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The length and other invariants of a real field
Karim Johannes Becher . David B. Leep

Abstract The length of a field is the smallest integer m such that any totally positive quadratic form of dimension m represents all sums of squares. We investigate this field invariant
and compare it to others such as the u-invariant, the Pythagoras number, the Hasse number,
and the Mordell function related to sums of squares of linear forms.
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1 Introduction

Let K be a field of characteristic different from 2. The set of nonzero sums of squares in K is
denoted by 'LK2. For n E N we write D K (n) for the set of nonzero elements of K that can
be expressed as sums of n squares in K. By the Artin-Schreier Theorem, K admits a field
ordering if and only if -1 f/:. 'LK2. If this is the case one says that the field K is real (or
formally real), otherwise nonreal. We write K (i) = K ( p ) .
We assume that the reader is familiar with the basic theory of quadratic forms over fields,
for which we refer to [17] and [20]. By a 'form' or a 'quadratic form' we mean a regular
(that is, non-degenerate) quadratic form. Since we identify quadratic forms up to isometry,
we use the equality sign to indicate that two quadratic forms are isometric. Given a quadratic
form rp over K, we denote by D K (rp) the set of nonzero elements of K represented by rp
and, for n EN, by n x rp the n-fold sum rp ..L ... ..L rp. If DK (rp) <; 'LK 2, then rp is said to
be totally positive, and if DK (rp) = 'LK2, then we say that rp is positive-universal over K.
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We say that ip is torsion if n x ip is hyperbolic for some integer n :::: I. We say that ip is totally
indefinite if it is indefinite with respect to every ordering of K.
In this article we study certain field invariants taking values in N U {oo}, namely the
Pythagoras number p(K), the length e(K), the u-invariant u(K), and the Hasse number
liCK). They are defined by
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Here, the infimum and the supremum are taken in N U fool, so in particular, inf 0 = 00
and sup 0 = O. Each of these invariants is related to the possible dimensions of a specific
type of anisotropic quadratic form. Since any torsion form is totally indefinite, we have
u(K) :::: liCK). In [10, (2.5)] it is shown that liCK) < 00 holds if and only if u(K) < 00
and K is an ED-field, in the terminology of [22]. If K is nonreal, then every quadratic form
over K is totally positive and torsion, so that £(K) = u(K) = liCK). One of the aims of this
article is to investigate the relations between these invariants for real fields with a special
focus on the length. This invariant was introduced in [2] and studied together with a certain
function g K : N ---* N U {oo} related to sums of squares of linear forms over K.
In Sect. 2 of this article we study the powers of the ideal It K of even dimensional torsion
forms in the Witt ring W K of quadratic forms over K and obtain some other preliminary
results. In Sect. 3, we study the function gK and obtain upper bounds for its values under
conditions on the vanishing of a certain power of It K. In Sect. 4 we revisit and partially
improve results from [2] on the length of a field. In Sect. 5 we obtain upper and lower bounds
on the length in terms of the other field invariants introduced above. In particular, we show
the estimate
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(1.1)

for an arbitrary real field K with u(K) < 00. For ED-fields, we obtain results relating liCK)
and £(K). Wefurther show that£(K) :::: I LK2/ K x2 1, which is a generalization of Kneser's
bound u (K) :::: IK x / K x21 for nonreal fields K. In Sect. 6 we give bounds on £( K) in terms
of u(K (i». In particular, we obtain a bound for the length of an extension ofR in terms of the
transcendence degree. Section 7 is devoted to the construction of examples that show many
of our results to be best possible. Following a suggestion by D. Hoffmann, we show that, for
any integer n :::: 1 there is a uniquely ordered field K with £(K) = p(K) = n. Moreover, we
give examples realizing all possible values for e (K) for fields K with (It K)3 = O. In (7.13)
we give an example where the bounds in (1.1) are sharp.

2 Powers of the torsion ideal in the Witt ring
We denote by I K the fundamental ideal in the Witt ring W K of K, which consists of the classes of even dimensional quadratic forms over K, and by It K the torsion part of I K. Let n be a
positive integer. Givenal, ... , an E K X we write ((a 1 , ... , an)) = (1, -al) @ ... @ (1, -an)
and call this an n-fold Pfister form. We further write In K = (I K)n and If' K = In K n ItK.

It is a basic fact that r K is generated (even as a group) by the n-fold Pfister forms over K.
It was shown in [I] that Ir K = 0 holds if and only if every (n -I)-fold Pfister form over

K represents all totally positive elements of K, which is condition (All) in the terminology
of [9]. Whereas this relies on a deep result in [19], (2.3) below gives a simple argument
that (II K)" = 0 is equivalent to condition (B Il ) in [9], namely that every totally positive
(n -I )-fold Pfister form over K represents all elements of "'LK2.
Remark2.1 Note that {{a, b)) = «a. -ab)) foranya,b E KX.Ifa E "'LK 2,thenband-ab
have opposite signs with respect to any ordering of K. Using this fact, given an arbitrary
Pfister form «al . .... all)) with al E "'LK2 and a2, ... ,all E K x , we may change signs as
above in the last n -I slots as convenient. In particular, any Pfister form «a I, ... , all)} with
aI, ... , all E "'LK2 can be rewritten as a product of a torsion onefold Pfister form and a
totally positive (n -I)-fold Pfister form, and conversely.
Proposition 2.2 Let n E .N. The ideal (II K )11+ I is generated by the differences of totally
positive (n+I)-fold Pfisterforms over K.1t is also generated by thefonns (I, -a) ®n where
a E "'LK2 and n is a totally positive n-fold Pfister form over K.

Proof Both statements follow by induction from the case n
Corollary 2.3 For n

E

= O.

.N, the following are equivalent:

(i) (lIK)"+1 = O.
(ii) 2"+1 x (1) is the only totally positive (n + 1)-fold Pfister form over K.

(iii) DK(n) = "'LK2 for every totally positive n-fold Pfister form n over K.
Proof The first set of generators provided by (2.2) yields the equivalence (i) {} (ii), the
second one the equivalence (i) {} (iii).

Lemma 2.4 Let <P E 12 K and assume that <P has a diagonalization with entries in ± "'LK2.
Then <p is Witt equivalent to a sum of 4-dimensional forms over K of trivial determinant and
having a diagonalization with entries in ± "'LK2.
Proof If dim(<p) .::: 2, the statement is trivial. Assume that dim(<p) > 2 and write
<p = 1f; ..L (x, y, z) where x, y, z E ± "'LK2 and where VI is diagonalizable with entries
in ± "'LK2. Then <p is Witt equivalent to VI ..L (-xyz) ..L (x, y, z, xyz). Thus the statement
follows by induction on the dimension of <po
For a form <p over K we denote by G K (<p) the group of similarity factors, i.e. G K (<p)
X
E K I a<p = <pl. Note that GK(<p)' Dd<p) s:; Dd<p).

=

Lemma 2.5 If<p is a nontrivial form over K such that DK(<p) s:; GK(<p), then DK(<p)
GK(<P).

=

Proof Let a E D K (<p) be given and assume that DK (<p) s:; G K (<p). Then one has G K (<p)
G d<p) . a s:; G d<p) . DK (<p) s:; Dd<p), showing the equality.

=

(a

Proposition 2.6 Assume that (IrK)3 = O. Let <p be a quadratic form of even dimension
over K with det(<p) = ±I and having a diagonalization with entries in ± "'LK2. Then
DK(2) s:; GK(<p). Moreover, if<p E 12K, then "'LK2 s:; GK(<p).

