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Abstract

Due to the excellent experimental accessibility of colloidal particles, colloids
are increasingly used as model systems for the study of the general phase
behavior and in particular the study of phase transitions such as crystal
nucleation, crystal melting, or the glass transition. Research on colloids is
further motivated by their great potential for the development of novel ma-
terials for applications, e.g. in drug delivery or photonic applications. This is
reflected by world-wide activities to reach a better understanding of colloidal
particles and their behavior in suspension.

In this thesis, colloids with hard-sphere-like and soft character are used
as model systems for two wide classes of colloids. Their interactions and
phase behavior in suspension, especially at high concentrations, are stud-
ied; special focus is given to crystallization. While the phase behavior of
hard-sphere-like colloids is well understood, the behavior of soft colloids at
high concentrations is not well understood, and crystal nucleation still holds
some unresolved mysteries, not only in colloids but in general. E.g. the mea-
sured and calculated nucleation density rates often differ by several orders of
magnitude.

To reach a deeper understanding of crystallization, the nucleation process
has been studied on the scale of individual colloidal particles to follow the
formation of critical crystal nuclei, the smallest crystal entities. These studies
have revealed that the formation of critical nuclei does not fully match with
the concept of classical nucleation theory (CNT): The nuclei are found to
have a rather irregular shape instead of being spherical as assumed in CNT,
and the surface tension of precritical nuclei in a fluid surrounding seems to
be lower than that of the bulk crystal. In heterogenous nucleation, it is
also expected that theory can be improved by taking the properties of the
critical nuclei on the seed into account. E.g. a curvature of the seed on the
order of a few particle diameters is not covered by theory. The curvature
gives rise to a deformation of the crystal that implies an extra mechanical
energy that suppresses the formation of large crystal grains or nuclei. The
smallest precritical nuclei are found to be almost unaffected by the curvature
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viii Chapter 0. Abstract

of the seed, while larger precritical and critical nuclei are affected, as they are
considerably deformed for curvatures with radius of curvature smaller than
about 25 particle diameters.

In soft, deformable colloids, the understanding of the phase behavior and
the interaction of soft particles at high concentrations is much less advanced
than in hard spheres. Therefore, the focus of the studies in soft colloids
focuses on this fundamental level. Work on swollen temperature- and pH-
responsive microgels is presented in this thesis that aims to reach a better
understanding of soft colloidal particles at high concentrations. Such stud-
ies are complicated by the responsiveness of the particles; they change their
properties by shrinking, when high concentrations are reached. Therefore, it
is crucial to understand the interplay of internal degrees of freedom (parti-
cle swelling and shrinkage) and the colloidal degrees of freedom that (phase
behavior). A form factor study of temperature-responsive PNIPAM micro-
gels using small-angle neutron scattering with contrast variation has been
done to follow the reaction of the particles with increasing concentration.
This study shows that the soft surfaces of these particles mainly shrink un-
der over-packed conditions and only little interpenetration occurs. Detailed
knowledge of the particle form factor at high concentrations, facilitates the
study of the phase behavior and the phase transitions at high concentrations.
Theoretical and simulation work of several other research groups predicts
that crystal structures that do not appear in hard spheres are expected for
very soft and deformable particles. However, the presented studies using
small-angle neutron and X-ray scattering show that a hard-sphere-like phase
behavior is observed up to over-packed states in both pH-responsive 2VP
and in temperature-responsive PNIPAM microgels. Only in PNIPAM, the
microgels are found to be close to a fcc-bcc-fcc transition that does not occur
in hard spheres. This behavior can be explained with a generic theory that
has been put forward by P. Ziherl and R. Kamien, which takes into account
that the relatively hard cores of the particles favor the fcc and rhcp crystal
structure found in hard spheres and the interaction of the soft coronae of the
particles favors structures minimizing the interaction area of the particles.
The latter effect can lead to crystal structures known from foams, where the
area of the foam cells is minimal. The presented work shows a ’road’ for
further studies with softer colloidal particles to reach more complete picture
of the interplay of internal and colloidal degrees of freedom in soft colloids.



Chapter 1

Introduction

1.1 Soft matter

As suggested by its name, soft matter is easily deformed. The deformability
by excitations with energies on the order of thermal energy, kBT , defines soft
matter. Therefore, the field of soft matter physics focuses on the properties
and interactions on this energy scale. It is a broad field including liquids,
polymers, colloids, gels, foams, and granular materials. Examples range from
naturally occurring fluids like water to biological materials and products such
as milk or proteins and manufactured products such as paints.

This thesis concerns colloids, which are defined as systems with particles
suspended in a solvent, where the particles have typical sizes in the range
from a few nano-meters up to a few microns and are, therefore, small enough
for Brownian motion. The field of colloids overlaps with other fields of soft
matter. E.g. polymer coils suspended in a solvent can behave as a colloid.

1.2 Colloids as model systems

As atomic or molecular substances, colloids show a phase behavior comprising
gaseous, fluid, crystalline, or glassy states. The interactions between colloidal
particles are often on the same order of magnitude as those between atoms
or molecules. However, a colloidal particle is ∼ 103 times larger than an
atom and, therefore, the internal energy per volume is ∼ 109 times smaller
in colloids. Consequently, the thermal energy and thermal fluctuations play
an important role in colloidal suspensions, and they show the deformability
that defines soft matter.

Due to the analogy between colloids and atomic systems, colloids are in-
creasingly used as model systems for basic research on phase transitions and
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2 Chapter 1. Introduction

properties of the fluid, crystalline, and glassy state. Probably the most fa-
mous and first use of a colloid as a model system is given by the experiments
of Perrin [1, 2], who used a colloidal suspension to verify the quantitative
theory of Brownian motion that was developed by Einstein [3] and Smolu-
chowski [4]. Perrin and his coworkers observed monodisperse suspensions
of gamboge and mastic in water, applied the equipartition of energy to the
colloidal particles, and showed that the energy of the colloidal particles is
determined by absolute temperature in the same way as for an atom in the
solvent.

To gain a deeper insight into the behavior of complex fluids, fundamen-
tal properties of colloidal systems have been identified, and model systems
exhibiting these behaviors in a clear fashion have been developed. These
colloidal systems are of interest for the general understanding of fluids and
for the understanding of different classes of colloids.

For a very broad range of materials that can be understood or modeled
as particulate systems, a hard repulsion between the particles is important
for the understanding of the interactions and the phase behavior under con-
centrated conditions. Atomic systems show a hard repulsion due to the Pauli
exclusion that becomes important as soon as occupied levels of the electron
shells of neighboring atoms or molecules begin to overlap. On the mesoscopic
scale, many colloidal particles contain cores that cannot overlap, and a hard
repulsion between particles is of obvious importance in macroscopic systems
such as granular media. Hard spheres (HS) interact only at direct contact
with an infinitely hard repulsion:

VHS(r) =

{
∞ : r ≤ D

0 : r > D
(1.1)

where D is the hard sphere diameter. Due to their infinite repulsion, hard
spheres have a vanishing internal energy and, as a consequence, their free
energy is determined by their entropy, S: FHS = −T S as for the ideal gas.
Here, T denotes the absolute temperature. In this sense, hard spheres play
a role comparable to that of the ideal gas for the understanding of liquids,
crystals, and glasses. The phase behavior of hard spheres only depends on the
dimensionless volume fraction φ = N Vp/V , where N is the number of spheres
in volume V , and Vp is the volume of a single sphere. Their phase behavior
was first studied in computer simulations, where it came as a surprise that
crystallization was observed in this purely repulsive system [5, 6]. No exact
equation of states is known for hard spheres. In the fluid state, the Percus
Yevick equation gives a good representation of hard sphere behavior [7],
while other theoretical and semi-empirical equations can be used for higher
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concentrations and the crystalline state [8, 9, 10]. Hard spheres are found to
show coexistence of fluid and crystal between the freezing point φf ≈ 0.494
and the melting point φm ≈ 0.545. Pure crystal is found at higher volume
fractions up to the maximum packing of hard spheres at φhcp = π√

2·3 ≈ 0.74
given by the hexagonal close-packed or face-centered cubic crystal lattice.
However, a glassy state is usually observed above φg ≈ 0.58. The maximum
packing in the glassy state is reached at random close packing, φrcp ≈ 0.64
[11].

An experimental realization of a hard sphere system came only much later
than simulation studies with the synthesis of highly monodisperse colloidal
particles with hard sphere-like interactions. Such systems have been obtained
using charge stabilized silica particles with strongly screened interaction [10]
and using highly monodisperse poly(methyl methacrylate) (PMMA) particles
that are sterically stabilized with a short polymer attached to the particle
surface [12, 13] (section 2.1.1).

While the phase behavior of hard spheres is well understood, they still
serve as an important model system for the behavior of fluids, crystal, and
glass under various conditions. Also, there are aspects of the transitions
between the phases of hard spheres that are the subject of active research.
The most prominent issue is probably the glass transition, and many aspects
of crystal nucleation are also not well understood, as discussed below in
section 1.3.

While hard spheres have and still are being studied extensively, the un-
derstanding of the behavior of systems consisting of soft, deformable particles
is even much less advanced. Therefore, star polymers [14] and microgel par-
ticles (section 2.1.2) have moved into the focus of fundamental research, as
their behavior at high concentrations goes beyond that of hard spheres. The
main interest in such soft particles concerns the swollen state in which these
polymer particles contain a large amount of solvent. Due to their softness,
their internal elasticity needs to be taken into account to understand their
behavior. Both the colloidal and the polymer aspects of the particles are
relevant.

At relatively low volume fractions, φ < 0.5, such soft polymer particles
show a behavior analogous to that of hard spheres, as they are inherently
sterically stabilized. However, their behavior at higher concentrations goes
beyond that of hard spheres, as they are able to deform and to shrink to reach
packings that cannot be reached with hard spheres. Overpacked states, where
the soft particles have to overlap or to shrink are realized easily with many
systems (see section 2.1.2). While very soft colloidal particles are found to
stay in the fluid state even in overpacked states, somewhat more rigid parti-
cles are found to form a glass or a crystal. The phase behavior as a function
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of concentration and particle softness is not yet known in detail. Further-
more, studies of the colloidal structure in overpacked states are complicated
by the internal structural changes of the particles (see article “Form factor
of pNIPAM microgels in overpacked states” in chapter 5).

E.g. a simulation study of the phase behavior of very soft charged particles
predicts purely fluid behavior for weakly charged soft particles and a series of
crystal structures with increasing concentration [15]. Several expected crystal
lattices with body-centered cubic, body-centered orthorhombic, or trigonal
order are not observed in hard spheres. However, experimental evidence for
the predicted phase diagram in the crystalline state is missing.

Microgels are one class of soft colloidal particles that are of interest for
applications such as drug delivery [16] and for fundamental studies of soft
colloids. Microgels are temperature-, pH-, or pressure-sensitive cross-linked
polymer particles suspended in a solvent. They change their size reversibly
due to changes in their environment. This reactiveness is a great advantage
for applications and fundamental studies, as the volume fraction of a suspen-
sion can be changed in situ to trigger a transition. Studies of the behavior
of microgels, mainly at high particle concentrations in the crystalline state,
are presented in this thesis in chapter 5.

As outlined above, many as yet unresolved aspects of fluids, crystals,
glasses, and the transitions between these states can be addressed in an
effective way with colloidal model systems. This is shown by the large number
of publications on such aspects of complex fluids and phase transitions. Only
a small fraction of these can be mentioned here. Some of the most prominent
studies with colloids are real space imaging studies of the glass transition [17,
18, 19], crystal melting in two dimensions [20, 21, 22] and three dimensions
[23], or crystal nucleation and growth in three dimensions [24, 25].

1.3 Crystal nucleation

Phase transitions such as crystal nucleation from a supercooled fluid are
a central topic of condensed matter physics. As a thermodynamic quan-
tity such as temperature, or pressure changes, phase transitions occur, when
a fundamental reordering of the material becomes energetically favorable.
Thermodynamic quantities are known to change discontinuously at a phase
transition. Therefore, transitions are classified as 1st order transitions, if
a first derivative of the free energy shows a discontinuous change, and as
2nd order transitions, if the first derivatives are continuous but a second
derivative of the free energy shows a discontinuous behavior.
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1.3.1 Homogenous crystal nucleation

Crystal nucleation is a 1st order transition: In the crystalline region of the
phase diagram, the crystalline state has a lower chemical potential, µc, than
the supercooled fluid state, µf : ∆µ = µf − µc > 0. ∆µ is the driving force
for the transition; it gives the energy that is released when one particle of
the fluid becomes part of the crystal. However, the formation of crystal is
hindered by the free energy barrier that prevents spontaneous crystallization.
This barrier is caused by the incompatibility of the structures of crystal
and supercooled fluid, which implies that the contact area between crystal
and fluid involves an extra energy γ A, where γ is called surface energy or
surface tension and A is the surface area of the crystal forming in the fluid.
Consequently, the free energy difference of fluid and crystal is given by

∆G = γ A−∆µnc V (1.2)

for homogenous crystal nucleation, where nc is the particle density in the
crystal and V is the volume of the forming crystal. Due to the surface en-
ergy γ, a spherical shape of the crystal is expected, as a sphere minimizes the
surface area for a given volume. Assuming a spherical shape with radius r,
we have A = 4πr2 and V = 4π

3
r3, and the nucleation barrier shows a maxi-

mum at a critical radius, rc = 2γ
nc ∆µ

, as shown in Fig. 1.1. The assumption of

r

ΔG

rc

ΔG*

Figure 1.1: Free energy barrier of crystal nuclei assumed to have a spherical
shape with radius r. Precritical nuclei with r < rc can reduce their energy by
shrinking, while postcritical nuclei with r > rc lower their energy by growing
further. (Figure modified from Ref. [26].)
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a spherical shape is a crude approximation for a nucleus, as the nature of the
interaction between particles certainly plays an important role for the for-
mation of subcritical nuclei in addition to surface tension. Furthermore, the
properties of small crystal nuclei such as surface tension, γ, and the chemical
potential difference, ∆µ, are not well known. Classical Nucleation Theory
(CNT) gives a straight forward approach to nucleation by assuming that the
shape of the nuclei is spherical and both the crystal and the fluid phase can
be described by their bulk properties during the nucleation process: In CNT,
the values of γCNT and ∆µCNT are determined from the corresponding values
of the bulk crystal and bulk fluid.

CNT gives an important benchmark for the development of more accurate
theories of nucleation. The need for new theories is obvious from the huge
discrepancies in nucleation rates obtained from measurements and CNT. The
nucleation density rate as expected from CNT is given by

J =

(
2

9π

) 1
3

b
D

l2
Ω

1
3ρf

√
γCNT
kBT

exp

(
−∆G∗

kBT

)
, (1.3)

where ∆G∗ is the peak height of ∆G at the critical size, ρf is the density in
the fluid state, Ω is the average volume per particle, D is the diffusion con-
stant of the particles, l is a typical length scale that a particle has to diffuse
on the surface of the nucleus to find a lattice site, and b ≈ 6.3 is a geomet-
ric factor. J sensibly depends on γCNT , as ∆G∗ ∝ γ3

CNT . Due to the huge
discrepancies between simulations using γCNT and ∆µCNT and measured nu-
cleation density rates (see Fig. 3 of the review article presented in chapter 3),
γCNT is often taken as an adjustable parameter. The disagreement by several
orders of magnitudes shows that the assumptions of CNT do not capture the
true conditions in the supercooled fluid and a deeper knowledge of the nucle-
ation process is needed. The formation and the properties of precritical and
critical crystal nuclei in a supercooled fluid should, therefore, be explored in
detail. Experiments with this aim and using different techniques have been
undertaken, as presented in the review given in chapter 3 and in the studies
presented in chapter 5.

Scattering experiments usually give an overview over a sample containing
many precritical nuclei or nucleation sites. However, the scattering signal
due to small nuclei is hard to extract, as the nuclei are too small to give rise
to Bragg reflections and the structural difference of precritical nuclei and
the surrounding fluid is not as pronounced as for larger postcritical nuclei.
Colloidal suspensions offer the possibility to observe nucleation by real space
imaging, as the colloidal particles, the ‘atoms’ of the suspension, are large
enough for direct observation. This method can give insight into the prop-
erties of small nuclei that otherwise can only be obtained from simulations.
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However, the drawback is that a relatively small volume of the sample is
observed that contains a small number of nuclei. Depending on the values of
γ and ∆µ, the formation of a critical crystal nucleus with radius rc can take
an energy much larger than thermal energy, kBT . As a consequence, the for-
mation of a critical nucleus is a rare event and homogenous nucleation may
be hard to observe. Furthermore, experimental observations of precritical
and critical nuclei are complicated by the short life time of the nuclei.

According to CNT, crystal nucleation takes place at random sites in the
supercooled fluid, where crystal nuclei form due to structural fluctuations.
The classical picture is, therefore, that of uncorrelated nuclei that mostly
disappear and only keep growing, if they happen to cross the free energy
barrier. During the phase of growth, postcritical nuclei continue to grow until
they become large crystal grains filling a large part of the sample volume and
begin to touch [27, 28]. With this interaction between the crystal grains, the
growth phase comes to an end, and the sample is expected to be filled by
crystal grains with random orientations. The further evolution of the grains
is determined by coarsening, also known as Ostwald ripening [29]. Large
grains continue to grow on the expense of the smaller grains, because large
grains are energetically more favorable due to their larger volume to surface
ratio. As a consequence, small grains disappear and the average grain size
increases.

The classical picture of individually growing nuclei with spherical shapes
does not agree with real space imaging studies of crystal nucleation in col-
loidal model systems presented in chapter 5. This discrepancy motivates
further studies to determine the properties of small crystal nuclei and to
learn about the factors that rule the formation of critical nuclei.

1.3.2 Heterogenous crystal nucleation

Homogenous nucleation is often forestalled due to heterogenous nucleation on
seeds, which can be much faster than homogenous nucleation in the bulk, if
the free energy barrier is reduced by the presence of the seed. This depends
on the surface tensions between seed and fluid, γfs, and between seed and
crystal, γcs. The free energy barrier for heterogenous nucleation is given by

∆Ghet = Acs(γcs − γfs) + Acfγcf − Vcnc∆µ, (1.4)

where γcf is the surface tension between fluid and crystal, Acs denotes the
area between crystal and seed, Acf is the area between crystal and fluid,
and Vc is the volume of the crystal nucleus. The effect of the seed is deter-
mined by the relation of the three surface tensions in the above equation.
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If γcs − γfs > γcf , the total surface energy is larger than for homogenous
crystal nucleation, and consequently heterogenous nucleation is slower than
homogenous nucleation. In the case γcs − γfs < −γcf , the barrier vanishes
with increasing contact area between crystal and seed. Therefore, the crys-
tal wets the seed surface and forms spontaneously. Finally, the intermediate
case, −1 <

γcs−γfs
γcf

< 1, leads to partial wetting of the seed with crystal. The

surface tensions exert a pressure on the contact areas between the phases
that tend to reduce these areas. The equilibrium of the forces on the contact
of seed, fluid, and crystal defines the contact angle, θ. For a flat seed surface,
θ is given by:

cos θ =
γfs − γcs
γcf

. (1.5)

In this case, ∆Ghet can be simplified using θ, and it is found to be the same
as ∆Ghom up to a factor determined by the contact angle alone:

∆Ghet = ∆Ghomf(θ), (1.6)

where f(θ) = 1
4
(2 + cos θ)(1 − cos θ)2. While θ is routinely measured with

e.g. liquid droplets on a surface, a microscopic determination of θ from small
crystal nuclei on a seed in a colloidal suspension turns out to be difficult
for hard sphere-like particles. The contact between seed and crystal nucleus
is very irregular and does not allow for a determination of θ (see article
“Heterogeneous nucleation and crystal growth on curved surfaces observed
by real space imaging” in chapter 5).

As for the case of homogenous crystal nucleation outlined above, the for-
mation of critical nuclei in heterogenous nucleation does not proceed in a way
as simple as expected from CNT; precritical nuclei are not as well defined as
assumed. Studies of heterogenous crystal nucleation are, therefore, needed to
obtain a complete picture of the formation of critical nuclei. Imaging studies
of individual nuclei, as presented in chapter 5, and scattering studies giving
access to the average behavior during nucleation and growth are needed to
identify the nucleation pathway. This will give valuable input to improve the
understanding of crystal nucleation.



Chapter 2

Experimental techniques

Both scattering- and imaging methods have been used for the work pre-
sented in this thesis. While scattering methods generally give average results
obtained from many scattering objects, imaging methods usually give local
information. Ideally, both methods are applied to study of the behavior of
colloidal suspensions and crystal nucleation in particular. A short overview
of the methods and important procedures for data analysis applied in the
presented work is given in the following.

Due to the very small size of atoms and molecules, scattering methods
have allowed to achieve a large part of the established knowledge about the
structure and dynamics in gases, fluids, crystals, glasses, and the transitions
between these states. Different kinds of radiation such as a wide spectrum
of electro-magnetic waves, electron beams, or neutron beams are routinely
used for scattering experiments and have become indispensable tools for the
characterization of condensed matter.

Direct imaging methods such as light microscopy are as old as scatter-
ing techniques and, due to their resolution limits, give information about
the mesoscopic range of ∼ 100 nm up to ∼ 100µm. Consequently, imaging
has a big impact in biology, materials research, and soft matter. Electron
microscopy [30], developed in the 1930s, as well as scanning tunneling micro-
copy [31] allow to image the composition of materials with atomic resolution.
However, these imaging techniques show quasi-frozen states of a material and
have a very limited time resolution. Measurements with a time resolution on
the order of the characteristic diffusion time in an atomic gas or fluid or the
vibrational time scale of a crystal are still a great challenge.

The mesoscopic size of colloidal particles allows for direct optical imag-
ing of individual particles with good temporal resolution, i.e. the diffusion
of single particles in a solvent can be followed. The much better experimen-
tal accessibility of colloidal suspensions compared to atomic or molecular

9
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materials is due to their much larger size in the range from 10 to 104 nm.
Furthermore, the strength of the interactions between colloidal particles is
comparable to that between molecules and the interactions can often be tai-
lored to obtain the behavior of interest. For this reason, colloidal suspensions
are used extensively as model systems for studies of fundamental aspects of
the behavior of gases, fluids, crystals, and the glassy state.

2.1 Colloidal model systems

As outlined in the introduction, hard spheres are an important model system
for the understanding of the phase behavior of repulsive particles and in par-
ticular for the behavior of colloids and complex fluids. One of the most
successful model systems with hard sphere-like behavior are poly(methyl
methacrylate) (PMMA) colloids that are introduced below. While hard
spheres have been studied since the 1960s and their phase behavior is well
understood, the understanding of soft and deformable particles is not as ad-
vanced. A good model system and and technologically important example of
soft particles are microgels. Microgels are used in some of the work presented
in this thesis to explore the behavior of soft and deformable particles and are
introduced shortly in section 2.1.2.

2.1.1 Poly(methyl methacrylate) particles

The polymerization of methyl methacrylate into poly(methyl methacrylate)
(PMMA, [C5O2H8]n) was invented in the 1870s and was first patented under
the name PLEXIGLAS by the German chemist Otto Rhöm in 1933. PMMA
is a fully amorphous polymer with a density of 1.18 g/cm3. Its glass tem-
perature varies between 105◦C and 160◦C depending on co-monomers. Due
to its good transparency for visible light, its strength and good shock resis-
tance, as well as its compatibility with a wide range of processing methods,
PMMA has many applications. In particular, PMMA has a good compati-
bility with human tissue and is used for artificial eye lenses and for implants.
Colloidal PMMA micro-particles suspended in a body liquid are used in cos-
metic surgery.

PMMA micro-particles in organic solvents have become a model system
for research on complex fluids, as they can be synthesized in monodisperse
form and in a size range that is interesting for light scattering as well as light
microscopy [12, 32]. These PMMA microspheres are sterically stabilized
against aggregation due to Van der Waals forces and their surface charge is
usually low. Therefore, hard sphere-like particles can be obtained in organic
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solvents that minimize the surface charge or by adding a salt that screens
the surface charge with a screening length much smaller than the particle
diameter. Recent work shows that PMMA particles usually carry a surface
charge; screening with added salt is necessary to obtain hard sphere-like
behavior [33]. PMMA microspheres have been used extensively to investigate
the fundamentals of dense fluids [13, 34], crystal nucleation and growth [35,
36, 37, 27, 24, 38, 25, 39, 40], as well as the glass transition [17, 18, 41, 42].

2.1.2 Microgel particles

Microgels are cross-linked polymer particles in the colloidal range that are
suspended in a solvent and react to changes in temperature, pH, or pressure
by changing their size, as sketched in Fig. 2.1. Therefore, microgel parti-
cles can change reversibly between a swollen and a collapsed state. This
responsiveness is due to the change of the solvent quality; the Flory solubil-
ity parameter in Flory polymer theory [43, 44] changes with the parameters
mentioned above. The reactiveness of microgel particles is a consequence of
changing interactions between particles and solvent. In many water based
microgels, the polymer becomes more hydrophobic with increasing tempera-
ture, as hydrogen bonds between polymer and water become unstable. E.g.

T, pH, PVPT
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/ d
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Figure 2.1: Sketch of the size change from the swollen to the collapsed state
of a microgel particle with temperature, pH, or pressure. The volume phase
transition, VPT, is located at the point with a volume decrease of two, which
corresponds to a size change by a factor ≈ 0.8.
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for poly(N-isopropylacrylamide) (PNIPAM) microgels, water changes from
a good to a bad solvent when temperature is increased above the so-called
volume phase transition temperature TV PT ≈ 32◦C. While PNIPAM is an
un-charged polymer, other microgels contain groups that can be ionized such
that they are pH responsive. The structural change at TV PT depends on the
chemical composition and the stiffness of the particle, and the particle di-
ameter often changes by a factor of two or more. As a consequence, the
volume fraction of the suspension can change by a factor & 10. The width
of the transition of microgels is broader than that of the macroscopic gel
and increases with cross-link density. However, the response of the colloidal
microgel particles is much faster due to their much smaller size.

The internal structure of microgel particles depends on the cross-linker,
which usually reacts faster than the polymer monomer during synthesis and
therefore tends to be concentrated in the center of the particle. This results
in a core-shell structure with a relatively compact core and a more dilute
and fuzzy surface shell of polymer-strands [45]. In the swollen state, the
polymer strands of the fuzzy surface stick out into the solvent and tend to
give the particles an inherent steric stabilization. In the collapsed state, this
stabilization is not given, and the microgel particles often become unstable
and tend to aggregate.

The fuzzy corona of microgels gives rise to an interaction between particles
comparable to that between polymer brushes [46]. At relatively low particle
volume fractions, φ < 0.5, the behavior is hard sphere-like, similar to the
sterically stabilized PMMA particles described in the previous section. At
higher volume fractions, the interaction between microgels is usually modeled
with the soft-sphere effective inter-particle potential ∝

(
σ
r

)n
behavior, where

r is the distance between particle centers, σ is the particle diameter, and the
exponent n lies in the range from 6 to 12 [47]. A Hertzian interaction has also
been reported in a number of studies [48, 49] for microgel particles in direct
contact, while another study concludes that this potential is not appropriate
[50].

The large interest in microgels for applications or fundamental studies is
due to their responsiveness that allows to vary the effective volume fraction
of the suspension by changing an easily accessible parameter such as tem-
perature. For fundamental studies of phase transitions, this allows to start
the transition from e.g. a fluid to a crystalline state in a truly fluid state
and to trigger the transition with a simple change of a parameter of the en-
vironment. This is not straight forward with hard spheres that have to be
prepared in the supercooled fluid state e.g. by shear melting, which may not
remove all crystal grains. Furthermore, a relatively small size change of the
particles is sufficient to trigger a transition from one state to the other, as
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the volume fraction changes with the size to the 3rd power. Therefore, the
fully collapsed state with its reduced colloidal stability need not be reached.

As other colloidal systems, microgels usually exist in a fluid and a crys-
talline or glassy state, as the volume fraction of the particles is increased.
Fluid-crystal coexistence is often observed, and its width is found to be
broader than in hard spheres. The limits of the crystalline state in terms
of polydispersity are not as well known as for hard spheres. In particular
one study indicates that a small number of large microgels in a crystal lat-
tice formed by smaller microgel particles spontaneously adapts to fit into the
lattice without causing a defect [51, 52]. The face-centered cubic structure
is often reported for the crystalline state, but the equilibrium structure may
depend on the softness of the particles and the particle number density. In-
dications for the body-centered cubic lattice have been found [53], as also
presented in chapter 5.

2.2 Real space imaging of crystal nucleation

Confocal microscopy allows to take images deep inside highly packed sam-
ples that would overwhelm a bright field microscope with a very bright back-
ground. This is achieved by placing two pinholes in the optical path of the
microscope, both conjugate to the focal plane of the microscope objective:
The first pinhole is placed in the path of the incoming light such that mainly
the corresponding point in the focal plane is illuminated. The second pinhole
is placed in the path of the reflected light. As it is conjugate to the illumi-
nated point in the focal plane, it lets pass all light originating from there,
while most light originating from other positions in the sample is blocked, be-
cause it is not focused on the second pinhole. A confocal microscope therefore
illuminates mainly a single point in the sample and allows the light originat-
ing from this point to pass to the detector or camera, while most light from
other places in the sample is blocked. The disadvantage of the confocal setup
is the necessity to scan the sample by moving the focal point over the sample
in order to obtain a 2D microscopy image.

After the invention of confocal microscopy in the 1950s by marvin Minsky
[54, 55], its breakthrough came only three decades later with the develop-
ment of lasers as intense light sources and fast scan heads that allow to
collect a microscopy image in a reasonable time. Mainly laser scanning con-
focal microscopy (LSCM) combined with fluorescence imaging has become a
standard technique in cell biology, where e.g. proteins of interest are either
inherently fluorescent or can be labeled with a fluorescent dye.

With the development of faster scan heads that allow to take ∼ 100 im-
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ages per second, the LSCM has been used increasingly to probe colloidal
samples. High imaging speeds are achieved with multi-pinhole systems such
as Nipkow disk scanners, or fast acousto-optic or galvanic scanners using a
single pinhole [56]. Nipkow disk scanners were used as scanners in early tele-
vision cameras and, therefore, played an important role for the invention of
television. A rotating disk with a large number of pinholes instead of a single
pinhole is used to collect a full image. Several pinholes are simultaneously
illuminated, which is not problematic as long as the distance between pin-
holes is sufficiently large to keep the background due to neighboring pinholes
at an acceptable level. High frame rates > 100 Hz can be reached easily by
adjusting the rotation speed of the disk. However, the frame rate is usually
limited by the read out time of the camera used to collect the image or the
time needed to reach a sufficient illumination of the sample. Scanners work-
ing with a single pinhole can use acousto-optic deflectors to move the focal
point over the sample. These scanners make use of the acousto-optic effect:
An acoustic wave in an optically transparent medium gives rise to density
fluctuations that act as a diffraction grating. An acousto-optic scanner is of-
ten combined with a slower galvanometric scanner, as the highest scan speed
is only needed for line scanning and a lower scan rate is sufficient for the
movement from line to line. Scanners using a single pinhole are used with a
photomultiplier or an avalanche photo diode to count the photons passing the
pinhole, as these devices have a low dark noise, can yield a time resolution
∼ 100 ps, and can reach a quantum efficiency of about 90%.

For scanning in the third dimension, perpendicular to the focal plane,
the distance between sample and objective is varied by moving either the
objective or the sample. As colloidal samples are generally influenced by
movements, it is preferable to have a static sample and to place the objec-
tive on a piezo stage to position it with nanometer accuracy relative to the
sample. This solution was realized in the studies described in section 5. The
scanning in 3D is a prerequisite for the observation of crystal nucleation, as
the detection of a rare event requires to scan a sample volume containing as
many particles as possible. The field of view is chosen as large as possible to
image many particles with a resolution allowing for accurate single particle
detection. The 3D scanning yields image stacks with resolutions in the range
from 128 × 128 × (∼ 100) to 1024 × 1024 × (∼ 100) 3D pixels, also called
voxels. Each particle should typically appear on & 5× 5× 5 voxels to obtain
sufficient information to determine particle positions with sub-pixel accuracy.
The detection of monodisperse spherical particles is solved by detecting the
particle centers and performing a fit in a local environment of each particle
to obtain its accurate coordinates [57]:
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1. All images in a 3D image stack are filtered with a real-space band-pass
filter to remove pixel noise and to enhance features of the expected size.
The filtered image is clipped to remove the background and to obtain
well separated Gaussian peaks for the features of interest. This step
works best for monodisperse samples.

2. The brightest voxels of the filtered 3D-image are considered as possible
particle centers and are taken into account in the order of decreasing
brightness. If no brighter voxel is found in a spherical surrounding
somewhat smaller than the expected particle size, the voxel is taken as
an approximate particle center.

3. The spherical surrounding with the expected feature size around an ap-
proximate center is then excluded from the search for new approximate
centers to exclude the detection of features separated by less than the
expected feature size.

4. To obtain accurate particle centers with sub-pixel accuracy, a bright-
ness-weighted fit is done in a spherical surrounding of each approximate
center. The diameter of this spherical surrounding roughly corresponds
to the expected particle diameter.

This method has been tailored for fairly monodisperse spherical particles.
An expansion of the method to bidisperse or polydisperse spherical particles
may be achieved by repeating the steps given above for the various expected
feature sizes.

2.2.1 Detection of crystal nuclei in a supercooled fluid

Among the particle positions obtained from a supercooled sample, crystal nu-
clei need to be identified in a “sea” of particles with liquid-like surrounding.
Due to the small size of these nuclei, the detection has to be accomplished
with a local method that does not rely on the long-range translational and
orientational order of the bulk crystal. This can be accomplished with local
bond-order parameters, which were originally developed to obtain a quantita-
tive measure of the local order in random structures [58, 59]. The orientation
of the nearest neighbor particles around a particle i is quantified by calculat-
ing a bond-order parameter based on spherical harmonic functions Ylm(r̂):

qlm(i) =
1

Ni

Ni∑
j=1

Ylm(r̂ij), (2.1)
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where Ni is the number of nearest neighbors, r̂ij is the unit vector giving
the direction from particle i to neighbor j, and the index m of the spherical
harmonic function runs from −l to l. For fluids of spherical particles with
isotropic interaction, the use of the l = 6 bond-order parameter is sufficient
to quantify the arrangement of the 12 nearest neighbors that are expected in
the case of hard spheres. The 13-dimensional complex vector q6m(i) contains
information about the arrangement of the nearest neighbor particles.

The bond-order parameter method relies on the determination of nearest
neighbors for each particle. These are usually obtained by one of two meth-
ods: (i) A cut-off distance can be chosen to define the largest allowed distance
of a nearest neighbor. The value for this cut-off is obtained from the first
minimum of the pair distribution function, g(r). For fcc and hcp crystal, the
average number of neighbors at this distance corresponds to the first shell
of neighbors. This method works well for fluids and the mentioned crystal
lattices, where the shell of nearest neighbors is well separated from that of
the 2nd nearest neighbors. (ii) Nearest neighbors can be determined using
the Voronoi construction [60] that divides space into polyhedral cells Ci for
all given positions, ri, such that all points that are closer to position rk than
any other position, belong to cell Ck. The nearest neighbors are obtained
from the faces of the cells Ci, which are each related to a neighbor. This gives
a natural choice of nearest neighbors even for positions with large variations
of the distances between closest particles. A discussion of these to methods
is also given in chapter 5 in article Characterization of local structures with
bond-order parameters and graphs of the nearest neighbors, a comparison.

The detection of a crystal-like surrounding relies on the observation that
the orientation of nearest neighbors should be the same for all particles in
the crystal, while it is expected to vary significantly in the fluid phase, as
sketched in Fig. 2.2. To detect crystal-like order, the local order of neigh-
boring particles i and k is compared by calculating the inner product of the
normalized bond-order parameters q̂6m:

s(i, k) =
l∑

m=−l

q̂∗6m(i) q̂6m(k). (2.2)

“Crystal-like bonds” between nearest neighbor particles are detected using
the condition s(i, k) > 0.5. A particle with eight or more crystal-like bonds
with its nearest neighbors is identified as a “crystal-like particle”. These
criteria for crystal-like bonds and crystal-like particles are chosen such that
all particles in the bulk of a crystal are identified to be crystal-like. The cutoff
for the inner product and the minimum number of of crystal-like neighbors
are somewhat arbitrary. E.g., the conditions can be changed to s(i, k) > 0.7
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Figure 2.2: 2D sketch of the bond orientational order in (A) a crystal and
(B) a liquid.

and four crystal-like bonds for a crystal-like particle. This gives about the
same number of crystal-like particles and the crystal nuclei are found to have
the same morphology and show the same crystal growth behavior.

The crystal-like particles are found to form crystal nuclei, which can
be identified with “clusters” of crystal-like particles that are connected by
crystal-like bonds. Nuclei of various sizes are usually observed, and small
nuclei are much more numerous than larger ones. This is as expected from
nucleation theory, which predicts a size distribution following the Boltzmann
factor ∝ exp (−∆G/kBT ) for nuclei with precritical size and ∆G given by
Eq. 1.2. Crystal nuclei are identified by grouping all crystal-like particles
that are connected by crystal-like bonds.

As local bond-order parameters do not take translational order or the
expected structure of the bulk crystal into account, they can be used for
a quite general detection of crystal-like regions. The procedure described
above is found to work for the crystal structures that are expected in sys-
tems of monodisperse spheres. These are given by the face-centered cubic
(fcc), hexagonal close-packed (hcp), and body-centered cubic (bcc) crystal
lattices, where bcc is expected for charged particles. Furthermore, random
mixtures of fcc and hcp, known as random hexagonal close-packed (rhcp)
crystal, are expected due to stacking faults of the hexagonal planes in fcc
and hcp crystal. The local bond-order parameter q6m contains enough in-
formation to distinguish the mentioned structures. This distinction is done
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using rotational invariants of second order:

ql(i) =

[
4π

2l + 1

l∑
m=−l

|qlm(i)|2
]1/2

(2.3)

and third order:

wl(i) =
∑

m1,m2,m3
m1+m2+m3=0

(
l

m1

l

m2

l

m3

)
q̂lm1(i) q̂lm2(i) q̂lm3(i), (2.4)

where
(

l
m1

l
m2

l
m3

)
represents the Wigner 3j-symbol, which is the same as the

Clebsch-Gordan coefficient up to a factor. The histograms of q4, q6, and w4

together give sufficient information to determine the fractions of fcc, hcp, and
bcc order in crystal nuclei (see articles Real-Space Imaging of Nucleation and
Growth in Colloidal Crystallization and Characterization of local structures
with bond-order parameters and graphs of the nearest neighbors, a compar-
ison in chapter 5). Averaged bond-order parameters, q̄l and w̄l, have been
introduced to obtain a clearer separation of crystal structures [61]. These
are obtained by averaging the bond-order parameters of a particle and its
next neighbors. A clear separation is obtained for bulk crystal. Small nuclei
that virtually consist of surface particles with next neighbors having fluid-
like character are, however, not easier to characterize. The averaging over
next neighbors including those in the fluid state impairs the differentiation
between crystal phases and the fluid [62, 63].

In the literature, nearest neighbor particles are defined in many different
ways. However, the nearest neighbors are the foundation for the computation
of bond order parameters and the interpretation of other parameters based
on them. A recent study shows how bond order parameters can be defined
in more natural way [64]. The Voronoi construction [60] is used to define
nearest neighbors without free parameters. Each bond connecting a particle
i to a nearest neighbor j defines a face of the Voronoi cell. The areas, Aij, of
the Voronoi faces can, therefore, be used as natural weights for the bonds:

qlm(i) =
1

Ai

Ni∑
j=1

Aij Ylm(r̂ij), (2.5)

where Ai is the total surface area of the Voronoi polyhedron around particle i.
This expression for the bond order parameter qlm can be shown to agree with
the calculation of bond order parameters according to Minkowski structure
metrics [64] and may serve to obtain more reliable results with bond order
parameters in future work.
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2.2.2 Tracking of crystal nuclei

To follow crystal nucleation and growth using confocal microscopy, image
stacks of the same sample volume are taken repeatedly. The resulting data
must not necessarily allow for tracking of individual particles, because the life
time of crystal nuclei approaching the critical size is longer than the time-
scale set by rearrangements of nearest neighbor particles. Crystal nuclei
in consecutive “snapshots” taken at times ti and ti+1 can be identified by
comparing the spatial “overlap” and their average q6 bond-order parameters.

The overlap of two nuclei identified at times ti and ti+1 is determined by
counting the particle positions of the nuclei that are close to each other: If
two crystal-like particles at ti and ti+1 have a distance smaller than about
the nearest neighbor distance, they are counted as close particles for the
corresponding nuclei. The number of close particles between nucleus k at
time ti and nucleus l at time ti+1, No(k, ti; l, ti+1), is determined for all pairs
of nuclei at times ti and ti+1.

The average bond-order parameters of a nucleus i is calculated as

q̄lm(i) =
1

Ni

Ni∑
j=1

qlm(j), (2.6)

where the sum runs over the Ni crystal-like particles contained in nucleus i.
Two nuclei i and k with ˆ̄q6(i, t) and ˆ̄q6(k, t+ 1), are compared by calculating
the inner product, and s(i, t; k, t + 1) > 0.5 is used as the condition for the
identification of nuclei.

Both the spatial overlap and the similarity of the average bond-order
parameters are used to link nuclei at consecutive times. For each pair of
nuclei at times ti and ti+1, the parameter S(k, ti; l, ti+1) = No(k,ti;l,ti+1)

N<
+

s(k, ti; l, ti+1) is calculated as a measure of their spatial and orientational
similarity. N< is the smaller of the nucleus sizes N(k, ti) and N(l, ti+1). The
successor of the nucleus (k, ti) is the nucleus at time ti+1 with the largest
parameter S ≥ 1.

2.2.3 Shortest path rings

Local bond-order parameters are a well established method for the detec-
tion and structural characterization of small crystal nuclei. An alternative
method for the characterization of local structures is given by graphs of the
local order and, based on that, shortest path rings [65, 66, 67]. As the bond-
order parameters, these methods were developed to characterize structures
of amorphous solids on a length scale of neighboring atoms. But in contrast
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to the bond-order parameters these are purely topological methods. A com-
parison of the methods of local bond-order parameters and graphs of the
nearest-neighbor structure is given in the article Characterization of local
structures with bond-order parameters and graphs of the nearest neighbors,
a comparison in chapter 5 [63]. Furthermore, the method of shortest path
rings is applied in the article Heterogeneous nucleation and crystal growth
on curved surfaces observed by real space imaging [68] to characterize the
local structure of the crystal-like particles and to determine the orientation
of small crystal nuclei. In the following, a short overview of the topological
methods of graphs and shortest path rings is given.

In a set of measured particle positions, the local structure around a parti-
cle i can be characterized using the arrangement of its Ni nearest neighbors,
which can be represented by a graph. Each nearest neighbor particle cor-
responds to a vertex of the graph, and the edges of the graph are given by
the bonds between the nearest neighbors. (Each particle has bonds with its
nearest neighbors but no other particles.) The central particle and its bonds
to the nearest neighbors are ignored. Two examples for the local order in
fcc and hcp lattices are shown in Fig. 2.3A and B. Such graphs capture the
topology of the local order, while local bond-order parameters give a quanti-
tative measure of the orientation of the nearest neighbors. By comparing the
graph obtained from the neighbors of one central particle with the graphs
known to correspond to crystal structures, the local environments of all par-
ticles in a measurement can be analyzed. However, the graphs shown in Fig.
2.3B are not sufficient to characterize fcc and hcp crystal. Due to the ther-
mal motion of the particles around their equilibrium positions, the number
of nearest neighbors and the bonds between them can vary to some extent
even in the crystal. As a consequence, a large number of graphs is found in
crystal close to the freezing point, while a much smaller number of graphs
appears in crystal without defects far from the freezing point, where the local
motions of the particles are more restricted [63].

The method of shortest path rings is based on the graphs of nearest neigh-
bor structures. To capture the characteristic features of a local structure, the
shortest path rings in the graph of the local structure are determined. A short
description of the shortest path ring method is given in the following. A good
introduction can be found in Refs. [69, 67].

Starting from one particle, rings are constructed by following the bonds
between particles and returning to the same particle. A ring containing k
bonds is a shortest path k-ring, if there are no shortcuts, i.e. for two particles
i and j on the ring, the path along the ring gives the shortest path. The
path length is given by the number of bonds in the path followed. Fig. 2.3C
gives examples for shortest path 3-, 4-, 5-, and 6-rings. Shortest path 3-, 4-,
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Kapitel 6. Lokale Teilchenstrukturen

Abbildung 6.4.: Anordnungen der nächsten Nachbarteilchen (rot) und die Bindun-
gen zwischen ihnen für ein zentrales Teilchen (weiß, ohne Bindungen
dargestellt) in fcc-Anordnung (links) bzw. hcp-Anordnung (rechts).
Die Darstellung wurde so gewählt, dass jeweils die untersten drei
Teilchen, die mittleren sechs Teilchen und die obersten 3 Teilchen je
in einer hexagonalen Ebene des fcc- bzw. hcp-Kristalls liegen. Durch
die unterschiedliche Stapelfolge bei fcc- und hcp-Kristallen haben die
unteren drei Teilchen unterschiedliche Positionen.

O’Malley [O’M01]. Daraus wurde eine an das verwendete System angepasste Metho-
de zur Bestimmung der Kristallstrukturen aus den kürzester-Weg-Ringen entwickelt.
Grundlage bilden geschlossene kürzester-Weg-Ringe innerhalb der Nachbarteilchen,
die charakteristische Anordnungen und Häufigkeiten für die einzelnen Kristallstruk-
turen aufweisen.

Definition kürzester-Weg-Ringe

Grundlage für die Kristallstrukturbestimmung mittels kürzester-Weg-Ringe sind die
Betrachtung der nächsten Nachbarn eines Teilchens und die Bindungen zwischen
diesen Nachbarteilchen. Das zentrale Teilchen und dessen Bindungen werden dabei
ignoriert. Abbildung 6.4 zeigt die Anordnung der Nachbarn und deren Bindungen
für ein zentrales Teilchen in einer idealen fcc- bzw. hcp-Umgebung. Zum besseren
Vergleich von unterschiedlichen Anordnungen bietet sich die planare Darstellung an,
in der die Teilchen und ihre Bindungen in eine zweidimensionale Darstellung proji-
ziert werden (Abbildung 6.5). Im Beispiel von idealer fcc- und hcp-Anordnung kön-
nen die beiden Strukturen durch die Anordnung der in Abbildung 6.5 zu sehenden
„Vierecke“ und „Dreiecke“ zueinander unterschieden werden. Dies lässt sich auf allge-
meinere Strukturen erweitern. Dazu ist eine eindeutige, allgemeingültige Definition
von „n-Ecken“ nötig. Hierzu werden kürzester-Weg-Ringe innerhalb den planaren
Darstellungen verwendet.

Der topologische Abstand zweier Teilchen wird als die minimale Anzahl an Bin-
dungen definiert, die zwischen den beiden Teilchen zurücklegt werden muss, um von
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Figure 2.3: (A) Sketches of fcc and hcp order. The nearest neighbors (red)
around a central particle (white) are and the bonds between nearest neighbors
(grey sticks) are shown. (B) Planar graphs of the arrangement of the nearest
neighbors for fcc and hcp order. (C) Examples of shortest path 3-, 4-, 5-,
and 6-rings. 3-rings are formed by ABC, ACD, CDE, CEF, EFG, HIL, IJN,
INO, and FIO. A 4-ring is given by FGHI, and BCFOP forms a 5-ring, and
two 6-rings are given by HINMLK and HJNMLK.
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and 6-rings are found in fcc and hcp (Fig. 2.3A and B). A local structure is
characterized by the number of k-rings occurring in the structure and their
mutual arrangement.

To take non-ideal structures into account, a pragmatic procedure can be
applied for graph and shortest-path rings: A simulation of stable crystal, e.g.
fcc or hcp, is performed and all the occurring local structures are collected in
a ‘dictionary’. Using the dictionaries of several crystal structures, the local
structures occurring in a measurement can be characterized.

In addition to the characterization of local structures, shortest path rings
are used to detect planes of particles with local hexagonal order. This is pre-
sented in the article Heterogeneous nucleation and crystal growth on curved
surfaces observed by real-space imaging in chapter 5 [68], and it is of interest
for measuring the crystal orientation in fcc and hcp nuclei, which both con-
tain hexagonal planes. Furthermore, graphs and shortest path rings may be
used as an alternative to bond-order parameters for the detection of crystal-
like particles and the characterization of the local order. The detection of
crystal-like particles using the graph or shortest path ring method is re-
stricted to information about the nearest neighbors. The local bond-order
parameter method, however, compares qlm of neighboring particles such that
information about second nearest neighbors enters. In this respect, the bond-
order parameter method is expected to be more sensitive for the detection
of crystal-like order.

2.3 Scattering methods

Given the typical length scales of colloidal particles, visible light has the
fitting wave length (λ = 400...700 nm) for scattering measurements. Thus,
static (SLS) and dynamic light scattering (DLS) experiments were applied in
several studies presented in chapter 5. As transparent samples are required
to obtain single scattering with visible light, many colloidal systems require
other techniques, especially for studies with turbid concentrated samples.
In such cases, small-angle neutron scattering (SANS) and small-angle X-ray
scattering (SAXS) are complementary techniques giving access to a range
of q-values from 0.01 to 5 nm−1 just above the q-range accessible with light
scattering. Due to the very high brilliance of the X-ray beams available at
3rd generation synchrotrons, SAXS gives the opportunity to do very fast
measurements with small sample volumes. On the other hand, the brilliance
of modern neutron sources is much lower, such that SANS measurements
take much more time and require larger sample volumes. But the fundamen-
tally different interaction of neutrons with the sample gives complementary
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information. Neutrons have a natural advantage for the detection of mate-
rials containing an important fraction of light-weight atoms, which scatter
X-rays only weakly [70, 71]. As neutrons interact with the atomic nuclei, the
scattering length does not only differ for the chemical elements but also for
the isotopes of each element. The scattering signal obtained with neutrons
can be changed significantly by controlling the isotopes used for sample pro-
duction. In particular, neutron scattering from protons and deuterium, the
nuclei of light and heavy hydrogen, differ strongly. This allows for varying
the scattering length density relevant for SANS for all materials containing
hydrogen.

2.3.1 Small angle scattering

For colloidal suspensions containing particles with a typical diameter ∼
100 nm, the range of wave lengths available with neutron radiation from
a cold source moderator (λ = 4 ... 20 Å) or with X-rays from a synchrotron
source (λ = 0.65 ... 3.1 Å) implies that scattering under small angles needs to
be studied. The general setup for such small angle scattering experiments
with a continuous incoming beam is sketched in Fig. 2.4. After selecting the
wave length with a monochromator, the beam is collimated and in some cases
also focused on the sample or the detector [72, 73]. Small angle scattering
experiments are often done with a pin-hole camera geometry, which means
that the collimation- and the flight-section have the same length and are
much larger than the diameter of the illuminated area on the sample. This
setup gives an optimum for q-resolution and beam intensity [73]. Neutrons
or X-rays are detected on area detectors with typically 128 × 128 pixels for
neutrons and several mega-pixels for X-rays. The sample chamber is usually
optimized to give a small contribution to the small angle scattering signal,
but special sample environments for temperature control, the application of
pressure, or electric and magnetic fields often give a considerable background.
Therefore, a measurement is typically separated in the actual measurement
with the sample and a background measurement done without sample, e.g.
an empty sample container. The beam transmission is recorded for all mea-
surements to normalize the intensity of the measured scattering signal, and
the background measurement is subtracted from the measurement with sam-
ple after normalization [74, 71]. This step is important, as for some sample
environments the signal due to the background can be more intense than
that from the sample.

SAXS measurements were carried out on the cSAXS beam line of the
Swiss Light Source (Paul Scherrer Institut), which is a third-generation syn-
chrotron with an energy of 2.4 GeV. The light source of cSAXS is given
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Figure 2.4: Typical setup of a small angle scattering instrument with pinhole
geometry.

by an undulator installed in a straight section of the synchrotron ring. A
monochromatic beam is obtained using a double monochromator of Si sin-
gle crystals. The wavelength spread is very small with dλ/λ ≈ 2 · 10−4 at
λ ≈ 1.4 Å. The resulting excellent q-resolution allows to resolve sharp peaks
(Bragg peaks) that are often smeared out in SANS measurements. The beam
size is variable, a diameter of 30 to 300µm can easily be obtained, which al-
lows for scattering from single crystal grains in colloidal crystals. The sample
to detector distance is chosen to be ≈ 7.2 m for colloidal suspensions with
particle radii ∼ 100 nm. The accessible q-range is about [0.01, 4] nm−1 and
the scattering signal is recorded with a Pilatus detector with 1475 × 1679
pixels and a pixel size of 172µm that allows to take measurements with the
full detector size with a frame rate of 30 Hz [75].

SANS measurements were performed on the beam lines SANS-I [76] and
SANS-II [77] at the neutron source SINQ of the Paul Scherrer Institut, which
is a spallation source with continuous neutron beam. Both instruments use
the pinhole camera setup typical for continuous neutron sources, as sketched
in Fig. 2.4. The polychromatic neutron beam originating from a 25 K deu-
terium moderator is guided towards the instruments with neutron guides
with a multi-layer coating of nickel and titanium to enhance the total reflec-
tion of neutrons by Bragg scattering due to the special coating. The wave
length for the experiment is chosen with a velocity selector that selects neu-
trons with a given velocity. The monochromatic beam passes a collimation
section with variable length. The length is varied by placing either neutron
guides or pinhole-sections with a length of about 1 m in the beam path. As
the sample to detector distance is also variable, the pinhole camera setup can
be used with collimation and flight lengths of 2 to 18 m for SANS-I and 1.2
to 6 m for SANS-II. Due to the limited beam brilliance of neutron sources,
a compromise between incoming intensity and angular resolution has to be
found for each experiment. The smallest accessible q-value is ≈ 0.01 nm−1,
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and the resolution is given by

dq

q
=
dθ

θ
+
dλ

λ
. (2.7)

dλ/λ ≈ 0.1 is fixed by the velocity selector, and dθ/θ is given by the pixel
size and the distance of each pixel from the direct beam position. θ is half
the scattering angle.

For colloidal samples, SANS is an especially useful tool to determine the
internal structure of the colloidal particles, as the scattering contrast can
often be varied by controlling the isotope composition of elements of interest
in the solvent or in the particles. In particular, the deuteration of the solvent
or the particles is often feasible. For aqueous suspensions, mixtures of light
and heavy water (H2O/D2O) allow to vary the scattering length density of

the solvent from −0.56 · 10−7 Å
−2

to 6.33 · 10−6 Å
−2

(for λ = 8 Å), which
covers the range of scattering length densities of most polymers and many
inorganic substances. This allows to obtain independent measurements for
e.g. core and shell in a core-shell particle or to measure a particle form factor
even in very concentrated conditions [78, 79], as presented in chapter 5 in the
study Structural changes of poly(N-isopropylacrylamide)-based microgels in-
duced by hydrostatic pressure and temperature studied by small angle neutron
scattering.

2.3.2 Pressure cell

Combined SANS and DLS measurements with pressures up to 500 kbar ap-
plied on the sample were performed using a high pressure cell built at Paul
Scherrer Institut for fluid samples on the SANS-I beam line at SINQ [80].
The pressure cell is closed with sapphire windows to allow visible light and a
neutron beam to pass the cell. The refractive index of sapphire is 1.770±0.002
and the neutron incoherent scattering and absorption cross-sections are rel-
atively small; the 1/e penetration length for a cold neutron beam with wave
length λ = 8 Å is 2.35 cm. The sample is placed between two sapphire win-
dows and a polymer o-ring for lateral sealing, which is squeezed in between
the windows to ensure that the sample cell is well sealed. The windows and
the o-ring fit into a metal ring made of brass containing small holes that allow
to apply pressure on the sample via the o-ring (see Fig. 2.5). This sample cell
is placed between the larger sapphire windows mentioned above that allow
the incoming neutrons and the laser beam to enter and the scattered waves
to leave the sample cell. The largest scattering angle with a transmission
setup is ≈ 20◦.
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Figure 2.5: Left: Sketch of the sample cell. Right: Sketch of the high pres-
sure cell of simultaneous SANS and DLS measurements with pressures up to
500 kbar [80].

Hydrostatic pressure is applied by pumping a pressure medium (a mixture
of hydraulic oil and ethanol) into the gap between the large sapphire windows
and the sample cell. The pressure medium compresses the sample via the
o-ring. To apply pressures up to 500 kbar, the sample cell has to be filled
completely without air bubbles, and the gap between sample cell and the
outer sapphire windows must be filled completely with the pressure medium.
This is achieved with valves on several heights of the pressure cell that can
be opened to let air escape. These valves are closed one after the other, and
about three filling cycles are needed to let all air escape and to reach the
maximum pressure of 500 kbar.

For combined SANS and DLS measurements, a home-built DLS setup
with a HeNe laser is used. The laser beam is directed through the pressure
cell with a mirror placed next to the neutron beam. Scattered light is picked
up by a lens installed at a fixed position and is coupled into a fiber guiding it
to cross-correlated avalanche photo-diodes. Therefore, DLS is done at a fixed
scattering angle. As the angle of the incoming and scattered beam relative
to the axis of the pressure cell is limited, the scattering angle lies either in
the range from 10◦ to 39◦ with a transmission geometry or in the range from
140◦ to 170◦ with a back-scattering setup.
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Abstract
Despite progress in the understanding of crystal nucleation and crystal growth since the first
theories for nucleation were developed, an exact quantitative prediction of the nucleation rates
in most systems has remained an unsolved problem. Colloidal suspensions show a phase
behavior that is analogous to atomic or molecular systems and serve accordingly as ideal model
systems for studying crystal nucleation with an accuracy and depth on a microscopic scale that
is hard to reach for atomic or molecular systems. Due to the mesoscopic size of colloidal
particles they can be studied in detail on the single-particle level and their dynamics is strongly
slowed down in comparison with atomic or molecular systems, such that the formation of a
crystal nucleus can be followed in detail. In this review, recent progress in the study of
homogeneous and heterogeneous crystal nucleation in colloids and the controlled growth of
crystalline colloidal structures is reviewed. All this work has resulted in unprecedented insights
into the early stage of nucleation and it is also relevant for a deeper understanding of soft matter
materials in general as well as for possible applications based on colloidal suspensions.
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1. Introduction and overview

As for other phase transitions, crystallization is a central
topic of condensed matter physics. It is at the heart of
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a thorough understanding of the controlled fabrication of
crystalline materials and, therefore, is of great importance
for many applications. In particular, crystals consisting of
colloidal particles [1, 2] are of interest for developing novel
materials such as photonic bandgap materials [3, 4] or optical
filters [5] that form by self-assembly. Furthermore, colloidal
materials offer unique possibilities for studying the nucleation
and growth of crystals on a microscopic scale, since the ‘atoms’
of the system are of colloidal size and, therefore, are easier to
observe than atoms or molecules [6, 7].

