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Introduction

It is wellknown, that every real symmetric matrix M ∈ Rn×n has only real
eigenvalues, i.e. its characteristic polynomial

χM := det(t−M) ∈ R[t] (∗)

has only real zeros. Obviously the converse also holds. If a monic uni-
variate polynomial with real coefficients has only real zeros, then it is the
characteristic polynomial of a real symmetric matrix. For example we can
choose the diagonal matrix composed of its zeros. The aim of this thesis is
to study some generalizations of this correspondence between realness of
roots of a polynomial and selfadjoint representations of the form (∗).

The main focus lies on the following parametric version. We consider
the univariate polynomial ring R[x]. If M ∈ R[x]n×n is a symmetric matrix
with polynomial entries then its characteristic polynomial

χM = det(t−M) ∈ R[x, t]

has the property that for every point α ∈ R the univariate polynomial

χM(α, t) = det(t−M(α)) ∈ R[t]

has only real zeros. What can we say about the converse? Assume we
have a polynomial f ∈ R[x, t] that is monic and of degree n in t, such that
for all α ∈ R the univariate polynomial f (α, t) has only real zeros. We call
f real rooted for x in R. Is this sufficient for the existence of a symmetric
matrix M ∈ R[x]n×n such that f = χM? The affirmative answer is given in
Corollary 3.23. The study of this problem has been motivated by a theorem
due to Helton and Vinnikov in [HV07]. It says the following. Let F ∈
R[X, Y, Z] be homogeneous of degree n and hyperbolic1 with respect to e =
(e1, e2, e3) ∈ R3, i.e. F(e) 6= 0 and all real lines in direction e intersect
the hypersurface defined by the equation F = 0 only in real points, i.e.

1See also Section 2.4.1.
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2 INTRODUCTION

generically n different points if F is square free. Then the theorem states
that there exist symmetric matrices A, B, C ∈ Rn×n such that Ae1 + Be2 +
Ce3 is positive definite and

F = det(AX + BY + CZ)

i.e. F admits a linear real symmetric determinantal representation that is defi-
nite at e, which makes the hyperbolicity almost obvious. This fact has been
conjectured by Peter Lax in 1958 in [Lax58]. We give a new and completely
algebraic proof, see Main Theorem 3.27.

The tools developed in the present are also used to proof variations
and generalizations of the above problem. For example the same question
can be asked for commutative rings other than R[x], if the notion of “real
rooted polynomials” is adjusted suitably. Also the condition of all roots
being real can be relaxed and related to other selfadjoint representations
of the form

χM := det(t−M) ∈ A[t]

where A is some commutative ring and M ∈ An×n not necessarily sym-
metric, but for example what we call pseudosymmetric, i.e. selfadjoint
with respect to a quadratic form 〈±1, . . . ,±1〉.

Previous work on this or similar topics using similar tools goes back
to Latimer and MacDuffee [LM33], Faddeev [Fad47], Bender [BH74] (see
Theorem 3.18) or Krakowski [Kra58] (see Theorem 3.13) and others.

Main Idea We want to give a rough idea on what is the main concept
behind our approach to produce symmetric matrices that have a given
characteristic polynomial. To this end assume f = ∑n

i=0 aiti ∈ R[t], ai ∈ R

is a monic polynomial of degree n which has only real roots, i.e. there are
λ1, . . . , λn ∈ R such that

f =
n

∏
i=1

(t− λi).

Moreover let us assume that these roots are pairwise distinct. As an-
nounced, one symmetric matrix with characteristic polynomial f is the
diagonal matrix

D =

λ1 0
. . .

0 λn

 .

However, computing this matrix, means computing the roots of f . Since
this does not work very well in the case of other fields, we now want to
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explain a computationally easier way that works with more basic field
operations. Define the R-algebra L := R[t]/( f ) and consider the R-vector
space isomorphism

ϕ : L→ Rn

g 7→ (g(λ1), . . . , g(λn))

which is given by the Vandermonde matrix V if we fix the standard basis
1, t, . . . , tn−1 of L and the standard basis e1, . . . , en of Rn. If we pull back
the standard scalar product on Rn via ϕ, we get a symmetric bilinear form
τ on L whose representing matrix is given by H f := VᵀV = (pi+j−1)i,j,
where pk is the k-th Newton sum of the λi, i.e.

pk =
n

∑
i=1

λk
i

which is symmetric in the λi and can therefore be expressed in terms of
the coefficients of f . H f is also called the Hermite matrix of f . It is easy
to see that besides the use of Newton sums there is an alternative way to
describe the trace form τ of L|R is the following.

τ : L× L→ R

(a, b) 7→ Tr(ab)

where Tr is the trace functional of L|R, which assigns to each element a
of L the trace of the K-vector space endomorphism of L that is given by
multiplication by a.

Now we turn back to the problem of finding a symmetric matrix M ∈
Rn×n that has f as its characteristic polynomial. Let C be the representing
matrix of

µ : L→ L
g 7→ tg

i.e. multiplication by t. It is also called the companion matrix of f . We have

C = V−1DV =


0 −a0

1 . . . .... . . 0
1 −an−1
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Its characteristic polynomial is given by f since C is similar to D, or as can
also be easily computed directly. Obviously µ is selfadjoint with respect to
τ since

τ(µa, b) = Tr(tab) = Tr(atb) = τ(a, µb)

for all a, b ∈ L. On the level of matrices this means CᵀH f = H f C. The
orthonormal basis ϕ−1(e1), . . . , ϕ−1(en) of τ consists of eigenvectors of µ
for the eigenvalues λ1, . . . , λn and thus D is the representing matrix of µ
with respect to this basis. If we take M to be the representing matrix of µ
with respect to any other orthonormal basis of τ, then M is also symmetric
and χM = f . In other words take any other factorization H f = WᵀW
instead of H f = VᵀV and set M = WCW−1 instead of D = VCV−1.

Note that for diagonalizing the quadratic form τ, i.e. finding an or-
thogonal basis, we only need basic field operations. In order to find an
orthonormal basis, i.e. factoring H f as indicated, we additionally need to
take square roots of the diagonal entries. To make this approach work over
other fields K instead of R, where we cannot take square roots, the idea is
to modify it slightly by scaling the trace form2 τ by a suitable factor c ∈ L×

such that the form

cτ : L× L→ K
(a, b) 7→ Tr(abc)

admits an orthonormal basis over K. Then we can take M the representing
matrix of µ with respect to such an orthonormal basis of this scaled trace
form cτ. And again it is symmetric with characteristic polynomial f .
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Outline

Chapters 1 and 2

The first two chapters are mostly concerned with the introduction of the
necessary notions and results for our study of what we call spectral repre-
sentations of a given polynomial f , i.e. matrices having f as their charac-
teristic polynomial. Since we also want to cover Hermitian matrices and
matrices that are selfadjoint with respect to some other Hermitian form
we adapt standard notions such as orderings, signatures and valuations to
the context of fields with involution. Also some geometric concepts such
as divisors on complete curves are presented, which can be seen as the
global counterpart of fractional ideals of the coordinate ring of an affine
curve. It will become relevant mostly for the last section of Chapter 3,
where the question of linearity of spectral representations is addressed,
using the complete curve.

Almost everything is held in the more general context of arbitrary real
closed fields instead of just the real numbers since we use a purely alge-
braic theory.

Chapter 3

Section 3.1 Here we generalize the notion of real rooted polynomials by
replacing “points” on the real line to plug in for x by orderings of the field
of fractions of the coefficient ring A of a given polynomial f , assuming
it is an integral domain. The study of spectral representations of polyno-
mials is reformulated in terms of ∗-representations of finite extensions of
commutative rings with involution. It generalizes the A-algebra homo-
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morphism

ϕS : A[t]/( f )→ Symn(A)

g(t) 7→ g(S)

that is induced by a symmetric spectral representation S ∈ Symn(A) of a
polynomial f ∈ A[t], see Lemma 3.10. Parts of this approach are inspired
by Bender’s work in [Ben67] where the same problem is addressed with
main focus on the case A = Z as the ring of coefficients.

Section 3.2 In the second section we treat the case where A is a field. Us-
ing Pfister’s Local Global Principle we give a simple proof of Krakowski’s
result, Theorem 3.13 that for any field of characteristic different from 2 and
any real rooted polynomial over that field there is a power of the polyno-
mial that admits a symmetric spectral representation. We also prove that
for univariate function fields over R real rootedness is not only necessary,
but also sufficient for the existence of symmetric spectral representations,
see Main Theorem 3.16. The result is the geometric analogue of Bender’s
slightly weaker theorem for number fields, Theorem 3.18. It can be gener-
alized to characterize for a polynomial f ∈ R[x, t] the maximal signature
of a form σ = 〈±1, . . . ,±1〉 such that f admits a σ-selfadjoint spectral rep-
resentation over the field of rational functions R(x). Namely it is given
by the minimal number k such that f (α, t) has at least k real roots for all
α ∈ R, see Theorem 3.17. The proof is essentially based on a result by
Krüskemper on scaled trace forms. It is also observed in [Fit94] that Main
Theorem 3.16 is actually a direct consequence of this.

Section 3.3 In the third section we focus on the case where A and B :=
A[t]/( f ) are Dedekind domains.3 Then we can describe the above homo-
morphism ϕS in terms of a fractional B-ideal I and a scaling factor c ∈
L := Quot(B), such that the ∗-representations (I, cτ) and (An, 〈1, . . . , 1〉)
are isomorphic. A necessary condition on I and c for this isomorphy is that
cI2 coincides with the codifferent ideal ∆′(B|A), which measures the rami-
fication of B|A, i.e. points in the spectrum of A where the trace form be-
comes singular. For more details see Proposition 3.21. In the case A = R[x]
such pairs (I, c) with cI2 = ∆′(B|A) exist, i.e. the codifferent ideal is a
square in the class group. This is essentially based on the nontrivial fact
that the degree 0 component of the class group of a smooth curve over C

3which is the case e.g. if A = R[x] and f is irreducible and describes a smooth plane
curve.
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is 2-divisible, Theorem 2.3. For the number theoretic analogue A = Z this
is a deep result of Hecke, Theorem 2.12.

We also make use of a theorem due to Harder and Djoković, Theorem
1.24, which says that any unimodular lattice over the univariate polyno-
mial ring k[x] over a field k is diagonalizable, i.e. if M is a finitely generated
module over k[x] equipped with a quadratic form that induces an isomor-
phism between M and its dual, then it admits an orthogonal basis. In the
case k = R and the situation above with A = R[x], this means that any
∗-representation of B|A of the form (I, cτ) with cI2 = ∆′(B|A) is already
isomorphic to (An, σ), where σ is of the form 〈±1, . . . ,±1〉. It therefore
gives rise to a spectral representation of f that is selfadjoint with respect
to σ. See Main Theorem 3.22 for details. What the possible signatures of
σ are, and particularly whether f admits a symmetric spectral represen-
tation over R[x] depends on the number of real roots of f (α, t) for α ∈ R

as well as the ramification behavior of the projection to the x-axis of the
curve described by f . In the real rooted case the latter map is unramified
and the trace form totally positive definite, just as described above for a
univariate polynomial f ∈ R[t]. From this we deduce the existence of
symmetric spectral representations. The question how the maximal signa-
ture of such a form cτ as above can be more generally described in terms
of the topology of the curve is addressed Section 4.5.

Section 3.4 In the last section of this chapter we refine previous results
in order to study linear spectral representations of polynomials over R[x].
First we obtain the Helton-Vinnikov Theorem 3.27 by showing that any
symmetric spectral representation of f ∈ R[x, t] is automatically linear, if
its total degree is the same as that in t. This follows from Lemma 3.8 which
can be thought of as a valuation theoretic version of the fact that the entries
of a real symmetric matrix cannot be much larger than its eigenvalues.
This argument fails for nonsymmetric matrices. The characterization of
linearity in the more general case is done by taking into account the points
at infinity from the perspective of the affine curve defined by f ∈ R[x, t].
This is done in Main Theorem 3.34, which also serves as something like
a loose link to the formulation in [Vin93]. In a straightforward manner
the role of fractional ideals I whose square is the codifferent ideal in the
class group is now replaced by divisors E on the curve that are, taken
twice, linearly equivalent to the different divisor.4 Moreover isomorphy of
(I, cτ) and (R[x]n, σ) is replaced by isomorphy of (ME, cτ) and (On

P1 , σ),
where ME is a certain sheaf of OP1-modules associated to the divisor E.

4Better-known is the closely related notion of theta divisors. See also Lemma 2.10.
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More precisely it is the direct image of the invertible sheaf corresponding
to E via the projection onto the x-axis, which is nothing but the analog of
viewing a B-ideal as an A-module if B|A is an extension of rings.

The main difference between the affine and complete setting lies ex-
actly in this isomorphy. While in the affine case we get it by the theo-
rem of Harder and Djoković, the global case is more subtle and isomor-
phy is not automatically given. It rather depends on the behavior of the
global sections of this sheaf ME, the Riemann-Roch space of the divisor
E. This problem is addressed in Theorem 3.33.5 The crucial point in Main
Theorem 3.34(d) is that in the definite case, this behavior is exactly as ex-
pected. This gives an alternative interpretation of why our first proof via
the affine approach actually works. The trivial observation that positive
definite forms are anisotropic enters in very explicitly manner into both
versions of the proof, however, in quite a different flavor.

Chapter 4

Here we mainly make some additional comments. Among them we want
to highlight Sections 4.3 and 4.5.

Section 4.3 We give a further analysis of the difference between the affine
approach, Main Theorem 3.22, and the global counterpart, Main Theorem
3.34. The difference between the two points of view becomes most notable
in the non real rooted case. Our main interest, however, lies in the real
rooted case, where both approaches are shown to yield the exact same
results. See Proposition 4.1 and the subsequent Remark 4.2.

Section 4.5 Let S be the complete plane curve described by a monic poly-
nomial f ∈ R[x, t] and π : S → P1 the projection onto the “x-axis”. The
question of this section is what the maximal signature is that a Hermitian
form σ can have such that f admits a σ-selfadjoint spectral representation.
The answer depends strongly on the topology of S(R), the real points
of the curve, and thus changes in an essential way once we go from the
global to the affine picture. We illustrate this by examples. In the ho-
mogeneous/linear setup a result by Vinnikov, Theorem 4.4, expresses this
signature in terms of the number of ovals enclosing a certain point in the
plane, or in other words the winding number of π : S(R) → S1 if we
identify P1(R) with the unit sphere S1. On the other hand in the nonho-
mogeneous/arbitrary degree version, by allowing higher order poles at

5See also the beginning of Sections 4.3 where this is explained in some more detail.
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infinity, the winding number is replaced by the number of connected com-
ponents of S(R) ∩A2 → A1(R) that project surjectively onto the x-axis
A1(R), see Theorem 4.5. This means we cut the curve through the points
at infinity. One might say that the affine topology does not see how the
real connected components of the curve are glued together at infinity.

The statements in Theorems 4.4 and 4.5 can be viewed as a special case
of a condition for the existence of spectral representations over R(x) with
poles only at a given finite set of points P ⊆ P1(R) in terms of the topology
of S(R) \ π−1(P). Theorem 3.17 can then be interpreted as something
like the limit of this kind of perforation of the curve. If we consider the
“fibered space” (S , π) only up to birational equivalence there is not much
left from the topology besides data such as the minimal number of points
in the fibers π−1({p}) of real points p ∈ P1(R). Hence Theorem 3.17 is a
topological statement only in this broader sense.
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Chapter 1

Algebraic Basics

1.1 Conventions

Just for a quick overview we list a view notations and conventions we use
throughout the text. See also the glossary of notations.

• All rings are associative with 1.

• All fields have characteristic different from 2.

• The natural numbers are N = {1, 2, 3, · · · } and N0 = N∪ {0}.

• In any real field (i.e. where −1 is not a sum of squares), we denote
i :=
√
−1 the “imaginary unit”.

• R is some fixed real closed field and C = R[i] its algebraic closure.
The words “real” and “complex” usually refer to these.

• For a module M over a commutative ring A we denote the dual mod-
ule of M by Mν := HomA(M, A).

• Involutions are always denoted by ∗, if there is no ambiguity. Often
the involution will be trivial. See Remark 1.1 for more conventions
on involutions.

• We will be somewhat sloppy with naming of functions, when it
comes to restrictions and extensions, i.e. the domain and codomain
are not strictly attached to the name of the function.

• For a commutative ring A we fix the standard basis e1, . . . , en of An

and identify EndA(An) with An×n = Matn(A), if not stated other-
wise.

11



12 CHAPTER 1. ALGEBRAIC BASICS

• To avoid ambiguity, the trace map of an algebra is referred to as the
trace functional and the quadratic or Hermitian form induced by it as
the trace form. See Section 1.6.

• We write capital letters for homogeneous variables (e.g. describing
projective varieties) and lower case letters for nonhomogeneous vari-
ables (e.g. describing affine varieties and regular functions on these).
Moreover x stands for the tuple x1, . . . , x` and X for X0, . . . , X`. We
denote the set of degree n forms in `+ 1 variables over a field k by
k[X]n.

1.2 Involutions

• An involution on a set M is a selfinverse map ∗ : M→ M, i.e. a∗∗ = a
for all a ∈ A.

• An element a ∈ M is symmetric, selfadjoint or ∗-invariant, if a∗ = a.
We denote the set of symmetric elements by M∗.

• A monoid with involution is a monoid1 (M, ◦) together with an in-
volution which is an anti-endomorphism i.e. (a ◦ b)∗ = b∗ ◦ a∗ for
a, b ∈ M.

• Let M, N be monoids with involution. Then a homomorphism
f : M→ N is a ∗-homomorphism if for all x ∈ M

f (a∗) = f (a)∗

• Accordingly we define groups, rings, fields, etc. with involution and
∗-homomorphisms of such.

• We define an involution on Hom(M, N) by

ϕ∗(a) := ϕ(a∗)∗ = (∗ ◦ ϕ ◦ ∗)(a)

for ϕ ∈ Hom(M, N) and a ∈ M. That means set of ∗-
homomorphisms is exactly Hom(M, N)∗, the set of ∗-invariant ho-
momorphisms.

1associative operation with neutral element, mostly abelian groups multiplicative
monoid of rings and derived structures
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• A ∗-algebra over a commutative ring A with involution is a ring B
with involution together with a ∗-homomorphism A → B such that
A is sent to the center of B.

• Extensions and substructures of any kind of structures with invo-
lution have compatible involution, i.e. the embedding is a ∗-
homomorphism.

• For a monoid (M, ◦) with involution we define the map

h : M→ M∗
a 7→ ah := a∗ ◦ a

If the operation is additive we write ha := a∗ + a. In case of the
trivial involution h is just given by squaring or multiplication by 2 in
the additive case. We also view h as the element 1 + ∗ in the group
algebra Z[∗] of the group {1, ∗} if the operation is commutative.

• If G is an abelian group with involution, then a ∈ M is antisymmetric
if a∗ = −a, i.e. ha = a∗ + a = 0. Viewing G as a Z[∗]-module, an
antisymmetric element is an h-torsion element. Denote the h-torsion
group of G by Gh := ker h, the subgroup of antisymmetric elements.
If the involution is trivial this is the 2-torsion group G2.

• Let A be a ring with involution. We define

∑ Ah := {∑
i

a∗i ai | ai ∈ A } ⊆ A∗

the set of sums of Hermitian squares and

∑ A2 := {∑
i

a2
i | ai ∈ A }

the set of sums of squares.

• Let A be a commutative ring with involution. If M, N are
A-modules, then a map f : M → N is semilinear or a semi-
homomorphisms if for all a ∈ A and x, y ∈ M we have

f (ax + y) = a∗ f (x) + f (y).

• An A-module with involution over A is an A-module together with
a semilinear involution. Accordingly we define a vector space with
involution.
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• If M is an A-module with involution (e.g. a ∗-algebra), then we say
the involution as well as the module is of the first kind, if it is trivial
on A and of the second kind if it is nontrivial on A.2

Remark 1.1. The following examples of involutions we consider implicitly
given.

• If L|K is a quadratic extension of fields of characteristic different from
2, we usually equip L with the nontrivial K-automorphism as the
involution ∗. This way L∗ = K. In particular we do this for C|R.

• If A is a commutative ring with involution we extend the involution
to any polynomial ring over A by letting it act coefficientwise, leav-
ing the variables invariant. If I ⊆ A is an ideal with I∗ = I then also
the quotient A/I carries a natural involution induced by that of A.

• For monoids M, N with involution Hom(M, N) carries the involu-
tion defined above.

• If A is an integral domain with involution we extend the latter to its
field of fractions.

• If we talk about a module with involution or similar over a ring A
we assume implicitly that A is equipped with an involution.

Lemma 1.2. Let V be a K-vector space with involution. As defined above denote
Vh = ker h the K∗-subspace of antisymmetric elements.

a) A functional ν ∈ Vν is ∗-invariant if and only if

• ν|Vh = 0 and ∗ is of the first kind or

• ν(V∗) ⊆ K∗ and ∗ is of the second kind.

b) We have an isomorphism of K∗-vector spaces

(Vν
)∗ → (V∗)

ν

ν 7→ ν|V∗

Therefore we write just Vν

∗ for (Vν
)∗.

2In the literature the notion of first or second kind involutions is usually only defined
for central simple algebras, but for convenience we adapt it to our situation.
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Proof: Since char K 6= 2 we have

V = V∗ ⊕Vh and K = K∗ ⊕ Kh. (1)

If ∗ is nontrivial on K then

K = K∗[e] = K∗ ⊕ eK∗ and Vh = eV∗ (2)

for some antisymmetric e ∈ K.
(a) Let ν ∈ Vν. Then ν∗ = ν if and only if ν(V∗) ⊆ K∗ and ν(Vh) ⊆ Kh.

So the claim is obvious if ∗ is of the first kind, i.e. trivial on K. If it is
nontrivial it just follows from (2) and K-linearity.

(b) For the injectivity let ν ∈ (Vν
)∗ such that its restriction to V∗ is zero.

It follows directly from (a) that also ν|Vh = 0 if ∗ is of the first kind and
additionally from (2) otherwise. Thus ν = 0 by (1). For the surjectivity let
ν ∈ (V∗)

ν. We extend ν on Vh by zero if ∗ is of the first kind and K-linearly
using (2) otherwise. This yields an element of (Vν

)∗ by (a). �

Corollary 1.3. Let L|K be an extension of fields with involution. Then Lν

∗ is a
one-dimensional L∗-vector space via the restriction of the action given by

aν : L→ K
x 7→ ν(ax)

for a ∈ L and ν ∈ Lν.

Proof: Indeed L∗ acts on Lν

∗ since for a ∈ L∗, ν ∈ Lν

∗ and x ∈ L we have

aν(x∗) = ν(ax∗) = ν((ax)∗) = ν(ax)∗ = aν(x)∗.

Now the claim follows from Lemma 1.2(b) since

dimK∗(Lν
)∗ = dimK∗(L∗)

ν
= dimK∗ L∗

and thus dimL∗ Lν

∗ = dimL∗ L∗ = 1. �

1.3 Commutative Algebra

1.3.1 Valuations

The notion of valuations is used on the one hand in order to have a conve-
nient and systematic description of the set of points of a smooth curve, as
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done in Chapter 2. On the other hand we use it to formulate an analogue
to the fact that entries of a real symmetric matrix can be bounded in terms
of its eigenvalues, which is done in Lemma 3.8, which is a crucial fact to
get linearity in the proof of the Helton-Vinnikov Theorem. For general
valuation theory, we refer to [EP05].

Let K be field. A valuation on K is a map v : K → Γ ∪ {∞}, where Γ is
an ordered abelian group, such that for all x, y ∈ K

• v(x) = ∞⇔ x = 0

• v(xy) = v(x) + v(y)

• v(x + y) ≥ min{v(x), v(y)}

We say (K, v) is a valued field.

• v(K×) is the value group of (K, v)

• Ov := { x ∈ K | v(x) ≥ 0 } the valuation ring with

• mv := { x ∈ K | v(x) > 0 } the unique maximal ideal and

• K := κ(v) := Ov/mv the residue field

Two valuations are equivalent if their valuation rings coincide.3 We usually
identify equivalent valuations.

Equivalently we can directly axiomatize the valuation rings of K, i.e.
subrings O of K for which x ∈ O or 1

x ∈ O for every x ∈ K×. Then we get
the corresponding valuation by the residue map K× → Γ := K×/O× and
the ordering on Γ by

v(a) ≤ v(b)⇔ b
a
∈ O

We say v is discrete if v(K×) ∼= Z and in that case it is normalized if
v(K×) = Z. A discrete valuation ring is a valuation ring for which the
corresponding valuation is discrete.

(L, w) is an extension of (K, v) if L|K is an extension of fields and w|K =
v.

If k is a subfield of K, then v is a k-valuation if v is trivial on k, i.e.
v(k×) = {0} or equivalently if k ⊆ Ov.

3Or equivalently, if there is an isomorphism of their value groups that is compatible
with the valuations in the obvious manner. This isomorphism is then automatically order
preserving.



1.3. COMMUTATIVE ALGEBRA 17

We have the following important example of a valuation on the rational
function field that is used in the present work. Let k be a field and K :=
k(x) then

v∞

(
f
g

)
:= deg g− deg f

for nonzero f , g ∈ k[x] defines a k-valuation on K, the degree valuation.

Let (L, w)|(K, v) be a finite extension of valued fields. Then

• e(w|v) := [w(L×) : v(K×)] is the ramification index

• f (w|v) := [κ(w) : κ(v)] the inertia degree

of w over v. L|K is unramified in w, if e(w|v) = 1 and κ(w)|κ(v) is separable.
L|K is unramified over v if it is unramified in all extensions of v to L. Note,
that the only cases, where we use valuations, the residue fields are perfect,
so the condition on the residue field extension is void.

Theorem 1.4. If (K, v) is a discretely valued field and L|K a finite extension with
w1, . . . , wr all extensions of v to L, then we have

r

∑
i=1

e(wi|v) f (wi|v) = [L : K]

Proof: See e.g. [EP05, Theorem 3.3.5]. �

1.3.2 Dedekind Domains

An extension B|A of commutative rings is finite if B is finitely generated
as an A-module. If A and B are integral domains and L|K the extension
of their respective fields of fractions, then the degree of B|A is the degree
[L : K].

Let A be an integral domain with involution and field of fractions K.
For I ⊆ K we define

I′ := { x ∈ K | xI ⊆ A }
A fractional A-ideal is an A-submodule I of K, such that I′ 6= 0.4 Denote
I(A) the set of nonzero fractional A-ideals. An invertible A-ideal is a frac-
tional ideal I ⊆ K such that I′ I = A.

4Note that for Noetherian domains, these are exactly the finitely generated submod-
ules of K.
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Theorem/Definition 1.5. A Dedekind domain is an integral domain A with
the following equivalent properties

(a) A is normal, i.e. integrally closed in its field of fractions, and at most
one-dimensional, i.e. every nonzero prime ideal is maximal.

(b) I(A) is a group that is freely generated by Spec A \ {0}.

(c) The localization Ap is a discrete valuation ring for every nonzero p ∈
Spec A.

(d) Every ideal of A is a product of prime ideals of A.

Proof: See for example [Ser79, Chap. I, §3] or [AM69, Theorem 9.3 ff].
�

Let A be a Dedekind domain with involution and field of fractions K.
Then we define

• The subgroup H(A) ⊆ I(A) of nonzero principal fractional ideals, i.e.
those of the form (a)A := Aa for some a ∈ K×.

