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Mathematical Modeling and Global
Optimization of Hybrid Energy Supply

Networks∗

Jianjie Lu†, Marco Bernreuther, Stefan Volkwein

Department of Mathematics and Statistics, University of Konstanz, 78457 Konstanz,
Germany

Abstract. We consider an optimization problem of energy supply
networks based on multiple-energy carriers for urban family houses by
taking into account new energy supply concepts. Under the background
of growing penetration of micro energy-cogeneration technologies, our
goal is to design hybrid energy supply networks for providing electricity
and heat, especially, we are interested in developing an optimal strat-
egy to simultaneously determine the transmission lines of the underlying
energy carriers as well as the distribution of micro energy technologies,
which route the energy carrier flows. We propose a mixed-integer nonlin-
ear programming (minlp) model to investigate the problem. However,
due to its high complexity and large size of practical instances, it is
challenging to compute optimal solutions. We apply piecewise linear ap-
proximation techniques and specific convexification structures to improve
the solution process based on the branch-and-bound method. Numerical
tests based on simulated data are presented to demonstrate the capability
of our approaches.

1. Introduction

The paper presents a mathematical model to the design and operation of hybrid
multiple-energy carrier supply networks and provides some numerical insights by
applying deterministic global optimization techniques. To our best knowledge, our
model is one of the few models that provide a general and simultaneous optimization

∗The work is financed by the project “Hybrides Planungsverfahren zur energieeffzienten Wärme-
und Stromversorgung von städtischen Verteilnetzen” funded by the German Ministry for Eco-
nomic Affairs and Energy. Part of the work was presented at the 2016 SIAM Annual Conference
(July 11-15, 2016), Boston, MA, USA. This version: March 2017

†Email: jianjie.lu@uni-konstanz.de
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framework for locating transmission lines and distributing micro energy technolo-
gies.1

Micro energy technologies, especially cogeneration technologies such as mirco com-
bined heat and power units, offer higher energy efficiency by coupling two or more
energy carriers and are widely seen as the potential to reduce primary energy con-
sumption and associated greenhouse gas emissions. The distributed generation na-
ture of micro energy technologies, known as decentralization, is expected to reduce
transmission losses of energy carriers, if they are deployed properly in the system,
and to provide a better balanced energy supply, alleviating peak demand problems.

Yet traditional optimization of energy supply networks, for which there exists a
vast amount of literature, focused mainly on the planning of networks with single
energy carrier, most importantly, for supplying electricity and natural gas. Hence
distributed micro energy technologies are either considered independently or not
considered at all. Hence, it is of great interest to develop an approach for designing
energy supply networks with multiple energy carriers, which (1) takes into account
the new features of micro energy technologies and (2) evaluates the long-term eco-
nomic impact of integrating micro energy technologies on the planning procedure,
since mirco cogeneration technologies are accociated with high invesment costs. We
term networks designed in such a way as hybrid energy supply networks.

In the first half of this work, we introduce a model for designing hybrid energy sup-
ply networks which are based on two energy carriers (electricity and natural gas)
and mathematically formulate it as a mixed-integer nonlinear programming (minlp)
problem, which involves binary decisions configuring the transmission lines and the
distribution of mirco energy technologies and nonlinear physical laws governing the
transmission processes of different energy carriers. Given its powerful modeling flex-
ibility, minlp can be found commonly in a lot of energy network design studies (see
Section 2). Nevertheless, they are NP-hard combinatorial problems and computa-
tionally expensive.

From the point of view of numerical optimization, minlp combines the difficulty of
optimizing over discrete variables with the challenges of dealing with nonlinearity or
even nonconvexity of nonlinear functions, which nest both nonlinear programming
(nlp) and mixed-integer linear programming (milp) as subproblems. For practical
purposes, it is of great interest to develop and deploy efficient optimization algorithms
in order to solve large minlp problems with growing complexity. Only until recently,
there are several major achievments towards solving nonconvex minlp problems into
global optimality and several general-purpose softwares are now available, such as
BARON [29], SCIP [33, 34] and ANTIGONE [23]. Most of the codes are based
on advanced techniques of obtaining efficient convex/linear relaxations which are
implemented in a branch-and-bound framework and were successfully applied to
various practical problems, such as pooling problems arised in chemical engineering
[22, 29] and optimization problems of interregional gas networks [26]. In our case,
the integraton of network design and distribution of micro energy technologies leads
to a high-dimensional minlp problem with a complex mixture of a high number of
discrete decision variables and considerably many nonconvex functions, for which

1Micro energy technologies in this work are referred to small-scale technologies with which resi-
dential houses can locally generate heat and electricity to meet their own needs and are served
as alternatives or supplements to traditional centralized grid-connected energy supply.
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general-purpose softwares may not be able to solve even small problem instances in
reasonable running time.

In the second half of this work, we highlight the specific structure of the problem
and discuss two classes of deterministic global optimization approaches for solving
nonconvex minlp problems: milp approximation method through piecewise linear
functions [14, 31] and spatial branch-and-bound method based on convex/linear re-
laxation [5, 29, 33]. We demonstrate and compare their numerical performance by
imposing a number of test instances of our network desgin problem and solving them
to global optimality. While the milp approximation method outperforms the spatial
branch-and-bound method in our case, the latter sheds more light on the numerical
difficulties of efficiently handling the mixed-integer nonlinear strutures, which in turn
provide valuable information for our work in the future.

The remainder of the paper is organized as follows. In the next section we review
some modeling and optimization approaches for energy supply networks in the litera-
ture. In section 3 we develop our hybrid energy network design model and introduce
basic preprocessing techniques to the resulted minlp problem. In section 4 we outline
the global optimization methods (milp approximation through piecewise lineariza-
tion and spatial branch-and-bound) for solving nonconvex minlp problems, while
bearing the structure of our network design problem in mind.The outlined methods
are then applied to solving the network desgin problem and Section 5 reports on our
computational experience with two simulated test cases. We conclude our work in
section 6.

2. Literature Review

In most of the applications, mathematical modeling of energy supply network design
results in complex mixed-integer programming (mip) problems. In this section, we
give a brief review by starting with single-energy carrier network design problems
for supplying electricity and natural gas, and then turn to multiple-energy carrier
network design problems, which have recently received much attention.

Electric power transmission network design models are typically formulated as mixed-
integer nonlinear programming problems based on the DC power flow model. In
order to deal with the presence of nonconvex and combinatorial constraints, Romero
and Monticelli [28] suggested a Bender’s hierarchical decomposition approach, where
the complete constraints were classified into three models. The first two models
relaxed the nonconvex constraints and therefore were able to deliver global optimal
solutions, before nonconvexities are introduced in the last phase. However, due to the
existence of nonconvexities, they could not aviod local optima, which was a significant
drawback for large practical applications. Motivated by the convincing numerical
experience of [28], Haffner at el. [15] turned to the mixed-integer linear transportation
model for the problem of planning power transmission system expansion by taking
the ansatz of Bender’s decomposition, arguing that the global optimal solutions
were more likely to be obtained and a more accurate network representation could
be introduced in a more advanced stage if necessary.

Bahiense at el. [3] observed that the nonconvex constraints in the power transmission
network design problem can be avoided by applying equivalent disjunctive formula-
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tions. Although the disjunctive formulation suffered from the curse of the introduc-
tion of big-penalty numbers, it was able to solve large problem instances, especially
when the big-penalty numbers could be improved by analysing the model carefully.
Binato at el. [7] studied the disjunctive formulation of power transmission network
design problem and applied the Bender’s decomposition approach in a more tailored
way. By studying the branch-and-bound process, they were able to obtain “minimal”
values of the big-penalty numbers and further apply Gomory cuts for the master
problems, improving the convergence result of the decomposition approach.

For the natural gas transmission network design, it typically starts with a fixed lay-
out of the underlying network and then minimizes the invesment cost by choosing an
optimal set of diameters of the pipes. Hansen at el. [16], among others, presented a
mixed-integer nonlinear model by explicitely modeling the choice of discrete pipe di-
ameters and proposed a trust-region-based successive linear programming approach,
providing stable computational performance based on a Danish downtown network
topology. Alternatively, Osiadacz and Gorecki [25] adopted a similar modeling ap-
proach, however, with diameters as continuous variables, which was solved by apply-
ing sequential quadratic programming algorithm, and the continuous solutions were
rounded by referring to commercial availablity of pipes in the market.

De Wolf and Smeers [9] considered the optimal gas flow problem provided that the
network expansion is already done for large regions. They started with a relaxation
of the problem which could be represented by a convex optimization problem and
applied an extension of the Simplex algorithm by piecewise linearizing the nonlinear
terms. The procedure was then repeated by refining the piecewise linearization
until the relaxation error became smaller than a given tolerance. Andre et. al. [2]
addressed the capability expansion problem for gas transportation by taking gas
pressure and discrete pipe-diameters into account and developed a heuristic approach
for solving the underlying mixed-integer nonlinear programming problem based on
existing networks. After a convex continuous relaxation was introduced and solved,
they initialized a branch-and-bound tree for determining the optimal discrete pipe-
diameters. The approach was able to find good solutions for real-world applications
with reasonable computational cost.

More recently, cost-efficient design of coupled network with multiple energy carriers
has been of increasing interest. Benefited from the technology advances, hybrid net-
works are considered to be more energy-efficient and hence more sustainable. Geidl
and Andersson [13] provided a conceptual power flow modeling and optimization ap-
proach for energy networks with multiple energy carriers. In their model, couplings
between different energy carriers are regarded explicitely by introducing energy hubs
into the network. Prousch et al. [27] studied the problem of integrated optimization
of grid-bound energy supply systems with three energy carriers (electricity, natural
gas and district heating). They argued that the resulted combinatorial optimization
problem was too complex for exact optimization methods and thus heuristic methods
were proposed to compute the optimal network. Zelmer [36] considered the problem
of coupled network design with multiple energy carriers. A mixed-integer nonlinear
programming model was proposed for the planning and operation of the network
for supplying electricity, natural gas and district heat, which were coupled by intro-
ducing energy-cogeneration technologies, and then the problem was approximated
with all the nonlinear constraints being replaced with piecewise linear functions.
The model was then solved based on milp solvers along with a few problem-tailored
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enhancements for tightening the resulted milp formulation.

3. Mathematical Modeling

In this section, we outline a mathematical model for designing and operating hybrid
energy supply networks for urban areas and therefore focus on energy distribution
networks which are directly connected with end-users. To describe the behaviour of
electrical currents and natural gas flows, we mainly follow the approach of Zelmer
[36], where physical laws of low voltage electricity and low pressure natural gas are
considered in a coupled energy supply setting, with a few modifications based on
discussions with our project partner. For more technical details, we refer to [12] of
electricity distribution and [8] of natural gas distribution. The integration of micro
energy technologies is modeled by following the idea of Geidl and Andersson [13].

Suppose that a municipal utility company is interested in building and operating
a hybrid energy supply network with two primary energy carriers: electricity and
natural gas (thereafter simply gas). The network is supposed to be able to meet
energy demand of electricity and heat with micro energy technologies for residential
households in urban areas.

In order to be economically efficient, the company faces the following decisions:

• how to determine a cost-efficient layout of the transmission lines for the under-
lying energy carriers?

