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Abstract

In this thesis linear-quadratic optimal control problems for dynamical systems modeled
by parabolic partial differential equations with control and state constraints are observed.
Different model order reduction techniques basing on a spectral method called proper
orthogonal decomposition are analyzed and both a-priori and a-posteriori error bounds
are developed to quantify the arising model reduction errors efficiently. Iterative solution
techniques for the coupled nonlinear optimality equations are proposed and an associated
convergence analysis is provided. The theoretical findings are visualized by numerical
tests which illustrate both the advantages and limits of the introduced model reduction
strategies.
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Zusammenfassung

In dieser Arbeit werden linear-quadratische Optimalsteuerungsprobleme für dynami-
sche Systeme, welche durch parabolische partielle Differenzialgleichungen modelliert wer-
den und sowohl Kontroll- als auch Zustandsschranken berücksichtigen, behandelt. Ver-
schiedene auf einer “Proper Orthogonal Decomposition” genannten Spektralmethode ba-
sierende Techniken werden analysiert und sowohl a-priori als auch a-posteriori Fehler-
schranken werden entwickelt, um die auftretenden Fehler im reduzierten Modell effizient
zu quantifizieren. Iterative Lösungstechniken für die gekoppelten nichtlinearen Optima-
litätsgleichungen werden vorgeschlagen und eine zugehörige Konvergenzanalysis wird zur
Verfügung gestellt. Die theoretischen Resultate werden anhand von numerischen Tests
veranschaulicht, welche die Vorteile wie auch die Grenzen der vorgestellten Modellreduk-
tionstechniken illustrieren.
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Introduction

The optimal control of stationary or dynamical problems is a multivarious field with
numerous applications in physics, engineering, economics, or science in general. From
an applicant’s point of view, one distinguishes between the identification of model pa-
rameters where measurements are used to determine a model which depends on initially
unknown arguments such as the heat conductivity of an alloy [26], [89], traffic prediction
parameters where the driving speed distribution is ascribed to weather conditions, the
capacity and critical density, the degree of the roads and the time of the day, for instance
[115], [85], or weather forecasting where observational data recorded over a long time
horizon is used to calibrate parameters of sophisticated models of atmospheric physics
and dynamics and gain a reliable prediction for the next few days [49], [102], and the
control of a system where free variables have to be adjusted in a way such that the system
behaves as required – one may think of the elimination of air vortices during the starting
and landing of airplanes by a specific design of the wing surfaces [107], [108], the regula-
tion of a crowd which maximizes the flow velocity under the restriction that the outbreak
of a mass panic has to be prevented [3], [140], or the control of melted metal flowing into
a mold, a classical application of the incompressible Navier-Stokes equations [54], [18].
In a theoretical treatment of such problems, parameter identification and optimal control
problems can be treated with the same methods: It does not matter whether one looks
for the correct parameters to trigger a system to a measured state or whether one wants
to find a control which triggers a system to a desired state.

Closed-loop control problems arise when feedback of the controlled quantities are re-
spected by the control. In this case, disturbance can be balanced out and the control
can deal with model uncertainties and react on instability. We mention two important
solution techniques for such problems: Model predictive control (MPC) controls a run-
ning process by successively optimizing the system over a certain number of time steps,
only implementing the first one; the calculation of the next optimal point is provided by
repeating this procedure from the new current state [5]. Linear-quadratic-Gaussian con-
trol (LQG) constitutes a linear dynamic feedback control law by combining an estimator
for inaccuracies with a regulator which is found by solving a certain algebraic Riccati
differential equation [126]. The weather forecasting, traffic and crowd regulation prob-
lems mentioned above as well as running production processes [16] or machine learning
[43] are classical applications of this type of control problem.

In contrast, open-loop control only respects the initial status of the system, it does not
receive a feedback of the progress. It cannot correct produced errors or deviations and
is not able to compensate disturbances of the system. It is used if the model describing
the relationship between input and output variables can be described by a feedback law
which just depends on the input data, such as for the identification of metal properties
or the triggering of melted metal fluids. The field of application cannot be separated
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plainly into open-loop and closed-loop problems, however: The stabilization of airplanes
may be provided by optimizing the shape of rigid wings [84] or by placement of adjustable
flaps regulated by a controller on the In any case, modeling these dynamics with partial
differential equations induces problems which are not easily to be solved numerically: A
fine discretization of the variables of interest leads to large scale optimization problems.
Therefore, a large spectrum of techniques has been developed in the past to reduce the
calculation effort in a way which stores the quality of the approximation.

Balanced truncation builds up low-order models by eliminating those parts of the state
space which are hardly to be reached or to be observed [100], [9]. This method provides
a-priori error estimates and preserves stability properties of the full-order model, but is
essentially restricted to linear problems. In [44], [39], linearization arguments are applied
to a nonlinear equation; here the balancing transformation matrix is not unique and
choosing the “wrong” transformation may simulate non-physical effects. Further, empir-
ical methods have to be applied to preserve the efficiency of the model order reduction.

The reduced basis method [111], [113] is a powerfull technique for parametrized sys-
tems. It splits the optimization process into two steps: At first, a usually expensive
“offline” stage is provided where several parameters are picked out and a low-dimensional
space of corresponding states is constructed which approximates the parametric solution
manifold in an ideal way. To guarantee a preferably small reduction error, a (possibly
costly) greedy strategy is applied to select the “right” parameters [29], [64]. Afterwards,
variations of the parameters can be considered in the reduced order space, allowing fast
“online” evaluations and simulations; the offline-online splitting allows a real-time control
of systems [130], [91]. Further, rigorous a-posteriori error estimation is available [120],
[57] making available more efficient termination conditions than a-priori error bounds
which essentially describe worst-case scenarios.

A different model reduction approach basing on simulations of the considered dynamical
system is proper orthogonal decomposition (POD) [125], [35]. Here, a reference trajectory
corresponding to an initial control guess is determined at certain pre-defined time points.
The essential components of these so-called snapshots are captured by singular value
decomposition which eliminates possibly (almost) linear dependency of the components
and orders them by their impact on the whole snapshot sample. A-priori bounds are
available for POD bases containing the optimal state dynamics [80], [124].

However, since standard POD approaches do not provide sufficient information about
optimal trajectories, a-posteriori error estimators based on perturbation arguments have
been developed for linear problems [133] and have been extended successfully to nonlinear
settings [76]. At the same time, strategies to achieve POD bases of good quality have
been developed: In [116], [1], the authors propose an adaptive strategy : At first, arbitrary
simulations generate an initial POD model which is optimized. If the resulting control
solution is not sufficiently accurate yet, the snapshots of the corresponding trajectory are
utilized to update the POD basis. The decision whether to rebuilt the POD model can
be taken based on the a-posterori error estimates.
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A different approach is the so-called optimality system proper orthogonal decomposition
(OS-POD). Here, conditions which guarantee an optimal POD element selection are
included in form of constraints in the formulation of the optimal control problem. In [82],
[135], optimality conditions are derived for this augmented optimization problem and an
iterative procedure is proposed to solve the appearing system: The authors suggest to
split the coupled equations into those depending on the reduced-order components only
and the remaining full-order parts and to choose numerically cheaper, but less accurate
gradient steps to approximate the unreduced components iteratively while the reduced
components are updated by more precise, more elaborate Newton steps. With similar
methods, [83] presents an approach for the optimal selection of the time points defining
the snapshot selection. In [78], the optimality of the OS-POD reduced-order model is
exploited to show uniform convergence of the POD solution in terms of the POD basis
rank.

The focus of the presented work is the application of POD model reduction to linear-
quadratic optimal control problems for partial differential equations with constraints on
the control and on the state variable. The requirement of regularization for the state
constraints is considered and different methods to do this are proposed. The existence of
unique solutions and handy optimality conditions based on the Lagrange- and Karush-
Kuhn-Tucker calculus are well-known for optimization problems with pure control con-
straints [86], [132] and can be extended to mixed control-state constraints by duality
arguments [11], [98]. We derive analogous conditions by a different approach, a vari-
able transformation which allows to reformulate the mixed control-state constraints as
conditions on the control variable only.

Nevertheless, the a-posteriori error estimates [133] available for problems with pure con-
trol constraints do not apply directly to the transformed problem since the transformation
itself and therefore also the set of admissible controls then depends on the chosen POD
basis. We develop adapted estimates to derive upper error bounds which are indepen-
dent of the POD model. Further, we respect the discretization errors occuring in the
numerical evaluation of the a-posteriori error estimator by combining the reduced-order
model error analysis in [133] with the discretization error analysis presented in [94].

The main results of this work contain an efficient and profound adaption of these results
to OS-POD, including a proof for the existence and representation of regular Lagrange
multipliers, a derivation of suitable optimality conditions, an extention of the variable
splitting ansatz mentioned above for OS-POD problems with control and state constraints
and an associated convergence analysis for the iterative solving of the nonlinear coupled
optimality system. Finally, we compare the performance and costs of different numerical
solution techniques and illustrate our findings by various test examples.

The thesis is organized as follows: In the first chapter, we provide the mathematical
foundations of fields optimization in Banach spaces, solution theory for parabolic partial
differential equations, constrained optimal control problems and the analytical basis of
proper orthogonal decomposition. The second chapter deals with a-posteriori error es-
timation for constrained optimal control problems; the presented results are not limited
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to reduced order models, but can be applied to various approximation techniques. In
the third chapter we combine a-priori and a-posteriori error estimates with POD models
and derive convergence results and rates for POD and OS-POD models. The last chap-
ter is devoted to numerical experiments and combines different optimization techniques
with the suggested POD model construction strategies; the efficiency of the proposed
algorithms in relation to computational effort and accuracy is in the focus of our obser-
vations. Finally, we give a short outlook for open questions and possible continuations
of the presented analysis.
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1. Optimal control of PDEs

In this chapter, we introduce the basic concepts to formulate optimal control problems
governed by partial differential equations (PDEs) and to utilize model reduction tech-
niques. The first section presents the terminology and notations for optimization prob-
lems in Banach spaces; variable elimination via implicit functions for equality constraints
and constraint qualification for side conditions which contain inequalities are suggested.
The second section deals with the existence, uniqueness and stability of time-dependent
partial differential equations and presents regularity conditions which we will require to
estimate model errors later. In the third section we present the optimal control of PDEs
subject to constraints on the control and state variables. Technical difficulties arising
from pure state constraints are avoided by the introduction of regularization concepts
which allow to apply methods for pure control constrained problems. We prove the ex-
istence of regular Lagrange multipliers and formulate sufficient and necessary first-order
optimality conditions. Finally, in the fourth section, we introduce the concept of proper
orthogonal decomposition.

1.1. Optimization problems in Banach spaces

In the following, let X,Z be two real Banach spaces, Z ′ be the dual space of Z, C ⊆ X
be a nonempty, closed, convex subset, f : X → R be a functional and e : X → Z ′ denote
a constraint operator. We consider optimization problems of the form

min f(x) s.t. e(x) ≤ 0 & x ∈ C (1.1)

where “s.t.” stands for “subject to”. For this purpose, we will introduce a canonical
ordering relation ≤ on Z ′. Further, to formulate necessary and sufficient optimality con-
ditions in the Banach space setting, we present the usual Fréchet and Gâteaux derivation
concepts which allow to characterize solutions to problem (1.1) by preferably explicit op-
timality conditions.

Definition 1.1. (Convex cones)

K ⊆ Z ′ is called a convex cone if for all ζ ∈ K and any λ > 0, λζ ∈ K holds true.

A convex cone K induces a relation ≤K by

ζ ≤K 0 :⇐⇒ −ζ ∈ K. (1.2)
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Remark 1.2. Let K be a convex cone with the following additional properties:

0 ∈ K (1.3a)
∀ζ ∈ K\{0} : − ζ /∈ K, (1.3b)
∀ζ, ξ ∈ K : ζ + ξ ∈ K, (1.3c)

Then ≤K defines an ordering relation on Z via

ζ ≤K ξ :⇐⇒ ξ − ζ ∈ K : (1.4)

≤K is reflexiv since (1.3a) implies that ζ ≤K ζ for all ζ ∈ K, ≤K is antisymmetric since
(1.3b) excludes that ζ ≤K ξ and ξ ≤K ζ can hold true except for ζ = ξ and ≤K is
transitive since ζ ≤K ξ and ξ ≤K ψ implies that ζ ≤K ψ holds as well according to
(1.3c). ♦

Definition 1.3. (Optimal points)

A point x̄ ∈ C is called a local solution to (1.1) if e(x̄) ≤K 0 holds and if there exists
some ε > 0 such that f(x̄) ≤ f(x) for all x ∈ C which satisfy e(x) ≤K 0 as well as
‖x− x̄‖X ≤ ε.
A local solution to (1.1) is called global if f(x̄) ≤ f(x) is fulfilled for all x ∈ C which
respect e(x) ≤K 0.

1.1.1. Optimality conditions
To derive first-order optimality conditions for (1.1), a concept of directional derivatives
and total differentiability in Banach spaces is required.

Definition 1.4. (Gâteaux and Fréchet derivatives)

Let V,W be two real Banach spaces, Ṽ ⊆ V be an open subset and F : Ṽ →W .

1. If the limit
δF (ṽ, v) = lim

t↓0

1

t
(F (ṽ + tv)− F (ṽ))

exists for some point ṽ ∈ Ṽ and a direction v ∈ V , then δF (ṽ, v) is called a
directional derivative at ṽ.

2. If δF (ṽ, v) exists for all v ∈ V , then the mapping v 7→ δF (ṽ, v) is called first
variation of F at ṽ.

3. If the first variation of F at some point ṽ ∈ Ṽ exists and there is a linear and
bounded operator A : V →W such that

δF (ṽ, v) = Av
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holds for all v ∈ V , then F is called Gâteaux differentiable at ṽ and A is called the
Gâteaux derivative of F at ṽ.

4. F is called Fréchet differentiable at ṽ ∈ Ṽ if there is a linear and bounded operator
A : V →W and a residual function r : V →W such that

F (ṽ + v) = F (ṽ) +Av + r(v)

holds for all v ∈ V with ṽ + v ∈ Ṽ and ‖r(v)‖W ‖v‖−1
V → 0 for ‖v‖V → 0. In

this case, A is called the Fréchet derivative of F at ṽ. We write A = F ′(ṽ) for the
Fréchet derivative of F at ṽ.

Remark 1.5. Gâteaux and Fréchet derivatives generalize the concept of total and direc-
tional derivatives in Rn; especially, the Fréchet derivative is compatible with conjunctions
and compositions, see [67], Sec. 1.4.1:

1. If F is Fréchet differentiable at ṽ, then F is Gâteaux differentiable at ṽ as well and
the two derivatives coincide.

2. If F is Gâteaux differentiable in a neighborhood of ṽ and δF is continuous at ṽ, then
F is Fréchet differentiable at ṽ.

3. If F : Ṽ1 × Ṽ2 → W is Fréchet differentiable at (ṽ1, ṽ2), then F (ṽ1, ·) is Fréchet
differentiable at ṽ2 and F (·, ṽ2) is Fréchet differentiable at ṽ1. The derivatives are
denoted by ∂v1F (ṽ1, ṽ2) and ∂v2F (ṽ1, ṽ2). They satisfy the formula

F ′(ṽ1, ṽ2)(v1, v2) = ∂v1F (ṽ1, ṽ2)v1 + ∂v2F (ṽ1, ṽ2)v2

and are called the partial derivatives of F .

4. The chain rule holds for Fréchet differentiable mappings: Let U be a third real Banach
space, Ũ ⊆ U be open and G : Ũ → Ṽ . Assume that G is Fréchet differentiable at
ũ ∈ Ũ and that F is Fréchet differentiable at G(ũ) ∈ Ṽ . Then the composition
F ◦G : Ũ →W is Fréchet differentiable at ũ and

(F ◦G)′(ũ) = F ′(G(ũ))G′(ũ). ♦

We assume from now on that f and e are continuously Fréchet differentiable.

Definition 1.6. (Lagrange calculus)

The Lagrange function L : X ×Z → R of the optimization problem (1.1) is defined as

L(x, z) = f(x) + 〈e(x), z〉Z′,Z .

Let x̄ be a local solution to (1.1). Then z̄ ∈ Z is called a Lagrange multiplier corre-
sponding to x̄ if the following three conditions are satisfied:

∀ζ ∈ K : 〈ζ, z̄〉Z′,Z ≥ 0; ∀x ∈ C : ∂xL(x̄, z̄)(x− x̄) ≥ 0; 〈e(x̄), z̄〉Z′,Z = 0.
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1.1.2. Problems with equality constraints
Let X1, X2 be two real Banach spaces and C2 ⊆ X2 be a nonempty, closed, convex
subset such that X = X1 × X2 and C = X1 × C2 hold. Further, let e : X → Z be an
operator describing equality constraints, i.e. K = {0}. If each local solution (x̄1, x̄2) to
(1.1) admits a neighborhood U2 ⊆ X2 of x̄2 such that there is a Fréchet differentiable
solution function ϕ : U2 → X1 with ϕ(x̄2) = x̄1 and e(ϕ(x2), x2) = 0 for all x2 ∈ U , then
problem (1.1) reduces to

min f̂(x2) subject to x2 ∈ C2 (1.5)

with f̂(x2) = f(ϕ(x2), x2): A solution x̄2 to the reduced problem (1.5) implies that
(ϕ(x̄2), x̄2) solves (1.1) and if (x̄1, x̄2) solves (1.1), then x̄2 is a solution to (1.5).

The following theorem states sufficient conditions for the elimination of the variable x1;
a proof can be found in [67], Thm. 1.41:

Theorem 1.7. (Implicit function theorem)

Let X1, X2, Z be three real Banach spaces, X̃1 ⊆ X1 and X̃2 ⊆ X2 be open subsets,
e : X̃1 × X̃2 → Z be continuously Fréchet differentiable and (x̄1, x̄2) ∈ X̃1 × X̃2 such
that e(x̄1, x̄2) = 0. Further, assume that the partial derivative ∂x1e(x̄1, x̄2) : X1 → Z ′

has a bounded inverse.

Then there exist open neighborhoods U1 ⊆ X̃1 of x̄1 and U2 ⊆ X̃2 of x̄2 and a unique
continuously Fréchet differentiable function ϕ : U2 → X1 such that

1. ϕ(x̄2) = x̄1 and

2. ϕ(x2) ∈ U1 for all x2 ∈ U2 with e(ϕ(x2), x2) = 0.

Remark 1.8. Due to the chain rule, the Fréchet derivative of ϕ is given by

ϕ′(x2) = −∂x1e(ϕ(x2), x2)−1∂x2e(ϕ(x2), x2). (1.6)

This representation allows to describe the derivative of f̂ and a suitable Lagrange mul-
tiplier more explicitly by means of adjoint operators:

1. Let X,Z be Banach spaces and e : X → Z′ be a linear and bounded operator, then e
induces an adjoint or dual operator e? : Z→ X′ via 〈e?(z), x〉X′,X = 〈e(x), z〉Z′,Z.

2. A Lagrange multiplier to the Lagrange functional

L(x1, x2, z) = f(x1, x2) + 〈e(x1, x2), z〉Z′,Z

then is given by

z̄ = −∂x1e(x̄1, x̄2)−?∂x1f(x̄1, x̄2) (1.7)

18



where (·)−? = ((·)?)−1 = ((·)−1)?; one easily justifies that the derivatives of L satisfy

∂x1L(x̄1, x̄2, z̄) = ∂x1f(x̄1, x̄2) + ∂x1e(x̄1, x̄2)?z̄ = 0

and

∂x2L(x̄1, x̄2, z̄)(x2 − x̄2)

= (∂x2f(x̄1, x̄2) + ∂x2e(x̄1, x̄2)?z̄)(x2 − x̄2)

= (∂x2f(x̄1, x̄2)−
(
∂x1e(x̄1, x̄2)−1∂x2e(x̄1, x̄2)

)?
∂x1f(x̄1, x̄2))(x2 − x̄2)

= (∂x2f(ϕ(x̄2), x̄2) + ϕ′(x̄2)?∂x1f(ϕ(x̄2), x̄2))(x2 − x̄2)

= f̂ ′(x̄2)(x2 − x̄2) ≥ 0 for all x2 ∈ C.

3. The Fréchet derivative of the reduced cost functional f̂ can be determined by the
adjoint approach

f̂ ′(x2) = ϕ′(x2)?∂x1f(ϕ(x2), x2) + ∂x2f(ϕ(x2), x2)

= ∂x2e(ϕ(x2), x2)?p(x2) + ∂x2f(ϕ(x2), x2)

where p(x2) ∈ Z solves the adjoint equation

∂x1e(ϕ(x2), x2)?p(x2) = −∂x1f(ϕ(x2), x2). ♦

Choosing f = f̂ , X = X2 and C = C2, the following existence results and optimality
conditions are available; a proof can be found in [67], Thm. 1.46:

Theorem 1.9. (First-order optimality conditions)

Let X be a Banach space, C ⊆ X be a nonempty, convex set and f : X→ R be Gâteaux
differentiable.

1. Then any local solution x̄ of the optimization problem

min
x∈C

f(x) (1.8)

satisfies the variational inequality

∀x ∈ C : 〈f ′(x̄), x− x̄〉X′,X ≥ 0. (1.9)

2. If f is convex on C, then (1.9) is also a sufficient optimality criterion. In this case,
each local solution x̄ of (1.8) is a global solution.

3. If f is strictly convex on C, then (1.8) admits at most one solution.

4. If, in addition, X is reflexive, C is closed and limn→∞ f(xn) = ∞ holds for all
sequences (xn)n∈N with limn→∞ xn =∞, then (1.8) has a unique and global solution.
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1.1.3. Problems with inequality constraints
Let f : X → R and e : X → Z ′ be continuously Fréchet differentiable, let C ⊆ X be a
nonempty, closed, convex set and let K ⊆ Z ′ be a closed, convex cone. We introduce the
set of feasible points

Fe = {x ∈ X | x ∈ C & e(x) ≤K 0}
and for x ∈ Fe the corresponding tangent cone

Te(x) = {x̃ ∈ X | ∀k ∈ N : ∃λk > 0 & x̃k ∈ Fe : lim
k∈N

x̃k = x & lim
k∈N

λk(x̃k − x) = x̃}.

Then the following first-order optimality conditions holds, cp. [67], Thm. 1.53:

Theorem 1.10. (First-order optimality conditions)

Any local solution x̄ to (1.1) satisfies the variational inequality

∀x̃ ∈ Te(x̄) : 〈f ′(x̄), x̃〉X′,X ≥ 0. (1.10)

If the linearized cone Le(x̄) at x̄ defined as

Le(x̄) = {λx̃ | λ > 0, x̃ ∈ X, e(x̄) + e′(x̄)x̃ ≤K 0 & x̄+ x̃ ∈ C}

is a subset of the tangent cone, more explicit necessary optimality conditions using the
Lagrange formalism are available. Let, for instance, Robinson’s regularity condition hold:

0 ∈ int{e(x̄) + e′(x̄)(x̃− x̄)− ζ | x̃ ∈ C & ζ ∈ K}. (1.11)

Then Le(x̄) ⊆ Te(x̄), cp. [117], and the optimality condition (1.10) becomes

∃z̄ ∈ Z : ∀x ∈ C : 〈f ′(x̄) + e′(x̄)?z̄, x− x̄〉X′,X ≥ 0

where z̄ satisfies the complementarity slackness 〈e(x̄), z̄〉Z′,Z = 0 as well as 〈ζ, z̄〉 ≤ 0 for
all ζ ∈ K, see [141], Thm. 3.1:

Theorem 1.11. (Zowe & Kurcyusz)

For any local solution x̄ to (1.1) which satisfies Robinson’s regularity condition (1.11),
there exists a Lagrange multiplier z̄ ∈ Z.

The Zowe & Kurcyusz regularity condition states that

∀z ∈ Z : ∃µ, λ ≥ 0, ζ ∈ K,x ∈ C : λe′(x̄)(x− x̄) + µ(e(x̄) + ζ) = z. (1.12)

This solvability condition for perturbations of the variational inequality indeed is equiv-
alent to Robinson’s regularity condition, see [141], Thm. 2.1 and the remarks in Sec. 3.
Any x̄ ∈ X which fulfills (1.12) is called a regular point of (1.1). However, a suitable
representation of the tangent cone which does not fulfill Robinson’s condition is difficult
even if it includes inner points [75].
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1.2. Parabolic evolution equations

Let V and H be real, separable Hilbert spaces. Suppose that V is a dense subset of H
such that the embedding ι : V → H is compact. In particular, there exists some constant
CV > 0 with ‖ϕ‖H ≤ CV ‖ϕ‖V for all ϕ ∈ V . By 〈·, ·〉V and 〈·, ·〉H we denote the inner
products of V and H, respectively. On the time interval Θ = [0, T ] we consider a time-
dependent symmetric bilinear form a(t; ·, ·) : V × V → R which shall be measurable,
continuous and weakly coercive, i.e. there are constants α > 0 and α1 > 0, α2 ≥ 0 with

a(·;ϕ,ψ) is measurable on Θ ∀ϕ,ψ ∈ V, (1.13a)

|a(t;ϕ,ψ)| ≤ α ‖ϕ‖V ‖ψ‖V ∀ϕ,ψ ∈ V a.e. in Θ, (1.13b)

a(t;ϕ,ϕ) ≥ α1 ‖ϕ‖2V − α2 ‖ϕ‖2H ∀ϕ ∈ V a.e. in Θ (1.13c)

where the abbreviation “a.e” stands for “almost everywhere”. Notice that α, α1, α2 are
independent of t.

By identifying H with its dual space H ′ it follows V ↪→ H ↪→ V ′, each embedding being
continuous and dense, see [139], Thm. 17.1, i.e. (V,H, V ′) forms a Gelfand triple. We
define the state space

Y = {ϕ ∈ L2(Θ, V ) | ϕ̇ ∈ L2(Θ, V ′)}

where ϕ̇ denotes the weak time derivative of ϕ. Endowed with the natural scalar product

〈ϕ,ψ〉Y =

∫
Θ

〈ϕ(t), ψ(t)〉V dt+

∫
Θ

〈ϕ̇(t), ψ̇(t)〉V ′ dt,

Y is itself a Hilbert space, see [139], Thm. 25.4. For a source term f ∈ L2(Θ, V ′) and
some initial state y◦ ∈ H, we consider the linear evolution problem

ẏ(t) +A(t)y(t) = f(t) in V ′ a.e. in Θ, y(0) = y◦ in H (1.14)

where A(t) : V → V ′ is the linear and bounded operator associated to a, given by
(A(t)φ)ϕ = a(t;φ, ϕ).

Remark 1.12. A(t) may also be considered as a linear and selfadjoint, but possibly
unbounded operator on H with universal domain

D(A) = {ϕ ∈ V | A(t)ϕ ∈ H a.e. in Θ}. ♦

1.2.1. Existence and uniqueness of solutions
Notice that according to Aubin’s lemma, the compactness of V ↪→ H implies that the
embedding Y ↪→ L2(Θ, H) is compact as well, see [123], Prop. 3.1.3.
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Further, for all y ∈ Y there is some ỹ ∈ C0(Θ, H) such that {t ∈ Θ | y(t) 6= ỹ(t)} has
measure zero and the embedding Y ↪→ C0(Θ, H) is continuous:

∃C > 0 : ∀y ∈ Y : max
t∈Θ
‖ỹ(t)‖H ≤ C

(∫
Θ

‖y(t)‖V + ‖ẏ(t)‖V ′ dt
)
, (1.15)

see [48], Thm. 5.9.3 where the particular Sobolev spaces V = H1
0 (Ω) and H = L2(Ω)

are considered; the arguments given there hold for any Gelfand triple (V,H, V ′). (1.15)
implies that the initial condition in (1.14) is well-defined for functions y belonging to the
state space. We call y ∈ Y satisfying y(0) = y◦ in H and the variational formulation∫

Θ

〈ẏ(t), φ〉V ′,V dt+

∫
Θ

a(t; y(t), φ) dt =

∫
Θ

〈f(t), φ〉V ′,V dt (1.16)

for all φ ∈ V and almost all t ∈ Θ a weak solution to (1.14). Here, 〈·, ·〉V ′,V stands for
the dual pairing between V ′ and V , given by 〈x′, x〉V ′,V = x′(x) for x′ ∈ V ′ and x ∈ V .

Remark 1.13. Alternatively, one can shift the time differentiability in the definition of
the state space to the variational equation, working with time-dependent test functions:
Consider the new state space Ỹ = L2(Θ, V ) and the variational formulation

−
∫
Θ

〈ỹ(t), φ̇(t)〉H dt+

∫
Θ

a(t; ỹ(t), φ(t)) =

∫
Θ

〈f(t), φ(t)〉V ′,V dt+ 〈y◦, φ(0)〉H (1.17)

for all φ ∈ H1(Θ, H) ∩ L2(Θ, V ) satisfying φ(T ) = 0 and almost all t ∈ Θ, then (1.17)
admits a unique solution ỹ ∈ Ỹ [132], Thm. 3.9, which almost everywhere coincides with
the solution y ∈ Y of (1.16), see [132], Thm. 3.12. ♦

Theorem 1.14. (Existence & Uniqueness)

The Cauchy problem (1.14) is well-posed, i.e. it admits a unique solution y ∈ Y
satisfying

‖y‖2Y + ‖y‖2C0(Θ,H) ≤ C(‖f‖2L2(Θ,V ′) + ‖y◦‖2H) (1.18)

where the constant C just depends on the parameters α, α1, α2, T .

For the proof, we refer to [48], Thm. 7.1.3-7.1.5; the elliptic operator considered there can
be replaced by the more general differential operator A which only satisfies the properties
(1.13a)-(1.13c).

The statement of Thm. 1.14 is equivalent to the existence of a continuous solution map-
ping S : L2(Θ, V ′)×H → Y such that y = S(f, y◦) is the solution to (1.14).
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1.2.2. Regularity of solutions
Later on, we will require additional regularity of solutions given that the data functions
are regular enough. For this purpose, we assume time-independence of the bilinear form
a. Then y ∈ L∞(Θ, V )∩H1(Θ, H) holds true for the solution y to (1.14) if f ∈ L2(Θ, H)
and y◦ ∈ V , see [48], Thm. 7.1.5, and y fulfills the a-priori estimate

ess sup
t∈Θ

‖y(t)‖V +

∫
Θ

‖ẏ(t)‖H dt ≤ C
(∫

Θ

‖f(t)‖H dt+ ‖y◦‖V
)
. (1.19)

In the particular case thatH denotes the Lebesgue space L2(Ω) of quadratically integrable
functions on a smoothly bounded domain Ω ⊆ Rd and V is the Sobolev space H1

0 (Ω) of
all one times spatially differentiable functions on Ω with homogeneous Dirichlet boundary
conditions, V = {φ ∈ L2(Ω) | ∇φ ∈ L2(Ω)d & φ = 0 on ∂Ω in the sense of (1.22)} which
we endow with the Sobolev norm ‖φ‖2V = ‖φ‖2H + ‖∇φ‖2

Hd , then y ∈ L2(Θ, H2(Ω)) holds
true in addition, i.e. y possesses second order spatial derivatives in L2(Ω).

The regularity of solutions can be improved if the data admit time and space derivatives of
higher order. For instance, if y◦ ∈ H3(Ω)∩H1

0 (Ω) and f ∈ L2(Θ, H2(Ω))∩H1(Θ, L2(Ω))
hold together with the compatibility condition f(0) − Ay◦ ∈ H1

0 (Ω), then y is two
times differentiable in the time variable with spatial regularities y ∈ L2(Θ, H4(Ω)),
ẏ ∈ L2(Θ, H2(Ω)) and ÿ ∈ L2(Θ, L2(Ω)), see [48], Thm. 7.1.6.

To derive a-priori estimates for the model reduction error, we will require at least state
solutions in H1(Θ, V ). However, since we do not postulate time differentiability of the
control, the source term f will just be in L2(Θ, Hq(Ω)), so these standard regularity lifting
techniques are not applicable in this situation. Müller applies a convolution argument
in time to achieve H1(Θ, V )-regularity for source terms which admit a separation of
the time and space dependency [101], Prop. 1.1.6 – a property which will also become
meaningful for the effectivity of the model reduction, see (3.23) and Rem. 3.19.

Theorem 1.15. (Regularity for space-time source terms)

Let Ω be a domain with sufficiently regular boundary ∂Ω, q ∈ N be an even number
and χ1, ..., χm ∈ Hq+1

0 (Ω) be given shape functions. Further, let u ∈ L2(Θ,Rm) be a
given control.

If the initial value y◦ is an element of Hq+1
0 and the source term f can be represented as

f(t, x) =
∑m

k=1 uk(t)χk(x), then the evolution equation (1.14) admits a unique solution
y ∈ L2(Θ, Hq+2(Ω)) ∩ H1(Θ, Hq(Ω)) and the following a-priori stability estimate is
fulfilled:

‖y‖L2(Θ,Hq+2(Ω)) + ‖ẏ‖L2(Θ,Hq(Ω)) ≤ C(‖u‖L2(Θ,Rm) + ‖y◦‖Hq+1(Ω)). (1.20)
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1.3. Optimal control problem

We consider the linear-quadratic optimal control problem for parabolic differential equa-
tions

min
(y,u)=Y×U

J(y, u) =
σQ
2
‖y − yQ‖2L2(Θ,H) +

σΩ

2
‖y(T )− yΩ‖2H +

σu
2
‖u‖2U (1.21a)

subject to the PDE equality constraint

ẏ(t) +Ay(t) = Bu(t) + f(t) in V ′ f.a.a. t ∈ Θ, y(0) = y◦ in H (1.21b)

(where “f.a.a.” stands for “for almost all”) and the control and state inequality constraints

ya ≤ y ≤ yb, ua ≤ u ≤ ub. (1.21c)

We choose the control space U = L2(Θ,Rm) and the spatial space H = L2(Ω) over a
bounded Lipschitz domain Ω ⊆ Rd, d ∈ {1, 2, 3}, then the control constraints shall be
interpreted componentwise almost everywhere in Θ and the state constraints shall hold
true for almost all (t, x) ∈ Θ×Ω; in this context, we construe the state space Y as a subset
of L2(Θ×Ω). The control operator B is a linear and bounded mapping U → L2(Θ, V ′).

Example 1.16. The problem formulation (1.21) covers both distributed and boundary
control problems:

1. Let V = H1
0 (Ω) be the first-order Sobolev space with Dirichlet boundary conditions,

H1
0 (Ω) =

{
ϕ ∈ H1(Ω)

∣∣∣∣ ∀φ ∈ L2(Ω,Rd), div φ ∈ L2(Ω) :
〈ϕ,div φ〉L2(Ω) = −〈∇ϕ, φ〉L2(Ω,Rd)

}
(1.22)

which is identical with the closure of the test space C∞0 (Ω) = {ϕ ∈ C∞(Ω) | ϕ|∂Ω = 0}
in the Sobolev norm ‖ · ‖H1(Ω). Then the linear convection-diffusion equation

ẏ(t, x)− (∇TK∇)y(t, x) + βT∇y(t, x) = f(t, x) +
m∑
i=1

ui(t)χi(x) on Θ× Ω,

y(t, x) = 0 in Θ× ∂Ω,

y(0, x) = y◦(x) in Ω

with symmetric diffusion coefficient matrix K ∈ Rd×d and directed velocity vector
β ∈ Rd can be written in the form (1.21b) by choosing the nonsymmetric bilinear
form

a(ϕ,ψ) =

∫
Ω

〈∇ϕ(x),K∇φ(x)〉Rd dx+

∫
Ω

〈β,∇ϕ(x)〉Rd φ(x) dx

and the control operator B : U → L2(Θ, V ′),

〈(Bu)(t), φ〉V ′,V =
m∑
i=1

ui(t)

∫
Ω

χi(x)φ(x) dx.
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2. Alternatively, we choose V = H1(Ω) and consider the diffusion equation with con-
trolled Neumann boundary condition:

ẏ(t, x)− (∇TK∇)y(t, x) = f(t, x) in Θ× Ω

~nT(x)∇y(t, x) + q y(t, x) = u(t, x) on Θ× ∂Ω

y(0, x) = y◦(x) in Ω.

Here, ~n(x) denotes the exterior normal vector at a boundary point x ∈ ∂Ω and q ≥ 0 is
some nonnegative scalar. Then (1.21b) is satisfied if we define the symmetric bilinear
form

a(ϕ, φ) =

∫
Ω

∇〈ϕ(x),∇φ(x)〉Rd dx+ q

∫
∂Ω

ϕ(x)φ(x) dx

and the boundary control operator B : U → L2(Θ, V ′),

〈(Bu)(t), φ〉V ′,V =

∫
∂Ω

u(t, x)φ(x) dx.

Notice that in both cases, a is bounded and weakly coercive, i.e. (1.13) is satisfied.

3. Dirichlet boundary control is more challenging: If u = y|∂Ω holds, the control must ob-
tain at least the additional regularity H

1
2 (Ω) which may be an undesirable restriction

in application; further, this setting cannot be embedded directly in the variational
formulation of (1.21b). There are various techniques to deal with inhomogeneous
Dirichlet problems; we just mention two of them: the regularization by natural Robin
boundary conditions εb(~nT · y) + y = u on ∂Γ [19] which provides L2 convergence for
εb → 0 [10] and a weaker solution concept by using smoother test functions [56] which
generates “very weak states” with just L2 regularity on the boundary [20]. ♦

1.3.1. Pure state constraints
In the terminology of Sec. 1.1, we choose the control-state space X = Y × U , the con-
straints space Z = L2(Θ, V ) ×H × Y ′a × Y ′b with spaces Ya, Yb ⊇ Y to be defined later,
the convex set C = Y × Uad with admissible control set Uad = {u ∈ U | ua ≤ u ≤ ub}
and convex cone K = {(0, 0, yα, yβ) | yα ≤ 0 & yβ ≤ 0 a.e. on Θ × Ω} as well as the
constraints operator e : X → Z ′, defined by

e(x) = (ẋ1 +Ax1 − Bx2 − f, x1(0)− y◦, ya − x1, x1 − yb).

According to Lem. 1.14 in [67], the qualification condition of Zowe & Kurcyusz (1.12) is
satisfied if

e3(x̄) +
∂e3

∂x1
(x̄)(x̃1 − x̄1) ∈ int(Ya) & e4(x̄) +

∂e4

∂x1
(x̄)(x̃1 − x̄1) ∈ int(Yb). (1.23)

For the canonical choice Ya = L2(Θ × Ω) = Yb, (1.23) does not lead to appropriate
optimality systems of Lagrangian type: These spaces have no inner points. Instead, the
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state constraints can be interpreted in the space L∞(Θ × Ω). In this case, Thm. 1.11
guarantees the existence of a Lagrange multiplier ζ = (p, p◦, λa, λb) ∈ Z to problem (1.21)
and the following first-order optimality conditions in variational form are satisfied:

∀ϕ ∈ Y :

∫
Θ

〈p(t), ϕ̇(t)〉V,V ′ + a(p(t), ϕ(t)) dt+ 〈λa, ϕ〉Y ′a,Ya + 〈λb, ϕ〉Y ′b ,Yb

= σQ

∫
Θ

〈yQ(t)− y(t), ϕ(t)〉H dt; p(T ) = σΩ(yΩ − y(T )) in H (1.24a)

〈λa, ya − y〉Y ′a,Ya = 0 & 〈λb, y − yb〉Y ′b ,Yb = 0 (1.24b)∫
Θ

〈σuu(t)− B?p(t), ũ(t)− u(t)〉Rm ≥ 0 for all ũ ∈ Uad. (1.24c)

The components λa, λb are just elements in the dual of L∞(Θ × Ω) at first glance, but
there are strategies to achieve more information about them by starting with multipliers
in this space and then deriving higher regularity from the optimality system, compare
the caluclations in [53], Sec. 3.2 for pure state constraints or [11] for mixed control-state
constraints.

Another approach proposes to read the state constraints as conditions in C0(Θ× Ω̄): If
y◦ ∈ C0(Ω̄) holds and f ∈ Lp(Θ× Ω), B : U → Lp(Θ× Ω) for p > d

2 + 1, then y almost
everywhere coincides with a continuous function on Θ × Ω̄, cp. the maximal regularity
results for parabolic equations in [58] or the remarks in [132], Sec. 7.3.2. In this case, we
get Lagrange multipliers λa, λb ∈ C0(Θ× Ω̄)′. Due to the Riesz representation theorem
[40], Thm. C.18, each functional λ ∈ C0(Θ× Ω̄)′ induces a regular Borel measure µ such
that λ(f) =

∫
f dµ holds for all f ∈ C0(Θ × Ω̄) and the optimality conditions can be

written in the form

∀ϕ ∈ Y :

∫
Θ

〈p(t), ϕ̇(t)〉V,V ′ + a(p(t), ϕ(t)) dt+

∫
Θ×Ω̄

ϕ(t, x) dλa(t, x)

+

∫
Θ×Ω̄

ϕ(t, x) dλb(t, x) = σQ

∫
Θ

〈yQ(t)− y(t), ϕ(t)〉H dt; (1.25a)

p(T ) = σΩ(yΩ − y(T )) in H (1.25b)∫
Θ×Ω̄

ya − y(t, x) dλa(t, x) = 0 &

∫
Θ×Ω̄

y(t, x)− yb dλb(t, x) = 0 (1.25c)

∫
Θ

〈σuu(t)− B?p(t), ũ(t)− u(t)〉Rm = 0 for all ũ ∈ Uad. (1.25d)

A solution theory for linear parabolic equations involving measure data (1.25a) is pre-
sented in Sec. 6 of [31]. Nevertheless, a loss of regularity for the adjoint state p compared
to the state solution y cannot be prevented if pure state constraints are taken into ac-
count.
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1.3.2. Mixed control-state constraints
To gain regular Lagrange multipliers in L2 spaces and adjoint states of maximal state
regularity, a regularization of the constraints can be realized. In the following, we consider
two similar approaches: The classical Lavrentiev regularization where mixed constraints
of the form Iy + εu are considered and a perturbation of the state constraints Iy + εw
provided by a new variable w which is penalized in the objective functional.

