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Abstract

Hybrid nanomechanical systems are promising candidates for quantum computa-

tion and quantum information. This thesis studies coupled systems of single electron

spins and mechanical motions based on the spin-phonon coupling in suspended car-

bon nanotubes (CNTs). CNTs are appropriate for nanomechanical resonators from

both mechanical and electrical points of view. As mechanical resonators, CNTs have

particular physical properties such as low mass, high resonance frequency and large

quality factors. Electron spins have long coherence times due to the low density of

nuclear spins in CNTs. The extra degree of freedom of valley and strong curvature-

induced spin-orbit coupling make CNTs very interesting for the field of spin-based

quantum computation. Using spin-phonon coupling, one can mechanically manipu-

late or read out the qubit, and vice versa, it is possible to utilize the spin-phonon

coupling to create arbitrary phonon Fock states and cool the mechanical resonator.

We theoretically study the nanomechanical readout of a single spin in a quantum

dot in a CNT. A single electron is trapped in a quantum dot in a suspended CNT.

A magnetic field is applied along the axis of the CNT and an AC electrical field can

be applied to drive the CNT to vibrate. The degeneracy of spin and valley degrees

of freedom are lifted and we can define the two spin states near the avoided crossing

in the upper valley as our qubit. The coupling of the qubit and the nano-mechanical

motion is caused by inherent curvature-induced spin-orbit coupling and the spatial

change of the direction of the nanotube axis. The response of the amplitude of the

mechanical motion to different pulsed external drivings of the system with different

spins are estimated. The mechanical motion can be detected by the current through

a nearby charge sensor. We also solve a master equation with realistic parameters to

consider the effects of a thermal bath and the damping of the resonator.

In a similar setup with a single-electron quantum dot in a CNT without the

nearby charge sensor, we theoretically study a mechanically-induced single electron

spin resonance based on the coupling between the spin and the mechanical degree of

freedom due to the intrinsic curvature-induced spin-orbit coupling. An off-resonant

external electric driving field results in a rotation of the electron spin about the z

axis of the Bloch sphere of the qubit. The rotation axis of the spin resonance and

the rotation about z axis can be adjusted by varying the external electric field, and

hence arbitrary single qubit gates can be obtained.

We theoretically analyze two quantum dots with two single electrons on a sus-



pended CNT in a magnetic field. An external AC electric field is applied to drive

the vibration of the CNT. An indirect coupling of two distant single electron spins

is mediated by spin-phonon coupling. A two-qubit iSWAP gate is obtained by the

XY coupling term which is induced from the spin-phonon coupling and the coupling

of two distant single electron spins in the Hamiltonian. Maximally entangled states

of two spins can be generated with the iSWAP gate and a rotation about the x axis

of the Bloch sphere of the qubit by varying the frequency and the strength of the

external electric driving field. We propose electrostatically shifting the electron wave

function in a quantum dot can turn off the spin-phonon coupling.

We propose creating single- and multi-phonon Fock states and arbitrary superpo-

sitions of quantum phonon states in a CNT resonator based on spin-phonon coupling.

Pulses of different driving are applied on the single-electron quantum dot formed

by a voltage potential in the suspended CNT in a magnetic field. The CNT res-

onator is initialized in the ground state and the spin states can flip by single-electron

spin resonance. Quantum information is transferred from the spin qubit state to the

mechanical motion by the spin-phonon coupling. Wigner tomography is applied to

obtain the phase information of the prepared phonon states.



Zusammenfassung

Nanomechanische Hybridsysteme sind vielversprechende Kandidaten im Bereich

des Quantenrechenens und der Quanteninformation. Diese Doktorarbeit untersucht

gekoppelte Systeme bestehend aus einzelnen Elektronen und mechanischen Schwin-

gungen basierend auf der Spin-Phonon-Wechselwirkung in aufgehängten Kohlenstoff-

nanoröhrchen (CNTs). CNTs sind geeignet für hybride nanomechanische Resonato-

ren sowohl aus mechanischer als auch elektrischer Sichtweise. Als mechanische Re-

sonatoren haben CNTs besondere physikalische Eigenschaften aufgrund ihrer gerin-

gen Masse, der hohen Resonanzfrequenz und einem hohen Gütefaktor. Elektronen-

spins haben lange Kohärenzzeiten aufgrund der niedrigen Dichte an Kernspins in

CNTs. Der zusätzliche Valley Freiheitsgrad und eine starke krümmungsinduzierte

Spin-Bahn-Wechselwirkung machen CNTs sehr interessant für Spin-basiert Quanten-

rechnen. Durch Benutzung der Spin-Phonon-Wechselwirkung ist es möglich den Spin

mechanisch zu kontrollieren oder auszulesen und umgekehrt ist es durch Spin-Phonon-

Wechselwirkung möglich beliebige Fockzustände zu erzeugen und den Resonator me-

chanisch zu kühlen.

Diese Arbeit beinhaltet eine theoretische Untersuchung des Auslesens eines ein-

zelnen Elektronenpins. Das Elektron ist dabei in einem Quantenpunkt eines frei

hängenden Kohlenstoffnanoröhrchens gefangen. Es ist ein Magnetfeld entlang der

CNT-Achse angelegt und ein zusätzliches elektrisches Wechselfeld führt zu einer Schwin-

gung des CNTs. Die Spin-und Valley-Entartung wird dadurch aufgehoben und die

Spin Zustände im oberen Valley an der vermiedenen Kreuzung werden als logisches

Quantenbit (Qubit) definiert. Die Kopplung zwischen dem Qubit und der nanome-

chanischen Bewegung entsteht durch die dazugehörende krümmungsinduzierte Spin-

Bahn-Wechselwirkung und der räumlichen Richtungsänderung der CNT-Achse. Die

Reaktion der Amplitude der mechanischen Schwingung zu unterschiedlichen Antrie-

ben des Systems mit unterschiedlichen Spins wird abgeschätzt. Dabei kann die me-

chanische Schwingung durch einen Stromfluss eines nebenstehenden Ladungssensors

detektiert werden. Weiterhin lösen wir eine Mastergleichung mit realistischen Para-

metern um Einflüsse eines thermischen Bades und der Dämpfung der Schwingung

miteinzubeziehen.

In einem ähnlichen Aufbau, in welchem ein Quantenpunkt eines CNTs mit ei-

nem einzelnen Elektron gefüllt ist, jedoch ohne einen äußeren Ladungssensor, wird

die mechanisch induzierte Elektronenspinresonanz basierend auf der Kopplung zwi-



schen dem Spin- und dem mechanischen Freiheitsgrad aufgrund der intrinsischen,

krümmungsinduzierten Spin-Bahn-Wechselwirkung theoretisch untersucht. Nichtre-

sonante Anregung führt zu einer Rotation des Elektronenspins um die z-Achse. Die

Rotationsachse der Elektronenspinresonanz und die Rotation um die z-Achse können

durch externe elektrische Felder variiert werden und somit beliebige Ein-Qubit-Gatter

ermöglicht werden.

Des Weiteren werden zwei Quantenpunkte gefüllt mit jeweils einem Elektron in

einem aufgehängten CNT im Magnetfeld. Extern angelegtem elektrischen Wechsel-

feld zum Anregen der Schwingungen theoretisch untersucht. Eine indirekte Kopp-

lung zwischen den auseinanderliegenden Elektronenspins wird durch die Spin-Phonon-

Wechselwirkung vermittelt. Das Zwei-Qubit-Gatter iSWAP wird durch den XY- Kopp-

lungsterm im Hamiltonoperator generiert. Maximal verschränkte Zustände der Elek-

tronenspins können durch das iSWAP-Gatter erzeugt werden, während eine Rotation

um die x-Achse durch Veränderung der Frequenz und Amplitudenstärke des externen

elektrischen Feldes ermöglicht wird. Ein Vorschlag zum Ausschalten der Spin-Phonon-

Wechselwirkung ergibt sich aus der elektrostatischen Verschiebung der Wellenfunktion

des Elektrons im Quantenpunkt.

Weiterhin wird das Erzeugen von Fockzuständen bestehend aus einem oder meh-

reren Phononen und beliebigen Überlagerungen von quantenmechanischen Phononen-

zuständen in einem CNT-Resonator basierend auf der Spin-Phonon-Wechselwirkung

vorgeschlagen. Unterschiedliche Anregepulse werden auf den mit einem einzelnen

Elektron geladenen Quantenpunkt angewendet, welcher durch ein Spannungspoten-

tial in einen hängenden CNT im Magnetfeld erzeugt wird. Ein CNT-Resonator wird

im Grundzustand initialisiert und Elektronenspinresonanz ermöglicht ein Umklappen

des Spins. Quanteninformation wird vom Spin-Qubit auf die mechanische Schwingung

mit Hilfe der Spin-Phonon-Wechselwirkung übertragen. Wigner-Tomographie wurde

benutzt um die Phaseninformation der präparierten Phononenzustände auszulesen.
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Chapter 1

Introduction

Turing developed a model called Turing machine in his great paper in 1936 [1]. In this

work it is shown that a universal computing “machine can be used to compute any

other computable sequence”. Furthermore, Turing claimed that whether a problem

can be solved in a time which grows polynomially or exponentially in the size of the

inputs does not depend on the physical device. Based on this statement the Church-

Turing thesis:“Any algorithmic process can be simulated efficiently using a Turing

machine”paved the way of the development of computer science. The first computer

made of electronic components was produced shortly after the publication of Turing’s

paper. It was theoretically proposed by John von Neumann to put together all the

electronic components to make a universal Turing machine [2]. Since the development

of the transistor in 1947, electronic devices are made smaller and cheaper. According

to the observation of Moore, known as Moore’s law in 1965, it is predicted that the

amount of transistors in integrated circuit doubles every two years [3]. Although

Moore’s law has held for several decades, it could come to an end when the basic unit

of electronic devices reaches atomic size and quantum mechanical effect starts to act.

Performing quantum computing based on quantum mechanics is a possible solution

to keep increasing the computing power of electronic devices.

Quantum mechanics is a mathematical framework constructing the ultimate laws

of physics which can describe extremely small physical systems such as atoms. Many

physical theories with their own specific rules are build with the framework of quan-

tum mechanics, e.g. quantum information and quantum computation. In quantum

computation and quantum information, the qubit state can be a superposition de-

scribed by a wave function with complex coefficients. Quantum entangled states

which carry non-classical correlations of the subsystems, is very useful for quantum

computation. A universal set of quantum gates can be formed by single-qubit gates

and a controlled-NOT gate.
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1. Introduction

Schumacher put forward quantum information theory as an analogue to the classic

information and communication theory and defined quantum bit as the basic physical

unit. Quantum mechanics in key distribution is found to be useful to guarantee the

security of the communication [4, 5]. The classical theory of error-correcting played

an important role for developing the quantum error-correction codes which protects

the quantum states against noise [6, 7]. Quantum error-correcting is important for

quantum communication in noisy quantum channels as well as quantum computation

in the presence of noise.

Quantum computation is a subject combining the quantum mechanics and com-

putation. Computation based on quantum mechanics was first proposed in 1985

[8, 9]. Shor’s algorithm shows using constructive and destructive interference effects

of quantum dynamics to find the prime factors of an integer in time scaling polynomial

with the size of the problem [10]. However, no polynomial-time solution of the prime

factorization problem have been found in the classical computer. Shor’s algorithm

proved that quantum computation is more powerful in solving some problems than

classical computation.

In the thesis we focus on realization of quantum computation based on the inter-

action of the spin and the mechanical degree of freedom due to the curvature-induced

SOI in a nanomechanical system. We introduce the basic concept of quantum com-

putation in Chap. 2. Quantum computation requires according to DiVincenzo [11]

well defined qubits, the possibility to initialize and measure these qubits on demand,

a univeraal set of quantum gates, long coherence time of the qubit, and scalability. A

variety of approaches in different branches of quantum physics have been estimated

for quantum computation: in quantum optics, schemes of atoms interacting with

the cavity quantum electrodynamics are widely used for implementation of quantum

computating [12, 13]; in atomic physics, the interaction of trapped ions and laser

pulses can be used for obtaining a quantum computer [14]; the electron spin states in

semiconductor quantum dots (QDs) which can be manipulated by electron magnetic

resonance are promising candidates for quantum computation [15–17]; in supercon-

ducting device physics, the charge and the phase degrees of freedom can serve as the

qubit in Josephson tunneling junctions [18].

A very interesting work about obtaining a quantum computer by using the vibra-

tional excitations in trapped ions had been proposed in Ref. [19]. Mechanical motions

of resonators, which last long until they damping out, are proposed as qubits [20, 21],

quantum routers [22], optical delay lines [23], and as a quantum information carrier of

quantum data bus in quantum computation [24]. Nanomechanical systems are widely

used as mass, force, and motion sensing [25–27]. We introduce the semiconducting

carbon nanotube (CNT) as a nanomechanical device with outstanding physical and

electrical properties in Chap. 3. The energy bands of CNTs in the magnetic field and

16



with curvature-induced spin-orbit interaction (SOI) is specifically described. Based

on this interaction the coupling of spin and motion in a vibrating CNT is derived.

Chapter 4 reviews the results published in Heng Wang and Guido Burkard, Phys-

ical Review B 90, 035415 (2014). We propose and analyze a mechanically-induced

single electron spin resonance (ESR), which amounts to a rotation of the spin about

the x-axis in a suspended CNT. The effect is based on the coupling between the spin

and the mechanical degree of freedom due to the intrinsic curvature-induced SOI. A

rotation about the z-axis is obtained by the off-resonant external electric driving field.

Arbitrary-angle rotations of the single electron spin about any axis in the x-z plane

can be obtained with a single operation by varying the frequency and the strength

of the external electric driving field. With multiple steps combining the rotations

about the x- and z-axes, arbitrary-angle rotations about arbitrary axes can be con-

structed, which implies that any single-qubit gate of the electron spin qubit can be

performed. We simulate the system numerically using a master equation with realistic

parameters.

In Chap. 5, we review the work of Heng Wang and Guido Burkard, Phys. Rev.

B 92, 195432 (2015). An indirect mechanically-induced coupling of two distant single

electron spins is induced by the interaction between the spins and the mechanical mo-

tion of the CNT. We theoretically analyze a system where two electrons are trapped

separately in two QDs on a suspended CNT, subject to external AC electric driv-

ing. We show that a two-qubit iSWAP gate and arbitrary single-qubit gates can be

obtained from the intrinsic SOI. Combining the iSWAP gate and single-qubit gates,

maximally entangled states of two spins can be generated in a single step by varying

the frequency and the strength of the external electric driving field. The spin-phonon

interaction (SPI) can be turned off by electrostatically shifting the electron wave

function on the nanotube.

In Chap. 6, we present the work which has been published in Philipp R. Struck,

Heng Wang, and Guido Burkard, Physical Review B 89, 045404 (2014). The spin

of a single electron in a suspended CNT can be read out by using its coupling to

the nano-mechanical motion of the nanotube. To show this, we consider a single

electron confined within a QD formed by the suspended CNT. The SOI induces a

coupling between the spin and one of the bending modes of the suspended part of

the nanotube. We calculate the response of the system to pulsed external driving of

the mechanical motion using a Jaynes-Cummings model. To account for resonator

damping, we solve a quantum master equation, with parameters comparable to those

used in recent experiments, and show how information of the spin state of the system

can be acquired by measuring the mechanical motion of the nanotube. The latter can

be detected by observing the current through a nearby charge sensor.

In Chap. 7, we theoretically study creating single- and multi-phonon Fock states

17



1. Introduction

and arbitrary superposition of quantum phonon states. A single-electron QD is formed

by voltage potential in the suspended CNT in a magnetic field and the CNT resonator

is initialized in the ground state. The quantum information is transferred from the

spin qubit state to the mechanical motion by the SPI. The mechanical induced ESR

can flip the spin states. A sequence of pulses applied on the system for obtaining a

superposition of Fock states are shown in the paper. We apply the Winger tomography

to obtain the full information of the prepared phonon states including the phases.

18



Chapter 2

Spin based quantum

computation

In this chapter we give a brief introduction about related concepts and principles

of quantum computation [28]. We start with the DiVincenzo criteria which present

essential requirements for realizing quantum computation in a quantum system [11].

Then we describe basic units for quantum computation, quantum bits and the density

matrix as a way to describe a quantum state. The operation on qubits such as single-

qubit gates and two-qubit gates are introduced in Sec. 2.3. Single-qubit gates and

the controlled-NOT (CNOT) gate form a universal set of quantum gates for quantum

computation. The entanglement, which is very important for quantum computation

and quantum information is described in Sec. 2.4. In Sec. 2.5 the decoherence of

quantum systems due to the coupling to the surroundings is discussed. Finally, the

Winger tomography is introduced in Sec. 2.6.

2.1 DiVincenzo criteria

Before we come to the details, we briefly introduce the concept of quantum error

correction. Quantum error correction codes are composed of states in a subspace

of the space of a collection of qubits, which use a multiple-qubit state to store the

information of one qubit. By choosing proper codes as well as proper sequences of

quantum computations and measurements, quantum error correction can correct and

detect errors caused by decoherence or quantum noise [29]. Quantum error correction

can make the quantum computation fully fault tolerant such that a small rate of

error is allowed during the action of error correction paralleling with the quantum

computation.

The first DiVincenzo criterion is that the quantum system consists of well defined

19



2. Spin based quantum computation

qubits and provides scalability. The qubit is the basic element of storing quantum

information, as we show in Sec. 2.2. The quantum system of the qubit should be

exactly known, e.g., the energy levels of the quantum system of which two levels are

chosen as the two possible states of the qubit, the interaction between qubits and

the coupling of the qubit and external fields. If there are more than two levels in the

quantum system, the coupling between the qubit and the other levels should be small.

The limit of the allowed coupling strength is determined by the tolerance of quantum

error correction. The interaction between qubits as well as the coupling of the qubit

and external fields can be used to obtain multiple-qubit gates and manipulation. On

the other hand the first criterion requires the quantum system to be scalable, which

means a large number of interacting qubits is possible [24] . One qubit should be able

to couple to any other qubits so that any pair of qubits could perform a two-qubit

gate. This is related to universal set of the quantum gates which is explained in

Sec. 2.3.

The second requirement is that the system can be initialized to a simple reliable

state. This comes from the fact that the computation should start with a known

state as well as the quantum error correction asks for a continuous supply of qubits

with low-entropy states, e.g. the ground state. It is possible to initialize the quan-

tum system in the ground state by natural cooling or by external projection. The

time for initialization should be shorter than the gate operation time, otherwise the

initialization and the gate operation should be done in separate zones [11].

The third criterion requests the relevant decoherence time should be much longer

than the gate operation. Once the dynamics of the quantum system evolves the

environment it is not unitary and it has decoherence (see Sec. 2.5). The process for

the quantum system losing the quantum coherence becoming a classical system is

characterized by the decoherence time. The decoherence time should be long enough

to enable quantum error correction, so that the quantum computation could play its

role. Fault-tolerant quantum computation allows the relevant decoherence time be

103 times the duration of an individual quantum gate [30], which shows the relevant

decoherence time should be much longer than an individual quantum gate.

The fourth prerequisite requires a universal set of quantum gates which can be

used to compose any unitary transformation on an arbitrary number of qubits. A

quantum algorithm is a sequence of several steps of unitary transformations Ui(ti).

Each unitary transformation acts on a small number of qubits and for different time

periods ti. The unitary transformation on multiple qubits can be re-expressed by

single qubit gates and CNOT gates. The details about universal quantum gates will

be described in Sec. 2.3.

The fifth requirement demands that specific qubits can be measured. One uses

measurements to read out the result of a quantum algorithm. While the single
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quantum-efficiency parameter is always less than 100% in a real measurement, a

trade-off by repeating the calculation for several times can result in a higher quantum

efficiency if the measurement can be done on the timescale of 10−4 of the relevant de-

coherence time [31]. We explain the quantum state tomography, which is very useful

for determining the quantum state in experiments, in Sec. 2.6.

2.2 Ensembles of quantum states

2.2.1 Quantum bits

Figure 2.1: Bloch sphere representing a qubit. A point (θ, ϕ) on the Bloch sphere
indicates a qubit |ψ〉 = cos θ2 |0〉+ eiϕ sin θ

2 |1〉. The red thick arrow denotes the qubit
ψ and the polar angle and the azimuthal angle of it are θ and ϕ, respectively. Two
basis states |0〉 and |1〉 are projected on two poles of the sphere.

In an ordinary computer, data is encoded in a bit which is the basis of classical

computation and information. The word “bit” is contracted from “binary digit” and

one bit has the two possible states 0 and 1. It can be either 0 or 1. In the quan-

tum computer–the expression combines “quantum mechanics”and “computer”[32],

the analogous basic unit for storing quantum information is the quantum bit (or

qubit). A qubit is a quantum system which has two orthogonal basis states |0〉 and

|1〉, e.g., two electron spin states or two phonon Fock states with different phonon

numbers. Unlike classical bits, qubits can be in the superpositions

|ψ〉 = α |0〉+ β |1〉 , (2.1)

where α and β are separately the complex amplitudes of |0〉 and |1〉. From quantum
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2. Spin based quantum computation

mechanics we know that when a qubit is measured in the measurement basis {|0〉 , |1〉},
the wave function collapses to either |0〉 or |1〉 and the probabilities sum to 1, that

means |α|2 + |β|2 = 1. As a mathematical object a qubit is a unit vector in a two-

dimensional complex Hilbert space C2 which is a complete inner product space:

|ψ〉 = eiγ(cos
θ

2
|0〉+ eiϕ sin

θ

2
|1〉), (2.2)

where γ, θ, and ϕ are real. The global phase factor eiγ can be omitted since it is

unobservable. Thus the single qubit can be described by a unit sphere which is called

Bloch sphere, and the qubit state can be generally written as

|ψ〉 = cos
θ

2
|0〉+ eiϕ sin

θ

2
|1〉 , (2.3)

where θ is the polar angle, ϕ is the azimuthal angle. Any coordinate (θ, ϕ) specifies

a point on the unit sphere, see Fig. 2.1. The Bloch sphere provides a useful way of

visualizing single qubits and single qubit operations.