• which amount of energy carriers should be made available for meeting the
demand?

• how should micro technologies be deployed in the network?

To start with, consider a energy supply network which consists of one source node,
where energy carriers are injected into the network, and several sink nodes, where
energies flow out to cover the demand. Mathematically, the network can be defined
as a directed graph (V,E), where V stands for the set of nodes and E for the set of
arcs, which represent possible transmission lines between the nodes.

Specifically, we have V = {0, 1, · · · , n} with n ∈ N, where V0 = {0} contains the
single source node and V1 = V \V0 is the set of sink nodes. For simplicity, we let
i < j for all the arcs (i, j) ∈ E, E0 = (0, 1) and E1 = E\E0.

The following assumptions are made for our modeling:

1. Energy carriers (electricity and gas) from the public energy supply can be only
injected into the network at the source node i ∈ V0.

2. Three kinds of micro energy technologies are considered: combined heat and
power units (CHPs), gas-driven condensing boilers (CBs) and electricity-driven
heating pumps (HPs).

3. Only one (representative) household is assigned to each sink node i ∈ V1 and
the energy demand at nodes is a priori fixed. There is no household assigned
at the source node i ∈ V0.
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4. The costs to be minized are determined by the energy consumption of elec-
tricity and gas, the carbon dioxide emissions, the micro energy technologies
(investment/operation) and the construction of electricity and gas transmis-
sion lines.

Remark 3.1 Although we restrict ourselves to two energy carriers in the model,
other energy carriers, especially renewable energy such as wood pellets or solar power,
can be easily integrated into our model without changing the complexity of the opti-
mization significantly.

3.1. Electricity Supply

One variable is associated with the source node i ∈ V0: the electrical voltage ui,
which is specified by the public electricity supplier:

ui = umax.

Note that there is no electricity demand at the source node.

Three variables are associated with each sink node i ∈ V1: ui represents the electrical
voltage, vi the electrical current flowing out of or into the network, depending on
whether there is excessive electricity at the node or not, and sei the electricity supply.
The value of sei corresponds to the supply amount of electricity at node i to satisfy the
demand and is allowed to be negative, since distributed self-generation of electricity
is possible for all the nodes i ∈ V1.

An electric current v̄ij is associated with each arc (i, j) ∈ E, which is positive if it
flows from i to j and negative if otherwise. Since electrical cables have prespecified
capacities in terms of electric current, it holds that

−v̄max ≤ v̄ij ≤ v̄max,

where vmax is the maximal amount of electric current which is allowed to go through
the electrical cable.

The supply amount at node i is determined by the voltage and current at the node:

sei = aeuivi,

where ae > 0 is a constant. Notice that vi can also be negative.

The company can supply electricity at a voltage neither higher than the public energy
supplier ensured nor lower than a minimal voltage in order to meet the demand:

umin ≤ ui ≤ umax.

The flow conservation equation at node i ensures the electric current balance at each
node i ∈ V1: ∑

j|(j,i)∈E

v̄ji −
∑

j|(i,j)∈E

v̄ij − vi = 0,

2The term coefficient of performance (COP) is defined as the ratio of desired energy output per
work input.
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Sets V Nodes
V0 Source node
V1 Sink nodes
E Arcs
E0 Entering arc
E1 Arcs without the entering arc

Network variables ui Electric voltage at node i [V]
vi Electric current through node i [A]
v̄ij Electric current at arc (i, j) [A]
sei Electric instantaneous power at node i [kWh]
ūij Electrical voltage difference on arc (i, j) [V]
Ψi Auxiliary variable as a placeholder for sei · xele,i

pi Gas pressure at node i [mbar]
qi Gas flow through node i [m3/h]
q̄ij Gas flow at arc (i, j) [m3/h]
sgi Gas instantaneous power at node i [kWh]
p̄ij Gas pressure difference on arc (i, j) [mbar]
Φij Auxiliary variable as a placeholder for sign(q̄ij) · q̄2ij
Cenergy Overall energy cost of gas and electricity [e]
Ccarbon Overall carbon emission cost by gas and electricity [e]
Cnet Overall cost of network construction [e]

Hub system variables sgchp,i Gas power flowing into CHP at node i [kWh]
sgcb,i Gas power flowing into CB at node i [kWh]
sehp,i Electrical power flowing into HP at node i [kWh]
shchp,i Heat generated by CHP at node i [kWh]
shcb,i Heat generated by CB at node i [kWh]
shhp,i Heat generated by HP at node i [kWh]
sechp,i Electricity generated by CHP at node i [kWh]
Cm

system Overall maintenance cost of technologies [e]
C inv

system Overall investment cost of technologies [e]
Binary variables yeij Binary decision for electrical cable construction on arc (i, j)

ygij Binary decision for gas pipeline construction on arc (i, j)

xchp,i Binary decision for installing CHP at node i
xcb,i Binary decision for installing CB at node i
xhp,i Binary decision for installing HP at node i
xele,i Binary decision for electricity supply/consumption at node i

Network parameters dhi Heat demand at node i [kWh]
dei Electricity demand at node i [kWh]
Re

ij Electric resistance on arc (i, j) [Ω]
Rg

ij Gas resistance on arc (i, j)
[

mbar
(m3/h)2

]
βg Cost of gas [e/kWh]
βe
b Cost of buying electricity from power grid [e/kWh]
βe
s Cost of selling electricity to power grid [e/kWh]
ιg Cost of carbon emission by gas [e/kWh]
ιe Cost of carbon emission by electricity [e/kWh]
γg
ij Construction cost of gas pipeline on arc (i, j) [e]
γe
ij Construction cost of electrical cable on arc (i, j) [e]

Hub system parameters Λchp Heating power capacity of CHPs [kW]
Λcb Heating power capacity of CBs [kW]
Λhp Heating power capacity of HPs [kW]
ξhchp Coefficient of performance of CHP for heat2

ξhcb Coefficient of performance of CB for heat
ξhhp Coefficient of performance of HP for heat
ξechp Coefficient of performance of CHP for electricity
βinv

chp Investment cost of CHP [e]
βinv

cb Investment cost of CB [e]
βinv

hp Investment cost of HP [e]
βm

chp Annual maintenance cost of CHP [e]
βm

cb Annual maintenance cost of CB [e]
βm

hp Annual maintenance cost of HP [e]
ρmax Maximal penetration degree of CHPs defined by electricity-generation

Table 3.1: Notation of the hybrid energy supply network design problem
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The equation states that the difference between in-flowing currents and out-flowing
currents at node i must equal the current which is supplied to the household to
satisfy the energy demand at the node..

We make clear that the flow conservation equation at the source node is trivial in our
case. Since there is no electricity consumption at the node, the conservation equation
reduces to that the in-flowing currents should be equal to the out-flowing currents,
which is in our case always satisfied. Due to the fact that there is no constraint on
the in-flowing currents at the source node, it can be always assumed that the total
amount of in-flowing currents are equal to v̄01.

Now we consider the constraints on arcs. We have voltage difference on each arc
(i, j) ∈ E:

ūij = ui − uj .

The relationship of the electric current v̄ij and the voltage difference ūij on arc
(i, j) ∈ E takes the following form by the Ohmic law:

v̄ij = (Re
ij)
−1ūij ,

where Re
ij > 0 is a constant that depends on the length of the arc (i, j) and the

resistance of the electrical cable.

The decision, whether an electrical cable is required or not, is modeled by introducing
a binary variable yeij ∈ {0, 1} for each arc (i, j) ∈ E. If yeij = 1, then an electrical
cable is required on the arc (i, j) and , if yeij = 0, no cable is needed. Togehter with
the electrical flows on the arc, we obtain the following constraint:

v̄ij = (Re
ij)
−1yeij ūij .

Since Re
ij and ūij are typically nonzero, v̄ij = 0 implies that yeij = 0, that is, there

is no need to have an electrical cable on the arc (i, j). If vij 6= 0, an electric current
on the arc (i, j) needs to be supplied by having an electrical cable, i.e., yeij = 1.

The electricity supply model can be summarized as follows:∑
j|(j,i)∈E

v̄ji −
∑

j|(i,j)∈E

v̄ij − vi = 0, ∀i ∈ V1, (3.1a)

sei = aeuivi, ∀i ∈ V1, (3.1b)
ūij = ui − uj , ∀(i, j) ∈ E, (3.1c)

v̄ij = (Re
ij)
−1yeij ūij , ∀(i, j) ∈ E, (3.1d)

ui − umax = 0, ∀i ∈ V0, (3.1e)
umin ≤ ui ≤ umax, ∀i ∈ V1, (3.1f)
− v̄max ≤ v̄ij ≤ v̄max, ∀(i, j) ∈ E, (3.1g)
yeij ∈ {0, 1}, ∀(i, j) ∈ E. (3.1h)

3.2. Natural Gas Supply

One variable is associated with the source node i ∈ V0: the gas pressure pi, which is
specified by the public gas supplier:

pi = pmax.
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Note that there is no gas demand at the source node.

Three variables are associated with each sink node i ∈ V1: pi represents the gas
pressure, qi the gas volume flowing out of the system and sgi the gas supply at node
i. The value of sgi corresponds to a supply amount of gas at node i to satisfy the
demand and is not allowed to be negative.

A gas flow q̄ij is associated with each arc (i, j), which is positive if it flows from i to
j and negative if otherwise. Since gas pipelines have prespecified capacities in terms
of gas flow, it holds that

−q̄max ≤ q̄ij ≤ q̄max,

where qmax is the maximal amount of gas flow which is allowed to go through the
gas pipeline.

The amount of gas at node i is determined by the gas volume at the node:

sgi = agqi,

where ag > 0 is a constant and qi ≥ 0.

The company can supply gas at a pressure neither higher than the public energy
supplier ensured nor lower than a minimal pressure in oder to meet the demand:

pmin ≤ pi ≤ pmax.

The flow conservation equation at node i ensures the gas flow balance at node i:∑
j|(j,i)∈E

q̄ji −
∑

j|(i,j)∈E

q̄ij − qi = 0,

The equation states that the difference between in-flowing gas and out-flowing gas
at node i must equal the gas volume which is supplied to the house to satisfy the
energy demand at the node.

We make clear that the gas flow conservation equation at the source node is trivial.
Since there is no gas flowing out of the system at the source node, the conservation
equation reduces to that the in-flowing gas should equal the out-flowing gas, which
is always satisfied. The fact that there is no constraint imposed on the in-flowing
gas at the source node allows us to assume it to equal q̄01 in total.

Now we consider the constraints on arcs. We have pressure difference on arc (i, j) ∈
E:

p̄ij = pi − pj .

The relationship of the gas flow q̄ij and the pressure difference p̄ij on arc (i, j) ∈ E
takes the following form by a simplification of the Darcy-Weisbach equation in case
of low pressure gas distribution:

sign(q̄ij)q̄
2
ij − (Rg

ij)
−1p̄ij = 0,

where Rg
ij > 0 is a constant that depends on the length of the arc (i, j) and the resis-

tance of the gas pipeline. The sign function is used to help determine the direction
of the gas flow on arc (i, j), i.e., the sign of q̄ij .3

3The nonlinear relationship can be formulated in different ways. Among many others, it can be
formulated as qij |qij | − (Rg

ij)
−1p̄ij = 0.
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The decision, whether a gas pipeline should be installed or not, is modeled by intro-
ducing a binary variable ygij ∈ {0, 1} for each arc (i, j). If ygij = 1, then a pipeline
is required on the arc (i, j) and, if ygij = 0, no pipeline is needed. Together with the
gas flow on the arc, we obtain

sign(q̄ij)q̄
2
ij − (Rg

ij)
−1yij p̄ij = 0.