• H+(A) the subgroup of those principal ideals (a)A, where 0 6= a ∈
∑ Kh is a sum of Hermitian squares in K.

• The class group of A
C̀ A := I(A)/H(A)

• The narrow class group of A

C̀ + A := I(A)/H+(A).

• For I ∈ I(A) denote [I] and [I]+ the class of I in C̀ A and C̀ + A,
respectively.

• The involution on A induces naturally an involution on all these
groups. This way, we can also talk about Hermitian squares and
we have the (welldefined) map

h+ : C̀ A→ C̀ + A

[I] 7→ [Ih]+ = [I∗ I]+

and we also write 2+ for h+ if the involution is trivial.
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1.4 Real Algebra

In this section we introduce the necessary notions from real algebra. Since
Hermitian forms and their signatures play a central role we introduce the
analogue of an ordering for fields with involutions. This generalization is
done from scratch. However it turned out, that there are similar notions
in the literature. See [Cra02] for a survey on that topic. Our notion of a
∗-ordering is closest to that of a Baer ordering.

For general references on ordinary real algebra see for example [PD01]
or [KS89].

1.4.1 ∗-Orderings

Let K be a field with involution. A subset T ⊆ K∗ is a ∗-preordering of K, if

• 1 ∈ T, −1 /∈ T

• T + T ⊆ T, T · T ⊆ T

• a∗aT ⊆ T for all a ∈ K.

A ∗-preordering P of K is a ∗-ordering, if in addition P ∪−P = K∗. A (pre-
)ordering is a ∗-(pre-)ordering with respect to the trivial involution. Denote
XK the set of orderings of K and X̃K the set of ∗-orderings of K. K is real if
K admits an ordering. K is ∗-real if it admits a ∗-ordering.

Let P be a ∗-ordering of a field K with involution. By setting

a ≤ b : ⇐⇒ b− a ∈ P

for a, b ∈ K∗ we get a total order on K∗, which we always assume given
implicitly together with P and in doubt denote it by ≤P.

Remark 1.6. By definition X̃K consists exactly of those P ∈ XK∗ for which
∑ Kh ⊆ P, i.e. those for which all Hermitian square are nonnegative. Now
let ∗ be nontrivial and K = K∗(

√
−d). Then ∑ Kh = ∑ K2

∗ + d ∑ K2
∗. So an

ordering P of K∗ is a ∗-ordering of K if and only if d is positive with respect
to P, i.e. if P does not extend to K by [PD01, Theorem 1.2.3]. In particular
we get that the following are equivalent:

• K is ∗-real.

• ∑ Kh is a preordering of K∗.

• There exists an ordering of K∗ that does not extend to K.
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The latter follows from

Theorem 1.7 (Artin). Let K be field with involution and T a ∗-preordering of K.
Then

T =
⋂

P⊃T
P

where P runs over all ∗-orderings P of K that contain T. In particular an element
of K is a sum of Hermitian squares if and only if it is positive with respect to all
∗-orderings of K.

Proof: If the involution is trivial it is Artin’s original result, see [Art26] or
alternatively [PD01, Theorem 1.1.9]. If the involution is nontrivial it fol-
lows directly from the trivial case, if we use the beginning of the previous
remark. �

We call an extension L|K of fields with involution totally ∗-real, or totally
real in the case of the trivial involution, if every ∗-ordering of K has [L∗ :
K∗] extensions to L.

Theorem/Definition 1.8 (Artin,Schreier). Let R be a field. Then R is real
closed if the following equivalent conditions are satisfied.

(a) R is real and does not admit any algebraic extension that is real.

(b) i :=
√
−1 /∈ R and C = R[i] is algebraically closed.

(c) The set of squares { a2 | a ∈ R } is an ordering of R and every f ∈ R[t]
of odd degree has a root in R.

Proof: The original version is [AS26]. Alternatively see also [PD01, Theo-
rem 1.2.10]. �

Theorem/Definition 1.9. Let K be a field with ordering P ∈ XK. Then
there exists a real closed field R, algebraic over K whose ordering extends
P. It is unique up to unique K-isomorphism. R is called the real closure of
K with respect to P.

Proof: See for example [BCR98, Theorem 1.3.2] or [PD01, Section 1.3].
�

Let K be a field with involution and P ∈ X̃K. Let R be the real closure of
K∗ with respect to P and C = R[i] its algebraic closure. We embed K over
K∗ into C. Then K → C is a ∗-homomorphisms. We refer to C|R as the
∗-real closure of K with respect to P. Note that it is unique up to almost
unique isomorphism. If ∗ is nontrivial, then there are exactly two different
embeddings of K over K∗ into C. They differ by complex conjugation.
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Corollary 1.10. Let L|K be an algebraic extension of fields, P ∈ XK and R the
real closure of K with respect to P. Then the orderings of L extending P correspond
to the K-embeddings of L into R, by the bijection

HomK(L, R)→ XL

ϕ 7→ ϕ−1(R2)

Proof: See for example [PD01, Corollary 1.3.19] or [BCR98, Theorem 1.3.2].
�

Theorem 1.11 (Artin). Let f ∈ R(x). Then the following are equivalent.

(a) f (α) ≥ 0 for all α ∈ R` where f is defined.

(b) f ≥ 0 for all orderings of R(x).

(c) f ∈ ∑ R(x)2.

Proof: See the original proof in [Art26] or alternatively [PD01, Theorem
2.1.12] in combination with Theorem 1.7. �

1.4.2 ∗-Real Valuations

An important concept in real algebra is that the degree of sums of squares
of polynomials cannot drop, i.e. the leading coefficients cannot cancel each
other. This is the fundamental idea between a ∗-real valuation and is of
great importance for us in Lemma 3.8, which enters essentially into Corol-
lary 3.23.

Let (K, v) be a valued field and P ∈ XK. P is compatible with v if the
following equivalent properties hold

(a) Ov is convex with respect to P.

(b) P := { x | x ∈ Ov ∩ P } is an ordering of K.

A proof of the elementary argument of this equivalence can be found in
[EP05, Proposition 2.2.4].

Now assume in addition that K is a field with involution. We say v is a
∗-valuation if v(a∗) = v(a) for all a ∈ K. In that case we call the valuation
v ∗-real if K is ∗-real with respect to the induced involution on the residue
field. And we say it is strictly ∗-real, if in addition K|K∗ is unramified in v.

If P ∈ X̃K and v is a ∗-valuation then we say P is compatible with v, if
P is a ∗-ordering of K. The following theorem is the most important result
connecting valuations and orderings.
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Theorem 1.12 (Baer-Krull). Let (K, v) be a valued field. Denote Γ = v(K×)
the value group and assume we have (mi)i∈I ⊆ K such that (v(mi))i∈I is an
F2-basis of Γ/2Γ. Then

X(K,v) → {±1}I × XK

P 7→ ((σP(mi))i∈I , P)

is a bijection, where σP(m) denotes the sign of m with respect to P.

Proof: See for example [PD01, Theorem 2.2.5]. �

Lemma 1.13. Let (K, v) be a ∗-valued field. Then the following are equivalent

(a) v is ∗-real.

(b) For all a1, . . . , an ∈ K we have v(∑i a∗i ai) = 2 mini v(ai).

(c) There exists a ∗-ordering P ∈ X̃K that is compatible with v.

In this case, also the following are equivalent

(d) v is strictly ∗-real.

(e) Every ordering P of K∗ for which P is a ∗-ordering of K is a ∗-ordering of K.

Proof: We assume that ∗ is nontrivial, otherwise it just gets easier.
(a)⇔(b) is very easy and works just as in the case of trivial involution.

(c)⇒(a) is trivial. (a)⇒(c) follows from the Baer-Krull Theorem 1.12: Let v
be ∗-real and P ∈ X̃K.

First assume K|K∗ is ramified in v. Then K = K∗[
√
−d] for some d ∈ K∗

with v(d) /∈ 2v(K×∗ ). Namely if v(a) /∈ v(K×∗ ), then K = K∗[a] and a2 +
ba + c = 0 for some b, c ∈ K∗. It is easy to check that v(b2 − 4c) = 2v(a),
so we can choose d = 4c − b2. Now by the Baer-Krull Theorem there
exists an ordering P ∈ XK∗ compatible with v, inducing P such that d ∈ P.
Therefore P does not extend to K, i.e. P ∈ X̃K, proving the first case of (c).
Again by Baer-Krull there is also an ordering P′ ∈ XK∗ compatible with
v, inducing P such that d /∈ P′. Then P′ extends to K and thus P′ is not a
∗-ordering. This proves (e)⇒(d).

Now assume K|K∗ is unramified. Then let K = K∗[a], where a =
√
−d

for some d ∈ K∗ with v(d) = 0. First we check that the extension of residue
fields K|K∗ is a proper extension. Assume it is not. So there is b ∈ Ov ∩ K∗
such that a = b. But then v(b − a) > 0. However, v((b − a)∗) = v(b +
a) = 0 since b + a = 2a 6= 0. But v(b− a) > v((b− a)∗) contradicts the
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assumption that v is a ∗-valuation. So the extension K = K∗[a] over K∗
is proper. Again by Baer-Krull there exists P ∈ XK∗ compatible with v|K∗
inducing P. And for any such we have −d /∈ P and thus −d /∈ P, i.e.
d ∈ P. That means P ∈ X̃P. This proves the second case of (a)⇒(c) as well
as (d)⇒(e). �

For example if k is a ∗-real field, then the degree valuation v∞ on k(x)
is ∗-real, as follows easily from (b) of the previous Lemma 1.13.

Lemma 1.14. If (K, v) is ∗-real valued, there is a strictly ∗-real valued extension
(L, v) with [L : K] ≤ 2.

Proof: Let (K, v) be a ∗-real valued field. Assume K|K∗ is ramified. As
in the previous Lemma we can chose d ∈ K×∗ such that v(d) /∈ 2v(K×∗ )
and K = K∗[

√
−d]. Let P ∈ XK = XK∗ and P ∈ XK∗ compatible with

v, inducing P such that d ∈ P, which is possible due to the Baer-Krull
Theorem 1.12.

Let F := K∗[
√

d]. Then we can extend P to an ordering of F and v
uniquely to a valuation of F (since also F|K∗ is ramified). Let L := F[i] =
K∗[
√
−d,
√

d] = K[
√

d] be equipped with the F-automorphism sending
i → −i. Then L|K is an extension of fields with involution with L∗ = F
and P is a ∗-ordering of L. Moreover L|K is unramified. Namely F is
real, and therefore L = F[i] is a proper extension. It can thus easily be
shown that L|K cannot be ramified, which is a special case of the so called
fundamental inequality. So L is strictly ∗-real valued. �

1.5 Linear and Bilinear Algebra

1.5.1 Quadratic and Hermitian Forms

Hermitian Spaces Let K be a field with involution and V a finite dimen-
sional vector space. A map σ : V × V → K is a Hermitian form if it is
sesquilinear, i.e. semilinear in the first and linear in the second compo-
nent and satisfies

∀x, y ∈ V : σ(y, x) = σ(x, y)∗

We then call (V, σ) a Hermitian space. If the involution is trivial, then we
call σ a quadratic form and (V, σ) a quadratic space. Now let σ be a Hermitian
form. The dimension of σ is the dimension of the underlying vector space.
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The rank of σ, denoted by rk σ, is the rank of the induced semi-
homomorphism

V → Vν

x 7→ (σx : y 7→ σ(x, y))

i.e. the codimension of its kernel. σ is regular if

∀x ∈ V \ {0} ∃y ∈ V : σ(x, y) 6= 0.

This is the case if and only if σ has full rank, i.e. the induced map is a
semi-isomorphism. σ is anisotropic if

∀x ∈ V : σ(x, x) = 0⇒ x = 0.

Gram Determinant For b1, . . . , br ∈ V we define the Gram determinant

Gramσ(b1, . . . , br) := det(σ(bi, bj))i,j

which is the determinant of the representing matrix of the Hermitian form
σ ◦ ϕ with respect to the standard basis, for

ϕ : Kr → V

v 7→∑
i

vibi

Gramσ(b1, . . . , br) is nonzero if and only if b1, . . . , br are linearly indepen-
dent and the restriction σ|W of σ to W := spanK(b1, . . . , br) is regular.
In particular if b1, . . . , bn is a basis of V, then σ is regular if and only if
Gramσ(b1, . . . , bn) is nonzero.

The Adjoint If (V, σ) is a regular Hermitian space we define an involu-
tion on End(V) such that M∗, the adjoint of M ∈ End(V) is the unique
endomorphism for which

∀x, y ∈ V : σ(x, My) = σ(M∗x, y).

This way End(V) becomes a ∗-algebra over K. We also write End(V, σ)
to indicate the involution. If not stated otherwise we view Kn×n as
End(Kn, σn), i.e. ∗ the transpose conjugate.

An endomorphism M ∈ EndK(V, σ) is σ-selfadjoint if M∗ = M, σ-
unitary if M∗ = M−1.
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For a commutative ring A with involution denote Symn(A) and
Hern(A) the set of symmetric and Hermitian n× n matrices, respectively.

An isometry between two Hermitian spaces (V, σ) and (W, τ) is a vector
space isomorphism ϕ : V →W such that

∀x, y ∈ V : τ(ϕ(x), ϕ(y)) = σ(x, y).

Denote Σn(K) the set of isometry classes of n-dimensional Hermitian
spaces over K and Σ(K) :=

⋃
n∈N0

Σn(K). As is common practice we usu-
ally don’t distinguish between a Hermitian space and its isometry class,
unless we refer to a particular representative.

Remark 1.15. Σ(K) becomes a semiring via the standard constructions
orthogonal sum ⊥ and tensor product ⊗ with (K, 〈1〉) as one. This way
dim: Σ(K)→N0 is a homomorphism of semirings.

Diagonal Forms For a1, . . . , an ∈ K∗ denote 〈a1, . . . , an〉 the diagonal Her-
mitian form

Kn × Kn → K

(x, y) 7→∑
i

x∗i yiai

Using Gram-Schmidt orthogonalization we see that every Hermitian form
is isometric to a diagonal form, which we call diagonalization. In particular
Σ(K) is additively generated by Σ1(K).

Signature Let P be an ordering of K∗. σ is positive (negative) definite with
respect to P if σ(x, x) >P 0 (<P 0) for all nonzero x, and indefinite other-
wise. It is easy to see that a regular one-dimensional form 〈c〉 is (positive or
negative) definite if and only if P is a ∗-ordering of K. In that case the sign
of c only depends on its class modulo (K×)h and thus the isometry class
of 〈c〉. We refer to this sign as sgnP〈c〉 ∈ {±1}. To see that we can extend
this map additively to Σ(K), works exactly as in the quadratic forms case
by Sylvester’s law of inertia5 which can easily be generalized to Hermitian
forms. This way we get a homomorphism of semirings

sgn : Σ(K)→ ZX̃K

σ 7→ (sgnP σ)P∈X̃K

the signature map. σ is totally positive definite, totally indefinite, totally nega-
tive definite if it is positive definite, indefinite and negative definite, respec-
tively, at every ordering P ∈ X̃K.

5See for example [Sch11, Chap. 2, Theorem 4.4].
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Pseudo-Euclidean Forms For n ∈ N0 and m ∈ Z with |m| ≤ n and
m ≡ n modulo (2) we define the regular n-dimensional Hermitian form
of total signature m

σn,m := 〈1, . . . , 1︸ ︷︷ ︸
k

,−1, . . . ,−1︸ ︷︷ ︸
`

〉

where k+ ` = n and k− ` = m, i.e. k = n+m
2 and ` = n−m

2 . Its representing
matrix with respect to the standard basis is

1n,m :=
(

1k 0
0 −1`

)
We write σn for σn,n. A Hermitian form of dimension n is Euclidean if it is
isometric to σn, pseudo-Euclidean if it is isometric to σn,m for some m and
hyperbolic if it is isometric to σn,0.

Pfister’s Local-Global Principle

Theorem 1.16 (Pfister). Let K be a field and σ a regular quadratic form over K.
Then

(a) sgn σ = 0 if and only if σ is weakly hyperbolic, i.e. a multiple k · σ is hyper-
bolic for some k > 0.

(b) σ is totally positive definite if and only if σ is weakly Euclidean, i.e. a multiple
k · σ is Euclidean for some k > 0.

Proof: (a) This is the usual version of Pfister’s local global principle. For a
proof see the original work [Pfi66], alternatively [Sch11, Chap. 1, Theorem
7.3] or [PD01, Theorem 3.3.11].

(b) If σ is weakly Euclidean, then clearly it is totally positive definite.
If σ is totally positive definite, then sgn(σ ⊥ σn,−n) = 0, where n = dim σ.
So by (a) there exists k > 0 such that k · (σ ⊥ σn,−n) is isometric to σ2nk,0.
By Witt’s Cancellation Theorem6 we thus get k · σ is isometric to σnk. �

6See e.g. [Sch11, Chap. 1, Corollary 5.8].
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Scharlau Transfer Let L|K be a degree n extension of fields with involu-
tion and 0 6= ν ∈ Lν

∗. We get a map

ν∗ : Σk(L)→ Σnk(K)
σ 7→ ν ◦ σ

the Scharlau transfer via ν. Indeed, let (V, σ) be a regular Hermitian space
and v ∈ V nonzero. There exists x ∈ L such that ν(x) is nonzero. Since
σ is regular, there exists w ∈ V such that σ(w, v) = x and therefore (ν ◦
σ)(w, v) = ν(x) is nonzero. That shows that ν∗σ is again regular.

Similarity Let A|A0 be an extension of commutative rings. Then
M1, M2 ∈ An×n are similar over A0, written as M1 ∼A0 M2, if there ex-
ists T ∈ An×n

0 with det T ∈ A×0 , such that M1 = T−1M2T.
If A is a field with involution, σ a regular Hermitian form on An, then

two σ-selfadjoint matrices M1, M2 ∈ An×n are σ-unitarily similar, or for
short just σ-similar over A0 if there exists a σ-unitary matrix U ∈ An×n

0
with det U ∈ A×0 , such that M1 = U−1M2U.

1.5.2 Hermitian Matrices

We want to recall a few very important features of Hermitian matrices.
And even though they are wellknown, we give at least one proof for each
of them, since they are so fundamental for the whole thesis. In each of the
proofs we emphasize the crucial fact that for ∗-real fields the Euclidean
form σn is anisotropic by definition.

In the following we stick to the general assumption that R is a real
closed field and C = R[i] its algebraic closure equipped with complex
conjugation.

Lemma 1.17. Let M ∈ Hern(C). Then all eigenvalues of M are real, i.e. lie in
R.

Proof: Let x ∈ Cn be an eigenvector to an arbitrary eigenvalue λ ∈ C. Then

λσn(x, x) = σn(x, Mx) = σn(Mx, x) = λ∗σn(x, x).

Since x is nonzero and σn anisotropic, we get that σn(x, x) 6= 0 and thus
λ = λ∗, i.e. λ ∈ C∗ = R. �

Theorem 1.18 (Spectral Theorem). Let k ∈ {R, C} and M ∈ Hern(k). Then
there is an orthonormal basis of kn consisting of eigenvectors of M.



28 CHAPTER 1. ALGEBRAIC BASICS

Proof: We first check that M has a real eigenvalue. This follows from
Lemma 1.17. However, due to the real nature of the claim we want to
give an alternative, real proof for the case R = R, that does not make use
of the fundamental theorem of algebra.

Denote Sn−1 := { v ∈ kn | v∗v = 1 } the unit sphere in kn. Consider the
map

ϕ : Sn−1 → R

v 7→ v∗Mv

Sn−1 is bounded and closed, thus compact. Therefore ϕ attains a max-
imum λ ∈ R at some unit vector v.7 As can easily be shown, v is an
eigenvector of M for the real eigenvalue λ.

Since σn is anisotropic, we get kn = kv⊕ v⊥. Now we can proceed by
induction on n to get the desired result. �

The following is a crucial argument for Lemma 3.8, which is essential to
get the degree bound for symmetric spectral representations in Corollary
3.23.

Lemma 1.19. Let K be a ∗-real field and M ∈ Hern(K) nonzero. Then M is not
nilpotent. In particular χM(t) 6= tn.

Proof: One way is to apply the Spectral Theorem 1.18 to get that M is diag-
onalizable over a ∗-real closure of K and hence not nilpotent.

However, since also this claim is essential for our main result, we want
to give a much more direct and elementary argument. If x ∈ Kn and k ∈N

such that Mkx 6= 0, then

σn(Mk+1x, Mk−1x) = σn(Mkx, Mkx).

The latter is nonzero since σn is anisotropic. Then also Mk+1x is nonzero
and by induction we get that M is not nilpotent. �

1.5.3 Lattices and Representations

Lattices Let A be a Noetherian domain with field of fractions K.
7This argument also works for any real closed field R, by working with bounded

closed semialgebraic sets instead of compact ones, as for example in [BPR06, Theorem
3.20], however it is more involved than the fundamental theorem of algebra. Therefore
we stick to the elementary analytic version.
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• An A-lattice or lattice over A is a pair (V, M), where V is a finite di-
mensional K-vector space and M a finitely generated A-submodule
of V. We also say M is a sublattice of V. If it is clear what the am-
bient vector space is, we omit it and just say that M is a lattice. For
example we understand An as the A-lattice (Kn, An).

• A lattice (V, M) is full if KM = V, i.e. it generates V as a K-vector
space. It is n-dimensional if it is a full sublattice of an n-dimensional
vector space.

• An isomorphism of lattices is an isomorphism of the ambient vector
spaces that restricts to an isomorphism of the respective modules.

Hermitian Lattices Now let in addition A be a ring with involution.

• A Hermitian lattice over A is a triple (V, M, σ) where (V, σ) is a Her-
mitian space over K and M a sublattice of V over A. Also here we
usually omit V and say (M, σ) is a Hermitian lattice.

• An isomorphism of Hermitian lattices is an isomorphism of lattices, that
is also an isometry of the Hermitian spaces.

Modularity

• If ∆ is a nonzero fractional A-ideal with ∆∗ = ∆, then a regular full
A-lattice (V, M, σ) is ∆-modular, if σ(M, M) ⊆ ∆ and the induced
semihomomorphism

M→ HomA(M, ∆)

is bijective. Since σ is regular and (V, M) full, this just means that for
all v ∈ V we have

v ∈ M⇐⇒ σ(v, M) ⊆ ∆.

We call A-modular lattices unimodular.

• Denote Σ̃n(A) and Σ̃+
n (A) the set of isomorphism classes of (totally

positive definite) n-dimensional A-lattices and Σn(∆), Σ+
n (∆) for ∆ ∈

I(A)∗ the respective subset of ∆-modular ones. Without the index n
we mean the union over all dimensions.
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For a full Hermitian A-lattice (M, σ) we define its dual

Mσ := { x ∈ V | σ(x, M) ⊆ A }

we have Mσ is semiisomorphic to HomA(M, A) and therefore (M, σ) is
unimodular if and only if Mσ = M.

Remark 1.20. Also Σ̃(A) and Σ(A) are monoids with orthogonal sum as
addition, c.f. Remark 1.15. Now assume A is a Dedekind domain. Then
all A-lattices are locally free and thus projective. In particular the category
of A-lattices is closed under tensor products. Therefore Σ̃(A) is even a
semiring with (A, 〈1〉) as one. Since for projective A-modules M and N
we have (M⊗A N)

ν
= Mν ⊗A Nν we can also deduce that Σ(A) is closed

under multiplication and is therefore a subsemiring of Σ̃(A). And simi-
larly for ∆ ∈ I(A)∗ we get that Σ(∆) is a Σ(A)-submodule of Σ̃(A).

Moreover, since one-dimensional lattices are basically just fractional
ideals and these are invertible, we get that Σ̃1(A) and Σ1(A) are the re-
spective groups of units.

We now come to the lattice analogue of the Scharlau transfer for Hermi-
tian spaces over fields. It preserves regularity, but in general not unimod-
ularity. Namely the fact that ν∗〈1〉 might become singular at some primes
causes some kind of a shift in the modularity in the following sense.

Proposition 1.21. Let B|A be a finite extension of Noetherian domains with
involution and fields of fractions L|K as well as ν ∈ Lν

∗ nonzero and

∆ := { x ∈ L | ν(xB) ⊆ A } ∈ I(B).

Then for every Hermitian B-lattice (M, σ) ∈ Σ̃(B) the A-lattice (M, ν∗σ) ∈
Σ̃(A) is unimodular if and only if (M, σ) is ∆-modular. In particular the Schar-
lau transfer induces a map

ν∗ : Σ(∆)→ Σ(A)

Proof: Denote V the ambient L-vector space of M and let (M, σ) ∈ Σ̃(B).
First assume that (M, σ) is ∆-modular. We want to show that (M, ν∗σ) is
unimodular. So let δ ∈ HomA(M, A) ⊆ HomK(V, K). Since ν∗σ is regular,
there exists v ∈ V such that δ = ν∗σ(v, ·). We need v ∈ M. Since (M, σ)
is ∆-modular this just means that σ(v, ·) ∈ HomB(M, ∆). For m ∈ M we
have

ν(σ(v, m)B) = ν∗σ(v, Bm) = δ(Bm) ⊆ δ(M) ⊆ A
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So we get that σ(v, M) ⊆ ∆, which implies v ∈ M since (M, σ) is ∆-
modular.

The converse is similar. Assume that (M, ν∗σ) is unimodular. We
want to show that (M, σ) is ∆-modular. So let v ∈ V such that σ(v, ·) ∈
HomB(M, ∆). Again we need v ∈ M. Since (M, ν∗σ) is unimodular this
just means that ν∗σ(v, ·) ∈ HomA(M, A). And this is the case since

ν∗σ(v, M) = ν(σ(v, M)B) ⊆ ν(∆B) ⊆ A.

�

In the following let A be a Noetherian domain with field of fractions
K, L a finite dimensional K-algebra and B ⊆ L a finite A-subalgebra with
KB = L, i.e. B is a full sublattice of L.

Representations on Lattices

• A representation of B|A is a full A-lattice (V, M) together with a
K-algebra homomorphism ϕ : L → EndK(V) such that ϕ(B) ⊆
EndA(B). In other words it is a left L-module structure on V that
is compatible with that over K and that makes M a B-module. We
both refer to (V, M) as a representation of B|A and to ϕ as a repre-
sentation of B|A on (V, M), which ever is more convenient and does
not produce any ambiguity. And also here we usually omit V, if it is
clear from the context.

• An isomorphism of representations (V, M) and (W, N) of B|A is a L-
module isomorphism α : V → W such that α(M) = N, i.e. α : M →
N is an isomorphism of B-modules.

∗-Representations on Hermitian lattices Now let in addition B be a ∗-
algebra over A (which makes L a ∗-algebra over K).

• A ∗-representation of B|A is a regular Hermitian A-lattice (V, M, σ),
such that (V, M) is a representation of B|A with

σ(x, by) = σ(b∗x, y)

for all b ∈ B, x, y ∈ V, i.e. the corresponding homomorphism
ϕ : L→ EndK(V, σ) is a ∗-homomorphism.

• An isomorphism between ∗-representations (V, M, σ) and (W, N, $)
of B|A is an isomorphism between the representations (V, M) and
(W, N) that is also an isometry between σ and $.
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• Notions such as ∆-modular, unimodular, dimension, (pseudo-)Euclidean
are inherited from the underlying (Hermitian) lattices.

• Denote Ξ̃n(B|A) and Ξ̃+
n (B|A) the set of isomorphism classes of (to-

tally positive definite) n-dimensional ∗-representations of B|A as
well as Ξn(B|A) and Ξ+

n (B|A) the respective subset of unimodular
ones. Without the index n we mean the union over all dimensions.
Also here we usually do not strictly distinguish between a represen-
tation and its isomorphism class.

