New J. Phys. 17 (2015) 103032

doi:10.1088/1367-2630/17/10/103032

Erschienen in: New Journal of Physics ; 17 (2015), 10. - 103032
http://dx.doi.org/10.1088/1367-2630/17/10/103032

PAPER

OPEN ACCESS

Transient dynamics of a colloidal particle driven through a
viscoelastic ﬂuid

RECEIVED

20 May 2015
REVISED

16 September 2015
ACCEPTED FOR PUBLICATION

Juan Ruben Gomez-Solano1,2 and Clemens Bechinger1,2
1
2

2. Physikalisches Institut, Universität Stuttgart, Pfaffenwaldring 57, 70569 Stuttgart, Germany
Max-Planck-Institute for Intelligent Systems, Heisenbergstrasse 3, 70569 Stuttgart, Germany

22 September 2015

E-mail: r.gomez@physik.uni-stuttgart.de

PUBLISHED

Keywords: viscoelasticity, non-Newtonian ﬂuids, active microrheology, transient response of colloids, nonlinear microrheology, creep
recovery

16 October 2015

Content from this work
may be used under the
terms of the Creative
Commons Attribution 3.0
licence.
Any further distribution of
this work must maintain
attribution to the
author(s) and the title of
the work, journal citation
and DOI.

Abstract
We study the transient motion of a colloidal particle actively dragged by an optical trap through
different viscoelastic ﬂuids (wormlike micelles, polymer solutions, and entangled λ-phage DNA). We
observe that, after sudden removal of the moving trap, the particle recoils due to the recovery of the
deformed ﬂuid microstructure. We ﬁnd that the transient dynamics of the particle proceeds via a
double-exponential relaxation, whose relaxation times remain independent of the initial particle
velocity whereas their amplitudes strongly depend on it. While the fastest relaxation mirrors the
viscous damping of the particle by the solvent, the slow relaxation results from the recovery of the
strained viscoelastic matrix. We show that this transient information, which has no counterpart in
Newtonian ﬂuids, can be exploited to investigate linear and nonlinear rheological properties of the
embedding ﬂuid, thus providing a novel method to perform transient rheology at the micron-scale.

1. Introduction
Viscoelasticity is ubiquitous in many materials ranging from biological ﬂuids, polymers, micellar systems,
colloidal suspensions, and more. In general, such materials are characterized by a strongly time-dependent
mechanical response to stress or strain. For instance, in case of an oscillatory shear, they may exhibit either
liquid- or solid-like properties depending on the imposed frequency [1]. Such non-Newtonian behavior
originates from the storage and dissipation of energy within their complex microstructure, which gives rise to a
ﬁnite macroscopic stress-relaxation time [2]. Given the abundance of systems which involve the interplay
between microscale viscoelastic ﬂows and embedded micron-sized objects, as typically found in lab-on-a-chip
devices [3–5], porous media [6, 7], and in active matter [8–10], the understanding of the equilibrium and nonequilibrium dynamics of colloidal particles in viscoelastic ﬂuids is a noteworthy topic in soft matter.
Microrheology has become in recent years a ﬁeld which successfully addresses some of these problems. In
particular, it provides alternative methods to bulk rheology to investigate ﬂow and deformation properties of
microlitre samples of viscoelastic materials. For example, linear shear moduli can be inferred in passive
microrheology from the thermal ﬂuctuations of suspended colloidal particles via a generalized Stokes–Einstein
relation [11–14]. On the other hand, in active microrheology, small-amplitude oscillatory forces can be applied
to the particle, which enables the dynamical measurement of the linear viscoelastic response of the surrounding
ﬂuid [15–18]. More recent developments of active microrheology have aimed to probe nonlinear responses of
complex ﬂuids by perturbing their microstructure far away from equilibrium. This has been achieved by
dragging or rotating the probe through the ﬂuid at sufﬁciently large constant force or torque [19–23], or at
constant velocity [24–27], thus inducing, e.g., thinning.
Despite multiple potential applications of microrheology, so far most of the experiments have focused on the
study of linear-response or steady-state quantities. More-complex transient behavior observed macroscopically,
e.g., nonlinear creep, stress relaxation, and strain recovery, is far less well-understood within the context of
microrheology. Indeed, theoretical works suggest that the drag force acting on a colloidal probe driven through a
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non-Newtonian ﬂuid strongly depends on the spatio-temporal deformation of the microstructure of the
surrounding ﬂuid [29–31]. Therefore, in contrast to Newtonian liquids, where a low Reynolds number
guarantees simple Stokesian ﬂows and linear-response drag forces, it is questionable whether this is applicable
when a particle is dragged by a time-dependent driving force over large distances through a viscoelastic medium
[32]. Then, it is not evident which kind of rheological properties of the ﬂuid can be extracted by simply tracking
the position of a probe in response to a pulsed or Heaviside time-dependent driving force. It should be
mentioned that such a time-dependent force represents the microrheological analogue to a macroscopic ﬂow
startup/cessation experiment [28], where the time evolution of the stress (strain) is measured upon suddenly
imposing or relieving strain (stress), respectively. Although relevant for further developments of microrheology
and for the general understanding of the motion of micron-sized particles in viscoelastic media, these questions
have not been experimentally investigated so far.
In this work, we study the local microstructural recovery of several viscoelastic ﬂuids by means of
microrheology. For this purpose, we drag spherical particles at constant velocity through them using optical
tweezers, thus inducing strain, and then we studdenly remove the trapping force. We observe that the particle
recoils after removal of the trap until the complete recovery of the investigated ﬂuid. We ﬁnd that the transient
particle dynamics during the recovery proceeds via a double-exponential relaxation, whose relaxation times
remain independent of the initial particle velocity, but their amplitudes strongly depend on it. These processes
reveal how the elastic energy stored by the ﬂuid due to a large local strain is eventually dissipated. While the
fastest relaxation mirrors the viscous damping of the particle by the solvent, the slow process results from the
relaxation of the viscoelastic matrix. In particular, we show that this experimental method allows us to probe the
linear and nonlinear transient rheological behavior of the viscoelastic ﬂuid under study and to extract
unambiguously its stress-relaxation time. In addition, our ﬁndings have important consequences on the
understanding and interpretation of the motion of colloids actively driven through viscoelastic media. Thus, we
provide clear experimental evidence that, unlike that as seen in passive and small-amplitude oscillatory
microrheology, the active motion of a colloidal particle over large distances does not only probe the bulk
viscoelastic properties of the ﬂuid but also is affected by the ﬂow ﬁeld and the deformation imposed by the
particle.