Proof If dim(tp) = 4 and det(tp) = I, then (I, -a) 0 tp E UtK)3 = 0 for any a E "LK2 by
(2.1) and thus "LK2 S; G K (tp). Using (2.4) the same then follows for any tp E [2 K having a
diagonalization with entries in ± "LK2. Assume now that tp 1: [2 K. Then tp .L (I, I) E [2 K
so that we obtain "LK2 S; G K (tp .L (I, I) and therefore DK (2) = G K ({I, I) S; G K (tp).

Proposition 2.7 Let n E N.
(a)
(b)

lfu(K) < 2"+1, then [t"+ 1K = O.
[fUtK)n+1 = 0, then p(K) :s 2n.

Proof To show (a), assume that [!'+I K =f O. With a nontrivial anisotropic torsion form
tp E 1',+1 K we obtain u(K) ::: dim(tp) ::: 2,,+1 by the Arason-Pfister-Hauptsatz [17, Chap.
X, (5.1)]. Part (b) is clear from (2.3).

Corollary 2.8 One has p(K) :s u(K).

o and

Proof If n E N is such that 2" :s u(K) < 2"+1, then (/tK)II+1 c [:,+1 K
p(K) :s 2" :s u(K), by (2.7).

3 The Mordell function
For a field K and n EN, we denote by gK (n) the infimum in N U {oo} of the set of natural
numbers m such that m x (1) contains every totally positive form of dimension n over K.
This defines a function gK : N ~ N U {oo}, which we call the Mordellfunetion of K. By
[2, (2.4)] gK coincides with the function introduced in [7] in terms of sums of squares of
linear forms, based on work by Mordell in [18] on positive definite integral quadratic forms.

Proposition 3.1 For m, n, r E N, the following hold:
(a)
(b)
(e)
(d)

gK(O) =OandgK(I) =p(K).
gK(n)::: nand gK(n + 1) ::: u(n) + I.
gK (m + n) :s gK (m) + gK (n) and gK (mn) :s m gK (n).
If p(K):s 2T and gK(n) < m 2T, then gK(n + 1):s m2T.

Proof Parts (a)-(e) are obvious, and (d) is [2, (2.19)].

Corollary 3.2 If p(K) <

00,

then gK(n) <

00 for

every n

E

N, otherwise gK(n)

= oofor

aUn:::1.

Proof For n ::: lone has p(K)

= u(l) :s gK(n)

:s nu(l)

Corollary 3.3 Assume that p(K) :s 3. Then g K (m) :s 2m
gK (m) :s 2m ifm is even or if p(K) :s 2.

= n p(K).

+ 1 for any mEN.

Moreover,

Proof Using part (d) of (3.1) for m = n = I and r = 2 yields gK (2) :s 4. The statement
follows using part (e) of (3.1).

Theorem 3.4 Assume that UtK)I1+1 = O. Then the following hold:
(a)
(b)
(e)

Ifn::: 1, then gK (m) :s 2"- 1(m + I )for any mEN.
gK(m):s 2"- 1Il + 1(2 11l - 1) for 1 :s m :s n + I.
gKCn + 2) :s 2"+1.

Proof (a) By the hypothesis and (2.3) we have 2n - 1 x (a, b) = 2,,-1 X (I, ab) for any
a, b E 'L.K2. Hence, if rp is a totally positive quadratic form of dimension mover K,
then 2,,-1 x (rp 1. (d)) = 2,,-1 (m + 1) x (I) with d = det(rp), so rp is a subform of
2,,-I(m + 1) x (l). ThereforegK(m).:::: 2,,-I(m + 1).
(b) Letp bea totally positive form of dimension m .:::: n+ lover K. Write p = (ai, ... ,am)
with ai, ... ,am E K X and putn = (l,al) 18) ... 18) (l,am)' Since UtK),,+1 = 0,
we have 2,,-m+1 x n = 2,,+1 x (I) by (2.3). We write n = (I) J.. n l and obtain
that 2,,-m+1 x n' = 2,,-m+I(211l - 1) x (l). Then p is a subform of n ' and thus of
2,,-m+1 (2 111 - 1) X (l).
(c) By (2.7) we have p(K) .:::: 2". Hence, gK(n + 1) .:::: 2,,+1 - 1 by (b) and therefore
gK (n + 2) .:::: 2,,+1 by part (d) of (3.1).

r

Corollary 3.5 Assume that UtK),,+1 = O. Then gK(m) :::: "~21 . 2,,+1 for any mEN.
More precisely, writing m = ken + 2) - r with k, r E N such that r .:::: n + 1, one has
ifl.::::r.::::n+l,
if r = O.

r

Proof With k and r as above, we have k = "~21 and m .:::: ken + 2). Then gdm) .::::
gK (k(n + 2» .:::: k . gK (n + 2) .:::: "~21 . 2,,+1, showing the first estimate, and also the
second estimate for r = O. Assume now that 1 :::: r :::: n + 1. By part (b) of (3.4) one has
gK(n + 2 - r) .:::: 211+1 - 2r-l. As m = (k-l)(n + 2) + n + 2 - r, we get gKCm)
gK«k - 1)(n + 2» + gK(n + 2 - r), and the second estimate follows.

r

We state explicitly the special case where n
proof, for simplicity.
Corollary 3.6 Assume that (It K)3
gK(m)

.::::

= 2 of the estimate in (3.5) and give a separate

= O. Then, for any m ::: 1, one has
for m == 0
mod 4 ,
for m == 1,2 mod 4,
2m+ 1 for m == 3
mod 4.

1~:+2

Proof We write m = 4k + m' with k, m ' E N such that 1 .:::: m' .:::: 4. Then gK(m) <
k· gK (4) + gK (m'). Therefore, it suffices to check the claimed inequality for 1 .:::: m .:::: 4. In
this case the inequality is exactly what part (c) of (3.4) yields for n = 2.

Question 3.7 Is gK (n) .:::: p(K)

+ 2n for any field K

and any n EN?

Recall that p(K) = gK(l) < gK (2). On the level of natural examples, it seems to happen
often that gK (2) = p(K) + 1. In (7.16) we will give an example ofa uniquely ordered field
K such that u(2) = p(K) + 2.

4 The length
A quadratic form rp over K is called positive-universal, if DK(rp) = 'L.K2. By definition,
the length f(K), if finite, is the smallest number m ::: 1 such that any totally positive form
of dimension mover K is positive-universal.
Proposition 4.1 aile has p(K) .:::: £(K). Moreover, p(K) = 1 if and only if £(K)
and only if It K = O.

=

1, if

Proof This is obvious.

Proposition 4.2 Let mEN.
(a)
(b)
(c)

gKCm)::: m + C(K) - I.
Ifm < t(K), then gK(m) :::: 2m, othelwise gKCm) < 2m.
Ifm:::: £(K) - 1 then gK (m) = m + t(K) - 1.

Proof See [2, (2.10), (2.13), and (2.15)].

By (4.2) the length determines the final behavior of the Mordell function. To determine
gKCm) for m < £(K) - 1 remains a problem, which is only solved in special cases, such as

the following (see [2, (2.17)]):
Corollary 4.3 If p(K)

= 2 then gK(m) = 2m for all mEN with m < t(K).

Proof If p(K) = 2, then gK(m) ::: m . gK(1)
equality follows for m < t(K).

Corollary 4.4 One has p(K) = C(K)
integers m :::: 1.

=

2m, and by part (b) of (4.2), then the

if and only if gKCm) =

m

+ £(K) -

1 holds for all

Proof Since gK is strictly increasing and by part (a) of (4.2), we have p(K) -1 = gK (1)1 ::: g K (m) - m ::: t(K) - 1 for any m :::: 1. This shows one direction, and the other direction
follows by setting m = 1.