To carry more information and computation, consecutive bits are combined in

ordinary computer, e.g. the data units are 64 bits in a chip with 64-bit. For a

system of n qubits, there are basis states of the form |x1x2...xn〉 forming a 2n-

dimensional Hilbert space (C2)⊗n . We consider a two-qubit system forming a 22

dimensional-Hilbert space. The states of two qubits are superpositions of the basis

states {|00〉 , |01〉 , |10〉 , |11〉}

|ψ〉 = α00 |00〉+ α01 |01〉+ α10 |10〉+ α11 |11〉 (2.4)

where |αij |, i, j = 0, 1 are the amplitudes of obtaining |ij〉 as a result in the measure-

ment and
∑
i,j |αij |2 = 1.

2.2.2 The reduced density matrix

A quantum system can be a pure state or a mixed state which is a mixture of pure

states. A mixed state can only be represented by the density matrix while a pure

quantum state can be described by the state vector as well as the density matrix.

The density matrix ρ is Hermitian ρ = ρ† and Tr(ρ) = 1 for both pure state and

mixed state. The density matrix of a general state of a qubit can be written as

ρ =
I + ~r · ~σ

2
(2.5)

where ~r is called Bloch vector and |~r| ≤ 1. For |~r| = 1, it presents a pure state, which

is a point on the surface of the Bloch sphere. For a mixed state |~r| < 1 and it is

denoted by a point in the Bloch sphere.
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Assume a quantum system is prepared in states |ψi〉 with probabilities pi and we

call {pi, |ψi〉} an ensemble of pure states. The density matrix of the system can be

written as

ρ ≡
∑
i

pi |ψi〉 〈ψi| . (2.6)

Suppose a mixed states is a mixture of pure-state ensembles {pij , |ψij〉} and it is in

pure states ρi with probabilities pi, the density matrix of it is

ρ =
∑
i

piρi =
∑
ij

pipij |ψij〉 〈ψij | . (2.7)

One can use the trace of the squared density matrix to tell whether the state is a pure

state or a mixed state, for a pure state Tr(ρ2) = 1 and for a mixed state Tr(ρ2) < 1.

A reduced density matrix is very useful to describe and analyze a subsystem of a

composed system. We use the reduced density to describe either the spin state or the

phonon state in a spin-phonon composed system in the following chapters. Suppose

there is one ensemble of pure states A = {pi, |ψi〉} in a x-dimensional Hilbert space HA

and the density matrix of it is ρ. The other component of the system B = {pi, |ψi〉}
in a y-dimensional HB is described by a density matrix σ. The composed Hilbert

space HAB = HA ⊗HB is a xy-dimensional Hilbert space. The composed system is

a linear combination of the two component system A⊗ B and the density matrix of

it is ρAB = ρ⊗ σ. The reduced density matrix ρA for the subsystem A is the partial

trace over system B,

ρA = TrB(ρAB) = TrB(ρ⊗ σ) = ρTr(σ) = ρ. (2.8)

For an entangled two-qubit state the reduced density matrix for one of the two qubits

is a mixed state, which could be used to tell whether a state is an entangled state. In

Sec. 2.4 entangled states are introduced.

2.3 Universal quantum gates

2.3.1 One-qubit gates

Quantum gates operate and make changes on qubits. We first present single-qubit

quantum gates. Assume a single qubit |ψ〉 = α |0〉+ β |1〉 in the matrix form

|ψ〉 =

(
α

β

)
. (2.9)
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The quantum NOT single-qubit gate (X-gate) interchanges linearly the two states

X |ψ〉 = α |1〉+ β |0〉 and it can be written as the X-component of Pauli matrices

X ≡

(
0 1

1 0

)
; X

(
α

β

)
=

(
β

α

)
. (2.10)

From the normalization condition |α|2 + |β|2 = 1, we know that the X gate must

be unitary to preserve the norm. Other multiple qubits gates should also be unitary

operators for the same reason. We give some other single-qubit operators, Pauli-Y

gate, Pauli-Z gate, Hadamard gate (H) and phase gate (S) in the following,

Y ≡

(
0 −i
i 0

)
; Z ≡

(
1 0

0 −1

)
; H =

1√
2

(
1 1

1 −1

)
; S =

1√
2

(
1 0

0 i

)
. (2.11)

Since a single-qubit state is specified by a point on the Bloch sphere, single qubit

manipulations can be understood as rotations. An arbitrary single-qubit operator U

can be expressed as a unitary rotation operator R~n(θ) rotating by an angle θ about

the axis ~n with a global phase factor

U = eiγR~n(θ). (2.12)

The exponentiated Pauli matrices are used to form rotations about x, y, and z axis

as follows:

Rx(θ) ≡ e−iθX/2 = cos
θ

2
I − i sin

θ

2
X =

(
cos θ2 −i sin θ

2

−i sin θ
2 cos θ2

)
,

Ry(θ) ≡ e−iθY/2 = cos
θ

2
I − i sin

θ

2
Y =

(
cos θ2 − sin θ

2

sin θ
2 cos θ2

)
,

Rz(θ) ≡ e−iθZ/2 = cos
θ

2
I − i sin

θ

2
Z =

(
e−iθ/2 0

0 eiθ/2

)
,

(2.13)

A very useful theorem says that an arbitrary single-qubit unitary operator can be

composed by rotations about the different coordinate axes

U = eiγRz(θ1)Ry(θ2)Rz(θ3). (2.14)

We have used this theorem to compose an arbitrary single quantum gate with the

rotation about the x-axis of the Bloch sphere of the qubit by ESR and the rotation

about the z-axis by a static magnetic field in Chap. 4.
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2.3.2 Two-qubit gates

Unitary operators on two qubits are two-qubit gates. We introduce the two qubit

CNOT gate, controlled-Z (CZ) gate, SWAP gate, and iSWAP gate as examples. The

controlled operation has a control qubit and a target qubit and the target qubit

makes changes according to the state of the control qubit. In a CNOT gate, the

target qubit is flipped if the control qubit is in the state |1〉. In a CZ gate, the target

qubit is added a phase factor −1 if both qubits are in the state |1〉. In the basis

{|00〉 , |01〉 , |10〉 , |11〉}, the first qubit is the control qubit while the second qubit is

target qubit and matrix forms of the CNOT gate and the CZ gate are given by

UCNOT =


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

 , UCZ =


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 −1

 . (2.15)

A SWAP gate interchanges the two qubits and an iSWAP gate interchanges two qubits

with a phase factor i. The matrix forms of them in the basis of {|00〉 , |01〉 , |10〉 , |11〉}
are given by

USWAP =


1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

 , UiSWAP =


1 0 0 0

0 0 i 0

0 i 0 0

0 0 0 1

 . (2.16)

If any unitary operation on arbitrary qubits could be approximated to arbitrary

accuracy by a set of quantum gates, then the set of quantum gates is universal for

quantum computation. The theorem stating that single-qubit gates and a two-qubit

gate can be universal was proved by DiVincenzo [32, 33]. All single-qubit gates and

most of the two-qubit gates are universal [34], e.g., SWAP gate is not universal,

it is because a rotation about a single axis does not allow for arbitrary rotations

on a Bloch sphere. A set of single quantum gates and two-qubit CNOT gate, or

iSWAP, or
√

SWAP is universal [35]. The CNOT gate is an ubiquitous reference

in designing quantum circuits since it can be understood as a gate originating from

classical reversible XOR gate [36]. The CNOT gate could be obtained by applying

twice the iSWAP gate with single qubit gates as follows (see Fig. 2.2)

UCNOT = R(2)
x (

π

2
)R(1)

z (−π
2

)R(2)
z (

π

2
)UiSWAPR

(1)
x (

π

2
)UiSWAPR

(2)
z (

π

2
), (2.17)

where superscripts denote on which qubit the single-qubit gates apply. In Chap. 5

we show how to get the two-qubit iSWAP gate in two coupled QDs and together
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2. Spin based quantum computation

with single qubit gates, how to obtain a universal set of quantum gates for quantum

computation.

iSWAP iSWAP

CNOT

Figure 2.2: Circuit representation of constructing the CNOT gate with two iSWAP
gates and single-qubit gates. The two horizontal lines represent two qubits. On the
left side is the circuit representation of the CNOT gate. On the right side, single-qubit
rotation by an angle θ about axis N are denoted by −[θ]N− and the iSWAP gate is
denoted by a box with the name.

2.4 Entangled states and their measures

In a composite quantum system the state space (Hilbert space) is the tensor product

of the state spaces of the n component system H = ⊗ni Hi. Assuming states in the

subsystems Hn are described by |ψn〉, if a state |φ〉 in the composite system H can

be written as tensor product of the subsystems

|φ〉 = |ψ1〉 ⊗ |ψ2〉 ⊗ · · · ⊗ |ψn〉 , (2.18)

then |φ〉 is a product state. According to the superposition principle, there exist

counter-intuitive non-local entangled states [37–39], which cannot be written as a

product of the states of the subsystems, in the composed Hilbert space. Entanglement

also exists in mixed states when the state of the total system cannot be expressed as

a convex combination, which is a linear combination with pi ≥ 0 and
∑
i pi = 1, of

the product states [40]

% 6=
∑
i

pi%
i
1 ⊗ . . .⊗ %in (2.19)

where %i is the state in the subsystem.

Entangled states have non-classical correlations of the subsystems and they play

a crucial role in quantum computation [41–43] and quantum teleportation [44]. It is

shown in Sec. 5.4 that two-qubit maximally entangled states can be obtained with

the two-qubit iSWAP gate and single qubit gates in two coupled QDs. As a basic

introduction, we give the Bell states (EPR states), which are maximally entangled

states, in a composed system H = H1⊗H2 with two subsystems consisting of two-level

system each, e.g. two electrons with two spin states

|ψ±1,2〉 =
1

2
(|↑1↓2〉 ± |↓1↑2〉), |φ±1,2〉 =

1

2
(|↑1↑2〉 ± |↓1↓2〉) (2.20)
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Where |↑〉 and |↓〉 label the two spin states: spin up state as well as spin down state

and |↑1↓2〉 denotes electron 1 in the spin up state and electron 2 in the spin down

state. These four Bell states are orthogonal and hence can be a basis of the composed

space H. Assuming a two-qubit system in one of the Bell states is measured, the

probabilities of finding one of the qubits in the state |0〉 and |1〉 are equal, which

gives the maximal information about the whole state but no information about the

subsystems, which was pointed out by Schrödinger. It can be expressed by the von

Neumann entropy [45]

S(ρ) = −Tr(ρ log ρ) (2.21)

where ρ is a density matrix and log is the binary logarithm. In an entangled state, the

von Neumann entropy of a subsystem can be larger than the von Neumann entropy

of the composed system [46].

One can use the von Neumann entropy as an entanglement measure for pure states.

For mixed states, the entanglement of formation Ef is constructed as an entanglement

measure [47, 48]

Ef (ρ) = inf
∑
i

piE(ψi) (2.22)

where E(ψi) is the von Neumann entropy for pure states. Here, the infimum acquires

all the ensemble of pure states {pi, ψi} and ρ =
∑
i pi |ψi〉 〈ψi|. The way to extend

the entanglement measure from pure states to mixed states is called convex roof.

For mixed two-qubit states, the concurrence has a similar expression for the convex

roof measure [49, 50]. In Sec. 5.4 we use the concurrence C =
√

2(1− Trρ2) =

〈ψ|σy ⊗ σy |ψ∗〉 to describe the entanglement of a pure two-qubit state.

2.5 Decoherence

While quantum systems inevitably couple to their surrounding environment and the

quantum dynamics of the surroundings is involved in the quantum computation, it

makes the evolution of the quantum system non unitary, which is responsible for

the decoherence of quantum systems that ultimately become classical systems [51–

53]. Coherence enables quantum interference and decoherence is defined as losing the

quantum coherence [54]. For a single qubit realized by a single electron spin having

energy eigenstates |↑〉 and |↓〉 and the z-axis being the quantization axis with an

energy splitting ~ω, the coupling to its environment brings the quantum system two

processes of losing coherence: the spin relaxation and the spin dephasing.

The spin relaxation is related to a spin flip from the excited spin state |↓〉 to

the ground spin state |↑〉 with a relaxation time T1. Although the SOI and the

hyperfine coupling both contribute to these two spin relaxation processes, the SOI

mainly contributes to the spin relaxation. While the orbital degree couples to phonons
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2. Spin based quantum computation

of the environment, the energy difference of the two spin states is dissipated to or

absorbed from the phonon bath. Consider a quantum system of a spin qubit |ψ〉 =

α |↑〉 + β |↓〉 with a large relaxation rate, the pure quantum state ultimately evolves

into a classical statistical mixture state. The relaxation of the spin can be suppressed

in a small magnetic field when the energy splitting of the spins is much larger than

the temperature of the phonon bath ~ω � kBT [55, 56].

The spin dephasing can be understood as losing the relative phase and is associated

to a process of exponential decay with an inhomogeneous dephasing time T ∗2 . The

Overhauser field is an effective magnetic field on the electron from the surrounding

nuclear spins and it depends on the distribution of the nuclear spins. Because of the

inter-nuclear magnetic dipole-dipole interaction and the hyperfine interaction between

the electron spin and the nuclear spins, the z-component of the Overhauser field

fluctuates in both amplitude and phase. One electron spin precess by H = −ω/2σz
with different frequencies ω = ω0 + δω fluctuating around the average frequency ω0

in the fluctuating Overhauser field. This brings about loss of the relative phase and

is associated with the dephasing time T2. The inhomogeneous dephasing time T ∗2

is obtained by averaging over repeated measurements. The main mechanism of the

dephasing of an electron spin qubit in a quantum dot is the coupling of the spin and

the fluctuations of the Overhauser magnetic field by the hyperfine interaction. A

quantum state |ψ〉 with a large dephasing rate ultimately evolves into an incoherent

mixed state |↑〉 〈↑|+ |↓〉 〈↓| and the off-diagonal terms of the density matrix vanish. To

reduce the dephasing, one can manipulate the nuclear bath to reduce the fluctuation

of the Overhauser magnetic field by fully polarizing the nuclei [57] and dynamic

nuclear polarization [58]. For single qubits, echo pulses can be applied to prolong the

dephasing time T2.

2.6 Wigner tomography

Quantum process tomography can be used to describe the dynamical process of a

quantum system. Quantum state tomography is a procedure for determining the

quantum state of a quantum system [59]. Quantum state tomography and quantum

process tomography are very important for quantum information and quantum com-

putation. Since we used the Wigner tomography to describe the quantum phonon

state in Chap. 7, we focus on quantum state tomography. First we give a simple

example of quantum state tomography of a single qubit [28] and then briefly explain

the Wigner tomography.

In quantum state tomography different measurements with different observables

on repeatedly produced quantum states are performed to get the complete information

of the quantum state. Hence the measurement operators should be tomographically
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complete, which means they form an operator basis in the Hilbert space of the quan-

tum system. Consider a single qubit and assume we can produce many copies of it to

do different measurements. The density matrix of it is ρ and we know the following

from Eq. (2.5) on Page 22,

ρ =
Tr(ρ)I + Tr(Xρ)X + Tr(Y ρ)Y + Tr(Zρ)Z

2
(2.23)

where Tr(Aρ) can be interpreted as the average value of observables according to

Born’s rule. Observables I/2, X/2, Y/2, and Z/2 span a space of Hermitian oper-

ators on the 2-dimensional Hilber space. Numerous measurements are preformed to

evaluate Tr(Zρ), and the average
∑
i zi/n is taken as an estimation. With the esti-

mated values of the observables the density matrix can be obtained. For n qubits we

expend Eq. (2.23) into

ρ =
∑
~v

Tr(σv1 ⊗ σv1 ⊗ σv2 · · ·σvnρ)σv1 ⊗ σv1 ⊗ σv2 · · ·σvn
2n

(2.24)

where ~v = (v1, · · · , vn) and vi can be 0, 1, 2, 3 for Pauli matrices I, X, Y , and Z.

The Wigner quasiprobability distribution is a Wigner transformation of the wave

function in phase space [60] and it is itself a well defined observable [41, 61, 62]. The

Wigner function of ψ(r) is

W (r, p) =
2

h

∫
dse−2ips/~ψ∗(r − s)ψ(r + s), (2.25)

or in the momentum representation ψ̃(p) = 1
h

∫
dre−ipr/~ψ(r),

W (r, p) =
2

h

∫
dke−2ikr/~ψ̃∗(p+ k)ψ̃(p− k). (2.26)

One more general expression of the Wigner function with position and momentum

operators R and P , [R,P ] = i~ is [63]

W (r, p) =
1

h2

∫
dk

∫
dse−2i(kr+sp)/~ |ψ〉 ei(kR+sP )/~ 〈ψ| . (2.27)

Royer pointed out the Wigner function is 2/h times the expectation value of the

parity operator at the point (r, p) in the phase space [61]. One can rewrite the Wigner

function

W (r, p) =
2

h
〈ψ|Πrp |ψ〉 (2.28)
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where Πrp has three equivalent expressions

Πrp =

∫
dse−2ips/~ |r − s〉 〈r + s|

=

∫
dke−2ikr/~ |p+ k〉 〈p− k|

=
1

2~

∫
dk

∫
dse(1/~)[k(R−r)+s(P−p)]

(2.29)

where |r〉 and |p〉 are the eigenstates of the operators R and P , respectively.

Assume r = 0 and p = 0, we can write Πr=0,p=0 = Π in the following

Π =

∫
dr |−r〉 〈r|

=

∫
dp |p〉 〈−p|

=
1

2h

∫
dk

∫
dsei(kR+sP )/~,

(2.30)

and it is easy to see from Eq. (2.30) that Π is a parity operator. A unitary operator

can be applied to build the connection between Πrp and Π, that means

Πrp = D(r, p)ΠD(r, p)−1, (2.31)

where D(r, p) ≡ ei(pR−rP )/~ is a phase-space displacement operator [64]. Finally we

have the Wigner function at a point (r, p) in the phase space in the following form

W (r, p) =
2

h
〈ψ|D(r, p)ΠD(r, p)−1 |ψ〉 , (2.32)

which is very useful and widely used for measurements in experiments [41, 65, 66]. It

is allowed to scan the Wigner function point-by-point in phase space by manipulating

the displacement operator.
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Chapter 3

Carbon nanotube as

nanomechanical device

CNTs have attracted a lot of attention in the last 20 years as nontraditional nanome-

chanical and nanoelectronic devices. With the development of production techniques

ultra-clean CNTs can be produced [67]. CNTs are very promising building materi-

als because they are very light and stiff therefore they have high quality factors and

large and tunable resonance frequencies. CNTs are proposed in many applications as

ultra-sensitive magnetometers, as well as mass and force detectors [68–71]. The hybrid

systems of mechanical devices coupling to other systems are promising candidates for

quantum information and communications [72, 73].

The electrical transport properties of CNTs can be metallic or semiconducting,

which depends on the chirality (see below). QDs can be formed by gating in semicon-

ducting CNTs. The coupling between electrons and mechanical vibrations has been

measured via the tunneling of electrons through QDs on suspended CNTs [67, 74–

76]. Electron spins in CNT QDs are viewed as prospective quantum bits due to the

low nuclear spin density in the carbon-based host material [77]. As opposite to III -V

semiconductors, the additional valley degree of freedom makes CNTs good candidates

for valleytronics and valley-spin based technologies [78, 79]. The SOI was expected

to be weak until the prediction [80] and subsequent observation [81] of significant

curvature-induced SOI. The SOI leads to the lifting of the four-fold spin and valley

degeneracy [81–88]. Furthermore the SPI induced by the SOI provides mechanical

means of manipulating spins and cooling CNT resonators [89, 90].

This chapter is organized as follows. The and structure of a CNT is described

in Sec. 3.1. Since CNTs can be understood as a rolled up graphene sheet, we first

introduce the band structure of graphene. We focus on the band structure of semi-

conducting CNTs and their properties in magnetic fields. In Sec. 3.2, we describe
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3. Carbon nanotube as nanomechanical device

Figure 3.1: Single wall CNTs from graphene sheets. In the hexagonal lattice of carbon
atoms, ~a1 and ~a2 are lattice vectors and a is the lattice constant. On the graphene
sheet, ~C = n~a1 +m~a2 is the chiral vector. Graphene are rolled up along the direction
of the chiral vector into a cylinder. There are various ways of rolling graphenes into
CNTs and different CNTs are characterized by the angle between ~C and ~a1, which is
called the chiral angle.

the curvature induced SOI and the band structure of CNTs with SOI. The harmonic

phonon modes and the dissipation caused by surrounding phonon baths of mechanical

resonators are introduced in Sec. 3.3. The SPI is the basis of the subsequent chapters

and we derive it in details from the SOI in Sec. 3.4.

3.1 Band structure of CNTs

CNTs are cylindrical nanostructures of carbon. There exist accordingly multi-wall,

double-wall and single wall CNTs. An single wall CNT can be understood as a

rolled-up graphene sheet as shown in Fig. 3.1. CNTs can have different chiral vectors
~C = n~a1 +m~a2, where ~a1 and ~a2 are the lattice vectors and n and m are integers with

m ≤ n. The angle θ between ~C and ~a1 is the chiral angle. According to the chiral

vectors and chiral angles, CNTs are can be classified as: zig-zag (θ = 0), armchair

(θ = π/6) or chiral (0 < |θ| < π/6). All three structures can be metallic, but only

zig-zag and chiral structures can be semiconducting. We focus on the semiconducting

single wall CNTs in the thesis. Since a single wall CNT can be understood as a

rolled-up graphene sheet, we first present the band structure of graphene in Sec. 3.1.1

with the appropriate periodic boundary conditions, we derive the band structure of
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Figure 3.2: (a) The unit cell of graphene (gray rhombus) formed by atoms A and
B, where ~a1 and ~a2 are the lattice vectors of the hexagonal lattice in real space.
(b) The first Brillouin zone (gray hexagon) in reciprocal space, where ~b1 and ~b2 are

reciprocal lattice vectors and K and K ′ are high-symmetry points. ~kx and ~ky are
axes of reciprocal space. The coordinate axes of the reciprocal space are denoted by
kx and ky.

semiconducting CNTs [91]. More detailed information about the band structure of

CNTs can be found in review papers [92, 93].

