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Abbreviations and Convention

BZ Brillouin zone
CNT carbon nanotube
DQD double quantum dot
DOF degree of freedom
OFDD optimized filter function dynamical decoupling
SOI spin-orbit interaction
UDD Uhrig dynamical decoupling

Throughout this thesis, the reduced Planck constant is ~ = 1.
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Abstract

This thesis addresses the concept of quantum computing with semiconductor quantum
dots. The basic unit of a quantum computer is a quantum mechanical two-level system,
the so-called quantum bit (qubit). The qubit can be defined as the spin of an electron
confined in a quantum dot or as a two-dimensional subspace of the Hilbert space for
several spins. Some semiconductors have several minima in their conduction band, so-
called valleys. A two-dimensional valley degree of freedom can also be considered as a
qubit.

In this thesis, quantum registers storing spin as well as valley qubits are described
theoretically. Virtual hopping yields an exchange interaction between neighboring quan-
tum dots, which reduces the energy of antisymmetric spin-valley states according to the
Pauli principle. Considering the spin and the valley degrees of freedom of two electrons in
neighboring quantum dots as qubits, the exchange interaction is a four-qubit interaction.
In this thesis, it will be shown that it is, nevertheless, possible to generate a universal
two-qubit gate for spin qubits or for valley qubits by combining the exchange interaction
and individual single-qubit gates. The exchange interaction in this two-electron double
quantum dot directly provides a universal two-qubit gate for one spin and one valley
qubit as well. For this, the qubits are defined as suitable subspaces, spanned by the
singlet and one triplet state of the spin and the valley states, respectively, Using those
gates, arbitrary quantum operations can be performed for single-spin and single-valley
qubits in the same quantum register, where in one double quantum dot the quantum
states are restricted to the singlet-triplet subspace. While in this register single-spin and
single-valley rotations are required, these gates are dispensable in a quantum register
storing spin and valley singlet-triplet qubits. The single-qubit operations, in this case,
can be provided by the exchange interaction and a gradient in the energy splitting of
spin and valley states when the spin qubit is stored in a double quantum dot with spin
degrees of freedom only and when the spin states in the double quantum dot which stores
the valley qubit are polarized. For providing the two-qubit gate, the spin and the valley
qubits need to be stored in the same double quantum dot. The crucial task for this reg-
ister is to interchange the spin of a spin-only and a spin-valley quantum dot in order to
switch between the single-qubit and the two-qubit operation mode. This interchanging
of the spin can be achieved by a valley-depending virtual hopping between the quantum
dots.

Furthermore, echo sequences for a so-called exchange-only qubit are considered. An
exchange-only qubit is defined as a subspace in a system of three electron spins in a
triple quantum dot. An inhomogeneous magnetic field, which may be caused by nuclear
spins in the semiconductor, can lead to decoherence and leakage, i.e., the state might
leave the qubit subspace. Suppressing this effect by an echo sequence which consists
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of pulses interchanging neighboring spin states, so-called SWAP gates, was proposed.
Controllability over these quantum operations is provided via the exchange interaction.
In this thesis, the performance of different such sequences is investigated. The analysis
shows that optimization strategies developed for single spin echoes can be adapted for
the three spin system. The echo sequences can be different in their order of applied
SWAP gates interchanging the spins in the first and second dots or in the second and
third dots. The noise suppression performance depends slightly on this order of SWAP
gates.

For two spins in a double quantum dot a scheme for quantum state tomography is
presented. The corresponding measurement operators are constructed from a set of
mutually unbiased bases of the four-dimensional two-qubit Hilbert space. These mea-
surements are represented by short sequences of no more than three elementary quantum
gates and projective measurements by the well-established spin-to-charge conversion.
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Zusammenfassung

Diese Dissertation befasst sich mit Konzepten zum Quantenrechnen mit Hilfe von Quan-
tenpunkten in Halbleitern. Die elementare Einheit eines Quantenrechners ist ein quan-
tenmechanisches Zwei-Niveau-System, das sogenannte Quantenbit (Qubit). Das Qubit
kann als der Spin eines in einem Quantenpunkt eingeschlossenen Elektrons definiert wer-
den. Es kann aber, je nach Konzeption, auch ein zweidimensionaler Unterraum eines
Hilbertraums für mehrere Spins sein. Einige Halbleiter besitzen mehrere Minima (val-
leys) in ihrem Leitungsband. Auch ein zweizähliger Valley-Freiheitsgrad kann als Qubit
aufgefasst werden.

In dieser Arbeit werden Quantenregister theoretisch beschrieben, in denen sowohl
Spin- als auch Valley-Qubits gespeichert sind. Durch virtuelles Hüpfen der Elektro-
nen besteht eine Austauschwechselwirkung zwischen benachbarten Quantenpunkten, die
entsprechend des Pauli-Prinzips die antisymmetrischen Spin-Valley-Zustände gegenüber
den symmetrischen energetisch absenkt. Wenn jeder Spin- und jeder zweizähliger Valley-
Freiheitsgrad als Qubit betrachtet werden, dann stellt die Austauschwechselwirkung in
einem Doppelquantenpunkt mit zwei Elektronen eine Vier-Qubit-Wechselwirkung dar.
In dieser Arbeit wird gezeigt, dass es dennoch möglich ist, mittels dieser Austauschwech-
selwirkung und Quantengattern, die auf individuelle Qubits wirken, ein universelles
Zwei-Qubit-Gatter für die Spin-Qubits oder für die Valley-Qubits zu generieren. Die
Austauschwechselwirkung in einem Doppelquantenpunkt mit zwei Elektronen kann auch
ein Spin- und ein Valley-Qubit mit einem universellen Zwei-Qubit-Gatter verknüpfen.
Dazu werden die Qubits als geeignete Unterräume, aufgespannt vom Singulett und einem
Triplett der Spins beziehungsweise der Valleyzustände, definiert. Mit den soeben ge-
nannten Gattern lassen sich beliebige Quantenoperationen in einem Register aus Quan-
tenpunkten mit einzelnen Spin- und Valleyzuständen als Qubits ausführen, wobei die
Quantenzustände in einem Doppelquantenpunkt auf den Singulett-Triplett-Unterraum
beschränkt sein müssen. Während es in diesem Register gezielter Manipulationen einzel-
ner Spin- und Valleyzustände bedarf, werden solche Quantengatter in einem Quanten-
register aus Spin- und Valley-Singulett-Triplett-Qubits nicht benötigt. In dem Fall wer-
den die Ein-Qubit-Operationen von der Austauschwechselwirkung und Gradienten in
den energetischen Spin- und Valley-Aufspaltungen ermöglicht, wenn das Spinqubit in
einem Doppelquantenpunkt ohne Valleyzustände gespeichert ist und die Elektronen-
spins in dem Doppelquantenpunkt mit dem Valleyqubit polarisiert sind. Für die Zwei-
Qubit-Gatter müssen Spin- und Valleyqubit im selben Doppelquantenpunkt gespeichert
sein. Die entscheidende Herausforderung ist in diesem System das Vertauschen der
Spinzustände zwischen einem Quantenpunkt ohne und einem mit Valleyzuständen, um
zwischen dem Ein- und dem Zwei-Qubit-Operationsmodus umzuschalten. Dieses Ver-
tauschen der Spins kann durch valleyabhängiges virtuelles Hüpfen zwischen den Quan-
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tenpunken erreicht werden.
Des Weiteren werden Echo-Sequenzen für ein sogenanntes Nur-Austausch-Qubit be-

trachtet. Das Nur-Austausch-Qubit ist als Unterraum in einem System mit drei Elektro-
nenspins in einem Dreifachquantenpunkt definiert. Durch ein inhomogenes Magnetfeld,
das etwa durch die Kernspins im Halbleiter hervorgerufen wird, kann es zu Dekohärenz
und Lecken, das heißt dem Austritt des Quantenzustands aus dem Qubit-Unterraum,
kommen. Es wurde vorgeschlagen diese Vorgänge durch Echo-Sequenzen, die aus dem
paarweisen Vertauschen der Spin-Zustände in benachbarten Quantenpunkten bestehen,
zu unterdrücken. Dabei lassen sich alle Operationen mit der Austauschwechselwirkung
kontrollieren. Untersucht wird in dieser Dissertation die Leistungsfähigkeit verschiedener
Sequenzen dieser Art. Es zeigt sich, dass sich Optimierungsstrategien, welche für einzelne
Spins bekannt sind, auf das Drei-Spin-System übertragen lassen. Die Sequenzen können
sich in der Reihenfolge der angewendeten Vertauschungsoperationen zwischen dem ersten
und zweiten beziehungsweise dem zweiten und dritten Quantenpunkt unterscheiden. Die
Rauschunterdrückung hängt dabei geringfügig von der Wahl der Sequenz ab.

Für zwei Spin-Qubits in einem Doppelquantenpunkt wird ein Schema zur Quanten-
zustandstomographie präsentiert. Die Messoperatoren werden dazu aus einem Satz
von gegenseitig unbeeinflussten Basen für den vierdimensionalen Hilbertraum der zwei
Qubits konstruiert. Dabei lassen sich die Messungen durch kurze Sequenzen von höch-
stens drei elementaren Quantengattern in Kombination mit projektiven Messungen mit-
tels der wohl etablierten Spin-zu-Ladungs-Umwandlung darstellen.
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1 Introduction

The field of quantum mechanics originated in the beginning of the 20th century in the
development of theories for physical phenomena, namely black body radiation [1] and
the photoelectric effect [2]. Thus, quantum mechanics was introduced with the aim
to describe nature while the existence of quantized light [3] and the completeness of
quantum mechanics [4] was highly debated due to their counter intuitive aspects from
the perspective of classical physics. In quantum mechanics, a state is represented by
a normalized vector |ψ〉 in a complex Hilbert space H and an observable is described
by an Hermitian operator O acting on vectors in H, O : H → H. The outcome of the
measurement is predicted, in general, only up to certain probabilities, even in case all
parameters of the system are perfectly known. The expectation value for a measurement
is given by the scalar product of the vectors |ψ〉 and O |ψ〉, 〈ψ|O |ψ〉.

Many technologies rely actually on quantum effects. For example, the formation of
band gaps in semiconductor materials, which is required for the function of computer
technology, is based on quantum behavior of matter. On the other hand, the data in such
devices is typically stored classically as binary integers (bits) with the values being either
0 or 1. This kind of information technology can be called classical as no complex Hilbert
space is needed to describe the state of a bit. In quantum mechanics, this situation of
being in one out of two states is included as an extreme case. A quantum mechanical
two-level system, called quantum bit or qubit, can be, in general, in any superposition
of two basis states |0〉 and |1〉.

The concept of quantum information, in contrast to classical information technology,
aims at harnessing the inherent properties of a quantum system which cannot be de-
scribed by a classical theory. Quantum key distribution, for instance, gains security from
the fact that a quantum state is changed when it is measured [5]. It has been successfully
performed over a long distance [6]. Actually, the security of quantum key distribution
relies on the completeness of quantum mechanics. Especially, local variables which al-
low for precise prediction of measurement outcomes and which might be known to an
eavesdropper would compromise the scheme. The existence of correct theories with local
(hidden) variables as proposed in [4] can be excluded by Bell tests [7–10]. Furthermore,
quantum random number generators [11], which use the probabilistic nature of quantum
mechanics, are available.

Another potential “application” of the axioms of quantum mechanics is quantum
computing. This quantum information processing relies especially on the fact that
quantum states can be superposed, also those of multipartite systems. This allows
for non-classical correlations. If a quantum computer could be realized on large scales,
quantum algorithms would allow for solving some computational problems faster than
classical algorithms. Here, “faster” refers especially to the scaling of the computation
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1 Introduction

times with respect to the problem size. A brief overview about the concept of quantum
computing is provided in chapter 2 of this thesis. To make quantum computing work,
several conditions have to be fulfilled. DiVincenzo [12] named five criteria demanding
well defined quantum states, long quantum coherence, availability of arbitrary unitary
manipulations, initialization, and read-out. Several systems have been investigated re-
garding their suitability as a platform for quantum computing, among them: atomic
states coupled to photonic states in a cavity [13], trapped ions [14, 15], nuclear spins of
molecules [16–19], which can be manipulated by nuclear magnetic resonance, electrons
confined in semiconductor quantum dots using the electron’s charge [20], spin [21–23],
or potentially its valley [24, 25] states, the nuclear spins of phosphorous donors in sili-
con [26,27], states of nitrogen-vacancy centers in diamond [28,29] or its combination with
a nearby nuclear spin [30–32], superconducting qubits using Josephson junctions [33,34]
involving charge [35, 36], flux [37], and phase [38, 39] qubits, and topological protected
states [40]. The central question for potential technological use of all these systems is
scalability, i.e., the question how expensive the apparatus becomes when a large num-
bers of qubits defined in these systems are coupled in order to compute large problems,
if it is at all possible. This thesis focuses on qubits defined by the spin and the val-
ley states of electrons confined in semiconductor quantum dots. While the spin is an
inherent property of electrons as an elementary particle, the valleys are local minima
(maxima) in the conduction (valence) band of the semiconductor. Thus the valley is in
principle an orbital degree of freedom (DOF) at low excitation energies. Nevertheless,
in a quantum dot, the valley can be considered as an additional internal DOF of the
confined electron. Chapter 3 gives an overview of proposals and experimental advances
regarding quantum computing with electrons in quantum dots. The original proposal
for spin qubits in quantum dots by Loss and DiVincenzo [21] and concepts of qubits
defined in subspaces of several electron spins as well as its implementations in gallium
arsenide and silicon quantum dots are reviewed. Then, the concept of valley qubits is
discussed and theoretical and experimental advances aiming to elucidate the properties
of the valley qubit or the spin-valley qubit, as a two-level subspace of a spin-and-valley
space, are considered.

Chapter 4 provides two proposals, where both, spin qubits and valley qubits, are com-
bined in the same quantum register. The qubits are defined as single spin or single valley
states in the first proposal and as two-dimensional subspaces determined by two electron
spins or by the valley states of two electrons, in the second proposal. The results pre-
sented in chapter 4 have been published in N. Rohling and G. Burkard, New J. Phys. 14,
083008 (2012) [41] and N. Rohling, M. Russ, and G. Burkard, Phys. Rev. Lett. 113,
176801 (2014) [42].

In chapter 5, the exchange-only qubit, a qubit formed by three electron spins, under
the influence of a random magnetic field is considered. This field might originate from
a nuclear spin bath. Leakage, i.e., the quantum state leaving the qubit subspace, and
decoherence can be suppressed by an echo sequence which pairwise interchanges the spin
states of three electrons in a triple quantum dot [43]. For this sequence two different
optimization strategies are investigated. It is pointed out that the order of the pairwise
applied pulses actually influence the performance of the echo sequence.
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Chapter 6 is reviewing results originally published in N. Rohling and G. Burkard,
Phys. Rev. B 88, 085402 (2013) [44] providing a measurement scheme for two spin
qubits in a double quantum dot (DQD) which allows for a complete quantum state
tomography of this system, i.e., full reconstruction of the density matrix of the quantum
state, see section 2.5. The measurements are based on spin-to-charge conversion, see
section 3.6, and short sequences of quantum operations applied before the measurement.

Chapter 7 is an outlook to potential future refinements or extensions of the presented
theoretical work of this thesis.
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2 Quantum information processing

This chapter is a brief overview about the concept of quantum computing. A compre-
hensive introduction to the topic is the textbook by Nielsen and Chuang [45]. Classical
information processing by machines typically relies on a set of physically implemented
binary integers1, so called bits with the possible values 0 and 1. The smallest system
for storing quantum information is called qubit [46], which is a quantum-mechanical
two-level system. Mathematically, a qubit is described by a two-dimensional complex
Hilbert space, i.e., the vector space C2 with the Euclidean scalar product denoted by
〈·|·〉. The state of a single qubit, |ψ〉, can be denoted in a orthonormal basis {|0〉 , |1〉},

|ψ〉 = cos(θ/2) |0〉+ sin(θ/2)eiϕ |1〉 (2.1)

with θ ∈ [0, π] and ϕ ∈ [0, 2π]. Here, a global phase has been omitted because it
cannot be measured in a physical system. The state is normalized 〈ψ|ψ〉 = 1. This
representation by two angles indicates the representation on a sphere, the Bloch sphere,
see figure 2.

While single, non-interacting qubits can be used for quantum communication purposes
[5], they are not very useful for computation. A system of n qubits forms a 2n dimensional
Hilbert space (C2)⊗n, where a pure quantum state in this system is a normalized vector
with 2n+1 − 2 real parameters when we ignore again the global phase. A more general
state of the quantum system which can be a pure state or a so-called mixed state, which
can originate from coupling of the quantum system to some environment, is described
by a density matrix ρ, which is Hermitian, ρ† = ρ, and has unity trace, Tr(ρ) = 1. For
a pure state |ψ〉, the corresponding density matrix is ρ = |ψ〉 〈ψ|. The density matrix of
a single qubit can be represented with the help of the Bloch sphere. We use the basis
{|0〉 , |1〉} of the qubit’s Hilbert space and denote the density matrix in its general form,

ρ =

(
ρ00 ρ01

ρ∗01 1− ρ00

)
, (2.2)

where the conditions ρ† = ρ and Tr(ρ) = 1 have been already applied. Thus, the density
matrix is determined by three real parameters. A very useful representation is

ρ =
1+ r · σ

2
, (2.3)

where the matrices 1, σx, σy, and σz are defined by

1 =

(
1 0
0 1

)
, σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
. (2.4)

1In principle, also systems with more than two values could be used for computation.
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Figure 2.1: Bloch sphere representing the possible states of qubit. A pure state |ψ〉 =
cos(θ/2) |0〉+sin(θ/2)eiϕ |1〉 is related to positions on the sphere by the polar
angle θ and the azimuthal angle ϕ. The qubit’s basis states |0〉 and |1〉 are
mapped to the north and the south pole of the sphere by this.

The matrices σx, σy, and σz are called Pauli matrices. The vector r in equation (2.3)
can be considered as coordinates in real space and therefore giving a point in the Bloch
sphere. For a pure state |r| = 1, the state is represented by coordinates on the Bloch
sphere. A mixed state, 0 ≤ |r| < 1, is represented by a position inside the Bloch sphere.
A state with |r| = 0 is called completely mixed state, ρ = 1/2.

DiVincenzo [12] stated five requirements for using a quantum system for quantum
computation:

(i) well-definedness of the qubits or, more general, of the Hilbert space which should
be used for quantum computation within the physical system,

(ii) the possibility for on-demand initialization of this system in a well-known state,

(iii) limitation of the occurring errors with respect to the desired process,

(iv) the availability of a universal set of quantum gates, and

(v) the possibility to read-out the state.
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2.1 Quantum coherence

The criterion (iii) is closely related to the decoherence of the quantum system, which will
be discussed in section 2.1. Then, the focus will be on the quantum gates, especially the
construction of universal quantum gates from single-qubit and two-qubit operations, in
section 2.2. As a motivation for the later considerations of the “hardware” for quantum
computing, section 2.3 will briefly consider the potential of quantum algorithms, i.e.,
the software which may run on a quantum computer. Section 2.4 is attributed to the
question how errors can be reduced or corrected. The last part of this chapter, section
2.5, provides an overview on quantum state tomography, which is of high relevance
whenever a quantum system is supposed to serve as a quantum computer, because it
allows to verify in which quantum state the system is actually in.

