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Weak measurement of quantum superposition states in graphene
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We employ a weak measurement approach to demonstrate the very existence of the photoexcited interband
superposition states in intrinsic graphene. We propose an optical two-beam setup where such measurements are
possible and derive an explicit formula for the differential optical absorption that contains a signature of such
states. We provide an interpretation of our results in terms of a non-Markovian weak measurement formalism
applied to the pseudospin degree of freedom coupled with an electromagnetic wave.
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I. INTRODUCTION

The past decade has witnessed many experiments ad-
dressing coherent quantum superpositions in single quantum
systems directly. Among these are systems with photons [1–5],
with nuclear spins [6,7], and, more recently, in electronic
setups [8–10]. Since the quantum system should be left
unchanged during the coherent evolution the concept of
weak measurements was introduced nearly 30 years ago
[11] and still remains a highly active topic [12–16]. In this
paper, we would like to add another possible manifestation
of this problem by considering an optical measurement of
the photocarriers in semiconductors, which can be readily
implemented. To this end, we propose an experiment to
weakly measure the photoexcited interband (electron-hole)
superposition states in intrinsic graphene. To the best of
our knowledge, these electron-hole pairs have never been
considered from the weak measurement point of view, despite
the very extensive literature on semiconductor optics. By
establishing a detailed correspondence between the optical
excitation-absorption process and the recently developed non-
Markovian weak measurement formalism [17] we find the
signature of the coherent oscillation in the optical absorption
signal.

To perform a weak measurement [18] of a quantum state
ψ the detector must also represent a quantum-mechanical
object described by a wave function ψd . The measured system
interacts with the detector, and it is the detector’s wave
function ψd that is collapsed by a strong measurement. Due
to the interaction between these two states the outcome of
the measurement on ψd contains some information about
coherence of the original quantum state ψ . In our setup, the
role of the quantum state ψ is played by a 2 × 2 photocarrier
density matrix written in the eigenstate basis of the massless
Dirac Hamiltonian for charge carriers in graphene. Once an
external radiation source is applied, the matrix represents a
sum f

(0)
ij + fij [f (0)], where f (0) is the equilibrium distribution,

and f is a nonequilibrium addition on top of f (0). The
matrix f includes nonzero coherences representing interband
superpositions (see Fig. 1). The probe radiation in turn changes
the photocarrier density matrix to f

(0)
ij + fij [f (0)] + f ′

ij [f ],
where f ′ depends on f . Due to the weak interaction with
the probe radiation the photocarrier density matrix is left
almost unaffected f ′

ij � fij . That is what is known as a linear-
response regime. In contrast to the classical linear-response
absorption measurement, we take into account coherences

and show that they could be detected in such settings. We
explicitly show that the differential relative absorption of the
probe radiation given by Eq. (13) and shown in Fig. 2 contains
a response from the initial superposition states encoded in
fij , i �= j . We confirm this result using a non-Markovian weak
measurement formalism developed recently, hence providing
an alternative method for weak measurement description.

II. MODEL IN DEPTH

The effective two-level system shown in Fig. 1 is described
by the two-dimensional massless Dirac-like Hamiltonian [19]
Ĥ0 = h̄vσ̂ · k̂, where h̄k̂ is the two-component momentum
operator, σ̂ is the pseudospin operator constructed from the
Pauli matrices, and v ≈ 106 ms−1 is the carrier velocity in
graphene. The corresponding eigenvalues and eigenstates are
E1,2 = ±h̄vk and ψ1,2 = 1√

2
(1, ±eiφ) with tan φ = ky/kx .

The index 1 (2) stands for the conduction (valence) band (see
Fig. 1). The pseudospin is parallel (antiparallel) to momentum
while being in a conduction-band (valence-band) eigenstate.
Hence, a certain interband coherent state ψ = aψ1 + bψ2 we
are trying to measure represents, at the same time, a pseudospin
superposition state.