Proposition 1.22. Assume we are in the same situation as in Proposition 1.21.
Then the Scharlau transfer induces a bijection

ν∗ : Σ̃(B)→ Ξ̃(B|A)

(M, σ) 7→ (M, ν∗σ)

which restricts to a bijection Σ(∆)→ Ξ(B|A).

Proof: Using Proposition 1.21, we only need to show the first claim, that
ν∗ : Σ̃(B)→ Ξ̃(B|A) is bijective. For the injectivity assume α : V →W is an
isomorphism between the ∗-representations (V, M, ν∗σ) and (W, N, ν∗$)
of B|A. We want to show that α is an isometry between σ and $ and there-
fore already an isomorphism of the Hermitian B-lattices (M, σ) and (N, $).
Assume there are v, w ∈ V such that 0 6= c := σ(v, w)− $(α(v), α(w)). Let
d ∈ L \ ker ν. Then for w′ := d

c w we have

0 6= ν(d) = ν

(
d
c
(σ(v, w)− $(α(v), α(w))

)
= ν(σ(v, w′)− $(α(v), α(w′))) = ν∗σ(v, w′)− ν∗$(v, w′)

contradicting the assumption that α is an isometry between ν∗σ and ν∗$.
For the surjectivity let (V, M, $) be a ∗-representation of B|A. Since (V, M)
is already a B-lattice we only have to check that there exists a Hermitian
form σ over L on V such that $ = ν∗σ. The first step we do is to check that
(V, $) is the orthogonal sum of [L : K]-dimensional ∗-representations of
L|K which just means that (V, $) is semisimple. Let v ∈ V be an anisotropic
vector with respect to $, i.e. $(v, v) 6= 0. Then $ is regular on the K-vector
space Lv, since for a ∈ L× we have

$(a−1v, a∗v) = $(aa−1v, v) = $(v, v) 6= 0

that means for any x ∈ Lv there exists y ∈ Lv such that $(x, y) 6= 0.
Then the orthogonal space Lv⊥ to Lv is an orthogonal complement and L-
invariant. Thus (Lv⊥, $|Lv⊥) is again a ∗-representation. By induction we
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have reduced the problem to the case where V is one-dimensional over L
and thus [L : K]-dimensional over K. So we can assume V = L. Then

γ : L→ K
a 7→ $(1, a)

is a ∗-invariant functional, since

γ(a∗) = $(1, a∗) = $(a, 1) = $(1, a)∗ = γ(a)∗.

Now we use Corollary 1.3 to get that γ = cν for some c ∈ L×∗ . That means
$ = ν∗〈c〉, since for x, y ∈ L we have

ν∗〈c〉(x, y) = ν(x∗cy) = γ(x∗y) = $(1, x∗y) = $(x, y)

thus finishing the proof. �

Remark 1.23. Also Ξ̃(B|A) and Ξ(B|A) are monoids via the obvious def-
inition of orthogonal sum, c.f. Remark 1.20. Now let B|A be a finite ex-
tension of Dedekind domains with fields of fractions L|K. Then we can
define an action of the semiring Σ̃(B) on Ξ̃(B|A). For (V, M, σ) ∈ Σ̃(B)
and (W, N, $) ∈ Ξ̃(B|A) we define

(V, M, σ)⊗ (W, N, $) := (V ⊗L W, M⊗B N, σ$)

where

σ$ : (V ⊗L W)2 → K
(v1 ⊗ w1, v2 ⊗ w2) 7→ $(w1, σ(v1, v2)w2)

Now the Scharlau transfer given in Proposition 1.22 is actually an isomor-
phism of the Σ̃(B)-modules Σ̃(B) and Σ̃(B|A), restricting to an isomor-
phism of Σ(B)-submodules Σ(∆) and Ξ(B|A).

1.5.4 Unimodular k[x]-Lattices

In the following let k be a field with involution as always with char k 6=
2. The fact that units in the univariate polynomial ring k[x] are already
constant, i.e. k× = k[x]×, generalizes to higher dimensional Hermitian
lattices. Namely the canonical map Σ(k)→ Σ(k[x]) is bijective.

Theorem 1.24 (Harder, Djoković). Let (M, σ) ∈ Σn(k[x]). Then there are
ai ∈ k×∗ such that

(M, σ) ∼= (k[x]n, 〈a1, . . . , an〉)
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Proof: The elementary proof in [Sch11, Chap. 6, Theorem 3.3], where it is
contributed to Harder, can easily be adapted to Hermitian forms. An alter-
native, somewhat more general proof can be found in [Djo76, Propositions
4 and 5]. �

Corollary 1.25. For k ∈ {R, C} any unimodular lattice over k[x] is pseudo-
Euclidean. And it is Euclidean, if in addition it is totally positive definite.

This should be seen in contrast to the integer version, where classifica-
tion of unimodular lattices is a much deeper problem. The equivalent of
the above Corollary only holds up to dimension 7. For higher dimensional
lattices the number of isomorphism classes increases rapidly.

Theorem 1.26 (Hermite). Every unimodular lattice over Z of dimension at most
7 is pseudo-Euclidean. And it is Euclidean, if in addition it is positive definite.

Proof: Follows for example from [MH73, Chap. II, Theorems 5.1 and 5.3].
�

1.6 The Trace Form and Different Ideal

Most of the following classical and basic results on the trace form can be
found for example in [BPR06, 4.3.2] and [KS89, Chap I, §8], therefore we
will not go into much detail. The main difference is that we adapt the
concepts to commutative algebras with involutions, thus resulting in Her-
mitian instead of just quadratic forms.

The Trace Form Let L be a finite dimensional commutative ∗-algebra
over K. The trace functional of L|K, denoted by TrL|K assigns to each ele-
ment a ∈ L the trace of the corresponding K-vector space endomorphism
of L given by multiplication with a. The trace form of L|K is the sesquilinear
form

τL|K : L× L→ K

(a, b) 7→ TrL|K(a∗b)

Let f ∈ K[t] monic of degree n. Then the representing matrix

H f := (TrL|K

(
ti+j
)

0≤i,j<n
∈ Kn×n
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of the trace form of L := K[t]/( f ) over K with respect to the standard
basis 1, . . . , tn−1 is the Hermite matrix of f . If in the above definition A is an
integral domain and f ∈ A[t], then obviously H f ∈ An×n.

It is wellknown8, that for a finite field extension L|K the trace functional
is nonzero if and only if L|K is separable.

Lemma 1.27. Let K be a field with involution and L a finite dimensional com-
mutative ∗-algebra over K. Then Tr := TrL|K ∈ Lν

∗, in particular τL|K = Tr∗〈1〉
is a Hermitian form.

Proof: As before denote Lh the K∗-subspace of antisymmetric elements of
L. Since char K 6= 2 we have L = L∗ ⊕ Lh as K∗-vector spaces. First let
∗ be of the first kind, i.e. trivial on K. By Lemma 1.2 we have to check
that Tr |Lh = 0. Let a ∈ Lh. Since L is commutative we have aL∗ ⊆ Lh and
aLh ⊆ L∗. With respect to a basis of L consisting of a basis of L∗ and a basis
of Lh the representing matrix of multiplication by a is anti-block-diagonal
and therefore Tr(a) = 0.

Now assume ∗ is of the second kind, i.e. nontrivial on K. Again by
Lemma 1.2 we now have to show that Tr(L∗) ⊆ K∗. There exists a K∗-basis
of L∗ that is a K-basis of L. The representing matrix of multiplication by
an element of L∗ with respect to this basis has entries in K∗, in particular
its trace lies in K∗ as desired. �

Scaled Trace Forms Let K be a field with involution and L a finite dimen-
sional commutative ∗-algebra over K. For a ∗-representation (V, σ) of L|K
and c ∈ L×∗ we define

cσ : V ×V → K
(x, y) 7→ σ(x, cy) = σ(cx, y).

Then (V, cσ) is again a ∗-representation. This yields an action of L×∗ on
Ξ(L|K) basically as in Remark 1.23. Now let L|K be a separable, degree
n extension of fields with involution and Tr := TrL|K its trace form. Then
by Proposition 1.22 we get that every Hermitian form σ on L for which
(L, σ) is a ∗-representation of L|K is of the form Tr∗〈c〉 for some c ∈ L×∗ .
This is also what we call a scaled trace form and with the action just defined
coincides with cτL|K. In other words the set of Hermitian forms σ on L for
which (L, σ) is a ∗-representation of L|K becomes an L×∗ -torsor9 with τL|K

8See for example [Lan02, Chap.IV, §5]
9i.e. a set with free transitive action
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as a canonical basepoint. The same thing can of course also be done for
inseparable extensions with the difference that the trace functional is zero
and we thus do not have a canonical choice of functional. But we still have
for ν ∈ Lν

∗ and c ∈ L×∗ that c(ν∗〈1〉) = ν∗〈c〉. See also Remark 3.12.

The following lemma is an adaptation to fields with involution of the
completely classical and wellknown work due to Hermite and Sylvester
about the signature of the trace form.

Lemma 1.28. Let K be a field with involution, P ∈ X̃K and C|R a ∗-real closure
of K with respect to P. Moreover let L be a finite dimensional commutative ∗-
algebra over K and c ∈ L. Denote τ = τL|K the trace form. Then

(a) the rank of cτ is

rk cτ = #{ ϕ ∈ HomK(L, C) | ϕ(c) 6= 0 }

(b) the signature of cτ is
sgnP cτ = n+ − n−

where
n+ = #{ ϕ ∈ HomK(L, C)∗ | ϕ(c) > 0 }

and
n− = #{ ϕ ∈ HomK(L, C)∗ | ϕ(c) < 0 }

where HomK(L, C) is endowed with the involution given by ϕ∗(a) = ϕ(a∗)∗ as
defined in Section 1.2.

Proof: We make LC := L⊗K C a ∗-algebra over C with the involution given
by (a ⊗ b)∗ = a∗ ⊗ b∗. Straightforward computations show that we can
identify

• τL|K ⊗K C with τLC|C

• HomK(L, C) with HomC(LC, C) as well as

• HomK(L, C)∗ with HomC(LC, C)∗.

Moreover neither rank and signature nor the definition of n+ and n−
change if adapted to this scalar extension. So without loss of generality
we can assume that K = C from the beginning, and thus also L = LC.

Since L is finite dimensional it factors, as a C-algebra, into the direct
product of its localizations

L ∼= ∏
p∈Spec L

Lp



1.6. THE TRACE FORM AND DIFFERENT IDEAL 37

as follows for example from [AM69, Theorems 8.5 and 8.7] or [Eis95, The-
orem 2.13]. Every homomorphism L → C factors over the localization at
its kernel. Moreover for p ∈ Spec L we have that Lp/pLp is isomorphic to
C and thus Lp admits exactly one C-algebra homomorphism to C, given
by the residue map modulo its (unique) prime ideal pLp which is also its
nilradical Nil(Lp), the set of nilpotent elements of Lp. So HomC(L, C) con-
sists of the canonical maps L → Lp for p ∈ Spec L composed with the
respective residue maps. That means we get a bijection

HomC(L, C)→ Spec L
ϕ 7→ ker ϕ

This map is obviously compatible with the involution, i.e. ker ϕ∗ =
(ker ϕ)∗. In particular the ∗-homomorphisms, denoted by ϕ1, . . . , ϕk ∈
HomC(L, C)∗, correspond to the ∗-invariant prime ideals, denoted by
p1, . . . , pk ∈ Spec L. Moreover denote q1, q∗1 , . . . , q`, q∗` ∈ Spec L the other
prime ideals with corresponding homomorphisms γ1, γ∗1 , . . . , γ`, γ∗` ∈
HomC(L, C). Then the involution on L induces involutions on Ei := Lpi
and mutually inverse C-semilinear maps

∗ : Lqj → Lq∗j
and ∗ : Lq∗j

→ Lqj

such that Fj := Lqj × Lq∗j
becomes a ∗-algebra over C with the involution

(a, b) 7→ (b∗, a∗). This way L factors into the direct product of ∗-algebras

L =
k

∏
i=1

Ei ×
`

∏
j=1

Fj.

This decomposition of L leads to a decomposition of τ into the orthogonal
sum of the respective trace forms

τ = τE1|C ⊥ · · · ⊥ τEk|C ⊥ τF1|C ⊥ · · · ⊥ τF`|C

So we have reduced the problem to the study of scaled trace forms of
the Ei and Fj. First we note, that for p ∈ Spec L, a ∈ Lp and ϕ : Lp → C the
unique C-homomorphism we have

Lp → C⊕Nil(Lp)

a 7→ (ϕ(a), a− ϕ(a))

is an isomorphism. Since nilpotent elements have trace zero, we thus get

TrLp|C(a) = TrLp|C(ϕ(a)) = ϕ(a)TrLp|C(1) = ϕ(a)dimC Lp
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Using these two observations we easily get that the scaled trace form of

Ei
∼= C⊕Nil(Ei)

over C is
cτEi|C ' 〈dim Ei ϕi(c), 0, . . . , 0〉

for i ∈ {1, . . . , k}. This is obviously of rank one if and only if ϕi(c) 6= 0
and its signature is just the sign of ϕi(c). The scaled trace form of

Fi
∼= C · (1, 0)⊕ C · (0, 1)⊕Nil(Fj)

over C is

cτFj|C '
dim Fj

2

(
0 γ∗j (c)

γj(c) 0

)
⊥ 〈0, . . . , 0〉

Which is of rank two if γj(c) 6= 0. Its signature is always zero, since for
a 6= 0 we have (

0 a∗

a 0

)
' 〈1,−1〉.

Now from this decomposition we can directly read off that the rank and
signature of τ is as claimed. �

The above proof for the claim about the rank in (a) also works for pos-
itive characteristic (different from 2), only the description of the rank is
more complicated, since we have to take into account that the dimension
of the factors Ei and Fj might be divisible by the characteristic leading to a
smaller rank.

Corollary 1.29. Let K be a field with involution, P ∈ X̃K and C|R the ∗-real
closure of K with respect to P. Moreover let f ∈ K∗[t] be of degree n > 0,
L = K[t]/( f ), τ = τL|K its trace form and c ∈ L∗. Then

(a) the rank of cτ is given by

rk cτ = #{ λ ∈ C | f (λ) = 0, c(λ) 6= 0 }

(b) and the signature of cτ by

sgnP cτ = n+ − n−

where
n+ = #{ λ ∈ R | f (λ) = 0, c(λ) > 0 }

and
n− = #{ λ ∈ R | f (λ) = 0, c(λ) < 0 }
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Proof: Follows directly from Lemma 1.28, since HomK(L, C) consists ex-
actly of the maps ϕλ : g 7→ g(λ) for λ ∈ C the roots of f and ϕλ is a
∗-homomorphism if and only if λ ∈ R. �

Corollary 1.30. Let L|K be a finite extension of fields with involution, τ = τL|K
the trace form, c ∈ L×∗ and P ∈ X̃K a ∗-ordering. Then we have

sgnP cτ = η(n+ − n−)

where n+ and n− are the number of ∗-orderings of L extending P for which c is
positive and the number of those for which c is negative, respectively, and η :=
[L : L∗]/[K : K∗].

Proof: By Corollary 1.10 the orderings of L∗ extending P correspond one-
to-one to the K∗-embeddings of L∗ into R. These embeddings of L∗ into
R extend to ∗-embeddings of L into C if and only if the corresponding or-
dering is a ∗-ordering of L. Moreover the extension is unique if and only if
η = 1: If the involution is trivial we have L = L∗ and thus there is nothing
to extend. If it is of the second kind, then L = KL∗ and therefore the em-
bedding is uniquely determined by that of L∗ and K. If on the other hand
η = 2, i.e. the involution is nontrivial on L, but trivial on K, then every
embedding ϕ∗ : L∗ → R extends in exactly two ways to a ∗-embedding
ϕ : L → C. Given one, we get the other by composition with complex
conjugation. This is still K-linear since K ⊆ R.

This observation shows that we have an η-to-one correspondence be-
tween ∗-embeddings of L|K into C and extensions of P to ∗-orderings of
L. Now the claim follows again from Lemma 1.28. �

The Different Ideal Let B|A be a finite extension of Dedekind domains
and τ the trace form of the extension L|K of their respective fields of frac-
tions. Then ∆′(B|A) := Bτ = { x ∈ L | τ(x, B) ⊆ A } is the codifferent ideal
of B|A and ∆(B|A) := (Bτ)′ the different ideal of B|A.

Lemma 1.31. Let B|A be a finite extension of Dedekind domains such that the
extension of their respective fields of fractions is separable. Let ∆(B|A) be the
different ideal and p a nonzero prime ideal of A. Then B|A is unramified over p,
if and only if q - ∆(B|A) for all primes q of B that lie above p.

Proof: See for example [Ser79, Chap. III, §5 Theorem 1] or [Neu99, Chap.
III, Theorem 2.6]. �
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Dedekind’s Different Theorem makes this even more explicit. It is,
however not fundamental in the following. It holds in more generality
but under the assumption that the ring is a Q-algebra, it is easier to state.

Theorem 1.32 (Dedekind). Assume we are in the situation of Lemma 1.31 and
Q ⊆ A. Then

∆(B|A) = ∏
0 6=q∈Spec B

qe(q|q∩A)−1

Proof: By assuming Q ⊆ A we assure that all residue fields are of charac-
teristic zero. Then it follows from [Neu99, Chap. III, Theorem 2.6], [ZS75,
Chap. V, §11 Theorem 28], or [Sti09, Theorem 3.5.1]. �

The importance of Lemma 1.31 for us lies in the combination with the
following.

Lemma 1.33. Let L|K be a finite, totally real field extension. Then L|K is un-
ramified in every real discrete valuation of L.

Proof: This is a consequence of the fundamental equality, Theorem 1.4 and
the Baer-Krull Theorem 1.12. Namely let v be a real discrete valuation,
P ∈ XK an ordering on the residue field K := κ(v) and P+ and P− the two
orderings compatible with v inducing P that we get using Baer-Krull. It
is not hard to see, that the extensions of P+ and P− to L are exactly those
that are compatible with the extensions v to L|K inducing extensions of P
on the residue field. If w1, . . . , wr are the extensions of v to L|K, we thus
get at most

2
r

∑
i=1

f (wi|v)

many extensions of P+ and P− combined, which by assumption equals
2[L : K]. The fundamental equality now tells us that e(wi|v) must be 1 for
all i. �

The following lemma might give a better idea on how the (co-)different
ideal looks like in case of a primitive ring extension. For the rest of this
work however it is also not very important in the following.

Lemma 1.34. Let K be a field and f ∈ K[t] monic of degree n. Define L :=
K[t]/( f ) and λ := t ∈ L. Moreover let ν ∈ Lν be the functional for which
ν(λn−1) = 1 and ν(λk) = 0 for k < n− 1. Then

(a) TrL|K = f ′(λ)ν



1.6. THE TRACE FORM AND DIFFERENT IDEAL 41

If moreover K is the field of fractions of a domain A, B = A[λ], f irreducible and
separable and τ = τL|K the trace form of L|K, then

(b) Bτ = { x ∈ L | τ(x, B) ⊆ A } =
(

1
f ′(λ)

)
B

Proof: (a) is often contributed to Euler and can be found in the proof of
[Lan02, Chap. V, Proposition 5.5] or in [Ser79, Chap. III, §6 Lemma 2].

(b) The representing matrix of ν̂ := ν∗〈1〉 with respect to the A-basis
1, . . . , λn−1 of B is anti-triangular, with ones on the anti-diagonal. In par-
ticular it is invertible, which means that (B, ν̂) is unimodular. In particular
Bν̂ = B and therefore(

1
f ′(λ)

)
= ( f ′(λ))−1B = ( f ′(λ))−1Bν̂ = B f ′(λ)ν̂ = Bτ

as is easy to see. �

Remark 1.35. If A is any integral domain with involution and f ∈ A∗[t]
monic of degree n, then in the proof of (b) in the previous lemma we have
seen that B := A[t]/( f ) always posses an unimodular n-dimensional ∗-
representation.
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Chapter 2

Curves

2.1 Function Fields and Smooth Curves

Since throughout this thesis, we will barely talk at all explicitly about a
general notion of curves or even varieties, we will only give an ad hoc
definition of a smooth curve as a set of places of a (univariate) function
field. Most of the following notions and results can be found in [Sti09].

Function fields Let k be a perfect field. An extension K|k is a function field
over k is a finite extension K of k(x) such that k is relatively algebraically
closed in K. We say that a function field L|l is an extension of K|k, if L|K
and l|k are algebraic extensions.

Curves For the rest of this section let K|k be a function field. We define
the smooth curve associated to K to be SK, the set of nontrivial k-valuation
rings1 of K. All of these are discrete. We equip S := SK with the cofinite
topology, i.e. the closed sets are S and the finite sets. We call S a smooth
curve over k. We also write k(S) := K and call K the function field of S .

An element p ∈ S of this topological space is referred to as a point. If we
want to talk explicitly about its role as a valuation ring, the corresponding
valuation, its maximal ideal or its residue field, we write Op, vp, mp or
κ(p), respectively. For a function f ∈ K and p ∈ S we say p is a zero of f if
vp( f ) > 0 and a pole if vp( f ) < 0.

We equip S = SK with its structure sheaf OS by setting

OS(U) :=
⋂

p∈U
Op

1We view k implicitly attached to K.

43
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the ring of regular functions on U for U ⊆ S open.2

Divisors A divisors of K is a formal linear combination ∑p∈S np p (np ∈
Z) of points of S , i.e. an element of Z(S). For f ∈ K× we define

( f )K := ∑
p∈S

vp( f )

the principal divisor of f .3 As we have done for Dedekind domains we set

• Div K := Z(S) the divisor group of K and

• H(K) = { ( f )K | f ∈ K× } the subgroup of principal divisors,

• H+(K) := { ( f )K | 0 6= f ∈ ∑ Kh } the subgroup of principal divisors
given by Hermitian squares, if K carries an involution,

• C̀ K := Div K/H(K) the divisor class group of K and

• C̀ + K := Div K/H+(K) the narrow divisor class group of K.

• For D ∈ Div K denote [D] and [D]+ its class in C̀ K and C̀ + K, re-
spectively.

• We call D, E ∈ Div K linearly equivalent and narrowly equivalent if
[D] = [E] and [D]+ = [E]+ and write D ≡ E and D ≡+ E, re-
spectively.

We define the degree of a divisor by deg p := [κ(p) : k] for p ∈ SK and
extend deg : Div K → Z linearly. Principal divisors have degree 0. Thus
the degree map is defined on C̀ K and C̀ + K. Denote Divd K, C̀ d K and C̀ d

+
the respective degree d part.

For a divisor D = ∑p∈S np p ∈ Div K we set vp(D) := np.

Invertible Sheaves given by Divisors We can view divisors also as in-
vertible sheaves on the curve. For D ∈ Div K and U ⊆ S the sections of D
on U are given by

Γ(U, D) := { f ∈ K | ∀p ∈ U : vp( f ) + vp(D) ≥ 0 }
2We can view S also as the set of closed points of a smooth, geometrically integral,

separated, one-dimensional proper scheme of finite type over k. See also [GW10, Sections
15.7 and 15.8] a scheme theoretic treatment of curves.

3This is welldefined, since the sum is finite.
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If we refer explicitly to this OS -submodule of K we write ID and
ID(U) := Γ(U, D) for its sections on U.

The set of global sections L (D) := Γ(S , D) is the Riemann-Roch space
of D. It is finite dimensional over k and we write `(D) := dimk L (D). For
E, D ∈ Div K with E ≤ D, i.e. vp(E) ≤ vp(D) for all p ∈ S we use the
notation

`(D|E) := dimk(L (D)/L (E)) = `(D)− `(E).

This is not to be confused with the dimension of Γ(S , ID/IE).

Affine Subsets and Dedekind Domains If A is a Dedekind domain with
field of fractions K, finitely generated over k, then A = OS(U) for the
proper open subset U := { p ∈ S | A ⊆ Op }. In fact we also get the
converse. Let U ( S be a proper open subset, say U = S \ {p1, . . . , pk}.
Choose a function f ∈ K such that p1, . . . , pk are exactly the poles of f ,
which we get, e.g. by using strong approximation4. Then OS(U) is the
integral closure of k[ f ] in K, hence a Dedekind domain with field of frac-
tions K, finitely generated over k. See also [Har77, Chap. I, Section 6] for a
similar treatment. We call a proper open subset U ( S affine.

If D ∈ Div K and U ⊆ S affine then ID(U) is a nonzero fractional
OS(U)-ideal. If D = ∑p∈S np p, then ID(U) = ∏p∈U p

−np
p , where pp =

A ∩mp. Even more:

Remark 2.1. We have a short exact sequence

0→ ZS\U → Div K → I(A)→ 0

where the third map is given by D 7→ ID(U). It sends a principal divi-
sor ( f )K to the principal ideal ( f−1)A. In particular it induces homomor-
phisms C̀ K → C̀ A and C̀ + K → C̀ + A.

Morphisms and Direct Image Functor Let L|l be an extension of K|k.
We then get a continuous map π : SL → SK, the morphism between SL and
SK corresponding to the extension L|K. It is given by

Oπ(q) = Oq ∩ K

for q ∈ SL. If π : S → T is a morphism of smooth curves, we define
the direct image functor sending an OS -moduleM to the sheaf π∗M on T
given by

π∗M(U) :=M(π−1(U))

4See e.g. [Sti09, Theorem 1.6.5]
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for U ⊆ T open. It is an OT -module, because for U ⊆ T open we have
that OT (U) is a subring of OS(π−1(U)) and thus π∗OS is an OT -algebra.

An OS -module M is coherent if for affine U ⊆ S the OS(U)-module
M(U) is finitely generated and for p ∈ U the stalk ofM at p is given by

Mp =M(U)⊗OS (U) Op

i.e. the sheafM|U is already determined byM(U) and the structure sheaf.

Remark 2.2. Since a morphism π : S → T of smooth curves is affine, i.e.
preimages of affine sets are affine, we get that π∗OS -modules that are co-
herent over OT are basically the same as coherent OS -modules. This is
more or less a special case of [Har77, Chap. II, Exercise 5.17]. A par-
ticularly easy case is if we restrict to fractional OS -ideals, i.e. coherent
OS -submodules of k(S). There it follows directly from Remark 2.1.

Norm and Conorm For reference concerning these notions see [Che51,
Chap. IV, §7] or [Ser79, Chap. I, §5]. Let L|l be an extension of K|k and
π : SL → SK the corresponding morphism.

We define the divisor norm of L|K

NL|K : Div L→ Div K

by setting NL|K(q) := f (q|π(q)) · π(q) and extending it linearly to Div L.
For a principal divisor (a)L we have NL|K((a)L) = (NL|K(a))K, where
NL|K(a) denotes the usual norm of a, see also [Lan70, Chap. I, §7 Proposi-
tion 22] or [Ser79, Chap. I, §5 Proposition 14]. Moreover, for a point p ∈ SK
we define

ConL|K(p) := ∑
q|p

e(q|p)q ∈ SL

and also extend this linearly to Div K. So we get a homomorphism

ConL|K : Div K → Div L

The conorm of L|K. It is obviously injective. For a ∈ K× we get

(a)L = ConL|K
(
(a)K

)
.

