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Abstract

The base of this master thesis is a hyperbolic partial differential equation (PDE),
developed by the Renal Research Institute in New York, USA 2012. The hyper-
bolic PDE describes the cell population of red blood cells in a specific cell stage
(stage of CFU-E cells) depending on the concentration of the hormone erythro-
poietin (EPO). The model is understood as a parametrized partial differential
equation (PPDE). As parameters serve constants, which describe the natural cell
death rate and additionally control parameters, which indicate the amount of
administered EPO in form of injections.
The aim of this work is the sensitivity analysis relating to these parameters.
For this purpose, a further parametrized partial differential equation is derived.
Its solution describes the sensitivity of the cell population relating to a param-
eter. Two methods - the finite difference (FD) method and the reduced basis
(RB) method - are used to compute a numerical solution of this PPDE. The RB-
method reduces the dimension of the discretization space (of the finite difference
method) with a Galerkin method. The reduced basis is generated by a greedy
algorithm.
Further, an error estimation is used which measures the error between the sen-
sitivities computed by the finite difference method and the sensitivity calculated
by the reduced basis method.
Next the sensitivities of a linear functional in form of the total cell population
and a quadratic cost functional are considered. Additionally, a subset selection
method is applied to get a ranking for the parameters according to the degree of
their sensitivity.
At the end of the thesis the results are presented. Significant differences with
regard to the sensitivities of the parameters will be shown. One parameter from
the parameter set with the constants is a lot more sensitive than the others and
two parameters from the control parameter set with nine parameters are more
sensitive. The similar result will be shown for the parameters of the total cell
population and of the quadratic cost functional.
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1 Introduction

The human body consists of several different components. About 6− 8% of the
body weight is made up of blood. It serves as a transport medium which ensures
that the nutrients taken in with the food or stored by the body are carried to the
cells. It is also responsible for the removal of waste products. Blood consists of
different cell groups. These include red blood cells (erythrocytes), white blood
cells (leukocytes) and platelets (thrombocytes).

Many people suffer from an anemia, what means a lack of erythrocytes. The
main task of erythrocytes is to transport the oxygen into the body. If the red
blood cells are not sufficiently available, the body will not be able to provide
enough oxygen for all the cells. Time-dependent problems like respiratory dis-
tress and cell death may occur. Reasons for a chronical or an acute anemia are,
inter alia:

• Blood donation or blood loss due to injury

• Insufficient production of the hormone erythropoietin (EPO), which is re-
sponsible for the excitation of stem cells for erythropoiesis, this means for
the formation of red blood cells.
→ Based on the oxygen pressure in the body the secretion of EPO is regu-
lated. The hormone is released, if the pressure is to low.

• Red blood cells are naturally subject to wear on the way through the body
and will be needed to be replaced.
→ Red blood cells cannot regenerate themselves, because the cells do not
have a cell nucleus. Damaged cells are eliminated by so called phagocytes.

• Change in demand due to environmental influences.
→ If too few of red blood cells are present, erythropoiesis is initiated. How-
ever, if there are too many cells available, neocytolysis (the antagonist of
erythropoiesis, i.e. the programmed cell death) is caused. As an example,
the higher the body is about the sea level, the thinner the air is getting.
The body needs more red blood cells for the transport of more oxygen.
Accordingly, the body needs less oxygen if one comes on a normal altitude
again.
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1 Introduction

• Iron deficiency, due to the fact that iron is an ingredient of red blood cells.

If the body is healthy, enough iron is present and the secretion of EPO works fine
than the body can regulate the population of red blood cells itself (as long as the
loss of blood keeps within reasonable bounds).

Dialysis patients can not regulate the erythropoiesis (i.e. the process which pro-
duces red blood cells) themselves. A major part of EPO is generated in the
kidneys. Dialysis patients have a malfunction of the kidneys and thereby the
secretion of the hormone as well as the erythropoiesis is disturbed. The patients
depend on exogenous EPO, in form of injections. For health issues it is attempted
to keep the mass of red blood cells on a constant level. It is important to know
that an increase of the concentration of EPO in the blood plasma results in an
increased production of red blood cells whereas a decrease of the EPO concen-
tration results in a reduced production of the cells. For this reason it is very
important that the dose of the administered EPO is exact and the injection hap-
pens regularly.

The erythropoiesis

Figure 1.1: Different cell stages during erythropoiesis under the influence of EPO
and Iron. (see [Be], Chapter 3)
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The process of erythropoiesis takes place in several steps of the development of
the cell. Figure 1.1 describes the stages of development of red blood cells. First
the hormone EPO stimulates non-specific stem cells in the bone marrow to ini-
tiate the development to erythrocytes. These cells grow to BFU-E and then,
under the influence of EPO, they form CFU-E cells. Afterwards there takes place
the stage of the erythroblastes. From here on the iron content plays a central
role. The penultimate level is the one of the bone marrow reticulocytes. In this
stage the cells of the bone marrow are delivered into the blood. In the end, the
cells mature to entire erythrocytes. It is obvious that dysfunctions during a cell
development may have negative repercussions to the whole development of red
blood cells including the population.

This thesis focusses on an age-structured population model which was especially
developed to consider the CFU-E cell stage with regard to their maturity. We
emanate from a sufficient iron level. Furthermore, we take a natural apoptosis
rate into consideration which describes the programmed cell death. The objec-
tive of this thesis is not only to investigate the behaviour of the population of
red blood cells, but rather the behaviour of the population depending on the
indication quantity of the hormone EPO and the value of the constants for the
apoptosis rate. In summary, we investigate the sensitivity of the cell population
referring to these attributes. The Diploma thesis [Be] serves as a basis for this
work. Among other things, this Diploma Thesis describes the operation of how
the population of the cells can be calculated in case of typical injections of EPO
and fixed constants of apoptosis rate.
From the outside, there may appear perturbations with regard to the attributes
quantity of indication or apoptosis rate. On may have forgotten to take an indi-
cation of EPO or it may have been taken in an earlier or later moment. However,
disturbances in the natural cell death constant may occur less frequently. The
CFU-E cells are still located in the bone marrow and are therefore protected from
external influences. However, in a radiotherapy there may also die cells located in
the bone marrow which can lead to a higher cell constant death (see [Bi], Chapter
4.5.2).

Chapter 2 introduces a mathematical model in form of a parametrized partial
differential equation, which describes the population of CFU-E cells depending
on the concentration of the hormone EPO. Two parameter sets are introduced.
Based on the PPDE a second partial differential equation is deduced which de-
scribes the sensitivity of first order relating to a parameter from the parameter
sets. The sensitivity equation of higher order is considered, too. Finally the
computation of the sensitivity of a linear functional which describes the total cell
population and also of a quadratic cost functional is shown.

Chapter 3 describes the finite difference method for solving both mathematical
models from Chapter 2. For the difference equation a backward-time forward-
space scheme is used. The solutions are only approximations to the exact solu-
tions.
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Chapter 4 shows a further possible method for solving the mathematical mod-
els from Chapter 2. It will try to reduce the dimension of the discretization
space from Chapter 3. This method is based on model reduction. For the lower-
dimensional space a reduced basis will be computed by a greedy algorithm using
the Single-Time strategy or the POD strategy. To check the quality of the reduced
basis an error estimator is used. The solution is given by a linear combination of
the reduced basis vectors.

Chapter 5 introduces a subset selection method. The result is a ranking for
the parameters of a functional according to the degree of their sensitivity. The
method uses the Fisher information matrix and a QR-method with column piv-
oting strategy.

Chapter 6 contains all results and experiments. First the cell populations,
thus the solution of the PPDE is presented. Based on this, the solutions with
small perturbations in different parameters are considered. These observations
are compared to the solutions of the sensitivity equations. Both methods, the
FD- and RB-method, are used and the difference in the computation time will be
shown. Additionally, a subset selection method will be applied to two function-
als. The quadratic cost functional will be used also to compare the sensitivities
computed by the FD-method and the RB-method.

All results were computed by MATLAB, Version R2009b on a computer with
an Intel(R) Core(TM) i5 and a 2.60 GHz CPU.
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2 The model and the sensitivities

2.1 The parametrized model

In this chapter, we want to construct a model for the computation of the popu-
lation density of CFU-E cells depending on the concentration of EPO. The basis
for the model provide [Fue], Chapter 3.1 and also [Be], Chapter 3.1.

First, it is important to see that the development of cells, in the stage of the CFU-
E cells, is influenced by the concentration of the hormone EPO in the plasma.
Hence, the concentration must be a part of the model. If a person is healthy,
the endogenous EPO is sufficient. However, if a malfunction of the kidneys is
present, there is only a small amount of endogenous EPO. To compensate this
lack, EPO is administered regularly in form of injections. Accordingly, we need
to include two types of EPO in the model, endogenous and exogenous EPO.
Next the cells are only for few days in this cell stage. For T ∈ N, (0, T ) de-
scribes the time interval. Additional the cells are different old. The age of the
cells to a specific time t ∈ (0, T ) we want to describe with the maturity at-
tribute x ∈ Ω := (x, x) with x, x ∈ R. The corresponding time-space cylinder is
Q = (0, T ) × Ω. The control set is given with U = Rm, m ∈ N. This set obtain
all possible injection quantity of EPO for m different times. Feasible controls are
given by a closed, convex and bounded subset

Uad = {u = (ui) ∈ Rm | ua ≤ ui ≤ ub for i = 1, . . . ,m}

with ua, ub ∈ R. Now we can define the EPO concentration by a function
E : (0, T )× Uad → R with

E(t, u) = Eex(t, u) + Eend, (2.1)

where Eex : (0, T )×Uad → R returns the value of the concentration of exogenous
EPO and Eend ∈ R+ for endogenous EPO (in mU/ml - U describes a given unit).
The maximal amount of administered EPO is EPOmax = 20000 · 103 (in mU).
Let t∗i ∈ (0, T ) for i = 1, . . . ,m be the specific times, where EPO is administered.
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2 The model and the sensitivities

The total blood volume (in ml) is given by a constant TBV. Then we can define

Eex(t, u) := 1
TBV

m∑
i=1

uiχi(t).

Here, χi : (0,∞) → R are bounded control shape functions, which describe the
exponential decay of exogenous EPO by

χi(t) = EPOmax e
−λ(t−t∗i )χ[t∗i ,∞)(t),

where λ arises from the half-life T 1
2

of the hormone.

Second, we have to consider the apoptosis rate. With increasing EPO concentra-
tion the body stimulates the erythropoiesis. The neocytolysis will be shut down
but not completely. Let

D = {µ = (µi) ∈ R3 | µa ≤ µi ≤ µb for i = 1, 2, 3}

with µa, µb ∈ R be a parameter set. Then we can define the sigmoid apoptosis
rate by the function α(·, ·) : [0, T ]× Rm → R with

α(t, u) = µ1

1 + exp (µ2E(t, u)− µ3) . (2.2)

The function α depends on the EPO concentration in the plasma and also on the
choice of the parameters µ1, µ2 and µ3. To express this dependence, the function
α is written down as α(t, u;µ).

Third, we consider a constant proliferation rate β. It depends on the EPO con-
centration.

Altogether, we obtain a linear hyperbolic initial-boundary value system of first
order:

yt(t, x) + yx(t, x) = (β − α(t, u;µ))y(t, x) in Q a.e.,
y(t, x) = g in (0, T ) a.e.,
y(0, x) = y0(x) in Ω a.e.,

(2.3)

where the constant boundary condition g ∈ R describes the population den-
sity of the BFU-E cells, which is the cell stage before the CFU-E cell stage. The
initial condition y0(x) ∈ C(Ω,R) denotes the start population density of CFU-E
cells. The shurtcut ”a.e.“stands for ”almost everywhere“. The equation (2.3) is
a parametrized partial differential equation with the parameters u and µ.
We call the system (2.3) the state system and the solution y(t, x) for t ∈ (0, T )
and x ∈ Ω the state solution.
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2.2 The sensitivity of first order

In the following, we suppose that for each parameter pair (u, µ) ∈ Uad ×D there
exists an unique solution y, which is sufficiently smooth.

2.2 The sensitivity of first order
The choice of the parameters (u, µ) ∈ Uad×D influence the model output y(t, x)
that means the state solution. To accommodate this fact, the solution y(t, x) of
the state system (2.3) is denoted by y(t, x;u, µ). Next the change of y(t, x;u, µ)
is analyzed depending on which parameters are chosen. That means, we want to
compute the sensitivity of the parameters u and µ.
The following procedure for calculating the sensitivity of first order is for all pa-
rameters µ1, µ2, µ3 or u1, . . . , um the same. For this reason, the designation γ is
used as a placeholder for an arbitrary parameter of the model.

Definition

Let γ be a parameter in a parametrized system. If a small change of the
parameter modifies the model output, the parameter is called sensitive
parameter. On the other hand, if the model output is unchanged the
parameter is called less sensitive parameter.

(see [Ba], Chapter 3.1)

Sensitivity analysis is utilized to get information about the quality of the pa-
rameters.

Definition

Let y ∈ C1((0, T )× (x, x)) be a continuously differentiable function. The
value of the function y depends on the parameters (u, µ) ∈ Uad × D. y
is forward differentiable on Uad in direction u and on D in direction µ.
The term

∂

∂γ
y(t, x;u, µ)

is called the first sensitivity of the function y relating to γ, with γ
being a placeholder for µ1, µ2, µ3 or u1, . . . , um.

The first sensitivity of the function y provides information about the parameter-
dependent behaviour. If the sensitivity relating to γ is high, the solution is very
susceptible to interference and therefore the parameter is sensitive. In contrast, if
the sensitivity is small, the parameter γ is less sensitive. Of course, it is relative
if the sensitivity is high or small depending on what problem exists. If more
than one parameter exist can be compared the sensitivities and therefore we can
arrange a ranking of the parameters.
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2 The model and the sensitivities

Computation of the first sensitivity relating to γ

The computation is based on [La], Chapter 3.2. The first step is to consider
the state system (2.3) but with fixed parameters (u, µ) ∈ Uad ×D:

yt(t, x;u, µ) + yx(t, x;u, µ) = (β − α(t, u;µ))y(t, x;u, µ) in Q a.e.,
y(t, x) = g in (0, T ) a.e.,
y(0, x) = y0(x) in Ω a.e..

The solution of the system with the selected (u, µ) parameters is described by
y(t, x;u, µ). The notation

yγ(t, x) := ∂

∂γ
y(t, x;u, µ)

defines the first sensitivity relating to γ. The first step is to differentiate the state
system with respect to γ using the product rule. We receive:

∂
∂γ

∂
∂t
y(t, x;u, µ) + ∂

∂γ
∂
∂x
y(t, x;u, µ) = (β − α(t, u;µ)) ∂

∂γ
y(t, x;u, µ)

− ∂
∂γ
α(t, u;µ) y(t, x;u, µ)

∂
∂γ
y(t, x;u, µ) = 0

∂
∂γ
y(0, x;u, µ) = 0

In the case that the function y is sufficiently smooth, we can apply the Theorem
of Schwarz (see [De], Theorem 11.25, (ii) ) which states that we can permute the
derivative operators. We receive the equalities

∂

∂γ

∂

∂t
y(t, x;u, µ) = ∂

∂t

∂

∂γ
y(t, x;u, µ) = ∂

∂t
yγ(t, x).

With this rearrangement we obtain the sensitivity equation of first order
relating to γ given by

∂
∂t
yγ(t, x) + ∂

∂x
yγ(t, x) = (β − α(t, u;µ))yγ(t, x)

− ∂
∂γ
α(t, u;µ) y(t, x;u, µ) in Q a.e.,

yγ(t, x) = 0 in (0, T ) a.e.,
yγ(0, x) = 0 in Ω a.e..

(2.4)
The solution is the first sensitivity yγ(t, x;u, µ) of y relating to γ.
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2.2 The sensitivity of first order

2.2.1 First sensitivity relating to constants of the apoptosis
rate

Of interest is the influence of the constants of the apoptosis rate (i.e. of the
parameter µ ∈ D) on the solution of the state system (2.3). Particularly the
behaviour of the function y(t, x;u, µ) with a small perturbation in the parameter
µ. To prepare the sensitivity equations of first order, we need the derivatives of
α(t, u;µ) with respect to µ with (u, µ) ∈ Uad × D (with α given by (2.2)). We
receive the several derivatives

∂

∂µ1
α(t, u;µ) = + 1

1 + exp(µ2E(t, u)− µ3) ,

∂

∂µ2
α(t, u;µ) = − µ1E(t, u) exp(µ2E(t, u)− µ3)

(1 + exp(µ2E(t, u)− µ3))2 ,

∂

∂µ3
α(t, u;µ) = + µ1 exp(µ2E(t, u)− µ3)

(1 + exp(µ2E(t, u)− µ3))2 ,

and the gradient

∇µα(t, u;µ) =
(
∂

∂µ1
α(t, u;µ), ∂

∂µ2
α(t, u;µ), ∂

∂µ3
α(t, u;µ)

)T
.

The next step is solving the state system to obtain the state solution. For this,
we choose µ ∈ D and u ∈ Uad fixed and get y(t, x;µ, u). The desired sensitivity
relating to µi for i ∈ {1, 2, 3} is

yµi(t, x) = ∂

∂µi
y(t, x;µ, u)

and the corresponding sensitivity equation of first order relating to µi is

∂
∂t
yµi(t, x) + ∂

∂x
yµi(t, x) = (β − α(t, u;µ))yµi(t, x)

− ∂
∂µi
α(t, u;µ) y(t, x;µ, u) in Q a.e.,

yµi(t, x) = 0 (0, T ) a.e.,
yµi(0, x) = 0 in Ω a.e.

(2.5)

All equations together form a sensitivity system of first order relating to µ.

2.2.2 First sensitivity relating to control parameters

In the following part the parameter-dependent behaviour of the solution y(t, x)
relating to the control parameter u is analyzed. Here, we need the derivatives
of α(t, u;µ) with respect to ui for i = 1, . . . ,m with (u, µ) ∈ Uad × D (with α

9



2 The model and the sensitivities

defined in (2.2)). We receive

∂

∂ui
α(t, u;µ) = − µ1µ2 exp(µ2E(t, u)− µ3)

(1 + exp(µ2E(t, u)− µ3))2 TBV χi(t)

and the gradient

∇uα(t, u;µ) =
(
∂

∂u1
α(t, u;µ), . . . , ∂

∂um
α(t, u;µ)

)T
.

Let µ ∈ D and u ∈ Uad be fixed. The solution of the state system is y(t, x;µ, u).
The desired sensitivity relating to ui for i ∈ {1, . . . ,m} is

yui(t, x) = ∂

∂ui
y(t, x;µ, u)

and the corresponding sensitivity equation of first order relating to ui is

∂
∂t
yui(t, x) + ∂

∂x
yui(t, x) = (β − α(t, u;µ))yui(t, x)

− ∂
∂ui
α(t, u;µ) y(t, x;µ, u) in Q a.e.,

yui(t, x) = 0 in (0, T ) a.e.,
yui(0, x) = 0 in Ω a.e..

(2.6)
All equations together form a sensitivity system of first order relating to u.