Since Rg
ij and p̄ij are typically nonzero, q̄ij = 0 implies that yij = 0, that is, there is

no pipeline needed on the arc (i, j). If q̄ij 6= 0, a gas flow on the arc (i, j) needs to
be supplied by having a pipeline, i.e., yij = 1.

The gas supply model can be summarized as follows:∑
j|(j,i)∈E

q̄ji −
∑

j|(i,j)∈E

q̄ij − qi = 0, ∀i ∈ V1, (3.2a)

sgi = agqi, ∀i ∈ V1, (3.2b)
p̄ij = pi − pj , ∀(i, j) ∈ E, (3.2c)

Φij = (Rg
ij)
−1ygij p̄ij , ∀(i, j) ∈ E, (3.2d)

Φij = sign(q̄ij)q̄
2
ij , ∀(i, j) ∈ E, (3.2e)

pi − pmax = 0, ∀i ∈ V0, (3.2f)
pmin ≤ pi ≤ pmax, ∀i ∈ V1, (3.2g)
− q̄max ≤ q̄ij ≤ q̄max, ∀(i, j) ∈ E, (3.2h)
qi ≥ 0, ∀i ∈ V1, (3.2i)
ygij ∈ {0, 1}, ∀(i, j) ∈ E, (3.2j)

3.3. Mirco Energy Supply Hub Systems

Our next step is to introduce energy hub systems based on micro energy technolo-
gies and integrate them into our supply network. We consider three micro energy
technologies, namely CHP, CB and HP, to equip the energy hub systems. Further,
every sink node is allowed to have maximal one energy hub system and it is up to the
network optimization to choose a combination of the technologies that are needed
to equip the energy hub system at nodes. For example, it may need all of the three
technologies at certain nodes and just one of them at some other nodes. Figure 3.1
shows the working scheme of a fully-equipped energy hub system.

The development of micro energy technologies has experienced exciting advances in
recent years and it has been possible that individual household consumers are able
to acquire them for reasonable prices. Because of increasing energy demand and
shortage of fossil resources, these technologies often offer a higher degree of energy
efficiency and an alternative way to carry out energy supply in a decentralized way.

Specifically, with the energy hub systems available, energy carriers of electricity and
gas can be converted in a coupled way in order to satisfy the energy demand. In
particular, the cogeneration machine CHP, which is fueled by the gas, can generate
heat and electricity at the same time and the locally generated energy can be either
used by the household itself or sold to other hourseholds in the neighborhood. The
ablility to reallocate the local energy resources can not only reduce the transmission
losses of energy carriers but also help alleviate high peak demand in critical seasons.
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Figure 3.1: Working scheme of an energy hub system with combined heat and
power unit (CHP), gas-driven condensing boiler (CB) and electricity-
driven heating pump (HP)

Unfortunately, due to the high interdependencies between heat and electricity, tra-
ditional planning process of existing energy supply networks, which considers single
energy carrier at a time, can not be adopted anymore. The fast-growing penetration
of CHPs and hence the increasing interdependencies between heat and electricity
is expected to have substantial influence on the network design and requires new
strategies for the planning process.

We start with two technical assumptions. First, we assume that the heating capacity
of the fully-equipped hub system is always able to meet the heat demand at the node
for all i ∈ V1:

Λh
chp + Λh

cb + Λh
hp ≥ dhi .

Second, every household in the network must have an access to the public elecricity
supply. The model ensures that there is a connected path from every node i ∈ V1
to the source node i ∈ V0 for electricity supply. For this purpose, we introduce the
following constraint: ∑

i∈V1

sechp,i ≤ ρ
∑
i∈V1

(dei + sehp,i) (3.3)

with ρ = 0. That is, CHPs are excluded for the network and elecricity can be only
obtained from the public supply.

In fact, the constraint (3.3) can also be used to control the degree of penetration
of CHPs in the network by tuning the parameter ρ ≥ 0. For example, if we let
ρ be sufficiently large, the constraint becomes redundant and penetration of CHPs
is unrestricted. As we will see in Section 5, our optimal hybrid energy network is
computed in a sequential way by tuning the parameter ρ: it is first optimized by
setting ρ = 0 in order to obtain the electricity supply network, making sure that each
household in the network is connected to the public electricity supply. This network
structure for supplying electricity is then saved and served as the starting point for
computing the hybird energy network, where the model is re-optimized by letting ρ
be sufficiently large.
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Mathematically, the energy supply at node i with an energy hub system can be
described for all i ∈ V1 as {

dei = sei + sechp,i − sehp,i,

dhi = shchp,i + shcb,i + shhp,i,

where

sechp,i − ξechps
g
chp,i = 0,

shchp,i − ξhchps
g
chp,i = 0,

shcb,i − ξhcbs
g
cb,i = 0,

shhp,i − ξhhps
e
hp,i = 0.

By the energy hub system, electricity demand can be covered directly by the public
supply and/or by installing CHPs at nodes, while demand of heat can be covered
by installing any combination of CHPs, CBs and/or HPs at nodes. Energy supply
based on the micro energy systems takes place in a hybrid way. Remember that the
value of sei may become negative. This might happen in our case if the amount of
elecricity generated by the CHP, sechp,i, becomes sufficiently large, or more precisely,
if sechp,i > dei + sehp,i. The amount of excessive electricity would then be reallocated
by selling it back to the network.

Further, our model does not assume a priori that energy hub systems have already
been distributed and installed for the households. Instead, the decision, how and
which kind of technologies should be included in the network, is made by the opti-
mization problem itself. For that purpose, we associate three binary variables xchp,i,
xcb,i and xhp,i to each sink node i ∈ V1. For example, if xchp,i = 1, it indicates that
the CHP is needed for the energy hub system at node i. If otherwise, the CHP is
then not needed. Imposing the binary variables of the technologies, we obtain for all
i ∈ V1:

sgchp,i = 0, if xchp,i = 0,

sgcb,i = 0, if xcb,i = 0,

sehp,i = 0, if xhp,i = 0,

which can be rewritten equivalently as:

sgchp,i (1− xchp,i) = 0,

sgcb,i(1− xcb,i) = 0,

sehp,i(1− xhp,i) = 0.

The following constraints are enforced for the sink node i ∈ V1 because of technical
heatinf capabilities of the technologies:

shchp,i − Λh
chp ≤ 0,

shcb,i − Λh
cb ≤ 0,

shhp,i − Λh
hp ≤ 0.
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Finally, we calculate the supply amount of gas at node i ∈ V1:

sgi = sgchp,i + sgcb,i.

The model of micro energy hub systems can be summarized for i ∈ V1 as:

dei = sei + sechp,i − sehp,i, (3.4a)

dhi = shchp,i + shcb,i + shhp,i, (3.4b)

sgi = sgchp,i + sgcb,i, (3.4c)

sechp,i − ξechps
g
chp,i = 0, (3.4d)

shchp,i − ξhchps
g
chp,i = 0, (3.4e)

shcb,i − ξhcbs
g
cb,i = 0, (3.4f)

shhp,i − ξhhps
e
hp,i = 0, (3.4g)

sgchp,i (1− xchp,i) = 0, (3.4h)

sgcb,i(1− xcb,i) = 0, (3.4i)

sehp,i(1− xhp,i) = 0, (3.4j)

shchp,i − Λh
chp ≤ 0, (3.4k)

shcb,i − Λh
cb ≤ 0, (3.4l)

shhp,i − Λh
hp ≤ 0, (3.4m)

se{chp,hp},i ≥ 0, sg{chp,cb},i ≥ 0, sh{chp,cb,hp},i ≥ 0, (3.4n)

x{chp,cb,hp},i ∈ {0, 1}. (3.4o)

3.4. A Cost-Minimization Model

Given the complete description about the energy flows and micro energy hub sys-
tems, we now formulate the complete network design problem as a cost-minimization
problem. The costs to be minimized are as follows:

(1) operational costs: energy consumption costs for covering energy demand and
transmission losses, maintenance costs for energy-conversion micro-systems;

(2) investment costs: costs for building power cables/gas pipelines and acquiring
micro energy technologies for the energy hub systems.

(3) carbon costs: social costs of carbon dioxide emissions.

First of all, we differentiate the price of buying electricity from the network from
the price of selling it back to the network in our model. As we observe in the real
energy market, the price of selling electricity to the public network is much lower
than the one of buying electricity from the public network. To take it into account,
we associate another one binary variable xele,i to each sink node i ∈ V1 and identify
the node where excessive electricity flows out by adding the following constraint to
all i ∈ V1:

sei (1− 2xele,i) ≤ 0, (3.5)
xele,i ∈ {0, 1}. (3.6)
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If sei = 0, the constraint is redundant. We are more interested in the case when
sei 6= 0. If xele,i = 0, it indicates that there exists an amount of excessive electricity
at the node, i.e., sei < 0, and the selling price is applied. If xele,i = 1, the buying
price of electricity is applied.

Next, we calculate the following cost positions:

Cenergy =
∑
i∈V1

βgsgi + βebs
e
ixele,i + βess

e
i (1− xele,i), (3.7a)

Ccarbon =
∑
i∈V1

ιgsgi + ιelseixele,i, (3.7b)

C inv
system =

∑
i∈V1

βinv
chpxchp,i + βinv

cb xcb,i + βinv
hp xhp,i, (3.7c)

Cm
system =

∑
i∈V1

βm
chpxchp,i + βm

cbxcb,i + βm
hpxhp,i, (3.7d)

Cnet =
∑

(i,j)∈E

γeijy
e
ij + γgijy

g
ij . (3.7e)

Finally, the optimization problem of the hybrid energy network design can be sum-
marized as follows:

minimize
z∈Z

f(z) = Cenergy + Ccarbon + Cm
system + α(T)

(
C inv

system + Ccable
)

subject to (3.1a)− (3.7e),
(h-minlp)

where Z denotes the mixed-integer solution set and α(T) is the financial discounting
factor for a planning time horizon of T years. The design problem given by (h-minlp)
is in general a mixed-integer nonlinear programming (minlp) problem, which is NP-
hard and computationally challenging for real-world applications [4].

3.5. Reformulation of bilinear products with binary variables

The h-minlp problem can be reformulated less nonlinearly by applying the following
simple result.