In order to create and measure such a superposition state
we employ an electromagnetic wave E(t) = E0(eiωt + e−iωt )ê
with the frequency ω and amplitude E0 linearly polarized in
the direction ê. The equilibrium carriers are then perturbed by
the field-pseudospin interaction [20] Ĥint(t) = ĥ(eiωt + e−iωt ),
where ĥ = evE0

2ω
σ̂ · ê with e being the electron charge. We

assume normal incidence without momentum transfer from
photons to electrons so that we always superimpose the
states ψ1,2 with the same momentum. It is convenient to
define the coupling parameter ηω = evE0

2ω
that entangles the

electric field and the pseudospin σ̂ . In contrast to conventional
semiconductors, where a similar coupling constant can also be
defined, graphene allows tuning ηω in a very broad range and in
a very predictable manner. Indeed, the excitation frequency ω

can be shifted from the ultraviolet to far infrared regions while
keeping the photocarrier velocity constant, hence changing
ηω by orders of magnitude. In conventional semiconductors
the lowest possible ω is limited by the band gap, and the
photocarrier velocity is dependent on the excitation frequency
reflecting their complicated band structure. Thus, graphene
offers an unprecedented opportunity to study the pseudospin
(or interband) coherence by optical means.
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FIG. 1. Direct interband excitations result not only in the photo-
carrier occupations f11, f22 = −f11 at energies ±h̄ω/2 but also in the
coherences f12, f21 = f ∗

12 representing the superpositions between
conduction- and valence-band eigenstates. The matrix fij can be seen
as a density matrix written in the eigenstate basis of Ĥ0. In the right
diagram the density-matrix components are shown schematically
assuming monochromatic radiation (λ = 0, i.e., fii shrinks to a δ

function). Note that Ref12 vanishes faster than Imf12 when the
energy increases, i.e., the latter dominates in the high-energy tail
of the density matrix representing the signature of the quantum
superposition states.

III. CREATING A PSEUDOSPIN SUPERPOSITION STATE

The operator ĥ written in the eigenbasis of Ĥ0 is given by
the matrix

ĥ = ηω

(
cos(φ − θ ) −i sin(φ − θ )

i sin(φ − θ ) − cos(φ − θ )

)
, (1)

where tan θ = ey/ex describes the polarization plane orienta-
tion. The pseudospin-momentum coupling in graphene results
in both off-diagonal and diagonal terms in Eq. (1) responsible
for the generation of coherences in the electron density
matrix. This is the crucial ingredient that makes the optical
generation and detection of superposition states possible. It
is natural to describe the pseudospin coherence by a 2 × 2
density matrix ρ̂ the evolution of which is governed by the
Liouville–von Neumann equation ∂t ρ̂ + i

h̄
[Ĥ0,ρ̂(t)] = ĝ(t),

where the generation rate is given in the lowest nonzero order
in h by [21]

ĝ(t) = − 1

h̄2

∫ 0

−∞
dt ′eλt ′{(eiωt ′ + e−iωt ′ )

×[
ĥ,e

i
h̄
Ĥ0t

′
[ĥ,ρ̂(t + t ′)]e− i

h̄
Ĥ0t

′]}
. (2)

Here, the adiabaticity parameter λ > 0 has been introduced in
order to take into account the finite Lorentzian spectral width
of the radiation flow. We assume that λ → 0 at the end of the
day. This approximation corresponds to the cw operation of the
laser. We now write the density matrix ρ̂ and the corresponding
Liouville–von Neumann equation in the eigenstate basis of
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FIG. 2. Graphene is irradiated by two cw monochromatic light
beams having the frequencies ω and ω′ and linear polarizations
perpendicular to each other. One of the beams creates an initial photo-
carrier distribution, whereas another is used as a weak measurement
probe. The curves represent relative optical absorption difference vs
detector’s excitation frequency ω′ in units of 1/τ (dephasing rate)
at zero temperature and zero doping, as given by Eq. (13). The
differential relative absorption is given in units of  [see Eq. (14)].
The verticals show the initial photocarrier occupation positions that
have shrunk to zero due to the perfectly monochromatic radiation.