The focus of this review lies in recent advances in
the understanding of the fluid–crystal nucleation and growth
process and on methods for controlling the structure and
orientation of crystals. This review is organized as follows:
in the remainder of this introduction, an overview of the
fluid–crystal transition is given, criteria for freezing and
melting are discussed, the special properties of crystals and
phase transitions in two dimensions (2d) are introduced,
and a comparison of colloidal systems with atomic systems,
i.e. systems with building blocks of atomic or molecular size,
is given. A review of the nucleation and growth of crystals in
hard sphere (HS) systems is given in section 2. Recent findings
about the properties of subcritical and critical crystal nuclei,
the effect of polydispersity on nucleation and crystal growth
are discussed. Insights into melting and freezing in 2d systems
are presented in section 3. Difficulties in the understanding
of crystal nucleation in hard rods are presented in section 4.
In section 5, differences between systems with HS and soft
interactions are presented and the possibility of crystal–crystal
coexistence in systems with particular attractive interactions
is reviewed. The formation of binary crystals is discussed in
section 6 for HS systems and charged colloidal particles. An
overview of the effects of external potentials due to substrates
or external fields on nucleation and crystal growth in 2d and 3d
is given in section 7.

1.1. Fluid–solid transition

Generally, the formation of crystals in a metastable bulk liquid
involves the creation of crystal nuclei containing a relatively
large number of particles; the size of such nuclei is of the order
of 10 particle diameters or larger. Such large initial nuclei are
necessary, because the structures of the liquid and the crystal
are fundamentally different and involve the formation of an
energetically unfavorable interface between crystal and liquid.
This interface gives rise to a free energy penalty A! , which
is proportional to the area A of the interface and the surface
energy ! . As a consequence, there is a free energy difference
of crystal and fluid that has the form of a barrier and controls
the nucleation process:

"G = Gcrystal ! Gfluid = A! ! V ns"µ, (1)

where V is the volume of the crystal nucleus, ns is the
number density of particles in the crystal and "µ = µfluid !
µcrystal is the difference of the chemical potentials of fluid
and crystal. This free energy barrier is sketched in figure 1;
it is only overcome when a nucleus reaches the critical size,
beyond which the favorable lower chemical potential of the

r

!G

rc

!G*

Figure 1. Free energy barrier of crystal nuclei. On average, nuclei of
subcritical size (r < rc) shrink, while nuclei that reach a postcritical
size (r > rc) can decrease their energy by growing.

crystal dominates and the energy is reduced when the crystal
grows. The spontaneous formation of a critical nucleus in
the bulk of an undercooled fluid—homogeneous nucleation—
is generally a rare event, since it happens due to random
structural fluctuations. The formation of a nucleus on a seed—
heterogeneous nucleation—can be much faster, if the seed
gives rise to a reduction of the free energy barrier.

The free energy barrier is the basis of nucleation
theory. Classical nucleation theory (CNT), which assumes that
nucleation and growth can be described using the properties
of bulk crystal, was developed by Volmer and Weber [8] as
well as Becker and Döring [9] for condensation in vapors
and was extended to nucleation of crystals in liquids by
Turnbull and Fisher [10]. The assumptions of CNT about small
crystal nuclei are not based on a firm experimental foundation.
The large differences between theoretical and experimental
results for the maximum undercooling and nucleation rates
in metal melts [11] are believed to be connected to the crude
approximations for small crystals with a size of the order of the
critical nucleus. Furthermore, it is not clear that the structure of
the bulk crystal is the one with the smallest free energy barrier.
It was already remarked by Ostwald [12] that the structure that
forms initially need not be the one of the bulk crystal but is
the one that forms fastest in the vicinity of the crystal–liquid
interface, or on a seed in the case of heterogeneous nucleation.
Recent findings about the properties of small crystal nuclei are
discussed in subsection 2.2.

Before homogeneous crystal nucleation starts, crystal
precursors and subcritical crystal nuclei form during an
induction time. The length of this period depends on the ability
of the system to stay in a metastable state. When nuclei cross
the free energy barrier, these nuclei begin to grow continuously,
while new critical nuclei continue to form. Steady state growth
can be observed, during which the nucleation density rate
keeps constant, while the postcritical nuclei grow [13]. Crystal
growth, discussed in section 2.1, is expected to continue until
crystals fill the whole volume of the sample and begin to
interact. During the following ripening or coarsening of the
crystals, large crystallites grow at the expense of smaller ones.
The beginning of ripening is often observed before steady state
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growth of the crystals is reached [14, 15]. This regime is
beyond the scope of this review.

1.2. Criteria for freezing and melting

Since free energy calculations are often not available, empirical
rules for crystallization or melting that are experimentally
easily accessible have been identified. The oldest is the
Lindemann criterion for melting [16], which states that the
root-mean-square deviation of a particle, which is given by the
Lindemann parameter L =

!
!!r 2"/a, reaches a value of 0.15

when the crystal melts. Here, !r represents the displacement
of a particle from its lattice position and a is the average
distance between nearest neighbors. This rule is not valid
for crystals in two dimensions (2d), which have quasi-long-
range instead of long-range translational order [17]. However,
an adapted form of the Lindemann parameter can be used in
2d [18]. Remarkably, a theoretical study of hard spheres (HS)
in spaces with more than three dimensions indicates [19] that
the Lindemann criterion for melting is valid for dimensions up
to at least 50. The Hansen–Verlet criterion [20] can be applied
in both 2d and 3d. At freezing the first peak of the structure
factor S(k) of a monatomic fluid reaches a height of 2.85 in
3d and #4 in 2d. A criterion that appears to be more general
in the sense that it applies without restriction both in 2d and
3d is the Löwen–Palberg–Simon criterion [21]; the ratio of the
long-time and the short-time diffusion constants, DL/DS, in
the liquid is #0.1 at freezing.

The beginning of crystal nucleation in a fluid can be
detected by determining the pair distribution function g(r)
either with scattering or imaging techniques. A shoulder on
the low-r side of the second peak of g(r) of a fluid is observed
in HS in 2d and 3d, and this shoulder has been shown to be
related to the rearrangement of next-nearest neighbors when
structural precursors of the crystal form [22]. In 2d, the
shoulder corresponds clearly to the second peak position of
g(r) of the crystal. However, for 3d fcc crystals the position of
the shoulder corresponds to the third crystal peak in g(r). This
shoulder in g(r) is an important test for theories describing
the transition from fluid to solid. Many approximations used
for the fluid state are not reliable close to the transition to
the solid, e.g. with the Percus–Yevick and the mean spherical
approximation for g(r) the shoulder is not obtained. Close to
the freezing transition triplet correlations have to be taken into
account next to pair correlations [23]. Next to HS, the same
shoulder in g(r) is also observed for the 2d Lennard-Jones fluid
just before crystallization. However, it is not clear, whether
it is a truly general feature that is observed for all kinds of
interactions.

Due to their good experimental accessibility colloids are
ideal for studying crystallization in two dimensions (2d).
Important properties of 2d crystals are presented in section 1.3
and studies of melting and freezing in 2d are discussed in
section 3. As explained below, crystals do not exist in one-
dimensional (1d) systems due to fluctuations. Freezing in
more than three dimensions has been studied theoretically for
HS [19]. For all dimensions d > 3 a first-order transition is
found that preempts a second-order (spinodal decomposition)
instability that was previously reported [24].

1.3. Freezing and melting in two dimensions

In general, the phase behavior in two-dimensional (2d) and
three-dimensional (3d) systems is expected to be similar in
the sense that the crystal should form by a nucleation process.
However, the situation is more complicated, since no true long-
range translational order exists in 2d crystals and the phase
behavior close to freezing has been found to be richer than in
3d systems (see also section 3).

That no long-range translational order can exist in 2d
crystals was first shown by Peierls for the magnetic XY
model [25]. Fluctuations with long wavelength destroy true
long-range order. For a spin wave in a ferromagnetic system
this can be understood quite easily. The energy it costs to
tilt a spin by a small angle !" relative to its neighbors is
proportional to !"2. With the nearest-neighbor distance d and
the wavelength L = Nd of the spin wave, the energy of this
long wavelength fluctuation is proportional to N2(2#/N)2 $
L2(2#/L)2 in a 2d system. In a one-dimensional (1d) system
this proportionality is L(2#/L)2 and for 3d it is L3(2#/L)2.
The energy of the fluctuation does not diverge with the length
L in 1d and 2d and, therefore, long wavelength fluctuations
can be excited easily. This argument was generalized for
lattice systems by Mermin and Wagner [26, 27]. In a 2d
crystal the deviation of a particle diverges logarithmically:
!|u(R) % u(R&)|" $ ln(|R % R&|). Due to this relatively
slow divergence crystals exist in 2d but have quasi-long-range
instead of true long-range translational order. The translational
correlation function

GG(r) $
"#

j

exp(iG · r j )

$
(2)

decays algebraically in the crystal phase. Here, G is a vector
of the reciprocal lattice.

Furthermore, computer simulations and 2d colloidal
model systems have shown that particles with crystal-like
surroundings are present before freezing; the structural change
at the transition is not as clear as in 3d [28]. This is
discussed in more detail in section 3.2. Also, there is
strong evidence that many 2d crystals do not melt in a first-
order transition but in two second-order transitions. This
melting behavior is explained by a theory developed by
Kosterlitz, Thouless, Halperin, Nelson and Young (KTHNY
theory) [29, 30, 17, 31, 32], which predicts that a third
phase—the hexatic phase—with short-range translational and
quasi-long-range orientational order exists between crystal and
liquid. In triangular 2d crystals the orientational order is
measured by the correlation function

G6(r) $ !q6(r) q'
6 (0)", where (3)

q6(r j ) = 1
N j

#

k

e6i$ j k (4)

is the 2d orientational order parameter. $ jk is the angle
between r jk and an arbitrary fixed axis and N j is the number
of nearest neighbors of particle j . The hexatic phase is also
expected to influence the freezing transition, especially if the
system is kept close to equilibrium during freezing. Clear
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Figure 2. Phase behavior of HS particles depending on the volume fraction !. Images of HS-like PMMA particles illustrate the fluid and the
crystal phase.

experimental evidence for melting of 2d crystals according to
KTHNY theory has been found during the last two decades;
these findings and possible implications for freezing in 2d are
discussed in section 3.

1.4. Interactions and comparison with atomic systems

A wide range of different crystal structures is observed
in colloids, as different interactions such as hard sphere
repulsion (section 2), electrostatic repulsion or attraction,
electric and magnetic dipole–dipole interaction, van der Waals
interaction or depletion interaction are all relevant under
certain conditions. Some of them can be of the same order
of magnitude, which leads to competition between different
structures and complex phase behavior. Also, in many dense
suspensions the interactions are not simply pairwise but many-
body interactions are relevant [33], such as, for example,
in metals. Furthermore, the interactions between colloidal
particles can be tuned by tailoring the particles themselves;
this can be achieved by using particles with special electric
or magnetic properties, a special solvent or by applying an
external electric or magnetic field [7].

Due to the good experimental accessibility and the
possibilities for tailoring the interactions of the particles,
colloidal suspensions are interesting model systems for
fundamental studies of crystal nucleation and growth.
Nevertheless, there are general differences between colloidal
and atomic systems, which have atomic or molecular building
blocks with typical size !1 nm. As discussed in section 2.3,
colloids are polydisperse to some extent and size distributions
that are wider than 5% can have a strong effect on
crystallization and phase behavior [34]. The free energy cost
of the liquid–solid interface can be increased by polydispersity
and, as a consequence, crystal nucleation is suppressed in
2d and 3d systems. In many cases a fractionation of large
and small particles has to take place before nucleation can
start. This can lead to subtle effects such as nucleation in
several bursts [35]. Since colloidal particles are suspended
in a solvent, the total kinetic energy of the colloidal particles
is not conserved and the number of conserved quantities in
colloidal and atomic systems is therefore not the same. The
solvent also gives rise to long-range hydrodynamic interactions
between the colloidal particles. The interaction energies
between colloidal particles is of the same order of magnitude

as the corresponding energies in atomic or molecular systems,
but the density of colloidal particles is much lower due
to their larger size. As a consequence, the specific heat
of colloidal suspensions is usually of no importance, since
the total interaction energy is small. Freezing and melting
in colloidal systems happens virtually without a change of
temperature and the diffusion of heat in the vicinity of the
fluid–solid interface is, therefore, of no importance in colloidal
crystallization.

2. Hard spheres

Due to the conceptual simplicity of their interaction, their
phase behavior (see figure 2) and the importance of packing
effects in many systems, hard spheres (HS) are an important
model system in statistical mechanics. HS are the simplest
system showing a phase behavior that is analogous to that
of atomic substances. The crystallization of HS in 3d was
predicted by Kirkwood [24] and the first observations came
from computer simulations [36, 37]. Since HS have no
potential energy, their phase behavior is determined entirely by
entropy [38] and depends only on volume fraction !. Fluid
and crystal coexist between the freezing point !f = 0.494
and the melting point !m = 0.545 [39], while pure crystal
is stable for ! > !m. The configurational entropy of HS is
decreased when they form a crystal lattice. This reduction of
entropy is, however, more than compensated by an increase
of entropy due to the larger free volume for local movements
in the crystal lattice; space is used more efficiently in the
crystal than in an disordered state. An intuitive understanding
of this can be obtained by comparing the maximum volume
fractions in a crystal and in a random particle configuration.
In hexagonally close-packed crystals the maximum volume
fraction is 0.74, while it is reduced to 0.64 for a disordered
particle configuration. At higher volume fractions a glass
transition is observed at !g ! 0.58 [40, 41]. However, for ! >

!g shear-induced crystals with typically plate-like or needle-
like shapes can be observed. The formation of such crystals
depends on the shear history of the sample and they form by
heterogeneous nucleation typically on container walls [42].
Moreover, some samples with ! > !g have been found to
crystallize in micro-gravity, while they remained glassy for at
least a year under normal gravity [43].
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HS systems can be realized experimentally with sterically
stabilized particles in apolar solvents [40] and with charged
colloids in solvents with high salt content, which results in
a short screening length for the electrostatic interaction [44].
Sterically stabilized poly-methyl-methacrylate (PMMA) parti-
cles have been found to show a phase behavior that is remark-
ably close to that of hard spheres [40, 45–47]. With the proper
scaling of the particle diameter in order to take the thickness of
the surface layer for steric stabilization into account, these par-
ticles are found to freeze and melt at the volume fractions pre-
dicted by computer simulations [36]. The experimental freez-
ing volume fraction found by Pusey and van Megen [40] can
be reproduced in simulations, if the softness due to the layer
of poly-hydroxystearic acid for steric stabilization and a small
charge are considered. However, there are large discrepancies
for the nucleation rates from experiment and simulation. In a
more recent comparison of experimental and simulation data
it is found that PMMA particles most probably carry a small
charge, which seems to decrease when the density of the parti-
cles is increased [48]; the PMMA particles appear to be more
HS-like at high volume fractions close to !g.

In general, HS crystals grow as a random stacking of
hexagonally close-packed planes (rhcp) [40, 49–52], since the
difference in free energy between the fcc and hcp lattice is so
small that the conversion from rhcp stacking to fcc crystal—
the structure with lowest free energy—takes !103 times longer
than the initial nucleation and growth of the crystal [53–56].
As a consequence, rapidly grown crystals tend to contain a
large number of stacking faults (equal mixture of fcc and hcp),
while slow growth results in crystals with a clear tendency
towards fcc [49]. However, the amount of fcc-like stacking
of the planes and the rate with which the crystal converts to the
fcc stacking also appears to depend on the shear history of the
sample [57].

2.1. Homogeneous nucleation of HS crystal

Numerous experiments have been carried out for measuring
the nucleation rate (figure 3) and the growth laws in HS
suspensions. Probably the most accurate determination of
nucleation rates was done by Bragg scattering studies and
small-angle light scattering (SALS). SALS is sensitive to large-
scale density fluctuations. Crystal nuclei are denser than
the fluid around them due to Laplace pressure and, in the
coexistence region, due to the larger density of the crystal.
Therefore, crystal nuclei give rise to a peak at small scattering
angles [58, 59, 14, 60]. The position and the width of this
peak can be used to determine the average distance and size
of the nuclei. However, no detailed information about the
structure and shape of the nuclei is obtained. By following the
evolution of the small-angle peak, it was found that the mode
of growth varies from diffusion limited to reaction limited and
an intermediate behavior is observed in most cases. Time-
resolved Bragg scattering gives detailed information on crystal
growth [61–63, 43, 64]. Even information about the formation
of crystal precursors can be obtained, although the crystals are
too small to give rise to Bragg peaks at this stage; the formation
of crystal precursors causes a change of the fluid peak in the

Figure 3. Nucleation rate density J of hard spheres as a function of
volume fraction ! observed in experiments ( (purple) maximal
nucleation rate density Jmax, average • (black) Jav [63], (blue) [59])
and simulations ( (green) monodisperse HS, (red) polydisperse
HS, [34]).

scattering signal, which allows us to determine the number of
crystal nuclei that form during the induction phase [65].

For !f < ! < !m the density difference between crystal
and fluid is relatively large, especially for ! considerably
smaller than !m and for small nuclei, which are strongly
compressed by Laplace pressure. Therefore, diffusion is
expected to be important for the transport of particles from the
fluid towards the crystallites. This diffusion-limited process
is indeed observed for ! slightly larger than !f [59, 14], as
the average size L of the crystallites is found to typically
grow as L " t1/2. A depletion zone with a diameter of
the order of the crystal diameter is expected to form around
a crystal nucleus. For ! > !m the large difference of
chemical potential between the fluid and the solid favors a fast
insertion of spheres into the crystal and the density difference
between fluid and crystal is not as large as for ! < !m.
This situation corresponds to the reaction-limited regime with
L " t . These observations are well reproduced by a model
for classical crystal growth [14, 15] and a density functional
theory approach [66]. The occurrence of the reaction-limited
regime and growth exponents >1/2 indicate that there are
factors that limit the importance of diffusion. This is expected
to be the case when the incorporation of particles into the
crystal is so slow that diffusion is never rate limiting or, for
! > !m, when structural relaxation from fluid to crystal is so
fast that the density field has no time to respond to the pressure
field. The first case is expected to be relevant for polydisperse
suspensions. However, these two scenarios are hardly fulfilled
in experiments with monodisperse colloids (polydispersity
<5%). Two further reasons why growth exponents >1/2 can
occur are a decrease of the density difference as crystals grow
with time and the finite width of the liquid–crystal interface,
which is not obtained with simple theories giving a growth
exponent of 1/2 [66].

As shown in figure 3, the homogeneous nucleation rate
density J is found to grow with increasing !—increasing
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undercooling—until it reaches its maximum at ! ! !m. For
higher !, J decreases and vanishes at the glass transition at
!g ! 0.58. The maximum of the nucleation rate close to !m is
usually explained by a change of the kinetics of crystal growth.
The chemical potential difference "µ grows monotonically
when ! is increased and, accordingly, the nucleation rate
is also expected to grow. The maximum of the nucleation
rate is then attributed to a decrease of the rate with which
particles can be incorporated into nuclei with a volume fraction
!m < ! < !g. Hydrodynamic interactions leading to viscous
loss are one reason for this decrease of J beyond !m [67].
However, in micro-gravity, HS have been found to crystallize
at volume fractions even higher than !g, which suggests that
kinetic factors cannot be the only reason for the maximum of
the nucleation rate density J . This issue was addressed by MC
computer simulations of polydisperse HS at fixed "µ [68].
Surprisingly, the simulations show that the height "G" of the
free energy barrier as a function of "µ has a minimum in the
range 0.6 < "µ/kBT < 1.1. This is in contrast to Turnbull’s
suggestion that the surface energy # should be proportional
to "H , the latent heat of fusion [11]. This minimum can be
understood if a dependence of # on "µ is taken into account,
which can be approximated as # = #0(1 + $|"µ|). Thus,
the assumption of CNT that # is a constant is not correct
for HS. Furthermore, the simulations suggest that the kinetic
factor of crystal growth—the probability with which a critical
nucleus crosses the barrier and begins to grow—varies by at
most an order of magnitude. Therefore, the decrease of the
nucleation rate with increasing supersaturation is dominated by
the increase of # and not by a slowing down of the kinetics.
This could be tested experimentally: the distribution of the
final average crystallite sizes from crystallization experiments
conducted at different undercooling (different !) is expected
to be proportional to exp("G"/[4kBT ]) [68, 69]. As a
consequence, a minimum in the average crystallite size at some
volume fraction corresponding to the minimum of "G" should
be observable. Also, an increase of the crystallite size at high
supersaturations beyond the maximum of J , at ! > !m, would
indicate that the increase of # with "µ is real.

The nucleation rate is generally determined by the volume
fraction of the supercooled fluid. However, it is also time-
dependent and a complex interplay between the forming nuclei
and the surrounding fluid is not uncommon. Accelerated
nucleation has been found for volume fractions ! > !m [62].
Since the crystal nuclei at such high densities have a volume
fraction that is larger than the average volume fraction of the
whole sample, the volume fraction must decrease in the regions
between nuclei during nucleation. This leads to an increase in
the nucleation rate J , because J increases when ! decreases
towards !m.

During the growth of crystals in micro-gravity, the
formation of dendrites has been observed in suspensions of
monodisperse HS by direct imaging with a camera [43, 70, 64].
Dendritic growth has not been observed under normal gravity
conditions, even in density matched samples. The critical
nucleus radius for the onset of the dendritic growth instability
was estimated to be Rcrit ! 70% , where % is the particle
diameter. Furthermore, Bragg scattering data obtained in

micro-gravity at ! = 0.528 suggest that interactions between
growing crystallites can be important in HS [64]. As expected
at this high !, the average size L of the nuclei was observed
to grow as L # t while the number of crystallites decreased
and the crystal volume fraction increased as t2.2, which is
significantly slower than the expected t3 behavior. This
suggests that small nuclei are incorporated by large ones even
before the end of the nucleation phase. However, such behavior
might depend on specific conditions such as polydispersity.

Time-resolved SALS and Bragg scattering experiments
have provided a lot of insight into the nucleation and growth
processes and are a testbed for accurate models of crystal
nucleation and growth. For example, it has become clear that
crystal growth is typically limited by diffusion for ! < !m

and by the incorporation of particles into the crystallites for
! > !m. However, these experiments have not yielded
detailed information on nuclei of critical size, since such small
nuclei do not generate Bragg peaks and, furthermore, the
scattering signals of nuclei with different ages and sizes are
averaged in scattering experiments. Very small nuclei can,
however, be studied directly by real-space imaging such as
DIC microscopy [71] or confocal microscopy [72, 73] and in
computer simulations.

2.2. Critical nuclei

The properties of small crystal nuclei are of particular interest.
They are not well known but are of prime importance for
the nucleation process and for the early stage of crystal
growth. One reason for the failure of CNT to explain measured
nucleation rates is the assumption that small crystal nuclei have
the same properties as the bulk crystal, e.g. the structure of
the nuclei is assumed to be that of the bulk crystal and no
dependence of the surface tension # on the size of the nuclei or
on "µ is taken into account. In HS, crystal nuclei are usually
approximated as spherical clusters, while aspherical shapes
are found in experiments and simulations [74, 75]. However,
the shape of critical nuclei strongly depends on the particle
interaction and the results presented below should be expected
to differ in systems with other interactions. For example,
in a remarkable study of crystal nucleation in apoferritin
protein [76], nuclei of planar shape have been observed. Planar
nuclei are also expected to play a central role in nucleation of
short rods, as presented in section 4.

Since the formation of a critical nucleus in a supercooled
liquid is a rare and short-lived event, it is difficult to catch it
in experiments. Biased MC simulations have the advantage
that such events of interest can be made to occur more often.
Therefore, much of the current information about the formation
of critical nuclei comes from simulations. In a series of biased
MC simulations, nuclei of given sizes are produced and their
free energies are determined, while the kinetic factors giving
the transition probability from one nucleus size to another
are determined by kinetic MC or molecular dynamics (MD)
simulations. In this way the properties of nuclei of different
sizes as well as the nucleation rate density J can be determined.
This has been applied for a study of HS [68] and # has
been found to depend on volume fraction or, equivalently,
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A B

Figure 4. Crystal nuclei of slightly charged PMMA particles observed by confocal microscopy (! = 0.414). Particles in a crystal-like
surrounding are represented by red spheres that are drawn to scale, while the particles in the fluid state are shown by smaller blue spheres to
enhance the visibility of the crystalline regions. (A) 15 min after shear melting: subcritical nuclei have formed from structural fluctuations in
the metastable fluid. (B) After 58 min: two postcritical nuclei are observed in addition to subcritical ones.

supersaturation. This is important, since J depends sensibly
on its value. The structure of the critical nucleus was
determined with the bond-order parameter method [77, 78] and
the dominating structure was found to be rhcp.

Some of these simulation results can be compared
with a real-space imaging study of the early phase of
homogeneous nucleation in dense suspensions of weakly
charged PMMA spheres with !f = 0.41 and !m ! 0.46 [74].
Confocal microscopy was used to determine a number of
key quantities for crystal nucleation by determining accurate
particle coordinates and by following the evolution of the
local structure with a local bond-order parameter. Close
to the maximum of the nucleation rate density J at ! !
0.47, the evolution of a large number of crystal nuclei could
be followed and the size of the critical nucleus could be
determined from the condition that subcritical nuclei shrink on
average, while postcritical nuclei grow (figure 4). Furthermore,
the surface tension " was estimated in two ways. For
the smallest subcritical nuclei the positive surface energy
dominates and, as expected, their number is found to decrease
with increasing surface area. From the statistics of these nuclei
" ! 0.027kT/a2 is obtained. The second value, "CNT !
0.075kBT/a2, is determined from nucleation rates according to
CNT [79]. Due to the small charge of the particles, this value
for " is about a factor of two smaller than the value expected
from computer simulations and theoretical calculations for
HS [68, 80–82]. A similar reduction of " has been found from
computer simulations of slightly charged spheres [83]. The
difference between the two experimentally determined values
for " suggests that the properties of nuclei vary as they grow
from subcritical to postcritical size. The structure of small
crystal nuclei was analyzed by the same bond-order parameter
method as used in the simulations of [83]. The crystal nuclei
were found to be predominantly rhcp, which is the structure
expected for the bulk crystal. No contribution of bcc-like
order was found, although this is suggested by a mean-field
argument [84]. Generally, the nuclei have a rough surface
in confocal snapshots, presumably due to their low surface
tension " .

In a recent confocal microscopy study of homogeneous
nucleation in HS a similarly low value of " = 0.5 ±
0.05 kBT/a2 and rough surfaces were found for small crystal
nuclei [85]. Furthermore, the experimentally determined
nucleation density rates could be explained quantitatively,
when the irregular structures of the nuclei were taken into
account in #G (equation (1)) in terms of a configurational
entropy contribution. This new contribution to #G might
resolve the issue of large differences between nucleation rate
densities found in experiments and those expected from theory
and simulations, as shown in figure 3.

More details on the structure of critical nuclei in HS
were obtained from long MD simulation runs with 32 000 and
65 000 particles, in which 10 critical nuclei were observed [75].
The structure was analyzed with a combined method of local
bond-order parameters and a modified Voronoi construction.
Some of the observed nuclei are shown in figure 5. As
expected, the nuclei contain stacking faults; but, in addition,
heavily faulted structures, a twinned morphology and even
fivefold axes have been observed. As in the confocal
microscopy study mentioned above, the average stacking was
close to rhcp, but the stacking varied strongly from nucleus to
nucleus. The interfaces of the nuclei were found to be diffuse
and the overall shape was aspherical. The volume fraction of
the nuclei at the induction time was 0.58, which is comparable
to the value measured during crystallization of hard sphere
colloids by light scattering [63]. The growth did not proceed
through the addition of planes but was found to be located at
stacking faults or twinning planes. Growth at such defects is
commonly observed in many metallic particles [86]; it was
found to be concentrated at crossing stacking faults. Such sites
were previously identified to favor fcc over hcp [87].

2.3. Polydispersity

The nucleation and growth of colloidal crystals can depend
strongly on the polydispersity of the particles. For different
types of particles, polydispersity in size, charge, magnetic
moment or other properties can be of relevance. Here, an
overview of the influence of size polydispersity $ in HS is

7

34



J. Phys.: Condens. Matter 21 (2009) 203101 Topical Review

Figure 5. Reprinted figure with permission from [75]. Copyright 2003 by the American Physical Society. Cross sections through several
nuclei at the induction time. The lighter colored particles are fcc while the darker colored particles are hcp ordered. The near-black colored
particles (located along the fivefold axes in (b) and (c)) possess a local twisted icosahedral environment. For clarity only particles with these
three ordered local structures are shown. The observed structures are: (a) a single dominant stacking direction, ((b), (c)) multiply twinned
nuclei with fivefold axis, (d) mainly fcc order with stacking faults, ((e), (f)) nuclei with mostly fcc order bounded by hcp planes or stacking
faults.

given, which is defined as the standard deviation of the radius
distribution divided by the mean radius:

! =
!

!r 2" # !r"2/!r". (5)

For particles with unimodal size distribution, computer
simulations show a changed phase behavior and crystal
nucleation for polydispersities >5% [34]. The coexistence
region of fluid and crystal is shifted to higher volume
fractions [44, 88] and crystallization is observed up to a
polydispersity of 12%. However, fractionation of small and
large particles takes place such that the polydispersity of the

crystal does not exceed 5.7%. At fixed supersaturation "µ,
the height of the nucleation barrier "G$ is not affected by
polydispersities up to 5%, while for larger polydispersities the
barrier increases rapidly. This must be due to an increase of
the surface tension # with polydispersity and it is in agreement
with the observation that crystallization is suppressed for
polydispersities larger than 12% [34].

However, polydispersity is not just limiting crystal
nucleation; its effect is rather complex and depends on the
detailed size distribution. The addition of a small amount
of smaller HS to a monodisperse suspension of large HS
was found to considerably retard crystallization [89], which
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changes crystallization from diffusion limited to interface
limited with increasing polydispersity. Two exemplary
cases have been studied by light scattering in systems of
monodisperse HS particles with an additional fraction (1–3%)
of larger or smaller particles [90]; the size ratio of the small
and large particles was ! = rB/rA = 0.82. The crystallinity
(fraction of the sample that gives rise to Bragg scattering),
the position of the first Bragg peak and the average crystal
size were determined. The time until rapid crystal growth
did set in was prolonged in both cases. With additional
larger particles, the crystal was found to have essentially the
same properties as in a monodisperse sample, but the lattice
constant was moderately increased and larger crystal grains
formed. This suggests that the larger particles are fractionated
out of the crystal to a large extent. In the case of a small
fraction of smaller particles, a slow initial growth process was
observed that lasted about 10 times longer than the induction
time in monodisperse samples. These results suggest that
a small amount of larger particles decreases the density of
nucleation sites, which results in fewer large crystals, while
the density of nucleation sites is not reduced when smaller
particles are admixed. Similar results were obtained in a study
of crystal growth in HS with a polydispersity of 4.8% [35]. The
crystallization process was followed by measuring the Bragg
reflections from suspensions with 0.51 < " < 0.57; the
crystal structure factor was measured and the time-dependent
crystallinity X (t), volume fraction of the crystal "xtal(t),
average linear grain size !L(t)", number of crystallites Nxtal(t)
and the nucleation rate density J (t) were extracted from the
data. The crystallization process could be divided into three
phases. During the first phase, the induction time J (t) is
found to be high and slowly decreasing due to the formation
of a large number of crystal precursors that have neither liquid
nor crystal structure and, therefore, do not give rise to Bragg
peaks. X (t) remains very low during this phase. During the
second phase the number of crystal precursors decreases by
about one order of magnitude, while !L(t)" begins to grow and
"xtal(t) drops to an intermediate value. The drop in Nxtal(t)
coincides with the appearance of a second Bragg peak and is
followed by a considerable increase of X (t). The mode of
growth—merging of several crystal precursors or growth of a
subset of the precursors—could not be identified from the data.
During the third phase, J (t) reappears in a second, short burst
of nucleation; !L(t)" and Nxtal(t) grow rapidly before they
plateau at the end of this phase and "xtal(t) reaches its final
value. The nucleation in two steps is due to polydispersity;
during the first nucleation event fractionation of the particles
occurs and nucleation halts when the polydispersity in the
remaining fluid becomes too large. However, the fractionation
continues and a second nucleation event can occur. This
suggests that stepwise nucleation might be a universal feature
in polydisperse systems.

A high polydispersity is usually associated with glass
formation and the absence of crystallization. However, the
formation of ordered structures is not necessarily suppressed
by a high polydispersity. This has been shown in a light
scattering study of HS with bimodal but continuous size
distribution and average size ratio ! = 0.57 [91, 92]. In spite of

this large value, one Bragg peak was observed approximately
two days after shear melting the sample, indicating that
the particles form a partially ordered plane-like structure.
The observed Bragg scattering is compatible with a planar
structure, where the particle distance within a layer is larger
than that in a hexagonal layer and the distance between planes
is decreased. This structure is motivated by the possibility
that smaller particles can sit on interstitial sites between planes
formed by large particles. There is no long-range order within
the planes and the order perpendicular to the planes is also
reduced; thus, just one Bragg peak is observed. After shearing
the sample for two days by shaking it, the Bragg peak appeared
to be split into two peaks, the old, nucleated Bragg peak and
a new peak at somewhat smaller scattering vector q . This
second peak is explained by a partial fractionation during
shearing, which leads to the formation of crystallites that
contain mainly larger particles. Thus, a high polydispersity
does not necessarily prevent structural order but strongly
influences the crystal structure and the nucleation process.

3. Freezing and melting in two dimensions

A deeper understanding of the phase transitions between liquid
and crystal in 2d has been obtained during the last three
decades from theoretical and experimental studies of crystal
melting. This work has been motivated by KTHNY theory
developed in the 1970s by Kosterlitz, Thouless, Halperin,
Nelson and Young [93, 30, 29, 31]. Since the work on the
melting transition is also important for the understanding of
crystallization in 2d, the basic ideas and the most important
experimental results confirming the KTHNY theory are
presented in section 3.1 and work on the freezing transition
is discussed thereafter in section 3.2. A detailed review of
KTHNY theory and related experiments is given in [32]. Next
to KTHNY, other scenarios for melting in 2d have been studied.
The formation of grain boundaries [94–96], which appear as
chains of dislocations and condensation of dislocations [97],
have been proposed. Whether KTHNY theory or another
melting mechanism applies, depends on the core energy of a
dislocation [94, 95] but to date there is no clear rule for the
validity of the different theories.

3.1. Melting of two-dimensional crystals according to KTHNY
theory

According to KTHNY theory, melting of 2d crystals is due to
the formation of dislocations, which are topological defects.
Since only pairs of dislocations can appear spontaneously,
melting must be due to the unbinding of two bound dislocations
(figures 6(A) and 7) that form just before or during the melting
process. Unbound dislocations destroy the quasi-long-range
translational order, which becomes short-range (exponential
decay), but the orientational order is less affected. It is
reduced from long-range in the crystal phase to quasi-long-
range (figure 6 B). The resulting phase with short-range
translational and quasi-long-range orientational order is the
hexatic phase, which is specific for 2d systems and separates
the isotropic liquid and the crystal. The transition from the
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Figure 6. Overview of topological defects in two dimensions: (A) a bound pair of dislocations in a triangular crystal, (B) two unbound
dislocations in the hexatic phase and (C) disclinations in the isotropic liquid phase. Sevenfold and fivefold coordinated particles are shown by

and , respectively. The corresponding behaviors of the bond-order correlation function G6(r) (blue) and the translational correlation
function GT(r) (purple) are shown below.
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Figure 7. Reprinted figure with permission from [109]. Copyright
2007 by the American Physical Society. Orientational correlation
function G6(r) as a function of the inverse temperature in a log–log
plot. From top to bottom: three curves for the crystalline phase
showing the long-range orientational order (limr!" G6(r) #= 0), two
curves showing the quasi-long-range order of the hexatic phase
(G6(r) $ r%!6 ) and three curves showing the short-range order of the
isotropic liquid (G6(r) $ e%r/"6 ).

hexatic to the liquid happens at a higher temperature—or
lower concentration—than the melting transition. Dislocations
unbind into disclinations, another type of topological defect.
This unbinding reduces the orientational order from quasi-
long-range to short-range (figure 6(C)). Thus, KTHNY
theory predicts three equilibrium phases—liquid, hexatic and
crystal—and two second-order transitions, which means that
no fluid–crystal or hexatic–crystal coexistence regimes are
expected.

Initially, the validity of KTHNY theory was mainly
tested with computer simulations [98–100]. However,
due to the limited number of simulated particles no clear
results for or against KTHNY were obtained. More recent

computer simulations show the behavior expected from
KTHNY [101, 102]. In experiments, the hexatic phase was
first found by Murray and van Winkle [103] in a system of
charge-stabilized polystyrene particles in between two glass
plates. Further observations followed from a system of
essentially hard spheres in 2d [104], where the crystal–hexatic
and hexatic–liquid transitions were observed but appeared to
be of first order, and from particles with electric dipole–
dipole interaction [105, 106]. The clearest evidence for the
validity of KTHNY theory has been obtained with a system
using super-paramagnetic particles with magnetic dipole–
dipole interaction [18, 107]. As illustrated in figure 7, both
the translational and the orientational correlation function show
the expected behavior and allow us to locate the crystal–
hexatic and the hexatic–liquid transition [18]. The most precise
results are obtained from the time-dependent orientational
correlation function G6(t), which can be determined with
better accuracy, because the finite size of the observed volume
is not limiting the accuracy of the result. The clearest
evidence that the transitions do indeed happen due to the
unbinding of dislocation pairs and dislocations into two
disclinations according to KTHNY has been given by showing
that the transition temperatures are those predicted by the
theory [108, 109]. The unbinding of the same topological
defects is also relevant in 2d granular systems, which can
exhibit an analogous phase behavior although they are far from
equilibrium [110].

3.2. Crystallization in two dimensions

While clear evidence for the 2d melting scenario according
to KTHNY theory has been obtained, crystal nucleation in
2d is not as well studied and there are important unresolved
issues. Although two second-order transitions are expected
from KTHNY, the nature of the freezing transition is still
an unresolved question. Especially for hard discs, there are
indications for a first-order transition [101]. For systems that
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Figure 8. Reprinted figure with permission from [28]. Copyright 2005 by the American Physical Society. Snapshots of configurations at
packing fractions ! = 0.5 (a), ! = 0.65 (b) and ! = 0.7 (c), with Voronoi cells. Darker cells correspond to polygons of class A
(" ! (1.108;1.159)), lighter cells to polygons of class B (" ! (1.159;1.25)) and the numbers indicate the type of polygon (number of
vertices).

show melting according to KTHNY it is not clear under which
conditions the hexatic phase is of importance for freezing.
Furthermore, the structural changes during freezing are not as
clear as in 3d [28], which can complicate the experimental
determination of both the temperatures where freezing and
melting occur and the differentiation between the formation of
the hexatic phase and a liquid–crystal coexistence region as
expected for a first-order freezing transition.

In several studies, 2d liquids just below freezing have been
observed to contain crystal-like patches of sixfold coordinated
particles [111, 28, 112, 105], which might be expected from
the changes in g(r) just before crystallization (see section 1.2
and [22]). The existence of crystal-like patches in the liquid
complicates the detection of the freezing transition and it
shows that, close to the freezing transition, the liquid is more
complex than suggested by the pair-correlation function g(r).
The importance of higher correlations has been shown in a
microscopy and simulation study of a 2d liquid [23]. An
accurate description of the experimentally observed liquid–
crystal phase behavior has also been investigated by density
functional theory (DFT) for a 2d liquid with repulsive dipole–
dipole interaction [113, 114]. Two- and three-point particle
correlations have to be taken into account to obtain a free
energy functional that agrees well with experimental results.
The information given by g(r) is, therefore clearly not
sufficient for a detailed understanding of freezing. The DFT
approach is, however, in some respects a rough approximation
for true 2d crystals. A perfect triangular crystal with long-
range translational order is assumed. The liquid–crystal
transition is, therefore, of first order and dislocation pairs, the
typical defects seen both in experiment and simulations [115],
are not obtained.

For a clearer separation of the structural properties of the
liquid and the crystal phase, a structural shape factor " =
C2/(4# S) has been introduced [28], which can be applied
when the particle coordinates are known as in simulations or
microscopy studies. " relies on a Voronoi analysis, which
allows us to determine the circumference C and the surface
area S of the Voronoi cell of each particle. In MC simulations
of hard discs it was found that " reflects the structural changes
close to melting in more detail than the changes in g(r). As

illustrated in figure 8, three classes of particles were defined
according to " < 1.159 (class A), 1.159 < " < 1.25
(class B) and 1.25 < " (class C), where the limit between A
and B is motivated by a minimum in the histogram of "
that is observed just before freezing and class C is chosen
such that it is virtually absent in the crystal. Thus, in a
crystal close to freezing mostly class A is observed, while
just above the transition patches of mainly A as well as
mixed patches of B or C are observed. The " parameter
is apparently useful for getting a picture of ordered and
disordered domains and, therefore, should also be applied in
studies of crystal melting, although, in an experimental study
of the freezing transition [116], " alone was not sufficient for a
clear differentiation of crystal and liquid.

As the localization of the freezing transition from
structural changes is not straightforward, changes of the
particle fluctuations at freezing can give important additional
information. In the liquid, fluctuations are strong and
rather uncorrelated, while they are clearly correlated in the
crystal. This is reflected by the stability of the local
structure in the crystal and its relatively fast decay in the
liquid. Thus, a dramatic change of fluctuations is expected
at freezing; an analysis of the freezing transition based on
both typical structures and fluctuations just above the freezing
temperature has been proposed [112]. Two typical structures
consisting of seven particles were analyzed. $6 represents a
sixfold coordinated particle as expected in the crystal and $5

corresponds to a fivefold coordinated particle and an additional
neighboring particle; this typically represents a dislocation.
For both $6 and $5 it is assumed that the particles show
independent Gaussian fluctuations and the properties of each
are thus described by a distribution of the local bond-order
parameter q6 and by the width of the Gaussian fluctuations.
The values for both parameters were determined from MC
simulations of hard discs and the Lennard-Jones liquid (LJ).
The freezing transition was located by checking for the
suitability of the $6 and $5 structure to represent the order
of the system. Indeed it is found that the significance level
of the representation drops quite sharply at the concentration
or temperature where freezing is expected. From this analysis
of hard discs and the LJ liquid the concentration of crystal-
like sixfold coordinated particles at freezing is expected to be
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rather high, with 50–56% of all particles, and at the melting
point it was found to be in the range of 75–80%. Moreover,
a Lennard-Jones criterion for 2d was obtained: at freezing the
root-mean-square fluctuations were found to be in the range
0.12a–0.13a, where a is the nearest-neighbor distance.

The conditions under which the hexatic appears during
freezing have not yet been clarified. The 2d system with
magnetic dipole–dipole interaction [18, 107, 109] has been
used to study crystallization and the hexatic was observed
under very slow cooling [109], while it was absent for cooling
with larger quenches from the liquid towards the crystal
phase [116]. Experiments with shallow gradual quenches
would be of interest to clarify when the hexatic appears.

4. Crystal nucleation of short, rod-shaped particles

Most work on crystallization in colloidal systems focuses
on spherical particles, although there are important examples
of non-spherical particles, e.g. in clays [117]. Here, recent
work on dense crystal structures of ellipsoidal particles and
on nucleation in short rods is summarized. The latter
highlights the difficulties that are encountered with non-
spherical particles. Work on the ordering of rods in liquid
crystalline phases and other structures has been summarized
in [118].

As for hard spheres, the most favorable structure of hard
ellipsoids is the one that allows the densest packing. However,
for ellipsoids this structure is unknown. Structures based
on the fcc lattice have been proposed: when an fcc lattice
with spherical particles is stretched in an arbitrary direction, a
lattice with ellipsoidal particles and the same volume fraction
is obtained [119]. That denser structures are possible has been
shown recently [120]. Ellipsoids of revolution with aspect
ratio of length and diameter L/D ! 3 can reach a packing of
! = 0.7707 with two particles per unit cell that are tilted with
respect to each other. A related monoclinic structure with two
particles per unit cell was studied with MC simulations [121]
and, starting from the fcc-like lattice mentioned above, it was
found to form spontaneously for ellipsoids of revolution with
3 < L/D < 6. Ellipsoids with L/D < 3 were found to
remain in the fcc-like structure. These observations, however,
do not show that this monoclinic, tilted structure is formed
spontaneously by ellipsoids that are initially in the nematic or
a liquid phase. Thus, nucleation of such elongated particles is
largely unknown.

From liquid crystals it is well known that a suspension
of rods passes through a nematic phase at intermediate
concentrations before reaching the crystalline state. However,
short rods with an aspect ratio L/D ! 3 crystallize directly
without intermediate nematic order. The details of this phase
transition are not well understood and experimental results
on the nucleation process and crystal growth are scarce. A
real-space imaging investigation [122] revealed a transition
from the fluid to smectic order in rods with L/D = 3.5.
Initially, a single layer that grew laterally was observed and
additional layers only formed after substantial growth of the
first one. Smectic ordering and no nematic phase was found

for 4.4 ! L/D ! 8.0. For longer rods, 10 ! L/D ! 35,
ordering proceeds via the nematic phase.

The experimental observations agree with results obtained
from simulations, but the theoretical understanding and
also the computer simulations are hampered by the fact
that the nucleation process in rods differs from that
for spherical particles. Therefore, the appropriate order
parameter for a description of the fluid–crystal transition is
unknown [123–125]. Biased MC simulations have been used
to study the nucleation process in a box containing 2400
spherocylinders with aspect ratio L/D = 2. A combination of
a maximum surface-to-surface distance and a maximum value
for the angle formed by the long axes of neighboring particles
was used as an approximate order parameter to identify
particles in a crystal-like surrounding. Large ordered clusters
with up to 80 particles were obtained in the simulations, but
the vast majority of the particles were arranged in a single
layer of rods. Although the conditions were chosen such
that the crystal is stable, the formation of a second layer was
not observed, since rods lying flat on the surface of the first
layer obstruct this process. The reorientation of these rods
to an upright position on the layer is an improbable process
and the growth of additional layers is, therefore, hindered
for kinetic reasons. The one-layer nucleus is ‘poisoned’
by rods lying flat on it. Since the free energy of a single
layer grows monotonically with its size, it does not cross the
nucleation barrier and, therefore, cannot form a stable crystal.
In the simulations, the ‘poisoning’ rods can be pre-aligned
by choosing a bias that favors rods that stand upright on the
layer. With this method the formation of a second layer was
observed, but it was found to be an additional nucleation
event. Therefore, the consecutive formation of layers is a
very improbable nucleation pathway and nucleation could not
be observed in the simulations, since no adequate reaction
coordinate for following the crystallization pathway is known.
Similar problems were encountered in a simulation study of
crystal nucleation of ellipsoids of revolution with an axis ratio
a/b = 1.25 [125]. Nucleation in rods might involve the fusion
of two or more layer-shaped subcritical nuclei. It is expected
that an external field for pre-aligning the rods would greatly
enhance the nucleation rate. The observation of a layer agrees
qualitatively with the experimental results in [122].

5. Soft repulsive and attractive interactions

5.1. Crystal–crystal coexistence

A liquid only appears in the phase diagram of a substance, if
there is a large enough attractive range in the interaction of
the pair potential [126–130]. When the range of the attraction,
", is decreased, the critical temperature Tc is lowered and for
"/# ! 1/3 it reaches the triple point temperature Tt and
the liquid phase becomes metastable. Here, # denotes the
diameter of a colloidal particle. An analogous situation occurs
in systems with a very narrow attractive range, "/# ! 0.07. A
dense and an expanded crystal phase with the same structure
can coexist [131]. The transition from one to the other phase
is first order and there is a crystal–crystal critical point in the
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phase diagram. This situation was explored by MC simulations
for particles with an HS core and an attraction due to a square
well potential [132]. In this system, the internal energy is
lowered abruptly when the density is increased such that the
majority of the nearest-neighbor distances is reduced to a value
<! + ", where " is the width of the square well potential.
When the temperature is low enough, this reduction of internal
energy can outweigh the penalty due to the entropy decrease
caused by the higher density. A cell-model calculation yields
the relation #c/#0 = ("/! + 1)!3 for the critical density
#c; #0 is the density at close packing. This result was
corroborated by MC simulations that show a weak dependence
of Tc on " and suggest that for "/! < 0.06 the crystal–crystal
transition should be observed; for larger " the expanded crystal
phase becomes metastable. Such a crystal–crystal transition is
expected to be observable for systems of uncharged colloids
with a depletion interaction that is sufficiently short-ranged.

The influence of a crystal–crystal coexistence on the
crystallization process was studied in more detail by MC
computer simulations of HS with depletion interaction due
to smaller hard spheres [133]. The size ratio of small and
large spheres was $ = 0.1 (0.05) and, correspondingly, the
expanded crystal is metastable (stable). Simulations were
carried out at two volume fractions of the small particles,
%s = 0.05 and 0.1. For %s = 0.05 the effective temperature
is above the critical point of crystal–crystal coexistence and
there is only one crystal phase. The nucleation process is
in good agreement with CNT, as the free energy barrier is
well described by the CNT expression and the density of the
crystal nuclei is the same as the density of the bulk crystal
and does not depend on the number n of particles in the
nucleus. At %s = 0.1, the effective temperature is below the
critical temperature and there is a metastable expanded crystal
phase. The density of the nuclei is found to increase with
n, which is in contrast to both CNT (the density is always
that of the bulk crystal) and the droplet model (the density
decreases with increasing n because of Laplace pressure). This
counterintuitive behavior can be explained by the fact that
the pressure inside a crystal nucleus depends on both Laplace
pressure and the surface stress [134, 135]. The latter can have a
large effect when the compressibility is large, which is the case
near a metastable crystal phase. Thus, the observed behavior
is a direct consequence of the proximity of a crystal–crystal
critical point.

On the experimental side, hints of the effect of a
metastable crystal state have been found in a video-microscopy
study of the sublimation of wall crystals in colloids with
depletion interaction [136]. With a size ratio 0.003 < $ <

0.014 the range of the attraction was very small. Metastable
wall crystals have been found to sublimate faster into the gas
phase as soon as they shrink below a critical size of n =
25 ± 5 particles. If the melting process was governed by the
surface, the evaporation rate should be proportional to n1/2 and
evaporation should become slower when the crystallites shrink.
However, these crystallites undergo accelerated sublimation
by transforming into a dense liquid, which has a slightly
lower density than the crystal and evaporates quickly. This
accelerated melting is reminiscent of a coexistence of a dense

and an expanded crystal phase. In this particular case, however,
the expanded crystal phase probably does not form because of
the polydispersity "3.5% of the colloidal spheres used. This
example probably shows how an intervening metastable phase
can have a profound effect on the kinetics of a phase transition.

5.2. Soft particles

A lot of insight into crystal nucleation and growth has
been obtained from systems based on HS. But during recent
years, soft particles realized by, for example, star polymers
or microgel particles have gained a lot of attention for
applications [137–140] and as model systems. Poly(N-
isopropylacrylamide) (PNIPAM) microgels are the most
common thermo-responsive microgel particles [141]. Their
phase behavior is expected to be richer than that of
HS [142, 143]. With thermo- or pH-responsive microgel
particles the effective volume fraction can be varied easily by
changing the size of the particles. Thus, very fast density
quenches and, furthermore, very high densities that require a
compression or interpenetration of the particles can be studied.
Moreover, a change from the compressed to the swollen state
of the particles allows us to study the transition from HS-like to
soft particles in a single experimental system [144, 145]. With
UV–visible spectroscopy measurements the crystallization
kinetics of aqueous suspensions of PNIPAM particles was
followed at different temperatures corresponding to volume
fractions 0.51 < % < 0.56 [145]. In the swollen state,
the kinetics of the crystallinity, the number of crystals and
the average size of the crystals was found to be close to
results obtained with HS in micro-gravity [64]. This is not too
surprising, since the PNIPAM particles contain a large amount
of water; they almost match the density of the solvent and no
sedimentation of crystals was observed. In the shrunken state
the kinetics becomes much slower, which must be related to
the changed interaction and is not understood in detail. An
interesting decrease of the freezing point of PNIPAM particles
with decreasing effective volume fraction has been determined
by real-space imaging [146] but detailed information about
crystallization was not obtained.

A theoretical study of charged soft particles [143]
indicates that the common criteria for freezing and melting
do not hold for super-soft particles and, furthermore, at high
concentrations the structures are expected to differ from those
of HS-like systems. The phase behavior of very soft particles
with uniform charge was studied with a genetic algorithm
for free energy minimization. The crystal structures that
are expected for increasing particle concentration are fcc and
bcc and, at very high densities, which force the particles
to either shrink or interpenetrate, hexagonal, body-centered
orthorhombic (bco) and simple trigonal (tri). For the highest
densities, it is found that both the Hansen–Verlet and the
Lindemann criterion do not hold. For example, the Lindemann
criterion would favor fcc or bcc at very high concentrations.
Furthermore, the crystal is found only for sufficiently charged
particles such that the charge repulsion between the particles is
strong enough to give rise to structural order. To date, however,
in experiments only fcc or rhcp order has been found in neutral
and charged microgel suspensions [147–149].
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6. Binary crystals

Binary colloidal crystals were first observed by Sanders
[150, 151] in gem opals, which consist of dried silica particles.
The first laboratory-grown binary colloidal crystals consisted
of charged latex particles [152, 153]. While the stoichiometry
of binary crystals in atomic systems is controlled by the
charges of the ions forming the crystal, this is not a strict
restriction in colloidal crystals. Indeed, an AB8 structure
without an atomic analog has been observed [154]. Here,
A denotes the large and B the small colloidal particles.
The crystal structures formed in mixtures of small and large
colloidal particles are of interest for applications such as
photonic crystals [3] and also due to the analogy with
atomic binary crystals. Compared with monodisperse colloidal
suspensions, the size difference between large and small
particles can facilitate the formation of crystals with good
long-range order, which is often desired for applications. A
lot of progress is currently made in understanding the phase
behavior and in controlling the structures in binary colloidal
suspensions. However, the crystallization process is not well
studied.

6.1. Binary hard sphere crystals

The surprisingly complex phase diagram of binary HS was
mapped out with light scattering experiments with various size
ratios ! = rB/rA and number ratios nB/nA. Hexagonal AB2

(space group P6/mmm) and cubic AB13 (space group Fm3c)
were observed [155, 156]. AB2 was found at a size ratio of
! = 0.58 and hints for it were found at ! = 0.61. Since
crystal growth in binary samples is slow, sedimentation can
be a problem. Therefore, samples are usually prepared with
solvents that closely match the density of the particles and,
in addition, the samples can be tumbled slowly to average
out sedimentation effects. Interestingly, the complex AB13

structure was found to grow faster than AB2 crystals; it is
speculated that this is related to the high degree of local
icosahedral order in AB13, which might lead to a low free
energy of formation for crystallites with this structure.

When the number density of one species dominates,
pure A or B crystals coexist with a liquid phase. For
intermediate number ratios, coexistence of AB13 and liquid
(9 ! nB/nA ! 16) as well as AB2 and liquid (4 ! nB/nA ! 6)
are observed. According to these regions of crystal–liquid
coexistence, three eutectic regions—each lying between two of
the crystal–liquid coexistence regions—are expected and two
of them, B–crystal–AB13–liquid and AB13–AB2–liquid, have
been observed experimentally. The third eutectic region, A–
crystal–AB2–liquid was not found, because the evolution of the
samples was very slow at high concentrations of large particles
and they remained amorphous for several months. Bartlett et al
calculated a phase diagram using semi-empirical equations of
state [157, 29] and the assumption that the two species are
completely miscible in the liquid state but not miscible in the
solid state. This phase diagram does not predict AB2 or AB13

structures, but for the cases where one species dominates it
agrees well with experimental results. A first prediction for the
stability of different structures can be obtained by comparing

their volume fractions at close packing. As a rule of thumb,
the structure that allows the highest volume fraction is the
best for maximizing entropy; at volume fractions below close
packing, this structure gives the particles the most space for
local movements, which increase entropy. According to this
criterion, the AB13 and AB2 structures are expected to be found
in the range 0.5 < ! < 0.8 [158]. In a more rigorous analysis
of the stability of AB2 and AB13, the Gibbs free energy of AB2,
AB13, pure fcc of A or B, and liquid were determined [159] and
the results were found to compare well with the experimental
observations of Bartlett et al [155, 156]. A cell theory approach
was also used to determine the stability ranges of several binary
structures [160]; the results for AB2 and AB13 agree well with
those of [159].

For size ratios ! < 0.5, theoretical and simulation
results [160, 161] suggest that structures analogous to NaCl
or NiAs are stable. AB crystals with NaCl structure have
indeed been found for ! = 0.39 and nB/nA = 1 ("B/"A =
0.06) [162]. The large A particles form an rhcp lattice and the
small B particles sit in the interstices. The symmetry of the
crystal is thus the same as for a pure crystal of A particles and,
as a consequence, the powder Bragg pattern of the AB crystal
is hard to distinguish from that of pure A crystal. However,
the arrangement of the small B particles in the interstices was
confirmed by laser scanning confocal microscopy.

At large size ratios ! and nB/nA ! 1 crystals with
stoichiometry AB such as the CsCl structure are expected.
The simple packing argument suggests that this structure
is metastable, since its volume fraction at close packing is
0.729 < "fcc. Nevertheless, it was found in a binary mixture
with ! = 0.736 and nB/nA ! 1 by light scattering [163]. The
samples were left undisturbed for several months and were not
tumbled. As a consequence of slow sedimentation crystallites
typically appeared in narrow, horizontal bands in the sample
containers. However, the disappearance of the crystals in some
samples after about a year indicates that the CsCl structure is
indeed metastable.

Binary colloidal crystals have significantly different
crystallization kinetics than monodisperse colloidal crystals.
Relatively little is known about both nucleation and growth,
since differential sedimentation of large and small particles
complicates the study of this behavior. The crystallization
kinetics of two crystallizing samples was studied by light
scattering [165] in a micro-gravity environment on the
International Space Station, where the deleterious effects of
gravity are absent [164]. In one sample with nB/nA !
4.7 and ! = 0.4, AB6 crystals with bcc structure formed,
while AB13 crystals formed in the other with nB/nA ! 19
and ! = 0.57 (see figure 9). After the long induction
times of typically 40 h, the Bragg peaks of both crystal
structures grow rapidly for 10–20 h and the width of the peaks
decreases to significantly smaller values than in monodisperse
HS crystals. This underlines the high degree of long-range
order in these crystals. The long induction times are probably
due to large-scale particle rearrangements that are necessary
for the formation of nucleation sites. Especially in the case
of the AB13 sample this is a probable scenario, since the
stoichiometry of the whole sample is quite far from that of
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Figure 9. Unit cell structures of (a) AB6 and ((b), (c)) AB13 crystals observed in [164]. (b) shows the structure of 1/8 of the unit cell. The
small B particles are arranged in icosahedra surrounded by the large A particles forming a simple cubic lattice. (c) shows the unit cell of AB13.
The changing orientation of the B icosahedra is illustrated by the black bars.

the crystal. The data obtained from the period of fast growth
shows clear differences between the two samples. While in
the case of AB13 virtually all nucleation sites appeared to form
before the phase of fast growth, for AB6 a behavior expected
close to the steady state nucleation and growth regime was
observed. The large difference between the number ratios in
the suspensions and the stoichiometry of the crystals is rather
surprising; whether this is of particular importance for the
formation of the crystals is an open question.