As for example done in [Neu99, Chap. III, Proposition 1.2] or [Che51,
Chap IV, §5 Corollary 2] we can compute the value of a norm of an element
by looking at local completions

vp(NL|K(a)) = vp(∏
q|p

NLq|Kp(a)) = ∑
q|p

f (q|p)vq(a)
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Form this one can deduce a relation as for the usual norm:

NL|K ◦ConL|K = [L : K] · idDiv K

The Different Divisor We define the equivalent of the different ideal of
an extension of Dedekind domains now in the context of function fields
by reducing it to the affine case.

Let L|l be a finite extension of the function field K|k. Denote S := SL,
T := SK and π : S → T the corresponding morphism.

LetM be the fractional π∗OS -ideal given by

M(U) = ∆′(BU|AU)

the codifferent ideal of BU|AU for affine U ⊆ T , AU := OT (U) and BU :=
π∗OS(U) = OS(π−1(U)). Then it follows from Remark 2.1 thatM is the
direct image sheaf of some fractional OS -ideal, i.e. M = π∗I∆ for some
(uniquely determined) divisor ∆ ∈ Div L, called the different divisor of L|K,
denoted by ∆(L|K). See also Remark 2.2. For an alternative but equivalent
definition consult [Sti09, Definition 3.4.3].

2.2 Divisibility of the Class Group

The following theorem is one of the most important results used in this
thesis. Moreover it is the only really nonelementary one that actually en-
ters in the proof of Corollary 3.23.

Theorem 2.3. Let k be algebraically closed and K|k a function field. Then C̀ 0 K
is divisible.

Proof: See [Fre79, Theorem 2] for a direct proof of that fact without the
construction of the Jacobian variety of the curve, corresponding to K. In
the case k = C Abel and Jacobi developed an analytic theory which lets
us identify C̀ 0 K with a complex torus Cg/Λ, where g is the genus of the
curve S associated to K. Basically Abel showed that this map is wellde-
fined and injective, while surjectivity is due to Jacobi and is known as the
Jacobi inversion problem, see [GH78, Chap. II, §2]. This torus is known as
the Jacobian variety of S , see [GH78, Chap. II, §7]. Its divisibility is trivial.

A completely algebraic treatment of this object has been done by Weil
in [Wei48] by constructing the Jacobian as an Abelian variety, a complete
group variety. See also [Mum70], particularly page 42 fact (iv) for the di-
visibility by every number coprime to the char k. �
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2.3 Real Smooth Curves

Throughout this section we fix some R real closed field and C = R[i] its
algebraic closure. We list a few facts and conventions in the particular
situation of curves over R or C, that are defined over R. We also reference
some results that go back to the work of Witt and generalizations of it. For
general reference on this topic see [Kne76a] and for R = R also [GH81].

Let S = SK be the smooth curve associated to a function field K|R. We
define K̂ := K⊗R C, which is a ∗-algebra over C and refer to Ŝ := SK̂ as a
real smooth curve over C.

By a real smooth curve over R we just mean a smooth curve over R where
its function field is equipped with the trivial involution. By a real smooth
curve we mean a real smooth curve over either R or C.

By a morphism of real smooth curves we mean a morphism between real
smooth curves such that the corresponding extension L|K of their function
fields is an extension of fields with involution, i.e. is compatible with the
involution.

Since K may stand for a function field both over R and over C, we also
write KR and KC in order to refer explicitly to the function field over R and
C, respectively, such that (KC)∗ = KR. And accordingly we then write SR
and SC for SKR and SKC . Also for k ∈ {R, C} we define the real smooth
curve P1

k := Sk(x) with a distinguished point p∞ ∈ P1
k corresponding to

the degree valuation v∞ of k(x), the point at infinity.
If S is a real smooth curve over k ∈ {R, C}, we write S(R) for the set

of those p ∈ S for which vp is ∗-real. In case k = R, these are just the
R-rational points, i.e. for which κ(p) = R. And if k = C they are the
∗-invariant points, i.e. S(R) = S∗. We call the elements of S(R) the real
points of S .

Divisors Let S be a real smooth curve over k ∈ {R, C} with function
field K. Besides the map h = 1 + ∗ defined for the involutions induced on
Div K, C̀ K and C̀ + K, we also define

h+ : C̀ K → C̀ + K
[D] 7→ [hD]+ = [D∗ + D]+

as for the ideal class group. Also here we write 2+ for h+ in case k = R.
We define (C̀ K)h+ := ker h+ ⊆ (C̀ K)h the narrow h-torsion group of K.

Accordingly, if k = R we write (C̀ K)2+ := ker 2+ ⊆ (C̀ K)2 for the narrow
2-torsion group.
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Base change of a real curve For general facts about base change or con-
stant field extensions see [Sti09, Theorem 3.6.3]. Now we assume k = R
and K̂ := KC. Via the conorm ι := ConK̂|K we get an embedding of Div K

into (Div K̂)∗. More concretely, if p ∈ S(R) then ι(p) = p̂ ∈ Ŝ(R) is the
only point lying above p. If p ∈ S \ S(R), then ι(p) = p̂ + p̂∗ for one of
the two complex points p̂ ∈ Ŝ lying above p.

This induces embeddings of C̀ K and C̀ + K into C̀ K̂ and C̀ + K̂, respec-
tively. Although we won’t make use of it, we want to note, that this map is
surjective if S(R) 6= ∅, see [Kne76a, Lemma 2.7] or for R = R also [GH81,
Proposition 2.2].

The norm in this case is given by NK̂|K = ι−1 ◦ h, i.e. for D ∈ Div K̂ we
have

ι(NK̂|K(D)) = hD = D∗ + D

This induces also maps C̀ K̂ → C̀ K, C̀ + K̂ → C̀ + K and even C̀ K̂ → C̀ + K

2-Divisibility in the Narrow Class Group The following is based on
Theorem 2.3 in the case k = R and is one of the essential ingredients for
the proof of existence of symmetric spectral representations over R[x]. The
fact that the case k = C is trivial, makes the proof of existence of Hermitian
representations much more elementary.

Theorem 2.4. Let S be a real smooth curve over k ∈ {R, C} with function field
K = k(S). Then for any divisor D ∈ (Div K)∗ we have [D]+ ∈ im h+ if and
only if

(a) either S(R) 6= ∅ and D is even in all real points,

(b) or S(R) = ∅, k = R and 4|deg D,

(c) or S(R) = ∅ and k = C.

A similar observation is done in [Kne76a, Proposition 2.4]
Proof: (a) Assume S(R) 6= ∅. The condition on D only depends on its
class [D]+. Namely the degree of a principal divisor is zero and since vp

is ∗-real, 2|vp(e) for all e ∈ ∑ Kh and p ∈ S(R), see Lemma 1.13. This way
the “only if” is obvious.

Also obvious is the case k = C. So now let k = R and S(R) 6= ∅.
Denote K̂ = KC the scalar extension to C. Let D ∈ Div K be even in all
real points, in particular it is of even degree. So by possibly replacing D by
D+ 2p for some p ∈ S(R) we can assume that 4 | deg D. Then D = NK̂|K E
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is the norm of a divisor E ∈ Div K̂ of even degree. By Theorem 2.3 there
exists F ∈ Div K̂ such that [E] = 2[F]. Then

[D]+ = [NK̂|K E]+ = [NK̂|K 2F]+ = 2[NK̂|K F]+ ∈ 2 C̀ + K

(b) This works basically the same way as (a), with the only difference,
that there is no divisor of degree one.

(c) In this case we obviously have (Div K)∗ = h(Div K). �

Remark 2.5. We can read Theorem 2.4(a) as an exact sequence

0→ (C̀ K)h+ → C̀ K
h+→ C̀ + K → (Z/2Z)(S(R)) → 0

in the case S(R) 6= ∅. For a corresponding exact sequence for h and C̀ K
instead of h+ and C̀ + K see Corollary 2.9.

Corollary 2.6. Assume we are in the same situation as in Theorem 2.4. Let
U ⊆ S be affine with U∗ = U and A := OS(U). Then for I ∈ I(A)∗ we have
[I]+ ∈ C̀ + A is a Hermitian square, if and only if I is even in all ∗-real prime
ideals of A, i.e. prime ideals corresponding to ∗-real k-valuations of K, which are
just the real points of U.

Proof: It follows directly from Theorem 2.4 and Remark 2.1, since also in
the case S(R) = ∅ we can suitably extend I at infinity to get a divisor of a
degree that is divisible by 4. �

Lemma 2.7. Let L|K be an extension of function fields over R and L̂|K̂ the ex-
tension of the corresponding function fields over C. Then

∆(L̂|K̂) = ConL̂|L(∆(L|K)).

Proof: Both L̂|L and K̂|K are unramified, which is an easy case of the gen-
eral fact that constant field extensions are unramified, see [Sti09, Theorem
3.6.3]. Now we can directly deduce it from the fact that for a finite exten-
sion of Dedekind domains ∆′(B|A) is the dual module to B with respect
to the trace form, which is still true after extension by C. More generally it
follows from the transitivity of the different divisor. See [Sti09, Corollary
3.4.12], [Che51, Chap. IV, §8 Theorem 8] or [Ser79, Chap. III, §4]. Namely
∆(L̂|K) can be written in two different ways.

∆(L̂|K) = ∆(L̂|K̂)ConL̂|K̂(∆(K̂|K)) = ∆(L̂|K̂)

And on the other hand

∆(L̂|K) = ∆(L̂|L)ConL̂|L(∆(L|K)) = ConL̂|L(∆(L|K)).
�
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2.4 Topology of Real Curves and Signs of Func-
tions

In the following we state a few results by Witt and generalizations by
Knebusch that serve mainly as supplementary information within our
main results.

In the classical context of compact Riemann surfaces with antiholomor-
phic involution or projective curves defined over R, the set of real points
is the finite union of its connected components each of which is homeo-
morphic to the circle S1. For some basic topological analysis of smooth
curves over R see also [Šaf74, Chap. VII, §4]. Since the equivalent to the
Euclidean topology over real closed fields different from R is totally dis-
connected, the notion of connected components have to be adjusted in the
general setup. This has been done for example by Knebusch in [Kne76a].

Let K be a function field over R and S := SK the associated real smooth
curve. Denote γ := S(R) the set of real points. We call a function f ∈ K×

locally definite, if ( f )K is even in all real points, i.e. 2|vp( f ) for all p ∈ γ.
That means f does not have a sign change on γ. We say two real points
p, q ∈ γ lie in the same component if all locally definite functions have the
same sign in p and q.5 This defines an equivalence relation on γ with
equivalence classes γ1, . . . , γr, the components of γ.

Theorem 2.8 (Witt, Knebusch). Let γ1, . . . , γr be the components of γ = S(R).

(a) If f ∈ K× is positive semidefinite on γ, then f is a sum of two squares.

(b) For every tuple of signs ε ∈ {±1}r there exists a locally definite function
having (constant) sign εi on γi.

(c) Given an even number of points on each component γ1, . . . , γr, there exists a
function f ∈ K× whose real points of odd order are exactly these given points.
And conversely for every function f ∈ K× the number of real points of odd
order on each component is even.

Proof: In [Kne76a] (a) is Theorem (4.1), (b) is Theorem (2.10) and (c) is Main
Theorem (4.5) and Theorem (3.4). �

Using Witt’s original version [Wit34] we get that in case R = R this
notion of components coincides with that of connected components.

5Note that although a locally definite function might have zeros or poles on γ, they
are all even and thus the sign are well defined.
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The following is not really needed explicitly but for completeness we
included it. We fix the assumption from the previous Theorem except that
K is a function field over k ∈ {R, C}.

Corollary 2.9. If S(R) 6= ∅ we have an exact sequence

0→ (C̀ K)h → C̀ K h→ (C̀ K)∗
g→ (Z/2Z)r → 0

where g is given by

g : (C̀ K)∗ → (Z/2Z)r[
∑
p

np p

]
7→
(

∑
p∈γi

np p

)r

i=1

where the representative of the element in (C̀ K)∗ is taken6 in (Div K)∗.

Proof: First of all, the map is welldefined by Theorem 2.8(c), where in the
case k = C we also use H(K)∗ = H(K∗). We just need to check im h =
ker g. From Theorem 2.8(c) we get that for D ∈ (Div K)∗ there exists e ∈
K×∗ with eD is even in all real points if and only if D ∈ ker g. The rest
follows from Theorem 2.4, since the class of a divisor obviously lies in
im h if and only if it linearly equivalent to one whose narrow class lies in
im h+. See also the case R = R in [GH81, Proposition 4.2]. �

Hermitian Theta Divisors Let S be a real smooth curve over k ∈ {R, C}
with function field K = k(S). Θ ∈ Div K is a Hermitian theta divisor if hΘ =
Θ∗ + Θ is canonical7. Note that these are in general not theta divisors in
the usual sense, unless Θ∗ = Θ, just as Hermitian squares are in general
not squares.

Lemma 2.10. Let π : S → P1 be a morphism of real smooth curves with function
fields L = k(S) and K = k(x) = k(P1) and let p ∈ P1(R) ⊆ (Div K)∗. We set
Fp := ConL|K(p) ∈ (Div L)∗.

(a) A divisor W is canonical if and only if it is linearly equivalent to

∆(L|K)− 2Fp.
6which is possible since S(R) 6= ∅ by [Kne76a, Lemma 2.7].
7i.e. the divisor of a differential, see e.g. [Sti09, Definition 1.5.11]
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(b) If Θ ∈ Div L is a Hermitian theta divisor, then

`(Θ + Fp|Θ− Fp) = n

Proof: (a) This is basically [Sti09, Corollary 3.4.7], using that all canonical
divisors are linearly equivalent.

(b) Let g be the genus of L and Θ, W ∈ Div L such that W = Θ∗ + Θ is
canonical. By the Riemann-Roch Theorem, e.g. [Sti09, Theorem 1.5.15],
we have

`(Θ + Fp) = deg(Θ + Fp)︸ ︷︷ ︸
g−1+n

−g + 1 + `(W − (Θ + Fp)︸ ︷︷ ︸
Θ∗−Fp

)

and therefore

`(Θ + Fp|Θ− Fp) = `(Θ + Fp)− `(Θ− Fp)︸ ︷︷ ︸
`(Θ∗−Fp)

= n.

�

Theorem 2.11. Assume we are in the situation as in the previous lemma and
S(R) 6= ∅. Then [∆(L|K)] ∈ h C̀ K.

Proof: In the case k = R this is [Kne76a, Theorem 5.2] together with Lemma
2.10. Using Lemma 2.7 this also implies the case k = C. See also [GH81,
Corollary 4.3] for the case R = R. �

The last theorem is the geometric analogue of Hecke’s Theorem for
number fields.

Theorem 2.12 (Hecke). If O is the ring of integers of a number field, then
[∆(O|Z)] ∈ 2 C̀ O.

Proof: See [Sch11, Chap. VI, Theorem 7.3]. �
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2.4.1 Hyperbolic Polynomials and the Lax Conjecture

Among the real plane curves there is a special class given by those whose
set of real points consists topologically of a set of “nested ovals”. That
means there exists a point that is enclosed by “maximally many” real
points. These are described by so called hyperbolic polynomials. This
notion has been introduced by Gårding in [Gå51] and has its origin in the
theory of hyperbolic differential equations. We stick to the definitions that
are used in [Ren06].

Definition 2.13. Let F ∈ R[X] homogeneous and 0 6= e ∈ R`+1 such that
F(e) > 0. For v ∈ R`+1 we call the univariate polynomial F(te− v) ∈ R[t]
the characteristic polynomial of v (with respect to F in direction e) and its
zeros the eigenvalues of v. We call v positive definite, if it has only positive
eigenvalues.

F is called hyperbolic with respect to e if F(e) > 0 and all v ∈ R`+1 have
only real eigenvalues with respect to F in direction e.

The most basic example is the one that motivates the above notions is
the case where D ∈ R[Xij|1 ≤ i ≤ j ≤ n] is the determinant of a general
n× n matrix, i.e. whose entries are the unknown Xij. Then D is hyperbolic
with respect to the identity matrix 1n due to Lemma 1.17.

More examples arise by restricting D to subspaces of symmetric ma-
trices in the following way. Let M = A0X0 + · · ·X`A` ∈ Symn(R[X])
with constant matrices Ai such that M(e) is positive definite for a fixed
e ∈ R`+1. If we define

F := det(X0A0 + · · ·+ X`A`) ∈ R[X]n

then F is hyperbolic with respect to e. Namely we can assume M(e) = 1n
and then

F(te− v) = det(t1n −M(v))

is just the characteristic polynomial of the real symmetric matrix M(v) and
thus has only real roots.

In 1958 Lax conjectured that the converse to this observation holds in
case ` = 2, see [Lax58]. The positive answer was given in [HV07] by
Helton and Vinnikov. In this thesis we give two proofs of this fact, that are
in parts similar, but differ in one crucial detail. See Main Theorem 3.27 and
Main Theorem 3.34(e). They use the same central argument, the existence
of unimodular totally positive definite ∗-representations, however they
differ in their concluding argument. See also [Vin12] for a survey on this
and related questions.
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2.5 Quadratic Forms on Real Smooth Curves

As follows from Witt’s work in [Wit34] and its generalization, Theorem
2.8(a), the Pythagoras number8 of a function field K|R is at most 2. A result
that has later been generalized to function fields of higher transcendence
degree by Pfister, see for example [PD01, Theorem 3.4.8].

Furthermore Witt proved, again for the case R = R, the following
strong local global principle which plays an important role in our first
Main Theorem 3.16.

Theorem 2.14 (Witt, 1937). If K|R is a (univariate) function field, then every
totally indefinite quadratic form of dimension at least 3 is isotropic, in other words
the Hasse number9 of K is at most 3.

Proof: The original version is [Wit37, Satz 22] and a proof for arbitrary real
closed field can be found in [Kne76b, Theorem 9.4] or [PD01, Theorem
3.4.11]. See also [ELP73, Theorem I] for a generalization of this. �

We can even strengthen the result of Main Theorem 3.16 to get Theo-
rem 3.17 using the following, which generalizes the main argument on the
existence of Euclidean scaled trace forms in the former Theorem.

Theorem 2.15 (Krüskemper, 1989). Let K|R be a function field and L|K a finite
extension. If σ is a quadratic form of dimension [L : K] then there exists c ∈ L×

such that σ is isometric to the scaled trace form cτL|K if and only if for all orderings
P of K we have

#{extensions of P to L} ≥ | sgnP σ|.

Proof: See [Krü89, Theorem 3.6]. �

8The Pythagoras number of a field K, denoted by p(K), is the least number n, such that
all sums of squares of elements in K are a sum of n squares.

9The Hasse number of a field K, denoted by ũ(K), is the least number n, such that every
totally indefinite quadratic form of dimension greater than n is isotropic.
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Chapter 3

Selfadjoint Spectral
Representations

In this chapter we present a systematic approach to study selfadjoint
matrices with a given characteristic polynomial. Due to some techni-
cal restrictions we will only consider polynomials over integral domains,
mostly fields and Dedekind domains. However, some general concepts
may be generalized to any commutative ring. Although most of the re-
sults from the fields section have been known previously, we show that
they fit into the same unified framework that we use for the main result
about representations over R[x].

3.1 Basic Notions and Observations

3.1.1 Determinantal Representations

Let A be a commutative ring and a ∈ A. A determinantal representation of a
over A of size n ∈N is a matrix M ∈ An×n such that

a = det M.

For f ∈ A[t] a determinantal representation M of f over A is spectral (or
t-spectral to avoid ambiguities in case of multivariate polynomials), if it is
of the form

M = t1n − S

for some constant matrix S ∈ An×n, i.e. f = χS is the characteristic poly-
nomial of S. We then refer to S, as a spectral representation of f over A.

Note that if f admits a spectral representation, then f is monic and
the size of the representation is given by deg f . A spectral representation

57
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allows us to interpret the set of zeros of f as the spectrum of a matrix,
hence the name.

Normal Representations Since the classification of spectral representa-
tions that we do in the following is based the theory of Dedekind domains
to a great extent, we restrict to a certain class of well behaved representa-
tions, that we call normal.

If A is an integral domain with field of fractions K, then we call S ∈
An×n normal over A, if K[S] ∩ An×n is normal, i.e. integrally closed in K[S].
In other words, if A itself is normal then S is normal over A if and only if
all elements of K[S] that are integral over A also have integral entries.

For a matrix S with entries in a Dedekind domain A and irreducible
characteristic polynomial, the ring K[S] ∩ An×n is again a Dedekind do-
main if and only if S is normal over A. This allows us to use the quite
strong ideal theory to characterize normal representations. The general
case is more difficult. However, if we have a polynomial f ∈ R[x, t] that
describes a smooth plane curve, then its coordinate ring is a Dedekind do-
main and thus all its t-spectral representations over R[x] are normal, i.e. in
this case it is not a restriction.

For singular curves, our investigation possibly restricts to proper sub-
class of representations, which is no problem if we are only interested in
existence such as Corollary 3.23.

3.1.2 Real Rooted Polynomials

As in the introduction we call a polynomial f ∈ R[x, t] real rooted for x in
M ⊆ R` if f is monic in t and for all α ∈ M the univariate polynomial

f (α, t) ∈ R[t]

has only real roots. We generalize this definition to arbitrary coefficient
fields. Let K be a field with involution and f ∈ K∗[t]. We say f is ∗-real
rooted over K if f is monic in t and for every ∗-ordering P of K all roots of
f lie in the real closure of K∗ with respect to P. If the involution is trivial,
we just say f is real rooted over K.

In this sense, f ∈ R[x, t] is real rooted for x in R` if and only if f (α, t) is
real rooted (over R) for all α ∈ R`.

One important way to characterize real rootedness is just a special case
of Corollaries 1.29 and 1.30.

Lemma 3.1. Let K be a field with involution, f ∈ K∗[t] monic and L :=
K[t]/( f ). Then the following are equivalent
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(a) f is ∗-real rooted over K.

(b) τL|K is totally positive semidefinite.

(c) The Hermite matrix H f is positive semidefinite for every ∗-ordering of K.

And in case f is irreducible over K, also

(d) L|K is totally ∗-real.

Proof: The equivalence of (b) and (c) is just by the definition of the Hermite
matrix. The equivalence of (a) and (b) follows from Corollary 1.29 and the
equivalence of (b) and (d) we get from the η = 1 case in Corollary 1.30.

�

Lemma 3.2. Let f ∈ R[x, t] monic of degree n in t. Then the following are
equivalent

(a) f is real rooted for x in R`.

(b) f is real rooted over R(x)

(c) f is ∗-real rooted over C(x)

Proof: The equivalence of (b) and (c) is trivial, because the orderings of
R(x) are exactly the ∗-orderings of C(x).

Using the previous Lemma, for the equivalence of (a) and (b) we just
have to check that H f ∈ Symn(R[x]) is positive semidefinite with respect
to all orderings of R(x) if and only if H f (α) = H f (α,t) ∈ Symn(R) is posi-
tive semidefinite for all α ∈ R`. Using a diagonalization of H f this is easily
deduced from Artin’s Theorem 1.11 or directly from Tarski’s Transfer Prin-
ciple1. �

If K is a field with involution and f ∈ K[t] admits a Hermitian spectral
representation over K then by Lemma 1.17 it is ∗-real rooted over K.

We want to note that this observation can also be used to give certifi-
cates for polynomials being real rooted for example on intervals or other
sets described by one polynomial inequality. Although we don’t make use
of it in the present work, it serves as an example where the involution is
not just “complex conjugation” on K[i].

1See [PD01, Theorem 2.1.10] or [BPR06, Theorem 2.80]



60 CHAPTER 3. SELFADJOINT SPECTRAL REPRESENTATIONS

Remark 3.3. Let g ∈ R[x]. We might be interested in finding a sufficient
condition for some given f ∈ R[x, t] to be real rooted for x in Mg, where

Mg := { α ∈ R` | g(α) ≤ 0 }

For this we define K := R(x,
√

g), assuming that g is not a square. We
equip K with the nontrivial element of the Galois group of K|R(x) as an
involution. Now assume f admits a Hermitian spectral representation S ∈
Hern(K). Then for α ∈ R` with g(α) < 0 we have that, if it is defined,
S(α) ∈ Hern(R[

√
g(α)]) = Hern(C) is a Hermitian spectral representation

of f (α, t) and thus f (α, t) has only real roots.

Pseudo-Hermitian Matrices Not only do we want to produce certificates
for polynomials having only real roots, but also for lower bounds on the
number of real roots, namely in terms of pseudo-Hermitian spectral rep-
resentations as for example over R(x) in Theorem 3.17. Denominator free
pseudo-Hermitian spectral representations do not only give information
on the number of real roots, but even on to the topology of the set of real
zeros as explained in Section 4.3 of the next chapter.

Let A be an integral domain with involution. We call M ∈ An×n pseudo-
Hermitian, or pseudosymmetric in case of the trivial involution, if it is σ-
selfadjoint where σ is of the form 〈±1, . . . ,±1〉, i.e. via a permutation σ
is isometric to σn,k for k = sgn σ. We then say M is of type |k|. We take
the absolute value because if M is σ-selfadjoint, it is also −σ-selfadjoint.
Denote pHern(A) the set of pseudo-Hermitian n× n-matrices over A.

Let M be pseudo-Hermitian of type k, say σn,k-selfadjoint. Then its
Hermitian and skew-Hermitian part have a certain block shape, namely
M is of the form

M =

(
D N∗

−N E

)
with Hermitian D and E of size r and s, respectively, such that r− s = k.

Remark 3.4. If M ∈ An×n is pseudo-Hermitian with irreducible charac-
teristic polynomial then its type is uniquely determined. We look at the
case n = 3. If M ∈ A3×3 is selfadjoint with respect to both 〈1, 1,−1〉 and
〈−1, 1,−1〉, we get that M is of the forma 0 0

0 b c∗

0 −c d
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and therefore of block diagonal shape. Replacing scalars by blocks of ap-
propriate size (possibly zero), we can easily generalize this to higher di-
mensions and get that if χM is irreducible, the type is in fact uniquely
determined, even more: The Hermitian form σ of the shape 〈±1, . . . ,±1〉
with respect to which M is selfadjoint is determined uniquely up to sign.

Remark 3.5. The study of pseudo-Hermitian spectral representations is
the same as that of Hermitian pseudospectral representations, i.e. Hermitian
determinantal representation of the form t1n,k − S. Namely S ∈ An×n is
Hermitian if and only if 1n,kS is σn,k-selfadjoint. See also the reformulation
done in Subsection 3.4.1.

Equivalence of Pseudo-Hermitian Matrices For pseudo-Hermitian ma-
trices we define equivalence slightly coarser than just unitary similarity,
taking also into account the obvious isometry e.g. of σn,−k and −σn,k. This
way every pseudo-Hermitian n× n matrix of type k is equivalent to a σn,k-
selfadjoint spectral representation. For a precise definition let A|A0 be an
extension of integral domains with involution and K = Quot(A). Denote
Pn(A) be the set of pairs (M, σ), where σ is a Hermitian form on Kn of
the form 〈±1, . . . ,±1〉 and M ∈ An×n is σ-selfadjoint. So in Pn(A) we
collect the pseudo-Hermitian matrices and “remember” the correspond-
ing pseudo-Euclidean form, with respect to which it is selfadjoint. We say
(M, σ) and (N, $) are equivalent (over A0) and write (M, σ) ∼A0 (N, $) if
there exists an isometry U ∈ An×n

0 between σ and $, invertible over A0,
such that M = U−1NU. Now the projection from π : Pn(A) → pHern(K)
induces an equivalence relation on pHern(K). Namely the transitive hull
of π × π(∼A0). This is what we refer to if we talk about equivalence of
pseudo-Hermitian matrices. Note that if S ∈ pHern(K) has an irreducible
characteristic polynomial, then π−1({S}) consists of exactly 2 elements by
Remark 3.4, namely if (S, σ) ∈ Pn(A) then (S,−σ) is the only other one.
This is the reason why equivalence behaves better in this case, namely
the restriction of π × π(∼A0) to matrices with irreducible polynomial is
already transitive.