2. Experimental description
In our experiments, we prepared equimolar solutions of cetylpyridinium chloride (CPyCl) and sodium salicylate
(NaSal) in deionized water at concentrations between 5 and 9 mM. We also studied samples of other viscoleastic
ﬂuids, namely, aqueous polyacrylamide (PAAm) solutions (Mw = 18 × 106 at 0.05% wt) and entangled λ-phage
DNA solutions (500 μg mL−1 in 10 mM Tris-HCl and 1 mM EDTA). We add to each viscoelastic solution a small
volume fraction of spherical silica particles, whose radii are chosen between r = 0.9 and 2.2 μm. The temperature
T of each sample is kept ﬁxed by a ﬂow thermostat between 20 ± 0.1 and 40 ± 0.1 °C. Then, a single particle is
trapped by optical tweezers created by deﬂection of a Gaussian laser beam (λ = 1070 nm) on a galvanostatically
driven pair of mirrors and subsequent focusing by a microscope objective (100×, NA = 1.3) into the sample. In
order to avoid hydrodynamic interactions, the particle is trapped at least 20 μm away from the walls of the
sample cell. The optical trap at position ro = (xo, yo) exerts a restoring force on the particle at position r = (x, y),
i.e., fo = −k (r − ro) . Using video microscopy, we track the center of mass of the particle at 120 frames s−1 with a
spatial accuracy of 10 nm. We implemented the protocol sketched in ﬁgure 1(a), where the red solid line
represents the time evolution of xo, to study the recovery of the different viscoelastic ﬂuids.
(i) During time t 0  t  t1, the trap is kept at rest (xo = 0, yo = 0), so that the particle is in thermal equilibrium
with the surrounding ﬂuid. The thermal ﬂuctuations of (x, y) enable us to determine the stiffness k of the
optical trap and to characterize the linear microrheological properties of the ﬂuids by passive
microrheology.
(ii) Then, at time t = t1, we start to move the trap at constant velocity v along a linear path, (xo = v(t−t1), yo = 0),
thus actively dragging the particle through the ﬂuid along x and inducing strain. At position xo = X0, where
X 0 = 16 mm  r , the motion of the trap is reversed: v  -v . We perform a sequence of these back-andforth movements of the trap position until the distance travelled by the particle during a period τo = 2X0 / v
remains constant. Depending on the value of the driving period τo, we can induce either a linear or
nonlinear microrheological response of the viscoelastic ﬂuid [27]. During this step, we measure the effective
viscosity of the ﬂuid η = fd/(6πr v) by active microrheology from the balance between the drag force fd and
∣ fo∣.
2
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Figure 1. (a) Experimental protocol to study the transient motion of a colloidal probe during the recovery of a viscoelastic ﬂuid: (i)
passive, (ii) active, and (iii) transient microrheology. (b) Trajectory of a r = 1.6 μm particle suspended in a wormlike micellar solution
(CPyCl/NaSal 7mM, T = 303 K) during the microstructural recovery after removal of the trap (k = 8 pN μm−1, v = 3.20 μm s−1).
The blue arrow indicates the direction of the particle recoil. See text for explanation.

(iii) Finally, at time t = t2 and position xo = X0/2, the optical trap is suddenly turned off. During this ﬁnal step,
the particle motion at time t > t2 is subjected to the relaxation of the previously strained microstructure of
the ﬂuid. The subsequent recovery results in a recoil of the particle along the x-direction, opposite to that of
the prior trap motion. This recoil is illustrated in ﬁgure 1(b), where we plot an example of a 2D trajectory of
the particle during the recovery process of a wormlike micellar solution after removal of the moving trap.
We observe that, in absence of external forces, the particle gradually performs Brownian motion once the
ﬂuid completely equilibrates.
Note that, in a Newtonian ﬂuid, the particle undergoes Brownian diffusive motion immediately after
removal of the force and, therefore, such a recoil is not observed, as veriﬁed in our experiments in H2O and
glycerol (data not shown). Since the recoil takes place in the direction parallel to the driving force, in the
following we only concentrate on the time evolution of its x coordinate. We deﬁne t2 = 0 s as the time at which
the trap is turned off and Δx(t) = x(t) − x(t2) as the distance travelled backward by the particle during the
recovery of the ﬂuid. For a ﬁxed velocity v of the trap, the previous protocol is repeated at least 20 times in order
to perform an ensemble average of Δx. We typically span values of v between 0.4 μm s−1 and 40 μm s−1. For
these values of v the Deborah number is between 0.025 and 2.5, whereas the Weissenberg number is between
0.125 and 12.5, thus fully probing both linear and nonlinear viscoelasticity of the investigated ﬂuids.