6.2. Binary crystals of charged particles

In contrast to HS, structures with relatively low volume
fractions can be obtained with charged particles, where the
contribution of the (screened) Coulomb interaction to the free
energy is more important than entropy. When the Debye
screening length is much larger than the radii of the particles,
the stoichiometry of the binary lattice must be such that the
charges of the particles compensate each other. However,
for higher salinity of the solvent the screening length is so
short that the stoichiometry is not determined by the charges.
The whole spectrum of stoichiometries and structures ranging
from charge-controlled to packing-controlled can be explored
in colloidal suspensions, as the salinity of the solvent and,
therefore, the screening is adjustable.

A large diversity of lattices has been observed in binary
suspensions of sterically stabilized nanoparticles made of Au,
Pb, PbSe, PbS, Pd, Fe2O3, CoPt3 or Bi with a typical size of
!10 nm [166]. As shown in figure 10, the observed structures
range from NaCl to AB13 with almost every stoichiometry in
between. The nanoparticles carry a small charge ("e, 0, e
or 2e), which can be influenced by coating the particles with
various surfactants. As expected for charged particles, the size
ratio of the particles is not as important as in hard spheres. A
large variety of superlattices is also favored by the fact that
some particles can occur in two charge states in the same
suspension (e.g. neutral and +e). As a consequence, several
different lattices have been observed to nucleate in one sample.

A structure such as AB13 with many particles of one species is
preferred when the B particles are neutral.

Structures formed by oppositely charged particles can also
be realized with poly-methyl-methacrylate (PMMA) particles.
In a solvent containing cyclo-heptyl-bromide (CHB) these
particles slowly change and even reverse their charge due
to an increase of Br ions as a consequence of illumination
with light [167]. In binary samples at a size ratio ! =
0.93, three crystal structures were observed. When the
particles are close to neutral, substitutionally disordered rhcp
crystals formed. With increasing charge, CsCl and NaCl
structures with volume fraction " = 0.67 and 0.49 were
observed, respectively. The transition to NaCl, a considerably
less dense structure, is clearly a consequence of a growing
electrostatic interaction between the particles; the observed
transitions can be explained, at least partly, with the random
primitive model [168]. In another study of binary PMMA
suspensions [154], crystals with the stoichiometries AB, AB6

and AB8 were identified. With a number ratio nB/nA = 4,
" = 0.23, and a screening length !1.5 µm, AB crystals
with NaCl and NiAs structures were found to coexist. For
a size ratio ! # 1, crystals with CsCl structure formed.
Surprisingly, for ! # 0.31 (" # 0.11) and number ratio
nB/nA = 8 the formation of AB6 crystals with face-centered
orthorhombic structure was observed, as shown in figure 11.
The observations of the NaCl and CsCl structures at ! # 1
as well as the AB6 and AB8 structures for ! # 0.31 are in
good agreement with calculations of Madelung energies and
expectations from computer simulations [154, 169]. An AB4

structure is also expected but was not observed experimentally.
The similarity of the CsCl-like crystals observed with slightly
charged particles [154] and the structures observed in [170]
suggests that the particles in the latter study were also slightly
oppositely charged.

One of the motivations for studying binary colloidal
crystals are potential applications as optical bandgap materi-
als. Large bandgaps can be obtained with diamond-like lat-
tices [171, 172]. A possible route to such crystals with dia-
mond or pyrochlore structure is shown in a simulation study
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Figure 10. Reprinted with permission from Nature Publishing Group from [166]. TEM images of the characteristic projections of binary
crystals, self-assembled from different nanoparticles, and modeled unit cells of the corresponding 3d structures. The crystals are assembled
from (a) g-Fe2O3 and Au; (b) PbSe and Au; (c) PbSe and Pd; (d) PbS and Pd; (e) PbSe and Pd; (f) PbSe and Pd; (g) PbSe and Ag; (h) PbSe
and Pd; (i) PbSe and Au; (j) PbSe and Pd; (k), PbSe and Ag; (l) PbSe and Pd nanoparticles. Scale bars: (a), (b), (c), (e), (f), (i), (j), (k), (l),
20 nm; (d), (g), (h), 10 nm. The lattice projection is labeled in each panel above the scale bar.

in [4]. MC simulations and free energy calculations show that
in binary colloidal suspensions with size ratios 0.74 < ! <

0.82 the Laves phases MgCu2, MgZn2 and MgNi2 coexist with
fcc crystals of the large and small particles; the large parti-
cles in the Laves phases form the diamond-like lattice that is
of interest for applications. Two of these Laves phases have
been found in binary suspensions of nanoparticles [166]. Since
all three have roughly the same free energy, a mixture is ex-
pected in experiments. In the simulations, the MgCu2 structure
could be preferred by adding a templated surface, which favors

its growth. Experiments along this route towards a diamond
structure will be of broad interest.

7. Crystallization on substrates and in external fields

An applied field or a substrate, giving rise to an external
potential that is larger or of the same order of magnitude
as the inter-particle interaction, is expected to have a large
effect on the phase behavior of colloidal suspensions. If the
strength and, for example, the periodicity of an external field
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Figure 11. Reprinted with permission from [154]. AB6-type binary crystals. Positive (green) and negative (red) PMMA particles forming a
structure with AB6 stoichiometry. (a) Unit cell; (b), (c) confocal images and models showing a layer of large and several layers of small
particles (b) and a plane with only small particles (c). (d) Cut along the line in (b). As the microscope could not completely resolve the four
small particles in each octahedral hole, their positions are indicated with dots. The arrow indicates a missing particle. All scale bars are 4 µm.

are chosen well, good control of the stable crystal structure
can be achieved. Thus, crystal growth due to heterogeneous
nucleation on substrates or due to homogeneous nucleation in
an external field is of interest for the production of tailored
crystals. Furthermore, tailored substrates can be produced by
well-established lithography techniques.

7.1. Substrates

Colloidal crystals nucleate much faster on a flat, repulsive wall
than in the bulk by homogeneous nucleation. The growth of
fcc crystals of hard spheres (HS) on a hard wall has been
studied by MC simulation with umbrella sampling, which
allows us to measure the nucleation barrier !G [173]. In
agreement with experimental observation, the (1, 1, 1) plane
of the fcc crystal is close to completely wetting a hard wall in
the simulations. As in the bulk, a larger pressure than at liquid–
crystal coexistence is needed for nucleation to start at the wall.
However, the nucleation rate is much larger than in the bulk;
!G! is found to be two orders of magnitude lower than in the
bulk at p " 1.05pc, where pc is the pressure at fluid–crystal
coexistence. The CNT expression for the nucleation barrier

can account for the barrier measured in the simulations, if a
curvature-dependent line tension " is introduced that accounts
for the reduced entropy in the region where wall, crystal and
fluid meet: " = "# + c/R. "# is the tension for a straight line
and c/R is the curvature correction due to a radius of curvature
R. "# is found to be quite close to the rough estimate obtained
by assuming that the line tension is due to a surface ring with
the height # , where # is the spherical diameter. Nucleation
on a flat wall is controlled by the line tension. Without the
line tension correction, CNT would predict a nucleation barrier
<kBT for volume fractions just above the freezing point $f =
0.494.

While a flat wall speeds up crystal nucleation of HS,
a particle of the same size as the others has no effect on
nucleation. Interestingly, simulations suggest that small seed
particles with diameters R ! 5# increase the nucleation
barrier, while it is decreased for R " 5# [174]. An increase
of R from 5# to 6# reduces !G by almost a factor of three.
However, a seed particle of this size is not favorable for
growing crystals, since a crystal on a curved surface must
contain defects beyond a certain size. Consequently, it is
more favorable for the growing crystal to detach from the seed
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particle and the simulations suggest that seed particles of size
5! < R < 6! can act as ‘catalysts’ for crystal nucleation.
As yet, this result has not been verified experimentally. In an
experimental study of crystallization close to large spherical
impurities no nucleation events were observed [175, 176]. The
final crystal structure was disturbed by the presence of the
large particles. The first layer on an impurity was found
to be fluid-like and grain boundaries were observed to start
at the impurities. For small seed particles it is found that
high pressures are needed for nucleation to start. The excess
pressure follows a power law: (P ! P")! 3/(kBT ) = (!/R)0.7,
where P" is the pressure at freezing on a hard flat wall. These
results confirm that particles with R < 5! can be used to
suppress heterogeneous crystal nucleation on a wall.

Next to spheres, other relatively simple structures are
useful to control the growth of crystals on a surface. Templates
of grooves or holes can be used to control the structure and
orientation of crystals growing on the surface. This was first
done by van Blaaderen et al [177]. A template with small
holes arranged as the (1, 0, 0) fcc plane was used to grow
fcc crystals of slowly sedimenting particles without stacking
faults. Unlike the (1, 1, 1) fcc plane, this structure avoids
stacking faults, since the positions for the following layers
are unambiguous. The effect of grooves can be augmented
in systems with depletion interaction, as particles are attracted
strongly by the center position of a channel or a cavity [178].
On templates with linear channels, structures with well-defined
bond orientational order but low translational order were
observed. As in the substrates with cavities forming a square
lattice [177], crossing channels allowed us to grow large
defect-free fcc crystals.

Straight channels with controlled distance d can be used
to grow crystal layers with fcc or bcc structure. By varying
the volume fraction " and adjusting d close to the nearest-
neighbor distance in the crystal phase (1.4! < d < 1.5! ), the
bcc (1, 1, 0) plane, fcc (1, 0, 0) plane or the bcc (1, 0, 0) plane
have been obtained on such substrates [179]. One-dimensional
order along the channels is obtained for larger distances d ,
when the range of the inter-particle potential is too short for
direct interactions of particles in neighboring channels and
the indirect interaction via particles in the next layer above
is too weak to induce 2d order on the template. When "

is increased, the nearest-neighbor distance decreases and the
indirect interaction between particles in adjacent channels can
become strong enough to induce crystallization. Interestingly,
for d = 2.26! and " = 0.24 a body-centered tetragonal crystal
with a height of at least 30 layers is observed. Thus, rather
simple templates can be sufficient for growing crystals that are
more complex than the ones forming in the bulk. Furthermore,
the template causes prefreezing at volume fractions at which
the liquid is stable both in the bulk and on a flat wall.

Templates containing small holes that are arranged with
the symmetry of an hcp (1, 1, 0, 0) plane have been shown to
be an effective tool for growing HS crystals with controlled
orientation [180, 181]. An isotropic stretch of the lattice of
#5% with respect to the equilibrium HS crystal optimizes the
order of the crystals. Surprisingly, in the case of an anisotropic
stretch by a factor of 1.50 in one direction, a rhombic crystal

with non-close-packed structure is observed, which was not
predicted for HS crystals.

Analogous templates with a triangular or a rhombic
pattern have been studied by simulation [182]. For triangular
templates, prefreezing is observed: the first crystal layer forms
at a pressure which is about 30% lower than the pressure for
bulk freezing in HS. Freezing of the following layers takes
place at monotonically increasing pressures approaching the
value for bulk freezing. A rhombic template corresponds
to a strained state of the crystal and surface freezing can
be suppressed completely, if the strain is above a critical
value; this result is expected to be valid for any crystal
structure. However, below a threshold strain an otherwise
unstable rhombic structure is found to grow with incomplete
wetting of the template; this agrees with the experimental
observation mentioned above [180, 181]. These results are
in good agreement with a theory which takes the surface
energies, the density difference between crystal and liquid, and
the elastic distortion energy due to the template into account.
It is predicted that the thickness of the surface crystal grows
logarithmically with #p = pc ! p in the case of a triangular
template, where pc is the pressure at crystal–fluid coexistence,
and for templates causing a finite strain incomplete crystal
surface wetting is found.

Templates consisting of mobile particles can be created
with flexibility by optical tweezers, which fix particles to
given positions by a harmonic potential [183]. How colloidal
particles are trapped in 3d and templates are created with
tweezers has been demonstrated by Vossen et al [184, 185].
The effectiveness of such templates was studied by MC
simulation for templates with structures given by fcc (1, 1, 1),
(1, 1, 0) and (1, 0, 0) planes [186]. The template size and
positional fluctuations of the particles forming the template
were varied analogous to optical traps. The (111) plane
is found to be the most effective template and the size of
the crystal that forms on the template grows approximately
as N1/3

T , where NT is the number of particles forming the
template; the crystal roughly forms a spherical cap on the
template. When the particles forming the template deviate
more than 0.05a from their sites, where a is the lattice
constant, the effectiveness of the template is reduced and at the
Lindemann value, 0.15a, the template loses its function as a
nucleation site. This suggests that heterogeneous nucleation
is not further accelerated by reducing the fluctuations of
the template particles to less than 0.05a. A mismatch of
the lattice constants of template and bulk crystal is found
to reduce the effectiveness of the template; in particular,
a smaller lattice spacing of the template leads to a strong
reduction of crystal growth. When the CNT expression for
#G, equation (1), and the effective repulsion between the
template–crystal interface and the crystal–fluid interface are
taken into account, a crystal with the shape of a spherical cap
is expected to form spontaneously on the template. The height
of the free energy barrier, #G", for the further nucleation of
crystals on this spherical cap is, however, larger than #G" for
nucleation on a template covered by fluid, which somewhat
reduces the nucleation density rate.

In 2d systems, crystals next to a substrate can have long-
range order that is supported by the wall, while bulk crystals
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have quasi-long-range order [27]. Furthermore, the nature of
the substrate surface also has a strong effect. The effects of
two kinds of walls have been studied in a system with an
inter-particle potential !r"12 [187], where r is the distance
between particles. When the wall is formed by a crystal of fixed
particles, a crystal with long-range order forms on the surface.
However, in the case of a smooth wall the structure is fluid-like
parallel to the wall and layered in the perpendicular direction;
a smectic structure is formed and the long-range order is lost.

7.2. External fields

With an applied external field homogeneous nucleation can be
controlled throughout the bulk of a system. From the theory
side, the treatment of an external potential is an unresolved
question, as a difficult non-equilibrium statistical mechanics
treatment is required.

In 2d systems, the application of an external potential
can induce a transition from quasi-long-range to true long-
range translational order, if the periodicity of the external
field is comparable to that of the crystal [188, 187]. The
effect of periodic light fields on the phase behavior has
been studied in detail for 2d colloidal systems of magnetic
particles with repulsive dipole–dipole interaction. In analogy
to optical tweezers, two interfering laser beams can create
periodic lines in a 2d sample that attract colloidal particles.
The crystalline region of the phase diagram extends to
lower densities, since particles are ordered along the lines
of the external potential. In the region that is fluid in
the absence of the light field, laser-induced freezing (LIF)
is observed [189, 190]. The crystal ordering depends on
the interaction between particles in neighboring lines, since
this interaction is influenced by the lateral fluctuations of
the particles in the direction perpendicular to the field lines.
Therefore, the crystal can be re-melted by suppressing the
lateral fluctuations of the particles and thereby reducing the
interactions between neighboring lines. It was first found
from MC computer simulations that such a re-melting can be
obtained by applying a stronger external potential that localizes
the particles on a narrower line [191]. This laser-induced
melting (LIM) effect was confirmed experimentally for crystals
formed by LIF [192, 193].

Recently, a binary hard-disc system with size ratio ! =
0.414 has been studied by MC simulations with an external
field of spatially periodic attractive lines [194, 187]. For a weak
external potential, de-mixing of large and small particles in the
binary suspension is observed, which leads to the coexistence
of ordered structures of large particles and a fluid of small ones.
With an increased external potential no de-mixing is found, but
a binary AB crystal with a square lattice is found to coexist
with a fluid that is also equimolar. Furthermore, the AB crystal
is found to be essentially defect-free. This suggests that a
suitable external potential can be used to tune the de-mixing of
binary hard discs and to grow large defect-free binary crystals.

These studies in 2d systems show how the application of
an external field can give good control of colloidal suspensions.
Even conditions far from equilibrium can be created to study
their effect on crystal nucleation. For 3d systems, several
methods have been developed in recent years.

Large colloidal single crystals can be obtained with a
temperature gradient technique [195, 185]. An HS suspension
with average volume fraction closely below freezing (" #
0.493) that is placed in a temperature gradient, crystal can be
obtained on the cool side, while fluid is stable on the warm side.
Large crystals with a diameter $3 mm have been grown with
" # 0.50 on the cool end of the sample. Due to mechanical
equilibrium, the osmotic pressure is constant along the sample,
which implies an increase of volume fraction " from the warm
to the cool end of the sample [196, 197]. This technique
could be combined with a structured template as discussed in
section 7.1 to obtain large, oriented single crystals [177–181].

Similar control can be achieved by applying a electric
field, E , that is constant in a well-defined spatial area of a
colloidal suspension [185, 198]. The particles carry induced
dipoles that lead to a reduction "#eff E2/2Vp of their internal
energy, if they are located in the region with an electric field.
Here, #eff is the effective dielectric constant of the particles and
Vp is the volume of a particle. With #eff > 0 the particles move
towards the region with strong E field due to dielectrophoresis.
In HS samples with " $ 0.50, crystallization has been induced
in the E-field region and rhcp crystals have been grown with
very sharp crystal–fluid interface. Small E fields are sufficient
to obtain a clear density change and, as a consequence,
the dipole–dipole interaction between the particles can be
neglected in many cases. In a system with negative #eff, the
particles accumulate in the region with E = 0, which can
be an advantage for experimental observation. Far out-of-
equilibrium crystallization has been studied in such a system
of HS particles [199]. The E-field technique is more flexible
than the temperature gradient method mentioned above, since
it is applicable for many soft matter systems and, furthermore,
#eff can be controlled by changing the frequency of the applied
field. For stronger E fields, the dipole–dipole interaction
between the particles can be of the same order of magnitude
as other interactions and is not negligible. The particles form
strings oriented parallel to the field. As shown in [200],
good control can be gained over the structures formed by hard
spheres with charge repulsion by controlling both the applied
E field and the particle concentration. At relatively low volume
fractions, " < 0.15, a fluid of strings was observed to be
stable, while at larger " more ordered structures are obtained.
When the dipole–dipole interaction was dominant along the
E-field direction but the charge repulsion was stronger in
the perpendicular direction, a body-centered tetragonal (bct)
structure was formed by the strings of particles and a loosely
spaced polycrystalline arrangement of bct crystallites was
observed. For a strong E field the dipole–dipole interaction
dominates in all directions and a similar bct structure was
observed. However, the strings of particles are closer to each
other, as was also observed in dipolar hard spheres [201].

Nucleation in the presence of a small laminar shear flow
was investigated in Brownian dynamics simulations of charged
particles with Yukawa interaction [202, 203]. Since shear
can lead to layering promoting crystallization or can remove
particles from crystals, the effect of shear on nucleation is
not evident. The probability P(n) for finding a nucleus
containing n particles was extracted from the simulations and
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! log[P(n)/P(1)] was calculated. This is not equal to the
free energy, because the system is not in equilibrium. An
expansion of the chemical potential difference !µ and surface
tension " around equilibrium in terms of the small shear
rate "̇ was done to analyze the results using equilibrium
nucleation theory. It is found that the nucleation barrier
increases with "̇ and the critical nuclei become larger than
in the equilibrium case; small shear is not sufficient to induce
layering that boosts crystallization. Under shear the nuclei are
found to be predominantly bcc. Their shape is as aspherical
as under equilibrium conditions; the longest axis of the nuclei
is oriented along the vorticity direction, while the shortest axis
lies predominantly along the gradient direction.

A possible application of colloidal crystals that crystallize
in an external magnetic field has been explored with charge
stabilized magnetite (Fe3O4) nanoparticles [204]. When
the magnetic forces are of the same order as the repulsive
electrostatic forces, both concentration and phase behavior
can be controlled effectively by applying an external magnetic
field. The particles are attracted by the region with the highest
magnetic field, where their concentration increases and crystals
can form; the lattice constant can be controlled by the strength
of the magnetic field. Therefore, Bragg reflections of incident
light can be tuned; it has been shown that this can be done
throughout the visible spectrum. Thus, tunable optical filters
have been created.

8. New directions

For a deeper understanding of crystal nucleation both in 2d
and 3d the growth process and the structural properties of
small crystal nuclei need to be explored in more detail. Direct
observations of crystal precursors and critical nuclei crossing
the free energy barrier are required. Furthermore, there is
a need for characterizations of the core and the interface
structure as a function of their size. During recent years
it has been shown that direct imaging techniques such as
confocal microscopy [74, 73] have great potential for such
analyses. The same applies for the investigation of the
nucleation in short rods [124]. An improved understanding of
the formation of critical nuclei in rods might lead to a general
advancement of the knowledge about crystal nucleation. Since
crystal nuclei rarely form due to structural fluctuations in
an undercooled fluid, methods for controlling their formation
should be applied. Optical tweezers are an ideal method for
this purpose with colloidal particles [184], since they can be
positioned selectively to enhance the formation of a nucleus.

For binary colloidal suspensions the nucleation process is
known in even less detail, although the methods for growing
tailored binary crystals have been considerably improved in
recent years. The goal of growing structures with diamond
structure for photonic crystals has not yet been reached, but
might be in reach [4].

Microgel particles with soft interactions such as PNI-
PAM [141] offer opportunities for considerably advancing the
knowledge about crystal nucleation. These systems allow us to
rapidly change the volume fraction by varying temperature or
pH of the solvent. This allows us to investigate variations of the

nucleation process with the depth of a quench from the fluid to
the crystal phase. Moreover, such particles are ideal for study-
ing arrested states in order to improve the understanding of the
competition between crystallization and the glass transition.
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3.1 More recent progress

3.1.1 Evidence for crystal nucleation as a two-step pro-
cess

Recent experiments give increasing evidence for homogenous crystal nucle-
ation to proceed in two steps [81, 82]. Small crystal precursors having a
higher density than the fluid and crystal-like orientational order are found
to form in the first nucleation step, which is followed by a phase without
formation of additional nuclei but with a structural transformation towards
translational order in part of the crystal precursors. In this intermediate
step without formation of additional nuclei, Bragg peaks due to the develop-
ing translational order appear. Part of the transformed precursors are then
found to reach critical size and grow in the second nucleation step. First
evidence for this two-step scenario was found in a light scattering study with
hard-sphere-like particles [81]. However, the two observed nucleation steps
were associated to the particle polydispersity of 4.8%. That the observed
two-step nucleation process may be more general was suggested by a large
Monte Carlo simulation study of 216 · 103 hard spheres [82]. This study
has found essentially the same two steps for the nucleation of crystal: The
formation of compressed crystal precursors with low translational symmetry
is observed before a conversion process that introduces translational order
as expected for bulk crystal in part of the precursors. These transformed
precursors are found to continue to grow in the second nucleation step. The
simulation data is compared with light scattering data of hard-sphere-like
colloids and agrees well with the experimental data.

A recent imaging study using confocal microscopy sheds some light on the
structural conversion during the formation of crystal precursors and trans-
lationally ordered crystal grains [83, 84]. The authors of this study have
identified a few predominant pathways of local order in the formation of
critical nuclei that eventually grow and become bulk crystal grains. This
information is obtained using the q4 and q6 bond-order parameters to char-
acterize the local order. Depending on the interaction between the studied
colloidal particles, the main pathways are found to lead from local hexagonal
close-packed (hcp) towards face-centered cubic (fcc) or body-centered cubic
(bcc). While this is an interesting insight into the structural evolution to-
wards crystal, some important points remain unanswered. E.g., it remains
unclear why hcp initially dominates the structural conversion. Also, the con-
nection between the local density and the evolving local order is not well
understood. Because of the surface tension of the crystal, one would expect
small crystal precursors and crystal nuclei to be compressed, while growing
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crystal grains relax, because the pressure due to their surface becomes less
important as their volume grows. However, crystal nuclei are often found to
form in an environment with relatively low density [83].

3.1.2 Reliable nucleation density rates

One of the key parameters for the understanding of crystal nucleation is the
nucleation density rate and, therefore, it is of great interest to measure it
accurately. For this purpose, it can be advantageous to study homogenous
nucleation in emulsion droplets. If the interaction with the surface of the
emulsion droplets does not favor heterogenous nucleation, the emulsion allows
to observe homogenous nucleation in many small “reactors” that are mostly
free from impurities, which might act as seed particles. This method was
first used by Turnbull to study homogenous nucleation in metal melts [85].
The colloidal analog of such a droplet experiment has been realized using
pNIPAM microgel particles and a water in oil emulsion [86]. The pNIPAM
suspension was injected into the oil using a microfluidic setup allowing to
control the droplet size. Also, the temperature was chosen between 20 and
25◦C to vary the particle size and, therefore, the volume fraction of the
particles in the water droplets. The nucleation density rate was found to
scale with the volume of the droplets, which is expected for homogenous
nucleation and suggests that no heterogenous nucleation took place on the
surface of the droplets in this study. For comparison with other work, the
measured nucleation rate densities were converted to dimensionless form.
Interestingly, the measured rates are smaller than in other experiments using
bulk suspensions of pNIPAM microgels or hard spheres. This indicates that
the discrepancies between the nucleation density rates found in experiments
and simulations [87, 26] are partly due to unwanted heterogenous nucleation
on impurities.

3.1.3 Surface tension and the nature of the crystal-
fluid interface

The surface tension, γ, of the crystal-liquid interface is one of the key param-
eters defining the free energy barrier for nucleation. Accurate measurements
of γ and a good understanding of the interface are, therefore, of great inter-
est. The “intrinsic” liquid-crystal interface has been studied in detail in a
direct imaging study with slightly charged PMMA particles [39]. By mea-
suring the fluctuations of the liquid-crystal interface – capillary waves – the
interface can be determined as a function of position and time. The intrinsic
interface is defined as the actual interface without time-average. It is found
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to have a thickness ≈ 2d, where d is the diameter of the colloidal particles.
This is much less than the thickness ≈ 9d of the time-averaged fluctuating
interface, and it supports the picture of a pretty sharp intrinsic interface as
known from macroscopic surfaces. This analysis was done for the direction
perpendicular to the hexagonal planes of a fcc crystal. However for crystal
nucleation, all directions are of interest. A similar study for precritical and
critical crystal nuclei would be of interest to investigate the development of
the interface as orientational and translational order appear.

The surface tension and surface stiffness (second derivatives of γ along
directions of the interface) have been studied in a recent study using density
functional theory (DFT) and Monte Carlo (MC) simulations [88]. The liquid-
crystal interface was studied for high symmetry directions of an fcc crystal
and the dependence on direction was determined with a fit between the high
symmetry directions. The anisotropy is found to be small, ∼ 10%. Similar
to the work mentioned above, the stiffness is determined from the capillary
waves. The value of γ that is obtained in this work is somewhat higher than
the results from earlier simulation studies [89, 90]. The accuracy of the DFT
and MC results is estimated to be better than that of experimental results,
but a direct comparison with experiments appears to be difficult.

3.1.4 Crystallization and the glassy state

The understanding of crystallization starting from the glassy state is not
as good as that of crystal nucleation from the supercooled liquid; and it is
discussed controversially in literature. On the one hand, theoretical [91] and
simulation [92] studies present arguments for a crystallization mechanism
analogous to spinodal decomposition. On the other hand, a recent molecular
dynamics study of hard spheres indicates that crystallization from the glassy
state is not linked to an order parameter as in a spinodal-like process [93].
This study finds crystallization to strongly depend on the initial velocities
of the hard spheres in the simulation. The crystal is found to be denser
and less mobile than the surrounding glass. Crystallization from the glassy
state is, therefore, found to be a random process not depending on an order
parameter linked to the dynamic heterogeneities in the glass.

Also, the role of crystalline precursors for the glass transition is being
disputed controversially. While one of the first real space imaging studies of
the glass transition in hard spheres did not find crystal to play a role when
the glass transition is approached in monodisperse suspensions [18], recent
studies using bond-order parameters to characterize the local order find a
correlation between regions with low mobility and regions with crystal-like
structures in samples with considerable polydispersity [94]. In this work, it
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is found that the polydispersity hinders crystallization and, therefore, favors
the glassy state. However, the importance of polydispersity for the observed
glass transition is not clarified. The same research group also finds local
orientational order to appear before translational order in crystal nucleation
[95]; this agrees with the findings about two-step nucleation mentioned above.

3.1.5 Recent studies of heterogenous crystal nucleation

Compared to homogenous nucleation, an improved understanding of het-
erogenous nucleation may have a far greater potential to control crystal-
lization. The properties of the seed, e.g. its surface geometry, can be used
to tune heterogenous nucleation. Furthermore, heterogenous nucleation is
faster than homogenous nucleation when the crystal wets the seed surface
[96, 97, 98]: For hard and charged spheres, the free energy barrier for het-
erogenous nucleation on a hard wall disappears at the freezing point or at
a critical undercooling, respectively. Special cases that are not taken into
account by classical nucleation theory come as an exception from this rule,
e.g. heterogenous nucleation on surfaces with strong curvature [68, 99].

Heterogenous crystal nucleation on a flat wall [100, 101], on a hexagonal
hole pattern [100], or on seeds created with optical tweezers [102] has been
studied for hard spheres by real-space imaging. As hard spheres crystallize
with triangular crystal planes parallel to a hard wall, the triangular plane
is expected to be an ideal seed surface. However, this is found to change,
when the lattice constant of the seed does not fit that of the bulk crystal
[102]; the free energy barrier for seeds with particles arranged in squares is
found to be lower than for seeds surfaces with triangular order. On seeds with
square order, the formation of metastable nuclei is observed as expected from
simulations [103] and in good agreement with CNT. Furthermore, crystal
growing on such seeds with a lattice constant larger than in the bulk crystal
is found to grow with many defects and grain boundaries, similar to the
crystal nuclei found in a simulation study [66]. Another simulation study
of heterogenous nucleation on seeds formed by fixed particles highlights the
control over the structure that can be obtained with such seeds [104]. It is
found that pure fcc and pure hcp crystal can be grown on the (110) surface
of fcc and on the (1100) surface of hcp, respectively.

The conditions for heterogenous nucleation from a crystal-like island or
slab in a 2D system with dipole-dipole interaction have been studied using
time-resolved density functional theory and Brownian dynamics simulations
[105]. The initial crystal is prepared with varying density with respect to the
surrounding fluid and also with varying distortion. It is found to relax to
the state of the stable bulk crystal within a time shorter than the diffusive
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time scale. The following crystal growth, however, is found to be diffusion
limited.

3.2 Future directions

A remarkable observation has been reported for crystalline pNIPAM-AAc
microgel suspensions with a bidisperse size distribution: The larger particles
in the bidisperse suspension have been found to spontaneously shrink such
that they fit into the crystal lattice formed by the smaller particles without
causing defects [51]. This suggests that the softness and deformability of
soft particles change the role of polydispersity for their phase behavior in a
fundamental way. The interplay of colloidal degrees of freedom and internal
degrees of freedom of the particles is not yet fully understood. Ongoing work
suggests that the osmotic pressure of the suspension is the key to explain
this effect [106]. The effect of size polydispersity of soft, deformable particles
on crystallization will certainly be in the focus of future work.

Next to the many investigations of colloidal systems with spherical par-
ticles, future work may focus on model systems for crystallization in macro-
molecular systems. A simulation study of chains of hard spheres has been
reported recently [107]. The crystal structure obtained for chain lengths of
12 and 24 spheres was random close packed, as expected from normal hard
spheres. As the behavior of this model system for polymers is ruled by en-
tropy alone, the configurations of the chains in the crystal state are found
to be random walks on the close-packed lattice, as this increases the chain
entropy. In contrast to normal hard spheres, many different chain configura-
tions can be assembled to form a crystal and, as a consequence, the ground
state is highly degenerate. Furthermore, chain configurations that allow for
local movement of the chains are found to be preferred. Experimental model
systems that are comparable to this simulation work are still missing.



Chapter 4

Summary of presented research
articles

The work presented in this thesis concerns the phase behavior of colloids,
the interaction between colloidal particles, and the nucleation and growth
of colloidal crystals. For the presented studies, hard sphere-like and soft
particles have been used as model systems. A good understanding of the
behavior of colloidal particles in suspension is the basis for the development
of systems with tailored properties for applications. Furthermore, their good
experimental accessibility (see section 1.2) makes colloidal suspensions ideal
model systems for the study of fundamental phenomena in gases, liquids,
crystals, and glasses as well as the transitions between these states. The
size of colloidal particles allows to gain insight into processes taking place on
the single particles level, which is hard to obtain with atomic and molecular
substances. In particular, colloidal particles with diameters & 1µm allow
for direct imaging with single particle resolution and particle tracking as
described in section 2.2. This exceptional accessibility is used to gain insight
into the nucleation and growth of colloidal crystals of spherical particles with
a behavior close to that of hard spheres.

4.1 Crystal nucleation in slightly charged col-

loids

As outlined in the introduction, section 1.3, classical nucleation theory (CNT)
makes rather simple assumptions about crystal nuclei by describing their
structure, chemical potential, and surface tension with the properties of the
bulk crystal phase. However, there are huge differences between nucleation
density rates determined from simulations and measurements for e.g. hard
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spheres, as shown in the review presented in chapter 3 [26]. This motivates
investigations of the nucleation process to learn about the properties of small
crystal nuclei and their properties just after formation from the supercooled
fluid phase.

The results of the real-space imaging studies of crystal nucleation “Real-
Space Imaging of Nucleation and Growth in Colloidal Crystallization” and
“Heterogeneous nucleation and crystal growth on curved surfaces observed by
real space imaging” are presented in chapter 5. It is shown how the nucleation
process in a colloidal suspension can be studied using confocal microscopy by
detecting precritical, critical, and postcritical crystal nuclei. The properties
of the precritical and critical nuclei do not agree with the spherical and well
defined crystal domains that one would expect from CNT: The nuclei show a
clear tendency towards the same structure as the bulk crystal but they have
irregular shapes that are far from spherical. Furthermore, their surfaces are
found to be rough, which reflects a low surface tension. The latter can be
estimated from the experimentally determined number distribution of the
smallest crystal nuclei. For these, the surface energy, γA, dominates, and
their frequency of occurrence is expected to be ∝ exp(−γA/kBT ), see section
1.3.

The time resolution accessible with a confocal microscope allows to fol-
low the diffusion of colloidal particles and, therefore, the evolution of crystal
nuclei, such that another key parameter of crystal nucleation can be deter-
mined: the critical nucleus size. This is achieved by tracking a large number
of nuclei and determining their probabilities for growth and shrinkage during
the time steps of the measurement. By grouping the observed nuclei by size,
given by the number of particles in the nucleus, the growth behavior as a
function of nucleus size is determined. As precritical nuclei tend to shrink
and postcritical nuclei can reduce their energy by growing, the critical size is
found from the condition that the difference of the probabilities for growth
and shrinkage pgrowth − pshrinkage = 0. The critical size is found to be in
the range from 60 to 160 particles at a volume fraction φ = 0.47. These re-
sults have been obtained for homogenous nucleation in suspensions of slightly
charged PMMA spheres with a polydispersity lower than 5%.

Heterogenous crystal nucleation of hard sphere-like PMMA particles was
studied in the vicinity of curved seed surfaces that reduce the surface tension
of the crystal relative to the fluid: γcs < γcf (see section 1.3). In analogy to
rough surfaces, a small radius of curvature, R, suppresses crystal nucleation,
while nucleation occurs faster than in the bulk for radii of curvature much
larger than the particle diameter and on a flat surface. The transition be-
tween these two extremes was studied with a series of curvatures in the range
from 6d . R . 35d, where d is the diameter of a particle. The curvature is
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found to have a pronounced effect on the number of crystal-like particles in
the vicinity of the seed. The range of this effect is ≈ 5d, which is about the
distance within which the fluid relaxes from the layering caused by the seed
surface. For R . 7d, the number of crystal-like particles is reduced close to
the seed surface, while this number is equal or larger than in the bulk for
R & 15d.

The orientation of the crystal forming close to the seed surface can be
analyzed on a local scale by determining the orientation of shortest path
6-rings (see section 2.2.3). Even the smallest precritical nuclei show a clear
orientation due to the seed, as might be expected from the layering of the fluid
phase. The number of very small precritical nuclei containing ≤ 15 particles
is found to be comparable to the bulk, while larger nuclei are suppressed by
radii of curvature R . 10d.

According to classical nucleation theory (CNT), a critical nucleus with
spherical shape on a seed surface is expected to have the same radius as in
the case of homogenous nucleation. But its size is expected to be smaller
than for homogenous nucleation, if the average surface tension of the crystal
is lowered by the seed [96, 97]. The involved surface tensions define the
contact angle of the crystal on the seed surface, and the size of the critical
nucleus is expected to vary with the contact angle. However, the imaging
study presented in chapter 5 reveals that precritical nuclei do not show a
clear contact angle on the seed surface. The interface of crystal with fluid
and seed is fuzzy, and the contact angle could not be determined. Also, a
reduction of the critical nucleus size with curvature could not be observed,
although such a change is expected from CNT [97]. Nevertheless, radii of
curvature R . 10d clearly reduce the number of crystal-like particles close
to the seed.

The presented studies of crystal nucleation in hard sphere-like colloidal
suspensions show that nucleation occurs via the same crystal structure as
found in the bulk crystal, as expected from CNT. However, the surface and
shape of the nuclei are found to be irregular. Spherical nuclei with a well de-
fined surface are not observed. Further imaging studies of crystal nucleation
as a function of volume fraction would be of interest to look for differences
in the nucleation process with supercooling, as the presented studies were
carried out at intermediate supercooling, where the nucleation rate is well
accessible with laser scanning confocal microscopy. Whether the degree of
supercooling causes a change in the nucleation process has not been studied
in detail.

In fact, the supercooled fluid is found to change with increasing volume
fraction, as shown in the article “Local order in a supercooled colloidal fluid
observed by confocal microscopy” in chapter 5. The number of particles with
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a fcc- or hcp-like surrounding increases with supercooling, which is the driving
force for nucleation and the formation of precritical nuclei. Furthermore,
the number of icosahedron-like structures, i.e. fragments of an icosahedron,
increases with volume fraction. This suggests that such fragments may play
a role near the glass transition.

4.2 Many-body interactions in charged col-

loids

The spontaneous crystallization on a flat wall can be used to obtain crystals
that cover a large area on the wall and grow deep into the sample. Random
hexagonal close packed (rhcp) crystals are obtained with hard spheres or
particles with a small charge. Such large crystals can have a low density of
defects and, therefore, can be used to study properties of the crystal and
the interaction of the colloidal particles. The translational symmetry of the
crystal allows to separate structural correlations from information about the
interaction between the particles. As a consequence, the interaction can be
studied in a more direct way and in more detail than in the fluid, as presented
in the article “Noncentral Forces in Crystals of Charged Colloids” in chapter
5.

The slightly charged particles used in this study show a tendency towards
fcc in the rhcp crystals forming on the flat wall of the sample chamber.
Regions with fcc structure were selected and the local fluctuations of the
particles around their lattice positions, u(t), can be followed using fluorescent
laser scanning confocal microscopy. It is shown that the normal modes of
the crystal (over-damped phonons) can be obtained from the fluctuations
in reciprocal space, u(q, t), and the crystal can be treated in the harmonic
approximation. The dynamical matrix giving information about the forces
between the particles in the crystal lattice is determined from u(q, t) using
the equipartition theorem. Furthermore, the elasticity tensor is obtained in
the q → 0 limit.

The interaction at relatively small volume fractions can be analyzed using
pair correlation functions, g(r), and the hard core-Yukawa interaction

U(r)

kBT
=

{
B
kBT

exp[−κ(r−d)]
r/d

, r > d

∞, r ≤ d,
(4.1)

fits the measured g(r) well. B is the contact value, κ the screening param-
eter, and d the particle diameter. However, the dynamical matrix and the
elastic constants obtained from the analysis of the normal modes cannot be
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explained with the forces due to the Yukawa interaction or any central force
between the particles. For radially symmetric pairwise interactions there are
well known restrictions for the components of the dynamic matrix and the
elasticity tensor, Cµν . For the latter, this is the Cauchy relation, C12 = C44

for the fcc lattice. The Cauchy criterion is not fulfilled in the studied crystals
and, as a consequence, the crystal properties cannot be understood in terms
of a superposition of pair interactions, but many-body forces must be impor-
tant. These are due to the counter-ions, which do not arrange isotropically
around the particles but arrange depending on the positions of the neighbor-
ing particles. This leads to a behavior similar to that in metals, where the
free electrons give rise to many body interactions between the ions forming
the crystal lattice.

In this thesis, the crystal is treated as ideal without any defects. Recently,
it was shown by Walz and Fuchs [108] how point defects can be taken into
account and the displacement field and the elastic constants can be deter-
mined for non-ideal crystals. In a study of soft colloidal microgel particles by
Kaya et al. [109], the analysis of the normal modes was extended to crystals
consisting of deformable particles. The softness of the microgels gives rise
to heterogeneities in the displacement field such that the crystal does not
behave like an ideal crystal, and a Boson peak as known from glasses [110]
is observed.

4.3 Swelling and phase behavior of microgels

4.3.1 Deswelling microgel particles with hydrostatic
pressure

Poly(N -isopropylacrylamide)(PNIPAM) microgels, see section 2.1.2, are used
as a model system for soft colloidal particles and their phase behavior. The
volume phase transition at ≈ 32◦C makes PNIPAM microgels a convenient
model system to study transitions between liquid, crystal, or glass, as they
can be triggered easily with a temperature change. In the study “Deswelling
Microgel Particles Using Hydrostatic Pressure” presented in chapter 5, it is
shown that hydrostatic pressure, P , can be used in the same way as tem-
perature to change the particle size of PNIPAM-based microgels. As for
temperature, the application of pressure lowers the polymer-solvent miscibil-
ity; the Flory solvency parameter increases with pressure over the same range
as with temperature. The fully collapsed state is reached at P ≈ 450 MPa,
as found from DLS measurements using the pressure cell described in section
2.3.2.
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Small-angle neutron scattering (SANS) measurements under applied pres-
sure show that the structural change with pressure is the same as that ob-
served with a temperature change. However, the structural collapse is found
to occur more gradually with application of pressure than with temperature.
Also, pressure changes spread out with the speed of sound, while temperature
changes usually take more time and may involve relatively slow temperature
variations in the sample. This makes hydrostatic pressure an interesting
alternative for fundamental studies that require precise size changes of the
microgel particles allover the sample.

Correlations of the polymer strands in the microgel particle give a con-
tribution to the form factor. This adds a Lorentzian term with correlation
length ξ, as the correlation of the strands can be modeled to decay expo-
nentially. As shown in the article “Structural changes of poly(N-isopropyl-
acrylamide)-based microgels induced by hydrostatic pressure and tempera-
ture studied by small angle neutron scattering” in chapter 5, ξ is hard to
determine, as it gives rise to a broad background that changes gradually over
the q-range of the main decrease of the form factor. We show that values
of ξ in the range from 1 nm up to 50 nm can give form factor fits of the
same quality, and the realistic value of ξ is best fixed with an estimate of the
polymer strand length obtained from the fraction of crosslinker among the
monomers contained in the microgel.

4.3.2 Form factor of microgels in overpacked states

Due to the relevance of both colloidal and polymer degrees of freedom at
high effective volume fractions, φeff & 1, the phase behavior and the inter-
actions between microgels under highly packed conditions are not understood
in detail. The study of highly packed suspensions is hampered by the struc-
tural change of the particles in the overpacked regime. Up to φeff ≈ φrcp,
reasonable structure factors, S(q), are obtained by simply dividing the mea-
sured scattering intensity by the form factor determined with a dilute sample:
S(q) = I(q)/Pdilute(q). Due to the softness and deformability of microgels,
not only the shape but also the internal structure of the particles and, there-
fore, their form factor change at higher concentrations. A change of shape
and internal structure is forced by over-packing the particles to φeff > 1.
Even above random close packing, φrcp ≈ 0.64, at least a deformation or
interpenetration of the particles is necessary. Furthermore, the interaction of
microgel particles under highly packed conditions depends on their response
to the very packed environment, as the interaction of interpenetrating parti-
cles certainly differs from that of particles that shrink and do not interpen-
etrate. The form factor and rheological behavior of highly packed pNIPAM
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microgels has been investigated in the study “Form factor of pNIPAM micro-
gels in overpacked states” presented in chapter 5. As a particle form factor
is usually determined with a dilute sample, SANS measurements with con-
trast matching have been used to gain direct access to the form factor at any
concentration. Fully protonated and partially deuterated pNIPAM particles
with approximately the same size and chemical composition but differing
neutron scattering-length densities were synthesized. Using these particles,
two methods were applied to measure the form factor at high concentrations:

• Samples containing a small fraction of protonated particles and a ma-
jority of deuterated particles were prepared in H2O/D2O solvent match-
ing the scattering length density of the deuterated particles. Due to
the contrast matching with the solvent, the deuterated particles are
“invisible” for the neutron radiation, and only the protonated particles
give rise to coherent scattering. As the positions of the few protonated
particles are uncorrelated, their form factor can be measured directly
in analogy to a form factor measurement with a dilute sample.

• A 50 : 50 mixture of protonated and deuterated particles with the
same size and internal structure allows to gain access to the average
form factor of both species, when the H2O/D2O solvent is chosen such
that its scattering length density lies exactly between that of the two
particle species. This is the so-called zero average contrast method,
which suppresses the coherent scattering from distinct particles, and
only the self-part of the coherent scattering from single particles con-
tributes [78, 79].

Both methods were used for the study of concentrated pNIPAM suspen-
sions, and the microgel particles are found to keep their swollen size up
to complete packing at φeff = 1. This implies a deformation of the par-
ticles between random close packing, φeff = φrcp ≈ 0.64, and complete
packing, φeff = 1. At higher φeff , the particles are found to shrink with
Vp ∝ φ−0.82±0.05

eff , where Vp is the single particle volume. This is close to the

shrinkage expected without particle interpenetration (Vp ∝ φ−1
eff ). Therefore,

particle interpenetration is small.
These conclusions are supported by the rheology study carried out using

the same samples. Measurements of shear thinning show that the microgels
do not behave like hard spheres, as the measured viscosities cannot be fit
using the Krieger-Dougherty relation, which is known to describe the vis-
cosity of hard spheres as a function of volume fraction [111]. Furthermore,
oscillatory rheology measurements in the linear regime do not show a glass
transition up to φeff ≈ 1.4. These results support the conclusion that the



64 Chapter 4. Summary of presented research articles

particles are soft and the SANS results can be interpreted based on the de-
formability of the particles.

4.3.3 Crystal structure in highly packed microgel sus-
pensions

The phase behavior of soft particles is more complex than that of hard
spheres, because the internal structure of the particles can change with in-
creasing effective volume fraction, φeff . The interplay of the colloidal be-
havior and the internal structure of deformable particles is not understood
in detail. In particular, one study of the phase behavior of concentrated
charged soft particles predicts a series of crystal phases in the over-packed
range, φeff & 1 that are not found in hard spheres [112]. Furthermore, it may
be expected that the inherent steric stabilization of microgel particles com-
bined with their deformability leads to a behavior similar to that of a model
introduced for particles with a hard core and a soft corona [113, 114, 115]:
Within this model, the free energy contains a bulk part, Fbulk, and a surface
part, Fsurf , related to the core and the soft particle surface, respectively. On
the one had, the interaction of the hard particle cores favors close packed
crystal structures, as known from hard spheres. On the other hand, the
interaction energy of the soft particle surfaces grows with the contact-area
between neighboring particles, such that Fsurf favors a minimal contact-area,
which is expected to lead to the body-centered cubic (bcc) or the A15 [113]
crystal lattice.

From the experimental side, evidence for the fcc [53, 26, 116, 40] and the
bcc crystal lattice [53, 40] has been found in ionic and neutral microgel sus-
pensions. As microgels are expected to behave as hard spheres at relatively
low volume fractions, φeff . 0.5, where particles do not deform or shrink,
the observation of fcc and random hexagonal close packed (rhcp) crystal is
expected for the volume fractions known from hard spheres, 0.49 < φ < φg,
where φg ≈ 0.58 is the volume fraction of the glass transition in hard spheres.
The experimental studies presented in chapter 5 show that fcc and rhcp also
form under overpacked conditions, φeff & 1.

Over-packed microgel suspensions are often turbid such that their struc-
ture cannot be studied by static light scattering, but neutrons or X-rays can
be used as a probe. Ultra small-angle neutron scattering (USANS) using
a Bonse-Heart type instrument [117] was applied to study the structure in
concentrated suspensions of poly(2-vinylpyridine) (2VP) microgels with 5
wt% of crosslinker and a swollen diameter of ≈ 500 nm, see study “Crystal
structure of highly concentrated, ionic microgel suspensions studied by neu-
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tron scattering” in chapter 5 [26]. The resolution was not sufficient for an
unambiguous determination of the crystal structure; the interpretation of re-
sults from a Bonse-Heart type instrument is complicated by its slit geometry,
which results in a smearing of the scattering signal with q. Therefore, clearer
results are obtained using the much more brilliant X-rays from synchrotron
sources, as presented in the article “Crystal structure of highly concentrated,
ionic microgel suspensions studied by small angle X-ray scattering” [118].

Rhcp crystal is observed up to φeff ≈ 1 using small-angle X-ray scattering
(SAXS). Most of the crystal is found to be oriented to the walls of the sample
capillary with hexagonal planes parallel to the wall. Therefore, the crystal
appears to mainly form by heterogenous crystal nucleation on the capillary
walls, as one would also expect for crystal of hard spheres. Crystal in samples
with effective volume fractions up to φeff ≈ 2.3 was observed by USANS and
SANS, but the type of the crystal lattice cannot be determined with certainty
from these measurements due to the lower q-resolution compared to SAXS.

Rhcp crystal is also found to dominate in crystal samples of pNIPAM
microgels with 5 mol% of crosslinker up to φeff ≈ 0.6. The stacking of the
hexagonal planes in the crystal was observed to shift from rhcp towards fcc as
the samples age. This indicates that the equilibrium crystal structure is given
by the fcc lattice, as also expected from hard spheres. An additional crystal
phase is, however, observed in a number of samples with 0.5 < φeff < 0.58
for several hours after sample preparation. This structure is found to mainly
form on the wall of the sample capillary and the corresponding Bragg peaks
can be fit with a bcc lattice [40]; bcc crystal appears to be a metastable
phase. As mentioned above, bcc crystal is expected according to the model
for particles with hard cores and soft coronas mentioned above [113, 114, 115].
Due to the inherent steric stabilization of microgels, their interaction energy
is also expected to scale with the contact area of a particle with its nearest
neighbors. The steric repulsion is expected to be important for very soft,
deformable particles with small contribution of the hard cores to the free
energy. This suggests that bcc might become a stable phase in suspensions
of softer particles. Furthermore, the model [113, 114, 115] predicts the bcc
lattice to appear at intermediate volume fractions between a low-density
and a high-density fcc structure. This agrees with the findings in Ref. [40]
presented in chapter 5.
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4.3.4 Ellipsoidal hybrid magnetic microgel particles
with thermally tunable aspect ratio

The reactiveness of microgels can be extended by adding a core susceptible
to other external stimuli than the microgel. Particles with variable size and
shape as well as magnetic responsiveness are presented in the article “El-
lipsoidal hybrid magnetic microgel particles with thermally tunable aspect
ratios” in chapter 5. An ellipsoidal maghemite, γ − Fe2O3, core with silica
coating is produced. Its magnetization points along the long axis, which al-
lows for aligning the particles in an applied magnetic field. Finally, a shell of
pNIPAM microgel is synthesized on the silica surface. Similar particles with
hematite core were synthesized by Dagallier et al. [119].

The temperature response of the pNIPAM shell was studied by measuring
the translational and rotational diffusion constants using dynamic light scat-
tering (DLS) and depolarized dynamic light scattering (DDLS), respectively.
With increasing temperature, the particle size decreases as expected from the
collapse of the pNIPAM shell. Simultaneously, the particle shape changes
from almost spherical to prolate ellipsoidal as defined by the magnetic core
with silica coating. The alignment of the particles in an applied magnetic
field was observed using laser scanning confocal microscopy with fluorescently
labeled particles. Due to the strong magnetization of maghemite, small fields
of 200 mT are sufficient for full orientation. Furthermore, the magnetization
of the particles allows to harvest them from a suspension using a magnetic
field gradient.

Such particles give the opportunity to create tailored multi-responsive
particles for applications or for studies of fundamental phenomena in complex
fluids. E.g. concentrated samples of such multi-responsive particles may be
used to study the effect of particle anisotropy and orientational order on
crystallization: Starting with a fluid sample with partially collapsed microgel
shell, crystallization or a glass transition can be triggered by increasing the
particle volume fraction by reducing temperature. Furthermore, a magnetic
field can be applied to align the particles and to study the influence of particle
orientation on the phase behavior and the transition kinetics. The presented
multi-responsive particles allow for studies with both scattering techniques
(SAXS) and real space imaging (confocal microscopy).
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Real-Space Imaging of
Nucleation and Growth in
Colloidal Crystallization

U. Gasser,1* Eric R. Weeks,1† Andrew Schofield,2 P. N. Pusey,2

D. A. Weitz1

Crystallization of concentrated colloidal suspensions was studied in real space
with laser scanning confocal microscopy. Direct imaging in three dimensions
allowed identification and observation of both nucleation and growth of crys-
talline regions, providing an experimental measure of properties of the nucle-
ating crystallites. By following their evolution, we identified critical nuclei,
determined nucleation rates, and measured the average surface tension of the
crystal-liquid interface. The structure of the nuclei was the same as the bulk
solid phase, randomhexagonal close-packed, and their average shapewas rather
nonspherical, with rough rather than faceted surfaces.

The study of the structure, growth, and prop-
erties of crystals is one of the most important
areas of solid state physics (1). Although a
great deal is known about the behavior of
bulk crystals, considerably less is known
about their earliest stage, when they nucleate
and grow from a liquid. Homogeneous nucle-
ation occurs when small crystalline regions
form from structural fluctuations in a liquid
cooled below its freezing point. The growth
of these regions depends on a competition
between a decrease in bulk energy, which
favors growth, and an increase in surface
energy, which favors shrinkage. The smallest
crystals continually form by fluctuations but
then typically shrink away because of the
high surface energy. Growth becomes ener-
getically favorable only when the crystallites
reach a critical size. The competition between

the surface energy and bulk energy is reflect-
ed in the free energy for a spherical crystallite

+G ! 4,r2- "
4,

3
r3+.n (1)

where r is the radius, - is the free energy of
the crystal-liquid interface per unit area, +.
is the difference between the liquid and solid
chemical potentials, and n is the number den-
sity of particles in the crystallite (2). The size
of the critical nucleus is rc ! 2-/(+.n),
corresponding to the maximum of +G (Eq.
1). Despite its crucial role, very little is
known about this nucleation process, primar-
ily because of the difficulty of directly ob-
serving the nuclei in real space.

No experiment has ever directly measured
the size of the critical nucleus. It cannot be
determined theoretically—even the surface
tension is unknown. Furthermore, an addi-
tional important yet unresolved question in-
volves the internal structure of critical nuclei,
because nucleation need not occur via the
stable bulk phase (3). General arguments
based on symmetry suggest that nucleation
may proceed by a body-centered cubic (bcc)
structure as an intermediate phase, with the
final equilibrium solid phase having a differ-
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ent symmetry (4). Computer simulations of a
Lennard-Jones system found critical nuclei
with a face-centered cubic (fcc) core and a
predominantly bcc surface layer (5). Howev-
er, light-scattering measurements from hard
spheres (6–8), which provide an average
over crystalline regions of all sizes, suggest
that nucleation occurs through the random
hexagonal close-packed (rhcp) phase, a ran-
dom mixture of hexagonal close-packed
(hcp) and fcc-like stackings of planes with
hexagonal order, and this is supported by
recent computer simulations (9). The impor-
tant questions about the structure and size of
the nucleating crystallites can best be re-
solved by direct experimental observation in
real space.

The small length and time scales that char-
acterize homogeneous crystal nucleation have
to date precluded this direct real-space observa-
tion of critical nuclei in atomic or molecular
systems. By contrast, however, colloidal sys-
tems can be studied directly, because their larg-
er size and concomitant slower time scale
makes them much more experimentally acces-
sible. Colloidal particles can serve as good
models for atomic or molecular materials; they
show an analogous phase diagram (10), and the
volume exclusion that results in crystallization
of colloidal particles also plays a dominant role
in traditional crystallization (2). Concentrated
suspensions of hard-sphere colloids crystallize
because of entropy (11): The free volume for
ordered spheres (maximum packing volume
fraction ! " 0.74) is greater than that of disor-
dered spheres (maximum packing ! # 0.64),
and thus, the entropy is higher in the crystalline
state. The phase behavior is determined solely
by the volume fraction !, with freezing occur-
ring at !f

HS " 0.494 and melting occurring at
!m

HS " 0.545 (HS, hard sphere) (12). Weakly
charged colloids behave in essentially the same

manner, but the boundaries of the phase dia-
gram are shifted to slightly lower ! values (11).
Colloidal (6–8, 13–16) and protein (17) sys-
tems have been valuable for studying crystal
nucleation, but these studies did not directly
visualize the critical nuclei and thus were un-
able to directly observe their properties.

We report on three-dimensional real-
space imaging of the nucleation and growth
of nearly hard-sphere colloidal crystals. We
observed the formation of the smallest nuclei,
which shrink far more frequently than they
grow; by measuring their size distribution,
we were able to directly determine the sur-
face tension of a colloidal crystal. We were
also able to determine the size of the critical
nuclei by observing when the probability to
grow exceeds the probability to shrink. We
found that the structure of critical nuclei is
rhcp, the same as that of the bulk. The critical
nuclei have rough surfaces, and their average
shape is ellipsoidal.

We used poly(methyl methacrylate) spheres
sterically stabilized with poly-12-hydroxy-
stearic acid (18, 19), with a radius a " 1.26 $m
and a polydispersity of %5%. They were sus-
pended in a mixture of decahydronaphthalene
and cyclohexylbromide, which closely matches
both the refractive index and the density of the
particles. To make the particles visible with
fluorescence microscopy, we dyed them with
rhodamine, which gives the particles a small
charge, resulting in freezing at !f " 0.38 and
melting at !m " 0.42 (20). We used a fast laser
scanning confocal microscope, which allowed
us to measure the three-dimensional arrange-
ment of colloidal particles in suspension (21,
22). We observed a 58 $m by 55 $m by 20 $m
volume, containing &4000 particles. The total
volume of our samples was &50 $l, and they
contained a short piece of paramagnetic wire,
which we agitated with a magnet to shear melt

the sample before observation. Heterogeneous
nucleation at the walls of the sample chamber
was suppressed by fusing colloidal particles of
a smaller size onto the walls before adding the
colloidal samples. Further, we focused at least 8
and typically 15 particle diameters from the
walls to ensure that we studied bulk homoge-
neous nucleation.