3.1.1 Graphene band structure

Graphene is a two-dimensional hexagonal lattice of carbon atoms [94]. The configu-

ration of a free carbon atom is 1s22s22p2 with two electrons occupying the 2s orbital

with energy εs, and two more the 2p states (px, py, pz) with energy εp. The overlap

of the electron wave functions will decrease the total energy when carbon atoms form

a molecule or a crystal. This energy is enough for an 2s electron to move up to a

2p state. The maximal overlap of the electron wave functions happens via the sp2

hybridization, which involves the 2s, px and py orbitals. These three orbitals form a

valence band σ and a related high energy conduction band σ∗. Therefore the carbon

atoms in graphene and in CNTs are threefold coordinated. The electron in orbital

pz has the same orientation throughout the structure forming a valence band π as

well as a conduction band π∗. With twofold spin degeneracy there are eight states

in the outermost shell, therefore the energy levels are only half full. The electrical

properties are determined mainly by the π and π∗ bands.

Graphene has a hexagonal crystal lattice. Two neighboring atoms A and B form

a unit cell and the nearest neighbor vectors

~δ1 =
a

2
(1,
√

3), ~δ2 =
a

2
(1,−

√
3), ~δ3 = a(−1, 0). (3.1)
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3. Carbon nanotube as nanomechanical device

where ~δl = ~rB,l − ~rA,i is from the ith A atom to three surrounding B atoms with

l = 1, 2, 3. The Bravais lattice is triangular as shown in Fig. 3.2 (a). The lattice

vectors are

~a1 =
a

2
(3,
√

3), ~a2 =
a

2
(3,−

√
3), (3.2)

where a is the lattice constant. The Brillouin zone in the reciprocal space is shown

in Fig. 3.2 (b). High-symmetry points are denoted by K and K ′, respectively. High-

symmetry points with the same notation are connected by reciprocal lattice vectors.

The wave vectors of the K and K ′ points are

~K =

(
2π

3a
,

2π

3
√

3a

)
, ~K ′ =

(
2π

3a
,− 2π

3
√

3a

)
. (3.3)

The tight-binding model is very efficient to obtain the electronic structure of

graphene [95]. The nearest neighbor hopping strength

t = 〈ψA(~r − ~rA,i)|H |ψB(~r − ~rB,l)〉 (3.4)

is the same for all the atoms, where |ψ〉 is the wave function of the electron on pz

orbital. Electrons in π states can only hop between A (B) atom and its neighboring

B (A) atoms. The Bloch Hamiltonian in the basis of the two sublattices A and B is

H(~k) =

(
0 tS(~k)

tS∗(~k) 0

)
, (3.5)

where ~k is the wave vector and HAB = t
N

∑N
i=1

∑3
l=1 e

i~k·~δl = tS(~k) describes the

hopping from A to B, and tS∗(~k) from B to A. The wave function in this basis has

two components,

|ψ〉 =

(
ψA

ψB

)
, (3.6)

corresponding to the Bloch function at sublattices A and B. This internal degree of

freedom is called pseudospin. The form of S(~k) is

S(~k) =
∑
~δ

ei
~k~δ = 2 exp

(
ikxa

2

)
cos

(
kya
√

3

2

)
+ exp(−ikxa). (3.7)

We can see that the eigenenergy is E(~k) = ±t|S(~k)|. A very important property

of graphene follows from S( ~K) = S( ~K ′) = 0. The bands π and π∗ touch at points K

and K ′ hence the Fermi energy at E = 0 is at the K(K ′) points as shown in Fig. 3.3.

With the wave vectors measured from K (K ′) points ~κ = ~k − ~K (~κ = ~k − ~K ′), the

34



Figure 3.3: (a) Energy bands of graphene around the first Brillouin zone. Conduction
band and valence band touch at Dirac points labeled with K and K ′. (b) Dispersion
relation near a Dirac point. π∗ and π denote the conduction band π∗ and valence
band π. Fermi energy EF is at the touching point of bands and it is set to 0.

Hamiltonian near the conical K (K ′) points can be written as

HK,K′(~κ) = ~vF

(
0 κx ∓ iκy

κx ± iκy 0

)
, (3.8)

where vF = 3a|t|
2 is the group velocity of the electrons at the band crossing points

and ~κ = (κx, κy, κz) = |~κ|(cosφ, sinφ, 0). For the aim of describing electron and hole

states, we put the two-dimensional Hamiltonian according to the ~k · ~p perturbation

theory [96] at low energy in the following form:

HK = ~vF~σ · ~κ, HK′ = HT
K (3.9)

where ~σ is the pseudospin vector. This is the Dirac Hamiltonian for massless Dirac

fermions. Therefore we call the band touching points K and K ′ Dirac points and the

nearby bands Dirac cones. When we solve the related Schrödinger equation, we get

the eigenenergies

E± = ±~vF |~κ|. (3.10)

The low energy dispersions around K and K ′ are the same. This leads to the valley

degree of freedom. Two valleys K and K ′ are connected by time reversal symmetry

T |ψK(A,B)〉 = |ψK′(A,B)〉 where T is time reversal operator. The eigenvectors are

|ψK± 〉 =
1√
2

(
1

±eiφ

)
ei~κ·~r, |ψK

′

± 〉 =
1√
2

(
1

∓e−iφ

)
ei~κ·~r, (3.11)

where the sign ± correspond to electrons and holes. We can see that the disper-
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3. Carbon nanotube as nanomechanical device

sion relation is electron-hole symmetric as shown in Fig. 3.3. The solutions of the

Schrödinger equation in Eq. (3.11) are also the eigenvectors of the chiral operator

~σ · ~κ
~σ · ~κ
|~κ|

ψ± = ±ψ±, (3.12)

which tells us that the orientation of the pseudospin of electrons (holes) in graphene

is parallel (anti-parallel) to the direction of the wave vector.

3.1.2 Semiconducting CNTs

Figure 3.4: (a) Periodic boundary condition for graphene rolled up along the direction
of the chiral vector into a semiconducting CNT. The appropriate boundary condition
is ~κ · ~C = 2πl where ~C is the chiral vector, κ is the wave vector measured from the
Dirac point and l is an integer. The boundary condition allows several quantization
lines along the direction of the CNT axis ~κq. ~κ⊥ is perpendicular to ~κq and parallel

to ~C. (b) Energy bands along κq close to a Dirac point of a semiconducting CNT.
For semiconducting CNTs the quantization lines do not go through the Dirac points
and the nearest quantization line to the Dirac point determines the band gap energy
EG. Adapted from Ref. [93].

We assume that the graphene sheet is rolled into a cylinder with the circumference

|~C| and an infinite length. Using the zone-folding approximation, the band structure

of single-wall CNTs can be established from the band structure of graphene with

a periodic bounding condition in the direction of ~C. Since the inter-atomic space

is much smaller than the diameter of the nanotube, it is a good approximation for

obtaining the electrical structure of single-wall CNTs. The appropriate boundary

condition is ~κ · ~C = 2πl where l is an integer. We can write ~κ = ~κq + ~κ⊥. ~C is

perpendicular to the CNT axis therefore the boundary condition simplifies as

|~κ⊥| =
2πl

|~C|
=

l

R
, (3.13)
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where R is the radius of the CNT. We can see a set of lines parallel to the CNT axis

allowed by this boundary condition as shown in Fig. 3.4. These lines are called quan-

tization lines and the band structure depends on the nearest quantization line to the

Dirac point. If a quantization line goes through the Dirac point, the conduction band

touches the valence band, thus the CNT is metallic otherwise it is semiconducting.

We denote the minimal distance between the Dirac points and the quantization lines

by ∆κ⊥. From the dispersion relation (3.10), one can get the band gap as

EG = 2~vF∆κ⊥. (3.14)

The dispersion relation of CNTs along the quantization line parallel to ~κq can be

written as

E±(Kq) = ±
√
~2v2

Fκ
2
q +

E2
G

4
. (3.15)

We can see that the energy is a pair of hyperbola functions of κq and it is also

electron-hole symmetric.

3.1.3 Band structure of CNTs in magnetic fields

Figure 3.5: (a) Dirac cones of a semiconducting CNT shifts in a magnetic field. The
K valley shifts towards the quantization line and the K ′ valley shifts away from the
quantization line because the two valleys are connected by the time-reversal symmetry.
∆κB⊥ is the shift of the Dirac cones caused by the magnetic field in the direction of κ⊥.
(b) The energy gap between the lowest conduction band and highest valence band
as a function of Bq. The band gap closes at the magnetic field B′ = 2~vF∆κ⊥/gµB
where the quantization line goes through the Dirac point in the K valley. Adapted
from Ref. [93].

The energy degeneracy of valleys and spins in semiconducting CNTs can be lifted

by a magnetic field which is parallel to the CNT axis. The two valleys are time-

reversal conjugates of each other and in a magnetic field, the Dirac points of two

valleys are shifted away and towards the quantization lines separately as shown in

Fig. 3.5. The magnetic field induces a shift of the wave vector ∆κB⊥ in the direction

37



3. Carbon nanotube as nanomechanical device

perpendicular to the CNT axis. The bandgap of two valleys in a magnetic field B

parallel to the CNT axis is

EK,K
′

G (∆κB⊥) = 2~vF (κ⊥ ∓∆κB⊥). (3.16)

For the K valley, the magnetic field shifts the Dirac points towards to the quanti-

zation line and it results in a smaller bandgap. The band gap can be closed with a

magnetic field B′ that satisfies gµBB
′ = 2~vF∆κ⊥. With a increasing B > B′, the

bandgap increases again. The magnetic field shifts the Dirac points away from the

quantization line for the K ′ valley therefore the gap increases with an increasing mag-

netic field. This is consistent with the physical picture that electrons from opposite

valleys have opposite magnetic moments and move around the CNTs in clockwise and

anti-clockwise directions.

3.2 Spin-orbit coupling

Figure 3.6: The spin splitting of band edges caused by the SOI. (a) Band structure
along κq without any SOI. (b) Band structure with the non-diagonal terms of the
SOI. (c) Energy bands with both the non-diagonal and the diagonal terms of the
SOI. The asymmetry of the conduction band and valence band is caused by both the
non-diagonal and the diagonal terms of the SOI. Adapted from Ref. [87].

The SOI in graphene and CNTs was expected to be very small until the curvature

induced SOI was first predicted to be of meV magnitude in CNTs [80, 87], which

was later confirmed experimentally [88]. On one hand, SOI can be the source of

decoherence of spin [97], on the other hand, it can serve as a method of controlling

spins in CNTs [86, 98]. We show the energy spectrum of an electron in a QD formed

in a CNT in a magnetic field in Fig. 4.1 in Chap. 4. Since we have shown the band
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structure in a parallel magnetic field in Sec. 3.1.3, and now we discuss the effect of

the SOI to have a better understanding of the energy spectrum.

A nonzero curvature breaks the inversion symmetry in the z-direction and the

hopping between px and pz orbitals of two neighboring atoms becomes allowed. Com-

bining the atomic SOI and the hopping results in an indirect hybridization of the π

bonds of different atoms. The Hamiltonian of the SOI at Dirac point K can be written

in the form [80, 85, 87]

HK
SO =

(
λ′K
R σy

λK
R σy

λ∗K
R σy

λ′K
R σy

)
, (3.17)

where the parameter of the non-diagonal terms is

λK
R

=
∆atomic

SO a(εs − εp)(Ωπpp + Ωσpp)e
−iθ

12
√

3Ωσsp
2R

, (3.18)

and in the diagonal terms

λ′K
R

=
∆atomic

SO aΩπpp cos(3θ)

2
√

3(Ωσpp − Ωπpp)R
. (3.19)

Here ∆atomic
SO is the atomic SOI strength and εi with i = p, s is the atomic energy for

orbitals p and s. In the absence of the curvature, the strength Ω
π(δ)
pp describes the

π bond coupling between nearest-neighbor p orbitals and the strength Ωδsp describes

the δ bond coupling between nearest-neighbor s orbital and p orbital. Combining

the Hamiltonian of the SOI (3.17) and the Dirac Hamiltonian (3.8) we obtain the

dispersion relation with different spin splittings as −2λ′K/R − 2Re[λKe
iθ]/R for the

conduction band and 2λ′K/R−2Re[λKe
iθ]/R for the valence band as shown in Fig. 3.6.

The symmetry of the electron and the hole bands is broken by the combination of the

off-diagonal and diagonal terms of the SOI.

3.3 CNTs as mechanical resonators

3.3.1 Harmonic phonon modes

To derive the vibrational modes of CNT resonators, one can solve the equations

of the linear theory of elasticity under appropriate boundary conditions [99, 100].

We assume that a resonator is aligned along the z-axis. The displacement of the

resonator u(z, t) = f(z)x(t) is both z-dependent and time dependent, where f(z)

is the displacement pattern or the waveform of the resonator and x(t) is the global
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3. Carbon nanotube as nanomechanical device

amplitude of the mechanical motion. The harmonic modes of the resonator are known,

for example, the first excited harmonic is approximated by

fe1(z) = −
√

2 sin

(
2π

L
(z +

L

2
)

)
,

where L is the length of the resonator. The Hamiltonian for the one-dimensional

harmonic oscillator is

H =
p2

2m
+

1

2
ω2x2 (3.20)

where p is the momentum operator and x(t) is the position operator. In second

quantized form the Hamiltonian is

H = ~ωa†a+
1

2
~ω (3.21)

where ω is the frequency of a vibrational mode and 1
2~ω is the zero-point energy of

the oscillator. Here, a(a†) is the creation (annihilation) operator with

x =
l0√
2

(a+ a†), p = −imωl0(a− a†), (3.22)

where m is the effective mass and

l0 =

√
~
mω

is the zero-point fluctuation amplitude.

3.3.2 Mechanical dissipation

Since a CNT resonator couples to the bath of its environment, energy dissipates from

the oscillator with a damping rate Γ. The quality factor Q can be used to describe

how fast the oscillation dies out. The relation between Q and Γ is

Q =
ω

Γ
, (3.23)

where ω is the frequency of the oscillation. The larger the quality factor, the slower

the oscillations die out. To decrease the decoherence of the open system for quan-

tum computation, a CNT with high quality factor and large resonance frequency is

required. To describe the open system, one can use the master equation in Lindblad

form [101]

ρ̇ = − i
~

[ρ,H] + (nB + 1)Γ(2aρa† − a†aρ− ρa†a) + nBΓ(2a†ρa− aa† − ρaa†), (3.24)
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where nB = 1/(e~ω/kBT − 1) is the Bose-Einstein occupation factor of the phonon

bath at temperature T and ρ is the density matrix of the system.

3.4 Spin-phonon coupling

Figure 3.7: (a) A thought experiment illustrating the coupling mechanism. The
CNT is assumed to rotate with a rate of rotation Ω about an axis perpendicular to
the CNT axis. First we assume that one electron lies on the axis and its spin has an
orientation along the CNT axis (red arrow) in the laboratory reference frame. The
spin direction remains the same when the SOI is absent. Then we assume that the
SOI is strong ∆SO � Ω, the electron spin would follow the direction of the CNT axis
during the rotation. (b) The coupling of spins and bending-mode phonons is achieved
in vibrating CNT in a magnetic field Bz along the CNT axis. The tangent vector ~t(z)
is displacement-dependent in a suspended CNT. Adapted from Ref. [98].

A coupling between the flexural phonon modes and electron spin was found in

Ref. [98]. We first describe the mechanism of the SPI by a thought experiment from

the same paper. Assume that an electron spin in a CNT is initially oriented in some

direction in the laboratory reference frame, for example parallel to the CNT axis as

shown in Fig. 3.7(a). Now slowly rotate the CNT about an axis perpendicular to

the tube’s axis, the electron spin would remain pointing in the same direction in the

absence of SOI. Then we consider the case in the presence of strong SOI ∆SO � Ω

where Ω is the rate of rotation. The electron spin is assumed initialized to the same

direction parallel to the CNT axis with the orbital and the spin moments. If we rotate

the CNT slowly, the spin direction would follow the tube axis because of the strong

SOI. Similar coupling between spins and mechanical motion appears in the case of

weaker SOI and in a magnetic field where the spin has a preferred direction. Now we

consider a suspended CNT in a magnetic field as in Fig. 3.7(b). The same coupling

between the spin and the bending-mode phonons is induced by the local changes in

the direction of the CNT axis in the presence of the SOI. Since the main content of

the thesis is based on the SPI, we derive the form of SPI from the SOI in a vibrating

CNT in the following. More details about the SPI can be found in Ref. [98].
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3. Carbon nanotube as nanomechanical device

Consider a CNT suspended along the z-axis, for simplicity, with only one deflection

mode vibrating along the x-axis as in Fig. 3.7. A QD is formed by gating and one

electron is trapped inside. A magnetic field is applied along the CNT axis. We choose

the two spin states near the upper crossing in the energy spectrum in Fig. 4.1(c). As

we showed in Sec. 3.2, the curvature induced SOI contains diagonal and non-diagonal

terms, we include both terms in HSO = ∆SO

2 t̂ · ~s, where ∆SO is the SOI strength,

t̂ = (tx, ty, tz) is the tangent unit vector along the CNT axis and ~s is the vector of

the Pauli matrices. Due to the vibration, the tangent vector is a function of the

displacement coordinates ~u(z) such that

t̂(z) = ẑ +
d~u(z)

dz
(3.25)

where the direction of the displacement ~u(z) is assumed to be parallel to the x-axis.

Therefore the SOI is

HSO =
∆SO

2
t̂ · ~s =

∆SO

2
(sz +

du(z)

dz
sx). (3.26)

The second term in last equation represents the SPI and it depends on the instanta-

neous deflection u(z). We introduce the displacement u(z, t) = f(z)x(t) in Sec. 3.3,

where f(z) is the waveform of the CNT and x = l0√
2
(a+a†) is the global amplitude of

the vibrational motion. Substituting u(z) in the second term of Eq. (3.26), we obtain

the SPI in terms of the phonon creation and annihilation operators:

Hsp =
∆SO

2

l0√
2
〈f ′(z)〉 (a+ a†)sx (3.27)

where f ′(z) is the derivative of the waveform of the CNT and the average 〈f ′(z)〉 is

taken over the electron density profile in the QD.

The SPI provide a new platform for mechanical manipulation of spins. We utilize

the SPI to obtain single ESR hence singe-qubit gates, two-qubit gates and readout

single spin states in the following chapters. The SPI also allows for phonon generation

or manipulation in CNT. We show in Chap. 7 that arbitrary superposition of Fock

states can be obtained by transferring information between phonons and spins.
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Chapter 4

Mechanically-induced

electron spin resonance

4.1 Introduction

The characteristics of suspended CNTs –low mass, high and widely tunable reso-

nance frequencies, and high quality factors [102–105]–make them very promising for

nanomechanical devices, e.g., as ultra-sensitive magnetometers, as well as mass and

force detectors [27, 68–71]. The strong coupling between single-electron tunneling and

the mechanical vibration of the suspended CNT [67, 74–76, 106, 107] can be used to

probe the CNT’s vibration frequency [108, 109], and the average charge in the QD

on the CNT [110]. A suspended CNT can be driven with radio frequency fields into

its nonlinear vibrational regime [103, 111]. In a recent theory work where the ground

state and the first nonlinear vibration modes of suspended CNTs are used as long

lived quantum bits, a two-qubit entangling gate has been proposed by coupling the

qubits to an optical cavity [21].

QDs in CNTs with a semiconducting band gap have attracted much attention

because of the additional valley degree of freedom, among other reasons [112–114].

The SOI was initially expected to be weak in CNTs, but the curvature-induced SOI

was later recognized to be significant [82–87] and to lead to a lifting of the four-fold

spin and valley degeneracy, observed in experiment [81, 88]. Nevertheless, due to the

low nuclear spin density in the carbon-based host material, electron spins in CNT

QDs can be viewed as prospective quantum bits. The spin relaxation in CNT QDs

is caused by the SOI and has been investigated in a number of studies [97, 115, 116].

This chapter is an adapted version of the article publiched as Heng Wang and Guido Burkard,
Physical Review B 90, 035415 (2014).
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4. Mechanically-induced electron spin resonance

Recently, a SOI as large as 3 meV has been measured in a CNT [117]. It was predicted

that the inherent SOI can induce a SPI in a suspended [98, 118], CNT which provides

a new way for realizing spin-based nanomechanical systems [89, 119, 120].

Single electron

0 1 2

0.4

0

0.4

0.8

Figure 4.1: (a) Proposed system for mechanical spin manipulation. A single electron
is trapped in a quantum dot (QD) in a suspended CNT with length L. A magnetic
field B‖ parallel to the z-axis is applied. A gate voltage applied on the back gate
can adjust the resonance frequency ωp of the CNT. An external antenna or the back
gate can apply an external AC electric driving field to the charged nanotube. Here
we assume a CNT with length L = 400 nm, resonance frequency ωp/2π = 1.5 GHz
and quality factor Q ≈ 95000. (b) The Bloch sphere representing the quantum state
of the electron spin. The green line denotes ESR and the purple line shows a rotation
about the z-axis. (c) Energy spectrum of the QD on the CNT as a function of the
parallel magnetic field B‖. The two degrees of freedom of the valley (K, K ′) and
single-electron spin (↑, ↓) yield a 4-fold degeneracy, which is lifted by B‖. A pure spin
qubit is found around the magnetic field B∗ = ∆SO/(gsµB) = 1.7 T. Parameters
used here are ∆SO = 170 µeV, ∆KK′ = 12.5 µeV, µorb = 330 µeV [89].

The read-out of single electron spins has been proposed by different methods

such as making use of magnetic resonance force microscopy [121, 122], spin blockade

[123] and SPI [124]. In this chapter, we propose a mechanically-driven arbitrary

manipulation of the electron spin based on this SPI.