2.3 The sensitivity of higher order
For more information about the parametrized behaviour of a function we can
consider the sensitivities of higher order. As an example, we consider the sensi-
tivity of second order of the function y(t, x) and thus the change of the function
with perturbations in two parameters. The procedure for sensitivities with order
higher than two is the same.

2.3.1 The sensitivity of second order
Definition

Let y ∈ C2((0, T )× (x, x)) be twice continuously differentiable function.
The value of the function y depends on the parameters (u, µ) ∈ Uad×D. y
is twice forward differentiable on Uad in direction u and on D in direction
µ. The term

∂2

∂γ∂γ′
y(t, x;u, µ)

is called the second sensitivity of the function y relating to γ and γ′,
with γ and γ′ being placeholder for µ1, µ2, µ3 or u1, . . . , um.
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2.3 The sensitivity of higher order

The second sensitivity refers to the interaction of two parameters.

Computation of the second sensitivity relating to γ and γ′

Let (u, µ) ∈ Uad×D be fixed. The solution of the state system (2.3) is y(t, x;u, µ).
We denote by

yγ,γ′(t, x) := ∂2

∂γ∂γ′
y(t, x;u, µ)

the second sensitivity relating to the parameters γ and γ′. If we differentiate the
state system (2.3) using the product rule with respect to γ and afterwards with
respect to γ′, we get:

∂
∂γ′

∂
∂γ

∂
∂t
y(t, x;u, µ) + ∂

∂γ′
∂
∂γ

∂
∂x
y(t, x;u, µ) = (β − α(t, u;µ)) ∂

∂γ′
∂
∂γ
y(t, x;u, µ)

− ∂
∂γ
α(t, u;µ) ∂

∂γ′
y(t, x;u, µ)

− ∂
∂γ′
α(t, u;µ) ∂

∂γ
y(t, x;u, µ)

− ∂
∂γ

∂
∂γ′
α(t, u;µ)y(t, x;u, µ),

∂
∂γ′

∂
∂γ
y(t, x;u, µ) = 0,

∂
∂γ′

∂
∂γ
y(0, x;u, µ) = 0.

Furthermore yγ(t, x) denotes the first sensitivity relating to γ and yγ′(t, x) relating
to γ′. The Theorem of Schwarz (see [De], Theorem 11.25, (ii)) states that we can
permute the derivative operators if the function y is sufficiently smooth. In this
case, we obtain:

∂
∂t
yγ,γ′(t, x) + ∂

∂x
yγ,γ′(t, x) = (β − α(t, u;µ))yγ,γ′(t, x)

− ∂
∂γ
α(t, u;µ) yγ′(t, x)

in Q a.e.,
− ∂
∂γ′
α(t, u;µ) yγ(t, x)

− ∂2

∂γ∂γ′
α(t, u;µ)y(t, x;u, µ)

yγ,γ′(t, x) = 0 in (0, T ) a.e.,
yγ,γ′(0, x) = 0 in Ωa.e..

(2.7)
The system (2.7) is called sensitivity equation of second order relating to
γ and γ′ and the solution of this system is the second sensitivity yγ,γ′(t, x;u, µ)
of y relating to γ and γ′.
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2 The model and the sensitivities

Second sensitivity relating to µ

To generate the sensitivity equations of second order relating to µi and µj for
i, j ∈ {1, 2, 3}, we need the second derivative of α(t, u;µ) with respect to µi and
µj. In the appendix of this work (8.1) are all second derivatives of α. Let µ ∈ D
and u ∈ Uad be fixed. Forward, y(t, x;u, µ) is the solution of the state system
and yµi(t, x) the sensitivity of first order of y(t, x) relating to µi for i = 1, 2, 3.
Thus, the sensitivity of second order relating to µi and µj for i, j ∈ {1, 2, 3} is

yµiµj(t, x) = ∂2

∂µi∂µj
y(t, x;u, µ).

The sensitivity equation of second order relating to µi and µj we receive
by replace γ and γ′ by µi and µj in (2.7). All sensitivity equations together form
a sensitivity system of second order relating to µ.

Second sensitivity relating to u

To generate the sensitivity equations of second order relating to ui and uj for
i, j ∈ {1, . . . ,m} we need the second derivatives of α, which are to see in the
appendix (8.1). Let µ ∈ D and u ∈ Uad be fixed. Forward, y(t, x;u, µ) denotes
the state solution and yui(t, x) the sensitivity of first order of y(t, x) relating to
ui for i = 1, . . . ,m. The sensitivity of second order relating to ui and uj for
i, j ∈ {1, . . . ,m} is

yuiuj(t, x) = ∂2

∂ui∂uj
y(t, x;u, µ).

The sensitivity equation of second order relating to ui and uj we receive
by replace γ and γ′ by ui and uj in (2.7). All equations together form a sensitivity
system of second order relating to u.

2.3.2 The sensitivity of order n ∈ N

Definition

Let y ∈ Cn((0, T )×(x, x)) be n times continuously differentiable function.
The value of the function y depends on the parameters (u, µ) ∈ Uad×D.
y is n times forward differentiable on Uad in direction u and on D in
direction µ. The term

y(n)
γ (t, x) = ∂n

∂γ1 . . . ∂γn
y(t, x;u, µ)

is called the sensitivity order n of the function y relating to γ, with
γ = (γ1, . . . , γn) being a placeholder for n parameters of the sets {µ1, µ2,
µ3} or {u1, . . . , um}.

12



2.4 The sensitivity of a functional

The sensitivity equation of order n is given by

∂
∂ty

(n)
γ (t, x) + ∂

∂xy
(n)
γ (t, x) = (β − α(t, u;µ))y(n)

γ (t, x)
in Q a.e.,

+f(t, x, y(t, x), y(1)(t, x), . . . , y(n−1)(t, x))

y
(n)
γ (t, x) = 0 in (0, T ) a.e.,

y
(n)
γ (0, x) = 0 in Ω a.e.,

(2.8)
where the function f contains the sensitivities with order ≤ n relating to the set
of parameters (γ1, . . . , γn), the derivatives of the function α with respect to the
set of parameters (γ1, . . . , γn) and the state solution.

In the following Chapters 3 and 4 only the sensitivity equation of first order
is solved and therefore not for higher order. But this is not a restriction. The
difference between the equation first and n th order is only the right side f in
equation (2.8). Thus, if the right side of (2.4) will be replace by f of (2.8), we
can also apply all following methods to the sensitivity equation of order n.
As an example, the right side f for the first and second sensitivity equation will
be define. Let (u, µ) ∈ Uad × D be fixed. The inhomogeneous part of the sensi-
tivity equations of first and second order relating to the parameters γ are given
by

fγ(t, x, u;µ) := − ∂

∂γ
α(t, u;µ) y(t, x;µ, u)

and relating to γ and γ′

fγγ′(t, x, u;µ) := − ∂

∂γ
α(t, u;µ) yγ′(t, x)− ∂

∂γ′
α(t, u;µ) yγ(t, x)

− ∂2

∂γ∂γ′
α(t, u;µ)y(t, x;u, µ)

for t ∈ (0, T ) and x ∈ [x, x].

2.4 The sensitivity of a functional
Sometimes it is important to analyze the parameter-dependent behaviour of a
functional which depends on the solution y(t, x;u, µ) and thus on the choice of
the parameters (u, µ) ∈ Uad ×D. Such a functional is called output function.

2.4.1 Linear functional
The solution of the state system describes the cell population on time t ∈ (0, T )
and maturity x ∈ (x, x). Very interesting is the total cell population (TCP) on
time t ∈ (0, T ). It is a linear functional and is given by

13



2 The model and the sensitivities

hl(t, y(t, x)) :=
∫ x

x
y(t, x) dx.

Now we want to investigate the question how this cell population is susceptible
to perturbations relating to these parameters. For generalization, we consider
the sensitivity of the output function hl relating to a placeholder γ as parameter.
The output function for fixed µ ∈ D and u ∈ Uad is given by

η(t, u, µ) := hl(t, y(t, x;u, µ)) =
∫ x

x
y(t, x;u, µ) dx.

To get the sensitivity of first order, we have to compute the derivative of η with
respect to γ. We receive

∂

∂γ
η(t, u, µ) = ∂

∂γ

(∫ x

x
y(t, x;u, µ) dx

)
=
∫ x

x

∂

∂γ
y(t, x;u, µ)︸ ︷︷ ︸
=yγ(t,x)

dx,

respectively for the sensitivity of second order relating to γ and γ′

∂2

∂γ∂γ′
η(t, u, µ) = ∂2

∂γ∂γ′

(∫ x

x
y(t, x;u, µ) dx

)
=
∫ x

x

∂2

∂γ∂γ′
y(t, x;u, µ)︸ ︷︷ ︸

=yγ,γ′ (t,x)

dx

etc.. The integral and the derivative operator can be permuted if the function
y is a sufficiently smooth function (see [De], Chapter 8.6). Thus we obtain the
sensitivities of the total cell population by the sensitivities of the function y.

2.4.2 Quadratic functional
An example for a quadratic functional is the cost functional which is given by

hq(y(t, x), yd(t)) = ν

2

∫ T

0

(∫ x

x
y(t, x) dx− yd(t)

)2

dt, ν =
(∫ T

0
yd(t)2 dt

)−1

,

and where y(t, x) describes the state solution on Q and yd(t) describes the desired
time-dependent total cell population with t ∈ [0, T ]. Let (u, µ) ∈ Uad×D be fixed
than we write the output function with

J(u, µ) := hq(y(t, x;u, µ), yd(t)) = ν

2

∫ T

0

(∫ x

x
y(t, x;u, µ) dx− yd(t)

)2

dt.

The sensitivity of first order of J relating to a parameter γ is given by

∂

∂γ
J(u, µ) = ν

∫ T

0

((∫ x

x
y(t, x;u, µ) dx− yd(t)

)∫ x

x
yγ(t, x;u, µ) dx

)
dt,

provided that y is sufficiently smooth (see [De], Chapter 8.6).
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3 The finite differences method

In this chapter the finite difference method is presented which is used to solve the
state system (2.3). A detailed explanation is found in [Be], Chapter 4. Here, only
a short summary is presented. The main part of this chapter is the modification
of this method for solving the sensitivity equations.

3.1 Solution of the state system
The following method for solving the state system is based on discretization with
finite differences. For this, we reshape the state system (2.3) by discretization in
the space x to an ordinary differential equation and after this by discretization in
the time t by the θ-method to an explicit (θ = 0), implicit (θ = 1) or to a mixed
(θ ∈ (0, 1)) system. The solution of the system is an approximate solution for y
in Q.

We start on the domain [0, T ] × [x, x] and define a grid. We choose ∆x > 0,
∆t > 0 as step sizes. Let Nx, K ∈ N and define the grid points by xi = x + i∆x
for i = 0, . . . , Nx and tk = k∆t for k = 0, . . . , K. We receive the grid points
x = x0 < x1 < . . . < xNx = x and 0 = t0 < t1 < . . . < tK = T . In the following
we denote by

yki ≈ y(tk, xi) for i = 0, . . . , Nx and k = 0, . . . , K

an approximation of the exact solution y(tk, xi) with tk ∈ [0, T ] and xi ∈ [x, x].

For the boundary and initial conditions follows

yk0 = g (k = 0, . . . , K), y0
i = y0(xi) (i = 0, . . . , Nx).

Now the idea is to replace the partial derivatives by finite differences. Here, it is
important that we choose good quotients for the derivatives. In Figure 3.1 is a
pattern of the grid. The red lines are the boundary and initial conditions. The
hyperbolic partial differential equation describes a wave from left to right. There-
fore the numeric method has to present this situation and hence the information
flow goes from left to right. There exists a numerical forward flow.
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3 The finite differences method

Figure 3.1: Grid for the finite difference method applied on the state system. The
flow goes from the left side to right and from bottom to top.

We use either a forward or backward difference quotient for the time t and for
the space x. There are four options which are shown in Figure 3.2.

Figure 3.2: Difference stars for the finite difference method. The middle grid
point is (tk, xi). The neighbour points left (tk, xi−1), right (tk, xi+1),
top (tk+1, xi) and down (tk−1, xi). The arrows starting from the grid
points of the old time step and go to the points with new time step.

To receive a forward flow, we have to source the information from the desired
direction. Thus from right.

Option a) is the forward-time backward-space scheme. The arrows go up and
right. This provides a forward flow and therefore the scheme can be accepted.
Option b) is the backward-time backward-space scheme and c) the forward-time
forward-space scheme. In both difference stars the arrows go to the left side. The
schemes generate a backward flow and we can not use them. The last option
d) describes the backward-time forward-space scheme. The arrows go up and
right. Again the result is a forward flow. Hence, we have two possibilities for
the choice of the finite differences. In the following step the last scheme d) is used.

Discretization with respect to maturity x

The forward difference quotient in direction x on (t, xi) gives an approximation
for the first derivative of the function y with respect to x at these points. This
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3.1 Solution of the state system

quotient is given by

∂

∂x
y(t, xi) = y(t, xi+1)− y(t, xi)

∆x +O(∆x) t ∈ (0, T ), i = 0, . . . , Nx − 1

(see [Ar], Chapter 10.4). Inserted into the state system (2.3) a system of ordinary
differential equations is obtained:

∂
∂t
y(t, xi) + y(t,xi+1)−y(t,xi)

∆x ≈ (β − α(t, u;µ))y(t, xi), t ∈ (0, T ),
i = 0, . . . , Nx − 1

y(t, x0) = g, t ∈ (0, T )
y(t0, xi) = y0(xi), i = 0, . . . , Nx

(3.1)

Discretization with respect to time t

The backward difference quotient in direction t on (tk, xi) gives an approxima-
tion for the first derivative of the function y with respect to t on this point. The
quotient is given by

∂

∂t
y(tk, xi) = y(tk, xi)− y(tk−1, xi)

∆t +O(∆t) ≈ yki − yk−1
i

∆t , k = 1, . . . , K

(see in [Ar], Chapter 10.4). In the state system (2.3) we also have the time-
dependent function α(t, u;µ). The function α, evaluated at the grid points is
given by

αk(u;µ) := α(tk, u;µ), k = 0, . . . , K.

Furthermore, let θ ∈ [0, 1]. By replacing the derivative of y with respect to t with
the difference quotient and α(tk, u;µ) with αk(u, µ) and applying the θ-method
in the point (tk+1, xi−1) on system (3.1) we obtain the difference equation

yk+1
i−1 − yki−1

∆t =
(
θ

(
−y

k+1
i − yk+1

i−1
∆x + (β − αk+1(u;µ))yk+1

i−1

)

+ (1− θ)
(
−
yki − yki−1

∆x + (β − αk(u;µ))yki−1

))
(3.2)

for i = 1, . . . , Nx and k = 0, . . . , K − 1. For θ = 0 we have the explicit Euler
method, and for θ = 1 the implicit Euler. If we consider the difference stars from
Figure 3.2 and the equation (3.2), we see for θ = 1 we have the difference star d)
and for θ = 0 is present the difference star c). According to the previous thoughts
we need to choose θ 6= 0.
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3 The finite differences method

By resorting (3.2) we receive:

(
1−∆tθ(β − αk+1(u;µ))

)
yk+1
i−1 + ∆t

∆xθ
(
yk+1
i − yk+1

i−1

)
=
(
1 + ∆t(1− θ)(β − αk(u;µ))

)
yki−1 + (1− θ) ∆t

∆x
(
yki−1 − yki

)
(3.3)

The next aim is to get an equation with vectors and not only for individual
points. The vectors depend on k and each component of these vectors contain
the approximative solution for any i, i = 1, . . . , Nx. Hence, we want to have
that yki is the component in the k th vector on the position i. Therefore, let for
k = 1, . . . , K the vector yk ∈ RNx be defined by yk := (yk1 , . . . , ykNx)T . Further,
let BNx denote the matrix by

BNx =


0
1 . . .

. . . . . .
1 0

 ∈ RNx×Nx . (3.4)

By incorporating the boundary conditions yk0 = g in (3.3), we get a shift with
(yk0 , . . . , ykNx−1)T = BNxy

k + g e1, where e1 ∈ RNx denotes the first unit vector.
The component ykNx has been eliminated. Thus, the equation can be formulated
simultaneously for all points in space for every k = 1, . . . , K with:

(
1−∆tθ(β − αk+1(u;µ))

)
(BNxyk+1 + g e1) + ∆t

∆xθ
(
yk+1 −BNxyk+1 − g e1

)
=
(
1 + ∆t(1− θ)(β − αk(u;µ))

)
(BNxyk + g e1) + (1− θ) ∆t

∆x
(
BNxy

k + g e1 − yk
)

The result is that we can compute yk+1 by yk. As initial condition we use the
start vector

y0 = (y0(x1), . . . , y0(xNx))T =: η0. (3.5)

It follows an inhomogeneous system of linear equations:

LkI (u, µ)yk+1 = LkE(u, µ)yk + ∆tzk(u, µ) k = 0, . . . , K − 1
y0 = η0

(3.6)

with the operators LkI ,LkE and the vector zk given by

LkI (u, µ) =
(

1−∆tθ
(

(β − αk+1(u;µ) + 1
∆x

))
BNx + θ

∆t
∆x ∈ RNx×Nx ,

LkE(u, µ) =
(

1 + ∆t(1− θ)
(

(β − αk(u;µ) + 1
∆x

))
BNx−(1−θ) ∆t

∆x ∈ RNx×Nx ,

zk(u, µ) =
( 1

∆x + (1− θ)(β − αk(u, µ)) + θ(β − αk+1(u;µ))
)
ge1 ∈ RNx .
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3.2 Solution of a sensitivity equation of first order

This system is called the finite differences state system. The solution of (3.6)
on Q = (0, T )× (x, x) is given by

yNx(u, µ) ∈ RNx×K

and is called finite difference solution for the parameters u ∈ Uad and µ ∈ D. It
is an approximate solution for the state system (2.3) with an error of O(∆x+∆t).

3.2 Solution of a sensitivity equation of first order

The sensitivity equation of first order of y relating to a parameter γ as a place-
holder for the parameters µ1, µ2, µ3 or u1, . . . , um is given by the system (2.4). In
this system yγ(u, µ) denotes the first sensitivity of y relating to γ and y(t, x;u, µ)
the solution of the state system (2.3). In this chapter we will derive the solution
of the sensitivity equation for parameters (u, µ) ∈ Uad × D. If we compute the
solution, we also have to employ the fixed parameters (u, µ) ∈ Uad ×D.

The difference of (2.4) compared to the state system (2.3) is the inhomogeneous
part of the sensitivity equation. Let

f(t, x, u, µ) := − ∂

∂γ
α(t, u, µ) y(t, x;u, µ)

be denote this part. In this work, sometimes fγ is written for the inhomogeneous
part, if is not clear that f belongs to the sensitivity equation of first order relating
to the parameter γ.
The first step for solving the sensitivity equation is to compute the finite difference
solution yNx(u, µ) on the grid

G := {(tk, xi) ∈ [0, T ]× [x, x] | tk = k∆t, xi = x+ i∆x
for k = 0, . . . , K and i = 0, . . . , Nx}

with K,Nx ∈ N. ∆t > 0 and ∆x > 0 as step sizes.
On the same grid (2.4) is also solved. The state solution is a matrix in RNx×K ,
because it is only an approximate solution on G. Therefore the function f is con-
sidered only on the grid points. We receive fki ≈ f(tk, xi;u, µ) for i = 1, . . . , Nx

and k = 1, . . . , K respectively fk := (fk1 , . . . , fkNx)T .