3. Results
In ﬁgure 2(a) we plot the time evolution of the displacement Δx(t) of a r = 1.6 μm particle after removal of the
trap moving at different initial velocities v in a wormlike micellar solution (CPyCl/NaSal 5 mM, T = 303.16 K).
We ﬁnd that Δx(t) strongly depends on v, with a monotonic increase over a ﬁnite time-scale until the complete
relaxation of the system to thermal equilibrium, at which Δx(t) saturates to a constant value A º Dx (t  ¥).
In order to demonstrate these dynamics, in ﬁgure 2(b) we represent in a semi-log plot the time evolution of the
normalized displacement, [A − Δx(t)]/A. As a result, all curves start at 1 and decay monotonically to 0 regardless
of the value of v. We observe that all the curves exhibit an initial fast decay, followed by a slower one, which
suggests the existence of two exponential relaxations. Indeed, we verify that for all v the time evolution of Δx(t)
can be ﬁtted to the function
3
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Figure 2. (a) Time evolution of particle displacement Δx(t) during the recovery of a wormlike micellar solution after removing the
trap, initially moving at different velocities v. From bottom to top: v = 1.60 μm s−1 (+), 6.40 μm s−1(∗) , 32.00 μm s−1 (×). Time
evolution of the normalized particle displacement [A − Δx(t)]/A for (b) a wormlike micellar solution, same data and symbols as in
ﬁgure 2(a), (c) PAAm solution at v = 2.13 μm s−1 (+), 4.00 μm s−1 (∗), 12.80 μm s−1 (×), and (d) λ−DNA at v = 1.30 μm s−1
(+), 2.10 μm s−1 (∗), 3.20 μm s−1 (×). The solid lines are ﬁts to equation (1).

⎛ t⎞
⎛ t⎞
Dx (t ) = A - Af exp ⎜ - ⎟ - As exp ⎜ - ⎟ ,
⎝ ts ⎠
⎝ tf ⎠

(1)

with two relaxation times τf and τs and two amplitudes Af and As which satisfy A = As + Af. This is shown in
ﬁgures 2(a) and (b), where the correspondences with equation (1) are represented as solid lines. Furthermore, we
ﬁnd that this transient behavior of the particle position is not speciﬁc to the recovery of wormlike micellar
solutions. For example, in ﬁgures 2(c) and (d), we plot the time evolution of [A − Δx(t)]/A for a r = 1.6 μm
particle recoiling in a PAAm solution and in λ-phage DNA, respectively, for different v. We ﬁnd that, in these
cases equation (1) also describes the time evolution of Δx(t), even when the rheological properties of such
viscoelastic ﬂuids are more complex than those of wormlike micelles [33].
To support the existence of two distinct relaxation processes, we studied the dependence of the ﬁtting
parameters of equation (1) on the velocity v. For instance, in ﬁgure 3(a), we plot the two relaxation times τf and τs
as a function of v during the recovery of a wormlike micellar solution (CPyCl/NaSal 5 mM, same sample as in
ﬁgure 2(a)). We ﬁnd that the values of these two time-scales are different by one order of magnitude, and
interestingly, both are independent of v. For this reason, we will refer to them in the following as fast and slow
relaxation times, respectively. Their corresponding amplitudes, Af and As, are plotted in ﬁgure 3(b). We observe
that, unlike the relaxation times, the amplitudes strongly depend on v. In particular, while Af increases
monotonically with increasing v and then levels off, As has a maximum and then decreases with increasing v.
For the values of v we span in our experiments, both linear and nonlinear microrheological response of the
viscoelastic ﬂuid is induced by the particle motion previously driven by the tweezers. This is shown in ﬁgure 3(c)
where we plot the effective viscosity η of the ﬂuid, measured by active microrheology during step (ii) of
ﬁgure 1(a), as a function of the imposed velocity v. As highlighted in the inset of ﬁgure 3(c), at small
v  3 mm s-1, h is constant and equal to the zero-shear viscosity η0 = 0.045 ± 0.005 Pa s (dashed line), because
the strain rate imposed by the particle is sufﬁciently slow for the ﬂuid to lose its memory on previous
microstructural deformations. Consequently, Newtonian-like behavior is observed through the validity of the
4
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Figure 3. Dependence of (a) relaxation times τs (,), τf (◦), and (b) amplitudes As (,), Af (◦), obtained from the ﬁt to equation (1), on
the driving velocity v. The symbols (∗) correspond to A = As + Af, whereas the dashed lines represent the values τeff and Aeff computed
from equation (9) for the rheological model (2). (c) Effective viscosity η of the ﬂuid as a function of the driving velocity v determined by
active microrheology during step (ii). Inset: log-log plot of η as a function of the corresponding Weissenberg number, same data as in
main ﬁgure. The dashed line represents the value of the zero shear viscosity η0.

linear-response Stokes law: fd = 6πr η0 v. On the other hand, at sufﬁciently large v  3 mm s-1, the particle
motion is able to induce an orientational order of the ﬂuid microstructure. As a result, the ﬂuid exhibits
thinning, where η decreases dramatically with increasing v [27]. Note that the emergence of nonlinear
rheological effects of the ﬂuid due to the local deformation created by the particle are better quantiﬁed by means
of the Weissenberg number Wi. In our system, Wi can be estimated by the product of the characteristic rate of
d x (t )
v
deformation dt o2r = 2r times the largest relaxation time of the system τs: Wi = v τs/(2r). Then, nonlinear
non-Newtonian behavior is expected at Wi  1, at which the local microstructural deformation of the ﬂuid is so
strong that the Stokes law must break down. Indeed, in ﬁgure 3(c), we show that, for the spanned values of v, the
effective viscosity of the ﬂuid exhibits the aforementioned transition at Wi ≈ 1 and therefore we cover both
linear and nonlinear microrheological behavior. Hence, our results demonstrate that the double-exponential
relaxation of the particle position is a rather general process during the recovery of viscoelastic ﬂuids with a welldeﬁned zero-shear viscosity, regardless of the value of the Weissenberg number.
We point out that the dependence on the velocity v of the relaxation times τf and τs, and the amplitudes Af
and As is not particular to the particle motion during the recovery of wormlike micelles, but also found for the
other investigated viscoelastic ﬂuids. In ﬁgures 4(a)–(c) we plot the results for an aqueous semidilute polymer
solution of PAAm (Mw = 18 × 106 at 0.05% wt, temperature T = 293.16 K), whereas the results for λ-phage
DNA (500 μg mL−1 in 10 mM Tris-HCl and 1 mM EDTA, temperature T = 298.16 K) are displayed in
ﬁgures 4(d)–(f). Once again, we observe that the two distinct relaxation time-scales remain independent of v
both in the linear and nonlinear response regime, whereas the amplitudes exhibit a very similar dependence to
that observed for the wormlike micellar solution. Thus, our ﬁndings suggest that only the amplitudes of Δx(t)
and not its relaxation times encode rheological information of the local deformation of the ﬂuid microstructure
created by the particle, the latter deﬁning the time-scales at which the system retains memory on the energy
stored by such an elastic deformation.