2.1 Quantum coherence

We assume for the moment that the qubit basis states |0〉 and |1〉 are non-degenerate
eigenstates of an unperturbed Hamiltonian. There are different processes which com-
promise the coherence of the qubit. These processes are related to the relaxation of the
excited energy eigenstate, say |1〉, to the ground state |0〉 of the qubit, where the energy
difference is dissipated to the environment, or to the loss of the relative phase informa-
tion, so-called dephasing. The qubit is supposed to be stored for some time t and the
time scales of the decoherence processes should be specified. In general, the decoherence
also affects the qubits when they are involved in some quantum computation, i.e., some
operations which are supposed to be unitary act on the qubits.

When the qubit is initially in state |1〉 and the density matrix follows the time evolution

ρ(t) =

(
1− e−t/T1 0

0 e−t/T1

)
, (2.5)

then the time T1 is called relaxation time. Here, it is assumed that the temperature of
the bath which is coupled to the qubit and allows for the dissipation is negligible small
compared to the energy splitting between the states |0〉 and |1〉. Otherwise the state
for t → ∞ would be a statistical mixture and not the ground state of the qubit. Now,
the qubits dynamics are given by the Hamiltonian H = −ω

2σz with a energy splitting
fluctuating around a mean value ω = ω0 + δω(t). These fluctuations lead to loss of
the relative phase relation of a qubit state. We consider for simplicity the initial state
|ψ0〉 = (|0〉+ |1〉)/

√
2 and obtain for time t

ρ(t) =
1

2

(
1 e−iω0t−i

∫ t
0 dt
′ δω(t′)

eiω0t+i
∫ t
0 dt
′ δω(t′) 1

)
. (2.6)

Averaging over the fluctuations leads to the decay of the off-diagonal elements of ρ. The
decay might be exponential with e−t/T

∗
2 or of another form depending on the distribution

of the fluctuations. The time scale on which this process happens is in any case called
dephasing time T ∗2 . This dephasing can be at least partially removed by applying echo
pulses which lead to cancellation of the unknown phase, a concept established first for

21



2 Quantum information processing

nuclear magnetic resonance experiments [47, 48], but also applicable to single qubits
[22,49]. The time scale on which the off-diagonal elements decay in an echo experiment,
is called decoherence time T2.

2.2 Universal quantum gates

In the ideal case, the time evolution of a quantum state is given by a unitary operator U
applied to the vector in Hilbert space which describes the quantum state. This unitary
time evolution is related to the Hamiltonian H(t) describing the system by

U(t) = T exp

[
−i
∫ t

0
dt′H(t′)

]
=

∞∑
n=0

(−i)n
∫ t

0
dt1H(t1)

∫ t1

0
dt2H(t2) . . .

∫ tn

0
H(tn),

(2.7)

where T denotes time ordering which is necessary as it might be the case thatH(t)H(t′) 6=
H(t′)H(t). The time-evolution of a single qubit for a time-independent Hamiltonian
H = ω

2n · σ with a normalized vector n is given by the 2× 2 matrix

U(t) = e−iωn·σt/2 = cos(ωt/2)1− i sin(ωt/2)n · σ. (2.8)

More generally, the unitary operation U is an element of the special unitary group
SU(2n) for a system of n qubits. As mentioned above, a global phase of a quantum
state is not measurable and, thus, we can omit it in the discussion.

A set of m unitary operators U1, U2, . . . , Um ∈ SU(2n) is called universal set of quan-
tum gates if any element from SU(2n) can be approximated with arbitrary precision
by a finite sequence composed of operators from this set. Unitary operations that act
only on one of the qubits are called single-qubit gates. A unitary operations involving
the states of two qubits from the system is called two-qubit gate when it is not just the
product of two single-qubit gates. Importantly, DiVincenco [50] proved that single-qubit
gates and two-qubit gates can be universal when they can be applied to any qubit or to
any pair of qubits from the system, respectively.

The typical situation which we will face in the following chapters of this thesis is
the following: Single qubits can be manipulated by quantum gates, which are rotations
about an arbitrary angle on the Bloch sphere. Then, every rotation on this sphere is
possible if two independent axes of rotation are provided. Furthermore, a two-qubit gate
coupling two of the qubits is available. When this combination of arbitrary single-qubit
operations and the two-qubit gate lead to arbitrary unitary operations on the n qubit
system, the two-qubit operation is called universal two-qubit gate. To determine the two-
qubit property of a quantum gate, an extremely useful tool named Makhlin invariants [51]
can be applied. For his considerations of the two-qubit Hilbert space, Makhlin used the
basis {(|00〉 + |11〉)/

√
2, i(|01〉 + |10〉)/

√
2, (|01〉 − |10〉)/

√
2, i(|00〉 − |11〉)/

√
2}, where

|00〉, |01〉, |10〉, and |11〉 are product states constructed as the product of the first qubit
and the second qubit. All the states in the basis used by Makhlin are Bell states. A
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quantum gate Us which can be denoted as Us = U1 ⊗ U2 with U1 and U2 being 2 × 2
matrices acting on the first or second qubit, respectively, and ⊗ being the Kronecker
product, is a single-qubit operation in this context. Makhlin proved that in the Bell
basis any single-qubit gate is represented by a real orthogonal matrix. Using this, he
further showed that the two-qubit behavior of a quantum gate, which is represented in
the Bell basis by a matrix UB, is completely given by three real parameters, which are
the real and imaginary part of G1 and the real parameter G2 defined by

G1 =
Tr(UTBUB) det(U †B)

16
and G2 =

{[Tr(UTBUB)]2 − Tr(UTBUBU
T
BUB)} det(U †B)

4
.

(2.9)
These numbers are the Makhlin invariants. This means, the fact that two quantum
gates can be transformed into each other by multiplying them with single-qubit gates, is
equivalent to the statement that the gates have the same Makhlin invariants. When this
is the case, the two operations are called locally equivalent to each other. Actually, almost
all two-qubit gates are universal [52]. Exceptions are the identity, which is obvious as it
does not change any state, and the SWAP operation, which interchanges the information
of the first and the second qubit, i.e., in the product basis {|00〉 , |01〉 , |10〉 , |11〉} this
gate is given by

SWAP =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 . (2.10)

A universal two-qubit gate, which is very useful with regard to applications in quantum
algorithms [53], is the controlled-NOT, or CNOT, gate,

CNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 (2.11)

again in the product basis mentioned above. The first qubit is always unchanged by the
operation, but it controls what happens to the second qubit. When the first (control)
qubit is in state |0〉, also the second qubit is unchanged. When the control qubit is in
state |1〉, the second qubit is flipped by a σx operation. The Makhlin invariants are
G1 = −1, G2 = −3 for the SWAP gate and G1 = 0, G2 = 1 for the CNOT gate. The
latter invariants are also realized by a controlled-z gate,

CZ =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

 , (2.12)

which is consequently locally equivalent to CNOT, CZ = ei
π
4
σ2yCNOTe−i

π
4
σ2y where σ2y

is a Pauli y-matrix for the second qubit and does not affect the control qubit. Another

23
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important universal gate is
√

SWAP with G1 = i/4, G2 = 0. So,
√

SWAP and CNOT
are not locally equivalent. But with two

√
SWAP gates and single-qubit operations a

CNOT gate can be constructed,

CNOT = ie−i
π
4
σ2yei

π
4

(σ2z−σ1z)
√

SWAPei
π
2
σ1z
√

SWAPei
π
4
σ2y , (2.13)

compare the closely related construction of the CZ gate with two
√

SWAP gates in [21].
The gates

√
SWAP, CNOT, and CZ are called perfect entanglers [51, 54], a term which

is defined by the existence of separable states, |ψs〉 = |ψ1〉 ⊗ |ψ2〉, which are mapped to
a maximally entangled state by these gates. Here, |ψ1〉 and |ψ2〉 are states of the first
or second qubit, respectively. A pure state is entangled when it is not separable. The
two-qubit state |ψ〉 = a00 |00〉+a01 |01〉+a10 |10〉+a11 |11〉 is maximally entangled when
taking the partial trace over one of the qubits leads to a completely mixed state for the
other qubit,

ρ1 = Tr2(|ψ〉 〈ψ|) =
1

2

(
|a00|2 + |a01|2 a00a

∗
10 + a01a

∗
11

a10a
∗
00 + a11a

∗
01 |a10|2 + |a11|2

)
=

1

2

(
1 0
0 1

)
. (2.14)

The SWAP operation, on the other hand, will always map a separable state to a separable
state and generate no entanglement.

The fidelity of a quantum state ρ with respect to a desired state ρ0 is given by
F (ρ0, ρ) = Tr(

√
ρ0ρ
√
ρ0) which simplifies for pure states ρ0 = |ψ0〉 〈ψ0| and ρ = |ψ〉 〈ψ|

to F (|ψ0〉 , |ψ〉) = | 〈ψ|ψ0〉 | [45]. In order to compare an erroneous but still unitary
quantum gate U and a perfect quantum gate U0, the average gate fidelity is defined by
averaging over the initial states |ψi〉,

F =

∫
|ψi〉

dψi F (U0 |ψi〉 , U |ψi〉)2 =

∫
|ψi〉

dψi | 〈ψi|U †0U |ψi〉 |2. (2.15)

For the uniform average in the n-dimensional Hilbert space, the averaged gate fidelity
is [55]

F =
n+ |Tr(U †0U)|2

n(n+ 1)
. (2.16)

2.3 Quantum algorithms

This section consists of brief summaries of well-known quantum algorithms. The purpose
is to give examples for possible applications of a quantum computer, if it could be realized
on a large scale. For more details, see, e.g., Nielsen and Chuang [45].

Shor’s algorithm

Shor’s algorithm addresses the problem of integer factorization, i.e., for a given number
N , its prime factors are wanted. This problem, or more precisely its difficulty, is of
high relevance for cryptography because the RSA public-key distribution [56] relies on
it. No classical algorithm for factorizing numbers is known which has computation times
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scaling polynomial with the size the number, i.e., the number of bits needed to store it.
Shor’s algorithm [57] can, in principle2, factorize numbers in a time which scale with
log2(N)3, this means, polynomial with the size of the problem. The algorithm has a
classical and a quantum part. The quantum part has the purpose to find the unknown
period of a function and uses the quantum Fourier transform.

Grover’s algorithm

In a unsorted database with N entries one special entry is searched. While classical algo-
rithms scale linearly with N , Grover’s algorithm [58] can solve the problem in a number
of steps scaling with

√
N by applying the quantum version of an oracle function, which

can distinguish the searched entry, on a quantum state which is a superposition of all
possible entries. In contrast to Shor’s algorithm, Grover’s algorithm does not provide
an exponential speedup for the quantum computation compared to known classical al-
gorithms. On the other hand, its optimality and the advantage compared to all classical
approaches are proven [45].

Quantum simulations

According to an idea by Feynman [59], a quantum system can be used to simulate another
quantum system. Simulations of quantum mechanics on classical computers are slow for
large systems because of the large dimension of the Hilbert space which describes the
system. In a quantum simulator, the system size has to be met by the simulator size
but the speed of the simulation only depends on the strength of the interactions which
need to be implemented and controlled in order to simulate the system of interest. For
details of the concept and the broad potential applications, the reader is referred to a
recent review by Georgescu et al. [60].

2.4 Dealing with noise

Here, some strategies to reduce or to correct errors in quantum computing systems
are discussed. Namely these strategies are the concepts of decoherence-free subspaces,
dynamical decoupling, and quantum error correction.

2.4.1 Decoherence-free subspaces

The basic idea of the concept of decoherence-free subspaces is to encode quantum
information, say for simplicity a qubit, in a subspace HQ of a larger Hilbert space
H = HQ ⊕HR [61–64]. This avoids decoherence when the underlying mechanism which
might induce decoherence to a general state in H does not affect a state in this subspace.
Simple examples for such subspaces are the singlet-triplet qubit, see section 3.4, and the
exchange-only qubit, see section 3.5. In these examples, the qubit is defined as a two-
dimensional subspace of the Hilbert space of two or three electron spins, respectively.

2“In principle” means, that suitable hardware is required to perform it for large numbers.
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Per definition all states in these qubit subspaces have the same total spin projected on
quantization axis. Thus, a bath coupling to that total spin component does not yield
any decoherence of the qubit.

A related concept is the noiseless subsystem [64, 65]. The quantum state can be
denoted as |ψ〉Q ⊗ |ψ〉R ∈ H where the relevant quantum information is stored in |ψ〉Q
which is in the noiseless subsystem and should be unaffected by decoherence processes
while the state |ψ〉R and its decoherence is unimportant for the quantum computation.

2.4.2 Dynamical decoupling

Another strategy is to apply pulse sequences with the goal to decouple the qubits from
their environment, i.e., the influence of the environment averages to zero. This strategy
is called dynamical decoupling [66, 67]. In a simple case, this is achieved by echo pulses
known from nuclear magnetic resonance experiments [47, 48, 68]. Refinements of the
decoupling sequences can be achieved by optimizing the time between the pulses [69,70]
or by using different axes of rotation [67, 71]. For simplicity, we will only regard, as an
example, the case of a qubit in a noisy external field with fixed direction here,

H = f(t)δh(t)σz (2.17)

with a random, time-dependent variable δh(t) and a function f(t), which is changing
sign at every time Tδi, i = 1, . . . , n according to a π pulse rotating the qubit about the
x-axis. More precisely f(t) = (−1)j for t/T ∈ [δj , δj+1) with δ0 = 0 and δn+1 = 1. The
time for the π pulse is assumed to be negligibly short. The time evolution from at time
T is

U(T ) = e−iφσz with φ =

∫ T

0
dt f(t)δh(t), (2.18)

which should be compared to the noiseless case, U0 = 1 for δh(t) = 0. The fidelity of
the noisy time-evolution with respect to the noiseless behavior is given by

F =

〈
2 + |Tr(e−iφσz1)|2

6

〉
=

1 + 2〈cos2(φ)〉
3

(2.19)

with the expectation value 〈·〉. Assuming a Gaussian distribution of δh(t) with 〈δh(t)〉 =
0 and 〈δh(t)δh(t′)〉 = g(t− t′) yields, see [72],

〈φ2〉 =
1

π

∫ ∞
0

dω |y(ωT )|2 p(ω)

ω2
(2.20)

where p(ω) is the power spectrum of g(t) =
∫∞

0 dω p(ω) cos(ωt)/π and y(ωt) is the so-
called filter function extracted from a Fourier transform of f(t),

y(ωt) =
ω

i

∫ T

0
dt f(t)eiωt = 1 + (−1)n+1eiωT + 2

n∑
j=1

(−1)jeiδjωT . (2.21)
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Using 〈cos2(φ)〉 = [1 + exp(−2〈φ2〉)]/2, we obtain

F =
2 + e−2〈φ2〉

3
. (2.22)

Uhrig dynamical decoupling [69], δj = [1 + sin(πj/(n + 1))]/2 leads to a filter function
which vanishes up to nth order. Another optimization concept, optimized noise filtration
(OFDD), minimizes

∫ ω1

0 dω |y(ωT )|2 in dependence of δj for some cut-off frequency ω1

[70]. We will reconsider these concepts in chapter 5.

2.4.3 Quantum error correction algorithms

As no operation can be done in practice with a fidelity of 1, errors in a quantum computer
have to be corrected, otherwise they would add up to the order of 1 after some calculation
time. The concept of quantum error correction [73–78] relies on employing more qubits
than needed for the actual computation. The additional qubits can be measured during
the computation process in order to detect errors, which can then be corrected. For
the implementation of quantum gates it is highly relevant that quantum error correction
codes can only correct errors on large scales when the probability of an error to occur is
below some threshold which follows from the specifications of the code. For a realistic
error model error threshold up to 1% have been predicted [78, 79]. This means if the
fidelity of individual quantum operations is larger than 99%, the fidelity of the error-
corrected quantum operation can be arbitrarily close to 1 [78].

2.5 Quantum state tomography

In experiments, quantum states and quantum processes can, in general, neither be fully
determined by a single measurement nor by the repetition of the same measurement.
What is needed to determine experimentally the density matrix ρ describing a quantum
state of interest is quantum state tomography. When one wants to determine the super-
operator L describing a quantum process, ρ 7→ Lρ, quantum process tomography has to
be done, i.e., the mapping of the quantum state for any initial state by L have to be
determined in any component of the space of the density matrix. In this thesis, only
quantum state tomography is discussed. Details about the concept of process tomogra-
phy can be found in [45]. Both, state and process tomography, are highly relevant for
quantum computing. For an experiment aiming at performing quantum operations, it
has to be controlled if this operation is realized with high fidelity. Takahashi et al. [80]
have stated:

“Quantum tomography is considered the gold standard for fully character-
ising quantum systems [...]”

The state of a quantum system is described by a density matrix ρ, which should
be estimated from measurements. It is assumed that the unknown quantum state can
be prepared on demand. This means, several copies of it are available to perform the
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measurements. Measuring always the same observable does not provide all information
about ρ. A set of different observables is needed [81]. A minimal set of observables
allowing an estimation of the density matrix was named quorum [82]. An overcomplete
set may have advantages regarding the reconstruction [83]. Here, we consider finite
systems of dimension n, for m qubits, n = 2m. The density matrix is described by n2−1
real parameters, which have to be calculated from the measurement results. Due to the
probabilistic behavior of quantum mechanics and possible errors in the measurement,
the result cannot be perfect. The reconstruction should exclude unphysical outcomes
like Tr(ρ̃) 6= 1 for the estimated density matrix ρ̃. Established reconstruction methods
are maximum likelihood [84–86] or Bayesian [87–94].

For qubit systems, state tomography was performed in nuclear magnetic resonance
experiments [15,95,96] for up to eight qubits [97], with superconducting qubits [98,99],
and with electron spin qubits in quantum dots encoded in the singlet-triplet subspace
[100,101], see section 3.4, or in a qubit subspace of three electron spins [102], see section
3.5.

A mathematical tool, which is useful in the context of state tomography, is the con-
cept of mutually unbiased bases [103–107]. Two orthogonal bases describing a quantum
system are mutually unbiased when preparing the system in one basis state of one of
the bases leads to an equal distribution among the states of the other basis. In other
words, the bases {|φ1〉, . . ., |φn〉} and {|χ1〉, . . ., |χn〉}, are called mutually unbiased, if
they fulfill,

| 〈φi|χj〉 |2 =
1

4
∀i, j = 1, . . . , n. (2.23)

In a typical situation, an observable O is associated to each mutually unbiased basis
with the basis states being non-degenerate eigenstates of O, e.g.,

O =
n∑
i=1

λi |φi〉 〈φi| (2.24)

with λi 6= λj for i 6= j. Measuring this observable provides frequencies for each of the
eigenvalues λ1, . . . , λn to occur. Each of these frequencies is related to the expectation
value Tr(ρ |φi〉 〈φi|), i = 1, . . . , n. That allows estimating n−1 parameters of the density
matrix ρ. Note that Tr(ρ

∑n
i=1 |φi〉 〈φi|) = Tr(ρ) = 1 is already known. Consequently, a

set of n+1 mutually unbiased bases is needed to reconstruct ρ in this way. The existence
of such a set is proven for n being the power of a prime number [104].
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3 Proposals for quantum computing with
quantum dots and its experimental
implementation

While the spin of an electron is a two-fold DOF and, thus, a natural choice for a qubit, its
suitability for quantum computing is not obvious. If electron (or hole) spins are supposed
to serve as qubits in a quantum register, they need to be locatable and decoupled from
their environment. It should be mentioned that the properties of a so-called electron in
condensed matter are in general not identical with those of a free electron1 regarding for
example the (effective) mass. Actually, due to collective behavior of the material, i.e.,
due to the interaction among its constitutes, various quasi particles exist. Nevertheless,
a quasi particle with charge −1 and spin 1/2 is called electron, quasi particles with
charge +1 and spin 1/2 are called holes and “decoupling from its environment” does not
mean the absence of collective behavior but the property of a measurable DOF of being
undisturbed by others DOFs, which are not of interest. Those DOFs might be the nuclear
spins of the host material, a situation which is discussed in section 3.7. Localization can
be achieved by spatially confine electrons or holes in semiconductor quantum dots. For
the scope of this dissertation, a quantum dot can be, in principle, any structure or
potential which confine individual electrons (or holes), see [108]. Actually, the emphasis
is on lateral quantum dots defined by electric potentials in semiconductor structures as
we concentrate on manipulation of the electron states by electric voltages or magnetic
fields. We will not discuss optically induced operations in detail.

