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H I G H L I G H T S

 Full counting statistics of a voltage driven normal metal superconductor contact.
 For a bias voltage below the superconducting gap the contact NS can be mapped onto an NN contact with doubled voltage and counting
ﬁelds.
 In the Andreev regime the transport characteristics can be obtained from the normal metal results.
 The elementary processes are single and electron and hole like Andreev transfers.
 Optimal quantization is obtained for half integer Levitons.

a r t ic l e i nf o

a b s t r a c t
We investigate the full counting statistics of a voltage driven normal metal(N) superconductor
(S) contact. In the low bias regime below the superconducting gap, the NS contact can be mapped onto a
purely normal contact, albeit with doubled voltage and counting ﬁelds. Hence in this regime the
transport characteristics can be obtained by the corresponding substitution of the normal metal results.
The elementary processes are single Andreev transfers and electron and hole like Andreev transfers.
Considering Lorentzian voltage pulses we ﬁnd an optimal quantization for half integer Levitons.
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1. Introduction
Quantum shot noise and full counting statistics (FCS) have
emerged as central tools of quantum transport in the last two dec
ades. The main driving force is the dramatic difference in properties
of ﬂuctuations of the current of classical particles versus quantum
particles behaving sometimes in a wave like fashion [1]. Classical
particles in a tunneling setup lead to ﬂuctuations in the current de
scribed by Schottky's formula for Poisson noise S¼ eI, where S is the
noise power of current ﬂuctuations, I is the average current and e is
the electron charge [2]. Considering the wave like nature of elec
trons, which is encountered in nanostructured conductors at low
temperatures, in combination with the quantum statistical fermionic
n
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Pauli principle leads to a suppression of the shot noise by a so called
Fano factor F = ∑n Tn (1 − Tn ) / ∑ Tn , where Tn are the transmission
probabilities of the electron waves in channels n [3,4]. The suppres
sion has been experimentally veriﬁed in quantum point contacts
[5,6] and other coherent conductors like diffusive wires with the
characteristic Fano factor F = 1/3 [7 9].
Another leap forward in the understanding of quantum trans
port was to go beyond the average current and the noise by con
sidering the full counting statistics (FCS) of the transferred charge,
which comprises all probabilities P(N) to transfer N charges.
Equivalently, one considers the cumulant generating function
(CGF) : (χ ) = ln [〈eiχN 〉]. The remarkable result for a quantum con
tact at low temperature is : (χ ) = (2eVt0/h) ∑n ln [1 + Tn (eiχ − 1)]
which describes a binomial distribution for each channel [10].
Note that in general a decomposition of the CGF into binomials or
multinomials allows us to identify the elementary processes and
their probabilities.
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In superconductors the electrons are correlated in a single mac
roscopic wave function, which describes a condensate of the so called
Cooper pairs consisting of two bound electrons. The state is stabilized
by a ﬁnite binding energy Δ, which needs to be payed twice to break
up a Cooper pair into two independent electrons. In quantum trans
port this is manifest in an energy gap Δ below which the differential
conductance of a junction between a normal metal and a super
conductor due to single electrons vanishes. However, the electron
transport is still possible by an intriguing process called the Andreev
reﬂection in which a Cooper pair is transferred into a superconductor
while the hole like quasiparticle is left behind [11]. Hence, in this
process two charges are transferred which is therefore possible also at
subgap energies. This process occurs with the probability of Andreev
reﬂection RnA = Tn2/(2 − Tn )2 [12,13]. It is very interesting to note that
the FCS for Andreev reﬂection takes a very similar form as in the
normal case, namely :A (χ ) = (2eVt0/h) ∑n ln [1 + RnA (ei2χ − 1)] [14].
Therefore, the statistics is also binomial, but with the important dif
ference that in each process 2 charges are transferred. This follows
from the π periodicity due to a doubling of the counting ﬁeld χ in the
factor ei2χ − 1. The doubling of the effective charge transported is
manifest in the ratio between noise and average current S /I = eFA ,
where the Fano factor is now FA = 2 ∑n RnA (1 − RnA ) / ∑n RnA . In parti
cular, FA = 2/3 in a diffusive normal metal superconductor junction
[15 17].
Time dependent voltage drives can be used to probe the dy
namics of electrons in transport. One interesting aspect is that
with a signal with a ﬁnite frequency ω one has a tool to access the
internal time scale of the manybody state given by eV /= at low
enough temperatures. This shows up, for example, in the noise of a
quantum contact driven by harmonic voltage. The noise is a pie
cewise linear function of the dc voltage bias with slopes which
depend on the amplitude of the ac voltage component. The kinks
in noise occur at dc bias voltages eV = n=ω matching an integer
multiple of the drive frequency [18]. In the normal case, the noise
in the presence of the drive is always larger than or equal to the dc
noise level. The scattering theory of the excess photon assisted
noise has been put forward by Pedersen and Büttiker [19]. The
further advancement was interpretation of the noise and current
cross correlations in terms of excited electron hole pairs that was
given by Rychkov, Polianski, and Büttiker [20] for an ac drive of
low amplitude, eVac ≪ =ω , where at most one electron hole pair
can be created per voltage cycle. Remarkably, this picture of
electron hole pairs created by the drive persists even at large
amplitudes and to all orders in charge transfer statistics [21,22].
Photon assisted noise has been observed experimentally in nor
mal coherent conductors [23,24] and in diffusive normal metal
superconductor junctions [25]. More recently, quantum noise os
cillations have been observed in a driven tunnel junction [26]. The
noise spectral density for dc and ac bias voltages for normal
metal superconducting contacts has been discussed in [34].
An extremely intriguing possibility is the ability to control the
electron dynamics by shaping the voltage pulses. In particular, it
was shown that Lorentzian voltage pulses with a quantization
condition e ∫ dtV (t ) = nh result in the soliton like electronic ex
citations which minimize the noise level to the one of an equiva
lent dc voltage, S¼eIF [27,28]. These so called Levitons are hence a
collective single electron excitations localized in space and time,
which offer interesting perspectives as carriers of quantum in
formation [29,30]. To access the full counting statistics in the
presence of a time dependent drive a non equilibrium quantum
ﬁeld theoretical approach to FCS was developed by Nazarov and
one of the authors [31]. This allowed us to perform the analysis of
the FCS in terms of elementary events for an arbitrary time de
pendent voltage V(t) [21,22]. The result is that one has to distin
guish two types of events: single electron transfers, which occur