Lavrentiev regularization
Using the well-posedness result, Thm. 1.14, we consider the optimal control problem
(1.21a) & (1.21b) as a minimization problem only in the control variable: Let S : U → Y
denote the solution operator Su = y to the homogeneous controlled parabolic equation

ẏ(t) +Ay(t) = Bu(t) in V ′ f.a.a. t ∈ Θ, y(0) = 0 in H (1.26)

and let ŷ ∈ Y be the uncontrolled solution to the inhomogeneous parabolic equation

ẏ(t) +Ay(t) = f(t) in V ′ f.a.a. t ∈ Θ, y(0) = y◦ in H. (1.27)

Further, we define the shifted desired states ŷQ = yQ− ŷ, ŷΩ = yΩ− ŷ(T ). To regularize
the state bounds by the control variable, we replace the pure state constraints (1.21c) by
the following mixed control-state conditions:

ya ≤ εu+ Iy ≤ yb. (1.28)

This procedure requires to interprete the state constraints in the control space; we in-
troduce a linear and bounded state operator I : L2(Θ, V ) → U which shall be given in
the context of Ex. 1.16 as follows: Let (Ωi)1≤i≤m ⊆ Ω be a family of disjoint, regular
subsets of Ω and let χi ∈ H, i = 1, ...,m, denote the characteristic function on Ωi. Then
we postulate constraints on the average of y over the subdomains:

(Iiy)(t) =
1

|Ωi|

∫
Ωi

y(t, x) dx =
1

|Ωi|

∫
Ω

χi(x)y(t, x) dx. (1.29)

Notice that |Ωi|B? = I holds in this case. If |Ωi| is sufficiently small, xi is any point in
Ωi and y ∈ C0(Θ× Ω) holds, then (Iiy)(t) ≈ y(t, xi).

We define the shifted state bounds ŷa = ya−I ŷ, ŷb = yb−I ŷ. Then the reduced problem

min
u∈Uad

Ĵ(u) =
σQ
2

∫
Θ

‖Su− ŷQ‖2H dt+
σΩ

2
‖Su(T )− ŷΩ‖2H +

σu
2
‖u‖2U (1.30a)

with admissible control set

Uad = {u ∈ U | ŷa ≤ εu+ ISu ≤ ŷb} (1.30b)
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admits a unique solution ū ∈ U according to Thm. 1.9 which also solves the optimal
control (1.21a), (1.21b), (1.28) with corresponding optimal state solution ȳ = Sū+ ŷ.

To derive first-order optimality conditions, we introduce the operators Ξ : Y → Y ′ and
Ξ̂ ∈ Y ′ by

〈Ξy, ỹ〉Y ′,Y = σQ

∫
Θ

〈y(t), ỹ(t)〉H dt+ σΩ〈y(T ), ỹ(T )〉H ,

〈Ξ̂, ỹ〉Y ′,Y = σQ

∫
Θ

〈ŷQ(t), ỹ(t)〉H dt+ σΩ〈ŷΩ, ỹ(T )〉H .

Then the objective functional Ĵ can be written as

Ĵ(u) =
1

2
〈Ξ(Su),Su〉Y ′,Y − 〈Ξ̂,Su〉Y ′,Y +

1

2
(‖ŷQ‖2L2(Θ,H) + ‖ŷΩ‖2H) +

σu
2
‖u‖2U (1.31)

and ū satisfies the variational inequality

∀ũ ∈ Uad : 〈Ĵ ′(ū), ũ− ū〉U = 〈σuū+ S?(ΞSū− Ξ̂), ũ− ū〉U ≥ 0. (1.32)

To achieve a more detailled representation of the optimal control, we specify the adjoint
solution operator S?, cp. Rem. 1.8:

Lemma 1.17. Let T : U → Y denote the solution operator to the controlled homo-
geneous backwards equation

−ṗ(t) +Ap(t) = −σQSu(t) in V ′ f.a.a. t ∈ Θ, p(T ) = −σΩSu(T ) in H

and let p̂ ∈ Y be the solution to the uncontrolled inhomogeneous backwards equation

− ˙̂p(t) +Ap̂(t) = σQŷ(t) in V ′ f.a.a. t ∈ Θ, p̂(T ) = σΩŷ(T ) in H.

Then the operator equations B?T = −S?ΞS and B?p̂ = S?Ξ̂ hold.

Proof. Let u ∈ U with corresponding state y = Su and adjoint state p = T u.
1. The two backwards equations are well-posed: Let g ∈ L2(Θ, V ′) and pT ∈ H. Accord-

ing to Thm. 1.14, there is a unique q ∈ Y to the forward equation

q̇(t) +Aq(t) = g(T − t) in V ′ f.a.a. t ∈ Θ, q(0) = pT in H. (1.33)

Then p(t) = q(T − t) is the solution to

−ṗ(t) +Aq(t) = g(t) in V ′ f.a.a. t ∈ Θ, p(T ) = pT in H. (1.34)

On the other hand, any solution p ∈ Y to (1.34) defines a solution q(t) = p(T − t) to
(1.33).
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2. We show that B?p = −S?Ξy holds. Let ũ ∈ U with corresponding state ỹ = Sũ, then

〈−S?Ξy, ũ〉U = 〈−Ξy,Sũ〉Y ′,Y = −σQ
∫
Θ

〈y(t), ỹ(t)〉H dt− σΩ〈y(T ), ỹ(T )〉H

=

∫
Θ

〈−ṗ(t) +Ap(t), ỹ(t)〉V ′,V dt+ 〈p(T ), ỹ(T )〉H

=

∫
Θ

〈p(t), ˙̃y(t) +Aỹ(t)〉V,V ′ dt =

∫
Θ

〈p(t),Bũ(t)〉V,V ′ dt

= 〈p,Bũ〉L2(Θ,V ),L2(Θ,V ′) = 〈B?p, ũ〉U

3. With the same arguments, we get B?p̂ = S?Ξ̂:

〈S?Ξ̂, u〉U = 〈Ξ̂,Su〉Y ′,Y = σQ

∫
Θ

〈ŷQ(t), y(t)〉H dt+ σΩ〈ŷΩ, y(T )〉H

=

∫
Θ

〈− ˙̂p(t) +Ap̂(t), y(t)〉V ′,V dt+ 〈p̂(T ), y(T )〉H

=

∫
Θ

〈p̂(t), ẏ(t) +Ay(t)〉V,V ′ dt =

∫
Θ

〈p̂(t),Bu(t)〉V,V ′ dt

= 〈p̂,Bu〉L2(Θ,V ),L2(Θ,V ′) = 〈B?p̂, u〉U . �

Therefore, with p̄ = T ū, the variational inequality (1.32) reads as

∀ũ ∈ Uad : 〈σuū− B?(p̄+ p̂), ũ− ū〉U ≥ 0. (1.35)

Remark 1.18. Instead of eliminating the state equation by the implicit function theorem
1.7, we can also apply the Lagrange calculus to get optimality conditions of the form
(1.35); in this context, the adjoint state p̄ can be interpreted as a Lagrange multiplier to
the state equation: We define the Lagrange function

L(y, u, p) =
σQ
2

∫
Θ

‖y − ŷQ‖2H dt+
σΩ

2
‖y(T )− ŷΩ‖2H +

σu
2
‖u‖2U

+

∫
Θ

〈e(y, u), p〉V ′,V dt, e(y, u) = ẏ +Ay − Bu (1.36)

then ey(ȳ, ū) ∈ L2(Θ, V ′) is surjective according to the well-posedness result for back-
wards equations (1.34) and the constraint qualification condition of Zowe & Kurcyusz
(1.12) implies the existence of a Lagrange multiplier p̄ ∈ L2(Θ, V ). Two of the three
Karush-Kuhn-Tucker conditions stated in Def. 1.6 are redundant: ζ(p̄) = 0 for all
ζ ∈ K ⊆ L2(Θ, V ′) holds since the convex cone K in this setting is {0} and e(ȳ, ū)(p̄) = 0
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is satisfied since e(ȳ, ū) = 0 in L2(Θ, V ′). The remaining condition

Ly(ȳ, ū, p̄)(ỹ − ȳ) + Lu(ȳ, ū, p̄)(ũ− ū) ≥ 0

for all (ỹ, ũ) ∈ Y × U with ỹ(0) = 0 & ŷa ≤ εũ+ I ỹ ≤ ŷb (1.37)

reads as

0 ≤ σQ
∫
Θ

〈ȳ − ŷQ, ỹ − ȳ〉H dt+ σΩ〈ȳ(T )− ŷΩ, ỹ(T )− ȳ(T )〉H

+

∫
Θ

〈− ˙̄p+Ap̄, ỹ − ȳ〉V ′,V dt+ 〈p̄(T ), ỹ(T )− ȳ(T )〉H

+ σu〈ū, ũ− ū〉U −
∫
Θ

〈B(ũ− ū), p̄〉V ′,V dt; (1.38)

varying the admissible arguments (ỹ, ũ) allows to split (1.38) in the adjoint equation
(1.34) with g(t) = −σQȳ(t) and pT = −σΩȳ(T ) and the variational inequality (1.35). ♦

Up to now, we discussed the elimination of the state equation only and kept the more chal-
lenging mixed inequalities by optimizing the objective functional not over the complete
control space U , but over the convex, closed set of admissible controls u ∈ U satisfying
(ε+IS)u ∈ [ŷa, ŷb]. Consequently, we did not get a first-order optimality equation for the
control variable, but a variational inequality. Since we want to solve the optimal control
problem numerically, we proceed with the introduction of Lagrange multipliers also for
the box constraints. Unfortunatelly, the existence of suitable L2 Lagrange multipliers
does not follow from a sufficient separation condition such as the constraint qualification
of Robinson or Zowe & Kurcyusz due to the emptyness of the interior of the L2 cone
of nonnegative functions [132], Sec. 6.1.2. Instead, we will define explicitly certain L2

functions motivated by the Karush-Kuhn-Tucker conditions for optimal control problems
with pure control constraints and justify that these indeed are suitable multipliers for
the mixed constrained optimal control problem.

We define the convex cone K = {u ∈ U | u ≥ 0 componentwise a.e. in Θ} of nonnegative
controls in L2(Θ,Rm), the operator Fu = εu+ISu which is linear and bounded on U and
assumed to be invertible – a sufficient invertibility condition for F which is satisfactory for
our applications is given in the next chapter, Thm. 2.1.1 – and the two mixed constraints
ea(u) = ŷa − Fu, eb(u) = Fu − ŷb. Then the control-state box constraint Fu ∈ [ŷa, ŷb]
is represented by −ea(u) ∈ K & −eb(u) ∈ K and the set of admissible controls is

Uad = {u ∈ U | ea(u) ≤ 0 & eb(u) ≤ 0} = {u ∈ U | − ea(u) ∈ K & − eb(u) ∈ K}.

We consider the Lagrange function L : U × U × U → R, given by

L(u, λa, λb) = Ĵ(u) + 〈ea(u), λa〉U + 〈eb(u), λb〉U . (1.39a)
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We show that the following two functions λ̄a, λ̄b ∈ L2(Θ,Rm) fulfill the Karush-Kuhn-
Tucker conditions (where F−?i denotes the ith component of F−?):

λ̄ai = −min(0,−F−?i Ĵ ′(ū) + σuε
−2(Fiū− ŷai)); (1.39b)

λ̄bi = + max(0,−F−?i Ĵ ′(ū) + σuε
−2(Fiū− ŷbi)). (1.39c)

1. Let λ̄ai(t), λ̄bi(t) = 0 in some component i ∈ {1, ...,m} and some time point t ∈ Θ.
Due to the definition of λ̄a, λ̄b, we get

−F−?i Ĵ ′(ū)(t) +
σu
ε2

((Fiū)(t)− ŷai(t)) ≥ 0,

−F−?i Ĵ ′(ū)(t) +
σu
ε2

((Fiū)(t)− ŷbi(t)) ≤ 0;

since Ĵ ′ = F?(Ĵ ◦ F−1)′F , this is equivalent to

ŷai(t) ≤
(
− ε2

σu
(Ĵ ◦ F−1)′ + F

)
i

(ū)(t) ≤ ŷbi(t).

The variational inequality (1.32) is equivalent to

∀ũ ∈ [ŷa, ŷb] : 〈(Ĵ ◦ F−1)′(F ū), ũ−F ū〉U ≥ 0 (1.40)

and by variations of the argument ũ ∈ Uad, (1.40) can be interpreted componentwise:

(((Ĵ ◦ F−1)′F)iū)(t) · (ũi −Fiū)(t) ≥ 0 (1.41)

for all i ∈ {1, ...,m}, all ũi ∈ [ŷai, ŷbi] and almost all t ∈ Θ. Inserting the admissible
component ũi = (−ε2σ−1

u (Ĵ ◦ F−1)′ + F)i(ū) into (1.41), we get

− ε
2

σu
((Ĵ ◦ F−1)′Fiū)2(t) ≥ 0 =⇒ F−?i Ĵ ′(ū)(t) = 0.

2. The case λ̄ai(t), λ̄bi(t) 6= 0 cannot occur since this would mean that

−F−?i Ĵ ′(ū)(t) +
σu
ε2

(Fiū− ŷai)(t) < 0 & −F−?i Ĵ ′(ū)(t) +
σu
ε2

(Fiū− ŷbi)(t) > 0

which is equivalent to

Fiū(t)− ε2

σu
F−?i Ĵ ′(ū)(t) < ŷai(t) & Fiū(t)− ε2

σu
F−?i Ĵ ′(ū)(t) > ŷbi(t)

at the same time.

3. Assume that λ̄ai(t) = 0 and λ̄bi(t) > 0 holds. From

−F−?i Ĵ ′(ū)(t) +
σu
ε2

(Fiū− ŷai)(t) ≥ 0 & −F−?i Ĵ ′(ū)(t) +
σu
ε2

(Fiū− ŷbi)(t) > 0
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we conclude that
ε2

σu
F−?i Ĵ ′(ū)(t) ≤ Fiū(t)− ŷai(t) &

ε2

σu
F−?i Ĵ ′(ū)(t) < Fiū(t)− ŷbi(t) ≤ 0

which implies that F−?i Ĵ ′(ū)(t) 6= 0 and that

ε2

σu
(Ĵ ◦ F−1)i(F ū)(t) · (ŷbi(t)−Fiū(t)) ≤ −(Fiū− ŷbi)2(t) ≤ 0.

At the same time, inserting the admissible control component ũi(t) = ŷbi(t) into the
variational inequality, we have

(Ĵ ◦ F−1)′i(F ū)(t) · (ŷbi −Fiū)(t) ≥ 0

which implies F−?i Ĵ ′(ū)(t) · (ŷbi −Fiū)(t) = 0 and therefore ŷbi(t) = Fiū(t).

4. Analogously, λ̄ai(t) > 0 and λ̄bi(t) = 0 implies that ŷai(t) = Fiū(t).

Now it is easy to see that the three Karush-Kuhn-Tucker conditions given in Def. 1.6
are satisfied: 〈ζ, λ̄a〉U ≥ 0 and 〈ζ, λ̄b〉U ≥ 0 for all ζ ≥ 0 holds true since λ̄a, λ̄b are
nonnegative. The complementarity conditions 〈ŷa−F ū, λ̄a〉U ≥ 0 and 〈F ū− ŷb, λ̄b〉U ≥ 0
are fulfilled because we have seen that if a component of one Lagrange multiplier is
nonzero, the corresponding transformed control component lies on the boundary. Finally,
the gradient condition gets ∂uL(ū, λ̄a, λ̄b) = Ĵ ′(ū) + F?(λ̄b − λ̄a) = 0. We achieve

0 = σuū+ S?(ΞSū− Ξ̂) + F?(λ̄b − λ̄a) (1.42a)

λ̄a = −min(0,−F−?(σuū+ S?(ΞSū− Ξ̂)) + σuε
−2(F ū− ŷa)) (1.42b)

λ̄b = + max(0,−F−?(σuū+ S?(ΞSū− Ξ̂)) + σuε
−2(F ū− ŷb)) (1.42c)

Combining the results for (1.37) and (1.42), we eliminate the adjoint solution operator S?
by introduction of an appropriate adjoint state variable p. For this purpose, we require
a generalization of Lem. 1.17:

Lemma 1.19. Let W be some Banach space, C : W → L2(Θ, V ′) be a linear and
bounded operator and TC : W → Y , w 7→ p denote the solution operator to the
backwards equation

−ṗ(t) +A?p(t) = Cw(t) in V ′ f.a.a. t ∈ Θ, p(T ) = 0.

Then the operator equality B?TC = S?C holds in Lb(W,U).

Proof. For any w ∈W and u ∈ U we define y = Su and p = TCw. Then

〈S?Cw, u〉U = 〈Cw,Su〉L2(Θ,V ′),L2(Θ,V ) =

∫
Θ

〈−ṗ+A?p, y〉V ′,V dt =

∫
Θ

〈p, ẏ +Ay〉V,V ′ dt

=

∫
Θ

〈p,Bu〉V,V ′ dt = 〈B?p, u〉U = 〈B?TCw, u〉U . �
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Now, combining Lem. 1.17, Lem. 1.19 and (1.42a), the gradient of L satisfies

0 = σuū+ F?λ̄+ S?(ΞSū− Ξ̂) (1.43a)

= σuū+ S?(ΞSū− Ξ̂ + I?λ̄) + ελ̄ = σuū− B?p̄+ ελ̄ (1.43b)

where the adjoint state p̄ is given by

− ˙̄p+A?p̄+ I?λ̄+ σQ(ȳ − yQ) = 0 & p̄(T ) + σΩ(ȳ(T )− yΩ) = 0,

the state ȳ satisfies the initial value problem

˙̄y +Aȳ − Bū = f & ȳ(0) = y◦,

and λ̄ denotes the difference of the single multipliers λ̄b − λ̄a given in (1.42b), (1.42c).
Further, once ȳ and p̄ are available, λ̄ can be represented without refering to the optimal
control ū and without requiring additional evaluations of the solution operators S,S?;
this will become meaningfull when the optimality equations are solved iteratively:

−F−?(σuū+ S?(ΞSū− Ξ̂) + σuε
−2(F ū− y∗)

= λ̄+ σuε
−1ū+ σuε

−2(ISū− y∗)
= ε−1B?p̄+ σuε

−2(I ȳ − y∗)

according to (1.43a), (1.43b) where y∗ ∈ {ya, yb}. Altogether, λ̄ can be represented by

λ̄ = max(0, ε−1B?p̄+ σuε
−2(I ȳ − yb)) + min(0, ε−1B?p̄+ σuε

−2(I ȳ − ya)) (1.44)

and we obtain the following result:

Theorem 1.20. The solution ū ∈ U to the optimal control problem (1.30) is given by

ū =
1

σu
(B?p̄− εN (ȳ, p̄)) (1.45a)

where the state-adjoint state pair (ȳ, p̄) satisfies the nonlinear coupled system

ẏ +Ay − σ−1
u B(B?p− εN (y, p)) = f y(0) = y◦ (1.45b)

−ṗ+A?p+ I?N (y, p) + σQy = σQyQ p(T ) + σΩy(T ) = σΩyΩ (1.45c)

and the nonlinearity N : Y × Y → U is defined as

N (y, p) = max(0, ε−1B?p+ σuε
−2(Iy − yb))

+ min(0, ε−1B?p+ σuε
−2(Iy − ya)). (1.45d)
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Penalization
The Lavrentiev regularization has some technical disadvantages: Firstly, the replacement
of pure state constraints by mixed control-state conditions does not only improve the
regularity of the problem by smoothening the state at the boundary between avtive and
inactive points, but also introduces an artificial impact of the state constraints on the
control variable which is not motivated by the structure of the original model. Secondly,
technical difficulties arise if pure control constraints are stated in addition: Without
additional assumptions on the geometry of the active sets, the existence of Lagrange
multipliers is not even ensured in the space of regular Borel measures, but only in the
dual space of L∞. To gain regular multipliers, a separation between the active sets
belonging to the control and state constraints is required [119]; numerical analysis for
parabolic control problems satisfying this assumption is provided in [105].

Both problems can be avoided if the regularization of the state constraints is realized by
the introduction of a new, independent variable, the smallness of which is ensured by
penalization in the objective functional:

Ĵ(u,w) =
σQ
2

∫
Θ

‖Su− ŷQ‖2H dt+
σΩ

2
‖Su(T )− ŷΩ‖2H +

σu
2
‖u‖2U +

σw
2
‖w‖2W ; (1.46a)

the corresponding set of admissible control-penalty pairs (u,w) ∈ V = U ×W is

Vad = {(u,w) ∈ V | va ≤ F(u,w) ≤ vb}; (1.46b)

where the mixed penalty-state operator F ∈ Lb(V, V ) is given by F(u,w) = (u, εw+ISu)
and the bounds va, vb ∈ V are defined as va = (ua; ya−I ŷ) and vb = (ub; yb−I ŷ). The
linear and bounded operator I : L2(Θ, V ) → W = L2(Θ,Rn) can be interpreted as in
(1.29); especially, we assume a time-space splitting (Iy)(t) = Ĩ(y(t)) for an associated
operator Ĩ : V → Rn. We remark that the domains of control and the points where state
constrains are taken into account are not necessarily correlated any more.

The existence of regular Lagrange multipliers to

min
v∈V

Ĵ(v) s.t. v ∈ Vad (1.47)

and the representation of optimal control-penalty pairs (ū, w̄) as solutions to a suitable
first-order optimality system follow in the same way as for the Lavrentiev regularized
problem; especially, no constraint qualification is required either:

Ĵ ′(ū, w̄) + F?(λ̄u, λ̄y) = 0, (1.48a)
λ̄u −max(0, λ̄u + σu(ū− ub))−min(0, λ̄u + σu(ū− ua)) = 0, (1.48b)

λ̄y −max(0, λ̄y + σwε
−2(εw̄ + ISū− ŷb)) (1.48c)

−min(0, λ̄y + σwε
−2(εw̄ + ISū− ŷa)) = 0.

This time, F is invertible without requiring further assumptions and F−1 is explicitly
given by F−1(u,w) = (u, ε−1(w − ISu)):

F(u,w) = (u, εw + ISu) = (µ, ν) ⇐⇒ u = µ & w =
1

ε
(ν − ISµ).
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For the corresponding adjoint operator we get F−?(u,w) = (u− ε−1S?I?w, ε−1w):

〈F−?(u,w), (µ, ν)〉V = 〈(u,w),F−1(µ, ν)〉V
= 〈(u,w), (µ, ε−1(ν − ISµ))〉V
= 〈u, µ〉U + 〈w, ε−1ν〉W + 〈w,−ε−1ISµ〉W
= 〈(u− ε−1S?I?w, ε−1w), (µ, ν)〉V .

Solving (1.48a) for λ̄u, λ̄y and inserting the solutions into (1.48b), (1.48c) eliminates the
implicit definition of the multiplier terms and we obtain

σuū+ S?(ΞSū− Ξ̂) + λ̄u + S?I?λ̄y = 0 (1.49a)
σww̄ + ελ̄y = 0 (1.49b)

λ̄u −max(0,−S?(ΞSū− Ξ̂− σwε−1I?w̄)− σuub)
−min(0,−S?(ΞSū− Ξ̂− σwε−1I?w̄)− σuua) = 0 (1.49c)

λ̄y −max(0, σwε
−2(ISū− ŷb))−min(0, σwε

−2(ISū− ŷa)) = 0. (1.49d)

Replacement of the adjoint solution operator S? by introduction of an adoint state vari-
able p leads to the following optimality equations:

Theorem 1.21. The solution (ū, w̄) ∈ V to the control problem (1.46) is given by

ū =
1

σu
(B?p̄−N u(ȳ, p̄)) & w̄ = − ε

σw
N y(ȳ, p̄) (1.50a)

where the state-adjoint state pair (ȳ, p̄) satisfies the nonlinear coupled system

ẏ +Ay − σ−1
u B(B?p−N u(y, p)) = f y(0) = y◦ (1.50b)

−ṗ+Ap+ I?N y(y, p) + σQy = σQyQ p(T ) + σΩy(T ) = σΩyΩ (1.50c)

and the nonlinearities N u,N y : Y × Y → U are defined as

N u(y, p) = max(0,B?p− σuub) + min(0,B?p− σuua), (1.50d)

N y(y, p) = max(0, σwε
−2(Iy − yb)) + min(0, σwε

−2(Iy − ya)). (1.50e)

Remark 1.22. A quite similar approach to regularize the state constraints is the so-
called Moreau-Yosida approximation. Here, violations of the constraints are penalized
directly in the objective functional instead of introducing a new penalty variable:

min
y,u

J(y, u) =
σQ
2

∫
Θ

‖y − yQ‖2H dt+
σΩ

2
‖y(T )− yΩ‖2H +

σu
2
‖u‖2U

+
σw
2

(∫
Θ

‖max(0, ya − Iy)‖2W dt+

∫
Θ

‖max(0, Iy − yb)‖2W dt

)
(1.51a)
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subject to

ẏ +Ay = f + Bu, y(0) = y◦ & ua ≤ u ≤ ub. (1.51b)

Since the Fréchet derivative of J in (ū, ȳ) with respect to y is given by

∂

∂y
J(ȳ, ū)ỹ =

∫
Θ

〈ȳ − yd, ỹ〉H dt+ 〈ȳ(T )− yΩ, ỹ(T )〉H
+ σw〈max(0, ya − I ȳ), χ{ya−Iȳ≥0}(−I ỹ)〉W
+ σw〈max(0, I ȳ − yb), χ{Iȳ−yb≥0}(I ỹ)〉W

=

∫
Θ

〈ȳ − yQ, ỹ〉H dt+ 〈ȳ(T )− yΩ, ỹ(T )〉H

+

∫
Θ

〈I?(max(0, σw(I ȳ − yb)) + min(0, σw(I ȳ − ya))), ỹ〉H dt,

we get the same optimality conditions as in Thm. 1.21 for ε = 1. ♦

A convergence analysis for the solutions to these regularized problems towards the opti-
mal controls of the problems with pure state constraints is presented by Ito and Kunisch
[74] for elliptic optimal control problems and extended to parabolic problems by Neitzel
and Tröltzsch [104]. Convergence results for nonlinear parabolic problems are given by
the latter authors in [103].

1.4. Proper orthogonal decomposition

Let X be one of the spaces V,H. For a given function y ∈ L2(Θ,X ) we want to find a
short basis ψ = (ψ1, ..., ψ`) ∈ X ` of orthonormal elements ψ1, ..., ψ` (with respect to the
product 〈·, ·〉X ) such that y admits an optimal representation in L2(Θ, spanψ), in the
sense that ψ1, ..., ψ` solve

min
φ1,...,φ`∈X

∫
Θ

∥∥∥∥y(t)−
∑̀
l=1

〈y(t), φl〉Xφl
∥∥∥∥2

X
dt s.t. 〈φk, φl〉X = δkl, 1 ≤ k, l ≤ ` (1.52)

where δ denotes the Kronecker-Delta δkl = 1 for k = l and 0 otherwise. A solution to
(1.52) is called a rank-` POD basis. Of course, if the basis elements φ1, ..., φ` are given,
the coefficient vector of the optimal representation of y(t) with respect to this basis is
given by the first ` Fourier coefficients (〈y(t), φl〉X )l=1,...,` which provide the orthogonal
projection of y(t) on the reduced space span{φ1, ..., φ`}. The essential point in this section
is how to select the basis elements.

Since the integrand in (1.52) has the representation∥∥∥∥y(t)−
∑̀
l=1

〈y(t), φl〉Xφl
∥∥∥∥2

X
= ‖y(t)‖2X −

∑̀
l=1

〈y(t), φl〉2X , (1.53)
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the minimization problem (1.52) is equivalent to the maximization problem

max
φ1,...,φ`

∑̀
l=1

∫
Θ

〈y(t), φl〉2X dt s.t. 〈φk, φl〉X = δkl : (1.54)

An orthonormal set {φ1, ..., φ`} is optimal if and only if it maximizes the averaged pro-
jection of the snapshots y(t), t ∈ Θ, onto the reduced space span{φ1, ..., φ`}.

Remark 1.23. A given rank-` POD basis ψ can be expanded to a rank-(` + 1) basis
ψ+ by a solution ψ`+1 to

max
φ∈(spanψ)⊥

∫
Θ

〈y(t), φ〉2X dt,

choosing ψ+ = ψ ∪{ψ`+1}; it is not required to calculate `+ 1 new basis elements. This
will become usefull in situations where an appropriate basis rank which guarantees an
accepable accuracy is not known at the beginning: One can starts with a small rank and
extends the reduced model if required. ♦

1.4.1. Basis construction
Let y ∈ C0(Θ,X ). To solve (1.52), we define the multiplication operator

Q(y) : L2(Θ)→ X , Q(y)φ =

∫
Θ

φ(t)y(t) dt.

Then the adjoint operator Q(y)? which is implicitly defined by the equality

∀φ ∈ X : ∀ϕ ∈ L2(Θ) : 〈Q(y)?φ, ϕ〉L2(Θ) = 〈Q(y)ϕ, φ〉X

is itself a multiplication operator with the explicit representation

Q(y)? : X → L2(Θ), (Q(y)?φ)(t) = 〈φ, y(t)〉X

and the composition R(y) = Q(y)Q(y)?, given by

R(y) : X → X , R(y)φ =

∫
Θ

〈y(t), φ〉X y(t) dt,

is a nonnegative, selfadjoint and bounded operator. Further, since y is continuous,

lim
h→0

sup
φ∈X̃

∫
Θ

|Q(y)?φ(t+ h)−Q(y)?φ(t)|2 dt = 0

holds for all bounded sets X̃ ⊆ X which implies by the Kolmogorov-Riesz theorem, [4],
Thm. 2.16, thatQ(y)? is compact as well asQ(y) andR(y). According to Riesz-Schauder,
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[4], Thm. 9.9, the spectrum of R(y) is discrete, having no accumulation point except of
possibly 0, and each nonzero spectral value of R(y) is an eigenvalue with only finitely
many corresponding eigenfunctions. In addition, the symmetry of R(y) implies that all
eigenvalues of R(y) are nonnegative and that X admits an orthonormal basis (ψl)l∈N
consisting of eigenfunctions to R(y), see [4], Thm. 10.12. The principal components of
y now are given by the l eigenfunctions ψl, l ∈ N, ordered by the decaying magnitude
of the corresponding eigenvalues λl (counted with multiplicities, of course), see [24], Sec.
2.2 or more detailled [62], Thm. 2.7 & 2.13:

Theorem 1.24. (POD basis generation)

Let λ1 ≥ λ2 ≥ · · · ≥ 0 be the eigenvalues of R(y).

Then a rank-` POD basis ψ is given by the corresponding first ` eigenfunctions
ψ1, ..., ψ` corresponding to the eigenvalues λ1, ..., λ`.

1.4.2. Projection error
Let ψ ∈ X ` be a rank-` POD basis of eigenfunctions to R(y) with corresponding eigen-
values λ ∈ R`. Then∫

Θ

∑̀
l=1

〈y(t), ψl〉2X dt =

∫
Θ

∑̀
l=1

〈〈y(t), ψl〉X y(t), ψl〉X dt

=
∑̀
l=1

〈∫
Θ

〈y(t), ψl〉X y(t) dt, ψl

〉
X

=
∑̀
l=1

〈R(y)ψl, ψl〉X =
∑̀
l=1

λl〈ψl, ψl〉X =
∑̀
l=1

λl. (1.55)

Let P`X : X → spanψ denote the orthogonal projection on the POD space, i.e.

P`Xφ = arg min
ψ̃∈spanψ

‖φ− φ̃‖2X =
∑̀
l=1

〈φ, ψl〉Xψl (1.56)

for each φ ∈ X . Then, combining (1.53) with (1.55), we get a formula for the POD
projection error:

∫
Θ

‖y(t)− P`X y(t)‖2X =

∞∑
l=`+1

λl
`→∞−→ 0. (1.57)
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Example 1.25. (decay rates for POD projection errors)

1. If the eigenvalues (λl)l∈N decay exponentially in l, i.e. if there exists some q ∈ (0, 1)
such that λl ≤ ql holds for all l ∈ N, then the projection errors decay exponentially
in ` as well:

∞∑
l=`+1

λl ≤
∞∑
l=0

ql −
∑̀
l=0

ql =
1

1− q
− 1− q`+1

1− q
=

q

1− q
q` (1.58)

according to the summation formula for geometric sums.

2. The situation is more complicated if the eigenvalues decay just with polynomial rate:
Let % > 1 such that λl ≤ l−% for all l ∈ N, then the Euler-Maclaurin summation
formula [114] states that

∞∑
l=`+1

λl ≤ ζ(%)−
∑̀
l=1

1

l%
= B(%,M, `) + R(%,M, `) (1.59)

for ` > % and an arbitrary M ∈ N where the main part B and the rest term R are

B(%,M, `) =
(`+ 1)1−%

%− 1
+

1

2
(`+ 1)−% +

M∑
k=1

B2k

(2k)!

( 2k−2∏
j=0

(%+ j)

)
(`+ 1)−%−2k+1,

R(%,M, `) =
1

(2M)!

2M−1∑
j=0

(%+ j)

∞∫
`+1

B2M (x− bxc)x−%−2M dx,

ζ is the Riemann zeta function and Bk denotes the kth Bernoulli number.

` 1 2 4 10 20 50∑∞
l=`+1

1
l2

6.45e-01 3.95e-01 2.21e-01 9.52e-02 4.88e-02 1.98e-02

B(2, 2, `) 6.45e-01 3.95e-01 2.21e-01 9.52e-02 4.88e-02 1.98e-02

R(2, 2, `) 1.42e-04 9.51e-06 2.89e-07 1.21e-09 1.32e-11 2.67e-14∑∞
l=`+1

1
l4

8.23e-02 1.98e-02 3.57e-03 2.87e-04 3.86e-05 2.59e-06

B(4, 2, `) 8.20e-02 1.98e-02 3.57e-03 2.87e-04 3.86e-05 2.59e-06

R(4, 2, `) 2.92-04 9.18e-06 1.05e-07 9.25e-11 2.77e-13 1.12e-15∑∞
l=`+1

1
l6

1.73e-02 1.72e-03 1.02e-04 1.55e-06 5.51e-08 6.09e-10

B(6, 2, `) 1.71e-02 1.71e-03 1.02e-04 1.55e-06 5.51e-08 6.09e-10

R(6, 2, `) 2.86e-04 4.23e-06 1.82e-08 3.42e-12 7.45e-15 5.15e-15

Tab. 1.1: A-priori POD error bounds in case of polynomial decay rates of the eigenvalues of the POD operator
R(y). The summation formula was found in the 1730’s independently by L. Euler and C. Maclaurin in the context
of the Basler Problem [52].
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The rest part R can be neglected since it decays sufficiently rapidly: It can be esti-
mated by the last summand of the main part B, see Sec. 6.4 in [46]. A contemporary
overview over representations and computational strategies for such Dirichlet series is
given in [25]; we confine ourselves here on a numerical investigation for % ∈ {2, 4, 6}
and M = 2, see Tab. 1.1. ♦

In view of POD model order reduction of PDEs, it is gainful to achieve mass matrices
MH(ψ) ∈ R`×`, MH(ψ)kl = 〈ψk, ψl〉H , which are independent of ψ (this is attained
for X = H, of course): The reduced systems gain more stability and simpler a-priori
estimates for the reduction errors are available (3.5). At the same time, we want to derive
error bounds in the norm ‖ · ‖V . Singler [124] found a formula for the POD projection
error in this situation: Let ψ1, ..., ψ` solve the POD problem (1.52) with X = H, then

∫
Θ

‖y(t)− P`V y(t)‖2V dt =
∞∑

l=`+1

λl‖ψl − P`V ψl‖2V
`→∞−→ 0. (1.60)

Remark 1.26. Since ψl = λ−1
l R(y)ψl ∈ V holds also for X = H, the summands of

(1.60) are well-defined for all l with λl 6= 0. For λl 6= 0, ψl is not necessarily in V and
we interprete λl‖ψl‖2V as zero.

Let MV (ψ) ∈ R`×` be the weighting matrix MV (ψ)lk = 〈ψl, ψk〉V , then the V -orthogonal
projection P`V : V → spanψ has the following representation in terms of the H-
orthonormal POD basis ψ:

P`V φ =
∑̀
k,l=1

M−1
V (ψ)lk〈φ, ψk〉V ψl. (1.61)

In fact, for any φ ∈ V , the projection φ` = P`V φ mapping V on spanψ minimizes the set
{‖φ− φ̃‖2V | φ̃ ∈ spanψ} and therefore satisfies the orthogonality condition

∀φ̃ ∈ spanψ : 〈φ− φ`, φ̃〉V = 0 or ∀l = 1, ..., ` : 〈φ, ψl〉V = 〈φ`, ψl〉V .

Since φ` ∈ spanψ has a representation φ` =
∑`

l=1φlψl with coefficients φ ∈ R`, we get

〈φ, ψl〉V = 〈φ`, ψl〉V =
∑̀
k=1

φk〈ψk, ψl〉V = (MV (ψ)φ)l

for all l = 1, ..., ` which implies that

P`V φ =
∑̀
l=1

φlψl =
∑̀
l=1

(M−1
V (ψ)〈φ, ψ·〉V )lψl =

∑̀
k,l=1

M−1
V (ψ)kl〈φ, ψk〉V ψl.

which is (1.61). Especially, P`V is bounded as a mapping from span(ψ) to H by

‖P`V φ‖2H ≤ ‖M−1
V (ψ)‖2‖φ‖2V (1.62)

where ‖ · ‖2 denotes the spectral norm on R`×`, [80], Lem. 2. ♦
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When POD model order reduction is applied to PDEs, not only the state variable y, but
also its time derivative ẏ has to be projected. If y admits enough time regularity, both
snapshots of y and of ẏ can be respected by calculating the POD basis elements (1.69)
and a-priori error terms of the form (1.57), (1.60) can be adapted. Chapelle, Gariah
& Sainte-Marie [33] derived error estimates which do not require the consideration of
additional time derivatives, using projections with respect to the space H by estimating
the POD residuals in the V -norm. These new results where refinded by Singler [124],
Thm. 5.3: Let again be X = H and let ψ1, ..., ψ` solve the POD problem (1.52). Then
P`H : H → V is bounded by

‖P`Hφ‖2V ≤ C2
V ‖MV (ψ)‖2‖φ‖2V (1.63)

(where CV still denotes the embedding constant V → H) and

∫
Θ

‖y(t)− P`Hy(t)‖2V dt =

∞∑
l=`+1

λl‖ψl‖2V
`→∞−→ 0. (1.64)

1.4.3. Method of snapshots
An alternative approach to solve (1.52) is to study the spectral properties of the composed
operator K(y) = Q(y)?Q(y) : L2(Θ)→ L2(Θ) satisfying

(K(y)φ)(t) =

〈∫
Θ

〈φ(s)y(s) ds, y(t)

〉
X

=

∫
Θ

φ(s)〈y(s), y(t)〉X ds.

K is a Hilbert-Schmidt integral operator with kernel function

κ : Θ×Θ→ R, κ(s, t) = 〈y(s), y(t)〉X , (K(y)φ)(t) =

∫
Θ

κ(s, t)φ(s) ds

and therefore compact [4], Thm. 8.15.

Lemma 1.27. (Relationship between R(y) and K(y))

The positive eigenvalues of R(y) and K(y) coincide and have the same multiplicity.

If ψ is a normalized eigenfunction to R(y) corresponding to a positive eigenvalue λ,
then φ̂=λ−1/2Q(y)?ψ is a normalized eigenfunction of K(y) with the same eigenvalue.

If ψ̂ is a normalized eigenfunction to K(y) corresponding to a positive eigenvalue λ,
then φ = λ−1/2Q(y)ψ̂ is a normalized eigenfunction of R(y) with the same eigenvalue.
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Proof. Let (λl, ψl)l∈N be a sorted eigenvalue-eigenfunction decomposition of R(y), and
let (λ̂l, ψ̂l)l∈N be a sorted eigenvalue-eigenfunction decomposition of K(y). If λ1 > 0,
then φ̂1 = λ

−1/2
1 Q(y)?ψ1 is an eigenfunction to K(y):

K(y)φ̂1 = Q(y)?Q(y)λ
−1/2
1 Q(y)?ψ1 = λ

−1/2
1 Q(y)?R(y)ψ1 = λ1φ̂1.

Especially, λ1 is an eigenvalue of the operator K(y) which implies λ̂1 ≥ λ1 > 0. We
define φ1 = λ̂

−1/2
1 Q(y)ψ̂1, then φ1 is an eigenfunction of R(y):

R(y)φ1 = Q(y)Q(y)?λ̂
−1/2
1 Q(y)ψ̂1 = λ̂

−1/2
1 Q(y)K(y)ψ̂1 = λ1φ1.

Especially, λ̂1 is an eigenvalue of the operator R(y) which implies λ̂1 ≤ λ1 and therefore
λ1 = λ̂1. It remains to show that the generated sets {φ1, φ2, ..., } and {φ̂1, φ̂2, ...} form
orthonormal systems in X , then the assertion follows by induction. Let λk, λl 6= 0, then

〈φk, φl〉X = λ̂
−1/2
k λ̂

−1/2
l 〈Q(y)ψ̂k,Q(y)ψ̂l〉X = λ̂

1/2
k λ̂

−1/2
l 〈ψ̂k, ψ̂l〉L2(Θ) = δkl,

〈φ̂k, φ̂l〉L2(Θ) = λ
−1/2
k λ

−1/2
l 〈Q(y)?ψk,Q(y)?ψl〉L2(Θ) = λ

1/2
1 λ

−1/2
2 〈ψk, ψl〉X = δkl. �

Theorem 1.28. (Method of snapshots)

Let λ1 ≥ λ2 ≥ · · · ≥ 0 be the eigenvalues of K(y) and let λ` > 0.

Then a rank-` POD basis ψ is given by ψl = λ
−1/2
l Q(y)ψ̂l, l = 1, ..., `, where ψ̂1, ..., ψ̂`

are the eigenfunctions of K(y) corresponding to λ1, ..., λ`.