For reasons of clarity, we denote in this chapter the first sensitivity by y instead
of yγ. Furthermore yki ≈ ∂

∂γ
y(tk, xi;u, µ) is the approximation of the first sensi-

tivity relating to γ. We also use a backward-time forward space scheme for the
discretization. The procedure of the discretization of the maturity attribute x is
carried out equivalently to the one used for the state system. The procedure of
the discretization of the time t is changed by the inhomogeneity f . The θ-method
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3 The finite differences method

on (tk+1, xi−1) results in

yk+1
i−1 − yki−1

∆t =
(
θ

(
−y

k+1
i − yk+1

i−1
∆x + (β − αk+1(u;µ))yk+1

i−1 + fk+1
i−1

)

+ (1− θ)
(
−
yki − yki−1

∆x + (β − αk(u;µ))yki−1 + fki−1

))
.

The boundary and initial condition provide yk0 = 0 for k = 0, . . . , K and y0
i = 0

for i = 0, . . . , Nx. Now the procedure is just as for the state system. We receive
the vectors (yk0, . . . , ykNx−1)T := BNxy

k, where yk = (yk1, . . . ykNx)T and the matrix
BNx was given in (3.4). Finally:

(
1−∆tθ(β − αk+1(u;µ))

)
(BNxy

k+1) + ∆t
∆xθ

(
yk+1 −BNxy

k+1
)

=
(
1 + ∆t(1− θ)(β − αk(u, µ))

)
(BNxy

k)

+ (1− θ) ∆t
∆x

(
BNxy

k − yk
)

+ ∆t
(
θfk+1 + (1− θ)fk

)
The resulting system is given by

LkI (u, µ)yk+1(u, µ) = LkE(u, µ)yk(u, µ) + ∆tzk(u, µ), k = 0, . . . , K − 1
y0 = (0, . . . , 0)T ∈ RNx ,

(3.7)
where the operators LkI ,L

k

E respectively the vector zk are

LkI (u, µ) =
(

1−∆tθ
(

(β − αk+1(u;µ) + 1
∆x

))
BNx + θ

∆t
∆x ∈ RNx×Nx ,

LkE(u, µ) =
(

1 + ∆t(1− θ)
(

(β − αk(u;µ) + 1
∆x

))
BNx−(1−θ) ∆t

∆x ∈ RNx×Nx ,

zk(u, µ) = θfk+1 + (1− θ)fk ∈ RNx .

This system is called finite difference first sensitivity system - γ, in short
FDFSS-γ and the solution

yNxγ(u, µ) ∈ RNx×K

is the sensitivity of first order relating to γ and is called finite difference sen-
sitivity of first order relating to γ, in short FDFS-γ.

Remark the operators LkI and LkE have not changed by the inhomogeneous part
in the system. Thus we have LkI = LkI and LkE = LkE.
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4 The reduced basis method

This chapter gives an overview of a further method for solving problem (2.3).
Afterwards we modify the method for solving the sensitivity equations relating
to the parameters µi with i ∈ {1, 2, 3} and ui with i ∈ {1, . . . ,m}. A more
detailed description of the RB-method is given in [Be], Chapter 5.
The idea of the reduced basis (RB) method is based on the problem that the
finite difference solutions

(
ykNx(tk, x0;u, µ), . . . , ykNx(tk, xNx ;u, µ)

)T
∈ R(Nx+1) at

time tk with k ∈ {0, . . . , K} need extremely high computing time if Nx is very
large. Therefore we search a solution in a space with a smaller dimension RH ,
H � Nx. This space is called RB space. The result is a reduced computation
time. This procedure is also called model reduction. For clarity let N = Nx

and by ykN(u, µ) =
(
ykN(tk, x1;u, µ), . . . , ykN(tk, xN ;u, µ)

)T
∈ RN we mean the

N -dimensional finite difference solution for time tk. The method presented in
this chapter gives the solution ykH(u, µ) ∈ RN at time tk. This solution is called
reduced solution.

4.1 Solution of the state system

The solution ykN(u, µ) ∈ RN was computed explicitly in Chapter 3 by

LkI (u, µ)yk+1
N (u, µ) = LkE(u, µ)ykN(u, µ) + ∆tzk(u, µ) for k = 0, . . . , K − 1,
y0
N(u, µ) = η0. (4.1)

The operators were defined by

LkI (u, µ) =
(

1−∆tθ
(

(β − αk+1(u;µ)) + 1
∆x

))
BN + θ

∆t
∆x, (4.2)

LkE(u, µ) =
(

1 + ∆t(1− θ)
(

(β − αk(u;µ))− 1
∆x

))
BN − (1− θ) ∆t

∆x, (4.3)

zk(u, µ) =
( 1

∆x + (1− θ)(β − αk(u;µ)) + θ(β − αk+1(u;µ))
)
ge1, (4.4)

where e1 ∈ RN is the first unit vector.
Let H ∈ N, H � N and ΦH = {φ1, . . . , φH} ∈ RN×H be an orthonormal basis
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4 The reduced basis method

of RH , where φj ∈ RN for j = 1, . . . , H. We call this basis reduced basis. The
requested reduced solution can be computed by a linear combination relating to
this reduced basis

ykH(u, µ) =
H∑
j=1

akj (u, µ)φj (4.5)

with k = 0, . . . , K and (u, µ) ∈ Uad × D, where akj (u, µ) ∈ R for j = 1, . . . , H.
However, the requested values akj (u, µ) can be obtained from the Galerkin method.
For this we need an inner product, which can be applied to (4.1).

RH is a Hilbert space. A possible and obvious inner product is

(x, y) := xTWy with W := diag
(

∆x
2 ,∆x, . . . ,∆x, ∆x

2

)
∈ RN×N (4.6)

for x, y ∈ RN and ∆x > 0. The matrix W is positive definite and symmetric.
Thus, (·, ·) is a positive definite, symmetric bilinear form.
The inner product (·, ·) was derived from by the L2 inner product. For f, g ∈
C0(Ω,R) we have

〈f, g〉L2 =
∫ x

x
f(x)g(x) dx.

In this chapter, the present functions (for example ykH(u, µ) or φj) to which the
scalar product is applied, are only approximations of functions. Only the values
on the grid points xi = x + i∆x with i = 0, . . . , N are known. Therefore the
integral will be computed only approximately. The trapezoidal rule yields such
an approximation. We receive

∫ x

x
f(x)g(x) dx ≈ ∆x

2 f(x)g(x) + ∆x
N−1∑
i=1

f(xi)g(xi) + ∆x
2 f(x)g(x).

Let fa, ga ∈ RN be two vectors, which contain the values of f and g at the grid
points componentwise, this means fa = (f(x), f(x1), . . . , f(xN−1), f(x)) and
ga = (g(x), g(x1), . . . , g(xN−1), g(x)). We obtain

∆x
2 f(x)g(x) + ∆x

N−1∑
i=1

f(xi)g(xi) + ∆x
2 f(x)g(x) = fTa Wga

and hence the inner product (4.6).

The next step is to replace the vector ykN(u, µ) in (4.1) by ykH(u, µ). Now with the
Galerkin method, this problem can be projected onto RH . For this we multiply
the system (4.1) with each reduced basis vector separately by the application of
the inner product (4.6). We receive a system of equations:(

LkI (u, µ)yk+1
H (u, µ), φj

)
=
(
LkE(u, µ)ykH(u, µ) + ∆tzk(u, µ), φj

)
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4.1 Solution of the state system

for k = 0, . . . , K − 1 and j = 1, . . . , H and(
y0
H(u, µ), φj

)
=
(
η0, φj

)
for j = 1, . . . , H. The reduced solution is given by the representation (4.5).
Therefore the vector ak we can position before the inner product. For simplifica-
tion let [

LkI/E(u, µ)
]
jl

=
(
LkI/E(u, µ)φl, φj

)
, for j, l = 1, . . . , H

bkj (u, µ) =
(
zk(u, µ), φj

)
, for j = 1, . . . , H

ζ0
j = (η0, φj) , for j = 1, . . . , H.

We obtain the reduced system

LkI (u, µ)ak+1(u, µ) = LkE(u, µ)ak(u, µ) + ∆tbk(u, µ) for k = 0, . . . , K − 1
a0(u, µ) = ζ0

(4.7)
and we call (4.7) the reduced state system.

4.1.1 Efficient computation of the reduced solution

For the efficient computation of the reduced state system (4.7) we have to consider
the computation from the beginning. The operators (4.2), (4.3) and the vectors
(4.4) can be represented for all k = 0, . . . , K − 1, u ∈ Uad and µ ∈ D as sums
of operators P1

I/E,P2
I/E ∈ L(RN) respectively as a vector ρ ∈ RN . The time-,

control- and parameter-dependent part can be described by coefficient functions
σqI/E/z : [0, T ]× Uad ×D → R, q ∈ {1, 2}. Consider:

LkI (u, µ) =
(

1−∆tθ
(

(β − αk+1(u;µ)) + 1
∆x

))
︸ ︷︷ ︸

=σ1
I (tk,u,µ)

BN︸︷︷︸
=P1

I

+ θ
∆t
∆x︸ ︷︷ ︸

=σ2
I (tk,u,µ)

IN︸︷︷︸
=P2

I

=
2∑
q=1

σqI(tk, u, µ)PqI

LkE(u, µ) =
(

1 + ∆t(1− θ)
(

(β − αk(u;µ))− 1
∆x

))
︸ ︷︷ ︸

=σ1
E(tk,u,µ)

BN︸︷︷︸
=P1

E

−(1− θ) ∆t
∆x︸ ︷︷ ︸

=σ2
E(tk,u,µ)

IN︸︷︷︸
=P2

E

=
2∑
q=1

σqE(tk, u, µ)PqE
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4 The reduced basis method

The matrix IN denotes the unit matrix of dimension N ×N . Further:

zk(u, µ) =
( 1

∆x + (1− θ)(β − αk(u;µ))− θ(β − αk+1(u;µ))
)

︸ ︷︷ ︸
=σ1

z(tk,u,µ)

ge1︸︷︷︸
=ρ1

=
1∑
q=1

σqz(tk, u, µ)ρq

For efficient computation of the matrices LkI/E and the vectors bk, we remark that
during the Galerkin method only the time-, control- and parameter-independent
parts have to be multiplied with the basis vector inside the inner product because
it is bilinear and therefore we can position the other parts in front of the inner
product (the other parts are only coefficients in R). With this approach we have

LkI/E(u, µ) =
2∑
q=1

σqI/E(tk, u, µ)P q
I/E , bkj (u, µ) =

1∑
q=1

σqz(tk, u, µ)pq,

where [
P q
I/E

]
jl

=
(
PqI/Eφl, φj

)
, for j, l = 1, . . . , H

pqj = (ρq, φj) , for j = 1, . . . , H.

If we set ΦH = [φ1, . . . , φH ] ∈ RN×H as matrix, so can be further simplified with

P q
I/E = ΦT

HWP
q
I/EΦH , pq = ΦT

HWρq.

Now through this representation it is possible to consider P q
I/E and p1 indepen-

dently on k. For solving the state system for all k only a single computation
of P q

I/E and p1 is necessary and for the computation of the operators LkI/E and
vectors bk we need only the sums above.

4.1.2 Error analysis of the solutions computed by finite
difference method and reduced basis method

In this chapter we want to know, how well the RB-method competes with the
finite difference method. The error of the state solutions for the different methods
is given by

ekH(u, µ) := ykH(u, µ)− ykN(u, µ) ∈ RN

with k = 0, . . . , K. For large K and N the computing time will be high, if the
reduced solution and the finite difference solution will be calculated for each er-
ror ekH(u, µ). Therefore we try to find a posteriori error estimator ∆k

H(u, µ) > 0
which does not require the computation of the finite difference solution. Further-
more, we should have || ekH(u, µ) ||RN≤ ∆k

H(u, µ). The next theorem (which is
displayed with proof in [Be], Chapter 5 or in [Ha], Proposition 4.2) introduces
such an estimator:
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4.1 Solution of the state system

Theorem

Let (u, µ) ∈ Uad×D be a given control-parameter pair. Furthermore, let
the operators in (4.1) be uniformly bounded in time, meaning that there
are constants CI(u, µ), CE(u, µ) > 0 such that∣∣∣∣∣∣∣∣(LkI (u, µ)

)−1
∣∣∣∣∣∣∣∣
L(RN )

≤ CI(u, µ),
∣∣∣∣∣∣LkE(u, µ)

∣∣∣∣∣∣
L(RN )

≤ CE(u, µ)

for k = 0, . . . , K. We define the residual Rk+1
H (u, µ) ∈ RN for k =

0, . . . , K − 1 by

Rk+1
H (u, µ) := L

k
I (u, µ)yk+1

H (u, µ)− LkE(u, µ)ykH(u, µ)
∆t − zk(u, µ).

If the RB space satisfies the initial condition η0 ∈ RN , then a rigorous
error estimate as mentioned above is given by the following canonical
estimator

∆k
H(u, µ) = ∆t

k−1∑
j=0

CE(u, µ)k−1−jCk−j
I (u, µ)

∣∣∣∣∣∣Rj+1
H u, µ)

∣∣∣∣∣∣
RN
. (4.8)

This estimator meets all requirements and thus we have an upper bound for
the error. However, a disadvantage is the dependence on an estimator of the
operator bounds CI/E(u, µ). If CI(u, µ) > 1 or CE(u, µ) > 1, the estimator
could be very big for a large k. For the first few summands (large k, small j) the
product CE(u, µ)k−1−jCk−j

I (u, µ) and therefore the total sum could get very large.
Thus the estimator is an upper bound for the error but possibly without helpful
information about the true error if it is too far away from the true error. In [Be],
Chapter 6.1.4 and Chapter 6.2.1 the operator bounds are analyzed. In the case
of CI/E ≤ 1 or CI/E ≈ 1 we obtain the so called modified error estimator by

∆̃k
H(u, µ) = ∆t

k−1∑
j=0

∣∣∣∣∣∣Rj+1
H (u, µ)

∣∣∣∣∣∣
RN
. (4.9)

With this upper bound we can judge the quality of the reduced solution compared
to the finite difference solution. To define and compute

∣∣∣∣∣∣Rj+1
H (u, µ)

∣∣∣∣∣∣ efficiently
see a possible representation of the residual, in [Be], Chapter 5.1.3.

The calculation of the reduced basis, which will be used for the computation
of the reduced solution, is another application of the error estimator. This pro-
cedure will be presented in the next section.
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4 The reduced basis method

4.1.3 Basis generation for the state solution

For the computation of the reduced solution we need a reduced orthonormal basis
ΦH = [φ1, . . . , φH ] ∈ RN×H with H ≤ N respectively in the best case H � N .
For the generation of the reduced basis we use the so called greedy algorithm.
The following explanations for the basis generation base on [Be], Chapter 5.2.
We start with an initial basis ΦH0 ⊂ RN×H0 with the length H0 < N . Iteratively
we add more new basis vectors and orthonormalize them against the previous
ones by the Gram-Schmidt-method. The algorithm stops, if a maximal number
of basis vectors or a given tolerance bound is reached. This bound is relating
to the error between the finite difference solution and the reduced solution with
current basis vectors. If the termination condition is not jet satisfied, we add
more vectors to the reduced basis. The reduced solution is computed not only
for a fixed pair (u, µ) ∈ Uad × D but for a subset of the control parameter do-
main, Utrain × Dtrain ⊂ Uad × D. Thus for each pair (u, µ) ∈ Utrain × Dtrain
the reduced solution and also the error between the reduced and finite difference
solution have to be computed. If the maximal error of all reduced solutions is
lower than the tolerance bound, we can accept the basis. Otherwise we compute
the finite difference solution for the control-parameter tuple (u∗, µ∗) which yields
the maximal error. With this solution we will generate new basis vectors. Note
that we computed the reduced basis with the current length H in two phases, the
time-consuming offline phase and the online phase. First of all, the offline phase
is performed only once whereas the online phase is performed afterwards for each
parameter pair. The following pseudo code (see [Be], Chapter 5.2) describes the
procedure:

Algorithm 1: Greedy Search for the generation of an RB space
1: Establish the space Utrain ×Dtrain.
2: Compute an initial basis ΦH0 of length H0.
3: Set H := H0 as well as ΦH := ΦH0 .
4: Compute all offline values for ΦH .
5: for all (u, µ) ∈ Utrain ×Dtrain do
6: Compute all online values for ΦH at (u, µ).
7: Compute the reduced solution {ykH(u, µ)}Kk=0.
8: Compute the error estimator ∆k

H(u, µ) for k = 0, . . . , K.
9: end for

10: Choose a pair (u∗, µ∗) ∈ Utrain ×Dtrain which ’maximizes’ the error esti-
mator trajectory {∆k

H(u, µ)}Kk=0.
11: Compute the finite difference solution {ykN(u∗, µ∗)}Kk=0 for this pair.
12: Use the finite difference solution above to generate new basis elements

φH+1, . . . , φH+l ∈ RN .
13: Set Φ̃H+l := ΦH ∪ {φH+1, . . . , φH+l} and obtain the new basis by using

the Gram-Schmidt process on Φ̃H+l to get an orthonormal system ΦH+l.
14: Set H := H + l and repeat the steps 3-13 until a termination condition

is satisfied.
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4.1 Solution of the state system

Three questions are still open. First, how to choose the initial basis ΦH0 (line 2).
Second, how to identify the ’worst’ control parameter pair (line 10) and third,
how to use the finite difference solution to generate new basis vectors (line 12).
For the initial basis ΦH0 we use the normalized initial condition η0 from (3.5).
Thus, the first basis vector is given by normalized of (y0(x1), . . . , y0(xN)) ∈ RN .
The choice of the pair (u∗, µ∗) ∈ Utrain × Dtrain, which yields the biggest error
between the finite differences and reduced solution, we get by:

∆k∗

H (u∗, µ∗) = max
(u,µ)∈Utrain×Dtrain

∆k∗

H (u, µ)

The error estimator (4.8) is a sum of nonnegative summands. The number of
summands depends on k ∈ {0, . . . , K} and so it is clear that the larger k, the
greater the sum. Thus we choose k∗ = K. For more information see [Be], Chapter
5.2.1.
In line 12 of algorithm 1 we generate new basis vectors φH+1, . . . , φH+l ∈ RN with
the computed finite difference solution {ykN(u∗, µ∗)}Kk=0 from line 11. In line 13
we add them to the current orthonormal basis and orthonormalize them, so we
get a larger basis ΦH+l. Shortly, we want to present two method for computing
the new basis vectors (see [Be], Chapter 5.2.2):

• The Single-Time strategy (ST)

For this strategy we search the single time index k∗ ∈ {0, . . . , K} with
the property that yk∗N (u∗, µ∗) is the solution which is incorporated the worst
in the current basis ΦH . This solution is called worst-error snapshot. A
new basis vector is then defined by φH+1 := yk

∗
N (u∗, µ∗). The time index is

given by
k∗ := arg max

k=1,...,K

(
∆k
H(u∗, µ∗)−∆k−1

H (u∗, µ∗)
)
.