In our proposed nanomechanical system, a suspended CNT is doubly clamped

(See Fig. 4.1 (a)) [89]. Two electrodes at both ends are used for forming a QD, i.e.,

trapping of a single electron which can be spin-polarized by an external longitudinal

magnetic field B‖ applied along the z-axis of the CNT. As we will show, any rotation

of the spins about any axis on the x-z plane on the Bloch sphere can be obtained

with a single-step operation by varying the strength and the frequency of the external
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driving electric field. Mechanically induced ESR can be performed based on the SPI

in the suspended CNT (see Fig. 4.1(b)). The rotation of the spin about the z-axis

on the Bloch sphere can be implemented by the off-resonant AC electric driving field.

Any arbitrary-angle rotation about any arbitrary axis in the whole Bloch sphere can

be obtained by a multiple-step operation combining ESR and the rotation of the single

spin about the z-axis.

This chapter is organized as follows. We first introduce the quantum mechanical

system and give the basic Hamiltonian in Sec. 4.2. To explain the mechanism of

the mechanically induced ESR, we derive the effective Hamiltonian within a low-

energy subspace by using a Schrieffer-Wolff transformation and obtain the respective

time-evolution operator in Sec. 4.3. In Sec. 4.4, we numerically simulate the time

evolutions at different temperatures with realistic parameters. In Sec. 4.5, we analyze

and discuss the physical mechanism responsible for mechanical ESR. We conclude in

Sec. 4.6 by summarizing the main results.

4.2 Model

To describe the mechanically induced ESR, we model the spin of an electron located in

the QD on the CNT, the relevant mechanical resonator mode, as well as the coupling

between these two degrees of freedom. The total Hamiltonian is given by [89]:

H = H0 +H1,

H0 =
~ωq
2
σz + ~ωpa†a,

H1 = 2~λ(a+ a†) cos(ωt) + ~g(a+ a†)(σ+ + σ−),

(4.1)

where σz is the Pauli matrix describing the electron spin, σ± = σx ± iσy are the spin

raising and the lowering operators, and a(a†) is the phonon annihilation (creation)

operator. We assume ~ = 1 for simplicity in the following. We define the two states

of the qubit at the crossing point of the two spins in the upper valley (see Fig. 4.1(c))

[89, 116, 118]. The frequency of the spin splitting is defined as ωq = (B‖−B∗)/(~µB),

where B‖ is the applied magnetic parallel field and B∗ = ∆SO/(gsµB), where gs is

the electron spin g-factor and ∆SO is SOI strength.

A gate voltage applied on the back gate can adjust the resonance frequency of the

CNT [103]. By the capacitive coupling, an antenna or the back gate can apply an

external AC electric field to drive the charged nanotube [76, 102]. For simplicity, we

assume that only a single polarization of the vibration of the CNT can be excited by

the AC driving field and the phonon mode has a frequency ωp. The first term in H1

is the driving term caused by the external AC electrical field with a frequency ω and

a strength λ. The second term g(a+a†)(σ+ +σ−) describes the SPI which originates
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4. Mechanically-induced electron spin resonance

from the inherent curvature-induced SOI [89]. The SPI strength is proportional to

the spin-orbit coupling, g ∝ ∆SOl0, where l0 is the zero-point motion amplitude of

the phonon mode. We find a value of the coupling strength g/2π = 0.56 MHz with

realistic parameters ∆SO = 370 µeV, l0 = 2.5 pm, and L = 400 nm [89].

A high Q factor and simultaneously a high resonance frequency are desired for

reaching the quantum limit of a mechanical system [125, 126]. A 800 nm long CNT

with the resonance frequency 350 MHz and high Q factor Q ≈ 150000 has been

found experimentally [76, 103]. Recently, it was reported that a straight CNT with

a length of 250 nm and a quality factor Q = 1200 is used to realize an ultrahigh

4.2 GHz resonance frequency of the flexural fundamental eigenmode [104]. We take

the resonance frequency ωp/2π as 1.5 GHz and the quality factor as Q ≈ 95000

corresponding to Γ = ωp/Q ≈ 105 s−1 in between these two cases.

To simulate the system in a realistic way, we use a master equation in which

the external phonon bath leading to the damping of the phonon mode is taken into

account,

ρ̇ =− i

~
[H, ρ] + (nB + 1)Γ

(
aρa† − 1

2
{a†a, ρ}

)
+ nBΓ

(
a†ρa− 1

2
{aa†, ρ}

)
,

(4.2)

where nB = 1/(e~ωp/kBT − 1) is the Bose-Einstein occupation factor of the phonon

bath at temperature T . The second (third) term in the master equation describes

emission (absorption) of a phonon into (from) the bath. Here, the spontaneous phonon

loss into the bath is described with the damping rate Γ. We assume a negligible

spontaneous qubit relaxation rate 1/T1 � g due to the low densities of the other

phonon modes in the resonator near the qubit frequency [89, 98, 127].

4.3 Electron spin resonance

At low temperatures, kBT � ~ωp, we can assume for simplicity that there are only

four relevant states |0 ↓〉, |0 ↑〉, |1 ↓〉 and |1 ↑〉 in this system. Dividing the Hilbert

space into two subspaces with 0 and 1 phonons, we find that H0 is block-diagonal and

H1 is block-off-diagonal on the space of these four states

H0 =

(
H

(0)
0 0

0 H
(1)
0

)
, H1 =

(
0 H

(01)
1

H
(10)
1 0

)
, (4.3)

where H
(i)
0 (i = 0, 1) operate on the states with i phonons, and H

(ij)
1 (i, j = 0, 1, i 6= j)

are the interaction terms between states with i and j phonons. Their concrete forms
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are H
(0)
0 =

~ωq
2 σz, H

(1)
0 =

~ωq
2 σz + ~ωp, H(01)

1 = 2~λ(a + a†) cos(ωt), and H
(10)
1 =(

H
(01)
1

)†
. To understand the time evolution of the spin, it is useful to obtain the

effective Hamiltonian of the lowest-energy subspace which contains the states |0 ↓〉
and |0 ↑〉. For this purpose, a Schrieffer-Wolff transformation can be applied and

an effective total Hamiltonian which is block-diagonal is obtained. We assume that

there is a large detuning of the frequency ∆ = ωp − ω � g, λ between the driving

field and the phonon mode, and also between the phonon mode and the qubit mode

∆ ≥ ωp−ωq � g, λ. Because the external driving term 2~λ(a+a†) cos(ωt) in Eq. (4.1)

is time-dependent, a time-dependent Schrieffer-Wolff transformation is applied [128].

Assuming a unitary transformation U(t) is a function of time and ψ is the original

wave function, the wave function is transformed as ψ̃ = Uψ. With the Schrödinger

equation i∂tψ = Hψ and i∂tψ̃ = H̃ψ̃, one can obtain the transformed Hamiltonian

after the time-dependent Schrieffer-Wolff transformation as

H̃ = UHU† − iU(∂tU
†). (4.4)

Writing U(t) = eS(t), where S(t) = −S(t)† ∝ O(H1), we obtain

H̃ = eS(t)He−S(t) + ieS(t)∂te
−S(t). (4.5)

Expanding Eq. (4.5) in a Taylor series in S(t), one can gain the following transformed

Hamiltonian H̃ at second order

H̃ = H0 +H1 + [S(t), H0] + iṠ(t)︸ ︷︷ ︸
O(H1)

+O(H3
1 )

+ [S(t), H1] +
1

2
[S(t), [S(t), H0]] +

1

2
i[S(t), Ṡ(t)]︸ ︷︷ ︸

O(H2
1 )

+O(H3
1 ).

(4.6)

Due to the time dependence, we obtain one additional first order term iṠ(t) and one

second order term 1
2 i[S(t), Ṡ(t)]. To obtain a block-diagonal Hamiltonian, the first

order terms O(H1) which are block-off-diagonal are eliminated by the condition,

H1 + [S(t), H0] + iṠ(t) = 0. (4.7)

From Eq. (4.7) we can obtain an expression for S(t) and the effective Hamiltonian H̃

which only contains the zeroth order and the second order terms in H1. Substituting
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4. Mechanically-induced electron spin resonance

Eq. (4.7) into Eq. (4.8), we find a simple form of the effective Hamiltonian,

H̃ = H0 +
1

2
[S(t), H1]. (4.8)

We now solve Eq. (4.7), a first-order inhomogeneous differential equation for S(t).

We obtain the simplest solution for S(t) as

S(t) =

(
0 S1(t)

−S†1(t) 0

)
, (4.9)

where

S1(t) =

 2λ(iω sin(ωt)+ωp cos(ωt))
ω2−ω2

p
− g
ωp−ωq

− g
ωp+ωq

2λ(iω sin(ωt)+ωp cos(ωt))
ω2−ω2

p

 . (4.10)

Substituting Eq. (4.9) into Eq. (4.8), we arrive at the total effective Hamiltonian

H̃ =

(
H̃(0) 0

0 H̃(1)

)
, (4.11)

where H̃(0) is the effective Hamiltonian in the lowest-energy subspace whose phonon

number is zero and H̃(1) is the effective Hamiltonian of the subspace with one phonon.

The exact form of the effective Hamiltonian in the lowest subspace can be written as

H̃(0) =H
(0)
0 +

1

2

(
S1(t)H

(10)
1 +H

(01)
1 S†1(t)

)
=− 2 cos(ωt)

λgωp(ω
2 − 2ω2

p + ω2
q )

(ω2 − ω2
p)(ω2

p − ω2
q )

σx

+ ωq

(
1

2
− g2

ω2
p − ω2

q

)
σz,

(4.12)

where a two-dimensional identity matrix acting on the spin is omitted.

Now we consider the general system with n phonons. Each two opposite spin

states |n ↓〉 and |n ↑〉 with the same number of phonons form a subspace. Under the

same precondition that ∆ ≥ ωp−ωq � g, λ, using the Schrieffer-Wolff transformation

on the whole space, we find the effective Hamiltonian with n phonons,

H̃n = H̃n0 + H̃n1,

H̃n0 =

(
1

2
− g2(2n+ 1)

ω2
p − ω2

q

)
ωqσz + ωpn

H̃n1 = −
2λgωp cos(ωt)(ω2 − 2ω2

p + ω2
q )

(ω2 − ω2
p)(ω2

p − ω2
q )

σx.

(4.13)

48



Here, the term including the identity matrix is eliminated already because it just

produces a global phase. The coefficients of the second term with different numbers

of phonons have different nonlinear coefficients. But the difference is small for small

phonon numbers at low temperatures due to ωp − ωq � g .

We transform the effective Hamiltonian into the Dirac picture with respect to

H̃n0 in Eq. (4.13). Assuming λ� ωp and ωp + ω � ∆, and applying a rotating wave

approximation, the interaction part of the Hamiltonian becomes

H̃n = eiH̃n0H̃n1e
−iH̃n0

= −α(e2iβntσ+ + e−2iβntσ−),
(4.14)

where

α =
λgωp(ω

2 − 2ω2
p + ω2

q )

(ω2 − ω2
p)(ω2

p − ω2
q )

,

βn =
1

2

(
ωq

(
1− 2(2n+ 1)g2

ω2
p − ω2

q

)
− ω

)
.

(4.15)

We transform the total Hamiltonian into the Dirac picture with respect to H̃ ′n0 =

ωpn+ βnσz as

H̃ ′n = H̃ ′np + H̃ ′nq

H̃ ′np = ωpn, H̃
′
nq = βnσz − ασx.

(4.16)

Arbitrary rotations in the x-z plane can be generated by H̃ ′nq. The coefficients of

σx and σz are adjustable by varying the strength and the frequency of the driving.

ESR can be started or stopped by turning the driving field on or off. Arbitrary-angle

rotations about arbitrary axes can be constructed by combining these two rotations.

For a better understanding of approaching the arbitrary angle rotations, it is

useful to derive the expression for the time-evolution operator on the spins. We

rewrite H̃ ′nq = ~b · ~σ in Eq. (4.16) with the vector ~b = (−α, 0, βn)T . For e−i
~b·~σt =

cos(|b|t)1− i sin(|b|t)(b̂ · σ), the time-evolution operator is given as

R~b(θ) = e−iH̃
′
nqt = e−i

~b·~σt

=

(
cos( θ2 )− iβnΩ sin( θ2 ) iαΩ sin( θ2 )

iαΩ sin( θ2 ) cos( θ2 ) + iβnΩ sin( θ2 )

)
,

(4.17)

where Ω =
√
α2 + β2

n and θ = 2Ωt. Rotations R~b(θ) rotate the spins about the vector
~b by the angle θ. First, arbitrary-angle rotations of single spins about arbitrary axes

in the x-z plane, such as the rotations relating to X-, Z-, phase and Hadamard gates,

can be obtained by a single operation as R = eiγRb̂(θ) where eiγ is a global phase
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4. Mechanically-induced electron spin resonance

shift. Arbitrary angles θ can be achieved by adjusting the pulse time t. The axes
~b = (−α, 0, βn)T are in the x-z plane and they are adjustable by varying the frequency

and the strength of the electric driving field. Second, arbitrary-angle rotations about

arbitrary axes out of the x-z plane, such as rotation relating to Y gate, can also be

obtained by multiple steps of operations R = eiγRz(θ1)Rx(θ2)Rz(θ3) with appropriate

γ and angles of rotations θi(i = 1, 2, 3). In this way, arbitrary-angle rotations of

the single spin about arbitrary axes and arbitrary unitary single-qubit gates can be

achieved [129].

4.4 Numerical simulation
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Figure 4.2: The time evolution of density matrix elements ρij = 〈i|ρ|j〉 (i, j =↑, ↓)
under the conditions of (a) ESR with δ/2π = (ωq − ω)/2π = 0.003 MHz and (b)
rotation about an axis in the x-z plane with δ/2π = 0.012 MHz at zero temperature,
with which one can achieve the Hadamard gate. The initial condition is |0 ↑〉. The
blue (red) thick lines show the population of state |0 ↑〉 (|0 ↓〉). The dashed lines
show the coherence terms between |0 ↑〉 and |0 ↓〉 in the ESR. The other parameters
are λ/2π = 0.8 MHz, ωq/2π = 1.4 GHz, ωp/2π = 1.5 GHz, and g/2π = 0.56 MHz.

At zero temperature, we can restrict our analysis to the states |0 ↑〉 and |0 ↓〉.
Because the driving of the phonon states is suppressed by a large detuning, our

system is weakly driven, and higher phonon states will not be involved in the time

evolution. Therefore, there are only two states |0 ↑〉 and |0 ↓〉 in the whole process

at zero temperature. We simulate the time evolution for ESR of single electron spins

and a rotation relating to the Hadamard gate at zero temperature in Fig. 4.2.

Now, we compose the X-, Z- and Hadamard gates at zero temperature. The

X-gate is defined as

X = σx =

(
0 1

1 0

)
, (4.18)

and it can be achieved by setting α 6= 0 and βn = 0 in Eq. (4.17). To obtain

βn = 0, we set ω = ωq(1 − 2g2

ω2
p−ω2

q
). We find ω = 1399.997 MHz for the parameters
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λ/2π = 0.8 MHz, ωq/2π = 1.4 GHz, ωp/2π = 1.5 GHz, and g/2π = 0.56 MHz (see

Fig. 4.2 (a)). At the time points fulfilling sin(θ/z) = 1 we can obtain the X gate.

The Z-gate is defined as

Z = σz =

(
1 0

0 −1

)
. (4.19)

We can obtained the Z-gate by the off-resonance driving field with α = 0 and βn 6= 0

in Eq. (4.17). To achieve α = 0, the driving strength is set as λ = 0. The parameters

are chosen to be the same as for the X-gate. At the time points fulfilling sin(θ/2) = 1

we can obtain the Z gate.

The rotation of spin states for Hadamard gate,

H =
1√
2

(
1 1

1 −1

)
, (4.20)

can be obtained by a rotation about an axis between x-and z-axes. By adjusting

the frequency and the strength of the driving field, the axis of the rotation can be

adjusted. The Hadamard gate is achieved by setting α = −βn, which requires ω/2π =

1399.988 MHz, where we set eiγ = −i in R = eiγRb̂(θ). The parameters for the

Hadamard gate are the same as those for the X-gate. A Hadamard gate is obtained

at the time points fulfilling sin(θ/2) = 1, for example at the contact point between

|0 ↑〉 and |0 ↓〉 in Fig. 4.2 (b).

Now we consider the case of a finite temperature. The distribution of phonons

follows the Bose-Einstein statistics at finite temperature. The time evolution of ESR

of all the spin states is simulated with a master equation at finite temperature (see

Fig. 4.3 (a)). The initial state in thermal equilibrium has the form

ρσT =
1

Z

∞∑
n=0

e−n~ωp/kBT |n〉〈n| ⊗ |σ〉〈σ|

=

∞∑
n=0

ρnσ|nσ〉〈nσ|,
(4.21)

where σ =↑, ↓ and Z =
∑∞
n=0 e

−n~ωp/kBT is the partition function. Because of the

large detuning ∆ and the vibrational damping at low temperature, the states with

large numbers of phonons relax into the ground phonon state. We now study the

time evolution for ESR of the total spin states at finite temperature (see Fig. 4.3 (b)).

The reduced density matrix of the spin is defined as ρσ =
∑
n ρnσ, σ =↑, ↓. From the

evolution of the total spin of states in Fig. 4.3 (b), we can obtain ESR of the total

spin states. Combining ESR with the rotations about the z-axis, arbitrary rotations

on the Bloch sphere about arbitrary axes can be obtained at finite temperature.
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Figure 4.3: The time evolution of the population of spin states is shown at tem-
perature T = 100 mK. The initial state is ρ↑T . (a) The red thick (dashed) line
shows the population of |0 ↑〉 (|0 ↓〉) and blue (dashed) line shows |1 ↑〉 (|1 ↓〉).
Green, orange and gray lines show |2 ↑〉, |3 ↑〉, and |4 ↑〉 separately, and the related
states of spin down are damped out. (b) The total spin evolution ρσ =

∑
n ρnσ,

σ =↑, ↓ in thermal equilibrium. (Here we plot a figure with the maximum phonon
number n = 4.) The other parameters are λ/2π = 0.8 MHz, ωp/2π = 1.5 GHz,
ωq/2π = 1.4 GHz, ω/2π = 1399.997 MHz and g/2π = 0.56 MHz.

4.5 Analysis

Let us analyze the results in view of the envisioned aim of achieving arbitrary mechan-

ically induced spin rotations. Different qubit states are connected by the driving and

the SPI. On one hand, the driving field couples to the phonon mode off-resonantly.

A large frequency detuning ∆ � g, λ is induced between the phonon mode and the

driving field. The oscillator driving strength is quite small due to the large detuning.

Taking the state |0 ↓〉 for example, it cannot be excited into the next higher phonon

state |1 ↓〉.

On the other hand, there is a large frequency difference between the phonon mode

and the qubit mode, which is necessary for applying the Schrieffer-Wolff transforma-

tion. The combination of the SPI and related states results in the formation of dressed

states (see Fig. 4.4). For example the coupling of |1 ↓〉 to |0 ↑〉 with the strength g

results in two dressed states which are eigenstates of the non-driven (λ = 0) Hamilto-

nian. Because of ωp−ωq � g, the two original states |1 ↓〉 and |0 ↑〉 are slightly mixed

in the related dressed states. This means that one dressed state contains mainly either

|1 ↓〉 or |0 ↑〉.

When the frequency of the driving approaches the frequency difference between

the two dressed states which contain |n ↑〉 and |n ↓〉, then ESR between |n ↓〉 and

|n ↑〉 occurs. Due to ∆, ωp − ωq � g, the driving effect for the phonons is limited

and the spin rotations occur within the spin states with the same phonon numbers,

which we can see from Eq. (4.16).
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Figure 4.4: The energy level diagram of the combined spin-phonon states. The AC
electric driving strength is denoted λ and its frequency ω. The driving field couples
the phonon mode with a large detuning of frequency ∆. The dash-dotted lines are
the dressed states caused by the SPI g (blue lines). ESR between two spin states with
the same phonon numbers is obtained when ω approaches ωq (green lines).

Our analytical theory is confirmed by numerical simulation. From the two plots

in Fig. 4.2, we see that ESR is sensitive to the frequency difference of δ = ωq − ω
and the efficiency of the transition of |0 ↓〉 ↔ |0 ↑〉 changes obviously with a slight

change of δ. Perfect ESR with a full spin conversion is achieved only when the driving

frequency ω approaches the frequency of the dressed states, which is shown to be at

δ/2π = (ωq − ω)/2π = 0.003 MHz in Fig. 4.2 (a).

A rotation about the z-axis can be obtained by applying an off-resonant driving

field. ESR is also adjustable by controlling the strength and the frequency of the

external driving electric field. Hence, by using ESR and the rotation about z-axis

together, we are able to obtain arbitrary-angle rotations of the spin about arbitrary

axes through the one- or multiple-step operation.

4.6 Conclusions

In conclusion, the manipulation of a single electron spin in a suspended CNT using

mechanical actuation at low temperature has been theoretically studied. We have

proposed and analyzed the mechanical performance of rotations about the x-axis via

ESR based on the curvature-induced SPI. The combination of ESR and rotations

about the z-axis allows for arbitrary-angle rotations about arbitrary axes which are

electrically controllable by varying the strength and the frequency of the external

electric driving field. By choosing special pulse times, any single-qubit gates can be

performed. We show that our proposal can be realized in experiment by numerical

simulation with realistic parameters. Due to the long lifetime, spins can be detected

during ESR. Importantly, the manipulation is all-electrical, thus it can be controlled

and scaled up. Our proposal introduces a new way for manipulating spins with
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4. Mechanically-induced electron spin resonance

mechanical modes. Looking ahead, the fabrication and manipulation of entanglement

between single spins in different QDs found on the same CNT or on adjacent CNTs

as well as between the spin and the mechanical motion could be implemented by the

SPIs, and two-qubit gates are expected to be achievable as well.
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Chapter 5

Mechanically induced

two-qubit gates

5.1 Introduction

As mechanical resonators ultra-clean single wall CNTs are promising systems for

studying the coupling of the electron degrees of freedom to the mechanical motion

of the resonator [67, 130]. On the other hand the properties of CNT such as valley

degeneracy and the curvature induced SOI have attracted much attention [21, 93, 131].