Corollary 4.5 If£(K) ::: 3, then p(K) = t(K). Moreover, for 1 ::: r ::: 3, the following are
equivalent:
(i)
(ii)
(iii)

t(K) = r.
gKCm) = m
gK(m) = m

+r
+r

- 1for all integers m :::: 1.
- 1for some integer m :::: r.

Proof The first statement is c1earfrom (4.l)for £(K) ::: 2. Assume that£(K) = 3. There exist
a, bE 'L,K2 with 1 E DKC{a, b, ab)\DKC(a. b). Then (a. b, ab) = (l, c, c) for some c E
'L,K2. Since (a, b) does not represent 1, we have (I, c, c) = (a, b, ab) =1= (l, ab, ab). Therefore (c, c) =1= lab, ab) and thus abc E 'L,K 2\DK (2). In particular, 3 ::: p(K) ::: t(K) ::: 3,
so p(K) = 3. This shows that, if C(K) ::: 3, then p(K) = t(K).
Using this fact, the implication (i) =} (ii) follows from (4.4). Since (ii) =} (iii) is
obvious, it remains to show that (iii) =} (i). Assume now that (iii) holds. Let m :::: r be
such that g K (m)
m r - 1. Since g K is strictly increasing, it follows that g K (r) - r :::
gK(m) - m = r - 1, thus gKCr) < 2r and therefore t(K) ::: r by part (b) of (4.2). But
1"-1 = u(m)-m ::: £(K)-l by part (a) of(4.2),sor ::: £(K). This shows thaU(K) = r.

= +

Only the proof of (i) =? (i i) required the hypothesis that I ::: r ::: 3. An example of a
real field K with £(K) = 3 will be given in (7.3).
We next want to relate the length of a field to conditions on the vanishing of powers of
the torsion ideal in the Witt ring.
Proposition 4.6 One has t(K) ::: 2

if and only if UtK)2

Proof With (2.3), both say that (a. b)

=

=

(l, ab) for any a, b

o.
E

'L,K2.

Proposition 4.7 Let n
(a)
(b)

E

N.

If£(K) < 2/1+1, then (ltK)/I+1 = 2· (ltK)/I.
If£(K)::: 2/1, then (ltK)/I+1 = O.

Proof (a) Assume that £(K) < 2/1+1. Then any totally positive (n + I)-fold Pfister form
contains (I. I) and therefore is of the shape 2 x r for an n-fold Pfister form r, by [17,
Chap. X, (1.5)]. Note that here r is also totally positive. Using (2.2), it follows that (It K)/I+ 1 =
2(1t K )/I.
(b) Assume t(K) ::: 2/1. Let J[ be an arbitrary totally positive (n + I)-fold Pfister form
over K. As dim(J[) 2: t(K) + 2/l then J[ contains 2/1 x (I) and thus J[ = 2" x (I, a) for
somea E L,K2. As p(K) ::: t(K) ::: 2/1, we have a E DK(2/l), so J[ :::= 2/l+ 1 x (I). By (2.3)
this shows that (ltK)/l+1 = O.

We now improve [2, (4.11)]. There I( K = 0 is assumed, a strictly stronger hypothesis than
(ltK)3 = 0 as one can see from either of the examples K = R(X,
and K =

Y)«(t»

Theorem 4.8 If K is not pythagorean and (It K)3

= 0, then t(K) t=

Q«t».

1 mod 4.

Proof Suppose that t(K) ::: 4k + 1 with kEN. Assuming that K is not pythagorean, we
have k > O. Assuming in addition that (ltK)3 = 0, we will show that any totally positive
form of dimension 4k over K represents 1, hence proving that t(K) ::: 4k.
Let rp be an arbitrary totally positive quadratic form of dimension 4k over K. Let d =
d±(rp) = det(rp) E L,K2. Then rp ..1 (d) is a totally positive form over K of dimension
4k + 1 = C(K), and it therefore represents 1. We thus have rp ..1 (d) = 1/J ..1 (I) for some
totally positive form 1/J of dimension 4k over K. Comparing determinants, we obtain that
d± (1/J) = 1, whence 1/J E 12 K. Now, since 1/J is totally positive and (It K)3 = 0, we obtain
using (2.6) that D K (1/J) S; L,K2 S; G d 1/J) and therefore D K (1/J) = L,K2, by (2.5). In particular 1/J = 1/J' ..1 (d) for some form 1/J' over K. Then Witt cancellation yields rp = 1/J'..l 1,
whence 1 E DK(rp), as claimed.

Examples (7.9) and (7.11) will show that all integers m 2: 1 except those excluded by
(4.8) are possible values for t(K) for a field K with (ltK)3 = O.
The following characterization of the length will be used in (5.6) below.

Lemma 4.9 One has t(K) = inf(S) where S denotes the set of natural numbers m with the
property that every totally positive form rp over K with dim(rp) E (m, m+ I} and det(rp) = 1
is positive-universal.
Proof It is clear that inf S ::: t(K). Assume now that m = inf S < 00. Let m' denote the
odd integer among m and m + 1. We claim that any totally positive form rp of dimension m'
over K is positive-universal. In fact, since m' E (m, m + I} and m E S, this holds at least
whenever det(rp) = 1. Using now that m' is odd and scaling rp by its determinant, it follows
that the claim holds in general. In other terms, we have shown that £(K) ::: m'. If m is odd,
then this yields the statement, because m' = m in this case.
Assume now that m is even. Let VI be a totally positive form of dimension mover K.
Denoting d = det(1/J) and rp = 1/J ..1 (d), we have dim(rp) = m + 1 = m' 2: £(K)
and therefore 1 E DK(rp). We write rp = (I) ..1 rp' with a form rp' of dimension mover
K. Then rp' is totally positive and det(rp') = det(rp) = 1, so that rp' is positive-universal
over K and thus rp' = (d) ..1 1/J' for some form 1/J' of dimension m - lover K. Then
1/J ..1 (d) = rp = 1/J' ..1 (I, d), and Witt Cancellation shows that 1 E D K (1/J). This shows that
t(K) ::: m.

5 Comparison of field invariants
We will compare the length of a real field with other invariants such as the u-invariant, the
Hasse number, and the cardinality of the square class group.

Proposition 5.1 If K is not pythagorean, then £(K) ::: liCK).
Proof Let n be any positive integer with n < C(K). Let <p be a totally positive form over K
of dimension n that is not positive-universal. Choose a E L.,K2\DK (<p). Then <p .-L (-a)
is anisotropic and totally indefinite, so n + 1 = dim(<p .-L (-a) ::: liCK). This shows the
claim.

Theorem 5.2 For any real field K with u(K) <
C(K)

:::

U(K»)
gK ( -2-

+1

00,

<

one has
tp(K)u(K)

+ I.

Proof Since K is real and u(K) < 00, we have u(K) = 2m for some mEN. As gK (m) :::
m·p(K)by(3.1),thesecondinequalityisclear.Notethatu(K) < x implies that p(K) < 00,
whence g K (m) < 00. Let n = gK (m) + 1. By part (b) of (4.2), to prove the first inequality
it is enough to show that gKCn) < 2n.
Let <p be a totally positive form of dimension n over K. Then <p .-L - (n x (l) is a
torsion form of dimension 2n whose anisotropic part has dimension at most u(K) = 2m.
This means that <p and n x (1) have a common subform 1/1 of dimension n - m. We write
/
<p = <p' .-L 1/1 and n x (1) = 1/1 .-L 1/1' with quadratic forms <p' and 1/1 , both of dimension m.
Then <p .-L 1/1 ' = <p' .-L n x (1). Since <p' is a totally positive form of dimension m, it is contained in the form g K (m) x (1), whence <p is contained in (n + g K (m» x (I). This argument
shows that gK (n) ::: n + gK(m) < 2n.