We observed the growth of crystallites
by extracting the particle centers from the
raw images with an accuracy of &0.04 $m
(23). From these particle positions, crystal-
line regions were identified with an algo-
rithm that finds ordered regions, indepen-
dent of any particular crystal structure (5,
24 ). It relies on the assumptions that the
neighbors of a particle in a crystal lattice
are arranged in a particular orientation
about the particle and that this orientation
of neighbors is the same for nearby parti-
cles. Quantitatively, this is achieved by
calculating local bond-order parameters
(25) that are based on spherical harmonics
Ylm and are a measure of the orientation of
the neighbors around a particle. Two adja-
cent particles with similar orientation of

Fig. 1. Four snapshots
during crystallization
of a sample with ! "
0.45. The red spheres
are drawn to scale and
represent particles
that were identified as
crystal-like. The parti-
cles in the metastable
liquid state are shown
by the blue spheres,
reduced in size for
clarity. (A) Time t "
20 min after shear
melting, (B) t " 43
min, (C) t " 66 min,
and (D) t " 89 min.

Table 1. The experimentally measured bond-order
histograms for the crystal regions were least
squares fit with the histograms for crystals and
liquid. For three samples, the fraction of each
structure type found by the fit is given, with the
sum of all the fractions constrained to be 1. The
values in parentheses are the uncertainty of the
last digit. The sum of the squared differences
between the measurement and the fit, '2, is a
measure for the quality of the fit, with smaller
values indicating a better fit. The fit for the ! "
0.45 sample is shown in Fig. 4.

! '2 bcc fcc hcp Liquid

0.49 0.021 0.00(3) 0.10(3) 0.32(6) 0.58(14)
0.45 0.006 0.00(1) 0.58(7) 0.20(3) 0.22(6)
0.43 0.006 0.00(3) 0.34(5) 0.25(4) 0.41(10)

Fig. 2. The difference pg – ps of the probabilities
with which a crystallite is growing or shrinking
plotted against the normalized average crystal-
lite radius (r)/a (bottom) and the number of
particles M in the crystallite (top) for ! " 0.47.
The size of the critical nucleus lies in the range
in which pg – ps goes from negative to positive
values.
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their neighbors have similar bond-order pa-
rameters and are therefore said to be joined
by a crystal-like “bond” (26 ). Even in the
disordered liquid, crystal-like bonds are not
uncommon; thus, only particles with eight
or more crystal-like bonds are defined as
being crystal-like. All particles in a crys-
tallite with perfect fcc, hcp, rhcp, or bcc
structure are correctly recognized, whereas
only an insignificant number of particles in
the liquid are found to be crystal-like.

At the beginning of an experiment, sam-
ples started in the metastable liquid state,
but because of random structural fluctua-
tions, subcritical nuclei of crystal-like par-

ticles were present. This is shown in two
early-time snapshots (Fig. 1, A and B),
where we represent crystal-like particles as
red spheres and liquid-like particles as blue
spheres, shown with a reduced diameter to
improve visibility. Typically, these sub-
critical nuclei contained no more than 20
particles and shrank to reduce their surface
energy. After a strongly !-dependent peri-
od of time, critical nuclei formed and rap-
idly grew into large postcritical crystallites
(Fig. 1, C and D). By following the time
evolution of many crystallites, we deter-
mined the size dependence of the probabil-
ities pg and ps with which crystallites grow

or shrink (27 ). Because pg " ps at the
critical size, we plot the difference pg – ps

as a function of crystallite radius and par-
ticle number M in Fig. 2 for a sample with
! " 0.47. We found an abrupt change from
negative to positive values of pg – ps (28),
allowing us to identify the critical size,
which is 60 # M # 160, in good agreement
with recent computer simulations (9). This
corresponds to rc $ 6.2a, assuming a spher-
ical nucleus. The volume fraction of the
nuclei is larger than the ! value of the
fluid; above coexistence, the difference is
%! " 0.012 & 0.003, independent of !,
where %! increases slightly for M ' 100.
We can understand this %! value as result-
ing from the higher osmotic pressure exert-
ed by the fluid on the nuclei (16 ), whereas
in the coexistence regime, %! must reflect
the evolution of ! to the higher value,
ultimately attained by the crystallites,
where %! " !m ( !f . The nucleation rate
densities were slower than 5 mm(3 s(1 for
! # 0.45, as well as for ! ' 0.53. Values
of the order of 10 mm(3 s(1 were found for
0.45 # ! # 0.53. However, for 0.47 # ! #
0.53, the average size of the nuclei began to
grow immediately after shear melting; thus,
there was little time for the sample to equil-
ibrate after shear melting, and we were not
able to observe the formation process of
critical nuclei entirely. Our nucleation rate
densities are of the same magnitude as
values obtained by small-angle light scat-
tering from hard spheres (29, 30) but are
two orders of magnitude larger than those
obtained from Bragg scattering (31).

The direct imaging afforded by confocal
microscopy enabled us to determine the
structure and shape of individual nuclei. In
Fig. 3, A through C, we show a crystallite
that is slightly larger than the critical size.
Again, the red spheres represent crystal-
like particles, and the blue ones depict par-
ticles in the liquid state that are on the

Fig. 3. A snapshot of a
crystallite of postcritical
size in a sample with ! "
0.47 is shown from three
different directions (A
through C). The 206 red
spheres represent crystal-
like particles and are
drawn to scale; the 243
extra blue particles share
at least one crystal-like
“bond” to a red particle
but are not identified as
crystal-like and are re-
duced in size for clarity.
(D) A cut with a thickness
of three particle layers
through the crystallite, il-
lustrating the hexagonal
structure of the layers.
Blue, red, and green
spheres represent parti-
cles in the different layers
(front to rear). This cut
was taken from the re-
gion that is indicated by
the green boxes in (A) and
(B). The particle diameter in (D) is reduced in order to improve the visibility of the second and third
layers.

Fig. 4. (A) q4, q6, and
w6 bond-order parame-
ter histograms for fcc
(blue curves), hcp (red
curves), bcc (black
curves), and liquid
(purple curves). (B) The
measured bond-order
histograms (black plots)
of a sample with ! "
0.45 are shown togeth-
er with a least squares
fit (blue curve) using
the bond-order histo-
grams from (A). The re-
sults of this and other
structure fits are sum-
marized in Table 1. Fig. 5. The number of nuclei N(A) (circles) is

shown as a function of the nucleus surface area
A approximated by an ellipsoid (! " 0.445).
From the fit (line) with the function N(A) "
constant!exp[–A)/(kBT )], the surface tension
) " 0.026kBT/a

2 is determined. The values of )
for all samples are given in the inset as a
function of !.
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surface of the crystallite and have at least
one crystal-like bond with a red particle.
The cores of the crystalline nuclei are
formed from hexagonal layers, as shown by
the cut through the center of this crystallite
(Fig. 3D), and their surfaces are more dis-
ordered. The interface between the highly
ordered cores and the amorphous liquid
exterior is not sharp; this decrease in order
from the interior to the exterior is in agree-
ment with computer simulations of a Len-
nard-Jones system (5) and density function-
al calculations for hard spheres (32).

To determine the crystal structure of the
ordered cores, we used the rotational in-
variants q4(i), q6(i), and w6(i) (33), which
are quantitative measures for the local or-
der around particle i, and distinguished be-
tween fcc, hcp, bcc, and liquid (5, 9, 24 ).
Because of thermal fluctuations, even ho-
mogeneous crystals have a distribution of
these parameters. Nevertheless, these dis-
tributions are distinct for every crystal
structure, as shown by the calculations (34 )
in Fig. 4A. These are compared to measure-
ments of experimental crystalline nuclei,
shown by a black curve in Fig. 4B. The
blue curve is a least squares fit with the
distributions from Fig. 4A, and the fit pa-
rameters are summarized in Table 1. Dur-
ing the nucleation process, bcc order is
completely absent; in particular, as shown
in Fig. 4, the q4 distribution for bcc is
markedly different from the measured dis-
tribution. Instead, the main contributions to
the structure of the experimental crystalline
nuclei are due to fcc, hcp, and liquid. The
mixture of fcc and hcp is the signature of
rhcp structure and is consistent with the
stacked hexagonal planes in Fig. 3D. The
liquid contribution in the fit is mainly due
to the surface of the crystallites. These
results are in agreement with those expect-
ed for hard spheres, which also crystallize
in the rhcp structure (7 ), confirming that
the critical nuclei are formed only from the
bulk solid phase, rather than forming from
a different metastable solid phase.

In classical nucleation theory (2), it is
assumed that the nuclei have a spherical
shape due to surface tension. To the best of
our knowledge, this assumption has never
been experimentally verified. As shown by
the example in Fig. 3, our data indicate that
the crystallite surfaces were quite rough, sug-
gesting that the surface tension is low. Con-
sistent with this, the crystallite shapes ap-
peared rather nonspherical. To confirm this,
we approximated each nucleus with an ellip-
soid and found that the average nucleus is
best described by an ellipsoid whose major
axes have the ratio 1:1.8:3.2. Nuclei contain-
ing !50 particles were found to be somewhat
less anisotropic than smaller ones, but on
average, the ratio of the shortest and longest

ellipsoid axes was never higher than 0.65 "
0.15 for nuclei of all sizes. This suggests that
the effects of the nonspherical shape could be
included in any future modification of the
theory. Furthermore, we found that the radius
of gyration rg of crystallites was related to the
number of particles M within each crystallite
as M(rg) # rg

d
f with the fractal dimension

df $ 2.35 " 0.15 for all values of %; the
fractal behavior presumably reflects the
roughness of their surfaces.

The interfacial tension between the
crystal and fluid phases is a key parameter
that controls the nucleation process, yet & is
difficult to calculate (1, 2) and to measure
experimentally, but with our data, we can
directly measure & by examining the statis-
tics of the smallest nuclei. For r '' rc, the
surface term in Eq. 1 dominates the free
energy of the crystallites, and consequent-
ly, we expect the number of crystallites to
be N(A) # exp[–A&/(kBT )], where A is the
surface area, which we approximate by an
ellipsoid. In Fig. 5, we show that this pro-
portionality does indeed hold, allowing us
to obtain values for the surface tension. As
shown in the inset, & ( 0.027kBT/a2 and
may decrease slightly with increasing %
values. This value of & is in reasonable
agreement with density functional calcula-
tions for hard spheres and Lennard-Jones
systems (32). By contrast, an older density
functional study (35) and computer simula-
tions of hard spheres (9, 36 ) gave results
approximately four times as large. Our
measurement of a low value of & is consis-
tent with the observed rough surfaces of the
crystallites; this may reflect the effects of
the softer potential due to the weak charges
of our particles. Approximating the critical
nucleus as an ellipsoid, with Mc ( 110, we
obtain Ac $ 880 )m2, *) ( 0.13kBT, and
*G(Ac) ( 7.4kBT.

The direct observation of the structure,
dynamics, and evolution of small crystalline
nuclei allowed us to characterize the key
processes of nucleation and growth of colloi-
dal crystals and to quantitatively determine
the important parameters that control this
process. These results also provide crucial
experimental input to help guide any future
refinements of theories for nucleation and
growth of colloidal crystals. Moreover, the
ability to obtain three-dimensional movies of
the dynamics of colloidal solids will allow
the direct observation and study of other im-
portant phenomena, such as defect motion,
effects of impurities, and crystallization of
colloidal alloys.
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32. R. Ohnesorge, H. Löwen, H. Wagner, Phys. Rev. E 50,
4801 (1994).

33. ql(i ) is a second-order rotational invariant of the
(2l ! 1)–component bond-order parameter ql(i ) for
particle i and is defined by

ql"i# ! ! 4$
2l " 1 "

m ! # l

l

!qlm"i#!2#
1

2

wl(i ) is a third-order rotational invariant defined by

wl"i# ! "
m1,m2,m3

m1 " m2 " m3 ! 0

$ l l l
m1 m2 m3

%
$ qlm1"i#qlm2"i#qlm3"i#

where (: : :) stands for a Wigner 3j symbol.
34. The histograms for fcc, bcc, and hcp order were

obtained from computer-generated crystal data. Ran-
dom fluctuations were added to the particle positions
in such a way that the width of the first peak of g(r)
for the computer-generated data matched the exper-
imental value. The bond-order histograms were then

calculated in the same way as for particle positions
from a measurement. The liquid histogram was taken
from observations shortly after shear melting, when
the sample was in the liquid state.

35. D. W. Marr, A. P. Gast, Phys. Rev. E 47, 1212 (1993).
36. R. L. Davidchack, B. B. Laird, Phys. Rev. Lett. 85, 4751

(2000).
37. This work was supported by NSF (grant

DMR-9971432) and NASA (grant NAG3-2284). U.G.
also acknowledges support by the Swiss National
Science Foundation.

20 December 2000; accepted 28 February 2001

Capturing a Photoexcited
Molecular Structure Through

Time-Domain X-ray Absorption
Fine Structure

Lin X. Chen,1* Wighard J. H. Jäger,1 Guy Jennings,2

David J. Gosztola,1 Anneli Munkholm,1† Jan P. Hessler1

The determination of the structure of transient molecules, such as photoexcited
states, in disorderedmedia (such as in solution) usually requiresmethodswith high
temporal resolution. The transient molecular structure of a reaction intermediate
produced by photoexcitation of NiTPP-L2 (NiTPP, nickeltetraphenylporphyrin; L,
piperidine) in solution was determined by x-ray absorption fine structure (XAFS)
data obtained on a 14-nanosecond time scale from a third-generation synchrotron
source. The XAFS measurements confirm that photoexcitation leads to the rapid
removal of both axial ligands to produce a transient square-planar intermediate,
NiTPP, with a lifetime of 28 nanoseconds. The transient structure of the photo-
dissociated intermediate is nearly identical to that of the ground state NiTPP,
suggesting that the intermediate adopts the same structure as the ground state in
a noncoordinating solvent before it recombines with two ligands to form themore
stable octahedrally coordinated NiTPP-L2.

Photoexcited states of molecules are often stud-
ied with “pump-probe” methods, in which a
short optical pulse excites the ground state, and
a second probe pulse interrogates the excited
state. For structural studies, substantial progress
has been made in generating ultrashort x-ray
pulses (1–4) that have been used to obtain
time-resolved x-ray diffraction information
with picosecond resolution (5–7). Because
many light-driven processes occur in disordered
media, techniques that do not rely on the long-
range order of a system must be developed. The
approach of laser pump/x-ray probe x-ray ab-
sorption fine structure (XAFS) was proposed
earlier (8–10), and transient molecular struc-
tures, generated in light-induced processes,
were captured without using the temporal res-
olution of the source (11–19).

Here we present time-domain laser pump/
x-ray probe XAFS studies using x-ray pulses
from a third-generation synchrotron source.
(The experiments were conducted at a wig-
gler beamline at the Basic Energy Sciences
Synchrotron Research Center at Argonne Na-
tional Laboratory’s Advanced Photon
Source.) Although the duration of the x-ray
pulses (100 ps at full width at half-maximum)
is too long to follow atomic displacements
due to the photoexcitation, it is suitable for
capturing intermediate structures with sub-
nanosecond resolution. We are able to take
“snapshots” of molecules when the popula-
tion of the laser-generated transient species
reaches a maximum; in this case, the species
is a reaction intermediate with a 28-ns life-
time that results from the photodissociation
of NiTPP-L2 (NiTPP, nickeltetraphenylpor-
phyrin; L, piperidine) in solution (Fig. 1A).

The photoinduced processes of hemelike
porphyrin derivatives are examples of how,
through electron transfer, the coordination ge-
ometry of a metal ion is altered by the electronic
structure of its macrocycle ligands. These mol-
ecules can serve as models for oxygen transport,

catalysis, and the photoinduced redox reactions.
According to previous studies (20–22) in a
weakly coordinating or noncoordinating sol-
vent, the 3d8 electrons of the Ni(II) ion in the
square planar geometry of NiTPP adopt a sin-
glet spin state 1(3dz2)

2, S0, whereas these elec-
trons in the octahedral geometry of NiTPP-L2

prefer the triplet spin state 3(3dx2-y2, 3dz2), T0.
This difference reflects the response of the
3dx2-y2 and 3dz2 orbitals in the square planar and
octahedral ligand fields. Starting with NiTPP-
L2, a laser pump pulse induces an electronic
transition from the triplet ground state, T0, to an
excited triplet state, T * (Fig. 1B). This state
decays and undergoes intersystem crossing to an
excited singlet state, S *. This excited state ejects
two ligands L to produce the square planar
geometry (20–22). If the solvent were noncoor-
dinating or weakly coordinating, this reaction
sequence would be completed. However, in a
strongly coordinating solvent, S0 is unstable and
the system will return to T0, by recombining
with two piperidine ligands to form an octahe-
drally coordinated NiTPP-L2 (Fig. 1). The tran-
sient structures involved in this recombination
are not known. A penta-coordinated NiTPP-L
molecule could be involved in the recombina-
tion, the square planar NiTPP could return to T0

via a concerted axial chelation with two piperi-
dine molecules, or an intermediate square pyra-
mid NiTPP-L structure could be important. Be-
cause it is difficult to identify a unique optical
absorption spectrum for each possible interme-
diate involved in photodissociation, transient
optical absorption spectra of NiTPP in coordi-
nating solvent alone are not sufficient to identify
the intermediates.

The excited-state dynamics of NiTPP-L2

have been studied by ultrafast optical transient
absorption and Raman spectroscopy (20–25).
The intersystem crossing from T * to S * and the
subsequent dissociation to S0 occur in less than
a few hundred picoseconds (22). In a strongly
coordinating solvent at room temperature, this
state of NiTPP has a lifetime of 28 ns, because
it must react with two piperidine molecules to
reform NiTPP-L2. We can therefore use x-ray
pulses from a synchrotron source to determine
the local structure of these intermediates and
compare them with the structure of ground state
NiTPP. In addition, it is possible to determine
whether an intermediate species with only one
axial ligand is present (22). The experiment was
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Abstract
We present a real-space imaging study of homogeneous and heterogeneous crystal nucleation
and growth in colloidal suspensions of slightly charged and polydisperse particles.
Heterogeneous crystallization is observed close to curved surfaces with radii of curvature, R,
in the range from 4 to 40 particle diameters, d. Close to a curved surface, we find crystal
nucleation and growth to be suppressed for R . 10d. For R & 15d, fast crystal growth is
observed similar to that on a flat wall (R = 1). We use the purely topological method of
shortest path rings to determine the orientation of the crystal on the length scale of the nearest
neighbor distance. Crystal nuclei forming close to a curved surface are oriented analogous to
crystal growth on a flat wall with hexagonal planes parallel to the wall. While the smallest
nuclei appear to be unaffected by the surface, larger nuclei are found to be suppressed for radii
of curvature R . 10d. The critical nucleus size in the vicinity of a curved surface is found to
be about the same as for homogeneous nucleation.
S Online supplementary data available from stacks.iop.org/JPhysCM/25/375105/mmedia

(Some figures may appear in colour only in the online journal)

1. Introduction

Crystal nucleation has been studied for more than 100 years
and is of importance for the fundamental understanding
of phase transitions, material properties and manufacturing.
Nevertheless, there are still important open questions
regarding the process of crystal nucleation. Crystal nucleation
is a first-order phase transition and, therefore, there is no
general theory, and the nature of the transition depends on the
studied material. Furthermore, the properties of microscopic
and mesoscopic crystal nuclei forming due to structural
fluctuations in a supercooled fluid are not well known.
There is evidence that small crystal nuclei may not have
the same structure [1] and surface tension [2] as the bulk
crystal. However, classical nucleation theory assumes that
these nuclei can be described using the properties of the
bulk crystal [3]. As a consequence, experimental as well
as theoretical progress in the understanding of small crystal

nuclei is needed. It is well accepted that crystal nucleation is
governed by the free energy barrier

1Ghom = �cf A � 1µnV (1)

giving the free energy change due to the formation of a
crystal nucleus with surface area A and volume V . �cf is the
surface tension between the crystal and the fluid, 1µ is the
chemical potential difference of the metastable fluid and the
crystal phase, and n is the particle number density in the
crystal. The dependence of �cf and 1µ on the size, shape,
and structure of the crystal nucleus is, however, not known
in detail. Furthermore, 1G can be increased or decreased
in the presence of impurities or boundaries of the system,
depending on the values of the surface tension of the crystal,
�cs, and the fluid, �fs, on the imposed surface. When 1G is
comparable to or becomes lower than 1Ghom, the impurity
can act as a seed for crystal nucleation and heterogeneous
nucleation takes place on the seed, which can be much faster
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than homogeneous nucleation in the bulk of a supercooled
fluid. The free energy barrier for heterogeneous nucleation is
given by

1Ghet = �cf Acf + (�cs � �fs) Acs � 1µ n V + ⌧ L. (2)

⌧ is the line tension of the contact line defined by the
co-occurrence of seed, fluid, and crystal, and L is the length
of this line. Computer simulations of hard spheres next to a
flat, hard wall (of infinite radius of curvature) show that a
small free energy barrier exists for crystal nucleation on the
wall [4]. This barrier is mainly given by the line tension ⌧ ,
and hexagonal planes of hard spheres are found to be close
to spontaneously wetting the wall. On the other hand, seed
particles with radii of curvature from two to five times the hard
sphere diameter are found to hinder the formation of crystal
nuclei. As a consequence, there must be a transition from a
high to a low barrier in 1G with increasing radius of curvature
of the seed particles. Moreover, computer simulations suggest
that seed particles in an optimal size range promote the
formation of critical crystal nuclei that can overcome the
barrier in 1G and detach from the seed particle to become
large crystal grains [5]. In this way, seed particles may
function as ‘catalysts’ for crystal nucleation.

The properties of microscopically small crystals in a fluid
are hard to study in atomic or molecular systems, as their
size is ⇠1 nm and they evolve in a timescale shorter than
1 µs. Colloidal particles are ⇠103 times larger and typical
timescales are beyond seconds to minutes, which makes them
experimentally much more accessible. Therefore, colloidal
suspensions have become an important test bed to study
crystal nucleation with single particle resolution and in the
timescale of the formation of crystal nuclei [2, 6, 7]. In
particular, modern laser scanning confocal microscopy has
become an important tool for the study of local structures such
as crystal nuclei in colloidal suspensions [8, 9].

2. Experimental details

We study both homogeneous and heterogeneous crystal
nucleation as well as crystal growth in suspensions
of poly(methyl methacrylate) (PMMA) spheres [10, 11],
which are labeled with fluorescein to make them visible
with fluorescence microscopy. Their average diameter is
d = 1.9 ± 0.05 µm and the polydispersity is 0.067 ± 0.005
as determined from dynamic light scattering with CONTIN
analysis [12]. The spheres are suspended in a mixture
of cyclo-heptylbromide and decahydronaphthalene, which
nearly matches the density and the refractive index of
the particles and, therefore, allows for observations of the
particles as deep as 100 µm from the sample surface.

The radial pair-distribution functions (see supporting
material available at stacks.iop.org/JPhysCM/25/375105/
mmedia) determined for fluid samples with volume fractions
� = 0.036 and 0.049 are compatible with a hard-sphere
Yukawa interaction [13, 14] with a screening length of
330 ± 20 nm and a contact value of 42 ± 5 kBT , where
kBT is the thermal energy. This implies a surface charge
⇡380 e of the particles, where e is the elementary charge.

At � = 0.134, a comparison yields the same screening
length, but a higher contact value of 127 ± 5 kBT is found.
This significant change with � indicates the importance of
many-body forces in the studied suspensions, as expected
from [14] reporting on a similar colloidal system. The
effect of many-body forces becomes apparent at higher
volume fractions. Therefore, a contact value of 42 ± 3 kBT
gives the strength of the interaction, but many-body forces
are not negligible at � & 0.05. We observe freezing at
�f = 0.16 ± 0.01 and fluid–crystal coexistence up to the
melting point at �m = 0.20 ± 0.02. This agrees well with
the phase behavior reported for hard-sphere Yukawa particles
in [13], where the freezing line for a contact value of 39 kBT
and a screening length of 330 nm is found at � = 0.18.

Samples with a thickness of 0.5 mm are prepared in
glass cells with a microscopy cover glass on one side. For
the study of homogeneous nucleation, crystal growth on the
cell walls is suppressed with a rough and irregular coating.
This is done by sticking polydisperse PMMA particles with
a mean diameter of 6.5 µm onto the walls by heating
them up to 130 �C, slightly above the glass temperature
of PMMA. Heterogeneous nucleation is probed near glass
spheres with radii from 10 up to 70 µm, which are located at
the bottom of the cells due to sedimentation. Suspensions are
imaged on a Zeiss Axiovert 200 inverted microscope with a
Yokogawa Nipkow disk scanner, an oil-immersion objective
with numerical aperture 1.45, and a field of view of up to
87 ⇥ 66 µm2. The microscope objective is mounted on a
piezo scanner, allowing the focal plane to be moved in the
range 0–90 µm from the cover slip. Typically, stacks of about
120 images are taken with steps of 200 nm from image to
image for the observation of about 104 particles in 3d. Crystal
nucleation and growth are followed by taking many image
stacks for up to 70 h. The time step between image stacks
is chosen between 20 s and 20 min, depending on the desired
time resolution.

The image stacks allow a determination of the
coordinates for all visible particles in 3d. This is done with
a sub-pixel resolution of ⇡20 nm according to the method of
Crocker and Grier [15]. Uneven illumination in the images
is corrected, and a real-space bandpass filter suppresses pixel
noise and enhances the visibility of the features with the
size of the particles. Local brightness maxima are chosen as
potential particle positions, and the final particle coordinates
are obtained from a brightness-weighted centroid fit [15].

For the detection of small crystal nuclei in fluid
surroundings, the arrangement of particles needs to be
analyzed on a local scale. Local bond order parameters based
on the spherical harmonic functions Ylm are, therefore, used
to obtain a quantitative measure of the arrangement of the
neighbors for each particle. Bond order parameters with l = 4
and 6 have been introduced for the characterization of local
order in glasses [16] and they have been used previously to
identify small crystal nuclei [1, 17, 2, 18]. The local bond
order parameter with l = 6 for particle ↵ is given by

q6m(↵) = 1
N(↵)

N(↵)X

�=1

Y6m(r̂↵�), (3)

2
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Figure 1. Fraction of crystal-like particles as a function of the time
after shear-melting at t = 0 for two measurements of homogeneous
crystallization at � = 0.29.

where r̂↵� gives the direction from particle ↵ to one of
its N(↵) nearest neighbors, which are defined by a cut-off
distance chosen such that on average 12 nearest neighbors are
obtained, as expected for the crystal observed in the system
studied. As the arrangement of neighbors is the same for
each particle in a perfect crystal, the q6m are expected to be
similar for all particles in a crystal nucleus; this contrasts
with a fluid surrounding, where the arrangement of neighbors
varies quickly from particle to particle. If the inner product of
the normalized q̂6m = q6m/

qP
mq6mq⇤

6m of two neighboring
particles ↵ and � exceeds a threshold of 0.5, they are counted
as particles connected by a crystal-like bond3:

6X

m=�6

q̂6m(↵)q̂⇤
6m(�) > 0.5. (4)

We call particles with a crystal-like arrangement of neighbors
crystal-like particles. These are identified by searching for
particles with eight or more crystal-like bonds to their next
neighbors. Crystal nuclei can be found by identifying clusters
of crystal-like particles that are connected by crystal-like
bonds.

To keep track of crystal nuclei over time, the nuclei
identified in consecutive snapshots are compared based on
their spatial overlap and their averaged bond order parameters

q̄6m(i, t) = 1
N(i, t)

N(i,t)X

↵=1

q6m(↵, t), (5)

where i denotes the nucleus containing N(i, t) particles at time
t. The averaged bond order parameters are compared using the
scalar product cq6(i, t; j, t + 1) = P

m
ˆ̄q6m(i, t) ˆ̄q⇤

6m(j, t + 1),
analogous to equation (4). The spatial overlap, coverlap, is
defined as the number of particles having a ‘neighbor’ in the
other nucleus within a distance of dn = 2.5 µm divided by the

3 Bonds between neighboring particles are based on a given distance
criterion only and are not related to chemical bonds.

averaged nucleus size:

coverlap = 2
N(i, t) + N(j, t + 1)

⇥
N(i,t)X

k=1

N(j,t+1)X

l=1

2(dn � |r(k, t) � r(l, t + 1)|),

(6)

where 2 is the Heaviside function. Finally, the sum of the
two criteria has to fulfil the condition that coverlap + cq6 > 1
and coverlap > 0.3 to accept two nuclei as predecessor and
successor. In case several nuclei at time t + 1 fulfil this
criterion, the nucleus with the highest coverlap + cq6 is selected
as the successor. For tracks that start or end because no
successor or predecessor can be assigned, nuclei giving a sum
coverlap + cq6 < 1 or being assigned to another nucleus are
counted as possible successors or predecessors.

3. Results and discussion

3.1. Crystal-like particles

To gain insight into the nucleation and growth phase using
confocal microscopy, we have taken measurements quickly
after shear-melting the sample and focused on the early
times when critical nuclei form. As the formation of a
critical nucleus that continues to grow is a rare event,
our measurements only allow for a rough estimate of the
critical size. However, the formation of precritical nuclei that
approach the critical size are found in all measurements and
crystal growth into the observed area from the outside is
common. The number of crystal-like particles as a function of
time is shown in figure 1 for two examples of homogeneous
crystal growth. The formation of precritical crystal nuclei
is found to start quickly, but crystal growth is slow and
is still ongoing after ⇠70 h. An induction time for crystal
nucleation is expected [19], however the polydispersity of
the particles further slows down the nucleation process.
From computer simulations of hard spheres [20], it is well
known that crystallization does not occur in suspensions
with polydispersity &0.12, while the differences from a
monodisperse system are small for polydispersities <0.05.
Furthermore, the polydispersity in the crystal is found to
be always below 0.057. A demixing of small and large
particles has to take place in the suspensions studied here,
because the polydispersity is ⇡0.067. In agreement with this,
we observe a slow crystallization process: the formation of
precritical nuclei is found to start quickly within ⇠10 min,
but it takes ⇠10 days until the equilibrium phase behavior
of crystal coexisting with fluid or complete crystallization is
reached. Furthermore, we observe incomplete crystallization
even at � > �m, as expected for the polydispersity of the
studied suspensions. This agrees with previous observations
that bidisperse or polydisperse hard spheres do not crystallize
at all or do so more slowly than in the monodisperse
case [20–22]. A slow crystallization process is also observed
close to the glass transition and for the devitrification of glassy
samples [23]. This may play a role for the most concentrated
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Figure 2. Fraction of crystal-like particles as a function of the distance, z, from (A) a flat and (B) a rough surface. The fractions are shown
for (+) 20 min and (•) 20 h after shear-melting the sample. The average height of the rough surface is at a distance of ⇡�2 µm. The
volume fractions are (A) � = 0.25 and (B) � = 0.29.

samples studied in this work. In the following we concentrate
on the early stage of nucleation and growth within ⇠48 h after
shear-melting the sample.

3.1.1. Flat and rough surfaces. To quantify the influence of
a surface or a particle as a seed for crystallization, we count
the crystal-like particles as a function of the distance from
the seed. The cases of a flat and a rough surface are studied
for comparison. The flat surface enhances the fraction of
crystal-like particles near the surface, as shown in figure 2(A),
since there is no or a very small free energy barrier and the
crystal grows spontaneously on the surface. The condition for
this spontaneous crystal formation is �fs � �cs > �cf, which
appears to be fulfilled in the studied colloidal system for
an infinite radius of curvature, R = 1. The rough surface
suppresses crystal nucleation close to the surface, and the
number of crystal-like particles near the surface is therefore
diminished, as shown in figure 2(B). The rough coating of the
wall is obtained with polydisperse PMMA spheres with an
average diameter ⇡3.5d. The suppression of crystal growth
close to the rough wall shows that the free energy barrier close
to the wall is at least as high as in the bulk. This suppression
of crystal growth on the wall of the sample cell provides an
optimized environment for the study of nucleation and growth
in the bulk or on seed particles in the suspension, which can
be much slower than the growth on a flat surface. As shown
in figure 3, the roughness also suppresses the layering of the
particles that is usually observed next to a wall [24]. This
layering also reflects the spontaneous crystallization next to
a flat wall and the reduced influence of a curved wall.

3.1.2. Curved surfaces. Six examples of curved surfaces
with different radii of curvature are shown in figure 4. The
percentage of crystal-like particles near the surface is reduced
for radii of curvature R . 10d, is about the same as in the
bulk for 10d . R . 13d and becomes larger than in the bulk
for R & 15d. Therefore, the radius of curvature has a clear
effect on crystal nucleation and growth. Our observations
suggest that the free energy barrier is reduced for radii of
curvature R & 15d. The curved surface appears to strongly

affect the formation of crystal-like structures within a distance
⇡5d ⇡ 10 µm, which roughly corresponds to the range with
layered particle structure (see figure 3).

3.2. Crystal orientation

Crystallization of hard and slightly charged spheres on a flat
surface is known to take place spontaneously with hexagonal
crystal layers forming parallel to the surface, as there is
no nucleation barrier. However, surfaces with a radius of
curvature R ⇠ 5d are found to hinder crystal nucleation.
As a consequence, there is a transition from hindrance to
spontaneous crystal growth when the radius of curvature is
increased. This suggests that curved surfaces influence the
orientation of the crystal that forms close-by. Bulk crystal
in our system is found to be built of hexagonal layers
with a stacking corresponding to a face centered cubic (fcc)
and hexagonal close packed (hcp) crystal as reported in the
literature [25, 26, 2, 14, 27, 13]. The normal vector for these
hexagonal planes can be used to quantify the orientation of the
crystal. As illustrated in figure 5, the (0, 0, 1)-plane is the only
hexagonal plane in the hcp crystal lattice, while the (1, 1, 1)-,
(1, 1, �1)-, (1, �1, 1)-, and (�1, 1, 1)-planes are the four
equivalent hexagonal planes in the fcc lattice. As no large
scale hexagonal planes exist in small crystal nuclei, it is useful
to look for hexagonal planes defined by a single particle and
its nearest neighbors. The ‘rings’ of six particles highlighted
in figure 5 can be used for this purpose and can be identified
using the method of shortest path rings that analyzes a set of
particle positions and the bonds between them on the basis
of purely topological criteria [28–30]. We apply this method
to the nearest neighbors of a central particle and the bonds
between them, ignoring the central particle and its bonds.
A shortest path ring is a ring of particles with the property
that there is no shorter path from one ring particle to another
than the path along the ring; here, all the bonds between
all particles are considered to find a shortcut. The length of
the path is measured by counting the number of bonds that
are passed. In the fcc lattice, each particle has four shortest
path rings of six particles (6-rings), and these correspond to
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Figure 3. Measured particle densities normalized by the average density as a function of the distance from a flat wall (A), a rough wall (B),
and curved surfaces with radii of curvature R = 18.3 µm (C) and 29.8 µm (D). The density is given for ⇠2 h (blue) and ⇠48 h (red) after
shear-melting. The volume fractions are � = 0.24 (A), � = 0.29 (B), (C), and � = 0.31 (D).

hexagonal planes of the lattice. As for fcc, each particle in
the hcp lattice has four 6-rings. However, just one belongs
to a hexagonal plane and the other three are buckled and
not related to hexagonal planes (figure 5(B)). These buckled
6-rings can be sorted out using topological information only:
For each 6-ring, the particles not belonging to the 6-ring
(among the nearest neighbors of the studied particle) are
grouped in clusters according to their bonds. There are two
groups of three particles for a 6-ring corresponding to a
hexagonal plane, while a group with two and a group with
four particles are found for the buckled rings, as shown in
figure 5(B). For the detection of hexagonal planes, the shortest
path ring method can also be applied to particles with 11
or 13 instead of the expected 12 nearest neighbors. The
treatment of these exceptions is important for measurements
of small crystal nuclei without a well-defined crystal structure.
In these cases, 6-rings characterizing hexagonal planes are
found using additional criteria, as outlined in the appendix.
6-rings belonging to particles with less than 11 or more
than 13 nearest neighbors are not taken into account, as
they correspond to strongly disturbed crystal structures. In
the following, buckled 6-rings are disregarded and only
6-rings belonging to potential hexagonal planes are taken into
account. A plane is fit to each 6-ring to obtain its orientation
and that of a corresponding hexagonal plane.

3.2.1. Flat and rough surfaces. As expected, a flat wall
given by the cover glass of the sample cell results in a

strong orientation of the 6-rings close to it. This is shown
in figure 6(A) by the strong peak of the distribution of
orientations, p(✓)/ sin(✓), at the tilting angle ✓ = 0� for all
measured distances in the range 0–25 µm from the surface.
This reflects the growth of hexagonal planes on a flat surface
immediately after shear-melting. ✓ is defined as the angle
between the direction normal to the flat surface and the
direction normal to the plane of the 6-ring. The histograms
shown are normalized by sin(✓), as the number of possible
orientations at a tilting angle ✓ is proportional to sin(✓)

in analogy to the area of a ring on a sphere at a fixed
angle ✓ from the pole. The normalization is chosen such
that a fully random distribution of orientations corresponds
to p(✓)/ sin(✓) = 1. For a fcc crystal, there are additional
6-rings belonging to the three other hexagonal planes, and
they show up at a tilting angle ✓ ⇡ 70.5�. A broad peak
is indeed observed at ✓ ⇡ 70� for the distances 0–20 µm;
however it appears not to be symmetric around 70� but to
be skewed towards smaller ✓ . A broadening is expected due
to fluctuations of the particle positions, and the peak is more
pronounced at smaller ✓ , because the normalization by sin(✓)

emphasizes orientations at small angles. In fully crystallized
samples, the number of 6-rings at ✓ ⇡ 70� is found to be
roughly three times larger than that at ✓ = 0�, as expected
for a fcc crystal. For distances 20–25 µm (magenta points
in figure 6(A)), 6-rings with an orientation ✓ ⇡ 60� are
detected during early times for this particular measurement;
these belong to precritical crystal nuclei that do not grow.
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Figure 4. Fraction of crystal-like particles as a function of the distance from the center of the curved surface for the radii of curvature
(A) R = 12.4 µm, (B) 15.3 µm, (C) 18.3 µm, (D) 25.5 µm, (E) 29.8 µm, and (F) 62.5 µm. The radii of curvature are indicated by the black
vertical lines. The volume fractions are (A) � = 0.27, (B), (C) � = 0.29, (D) � = 0.28, (E) � = 0.31, and (F) � = 0.24. The symbols show
the fraction obtained 20 min (+) and 20 h (•) after shear-melting the sample.

The crystal oriented parallel to the flat surface is found to
keep growing until the observed volume is filled with oriented
crystal. On the other hand, the rough surface described above
suppresses crystallization on the wall and the orientation of
6-rings of crystal-like particles is found to be random, as
shown in figure 6(B). All curves for the distances 0–25 µm
fluctuate around p(✓)/ sin(✓) = 1, the value expected for
completely random orientations; variations with ✓ are due
to precritical crystal nuclei appearing for some time during
the measurement. This shows that surfaces with a radius
of curvature R ⇠ 4d strongly suppress crystallization, which
was also found from simulations of hard spheres [5, 31].
The insets of figure 6 show the number of crystal-like
particles, Nc (red), and of the corresponding 6-rings, N6
(black). We find Nc . N6; the number of observed 6-rings is
lower than expected from a 50:50 mixture of particles with
local fcc and hcp structure with four and one 6-rings per

particle, respectively. This reflects the low order in precritical
crystal nuclei.

3.2.2. Curved surfaces. As suggested by the case of a flat
surface, we determine whether crystal particles appearing in
the vicinity of a curved surface have 6-rings oriented parallel
to the surface. The tilting angle ✓ is now measured between
the normal vector of the 6-ring and the surface normal, and
the ✓ -histograms for six radii of curvature, R, between 12
and 70 µm are shown in figure 7. The crystal-like particles
with distances from 0 to 10 µm from the surface have 6-rings
oriented parallel to the curved surface for all investigated radii
of curvature. For the shell between 0 and 5 µm (red dots), the
orientation is very strong, as shown by the peak at ✓ = 0�, and
a broad peak around ✓ = 70� shows that many crystal-like
particles have a fcc-like surrounding. As apparent from the
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Figure 5. Shortest path rings of six particles (6-rings), highlighted red, around a central particle (blue) in crystal with (A) fcc and (B) hcp
structure. (A) In fcc, there are four equivalent 6-rings that belong to hexagonal planes. (B) For hcp crystal, one 6-ring is flat and belongs to a
hexagonal plane ((B), left), while the buckled 6-rings are not related to hexagonal planes ((B), right). The flat 6-ring has two groups of three
particles on both sides, marked ‘1’ and ‘2’, while the buckled rings have a group of four and a group of two neighbors, marked ‘1’ and ‘2’,
respectively.

Figure 6. Probabilities for the 6-ring orientation versus tilting angle ✓ for (A) a flat and (B) a rough surface. The probability distribution is
shown for several distances from the surface: (red, shell 1) 0–5 µm, (green, shell 2) 5–10 µm, (blue, shell 3) 10–15 µm, (yellow, shell 4)
15–20 µm, (magenta, shell 5) 20–25 µm. The horizontal lines at p(✓)/ sin(✓) = 1 give the value for a random distribution. The insets show
the number of (black) 6-rings and (red) crystal-like particles found in each measurement for the different-distance shells.

shell between 5 and 10 µm (green dots), the orientation of
the 6-rings gets more pronounced for larger radii of curvature.
The order in the shells between 10 and 25 µm is found to
increase for radii of curvature R � 25.5 µm; the peaks at
✓ ⇡ 0� and 70� get more pronounced with increasing R. This

orientation over a longer range and the reduced suppression of
crystal-like particles close to the surface (figure 4(D)) suggest
that the transition from hindered crystallization to accelerated
heterogeneous crystal nucleation and growth analogous to that
on a flat surface occurs close to R = 13d ⇡ 25 µm.
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Figure 7. Probabilities for the 6-ring orientation versus tilting angle ✓ for the radii of curvature (A) 12.4 µm, (B) 15.3 µm, (C) 18.3 µm,
(D) 25.5 µm, (E) 29.8 µm, and (F) 62.5 µm. The probability distribution is shown for several distances from the surface: (red, shell 1)
0–5 µm, (green, shell 2) 5–10 µm, (blue, shell 3) 10–15 µm, (yellow, shell 4) 15–20 µm, (magenta, shell 5) 20–25 µm. The horizontal
lines at p(✓)/ sin(✓) = 1 give the value for a random distribution. The insets show the number of (black) 6-rings and (red) crystal-like
particles found in each measurement for the different-distance shells. The volume fractions for the measurements shown are the same as
those given in figure 4.

3.3. Precritical crystal nuclei

The conclusion given above is corroborated by an analysis
of precritical nuclei close to the curved surfaces. As the free
energy penalty for such nuclei increases with their area and
volume (equation (1)), very small nuclei appear much more
often than larger ones. We have determined the number of
nuclei containing M < 15 and M � 15 particles as a function
of the distance from curved surfaces, as shown in figure 8. M is
the number of particles in a nucleus. The number of observed
nuclei, Nn, is normalized by the total number of particles, Np,
at the same distance to account for the variation of the volumes
of the shells with distance. The number of nuclei with M � 15
particles (⇥) is found to be strongly suppressed for radii of
curvature R . 10d and distances .3d = 5.7 µm from the
surface. Very small nuclei with M < 15 (•) are always at a
level comparable to that in the bulk. However for R & 13d,
nuclei of all sizes are at least as numerous close to the surface
as far from it, as expected for the transition to accelerated

nucleation for larger R. For R ⇡ 13d, crystal growth on the
surface appears to become as fast as crystallization in the bulk.
This shows that the nucleation barrier becomes lower than in
the bulk for R & 13d.

The critical nucleus size is determined from the observed
probabilities for growth and shrinkage of nuclei as a function
of nucleus size. This is based on tracking the nuclei over
time depending on their spatial overlap and their average
q̂6 vector, as outlined in section 2. Each nucleus is marked
as growing, shrinking, or keeping its size by comparison
with its immediate successor at the following time step of
the measurement. A size histogram is then generated for all
nuclei, and for all Ni nuclei in a size range [Mi �1Mi/2, Mi +
1Mi/2], the probability for growth (shrinkage) is simply
obtained by dividing the number of growing (shrinking) nuclei
by Ni. The bin sizes, 1Mi, for the number of particles in
the nuclei are varied with the average size, Mi, such that
the considered size range contains �300 nuclei. Figure 9
shows the size dependence of the probabilities obtained for a
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Figure 8. Number of precritical crystal nuclei normalized by the total number of particles versus distance from curved surfaces. The
symbols represent the size range of the nuclei defined by the number of particles, M, in a nucleus: (•) M < 15 and (⇥) M � 15. The radii of
curvature and the volume fractions are (A) R = 15.3 µm, � = 0.29; (B) R = 25.5 µm, � = 0.28; (C) R = 29.8 µm, � = 0.31;
(D) R = 62.5 µm, � = 0.24.

Figure 9. Probabilities for shrinkage, p� (+), growth, p+ (⇥), and
constant size, p= (⇤), of crystal nuclei at � = 0.29 as a function of
nucleus size, M, given by the number of particles in the nucleus.
Each data point corresponds to an average over �300 nuclei
observed during a measurement.

measurement at � = 0.29. An estimate of the critical size, M⇤,
is obtained from the size at which the probabilities for growth
and shrinkage cross or are equal. We find M⇤ = 800 ± 200
at � = 0.2 and M⇤ = 150 ± 70 at � = 0.29. Within the
accuracy of the experiments, no decrease of M⇤ close to the
curved surfaces is found compared to the bulk. The observed
suppression of crystal growth near surfaces with R . 10 d,
however, suggests that M⇤ becomes much larger in this range
of R.

According to classical nucleation theory (CNT) a
decrease of M⇤ is expected for heterogeneous nucleation. For
heterogeneous nucleation on a flat surface, M⇤ is reduced by

the factor f (✓) = ⇥
2 � 3 cos(✓) + cos3(✓)

⇤
/4, where ✓ is the

contact angle of the crystal on the seed. 1GCNT
het is reduced by

the same factor with respect to 1GCNT
hom [32]:

1GCNT
het = 1GCNT

hom f (✓). (7)

Therefore, the shape of the barrier and the radius of a spherical
critical nucleus, r⇤, is the same for homogeneous nucleation
and heterogeneous nucleation on a flat wall. The change of
the critical volume is given by f (✓), which varies between zero
and one with ✓ . For heterogeneous nucleation on a curved seed
surface, the calculation of 1GCNT

het is much more complicated,
but a result for the barrier height 1G⇤CNT

het can be given [33]:

1G⇤CNT
het = 1G⇤CNT

hom f (✓, x) (8)

f (✓, x) = 1
2

(

1 +
✓

1 � m x
g

◆3

+ x3

"

2 � 3
✓

x � m
g

◆
+

✓
x � m

g

◆3
#

+ 3m x2
✓

x � m
g

� 1
◆ )

(9)

g =
⇣

1 + x2 � 2m x
⌘ 1

2 (10)

where m = cos(✓) and x = R/r⇤ with the radius of the critical
nucleus given by r⇤ = 2�cf/ (nc 1µ), the same value as for
homogeneous nucleation with nc the particle number density
in the crystalline state. As for the flat seed, f (✓, x) varies
between zero and one for contact angles ✓ < 180�, and
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consequently, 1G⇤CNT
het  1G⇤CNT

hom ; crystal nucleation on a
curved seed surface is expected to be as fast or faster than
in the bulk according to CNT.

The observation of fast crystallization on a flat surface
and the tendency of the crystal to wet curved surfaces with
R & 15d shows that ✓ is expected to be close to 0� in
our colloidal system, certainly ✓ < 180�. For our system,
CNT predicts a reduced barrier for heterogeneous nucleation
compared to the homogeneous case. Therefore, the strong
suppression of crystal growth close to the seed surface
observed for R . 10d goes beyond CNT and is most probably
due to an incompatibility of the crystal structure and a strongly
curved surface, an effect that is not taken into account by
CNT. This implies that �cs and ✓ depend on R. We expect
�cs to increase for R . 10d and ✓ to become undefined, as
cos(✓) = (�fs � �cs)/�cf [32] decreases and becomes < � 1
for R ⇠ 7d.

A direct measurement of ✓ would give valuable
information about the barrier for heterogeneous nucleation.
However, the very irregular shapes and rough surfaces of the
observed nuclei do not allow an estimate of ✓ from direct
observation of the crystal surface touching the seed surface.
For this reason, the contact angle is not observed directly, but
we expect it to depend on R, as mentioned above.

To compare our results with other work, we make a rough
estimate of the nucleation rate density, J, using the volume,
V = 7.5 ⇥ 10�14 m3, imaged in the measurements and the
time, t⇤ ⇡ (1±0.3)⇥105 s, it takes for a nucleus of critical size
to appear at � = 0.2. We obtain the estimate J = 1/(V t⇤) ⇡
(1.2 ± 0.5) ⇥ 108 m�3 s�1 = (2.0 ± 0.8) ⇥ 10�7 D0d�5,
where D0 ⇡ 1.5 ⇥ 10�14 m2 s�1 is the free diffusion
constant of the particles. This value for J is at least one
order of magnitude larger than that obtained in a simulation
study of weakly charged Yukawa spheres with contact value
B = 20 kBT and d = 5 [34]. Nucleation rate densities
of charged particles with a Yukawa-like interaction have
also been determined in other experimental work [35, 36].
An increased nucleation rate close to curved surfaces, as
suggested in [5] for hard spheres, is neither ruled out nor
confirmed by our measurements. An increased number of
crystal-like particles is found in some measurements with
6d . R . 7d at a distance ⇠8d from the surface, while other
measurements do not show a peak at this distance. Also,
we do not obtain any information about the line tension
⌧ (equation (2)) from our data. ⌧ may be too small to
be measured. In fact, it is known to be small for hard
spheres [31].

4. Conclusions

Our study of the heterogeneous and homogeneous crystal
nucleation and growth of charged PMMA spheres shows that
curved surfaces with a radius of curvature R . 10d hinder
crystallization close to the surface, where d is the particle
diameter. The number of crystal-like particles is reduced
within a distance ⇠5d from the surface; this distance roughly
corresponds to the relaxation length of the supercooled fluid.
The number of precritical crystal nuclei is found to be

influenced within the same distance range ⇠5d: the number
of precritical nuclei consisting of M � 15 particles is reduced,
while the number of smaller nuclei is found to be of the
same order as for homogeneous nucleation irrespective of
the radius of curvature. This suggests that very small nuclei
with a typical size smaller than the radius of curvature are
not affected by the curved surface, while larger nuclei are
suppressed, because they stretch out over a larger surface and
are affected by the curvature. This effect implies an increase of
�cs with decreasing R and goes beyond CNT, which assumes
the surface tensions and the contact angle, ✓ , to be fixed
parameters of the involved materials. No direct measurement
of ✓ could be obtained, as the contact between crystal and seed
is not well defined in our measurements. However, ✓ is found
to be close to 0� on a flat wall and on seeds with curvatures
R & 15d, while the observed suppression of crystal growth for
curvatures R . 10d suggests that ✓ is not defined, as cos ✓ <

�1. Precritical crystal nuclei are oriented to the curved surface
for all studied R, even for R . 10d, as hexagonal planes
locally start to form parallel to the surface, as expected from
the layering of the fluid near to the seed surface.
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Appendix

Crystals of hard spheres or slightly charged spheres grow
as random hexagonal close packed (rhcp) crystals, which
are defined by hexagonal particle planes stacked randomly
according to the face centered cubic (fcc) or the hexagonal
close packed (hcp) structure. This rhcp structure forms as
the free energy difference between fcc and hcp is small and
the ground state structure, fcc in the case of hard spheres, is
reached only after very long times [37–39]. As the crystal
nucleates and grows, the crystalline structure is not well
defined at the crystal–fluid interface, and the orientation of the
hexagonal planes is not obvious in crystal nuclei of precritical
and critical size. Shortest path rings provide a way to identify
hexagonal arrangements of particles and to determine their
orientation from measured particle positions using topological
criteria only. For each particle, shortest path rings of six
particles (6-rings) are identified among the nearest neighbors,
as explained in section 3.2 and in [28–30]. As disturbed
crystal structures are not the exception but the usual case for
measurements of small crystal nuclei, the criteria listed below
are applied in addition to those given in section 3.2 to find that
shortest path 6-rings are related to hexagonal particle planes.
The 6-rings around a central particle with 11, 12, or 13 nearest
neighbors are determined. The rules listed apply to the nearest
neighbors and the bonds among them.

• The 6-ring separates the remaining nearest neighbors.
These remaining particles form clusters according to their
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bonds. There must be two clusters. There is a 2-particle and
a 3-particle cluster in the case of 11 nearest neighbors, two
3-particle clusters for 12 nearest neighbors, and a 3-particle
and a 4-particle cluster for 13 nearest neighbors.

As the method becomes uncertain for highly distorted
structures, a 6-ring is disregarded if more than one of the
following deviations from a regular fcc or hcp surrounding
occurs:

• There is a particle of the 6-ring that has no bond connecting
it to a particle outside the 6-ring.

• In the case of 11 nearest neighbors, two neighboring
particles within the 6-ring are allowed not to have bonds
to one group of particles outside the 6-ring. If there are
more missing bonds from the 6-ring to the particle groups
outside the 6-ring, this is counted as a deviation.

• There is a particle outside the 6-ring that has no bond to a
particle in the 6-ring.

• There is at least one particle outside the 6-ring that has only
one bond to its group of particles outside the 6-ring. For
11 nearest neighbors, this criterion does not apply for the
2-particle group next to the 6-ring.

In addition to the mentioned cases with 11, 12, and 13 nearest
neighbors, a special case with nine nearest neighbors is taken
into account, which corresponds to a fcc or hcp particle sitting
on a surface, such that three nearest neighbors are missing.

• A particle with nine nearest neighbors, a 6-ring, only one
group of three particles not belonging to the 6-ring, and
none of the deviations listed above is taken into account in
the search for particle planes with hexagonal order.

References

[1] ten Wolde P R, Ruiz-Montero M J and Frenkel D 1995
Numerical evidence for bcc ordering at the surface of a
critical fcc nucleus Phys. Rev. Lett. 75 2714–7

[2] Gasser U, Weeks E R, Schofield A, Pusey P N and Weitz D A
2001 Real-space imaging of nucleation and growth in
colloidal crystallization Science 292 258–62

[3] Kelton K F 1991 Crystal nucleation in liquids and glasses
Solid State Physics: Advances in Research and Applications
vol 45, ed H Ehrenbach and D Turnbull (Boston:
Academic) pp 75–177

[4] Auer S and Frenkel D 2003 Line tension controls wall-induced
crystal nucleation in hard-sphere colloids Phys. Rev. Lett.
91 015703

[5] Cacciuto A, Auer S and Frenkel D 2004 Onset of
heterogeneous crystal nucleation in colloidal suspensions
Nature 428 404–6

[6] Gasser U 2009 Crystallization in three- and two-dimensional
colloidal suspensions J. Phys.: Condens. Matter 21 203101

[7] Dillmann P, Maret G and Keim P 2008 Polycrystalline
solidification in a quenched 2d colloidal system J. Phys.:
Condens. Matter 20 404216

[8] Dinsmore A D, Weeks E R, Prasad V, Levitt A C and
Weitz D A 2001 Three-dimensional confocal microscopy of
colloids Appl. Opt. 40 4152–9

[9] Prasad V, Semwogerere D and Weeks E R 2007 Confocal
microscopy of colloids J. Phys.: Condens. Matter
19 113102

[10] Antl L, Goodwin J W, Hill R D, Ottewill R H, Owens S M and
Papworth S 1986 The preparation of poly(methyl
methacrylate) lattices in non-aqueous media Colloids Surf.
17 67–78

[11] Bosma G, Pathmamanoharan C, de Hoog E H A, Kegel W K,
van Blaaderen A and Lekkerkerker H N W 2002
Preparation of monodisperse, fluorescent PMMA-latex
colloids by dispersion polymerization J. Colloid Interface
Sci. 245 292–300

[12] Provencher S W 1982 A constrained regularization method for
inverting data represented by linear algebraic or integral
equations Comput. Phys. Commun. 27 213–27

[13] Hynninen A-P and Dijkstra M 2003 Phase diagrams of
hard-core repulsive Yukawa particles Phys. Rev. E
68 021407

[14] Reinke D, Stark H, von Grunberg H-H, Schofield A B,
Maret G and Gasser U 2007 Noncentral forces in crystals of
charged colloids Phys. Rev. Lett. 98 038301

[15] Crocker J C and Grier D G 1996 Methods of digital video
microscopy for colloidal studies J. Colloid Interface Sci.
179 298–310

[16] Steinhardt P J, Nelson D R and Ronchetti M 1983
Bond-orientational order in liquids and glasses Phys. Rev. B
28 784–805

[17] ten Wolde P R, Ruiz-Montero M J and Frenkel D 1996
Numerical calculation of the rate of crystal nucleation in a
Lennard-Jones system at moderate undercooling J. Chem.
Phys. 104 9932–47

[18] Gasser U, Schofield A and Weitz D A 2003 Local order in a
supercooled colloidal fluid observed by confocal
microscopy J. Phys.: Condens. Matter 15 S375–80

[19] Kashchiev D 2000 Nucleation: Basic Theory with
Applications (Oxford: Butterworth-Heinemann)

[20] Auer S and Frenkel D 2001 Suppression of crystal nucleation
in polydisperse colloids due to increase of the surface free
energy Nature 413 711–3

[21] Martin S, Bryant G and van Megen W 2003 Observation of a
smecticlike crystalline structure in polydisperse colloids
Phys. Rev. Lett. 90 255702

[22] Martin S, Bryant G and van Megen W 2005 Crystallization
kinetics of polydisperse colloidal hard spheres. II. Binary
mixtures Phys. Rev. E 71 021404

[23] Sanz E, Valeriani C, Zaccarelli E, Poon W C K, Pusey P N and
Cates M E 2011 Crystallization mechanism of hard sphere
glasses Phys. Rev. Lett. 106 215701

[24] Wessels P P F, Schmidt M and Lowen H 2004 The contact
angle of the colloidal liquid–gas interface and a hard wall
J. Phys.: Condens. Matter 16 S4169–84

[25] Pusey P N and van Megen W 1986 Phase behaviour of
concentrated suspensions of nearly hard colloidal spheres
Nature 320 340–2

[26] Pusey P N, van Megen W, Bartlett P, Ackerson B J, Rarity J G
and Underwood S M 1989 Structure of crystals of hard
colloidal spheres Phys. Rev. Lett. 63 2753–6

[27] Auer S and Frenkel D 2001 Prediction of absolute
crystal-nucleation rate in hard-sphere colloids Nature
409 1020–3

[28] Franzblau D S 1991 Computation of ring statistics for network
models of solids Phys. Rev. B 44 4925–30

[29] O’Malley B 2001 Molecular dynamics investigation of
crystallization in the hard sphere system PhD Thesis Royal
Melbourne Institute of Technology

[30] O’Malley B and Snook I 2005 Structure of hard-sphere fluid
and precursor structures to crystallization J. Chem. Phys.
123 054511

[31] Cacciuto A, Auer S and Frenkel D 2004 Breakdown of
classical nucleation theory near isostructural phase
transitions Phys. Rev. Lett. 93 166105

[32] Turnbull D 1950 Kinetics of heterogeneous nucleation
J. Chem. Phys. 18 198–203

11

84



J. Phys.: Condens. Matter 25 (2013) 375105 F Ziese et al

[33] Fletcher N H 1958 Size effect in heterogeneous nucleation
J. Chem. Phys. 29 572–6

[34] Auer S and Frenkel D 2002 Crystallization of weakly charged
colloidal spheres: a numerical study J. Phys.: Condens.
Matter 14 7667–80

[35] Wette P, Schope H J, Liu J and Palberg T 2003 Solidification
in model systems of spherical particles with
density-dependent interactions Europhys. Lett. 64 124–30

[36] Engelbrecht A, Meneses R and Schope H J 2011
Heterogeneous and homogeneous crystal nucleation in a

colloidal model system of charged spheres at low
metastabilities Soft Matter 7 5685–90

[37] Woodcock L V 1997 Entropy difference between the
face-centered cubic and hexagonal close-packed crystal
structures Nature 385 141–3

[38] Bolhuis P and Frenkel D 1997 Tracing the phase boundaries of
hard spherocylinders J. Chem. Phys. 106 666–87

[39] Pronk S and Frenkel D 1999 Can stacking faults in
hard-sphere crystals anneal out spontaneously? J. Chem.
Phys. 110 4589–92

12

85



Eur. Phys. J. Special Topics 223, 455–467 (2014)
© EDP Sciences, Springer-Verlag 2014
DOI: 10.1140/epjst/e2014-02102-6

THE EUROPEAN
PHYSICAL JOURNAL
SPECIAL TOPICS

Review

Characterization of local structures with
bond-order parameters and graphs of the
nearest neighbors, a comparison

U. Gasser1,a, F. Ziese2, and G. Maret2

1 Laboratory for Neutron Scattering, Paul Scherrer Institut, 5232 Villigen, Switzerland
2 Physics Department, University of Konstanz, 78457 Konstanz, Germany

Received 13 December 2013 / Received in final form 10 January 2014

Published online 28 February 2014

Abstract. We compare two methods for the characterization of local
order in samples undergoing crystal nucleation and growth. Particles
with a crystal-like surrounding need to be identified to follow the nucle-
ation process. Both methods are based on the knowledge of the particle
positions in a small volume of the sample. (i) Local bond-order para-
meters are used to quantify the orientation of the nearest neighbors
of a particle, while (ii) the graph method determines the topological
arrangement of the nearest neighbors and the bonds between them.
Both methods are used to detect crystal-like particles and crystal nu-
clei in a supercooled fluid surrounding and to determine the structure
of small crystal nuclei. The properties of these nuclei are of great in-
terest for a deeper understanding of crystal nucleation, and they can
be studied in detail in colloidal model systems that allow to follow the
evolution of the nuclei with single particle resolution.