( )

4. Discussion
In order to gain an understading of this obviously generic behavior of Δx(t), we now investigate whether a
Langevin model can reproduce the particle dynamics after sudden removal of the driving force after dragging the
particle over a large distance X0 > 2r through the ﬂuid, i.e., after inducing a large strain X0/(2r). For this purpose
we consider the simplest case of a particle driven by the moving trap in a wormlike micellar solution. In general,
under sufﬁciently small applied shear strain rate ġ , the resulting shear stress of a viscoelastic ﬂuid σ is
t
determined by the linear shear modulus G: s (t ) = ò
G (t - t ¢) g˙ (t ¢) dt ¢. In the case of a wormlike micellar
-¥
solution, G can be simply characterized by a single stress relaxation time τ, the viscosity of the solvent h¥ and the
zero-shear viscosity η0 (Jeffreys model) [34]
G (t ) = 2h¥ d (t ) +

⎛ t⎞
h 0 - h¥
exp ⎜ - ⎟ .
⎝ t⎠
t

(2)

Therefore, according to commonly accepted assumptions, the steady-state dynamics of the x coordinate of the
particle is described in the linear-response regime by the non-Markovian Langevin equation [35]
5
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Figure 4. Dependence on imposed velocity v of (a) relaxation times τs (,), τf (◦), (b) amplitudes As (,), Af (◦), A = As + Af (∗) and (c)
effective viscosity η (à) for a r = 1.6 μm particle in a polymer solution of PAAm. Dependence on v of (d) relaxation times τs (,), τf (◦),
(e) amplitudes As (,), Af (◦), and A = As + Af (∗), and (f) effective viscosity η (à) for a r = 1.6 μm particle in λ−DNA. The dashed
lines in ﬁgures 4(a) and (d), correspond to τeff whereas, in ﬁgures 4(b) and (e), they represent Aeff. See text for explanation.

t

ò-¥ G (t - t ¢) x˙ (t ¢) dt ¢ = -k ⎡⎣ x (t ) - xo (t ) ⎤⎦ + x (t ).

(3)

In equation (3), Γ(t − t′) = 6πr G(t − t′) is a memory kernel related to the shear modulus G of the ﬂuid given in
equation (2), whereas ξ is a coloured Gaussian noise with autocorrelation function
áx (t ) x (t ¢) ñ = kB T G (∣ t - t ¢ ∣).
4.1. Transient motion under small deformation
We ﬁrst experimentally verify that the Langevin equation (3) correctly describes the equilibrium dynamics of the
particle and its linear response to small-amplitude oscillatory forces exerted by the optical trap. This implies that,
for sufﬁciently small deformations of the ﬂuid, bulk rheological properties can be unambiguously determined by
measuring the position of the embedded particle, as widely assumed in passive and linear active microrheology.
For this purpose, we apply to the particle a sinusoidal force kxo(t) by moving the trap according to xo(t) = X0
sin(Wt ), with amplitude X 0 = 200 nm  2r at different driving frequencies Ω/(2π). The characteristic strain
of the ﬂuid locally induced by this oscillatory motion is X0 / (2r) = 0.06. The typical time evolution of the particle
position in response to such a driving force is illustrated in ﬁgure 5(a). We observe that, while the coordinate x
responds to the force at the same excitation frequency Ω/(2π), the coordinate y remains unaffected. Therefore,
linear response dynamics can be tested by means of x, whereas thermal equilibrium properties can be analysed
by means of y. This can be done, e.g., by comparing the experimental power spectral densities of such stochastic
signals to those predicted by the Langevin model (3). For a sinusoidal driving force, equation (3) yields the
following expressions for the power spectral densities of x and y in terms of the linear storage G′(f) and loss G″(f)
modulus of the ﬂuid
xˆ (f )

2

= Spas (f ) + Sact (f ) ,
2

(4)

= Spas (f ) ,

(5)

6prG  (f )
2kB T
,
pf [k + 6prG ¢ (f )]2 + [6prG  (f )]2

(6)

yˆ (f )

where
Spas (f ) =

6
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Figure 5. (a) Time evolution of the coordinates x (red solid line) and y (black dashed line) of a r = 1.6 μm particle in a wormlike
micellar solution in response to a small-amplitude sinusoidal motion of the optical trap (k = 2 × 10−6 N m−1) with amplitude
X0 = 200 nm and angular frequency Ω = 2π rad s−1. (b) Experimental power spectral density of x (dotted lines) at different oscillation
frequencies Ω/(2π) of the trap. The peaks at each imposed Ω/(2π) are indicated by circles. The dashed line represents equation (6),
whereas the solid line corresponds to the total power spectral density described by equation (4). (c) Schematic representation of the
particle dynamics dragged at constant velocity −v through a ﬂuid with linear shear modulus (2) (upper panel) and during the
relaxation after removing the driving force (lower panel). See text for explanation.