The two valleys in the electron energy spectrum distinguish semiconducting CNT

from III -V semiconductors [113]. Qubits can be defined as the electron (hole) spins

or the valleys in QDs in CNT [79]. The SOI due to the curvature of CNTs has been

studied both in theory [80, 132] and observed in the laboratory [81, 117]. The SOI

plays an important role as a source of spin decoherence [97] and at the same time it

allows the electrical control of the spin in bent CNT in a magnetic field as well as

cooling of the CNT resonator using spin-polarized current [90, 118]. Furthermore, the

coupling of the spin in a single QD and the deflection of the CNT was studied [98],

and the SPI, which is induced from the SOI where the tangent vector instantaneously

depends on the phonon displacement, provides a new platform for operating spins

and quantized flexural modes [89]. The read-out of the resonator vibration frequency

and the detection of the single electron spin in the QD based on the SPI have been

proposed [119, 124].

We have proposed arbitrary single qubit gates using an electron spin in a single

QD which lies in a suspended CNT making use of the SPI of the mechanical motion of

This chapter is an adapted version of the article published as Heng Wang and Guido Burkard,
Phys. Rev. B 92, 195432 (2015).
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Figure 5.1: (a) Schematic of the nanomechanical system where two QDs lie in a
doubly clamped, suspended CNT which is fixed by two supports at two ends. QDs
are formed by the electronic potentials applied by the gate electrodes No. 1, 5, and
9 to form two QDs. Here, we assume that the third harmonic flexural excited mode
of the CNT is excited. The standing wave in each QD is asymmetric and has one
single electron trapped inside. The charged CNT is driven to vibrate along the x axis
by a pulsed external AC electric field applied by an antenna or the gate electrodes.
A magnetic field is applied along the z axis. (b) To switch off the coupling between
two QDs, the QDs can be electrostatically shifted. The left QD between gates No. 1
and No. 3 as well as the right QD between gates No. 5 and No. 7 are both left-right
symmetric.

the CNT in Chap. 4 [133]. For quantum information and quantum computation, one-

qubit and two-qubit gates are universal [32]. Unitary operations acting on n qubits

are called n-qubit gates. Individual two-qubit gates that can form a universal set in

combination with single-qubit gates are e.g. CNOT,
√

SWAP and iSWAP which is

given by the matrix [17, 36, 54]

iSWAP =


1 0 0 0

0 0 i 0

0 i 0 0

0 0 0 1

 (5.1)

in the basis {|00〉 , |01〉 , |10〉 , |11〉}. There are approaches related to inhomogeneous

magnetic fields to produce universal gates of spins and to achieve coupling of long

distance spins in NV centers using mechanical resonators [43, 134, 135]. Compared

with the use of inhomogeneous magnetic fields, electric fields are easier to control

temporally and spatially. Universal quantum computation requires that arbitrary

pairs of two qubits can interact with each other. It is usually not easy to fulfill this

requirement because long distance coupling can be very demanding. In the present

chapter we theoretically study a two-qubit iSWAP gate and arbitrary single qubit

gates in a nano-mechanical scheme where two electrons are trapped separately in two
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QDs on a suspended CNT. The indirect coupling of two distant single-electron spins

in two separated dots is mediated by the vibrational motion of the CNT. A single-step

preparation of maximally entangled states is obtained by combining the iSWAP gate

and single-qubit gates. All quantum gates proposed here can be controlled electrically.

We show that the SPI in each QD can be turned off by electrostatically shifting the

electron wave function on the nanotube. We predict that arbitrary pairs of QDs can

be coupled through the SPI on CNT with multiple QDs. When there are more than

two QDs in the CNT, it is possible to couple arbitrary pairs of distant electron spins

and at the same time turn off the SPI in the other QDs.

This chapter is organized as follows. In Sec. 5.2 the nanomechanical system and

the model Hamiltonian are introduced. In Sec. 5.3 a Schrieffer-Wolff transformation

is applied to obtain the effective Hamiltonian in spin space and to obtain the iSWAP

gate from the effective Hamiltonian. In Sec. 5.4 we determine the wave function

of the qubit state by solving the Schrödinger equation and in Sec. 5.5 we simulate

numerically the fidelity of the maximally entangled states in an open quantum system

by using a quantum master equation. In the Sec. 5.6 we describe how to shift the

electron wave function to turn off the SPI.

Figure 5.2: The energy-level diagram of the combined two-qubit and phonon system.
|σσ′n〉 denotes a state, where σ (σ′) represents the first (second) spin state and n is
the number of phonons. The dashed lines denote the coupling strength of the external
AC electric field λ and the SPI strength g. The AC electric field is detuned from the
phonon frequency by ∆. The coherent coupling between states |↓↓ 0〉 and |↑↓ 0〉 is
mediated by the state |↓↓ 1〉 through the driving and the SPI. The effective single
spin resonance coupling strength β and the effective two-spin interaction strength
γ are obtained by deriving the effective Hamiltonian for the n = 0 subspace and
thereby eliminating the |σσ′1〉 states with a Schrieffer-Wolff transformation (similarly
for n > 0). Here Γ is the damping rate of the CNT.
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5.2 Model

We assume that a doubly clamped, suspended CNT is fixed on two supports at both

ends [76, 106], see Fig. 5.1 (a). Two QDs can be formed by applying proper voltages

on gate electrodes below the suspended CNT. We further assume that a voltage is

applied to the gates No. 1, 5, and 9 so that the electrons are prevented from tunneling

out of the CNT or from tunneling between QDs. The other gates can be used to tune

the resonance frequency of the CNT. We assume that two electrons are trapped in two

QDs [67], separately, and that an external longitudinal magnetic field B‖ is applied

along the z-axis of the CNT. An external AC electric field is applied by an antenna

on the top or on the gates to excite the vibration of the charged CNT.

Here, two single electron spins in two QDs are assumed to couple to the the

vibrational motion simultaneously, hence these two spins are indirectly coupled via

phonon exchange. We describe this system using the Hamiltonian

H = H0 +H1, (5.2)

H0 =
∑
i

~ωqi

2
σzi + ~ωpa

†a, (5.3)

H1 = 2~λ(a+ a†) cos(ωt) +
∑
i

~gi(a+ a†)(σ+i + σ−i),

(5.4)

where i = 1, 2 refers to two electrons in two separate QDs. The pulsed driving electric

field with strength λ is applied by an external antenna or the back gates. The driving

is applied to obtain the rotation σx which corresponds to ESR, as shown in Sec. 5.3.

To obtain an iSWAP gate, the pulsed driving electric field needs to be off. The

two spin states cross at the magnetic field B∗ ≈ ∆so/(2µB) in the K valley of the

ground state of a single electron QD in CNT [89, 119, 124, 133], where ∆SO is the

SOI strength and µB is the spin magnetic moment. We choose these two spin states

as the qubit and assume that we are near the crossing point. The Zeeman splitting

energy between qubits induced by the magnetic field Bi is ~ωqi = gµB(Bi−B∗). The

quantized mechanical motion is described by the phonon mode with frequency ωp and

a (a†) is the phonon annihilation (creation) operator. We assume the system to be at

low temperature ~ωp ≥ kBT . Here σzi is the Pauli z matrix of the electron spins and

σ±i are the corresponding spin raising and lowering operators. For simplicity, we only

consider the third excited flexural mode along the x axis of the CNT in this chapter.

Due to the curvature caused by the vibrational motion, the local tangent vector

t of the CNT depends on the displacement coordinate [98], and it induces an inter-

action between the mechanical motion and the electron spin. SPI originates from

the dynamical SOI σ · t(z) = σz + (du/dz)σx, where u(z) is the displacement at the

58



coordinate point z, u(z) = f(z) l0√
2
(a+a†), where f(z) is the waveform of the phonon

mode and l0 is the zero-point displacement. For different QDs in the nanotube, the

SPI strengths are gi = ∆SO 〈f ′(z)〉i l0/2
√

2. Here f ′(z) is the derivative of the wave-

form of the phonon mode and ∆SO is the SOI strength. Considering the electron

distribution on the CNT, we obtain the average of the derivative of the waveform

〈f ′(z)〉i =
∫ li/2
−li/2 dz df(z)

dz Di(z) where Di(z) are the charge densities of two QDs and

each QD is between −li/2 and li/2. The length of the CNT is L =
∑
i li. For simplic-

ity, we assume the SPI to be the same for both QDs, g1 = g2 = g, as in the Sec. 5.4.

We use realistic parameters l1 = l2 = 400 nm, ∆SO = 370 µeV, l0 = 2.5 pm and

obtain the value of the coupling strength g/(2π) = 0.56 MHz for each symmetric QD

and a waveform with one node [89].

We assume that Di(z) are symmetric functions in the QDs. In this case, the SPI

strength is non-zero when the parity of f(z) is odd in the QD. In other words, if the

parity of the charge density function is even in a QD, to avoid canceling out the SOI,

there should be a left-right asymmetric standing wave in the QD [89].

5.3 Effective Hamiltonian

For a better understanding of the evolution of the spins, we derive the effective Hamil-

tonian in the subspace of the spins. We assume that the difference between the phonon

energy and the qubit energy is much larger than the SPI strength and the driving

strength, i.e., that ωp − ωqi � gi, λ. The Schrieffer-Wolff transformation can be

applied when the subspaces with different phonon numbers are energetically well sep-

arated. First, we obtain the effective Hamiltonian in the lowest subspace with zero

phonon, then we can use the same method to obtain the effective Hamiltonian in

all subspaces. The effective Hamiltonian from the time-dependent Schrieffer-Wolff

transformation in the lowest phonon subspace can be written as [128, 133]

Heff = H0
eff +H1

eff , (5.5)

H0
eff =

∑
i ζiσzi + γσx1σx2, (5.6)

H1
eff = 2 cosωt

∑
i βiσxi, (5.7)

where

ζi =
~ωqi

2
− (2n+ 1)~ωqig

2
i

ω2
p − ω2

qi

, (5.8)

βi = −
~λgiωp(ω2 − 2ω2

p + ω2
qi)

(ω2 − ω2
p)(ω2

p − ω2
qi)

, (5.9)

γ = −
~g1g2ωp(−2ω2

p + ω2
q1 + ω2

q2)

(ω2
p − ω2

q1)(ω2
p − ω2

q2)
. (5.10)
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5. Mechanically induced two-qubit gates

It is worth pointing out that there is not only the coupling term which denotes coupling

of two spins in Eq. (5.5), but also the single electron spin rotation terms σx and σz.

To get rid of the time-dependence in H1
eff , we transform Eq. (5.5) into the rotating

frame with frequency ω, using the transformation HI
eff = UHeffU

† − iUU̇† with U =

ei(ω/2)t
∑
i σzi . We assume ωp ∼ ωq ∼ ω, ∆ = ωp − ω and ∆� g. The fast oscillating

terms with e±2iωt can be dropped in the rotating-wave approximation. We extend

our analysis to the full phonon space and obtain the effective Hamiltonian from the

Schrieffer-Wolff transformation in the rotating frame (see Appendix A)

H ′eff =
∑
i

(αiσzi + βiσxi) + γ(σ+1σ−2 + σ−1σ+2), (5.11)

where

αi =
~ωqi

2
− (2n+ 1)~ωqig

2
i

ω2
p − ω2

qi

− ~ω
2
, (5.12)

and n = a†a is the phonon number operator. The energy-level spectrum is shown

in Fig. 5.2. Arbitrary single-qubit gates of the single electron spin can be obtained

by combining rotations about the x-axis and the z-axis [133]. The rotations about

the z-axis of each QD can be adjusted by changing the driving frequency, and can be

switched off by setting ω = ωqi(1− 2(2n+1)g2i
ω2

p−ω2
qi

). The rotations about the x-axis can be

adjusted by choosing different strengths of the driving field, and it can be switched

off by setting λ = 0. With the rotations about the x-axis (z-axis) and the iSWAP

gate, maximally entangled states could be obtained from arbitrary initial states, as

in Sec. 5.4. From rotations about the x-axis (z-axis), the X (Z) gate of one single

spin, X = σx (Z = σz), can be obtained if it is decoupled from the other spin [133],

e.g., the SPI of the other spin is zero as discussed in Sec. 5.6.

The third term in the effective Hamiltonian in Eq. (5.11) represents a XY inter-

action from which one can obtain the iSWAP gate [36]. We assume ωi = ωq, ω = ωq

and gi = g. The iSWAP gate is obtained in the absence of driving, λ = 0 where the

phonon vacuum fluctuations couple the two QDs. Choosing the appropriate pulse

length t = π(ω2
p − ω2

q)/(4g2ωp), we obtain the evolution operator U ′ = e−iH
′
eff t/~ in

the basis {|↑↑〉 , |↑↓〉 , |↓↑〉 , |↓↓〉} in the following form [135]

U ′ =


e
−iπωq

2ωp 0 0 0

0 0 i 0

0 i 0 0

0 0 0 e
i
πωq
2ωp

 . (5.13)

We can see from Eq. (5.13) that the evolution operator is an iSWAP gate with relative

phases. We can apply single qubit gates σzi on the two QDs for t = π(2/ωq− 1/2ωp)

to eliminate the relative phases between states |↑↑〉 and |↓↓〉.
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5.4 Wave function and maximally entangled states
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Figure 5.3: The time evolution of the concurrence (color scale) as a function of the
driving strength λ with different initial states (a) |↑↓〉 and (b) |↑↑〉. The dashed lines
denote the time evolutions of the concurrence with a fixed driving strength which are
shown in Fig. 5.4. When λ = 0, in (a) the period between high concurrence peaks
is t0 = π(ω2

p − ω2
q)/(4g2ωp), which depends on the strength g of the spin phonon

coupling, while in (b), the SPI does not have any effect on initial state |↑↑〉. When
λ � g, the period of the concurrence peaks depends on the initial state and the
periods are t ≈ (4/3)t0 in (a) and t ≈ 4t0 in (b). The system parameters are chosen
to be ωp/(2π) = 1500 MHz, ω/(2π) = ωq/(2π) = 1450 MHz, g/(2π) = 0.56 MHz
and n = 0.

One can combine the iSWAP and single qubit gates to obtain any maximally

entangled states from any initial product state. In our case, we can achieve a single-

step preparation of maximally entangled state by adjusting the driving strength and

driving frequency. The effective Hamiltonian in Eq. (5.11) is time independent. We

solve the Schrödinger equation i∂(|n〉⊗|ψ(t)〉)
∂t = H ′eff(|n〉⊗ |ψ(t)〉) in the subspace with

phonon number n = 0, where |ψ(t)〉 = c1(t) |↑↑〉+ c2(t) |↑↓〉+ c3(t) |↓↑〉+ c4(t) |↓↓〉 is

the wave function of the qubit states with a initial product state. The exact maximally

entangled states and the corresponding time points can both be obtained by solving

the Schrödinger equation. The Hamiltonian in the product basis is

H ′eff =


2αi β β 0

β 0 γ β

β γ 0 β

0 β β −2αi

 . (5.14)

We can use the four eigenvalues µi(∆, λ, g) and four eigenstates |ψi〉 to obtain the
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5. Mechanically induced two-qubit gates

general solution of the wave function |ψ(t)〉 = A1 |ψ1(t)〉 e−iµ1t + A2 |ψ2(t)〉 e−iµ2t +

A3 |ψ3(t)〉 e−iµ3t +A4 |ψ4(t)〉 e−iµ4t, where Ai is dependent on the initial state.

To quantify the generated entanglement, the concurrence, as a measure of entan-

glement, is evaluated. The concurrence C is a measure of entanglement which assumes

the values 0 or 1 for unentangled or maximally entangled states, and values between

0 and 1 for partially entangled states [136]. The concurrence for pure two-qubit state

can be written as C(|ψ(t)〉 = | 〈ψ(t)|σy ⊗ σy|ψ(t)∗〉 | = 2|c1(t)c4(t) − c2(t)c3(t)|. We

show the concurrence as a function of time and driving strength for different initial

states in Fig. 5.3. Since the concurrence reaches the value C = 1, we know that

maximally entangled states can be obtained. From the solution of the Schrödinger

equation, we obtain the time-dependent C(t) of the concurrence. The period of the

concurrence depends on the initial state, the driving strength and the SPI strength.

Varying in time the driving strength, we can shift the maximum of the concurrence.

In the following we take two initial states as examples in Fig. 5.3. When λ = 0,

the period of the concurrence is t = π(ω2
p − ω2

q)/(4g2ωp) and only the iSWAP gate

acts on the initial state. The iSWAP gate creates entanglement on the initial state

|↑↓〉 in Fig. 5.3 (a) but no effect with the initial state |↑↑〉 in Fig. 5.3 (b). To obtain

a maximally entangled state from the initial state |↑↑〉, the assistance of single spin

rotations is necessary. When the driving strength is nonzero, the ESRs correspond-

ing to X gates are on. Maximally entangled states of two spins could be obtained

from arbitrary initial states with the external driving field in two coupled QDs in a

CNT. When 0 < λ ≤ g, the frequency of the ESRs is slower than that of the iSWAP

gate, therefore the period between high concurrence peaks depends on the spin reso-

nance frequency. We can see from Fig. 5.3 that the frequencies of the blurred oblique

lines in Fig. 5.3 (a) and the bright oblique lines in Fig. 5.3 (b) are determined by

the strength β of the single electron rotation σx. When λ > g, the frequency of

the spin resonances is higher than for the iSWAP gate. The ESRs contribute to a

fast oscillation of the wave function. The periods of the concurrence depend on the

strength of the iSWAP gate. Corresponding to the vertical strips in Fig. 5.3, the

periods of the concurrence cycles are t ≈ π(ω2
p − ω2

q)/(3g2ωp) in Fig. 5.3 (a) and

t ≈ π(ω2
p − ω2

q)/(g2ωp) in Fig. 5.3 (b). We also show the time evolution of the wave

function with driving strength λ/(2π) = 4 MHz in Fig. 5.4, which corresponds to the

dashed line in Fig. 5.3 with λ ≥ g. Although the coefficients of the wave function are

fast oscillating due to the strong rotation σx, the envelopes of the time evolution of

coefficients still correspond to the iSWAP gate.
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5.5 Thermal bath
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Figure 5.4: The time evolution of the coefficients ci(t) = 〈i|ψ(t)〉 of the wave function
and the concurrence with driving strength λ/(2π) = 4 MHz for different initial states,
(a) |↑↓〉, and (b) |↑↑〉. (a) The maximally entangled state obtained at t1 = 26.5 µs is
ψ(t1) ≈ (−0.09 + 0.23i) |↑↑〉 + (−0.13 − 0.65i) |↑↓〉 + (−0.62 + 0.23i) |↓↑〉 + (−0.16 +
0.21i) |↓↓〉. (b) The maximally entangled state obtained at t2 = 76.8 µs is ψ(t2) ≈
(0.52 + 0.51i) |↑↑〉 + (−0.02i) |↑↓〉 + (−0.02i) |↓↑〉 + (−0.48 + 0.49i) |↓↓〉. The other
parameters are the same as in Fig. 5.3.

To include the damping of the CNT due to the coupling to a thermal bath at

temperature T , we use a master equation for the nonunitrary dynamical simulation.

The damping of the CNT with a rate Γ and the spontaneous qubit relaxation 1/T1

are considered in the nonunitrary evolution. They both couple to the thermal bath

which contains the phonons in the CNT and in the surrounding (e.g. the substrate).

The density of states of the phonon modes, except the third excited phonon mode in

the CNT, is small near the qubit frequency ωq in the CNT and in the surrounding.

Therefore we can expect a small spontaneous qubit relaxation rate 1/T1 and neglect

it in the following. We obtain the master equation for the density matrix ρ,

ρ̇ =− i

~
[H, ρ] + (nB + 1)Γ

(
aρa† − 1

2
{a†a, ρ}

)
+ nBΓ

(
a†ρa− 1

2
{aa†, ρ}

)
,

(5.15)

where nB = 1/(e~ωp/kBT −1) is the Bose-Einstein occupation factor, and Γ� g. The

phonons follow the Bose-Einstein statistics in the thermal equilibrium in the initial

state of the density matrix that ρ = 1
Z

∑∞
n=0 e

−n~ωp/(kBT ) |n〉 〈n| ⊗ |ψ〉 〈ψ|, where

Z =
∑∞
n=0 e

−n~ωp/(kBT ) is the partition function. The total spin state is given by

the partial trace over the phonons ρs = Trphρ. The fidelity relative to the two-qubit

entangled state is defined as F =
√
〈Ψ| ρs |Ψ〉. The fidelity F indicates how close a

given state ρs is to a desired target state |Ψ〉 [28].

We solve the master equation to evaluate the fidelity of the entangled qubit state
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5. Mechanically induced two-qubit gates

μμ
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Figure 5.5: (a) The time evolution of the fidelity F =
√
〈Ψ|ρs|Ψ〉 with driving

strength λ/(2π) = 4.0 MHz with a maximum near tideal = 76.8 µs obtained by solving
the master equation Eq. (5.15) which takes into account the thermal equilibrium
phonon bath at T = 30 mK and the damping rate of the resonator. We magnify the
circle in (b). (b) The fidelity for the case without damping is smaller than 1 due to
the finite temperature. The shift between the peaks and the dashed line decreases
when the damping rates increase. We truncate the phonon Hilbert space for n > 6.
The other parameters are the same as in Fig. 5.3.

at a finite temperature in the presence of damping of the CNT. We choose the qubit

state as |Ψ〉 ≈ (0.52 + 0.51i) |↑↑〉+ (−0.02i) |↑↓〉+ (−0.02i) |↓↑〉+ (−0.48 + 0.50i) |↓↓〉
which can be obtained at time tideal = 76.8 µs with the initial state |↑↑〉 at zero

temperature with the parameters in Fig. 5.3. We obtain ρs(tideal) by solving the

master equation. Since |Ψ〉 is obtained at tideal at zero temperature and the initial

distribution is chosen to be thermal, the fidelity F =
√
〈Ψ| ρs(tideal) |Ψ〉 is not equal to

one with zero damping at finite temperatures. In Fig. 5.5, we plot the time evolution

of the fidelity with fixed Γ = ωp/Q ≈ 3 × 105 s−1 where Q ≈ 30, 000 is reachable

in experiment [76, 103]. Because of the temperature T = 30 mK, the fidelity of

the case with Γ = 0 is less than 1. From Fig. 5.5 (b), we can see that the peak of

the fidelity with Γ = 0 is shifted from tideal = 76.8 µs. Although the iSWAP gate

and the spin resonance mediated by virtual phonons are not affected by the phonon

numbers, the coefficient α of the rotation σz at finite temperature is related to the

phonons. The shift of the peak of the fidelity is larger at high temperature compared

to low temperature due to the higher average phonon number in the thermal bath

(see Appendix B).