1 Introduction

Crystal nucleation, the first order phase transition from a supercooled fluid to a
crystal, continues to be a topic in condensed matter research, as a quantitative un-
derstanding of the physical processes involved in crystal nucleation is still missing.
This is highlighted by the fact that measured and calculated nucleation density rates,
one of the key quantities of nucleation, often differ by several orders of magnitude
[1,2]. According to classical nucleation theory (CNT), the nucleation process is con-
trolled by the parameters giving the free energy barrier between the crystal and the
supercooled fluid state:

∆Ghom = γA−∆µnV (1)

for homogenous nucleation with the surface tension γ, the crystal nucleus area A, the
difference of the chemical potentials ∆µ, the particle number density in the crystal

a e-mail: urs.gasser@psi.ch
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state n, and the volume V of the nucleus. The key parameters γ and ∆µ are, however,
not well known, as experiments indicate that the values for small crystal nuclei differ
from those of the bulk crystal [2–4]. Therefore, studies of the nucleation process and
the properties of small crystal nuclei are of high interest to obtain the key parameters
of nucleation as an input for more exact theories.
Colloidal suspensions can be used as model systems for the study of small crys-

tal nuclei. A particle size in the range from ∼100 nm to a few microns allows to
observe crystal nuclei by scattering techniques or direct imaging with a time reso-
lution allowing to follow the formation and evolution of the nuclei [2,3,5–10]. Using
colloidal model systems, it has been revealed that the shape of precritical nuclei is
rather irregular [3,4,11,12], while the surface tension suggests that a spherical shape
is expected. This observation reflects estimates of γ for precritical nuclei [3] finding a
surface tension smaller than that of the bulk crystal.
The observation of crystal nuclei by direct imaging methods implies that the nu-

clei forming at random locations due to homogenous nucleation need to be found in
the environment of the supercooled fluid. Methods for the detection of these nuclei
cannot rely on the procedure of crystal characterization used for bulk crystal, as the
nuclei are too small to show Bragg peaks and are expected to be strongly disordered,
as the majority of particles forming the nuclei are in contact with the surrounding
fluid. The most widely used method for the detection of crystal nuclei and the char-
acterization of their structure is that of bond-order parameters that were originally
introduced to characterize the local structures in disordered materials [13] but have
been used for the identification of crystal-like local structures in simulations [4,14–16]
and direct imaging experiments [3,11,12,17,18]. This method is based on the quan-
tification of the spatial arrangement of nearest neighbor particles around a central
particle. These values are determined for all particles of interest and are compared to
identify structural changes. Bond-order parameters are based on spherical harmonic
functions and, therefore, there are many types of them and they can be chosen to
fit the properties of the material of interest. Also, several variants and combinations
of bond-order parameters have been proposed for the identification of crystal nuclei
[19]. An alternative method is given by the analysis of graphs corresponding to near-
est neighbors around a central particle and the bond between them, a topological
method. As the bond-order parameters, the graph method has been introduced to
characterize the local structures of disordered materials [20].
Here, we present a comparison of the two methods mentioned above and compare

them with confocal microscopy data of colloidal suspensions undergoing crystal nu-
cleation. We first introduce both methods and then focus on their applicability to
identify particles with crystal-like surrounding in an undercooled fluid and to char-
acterize the local structures found in crystal nuclei of precritical size.

2 Experimental

To follow the process of crystal nucleation experimentally, we use colloidal
poly(methyl methacrylate) (PMMA) particles with a diameter d = (1.90 ± 0.05)µm
and a polydispersity of 0.067±0.005 as determined by dynamic light scattering and a
CONTIN analysis [21]. The particles are suspended in a refractive index and density
matching solvent given by a mixture of decahydronaphtalene (decalin) and cyclo-
heptylbromide (CHB). The solvent is mixed such that no particle sedimentation is
found after centrifuging for 16 hours at 2500 rotations per minute. With this mixture,
the refractive index of the PMMA particles (≈ 1.497) is nearly matched, and parti-
cles can be imaged at a depth of 100µm in the sample using confocal microscopy.
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The PMMA particles are found to carry a relatively small charge of about 380 el-
ementary charges and to interact like hard spheres with a Yukawa interaction [22].
The interaction is given by

V (r)

kBT
=

!
K exp(−κ[r−d])r/d , r > d

∞, r < d
, (2)

where K is the dimensionless contact value and κd the dimensionless screening
parameter. From a comparison with experimentally determined radial distribution
functions, g(r), using Ornstein-Zernike calculations with the hypernetted-chain
approximation [23] we find the values K = 42 ± 8 and κd = 5.75 ± 0.5 [12]. The
particles are dyed with fluoresceine to make them visible with confocal microscopy.
From microcopy measurements at ambient temperature with samples at various par-
ticle volume fractions, we have determined the freezing point to be φf = 0.16± 0.01
[12]. This is in good agreement with the simulation study of the phase behavior of
hard-sphere-Yukawa particles given in Ref. [22], which also shows that the equilibrium
crystal structure is face-centered cubic (fcc).
To obtain reference data for our particles with fcc or hcp structure, we have carried

out Monte-Carlo simulations of ≈ 8800 particles with the hard-core-Yukawa interac-
tion given above and in a box with periodic boundary conditions. The simulations
were started with the perfect fcc and hcp structures and 2 · 104 Monte-Carlo moves
were carried out for each particle. This data is used to obtain reference data for local
bond-order parameters and the graphs and shortest-path rings, as described in the
following.

3 Results and discussion

3.1 Nearest neighbors

Both the local bond-order and the ring method rely on the knowledge of the nearest
neighbors of each particle. This can be obtained in two ways: Using a cut-off dis-
tance, all particles with a distance smaller than the cut-off from a central particle are
identified as nearest neighbors. Alternatively, the Voronoi construction [24,25] can
be used to find neighboring particles even in an environment with anisotropic aver-
age particle arrangement. Both methods have their advantages and disadvantages.
For the study of crystal nucleation in nearly hard spheres, the fcc and hcp crystal
lattices are of primary interest. In both lattices, a particle has 12 nearest neighbors,
which is roughly the same as in the hard-sphere fluid. The distance for which 12 near-
est neighbors are obtained on average can be determined from the radial distribution

function, g(r), using the condition 4π n
" R12
0 drg(r) = 12, where n is the average num-

ber density of the particles. When R12 is used as the nearest neighbor cut-off, one is
implicitly tuning the analysis for the detection of crystal structures with 12 nearest
neighbors.
The Voronoi construction does not rely on a cut-off distance: All the neighbors

that are necessary to define the polyhedron containing all points that are closer to
a central particle than to any other particle are identified as nearest neighbors. The
Voronoi polyhedron consists of faces that are part of the plane intersecting the bond
between the central and a nearest neighbor particle; each nearest neighbor is as-
sociated to a face of the Voronoi polyhedron. In general, three faces of the poly-
hedron touch at a vertex. However, for the fcc and hcp lattices, four faces touch
at some of the vertices, which implies that these vertices are degenerate in the
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sense that small errors or deviations in the particle positions will generate addi-
tional faces in the polyhedron such that three faces touch at each vertex [26]. This
implies that the number of nearest neighbors in the fcc and hcp lattices identified
using the Voronoi construction varies from particle to particle [27]. This problem
can, however, be solved by giving each bond determined using the Voronoi construc-
tion a weight given by the area of the corresponding Voronoi face, as explained
in detail in Ref. [28]. This allows to suppress the disturbing influence of second
nearest neighbors (small Voronoi faces), while the nearest neighbors (large Voronoi
faces) carry the dominating weights. In the following, we determine nearest neigh-
bors with a simple cut-off distance chosen such that we have 12 nearest neighbors on
average.

3.2 Local bond-order parameter

Local bond-order parameters have been introduced to quantify the local structures
found in disordered materials [13]. The underlying idea is to express the arrangement
of the nearest neighbors using spherical harmonic functions, Ylm. The bond-order
parameter qlm(i) of a particle i is defined as

qlm(i) =
1

N(i)

N(i)!

j=1

Ylm(r̂ij) (3)

with N(i) the number of nearest neighbor particles. The number of lobes of the
functions Ylm is given by l. The higher this number, the larger the number of specific
arrangements of the neighbors that can be captured. The symmetry of the spherical
harmonics is also given by l. l = 6 is a good value for the detection of fcc- and hcp-like
structures, as the hexagonal planes in these crystal lattices have six-fold symmetry.
Particles with a crystal-like surrounding can be identified by comparing the values

of q6m(i) with those of the nearest neighbors. This is done by computing the inner
product

s6(i, j) =
l!

m=−l
q̂6m(i) q̂

∗
6m(j), (4)

where we use the normalized bond-order parameter q̂lm = qlm/
"#

m qlmq
∗
lm. The

“bond” between two neighboring particles i and j is called a crystal-like bond, if
s6(i, j) > 0.5. A particle with eight or more crystal-like bonds with its nearest neigh-
bors is called a crystal-like particle. These two criteria allow for a good separation
of fluid- and crystal-like local structures: In the supercooled fluid state, the number
of crystal-like particles is low (< 3%) before crystal nucleation starts and, in crys-
talline samples with φ above the melting point, the number of fluid-like particles is
also low (< 1%). In literature, different cut-off values for s6(i, j) and the number
of crystal-like bonds can be found [4,29–31]. The range of the s6(i, j) cut-off varies
from 0.5 to 0.7, and this value has to be balanced with an appropriate number of
crystal-like bonds for crystal-like particles. With a cut-off of 0.7 for s6(i, j), the num-
ber of crystal-like bonds required for a crystal-like particles is usually reduced to
six.
As far as the local structure of a crystal-like particle is concerned, we are interested

in a measure of the structure that does not depend on the particular orientation of the
bonds to the nearest neighbors as for the complex vectors qlm. Therefore, rotational

89



Heterogenous Nucleation and Microstructure Formation 459

A B

C D

Fig. 1. Histograms of the bond-order parameters q4, q6, w4, and w6 from Monte-Carlo sim-
ulations of crystals with fcc (red) and hcp (blue) structure with φ = 0.28 and a measurement
of a crystallizing sample (green) also at φ = 0.28.

invariants of the bond-order parameters are calculated. The second order and third
order invariants

Ql(i) =

!
4π

2l + 1

l"

m=−l
|qlm(i)|2

#1/2
(5)

wl(i) =
"

m1,m2,m3
m1+m2+m3=0

$
l l l
m1 m2 m3

%
q̂lm1(i) q̂lm2(i) q̂lm3(i) (6)

are commonly used. ( lm1
l
m2

l
m3
) represents the Wigner 3j-symbol, which is the same

as the Clebsch-Gordan coefficient up to a factor. The distribution of these values with
l = 2, 4 and 6 are used to differentiate between crystal structures as well as the fluid
[3,12–17,28,32,33]. Reference distributions that can be compared with measurements
are obtained from simulations of various crystal crystal structures or fluid. Figure 1
shows bond-order parameter distributions obtained from Monte Carlo simulations
of hard-core-Yukawa particles at a volume fraction φ = 0.28. The parameters Q4,
Q6, and w4 are used to distinguish between fcc and hcp. The overlap of the w6
distributions is large and, therefore, this parameter is not used. These are compared
with a measurement of a sample undergoing crystal nucleation with the same φ.
The bond-order parameters Q4, Q6 and w4 do not allow to separate fcc-,

hcp-, or fluid-like order in a unique way, as the distributions overlap to a small extent.
For this reason, it has recently been discussed whether the bond-order parameters as
given above are the optimum parameters for structure determination. Lechner and
Dellago have used simulation data of pure structures to look for parameters allowing
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A B C D

E F G H

Fig. 2. Comparison of the Q4-, Q6-, and w4-distributions and their averages over nearest
neighbors for (A, B, E, F) simulations of fcc and hcp at φ = 0.28 and for (C, D, G, H) a
measurement at φ = 0.28.

a clear separation of fcc and hcp [19]. They have found that bond-order parameters
averaged over the nearest neighbors improve the distinction of the structures:

q′lm(i) =
1

Ni + 1

!

j∈{i,neighbors}

qlm(j), (7)

where the sum runs over the particle i and its Ni nearest neighbors. The averaging
reduces fluctuations that can lead to a clear separation of bulk structures, as shown
in [19] and Fig. 2A, B, E, F. However, we are mainly interested in small crystal nuclei,
i.e. crystal-like particles that are not embedded in a bulk structure but are always
close to the crystal-fluid boundary. In small nuclei, the local structure changes over
the distance of the nearest neighbors and most crystal-like particles have fluid-like
neighbors. For this reason, the averaging over next nearest neighbors does not narrow
the bond-order parameter distributions as effectively but leaves a broad distribution
that still shows a large overlap, as shown in Fig. 2C, D, G, H.

3.3 Graphs of next nearest neighbor structures and shortest-path rings

As an alternative to the bond-order parameters, the local structures defined by the
nearest neighbor particles of a central particle can be treated as a graph [20,27,34,35].
The neighbor particles without the central particle correspond to the vertices and the
nearest-neighbor bonds between them are the edges of the graph. Graphs obtained in
this way are known as simple planar graphs. They are simple, as there are (i) no edges
making a loop from one vertex back to the same vertex and (ii) there is no more than
one edge between two given vertices. Furthermore, the considered graphs are planar,
as edges do not cross each other. This criterion is fulfilled, because the vertices of the
graph form a polyhedron, which obviously has no crossing edges: When one face of
this polyhedron is enlarged and the other ones are diminished, all the vertices and
edges of the graph can be moved to the side that is visible for an observer. The graphs
for fcc and hcp structure are shown in Fig. 3. Both have 12 vertices, 24 edges, and
14 faces (including the outer face), which fulfills the Euler criterion for polyhedra as
expected:

V − E + F = 2, (8)
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A B

Fig. 3. Nearest neighbor graphs of the (A) fcc and (B) hcp lattice together with correspond-
ing 3d sketches of the nearest neighbors (red) around a central particle (white). Both graphs
have eight SP 3-rings, six SP 4-rings, and four SP 6-rings.

I

H

GF

E

D
C

BA

Fig. 4. A graph containing SP 3-rings, 4-rings, and 6-rings. Three 3-rings: ABC, DEF, GHI,
and CEH. Three 4-rings: ACED, BCHI, and EFGH. One 6-ring: ABIGFD.

where V , E, and F give the number of vertices, edges, and faces, respectively. The
two graphs give the only solutions for the case of connected, simple, planer graphs
with V = 12, four edges per vertex, and triangular and square faces. While the
Voronoi construction links the neighbors to the faces of the Voronoi polyhedron, the
neighbors correspond to the vertices in the graphs discussed here. As for the Voronoi
construction, structural fluctuations can give rise to variations caused by missing
bonds, missing particles, or additional bonds or particles. While the graphs for perfect
fcc and hcp are the only solutions for planar, simple graphs with 12 vertices, 4 edges
per particle, and triangular and square faces structural fluctuations give rise to a large
number of additional graphs that represent disturbed fcc or hcp structures. The most
frequent of these are shown in Fig. 5. The number of disturbed structures is higher for
hcp than for fcc. This is due to the lower symmetry of hcp: All edges are equivalent
in fcc, while there are edges with four different surroundings for hcp. Therefore, there
are more variants of deviations from the ideal structure for hcp; there are four variants
of the hcp graph with one missing edge and only one for the fcc graph (Fig. 5).
As suggested by Fig. 3, the number of triangles and squares and their arrangement

can be used to characterize a local structure. The graph method has been extended in
this sense to include a generalized form of rings (circuits in the graph) [20,27,34]. A
circuit is called a shortest-path ring (SP ring), if the path from one vertex to another
along the circuit gives a shortest path between the two vertices for any pair of vertices
on the circuit. The length of a path between two vertices is defined as the minimum
number of edges that need to be passed to go from one vertex to the other. A few
examples are given in Fig. 4. The triangles, squares, and pentagons visible in Figs. 4,
3, and 5 are shortest-path rings, as there are no shortcuts, even taking the vertices
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A B

E F

C D

G H

Fig. 5. Graphs with common aberrations from (A, B, E, F) the fcc graph and from (C, D,
G, H) the hcp graph. Missing bonds are highlighted by dashed red lines in (C, D, G, H).

into account that are given by the central particle or other neighboring particles. In
addition, a modified definition is used for SP rings of six particles [27,34]. A modified
SP 6-ring is a SP ring for which the central particle of the considered nearest neighbors
is neglected. The central particle would always be a short cut of length two between
any pair of nearest neighbors and, therefore, excludes the existence of SP 6-rings
as defined above. We simply refer to the modified SP 6-rings as SP 6-rings in the
following. The SP 6-rings allow to identify hexagonal planes in structures such as fcc
or hcp and, therefore, are of interest for characterizing local structures relevant for
crystal nucleation. Furthermore, shortest path rings give a natural way to characterize
local structures [20,27] in the sense that the histogram of SP rings usually gives a
peak that is characteristic for the structure. Other ring definitions do not give as clear
histograms and, therefore, are not as useful for structure characterization as the SP
rings [20].
In contrast to the local bond-order parameters, the graph and SP ring methods are

purely topological, once the nearest neighbors (vertices) and the bonds between them
(edges) are defined. Therefore, they are complementary to the bond-order parameters
in the sense that the regularity of the nearest-neighbor orientation is not as important
but they focus on the general arrangement of the nearest neighbors and on the bonds
between them.
As the graphs of the nearest neighbors, the shortest-path rings found for the

nearest neighbors of the particles can be used to characterize local structures. We
take SP rings of 3, 4, 5, and 6 particles into account and, in addition, characterize the
SP rings by counting their neighboring SP rings. Two SP rings are considered to be
neighbors, if they share one or more edges in the graph. E.g., the fcc and hcp graphs in
Fig. 3 both have eight SP 3-rings, six SP 4-rings, and four SP 6-rings. But they differ
in terms of the neighboring rings: For fcc, all SP 4-rings are surrounded by four SP
3-rings, and all SP 3-rings are surrounded by three SP 4-rings. However for hcp, the
SP 4-rings are surrounded by three SP 3-rings and one SP 4-ring, while there are
six SP 3-rings neighboring two SP 4-rings and one SP 3-ring, and the remaining
two SP 3-rings are surrounded by three SP 4-rings. In contrast to a graph, the SP-
rings do not give a non-ambiguous descriptions of a local structure. I.e., there are
non-equivalent graphs having the same number of SP rings with the same neighbor
properties. But the SP rings capture characteristic structural properties that are
of interest to follow crystal nucleation and growth. That the SP-rings do not give
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A B

Fig. 6. Non-equivalent graphs with 13 vertices, eight SP 3-rings, five SP 4-rings, one SP
5-ring, and three SP 6-rings. A and B are equivalent in terms of SP rings.

Table 1. Number of graph structures found in Monte-Carlo simulations with
≈8800 particles with fcc and hcp structure at several volume fractions, φ. Nundet. gives
the number of undetermined crystal structures that meet neither the criteria for fcc- nor for
hcp-like particles.

φ 0.20 0.240 0.28 0.31
Nfcc 5438 909 123 126
Nhcp 9895 2917 500 427
Nundet. 1493 137 6 4
Ntotal 16826 3963 629 557

non-ambiguous descriptions of the structure, is illustrated in Fig. 6. E.g. additional
particles that are connected by only one bond to the other nearest neighbors are not
captured by the SP-rings.

3.4 Graphs and SP ring structures from simulations

In analogy to the bond-order parameters, one can collect the different graphs and SP
rings that appear in simulations of the bulk structures of interest to characterize the
graphs and SP rings found in a measurement. To collect a large number of graphs,
simulations are done at φ = 0.2 close to the freezing point, φf ≈ 0.16, to obtain
crystals with large structural fluctuations. In addition, simulations are also done at
the volume fraction of the measurement for a direct comparison, φ = 0.28 in our
example. The numbers of non-equivalent graph structures found in these simulations
are given in Table 1; the numbers strongly depend on volume fraction. To collect all
the non-equivalent graphs from the simulations, the graphs are represented as adja-
cency matrices. For a graph with N vertices, the adjacency matrix, A, has dimension
N ·N , and the vertices are numbered to assign the element Aij to a pair of vertices
(i, j). The adjacency matrix serves to compare given graphs with adjacency matrices
A1 and A2, as the invariants of these matrices can be compared (determinant and
eigenvalues; the trace is always equal to zero). Two graphs with equal invariants can
be further compared by trying to transform A1 into A2 using a change of basis given
by the eigenvectors of both A1 and A2. This allows to find all equivalent graphs.
For each type of graph, we determine its frequency of occurrence when we collect
the non-equivalent types. With this frequency data, we assign each graph to either
fcc or hcp depending on the occurrence in fcc and hcp simulations. If the occurrence
in one structure is higher by at least a factor of ten than in the other, we assign
a graph to the more frequent structure. If this inequality is not fulfilled, the graph
is marked to represent an undefined crystal structure. The factor of ten is found to

94



464 The European Physical Journal Special Topics

Table 2. Percentage of crystal-like particles identified with the graph method and the bond-
order method (q6) for a measurement at φ = 0.28. For the graph method, the percentages of
fcc-, hcp-, and undetermined crystal-like particles are given as well. Data is given for early
times of the measurement during when nucleation is observed and later times where larger
nuclei are found to grow.

NXc
N (%)

NXc fcc
N (%)

NXchcp
N (%) Nagreementc /NXc (%)

graphs (early) 10.2 3.1 6.6 62
q6 (early) 12.3 51
graphs (late) 22.8 11.6 10.0 88
q6 (late) 30.6 65

give a clear separation of fcc and hcp with a fraction of undetermined structures
Nundet./Ntotal ! 0.01 for φ = 0.28, as shown in Table 1. This ratio, however, strongly
depends on φ.

3.5 Comparison with measurement

3.5.1 Comparison of crystal-like particles

The local structures from simulations are characterized by the bond-order parameter
method and graphs or the SP rings and are compared with the local structures found
in confocal microscopy data. Simulations and measurement have the same volume
fraction (φ = 0.28). Crystal-like particles are determined using both methods, and
crystal nuclei are found by assigning all crystal-like particles that are connected by
a crystal-like bond to the same nucleus. The graph method is found to be somewhat
more restrictive. For small precritical nuclei (early times in Table 2), we find the ratio
of crystal-like particles, Nc, identified with the two methods to be Ngraphc /Nq6c ≈ 0.83.
For critical and postcritical nuclei (late times), the ratio is smaller withNgraphc /Nq6c ≈
0.74. Given the fact that the methods do not focus on the same details of the local
structures, their agreement is good. The ratio of particles that are found to be crystal-
like with both methods, Nagreementc /NXc , where X ∈ {graph, q6}, are given in Table 2.
Although the equilibrium structure is known to be fcc, a larger number of hcp-like

local structures is found in small precritical crystal nuclei, as shown in Table 2. At
later times, when nuclei have reached critical and postcritical size, the number of
fcc- and hcp-like particles are about equal, as expected for random hexagonal close-
packed crystal. This can be explained with the larger number of defect structures
in hcp compared to fcc, as explained above. In contrast to the simulation studies of
the pure crystal structures, the perfect fcc and hcp structures are rarely found in the
microscopy data of small crystal nuclei, where most of the crystal-like particles are
on the surface of a nucleus and have fluid-like neighbors with a local environment
that is not as ordered as in the bulk crystal. This implies that most crystal-like
particles have a deformed environment, and mostly deformed graph structures are
found. The particles that are found to have a crystal-like graph but are not crystal-
like according to the q6 criterion, are mostly not far from a particle with crystal-like
q6: 72% of them are found to have at least one neighbor and 54% have at least two
neighbors with crystal-like q6. Therefore, the differences between the two methods
concern predominantly the surfaces of crystal nuclei determined using the bond-order
method.
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Fig. 7. Comparison of structure characterization with the graph and bond-order method
for a measurement at φ = 0.28. Fcc- and hcp-like particles are shown in red and blue,
respectively. (A, B) Particles with perfect fcc and hcp graph-structure. (C, E) All crystal-
like particles one hour after shear melting the sample. (D, F) All particles 66 hours after
shear melting the sample. In (C, D, E, F) orange symbols refer to undetermined crystal-like
particles and black symbols to particles with unknown structure.

3.5.2 Comparison of local structure determination

The bond-order parameter and the graph method show a good agreement in the
determination of fcc- and hcp-like structures. If we consider the particles with a perfect
fcc or hcp graph, they are also clearly separated using the bond-order parameters,
as shown in Fig. 7A and B. With all crystal particles according to the bond-order
method, the agreement is still good (Fig. 7C, D, E, F): Most fcc- (red) and hcp-
like (blue) particles lie in the expected range of the bond-order parameters. 3% are
recognized as particles with an undetermined crystal structure and 48% have an
unknown structure at the beginning of the measurement. This number decreases
with time to about 35%. The unknown structures are spread out allover the fcc- and
hcp-like regions in the bond-order parameter plots.
The amount of fcc- and hcp-like crystal-like particles is found to develop with

time, as nucleation and crystal growth proceed and the number of crystal-like par-
ticles increases. The fraction of hcp-like particles is larger than the fcc fraction at
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Fig. 8. Temporal evolution of the fractions of crystal-like particles determined using the
graph- or the bond-order parameter method in a sample with φ = 0.28: All crystal-like
particles identified using the graph method (black line) and the q6 method (dotted line),
fcc-like (red) and hcp-like (blue) particles identified using the graph method. t = 0 is set by
the time the sample was shear melted.

early times, when nucleation starts and crystal nuclei are small, as shown in Fig. 8.
We interpret this as a consequence of the predominance of strongly deformed graphs
that have a larger probability to correspond to a hcp-like structure. At later times,
when nuclei of about critical or postcritical size contain the majority of crystal-
like particles, the fraction of fcc-like particles keeps increasing and that of hcp-like
particles grows slower or stays roughly constant. When crystal nuclei are sorted
according to their size, the same trend is observed: With increasing nucleus size,
the fraction of hcp-like particles does not grow as fast as the fraction of fcc-like
particles. This is as expected, since the average nucleus size also increases with
time.

4 Conclusions

Taking into account that bond-order parameters on the one hand and graphs or SP
rings on the other focus on different aspects of local structures, the agreement of
both methods is good. Even the detection of crystal-like particles and small crystal
nuclei with the graph method is similar to that with bond-order parameters. Using
the nearest neighbor structures detected in a simulation at the same volume fraction
as a measurement, the graph method does not detect as many crystal-like particles,
but nuclei consisting of ! 10 particles are detected with both methods. It follows
that the graph method can serve to detect and follow crystal nuclei analogous to
the bond-order parameter method. The graph method is, however, more involved,
because the various graphs used for structure determination have to be collected
from a reference measurement or a simulation, while the bond-order method does
not need such a reference. The agreement of the volume fractions of experiment and
reference is important, as the number of graph-structures depends strongly on volume
fraction (Table 1).
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Abstract
The local order in a supercooled monodisperse colloidal fluid is studied by
direct imaging of the particles with a laser scanning confocal microscope. The
local structure is analysed with a bond order parameter method, which allows
one to discern simple structures that are relevant in this system. As expected
for samples that crystallize eventually, a large fraction of the particles are
found to sit in surroundings with dominant face-centred cubic or hexagonally
close-packed character. Evidence for local structures that contain fragments
of icosahedra is found, and, moreover, the icosahedral character increases with
volume fraction !, which indicates that it might play an important role at volume
fractions near the glass transition.

1. Introduction

The supercooling of liquids to temperatures well below their melting point is a well known and
extensively studied subject. However, the microscopic processes that suppress the transition
to the energetically more favourable crystalline phase are not well known. Often it is assumed
that the predominant local structure in a supercooled liquid is of a non-crystallographic type,
which cannot serve as a nucleation site for the crystalline phase and therefore makes it possible
to reach a metastable region below the melting point. Frank [1] showed that the energy of an
icosahedral (ico) cluster of 13 Lennard-Jones atoms is 8% lower than that of crystallographic
clusters with 13 atoms (e.g. clusters with face-centred cubic (fcc) or hexagonally close-
packed (hcp) arrangement of the 12 ligands). This gave rise to speculations that the predominant
local order in supercooled liquids and glasses should be of the ico type, and that the supercooling
of liquids would not be possible without this kind of non-crystallographic order.

The number of experimental results concerning the microscopic structure of supercooled
liquids and glasses is still limited, because experiments providing information that goes beyond
3 Present address: Fakultät für Physik, Universität Konstanz, D-78457 Konstanz, Germany.
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averaged properties such as the pair distribution function g(r) are difficult with atomic or
molecular systems. Therefore, most efforts to understand the question of the predominant
local order in disordered materials have relied on computer simulations. Steinhardt, Nelson,
and Ronchetti performed computer simulations of 864 Lennard-Jones atoms with periodic
boundary conditions and reached the conclusion that the order is predominantly ico in the
supercooled state [2, 3]. They observed that a state without translational symmetry but with
extended orientational order begins to develop at a temperature 10% below the melting point.
Furthermore, they speculated about frustration effects of the ico orientational order that might
prevent the formation of a state with long-range ico order near the glass transition. For their
analysis they developed local bond order parameter techniques that allow one to perform a
kind of ‘spectroscopy’ of local structures. Sachdev and Nelson [4] developed a statistical
mechanics theory for ico order in dense fluids, and they concluded that ico order should
dominate in supercooled fluids. On the other hand, La Violette et al [5] found from computer
simulations of the hx-model that icosahedra are scarce in the fluid. Moreover, according to
their results, ico clusters have the highest energy among the clusters containing 13 atoms when
they are embedded in the fluid. They used angle histograms of the triangles that are formed
by neighbouring particles to analyse the local order. Finney and Wallace [6] analysed the
local order in random packings of soft spheres with a Morse or Lennard-Jones potential by
characterizing the interstices between the particles. For sufficiently soft potentials they found
that only tetrahedral and octahedral interstices occur. From the arrangement of the interstices
they concluded that the number of icosahedra is negligible.

2. Experimental details

The computer simulations mentioned above give some insight into local ordering that is very
hard to observe experimentally in atomic or molecular systems, because the structures that
are involved are very small and the timescales for the structural relaxations in liquids are very
short. However, these difficulties can be avoided by using colloidal suspensions, which show
a phase behaviour that is analogous to that of atomic materials.

In our experiments we used laser scanning confocal microscopy to study the local
properties of supercooled fluids and crystals in a suspension of colloidal particles. Since
the particles were large enough to be observed directly, it was possible to determine and
track the position of each ‘atom’ for long times. The typical time for structural changes was
quite long; the diffusion time !s = a2/Ds ! 30 s for our particles in a concentrated sample,
where a = 1.21 µm is the radius of the particles. The time resolution of the experiment was
always in the range between 30 and 45 s, and consequently the dynamics could be followed
in detail. We used colloidal polymethylmethacrylate (PMMA) particles with a polydispersity
<5% that were sterically stabilized with poly-12-hydroxystearic acid polymer grafted on their
surfaces [7, 8] and that were fluorescently labelled with rhodamine in order to make them
visible to fluorescence microscopy. The solvent was a mixture of decahydronaphthalene and
cyclo-heptyl-bromide that matched the density and the index of refraction of the particles.

The poly-12-hydroxystearic acid polymer on the surface of the beads causes a strong
repulsion when two particles get so close that their polymer layers begin to overlap, and since
the electric charge of the particles is very small, the interaction is close to that of hard spheres.
The samples used in this study had volume fractions between " = 0.42 and " = 0.57. By
comparison of the eventual phase behaviour of all samples (including additional samples above
the glass transition), the melting point was determined to be close to " = 0.46, and the freezing
point was close to " = 0.42. Compared to the phase diagram of hard spheres [9], the freezing
and melting volume fractions were shifted from "H S

f = 0.494 and "H S
m = 0.545 to lower

values, as expected for particles with a small charge.
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Typically, the samples had a volume of !30 µl, but only a 50 µm " 55 µm " 20 µm
volume was observed with a 100" objective with high numerical aperture by taking stacks of
about 100 images. The distance between the images was 0.2 µm in the vertical direction, and
it took !12 s to take one snapshot of the whole volume. After removing noise with a typical
size of one pixel from the images, the positions of the particle centres were determined with
image analysis software that combines the information of all images [10]. Usually, the time
resolution was good enough to track all particles.

3. Data analysis

The local order of the particles was analysed with a bond order parameter method [2, 3, 11].
First, the nearest neighbours of each particle were determined by using the minimum of
the pair distribution function g(r) between the first and the second maximum as a cut-off
distance. Then, each bond4 was associated with a set of numbers {Ylm(r̂)} (l = 4, 6), where
the Ylm are spherical harmonic functions and r̂ is the unit vector parallel to the bond. The
local surrounding of particle i was then characterized with the local bond order parameters
qlm(i) = (1/Ni )

!Ni
j=1 Ylm(r̂i j ) (l = 4, 6), where Ni is the number of nearest neighbours

of particle i . It has been shown that these local bond order parameters provide sufficient
information about the local structure to discriminate between simple lattices such as fcc, hcp,
body-centred cubic (bcc), and simple cubic (sc) [3]. Since the numbers qlm(i) depend on the
coordinate system, it is often of advantage to use rotational invariants of the qlm(i). We used
the second-order invariants

ql(i) =
"

4!

2l + 1

l#

m=#l

|qlm(i)|2
$ 1

2

(1)

with l = 4 and 6 as well as the third-order rotational invariant

wl(i) =
#

m1,m2,m3
m1+m2+m3=0

%
l l l

m1 m2 m3

&
qlm1(i)qlm2(i)qlm3(i), (2)

with l = 6, which also contain enough information for a detailed analysis of the local
structure [3, 11, 12]. Due to structural fluctuations, even in a purely crystalline phase there is a
distribution of q4, q6, and w6. These distributions are characteristic for each structure, and they
are used to quantify the particles that sit in a surrounding with the local structure considered.

4. Results and discussion

In an earlier study about the nucleation of colloidal crystals [12] we applied the local bond
order parameter method that is described above and found that even the smallest crystal nuclei
have strong fcc- and hcp-like character. However, the disorder is quite high, especially close
to the solid–fluid surface, where neighbouring particles in the fluid phase lead to a fluid-
like contribution in the histograms of the bond order parameters. Even during the early
stage of nucleation no bcc-like order was found. These results were no surprise, since the
equilibrium crystal phase for hard-sphere colloids is random hexagonal close packed (rhcp),
which manifests itself as a mixture of fcc and hcp in the bond order parameter analysis.

Here, we concentrate on the particles in the fluid state and use again the rotationally
invariant local bond order parameters q4, q6, and w6 to characterize their local surroundings.
4 In this context the word ‘bond’ does not denote a chemical bond but a direction or unit vector joining a particle
with one of its nearest neighbours.
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Figure 1. (A) ico, mixed fcc–ico, and fcc local structure (from left to right). The positions of the
fcc–ico mixed local structure are represented by the large transparent spheres, while the smaller
black spheres show the fcc positions for comparison. (B) Histograms of the local bond order
parameters q4, q6, and w6 are shown for (bottom to top) fcc, hcp, bcc, sc, mixed fcc–ico, and ico
local order at ! = 0.56. The histograms are offset by multiples of 10 (q4 and q6) and 400 (w6)
for clarity. (C) Histograms of q4, q6, and w6 obtained from the particles in the fluid state in a
measurement at ! = 0.56 are shown by the symbols. The line shows a fit to the measurement with
a linear combination of the bond order histograms from (B).

Again we look for particles with fcc-, hcp-, and bcc-like surroundings, but in addition we
include sc, ico, and a combination of ico and fcc order in the analysis. As shown in figure 1(A),
this combined local structure is a cluster with six particles on fcc and six particles on ico sites
around a central particle. The histograms for the bond order parameters q4, q6, and w6 for
these structures are shown in figure 1(B); they were obtained from computer-generated particle
coordinates for fcc, hcp, bcc, and sc lattices as well as from ico and mixed fcc–ico clusters at
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the volume fraction of the sample considered (! = 0.56). Random deviations were added to
the ideal coordinates in such a way that the height and width of the nearest-neighbour peak of
the measured pair distribution function g(r) was matched. From figures 1(B) and (C) it can
be seen that fcc-, hcp-, and bcc-like surroundings have histograms that lie in essentially the
same parameter ranges and have considerable overlap with the measured histogram, which
is shown by the symbols in figure 1(C). The distributions of q4 and q6 for sc order, however,
differ clearly from the measurement; q4 is too high and q6 is too low on average, and, therefore,
sc local order can be excluded. The w6-histograms for the ico and the mixed fcc–ico clusters
are strikingly different from those of the other local structures. Therefore, w6 facilitates the
detection of structures with ico character. Also, a comparison of the ico w6-histogram with the
measurement shows that no large number of well defined icosahedra can be expected, since
the maximum of the ico w6-histogram occurs at too low a value; this was found to be the case
over the whole !-range that was examined in this study. The consideration of a mixed fcc–ico
structure is motivated by the intermediate w6-values that characterize such a combination of
ico and close-packed order. Among the structures considered, only the w6-histogram of the
fcc–ico local order can account for the measurement in the range !0.025 < w6 < !0.005.

The solid line in figure 1(C) shows a simultaneous fit with all three bond order parameters
to the measurement with the linear combination

!
i ci hi of the histograms in figure 1(B).

Here, i stands for fcc, hcp, bcc, sc, fcc–ico, or ico, ci is the contribution of the local order i ,
and hi represents the q4-, q6-, and w6-histogram of structure i . As expected, a considerable
fraction of the measured histograms can be accounted for by the fcc and hcp histograms
(c f cc = 0.16 ± 0.04, chcp = 0.13 ± 0.04). Significant fcc and hcp contributions are not
surprising, since, according to our earlier results [12], a large number of subcritical crystal
nuclei with dominant fcc and hcp character formed in this measurement and because the
sample crystallized eventually. The contributions from sc and bcc local order turn out to be
negligible (csc = 0.000 ± 0.001, cbcc = 0.000 ± 0.001). The w6-histogram for bcc has
its maximum at too high a value compared to the measurement. As expected, the fit also
shows a large contribution from the mixed fcc–ico local order (c f cc!ico = 0.64 ± 0.02). Also,
cico = 0.08 ± 0.03, since only ico local order can account for the w6-tail at the lowest values
(w6 < !0.025). However, overall the fit is not satisfactory, since a considerable fraction of
the measured q4-histogram at q4 < 0.1 is not accounted for. This shortcoming of the fit might
be linked to the fact that only structures with the coordination number 12 contribute to the
fit, while some particles in the measurement have less (15%) or more (19%) than 12 nearest
neighbours.

Well defined icosahedra can be found by looking for particles with w6 < !0.022. The
cut-off value for the selection is somewhat arbitrary, since no sharp boundary between ico and
other local structures exists. The numbers of particles that are found by this procedure to sit
at the centre of an icosahedron is shown in figure 2. Their number is about a factor two to
three lower than the bond order parameter fits suggest. The local volume fraction at the centre
positions of the icosahedra was determined with the Voronoi construction and was found to
be roughly 10% above the average !. Also, the icosahedra have the tendency to form small
clusters or chains. The height of the first maximum of the pair distribution function gico(r)
calculated with the centres of the icosahedra is larger than the fist maximum of g(r) calculated
with all particles: for the icosahedra the first maximum is in the range between 10 and 20,
while the first maximum of g(r) grows from 3.67 (! = 0.43) to 5.32 (! = 0.56).

Although the number of particles with a well defined ico arrangement of their neighbours
is relatively small, our bond order parameter analysis suggests that fragments of icosahedra are
abundant; typically >50% of all particles in the fluid have bond order parameters that indicate
a surrounding that is close to a fragment or a whole icosahedron. Therefore, fragments of
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Figure 2. The fraction of particles in the fluid that was found to be icosahedrally coordinated
in measurements at different volume fractions !. The icosahedra were identified by looking for
particles with w6 < !0.022.

icosahedra or distorted icosahedra might be important for a detailed description of the structure
of the fluid. Moreover, the ico character of the local order increases with !; this suggests
that it might play an important role for ! near the glass transition, as was suggested in [3].
Also, the tendency of the icosahedra to form clusters indicates that larger clusters with non-
crystallographic symmetries might be present at volume fractions close to the glass transition.
However, these clusters are probably not as large and well defined as those that were proposed
by Hoare [13, 14].
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The elastic properties of fcc crystals consisting of charge stabilized colloidal particles are determined
from real space imaging experiments using confocal microscopy. The normal modes and the force
constants of the crystal are obtained from the fluctuations of the particles around their lattice sites using
the equipartition theorem. We show that the Cauchy relation is not fulfilled and that only noncentral many-
body forces can account for the elastic properties.
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Understanding how an elastic material deforms under
external mechanical stresses is essential knowledge in
material science and of fundamental interest. While in
metals and other hard materials a great deal is known about
elasticity, its study currently receives a lot of attention in
soft materials because of their great potential for the devel-
opment of novel materials. The response to external
stresses is described by the elastic constants C!"#$, which
are defined as the second derivatives of the elastic free
energy with respect to components of the strain tensor %!"
[1]. In crystals with an fcc lattice, it follows from the cubic
point symmetry that the elastic properties are described by
only three independent constants: C11, C12, and C44, where
the indices are given in Voigt notation [1]. The number of
independent constants is further reduced by the Cauchy
relation C12 " C44 if the atoms interact through central
forces [2]. Whether central or noncentral forces act in a fcc
crystal can, therefore, be decided by measuring macro-
scopic elastic constants. E.g., the Cauchy relation is not
fulfilled in metals; the noncentral forces in metals are due
to the conduction electrons that screen the charges of the
ions and contribute to the bulk modulus but not to the shear
moduli [2]. In analogy to metals, crystals of charged col-
loidal particles consist of large macroions in suspension
that are surrounded by the much smaller microions [3].
Therefore, the question arises whether the elastic proper-
ties of colloidal crystals are comparable to metals and
whether noncentral forces are needed to characterize the
interactions between the macroions. In analogy to metals,
where effective potentials between the ions serve to elimi-
nate the degrees of freedom of the conduction electrons,
theories of effective macroion-macroion interactions have
been developed for colloids to eliminate the degrees of
freedom of the microions. The most important effective
interaction in colloids is the very successful Derjaguin-
Landau-Verwey-Overbeek interaction potential [4], which
has been a cornerstone for the understanding of colloidal
suspensions for the last 50 years. However, in suspensions
with high colloid density and a long screening length

many-body forces are expected to become important that
cannot be taken into account by a radially symmetric
effective pair-potential [5]. Indeed, such forces have been
observed in colloidal liquids [6–8] and they are expected
to be important for the elasticity of colloidal crystals [9].
But the internal forces and all elastic moduli of three-
dimensional (3D) colloidal single crystals have never
been measured before.

Here, we present 3D real space imaging data of colloidal
monocrystals with fcc symmetry that allow to extract the
force constants (FCs) of the crystal from the dispersion
relations of overdamped normal modes and, in the q! 0
limit, all elastic constants of the crystal. Moreover, our
results show clearly that the interaction between the col-
loidal particles in the crystal cannot be described in terms
of central forces. As a major advantage over dynamic light
scattering experiments [10] hydrodynamics does not play
any role for our analysis. Our methods only rely on ‘‘snap-
shots’’ of the particle positions that are used to calculate
ensemble averages and, therefore, the frictional forces
between the colloid particles and the solvent never enter
our analysis.

We used poly-methylmethacrylate spheres [11] with a
diameter $ " 1:66 !m and a polydispersity of <5% that
were sterically stabilized, fluorescently labeled with rhod-
amine, and suspended in a mixture of decahydronaphtalene
and cycloheptylbromide that matches both the density and
the refractive index of the particles. Because of the careful
density matching with a precision of #10!3 g=cm3, sedi-
mentation of the particles was found to be negligible in all
measurements. At the same time, the refractive index of the
solvent was close to that of the particles, and it was
possible to take images at a depth of up to 70 !m from
the cover slip. The particles were observed with a fast
Nipkow-disk laser-scanning confocal microscope using a
CCD camera. The resolution in the image plane was
$220 nm and $770 nm in the direction of the optical
axis. A 100% objective lens (numerical aperture 1.45) was
used to observe a volume V $ 58 !m% 55 !m% 20 !m
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inside the much larger sample cell. The objective was
mounted on a piezo translation stage for the scanning in
z direction. The distance from the cover slip to the ob-
served volume was never smaller than 20 !m in order to
avoid wall effects of the cover slip. Typically, 5000 parti-
cles were observed in one 3D snapshot. The frame rate was
43 images=s, and the spacing between images was !z !
0:3!m. It took"1:5 s to observe the whole volume V and,
consequently, the measured particle coordinates are not
strictly snapshots of a particle configuration. Derjaguin-
Landau-Verwey-Overbeek interaction potential (DLVO).
The particles are detected by looking for local intensity
maxima and their positions can be determined with a
subpixel accuracy of "20 nm, since one particle com-
prises a large number of volumetric pixels [12]. Samples
with volume fractions 0:01<"< 0:41 were prepared in
order to map out the phase behavior; all measurements
were carried out at T ! 295 K. Freezing was observed in
samples with volume fractions larger than "f " 0:31. The
phase behavior compares well with that of hard spheres
with Yukawa repulsion (HSY) with the interaction poten-
tial V#r$ ! VHS#r$ % B#

r exp#&$'r& #($ [13]. Here,
VHS#r$ is the hard sphere potential, $ is the inverse
Debye screening length, and B ! kBT

%B
# #

Zeff
1%$#=2$2 is the

contact value with the Bjerrum length %B and the charge
number Zeff . By comparing measured radial distribution
functions g#r$ from liquid samples with those from
Monte Carlo (MC) simulations of HSY particles, we find
$&1 ! 221) 30 nm and Zeff ! 245) 40. These values
are in reasonable agreement with a recent study of the
interactions in a similar colloidal dispersion [14].

For " * 0:31 large random hexagonal close packed
crystals [15] with hexagonal planes oriented parallel to
the cover slip formed within several days, and we chose
regions of three to ten hexagonal layers with fcc stacking
for our measurements. The lattice constant a of the Bravais
unit cell was measured, and the structure of these crystals
was compared with a perfect fcc lattice. The deviations of
the average particle positions from the fcc-lattice positions
are small. For the calculation of the deviation ui#t$ !
ri#t$ & Ri of particle i, the reference position Ri is deter-
mined by averaging its position over all snapshots taken
during the measurement. The duration of a measurement
was chosen such that it contains *100 statistically inde-
pendent particle configurations. As shown in Fig. 1(a), the
distributions of the components u! of the deviations are
Gaussian at all volume fractions, so we are always in the
harmonic regime of crystal elasticity. The component
parallel to the optical axis of the microscope (not shown)
has a broader distribution due to the lower resolution in
this direction. Since at all " the width of the distribution
is about 1=4 of the surface-to-surface distance of nearest
neighbor particles, the influence of the HS part of the
potential is small and the interactions are dominated by
electrostatic forces. Following essentially the same pro-
cedure as in Ref. [16], the dynamical matrix D!&#q$

[2] is determined using the equipartition theorem;
each q mode of the harmonic approximation U !
1
2

P
q;!;&u!#q$D!&#q$u+&#q$ to the elastic energy of the crys-

tal contains the thermal energy kBT=2. Therefore, the
inverse of the dynamical matrix can be obtained from an
ensemble average of the measured particle deviations:

 D&1
!&#q$ !

hu!#q$u+&#q$i
kBT

: (1)

We calculate the ensemble average h. . .i by taking a time
average over all measured configurations and we analyze
modes with wave vectors q / #1; 1; 0$, (1, 1, 1), and (1, 0,
0). Since these directions in reciprocal space correspond to
symmetry axes of two-, three-, or fourfold rotations, the
eigenmodes in these directions are a longitudinal mode l
and two transverse modes t1 and t2 with eigenvectors êl,
êt1 , and êt2 , respectively. To circumvent the problem of the
lower precision of the particle coordinates parallel to the
optical axis, we determine the properties of the crystal by
using only the components of u#q$ that are perpendicular to
the optical axis, which coincides with the (1, 1, 1) direc-
tion. These are the components up#q$ ! 1!!!

N
p
P
Ru#R$ ,

p̂ exp#iR , q$ with p̂ ! 1!!
2
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FIG. 1. (a) Distributions of the deviations u1 normalized to the
nearest neighbor distance dnn at several ". The distributions of
u2 coincide with the ones for u1. The lines represent Gaussian
fits to the data. (b) Measured dispersion relations are shown for
(top to bottom) " ! 0:38, 0.34, and 0.31 together with fits to the
data. K, X, and L denote the edge of the first Brillouin zone in (1,
1, 0), (1, 0, 0), and (1, 1, 1) direction, respectively. For each
column, the modes are identified in the topmost panel. See text
for details. (c) FCs obtained from the fits in (b). A#1$11 (squares),
A#1$12 (down triangles), A#1$33 (open circles), A#2$11 (up triangles), and
A#2$22 (diamonds); errors are comparable to the size of the sym-
bols. The lines are guides to the eye.

PRL 98, 038301 (2007) P H Y S I C A L R E V I E W L E T T E R S week ending
19 JANUARY 2007

038301-2

106



equivalent directions that are obtained by threefold rota-
tions around (1, 1, 1). As q enters only in combination with
the lattice points R that are known with high accuracy,
there is no limitation for the choice of q. If the polarization
p̂ is an eigenvector of the dynamical matrix D!q", then
hjup!q"j2i yields the eigenvalue !p!q": # kBT=hjup!q"j2i
of the dynamical matrix, e.g., if q̂ # p̂ # 1!!

2
p !1;$1; 0".

Otherwise, we express p̂ in terms of the eigenvectors and
hjup!q"j2i is given by a mixture of eigenvalues. E.g., for
p̂ # 1!!

6
p !$1;$1; 2" and q̂ # 1!!

2
p !1;$1; 0" we obtain p̂ #

1!!
3
p êt1 % 2!!

6
p êt2 and the measured quantity !s!q" :#

kBT=hjup!q"j2i can be expressed in terms of the eigenval-
ues of the dynamical matrix: !s # 3!t1!t2=!2!t1 % !t2",
where !t1 and !t2 are the eigenvalues corresponding to
the eigenvectors êt1 # 1!!

2
p !1; 1; 0" and êt2 # !0; 0; 1". In

this way we can determine the modes l, t1, and s for
wave vector q / !1; 1; 0" and equivalent directions, t1 and
m for q / !1; 0; 0", and t1 and m for q / !1; 1; 1". Here, s
denotes the mixture of the modes t1 and t2 that is given in
the example above, and m indicates mixtures of longitudi-
nal and transverse modes [17]. Measurements of these
modes are shown for several volume fractions in
Fig. 1(b), where the lines represent a fit with general FCs
of an fcc lattice with interactions up to third nearest neigh-
bors. Three FCs (A!1"11 , A!1"12 , A!1"33 ) are needed for the forces
between nearest neighbors, while two (A!2"11 , A!2"22 ) and four
(A!3"11 , A!3"12 , A!3"13 , A!3"22 ) are needed for the 2nd and 3rd
neighbors, respectively [2]. In Fig. 1(c), the 1st and 2nd
neighbor FCs obtained from the fits are shown as a function
of ". The absolute values of the third order constants A!3"#$
are found to be &0:01jA!1"11 j and are not shown in the plot;
they are not essential for the quality of the fits. For central
forces, the FCs fulfill the condition ! :# A!1"12 =!A!1"11 $
A!1"33 " # 1. However, from the measurements we find ! <
0:25 at all ". This is clearly incompatible with a pairwise
additive, radially symmetric interaction. Furthermore, we
observe A!2"11 ' $2=3A!1"11 , which means that a displace-
ment of the particle at (0, 0, 0) in the (1, 0, 0) direction
strongly attracts the 2nd neighbor at (a, 0, 0). This also
contradicts a HSY-like interaction.

To test the reliability of our data analysis and to exclude
potential error sources, we performed MC simulations in
the crystalline phase using the HSY-potential for the liquid
as given above. We find that our data analysis yields FCs in
perfect agreement with those calculated from the potential
according to their definition. This is illustrated in Fig. 2(a),
where crosses and lines represent the simulation and the
ab initio calculated band structure, respectively. The lower
resolution of the microscope parallel to its optical axis has
already been excluded as an error source by not using the
corresponding component of u!q". However, there are
further potential sources of errors: the time-lag between
hexagonal layers due to the limited speed of the confocal
scanner, finite-size effects, the time average used to calcu-

late the ensemble average in Eq. (1), and random errors in
the particle coordinates. These are discussed below. The
deviations of the particles that are used for the calculation
of hju#!q"j2i are not measured at strictly the same time.
The scanning speed in the direction of the optical axis is
limited by the exposure time ' 0:023 s of the CCD cam-
era. It takes 0.12 s for the scanner to move from one
hexagonal layer to the next and, during this time lag, the
particles diffuse over a distance "r ' 0:024% (" # 0:31).
This movement reduces the correlations between particles
in different layers and, therefore, reduces the precision
with which up!q", the central quantity for determining
the dispersion relations, can be determined. We modeled
this effect by adding random errors of mean size "r to the
coordinates of one particle in all terms of hjup!q"j2i that
involve particles from different hexagonal layers. It turns
out that the effect of the time lag on the dispersion curves
can be neglected. That a sufficiently large volume is ob-
served, is illustrated in Fig. 2(b) where the measured
dispersion curves of a crystal with " # 0:31 containing
2090 particles in six hexagonal layers (crosses) are com-
pared with those obtained from a subset of the same
measurement containing only 592 particles in three layers
(circles). Although the noise in the curves increases due to
the reduced statistics, the curves overlap nicely. Therefore,
we conclude that finite-size effects do not limit the accu-
racy of our measurements. By comparing the dispersion
relations obtained from various numbers of particle con-
figurations, we checked that a number of ' 70 configura-
tions is sufficient to obtain the dispersion curves. Since the
measurements contained between 100 and 500 snapshots,
the time average for approximating the ensemble average
in Eq. (1) does not limit the accuracy of the dispersion
relations. Random errors in the particle coordinates have
the strongest effect on the dispersion curves. Figure 2(a)
shows dispersion relations that are obtained from a MC

 

0

1
0

1

! X

["
(q

)#a
2 /k

B
T

$1
0-3

]1/
2

[%,0,0] &

m

t

a

b

K !
%=q#a
'[%,%,0]

s l

t1

L[%,%,%] &

m

t

FIG. 2 (color). (a) Simulation: Effect of random errors "u
added to the particle positions of a MC simulation with " #
0:33, B # 15kBT, and &% # 8. Circles: "u& 0:02%; crosses:
no errors added. The lines represent the calculation. See text for
details. (b) Experiment: Negligible finite-size effect in the mea-
surements. The dispersion curves obtained from all (crosses) and
from a subset (circles) of the particles in a measurement at " #
0:31 are shown for comparison. The lines represent the best fit to
the data. See text for details.
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simulation of 10 032 particles with ! ! 0:33, B ! 15kBT,
and "# ! 8 with random, normally distributed errors
added to the coordinates. When the width of the error
distribution is set to 0:02#, the correlations between the
particle coordinates are still accurate enough to obtain a
dispersion curve (circles) that is in good agreement with
the direct calculation of the modes from the potential
(lines) and the curve obtained without added errors
(crosses). The strongest effect of these errors is found at
q values close to the boundary of the Brillouin zone, where
the correlations between nearest neighbors are important.
The importance of the positional errors in the measure-
ments is least significant at low !, where the particles are
relatively far apart. The 20 nm errors in the measured
coordinates are below 0:02# " 30 nm, which would still
give a dispersion relation that is close to the true one.

We take the exclusion of the mentioned potential error
sources as strong evidence for the significance of the
determined FCs shown in Fig. 1(c). Therefore, we can
determine all elastic constants of a colloidal crystal from
a single measurement. From limq!0D#q$=q2 we obtain the
propagation coefficients for sound, which are directly re-
lated to the tensor B$%&# connecting stress and strain:
T$% ! B$%&#'&# [1,18]. For crystals under stress, B$%&#
is not the same as the tensor of elastic constants C$%&#,
which is defined via the elastic free energy [1]. For the
studied crystals T$% ! %p($%, as they are under stress
due to the pressure p in the sample cell; for fcc symmetry
B$%&# and C$%&# are connected by the relations B11 !
C11 % p, B12 ! C12 & p, and B44 ! C44 % p with the in-
dices given in Voigt notation [1]. For central forces and
cubic lattices, the Cauchy relation takes the form B12 !
B44 & 2p for a crystal under pressure p. From the FCs at
! ! 0:31 [Fig. 1(c)] we find b11 ! 28, b12 ! 9, and b44 !
28, where b$% ! B$%#3=kBT. Since b44 > b12 and p > 0,
our measurements clearly contradict the Cauchy relation.
Further, we obtain the bulk modulus k :! #b11 &
2b12$=3 ! 15 and the shear moduli g1 :! b11 % b12 !
19 and g2 :! b44 ! 28. The elastic constants of HSY
crystals from MC simulations fulfill the Cauchy relation.
With the HSY potential given by B ! 15kBT and "# ! 8
we obtain the shear moduli gHSY

1 ! 15 and gHSY
2 ! 25 that

are comparable to those from experiment. The bulk modu-
lus kHSY ! 53 is, however, more than 3 times larger; this is
reflected by the large difference between the longitudinal
() , ) , 0) modes obtained from experiment [Fig. 2(b)] and
simulation [Fig. 2(a)]. Thus, the noncentrality of the forces
affects mostly the bulk modulus, which is also the case in
metals.