For using those localized electrons for quantum computation, universal quantum gates
need to be available. The central challenge for a two-qubit gate is the realization of a
controlled interaction between the logical qubits. The dipole-dipole interaction between
electron spins due to their magnetic field is too weak for this purpose. However, the
fact that due to Pauli principle the occupation of orbitals by electrons depends on their
spin states is responsible for the exchange interaction between electrons on neighboring
sites. If this interaction between the dots is controllable, it can be applied for quantum
computation with quantum dots .

This chapter is organized as follows: Section 3.1 explains the proposal by Loss and
DiVincenzo for using the exchange interaction between quantum dots to apply a universal
two-qubit gate on spin qubits. In section 3.2, we will discuss how a DQD as the building
block of such a spin-based quantum register can be modeled. Single-spin rotations by
electron spin resonance (ESR) of individual electron spins in quantum dots are reviewed

1We do not consider quantum field theory here, where an electron in vacuum is interacting with virtual
photons.
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in section 3.3. The sections 3.4 and 3.5 address qubits which are defined in subspaces
of Hilbert spaces of two and three electron spins, respectively: the singlet-triplet qubit
and the exchange only-qubit. Initialization and read-out of qubits in quantum dots are
briefly discussed in section 3.6. Section 3.7 deals with an important source of decoherence
for spin qubits, the nuclear spin bath of the host material especially relevant for GaAs
quantum dots. For further reading: A recent review on quantum computing with spins
in quantum dots was provided by Kloeffel and Loss [109].

The subsequent sections of this chapter concentrate on valley qubits, which are by
now much less investigated than spin qubits. Section 3.8 introduces valley degeneracy
as a property of the band structure of several materials with special focus on graphene,
carbon nanotubes, and silicon structures with a two-dimensional interface. Section 3.9
gives an overview about proposals for using the valley as a qubit. In section 3.10, a
proposal for valley-qubit rotations [110] is discussed. Section 3.11 focuses on qubits
which are defined with states differing in their spin and their valley quantum number.
The chapter is concluded by considering some further challenges for quantum computing
with quantum dots in section 3.12

3.1 Loss-DiVincenzo proposal

Loss and DiVincenzo [21] presented a complete proposal for quantum computing with
spin states in quantum dots including suggestions for single-spin rotations and read-out.
Those topics, will be discussed later in this chapter. First, we focus on the central idea
of the Loss-DiVincenzo proposal [21], which is the realization of a two-qubit gate via the
exchange interaction between the spins of electrons in neighboring quantum dots,

Hxc = −JPas = −J |S〉 〈S| = J
σ1 · σ2 − 1

4
. (3.1)

This exchange interaction Hxc with coupling strength J is proportional to the projection
Pas onto the antisymmetric subspace, which is in the space of two electron spins just
identical to the singlet state |S〉 = (|↑↓〉 − |↓↑〉)/

√
2. In chapter 4, we will see that

Hxc = −JPas is also true if additional DOFs are involved. The reason for this relation is
that the exchange interaction originates from virtual hopping between the quantum dots
and the Pauli exclusion principle allows only an antisymmetric spin state to occupy the
same orbital. In the last relation in equation (3.1), the projector |S〉 〈S| is expressed by
the Pauli matrices σix, σiy, σiz for the spin in the left (i = 1) and the right (i = 2) dots,
defined by σ1x = σx ⊗ 1, σ2x = 1 ⊗ σx, and analogously for y and z with the matrices
1, σx, σy, and σz introduced by equation (2.4) and ⊗ denoting the Kronecker product.
This yields, e.g.,

σ1x = σx ⊗ 1 =

(
0 1
1 0

)
⊗
(

1 0
0 1

)
=


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
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3.1 Loss-DiVincenzo proposal

in the four-dimensional two-qubit Hilbert space. Thus, the exchange interaction can
be considered as a splitting of the singlet state |S〉 from the triplet states |T+〉 = |↑↑〉,
|T0〉 = (|↑↓〉 + |↓↑〉)/

√
2, and |T−〉 = |↓↓〉 by the energy J , which is supposed to be

electrically controllable, see section 3.2 for details. The corresponding time evolution
operator at time τ is

Uxc(φ) =

τ∫
0

dτ ′ exp(−iHxc(τ
′)) =

τ∫
0

dτ ′
∞∑
n=0

(−iJ(τ ′) |S〉 〈S|)n
n!

= 1+ (eiφ − 1) |S〉 〈S| ,

(3.2)
with φ =

∫ τ
0 dτ

′ J(τ ′). For φ = π, this leads to Uxc(π) = 1− 2 |S〉 〈S|. By applying this
operator to the product basis {|↑↑〉 , |↑↓〉 , |↓↑〉 , |↓↓〉}, we obtain

Uxc(π) : |↑↑〉 7→ |↑↑〉

|↑↓〉 =
|T0〉+ |S〉√

2
7→ |T0〉 − |S〉√

2
= |↓↑〉

|↓↑〉 =
|T0〉 − |S〉√

2
7→ |T0〉+ |S〉√

2
= |↑↓〉

|↓↓〉 7→ |↓↓〉 .

(3.3)

Therefore, the operator Uxc(π) interchanges the states of the first and the second qubit,
i.e., it is a so-called SWAP operation. Actually, the SWAP gate is not a universal
two-qubit gate. With other words, together with single-qubit rotations the SWAP gate
does not allow for arbitrary unitary operations. But the operation

√
SWAP = 1+ (i+

1) |S〉 〈S| = 1+i
2 1+ 1−i

2 SWAP, which can be obtained for φ = π/2, Uxc(π/2) =
√

SWAP,
is a universal two-qubit gate [51]. Consequently, universal quantum computing can be
achieved by combining this gate with single-qubit operations. For the realization of
single-qubit operations, Loss and DiVincenzo [21] suggested to use either external time-
dependent magnetic fields or to partially transfer the spin qubit for a limited amount
of time to a quantum dot with ferromagnetic order. Applying external magnetic fields
which are changing fast in time is technically difficult. In experiments, rotations of an
individual electron spin in a quantum dot was achieved by ESR [23], see section 3.3 for
details. Another idea suggests to use the exchange coupling between a spin qubit and
an auxiliary spin with fixed orientation due to a locally strong magnetic field [111]. In a
modified version, this setup has been implemented experimentally [112]. Exchange-based
quantum operations in a lateral DQD have been successfully performed in GaAs [22] and
in Si/SiGe [113]. It should be mentioned that the interpretation of the realized quantum
gate is ambiguous. When the individual electron spins are considered to be the qubit of
the quantum register, the exchange interaction provides a two-qubit operation. When a
qubit in a DQD is defined as |0〉 = |S〉 and |1〉 = |T0〉, a so-called singlet-triplet qubit,
the exchange interaction yields a rotation on the Bloch sphere of this qubit about the
z-axis, see section 3.4.
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3 Proposals for quantum computing with quantum dots and its experimental implementation

3.2 Model of a double quantum dot

As mentioned above, the origin of the exchange interaction lies in the virtual hopping of
the electrons from one dot to the next, see figure 3.1. A simple Hubbard-like model of

| ↑〉 | ↓〉
ε = 0

t

S(0, 2)

t

|0〉

ε

Figure 3.1: Sketch of a DQD with two electrons. The detuning is given by ε = ε1 − ε2

and the hopping amplitude by the real parameter t, see equation (3.4). When
the spin state has some overlap with the spin singlet, the charge state with
both charges in one dot can be occupied.

two electrons in one DQD is given by the following Hamiltonian:

H =
∑
n=1,2

∑
σ=↑,↓

[
εnĉ
†
n,σ ĉn,σ +

U

2
ĉ†n,σ ĉn,σ(1− ĉ†n,σ ĉn,σ)

]
+
∑
σ=↑,↓

t[ĉ†1,σ ĉ2,σ + ĉ†2,σ ĉ1,σ] +
∑
n=1,2

∑
σ=↑,↓

∑
σ′=↑,↓

(hn · σ)σσ′ ĉ
†
n,σ ĉn,σ′ .

(3.4)

Here the energy levels in the quantum dot n are denoted by εn, higher orbitals of the
dots are neglected and we call the difference in these energies detuning ε = ε1 − ε2.
The additional Coulomb energy for two electrons being in the same dot is given by
U and the parameter t is the hopping amplitude of the spin-preserving hopping. The

operator ĉ
(†)
n,σ denotes the annihilation (creation) of an electron in dot n with spin σ. In

figure 3.2 a spectrum resulting from equation (3.4) is presented for the simple case of
a homogeneous magnetic field, i.e., identical Zeeman splittings in both quantum dots.
In that case, the Zeeman term in the Hamiltonian does not influence the exchange
coupling. If the Zeeman fields h1 and h2 have the same direction, say the z-direction,
but different amplitudes, this difference ∆h = h1z − h2z has to be taken into account,
when the exchange interaction should be computed. A Schrieffer-Wolff transformation
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3.2 Model of a double quantum dot

0 U

ε

−2hZ

−J
0

2hZ

en
er

gy
|T+

〉

|T−
〉

|T0

〉
|S
〉

S(0,2)

Figure 3.2: Spectrum of the two-electron states in the DQD, described by equation (3.4)
in dependence of the detuning ε = ε1 − ε2. Here, the simple case of a
homogeneous magnetic field, h1 = h2 = hzez, is shown. If the magnetic
fields had different directions in the left and the right dots, the crossing of
the singlet and the T+ state would become an avoided crossing. For ε = 0,
the splitting of |S〉 and |T0〉 is given by J = 4t2/U .

allows for approximately separating the low-energy states from high-energy states, see
reference [114] and section 4.1, where the situation is considered with an additional valley
DOF, yielding a lowering of the singlet energy by [114]

J =
4t2U(U − ε2 −∆h2)

U4 + ε4 + ∆h4 − 2U2ε2 − 2U2∆h2 − 2ε2∆h2
(3.5)

depending on the parameters ε, t, U , and ∆h. The low-energy effective Hamiltonian is
given by

Heff = −J |S〉 〈S|+ ∆h̃
[
|T0〉 〈S|+ |S〉 〈T0|

]
, (3.6)

where ∆h̃ is2

∆h̃ = ∆h

(
1− J(U2 + ε2 −∆h2)

2U(U2 − ε2 −∆h2)

)
. (3.7)

Note that the Schrieffer-Wolff transformation breaks down, when the denominators in
the expressions above become diverging. Further, note that the state which is called
|S〉 in equation (3.6) is actually a superposition of the spin singlet with the symmetric

2Note that there is a typo in reference [12], where there is a 4 in the denominator where it has to be 2.
Thanks to M. Russ for pointing this out.

33



3 Proposals for quantum computing with quantum dots and its experimental implementation

charge distribution (1,1), i.e., one charge in each dot, and the states with charge distri-
butions (2,0) and (0,2), which have to be spin singlets due to the Pauli principle and
are consequently called S(2, 0) and S(0, 2). For the experimental implementation of the
interaction, it is of highest interest how to control the coupling as a function of time.
While a time-dependent magnetic field is difficult to control, electric tunability of J can
be achieved via changing the detuning ε. This was realized, e.g., in the experiments
reported in reference [22]. An alternative can be the electric tuning of the hopping am-
plitude t as originally suggested by Loss and DiVincenzo [21]. Another aspect concerns
the two-qubit gates directly provided by the exchange interaction in the presence of a
Zeeman field. When an inhomogeneous magnetic field is applied the exchange interac-
tion is not limited to the gates described by Uxc(φ) discussed in the previous section.
For a properly chosen field, also a conditional phase flip gate, which is locally equivalent
to the CNOT gate, can be gained directly [115], i.e., it is not necessary to construct it
from two

√
SWAP gates, see equation (2.13).

3.3 Electron spin resonance

Electron spin resonance (ESR) is known as a method for investigating materials con-
taining unpaired electrons [116]. In those measurements, the absorption spectrum of a
microwave shows a peak when an external magnetic field is applied such that the Zeeman
splitting matches the frequency of the microwaves. However, ESR can also be used to
coherently rotate an individual electron spin in an external magnetic field [23] via Rabi
oscillations. In a simple case of a static magnetic field in z-direction and a time-periodic
magnetic field in x-direction, the Schrödinger equation for the two-level state |ψ〉 is

i∂t |ψ〉 =
[ωL

2
σz + ωR cos(ωLt)

]
|ψ〉 =

(
ωL/2 ωR cos(ωLt)

ωR cos(ωLt) −ωL/2

)
|ψ〉 , (3.8)

where ωL is the frequency of the Larmor precession induced by the static field and ωR
with ωR � ωL will be identified as the Rabi frequency. After transformation to the

rotating frame,
∣∣∣ψ̃〉 = eiωLσz/2 |ψ〉, we obtain

i∂t

∣∣∣ψ̃〉 = ωR

(
0 ei2ωLt + 1

1 + e−i2ωLt 0

) ∣∣∣ψ̃〉 (3.9)

and within the rotating-wave approximation the fast rotating terms ei2ωLt and e−i2ωLt

are assumed to average to zero and are neglected in the following. This approximation
yields the result ∣∣∣ψ̃(t)

〉
= e−iωRσx/2

∣∣∣ψ̃(0)
〉
. (3.10)

Rotations about another axis can be achieved in this situation when cos(2ωLt) in equa-
tion (3.8) is replaced by cos(2ωLt + φ0). For instance, with φ0 = π/2 the rotation axis
in the Bloch sphere is the y-axis. Equation (3.10) is exact for a rotating magnetic field
in the x-y plane, i.e., in equation (3.8) ωR cos(ωLt)σx is replaced by ωR[cos(ωLt)σx +
sin(ωLt)σy]/2. In the rotating frame, the magnetic field in the x-y plane is static.
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3.3 Electron spin resonance

In the experiment performed by Koppens et al. [23], ESR-driven oscillations were
detected using a DQD tuned to a spin-blockade regime. This means each dot was
occupied by one electron and, when the spins were the same, tunneling was not possible,
since higher orbitals in the quantum dot could not be reached. However, flipping one
of the electron spins allowed for tunneling to a singlet in one of the dots, which was
detectable as a current because this singlet, which was higher in energy than the single-
electron state due to the additional Coulomb energy, was energetically higher than the
barrier to a lead. In this experiment, the time-periodic magnetic field was induced by
applying a radio-frequency signal to a narrow metallic wire close to the quantum dots.
Actually, this generation of the time-dependent magnetic field is technically difficult.
Therefore, different attempts to achieve the same effect by applying time-dependent
electric pulses to the electron in the quantum dot have been made. One strategy is to
harness the stray field of a micro magnet [117] next to the dot or ferromagnetic electrodes
[118] in order to generate a spatially varying magnetic field. Then, “moving” the electron
by an electric field back and forth generates effectively a time-dependent magnetic field.
Due to the spatially dependence of the magnetic field, the Zeeman splitting in two
neighboring quantum dots can be different, which yields different resonance condition
of ESR as well and, thus, individual rotations of electron spins in a DQD [119, 120].
Alternatively, a material with spin-orbit interaction (SOI) can be used. The SOI also
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Figure 3.3: Bloch sphere of an electron spin in an external static magnetic field in z-
direction, Bz, inducing Larmor precession about the z-axis. A smaller mag-
netic field in x-direction, Bx(t), is oscillation in time with the Larmor fre-
quency. This electron spin resonance (ESR) yields effectively a rotation
about an axis in the x-y plane of the Bloch sphere depending on the relative
phase of the time dependence.
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3 Proposals for quantum computing with quantum dots and its experimental implementation

allows for rotating the spin by applying a time-periodic electric field [121, 122]. This
concept was implemented in a GaAs device [123], but is especially used in semiconductor
nanowires [124–126] due to the strong SOI.

In lateral quantum dots, the fastest times [109] needed to perform a spin flip by ESR
and an exchange-based SWAP operation were 20 ns [119] and 0.35 ns [22], respectively.
This means, the operations performed by the exchange interaction can be much faster
than the ESR-based rotations and one may want to have a qubit defined in a way that
makes the single-spin manipulation dispensable. Those approaches are discussed in the
following sections.

3.4 Singlet-triplet qubits

Instead of identifying qubits as electron spins, logical qubits can be considered as any
two-dimensional subspace of a higher-dimensional Hilbert space. One choice suggested
by Levy [127] is to define the qubits in a two-electron DQD in the subspace. A quantum
state |ψ〉 is in this subspace if and only if (σ1z +σ2z) |ψ〉 = 0. This means, every state in
the subspace is an eigenvector of the operator (σ1z + σ2z), which corresponds the total
spin projected onto the z-axis. The z-direction might be chosen as the direction of an
external static field. Such a magnetic field breaks the degeneracy of the triplet states,
by shifting |T+〉 and |T−〉 up or down in energy with respect to |T0〉. It is a question of
notation which states in the qubit space are considered to be |0〉 and |1〉. If universal
quantum computing is shown to be feasible, any unitary operation can be achieved and
that means that a unitary transformation has no impact on the universality of a set of
quantum gates. In this chapter, we will use |0〉 = |S〉 and |1〉 = |T0〉. This qubit is called
singlet-triplet qubit or S-T0 qubit.

3.4.1 Single-qubit rotations for singlet-triplet qubits

Single-qubit gates are available if rotations about two different axes with arbitrary angles
are provided for the Bloch sphere. In the notation used here, the controllable singlet-
triplet splitting by the exchange interaction, J , yields a controllable rotation about the
z-axis of the Bloch shere. Therefore, the exchange-based quantum gate implemented
by Petta et al. [22] is a single-qubit operation in this context while it was interpreted
as a two-qubit gate for qubits defined as single spins. A rotation about the x-axis is
provided by a gradient in the magnetic fields at the two dots [127, 128]. The different
Zeeman energies yield a splitting of the spin states |↑↓〉 = (|T0〉 + |S〉)/

√
2 and |↓↑〉 =

(|T0〉 − |S〉)/
√

2, which are states on the equator of the Bloch sphere at the poles of the
x-axis. An experimental implementation of both, exchange-based and Zeeman-gradient-
induced single-qubit gates was achieved by Foletti et al. [100]. In this experiment, a
high gradient in the magnetic fields was realized by dynamically polarizing nuclear spins
in the GaAs host material with opposite direction in the quantum dots. This allowed
for fast x rotations of 0.39 ns for one π rotation, see the overview about experimentally
realized gate times provided in [109]. This time corresponds to the difference in the
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3.5 Exchange-only qubits

magnetic field of 230 mT [100]. Alternatively, gradients in the magnetic field can be
provided by micro magnets as mentioned in section 3.3.