(

W

)

d f - 2p
k 2X 02
Sact (f ) =
,
2 [k + 6prG ¢ (f ) ]2 + [6prG  (f ) ]2

(7)

are the contributions to the power spectral density due to thermal ﬂuctuations and to the active driving force,
respectively. In particular, the prefactor kB T in equation (6) results from the thermal origin of the ﬂuctuations,
W
while the delta function d f - 2p in equation (7) mirrors the mechanical response of the system at frequency

(

)

W
. Indeed, we ﬁnd the expressions (4)–(7) derived from equations (2) and (3) correctly describe the
2p

f=
measured power spectral densities of x and y for all the investigated frequencies. This, in turn, validates such a
Langevin approach in the linear response regime, provided that the particle performs small displacements in the
ﬂuid, i.e., when sufﬁciently small ﬂow and deformations are induced. We show this in ﬁgure 5(b), where we
demonstrate that, at the unexcited frequencies f ¹ 2Wp , the power spectral density is correctly described
equation (6) (dashed line), where G′(f) and G″(f) are obtained from the Fourier transform of equation (2). On the
other hand, an excellent agreement between the experimental peaks of á ∣ xˆ (f )∣2 ñ at the excited frequencies
W
f = 2p (circles) and equation (4) (dashed line) is observed.
Once we have veriﬁed that the Langevin model (3) correctly describes the particle dynamics under
sufﬁciently small deformations of the ﬂuid, we now focus on its transient behavior after removal of the driving
force. A schematic representation of the average forces acting on the particle is shown in ﬁgure 5(c).
Interestingly, equation (3) predicts that after dragging the particle at velocity −v at time t < 0 through a medium
with linear viscoelasticity (2), it recoils with an initial velocity (h0 - h¥ ) v h¥ at time t = 0 upon removal of the
trap. Moreover, the subsequent displacement Δx(t) evolves in time t > 0 according to a single exponential
relaxation
⎡
⎛ t ⎞⎤
Dx (t ) = A eff ⎢ 1 - exp ⎜ - ⎟ ⎥ ,
⎝ teff ⎠ ⎦
⎣

(8)

with amplitude and relaxation time
⎛
h ⎞
A eff = ⎜ 1 - ¥ ⎟ vt ,
h0 ⎠
⎝

teff =

h¥
t,
h0

(9)

respectively. See appendix A for a more detailed derivation of equations (8) and (9). We notice that, according to
equation (9), the amplitude Aeff depends linearly on v and encodes information of the rheological properties of
the ﬂuid. Indeed, the driven motion of the particle induces a strain in the ﬂuid, which is captured in the linear
rheological model of equation (2) as an effective elastic compression ∼v τ, as depicted in the upper panel of
7
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ﬁgure 5(c). This results in a total displacement of the particle proportional to v upon removing the driving force,
as schematized in the lower panel of ﬁgure 5(c). On the other hand, the relaxation time τeff of the particle
displacement is independent of v and always smaller than the stress-relaxation time of the ﬂuid τ. This is due to
the presence of the solvent, whose viscosity h¥ makes the particle become at rest in the effective Langevin model
(3) before the ﬂuid completely relaxes its stress initially stored by the elastic compression induced during the
active driving process.
4.2. Transient motion under large deformation
We now compare the values of the effective parameters τeff and Aeff with those we obtain experimentally for the
colloidal particle after performing large displacements X0 > 2r through the ﬂuid, i.e., after inducing a
characteristic strain X0/(2r) = 5. In ﬁgure 3(a), we show as a dashed line the value of the effective relaxation time
τeff, where the parameters h0 h¥ and τ are determined by passive microrheology during step (i) of ﬁgure 1(a). We
observe that the values of the fast relaxation time τf obtained from the ﬁt to equation (1) (circles) agree well with
τeff, which implies that the fast relaxation process mirrors the effective elastic relaxation of the probe damped by
the solvent viscosity. Nevertheless, in ﬁgure 3(b) we show that Aeff > Af for all v > 0, which suggests that the fast
relaxation is just one of the possible channels for the complete relaxation of the system to thermal equilibrium.
As a matter of fact, in ﬁgure 3(b) we show that at small vA = As + Af agrees well with Aeff. Thus, A actually
quantiﬁes the elastic compression of the ﬂuid induced by the driven particle in the linear response regime.
Systematic deviations of A from Aeff show up with increasing v, though, because nonlinear microrheological
response of the ﬂuid is induced during the previous driven motion of the particle. In such a case, equation (2)
fails to describe the viscoelastic properties of the ﬂuid. We conﬁrm this in ﬁgure 3(c), where we show that at
small v  3 mm s-1, i.e., Wi  1, linear microrheological response is induced, i.e., η = η0, whereas at
sufﬁciently large v  3 mm s-1, i.e., Wi  1, the ﬂuid microstructure responds nonlinearly and the system
exhibits thinning. Note that the values of v for which thinning emerges agree well with those for which large
deviations of A from Aeff are observed. Nonlinear microrheological behavior of the ﬂuid affects separately the
behavior of Af and As, as well. In particular, Af exhibits a saturation, whereas As has a maximum and then
decreases for the values of v, at which prior thinning is observed. These results clearly demonstrate that
nonlinear response of a viscoelastic ﬂuid, induced by active microrheology, gives rise to nonlinear transient
behavior of the probe upon removal of the active driving.
We also check that the previous mechanism applies to the recovery of the polymer solution and of λ–DNA.
In the absence of simple rheological models for the linear shear modulus G(t) of such viscoelastic ﬂuids, in
analogy to the observations for the wormlike micellar solutions, we ﬁrst assume that τeff = τf and τ = τs, which
implies that h¥ = h0 teff t = h0 tf ts . Then, accordingly to equation (9) we compute the effective amplitude by
means of
A eff = v ( ts - tf ) .