with a frequency of the average voltage and have the standard
binomial statistics :1(χ ) = (2eVdc t0/h) ∑n ln [1 + Tn (eiχ − 1)] and
electron hole
pairs
obeying
a
trinomial
statistics
:eh (χ ) = ∑nk Mk ln [1 + 2Tn Rn pk (cos (χ ) − 1)]. The probabilities pk
are interpreted as probabilities of electron hole pair creations and
depend in a characteristic way on the driving voltage which is
assumed to be periodic with frequency ω. The number of attempts
for the pairs to traverse the contact is M ∝ 2=ωt0/h. This opens a
route towards dynamic control of elementary excitations using
suitably tailored voltage pulses [32].
In this paper, we consider the FCS of an Andreev contact driven
by a time dependent voltage. Using an exact mapping of an NS
contact onto an effective normal contact [33], we identify the
elementary Andreev events and characterize the two types of
processes. Single Andreev pair transfers have binomial statistics
and are determined by the average dc voltage Vdc . The time de
pendent drive manifests itself in correlated electron hole pairs
which are transferred coherently. The respective probabilities
are found from the normal ones by the mapping
pkA [V (t )] ↔ pkN [2V (t )]. Indeed, by considering as an example the
Lorentzian voltage pulses we ﬁnd a maximal noise suppression for
half integer pulses e ∫ V (t ) dt = nh/2 with integer n. Furthermore,
increasing the voltage level in an ac driven contact above the gap,
we ﬁnd a transition to minima at integer quantized voltages
eVdc = n=ω .
This paper is organized as follows. In Section 2, we introduce
the extended Keldysh Greens function theory of quantum trans
port applied to a time dependent voltage drive. In Section 3, we
obtain the mapping of an NS contact to an NN contact and analyze
the resulting FCS in terms of elementary events. Finally, in Section
4 we discuss some examples of a voltage drive and consider the
transition from Andreev to normal transport for large biases.