The following estimate was obtained independently by D. Hoffmann.

Corollary 5.3 For any field K, one has C(K) :::

tp(K)u(K) + 1.

Proof Assume that u(K) < 00. If K is real then the claim follows from (5.2). If K is nonreal
then C(K) = u(K) and the bound is stilI correct.

In particular, (5.3) yields that, if p(K) ::: 2, then C(K) ::: u(K) + 1. In (7.13) we shall
give an example where the estimates in (5.2) and (5.3) are sharp. We now give bounds for
the length in terms of the u-invariant.

Proposition 5.4 If K is not pythagorean and C(K) ::: 5 then C(K) ::: U (K).

°

Proof If u(K) > 4 there is nothing to show. If u(K) = 4, then (ltK)3 =
and C(K) #- 5
2, then (It K)2 S;
K
0, thus C(K) ::: 2. Finally, u(K) #- 3, and
by (4.8). If u(K)
u(K) ::: 1 holds if and only if K is pythagorean.

=

I? =

In (7.16) below we give an example of a uniquely ordered field K with C(K) = 6 and
u(K) = 4. The next result improves and extends [2, (4.6)].

Proposition 5.5 If(ltK)fl+l = 0, then C(K) ::: 2fl - 2(U(K)

+ 2) + 1.

Proof For n :::: I, this follows from (4.1) and (4.6). Assume now that n ::: 2 and
(ftK)ll+1
O. If K is nonreal, then £(K)
u(K) :::: 2"- 2(u(K) + 2) + I. So, we may
assume that K is real and, moreover, that u(K) < 00, whence u(K) = 2m for some mEN.
Then (5.2) and part (a) of (3.4) yield that

=

=

£(K):::: gK(m)

+I

:::: 2"- I (m

+ I) + 1= 2,,-2(u(K) + 2) + 1.

Corollary 5.6 Assume that (IrK)3 = O. Then £(K) :::: u(K)
pythagorean and u(K) == 0 mod 8, then £(K) :::: u(K).

+ 2.

Moreover,

if K

is not

Proof As before, we may assume that K is real with u(K) < 00, thus u(K) = 2m for some
mEN. By (5.5) we have £(K) :::: u(K) + 3 = 2m + 3. If m is odd, then 2m + 3 == I mod 4,
thus £(K) # 2m + 3, by (4.8). Assume now that m is even. By (4.9), as we know that
£(K) :::: 2m + 3, in order to show that £(K) :::: 2m + 2, it suffices to prove that any totally
positive form rp over K with dim(rp) = 2m + 2 and det(rp) = I represents 1. Given such
a form rp, [2, (4.1)] yields that rp = VI ..L (a,a) with a totally positive form 1/1 over K and
a E 'LK2. Then 1/1 E [2 K and dim(V/) = 2m is divisible by 4, whence (2.6) and (2.5) yield
that 'LK2 = DK (1/1) = DK(rp). So we have shown thaU(K) :::: 2m+2 = u(K)+2 in either
case. Suppose finally that K is not pythagorean and u(K) == 0 mod 8. Then m == 0 mod 4,
and (5.2) and (3.6) together yield thaU(K) :::: u(m)+ 1 :::: 2m+ 1. Since £(K) =1= I mod 4
by (4.8), we then obtain £(K) :::: 2m = u(K).

With the sole hypothesis that (IrK)3 = 0, the bound £(K) :::: u(K)
as (7.16) will show.

=

Corollary 5.7 If (Ir K)3
0 and p(K)
two invariants is an odd number.

= 2, then £(K)

+ 2 is best possible,

:::: u(K). Moreover, neither of the

Proof If K is real, then u(K) is either even or infinite, and if K is nonreal, then e(K) = u(K).
Observe now that, with p(K) = 2, (5.3) yields the estimate £(K) :::: u(K) + 1. It therefore
remains only to show that the assumptions imply that also £(K) is either infinite or an even
number. To this aim, we suppose that £ (K) :::: 2m + I for some mEN and want to deduce that
£(K) :::: 2m. Let rp be a totally positive form of dimension 2m over K, and let d = det(rp).
Then rp ..L (d) is a totally positive form of dimension 2m + 1 ::: £(K) and of determinant 1.
Hence rp ..L (d) = 1/1 ..L (1) for some totally positive form 1/1 over K of dimension 2m and of
determinant 1. Since p(K)
2 and (IrK)3
0, we obtain DK(1/I) ~ 'LK2
DK(2) ~
G K (1/1) using (2.6), and thus D K (1/1) = G K (1/1) = 'L K2 by (2.5). Hence, d E D K (1/1) and
1/1 1/1 I ..L (d) for some form 1/1' over K. Then rp ..L (d) 1/1' ..L (I, d) and cancellation
yields I E DK(rp). Therefore £(K) :::: 2m.

=

=

=

=

=

Proposition 5.8 Assume that K is not quadratically closed and that any torsion form over
K has a diagonalization with entries in

± 'LK2.

Then u(K) :::: 2e(K) - 2.

Proof If K is nonreal, then £(K) > 1 as K x # Kx2, sou(K) = e(K) :::: 2e(K) -2. Assume
now that K is real. Let rp be an anisotropic torsion form over K. By the hypothesis, there exist
al,bl, ... ,am,bm E'LK 2 suchthatrp
(al, ... ,am,-bl,.··,-bm).Thenthetotally
positive form (al, ... , am) over K does not represent bl, whence e(K) > m = dim(rp).

!

This shows that £(K) ::: !u(K)

+

1.

.

In (7.14) below we give an example where the bound in (5.8) is sharp.
The next statements are concerned with ED-fields. We refer to [22] for the definitions
of effective diagonalization of a quadratic form and of the ED-property for fields. Note that
ED-fields satisfy the second condition in (5.8). The following is a simplified presentation of
[13, (2.16)].

Theorem 5.9 Assume that K is an ED-field and not pythagorean. Then

!li(K)

+ 1 :::: £(K)

:::: liCK).

Proof By (5.1) the second inequality is clear. Let m ::: 2 be an integer such that there exists
an anisotropic totally indefinite form <P of dimension mover K. Since K is an ED-field it
follows that there exists a E K x such that the signature of a<p with respect to any ordering
of K is an integer between 0 and m - 2. (If (aI, .... am) is an effective diagonalization of
<p, one may choose a = a r for r = f¥l.) Replacing <P by a<p, we may as well assume that
a = 1. Effectively diagonalizing <p over K leads to a decomposition <p = 1/! l.. tJ where 1/!
and tJ are forms over K such that 1/! is totally positive, dim(1/!) ::: dim(tJ), and tJ represents
an element -s with s E "LK2. Then 1/! l.. (-s) is a subform of <p and thus anisotropic, and
therefore.f(K) ::: dim(1/!) + 1 ::: + 1. This argument and the definition ofli(K) yield that
£(K) ::: !li(K) + 1.

¥

Examples (7.14) and (7.16) will show that equality can occur in either of the two bounds
in (5.9). We now retrieve the characterizations of fields with finite Hasse number from [10,
(2.5)] and [13, (2.17)].

Corollary 5.10 For the field K the following are equivalent:

(i)
(ii)
(iii)

K is an ED-field with u(K) <
K is an ED-field with £(K) <
liCK) < 00.