Our main result is the clear demonstration of the incom-
patibility of the FCs with any effective radially symmetric
pair potential and the importance of many-body forces.
The distribution of the microions cannot be adequately
approximated by a linear superposition of distributions
around isolated colloids. As a consequence, also the forces
between the colloids cannot be obtained from a superpo-

sition of pairwise forces. Our results imply that the inter-
action between colloids at nearest neighbor distance is
rather central in nature, while many-body forces dominate
the interaction of a particle with its second nearest neigh-
bors. This is reflected by the signs of A#1$33 as well as A#2$11 and
A#2$22 , which have the same and the opposite sign as ex-
pected for central forces, respectively. In the liquid it is
hard to determine whether the forces are noncentral, since
information about interactions and structural correlations
is not easily separated [6]. However, as we have shown
here, much less ambiguous results are obtained with crys-
tals. In high symmetry directions, the eigenvectors of the
dynamical matrix are determined by the lattice, while
information about the interactions is contained exclusively
in the eigenvalues, which determine the FCs. We conclude
that the elastic properties and the behavior of the lattice
normal modes in the studied colloidal crystals are rather
metal- than HSY-like.

This work has been supported by the Deutsche
Forschungsgemeinschaft (DFG) through subproject
No. C4 of the SFB TR6 program.
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!!!
6
p
#1; 1;%2$ for q / #1; 1;%1$.

[18] B11 ! a2

v0
'%A#1$11 % A#2$11 (, B12 ! a2

2v0
'%2A#1$12 & A#1$11 &

A#1$33 & 2A#2$22 (, and B44 ! a2

2v0
'%A#1$11 % A#1$33 % 2A#2$22 (. v0 de-

notes the volume of the primitive cell.

PRL 98, 038301 (2007) P H Y S I C A L R E V I E W L E T T E R S week ending
19 JANUARY 2007

038301-4

108



pubs.acs.org/MacromoleculesPublished on Web 07/09/2009r 2009 American Chemical Society

Macromolecules 2009, 42, 6225–6230 6225

DOI: 10.1021/ma9010654

Deswelling Microgel Particles Using Hydrostatic Pressure

Juan-Jose Lietor-Santos,† Benjamin Sierra-Martin,† Ronny Vavrin,§ Zhibing Hu,‡

Urs Gasser,§, ) and Alberto Fernandez-Nieves*,†

†School of Physics, Georgia Institute of Technology, Atlanta, Georgia 30332, ‡University of North Texas,
Denton, Texas 76203, §Laboratory for Neutron Scattering, ETH Zurich, and Paul Scherrer Institute, 5232
Villigen PSI, Switzerland, and )Adolphe Merkle Institut, University of Fribourg, P.O. Box 209, 1723 Marly 1,
Switzerland

Received May 15, 2009; Revised Manuscript Received June 9, 2009

ABSTRACT: We report on the use of hydrostatic pressure, P, to deswell thermosensitive poly-
(N-isopropylacrylamide) (pNIPAM) microgels and show that it can affect the polymer-solvent mixing as
much as temperature, which is the traditional variable used to deswell pNIPAM particles. Interestingly, the
microgel volume changes more gradually with pressure than it does with temperature. By comparing the
pressure and temperature induced deswelling, we obtain the pressure dependence of the Flory solvency
parameter, !; it increases with P, indicating that pressure decreases the polymer-solvent miscibility. We
interpret this increase in terms of the entropy change,4S, when a polymer-solvent contact is broken to form
a solvent-solvent contact and find that |4S| also increases with P, consistent with previous experimental
results with polymers and other gels. Hydrostatic pressure thus changes the entropic contribution of mixing,
causing ! to increase and ultimately leading to particle deswelling.

Introduction

The swelling of polymeric gels, which are cross-linked net-
works that can undergo dramatic volume transitions in response
to environmental changes, is one of the central issues in polymer
physics.1,2 Flory studied the volume transition of the gel by
considering the balance between the osmotic pressure arising
from the polymer-solvent mixing and the osmotic pressure
arising from the network elasticity.3 Some years later, Tanaka
reported the synthesis of the first poly(acrylamide) gel in a
mixture of solvents, which successfully collapsed upon changes
in temperature.4 This volume transition was easily explained in
terms of Flory’s theory by considering a change in the solubility
parameter, often referred toas theFloryparameter,!, accounting
for the affinity between the polymer and the solvent. At low
temperatures, the mixing parameter is small and the polymer-
solvent contacts are favored over the solvent-solvent contacts.
As a result, the particle is swollen. By contrast, at high tempera-
tures, the Flory parameter is large and the particle is deswollen.
Unfortunately, the time associated to these volume changes
is typically very large,5-7 preventing in many cases a more
extended use in technological applications. Nevertheless, several
methods have addressed this issue and fast responsive gels based,
for example, on comb-type grafted hydrogels8-10 and surfactant-
grafted hydrogels11,12 have been successfully made. An alterna-
tive to these approaches is to reduce the polymer gel size by
producing microgels.

Microgel particles are gels in the colloidal domain.13,14 As a
result, they also swell and deswell in response to environmental
changes, but interestingly, they do so much faster than macro-
scopic gels.15,16 Furthermore, since microgels are immersed in a
solvent, themacroscopic behavior of the suspension also depends
on the particle-particle interactions and thus on the resultant
phase behavior. Microgel suspensions are, in this sense, richer

systems than their macroscopic counterparts. They were first
synthesized by Pelton and Chibante using an emulsion polymer-
ization method17 and since then, they have been extensively used
in various applications,18-20 including artificial muscle fabrica-
tion,21 drug delivery,22,23 optical switching,24,25 microfluidic de-
vices,26 water purification technologies27 and oil recovery.28-30

From a more fundamental point of view they have been used to
address basic questions in condensed matter physics, including
crystallization,31 melting,32 the glass transition,33,34 and geome-
trical frustration.35 In these applications, microgels are treated as
hard spheres with an externally tunable volume; this provides an
elegant way to tune the suspension volume fraction, which is the
relevant thermodynamic variable for these model systems.

The most widely used microgel particle is based on poly(N-
isopropylacrylamide) (pNIPAM), which is a thermosensitive
polymer that allows particle-size tunability with temperature.36-38

Although simple to achieve, a change in temperature can some-
times require long equilibration times and often this happens
heterogeneously throughout the sample and in a hardly con-
trolled manner; these effects can severely affect the suspension
behavior in undesired ways. In this context, an alternative to
temperature is provided by hydrostatic pressure, which is also
known to change the polymer-solvent mixing of pNIPAM
gels.39-43 The influence of pressure over the swelling of microgel
particles, however, has never been explored, despite the fact that
pressure changes can be achieved in very short times, as they
propagate at the speed of sound of the material, and occur
homogeneously throughout the sample. The major drawback
is, however, the need of a pressure chamber, which often requires
substantial technical efforts.44

In this work, we measure the size dependence of pNIPAM-
based particles as a function of temperature and hydrostatic
pressure and show that either of them can be used to effectively
change the particle volume. Interestingly, with pressure, deswel-
ling occurs in a more continuous manner, as compared to
temperature; this can be useful if fine control of the suspension
volume fraction is desired. From the pressure and temperature

*Corresponding author. Telephone: ! 14043853667. Fax
!14043853681. E-mail: alberto.fernandez@physics.gatech.edu.
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swelling curves, and using the classical Flory theory for polymer
gels, we obtain the pressure dependence of the Flory parameter; it
increases with pressure indicating a progressively poorer mixing
of the polymer and the solvent. We suggest that this dependence
reflects the raise with pressure of the entropy change associated to
the polymer-solvent mixing, consistent with what is experimen-
tally found for polymers45 and gels that deswell with increasing
temperature46 or salt.47 Our results provide a controlled way to
tune themicrogel size and thus the suspension volume fraction by
tuning of the polymer-solvent mixing; this could be relevant for
fundamental studies, where microgel suspensions are used as
model colloidal suspensions with tunable volume fraction. In
addition, understanding how pressure affects the microgel swel-
ling behavior can also have technological implications, for
instance, in oil extraction processes, where the pressure in the
oil cavity can be several orders of magnitude greater than the
pressure on the ground.

Experimental Section

Microgel Synthesis. Microgel particles are based on the
synthesis of N-isopropylacrylamide copolymerized with allyl-
amine and a cross-linker. The particles are synthesized using an
emulsion polymerization method where 3.845 g of NIPAM
monomer, 0.20 g (10% molar ratio) of allylamine monomer,
0.15 g (2.5% molar ratio) of methylenebis(acrylamide) cross-
linker, 0.70 g of the surfactant sodium dodecyl sulfate, and 230
mL of deionized water are mixed in a reactor. All the materials
are provided byAldrich with analytical grade of purity and used
without further purification. The solution is first heated to 60 !C
under an inert atmosphere with constant nitrogen bubbling and
kept at this temperature for 40 min. Then, 0.155 g of potassium
persulfate, dissolved in 20 mL of deionized water, is added to
initiate the reaction, which is carried out for 5 h at a constant
temperature of 60 !C. After cooling the reaction products to
room temperature, the final dispersion is filtrated and then
exhaustively dialyzed against ultrapure water. The system is
then freeze-dried and redispersed in D2O.

Light Scattering Experiments under Controlled Hydrostatic
Pressure. Measurements with pressure are performed using a
high pressure cell, which consists of a sample container be-
tween two parallel sapphire windows and is designed for a
small angle neutron scattering line at the Paul Scherrer In-
stitute.44 The pressure is applied using hydraulic oil and a
pressure generator. As a result of the particular arrangement of
our setup, we use an in-house apparatus to perform dynamic
light scattering experiments. It consists of a vertically polarized
He-Ne laser operating at a wavelength of 632.8 nm that
impinges on the sample. The scattered light is collected at a
scattering angle of 135! in a single mode fiber after passing a
vertical polarizer, and is splitted into two beams, using a fiber
beam splitter, and coupled to two avalanche photodiodes
(APDs), which we use as detectors. The signal in the two
detectors is cross-correlated in a two channel correlator to
effectively avoid the after-pulsing of the APDs.48 In this way,
we measure the intensity correlation function, which we trans-
form into the field correlation function using the Siegert
relation.49 Since our experiments are based on dilute samples,
this function is well fitted by a single exponential with a
characteristic relaxation frequency that depends on the diffu-
sion coefficient, which we relate to the particle size using the
Stokes-Einstein relation.49 We perform these experiments at
different temperatures and pressures to obtain how the micro-
gel size depends on both variables.

Typical particle size distributions and temperature-depen-
dent hydrodynamic radii for pNIPAM-allylamine particles
identical to those used in this work have been previously
reported.50 Consistent with these measurements, the polydis-
persity index of our particles is less than 1.01. As a result, the
particle size deviation from its mean value is less than 10%.

Furthermore, we find that the suspensions crystallize above a
certain particle volume fraction, also consistent with the narrow
size distribution experimentally found. All particle sizes are the
result of three independent measurements and each of these is
the average of at least three consecutive measurements. For the
size-temperature determinations, we always allowed time for
equilibration of the temperature within the sample (!30 min).
For the size-pressure experiments this was not needed due to
the almost instantaneous pressure equilibration times. We
nevertheless confirmed that from immediately after changing
the pressure, up to !2 h later, the particle size remained un-
changed.

We note that we work at a solution pH of around 7. Since the
pKa of poly(allylamine) is !8.8,51 we expect some of the amino
groups in this molecule to be charged. However, due to the
hydrophilic nature of allylamine, these groups are preferentially
incorporated in the periphery of the particle during the poly-
merization process and do not notably affect the swelling
behavior. Consistent with this, previous measurements identi-
fied no significant difference in the temperature dependence of
the particle size for pure pNIPAM and pNIPAM-allylamine
microgels.50 In particular, the size ratio between swollen and
deswollen phases is identical for both systems, indicating that
any possible reaction between the cross-linker and allylamine
does not significantly change the number of chains in the
microgel particles, which we can safely estimate using the
concentration of cross-linker employed in the particle synthesis.
The presence of allylamine slightly increases the hydrophilicity
of the overall microgel, promoting a better mixing with the
solvent.50 In addition, it provides binding sites for possible
second-step reactions50 or functionalizations of the particles,
for instance with fluorescein or rhodamine.52

Results and Discussion

Temperature-Induced Volume Transition. The particle ra-
dius, a, decreases with temperature, T, as shown in Figure 1;
this is the expected behavior for a pNIPAM-based microgel,
which is characterized by a lower critical solution tempera-
ture (LCST).53-56 As the temperature increases, themicrogel
gradually shrinks toward a final deswollen radius of a0"
60 nm, which is achieved for T g 312 K. The transition
temperature for our particles, defined as the temperature
corresponding to the maximum slope in the size-tempera-
ture curve, is 307 K, which is consistent with what is
measured for most pNIPAM-based systems in D2O.57-59

To account for this temperature dependence, we use
Flory’s theory for the swelling of polymer gels. In this
context, equilibrium is achieved when the chemical potential

Figure 1. Particle radius of pNIPAM-allylamine microgels in D2O as
a function of temperature. The particle deswells as temperature in-
creases, as expected for a system with a LCST. The size at high
temperature is taken as the deswollen size, a0=60 nm.
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of the solvent inside and outside the microgel become equal
or, equivalently, when the net osmotic pressure is equal to
zero. For a neutralmicrogel, the osmotic pressure arises from
two major contributions, the mixing of the polymer and the
solvent, and the elasticity resulting from cross-linking the
polymer to form the polymer network.

The osmotic pressure due to mixing can be written as2,3

Πmix ! -
NAkBT

vs
"!#ln$1-!%#!!2& $1%

with NA the Avogadro number, kB the Boltzmann constant,
"s=1.81'10-5 m3 the molar volume of D2O, which is our
solvent, ! the Flory parameter that accounts for the solubi-
lity of the polymer in the solvent, and ! the polymer volume
fraction in the particle. For a microgel that swells isotro-
pically3

!=!0 ! $a0=a%3 $2%

where we choose a0 and !0 as the particle size and volume
fraction in the deswollen state.

The elastic contribution to the net osmotic pressure is
given by2,3

Πe ! NckBT

V0

!

2!0

! "
-

!

!0

! "1=3
" #

$3%

where Nc is the number of chains in a microgel particle and
V0=4#a0

3/3.
These two contributions balance each other in equilibri-

um, where the net osmotic pressure is zero:

Πtotal ! Πmix#Πe ! 0 $4%

This expression provides the equation of state for our
microgel particles. As a result, the equilibrium size of a
microgel is determined by !, provided the rest of the variables
remain constant along the volume transition. This parameter
reflects the affinity of the polymer for the particular solvent;
it depends on the free energy change due to the replace-
ment of a solvent-polymer contact by a solvent-solvent
contact2,3,60

! ! ΔH-TΔS
kBT

! 1

2
-A 1-

Θ
T

! "
$5%

where ΔS and ΔH are the corresponding entropic and
enthalpic changes associated with this process, A=(2ΔS #
kB)/2kB and Θ=2ΔH/(2ΔS # kB) is the so-called Θ-tem-
perature of the polymer-solvent system; for T=Θ, !=0.5
and the second virial coefficient of the mixture becomes 0.61

The temperature dependence of the microgel size is ac-
counted for through the temperature dependence of !.
However, experimentally it has been found that ! also
depends on polymer concentration; the exact dependence
changes from one system to another, but it is usually

expressed in terms of a linear expansion with polymer
volume fraction:60

! ! !0#!1!#!2!
2#::: $6%

Here !0 is the mixing parameter for !=0, as defined in eq 5,
and !i are the coefficients that multiply the ith power of !,
which are assumed to be temperature-independent.

By introducing eq 6 into eq 4, we obtain an explicit
equation of state relating the temperature with the polymer
volume fraction

TΠ!0 !
A!2Θ

vsNc

NaV0

!
2!0

# $
- !

!0

# $1=3
% &

-!-ln$1-!%# A- 1
2

# $
!2 -$!1!#!2!

2#:::%!2

$7%

which we use to fit our data, using eq 2 to relate ! to the
particle radius. Since the volume fraction in the deswollen
state is unknown, we perform different fits for different
values of !0, leaving Nc, A,Θ, !0, and !1 as free parameters,
using the chi-square-criterion to quantitatively compare the
quality of the different fits.62We find that for the same!0 and
irrespective of the values of the remaining parameters,
chi-square is considerably reduced if a linear dependence is
used between ! and the polymer volume fraction; we thus set
!2=0 and use !=!0 # !1!. Within this approximation, the
chi-square values we obtain for the different fits are similar,
but the resultant values of the free parameters vary consider-
ably, as shown in Table 1, where we show the results for Nc,
A,Θ, and !1, for different values of!0.We can compare these
results with known values of these parameters. For instance,
the number of chains per particle can be estimated from the
synthesis by considering that each cross-linker molecule
connects two chains. As a result: Nc=2NAV0c, with c the
molar concentration of the cross-linker; we obtain Nc !
2.5 ' 105, which is close to the values obtained in the fits for
!0=0.8 and !0= 0.85. In this case, the values of !1,ΔH, and
ΔS are also consistent with previously reported values for
pNIPAM macroscopic gels60 and microgels.47,58,63 We thus
conclude that a value of !0 = 0.8 or !0 = 0.85 not only
provides a reasonable fit to the data, as shown in Figure 2a,
but also results in values for the free parameters which are in
agreement with what is expected from the microgel synthesis
and with previous experimental results.

From the experimental size-temperature dependence, we
can use eqs 5 and 6 together with the values of the fitting
parameters to obtain the temperature dependence of the Flory
parameter, as shown in Figure 2b, where ! is plotted as a
function of 1/T. At low temperatures, the contribution from !
in eq 6 becomes almost negligible, as the particles are highly
swollen, and the polymer volume fraction is small. As a result,
! scales linearly with 1/T, as shown by the line in Figure 2b and
consistent with what is expected from eq 5. By contrast, for
temperatures above the transition temperature, the particle
size has appreciably dropped and the !-dependence of the
mixing parameter becomes relevant. As a result, the ! - 1/T

Table 1. Results of the Size-Temperature Fits for Different Ooa

!0 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95
Nc 31350 48838 75128 114780 175220 269180 420080 675730
Θ (K) 316 316 315 315 315 314 314 314
A -1.9 -2.6 -3.5 -4.7 -6.4 -8.8 -12.4 -18.2
!1 0.56 0.6 0.63 0.68 0.72 0.78 0.84 0.91
ΔS (10-23J/K) -3.36 -4.27 -5.49 -7.16 -9.49 -12.8 -17.8 -25.9
ΔH (10-20J) -0.83 -1.13 -1.52 -2.04 -2.77 -3.82 -5.39 -7.89

aThe bold entries correspond to the best fits.
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linearity no longer holds.Overall, as expected for a systemwith
a LCST, ! increases with increasing temperature.

Pressure-Induced Volume Transition. While the depen-
dence of the mixing parameter of microgel particles with
temperature or salt has been previously described in the
literature,47,58,64 its dependence with hydrostatic pressure,
P, has not been investigated so far. In order to obtain how !
depends on hydrostatic pressure, wemeasure the particle size
as a function of P, at a temperature of T=298 K. The
application of external pressure induces a deswelling, which
is closely comparable to that induced with temperature, as
shown in Figure 3; the radius changes from !130 nm at P=
0.1 MPa, to ! 60 nm for P>400 MPa. The resultant size
range agrees with the size range obtained with temperature,
indicative of the similar role played by pressure and tem-
perature; both decrease the miscibility of the polymer in the
solvent. In the pressure case, however, the volume transition
is smoother, extending over a large pressure range.

On the basis of the size dependence with pressure and
temperature, using the !=!(T) relationship [Figure 2b], we
can associate a mixing parameter ! to each pressure; we do
this by associating the ! obtained for a certain size from the
temperature measurements to the corresponding size ob-
tained at a certain pressure. FromFigure 2b and Figure 3, we
thus determine the !-dependence with pressure, as shown in
Figure 4a. We find that the Flory parameter grows with
external pressure following an approximately linear trend.
By doing a linear fit, we obtain

! ! !0
0"!1

0P #8$

with !00=9.32%10-2 and !10=2.29%10-3 1/MPa.

Assuming this result, we can write an equation of state for
the pressure experiments simply by introducing eq 8 into the
equilibrium condition (eq 4):

P !

vsNc

NaV0

!
2!0

! "
- !

!0

! "1=3
# $

-!-ln#1-!$-!0
0

!10!
2

#9$

We use this equation to fit our data, using the !0 and Nc

values previously obtained from the temperature experi-
ments, leaving !00 and !10 as free parameters. The result is
shown in Figure 4b and corresponds to !00=9.30%10-2 and
!10=2.30%10-3 1/MPa, which are in agreement with those
that resulted from the linear fit of ! versus P (Figure 4a), as
expected. Furthermore, from eqs 6 and 8, it follows that at
room temperature and low pressures

!0
0"&!0"!1!'T !298K #10$

Consistent with this expectation and supportive of the
consistency of our data, we find that !0" !1!=0.088, which
is close to !00 =0.093, where we have used that at room
temperature and low pressure, !=0.079 (a=130 nm).

To inquire about the !-P relationship, we equate
the Flory parameters given by eqs 6 and 8 and hypothesize
that the observed change in !withP is related to the entropic
change when a solvent-solvent contact is replaced by
a polymer-solvent contact, since the enthalpic change
associated to this process does not appreciably depend

Figure 3. Particle radius of pNIPAM-allylamine microgels in D2O as
a function of pressure. The particle deswells with pressure to a deswollen
size of a0=60 nm.

Figure 4. (a) Dependence of the Flory solvency parameter on
hydrostatic pressure. The two sets of points are obtained using !0=
0.8 (circles) or !0 = 0.85 (squares). (b) Pressure-induced volume
transition of the pNIPAM-allylamine microgel particles in D2O. The
solid line shows the best fit according to eq 9, for !0=0.8 and Nc=
1.75%105.

Figure 5. Absolute value of the change in the mixing entropy as a
function of pressure; it increases with pressure, indicating that solvent-
solvent contacts are favored over polymer-solvent contacts, which is
consistent with the observed deswelling of the particles.

Figure 2. (a) Temperature-induced volume transition of the pNIPAM-
allylamine microgel particles in D2O. The solid line corresponds to the
best fit with !0=0.8,Nc=1.75%105, A=-6.4,!=315K, and !1=0.72.
(b) Dependence of the Flory solvency parameter with inverse tempera-
ture. As expected from eqs 5 and 6 for high values of 1/T (low
temperatures), where ! is low, the mixing parameter is inversely
proportional to T.
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on external pressure.45 We thus determine the entropy
change using:

ΔS ! -
"!#P$-!1!%kbT -ΔH

T
#11$

We find that the absolute value of the entropy change,
|ΔS|, increases with pressure, as shown in Figure 5; the
entropy associated with a solvent-solvent contact is larger
than the entropy associated to a polymer-solvent contact,
ultimately causing the deswelling of the microgel particle, as
we observe experimentally. Similar behavior has been pre-
viously measured for other systems which deswell with
temperature46,63,65 or ionic concentration;47 the absolute
value of the entropy change increases as the variable trigger-
ing the deswelling increases, consistent with our data and
thus supporting our hypothesis.

To finally characterize the role of hydrostatic pressure, we
compare it with the role of temperature by identifying (T, P)
pairs that correspond to the same particle size, as shown in
Figure 6. We find that, at low pressures and temperatures,
there is an approximately linear relationship between these
variables indicating that both magnitudes have a similar
effect on the microgel size. However, at intermediate values
of pressure and temperature, a slight increase in temperature,
from !309 to !312 K, requires a much larger increase in
pressure, from !200 to !400 MPa, in order to change the
microgel size by equal amounts. Particle deswelling thus
proceeds slower when using pressure than it does when using
temperature, suggesting that pressure may be a better ex-
ternal variable when precise tuning of the particle size and
thus of the suspension volume fraction is desired.

Conclusions

We have shown that hydrostatic pressure is an effective means
to deswell poly(N-isopropylacrylamide) microgel particles.
Increasing the external pressure decreases the mixing of the
polymer with the solvent causing the observed decrease in
particle size; this decrease is more gradual when compared to
the deswelling caused by temperature. By comparing the two,
we have determined how the Flory solvency parameter depends
on hydrostatic pressure; it increases with P, which we attribute
to an increase in the absolute value of the entropy change
when polymer-solvent contacts are replaced by solvent-solvent
contacts, consistent with deswelling experiments with other
polymer and gel systems. Our results open the way to use
hydrostatic pressure to tune the microgel size and thus the
suspension volume fraction with high precision; this could be
exploited for fundamental studies where microgels are used as

colloidal particles of tunable size. In addition, understandinghow
pressure affects the particle size might lead to a better use of
microgels in oil recovery applications,28-30 where these particles
are subjected to pressure changes.
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We study the structural properties of microgels made of poly!N-isopropylacrylamide" and acrylic
acid as a function of hydrostatic pressure and temperature using small angle neutron scattering.
Hydrostatic pressure induces particle deswelling by changing the mixing of the microgel with the
solvent, similar to temperature. We extend this analogy to the structural properties of the particles
and show that the form factor at a certain temperature is equal to the form factor at a certain
hydrostatic pressure. We fit the results with an existent model for the microgel structure and
carefully analyze the fitting procedure in order to obtain physically meaningful values of the free
parameters in the model. © 2010 American Institute of Physics. #doi:10.1063/1.3447386$

I. INTRODUCTION

A gel is a polymeric network immersed in a solvent,
which can change its volume in response to changes in its
environment.1–3 Microgel particles are gels in the colloidal
domain.4,5 As a result of the different sizes, microgels re-
spond faster to external stimuli than their macroscopic coun-
terparts; this makes them very useful in a wealth of different
applications, including artificial muscle fabrication,6,7 oil
recovery,8 water purification,9 drug delivery,10,11 paints,12 and
optical switching.13,14 They have also been extensively used
as model hard spheres to address fundamental questions,
including crystallization,15,16 melting,17,18 and the glass
transition.19,20

However, there is recent evidence that microgels can
also behave very differently from hard spheres. For example,
a suspension of small microgels can still crystallize in the
presence of larger microgels by deswelling these larger par-
ticles and accommodating them inside the lattice.21 In addi-
tion, microgel suspensions exhibit fundamental changes in
phase behavior, depending on the charge or the stiffness of
the particles: For highly charged and swollen microgels, the
range of volume fractions corresponding to the crystal phase
becomes narrower than that of hard spheres.22 From a theo-
retical point of view, the charge in very soft microgels is also
expected to play a major role, with slightly charged micro-
gels lacking a crystal phase and highly charged microgels
exhibiting a complex phase behavior, including formation of
noncubic crystal phases.23,24 This richness in behavior arises
from the coupling between charge and softness, which al-
lows for particle deformation, interpenetration, and com-
pressibility. The internal structure of the microgel critically
affects the suspension behavior, as it determines to a large
measure the stiffness of the particle and the interaction be-
tween particles.

Among all microgels, those based on poly!N-
isopropylacrylamide" !pNIPAM" are the most widely used.
pNIPAM is a temperature-sensitive polymer that undergoes a
coil-to-globule transition in the proximity of its lower critical
solution temperature,25,26 which is %32–33 °C in water,
heavy water, or in any of its mixtures.27–33 Interestingly,
pNIPAM-based microgels also respond to hydrostatic
pressure.34 This is achieved through solubility changes, in a
way that is analogous to temperature. As a result, both tem-
perature and hydrostatic pressure change the mixing of the
polymer in the solvent, as seen also in macroscopic gels.35,36

In this paper, we explore whether these similarities are
reflected in the microgel structure by performing small angle
neutron scattering !SANS" experiments as a function of hy-
drostatic pressure and temperature. We find that increasing
either of the two variables causes analogous structural
changes, emphasizing the similar role played by hydrostatic
pressure and temperature in deswelling the particles. The
measured form factors are well described by a particle model
based on a particle core with a polymer gel structure, coated
with a fuzzy surface.37 The fitting procedure, however, must
be carefully performed in order to obtain physically mean-
ingful values of the free parameters. This is due to a signifi-
cant overlap in reciprocal space of the contribution describ-
ing the internal gel structure of the particle with that giving
the spherical shape. As a result, prior knowledge of the val-
ues of some of these parameters is desired for guiding the
fitting process. With these considerations, the model cor-
rectly describes the structure of the microgel particles, which
we show can be tuned externally using hydrostatic pressure,
in as much as temperature.

II. EXPERIMENTAL SYSTEM

The particles we use are comprised of pNIPAM and
acrylic acid !AAc". They are synthesized by emulsion
polymerization38 of NIPAM monomer, AAc !2 mol %", anda"Electronic mail: alberto.fernandez@physics.gatech.edu.
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the cross-linker methylene-bis-acrylamide !5 mol %" in wa-
ter at 70 °C using the surfactant sodium dodecyl sulfate
!0.05 wt %" to control the particle size. This precursor solu-
tion is stirred and bubbled with nitrogen prior to the initia-
tion of the reaction with potassium persulfate !0.06 wt %".
The reaction is allowed to proceed for 4 h under a nitrogen
blanket to ensure full reaction of the monomers.39 After cool-
ing the products, the particles are exhaustively dialyzed
against ultrapure water until the conductivity of the removed
water matches the conductivity of the added water. Finally,
we freeze dry the particles and redisperse them in heavy
water. The pD of the resultant dilute suspension is always
5.5. We use the abbreviation pD instead of pH since heavy
water is used as a solvent.

To characterize the temperature dependence of the par-
ticle size, we use three-dimensional !3D" dynamic light scat-
tering !DLS".40 The source of the equipment consists of a
He–Ne laser operating at a wavelength of 632.8 nm. The
laser beam is split into two parallel beams that are focused
onto the sample. The scattered light is collected and guided
using optical fibers toward two avalanche photodiodes
!APDs" and the signals of the APDs are cross correlated.41

By doing so, the resultant correlation function is only sensi-
tive to single-scattering events.40 The sample tubes are
placed in a temperature controlled, index matched vat filled
with decalin. We ensure homogeneous equilibration of the
temperature in the samples by waiting #30 min prior to
each measurement.

To obtain the size dependence with hydrostatic pressure,
we use a high pressure cell consisting of a sample container
located between two parallel sapphire windows designed for
a SANS line at Paul Scherrer Institute !PSI".42 The pressure
is applied using hydraulic oil and a pressure generator. As a
result of the particular arrangement of our setup, we use a
home-built DLS apparatus with a He–Ne laser operating at a
wavelength of 632.8 nm. The scattered light is collected at a
scattering angle of 135° and is split into two beams, using a
fiber beam splitter, coupled to two APDs. The signal in the
two detectors is pseudo-cross-correlated in a two channel
correlator to effectively avoid the afterpulsing of the APDs.43

In both cases, we measure the intensity correlation func-
tion, g2!!", which is related to the electric field correlation
function, g1!!", by means of the Siegert relation44,45

g2!!" = 1 + "g1
2!!" , !1"

where " is the so-called coherence factor.44,45

All size measurements are performed with dilute
samples and are characterized by an exponential field corre-
lation function g1!!"$e!#t, where #=Dq2, with D the diffu-
sion coefficient and q the modulus of the scattering wave
vector. We obtain D from a linear fit of # versus q2 and use
the Stokes–Einstein equation, D=

kbT
6$%RDLS

, with kb the Boltz-
mann constant, T the temperature, and % the solvent viscos-
ity at the experimental temperature and hydrostatic pressure,
to determine the hydrodynamic radius, RDLS.44 We always
obtain "! %0.95, 1.00& in conventional DLS measurements,
which is close to "=1 expected for optimum detection of

scattered light fluctuations. However, this theoretical maxi-
mum is reduced to "=0.25 in the 3D-DLS cross-correlation
scheme since in this case

'I1!t"I2!t + !"( = 'Ib1d1!t"Ib2d2!t + !"( + 'Ib1d1!t"Ib1d2!t + !"(

+ 'Ib2d1!t"Ib2d2!t + !"( + 'Ib2d1!t"Ib1d2!t + !"( ,

!2"

where I1 and I2 are the intensities collected in detectors 1 and
2, respectively, ! is the correlation time, and Ibidj!t" is the
intensity collected in detector j at time t coming from beam
i. Since there are two incident beams and two detectors, there
are four contributions to the cross-correlation function.
Among all, only the first term contributes to the
correlation;41 the other three terms correspond to cross cor-
relations corresponding to different q and only contribute to
the background. In our experiments, ")0.21, which is close
to the theoretical maximum.

Consistent with previous measurements,27–33 we find that
the particle size decreases with increasing temperature, as
shown in Fig. 1!a"; this shrinkage results from the tempera-
ture dependence of the polymer/solvent miscibility.46,47 Since
the experiments are performed at pD=5.5 and the pKa for
polyacrylic acid is 5.6,48 the AAc is partially ionized. As a
result, there is a contribution to the total osmotic pressure
arising from the counterions that are electrostatically trapped
inside the microgel particle. This ionic concentration broad-
ens and shifts the temperature range associated to the size
transition to higher temperatures compared to most pNIPAM
microgels.33 We find a final deswollen radius of RDLS
=60 nm at T=60 °C, and an overall behavior that agrees
with what is also observed with charged gels49,50 and other
ionic pNIPAM microgels.51,52

A similar particle shrinkage is observed with hydrostatic
pressure, as shown in Fig. 1!b". As the hydrostatic pressure
increases, it is increasingly unfavorable for the polymer to
mix with the solvent leading to particle deswelling. Consis-
tent with the temperature measurements, we find a deswollen
size of RDLS=60 nm at high pressures and a broad deswell-
ing transition due to the presence of AAc.

III. RESULTS AND DISCUSSION

A. Experimental measurements of the particle form
factor

SANS measurements are performed using the SANS-I
beamline at SINQ, PSI, Switzerland. We use a velocity se-
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FIG. 1. Radius RDLS of pNIPAM-AAc microgels in D2O as a function of !a"
temperature T and !b" hydrostatic pressure P measured by DLS. The par-
ticles deswell in both cases with increasing T or P.

034901-2 Lietor-Santos et al. J. Chem. Phys. 133, 034901 !2010"

Downloaded 21 Jul 2010 to 192.33.126.163. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
116



lector to select a wavelength of !=8.8 Å for the temperature
experiments and a wavelength of !=12 Å for the hydro-
static pressure experiments, with a resolution of "! /!=0.1.
The resolution in the magnitude of the scattering wave vec-
tor, q= !4# /!"sin!$ /2", with $ the scattering angle, is deter-
mined by this wavelength spread and by the scattering angle
resolution, "$:

"q

q
=

"!

!
+

"$

$
. !3"

The experiments are performed at sample-detector distances
of 18 and 8 m, with collimation lengths of 18 and 8 m,
respectively. We also employ neutron lenses53,54 to focus the
beam and reduce "$ /$. As a result, "q /q#"! /!. The data
are collected in a two-dimensional detector with 128
%128 pixels with an area of 7.5%7.5%mm2 each. The scat-
tering from the solvent and from the sample cell is corrected
using standard procedures. The neutron path length of the
cells we use is 2 mm.

For spherically symmetric particles, the scattered inten-
sity can be approximated as55

I!q" $ !"&v"2nVpolymer
2 P!q"S!q" , !4"

where "&v is the difference in the scattering length density
between the polymer and the solvent, n is the number density
of particles, and Vpolymer is the volume of polymer in one
particle. The form factor P!q" accounts for interference of
radiation from polymer segments within the same particle,
while the structure factor S!q" accounts for interference of
radiation from polymer segments in different particles. The
form factor is thus related to the internal structure of the
particles, while the structure factor is related to the structural
properties of the suspension. In our experiment, we use di-
lute suspensions and thus can safely assume that S!q"=1.
Therefore, the q dependence of the scattered intensity di-
rectly results from the internal structure of the particles.

We find that the q dependence of the form factor is char-
acterized by an initial decay at low q, followed by a shoulder
at intermediate q, as shown in Fig. 2. At even higher q, the
scattered intensity plateaus due to the presence of incoherent
scattering.55 The form factors measured as a function of hy-
drostatic pressure at a fixed temperature of T=25 °C, exhibit
similar q behavior. However, we only clearly observe the
decay at low q, as shown in Fig. 3. At higher q, the scattered
intensity is very noisy due to insufficient counting time; this
does not allow the interpretation of the data in this q region.
We note that an increase in temperature and hydrostatic pres-
sure causes an overall shift of the form factor to higher q,
consistent with particle deswelling.

B. Model for the form factor

The intensity profiles show the intrinsic structural rich-
ness of these particles. At high pressures, the resultant form
factor is reasonably well described by what is expected for
hard spheres with a size similar to our microgel size, as
shown in Fig. 3 for P=350 MPa. As a result, at high pres-
sures, the structure of our microgel particles is reminiscent of
the structure of hard spheres. However, at low hydrostatic

pressures, this hard sphere model is unable to capture the
experimental results, as also shown in Fig. 3 for P=0. The
hard sphere analogy no longer holds, highlighting the intrin-
sic inhomogeneous structure of the particle in its swollen
state. One source for this inhomogeneity resides in the un-
even distribution of crosslinker molecules within the
particle.38,56,57 As a result, in order to fully describe the form
factor of these particles, a more sophisticated model must be
considered.

Here we follow the model first proposed by Stieger et
al.,37,58 who considered the microgel particle as a core with a
certain fuzziness at its periphery, essentially arising from the
inhomogeneous distribution of cross-linker within the par-
ticle. This is modeled in real space as a convolution of a
compact sphere with a Gaussian generating the fuzzy shell.
In reciprocal space:

P1!q" = %3!sin qR ! qR cos qR"
!qR"3 e!&!'q"2/2'(2

, !5"

where R is the radius of the core and ' is the width of the
fuzzy surface. A similar model was proposed by Pedersen
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FIG. 2. Experimental profiles for four different temperatures and their cor-
responding fits according to Eq. !8": !!" T=25 °C and Rav=83 nm, '
=21 nm, 'pol=0.13, Ichain!0"=2.0%10!4, (=10.4 nm; !"" T=27 °C and
Rav=82 nm, '=21 nm, 'pol=0.11, Ichain!0"=9.0%10!5, (=10.2 nm; !#"
T=30 °C and Rav=77 nm, '=23 nm, 'pol=0.13, Ichain!0"=5.9%10!4, (
=9.8 nm; and !$" T=35 °C and Rav=73 nm, '=18 nm, 'pol=0.12,
Ichain!0"=1.3%10!4, (=9.2 nm; The data are vertically shifted by a factor of
10 with increasing temperature.
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FIG. 3. Experimental profiles for different hydrostatic pressure: !!" P=0,
!%" P=100 MPa, !"" P=150 MPa, !!" P=175 MPa, !#" P=200 MPa,
!&" P=250 MPa, !$" P=300 MPa, and !'" P=350 MPa. The data are
vertically shifted by a factor of 10 with increasing hydrostatic pressure. The
lines represent the expected form factor for hard spheres with radii of R
=145 nm !lower line" and R=70 nm !upper line".
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et al.59 to account for the scattering of block copolymer mi-
celles.

The particle is further considered inhomogenous at
length scales much smaller than the particle size, as they are
made from cross-linked polymer chains. These inhomogeni-
ties are taken into account by incorporating an additional
contribution associated to polymer chain correlations30

Ichain!q" =
Ichain!0"
1 + !!q"2 , !6"

where Ichain!0" is the zero-q intensity associated to this con-
tribution and ! is the correlation length or mesh size of the
network. We note that this expression can also describe the
scattering intensity from certain semidilute polyelectrolyte
solutions;60 it can thus be considered a reasonable approxi-
mation for the internal structure of our ionic microgel par-
ticles.

As a refinement of the model, we also consider polydis-
persity in the core

D!R" =
1

#2"#polRav

e!$!R ! Rav"2/!2#pol
2 Rav

2 "% !7"

with Rav the average core radius and #pol the relative particle
polydispersity.

Combining all these contributions, the form factor of the
particle becomes

P!q" = &
R

P1!q,R"D!R" + Ichain!q" + I0, !8"

where I0 is a constant associated to the amount of incoherent
scattering from the samples.

Using this model, we fit the experimental results by
minimizing $2=&$Pexpt!q"! Ptheor!q"%2,61 leaving as free pa-
rameters the average core radius, Rav, its polydispersity, #pol,
the size of the fuzzy region, #, the mesh size of the polymer
network, !, and Ichain!0". We see that the model successfully
captures the various features of the experimental form factor,
as shown in Fig. 4 for T=25 °C and P=0. In this case, we
obtain Rav=83 nm and #=21 nm, giving an overall micro-
gel radius of RSANS=Rav+2#=125 nm, which is similar but
slightly smaller than the radius measured by DLS. The origin
of the slight discrepancy could be due to the presence of a

very small but non-negligible number of chains in the pe-
riphery of the particles, which would only contribute to the
hydrodynamic radius, thus, rendering RDLS larger than
RSANS.37 For the suspension polydispersity, we obtain #pol
=0.13, which is reasonable given the method employed for
the particle synthesis.62 Surprisingly, the value obtained for
the mesh size, !=52 nm, seems unreasonably large given
the particle size. Indeed, from the particle synthesis we can
estimate the average distance between crosslink points
within one particle, !̂= !NpVp /Nx-link"1/3, with Nx-link the num-
ber of cross-link molecules employed in the synthesis, and
Np and Vp the number of particles and their volume,
respectively.63 We obtain !̂'5 nm, which is an order of
magnitude smaller than the value of ! obtained from the fit.

We note, however, that the free parameter space contains
many local minima, as shown in Fig. 5. This uncertainty for
! and Ichain!0" is linked to the narrow q range, 0.05%q
%0.1 nm!1, where the quality of the fit depends strongly on
! and Ichain!0". It is thus very easy to get trapped locally in
any of these minima, all having very similar values of $2. In
fact, by fixing the values of Rav, #, and #pol, the selection of
Ichain!0" and ! becomes degenerate. This corresponds to the
narrow line of black points in Fig. 5 corresponding to very
similar low values of $2. The !! Ichain!0" landscape thus lim-
its the use of our fit to estimate either of these two param-
eters. However, sensible values can be obtained by carefully
spanning the parameter space. To show this, we also show in
Fig. 4 an alternative, but equally good fit of the experimental
data. In this case, Rav, #, and #pol all have identical values,
but !=10.4 nm, as shown in Table I. The value of the mesh
size is in this case within a factor of 2 with respect to the
average distance !̂ between cross-links, which is reasonable.
The selection of the best fit thus not only relies on the value
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FIG. 4. Intensity profile for T=25 °C and P=0. The two fits to the data are
essentially inappreciable and result in identical $2 values for the parameters
shown in Table I.
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TABLE I. Values of the free parameters obtained from the fits shown in Fig.
4. Rav is the radius of the core, # is the width of the fuzzy region of the
particle, RSANS=R+2#, RDLS is the particle radius as determined by DLS,
#pol is the core polydispersity, Ichain!0" is the amplitude of the polymer chain
correlations at zero q, and ! is the correlation length or mesh size of the
network.

Rav

!nm"
#

!nm"
RSANS

!nm"
RDLS

!nm" #pol Ichain!0"
!

!nm" $2

83 21 125 142 0.13 2.2&10!3 52 10!3

83 21 125 142 0.13 2.0&10!4 10 10!3
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of !2, but also on the known value for " obtained from the
particle synthesis. With this knowledge of " we can also fit
the experimental data for other temperatures with reasonable
values of all the free parameters, as shown in Fig. 2.

C. Comparison between hydrostatic pressure and
temperature effects

Given that hydrostatic pressure and temperature affect
the particle size in similar ways by changing the mixing of
the polymer and the solvent,34 we inquire on whether there
are also similarities in how they affect the structure of the
particles. We plot the form factors obtained at different tem-
peratures and constant hydrostatic pressure, together with
those obtained at different hydrostatic pressures and constant
temperature, as shown in Fig. 6. There is excellent agreement
between certain pairs of temperature and hydrostatic pres-
sure, emphasizing the analogous role of these variables in
deswelling and modifying the form factor of our pNIPAM
microgel particles.

Employing this analogy, we can model the scattered in-
tensity profiles at different hydrostatic pressures even for the
intermediate and high q regions, where the data were noisy
due to the increased background in the pressure setup and
limited counting time. In this way, we can obtain how RSANS
and " change with particle deswelling. We find that RSANS
decreases with P, as shown in Fig. 7!a"; this is consistent

with the DLS data. The values of RSANS, however, are
slightly smaller than those obtained by DLS, reflecting the
influence of the peripheric chains, which contribute to RDLS
but not to RSANS. Consistent with this interpretation, the
agreement between the two sets of data improves at higher
hydrostatic pressures since these chains are expected to col-
lapse as the particles deswell.

The polymer mesh size also decreases with particle
deswelling, as expected. To quantify this decrease in ", we
estimate the polymer volume fraction within a single micro-
gel, #polymer, using #polymer /#polymer,0= !RDLS,0 /RDLS"3, where
#polymer,0=0.8 !Refs. 5, 34, and 64–66" and RDLS,0 are the
polymer volume fraction and particle radius in the deswollen
state. We plot " versus #polymer in Fig. 7!b". We find "
##polymer

!0.15 , which is similar to the scaling exponent that has
already been found in temperature experiments with
pNIPAM microgels.58 However, it is different from the
scaling found for polymer gels, "##polymer

$# , where $#

=$ / !1!3$", with $= 3
5 for a good solvent or $= 1

2 for a %
solvent. In our experiments, we change #polymer by changing
the quality of the solvent, and thus there is no reason to
expect any of these behaviors. Moreover, our particles con-
sist of polyelectrolyte rather than polymer chains. As a result,
a different scaling is expected for ".60 Nevertheless, we em-
phasize the sensitivity of Ichain!0" and " to the !2 landscape,
which results in a large uncertainty for the " estimate and, as
a result, for the scaling exponent. This in the end is related to
the overlap in q of the particle and internal structure contri-
butions to P!q". Despite this fact, we obtain, using hydro-
static pressure, a similar "!#polymer relation to that obtained
using temperature, providing additional support to the analo-
gous role played by these variables in changing the structural
properties of the particles.

IV. CONCLUSIONS

We have measured how the form factor of pNIPAM-
AAc microgels changes with hydrostatic pressure and tem-
perature by using SANS. By modeling the particle as a com-
pact core with a fuzzy surface and with internal
inhomogeneities associated with the polymer chains, we
have described the experimental measurements with reason-
able values of the free parameters. However, since !2 exhib-
its a large number of local minima of similar depth depend-
ing on the value of the mesh size, the fitting process must be
performed with care. Provided this is the case, the values of
all free parameters that result are reasonable and the SANS
data are well described. Our results provide additional evi-
dence of the analogous role played by temperature and hy-
drostatic pressure; they both modify the mixing of the poly-
mer in the solvent inducing similar shrinkage and structural
changes of the particles.
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We study the form factor of thermoresponsive microgels based on poly(N-isopropylacrylamide) at
high generalized volume fractions, ζ , where the particles must shrink or interpenetrate to fit into
the available space. Small-angle neutron scattering with contrast matching techniques is used to
determine the particle form factor. We find that the particle size is constant up to a volume frac-
tion roughly between random close packing and space filling. Beyond this point, the particle size
decreases with increasing particle concentration; this decrease is found to occur with little inter-
penetration. Noteworthily, the suspensions remain liquid-like for ζ larger than 1, emphasizing the
importance of particle softness in determining suspension behavior. © 2014 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4885444]

INTRODUCTION

Microgel particles are cross-linked polymer networks
with diameters in the nm- to µm-range. They can change
size in response to variations in temperature,1 hydrostatic
pressure,2 pH,3 salt concentration,4 and external osmotic
pressure.5 This transition between swollen and deswollen
states is attractive for many applications.6–9 In addition, since
changes in the microgel size also induce changes in the sus-
pension volume fraction, this swelling transition has also been
exploited in fundamental studies related to phase transitions10

and glass formation.11

The macroscopic behavior of the suspension is largely
determined by the particle concentration and by interparticle
interactions. However, the properties of the particles can also
play an important role. In fact, the elastic scale of emulsions
and foams is set by the value of interfacial tension and the
droplet or bubble size, which is the characteristic length scale
in these systems; it is the energy stored at the interfaces, when
the droplets are deformed at high packing fractions, that de-
termines the elastic response of these materials.12–14 For dis-
ordered suspensions of hard spheres, whose interactions and
phase behavior are solely dictated by excluded volume, the
elasticity results from changes in the equilibrium configura-
tion of the particles when caged by their neighbors in the
glassy phase.15

Colloidal microgels are different from drops, bub-
bles, and hard spheres for two main reasons: (i) they are
compressible16, 17 and (ii) can potentially interpenetrate to
some extent due to the presence of dangling polymer chains
at their periphery.18 They are, however, also potentially able
to change shape like drops and bubbles.16, 19 A direct conse-
quence of these particularities is that the energetic penalty
for close interparticle approaches is not prohibitively large,

a)urs.gasser@psi.ch
b)alberto.fernandez@physics.gatech.edu

hence allowing particle concentrations far beyond those that
can be typically reached with emulsions, foams, and hard
sphere suspensions. Perhaps not surprisingly, then, the rel-
ative viscosity of many microgel suspensions exhibits a
much more gradual increase at high volume fractions than
hard sphere suspensions.11, 20–22 For ionic microgels, this has
been explained in terms of ion-induced deswelling. With
increasing particle concentration the available volume for
ions outside the particles decreases while the associated
osmotic pressure increases; this can result in particle
deswelling at volume fractions well below random close
packing.23–26 Recent experiments, however, find no signifi-
cant ion-induced deswelling and a microgel size that only de-
creases at volume fractions above random close packing;17, 27

the inhomogeneous monomer distribution inside these micro-
gels helps account for this difference in behavior.27

For neutral microgels, deswelling at low volume frac-
tions was considered to understand the structural properties of
dense suspensions.28 However, recent experiments with glass-
forming microgel suspensions did not consider deswelling at
low volume fractions to interpret the measured fragility of a
microgel glass in terms of the single-particle stiffness.11

In this paper we examine the rheology and structure
of neutral poly(N-isopropylacrylamide) (pNIPAM) microgel
suspensions with generalized volume fractions ranging from
dilute to overpacked conditions. We use small-angle neu-
tron scattering (SANS) to study the internal structure and the
single-particle size of these microgels and find no deswelling
up to generalized volume fractions, ζ , of approximately 1,
followed by shrinking with slight particle interpenetration at
higher ζ ; this indicates that the particles are deswelling only
after they are in contact with each other. Rheology of the
suspensions confirms the relevance of particle softness: the
suspensions remain liquid-like for ζ above 1, supporting the
idea that it is the single-particle softness that is responsi-
ble for the behavior of concentrated suspensions of neutral
microgels.

0021-9606/2014/141(3)/034901/9/$30.00 © 2014 AIP Publishing LLC141, 034901-1
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EXPERIMENTAL METHODS

pNIPAM microgel particles

We use hydrogenated and deuterated microgel particles
to determine the particle form factor by SANS, taking ad-
vantage of contrast variation with H2O/D2O mixtures as
solvent. We synthesize the hydrogenated particles using the
NIPAM monomer C6H11NO (H-NIPAM), which has a molec-
ular weight of 113.16 g/mol, and the deuterated particles
using the monomer C6H4D7NO (D-NIPAM), which has a
molecular weight of 120.21 g/mol. Here, D represents deu-
terium, 2H. The deuteration level of the D-NIPAM is 64%.

We follow a dispersion polymerization synthesis ac-
cording to previously published methods.29 All reagents
are bought from Sigma Aldrich, except for the D-NIPAM
monomer, which is bought from Polymer Source. For the
synthesis of the H-NIPAM particles, we add 2.218 g of NI-
PAM, 0.062 g (2.0 mol. %) of the crosslinker N,N′-methyl-
enebisacrylamide (BIS, C7H10N2O2), 0.072 g of surfactant
sodium dodecyl sulfate (SDS), and 0.059 g of initiator ammo-
nium persulfate [(NH4)2S2O8] to 250 ml distilled and deion-
ized water at (70 ± 2) ◦C. We allow the reaction to proceed for
14 h while stirring at 450 rpm. The dispersion is then cooled
to room temperature and aggregates are removed by filtering
the product through Watman paper (pore size 42.5 µm). To
remove unreacted monomer, cross-linker, surfactant, and ini-
tiator molecules, we centrifuge the suspension at 70 000 rpm
(266 × 103 g) for 20 min at (20 ± 2) ◦C. After removing the
supernatant, we resuspend the particles in distilled and deion-
ized water, and repeat the process twice. For synthesis of the
D-NIPAM particles, the procedure is the same, except that
the amounts are 1.414 g of D-NIPAM, 0.037 g (2.0 mol. %)
of BIS, 0.058 g of SDS, 0.058 g of ammonium persulfate, and
100 ml of distilled and deionized water; additionally, we al-
low the reaction to proceed for 22 h while stirring at 400 rpm
and perform each centrifugation cycle for 1 h at 100 000 rpm
(542 ×103 g).

We determine the swelling behavior of the particles us-
ing dynamic light scattering (DLS), in which we measure
the time-dependent intensity fluctuations of light scattered
from the sample. The timescale of these fluctuations allows
us to determine the diffusion coefficient, D, of the particles;
we then calculate their hydrodynamic radius, RH, from the
Stokes-Einstein equation, D = kBT/(6πηsRH), with kB the
Boltzmann constant, T the temperature, and ηs the solvent
viscosity.30, 31 We observe that the particles start to apprecia-
bly deswell at T ≈ 32 ◦C, for the H-NIPAM particles in H2O,
and at T ≈ 35 ◦C, for the D-NIPAM particles in D2O [see
Fig. 1]. The higher deswelling temperature for the suspension
in D2O than for the suspension in H2O agrees with previous
observations.32–34

Due to the softness of swollen microgel particles, the
relationship between polymer concentration, cp, and particle
volume fraction is not as straightforward as for hard particles.
Indeed, suspensions of microgels can be concentrated beyond
the highest possible volume fraction of hard particles since
microgels can deform and deswell as their concentration is
increased. As a result, instead of the volume fraction φ, we
use a generalized volume fraction, ζ = nVp,d , where n is the
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FIG. 1. Hydrodynamic radius, RH, determined by DLS versus temperature
for H-NIPAM particles in H2O (filled circles) and D-NIPAM particles in D2O
(open circles).

particle number density and Vp,d is the volume of one particle
in a dilute suspension.

We define ζ H = kHcp,H as the generalized volume frac-
tion of H-NIPAM microgels, where cp,H is the weight fraction
of the H-NIPAM microgel suspension and kH is a constant of
proportionality. To determine kH we measure the viscosity of
dilute suspensions of H-NIPAM microgels in H2O at differ-
ent concentrations and fit the data to the Einstein-Batchelor
equation, η = ηsolvent (1 + 2.5ζ + 5.9ζ 2), leaving kH as fit-
ting parameter. This procedure is, in principle, valid only for
dilute hard sphere suspensions. However, since microgels are
hydrodynamically opaque,35 it is also applicable to suspen-
sions of microgel particles. From the fit, shown in Fig. 2(a),
we obtain kH = 22.4 ± 0.6. The generalized volume fraction
of D-NIPAM microgels, ζ D = kDcp, D, is similarly obtained
from the viscometry of dilute suspensions of D-NIPAM mi-
crogels in D2O, as shown in Fig. 2(b). We obtain kD = 51
± 1. All viscometry is carried out at T = (20.0 ± 0.1) ◦C. For
suspensions containing both H- and D-NIPAM particles, we
define the total generalized volume fraction as ζ = kH cp, H
+ kD cp, D.

In order to prepare the concentrated samples, we resus-
pend freeze-dried microgels in mixtures of H2O and D2O at
the desired weight fraction. In order to facilitate mixing, we
heat the suspensions to deswell the microgels; this reduces the
volume fraction, appreciably decreasing the suspension vis-
cosity. Once mixed, we cool back to room temperature. This
allows us to obtain homogeneous suspensions with ζ > 1.

Rheology

We perform steady-state and oscillatory rheology with a
stress-controlled rheometer (Anton-Paar, Physica MCR 501),
using cone-plate geometry. The cone has a 25 mm diam-
eter and a 2◦ aperture and is roughened. The instrument
is calibrated to account for different sources of error: (i)
motor and air bearing noise due to imperfections in motor
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FIG. 2. Relative viscosity vs. microgel mass fraction for (a) H-NIPAM mi-
crogels in water and (b) D-NIPAM microgels in heavy water. Solid lines are
fits to the Einstein-Batchelor equation. The coefficients obtained from the fits
are kH = 22.4 ± 0.6 and kD = 51 ± 1. The measurements are performed at
T = (20.0 ± 0.1) ◦C.

operation and turbulence in the air bearing, and (ii) the effect
of inertia on stress. We make all measurements well above
the minimum torque limit of the instrument, 0.1µNm. The
oscillatory strain-controlled measurements are performed on
timescales longer than the feedback loop time of the rheome-
ter, ∼1 ms. The temperature for all measurements is (21 ±
2) ◦C. We perform linearity tests at 10 rad/s for strains in the
range [0.001,0.01] to ensure that oscillatory measurements
are made in the linear regime. We also note that although
glassy microgel systems display aging behavior,36–39 we do
not observe any history dependence in our measurements.

SANS

We use two methods to determine the particle form fac-
tor at high concentrations. (i) The “tracer” method is an ana-
log to a form factor measurement under dilute conditions: A
small amount of H-NIPAM particles is immersed in a “sea”
of D-NIPAM particles that are contrast-matched with the
H2O / D2O solvent. This allows for a direct measurement of
the form factor of the H-NIPAM particles, PH(q), at arbitrar-
ily large ζ . (ii) The zero average contrast (ZAC) method40, 41

allows us to determine the form factor with a sample
corresponding to a 50/50 mol. % blend of H- and D-NIPAM in
H2O / D2O solvent with a scattering length density given by
the average scattering length density of the H- and D-NIPAM

in the sample. Under these conditions, the coherent inter-
particle scattering cancels out and only the form factors PH(q)
and PD(q) contribute to the coherent scattering through the av-
erage form factor PZAC(q) = (PH(q) + PD(q))/2.

An accurate knowledge of the coherent neutron scat-
tering length densities of H- and D-NIPAM particles is
needed to achieve the required contrast matching condi-
tions for the tracer or the ZAC method. If microgels are
suspended in a solvent that matches their scattering length
density, they will not contribute to the coherent scattering
of the sample. The scattering length densities (SLDs) of
H2O and D2O are well-known quantities, SLDH2O = −0.56

× 10−6 Å−2 and SLDD2O = 6.33 × 10−6 Å−2.42 The SLD
of an H2O/D2O mixture is given by SLDmixture = vH2O

× SLDH2O + vD2O × SLDD2O, where vH2O and vD2O are the
volume fractions of H2O and D2O in the mixture.