3.4.2 Two-qubit gates for singlet triplet qubits

Several publications address two-qubit gates for S-T0 qubits. In principle, the exchange
interaction between two neighboring dots, where each dot belong to another DQD hosting
a qubit, is capable of generating a universal two qubit gate for these qubits. Levy
[127] suggested a combination of two exchange-based coupling operations and Zeeman
gradient-based x rotations. Note that the quantum state leaves the logical space of the S-
T0 qubits during this procedure while being back in this logical subspace at the end of the
process. In general, for the exchange-based two-qubit gates, special attention needs to
be paid to the question how leakage by imperfect gates can be avoided. A universal two-
qubit gate by a simple two-step time-dependence of the exchange coupling was proposed
by Benjamin [129]. Further theoretical investigations of exchange-based two-qubit gates
were carried out by Li et al. [130] and Klinovaja et al. [131], where reference [131] includes
the effect of SOI. Taylor et al. [128] proposed a capacitive coupling of the S-T0 qubits. In
this concept, two DQD are hosting one singlet-triplet qubit each and are again aligned
next to each other. If the two-qubit gate should be applied, the detuning within the
DQDs is changed in a way that the singlet states with symmetric charge distribution are
transferred to states S(0, 2) and S(2, 0). Thus, when both qubits are in singlet states, the
electrons are in the central dots of the chain of four quantum dots, having the charge
state (0, 2, 2, 0). The idea is that this proximity of the charges yields an additional
Coulomb energy which is not present for at least one of the qubits being in the triplet
state. This should allow for a controlled phase gate between the qubits. Operations
based on this or similar electrostatic coupling have been studied theoretically in several
papers [132–136]. Experiments using the capacitive coupling have been performed by
van Weperen and coworkers [137] as well as by Shulman et al. [101], where in the latter
work state tomography ensures that the qubits have been entangled by the operation.
Recently it was proposed to use an intermediate state, e.g., provided by an additional
quantum dot, for two-qubit S-T0 gates [138].

3.5 Exchange-only qubits

While the encoding of the qubits in the singlet-triplet subspace above makes the ESR
rotations expandable, it is even possible to perform all quantum gates for a quantum
register based on spins in quantum dots by exchange interaction. In this exchange-
only approach, each qubit is encoded by three electron spins, which might be hosted
in a triple quantum dot [139]. Here, the logical subspace is defined by the total spin
quantum number of the three electron spins being s = 1/2 and the quantum number for
the total spin projected on the quantization axis being sz = 1/2. Then the qubit basis

37



3 Proposals for quantum computing with quantum dots and its experimental implementation

states can be, e.g., chosen as

|0〉 =
|↑↑↓〉 − |↓↑↑〉√

2
= |S〉13 |↑〉2 ,

|1〉 =
|↓↑↑〉 − 2 |↑↓↑〉+ |↑↑↓〉√

6
.

(3.11)

3.5.1 Quantum gates for exchange-only qubits

The exchange interaction between dots one and two and between dots two and three
provides two rotation axes on the Bloch sphere enclosing an angle of 2π/3 [139]. The
exchange interactions between dot one and two and between two and three allow for any
desired rotations by applying a series of at most four interactions while three steps are
sufficient when also the exchange interaction between dot one and three is available [139].
Thus, control over these exchange interactions allows arbitrary single-qubit operations.
DiVincenzo et al. [139] also showed that a two-qubit gate between exchange-only qubits
in neighboring triple dots, having a one-dimensional array of six quantum dots, can be
realized by applying exchange interactions just between neighboring dots. Optimization
of the times the interactions have to be switched one with a fixed strength, was applied
to determine the sequence numerically. It contains 19 pulses but can be applied in 13
steps due to some parallelism and the two-qubit gate is locally equivalent to CNOT.
Therefore, the whole scheme of universal quantum computing relies on the same inter-
action, which is electrically controllable. Fong and Wandzura [140] provided a sequence
which needs 18 pulses in eleven steps to allow for a two-qubit gate locally equivalent
to CNOT. This sequence was found numerically by a genetic algorithm but the result
is analytic, comprising only SWAP,

√
SWAP, and SWAP−1/2 operations applied to the

spins of neighboring dots. Furthermore, this sequence relaxes the condition of the chosen
subspace. While the total spin of the three physical spins of one qubit has still to be
s = 1/2, the total spin projected on the z-direction does not need to be fixed. Here, the
qubit |ψ〉Q is stored in a decoherence free subsystem while the complete state is given by
|ψ〉Q⊗|ψ〉R where |ψ〉R stores the information about the total spin in z-direction, which
is a superposition of sz = 1/2 and sz = −1/2. An analytical construction of two-qubit
gates reducing the Hilbert space to a two-dimensional pseudo spin while including one
physical spin after another was presented by Zeuch et al. [141] resulting in a sequence
of 39 pulses. A homogeneous external magnetic field does not affect the exchange-only
qubits due to its encoding, but an inhomogeneous field does. Moreover, it can cause
leakage [142]. Decoupling from the leakage states can be achieved by applying a strong
external homogeneous magnetic field, since it energetically separates states with differ-
ent projections of the total spin on the direction of this field. Then, just one leakage
state remains, the state with s = 3/2 and sz = 1/2. When the exchange interaction
between neighboring dots is always switched on, see next subsection, this state is ener-
getically separated as well, and errors due to fluctuations in the magnetic field, e.g., due
to hyperfine-interaction with nuclear spins, see section 3.7, can be corrected similarly to
the single-spin case [142]. For the case of no permanently applied exchange interaction,
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an echo sequence based on SWAP operations was suggested by West and Fong [43] re-
sulting in each electron spin spending the same time in each dot, see chapter 5. Further
publications have suggested pulse sequences allowing for single-qubit gates correcting
hyperfine noise as well as noise in the exchange interaction [143] and two-qubit gates not
affected by static hyperfine noise [144].

Experiments with three spins in a triple quantum dot have been carried out by Laird
et al. [145] demonstrating initialization and a two-spin interaction. Gaudreau et al. [146]
realized coherent operations via pairwise exchange coupling in a triple dot controlled by
changing the detuning between the dots and Medford et al. [102] realized full control,
single-shot readout and state tomography on one exchange-only qubit in a triple dot.

3.5.2 Resonant exchange-only qubit

One version of the exchange-only qubit is the so-called resonant exchange-only qubit,
which was recently introduced [147, 148]. There, the exchange interaction is always
applied leading to a permanent splitting between the qubit states similar to the Zeeman
splitting of a single spin. Quantum gates are realized by applying a time-periodic electric
potential which leads to Rabi oscillations [147] similar to those in ESR experiments. Two-
qubit gates have been proposed based on dipole-dipole coupling [148] and by a single
exchange pulse [149].

3.5.3 Other variation of the exchange-only concept

A qubit allowing for full control via the exchange interaction can also be encoded by
four electron spins. For this type of qubits, a pulse sequence for a two-qubit gate which
locally equivalent to CNOT has been found numerically [150]. Since this sequence is
with 34 pulses applied in 19 steps longer than the most efficient known sequences for the
triple-dot encoding, there seems to be no advantage in using four instead of three spins
to encode one qubit.

Also quantum computing with qubits encoded by three electron spins in a DQD in
the same spin configuration as the exchange-only qubits have been considered [151–
153]. The quantum gates should be controlled electrically in this charge-and-spin hybrid
system. Single-qubit control for a qubit of this type has been demonstrated recently in
experiments in Si/SiGe quantum dots [154,155].

3.6 Read-out and initialization

It is challenging to detect an electron spin state via its magnetic field. Just recently
this was achieved using a nitrogen-vacancy in diamond [156]. In contrast, spin states
of electrons in quantum dots are typically measured by transferring them into charge
states using the Pauli exclusion principle, which forbids symmetric wavefunctions. For
instance, two electrons with the same spin state cannot occupy the same orbital state.
This leads to the well-known effect on the current through quantum dots by spin Pauli
blockade [157,158]. The charge states of a quantum dot can be measured by a quantum
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3 Proposals for quantum computing with quantum dots and its experimental implementation

point contact [159–161]. The nearby charge state shifts the energy levels of the quantum
point contact and this remarkably changes the conductance of this device. Thus, changes
of the charge state of the quantum dot can be detected by changes in an electric current,
although the current does not flow through the quantum dot itself. For the spin-to-
charge conversion, several approaches exist. Loss and DiVincenzo [21] proposed to use
spin-depending tunneling to a neighboring quantum dot and to measure the charge state
of this dot. Kane [26] noted for the system of donors in silicon that two electrons can
occupy the same level only if their spins are in a singlet state and suggested to measure
the charge state. Golovach and Loss [162] considered coupling of a quantum dot to leads
with a different Zeeman splitting than in the dot. In this scheme, only the energetically
lower spin state for one electron in the dot should allow for another electron to enter
the dot forming a spin singlet. In the original proposal [162], the spin state should be
detected by different tunnel currents, but this can also be achieved by a quantum point
contact [163]. Vandersypen et al. [163] suggested to couple the quantum dot to spin-
polarized leads, which would allow an electron with a spin in this polarization direction
to leave the dot more easily than for the orthogonal spin state. Then, the charge state
of the dot itself should be measured.

Elzerman et al. [164] experimentally demonstrated single spin read-out by injecting
individual electrons in a quantum dot where only the spin state which is higher in
energy due to the Zeeman splitting allows for tunneling out of the dot. The charge state
is measured over time by a quantum point contact and when the electron leaves the
dot and is replaced by another electron afterwards this is detected by considering the
current through the quantum point contact as a function of time. Nowack et al. [165]
succeeded to demonstrate correlations of two electron spins from a DQD by performing
single-shot read out on the individual spins. If the measurement in a two-electron DQD
is just supposed to distinguish the spin singlet from the triplets, it is enough to change
the detuning in a way that the singlet state is transferred to a (0,2) charge state and a
quantum point contact measures the charge state of the right dot [22, 100, 101, 120]. In
general, the state which is actually transferred to the (0,2) charge state depends on how
fast the detuning is changed and on the magnetic field, see section 6.1.

Initialization of spin qubits can be realized as the process inverse to the readout. For
example, a DQD can be prepared at large detuning in the charge state (0,2). Then,
decreasing the detuning can determine the spin state to be a singlet [22]. Pauli spin
blockade can be used to initialize two parallel spins in a DQD [120]. In general, initial-
ization can be achieved by tune the system to have a non-degenerate ground state and
then wait at this configuration for a time much longer than the relaxation time.

3.7 Decoherence by nuclear spins

As predicted theoretically [166–168] and found experimentally by Petta et al. [22] in
GaAs quantum dots, the coherence of spin qubits is highly affected by the nuclear spins
of the host material and their hyperfine coupling to the electron spins. All stable isotopes
of gallium and arsenic carry nuclear spin 3/2. In a simple picture, the effect by the

40



3.7 Decoherence by nuclear spins

nuclear spins on the electron spin in a quantum dot can be considered as the effect of
an inhomogeneous magnetic field caused by the ensemble of nuclear spins. This field
is called Overhauser field [169] and is determined by the random distribution of the
nuclear spin directions. The distribution is influenced by an external magnetic field
as the nuclear spins tend to align themselves in parallel to the external field. The
homogeneous component of the Overhauser field is irrelevant for an S-T0 qubit in a
DQD. However, the spatial dependence of the field causes dephasing, because a random
difference in the Zeeman splitting yields uncontrolled rotations on the Bloch sphere.
Petta et al. [22] found the dephasing time to be T ∗2 ≈ 10 ns; for comparison, a π rotation
by the exchange interaction was performed in 0.35 ns. For a review on the effects of
the nuclear spins on the behavior of quantum dots see reference [170]. It is worth
mentioning that the nuclear spins can also be useful: Foletti et al. [100] used nuclear
spins which have been polarized in opposite directions to achieve a large gradient in the
Zeeman splitting at neighboring quantum dots and, thus, fast rotations of a S-T0 qubit.
Furthermore, the nuclear spins can be used to achieve an avoided crossing between the
singlet state and the T+ triplet state in a two-qubit DQD. This allows for Landau-Zener
physics at this S-T+ anticrossing [171]. However, the nuclear spins are an important
source of decoherence. Several strategies aim at the reduction or in the best case the
elimination of the influence of the nuclear spin field on the electron spin qubit. The
dynamics of the nuclear spins is slow compared to the electron spins. If the Overhauser
field were quasi static, a simple echo pulse could remove the dephasing completely. In the
experiment by Petta and coworkers [22], an echo was realized by applying an exchange
π pulse on the qubit after half of the total waiting time. This makes the spin precess
in opposite direction before and after the π pulse. The frequency of this precession is
still unknown but it is canceled at the end of the total waiting time. By this Petta et
al. extended the decoherence time to 1.2µs [22]. Actually, also the nuclear spins are
time dependent. Remarkably, knowledge about the noise spectrum can be obtained by
an echo experiment, because the scaling of the decoherence time in dependence of the
number of echo pulses is related to the noise spectrum [172]. The experiment described
in [172] for the singlet return probability in a GaAs DQD yields for the noise spectrum
S(ω) ∼ ω−2.6 where ω is the noise frequency. It is unclear whether this behavior is due
to the Overhauser field alone or due to a combination of hyperfine and charge noise.
By applying more echo pulses the decoherence time can be further extended; more than
200µs have been realized in an external magnetic field of 0.4 T [49].

Instead of eliminating the effect of the nuclear spins via echo, one can also try to
reduce the randomness of the nuclear spin distribution. This strategy is called nuclear
spin state narrowing [173]. This can be obtained, for example, by (i) measuring the
effect of the nuclear spin bath on an electron spin qubit several times [173–175], by
(ii) polarizing the nuclear spins in the presence of an external magnetic field via (iia)
optical pumping [176–181] or via (iib) driving electron spin states in a two-electron DQD
through the S-T+ anticrossing repeatedly [100, 182–184], or by (iii) freezing the nuclear
spins in a very strong magnetic field of about 15 T and at a very low temperature of a
few mK [109, 185]. In experiments with S-T0 qubits, the dynamic nuclear polarization,
i.e., method (iib), allowed for enhancing the dephasing time to T ∗2 ≈ 100 ns [183] and,
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recently, method (i) was implemented to achieve T ∗2 ≈ 2µs [175]. All the strategies listed
above rely on the fact that nuclear spin dynamics are slow compared to the dynamics of
the electron spin qubits.

Another possibility to avoid the problems caused by hyperfine interaction is to build
quantum dots in materials with a small amount of nuclei with a non-zero spin. In
natural silicon, the isotope 29Si with nuclear spin 1/2 has an abundance of less than
5% while the other isotopes in natural silicon, 28Si and 30Si, have nuclear spin zero.
In carbon, the natural abundance of the isotope with nuclear spin 1/2, 13C, is about
1%. The nucleus of 12C is spin-free. Recently, successful experiments in Si/SixGe1−x
structures have been performed by Maune et al. [113] demonstrating quantum gates
by exchange interaction while ESR rotations have been demonstrated by Kawakami et
al. [186] and by Veldhorst et al. [187]. Isotopic purification can further reduce the number
of nuclear spins in these materials and thus improve the coherence times of electron spins
in quantum dots as demonstrated by Tyryshkin et al. [188] and also used by Veldhorst
et al. [187]. At the Si/SiO2 interface, so-called charge traps contribute considerably to
charge noise [189]. Nevertheless, a spin blockade experiment was successfully performed
in a Si/SiO2 device [190] where the density of charge traps have been reduced before and
an ESR experiment in a Si/SiO2 quantum dot have been reported [191]. The dephasing
time in experiments with spin-qubits in silicon quantum dots was found to be 0.36µs for
a S-T0 qubit [113] and 1.7µs for a S-T+ qubit [192]. For single-spin qubits, values for
T ∗2 of 0.8µs in natural silicon [186] and 120µs in isotopically purified silicon [187] have
been reported. Veldhorst et al. determined a promising average control fidelity for the
single-spin qubit of 99.6% [187].

3.8 The valley degree of freedom

As mentioned in the previous section, carbon- or silicon-based quantum dots have the
advantage of less disturbance of the electron spins by hyperfine interaction. The band
structures of silicon as well as of graphene contain multiple so-called valleys. Valleys are
minima (maxima) in the conduction (valence) band. When those minima (maxima) are
degenerate and when they are the lowest (highest) points in the conduction (valence)
band, an excited electron (hole) at low energy could occupy one of them. Consequently,
the valley can be considered as an additional DOF for the particle. We will see in the
following that the relevant case in the systems of interest is a two-fold valley degeneracy.
Considering the exchange interaction, the presence of an additional DOF is problematic
if one wishes to perform spin-qubit operations. The reason is that the exchange coupling
relies on the Pauli exclusion principle. The additional DOF allows for more possibilities
to have an antisymmetric wavefunction and this compromises the exchange-based quan-
tum gates designed for spin qubits [193]. For the exchange interaction in the presence
of spin and two-fold valley DOFs, see chapter 4.
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3.8.1 Valley states in graphene and carbon nanotubes

Graphene, a two-dimensional hexagonal lattice of carbon atoms, contains two valleys
called K and K ′ in its band structure, see figure 3.4. Actually, at these points in
reciprocal space the conduction and the valence band touch each other. Due to the
linear dispersion close to these points, they are called Dirac points. An overview of the
electronic behavior of graphene can be found in the review by Castro Neto et al. [194]. For
confining electrons in graphene quantum dots, a band gap is needed because otherwise
the electrons could escape due to Klein tunneling [195]. A band gap might be created,
for example, by using nanoribbons of graphene or bilayer graphene [196]. However, spin
states in graphene quantum dots are difficult to detect experimentally [197].

Carbon nanotubes (CNTs) can be considered as ribbons of graphene with periodic
boundary conditions. Therefore, their band structure can be understood as cuts through
the two-dimensional band structure of graphene [198]. A four-fold periodicity due to
spin and valley states was observed in transport experiments in CNTs [199–201]. Also
in a Pauli blockade [202] experiment, the existence of both, spin and valley DOFs, was
demonstrated [203].

It has been proposed to lift the valley degeneracy in graphene nanoribbons by using
armchair edges in order to allow for spin-based quantum computing [204]. For graphene
quantum dots defined by electric gates it was shown theoretically that the valley degen-
eracy is lifted by the out-of plane component of a magnetic field [193]. In CNTs the
valleys can be split energetically by the magnetic field component which is parallel to
the nanotube axis as demonstrated experimentally [205].

3.8.2 Valley states in 2D silicon structures

The conduction band of silicon contains six degenerate minima. This six-fold valley
degeneracy of bulk silicon is split off by an interface, e.g., between Si and SiO2, with
orientation (001) due to a difference in the effective mass [206, 207] and in Si/SiGe
structures a splitting can also be caused by strain [208–213]. The six valleys are oriented
in the Brillouin zone along the crystallographic axes, see figure 3.5. Therefore, they
are called |x〉, |x〉, |y〉, |y〉, |z〉, and |z〉. The valley states |z〉 and |z〉 are lower in
energy after the splitting, the others can be neglected. Due to valley-orbit coupling
(VO), an interaction between |z〉 and |z〉 is present. This coupling is characterized
by a complex matrix element VVO [214]. The resulting valley splitting is 2|VVO| and
the energy eigenstates are superpositions of |z〉 and |z〉 with equal weight and a relative
phase determined by arg(VVO). The valley splitting has been under intense experimental
investigation in lateral silicon quantum dots and was found to be in the order of 0.1
to 1 meV [187, 215–222]. It was demonstrated in [221] that the valley splitting in the
investigated system was electrically tunable in the range from 0.3 to 0.8 meV. Similar
results were reported in reference [187]. Less is known about arg(VVO). In [223], it has
been calculated that arg(VVO) is only slightly dependent on the applied electric field,
but, as shown theoretically in [224], arg(VVO) depends on the conduction band offset.
Exchange gates [113] and ESR rotations [187] for spin qubits were demonstrated at

43



3 Proposals for quantum computing with quantum dots and its experimental implementation

−3 −1.5 0 1.5 3
kxa

−3

−1.5

0

1.5

3
k
y
a

K

K′

1

3

5

2E
(k

)/t

Figure 3.4: Energy band gap 2E(k) of graphene in the tight-binding model with
next nearest neighbor hopping and hopping amplitude t with t ≈ 2.8 eV
[194]. The reciprocal vectors are given in terms of 1/a where a is the
lattice constant of graphene. Note that the valence and the conduc-
tion band are symmetric, ±E(k), and that the band-gap is zero at the
points K and K ′. The formula for the energy bands is given by E(k) =

t
√

3 + 2 cos(
√

3kya) + 4 cos(
√

3kya/2) cos(3kxa/2) for the orientation con-

sidered here [194]. Further, note that there are exactly two non-equivalent
K-points independent of the arrangement of the Brillouin zone (BZ). If the
first BZ is considered to be the hexagon enclosed by the dashed lines, the K
points are at the six corners. Each of this corner points is attributed to three
different BZs. Therefore, three of those corner points are equivalent as they
can be transformed into each other by shifting them by a reciprocal lattice
vector. Considering the rhombus formed by these reciprocal lattice vectors
(solid lines), it is obvious that two K-points belong to one BZ.
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Figure 3.5: Sketch of the positions of the six valleys in the conduction band of bulk
silicon. In a structure with a (001) interface, the valleys are energetically
split off with the valleys on the kz-axis, |z〉 and |z〉, highlighted in red color,
being lowest in energy and therefore relevant for the low energy physics in a
quantum well.

sufficiently high valley splittings. The existance of the valley can have dramatic effects
on the spin relaxation in a silicon quantum dot [221]. A recent review on quantum
electronics in silicon was published by Zwanenburg et al. [225].