00.
00.

Proof If liCK) < 00, then K is an ED-field by [22, (2.5)], and u(K) :::: liCK) < 00. This
shows (iii =} i). The implication (i =} ii) follows readily from (5.3) and (2.8). If K is not
pythagorean, then (5.9) yields that (ii =} iii). Finally, assume that K is pythagorean and
that (ii) holds. Then the ED-property implies that any totally indefinite form of dimension
at least two over K contains a subform (a, -b) with a, b E "LK2, and as K is pythagorean
this form is isotropic. This shows that liCK) :::: 1. Hence, (ii =} iii) also holds in the case
when K is pythagorean.
Corollary 5.11 Assume that liCK) = 6. Then u(K). £(K)
ordered, then max ruCK), £(K)} = 6.

E {4,6),

and

if K is uniquely

Proof Obviously, max ruCK). £(K)} :::: liCK) = 6. Note that u(K) =1= 5. Moreover, since
u(K) < 8 we have (ltK)3 = K = 0 by (2.7) and thus £(K) =1= 5 by (4.8). From (5.9) we obtain thate(K) ::: 4. If £(K) = 6, then u(K) ::: 4 by (5.6). If £(K) :::: 5, then £(K) :::: u(K)
by (5.4). This altogether shows that u(K), £(K) E {4,6).
Assume that K is uniquely ordered. Let <p be a 6-dimensional anisotropic indefinite form
over K. Then <p = <PI l.. -<P2 for two nontrivial positive forms <PI and tp2 over K with

I?

DK (tpl) n DK (<P2) = 0. Replacing tp by -tp if necessary, we may assume that dim(rpl) :::
dim(tp2).If <p is torsion we have u(K) = dim(tp) = 6. If <p is not torsion, then dim(tpl) ::: 4,
so .f(K) > 4 and therefore £(K) = 6.

In (7.14) and (7.16) we give examples of uniquely ordered fields K, one with u(K) =
Ii(K) = 6 and £(K) = 4, the other one with u(K) = 4 and £(K) = Ii(K) = 6. We now
generalize an observation due to M. Kneser [17, Chap. XI, (6.5) and (6.6)].

Lemma 5.12 Let cP be a totally positive quadratic form over K. [fcp is not positive-universal,
then DKCcp) s:;; DK(cp J.. (a)foranya E 2:.K2.

Proof The proof is straightforward and can be found in [22, (4.1)].
Theorem 5.13 One has £(K)

::s I 2:. K2 / K x2 1.

Proof Let n < £(K). Let cp be a totally positive form of dimension n that is not positiveuniversal. Choose a chain of subforms rpl s:;; CP2 s:;; ... s:;; rp" = rp where dim (rpi) = i
for I ::s i ::s n. As CPl . .... cp" are totally positive and not positive-universal, we obtain
DKCrpl) s:;; DK(IP2) s:;; ... s:;; DK(rp,,) s:;; 2:.K2 from (5.12), whence I 2:.K 2/K x2 1 > n.
If K is a nonreal field, then 2:.K2 = K X and £(K) = u(K), so in this case we retrieve
Kneser's statement. Since (5.12) only holds for totally positive forms, there is no adequate
version of Kneser's statement on the u-invariant that would cover real fields in general.
However, it was shown in [22, (4.2)] that, if K is an ED-field, then u(K) ::s I 2:.K2; K x2 1.

6 Quadratic extensions
There are upper bounds on the u-invariant and the length of K in terms of u (K (i». Note that, if
K is an extension of transcendence degree n of a real closed field, then u (K (i» ::s 2" by TsenLang Theory. In [6] itis shown that, ifu(K (0) ::s 2" withn :::: 2, then u(K) ::s 2,,+2 -2n -6,
improving for n :::: 3 a bound from [9]. The following improvement of a similar bound in [2]
on the length was pointed out to us by C. Scheiderer.

Theorem 6.1 Let n be a positive integer such that u(K (i»

£(K)

::s

::s 2". Then

2"(2,,-1 - 1) + 2.

Proof The hypothesis implies that any totally positive form cp over K with dim(cp) > 2" has
a subform (b, b) where b E 2:.K2. Applying [2, (4.3)] with m = 2", t = n - 1, and a = 1
yields that any totally positive form rp over K with dim(rp) > 2,,-1(2" - 1) has a subform
2,,-1 x (b, be) with b, c E 2:.K2. As u(K
::s 2", it follows with [17, Chap. XI, (4.9)]
that 2,,-1 x (b, be) = 2,,-1 x (1, c) for any b, c E 2:.K2. Hence, every totally positive form
rp over K with dim (rp) :::: 2,,-1 (2" - 1) + 1 contains 2,,-1 x (1). It follows that every totally
positive form 1fJ over K with dim(1fJ) :::: 2,,-1(2" - 1) - 2,,-1 + 2 represents 1, whence
£(K) ::s 2,,-1(2" - 1) - 2,,-1 + 2 = 2"(2,,-1 - 1) + 2.

(i»

Remark 6.2 For n :::: 3, (6.1) improves the bound obtained from [2, (4.9)]. However, if K is
nonreal and n :::: 2, then £(K) = u(K) ::s 2,,+2 - 2n - 6 by [6], which for n :::: 3 is better
than the bound in (6.1).
Proposition 6.3 Assume that p(K)

::s 2. Then e(K) ::s u(K(i».

Proof If K is nonreal, then £(K) = u(K), and with p(K) ::s 2 one has u(K) ::s u(K (i» by
[4, (3.5)]. Assume now that K is real and u(K (i» < 00. Setm = u(K (i» and letrp bea totally
positive form of dimension m + lover K. Then rp is anisotropic over K, whereas rp K (i) is

isotropic. So rp contains a subform (a, a) with a E K x . Now, a E D K (rp) S; 'LK2 = D d2)
yields that (a, a) = (1, I). This shows that every (m+ I)-dimensional totally positive form
over K contains (l, I), so any m-dimensional totally positive form over K represents 1.
Therefore £(K) :::: m = u(K(i».
With the assumption that p(K) = 2, we have u(K) :::: u(K(i» by [4, (3.5)], £(K) ::::
u(K (i» by (6.3), and e(K) :::: u(K) + I by (5.3).
In [5, (4.4)] it was shown that, if If K = 0, then u(K) :::: u(K
+ 2. We shall now

(i»

obtain a similar bound for the length. Note that the result in [5, (4.4)] combined with (5.6)
gives £(K) :::: u(K) + 2:::: u(K(i» + 4, while the bound we obtain now is actually better.
Proposition 6.4 Assume that (It K)3 = O. Then £(K) :::: u(K

(i» + 2.

Proof Let m = u(K(i» and assume that m is finite. We may assume that m ::: 2, since
otherwise K is pythagorean and thus £(K) = 1. Let rp be a totally positive form of dimension
m + 2 over K. Note that (rp ..1 (l) K (i) is isotropic of Witt index at least 2.
We claim that the form rp ..1 (1) over K admits a subform (a, a, b, b) with a, b E K x . In
fact, this is a standard argument if rp ..1 (l) is anisotropic. Assume that rp ..1 (l) is isotropic.
Then rp .1 (1) = 1/1 ..1 (l, -1) with a form 1/1 over K with dime 1/1) = m + 1 ::: 3. If 1/1 is
isotropic, then it contains (I, -I), so we may choose a = I and b = -1. If 1/1 is anisotropic
then, as VI K(i) is isotropic, it follows that VI contains a form (a, a, b) with a. b E KX, and as
(1, -1) represents b, then rp ..1 (1) = 1/1 ..1 (1, -1) contains (a, a, b, b).
Now, we have a,b E DK(rp .1 (l) S; 'LK 2, and since (ItK)3 = 0, it follows from
(2.3) that (a, a, b, b) = (I, 1, ab, ab). Hence, rp contains (l, ab, ab) and thus represents 1.
Therefore £(K) :::: m + 2.