Ĥ0 (helicity basis) and, at the same time, add relaxation and
dephasing terms. The equation then reads

∂

∂t

(
f11 f12

f21 f22

)
+ i

h̄

(
0 f12(E1 − E2)

f21(E2 − E1) 0

)

=
(

g11[f 0] g12[f 0]

g21[f 0] g22[f 0]

)
−

(
f11/τ0 f12/τ

f21/τ f22/τ0

)
, (3)

where the functions fij represent the change in the density
matrix ρ̂ − ρ̂eq written in the basis of the unperturbed
eigenstates of Ĥ0, f 0 is the equilibrium distribution matrix
diagonal in the same basis, τ0 is the relaxation time, and τ is
the dephasing time. The generation rate is transformed within
the rotating wave approximation [22] and reads

g11[f 0] = 2h12h21

h̄2

(
f

(0)
22 − f

(0)
11

)∑
±

λ

λ2 + (� ± ω)2
, (4)

g12[f 0] = h11h12 + h21h22

h̄2

(
f

(0)
11 − f

(0)
22

) ∑
±

1

λ + i(� ± ω)
,

(5)

and g22 = −g11, g21 = g∗
12. Here, � = (E1 − E2)/h̄ = 2vk.

Note that g11 is proportional to a δ function at λ → 0, whereas
g12 is not. Since the interaction matrix hij contains both
diagonal and nondiagonal terms, the generation rate gij does
the same. This is the reason why the light-carrier interaction
creates the interband coherent states. If the generation gij were
turned off at t = 0, then the coherences in fij would be given
by f12(t) = f12(0) exp(−t/τ − i�t), f21 = f ∗

12 representing a
rapidly oscillating function with the amplitude determined by
the initial condition at t = 0. Measuring such an oscillating
function could be a challenging task and, therefore, we focus
on a steady-state limit, when ∂fij /∂t = 0. In this limit, the
solution of Eq. (3) is given by f12 = τg12[f 0]/(1 + iτ�),
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f11 = τ0g11[f 0], f21 = f ∗
12, f22 = −f11 (see Appendix A).

At λ → 0, the diagonal terms fii represent occupations
of the corresponding bands given by the delta function
δ(� − ω) whereas the coherences fij describe the pseudospin
superposition states and remain finite even at � �= ω. The
explicit expressions for fij as derived in Appendix A are given
by

f11 = 2πτ0

h̄2 h12h21
(
f

(0)
22 − f

(0)
11

)∑
±

δλ(� ± ω), (6)

and

f12 = h11h12 + h21h22

h̄2

τ

1 + iτ�

∑
±

f
(0)
11 − f

(0)
22

λ + i(� ± ω)
. (7)

IV. MEASURING THE SUPERPOSITION STATE

The interband coherences schematically depicted in Fig. 1
are generated by Ĥint, which couples the electric field and
pseudospin—the quantity we are trying to measure. The
weak measurement is performed by means of the interaction
between the probe electromagnetic wave and pseudospin:
Ĥ ′

int = ĥ′(eiω′t + e−iω′t ) with ĥ′ = evE ′
0

2ω′ σ̂ · ê′, where ê′ ⊥ ê.
The orthogonality between ê′ and ê allows us to filter out the
absorption of any of these two electromagnetic waves easily.
Similar to ĥ, the electric-field amplitude E ′

0 and pseudospin σ̂

are coupled by the coupling parameter ηω′ = evE ′
0

2ω′ . The probe

radiation is assumed to have the intensity I ′
0 = cE ′2

0/8π much
lower than I0 = cE2

0 /8π so that the probe almost does not
change the coherent state created initially by ĥ. It is also
crucial for the probe interaction ĥ′ to be weak enough to justify
the weak measurement criterion within the whole frequency
interval we are interested in, i.e., the probe intensity should
be tuned while changing the probe frequency ω′ so that ηω′

remains constant. The complete quantum-mechanical weak
measurement procedure also requires averaging over many
single weak measurements [18]. Since we employ the density
matrix (not a wave function) for the quantum state description,
the statistics is taken into account automatically within our
model. In the experiment, the cw operating probe serves for
the desired statistics.