Result 3.1 We consider a mixed integer bilinear quadratic formulation given by the
following constraints:

y =
∑
k∈K

ckskx, (3.8a)∑
k∈K

sk ≤ 1, (3.8b)

x ≤ x ≤ x, (3.8c)
x, y ∈ R, sk ∈ {0, 1} (k ∈ K), (3.8d)

where K ⊂ N is finite, ck ∈ R+ and x ≤ x. Then the constraints given by (3.8) has
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an equivalent linear formulation as follows:

x
∑
k∈K

cksk ≤ y ≤ x
∑
k∈K

cksk, (3.9a)

ck(1− sk)x ≤ ckx− y ≤ ck(1− sk)x (k ∈ K), (3.9b)∑
k∈K

sk ≤ 1, (3.9c)

x ≤ x ≤ x, (3.9d)
x, y ∈ R, sk ∈ {0, 1} (k ∈ K). (3.9e)

Proof. We show the equivalence by taking a fixed k ∈ K with sk ∈ {0, 1}. By (3.8b),
at most one sk for some k ∈ K is allowed to be equal to one and hence y is either
equal to zero if

∑
k∈K sk = 0 or y = ckx if sk = 1 for one fixed k ∈ K, which can be

verified by (3.9) with x ∈ [x, x].

Indeed, by introducing
ūmin ≤ ūij ≤ ūmax

and applying Result 3.1 on the nonlinear constraints due to the electric current v̄ij ,
the corresponding constraint (3.1d) can be replaced by

(Re
ij)
−1yeij ūmin ≤ v̄ij ≤ (Re

ij)
−1yeij ūmax ∀(i, j) ∈ E, (3.10)

(Re
ij)
−1(1− yeij)ūmin ≤ (Re

ij)
−1ūij − v̄ij ≤ (Re

ij)
−1(1− yeij)ūmax ∀(i, j) ∈ E.

(3.11)

Similarly, by introducing
p̄min ≤ p̄ij ≤ p̄max

and applying Result 3.1 on the nonlinear constraints due to the gas flow Φij , we
obtain for constraint (3.2d):

(Rg
ij)
−1ygij p̄min ≤ Φij ≤ (Rg

ij)
−1ygij p̄max ∀(i, j) ∈ E, (3.12)

(Rg
ij)
−1(1− ygij)p̄min ≤ (Rg

ij)
−1p̄ij − Φij ≤ (Rg

ij)
−1(1− ygij)p̄max ∀(i, j) ∈ E.

(3.13)

Moreover, by introducing an upper bound for sgchp,i, that is, 0 ≤ sgchp,i ≤ sgchp,max,
constraint like (3.4h) can then be replaced by the following linear constraint for all
i ∈ V1:

− sgchp,i ≤ 0, (3.14)

sgchp,i ≤ xchp,is
g
chp,max. (3.15)

Similarly, we can replace constraint (3.4i) and (3.4j) for all i ∈ V1 by

− sgcb,i ≤ 0, (3.16)

sgcb,i ≤ xcb,is
g
cb,max, (3.17)

and

− sehp,i ≤ 0, (3.18)

sehp,i ≤ xhp,is
e
hp,max, (3.19)
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where sgcb,max and sehp,max are upper bounds of sgcb,i and s
e
hp,i, respectively.

Finally, we rewrite constraints (3.5) for all i ∈ V1 as

sei − 2Ψi ≤ 0, (3.20)
Ψi = seixele,i (3.21)

and then apply Result 3.1 on Ψi:

xele,is
e
min ≤ Ψi ≤ xele,is

e
max, (3.22)

(1− xele,i)s
e
min ≤ sei −Ψi ≤ (1− xele,i)s

e
max (3.23)

with semin ≤ sei ≤ semax for all i ∈ V1. Note that the term Ψi appears in con-
straint(3.7a) as well and the same reformulation applies.

By applying the above reformulations, the network design problem (h-minlp) be-
comes less nonlinear with two types of nonlinearity still present. The first type
comes up in constraint (3.1b) which involve nonconvex bilinear quadratic functions,
the other is due to constraint (3.2e) which have terms known as signed power func-
tions. These two types of nonlinearities combined with a number of binary decision
variables make the network design problem computationally challenging. In Section
4, two deterministic global optimization approaches based on milp approximations
and convex relaxations will be discussed in order to solve the network design problem.

3.6. Bound Tightening

Reducing the feasible region of the problem (h-minlp) can help tighten its relaxation
at the first place and therefore often lead to substantial reduction of computational
time. In fact, bound tightening plays a surprisingly important role for solving minlp
[5]. Moreover, the performance of reformulation techniques depends crucially on
the bounds of the corresponding variables (see Section 3.5). Since natural bounds
on the difference of voltage ūij and the difference of pressure p̄ij are available (see
Appendices, Table A.3), we derive lower and upper bounds for sehp,i, s

g
chp,i, s

g
cb,i and

sei for all i ∈ V1.

Result 3.2 The following inequalities are implied by the network design problem
h-minlp for all i ∈ V1:

0 ≤ sehp,i ≤
Λh

hp

ξhhp
,

0 ≤ sgchp,i ≤
Λh

chp

ξhchp
,

0 ≤ sgcb,i ≤
Λh

cb
ξhcb

,

dei −
ξechp min{dhi ,Λh

chp}
ξhchp

≤ sei ≤ dei +
min{dhi ,Λh

hp}
ξhhp

.
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Proof. First, we know that sehp,i, s
g
chp,i and s

g
cb,i are nonnegative for all i ∈ V1 by the

model construction. Togehter with contraints (3.4b), it implies that

0 ≤ shhp,i ≤ dhi ,
0 ≤ shchp,i ≤ dhi ,
0 ≤ shcb,i ≤ dhi ,

where the upper bounds are attained if one and only one of the three micro-systems
is installed for covering the heat demand at the node. Combining with constraints
(3.4d)-(3.4f) gives then

0 ≤ sehp,i ≤
dhi
ξhhp

,

0 ≤ sgchp,i ≤
dhi
ξhchp

,

0 ≤ sgcb,i ≤
dhi
ξhcb

.

Second, it can be easily seen from the capacity constraints (3.4k)-(3.4m) that

0 ≤ sehp,i ≤
Λh

hp

ξhhp
,

0 ≤ sgchp,i ≤
Λh

chp

ξhchp
,

0 ≤ sgcb,i ≤
Λh

cb
ξhcb

.

Putting all together, we obtain the following bounds on sehp,i, s
g
chp,i and s

g
cb,i for all

i ∈ V1:

0 ≤ sehp,i ≤
min{dhi ,Λh

hp}
ξhhp

, (3.24)

0 ≤ sgchp,i ≤
min{dhi ,Λh

chp}
ξhchp

, (3.25)

0 ≤ sgcb,i ≤
min{dhi ,Λh

cb}
ξhcb

. (3.26)

Further, we have from constraints (3.4a) that for all i ∈ V1

sei = dei − (sechp,i − sehp,i)

and hence

dei −max{sechp,i − sehp,i : i ∈ V1} ≤ sei ≤ dei −min{sechp,i − sehp,i : i ∈ V1}.

Since sechp,i and s
e
hp,i are nonnegative for all i ∈ V1, it follows that

dei −max{sechp,i : i ∈ V1} ≤ sei ≤ dei + max{sehp,i : i ∈ V1}
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and finally we obtain for all i ∈ V1

dei −
ξechp min{dhi ,Λh

chp}
ξhchp

≤ sei ≤ dei +
min{dhi ,Λh

hp}
ξhhp

by calculating

max{sechp,i : i ∈ V1} = ξechp max{sgchp,i : i ∈ V1} =
ξechp min{dhi ,Λh

chp}
ξhchp

and applying (3.24)-(3.25).

4. Nonconvex MINLPs

In the most general way, minlp can be expressed as

minimize
x∈X

f(x)

subject to Ax ≤ b,
g(x) ≤ 0,

xi ∈ Z,∀i ∈ I

(4.1)

where f : Rn → R and g : Rn → Rm are at least continuous functions, A ∈ Rm′×n and
b ∈ Rm′ . X ⊂ Rn is a bounded mixed-integer polyhedral set and I ⊂ {1, 2, · · · , n}
the index set of integer variables.

Definition 4.1 Problem (4.1) is called convex if the functions f and g are convex.
Otherwise, (4.1) is said to be nonconvex.

Due to the presence of bilinear quadratic and signed power terms, our network de-
sign problem belongs to the class of nonconvex minlps. Since even the continuous
relaxation problems are nonconvex, more additional work has to be done for solving
nonconvex minlp to avoid multiple local optima. Nonconvex minlps are therefore
also closely related to the subject known as global optimization [11, 18,19].

In the following, we present two deterministic optimization techniques based on
the branch-and-bound framework, trying to solve the network design problem (h-
minlp) to global optimality. The first approach is to replace the nonconvex terms by
piecewise linear functions and then solve the corresponding milp-approximation by
fully utilizing efficient milp solvers [14,31]. The other is to obtain convex relaxations
of the nonconvex terms and recursively compute lp/convex relaxations and nlp
subproblems based on spatial branch-and-bound scheme [33,34].

4.1. MILP Approximation with Piecewise Linearization

In this section, we review several popular mixed-integer linear formulations to ap-
proximate continuous nonlinearities based on piecewise linear functions. Given a
nonlinear function f : D ⊂ Rn → R, we seek a approximation which can be repre-
sented by a piecewise linear function φ : D ⊂ Rn → R.
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Definition 4.2 Let D ⊂ Rn be compact and S be a finite family of simplices such
that D =

⋃
S∈S S. A continuous function φ : D → Rn is called piecewise linear if it

can be written as

φ(x) = aS +mSx, x ∈ S,

where aS ∈ R and mS ∈ Rn, for all S ∈ S.

Suppose that such a family of simplices S is given for the domain D. Let V(S) =⋃
S∈S V(S) denote the set of vertices of the family and V(S) the vertices of S. We are

interested in obtaining a mixed-integer linear formulation of the form y = f(x) ≈
φ(x) (x ∈ D) with y = φ(x) for all x ∈ S ∈ S. Figure 4.1 shows an example of
piecewise linearization for D ∈ R.

0 1 2 3 4 5 6 7

x

f(
x
)

Figure 4.1: Piecewise linear approximation

4.1.1. Disaggregated Convex Combination Method

The piecewise approximation based on disaggregated convex combination (DCC)
method can be formulated for all S ∈ S as follows:

∑
S∈S

∑
v∈V(S)

λS,vv = x,
∑
S∈S

∑
v∈V(S)

λS,v(mSv + aS) = y, (4.2)

λS,v ≥ 0 ∀v ∈ V(S),
∑

v∈V(S)

λS,v = zS ,
∑
S∈S

zS = 1, zS ∈ {0, 1}. (4.3)
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4.1.2. Convex Combination Method

The piecewise approximation based on convex combination (CC) methods can be
formulated as follows: ∑

v∈V(S)

λvv = x,
∑

v∈V(S)

λv(mSv + aS) = y,
∑

v∈V(S)

λv = 1

(4.4)

λv ≥ 0 ∀v ∈ V(S), λv ≤
∑

S∈S(v)

zS ∀v ∈ V(S),
∑
S∈S

zS = 1, zS ∈ {0, 1},

(4.5)

where S(v) = {S ∈ S : v ∈ S}.

4.1.3. Incremental Method

The formulation of incremental (INC) method requires the following conditions on
the family of simplices S:

(C1) The simplices in S can be ordered as S1, · · · , S|S| so that Si ∩ Si−1 6= ∅ for
i ∈ {2, · · · , |S|};

(C2) The vertices of each simplex Si can be ordered as v0i , · · · , v|V(Si)−1| so that
v
|V(Si)|−1
i−1 = v0i for i ∈ {2, · · · , |S|}.