1.4.4. Schatten class operators
In the setting of Thm. 1.28, we have

Q(y)ψ̂l = σlψl and Q(y)?ψl = σlψ̂l

with singular values σl = λ
1/2
l . As a generalization of the singular value decomposition

(SVD) of matrices, we get the following decomposition of the operators Q(y),Q(y)?

between infinite-dimensional Hilbert spaces:

Q(y)φ =

∞∑
l=1

〈φ, ψ̂l〉L2(Θ)Q(y)ψ̂l =
∞∑
l=1

σl〈φ, ψ̂l〉L2(Θ)ψl, (1.65)

(Q(y)?φ)(t) =

∞∑
l=1

〈φ, ψl〉X (Q(y)?ψl)(t) =

∞∑
l=1

σl〈φ, ψl〉X ψ̂l(t). (1.66)
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Q(y) and Q(y)? are class-2 Schatten operators since Parseval’s identity [96], Thm. 12.4,
implies that (σl)l∈N ⊆ `2 holds true:

∞∑
l=1

σ2
l =

∞∑
l=1

λl〈ψl, ψl〉X =
∞∑
l=1

〈R(y)ψl, ψl〉X

=
∞∑
l=1

∫
Θ

〈y(t), ψl〉2X dt =

∫
Θ

‖y(t)‖2X dt. (1.67)

This directly implies that the approximation Q(y)` defined by

Q(y)` : L2(Θ)→ spanψ, Q(y)`φ =
∑̀
l=1

σl〈φ, ψ̂l〉L2(Θ)ψl

converges towards Q(y) in the operator norm for ` → ∞ [96], Thm. 16.2. The adjoint
operator of Q(y)` coincides with the rank-` approximation of Q(y)? and Q(y)?` → Q(y)?

holds true as well in the operator norm for `→∞.

1.4.5. Multiple snapshot samples
As mentioned when the different POD projection error formulae were introduced, accu-
rate POD bases may have to represent not only the dynamics of the state variable, but
also of its time derivative. Further, the reduction of coupled primal-dual PDE systems
arising as first-order optimality conditions of PDE constrained optimal control problems
should respect also the dynamics of the adjoint state variable p (and possibly of ṗ). For
this purpose, let y1, ..., y℘ ∈ L2(Θ,X ) be given. We intend to construct a rank-` POD
basis which approximates all ℘ states simultaneously in average:

min
φ1,...,φ`∈X

℘∑
p=1

∫
Θ

∥∥∥∥yp(t)−
∑̀
l=1

〈yp(t), φl〉Xφl
∥∥∥∥2

X
dt s.t. 〈φk, φl〉X = δkl. (1.68)

A solution ψ = (ψ1, ..., ψ`) to this problem is given by the first ` eigenfunctions of

R(y1, ..., y℘) : X → X , R(y1, ..., y℘)φ =

℘∑
p=1

∫
Θ

〈yp(t), φ〉X yp(t) dt, (1.69)

see [62], Thm. 2.13. The projection formulae in Sec. 1.4.2 can be adapted straight ahead;
the respective statements and proofs are given in the latter introductory article. In
particular, the method of snapshots calculates POD elements ψl ∈ X by providing a
decomposition (λl, ψ̂l)l=1,...,` of K(y1, ..., y℘) : L2(Θ,R℘) → L2(Θ,R℘) and transforming
the eigenfunctions ψ̂l ∈ L2(Θ,R℘) to functions ψl ∈ X :

(Kp̃(y1, ..., y℘)φ)(t) =

℘∑
p=1

∫
Θ

〈yp(s), yp̃(t)〉Xφp(s) ds, ψl =
1√
λl

℘∑
p=1

∫
Θ

ψ̂lp(t)yp(t) dt.

(1 ≤ p̃ ≤ ℘)
♦
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1.4.6. Semidiscrete decomposition
In practice, the complete trajectory {y(t) | t ∈ Θ} is usually not available. Instead,
a finite snapshot sample {yj | j = 1, ...,m} with yj ≈ y(tj) is given where the points
0 ≤ t1 < t2 < · · · < tm ≤ T define a grid in the time interval Θ = [0, T ]. To provide a
time discretization for the POD problem (1.52), we replace the inner product 〈·, ·〉L2(Θ,X )

by the semidiscrete form

∀φ,ψ ∈ Xm : 〈φ,ψ〉Xmα =
m∑
i=1

αi〈φi,ψi〉X

where (αi)i=1,...,m ⊆ R is a vector of positive weights chosen such that 〈·, ·〉Xmα is an
appropriate approximation of 〈·, ·〉L2(Θ,X ) in the sense

〈φ, ψ〉L2(Θ,X ) =

∫
Θ

〈φ(t), ψ(t)〉X dt ≈
m∑
i=1

αi〈φi,ψi〉X = 〈φ,ψ〉Xmα

for all φ, ψ ∈ L2(Θ,X ) where φ,ψ ∈ Xm are given by φi = φ(ti), ψi = ψ(ti) (where
the evaluation of the L2(Θ) functions may be interpreted as φi = (2ε)−1

∫ ti+ε
ti−ε φ(t) dt for

some ε < ∆t, the same for ψi). In our numerical tests, we use an equidistant time grid
ti = (i−1)∆t with ∆t = T

m−1 and trapezoidal weights α1 = ∆t
2 , αi = ∆t (i = 2, ...,m−1),

αm = ∆t
2 . Instead of (1.52), we then consider the semidiscrete optimization problem

min
φ1,...,φ`∈X

m∑
i=1

αi

∥∥∥∥yi − ∑̀
l=1

〈yi, φl〉Xφl
∥∥∥∥2

X
s.t. 〈φk, φl〉X = δkl (1.70)

where yi = y(ti) ∈ X , i = 1, ...,m. Such as in the continuous case, a solution to (1.70) is
given by a decomposition of the operator

R(y) : X → X , R(y)φ =
m∑
i=1

αi〈φ, yi〉X yi

or, alternatively, of the operator

K(y) : Rm → Rm, (K(y)φ)i =
m∑
i=1

αiφi〈yi, yi〉X

which actually matchs the matrix K(y)ii = αi〈yi, yi〉X : Let Q(y) : Rm → X denote
the semidiscrete multiplication operator Q(y)φ =

∑m
i=1 αiφiyi, then the eigenvalue-

eigenvector pairs {(λl, ψ̂l) | l = 1, ...,m} ⊆ R×Rm of K(y) ∈ Rm×m can be transformed
to POD basis elements

ψl = λ
−1/2
l Q(y)ψ̂l = λ

−1/2
l

m∑
i=1

αiψ̂liyi (1.71)
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given that l ≤ rankK(y). Of course, these elements can be completed to a POD basis
by adding arbitrary orthonormal functions from X if l > rankK(y) holds true; the
additional basis elements then are automatically eigenfunctions of R(y) corresponding to
the eigenvalue 0. However, respecting such eigenfunctions is not senseful in the context of
model order reduction: If a POD basis which already exactly reconstructs the underlying
state still does not lead to satisfying approximations, a selection of better snapshots
should be preferred to a untargeted basis extension.

In the following, we consider the approximation quality and convergence rate of time grid
refinements and perturbations:

Theorem 1.29. Let y ∈ H1(Θ,X ), m ∈ N, ỹ ∈ Xm and ε ∈ (0, 1) with ‖ỹ−y‖Xmα < ε
where yi = y(ti) for i = 1, ...,m. Then the operators R(y), R(y) ∈ Lb(X ,X ) satisfy

‖R(y)−R(ỹ)‖Lb(X ,X ) ≤ C(y)
(
m−

1
2 + εm

1
2

)
(1.72)

with a constant C(y) > 0 independent of m, ε.

Proof. We split the residual into

‖R(y)−R(ỹ)‖Lb(X ,X ) ≤ ‖R(y)−R(y)‖Lb(X ,X ) + ‖R(y)−R(ỹ)‖Lb(X ,X ). (1.73)

Lemma 2.16 in [62] shows by a-priori estimation and perturbation arguments that

‖R(y)−R(y)‖Lb(X ,X ) ≤ C(y)m−
1
2 (1.74)

holds true where C(y) just depends on the final time T and on ‖y‖H1(Θ,X ). For the second
term we use that as a composition of multiplication operators, R : Xm → Lb(X ,X ) is
locally Lipschitz continuous: According to the Cauchy-Schwarz inequality, we have

‖R(y)φ−R(ỹ)φ‖2X =

∥∥∥∥ m∑
i=1

αi(〈yi, φ〉X yi − 〈ỹi, φ〉X ỹi)
∥∥∥∥2

X

≤ m
m∑
i=1

‖αi(〈yi, φ〉X yi − 〈ỹi, φ〉X ỹi)‖2X

≤ 2m
m∑
i=1

α2
i (‖〈yi, φ〉X (yi − ỹi)‖2X + ‖〈yi − ỹi, φ〉X ỹi‖2X )

≤ 2m
m∑
i=1

α2
i (‖yi‖2X + ‖ỹi‖2X )‖yi − ỹi‖2X ‖φ‖2X

≤ 2m(‖y‖2Xmα + ‖ỹ‖2Xmα )‖y − ỹ‖2Xmα ‖φ‖
2
X ≤ C(y)2mε2‖φ‖2X

where C(y) just depends on ‖y‖Xmα . We get

‖R(y)−R(ỹ)‖Lb(X ,X ) ≤ C(y)m
1
2 ε (1.75)

and combining (1.73), (1.74), (1.75) completes the proof. �
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Corollary 1.30. Let y ∈ H1(Θ,X ) and (εm)m∈N ⊆ R be a sequence of positive
numbers such that (εmm

1/2)m∈N ⊆ R converges towards zero. For any m ∈ N, let
ymi = y( (i−1)T

m−1 ) ∈ X , i = 1, ...,m, and ỹm ∈ Xm such that ‖ỹm − ym‖Xmα < εm. Let
(λl)l∈N be the sorted eigenvalues of R(y) and for any m ∈ N, let (λml)l=1,...,m denote
the sorted eigenvalues of R(ỹm).

Then, for any l ∈ N, λml → λl and Eig(λml)→ Eig(λl) hold for m→∞ where Eig is
the space of eigenvectors and the convergence of the eigenspaces is defined by

∀ε > 0 : ∃m◦ ∈ N : ∀m ≥ m◦ : ∀ψ ∈ Eig(λl) : ∃ψ̃ ∈ Eig(λml) : ‖ψ − ψ̃‖X < ε.

Proof. Under the given assumptions, R(ỹm) can be interpreted as a compact pertur-
bation of R(y). Since Thm. 1.29 guarantees that R(ỹm) → R(y) holds in the operator
norm for m→∞, the assertion follows with Lem. 11.9.5 in [45]. �

Remark 1.31. 1. Combining Cor. 1.30 with (1.71), a rank-` POD basis corresponding
to the linear operator R(y) is given approximatively by providing a decomposition
(λml,ψml)1≤l≤m ⊆ R× Rm of the matrix K(ỹ) ∈ Rm×m where m ≥ `.

2. Cor. 1.30 further states that there exist distinguished eigenvectors ψm1, ...,ψm` ∈ Rm
of K(ỹ) such that for m → ∞, the transformed eigenfunctions ψm1, ..., ψm` ∈ X ,
possibly after changing their orientation ψ̃ml = ±ψml, satisfy ‖ψ̃ml − ψ̃l‖X → 0 for
each l = 1, ..., `. ♦

1.4.7. Time-space discrete decomposition
Let Xn ⊆ X be a finite-dimensional subspace of X spanned by the linearly indepen-
dent elements ϕ1, ..., ϕn ∈ X with corresponding mass matrix M(ϕ) ∈ Rn×n, given by
M(ϕ)jj = 〈ϕj , ϕj〉X . Assume that all yi ∈ X have a representation yi =

∑n
j=1 yjiϕj ∈ Xn.

Then the POD problem (1.52) takes the discrete form

min
φ1,...,φ`∈Rn

m∑
i=1

αi

∥∥∥∥y·i −
∑̀
l=1

〈y·i,φl〉Rnϕφl
∥∥∥∥2

Rnϕ
s.t. 〈φk,φl〉Rnϕ = δkl (1.76)

with the weighted inner product 〈·, ·〉Rnϕ = 〈·,M(ϕ)·〉Rn . To solve (1.76), we define the
operators R(y) : Xn → Xn and K(y) : Rm → Rm via

R(y)φ =
m∑
i=1

αi〈y·i,φ〉Rnϕ
n∑
j=1

yjiϕj , (K(y)φ)i =
m∑
i=1

αiφi〈y·i, y·i〉Rnϕ

with corresponding matrix representations (denoted by the same symbol)

R(y) = yM(α)yTM(ϕ) ∈ Rn×n, K(y) = yTM(ϕ)yM(α) ∈ Rm×m
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where M(α) ∈ Rm×m is the matrix of time weights, M(α)ii = δiiαi. Then the first `
eigenvectors ψ1, ...,ψ` ∈ Rn of R(y) form a solution to (1.76), see [125], p. 566. We
present three different ways to determine such a solution:

1. If m � n which is essentially the case for state variables y = y(t, x) in higher spa-
tial dimension d (x ∈ Rd), then we provide a decomposition of the symmetrized
matrix K̃(y) = M(α)1/2yTM(ϕ)yM(α)1/2 into eigenvalue-eigenvector pairs (λl, ψ̃l),
l = 1, ..., `, and (λl, ψ̂l) with ψ̂l = M(α)−1/2ψ̃l ∈ Rm gives a decomposition of K(y):

K(y)ψ̂l = M(α)−1/2K̃(y)ψ̃l = λlM(α)−1/2ψ̃l = λlψ̂l.

According to the method of snapshots [125], p. 567, a decomposition of R(y) is
given by (λl, ψl) with ψl = λ

−1/2
l Q(y)ψ̂l ∈ Rn where Q(y) ∈ Rn×m denotes the

multiplication matrix Q(y) = yM(α):

R(y)ψl = yM(α)yTM(ϕ)λ
−1/2
l yM(α)ψ̂l

= λ
−1/2
l yM(α)K(y)ψ̂l = λ

1/2
l Q(y)ψ̂l = λlψl.

Notice that M(α) is a diagonal matrix, i.e. M(α)−1/2 = diag(α
−1/2
1 , ..., α

−1/2
m ) can be

determined without numerical effort.

2. If n� m, we instead may consider a decomposition (λl, ψ̃l) of the symmetrized matrix
R̃(y) = M(ϕ)1/2yM(α)yTM(ϕ)1/2 and define ψl = M(ϕ)−1/2ψ̃l ∈ Rn, then

R(y)ψl = yM(α)yTM(ϕ)1/2ψ̃l = M(ϕ)−1/2R̃(y)ψ̃l = λlM(ϕ)−1/2ψ̃l = λlψl.

However, since M(ϕ) in general is not diagonal, neither the determination of M(ϕ)1/2

to build up R̃(y) nor the solving of the systems M(ϕ)1/2ψl = ψ̃l is cheap. One way to
calculate the root of M(ϕ) is to provide a decomposition M(ϕ) = OTDO with diagonal
matrix D ∈ Rn×n consisting of the eigenvalues d1, ..., dn of M(ϕ) and orthogonal
matrix O ∈ Rn×n where the columns of O are the corresponding eigenvectors of
M(ϕ). Then M(ϕ) = OTdiag(d

1/2
1 , ..., d

1/2
n )O holds. Of course, the root of M(ϕ)

can be calculated by techniques such as the numerical stable Cholesky decomposition
methods which in addition provide the required solving of the linear system.

3. If the state matrix y ∈ Rn×m is badly scaled, one should avoid to build up the matrix
products yTM(ϕ)y ∈ Rm×m or yM(α)yT ∈ Rn×n, respectively, since the condition
number of the product is the square of the original one. Further, if a very accurate
POD approximation is required, containing also some low-frequent components of the
state, then calculations basing on singular values σl will be more precise than those
dealing with eigenvalues λl = σ2

l . In this case, we provide a singular value decompo-
sition of the matrix S(y) = M(ϕ)1/2yM(α)1/2 instead of an eigenvalue decomposition
of R̃(y) = S(y)S(y)T or K̃(y) = S(y)TS(y): According to [41], Thm. 4.27, there ex-
ist uniquely determined values σ1 ≥ · · · ≥ σ% ≥ 0, % = rank y, orthogonal matrices
Ψ̃ ∈ Rn×n, Ψ̂ ∈ Rm×m and Σ ∈ Rm×n such that Σkk = σk for 1 ≤ k ≤ % and Σkk = 0
elsewise holds true. Let ` ≤ %, l ∈ {1, ..., `} and ψ̃l, ψ̂l denote the columns of Ψ̃, Ψ̂.
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Then S(y)ψ̂l = σlψ̃l and S(y)Tψ̃l = σlψ̂l holds true which implies that (ψ̃l, σ
2
l ) is a

decomposition of R̃(y):

R̃(y)ψ̃l = S(y)(S(y)Tψ̃l) = σl(S(y)ψ̂l) = σ2
l ψ̃l = λlψ̃l.

We illustrate the projection errors of POD provided by eigenvalue decomposition or
singular value decomposition in [62], Fig. 5.4; perturbation results for singular values
are presented by Wedin [138] and extended by Stewart [128], [129], stability results for
eigenvalues can be found in Stewart & Sun [127].
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2. A-posteriori error analysis

A major problem of model order reduction via proper orthogonal decomposition is the
lack of a suitable a-priori error estimator. If the optimal POD basis (ψ̄1, ..., ψ̄`) could be
chosen which corresponds to the snapshots of the optimal state solution ȳ, a decay rate
is available which bounds the error of the control ‖ū − ū`‖U essentially by the sum of
the remaining eigenvalues λ̄`+1, λ̄`+2, ..., see Sec. 1.4.2. However, the optimal trajectory
is not available in practice; instead, the POD basis is determined by a more or less
arbitrarily chosen reference trajectory ỹ. To compensate this problem, a-posteriori error
estimates are used which reveal whether any suboptimal control up – here, this will be
the optimal solution ū` to the reduced order model – is sufficiently close to the optimal
control ū or whether the reduced order model has to be improved, by enlarging the POD
basis rank or by updating the POD basis.

2.1. Transformation to explicit constraints

We adapt the a-posteriori results for control constrained optimal control problems to the
situation where additional state constraints are taken into account. The main idea here
is to use a regularization of the state constraints to convert the problem with implicit
mixed control-state constraints into the situation with explicit pure control constraints.

2.1.1. Lavrentiev regularization
Consider the Lavrentiev regularized state constraint ŷa ≤ εu + Iy ≤ ŷb. We introduce
the transformation mapping F : U → U , F(u) = εu+ ISu which is linear and bounded
since the operators I : Y → U and S : U → Y are linear and bounded. If F is invertible,
the optimal control problem with implicit constraints

min
u∈Uad

Ĵ(u) =
σQ
2

∫
Θ

‖Su− ŷQ‖2H dt+
σΩ

2
‖(Su)(T )− ŷΩ‖2H +

σu
2
‖u‖2U (2.1)

with admissible set Uad = {u ∈ U | ŷa ≤ Fu ≤ ŷb} is equivalent to the following optimal
control problem with explicit constraints

min
v∈Vad

J̃(v) =
σQ
2

∫
Θ

‖SF−1v − ŷQ‖2H dt+
σΩ

2
‖(SF−1v)(T )− ŷΩ‖2H +

σu
2
‖F−1v‖2U (2.2)

where Vad = {v ∈ V | ŷa ≤ v ≤ ŷb} in the following sense: If ū ∈ U is the solution
to (2.1), then v̄ = F ū solves (2.2) and, vice versa, if v̄ ∈ U is a solution to (2.1), then
ū = F−1v̄ solves (2.2). Notice that J̃ = Ĵ ◦F−1 holds which implies J̃ ′ = F−? ◦ Ĵ ′ ◦F−1.

Both transformations F : u 7→ v and F−1 : v 7→ u require the solving of a state equation:
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1. If u ∈ U is given, then v can be calculated by solving the standard state equation

ẏ(t) +Ay(t) = Bu(t) & y(0) = 0 (2.3)

and choosing v = εu+ Iy.
2. On the other hand, if we know v ∈ U , then u = 1

ε (v−Iy) holds with the state variable
y = Su = S(1

ε (v − Iy)). Consequently, u can be calculated by solving the modified
state equation

ẏ(t) +Ay(t) +
1

ε
BIy(t) =

1

ε
Bv(t) & y(0) = 0 (2.4)

and choosing u = 1
ε (v − Iy) afterwards.

The well-posedness of (2.4) is equivalent to the existence of a (continuous) inverse map-
ping F−1. Hence, the invertibility of F can be shown by a-priori energy estimates:

Theorem 2.1. Let w ∈ L2(Θ, V ′) and C ∈ Lb(V, V ′) with

∀ε > 0 : ∃Cε > 0 : ∀y ∈ Y : ‖(Cy)(t)‖V ′ ≤ Cε‖y(t)‖H + ε‖y(t)‖V . (2.5)

Then the linear parabolic evolution equation

ẏ(t) +Ay(t) + Cy(t) = w(t) & y(0) = 0 (2.6)

admits a unique (weak) solution y ∈ Y .

Proof. It is sufficient to show that a solution y to (2.6) satisfies the a-priori estimate

‖y‖2Y ≤ C‖w‖2L2(Θ,V ′) for some C > 0, (2.7)

then the well-posedness of (2.6) follows with the standard Galerkin techniques (see for
instance [48], Sec. 7.1.2).

Testing (2.6) with the test function y(t) and using the coercivity of A yields

1

2

d

dt
‖y(t)‖2H + α1‖y(t)‖2V − α2‖y(t)‖2H ≤ (‖(Cy)(t)‖V ′ + ‖w(t)‖V ′)‖y(t)‖V .

We apply the growth condition (2.5) and Young’s inequality [48], Thm. B.2.c, and get

1

2

d

dt
‖y(t)‖2H + α1‖y(t)‖2V − α2‖y(t)‖2H ≤ (δ + ε)‖y(t)‖2V +

1

2δ
(C2

ε ‖y(t)‖2H + ‖w(t)‖2V ′)

for any δ > 0. We choose δ = α1
2 and ε = α1

4 , then

1

2

d

dt
‖y(t)‖2H +

α1

4
‖y(t)‖2V ≤

(
α2 +

C2
ε

α1

)
‖y(t)‖2H +

1

α1
‖w(t)‖2V ′ .
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Time integration and using y(0) = 0 implies

1

2
‖y(t)‖2H +

α1

4

t∫
0

‖y(τ)‖2V dτ ≤
(
α2 +

C2
ε

α1

) t∫
0

‖y(τ)‖2H dτ +
1

α1

t∫
0

‖w(τ)‖2V ′ dτ. (2.8)

With Gronwall’s inequality [6], Kor. 6.1, we get

max
t∈Θ
‖y(t)‖2H ≤

2

α1
‖w‖2L2(Θ,V ′) exp

((
2α2 +

2C2
ε

α1

)
T

)
. (2.9)

By combining (2.8) and (2.9), we receive

‖y‖2L2(Θ,V ) ≤
4

α2
1

(
2T

(
α2 +

C2
ε

α1

)
exp

((
2α2 +

2C2
ε

α1

)
T

)
+ 1

)
‖w‖2L2(Θ,V ′), (2.10)

so ‖y‖2L2(Θ,V ) ≤ C̃‖w‖
2
L2(Θ,V ′). Now ‖ẏ‖L2(Θ,V ′) can be estimated by using (2.6): Since

‖ẏ(t)‖V ′ ≤ ‖Ay‖V ′ + ‖Cy‖V ′ + ‖w‖V ′ ≤ (α+ C1 + 1)‖y(t)‖V + ‖w(t)‖V ′ ,

we get by time integration and (2.10)

‖ẏ‖L2(Θ,V ′) ≤
(√

C̃(α+ C1 + 1) + 1
)
‖w‖L2(Θ,V ′). (2.11)

Finally, (2.10) and (2.11) together imply ‖y‖2Y ≤ C‖w‖2L2(Θ,V ′):

‖y‖2Y = ‖y‖2L2(Θ,V ) + ‖ẏ‖2L2(Θ,V ′) ≤
(
C̃ +

(√
C̃(α+ C1 + 1) + 1

)2
)
‖w‖2L2(Θ,V ′). �

Corollary 2.2. Let B : U → L2(Θ, V ′) and I : L2(Θ, V )→ U be linear and bounded
operators and let S : U → Y denote the linear and bounded solution operator to the
state equation (2.3). Assume that BI fulfills the growth condition (2.5).

Then the operator F = ε+ IS : U → U admits a continuous inverse mapping F−1.

Proof. F is injective: Let Fu = 0 hold for some u ∈ U , i.e. u = −1
εISu. With C = 1

εBI,
(2.5) is satisfied and y = Su solves (2.6) with w = 0 which implies y = 0 and hence u = 0.

F is surjective: Let v ∈ U . Define C = 1
εBI and w = 1

εBv, then (2.6) admits a (unique)
solution y ∈ Y and u = 1

ε (v − Iy) ∈ U fulfills Fu = v.

Since F is continuous, F−1 is continuous due to the bounded inverse theorem. �

From now on, we assume the invertibility of F . The Fréchet derivative J̃ ′ : U → U of
the transformed reduced cost functional J̃ is given by

〈J̃ ′(v), ṽ〉U = σQ

∫
Θ

〈(S ◦ F−1)v(t)− ŷQ(t), (S ◦ F−1)ṽ(t)〉H dt

+ σΩ〈(S ◦ F−1)v(T )− ŷΩ, (S ◦ F−1)ṽ(T )〉H + σu〈F−1v,F−1ṽ〉U ;
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an optimal solution v̄ ∈ U to the transformed optimal control problem (2.2) is charac-
terized by the variational inequality

∀ṽ ∈ Vad : 〈J̃ ′(v̄), ṽ − v̄〉U ≥ 0. (2.12)

where the set of admissible directions is given by Vad = {ṽ ∈ U | ŷa ≤ ṽ ≤ ŷb a.e. in Θ}.
Similar to Lemma 4.1 in [70], we gain more explicit optimality conditions for v̄ by inter-
preting the adjoint solution operator S? of the primal state equation as a solution oper-
ator of a dual state equation: According to Lem. 1.17, with the adjoint states p, p̂ ∈ Y
satisfying

−ṗ(t) +A?p(t) = −σQSu(t) in V ′ f.a.a. t ∈ Θ, p(T ) = −σΩSu(T ) in H,

− ˙̂p(t) +A?p̂(t) = σQŷ(t) in V ′ f.a.a. t ∈ Θ, p̂(T ) = σΩŷ(T ) in H,

we can write the first derivative of J̃ in the form

J̃ ′(v) = F−?S?ΞSF−1v −F−?S?Ξ̂ + σuF−?F−1v

= F−?
(

(σu − B?T )(F−1v)− B?p̂
)

(2.13)

where F−? denotes the adjoint operator to F−1. We get a transformed first-order op-
timality system, consisting of a state equation, an adjoint equation and a variational
inequality:

Theorem 2.3. Let v̄ ∈ U be the optimal solution to (2.2). Then the following first-
order optimality conditions hold:

˙̄y(t) +Aȳ(t)− BF−1v̄ = 0 & ȳ(0) = 0 (2.14a)
− ˙̄p(t) +A?p̄(t) + σQȳ(t) = 0 & p̄(T ) = −σΩȳ(T ) (2.14b)

〈F−?(σuF−1v̄ − B?(p̄+ p̂)), ṽ − v̄〉U ≥ 0 for all ṽ ∈ Vad (2.14c)

2.1.2. Penalization
The situation where we regularize the state constraint with a new penalization variable,
ŷa ≤ εw + Iy ≤ ŷb, instead of the usage of the control variable u, turns out to be
simpler since here, the inverse mapping F−1 to the transformation F : U ×W → U ×W ,
defined as F(u,w) = (u, εw + ISu), is given explicitly by F−1(µ, ω) = (µ, 1

ε (ω − ISµ)).
Consequently, the optimal control problem with implicit constraints

min
(u,w)∈U×W

Ĵ(u,w) =
σQ
2

∫
Θ

‖(Su)(t)− ŷQ(t)‖2H dt+
σΩ

2
‖(Su)(T )− ŷΩ‖2H

+
σu
2
‖u‖2U +

σw
2
‖w‖2W subject to (ua, ŷa) ≤ F(u,w) ≤ (ub, ŷb) (2.15)
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is of the same type as the transformed one with the explicit constraints:

min
(µ,ω)∈U×W

J̃(µ, ω) =
σQ
2

∫
Θ

‖(Sµ)(t)− ŷQ(t)‖2H dt+
σΩ

2
‖(Sµ)(T )− ŷΩ‖2H

+
σu
2
‖µ‖2U +

σw
2ε2
‖ω − ISµ‖2W subject to (ua, ŷa) ≤ (µ, ω) ≤ (ub, ŷb). (2.16)

The gradient of the transformed objective functional is given by

J̃ ′(µ, ω)(µ̃, ω̃) = σQ

∫
Θ

〈(Sµ)(t)− ŷQ(t), (Sµ̃)(t)〉H dt

+ σΩ〈(Sµ)(T )− ŷΩ, (Sµ̃)(T )〉H
+ σu〈µ, µ̃〉U +

σw
ε2
〈ω − ISµ, ω̃ − ISµ̃〉W

= 〈S?ΞSµ, µ̃〉U − 〈S?Ξ̂, µ̃〉U + σu〈µ, µ̃〉U +
σw
ε2
〈ω − ISµ, ω̃〉W

+
σw
ε2
〈S?I?ISµ, µ̃〉U −

σw
ε2
〈S?I?ω, µ̃〉U .

We introduce the solution operators TU : U → Y and TW : W → Y to the adjoint
equations

−ṗµ(t) +A?pµ(t) = −I?ISµ, pµ(T ) = 0 → pµ = TUµ (2.17)
−ṗω(t) +A?pω(t) = I?ω, pω(T ) = 0 → pω = TWω. (2.18)

According to Lem. 1.19, we derive a more explicit form of the gradient to get a concrete
first-order optimality system: The operators TU , TW satisfy

−B?TU = S?I?IS and B?TW = S?I?. (2.19)

The partial derivatives of J̃ can be written now in the form

∂J̃

∂µ
(µ, ω) = σuµ− B?

(
T µ+

σw
ε2
TUµ+

σw
ε2
TWω + p̂

)
,

∂J̃

∂ω
(µ, ω) =

σw
ε2

(ω − ISµ).

The optimal solution (µ̄, ω̄) to (2.16) is characterized by the variational inequalities

∀µ̃ ∈ Uad :

〈
∂J̃

∂µ
(µ̄, ω̄), µ̃− µ̄

〉
U

≥ 0 & ∀ω̃ ∈Wad :

〈
∂J̃

∂ω
(µ̄, ω̄), ω̃ − ω̄

〉
W

≥ 0 (2.20)

with admissible sets Uad = {µ̃ ∈ U | ua ≤ µ̃ ≤ ub} and Wad = {ω̃ ∈W | ŷa ≤ ω̃ ≤ ŷb}.
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Theorem 2.4. Let (µ̄, ω̄) ∈ U × W be the optimal solution to (2.16). Then the
following first-order optimality conditions hold:

˙̄y(t) +Aȳ(t)− Bµ̄ = 0 & ȳ(0) = 0 (2.21a)
− ˙̄p(t) +A?p̄(t) + (σQ + σw

ε2
I?I)ȳ(t)− σw

ε2
I?ω̄(t) = 0 & p̄(T ) = −σΩȳ(T ) (2.21b)

〈σuµ̄− B?(p̄+ p̂), µ̃− µ̄〉U ≥ 0 for all µ̃ ∈ Uad (2.21c)
〈σw
ε2

(ω̄ − I ȳ), ω̃ − ω̄〉W ≥ 0 for all ω̃ ∈Wad (2.21d)

2.2. A-posteriori error estimates

Given an arbitrary admissible suboptimal control up, we want to estimate the control
error ‖up− ū‖U without any information about the optimal control ū. We call β : U → R
an error bound if

∀up ∈ Uad : ‖up − ū‖U ≤ β(up). (2.22)

Since we will use error bounds to decide whether to stop a process generating subop-
timal control solutions, we will require that the error bounds (β(unp))n∈N of a sequence
(unp)n∈N ⊆ Uad with ‖unp − ū‖U → 0 decay to zero as well; in this case, we say that
β is compatible. If the orders of the errors and error bounds coincide in addition, we
call β sharp. Sharp error bounds are desirable since they allow to stop the generating
process when the approximation error reaches the intended accuracy. However, we re-
quire numerical efficiency of β as well: The evaluation of β shall not consume too much
calculation time. Indeed, in the context of model order reduction, it may occur that the
calculation of the error bound for a solution to the reduced order model compensates the
time sparing of the model reduction: In [76], a-posteriori error bounds are developed for
solving semilinear optimal control problems with the POD method. Here, the evaluation
of β which requires the determination of the smallest eigenvalue to the reduced Hessian
matrix takes half the time of the solving of the full-order problem where the determi-
nation of a POD control solution is provided in just 0.45% of the full-order calculation
time. On the other hand, one may estimate the smallest eigenvalue by an inexact method
instead. In this case, β is only exact up to a certain heuristic and not rigorous any more.

2.2.1. Lavrentiev regularization
In the following, we modify the a-posteriori error estimator for control constrained prob-
lems presented in [133], Sec. 3, so that it is applicable to the transformed state constrained
problems (2.2). The general idea is to interprete the suboptimal control up as a pertur-
bation of the optimal one. It turns out that a suitable perturbation variable ζp can be
calculated without knowing anything about ū except of the fact that ū satisfies the vari-
ational optimality condition; β(up) then will consist essentially of the term ‖ζp‖U . This
idea was already used for the determination of error bounds in the context of optimal
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control of ordinary differential equations [90] and is applicable in various situations since
no limitations on the construction of the suboptimal controls are required. We will see
that these error estimation techniques, applied in the context of POD model order reduc-
tion, are sharp (Thm. 2.8). Our numerical results further indicate numerical efficiency
for linear-quadratic optimal control problems, see Fig. 4.28 & Fig. 4.23.

Theorem 2.5. (Gubisch & Volkwein 2014 [61])

Let up ∈ Uad be an arbitrary control with corresponding transformed control vp = Fup
and corresponding adjoint state pp = T up. Let ζp = ζ(up) ∈ U satisfy the perturbed
variational inequality

∀ṽ ∈ Vad : 〈F−?(σuup − B?(pp + p̂)) + ζp, ṽ − vp〉U ≥ 0. (2.23)

Then the following a-posteriori error estimate holds true:

‖ū− up‖U ≤ β(up) =
1

σu
‖F?ζp‖U . (2.24)

Proof. Choosing ṽ = vp in (2.14c) and ṽ = v̄ in (2.23), we get

〈F−?(σuup − B?(pp + p̂)) + ζp, v̄ − vp〉U ≥ 0,

〈F−?(σuū− B?(p̄+ p̂)), vp − v̄〉U ≥ 0.

Together, this implies

0 ≤ 〈σu(up − ū)− B?(pp − p̄) + F?ζp, ū− up〉U
= −σu‖ū− up‖2U + 〈B?T (ū− up), ū− up〉U + 〈F?ζp, ū− up〉U
= −σu‖ū− up‖2U − 〈(S?ΞS)(ū− up), ū− up〉U + 〈F?ζp, ū− up〉U
≤ −σu‖ū− up‖2U + ‖F?ζp‖U‖ū− up‖U

which implies the assertion. �

Remark 2.6. Since the perturbed variational inequality (2.23) is equivalent to

∀ṽ ∈ Vad : 〈J̃ ′(vp) + ζp, ṽ − vp〉U ≥ 0, (2.25)

the a-posteriori error analysis for pure control constraints [133] immediately provides an
error bound for the transformed control vp:

‖vp − v̄‖U ≤
1

σu
‖ζp‖U

and therefore also a (possibly less accurate) a-posteriori error estimate for up:

‖up − ū‖U = ‖F−1(vp − v̄)‖U ≤
‖F−1‖Lb

σu
‖ζp‖U . ♦
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Next we construct a suitable perturbation ζp which satisfies the perturbed variational
inequality (2.23) and which is computable in practice in case of the concrete control
space U = L2(Θ,Rm). In this setting, the ordering relation ≤ on U shall be interpreted
componentwise:

u ≤ ũ :⇐⇒ ∀i = 1, ...,m : ui(t) ≤ ũi(t) for almost all t ∈ Θ.

Of course, ζp = −F−?(σuup − B?(pp + p̂)) is computable and satisfies (2.23). However,
the resulting error estimator β would just give a consistent error bound if ū is an inner
point of Uad. This problem can be compensated if we modify the negative gradient at
the points where the constraints are active:

Theorem 2.7. Let up ∈ Uad with vp = Fup ∈ Vad, pp = T up and corresponding
gradient ξp = F−?(σuup −B?(pp + p̂)) ∈ U . Then the perturbation ζp ∈ U , defined as

ζpi(t) =


−min(0, ξpi(t)) a.e. in Aaip = {t ∈ Θ | vpi(t) = ŷai(t)}
−max(0, ξpi(t)) a.e. in Abip = {t ∈ Θ | vpi(t) = ŷbi(t)}
−ξpi(t) elsewise

, (2.26)

satisfies the perturbed variational inequality (2.23)

Proof. We have to show that for all ṽ ∈ [ŷa, ŷb] we get

〈ξp + ζp, ṽ − vp〉U =

m∑
i=1

∫
Θ

(ξpi(t) + ζpi(t))(ṽi(t)− vpi(t)) ≥ 0. (2.27)

1. If vpi(t) = ŷai(t) holds for i ∈ {1, ...,m}, t ∈ Θ, then ζpi(t) = −min(0, ξpi(t)), i.e.

(ξpi(t) + ζpi(t)) ≥ 0 & ṽi(t)− vpi(t) ≥ 0.

2. If vpi(t) = ŷbi(t) holds for i ∈ {1, ...,m}, t ∈ Θ, then ζpi(t) = −max(0, ξpi(t)), i.e.

(ξpi(t) + ζpi(t)) ≤ 0 & ṽi(t)− vpi(t) ≤ 0.

3. If ŷai(t) < vpi(t) < ŷbi(t) for i ∈ {1, ...,m}, t ∈ Θ, then ζpi(t) = −ξpi(t), i.e.

ξpi(t) + ζpi(t) = 0.

Altogether, ζp satisfies the inequality (2.27). �

The next theorem states that the error bound β is sharp if the ζ-function is constructed
as proposed in Thm. 2.7:
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Theorem 2.8. Suppose that (un)n∈N ⊆ Uad converges towards ū in U . If ζn = ζ(un)
is chosen as described in (2.26), then β(un) = 1

σu
‖F?ζn‖U converges towards zero.

Proof. We follow the arguments of Thm. 4.11 in [133]. Assume that there is some ε > 0
such that for all N ∈ N there exists n(N) > N with ‖ζn(N)‖U > ε. Since T ,F are
bounded, un → ū in U implies ξn → ξ̄ for n→∞, especially ξn(N) → ξ̄ for N →∞.

According to the Lebesgue selection theorem [121], Thm. VIII.4.9, (ξn(N))N∈N admits a
subsequence (ξn(N)k)k∈N such that ξn(N)k(t) → ξ̄(t) for almost all t ∈ Θ, k → ∞. Due
to the pointwise definition of ζ in (2.26), this implies ζn(N)k(t)→ 0 for almost all t ∈ Θ
and the Lebesgue convergence theorem [121], Thm. VIII.2.5, states that ‖ζn(N)k‖U → 0.

Especially, there exists some K ∈ N with ‖ζn(N)k‖U < ε for all k ≥ K in contradiction
to the primary assumption. Finally, the boundedness of F? implies β(un)→ 0. �

Remark 2.9. Let u ∈ Uad. To compute the gradient ξ = ξ(u) ∈ U , given implicitly by

F?ξ = σuu− B?(T u+ p̂),

we apply the operator equation S?I? = B?T̃ with adjoint solution operator T̃ : U → Y ,

− ˙̃p(t) +Ap̃(t) = I?ξ̃(t), p̃(T ) = 0 → p̃ = T̃ ξ̃. (2.28)

and get with p = T u the (still implicit) equation

F?ξ = (ε+ S?I?)ξ = (ε+ B?T̃ )ξ =⇒ ξ =
1

ε
(σuu− B?(p+ T̃ ξ + p̂)).

We insert this representation of ξ into (2.28):

− ˙̃p(t) +Ap̃(t) +
1

ε
I?B?p̃(t) =

1

ε
I?(σuu− B?(p+ p̂), p̃(T ) = 0. (2.29)

The well-posedness of (2.29) is ensured by Thm. 2.1 and we receive the explicit formula

ξ =
1

ε
(σuu− B?(p+ p̃+ p̂)). ♦

In the following, we propose a modification which involves a-priori error estimates and
does not require to solve the augmented adjoint equation (2.29):

Remark 2.10. Assume that a suitable estimate for the operator norm ‖F‖Lb(U,U) ≤ CF
is available. Then the modified a-posteriori error estimator

β̃(u) =
CF
σu
‖ζ(u)‖U (2.30)
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can be evaluated without requiring further PDE solvings if the adjoint states p = T u
and p̂ which are needed to build up ζ are already available. This is usually the case if u
is determined in an iterative solving procedure of the optimality system (2.14) where the
gradient ξ is involved anyway – in contrast to the solution p̃ of (2.29) which just appears
in the error estimator.

We choose

CF = ε+ ‖I‖Lb(L2(Θ,V ),U)‖S‖Lb(U,L2(Θ,V )). (2.31)

An a-priori estimate for ‖Su‖L2(Θ,V ) can be derived directly from (2.10) in the proof of
Thm. 2.1, choosing Cε = 0 and w = Bu. To get a smaller bound C̃ there, we select the
weights used for Young’s inequality within this proof in a more appropriate way: From

1

2

d

dt
‖y(t)‖2H + 〈Ay(t), y(t)〉V ′,V = 〈Bu(t), y(t)〉V ′,V

we derive, choosing δ ∈ (0, 2α1), by Young’s inequality [48], Thm. B.2.c:

d

dt
‖y(t)‖2H ≤ 2α2‖y(t)‖2H + (δ − 2α1)‖y(t)‖2V +

1

δ
‖Bu(t)‖2V ′ (2.32)

≤
(

2α2 +
1

C2
V

(δ − 2α1)

)
‖y(t)‖2H +

1

δ
‖Bu(t)‖2V ′ .

