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Optical absorption by Dirac excitons in single-layer transition-metal dichalcogenides
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We develop an analytically solvable model able to qualitatively explain nonhydrogenicexciton spectra observed
recently in two-dimensional (20) semiconducting transition-metal dichalcogenides. Our exciton Hamiltonian
explicitly includes additional angular momentum associated with the pseudospin degree of freedom unavoidable in
20 semiconducting materials with honeycomb structure. We claim that this is the key ingredient for understanding
the nonhydrogenic exciton spectra that was missing so far.

Introduction. Following the discovery of graphene [1],
two-dimensional (2D) materials have experienced a boom over
the last decade [2]. One of their most prominent representatives are transition-metal dichalcogenides (TMDs) with the
stochiometric formula M X2, where M represents a transition
metal, like Mo or W, and X stands for a chalcogenide (S, Se,
or Te) [3]. In contrastto the parent bulk crystals TMD mono layers are direct band-gap semiconductors [4,5] with a band gap
in the visible spectrum. Practical applications of2D TMDs are
already envisaged [6] with the emphasis in optoelectronics [7]
and photodetection [8], where optical absorption plays a
central role. It is therefore of utmost importance to understand
the dominating optical absorption mechanism in 2D TMDs,
which has strong excitonic character [9- 18].
An exciton is a bound state of an electron and a hole which
are attracted to each other by the Coulomb force [20]. The
electron-bole (e-h) pair in 20 semiconductors has usually been
described as a 2D hydrogenlike system with the reduced mass
1
1
IL-l = m; + mh" and the excitation spectrum [21],

Eb = e4 JL/(2E 2h2). As compared with Eq. (1), this spectrum
shows much better agreement with the measurements [10,11],
Fig. l , and, along with the effective Hamiltonian (8), represents
our main finding.
Effective exciton Hamiltonian. The rigorous derivation of
an exciton Hamiltonian for 2D TMDs involves coupling of
two massive Dirac particles [38-42] that is not analytically
tractable even in the limit of zero mass [4~5]. We therefore
derive an effective exciton Hamiltonian that is inspired by the
one-particle Hamiltonian for a given valley and spin [37],
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where tan 9 = ky/ kx, and v is the velocity parameter which can
be either measured [19] or calculated [37]. This Hamiltonian
already contains an interband coupling via off-diagonal terms,
such that the electron and bole states are not independent even
without Coulomb interactions. This observation alone suggests
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where e is the elementary charge, E is the dielectric constant,
his the Planck constant, and n = 0, 1,2 ... ,m = 0,±1, ±2 are
the radial and magnetic quantum numbers, respectively. The
fundamental band gap 11 is effectively reduced by the binding
energy Eb = 2e4 JL/(Eh)2. However, the exciton spectrum in
20 TMDs [10,11,22] does not resemble the conventional
Rydberg series (1). A few previous attempts to solve the
problem involve non-Coulomb interactions [23- 26], exciton
p states [27], Berry phase [28,29], and multiple ab initio and
other numerical calculations [15, 18,3~35]. Despite extensive
theoretical efforts, a simple analytical model that provides
insight into the exciton problem is still missing. In this Rapid
Communication we show that a proper model bas to account
for the interband coupling between electron and bole states,
the strength of which bas been quantified as ''Diracness" [36],
inherited from the single-particle effective Hamiltonian for
carriers in TMDs [37]. We find that the excitation spectrum for
the experimentally relevant regime 11 » Eb (shallow bound
states) reads
4
e JL

1
Enj = 11 - 2E2fi2 (n + ljl + 1/2)2'

(2)