Given such an ordered S, the piecewise linearization can be formulated as follows:

v00 +

|S|∑
i=1

|V(Si)|−1∑
j=1

δji (vji − v
0
i ) = x, y00 +

|S|∑
i=1

|V(Si)|−1∑
j=1

δji (yji − y
0
i ) = y (4.6)

|V(Si)|−1∑
j=1

δji ≤ 1, δji ≥ 0 ∀i ∈ {1, · · · , |S|}, j ∈ {1, · · · , |V(Si)| − 1} (4.7)

zi ≤ δ|V(Si)|−1
i ,

|V(Si)|−1∑
j=1

δji+1 ≤ zi (4.8)

zi ∈ {0, 1} ∀i ∈ {1, · · · , |V(Si)| − 1} (4.9)

The mixed-integer formulations based on piecewise linearization that we outlined
above need a number of extra binary variables and constraints at least linear in
|S|, the number of the polyhedra needed for piecewise linearization. By the work
of Vielma and Nemhauser [32], the sizes of DCC and CC formulations can be sig-
nificantly reduced, where the number of extra variables and constraints increases
linearly in log2 |S|.

4.1.4. Logarithmic Methods

Definition 4.3 (1) An ordered set of variables λ = (λ1, λ2, · · · , λd) is said to be of
a special ordered set of variables of type I (SOS1) if at most one of the variables
is nonzero.
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(2) An ordered set of variables λ = (λ1, λ2, · · · , λd) is said to be of a special ordered
set of variables of type II (SOS2) if at most two of the variables are nonzero,
and if two variables are nonzero, they have to be adjacent, i.e., there exists one
and only one i ∈ {1, · · · d} such that λi and λi+1 are nonzero.

Remark 4.1 It can be easily verified that the condition (4.3) of DCC enforces λS,v
to be of SOS1 and the condition (4.5) of CC enforces λv to be of SOS2.

Result 4.1 Let I = {1, 2, · · · , n} be finite and ∆I = {λ ∈ R|I|+ :
∑

i∈I λi = 1}.
Further, let B : I → {0, 1}dlog2 |I|e be any injective function and Supp(B) be its
support. Then SOS1 constraints can be formulated as

λ ∈ ∆I ,
∑

i∈I+(B,l)

λi ≤ zl,
∑

i∈I0(B,l)

λi ≤ 1− zl

zl ∈ {0, 1} ∀l ∈ {1, · · · , log2 |I|}, (4.10)

where I+(B, l) = {i ∈ I : l ∈ Supp(B(i))} and I0(B, l) = {i ∈ I : l /∈ Supp(B(i))}.

For SOS2 constrained variables, the above result is generally not valid and we need
a more careful chioce of the function B.

Result 4.2 Let B : {1, 2, · · · , n} → {0, 1}log2 |I| be bijective and for all i ∈ {1, 2, · · · , n}
the vectors B(i) and B(i+ 1) differ in at most one component, then the formulation
(4.10) is also valid for SOS2 constrained variables.

The application of Result 4.1 on the DCC is straightfoward which needs then dlog2 |S|e
binary variables zl. For the CC to have logarithmic number of binary variables based
on Result 4.2, one needs a branching scheme to ensure that the nonzero λ variables
are associated with the vertices of some polytope in S:

∃S ∈ S s.t. {v ∈ V(S) : λv > 0} ⊂ V(S).

Such a branching scheme can be developed if the underlying polytopes S are tri-
angulations known as J1 or Union Jack. Figure 4.2 shows two examples of Union
Jack triangulation on the domain [0, 2]2. Our implementation of the logarithmic CC
method adopts the branching scheme developed in [32].

0 1 2
0

1

2

(a)

0 1 2
0

1

2

(b)

Figure 4.2: (a) J1 triangulation of [0, 2]2 with 8 triangles; (b) J1 triangulation of
[0, 2]2 with 32 triangles
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4.2. Spatial Branch-and-Bound based on Convex/Linear
Relaxations

We start by considering convex minlps and later discuss how to obtain convex re-
laxations of nonconvex terms for the case of our network design problem. In most
cases, techniques to solve convex minlps are served as foundations to solve non-
convex minlps. The basic idea for solving convex minlps is trying to decompose
the convex minlps into milps and convex nlps, both of which are considered to be
computationally “cheap” due to advances of milp and nlp solvers.

4.2.1. Convex MINLPs

In this section, we assume that f is linear and g is convex and at least twice contin-
uously differentiable in (4.1). Consider the following nlp subproblem of (4.1):

minimize
x∈X

f(x)

subject to Ax ≤ b,
g(x) ≤ 0,

xi ∈ [li, ui],∀i ∈ I.

(4.11)

Obviously, (4.11) is convex und its optimal value provides a lower bound of (4.1).
This simple property can be used to develop basic branch-and-bound algorithms for
convex minlps, see Algorithm 1.

Algorithm 1: nlp-based Branch-and-Bound for solving (4.1)
Choose a tolerance ε > 0, set the upper bound U =∞ and initialize the heap of
open problems H = ∅;
Add the root node relaxation to H;
while H 6= ∅ do

Remove problem (4.11) with repect to [li, ui] from the heap H;
Solve problem (4.11) and let the solution be x̂(l,u);
if (4.11) is infeasible then

Node can be pruned because of infeasibility;
else if f(x̂(l,u)) > U then

Node can be pruned because of upper bound dominance;
else if x̂(l,u)I integral then

Update incumbent solution: U = f(x̂(l,u)), x∗ = x̂(l,u);
else

BranchOnVariable (x
(l,u)
i , l, u,H).

end
end

infe The subroutine BranchOnVariable (x
(l,u)
i , l, u,H) is as follows: Given a frac-

tional x(l,u)i (i ∈ I), set u−i = bx(l,u)i c, l−i = li and l+i = dx(l,u)i e, u+i = ui and add
the two relaxations of type (4.11), which correspond to (l−i , u

−
i ) and (l+i , u

+
i ), to the

heap H.
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The performance of nlp-based Branch-and-Bound depends heavily on the availablity
of fast nlp solvers. In particular, it requires smart warmstarting strategies since the
resulted sequence of nlp relaxations differ in most cases only in the bound of the
variable to be branched on.

In order to reduce the effort to frequently solve nlp relaxations, consider another
nlp subproblem by fixing integer variables xI to be x̂I ∈ Z|I|

minimize
x∈X

f(x)

subject to Ax ≤ b,
g(x) ≤ 0,

xi = x̂i, ∀i ∈ I.

(4.12)

Note that (4.12) is a convex nlp problem and feasible solutions of (4.12) are also
feasible for (4.1). Hence (4.12) provides an upper bound on the optimal value of
(4.1) if it is feasible. If (4.12) has no feasible solutions, consider then the following
nonfeasibility subproblem of (4.1) by introducing slack variables into the nonlinear
constraints:

minimize
x∈X,u∈Rm

u

subject to Ax ≤ b,
g(x) ≤ u,
xi = x̂i, ∀i ∈ I.

(4.13)

A milp relaxation can now be constructed by linearizing nonlinear function g, which
is by assumption convex and continuously differentiable, for a given set X ⊂ Rn:

minimize
x∈X

η

subject to f(x) ≤ η ≤ U,
g(x̂) + 〈∇g(x̂), x− x̂〉 ≤ 0, x̂ ∈ X ⊂ Rn

Ax ≤ b,
xi ∈ Z|I|,∀i ∈ I.

(4.14)

Since g(x) ≥ g(x̂) + 〈∇g(x̂), x− x̂〉, it builds an outer-approximation of the feasible
domain X.

An algorithm based on outer-approximation to solve (4.1) is given in Algorithm 2.
The idea is to start with a simple milp relaxation of (4.1) with only a few x̂ ∈ X
and to switch from solving milp for obtaining relaxed solutions which satisfy the
integrality requirement to solving nlp subproblem (4.12) or (4.13) in order to update
the set X for new linearizations and, meanwhile, feasible solutions for (4.1). Note
that we have included an upper bound U on f(x) in the formulation (4.14) for the
termination condition.

Under mild conditions, it can be shown that every optimal solution of (4.14) is also
optimal for (4.1) and they share the same optimal value. Consequently, Algorithm
2 terminates in a finite number of steps since X is bounded.

Both of the presented algorithms guarantee global optimality only if (4.1) is convex,
i.e., functions f and g are convex. In the presence of nonconvexities, the computation
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of the nlp subproblems is prone to unexpected behaviour and, especially, the outer-
approximation algorithm may cut off optimal solutions.

Algorithm 2: Outer-Approximation for solving (4.1)

Given x(0), set the upper bound U0 =∞, set k = 1 and initialize X 0 = ∅ ;
repeat

Solve problem (4.12) or (4.13) by fixing xI = x
(k−1)
I and let the solution be x̂(k) ;

if (4.12) is feasible & f (k) < Uk−1 then
Update current best upper bound: x∗ = x̂(k), Uk = f (k) = f(x̂(k));

else
Set x∗ = x̂(k) ;
set Uk = Uk−1 ;

Linearize g about x̂(k) and set X k = X k−1 ∪ {x̂(k)};
Solve (4.14) with X = X k, let the solution be x(k) ;
Set k = k + 1.

until (4.14) is infeasible;

4.2.2. Convex Relaxation

In this section, we drop the assumption that g in (4.1) is convex and turn to con-
vexification techniques in order to solve nonconvex minlps. The idea is to carefully
study the nonconvex set itself and try to construct a convex relaxation which under-
estimates the set. Although it is hardly possible to construct closed-form formulas
for the convexification of the complete feasible set X, one common strategy is to rec-
ognize specific local structure of X and study the possiblility for convex relaxations.

The central task is therefore as follows: given a general nonconvex function g: [l, u]→
R, we look for a convex function gc(x) which underestimates g(x) as tightly as
possible. Note that gc(x) can be nonlinear, however, most solvers prefer to employ
linear gc(x) whenever possible.

Definition 4.4 Let g: [l, u]→ R be given. Then

(1) A function gc(x) is said to be a convex underestimator of g(x) if it is convex on
[l, u] and satifies that gc(x) ≤ g(x) for all x ∈ [l, u]. A convex underestimator
gc1(x) is said to be tighter than another convex underestimator gc2(x) if the
epigraph of gc1(x) is smaller than the epigraph of gc2(x).

(2) A function ge(x) is said to be a convex envelop of g(x) if it is a convex under-
estimator of g(x) and gc(x) ≤ ge(x) holds for all convex underestimators gc(x)
of g(x) (x ∈ [l, u]).

In other words, a convex envelop is nothing but the tightest convex underestima-
tor. Unfortunately, developing convex envelops are only possible for functions with
specific structures and therefore our discussion is restricted only for specfic functions.

In the following, we provide such convex envelops for two specific functions which
are relevant for solving the network design problem, namely bilinear quadratic and
signed power functions.
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Result 4.3 Let g(x) = x1x2 be defined on the domain [l1, u1]× [l2, u2]. Then

ge(x) = max{u1x2 + u2x1 − u1u2, l1x2 + l2x1 − l1l2}

provides the convex envelop of g(x).