3.1.3 Bounding Matrix Entries using the Newton Polytope

It is quite easy to see that the coefficients of a real or complex polynomial,
give a bound of the absolute value of its roots. A special feature of real
symmetric and complex Hermitian matrices that follows from the Spec-
tral Theorem is the fact that we can also bound the size of its entries via



62 CHAPTER 3. SELFADJOINT SPECTRAL REPRESENTATIONS

its eigenvalues.2 Combining these two observations yields that the (en-
trywise) maximum norm of Hermitian matrices can be bounded by the
coefficients of its characteristic polynomial. A consequence of this is that
the map

Hern(C)→ R[t]≤n

H 7→ χH

is proper, i.e. the preimages of compact sets are compact.
We want to give an analogue of this observation in terms of real val-

uations. A way to illustrate this makes use of the Newton polytope. Let
(K, v) be a valued field with value group Γ and f ∈ K[t] of degree d. The
Newton diagram of f is the set

N( f ) := { (i, v(ai)) | 0 ≤ i ≤ n } ⊆N× Γ

the Newton polytope is the “upper convex hull” of it, which, in case Γ ⊆ R

is the set of points x ∈ R2 that lie above every line, that lies below N( f ).
The slopes of the faces of this Newton polytope give a lot of information
about the size of the zeros of f . Important for us is the (negative) slope of
the rightmost face

sv( f ) := max
i<n

v(ai)− v(an)

n− i
∈ QΓ ∪ {∞}

So −sv( f ) is the least among all slopes of lines passing through (n, v(an))
such that all points in N( f ) lie above this line. It can be shown, that this is
the minimal value of all roots of f in any algebraic extension of (K, v).

For M = (aij)i,j ∈ Kn×n denote v(M) := mini,j v(aij). Which can be
viewed as an analog of the entrywise maximum norm of a complex matrix.

In case of K = k(x) and v = v∞ we set s∞ := sv∞ . Also we define

deg M := −v∞(M)

for M ∈ k[x]n×n the degree of M, i.e. the maximal degree of its entries.

Remark 3.6. For f ∈ ∑n
i=0 aiti ∈ k[x, t] monic of degree n in t, ai ∈ k[x] we

get s∞( f ) ≥ −m if and only if deg ai ≤ m(n− i). In particular s∞ ≥ −1 if
and only if the total degree of f is n.

Remark 3.7. A fact that is helpful when dealing with roots of polynomials
over valued fields is that for c ∈ K× the operations

f 7→ c f and f 7→ f (ct)

induce transformations on the Newton polytope of f , given by
2This cannot be done in general, e.g. for nilpotent matrices.
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• addition of the constant v(c), i.e. a vertical shift and

• addition of a line through the origin with slope v(c),

respectively. In particular (as follows immediately from the definition of
sv), the first transformation does not change the slopes, i.e.

sv(c f ) = sv( f )

and with the second one we get

sv( f (ct)) = sv( f )− v(c)

Using this observation, the proof of the next lemma becomes a lot more
intuitive.

Lemma 3.8. Let (K, v) be a ∗-real valued field with value group Γ. Then for all
M ∈ Hern(K) we have3

v(M) = sv(χM)

Proof: Let M ∈ Hern(K) and f = χM its characteristic polynomial. By
Lemma 1.14 we can assume that v is strictly ∗-real, i.e. K|K∗ is unramified
in v. Therefore we can choose a ∈ K×∗ with v(a) = v(M), define M0 := 1

a M
and

f0 := χM0 = det(t− 1
a

M) =
1
an det(at−M) =

1
an f (at) ∈ Ov

Then we have v(M0) = 0 and thus the Hermitian matrix M0 ∈ Kn×n is
nonzero and its characteristic polynomial χM0

= f0 6= tn by Lemma 1.19.
In particular there is another vertex (i, 0) ∈ N× Γ other than (n, 0) in the
Newton polytope of f0, so sv( f0) = 0. As explained in Remark 3.7 we get

0 = sv( f0) = sv(a−n f (at)) = sv( f (at)) = sv( f )− v(a) = sv( f )− v(M)

and thus sv( f ) = v(M) as desired. �

Remark 3.9. The above proposition can also be viewed as a condition for
normality over ∗-real valuation rings. Namely if (K, v) is strictly ∗-real
valued then any S ∈ Hern(K) is normal over Ov. Namely if M ∈ K[S]
is integral over Ov, then its Hermitian and skew-Hermitian part M∗ :=

3With a similar argument we get that v(M) ≤ sv(χM) without the assumption that M
is Hermitian or v ∗-real.
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1
2(M∗ + M) and Mh := 1

2(M∗ −M) are also integral over Ov. Then χM∗ is
monic and has coefficients in Ov, so 0 ≤ sv(χM∗). Since M∗ is Hermitian
and v ∗-real we moreover get sv(χM∗) = v(M∗) and therefore M∗ ∈ On×n

v .
Since K|K∗ is unramified there exists antisymmetric e ∈ K such that K =
K∗[e] and v(e) = 0. So we can argue in the same way to get that also
eMh ∈ On×n

v .

3.1.4 Relation to ∗-Representations

Lemma 3.10. Let A be an integral domain with field of fractions K and f ∈ A[t]
monic of degree n and irreducible over K. We define L := K[t]/( f ) and B :=
A[λ], where λ := t ∈ L.

(a) We have a bijection{
spectral representations

of f over A

}
←→

{
representations
of B|A on An

}
by sending a spectral representation S ∈ An×n of f to the representation

ϕS : g(λ) 7→ g(S)

of B|A on An.

(b) A spectral representation S of f is normal over A, if and only if ϕS is a
representation of B̃|A, where B̃ denotes the integral closure of B in L.

(c) If in addition A is a ring with involution, f ∈ A∗[t] and σ a regular Hermi-
tian form σ on Kn, then the map from (a) restricts to a bijection

σ-selfadjoint
spectral representations

of f over A

←→
{
∗-representations
of B|A on (An, σ)

}

(d) Both bijections are compatible with the respective notion of similarity.
Namely (selfadjoint) representations S1 and S2 are (σ-unitarily) similar if
and only if ϕS1 and ϕS2 are isomorphic as (∗-)representations of B|A.

Proof: (a) The map is welldefined by the Cayley-Hamilton Theorem and
obviously injective since B is generated by λ. To see the surjectivity let
ϕ : B → An×n be a representation of B on An and let S = ϕ(λ). Then
f (S) = ϕ( f (λ)) = 0, i.e. the minimal polynomial of S divides f . So they
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coincide, since f is irreducible. For degree reasons f is also the character-
istic polynomial of S, i.e. S is a spectral representation of f .

(b) By definition ϕS is a representation of B̃|A if and only if ϕS(B̃) ⊆
An×n. And ϕS(B̃) is the integral closure of A in K[S], since ϕS is an A-
isomorphism of L and K[S]. So the condition ϕS(B̃) ⊆ An×n just means
that S is normal over A.

(c) We just have to make sure that a spectral representation S ∈ An×n

of f is σ-selfadjoint if and only if ϕS is a ∗-representation on (An, σ): If S is
σ-selfadjoint, then for g = g(λ) ∈ L we have

ϕS(g(λ))∗ = g(S)∗ = g∗(S∗) = g∗(S) = ϕS(g∗(λ)) = ϕS(g(λ)∗)

so ϕS is a ∗-representation. If on the other hand ϕS is a ∗-representation
then

S∗ = ϕS(λ)
∗ = ϕS(λ

∗) = ϕS(λ) = S

i.e. S is σ-selfadjoint.

(d) This is more or less the definition. Invertible U ∈ An×n witnesses
similarity between S1 and S2 if and only if it is an isomorphism of the
representations ϕS1 and ϕS2 . And then U is σ-unitary if and only if it is an
isomorphism of ∗-representations. �

Remark 3.11. For reducible polynomials the classification becomes more
complicated. Nevertheless, if f ∈ K[t] is irreducible of degree n, then
any representation of L = K[t]/( f ) over K on Kkn gives rise to a spectral
representation of f k in the same way as above. However, the converse
is not true in general, since f need not be the minimal polynomial of a
spectral representation of f k.

When it comes to proving existence of Hermitian spectral representa-
tions we can sometimes stick to the case of irreducible polynomials, e.g.
in Corollary 3.23. Namely let A be an integrally closed domain with in-
volution and ∗-real field of fractions K. Let f ∈ A∗[t] be monic and ∗-real
rooted over K and f = ∏r

i=1 fi the decomposition over K∗ into irreducible
monic factors fi ∈ A∗[t]. Then the fi are also irreducible over K: Since f
is ∗-real rooted, so are the fi. In particular every ∗-ordering of K extends
to an ordering on Fi := K∗[t]/( fi) but not to K. In particular Fi and K are
linearly disjoint over K∗, i.e. K ⊗K∗ Fi = K[t]/( fi) is a field. If we now
prove existence of a Hermitian spectral representation over A of each of
the fi, we can compose all these to a block diagonal matrix which is then a
Hermitian spectral representation of the product f .
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3.2 Selfadjoint Spectral Representations over
Fields

Particularly for the study of spectral representations over fields the con-
nection to quadratic forms theory becomes apparent. The existence of cer-
tain spectral representations can, in some cases, be reduced to different
types of wellknown local global principles.

3.2.1 Scaled Trace Forms

In view of the previous Lemma 3.10 we get that the study of selfadjoint
spectral representations of an irreducible and separable polynomial over
fields is the same as the study of scaled trace forms.

Remark 3.12. Let L|K be an extension of degree n of fields with involution
and ν ∈ Lν

∗ nonzero. Set ν̂ := (TrL|K)∗〈1〉. As follows directly from Propo-
sition 1.22 and the paragraph on scaled trace forms, page 35, we have a
bijection

L×∗ /(L×)h → Ξn(L|K)
c 7→ (L, cν̂)

In fact Ξn(L|K) is an L×∗ /(L×)h-torsor and if L|K is separable, then Ξn(L|K)
has a canonical base point namely (L, τL|K).

If σ is a Hermitian form on Kn then this, in combination with Lemma
3.10, tells us that for separable f ∈ K∗[t] monic of degree n, irreducible
over K, the isomorphism classes of σ-selfadjoint spectral representations
of f correspond to those classes c(L×)h for which cτL|K = (TrL|K)∗〈c〉 is
isometric to σ.

With this observation we can rephrase our main question. Assume we
are given a Hermitian form σ. Instead of asking which irreducible and
separable polynomials admit a σ-selfadjoint spectral representation, we
can ask which field extensions admit a scaled trace form that is isomet-
ric to σ. In [Krü89] Krüskemper examines this and related problems for
number fields and function fields, from which we get Theorem 3.17. Inde-
pendently of that we proof a special case of Krüskemper’s result directly
from Witt’s Local Global Principle using an argument by Leep. From this
we deduce Main Theorem 3.16 on the existence of symmetric spectral rep-
resentations over univariate function fields over real closed fields. The
number theoretic counterpart, Theorem 3.18 by Bender is included with-
out proof.
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A question similar to the above is the following. For which quadratic
forms σ does there exist a separable field extension whose (unscaled) trace
form is isometric to σ? For number fields and function fields there are
results due to Scharlau in [Sch87] and Prestel in [Pre89].

Due to the close relation to quadratic forms theory and the fact that
the question of existence of a Hermitian spectral representation of a real
rooted polynomial can been viewed as a kind of local global problem, it
is not surprising that basically all of the following results are based on
certain kinds of local global principles for quadratic forms.

3.2.2 Pfister’s LGP

The following very general result was the first one in the course of the au-
thor’s studies and was inspired by work of Netzer, Plaumann and Thom in
[NPT13]. It is an almost immediate consequence of Pfister’s Local Global
Principle. It later turned out, that it has already been proven by Krakowski
in [Kra58], eight years before Pfister’s result in [Pfi66]. See also Remark
3.20 for a slight refinement.

Theorem 3.13 (Krakowski, 1958). Let K be a field with char K 6= 2 and
f ∈ K[t] monic. Then some positive power of f admits a symmetric spectral
representation over K, if and only if f is real rooted over K.

Proof: If f k admits a symmetric spectral representation over K for some
k > 0, then f k is real rooted over K by Lemma 1.17. Therefore also f is real
rooted over K.

Now let f ∈ K[t] be real rooted. We first assume that f is irreducible.
Let τ := τL|K be the trace form if L|K is separable or any nonzero func-
tional otherwise. Then the ∗-representation (L, τ) is totally positive defi-
nite4 by Lemma 3.1. So by Pfister’s Theorem 1.16 some positive multiple,
i.e. a k-fold orthogonal sum of (L, τ) is Euclidean for some k ∈ N, i.e.
we get a ∗-representation of L|K on (Knk, σnk) by choosing an orthonormal
basis. This gives rise to a symmetric spectral representation of f k over K,
by Remark 3.11, namely the representing matrix of multiplication by t on
Lk with respect to this orthonormal basis.

Now if f is not irreducible let ∏r
i=1 fi be its decomposition into monic

irreducible factors fi ∈ K[T]. Then we get symmetric spectral representa-
tions of f ki

i for some ki ∈ N. It is easy to see that we can compose these
in block diagonal form, similarly as in Remark 3.11, to get a symmetric

4Note that in the inseparable case XK is empty.
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spectral representation of f k for k the least common multiple of k1, . . . , kr.
�

3.2.3 Witt’s LGP

The next much stronger result, Main Theorem 3.16, makes use of Witt’s
Local Global Principle for real univariate function fields. The essential
step is to show that totally real extensions of univariate function fields
over real closed fields admit Euclidean scaled trace forms. It is based on
the following unpublished argument by David Leep.

Lemma 3.14 (Leep). Let K|R be a function field. Then for every finite extension
L|K the norm map NL|K induces a surjective map

NL|K :
(
∑ L2

)
/(L×)2 →

(
∑ K2

)
/(K×)2

Proof: It is a general fact which follows from Theorem 1.7, that this map is
welldefined. The norm map is transitive and with it the induced map of
the claim. We can therefore assume that L|K is Galois and then compose it
into intermediate extensions of odd degree and degree 2. So the claim can
be reduced to two cases.

Case 1: n = [L : K] is odd. Then for c ∈ ∑ K2 ⊆ ∑ L2 we have

NL|K(c) = cn = c(c
n−1

2 )2 ≡ c mod (K×)2.

Case 2: [L : K] = 2. Let L = K[
√

a] and 0 6= c ∈ ∑ K2. By assump-
tion 〈−1, c, a〉 is totally indefinite and thus isotropic by Witt’s Local Global
Principle 2.14. So we get that c = NL|K(b) for some b = x + y

√
a ∈ L×,

x, y ∈ K. If x = 0 then−a is a sum of squares and thus L does not admit an
ordering, so b is also a sum of squares. Otherwise we are going to check
that

xb ∈∑ L2 =
⋂

XL

which then finishes the proof, since

NL|K(xb) = x2c ≡ c mod (K×)2.

So let x 6= 0 and P ∈ XL. We have c = NL|K(b) = x2 − ay2 ∈ P. Since a is
a square in L we thus get 0 ≤ ay2 ≤ x2 and therefore already |x| > |

√
ay|.

In particular x and b = x +
√

ay have the same sign and thus xb ∈ P as
desired. �
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We also use the following fact, which can easily be shown with stan-
dard arguments from the theory of quadratic forms. Thanks to Karim
Becher for this hint.

Lemma 3.15. If every at most 3-dimensional totally indefinite quadratic form
over K is isotropic, then every totally positive definite quadratic form over K of
square determinant is Euclidean.

Proof: If σ is totally positive definite and at least two-dimensional then
σ ⊥ 〈−1〉 is isotropic by assumption and thus represents 1. By Witt can-
cellation and induction we thus get that σ is isometric to 〈1, . . . , 1, D〉 and
thus Euclidean if its determinant D is a square. �

The following consequence of Lemma 3.14 has also been known to
Leep, but apart from Lemma 3.14 it has been proven independently by the
author. Although it follows directly from Krüskemper’s Theorem 2.15, as
has also been observed in [Fit94, Lemma 1.5], we want to give the follow-
ing more direct proof.

Main Theorem 3.16. Let K be a (univariate) function field over a real closed
field. Then every real rooted polynomial K admits a symmetric spectral represen-
tation over K.

Proof: Let f ∈ K[t] be real rooted. We can assume that f is irreducible by
Remark 3.11. So by Lemma 3.1 the trace form τ of L := K[t]/( f ) over K
is totally positive definite, thus its determinant D is a sum of squares in
K. By Lemma 3.14 there exists a nonzero sum of squares c ∈ ∑ L2, such
that NL|K(c) ≡ D mod (K×)2. The scaled trace form cτ is also totally
positive definite by Corollary 1.30. Moreover looking at the representing
matrices of τ and multiplication by c with respect to any basis it follows
immediately that

det cτ = NL|K(c)D ≡ D2 ≡ 1 mod (K×)2.

Thus by Lemma 3.15 the ∗-representation (L, cτ) is Euclidean. Choosing
an orthonormal basis we get a ∗-representation of L on (Kn, σn) and thus
a symmetric spectral representation of f over K by Lemma 3.10. �

The above proof, particularly Leep’s Lemma 3.14, shows a special case
of Krüskemper’s Theorem 2.15, from which we get the following partial
generalization.
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Theorem 3.17. Let f ∈ R[x, t] be irreducible and monic of degree n in t. Then
f admits a pseudosymmetric spectral representation over R(x) of type k ≡ n
modulo (2) if and only if for all α ∈ R the univariate polynomial f (α, t) ∈ R[t]
has at least k real zeros (counting multiplicity).

Proof: Let K = R(x) and L = K[t]/( f ). Using for example Tarski’s Trans-
fer Principle one can show that f (α, t) has at least k real zeros, counting
multiplicity, for all α ∈ R if and only if every ordering of K has at least
k extension to L. By Krüskemper’s Theorem 2.15 the latter is the case if
and only if L|K admits a scaled trace form cτL|K isometric to σn,k. And by
Lemma 3.10 and Remark 3.12 this again is equivalent to the existence of a
type k pseudosymmetric spectral representation of f over K. �

See also the discussion in next chapter’s Section 4.5 for the correspond-
ing version for representations over R[x] and the connection to topology
of the curve as well as the question of linearity.

3.2.4 Hasse’s LGP

The following result by Edward Bender can be seen as the equivalent of
Main Theorem 3.16 for number fields and makes use of the famous Hasse
principle. For a proof see [Ben68] and a weaker formulation just for odd
degree polynomials see [Krü92].

Theorem 3.18 (Bender, 1968). Let K be a number field. Then every polynomial
in K[T] that is real rooted over K and has an odd degree factor admits a symmetric
spectral representation over K.

In view of Proposition 3.19 it is clear, that this theorem would become
false, if we remove the assumption on the degree, since the Pythagoras
number of Q is 4.5

3.2.5 Relation to the Pythagoras Number

The existence of symmetric or Hermitian spectral representations over a
real field K can be related to its Pythagoras number p(K), i.e. the least num-
ber n such that every sum of squares in K is a sum of n squares. In the
following, we will assume, that F is a real field. Then we define i :=

√
−1

5For this we only need the lower bound which we get e.g. from [Lam05, Chap. XI,
Example 2.4(7)] that the level of Q2 is 4. The other bound is Lagrange’s four-squares
theorem.



3.2. REPRESENTATIONS OVER FIELDS AND SOME LGPS 71

and ∗ the usual complex conjugation, i.e. the nontrivial F-automorphism
of F[i].

We write S(F), resp. H(F) if every real rooted polynomial in F[t] ad-
mits a symmetric, resp. Hermitian spectral representation over F, resp.
F[i]. So for example S(F) holds, if K is a univariate function field over a
real closed field, by Main Theorem 3.16. And it almost holds for number
fields by Bender’s Theorem 3.18.

Proposition 3.19. We have the following chain of implications

p(F) = 1
(a)
=⇒ S(F)

(b)
=⇒ p(F) ≤ 2

(c)
=⇒ H(F)

(d)
=⇒ p(F) ≤ 3

Proof: (a) and (c): Let p(F) = 1, resp. p(F) ≤ 2 and f ∈ F[t] real rooted.
Again, we always assume that f is irreducible. Let K = F, resp. K =
F[i], L = K[t]/( f ) and τ = τL|K. Then the ∗-representation (L, τ) over
K, is totally positive definite and thus Euclidean. This is because after
diagonalization of τ every diagonal entry a ∈ K∗ = F is totally positive,
thus a sum of squares. If p(F) = 1 then a is a square in F. If p(F) ≤ 2 then
a is a sum of two squares a = x2 + y2 = (x + iy)∗(x + iy), i.e. a Hermitian
square in F[i]. So in both cases we can even choose the diagonal entries to
be ones. As above, choosing an orthonormal basis of (L, τ) then yields a
symmetric, resp. Hermitian spectral representation of f .

(b) and (d): Assume S(F) or H(F) and let p ∈ ∑ F2. Then obviously f =
t2 − p is real rooted over F.

If S(F) there is M =

(
a b
b c

)
∈ Sym2(F) such that

f = χM = t2 + (a + c)t + (b2 − ac)

Comparing coefficients shows a = −c and thus p = a2 + b2 is a sum of
two squares.

If H(K) there is M =

(
a b∗

b c

)
∈ Her2(F[i]) Hermitian such that

f = χM = t2 + (a + c)t + (b∗b− ac)

So a, c ∈ F since M is Hermitian. Comparing coefficients shows a = −c.
Let b = b1 + ib2. Then p = a2 + b2

1 + b2
2 is a sum of three squares. �

From this also follows that Main Theorem 3.16 cannot be generalized
directly to function fields of higher transcendence degree. In Section 4.1
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it is explained how complex Hermitian representations of f give rise to
real symmetric representations of f 2. So one could ask, what exactly is the
relation between the Pythagoras number of a field and the lowest upper
bound for powers of polynomial for which we get a symmetric spectral
representations as in Theorem 3.13.

Remark 3.20. In fact Koulmann showed the following in [Kou01, Theorem
10]. Let p̃(K) = 2m be the the lowest power of 2 above the Pythagoras
number p(K). Then for every separable polynomial f ∈ K[t] that is real
rooted over K there exists a symmetric spectral representation of f p̃(K).
This refinement of Theorem 3.13 follows directly from the refinement of
Pfister’s Theorem 1.16(b) that the multiple k can be chosen to be p̃(K).
This is due to the fact that if a ∈ ∑ K2, then a is a sum of 2m squares and
thus the Pfister form

〈1,−a〉m ' 2m · 〈1,−a〉
is isotropic and thus hyperbolic6 and therefore p̃(K) · 〈a〉 is Euclidean.

6See for example [Sch11, Lemma 10.4].
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3.3 Spectral Representations over Dedekind Do-
mains

3.3.1 General Observations

The aim of this section is to refine our previous results to get denominator
free spectral representations over Dedekind domains. To this end we add
some more structure to the observation in Remark 3.12. The following
observation are partially inspired by Bender’s work in [Ben67].

Hermitian lattices over Dedekind domains Let B be a Dedekind do-
main with involution and field of fractions L. A one-dimensional lattice
over B is isomorphic to a fractional B-ideal via an isomorphism that iden-
tifies the ambient vector space with L. Since Hermitian forms on L are
given by 〈c〉 for c ∈ L×∗ , we get that every one-dimensional Hermitian lat-
tice over B is isomorphic to (I, 〈c〉) for some (I, c) ∈ I(B)× L×∗ . Moreover
(I, 〈c〉) is totally positive definite, if and only if (I, c) ∈ I(B)×

(
∑ Lh)×.

We have that for e ∈ L× the automorphism µe : L → L, x 7→ ex is an
isomorphism between (I, 〈c〉) and (J, 〈d〉) if and only if eI = J and for all
x, y ∈ I

(ex)∗d(ey) = 〈d〉(µe(x), µe(y)) = 〈c〉(x, y) = x∗cy

i.e. c = ehd. That just means (I J−1, cd−1) lies in

F(B) := { ((e−1)B, eh) | e ∈ L× }

So we get that the set of isomorphism classes of one dimensional Hermi-
tian B-lattices is given by (I(B)× L×∗ ) /F(B). In other words we have an
exact sequence

1→ B×1 → L× → I(B)× L×∗ → Σ̃1(B)→ 1

where B×1 denotes the set of norm one units of B i.e. elements e ∈ L× with
eh = 1 and (e)B = B. Note that Σ̃1(B) is in fact a group, via the tensor
product, see Remark 1.20.

Among all Hermitian lattices we are particularly interested in modular
ones. Let ∆ ⊆ I(B)∗. We define the sets

H(∆) :=
{
(I, c) ∈ I(B)× L×∗ | cI∗ I = ∆

}
H+(∆) := H(∆) ∩

(
I(B)×∑ Lh

)
which are, if nonempty, obviously translates of the subgroups H(B) and
H+(B), respectively, in particular torsors over these.
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Proposition 3.21. Let B|A be a finite extension of Dedekind domains with invo-
lution and separable, degree n extension L|K of their respective fields of fractions
and denote τ := τL|K its trace form. We fix the above notation.

(a) For ∆ ∈ I(B)∗ we have bijections

H(∆)/F(B)→ Σ1(∆)

H+(∆)/F(B)→ Σ+
1 (∆)

given by (I, c) 7→ (I, 〈c〉).

(b) For ∆ := ∆′(B|A) the bijection

H(∆)/F(B)→ Ξn(B|A)

(I, c) 7→ (I, cτ) = (I, (TrL|K)∗〈c〉)

restricts to a bijection

H+(∆)/F(B)→ Ξ+
n (B|A)

if and only if L|K is totally ∗-real.

(c) In particular B|A admits a unimodular n-dimensional ∗-representation if and
only if the different ideal of B|A is a Hermitian square in the class group C̀ B,

(d) and a totally positive definite one if and only if L|K is totally ∗-real and the
different ideal of B|A is a Hermitian square in the narrow class group C̀ + B.

Proof: (a) We just have to check that (I, 〈c〉) is ∆-modular if and only if
cI∗ I = ∆, i.e. (I, c) ∈ H(∆). First we note that HomB(I, ∆) is given by
the ideal quotient (∆ : I) = { e ∈ L× | eI ⊆ ∆ } which coincides with I′∆,
since I is invertible. Namely we have

(∆ : I) = I′ I(∆ : I) ⊆ I′∆.

The other inclusion is trivial, since I I′∆ ⊆ ∆ by definition of I′. Now the
map

I → I′∆ = HomB(I, ∆)
a 7→ a∗c = 〈c〉(a, ·)

induced by 〈c〉 is a semi-isomorphism if and only if I∗c = I′∆. This is
again equivalent to cI∗ I = ∆. This proves the first bijection.
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The second bijection immediately follows, since 〈c〉 is totally positive
definite, if and only if c ∈ (∑ Lh)× by Theorem 1.7.

(b) The map is indeed a bijection by (a) together with the observation
that the Scharlau transfer (TrL|K)∗ gives a bijection Σ1(∆) → Ξn(B|A) as
shown in Proposition 1.22.

The second claim follows from the fact that the form cτ is totally pos-
itive definite if and only if L|K is totally ∗-real and c ∈ ∑ Lh by Corollary
1.30.