The probe generation rate ĝ′(t) is formally given by the
equation similar to Eq. (2), but the resulting g′

ij [f ] depends
not only on the band occupations f11, f22 but also on the
coherences f12, f21 introduced above. The coherences vanish
in equilibrium; however, once the steady-state nonequilibrium
is created, the coherences can be observed by measuring
the optical absorption calculated from g′

ij [f ]. The relative
optical absorption is defined as A = I ′/I ′

0, where I ′ is the
absorbed intensity per spin/valley channel given by I ′ =
h̄ω′ ∫ d2kg′

11/(2π )2. Here, we need only one component of the
generation matrix g′

ij representing the valence-to-conduction-
band transition rate given by

g′
11[f ] =

∑
±

h′
12h

′
21

h̄2

2λ(f22 − f11)

λ2 + (� ± ω′)2

−2i
∑
±

h′
12h

′
22

h̄2

(� ± ω′)Ref12 − λImf12

λ2 + (� ± ω′)2
. (8)

The first term formally looks similar to Eq. (A5) but the equi-
librium occupations f 0

ii are substituted by their steady-state
counterparts fii determined by the relaxation time τ0. This term
dominates in the absorption at ω = ω′ and corresponds to the
conventional signal in the optical pump-probe measurements
[23]. The second term contains quantum information about
the initial steady state via coherences fij determined by the
dephasing time τ . At λ → 0, Imf12 and Ref12 are weighted
in the relative absorption by the delta function δ(� ± ω′) and
the principle value 1/(� ± ω′), respectively. Imf12 dominates
in the absorption at ω′ � ω.

The description in terms of a non-Markovian weak mea-
surement formalism [17] can provide insight into the inter-
action of the probe beam and the pseudospin. Starting from
a microscopic model [24] (see Appendix B), the field-field
correlator of the outgoing electric field after the interaction
with the graphene is given by

〈E ′(0)E ′(0)〉w
= 1

2h̄2

∫
dt

∫
dt ′χ (0,t)χ (0,t ′)〈{σ̂x(t),σ̂x(t ′)}〉

− 2i

h̄2

∫
dt

∫
dt ′θ (t − t ′)χ (0,t)S(0,t ′)〈[σ̂x(t),σ̂x(t ′)]〉,

(9)

where χ (0,t) = −i
ηω′√

N
θ (−t)eλt 〈[Ê ′(0),Ê ′(t)]〉 is the response

function and S(0,t) = ηω′
2
√

N
eλ|t |〈{Ê ′(0),Ê ′(t)}〉 is the noise

function of the probe beam. Note that the dimensionless
electric field Ê ′ = i√

2
(âe−iω′t − â†eiω′t ) is quantized in this

formalism and the probe intensity is determined by the photon
number N = 〈â†â〉 + 1

2 to which we normalize here. The
parameter λ takes into account a Lorentzian broadening of the
laser beam. The square and curly brackets denote commutator
and anticommutator, respectively. The first term in Eq. (9) does
not contribute to the differential absorption because the trace is
taken over the steady-state distribution function fij determined
by Eq. (3) resulting in Tr f = 0. Hence, we focus on the
second term. It describes the self-interaction of the electric
field mediated by the graphene and therefore contains the
pseudospin response function θ (t − t ′)〈[σ̂x(t),σ̂x(t ′)]〉 which
is sensitive to the presence of coherence. Therefore it adds
a signature of the quantum state of the graphene to the
outgoing electric field. The steady-state approximation is
realized as 〈[σ̂x(t),σ̂x(t ′)]〉 → 〈[σ̂x(t − t ′),σ̂x(0)]〉. The pseu-
dospin is considered in the eigenstate basis of Ĥ0 and its
dynamics is governed by the equation dt σ̂i(t) = i

h̄
[Ĥ0,σ̂i].