• The POD strategy (PODq)

The advantage of the POD strategy (Proper Orthogonal Decomposition)
is that we can generate several basis vectors in one step. We add these
vectors to the current basis ΦH . The procedure is as follows. We define a
snapshot matrix

Y := [y0
N(u∗, µ∗), . . . , yKN (u∗, µ∗)] ∈ RN×(K+1).

For simplicity, we write Φ for the current basis ΦH . The orthogonal com-
ponent matrix is given by

Y⊥ := [y0
⊥, . . . , y

K
⊥ ] := (I − ΦΦTW )Y,

where W ∈ RN×N is a positive definite weight matrix, which was defined
by (4.6). This matrix defines an inner product. Vectors φ1, . . . , φl ∈ RN
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4 The reduced basis method

are searched, which solve the minimization problem

min
φ1,...,φl∈RN

K∑
k=0

αk

∣∣∣∣∣
∣∣∣∣∣yk⊥ −

l∑
i=1

(yk⊥, φi)φi
∣∣∣∣∣
∣∣∣∣∣
2

W︸ ︷︷ ︸
=:errorl

s.t. (φi, φj) = δij
for i, j = 1, . . . , l (4.10)

with α0 = αK = ∆t
2 , αk = ∆t for k = 1, . . . , K − 1. We receive the solution

by eigenvalue decomposition (see [Be], Chapter 2.3.3).
Let D := diag (α0, . . . , αk) ∈ R(K+1)×(K+1).

There exists two cases:

– K > N :
1. We compute the matrix

W
1
2Y⊥DY

T
⊥W

1
2 ∈ RN×N

and its orthonormalized eigenvectors v1, . . . , vl ∈ RN to the l largest
eigenvalues.

2. The new vectors are defined by φH+i := φi := W− 1
2vi for

i = 1, . . . , l.

– K < N :
1. Compute the matrix

D
1
2Y T
⊥WY⊥D

1
2 ∈ R(K+1)×(K+1)

and its orthonormalized eigenvectors u1, . . . , ul ∈ RK+1 to the l largest
eigenvalues λ1, . . . , λl.

2. The new vectors are defined by φH+i := φi := λ
− 1

2
i Y⊥D

1
2ui for

i = 1, . . . , l.

The number l depends on errorl (see (4.10)). In [Be], equation (2.7) it
was shown that the approximation error is equal to the sum of the values
λi = σ2

i , for i = l + 1, . . . , N . We have errorl = ∑N
i=l+1 σ

2
i and for the

quality of this approximation we consider

˜errorl =
(

l∑
i=1

σ2
i

)
/

(
N∑
i=1

σ2
i

)
.

The number l is accepted if ˜errorl ≥ q
100 , where q ∈ (0, 100) is a control

factor, which says, q% of the information from the finite difference solution
is contained in the vectors φH+1, . . . , φH+l. For this reason the method is
called PODq.
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4.2 Solution of a sensitivity equation of first order

4.2 Solution of a sensitivity equation of first order

The RB-method can be used for solving the sensitivity equation (2.4), but we
have to modify the procedure for the computation.
Let γ be a placeholder for a parameter µ1, µ2, µ3 ∈ D or u1, . . . , um ∈ Uad. The
sensitivity equation of first order of y relating to a parameter γ is given by the
system (2.4), where yγ(u, µ) denotes the first sensitivity of y relating to γ and
y(t, x;u, µ) the solution of the state system. In this chapter we will derive the so-
lution of the sensitivity equation for parameters (u, µ) ∈ Uad×D. If we compute
the solution, we also have to employ the fixed parameters (u, µ) ∈ Uad ×D.

We use a grid G (the same as of the FD-method) with the step sizes ∆x, ∆t > 0
and the grid points xi = x+ i∆x and tk = k∆t for i = 0, . . . , N and k = 0, . . . , K,
again.
Compared to the state system, the system (2.4) is different because of the inho-
mogeneous part in the sensitivity equation. Let

f(t, x, u, µ) = − ∂

∂γ
α(t, u, µ) y(t, x;u, µ)

respectively fki ≈ f(tk, xi;u, µ) for k = 1, . . . , K and i = 1, . . . , N . The first
step for solving the sensitivity equation is to calculate the reduced solution
yH(t, x;u, µ) for the same parameter pair (u, µ) ∈ Uad × D which we will use
here. We apply the reduced basis ΦH = {φ1, . . . , φH} with H ∈ N.

The searched first sensitivity can be given by a linear combination of an other
reduced basis Ψ := {ψ1, . . . , ψH̃} ∈ RN×H̃ with H̃ ∈ N. Thus, the sensitivity is
denoted by

ykγH̃(u, µ) =
H̃∑
j=1

ãkj (u, µ)ψj

with k = 0, . . . , K, ãkj (u, µ) ∈ R and (u, µ) ∈ Uad × D. In the following we
call yγH̃(u, µ) reduced sensitivity of first order relating to γ, in short
RFS-γ. We choose (x, y) = xTWy with W = diag

(
∆x
2 ,∆x, . . . ,∆x,

∆x
2

)
as

inner product in RN (see (4.6)). In Chapter 3.2 we saw the system (3.7) for
the explicit calculating of ykγN(u, µ) as solution of the sensitivity equation (2.4),
where ykγN(u, µ) =

(
ykγN(tk, x1;u, µ), . . . , ykγN(tk, xN ;u, µ)

)T
∈ RN denotes the

first sensitivity relating to γ for k ∈ {0, . . . , K}.
As a reminder:

LkI (u, µ)yk+1
γN (u, µ) = LkE(u, µ)ykγN(u, µ) + ∆tzk(u, µ) k = 0, . . . , K − 1

y0
γN(u, µ) = (0, . . . , 0)T ∈ RNx
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4 The reduced basis method

The operators LkI ,L
k

E and the vectors zk are defined by:

LkI (u, µ) =
(

1−∆tθ
(

(β − αk+1(u;µ) + 1
∆x

))
BNx + θ

∆t
∆x

LkE(u, µ) =
(

1 + ∆t(1− θ)
(

(β − αk(u;µ) + 1
∆x

))
BNx − (1− θ) ∆t

∆x
zk(u, µ) = θfk+1 + (1− θ)fk

Next we apply the Galerkin method to this explicit equation with the reduced
basis Ψ = {ψ1, . . . , ψH̃}. Therefore ykγN(u, µ) is replaced by RFS-γ, i.e. by
yk
γH̃

(u, µ) = ∑H̃
j=1 ã

k
j (u, µ)ψj and the system is simplified. We receive

L
k
I (u, µ)ãk+1(u, µ) = L

k
E(u, µ)ãk(u, µ) + ∆tbk(u, µ) for k = 0, . . . , K − 1,

ã0(u, µ) = (0, . . . , 0) ∈ RH̃

(4.11)
with the operators and vectors[

L
k
I/E(u, µ)

]
jl

=
(
LkI/E(u, µ)ψl, ψj

)
, for j, l = 1, . . . , H̃

b
k

j (u, µ) =
(
zk(u, µ), ψj

)
, for j = 1, . . . , H̃

We call the system (4.11) the reduced first sensitivity system - γ, in short
RFSS-γ.

Now we obtain the sensitivities relating to u or µ if we replace the placeholder γ
by a parameter from the sets µ1, µ2, µ3 or u1, . . . , um.

4.2.1 Efficient computation of the first sensitivity

The next step is to find an efficient representation of the operators LkI/E(u, µ) and
of the vector bk.
Analogously to Chapter 4.1.1 we write the operators LkI/E(u, µ) as sums of prod-
ucts of time-, control- and parameter-independent operators and time-, control-
and parameter-dependent coefficient functions. The representation of LkI/E(u, µ)
is the same as before just with another reduced basis. Thus, we use again the
operators P1

I/E,P2
I/E ∈ L(RN) and the time-, control- and parameter-dependent
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4.2 Solution of a sensitivity equation of first order

coefficient functions σqI/E : [0, T ]× Uad ×D → R, q ∈ {1, 2} and obtain:

LkI (u, µ) =
(

1−∆tθ
(

(β − αk+1(u;µ)) + 1
∆x

))
︸ ︷︷ ︸

=σ1
I (tk,u,µ)

BN︸︷︷︸
=P1

I

+ θ
∆t
∆x︸ ︷︷ ︸

=σ2
I (tk,u,µ)

IN︸︷︷︸
=P2

I

=
2∑
q=1

σqI(tk, u, µ)PqI

LkE(u, µ) =
(

1 + ∆t(1− θ)
(

(β − αk(u;µ))− 1
∆x

))
︸ ︷︷ ︸

=σ1
E(tk,u,µ)

BN︸︷︷︸
=P1

E

−(1− θ) ∆t
∆x︸ ︷︷ ︸

=σ2
E(tk,u,µ)

IN︸︷︷︸
=P2

E

=
2∑
q=1

σqE(tk, u, µ)PqE

For an efficient application of the inner product with the basis ΨH̃ we obtain

L
k

I/E(u, µ) =
2∑
q=1

σqI/E(tk, u, µ)P q

I/E with P
q

I/E := ΨT
H̃WP

q
I/EΨH̃ .

For the vector bk(u, µ) we still have to find a good representation. Let fk(u, µ) :=
(f(tk, x1;u, µ), . . . , f(tk, xN ;u, µ)) for k = 0, . . . , K − 1. We have:

zk(u, µ) = θfk+1 + (1− θ)fk

= θ

(
− ∂

∂γ
α(tk+1, u;µ) yk+1

H (u, µ)
)

+(1− θ)
(
− ∂

∂γ
α(tk, u;µ) ykH(u, µ)

)

If we write the reduced solution as linear combination ykH(u, µ) = ∑H
h=1 a

k
h(u, µ)φh

with ΦH = [φ1, . . . , φH ] we get

zk(u, µ) = θ

− ∂

∂γ
α(tk+1, u;µ)

H∑
j=1

ak+1
j (u, µ)φj


+(1− θ)

− ∂

∂γ
α(tk, u;µ)

H∑
j=1

akj (u, µ)φj
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In the application of the inner product on zk(u, µ) with the basis ΨH̃ we get for
l = 1, . . . , H̃:

b
k

l (u, µ) =
(
zk(u, µ), ψl

)
= θ

− ∂

∂γ
α(tk+1, u;µ)

H∑
j=1

ak+1
j (u, µ)φj, ψl


+(1− θ)

− ∂

∂γ
α(tk, u;µ)

H∑
j=1

akj (u, µ)φj, ψl



= −θ ∂
∂γ
α(tk+1, u;µ)

H∑
j=1

ak+1
j (u, µ) (φj, ψl)

−(1− θ) ∂
∂γ
α(tk, u;µ)

H∑
j=1

akj (u, µ) (φj, ψl)

Overall:

b
k(u, µ) = −θ ∂

∂γ
α(tk+1, u;µ)

(
ak+1(u, µ)T ΦT

HWΨH̃

)T
−(1− θ) ∂

∂γ
α(tk, u;µ)

(
ak(u, µ)T ΦT

HWΨH̃

)T

= −θ ∂
∂γ
α(tk+1, u;µ)︸ ︷︷ ︸

=σ11
z

(tk+1,u,µ)

ΨT
H̃W

TΦH︸ ︷︷ ︸
=p

ak+1(u, µ)︸ ︷︷ ︸
=σ12

z
(tk+1,u,µ)

−(1− θ) ∂
∂γ
α(tk, u;µ)︸ ︷︷ ︸

=σ21
z

(tk,u,µ)

ΨT
H̃W

TΦH︸ ︷︷ ︸
=p

ak(u, µ)︸ ︷︷ ︸
=σ22

z
(tk,u,µ)

= σ11
z (tk+1, u, µ) p σ12

z (tk+1, u, µ) + σ21
z (tk, u, µ) p σ22

z (tk, u, µ) ∈ RH̃

Now with the representation of the operators LkI/E and the vectors bk an efficient
computation is possible, because we have to compute the time-, control- and
parameter-independent part for all k ∈ {1, . . . , K} only once.

4.2.2 Error analysis of the sensitivities computed by finite
difference method and reduced basis method

Overall we have two methods for solving the sensitivity equation of first order
relating to γ. On the one hand the finite difference method from Chapter 3.2 and
on the other hand the RB-method from the previous chapter. The error of the
solutions relating to the two methods is

ekH̃(u, µ) := ykγH̃(u, µ)− ykγN(u, µ) ∈ RN
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4.2 Solution of a sensitivity equation of first order

for k = 0, . . . , K and (u, µ) ∈ Uad×D. To determination the quality of RFS-γ we
want to find an error estimator Λk

H̃
(u, µ) > 0 provided so that || ekH(u, µ) ||RN≤

Λk
H̃

(u, µ) and we do not have to calculate FDFS-γ. In (4.8) we have deduced a
posteriori error estimator for the solutions of the state system obtained by finite
difference method and reduced basis method. The next theorem describes a pos-
sible a posteriori error estimator for the first sensitivities of first order.
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4 The reduced basis method

Theorem

Let (u, µ) ∈ Uad×D be a given control-parameter pair. Furthermore, let
the operators in (4.2) be uniformly bounded in time, meaning that there
are constants CI(u, µ), CE(u, µ) > 0 such that∣∣∣∣∣∣∣∣(LkI (u, µ)

)−1
∣∣∣∣∣∣∣∣
L(RN )

≤ CI(u, µ),
∣∣∣∣∣∣LkE(u, µ)

∣∣∣∣∣∣
L(RN )

≤ CE(u, µ)

for k = 0, . . . , K. We define the residual Rk+1
H̃ (u, µ) ∈ RN for k =

0, . . . , K − 1 by

R
k+1
H̃ (u, µ) :=

LkI (u, µ)yk+1
γH̃

(u, µ)− LkE(u, µ)yk
γH̃

(u, µ)
∆t − zk(u, µ)

If the RB space satisfies the initial condition y0
γN(u, µ) ∈ RN , then a

rigorous error estimate as mentioned above is given by the following
canonical estimator

Λk
H̃(u, µ) = ∆t

k−1∑
j=0

CE(u, µ)k−1−jC
k−j
I (u, µ)

∣∣∣∣∣∣Rj+1
H̃ (u, µ)

∣∣∣∣∣∣
RN
. (4.12)

Proof:

The proof is based on the procedure of the proof from proposition 4.2 in [Ha].

For a better readability, we write CI(u, µ) and CE(u, µ) without arguments. All
norms are given by || · ||:=|| · ||RN .

LkI (u, µ)ek+1
H̃

(u, µ) = LkI (u, µ)yk+1
H̃

(u, µ)− LkI (u, µ)yk+1
N (u, µ)

= ∆tRk+1
H̃ (u, µ) + LkE(u, µ)ykH̃(u, µ) + ∆tzk

−
(
LkE(u, µ)ykN(u, µ) + ∆tzk

)
= ∆tRk+1

H̃ (u, µ) + LkE(u, µ)ekH̃(u, µ)

⇒ || ek+1
H̃
|| = ||

(
LkI (u, µ)

)−1
||
(
∆t || Rk+1

H̃ (u, µ) || + || LkE(u, µ) |||| ekH̃(u, µ) ||
)

≤ ∆tCI || R
k+1
H̃ (u, µ) || +CICE || ekH̃(u, µ) || (∗)

Assertion:

|| ek+1
H̃
||≤ ∆t

k+1∑
i=1

C
k−i+1
E C

k−i+2
I || Ri

H̃(u, µ) ||
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4.2 Solution of a sensitivity equation of first order

Induction by k:

Base clause: k = 0

It holds || e0
H̃
||=|| y0

H̃
− y0

N ||= 0
Hence we get with (*)

|| e1
H̃ || ≤ ∆tCI || R

1
H̃(u, µ) || +CICE || e0

H̃(u, µ) ||

= ∆tCI || R
1
H̃(u, µ) ||

and further

∆t
1∑
i=1

C
−i+1
E C

−i+2
I || Ri

H̃(u, µ) || = ∆tCI || R
1
H̃(u, µ) ||

≥ || e1
H̃ ||

Induction hypothesis:

|| ekH̃ ||≤ ∆t
k∑
i=1

C
k−i
E C

k−i+1
I || Ri

H̃(u, µ) ||

Induction step: k → k + 1

∆t∑k+1
i=1 C

k−i+1
E C

k−i+2
I || Ri

H̃(u, µ) ||

= ∆t∑k+1
i=1 C

k−i+1
E C

k−i+2
I || Ri

H̃(u, µ) ||

= ∆t∑k
i=1 C

k−i+1
E C

k−i+2
I || Ri

H̃(u, µ) || +∆tC0
EC

1
I || R

k+1
H̃ (u, µ) ||

= CECI∆t
∑k
i=1C

k−i
E C

k−i+1
I || Ri

H̃(u, µ) || +∆tCI || R
k+1
H̃ (u, µ) ||

≥ CECI || ekH̃ || +∆tCI || R
k+1
H̃ (u, µ) || (IHYP)

≥|| ek+1
H̃
|| q.e.d.

Note, this error estimator is defined precisely equal like the error estimator (4.8)
for the reduced and finite difference solution. The reason is, the definitions of
the operators LkI/E(u, µ) and LkI/E(u, µ) are the same and additionally the differ-
ence between zk and zk has no influence on the definition of the a posteriori error
estimator. The proof has been shown here for understand the difference. The dis-
advantage is the same as before in Chapter 4.1.2. If we have CI/E(u, µ) > 1 the es-
timation is not very useful. We suppose CI/E(u, µ) ≤ 1 or at least CI/E(u, µ) ≈ 1
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4 The reduced basis method

and get the simplified error estimator

Λ̃k
H̃(u, µ) = ∆t

k−1∑
j=0

∣∣∣∣∣∣Rj+1
H̃ (u, µ)

∣∣∣∣∣∣
RN

(4.13)

for k = 1, . . . , K.