2. Keldysh formulation of Andreev contacts
The Keldysh Greens function formalism is a very powerful
method suitable for quantum nonequilibrium problems. We for
mally introduce the standard closed time path and deﬁne Greens
functions on the contour G (t , t′) = − i〈;c ψ (t ) ψ † (t′)〉 mapped onto
Keldysh space. Treating the time variables on the upper and the
lower branches of the contour as independent, one can deﬁne a
matrix Greens function

⎛ 〈;ψ (t ) ψ † (t ′)〉 〈ψ (t ) ψ † (t ′)〉 ⎞
^
⎟⎟.
G (t , t ′) = − i ⎜⎜
⎝ 〈ψ † (t ′) ψ (t )〉 〈;˜ ψ (t ) ψ † (t ′)〉⎠

(1)

In the quasiclassical approximation for a free Fermi gas at equili
brium, the Greens function reads

⎛ 1 − 2f (ϵ)
− 2f (ϵ) ⎞
^
⎟
G (ϵ) = − iπN0 ⎜
⎝ − 2 (1 − f (ϵ)) 2f (ϵ) − 1⎠

(2)

The prefactor N0 containing the density of states at the Fermi level is
usually removed by proper normalization, so that the Greens function
^2
obeys the normalization condition G = 1. Adding superconductivity
results in the replacement ψ (t ) → (ψe (t ) , ψh (t ))T ≡ (ψ↑ (t ) , − ψ↓† (t ))T
and hence an extension of the Keldysh matrix space by an additional
electron hole degree of freedom (Nambu space).
For the present purpose a representation is chosen in which the
Keldysh matrices are blocks in the Nambu space. Hence, the Kel
dysh Greens function of the normal lead is given by

⎛ ^e
⎞
0 ⎟
⎜ GN
ˇ
GN = ⎜
⎟,
⎜
^ h⎟
⎝ 0 − GN ⎠

(3)
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where check( v) denotes matrices in Nambu(-) ® Keldysh(" ) space.
Here, we introduce the (Keldysh rotated) Greens functions

2UhUt)
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V=O

(/ = ( 1
N

(4)

s

1

where h = 1- 2/, / (£) = (exp(O£) + 1] is the Fermi distribution
function, and U is related to the time dependent drive V(t)

U(t', t •) = e-i

k

eV(t )dt/ h

b

li(t ' - t•).

Ah

G1.,(x)

N

GN(- x) N

(5)

To access the FCS the counting field is incorporated into Green's
function as
GN(x) = e- i.ifK/ 2 ~(O)eiftK/2,

V(t)

- V(t)

G1.,(2x)

Gi,(O)

c

(6)

N

where fK = f3 ® ~- This gives

N

V=O

2V(t)

Fig. 1. An Andreev contact (a) with transmission probabilities {Tn} between a

(7)

The Greens function of the superconducting lead at low tern
peratures and drive energies well below the gap (k8 leV(t) l « .:1)
is given by

r..

v
Gs
=

t2

® (\1 =

(

il)

0" -

i1

(8)

where J = U2 f (Ut)2 accounts for an effective doubling of the drive
voltage. At zero temperature the matrix operators f, f have the

(9 )

additional property that f2 = f and ] = J. which allows us to
decompose the FCS into the single electron processes and elec
tron hole pairs as mentioned in the Introduction. Here in the
Andreev case they take a slightly different form

.

0

Cumulant generating function is given by [31 [

where Tr stands for the trace in Nambu, Keldysh, and time (en
ergy) indices, and also implies a summation over transport chan
nels Tn. Lr independent constant which ensures S (x = 0) = 0 is
omitted for brevity.[ Note that in deriving Eq. (9) it was assumed
that the dwell time in the scattering region is very short, so that
the energy dependence of the scattering amplitudes can be
neglected.

3. Full counting statistics analysis
At low energies, when Gs is given by Eq. (8 ), the CGF reduces to
the normal state circuit with the electron and the hole Green's
functions:

( 10)
Ae.h

Note that now GN are the normal state Green's functions in the
Keldysh space, and the transmission probabilities Tn are replaced
by Andreev reflection probabilities, R~ = r;/(2- TnP· After carry
ing out a gauge transformation, it is possible to ascribe the
counting field and the drive to one 'lead' only, and we obtain

f

"e
"hO ) - 2)) ,
S(x) = 1 Trln ( 1 + R A ( (~(2V
(t), 2x). ~

2

1\hO

normal and a superconducting metal is mapped onto a contact (b) between two
normal metals (electron and hole space), where the transmission probabilities are
replaced by the Andreev reflection probabilities (R:}. (c) By a further gauge
transformation the counting field and the (time-dependent) voltage are applied on
one side only.