(c) and (d) Using (b) we get that these are just reformulations of
whether Ξn(B|A) and Ξ+

n (B|A) are nonempty. �

3.3.2 The Univariate Real Polynomial Ring

In the following we want to apply the above observation in order to de-
scribe pseudo-Hermitian and pseudosymmetric spectral representations
of polynomials over R[x]. Of particular interest to us among them are
the complex Hermitian and real symmetric spectral representations of real
rooted polynomials f ∈ R[x, t]. We prove existence of these, based on the
following facts

• If L|K is a totally real extension of function fields over R, then it is
unramified in all real points.

• Elements of the narrow class group of function field over R are even,
as soon as they are even in real points.

• Unimodular totally positive definite lattices over R[x] are Euclidean,
by the theorem of Harder and Djoković.

These can be viewed as a very well-behaved geometric analogue of the
number theoretic counterpart in the integer case, see 3.3.3.

For the next theorem we fix the following setup. Let f ∈ R[x, t] monic
and of degree n in t, irreducible over C. Moreover we fix k ∈ {R, C}.
We define the polynomial ring A := k[x], the field of rational functions
K := k(x), L := K[t]/( f ) the function field over k defined by f and B the
integral closure of A in L, as well as ∆ := ∆′(B|A) ∈ I(B) the codifferent
ideal of B|A. Moreover we use the notations introduced for the previous
proposition, particularly

• H(∆) = { (I, c) ∈ I(B)× L×∗ | cI∗ I = ∆ }, the subset
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• H+(∆) = H(∆) ∩
(
I(B)×∑ Lh) and the subgroup

• F(B) = { ((e−1)B, eh) | e ∈ L× }

In order to better suit our notion of equivalence of pseudo-Hermitian ma-
trices, see page 61, we slightly enlarge F(B)

F±(B) := { ((e−1)B,±eh) | e ∈ L× }

Main Theorem 3.22. In the above situation the following holds.

(a) The set $( f ) of equivalence classes of normal pseudo-Hermitian spectral rep-
resentations of f over A stands in canonical bijection to H(∆)/F±(B).

(b) There exist normal pseudo-Hermitian spectral representations of f over A.

(c) The set H+(∆) is nonempty if and only if ∆ is even in all ∗-real primes of B.7

(d) There exist normal Hermitian spectral representations of f over A if and only
if f is real rooted for x in R. In that case their equivalence classes correspond
bijectively to H+(∆)/F(B).

Proof: (a) As on page 61 we define Pn(A) the set of pairs (S, σ) where σ
is of the form 〈±1, . . . ,±1〉 and S ∈ An×n σ-selfadjoint, as well as the
subset N f (A) := { (S, σ) ∈ Pn(A) | χS = f , S normal over A }. Then
for each pair (S, σ) ∈ N f (A) we get the ∗-representations ϕS on (An, σ)
as in Lemma 3.10(c). Just by definition of equivalence ∼A on Pn(A) and
isomorphy of ∗-representations we get an injective map

N f (A)/ ∼A→ Ξn(B|A). (1)

By the theorem of Harder and Djoković, Corollary 1.25, we have that every
unimodular Hermitian form over k[x] is pseudo-Euclidean, i.e. isometric
to one of the form 〈±1, . . . ,±1〉. From this and again Lemma 3.10(b) and
(c) we get that this map is also surjective.

Now in addition to isomorphy in Ξn(B|A) we identify representations
up to sign, i.e. an element (M, σ) ∈ Ξn(B|A) is equivalent to the same
representation on the lattice (M,−σ). We then denote Ξn(B|A) the isomor-
phism classes modulo sign of n-dimensional unimodular ∗-representations
of B|A. Since f is irreducible we get by Remark 3.4 that each normal
pseudo-Hermitian spectral representation S ∈ pHern(A) has exactly two

7By Dedekind’s Different Theorem 1.32 this is equivalent to B|A being evenly ramified
i.e. having odd ramification index, in all ∗-real primes of B.
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preimages in N f (A), namely with (S, σ) also (S,−σ). That means from (1)
we get a bijection

$( f )→ Ξn(B|A). (2)

The n-dimensional unimodular ∗-representations of B|A are parametrized
by ideals I ∈ I(B) and elements c ∈ L×∗ such that cI∗ I = ∆. More precisely
Proposition 3.21(b) gives us a bijection

Ξn(B|A)→ H(∆)/F(B). (3)

“Factoring out ±1” on both sides in (3) map gives us a bijection

Ξn(B|A)→ H(∆)/F±(B). (4)

Combining (2) and (4) gives the desired.

(b) Using (a) we have to make sure h−1([∆]) is nonempty. In the case
S(R) 6= ∅ this follows from Theorem 2.11. In the case S(R) = ∅ we get
h−1
+ ([∆]+) is nonempty, due to Corollary 2.6, since the condition is then

empty. See also (c).

(c) H+(∆) being nonempty just means that [∆]+ lies in im h, i.e. is a
Hermitian square in C̀ + B. By Corollary 2.6 this is the case if and only if ∆
is even in all ∗-real primes of B.

(d) If f admits any Hermitian spectral representation over A, then f is
real rooted for x in R by Lemma 1.17.

Now let f be real rooted for x in R. Then f is ∗-real rooted over K by
Lemma 3.2 and therefore L|K is totally ∗-real by Lemma 3.1.

In the case k = R we thus get B|A is unramified in all real primes of B
by Lemma 1.33, in particular ∆ is even in all real primes of B, by Lemma
1.31. The case k = C follows from the real case, since B|B∗ is unramified
and ∆(B|A) = ∆(B∗|A∗)B as easily checked. See also Lemma 2.7. So in
both cases we get that H+(∆) is nonempty by (b).

The second part is similar to (a) except that identification modulo ±1
is not needed wherefore the bijection becomes more straightforward.

By Proposition 3.21(b) the nonempty set H+(∆)/F(B) corresponds bi-
jectively to Ξ+

n (B|A), whose elements are all Euclidean by Corollary 1.25
and therefore stand in bijection to equivalence classes of normal Hermi-
tian spectral representations of f over A, by Lemma 3.10. Which proves
the claim.

However, for the sake of clarity we make the main steps a bit more ex-
plicit. Given a nonzero fractional B-ideal I and c ∈ ∑ Lh such that cI∗ I = ∆
we get that (I, cτ) is unimodular and totally positive definite and thus Eu-
clidean. The representing matrix of multiplication by t ∈ B with respect
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to an orthonormal basis of I is a normal Hermitian spectral representation
of f . For the converse we start with a normal Hermitian spectral repre-
sentation S of f . Then the ∗-representation ϕS on (An, σn) is isomorphic to
(I, cτ) for some fractional B-ideal I and c ∈ ∑ Lh for which cI∗ I = ∆.

�

Corollary 3.23. Every polynomial f ∈ R[x, t] that is real rooted for x in R
admits a symmetric spectral representation over R[x]. The degree of any such
representation is given by −s∞( f ).

Proof: The first claim follows from Main Theorem 3.22(c) for the case k = R
if f is irreducible over C[x]. For the reducible case see Remark 3.11.

The second part follows directly from Lemma 3.8 for v = v∞ the de-
gree valuation, which is real, as can be easily verified by condition (b) of
Lemma 1.13. �

3.3.3 The Ring of Integers

The central ingredients that we used in the proof of Main Theorem 3.22,
namely the Theorem of Harder and Djoković as well as Corollary 2.6 about
2-divisibility in the narrow class group, are not available for rings of inte-
gers in that form. This makes the study of symmetric spectral represen-
tations over the integers a lot more difficult. However, we want to note,
how we can at least make use of some weaker analogues.

• The different ideal of a number field is square in the class group, by
Hecke’s Theorem 2.12. It is, however, not clear in which cases this is
also holds in the narrow class group.

• Every at most 7-dimensional positive definite unimodular lattice
over Z is Euclidean, by Theorem 1.26.

From these facts we can deduce the following which has in part also been
noted by Bender in [Ben67] and similar observations already by Faddeev
in [Fad47].

Proposition 3.24. Let f ∈ Z[t] be monic and irreducible of degree n. Let O be
the integral closure of Z in Q[t]/( f ).

(a) Then O|Z admits an n-dimensional unimodular ∗-representation.
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(b) If n ≤ 7 then f admits a normal pseudosymmetric spectral representation
over Z. And in that case it admits a symmetric one if and only if it is real
rooted over Q and ∆(O|Z) ∈ 2 C̀ +O.

Proof: (a) Using Hecke’s Theorem 2.12 this follows directly from Proposi-
tion 3.21(c).

(b) Since the at most 7-dimensional unimodular ∗-representation that
we get from (a) is pseudo-Euclidean by Theorem 1.26 we get a normal
pseudosymmetric spectral representation of f over Z by Lemma 3.10. For
the second part we use Proposition 3.21(d) in addition. �

In [BH74] Bender and Herzberg show that f = x3− 4x + 1 ∈ Z[x] is an
example of a real rooted polynomial that does not admit a symmetric spec-
tral representation over Z. However we want to mention that a weaker
statement than symmetric spectral representability still holds, which in
turn makes no restriction on the degree as in the second part of (b).

Theorem 3.25 (Estes). Let f ∈ Z[t] be real rooted over Q. Then f divides the
characteristic polynomial of a symmetric matrix over Z.

Proof: [Est92, Theorem 1]. �
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3.4 Linear Determinantal Representations

The aim of the following section is to show, how the previous results can
be applied to the study of determinantal representations of homogeneous
polynomials F ∈ C[X, Y, Z]n of the form

M = AX + BY + CZ ∈ C[X, Y, Z]n×n

i.e. linear determinantal representations over8 C of ternary forms. Special
focus lies in Hermitian and real symmetric representations of real forms.

A method to produce these representations over C goes back to Dixon,
[Dix02]. There he showed, that every ternary form that defines a smooth
projective curve admits a symmetric linear determinantal representations
over C. Many later results are based on or extend this method. For ex-
ample a classification can be found in [Vin89]. Of particular interest for
us is the case where all A, B and C are complex Hermitian or real sym-
metric and especially when in addition M(e) is positive definite for some
e ∈ R3. Fundamental work concerning this problem has been done in
[Vin93]. Also a more elementary treatment based on Dixon’s method to
produce definite Hermitian representations can be found in [PV13]. See
also [Vin12] for a survey on this topic.

The main aim of this section is to show how on the one hand the pre-
vious nonhomogeneous results can be used to proof the Helton-Vinnikov
Theorem on existence of definite real symmetric linear determinantal rep-
resentations of hyperbolic polynomials, and on the other hand to give an
idea on how to formulate a homogeneous version similar to what we did
previously in this section, particularly Main Theorem 3.22. Some compar-
ison of these two is provided in the next chapter, particularly in Sections
4.3 and 4.5.

Since the following serves more as a supplement rather than a central
result, we will omit standard definitions and results and assume some fa-
miliarity with the used geometric notions. Also in order to avoid technical
quibble we permit ourselves to be a bit vague in some parts.

3.4.1 Reformulating the Problem

Let F ∈ R[X, Y, Z]n and k ∈ {R, C}. We are interested in the study of
Hermitian linear determinantal representations M of F over k and the sig-
nature of M(e) for given e ∈ R3 with F(e) 6= 0.

8more precisely “over C[X, Y, Z]”
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However, to make the problem fit into our previous framework, we
reformulate it slightly. Namely instead we consider linear homogeneous
pseudo-Hermitian Z-spectral representations of F over k[X, Y], i.e repre-
sentations of the form

F = χAX+BY(Z) = det(Z1n − AX− BY)

where A, B ∈ pHern(k) are pseudo-Hermitian, i.e. selfadjoint with respect
a form 〈±1, . . . ,±1〉. We can reduce the previous problem to this one by

• a change of variables to obtain e = (0, 0, 1)

• replacing M by T∗MT for suitable invertible T ∈ kn×n and F by
|det T|2F such that M(e) = 1n,k, turning M into a linear pseudospec-
tral representation, see Remark 3.5.

• and then replacing the Hermitian or symmetric matrix M by the
pseudo-Hermitian matrix 1n,k M.

Obviously these steps are also reversible.

Remark 3.26. Let F ∈ k[X, Y, Z]n be monic in Z, σ a Hermitian form on kn

and S1, S2 ∈ k[X, Y]n×n homogeneous (σ-selfadjoint) spectral representa-
tions of F. If S1 and S2 are (σ-unitarily) similar over k[X, Y], then they are
already (σ-unitarily) similar over k. Namely if U ∈ k[X, Y] is a (σ-unitary)
similarity matrix between S1 and S2, then also U(0, 0) is, as follows easily
by comparing homogeneous components in an equation

S2 = U−1S1U

using that σ is constant.

The first thing we do now is to use Main Theorem 3.22 to get one ver-
sion of a proof of the Helton-Vinnikov Theorem. For an alternative more
direct proof see Main Theorem 3.34(c).

Main Theorem 3.27 (Helton-Vinnikov). Every ternary form F ∈ R[X, Y, Z]
that is hyperbolic with respect to e ∈ R3 admits a linear symmetric determinantal
representation over R that is positive definite at e.

Proof: Let F ∈ R[X, Y, Z]n be hyperbolic with respect to e ∈ R3. As noted
above, by a change of variables we can assume that e = (0, 0, 1) and F(e) =
1. Now F being hyperbolic with respect to e just means that for all α, β ∈ R
and v := (−α,−β, 0) we have that all roots of F(α, β, t) = F(te− v) ∈ R[t]
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are real, i.e. F is real rooted for X, Y in R2. In particular f := F(x, 1, t) ∈
R[x, t] is real rooted for x in R.

So by Corollary 3.23 there exists a symmetric spectral representation
S ∈ Symn(R[x]) of f . Since F is homogeneous and monic in Z, we get that
f is of total degree n and therefore s∞( f ) ≥ −1. See also Remark 3.6. Also
by Corollary 3.23 we thus get deg(S) = −s∞ ≤ 1, i.e. S is affine linear and
thus of the form

S = Ax + B

for some A, B ∈ Symn(R). Then M = 1nZ− AX− BY ∈ Symn(R[X, Y, Z])
is a symmetric linear determinantal representations that is positive defi-
nite at e, since M(e) = 1n. Note, that a simpler and more direct proof for
linearity of S is also given in [GKVW13, Lemma 4.3]. �

The same proof can be used to obtain Hermitian representations. We
then only need the much weaker and more elementary version of Main
Theorem 3.22(c) for the case k = C. This result has already been known
earlier, see [Dub85] and [Vin93]. For further elementary proofs of this
much simple case of Hermitian representations see also [PV13, Corollary
5.1] and [GKVW13, Theorem 4.1].

3.4.2 Representations of Sheaves and Behavior at Infinity

For the just presented proof of existence of linear real symmetric spectral
representations of hyperbolic polynomials we have considered an affine
version of the problem, thus completely separating the questions of be-
havior at infinity from the construction of these representations. The ar-
gument that is used for proving linearity is based essentially on Lemma
1.19, that nilpotent Hermitian matrices are zero, and therefore fails for
nonsymmetric representations. Another strategy, that also works in the
nonsymmetric case, is to encode the behavior at infinity directly into the
representation. We do that by extending the notion of a representation of
a ring (the coordinate ring of an affine curve) to that of a representation of
a sheaf of rings (the structure sheaf of a complete curve).

Lattices and Representations - a Sheaf Version Let (T ,OT ) be a real
curve9 over k ∈ {R, C}with function field K|k. In the following we restrict

9By that we mean either a real smooth curve, as defined in 2.3, or for the sake of being
able to state Lemma 3.29 also a plane projective curve defined over R as below, equipped
with an involution, “complex conjugation” on the points.
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ourselves to this case although the following notions may obviously be
generalized to a much bigger class of ringed spaces.

A (full) OT -lattice is a pair (V,M), where V is a finite dimensional K-
vector space, M a coherent OT -submodule of V, such that for all affine
U ⊆ T we have that (V,M(U)) is a (full) OT (U)-lattice. As usual, we
will mostly omit V in that pair and refer toM as an OT -lattice.

The notions of Hermitian OT -lattices and (∗-)representations of OT -
algebras, as well as isomorphisms are adapted to this case in the obvious
manner. The same holds for the notions ∆-modular and unimodular, if ∆
is a ∗-invariant OT -sublattice of K, i.e. an element of (Div k(T ))∗ in the
smooth case. Namely also here we say that a HermitianOT -lattice (M, σ)
is ∆-modular, if the morphism M → HomOT (M, ∆) induced by σ is a
semiisomorphism.

Let (S ,OS) be another real curve and π : S → T a finite, surjective
morphism of real curves10. Then by a representation of OS |OT we mean
a representation of the OT -algebra π∗OS , the direct image of OS .

Also here we use the notation Σ(∆) for the set of isomorphism classes
of ∆-modular Hermitian OS -lattices, as well as Ξ(OS |OT ) for the set
of isomorphism classes of unimodular ∗-representations of OS |OT , and
Ξ+(OS |OT ) the subset of totally positive definite ones.

And also in this case we say that an n-dimensional Hermitian OT -
lattice is pseudo-Euclidean, if it is isomorphic to (On

T , σn,k) for some k and
Euclidean, if in addition k = n.

Characterization of Linearity Let k be a perfect field. Let F ∈ k[X, Y, Z]n
be monic in Z and irreducible over the algebraic closure of k. We define the
dehomogenization f := F(x, 1, t) ∈ k[x, t], the function field L := K[t]/( f )
over k for K := k(x) and λ := t ∈ L. Moreover let (S ,OS) be the pro-
jective k-scheme associated to the graded k-algebra k[X, Y, Z]/(F). Then
its function field, the set of homogeneous degree 0 fractions of elements in
k[X, Y, Z]/(F) can be identified with L by sending X

Y
to x and T

Y
to λ.

The smooth curve (SL,OSL) that we defined in Chapter 2 is basically
the normalization of S , in particular they coincide if S is smooth. More-
over we fix the k-morphism π : S → P1 corresponding to the extension
k[X, Y, Z]/(F)|k[X, Y], where we consider P1 = P1

k as a the projective
k-scheme associated to k[X, Y]. We view A1 = A1

k = Spec k[x] embed-
ded into P1. This way we have P1 = A1 ∪ {∞}, OP1(A1) = k[x] and
π∗OS(A1) = k[x, λ].

10i.e. that compatible with the (possibly trivial) involution
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In addition we assume k is equipped with an involution and F ∈
k∗[X, Y, Z]. We extend it in the usual manner to all the above k-algebras.

Lemma 3.28. Fix the setup just introduced and let ϕ : L → Kn×n be a repre-
sentation of L|K on Kn. Then ϕ is a representation of OS |OP1 if and only if
ϕ(λ) ∈ Kn×n = k(x)n×n is polynomial in x of degree one.

Proof: ϕ being a representation ofOS |OP1 just means that k[x]n is invariant
under

k[x, λ] = π∗OS(A1)

and k
[

1
x

]n
is invariant under

k
[

1
x

,
λ

x

]
= π∗OS(P1 \ {0}).

This again is equivalent to

ϕ(λ) ∈ k[x]n×n

and
1
x

ϕ(λ) = ϕ

(
λ

x

)
∈ k

[
1
x

]n×n
.

And this just means that ϕ(λ) is polynomial in x and 1
x ϕ(λ) is polynomial

in 1
x , i.e. ϕ(λ) is of degree one in x. �

The following lemma can be seen as the homogeneous version of
Lemma 3.10 for linear selfadjoint Z-spectral representations of F over
k[X, Y] and ∗-representations of OS |OP1 .

Lemma 3.29. Again we assume we are in the situation of the previous lemma.

(a) We get the following correspondence
linear

Z-spectral representations
of F over k[X, Y]

←→
{

representations of OS |OP1

on On
P1

}

via the same map as in Lemma 3.10.

(b) A spectral representation S ∈ k[X, Y]n×n is normal over k[X, Y] if and only
if the corresponding representation ϕS is a representation of OSL |OP1 .
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(c) And if now σ is a regular Hermitian form on kn, then the bijection above
restricts to a bijection

linear σ-selfadjoint
Z-spectral representations

of F over k[X, Y]

←→
{
∗-representations of OS |OP1

on (On
P1 , σ)

}

(d) Also here both bijections are compatible with the respective notion of similar-
ity. Namely (selfadjoint) representations S1 and S2 are (σ-unitarily) similar
if and only if ϕS1 and ϕS2 are isomorphic as (∗-)representations of OS |OP1 .

Proof: For (a) and (c) adjust the proof of Lemma 3.10(a) and (c) and use
Lemma 3.28 for the characterization of linearity.

(b) By carefully homogenizing and dehomogenizing we get that S ∈
k[X, Y]n×n is normal over k[X, Y] if and only if S(x, 1) = xS(1, 1

x ) ∈ k(x)n

is normal over both k[x] = OP1(A1) and k[ 1
x ] = OP1(P1 \ {0}), which

again just means that it is normal over OP1(U) for all affine U ⊆ P1. Now
we can just use Lemma 3.10(b) locally.

(d) Also this is just an adaptation of Lemma 3.10(d). We just have to
note, that matrices describing automorphisms of On

P1 are already constant
and that the same can be assumed for matrices witnessing (σ-unitary) sim-
ilarity of homogeneous (σ-selfadjoint) matrices, see Remark 3.26. �

Modularity and the Scharlau Transfer

Remark 3.30. If (M, σ) is a unimodular OT -lattice, then we get a Hermi-
tian form

σ : M(T )×M(T )→ OT (T ) = k

i.e. σ takes constant values on global sections. However, the restriction
of σ toM(T ) need not be a regular form over k. See Theorem 3.33 for a
special case of this problem.

The following is the sheaf version of Proposition 1.22 about the Schar-
lau transfer for ∗-representations.

Proposition 3.31. Let π : S → T be a morphism of real smooth curves over
k ∈ {R, C} with corresponding extension of function fields L|K. Let Tr :=
TrL|K ∈ Lν

∗ be the trace functional, as well as ∆ := ∆(L|K) the different divisor.
Then the Scharlau transfer induces a bijection

Tr∗ : Σ(∆)→ Ξ(OS |OT )
(M, σ) 7→ (π∗M, Tr∗ σ)
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Proof: We just apply Propositions 1.21 and 1.22 locally to get a sheaf version
for unimodular ∗-representations of π∗OS |OT . The only additional thing
we have to do for the surjectivity is to convince ourselves that we can “pull
back” a coherent π∗OS -module M0 to obtain a coherent OS -module M
such thatM0 = π∗M, see Remark 2.2. �

Corollary 3.32. Assume we are in the same situation as the previous proposition.
Let E ∈ Div L and c ∈ L×∗ . Then the following are equivalent

(a) E∗ + E = ∆ + (c)L.

(b) The 1-dimensional Hermitian OS -lattice (IE, 〈c〉) is ∆-modular.

(c) The [L : K]-dimensional Hermitian ∗-representation (π∗IE, cτ) of OS |OT
is unimodular.

Proof: The equivalence of (a) and (b) follows locally11 from Proposition
3.21(a), which then says for affine U ⊆ S that the lattice (IE(U), 〈c〉) is
∆(U)-modular if and only if cI(U)∗I(U) = ∆(U). And the equivalence
of (b) and (c) follows from Proposition 3.31. �

3.4.3 Linear Spectral Representations of Ternary Forms

Let k ∈ {R, C}, P1 = P1
k and π : S → P1 a morphism of real smooth

curves over k with function fields L := k(S) and K := k(x) = k(P1) as
well as τ := τL|K the corresponding trace form.

As in Lemma 2.10 we define Fp := ConL|K(p) ∈ (Div L)∗ for p ∈
P1(R), i.e. the sum of all points that lie above p via π with the accord-
ing multiplicity. In the plane case where π is the projection onto the x-axis
it can be thought of as the intersection of the curve S with the vertical line
trough p.

Theorem 3.33. Assume S(R) 6= ∅ and p ∈ P1(R). Let Θ ∈ Div L be a
Hermitian theta divisor and c ∈ L×∗ such that

Θ∗ + Θ = ∆(L|K)− 2Fp + (c)L

as we get from Lemma 2.10(a). Define E := Θ + Fp. Then the following are
equivalent:

11using e.g. Remark 2.1
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(a) `(Θ) = 0.

(b) L (E) generates L as a K-vector space.

(c) The constant Hermitian form cτ|L (E) over k is regular.

(d) The Hermitian OP1-lattice (π∗IE, cτ) is pseudo-Euclidean.

(e) The OP1-module π∗IE is isomorphic to On
P1 .

Proof: (a)⇒(b): Since both (a) and (b) are invariant under base change, we
can assume k = C. Now let (a) hold. First we note, that from Lemma 2.10
we now get immediately that `(E|Θ) = n. By possibly replacing p we can
further assume12 that L|K is unramified over p, i.e. Fp = q1 + · · ·+ qn for
n distinct points qi ∈ S with π(qi) = p. Since for every i ∈ {1, . . . , n}

n = `(E|Θ) = ` (E|(Θ + qi))︸ ︷︷ ︸
≤(n−1)

+` ((Θ + qi)|Θ)

we get that 0 6= ` ((Θ + qi)|Θ). That means for every i we can choose
bi ∈ L (Θ + qi) \L (Θ). But this implies, that

vqi(bi) < vqi(bj)

for all i, j ∈ {1, . . . , n} with i 6= j. Then we easily get the K-linear inde-
pendence of b1, . . . , bn. Namely let a1, . . . , an ∈ K not all be zero. Choose
i ∈ {1, . . . , n} such that vp(ai) is minimal. Then

vqi(aibi) = vp(ai) + vqi(bi) < vp(aj) + vqi(bj) = vqi(ajbj)

for all j 6= i. In particular vqi(∑j ajbj) = vqi(aibi) 6= ∞ and thus ∑j ajbj 6= 0.

(b)⇒(c): This form is indeed constant by Remark 3.30 since (π∗IE, cτ) is
unimodular by Corollary 3.32. If now b1, . . . , bn ∈ L (E) are a K-basis of L
then for V := spank{b1, . . . , bn} the Gram determinant

Gramcτ|V (b1, . . . , bn) = Gramcτ(b1, . . . , bn)

is nonzero and thus cτ|V is regular. Moreover V = L (E), because other-
wise there would exist w ∈ L (E) \V with w orthogonal to V with respect
to cτ|L (E), which is impossible, since cτ is regular and b1, . . . , bn a K-basis
of L.

12replacing Θ by Θ′ := E− Fp′ ≡ Θ for any p ∈ P1(R) does not change the assumption
of (a), since `(Θ) = `(Θ′).



88 CHAPTER 3. SELFADJOINT SPECTRAL REPRESENTATIONS

(c)⇒(d): Let cτ|L (E) be regular. By Lemma 2.10 we know `(E) ≥ n, so
there exists an n-dimensional regular subspace V ⊆ L (E). Let b1, . . . , bn
be a k-basis of V. Then their Gram determinant

Gramcτ(b1, . . . , bn) = Gramcτ|V (b1, . . . , bn)

is nonzero, and thus b1, . . . , bn are even K-linearly independent, acciden-
tally proving (b). And by the same argument as in (b)⇒(c) we even get
V = L (E). For the isomorphism

ϕ : Kn → L

α 7→∑
i

αibi

the pulled back form σ := cτ ◦ ϕ is regular and constant, i.e. defined over
k, which implies that (On

P1 , σ) is unimodular. Also (π∗IE, cτ) is unimod-
ular by Corollary 3.32. We check that the isometry ϕ between σ and cτ is
also an isomorphism betweenOn

P1 and π∗IE, which then proves the claim.
Since b1, . . . , bn are global sections of IE and thus also of π∗IE we get

that On
P1 is mapped to a subsheaf of π∗IE via ϕ. Dualizing via cτ reverses

the inclusion and since both π∗IE and ϕ(On
P1) are selfdual with respect to

cτ, this shows that in fact ϕ(On
P1) = π∗IE.