3.8.3 Some further materials with valley degeneracy

Bulk aluminum arsenide has three degenerate valleys in its conduction band, actually
arranged in the same way as in silicon but with |x〉 and |x〉 being equivalent and anal-
ogous for the y- and z-axis [226]. In a quantum well, this three-fold degeneracy can be
changed to situations with one or two low-energy valleys depending on the crystallo-
graphic orientation and the thickness of the AlAs film [226,227].

Recently, monolayers of transition metal dichalcogenides have aroused great interest
[228–230] due to their coupling of spin and valley states [231] and the possibility to excite
those states individually by using circularly polarized light [232–234]. A valley splitting
by the out-of-plane component of a magnetic field was found [235]. Quantum dots in
this material have been considered theoretically by Kormányos et al. [236].
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3.9 Valley qubits

Besides the problems for exchange-based quantum gates for spin qubits, the valley DOF
can also be considered as an additional resource for information processing. It has
been suggested to use the valley as a classical bit of information [237, 238] or as a
qubit [24, 239, 240]. Harnessing the valley DOF in information technology was called
valleytronics [237] referring to spintronics as a term for spin-based technology. In this
thesis, the focus is on the use of the valley DOF as a qubit. Implicitly, this restricts the
discussion to a two-dimensional valley DOF. For notation, we will use |+〉 and |−〉 as
two orthogonal valley states. When the spin degeneracy is broken by a strong external
magnetic field such that only the energetically lower spin state has to be taken into
account, the valley DOF of an electron in a quantum dot can be treated in a similar way
as a spin qubit: In a two-electron DQD, the exchange interaction is proportional to the
projector onto the valley singlet state

∣∣SV 〉 = (|+−〉 − |−+〉)/
√

2. Here, the hopping
matrix element is assumed to be valley preserving. Thus, the exchange interaction
acts as a two-qubit interaction for single-valley qubits and as a single-qubit rotation for
valley S-T0 qubits with the triplet

∣∣T V0 〉 = (|+−〉 + |−+〉)/
√

2. In case single valleys
are considered as qubits, a valley splitting yields one axis for rotations on the Bloch
sphere. A concept for single-valley rotations about a second axis [110] is discussed
in the next section. For valley singlet-triplet qubits, the exchange interaction and a
gradient in the valley splittings allow for arbitrary rotations on the qubit’s Bloch sphere.
Proposals considering those S-T0 valley qubits have been made for monolayer graphene
[241], bilayer graphene [242], and silicon-based quantum dots [25]. While the exchange
interaction behaves, in principle, in the same way in all cases, the concepts for achieving
valley splitting are different in these proposals. For monolayer graphene, different out-
of-plane components of a magnetic field lead to different valley splittings in the two
dots [241]. In reference [242], the authors suggested instead to manipulate the valley
state by warping of the band-structure via an ac, i.e., oscillating, electric field. The
valley splitting in silicon quantum dots is proposed to be realized by electrically tuning
the confinement potential of the quantum dots by a top gate [25]. Furthermore, the
authors of [25] suggested to use a stripline resonator for two-qubit gates.

For practical use of valley qubits, their lifetime is crucial. Therefore, a direct mea-
surement of this quantity would be highly appreciated. Culcer et al. [243] assumed that
valley qubits have long decoherence times, since they are immune to fluctuations of mag-
netic fields and to the Coulomb potential of dangling bonds in the quantum dot plane.
They also assumed the phonon-mediated valley relaxation to be suppressed, since the
phonons would need to match the energy difference between the valley states and their
distance in momentum space. Tahan and Joynt [244] calculated valley relaxation times
due to phonons for silicon quantum dots with an ideal flat surface. They found that
the time is decreasing with increasing valley splitting and absolute values of more than
1 ms for valley splittings below 1 meV. The valley states could be coupled by atomically
sharp scatterers. They are sharp in real space and can therefore connect distant states
in momentum space. Gamble et al. [245] showed theoretically that disorder leads to
valley-orbit mixing with effects on the intervalley tunneling and charge-noise sensitivity.
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The next section addresses a proposal where the disorder is supposed to be used for
manipulating the valley state [110]. Several experiments provide some insights about
valley lifetimes, especially, in silicon quantum dots the relaxation of spin-valley states
was measured [221]. The authors of this work assumed the intervalley relaxation to
be responsible for a relaxation hot-spot implying valley relaxation times of less than
1 ms. Some lower boundaries for the valley lifetime can be deduced from experiments
involving spin and valley DOFs: Lansbergen et al. [246] found a lifetime of a valley state
in a transport experiment in a silicon transistor to be longer than 48 ns. Churchill et
al. [203] measured a dephasing time of T ∗2 = 3.2 ns and relaxations times in the order
of µs for two-electron states in a DQD in a CNT with an amount of the isotope 13C
enriched to 99%. These results originate from spin and valley states of the electrons.
Laird et al. [247] reported dephasing and decoherence times of T ∗2 = 8 ns and T2 = 65 ns
for a qubit which is defined as a spin-valley qubit, i.e., two distinct states of the qubit
differ in spin and valley, see section 3.11. Measurements of the polarized luminescence
after optical excitation in a monolayer of WSe2 show that the valley coherence in this
material is at least of the order of the electron-hole recombination time [248].

3.10 Electron valley resonance

Pályi and Burkard [110] have developed a theory for valley rotation by an ac electric
field focused on CNTs but possibly applicable to other materials. In this proposal, the
coupling of the valley states is induced by atomic defects. Scattering at those sharp
scatterers allows for a large momentum transfer, which is necessary for a coupling of
two states which are well separated in momentum space. Therefore, the interaction with
the defects contains a term proportional to |+〉 〈−| + |−〉 〈+|, i.e., a σx term for the
valley qubit. A valley splitting, i.e., a term proportional to |+〉 〈+| − |−〉 〈−|, can be
induced by SOI, which depends on the curvature of the nanotube. This valley splitting
plays the role of a constant Zeeman splitting of spin states within ESR induced by a
static magnetic field. In ESR, a time-periodic component of the magnetic field, which is
orthogonal to the static one, yields Rabi oscillations. While a valley splitting might also
be generated magnetically, the Rabi oscillations for a valley qubit cannot be induced by
another component of the magnetic field. The valley DOF is influenced by not more
than one component of the magnetic field. In the proposal [110], the envelope function of
the electron, which carries the valley qubit, is shifted back and forth along the nanotube
by periodically changing the electric voltage which confines the electron. Because of
the disorder of the atomic defects, this results in a time-periodic term orthogonal to
the valley splitting. This means, Rabi oscillations can be achieved when the driving
frequency matches the splitting. In analogy to ESR, Pályi and Burkard introduced the
term electron valley resonance. This should allow for individually rotating a valley qubit.

While a one-to-one realization of this proposal is not published yet, the valley DOF
is involved in several electron resonance experiments. Laird et al. [247] demonstrated
Rabi oscillations by periodic electric driving in a CNT quantum dot where the states
which are connected by the Rabi oscillation differ in their spin and their valley quantum
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number. The states of such a spin-valley qubit are degenerate at zero magnetic field in
contrast to a qubit which is defined as a pure spin or a pure valley qubit. The reason is
that the SOI term is proportional to |+〉 〈+| − |−〉 〈−| as well as to |↑〉 〈↑| − |↓〉 〈↓| [110].
In the experiment described in [247], a static splitting of the qubit states is generated by
a magnetic field. A theoretical description of spin-valley transitions by electric driving is
given in [249] and [250]. In [191], the detected resonance spectrum is also determined by
spin and valley DOFs. In the experiment described in reference [186], the valley states
seem to influence the spin Zeeman splitting slightly. The authors of the paper assume
this effect to be the cause for finding different resonance peaks in ESR.

3.11 Spin-valley qubits

As mentioned above, a qubit can be defined as a two-dimensional subspace which includes
the valley DOF as well as the spin DOF. The choice of the qubit subspace used by Laird
et al. [247] is referred to as Kramers qubit [251]. When no magnetic field is applied,
a single electron in a quantum dot is described by a Hamiltonian with time-reversal
symmetry. The Kramers theorem states that the energy eigenstates are degenerate as
a spin-1/2 is included in the wavefunction. A magnetic field breaks the time-reversal
symmetry and yields an energy splitting in a Kramers qubit. The energy splitting of a
Kramers qubit in a quantum dot defined by electric voltages in the nanotube depends on
the direction of the magnetic field. The reason for this is that the valley splitting depends
only on the component of the magnetic field parallel to the nanotube axis [205]. In [251],
Flensberg and Marcus considered a bent nanotube in a static magnetic field. This can
be used for ESR by a periodic electrical driving which shifts the electron wavefunction
back and forth along the nanotube. It has also been proposed to harness the effect of
the bending to couple the qubit to a resonator mode of the CNT [252]. This spin-valley
qubits are mostly considered in CNTs. Its readout and initialization can be achieved by
a spin-valley Pauli blockade, described theoretically in [253], and used by Pei et al. [254]
to detect qubit flipping by a resonance experiment. Furthermore, the dependence of the
qubit’s ESR-based manipulation in a disordered nuclear field [255] and its dephasing due
to hyperfine interaction [256] have been studied theoretically.

Although this kind of qubits is studied for CNTs, it is potentially relevant for silicon
quantum dots as the influence of the valley state on the resonance spectrum was already
observed [191]. For monolayer transition metal dichalcogenide quantum dots, it was
suggested to use Kramers pairs as qubits which are also states of coupled valley and spin
DOFs in this system [236].

3.12 Challenges

The ultimate goal to fulfill the DiVincenzo criteria has not been achieved with qubits
in quantum dots, yet. The crucial issue is the protection of the qubit from decoherence
effects. The approaches of applying echo sequences and choosing convenient subspaces
to define the logical qubit, have been discussed in sections 3.4 and 3.5, respectively. The
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influence of the nuclear spin bath can be avoided by using materials without or at least
with a reduced number of nuclear spins. Recent experimental results with spin qubits in
silicon quantum dots are promising [113,186,187,191]. For single-qubit operations, even
gate fidelities above the surface code limit have been reported [187]. In that work, the
initialization and the measurement fidelities are smaller than those of the gate. Further
work is needed to construct a system with a universal set of high-fidelity quantum gates
and reliable initialization and measurement.

Another important source of decoherence is charge noise [257, 258] which affects the
electrically controlled exchange-interaction quantum operations. In experiments [22,
120], the exchange interaction is typically controlled by the detuning ε in a two-electron
DQD. The exchange coupling might also be controlled at fixed detuning by changing
the barrier height between the dots as proposed originally by Loss and DiVincenzo [21].
In both cases, the control is obtained electrically and, thus, the system can be sensitive
to charge noise [259] where the charge-noise dependence via the detuning is assumed
to be dominant [257, 260]. A strategy to reduce the decoherence is to find parameter
regimes where the Hamiltonian for the qubits is insensitive to variations of the control
parameters [148,243,259–261]. Those positions in parameter space are called sweet spots.
Another strategy which could be applied quite generally is to numerically optimize pulses
for realizing the desired quantum gate with respect to minimal infidelity [262,263]. For
example, when the gates times for ESR are calculated analytically, the rotating wave
approximation is used, see section 3.3. This might lead to infidelities. Those issues can
be avoided in the numerical treatment [263].

Valley qubits might be used with frozen spin states or together with spin qubits as
proposed in the next chapter. Their potential depends substantially on their lifetimes. To
gain more knowledge about this times either experimentally or theoretically by analyzing
decoherence mechanism is an essential challenge regarding valley qubits.
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4 Combining spin qubits and valley qubits
in the same quantum register

The exchange interaction between neighboring spins relies on the Pauli exclusion prin-
ciple. We recall the situation of two electrons occupying two sites with only one or-
bital level each. The spin-conserving hopping is described by the Hamiltonian Ht =

t
∑

s=↑,↓ c
†
1sc2s + h.c., where c

(†)
is annihilates (creates) an electron on site i with spin s.

The additional Coulomb energy for two electrons being on the same site, U , is respon-
sible for a high energy for states with charge distribution (2,0) and (0,2) where in the
expression (n1, n2) the number of electrons on site i is given by ni. In the (1,1) charge
configuration, the singlet state, (|↑↓〉 − |↓↑〉)/

√
2, is lower in energy by J = 4t2/U com-

pared to the triplet states. The reason for this is that the singlet is the only antisymmetric
spin state. The fermionic wavefunctions have to be antisymmetric under transposition,
thus, only spin singlets are allowed when both electrons occupy the same site. There-
fore, the singlet couples to the (2,0) and (0,2) states. Actually, the energy eigenstate is a
superposition of states with different charge configurations but is referred to as S(1, 1).
The effective Hamiltonian for the low-energy states can be denoted Heff = −J |S〉 〈S|
where |S〉 〈S| is the projector on the antisymmetric subspace, which is the singlet state
in this case. The projection operator can be denoted as |S〉 〈S| = (1− σ1 · σ2)/4 when
σi is the vector of Pauli matrices for site i. In the literature, the constant 1/4 in this
expression for |S〉 〈S| is often omitted. As discussed later in this chapter, the exchange
interaction is still proportional to the antisymmetric subspace in the more general case
with an additional DOF.

In the Loss-DiVincenzo proposal [21], the sites are determined by quantum dots. The
exchange interaction allows for a universal two-qubit gate if the qubits are single spins
and for a single-qubit rotation of an S-T0 qubit about one axis. An additional DOF in the
system provides more possibilities for an antisymmetric state with both electrons in the
same quantum dot. A Hamiltonian describing exchange in a situation with additional
orbital DOFs was considered by Kugel and Khomskii in 1973 [264] with the purpose to
model a system where the orbital degeneracy is present at each crystal site.

Here, we focus on the consequences for exchange-based quantum gates. With the ad-
ditional DOF the exchange interaction takes a different form including coupling between
the spin and this additional DOF and the quantum gates for spin qubits mentioned
above are compromised. In this chapter, a two-fold valley degeneracy is considered to
be this additional DOF. Although the exchange interaction and the corresponding time
evolutions are altered, universal quantum computing is still possible using both, the spin
and the valley, as resources.

The subsequent section introduces a Hubbard model for two neighboring quantum dots

51



4 Combining spin qubits and valley qubits in the same quantum register

with spin and valley DOFs and derives a model of the resulting exchange interaction. In
section 4.2, a quantum register for universal quantum computing with single-spin and
single-valley qubits is presented. Registers for singlet-triplet, S-T0, qubits of spin and
valley DOF are discussed in section 4.3.

The results presented in sections 4.1 and 4.2 have been published in N. Rohling and
G. Burkard, New J. Phys. 14, 083008 (2012) [41].

The case of the spin-valley singlet-triplet register was first considered by Maximilian
Russ in his bachelor thesis [265] focusing on the situation where the valley Zeeman
splitting can be completely turned off, see subsection 4.3.2. In section 4.3, the results
from [265] are reviewed and, additionally, results for the case of a dominating Zeeman
splitting are discussed in detail. All these results of section 4.3 have been published in
N. Rohling, M. Russ, and G. Burkard, Phys. Rev. Lett. 113, 176801 (2014) [42].

4.1 Model

We consider the Kugel-Khomskii Hamiltonian

H =
∑
n=1,2

∑
sτ

εnĉ
†
n,sτ ĉn,sτ

+
U

2

∑
n=1,2

∑
sτ

ĉ†n,sτ ĉn,sτ (1− ĉ†n,sτ ĉn,sτ )

+
∑

s,s′,τ,τ ′

tss′ττ ′ ĉ
†
1,sτ ĉ2,s′τ ′ + h.c.

+
∑
n=1,2

∑
τ,s,s′

(hSn · σ)ss′ ĉ
†
n,sτ ĉn,s′τ

+
∑
n=1,2

∑
τ,τ ′,s

(hVn · σ)ττ ′ ĉ
†
n,sτ ĉn,sτ ′

(4.1)

where the spin is denoted by s =↑, ↓ and the valley by τ = ±. The operator ĉ
(†)
n,sτ

annihilates (creates) an electron in quantum dot n with spin state s and valley state
τ . The first line in equation (4.1) describes the orbital energy level εn of an electron
in dot n = 1, 2 while the second line represents the Coulomb repulsion effect when two
electrons are in the same dot, which changes the energy by U . The hopping between dot
one and two is denoted by the third line in equation (4.1), where tss′ττ ′ is the complex
matrix element between a state in dot one with spin state s and valley state τ on one
side and an electronic state in dot two with spin state s′ and valley state τ ′. The fields
hSn and hVn are Zeeman fields at dot n for the spin or the valley, respectively. In general,

h
(S/V )
1 and h

(S/V )
2 can differ regarding their absolute values and directions. We will use

the terms Zeeman splitting and Zeeman fields for the spin and the valley due to the
similarity in the context of spin and valley qubits despite their different origin. While
hSn is determined by a magnetic field, the physical origin for hVn depends on the material
as explained in section 3.8 above. The symbol σ is a vector of Pauli matrices, with the
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indices s, s′ being ↑≡ 0 or ↓≡ 1 or with the indices τ , τ ′ being + ≡ 0 or − ≡ 1. The
Hamiltonian in equation (4.1) is very general; later in this chapter, we will focus on
special cases.

4.1.1 Spin- and valley-preserving hopping, Zeeman fields with fixed
direction

Now, the hopping matrix element fulfills tss′ττ ′ = tδss′δττ ′ with a constant number t, i.e.,
the spin and the valley states of the electron are preserved when hopping between the
quantum dots occurs. Moreover, the hopping amplitude does not depend on the spin
or valley states. The Zeeman fields have the same direction in both quantum dots, that
means,

hS1/2 =

(
hS ±

∆hS
2

)
ez, hV1/2 =

(
hV ±

∆hV
2

)
ez, (4.2)

where the quantization axes for spin and valley are both defined to be the z-axis.