We assume that the initial state is in the thermal equilibrium, so damping does not

change the phonon distribution. In Fig. 5.6 (a), we plot the fidelity at tideal = 76.8 µs

for |Ψ〉 with the initial state |↑↑〉 as a function of the damping rate. While the damping

rate increases, the fidelity surprisingly displays a minimum when the damping rate

approaches Γ ≈ 2β and which we interpret as a stochastic resonance [137]. The

damping Γ of the phonon leads to transitions between configurations with the same
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Figure 5.6: (a) The fidelity F of obtaining the maximally entangled state |Ψ〉 as
a function of the damping rate Γ with the initial state |↑↑〉, taking into account the
phonon bath in the thermal equilibrium at T = 30 mK. The initial state is |↑↑〉. The
maximum of resonance occurs at Γ = 2β = 0.56× 10−6 s−1. The system parameters
are chosen to be ωp/(2π) = 1500 MHz, ω/(2π) = ωq/(2π) = 1450 MHz, g/(2π) =
0.56 MHz. The fidelity for Γ = 0 is limited by the finite temperature T > 0. (b) The
fidelity F of obtaining the maximally entangled states with different parameters as a
function of the damping rate Γ. We separately modify the parameters λ, ∆ and g by
a factor of 2, as λ/(2π) = 2 MHz, g/2π = 0.28 MHz, or ω/2π = ωq/2π = 1400 MHz,
while keeping other parameters as in (a). Hence the value of β ≈ λg/∆ is the same
for all three cases, and half of its value in (a). The maximally entangled states in
these three cases are different and obtained at a different time. The minimuml fidelity
in all these cases occurs at Γ = 0.28 × 10−6 s−1, which shows that the maximum of
the stochastic resonance is at Γ ≈ 2β (vertical dashed line). We truncate the phonon
Hilbert space for n > 6.

qubit states and different phonon numbers. The effective coupling β is generated by

the AC electric driving field with a large detuning as in Fig. 5.2. From the effective

coupling strength αi in Eq. (5.11), one can see that the phonon number n and therefore

the effective coupling strength αi fluctuate around their thermal average value with

correlation time 1/Γ. These fluctuations of the phonon number do not significantly

affect the coherent Rabi oscillation with Rabi frequency β, unless the correlation time

of the fluctuations is half of the period of the driving field. The stochastic resonance

reaches its maximum at an optimal moderate value of the damping rate where Γ ≈ 2β

[138]. On the other hand the AC electric driving field is important for the ESR,

but it does not have the effect of increasing phonon numbers for the large detuning

∆ = ωp −ω. With the stochastic resonance of the driving field and the damping, the

phase of the ESR between states with the same phonon numbers and different spins

is different. While the XY interaction in Eq. (5.11) with strength γ couples to the

states with opposite spins and the same phonon number as shown in Fig. 5.2, there is

a larger population on the intermediate states |↑↓〉 and |↓↑〉 at stochastic resonance,

which is detrimental for obtaining the ideal maximally entangled states. Therefore,

we find a minimuml fidelity at the maximal stochastic resonance.
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5. Mechanically induced two-qubit gates

5.6 Coupling of arbitrary QD pair in a QD array

Universal quantum computation requires that arbitrary pairs of qubits can be coupled.

We extend the case of two QDs to several QDs on the CNT, with one single electron

trapped in each QD. To couple an arbitrary pair of QDs, the coupling between different

pairs of QDs should be controllable. In other words, we should be able to turn on

and off the two qubit coupling between any arbitrary two qubits on the CNT. The

coupling of two qubits is bridged by the SPI, hence it is possible to cut the coupling by

breaking the SPI. We show in the following that the interaction between any arbitrary

two qubits can be switched off and on by controlling the SPI in each QD.

The spin-spin coupling in two QDs is induced by the inherent SPI in each QD.

As we have discussed in Sec. 5.2, under the precondition of a symmetric charge den-

sity function, the SPI is canceled if there is a symmetric distribution of the phonon

waveform in the QD. By adiabatically changing the voltages which form the QDs, we

can tune the location of the QDs to lie at the anti-nodes of the vibrational standing

wave. When the phonon waveform is symmetric in the QD, the SPI is eliminated. In

other words, we can turn off the SPI by electrostatically shifting the electron wave

function on the CNT. The left dot, for example, is between gates No. 1 and No. 3 in

Fig. 5.1 (b). Therefore both distributions of the electron and the phonon waveform

are symmetric in the QDs and the coupling strength of the SPI is zero for each QD.

In order to switch the interaction on, we can electrostatically shift the electron wave

function to have an asymmetric phonon waveform in the QDs when charge density

function is symmetric. Thus, arbitrary pairs of QDs could be coupled from multiple

QDs in CNT.

It is possible to produce the X, Z, and iSWAP gates, separately or together, by

adjusting the strength and frequency of the driving field and the positions of the two

QDs in CNT. A series of one-qubit gates and iSWAP gates is sufficient for arbitrary

quantum computation.

5.7 Conclusions

In summary, we have studied a nanomechanical system consisting of a suspended

CNT where two separated single-electron spins in two QDs are coupled indirectly

via the exchange of virtual phonons. The CNT is driven by an AC electric field in

a parallel static magnetic field. The indirect coupling of the two spins is provided

by the simultaneous coupling between the two spins and the vibrational mode of

the CNT. We show that an iSWAP gate can be obtained by analyzing the effective

Hamiltonian derived from the time-dependent Schrieffer-Wolff transformation and the

time evolution operator when the driving electric field is off. Arbitrary single-qubit

gates can be obtained in each QD by adjusting the strength and the frequency of the
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electric driving field. The iSWAP gate can be switched off when suppressing the SPI

by electrostatically shifting the electron wave function on the CNT. By combining

the iSWAP gate and single-qubit gates in the double QDs in the CNT, a universal

set of quantum gates can be built and maximally entangled states of two spins can be

generated in a single step by varying the frequency and the strength of the external

electric driving field. In this way, arbitrary pairs of distant spins in a QD array can

be coupled. The fidelity for obtaining a maximally entangled state at a fixed time

at finite temperature can be highly increased by increasing the damping rate of the

CNT resonator.
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Chapter 6

Nanomechanical read-out of a

single electron spin

6.1 Introduction

It is theoretically proposed that thermal motions of a magnetic cantilever can be

probed by a single electronic spin in a nitrogen-vacancy center in diamond [109, 139].

However, the well-defined local field gradient required for this setup is quite chal-

lenging. Many measurements of mechanical motions are based on the coupling of the

charge and the vibration and they detect currents of charge transportions through the

CNT resonator [76, 103]. Those devices have been shown to be sensitive to charge

fluctuations of far less than one elementary charge [140, 141]. Very recently, an electri-

cal detection scheme with a close-proximity high electron mobility transistor amplifier

has been performed for a fast read-out of mechanical motions of a CNT in laboratory

[142]. Here, we propose a potentially scalable method for an all-electrical readout

of the spin states of a single electron, which does not require optical access to the

probe or time-dependent magnetic fields. The coupling of the spin and the vibrational

motion allows the read-out of the spin states by detecting oscillation amplitudes [89].

The amplitude of the vibrating CNT is measured by a close-by charge sensor, which

could be a quantum point contact or a QD.

This chapter is organized as follows. First the setup scheme and its Hamiltonian

are introduced in Sec. 6.2. We study the master equation for the nonunitrary evolution

at finite temperature in Sec. 6.3. Then the main result of reading out the spin states

with continuous driving is presented in Sec. 6.4. In Sec. 6.5, we discuss that the read-

This chapter reviews the results publiched in Philipp R. Struck, Heng Wang and Guido Burkard,
Physical Review B 89, 045404 (2014).
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6. Nanomechanical read-out of a single electron spin

out is based on the nonlinearity of the eigenenergy levels of the spin-phonon states.

In Sec. 6.6, read-out of the spin states with variable driving is presented. The current

through the charge sensor which is modulated by the displacement of the charged

CNT is discussed in Sec. 6.7. Finally, we conclude this chapter in Sec. 6.8.

6.2 Model

charge detector
back gate

nanotube
antenna

electron

gate

Figure 6.1: Schematic of the proposed setup of the CNT resonator with a QD con-
taining a single electron. The gates on both sides of the CNT can be electrostatically
adjusted to control the number of confined electrons. The back gate is used to tune
the resonance frequency of the CNT into resonance with the splitting of the Zeeman
sub-levels of the electron which make up the qubit. The charge sensing device in
the vicinity to the vibrating nanotube serves as a detection device for changes in the
amplitude due to the coupling of the spin to the vibrational motion. It can be a
quantum point contact or a QD which needs to be operated in a regime where the
current depends nonlinearly on the gate voltage. A ampere meter is used to measure
the nonlinear current I which flows through the device.

We study a nanomechanical system where a CNT is suspended with contacts on

both sides as shown in Fig. 6.1. A single electron is confined by two electrostatic

gates. Since the CNT carries a net charge, a constant voltage applied to a back gate

can be used to tune the mechanical resonance frequency. Furthermore, an AC voltage

applied via an external antenna or the back gate can be used to drive the motion of

the charged resonator [76, 89]. A magnetic field B parallel to the CNT axis is applied

on the system, hence the degeneracy of the valley and the spin degrees of freedom

are lifted. A qubit, which is defined in the same way as in Chap. 4 and Chap. 5, is

formed by the two spin states near the avoided crossing in the upper valley in Fig. 4.1,

where the energy spectrum is in the presence of the curvature induced SOI ∆SO. In

the following, we assume ∆SO = 370µeV and ∆KK′ = 65µeV as realistic parameters

[81].
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The charge sensor is placed near the charged CNT. The position x(t) of the os-

cillator modulates the current, which flows through the charge sensor. Therefore one

can detect the nano-mechanical oscillation by measuring the current. The current is

modulated in a nonlinear way, i.e. I(t) = I0 + I1x(t) + I2x
2(t) + O(x3). This is the

case, for example, when a QD is operated at the maximum of a Coulomb blockade

peak. This situation will be assumed in the following discussion. Furthermore, we

assume that the frequency ωp of the oscillator is much smaller than the tunneling

rate through the charge sensing device. In this case, in lowest order the charge sen-

sor only probes a time averaged squared displacement X2(τ) = 1
τ

∫ τ
0
dtX2(t) where

X2(t) = 〈x2(t)〉 = Tr(x2ρ(t)) with the oscillator density matrix ρ and where τ is the

integration time. In the expansion of I(t), only even-order terms in x appear because

xn = 0 for n odd. Higher order terms, n > 2, are neglected as they contribute only

weakly to the current for small displacements x(t). Our goal in this chapter is to

calculate the time-averaged current I through the charge sensing device as a function

of the qubit state of the electron.

The local tangent vector ~t of the vibrating CNT depends on the displacement coor-

dinate, which causes an interaction of the spin and the phonon as we have discussed

in Sec. 3.4 [98]. In the following, we restrict our consideration to one polarization

of the bending mode of the CNT. The generalization to two modes is straightfor-

ward. As shown in the last two chapters [89], the system can be described by the

Jaynes-Cummings Hamiltonian

H = H0 +Hd (6.1)

with

H0 =
~ω̃q
2
σz + ~g(aσ+ + a†σ−) + ~ω̃pa†a,

Hd = ~λ(a+ a†).

(6.2)

Here σz is a Pauli matrix acting on the spin qubit while a and a† are the creation and

annihilation operators for the phonons. The qubit frequency ω̃q = ωq − ω and the

oscillator frequency ω̃p = ωp−ω are given as detunings from the driving frequency ω

in the rotating frame. The driving strength λ is assumed to be weak, i.e. λ� ωp. In

the Jaynes-Cummings model a rotating-wave approximation is incorporated, which is

valid as long as the driving frequency ω is comparable to ωq and ωp.
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6. Nanomechanical read-out of a single electron spin

6.3 Master equation

We use a master equation to describe the nonunitary evolution in the presence of the

damping of the CNT at finite temperature. The damping is at a rate Γ which can

occur on the same timescale as the read-out via the charge detection device. The

spontaneous qubit relaxation γ = 1/T1, where T1 denotes the spin relaxation time, is

neglected because of the very low density of other phonon modes in the vicinity of the

bending mode at frequency ωp in the CNT and its surroundings. It is shown that for

the strong-coupling regime g � Γ, γ is within reach with state-of-the-art experimental

techniques [89]. We neglect the back-action on the oscillator caused by the fluctuating

charge on the detector [143]. Since the electron tunneling rate I/e ∼ 100 GHz (see

below) is much larger than the vibration frequency ωp/2π ∼ 1 GHz, the back-action

induced damping and frequency shift are very small [144]. The nonunitary dynamics

are described by the quantum master equation for the time evolution of the density

matrix ρ

ρ̇ =− i

~
[H, ρ]

+ (nB + 1)Γ(aρa† − 1

2
{a†a, ρ})

+ nBΓ(a†ρa− 1

2
{aa†, ρ}).

(6.3)

Here nB = 1/(e~ωp/kBT − 1) refers to the Bose-Einstein occupation factor of the

phonon bath at temperature T .

While solutions of the quantum master equation (6.3) cannot be given in closed

form, it is worthwhile to study the eigenstates of H0 first,

|ψ+,n〉 = cos
α

2
|↑ n− 1〉+ sin

α

2
| |↓ n〉 ,

|ψ−,n〉 = − sin
α

2
|↑ n− 1〉+ cos

α

2
| |↓ n〉 .

(6.4)

Here, n ≥ 1 and the special case of the ground state n = 0: |ψ0〉 = |↓ 0〉. We

use the notation |σn〉 for eigenstates of H0 with g = 0, i.e. a†a |σn〉 = n |σn〉 and

σz |σn〉 = σ |σn〉 and σ =↑, ↓≡ ±1. The mixing angle α is defined by tanα = 2g
√
n

ω̃p−ω̃q .

In the resonant case α→ π/2. The eigenenergies are

En,± = ~ω̃p(n−
1

2
)± ~

√(
ω̃p − ω̃q

2

)2

+ g2n (6.5)

for n ≥ 1 and E0 = −~ ω̃q2 . For n = 0, we have |↓ 0〉 as the ground state. The energy

splitting between adjacent eigenstates (see Fig. 6.2 (a)) in the resonant case ω̃p = ω̃q

is En+1,± − En,± = ±
(
~ω̃p + ~g(

√
n+ 1−

√
n)
)

and En,+ − En,− = 2~g
√
n.
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Figure 6.2: (a) The eigenenergies of H0 are shown in red. The black dotted lines
correspond to the uncoupled, i.e. g = 0, case. Note that the ground state is
not modified by the coupling g. The coupling introduces a splitting 2g

√
n which

is nonlinear in the phonon number n. (b) The time averaged squared resonator
displacement X2(τ) = 1

τ

∫ τ
0
dtX2(t) as a function of the detuning of the driv-

ing frequency δω = ω − ωp for a fixed integration time of τ = 100µs. Here
X2(t) = 〈x2(t)〉 = Tr(x2ρ(t)) and ρ is the oscillator density matrix. The upper
(lower) blue dashed line is the evolution at T = 0 mK of the initial state |↑ 0〉 (|↓ 0〉).
The strongest difference between the amplitudes of the two aforementioned initial
states is found for a detuning of δω/2π = ±0.07 MHz (see mark C ). The upper and
lower red solid lines correspond to the same initial spin states at a temperature of
T = 30 mK. The other parameters are λ/2π = 0.04 MHz, ωp/2π = ωq/2π = 1.5 GHz,
Γ = 5 · 104 Hz, and g/2π = 0.3 MHz. At 30 mK the thermal energy kBT is 2.4 times
smaller than ~ωq. The letter A in both figures marks the transition from the ground
state to the first excited state with positive detuning. The line marked B corresponds
to the next transition between states with positive parity. A transition between the
states with negative parity requires a negative detuning. In between A and B only
two-phonon transitions can occur. The main peak around C at δω ≈ 0.07 MHz is due
to several transitions with the main contribution from transition between eigenstates
|ψ+,4〉 → |ψ+,5〉. This is consistent with the magnitude of the main peak around

n ∼ X2/l20 ∼ 4. (Inset) The squared amplitude of the CNT is shown as a function
of the elapsed time t for a detuning of the driving frequency of δω/2π = 0.07 MHz.
Within the first 10 ns the fast Rabi oscillations with the frequency of the coupling
strength g are damped and following oscillations are caused by the driving strength
λ. The resonator reaches a steady state after an interaction time 1/Γ.

We assume an initial state is in one of the two σz eigenstates. In the ideal case with

T = 0 and an empty QD the oscillator is in its ground state |0〉 with the zero-point

amplitude l0. Directly after loading with an electron the state of the system is |↑ 0〉 or

|↓ 0〉. At finite temperatures T > 0, the distribution of phonons obeys Bose-Einstein

statistics and we obtain |Ψ(σ)〉T = |σ〉 ⊗ 1
Z

∑∞
n=0 e

−n~ωp/kBT |n〉 as the initial state,

where σ =↑, ↓ and Z =
∑∞
n=0 e

−n~ωp/kBT is the partition function. Experimentally,

the state preparation could be performed using techniques that have been established

in conventional semiconductor QDs [145].
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6. Nanomechanical read-out of a single electron spin

6.4 Result

We first solve the master equation (6.3) for the ideal case of T = 0 numerically and

calculate the squared oscillator displacement which is proportional to the current

through the charge detection device. We assume that the oscillator frequency of the

fundamental bending mode of the nanotube ωp/2π = 1.5 GHz is matched by the

Zeeman splitting ωq/2π of the electron spin. At this frequency the ground state

energy of the oscillator is 2.4 times smaller than the thermal energy at T = 30 mK.

The coupling strength is chosen to be g/2π = 0.3 MHz which is much larger than

the damping of the CNT, Γ = 0.05 MHz. Together with the spontaneous relaxation

of the qubit, γ, which is negligible the device can be operated in the strong-coupling

regime, i.e. g � Γ, γ. The driving strength λ/2π = 0.04 MHz is chosen to be large

enough to compensate for the damping but weak enough not to dominate over the

effect of the SPI.

In the inset of Fig. 6.2 (b) the response of the oscillator at temperature T = 0

is plotted as a function of the driving time t beginning from the initial preparation

of the spin state as described above. The driving frequency is detuned from the

resonant oscillator and qubit frequencies ωp = ωq by δω = ω − ωp. The value of

δω/2π = 0.07 MHz is found to give the largest difference in amplitude with respect

to both initial spin orientations as we discuss below.

A considerable difference between different initial spin states in the squared am-

plitude hence in the measured current can be observed. For the initial state |↑ 0〉, see

inset of Fig. 6.2 (b), after the initial fast Rabi oscillations at a frequency g disappear

(on a timescale ≈ 10 ns), the dynamics are governed by the slower Rabi oscillations

at the frequency of the driving strength λ. The evolution of the initial state |↓ 0〉
shows only little effect of the driving. This can be explained by the nonlinearity in-

troduced by the (strong) spin-phonon coupling in the Jaynes-Cummings Hamiltonian

(6.1). When driving with frequencies detuned less than (
√

2−
√

1)g ≈ 0.12 MHz from

resonance, the probability to leave the ground state is much less than for all other

states.

Typically, the charge detector is too slow to follow the instantaneous motion of the

resonator, and it will thus detect an averaged signal I ∝ X2 caused by the vibrating

charge. In the main part of Fig. 6.2 (b), we plot the integrated averaged squared

resonator displacement X2 as a function of the detuning of the driving frequency δω.

As an integration time we choose τ = 100µs; however, any integration time τ of more

than 30µs was found to yield a useful signal.
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6.5 Discussion on the result

The peaks can be explained with the help of the spectrum as shown in Fig. 6.2

(a) of the Jaynes-Cummings Hamiltonian (6.2). Whenever the driving frequency

hits a resonance, energy is absorbed by the oscillator which results in an increased

amplitude. While only positive detunings are shown here, note that the result for

negative detunings is exactly the same. The peak at δω/2π = 0.3 MHz = g/2π,

denoted by A, for initial state |↓ 0〉 for example is caused by a strong resonant coupling

between the ground state |↓ 0〉 and the dressed state |ψ+,1〉. Note that the smaller

peaks between A and B are due to two-phonon processes which are less pronounced

because of the weak driving. The main peak C centered around 0.07 MHz is due to

transitions between states of equal parity, i.e. |ψ+,n〉 → |ψ+,n+1〉 with n ≥ 1. The

line B marks the transitions |ψ+,1〉 → |ψ+,2〉 which corresponds to a detuning of the

driving frequency of δω ≈ 0.12 MHz. The main contribution to the large peak C

comes from the transition |ψ+,4〉 → |ψ+,5〉 which corresponds to 0.07 MHz. This is

consistent with the peak height of X2 ≈ 25 pm which in turn corresponds to a phonon

number n ∼ X2/l20 ∼ 4. The individual transitions cannot be resolved because the

lines are broadened due to the finite damping of the CNT. However, a finite damping

is essential to allow for nonresonant transitions which enable population of higher

states. The large energy gap between the ground state and the first excited state due

to the nonlinearity of the spectrum is the reason why the two spin states |↑〉 and |↓〉
can be resolved.