The statistical average is performed as 〈σi(t)〉 = Tr σ̂i(t)f .
In particular, 〈σx〉 = (f11 − f22) cos φ − 2 sin φ Imf12, 〈σy〉 =
(f11 − f22) sin φ + 2 cos φ Imf12, and 〈σz〉 = 2Ref12. The
resulting correlator reads

〈E ′(0)E ′(0)〉w = η2
ω′

h̄2

∫ 0

−∞
dt

∫ t

−∞
dt ′ sin(ω′t) cos(ω′t ′)

× 4eλteλt ′ (〈σy〉 sin φ sin[�(t − t ′)]

+〈σz〉 cos φ sin φ{cos[�(t − t ′)] − 1}).
(10)
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We divide the correlator by the laser pulse duration 1
λ

. Then,
we employ the rotating wave approximation when integrating
Eq. (10). The result for small λ � ω,ω′ reads

〈E ′(0)E ′(0)〉w = −π
η2

ω′

2h̄2 〈σy〉 sin φ
∑
±

δ(ω′ ± �)

+η2
ω′

h̄2 〈σz〉cos φ sin φ �2

ω′(ω′2 − �2)
(11)

[cf. Eq. (8)]. In the simplest case of a zero-temperature equi-
librium state, we have f22 = 1, f11 = f12 = f21 = 0, hence
〈σy〉eq = − sin φ, 〈σz〉eq = 0. To calculate the total absorbed
energy per unit time and unit area from Eq. (11) we integrate
over all momenta and multiply by h̄ω′.

For isotropic 〈σz〉 or 〈σy〉 the corresponding parts aver-
age out by this momenta integration. However, our excita-
tions depend on the direction [cf. 〈σz〉 ∝ h11h12 + h21h22 =
−2i cos(φ − θ ) sin(φ − θ )], and the occurring integrals
in Eq. (11),

∫ 2π

0 dφ sin(φ − θ ) cos(φ − θ ) sin(φ) cos(φ) =
π
4 cos(2θ ) and

∫ 2π

0 dφ sin2[φ − θ ) sin2(φ) = π
4 (2 − cos(2θ )],

do not vanish for orthogonal pump and probe beams θ = π
2 .

To obtain the relative absorption we divide the result by the
incident intensity I ′

0 and multiply by 4 for the valley and spin
degeneracy. The equilibrium absorption then reads

A0 = 4
h̄ω′

I ′
0

∫
d2k

4π2
〈E ′(0)E ′(0)〉eq

w = πe2

h̄c
, (12)

which is a known result [25]. Most saliently, either of Eqs. (11)
and (8) contains nonequilibrium quantum information encoded
in the coherences f12 and f21 the manifestation of which can
also be seen in the absorption.

We focus on the relative absorption difference (A − A0)/A0

at λ = 0 and ω �= ω′ when the first term in Eq. (8) vanishes so
that the occupations do not contribute. To neglect the influence
of occupations at λ �= 0 the probe frequency ω′ must be fixed
further away from ω. The differential absorption is negative
due to the so-called Pauli bleaching and reads

A − A0

 A0

= − ω′τ 2

ω′2 − ω2

(
ω′3

1 + τ 2ω′2 − ω3

1 + τ 2ω2

)

−2ω′τ
π

ω′2 ln(τω′) − ω2 ln(τω) + τ 2ω′2ω2 ln(ω′/ω)

(1 + τ 2ω2)(1 + τ 2ω′2)(ω2 − ω′2)
,

(13)

where A0 = πe2/(h̄c) is the equilibrium absorption, and

 = 1

A0I
′
0

η2
ω′η2

ω

h̄3v2
(14)

is a constant that controls the overall signal strength via the
coupling parameters ηω, ηω′ . We estimate  to be of the order
of 10−5 for typical cw lasers with the power of about 1 mW
focused on a μm-size spot and the frequencies ω,ω′ being of
the order of 0.1 and 1 eV, respectively. Measuring such a low
signal is a challenging task; however, the relative differential
transmission of the order of 10−4 has already been measured
recently on graphene using an optical pump-probe setup [23].

Note that  can be changed in a very broad range by playing
with ηω and ηω′ , as there is no theoretical limit for excitation
frequencies from below (no band gap).