A Schrieffer-Wolff transformation, which is applied here similarly to the situation
without valley degeneracy [114], of a Hamiltonian H = H0 +H1, where H1 is considered
to be a perturbation, is given by

H̃ = e−SHeS = H0︸︷︷︸
0th order

+ [H0, S] +H1︸ ︷︷ ︸
1st order

+ [H1, S]− 1

2
[S, [H0, S]]︸ ︷︷ ︸

2nd order

+ . . . (4.3)

with the conditions S = −S†, which ensures the transformation to be unitary, and
[S,H0] = H1, which clearly yields a first order correction of zero while the second order
correction becomes [H1, S]/2. Higher order contributions will be neglected. Here, the
perturbation is the hopping Hamiltonian,

H1 = t
∑
sτ

ĉ†1,sτ ĉ2,sτ + h.c., (4.4)

which couples the states with (1,1) charge distribution to those with charge distribution
(0,2) and (2,0). The Schrieffer-Wolff transformation allows to find an effective Hamil-
tonian for the low-energy states, which are approximately in the (1,1) charge regime
as long as the detuning ε = ε1 − ε2 is not too large. By an appropriate choice of ba-
sis states, the calculation can be performed in seven separated blocks, which are with
respect to their mathematical structure identical to the problem without valley DOF
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4 Combining spin qubits and valley qubits in the same quantum register

solved in [114]. These basis states are

{|↑ +, ↑ +〉 , |↑ −, ↑ −〉 , |↓ +, ↓ +〉 |0〉 , |↓ −, ↓ −〉 |0〉},{
|↑+,↑−〉+|↑−,↑+〉√

2
, |↑+,↑−〉−|↑−,↑+〉√

2
, |(↑+)(↑−),0〉+|0,(↑+)(↑−)〉√

2
, |(↑+)(↑−),0〉−|0,(↑+)(↑−)〉√

2

}
,{

|↓+,↓−〉+|↓−,↓+〉√
2

, |↓+,↓−〉−|↓−,↓+〉√
2

, |(↓+)(↓−),0〉+|0,(↓+)(↓−)〉√
2

, |(↓+)(↓−),0〉−|0,(↓+)(↓−)〉√
2

}
,{

|↑+,↓+〉+|↓+,↑+〉√
2

, |↑+,↓+〉−|↓+,↑+〉√
2

, |(↑+)(↓+),0〉+|0,(↑+)(↓+)〉√
2

, |(↑+)(↓+),0〉−|0,(↑+)(↓+)〉√
2

}
, (4.5){

|↑−,↓−〉+|↓−,↑−〉√
2

, |↑−,↓−〉−|↓−,↑−〉√
2

, |(↑−)(↓−),0〉+|0,(↑−)(↓−)〉√
2

, |(↑−)(↓−),0〉−|0,(↑−)(↓−)〉√
2

}
,{

|↑+,↓−〉+|↓−,↑+〉√
2

, |↑+,↓−〉−|↓−,↑+〉√
2

, |(↑+)(↓−),0〉+|0,(↑+)(↓−)〉√
2

, |(↑+)(↓−),0〉−|0,(↑+)(↓−)〉√
2

}
,{

|↑−,↓+〉+|↓+,↑−〉√
2

, |↑−,↓+〉−|↓+,↑−〉√
2

, |(↑−)(↓+),0〉+|0,(↑−)(↓+)〉√
2

, |(↑−)(↓+),0〉−|0,(↑−)(↓+)〉√
2

}
,

where the (1,1) states have the form∣∣sτ, s′τ ′〉 = ĉ†1,sτ ĉ
†
2,s′τ ′ |0〉 (4.6)

in operator notation and the states with asymmetric charge distribution are∣∣0, (sτ)(s′τ ′)
〉

= ĉ†2,sτ ĉ
†
2,s′τ ′ |0〉 ,

∣∣(sτ)(s′τ ′), 0
〉

= ĉ†1,sτ ĉ
†
1,s′τ ′ |0〉 , (4.7)

where s = s′ and τ = τ ′ do not occur simultaneously. The first four states in (4.5) are
not affected by H1. For all the other blocks of basis states, we can write the Hamiltonian
with the same matrix

Hk =


0 Ak 0 0
Ak 0 2t 0
0 2t U Bk
0 0 Bk U

+ Ck1 (4.8)

where the index k = II, III, IV, V, V I, V II represents the line in (4.5). The blocks are
not coupled with each other. The parameters are given by

AII = AIII = ∆hV , AIV = AV = ∆hS , AV I/V II = ∆hV ±∆hS , (4.9)

BII/III = ε±∆hS , BIV,V = ε±∆hV , BV I = BV II = ε, (4.10)

CII/III = ±2hS , CIV/V = ±2hV , CV I = CV II = 0. (4.11)

For matrices of the form of equation (4.8), the Schrieffer-Wolff transformation was per-
formed in Ref. [114]; the result for the two low-energy states is

H̃k,eff =

(
0 Ãk
Ãk J̃k

)
+ Ck12 (4.12)

with

J̃k =
4t2U(U2 −B2

k −A2
k)

U4 +B4
k +A4

k − 2U2B2
k − 2U2A2

k − 2A2
kB

2
k

(4.13)
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and1

Ãk = Ak

(
1− J̃k(U

2 +B2
k −A2

k)

2U(U2 −B2
k −A2

k)

)
. (4.14)

4.1.2 Homogeneous Zeeman fields

The effective Hamiltonian is simplified substantially when the Zeeman gradients vanish,
∆hS = ∆hV = 0. Then, the low-energy states are described by

Heff = −JPas = −J(P spin
S P valley

T + P spin
T P valley

S ), (4.15)

where Pas is the projection onto the antisymmetric subspace with respect to spin and
valley. This subspace consists of states which are either antisymmetric in spin, i.e., a
spin singlet, and symmetric in the valley DOF, i.e., they are a triplet state with respect
to the valley, or vice versa. This fact is expressed by Pas = P spin

S P valley
T + P spin

T P valley
S ,

where PDOF
S is the projection onto the singlet state of the DOF spin or valley and the

operator PDOF
T projects on the symmetric triplet subspace of the DOF. The singlet states

are given by

|S〉spin =
|↑, ↓〉 − |↓, ↑〉√

2
, |S〉valley =

|+,−〉 − |+,−〉√
2

, (4.16)

while the three triplet states are

|T+〉spin = |↑, ↑〉 , |T+〉valley = |+,+〉
|T−〉spin = |↓, ↓〉 , |T−〉valley = |−,−〉 , (4.17)

|T0〉spin =
|↑, ↓〉+ |↓, ↑〉√

2
, |T+〉valley =

|+,−〉+ |−,+〉√
2

.

The symmetry of the triplet states and the antisymmetry of the singlet states under
transposition is obvious. The operators projecting onto the singlet or triplet subspace
can be expressed by using Pauli matrices. In order to distinguish the spin and the valley
states, we will denote the Pauli matrices for the spins by s1 and s2 and the Pauli matrices
for the valleys by τ 1 and τ 2. With the identities

P spin
S =

1− s1 · s2

4
, P valley

S =
1− τ 1 · τ 2

4
, (4.18)

P spin
T =

s1 · s2 + 3

4
, P valley

T =
τ 1 · τ 2 + 3

4
(4.19)

the effective Hamiltonian is

Heff = −JPas = J
(s1 · s2)(τ 1 · τ 2) + s1 · s2 + τ 1 · τ 2 − 3

8
. (4.20)

1Note that there is an error in the corresponding expression in the appendix of [41] as well as in [114],
where in both cases there is a 4 in the denominator where it has to be 2. Thanks to M. Russ for
pointing this out.
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4 Combining spin qubits and valley qubits in the same quantum register

By comparing this expression to the exchange interaction in the situation without valley
DOF, Heff = J(s1 · s2 − 1)/4, we see that the exchange interaction is in both cases pro-
portional to the antisymmetric subspace, even with the same energy difference between
symmetric and antisymmetric states,

J =
4t2U

U2 − ε2
. (4.21)

This can be understood by describing the exchange interaction in terms of virtual hop-
ping: A state which is symmetric in all internal DOFs has to be antisymmetric in the
orbital wave function due to the Pauli principle and can therefore not exist on a single
orbital, i.e., as only one orbital per dot is taken into account, (0,2) and (2,0) charge
distributions are excluded for this state. On the other hand, a state which is antisym-
metric in the internal DOFs can couple to the (0,2) and (2,0) subspace as this is not
Pauli forbidden. The hopping is described by the hopping matrix element t, which is
of real value here. The hopping couples the antisymmetric (1,1) state to the (0,2) and
(2,0) states, see equation (4.8). The virtual hopping is proportional to t2 as it describes
hopping back and forth of an electron. Furthermore, it is indirect proportional to the
energy difference between the (1,1) and the (0,2) or (2,0) state, which is U ± ε. With
this, we obtain

J ∼ t2

U − ε +
t2

U + ε
∼ t2U

U2 − ε2
. (4.22)

In section 4.2, the exchange interaction together with single-qubit operations will be
used to generate a universal two-qubit gate for the spin qubits or for the valley qubits
while the exchange interaction in general couples all four qubits, spin and valley qubits
in dots one and two.

4.1.3 Exchange interaction in the singlet-triplet subspace

Now, the dynamics of the exchange interaction from above, see equation (4.20), is limited
to the subspace which is spanned by the singlet states |S〉 and the triplet states |T0〉 for
the spins and for the valleys. This subspace can also be defined by setting the total spin
and the total valley projected on the quantization axis to be zero. In this subspace, we
define the qubit basis states to be

|0〉spin = |S〉spin , |1〉spin = |T0〉spin , |0〉valley = |S〉valley , |1〉valley = |T0〉valley , (4.23)

and write the exchange interaction, where the Zeeman gradients are still supposed to
be zero, in the product basis of these spin and valley states, {|0〉spin ⊗ |0〉valley , |0〉spin ⊗
|1〉valley , |1〉spin ⊗ |0〉valley , |1〉spin ⊗ |1〉valley},

Heff =


0 0 0 0
0 −J 0 0
0 0 −J 0
0 0 0 0

 . (4.24)
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4.2 Quantum register with single-spin and single-valley qubits

This diagonal form is a simple consequence of the fact that the product of a singlet
and a triplet state is antisymmetric while the product of two singlets or two triplets is
symmetric. With other words, the exchange interaction is still −J times the projection
onto the antisymmetric subspace, Pas. For the corresponding time evolution Ueff(φ) with

φ =

∫ T

0
dt′ J(t′), (4.25)

where the exchange interaction is applied for the time between 0 and T , we obtain

Ueff(φ) = e−i
∫ T
0 dt′Heff(t′) = 1+ (eiφ − 1)Pas = diag(1, eiφ, eiφ, 1). (4.26)

If the exchange interaction is applied such that φ = π/2, the time evolution is

Ueff(π/2) =


1 0 0 0
0 i 0 0
0 0 i 0
0 0 0 1

 , (4.27)

which has the Makhlin invariants [51], see section 2.2, G1 = 0 and G2 = 1, i.e., it is
locally equivalent to CNOT or CZ. This also implies that it is a universal two-qubit
gate. In sections 4.2 and 4.3, this universal two-qubit gate will be applied within the
proposals for universal quantum computing with spin and valley qubits combined in the
same quantum register, see .

4.2 Quantum register with single-spin and single-valley qubits

This section focus on a quantum register which consists of single-spin qubits and single-
valley qubits stored in the same quantum dots. Qubits encoded in the S-T0 subspace
are only used in one double quantum dot where the spin and the valley qubits should
be coupled, see figure 4.1.

In subsection 4.2.1, we will see how single qubit-gates and the exchange interaction can
be combined in order to gain a universal two-qubit gate for two spin qubits in neighboring
quantum dots. A two-qubit gate for two valley qubits can be found analogously. The
two-qubit gates rely on the assumption that single-qubit operations are feasible, e.g.,
by ESR for the spin qubit and by electron valley resonance [110] for valley qubits, see
section 3.8. In subsection 4.2.2, it will be shown how the spin and the valley DOFs can
be coupled in a register using the result from subsection 4.1.3. Finally, we will discuss
quantum state preparation and measurement, which is complicated due to the existence
of six possible state in one dot, in subsection 4.2.3.

4.2.1 Universal two-qubit gate

According to section 4.1.3, the time evolution Ueff(φ), which is induced by the exchange
interaction given by Heff, is considered, but now without the limitation to the S-T0
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4 Combining spin qubits and valley qubits in the same quantum register

subspace. The phase φ is again defined by equation (4.25). The first and the second
identities in equation (4.26) also still hold, Ueff(φ) = 1+(eiφ−1)Pas. Without the valley
DOF, the exchange interaction directly provides the SWAP gate or a

√
SWAP for the

spin qubits in dot one and two for φ being π or π/2, respectively, see section 3.1. In the
case with spin and valley DOF, we also find

Ueff(π) = SWAP⊗SWAP (4.28)

with the first SWAP operation acting on the spins and the second SWAP operation acting
on the valleys. This means, Ueff(π) |s1, s2, τ1, τ2〉 = |s2, s1, τ2, τ1〉 where the quantum
state is denoted by the spin in the first, spin in the second, valley in the first, and
valley in the second dot. Therefore, it is feasible to interchange the qubit states of two
neighboring dots directly, which can be useful, e.g., when a qubit should be transported
along a chain of quantum dots. However, the SWAP gate is not a universal two-qubit
gate in contrast to

√
SWAP and for φ = π/2, the time evolution is

Ueff

(π
2

)
=

1+i

2
1+

1−i
2

SWAP⊗SWAP

6=
√

SWAP⊗
√

SWAP =

(
1+i

2
1+

1−i
2

SWAP

)
⊗
(

1+i

2
1+

1−i
2

SWAP

)
.

(4.29)

This means that Ueff(π/2) is not the direct product of a two-qubit gate for the spin
qubits and a two-qubit gate for the valley qubits. In fact, Ueff(φ) is a direct product
of two-qubit gates for spin and valley only if φ = 0 or φ = π, which can be seen by
replacing Pas in equation (4.26) by (1⊗ 1− SWAP⊗SWAP)/2. Then, Ueff(φ) is given
by

Ueff(φ) =
1+eiφ

2
1⊗ 1+

1−eiφ
2

SWAP⊗SWAP . (4.30)

Applying this operator to the separable state |s1, s2, v1, v2〉 = |↑, ↓,+,−〉 yields

Ueff(φ) |↑, ↓,+,−〉 =
1+eiφ

2
|↑, ↓,+,−〉+

1−eiφ
2
|↓, ↑,−,+〉 . (4.31)

Any attempt to write this state as a product state, (a |↑, ↓〉+b |↓, ↑〉)⊗(c |+,−〉+d |−,+〉
with |a|2 + |b|2 = 1 and |c|2 + |d|2 = 1, leads via ad = 0 and bc = 0 to a = c = 0 or
b = d = 0, which also means that either ac = (1+eiφ)/2 = 0 ⇔ φ = π or bd =
(1−eiφ)/2 = 0 ⇔ φ = 0.2 Consequently, any exchange interaction for φ /∈ {0, π} can
produce entanglement between spin and valley qubits. This result clearly shows the need
for combining the exchange interaction with single-qubit operations in order to gain a
universal two-qubit gate for spin qubits. The following sequence provides the desired
result:

√
SWAPspin =

√
SWAP⊗ 1 = ei

3π
4 ((Ueff(π/4)τ1xUeff(π/4)τ1z)

2

= e−i
π
4Ueff(π/4)

∏
β=x,y,z

τ1βUeff(π/4)τ1β
(4.32)

2The phase φ is supposed to be within the interval [0, 2π). The 2π periodicity is obvious.
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4.2 Quantum register with single-spin and single-valley qubits

with the single-valley operations τ1β = exp(iπ2 τ1β), β = x, y, z applied to the valley qubit
in quantum dot one. The sequence in equation (4.32) is the sequence which is well known
from the concept of dynamical decoupling [67], where a qubit should be decoupled from
its environment. Here, indeed the valley qubit in dot one is decoupled from the other
qubits. Additionally, the other valley qubit is decoupled without applying single-qubit
operations. Furthermore, the sequence (4.32) provides the desired universal two-qubit
gate,

√
SWAP, for the spin qubits. In complete analogy – the exchange interaction is

the same for spin and valley – the gate
√

SWAPvalley = 1⊗
√

SWAP can be obtained if
all the τ1β in (4.32) are replaced by s1β. This means, a universal two-qubit gate for the
valley qubits can be provided when one of the spin qubits is controllable by quantum
gates.

4.2.2 Coupling spin and valley qubits

The two-qubit gates discussed above are connecting either two spin or two a valley
qubits. At this point of the discussion, this limits quantum computation to either the
spin or the valley branch of the quantum register. In order to connect both, the quantum
information is encoded in two of the quantum dots, dot one and dot two in figure 4.1,
as singlet-triplets qubits. That means that in this subsystem of dot one and two and in
the chosen S-T0 subspace for spin and valley, the exchange interaction directly provides
a universal two-qubit gate connecting the spin and the valley domain, see section 4.1.3.

Next, it will be explained how single-qubit gates for the S-T0 qubits are obtained.
The singlet states are per definition the north poles of the Bloch spheres of these qubits
and the corresponding Pauli matrices are denoted by σspin

β and σvalley
β , respectively,

β = x, y, z. Then, a difference in the spin (valley) Zeeman energies in dots one and two
leads to a rotation about the x-axis of the spin (valley) Bloch sphere. The identities

exp(iθσspin
z ) = eiθτ1xU(−2θ)τ1x and exp(iθσvalley

z ) = eiθs1xU(−2θ)s1x reveal that the
exchange interaction in combination with single-spin or single-valley operations grants
control over rotation about a second axis in the Bloch spheres.

The connection of the spin qubit in dot three and the S-T0 spin qubit in dots one
and two is realized by applying a controlled-Z (CZ) gate, UCZ = diag(1, 1, 1,−1). This
gate is obtained by combining the

√
SWAPspin gate from section 4.2.1 and single-spin

operations, see [21] and section 2.2. As a rotation about the z-axis of the spin in dot
number two acts like a rotation about the x-axis of the S-T0 spin qubit in dots one and
two, the CZ gate for the spins is a CNOT gate for our logical qubits. The connection of
the single-valley qubit in dot three and the valley S-T0 qubit in dots one and two works
analogously.

4.2.3 Preparation and measurement

State preparation and measurement are necessary operations for quantum computing
[12]. In the spin-only case, preparation of a well-defined quantum state can be achieved
by choosing a strong detuning which results in the S(0, 2) state to be the ground state.
In this situation, the state preparation can be obtained by simply waiting until the
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Quantum dot

Spin

Valley

1 2
ST

ST

3
↑ ↓

±

4
↑ ↓

±

5
↑ ↓

±

Figure 4.1: Quantum register using both, spin and valley qubits. The shaded area
highlights quantum dot number four, which is occupied by one electron.
Each quantum dot is represented by two circles, one for the spin and one for
the valley isospin. The electrons in the quantum dots one and two act as
singlet-triplet (S-T0) qubits to allow for universal two-qubit gates between
the spin and the valley. In all other quantum dots, the quantum information
is encoded in single-electron spin and valley qubits, ↑, ↓ and ±, respectively.
Figure up to minor changes identical to a figure published in N. Rohling and
G. Burkard, New J. Phys. 14, 083008 (2012) http://iopscience.iop.org/1367-
2630/14/8/083008/ c©2012 IOP Publishing Ltd and Deutsche Physikalische
Gesellschaft.
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4.3 Quantum register in the singlet-triplet subspace for spin and valley

quantum state relaxes to this ground state. Adiabatically changing the detuning results
in a state within the two-qubit subspace defined by the spin states in the left and the
right dot. This state can be further manipulated by quantum gates. Measurements, on
the other hand, become available by increasing the detuning adiabatically. This results
in a spin-to-charge conversion of exactly one state from the two-qubit subspace to be
transferred to the (0,2) charge state. The charge state can be measured by a quantum
point contact [108]. Therefore, this is a projective measurement on a one-dimensional
subspace of the logical qubit space, see section 3.6.