(10)

Surprisingly, we observe in ﬁgures 4(b) and (e) that the values of Aeff obtained from equation (10) (dashed lines)
agree very well with the total amplitude A = As + Af (asterisks) at sufﬁciently small velocities v for both ﬂuids,
thus making evident the robustness of the two distinct time-scales τf and τs regardless of the details of the
rheological properties of the embedding viscoelastic ﬂuid. On the other hand, for velocities at which thinning is
induced, i.e., at which η decreases with increasing particle velocity, the amplitudes exhibit a dependence very
similar to that observed for wormlike micelles. While Af saturates with increasing vAs has a maximum and then
decreases. As a consequence, the total amplitude A levels off with increasing velocity, thus signalling the
emergence of a nonlinear regime where the elastic compression of the ﬂuid induced by the particle becomes
independent of v. Hence, our results demonstrate the generality of the transient microrhelogical behavior for
very distinct viscoelastic ﬂuids both in the linear and nonlinear response regimes.
The previous ﬁndings make evident that the transient rheological behavior of viscoelastic ﬂuids probed by
microrheology does not only depend on the characteristic rate of local deformation v/(2r), but also on the total
strain X0/(2r). On one hand, for small X0/(2r)  1, the Langevin model (3) correctly describes the dynamics of
the particle either in thermal equilibrium with the surrounding ﬂuid or externally driven into linear response
regime by small-amplitude forces, where vanishingly small deformations of the ﬂuid are induced. On the other
hand, a different transient behavior is observed for sufﬁciently large strain X 0 (2r )  1, where such a Langevin
model ceases to be valid. In particular, it fails to reproduce the slow relaxation inferred from equation (2) after
cessation of a large deformation imposed by the driven particle. The reason is that equation (3) only accounts for
the coarse-grained drag force exerted by the ﬂuid. Such a viscoelastic drag force is enough to describe
equilibrium thermal ﬂuctuations of the particle position without recourse to any information on the
surrounding ﬂow ﬁeld. However, it does not incorporate the effect of the transient ﬂow and deformation
localized around the particle when dragged over large distances, and which cannot be neglected during the
recovery process of the ﬂuid. In the simplistic Langevin picture, the only possible channel for the system to reach
8
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Figure 6. (a) Example of time evolution of imposed stress and (b) resulting strain during a shear-ﬂow cessation experiment of a
micellar solution (CPyCl/NaSal 7 mM) in a Couette geometry. The dashed line in ﬁgure 6(b) represents an exponential ﬁt with
relaxation time τ = 1.8 s. (c) Comparison between the slow relaxation time τs of various viscoelastic ﬂuids determined by the transient
motion of particles of different radii r and the equilibrium stress-relaxation time τ. The symbols are: CPyCl/NaSal 5 mM, r = 0.9 μm
(×), r = 1.3 μm (à), r = 1.6 μm (∗), r = 2.2 μm (•); λ−phage DNA, r = 1.6 μm (); PAAm, r = 1.6 μm (); CPyCl/NaSal 7 mM,
r = 1.3 μm (◃), r = 2.2 μm (▹); CPyCl/NaSal 9 mM, r = 1.3 μm (▿), r = 1.6 μm (). Inset: expanded view of main ﬁgure around
0.9 s.

thermal equilibrium is by means of the effective relaxation of the particle position. While this relaxation probes
the linear bulk properties of the ﬂuid, it ignores the complete stress relaxation of the local viscoelastic ﬂow ﬁeld.
In fact, the aforementioned drawbacks suggest that, in reality, the residual slow relaxation represents a
second mechanism to completely release the stress stored by the strained ﬂuid. The two relaxation mechanisms
allow in turn the ﬂuid to reach thermal equilibrium in conjunction with the particle motion. These observations
hint at the stress-relaxation time τ of the ﬂuid as the slow relaxation time τs. In order to test this hypothesis, we
perform using a rotational rheometer (HAAKE RheoStress 1, double-gap cylinder geometry) the macroscopic
version of the transient microrheology experiments, This is illustrated in ﬁgures 6(a) and (b), where we plot an
example of the time evolution of the shear stress σ applied to a wormlike micellar solution, and the resulting
shear strain γ, respectively. After reaching a steady state with constant shear rate ġ at time t < 0, the shear stress is
suddently removed at t = 0, and afterwards γ decays in time, until the ﬂuid completely recovers. Then, we extract
the relaxation time τ of the ﬂuid from the exponential ﬁt γ(t) = γ0 exp(−t/τ). In ﬁgure 6(c) we plot τs, as a
function of the corresponding τ for all the investigated viscoelastic ﬂuids. We ﬁnd that, within the experimental
errors, both time-scales are equal. In ﬁgure 6(c), we also demonstrate that the relaxation times τs are
independent of the size of the probe particle. See appendix B for more detailed results obtained for different
particle sizes. The independence of τs from vr and X0, i.e., from the detailed ﬂow and strain ﬁeld around the
particle, demonstrates that it is a physical property inherent to the viscoelastic ﬂuid. Thus, this time-scale ﬁxes a
value above which the memory on the storage of elastic energy by the ﬂuid microstructure is lost. Hence, the
slow transient dynamics of a colloidal probe after removal of a driving force represents a new straightforward
method to measure the stress-relaxation time of viscoelastic ﬂuids, provided that the previous driven motion
induces a sufﬁciently large strain. This can be directly carried out by means of particle tracking without the need
of any model for the dynamics or any further elaborate Fourier or Laplace analysis, as commonly done in passive
and small-amplitude active microrheology [37, 38].
We point out that the slow relaxation is most prominent close to the onset of nonlinear microrheological
response around Wi ≈ 1, as veriﬁed by the presence of the maxima of As in ﬁgures 3(b), 4(b), and (e). Therefore,
our ﬁndings have important consequences for the interpretation of transient behavior in active microrheology
under large deformations [20, 26, 36]. This is because they provide experimental evidence that, even at small
Weissenberg number, where only linear microrheological response is expected to occur, the response of the
colloidal particle is strongly affected by the relaxation of the local ﬂow and strain ﬁeld around it. This is in
contrast to passive and active microrheology under small-amplitude deformations, where only bulk properties
of the ﬂuid are probed by the particle. In addition, our results have signiﬁcant implications for the behavior of
micron-sized objects in transient viscoelastic ﬂows, such as those typically found in microchannels, where large
strains are commonly induced by high ﬂow rates and sharp constrictions. In such systems, unlike the case of
9
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Newtonian liquids, the conventional Langevin description for the suspended particles involving only coarsegrained drag forces and noise must break down. Furthermore, our results are particularly important for the
understanding and modelling of the motion of biological microswimmers, e.g., bacteria and spermatozoa,
whose natural environment is frequently viscoelastic [8–10]. Such active systems usually operate at high
Weissenberg number and travel large distances through the viscoelastic medium, thus inducing complex ﬂow
ﬁelds and large strains. Therefore, the relaxation of the elastic energy stored by the surrounding ﬂuid
microstructure can strongly affect their swimming mechanisms through the different processes found in our
experiments.