where j = m + 1/2 is the total (i.e., orbital and pseudospin [37]) angular momentum. Here, the binding energy is
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FIG. 1. Exciton spectrum for some 20 TMDs: theory and measurements. The environment is Si02 in both cases with the dielectric
constant E = 3.9, i.e., the interaction constant ex = e2 /(..fitnv) is
determined solely by the band parameter v. Only s states with m = 0
in Eq. (1) or with j = ±1/2 in Eq. (2) are optically active. The
measurements for WS2 and WSe2 are taken from Refs. [10] and [11]
respectively. The calculations have been performed for WS2 with the
band gap f> = 2.4 eV, !iv = 1.25 eV x 3.197 A [19] and resulting
interaction parameter ex = 0.65, and for WSe2 we take f> = 1.97 e V,
!iv = 1.13 eV X 3.310 A [19] with resulting rx = 0.7. The arrows
highlight the difference in binding energies evaluated from Eqs. ( 1)
and (2).
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the possibility that atypical quantum effects can play a role in
bound states.
Let us now derive an effective-mass model that takes into
account the pseudospin degree of freedom, which makes the
electron and hole states entangled via off-diagonal terms in
Ht. The eigenvalues of (3) are ±J(!ivk)2 + f12/4, which
in parabolic approximation suggest the same effective mass
m e,h = !1 /(2v2 ) for electrons and holes. The excitonic reduced
effective mass should therefore be IL = f1 /(4v2) with the
bound-state spectrum given by Eq . (1). A somewhat more
comprehensive parametrization of the single-particle Hamiltonian [36,46], !1/2-+ !1/2 + !i2k2f2m 0 , j ust leads to the
renormalization of the exciton mass 1/ IL = 4v 2f !1 + 2/ m0 .
We assume that the center of mass does not move for
an optically excited e-h pair [20], and the electron and
hole momenta have the same absolute values but opposite
directions. The two-particle Hamiltonian without Coulomb
interactions is therefore given by the tensor product [47]
H2 = Ht ® /2 - h ® (T Ht T - 1) (here /2 is the 2 x 2 unit
matrix, and T Ht r -• is the time reversal of H 1), and reads
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and tan 8 = 2/ivkf!1, Eq. (4) can be block diagonalized into
a matrix H2 = H2+ EB H2- with
9

livke;

~ ± J!i2v2k2 + ~2

H 2+ and H2- have the eigenvalues Et,3 and E2,4 correspondingly with only the former describing the excitons we are
interested in. The diagonal terms in (6) can be written within
the effective mass approximation, but the matrix remains in the
peculiar mixed " Dirac-SchrOdinger" form: The off-diagonal
"Dirac" terms hvke%i9 couple the "SchrOdinger'' states. Our
goal is to write an effective-mass Hamiltonian which mimics
this feature, but remains tractable at the analytical level. The
minimal Hamiltonian which fulfills these criteria reads

(7)
There is only a single parabolic branch E1c
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FIG. 2. (a) Four branches in the spectrum of noninteracting twoparticle Hamiltonian (4). (b) Possible configurations of two particles
corresponding to these four branches. The first configuration with the
positive energy is an exciton. The fourth configuration corresponds
to the opposite situation where the electron remains in the valence
band, and the hole is in the conduction band. There are two possible
configurations with zero energy, where both particles are in the same
band. (c) The two branches of the effective exciton Hamiltonian (7)
shown by solid curves and the bound states (2) depicted by the dashed
lines. One of possible optical transitions is shown for a given radiation
frequency w. Note that only the states with j = ± 1/2 in Eq. (2) are
optically active in one-photon processes.
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The Hamiltonian H2 has four eigenvalues: £ 1.4 =
±2Jh2 v2 k2 + !12/4, £ 2.3 = 0 depicted in Fig. 2(a) with
their physical meaning explained in Fig. 2(b). Using the
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the spectra of H2_rr; see Fig. 2(c). The other branch Eo = 0
is dispersionless, as it should follow from the more rigorous
model Hamiltonian H2. The remaining task is to switch on
the Coulomb interaction V (r) = -e2/ Er and change the
momenta to the corresponding operators. Using notations of
Eq. (3) we write the resulting Hamiltonian as

fl

=

(21l~v2 (f; + k; ) + V(r)
.../2.!iv(fx + iky)

.../2.hv(kx - iky)) '

!1 + V(r)

(8)

which contains no pseudodifferential operators, such as
that we would have to deal with starting
directly from Eq. (6). Before solving the Hamiltonian in a
strictly quantum-mechanical manner, we should keep in mind
the following approximations involved. Our model (8) has
not been obtained directly from the original 4x4 model (4)
of coup led 2D Dirac fermions-indeed, the decoupling
transformation (5) depends on the lattice momentum k and
therefore does not commute with the potential V (r ). Strictly
speaking, the transformation would generate corrective terms
that are neglected in the present treatment. Furthermore, as a
consequence of the underlying relativistic structure of Dirac
fermions, the relative momentum k is not decoupled from the
center-of-mass momentum of the exciton, and our treatment is
thus valid only in the exciton rest frame. However, (relativistic)
corrective terms are expected to be small in experimentally
relevant situations due to the rather large gap !1 in 2D TMDs.
The major merit of our model (8) is to reproduce the relevant