With the additional valley DOF the situation is more complicated because there are
six states with charge configuration (0,2). For preparation of a well-defined state by
relaxation, no degeneracy of the valley or the spin states can be allowed. Consequently,
a non-zero spin and a non-zero valley Zeeman splitting in the right quantum dot needs to
be present. When the system is in a (1,1) charge state and the detuning is increased, this
changes the charge configuration of a six-dimensional subspace of the 24=16-dimensional
qubit space to (0,2). This means that measuring the charge state is a projective mea-
surement with a projection operator which projects onto this six-dimensional space. The
spin and valley Zeeman energies and its gradients determine the states which are con-
nected to the (0,2) charge state by the adiabatic transition. An example is shown in
figure 4.2, for an overview, see table 4.1

Table 4.1 also reveals that measuring the charge state three times for different con-
figurations of the Zeeman fields allows for a projective measurement on one state of
the logical space. This means that after the charge measurement, the detuning has to
be decreased again, the Zeeman fields have to be changed and then the detuning is in-
creased again for the next measurement. The state has to be robust against relaxation
during this procedure. Because of the universal quantum gates which are available for
each qubit, the projective measurement might be performed for any desired state of the
qubits.

4.3 Quantum register in the singlet-triplet subspace for spin
and valley

As shown in section 4.1.3, the exchange interaction provides a universal two-qubit gate
for the spin and the valley S-T0 qubits in the same DQD. On the other hand, the ex-
change interaction and the gradients in the Zeeman field allow for single-qubit control
of a S-T0 spin qubit in a DQD [100] in absence of the valley DOF. In the same manner
a single valley S-T0 qubit could be controlled when the spins are polarized. However,
those gates are insufficient for universal quantum computing with spin and valley, since
the spin and valley states cannot be fixed on demand during the quantum computation
without destroying the quantum information stored in the corresponding qubits. Actu-
ally, the exchange interaction and valley and spin Zeeman gradients allow for the control
of a subspace of the two-qubit Hilbert space only. In other words, universal quantum
computing is impossible if these are the only interactions which are present in the sys-
tem. The exchange interaction in the basis of the S-T0 qubits, see equation (4.24) fulfills
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0 U
ε

−2(hS +hV )

−2hS−∆hV

−2hS +∆hV
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∆hV−∆hS

∆hS−∆hV

∆hS +∆hV

2hV−∆hS

2hV +∆hS
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e
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| ↓ , ↓ ,−,−
〉

| ↓ , ↓ ,−,+
〉

| ↓ , ↓ ,+,−
〉

| ↓ , ↓ ,+,+
〉| ↓ , ↑ ,−,−

〉
| ↑ , ↓ ,−,−

〉| ↓ , ↑ ,−,+
〉

| ↓ , ↑ ,+,−
〉| ↑ , ↓ ,−,+
〉

| ↑ , ↓ ,+,−
〉| ↓ , ↑ ,+,+
〉

| ↑ , ↓ ,+,+
〉| ↑ , ↑ ,−,−

〉

| ↑ , ↑ ,−,+
〉

| ↑ , ↑ ,+,−
〉

| ↑ , ↑ ,+,+
〉

Figure 4.2: Double-dot two-electron energy spectrum described by equation (4.1) with
spin- and valley-preserving hopping as a function of the detuning ε = ε1−ε2.
The Zeeman fields are given by equation (4.2), i.e., they are in z-direction,
and fulfill ∆hS > ∆hV > 0. The exchange energy at ε = 0 is small com-
pared to hF and ∆hF with F = S, V . Six lines are printed in blue indicating
that the corresponding states are connected to the (0,2) space by the adi-
abatic transition, while the red lines denote states that remain in the (1,1)
space even at large detuning. Note the twofold degeneracy of the central
blue line in the limit of large ε. Figure first published in N. Rohling and
G. Burkard, New J. Phys. 14, 083008 (2012), http://iopscience.iop.org/1367-
2630/14/8/083008/ c©2012 IOP Publishing Ltd and Deutsche Physikalische
Gesellschaft.
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4.3 Quantum register in the singlet-triplet subspace for spin and valley

|s1, s2, v1, v2〉 ∆hS > ∆hV > ∆hS > 0 ∆hS > 0 ∆hV > 0 ∆hV > 0 0 > ∆hV 0 > ∆hS

∆hV > 0 ∆hS > 0 > ∆hV , > ∆hV , > ∆hS , > ∆hS , > ∆hS > ∆hV

∆hS ∆hS ∆hV ∆hV

> |∆hV | < |∆hV | > |∆hS | < |∆hS |

| ↑, ↑,+,+〉
| ↑, ↑,+,−〉 x x x x

| ↑, ↑,−,+〉 x x x x

| ↑, ↑,−,−〉
| ↑, ↓,+,+〉 x x x x

| ↑, ↓,+,−〉 x x x x

| ↑, ↓,−,+〉 x x x x

| ↑, ↓,−,−〉 x x x x

| ↓, ↑,+,+〉 x x x x

| ↓, ↑,+,−〉 x x x x

| ↓, ↑,−,+〉 x x x x

| ↓, ↑,−,−〉 x x x x

| ↓, ↓,+,+〉
| ↓, ↓,+,−〉 x x x x

| ↓, ↓,−,+〉 x x x x

| ↓, ↓,−,−〉

Table 4.1: Charge detection in the presence of the valley degeneracy. For each of the eight
different configurations of ∆hS and ∆hV the letter x in the table indicates
the six basis states that make a transition to a (0,2) state if ε is adiabatically
changed from 0 to ε > U . The gray columns belong to three configurations
of the Zeeman field which allow for a projective measurement onto the state
|↓, ↑,−,+〉 as one example for projecting on a one-dimensional subspace. Ta-
ble first published in N. Rohling and G. Burkard, New J. Phys. 14, 083008
(2012), http://iopscience.iop.org/1367-2630/14/8/083008/ c©IOP Publishing
Ltd and Deutsche Physikalische Gesellschaft.
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Hxc ∼ σspin
z σvalley

z , (4.33)

up to an negligible constant. Here, the corresponding Bloch spheres are defined as
in section 4.2.2. The Zeeman gradient terms in the Hamiltonian are proportional to
σspin
x or σvalley

x , respectively. Thus, all Hamiltonians mentioned so far belong to the
(Lie) subalgebra lin{σx ⊗ 1,1 ⊗ σx, σy ⊗ σy, σy ⊗ σz, σz ⊗ σy, σz ⊗ σz} ⊂ su(4), this
means that all commutators [A,B] = AB −BA of linear combination A,B from the set
given above are again linear combinations of the same set. Via the matrix exponential
function, eiA =

∑∞
n=0(iA)n/n!, the Lie subalgebra is related to a subgroup of the group

of all special unitary operations on vectors in the Hilbert space. Consequently, the
time evolution corresponding to the possible Hamiltonians lives in a proper subgroup
of SU(4) as some operations, e.g., a pure rotations about the y- or z-axis in the spin
qubit’s Bloch sphere cannot be achieved. Therefore, this time evolution with any chosen
time-dependent parameters does not allow for universal quantum computing.

Nevertheless, the combination of the above mentioned two-qubit gate and the single-
qubit operations is achievable. For this, an operation which interchanges the spin S-T0

qubit with two polarized spins initially stored in a DQD without valley degeneracy is
needed. Then, it is possible to change the operation mode between two-qubit operations
and the single-qubit operation mode. The building block of the quantum register, which
is proposed here, is highlighted by red squares in figure 4.3. It contains a DQD with
spin DOF only (number 1 in figure 4.3) and a DQD with spin and valley DOFs (number
2). When a spin S-T0 qubit and a valley S-T0 qubit are stored in double dot number 2,
two-qubit gates can be performed using the exchange interaction. In the spin-only DQD,
polarized spins |↑↑〉 might be stored. In order to switch to the single-operation mode,
the spin information between the DQDs in the building block need to be exchanged.
Then, the spin S-T0 qubit is stored in DQD number 1, where single-qubit operations
can be performed. In DQD number 2, the valley S-T0 qubit is stored and single-qubit
operations can be performed as well as the polarized spins do not disturb the exchange
interaction.

The following is a discussion of a Hamiltonian for a spin-only and a spin-valley quan-
tum dot, e.g., dots I and II in figure 4.3, coupled by valley-dependent hopping, subsection
4.3.1. Subsection 4.3.1 reveals how this allows for the necessary spin-SWAP operation
with high gate fidelity. In subsection 4.3.3, the implementation of quantum gates on
qubits stored at an arbitrary position in the register will be explained. This section dis-
tinguishes two arrangements, shown as (a) and (b) in figure 4.3. Finally, in subsection
4.3.4, we will consider the requirements which the host material needs to fulfill to allow
for the quantum computing scheme proposed here.

4.3.1 Interaction between a spin-only and a spin-valley quantum dot

Here, we focus on the subsystem of the registers shown in figure 4.3, consisting of dots
I and II. In contrast to equation (4.1), here, only one of the dots (II) contains a valley
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1 2 3 4 n−1 n

I II

III IV

(a)

1 2 3 4 n−1 n

I II

III IV

(b)

Figure 4.3: Layouts of quantum registers for S-T0 quantum computing with spin and
valley. The yellow circles denote dots where no valley DOF is present while
the orange circles represent dots with spin and valley DOF. Two of the
latter type of dots, e.g., the DQD number 2, can be used for storing one
spin and one valley S-T0 qubit while electrons with polarized spins occupy
the spin-only (yellow) dots. For single-qubit operations the spin S-T0 qubit
has to be interchanged with the polarized spin states. The exchange in-
teraction within the same quantum dot is represented by vertical lines (a
single line for spin-only dots, solid and dotted lines for spin and valley).
This interaction can be used for single qubit operations when the spin and
the valley qubits are separated and a two-qubit gate when they are in the
same DQD. The possible SWAP operations are denoted by horizontal ar-
rows, with solid lines for the spins and with dotted lines for the valleys. The
latter occurs only in register (a) where only one spin-only DQD is included.
This results in longer quantum gate sequences than in register (b), where
more auxiliary dots are including allowing for single qubit operations without
transferring the qubits through the whole register. Figure first published in
N. Rohling, M. Russ, and G. Burkard, Phys. Rev. Lett. 113, 176801 (2014),
http://dx.doi.org/10.1103/PhysRevLett.113.176801 c©2014 American Phys-
ical Society.
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DOF. The Hamiltonian for this system reads

Hs-sv = H0 +HT +HV (4.34)

with

H0 =
ε(n̂1 − n̂2)

2
+ U

∑
i=1,2

n̂i(n̂i − 1)

2
, (4.35)

describing a difference in the energy levels, which is called the detuning ε, and an addi-
tional Coulomb energy for two electrons in the same dot, U . The hopping Hamiltonian
is

HT =
∑
s=↑,↓

∑
v=±

(tv ĉ
†
1sĉ2sv + t∗v ĉ

†
2sv ĉ1s), (4.36)

and the valley Zeeman splitting of 2h in the right dot is described by

HV = h
∑
s=↑↓

(ĉ†2s+ĉ2s+ − ĉ†2s−ĉ2s−) = hσz. (4.37)

In these expressions, the operators ĉ
(†)
1s and ĉ

(†)
2sv denote annihilation (creation) of an

electron in dot I with spin s =↑, ↓ or in dot II with spin s =↑, ↓ and the valley state
v = ±, respectively. The number operators n̂i (i = 1, 2) are given by n̂1 =

∑
s ĉ
†
1sĉ1s

and n̂2 =
∑

sv ĉ
†
2sv ĉ2sv. The Pauli matrix σz in equation (4.37) and later in this section

refers to the valley DOF in dot II. We consider valley-dependent hopping according to
the following expression from reference [266]:

t± =
t(1± eiϕ)

2
(4.38)

with two real parameters, t describing the hopping amplitude and a phase ϕ describing
the valley state of an electron tunneling from dot I into dot II with respect to the
eigenstates of HV , |±〉. When an electron occupies the state in dot I and then tunnels
to dot II, its valley state is

|k〉 =
1 + e−iϕ

2
|+〉+

1− e−iϕ
2

|−〉 . (4.39)

For ϕ = 0, this means |k〉 = |+〉 and t− = 0 while for ϕ = π, |k〉 = |−〉 and t+ = 0. We
will see that it is crucial for the desired spin SWAP operation that ϕ is neither zero nor
π.

Applying a Schrieffer-Wolff transformation as in section 4.1 yields the following ef-
fective Hamiltonian for hopping amplitudes fulfilling t � |h − (U ± ε)|, |h − (U ± ε)|,

Hs-sv,eff = [(A cosϕ+B)1+ (A+B cosϕ)σz +B sinϕ σy]PS

+ h̃σz + C[(1− cosϕ)1− sinϕ σy].
(4.40)
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In equation (4.40), PS denotes the projection onto the spin singlet state, the Pauli
matrices σz and σy again correspond to the valley DOF in dot II, and furthermore,

A =
4t2Uhε

(h− U − ε)(h+ U − ε)(h− U + ε)(h+ U + ε)
, (4.41)

B =
2t2U(h2 + ε2 − U2)

(h− U − ε)(h+ U − ε)(h− U + ε)(h+ U + ε)
=
A(h2 + ε2 − U2)

2hε
, (4.42)

h̃ = h

[
1 +

t2(1− cosϕ)

2(h− U + ε)(h+ U − ε)

]
, (4.43)

C =
t2(U − ε)

2(h− U + ε)(h+ U − ε) . (4.44)

All the spin dependence of the Hamiltonian in equation (4.40) is expressed by the pro-
jector PS . An interaction proportional to PS can generate a spin SWAP gate in the
valley-free case [21], see section 3.1. In the next subsection, it will be shown that this is
still possible for Hs-sv,eff despite its additional dependence on the valley DOF.

4.3.2 Spin-only SWAP operation

The case of the valley Zeeman energy h being tunable to zero was first investigated
in [265] and the results are contained in the publication [42]. Here, this situation is
reviewed before considering in detail the case of large valley Zeeman energies.

Valley Zeeman splitting tunable to zero

For a vanishing valley Zeeman splitting, h = 0, the Hamiltonian in (4.40) simplifies to

H
(h=0)
s-sv,eff = −JPSPk − J̃Pk⊥ (4.45)

where Pk is the projector on the valley state |k〉 defined in (4.39) while Pk⊥ projects
on the valley state perpendicular to |k〉,

∣∣k⊥〉 = [1− e−iϕ) |+〉+ (1 + e−iϕ) |−〉]/2. The

parameters J and J̃ depend on U , ε, and t according to

J =
4t2U

U2 − ε2
=

2t2

U − ε +
2t2

U + ε
and J̃ =

t2

U − ε. (4.46)

Equation (4.45) can be understood in terms of virtual hopping, which is always propor-
tional to t2. This is intuitive when thinking of virtual hopping of moving back and forth,
and indirectly proportional to the energy difference between the states. If the system is
in a (1,1) charge state and the valley state is

∣∣k⊥〉, the channel of virtual hopping to the
(0,2) charge state is open. The reason is that the electron from dot I would occupy the
valley state |k〉 after hopping. In this case, the spin state is irrelevant. The energy of the
(0,2) charge state is higher than the (1,1) charge state by U − ε. This already suggests
J̃ ∼ t2/(U−ε). In the same way, the term JPSPk in (4.45) could be explained by virtual
hopping from (1,1) to the (2,0) charge state, which is only possible if the valley state is
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|k〉, because
∣∣k⊥〉 does not couple to dot I, and by virtual hopping from the (1,1) charge

configuration to (0,2) for the valley state |k〉. For both kinds of hopping the spins have
to be in a singlet to allow for antisymmetric (2,0) or (0,2) charge states, respectively.
Tuning ε to a regime where |U + ε| � U yields negligible small values of J̃ and the time
evolution according to equation (4.45) reads

U0
s-sv,eff(φ) = exp

[
−i
∫ τ

0
dτ ′H

(h=0)
s-sv,eff(τ ′)

]
= 1+ (eiφ − 1)PSPk (4.47)

with φ =
∫ τ

0 dτ
′J(τ ′), where J might depend on time via a time dependent hopping

amplitude t. For φ = π, this results in the desired spin SWAP operation if the valley
state is |k〉, which is of course not sufficient for our purpose. Under the additional
assumption that ϕ = π/2, the state |k〉 is on the equator of the valley Bloch sphere
and can be mapped to

∣∣k⊥〉 by σz gates, which could be realized by a controlled valley
Zeeman splitting. Overall, the sequence

σzU
0
s-sv,eff(π)σzU

0
s-sv,eff(π) (4.48)

is the spin SWAP operation for an arbitrary valley state.

Valley Zeeman splitting always dominating

Now, we focus on the case in which the valley Zeeman splitting h is dominating Hs-sv,eff.
Here, it is not necessary to tune h during the quantum operations and the valley states
are not degenerate now. The time evolution Us-sv,eff(τ) is considered according to the
Hamiltonian (4.40) with constant parameters. The goal is to find times τ which fulfill
Us-sv,eff(τ) = SWAPspin or are at least very close to fulfill this condition. The gate fidelity
F (τ) of Us-sv,eff(τ) with respect to the desired spin SWAP operation quantifies in how
far this condition is fulfilled. The gate fidelity is given by [55]

F (τ) = max
α

8 + |Tr[eiασzUs-sv,eff(τ) SWAP†spin]|2
72

(4.49)

with an additionally included maximization over a rotation of the valley about the z-
axis. This operation does not affect the logical qubits as long as they are the same in dot
II and dot IV (see figure 4.3). If they are different, the resulting single-qubit rotation of
the valley S-T0 qubit can be corrected before or after the spin SWAP gate is applied. In
the limit |h̃| � |A|, |B|, |C| considered here, the maximization over α can be computed
analytically. For this purpose, the time evolution Us-sv,eff is calculated separately for the
spin singlet subspace and for the three spin triplet subspaces. Note that Hs-sv,eff from
(4.40) is a block-diagonal matrix within this basis of the spin states. Further, note that
the triplet subspaces are identical to each other. If the spins are in a singlet state, this
defines a two-dimensional subspace, where the effective Hamiltonian is

HS
s-sv,eff = (A cosϕ+B+C(1− cosϕ))1+ (h̃+A+B cosϕ)σz + (B − C) sinϕσy (4.50)
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and if the spins are in one of the triplet states, |T+〉 , |T0〉 , |T−〉, the effective Hamiltonian
is for each of the triplets

HT
s-sv,eff = h̃σz + C [(1− cosϕ)1− sinϕσy] . (4.51)

The notation of the time evolution is quite short by using the following expressions
for a rotation frequency on the valley Bloch sphere, θj , a normal vector denoting the
corresponding rotation axis, nj , and a phase χj acquired per unit time with j = S for
the spin singlet and j = T for the spin triplet:

θS =

√
(h̃+A+B cosϕ)2 + (B − C)2 sin2 ϕ, (4.52)

nS =
(B − C) sinϕ

θS
ey +

h̃+A+B cosϕ

θS
ez (4.53)

χS = (A cosϕ+B+C(1− cosϕ)), (4.54)

θT =

√
h̃2 + C2 sin2 ϕ, (4.55)

nT =
−C sinϕ

θT
ey +

h̃

θT
ez, (4.56)

χT = C(1− cosϕ). (4.57)

Now, the unitary evolution within the spin singlet (j = S) and the spin triplets (j = T )
is simply denoted by

U js-sv,eff(τ) = e−iτH
j
s-sv,eff = e−iχjτ (cos(θjτ)1− i sin(θjτ)nj · σ). (4.58)

Using the basis {T+, T−, T0, S} for the spin states and an arbitrary basis for the two-
dimensional valley DOF, the time evolution is block diagonal,

Us-sv,eff(τ) =


UTs-sv,eff(τ) 0 0 0

0 UTs-sv,eff(τ) 0 0

0 0 UTs-sv,eff(τ) 0

0 0 0 USs-sv,eff(τ)

 , (4.59)

where UTs-sv,eff and USs-sv,eff are operations on the valley state. In the same basis, SWAPspin =

SWAP†spin = diag(1, 1, 1, 1, 1, 1,−1,−1) holds. Applying this to equation (4.49) leads to

F (τ) = max
α

8 + |3 Tr(eiασzUTs-sv,eff(τ))− Tr(eiασzUSs-sv,eff(τ))|2
72

, (4.60)

where the expression T (τ) := 1
4 |3 Tr(eiασzUT (τ))−Tr(eiασzUS(τ))|2 is according to equa-

tion (4.58) given by

T (τ) = |3(cosα cos(θT τ)− sinα sin(θT τ)nTz)

− ei(χT−χS)τ (cosα cos(θSτ)− sinα sin(θSτ)nSz)|2.
(4.61)
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Using the condition |A|, |B|, |C| � |h̃|, the first order approximations θT ≈ h̃, θS ≈
h̃+A+B cosϕ, and nTz ≈ nSz ≈ 1 lead to

T (τ) = [3 cos(α+h̃τ)− cos((A cosϕ+B)τ) cos(α+(h̃+A+B cosϕ)τ)]2

+ sin2((A cosϕ+B)τ) cos2(α+(h̃+A+B cosϕ)τ)

= 9 cos2(α+h̃τ) + cos2(α+(h̃+A+B cosϕ)τ)

− 6 cos(α+h̃τ) cos(α+(h̃+A+B cosϕ)τ) cos((A cosϕ+B)τ)].