1. Assume α2 ≥ α1

C2
V
, then C(δ) = 2α2+ 1

C2
V

(δ−2α1) is positive and Gronwall’s inequality
[48], Thm. B.2.j, implies

‖y(t)‖2H ≤
1

δ
‖Bu‖2L2(Θ,V ′)

1

C(δ)
eC(δ)(T−τ)

∣∣∣∣0
T

=
eC(δ)T − 1

δC(δ)
‖Bu‖2L2(Θ,V ′) (2.33)

By combining (2.32) & (2.33), we get

d

dt
‖y(t)‖2H ≤ 2α2

eC(δ)T − 1

δC(δ)
‖Bu‖2L2(Θ,V ′) +

1

δ
‖Bu(t)‖2V ′ − (2α2 − δ)‖y(t)‖2V

=⇒ ‖y‖2L2(Θ,V ) ≤
2α2T (eC(δ)T − 1) + C(δ)

δC(δ)(2α1 − δ)︸ ︷︷ ︸
=φ(δ)

‖B‖Lb(U,L2(Θ,V ′))2‖u‖2U

=⇒ ‖S‖2Lb(U,L2(Θ,V )) ≤ φ(δ)‖B‖2Lb(U,L2(Θ,V ′))

since φ ist continuous and bounded form below, δ can be chosen as the minimum of
φ on [0, 2α1].

2. If B is even bounded as a mapping into L2(Θ, H), we replace (2.31) by

CF = ε+ ‖I‖Lb(L2(Θ,V ),U)‖S‖Lb(U,L2(Θ,H)). (2.34)
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To get a-priori bounds for ‖S‖Lb(U,L2(Θ,H)), we replace (2.32) by

d

dt
‖y(t)‖2H ≤ (‖2α2 + δ)‖y(t)‖2H − α1‖y(t)‖2V +

1

δ
‖Bu(t)‖2H (2.35)

≤
(
δ + 2α2 −

2α2

C2
V

)
‖y(t)‖2H +

1

δ
‖Bu(t)‖2H .

With C̃(δ) = δ + 2α2 − 2α1

C2
V
, the application of Gronwall’s inquality results in

‖y(t)‖2H ≤ φ̃(δ)‖Bu‖2L2(Θ,H)2 =⇒ ‖S‖2Lb(U,L2(Θ,H)) ≤ φ̃(δ)‖B‖2L2(Θ,H)

with φ̃(δ) = 1
δC̃(δ)

(eC̃(δ)T − 1) and we select δ as the minimum of φ̃ on [0, 2α2].

3. If C2
V α2 ≤ α1 holds, then δ 7→ C(δ) has a zero at δ◦ = 2α1 − 2α2C

2
V . In this case, φ

can be continuously expanded by φ(δ◦) = 1
δ◦

according to l’Hôpital’s rule, [50], Thm.
16.10. ♦

2.2.2. Penalization
We apply the a-posteriori error analysis of the preceding section to the situation where
we regularize by penalization:

Theorem 2.11. (Grimm, Gubisch & Volkwein 2015 [59])

Let (up, wp) ∈ Uad ×Wad be an arbitrary control-penalty pair with the corresponding
transformed variable (µp, ωp) = F(up, wp), the state yp = Sup and the adjoint state
pp = T up + σu

ε2
(TUup + TW (εwp + Iyp)). Let (ζup, ζwp) = ζ(up, wp) ∈ U ×W satisfy

the perturbed variational inequality

∀(µ̃, ω̃) ∈ Uad ×Wad : 〈σuµp − B?(pp + p̂)) + ζup, µ̃− µp〉U
+〈σu

ε2
(ωp − Iyp) + ζwp, ω̃ − ωp〉W ≥ 0 (2.36)

and let σu = σw. Then the following a-posteriori error estimate holds true:

‖(ū− up, w̄ − wp)‖U×W ≤ β(up, wp) =
1

σu
‖(ζup + B?TW ζwp, εζwp)‖U×W . (2.37)

Proof. Recall that the transformation F and its inverse F−1 are explicitly given by

F(u,w) = (u, εw + ISu), F−1(µ, ω) = (µ, ε−1(ω − ISµ)).

Hence, since S?I? = B?TW holds by (2.19), also explicit representations of the adjoint
operators F?,F−? are available:

F?(u,w) = (u+ B?TWw, εw), F−?(µ, ω) = (µ− ε−1B?TWω, ε−1ω).
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Combining (2.17) & (2.18), one finds TU = −TWIS and we get(
σuµp − B?(pp + p̂)

σw
ε2

(ωp − Iyp)

)
=

(
σuµp − B?(T µp + σu

ε2
(TUµp + TWωp) + p̂)

σw
ε2

(ωp − ISµp)

)
=

(
σuµp − B?(T µp + p̂)− 1

εB
?TW σu

ε (ωp − ISµp)
σw
ε2

(ωp − ISµp)

)
= F−?

(
σuµp − B?(T µp + p̂)
σw(1

ε (ωp − ISµp))

)
= F−? ◦ Ĵ ′

(
µp

1
ε (ωp − ISµp)

)
= F−? ◦ Ĵ ◦ F−1

(
µp
ωp

)
= J̃ ′

(
µp
ωp

)
. (2.38)

Now the perturbed variational inequality (2.36) has the representation

∀(µ̃, ω̃) ∈ Uad ×Wad; 〈J̃ ′(µp, ωp) + (ζup, ζwp), (µ̃− µp, ω̃ − ωp)〉U×W ≥ 0 (2.39)

and we get with σu = σw, (2.25) and Thm. 2.5:

‖(ū, w̄)− (up, wp)‖U×W ≤ β(up, wp) =
1

σu
‖F?(ζup, ζwp)‖U×W . (2.40)

Using the explicit representation of F? gives (2.37). �

Remark 2.12. The condition σu = σw is no restriction for our model since the impact
of σw can be included into ε. Actually, we mainly focus on problems with low control
costs (i.e. small values of σu) and strong penalization (large σw or small ε). ♦

As before, we get a consistent perturbation ζp by the negative gradient of the transformed
objective functional J̃ if we respect the active and inactive domains: Let the control space
be given by U = L2(Θ,Rm) and the penalty space by W = L2(Θ,Rn), then we have

Theorem 2.13. Consider the admissible control up ∈ Uad and penalty wp ∈ Wad
with transformed variables (µp, ωp) = F(up, wp) ∈ Vad and corresponding gradient
ξp = J̃ ′(µp, ωp). Choosing

ζupi(t) =


−min(0, ξupi(t)) a.e. in Auaip = {t ∈ Θ | µpi(t) = uai(t)}
−max(0, ξupi(t)) a.e. in Aubip = {t ∈ Θ | µpi(t) = ubi(t)}
−ξupi(t) elsewise

, (2.41a)

ζwpi(t) =


−min(0, ξwpi(t)) a.e. in Awaip = {t ∈ Θ | ωpi(t) = ŷai(t)}
−max(0, ξwpi(t)) a.e. in Awbip = {t ∈ Θ | ωpi(t) = ŷbi(t)}
−ξwpi(t) elsewise

, (2.41b)

the a-posteriori error estimation (2.37) holds true and the error bound β is consistent.
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2.3. Discretization errors

In the context of model order reduction, the suboptimal controls up will be solutions of
the reduced order POD model; the POD elements will be calculated from trajectories
not of the continuous state equation, but from its discretization in time and space. We
therefore cannot expect that the actual control error ‖ū`∆t,∆x − ū‖U between the exact
control solution ū and a numerical approximation ū`∆t,∆x of the optimal POD control ū`

calculated on a discretization of the reduced order POD model tends to zero for growing
`: Instead, this error will stagnate on the level of the discretization accuracy ∆t,∆x
given that ` is chosen so large that the error of the model reduction is dominated by the
discretization error. Likewise, the error between ū`∆t∆x and the discrete optimal solution
u∆t∆x vanishs by increasing `.

In the following, we use the implicit Euler method for the time discretization and con-
tinuous, piecewise linear ansatz functions on a spatial grid. A-priori error estimates for
the backwards Euler discretization of linear parabolic equations are presented by Baker,
Bramble and Thomée in [14] and are extended to the Crank-Nicolson time discretization
[87] and to time-dependent parabolic differential operators [88] by Luskin and Rannacher.

These discretizations can be interpreted as Galerkin techniques in time and space where
discontinuous, piecewise polynomial Galerkin functions on a time grid are used; in our
case, this is the so-called dG(0)cG(1) method with piecewise constant Galerkin elements
on the particular time intervals. The discontinuous Galerkin schemes combine the ad-
vantages of stability and a variational formulation which is compatible with duality ar-
guments and hence approves almost optimal a-priori estimates; bounds for higher-order
discretizations of linear parabolic problems are posed by Eriksson, Johnson and Thomée
[47].

Meidner and Vexler extend the dG(0)cG(1) error bounds to optimal control problems;
[93] discusses unconstrained control problems, [94] takes into account control constraints
and [95] uses a Crank-Nicolson scheme for the time discretization which is equivalent to
the cG(1) Galerkin discretization. In [92], Meidner, Rannacher and Vexler deal with the
error control of pointwise state constrained control problems; Neitzel and Vexler extend
the linear analysis to semilinear models [106].

In the following, we combine the a-posteriori model reduction error analysis with the a-
priori discretization error bounds. We limit the investigations to optimal control problems
with pure control constraints; nevertheless, our results also apply to problems with mixed
constraints by using the transformations presented in Sec. 2.1.

2.3.1. Discretization of the optimal control problem
Consider the control-constrained optimal control problem

min
(y,u)∈Y×Uad

J(y, u) =
1

2

∫
Θ

‖y(t)− yQ(t)‖2H dt+
σu
2
‖u‖2U (2.42)
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subject to the initial value problem

ẏ(t)−∆y(t) = f(t) + Bu(t) in V ′; y(0) = y◦ in H (2.43)

with the state space Y = {y ∈ L2(Θ, V ) | ẏ ∈ L2(Θ, H)} and the space of admissible
controls Uad = [ua, ub] ⊆ U = L2(Θ,Rm). We assume that the control bounds ua, ub are
constant in time and choose the concrete control operator B : U → L2(Θ, H) ⊆ L2(Θ, V ′),
given by (Bu)(t) =

∑m
i=1 ui(t)χi where χ1, ..., χm ∈ V are fixed space-dependent shape

functions. For the data functions, we assume yQ, f ∈ L2(Θ, H) and y◦ ∈ V . Further,
we take H = L2(Ω) and V = H1

0 (Ω), the H1 Sobolev space respecting homogeneous
Dirichlet boundary conditions. For simplicity, the domain Ω ⊆ Rd, d ∈ {1, 2, 3}, is
assumed to be rectangular-shaped.

We introduce a bilinear form b on Y ×Y which is associated to the time-space differential
operator d

dt −∆ in (2.43):

b(y, ϕ) =

∫
Θ

〈ẏ(t), ϕ(t)〉H dt+

∫
Θ

〈∇y(t),∇ϕ(t)〉H dt, (2.44)

then the first-order optimality system to (2.42), (2.43) reads as

∀ϕ ∈ Y : b(y, ϕ) = 〈Bu, ϕ〉L2(Θ,H) (2.45a)

∀ϕ ∈ Y : b(ϕ, p) = 〈ϕ, yQ − y〉L2(Θ,H) (2.45b)

u = max(ua,min(ub, σ
−1
u B?p)). (2.45c)

The discretization of (2.45) is provided in two steps: Firstly, we consider a dG(0)-
semidiscretization in time; the states will be piecewise constant L2-functions over a
partitioning of Θ into intervals which still map into the spatial space V . Secondly,
the semidiscrete version of (2.45) is cG(1)-discretized in space with H1-conforming con-
tinuous and piecewise linear Galerkin elements in space. To simplify the notation, we
choose the ansatz functions over equidistant time and space grids.

Semidiscretization in time
Consider the partitioning Θ =

⋃m
i=0 Θi where Θi = (ti−1, ti] with time steps ti = i∆t and

step size ∆t = T
m , i = 0, ...,m, and Θ0 = {0}. Let πi ∈ L2(Θ,R) be the characteristic

function on Θi, i.e. πi(t) = 1 for t ∈ Θi und πi(t) = 0 otherwise, i = 1, ...,m. The
semidiscrete state space then is

Y∆t =

{ m∑
i=1

yiπiφi | y1, ..., ym ∈ R & φ1, ..., φm ∈ V
}
⊆ L2(Θ, V ).

Notice that the dG(0) semidiscretization is a nonconforming Galerkin method, i.e. Y∆t

is not a subspace of Y .
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A discretization of U is not necessary; the semidiscrete verison of the optimality condition
(2.45c) will imply that an optimal control chosen in U automatically is an element of the
semidiscrete control subspace

U∆t =

{ m∑
i=1

uiπi | u1, ...,um ∈ Rm

}
⊆ L2(Θ,Rm)

since the control bounds ua, ub are time-independent. The natural scalar product on Y∆t

is given by

〈y∆t, ϕ∆t〉L2(Θ,H) =

∫
Θ

m∑
i=1

〈yiπi(t)φi,ϕiπi(t)ϕj〉H dt =
m∑
i=1

yiϕi〈φi, ϕi〉H ∆t

where we used the representations y∆t =
∑m

i=1 yiπiφi and ϕ∆t =
∑m

i=1ϕiπiϕi with
yi,ϕi ∈ R and φi, ϕi ∈ V for i = 1, ...,m. The semidiscrete bilinear form b∆t on Y∆t

corresponding to (2.44) is defined as

b∆t(y∆t, ϕ∆t) =

∫
Θ

m∑
i=2

〈
yi − yi−1

∆t
πi(t)φi,ϕiπi(t)ϕi

〉
H

dt

+

∫
Θ

〈
y1

∆t
π1(t)φ1,ϕ1π1(t)ϕ1

〉
H

dt

+

∫
Θ

m∑
i=1

〈yiπi(t)∇φi,ϕiπi(t)∇ϕi〉H dt

=
m∑
i=2

(yi − yi−1)ϕi〈φi, ϕi〉H + y1ϕ1〈φ1, ϕ1〉H

+ ∆t
m∑
i=1

yiϕi〈∇φi,∇ϕi〉H . (2.46)

We then consider the semidiscrete optimal control problem

min
(y∆t,u)∈Y∆t×Uad

J(y∆t, u) =
1

2
‖y∆t − yQ‖2L2(Θ,H) +

σu
2
‖u‖2L2(Θ,Rm) (2.47)

subject to the semidiscrete state equation

∀ϕ∆t ∈ Y∆t : b∆t(y∆t, ϕ∆t) = 〈Bu+ f, ϕ∆t〉L2(Θ,H) + 〈y◦, ϕ∆t,1〉H . (2.48)

The semidiscrete first-order optimality system to (2.48) is

∀ϕ∆t ∈ Y∆t : b∆t(y∆t, ϕ∆t) = 〈Bu+ f, ϕ∆t〉L2(Θ,H) + 〈y◦, ϕ∆t,1〉H (2.49a)

∀ϕ∆t ∈ Y∆t : b∆t(ϕ∆t, p∆t) = 〈ϕ∆t, yQ − y∆t〉L2(Θ,H) (2.49b)

u = max(ua,min(ub, σ
−1
u B?p∆t)) (2.49c)
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with ϕ∆t,i = ϕiφi for i = 1, ...,m. Since we use the same discretization schemes for the
state equation and the adjoint state equation, it does not matter whether we derive the
optimality system (2.49) from the semidiscrete optimization problem (2.47), (2.48) (“first
discretize, then optimize”) or whether we discretize the continuous optimality system
(2.45) with the dG(0) time scheme (“first optimize, then discretize”). The situation is
different if the different regularities of y, p encourage to choose different ansatz spaces
for the state and the adjoint state variable. For instance, if yQ ∈ H1(Θ, V ) holds true, p
disposes of more time differentiability since the right-hand side of (2.45b) is differentiable
in time where the differentiability of y is restricted by the L2 control regularity (2.45a).
On the other hand, if pure state constraints are taken into account, the right-hand side
of (2.45b) usually is a measure only and p lacks of regularity compared to y. A detailed
discussion of the two discretization concepts is presented in [70], Chap. 3.2.

Discretization in space
To discretize the spatial variable x, we choose piecewise linear and continuous elements
over a conforming, uniform triangulation of the spatial domain Ω. Since we assumed
for simplicity that Ω is a rectangluar in Rd, the cells can be chosen congruently; if finer
cells are preferred at the boundary and especially at the corners of Ω, one may interprete
the single cells as transformations of a standardized reference triangle [122]. Notice that
the succeeding arguments are applicable also for quadrilateral or hexahedral cells. We
will not discuss the aspects of finite elements here; an introduction to suitable domain
decompositions and finite element constructions can be found in [17], [27] or [38], for
instance.

Let ∆x denote the cell diameter and ϕ = (ϕ1, ..., ϕn) the finite element sample over Ω.
Since the discretized space

V∆x =

{ n∑
j=1

yjϕj | y ∈ Rn
}

is a subspace of V , this cG(1) discretization is conforming. We introduce the fully discrete
state space

Y∆t∆x =

{ n∑
j=1

m∑
i=1

yjiπiϕj | y ∈ Rn×m
}
⊆ Y∆t

as well as the fully discrete bilinear form b∆t∆x on Y∆t∆x:

b∆t∆x(y∆t∆x, ϕ∆t∆x) =
m∑
i=2

n∑
j,k=1

(yji − yj,i−1)ϕkiMjk

+

n∑
j,k=1

yj1ϕk1Mjk + ∆t

m∑
i=1

n∑
j,k=1

yjiϕkiAjk; (2.50)

the conformity of the discretization implies that b∆t∆x is the restriction of b∆t on Y∆t∆x.
In (2.50), M ∈ Rn×n denotes the mass matrix Mjk = 〈ϕj , ϕk〉H and A ∈ Rn×n the
stiffness matrix Ajk = 〈∇ϕj ,∇ϕk〉H of the finite element basis ϕ.
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Next we formulate the discrete version of the optimal control problem (2.42), (2.43):

min
(y∆t∆x,u)∈Y∆t∆x×Uad

J(y∆t∆x, u) =
1

2
‖y∆t∆x − yQ‖2L2(Θ,H) +

σu
2
‖u‖2L2(Θ,Rm) (2.51)

subject to the discrete state equation

∀ϕ∆t∆x ∈ Y∆t∆x : b∆t∆x(y∆t∆x, ϕ∆t∆x) = 〈Bu+ f, ϕ∆t∆x〉L2(Θ,H)

+ 〈y◦, ϕ∆t∆x,1〉H . (2.52)

We introduce the discrete data sets F ∈ Rn×m, y◦ ∈ Rn and B ∈ Rn×m by

Fji =

∫
Θi

〈f(t), ϕj〉H dt, y◦j = 〈y◦, ϕj〉H , Bjk = 〈χk, ϕj〉H .

For fixed control u∆t ∈ U∆t, (2.52) then is equivalent to
m∑
i=2

n∑
j,k=1

ϕkiMjk(yji − yj,i−1) + ∆t

m∑
i=1

n∑
j,k=1

ϕkiAjkyji +

n∑
j,k=1

ϕk1Mjkyj1

=

∫
Θ

〈
f(t) +

m∑
k=1

m∑
i=1

ukπi(t)χk,
m∑
i=1

n∑
j=1

ϕjiπi(t)ϕj

〉
H

+

〈
y◦,

n∑
j=1

ϕj1ϕj

〉
H

= ∆t
m∑
i=1

n∑
j=1

m∑
k=1

ϕjiBjkuki +
m∑
i=1

n∑
j=1

ϕjiFji +
n∑
j=1

ϕj1y◦j ;

varying the coefficients of ϕ ∈ Rn×m leads to a linear system of equations in the variable
y ∈ Rn×m: {

(M + ∆tA)y1 = ∆tBu1 + F1 + y◦
(M + ∆tA)yi = ∆tBui + Fi + Myi−1, i = 2, ...,m.

(2.53)

For fixed discrete state variable y∆t∆x ∈ Y∆t∆x, the discrete adjoint equation reads as

∀ϕ∆t∆x ∈ Y∆t∆x : b∆t∆x(ϕ∆t∆x, p∆t∆x) =

∫
Θ

〈ϕ∆t∆x, yQ − y∆t∆x〉H dt; (2.54)

with YQji =
∫

Θi
〈yQ(t), ϕj〉H dt, (2.54) is equivalent to

m∑
i=2

n∑
j,k=1

(ϕji −ϕj,i−1)pkiMjk +
n∑

j,k=1

ϕj1pk1Mjk + ∆t
m∑
i=1

n∑
j,k=1

ϕjipkiAjk

=

∫
Θ

〈
yQ(t)−

m∑
i=1

n∑
j=1

yjiπi(t)ϕj ,
m∑
i=1

n∑
j=1

ϕjiπi(t)ϕj

〉
H

dt

=
n∑
i=1

m∑
j=1

ϕjiYQji −∆t
m∑
i=1

n∑
j,k=1

yjiMjk.
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Variations over ϕ ∈ Rn×m gives us the coefficient matrix p ∈ Rn×m as the solution to
the linear systems of equations{

(M + ∆tA)pm = YQm −∆tMym
(M + ∆tA)pi = YQi −∆tMyi + Mpi+1 i = m− 1, ..., 1.

(2.55)

Finally, together with the projected gradient condition which we get both by discretizing
the continuous optimality condition (2.45c) and by deriving the variational inequality
corresponding to the discrete optimization problem (2.51),

∀ũ ∈ Uad :
d

du
J(y∆t∆x(u), u)(ũ− u) = 〈σuu− B?p∆t∆x(u), ũ− u〉U ≥ 0, (2.56)

we receive the discrete first-order optimality system

∀ϕ∆t∆x ∈ Y∆t∆x : b∆t∆x(y∆t∆x, ϕ∆t∆x) = 〈Bu+ f, ϕ∆t∆x〉L2(Θ,H)

+ 〈y◦, ϕ∆t∆x,1〉H (2.57a)

∀ϕ∆t∆x ∈ Y∆t∆x : b∆t∆x(ϕ∆t∆x, p∆t∆x) = 〈ϕ∆t∆x, yQ − y∆t∆x〉L2(Θ,H) (2.57b)

u = max(ua,min(ub, σ
−1
u B?p∆t∆x)). (2.57c)

Now, since the discrete state-adjoint state system (2.53) & (2.55) which we can solve
numerically is equivalent to the continuous state-adjoint state system (2.57a) & (2.57b)
with finite-dimensional solution space Y∆t∆x and since the continuous gradient projection
condition (2.57c) is equivalent to the discrete one

uki = max

(
uak,min

(
ubk,

1

σu

n∑
j=1

pjiBjk

))
, uk(t) =

m∑
i=1

ukiπi(t), (2.58)

k = 1, ...,m, the a-posteriori Galerkin techniques introduced in the preceding section are
applicable to the discrete setting as well.

2.3.2. Error analysis for solutions to the discrete optimality system
We investigate the control discretization error ‖ū− ū∆t∆x‖U between the optimal control
ū ∈ Uad of the continuous problem (2.42) and the optimal control ū∆t∆x ∈ Uad∩U∆t of the
discrete problem (2.51). Earlier investigations of the discretization errors of discretized
elliptic and semidiscrete parabolic optimal control problems started with a discretization
of the control space: Casas & Tröltzsch [32] show O(∆x) error bounds for control-
constrained linear-quadratic elliptic optimal control problems with piecewise constant
distributed controls and piecewise linear boundary controls, Rösch [119] derivesO(∆x3/2)
errors with piecewise linear distributed controls. Arada, Casas & Tröltzsch [10] get
O(∆x) bounds for the L2 and the L∞ control norm with the piecewise constant control
of semilinear elliptic equations.

Hinze [66] proposes to start with a discretization of the state space instead to overcome
the lack of conformity: projections of discrete controls on the admissible set of the
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continuous problem in general do not result in admissible discrete controls. With this
so-called variational control discretization approach, the discretization of the control
variable is provided implicitly by the optimality system as mentioned in the preceding
section and hence is automatically conforming with the state discretization; O(∆x2)
error bounds are available in the linear-quadratic control constrained case. An analytical
and numerical comparison between these two discretization strategies is provided by
Hinze & Tröltzsch [69] for linear elliptic problems with control and state constraints and
extended by Hinze & Rösch [68] to nonlinear problems. Notice that the implementation
of the variational strategy is more challenging than the classical control discretization
since the control cannot be assumed to belong to some Galerkin space; realizations of
the projected gradient algorithm and the primal-dual active set strategy with variational
controls are suggested and tested in [66], Alg. 4.2 & 4.4.

The latter results can naturally be extended to the spatial semidiscretization of parabolic
equations; in the following, we summarize the essential stability estimates and a-priori
results given in [94] to estimate the full time and space discretization errors of the state
and the control variable. Let the control u ∈ Uad be fixed. By standard energy methods,
the corresponding semidiscrete state solution y∆t = y∆t(u) of (2.48) satisfies∫

Θ

‖∆y∆t‖2H dt+

(∥∥∥∥y∆t,1 − y◦
∆t

∥∥∥∥2

H

+

m∑
i=2

∥∥∥∥y∆t,i − y∆t,i−1

∆t

∥∥∥∥2

H

)
∆t

≤ C
(∫

Θ

‖f‖2H dt+ ‖∇y◦‖2H + ‖u‖2U
)

and (2.59)

∫
Θ

‖y∆t‖2H dt+

∫
Θ

‖∇y∆t‖2H dt

≤ C
(∫

Θ

‖f‖2H dt+ ‖∇y◦‖2H + ‖y◦‖2H + ‖u‖2U
)
. (2.60)

The appropriate stability estimates for the discrete problem are∫
Θ

‖∆y∆t∆x‖2H dt+

(∥∥∥∥y∆t∆x,1 − PV∆x
y◦

∆t

∥∥∥∥2

H

+
m∑
i=2

∥∥∥∥y∆t∆x,i − y∆t∆x,i−1

∆t

∥∥∥∥2

H

)
∆t

≤ C
(∫

Θ

‖f‖2H dt+ ‖∇PV∆x
y◦‖2H + ‖u‖2U

)
and (2.61)

∫
Θ

‖y∆t∆x‖2H dt+

∫
Θ

‖∇y∆t∆x‖2H dt

≤ C
(∫

Θ

‖f‖2H dt+ ‖∇PV∆x
y◦‖2H + ‖PV∆x

y◦‖2H + ‖u‖2U
)

(2.62)
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where PV∆x
denotes the projection V → V∆x with respect to the H-scalar product,

(PV∆x
y)(t) =

∑n
j=1〈y(t), ϕj〉Hϕj ; analogous results are available for the adjoint state.

Now let ȳ = y(ū) be the optimal state solution to the continuous state equation and
let ȳ∆t = y∆t(ū∆t) be the optimal state solution to the semidiscrete state equation. We
assume the improved regularity ȳ ∈ L2(Θ, H2(Ω)∩H1

0 (Ω))∩H1(Θ, L2(Ω)). By splitting
the residual ȳ−y∆t into the two components ȳ−PY∆t

ȳ and PY∆t
ȳ−ȳ∆t, using the stability

estimates (2.59), (2.60) and the Bramble-Hilbert theorem [28], one gets the semidiscrete
a-priori error estimate(∫

Θ

‖ȳ − ȳ∆t‖2H dt

) 1
2

≤ C ∆t

(∫
Θ

‖ ˙̄y‖2H dt

) 1
2

(2.63)

with the projector PY∆t
: Y → Y∆t given by (PY∆t

y)(t) =
∑m

i=1

∫
Θ πi(s)y(s) ds πi(t).

Further, on the next discretization level, the residual ȳ∆t−ȳ∆t∆x between the semidiscrete
optimal state ȳ∆t = y∆t(ū∆t) and the discrete optimal state ȳ∆t∆x = y∆t∆x(ū∆t∆x) is
splitted into ȳ∆t − PY∆x

ȳ∆t and PY∆x
ȳ∆t − ȳ∆t∆x; using (2.61), (2.62) and Galerkin

orthogonality [99], Sec. 3.3.3, which is satisfied despite of the nonconformity Y∆t * Y ,
gives the discrete a-priori error estimate(∫

Θ

‖ȳ∆t − ȳ∆t∆x‖2H dt

) 1
2

≤ C ∆x2

(∫
Θ

‖∆ȳ∆t‖2H dt

) 1
2

(2.64)

where PY∆x
is the orthogonal projection Y∆t → Y∆t∆x. Combining (2.63) with (2.64),

the L2(Θ, H)-norm of the residual ȳ − ȳ∆t∆x can be bounded by(∫
Θ

‖ȳ − ȳ∆t∆x‖2H dt

) 1
2

≤ C(∆t+ ∆x2). (2.65)

Estimating the control errors versus the adjoint state errors by using the gradient pro-
jection conditions (2.45c), (2.49c) and (2.57c) on the different discretization levels and
the adjoint state errors versus the state errors by using the dual optimality conditions
(2.45b), (2.49b), (2.57b), we finally get the a-priori error estimation for the control

‖ū− ū∆t∆x‖U ≤ C(∆t+ ∆x2). (2.66)

2.3.3. Error analysis for discrete suboptimal controls
We proceed with a-posteriori error bounds for the error ‖ū∆t∆x − up∆t‖U between the
optimal discrete control ū∆t∆x and an arbitrary discrete admissible control up∆t. Since
the discrete optimality system is built up by the Galerkin technique, the a-posteriori
error analysis presented in Sec. 2.2 can be applied: In the following, we show that the
discretization of the differential operators, i.e. the discrete bilinear form b∆t∆x, is com-
patible with the perturbation arguments and that the perturbation term of the discrete
a-posteriori error estimator is computable exactly on the level of the discrete time and
space grids.
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Let S∆t∆x : U∆t → Y∆t∆x be the discrete homogeneous solution operator u∆t 7→ y∆t∆x

and T∆t∆x : U∆t → Y∆t∆x be the discrete homogeneous solution operator u∆t 7→ p∆t∆x,
given implicitly by the variational equations

b∆t∆x(y∆t∆x, ·) = 〈Bu∆t, ·〉L2(Θ,H),

b∆t∆x(·, p∆t∆x) = 〈·,−S∆t∆xu∆t〉L2(Θ,H).

Then S?∆t∆xS∆t∆x = −B?T∆t∆x holds true: For arbitrarily chosen u∆t ∈ U with corre-
sponding discrete state y∆t∆x = S∆t∆xu∆t and discrete adjoint state p∆t∆x = T∆t∆xu∆t

we have

〈S?∆t∆xS∆t∆xu∆t, ũ∆t〉U =

∫
Θ

〈y∆t∆x,S∆t∆xũ∆t〉H dt = −b∆t∆x(S∆t∆xũ∆t, p∆t∆x)

= −
∫
Θ

〈Bũ∆t, p∆t∆x〉H dt = −〈B?T∆t∆xu∆t, ũ∆t〉U .

for all ũ∆t ∈ U . Therefore, choosing F as the identity on U , Thm. 2.5 can be applied
directly to the discrete setting and we get

Theorem 2.14. Let up∆t ∈ Uad ∩ U∆t be an arbitrary control with corresponding
adjoint state pp∆t∆x = T∆t∆xu

p
∆t. Let ζp∆t = ζ(up∆t) ∈ U∆t satisfy the perturbed

variational inequality

∀ũ ∈ Uad ∩ U∆t : 〈σuup∆t − B
?(pp∆t∆x + p̂)) + ζp∆t, ũ∆t − up∆t〉U ≥ 0. (2.67)

Then the following a-posteriori error estimate holds true:

‖ū∆t∆x − up∆t‖U ≤ β(up∆t) =
1

σu
‖ζp∆t‖U . (2.68)

We now show that the discrete gradient respecting the control bounds is a suitable
perturbation variable: With ξpki = σuup

ki−
∑n

j=1 Bjkp
p
ji, i = 1, ...,m and k = 1, ...,m, the

k-th component of the discrete gradient is given by

ξp,k∆t∆x = σuu
p,k
∆t − B

?
kp

p
∆t∆x = σu

m∑
i=1

up
kiπi(t)−

∫
Ω

χk(x)
m∑
i=1

n∑
j=1

pp
jiπi(t)ϕj(x) dx

=

m∑
i=1

(
σuup

ki −
n∑
j=1

〈χk, ϕj〉L2(Ω)p
p
ji

)
πi(t) =

m∑
i=1

(
σuup

ik −
n∑
j=1

Bjkp
p
ji

)
πi(t)

=
m∑
i=1

ξ
p
i πi(t).
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On the time index set I = {1, ...,m}, we define the coefficient matrix ζp ∈ Rm×m of ζ in
dependency of the active and inactive regions of up∆t:

ζ
p
ki =


−min{0, ξpki} i ∈ Aakp∆t = {i ∈ I | up

ki = uak}
−max{0, ξpki} i ∈ Abkp∆t = {i ∈ I | up

ki = ubk}
−ξpki i ∈ A◦kp∆t = {i ∈ I | uak < upki < ubk}.

(2.69)

Then ζp∆t ∈ U∆t, defined as ζp,kδt (t) =
∑m

i=1 ζ
p
kiπi(t), satisfies the perturbed variational

inequality (2.67): Let ũ∆t ∈ Uad ∩ U∆t, then

〈σuup∆t − B
?pp∆t∆x + ζp∆t, ũ∆t − up∆t〉U

=
m∑
i=1

m∑
k=1

(
σuup

ki −
n∑
j=1

Bjkp
p
ji + ζpki

)
(ũki − up

ki)∆t

=

m∑
k=1

( ∑
i∈Aakp∆t

(ξpki −min(0, ξpki))(ũki − uak) +
∑
i∈Abkp∆t

(ξpki −max(0, ξpki))(ũki − ubk)

+
∑

i∈A◦kp∆t

(ξpki − ξ
p
ki)(ũki − up

ki)

)
∆t ≥ 0.

Connecting the a-priori discretization error bound (2.66) with the discrete a-posteriori
error estimation (2.68), we get

Theorem 2.15. (Gubisch, Neitzel & Volkwein 2015 [60])

Let up∆t ∈ Uad∩U∆t be an arbitrary control with adjoint state pp∆t∆x = T∆t∆xu
p
∆t. Let

ζp∆t = ζ(up∆t) ∈ U∆t be defined as in (2.69). Then

‖ū− up∆t‖U ≤ β(up∆t) =
1

σu
‖ζp∆t‖U + C(∆t+ ∆x2). (2.70)

If up∆t converges towards the discrete optimal control ū∆t∆x and ∆t,∆x→ 0, then the
error bound β(up∆t) converges towards zero.

The error estimator β emphasizes that a reduced order model for the finite element
optimality system (2.57) is sufficiently accurate if the model reduction error estimated
by (2.68) with discrete rank-` POD control up∆t = ū`∆t comes below the finite element
model accuracy ∆t + ∆x2. In this case, a further decay of the model reduction error
does not improve the quality of the control; if more precise controls are required, the
full-order model has to be improved. Notice that the full-order accuracy only restricts
the exactness of the POD basis via the snapshots and the quality of the a-posteriori error
estimations via the determination of the perturbation term ζ; projection errors of the
initial value y◦, the source term f and the desired states yQ, yΩ, which usually have to
be taken into account in addtion, do not appear in the POD-reduced order model due to
the homogenization splitting (1.26).
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3. Model order reduction

Let ψ = {ψ1, ..., ψ`} be an orthonormal system in X ∈ {V,H}. In the following, we
interprete the parabolic partial differential equation

ẏ(t) +Ay(t) = f(t), y(0) = y◦ (3.1)

as a weak variational problem in the reduced test space spanψ ⊆ V :

〈ẏ(t), φ〉V ′,V + a(y(t), φ) = 〈f(t), φ〉V ′,V , 〈y(0), φ〉H = 〈y◦, φ〉H (3.2)

for all φ ∈ spanψ. The solution to (3.2) has the form

y` ∈ H1(Θ, V ), y`(t) =
∑̀
l=1

yl(t)ψl (3.3)

where the coefficient function y ∈ H1(Θ,R`) is given by the system of ordinary differential
equations

M(ψ)ẏ(t) + A(ψ)y(t) = f(ψ; t), M(ψ)y(0) = y◦(ψ) (3.4)

where M(ψ),A(ψ) ∈ R`×` are given by M(ψ)kl = 〈ψk, ψl〉H , A(ψ)kl = a(ψk, ψl) and the
reduced data functions are f(ψ) ∈ L2(Θ,R`), f(ψ; t)l = 〈f(t), ψl〉V ′,V and y◦(ψ) ∈ R`,
y◦(ψ)l = 〈y◦, ψl〉H . (3.4) admits the unique solution

y(t) = e−tM(ψ)−1A(ψ)y◦ +

t∫
0

e(τ−t)M(ψ)−1A(ψ)M(ψ)−1f(ψ; τ) dτ, (3.5)

according to the “variation of parameters” formula [6], Rem. 12.3.c.

Remark 3.1. Considering the reduction errors caused by interpreting (3.1) in the re-
duced space, we address the following points:

1. The reduced-order solution y` does not coincide with the projection P`y of the full-
order solution on the reduced space: By calculating the coefficients y(t), additional
projection errors in the data arise when f, y◦ are replaced by f(ψ), y◦(ψ).

2. To get a reliable approximation, not only the dynamics of the state y, but also of the
time derivative ẏ should be respected in the ψ since both quantites appear in (3.2).
In contrast, the errors in the images under the operator A or the bilinear form a,
respectively, are controlled by the V -errors in the states due to (1.13b):

‖Ay −Ay`‖V ′ = sup
‖φ‖V =1

a(y − y`, φ) ≤ α‖y − y`‖V .
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3. If model reduction is applied to optimal control problems, the optimal state y required
to build up the POD operator R(y) is not available at the beginning. Instead, a more
or less arbitrarily chosen reference state is taken into account. In this case, error
bounds depending on the sum of remaining eigenvalues are not valid; we can use the
a-posteriori error analysis developed in the previous chapter instead of a-priori error
estimates.

4. Different concepts such as OS-POD (optimality system proper orthogonal decomposi-
tion) [82] and TR-POD (trust-region proper orthogonal decompositon) [12] have been
developed recently to localize the optimal trajectories by simulations and to make the
a-priori analysis with its convergence rates applicable. We will enlarge upon this topic
in the sections hereafter.

5. Related reduction techniques such as moment matching [13] or balanced truncation
[63] avoid this problem by providing a decomposition of the whole dynamic operator
instead of a particular solution gained by simulation. However, these tools are difficult
to use for complex or large-scale systems if the numerical costs to determine the
eigenmodes of the operator are exceeding the calculation time spared by the reduction.

6. A-priori error estimates often give precise asymptotic results for the decay behavior of
the residuals, but their efficiency suffers from the leading generic constant multipliers.
To avoid an overestimation of the errors, an estimation of these constants may be pre-
ferred compared to an exact determination. The results then are covered by a certain
heuristic; one sacrifies the rigorosity of the error bounds to gain sharper estimates. ♦

3.1. A-priori error estimates

POD model order reduction has been applied successfully in many different fields such
as the recognition of pattern and coherence in signal analysis [51] and fluid dynamics [71]
without an analytical investigation of the approximation quality or convergence rates.
Once the application of POD model order reduction to the optimal control of the Burgers’
equation by Kunisch and Volkwein [79] yielded to stable and satisfying numerical results,
the authors developed first POD a-priori error bounds for linear and certain nonlinear,
time-discretized parabolic equations, namely for explicit and implicit Euler schemes and
the Crank-Nicolson discretization [80] by combining a-priori stability estimates for PDE
solutions (1.18) with a-priori bounds for model reduction errors (1.57). We present
the central results for reduced PDE models gained by different POD basis generation
methods; in Sec. 3.2, we extend the theory to reduced optimality systems.

3.1.1. Semidiscrete reduced order model errors
Let X = V , (ψ1, ..., ψ`) be a POD basis corresponding to the semidiscrete multiple
snapshot sample (y(tj))

m
j=0 ∪ ( 1

∆t(y(tj+1)− y(tj)))
m−1
j=0 :

m∑
j=1

∆t〈ψl, y(tj)〉V y(tj) +

m−1∑
j=1

1

∆t
〈ψl, y(tj+1 − y(tj)〉V (y(tj+1 − y(tj)) = λlψl
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and let y ∈ V `×m be the solution to

M(ψ)(yj+1 − yj) + ∆tA(ψ)yj+1 = ∆tfj+1(ψ) for j = 0, ...,m− 1, (3.6a)
M(ψ)y0 = y◦(ψ). (3.6b)

If ÿ ∈ L2(Θ, H) holds, then there exists a constant C(y) depending on the selected
snapshot sample, but not on m, `, such that

∆t

m∑
j=1

∥∥∥∥y(tj)−
∑̀
l=1

yljψl

∥∥∥∥2

H

≤ C(y)

(
‖y◦ − P`y◦‖2H +

∞∑
l=`+1

λl + (∆t)2

)
, (3.7)

see Thm. 7 in [80]. Notice that if just snapshots of y, but no difference quotients of y are
taken into account in the POD basis, the sum of remaining eigenvalues gets a leading
factor of (∆t)−2, cp. Eq. 8 in [80]; the improved approximation quality by respecting
time derivatives has already been justified by numerical simulations [72].

In [81], these results are improved by considering different time grids for the derivatives
and the integrals; further, the authors show that C(y) can be chosen just in dependence
of a certain Sobolev norm of y, but independent of the particular snapshot time instances.