(11)

2

8 1 = 2eVacto

h

Se11 = M

L

L

In[ 1 + R~(ei2.r _ 1)].

n

In[ 1 + 2R~(1 - M lPk(cos(2x) - 1)].

nk

( 13)

(14)

CGF in Eq. (13) accounts for the Andreev reflection of the excess
electrons due to de voltage applied, d. Fig. 2(a). The charges are
transferred in pairs and the statistics is binomial in each transport
channel with the transmission probabilities given by the Andreev
reflection coefficients R~ . The rate 2eVac/h with which the excess
electrons impinge on the contact is the same as in the normal case.
CGF in Eq. (14) accounts for the charge transfer statistics due to
electron hole pairs created by the ac drive. In general, Seh consists of
two types of electron hole processes with different probabilities Pk of
the electron hole pair creations and different numbers of attempts
for particles to traverse the junction, M = (nrot0 /h)(1 - v) and
M = (tl(t)t 0/h)v. Here, v = 2e~clt/(t) - L2e~c/f/(IJJ is a fractional part of
2eVacl tlliJ ( Lx J denotes the integer part of x ). Charge transfers de
scribed by Eq. (14) are bidirectional processes in which an electron
from the pair is Andreev reflected at the contact while the hole ex
hibits a normal reflection, or vice versa. This is schematically de
picted in Fig. 2(b ~ As a result, pairs of charge quanta are transferred
in either direction with the probabilities R~ (1 - R~)Pk in each
transport channel.

"h

where ~ = ~ (V = 0, x = 0). Thus, at the subgap energies, the
system can be mapped to a normal state circuit with a doubled
voltage drive and a doubled counting field, and with transmission
probabilities Tn replaced by 1¢. This mapping is shown in Fig. 1.
CGF in Eq. ( 11) can further be brought in the following form:
S (x) = Trln [ 1 + (1-

hfR: (e2i.r -

1)+/(1 - /)R~(e-2i.r- 1)),

( 12)

4. Andreev Levitons in an NS junction
As a first example we compute the photon assisted noise when
the junction is driven by periodic Lorentzian voltage pulses of the
following form:
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Fig. 2. Elemental)' transport processes in a driven NS contact: (a) Andreev reflection of an excess electron due to de voltage applied, see Eq. ( 13). (b) Andreev reflection of an
electron from the electron-hole pair accompanied by the normal reflection of the hole from the pair, see Eq. ( 14). A reverse process is also possible in which the hole exhibits
Andreev reflection and the electron exhibits normal reflection. Electrons and holes are defined relative to the energy of the superconducting condensate ( e = 0). Timedependent drive is ind.icated by shading.

for n 2:

4
'TL/T
0.05
0.1
0.2

~
........_
,..-....

..

-+->
'---"'

~
a _ qy"ll k.J
n-

2

0

~
0

1

0

2

tjT
Fig. 3. lorentz ian voltage pulses for different widths: q_fT = 0.05 (dash-<lotted), 0.1
(solid), and 0.2 (dashed line).

11\ (t) _ Vo
Lor

-

1C

o. and
k=O

( - l)k+n r 211 T(q + k)
T (k + 1)T(q - lnl- k + 1)T(Inl + k + 1)

for n < 0. Here, q = 2eV0/ f/(J) and r = e- 2K<r./T.
The photon assisted noise is shown in Fig. 4(a~ As the width -rL is
increased, the pulses overlap more strongly and Vt.or(tl approaches
the constant voltage Vo. This results in the overall suppression of
the excess photon assisted noise. In addition, the excess noise is
fully suppressed at half integer values of eVo/ f/(J) . This corresponds to
the half integer LDrentzian pulses e /V~.o,(t)dt = nh/2, in contrast to
the normal junctions in which the noise suppression occurs for
integer pulses. The photon assisted noise can also be expressed in
terms of elementary events of the electron hole pair creations
[21,22)
SJc/So = 2(1 - V) ~ Pk·