In order to prepare samples with the right contrast match-
ing, we first estimate the microgel SLD using established
values for the scattering length of different elements43 and
the molecular formulas for H- and D-NIPAM and BIS, us-
ing 98 wt. % of NIPAM and 2 wt. % of BIS for each case,
and from estimates of their densities. The density of H-
NIPAM is ρH-NIPAM = 1.100 g/cm3.44 We then calculate
the density of D-NIPAM by multiplying this value with the
ratio of the molecular weights of D- and H-NIPAM to ob-
tain ρD-NIPAM = 1.167 g/cm3. With this information, we
obtain SLDH−NIPAM = 0.838 × 10−6 Å−2 and SLDD−NIPAM

= 4.98 × 10−6 Å−2.
We also measure the microgel scattering length densities

experimentally by suspending H- and D-NIPAM microgels
in different mixtures of H2O and D2O and looking for the
mixture resulting in no scattering; this corresponds to the so-
called matchpoint of the system. The number of neutrons scat-
tered into a solid angle element of the detector #$ in time #t
at a given scattering wave vector q is given by45

Is(q) = %0#$#t
Ts

Tempty

aDsϵ(λ)
d(V

d$
(q), (1)

where %0 is the incident neutron flux or number of neutrons
per unit area and unit time that are incident on the sam-
ple, Ts and Tempty are the transmissions of the sample and
empty cell, respectively, a is the illuminated sample area,
Ds is the sample thickness, ϵ(λ) is the efficiency of the de-
tector at neutron wavelength λ, and d(V /d$ is the differ-
ential scattering cross section per unit volume. The latter is
related to the differential scattering cross section per unit
mass as d(m/d$ = (d(V /d$)/cs , where cs is the sample
concentration in mass per volume. The differential scattering
cross section per particle can be further obtained as d(M/d$

= mp(d(m/d$), with mp the mass of one particle. At zero
scattering wave vector,45

d(M

d$
(q = 0) = (#ρpv̄pmp)2, (2)

where #ρp is the difference in scattering length density
between the particle and the solvent or the SLD con-
trast and v̄p is the (dry) specific volume of the particles.
Combining Eqs. (1) and (2) and factoring out a constant
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K = (Tempty/Ts)/(!0aDsϵ(λ)$%$t) gives

$ρp =
!

K

csmpv̄2
p

Is(q = 0). (3)

Approximating v̄p ≈ ρ−1
p , where ρp is the density of a single

microgel particle, and assuming that the volume of a single
particle does not change, which is true in the experiments for
determining the particle SLD matchpoint, Eq. (3) is further
simplified to

$ρp ∝

!
Is(q = 0)

φ
, (4)

where φ is the particle volume fraction.
To experimentally determine the matchpoint, we mea-

sure the scattered intensity as a function of q and plot it
as a function of q2 in a log-lin form. In this way, the data
scale linearly, as shown in Figs. 3(a) and 3(b) for H- and D-
NIPAM particles, and consistent with what is expected in the
Guinier regime.46 We then perform linear fits to the data to
obtain the intercept, Is(q = 0), for different H2O-D2O mix-
tures, normalize it with the particle volume fraction and plot
the square root of the result against the SLD of the mix-
ture [see Fig. 4]. We note that while $ρp changes sign for
samples above the matchpoint, Is(q = 0) increases with $ρp
on both sides of the matchpoint [see Eq. (2)]. As a result,
the H-microgel point with SLDmixture = −0.56 × 10−6 Å−2

and the D-microgel point with SLDmixture = 6.33 × 10−6 Å−2

both had their signs manually reversed in Fig. 4. After tak-
ing this into account, we find a linear relation between"

Is(q = 0)/φ and SLDmixture, as shown in Figs. 4(a) and 4(b)
for H- and D-NIPAM microgels, respectively. The roots of
the corresponding linear fits give the SLDmixture at the match-
points, which are equal to the SLD of the particles. We find

1E-5

1E-4

1E-3

0.01

0.1

0.000 0.001 0.002 0.003
1E-5

1E-4

1E-3

0.01

I s(q
)(

ar
b.

un
its

)
I s(q

)(
ar

b.
un

its
)

q2 (nm-2)

(a)

(b)

FIG. 3. Plots of the low-q region of Is(q) versus q2 for (a) H-NIPAM mi-
crogels and (b) D-NIPAM microgels, extrapolated to q = 0. Proportions
of solvent are given in wt. %H2O/wt. %D2O as follows: (a) 100/0 (black

squares), 54/46 (red circles), 32/68 (blue upward triangles), and 0/100 (ma-
genta downward triangles); (b) 96.5/3.5 (black squares), 75.6/24.4 (red cir-
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FIG. 4. Plots of
"

Is (q = 0)/φ versus the solvent SLD for (a) H-
NIPAM microgels and (b) D-NIPAM microgels. The H-microgel point
with SLDmixture = −0.56 × 10−6 Å−2 and the D-microgel point with
SLDmixture = 6.33 × 10−6 Å−2 both had their signs reversed in order to ac-
count for the fact that the scattering contrast increases to either side of the
matchpoint with the same magnitude of slope. The lines are linear fits used
to determine the matchpoint, which corresponds to Is(q) = 0.

SLDH−NIPAM = (1.1 ± 0.8) × 10−6 Å−2 and SLDD−NIPAM

= (5.2 ± 0.6) × 10−6 Å−2. These values agree with the cal-
culated SLD of both H- and D-NIPAM particles.

Using the experimentally determined scattering length
densities, we prepare the H2O / D2O mixtures for tracer and
ZAC experiments by matching the scattering length density
of the mixture to the D-NIPAM particles (tracer method) or to
a 50/50 blend of H- and D-NIPAM particles (ZAC method).

For the form factor measurements of our particles on the
SANS-I beam line at SINQ (Paul Scherrer Institut, Switzer-
land), we place the detector at a distance of 18 m from the
sample and use a wavelength of 8 Å. To gain access to higher
q-values, we also use a second setting with a sample-detector
distance of 4.5 m. We collect the scattered intensity with a 3He
area detector with 128 × 128 pixels and a pixel size of 7.5 mm
and use standard procedures to correct for dark counts, back-
ground scattering due to the quartz cuvettes, and the solvent.47

The detector efficiency is calibrated using a H2O measure-
ment. For the analysis of the measured form factors, the q-
resolution of the instrument is taken into account. We cal-
culate the relative error in q, δq/q = δλ/λ + δθ /θ , from the
relative wavelength spread, δλ/λ = 0.1, and the detector res-
olution at each scattering angle, δθ /θ , which depends on the
sample-detector distance and the lateral distance from the di-
rect beam position.

RESULTS AND DISCUSSION

SANS of dilute suspensions

We determine the form factor under dilute conditions for
both H-NIPAM particles suspended in H2O and D-NIPAM
particles suspended in D2O. The results are qualitatively sim-
ilar to each other and similar to what has been previously re-
ported for other pNIPAM-microgel suspensions,48, 49 with the
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FIG. 5. Measured form factors of dilute samples (open squares) and corre-
sponding fits (lines) to Eqs. (6) and (8). The samples are (a) H1 and (b) D1
from Table I. The first point in each measured form factor is slightly lower
than its actual value due to incomplete masking of the beamstop. We accord-
ingly perform our fits giving less statistical weight to this first point.

scattered intensity monotonously decreasing with q, as shown
in Fig. 5. We analyze the results using the model introduced
by Stieger et al.28, 48, 50 This model treats a microgel particle as
a spherical core with a certain fuzziness at its periphery essen-
tially arising from the inhomogeneous distribution of cross-
linker within the particle. This is modeled in real space as
a convolution of a compact sphere with a Gaussian generat-
ing the fuzzy shell. The core radius, Rc, and the width of the
Gaussian, σ , are treated as fitting parameters, and the effec-
tive particle radius is obtained as RSANS = Rc + 2σ . The form
factor is given by

P1(q) =
!

3(sin qRc − qRc cos qRc)
(qRc)3

exp
"

− (σq)2

2

#$2

.

(5)
Polydispersity in the core, σ p, is taken into account with

a Gaussian size distribution such that the average form factor
is obtained as

P (q) = 1√
2πσp ⟨Rc⟩⟨V 2⟩

%
dRcV

2(Rc)P1(q,Rc)

× exp
"

− (Rc−⟨Rc⟩)2

2σ 2
p ⟨Rc⟩2

#
, (6)

with ⟨V 2⟩ = 1√
2πσp⟨Rc⟩

%
dRcV

2(Rc) exp
"
− (Rc − ⟨Rc⟩)2

2σ 2
p⟨Rc⟩2

#
,

(7)
where ⟨Rc⟩ is the average radius of the core and V (R)
= 4πR3/3. Furthermore, we consider the particle inhomo-
geneity at length scales much smaller than the particle size
due to the fact that the particle is made of cross-linked poly-
mer chains. We take these inhomogeneities into account by
including an additional term,

Ichain(q) = Ichain(0)
1 + (ξ q)2

, (8)

with Ichain(0) the zero-q intensity of this contribution and ξ

the correlation length or mesh size of the polymer network.51

We emphasize that since the cross-linker concentration is spa-
tially inhomogeneous within the particles, ξ is an estimate of
the average mesh size. From the amount of cross-linker used
in the particle synthesis, we estimate ξH ≈ (3.6 ± 0.5) nm and

ξD ≈ (5.4 ± 0.7) nm using the relation

ξ = (N Vp,d /Nx−link)1/3, (9)

where N is the number of particles and Nx–link the number of
cross-linker molecules. We estimate the number of particles
from the calculated volume fraction of the total reaction yield
in dilute conditions (using the conversion determined by
viscometry) and the measured size of the particles. We note
that it is difficult to determine ξ from fitting the SANS data,
as Ichain(q) gives rise to a shallow decaying background that is
noticeable at q-values beyond the steep decay of the scatter-
ing intensity.50 As a result, we will fix a value of ξ = 10 nm
for dilute measurements in our fits; this value represents
the order of magnitude of the estimated and freely-fitted ξ .
In concentrated samples, when ζ > 1, we obtain the value
of RSANS and hence the particle volume Vp = 4πR3

SANS/3
by fitting the form factor with ξ as a free parameter.
However, we take as the representative value of ξ the one
obtained from the dilute value, 10 nm, after considering a
proportional decrease due to particle deswelling. Hence, for
ζ > 1, ξ = (1/ζ )1/3 × 10 nm.

With these considerations, we fit our data to the equa-
tion I(q) ∝ P(q) + Ichain(q). From the fits, we obtain values of
RSANS that are in good agreement with the radii obtained from
DLS, as shown in Table I. The polydispersities are found to be
σ p = 0.14 and σ p = 0.15 for H-NIPAM and D-NIPAM sus-
pensions. The measured fuzzy periphery, σ , of the D-NIPAM
particles is smaller than that of the H-NIPAM particles, as also
shown in Table I. This could result from different reaction ki-
netics associated with kinetic isotope effects: The different
vibrational modes in the molecule depend on the mass of the
nucleus of the constituent atoms. Since the electron cloud is
coupled to the nuclei, the difference in vibrational motion re-
sults in associated differences in the electron cloud that can
affect how polymerization proceeds. As a result, the reaction
rate can depend on the type of nuclei in the molecule.52, 53

Moreover, these differences are enhanced due to the fact that
2H hydrogen bonds are more stable than 1H bonds.54 Since the
distribution of polymer and cross-linker in a microgel parti-
cle is determined by their reaction rate constants, these differ-
ences will change the detailed properties of the final microgel
obtained.

SANS of concentrated suspensions

In highly concentrated samples, the pNIPAM particles
must respond to the reduction of available volume per par-
ticle. Their softness and the high osmotic pressure in over-
packed suspensions suggest that the particles deform and
shrink once they can no longer fit into the available space,
but it is not obvious whether interpenetration of the particles
occurs. We study the response of the pNIPAM particles in
highly packed conditions with eight tracer samples and six
ZAC samples with different polymer concentrations as listed
in Table I. To obtain the form factor from a SANS mea-
surement, the proper background must be subtracted. For the
tracer method, this background consists of D-NIPAM parti-
cles in H2O / D2O matching the scattering length density of
those particles, while for the ZAC method the background
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TABLE I. Sample details and structural parameters obtained from fits to SANS measurements using the model given by Eqs. (6) and (8) and shown in Figs. 5
and 6. The lengths RSANS, Rc, σ , and ξ are given in nanometers. Tracer and ZAC samples are listed as Tα, with α = 1,. . . ,8 and ZACα, with
α = 1,. . . ,6. All measurements were carried out at T = 20 oC.

Sample cp wt. % ζ RDLS (dilute) RSANS ⟨Rc⟩ 2σ σ p ξ

H1 0.39 0.08 149 ± 7 146 ± 3 104 ± 1.0 41.6 ± 2.0 0.14 ± 0.02 10.0
D1 0.24 0.12 136 ± 6 132 ± 3 109 ± 1.2 22.7 ± 1.9 0.15 ± 0.03 10.0

T1 1.25 0.55 149 ± 3 105 ± 1.0 44.4 ± 2.0 0.15 ± 0.01 9.93
T2 2.08 0.97 148 ± 3 104 ± 1.0 44.0 ± 2.0 0.15 ± 0.01 9.85
T3 2.44 1.15 145 ± 3 102 ± 1.0 43.2 ± 2.0 0.15 ± 0.01 9.67
T4 2.67 1.28 139 ± 5 103 ± 1.5 36.4 ± 3.0 0.16 ± 0.01 9.21
T5 2.93 1.41 132 ± 5 101 ± 1.5 31.0 ± 3.0 0.16 ± 0.01 8.78
T6 5.56 2.73 115 ± 6 89.7 ± 2 25.6 ± 4.0 0.19 ± 0.02 7.65
T7 6.06 3.01 112 ± 5 94.9 ± 1.5 17.0 ± 3.0 0.18 ± 0.01 7.32
T8 7.10 3.54 104 ± 3 90.7 ± 1.0 13.0 ± 2.0 0.17 ± 0.01 6.66

ZAC1 0.92 0.36 157 ± 6 117 ± 2.0 40.0 ± 4.0 0.21 ± 0.03 10.0
ZAC2 1.76 0.69 158 ± 5 116 ± 1.5 42.0 ± 3.0 0.21 ± 0.03 10.0
ZAC3 2.24 0.88 149 ± 3 111 ± 1.0 37.8 ± 2.0 0.20 ± 0.03 9.84
ZAC4 4.13 1.55 131 ± 3 98 ± 1.0 33.0 ± 2.0 0.20 ± 0.03 8.73
ZAC5 4.98 1.87 131 ± 3 100 ± 1.0 31.4 ± 2.0 0.20 ± 0.03 8.74
ZAC6 5.84 2.19 109 ± 3 82 ± 1.0 26.8 ± 2.0 0.20 ± 0.03 7.22

is given by the H2O / D2O mixture that contrast-matches a
50/50 mixture of H- and D-NIPAM particles. These back-
grounds are measured in separate measurements to subtract
them from the tracer and ZAC measurements.

The measured form factors are similar to those deter-
mined in dilute conditions, even if now the generalized vol-
ume fraction is close to and even larger than 1. The fits to the
form factor model are equally good also, as shown in Fig. 6.
The characteristic length scales of the particle, ⟨Rc⟩ (trian-
gles) and 2σ (diamonds), and the overall size RSANS (circles),
obtained from the fits of the tracer experiment, all decrease
for ζ ! 1, as shown in Fig. 7. Deswelling thus begins when
ζ ≈ 1. The decrease in RSANS is mostly due to a reduction of
the corona thickness, 2σ , which decreases by almost 65% as ζ

increases from 1.0 to 3.6. The decrease in core radius is com-
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FIG. 6. Representative measured form factors of concentrated samples (open
squares) and corresponding fits (lines) to Eqs. (6) and (8). The samples are (a)
T2, (b) T7, (c) ZAC2, and (d) ZAC5 from Table I. As with the dilute samples,
the fits are performed giving less statistical weight to the first point.

paratively small; it is only reduced by about 13% for the same
increase in ζ . The near-constant core size reflects the larger
stiffness of the particle core due to the increased cross-linker
concentration near the particle center.55

The ZAC measurements are consistent with this, as
shown in Fig. 7. However, due to the difference in σ between
H- and D-NIPAM particles, we do not expect the ZAC re-
sults to be as accurate as the tracer results, as both H- and
D-NIPAM particles contribute to the form factor obtained
with the ZAC method. Even if the smaller periphery of the D-
NIPAM particles may indirectly influence PH(q) in the tracer
experiment, there is no direct contribution to PH(q) from the
D-NIPAM particles. By contrast, in the ZAC experiment, the
particles directly and equally contribute to the measured form
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FIG. 7. Particle size from tracer (black) and ZAC (red) samples versus gen-
eralized volume fraction ζ . The total radius RSANS (circles), the core radius
⟨Rc⟩ (triangles), and the fuzzy surface thickness 2σ (diamonds) are shown.
Lines are guides to the eye.
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FIG. 8. Particle volume, VSANS, as determined from tracer (black squares)
and ZAC (red circles) samples as a function of effective volume fraction
ζ . The lines show particle shrinkage according to ∝ζ−1 (dashed line) and
∝ζ−0.82±0.05 (solid line).

factor, in addition to any indirect effects caused by the in-
teractions between particles. Additionally, for the ZAC mea-
surement, the solvent composition was determined from the
experimentally determined matchpoints of both the H- and
D-NIPAM particles, whereas for the tracer measurements, the
solvent was determined only from the matchpoint of the D-
NIPAM particles. This means that the SLD contrast between
the H-particles and the solvent in the tracer experiments is
between 3.3 and 4.7 Å−2, while between the D-particles and
the solvent the contrast is between 0 and 0.6 Å−2. Follow-
ing Eq. (4), the maximum possible contribution to the scat-
tered intensity from the D-particles would be about 4% of
the scattered intensity from the H-particles. However, tak-
ing the same uncertainties into account for the ZAC experi-
ment gives a maximum difference in scattered intensity be-
tween the H- and D-particles of at least 300%. Thus, we are
very confident about the accuracy of the contrast matching
for the tracer measurements, but not so much for the ZAC
measurements.

To quantify how the particle volume decreases with ζ ,
for ζ ≥ 1, we plot Vp versus ζ for tracer (black squares)
and ZAC (red circles) samples in Fig. 8. The ZAC data
are included for comparison only. A fit to the tracer data
at ζ > 1 without constraining the exponent gives V ∝
ζ−0.82±0.05 (solid line) as best fit. However, constraining the
volume to follow ζ−1 also describes the data reasonably
well (dashed line). This may indicate that the particles are
interpenetrating somewhat to fit into the available volume,
in addition to deswelling, which is the dominant effect in
our system. Furthermore, the particle volume is found to
stay constant within the accuracy of the measurements for
ζ ! 1. Apparently, the microgel particles maintain a con-
stant size as the osmotic pressure of the suspension in-
creases and are only forced to shrink when they are in close
contact with their nearest neighbors, consistent with recent
results.17, 27
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FIG. 9. G′′/ω versus frequency for ζ = 0.974 (blue downward triangles), ζ
= 1.151 (green upward triangles), and ζ = 1.405 (black squares). The in-
set shows G′ (open squares) and G′′ (closed squares) for ζ = 1.405; though
all samples are liquid-like, the sample at ζ = 1.405 has an appreciable con-
tribution from G′. Lines are best fits to the data for frequency-independent
viscosity.

Rheology of concentrated suspensions

Our SANS results clearly show there is no concentration-
induced deswelling for our particles until ζ ∼ 1. We also do
not observe crystal formation within the ζ -range explored;
this could result from suspension polydispersity,56 although
particle softness57 and possible differences in structure of the
fuzzy periphery of H- and D-particles could also play a role.
To explore whether the system is a liquid or a glass, we first
perform oscillatory rheology in the linear regime, where both
the elastic and viscous moduli, G′ and G′′, respectively, are
independent of the applied strain. For ζ = 0.79 and ζ = 1.15,
G′′ ≫ G′ indicating the liquid-like character of these sam-
ples. Indeed, for a liquid, the viscous modulus G′′ = ηω, and
so G′′/ω is a constant irrespective of frequency, as shown in
Fig. 9. However, at ζ = 1.41, the viscous modulus is no
longer linear in ω, as also shown in Fig. 9, and the elas-
tic modulus G′ is now measurable and close in value to
G′′, as shown in the inset of Fig. 9. Hence, the sample ex-
hibits viscoelastic behavior in the probed frequency range at
this ζ .

We also perform steady-state rheology and determine the
suspension viscosity, η, as a function of shear rate, γ̇ , for dif-
ferent ζ . We observe an increasing shear thinning behavior as
ζ increases, as shown in Fig. 10. The data are well described
by the Cross model,58

η − η∞ = η0 − η∞
1 + ( γ̇

γ̇
c

)n
, (10)

where η0 and η∞ are the zero-shear-rate and infinite-shear-
rate viscosities, respectively, γ̇c is a critical shear rate corre-
sponding to a viscosity that is halfway between η0 and η∞,
and n is a parameter controlling the sharpness of the transi-
tion. From the fits to the data, we obtain the values of these
parameters, except η∞. Since we do not have enough data
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FIG. 10. Viscosity plotted as a function of shear rate for different values of ζ .
Solid lines are the fits to the data using the Cross model. The volume fractions
are ζ = 1.405 (black squares), ζ = 1.275 (red circles), ζ = 1.151 (green
upward triangles), ζ = 0.974 (blue downward triangles), and ζ = 0.547 (cyan
diamonds).

points at high shear rates, the fits are insensitive to the value
of η∞, which as a result cannot be determined without signif-
icant error. This is clearly reflected in the fact that the error in
γ̇c increases with decreasing ζ .

We find that the values of η0 compare well with the oscil-
latory results, as shown in Table II. The exponent n is around
1, with no clear ζ dependence. From γ̇c, we estimate the
advective timescale, 1/γ̇c, and obtain a critical Péclet num-
ber:

Pec = 6πηsR
3
SANS

kBT
γ̇c (11)

that compares the ratio between the diffusive timescale,
R2

SANS/D, and the advective timescale, with D the diffusion
coefficient calculated according to the Stokes-Einstein equa-
tion.

In general, colloidal suspensions shear-thin when
Pec ! 1. However, as the particles begin interfering with
one another hydrodynamically, the diffusion coefficient is
not well-described by the Stokes-Einstein equation and shear
thinning occurs at lower and lower Péclet numbers as the vol-
ume fraction increases.59 This is exactly what we observe:

1

0.01

0.1

1

η 0 (P
a⋅

s)

ζ

FIG. 11. Zero-shear-rate viscosity versus ζ . The line is a fit to the Vogel-
Fulcher-Tammann function.

The value of Pec indeed decreases with increasing ζ , indi-
cating an increasing interaction between the particles.

Interestingly, the ζ -dependence of the zero-shear-rate
viscosity is well described by a Vogel-Fulcher-Tammann
function,60 η0 = A exp [Bζ /(ζ 0 − ζ )], where ζ 0 sets the ap-
parent divergence of η0, B controls the growth of η0 on ap-
proach to ζ 0, and A is the suspension viscosity for low values
of ζ (see Fig. 11). This empirical function describes the ζ de-
pendence of the viscosity of microgel suspensions near their
glass transition11 and, with 1/ζ exchanged for temperature, it
also provides a good description of the T dependence of the
viscosity for supercooled molecular liquids on their approach
to the glass.60 From the fit, we find A = (3.1 ± 0.6)10−3 Pa s,
which is of the same order as the viscosity of water, B = 3.6
± 0.7, and ζ 0 = 2.4 ± 0.2. We emphasize that similar re-
sults are obtained, if models other than the Cross model are
used to describe the viscosity dependence with shear rate to
extract the zero-shear-rate viscosity; we have confirmed this
using the model by Carreau,61 Powell-Eyring (see Ref. 62),
and Johnson (see Ref. 63).

Note that in contrast to some other systems with soft par-
ticle interactions,64 our microgel suspensions remain liquid-
like well above ζ ≈ 1, corresponding to where the microgel
particles begin to appreciably deswell. This high mobility at
high ζ emphasizes the importance of single-particle softness

TABLE II. Values of η0, γ̇c , and n for several tracer samples determined by fitting the flow curves in Fig. 10 using Eq. (10). For comparison, we also list the
viscosities determined from oscillatory measurements for samples displaying purely liquid-like behavior; these values represent another way of measuring the
zero-shear-rate viscosity. Also listed are Péclet numbers calculated according to Eq. (11) at the critical shear rate using RH as the particle radius. Viscosities are
given in units of 10−3 Pa s and γ̇c in units of s−1.

Sample ζ η0 (Cross) η0 (Oscillatory) γ̇c Pec n

T5 1.41 600 ± 19 1.13 ± 0.05 (1.44 ± 0.24) × 10−2 0.76 ± 0.06
T4 1.28 197 ± 3 3.7 ± 0.6 (5.6 ± 1.5) × 10−2 1.38 ± 0.20
T3 1.15 97 ± 3 123 ± 24 6.3 ± 0.7 (1.07 ± 0.21) × 10−1 1.6 ± 0.3
T2 0.97 41.3 ± 2.0 66 ± 12 21 ± 13 (4 ± 3) × 10−1 1.0 ± 0.4
T1 0.55 8.8 ± 0.4 15 ± 8 86 ± 80 1.7 ± 1.6 1.3 ± 1.2
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and supports the conclusion that the slower viscosity increase
with concentration, as compared to that of hard sphere sus-
pensions, could be traced back to the intrinsic softness of the
individual microgel particles.

CONCLUSIONS

The presented form factor data show that our pNIPAM
microgel particles cross-linked with 2 mol. % BIS keep their
fully swollen size up to generalized volume fractions ζ ≈
1 in spite of the increasing osmotic pressure of the suspen-
sion: only at ζ ! 1 are they forced to shrink, with some
interpenetration. Our rheology further confirms that particle
softness is responsible for the persistent liquid-like behav-
ior of our suspensions above ζ = 1, where the suspension
is in overpacked condition. To the best of our knowledge,
the presented form factor data give the first direct determi-
nation of the form factor of microgel particles under highly
packed conditions. Our results allow for an improved inter-
pretation of scattering data obtained at ζ ! 1, which has been
hampered by the unknown change of the form factor in these
conditions.
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We present a neutron-scattering investigation of the crystal structure formed by pH-sensitive poly!2-
vinylpyridine" microgel particles with 5 wt % of cross-linker. We focus on highly swollen particles and
explore concentrations ranging from below close packing to well above close packing, where the particles are
forced to shrink and/or interpenetrate. The crystal structure is found to be random hexagonal close packed,
similar to the structure typically found in hard-sphere systems.

DOI: 10.1103/PhysRevE.79.051403 PACS number!s": 82.70.!y, 64.70.D!

I. INTRODUCTION

Microgel particles are cross-linked polymer particles with
sizes in the colloidal range that are suspended in a fluid.
Many research activities are focused on microgels due to
their potential in applications, which include responsive
valves in microfluidic devices #1$, drug delivery #2$, and
novel optical switches #3$; this results from the responsive-
ness of microgels to changes in their environment #4$, in-
cluding variations in temperature, solvent pH, or salt concen-
tration.

It is this responsiveness of microgel particles which
makes them also interesting as model systems for investiga-
tions of fundamental thermodynamic questions; the particle
diameter and the interaction potential can be varied by
changing an experimentally accessible parameter such as the
pH of the solvent. This makes microgels ideal systems for
studying the phase behavior and the phase transitions of par-
ticles with interactions ranging from hard-sphere-like to very
soft potentials. While considerable progress has been made
in the understanding of the phase behavior of hard and soft
spheres #5$, there are still many open questions concerning
the glass transition at high densities #6$, the process of crys-
tal nucleation and growth #7$, and the phase behavior that
should be expected for very soft particles #8$. In suspensions
of microgels many aspects of these questions can be studied
in one and the same experimental system allowing flexible
control of both volume fraction and the pair potential.

In this paper we focus on the crystal structure that is ob-
tained in soft charged microgels at very high densities. While
the maximum volume fraction, ", of hard spheres is limited
by close packing with fcc or hcp structure to values #0.74,
the particle density of microgels can be increased further,
such that the particles are forced to shrink and/or interpen-
etrate. So far, only one experiment has been reported on the
crystal structures observed in ionic microgels at high densi-
ties #9$; crystals with fcc structure and a coexistence of fcc

and bcc were observed in a system of particles consisting of
poly-N-isopropyl acrylamide !PNIPAM" copolymerized with
acrylic acid. In neutral microgels Hellweg et al. #10$ also
found crystals with fcc structure, suggesting that there is no
fundamental difference between the structure of hard-sphere-
like colloids and that of softer microgel particles. Further-
more, a rheology study gave evidence that suspensions of
PNIPAM particles with screened charge repulsion behave
like hard spheres in the swollen state #11$. Both the forma-
tion of crystals and the rheological behavior close to the
glass transition at effective volume fractions in the range
from 0.4 to 0.63 were found to be in good agreement with
hard spheres. By contrast, recent theoretical calculations sug-
gest a much more complex phase behavior for suspensions of
very soft charged particles #8$. At very high concentrations a
behavior fundamentally different from that of hard-sphere
particles is expected; noncubic crystal structures such as hex-
agonal or trigonal lattices are expected to form. Additionally,
for systems with strong steric repulsions, such as micelles or
highly cross-linked microgels, the structure minimizing the
free energy of the system is, at high enough densities, the
so-called A15, which is a bcc lattice with eight basis atoms in
the unit cell #12$.

II. EXPERIMENTAL METHODS

A. Experimental system

We used particles consisting of poly!2-vinylpyridine"
!2VP" cross-linked with divinylbenzene !DVB" !5 wt %".
2 ,2!-azobis!2-amidinopropane" dihydrochloride was used as
initiator for the polymerization reaction. The synthesis is de-
scribed in Ref. #13$. Based on the higher reaction rate of the
cross-linker with respect to the monomer, we expect our par-
ticles to have an inhomogeneous distribution of DVB. This is
also the case for other microgels, as shown by polymeriza-
tion kinetic studies #14,15$, and with light #16$ and neutron
#17–20$ scattering.

In water, the particles swell for pH$4 due to the ioniza-
tion of the 2VP groups, as shown in Fig. 1, where we plot the
particle size measured by dynamic light scattering as a func-
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tion of the solution pH. In addition, the particles carry a
surface charge due to the initiator employed in the synthesis;
this charge is located at the periphery of the particles !21"
and stabilizes the particles by electrostatic repulsion, particu-
larly in their deswollen state, for pH!4. The suspension is
monodisperse, as illustrated by the transmission electron mi-
croscopy #TEM$ image of Fig. 1. From this image, we deter-
mine a size of dTEM= #182"5$ nm, which we take as a rea-
sonable estimate of the collapsed size of the microgel
particles.

We worked at pD=3, where the particles are completely
swollen. “pD” is used instead of “pH” since the solvent and
the acid are deuterated. Since the synthesis was performed in
water, we freeze-dried the sample, redispersed the particles
in heavy water #D2O$ and increased the concentration using
a rotary evaporator. By adding DCl, we changed the pD to
three thus obtaining an initial sample at a very high concen-
tration, where the particles are forced to shrink due to the
limited volume of the sample. Lower particle concentrations
were obtained by dilution with D2O, always adjusting the pD
to three with DCl.

A small amount of the more concentrated sample was
dried completely in order to obtain a measure of the weight
concentration, which we relate to the particle number con-
centration, c, using the size measured by TEM. Since the
volume fraction # is not a good measure of concentration in
the case of microgels, as these particles can shrink at high
enough densities, we use $=cV0

c=0, with V0
c=0 the volume of a

single particle in the swollen state in a sample with a low
particle density, c%0. Concentrated samples with $%0.70
were found to fully crystallize within hours after manually
shaking the samples, which could be verified visually since
the Bragg reflection corresponding to the largest lattice spac-
ing could be observed with visible light. The higher value of
$ compared to that for hard-sphere crystallization is consis-
tent with particles interacting with soft potentials, as shown
by Senff and Richtering !22" with neutral microgel particles.
All measurements were performed after leaving the samples
for at least 24 h in the experimental cells.

B. Ultrasmall-angle neutron-scattering

Data for four crystalline samples and a dilute sample were
taken on the Bonse-Hart type BT5 ultrasmall-angle neutron-
scattering #USANS$ instrument at the National Institute of
Standards and Technology #NIST$ #Gaithersburg, MD$ !23".
USANS is the method of choice for measuring structures
with a typical size &400 nm with neutrons. The resolution
of the BT5 instrument is excellent in the scattering plane
#'qx=2.6(10!5 Å!1$ but the slit geometry of the perfect Si
single-crystal monochromator and analyzer causes a smear-
ing of the scattered intensity in the perpendicular direction
over a large qy range. Since this smearing is well known, it
can be taken into account when the data is fitted with a
model. Therefore, quite detailed information about the crys-
tal structure can be obtained from both the positions and the
widths of the observed peaks in the range 10!4)q)6
(10!3 Å!1, which is the region of interest for our microgel
suspensions.

FIG. 2. #Color online$ Form factor determined by USANS at
$=0.15 #connected black dots$ compared with the smoothed form
factor obtained from SANS #line; see Fig. 3$. The fit takes the q
smearing of the USANS instrument into account.

FIG. 3. #Color$ Form factor measured with SANS in a sample
with $=0.03 #blue$ and $=0.15 #black$. A smoothed fit to the data is
shown by the green line. The backgrounds due to D2O and dark
counts are subtracted from the data shown. For q)0.004 Å!1, the
measurements at both $ agree very well and, therefore, the blue data
points are hidden by the black ones.

FIG. 1. Hydrodynamic diameter of 2VP particles measured by
dynamic light scattering as a function of solvent pH. The arrow
indicates the pH and diameter of the particles used in this study. A
TEM image of particles in the shrunken state is shown in the inset.
The good monodispersity of the particles is apparent.
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The differential scattering cross section, d! /d"!q", has to
be smeared along the qy direction corresponding to the slits
of the Si crystals to obtain the smeared cross section,
d! /d"s!q", which is measured by USANS:

d!

d"s
!q" =

1
#qy

#
0

#qy d!

d"
!$q2 + u2"du , !1"

where #qy =0.117 Å!1 is a fixed parameter of the instrument
%23&. Furthermore, the wavelength spread #$ /$=0.06
!$=2.38 Å" of the neutrons reaching the sample causes an-
other smearing of the measured data, which is, however,
much smaller than the one given by Eq. !1".

C. Small-angle neutron-scattering

Small-angle neutron-scattering !SANS" measurements
were performed using the SANS-I instrument at SINQ !PSI,
Villigen, Switzerland" and the NG3 SANS instrument at
NIST !Gaithersburg, MD". While the resolution of a SANS
instrument is not expected to be sufficient for resolving in
detail structures with a size of '500 nm, SANS is a power-
ful method for determining the form factor of the used par-
ticles in samples with low concentration. The measurements
on the NG3 SANS instrument were done with a neutron
wavelength $=8.4 Å and a larger wavelength of $=12 Å
was used on SANS-I to improve the q resolution, which is
determined by the wavelength resolution, #$, and by the
resolution of the scattering angle, %:

a)

b)

c)

d)

e)

FIG. 4. !Color online" USANS measurement at &=0.80 compared with fits for various structures: !a" fcc, !b" bcc, !c" A15, !d" hcp, and
!e" rhcp. The positions of the Bragg peaks are shown by the vertical lines except for rhcp, which we take as a random mixture of fcc and hcp
with a slight tendency toward hcp.
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#
. !2"

In our experiments, !" /" is given by the wavelength reso-
lution of the neutron velocity selector used to obtain a quasi-

monochromatic beam and was fixed to 0.1 on both SANS
instruments. !# /# was reduced by choosing long collimation
and sample to detector distances of 13.2 m on NG3 SANS
and 18 m on SANS-I, and by focusing the neutron beam on
the detector with neutron lenses #24$ on both instruments.

a)

b)

c)

d)

FIG. 5. !Color online" USANS measurements at !a" $=0.80, !b" 1.10, !c" 1.50, and !d" 1.75 compared with fits for rhcp !left" and hcp
!right" structures.
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The q resolution given by Eq. !2" is taken into account in fits
to the SANS measurements.

III. RESULTS AND DISCUSSION

A. Form factor

The form factor F!q" of the microgel particles was mea-
sured by USANS for a suspension at !=0.15, as shown in
Fig. 2. The noise in this data results from the low scattering
contrast of the microgels, which are highly swollen at pD
=3 and from the low beam intensity of the USANS line,
which would have required massive counting times in order
to improve the measurement statistics. We also emphasize
that despite the relatively high particle concentration, the in-
teractions between particles remain rather insignificant; this
results from the charge neutralization exerted by the counte-
rions inside each particle. At pD=3, these microgels are fully
ionized and attract counterions, which rise the osmotic pres-
sure inside the microgels causing their swelling. Under these
conditions, the particles are essentially neutral and thus no
significant interaction is expected between them at this rela-
tively low volume fraction.

To measure F!q" more accurately, we also performed
SANS measurements at !=0.03 and 0.15 that are shown in
Fig. 3, where backgrounds due to D2O and dark counts are
subtracted. As there is no significant difference between
these two measurements, we conclude that the !=0.15 data
can be used as an accurate measurement of the form factor.
We performed a smoothing of the !=0.15 data and used this
as an approximation for the particle form factor for all SANS
measurements.

We further compared the USANS result with that ob-
tained by SANS after properly smearing the differential scat-
tering cross section, d" /d#!q", obtained by SANS accord-
ing to Eq. !1". The result is shown in Fig. 2 and agrees very
well with the USANS measurement. We will thus use this
smoothed F!q" to obtain the structural information from the
USANS measurements at higher particle concentrations.

B. Crystal structure

Using the previously determined form factor and the
known particle concentration, we normalize our data to ob-
tain the structure factor, S!q". The results are shown in Fig. 4
for !=0.80 and in Fig. 5 for all the studied values of !. Some
structural features are clearly observable. To understand
these observations, we calculate S!q" for fcc, bcc, A15, hcp,
and random hexagonal close packing !rhcp". rhcp #25,26$, a
random mixture of fcc and hcp, is expected for particles that
are similar to hard spheres, and bcc is found for particles
with charge repulsion at relatively low volume fractions and
solvents with low salt concentration. The A15 structure has
been observed in dendritic polymers #27$ and it is predicted
for systems with strong steric repulsions between the par-
ticles, as it minimizes the contact area between neighboring
particles #12,28$. The structure factor is modeled as the sum
of all Bragg peaks of a polycrystalline sample: S!q"
=%i,j,kp!q!Qi,j,k", where Qi,j,k= ibx+ jby +kbz is a lattice po-
sition in reciprocal space; b$ are the corresponding lattice
vectors. The Bragg peaks are approximated by Gaussians,
p!q", with a width given by the q resolution corresponding to
the wavelength spread of the BT5 instrument. We fit the
experimental results of Fig. 4 leaving the nearest-neighbor
distance as free parameter, which is expected to decrease for
high !. The comparison of the fits and the experiment are
also shown in Fig. 4, where the expected positions of the
Bragg peaks are shown as well. Since we use a form factor
measured with a dilute sample at these high concentrations,
F!q" is merely an approximation. However, the Bragg peaks
we are mainly interested in lie in the range 0.001%q
%0.004 Å!1, where the form factor decays monotonously.
Therefore, we expect only discrepancies in height between
the measured intensity curves and the fits. Consequently,
such differences should not be overrated, and we have con-
centrated on fits that reproduce the peak positions and peak
widths as well as possible. As shown in Fig. 5, however,
even at very high concentrations we do not observe large
intensity discrepancies between the fits and the measure-
ments, which confirms that the form factor used is not too
crude an approximation.

Some structures can clearly be ruled out since they do not
reproduce the positions or the widths of the observed peaks.
For fcc a shoulder in the first peak would be expected due to
a Bragg peak at q&0.0019 Å!1, as shown in Fig. 4!a". Fur-
thermore, the small peak observed at q=0.0022 Å!1 is not
compatible with fcc and we conclude that pure fcc does not
agree with the measurement. In the case of bcc the first peak
would be expected to be narrower, as shown in Fig. 4!b". The
first peak at q&0.0016 Å!1 can be reproduced well with
A15. However, in contrast to the measurement a clear broad
peak at q&0.0026 Å!1 would be expected, as shown in Fig.
4!c". hcp and rhcp give the best fits to the measured data, as
shown in Figs. 4!d" and 4!e". We have also considered the
cI16 structure, which is a bcc structure with a basis of eight
particles, and is known from high-pressure structures of sili-
con and lithium #29,30$. It might be expected for particles
with a relatively soft repulsion at a distance close to the
diameter of a particle and a stronger repulsion at a somewhat
smaller distance that is relevant at high concentrations. How-

FIG. 6. Peak positions obtained by SANS !!" and USANS !!"
as a function of the concentration !. The behavior expected for a
simple compression of the structure with increasing ! is shown by
the lines, qpeak'!1/3.
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ever, we find that, similar to A15, cI16 clearly does not agree
with the measured structure.

As ! is increased from 0.8 to 1.75, the crystal structure
does not change in a qualitative way. As shown in Fig. 5, the
measurements at all ! agree well with hcp or rhcp structure.
We take this as a strong argument for either hcp or rhcp
structure with a tendency toward hcp. That the crystal struc-
ture does not change qualitatively in the studied ! range is
supported by the dependence of the peak positions deter-
mined from SANS and USANS measurements. The peaks at
q"0.004 Å!1 are found to shift according to !1/3, as shown

in Fig. 6, reflecting the isotropic shrinkage of the interpar-
ticle separation. At !=0.80 the position of the first peak cor-
responds to a nearest-neighbor distance of 460 nm, which is
consistent with the size expected for a fully swollen microgel
particle !Fig. 1".

The result from a typical SANS measurement of a crys-
talline sample is presented in Fig. 7. Due to the limited q
resolution of the SANS instrument, the individual Bragg
peaks cannot be resolved #31$. Perhaps the most remarkable
feature of these measurements is the lack of well defined
structural features. Only broad peaks containing an unknown

a)

b)

c)

d)

e)

FIG. 7. !Color online" SANS measurement !!=0.80" divided by the form factor shown in Fig. 3 !black dots". The measurement is
compared with fits for !a" fcc, !b" bcc, !c" A15, !d" hcp, and !e" rhcp structures !blue lines". The positions of the expected Bragg peaks are
shown by the vertical lines for all structures except for rhcp. The fits take the limited q resolution of the SANS instrument into account.
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number of Bragg peaks are observed. As a result, these data
do not allow us to confirm a crystal structure. The SANS and
USANS results are consistent though: the fits for the differ-
ent structures that are shown by the lines are obtained with
the same structural parameters as the fits to the USANS mea-
surements of Fig. 4. Furthermore, the positions of the first
two broad peaks seen in SANS agree with those observed in
USANS, as shown in Fig. 6.

IV. CONCLUSIONS

We find that even at very high densities, where particles
must shrink, the crystal structure remains hcp or rhcp as at
lower densities. Thus, the phase behavior does not differ fun-
damentally from that of hard spheres. This is in line with a
rheology study of swollen microgel particles with screened
charge repulsion, where also hard-sphere-like behavior was
observed !11" and it might be due to the relatively high

cross-linker concentration of 5 wt %, which could enhance
steric repulsions between particles and render them stiffer,
such that they crystallize in hard-sphere-like structures. For
even softer microgels, with lower cross-linker concentration,
the situation might change and noncubic crystal structures
might form, as expected in Ref. !8".
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We present a small-angle x-ray scattering study of the crystal structure formed by pH-sensitive poly!2-
vinylpyridine" microgel particles with 5 wt % of cross-linker. We focus on highly swollen particles and
explore concentrations ranging from below close packing to well above close packing, where the particles are
forced to shrink and/or interpenetrate. The crystal structure found from poly- as well as monocrystalline
domains is random hexagonally close packed, as also observed in hard spheres.

DOI: 10.1103/PhysRevE.81.052401 PACS number!s": 82.70.!y, 64.70.D!

I. INTRODUCTION

Microgel particles are crosslinked polymer particles with
diameters in the nm and "m ranges, which can change their
size due to variations in solubility, as induced by changes in
temperature #1$ and hydrostatic pressure #2$, pH #3$, salt
concentration #4$, or external osmotic pressure #5$. This tran-
sition between swollen and deswollen states #6$ is very at-
tractive for many applications #7–9$ and also for studying the
effect of particle softness over the phase behavior and the
transition from hard to soft-sphere behavior.

Despite the large interest in the properties of soft and
deformable particle-suspensions, their macroscopic behavior
is not as well understood as that of hard particles. In addi-
tion, the interaction between microgel particles and its de-
pendence on particle concentration is still not known in de-
tail #10$. From a theoretical point of view, charged soft
particles are predicted to form crystal structures which are
different from those formed by hard spheres at sufficiently
high particle concentrations #11$. However, our previous
neutron-scattering study on charged microgels #12$ as well as
experimental results by other groups #13,14$ indicate that the
crystal structure is comparable to that of hard spheres even
for very dense packing, where particles have to deform
and/or interpenetrate.

In this paper, we present further insight from small-angle
x-ray scattering !SAXS" experiments into the crystal struc-
tures formed by charged, pH-sensitive microgels up to con-
centrations that cannot be reached with hard-sphere-like par-
ticles, which can only fill space to a maximal volume
fraction of #cp%0.74. We find that the crystal structure re-
mains random hexagonal-close packed !rhcp", a random
mixture of face-centered cubic !fcc", and hexagonal-close
packed !hcp" consistent with our previous findings #12$.
However, in this study the resolution of the SAXS instru-
ment allows us to resolve individual Bragg peaks to obtain
direct evidence of the rhcp structure. This crystal structure is
commonly observed in hard spheres although their equilib-

rium structure is the fcc crystal lattice. However, the free-
energy difference between fcc and hcp is so small that rhcp
initially forms due to stacking faults between hexagonal lat-
tice planes #15,16$.

II. EXPERIMENTAL METHODS

A. Experimental system

As described in more detail in our previous publication
#12$, we study pH-sensitive poly!2-vinylpyridine" !2VP" par-
ticles crosslinked with divinylbenzene !DVB" !5 wt %". As
the crosslinker reacts faster than the 2VP monomer during
the polymerization, the particles are expected to have a de-
caying concentration of crosslinker from the center to the
periphery #17$. Their swelling behavior was determined by
dynamic light-scattering measurements, which show that the
particles swell at pH$4, due to ionization of the 2VP
groups, and reach a maximum hydrodynamic size of
dswollen= !500%10" nm. During the synthesis #18$, polymer-
ization was started with 2 ,2!-azobis!2-amidinopropane" di-
hydrochloride, which gives the particles a positive surface
charge; this provides the required repulsion between particles
to guarantee the colloidal stability of the suspension, espe-
cially in their deswollen state at pH&4 #3$. In this deswollen
state, the particles were imaged with Transmission Electron
Microscopy to confirm the suspension monodispersity and
to estimate the collapsed size of the particles, dTEM
= !182%5" nm, where the error corresponds to the standard
deviation of the measured size distribution, which is a mea-
sure of sample polydispersity.

Samples were kept at pD=2.7 by adding deuterated hy-
drochloric acid !DCl" to the heavy water solvent !D2O". As
the same samples were studied by small-angle neutron scat-
tering !SANS" #12$, deuterated acid and water were used
and, therefore, we use the abbreviation ‘‘pD’’ instead of
“pH.” A very concentrated sample was prepared using a ro-
tary evaporator and dilutions were obtained by adding D2O
and keeping the pD constant by adding DCl. As the volume
fraction is not a directly accessible quantity in microgel sus-
pensions, we use '=cV0

c%0 as a measure of concentration,
where c is the particle number density and V0

c%0 is the par-
*urs.gasser@psi.ch
†alberto.fernandez@physics.gatech.edu
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ticle volume in the swollen state at very low concentration.
We determine V0

c!0 from the measured particle diameter ob-
tained from dynamic light scattering "12#. Samples with !
"0.55 up to the highest studied concentration of !=1.05
were found to crystallize within $1 h by visual inspection,
as the first Bragg peak can be detected with visible light.

B. SAXS

All samples were measured on the cSAXS beamline of
the Swiss Light Source at Paul Scherrer Institut, Switzerland.
The instrument was set up for a wavelength of 1.424 Å and
a distance of 7.18 m from sample to detector. The detector
had a pixel size of 172 #m "19# and the collimation of the
beam covering an area of !200$200 #m2 on the sample
gave a better q resolution than the one obtained earlier in
neutron-scattering measurements "12#. The samples were
loaded in quartz glass capillaries with an inner diameter of 1
mm and centered in the beam by a short series of measure-
ments with a point detector. Typical data sets of 50 measure-
ments of 0.1 s each were taken with the 2d detector. As a
consequence of the !500 nm particle diameter only the re-
gion of 200$200 pixels close to the direct beam was of
interest for determining the form factor and the crystal struc-
ture %10!3%q%2$10!2 Å!1&; all the presented analysis was
done with this central part of the detector.

Scattering from the horizontal and vertical slits collimat-
ing the x-ray beam resulted in an increased background
along horizontal and vertical sections. This background was
eliminated using a mask excluding the corresponding sec-
tions, as shown in Fig. 1%a&. Furthermore, the capillary was

tilted by 10° away from the vertical direction to move Bragg
peaks appearing along the capillary direction out of the ex-
cluded sectors; in several samples the crystals appeared to be
oriented along the capillary such that second-order Bragg
peaks appear along this direction. The x-ray beam was ob-
served to change the suspension structure within !10 s of
exposure. In crystalline samples at !&0.6, this resulted in
the disappearance of the second- and third-order Bragg peaks
and in a clear intensity reduction of the 1st order peaks; for
higher !, the peaks remained but their intensities were dimin-
ished. This is most probably due to local heating and/or a
local change of pD due to ionization caused by the x-ray
beam. Thus, the crystal structures were analyzed using the
first measurement of 0.1 s in a series and different beam
positions on the sample were chosen for repeated measure-
ments on the same sample.

III. RESULTS AND DISCUSSION

For !"0.63, the scattering images generally show Bragg
peaks with a sixfold rotational symmetry, as shown in Figs.
1%b& and 1%c&. These sharp peaks lie on top of a background
due to polycrystalline or fluid domains in the sample, which
most probably occupy the central region of the sample cap-
illary. The well visible individual Bragg peaks originate from
crystals that have nucleated heterogeneously on the wall of
the capillary, which leads to the well defined orientation of
hexagonal particle planes perpendicular to the x-ray beam.
Due to the sixfold pattern, the crystal must have a sixfold
symmetry axis. Furthermore at these high concentrations, the
monocrystals on the wall are typically larger than the area of
!200$200 #m2 illuminated by the beam. The positions of
the Bragg peaks at constant q value were determined and are
found to be located on a regular hexagon; no distortion of the
scattering pattern along any direction was detected, which
could have been expected due to the flow along the capillary
direction when the sample is filled into the capillary. For !
=0.55, the scattering pattern exhibits rings containing a
larger number of Bragg peaks from several crystallites, as
shown in Fig. 1%d&, indicating that the heterogeneously
nucleated crystals are smaller than the beam size and ran-
domly oriented inside the capillary at this lower concentra-
tion. This might reflect an increased nucleation density rate,
J, compared to !'0.55, consistent with the behavior of hard
spheres, which exhibit a decreasing J with increasing volume
fraction ()0.56 due to the reduced particle mobility and the
increase of the nucleus surface tension with undercooling
"20–22#.

To compare the measurements with crystal structures, the
structure factor S%q&= I%q& /F%q& was determined from an azi-
muthal average I%q& of the 2d detector image and the form
factor F%q& shown in Fig. 2, which was obtained at !=0.15.
The line represents a fit to the measurement obtained using
the particle density profile, d%r&, shown in the inset, which is
modeled as a superposition of constant functions, * j%r&, cor-
responding to small r-intervals in the range from the particle
center, r=0, to the particle radius, r=260 nm. Explicitly,
d%r&=' jcj* j%r&, with

A B

C D

FIG. 1. %a& Detector areas excluded from the calculation of azi-
muthal averages are shown by the dark regions. The orientation of
the sample capillary is indicated by the gray line. The following
panels show detector images obtained within 0.1 s at %b& !=0.63, %c&
!=0.95, and %d& !=0.55 with logarithmic gray scale.
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! j!r" = #1 for rj " r # rj+1

0 otherwise
$

and cj the corresponding amplitudes, which we use as fitting
parameters. The fit to the measurement is obtained using the
Fourier transforms !̂ j =F!! j" and I!q"=S%!& jcj!̂ j"2', where S

represents a “smearing” of I!q" due to the limited
q-resolution of the instrument; this is done as a convolution
with a Gaussian with width $=0.03q:

I!q" = &
j

cj(
0

%

ds!̂ j!q + s"
1

)2&$
exp*!

s2

2$2+ .

Consistent with the particle synthesis, the particle density
profile used to describe the form-factor measurement reflects
that the microgels have a dense core surrounded by a dilute
shell. As in Ref. %12', this form factor measured with a dilute
sample is an approximation for measurements at high '.
However, as the shrinking and/or deformation of the particles
at high concentrations is not understood in detail and is thus
hard to be accounted for, we use this form factor for all
presented measurements. We also note that the maximum '
we use in our SAXS measurements is 1.05, which is not
excessively above the close-packing limit for hard spheres.
Figure 2 also shows the form factor obtained by SANS,
which differs slightly from the SAXS measurement for q
(0.003 Å!1 due to the different contrast obtained with neu-
trons and x-rays, the lower q resolution of the SANS mea-
surement, and perhaps also due to the smaller pD of the
samples during the SAXS experiments !pD=2.7" compared
to that during the SANS measurements !pD=3.0".

FIG. 2. !Color online" Form factor of 2VP particles measured by
SAXS !!" and SANS !) " %12' at '=0.15. The line represents a fit
to the SAXS measurement that was obtained from the particle den-
sity profile d!r" shown in the inset.
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FIG. 3. !Color online" SAXS measurements !!" of the polycrystalline and fluid background at '=0.63 !a", 0.70 !b", 0.80 !c", and 0.95
!d". The total measurement including the monocrystalline part is shown by the gray circles. The curves represent the fluid contribution !– –",
the polycrystalline contribution !–·–", and their sum !–". The thin vertical lines show the peak positions for a hexagonal layer of particles.
The inset in !a" shows a typical mask used to obtain the background scattering.
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The hexagonal pattern of Bragg peaks typically observed
for !"0.6 indicates that hexagonal particle planes are ori-
ented perpendicular to the beam. This rules out bcc, fcc, and
A15 !23" crystal structures that were also taken into account
in Ref. !12", since they do not give a hexagonal pattern of
Bragg peaks. The expected structure is, therefore, either hcp
or its random counterpart, rhcp, which consists of a random
mixture of hcp- and fcc-like stackings of hexagonal planes
!24,25". There are three possible positions for hexagonal
planes in such a close-packed stacking. Accordingly, there
are two possibilities for the vector connecting the centers of
two neighboring particles in consecutive hexagonal planes:
r1 and r2. To allow for randomness in the stacking, we use a
parameter #, which gives the probability that the stacking
between the second and the third plane is given by r1, if the
stacking between the first and the second plane is also given
by r1. #=0 thus corresponds to pure hcp, #=1 to pure fcc,
and #=1 /2 to a completely random mixture of hcp and fcc
stackings. The structure factor of the rhcp crystal is given by
the structure factor of a hexagonal plane, Shex#q$, and a factor
representing the random stacking of the hexagonal planes

Srhcp#q$ = Shex#q$##1 ! #$%1 ! cos!q · #r1 ! r2$"&/%1 ! 2#

+ 3#2 ! 2#2!cos#q · r1$ + cos#q · r2$"

+ #2 cos!q · #r1 ! r2$" + #2# ! 1$cos!q · #r1 + r2$"& .

#1$

Equation #1$ is not valid, if #=0, #=1, or if the denominator
vanishes. These special cases have to be treated separately as
explained in Ref. !24". The structure factor Shex#q$ gives
“Bragg rods” oriented along ĉ, the unit vector perpendicular
to the hexagonal planes, while the factor following Shex#q$ on
the right-hand side of Eq. #1$ modulates the intensity of the
Bragg rods along this ĉ direction. Both broad peaks as well
as sharp Bragg peaks can appear along the Bragg rods de-
pending on the value of # and the position of the Bragg rod
in q space given by q! #q · ĉ$ĉ, which lies in the q plane of
the detector, if ĉ is oriented along the beam direction. Among
the first rods, Bragg peaks do not appear on the first and third
ring of rods at q=2$ /a and q=$ /a, respectively !24"; a is
the nearest-neighbor distance of the lattice sites.

The scattering from the polycrystalline or fluid back-
ground and the monocrystal giving rise to the observed sharp
Bragg peaks were taken into account separately. The poly-
crystalline and fluid background contribution was obtained
by masking the strong Bragg peaks arising from the hetero-
geneously nucleated single crystals, as shown in the inset of
Fig. 3#a$. Such a mask was determined for each measure-
ment to accurately avoid the Bragg peaks. Using this mask,
the azimuthally averaged scattering intensity from the poly-
crystalline or fluid background is determined and then di-
vided by the form factor to obtain the background structure
factor Sbg#q$ as shown in Fig. 3 for several !. This is fit using
a polycrystalline and a fluid contribution. The former is cal-

A B

C D

FIG. 4. #Color online$ Smono-cryst.#q$ as determined from SAXS measurements #!$ at !=0.63 #a$, 0.70 #b$, 0.80 #c$, and 0.95 #d$. The
curves #–$ show the rhcp fit to the data. The thin vertical lines show the peak positions for a hexagonal layer of particles.
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culated using Eq. !1" for the case of random crystallite ori-
entations,

Spoly-cryst.!q" =
FDW!q"

4!
#

0

2!

d"#
0

!

d# sin!#"Srhcp!q" !2"

with q=q$sin!#"cos!"" , sin!#"sin!"" , cos!#"%. To account for
the decreasing intensity with increasing q due to thermal
motion or quenched disorder in the crystal, the Debye Waller
factor, FDW!q"=exp!!q2&u'2 /3", is included in Eq. !2", with
&u' the average displacement of the particles in the crystal
from their lattice positions. The fluid contribution is approxi-
mated by a Percus-Yevick structure factor $26% that is
smeared out due to the limited q resolution of the instrument.
As shown in Fig. 3, these two contributions give reasonable
fits to the measured Sbg!q" using $=0.5, which corresponds
to a fully random stacking of hexagonal planes. However, the
data do not allow an accurate determination of the fluid and
the polycrystalline contribution, as the fluid structure factor
of microgels at high concentrations is not well known and
only an approximate form factor was used to obtain Sbg!q".