Remark 3.2. If the source term f contains a distributed or boundary control Bu such as
in Ex. 1.16 and the state equation (3.1) shall be solved several times for variations of u,
it is convenient to split the PDE into a controlled component with zero initial value and
an uncontrolled one which respects the initial conditon: Let ỹ, ŷ ∈ Y be the solutions to

˙̂y(t) +Aŷ(t) = 0 & ŷ(0) = y◦, ˙̃y(t) +Aỹ(t) = f(t) & ỹ(0) = 0,

then ỹ + ŷ ∈ Y is the solution to (3.1). We use the homogeneous semidiscrete snapshot
sample (ỹ(tj))

m
j=0 ∪ ( 1

∆t(ỹ(tj+1)− ỹ(tj)))
m−1
j=0 to determine a POD basis (ψ̃1, ..., ψ̃`) ⊆ V

and solve the reduced problem

M(ψ̃)(ỹj+1 − ỹj) + ∆tA(ψ̃)ỹj+1 = ∆tfj+1(ψ̃) for j = 0, ...,m− 1, ỹ0 = 0. (3.8)

Then an approximation of y(tj) is given by ŷ(tj) + ỹj and (3.7) improves to

∆t

m∑
j=1

∥∥∥∥y(tj)−
(
ŷ(tj) +

∑̀
l=1

ỹljψl

)∥∥∥∥2

H

≤ C(y)

( ∞∑
l=`+1

λ̃l + (∆t)2

)
. (3.9)

Further, a faster decay of the eigenvalues (λ̃l)l∈N compared to (λl)l∈N can be expected
since the dynamics of y◦ are not included in the POD basis any more. Instead, the POD
approximation y` is developed in the affine space ŷ+spanψ which ensures that y`(0) = y◦
holds instead of y`(0) = PHy◦. Numerically, we observe a significant improvement of the
approximation if y◦ is discontinuous. ♦
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3.1.2. Continuous reduced order model errors
We proceed with the continuous problem. Let X = V , (ψ1, ..., ψ`) be a POD basis
corresponding to the trajectory {ỹ(t) | t ∈ Θ}:∫

Θ

〈ψl, ỹ(t)〉V ỹ(t) dt = λlψl

and let y ∈ H1(Θ,R`) be the solution to the implicit Euler scheme

M(ψ)ẏ(t) + A(ψ)y(t) = f(ψ; t), y(0) = 0. (3.10)

Then there exists a constant C > 0 just depending on the final time and on the geometric
constants in (1.13), but not on y, such that the ROM error can be estimated by

∥∥∥∥y − (ŷ +
∑̀
l=1

ylψl

)∥∥∥∥2

Y

≤ C
( ∞∑
l=`+1

λl +

∫
Θ

‖ ˙̃y(t)− P`V ˙̃y(t)‖2V ′ dt
)
. (3.11)

Proof. Let ỹ` =
∑`

l=1 ylψl and y` = ỹ` + ŷ, then y− y` = %+ϑ holds with % = ỹ−P`V ỹ
and ϑ = P`V ỹ − ỹ`. We receive

‖%‖2Y =

∫
Θ

‖ỹ(t)− P`V ỹ(t)‖2V dt+

∫
Θ

‖ ˙̃y(t)− P`V ˙̃y(t)‖2V ′ dt

=

∞∑
l=`+1

λl +

∫
Θ

‖ ˙̃y(t)− P`V ˙̃y(t)‖2V ′ dt (3.12)

according to the POD projection formula (1.57) and ϑ satisfies

〈ϑ̇(t), ψl〉V ′,V + a(ϑ(t), ψl) = 〈P`V ˙̃y(t)− ˙̃y(t), ψl〉V ′,V + a(P`V ỹ(t)− ỹ(t), ψl)

for l = 1, ..., ` together with the initial condition ϑ(0) = 0, so the stability estimate (1.18)
states that

‖ϑ‖2Y ≤ C
∫
Θ

‖ ˙̃y(t)− P`V ˙̃y(t)‖2V ′ dt+ α2

∫
Θ

‖ỹ(t)− P`V ỹ(t)‖2V dt

≤ C
( ∞∑
l=`+1

λl +

∫
Θ

‖ ˙̃y(t)− P`V ˙̃y(t)‖2V ′ dt
)
. (3.13)

Combining (3.12) with (3.13) implies the assertion. �

Notice that the projection errors of ˙̃y also appear if the left-hand side of (3.11) is measured
in the weaker norm ‖ · ‖L2(Θ.V ) instead of ‖ · ‖Y .
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Remark 3.3. If y ∈ H1(Θ, V ) holds in addition and if we use the two trajectories
{ỹ(t) | t ∈ Θ} ∪ { ˙̃y(t) | t ∈ Θ} to build up the POD basis (ψ1, ..., ψ`):∫

Θ

〈ψl, ỹ(t)〉V ỹ(t) dt+

∫
Θ

〈ψl, ˙̃y(t)〉V ˙̃y(t) dt = λlψl,

then (3.12), (3.13) can be replaced by

‖%‖2Y ≤ (1 + C2
V )

(∫
Θ

‖ỹ(t)− P`V ỹ(t)‖2V dt+

∫
Θ

‖ ˙̃y(t)− P`V ˙̃y(t)‖2V dt

)
= (1 + C2

V )

∞∑
l=`+1

λl,

(3.14)

‖ϑ‖2Y ≤ C
(∫

Θ

‖ỹ(t)− P`V ỹ(t)‖2V dt+

∫
Θ

‖ ˙̃y(t)− P`V ˙̃y(t)‖2V dt

)
≤ C

∞∑
l=`+1

λl (3.15)

and we receive an a-priori error bound which does not depend on the projection error of
the state time derivatives:

∥∥∥∥y − (ŷ +
∑̀
l=1

ylψl

)∥∥∥∥2

Y

≤ C
∞∑

l=`+1

λl. (3.16)

The representation formula (3.5) indicates that mass matrices which are independent
of the chosen POD basis are desirable if a perturbation analysis for variations of the
POD elements is provided. We choose X = H in this case; the H1(Θ, V )-norm of the
residuals y− y` can still be estimated by using the projection error formula (1.60). With
y ∈ H1(Θ, V ), the POD basis given by∫

Θ

〈ψl, ỹ(t)〉H ỹ(t) dt+

∫
Θ

〈ψl, ˙̃y(t)〉H ˙̃y(t) dt = λlψl,

and the decompositon y`− y = %+ϑ (where % = ỹ−P`V ỹ and ϑ = P`V ỹ− ỹ`), we receive
(cp. [124]) analogously to (3.16):

∥∥∥∥y − (ŷ +
∑̀
l=1

ylψl

)∥∥∥∥2

Y

≤ C
∞∑

l=`+1

λl‖ψl − P`V ψl‖2V . (3.17)

Finally, we use the projection formula (1.64) to estimate the residual y− y` in the norm
‖ · ‖L2(Θ,V ) without postulating the additional regularity y ∈ H1(Θ, V ) and without

75



including state time derivatives into the snapshot sample: Let X = H, (ψ1, ..., ψ`) be a
POD basis determined by the eigenvalue problem∫

Θ

〈ψl, ỹ(t)〉H ỹ(t) dt = λlψl

and let % = ỹ − P`H ỹ, ϑ = P`H ỹ − ỹ`. Then, acc. to (1.64),

‖%‖2L2(Θ,V ) =

∫
Θ

‖ỹ(t)− P`H ỹ(t)‖2V dt =

∞∑
l=`+1

λl‖ψl‖2V (3.18)

holds and, since P`H is selfadjoint on H and P`Hψl = ψl is satisfied, ϑ fulfills

〈ϑ̇(t), ψl〉V ′,V + a(ϑ(t), ψl) = 〈P`H ˙̃y(t)− ˙̃y(t), ψl〉V ′,V + a(P`H ỹ(t)− ỹ(t), ψl)

= d
dt(〈ỹ(t),P`Hψl〉H − 〈ỹ(t), ψl〉H) + a(P`H ỹ(t)− ỹ(t), ψl)

= a(P`H ỹ(t)− ỹ(t), ψl),

so the stability estimation (1.18) states that

‖ϑ‖2Y ≤ Cα2‖P`H ỹ − ỹ‖2L2(Θ,V ) ≤ C
∞∑

l=`+1

λl‖ψl‖2V . (3.19)

Altogether, we receive the a-priori error estimate

∥∥∥∥y − (ŷ +
∑̀
l=1

ylψl

)∥∥∥∥2

L2(Θ,V )

≤ C
∞∑

l=`+1

λl‖ψl‖2V . (3.20)

3.2. Reduced order modeling

We now apply the presented model reduction techniques to the optimal control problem
presented in Sec. 1.3. We present the reduced optimality system gained by a POD
basis which corresponds to an arbitrarily chosen reference state and propose an iterative
updating strategy to ensure that the POD model finally includes the essential dynamics
of the optimal state.

3.2.1. Lavrentiev regularization
We consider the optimal control problem

min
u∈U

Ĵ(u) =
σQ
2

∫
Θ

‖Su− ŷQ‖2H dt+
σΩ

2
‖Su(T )− ŷΩ‖2H +

σu
2
‖u‖2U (3.21a)
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subject to the implicit constraints

u ∈ Uad = {ũ ∈ U | ŷa ≤ F ũ = εũ+ ISu ≤ ŷb} (3.21b)

where S : U → Y , u 7→ y is the solution operator to the evolution equation

∀ϕ ∈ V : 〈ẏ(t), ϕ〉V ′,V + a(y(t), ϕ) = 〈(Bu)(t), ϕ〉V ′,V f.a.a. t ∈ Θ

y(0) = 0. (3.21c)

Let ψ = {ψ1, ..., ψ`} ⊆ V be some rank-` POD basis corresponding to a reference trajec-
tory ỹ ∈ H1(Θ, V ). The reduced-order optimal control problem associated with (3.21) is

min
u∈Uad

Ĵ `(u) =
σQ
2

∫
Θ

‖S`u− ŷQ‖2H dt+
σΩ

2
‖S`u(T )− ŷΩ‖2H +

σu
2
‖u‖2U (3.22a)

where S` : U → Y , u 7→ y` is the solution operator to the reduced evolution equation

∀ϕ ∈ spanψ : 〈ẏ`(t), ϕ〉V ′,V + a(y(t), ϕ) = 〈(Bu)(t), ϕ〉V ′,V f.a.a. t ∈ Θ

y`(0) = 0. (3.22b)

From now on, we assume that B : L2(Θ,Rm) → L2(Θ, V ′) is associated to an operator
B̃ : Rm → V ′ such that (Bu)(t) = B̃(u(t)) holds in V ′ for almost all t ∈ Θ. Then the
first-order optimality system to (3.22) can be represented as

M(ψ)ẏ(t) + A(ψ)y(t) = B(ψ)u(t)

M(ψ)y(0) = 0, (3.23a)

−M(ψ)ṗ(t) + A(ψ)Tp(t) = −σQM(ψ)y(t)

M(ψ)p(T ) = −σΩM(ψ)y(T ), (3.23b)∫
Θ

〈σuu(t)− B(ψ)Tp(t)− (B?p̂)(t), ũ(t)− u(t)〉Rm dt ≥ 0 for all ũ ∈ Uad (3.23c)

with system matrices M(ψ),A(ψ) ∈ R`×` and B(ψ) ∈ R`×m, M(ψ)kl = 〈ψk, ψl〉H ,
A(ψ)kl = a(ψk, ψl) and B(ψ)lk = B̃?kψl. If (ȳ, p̄, ū) solves (3.23a), the optimal POD
state solution ȳ` = S`ū is given by the expansion ȳ` =

∑`
l=1 ylψl. On the other hand,

if ū is the optimal solution to (3.22a) with associated state ȳ` = S`ū, then the Fourier
coefficients ȳl = 〈ȳ`, ψl〉H solve (3.23a). The same holds true for the adjoint state.

However, it is difficult to deal with the variational inequality (3.23c) since to decide
whether a control is admissible still requires the solving of the unreduced state equation
(3.22b) or of a high-order discretization of this equation, respectively. On the other
hand, if the operator F defining the admissible points is replaced by its canonical low-
dimensional representative F ` = ε+ IS`, then the resulting set of admissible controls

U `ad = {u ∈ U | ŷa ≤ F `u ≤ ŷb} (3.24)
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depends on the chosen POD basis. Controls in this set then are not necessarily admissible
for the original problem (3.21) and the a-posteriori error estimates presented in [133]
are not applicable directly: The essential idea there was to exploit information about
the correlation between the optimal control ū and a suboptimal approximation up via
the first-order optimality conditions, namely the appropriate variational inequalities, in
which both ū and up could be inserted for the varying argument. This is not possible any
more if the POD model generates controls which are not admissible for the optimality
equations (2.14) and vice versa.

We overcome this problem by using the transformation of variables introduced in Sec.
2.1 once more: We replace system (3.23) by the transformed equations

M(ψ)ẏ(t) + A(ψ)y(t) = B(ψ)F−`v(t)

M(ψ)y(0) = 0, (3.25a)

−M(ψ)ṗ(t) + A(ψ)p(t) = −σQM(ψ)y(t)

M(ψ)p(T ) = −σΩM(ψ)y(T ), (3.25b)∫
Θ

〈F−`?(σuF−`v − B(ψ)Tp− B?p̂)(t), (ṽ − v)(t)〉Rm dt ≥ 0 for all ṽ ∈ Vad (3.25c)

where the space of admissible transformed controls

Vad = {ṽ ∈ U | ŷa ≤ ṽ ≤ ŷb} (3.26)

is independent of the spatial POD discretization. Notice that S` → S in the operator
norm implies that F ` can be interpreted as a perturbation of F ; especially, the inverse
F−` of F ` exists for sufficiently large `, see [110], Thm. 2.3.2. Now, in contrast to (3.23c),
the transformed gradient

ξ̃` = F−`?(σuF−`v − B(ψ)Tp− B?p̂)

which builds up the left-hand side of (3.25c) admittedly depends on the (inverse adjoint
of the) POD variable transformation F `, but the transformed optimal POD control v̄` of
(3.25) & (3.26) corresponds to a suboptimal control ū` = F−1v̄` which is admissible for
the unreduced optimal control problem (3.21) – in contrast to the solution ũ` = F−`v̄`
of (3.23) & (3.24).

Remark 3.4. If the value of the a-posteriori error estimator for some POD control ū`

does not come below the desired exactness yet, the quality of the reduced order model
can be improved both by enlarging the basis rank of the current POD sample or by a
basis update, provided by improved snapshots. Unfortunatelly, it is hard to decide which
option is preferably, see Fig. 4.18. ♦

In Alg. 3.1, we present an adaptive reduced order modeling strategy proposed in [116],
[1] to solve the optimal control problem numerically with the POD method.
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Algorithm (Adaptive Reduced Order Modeling)
Require: Control u◦ ∈ Uad, ranks `min, `max, maximal iterations kmax, tolerance εtol.
1: Initialize u = u◦, ` = `min & k = 0.
2: repeat
3: Solve the unreduced state equation y = Su.
4: Solve the POD eigenvalue problem R(y)ψl = λlψl for l = 1, ..., `max

5: while ` ≤ `max do
6: Solve the rank-` reduced optimality system (3.25) to get (v`, y,p).
7: Compute admissible control u` by solving Fu` = v`.
8: Determine gradient ξ` (2.13), perturbation ζ` (2.26) and error bound β` (2.24).
9: if β` < εtol then

10: return u = u`

11: end if
12: Set ` = `+ 1.
13: end while
14: Update u = u`, ` = `min & k = k + 1
15: until k = kmax

Alg. 3.1: If the actual reduced-order model turns out to be inaccurate, both basis extensions (12) and basis
updates (4) are taken into account. We apply the a-posteriori error estimation here instead of the a-priori bounds
since the reference states chosen in step (3) are suboptimal. The proposed determination of an a-posteriori error
bound requires several high-order solutions in step (7) and (8), but – in contrast to (6) – does not involve coupled
systems. In the next section, we introduce techniques which make available a-priori results as well up to a certain
point. In a discrete setting, we take into account (2.70) by choosing εtol in dependency of the discretization
quantities ∆t,∆x.

3.2.2. Penalization
We proceed as before: Transform the penalized objective functional

Ĵ(u,w) =
σQ
2

∫
Θ

‖Su− ŷQ‖2H dt+
σΩ

2
‖Su(T )− ŷΩ‖2H +

σu
2
‖u‖2U +

σw
2
‖w‖2W (3.27)

with admissible domain

{(u,w) ∈ U ×W | ua ≤ u ≤ ub & ŷa ≤ εw + ISu ≤ ŷb} (3.28)

via the variable transformation (u,w) = (µ, ε−1(ω − ISµ)) to

J̃(µ, ω) =
σQ
2

∫
Θ

‖Sµ− ŷQ‖2H dt+
σΩ

2
‖Sµ(T )− ŷΩ‖2H +

σu
2
‖µ‖2U +

σw
ε2
‖ω − ISµ‖2W

(3.29)

with corresponding box contraints

{(µ, ω) ∈ U ×W | ua ≤ µ ≤ ub & ŷa ≤ ω ≤ ŷb}. (3.30)

79



Let ψ = {ψ1, ..., ψ`} ⊆ V be a rank-` POD basis. First-order optimality conditions for
the reduced objective functional

J̃ `(µ, ω) =
σQ
2

∫
Θ

‖S`µ− ŷQ‖2H dt+
σΩ

2
‖S`µ(T )− ŷΩ‖2H +

σu
2
‖µ‖2U +

σw
ε2
‖ω − IS`µ‖2W

(3.31)

can be represented by

M(ψ)ẏ(t) + A(ψ)y(t)− B(ψ)µ(t) = 0, (3.32a)
y(0) = 0,

−M(ψ)ṗ(t) + A(ψ)p(t) + (σQ + σw
ε2

I(ψ)TI(ψ))y(t)− σw
ε2

I(ψ)Tω(t) = 0, (3.32b)
p(T ) + σΩy(T ) = 0,∫

Θ

〈σuµ− B(ψ)Tp− B?p̂, µ̃− µ〉Rm dt ≥ 0 (3.32c)
for all ua ≤ µ̃ ≤ ub,∫

Θ

〈σw
ε2

(ω − I(ψ)y), ω̃ − ω〉Rn dt ≥ 0 (3.32d)
for all ŷa ≤ ω̃ ≤ ŷb.

We get an adaptive reduced order modeling algorithm for this problem if we replace lines
(6) to (8) in Alg. 3.1 by

6: Solve the rank-` reduced optimality system (3.32) to get (µ`, ω`, y,p).
7: Compute admissible control u` = µ` and penalty w` = 1

ε (ω` − ISµ`).
8: Determine gradient ξ` (2.38), perturbation ζ` (2.41) and error bound β` (2.37).

Alg. 3.1a: Modifications of the adaptive reduced order modeling algorithm for problems with penalization instead
of Lavrentiev regularization.

3.3. Convergence analysis

We apply the model reduction error bounds derived in the previous section to the opti-
mality system. It is convenient that the a-priori error estimates for the state equation
instantly induce estimates for the adjoint equation. Hinze & Volkwein derived bounds for
POD elements based on snapshots of the state trajectory only [70], Prop. 4.7, Gubisch
& Volkwein extended this result by application of appropriate multiple snapshot samples
[62], Thm. 4.15 & Rem. 4.16.3. We present the central result:

1. Let u ∈ U and ψ be a rank-` POD basis of the operator R(Su, (Su)t, T u, (T u)t) in
X = V , then the extension of (3.16) to multiple snapshot samples states that

‖Su− S`u‖2Y + ‖T u− T `u‖2Y ≤ C
∞∑

l=`+1

λl. (3.33)
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2. Let u ∈ U and ψ be a rank-` POD basis of the operator R(Su, (Su)t, T u, (T u)t) in
X = H, then the extension of (3.17) to multiple snapshot samples states that

‖Su− S`u‖2Y + ‖T u− T `u‖2Y ≤ C
∞∑

l=`+1

λl‖ψl − P`V ψl‖2V . (3.34)

3. Let u ∈ U and ψ be a rank-` POD basis of the operator R(Su, T u) in X = H, then
the extension of (3.20) to multiple snapshot samples states that

‖Su− S`u‖2L2(Θ,V ) + ‖T u− T `u‖2L2(Θ,V ) ≤ C
∞∑

l=`+1

λl‖ψl‖2V . (3.35)

Using the variational inequalities for the optimal control, we derive convergence results
and decay rates for the reduced order model control:

3.3.1. Lavrentiev regularization
Let ū ∈ Uad be the optimal control solution to (3.21), v̄ = F−1ū ∈ Vad and v̄` ∈ Vad be
the solution to the optimality system (3.25) with some rank-` X -orthonormal system ψ.
Then v̄, v̄` satisfy the variational inequalities

〈F−?(σuF−1v̄ − B?(T F−1v̄ + p̂)), v − v̄〉U ≥ 0, (3.36a)

〈F−`?(σuF−`v̄` − B?(T `F−`v̄` + p̂)), v − v̄`〉U ≥ 0 (3.36b)

for all v ∈ Vad. Since, in particular, v̄, v̄` ∈ Vad, combining (3.36a), (3.36b) yields

0 ≤ σu〈F−?F−1v̄ −F−`?F−`v̄`, v̄` − v̄〉U
− 〈F−?B?T F−1v̄ −F−`?B?T `F−`v̄`, v̄` − v̄〉U . (3.37)

1. For the first term we have (cp. [61], Thm. 4.1, for details)

〈F−?F−1v̄ −F−`?F−`v̄`, v̄` − v̄〉U (3.38a)

= 〈F−?F−1(v̄ − v̄`), v̄` − v̄〉U + 〈F−?(F−1 −F−`)v̄`, v̄` − v̄〉U
+ 〈(F−? −F−`?F−`v̄`, v̄` − v̄)〉U
≤ ‖F−1(v̄ − v̄`)‖U (C(‖1−FF−`‖Lb

+ ‖1−F−?F−`?‖Lb
)− ‖F−1(v̄ − v̄`)‖U ).

2. According to Lem. 1.17, B?T ` = −S`?ΞS` holds and we get for the second term:

〈F−?B?T F−1v̄ −F−`?B?T `F−`v̄`, v̄ − v̄`〉U (3.38b)

= 〈F−`?B?T `F−`(v̄` − v̄), v̄` − v̄〉U + 〈F−`?B?T `(F−1 −F−`)v̄, v̄ − v̄`〉U
+ 〈F−?B?(T − T `)F−1v̄, v̄ − v̄`〉U + 〈(F−? −F−`?)B?T `F−1v̄, v̄ − v̄`〉U
≤ C(‖1−FF−`‖Lb

+ ‖1−F?F−`?‖Lb
+ ‖(T − T `)ū‖L2(Θ,V ))‖F−1(v̄ − v̄`)‖U .
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Let ū` = F−1v̄` and û` = F−`v̄`, then (3.38a) & (3.38b) together imply

‖ū− ū`‖U ≤ ‖ū− û`‖U + ‖û` − ū`‖U
= ‖F−1v̄ −F−`v̄`‖U + ‖(F−` −F−1)v̄`‖U
≤ C(‖v̄ − v̄`‖U + ‖1−FF−`‖Lb

)

≤ C(‖F−1(v̄ − v̄`)‖U + ‖1−FF−`‖Lb
)

≤ C(‖1−FF−`‖Lb
+ ‖1−F?F−`?‖Lb

+ ‖(T − T `)ū‖L2(Θ,V )).

The convergence ‖1 − FF−`‖Lb
→ 0 and ‖1 − F?F−`?‖Lb

→ 0 for ` → ∞ is stated in
[61], Prop. 4.3.3. The remaining term ‖(T − T `)ū‖L2(Θ,V ) can be bounded by (3.33),
(3.34) or (3.35) if ψ is an appropriate POD basis. Meanwhile, ‖T − T `‖Lb

→ 0 holds
true for any orthonormal system ψ [62], Thm. 4.15.2.

Theorem 3.5. Let ū ∈ Uad be the solution to (3.21), v̄` ∈ Vad be the solution to
(3.25) with some rank-` X -orthonormal system ψ and let ū` = F−1v̄`.

Then the reduced order modeling error of the control can be bounded by

‖ū− ū`‖U ≤ C(‖1−FF−`‖Lb
+ ‖1−F?F−`?‖Lb

+ ‖(T − T `)ū‖L2(Θ,V )). (3.39)

In particular, ū` → ū holds for `→∞.

3.3.2. Penalization
Since the transformation F is known explicitly if the control of the PDE and the regu-
larization of the state constraint are performed by different, uncorrelated variables, the
convergence analysis for the penalized optimal control problem is easier and provides con-
vergence rates which depend only on the sum of remaining POD eigenvalues: Let (µ̄, ω̄)
be the solution to the minimization problem for J̃ given in (3.29) and let (µ̄`, ω̄`) denote
the minimal point of the reduced objective functional J̃ ` presented in (3.31). Further,
let T̃ : (µ, ω) → T µ + σwε

−2(TUµ + TWω) denote the solution operator to the adjoint
equation (2.21b) with corresponding reduced solution operator T ` to the projection of
(2.21b) onto a subspace spanned by POD elements ψ. Then the following variational
inequalities hold true for all admissible µ, ω:

〈σuµ̄− B?(T̃ (µ̄, ω̄) + p̂), µ− µ̄〉U ≥ 0 (3.40a)

〈σuµ̄` − B?(T̃ `(µ̄`, ω̄`) + p̂), µ− µ̄`〉U ≥ 0 (3.40b)

〈σwε−2(ω̄ − ISµ̄), ω − ω̄〉W ≥ 0 (3.40c)

〈σwε−2(ω̄` − IS`µ̄`), ω − ω̄`〉W ≥ 0. (3.40d)
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Inserting µ = µ̄` in (3.40a), µ = µ̄ in (3.40b), ω = ω̄` in (3.40c) and ω = ω̄ in (3.40d)
and summing up the inequalities yields

0 ≤ 〈σu(µ̄− µ̄`)− B?(T̃ (µ̄, ω̄)− T̃ `(µ̄`, ω̄`)), µ̄` − µ̄〉U
+ 〈σwε−2((ω̄ − ω̄`)− I(Sµ̄− S`µ̄`)), ω̄` − ω̄〉W

= −σu‖µ̄− µ̄`‖2U + 〈B?(T̃ − T̃ `)(µ̄, ω̄), µ̄− µ̄`〉U
+ 〈B?T̃ `(µ̄− µ̄`, ω̄ − ω̄`), µ̄− µ̄`〉U
− ‖ω̄ − ω̄`‖2W + 〈I(S − S`)µ̄, ω̄ − ω̄`〉W
+ 〈IS`(µ̄− µ̄`), ω̄ − ω̄`〉W .

Since, according to (2.19), T̃ ` = −S`?ΞS`+σwε−2(S`?I?−S`?I?IS`) holds, we conclude

0 ≤ −σu‖µ̄− µ̄`‖2U − σwε−2‖ω̄ − ω̄`‖2W
+ 〈B?(T̃ − T̃ `)(µ̄, ω̄), µ̄− µ̄`〉U − 〈S`?ΞS`(µ̄− µ̄`), µ̄− µ̄`〉U
− σwε−2〈S`?I?IS`(µ̄− µ̄`), µ̄− µ̄`〉U + σwε

−2〈S`?I?(ω̄ − ω̄`), µ̄− µ̄`〉U
+ σwε

−2〈I(S − S`)µ̄, ω̄ − ω̄`〉W − σwε−2〈IS`(µ̄− µ̄`), ω̄ − ω̄`〉W ;

for sufficiently strong regularization parameter σu, this implies

‖µ̄− µ̄`‖U + ‖ω̄ − ω̄`‖W ≤ C(‖(T̃ − T̃ `)(µ̄, ω̄)‖L2(Θ,V ) + ‖(S − S`)µ̄‖L2(Θ,V )). (3.41)

The a-priori estimates (3.33), (3.34) and (3.35) are valid for ‖(T̃ − T̃ `)(µ̄, ω̄)‖L2(Θ,V ) as
well; since w̄ = ε−1(ω̄ − ISµ̄) and w̄` = ε−1(ω̄ − IS`µ̄`) hold, we have

‖w̄ − w̄`‖W ≤ ε−1‖ω̄ − ω̄`‖W + ‖(S − S`)µ̄‖L2(Θ,V ).

Altogether, we get the following result:

Theorem 3.6. Let (ū, ω̄) ∈ U ×W be the solution to (3.29), (ū`, ω̄`) ∈ U ×W be the
solution to (3.31) with some rank-` X -orthonormal system ψ and let w̄ = ε−1(ω̄−ISū),
w̄` = ε−1(ω̄ − IS`ū`).
Then the reduced order modeling error of the control can be bounded by

‖(ū− ū`, w̄ − w̄`)‖U×W ≤ C(‖(T̃ − T̃ `)(µ̄, ω̄)‖L2(Θ,V ) + ‖(S − S`)µ̄‖L2(Θ,V )). (3.42)

In particular, ū` → ū and w̄` → w̄ hold for `→∞.

Remark 3.7. Since S` → S [62], Thm. 3.9.3, and T̃ ` → T̃ [62], Thm. 4.15.2, in the
operator norm ‖ · ‖Lb

for any orthonormal system ψ, the convergence ū` → ū and
w̄` → w̄ is guaranteed also in the case where the POD basis does not refer to the optimal
snapshot samples. On the other hand, if the POD basis is optimal, then (3.42) provides
convergence rates in terms of the decay of the remaining eigenvalues. ♦
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3.4. Optimality System Proper Orthogonal Decomposition

The essential challenge of the POD approach is that good approximation properties for
the suboptimal control calculated by solving the reduced-order model are guaranteed
just if the POD basis reflects the dynamics of the optimal states – which are not known
from the start – sufficiently well. The main idea of optimality system POD is to include
the eigenvalue problem that determines the POD basis as well as the full state equations
that build up the eigenvalue operator into the optimization problem.

The resulting augmented optimization problem in the optimization variables y, u, w, y,
ψ,λ (3.43) consists of a nonlinear coupling of full-order and reduced-order components;
the numerical costs of a direct solving by far exceeds the effort of the unreduced optimal
control problem. We therefore introduce an iterative strategy quite similar to Alg. 3.1
where the costly POD basis construction and updating framework surrounds the reduced
optimality system. In constrast to the adaptive strategy there, OS-POD basis updates
are chosen locally in an optimal way.

In the following, we prove the existence of a solution to the augmented optimal control
problem, derive first-order optimality conditions provided by regular Lagrange multipli-
ers, present the optimality system and show its stability against perturbations.

3.4.1. The augmented optimal control problem

Let f ∈ L2(Θ, V ′), y◦ ∈ H, yQ ∈ L2(Θ, H), yΩ ∈ H and let B̃ : Rm → V ′, Ĩ : V → Rn be
linear and bounded operators such that (Bu)(t) = B̃(u(t)), (Iy)(t) = Ĩ(y(t)) hold for all
u ∈ L2(Θ,Rm), y ∈ L2(Θ, H) and almost all t ∈ Θ. We intend to solve

J(y, u, w,ψ) =
σQ
2

∫
Θ

∥∥∥∥∑̀
l=1

yl(t)ψl − yQ(t)

∥∥∥∥2

H

dt+
σΩ

2

∥∥∥∥∑̀
l=1

y(T )ψl − yΩ

∥∥∥∥2

H

+
σu
2

∫
Θ

‖u(t)‖2Rm dt+
σw
2

∫
Θ

‖w(t)‖2Rn dt (3.43a)

subject to the equality constraints
E(y, u) = ẏ +Ay − f − Bu = 0, E◦(y) = y(0)− y◦ = 0,

E(y, u,ψ) = M(ψ)ẏ+A(ψ)y−f(ψ)−B(ψ)u = 0, E◦(y,ψ) = M(ψ)y(0)−y◦(ψ) = 0,

Rl(y,ψ,λ) =

∫
Θ

〈ψl, y(t)〉X y(t) dt− λlψl = 0, R◦l(ψ) = ‖ψl‖2X − 1 = 0 (3.43b)

and the inequality constraints
ua − u ≤ 0, ya − (εw + I(ψ)y) ≤ 0, u− ub ≤ 0, (εw + I(ψ)y)− yb ≤ 0. (3.43c)

On this occasion, we assume that the first ` eigenvalues are simple so that the orthonor-
mality condition for ψ reduces to R◦(ψ) = 0.

We introduce the Hilbert spaces
X = H1(Θ,R`)× U ×W × Y × V ` × R`,
Z = L2(Θ, V )×H × L2(Θ,R`)× R` × V ` × R`,
Z̃ = L2(Θ,Rm)× L2(Θ,Rm)× L2(Θ,Rn)× L2(Θ,Rn)

84



and the equality constraints operator e : X → Z ′ as well as the inequality constraints
operator h : X → Z̃ ′, given as

e(y, u, w, y,ψ,λ) =



E(y, u)
E◦(y)

E(y,ψ, u)
E◦(y,ψ)
R(y,ψ,λ)
R◦(ψ),

 h(y, u, w, y,ψ,λ) =


ua − u
u− ub

ya − (εw + I(ψ)y)
(εw + I(ψ)y)− yb

 .

We now can write the augmented optimal control problem (3.43) in the compact form

min
x∈X

J(x) such that e(x) = 0 & h(x) ≤ 0. (3.44)

The set Xad ⊆ X of admissible points and the set Xfea ⊆ X of feasible points are

Xad = {x ∈ X | h(x) ≤ 0}, Xfea = {x ∈ Xad | e(x) = 0}.

3.4.2. Existence of optimal solutions
We first argue that all potential solutions to (3.44) can be localized by a bounded subset
of the set of feasible points Xfea: In the following, we derive a-priori estimations for the
optimization variables y, y, u, w,ψ,λ. Let x̄ be an optimal solution.

1. Let x̂ ∈ Xfea be some reference point, then ‖ū‖2U ≤
2
σu

J(x̂) and ‖w̄‖2W ≤
2
σw

J(x̂): The
control and the penalty are bounded also if the admissible domains are unbounded.

2. ‖ψ̄l‖X = 1 holds for all l ∈ {1, ..., `}; in particular, ‖ψ̄l‖H < CV in the case X = V
where CV is the norm of the compact embedding ι : V ↪→ H.

3. ‖ȳ‖2Y ≤ C(‖f‖2L2(Θ,V ′) + ‖y◦‖2H + ‖B̃‖2Lb(Rm,V ′)‖ū‖
2
L2(Θ,Rm)) according to Thm. 1.14.

4. The eigenvalues of the POD operator R(ȳ) are bounded by

∀l ∈ {1, ..., `} : λ̄l ≤ λ̄1 = ‖R(ȳ)‖Lb(X ,X ) = ‖ȳ‖2L2(Θ,X ).

5. To estimate ‖ȳ‖H1(Θ,R`) uniformly for varying POD bases is more challenging. For
our purpose, the succeeding setting will satisfy our requirements: Let λH1 , λH2 > 0 and
Ṽ ` ⊆ V ` such that ψ̄ ∈ Ṽ ` and such that the smallest and largest eigenvalues of the
H-mass matrices M(ψ) are uniformly bounded by

∀ψ ∈ Ṽ ` : λH1 ≤ λmin(M(ψ)) ≤ λmax(M(ψ)) ≤ λH2 ; (3.45a)

further, we assume that there are positive numbers λV1 , λV2 such that the V -mass
matrices MV (ψ) fulfill

∀ψ ∈ Ṽ ` : λV1 ≤ λminMV (ψ) ≤ λmaxMV (ψ) ≤ λV2 . (3.45b)

We derive a local stability estimate of the form

‖y‖2H1(Θ,R`) ≤ C(‖f‖2L2(Θ,V ′) + ‖u‖2L2(Θ,Rm) + ‖y◦‖2H) (3.46)

where the growth constant C essentially depends on the eigenvalue bounds:
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Lemma 3.8. (Stability estimate for reduced state solutions)

Let X ∈ {V,H}, let ψ̄ = (ψ̄1, ..., ψ̄`) be some X -orthonormal system in V and let
Ṽ ` ⊆ V ` be a local neighborhood of ψ̄ such that (3.45a) and (3.45b) hold true.

Then the unique solution y ∈ H1(Θ,R`) to the initial value problem

M(ψ)ẏ(t) + A(ψ)y(t) = f(ψ; t), M(ψ)y(0) = y◦(ψ) (3.47)

satisfies for all δ > max(0, α1λ
V
1 − α2λ

H
2 the a-priori estimates

‖y‖2L2(Θ,R`) ≤
T

λH1
e

2T

λH1

(δ−α1λV1 +α2λH2 )
(
λV2
2δ
‖f‖2L2(Θ,V ′) +

1

λH1
‖y◦‖2H

)
, (3.48a)

‖ẏ‖2L2(Θ,R`) ≤
λV2

(λH1 )2
(α2λV2 ‖y‖2L2(Θ,R`) + ‖f‖2L2(Θ,V ′)). (3.48b)

Proof. Let ψ ∈ Ṽ `. Then A(ψ) satisfies the uniform coercivity and continuity conditions

∀y ∈ R` : 〈A(ψ)y, y〉R` ≥ α1λ
V
1 ‖y‖2R` − α2λ

H
2 ‖y‖2R` , (3.49a)

∀y, ỹ ∈ R` : 〈A(ψ)y, ỹ〉R` ≤ αλV2 ‖y‖R`‖ỹ‖R` : (3.49b)

Let y, ỹ ∈ R` with corresponding expansions y` =
∑`

l=1 ylψl and ỹ` =
∑`

l=1 ỹlψl, then

〈A(ψ)y, y〉R` = a(y`, y`) ≥ α1‖y`‖2V − α2‖y`‖2H
= α1〈y,MV (ψ)y〉R` − α2〈y,M(ψ)y〉R`
≥ α1λ

V
1 ‖y‖2R` − α2λ

H
2 ‖y‖2R` ,

〈A(ψ)y, ỹ〉R` = a(y`, ỹ`) ≤ α‖y`‖V ‖ỹ`‖V
= α〈y,MV (ψ)y〉1/2R` 〈ỹ,MV (ψ)ỹ〉1/2R`

≤ ‖MV (ψ)‖2‖y‖R`‖ỹ‖R` ≤ αλV2 ‖y‖R`‖ỹ‖R` .

1. We test the ordinary differential equation (3.47) with y(t) in R`:

1

2

d

dt
〈y(t),M(ψ)y(t)〉R` + 〈A(ψ)y(t), y(t)〉R` = 〈f(ψ; t), y(t)〉R`

With (3.49a) and Young’s inequality we derive for an arbitrary δ > 0:

λH1
2
‖y(t)‖2R` −

λH2
2
‖y◦(ψ)‖2R` + (α1λ

V
1 − α2λ

H
2 )

t∫
0

‖y(τ)‖2R` dτ

≤ δ
t∫

0

‖y(τ)‖2R` dτ +
1

4δ

t∫
0

‖f(ψ; τ)‖2R` dτ
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Sorting the terms, we can apply Gronwall’s inequality to

‖y(t)‖2R` ≤
(λV2 ‖f‖2L2(Θ,V ′)

2δλH1
+
λH2 ‖y◦‖2H

λH1

)
+

(
2(δ − α1λ

V
1 + α2λ

H
2 )

λH1

) t∫
0

‖y(τ)‖2R` dτ

if δ − α1λ
V
1 + α2λ

H
2 holds and we achieve

max
t∈Θ
‖y(t)‖2R` ≤

(‖f‖2L2(Θ,V ′)

2δλH1
+
λH2 ‖y◦‖2H

λH1

)
exp

(
2T (δ − α1λ

V
1 + α2λ

H
2 )

λH1

)
;

integration over time results in (3.48a).

2. Testing (3.47) with ẏ(t) in R` gives us

〈M(ψ)ẏ(t), ẏ(t)〉R` = 〈f(ψ; t), ẏ(t)〉R` − 〈A(ψ)y(t), ẏ(t)〉R` .

With (3.49a), (3.49b) and Young’s inequality we get

λH1 ‖ẏ(t)‖2R` ≤
λH1
2
‖ẏ(t)‖2R` +

λV2
2λH1

(α2λV2 ‖y(t)‖2R` + ‖f(ψ; t)‖2R`);

by rearranging and integrating over Θ we receive (3.48b). �

Theorem 3.9. (Existence of OS-POD solutions)

Assume that for all u ∈ U , the solution y to E(y, u) = 0 & E◦(y) = 0 belongs to a
subspace Ỹ ⊆ Y which compactly embeds into L2(Θ, V ). Further assume that there
is some ε > 0 such that for all x ∈ X with E(y, u) = 0, E◦(y) = 0 and R(y, ψ, λ) = 0
we have

J(x) < inf
x̃∈Xfea

J(x̃) + ε =⇒ dim imageR(y) ≥ ` (3.50)

and that the first ` eigenvalues of R(y) have multiplicity 1.

Then the OS-POD problem (3.44) admits at least one solution x ∈ X.

Proof. We first note that Xfea is not empty. According to the a-priori estimates,
there is some convex, closed and bounded subset Xbdd of Xfea and such that solving
(3.44) is equivalent to minimizing J over Xbdd. Since J is bounded from below, there
is a minimization sequence (xn)n∈N ⊆ Xbdd such that (J(xn))n∈N converges towards
inf{J(x) | x ∈ Xbdd}. In the following we adapt the techniques used in [82] to show
that a subsequence of (xn)n∈N strongly converges towards a feasible point; since J is
continuous, this point is a solution to (3.44).

X is a reflexive Banach space, so Xbdd is weakly sequentially compact, cp. [118], Thm.
4.5.6, i.e. (yn, un, wn, yn,ψn,λn)n∈N ⊆ Xbdd admits a subsequence denoted by the same
symbols which weakly converges towards some (ȳ, ū, w̄, ȳ, ψ̄, λ̄).
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1. For arbitrary ϕ ∈ V , we introduce the functional Eϕ ∈ X ′,

Eϕ(x) =

∫
Θ

〈ẏ(t), ϕ〉V ′,V dt+

∫
Θ

a(y(t), ϕ) dt−
∫
Θ

〈Bu(t), ϕ〉V ′,V dt.

Since xn is feasible for all n ∈ N, we have

Eϕ(xn) =

∫
Θ

〈f(t), ϕ〉V ′,V dt =⇒ Eϕ(x̄) =

∫
Θ

〈f(t), ϕ〉V ′,V dt,

i.e. E(ȳ, ū) = 0.

2. With the operator family (Eϕ◦ )ϕ∈H ⊆ X ′, Eϕ◦ (x) = 〈y(0), ϕ〉H (ϕ ∈ H), we have
Eϕ◦ (xn) = 〈y◦, ϕ〉H for all n ∈ N, i.e. Eϕ◦ (x̄) = 〈y◦, ϕ〉H , too, and hence E◦(ȳ) = 0.