(d)⇒(e): By definition.

(e)⇒(a): As before we can assume that π is unramified over p and in ad-
dition vq(E) = 0 = vq(c) for all points q ∈ S above p. In other words the
support of Fp is disjoint to that of E and (c)L. In particular c is a unit in the
integral closure B of Op in L. With this and by choosing an Op-basis of B
it is easy to check13 that the following diagram commutes:

B B/Bmp

Op κ(p)

$

cτ cτ

$|Op

where τ denotes the trace form of B/Bmp over κ(p) = k and $ the residue
map. If now π∗IE

∼= On
P1 there exists a k-basis b1, . . . , bn of the global sec-

tions π∗IE(P
1) = IE(S) = L (E) that is also a K-basis of the generic stalk

L. Since cτ is regular and b1, . . . , bn a basis of L their Gram determinant

Gramcτ(b1, . . . , bn)

13using the very definition of the trace form
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is nonzero. But since b1, . . . , bn are global sections of IE, it is also constant
by Remark 3.30, since (π∗IE, cτ) is unimodular by Corollary 3.32. Due to
the commutativity of the above diagram this means it coincides with

Gramcτ(b1, . . . , bn)

which is therefore also nonzero. Hence b1, . . . , bn must be k-linearly inde-
pendent. Since b1, . . . , bn are a k-basis of L (E) this means the restriction
$|L (E) is injective, hence

{0} = ker $|L (E) = ker $ ∩L (E)
(∗)
= L (E− Fp) = L (Θ)

where for (∗) we use that the support of Fp is disjoint to that of E. That
means `(Θ) = 0 as desired. �

Setup Now we put everything together in order to characterize lin-
ear pseudo-Hermitian spectral representations of ternary forms similar to
some of the results in [Vin93]. For this we fix the following setup. Let
F ∈ R[X, Y, Z]n monic in Z, irreducible over C. Let k ∈ {R, C} and
P1 = P1

k = SK, where K := k(x). We define f = F(x, 1, t) ∈ k[x, t]
and L = K[t]/( f ) and the real smooth curve S := SL, the normalization
of the plane projective curve defined by F. Moreover denote τ := τL|K
the trace form of L|K, ∆ := ∆(L|K) its different divisor and π : S → P1

the corresponding morphism of real smooth curves. As above we define
Fp := ConL|K(p) ∈ (Div L)∗ for p ∈ P1(R).

The role of the sets H(∆) and H+(∆) and their quotients by F(B) and
F±(B) that describe the pseudo-Hermitian and Hermitian spectral repre-
sentations in Main Theorem 3.22 are now in the global version replaced by
the somewhat “cleaner”

h−1([∆]) = { [D] ∈ C̀ L | h[D] = [∆] } = { [D] | D∗ + D ≡ ∆ }

and

(h+)−1([∆]+) = { [D] ∈ C̀ L | h+[D] = [∆]+ } = { [D] | D∗ + D ≡+ ∆ }.

For a comparison of these objects see Proposition 4.1. Moreover we use the
same notation Ξn(OS |OP1) and the according definition of isomorphism
classes modulo sign of n-dimensional unimodular ∗-representations as in
the proof of Main Theorem 3.22(a).

In the following we will assume that S has a real point. It needs some
additional attention to check, which results can be carried over to the case
where S(R) = ∅, but for simplicity we leave it out.
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Main Theorem 3.34. Assume S(R) 6= ∅ and p ∈ P1(R).

(a) The isomorphism classes modulo sign of n-dimensional unimodular ∗-
representations of OS |OP1 correspond bijectively to h−1([∆]) ⊆ C̀ L via
the map

h−1([∆])→ Ξn(OS |OP1)

[E] 7→ (π∗IE, cτ) if E∗ + E = ∆ + (c).

(b) There exist unimodular n-dimensional ∗-representations of OS |OP1 .

(c) The equivalence classes of normal linear pseudo-Hermitian spectral represen-
tations of F over k[X, Y] correspond bijectively to those [E] ∈ h−1([∆]) for
which the Hermitian theta divisor Θ := E − Fp has no global sections, i.e.
`(Θ) = 0.

(d) The set h−1
+ ([∆]+) is nonempty if and only if ∆ is even in all real points.14

(e) There exist linear Hermitian spectral representations of F over k[X, Y] if
and only if F is hyperbolic with respect to e = (0, 0, 1). In that case their
equivalence classes correspond bijectively to h−1

+ ([∆]+) ⊆ C̀ L, since for all
[E] ∈ h−1

+ ([∆]+) we have `(E− Fp) = 0.

Proof: (a) As for Proposition 3.21 we define

H(∆) := { (E, c) ∈ Div L× L×∗ | E∗ + E = ∆ + (c)L }

and the subgroups

F(L) := { ((e)L, eh) | e ∈ L× }

F±(L) := { ((e)L,±eh) | e ∈ L× }
of Div L× L×∗ to first get a bijection

H(∆)/F(L)→ Σ1(∆)

(E, c) 7→ (IE, 〈c〉)

by locally applying Proposition 3.21(a). Combining this with the Scharlau
transfer, Proposition 3.31, we get the bijection

H(∆)/F(L)→ Ξn(OS |OP1)

(E, c) 7→ (π∗IE, cτ)

14By Dedekind’s Different Theorem 1.32 this is equivalent to π being evenly ramified
i.e. having odd ramification index, in all real points in S(R).
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See also Corollary 3.32. Now by factoring out {±1} as in the proof of Main
Theorem 3.22(a) we get a bijection

H(∆)/F±(L)→ Ξn(OS |OP1) (1)

As opposed to the affine case, for E ∈ Div L and c ∈ L×∗ with E∗ + E =
∆ + (c)L the element c is determined not only up to a unit in the affine
coordinate ring, but up to a real constant, i.e. plus/minus a square in R×.
That means that the homomorphism

H(∆)/F±(L)→ h−1([∆]) (2)

(E, c) 7→ [E]

is actually an isomorphism. Combining (1) and (2) gives the desired result.

(b) Theorem 2.11 just says that h−1([∆]) is nonempty. From this and (a)
we get the claim.15

(c) Following the same argumentation as in Main Theorem 3.22(a) we
get from Lemma 3.29 that the equivalence classes of normal linear pseudo-
Hermitian spectral representations over k[X, Y] correspond bijectively to
those elements of Ξn(OS |OP1) that are pseudo-Euclidean. However, as
opposed to the affine case, where unimodular lattices over k[x] are auto-
matically pseudo-Euclidean by the theorem of Harder and Djoković, we
have the additional condition on the global behavior. Namely if [E] ∈
h−1([∆]), i.e. E∗ + E = ∆ + (c)L for (sufficiently unique) c ∈ L×∗ , then by
Theorem 3.33 (π∗ID, cτ) is pseudo-Euclidean if and only if `(E− Fp) = 0.
From this observation combined with (a) the claim follows.

(d) This is again just a consequence of Theorem 2.4.

(e) The proof is very similar to that of Main Theorem 3.22(d) with the
crucial difference that we have to take (b) into account. The “only if” part
is the obvious one and follows again from Lemma 1.17.

Now let F be hyperbolic with respect to e = (0, 0, 1). Then just as in
Main Theorem 3.22(d) we get that L|K is totally ∗-real, since f = F(x, 1, t)
is real rooted for x in R. And also in the same way we get that L|K is
unramified in real points by Lemma 1.33. Hence by Lemma 1.31 there are
no real points in the support of ∆. Now we get h−1

+ ([∆]+) is nonempty by
(d).

15Note that in case k = R the assumption S(R) 6= ∅ is important. For F = Z2 + X2 +
Y2 we would get ∆ /∈ im 2 by Theorem 2.4(b) since deg ∆ = 2. Also in [Vin93] this is
used as an example for a form that does not admit a linear real symmetric determinantal
representation.
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Locally applying Proposition 3.21(b) and combining it with the argu-
ment in (a) only for definite forms we get a bijection

h−1
+ ([∆]+)→ Ξ+

n (OS |OP1).

Using (b) we now just have to show that for all [E] ∈ h−1
+ ([∆]+) we have

`(E− Fp) = 0. But this follows easily from Theorem 3.33 (c)⇒(a). Namely
for c ∈ ∑ Lh with E∗ + E = ∆ + (c)L the corresponding form cτ is totally
positive definite and therefore anisotropic. Thus its restriction to L (E) is
again anisotropic, in particular it is regular. �



Chapter 4

Concluding Remarks

4.1 Obtaining Real Symmetric from Complex
Hermitian Representations

It is known and not hard to see, that if S1 = A + iB ∈ Hern(C[x]) (A, B ∈
R[x]n×n) is a spectral representation of f ∈ R[x], then

S2 :=
(

A −B
B A

)
∈ Symn(R[x])

is a spectral representation of f 2. See for example [PV13, Corollary 5.1]
where this argument is used give an elementary proof that every three-
dimensional hyperbolicity cone is spectrahedral. We now want to explain
how this fits into our framework, particularly Proposition 3.21. Assume
f ∈ R[x, t] irreducible, of degree n in t and real rooted for x, as in Main
Theorem 3.22. Now we define A := R[x], K := R(x), L := C(x)[t]/( f )
and B the integral closure of A in L. So the involution of the ∗-algebra L
over K is nontrivial and of the first kind, i.e. trivial on K. It is not hard
to see that the codifferent ideal of B|A is the same as that of B|A[i], since
A[i]|A is unramified, see also Lemma 2.7, i.e.

∆ := ∆′(B|A) = ∆′(B|A[i]) ∈ I(B).

Now assume we have produced the Hermitian spectral representation
S1 ∈ Hern(C[x]) from a pair (I, c) ∈ H+(∆) as in Main Theorem 3.22(d).
Then Proposition 3.21(b) tells us that this pair also gives rise to a 2n-
dimensional totally positive definite1 unimodular ∗-representation of B|A
and hence a symmetric spectral representation of f 2.

1See the η = 2 case in Corollary 1.30.

93
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Let us make this more explicit. Assume b1, . . . , bn is an orthonormal
A[i]-basis of (I, cτL|K[i]) from which we got S1. Then for a := 1√

2
we get

that
1√
2

b1, . . . ,
1√
2

bn,
i√
2

b1, . . . ,
i√
2

bn

is an orthonormal A-basis of (I, cτL|K) via which we get the representing
matrix S2 as constructed above from S1.

4.2 Smoothness

The question of smoothness of the plane (affine or projective) curve de-
fined by the polynomial whose determinantal representations we inves-
tigated did not play a role in the previous since we just work over the
normalization. However, there are a few aspects that we want to note.

First of all, if in the situation of Main Theorem 3.22 the affine curve in
A2 defined by f is smooth, then A[t]/( f ) is already integrally closed in
L and thus coincides with B.2 In particular every spectral representation
of f over A is normal by Lemma 3.10(b), so Main Theorem 3.22 gives a
complete description of pseudo-Hermitian and pseudosymmetric repre-
sentations. Moreover, the different ideal of B|A is very easily described.
Namely ∆(B|A) = ( f ′(t))B by Euler’s Lemma 1.34.

If the curve defined by f is not smooth, then we have two obvious ways
to obtain spectral representations of f . One is to restrict to normal repre-
sentations of f , as done in Main Theorem 3.22. However, there might be
nonnormal representations of f , i.e. ∗-representations of A[t]/( f )|A that
do not extend to B, so they are not covered by what we have developed so
far. Another way is to approximate f by a sequence of polynomials that
defines a smooth curve and then take a converging subsequence of deter-
minantal representations, whose limit is a determinantal representation of
f . At least this approach works in case of definite Hermitian representa-
tions. This approach is for example done in [PV13] or [Han14].

4.3 Homogeneous vs Nonhomogeneous

The reason why the study of linear homogeneous pseudo-Hermitian spec-
tral representations over k[X, Y] is more difficult than that of not neces-

2This also makes the proof of existence of representations somewhat easier, as ex-
plained in Section 4.4.
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sarily linear representations over k[x] lies in the question of global be-
havior, namely whether certain unimodular ∗-representations are pseudo-
Euclidean and therefore give rise to spectral representations. This is the
point where the techniques really differ between the homogeneous and
nonhomogeneous approach.

In the affine case we have that every lattice over k[x] is free, i.e. isomor-
phic to a sum of copies of k[x]. This is an important basic observation for
the Theorem 1.24 of Harder and Djoković which states that every unimod-
ular lattice over k[x] is isomorphic to (k[x]n, σ) for some n and constant
form σ on kn, i.e. pseudo-Euclidean in the case k ∈ {R, C}.

It is really this first point that fails in the global case. Not every lattice
M over OP1

k
is isomorphic to a sum of copies of OP1

k
. However, if it is,

then for every Hermitian form $ making (M, $) unimodular, the latter is
already isomorphic to (On

P1 , σ) for some n and a constant form σ on kn,
i.e. in the case k ∈ {R, C} it is again pseudo-Euclidean. This follows quite
easily from Remark 3.30.

Although the items (a), (b) and (d) in Theorem 3.33 are completely in-
dependent of any Hermitian form, the question of global behavior of the
lattices in question is characterized by equipping it with a suitable Hermi-
tian form making it unimodular. And it is item (c) that makes the proof of
Euclideanness in Main Theorem 3.34(e) very easy, using the trivial but es-
sential observation, that definite forms are always anisotropic. This is also
one of the crucial arguments in Subsection 1.5.2 about basic properties of
Hermitian matrices.

Besides the rather subtle difference that we just described, there are
more differences on the level of unimodular ∗-representations, that are
more of the flavor of the exact sequence in Remark 2.1. In the following
we have a closer look on these and notice, that in the hyperbolic case both
approaches yield the same results. It is quite technical but we try to explain
the main conclusion in Remark 4.2.

The classes of ∗-representations we consider in Main Theorem 3.22 cor-
respond to the set H(∆′(B|A))/F±(B) which is nonempty and therefore
obviously forms a torsor over

G(B) := H(B)/F±(B)

Moreover, if H+(∆′(B|A))/F(B) is nonempty it is a torsor over

G+(B) := H+(B)/F(B)

which embeds into G(B). We want to compare these torsors to their global
counter part in Main Theorem 3.34, namely the set h−1([∆(L|K)]) which is
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a torsor over
h−1({0}) = (C̀ L)h

and if h−1
+ ([∆(L|K)]+) is nonempty it is a torsor over

h−1
+ ({0}) = (C̀ L)h+

In order to study the relation between the homogeneous and nonhomoge-
neous approach, we have a look at the canonical map

(C̀ L)h → G(B)

So in the following we fix the setup of Main Theorem 3.34 except that
we distinguish the cases k = R and k = C. Therefore we use a “̂” to
decorate all objects corresponding to the curve over C. We set A := R[x] =
OA1

R
(A1

R) and accordingly Â := C[x] = OA1
C
(A1

C). We take the affine
chart

U := π−1(A1
R) = { p ∈ SL | vp(x) ≥ 0 }

such that B := OSL(U) is the integral closure of A in L as in Main Theorem
3.22 and accordingly

Û := π̂−1(A1
C) = { p ∈ SL̂ | vp(x) ≥ 0 }.

such that B̂ := OSL̂
(Û) is the integral closure of Â in L̂. As in the homoge-

neous case we assume S(R) 6= ∅. Moreover denote γ1, . . . , γr the different
components of S(R). See Section 2.4

Proposition 4.1. We fix the just described setup.

(a) There is a commutative diagram3 with exact rows

0 (C̀ L)2 G(B) 2S∞ 2r 0

ZS∞\S(R) (C̀ L̂)h G(B̂) 2S∞(R) 2r 0

$ δ β

η̂ $̂ δ̂ β̂

(b) The preimages of G+(B̂) and G+(B) via the horizontal maps are (C̀ L̂)h+
and (C̀ L)2+ , respectively.

(c) If F is hyperbolic with respect to e we have isomorphisms horizontally and
embeddings vertically:

3We write 2 as an abbreviation for Z/2Z.
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(C̀ L)2+ G+(B)

(C̀ L̂)h+ G+(B̂)

∼=

∼=

Proof: The vertical maps are the natural ones. (a) We define the following
map

$̂ : (C̀ L̂)h → G(B̂)

[E] 7→ (IE(Û), e)

where e ∈ L× is chosen such that E∗ + E = (e)L̂. The map is well defined,
since e is determined up to plus/minus a square. See also the proof of
Main Theorem 3.34(a).

We claim that the kernel of $̂ consists of those classes of antisymmet-
ric divisors that are supported at infinity. These can be parametrized by
ZS∞\S(R) in the following way: For p ∈ S∞ \ S(R) pick p̂ ∈ Ŝ with p̂|p.
Then we define

η̂ : ZS∞\S(R) → C̀ L̂

by setting η̂(p) := p̂∗ − p̂ and extending it linearly. Clearly im η̂ ⊆ ker $̂.
To check the other inclusion take [E] ∈ ker $̂. So for e ∈ L× with E∗ + E =

(e)L̂ we have (IE(Û), e) = ((g−1)B̂,±g∗g) for some g ∈ L̂×, so E∗ + E =

(g∗g)L̂. So replacing E by E + (g−1)L we can assume that IE(Û) = B, i.e.
E is supported at infinity, and E∗ + E = 0, i.e. E is antisymmetric. That
means [E] lies in the image of η̂.

Analogously we define

$ : (C̀ L)2 → G(B)

[E] 7→ (IE(U), e)

in a similar manner. So the second square commutes. Exactness at (C̀ L)2,
i.e. injectivity of $, is easier. Namely for [E] ∈ ker $ with 2E = (e)L
and (IE(U), e) = ((g−1)B,±g2) we get 2E = (g2)L and therefore [E] =
[(g)L] = 0. We define

δ̂ : G(B̂)→ (Z/2Z)S∞(R)

(I, e) 7→ ∑
p∈S∞(R)

vp(e)p
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Note that the value on the right hand side only depends on the class (I, e).
To show exactness at G(B) let (I, e) ∈ G(B), i.e. I ∈ I(B) and e ∈ L×∗ with
eI∗ I = B. Then we can extend the ideal I at infinity to a divisor E ∈ Div L̂
with E∗ + E = (e)L̂ (i.e. (I, e) ∈ im $̂) if and only if the order of e at every
real point at infinity is even, i.e. (I, e) ∈ ker δ̂.

Now we do a similar thing for the real case and define

δ : G(B)→ (Z/2Z)S∞

(I, e) 7→ ∑
p∈S∞

vp(e)p

To show exactness here let (I, e) ∈ G(B), i.e. I ∈ I(B) and e ∈ L× with
eI2 = B. Then we can extend the ideal I at infinity to a divisor E ∈ Div L
with 2E = (e)L (i.e. (I, e) ∈ im $) if and only if the order of e at every point
at infinity is even, i.e. (I, e) ∈ ker δ.

For p ∈ S∞(R) we set β̂(p) := i ∈ {1, . . . , r} such that p lies in the
component γi. We extend it linearly to

β̂ : (Z/2Z)S∞(R) → (Z/2Z)r.

If (I, e) ∈ G(B̂), i.e. I∗ I = (e)B̂, then obviously vp(e) is even for all p ∈
U ∩ S(R). Since by Lemma 1.13 the sum of orders of zeros/poles on every
component is even, we get for every i

∑
p∈S∞(R)∩γi

vp(e) ∈ 2Z

and therefore β̂(δ((I, e))) = 0. This shows that im δ̂ ⊆ ker β̂. For the other
inclusion take a ∈ (Z/2Z)S∞(R) with β̂(a) = 0. By Theorem 2.8 we get
that there exists a function e0 ∈ L× whose only real zeros and poles lie at
infinity S∞(R) with the parity given by a, i.e.

vp(e0) =

{
ap if p ∈ S∞(R)
0 if p ∈ S(R) ∩U

But then (e0)B̂ ∈ im h+ by Corollary 2.6, i.e. there exists I ∈ I(B̂) and
g ∈ ∑ L2 such that e0gI∗ I = B̂, i.e. for e := e0g we have (I, e) ∈ G(B̂).
Moreover we also have β̂((I, e)) = a since vp(e) ≡ vp(e0) modulo (2) for
all p ∈ S(R). This shows the other inclusion ker β̂ ⊆ im δ̂.
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The real case is similar but with an additional step. We just define

β : (Z/2Z)S∞ → (Z/2Z)r

such that the diagram commutes, i.e. we take the canonical projection
(Z/2Z)S∞ → (Z/2Z)S∞(R) and compose it with β̂. The first inclusion
im δ ⊆ ker β follows directly from the commutativity of the diagram. Now
let a ∈ (Z/2Z)S∞ with β(a) = 0. In the first step we proceed exactly the
same way to get e1 ∈ L× and I1 ∈ I(B) such that

vp(e1) =

{
ap if p ∈ S∞(R)
0 if p ∈ S(R) ∩U

and e1 I2
1 = B, using the much stronger version of Corollary 2.6 for k = R.

Now we have to take care of the nonreal points at infinity. Therefore we
define

D := ∑
p∈S∞\S(R)

ap − vp(e1)

Since D is supported on nonreal points only, we can use Theorem 2.4(a) to
get a divisor E ∈ Div L and g ∈ ∑ L2 such that 2E = D + (g)L. Now we
set J := IE(U) ∈ I(B) and get gJ2 = B since D is supported at infinity. So
for I := J I1 and e := ge1 we have

eI2 = ge1 J2 I2
1 = B

so (I, e) ∈ G(B) and

vp(e) = vp(e1) + vp(g) ≡ vp(e1) + vp(D) = ap mod (2)

for p ∈ S∞ \ S(R) and vp(e) ≡ vp(e1) = ap modulo (2) for p ∈ S∞(R).

That means δ
(
(I, e)

)
= a. This again shows the other inclusion, ker β ⊆

im δ.

(b) This is clear from the very definition.

(c) Let F be hyperbolic with respect to e. Then S∞ = S∞(R), i.e. S∞ \
S(R) is empty. From this and (a) follows injectivity of the horizontal maps.
Functions e ∈ ∑ L2 have only real zeros/poles of even order. This together
with (a) and (b) gives surjectivity. Since already C̀ L→ C̀ L̂ is injective we
get injectivity of the left vertical map. And the injectivity of the right one
follows due to commutativity and the horizontal isomorphisms. �



100 CHAPTER 4. CONCLUDING REMARKS

Remark 4.2. We want to give a few hints on what we can read from the
above Proposition. The most notable difference between the homoge-
neous and nonhomogeneous version is the existence of nonlinear pseudo-
Hermitian spectral representations of f = F(x, 1, t) that we get from the
nontrivial cokernel of the map (C̀ L̂)h → G(L̂), for which an example can
be found in Remark 4.3. Also in Section 4.5 there is an illustration of this
and the connection to the topology of the real locus. Also nonlinear rep-
resentations of f can arise in a more subtle way, namely from unimodu-
lar ∗-representations of OS |OP1 that do not satisfy the condition in Main
Theorem 3.22(c) and therefore do not give rise to a homogeneous spectral
representation of F over k[X, Y].

Moreover possible noninjectivity of the map (C̀ L̂)h → G(B̂) would
mean that there are linear pseudo-Hermitian spectral representations
S1, S2 ∈ C[X, Y]n×n of F that are nonequivalent over C[X, Y] but the rep-
resentations S1(x, 1), S2(x, 1) ∈ C[x]n×n of f are equivalent over C[x].
This however, cannot happen for pseudosymmetric representations over
R[X, Y], as follows from the injectivity of (C̀ L)2 → G(B).

However, (c) tells us that for hyperbolic F and Hermitian spectral rep-
resentations the two approaches yield exactly the same. This give some
further insight in why our first proof of the Helton-Vinnikov Theorem 3.27
works the way it does. Note that one crucial argument that both proofs
have in common and that distinguishes them from the pseudo-Hermitian
case, is the fact that positive definite Hermitian forms are anisotropic. See
the proof of Main Theorem 3.34(e), as well as Lemma 1.19, which is needed
for Lemma 3.8.

One more aspect that we want to mention is that for hyperbolic F the
map G+(B) → G+(B̂) is injective and therefore normal symmetric spec-
tral representations of f over R[x] that are equivalent over C[x] are already
equivalent over R[x]. This is not clear for pseudosymmetric representa-
tions. However, the study of the kernel of the map G(B) → G(B̂) would
require a further (Galois cohomological) analysis of the group of units of
B̂, which lies beyond the scope of the present work.

4.4 Existence of pseudo-Hermitian representa-
tions

Let k ∈ {R, C}. Our proof of existence of pseudo-Hermitian spectral rep-
resentations of polynomials over k[x] and unimodular ∗-representations
of OS |OP1 for the corresponding curve S as in our Main Theorems 3.22
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and 3.34 required some theory about the parity of ramification on each
real component, namely Theorem 2.11. But at least in the affine case we
can avoid this. Namely by Remark 1.35 for every f ∈ k[x, t] monic of
degree n in t there exists an n-dimensional unimodular ∗-representation
of B|A where A = k[x] and B = A[t]/( f ). Just as before we thus get a
pseudo-Hermitian spectral representation of f over k[x] from this. And
if f is irreducible and the plane curve defined by f is smooth, then this
representation is normal and we don’t make any use of the just mentioned
theory. However, the type of this representation is always as small as pos-
sible, 0 or 1, depending on deg f . Namely the derivative of a univariate
real polynomial always changes sign between to consecutive zeros. That
means that the signature of ν̂ in Lemma 1.34 is 0 or 1 as follows by (a) of
that Lemma and Corollary 1.29.

Another case where the theory behind Theorem 2.11 is not required is
the case of real rooted and hyperbolic polynomials, since there is no real
ramification at all.

However, except for the case of hyperbolic polynomials we are not able
to prove the existence of any linear pseudo-Hermitian spectral represen-
tation of F over C[X, Y] with the methods used here. It requires deeper
arguments involving the geometric nature of the Jacobian of the curve in
question. For any results on this we refer to [Vin93].

4.5 Representations of Maximal Signature

Finally we want to address the question on what the maximal type of a
pseudo-Hermitian or pseudosymmetric spectral representation S of f ∈
R[x, t] can be, i.e. the maximal signature of a pseudo-Euclidean form σ
such that there exists a σ-selfadjoint spectral representation. The answer
depends strongly on where we allow S to have poles and the topology of
the curve with these points removed.

If we want S ∈ Symn(R(x)) without any further restriction, we have
seen in Theorem 3.17 that this maximal signature equals the minimal num-
ber k such that for every α ∈ R the polynomial f (α, t) ∈ R[t] has at least
k real zeros. That means by allowing arbitrary poles in the representa-
tion the result does not depend on the particular topology of the real locus
of the curve defined by f , but only on the number of real zeros. This
changes as soon as we require S to have polynomial entries and possibly
even (affine) linear ones.

We want to illustrate this in combination with Proposition 4.1 by giving



102 CHAPTER 4. CONCLUDING REMARKS

the following degree 4 examples. We define the forms

F1 = (2X2−YZ− 2Z2)(X2−YZ− 3Z2) + 0.03(0.5Y + 2Z)4 ∈ R[X, Y, Z]4

and

F2 = (X2 + Y2 − Z2)((X + 2Z)2 + Y2 − 0.3Z2) + 0.1Z4 ∈ R[X, Y, Z]4

Denote S1 and S2 the smooth real projective curve defined by F1 and
F2 respectively, π : Si → P1, [x : y : z] 7→ [x : y] the projection onto the
“x-axis” and Ui := π−1

i (A1), the affine (Y 6= 0)-chart, so that Ui is the
affine curve defined by fi := Fi(x, 1, z). Moreover we define Li := Si and
τi := τLi|R(x). The (Z 6= 0)-charts show how the topology of the sets of
real points of S1 and S2 look like in relation to the “origin” e = [0 : 0 : 1],
as shown in Figure 4.1. One of the two ovals of S2(R) encloses the origin,

F1(x, y, 1) = 0 F2(x, y, 1) = 0

Figure 4.1: (Z 6= 0)-chart of S1(R) and S2(R)

i.e. the point [0 : 0 : 1]. However the only oval S1(R) consists of does not
enclose the origin.