Efficient computation of the error estimator

In the calculation of a posteriori error estimator or the simplified error estimator
we have to compute

∣∣∣∣∣∣Rk+1
H̃ (u, µ)

∣∣∣∣∣∣
RN

for k = 0, . . . , K − 1 in an efficient way. For
the computation we use the inner product in RN from (4.6). We receive

∣∣∣∣∣∣Rk+1
H̃ (u, µ)

∣∣∣∣∣∣2
RN

=
(
R
k+1
H̃ (u, µ), Rk+1

H̃ (u, µ)
)

= 1
∆t2

(
LkI (u, µ)yk+1

γH̃
(u, µ),LkI (u, µ)yk+1

γH̃
(u, µ)

)
(4.14)

+ 1
∆t2

(
LkE(u, µ)ykγH̃(u, µ),LkE(u, µ)ykγH̃(u, µ)

)
(4.15)

− 2
∆t2

(
LkI (u, µ)yk+1

γH̃
(u, µ),LkE(u, µ)ykγH̃(u, µ)

)
(4.16)

− 2
∆t2

(
LkI (u, µ)yk+1

γH̃
(u, µ), zk(u, µ)

)
(4.17)

+ 2
∆t

(
LkE(u, µ)ykγH̃(u, µ), zk(u, µ)

)
(4.18)

+
(
zk(u, µ), zk(u, µ)

)
(4.19)

The efficient representation of the summands (4.14)-(4.16) is described in [Be],
Chapter 5.1.3. It applies

(
LkI (u, µ)yk+1

γH̃
(u, µ),LkI (u, µ)yk+1

γH̃
(u, µ)

)
= ∑2

qq′=1 σ
q
I(tk, u, µ)σq

′

I (tk, u, µ)
[
ãk+1(u, µ)

]T (
PqIΨH̃ ,P

q′

I ΨH̃

) [
ãk+1(u, µ)

]
(
LkE(u, µ)yk

γH̃
(u, µ),LkE(u, µ)yk

γH̃
(u, µ)

)
= ∑2

qq′=1 σ
q
E(tk, u, µ)σq

′

E (tk, u, µ)
[
ãk(u, µ)

]T (
PqEΨH̃ ,P

q′

EΨH̃

) [
ãk(u, µ)

]
and
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4.2 Solution of a sensitivity equation of first order

(
LkI/E(u, µ)yk+1

γH̃
(u, µ),LkE(u, µ)yk

γH̃
(u, µ)

)
= ∑2

q=1
∑2
q′=1 σ

q
I(tk, u, µ)σq

′

E (tk, u, µ)
[
ãk+1(u, µ)

]T (
PqIΨH̃ ,P

q′

EΨH̃

) [
ãk(u, µ)

]

For the summands (4.17)-(4.19) differs the computation because of the term zk.
In these terms we use the solution ykH(u, µ) for k = 0, . . . , K − 1 of the state
system. We have

ykH(u, µ) =
H∑
j=1

akj (u, µ)φj

with the reduced basis ΦH = [φ1, . . . , φH ] and hence

zk(u, µ) = σ11
z (tk+1, u, µ)yk+1

H (u, µ) + σ21
z (tk, u, µ)ykH(u, µ)

= σ11
z (tk+1, u, µ)

H∑
j=1

ak+1
j (u, µ)φj + σ21

z (tk, u, µ)
H∑
j=1

akj (u, µ)φj

=
H∑
j=1

(
σ11
z (tk+1, u, µ)ak+1

j (u, µ) + σ21
z (tk, u, µ)akj (u, µ)

)
︸ ︷︷ ︸

:=Sj

φj

with S := (S1, . . . , SH)T . For the term (4.17) we receive:

(
LkI (u, µ)yk+1

γH̃
(u, µ), zk(u, µ)

)
=
(∑2

q=1 σ
q
I(tk, u, µ) PqI

∑H̃
l=1 a

k+1
l (u, µ)ψl,

∑H
j=1 Sjφj

)
= ∑2

q=1 σ
q
I(tk, u, µ)∑H̃

l=1 a
k+1
l (u, µ) ∑H

j=1 Sj (PqI ψl, φj)

= ∑2
q=1 σ

q
I(tk, u, µ)

[
ak+1(u, µ)

]T
(PqI ΨH̃ ,ΦH)S

The term (4.18) has almost the same representation like (4.17):(
LkE(u, µ)yk

γH̃
(u, µ), zk(u, µ)

)
= ∑2

q=1 σ
q
E(tk, u, µ)

[
ak(u, µ)

]T
(PqE ΨH̃ ,ΦH)S

For the last summand (4.19) we receive:(
zk(u, µ), zk(u, µ)

)
=
(∑H

j=1 Sjφj,
∑H
j=1 Sjφj

)
= ST (ΦH ,ΦH)S

For more clarity, we define matrices with
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4 The reduced basis method

Kqq′

II ∈ RH̃×H̃ , Kqq′

II =
(
PqIΨH̃ ,P

q′

I ΨH̃

)
Kqq′

EE ∈ RH̃×H̃ , Kqq′

EE =
(
PqEΨH̃ ,P

q′

EΨH̃

)
Kqq′

IE ∈ RH̃×H̃ , Kqq′

IE =
(
PqIΨH̃ ,P

q′

EΨH̃

)
Kq
I/E ∈ RH̃×H , Kq

I/E =
(
PqI/EΨH̃ ,ΦH

)
Kz ∈ RH×H , Kz = (ΦH ,ΦH)

for q, q′ = 1, 2. We receive the representation

∣∣∣∣∣∣Rk+1
H̃ (u, µ)

∣∣∣∣∣∣2
RN

= 1
∆t2

2∑
qq′=1

σqI (tk, u, µ)σq
′

I (tk, u, µ)
[
ãk+1(u, µ)

]T
Kqq′

II

[
ãk+1(u, µ)

]

+ 1
∆t2

2∑
qq′=1

σqE(tk, u, µ)σq
′

E (tk, u, µ)
[
ãk(u, µ)

]T
Kqq′

EE

[
ãk(u, µ)

]

− 2
∆t2

2∑
q=1

2∑
q′=1

σqI (tk, u, µ)σq
′

E (tk, u, µ)
[
ãk+1(u, µ)

]T
Kqq′

IE

[
ãk(u, µ)

]

− 2
∆t2

2∑
q=1

σqI (tk, u, µ)
[
ak+1(u, µ)

]T
Kq
IS

+ 2
∆t =

2∑
q=1

σqE(tk, u, µ)
[
ak(u, µ)

]T
Kq
ES + STKzS

Now the efficient way is to compute these matrices K first before the computation
of the residual for all k = 0, . . . , K − 1. As these matrices are the same for all k
we have to compute them only once.

4.2.3 Basis generation for the first sensitivity
For computation of the first sensitivity with the RB-method, we need a reduced
basis ΨH̃ = {ψ1, . . . , ψH̃} with H̃ ∈ N, H̃ ≤ N . For generation we consider two
different possibilities.

1) ΨH̃ := ΦH with H̃ := H, this means we use the same reduced basis ΦH as we
used in the reduced solution yH(u, µ). The advantage is that we do not have
to compute a basis again and can therefore reduced the computation time.
However, the disadvantage is that perhaps a smaller number of basis vectors
would have been enough or a larger number is needed to ensure a certain
quality. It is unlikely that the basis is as good as if we had calculated an
individual basis for the sensitivity directly. The partial differential equation,
the state system and the sensitivity equation are different, therefore the
basis ΦH is not the best choice.
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4.2 Solution of a sensitivity equation of first order

2) ΨH̃ with H̃ ≤ N is computed by an other greedy algorithm. The advantage
is that the number of basis vectors can be defined separately and computed
individually for each sensitivity. Thus, the error between FDFS and RFS
can be kept to a minimum.

In addition to 2):

The task is to modify the greedy search algorithm of Chapter 4.1.3 for computa-
tion the reduced basis ΨH̃ for yk

γH̃
(u, µ). Overall the algorithm should generate

reduced basis vectors till the error between the reduced sensitivity yH̃(u, µ) with
the reduced basis ΨH = {ψ1, . . . , ψH̃} and the finite difference sensitivity yN(u, µ)
is small as possible or a fixed number of basis vectors was reached. The procedure
for modification is analogous to Chapter 4.1.3. The biggest difference is that we
do not use the error between the state solutions but the error between the finite
difference sensitivity and reduced sensitivity. As error estimator we use the mod-
ified error estimator (4.13).

We start with an initial basis ΨH̃0
⊂ RN×H̃0 of the length H̃0 < N . The other

basis vectors which are to be calculated, should be valid for all (u, µ) from a
subset U train × Dtrain ⊂ Uad × D. Thus, the RFS-γ are computed for all pairs
(u, µ) ∈ U train×Dtrain. Here, it is important to note that for each pair (u, µ) not
only RFS-γ is to be calculated but also yH(u, µ) in order to the inhomogeneous
part f and therefore the sensitivity equation. For this reason we get the inclusion

U train ×Dtrain ⊆ Utrain ×Dtrain ⊆ Uad ×D

For the computation of the a posteriori error estimator Λk
H̃

(u, µ) between RFS-γ
and FDFS-γ we need only RFS-γ (see Chapter 4.2.2). Only for the pair (u∗, µ∗),
which yields the largest error, we calculate FDFS-γ. Here we have to note as well
that we have to compute yN(u∗, µ∗) first, to define the inhomogeneous part of the
sensitivity equation.

If we have FDFS-γ for the pair (u∗, µ∗) we can generate new vectors by the
in Chapter 4.1.3 presented ST strategy or PODq strategy. Now we obtained the
new advanced basis by orthonormalizing the new basis vectors against the old
current basis ΨH̃ .

Algorithm 2 considers the procedure in form of a pseudo code.
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4 The reduced basis method

Algorithm 2: Modified Greedy Search
1: Establish the space U train ×Dtrain.
2: Compute an initial basis ΨH̃0

of length H̃0.
3: Set H̃ := H̃0 as well as ΨH̃ := ΨH̃0

.
4: Compute all offline values for ΨH̃ .
5: for all (u, µ) ∈ U train ×Dtrain do
6: Compute all online values for ΨH̃ at (u, µ).
7: Compute the reduced solution yH(u, µ).
8: Compute the first sensitivity reduced solution {yk

γH̃
(u, µ)}Kk=0.

9: Compute the error estimator Λk
H̃

(u, µ) for k = 0, . . . , K.
10: end for
11: Choose a pair (u∗, µ∗) ∈ U train × Dtrain which ’maximizes’ the error

estimator trajectory {Λk
H(u, µ)}Kk=0.

12: Compute the finite difference solution {ykN(u∗, µ∗)}Kk=0 for this pair.
13: Compute the first sensitivity finite difference solution {ykγN(u, µ)}Kk=0 for

this pair.
14: Use the first sensitivity finite difference solution above to generate new

basis elements ψH̃+1, . . . , ψH̃+l ∈ RN .
15: Set Ψ̃H̃+l := ΨH̃ ∪ {ψH̃+1, . . . , ψH̃+l} and obtain the new basis by using

the Gram-Schmidt process on Ψ̃H̃+l to get an orthonormal system ΨH̃+l.
16: Set H̃ := H̃ + l and repeat the steps 3-13 until a termination condition

is satisfied.

The choice of the initial basis ΨH0 is different. Maybe the number of basis vector
is small if we choose slickly the first basis vector. For the reduced state solution
we have chosen the initial condition. Here, this option is not possible because
the initial conditions of the sensitivity equations are zero. One option would be
to choose the initial condition of the state system. An other option, we choose
simply the first unit vector. But we can also apply the ST strategy, explained in
Chapter 4.1.3. However, the problem is that we have not a reduced sensitivity
and therefore we have not the error estimator for the single time index. For this
reason we choose k∗ = bK2 c and any pair (u, µ) ∈ Uad × D. The initial basis is
denoted by ΨH̃0

:= yk
∗
γN(u, µ). In addition, if we have found an initial basis, we

have to normalized this one.

4.3 Solution of a sensitivity equation of higher order

With the RB-method we can solve a sensitivity equation of higher order (2.8) by
defining the inhomogeneous part f and applying the same procedure as in the
first order case. Important is, for the sensitivity with order n ∈ N we need all
sensitivities with order < n and also the state solution. Additionally we need for
each sensitivity a reduced basis. As an example for this case, we consider the
problem with order two and the sensitivity relating to two placeholders γ and γ′:
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4.3 Solution of a sensitivity equation of higher order

The inhomogeneous part for the pair (u, µ) ∈ Uad × D was given in Chapter
2.3.1 with f(t, x, y(t, x), yγ(t, x), yγ′(t, x)). With this function we can analogu-
ously define the inhomogeneous part ẑ. Further, we need the reduced basis ΦH

from the state solution, ΨH̃ from the first sensitivity relating to γ and Ψ′
H̃′

the
first sensitivity relating to γ′. Let Ξ

Ĥ
= {ξ1, . . . , ξĤ} be the reduced basis for the

representation of the second sensitivity. Thus the reduced second sensitivity
- γ, γ′, in short RSS-γ, γ′ is define by

y
k
γγ′Ĥ(u, µ) :=

Ĥ∑
j=1

˜̃akj (u, µ)ξj

with k = 0, . . . , K, ˜̃akj (u, µ) ∈ R and (u, µ) ∈ Uad × D. The values ˜̃akj (u, µ) will
be received from the reduced second sensitivity system - γ, γ′, in short
RSSS-γ, γ′:

L̂kI (u, µ)˜̃ak+1(u, µ) = L̂kE(u, µ)˜̃ak(u, µ) + ∆tb̂k(u, µ) , for k = 0, . . . , K − 1
˜̃a0(u, µ) = (0, . . . , 0) ∈ RĤ ,

(4.20)
with the operators and vectors[

L̂kI/E(u, µ)
]
jl

=
(
LkI/E(u, µ)ξl, ξj

)
, for j, l = 1, . . . , Ĥ

b̂kj (u, µ) =
(
ẑk(u, µ), ξj

)
, for j = 1, . . . , Ĥ

Again, if we compare the system with the system for the sensitivity of first order,
we have only differences in the inhomogeneous part and by the use of an other
reduced basis.
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5 The subset selection method

The aim of this chapter is to get a ranking for the sensitivity level of parameters
in a functional. To achieve this, we use a subset selection method to identify
most sensitive parameters (see [Ba], Chapter 3 and [La], Chapter 3.3).

Let
η(t, u, µ)

be the functional to be considered with t ∈ [0, T ] and fixed parameters (u, µ) ∈
Uad×D. We want to identify parameters, which are more sensitive than the others.
Therefore we compare the degree of sensitivity of the parameters (µ1, µ2, µ3) ∈ D
as well as the control parameters (u1, . . . , um) ∈ Uad. The procedure is the same
for both parameter sets. For this reason a placeholder is used instead of the
parameters. Let γ = (γ1, . . . , γs) be this placeholder, i.e. γ will be replaced
µ = (µ1, µ2, µ3) or u = (u1, . . . , um). Hence s ∈ {3,m}. The following method is
called subset selection method and consists of four steps.

Step one: Sensitivity matrix

We need all sensitivities of first order

∂

∂γi
η(t, u, µ)

for i = 1 . . . , s of the output function η.

In this work the computed state solution y is only an approximation for the
exact solution as well the sensitivities are also only approximations. The fol-
lowing procedure is helpful to show, how the computation of the sensitivity of a
functional from Chapter 2.4 works. It refers to the total cell population. For the
quadratic cost functional the method is the same.
For a sufficiently smooth function y we get

∂

∂γj
η(t, u, µ) = ∂

∂γj

(∫ x

x
y(t, x;u, µ) dx

)
=
∫ x

x

∂

∂γj
y(t, x;u, µ) dx
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for j = 1, . . . , s. Because of the discretization in (t, x), the first sensitivity of
y relating to γj is given as a vector, this means yγj(tk, xi) ≈

∂
∂γj
y(tk, xi;u, µ) ∈

R(N+1)×(K+1) for k = 0, . . . , K and i = 0, . . . , N . Thus we compute approximately
the integral by the trapezoidal rule. The discretization in the variable x has the
step size ∆x > 0. Thus we receive

∂

∂γj
η(tk, u, µ) ≈ ∆x

2 yγj(tk, x) + ∆x
N−1∑
i=1

yγj(tk, xi) + ∆x
2 yγj(tk, x)

= wT{yγj(tk, xi)}
N
i=0

for k = 0, . . . , K and w =
(

∆x
2 ,∆x, . . . ,∆x,

∆x
2

)T
∈ RN+1.

Now we define a matrix with all these sensitivities. It is called Sensitivity
Jacobian Matrix and denoted by S:

S(u, µ) =


∂
∂γ1
η(t0, u, µ) · · · ∂

∂γs
η(t0, u, µ)

... . . . ...
∂
∂γ1
η(tK , u, µ) · · · ∂

∂γs
η(tK , u, µ)


The parameters are identifiable if and only if S has full rank, i.e. rank(S) = s.
Step two: Fisher Information Matrix

The Fisher information matrix or called Gauss-Newton matrix contains all in-
formation about the quality of the parameters. The matrix is denoted by H and
defined by

[H(u, µ)]ij :=
∫ T

0

∂

∂γi
η(t, u, µ) ∂

∂γj
η(t, u, µ) dt

for i, j = 1, . . . , s (see [La], Chapter 3.3). Again, if the sensitivities are vectors
yγi(tk, u, µ) for k = 0, . . . , K , the integral can be computed approximatively.
With the step size ∆t > 0 we get

H(u, µ) ≈ ∆t STS ∈ Rs×s.

Therefore the matrix H is positive semidefinite and symmetric, i.e. all eigenval-
ues of H are real and nonnegative (see [Fu], Chapter 1.9.2).

Step three: Eigenvalues

This step requires calculating eigenvalues of H. Not all eigenvalues are important.
To obtain the most sensitive parameters, we only need the largest eigenvalues.
Therefore we use a tolerance bound εtol > 0. All eigenvalues above this bound
refer to most sensitive parameters. The others can be neglected. We compute
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the eigenvalues and sort them:

λ1 ≥ . . . ≥ λp ≥ εtol > 0

with p ∈ N and p ≤ s. Thus, we have p most sensitive and s − p less sensitive
parameters.

Step four: QR-method

The p eigenvalues from step three, belong to the p most sensitive parameters. To
identify which parameters belongs to which eigenvalues, we use the QR-method
with column pivoting strategy. We receive

H Π = Q R.

Matlab provides the command

[Q,R,PI] = QR(H).

The matrix Π is a permutation matrix. With this matrix, the eigenvalues assign
to their parameters. We have

γ = ΠTγ.

The first p parameters in γ are the most sensitive parameters. They are sorted
by their level of sensitivity.

Algorithm 3 describes these four steps.

Algorithm 3: Subset selection method
Given the pair (u, µ) ∈ uad ×D and the tolerance εtol > 0
1: Compute the state solution y(t, x;u, µ).
2: Compute the first sensitivity yγj(t, x) for j = 1, . . . , s.
3: Put up matrix S.
4: Put up matrix H.
5: Compute the eigenvalues of H.
6: Sort the values λ1 ≥ . . . ≥ λp ≥ εtol > 0.
7: [Q,R,Π]= QR(H) – QR-decomposition with column pivoting strategy.
8: γ = ΠTγ.
9: Choose the first p parameters of γ.
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6 Numerical results

The main task in this chapter is the determination of the most sensitive param-
eters of the parameter sets {µ1, µ2, µ3} or {u1, . . . , um} in the state system (2.3).
Therefore, we will first consider the state solution with its properties. After that,
we want to investigate which effect has a small perturbation in the parameter u
or µ on the total cell population. For more details, we will calculate the first sen-
sitivities of different functions relating to u or µ with the finite difference method
from Chapter 3. As functions we will use:

• The function α, which describes the sigmoid apoptosis rate

• The function E, which describes the concentration of EPO in the plasma

• The function y, which describes the cell population of CFU-E cells

For the function y the second sensitivities will also be computed. After, we will
compare the results with the observations of perturbed solutions.

In Chapter 4 we have presented the reduced basis method for computing the
numerical solutions. Therefore we will use this method and will compare the
results by the results of the FD-method. For the reduced basis two possibilities
will be presented. Also the computation time will be a subject. The influence of
the initial basis on the length of a reduced basis will be discussed, too.

