpose of computational efficiency, as our observations and results have demonstrated.
For the case of non-parametrized problems, only the introduced approach using a Quasi-Newton
BFGS approximation of the Hessian turned out to be a competitive candidate, that does not
consume the computational benefit strived by reduced order optimization under given conditions.
But since its general application is subject to specified limitations, we suggest this approach for
further investigation. Further on, for the extended case of parametrized problems, we presented
an online-efficient (weak) a-posteriori error estimate in the framework of a POD-greedy algorithm,
that ensured a computational speed-up during the reduced basis generation process. Nevertheless,
for a reasonable statement in terms of numerical efficiency as a whole, also the computational costs
for the offline phase had to be taken into account. Hence, for the treated application in context of
multiobjective control, we stated a recommendation for a minimum number of parameter training
sets, that should have been required to justify the offline effort against the online benefit. For
comprehensive and specified suggestions concerning further research as well as possibilities of
(computational and implementational) enhancement, we refer to relevant sections mentioned at
the beginning.
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