By (7.15) and (7.16), the bound given in (6.4) is best possible.
Example 6.5 Let K be an extension of transcendence degree 2 of a real closed field. Then
If K = 0 and u(K (i» :::: 4, because K (i) is a C2-field. Therefore £(K) :::: 6 by (6.4) and
£(K) 1= 5 by (4.8). In fact, this is the same bound as obtained for n = 2 in (6.1). Note that
u(K) ::::6by[8,(4.11)].

We now show that £ (lE.«X,

Y») =

4, correcting a statement in [2, Sect. 3].

Example 6.6 Let K = lE.«X, Y». Then K (i) = q(X, Y». We have p(K) = 2 and
u(K(i» = 4 by [7, (5.14) and (5.16)]. Using (6.3) this allows to conclude that £(K) :::: 4.
Note that K (i) is the quotient field of the unique factorization domain IC[X, YD. Let v denote
the Z-valuation on K(i) associated to the irreducible element X - iY in IC[X, YD. The
residue field of v is IC«X». Let a = X2 + y2 and b = X2(X + 1)2 + y2(X - 1)2 =
(X 2 + y2)(X2 + I) + 2X(X 2 - y2). Then b is a unit with respect to v and its residue is
3
the element 4X in q(X». Both residue forms of (1, a, b, ab) over K (i) with respect to
3

the valuation v and the uniformizing element a are equal to (1, 4X\ Since _4X is not a
square in IC«X», it follows that the form (1, a, b, ab) = (-I, a, b, ab) is anisotropic over
K (i). Hence, I is not represented by the totally positive form (a, b, ab) over K, in particular
e(K) ::: 4. This shows that e(K) = 4.
Furthermore, for the subfield L = lE.«X»(y) of K, we also obtain that eeL) = 4. In fact,
peL) = 2 and u(L(i» = 4, thus eeL) :::: 4 by (6.3), and equality follows as a, bE 'LL2 and
1 ¢:. DK«a. b, ab) ;:> Dd{a, b, ab).

7 Construction of examples
In order to obtain examples of fields where the invariants discussed in this article take certain
prescribed values, we use a classical technique going back to Merkurjev's u-invariant construction. We begin by recalling from [3] a reformulation of this into a general construction
principle.
Theorem 7.1 Let k be afield ofcharacteristic differentfrom 2 and C a class offield extensions
of k such that the following conditions are satisfied:
(i)
(ii)
(iii)

C is closed under direct limits,
if K' / k is a subextension of an extension K / k E C, then K' / k E C,
k/ k E C.

Then there exists a field extension K / k E C such that K (<p)/ k 1: C for any anisotropic
quadratic form <p over K of dimension at least 2. Moreover, if k is infinite, then K may be
chosen to have the same cardinality as k.
Proof As in Merkurjev's original construction the idea is to start with Ko = k and then
recursively define Ki+1 as a composite of certain function fields of quadratic forms over Ki,
for each i E N, and finally, to choose K = UiEN Ki. For the details see [3, (6.1)].

Using this principle to produce examples of fields with prescribed invariants requires, on
the one hand, a good choice for a starting field k along with a class C of field extensions of
k, and on the other hand, special results to derive conclusions about the extension K / k thus
obtained by (7.1). The results on function fields of quadratic forms that we will use in the
sequel are classical and contained in [17, Chap. X, Sect. 4].
We say that a quadratic form <p over K is partially indefinite if it is indefinite with respect
to some ordering P of K. Note that this is equivalent to saying that dim (<p) ::: 2 and the
function field K (<p) is real. Recall that <p is totally indefinite if it is indefinite with respect
to all orderings of K; if K is uniquely ordered we omit 'partially' or 'totally' and just say
'indefinite' .
Remark 7.2 Let K be a real field. If there is an upper bound on the dimensions of anisotropic
partially indefinite forms over K, then K is uniquely ordered. In fact, if K is not uniquely
ordered, then there is a E K x \ ± "2..K2 and this gives rise to many anisotropic partially
indefinite forms over K such as n x (I) 1. (a) or 2n x (l, a) for arbitrary n E N.

We now give examples of fields of length 3 and 5.
Example 7.3 Letk be areal field with p(k) ::: 3 and fix a E Dk(3)\Dk(2). Consider the class
of real field extensions K / k such that a 1: D K (2). Using (7.1) it follows that there exists a
real extension K / k with a 1: D K (2) and such that, for any anisotropic partially indefinite
form <p over K, we have a E D K(ip) (2), so (I. I, -a, -a) becomes hyperbolic over K (<p).
With [17, Chap. X, (4.5)] we conclude that any anisotropic partially indefinite form over K
is similar to a subform of (1, 1, -a, -a).
Therefore p(K) ::s £(K) ::s 3, u(K) ::s u(K) ::s 4, I( K = 0, and K is uniquely ordered by
(7.2). As a E DK(3)\DKC2) we get p(K) = £(K) = 3 and u(K) = u(K) = 4. Moreover,
we have that "2..K2 = DK (2) UaDKC2); in fact, (1, 1, -a, -a) is the only anisotropic indefinite twofold Pfister form over K, but for b E KX\DK(2)UaDKC2) the form (1,1, -b, -b)
is anisotropic and different from (1,1, -a, -a), so itis totally definite, whence b E - "2..K2.

Example 7.4 Using (7.1) in a similar way as in (7.3) above, we find a real field K with an
element a E :LK2\DKC4) such that a E DK(q;) (4) for every anisotropic partially indefinite
form q; over K. Adapting the arguments from (7.3) we obtain the following: The Pfister form
4 x (I, -a) over K is anisotropic and contains up to similarity every anisotropic partially
indefinite form over K. Furthermore, K is uniquely ordered, :LK2 = Dd4) U aDK(4),
u(K) = tiCK) = 8 and 1{4 K = O. Now, every positive definite 5-dimensional form 1/1 over
K represents I, because 1/1 1- (-I) is indefinite and not similar to a subform of 4 x (I, -a),
by a signature argument. Hence p(K) :s: t(K) :s: 5. As a E DK(5)\DK(4) we get p(K) =
t(K) = 5.
We now prove the existence of fields with an arbitrary prescribed length, equal to the
Pythagoras number, enhancing the result in [11]. The idea is due to D. Hoffmann.

Lemma 7.5 Letm E Nandletq; beaform over K withdim(q;) = m+2andsignp(q;) = m
for some ordering P on K. Then for any anisotropic form {t over K with dim ({) :s: m + I,
the form tJ K(I") is anisotropic.
Proof For an anisotropic form 1/1 over K, let i (1/1) denote the first Witt index of 1/1, i.e. the
Witt index of 1/IK(>jJ). The hypothesis implies that q; is indefinite with respect to P, so P
extends to an ordering pIon K(q;). Since signpr(q;K(q;» = signp(q;) = m, it is clear that
i (q;) = 1. Let tJ be any anisotropic form over K such that tJK(q;) is isotropic. By [15, (4.1)],
then dim(tJ) - i(t'}) ::: dim(q;) - i(q;) = m + I and therefore dim(tJ) ::: m + 2.