With the subset selection method of Chapter 5 we will obtain a ranking of the
parameters relating to two output functions:

• Total cell population

• Quadratic cost functional

The method will be applied using the FD-method and the RB-method to see if
there are any differences.

At last, we will consider the error of the quadratic cost functional computed
by FD-method and RB-method.
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6 Numerical results

6.1 The state model

Before we start to analyze the sensitivities of the parameters, we need concrete
values for the model (2.3) especially for their parameters. In [Fue], Chapter
3.1, the state system was researched. Good values for the variable ranges were
(x, x) = (0, 5) and (0, T ) = (0, 20). It would make more sense to choose T = 6,
because CFU-E cells stay in their stage only for six days. But later we will see
that we get more information about the behaviour of the cell population for a
high T , if we consider the long-term behaviour. The initial condition and the
boundary condition are set for all t ∈ (0, T ) and x ∈ (x, x) to the constant
value g = 6 · 106e1.8. For the function α(t, u;µ) we set β = 1.2, TBV= 5000 ml,
EPOmax = 20000·103 mU and T 1

2
= 10h. The value λ is given by λ = ln 2(T 1

2
)−1.

The endogenous EPO is different for each patient. We take a mean value by
120 mU/ml. For the parameter sets we suppose that the bounds ua, ub of Uad
and µa, µb of D are chosen such that α(t, u;µ) is well defined for all (t, u, µ) ∈
(0, T )× Uad ×D.
We have:

• Set D ⊂ R3:
We choose the lower bound µa = 0 and the upper bound µb = 1. We fix
the parameters µ1 and µ3 and vary µ2. Let the parameters be defined by
µ1 = 0.5 (1/day), µ2 ∈ [0.004539, 0.013413] (ml/mU) and µ3 = 0.5. If
necessary, we fix the parameter µ2 with µ2 = 0.01.

• Control parameter set Uad ⊂ Rm:
We choose the lower bound ua = 0 for no injection and the upper bound
ub = 1 for the full injection. The number m ∈ N depends on the injection
times in the interval (0, T ). These times are t∗i = 0, 2, 4, 7, 9, 11, 14, 16, 18
for i = 1, . . . , 9. As a result there are nine control parameters u1, . . . , u9.
The set Uad is given by Uad = [0, 1]9. If necessary, we fix the parameter u
with u = (0.5, . . . , 0.5) ∈ R9.

If we use the finite difference method or the reduced basis method, we always
choose θ = 1, this means the implicit Euler method.

In Figure 6.1 we see the population of the CFU-E cells, i.e. the state solution
y(t, x) on the domain Q computed by the finite difference method. We use here all
values which were defined above. For the parameter µ we have µ = (0.5, 0.01, 0.5)
and for u holds ui = 0.5 for i = 1, . . . , 9. We can see a monotonic growth of the
population with increasing x and t > 0.
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6.1 The state model

Figure 6.1: CFU-E cell population in the time interval [0, 20] and for the maturity
[0, 5].

For more information about the behaviour for growing t and fixed x we consider
Figure 6.2.

Figure 6.2: CFU-E cell population in red. On the left side in the time interval
[0, 20] and x = 5 and on the right side in the time interval [5, 20] and
x = 5. The green dots in the right figure are the injection times.

The red graph in this figure shows the growth of CFU-E cells with maturity
x = 5. The left figure shows the same function for a different time interval with
an increased starting time. We see the function falling and growing. The cell
population consists of two phases. The initial part, where the initial condition
is very decisive and the long-term behaviour part, where the population is influ-
enced by the injections. Approximately at T = 5, the exogenous EPO can act
independently on the initial condition. If we consider the right side of the Figure
6.2, we see some of the injection times {0, 2, 4, 7, 9, 11, 14, 16, 18} (green points)
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6 Numerical results

and the behaviour of the function. We find the connection that the function
is increasing if EPO is administered. Some time after an injection the function
starts to decrease. We see that after a three days break the population of CFU-E
cells is lower than at the previous injection whereas it approximately stays the
same (or even increases) after an only two days break. From t = 0 to t = 5 we
do not see a change in the behaviour of the population y caused by injections,
only from t = 5 on. This is the reason why we consider the state solution until
T = 20.

6.2 First observations

Before we start with the computation of the sensitivities, we want to look whether
we cannot guess the sensitivities of the parameters. As an example, we consider
the total cell population∫ x

x
y(t, x;u, µ) dx , t ∈ (0, T )

with the values from Chapter 6.1 and the parameters

u := (0.5, . . . , 0.5) ∈ R9,

µ := (0.5, 0.01, 0.5).

In the following we call these values and parameters the state values. We
compute y(t, x;u, µ) with the finite difference method and the integral with the
trapezoidal rule. Afterwards we compute the total cell population with a small
perturbation δu, δµ in the parameters u and µ. In the end we compare the results.

We use a perturbation of 10% and obtain the disturbed parameters

us := u+ δu = u+ 0.1 u,
µs := µ+ δµ = µ+ 0.1 µ.

To consider the effect of perturbation for each component of u or µ separately we
define special new parameters. Let

u(i)
s =

{
uk i 6= k
(us)k i = k

(6.1)

µ(j)
s =

{
µk j 6= k
(µs)k j = k

(6.2)

for i = 1, . . . ,m and j = 1, 2, 3 be these new parameters which own exactly
one perturbed component. Using these parameters we compute the total cell
population also with the finite difference method. For the step sizes which are
used in the finite difference method we take ∆x = ∆t = 0.01.
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6.2 First observations

6.2.1 Observation of perturbations in the constants of the
apoptosis rate

In Figure 6.3 we see two graphs. The left one shows the total cell population
computed for the time interval [0, 20] and the right figure shows the details for
this population for the time interval [6, 12]. The blue function describes the total
cell population with the state values. The other graphs are total cell populations
but with a small perturbation in µ. The pink graph has µ(1)

s , which means a
perturbation in the first component of µ. The green has µ(2)

s and the red has µ(3)
s

and therefore a perturbation in the second component of µ respectively in the
third.

Figure 6.3: Total cell population with different values for the parameter µ. Left
for the time interval [0, 20] and right in [6, 12].

We observe that the graphs for µ(2)
s and µ(1)

s differ the most from the unperturbed
one. This means the parameters µ2 and µ1 could be the more susceptible parame-
ters to perturbation. It seems that µ(2)

s is a little bit more sensitive than µ(1)
s . The

parameter µ(3)
s is the least sensitive. The next observation is that the graph with

µ(2)
s is above the total cell population with the state values. The other graphs are

below.

Possible explanation

We obtain a possible explanation for the behaviour of the disturbed total cell
populations if we consider the function α (see (2.2)), which describes the apop-
tosis rate for CFU-E cells. In Figure 6.4 we see the function α(t, u;µ) in blue
colour and additionally the function α with a little perturbation of 10% in one
component of µ.
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6 Numerical results

Figure 6.4: The sigmoid apoptosis rate α(t, u;µ) in blue. The pink graph is the
rate with a perturbation of 10% in µ1, the green graph in µ2 and the
red graph in µ3.

The graph of the function α with a perturbation in the parameter µ2 (the green
function) is below α(t, u;µ) and the others are above. We see a direct connection
between the sigmoid apoptosis rate and the cell population, obviously a smaller
natural cell death rate causes a higher population. In addition, we know the
derivative of α in the direction µ, too. In Chapter 2.2.1 are the derivatives for
t ∈ [0, T ], u ∈ Uad and µ ∈ D. It holds

∂

∂µ1
α(t, u;µ) > 0, ∂

∂µ2
α(t, u;µ) < 0, ∂

∂µ3
α(t, u;µ) > 0.

If the values of µ1 and µ3 grow, then the function value of α will grow. However,
if the value of µ2 grows, then the value of α will be smaller. In the state system
(2.3) we have the factor (β − α(t, u;µ)) with β = 1.2. All values of α(t, u;µ(i)

s )
(t ∈ [0, T ], i = 1, 2, 3) are less than 0.17 and therefore less than β. The result of
the disturbed parameters is
• (β − α(t, u;µ(1)

s )) < (β − α(t, u;µ))

• (β − α(t, u;µ(2)
s )) > (β − α(t, u;µ))

• (β − α(t, u;µ(3)
s )) < (β − α(t, u;µ))

and so the disturbed factor (β − α(t, ·; ·)) changes the state system. In [Fue],
Chapter 4, the exact solution of the state system is described. There we see
that for a larger value of (β − α(t, u;µ)) the resulting value of the state solution
y(t, x;u, µ) will increase and vice versa. Consequently, also the total cell pop-
ulation

∫
Ω y dx will be larger for a larger value of (β − α(t, u;µ)). This is one

explanation for the behaviour of the total cell population with a perturbation in
µ.
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6.2 First observations

6.2.2 Observation of perturbations in the control parameter

Again we use a perturbation of 10% but now in the parameter u. In Figure1 6.5
we see the result.

Figure 6.5: Total cell population with different values for the parameter u. Left
with (0, T ) = (0, 20) and right in the time interval (5, 20).

There are not any remarkable changes of one particular graph over the whole time
interval. For t = 8 we see u(3)

s is the most sensitive parameter but for t = 15 it is
u(6)
s . No other parameter seems to be as sensitive as these two. As the intervals

between the injections are periodic, we arrange the injection times into groups to
compare the sensitivities of the parameters within these groups. The first four
times are t∗1 = 0, t∗2 = 2, t∗3 = 4 and t∗4 = 7 and the intervals between these times
are 2, 2 and 3. But in the beginning the cell population is mainly influenced by
the initial condition, so we consider the next group of injection times.
We have t∗4 = 7, t∗5 = 9, t∗6 = 11 and t∗7 = 14 with the intervals 2, 2 and 3. In
Figure 6.6 shows this group. If we consider the graph of u(3)

s (i.e. a perturbation
of 10% in the amount of the EPO injected on day t = 4) we see, from t = 5 the
graph starts to be dominant. From t = 7 till t = 9 the graph is the most dom-
inant and between t = 9 and t = 11 is the graph of the function still disturbed
but not very much. From the time t = 11 we can not see a difference between
the disturbed function and the unperturbed. Thus, it seems likely that after the
increase of the EPO injection amount administered on a certain day t ∈ [0, T ]
there is a delay of one day until we see a decisive change. The peak of the per-
turbation takes place between the two following injections. From then, the effect
of the perturbation decreases rapidly till there is no visible effect anymore.
Thus, the sensitivity relating to u3 should only be higher in a short time interval
after the administration.

1Some graphs have the same colour in the legend. But the overview is important here.
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This observation applies to the other disturbed parameters, too. The pertur-
bation in u4 has similar effects. This injection is administrated on day t = 7.
From t = 8 we see an other behaviour of the total cell population as without
perturbation. The peak is between t = 9 and t = 11 and afterwards the effect de-
creases until about day t = 14. From then on we do not see a different behaviour
anymore.

Figure 6.6: Total cell population with different values for the parameter u. The
time interval is [6, 14].

Possible explanation

If we analyze the behaviour of the function α with the parameter u once with-
out and once with a perturbation of 10%, we regard only the part E(t, u) (see
(2.1)), because only this part depends on the parameter u. Increasing the value
of ui for one i ∈ {1, . . . , 9} leads to an increase of the function value E(t, u),
because a larger ui enlarges the sum in Eex and so E. The function value of
α(t, u;µ) decreases, as a larger value of E increases the denominator of α. For all
disturbed functions α(t, u(i)

s ;µ) with i = 1, . . . , 9 the graphs are below α(t, u;µ).
The derivatives in Chapter 2.2.2 of α in direction u verify these observations. For
t ∈ [0, T ], u ∈ Uad and µ ∈ D follows

∂

∂ui
α(t, u;µ) < 0 for i = 1, . . . , 9.

In Figure2 6.7 we see, all values of α(t, u(i)
s ;µ) (t ∈ [0, T ], i = 1, . . . , 9) are less

than 0.16 and hence less than β.

2Some graphs have the same colour in the legend. But the overview is important here.
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6.3 First sensitivity

Figure 6.7: The sigmoid apoptosis rate α(t, u;µ) in blue. The other graphs are
also apoptosis rates but with small perturbations in the parameter u.

The influence of the disturbed parameters on the state system is caused by the
factor (β − α(t, u(i)

s ;µ)), because

• (β − α(t, u(i)
s ;µ)) > (β − α(t, u;µ))

for i = 1, . . . ,m. In [Fue], Chapter 4, we see the exact solution y(t, x;u, µ) which
will be bigger (such as the total cell population) for a larger value of (β−α(t, u;µ)).
Thus we have also one explanation for the behaviour of the total cell population
with a perturbation in u.

6.3 First sensitivity

In this chapter we want to compute the first sensitivity of the cell population
y relating to u and µ. For this we use two different methods. First, the finite
difference method and second the RB-method. After this we compare the results
of the two methods. We choose (u, µ) ∈ Uad ×D fixed and use the state values.

To evaluate the sensitivities we need the first sensitivities of the function α and
of the function E, too.

Sensitivity of the function α(t, u;µ)

In Figure 6.8, the graphs of the functions αµ1(t, u;µ), αµ2(t, u;µ) and αµ3(t, u;µ)
are to see.
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6 Numerical results

Figure 6.8: Sensitivities of the function α relating to the parameters µ1, µ2 and
µ3 for the time interval [0, 20].

The sensitivities αµ1(t, u;µ) and αµ3(t, u;µ) show the same behaviour. Both have
only positive values and shortly before the times t∗ = 7 and t∗ = 14 are the
maximal turning points. These are the injection times after the break of three
days. However, the sensitivity αµ2(t, u;µ) looks different. All values are negative
and before each injection, the sensitivity has everywhere about the same minimal
value. Only before t∗ = 7 and t∗ = 14 the sensitivity holds down a little bit
longer. The result is that the parameter µ2 is more sensitive as the others.

In Figure 6.9 we see a small selection of the sensitivities of α relating to ui,
for i = 1, . . . , 9. We see αu4(t, u;µ), αu5(t, u;µ), αu6(t, u;µ). The behaviour is ev-
erywhere the same. For the sensitivity relating to u4 is the injection point t∗ = 7
decisive. Only from that time on the sensitivity is decreasing and shortly later
increasing and after a few days again zero. The sensitivity relating to u6 looks a
little different, it increases more slowly because the next injection is after three
days instead of two.

Figure 6.9: Sensitivities of the function α relating to the parameters u4, u5 and
u6 for the time interval [0, 20].

Although the minimums of the three sensitivities in the figure are the same, the
parameter u6 is more sensitive.

Sensitivity of the function E(t, u)

The function E is not dependent on the parameter µ. Therefore we consider
only the sensitivities relating to ui, for i = 1, . . . , 9, respectively a small selection
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6.3 First sensitivity

again. In Figure 6.10 on the left is the function E(t, u) and on the right the first
sensitivity of E relating to u5.

Figure 6.10: On the left the function E(t, u) in red and on the right the sensitivity
of the function E relating to the parameter u5 in the time interval
[0, 20].

The function E(t, u) shows the total amount of EPO in the body at time t ∈
[0, 20]. The function increases if an injection is administered and decreases few
times later. The sensitivity is only in a little time interval different from zero.
Hence only there the parameter u5 is sensitive.

6.3.1 First sensitivity computed by the finite difference
method

In Chapter 3 the finite difference method to solve the sensitivity equation of first
order relating to µi for i = 1, 2, 3 and to ui for i = 1, . . . ,m in Q was explained.
Thereby we get an approximate solution for the sensitivity of the cell population

yµi(tk, xj;u, µ) ∈ RN×K

with i = 1, 2, 3 and
yui(tk, xj;u, µ) ∈ RN×K

with i = 1, . . . ,m and for k = 1, . . . , K and j = 1, . . . , N . In Chapter 2.4 was
shown that the sensitivity of the total cell population can be computed using the
sensitivity of the function y.

Sensitivity relating to µ

In Figure 6.11 are the three sensitivities first order relating to µ1, µ2 and µ3.
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Figure 6.11: First sensitivities of the state solution relating to µ1, µ2 and µ3,
computed by the finite difference method with step sizes ∆t = ∆x =
0.01.

With the help of these the sensitivities of first order of the total cell population
will be computed. Figure 6.12 shows these.

Figure 6.12: First sensitivities of the total cell population relating to µ1, µ2 and
µ3 in red, computed by the finite difference method with step sizes
∆t = ∆x = 0.01. The green points are the injection times.

Observations:

Based on the sensitivities of the total cell population, we obtain:
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• The sensitivities first order relating to µ1 and µ3 are negative and to µ2
positive.

• The sensitivity relating to µ2 has the highest order with 1011 and so µ2
is the most sensitive parameter compared to µ1 (order 109) and µ3 (order
109). The ranking is

most sensitive µ2 −−µ1 −−µ3 less sensitive

• For t > 5 the sensitivity relating to µ1 increases after an injection with EPO
as well as the sensitivity relating to µ3. It is different with the sensitivity
relating to µ2. Here the graph decreases after an injection. The reason
for this is that the sensitivity relating to µ2 is positive. Thus after an
injection the sensitivity goes into the direction of zero, i.e. the absolute
value decreases. The other sensitivities behave well.

It’s interesting to know how much information is supplied by the first sensitivity.
As an example we consider again the total cell population with fixed (u, µ) ∈
Uad×D and a perturbation of 10% in the parameter µ1 (see (6.2) for j = 1). The
parameter µ1 is not the most but also not the least sensitive parameter. Next we
want to approximate y(t, x;u, µ(1)

s ) by the multidimensional Taylor polynomial.
For this we need some notations. Let α̂ = (α̂1, . . . , α̂3) ∈ N3 be a multi-index.
Then

|α̂| := α̂1 + . . .+ α̂3,

α̂! := (α̂1)! · . . . · (α̂3)!,
µα̂ := µα̂1

1 · . . . · µα̂3
3 ,

Dα̂ := ∂α̂1
µ1 . . . ∂

α̂3
µ3 , where D0 is the identity.

The multidimensional Taylor polynomial of degree k at the development point µ
is given by

y(t, x;u, µ(1)
s ) ≈

∑
|α̂|≤k

Dα̂y(t, x;u, µ)
α̂! (δµ)α̂,

where δµ = (0.1µ1, 0, 0)T (see [De], Chapter 11.3). Now to find some information
on the quality of sensitivities, the Taylor polynomial of degree one is compared
to the Taylor polynomial of degree two. We have for k = 1

y(t, x;u, µ(1)
s ) = y(t, x;u, µ) + ∂1

µ1∂
0
µ2∂

0
µ3y(t, x;u, µ) · (0.1µ1) + R1(t, x, u, µ)

= y(t, x;u, µ) + yµ1(t, x;u, µ) · (0.1µ2) + R1(t, x, u, µ)
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and for k = 2

y(t, x;u, µ(1)
s ) = y(t, x;u, µ) + yµ1(t, x;u, µ) · (0.1µ1)

+1
2 ∂2

µ1∂
0
µ2∂

0
µ3y(t, x;u, µ) · (0.1µ1)2 + R2(t, x, u, µ)

= y(t, x;u, µ) + yµ1(t, x;u, µ) · (0.1µ1)

+1
2yµ1µ1(t, x;u, µ) · (0.1µ1)2 + R2(t, x, u, µ)

If the difference between R1(t, x, u, µ) and R2(t, x, u, µ) is large, then much infor-
mation is included in the second sensitivity relating to µ1. In Figure 6.13 we see
both errors.