3. We define the family of nonlinear operators Rϕl : X → R with ϕ ∈ V , l ∈ {1, ..., `} by

Rϕl (x) =

∫
Θ

〈y(t), ψl〉X 〈y(t), ϕ〉X dt− λl〈ψl, ϕ〉X .

Since Ỹ ↪→ L2(Θ, V ) is compact, (yn)n∈N admits a subsequence denoted again by
(yn)n∈N which strongly converges in L2(Θ, V ) towards ȳ. With Hölder’s inequality,
we get

lim
n→∞

Rϕl (xn) = lim
n→∞

∫
Θ

〈yn(t), ψln〉X 〈yn(t), ϕ〉X dt− λln〈ψln, ϕ〉X

= lim
n→∞

∫
Θ

〈yn(t)− ȳ(t), ψln〉X 〈yn(t), ϕ〉X dt

+

∫
Θ

〈ȳ(t), ψln〉X 〈yn(t)− ȳ(t), ϕ〉X dt

+

∫
Θ

〈ȳ(t), ψln〉X 〈ȳ(t), ϕ〉X dt− (λln − λ̄l)〈ψln, ϕ〉X − λ̄ln〈ψln, ϕ〉X

≤ lim
n→∞

∫
Θ

‖yn(t)− ȳ(t)‖X ‖ψln‖X ‖yn(t)‖X ‖ϕ‖X dt

+

∫
Θ

‖ȳ(t)‖X ‖ψln‖X ‖yn(t)− ȳ(t)‖X ‖ϕ‖X dt

+

∫
Θ

〈ȳ(t), ψln〉X 〈ȳ(t), ϕ〉X dt+ |λln − λ̄l|‖ψln‖X ‖ϕ‖X − λ̄l〈ψln, ϕ〉X

=

∫
Θ

〈ȳ(t), ψ̄l〉X 〈ȳ(t), ϕ〉X dt− λ̄l〈ψ̄l, ϕ〉X = Rϕl (x̄).

Since Rϕ(xn) = 0 holds for all n ∈ N, this implies Rϕ(x̄) = 0 and hence R(ȳ, ψ̄, λ̄) = 0:
ψ̄l is an eigenfunction of the operator R(ȳ) with corresponding eigenvalue λ̄l.
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4. Especially, we get

λ̄l = lim
n→∞

λln〈ψln, ψln〉X = lim
n→∞

∫
Θ

〈yn(t), ψln〉2X dt

=

∫
Θ

〈ȳ(t), ψ̄l〉2X dt = λ̄l〈ψ̄l, ψ̄l〉X .

Since λ̄l 6= 0 holds for all l = 1, ..., ` due to (3.50), it follows ‖ψ̄l‖2X = 1 and therefore
R◦(ψ̄) = 0.

5. ψln ⇀ ψ̄l weakly in X together with ‖ψln‖X → ‖ψ̄l‖X imply ψln → ψ̄l strongly in X :

‖ψln − ψ̄l‖2X ≤ ‖ψln‖2X − 2〈ψln, ψ̄l〉X + ‖ψ̄l‖2X −→ 0 for n→∞.

Hence, there is some index N ∈ N such that the eigenvalues of the mass matrices
MX (ψn) are uniformly bounded for all n ≥ N ; in particular, (3.45a) holds true for
X ∈ {V,H} and (3.45b) is satisfied directly for X = V . We show that (3.45b) is
fulfilled also for X = H: Since ‖yn‖L2(Θ,V ) is bounded and yn → ȳ holds in L2(Θ, V ),
the Hölder inequality implies that

‖ψln − ψ̄l‖V =

∥∥∥∥ 1

λln

∫
Θ

〈ψln, yn(t)〉X yn(t) dt− 1

λ̄l

∫
Θ

〈ψ̄l, ȳ(t)〉X ȳ(t) dt

∥∥∥∥
V

−→ 0

for l = 1, ..., `, i.e. ψn → ψ̄ strongly in V .

Hence, (3.46) can be applied and gives us a subsequence of (yn)n∈N denoted by the
same symbol such that yn ⇀ ȳ weakly in H1(Θ,R`). Further, we get M(ψn)→ M(ψ̄),
A(ψn)→ A(ψ̄), B(ψn)→ B(ψ̄), f(ψn)→ f(ψ̄) and y◦(ψn)→ y◦(ψ̄). We get

f(ψ̄) = lim
n→∞

f(ψn) = lim
n→∞

M(ψn)ẏn + A(ψn)yn − B(ψn)un

= M(ψ̄) ˙̄y + A(ψ̄)y − B(ψ̄)ū,

so E(ȳ, ū, ψ̄) = 0.

6. Further, E◦(ȳ, ψ̄) = lim E◦(yn,ψn) = 0 holds.

7. The Rellich-Kondrachov Theorem states that H1(Θ,R`) is compactly embedded in
L2(Θ,R`), [4], Thm. A.6.4, so yn → ȳ strongly in L2(Θ,R`) holds true. From

J(yn, un, wn,ψn)→ J(ȳ, ū, w̄, ψ̄)

we receive un → u strongly in U and wn → w strongly in W . In particular, ū is
admissible and, since I(ψn)→ I(ψ̄) holds, w̄ is admissible as well.

Altogether, x̄ is a feasible point; since J is continuous and since (yn, un, wn,ψn)n∈N
strongly converges in L2(Θ, H)× U ×W × V `, x̄ is a minimal point of J. �

Remark 3.10. If we skip the assumption on single eigenvalues in Thm. 3.9, R◦ has to
be replaced by R̃◦ : V ` → R`×`, R̃◦(ψ)kl = 〈ψk, ψl〉X − δkl. The arguments given above
hold anyway, but convergence results for POD elements are harder to obtain, cp. Rem.
1.31. ♦
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3.4.3. Existence of regular Lagrange multipliers
Again we are confronted with the problem that the convex cone representing the inequal-
ity constraints has no inner points. We therefore proceed in two steps: First we show
that the gradient of the equality constraints is surjective to derive a variaitonal inequal-
ity. In the second step, we construct Lagrange multipliers for the inequality constraints
by projecting the gradient of these contraints on the corresponding natural active sets.

We start with a generalization of Thm. 1.20; the central steps of the proof can be adapted:

Theorem 3.11. (Existence of Lagrange multipliers)

Let Z be a Banach space, (Vi)i∈I be a familiy of Hilbert spaces, V =
∏
Vi, (Wj)i∈J be a

family of Banach spaces,W =
∏
Wj , X = V ×W , f : X → R be a continuously Fréchet

differentiable objective function, e : X → Z ′ be a continuously Fréchet differentiable
equality constraints operator, g : V → V be a linear and invertible mapping, g̃ : X → V
be given by g̃(x) = g(v) and (Ki)i∈I be a family of closed convex cones Ki ⊆ Ṽi
representing a relation v ≤K 0 via −v ∈ K on the product cone K =

∏
Ki with

∀i ∈ I : ∀v ∈ Ṽi : v ∈ Vi ⇐⇒ ∀v′ ∈ Ki : 〈v′, v〉Vi ≥ 0, (3.51a)

∀i ∈ I : ∀v ∈ Ṽi : v /∈ Ki =⇒ −v ∈ Ki. (3.51b)

For bounds ga, gb ∈ V with ∀i ∈ I : gai 6= gbi we define the cylinders

Ci = {v ∈ Ṽ | gbi − gi(v) ∈ Ki & gi(v)− gai ∈ Ki} (i ∈ I)

and set C =
⋂
Ci. Let V be a Hilbert space endowed with a scalar product 〈·, ·〉V

which satisfies for all v ∈ V , v̂ ∈ C the conformity condition

∀ṽ ∈ C : 〈v, ṽ − v̂〉V ≥ 0 ⇐⇒ ∀i ∈ I : ∀ṽ ∈ Ci : 〈vi, ṽi − v̂i〉Vi ≥ 0. (3.51c)

Let x̄ ∈ X be a solution to the optimization problem

min
x∈X

f(x) subject to e(x) = 0, ga ≤K g(v) ≤K gb (3.52)

and assume that e′(x̄) : X → Z ′ is surjective.

Then there exist multipliers κ̄ ∈ V and z̄ ∈ Z such that for each family (γi)i∈I ⊆ R of
positive scalars γi > 0 the following nonlinear system of equations is satisfied:

0 = f ′(x̄) + e′(x̄)?z̄ + g̃′(x̄)?κ̄ (3.53a)

κ̄i = χai

(
− g−?i

(
∂f

∂v
(x̄) +

∂e

∂v
(x̄)?z̄

)
+ γi(gi(v̄)− gai)

)
+ χbi

(
− g−?i

(
∂f

∂v
(x̄) +

∂e

∂v
(x̄)?z̄

)
+ γi(gi(v̄)− gbi)

)
(3.53b)

where the cut-off functions χai, χbi : Xi → Xi are defined as

χai(x) =

{
0 x ∈ Ki

x x /∈ Ki
, χbi(x) =

{
0 −x ∈ Ki

x −x /∈ Ki
.
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Proof. K is additive: Let v, ṽ ∈ K and i ∈ I, then vi, ṽi ∈ Ki and we get by (3.51a):

∀v′ ∈ Ki : 〈v′, vi + ṽi〉Xi = 〈v′, vi〉Xi + 〈v′, ṽi〉Xi ≥ 0 =⇒ vi + ṽi ∈ Ki

and hence v + ṽ ∈ K. Therefore, C = {v ∈ V | g(v) − ga ∈ K & gb − g(v) ∈ K} is
convex: Let v, ṽ ∈ C and α ∈ (0, 1), then

g(αv + (1− α)ṽ)− ga = αg(v) + (1− α)g(ṽ)− ga
= α(g(v)− ga) + (1− α)(g(ṽ)− ga) ∈ K and

gb − g(αv + (1− α)ṽ) = α(gb − g(v)) + (1− α)(gb − g(ṽ)) ∈ K.

Since e′(x̄) is surjective, there exists a Lagrange multiplier z̄ ∈ Z refering to the equality
constraint e(x) = 0 such that the Lagrange function L(x, z) = f(x)+〈e(x), z〉Z′,Z satisfies

∀w̃ ∈W :

〈
∂L

∂w
(x̄, z̄), w̃

〉
W ′,W

=

〈
∂f

∂w
(x̄) +

∂e

∂w
(x̄)?z̄, w̃

〉
W ′,W

= 0, (3.54)

∀ṽ ∈ C :

〈
∂L

∂v
(x̄, z̄), ṽ − v̄

〉
V ′,V

=

〈
∂f

∂v
(x̄) +

∂e

∂v
(x̄)?z̄, ṽ − v̄

〉
V ′,V

≥ 0. (3.55)

No the transformation arguments given on pp. 31, 32 are adapted; notice that κ̄ has the
same form as λ̄a − λ̄b. �

In contrast to the full-order optimal control problem (1.46) where g(u,w) = εw+ISu is
chosen or the reduced-order optimal control problem with fixed POD basis (3.31) where
we define g(u,w) = εw + I(ψ)S(ψ)u, the OS-POD problem is governed by nonlinear
constraints g(u,w,ψ) = εw + I(ψ)S(ψ)u, so the existence result Thm. 3.9 for regular
Lagrange multipliers corresponding to the inequality constraints cannot be applied di-
rectly. Therefore, we use the transformation of the penalty variable introduced in (2.16)
to replace the nonlinear implicit constraints by explicit ones: We define g as the identity
on U ×W and interprete control-state pairs (u, ω) ∈ L2(Θ,Rm)× L2(Θ,Rn) as families
(vi)i∈I with the index set I = Θ×{1, ...,m}×Θ×{1, ..., n}. We choose the transformed
objective function f(x) = J(y, u, 1

ε (ω− I(ψ)y),ψ) where x = (y, u, ω, y,ψ,λ) belongs to
the space X = H1(Θ,R`)×U ×W ×Y ×V `×R`. We select the standard scalar product
on X induced from the scalar products of its six factor spaces and set 〈v1, v2〉Vi = v1 · v2

on the spaces Vi = R. Choosing Ki = {v ∈ R | v ≥ 0}, i ∈ I, the conditions (3.51a) and
(3.51b) are satisfied.

Further, the conformity condition (3.51c) between the multiplication scalar products
〈·, ·〉Vi and the L2 scalar product 〈·, ·〉V holds true: “⇐” is obvious; for “⇒” assume that
there are component indices i ∈ {1, ...,m}, j ∈ {1, ..., n} and a time set Θ̃ ⊆ Θ with
Lebesgue measure λ(Θ̃) > 0 as well as test functions (ũ, ω̃) ∈ U ×W such that

ui(t)(ũi(t)− ûi(t)) < 0 or ωj(t)(ω̃j(t)− ω̂j(t)) < 0
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for some controls u ∈ U , û ∈ [ua, ub] and penalties ω ∈ W , ω̂ ∈ [ŷa, ŷb]. May the first
case hold true. We define the test control

ũ′i(t) =

{
ũi(t) i = i & t ∈ Θ̃
ûi(t) elsewise

,

then

〈(u, ω), (ũ′, ω̂)− (û, ω̂)〉U×W =

m∑
i=1

∫
Θ

ui(t) · (ũ′i(t)− ûi(t)) dt

=

∫
Θ̃

ui(t) · (ũi(t)− ûi(t)) dt < 0,

so (ũ′, ω̂) ∈ C violates the variational inequality on the left-hand side of (3.51c). We re-
mark that we read conditions on I componentwise almost everywhere in Θ; the Lagrange
multipliers construced pointwise in Θ by different representants (ū, ω̄) just differ on a set
Θ̃ ⊆ Θ of Lebesgue measure zero and hence are well-defined in L2.

Since the OS-POD problem with transformed penalty w = 1
ε (ω − I(ψ)y) is equivalent

to the original one (3.44), the existence of optimal OS-POD solutions is granted by the
existence theorem, Thm. 3.9. It remains to show that the linearized equality constraints
operator e′(x̄) : X → Z ′ given in (3.44) is surjective. We hereby follow the arguments
presented in [82]:

Theorem 3.12. (Existence of OS-POD multipliers)

Consider the transformed OS-POD problem

min
x∈X

J̃(x) s.t. e(x) = 0 & (ua, ŷa) ≤ g(u, ω) ≤ (ub, ŷb). (3.56)

Assume that x̄ = (ȳ, ū, ω̄, ȳ, ψ̄, λ̄) ∈ X is a solution to (3.56).

Then there exist multipliers z̄ = (p̄, p̄◦, p̄, p̄◦, µ̄, µ̄◦) ∈ Z and κ̄ = (κ̄u, κ̄ω) ∈ Z̃ such
that

0 = J̃′(x̄) + e′(x̄)?z̄ + g̃′(x̄)?κ̄, (3.57a)

κu = min

(
0,−∂J̃

∂u
(x̄)− ∂e

∂u
(x̄)?z̄ + σu(ū− ua)

)
+ max

(
0,−∂J̃

∂u
(x̄)− ∂e

∂u
(x̄)?z̄ + σu(ū− ub)

)
, (3.57b)

κω = min

(
0,− ∂J̃

∂ω
(x̄)− ∂e

∂ω
(x̄)?z̄ +

σw
ε2

(ω̄ − ŷa)
)

+ max

(
0,− ∂J̃

∂ω
(x̄)− ∂e

∂ω
(x̄)?z̄ +

σw
ε2

(ω̄ − ŷb)
)
. (3.57c)
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Proof. For given ζ = (p′,p′◦, p
′, p′◦,µ

′,µ′◦) ∈ Z ′ we construct ξ = (y, u, ω, y,ψ,λ) ∈ X
such that e′(x̄)ξ = ζ is satisfied. The gradient of e at the point x̄ in the direction ξ̃ is
given by

e′1(x̄)ξ̃ = ˙̃y +Aỹ − Bũ = E(ỹ, ũ) + f, (3.58a)

e′2(x̄)ξ̃ = ỹ(0) = E◦(ỹ) + y◦, (3.58b)

e′3(x̄)ξ̃ = M(ψ̄) ˙̃y + A(ψ̄)ỹ − B(ψ̄)ũ

−
∑̀
l=1

f(D(ψ̃, l))−
∑̀
l=1

B(D(ψ̃, l))ū

+
∑̀
l=1

(M(ψ̄, D(ψ̃, l)) + M(D(ψ̃, l), ψ̄)) ˙̄y

+
∑̀
l=1

(A(ψ̄, D(ψ̃, l)) + A(D(ψ̃, l), ψ̄))ȳ, (3.58c)

e′4(x̄)ξ̃ = M(ψ̄)ỹ(0)−
∑̀
l=1

y◦(D(ψ̃, l))

+
∑̀
l=1

(M(ψ̄, D(ψ̃, l)) + M(D(ψ̃, l), ψ̄))ȳ(0)

= E◦(ỹ, ψ̄) + y◦(ψ̄)−
∑̀
l=1

y◦(D(ψ̃, l))

+
∑̀
l=1

(M(ψ̄, D(ψ̃, l)) + M(D(ψ̃, l), ψ̄))ȳ(0) (3.58d)

e′5(x̄)ξ̃ =
∑̀
l=1

∫
Θ

〈ȳ(t), ψ̃l〉X ȳ(t) dt−
∑̀
l=1

λ̄lψ̃l −
∑̀
l=1

λ̃lψ̄l

+
∑̀
l=1

∫
Θ

〈ỹ(t), ψ̄l〉X ȳ(t) + 〈ȳ(t), ψ̄l〉X ỹ(t) dt,

=
∑̀
l=1

R̃l(ȳ, λ̄l)ψ̃l − λ̃lψ̄l

+
∑̀
l=1

∫
Θ

〈ỹ(t), ψ̄l〉X ȳ(t) + 〈ȳ(t), ψ̄l〉X ỹ(t) dt, (3.58e)

e′6(x̄)ξ̃ = 2〈ψ̄l, ψ̃l〉X (3.58f)
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where the operator D : V ` × {1, ..., `} → V ` is defined via D(ψ, l) = (δlkψl)
`
k=1 and the

operator R̃l : Y × R→ Lb(X ,X ) is given by R̃l(y, λ)φ =
∫

Θ〈y(t), φ〉X y(t) dt− λφ.
1. Let u ∈ U and ω ∈W be arbitrary elements. We choose ξ2 = u and ξ3 = ω.

2. According to the well-posedness result, Thm. 1.14, there is some y ∈ Y satisfying

E(y, ξ2) = p′ − f & E◦(y) = p′◦ − y◦.

We choose ξ4 = y.

3. Let l ∈ {1, ..., `}. We complete {ψ̄l} to an orthonormal system (vn)n∈N of X with
v1 = ψ̄l. For all n ∈ N let wn = R̃l(ȳ, λ̄l)vn. Since ker R̃l(ȳ, λ̄l) = span {ψ̄l}, (wn)n≥2

is a maximal generating system of im R̃l(ȳ, λ̄l). Therefore there exists a coefficient
vector (αn)n∈N ⊆ R such that

µ′l −
∫
Θ

〈ψ̄l, ξ4(t)〉X ȳ(t) + 〈ψ̄l, ȳ(t)〉X ξ4(t) dt = α1ψ̄l +
∑
n≥2

αnwn.

We choose ξ5l = µ◦
2 ψ̄l +

∑∞
n=2 αnvn and ξ6l = −α1. Then

R̃l(ȳ, λ̄l)ξ5l − ξ6lψ̄l +

∫
Θ

〈ψ̄l, ξ4(t)〉X ȳ(t) + 〈ψ̄l, ȳ(t)〉X ξ4(t) dt = µ′l,

2〈ξ5l, ψ̄l〉 = µ′◦l

is satisfied according to (3.58e), (3.58f).

4. We select y ∈ H1(Θ,R`) as the solution to

E(ψ̄, y, ξ2) = p′ − f(ψ̄) +
∑̀
l=1

f(D(ξ5, l)) +
∑̀
l=1

B(D(ξ5, l))ū

−
∑̀
l=1

(M(D(ξ5, l), ψ̄) + M(ψ̄, D(ξ5, l))) ˙̄y

−
∑̀
l=1

(A(D(ξ5, l), ψ̄) + A(ψ̄, D(ξ5, l)))ȳ;

choosing ξ1 = y completes the proof. �

3.4.4. Optimality conditions
Consider the Lagrange function

L(x, z,κ) = J̃(x) + 〈e(x), z〉Z′,Z + 〈g̃(x),κ〉Z̃ . (3.59)

We derive a system of optimality conditions for the OS-POD problem (3.44) of the form(
∂L

∂u
,
∂L

∂ω

)
(x̄, z̄, κ̄) =

(
σuū− B?p̄− B(ψ̄)Tp̄ + κ̄u
σw(ω̄ − I(ψ̄)ȳ) + ε2κ̄w

)
= 0 (3.60)
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by the Lagrange multiplier technique; the multipliers p̄ = p(ȳ, µ̄, ψ̄) ∈ L2(Θ, V ) and
p̄ = p(ȳ, w̄, ψ̄) ∈ H1(Θ,R`) will satisfy adjoint equations, µ̄ ∈ V ` solves a nonlinear
equation of the form (R(ȳ)− λ̄l)µ̄l = Gl(ȳ, p̄, ū, w̄, ψ̄) and κ̄u ∈ U ×U, κ̄w ∈W ×W are
projections of the gradients (3.60) on the admissible domain.

The Lagrange function has the representation

L(x, z,κ) = J̃(x) + 〈e(x), z〉Z′,Z + 〈g̃(x),κ〉Z̃

=
σQ
2

∫
Θ

∥∥∥∥∑̀
l=1

yl(t)ψl − yQ(t)

∥∥∥∥2

H

dt+
σΩ

2

∥∥∥∥∑̀
l=1

yl(T )ψl − yΩ

∥∥∥∥2

H

+
σu
2

∫
Θ

m∑
i=1

u2
i (t) dt+

σw
2ε2

∫
Θ

n∑
j=1

(ωj(t)− Ij(ψ)y(t))2 dt

+
∑̀
l=1

∫
Θ

〈ψl, y(t)〉X 〈y(t), µl〉X dt−
∑̀
l=1

λl〈ψl, µl〉X +
∑̀
l=1

(‖ψl‖2X − 1)µ◦l

+

∫
Θ

〈ẏ(t) +Ay(t)− f(t)− Bu(t), p(t)〉V ′,V dt+ 〈y(0)− y◦, p◦〉H

+

∫
Θ

〈M(ψ)ẏ(t) + A(ψ)y(t)− f(ψ; t)− B(ψ)u(t), p(t)〉R` dt

+ 〈M(ψ)y(0)− y◦(ψ),p◦〉R` +

∫
Θ

m∑
i=1

ui(t)κui(t) dt+

∫
Θ

n∑
j=1

ωj(t)κωj(t) dt.

Let x̄ ∈ X be an optimal OS-POD solution. Thm. 3.12 guarantees the existence of
multipliers z̄ ∈ Z and κ̄ ∈ Z̃ and we get the following first-order optimality conditions
in variational form:

1. ∂L
∂y (x̄, z̄, κ̄)ỹ = 0 for all ỹ ∈ Y implies by partial time integration:

0 =

∫
Θ

〈 ˙̃y(t) +Aỹ(t), p̄(t)〉V ′,V + 〈ỹ(0), p̄◦〉H

+
∑̀
l=1

∫
Θ

〈ψ̄l, ỹ(t)〉X 〈ȳ(t), µ̄l〉X dt+
∑̀
l=1

∫
Θ

〈ψ̄l, ȳ(t)〉X 〈ỹ(t), µ̄l〉X dt

=

∫
Θ

− ˙̄p(t) +Ap̄(t), ỹ(t)〉V ′,V dt+ 〈ỹ(T ), p̄(T )〉H − 〈ỹ(0), p̄(0)〉H + 〈ỹ(0), p̄◦〉H

+
∑̀
l=1

∫
Θ

〈ȳ(t), µ̄l〉X 〈ψ̄l, ỹ(t)〉X dt+
∑̀
l=1

∫
Θ

〈ψ̄l, ȳ(t)〉X 〈µ̄l, ỹ(t)〉X dt.

Interpreting the variational argument ỹ as a test function, p̄ can be considered as a
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weak solution to the following backwards partial differential equation:

− ˙̄p(t) +Ap̄(t) +
∑̀
l=1

〈ȳ(t), µ̄l〉X iX ψ̄l +
∑̀
l=1

〈ȳ(t), ψ̄l〉X iX µ̄l = 0,

p̄(T ) = 0,

p̄(0)− p̄◦ = 0 (3.61a)

where iX : X → X ′ denotes the canonical Riesz mapping iX (φ)ϕ = 〈φ, ϕ〉X .
2. ∂L

∂y (x̄, z̄, κ̄)ỹ = 0 for all ỹ ∈ Y implies by partial time integration:

0 = σQ

∫
Θ

〈∑̀
l=1

ȳl(t)ψ̄l − yQ(t),
∑̀
k=1

ỹk(t)ψ̄k

〉
H

dt

+ σΩ

〈∑̀
l=1

ȳl(T )ψ̄l − yΩ,
∑̀
k=1

ỹk(T )ψ̄k

〉
H

+
σw
ε2

∫
Θ

m∑
j=1

(ω̄j(t)− Ij(ψ̄)ȳ(t))(−Ij(ψ̄)ỹ(t)) dt

+

∫
Θ

〈M(ψ̄) ˙̃y(t) + A(ψ̄)ỹ(t), p̄(t)〉R` dt+ 〈M(ψ̄)ỹ(0), p̄◦〉R`

= σQ

∫
Θ

〈M(ψ̄)ȳ(t), ỹ(t)〉R` dt− σQ
∫
Θ

〈yQ(ψ̄; t), ỹ(t)〉R` dt

+ σΩ〈M(ψ̄)ȳ(T ), ỹ(T )〉R` − σΩ〈yΩ(ψ̄), ỹ(T )〉R`

− σw
ε2

∑̀
l=1

∫
Θ

IT
l (ψ̄)(ω̄(t)− I(ψ̄)ȳ(t))ỹl(t) dt

+

∫
Θ

〈−M(ψ̄) ˙̄p(t) + A(ψ̄)p̄(t), ỹ(t)〉R` dt

+ 〈M(ψ̄)p̄(T ), ỹ(T )〉R` − 〈M(ψ̄)p̄(0), ỹ(0)〉R` + 〈M(ψ̄)p̄◦, ỹ(0)〉R`

Again we successfully isolated the variational argument ỹ and hence get p̄ as the
solution to the following system of ordinary differential equations:

−M(ψ̄) ˙̄p(t)+A(ψ̄)p̄(t)−σw
ε2

IT(ψ̄)(ω̄(t)−I(ψ̄)ȳ(t))+σQ(M(ψ̄)ȳ(T )− yQ(ψ̄; t)) = 0

M(ψ̄)p̄(T ) + σΩ(M(ψ̄)ȳ(T )− yΩ(ψ̄)) = 0

M(ψ̄)(p̄(0)− p̄◦) = 0.
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3. ∂L
∂u (x̄, z̄, κ̄)ũ = 0 for all ũ ∈ U gives us the gradient condition

0 = σu

∫
Θ

〈ū(t), ũ(t)〉Rm dt−
∫
Θ

〈Bũ(t), p̄(t)〉V ′,V dt

−
∫
Θ

〈B(ψ̄)ũ(t), p̄(t)〉R` dt+

∫
Θ

〈ũ(t), κ̄u(t)〉Rm dt;

∂L
∂ω (x̄, z̄, κ̄)ω̃ = 0 for all ω̃ ∈W implies

0 =
σw
ε2

∫
Θ

〈ω̄(t)− I(ψ̄)ȳ(t), ω̃(t)〉Rn dt+

∫
Θ

〈ω̃(t), κ̄ω(t)〉Rn dt.

By isolation and variation of ũ, ω̃ we receive

σuū(t)− B?p̄(t)− BT(ψ̄)p̄(t) + κ̄u(t) = 0 (3.61c)

σw(ω̄(t)− I(ψ̄)ȳ(t)) + ε2κ̄w(t) = 0. (3.61d)

4. ∂L
∂ψ (x̄, z̄, κ̄)ψ̃ = 0 for all ψ̃ ∈ V` leads to

0 = σQ

∫
Θ

〈∑̀
k=1

ȳk(t)ψ̄k − yQ(t),
∑̀
l=1

ȳl(t)ψ̃l

〉
H

dt

+ σΩ

〈∑̀
k=1

ȳk(T )ψ̄k − yΩ,
∑̀
l=1

ȳl(T )ψ̃l

〉
H

+
σw
ε2

∫
Θ

∑̀
l=1

〈
ω̄(t)− I(ψ̄)ȳ(t),−I(D(ψ̃, l))ȳ(t)

〉
Rn

dt

+

∫
Θ

∑̀
l=1

〈(M(ψ̄, D(ψ̃, l)) + M(D(ψ̃, l), ψ̄)) ˙̄y(t), p̄(t)〉R` dt

+

∫
Θ

∑̀
l=1

〈(A(ψ̄, D(ψ̃, l)) + A(D(ψ̃, l), ψ̄))ȳ(t), p̄(t)〉R` dt

−
∫
Θ

∑̀
l=1

〈f(D(ψ̃, l); t), p̄(t)〉R` dt−
∫
Θ

∑̀
l=1

〈B(D(ψ̃, l))ū(t), p̄(t)〉R` dt

+
∑̀
l=1

〈(M(ψ̄, D(ψ̃, l)) + M(D(ψ̃, l), ψ̄))ȳ(0)− y◦(D(ψ̃, l)), p̄◦〉R`

+

∫
Θ

∑̀
l=1

〈ψ̃l, ȳ(t)〉X 〈ȳ(t), µ̄l〉X dt+
∑̀
l=1

2µ̄◦l〈ψ̄l, ψ̃l〉X −
∑̀
l=1

λ̄l〈µ̄l, ψ̃l〉X
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We replace the terms depending on D(ψ̃, l) by a more explicit representation: Let
y, ỹ ∈ R`, u ∈ Rm, w ∈ Rn and ψ, ψ̃ ∈ V `, then

yT(M(ψ, D(ψ̃, l)) + M(D(ψ̃, l),ψ))ỹ = yl
∑̀
k=1

〈ψk, ψ̃l〉H ỹk + ỹl
∑̀
k=1

〈ψk, ψ̃l〉Hyk

and

yT(A(ψ, D(ψ̃, l)) + A(D(ψ̃, l),ψ))ỹ = yl
∑̀
k=1

a(ψk, ψ̃l)ỹk + ỹl
∑̀
k=1

a(ψk, ψ̃l)yk,

further, we have

〈w, I(D(ψ̃, l)y)Rn = yl

n∑
j=1

wj〈Ĩj , ψ̃l〉V ′,V , 〈y, f(D(ψ̃, l); t)〉R` = yl〈f(t), ψ̃l〉V ′,V ,

〈y,B(D(ψ̃, l))u〉R` = yl

m∑
i=1

ui〈B̃?i , ψ̃l〉V ′,V , 〈y, y◦(D(ψ̃, l))〉R` = yl〈y◦, ψ̃l〉H .

For l = 1, ..., ` we introduce the operators Gl : X → X ′ via

〈Gl(x), φ〉X ′,X = σQ

∫
Θ

〈∑̀
k=1

yk(t)ψk − yQ(t), yl(t)φ

〉
H

dt

+ σΩ

〈∑̀
k=1

yk(T )ψk − yΩ, yl(T )φ

〉
H

+
σw
ε2

∫
Θ

〈
ω(t)− I(ψ)y(t),−yl(t)Ĩφ

〉
Rn

dt

+

∫
Θ

pl(t)
∑̀
k=1

〈ψ̄k, φ〉H ẏk(t) + ẏl(t)
∑̀
k=1

〈ψ̄k, φ〉Hpk(t) dt

+

∫
Θ

pl(t)
∑̀
k=1

a(ψ̄k, φ)yk(t) + yl(t)
∑̀
k=1

a(ψk, φ)pk(t) dt

−
∫
Θ

pl(t)〈f(t), φ〉V ′,V dt−
∫
Θ

pl(t)〈B̃?φ, u(t)〉Rm dt

+ pl(0)
∑̀
k=1

〈ψk, φ〉Hyk(0) + yl(0)
∑̀
k=1

〈ψk, φ〉Hpk(0)

− pl(0)〈y◦, φ〉H ,

then the first-order optimality condition for µ̄l reads as

iX R̃l(ȳ, λ̄l)µ̄l + 2µ◦liX ψ̄l + Gl(x̄) = 0; (3.61e)

we hereby eliminated the multiplier p◦ by the optimality condition p̄◦ = p̄(0).
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5. ∂L
∂λ(x̄, z̄, κ̄)λ̃ = 0 for all λ̃ ∈ R` finally implies

−
∑̀
l=1

λ̃l〈ψ̄l, µ̄l〉X = 0 :

for all l ∈ {1, ..., `}, ψ̄l is orthogonal to µ̄l. Especially, one gets 〈R̃l(ȳ, λ̄l)µ̄l, ψ̄l〉X = 0.
Testing (3.61e) with ψ̄l allows to eliminate the multiplier µ◦:

µ̄◦l = −1

2
〈Gl(x̄), ψ̄l〉X ′,X . (3.61f)

Altogether, we obtain the following system of first-order optimality condintions:

Theorem 3.13. (OS-POD optimality conditions)

Consider the OS-POD problem

min
x∈X

J(x) s.t. e(x) = 0 & h(x) ≤ 0. (3.62)

Assume that x̄ = (ȳ, ū, w̄, ȳ, ψ̄, λ̄) ∈ X is a solution to (3.56).

Then there exist multipliers z̄ = (p̄, p̄◦, p̄, p̄◦, µ̄, µ̄◦) ∈ Z and κ̄ = (κ̄u, κ̄w) ∈ Z̃ with

− ˙̄p(t) +Ap̄(t) +
∑̀
l=1

〈ȳ(t), ψ̄l〉X iX µ̄l +
∑̀
l=1

〈ȳ(t), µ̄l〉X iX ψ̄l = 0 (3.63a)
p̄(T ) = 0

−M(ψ̄) ˙̄p(t) + A(ψ̄)p̄(t) + IT(ψ̄)κ̄w(t) + σQ(M(ψ̄)ȳ(t)− yQ(ψ̄; t)) = 0 (3.63b)
M(ψ̄)p̄(T ) + σΩ(M(ψ̄)ȳ(T )− yΩ(ψ̄)) = 0

σuū(t)− B?p̄(t)− BT(ψ̄)p̄(t) + κ̄u(t) = 0 (3.63c)

σww̄(t) + εκ̄w(t) = 0 (3.63d)

(R(ȳ)− λ̄l)µ̄l − 〈Gl(x̄), ψ̄l〉X ′,X ψ̄l + i−1
X Gl(x̄) = 0 (3.63e)

κ̄u −max(0,B?p̄+ BT(ψ̄)p̄− σuub)−min(0,B?p̄+ BT(ψ̄)p̄− σuua) = 0 (3.63f)

κ̄w −max

(
0,
σw
ε

(I(ψ̄)ȳ − yb)
)
−min

(
0,
σw
ε

(I(ψ̄)ȳ − ya)
)

= 0. (3.63g)

Remark 3.14. We obtain the optimality system (3.63) by application of the Lagrange
calculus on the transformed problem in the penalization variable ω and backtransforma-
tion ω = ω(w). The optimality conditions coincide with those we get by directly applying
the formal Lagrange technique to the original problem with penalty w. ♦
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3.4.5. Iterative methods
A direct numerical solving of the coupled nonlinear OS-POD optimality system is not
recommandable since the numerical costs would exeed the effort of the original optimal
control problem without application of any model reduction techniques. In the following
we present a local convergence result for an iterative fixpoint method which allows a
quite flexible splitting of the coupled equations. The price one has to pay is a restric-
tive assumption on the magnitude of the regularization parameters σu, σw as well as a
relatively slow convergence rate of the iteration.

1. For a given control-state pair (u,w) ∈ U × W let y = y(u) ∈ Y denote the state
solution to

ẏ(t) +Ay(t) = f(t) + Bu(t), y(0) = y◦. (3.64a)

2. With (ψ,λ) = (ψ,λ)(y) ∈ V `×R` we denote signified eigenfunction-eigenvalue pairs
to the operator R(y),

R(y)ψl = λlψl, ‖ψl‖X = 1 (3.64b)

which shall be specified below.

3. Given the control u and the POD basis ψ, y(u,ψ) ∈ H1(Θ,R`) is chosen as the
reduced state solution to

M(ψ)ẏ(t) + A(ψ)y(t) = f(ψ; t) + B(ψ)u(t), M(ψ)y(0) = y◦(ψ). (3.64c)

4. With w, y,ψ we define the adjoint state p ∈ H1(Θ,R`) as the solution to the reduced
equation

−M(ψ)ṗ(t) + A(ψ)p(t) = −σQ(M(ψ)y(t)− yQ(ψ; t)) + σw
ε IT(ψ)w(t) (3.64d)

M(ψ)p(T ) = −σΩ(M(ψ)y(T )− yΩ(ψ)).

5. We proceed with the determination of the multiplier µ = µ(y,ψ,λ, y, w) ∈ V `:

(R(y)− λl)µl = 〈Gl, ψl〉X ′,Xψl − i−1
X Gl. (3.64e)

6. Now the adjoint state p = p(y,ψ,µ) ∈ Y is given by

−ṗ(t) +Ap(t) = −
∑̀
l=1

〈y(t), µl〉X iXψl −
∑̀
l=1

〈y(t), ψl〉X iXµl, (3.64f)

p(T ) = 0.

We define the selfmapping Φ on U ×W by the remaining two optimality conditions:

Φ(u,w) =

(
1

σu

(
B?p+ BT(ψ)p− κu

)
,− ε

σw
κw
)

(3.65)
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where the multipliers κu = κu(ψ, p,p) ∈ U and κw = κw(y,ψ) ∈W are given by

κu = max(0,B?p+ BT(ψ)p− σuub) + min(0,B?p+ BT(ψ)p− σuua), (3.66a)

κw = max

(
0,
σw
ε

(I(ψ)y − yb)
)

+ min

(
0,
σw
ε

(I(ψ)y − ya)
)
. (3.66b)

Fixpoint iteration.

Let x̄ ∈ X be a solution to the OS-POD problem (3.13) with multipliers z̄ ∈ Z and κ̄ ∈ Z̃
satisfying the dual system (3.63). We show that Φ is a contraction in a neighborhood of
(ū, w̄) if the regularization parameters σu, σw are chosen sufficiently large and the data
is small enough to get the following result:

Theorem 3.15. (Banach-Iteration)

For any parameters σu, σw > 0, let (ū, w̄) ∈ U ×W be an optimal control-penalty pair
of (3.44).

1. Then Φ is locally Lipschitz continuous at (ū, w̄).

2. Especially, if σu, σw are sufficiently large, Φ is a contraction.

3. Let (u0, w0) ∈ U × W be sufficiently close to (ū, w̄), then the Banach iteration
(un+1, wn+1) = Φ(un, wn) converges towards (ū, w̄).

4. In this case, the following locally a-priori convergence rate is ensured:

‖(un, wn)− (ū, w̄)‖U×W ≤
Cn

1− C
‖(u1, w1)− (u0, w0)‖U×W

where C ∈ (0, 1) denotes the contraction constant.

Proof. Let ε > 0 and let (ũ, w̃) ∈ Xad with ‖ū− ũ‖U < ε and ‖w̄ − w̃‖W < ε. Then

‖Φu(ū, w̄)− Φu(ũ, w̃)‖U = σ−1
u ‖B?(p̄− p̃) + BT(ψ̄)(p̄− p̃)

+ (BT(ψ̄)− BT(ψ̃))p̃ + (κ̄u − κ̃u)‖U
≤ Cσ−1

u ‖B̃‖Lb(Rm,V ′)(‖p̄− p̃‖L2(Θ,V )

+ ‖ψ̄‖V `‖p̄− p̃‖L2(Θ,R`) + ‖p̃‖L2(Θ,R`)‖ψ̄ − ψ̃‖V `). (3.67)

According to the a-priori energy estimate (1.18), ‖p̃‖L2(Θ,R`) is uniformly bounded:

‖p̃‖2H1(Θ,R`) ≤ C(‖ỹ‖2L2(Θ,R`) + ‖ỹ(T )‖2R` + ‖yQ‖2L2(Θ,H)

+ ‖yΩ‖2H + σwε
−1‖Ĩ‖Lb(V,Rn)‖w̃‖2W );

since ‖ỹ(T )‖2R` ≤ ‖ỹ‖C0(Θ,R`) ≤ C‖ỹ‖H1(Θ,R`), we conclude

‖p̃‖2H1(Θ,R`) ≤ C((‖ū‖2U + ε2) + ‖f‖2L2(Θ,V ′) + ‖y◦‖2H
+ (‖w̄‖2W + ε2) + ‖yQ‖2L2(Θ,H) + ‖yΩ‖2H).
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We require here that ε is sufficiently small (3.45a), (3.45b) so that the uniform coercivity
and continuity conditions (3.49a), (3.49b) for the reduced bilinear form are satisfied.
Then, since ū = Φu(ū, w̄) holds,

‖Φu(ũ, w̃)− ū‖U ≤ Cσ−1
u (‖p̄− p̃‖L2(Θ,V ) + ‖p̄− p̃‖L2(Θ,R`) + ‖ψ̄ − ψ̃‖V `). (3.68)

1. We interprete ψ̃l, λ̃l as a perturbation of ψ̄l, λ̄l. According to the stability result for
eigenvalue problems in [34], Thm. 1.7, we have

‖ψ̄l − ψ̃l‖X ≤ C‖(R(ȳ)− λ̄l)|−1
{ψ̄l}⊥

‖Lb(X ,X )‖R(ȳ)−R(ỹ)‖Lb(X ,X )‖ψ̄l‖X , (3.69a)

|λ̄l − λ̃l| ≤ C‖R(ȳ)−R(ỹ)‖Lb(X ,X )‖ψ̄l‖2X . (3.69b)

2. To estimate the residual of the eigenoperators, let ϕ ∈ V with ‖ϕ‖X = 1, then

‖(R(ȳ)−R(ỹ))ϕ‖V =

∥∥∥∥∫
Θ

〈ȳ(t), ϕ〉X ȳ(t) dt−
∫
Θ

〈ỹ(t), ϕ〉X ỹ(t) dt

∥∥∥∥
X

≤
∫
Θ

‖ȳ(t)− ỹ(t)‖X ‖ϕ‖X (‖ȳ(t)‖X + ‖ỹ(t)‖X ) dt

≤ C‖ȳ − ỹ‖L2(Θ,V ) (3.69c)

since ‖ỹ‖L2(Θ,V ) is uniformly bounded.