The monocrystalline contribution to the measurement is
determined as Smono-cryst.!q"=S!q"!Sbg!q", where S!q"is ob-
tained using the mask shown in Fig. 1!a". Smono-cryst.!q" is
accounted for by considering also the rhcp model of Eq. !1",
but in this case, we use a fixed crystal orientation where the
hexagonal planes are perpendicular to the incident beam,
such that the beam direction coincides with the direction ĉ of
the Bragg rods,

Smono-cryst.!q" =
FDW!q"

2!
#

0

2!

d"Srhcp!q"

with q=q$cos!"" , sin!"" ,0% and ĉ= !0,0 ,1". As illustrated by
Fig. 4, rhcp fits with $=0.5%0.1 to Smono-cryst.!q" account for

all the observed peaks and even the peak intensities for all
studied concentrations. For deviations &0.1 from $=0.5,
peak intensities or peak positions do not agree. In addition,
we find $ to be constant without a clear trend with '.

The value of &u' in the Debye Waller factor was adjusted
to bring the fitted scattering intensity to the measured one in
the range 0.0035(q(0.008 Å!1. By doing this, we find
&u' /a=0.06%0.01, where a is the nearest-neighbor distance
of the lattice sites. For hard spheres, &u' /a decreases with
concentration, as the motion becomes increasingly more con-
strained at higher concentrations. The constancy of &u' /a
observed for our microgel suspensions might reflect the un-
known change of the microgel form factor with ', at high '.
This uncertainty in the particle form factor is probably also
responsible for the differences between the measured and the
modeled intensities at q)0.0035 Å!1 in Figs. 3 and 4.

The peak positions obtained from samples with different '
vary according to '1/3, as shown in Fig. 5 for the first four
peaks; only the first two could be resolved by SANS and
USANS $12%. This confirms the isotropic compression of the
crystal with increasing concentration without a structural
change. Furthermore, the peaks found by SAXS agree well
with those determined by SANS and USANS.

IV. CONCLUSIONS

From the presented SAXS data we conclude that 2VP
microgel particles crosslinked with DVB form crystals with
rhcp structure even at very high concentrations, which are
expected to lead to interpenetration and/or deformation of
the particles. The observation of hexagonally arranged Bragg
peaks allows exclusion of other crystal structures. We find
that even at densities that cannot be reached with hard
spheres, the studied soft particles form the same crystal
structure as found in hard spheres. While all the observed
peaks of the structure factor can be accounted for with the
rhcp structure, the observed scattering intensity deviates
from the fits in some cases for q&0.0035 Å!1. This is prob-
ably due to the form factor, which is not well known at the
high concentrations used in this study. Investigations of the
shrinkage, deformation, or interpenetration of microgels at
high densities are needed to elucidate the role of particle
shape and polydispersity in the observed crystals.
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FIG. 5. Peak positions of the first four peaks in S!q" as a func-
tion of ' determined by SAXS !!", USANS !!", and SANS !!".
The '1/3 behavior is shown by the lines.
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We present a small-angle x-ray scattering study of crystals formed by temperature-sensitive, swollen microgel
particles consisting of poly(N -isopropylacrylamide) copolymerized with acrylic acid and 5 mol % of a cross-
linker. As for hard spheres, the random hexagonal close-packed structure is predominant during crystal growth and
slowly transforms toward the face-centered-cubic structure. However, a transient phase of body-centered-cubic
crystal is observed in an intermediate range of effective volume fractions. We estimate that the studied suspensions
are close to a transition from face-centered-cubic to body-centered-cubic structure that can be understood by the
tendency of the system to maximize the excluded volume and minimize the contact area between the particles.

DOI: 10.1103/PhysRevE.88.052308 PACS number(s): 82.70.!y, 64.70.dg

I. INTRODUCTION

Microgels are cross-linked polymer particles with diame-
ters in the nm and µm range that respond reversibly to changes
in the environmental conditions by changing their size. This
responsiveness is due to variations in polymer solubility, as
induced by changes in temperature [1], hydrostatic pressure
[2], pH [3], salt concentration [4], or external osmotic pressure
[5]. This transition between swollen and deswollen states [6]
is attractive for many applications [7–9] and also for studying
the effect of particle softness on phase transitions such as
crystallization.

As both the colloidal and polymeric properties of the
particles are relevant for the behavior of microgel suspen-
sions at high concentrations [10], their phase behavior is
not as well understood as that of hard particles, and the
interaction between microgel particles and the dependence
on particle concentration is still not known in detail [11].
Recent work suggests that microgel particles interact via a
Hertzian potential for center-to-center distances slightly below
the particle diameter [12,13], although other works find that
this potential does not provide a good model for the phase
behavior of microgels [14]. From a theoretical point of view,
charged microgels interacting via a Yukawa pair potential for
center-to-center distances above the particle diameter and via
a soft potential for distances below the particle diameter are
predicted to form crystal structures which are different from
those formed by hard-sphere suspensions at sufficiently high
volume fractions [15]. However, our previous neutron and

*urs.gasser@psi.ch

x-ray scattering studies on charged microgels [16,17] as well
as experimental results by other groups [18,19] indicate that
the crystal structure is comparable to that of hard spheres even
for very dense packing, where particles have to deform and/or
interpenetrate.

We present data from a small-angle x-ray scattering (SAXS)
study of crystal growth in a slightly charged microgel system of
poly(N -isopropylacrylamide) (pNIPAM) copolymerized with
acrylic acid (AAc). As a result, in addition to the response to
temperature changes by virtue of the pNIPAM, these particles
are also pH sensitive, as AAc gets ionized at pH > 4.3 [20].
We study suspensions at a fixed pH a little above this transition,
such that the particles are slightly charged and show a clear
temperature response. As in hard spheres, we find that random
hexagonal-close-packed (rhcp) crystals grow initially. This is
a random sequence of close-packed hexagonal planes that can
be understood as a random mixture of the packing found in
the face-centered-cubic (fcc) and the hexagonal-close-packed
(hcp) lattice. The appearance of rhcp crystal shows that the
free-energy difference between fcc and hcp lattices is small,
as observed in hard spheres [21,22]. Furthermore, the rhcp
crystal is found to transform slowly toward the fcc crystal
lattice, which appears to be the equilibrium structure, as in hard
spheres [22,23]. However, at intermediate volume fractions,
a body-centered-cubic (bcc) crystal phase appears, which is
not stable and, therefore, disappears as the samples age. This
crystal structure is expected for hard-core Yukawa particles
with an intermediate screening length and at volume fractions
below those where the fcc structure is the ground state of
the system [24]. In contrast, for fuzzy particles with a steric
repulsion the bcc structure is not expected at low volume
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fractions but is predicted to appear in an intermediate range
of volume fractions, between a loosely and a densely packed
fcc phase [25,26]. In analogy to this model, we observe the
transient bcc crystal phase between bands of crystal with rhcp
crystal that slowly converts to fcc. This suggests that our
observations could be related to the predictions of the model
for fuzzy particles. Our observations are also the first of this
type for a microgel suspension.

II. EXPERIMENTAL METHODS

A. pNIPAM-AAc suspensions

We study temperature-sensitive particles consisting of
poly(N -isopropylacrylamide) copolymerized with acrylic acid
(2 mol %) and cross-linked with methylene-bis-acrylamide
(5 mol %). As the cross-linker reacts faster than the NIPAM
monomer during polymerization, the particles have a decaying
concentration of cross-linker from the center to the periphery.
The particles were synthesized as described in Refs. [27,28].
Their swelling behavior at pH = 4.5 was determined by
dynamic light scattering measurements; the particles show
a broad volume transition between 25 and 40 !C, with a
hydrodynamic radius that decreases from Rh = (159 ± 7) nm
at 20 !C to (63 ± 2) nm at 50 !C, as shown in Fig. 1. The
volume phase transition is broader than in pure pNIPAM
microgel particles due to the slight charge of the AAc
groups. Viscometry measurements were carried out with dilute
suspensions at pH = 4.5 and 24 !C, which corresponds to
a swollen particle state, to relate the polymer concentration,
cp, to the generalized volume fraction, ! , according to the
Batchelor-Einstein equation [29]. We obtain ! = kcp, with a
conversion factor k = 0.241 wt. %"1.

The phase behavior of suspensions with polymer concentra-
tions in the range from cp = 1.0 wt. % (! = 0.24) up to cp =
6.9 wt. % (! = 1.66) was inspected visually (Fig. 2). Crys-
tallization was observed in the range from cp = 1.90 wt. %
(! = 0.46) to cp = 2.54 wt. % (! = 0.61) and a series of
eight suspensions in this range was prepared for SAXS
measurements. To obtain an overview of the crystallization and
crystal structure with time, samples in quartz capillaries were
prepared 26, 19, 12, 6, and 2 days, as well as 21 and 2 h before

R
H
 (n

m
)

T (°C)

FIG. 1. Hydrodynamic radius of pNIPAM-AAc particles at pH =
4.5, determined by dynamic light scattering, vs temperature.

weight concentration

crystal glass

cp=1 wt%
!=0.24

cp=6.9 wt%
!=1.66

cp=2.55 wt%
!=0.61

cp=1.90 wt%
!=0.46

FIG. 2. (Color online) Phase behavior of pNIPAM-AAc microgel
particles at pH = 4.5 as determined by visual inspection. The opal-
like appearance of the crystal samples is due to Bragg peaks observed
with visible light.

the start of the SAXS measurements. All measurements were
carried out in the fully swollen state at 24 !C. In addition, a
series of samples was heated up to 41 !C to melt the crystals and
cooled back down to 24 !C. The subsequent recrystallization
was monitored for 12 h.

B. SAXS

All samples were measured on the cSAXS beamline of the
Swiss Light Source at Paul Scherrer Institut, Switzerland. The
instrument was set up for a wavelength of 0.1425 nm and a
sample-to-detector distance of 7.12 m to measure the signal
at low values of the scattering vector q = (4"/#) sin($/2),
where # is the wavelength and $ is the scattering angle. The
two-dimensional (2D) detector has a pixel size of 172 µm
[30] and the beam was collimated to illuminate an area of
# 200 $ 200 µm2 on the sample. The samples were loaded
in quartz capillaries with an inner diameter of 1 mm and
centered in the beam with a series of short measurements.
Measurements were taken in several locations along the sample
capillary to obtain an overview of the phase behavior of the
sample. Typically, data sets of 20 measurements of 0.1 s each
were taken with the 2D detector. The observed Bragg peaks
were found to be diminished by the x-ray beam after # 0.5 s
probably due to local heating. For this reason, only the first
0.4 s of the measurements was used for the analysis of the
observed crystals. Since the particle diameter is # 270 nm,
only the region of 500 $ 500 pixels close to the direct beam
was of interest for determining the form factor and the crystal
structure (0.01 < q < 0.2 nm"1); all the presented analysis is
done with this central part of the detector.

III. RESULTS AND DISCUSSION

The particle form factor, P (q), was measured with a
dilute sample at cp # 0.01 wt. % (! # 0.0024). The obtained
scattering profile, shown in Fig. 3(a), was analyzed using
the form-factor model of Stieger and Richtering [31,32].
We used the same form-factor model in earlier small-angle
neutron-scattering measurements carried out with the same
type of particles [33]. Within this model, the particle consists
of a compact core, treated as a hard sphere, and a fuzzy
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(a) (b)

FIG. 3. (Color online) (a) SAXS measurement of the particle form factor taken with a sample at cp ! 0.01 wt. % (! ! 0.0024). The red
line shows the fit obtained with the form-factor model of Stieger and Richtering; see text for details. (b) (Symbols) Structure factor of a fluid
sample at cp ! 1.90 wt. % (! = 0.46) compared with (red line) the Percus-Yevick structure factor.

corona of polymer strands sticking out into the solvent that
is accounted for by convoluting the spherical core with a
Gaussian with variance " 2. In reciprocal space, the form factor,
P1(q), is obtained as the form factor of a sphere with radius
R and constant scattering length density representing the core
multiplied by a Gaussian with variance (1/" )2:

P1(q) =
!

3(sin qR " qR cos qR)
(qR)3

exp["("q)2/2]
"2

. (1)

We also account for core polydispersity with a Gaussian size
distribution of width "pol,

D(R) = 1#
2#"polRav

exp

#

" (R " Rav)2

2" 2
polR

2
av

$

. (2)

Inhomogeneities inside the cross-linked pNIPAM-AAc parti-
cles also contribute to the form factor. Their correlation length
is expected to correspond to the mesh size, $ , of the polymer.
This can be estimated from the number of particles, Np, the
volume of one particle, Vp, and the number of cross-linker
molecules, Nx-link, in the sample: $ = (Np Vp/Nx-link)1/3 !
5 nm. A Lorentzian term is, therefore, added to the form factor:
Ichain(q) = Ichain(0)/[1 + ($q)2]. The complete expression for
the form-factor model is given by

P (q) =
% $

0
dR D(R)P1(q) + Ichain(q). (3)

From the fit we obtain the values for the core radius,
Rav = (89.2 ± 0.6) nm, the fuzzy shell size, " = (21.9 ±
0.6) nm, and the polydispersity, "pol = 0.096 ± 0.006. The
total particle radius is obtained as RSAXS = Rav + 2" =
(133.1 ± 1.8) nm. This is smaller than the hydrodynamic
radius Rh = (152 ± 7) nm obtained at 24 %C, possibly due to
the hardly detectable contribution of the outskirts of the fuzzy
particle corona to the SAXS intensity.

The form factor is used to obtain the structure factor
S(q) = I (q)/P (q), with I (q) the scattered intensity of the
investigated crystal samples. Figure 3(b) shows a comparison
of the structure factor obtained for a sample at ! = 0.46 in the
supercooled fluid state with the corresponding Percus-Yevick
(PY) structure factor [34]. The measured S(q) was multiplied
by a factor to fit the height of the first peak of the PY structure

factor. The positions of the first and second peak agree with PY
expectations. However, there is a clear disagreement at high q,
which may be due to the errors in the form-factor measurement
for q > 0.08 nm"1 [see Fig. 3(a)] and their propagation when
obtaining S(q).

The initial evolution of the samples was followed with
capillaries that were filled right before the measurement.
The time taken for crystals to appear was determined by
performing measurements at times between those mentioned
in the previous section; they are listed in Table I. The
samples with intermediate effective volume fraction in the
range 0.5 < ! < 0.6 were found to crystallize within a few
hours, while those with lower or higher ! took considerably
longer. This behavior is analogous to that expected from
hard spheres, where the fastest nucleation density rates, J ,
are observed close to the melting point at volume fraction
%m = 0.54 at the upper end of the %-range of crystal-fluid
coexistence [35]. The driving force for nucleation, given by the
difference of the chemical potentials of the fluid and the crystal
state, &µ, increases with volume fraction and, therefore, J is
also expected to increase. However, J reaches a maximum,
as the kinetics of the incorporation of particles into crystal
nuclei is slowed down [36]. Moreover, a simulation study
of hard spheres indicates that the surface tension, ' , of the
crystal-fluid interface of hard spheres depends on &µ such that
the free-energy barrier for nucleation increases for % ! %m and
causes J to decrease [37].

In all studied samples, the random hexagonal close-packed
(rhcp) lattice is found to form from fluid states obtained either
by shear-melting crystals while filling the capillaries or by
heating the sample to 41 %C followed by cooling down to
the swollen state at 24 %C. Bragg rings with peak positions
expected for rhcp crystal are observed in many samples; an
example is shown in Fig. 4(a). A hexagonal pattern of Bragg
reflections is also observed in many samples, as shown in
Fig. 4(b); this suggests the formation of hexagonal crystal
layers on the wall of the sample capillary by heterogenous
nucleation such that hexagonal planes are oriented perpendic-
ular to the x-ray beam. This behavior is analogous to hard
spheres, which spontaneously form rhcp crystal on a flat wall,
as the wall strongly reduces the free-energy barrier for crystal
nucleation [38].
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TABLE I. The effective volume fraction, ! , polymer concentration, cp , rhcp lattice parameter a (nearest-neighbor distance), time for
crystallization, and the dominant crystal structure observed in the youngest and the oldest crystalline samples for all studied samples, together
with the parameter " [Eq. (4)] giving the randomness of the rhcp crystal. As samples were remeasured in irregular intervals, only a rough
estimate of the crystallization time can be given.

cp (±0.005) ahcp (±2) tcrystal crystal structure, " (±0.05)

! (±0.005) (% wt.) (nm) (h) early final

0.460 1.900 320 14 ± 9 rhcp 0.50 rhcp 0.65
0.480 2.000 317 14 ± 9 rhcp 0.50 rhcp 0.60
0.510 2.110 302 2.5 ± 1 rhcp 0.50/bcc rhcp 0.60
0.520 2.180 297 2.5 ± 1 rhcp 0.50/bcc rhcp 0.70
0.540 2.250 295 2.5 ± 1 rhcp 0.60/bcc rhcp 0.65
0.570 2.350 292 0.5 ± 0.5 rhcp 0.50/bcc rhcp 0.70
0.590 2.460 289 2.5 ± 1 rhcp 0.58 rhcp 0.63
0.610 2.550 283 30 ± 10 rhcp 0.60 rhcp 0.72

The structure factor of rhcp crystal, Srhcp(q), is given by
Bragg peaks and Bragg rods, which are due to the random
stacking of hexagonal planes sketched in Fig. 4(c). The Bragg
rods are oriented perpendicular to the hexagonal planes, along
the direction of random stacking, the qz direction in Fig. 4(d).
The positions of the Bragg rods and Bragg peaks in the (qx,qy)
plane are given by the Bragg peaks of a single hexagonal
plane, and the intensity variation along the rods (qz direction)
is given by a continuous intensity variation depending on
the randomness of the stacking of the hexagonal planes. The
condition for Bragg peaks is fulfilled for the second Bragg ring
[green dots in Fig. 4(d)], while Bragg rods are observed for the
first and third rings in Fig. 4(d). Close packing of hexagonal
planes allows for three different positions of the planes, labeled
A, B, and C in Fig. 4(c). Two neighboring hexagonal planes
are, therefore, always shifted by either r1 or r2, also shown
in Fig. 4(c). The sequence of the hexagonal plane positions
is random in rhcp crystal. This randomness is measured by
the parameter ": given that the shift from a first to a second
hexagonal plane is given by translation vector r1, " gives the
probability that the shift from the second to the third plane is
also given by r1. Thus, " = 0 corresponds to an alternating
stacking with translation vectors r1 and r2 giving, e.g., the
sequence AB AB AB . . . of the hexagonal planes sketched in
Fig. 4(c). Therefore, the hexagonal close-packed (hcp) lattice
is obtained with " = 0, while " = 1 corresponds to the face-
centered-cubic (fcc) lattice with the stacking ABC ABC . . . .
A completely random stacking is given by " = 1/2. The
variation of the structure factor along the stacking direction
given by q̂z was determined as a function of " in Ref. [39];
an earlier treatment of the problem is found in Ref. [40]. The
result is

Srhcp(q) = Shex(qx,qy) "(1 ! "){1 ! cos[q · (r1 ! r2)]}
/{1 ! 2" + 3"2 ! 2"2[cos(q · r1) + cos(q · r2)]

+"2 cos[q · (r1 ! r2)]

+ (2" ! 1) cos[q · (r1 + r2)]}, (4)

where Shex(qx,qy) is the structure factor of one hexagonal
plane in two dimensions, which, therefore, only depends on
qx and qy . Equation (4) is valid for the first and third ring
of Bragg rods [red and blue dots in Fig. 4(d)]. However, it

does not apply for the second ring, where the condition for
Bragg peaks, exp[iq · r1] = exp[iq · r2], is fulfilled and the
denominator of Eq. (4) always vanishes. In this case, Eq. (4)
becomes [39]

Srhcp(q) = Shex(qx,qy)
1
M

sin2[(M/2)q · r1]
sin2[(1/2)q · r1]

, (5)

where M is the number of hexagonal planes that are stacked
on top of each other and is a measure of the sharpness of
the Bragg peaks. For crystallization in the bulk, samples are
expected to be polycrystalline, as crystal grains nucleate with
random orientations. Therefore, we calculate the radial average
of Srhcp(q) with a probability distribution p[cos(# )] = 1/(4$ )
for !1 < cos(# ) ! 1, where # is the angle between the Bragg
rods and the incident beam direction k̂i ; hence, cos(# ) = q̂z ·
k̂i . The resultant structure factor is

Spoly!rhcp(q)

= FDW(q)
! 2$

0
d%

! $

0
d# sin(# ) p[cos(# )] Srhcp(q), (6)

where we have included a Debye-Waller factor, FDW(q) =
exp(!q2 "u2# / 3), to take into account local particle fluctua-
tions. The average displacement of the particles is set to "u# =
0.1a, where a is the lattice constant. The angles # and % are po-
lar coordinates of q = q [sin(# ) cos(%), sin(# ) sin(%), cos(# )],
and the direction of the Bragg rods is assumed to be given
by q̂z = (0,0,1). As mentioned above, hexagonal patterns
of Bragg peaks are observed in many samples, which is
expected for heterogeneous crystallization on the capillary
walls. In these cases, the choice p[cos(# )] = &[cos(# ) ! 1],
corresponding to # = 0, usually gives a good fit to the
measured S(q).

The structure factor of the crystal appearing after sample
preparation can be described with a stacking probability
" $ 0.5, as shown in Figs. 4(e) and 4(f). The rhcp crystal
lattice accounts for all peaks, and the intensities of the first
two peaks are well reproduced. Lorentzian curves are used for
the fits, as with this peak shape we reproduce the background
caused by disorder within and between crystal grains to some
extent. The peak width at half-maximum is approximated as
'q $ 0.06q, which is comparable but slightly larger than the
q resolution of the instrument. The resolution is given by
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FIG. 4. (Color online) (a,b) Detector images taken at (a) ! = 0.61 with Bragg rings and (b) ! = 0.59 with a hexagonal pattern of Bragg
peaks. (c) The three stacking positions A, B, and C for hexagonal particle planes for close-packed crystals. See text for details. (d) Sketch of
the scattering intensity in q space obtained from a rhcp lattice. The reciprocal-lattice points of the hexagonal plane are highlighted by dots,
and Bragg rods are shown by fading vertical bars. (e,f) Azimuthally averaged structure factor of rhcp crystals formed in young samples with
(e) arhcp = (289 ± 2) nm, " = 0.60 ± 0.05, ! = 0.61 prepared ! 2 h before the measurement and (f) arhcp = (302 ± 2) nm, " = 0.50 ± 0.05,
! = 0.51 after melting with a temporary increase of temperature to 41 "C. The red curves represent the rhcp fits. The vertical lines show the
Bragg peak positions of a single hexagonal plane.

dq/q = d#/# + d$/$, where # is the scattering angle, and the
wavelength spread d$/$ ! 2 # 10$4. The contribution d#/#
depends on the distance of a detector pixel from the direct
beam position; for the first peak observed at q ! 0.026 nm$1

we have d#/# ! 0.04, and d#/# ! 0.025 for the second peak
at q ! 0.042 nm$1. As in the fluid sample above, the error
in S(q) increases considerably for q > 0.04 nm$1, where the
statistical error in the data increases due to the sharp dropoff
of the form factor shown in Fig. 3(a). As rhcp crystals are a
random mixture of fcc- and hcp-like packing of hexagonal
planes, the observed formation of rhcp crystal shows that
the free-energy difference between fcc and hcp crystal is
small in the studied suspensions of pNIPAM-AAc particles.
However, we find that older samples transform toward the fcc
stacking, as shown in Fig. 5. The best fit to the measured
S(q) is obtained with " ! 0.7 for samples that have aged
for 19 to 26 days. The fit in the figure (red line) includes the

corresponding rhcp calculation. The shoulder on the right-hand
side of the first peak at q ! 0.026 nm$1 is a sign for fcc
stacking, as the (1,1,1) and (2,0,0) reflections of fcc crystal
appear at q ! 0.026 nm$1 and q ! 0.030 nm$1, respectively,
for a nearest-neighbor distance of 299 nm [Fig. 5(a)]. Again,
the appearance of fcc crystal is analogous to the behavior of
hard spheres, whose equilibrium crystal structure is given by
the fcc lattice. The hard-sphere-like behavior may be due to
the relatively high stiffness of the particles with a cross-linker
concentration of 5 mol %, and softer particles might show a
different behavior.

However, contrary to the hard-sphere-like behavior de-
scribed above, an additional crystal structure is observed
in several samples with concentrations in the range 0.50 <
! < 0.58. This additional crystal structure is most probably
body-centered-cubic (bcc) and appears together or somewhat
after the appearance of the rhcp crystal. In older samples,
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(a) (b)

FIG. 5. (Color online) Azimuthally averaged structure factors S(q) of crystal with predominant fcc stacking. (a) arhcp = (299 ± 2) nm, ! =
0.52, " = 0.70 ± 0.05, and (b) arhcp = (280 ± 2) nm, ! = 0.61, " = 0.72 ± 0.05. Both samples were prepared 26 days before the measurement.
The red lines represent the rhcp fit. The vertical lines show the Bragg peak positions of a single hexagonal plane.

the bcc crystal phase is not observed, suggesting that this
is not a stable phase of the studied pNIPAM-AAc particles.
Our evidence for bcc crystal comes from two peaks in the
radially averaged S(q) curves and the 2D pattern of Bragg
peaks visible in some samples, which cannot be obtained with
fcc, hcp, or rhcp lattices with a particle density close to the
one observed in the rhcp crystal. The sample with ! = 0.57
is an example of this type of behavior. The corresponding
S(q) taken 3.5 h after melting the sample with a temperature
change to 41 !C is shown in Fig. 6(a). The peaks at q " 0.039
and 0.047 nm#1 can be accounted for with a bcc lattice, but
not with the rhcp lattice that is found to coexist with the bcc
crystal. Thus the red line in Fig. 6(a) represents a superposition
of the scattering from a bcc and a rhcp lattice. We expect the
particle densities in the bcc and the rhcp lattice to be about
the same, as they coexist at constant osmotic pressure. From
the observed peak positions, we obtain the lattice constants
for the bcc lattice, abcc = (325 ± 2) nm, and the rhcp lattice,
arhcp = (289 ± 2) nm. Recalling that there are two particles
per conventional unit cell in either crystal structure, we obtain
particle number densities of nbcc = 2

a3
bcc

= (58.3 ± 1.0) µm#3

and nrhcp = 2$
2a3

rhcp
= (58.6 ± 1.2) µm#3, which indeed agree

with each other supporting the proposed coexistence of rhcp
and bcc lattices. Furthermore, a set of Bragg peaks fitting a
bcc lattice is observed in the 2D detector image of the same
measurement, as shown in Fig. 6(b). The highlighted Bragg
peaks fit the peaks expected from a bcc lattice with an incident
beam along the (1, 1, 0) direction in the conventional unit
cell of bcc. The (1,1,0) plane is the densest plane in the bcc
lattice and its formation on the wall can therefore be expected.
However, our time-resolved measurements show that the bcc
crystal is not present in samples older than % 10 h, suggesting
that the system is close to coexistence of fcc and bcc, with the
bcc lattice being only metastable. Evidence for the coexistence
of fcc and bcc was found before in a light-scattering study [19],
where only the first peak of the bcc crystal was observed.

We estimate the free energy of fcc and bcc crystal using
the foam model for particles with a hard core surrounded by
a soft corona [25,26]. The model relies on two competing
effects controlling the crystal structure made by this kind of
particle. On the one hand, the maximum packing fraction rule,
at play in the presence of pure excluded-volume interactions,

(a) (b)

FIG. 6. (Color online) (a) Measured structure factor at ! = 0.57 showing peaks corresponding to rhcp and bcc crystals. The red curve
shows the structure factor expected for a superposition of rhcp (45%), with arhcp = (289 ± 2) nm, " = 0.5 ± 0.05, and bcc (55%) crystal,
with abcc = (326 ± 2) nm. The magenta vertical lines show the Bragg peak positions of a single hexagonal plane, while the green lines show
bcc Bragg peak positions. (b) Detector image of the measurement shown in (a) with a logarithmic color scale. The original detector image is
shown on the left, and the same image with the bcc-like Bragg peaks highlighted in red is shown on the right. The position of the bcc peaks is
calculated with an incident beam direction ki = (1,1,0) in the bcc reciprocal lattice.
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favors a close-packed structure, as the configurational entropy
of the system is maximum in this situation. On the other hand,
the principle of contact area minimization, at play since the
interaction between the particles scales with the contact area
between them, favors the formation of more loosely packed
structures such as the bcc or the A15 lattice, which is a bcc
lattice with eight basis atoms in the unit cell. According to the
foam model, the corresponding contributions to the system
free energy are given by Eqs. (2) and (5) in Ref. [25]:

FX
bulk = !kBT log

!

!X

"
"X

n1/3
! 1

#3
$

, (7)

FX
surface = lN0kBT

R

# Xn!2/3

n!1 ! 4$/3
, (8)

where !X, "X, and # X, given in Table II, are geometrical
constants for lattice X " {fcc, bcc}, n is the particle number
density, R is the total particle radius, and N0 is the number of
polymer strands in the corona of the particles. The parameter
l is a length defining the overlap of two interacting particles
and defines the strength of their steric repulsion.

We estimate N0 from the fraction of polymer present in the
corona according to the measured form factor. In real space, the
polymer density of a particle, dpolymer, relative to the polymer
density in the core, dpolymer,core, is given by the compact core
convoluted with a Gaussian. This relative polymer density can
be calculated as a function of the position, r , for a particle with
center of mass at r = 0:

dpolymer(r)
dpolymer,core

= 1

(
#

2$% )3

% $

0
dr % r %2

% $

0
d& sin(& )

% 2$

0
d' ((Rav ! r %) e! |r%!r|2

2%2

=
2
&
!e! (r!Rav)2

2%2 + e! (r+Rav)2

2%2

'
% !

#
2$ r Erf

(
r!Rav#

2%

)
+

#
2$ r Erf

(
r+Rav#

2%

)

2
#

2$ r
(9)

with ((Rav ! r %) the Heaviside function representing the core
and Erf the error function. Note that % defines the width of the
corona. From here, we can calculate the fraction of polymer
contained in the corona as 4$

* $
Rav

dr r2 dpolymer(r). Using
Rav = (89.2 ± 0.6) nm and % = (21.9 ± 0.6) nm from the
form-factor fit presented above, we estimate a fraction of poly-
mer in the corona of & 0.3. In addition, we estimate the number
of polymer strands in the particle as Ns & Nx-link, where Nx-link
is the number of cross-linker molecules in a particle. Hence
Ns & xBIS dsusp Vp/(k M) & 1.7 ' 105, where we have used a
value of the conversion constant, k = 24.1, a mass density
of the suspension, dsusp & 1.02 g/cm3, and an average molar
mass per monomer, M = 114.387 g/mol, obtained from the
molar masses of the monomers, MNIPAM = 113.158 g/mol,
MAAc = 72.063 g/mol, and MBIS = 154.167 g/mol, and the
corresponding monomer molar fractions, xNIPAM = 0.93,
xAAc = 0.02, and xBIS = 0.05. The result is the number of
polymer strands in the corona, N0 & 0.3 Ns = 5.0 ' 104.

To calculate the total free energy, we also need to know
the overlap thickness, l, of the coronas of two interacting
particles. This, however, is not known. As a result, we can only
estimate FX

surface. We do so by choosing an R in the range from
RSAXS = (134.2 ± 1.8) nm to Rh = (152 ± 7) nm, and an
overlap thickness, l, between 0.5 and 15 nm. We then find that
the total free energy of the bcc lattice is lower than that of the
fcc lattice by 3–9 %, suggesting that the formation of a transient

TABLE II. Values of the geometrical factors !X , "X , # X , and
the particle density, n, for Fbulk and Fsurface according to the foam
model [25]. See text for details.

lattice !X "X # X n (µm!3)

fcc 25/2 2!5/6 5.345 58.6 ± 1.2
bcc 22

#
3 2!5/3

#
3 5.306 58.3 ± 1.0

bcc structure in our microgel suspension could be related
to the repulsion between the fuzzy outskirts of the particles
and the natural tendency to reduce the associated surface free
energy. Further support of this fact is that the formation of
the transient bcc structure is only observed at intermediate
) -values, consistent with the foam model expectation that this
structure would form between an expanded and a compressed
fcc structure. Despite this fact, we observe that the fcc structure
is the one that prevails at all studied ) , suggesting that
the entropic contribution to the free energy resulting from
the volume inaccessible for the center of mass of the particles’
core dominates the total free energy of the system. In addition,
we also note that the foam model may not have the correct bal-
ance between Fbulk and Fsurface, as it uses generic expressions
for the contributions to the free energy and does not take the
details of the polymer density inside the microgel [Eq. (9)] into
account.

IV. CONCLUSIONS

The presented SAXS study shows that the fcc crystal
structure is the equilibrium structure of suspensions of
pNIPAM-AAc microgel particles with a 5 mol % cross-linker.
Random hcp crystal forms spontaneously due to the small
free-energy cost of having stacking faults of hexagonal crystal
planes. This behavior is analogous to that of hard spheres
and consistent with what was observed in suspensions of
ionic vinyl-pyridine microgel suspensions [17]. However, the
formation of bcc crystal we observe is incompatible with
hard-sphere-like behavior and could result from the influence
of an area-minimizing principle suggested by the foam model
[25,26]. As the rhcp crystal, the bcc crystal appears to form
predominantly by heterogeneous nucleation on the wall of the
sample capillaries. We believe the bcc structure is metastable
because it disappears as the samples age. Furthermore, it only
forms within a certain ) -range below and above which we only

052308-7

149



U. GASSER et al. PHYSICAL REVIEW E 88, 052308 (2013)

observe the formation of rhcp crystal; this is also qualitatively
consistent with the foam model, which predicts that indeed the
bcc lattice is bounded between an expanded and a compressed
fcc lattice. Studies of the phase behavior in dependence of
the cross-linker concentration are needed to reach a more
detailed understanding of the behavior of microgels and other
soft particles and to quantitatively assess whether the elegant
area-minimizing principle of the foam model is at play in this
type of system.
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We report on the synthesis and characterization of multiresponsive hybrid microgel particles. The

particles consist of ellipsoidal silica-coated maghemite cores subsequently coated with

thermoresponsive poly (N-isopropylacrylamide) (PNIPAM) shells. The PNIPAM shell enables the

hybrid particle to alter its size and ratio of long to small axis with increasing temperature while the core

morphology remains unchanged. The maghemite core can be magnetically oriented along the long axis

as evidenced by small-angle X-ray scattering (SAXS) and confocal microscopy. Dynamic light

scattering techniques and confocal microscopy have been applied to study the particles’ morphological

evolution with increasing temperature in terms of their aspect ratio. The aspect ratio of the particles was

found to vary from 1.25 to 1.45 within a temperature range from 20 !C to 44 !C.

1 Introduction

Microgels are crosslinked polymer particles in the nanometer or

micrometer range that are dispersed in water or organic

solvents.1 They are responsive to external stimuli like pH- or

temperature changes such that they change their size. One of the

most studied thermoresponsive microgels in aqueous medium is

poly(N-isopropylacrylamide) (PNIPAM). The interest in

microgels is growing as they can be used for fundamental studies

of e.g. the nature of the glass transition,2 crystal nucleation, and

the phase behavior of soft particles. PNIPAM undergoes a coil-

globule transition at about 32 !C. Size, degree of softness, and

swelling ratio of PNIPAM particles can be tailored depending on

the synthesis conditions. The volume fraction and the interac-

tions of PNIPAM particles in suspension can be tuned at a fixed

number density by varying temperature only. Further function-

alities can be implemented by using PNIPAM microgels as

a scaffold for silver, gold, or platinum catalytic particles.3

Moreover PNIPAM can be polymerized as a shell onto previ-

ously synthesized particle cores of gold,4 silica,5 or coated with

silica. Furthermore, the core particles may add additional func-

tionalities, such as magnetic properties, to the obtained hybrid

microgels. Dagallier et al.6 reported the synthesis of hybrid

magnetic microgel particles that allow for the study of the

rotational behavior of these spherical particles owing to the

ellipsoidal shape of the incorporated cores.7

Ellipsoidal and rodlike particles constitute model systems with

a rich orientational and positional ordering behavior that varies

with aspect ratio and number density as evidenced by computer

simulations. The phase diagram of spherocylinders was mapped

covering a wide range of aspect ratios and number densities,

showing the occurrence of nematic, smectic and crystalline

phases.8 Although the theoretical study of this topic is still ahead

of experimental work, a number of model systems suitable for

investigation have been reported, such as rodlike silica colloids

that can be synthesized with different aspect ratios,9 gold

rods,10–14 and ellipsoidal iron oxide particles.15,16 Challenges

remain in the synthesis of relevant quantities of particles with low

size polydispersity and the control of the particle–solvent and

particle–particle interactions.

An ideal model system would allow to control interactions,

morphology, volume fraction, and orientation. One potential

solution would consist of a colloidal system with an ellipsoidal

magnetic core incorporated in a thermoresponsive shell. In such

a system, orientation and interaction could be controlled with an

external magnetic field, while volume fraction and morphology

would be temperature dependent, as illustrated in Fig. 1.

2 Synthesis

2.1 Silica-coated maghemite (SCM) particles

Spindle-type silica-coated hematite particles (SCH) were

synthesized in one step according to a previously reported

method.17–19 Details about the synthesis of 1 g of SCH particles
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are available in the ESI (TEM image Fig. S1†). Hematite

(a-Fe2O3) nanoparticles exhibit canted antiferromagnetism that

results in a weak magnetic response at ambient temperature.20

On the other hand, magnetite (Fe3O4) and maghemite (g-Fe2O3)

particles show strong magnetic response due to their higher

spontaneous magnetization.21 A limited range of particle

morphologies can be obtained synthesizing magnetite or

maghemite. The reduction of hematite nanoparticles of a desired

morphology under hydrogen gas offers a larger choice of

morphologies.22–24

After drying the obtained SCH particles in an oven at 80 !C,

the resulting powder was kept for four hours at 360 !C under

a continuous flow of hydrogen gas, transforming the particles’

hematite cores into magnetite. Maghemite particles were then

obtained by reoxidizing the powder in air at 240 !C for two

hours.

2.2 PNIPAM-coated SCM particles

200 mg of SCM particle powder was dispersed in 246 g of MilliQ

water while applying ultrasound for two hours. Following this,

800 mL of ethanol (EtOH) was added and mechanical stirring at

400 rpm was started. Then, 9.6 mL of tetramethylammonium

hydroxide (TMAH, 25% solution in water) was added followed

by the injection of 5.07 mL of 3-(trimethoxysilyl)propyl meth-

acrylate (TPM) silane coupling agent. Ultrasound and stirring

were applied to the solution for another hour, stirring was

continued for the following 15 h. The solution was then washed

in three centrifugation/redispersion cycles with the supernatant

being replaced twice by EtOH and finally by MilliQ water. An

aqueous stock solution of TPM-modified SCM particles (TPM-

SCM particles) at a concentration of 2 g L"1 was thus obtained.

1.2 mL of the TPM-SCM particle aqueous suspension was then

diluted by adding 14 mL of MilliQ water. The solution was then

bubbled for 20 min with N2 gas. 170.4 mgN-isopropylacrylamide

(NIPAM) and 0.02 g of the cross-linker N,N0-methylene bisa-

crylamide (BIS) were added to this solution at 50 !C with applied

ultrasound. Meanwhile, 3.5 mg of potassium persulfate (KPS)

initiator was dissolved in 300 mL of MilliQ water and subse-

quently injected into the particle solution. The water temperature

was then increased to 90 !C. After 45 min the solution turned

turbid, indicating that the polymerization of the NIPAM

monomers had started. The solution was kept for further poly-

merization for another 30 min, and the batch was then quenched

with ice cold water. The polymerization was not yet complete at

this point, however, as previously proposed by Hellweg et al.,25

this method limits the thickness of the grafted PNIPAM layer.

The resulting particle solution was a mixture of PNIPAM

microgel particles and PNIPAM-coated SCM particles. Taking

advantage of the considerably higher density of the PNIPAM-

coated SCM particles (PNIPAM-SCM particles), they were

eventually separated from the pure microgel particles by centri-

fugation. Fluorescent PNIPAM-SCM particles were obtained by

staining a small part of the batch with Rhodamine B.

2.3 Particle characterization

The PNIPAM-SCM particles were imaged using transmission

electron microscopy (TEM-CM100, Philips, operating at 80 kV).

Fig. 2 reveals the core-shell structure of the hybrid microgel due

to the different electron contrasts of the layers. The particles

appear ellipsoidal, however no conclusion about their shape in

solution can be drawn as the PNIPAM shell is dried out and

collapsed.26 In order to image the particles in suspension,

confocal microscopy was applied on fluorescently labeled parti-

cles. The particles were aligned by applying a magnetic field using

two permanent magnets and measurements of particles sedi-

mented to the sample cell’s cover slip were carried out at 20 !C

and 44 !C, as shown in Fig. 3. As the temperature is increased to

44 !C, the particles appear clearly ellipsoidal, since their aspect

ratio is increased due to the collapse of the PNIPAM shell (Fig. 3

B). The orientation of the particles with the long axis parallel to

the magnetic field is apparent at 44 !C and not as clear at 20 !C

due to their lower aspect ratio. Furthermore, the orientation of

the magnetic moment along the long axis of the particle is

Fig. 1 Sketch illustrating the tunable quantities of a composite nano-

particle. Alteration of temperature results in a change of particle size and

aspect ratio while application of a magnetic field orients the ellipsoidal

core.

Fig. 2 Transmission electron microscopy (TEM) image of core-shell

maghemite particles with PNIPAM layer. The inset shows a magnifica-

tion of one particle. Maghemite core, silica coating and the outer PNI-

PAM layer are clearly visible.

4428 | Soft Matter, 2012, 8, 4427–4431 This journal is ª The Royal Society of Chemistry 2012
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confirmed by small-angle X-ray scattering as shown in Fig. S2.†

An easy way to show the magnetic responsivity of the particles is

to place a magnet next to the glass vial containing the sample

(Fig. S3†). Due to the red color of the particles, it is easily

observed that they accumulate next to the magnet where the

magnetic field is strongest.

The alignment of the particles in an applied magnetic field was

demonstrated by analyzing confocal microscopy images taken

with and without the applied field above the volume phase

transition, where the PNIPAM layer is collapsed and the

anisotropic shape of the particles is revealed. The brightness of

about 50 particles in the direction parallel and perpendicular to

the magnetic field was determined with and without the applied

magnetic field. A Gaussian was then fitted to each brightness

curve and we calculated the size ratio of each observed particle

using the widths of the Gaussian in parallel and perpendicular

directions. The histogram for the magnetically aligned particles

(Fig. 4 A) is centered at 1.3, showing a preferred orientation of

the long axis parallel to the magnetic field, whereas the histogram

corresponding to the unaligned particles (Fig. 4 B) shows

a bimodal distribution with its center at 1.0, indicating a random

distribution of particle orientations.

Yet, it is difficult to derive a number for the particle size and

aspect ratio from confocal microscopy images, since the density

of the polymer network towards the outside of the PNIPAM

corona is too low to be properly observed by microscopy.

Moreover, microscopy is limited by the relatively small number

of observed particles. The determination of the hydrodynamic

dimension and aspect ratio by dynamic light scattering may

therefore allow a more quantitative analysis with better statistics.

3 Determination of the hydrodynamic particle
dimensions by dynamic light scattering techniques

The alteration of the particle shape that comes along with vari-

ation of temperature is reflected by the particles’ dynamics in the

solvent and can be measured directly by dynamic light scattering

(DLS). Brownian motion of particles in suspension leads to

a fluctuation in time of the coherent light scattered under a given

angle. The autocorrelation of the measured light intensity

g!2"!s" # hI!t"I!t$ s"i
hI!t"i2

# 1$ b
!
g!1"!s"

"2
(1)

is determined by a correlator. For long lag times, s, the intensities
I(t) and I(t + s) are uncorrelated and, therefore g(2)(s) decays to 1.

The right hand side of eqn (1) is known as the Siegert relation27

with the coherence factor b depending on the geometry of the

scattering experiment and the electric field autocorrelation

function

g!1"!s" # hE!t"E *!t$ s"i
hE!t"E *!t"i : (2)

The measurement can be fit using the cumulant expansion28

g!1"!s" # exp!%G s"$
#
1$ m 2

2!
$s2 $.

$
(3)

with the second cumulant m2 giving the variance of the size

distribution of the scatterers and the average decay rate

!G # q2$Dt. (4)

Dt is the translational diffusion constant and q # 4pn

l
sin

%
q

2

&

the size of the scattering wave vector with l the wavelength of the

scattered light in vacuum, n the refractive index of the solvent,

and q the scattering angle.

3.1 Depolarized dynamic light scattering (DDLS)

The scattering from optically anisotropic particles leads to

a depolarization of the scattered light, allowing for the deter-

mination of their rotational diffusion by DDLS. The depolarized

scattered light is detected using crossed polarizers for the

incoming and the scattered light (vertical-horizontal geometry).

In case of particles with a fourfold or higher rotational

symmetry, such as ellipsoids of revolution, the correlation

function again assumes the form of eqn (1), and can also be fit

using eqn (3), however the decay rate !G is given by:

!G # q2Dt + 6Dr, (5)

with the rotational diffusion constant Dr.

The Stokes–Einstein relation29 gives the diffusion constant of

a sphere in terms of its size and the solvent viscosity h. Perrin30

extended the Stokes–Einstein relation to ellipsoids of revolution:

Fig. 3 Confocal microscopy images of particles dyed with Rhodamine B

and aligned by a horizontal magnetic field. Image A was taken at 20 &C

and shows swollen and almost spherical particles. Image B features

particles with collapsed PNIPAM layer at 44 &C. It is clearly visible that

the shrinking PNIPAM layer causes a shape change towards smaller

ellipsoidal particles with higher aspect ratio.

Fig. 4 (A) Histogram of the particle size ratios of magnetically aligned

particles. The alignment of the particles is apparent from the histogram

center at a size ratio >1. (B) The corresponding histogram for randomly

oriented particles. As expected, the center of the histogram is located at

size ratio 1.

This journal is ª The Royal Society of Chemistry 2012 Soft Matter, 2012, 8, 4427–4431 | 4429
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where kB is the Boltzmann constant, T the absolute temperature,

a the ellipsoid’s long half axis, r ! a/b the aspect ratio with b the

ellipsoid’s short half axis and G(r) in case of a prolate ellipsoid of

rotation (r > 1):

G"r# !

#############
1

1$ 1

r 2

vuuut ln

"
r

(
1%

#############

1$ 1

r 2

s )#
: (7)

3.2 Experimental details

DLS was carried out on a Goniometer System from LS Instru-

ments, Switzerland, equipped with a 632 nm HeNe-Laser with an

output power of 21 mW. The capillary containing the sample is

enclosed by a temperature controlled index matching decalin

bath. Themeasured sample was a diluted particle suspensionwith

a weight fraction <1%. Measurements were performed in steps of

10& in the angular range from 15& to 135&. Three individual

measurements, each with a duration of about 120 s, were done per

angle. This set of measurements was repeated for 9 different

temperatures ranging from 20 &C to 44 &C. After adjusting the

temperature of the water bath, the measurements were started

after a waiting time of 35 min to ensure that the particles acquire

their corresponding size. For DDLS measurements an analyzer

was mounted in front of the detector. Vertical-horizontal geom-

etry was realized by searching the orientation of the analyzer with

minimal scattering intensity from a sample of spherical scatterers.

One set of DLS and two sets ofDDLSmeasurements covering the

temperature range from 20 &C to 44 &C were carried out.

3.3 Results and discussion

The decay rates !G were determined using the cumulant analysis

as given in eqn (3), and Dt as well as Dr were calculated with

eqn (4) and (5). The diffusion constants were determined from

a global fit of the measurements at all 9 temperatures using

Perrin’s eqn (6). To model the hydrodynamic short and long

half axes, these values of the silica-coated maghemite core were

fixed to 147 nm respectively 270 nm. The thickness of the

PNIPAM shell was assumed to be homogeneous on the core

surface, and it was used as a temperature dependent fitting

parameter. As shown in Fig. 5 A and B, the fit is in good

agreement with the temperature dependence of Dt and Dr. A

polydispersity of the particle size was not taken into account

for the fit, as a proper consideration would involve independent

polydispersities of the short and the long half axis of the core as

well as a distribution of the PNIPAM shell thickness. However,

the measured data does not allow for a reliable determination

of all three polydispersities. The short and long half axes are

found to vary from 455 nm respectively 585 nm in the swollen

state at T ! 20 &C to 280 nm respectively 405 nm in the

collapsed state at T ! 44 &C. The collapse of the PNIPAM shell

is reflected by the variation of the particle aspect ratio shown in

Fig. 5 C. Our assumption of a homogeneous PNIPAM shell

thickness may lead to an underestimation of the aspect ratio

increase. A value of 1 may be expected for the aspect ratio in

the fully swollen state, while 1.8 corresponds to the aspect ratio

of the SCM core and can be considered as the upper boundary.

The trend of the aspect ratio over temperature can be divided

into three regimes. There are two plateaus of nearly constant

aspect ratios below 26 &C and above 36 &C and a transition

regime encompassing the volume phase transition temperature

of PNIPAM microgel.

Particularly at low temperatures the hydrodynamic particle

size obtained from DLS and DDLS exceeds the particle size

obtained from confocal microsocopy, as apparent in Fig. 3. This

is expected, as the density of the PNIPAM shell decreases with

distance from the SCM core and becomes invisible in confocal

microsocopy while still giving an important contribution to the

hydrodynamic size.

Fig. 5 Translational (A) and rotational (B) diffusion coefficient versus

temperature determined by DLS and DDLS, respectively, are shown by

the black crosses. The fit using Perrin’s model (eqn (6)) is shown by the

red asterisks. (C) Evolution of the aspect ratio with temperature. The red

line is a guide to the eye. The vertical dashed line marks the volume phase

transition temperature at TVPT.

4430 | Soft Matter, 2012, 8, 4427–4431 This journal is ª The Royal Society of Chemistry 2012
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To the best of our knowledge, the only other DDLS study on

core shell particles with a PNIPAM shell was done by Bolisetty

et al.,31 where it was shown that a hard sphere model does not

appropriately describe these spherical core shell particles below

the volume phase transition temperature. They reported

increased experimental values for Dr compared to the expecta-

tion for hard spheres of comparable size and explained the

deviation by shape fluctuations of the swollen PNIPAM shell.

The global fit that we use for the DLS and DDLS data from our

ellipsoidal particles does not reveal a clear deviation from Per-

rin’s model, and an independent measurement of e.g. the particle

aspect ratio in the swollen state would be needed for a detailed

test of Perrin’s model for our anisotropic particles.

4 Conclusion

The preparation of magnetic and temperature-responsive hybrid

microgel particles was presented. The magnetic responsivity of

the particles can be employed to orient them, isolate them (ESI†)

or yield a birefringent suspension. Moreover, the volume fraction

of the particles in suspension and their morphology can be

tailored by adjusting the suspension temperature. The evolution

of the particle’s shape from an almost spherical to an ellipsoidal

one has been shown by both confocal microscopy and fitting

dynamic light scattering data using Perrin’s model for the

translational and rotational diffusion coefficients of ellipsoids. It

has furthermore been shown by confocal microscopy and SAXS

(ESI†), that the magnetic moment of the ellipsoidal maghemite

core points along the direction of the particle’s long axis. Due to

the tunability in terms of particle size, aspect ratio, volume

fraction as well as the magnetic orientation and responsiveness,

these particles provide a new exciting model for fundamental

studies of the phase behavior of anisotropic particles.
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Chapter 6

Conclusions and outlook

The motivation for the work presented in this thesis is to reach a deeper
understanding of the phase behaviour, the phase transitions, and in partic-
ular crystal nucleation in colloids. The studied colloids are model systems
for hard and soft particles and are, therefore, relevant for many colloidal sys-
tems and possibly other materials beyond soft matter. One goal is to reach
an understanding that allows to predict the phase behavior and, in a further
step, the crystallization kinetics in many materials. This goal will be reached
when predictions are so accurate that only few test measurements are nec-
essary to identify the phase behavior of a material. While many questions
remain open, some steps towards this goal have been reached.

As a first order phase transition from the fluid to the crystalline state,
crystal nucleation is of fundamental importance for the understanding of
the behavior of condensed matter. However, theories appear to miss impor-
tant aspects of the nucleation process. This is highlighted by the differences
between measured and calculated nucleation density rates, which often dif-
fer by several orders of magnitude [87, 26]. The presented work on crystal
nucleation [24, 68, 63] indicates that the properties of small crystal nuclei
differ from those of bulk crystal, which is not taken into account in classical
nucleation theory (CNT). The properties of precritical and critical crystal
nuclei are found to be incompatible with the picture of CNT that uses the
approximation of spherical nuclei having the properties of the bulk crystal
that form randomly due to structural fluctuations. The shape of the nuclei is
found to be rather irregular in experiment [24, 68]. This is connected to the
properties of the crystal-fluid interface [39] and the surface tension of critical
nuclei, which may differ from that of the bulk crystal, as the experimental
results presented in chapter 5 indicate [24]. This insight is in line with re-
cent findings that crystal nucleation in hard-sphere-like colloids is a two-step
process [120, 82, 83].
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Further experimental work is required to obtain a better insight into the
formation of critical crystal nuclei; their formation and properties should be
studied systematically over the whole crystalline range of phase space. Such
systematic experimental studies using light scattering have been done for
crystal growth giving insight into the temporal procedure of crystal nucle-
ation and the density of crystal precursors and critical nuclei [27, 121, 122,
37, 123, 124, 125, 126, 81]. However, structural details of precritical and
critical nuclei are not obtained. Real space imaging experiments that allow
to determine the key parameters of the nucleation transition can certainly
contribute significant input towards this goal and give more details about the
internal structure of crystal nuclei, their arrangement (e.g. measured using
q6 correlations) and the transformation towards crystalline order with the
translational order of bulk crystal [83].

For heterogenous crystal nucleation, the situation is more complex and
the understanding of the nucleation process is even more limited than for ho-
mogenous nucleation. E.g. the effect of the interaction between colloidal par-
ticles and seed and the influence of the geometry of the seed surface need to be
studied in more detail. Both are found to be important in the work presented
in chapter 5 [68] and the work of other research groups [127, 104, 101, 99].
However, a systematic study of the effect of seed curvature covering convex
and concave surfaces is missing. This may give very interesting input for
novel approaches to control crystal nucleation in applications. Furthermore,
detailed studies of the contact angle on a microscopic scale given by the size
of a critical nucleus would give better insight into heterogenous nucleation.
This corresponds to studying the surface tensions between crystal and seed,
γcs, as well as crystal and fluid, γcf , and the influence of the structure and
geometry of the seed surface.

In soft colloids such as microgels, the phase behavior and the pair poten-
tial of these colloidal particles are not as well understood as in hard-sphere-
like and charged colloidal systems. In particular, there is no consensus about
the nature of the interaction between soft particles at high concentrations.
While the fuzzy surface of microgels results in a steric stabilization and a hard
sphere-like behavior at volume fractions φ . 0.5, the behavior at high con-
centrations is not as clear: The microgel particles are in direct contact with
their neighbors and start to react to the crowded neighborhood by changing
their internal degrees of freedom, e.g. by deswelling. It is this interplay of
colloidal and internal degrees of freedom that is not yet fully understood.
The work on the structural change of microgels in highly packed suspensions
presented in chapter 5 [128, 129, 130, 131] sheds some light on this interplay
of colloidal and polymeric properties. The change of the particle form factor
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with concentration has been determined. In the future, this will allow for a
more detailed analysis of e.g. scattering data obtained at high concentrations.

A computer simulation study [15] suggests that very soft particles stay
fluid in concentrated suspensions, while stiffer particles are predicted to crys-
tallize in a series of structures that is not observed in hard spheres. With
increasing concentration, crystal with fcc, bcc, hexagonal, body-centered or-
thorhombic (bco), and trigonal structure is expected. Experimental evidence
for hexagonal, bco, and trigonal order is missing, but part of this sequence
of crystalline structures, i.e. fcc and bcc, is also expected in the foam model
for the phase behavior of soft particles [113, 114]. This model combines the
maximum entropy principle governing hard spheres with the minimization
of interaction-energy. The latter implies the minimization of the interaction-
area of neighboring particles’ soft coronae. Evidence for the occurrence of fcc
and bcc structure with increasing concentration is indeed found experimen-
tally, as presented in chapter 5 [40]. Certainly, further systematic studies of
the phase behavior of microgels, star-polymers [132] or other soft particles
are needed to understand the details of their interaction and their phase be-
havior at high concentrations. A model of a brush-like interaction has been
presented [46] and the Hertzian [48, 49, 50], Gaussian [133], and penetra-
ble [134] sphere model have been tested for particles in close contact. The
Hertzian repulsive model is being discussed favorably in some studies [48, 49],
while it is rejected by other work [50]. A better understanding of the inter-
action between microgels and soft particles in general will certainly be in the
focus of future work, e.g. a systematic study of the phase behavior of micro-
gels with different degrees of softness (varying amount of crosslinker) may
clarify the nature of the interaction between microgels [135]. The interaction
may change with the degree of particle deswelling caused by applied pressure
or a high packing fraction of the suspension. Furthermore, charged groups
and their counter-ions play an important role for the swelling behavior of
microgels. Although pNIPAM is an uncharged gel, pNIPAM microgels carry
charged groups on their fuzzy surface, and these are found to be relevant
for their behavior. The osmotic pressure of pNIPAM suspensions is found
to be dominated by counter-ions originating from the few charged groups
on the surface. Ongoing work [106] indicates that an abrupt increase of the
osmotic pressure occurs above a critical concentration. This can explain the
surprising behavior of the spontaneous deswelling of big particles in a packed
surrounding of smaller particles [51].

There is a plethora of colloidal systems in between hard and soft colloidal
particles with even less explored phase behavior, as the shape, the interac-
tion, and the internal properties of the particles are varied. Regarding par-
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ticle shape, e.g. the equilibrium crystal structure of concentrated ellipsoids
is not known [136, 137]. Especially soft polymer particles such as microgels
with their responsiveness to changes in temperature, pH, or pressure may be
promising for the development of novel “smart” materials. The potential of
colloids for applications is reflected by the worldwide efforts to understand
this class of materials in more detail. Drug delivery with reactive colloidal
particles [16, 138, 139, 140] or photonic crystals obtained by self-assembly
[141, 142, 143] are two promising potential applications. The study of Ellip-
soidal hybrid magnetic microgel particles with thermally tunable aspect ratios
[144] presented in chapter 5 shows a possible way to combine the properties
of soft and deformable particles with magnetic responsiveness, a combination
that may be of interest for drug delivery. Such studies also raise new ques-
tions regarding their fundamental properties, most importantly their phase
behavior and interactions.
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geneous crystallization of hard-sphere colloids near a wall. Soft Matter,
7(18):8050–8055, 2011.

[102] M. Hermes, E. C. M. Vermolen, M. E. Leunissen, D. L. J. Vossen,
P. D. J. van Oostrum, M. Dijkstra, and A. van Blaaderen. Nucle-
ation of colloidal crystals on configurable seed structures. Soft Matter,
7(10):4623–4628, 2011.

[103] A. Cacciuto and D. Frenkel. Simulation of colloidal crystallization on
finite structured templates. Phys. Rev. E, 72(4):041604, 2005.

[104] Wen-Sheng Xu, Zhao-Yan Sun, and Li-Jia An. Heterogeneous crys-
tallization of hard spheres on patterned substrates. J. Chem. Phys.,
132(14):144506, 2010.
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