Result 4.4 Let g(x) = sign(x)x2 be defined on the domain [l, u]. Then

ge(x) =

{
g(l) + g′(x∗)(x− l), if x ≤ x∗

g(x), if x > x∗

provides the convex envelop of g(x), where x∗ = −pl and p =
√

2− 1 is the real root
of the polynomial p2 + 2p− 1.

(a) g(x) = x1x2 (b) g(x) = sign(x)x2

Figure 4.3: Convex underestimator for the bilinear quadratic function and signed
power function

4.2.3. Spatial Branch-and-Bound Scheme

In the most general form, our network design problem can be given by

minimize
x∈X

〈c, x〉

subject to Ax ≤ b,
xk − xixj ≤ 0, (i, j, k) ∈ B,
gk(xi)− xk = 0, (i, k) ∈ N ,
xi ∈ {0, 1}, ∀i ∈ I,

(4.15)

where B and N denote sets of index which represent the bilinear quadratic and
general univariate nonlinear constraints, which is in our case the signed power terms.

By Results of 4.3 and 4.4, a convex relaxation of (4.15) can be obtained as

minimize
x∈X

〈c, x〉

subject to Ax ≤ b,
xk − (lixj − ujxi − liuj) ≤ 0, (i, j, k) ∈ B,
xk − (uixj − ljxi − uilj) ≤ 0, (i, j, k) ∈ B,
gek(xi)− xk ≤ 0, (i, k) ∈ N ,

(4.16)
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where gek is the convex envelop for gk. Notice that the integral condition is also
relaxed on XI and hence (4.16) is simply a convex nlp.

Usually an optimal solution of (4.16) is not feasible for (4.15), either due to a frac-
tional value for some discrete variable or due to the underestimation gaps bewteen
the convex envelop of the nonconvex functions and the functions themselves. As a
result, methods have to be considered to eliminate the infeasible solution from the
relaxation and hopefully improve the lower bound at the same time.

For fractional solution values on discrete variables, one can turn to branching by
creating subproblems, in which the solution is eliminated and new integer bounds
for the variable are introduced (see Algorithm 1). For the violation of nonconvex
constraints, branching has to be carried out upon the continuous variables which
are involved in the nonconvex functions, known as spatial branching. Typically, the
feasible set of the nlp subproblem will be partitioned into two sets yielding new
subproblems with at least equal or better lower bounds. In addition, by partitioning
the domain of the nonconvex function, new convex envelops can be constructed and
are usually tighter on the seperated domain than the ones on the complete domain,
as illustrated in Figure 4.4.

(a) g(x) = x1x2 (b) g(x) = sign(x)x2

Figure 4.4: Convex underestimator after spatial branching for the bilinear
quadratic function and signed power function

Recursively repeating the partitioning on nlp subproblems with spatial branching
and computing bounds for convex relaxations of the minlp yields a branch-and-
bound scheme, known as spatial branch-and-bound, see Algorithm 3. The algorithm
relies on computing a sequence of improving lower bounds of (4.15) by constructing
convex relaxations, whose convergence can be shown under mild assumptions [18].

Definition 4.5 A branching scheme to partition [l, u] is said to be exhaustive, if
limk→∞ |lk − uk| = 0 for all subsequences of {[lk, uk]}k with [lk+1, uk+1] ⊆ [lk, uk].

Result 4.5 Let (4.15) be feasible. Assume that the functions gk(·) are continuous on
the domain X and X is bounded. Further, assume that convex relaxations of the form
(4.16) are constructed by the convex envelops of gek(·). If the corresponding branching
scheme is exhaustive, the sequence of optimal solutions of the convex relaxations
converges to the optimal value of (4.15).

However, contrary to branching on integer variables, spatial branching at the current
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Algorithm 3: Spatial Branch-and-Bound for solving (4.15)
Choose a tolerance ε > 0, set the upper bound U =∞ and initialize the heap of
open problems H = ∅;
Construct and add the root node convex relaxation to H;
while H 6= ∅ do

Remove problem (4.16) with repect to [li, ui] from the heap H;
Solve problem (4.16) and let the solution be x̂(l,u);
if (4.16) is infeasible then

Node can be pruned because of infeasibility;
else if f(x̂(l,u)) > U then

Node can be pruned because of upper bound dominance;
else if x̂(l,u) is feasible for (4.15) then

Update incumbent solution: U = f(x̂(l,u)), x∗ = x̂(l,u);
else

SpatialBranchOnVariable (x
(l,u)
i , l, u,H).

end
end

convex relaxation does not provide an exhaustive partitioning which ends up with
finding the optimal solution of the minlp, that is, solutions of the convex relaxations
may never be feasible for the minlp. Hence the spatial branch-and-bound algorithm
is in general not finite for minlp problems. In practice, most implementations allow
for small constraint violation, or fesibility tolerance. It terminates the algorithm if
the partition is sufficiently fine, that is, the box [lk, uk] becomes sufficiently small,
and thus feasible solutions for the relaxation are “almost feasible” to the minlp.

The subroutine SpatialBranchOnVariable plays an important role for the perfor-
mance of the spatial branch-and-bound scheme. Typically, it yields some partition
on the variable which violates the nonconvex constraint, for example, xi ≤ b and
xi ≥ b, which involves a careful choice of both i and b. Practical implementations
borrow the ideas with little modifications from classic branching techniques with re-
spect to integer variables. Unfortunately, the situation becomes more complicated in
the context of minlps and new ideas are more than welcomed to balance the spatial
branch-and-bound tree. For example, suppose that x̃i is some solution of the convex
relaxation (4.16), which violates some nonconvex constraint in (4.15). A good choice
of b thus should make x̃i infeasible for both of the child branches and therefore x̃i
seems to be a natural choice for b. Yet a simple branching of type xi < x̃i and xi ≥ x̃i
obviously does not suffice, although the refined construction of convex relaxation is
expected to exclude x̃i in the child nodes. Even worse, if x̃i happens to be very close
to one of the bounds of xi, branching on x̃i does little more than fixing the variable
in one of the branches and has no effect on the other.

4.2.4. Implementation using SCIP

SCIP is originally designed for solving constraint integer programming (cip) prob-
lems which nest milp as a special case. The idea is then carried out based on a
branch-and-cut framework that is supposed to take advantage of the efficient tech-



28 Math. Modeling and Glob. Optimization of Hybrid Energy Supply Networks

niques of solving milp. The capability of solving minlp is incorporated into the
cip framework through the so-called constraint handlers which are able to deal with
nonlinear constraints. These constraint handlers are implemented in such a way that
the power of the original cip framework can be fully utilized, most importantly, the
advanced techniques to handle the linear and integer components of the problem.
Moreover, SCIP is also able to let the nlp relaxation problems be communicated
with some external nlp sovler to identify feasible solutions of the minlp.

The basic concept of SCIP to solve minlp is to implement the spatial branch-and-
bound scheme (see Section 4.2.3), however, it comes with a few modifications in
order to take advantage of its cip solving techniques. Among many others, we list
some of the key modifications which are most relevant for solving our network design
problem.

Polyhedral Underestimation. Since convex envelops can still have considerably in-
volved forumlas and therefore the nlp relaxations might not be well-conditioned
enough to employ efficient algorithms, SCIP does not apply the convex envelops di-
rectly. Instead, polyhedral underestimation is constructed by outer-approximating
the convex envelops at hand whenever a violation is found in the nonconvex con-
straints. Since such polyhedral underestimations ensure linear relaxations, the re-
sulted spatial branch-and-bound scheme improves the lower bounds of the original
minlp by solving a sequence of correlated lp problems instead of convex nlp prob-
lems.

Branching. As a common approach, integer variables have by default higher pri-
ority than continuous variables. For branching on integer variables, SCIP applies
standard milp techniques [1].

Branching towards continuous variables in the nonconvex constraints is rather exper-
imental in SCIP. As a branching point, it usually chooses x̃i, which is the solution of
the convex relaxation and violates some nonconvex constraint. If x̃i indeed lies close
to the bounds of xi, it will be shifted towards the middle of the interval by setting

x̃i = min{max{x̃i, λli + (1− λ)ui}, λui + (1− λ)li},

where λ = 0.2 is chosen. For the signed power constraints (see Section 4.2.2), SCIP
usually chooses 0 as the branching point if 0 ∈ [li, ui].

As a rule to select the branching variable, SCIP relies on computing the so-called
pseudo costs [6]. Pseudo costs of potential branching variables are used to estimate
the change of objective values of the lp relaxations after branching at the particular
variable. Let φ−i and φ+i denote the lower bounds of the child nodes after branching
on the current node. In the presence of corresponding pseudo costs ψ−i and ψ+

i ,
the lower bounds are not directly computed based on the lp relaxations but are
estimated by

φ̃−i = δ−i ψ
−
i and φ̃+i = δ+i ψ

+
i

with mulipliers δ−i and δ+i to be specified. For branching on continuous variables,
SCIP calculates δ−i = x̃i − li and δ+i = ui − x̃i.
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NLP Solver. SCIP provides interfaces to external nlp solvers, such as IPOPT.
However, solving of nlp subproblems is carried out neither in the sense of basic
nlp-based branch-and-bound nor to obtain data for sharp linearizations through
outer-approximation. Instead, SCIP switches to nlp solver only if there are good
signs that primal feasible solutions of the minlp can be detected or improved by
solving the corresponding nlp subproblems.

5. Numerical Examples

In this section, we present two numerical examples to demonstrate the capability
of the hybrid energy network design model and further to shed some light on the
numerical complexity by applying the techniques presented in Section 4. The com-
plexity of the test examples are reported in Table 5.1 and the relevant parameters
are provided in Appendices.

5.1. Computational Data

The data of energy demand is simulated based on a sample data set of hourly demand
of heat and electricity for one-family househod in the year of 2012, which is provided
by our project partner Rechenzentrum für Versorgungsnetze Wehr GmbH (RZVN)4.
The sample data is plotted in Figure 5.1.

First, the heat demand is significantly higher than the electricity demand in our
sample in the heating seasons. Second, variation of heat demand is strong due to
seasonal transitions, while the demand profile of electricity is quite stable during
the whole period. Hign heat demand peaks and variation in heat demand between
summer and winter are typical patterns for energy supply in urban areas and hence
introduction of micro energy technologies will only make sense if it is driven by the
demand of heat [10, 17]. For instance, if the work of CHPs is driven by electricity
demand, most of the cogenerated heat energy will be wasted in summer time. Hence
our optimization of the energy supply network is computed based on the seasons
with peak heat demand.

More specifically, our computational data is obtained by first categorizing the sample
data of heat demand. We classify the demand profile of heat into two seasons: peak
season (with freezing days) and non-peak season. The peak season is defined as
follows: first, we calculate the 90% quantile of the heat demand based on the sample
data; second, we collect all the hourly heat demand data points which are higher
than the 90% quantile and label them as our peak season. In this way, the sample
set gives us a peak season for heating of 33 days for one year. We then use the
peak-seasonal sample data to generate uniform-distributed demand data for heat,
while demand data for electricity is drawn from uniform distribution based on the
whole sample without any preprocessing.