.J!12/ 4 + !i2u2P
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excitonic bands while retaining the off-diagonal terms whose
manifestation we are investigating here.
Excitonic spectrum. In order to solve the spectral problem
Ĥ nm = Enm nm we employ polar coordinates {ϕ,r} and
deﬁne the following dimensionless quantities:
√
√
E
2
e2
ε = , λ = 1 − ε, ρ = λ
r, α = √
.

v
2 v
Note that ε < 1 because we are interested in the bound states
with the energies below . We look for the solution in the form


F (ρ)eimϕ
nm = ρ |m|
,
(9)
iG(ρ)ei(m+1)ϕ
and the equations for the radial parts read


2|m| + 1 ∂F
1 ∂G |m| + m + 1
∂ 2F
+
−
+
G
∂ρ 2
ρ
∂ρ
2λ ∂ρ
ρ


1
α
1
+
+ 2−
F = 0,
(10)
2λρ
4λ
4
|m| − m
∂F
2α − λρ
F+
+
G = 0.
ρ
∂ρ
2ρ

(11)

The equations can be now decoupled easily. From Eq. (11)
we obtain


|m| − m
∂F
2ρ
+
F
(12)
G=−
2α − λρ ∂ρ
ρ
and the equation for F reads


∂ 2F
∂F
2|m| + 1
+ f (ρ)
+
∂ρ 2
ρ
∂ρ


α
1
|m| − m
+
− + f (ρ)
F = 0,
2λρ
4
ρ

(13)

where
2α
f (ρ) =
.
(2α − λρ)[2αλ + (1 − λ2 )ρ]

(14)

In the formal limit α → ∞ we have G = 0, and the f (ρ)dependent terms in (13) are neglected. Using the asymptotic
behavior at ρ → ∞ and making the substitution F̃ = F e−ρ/2
we arrive at the conﬂuent hypergeometric equation


∂ 2 F̃
∂ F̃
α
1
ρ 2 + (2|m| + 1 − ρ)
+
− |m| −
F̃ = 0.
∂ρ
∂ρ
2λ
2
(15)
α
The wave function must vanish at ρ → ∞, thus, 2λ
− |m| −
1
=
n
must
be
a
positive
integer
or
zero
and
the
spectrum
2
is given by (1). This result is expected at α → ∞ because
the diagonal (i.e., “Schrödinger”) part in the Hamiltonian (8)
dominates in this limit. This regime is however unphysical
since the bound states cannot lie deeper than the band gap
size, so that the conventional series (1) cannot be realized in
2D TMDs.
The opposite regime of small α makes the discrete levels
Enm be closer to the bottom of the continuous spectral
region that results in smaller λ. This is the shallow bound
states approximation relevant for excitons because the binding

energy is much smaller than the band gap even for 2D TMDs.
Note, that λ is of the same order as α, thus, ρ 2  ρ and f (ρ) ≈
1/ρ. The asymptotic behavior of F at ρ → ∞ is F = e−ρ/2
and F = ρ γ at ρ → 0, where γ = |m + 1/2| − (|m| + 1/2).
Hence, we make the substitution F = F̃ ρ γ e−ρ/2 , and the
resulting equation for F̃ reads
ρ

∂ F̃
∂ 2 F̃
+ (1 + |2m + 1| − ρ)
∂ρ 2
∂ρ


1 |2m + 1|
α
− −
F̃ = 0.
+
2λ 2
2

(16)

We have arrived at the conﬂuent hypergeometric equation
again but with parameters different from Eq. (15). Indeed, the
α
− 12 − |2m+1|
=n
radial quantum number is now deﬁned as 2λ
2
with n = 0,1,2, . . . , and the energy spectrum is given by
Eq. (2). The corresponding eigenstates are given by the
spinor (9), where G(ρ) is given by a linear combination
of conﬂuent hypergeometric functions with different n’s,
cf. [48,49].
Excitonic optical absorption. The model allows for analysis
of the optical selection rules relevant for the measurements [10–16]. As it follows from Fig. 2(c), the optical transitions occur between the “vacuum” state E0 and the discrete
levels Enj . Even if the states of the continuous spectrum are
inﬂuenced by the Coulomb interaction, we assume that the
most important symmetry features are already encoded in the
unperturbed eigenstates of Ĥ at V (r) = 0 which read