~
T-rt
k.J (t - kT)2 + 'r[2
V0 sinh(2tr-rt/T)

a
0.2

Here,
chosen in such a way as to represent the average voltage per
period, (1/T) foT V~.o,(t) dt = V0• LDrentzian voltage pulses are
shown in Fig. 3 for different widths -rt!T = 0.05, 0.1, 0.2.
The excess photon assisted noise (the total noise minus de
noise level) is given by

S~c n=-oo
f 12eVo+n
llanJ2- 12eVo l·
So=
fi(J)
fi(J)

Coefficients an are related to the doubled ac part of the drive
voltage, 2V.,(t) = 2(VLor(t) - Vo)

where t/>(t)
n~
On=

qy

I
I

I

0.0
0.5

(17)

loTo dt e-r;(t)
. ern"'t.
.

I

R.

I

/

(18)

= (e/li) fo' 2Vac(t'Jdt'. These coefficients read (35)
( -1 )kr211

to T (k + 1)T (q - kT+(q1)T+n+k)
(n + k + 1)

0.05
0.1
0.2

I

b

4e;J{J) ~Rt<1-Rt J.
n

rL/T

,-'.
I

(16)

where

1
an = -T

(21)

k

k=-00

= cosh(2tr-rt/T) - cos(2trt/T) ·
(15)
T = 2tr/(JJ is the period of the drive, and the amplitude Vo is

So =

(20)

(19)

0.0
0.0

0.5

1.0
eVo/1iv.J

1.5

F-.g. 4. (a) Excess photon-assisted noise due to a loren1Zian voltage drive shown in
Ag. 3 and (b) the corresponding probabilities of the electron-hole pair creations as
a function of the drive amplitude.
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Here. v = 2eVo/f/(j)- t2eVo/Au>J is the fractional part of 2eVo/f/(j) and
Pk are the probabilities of the pair creations given by Pk = sin2 (ak/ 2)
where e'J:Iat are the eigenvalues of the operator hii. The electron
hole creation probabilities as a function of the amplitude of the
Lorentzian pulses are shown in Fig. 4(b). We find that in the pro
blem at hand, there is only one electron hole pair created per
period with probability p 1 p. The pair creation probability in
creases as eVo/ t/(j) approaches the half integer values. However, the
photon assisted noise is nevertheless zero at these points because
the effective rate of attempts Au>(l - v)fh vanishes.

0.10

In what follows we allow for the de bias and the ac drive am
plitudes to be comparable to .:1. For simplicity, we still assume low
temperature limit, Te=O.
When the drive amplitudes are comparable to .:1, the NS
junction can no longer be mapped to the normal one. However, we
can proceed with the numerical cakulation of the cumulant gen
erating function in Eq. (9). Green's functions are given by

.

GN(O)

= (f3 2li ),
0

(22)

-f)

(23)

Here,

h=

(~ - 0~).

-

G~ =

(24)

±1

Jce ± ;oy - .112

( £ ± i0
.d
)
- .d - (e ± iO) .

(25)

and ht = Uhu t, h2 = u thu.
Next, we note that for the periodic time dependent drive with the
period T = 2n/ro, the operators h1.2 couple only the energies th~t
differ by an integer multiple of f/(i). Therefore we can use a matriX
representation in energy indices, (h ;)nm(£) = h1(£ + ntm, £ + mliro)
(- f/(j)/2 < e < t/(J)/ 2). This provides a matrix structure in energy in GN
and Cs. The trace operation in Eq. (9) now amounts to a matrix di
agonalization in Keldysh, Nambu, and energy indices and integration
over e.
We calculate the cumulant generating function for a diffusive
NS junction that has a distribution of transmission eigenvalues
given by
T - GN
1
p ( ) - GQ 2T..[17f '

(26)

where GN is the normal state conductance and Gq = 2e 2/h and it is
assumed that the Thouless energy is much larger than all other
relevant energy scales. The cumulant generating function in Eq. (9)
reduces to
S(X)

= - 2~Q Trarcsw(

Ib-

{GN(X) , Gs 1).

(2 7)

For the average current and the curren t noise power we obtain
1

= GN /_IIM/2 de L iJ arcsin2(~/2)
-~..12 4e

1

iJ(Jx)

l·

(28)

.