4RZVN is an industrial company, headquartered in Düsseldorf (Germany), specializing in compu-
tation of optimal energy and water supply networks on the city-level.
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Figure 5.1: Hourly demand of heat (red) and electricity (green) in kWh for the
year of 2012 (8760 hours), one-family household, RZVN (Germany)

5.2. Numerical Implementation

In order to approximate the nonlinear functions using piecewise linear functions (see
Section 3.1), we need prespecifiy the partitioning simplices on which the piecewise
linear functions are built. In our computation, the nonlinear constraints of type
(3.1b) are piecewise linearized using J1 Triangulation with 32 triangles, while the
constraints of type (3.2e) are approximated by 8 segments of linear functions.5

The optimization is conducted in a sequential way: first, in a non-hybrid way, which
excludes the usage of CHPs (ρmax = 0), and then repeated in an hybrid way, which
allows the usage of CHPs (ρmax = ∞) and let the layout of the electrical cables
be fixed to the one obtained by the non-hybrid network optimization. In such a
way, our optimization problem also investigates how introduction of cogeneration
of electricity and heat by the CHPs would influence the energy supply network,
provided that every consumer in the network has an access to the public electricity
supply.

As a general mixed-integer solver, we use SCIP (Version 3.1.1) with the linear pro-
gramming solver CPLEX (Version 12.6.1.0) and the nonlinear optimization solver
IPOPT (Version 3.12.4). The network design problem is formulated using ZIMPL
(Version 3.3.2) when applying piecewise linearization methods and in C using SCIP
as callable library when applying spatial branch-and-bound methods. We solve the
optimization problem using default settings except that the value of feastol (fea-
sibility tolerance) in SCIP is changed to 10−7 to avoid numerical instability. A time
limit of 7200 seconds is imposed on computation. We terminate at an optimality if
the primal-dual gap is smaller than 0.5%, that is

primal bound− dual bound
dual bound

≤ 0.005.

In addition, we use MATLAB (R2013a) for the network simulation and solution
visualization. Uniform random distributions, which are applied to generate energy

5We also tested the piecewise linearization approach with a higher number of simplices, however,
without improving the results for the presented numerical examples.
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demand data, are drawn by MATLAB as well. Computations are carried out on
a quad-core Linux computer equipped with 2.1GHz Intel i7 processor and 12GB of
memory.

Network # Variables # Nonlinear terms
|V1| |E1| Cont. Binary Quadratic Sign. Power

I 11 11 285 68 11 12
II 19 19 485 116 19 20

Table 5.1: Overview of the numerical examples

5.3. Numerical Example I

We start with a smaller example. The network is of size with V1 = 11 and E1 = 11.
The structure of the network can be found in Figure 5.2-(a) and the corresponding
simulated demand profiles for heat and electricity are reported in Table 5.2.

(a)

 

 

Electricity

Natural Gas

(b)

Figure 5.2: (a) Network with |V1| = 11 and |E1| = 11
. The black node denotes the first node in V1 which is connected to the source node

V0; (b) Optimal energy supply network

Node Heat Electricity
1 7.9949 0.8906
2 9.8391 0.9590
3 7.3635 0.5471
4 8.3423 0.1386
5 6.8975 0.1492
6 9.0058 0.2574
7 7.0225 0.8405
8 8.0253 0.2542
9 9.7154 0.2317
10 7.9584 0.3611
11 9.5082 0.6203

Table 5.2: Example I: Demand profiles for heat and electricity, one-family house-
hold in kWh
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The optimal non-hybrid network structure is given in Figure 5.2-(b). This can be
seen as the conventional way to supply electricity and heat, where electricity can be
obtainted directly through public power grid and heat can be generated by having
electricity-driven HPs, or/and, whenever access to gas is available, by having gas-
driven CBs. A detailed description of the corresponding energy supply situation can
be found in Figure 5.3-(a). The HPs cover the most part of the heat demand (80%)
and the CBs are resposible for the rest of heat demand. Notice that the electricity
demand, which also includes the electricity consumption of the HPs, is completely
taken from the public power grid, as self-production of electricity is not possible
without CHPs.

1 2 3 4 5 6 7 8 9 10 11 12
0

2

4

6

8

10

12

Nodes

H
e
a
t 
in

 k
W

h

 

 

CB

HP

(a)

1 2 3 4 5 6 7 8 9 10 11 12
0

2

4

6

8

10

12

Nodes

H
e
a
t 
in

 k
W

h

 

 

CHP

HP

(b)

Figure 5.3: (a) Heat supply at nodes without CHPs; (b) Heat supply at nodes with
CHPs

For the hybrid network, which is re-optimized on top of the non-hybrid network by
introducing CHPs, its stucture stays the same as the one for the non-hybrid case (see
Figure 5.2-(b)). Hence, introducing CHPs into the supply network does not require
reconstruction of the transmission lines. However, the corresponding energy supply
situation is quite different, which is reported in Figures 5.3-(b) and 5.4. In total,
the CHPs contribute not only 30% of the heat supply but also 46% of the electricity
supply, where the HPs remain as the key technology to cover heat demand (70%).
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Figure 5.4: (a) Overall electricity supply with CHPs; (b) Electricity supply at
nodes with CHPs

Computational results are briefly reported in Table 5.3 (see Appendices for more
detailed results), which gives an overview on the performance of different optimiza-
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tion approaches we applied to solve the network design problem. First of all, the
settings that we have for the piecewise linear approximation seem sufficient for the
computation, since all the approaches deliver the same optimal results whenever the
primal-dual gap is closed within 5%, except that the flow of electricity differs a lit-
tle from the result based on spatial branch-and-bound method. Second, the spatial
branch-and-bound method performs the best for ρmax = 0, that is, energy supply
without CHPs, while the INC piecewise linearization does the best for ρmax = ∞,
that is, energy supply with CHPs. Meanwhile, piecewise linearizations with CC and
DCC fail to converge within the gap of 0.5% after two hours of computation. The
idea of the Log method, which leads to less additional binary variables for piece-
wise linearization, seems successful in our computation as well, as it shows a clear
advantage over CC for both ρmax = 0 and ρmax = ∞. The problem size of dif-
ferent milp approximation formulations is reported in Table 5.4. However, it does
not explain why the INC outperforms the others, since the Log method has a milp
approximation of the smallest size.

Clearly, the integration of CHPs imposes a significant impact on the way how the
micro energy technologies should be distributed and, consequently, the amount of
energy carriers which is required for covering both heat and electricity demand. For
instance, the supply amount of electricity from the public power grid is reduced by
almost half comparing with the case without CHPs. More interestingly, by taking
a look at the economic impact of integration of CHPs, we see a surprising picture.
The complete operation/construction costs of hybrid networks, measured in hourly
basis by a planning time period of 20 years and an annual discounting rate of 3%,
are about 4% lower than the costs of non-hybrid networks. While the price of CHPs
are still relatively high, they help attain higher energy efficiency and lead to lower
operational costs.

5.4. Numerical Example II

The second network to present is of size with V1 = 19 and E1 = 19 and the structure
of the network is plotted in Figure 5.5-(a). The corresponding simulated demand
profiles for heat and electricity are given in Table 5.5. The optimal network struc-
tures for both non-hybrid and hybrid settings are plotted in Figure 5.5-(b). Again,
integration of CHPs does not require any reconstruction of the existing transmission
lines.

When CHPs are excluded, 63% of the heat energy comes from the HPs fueled by
electricity and the rest of heat demand is covered by the CBs. Figure 5.6-(a) reports
the detailed energy supply at nodes. Again, elecricity supply is completely covered
by the public supply, since it is impossible to generate electricity at nodes without
CHPs.

When CHPs are introduced, the energy supply situation changes dramatically. For
satisfying heat demand, the CHPs are resposible for 37% of the heat demand in
total, while the proportion of heat energy from the CBs reduce to only 9%. Since
access to public electricity supply is guranteed to every consumer by assumption, the
HPs still cover the most of heat demand (54%) by taking electricity from the public
power grid and elecricity locally generated by the CHPs, in case they are avaiable.
The heat supply at nodes can be found in Figure 5.6-(b). For satisfying electricity
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CC
ρmax Gas (q̄01) Elec. (v̄01) #(chp,cb,hp) Obj. Value CPU (s) Gap (%)
0 1.6718 34.7062 (0,6,9) 21.1650 1.98 0.00
∞ 4.7896 10.3434 (7,0,10) 20.5562 * 6.22

DCC
ρmax Gas (q̄01) Elec. (v̄01) #(chp,cb,hp) Obj. Value CPU (s) Gap (%)
0 1.6718 34.7062 (0,6,9) 21.1650 19.33 0.00
∞ 3.8253 16.5442 (6,0,11) 20.3696 * 0.99

INC
ρmax Gas (q̄01) Elec. (v̄01) #(chp,cb,hp) Obj. Value CPU (s) Gap (%)
0 1.6718 34.7062 (0,6,9) 21.1650 5.71 0.37
∞ 3.8253 16.5442 (6,0,11) 20.3696 11.37 0.48

Log
ρmax Gas (q̄01) Elec. (v̄01) #(chp,cb,hp) Obj. Value CPU (s) Gap (%)
0 1.6718 34.7062 (0,6,9) 21.1650 1.69 0.00
∞ 3.8253 16.5442 (6,0,11) 20.3696 615.35 0.39

Spatial Branch & Bound
ρmax Gas (q̄01) Elec. (v̄01) #(chp,cb,hp) Obj. Value CPU (s) Gap (%)
0 1.6718 34.4048 (0,6,9) 21.1649 0.13 0.13
∞ 3.8253 16.4589 (6,0,11) 20.3696 44.40 0.05

Table 5.3: Example I: MINLP solution by milp approximation based on piecewise
linearization and spatial branch-and-bound based on convex/linear re-
laxation. * indicates that the solution process is terminated by a time
limit of 7200 seconds.

#Continuous Variables #Binary Variables
CC 644 516
DCC 1509 516
INC 1425 505
Log 644 159

Table 5.4: Example I: Problem size of piecewise linear formulations
spa
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Node Heat Elec. Node Heat Elec.
1 9.8993 0.5910 11 6.7832 0.4980
2 6.3039 0.9102 12 9.9694 0.5179
3 8.3481 0.1938 13 9.2090 0.9942
4 7.6555 0.4324 14 7.6969 0.8549
5 7.2365 0.7492 15 8.9155 0.9624
6 7.0553 0.0393 16 7.9934 0.6790
7 9.0351 0.9463 17 9.2360 0.4036
8 9.9809 0.7637 18 7.4260 0.9350
9 6.7463 0.5589 19 6.2930 0.4795
10 9.1246 0.1839

Table 5.5: Example II: Demand profiles for heat and electricity, one-family house-
hold in kWh

(a)

 

 

Electricity

Natural Gas

(b)

Figure 5.5: (a) Network with |V1| = 19 and |E1| = 19
. The black node denotes the first node in V1 which is connected to the source node

V0; (b) Optimal energy supply network
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demand, the CHPs become the most important resource for electrical energy covering
66% of electricity demand in total, while only 33% of electricity is provided by the
public power grid (see Figure 5.7). Again, the dependency on the public electricity
supply is significantly reduced by having CHPs, verifying that CHPs are powerful
tools for diversifying electricity supply in critical seasons. Notice that, in Figure 5.7-
(b), the amount of electricity from the public power grid becomes negative at node
2 as the CHP at the node covers the total amount of heat demand and generates
more electricity than it is needed at the node. As we have pointed out earlier, the
excessive amount of electricity in this case is sold back to the public energy supplier.