Proposition 7.6 Let mEN. Assume that K is a real field and there is an element
s E :LK 2\DK(m) such that s E DK(<p)(m) for any anisotropic partially indefinite fonn
q; over K with dim(q;) = m + 2. Then K is uniquely ordered and t(K) = p(K) = m + I.
Proof We obviously have m + 1 :s: p(K) :s: £(K). Using (7.5) with t'} = m x (1) 1- (-s), we
obtain from the hypothesis that any form q; over K with dim(q;) = m + 2 and signp(q;) = m
for some ordering P of K is isotropic. Thus K is uniquely ordered by (7.2), and every totally
positive form over K of dimension m + I represents I, so that £(K) = m + I.
Example 7.7 Letm EN. Letko be areal field, k = kO(Xl, ... , Xm), ands = 1+Xr + ... +
X;',. Then s E :LK 2\Dk(m). The class of real field extensions K of k such that s ¢: DK (m)
satisfies the hypotheses in (7.1). Therefore there exists a field extension K / k as in (7.6), and
then K is uniquely ordered with R(K) = p(K) = m + I.
For the following examples we need the Clifford algebra of a quadratic form; we refer
to [17, Chap. V] and [20, Chap. 9]. Given a form q; over K we denote by C(q;) its Clifford
algebra and by Co(q;) the even part of C(q;). If q; has even dimension then C(q;) is a central
simple algebra over K. For a central simple algebra A we denote by ind(A) its Schur index.
If q; has even dimension 2m > 0, then ind(C(q;» :s: 2m-I, and equality is only possible in
case q; is anisotropic; moreover, if ((i E 13 K, then ind(C(q;» = 1.
We now construct fields K with I? K = 0 showing that all values except those excluded
by (4.8) are possible for t(K). In [12, Sect. 3], Hornix has constructed similar examples, but
our examples satisfy additional properties.

Proposition 7.8 Let m be a positive integer. Assume that K is real and q; is a totally positive
form over K suchthatdim(q;) = 2m +2 anddet(q;) = 1, andsuchthatind(C(q;K(i)) = 2111 ,
whereas ind( C (q; K(i )("/») < 2 m for any anisotropic partially indefinite form 1/1 over K. Then
K is uniquely ordered, I? K = 0, p(K) = 2, and R(K) = u(K) = tiCK) = 2m + 2.

Proof It follows from Merkurjev's index reduction criterion [21, Theoreme 1] that, if VI is
a form over K with ind(C(rpKU)(,fJ») < 2m = ind(C(rpK(i»), then dim(1/I) ::: 2m + 2 and
1/1 is not contained in 13 K. Thus by the hypothesis we have liCK) ::: 2m + 2 and there is
no anisotropic partially indefinite form in 3 K. In particular, K = 0 and by (7.2) K is
uniquely ordered.
Given s E L:Kz, the indefinite form 1/1 = (1, 1, -s) over K becomes isotropic over KU),
in particular ind(C(rpK(i)("'») = ind(C(rpKU»))' so the hypothesis implies that 1/1 is isotropic
over K. Therefore p(K) ::: 2.
We write rp = rp' .1 (a) with some a E L:K2. Since ind(C(rpKU»)) = 2m, the form
rpK(i) is anisotropic, so that rp does not contain the form (a, a) over K. It follows that rp' is
a totally positive form that does not represent a, whence f(K) > dim(rp/) = 2m + 1 and
therefore f(K) ::: 2m + 2. As f(K) > 1, K is not pythagorean, so we have p(K) = 2.
As J!(K) ::: liCK) by (5.l), it follows that J!(K) = liCK) = 2m + 2. Now (5.3) yields that
2m + 2 = f(K) ::: u(K) + I. Hence 2m + 1 ::: u(K) ::: liCK) = 2m + 2. As u(K) is even
we conclude that u(K) = liCK) = 2m + 2.

1
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Example 7.9 Let mEN, ko a real field, and k = ko(XI • ...• X2m). Let rp' be the (2m+ 1)dimensional form over k with det(rp') = I whose first 2m entries are 1 + Xf (l ::: i 5: 2m).
Then rp = rp' .1 (1) is totally positive over k and ind(C(rpk(i)) = 2m. By (7.1), there exists
a real field extension K / k such that ind(C(rpKU») = 2m , whereas ind«C(rpK(i)("'») < 2m
for any anisotropic partially indefinite form 1/1 over K. By (7.8) then K is uniquely ordered,
K = 0, p(K) = 2, and liCK) = f(K) = u(K) = 2m + 2.

I?

Proposition 7.10 Letm EN. Let K be real, rp' a totally positiveformover K withdim(rp') =
4m + 2 and det(rp') = 1, and let rp = rp' .1 (-1, -1). Assume that ind(C(rp» = 2Zm + l ,
whereas ind(C(rpK(v/») < 2Zm + 1 for any anisotropic partially indefinite fonn 1/1 over K.
Then K is uniquely ordered, K = 0, J!(K) = 4m + 3, and liCK) = 4m + 4. Furthermore,
u(K) equals either 4m + 2 or 4m + 4, and the latter value is only possible ifm is even.

I?

Proof Since ind(C(rp» = 2ZIII+I, there is a central division algebra Dover K of degree
22m+1 such that C(rp) ~ Mz(D). By Merkurjev's index reduction criterion [21, Theoreme
1], given a form 1/1 over K, D 0K K (1/1) has nontrivial zero-divisors if and only if D contains
a homomorphic image of Co (1/1). If 1/1 is a threefold Pfister form, then Co (VI) contains zerodivisors and thus cannot be contained in D. Therefore every anisotropic threefold Pfister form
over K is totally positive. Using (7.2) it follows that K is uniquely ordered and K = O.
Let 1/1 be an arbitrary anisotropic indefinite form over K. By the hypothesis, D contains a homomorphic image of Co(1/I). This implies in particular that dim(1/I) 5: 4m + 4.
Since dim(rp) = 4m + 4 and ind(C(rp» = 22m+l, the indefinite form rp is anisotropic, so
liCK) = dim(rp) = 4m + 4.
Moreover, if dim (1/1) = 4m + 4, then the homomorphism Co (VI) -+ D cannot be injective and thus Co (1/1) cannot be simple, hence 1/1 has trivial discriminant. In particular, 1/1
cannot have signature 4m + 2. Therefore every totally positive form of dimension 4m + 3
over K represents 1, so thate(K) ::: 4m +3. But as rp is anisotropic, rp' does not represent any
sum of two squares, which shows that e(K) > dim(rp') = 4m + 2. Hence f(K) = 4m + 3.
Using (5.6) we obtain that4m + 1 = J!(K) - 2::: u(K) ::: liCK) ::: 4m + 4. Since u(K)
is even it is either 4m + 2 or 4m + 4. Suppose that u(K) = 4m + 4. Then there exists an
anisotropic torsion form r of dimension 4m + 4 over K. The above argument shows that r
has trivial discriminant and D contains a homomorphic image of Co(r). Then r E I Z K and
therefore C(r) ~ M2(D) ~ C(rp). As r becomes hyperbolic over the real closure of K, it
follows that 4m = sign (rp) is divisible by 8, so m is even.

I?

Example 7.11 Letm EN, ko areal field, andk = kO(XI, ... , X4m+I). Letq:/ be the (4m+2)dimensional form over k with det(cp') = I and whose first 4m + I diagonal entries are 1+ X;
(I ::: j ::: 4m + 1). Put cp = cp' 1.. (-I, -I). Note that ind(C(cpk(i») = 22m+l. Using (7.1),
there exists a real field extension K/k such that ind(C(cpK» = 22m+l, whereas for any
anisotropic partially indefinite form 1ft over K one has ind«C(cpK(l/r») < 22m+l. By (7.10)
then K is uniquely ordered K = 0, u(K) = 4m + 4, and C(K) = 4m + 3; moreover
u(K) = 4m + 2 if m is odd, otherwise u(K) = 4m + 2 or u(K) = 4m + 4.