V. DISCUSSION

Equation (13) is among the main results of our paper. This
signal is a response to the pseudospin superposition states
created by ηω and measured by ηω′ . The signal should vanish if
such states were not there. The relative absorption (13) is solely
due to the pseudospin coherence because the conventional
occupation-related dip shrinks to zero at λ = 0. For this reason
Eq. (13) does not depend on τ0 and vanishes at τ → 0 (very fast
dephasing). On the other hand, the signal saturates at τ → ∞
and equals to

A − A0

A0
= −

ω′

ω + ω′ . (15)

The value of the dephasing time τ is unknown but it enters
Eq. (13) only in products with ω and ω′ resulting in the
universal behavior shown in Fig. 2. One can see that reducing
ω′ affects the signal in the same way as faster dephasing does.
On the other hand, faster dephasing is equivalent to higher ω.
This effect can also be seen in Eq. (15) vanishing at ω → ∞
even though dephasing is absent there.

Equation (13) can be further simplified at ω′ � ω as

A − A0

A0
= −

(τω′)2

1 + (τω′)2

[
1 − 2 ln(τω′)

πτω′

]
. (16)

As it is expected from Eq. (15), the signal (16) saturates at
ω′τ → ∞ as (A − A0)/A0 = −. Let us recall that in order
to keep ηω′ constant in the formal limit ω′τ → ∞ we should
increase I ′

0 to infinity as well, making this regime experimen-
tally irrelevant. The regime ω′ � ω is most convenient for
the pseudospin coherence observation, where the differential
absorption is approaching its maximum and, most importantly,
the conventional occupation dip at ω′ = ω is not present even
if it is broadened by relaxation.

VI. CONCLUSION

To conclude, we have demonstrated a framework for a weak
measurement description, where the quantum-mechanical
coherence and carrier statistics are treated using the Liouville–
von Neumann equation and, alternatively, the field-field corre-
lator. We apply this approach to intrinsic graphene the peculiar
band structure of which makes it possible to generate and
observe the quantum-mechanical pseudospin coherence. The
weak measurement of pseudospin coherence is provided by
coupling the pseudospin to the electric field of an electromag-
netic wave. This coupling is what makes graphene special and,
in combination with the results presented above, provides a re-
liable solid-state platform for fundamental quantum research.
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APPENDIX A: OPTICALLY EXCITED COHERENCES

Equation (2) in the main text and the Liouville–von Neumann equation itself are the operator equations, and to get the
corresponding equation for the distribution function we rewrite the both in the eigenbasis of Ĥ0. The density matrix ρ̂ is then
transformed as

ρ̂ →
(

f11 f12

f21 f22

)
.

The terms in the left-hand side of the Liouville–von Neumann equation are transformed as

∂ρ̂

∂t
→

(
∂tf11 ∂tf12

∂tf21 ∂tf22

)
,

i

h̄
[Ĥ0,ρ̂(t)] → i

h̄

(
0 f12(E1 − E2)

f21(E2 − E1) 0

)
.

Here, E1,2 = ±h̄vk are conduction- and valence-band dispersions. Note that the integrand in the generation rate consists of two
similar terms ∝e±iωt ′ . Each of these two terms consists in turn of four terms transformed as

ĥe
i
h̄
Ĥ0t

′
ĥρ̂e− i

h̄
Ĥ0t

′ →
(

(f11h12h21 + f21h12h22)e
it ′
h̄

(E2−E1) (f12h11h11 + f22h11h12)e
it ′
h̄

(E1−E2)

(f11h22h21 + f21h22h22)e
it ′
h̄

(E2−E1) (f12h21h11 + f22h21h12)e
it ′
h̄

(E1−E2)

)
, (A1)

−ĥe
i
h̄
Ĥ0t

′
ρ̂ĥe− i

h̄
Ĥ0t

′ → −
(

(f21h12h11 + f22h12h21)e
it ′
h̄

(E2−E1) (f11h11h12 + f12h11h22)e
it ′
h̄

(E1−E2)

(f21h22h11 + f22h22h21)e
it ′
h̄

(E2−E1) (f11h21h12 + f12h21h22)e
it ′
h̄

(E1−E2)

)
, (A2)