Figure 6.13: Errors of the Taylor polynomial. R1 follows from Taylor polynomial
of degree one and R2 of degree two. The step sizes in the finite
difference method are ∆t = 0.03 and ∆x = 0.01.

For the remainders R1 and R2 apply

||R1||2 = 6.35 · 108, ||R2||2 = 3.39 · 108.

The result is that the magnitudes of the remainders are the same. The second
sensitivity part in the Taylor approximation yields a decrease of the error but
does not have a big impact. The next Figure 6.14 shows the second sensitivity
yµ1µ1(t, x;u, µ).
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6.3 First sensitivity

Figure 6.14: Second sensitivity relating to µ1, µ1. The step sizes in the finite
difference method are ∆t = 0.03 and ∆x = 0.01.

Sensitivities relating to u

The sensitivities of y relating to ui for i = 1, . . . , 9 are shown in Figure 6.15.
Because T = 20, we have nine injection times and thereby nine sensitivities.

Figure 6.15: First sensitivities relating to ui for i = 1, . . . , 9 computed by the
finite difference method with step sizes ∆t = ∆x = 0.01.

Just from this representation we can not tell a lot of about the behaviour. For
this reason, we consider the sensitivities of the total cell population relating to
ui, too. Figure 6.16 shows these.
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Figure 6.16: First sensitivities relating to ui for i = 1, . . . , 9 of the total cell
population in red, computed by the finite difference method with
step sizes ∆t = ∆x = 0.01. The green points are the injection times.

Observations:

Based on the sensitivities of the total cell population, we obtain:

• All sensitivities are positive.

• The sensitivities relating to u1 and u9 look different from the others. The
reason is that at the beginning of the time interval, the total cell population
and therefore the sensitivity of the total cell population is still depending
on the initial condition. However, the last injection u9 mainly has an effect
outside our time interval [0, T ].

• The sensitivities relating to u3 and u6 are higher than the others, also the
parameters u3 and u6 are the most sensitive parameters. A ranking for the
other control parameters is not evident from the figure of the sensitivities.

To find out the information content of the first sensitivity, we compute the mul-
tidimensional Taylor polynomials of degree one and two again. We consider
a perturbation in the parameter u4 and compute the total cell population of
y(t, x;u(4)

s , µ) (see (6.1) for i = 4). Next we approximate this population by the
Taylor polynomial at the development point u. First by a polynomial of degree
one

y(t, x;u(4)
s , µ) = y(t, x;u, µ) + yu4(t, x;u, µ) · (0.1u4) + R1(t, x, u, µ)
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and then with degree two

y(t, x;u(4)
s , µ) = y(t, x;u, µ) + yu4(t, x;u, µ) · (0.1u4)

+1
2yu4u4(t, x;u, µ) · (0.1u4)2 + R2(t, x, u, µ).

In Figure 6.17 are the errors R1 and R2.

Figure 6.17: Errors of the Taylor polynomial. R1 follows from Taylor polynomial
of degree one and R2 of degree two. The step sizes in the finite
difference method are ∆t = 0.03 and ∆x = 0.01.

For the remainders R1 and R2 apply

||R1||2 = 4.37 · 108, ||R2||2 = 3.39 · 107.

The errors strongly differ, R2 is one magnitude smaller. Therefore the second sen-
sitivity gives a lot of information about a change or perturbation of the parameter
u4. In Figure 6.18 the second sensitivity relating to u4, u4 is shown.
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Figure 6.18: Second sensitivity relating to u4, u4. The step sizes in the finite
difference method are ∆t = 0.03 and ∆x = 0.01.

The remainder R1 is a lot larger as R2 and therefore the second sensitivity is an
important part in the Taylor approximation. If we compare the proportion of
the remainders relating to a perturbation in µ1 from the previous section, then
results that the second sensitivity relating to u4 is more important in the Taylor
approximation than in a perturbation of µ1.

6.3.2 First sensitivity computed by the reduced basis method
To compute the sensitivity of the cell population with the RB-method as de-
scribed in Chapter 4, we use the same values as in the finite difference method.
Additionally we have to choose a basis for the space RH with H � N to compute
the solution of the state system y(t, x). After this we need a basis for the space
RH̃ with H̃ � N to compute the sensitivity. We always will use the POD90
strategy for the basis generation.

The purpose of this method is to reduce the computing time. yγN(u, µ) ∈ RN×K

is the finite difference first sensitivity relating to γ. In order to obtain it, we
have to solve a system with matrices of the dimension N × N . In contrast,
yγH̃(u, µ) ∈ RN×K is the reduced first sensitivity relating to γ. Here, we have
to solve a system with matrices of dimension H̃ × H̃ with subsequent multipli-
cation with the basis vectors. If H̃ � N we strongly reduce the computation
time. For this reason it is important to know, how many basis vectors are nec-
essary for keeping the error between the exact first sensitivity and the reduced
first sensitivity small. In this section we want to consider which possibilities we
have for choosing the number of basis vectors and the step sizes, too. We know
that the finite difference first sensitivity is only an approximation to the exact
sensitivity and there is an error of O(∆t + ∆x). With yγex(u, µ) we denote the
exact sensitivity of the state solution y. Then we have∣∣∣∣∣∣yγex(u, µ)− yγH̃(u, µ)

∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣yγex(u, µ)− yγN(u, µ)
∣∣∣∣∣∣+ ∣∣∣∣∣∣yγN(u, µ)− yγH̃(u, µ)

∣∣∣∣∣∣ .
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If the error
∣∣∣∣∣∣yγN(u, µ)− yγH̃(u, µ)

∣∣∣∣∣∣ is of the magnitude O(∆t+∆x) for a reduced
basis of length H̃ and step sizes ∆t and ∆x we can accept the approximation for
the sensitivity and the reduced basis, too.

First, it is to check if all assumptions for the computation of the reduced sensi-
tivity and the reduced basis are met.

The operators LI/E(u, µ)

As reduced basis for the sensitivities, we can take the same reduced basis as for
the reduced solution or we compute a new one by the in Chapter 4.2.3 explained
modified greedy search. For both procedures we need the error between the finite
difference solution and the reduced solution respectively the error between the
first sensitivity by FD- and the first sensitivity by RB-method. In 4.1.2 and 4.2.2
it was shown that we can use the error estimation (4.8) repectively (4.12) or the
simplified error estimator (4.9) respectively (4.13). Both types are depending
on the operators LkI (u, µ) and LkE(u, µ) for k = 1, . . . , K. If we can show that∣∣∣∣∣∣∣∣(LkI (u, µ)

)−1
∣∣∣∣∣∣∣∣ , ∣∣∣∣∣∣LkE(u, µ)

∣∣∣∣∣∣ ≤ 1 then we can take the simplified error estimator.
As norm we use an operator norm (see [Be], Chapter 2.2). At the beginning of
this chapter it was fixed that we choose always θ = 1. Thus we obtain for one of
the bounds CE(u, µ) = 1. For the operator LkI (u, µ) we consider Figure 6.19.

Figure 6.19: Operator norm
∣∣∣∣∣∣∣∣(LkI (u, µ)

)−1
∣∣∣∣∣∣∣∣ over time.

The red graph is bounded with 1.02. Therefore we should choose CI(u, µ) ≈ 1.02.
For applying the simplified error estimator we can say that 1.02 ≈ 1 and so we
take CI(u, µ) = 1.

Now existed three different error estimators when computing the reduced ba-
sis. The true error, the error estimator with CI(u, µ) = 1.02 and CE(u, µ) = 1
and the simplified error estimator with CE(u, µ) = CI(u, µ) = 1. In [Be], Chapter
6.2.1 the difference of the error estimators was shown. In the present work we
used the simplified error estimator.
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Reduced basis of the state solution

For the computation of the first sensitivity we need the solution of the state
system, too. We use the POD strategy for the generation of the reduced basis.
For the choice of the number of basis vectors and the step sizes ∆t and ∆x, we
have to consider the relative error between the finite difference solution yN(u, µ)
and the reduced solution yH(u, µ) with the reduced basis ΦH . We define

ξk(u, µ) :=

∣∣∣∫ xx {ykH(u, µ)}Ni=1 dx−
∫ x
x {ykN(u, µ)}Ni=1 dx

∣∣∣∣∣∣∫ xx {ykN(u, µ)}Ni=1 dx
∣∣∣ ,

ξ(u, µ)) := max
k

(
ξk(u, µ)

)
for k = 1, . . . , K. If the error is small enough we accept the reduced basis, else
we use more basis vectors. It is important that the error is very small. If the
reduced solution already contains a big error, these errors can be added up in the
sensitivity. Thus, the smaller the error, the better.

At first, we consider the relative error for different step sizes and growing length
of the reduced basis. In Figure 6.20 are the results. Each row shows the maximal
relative error for a step size ∆t. Each column for a step size ∆x. The maximal
error is plotted for a growing number of basis vectors and thus we can see how
many vectors are essential for a desired error. We accept only a small relative
error in the magnitude O(∆t+ ∆x). The aim is to reduce a system of dimension
N × N to a system of dimension H × H, where H is the length of the reduced
basis.
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6.3 First sensitivity

Figure 6.20: Maximal relative error ξ(u, µ) for a growing number of basis vectors.
Each row refers to a ∆t ∈ {0.01, 0.1, 0.2, 0.3} and each column to a
∆x ∈ {0.001, 0.01, 2

3∆t, 2
3∆t}.

The following table shows the important values from Figure 6.20 that means the
number of basis vectors of the smallest relative error ξ(u, µ) for given step sizes
and H ∈ [1, 25].

∆x = 0.001 ∆x = 0.01 ∆x = 2
3∆t ∆x = 1

3∆t
∆t = 0.01 25 vectors,

ξ = 0.007
24 vectors,
ξ = 0.234

25 vectors,
ξ = 0.033

25 vectors,
ξ = 0.0125

∆t = 0.1 25 vectors,
ξ = 4.14 · 10−7

25 vectors,
ξ = 3.86 · 10−7

25 vectors,
ξ = 4.00 · 10−6

25 vectors,
ξ = 4.51 · 10−7

∆t = 0.2 25 vectors,
ξ = 2.26·10−10

25 vectors,
ξ = 1.52·10−10

25 vectors,
ξ = 3.07·10−12

25 vectors,
ξ = 1.86·10−11

∆t = 0.3 24 vectors,
ξ = 9.31·10−12

25 vectors,
ξ = 1.54·10−12

22 vectors,
ξ = 3.70·10−14

24 vectors,
ξ = 9.17·10−14

The result is the following:

• For ∆t = 0.3, ∆x = 2
3∆t and a reduced basis of length 22 the relative error

is the smallest. The second smallest error we get for ∆t = 0.3, ∆x = 1
3∆t

and a reduced basis of length 24.

• For ∆t ≥ 0.1 all step sizes ∆x are acceptable because about 10 vectors are
sufficent for a small error ≤ 0.1.

• For ∆t = 0.01 the relative errors are the biggest and basis are the longest
for a small error. Here it is important to remark that for a very small step
∆x (as an example 0.001) a reduced basis of the length 25 is acceptable.
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• For the pair ∆t = 0.3, ∆x = 2
3∆t, 22 basis vectors are needed for the

smallest error. Thus we can see that with 25 vectors, the relative error is
bigger and therefore a longer basis yields not always a smaller error.

Of course, it is important that we do not have too many basis vectors. Figure
6.20 shows as well, if we accept a little bit bigger error, then we can use fewer
basis vectors. In the next table are the minimal numbers of basis vectors under
the condition of a relative error ξ ≤ 0.1.

∆x = 0.001 ∆x = 0.01 ∆x = 2
3∆t ∆x = 1

3∆t
∆t = 0.01 16 vectors,

ξ = 0.09
24 vectors,
ξ = 0.23

20 vectors,
ξ = 0.09

18 vectors,
ξ = 0.08

∆t = 0.1 9 vectors, ξ =
0.07

18 vectors,
ξ = 0.08

11 vectors,
ξ = 0.06

10 vectors,
ξ = 0.05

∆t = 0.2 8 vectors, ξ =
0.05

10 vectors,
ξ = 0.05

10 vectors,
ξ = 0.05

10 vectors,
ξ = 0.05

∆t = 0.3 10 vectors,
ξ = 0.05

10 vectors,
ξ = 0.05

10 vectors,
ξ = 0.05

10 vectors,
ξ = 0.05

The result is that for all step sizes the number of basis vectors are reduced. As an
example, for ∆t = 0.2 and ∆x = 0.001 the number of basis vectors is the smallest
and for ∆t = 0.2 and as an example ∆x = 2

3∆t only 10 vectors are needed to
accept the basis.

Reduced basis of the sensitivity of first order

For comparing the finite difference sensitivities and the reduced sensitivity and
in order to make a statement about the quality of the approximation, a relative
error is defined, too:

εkγ(u, µ) :=

∣∣∣∫ xx {ykγH(u, µ)}Ni=1 dx−
∫ x
x {ykγN(u, µ)}Ni=1 dx

∣∣∣∣∣∣∫ xx {ykγN(u, µ)}Ni=1 dx
∣∣∣

εγ(u, µ)) := max
k

(
εkγ(u, µ)

)
.

for k = 0, . . . , K.

First possibility

The easy procedure to find a reduced basis for computing the sensitivities is
to use the same reduced basis as for the state solution. Let ΦH , H ∈ N, be this
basis. Maybe it is necessary to add more basis vectors. We take ΦH as initial
basis and try to minimize the error between the sensitivities. In the previous
section we have seen that good step sizes are ∆t = 0.2 and ∆x = 2

3∆t with a
reduced basis of length 10.
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6.3 First sensitivity

In Figure 6.21 is the result for the sensitivity relating to the parameters µ1, µ2
and µ3. The errors are for each sensitivity small enough and so we can accept
the reduced basis respectively the reduced sensitivities.

Figure 6.21: First row: Sensitivities of the TCP relating to µ1, µ2 and µ3. The
red graph is the finite difference sensitivity and the green graph the
reduced sensitivity. Second row: The relative error εkµi(u, µ) for all
times and parameters.

For solving the sensitivity equation, we have reduced a system with matrices of
the dimension N ×N with N = 37 to H ×H with H = 10. This is not really a
large reduction but the quality of the reduced sensitivity compared to the finite
difference sensitivity is good.

Next we want to consider the sensitivities relating to u. It is not necessary
to analyze them for all ui with i = 1, . . . , 9. As described in Chapter 6.2.2 the
injection points are always after 2, 2 and 3 days. Therefore we confine ourselves
to three sensitivities yu4(u, µ), yu5(u, µ) and yu6(u, µ).

If we choose the same values for the step sizes and for the reduced basis as
in the sensitivities relating µ, this means the step sizes ∆t = 0.2 and ∆x = 2

3∆t
and a reduced basis of length 10, the result is different. In Figure 6.22 is to see
that the error at the end of the time interval is very large.
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Figure 6.22: First row: Sensitivities of the TCP relating to u4, u5 and u6. The
red graph is the finite difference sensitivity and the green graph the
reduced sensitivity. Second row: The relative errors εkui(u, µ) for all
times and parameters u4, u5, u6.

These errors are not acceptable. To minimize the error we try other step sizes.
We choose ∆t = 0.3, ∆x = 0.01 and 10 basis vectors. In Figure 6.23 we see that
the error is much smaller as before but not for all sensitivities enough.

Figure 6.23: The relative errors εkui(u, µ) for all times. The first graph is the error
relating to u4, the second relating to u5 and the last relating to u6.

A further option is to vary the number of basis vectors. For the sensitivity relating
to u4, we now choose 15 basis vectors, for the others we keep 10 basic vectors
because the relative error is already small enough. The Figure 6.24 shows the
desired result.
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Figure 6.24: The relative error εkui(u, µ) for all times. The first graph is the error
relating to u4 with 15 basis vectors. The others are the error of the
sensitivities relating to u5 and u6 with each 10 vectors.

Now the error is acceptable. The systems of dimension N ×N with N = 500 are
reduced to systems of dimension H ×H with H = 10 and H = 15.

Second possibility

As second method for defining the reduced basis for the sensitivities we use mod-
ified greedy search from Chapter 4.2.3. With this algorithm special basis vectors
are computed for the sensitivity equation. The error should be very smaller. At
first we consider the sensitivities relating to µ, again. Because we want to com-
pare the relative error with the previous relative error of Figure 6.21 (the error
of the sensitivities, where we had used the reduced basis of the reduced solution)
we choose ∆t = 0.2, ∆x = 2

3∆t and 10 basis vectors, again. In Figure 6.25 we
see the errors εkµi(u, µ) for k = 1, . . . , K of the sensitivities relating to µ1, µ2 and
µ3. If we compare now, then we see that the error has become smaller.

Figure 6.25: The relative error εkµi(u, µ) for all times and all parameters. The
first graph is relating to µ1, the second relating to µ2 and the last
relating to µ3.

If we accept a little bit larger error, we can use fewer basis vectors. As an example,
if εµi(u, µ) ≤ 0.1 we can accept the basis. In Figure 6.26 are the three errors of
the sensitivities with a reduced basis of length 7.
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Figure 6.26: The relative error εkµi(u, µ) for all times. The first graph is relating
to µ1, the second relating to µ2 and the last relating to µ3. The
reduced basis was computed by the modified greedy search. The
length of each basis is 7.

We have a reduction of a system with N = 37 to a system with dimension 7.

For the sensitivities relating to u, we try also the values ∆t = 0.2, ∆x = 2
3∆t and

10 basis vectors, again. Now the idea is, with a better basis the error could be
smaller. If we compare the errors in Figure 6.22 and in Figure 6.27 then we see
exactly this result.

Figure 6.27: The relative error εkui(u, µ) for all times. The first graph is relating
to u4, the second relating to u5 and the last relating to u6.

But the error for the sensitivities relating to u4 and u5 and therefore the approx-
imation of the first sensitivity is still too bad. For this reason we have to find
other step sizes respectively an other number of basis vectors. We try ∆t = 0.3,
∆x = 0.01 and vary the length of the reduced basis, again. In Figure 6.28 are the
relative errors. For the sensitivity relating to u4 we choose 14 vectors. Relating
to u5, we stay with 10 vectors and at last relating to u6 we need only 6 vectors.
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Figure 6.28: The relative error εkui(u, µ) for all times. The first graph is relating
to u4, the second relating to u5 and the last relating to u6.

Possible reduced basis for the sensitivities relating to all parameters u1, . . . , u9
with ∆t = 0.3, ∆x = 0.01 and with relative errors less than 0.1 have the lengths

(22, 21, 18, 14, 10, 6, 5, 2, 2).

It is striking that the number of basis vectors gets smaller. With this lengths a
reduction exists from N = 500 to these lengths.