3. We proceed with an estimation for ‖ψ̄ − ψ̃‖V ` in the case X = H. For sufficiently
small ε, λ̃` is uniformly bounded from below by some ε̃ > 0, so

‖ψ̄l − ψ̃l‖V = ‖λ̄−1
l R(ȳ)ψ̄l − λ̃−1

l R(ỹ)ψ̃l‖V
≤ |λ̄−1

l − λ̃
−1
l | ‖R(ỹ)ψ̃l‖V + |λ̃−1

l | ‖R(ȳ)−R(ỹ)‖Lb(X ,V )‖ψ̄l‖V
+ |λ̄−1

l | ‖R(ȳ)ψ̃l‖V
≤ C((λ̄l(λ̄l − ε̃))−1‖ψ̃l‖X ‖ỹ‖L2(Θ,X)‖ỹ‖L2(Θ,V )|λ̄l − λ̃l|

+ (λ̄l − ε̃)(‖ȳ‖L2(Θ,X)‖ȳ − ỹ‖L2(Θ,V )

+ ‖ỹ‖L2(Θ,V )‖ȳ − ỹ‖L2(Θ,X ))‖ψ̄l‖V
+ λ̄−1

l ‖ȳ‖L2(Θ,X )‖ȳ‖L2(Θ,V )‖ψ̄l − ψ̃l‖X )

≤ C(‖λ̄l − λ̃l|+ ‖ȳ − ỹ‖L2(Θ,V ) + ‖ψ̄l − ψ̃l‖X ). (3.69d)

4. Define p = p̃− p̄, then p solves the ODE system

−M(ψ̃)ṗ(t) + A(ψ̃)p(t) = σQ(−M(ψ̃)(ỹ(t)− ȳ(t)) + (yQ(ψ̃; t)− yQ(ψ̄; t))

+ (M(ψ̄)−M(ψ̃)) ˙̄p(t) + (A(ψ̃)−A(ψ̄))p̄(t))

+ σwε
−1((IT(ψ̃)− IT(ψ̄))w̄(t) + IT(ψ̃)w̃(t)− w̄(t))

M(ψ̃)p(T ) = σΩ(−M(ψ̃)(ỹ(T )− ȳ(T )) + (yΩ(ψ̃)− yΩ(ψ̄)))

+ (M(ψ̄)−M(ψ̃))p̄(T ).
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We get the a-priori stability estimation

‖p̄− p̃‖H1(Θ,R`) ≤ C(‖M(ψ̃)‖R`×`‖ỹ − ȳ‖H1(Θ,R`)

+ ‖yQ(ψ̃)− yQ(ψ̄)‖R` + ‖yΩ(ψ̃)− yΩ(ψ̄)‖R`
+ ‖M(ψ̄)−M(ψ̃)‖R`×`‖p̄‖H1(Θ,R`)

+ ‖A(ψ̄)−A(ψ̃)‖R`×`‖p̄‖L2(Θ,R`)

+ ‖I(ψ̄)− I(ψ̃)‖R`×`‖w̄‖L2(Θ,Rn)

+ ‖I(ψ̃)‖R`×`‖w̄ − w̃‖L2(Θ,Rn))

≤ C(‖ỹ − ȳ‖H1(Θ,R`) + ‖ψ̃ − ψ̄‖V ` + ‖w̄ − w̃‖L2(Θ,Rn)). (3.69e)

5. Further, y = ỹ − ȳ solves the ODE system

M(ψ̃)ẏ(t) + A(ψ̃)y(t) = B(ψ̃)(ũ(t)− ū(t)) + (B(ψ̃)− B(ψ̄))ū(t)

+ (M(ψ̃)−M(ψ̄)) ˙̄y(t) + (A(ψ̃)−M(ψ̄))ȳ(t)

+ (f(ψ̃; t)− f(ψ̄; t))

M(ψ̃)y(0) = (y◦(ψ̃)− y◦(ψ̄)) + (M(ψ̄)−M(ψ̃))ȳ(0);

we receive the a-priori estimate

‖ȳ − ỹ‖H1(Θ,R`) ≤ C(‖B(ψ̃)‖R`×`‖‖ũ− ū‖L2(Θ,Rm)

+ ‖B(ψ̃)− B(ψ̄)‖R`×`‖ū‖L2(Θ,Rm)

+ ‖M(ψ̄)−M(ψ̃)‖R`×`‖ȳ‖H1(Θ,R`)

+ ‖A(ψ̄)−A(ψ̃)‖R`×`‖ȳ‖L2(Θ,R`)

+ ‖y◦(ψ̄)− y◦(ψ̃)‖R`
+ ‖f(ψ̃)− f(ψ̄)‖L2(Θ,R`))

≤ C(‖ũ− ū‖L2(Θ,Rm) + ‖ψ̃ − ψ̄‖V `). (3.69f)

6. Define p = p̃− p̄, then p solves the PDE

−ṗ(t) +Ap(t) = −
∑̀
l=1

(〈ỹ(t), ψ̃l〉X iX µ̃l − 〈ȳ(t), ψ̄l〉X iX µ̄l)

−
∑̀
l=1

(〈ỹ(t), µ̃l〉X iX ψ̃l − 〈ȳ(t), µ̄l〉X iX ψ̄l),

p(T ) = 0.

We get the a-priori stability estimation

‖p̄− p̃‖L2(Θ,V )∩H1(Θ,V ′) ≤ C(‖ỹ − ȳ‖L2(Θ,X ) + ‖ψ̃ − ψ̄‖X ` + ‖µ̃− µ̄‖X `). (3.69g)
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7. Define y = ỹ − ȳ, then y solves the PDE

ẏ(t) +Ay(t) = B̃(ũ(t)− ū(t)),

y(0) = 0;

we get the a-priori estimate

‖ỹ − ȳ‖L2(Θ,V )∩H1(Θ,V ′) ≤ C‖ũ− ū‖L2(Θ,Rm). (3.69h)

8. Assume that ‖B‖Lb(L2(Θ,Rm),V ′), ‖f‖L2(Θ,V ′) and ‖y◦‖H are sufficiently small so that

‖R(ỹ)‖Lb(X ,X ) = ‖ỹ‖2L2(Θ,X)

≤ C(‖f‖L2(Θ,V ′)2 + ‖y◦‖2H + ‖B‖Lb(L2(Θ,Rm),V ′)(‖ū‖2L2(Θ,Rm) + ε2)) < C̃

holds true for some uniform constant C̃ < 1. Then

(R(ȳ)−R(ỹ))µ̄l +R(ỹ)(µ̄l − µ̃l)− λ̄l(µ̄l − µ̃l) + (λ̃l − λ̄l)µ̃l = ḡl − g̃l

where ḡl, g̃l ∈ X denote the right-hand sides of (3.64e),

ḡl = 〈Ḡl, ψ̄l〉X ′,X ψ̄l − i−1
X Ḡl, g̃l = 〈G̃l, ψ̃l〉X ′,X ψ̃l − i−1

X G̃l

implies that

‖µ̄l − µ̃l‖X ≤
C

1− C̃
(‖R(ȳ)−R(ỹ)‖Lb(X ,X ) + |λ̄l − λ̃l|+ ‖ḡl − g̃l‖X ); (3.69i)

we used here that
µ̃l = (R(ỹ)− λ̃l)|−1

{ψ̃l}⊥
g̃l

is uniformly bounded as the solution to the compactly perturbed equation

(R(ȳ)− λ̄l)µ̃l = g̃l.

9. The nonlinearity Ḡl − G̃l can be estimated by

‖Ḡl − G̃l‖X ′ ≤ C(‖ȳ − ỹ‖H1(Θ,R`) + ‖p̄− p̃‖L2(Θ,R`)

+ ‖ψ̄ − ψ̃‖V ` + ‖ū− ũ‖L2(Θ,Rm) + ‖w̄ − w̃‖L2(Θ,Rn)) (3.69j)

Combining the estimates (3.69a) to (3.69j), we get

‖Φu(ũ, w̃)− ū‖U ≤ C
‖B‖Lb(L2(Θ,Rm),V ′)

σu
‖ũ− ū‖U , (3.70)

so for sufficiently small control operator norm, ‖Φu(ũ, w̃)− ū‖ < ε holds true.
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For the other component of Φ we have

‖Φw(ũ, w̃)− w̄‖W
= ‖σwε (κ̄w − κ̃w)‖W ≤ C‖I(ψ̄)ȳ − I(ψ̃)ỹ‖L2(Θ,Rn)

≤ C(‖I(ψ̄)− I(ψ̃)‖Rn×`‖ỹ‖L2(Θ,R`) + ‖I(ψ̄)‖Rn×`‖ȳ − ỹ‖L2(Θ,R`))

≤ C‖Ĩ‖Lb(V,Rn)(‖ψ̄ − ψ̃‖V `‖ỹ‖L2(Θ,R`) + ‖ψ̄‖V `‖ȳ − ỹ‖L2(Θ,R`))

≤ C‖Ĩ‖Lb(V,Rn)(‖ψ̄ − ψ̃‖V ` + ‖ȳ − ỹ‖L2(Θ,R`)) : (3.71)

if the constraints operator norm is sufficiently small, ‖Φw(ũ, w̃)− w̄‖ < ε holds as well.

Together, we have Φ(ũ, w̃) ∈ Xε for all (ũ, w̃) ∈ Xε, so Φ(Xε) ⊆ Xε.

With the same estimates one shows the contraction property

‖Φ(û, ŵ)− Φ(ũ, w̃)‖U×W ≤ Ĉ‖(û, ŵ)− (ũ, w̃)‖U×W (3.72)

for some constant Ĉ < 1 and all (ũ, w̃), (û, ŵ) ∈ Xε. Now the claim follows with the
Banach fixpoint theorem [7], Thm. 4.3. �

The iterative procedure proposed in (3.64) results in the following algorithm:

Algorithm (Optimality System Proper Orthogonal Decomposition)
Require: Control u◦, penalty w◦, rank `, maximal iterations kmax, tolerance εtol.
1: Initialize u = u◦, w = w◦ & k = 0.
2: repeat
3: Solve the unreduced state equation (3.64a) for y.
4: Determine the solution to the eigenvalue problem (3.64b) ψ,λ.
5: Solve the reduced state equation (3.64c) for y.
6: Solve the reduced adjoint state equation (3.64d) for p.
7: Determine the multipliers of the eigenvalue problem (3.64e) µ.
8: Solve the unreduced adjoint state equation (3.64f) for p.
9: Determine the multipliers of the constraints (3.66a), (3.66b) κu,κw.

10: Update the control u and the penalty w (3.65).
11: Determine gradient ξ (2.13), perturbation ζ (2.26) and error bound β (2.24).
12: if β < εtol then
13: return u
14: end if
15: Update k = k + 1
16: until k = kmax

Alg. 3.2: An iterative proper orthogonal decomposition strategy which updates the reduced order model in a
way which respects optimality of the POD basis elements. Especially, a fixpoint of the updating operator Φ
provides a POD basis for which the a-priori error estimates presented in (1.57), (1.60) & (1.64) are applicable. If
the corresponding growth constants are estimated in an efficient heuristic way, the POD basis rank does not have
to be modified; a proper ` can be calculated at the beginning instead.
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Remark 3.16. 1. The smallness condition on the source term f and the initial value y◦
can be skipped by using the homogeneous POD ansatz, see Rem. 3.2.

2. The restriction on the magnitude of B in (3.69i) and (3.70) is not necessary if σu is
chosen large enough: In this case, the norm of the operator R(ỹ) is sufficiently small
as well since

‖ū‖L2(Θ,Rm) ≤ Cσ−1
u ‖B‖Lb(L2(Θ,Rm),V ′)(‖p̄‖L2(Θ,V ) + ‖p̄‖L2(Θ,R`)‖ψ̄‖V `).

3. An alternative approach to bound ‖µ̄l − µ̃l‖X is the application of an appropriate
perturbation result to

‖µ̄l − µ̃l‖X ≤ ‖(R(ȳ)− λ̄l)−1
|{ψ̄l}⊥

ḡl − (R(ỹ)− λ̃l)−1

|{ψ̃l}⊥
g̃l‖.

Coupled primal-dual system.
Alg. 3.2 performs much better if the reduced state and adjoint state equations (3.64c)
& (3.64d) are solved as one (nonlinear) system, coupled by the intermediate control-
penalty pair u(p) = PU (σ−1

u BT(ψ)p) and w(y) = PW (I(ψ)y)− I(ψ)y where PU ,PW are
the projectors on the admissible domains:

5: Solve the coupled equations (3.64c) & (3.64d) for y(u(p),ψ) and p(y,w(y),ψ).

Alg. 3.2a: Modifications of the OS-POD routine where the linear reduced state and adjoint state equations (5),
(6) are replaced by the coupled nonlinear system (3.32).

The contraction property of Φ in Thm. 3.15 subsist: (3.69f) becomes

‖ȳ − ỹ‖H1(Θ,R`) ≤ C(‖B‖Lb
‖ū− ũ‖L2(Θ,Rm) + ‖ψ̄ − ψ̃‖V `)

≤ C(σ−1
u ‖B‖2Lb

‖p̄− p̃‖L2(Θ,R`) + ‖ψ̄ − ψ̃‖V `) (3.73a)

and (3.69e) changes to

‖p̄− p̃‖H1(Θ,R`) ≤ C(‖ȳ − ỹ‖H1(Θ,R`) + ‖I‖Lb
‖w̄ − w̃‖L2(Θ,Rn) + ‖ψ̄ − ψ̃‖V `)

≤ C((1 + ‖I‖2Lb
)‖ȳ − ỹ‖H1(Θ,R`) + ‖ψ̄ − ψ̃‖V `)

≤ C(‖B‖Lb
(1 + ‖I‖2Lb

)‖ū− ũ‖L2(Θ,Rm) + ‖ψ̄ − ψ̃‖V `)
≤ C(σ−1

u ‖B‖2Lb
(1 + ‖I‖2Lb

)‖p̄− p̃‖L2(Θ,R`) + ‖ψ̄ − ψ̃‖V `)

≤ C‖ψ̄ − ψ̃‖V ` ≤ C‖ū− ũ‖L2(Θ,Rm). (3.73b)

Of course, this coupled solving is much more costly not only because of the nonlinear
terms introduced by the variational inequalities. The initial condition of the state equa-
tion together with the final condition of the adjoint one prevent to solve the coupled
system time step by time step, so a time discretization scheme such as the implicit Euler
method leads to a system of dimension 2m` for (y, p) instead of m systems of the size
2`.
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Remark 3.17. 1. If we skip the control and state constraints and assume that ‖·‖L2(Θ,V )

and ‖B? · ‖U ) are equivalent (which, for instance, is the case if U = L2(Θ, V ) and
B = idU ), then we get improved a-priori bounds by testing the state equation in
(3.69f) with p = p̃ − p̄ and the adjoint state equation in (3.69e) with y = ỹ − ȳ: In
this situation, w̄ = 0 and ū = σ−1

u BT(ψ̄)p̄ hold and

pTM(ψ̃)ẏ + pTA(ψ̃)y = pT(M(ψ̃)−M(ψ̄) ˙̄y) + pT(A(ψ̃)−A(ψ̄))ȳ

+ pTB(ψ̃)(ũ− ū) + pT(B(ψ̃)− B(ψ̄))ū

+ pT(f(ψ̃)− f(ψ̄)),

−yTM(ψ̃)ṗ + yTM(ψ̃)p = yT(M(ψ̄)−M(ψ̃) ˙̄p) + yT(A(ψ̃)−A(ψ̄))p̄

− σQyTM(ψ̃)y + σQyT(yQ(ψ̃)− yQ(ψ̄)).

We assume y◦ = 0, then partial integration yields

0 = −pTB(ψ̃)B(ψ̃)Tp− σQyTM(ψ̃)y − σΩy(T )TM(ψ̃)y(T )

+ yT(M(ψ̄)−M(ψ̃)) ˙̄p + yT(A(ψ̃)−A(ψ̄))p̄

+ pT(M(ψ̄)−M(ψ̃)) ˙̄y + pT(A(ψ̄)−A(ψ̃)) ˙̄y

+ pT(B(ψ̄)− B(ψ̃))ū + pT(f(ψ̄)− f(ψ̃))

and therefore

‖y‖L2(Θ,R`) + ‖y(T )‖R` + ‖p‖L2(Θ,R`) ≤ C‖ψ̄ − ψ̃‖V ` ≤ C‖ū− ũ‖U .

2. Instead of respecting the primal-dual structure of the problem when testing the state
equation with the adjoint state and vice versa, Gong, Hinze & Zhou [55] use the higher
regularity which is available in lack of constraints to transform the coupled second-
order parabolic system into two independent elliptic equations of order four: Assume
σΩ = 0, U = L2(Θ × Ω), B = idU and A = −∆. Differentiating the state equation
with respect to t and replacing the occuring derivatives of the adjoint state variable
by the adjoint state equation yields

−ÿ(t) + ∆2y(t) + σ−1
u (y(t)− yQ(t)) = 0 in Θ× Ω (3.74a)
y(t) = 0 & ∆y(t) = 0 on Θ× ∂Ω (3.74b)

ẏ(T )−∆y(T ) = 0 & y(0)− y◦ = 0 in Ω, (3.74c)

analogously, we transform the adjoint state equation to

−p̈(t) + ∆2p(t) + σ−1
u p(t) + ẏQ(t)−∆yQ(t) = 0 in Θ× Ω (3.75a)
p(t) = 0 & ∆p(t)− yQ(t) = 0 on Θ× ∂Ω (3.75b)

ṗ(0) + ∆p(0) + y◦ − yQ(0) = 0 & p(T ) = 0 in Ω (3.75c)

given that the data of the problem possesses enough regularity. The authors exploit
the elliptic structure of (3.74), (3.75) to derive a-priori and a-posteriori error bounds
for time discretization schemes and mixed time-space finite element discretizations.
However, their arguments do not apply to constrained optimal control problems. ♦
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Projected gradient updates.
Let d = (B?(p+p̂)+BT(ψ)p−σuu,−σwε−1w) denote the negative gradient of J at (u,w).
Kunisch & Volkwein [82] propose not to provide a fixpoint update by postulating d = 0
in the unconstrained situation or, in our case, projecting d on the admissible domain,

u+ = PU (σ−1
u (B?(p+ p̂) + BT(ψ)p))

w+ = ε−1(PW (I(ψ)y)− I(ψ)y),

but to provide an inexact descent step in direction of d with a suitable step size σ > 0
which guarantees a sufficient decay of the objective functional:

u+ = PW (u+ σdu) = PU (u+ σ(B?p+ BT(ψ)p)), (3.77a)
ω = εw + I(ψ)y,

ω+ = PW (ω + σdω) = Pω(ω + σwε
−2(ω − I(ψ)y)),

w+ = ε−1(ω+ − I(ψ)y). (3.77b)

10: Choose a suitable step length σ and provide a projected descent step in direction d.

Alg. 3.2b: Modifications of the OS-POD routine where iterative fixpoint updates (10) are replaced by inexact
gradient steps (3.77).

In some situations, this variant does not give a significant improvement of accuracy com-
pared to the iterative update, but a crucial increase of the calculation time by searching
an appropriate σ via backtracking, namely the Armijo step size rule. We therefore do not
use this modification in all our numerical tests. Notice that each step size test requires to
evaluate the reduced objective functional and hence to solve the reduced state equation.
In Rem. 4.2 we propose a cheaper step length strategy, exploiting the linear-quadratic
structure of the optimal control problem.

In [59] Grimm, Gubisch & Volkwein propose to initialize the OS-POD strategy by a
few full-order gradient steps – these do not require to solve the coupled system and
hence can be provided by solving 2m systems of the size n – and to solve (3.32) with a
fixed POD basis corresponding to the localized control-penalty pair (u◦, w◦); the descent
steps qualify to detect a neighborhood of (ū, w̄) which supports good snapshots and
suitable initial points for the solving of the nonlinear reduced primal-dual system by the
semismooth Newton method, but stagnate within this neighborhood.

Remark 3.18. 1. In [78], Müller and Kunisch use the optimality of the POD basis
gained by the OS-POD strategy to derive uniform convergence and polynomial decay
rates for the a-priori ROM error of the state variable in terms of `.

2. The formal application of the OS-POD technique does not allow to include snapshots
of the adjoint state variable p into the POD basis: In contrast to (3.64d) where a
primal-dual sytsem is stated at the beginning and one is free in the selection of the
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POD elements, p plays the role of a Lagrange multiplier in the OS-POD context
and therefore cannot be part of the eigenvalue constraint (3.64b). In particular, the
convergence rates derived in Thm. 3.6 are not applicable. Nevertheless, a multiple
snapshot sample including the adjoint state was included in the implementation of
Alg. 3.2 in [59] and indeed improved the runtime.

3. The localization of an appropriate initial control-penalty pair (u◦, w◦) can be tricky;
in our numerical tests, we observed divergence if the chosen initialization differed to
much from the optimal point (ū, w̄).

4. Kunisch & Volkwein [82] applied very similar Lagrange techniques to detect optimal
snapshot locations for the (semi)discrete POD framework. To reduce the effort of
solving the augmented optimality equations, an adaptive approach is proposed where
a few optimally chosen time points extend a predefined mesh. In contrast, Hoppe
& Liu [73] conduct the snapshot location by error equilibration, assuring that the
discretization errors on the single emerging time intervals essentially coincides; the
evaluation of the occuring state errors is provided by hierarchical a-posteriori error
estimates. ♦

Remark 3.19. In the whole chapter we assumed that the control operator B map-
ping L2(Θ,Rm) → L2(Θ, V ′) has the simplified representation B̃ : Rm → V ′ such that
(Bu)(t) = B̃(u(t)) holds in V ′ for almost all t ∈ Θ. This assumption allowed to compute
the ROM control components (〈(Bu)(t), ψl〉V ′,V )l=1,...,` in the form of a product B(ψ)·u(t)
where the matrix B(ψ) ∈ R`×m is given by B(ψ)lk = B?k(ψl). If we skip this assumption,
the evaluation of the control term requires an expensive full-order operation, the dual
pairing 〈·, ·〉V ′,V of (Bu)(t) and ψl, for each single time point during the solving of the
reduced state equation. This effect also appears when POD model reduction is applied
to nonlinear PDEs where the evaluation of a nonlinear term depending of the reduced
state variable, N (y`), requires to expand the reduced coeffient vector y ∈ L2(Θ,R`) to
y` =

∑`
l=1 ylψl ∈ L2(Θ, V ). To avoid calculations on the complexity level of the full-

order model, empirical interpolation methods (EIM) have been developed to achieve a
reduction basing on a greedy algorithm to the complexity of the POD model. We refer
to [15] for an introduction of EIM in the context of the reduced basis method and to [36]
for the application to POD model reduction. ♦
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4. Numerical experiments

In this final chapter we illustrate our theoretical findings by several test examples and
compare the numerical advantages and disadvantages of the different proposed proce-
dures.

4.1. Solution techniques for the optimal control problem

We apply the three solvers for optimization problems which we combined in the OS-
POD strategy – the Banach fixpoint iteration, the projected gradient method, and the
primal-dual active set strategy – to the full-order optimal control problem, discretized
by continuous and piecewise linear finite elements in space and by the first-order implicit
Euler scheme in time.

4.1.1. Banach fixpoint iteration
Consider the penalized optimal control problem (2.16), transformed on explicit con-
straints. Let (ū, ω̄) be a solution to the derived first-order optimality system (2.21) with
corresponding optimal state and adjoint state

ȳ = Sū, p̄ = T ū+ σwε
−2(TU ū+ TW ω̄). (4.1)

Then the variational inequalities representing the optimality conditions for the control
and the penalty with due regard to the box constraints can be replaced by the following
projection conditions:

ū = Pu(σ−1
u B?(p̄+ p̂)), ω̄ = Pw(I ȳ) (4.2)

where the projections Pu : U → [ua, ub] and Pw : W → [ŷa, ŷb] are given componentwise,

(Puiu)(t) = max(min(ubi(t), ui(t)), uai(t)),

(Pwjw)(t) = max(min(ŷbj(t), wj(t)), ŷaj(t)) :

1. If σ−1
u B?i (p̄ + p̂)(t) ≥ ubi(t), then ūi(t) = ubi(t) holds, especially ūi(t) − ũi(t) ≥ 0 for

all ũ ∈ [ua, ub], and σuūi(t)− B?i (p̄+ p̂)(t) ≥ 0.

2. If σ−1
u B?i (p̄+ p̂)(t) ≤ uai(t), then ūi(t) = uai(t) holds, especially ūi(t)− ũi(t) ≤ 0 for

all ũ ∈ [ua, ub], and σuūi(t)− B?i (p̄+ p̂)(t) ≤ 0.

3. If σ−1
u B?i (p̄+ p̂)(t) = 0, then ūi(t) = σ−1

u B?i (p̄+ p̂)(t) and the variations ūi(t)− ũi(t)
have no conclusive sign, but σuūi(t)− B?i (p̄+ p̂)(t) = 0 holds.

So altogether, we get

(σuūi(t)− B?i (p̄+ p̂)(t)) · (ūi(t)− ũi(t)) ≥ 0 for all ũ ∈ [ua, ub] (4.3)

and the variational inequality (2.21c). Analogously, one shows that the projection for-
mula for ω̄ induces (2.21d). This motivates the following iteration:
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Algorithm (Banach Fixpoint Iteration)

Require: Control u◦ ∈ [ua, ub], penalty ω◦ ∈ [ŷa, ŷb], max. iterations kmax, tol. εtol.
1: Initialize u = u◦, ω = ω◦ & k = 0.
2: repeat
3: Solve the state equation (2.21a) for y = y(u).
4: Solve the adjoint state equation (2.21b) for p = p(y, ω).
5: Update u+ = u(p) and ω+ = ω(y) according to (4.2).
6: Set εerror = ‖(u+ − u, ω+ − ω)‖U×W .
7: Set u = u+, ω = ω+ and k = k + 1.
8: until εerror < εtol (success) or k = kmax (failure).

Alg. 4.1: Since the solution operators for (3), (4) are bounded as well as the projectors, the iteration describes a
contraction Φ(u, ω) = (u+, ω+) if B, I have a sufficiently small operator norm; the smallness of B can be replaced
by a condition on the magnitude of σu. In the following tests, we will illustrate that if this sufficient convergence
condition is violated, a small regularization parameter may cause divergence.

Remark 4.1. Notice that if the contraction constant C ∈ (0, 1) is known, then the
a-posteriori error estimate

‖(ū− uk+1, ω̄ − ωk+1)‖U×W ≤ ζ‖(uk+1 − uk, ωk+1 − ωk)‖U×W

is available where ζ = C
1−C as well as the implied a-priori estimation

‖(ū− uk+1, ω̄ − ωk+1)‖U×W ≤ ζk+1‖Φ(u◦, ω◦)− (u◦, ω◦)‖U×W ,

so a termination condition based on the distance between two consecutive iteration mem-
bers is justified. ♦

Run 1. We test Alg. 4.1 in the setting of Ex. 1.16 (1), a 1d distributed control prob-
lem: Let Ω = (0, 2), Θ = (0, 3), V = H1

0 (Ω) ⊆ L2(Ω) = H, U = L2(Θ,Rm) and
W = L2(Θ,Rn). We consider the heat source f(t, x) = −x3, y◦(x) = χ[1/3,1] − χ[1,5/3]

where χΩ̃ denotes the characteristic function χ(x) = 1 for x ∈ Ω̃ and 0 elsewise on a
subdomain Ω̃ ⊆ Ω, the standard diffusion K = 1 and no convection β = 0. For the
control operator we choose (Bu)(t, x) =

∑m
i=1 ui(t)χi(x) where χi are the characteristic

functions on a complete, uniform m-part distribution of Ω. Let {Ωj | j = 1, ..., n} be
another partition of the subdomain of Ω where the state constraints shall be fulfilled.
We denote the corresponding characteristic sets by πj and choose the state constraints
operator (Ijy)(t) = |Ωj |−1〈y(t), πj〉H ; especially, if y is continuous and |Ωj | → 0 holds
for all j, then (Ijy)(t) ≈ y(t, xj) simulates pointwise constraits on the state variable.
In this first test, the state constraints shall be inactive so that we concentrate on pure
control constraints. Our desired states are yQ(t, x) = t(1 − x2) and yΩ(x) = 0 with
weights σQ = 1 and σΩ = 0; we select m = 10 control segments, m = 500 time points
and n = 300 spatial grid point.

112



No. regularization σu admissible set Uad ] iterations accuracy εtol calc. time
1 1.0e-00 [-0.0,+0.2] 7 1.00e-12 8.57e-01
2 5.0e-01 [-0.0,+0.4] 11 1.00e-12 1.15e+00
3 1.0e-01 [-0.0,+1.5] 18 1.00e-12 1.92e+01
4 5.0e-02 [-0.0.+2.5] 42 1.00e-12 4.13e+01
5 3.0e-02 [-0.0.+2.5] 622 1.00e-12 5.64e+01
6 2.8e-02 [-0.0.+5.0] 2084 1.00e-12 1.87e+02
7 2.7e-02 [-0.0,+5.0] – – –

Tab. 4.1: Banach Fixpoint Iteration. This table shows the numerical results for the tolerance εtol = 1.0e-12,
choosing different regularization parameters σu and addicted control bounds such that in all cases, the control
constraints are active on some region. We observe that Alg. 4.1 terminates successfully as long as σu > 2.7e-02
holds, though the number of required iterations explodes for values of σu which are close to this critical bound.
On the other hand, the computational effort of the single iterations is very low.

All calculations in this chapter are provided by MATLAB R2012a (7.14.0.739) on an Intel(R) Core(TM) i5 Quad
Core CPU M520 à 2.40 GHz with 4 GB RAM, operating system: openSUSE 13.1 (i586).

4.1.2. Projected gradient method
In contrast to the fixpoint iteration, the convergence of the method of projected gradients
does not depend on σu [77], Sec. 5.4.2. The essential idea of this method is to select a
descent direction d of the cost functional f at the current point x as well as a suitable
step length s such that the new point x+ = x + sd provides a sufficient reduction of f.
Since the local decay of f at x is maximal in the direction of the negative gradient of
f, is seems to be reasonable to choose d = −∇f(x). However, the convergence speed
of this steepest descent method combined with an appropriate step length determination
essentially depends on the regularization parameter: Indeed, we get identical a-priori and
a-posteriori error bounds as above where the factor ζ again depends on σu, cp. Thm. 3.3
in [109]. In [77], Sec. 3.2, a scaling method is suggested to speed up the iterations.

Algorithm (Projected Gradient Method)

Require: Control u◦ ∈ [ua, ub], penalty ω◦ ∈ [ŷa, ŷb], max. iterations kmax, tol. εtol.
1: Initialize u = u◦, ω = ω◦ & k = 0.
2: repeat
3: Solve the state eq. (2.21a) for y = y(u) and the adjoint eq. (2.21b) for p = p(y, ω).
4: Build up the negative gradients δu = B?(p+ p̂)− σuu and δω = σwε

−2(Iy − ω).
5: Choose a suitable step length σ = σ(u, ω, δu, δω).
6: Update u+ = Pu(u+ σδu) and ω+ = Pw(ω + σδω).
7: Set εerror = ‖(u− Pu(u+ δu), ω − Pω(ω + δω))‖U×W .
8: Set u = u+, ω = ω+ and k = k + 1.
9: until εerror < εtol (success) or k = kmax (failure).

Alg. 4.2: A suitable step length in (6) is provided by the following backtracking strategy: Select some α ∈ (0, 1)
and any linearly decreasing sequence (σn)n∈N and evaluate εn = J̃(un, ωn)−J̃(u, ω)+ασ−1

n ‖(u−un, ω−ωn)‖2U×W
for n = 1, 2, ... until εn < 0 holds where un = Pu(u + σnδu) and ωn = Pw(ω + σnδω). According to Sec. 5.4 in
[77], this procedure always terminates after finitely many steps and provides a step length σ which guarantees a
sufficient decay of J̃ in the direction (δu, δω) so that the projected gradient method generates a control-penalty
sequence which converges with the stated rate towards (ū, ω̄). Recent results on alternative step length strategies
are stated in [42]. The termination condition (8) guarantees that ‖(ū− u, ω̄ − ω)‖U×W is small [77], Thm. 5.4.2.
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No. regularization σu admissible set Uad ] iterations accuracy εtol calc. time
1 1.0e-00 [-0.0,+0.2] 10 1.00e-03 5.35e+00
2 1.0e-00 [-0.0,+0.2] 20 2.41e-09 2.10e+01
3 5.0e-01 [-0.0,+0.4] 11 1.00e-03 4.76e+00
4 5.0e-01 [-0.0,+0.4] 20 2.42e-09 1.44e+01
5 1.0e-01 [-0.0,+1.5] 53 1.00e-03 1.23e+01
6 1.0e-01 [-0.0,+1.5] 50 1.35e-03 1.18e+01
7 5.0e-02 [-0.0.+2.5] 95 1.00e-03 2.12e+01
8 5.0e-02 [-0.0.+2.5] 50 1.54e-02 1.20e+01
9 1.0e-02 [-0.0,+5.0] 533 1.00e-03 1.21e+02
10 1.0e-02 [-0.0,+5.0] 50 7.74e-02 1.12e+01
11 1.0e-03 [-4.0,+8.0] 1262 1.00e-03 3.19e+02
12 1.0e-03 [-4.0,+8.0] 50 1.46e-01 1.21e+01
13 1.0e-04 [-5.0,+10.0] 3174 1.00e-03 7.96e+02
14 1.0e-04 [-5.0,+10.0] 50 1.54e-01 1.20e+02
15 1.0e-05 [-5.0,+10.0] 3961 1.00e-03 9.13e+02
16 1.0e-06 [-5.0,+10.0] 4078 1.00e-03 1.03e+03

Tab. 4.2: Projected Gradient Method. We observe that the residuals can be reduced below the chosen tolerance
εtol = 1.0e-03 also for quite small values of σu, but the decay of the iteration sequence becomes very low. The
numerical costs of the single iterations are slightly more expensive compared to the fixpoint strategy; notice that
for each tested step size of the Armijo strategy proposed in Alg. 4.2, a new evaluation of J̃ is necessary which
requires to solve the state equation yn = Sun at the tested point un.

Remark 4.2. Due to the linear-quadratic structure of the optimization problem, the
Armijo step size rule can be replaced by a strategy which just requires one solving of the
state and the adjoint state equation, choosing the step size σ̄ which minimized J̃ along
the line {(u+ σδu, ω + σδω) | σ ∈ R} ⊆ U ×W :

σ̄ = arg min
σ∈R

j(σ) where j(σ) = J̃(u+ σδu, ω + σδω). (4.4)

Since J̃ is strictly convex and (δu, δω) is a descent direction, σ̄ > 0 holds and from

j′(σ) = 〈J̃u(u+ σδu, ω + σδω), δu〉U + 〈J̃ω(u+ σδu, ω + σδω), δω〉W
= σu〈u+ σδu, δu〉U − 〈B?(p(u+ σδu) + p̂), δu〉U

+ σwε
−2〈ω + σδω, δω〉W + σwε

−2〈Iy(u+ σδu), δω〉W
= σu〈u, δu〉U + σσu‖δu‖2U − 〈B?(p(u) + p̂), δu〉U − s〈B?p(δu), δu〉U

+ σwε
−2(〈ω, δω〉W + s‖δω‖2W − Iy(u), δω〉W − σ〈Iy(δu), δω〉W )

we conclude that the σ̄ satisfying j′(σ) = 0 is given by

σ̄ =
〈B?(p̂+ p(u))− σuu, δu〉U + σwε

−2〈Iy(u)− ω, δω〉W
σu‖δu‖2U − 〈B?p(δu), δu〉U + σwε−2(‖δω‖2W − 〈Iy(δu), δω〉W )

. (4.5)

With this step size rule the gradient steps turned out to reach a certain neighborhood
of (ū, ω̄) with less iterations; within this neighborhood, however, we did not recognize a
faster convergence compared to the Armijo rule. ♦
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Fig. 4.1 shows how ȳσu flows towards yQ for σu → 0. The case σu = 0 or the a convergence
analysis for σu → 0 is not in our scope; we refer to [131] for an analysis of the bang-bang
effects which may appear in the unregularized setting and to [136] for the impact of
deregularization.
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Figure 4.1: The optimal state solutions ȳσu (from left to right and up to down) for regularization parameters
σu = 1.0e-01, σu = 1.0e-02, σu = 1.0e-03, σu = 1.0e-04, σu = 1.0e-05, and the profile of the desired state yQ.
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In Fig. 4.2 we illustrate the optimal control, the optimal state, the optimal adjoint state
and the desired state for the configuration presented in line 13 of Tab. 4.2.
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Figure 4.2: Due to the small regularization parameter, σu, the optimal state solution ȳ comes very close to the
desired state. The variation of the optimal control distribution Bū close to t = 0 allows to quickly eliminate the
unwanted impact of y◦. The approximation of yQ(t) close to the final time t = 3 is hindered by the upper control
bound ub: Here, the control constraint is active and bounds ū.

Fig. 4.3 compares the convergence speed of the Banach fixpoint iteration and the pro-
jected gradient method for different values of σu:

5 10 15 20
10

−20

10
−10

10
0

10
10

step i

re
si
d
u
al
(i
)

residuals of Banach Fixpoint Iteration

σu = 1.0e− 00
σu = 5.0e− 01
σu = 1.0e− 01
σu = 5.0e− 02
σu = 1.0e− 02

5 10 15 20
10

−10

10
−5

10
0

10
5

step i

re
si
d
u
al
(i
)

residuals of Projected Gradient Method

σu = 1.0e− 00
σu = 5.0e− 01
σu = 1.0e− 01
σu = 5.0e− 02
σu = 1.0e− 02
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where the projected gradients slowly converge even for σu = 1.0e-06.

116



4.1.3. Primal-dual active set strategy
Since our focus will be on small regularizations, we require a solution method for the
primal-dual optimality equations which provides higher convergence rates. Combining
(4.1) with (4.2), we eliminate the control and penalty variable and get the nonlinear
coupled system

ẏ +Ay − BPu(σ−1
u B?(p+ p̂)) = 0, (4.6a)

−ṗ+Ap+ (σQ + σwε
−2I?I)y − σwε−2I?PwIy = 0. (4.6b)

We introduce the following active and inactive subsets of Θ:

Aaui = {t ∈ Θ | σ−1
u B?i (p+ p̂)(t) < uai(t)},

Abui = {t ∈ Θ | σ−1
u B?i (p+ p̂)(t) > ubi(t)},

A◦ui = {t ∈ Θ | uai(t) ≤ σ−1
u B?i (p+ p̂)(t) ≤ ubi(t)}, (4.7a)

Aawi = {t ∈ Θ | Iiy(t)(t) < ŷai(t)},
Abwi = {t ∈ Θ | Iiy(t)(t) > ŷbi(t)},
A◦wi = {t ∈ Θ | ŷai(t) ≤ Iiy(t)(t) ≤ ŷbi(t)}. (4.7b)

Then (4.6) takes the form

ẏ +Ay − σ−1
u Bχ◦u(p)B?p

= σ−1
u Bχ◦u(p)B?p̂+ B(χau(p)ua + χbu(p)ub), (4.8a)

− ṗ+Ap+ (σQ + σwε
−2(χaw(y) + χbw(y))I)y

= σwε
−2I?(χaw(y)ŷa + χbw(y)ŷb) (4.8b)

where the nonlinear terms are the characteristic functions corresponding to the active
and inactive sets above. The idea of the primal-dual active set strategy is to solve (4.8) by
fixing the characteristic functions at the current iterate (y, p) and to provide an update
(y, p) 7→ (y+, p+) by solving the resulting linear system until the current and the previous
active sets coincide.

In [22] Bergounioux, Ito and Kunisch observe a fast convergence of this method by con-
trolling an elliptic equation with pure control constraints; in [21] Bergounioux, Haddou,
Hintermüller and Kunisch take into account additional state constraints, regularized by
the Moreau-Yosida approach (which, as we mentioned in Rem. 1.22, essentially coincides
with our penalization technique) and compare the resulting primal-dual strategy with
robust primal-dual path-following methods [134]. Conclusively, the active set strategy
turns out to be faster for control constrained problems while the interior point methods
are more efficient if state constraints come into account. Further, the exact solution is
found by the active sets if σu, ε are not too small [23].

The numerical efficiency of the primal-dual active set strategy is explained by Hinter-
müller, Ito and Kunisch in [65]: This method can be interpreted as a semismooth New-
ton method and therefore provides superlinear convergence given that the initial point
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is chosen close enough to the optimal one. On the other hand, no global convergence is
guaranteed.

Prüfert & Tröltzsch extend the elliptic theory to parabolic problems and prove the ex-
istence and convergence of the central path for problems with pointwise constraints on
the state variable with Lavrentiev regularization [112].

Algorithm (Primal-Dual Active Set Strategy)

Require: Control u◦ ∈ [ua, ub], penalty ω◦ ∈ [ŷa, ŷb], maximal iterations kmax.
1: Initialize y = y(u◦) (2.21a), p = p(ω◦) (2.21b) & k = 0.
2: Determine the active sets A·,u(p) ⊆ Θm (4.7a) and A·,w(y) ⊆ Θn (4.7b).
3: repeat
4: Solve the linearized coupled system (4.8a), (4.8b) for y, p.
5: Update the active sets A+

·,u(p) ⊆ Θm (4.7a) and A+
·,w(y) ⊆ Θn (4.7b).