−e
i
h̄
Ĥ0t

′
ĥρ̂e− i

h̄
Ĥ0t

′
ĥ → −

(
(f12h11h21 + f22h12h21)e

it ′
h̄

(E1−E2) (f12h11h22 + f22h12h22)e
it ′
h̄

(E1−E2)

(f11h21h11 + f21h22h11)e
it ′
h̄

(E2−E1) (f11h21h12 + f21h22h12)e
it ′
h̄

(E2−E1)

)
, (A3)

e
i
h̄
Ĥ0t

′
ρ̂ĥe− i

h̄
Ĥ0t

′
ĥ →

(
(f11h12h21 + f12h22h21)e

it ′
h̄

(E1−E2) (f11h12h22 + f12h22h22)e
it ′
h̄

(E1−E2)

(f21h11h11 + f22h21h11)e
it ′
h̄

(E2−E1) (f21h11h12 + f22h21h12)e
it ′
h̄

(E2−E1)

)
. (A4)

Here, the matrix h is given by Eq. (1).
Once we are in equilibrium f11 = f

(0)
11 , f22 = f

(0)
22 , f12 = f21 = 0, where f

(0)
11 = f (0)(E1), f (0)

22 = f (0)(E2) are the Fermi-Dirac
distributions. Thus, the t ′ dependence remains only in the exponents, and the excitation rate reads

g11 = 2h12h21

h̄2

(
f

(0)
22 − f

(0)
11

) ∑
±

λ

λ2 + 1
h̄2 (�E ± Eω)2

→ 2π

h̄
h12h21

(
f

(0)
22 − f

(0)
11

)
δλ(�E ± Eω), (A5)

g22 = 2h21h12

h̄2

(
f

(0)
11 − f

(0)
22

) ∑
±

λ

λ2 + 1
h̄2 (�E ± Eω)2

→ 2π

h̄
h21h12

(
f

(0)
11 − f

(0)
22

)
δλ(�E ± Eω). (A6)

Here,

δλ(�E ± Eω) = lim
λ→0

1

π

λ

λ2 + 1
h̄2 (�E ± Eω)2

, (A7)

where �E = E1 − E2 > 0. Note that g22 = −g11 and since Eω = h̄ω > 0 some δ functions do not contribute at λ = 0. Further
on, the coherence generation rates read

g12 = h11h12 + h21h22

h̄2

(
f

(0)
11 − f

(0)
22

) ∑
±

1

λ + i
h̄

(�E ± Eω)
, (A8)

g21 = h22h21 + h12h11

h̄2

(
f

(0)
22 − f

(0)
11

) ∑
±

1

λ − i
h̄

(�E ± Eω)
. (A9)

Note that g21 = g∗
12. The distributions fij can be found from

− 1

τ0
fij + gij = 0, i = j, (A10)

i

h̄
fij (Ei − Ej ) = − 1

τ
fij + gij , i �= j, (A11)
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where τ is the pseudospin relaxation time. Thus,

f11 = 2πτ0

h̄
h12h21

(
f

(0)
22 − f

(0)
11

) ∑
±

δλ(�E ± Eω), (A12)

f22 = 2πτ0

h̄
h21h12

(
f

(0)
11 − f

(0)
22

) ∑
±

δλ(�E ± Eω), (A13)

f12 = h11h12 + h21h22

h̄2

τ

1 + i
h̄
τ�E

∑
±

f
(0)
11 − f

(0)
22

λ + i
h̄

(�E ± Eω)
, (A14)

f21 = h22h21 + h12h11

h̄2

τ

1 − i
h̄
τ�E

∑
±

f
(0)
22 − f

(0)
11

λ − i
h̄

(�E ± Eω)
, (A15)

where the general relations f22 = −f11, f21 = f ∗
12 hold.