The Nonhomogeneous Case The topological difference becomes much
less notable as soon as we change our point of view to Ui, i.e. we basically
cut along the (Y = 0)-line by moving it to infinity as shown in Figure 4.2.
Topologically these pictures are the same in the sense that there exists a
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U1 = { f1(x, z) = 0} U2 = { f2(x, z) = 0}

Figure 4.2: (Y 6= 0)-chart of S1(R) and S2(R)

homeomorphism ϕ : U1(R) → U2(R) such that π1 = π2 ◦ ϕ. We could
say U1(R) are U2(R) are homeomorphic over A1(R).

We claim that both polynomials f1 and f2 admit a pseudosymmetric z-
spectral representations of type 2 over R[x], i.e. matrices S1, S2 ∈ R[x]4×4,
that are σ4,2-selfadjoint such that

fi = det(z14 − Si).

For this we take ei ∈ L×i with sign changes on Ui exactly at the two real
ramification points of πi and positive definite on those two connected
components of Ui(R) that project surjectively onto A1(R) or in other
words those that pass from −∞ to ∞. This can be done e.g. using The-
orem 2.8(c). Figure 4.3 gives a possible sign distribution for e1 and e2
that satisfy these conditions. Denote Bi := OSi(Ui) the coordinate ring
of the affine curve. The the ideal ei∆′(Bi|R[x]) is even in all real primes
by Theorem 1.32 and therefore it is a square in the narrow class group
C̀ + Bi by Corollary 2.6, i.e. there exist gi ∈ ∑ L2

i and Ii ∈ I(Bi) such that
gi I2

i = ei∆′(Bi|R[x]). In particular the ∗-representation (Ii, ciτi) of Bi|R[x]
is unimodular for ci = gi

ei
by Proposition 3.21. By Corollary 1.29 it has

signature 2 and therefore gives rise to a pseudosymmetric spectral repre-
sentations Si of type 2 of fi over R[x]. See the proof of Main Theorem 3.22
for details.
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U1 = { f1(x, z) = 0} U2 = { f2(x, z) = 0}

Figure 4.3: Sign distribution of e1 and e2 on U1 and U2. Blue and solid
means positive, red and dashed means negative.

The Homogeneous Case Now for Si to be linear and therefore the deho-
mogenization of a homogeneous Z-spectral representation of Fi, it is nec-
essary that the unimodular ∗-representation (Ii, ciτi) of Bi|R[x] extends to
a unimodular ∗-representations of OSi |OP1 . This is determined by the be-
havior of ci at infinity. Since πi is unramified in the points at infinity, they
are not in the support of the different divisor. That means vp(ci) has to be
even for all points at infinity, i.e. for all p ∈ Si ∩ {Y = 0} = π−1

i ({∞}),
see Corollary 3.32. However, if we choose ei as in Figure 4.3, the sign dis-
tribution in the (Z 6= 0)-chart would look as depicted in Figure 4.4. We
have sign changes and thus points of odd order at infinity, at the marked
points on the (Y = 0)-line. Therefore non of the two representations Si
can be linear if the ei and thus the ci are chosen as above. However, we
can choose functions e′i with different sign distributions in such a way
that its real zeros and poles of odd order are exactly the real ramification
points, in particular they have even order at the points at infinity, as seen
in the Figure 4.5. As in the nonhomogeneous case above, now directly
using Theorem 2.4 about evenness of divisors in the narrow class group,
we get c′i with the same sign distribution as e′i and a divisor Ei ∈ I(Bi)
such that 2Ei = ∆(Li|R(x)) + (c′i)Li . Therefore (πi∗IEi , c′iτi) is a unimodu-
lar ∗-representations of OSi |OP1 . While its signature for i = 2 is still 2 we
have signature 0 for i = 1. Looking at the pictures it becomes clear that
any function e1 that satisfies the above sign condition leading to a σ4,2-
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{F1(x, y, 1) = 0} {F2(x, y, 1) = 0}

Figure 4.4: Sign distribution of e1 and e2 on S1(R) and S2(R)

{F1(x, y, 1) = 0} {F2(x, y, 1) = 0}

Figure 4.5: Sign distribution of e′1 and e′2 on S1(R) and S2(R)

selfadjoint spectral representation of f1, necessarily has odd order poles
at infinity. In particular there exists no linear pseudosymmetric spectral
representation of F over R[X, Y] that is of type 2.

Remark 4.3. Choosing ci and c′i as above, the parity of orders at infinity of
(c′i)
−1ci would be a nontrivial element in the cokernel of (C̀ Li)2 → G(Bi)
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in the exact sequence in Proposition 4.1.

Generalizing the Example The crucial point is, whether and how the
affine real connected components in the (Z 6= 0)-chart are connected at
infinity. For homogeneous representations we have the following

Theorem 4.4 (Vinnikov ’93). Let F ∈ R[X, Y, Z]n irreducible over C, monic in
Z, describing a smooth plane projective curve. Then the maximal type of linear
pseudo-Hermitian spectral representation of F over C[X, Y] is given by twice the
number of ovals in the projective real zero locus enclosing [0 : 0 : 1] ∈ P2(R),
where we count so called pseudo lines as half ovals.

Proof: This is a reformulation of [Vin93, Corollary 5.4] to fit into the context
of spectral representations. �

It is not known whether the analogous statement about real symmetric
representations is true. The problem is that in the situation of Main Theo-
rem 3.34 for k = R the group (C̀ L)2 is finite. In particular there are only
finitely many elements in Ξn(OS |OP1) and all that have the maximal sig-
nature as in the above theorem might be exceptional in the sense that the
corresponding theta divisor has global sections, i.e. they do not give rise to
spectral representations. As explained in the introduction of [Vin93], how-
ever, if S(R) 6= ∅ there are at least some elements in Ξn(OS |OP1) that are
nonexceptional and therefore give rise to a linear real pseudosymmetric
spectral representation. There is however no further information given on
the type.

By generalizing the argument used in the examples above in order to
obtained σ4,2-selfadjoint spectral representations of f1 and f2, we get the
following.

Theorem 4.5. Let f ∈ R[x, t] be irreducible over C and monic in t, describing
a smooth affine curve S ⊆ A2

R. Then the maximal possible type of a pseudosym-
metric spectral representation of f over R[x] equals the number k of connected
components of S(R) that project surjectively onto the real x-axis, A1(R).

Sketch of Proof: Let K := R(x) and L := K[t]/( f ). Since S is smooth we
get that B := R[x, t]/( f ) is normal. The different ideal is given by

∆(B|R[x]) =
(

d f
dt

(t)
)

B

by Euler’s Lemma 1.34. Now choose a point a ∈ R = A1(R) such that the
projection π : S → A1 onto the x-axis is unramified over all b ≤ a. Now
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take p1, · · · pk with π(pi) = a on each of the connected components that
project surjectively onto A1(R) via π. We convince ourselves that by the
choice of a these components are exactly those that have exactly one point
lying above a.4

Now we use5 Theorem 2.8 to get a function g ∈ L× with only even real
zeros and poles and which has the same sign as f ′(t) = d f

dt (t) at each pi.
Setting e := g

f ′(t) we then get e−1∆′(B|R[x]) is even in all real primes of B
and therefore a square in the narrow class group by Corollary 2.6. Now
we proceed as in the example. So there exists a sum of squares h ∈ L×

and I ∈ I(B) such that for c := eh we have cI2 = ∆′(B|R[x]). Therefore
the unimodular ∗-representation (I, cτL|K) gives rise to a pseudosymmet-
ric spectral representation of B|R[x]. Now we just have to make sure that
it is of type k, i.e. cτL|K has signature k. But we can check this by looking at
the sign of c at the points that lie above a. By construction it is positive on
p1, . . . , pk. All others are either nonreal or come in pairs with another point
on the same connected component which has an odd number of ramifica-
tion points between them and hence f ′(t) and with it c has opposite signs
at these points. Now the one direction of the claim follows from Corollary
1.29. The converse works similar.

Since this result is only supposed to serve as an illustration of the dif-
ference between the homogeneous and nonhomogeneous approach, we
leave the details to the interested reader. �

The main difference between the two theorems can be boiled down to
the fact that the union of two arcs which half enclose a point does not
necessarily form an oval that completely encloses that point.

Another pair of examples that illustrates this difference is given by the
following two degree 5 forms

G1 := Ŷ2Z3 − (X̂ + Z)(X̂4 + εZ4)

and

G2 := Y2Z3 − (X + Z)(X + 2εZ)(X + εZ)(X− εZ)(X− 2εZ)

for ε = 10−3, X̂ = X − 1.3Z, Ŷ = Y + 0.8(1.3Z − X). In the first case
the projective real zero locus consists of one pseudo-line and in the second

4The crucial argument here is that at each even ramification point the number of real
roots is locally constant, while at odd ramification points 2 real points become complex
or vice versa, i.e. the curve make a “turn”.

5actually the somewhat stronger formulation as it is stated in [Kne76a, Theorem 2.10]
which holds also for the affine connected components
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case it contains a pseudo-line and an oval enclosing [0 : 0 : 1], as seen in
Figure 4.6. but in both cases the real part in the affine (Z 6= 0)-chart, i.e.

{G1(x, y, 1) = 0} {G2(x, y, 1) = 0}

Figure 4.6: (Z 6= 0)-chart of the curves defined by G1 and G2

the curve described by gi := Gi(x, 1, z), has three connected components
that project surjectively onto the x-axis, see Figure 4.7. In fact, also here

{g1(x, z) = 0} {g2(x, z) = 0}

Figure 4.7: (Y 6= 0)-chart of the curves defined by G1 and G2

both are homeomorphic over A1(R) in the sense explained above. By
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Theorem 4.5 both g1 and g2 admit a type 3 pseudosymmetric z-spectral
representations over R[x]. By Vinnikov’s Theorem 4.4 the maximal type
of a pseudo-Hermitian homogeneous Z-spectral representation of Gi over
C[X, Y] is also 3 for i = 2 but only 1 for i = 1.
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Zusammenfassung auf Deutsch

Ausgangspunkt der vorliegenden Arbeit ist die wohlbekannte Tatsache,
dass jede reelle symmetrische Matrix M ∈ Rn×n ausschließlich reelle
Eigenwerte besitzt, d.h. ihr charakteristisches Polynom

χM := det(t1n −M) ∈ R[t] (∗)

hat nur reelle Nullstellen. Hieraus folgt sofort folgende parametrisierte
Variante über dem Polynomring R[x]. Ist nämlich M ∈ R[x]n×n sym-
metrisch, so hat für jede reelle Zahl α ∈ R das Polynom

χM(α, t) = det(t1n −M(α)) ∈ R[t]

ebenso nur reelle Nullstellen. Dies lässt sich folgendermaßen verallge-
meinern. Ist A ein Integritätsring mit Quotientenkörper K und M ∈ An×n

symmetrisch, so liegen die Nullstellen ihres charakteristischen Polynoms

χM := det(t1n −M) ∈ A[t]

in jedem reellen Abschluss von K. Ein normiertes Polynom mit dieser
Eigenschaft nennen wir reell bewurzelt über K. Die zentrale Frage dieser
Arbeit liegt darin, unter welchen Umständen die Umkehrung gilt. Dabei
ist das Hauptergebnis der Beweis, dass dies für A = R[x] der Fall ist. Wir
zeigen also, dass jedes Polynom f ∈ R[x, t] welches normiert in t ist und
für jede reelle Zahl α ∈ R das Polynom f (α, t) nur reelle Nullstellen be-
sitzt eine sogenannte symmetrische spektrale Darstellung über R[x] besitzt.
Das bedeutet es gibt eine symmetrische Matrix M ∈ R[x]n×n mit charak-
teristischem Polynom

f = det(t1n −M).

Wir zeigen dies in Korollar 3.23. Die Motivation für das Studium dieses
Problems liegt in einem Satz von Helton und Vinnikov über die Existenz
definiter reeller symmetrischer Determinantendarstellungen hyperbolis-
cher Polynome. Ein homogenes Polynom F ∈ R[X, Y, Z] heißt hyperbolisch
in Richtung e ∈ R3, falls F(e) 6= 0 und für alle v ∈ R3 das Polynom

F(te− v) ∈ R[t]

111
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nur reelle Nullstellen besitzt. Der Satz besagt dass es in diesem Fall reelle
symmetrische Matrizen A, B, C ∈ Rn×n derart gibt, dass Ae1 + Be2 + Ce3
positiv definit ist und

F = det(AX + BY + CZ)

wodurch die Hyperbolizität nahezu offensichtlich wird. Dass jedes
ternäre hyperbolische Form eine solche Darstellung besitzt, wurde 1958
von Peter Lax vermutet. Wir geben einen neuen und vollständig alge-
braischen Beweis, siehe Hauptsatz 3.27.

Eine symmetrische spektrale Darstellung S ∈ An×n eines Poly-
noms f ∈ A[t] über einem kommutativen Ring A induziert einen A-
Algebrenhomomorphismus

ϕS : A[t]/( f )→ Symn(A)

g(t) 7→ g(S)

welcher sich durch den Begriff einer ∗-Darstellung der endlichen Ringer-
weiterung B := A[t]/( f ) über A verallgemeinern und abstrahieren lässt.
Hierdurch wird das Studium selbstadjungierter spektraler Darstellungen
in einigen Fällen auf natürliche Art erleichtert. Sind A und B Dedekin-
dringe, so lassen sich die für uns interessanten ∗-Darstellungen durch ge-
brochene B-Ideale I und Elemente c ∈ L := Quot(B) beschreiben, für
welche die skalierte Spurform

cτ : I × I → A
(a, b) 7→ Tr(abc)

unimodular ist, also einen Isomorphismus des A-Moduls I mit seinem
Dual induziert. Dabei bezeichne Tr die Spurabbildung der Körper-
erweiterung L über K := Quot(A). Diese Eigenschaft lässt sich dadurch
ausdrücken, dass cI2 = ∆′(B|A) das Kodifferentenideal der Erweiterung
B|A ist, welche ein Maß der Verzweigung derselben ist. Diese Feststel-
lung fand im Wesentlichen durch Bender in [Ben67] statt. Die Existenz
solcher Paare (I, c) wird im Falle A = R[x] auf Satz 2.3, die Divisibilität
der Grad-0-Komponente der Klassengruppe einer glatten Kurve über C

zurückgeführt, welche eine nichttrivial aber klassische und bekannte Tat-
sache darstellt.

Um hieraus selbstadjungierte spektrale Darstellungen zu erhalten, ver-
wenden wir außerdem einen Satz von Harder und Djoković, welcher
besagt, dass für einen Körper k jede unimodulare quadratische Form
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über k[x] diagonalisierbar ist, und im Falle k = R somit isometrisch zu
(R[x]n, σ) für gewisses n und eine Form σ der Gestalt 〈±1, . . . ,±1〉. Ist
f reell bewurzelt, so können wir c derart wählen, dass cτ positiv definit
ist und mithilfe des ebengenannten Satzes damit sogar eine symmetrische
spektrale Darstellung liefert. Siehe Hauptsatz 3.22 und Korollar 3.23.

Um schließlich Linearität gewisser spektraler Darstellungen zu
gewährleisten um damit den Satz von Helton und Vinnikov zu beweisen,
verwenden wir ein einfache bewertungstheoretische Folgerung der Tat-
sache, dass von Null verschiedene reelle symmetrische Matrizen nicht
nilpotent sein können. Siehe dazu Lemma 3.8.

Neben symmetrischen Darstellungen betrachten wir außerdem
Darstellungen welche selbstadjungiert bezüglich einer anderen quadratis-
chen Form sind. Wir untersuchen außerdem den Zusammenhang zwis-
chen möglichen Signaturen solcher und Realitätsbedingungen an die
Nullstellen des betrachteten Polynoms. Auch in diesem Kontext lässt
sich Linearität der Darstellungen charakterisieren, jedoch im Allgemeinen
nicht mehr mit auf die einfache obengenannte Weise. Stattdessen wird der
obige Begriff der ∗-Darstellung auf Garben übertragen und globales Ver-
halten derselben in Bezug zu linearen spektralen Darstellungen gesetzt.
Siehe Abschnitt 3.4. Die Verallgemeinerung auf nichtnotwendigerweise
reell bewurzelter Polynome hebt den Unterschied zwischen dem affinen
und dem globalen Ansatz besonders hervor. Dies wird vor allem in Ab-
schnitt 4.3 erläutert. Dabei stellt sich heraus, dass gerade in dem Spezial-
fall symmetrischer Darstellungen reell bewurzelter Polynome beide An-
sätze dieselben Resultate liefern.
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Notation

General
N natural numbers, starting from 1
N0 natural numbers with 0
i the imaginary unit

√
−1

G(X) maps X → G with finite support
A× group of units of the ring A
Quot(A) quotient field or field of fraction of a domain A
x variable tuple x1, . . . , x`, p. 12
X (homogeneous) variable tuple X0, . . . , X`

A[x]≤n polynomials of total degree at most n
A[X]n homogeneous polynomials of degree n
deg total degree
deg(M) degree of a matrix, p., 62
Spec A spectrum, the set of prime ideals of A

Linear Algebra and Hermitian Forms
Mν dual of the module M
Vν

∗ short for (Vν
)∗, can be identified with (V∗)

ν, p. 14
Symn(A),
Hern(A)

set of symmetric and Hermitian n× n matrices over A,
p. 25

pHern(A) set of pseudo-Hermitian n× n matrices over A, p. 60
∼A similarity over A, p. 27. Also equivalence on Pn(A), p.

61
e1, . . . , en usually standard basis of An

〈a1, . . . , an〉 diagonal Hermitian form, p. 25
σn the n-dimensional Hermitian form 〈1, . . . , 1〉
σn,m the signature m form σk ⊥ −σ` where k− ` = m
1n n× n unit matrix
1n,m n× n signature m matrix 1k ⊕−1` where k− ` = m
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Gramσ(b1, . . . , br) Gram determinant of b1, . . . , bn w.r.t. Hermitian form σ,
p. 24

End(V, σ) the K-algebra EndK(V) equipped with the involution
“adjoint w.r.t. σ”, p. 24

⊥, ⊗ orthogonal sum and tensor product of quadratic or Her-
mitian forms, p. 25

sgnP, sgn signature map with respect to P and total signature
map, p. 25

Real Algebra
R a real closed field, p. 20
C the algebraic closure of R, C = R[i]
XK, X̃K set of orderings and ∗-orderings of K, p. 19
≤P total order associated to an ordering, p. 19

Valuations
Ov, mv, κ(v) valuation ring, maximal ideal and residue field of a val-

uation v, p. 16
v∞ degree valuation on k(x), p. 17
sv negative slope of the rightmost face of the Newton poly-

tope, p. 62
s∞ short for sv∞

e(w|v), f (w|v) ramification index and inertia degree of an extension of
valuations, p. 17

v(M) minimal value of entries of a matrix M

Involutions
h ah = a∗ ◦ a, also the element 1 + ∗ in the group algebra

Z[∗], p. 13
M∗ set of selfadjoint/symmetric elements of the set M with

involution, p. 12
Gh, G2 h-torsion or antisymmetric elements and 2-torsion ele-

ments of an abelian group G with involution, p. 13
∑ Ah sums of Hermitian squares in a ring A, p. 13
∑ A2 sums of squares in a commutative ring A
ϕ∗ ∗ ◦ ϕ ◦ ∗ involution on Hom(M, N), p. 12

Ideals
I′ dual of an ideal I i.e. inverse if I is invertible, p. 17
I(A) set of nonzero fractional A-ideals, p. 17
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( f )A principal A-ideal generated by f ∈ Quot(A), p. 18
C̀ A, C̀ + A class group and narrow class group of the Dedekind do-

main A, p. 18
[I], [I]+ ideal class and narrow ideal class of the ideal I, p. 18
h+, 2+ C̀ A → C̀ + A, [I] 7→ [Ih]+ = [I∗ I]+, 2+ = h+ if involu-

tion is trivial, p. 18
∆(B|A), ∆′(B|A) different and codifferent ideal of B|A, p. 39

Field Extensions
TrL|K, τL|K trace functional and form of the field extension L|K, p.

34
NL|K norm map of the field extension L|K, also for divisors,

p. 46
∆(L|K) different divisor of the extension L|K of function fields,

p. 47

ν∗,
(

TrL|K

)
∗

Scharlau transfer via ν and TrL|K, pp. 27, 30, 32, 85
H f Hermite matrix of f , p. 35
cτ scaled form, p. 35

Lattices and Representations
Σ̃(A), Σ̃+(A) isomorphism classes of (totally positive definite) Her-

mitian lattices over A, p. 29
Σ(∆), Σ+(∆) isomorphism classes of (totally positive definite) ∆-

modular lattices
Ξ̃(B|A), Ξ̃+(B|A) isomorphism classes of (totally positive definite) ∗-

representations of B|A, p. 32
Ξ(B|A), Ξ+(B|A) isomorphism classes of (totally positive definite) uni-

modular ∗-representations of B|A
ν∗,
(

TrL|K

)
∗

Scharlau transfer via ν and TrL|K, pp. 27, 30, 32, 85
Mσ dual lattice of (M, σ), p. 30

Geometry
SK curve associated to the function field K, p. 43
k(S) function field of the curve S over k
OS structure sheaf of the curve S , p. 44
vp, Op, mp, κ(p) valuation, valuation ring, maximal ideal and residue

field of a point p, p. 43
p∞ point at infinity on P1

k, pv∞ ∈ Sk(x)
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e(q|p), f (q|p) ramification index and inertia degree of vq|vp, p. 17

Divisors and Sheaves
Div K divisor group of a function field K, p. 44
( f )K principal divisor of f ∈ K×, p. 44
C̀ K, C̀ + K divisor class group and narrow divisor class group of

the function field K, p. 44
≡, ≡+ linear equivalence and narrow equivalence of divisors
[D], [D]+ divisor class and narrow divisor class of the divisor D
Γ(U, D) sections of the divisor D, p. 45
ID the divisor D viewed as the invertible sheaf Γ(·, D)
L (D) Γ(S , D), Riemann-Roch space of the divisor D on S , p.

45
`(D) dim L (D)
`(D|E) `(D)− `(E)
π∗M direct image of a sheafM under a morphism of curves,

p. 46
NL|K divisor norm map of the extension L|K of function

fields, p. 46, also norm map of arbitrary field extensions
ConL|K conorm map of the extension L|K of function fields, p.

46
∆(L|K) different divisor of the extension L|K of function fields,

p. 47

Real Curves
S(R) set of real points of a real curve, p. 48
K̂ scalar extension to C of a function field over R, p. 48
Ŝ scalar extension to C of a curve over R
KR, KC function field over R and C corresponding to a function

field over either, p. 48
SR, SC if S = SK then SKR and SKC

h+, 2+ C̀ K → C̀ + K, [D] 7→ [Dh]+ = [D∗D]+, 2+ = h+ if invo-
lution is trivial, p. 48

(C̀ K)h+ , (C̀ K)2+ narrow h-torsion and 2-torsion group of K, p. 48
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homomorphism, 12
invariant, 12
ordering, 19
preordering, 19

∗-real
closure, 20
prime ideal, 50
valuation, 21

∗-real rooted, 58
2-torsion, 13
σ-similarity, 27

adjoint, 24
affine set, 45
anisotropic form, 24
antisymmetric, 13

characteristic polynomial, 57
w.r.t. F, 54

class group
of a Dedekind domain, 18
of a function field, 44

codifferent ideal, 39, 47
companion matrix, 3
compatible ordering, 21
components of a real smooth curve,

51
conorm of a divisor, 46, 49
conventions

general, 11
on involutions, 14

Dedekind domain, 18

degree
of a divisor, 44
of a matrix, 62
valuation, 17

is ∗-real, 23
∆-modular lattice, 29
determinantal representation, 57
diagonal Hermitian form, 25
diagonalization, 25
different ideal, 39
dimension of

a Hermitian form, 23
direct image, 83
discrete valuation, 16, 43
divisor, 44
divisor class group, 44
Djoković, Theorem of, 33
dual

lattice, 30
module, 11

eigenvalue
of a Hermitian matrices, 27
w.r.t. F, 54

equivalence of
pseudo-Hermitian matrices, 61
valuations, 16

Euclidean Hermitian form, 26
extension

of function fields, 43
of structure with involution, 13

finite extension of rings, 17
first kind involution, 14
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fractional ideal, 17

Gram determinant, 24

h-torsion, 13
Harder, Theorem of, 33
Hasse number, 55
Hermite matrix, 3, 35
Hermitian

form, 23
lattice, 29

over a sheaf, 83
square, 13, 18
theta divisor, 52

hyperbolic
Hermitian form, 26
polynomial, 54

indefinite, 25
inertia, 17
invertible ideal, 17
involution, 11, 12

conventions, 14
on Hom(M, N), 12

isomorphism of
∗-representations, 31
Hermitian lattices, 29
lattices, 29
representations, 31

isomorphy modulo sign, 76, 89

lattice, 29
over a sheaf, 83

Lax Conjecture, 2, 54
linear

determinantal representations,
80

equivalence, 44

modular lattice, 29
module with involution, 13
morphism

of real smooth curves, 48
morphism of curves, 45

narrow
2-torsion, 48
divisor class group, 44
h-torsion, 48
ideal class group, 18

Newton polytope, 62
norm

map, 68
of a divisor, 46, 49

normal matrix, 58
normalization, 83

open set, 43
ordering, 19
orthogonal sum of
∗-representations, 33
Hermitian lattices, 30
Hermitian spaces, 25

point
at infinity, 48
of a curve, 43

pole of a function, 43
preordering, 19
principal

divisor, 44
ideals, 18

pseudo
-Euclidean, 26
-Hermitian, 60
-spectral representation, 61
-symmetric, 60

Pythagoras number, 55, 70

ramification, 17, 40
rank of a Hermitian form, 24
real

closure, 20
field, 19
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points, 48
smooth curve, 48

real rooted, 1, 58, 59
regular

functions, 44
Hermitian form, 24

representation
of a sheaf, 83
of an algebra, 31

Riemann-Roch
space, 45
Theorem, 53

scaled trace form, 35
Scharlau transfer, 27, 30, 32, 85
second kind involution, 14
sections of a divisor, 44
selfadjoint, 12

endomorphism, 24
semilinear map, 13
semiring, 25, 30
similarity, 27
smooth curve, 43
spectral representation, 5, 57
strictly ∗-real valuation, 21
structure sheaf, 43
sublattice, 29
sums of squares, 13
symmetric, 12

Tarski’s Transfer Principle, 59, 70
tensor product of

Hermitian spaces, 25
lattices, 30

torsion, 13
torsor, 35, 73, 95
totally
∗-real, 20
indefinite, 25
negative definite, 25
positive definite, 25

real, 20
trace

form, 3, 34
functional, 3, 34

type, 60

unimodular
lattice, 29, 83
representations, 32

unitary, 24
similarity, 27

unramified, 17, 40, 75

valued field, 16
vector space with involution, 13

Witt’s Local Global Principle, 55

zero of a function, 43
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