cos ξ Jm (kr)eimϕ
0
=C
(17)
km
−i sin ξ Jm+1 (kr)ei(m+1)ϕ
for the dispersionless branch E0 = 0 and


sin ξ Jm (kr)eimϕ
km = C
i cos ξ Jm+1 (kr)ei(m+1)ϕ

(18)

for the parabolic branch Ek =  + 2√
k 2 /(2μ). Here,
Jm (kr) is the Bessel function, tan ξ = 2vk/, and
C is the normalization constant. The light-quasiparticle
interaction Hamiltonian is derived from Ĥ substituting the
quasiparticle momentum by the vector potential describing
the electromagnetic ﬁeld [50]. To simplify our analysis of the
optical transitions we enforce momentum conservation, i.e.,
0
k → 0 in Eqs. (17) and (18). In particular, km
∝ (δm,0 ,0)T in
this limit. The linear-response light-quasiparticle interaction
Hamiltonian then reads


evE
0
e−iφE
Ĥi = √
,
(19)
iφE
0
2ω e
where E is the electromagnetic wave amplitude, ω is its
frequency, and tan φE = Ey /Ex is the polarization angle.
The transition rate from the “vacuum” state m0  k to the
state nm can be evaluated by means of Fermi’s “golden
0
rule” with the transition matrix elements nm |Ĥi |km
 . At
α → ∞ the lower part of the spinor nm vanishes, hence,
the transition rate is zero in this limit. In the case of shallow
levels the optical transitions are allowed from the “vacuum”
with m = 0 to the bound state with m = −1 and arbitrary
n. Thus, the optically active series are given by (2) with
j = −1/2. The opposite corner of the Brillouin zone gives the
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same excitation spectrum with j = 1/2. This constitutes the
one-photon optical selection rule in the excitonic absorption.
Discussion and conclusion. The spectrum (2) is not symmetric with respect to m, i.e., Em = E−m because the initial
one-particle Hamiltonian (3) is not time-reversal invariant.
To restore the time-reversal invariance we have to consider
both nonequivalent corners of the full Brillouin zone. The
spectrum (2) is however symmetric with respect to j , i.e.,
Ej = E−j . In particular, Eq. (2) for s states with j = ±1/2
reproduces the standard three-dimensional hydrogenlike spectrum for an e-h pair with reduced effective mass μ. This
is the pseudospin that removes −1/2 in the standard 2D
hydrogenlike spectrum (1) and represents the main feature
of our model. Despite its formal simplicity it has important
consequences for the exciton binding energy and level spacing.
Indeed, the standard model (1) overestimates the binding
energy by the factor of 4 as well as the level spacing between
the lowest and the ﬁrst excited bound states, which is 8Eb /9
in the hydrogenic model (1), but only 3Eb /4 within our
model (2). The reduced level spacing has been experimentally
observed in WS2 and WSe2 ; see, e.g., Fig. 4 in Ref. [11].
The exciton spectrum measured in MoS2 allows only for an
ambiguous interpretation [22] due to weak spin-orbit splitting
between the A and B exciton series but it also demonstrates
reduced level spacing. The measured excitation energy of
the 2s state in the B series (2.24 eV [22]) is overestimated
by the tight-binding (2.27 eV [25]), and ﬁrst-principles (2.32
eV [30]) calculations, as well as by our Eq. (2) resulting in
2.30 eV at v = 1.01 eV × 3.193 Å [19] and  = 2.4 eV.
While Refs. [25,30] include pseudospin along with many other
effects our model emphasizes its importance explicitly.
We do not take into account non-Coulomb interactions due to the nonlocal screening in thin semiconductor
ﬁlms [10,23,51], as they are considered less important than
pseudospin within our model. The nonlocal screening makes

the dielectric constant
dependent on the exciton radius
which increases with n [10,23], whereas pseudospin modiﬁes
the very backbone of the exciton model—the fundamental
1/(n + 1/2)2 spectral series. Indeed, our model combines the
fundamental features of the standard hydrogenic model resulting in the Rydberg series (1) and an exotic spectrum obtained
for purely “Dirac” excitons neglecting the “Schrödinger”
part [27,47,48,52]

n + j 2 − α̃ 2
Enj =  
,
(20)

α̃ 2 + (n + j 2 − α̃ 2 )2
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