5. Summary and conclusion
We have experimentally studied the motion of a colloidal probe during the local strain recovery of several
viscoelastic ﬂuids upon shutoff of an active driving force. We have shown that, even when a Langevin model
correctly describes linear response dynamics of the particle position under vanishingly small strain, it cannot
capture its transient dynamics during the recovery process when large deformations are previously induced by
large displacements of the particle through the ﬂuid. In particular, we have found that this transient dynamics
proceeds via a double-exponential decay, which reveals the cooperative relaxation to thermal equilibrium of the
particle and the surrounding strained ﬂuid. We have shown that the fastest relaxation mirrors the viscous
damping of the particle by the solvent, whereas the slow one results from the relaxation of the viscoelastic matrix.
Thus, the two relaxation processes represent dissipation channels for the elastic energy stored by the ﬂuid
microstructure upon cessation of a sufﬁciently large deformation. We have demonstrated that, while the
amplitudes of these relaxation modes encode either linear or nonlinear microrheological information of the
ﬂuid induced during the prior driving, their relaxation times are insensitive to it. Consequently, this transient
microrheological method allows to determine unambiguously stress-relaxation times of micro-litre samples of
viscoelastic ﬂuids.
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Appendix A. A transient particle’s dynamics in a Jeffreys ﬂuid
For the Langevin model of a particle moving in a Jeffreys ﬂuid, i.e., equations (2) and (3), an analytical expression
for the time evolution of its position Δx(t) after cessation of an externally applied force can be readily derived.
This can be achieved by realizing that, for h0 > h¥ > 0 and τ > 0, the non-Markovian equation of motion (3)
for x can be written as a linear system of two Markovian Langevin equations [39]
k ⎡⎣ x (t ) - x o (t ) ⎤⎦
⎞
1 ⎛ h0
- 1⎟ [u (t ) - x (t ) ] +
x˙ (t ) = ⎜
6ph¥ r
t ⎝ h¥
⎠
u˙ (t ) =

1
[x (t ) - u (t ) ] +
t

kB T
z1 (t ) ,
3ph¥ r

kB T
z 2 (t ) ,
3p ( h 0 - h¥ ) r

(A.1)

where ζ1 and ζ2 are white noises of mean áziñ = 0 and correlation ázi (t ) z j (t ¢) ñ = di, j d (t - t ¢) i , j = 1, 2,
whereas the auxiliary variable u is deﬁned as
1
u (t ) =
t

t

ò-¥

⎤
⎛ t - t ¢ ⎞ ⎡⎢
kB T
⎜
⎟
z 2 (t ¢)⎥ dt ¢ .
exp x (t ¢) + t
⎝
⎥⎦
t ⎠ ⎢⎣
3p ( h 0 - h¥ )

(A.2)

Without loss of generality, we deﬁne the particle position at time t = 0 at which the external force is removed
(k = 0) as x(0) = 0. Therefore, the solution of the linear system (A.1) at subsequent times t > 0, averaged over a
large number of realizations of the noises ζ1 and ζ2, can be expressed in terms if the initial conditions x˙ (0) u (0)
and u˙ (0), at t = 0 as
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Figure B1. Dependence on imposed velocity v of (a) relaxation times τs (,), τf (◦), (b) amplitudes As (,), Af (◦), A = As + Af (∗) and (c)
effective viscosity η (à) for a r = 0.9 μm particle in a wormlike micellar solution. Dependence on v of (d) relaxation times τs (,), τf
(◦), (e) amplitudes As (,), Af (◦), and A = As + Af (∗) and (f) effective viscosity η (à) for a r = 1.3 μm particle in the same micellar
solution. The dashed lines in ﬁgures B1(a), (b), (d) and (e) correspond to τeff and Aeff described in the main text, whereas those in
ﬁgures B1(c) and (f) represent the zero-shear viscosity η0 of the ﬂuid.

⎡
⎛
⎞⎤
h¥ ⎢
t ⎟⎥
⎜
áx (t ) ñ = x˙ (0)
t 1 - exp - h¥ ⎥ ,
⎜
⎟
h0 ⎢
⎝ h0 t ⎠ ⎦
⎣
⎡
⎛
⎞⎤
h¥ ⎢
t ⎟⎥
⎜
áu (t ) ñ = u (0) + u˙ (0)
t 1 - exp - h¥ ⎥ .
⎜
⎟
h0 ⎢
⎝ h0 t ⎠ ⎦
⎣

(A.3)

In order to obtain the initial conditions of equation (A.3), we take into account that at t < 0, the particle is
dragged in a steady state by the optical trap at velocity −v, i.e. áx (t ) ñ = -vt . On the other hand, upon removal
of the external force at t = 0, the ensemble average of the viscoelastic drag force
t
Fdrag (t ) = ò
G (t - t ¢) x˙ (t ¢) dt ¢ in equation (3) is zero. Therefore, after integration by parts and using the
-¥
auxiliary variable u deﬁned in equation (A.2), we ﬁnd the relation
0 = Fdrag (0) ,
⎡
⎤
h - h¥
u (0)⎥ ,
= 6pr ⎢ h¥ x˙ (0) - 0
⎣
⎦
t

(A.4)

where
1
t
= vt .

u (0) =

0

⎛ t¢ ⎞

ò-¥ áx (t ¢) ñ exp ⎜⎝ t ⎟⎠ dt ¢,
(A.5)

equations (A.4) and (A.5) yield the following expressions for the initial conditions of equation (A.3) in terms of
the initial driving velocity v and the rheological quantities of the Jeffreys model
h 0 - h¥
v,
h¥
u (0) = vt , u˙ (0) = - v ,
x (0) = 0, x˙ (0) =