Computing time

The sense of the RB-method is to reduce the computing time. With finite differ-
ence method we have to solve the system (3.7) with matrices of dimension N×N .
With the RB-method we have to solve the system (4.11) and thereby matrices of
dimension H̃×H̃. Only if H̃ � N , then we can say that it is a decisive reduction.
If H̃ near N , it is not sure that the RB-method is faster as the finite difference
method. In the following tables are some computation times3. In the first col-
umn are given the step sizes. In the second column the dimension N and in the
following column stands H̃i for the length of the reduced basis for computation
the sensitivity relating to the parameters µi ,i = 1, 2, 3 or ui with i = 1, . . . , 9. In
the last two columns are the times for computing of all sensitivities relating to
the parameters of one parameter set by the FD-method and the RB-method.

Sensitivity relating to µ1, µ2, µ3:

(∆t,∆x) N (H̃1, H̃2, H̃3) FD (sec) RB (sec)

(0.2, 2
3∆t) 37 (7, 7, 7) 0.00552 0.00545

(0.2, 0.001) 5000 (7, 7, 7) 11.665 12.364
Sensitivity relating to u1, . . . , u9:

(∆t,∆x) N (H̃1, . . . , H̃9) FD (sec) RB (sec)

(0.3, 0.01) 500 (22, 21, 18, 14, 10, 6, 5, 2, 2) 0.12035 0.11147
(0.3, 0.001) 5000 (22, 21, 18, 14, 10, 6, 5, 2, 2) 20.603 20.436

3The computation time also depends on the implementation of the RB-method.
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The four examples show cases, where the RB-method is not significantly faster as
the FD-method. In the second example of the table with respect to the sensitivi-
ties relating to µ1, µ2, µ3, the RB-method is even slower. In [Be], Chapter 6.2.6
are to see the same results for the different computation times for the finite dif-
ference solution and reduced solution. Of course, if the step sizes and the length
of the reduced basis are well chosen, a reduction should occur. However, these
examples show that the RB-method does not guarantee a significant reduction of
the computation time.

Reason for the two possibilities

We showed that the relative error between the finite difference sensitivity and
the reduced sensitivity is small as well with the state reduced basis Φ as with the
reduced basis by the modified greedy search Ψγ. The parameter γ describes a
placeholder for the parameters µ1, µ2, µ3 or u1, . . . , u9. To find a reason, we have
to compare the reduced basis.
In Figure 6.29 are shown the first four basis vectors. The reduced basis of the
state system are shown in red and the other graphs are describing the reduced
basis vectors computed by the modified greedy search of the sensitivities relating
to µ. Between the first basis vectors, there is a difference because of different
initial basis. The other figures are showing that the basis Φ is approximately
only an inversion of the the basis Ψµ1 , Ψµ2 and Ψµ3 . Therefore it seems to hold
Φ ≈ −Ψµi for i = 1, 2, 3.

Figure 6.29: In red, the first four basis vectors of the state reduced basis. The
others are the reduced basis vectors by the modified greedy search.

The difference between the state reduced basis Φ and the basis Ψui for i = 4, 5, 6
is the same - only inversions.
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Different initial basis for the sensitivity relating to µ

On the end of Chapter 4.2.3 explained that we can use different initial basis
for the modified greedy search. Three possibilities were introduced. One option
could be the normalized initial condition of the state system, second the normal-
ized first unit vector and third (based on the ST strategy) the finite difference
sensitivity at a certain time. Figure 6.30 is describing in each row always the first
three basis vectors (BVs) of the reduced basis, computed by the modified greedy
search algorithm.

Figure 6.30: In the rows are some basis vectors of the reduced basis for the sensi-
tivity relating to µi for i = 1, 2, 3. The blue graphs are showing the
first three basis vectors of a reduced basis with the first unit vector
as initial basis. The green graphs are referring to the same initial
basis like the reduced state system an the red graphs refers to the
initial basis, computed with the ST strategy.

In the previous computations are used the first unit vector as initial basis. For
the reduced sensitivities relating to µi, i = 1, 2, 3 we needed each 7 basis vectors
for an relative error less than 0.1. The blue and green graph are inversions but
the red graph in Figure 6.30 looks different. If we use the initial basis for the ST
strategy we obtain the relative error from Figure 6.31.
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Figure 6.31: The relative error εkµi(u, µ) for all times. The first graph is relating
to µ1, the second is relating to µ2 and the last is relating to µ3. The
reduced basis is computed by the modified greedy search. The length
of each basis is 7. The initial basis is given by the ST strategy.

These errors compared to the relative errors in 6.26 are smaller for the same
number of reduced basis vectors. For a relative error less than 0.11 we even need
only 6 basis vectors instead 7.

6.4 Subset selection method results

In Chapter 2.4, two functionals were introduced. Now it is interesting to know
which are the most and the less sensitive parameters and how large the differences
are.

For the total cell population

The first functional describes the total cell population. We start with the pa-
rameter set {µ1, µ2, µ3}. We choose the finite difference method with the step
sizes ∆t = 0.2 and ∆x = 2

3∆t. The eigenvalues of the Fisher information matrix
have the magnitude 1024. For this reason we consider the normalized eigenvalues.
We receive the three values

λ1 = 0.999, λ2 = 3.222 · 10−6, λ3 = 1.567 · 10−10.

If we use the QR- decomposition we obtain that µ2 is the most sensitive pa-
rameter. Second µ1 and at last µ3. We have seen the same result in Chapter
6.3.1 based on observations of the figures, but with the subset selection method
we have a scale for the difference and hence we know that µ2 is strong sensitive
compared to µ1 and µ3. The difference between the sensitive of µ1 and µ3 is not
really decisive compared with the sensitivity level of µ2.
For the parameter set {u1, . . . , u9} we choose ∆t = 0.3 and ∆x = 0.01. We con-
sider normalized eigenvalues, too. In Figure 6.32 the distribution of the values is
shown.
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Figure 6.32: Eigenvalues λ1 . . . , λ9 computed in the subset selection method used
for the sensitivity of TCP relating to u.

The order of the parameters according to the sensitivity level is

u6, u3, u7, u4, u2, u8, u5, u9, u1.

Together with the magnitude of the eigenvalues, the result is that we have a
distribution into three groups. First, u6, u3 are the most sensitive parameters.
Second, the parameters u7, u4, u2 and in the last group are the less sensitive pa-
rameters u8, u5, u9, u1.

If we use the RB-method, we obtain similar results for the parameter µ. The
ranking is the same and the eigenvalues have the magnitude 1023. For the pa-
rameters µ2, µ1 and µ3 the normalized eigenvalues are

λ1 = 0.999, λ2 = 3.323 · 10−6, λ3 = 2.27 · 10−10.

For the parameters ui, i = 1, . . . , 9 we obtain also the same arrangement and
sensitivity level of the control parameters.

There are the option to vary the parameter µ2 and ui, i = 1, . . . , 9. The others
are fixed. It holds µ2 ∈ [0.004539, 0.013413] as well ui ∈ [0, 1]. In the following
tables are the ranking of the parameter relating to the total cell population. The
numbers in the tables refers to the indices of the parameters.

Ranking of the parameter set {µ1, µ2, µ3}:

µ2 = 0.0045 µ2 = 0.01 µ2 = 0.0134
ui = 0 (2,1,3) (2,1,3) (2,1,3)
ui = 0.5 (2,1,3) (2,1,3) (2,1,3)
ui = 1 (2,1,3) (2,1,3) (2,1,3)

77



6 Numerical results

The result is, that the parameters µi, i = 1, 2, 3 have always the same arrange-
ment. Therefore we can suppose, that a changed ui has not an influence on the
sensitivity of the parameter µ.

Ranking of the parameter set {u1, . . . , u9}:

µ2 = 0.0045 µ2 = 0.01 µ2 = 0.0134
ui = 0 (5,7,3,9,6,2,4,8,1) (5,7,3,9,6,2,4,8,1) (5,7,3,9,6,2,4,8,1)
ui = 0.5 (6,3,7,4,2,8,5,9,1) (6,3,7,4,2,8,5,9,1) (6,3,7,4,2,8,5,9,1)
ui = 1 (3,6,7,2,5,4,8,1,9) (3,6,7,2,5,4,8,1,9) (3,6,7,2,5,4,8,1,9)

Here is to see, that for a changed value for µ2 the ranking is the same for a
given parameter u. The arrangement change if the values of ui, i = 1, . . . , 9 are
changed. For the values ui = 0.5 and ui = 1 are the rankings similar.

For the quadratic cost functional

As second functional, we consider the quadratic cost functional. Again, we choose
the step sizes ∆t = 0.2 and ∆x = 2

3∆t. For the optimal value yd(t), with t ∈ [0, 20]
we use the constant value 9 · 109.
The Fisher information matrix describes an integration over the time. For this
reason we consider a modified cost functional J̃ by

J̃(u, µ) = ν̃

2

(∫ x

x
y(t, x;u, µ) dx− yd(t)

)2

, ν̃ =
(
yd(t)2

)−1
,

and the sensitivity relating to a parameter γ by

J̃γ(u, µ) = ν̃

(∫ x

x
y(t, x;u, µ) dx− yd(t)

)
·
∫ x

x
yγ(u, µ) dx , ν̃ =

(
yd(t)2

)−1
.

If we apply the subset selection method using of the finite difference method, we
obtain for the parameter µ the ranking with µ2 as most sensitive parameter, then
µ1 and at last µ3. The RB-method yields the same result. For the parameter
u we choose the step sizes ∆t = 0.3 and ∆x = 0.01. With the FD-method we
receive the arrangement

u5, u7, u1, u3, u6, u2, u8, u4, u9.

However, the RB-method yields a small difference. The ranking is

u5, u1, u7, u3, u6, u2, u8, u4, u9.

The parameters u1 and u7 are permute. In Figure 6.33 are the normalized eigen-
values for both methods.
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6.4 Subset selection method results

Figure 6.33: Eigenvalues λ1 . . . , λ9 computed in the subset selection method used
for the sensitivity of the modified cost functional relating to u. The
red values are the eigenvalues relevant to the FD-method and the
green values relevant to the RB-method.

First, we restrict ourselves to the eigenvalues, computed by the FD-method. The
sensitivity level yields an arrangement of the parameters in three groups. The
parameter u5 is the most sensitive parameter, hence in the first group. After
this the parameters u7 and u1 are in the second. The last group consists of the
parameters u3, u6, u2, u8, u4, u9. Therefore we see that the RB-method have only
an other ranking inside of the second group.
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6 Numerical results

6.5 Quadratic cost functional
In this chapter, we want to consider the quadratic cost functional relating to the
method for solving the sensitivity equations.
Let M ∈ {FD = finite difference method, RB = RB-method}. The sensitivi-
ties of the functional can be seen in 2.4 and we denote the gradients by

∇µMJ(u, µ) :=
(
∂

∂µ1
JM(u, µ) , ∂

∂µ2
JM(u, µ) , ∂

∂µ3
JM(u, µ)

)

and
∇uMJ(u, µ) :=

(
∂

∂u1
JM(u, µ) , . . . , ∂

∂um
JM(u, µ)

)
.

For the sensitivity relating to µ, we choose ∆t = 0.2 and ∆x = 2
3∆t. The

reduced basis of length 7 are computed by the modified greedy search. On the
other hand, for the sensitivity relating to u, we choose ∆t = 0.3, ∆x = 0.01
and the lengths of the reduced basis computed by the modified greedy search are
(22, 21, 18, 14, 10, 6, 5, 2, 2). For the optimal value yd(t) with t ∈ [0, 20], we use
the constant value 9 · 109. In Chapter 6.2 we saw in the figures that this value
is an upper bound for the present total cell population. For the error between
the sensitivities of the functional computed by FD- and RB-method relating to
µ and relating to u, we receive

||∇µFDJ(u, µ)−∇µRBJ(u, µ)||2 = 7.5461 · 10−3,

||∇uFDJ(u, µ)−∇µRBJ(u, u)||2 = 1.7447 · 10−4.

The errors are small enough. Therefore we can accept the reduced basis for the
sensitivity of the functional.
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7 Conclusion

In this master thesis a state system was considered, whose solution describes the
population density of red blood cells in a specific cell stage - the CFU-E cell
stage. The population depends on the concentration of the hormone EPO in the
plasma. The mathematical model contains parameters. First constants for the
apoptosis rate and second control parameters. For these two sorts of parameters,
the sensitivities relating to the solution of the state system and also relating to
two functionals, which depend on the cell population, were analyzed. The first
functional described the total cell population and the second functional was the
quadratic cost functional. The parameters had significant differences in their sen-
sitivity levels. Two methods were used for the computation. The finite difference
method and the reduced basis method. Both methods yield the cell population
as solution and additionally the sensitivities of them. It was registered, that the
error between these was small. For the reduced basis method, two different re-
duced basis were used. It was shown that one of these was better than the other.
For this reason, the difference between the two reduced basis was considered. An
other part was the influence of the initial basis on the reduced basis. Addition-
ally, a subset selection method was used. As result, there was a ranking of the
parameters in two different functionals relating to the sensitivity level. Also for
different values for the parameters µ and u the sensitivity level of parameters
was considered. Finally, the error between the sensitivities of the quadratic cost
functional was considered.

During the process to find solver for the state model respectively for the sen-
sitivity equation many restrictions were done because it gave to many possibilities.

First, for the finite difference method the backward-time forward-space scheme
was used but it was shown that the forward-time backward-space scheme is also a
possible strategy. As well in the θ-method we had fixed θ = 1. It was shown that
we had needed θ 6= 0 but it gives the possibility for a θ a little bit smaller than
1. Another option is to use the classical Runge-Kutta method as discretization
technique. It would be interesting if the results are the same or not.

Second, only a small piece of the power of the reduced basis method was shown.
It was not an easy task to find an optimal group of step sizes and number of basis
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7 Conclusion

vectors of the reduced basis which additionally lead to a small relative error. As
well the computation time could be smaller with an optimal group. In the process
of finding a good group, the problem was the stability of the sensitivities. For
a smaller step size ∆x, the relative error was often too large or the time for the
computation of the reduced basis was too long. Of course, the computation time
is also depends on the implementation of the reduced basis method. Also for a
smaller θ the state solution was acceptable but the sensitivities were unstable.
Thus a rule for the choice of the step sizes would be desirable.
The problem with the computation time is also present relating to another part
of this thesis. The RB-method was introduced with the possibility to choose a
subset of the parameter set Uad×D . The reduced basis can be computed for all
parameter of this subset by the modified greedy search algorithm. However, the
computation time is too large, if the choice of the step sizes and the number of
basis vectors is too bad. As well if the relative error is too large.

At least, the quadratic cost functional was computed, depends on the total cell
population and on the desired time-dependent population. In addition, the error
of the sensitivity of the functional, computed by the FD-method and the RB-
method was considered. Here, it would be interesting to have an error estimator
for evaluate the quality of the sensitivities with respect to the functional.
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8 Appendix

8.1 Second derivative of α

Derivative with respect to µ

∂2

∂µ2
1
α(t, u;µ) = 0

∂2

∂µ1∂µ2
α(t, u;µ) = −c(t, u) exp(µ2E(t, u)− µ3)

(1 + exp(µ2E(t, u)− µ3))2

∂2

∂µ1∂µ3
α(t, u;µ) = exp(µ2E(t, u)− µ3)

(1 + exp(µ2E(t, u)− µ3))2

∂2

∂µ2∂µ1
α(t, u;µ) = ∂2

∂µ1∂µ2
α(t, u;µ)

∂2

∂µ2
2
α(t, u;µ) = 2µ1E(t, u)2 exp(µ2E(t, u)− µ3)2

(1 + exp(µ2E(t, u)− µ3))3 − µ1E(t, u)2 exp(µ2E(t, u)− µ3)
(1 + exp(µ2E(t, u)− µ3))2

∂2

∂µ2∂µ3
α(t, u;µ) = −2µ1E(t, u) exp(µ2E(t, u)− µ3)2

(1 + exp(µ2E(t, u)− µ3))3 + µ1E(t, u) exp(µ2E(t, u)− µ3)
(1 + exp(µ2E(t, u)− µ3))2

∂2

∂µ3∂µ1
α(t, u;µ) = ∂2

∂µ1∂µ3
α(t, u;µ)

∂2

∂µ3∂µ2
α(t, u;µ) = ∂2

∂µ2∂µ3
α(t, u;µ)

∂2

∂µ2
3
α(t, u;µ) = 2µ1 exp(µ2E(t, u)− µ3)2

(1 + exp(µ2E(t, u)− µ3))3 −
µ1 exp(µ2E(t, u)− µ3)

(1 + exp(µ2E(t, u)− µ3))2
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8 Appendix

Derivative with respect to u

∂2

∂ui∂uj
α(t, u;µ) =

(
2µ1µ

2
2 exp(µ2E(t, u)− µ3)2

(1 + exp(µ2E(t, u)− µ3))3 TBV2

)
χi(t)χj(t)

−
(

µ1µ
2
2 exp(µ2E(t, u)− µ3)

(1 + exp(µ2E(t, u)− µ3))2 TBV2

)
χi(t)χj(t)

8.2 Acronyms

Shortcut Describtion

PDE Partial Differential Equation

EPO Erythropoietin

PPDE Parametrized Partial Differential Equation

FD Finite Difference

RB Reduced Basis

FDFSS-γ Finite Difference First Sensitivity System relating to γ

FDFS-γ Finite Difference Sensitivity of first order relating to γ

TCP Total cell population

ST Single-Time

POD Proper Orthogonal Decomposition

RFSS-γ Reduced First Sensitivity System - γ

RFS-γ Reduced Sensitivity of first order relating to γ
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8.3 List of important symbols

8.3 List of important symbols

Symbol Describtion

y Cell population density of CFU-E cells

Ω = (x, x) ∈ R Space domain

(0, T ), T ∈ N time domain

Q = (0, T )× Ω Time-space cylinder

x ∈ Ω Maturity variable

β Proliferation rate

TBV Total blood volume

α(t, u;µ) Mortality rate

U = Rm Control space

Uad ⊂ U Set of admissible controls

u ∈ Uad Control variable

{t∗1, . . . , t∗m} Injection days

D Parameter set for the adaptosis parameters

E(t, u) EPO concentration in the plasma

g Constant boundary function

y0(x) Initial population density

γ, ,γ′ Placeholder for a parameter

fγ(t, x, u;µ) Inhomogeneous part of the sensitivity equation

LkI/E(u, µ) Operators of the finite difference state system

zk(u, µ) Inhomogeneous part of the finite difference state system

LkI/E(u, µ) Operators of the finite difference first sensitivity system

zk(u, µ) Inhomogeneous part of the finite difference first sensitivity

system
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8 Appendix

LkI/E(u, µ) Operators of the reduced state system

bk(u, µ) Inhomogeneous part of the reduced state system

L
k
I/E(u, µ) Operators of the reduced first sensitivity system

b
k(u, µ) Inhomogeneous part of the reduced first sensitivity system

ΦH , H ∈ N Reduced basis for the reduced state solution

ΨH̃ , H̃ ∈ N Reduced basis for a reduced first sensitivity

∆k
H(u, µ) Error estimator for the state solutions, computed by FD-

and RB-method

Λk
H̃

(u, µ) Error estimator for the first sensitivities, computed by FD-

and RB-method
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