6: Set εerror = 0 if A+
·,u = A·,u & A+

·,w = A·,w and εerror = 1 elsewise.
7: Set A·,u = A+

·,u, A·,w = A+
·,w & k = k + 1

8: until εerror = 0 (success) or k = kmax (failure).
9: Set u = χ◦uσ

−1
u B?(p+ p̂) + χauua + χbuub and ω = χ◦wIy + χawŷa + χbwŷb.

Alg. 4.3: If the iteration terminates successfully, the state-adjoint state pair (y, p) determined in (4) exactly
solves the coupled nonlinear system (4.8a), (4.8b) and therefore satisfies the optimality conditions (4.6a), (4.6b).
Consequently, the control-penalty pair (u, ω) defined in (9) is the unique solution to (2.16).

If the choice of an appropriate starting point is difficult, a combination of a steepest
descent step and a semismooth Newton update may be considered. A smooth transi-
tion between these two techniques is provided by the trust-region framework [137], and
provides both global convergence and superlinear convergence rates.

Remark 4.3. To see that Alg. 4.3 indeed describes a semismooth Newton method, define

Φ(y, p) =

 ẏ +Ay − σ−1
u BB?(p+ p̂)

+Bmax(0, σ−1
u B?(p+ p̂)− ub) + Bmin(0, σ−1

u B?(p+ p̂)− ua)

−ṗ+Ap+ σQy + σwε
−2I?(max(0, Iy − ŷb) + min(0, Iy − ŷa))

 . (4.9)

Then Φ(ȳ, p̄) = 0 is satisfied. The Newton derivative of Φ is given by

Φ′(y, p)(ỹ, p̃) =

(
˙̃y +Aỹ − σ−1

u Bχ◦uB?p̃
− ˙̃p+Ap̃+ σQỹ + σwε

−2I?(χaw(y) + χbw(y))I ỹ

)
.

The Newton update (y+, p+) = (y + ỹ, p+ p̃) is implicitly defined as

Φ(y, p) = −Φ′(y, p)(ỹ, p̃) (4.10)

and therefore solves the linearization of (4.8),

ẏ+ +Ay+ − σ−1
u Bχ◦u(p)B?p+ − σ−1

u Bχ◦u(p)B?p̂− B(χau(p)ua + χbu(p)ub) = 0, (4.11)

−ṗ+ +Ap+ + σQy
+ + σwε

−2I?(χaw(y)(Iy+ − ŷa) + χbw(y)(Iy+ − ŷb)) = 0. ♦
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No. regularization σu admissible set Uad ] iterations calc. time
1 1.0e-00 [-0.0,+0.2] 3 8.47e+01
2 1.0e-01 [-0.0,+1.5] 3 8.96e+01
3 1.0e-02 [-0.0,+5.0] 4 1.14e+02
4 1.0e-03 [-4.0,+8.0] 4 1.69e+02
5 1.0e-04 [-5.0,+10.0] 5 1.78e+02
6 1.0e-05 [-5.0,+10.0] 7 2.48e+02
7 1.0e-06 [-5.0,+10.0] 12 6.18e+02

Tab. 4.3: Primal-Dual Active Set Strategy. We observe that the number of required iterations is significantly
smaller than the number of updates performed by the fixpoint iteration or the descent steps. On the other hand,
the numerical effort to solve the coupled linearized systems is much higher so that the active set strategy works
quite well for badly scaled problems while the other two methods should be prefered if σu, ε are large enough.

4.1.4. Regularization
We proceed with an investigation of regularized state constraints. In addition to the
data given above, we choose pointwise state bounds [ya, yb] = [−2, 2], characteristic
functions πi ∈ L2(Ω), i ∈ I = {1, ..., n}, on a fine partitioning (Ωi)i∈I of Ω, the operator
(Iy)i(t) =

∫
Ω πi(x)y(t, x) dx and penalization parameters σw = 1.0e-03, ε = 1.0e-03.

With the control domain [ua, ub] = [−20, 20] and the control costs σu = 1.0e-04, we
receive the solutions presented in Fig. 4.4.
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Figure 4.4: The constrained state solution essentially matches the projection of the unconstrained one on the
admissible state domain. The violation of the state constraints measured by εw takes only values of the magnitude
1.0e-04.
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Of course, w = 0 holds in all points where the state takes values within (ya, yb). Further,
we recognize that the essential activity of the penalty is limited to the boundary between
the active and inactive sets,{

(t, x) ∈ Θ× Ω | ∀ε > 0 : ∃(t1, x1), (t2, x2) ∈ Uε(t, x) :
(εw + Iy)(t1, x1) ∈ {ya, yb} & (εw + Iy)(t2, x2) ∈ (ya, yb)

}
,

and on the line of maximal values of the snapshots,

{(t, x) ∈ Θ× Ω | ∀x1 ∈ Ω : y(t, x1) < y(t, x)}.

The latter condition reflects the fact that pure state constraints just touch the bounds
on a set of measure zero [97]. The irregular behavior of w results from the fact that the
penalty is a scaling of the Lagrange multiplier to the state constraint according to Thm.
1.21 which, in general, is only a Borel measure in case of pure state constraints.

Run 2. To compare the impact of Lavrentiev regularization and penalization, we choose
a more challenging setting: We consider pointwise controls in L2(Θ×Ω), skip the control
bounds, select a cost parameter σu close to zero and intend to drive the state variable to
a discontinuous desired state.
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Figure 4.5: With yQ(t, x) = χ[−.5,.5](x)(1 − 2|x|)(χ[0,1](t)(−t) + χ[1,2](t)(2 − t)), f = 0, y◦ = 0, σu = 1.0e-16
and no constraints on the control or the state variable, the state equation is able to generate yQ approximately
with a control essentially consisting of a composition of Dirac measures.

The deviation ‖ȳ−yQ‖L2(Θ×Ω) just amounts to 2.92e-07, but the problem is badly scaled,
of course: The (linear) first-order optimality system possesses the condition number
9.86e+29. Accordingly, the introduction of control or even state constraints leads to a
badly conditioned nonlinear optimality system; the iterative solution methods introduced
in this section fail convergence by far. We therefore smoothen the problem by increasing
σu; with control costs σu = 1.0e-05, we achieve an optimal state ȳ which still satisfies
‖ȳ − yQ‖L2(Θ×Ω) = 1.70e-02 and the condition number of the optimality system – which
still sums up to 2.06e+07 – admits a stable optimal control ū. While ū develops a
regularized singularity at the jump of yQ, all snapshots of ȳ are regular; the singularities
which the optimal control developed before at the kinks of yQ in x-direction vanish, see
Fig. 4.6.
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Figure 4.6: The more regular optimal state-control pair gained by respecting the control costs.

The introduction of active control bounds Uad = [−1, 1] prevents that the optimal con-
trolled state ȳ matches the (smoothed) profile of the desired state yQ. Due to the small
control costs, the optimal control ū basically is of “bang-bang” type, taking most of the
values on the bounds {ua, ub}, see Fig. 4.7.
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Figure 4.7: The optimal state and the optimal control variable respecting the pure control constraints.

We proceed with the introduction of regularized state constraints. By application of
the Lavrentiev regularization technique, we skip the control constraints; otherwise, we
have to postulate a separation condition on the active sets of the pure control and the
mixed control-state constraints, see the introduction of Sec. 1.3.2. We recognize the
distribution-type impact of the control along the lines (t, x̂)t∈Θ for x̂ ∈ {−1

2 , 0,
1
2}; in

contrast to the unconstrained situation presented in Fig. 4.5, the control ū oscillates in
a neighborhood of the point (t̃, x̃) = (1, 0) where the state constraints are active. As a
consequence, the optimal state ȳ is driven below the state bounds in this neighborhood,
see Fig. 4.8.
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Figure 4.8: The optimal state and the optimal control variable respecting mixed control-state constraints.

If we apply penalization instead of regularizing the state constraints, the resulting opti-
mal state looks similar except of the area of active state bounds: Here, the state satisfies
ȳ ≈ yb around the critical point (t̃, x̃) while the state solution of the mixed Lavren-
tiev constrained problem just touches the upper state bound at x̃, see Fig. 4.9. The
penalization takes values of the order 1.0e-06.
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Figure 4.9: The optimal state and the optimal control variable respecting penalized state constraints.

Comparing the controls, we notice that the regularization impact of the Lavrentiev con-
trol has a damping effect; the discontinuity is less pronounced than for the control corre-
sponding to the penalized problem. Summarizing, the regularization effect of the Lavren-
tiev control is too strong to build up the active state set properly; at the same time, the
feedback of the regularization on the optimality of the control prevents the singular effects
required to build up the kinks in the state.

The calculation effort of the two strategies does not differ: 17 iterations were conducted
for the Lavrentiev problem, requiring 289.08 sec totally, where the penalized problem ran
258.03 sec and stopped after 15 iterations.

122



4.2. Model order reduction via proper orthogonal decomposition

In this section we study the impact of POD model reduction on the qualitative behavior
of the optimal controls and states, the behavior of the model reduction errors in terms of
different POD ranks, basis element constructions and update strategies and the efficiency
of POD reduced order modeling concerning the numerical effort and the calculation times.

4.2.1. Homogeneous proper orthogonal decomposition
In (1.26) & (1.27) we introduced a splitting of the state solution y into a controlled
homogeneous part and an uncontrolled inhomogeneous one, y = yu + ŷ where

ẏu(t) +Ayu(t) = Bu(t) in V ′ f.a.a. t ∈ Θ, yu(0) = 0 in H,
˙̂y(t) +Aŷ(t) = f(t) in V ′ f.a.a. t ∈ Θ, ŷ(0) = y◦ in H

which allows to define a linear control-to-state operator S : u → yu. This procedure
turns out to be very useful in the context of POD model reduction: One observes that
discontinuities of the initial value such as jumps or noise have a strong impact on the
POD elements, but not on the trajectory of the state solution if the dissipation in the
state equation dominates. Furthermore, due to the smoothing property of parabolic
equations, both the POD elements and the snapshots y(t) for t > 0 take values in V ;
accordingly, the progress of the heat flow may be represented essentially by just one or
two POD elements where the remaining ones are exclusively required to approximate an
initial value y◦ /∈ V .

We consider the setting of Run 1 with pure control constraints and control cost parameter
σu = 1.0e-01. Fig. 4.10 shows the optimal state ȳ and the decay of the model reduction
errors gained by the classical ansatz, using the trajectory of ȳ directly for the POD
basis generation, and of the modified one where the POD elements are generated by Sū.
Of course, the classical representation ȳ` ≈ ȳ is replaced by ȳ` + ŷ ≈ ȳ or ȳ` ≈ Sū,
respectively, if the modified basis choice strategy is applied.
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Figure 4.10: The state trajectory and the control error decay ` 7→ ‖ū − ū`‖L2(Θ,Rm) of inhomogeneous POD x
and homogeneous POD x. We observe that the errors decay faster for the homogeneous POD elements, but both
procedures reduce the errors to zero if the basis rank ` is chosen sufficiently large.
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Next we compare the first POD basis elements of the two strategies, see Fig. 4.11. The
classical ansatz generates POD functions which develop discontinuities at the jumps of
y◦ while the modified POD elements are smooth.
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Figure 4.11: The first six POD basis elements of the modified homogeneous basis generation strategy (left) and
of the the classical inhomogeneous one (right).

Fig. 4.12 shows the rank-` approximation of y(0) and y(1) for ` = 1, 2, 3, 4, 5 provided by
inhomogeneous POD elements. Since the shape of ψ3 is already dominated by the jumps
in y◦, just the first two basis functions are available for the approximation of y(t), t > 0,
while the remaining POD elements ensure an accurate approximation of the reduced
initial value. On the other hand, with the unregular POD elements, one achieves a far
better approximation of y◦ then with a Fourier series based on trigonometric functions,
for instance, cp. [8], Ex. 7.10: The POD solution does not develop oscillations at the
jumps of y`(0).
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Figure 4.12: The snapshots of y`(0) and y`(1) for the classical POD ansatz with different POD ranks `.
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Now we add noise on the initial value and repeat the investigations performed above.
Fig. 4.13 shows the optimal state solution with respect to the perturbed initial value
and the reduced model errors. Here, the classical basis construction does not lead to an
error decay on the level of the modified one; the error stagnates on a higher level instead
although the optimal trajectory was used to generate the POD elements.
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Figure 4.13: The state trajectory and the error decay of inhomogeneous POD x and homogeneous POD x in
case of noise covering the initial value.

The shape of the first three classical POD elements is similar to the situation without
noise. Nevertheless, already ψ2 contains oscillations of small amplitude; from the fourth
basis function on, the noise dominates the shape of the element, see Fig. 4.14.
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Figure 4.14: The first six POD basis elements of the modified homogeneous basis generation strategy (left) and
of the the classical inhomogeneous one (right) with noise.
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As before, the classical rank-five POD basis leads to a very good pointwise approximation
not only of the state snapshots y(t) for t > 0, but also of the chaotic initial value, see
Fig. 4.15. However, the stong oscillations of the POD elements ψl, l > 3, progressively
destabilizes the system matrices and the data projections of the classical reduced order
model.
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Figure 4.15: The snapshots of y`(0) and y`(1) for the classical POD ansatz with different POD ranks ` covering
noise.

Comparing the two methods, we see that the modified ansatz performs better in case
of challenging initial conditions; nevertheless, also the classical basis generation strategy
turns out to be rather stable versus perturbations in the initial value.

In all our tests, no notable difference appeared when different norms where used in the
construction of the POD operator R(y), see Fig. 5.4 in [62] where the impact of the
choices X = V and X = H was investigated. Further, the addition of time derivatives
ẏ or adjoint states p in the snapshot sample did not give a different decay behavior. In
the a-priori error estimes, Sec. 3.1, and for the convergence analysis, Thm. 3.5 & Thm.
3.6, however, the choice of the appropriate norms is essential, of course.

4.2.2. Balancing POD and FEM errors
We showed in Sec. 2.3 that the a-posteriori error bound for the residual between the
exact optimal control solution ū and a suboptimal control up can be splitted into (1) the
norm of a perturbation variable ζp depending on up which is calculated on a discrete level
and (2) the discretization error. Especially, when applied to POD model order reduction
where a dG(0)cG(1) discretization with an accuracy of ∆t + ∆x2 is used for the high-
fidelity model, it is not beneficial to decrease the exactness of the ROM error below this
level: In this case, only the residual ‖ū∆t,∆x − ū`∆t,∆x‖U is reduced while the effective
error ‖ū− ū`∆t,∆x‖U remains of the magnitude ∆t+ ∆x2. Moreover, the snapshots used
to built up the POD operator already contain the error of the high-fidelity model, so this
inexactness is included in the reduced-order optimality equations anyway.
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Run 3. To test POD models respecting high-fidelity accuracies, we construct a dis-
tributed control setting where the analytical solution is avaliable: We choose the 1D
domain Ω = (0, 2π), the time interval Θ = (0, π2 ), the control space U = L2(Θ,R),
the control operator (Bu)(t, x) = u(t) sin(x) mapping L2(Θ) → L2(Θ × Ω), the control
bounds [ua, ub] = [−5, 5] and the control costs σu = 1. To realize the optimal control-
state-adjoint state triple (ū, ȳ, p̄),

ū(t) = max(ub,min(ua, πσ
−1
u cos(t) + 10 sin(exp(2t)))),

ȳ(t, x) = cos(x exp(t)) sin(x),

p̄(t, x) = cos(t) sin(x),

as the solution to the shifted optimal control problem

min
u∈[ua,ub]

J̃(y, u) s.t. ẏ −∆y = f + Bu & y(0) = y◦

with modified objective function J̃(y, u) = J(y, u − uΘ), we select the following data
functions f, y◦, yQ, uΘ:

f(t, x) = − sin(x) sin(x exp(t))x exp(t) + sin(x) cos(x exp(t))

+ cos(x) sin(x exp(t)) exp(t) + cos(x) sin(x exp(t)) exp(t)

+ sin(x) cos(x exp(t))− sin(x)ū(t),

y◦(x) = sin(x) cos(x),

yQ(t, x) = sin(x) sin(t) + sin(x) cos(t) + ȳ(t, x),

uΘ(t) = 10 sin(exp(2t)).

Fig. 4.16 shows the optimal control and the optimal state.
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Figure 4.16: The optimal control term Bū = (Bū)(t, x) and the state solution ȳ = ȳ(t, x) of Run 3.
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The optimality equations of this shifted setting include the established state and adjoint
state equation for ȳ, p̄,

˙̄y(t, x)−∆ȳ(t, x) = f(t, x) + (Bū)(t, x), ȳ(0, x) = y◦(x),

− ˙̄p(t, x)−∆p̄(t, x) = ȳ(t, x)− yQ(t, x), p̄(T, x) = 0

together with the following shifted variational inequality for the control:

〈σu(ū− uΘ)− B?p̄, ũ− ū〉U ≥ 0 for all ũ ∈ [ua, ub];

one easily recalculates that the given triple solves these three optimality equations.

A determination of the growth constant C in (2.70) provides an upper a-priori bound
for the discretization error, but in practice usually leads to a significant overestimation
of the actual errors even if the generic constants arising in the single proof steps of [94]
are balanced in an appropriate way. To achieve strict, but not necessarily rigorous error
bounds, it has proved to be advantageous to estimate C by simply comparing the control
residuals on time-space grids of different acuteness. More precisely, we state the heuristic
postulation

Err(∆t,∆x) = ‖ū− ū∆t,∆x‖U
!

= Ct∆t+ Cx∆x2

and define C = max(Ct, Cx) where the constants Ct, Cx > 0 are determined by

Ct =
1

(∆t)(1)
‖ū(∆t)(1),∆x − ū(∆t)(2),∆x‖U , (∆x)2, (∆t)(2) � (∆t)(1),

Cx =
1

(∆x)2
(1)

‖ū∆t,(∆x)(1)
− ū∆t,(∆x)(2)

‖U , (∆x)2
(2),∆t� (∆x)2

(1).

We call (∆t,∆x) 7→ C · (∆t+ ∆x2) or

Ind : (∆t,∆x) 7→ Ct∆t+ Cx∆x2,

respectively, an error indicator. Fig. 4.17 (left) demonstrates the correlation between
the time discretization on a fine spatial grid (red) and the space discretization using a
fine time grid (blue) on one hand and the corresponding discretization error on the other
hand. In Fig. 4.17 (right) we observe that for our chosen setting, the error indicator
indeed comes very close to the actual errors already for any discretization parameter pair
(∆t,∆x) with ∆t,∆x2 < 1.0e-01 (but does not provide an upper bound in general).

In the succeeding application of these results on reduced order models, we select the
parameters

((∆t)(1), (∆t)(2),∆x) = (3.08e-01, 1.57e-03, 3.14e-02)

to estimate Ct = 2.00e-01 over a coarse and a fine time grid and

(∆t, (∆x)(1), (∆x)(2)) = (3.93e-03, 2.99e-01, 6.22e-02)

to estimate Cx = 1.84e-01 over a coarse and a fine spatial grid.
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Figure 4.17: In the left graphic, we see the discretization error functions ∆t 7→ Err(∆t, εx) for ε2x � 1.0e-04 x
and ∆x2 7→ Err(εt,∆x) for εt � 1.0e-04 ?. We observe the similar linear behavior of the two error functions in
logarithmic scales so that good indicators for the discretization errors can be expected both with the constant
C or with Ct, Cx. On the right, we plot values of the error indicator Ind(∆t,∆x) − versus the actual errors
Err(∆t,∆x) x. If the time and space grids are not too coarse, we obtain rigorous estimates.

Remark 4.4. Let ψ∆x ∈ V `
∆x be a rank-` POD-basis. A stagnation of the control errors

Ērr`(∆t,∆x) = ‖ū− ū`∆t,∆x‖U

of the corresponding POD model can have different causes:

• The chosen basis rank may be still too small to build up an accurate reduced order
model. If the optimal state trajectory ȳ∆t,∆x is too complex to be represented with the
actual ` POD elements, enlarging ` may decrease Ērr`(∆t,∆x) on the desired level.

• The space spanned by the snapshots of the reference trajectory ỹ∆t,∆x building up
the POD operator R(ỹ∆t,∆x) is already exploited. In this case, the additional POD
elements generated to the eigenvalue zero (or in fact of the mashine accuracy) may carry
numerical errors dominating the effect of basis expansion, so in total, the destabilizing
effects of the new basis vectors may cause even a worse approximation quality. Then
a basis update is required.

• Ērr`(∆t,∆x) reached the level Err(∆t,∆x). In this case, the quality of the reduced
order control solution ū`∆t,∆x can be improved only if the accuracy of the high-fidelity
model is improved.

In Alg. 4.4 we propose to choose a minimal and a maximal basis rank `min, `max at the
beginning and to increase the reduced model rank frequently, starting with ` = `min,
until the residual

Err`(∆t,∆x) = ‖ū∆t,∆x − ū`∆t,∆x‖U

decays below the high-fidelity accuracy Ind(∆t,∆x) or ` = `max is reached; in the latter
case, a basis update is provided, choosing the lastly determined reduced control ū`max

∆t,∆x

to calculate a new snapshot sample, and the model rank is reset on the value ` = `min.
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Algorithm (Balanced Reduced Order Modeling)

Require: Ranks `min < `max, steps ∆t,∆x, POD basis ψ∆x ∈ V `max
∆x , ] updates jmax.

1: Estimate the a-priori error ε1 = Ind(∆t,∆x). Set j = 1, ` = `min.
2: while j ≤ jmax do
3: Select ψ`∆x = (ψ1, ..., ψ`), the first ` elements of ψ∆x.
4: Calculate the control solution ū`∆t,∆x to the rank-` model.
5: Estimate the a-posteriori ROM error ε2 = Err`(∆t,∆x).
6: if ε2 ≤ ε1 then
7: return control ū`∆t,∆x (optimal accuracy reached)
8: else if ` < `max then
9: Set ` = `+ 1. (enlarge POD basis)

10: else
11: Calculate a new POD basis ψ∆x ∈ V `max

∆x . (update POD model)
12: Set ` = `min and j = j + 1.
13: end if
14: end while

Alg. 4.4: We extend the adaptive POD reduced order modeling presented in Alg. 3.1 by balancing the errors of
the high-fidelity model and of the reduced order one.

Fig. 4.18 illustrates the effects described in Rem. 4.4; for the initial POD basis, we choose
the snapshots ỹ∆t,∆x corresponding to the initial control guess ũ ≡ 1.
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Figure 4.18: With 6400 equidistantly distributed time
points and 500 equidistantly distributed spatial grid points,
we receive the discretization parameters ∆t = 2.45e-04 and
∆x = 1.26e-02. Using the growth constants Ct = 2.00e-01
and Cx = 1.84e-01 estimated before, we expect an accuracy
of Ind(∆t,∆x) = 7.82e-05 for the high-fidelity model.

Now, for small basis ranks `, both the exact error
Ērr`(∆t,∆x) � between the POD solution ū`∆t,∆x and the
exact solution ū and the high-fidelity error Err`(∆t,∆x)
? between the POD solution ū`∆t,∆x and the discrete so-
lution ū∆t,∆x stagnate. Enlarging the basis rank on the
value ` = 15 decreases the model error on the optimal level;
a further extension of the POD basis has no impact on the
exact error, so a continuing reduction of the high-fidelity
error in not recommendable. In particular, no basis update
is required.

In this test, both the a-priori bound x and the a-posteriori
error estimator • are rigorous.

In [60], we considered in addition the effect of a reference snapshot sample ỹ(1)
∆t,∆x which

occurs as a low-order perturbation of the previous one, ‖ỹ∆t,∆x − ỹ(1)
∆t,∆x‖L2 < 1.0e-07.

Since the resulting impact of the noise on the reduced order model turns out to be
of the magnitude 8.73e-04, the model reduction errors Err`(∆t,∆x) or Ērr`(∆t,∆x),
respectively, cannot be decreased on the level of the high-fidelity accuracy by an extension
of the POD basis rank in this situation; a basis update is required instead.
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We finish this example with a look at the reduced state solutions for different basis ranks.
Fig. 4.19 shows the convergence of the reduced flows ȳ`∆t,∆x towards the optimal ȳ∆t,∆x

for increasing `.

Figure 4.19: The profiles of the reduced state solutions ȳ`∆t,∆x for ` = 1, 2, 3, 4, 12 and the optimal high-fidelity
optimal state ȳ∆t,∆x (from left to right and up to down).
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4.2.3. Adaptive POD basis updating
Consider again the test example with mixed control-state constraints presented in Run
2, Fig. 4.8. We choose the control costs σu = 1.0e-01 and the Lavrentiev parameter
ε = 1.0e-01. We compute the reference trajectory ỹ as the solution the homogeneous
PDE with initial admissible control guess ũ ≡ 1, compute the corresponding POD basis
ψ0, solve the reduced-order optimality system and calculate an a-posteriori error bound
for the reduced control solution ū`. Fig. 4.20 (left) shows that the expected accuracy
1.0e-04 of the full-order model is reached with this arbitrary selection of ũ if ` ≥ 8 basis
elements are selected to build up the reduced order model x. Furthermore we observe
that if a basis update is provided, using the POD control which was calculated right
before, the first thirteen elements of the new POD elements ψ1 • generate a model of
exactly the same accuracy as the optimal rank-13 basis ψ̄ � while neither an expansion
of ψ1 nor a second basis update ψ2 ? lead to a further decrease of the error between the
full-order and the reduced-order control solution.

Fig. 4.20 (right) presents the exact reduction error • of the model generated by ψ0 (which
is not available in practice, of course), the a-posteriori error bound x which matches the
actual error perfectly and the decay of eigenvalues related to the POD operator ? which
essentially decrease with the same order as the model error.
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Figure 4.20: The control error decay of different POD bases generated with the adaptive strategy presented
in Alg. 3.1 (left) and the behavior of a-priori error indication basing on the POD-related eigenvalues as well as
a-posteriori error estimation for the model parameters σu = 1.0e-01 & ε = 1.0e-01.

In case of a weaker regularization of the problem, σu = 1.0e-02 and ε = 1.0e-05, the
initial POD basis does not include enough information about the optimal trajectory to
decrease the reduction error on the level of the high-fidelity accuracy x: After reaching
an exactness of 3.5e-03, the error stagnates there, regardless of how many additional
POD elements are added to the reduced model. Here, only a basis update • can trigger
the error below the desired value 1.0e-04, requiring a basis rank of at least ` = 15; an
additional update ? neither reaches this level with less basis elements nor leads to a
further reduction of the model error for ` > 15 although the accuracy 1.0e-09 of the
optimal ROM model � is not achieved by far.
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Concerning the error estimation, we observe that the a-posteriori error estimator x overes-
timates the actual error • by the factor 10 (notice that this error bound antiproportionally
depends on σu) while the decay of eigenvalues ? gives no indication for the decrease of
the model reduction error in this situation.
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‖ū–u(ψ0)‖
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Figure 4.21: The control error decay of different POD bases generated with the adaptive strategy presented
in Alg. 3.1 (left) and the behavior of a-priori error indication basing on the POD-related eigenvalues as well as
a-posteriori error estimation for the model parameters σu = 1.0e-02 & ε = 1.0e-05.

The solving of the full-order optimality system takes 257.72 sec, requiring 20 actualiza-
tions of the active sets. In contrast, the rank-15 reduced-order optimality system has
to be solved two times since a basis update is required. The first POD model suffering
from unmodeled dynamics takes 22 solution steps where the updated one reaches the
equilibrium in 11 steps; together, the solving requires 31.44 sec which is 12.20% of the
full-order calculation time. Of course, additional effort arises for the ROM procedure:
The calculation of the snapshots (2×0.04 sec), the solving of the singular value decom-
position (2×0.08 sec), the evaluation of the a-posteriori error estimator (2×0.26 sec) and
the estimation of the growth constants for the a-priori bound (1×6.05 sec). Alltogether,
the calculation time of the reduced order model sums up to 38.25 sec which is equivalent
to 14.84% of the full-order one.

4.2.4. OS-POD basis updating
Right above we have seen that the number of active set updates can by reduced essentially
if the quality of the POD basis is improved. Since the most expensive part of ROM still
is the solving of the reduced optimality system, the additional effort of the augmented
OS-POD procedure may pay with respect to the calculation time also in situations where
the adaptive basis updating leads to the desired accuracy as well.

To avoid the numerical costs in the OS-POD routine caused by repeatedly switching be-
tween updating the POD basis and solving the reduced optimality equations, we propose
to provide several iterative gradient steps according to Alg. 3.1 which are cheap since
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no coupled systems have to be solved. The control gained in this way usually does not
represent a satisfying approximation of the optimal one, but contains sufficient informa-
tion to generate an accurate reduced order model for the coupled equations (3.64c) &
(3.64d) considered in the variant Alg. 3.2a:

Algorithm (Optimality System Proper Orthogonal Decomposition)
Require: Control u◦, penalty w◦, rank `, initializations kmax, tolerance εtol.
1: Initialize u = u◦, w = w◦ & k = 0.
2: Run the loop (lines 3-10) in Alg. 3.2 k times to get an accurate POD basis ψ.
3: Solve the coupled rank-` system (3.32) for (y, p, u, ω); set w = 1

ε (ω − I(ψ)y).
4: Determine the a-posteriori error bound β (2.37).
5: Return (u,w, β)

Alg. 3.2b: An iterative optimality system proper orthogonal decomposition strategy which uses iterative gradient
steps for a coarse approximation of the optimal control and generates a coupled ROMmodel with the corresponding
state snapshots which is solved just once, using a more expensive, more accurate method (PDASS).

In Fig. 4.22 we compare the numerical efficiency of the adaptive basis updates (Alg. 3.1a)
with the OS-POD basis construction strategy (Alg. 3.2b) for the optimal control problem
with penalized state constraints (Fig. 4.9). The left graphic shows that without a basis
update, the control error stagnates at 1.0e-02 above the desired exactness x while both
an adaptive basis update • and a gradient-step based OS-POD update ? hit the optimal
POD model �. A comparison of the calculation times is provided in Fig. 4.23.

On the right we see that for smaller regularization parameters, one OS-POD step is
not sufficient to decrease the reduction error on the high-fidelity accuracy: The error
stagnates on the level 1.0e-02 •. Also a second OS-POD update leads to no notable
improvement ? while the third gradient-based basis construction � matches the accuracy
of the optimal POD basis x.
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Figure 4.22: The left graphic shows the accuracy of the different basis updating strategies. The right graphic
presents the effect of repeated OS-POD application.
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Figure 4.23: A comparison of the calcluation times between the itera-
tive basis update acc. to Alg. 3.1a and the OS-POD basis construction
acc. to Alg. 3.2b reveals that the OS-POD procedure saves computa-
tion costs of 42%. With both strategies, two POD bases have to be
determined by providing a singular value decomposition of the accord-
ing snapshot sample, but the additional calculations required for the
OS-POD gradient steps are significantly cheaper than the two-times
assembling and solving of the reduced state-adjoint state optimality
system with the primal-dual active set strategy.

4.2.5. Robustness of POD model order reduction
In the next test, we study the behavior of reduced-order modeling in case of systems
which are badly scaled. For this purpose, we select a cost parameter σu which is close
to zero, a discontinuous desired state, and generous control bounds which allow strong
oscillations of the resulting bang-bang type control.

Run 4. Let yQ ∈ L2(Θ×Ω) be defined as yQ(t, x) = −2x− 2t+ 2tx+ 2x2 for t < x and
yQ(t, x) = 0 otherwise for t, x ∈ [0, 1] and let y◦(x) = −2x(1− x) = yQ(0, x). We choose
the control bounds ua = −100, ub = 100 and the cost parameter σu = 5.0e-10. Fig. 4.24
illustrates the desired state and the optimal control-state pair of the full-order model.

The problem setting is challenging not only because of the jump in yQ, but also because
of the information transport: The shape of the initial value both has to be shifted to
the left boundary of Ω though the PDE includes no transport term and the diffusion
effect has to be eliminated by the control. In the control term, we recognize not only
the regularized δ-distribution part required to enforce the jump in the PDE solution, but
also strong oscillations in the neighborhood of the line t = x. Carried over to the state
solution, we see that these oscillations cause a fold by multiple changes of the first-order
derivative in the direction (τ, ξ) = (1, 1) along the critical line.
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Figure 4.24: The desired state yQ = yQ(t, x), the
optimal state ȳ = ȳ(t, x) and the optimal control
term Bū = (Bū)(t, x).

According to the small regularization parameter σu,
the control term gets singular on the crack t = x
where yQ jumps. The optimal state solution sub-
stantially resembles the discontinuous shape of the
desired state, but we still recognize a smoothing of
the edge and a slight shift of the jump.
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Fig. 4.25 presents the reduced order model solution gained by OS-POD. We see that a
good approximation of the state solution is provided while the ROM control strongly dif-
fers from the high-fidelity optimal control. Of course, the strict convexity of the objective
function J and hence the uniqueness of the control solution gets lost due to the slight
consideration of control costs. Accordingly, the control residual and the corresponding
a-posteriori error bound do not provide practicable measures for the ROM efficiency,
one should regard the residual of the state instead which dominates the value J in this
configuration.
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Figure 4.25: The optimal state and the optimal control of the rank-12 reduced order model. Here, the mutual
updating of the POD basis and solving of the coupled reduced optimality system proposed in Alg. 3.1a is required
to obtain good POD bases. The ROM optimization process stops after five OS-POD steps, each initialized by
four gradient steps, reaching a state residual of ‖ȳ − ȳ`‖L2 < 1.0e-02. The corresponding objective residual
|J(ū) − J(ū`)| decays below the squared level 1.0e-04 since the control residual which ammounts to the value
‖ū − ū`‖2U = 3.40e+05 is compensated by the cost parameter σu = 5.0e-10 and hence has no impact on the
magnitude of J this time.

In Fig. 4.26 we illustrate the improving quality of the optimal reduced-order state ȳ` for
increasing ROM ranks `. We recognize that all state solutions are covering uniformly
distributed oscillations; for increasing `, the frequency of the disturbance increases while
its amplitude decreases, improving the L2 approximation of ȳ in total.
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Figure 4.26: The ROM state solutions ȳ` for POD basis ranks ` = 2, 4, 8, 12.

Fig. 4.27 shows that the ROM control and state errors can be reduced on the level 1.0e-04
both with iterative basis updates and different numbers of OS-POD gradient steps. The
qualitative difference is the number of POD basis elements required to reach this level:
The more effort is invested in the basis construction, the less POD functions are required
to build up an accurate reduced-order model.

With an adaptive basis update x, at least 24 POD elements are needed to reach the
desired exactness. If the basis construction is provided by a gradient step •, one can
do with nine basis elements less; when performing two OS-POD steps ?, twelve POD
elements are sufficient and with four OS-POD steps �, the exactness of the rank-10 model
is satisfactory already.

Since the effort needed to solve the reduced-order optimality system is reduced for smaller
basis ranks while the effort of getting an accurate, short basis of the requested quality by
an increasing number of OS-POD steps grows, we have a closer look at these competitive
effects.
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Figure 4.27: The control residuals (left) and state residuals (right) for different POD bases.

Fig. 4.28 shows how the expense of the basis construction and the resulting effort of the
ROM solving balance; in the example concerned here, the four OS-POD steps pay at the
end: Compared to the adaptive updating, the calculation time for the basis construction
nearly increases by the factor five (from 23.40 sec to 112.56 sec), but the computational
effort of the ROM solving decreases to 26.34% in return (from 394.38 sec to 103.89 sec).
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Figure 4.28: The different calculation times
needed to reduce the ROM error in the state
variable on the level 1.0e-04.

Comparing the iterative updates with the four
OS-POD initialization steps, the computational
effort is distributed as follows across the single
ROM steps:

Process Alg. 3.2a Alg. 3.1a

Determine snapshots 3.46 sec 1.37 sec
Provide gradient step 51.54 sec 0.00 sec
Solve eigenvalue problem 57.56 sec 22.03 sec
Solve reduced system 103.89 sec 394.38 sec
Evaluate error estimator 2.31 sec 4.55 sec

Total 222.48 sec 427.69 sec

Up to now, we have not considered problems where control and (penalized) state con-
straints are active at the same time. We have seen that for any regularization parameter
ε > 0, this problem type can be transformed to an optimization task with pure control
constraints. Numerically, however, problems similar to those appearing for pure state
constraints may arise if the time-space grid is chosen too coarse in comparison with the
smallness of ε.
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In the following, we consider a larger control cost parameter σu = 1.0e-04, the penal-
ization parameter σw = 1.0e-04 and the regularization parameter ε = 1.0e-05 of the
penalized state constraints. We take into account pointwise state bounds y(t, x) ≤ 0 on
the whole domain Ω, i.e. I = Id.

Fig. 4.29 shows the desired state, the optimal state, the optimal control and the optimal
penalty. We observe that the smoothing and shifting of the jump in yQ is stronger here;
a close approximation ȳ ≈ yQ as before is not possible since control costs are taken into
account this time. Similar to Fig. 4.4, the activity of w essentially is limited to the
boundary between the active and inactive domains of the state. Of course, w = 0 holds
where y takes negative values. The magnitude of the maximal pointwise state bound
violations is limited by ε · ‖w‖∞ = 3.57e-06.
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Figure 4.29: The desired state yQ = yQ(t, x), the optimal state solution ȳ = ȳ(t, x), the optimal control term
Bū = (Bū)(t, x) and the optimal penalty variable w̄ = (Iw̄)(t, x).

In [59], Run 2, we observed an appropriate behavior for transport dominated convection-
diffusion equations with active control and state constraints of the type discribed in Ex.
1.16.1. Fig. 4.30 shows the performance and calculation times of different ROM models.
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Figure 4.30: We observe that in contrast to the previous test, the control residuals corresponding to the initial
basis x stagnate independent of the chosen basis rank: The model definitely requires a basis update. The different
basis update strategies – one adaptive step •, two adaptive steps ? or one OS-POD step � – result in decay orders
comparable to the optimal one �.

Concerning the computational effort, the initial basis, the OS-POD update and the optimal POD elements lead
to nearly identical calculation times. However, the optimal model is not available in practice and the initial one
is not accurate. The adaptive updates cause up to twice as much calculation time as OS-POD; with model rank
` = 40, this effort reaches the one of the full-order model while OS-POD can save 50% of the calculation time.

We finish our numerical test runs with a state constrained optimal control problem in
2D spatial dimensions. Here, the POD model reduction is more efficient than in 1D due
to the so-called “curse of dimensionality“: Balancing the time steps and the spatial cell
diameters, the dG(0)cG(1) discretization suggests to choose ∆t ∼ ∆x2, so a uniform
discretization of the intervals Ω = [0, 1], Θ = [0, 1] leading to an accuracy of the order
ε = 1.0e-04 requires 10000 time points and 100 spatial points; a rank-10 POD basis
reduces the computational effort of solving the reduced-order optimality system down
to 10%. In contrast, a twodimensional domain Ω = [0, 1] × [0, 1] requires 10000 spatial
points, so a rank-50 POD basis still reduces the calculation time down to 0.5%.

Run 5. Let Ω = [0, π]× [0, π], Θ = [0, π2 ] and yΩ(x1, x2) = min(sin(x1) sin(x2), 1
2). Fig.

4.31 shows the desired state and the optimal state, control and penalty.
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Figure 4.31: The desired state yQ = yQ(t, x), the optimal state solution ȳ = ȳ(T, x), the optimal control term
Bū = (Bū)(T, x) and the optimal penalty variable w̄ = (Iw̄)(T, x).

Fig. 4.32 presents the behavior of adaptive vs. OS-POD basis updates for this example.
To avoid the effort of solving the full-order optimization problem, we compare the a-
posteriori error estimates instead fo the control errors themselves this time. One observes
that the adaptive basis construction fails here: The POD errors of the initial control
guess ũ ≡ 1 x stagnate on the level 3.0e+00, one adaptive basis update • leads to
no improvement and a second update ? even results in divergence of the optimizer,
destabilizing the ROM system components for ` = 30; with further updates, this effect
occurs for all ranks `. Notice that a failure of the optimization process prevents to
continue with the adaptive ROM routine since no control output is available to generate
new snapshots and new POD elements. On the other hand, the OS-POD strategy �
works here, iterative gradient steps continuously improve the reduced-order model and
induce a slow reduction of the POD error.
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Figure 4.32: The a-posteriori error bounds for the
adaptive and the OS-POD basis construction strategy.

In [61] we already studied this example on a coarse
grid; there, one adaptive basis update managed to de-
crease the ROM error below 1.0e-01. Furthermore, the
a-posteriori error bounds were close to the actual con-
trol error; the overestimation was of a factor smaller
than 10.

Fig. 4.33 shows the improvement of the third POD element after one, two, four and eight
OS-POD steps.
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Figure 4.33: The third POD element on different update levels.

Matching the numerical results we presented here, we demonstrated in [59], Run 1, that
also for boundary control problems of the type presented in Ex. 1.16.2, the POD elements
generated by several OS-POD steps quickly converge towards the elements of the optimal
POD basis. Further, the OS-POD model indeed matches the approximation quality of
the optimal POD model there.
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Conclusion

Several aspects of reduced order modeling adressed in this work can be continued: While
we fixed the regularization and cost parameters in our analytical investigations, a connec-
tion of the recent convergence analysis postulated in the mentioned references with POD
and OS-POD is motivated by our numerical tests. Another challenging concept is the
extension of the presented convergence analysis for the iterative solving of the OS-POD
problem on the more efficient techniques we used in our modified algorithms, providing
improved bounds and needing less restrictive assumptions on the data.

Up to now, the performance of OS-POD for nonlinear partial differential equations to-
gether with control and state constraints has not been considered. A generalization of
the presented results on the field of nonlinear fluid dynamics is desirable [30], concerning
the actual activity of this field on one hand and the mathematical challenges arising for
this problem type on the other hand.

Further, different requirements arise in the context of closed-loop control with POD
model order reduction for infinite horizon control problems: Determining a feedback law
via dynamic programming can be provided by solving a corresponding Hamilton-Jacobi-
Bellman equation which in practice is not possible for more than, let’s say, five equations
[2]. Gaining accurate POD models of such a small rank may exceed the linear subspace
methods we discussed here even if OS-POD is applied; a combination with a nonlinear
approximation method such as the so-called parametrized manifolds [37] could be an
appropriate way to deal with these demands.
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