(A.6)

Finally, by inserting (A.6) into equation (A.3), we ﬁnd the analytical expression of equation (3) for the distance
recoiled by the particle Dx (t ) = áx (t ) - x (0) ñ after removal of the imposed velocity.
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Appendix B. Particle size
In this section, we show the results for the transient dynamics of particles of different radii r during the
microstructural recovery of a wormlike micellar solution (CPyCl/NaSal 5 mM at T = 303.16 K). Figures B1 (a)–
(c) are the results for r = 0.9 μm whereas those for r = 1.3 μm are plotted in ﬁgures B1(d)–(f). We point that the
dependencies of the two relaxation times τf and τs, (ﬁgures B1(a) and (d)), the amplitudes Af As and A = Af + As
(ﬁgures B1(b) and (e)) and the viscosities η (ﬁgure B1(c) and (f)) are very similar to those shown in ﬁgure 3 the
main text for the same micellar solution using a particle of radius r = 1.6 μm. In particular, the values of τf and τs
do not depend on the particle size r, whereas the amplitudes are independent of r in the linear response regime at
which η = η0. The only difference is observed in the nonlinear values of the amplitudes for which thinning is
previously induced at sufﬁciently large v. In such a case, ﬁgures B1(b) and (e) suggest that, with decreasing
particle radius, the total amplitude A decreases. For instance, A ≈ 1.0 μm for r = 0.9 μm, A ≈ 1.5 μm for
r = 1.3 μm, and A ≈ 1.7 μm for r = 1.6 μm. This can be explained by the fact that, at ﬁxed v and X0, the smaller
the particle radius r, the stronger the local deformation rate v/(2r) and the total strain X0/(2r) of the ﬂuid
induced by the active driving, thereby resulting in a weaker nonlinear strain recovery.

References
[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]
[39]

Larson R G 1999 The Structure and Rheology of Complex Fluids (New York: Oxford University Press)
Ashwin J and Sen A 2015 Phys. Rev. Lett. 114 055002
Kim J Y, Ahn S W, Lee S S and Kim J M 2012 Lab Chip 12 2807
Romeo G, D’Avino G, Greco F, Netti P A and Maffettone P L 2013 Lab Chip 13 2802
Lee D J, Brenner H, Youn J R and Song Y S 2013 Sci. Rep. 3 3258
Scholz C, Wirner F, Gomez-Solano J R and Bechinger C 2014 EPL 107 54003
Howe A M, Clarke A and Giernalczyk D 2015 Soft Matter 11 6419
Lauga E and Goldstein R G 2012 Phys. Today 65 30
Martinez V A, Schwarz-Linek J, Reufer M, Wilson L G, Morozov A N and Poon W C K 2014 Proc. Natl Acad. Sci. 111 17771
Qin B, Gopinath A, Yang J, Gollub J P and Arratia P E 2015 Sci. Rep. 5 9190
Gittes F, Schnurr B, Olmsted P D, MacKintosh F C and Schmidt C F 1997 Phys. Rev. Lett. 79 3286
Buchanan M, Atakhorrami M, Palierne J F, MacKintosh F C and Schmidt C F 2005 Phys. Rev. E 72 011504
Larsen T H and Furst E M 2008 Phys. Rev. Lett. 100 146001
Gomez-Solano J R, Blickle V and Bechinger C 2013 Phys. Rev. E 87 012308
Mizuno D, Tardin C, Schmidt C F and MacKintosh F C 2007 Science 315 370
Wilhelm C 2008 Phys. Rev. Lett. 101 028101
Sriram I, DePuit R, Squires T M and Furst E M 2009 J. Rheol. 53 357
Gomez-Solano J R, Petrosyan A and Ciliberto S 2012 EPL 98 10007
Cappallo N, Lapointe C, Reich D H and Leheny R L 2007 Phys. Rev. E 76 031505
Wilking J N and Mason T G 2008 Phys. Rev. E 77 055101
Rich J P, Lammerding J, McKinley G H and Doyle P S 2011 Soft Matter 7 9933
Choi S Q, Steltenkamp S, Zasadzinski J A and Squires T M 2011 Nat. Commun. 2 312
Cribb J A, Vasquez P A, Moore P, Norris S, Shah S, Forest M G and Superﬁne R 2013 J. Rheol. 57 1247
Khan M and SooD A K 2010 EPL 92 48001
Sriram I, Meyer A and Furst E M 2010 Phys. Fluids 22 062003
Chapman C D and Robertson-Anderson R M 2014 Phys. Rev. Lett. 113 098303
Gomez-Solano J R and Bechinger C 2014 EPL 108 54008
Lopez-Barron C R, Gurnon A K, Eberle A P R, Porcar L and Wagner N J 2014 Phys. Rev. E 89 042301
Squires T M 2008 Langmuir 24 1147
DePuit R J and Squires T M 2012 J. Phys. Condens. Matter 24 464106
Zia R N and Brady J F 2013 J. Rheol. 57 457
Swan J M, Zia R N and Brady J F 2014 J. Rheol. 58 1
Zhu X, Kundukad B and van der Maarel J R C 2008 J. Chem. Phys. 129 185103
Raikher Y L, Rusakov V V and Perzynski R 2013 Soft Matter 9 10857
Fodor E, Grebenkov D S, Visco P and van Wijland F 2015 Physica A 422 107
Brasovs A, Cimurs J, Erglis K, Zeltins A, Berret J-C and Cebers A 2015 Soft Matter 11 2563
Wilson L G and Poon W C K 2011 Phys. Chem. Chem. Phys. 13 10617
Tassieri M, Evans R M L, Warren R L, Bailey N J and Cooper J M 2012 New J. Phys. 14 115032
Villamaina D, Baldassarri A, Puglisi A and Vulpiani A 2009 J. Stat. Mech. 2009 P07024

12