In Fig. 6.2 (b) the solid red lines show the integrated amplitude in the case of

a finite temperature of T = 30 mK. Qualitatively, the same features are observed

as for T = 0 but in this case the integrated amplitude for the initial state |ψ(↓)〉
is larger because of the thermal distribution of the oscillator in |ψ(↓)〉, containing a

small admixture of |↓ 1〉 and higher states, in addition to |↓ 0〉. We also note that the

width of the peak is only little affected by the finite temperature and is still governed

by the damping of the CNT.

6.6 Improvement of the read-out efficiency

We try to increase the contrast in the integrated amplitude between the spin up and

the spin down states to improve the efficiency of the read-out scheme. A way to

achieve this is to change the driving frequency as a function of time. This is based on

the fact that the frequencies of higher transitions are smaller than those of the lower

transitions. From Fig. 6.2 (a), we see that the transition frequencies between states

of same parity scale with g
(√
n+ 1−

√
n
)
. For the sake of simplicity in the following

we change the frequency once to demonstrate the principle, but this method could

be optimized to further increase the contrast. To achieve the maximum contrast,
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6. Nanomechanical read-out of a single electron spin
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Figure 6.3: (a) The squared amplitude X2(t) = 〈x2(t)〉 = Tr(x2ρ(t)) as a function of
the elapsed time t is shown for the cases of continuous (dashed blue), pulsed (dotted
green), and variable (solid red) driving. The change in current I2X

2(t) = I(t) − I0
of spin up and spin down is shown on the right vertical axis. The same parameters
as in Fig. 6.2 are used. The driving frequency ω is changed at the time t = 19µs
right before the amplitude is largest. (b) The difference of the time averaged squared
amplitudes between spin up and spin down X2(τ)↑−X2(τ)↓ on the left vertical axis.
The three curves show the integrated signal for the same driving modes as in (a). On
the right vertical axis we indicate the difference of the corresponding time averaged
squared current through the QD, I(τ)↑ − I(τ)↓. The current is integrated over an
interval [o, τ ] given by the integration time τ . The variable driving scheme results in
an increase in current signal by a factor of about 2.

i.e. the difference between the integrated amplitudes for the two initial states with

different spin orientations, we switch the frequency at the point right before the

squared amplitude reaches its maximum. The used parameters are the same as in the

case of continuous driving. The time at which the driving frequency is switched from

1500.070 MHz to 1500.036 MHz is 19µs.

The result is shown in Fig. 6.3 (a). We clearly observe an increase in the squared

amplitude of the resonator for the case of the initial state |ψ(↑)〉 while the evolution

of the other initial state is barely affected. To demonstrate the effectiveness of the

driving scheme, we also plot the response of the system when the driving is switched

off at 19µs. As expected, this causes the current to decay exponentially at a rate

Γ. This pulsed driving results in lower contrast as long as the integration time τ is

on the same order as the time scale 1/Γ given by the damping and not considerably

longer.

6.7 Current through the charge sensor

In order to discuss the requirements for a spin read-out via a measurement of the

amplitude of the CNT we use a simple model of a QD tuned to a Coulomb peak in

electrical conductance and capacitive coupled to the vibrating charge distribution on
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the CNT. In the linear regime, i.e. for small source-drain voltage Vsd, the current is

given by I(V1) = VsdG(V1). The conductance G(V1) is assumed to be a Lorentzian

as a function of the gate voltage V1 which, due to capacitive coupling of QD and

charged CNT, in turn depends on the squared average displacement X2 of the CNT.

The average displacement X is zero. To obtain an estimate of the capacitance, we use

a simple toy model which consists of three parallel tubes (the central wire representing

the CNT), with pairwise capacitance C = πε0l/ log[(d+
√
d2 − 4r2)/2r] where l and

r � l denote the length and radius of the tubes, and d � l their separation (see

Appendix C for further details). Substituting the distance of the displaced tube

d±X for d and expanding both the capacitance as well as the current I up to second

order in X and in the limit of a tube radius much smaller (1 nm) than the distance

between the CNT and the QD (d12 ' 50 nm) we obtain

I(X) = I0 + I2X2

= VsdG0

(
1− e2

π2∆V 2ε2
0l

2d2
X2

)
,

(6.6)

where G0 is the maximum conductance G0 = 2e2/h and ε0 the vacuum permittivity.

For the width of the Coulomb peak of the charge sensor, we assume ∆V = 0.1 mV

[146], Vsd = 250µV [140] and l ' 50 nm. With these values we find a constant

background current I0 ≈ 20 nA. The change in current for a maximum squared

amplitude of 83 pm (cf. Fig. 6.3 (a)) is I2X2 ≈ −0.83 nA, which corresponds to a

fluctuation in the current is about 4.2% to be detected. An alternative mechanical

read-out method would make use of a second, suspended, and nearby, CNT, acting

as a charge sensor. In Fig. 6.3 (b), we show both the integrated difference in average

squared amplitude as well as the corresponding current for the two different initial

states for the three kinds of driving.

6.8 Conclusion

In conclusion, we have theoretically studied the read-out of single electron spin states

based on the SPI by detecting the current through an adjacent charge sensor. The

read-out scheme is all-electrical and requires no optical access to the device nor any

magnetic field gradients, which is promising for scaling to many qubits. Because

of the nonlinearity of the eigenenergy levels, spin-phonon states with different spin

states respond differently to the detuned driving field in oscillation amplitude. Driving

fields with variable detuning of the frequency can improve the contrast of vibrational

amplitudes between the spin up state and the spin down state. The charged CNT

resonator is capacitively coupled to the charge sensor in the vicinity, therefore the

oscillation amplitude of the CNT can be detected by measuring the current in the
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6. Nanomechanical read-out of a single electron spin

charge sensor. The contrast of vibrational amplitudes is simulated with realistic

experimental parameters at zero and finite temperatures.
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Chapter 7

Creating arbitrary quantum

phonon states

7.1 Introduction

Fock states are quantum states with a fixed number of quanta and the superposition

of them are especially interesting in quantum information and quantum computation.

The photon Fock state reveals the quantum nature of light and single photon states

are widely used in quantum cryptography [4, 147]. Phonon states are proposed as

promising candidates for a qubit since they last long until they are totally damped

out [21]. Both Fock states are rare in nature. Fock states in linear resonators have

been created by transferring the quantum information of a nonlinear quantum system,

e.g., trapped ion, a single two-level atom and a superconducting quantum circuit, to

a resonator [148, 149]. Arbitrary superpositions of Fock states have been created in

a similar way [66, 150].

We present a theoretical proposal for preparing the Fock states and arbitrary

quantum states of phonons from the ground state based on the SPI in a suspended

CNT. In a nanomechanical or micromechanical system, cooling the mechanical sys-

tem to the ground state and preparing nonclassical states is required to study the

quantum behavior of mechanical resonators. It has been achieved with the way of

direct cooling or active cooling in laboratory [125, 152–155]. Recently a theoretical

work has proposed the ground-state cooling of a suspended CNT by the interference of

vibration-assisted reflections [151]. The zero-point fluctuation of the quantum ground

state of a mesoscopic mechanical resonator can be observed and it allows the study on

the quantum motion of a mechanical resonator [156]. Two electron spin states splitted

by a magnetic field are defined as our qubit. Phase operations, qubit-phonon swaps

and qubit flips are applied alternately to obtain the arbitrary quantum vibrational
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Figure 7.1: A single electron is trapped in a QD formed by voltages in a suspended
CNT. The resonance frequency of the CNT can be adjusted by the voltages on the
back gate. An external AC electric field is applied on the CNT by the antenna. The
micro-magnet is deposited in the vicinity of the CNT. The single electron wavefuction
can be electrostatically shifted by applying voltage the back gates. Therefore the
spin-splitting of the electron in the slanting magnetic field of the micro-magnet can
be manipulated.

modes of the CNT. The qubit in the ground state |↓〉 can flip into the excited state

|↑〉 by the ESR which is obtained in the presence of an external AC electrical field

matching the qubit. A large detuning between the qubit and the phonon frequencies

is also required in the qubit flip. Then a qubit-phonon swap converts the energy

from the excited qubit state to the resonator which is in the ground phonon state

by the SPI. At this swapping operation the qubit is brought into resonance with the

phonon. One can use a slanting field of a micro-magnet and move the position of the

QD to obtain a time-dependent spin splitting [157, 158]. A phase rotation of the spin

is applied to adjust the phase of the qubit. A sequence of these three operations is

applied until the aimed quantum phonon state is obtained.

This chapter is organized as follows. The quantum mechanical system and the

effective Hamiltonian is first introduced in Sec. 7.2. The respective time-evolution

operators for three operations are presented in Sec. 7.3. In Sec. 7.4, the steps of

obtaining Fock states and arbitrary quantum phonon states are explained. In Sec. 7.5,

we discuss the Wigner tomography for getting the full information of the quantum

phonon states.

7.2 Model

We assume that a single electron is trapped in a single QD in a single suspended

CNT which lies between two supports. The single QD is formed by voltages on the

electrodes at both ends of the CNT. The resonance frequency of the CNT ωp can be

adjusted by the back gates. The strength and the frequency of the electric driving

field are denoted as λ and ω. A magnetic field B is applied along the CNT, and
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therefore the four-fold energy degeneracy of the valley and spin degrees of freedom

is lifted. Two spin states in the same upper valley cross at the field B∗ = ∆SO/2µB

where ∆SO is the SOI. Since these two spin states are well separated in momentum

space from the other states in the other valley, we choose them as the qubit. The

energy splitting of the qubit is ~ωq = µB(B − B∗) where ωq is denoted as the qubit

frequency and B∗ is the magnetic field at the avoided crossing is as shown in Fig. 4.1.

The micro-magnet, which can produce a slanting magnetic field is deposited near the

CNT and the QD is in the slanting magnetic field. One can electrostatically move

the QD as we have shown in Chap. 5 and hence adjust the qubit frequency. The

frequency difference of the energy between the phonon and the qubit is denoted as

∆ = ωp − ωq. An external AC driving electric field is applied on the system at the

spin flipping operation.

It is the intrinsic SPI that converts the excitation of the qubit into quantum

vibrational motion. The SPI applies with both of the deflection and the deformation

phonon modes. In the following, we only consider a single polarization of the deflection

mode of the CNT in this chapter. It is possible to make generalizations to more

deflection modes and other deformation modes. The vibration of the CNT causes

local changes in the direction of the CNT axis, and hence the tangent vector ~t is

dependent on the displacement coordinate u(z). The interaction of the spin and the

deflection phonon mode is induced by the SOI ~s ·~t ' sz + (du/dz). The displacement

is u(z) ∝ f(z) l0√
2
(a+ a†) as a function of phonon creation and annihilation operators

a† and a where f(z) is the waveform and l0 is the zero-point amplitude of the phonon

mode [89]. The SPI strength is g = ∆SO 〈f ′(z)〉 l0/2
√

2. The Hamiltonian for this

system is

H = H0 +H1 +Hd,

H0 =
~ωq

2
σz + ~ωpa

†a,

H1 = 2~λ(a+ a†) cos(ωt)

Hd = ~g(a+ a†)(σ+ + σ−),

(7.1)

where σz is the z-component of the Pauli matrix of the qubit and additionally σ+ and

σ− are qubit raising and lowering operators, respectively.

We assume that the detuning fulfills ∆ � g, λ. By applying the Schrieffer-Wolff

transformation, the effective Hamiltonian of Eq. (7.1) is obtained in the interaction

picture with respect to H0:

H̃ ′I = −~ασx + ~βnσz, (7.2)
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7. Creating arbitrary quantum phonon states

Figure 7.2: The energy-level diagram of the spin-phonon states. (a) For the ESR, the
qubit is detuned from the phonon. The parameters α and β, are respectively effective
strengths of the spin operators σz and σx in the effective Hamiltonian (7.2). (b) The
qubit is brought into resonance with the phonon in the slanting magnetic field of the
micro-magnet by electrostatically move the QD. The induced intrinsic SPI strength
is g.

where

α =
λgωp(ω

2 − 2ω2
p + ω2

q )

(ω2 − ω2
p)(ω2

p − ω2
q )

,

βn =

(
1

2
ωq −

1

2
ωq

2(2n+ 1)g2

ω2
p − ω2

q

− 1

2
ω

) (7.3)

The eigenstates after the Schrieffer-Wolff transformation are slightly different from

the original states because the higher order terms in the approximation are omitted.

In the effective Hamiltonian, the term σx (σz) denotes a rotation of the spin about

the x (z) axis in the Bloch sphere of the qubit. We can obtain one of these two spin

rotations separately by setting the coefficient of the other rotation to be zero. For

example, to obtain a rotation about the axis x, we set βn to be zero. The rotations

about x axis can be used for obtaining the ESR and flipping the qubit states in the

preparation of the arbitrary quantum phonon states. The rotations about the z axis

can be used as a phase operation. Here, n is the phonon number.

The SPI is used to exchange the information between the qubit and the phonon

where the driving field is off. The Hamiltonian without Hd after rotating wave ap-

proximation in the interaction picture with respect to H0 is

H ′′I = −~∆σz + ~g(aσ+ + a†σ−). (7.4)

If a large detuning ∆ is presence, the effective coupling between the spin and the

phonon is too small to convert the energy from the qubit to the resonator. To obtain

a perfect swap of the qubit and the phonon, we tune the frequency of the qubit to be

in resonance with the phonon as shown in Fig. 7.2. Together with a slanting magnetic

field of a micro-magnet, electrostatically tuning the electron wave function of the QD
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serves this purpose [158, 159].

7.3 Time-evolution operators

Since we have the effective Hamiltonian for the qubit flipping and the phase operation

in Eq. 7.2, the spin-phonon swap in Eq. 7.4, we can derive their time-evolution opera-

tors for the aim of calculating the sequence of pulses for obtaining arbitrary quantum

phonon states.

The interaction Hamiltonian can be written as H̃I = ~b · ~σ. The time-evolution

operator of the ESR for the qubit flipping operation, which is obtained by e−i
~b·~σt =

cos(|b|t)1− i sin(|b|t)(b̂ · σ) with the Hamiltonian in Eq. (7.3) is shown in the basis of

{|gn〉 , |en〉} with the phonon number n:

R = e−iH̃
′
It

=

(
cos(ϑt) + iβnϑ sin(ϑt) iαϑ sin(ϑt)

iαϑ sin(ϑt) cos(ϑt)− iβnϑ sin(ϑt)

)
,

(7.5)

where ϑ =
√
α2 + β2

n. It is worth pointing out that the qubit flipping operation

depends on the phonon number as well. This leads to additional states which should

be canceled in the preparation. To achieve this, we need the phase operation to adjust

the relative phase of the states. We can get the time-evolution operators of the phase

operation from Eq. (7.5). When α = 0 and ω = 0 in Eq. (7.5), only the electron spin

rotates about the z axis in the magnetic field. Hence we obtain the time-evolution

operator of the phase operation as

P = e−iH̃
′
It

=

(
cos(βnt) + i sin(βnt) 0

0 cos(βnt)− i sin(βnt)

)
,

(7.6)

where the coefficients βn are different for the phase operators with different phonon

numbers.

The time-evolution operator for the qubit-phonon swap with the Hamiltonian in

the Eq. (7.4) is

U = e−iH̃
′′
I t

=

(
cos(gζt) + i∆ sin(gζt)

ζ −ia sin(gηt)
η

−ia† sin(gζt)
ζ cos(gηt) + i∆ sin(gηt)

η

)
,

(7.7)

where ζ =
√
aa† + (∆2/g2) and η =

√
a†a+ (∆2/g2). The swap between the qubit

and the phonon could be best achieved when they are on resonance. For the resonance
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7. Creating arbitrary quantum phonon states

case ∆ = 0, we have a simple time-evolution operator of the qubit-phonon swap

U = e−iH̃
′′
I t

=

(
cos(g

√
aa†t) −ia sin(g

√
a†at)

a†a

−ia† sin(g
√
aa†t)

aa†
cos(g

√
a†at)

)
.

(7.8)

Here it is worth mentioning that states with different phonon numbers have different

coefficients, and hence different times of a complete qubit-phonon swap. This also

results in additional states which should be canceled in the process of preparation.

7.4 Arbitrary quantum phonon states

Now we explain the operation sequence of obtaining arbitrary phonon Fock states and

superpositions of phonon Fock states. To obtain an Fock state |ψn〉 = |↓ n〉 from the

ground state |↓ 0〉, a sequence of operations with the qubit-phonon swaps and qubit

flips for n steps is applied as

|ψn〉 = U(τn)R(rn)...U(τ1)R(r1) |↓ 0〉

where τ = π/2√
n

and r = π/2
α are the timescales of operations. Each step contains

a qubit-phonon swap and a qubit flip and the highest phonon number increases by

1 after each step. By applying the AC electrical field in the presence of the large

detuning, the qubit flips from |↓ n〉 to |↑ n〉 completely in each qubit flipping operation.

The qubit-phonon swap transfers the energy completely from the excited spin state

to the resonator as |↑ n〉 to |↓ n+ 1〉.
To obtain the arbitrary phonon state |ψ〉 =

∑
n cn |↓ n〉, a sequence of operations

with n steps is applied on the initial state |↓ 0〉 as

|ψ〉 =P (lnU )U(τn)P (lnR)R(rn) . . .

. . . P (l1U )U(τ1))P (l1R)R(r1) |↓ 0〉 .
(7.9)

One qubit flipping, one qubit-phonon swapping, and two phase rotation operations

are applied in each step. The sequence is calculated backwards from the aimed state

to the ground state |↓ 0〉. Each step decreases the highest phonon number by 1.

However, because of the dependence of the phonon numbers, some unwanted states

appear in the process. To cancel these additional states we apply phase operations

to adjust the relative phase of the state and perform uncompleted qubit flips and

qubit-phonon swaps. For example, when a spin up state and the Fock state with

the highest phonon number need to be canceled, we apply the phase operation and

an uncompleted qubit flip as shown in the step No. 1 in Fig. 7.3 (b). To cancel
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Step 1Step 2

Figure 7.3: (a) Sequence of operations for obtaining arbitrary quantum phonon states.
The external AC electrical field with the frequency ω is applied for obtaining the qubit
filp. The large detuning ∆ is required for the qubit flipping operation R and the time
regions are r1 and r2 in respective steps. For the qubit-phonon swap U(τ), the qubit
is brought into resonance with the phonon in a way that ωp = ωq by moving the QD
in the slanting magnetic field of the nearby micro-magnet. The swapping operation’s
time regions are τ1 and τ2. The phase operations P (l1u) and P (l1r) adjust the relative
phase of the state. (b) Diagram of calculating the operation sequence in a backwards
direction for obtaining the superposition of Fock states |↓〉 (|0〉+i |2〉) from the ground
state |↓ 0〉. The operation U(τ2) is applied to fully transfer the state |↓ 2〉 to the state
|↑ 1〉 and the flipping operation R(r2) is applied to fully transfer the state |↑ 1〉 to
|↓ 1〉 in the step No. 2. In step No. 1, phase operations are applied to adjust the
relative phases to cancel some states, e.g. the states |↓ 1〉 and |↑ 0〉 in the following
qubit flips or qubit-phonon swaps.

a spin down state with the highest Fock state, we apply a phase operation and a

qubit-phonon swapping operation. There is no phase rotation included in step No. 2

while the qubit-phonon swap and the qubit flip are completely applied. The phase

rotations are only necessary when the next swapping or flipping operations are not

applied completely.

We give a simple example of obtaining the state |↓〉 (|0〉+ i |2〉) to explain how to

get the sequence of operations. As shown in Fig. 7.3, the sequence is calculated in

the time reversed order from |↓〉 (|0〉+ i |2〉) to |↓ 0〉 and we obtain

|↓〉(|0〉+ i |2〉) =

U(τ2)R(r2)P (l1U )U(τ1))P (l1R)R(r1) |↓ 0〉 .
(7.10)
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7. Creating arbitrary quantum phonon states

Fig. 7.3 (a) shows the frequencies of the phonon ωp, the qubit ω1 and the driving ω as

a function of the time. We can see that the qubit frequency is brought into resonance

with the phonon frequency during the qubit-phonon swap. In the qubit flipping

operation, the driving is applied and a large detuning ∆ of the qubit frequency and the

phonon frequency is required. We need no phase operation but only two completed

operations of the qubit-phonon swapping and the qubit flipping for decreasing the

highest phonon number by one in the step No. 2. In qubit flipping operation R(r2),

the state |↑ 1〉 flips completely to |↓ 1〉. Since the qubit flip depends on phonon

numbers, the state |↓ 0〉 could not fully flip to the state |↑ 0〉 in time r2 and some

part of the state |↓ 0〉 remains. The state |↑ 0〉 could be swapped to the state |↓ 1〉 in

the next qubit-phonon swapping operation, which is with the highest phonon number

and we want to cancel it. Therefore in the step No. 1 the phase operator P (l1u) is

applied to adjust the relative phase of the state and the qubit-phonon swap U(τ1) is

applied partially to cancel |↓ 1〉. Hence we have only |↑ 0〉 and the leftover state |↓ 0〉
which is an additional state from step No. 2. If we just apply a qubit flip, it leads to

the ground state |↓ 0〉 and an unwanted state |↑ 0〉. Then the method to cancel the

state |↑ 0〉 is similar that the phase operator P (l1R) is applied to regulate the relative

phase of the state and in the next qubit flipping operation R(r1) the spins are flipped

incompletely. For obtaining other superpositions of Fock states with larger highest

phonon numbers n or with more than two Fock states, one just repeat the second

step for n steps.

7.5 Wigner tomography function

Figure 7.4: The Winger tomography of quantum phonon states |0〉+ |2〉, |0〉 − i |2〉
and |0〉+ i |2〉. The change of the relative phase of a two-state superposition of Fock
states rotates the Wigner function.