I?

We now give an example where the bounds in (5.2) and (5.3) are sharp, elaborating an
idea suggested to us by D. Hoffmann.
Following [14], a 9-dimensional form cp over K is said to be essential if it is anisotropic
and not a Pfister neighbor and if ind(Co(cp» ~ 4.
Proposition 7.12 Let K bea realfieldand 1ft a totally positiveformover K with dim (1ft) = 8
and such that (1ft 1.. (-I) K(i) is essential. Assumefurther that, for any anisotropic and partially indefinite form cp over K, (1ft 1.. (-I)K(i)(\O) is not essential. Then K is uniquely
ordered, p(K) = 2, u(K) = 8, and e(K) = u(K) = 9.

Proof Let s E 'LK2. We put cp = (1. 1, -s). Then cp K(i) is isotropic, so K (i) (cp) is a rational
function field over K (i), and this allows to conclude that the extended form (1ft 1.. (-I) )KU)(\O)
is still essential. Since cp is totally indefinite over K it must be isotropic, so s E DK (2). Therefore p(K) ::: 2.
By [14, (0.4)] the form Ciff 1.. (-I)K(i)(<p) is essential for any lO-dimensional form cp
over K. Therefore any lO-dimensional partially indefinite form over K is isotropic. Hence,
u(K) ::: 9 and K is uniquely ordered. As (1ft 1.. (-I)K(i) is essential, 1ft 1.. (-I) is anisotropic over K (i) and thus also over K. Thus 1ft does not represent lover K. In particular, K
is not pythagorean and thus p(K) = 2. Moreover, with (5.1) we obtain that 8 = dim(1ft) <
e(K) ::: u(K) ::: 9 and conclude that £(K) = u(K) = 9. Now u(K) ::: u(K) = 9, and since
K is real, u(K) is even. Since £(K) = 9, (4.8) yields that UtK)3 # 0, whence u(K) ~ 8.
This shows that u(K) = 8.
Example 7.13 Let ko be a real field and k = kO(XI, ... , Xs). Consider the form 1ft =
(I +
I + X~) over k. Note that (1ft 1.. (-I)k(i) is essential. The class of real field
extensions K of k such that (1ft 1.. (-1) )k(i) is essential satisfies the hypotheses in (7.1). Therefore there exists a real field extension K / k as in (7.12), hence with p(K) = 2, u(K) = 8,
and e(K) = u(K) = 9. It follows then that gK(4) = 8 and thus £(K) = gK(,IC;» + 1 =
!p(K)u(K) + 1.

Xi, ... ,

We now give two examples of uniquely ordered fields K with u(K) = 6, illustrating
(5.11).

Example 7. I4 Let 0' be an anisotropic 6-dimensional torsion form of trivial discriminant
over some real field k - for example 0' = (I, I, -3, -21, X, -7X) over k = Q(X). By (7.1),
there exists a real field extension K / k such that O'K is anisotropic, whereas O'K (l/r) is isotropic
over the function field K (1ft) of any anisotropic partially indefinite form 1ft over K. Using
[16, (1.1)], it follows that every anisotropic partially indefinite form over K is similar either
to a twofold Pfister form or to a subform of O'K. Therefore u(K) = u(K) = dim(O') = 6,
and e(K) ::: 4. Furthermore, K is uniquely ordered by (7.2), and thus C(K) = 4 by (5.11).
Proposition 7.15 Let a, b E 'LK2. Assume that 0'
(1, I, I, a, -b, ab) is anisotropic and
that O'K(v') is isotropic for any anisotropic partially indefinite form 1ft over K. Then K is

=

=

=

=

uniquely ordered, p(K)
u(K)
4, t(K)
liCK)
6, gK(m)
and gK(m) = m + 5 for m ::: 5. Furthermore p(K(X» ::: 6.

= m + 4 for 2 :s m :s 4,

Proof By [16, (1.1)], it follows from the properties of a that any anisotropic partially indef-

inite form over K is similar to a twofold Pfister form or to a subform of a. In particular,
= dim(a) = 6 and K is uniquely ordered. By a signature argument, a does not contain any torsion form of dimension larger than 2, so it follows from the above that u(K) :s 4.
Since a is anisotropic, the totally positive form (1, 1, I, a, ab) does not represent the element b E ""L,K2, showing that t(K) ::: 6 and p(K) ::: 4. As p(K) :s u(K) by (2.8), we
obtain that p(K) = u(K) = 4. With (5.1) we get that C(K) :s liCK) = 6 and conclude that
t(K) = 6.
Sinceu(K) = 4, we have (lIK)3 = K = O. Thus part (c) of(3.4) yields thatgK (4) :s 8.
Moreover, (1, b) is not a subform of (l, L 1, 1, a) = 5 x (a) and thus (a, ab) is not a subform
of5x (l), showingthatgd2) ::: 6. ASgK is strictly increasing, we obtain thatgK(m) = m+4
for 2 :s m :s 4. Sincet(K) = 6, part (c) of (4.2) yields that gdm) = m + 5 for any m ::: 5.
Finally, since b ¢ Dd(l, 1, I, a}), the element X2 + b is not represented by the form
(I, 1, I, I, a) = 5 x (a) over K(X) by [17, Chap. IX, (2.1)], so a(X2 + b) is not a sum of 5
squares, whence p(K (X» ::: 6.
liCK)

It'

Example 7.16 We start with constructing a real field k with elements a, b E ""L,k 2 such that
the quadratic form (I, I, I,a, -b,ab) over k is anisotropic. To this end we take a,c E N
such that a == I mod 8, C == 7 mod 8, and a is not a square number (e.g., a = 17 and C = 7).
We consider the form a = (I, 1, I, a, _(T 2 +c), a(T 2 +c)} overQ(T) and its residue forms
with respect to T2 + c. Note that the residue field Q(,.j=c) is contained in Q2 and that a is
a square in Q2 but not in Q(Fc). The first residue form is (1, 1, I, a), which is anisotropic
over Q(Fc) because it becomes isometric over Q2 to the anisotropic form 4 x (1). The
second residue form is (-I, a) over Q(Fc), which is also anisotropic, as a is not a square

in Q(Fc). This shows that CI is anisotropic over k = Q(T), and we take b = T2 + C.
By (7.1) there is a real extension K / k such that aK is anisotropic while aK(1{t) is isotropic
for any anisotropic partially indefinite form 1/1 over K. By (7.15) then K is uniquely ordered,
p(K) = u(K) = 4, t(K) = liCK) = 6, p(K(X) ::: 6, gK(m) = m + 4 for 2:s m ::: 4, and
gK(m)=m+5form :::5.

To our knowledge, this is the first example ofa field K with p(K)

= 4 and p(K(X»

::: 6.

= 4 and 13 K(i) = O. In
particular, this holds for the field K obtained in (7.16). Using a stronger version of (7.1) in
(7.16), one can achieve that K also has no proper finite extensions of odd degree. Then it
follows for any finite extension L/ K that 13 L(i) = 0, in particular I? L = 0 and peL) :s 4,
and Milnor's Exact Sequence for the Witt ring of K(X) [17, Chap. IX, Sect. 3] then yields
that 6 ::: p(K(X»:s 8.
Remark 7.17 The hypotheses in (7.15) imply also that u(K(i»
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