;

rJf

'1

=
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Fig. s. Excess photon-assisted noise for the Lorentz ian pulses with •L/T = O.t The
noise is s hown for different dri~~e frequendes: lio>/A = 0.25, 0.20, 0.15, 0 .10, 0.02 ( top
to bottom).

5

= _G
N

/_M>/2
- JIM/2

de
4

L iJ2 arcsin2(.~ /2)
l

iJ(Iz)2

I·
0

(2 9)

where ..tare the eigenvalues of 2 - {GN(X), Gs }.
Photon assisted noise s.c = S - Sdc for an NS junction driven by
periodic Lorentzian pulses is shown in Fig. 5 for different drive
frequencies Au>/.d = 025, 0.2, 0.15, 0.1, 0.02 (top to bottom). The
noise is normalized to So in Eq. (17) which in the case of a diffusive
junction reads 50 = ~ liro/3.
The h alf integer Lorentzian pulses with eVo/ fl<ll = n /2 at en
ergies much smaller than the superconducting gap create Andreev
Levi tons which are the minimal excitation states of the NS system.
As the energy becomes comparable to the gap, the system can no
longer be mapped to an effective normal junction. Therefore, the
half integer Lorentzian pulses are no longer optimal due to con
tributions of normal and Andreev electron transport above the
gap. As a result, the excess photon assisted noise starts to increase,
see Fig. 5. However, at energies much larger than the gap, the
junction is in t he normal state and the integer Lorentizan pulses
create minimal excitation states in the normal junction.
The quantum oscillations of the photon assisted noise as a
function of the de voltage have been observed recently in the
normal state tunnel junction driven by harmonic time dependent
voltage V(t ) = Vo[l + cos(rot)] [26[. Harmonic drive in general
creates additional electron hole pairs which results in the non
zero excess noise with minima at integer values eVo/f/(J) = n. The
same is true in the NS junction at energies much lower than the
gap, except that the excess noise minima appear at half integer
values eVrJ t/(j) = n/2, see Fig. 6 . At intermediate drive frequencies

that are comparable to the gap, the noise in the system is de
termined by a density of states which is affected both by the drive
a nd by the superconducting proximity effect. In addition, both
normal and Andreev processes contribute to the transport. As a
result, the total noise can even be suppressed below the effective
de noise level (the excess noise can be negative), the situation
which otherwise cannot occur in the normal junction.

6. Conclusion

We have analyzed the transport properties of a driven quantum
point contact between a normal metal and a superconductot Using
an extended Keldysh Greens function method we could determine
the full counting statistics and identify the elementary transport
processes for an arbitrary voltage drive in the subgap regime. At
voltage amplitudes and fre~encies well belcm the superconducting
gap ..1 the NS contact can be mapped onto a contact with tv.u normal
leads. The transmission is determined by the Andreev reflection

a
w/6. = 0.25 _.,-·~·
./0.20

-

0. 10

/

tJf

J

0.05

0.00
0.0

b

. ~ ·.

/ . / 0.10':

0. 10

0.5

1.0

1.5

2

3

w/A : 50
-··-·10

tJf

J

0.05

0.00
0

1

eVo/IU.v
Fig. 6. Excess photon-assisted noise for the harmonic time-dependent voltage
V(t) = Vo [l + cos(.,t)] and amplitudes of the drive that are (a) smaller and
(b) larger than the gap. At subgap energies the excess noise is minimal at halfinteger drive amplitudes eVof/I{J) = n/2. while above the gap it is minimal at integer
drive amplitudes eVo/k» = n.

probability and the probabilities of elementacy Andreev processes
are determined by the ones known for normal transport with an
effective charge 2e. In that spirit we have discussed I..orentzian vol
tage pulse which lead to Andreev Levitons, which are now pure two
charge excitations, for half integer quantized amplitudes
e dtV = nh/2. Finally we have disrussed the transition from half
integer steps eVo/ /i(J) = n/2 in the ac noise to simply quantized steps
for voltages and frequencies much larger than .L\.
In future it will be interesting to investigate open questions,
e.g., for which parameters the noise is minimized and the nature
of the elementary events at intermediate frequencies where both
Andreev and normal reflection processes coexist, as well as the
effects of dephasing related to the finite Thouless energy.
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