To measure the obtained resonator state we can use the coupling between the qubit

and the phonon mode. The obtained states are with the superposition of Fock states

86



and the low energy spin state |↓ 0〉. We can bring the obtained states interacting with

the qubit for some adjustable time t and then we perform the read-out of the qubit.

The qubit could be mechanically read out by the response of the mechanical motions

to pulsed external driving [124]. States with different spin states react to the external

driving differently and the vibration amplitude of the CNT can be measured by a

nearby quantum point contact. From the probability Pu(t) of finding the qubit in

state |↑〉, we can obtain the measured state having Fock state |n〉 with the probability

Pn = |cn|2, but the information of the relative phase is lost [66, 149].

One can use the Wigner tomography to get the relative phase of the quantum

phonon states [41, 55, 62, 66, 149, 160, 161]. The Wigner tomography is based on

representing the Wigner function as a quasiprobability distribution on the complex

phase space. The Wigner function can be written as the expectation value of the

operator D†(−α)ΠD(−α) [66] as

W (α) = 2/π 〈ψ|D†(−α)ΠD(−α)|ψ〉 . (7.11)

The resonator is driven with an AC electric field pulse as −α = (1/2)
∫
λ(t)dt, where α

is the phase space amplitude of the resonator and D is the displace operator D(−α) =

D†(α) = exp(α∗a− αa†). For the parity operator Π, Fock states have eigenvalues 1

and−1 for even and odd phonon numbers respectively. For mixed states the Eq. (7.11)

can be written as a trace

W (α) =(2/π)Tr(D(−α)ρD(α)Π)

=(2/π)
∑
n

(−1)nρ′nn(−α),
(7.12)

where ρ is the density matrix ρ =
∑
i Pi |ψi〉 〈ψi| of the resonator before being dis-

placed [66]. For the displaced resonator, the density matrix is ρ′ = D(−α)ρD(α).

To calculate the Wigner function, we just need to obtain the phonon numbers ρnn

from the probability Pn or directly from Pu(t) via a Fresnel transformation [162].

After the displacement pulse, one brings the qubit on resonance with the resonator

for a variable time and then measure the excited state probability. The qubit state

could be read out by making use of the nonlinear eigenstate energy spectrum of a

coupled spin-phonon system [124]. The spin-phonon states with different spin states

act differently to a driving field that the excited spin up states could be driven to

other states with larger phonon numbers. So we can tell the spin states by measuring

the amplitude of the resonator via the nearby quantum point contact. The Wigner

function rotates with the changes of the relative phase of a two-state superposition

of Fock states as shown in Fig. 7.4. For superpositions of more than two Fock states,

the shapes of Wigner functions change.

We can simulate a full set of measurements with probability Pn for having Fock
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7. Creating arbitrary quantum phonon states

state |n〉 via the density matrix ρ from the set of the linear equations [66] in the

following

ρ′nn(α) = 〈n|D(−α)ρD(α) |n〉 =
∑
j,i

Mnjiρji, (7.13)

where the matrix M has the form

Mnji = 〈j|D(α) |n〉∗ 〈i|D(α) |n〉 . (7.14)

The displacement operator can be expanded in the basis of Fock states that

〈u|D(α) |v〉 = e−|α|
2/2
√
u!v!

min{u,v}∑
k=0

αu−k(−α∗)(v−k)

k!(u− k)!(v − k)!
. (7.15)

Therefore we can get the Wigner function from the density matrix ρ, which is used

in the following simulation.

7.6 Master equation

Figure 7.5: The Winger tomography of the quantum state |ψ〉 = |0〉 + i |2〉, the
obtained state at temperature T = 0 and the obtained state at T = 10 mK with
damping Γ = 104s−1. The fidelity F =

√
〈ψ| ρ |ψ〉 shows how close the obtained state

ρ is to the target state |ψ〉. The fidelity for the state obtained at T = 0 is F = 0.997
and for the state obtained at T = 10 mK is F = 0.894. The other parameters are
λ/2π = 0.8 MHz, ∆ = 100 MHz, ωp/2π = 1.5 GHz, and g/2π = 0.56 MHz.

We use a master equation for the non-unitary evolution taking the damping of the

CNT and the thermal bath into account. The spontaneous qubit relaxation rate is

neglected for the trivial density of other phonon modes which have similar frequencies

in the CNT and in the surroundings such as the substrate and the supports. The
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master equation for the density matrix ρ is in the form

ρ̇ =− i

~
[H, ρ] + (nB + 1)Γ

(
aρa† − 1

2
{a†a, ρ}

)
+ nBΓ

(
a†ρa− 1

2
{aa†, ρ}

)
,

(7.16)

where nB = 1/(e~ωp/kBT − 1) is the Bose-Einstein occupation factor and Γ � g is

the damping rate of the CNT. CNTs with high factor Q ≈ 150000 have been found

in laboratories [75, 163]. The relation between the damping rate and the the quality

factor is Γ = ωp/Q. We take a parameter for the damping that Γ = 104 s−1 with

Q = 950000 and ωp = 1.5 GHz. The phonons follow the Bose-Einstein statistics

in the thermal equilibrium ρ = 1
Z

∑∞
n=0 e

−n~ωp/(kBT ) |n〉 〈n| ⊗ |ψ〉 〈ψ| where Z =∑∞
n=0 e

−n~ωp/(kBT ) is the partition function. We obtain the total phonon state by the

partial trace over the spins ρph = Trsρ. The simulation result is shown in Fig. 7.5. We

have simulated obtaining |ψ〉 = |↓〉 (|0〉+ i |2〉) in the ideal case with T = 0 and in the

finite temperature case with T = 10 mK. The fidelity is defined as F =
√
〈ψ| ρ |ψ〉

which shows how close the state ρ is to the state |ψ〉. The fidelity for the state

obtained at T1 = 10 mK is F1 = 0.894.

7.7 Conclusion

In conclusion, single Fock states and arbitrary superpositions of the Fock states can be

obtained by sequences of the qubit-phonon swapping, the qubit flipping and the phase

operations. The exchange of the spin and the phonon is obtained by the SPI. It is

based on the coupling of the phonon and the spin which is induced from the intrinsic

SOI and it requires the frequency of the spin and the phonon to be in resonance.

The mechanical induced ESR, which is obtained by applying a external AC electric

field, is used to flip the qubit in the presence of a big detuning of the qubit and

the phonon. The frequency of the qubit can be adjusted by electrostatically moving

the electron wave function in CNT in the slanting magnetic field of a nearby micro-

magnet. The phase operation is applied to change the relative phase of the state to

cancel some Fock states in the next qubit-phonon swap or the next qubit flip. The

Wigner tomography can be used to obtain the phase and the amplitude information

of the states. Non-unitary evolution of the system is simulated with the master

equation. Our proposal introduces a way of electrically creating arbitrary quantum

phonon states by interacting the resonator with the electron spin in CNT.
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Chapter 8

Conclusions and Outlook

In this chapter, we first conclude the main results in the thesis where we mainly focus

on utilizing the SPI in a nanomechanical system of CNTs for quantum computation.

Then we give a outlook on future projects in the same system.

8.1 Conclusions

The single electron spin in a QD is a promising candidate as a qubit for quantum

computation and quantum information. We have investigated the manipulation in

Chap. 4 as well as detection in Chap. 6 of the single spin in a QD on a suspended

CNT. The detection and the manipulation are based on the spin-mechanical coupling

induced from the intrinsic SOI. We have used a Jaynes-Cummings model with a

quantized flexural mode of the resonator to describe the system. An external electric

field have been used to drive the resonator and the interaction between the single

electron in the quantum dot and the external driving field. The spin states can be

identified by measuring the mechanical motion of the nanotube, which is detected

by observing the current through a nearby charge sensor. Arbitrary-angle rotations

about arbitrary axes of the single electron spin can be achieved by changing the

frequency and the strength of the external electric driving field.

In Chap. 5, a two-qubit gate, which together with single qubit gates can form a

universal set of mechanically induced quantum gates, has been studied theoretically.

We have considered a nanomechanical system where two separated single-electron

spins are trapped in two QDs. Two QDs are in a suspended CNT which are driven by

an AC electric field in a parallel magnetic field. The indirect interaction of two single-

electron spins is obtained by coupling both electron spins to the mechanical mode of

the CNT. We have chosen two proper spin states in the same valley as the qubit.

We have shown that a two-qubit iSWAP gate and arbitrary single-qubit gate are

obtained by analyzing the effective Hamiltonian from the time-dependent Schrieffer-
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Wolff transformation and the time evolution operator. Combining the iSWAP gate

and single-qubit gates, maximally entangled states of two spins can be generated in a

single step by varying the frequency and the strength of the external electric driving

field. The iSWAP gate and single-qubit gates can be turned off via the suppression

of the SPI by electrostatically shifting the electron wave function on the nanotube.

In Chap. 7, we present how to theoretically prepare the Fock states and arbitrary

quantum states of phonon by harnessing the interaction of the qubit with the sus-

pended CNT. A magnetic field which is parallel to the CNT and an AC electric field is

applied. The spin and valley degrees of freedom are lifted by the magnetic field. Two

spin states near the avoided crossing in the same upper valley serve as the qubit. A

sequence of operations including the qubit-phonon swap, the qubit flipping, and the

phase operations is applied to obtain the aimed quantum phonon state. The swap of

the qubit and the resonator Fock state is obtained by the SPI and the qubit can be

flipped by the ESR as we have obtained in Chap. 4. The phase operation is applied

for changing the relative phase of the state to make some Fock states be canceled in

the next qubit-phonon swap or the next qubit flipping. The Wigner tomography can

be used to obtain the phase and the amplitude information of the states.

8.2 Outlook

For the outlook, first we can extend our study to define the qubit using the valley

degree of the freedom of a single electron in CNT. We have defined our qubit as two

spin states in the same upper valley in a magnetic field parallel to the CNT axis as

shown in Fig. 4.1. A spin-valley mixed qubit which is operated at a low magnetic

field can be well defined [89, 118]. Here the state |K ↑〉 and |K ′ ↓〉 are chosen as the

two-level states of the qubit in a magnetic field either parallel or perpendicular to the

CNT axis. The coupling between the qubit and the phonon can be also induced by

the changes of the direction of the CNT axis. We predict that single-qubit gates and

two-qubit gates using the spin-valley mixed qubit can be mechanically obtained in a

similar way as in Chap. 4 and 5.

Secondly, the interaction of more than two QDs could be further studied in this

nanomechanical system. We have considered the ESR in a single QD and the indirect

coupling via the SPI between two electron spins in two QDs. The indirect interaction

of three single electron spins in three QDs via the exchange of the virtual phonons

has been calculated in the Bachelor thesis of Pausch [164]. The coupling of separated

single electron spins and spin-valley qubits in more QDs in a CNT or more CNTs can

be further studied.

Moreover, the read-out of two single-electron spins state and the read-out of the

spin-valley mixed qubit could be obtained comparably as in Chap. 6. We have con-
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sidered the spin states by using the nonlinearity of the eigenstates of a coupled spin-

phonon system and the spin-phonon states with different spin states act differently

to a driving field. The eigenstates of a system with two qubits and a phonon state is

also nonlinear, therefore we can use this property to read out two-qubit states.

Finally, a preparation of the maximally entangled phonon states of the CNT via

the SPI could be obtained. Using phonon states for quantum computation and quan-

tum information is very promising due to the long life time of the phonon states [21].

We have theoretically studied the creation of arbitrary superpositions of Fock states

by the coupling of the single electron spin qubit and the CNT in Chap. 7. The for-

mation of the maximally entangled two qubit phonon states can be obtained by the

coupling of the CNT and two single electron spins or two spin-valley mixed qubits in

two QDs.
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Appendix A

Effective Hamiltonian for

two-qubit gate

We present how to obtain the effective Hamiltonian from the Schrieffer-Wolff trans-

formation and obtain the form in the interaction picture. We can obtain the time-

dependent Schrieffer-Wolf transformation from the Schrödinger equation as

Heff = UHU† − iU(∂tU
†), (A.1)

where U(t) is a unitary transformation. If one writes U(t) = eS(t), where S(t) =

−S(t)† ∝ O(H1), the transformed Hamiltonian at second order is

Heff = H0 +O(H1) +O(H2
1 ). (A.2)

The first order terms O(H1) are eliminated to obtain a block-diagonal Hamiltonian

that

H1 + [S(t), H0] + iṠ(t) = 0, (A.3)

from which the expression of S(t) can be obtained. Substitute the expression of

S(t) in Eq. (A.1), we can obtain the transformed effective Hamiltonian Heff . For

simplicity, we assume gA = gB = g, ωqi = ωq, ∆ = ωp−ω and ∆� g. We obtain the

effective Hamiltonian in the lowest subspace with 0 phonon from the time-dependent

Schrieffer-Wolff transformation and transform it into the interaction picture with

respect to H0. The fast oscillating terms with e±i(ω+ωq)t and e±2iωqt can be dropped
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in the rotating-wave approximation. We find

HI
eff/~ =(

ωqg
2

−ω2
p + ω2

q

)(σAz + σBz)

−
λgωp(ω2 − 2ω2

p + ω2
q)

(ω2 − ω2
p)(ω2

p − ω2
q)

(eiωt + e−iωt)(σA+e
iωqt + σB+e

iωqt + σA−e
−iωqt + σB−e

−iωqt)

− 2g2ωp

ω2
p − ω2

q

(σA+σB− + σA−σB+ + σA+σB+e
2iωqt + σA−σB−e

−2iωqt).

(A.4)

We obtain the effective Hamiltonian in the rotating frame with U = eiωt:

HI
eff/~ =− (ωp −∆)g2

(2ωp −∆)∆
(σAz + σBz)

− λg2ωp

(2ωp −∆)∆
(σAx + σBx)

− 2g2ωp

(2ωp −∆)∆
(σA+σB− + σA−σB+).

(A.5)
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Appendix B

Fidelity of maximally

entangled state
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Figure B.1: Time evolution of the fidelity near tideal = 76.8 µs with driving strength
λ/(2π) = 4.0 MHz at finite temperature T = 10 mK in (a) and T = 100 mK in (b).
Inset: Fidelity over a larger time range. The other parameters are the same as in Fig.
5.3.

In this appendix we present the fidelities of obtaining the maximally entangled

state at two finite temperatures T = 10 mK and T = 100 mK. When we consider the

case with the phonon bath and the damping effect, the detunings between the peak

of the fidelity without damping and the ideal time point Tideal = 76.8 µs increase

while the temperature increases. We can compare the two cases at T = 10 mK and

T = 100 mK in Fig. B.1. The shifting is obvious at T = 100 mK but very small at

T = 10 mK. The best fidelity of the maximally entangled state at fixed damping Γ is

smaller at high temperature than at low temperature, due to the high average phonon
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B. Fidelity of maximally entangled state

number. With the same damping, the best fidelity of the maximally entangled state

is obtained faster at high temperature than at low temperature , which causes the

shift of the peaks. This is because the coefficient αi of the rotation σz in the effective

Hamiltonian in Eq. (5.11) depends on the phonon number.
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Appendix C

Charge readout

Here, we describe our simple model used to estimate the sensitivity of the detection of

the CNT motion via a nearby charge sensor. The model consists of three capacitively

coupled tubes (Fig. C) where the center tube (2) represents the CNT while the other

two represent the charge sensor gate electrode (1) and a ground plane (3). We assume

that the CNT is grounded (V2 = 0) while the ground plane can be voltage biased

(later, we will set V3 = 0 as well). The voltage V1 on the sensor electrode then

influences the transport through the quantum dot (QD) which is tuned such that

in the absence of any displacement of the CNT (x = 0), the QD is at a Coulomb

blockade peak with conductance G0 = 2e2/h. The conductance around the Coulomb

blockade peak will have Lorentzian shape,

G

G0
=

1

1 + (V1(X)− V1(0))2/∆V 2

≈ 1−
(
V1(X)− V1(0)

∆V

)2

, (C.1)

where we have assumed that the QD stays close to the Coulomb blockade peak. The

width of the Coulomb peak is given by ∆V . We now use a simple capacitor model to

calculate V1(X). The charges on the three conductors are denoted Q1, Q2 = q, and

Q3, and are related to the voltages via the capacitance matrix,

 Q1

q

Q3

 =

 C(X) + C13 −C(X) −C13

−C(X) C(X) + C(−X) −C(−X)

−C13 −C(−X) C(−X) + C13


 V1

0

V3

 , (C.2)
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V1

V3

C13

C(X)

C(-X)

X

1

2

3

QD
Vsd

I

Figure C.1: Capacitor model for the charge readout of the motional degree of freedom
of a carbon nanotube (CNT). The CNT (2), ground plane (3), and charge sensor gate
(1) are modeled as cylinders of length l. The distance between 1 and 2 (2 and 3)
is d + X (and d − X, respectively) where X denotes the vibrational displacement
of the CNT. The corresponding capacitances are denoted C(X) and C(−X). The
electrostatic potential of the CNT (2) is set to zero (ground). If the potential of (3) is
also fixed at a voltage V3 (e.g., V3 = 0), then the motion of the CNT (2) by an amount
X leads to an extra charge on the gate (1) which is manifested as in the voltage V1.
The charge sensor gate voltage V1 can then be used to bias the current I through a
quantum dot (QD) with voltage bias Vsd.

where C13 denotes the direct capacitance between conductors 1 and 3, and the con-

ductances between conductors 2 and 1 (3) depend on the displacement X via C(X)

(C(−X)). The capacitance between two parallel tubes of radius r, length l� r, and

distance d� r in vacuum (ε = 1) is given by

C(0) =
πε0l

log
(
d+
√
d2−4r2

2r

) ≈ πε0l

log (d/r)
. (C.3)

For the displaced CNT, we replace d by d+X, and obtain the capacitance

C(X) =
πε0l

log [(d+X)/r]
≈ C(0)

(
1− X

d log(d/r)

)
, (C.4)

where we have used X � d.

For the gate voltage, we find

V1(X) = −q + V3C(−X)

C(X)
, (C.5)
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and thus, for V3 = 0,

(V1(X)− V1(0))
2

= − q2

π2ε20d
2l2

X2. (C.6)

Substituting this into Eq. (C.1), using I = GVsd, and taking the temporal average

yields directly our Eq. (6.6).
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60, 674 (1999), URL http://link.aps.org/doi/10.1103/PhysRevA.60.674.

30

[66] M. Hofheinz, H. Wang, M. Ansmann, R. C. Bialczak, E. Lucero, M. Neeley,

A. D. O’Connell, D. Sank, J. Wenner, J. M. Martinis, et al., Nature 459, 546

(2009), ISSN 0028-0836, URL http://dx.doi.org/10.1038/nature08005. 30,

79, 87, 88

[67] A. Benyamini, A. Hamo, S. V. Kusminskiy, F. von Oppen, and S. Ilani, Nat

Phys 10, 151 (2014), ISSN 1745-2473, URL http://dx.doi.org/10.1038/

nphys2842. 31, 43, 55, 58

107

http://www.sciencemag.org/content/270/5234/255.abstract
http://www.sciencemag.org/content/270/5234/255.abstract
http://link.aps.org/doi/10.1103/PhysRevLett.109.025503
http://link.aps.org/doi/10.1103/PhysRevLett.109.025503
http://link.aps.org/doi/10.1103/PhysRevB.70.195340
http://link.aps.org/doi/10.1103/PhysRevB.70.195340
http://link.aps.org/doi/10.1103/PhysRevB.59.2070
http://link.aps.org/doi/10.1103/PhysRevLett.78.390
http://link.aps.org/doi/10.1103/PhysRev.40.749
http://link.aps.org/doi/10.1103/PhysRev.40.749
http://link.aps.org/doi/10.1103/PhysRevA.15.449
http://link.aps.org/doi/10.1103/PhysRevA.15.449
http://link.aps.org/doi/10.1103/PhysRevA.48.2479
http://link.aps.org/doi/10.1103/PhysRevA.48.2479
http://journals.cambridge.org/article_S0305004100000487
http://journals.cambridge.org/article_S0305004100000487
http://link.aps.org/doi/10.1103/PhysRev.131.2766
http://link.aps.org/doi/10.1103/PhysRev.131.2766
http://link.aps.org/doi/10.1103/PhysRevA.60.674
http://dx.doi.org/10.1038/nature08005
http://dx.doi.org/10.1038/nphys2842
http://dx.doi.org/10.1038/nphys2842


Bibliography

[68] B. Lassagne, D. Garcia-Sanchez, A. Aguasca, and A. Bachtold, Nano Letters 8,

3735 (2008), URL http://pubs.acs.org/doi/abs/10.1021/nl801982v. 31,

43

[69] H.-Y. Chiu, P. Hung, H. W. C. Postma, and M. Bockrath, Nano Letters 8, 4342

(2008), URL http://pubs.acs.org/doi/abs/10.1021/nl802181c.

[70] B. Lassagne, D. Ugnati, and M. Respaud, Phys. Rev. Lett. 107, 130801 (2011),

URL http://link.aps.org/doi/10.1103/PhysRevLett.107.130801.

[71] J. Moser, J. Güttinger, A. Eichler, M. J. Esplandiu, D. E. Liu, M. I. Dykman,

and A. Bachtold, Nat. Nano. 8, 493 (2013), URL http://dx.doi.org/10.

1038/nnano.2013.97. 31, 43

[72] P. Treutlein, C. Genes, K. Hammerer, M. Poggio, and P. Rabl, in Cavity

Optomechanics, edited by M. Aspelmeyer, T. J. Kippenberg, and F. Mar-

quardt (Springer Berlin Heidelberg, 2014), Quantum Science and Technology,

pp. 327–351, ISBN 978-3-642-55311-0, URL http://dx.doi.org/10.1007/

978-3-642-55312-7_14. 31

[73] B. H. Schneider, S. Etaki, H. S. J. van der Zant, and G. A. Steele, Sci. Rep. 2,

(2012), URL http://dx.doi.org/10.1038/srep00599. 31

[74] M. Ganzhorn and W. Wernsdorfer, Phys. Rev. Lett. 108, 175502 (2012), URL

http://link.aps.org/doi/10.1103/PhysRevLett.108.175502. 31, 43
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