Numerical results of different approaches are reported in Table 5.6 (see Appendices
for more detailed results). First, the piecewise linearization approach seems to be
the better option with INC being the best. Nevertheless, DCC produces some in-
consisten result, as the optimal objetive value is higher and the distribution of micro
systems is different from the others. Again, the logarithmic formulation based on
CC, which reduces the number of additional binary variables, outperforms CC, while
CC fails to achieve a gap of 0.5% within two hours. The problem size of different
milp approximation formulations is listed in Table 5.7. Second, the spatial branch-
and-bound method performs much less satisfactory in terms of its convergence and
running time with its gap being no better than 10% after two hours of computation.
Nevertheless, the optimal result coincides with the results based on piecewise lin-
earization. On the one hand, the iterative polyhedral underestimation scheme which
was implemented in the spatial branch-and-bound searching fails to give sufficiently
tight underestimation of the problem when the binary decisions of the energy hub
systems get more involved. On the other hand, we observe that the spatial branch-
and-bound method does not spend much time in finding good feasible solutions, as
most of the running time is consumed by trying to close the gap of primal and dual
solutions.

At last but the least, as we can also see in Table 5.6, the introduction of CHPs
does not incur more investments for building and operating the hybrid energy sup-
ply network. Based on our model, the costs are about 4% lower to have hybrid
energy supply networks than non-hybrid networks, measured in an hourly basis by
a planning period of 20 years with an annual discount factor of 3%.

6. Conclusion

We have introduced a minlp model of designing and operating hybrid multiple-
energy carrier supply networks based on efficient micro energy technologies in order
to satisfy energy demand of electricity and heat for urban family houses. More
specifically, the model provides a general framework for determining not only optimal
transmission lines of two energy carriers (electricity and natural gas) but also cost-
efficient distribution of three micro energy technologies (CHP,CB and HP). The
presence of nonconvex physical laws of underlying energy carrier flows combined with
a number of binary decision variables makes the minlp hard to solve for applications.

Two classes of global optimization methods for solving nonconvex minlp problems
have been presented: the milp approximation with piecewise linear functions and the
spatial branch-and-bound based on covex/linear relaxations. The proposed methods
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Figure 5.6: (a) Heat supply at nodes without CHPs; (b) Heat supply at nodes with
CHPs
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Figure 5.7: (a) Overall electricity supply with CHPs; (b) Electricity supply at
nodes with CHPs
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CC
ρmax Gas (q̄01) Elec. (v̄01) #(chp,cb,hp) Obj. Value CPU (s) Gap (%)
0 5.2459 53.6039 (0,14,12) 35.9272 15.42 0.00
∞ 9.4046 15.9933 (12,2,16) 34.3621 * 2.26

DCC
ρmax Gas (q̄01) Elec. (v̄01) #(chp,cb,hp) Obj. Value CPU (s) Gap (%)
0 5.2459 53.6039 (0,14,12) 35.9272 36.08 0.43
∞ 9.2723 15.3043 (14,1,17) 34.3699 * 2.29

INC
ρmax Gas (q̄01) Elec. (v̄01) #(chp,cb,hp) Obj. Value CPU (s) Gap (%)
0 5.2459 53.6039 (0,14,12) 35.9272 10.32 0.43
∞ 9.4046 15.9933 (12,2,16) 34.3621 171.45 0.50

Log
ρmax Gas (q̄01) Elec. (v̄01) #(chp,cb,hp) Obj. Value CPU (s) Gap (%)
0 5.2459 53.6039 (0,14,12) 35.9272 17.37 0.49
∞ 9.4046 15.9933 (12,2,16) 34.3621 1268.59 0.50

Spatial Branch & Bound
ρmax Gas (q̄01) Elec. (v̄01) #(chp,cb,hp) Obj. Value CPU (s) Gap (%)
0 5.2459 53.2552 (0,14,12) 35.9272 0.11 0.00
∞ 9.4046 15.8861 (12,2,16) 34.3621 * 10.37

Table 5.6: Example II: MINLP solution by milp approximation based on piecewise
linearization and spatial branch-and-bound based on convex/linear re-
laxation. * indicates that the solution process is terminated by a time
limit of 7200 seconds.

#Continuous Variables #Binary Variables
CC 1100 884
DCC 2589 884
INC 2449 865
Log 1100 271

Table 5.7: Example II: Problem size of piecewise linear formulations
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have been implemented using SCIP to solve two test instances of the hybrid network
model. We have also compared their numerical performance and demonstrated the
capability of our model. In our case, the milp approximation method has shown
a clear advantage over the spatial branch-and-bound method , which suffered from
lack of an efficient underestimation scheme.

Yet our numerical examples have been quite limited, the preliminary results provide
important insights about the numerical complexity of the model. Future work could
try to decompose the model based on the Bender’s Decomposition method such that
the resulted subproblems can be easier to solve on the projected space [11]. Another
possiblility would be to underestimate the minlp more tightly, for example, through
piecewise linear underestimation [21,22].

Acknowledgements. The authors would like to thank Dr. Dirk König (RZVN Konstanz)
for his technical support on the part of modeling and Prof. Martin Schmidt (University of
Erlangen) for discussions about the part of numerical optimization.
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Appendices

A. General Energy Supply Network Parameters

Table A.1 - A.4. For each electrical cable and gas pipeline we calculate Re
ij and Rg

ij as

Re
ij = Re × Lij ,

Rg
ij = Rg × Lij ,

where

- Re = electrical resistance of the cable,

- Rg = gas flow resistance of the pipeline,

- Lij = length of the arc (i, j) ∈ E.

Similarly, we calculate γeij and γgij as

γeij = γe × Lij ,

γgij = γg × Lij ,

where

- γe = cost of the electrical cable,

- γg = cost of the gas pipeline,

- Lij = length of the arc (i, j) ∈ E.

The values of Re, Rg, γe and γg can be found in Table A.1.

Electricity Supply
T ae βe

b βe
s ιe Re γe

20 0.00173 0.23 0.1 0.028 2.0× 10−4 180
Natural Gas Supply

T ag βg - ιg Rg γg

20 11 0.066 - 0.011 1.79× 10−6 200

Table A.1: Constant coefficients for supply of electricity and natural gas

CHP
Λchp ξhchp ξechp βinv

chp βm
chp

9 0.65 0.26 18432.80 109.53
CB

Λchp ξhchp ξechp βinv
chp βm

chp
9 0.98 0 5292.74 129.32

HP
Λchp ξhchp ξechp βinv

chp βm
chp

9 3.5 0 11124.09 565.55

Table A.2: Constant coefficients for micro energy technologies

B. Parameters and Optimal Solution for Example I

Table A.4 - A.6.
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Electricity
min max

U 350 450
v̄ −500 500
v −10 10
Natural Gas

min max
P 100 500
q̄ −200 200
q 0 50

Table A.3: Natural bounds for the operation of the network

(i, j) Lij (i, j) Lij

(0,1) 999 (6,7) 277
(1,2) 408 (7,8) 388
(3,4) 487 (8,9) 384
(1,5) 447 (2,10) 476
(4,5) 312 (9,10) 394
(1,6) 336 (2,11) 397

Table A.4: Length of the arcs (i, j) ∈ E

(i, j) Trans. Line Elec. Current (v̄ij) Gas Flow (q̄ij)
(0,1) E/G 16.4589 3.8253
(1,2) E/G - 2.6004
(3,4) E -3.4426 -
(1,5) E 9.4637 -
(4,5) E -6.7154 -
(1,6) E/G 6.9951 0.5773
(6,7) E 6.9951 -
(7,8) E 3.3042 -
(8,9) E - -
(2,10) G - 1.15
(9,10) E/G - -0.6134
(2,11) E/G - 0.6806

Table A.5: Optimal energy flows of the hybrid network. For transmission lines, G
stands for gas pipeline and E for electrical cable.
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i Elec. Voltage (ui) Elec. Current (vi) Gas Pressure (pi) Gas Flow (qi)
0 450.00 - 500.00 -
1 446.71 - 499.9738 0.6476
2 446.71 - 499.9689 0.7690
3 445.11 3.4426 100.00 -
4 445.44 3.2728 100.00 -
5 445.86 2.7483 100.00 -
6 445.24 - 499.9736 0.5773
7 445.85 3.6909 100.00 -
8 445.60 3.3042 100.00 -
9 445.60 - 499.9675 0.6134
10 445.60 - 499.9678 0.5374
11 445.60 - 499.9686 0.6806

Table A.6: Optimal energy supply of the hybrid network

C. Parameters and Optimal Solution for Example II

Table A.7 - Table A.9.

(i, j) Lij (i, j) Lij

(0,1) 999 (2,11) 204
(2,3) 351 (10,12) 224
(3,4) 499 (11,12) 548
(1,5) 567 (13,14) 546
(4,5) 626 (11,15) 344
(1,6) 275 (14,15) 152
(6,7) 412 (3,16) 353
(7,8) 294 (16,17) 311
(6,10) 393 (17,18) 287
(9,10) 358 (18,19) 380

Table A.7: Length of the arcs (i, j) ∈ E
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(i, j) Trans. Line Elec. Current (v̄ij) Gas Flow (q̄ij)
(0,1) E/G 15.8861 9.4046
(2,3) E/G 10.4096 1.7509
(3,4) E 3.4228 -
(1,5) E 3.6473 -
(4,5) - - -
(1,6) E/G 12.2388 8.7072
(6,7) E/G - 1.4569
(7,8) E/G - 0.7374
(6,10) E/G 12.1879 6.5958
(9,10) E -3.2300 -
(2,11) E/G -8.3093 -2.6325
(10,12) E/G 8.9579 6.0266
(11,12) E/G -8.9579 -5.3400
(13,14) E/G - -0.7394
(11,15) E/G - 2.0781
(14,15) E/G - -1.3623
(3,16) E/G 6.9867 1.2249
(16,17) E/G 6.9867 0.6205
(17,18) E 6.9867 -
(18,19) E 2.9839 -

Table A.8: Optimal energy flows of the hybrid network. For transmission lines, G
stands for gas pipeline and E for electrical cable.

i Elec. Voltage (ui) Elec. Current (vi) Gas Pressure (pi) Gas Flow (qi)
0 450.00 - 500.00 -
1 446.83 - 499.8418 0.6974
2 443.47 -2.1002 499.7288 0.8817
3 442.74 3.4228 499.7269 0.5260
4 442.40 - 100.00 -
5 446.41 3.6473 100.00 -
6 446.15 0.0509 499.8045 0.6545
7 446.15 - 499.8030 0.7195
8 446.15 - 499.8026 0.7374
9 444.96 3.2300 499.7739 -
10 445.19 - 499.7739 0.5692
11 443.81 0.6486 499.7313 0.6292
12 444.79 - 499.7594 0.6866
13 443.81 - 499.7277 0.7394
14 443.81 - 499.7282 0.6229
15 443.81 - 499.7287 0.7158
16 442.25 - 499.7260 0.6043
17 441.81 - 499.7258 0.6205
18 441.41 4.0028 100.00 -
19 441.17 2.9839 100.00 -

Table A.9: Optimal energy supply of the hybrid network
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