APPENDIX B: NON-MARKOVIAN WEAK MEASUREMENT

We derive the cross-correlation of a non-Markovian weak measurement from a microscopic model. In our paper the detector
is given by the electric field of a laser beam Ê which is coupled to the pseudospin σ̂ of a graphene system and subsequently
measured by a photodetector. In order to model the cross-correlation we label two electric fields (two detectors) with a and b so
that the interaction Hamiltonian can be written as

Ĥint = ηa Êaσ̂ + ηbÊbσ̂ , (B1)

where the ηi denote the coupling strength. The probability to find the outcomes Ea and Eb is given by

pEaEb
(t) = Tr

{
K̂Ea

K̂Eb
Û (t)ρ̂0ρ̂aρ̂bÛ

†(t)K̂†
Eb

K̂
†
Ea

}
, (B2)

with Û (t) = Û0(t)ÛI (t), where Û0 is the unitary time evolution of the undisturbed systems and ÛI = T e−i
∫ t

dt ′ HI
int(t

′)/h̄ labels
the interaction with the time ordering T . The readout of the electric field after the interaction with the pseudospin is denoted by
the projection operators �̂Ei

= |E〉〈E |. Following the weak-coupling assumption we expand the time evolution in the interaction
picture to second order in η:

pEaEb
= − ηaηb

h̄2

∫ t

dt ′
∫ t

ds ′ 〈[�̂Ea
(t),Êa(t ′)

]〉〈[
�̂Eb

(t),Êb(s ′)
]〉〈{σ̂ (t ′),σ̂ (s ′)}〉/2

− ηaηb

h̄2

∫ t

dt ′
∫ t

ds ′ θ (t ′ − s ′)
〈{

�̂Ea
(t),Êa(t ′)

}〉〈[
�̂Eb

(t),Êb(s ′)
]〉〈[σ̂ (t ′),σ̂ (s ′)]〉/2

− ηaηb

h̄2

∫ t

dt ′
∫ t

ds ′ θ (t ′ − s ′)
〈[
�̂Ea

(t),Êa(s ′)
]〉〈{

�̂Eb
(t),Êb(t ′)

}〉〈[σ̂ (t ′),σ̂ (s ′)]〉/2, (B3)

where the expectation values are taken in the undisturbed subsystems. We already omitted terms which will be proportional to
〈Ê(t)〉 = 0. The expectation value of the weak measurement output is given as

〈Ea(t)Eb(t)〉w =
∫

dEadEb pab(t)EaEb. (B4)

With
∫

dE E �̂E (t) = Ê(t) and by introducing the response function χ (t,t ′) = −iηθ (t − t ′)〈[Ê(t),Ê(t ′)]〉 and the noise function
S(t,t ′) = η

2 〈{Ê(t),Ê(t ′)}〉 the field-field correlator can be expressed as

〈E(t)E(t)〉w = 1

2h̄2

∫
dt ′

∫
ds ′ χ (t,t ′)χ (t,s ′)〈{σ̂ (t ′),σ̂ (s ′)}〉 − 2i

h̄2

∫ t

dt ′
∫ t

ds ′ θ (t ′ − s ′)S(t,t ′)χ (t,s ′)〈[σ̂ (t ′),σ̂ (s ′)]〉, (B5)

where we set a = b. In this case the cross-correlation differs from the measured quantity—the intensity of the laser beam which
corresponds to the self-correlation—only by the intrinsic noise 〈Ê2(t)〉. This is due to the scalar commutator of the electric field
{[Ê2(t),Ê(t ′)],Ê(s ′)} = [Ê(t),Ê(t ′)]{Ê(t),Ê(s ′)}. Since the intrinsic electric-field noise is independent of the measured system, it
does not contribute to the absorption difference A − A0 in which we are interested.

With the operator Ê(t) = i√
2
(âe−iωt − â†eiωt ) we have the correlators

[Ê(t),Ê(s)] = − i sin[ω(t − s)],

{Ê(t),Ê(s)} = 2N̂ cos[ω(t − s)] − eiω(t+s)(â†)2 − e−iω(t+s)â2, (B6)

with N̂ = â†â + 1
2 . Note that the second term in Eq. (B5) is proportional to the photon number N whereas the first is not.

Therefore the system operator commutator 〈[σ̂ (t ′),σ̂ (s ′)]〉 dominates the result for N � 1.
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