(4.62)

The fidelity F (τ) is maximal when T (τ) is maximal. Therefore, α is determined for
maximized gate fidelity by solving the following equation containing the first derivative
of T (τ) with respect to α,

0
!

=
∂T (τ)

∂α

= − 9 sin(2α+2h̃τ)− sin(2α+2(h̃+A+B cosϕ)τ)

+ 6 cos((A cosϕ+B)τ) sin(2α+(2h̃+A+B cosϕ)τ).

(4.63)

This equation is solved by

α = −h̃τ +
1

2
arctan

6 cos((A cosϕ+B)τ) sin((A+B cosϕ)τ)− sin(2(A+B cosϕ)τ)

9 + cos(2(A+B cosϕ)τ)− 6 cos((A cosϕ+B)τ) cos((A+B cosϕτ)
,

(4.64)
where the dominant term is −h̃τ . Evidently, more solutions can be constructed by
adding integer multiples of π/2. From equation (4.62) in the limit A,B → 0, we learn
that the even integer multiples belong to maxima and the odd integer multiples of π/2
to minima. Thus, equation (4.64) is appropriate for the maximization.

Having found an expression for the optimal α, the goal is now to find times τ where the
infidelity 1 − F (τ) becomes negligibly small. This is realized by applying a numerical
minimization to 1 − F (τ) setting the initial values for the algorithm close to a local
maximum of F (τ) which is roughly located before. Results for the maximized fidelity
are presented in figures 4.4 and 4.5 for the first and the fourth local maximum. The
result depends on the choice of the local maximum. Figure 4.4 focus on detuning values
of ε close to ε0 =

√
U2 − h2. For ε = ε0, the parameter B in equation (4.40) is zero. In a

regime, where the parameter C is negligibly small, the equation Us-sv,eff(τ) = SWAPspin

is solved if the phase in the valley-dependent hopping, ϕ, fulfills ϕ = ϕ0 = arccos[(n −
1)/n] and the time is τ = nπ/A. Here, n is a positive integer and states at which
local maximum F (τ) = 1 can be achieved for the first time. Due to periodicity, it is
also achieved for every integer multiple of n. Figure 4.4 reveals that maxτ F , which is
considered as a function of the parameters ε and ϕ, has values very close to one, not
only in a sharp peak at ε0 and ϕ0 but along a line of values in the parameter space.
It might be the case that it is experimentally difficult to control the the hopping phase
ϕ, see reference [224] and section 4.3.4. Especially, it is unlikely that any desired value
of ϕ can be realized. Therefore, it is important to find more values for ϕ at which the
spin SWAP gate can be performed. In figure 4.5, a wider range of the parameters ε and
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Figure 4.4: Fidelity F according to equation (4.49) with a detuning ε close to ε0 =√
U2 − h2 ≈ 0.995 meV and a phase in the hopping matrix element, ϕ, close

to ϕ0 = arccos n−1
n for the nth local maximum of F (τ). Here, results are

shown for n = 1 (a,c,e) and n = 4 (b,d,f). The constant parameters are
U = 1 meV, h = 0.1 meV, t = 6 µeV. (a,b) Fidelity F as a function of time
τ for the detuning ε = ε0 + ∆ε and the phase ϕ = ϕ0 + ∆ϕ. (c,d) Contour
plots of the maximal value of the fidelity F (scale bar) as a function of ϕ
and ε at the first (c) and the fourth (d) local maxima of F (τ). The values
∆ϕ = 0, ∆ε = 0 allow for maxτ F = 1. Shifting ϕ by a non-zero ∆ϕ can
be compensated by finding a value for ε where maxτ F ≈ 1. (e,f) Contour
plot of the averaged fidelity with a Gaussian distribution of ε. The variance
of this distribution is σ2

ε = 〈ε2〉 − 〈ε〉2. The maximum over time is obtained
for the fixed value ε = 〈ε〉 at the first (e) and the fourth (f) local maxima,
i.e., maximization is performed before averaging. Figure first published in
N. Rohling, M. Russ, and G. Burkard, Phys. Rev. Lett. 113, 176801 (2014),
http://dx.doi.org/10.1103/PhysRevLett.113.176801 c©2014 American Phys-
ical Society.
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Figure 4.5: Here, a broader range of parameters ε and ϕ is presented while the fixed pa-
rameters U , h, and t are the same as in figure 4.4. Again, the first (a,c,e) and
fourth (b,d,f) local maxima are investigated. (a,b) Maximal value of F found
by numerical maximization over the gate time τ . The black squares belong
to parameters ε and ϕ which are selected for the time-dependent plots (c,d),
they are ε = 1.35 meV for the solid lines and ε = 0.65 meV for the dotted
lines, ϕ = 1.9 (solid line), ϕ = 1.333 (dotted line) in (c), and ϕ = 0.972 (solid
line), ϕ = 0.581 (dotted line) in (d). The detuning being ε = ε0 =

√
U2−h2

is indicated by horizontal dotted lines in (a,b) and the values ϕ = ϕ0 are
highlighted by vertical dotted lines with ϕ0 = π/2 in (a) and ϕ0 = arccos 3

4
in (b), where additionally π − arccos 3

4 is highlighted. The plot covers the
whole parameter space which is shown, but the Schrieffer-Wolff transforma-
tion breaks down close to ε = U±h. (e,f) Averaged fidelity in analogy to (e,f)
in figure 4.4 for a Gaussian distribution of ε with σ2

ε = 〈ε2〉−〈ε〉2. Obviously,
the fidelity F shows a higher robustness against averaging at the first local
maximum due to broader areas of high values of F . Figure first published in
N. Rohling, M. Russ, and G. Burkard, Phys. Rev. Lett. 113, 176801 (2014),
http://dx.doi.org/10.1103/PhysRevLett.113.176801 c©2014 American Phys-
ical Society.
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ϕ is investigated. Indeed, for more values of ϕ, a value of ε can be found resulting in
maxτ F ≈ 1. Note that ε which is electrically tunable.

Quasi static charge noise can be an important contribution to the decoherence of the
system. At least that was shown for spin qubits in a GaAs DQD [258] and it can be
expected to be similar in silicon-based quantum dots. This kind of noise is included by
assuming a Gaussian distribution of the detuning ε and average the fidelity accordingly.
The results for selected regions in the parameter space are shown in figure 4.4 (e,f) and
4.5 (e,f). For the standard deviation σε =

√
〈ε2〉 − 〈ε〉2 being in the order of µeV, still

values of ϕ and 〈ε〉 exist where infidelities 1 − F < 10−4 can be achieved. Due to the
broader regions of high fidelity, the first local maximum provides more robustness of the
fidelity against the quasi static noise.

4.3.3 Quantum gates for qubits in a spin-valley singlet-triplet register

In order to prove that universal quantum computing can be done in the registers shown
in figure 4.3, it suffices to verify that single-qubit gates and a universal two-qubit gate
are feasible for every qubit in the register or for any pair of qubits, respectively [50].
Figure 4.3 (a) shows a register with only one spin-only DQD, which is at position 1.
The other n−1 DQDs host spin and valley DOFs. In all these spin-valley DQDs, spin
and valley S-T0 qubits are stored. A qubit stored in the DQD number k (n ≥ k ≥ 2),
needs to be transferred to DQD number 2 before single-qubit gates can be performed
after the spin and the valley qubits have been separated by interchanging the spin
qubit with the polarized spins in DQD number 1. The transfer of the qubit is done by
SWAPspin ⊗ SWAPvalley gates, which are applied in the upper as well as in the lower
row of the register. These gates have to be applied k−2 times in each row, first between
the quantum dots at position k and k−1, then between k−1 and k−2 and so on until
the qubits, both, spin and valley qubits, are in DQD number 2. The necessary spin and
valley SWAP operation can be realized directly by applying the exchange interaction
between two neighboring spin-valley quantum dots as shown above in equation (4.28).
For performing a universal two-qubit gate involving qubits in DQDs k and m, the qubits
need to be transfered to positions 2 and 3. The spin-only SWAP transfers the spin S-T0

qubit from DQD 2 to DQD 1 and the ancilla spins form DQD 1 to DQD 2. Then, the
spin and valley information between the DQDs 2 and 3 are interchanged by SWAPspin⊗
SWAPvalley gates. By the spin-only SWAP gate, which is applied once more, the valley
qubit originally hosted in DQD m and the spin qubit from DQD k are now in the same
DQD number 2 where a universal two-qubit gate is feasible, see section 4.2.2. So far,
coupling of one spin and one valley qubit by a universal two-qubit gate was explained.
Coupling of two valley qubits is achieved by interchanging the spin and the valley qubits
from position k, when they are hosted in DQD 2. This is possible, because in this
building block of DQD 1 and DQD 2 any unitary operation in the qubit subspace is
available as shown above. Two spin qubits can be coupled analogously. Since there is
only one spin-only DQD in the register (a) of figure 4.3, 2n−2 qubits can be stored.
Here, several SWAP gates are necessary to transfer the qubits to the left end of the
register where the actual quantum gates are performed. If, e.g., a single-qubit gate
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4 Combining spin qubits and valley qubits in the same quantum register

should be applied to all of the qubits, we need
∑n

k=2(k− 2) = (n− 2)(n− 1)/2 = O(n2)
SWAPspin ⊗ SWAPvalley gates to transfer the qubits from their position to position 2.

Alternatively, a register can be constructed with alternating spin-only and spin-valley
DQDs, see figure 4.3 (b). This register stores only n qubits when n is again the number
of DQDs. On the other hand, the single-qubit gates do not need the transferring SWAP
operations in advance, whereas the spin-only SWAP gate between the two types of
quantum dots is still required. For coupling qubits from arbitrary positions by a two-
qubit operation, this SWAPspin gate transfers a spin qubit to the desired position. A
valley qubit which should be involved in a two-qubit operation can be interchanged with
the spin qubit in order to become “transportable”. The quantum computing scheme
presented in this section crucially depends on the spin-only and the spin-valley SWAP
operations being performed with a high fidelity. If those gates contain errors, this will
cause decoherence as well as leakage out of the logical subspace.

4.3.4 Material requirements

In this subsection, it is discussed which properties the used materials and the constructed
structures need to fulfill to allow for the proposed valley-spin S-T0 quantum computing
scheme. The focus is on silicon and graphene. The scheme requires one type of quantum
dots with spin and valley DOFs and one type of quantum dots where only the spin DOF
is present. An obvious idea is to use one material without valley degeneracy and one
which effectively provides a two-fold valley degeneracy. The crucial point is the hopping
through the interface. The hopping amplitude t needs to be electrically tunable and the
phase in the hopping matrix element, ϕ, has to be non-zero in order to find a detuning
which allows for the spin-only SWAP gate discussed in section 4.3.2. Another possibility
might be to use a host material with valley degeneracy and split it off for some quantum
dots such that only the lowest valley state needs to be taken into account. Materials with
valley degeneracy have been introduced in section 3.8. At the (001) interface of silicon,
two valley states have to be considered. The phase of the valley-orbit coupling introduced
in section 3.8 and, thus, the phase ϕ in the valley-dependent hopping matrix element
depend on the offset of the conduction band at the interface [224]. That means, it should
be different for different materials used as top layers, e.g., SiO2, SiGe, or SixGe1−x with
different x. The highest difference in the band offset should be provided by using SiO2

and SiGe top layers. Following this idea, the DQDs with spin-only DOF and those with
spin and valley DOFs in the proposed register need to have different top layer, resulting
in ϕ 6= 0 while the dots in the spin-and-valley DQD should have the same valley-orbit
coupling. Furthermore, the valley splitting in the spin-only DQD is supposed to be much
higher in order to be allowed to neglect the higher valley level. Tunability of the valley
splitting, which is necessary for the single valley gates, was demonstrated by Yang et
al. [221].

Also graphene and CNTs provide the necessary two-fold valley DOF, where a single
CNT seems to be inadequate for the two-dimensional array needed for the registers
in figure 4.3. Affecting the valley states in graphene is feasible via a magnetic field
perpendicular to the graphene plane [193] and, in graphene nanoribbons, also via control
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over the boundaries [204]. However, experimentally detecting spin states in graphene
quantum dots is a non-trivial task, see for example reference [267]. Moreover, for the
proposal of this section, not only the valley splitting has to be controlled, but also the
valley-dependent hopping to a spin-only quantum dot needs to be realized.

4.4 Conclusions

In this chapter, we have considered spin and valley qubits. In contrast to previous
proposals, here, the quantum registers contain spin and valley qubits stored in the same
quantum dots. It has been shown that, in principle, universal quantum computing can
be achieved harnessing the exchange interaction.

For the spin and valley singlet-triplet registers from section 4.3, additionally spin and
valley Zeeman gradients are required and furthermore the spin-valley quantum dots need
to be coupled via a valley-dependent tunneling to spin-only quantum dots. In perfect
analogy to the combination of spin-valley and spin-only quantum dots, the quantum
computing scheme of section 4.3 could operate in a dual hybrid register of spin-valley
and valley-only quantum dots. Then, the spin splitting needs to be large for the valley-
only dots and as the quantum dots with spin and valley DOFs need to be next to them,
this would require huge gradients in the magnetic field of several Tesla on a nanometer
scale if no other source of spin-splitting could be established.

The register proposed in section 4.2 contains single-spin and single-valley qubits. The
spin and the valley domain are coupled by a universal two-qubit gate in the singlet-triplet
subspace where the exchange interaction directly provides such a quantum gate. In all
other parts of the proposed register, the full spin-valley space is used. In contrast to
the singlet-triplet register, single-spin and single-valley gates are demanded. Single-spin
rotation can be performed by ESR as for the valley-free case [23]. Single-valley rotations
might be obtained by electron valley resonance [110].

Note that in this chapter, only the exchange interaction was used to generate two-
qubit quantum gates. However, there can be other mechanisms coupling spin and valley
DOFs and potentially lead to universal two-qubit gates between spin and valley qubits.
A mechanism like this might be the valley dependent g-factor in Si/SiGe quantum dots
observed recently [186].

75





5 Echo sequences for exchange-only qubits

Spin echo techniques are well known from nuclear magnetic resonance (NMR). There,
the system under consideration is an ensemble of nuclear spins in a strong magnetic field.
A component of a spin orthogonal to this field is performing a Larmor precession with
the frequency according to the spin Zeeman splitting. Due to local differences in the
external field, this Larmor frequency is different for the different spins in the ensemble
which makes the NMR signal, i.e., the magnetization of the nuclear spins, vanish on a
time scale T ∗2 . This behavior is called dephasing and the corresponding measurement
setup free induction decay. Hahn [68] observed that the NMR signal can be recovered
by applying a radio frequency pulse which rotates the spins and waiting the same time
τ before and after this pulse. He termed this effect spin echo. Carr and Purcell [47]
developed a spin echo sequence consisting of π pulses after the spin is initialized in the
x-y plane of the Bloch sphere where z is the direction of the external magnetic field. The
waiting time before the first and after the last π pulse is τ while it is 2τ between two π
rotations. The π rotations map the spin every time to a position on the x-y plane, in fact
they flip it. That means that after the flip two spins with different Larmor frequency
will now precess towards each other and match exactly after the sequence is over. The
repetition of the spin flips allows for correction of time dependent variations on a time
scale longer than τ . Meiboom and Gill [48] further refined this idea by pointing out
how to correct errors in the π rotation in first order. In their scheme, each spin is first
initialized in its ground state, say the south pole of the corresponding Bloch sphere.
Then, a rotation by π/2 about one axis in the x-y plane of the sphere maps the spin
to a position on the equator. The correction is achieved if the axis of the π rotations
which are applied in the echo sequence is orthogonal to the axis of the π/2 rotation
applied before. The spin echo allows to measure not the dephasing time T ∗2 as a result
of ensemble effects but the decoherence time T2 as the time scale of an inherent decay
of the spin polarization.

In quantum information processing with electron spins in lateral quantum dots, the
spin echo works in principle the same way as in NMR experiments. In contrast to the
ensemble of nuclear spins, we consider a qubit, which can be the spin DOF of a single
electron confined in a quantum dot or a qubit which is defined as a two-dimensional
subspace of the Hilbert space of several electron spins trapped in quantum dots, e.g.,
a S-T0 qubit of two electrons in a DQD. In this chapter, we focus on the exchange-
only qubit defined in the Hilbert space of three electrons in a triple quantum dot. The
magnetic field the electron spins are exposed to is typically not constant. In materials
like gallium arsenide all stable isotopes have a non-zero nuclear spin. These nuclear spins
cause the Overhauser field. This field is not constant in time, although it changes slowly
compared to the dynamics of the electron spin. In an experiment, this time dependence
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of the magnetic field leads to dephasing as the experiment needs to be repeated several
times to draw conclusions about the quantum mechanical expectation values. Every
time the measurement is performed the external field is different and, thus, the result is
again an ensemble measurement although performed on the same qubit system. Here,
the time dependence plays the role of the spatial dependence in the NMR experiments.
As a result, the dephasing time T ∗2 can be extracted again. This hyperfine induced
dephasing is a serious problem for quantum computing. It leads to a dephasing time
of a few nanoseconds in GaAs quantum dots as predicted theoretically [168] and also
measured [268]. One possibility1 to extend the lifetime of a spin qubit, is to perform
an echo sequence, which yields cancellation of precession in an unknown magnetic field
and, therefore, extends the lifetime of a qubit to T2. CPMG and Hahn echoes were
performed, see for example [22,49].

Here, we are interested in the influence of the Overhauser field on the coherence
of the exchange-only qubit, see section 3.5. The echo scheme considered here relies on
exchange-driven pairwise SWAP operations between neighboring spins proposed by West
and Fong [43]. It can be performed by electric control and no time-dependent magnetic
field is needed.

First, in section 5.1, we will see that, if a strong magnetic field is applied, the discus-
sion can be reduced to the component of the Overhauser field which is parallel to the
homogeneous external field. Then, we will consider the approach by West and Fong [43]
of an echo sequence based on pairwise SWAP operations, see section 5.2, and a se-
quence correcting errors in the pulses for a certain initial state, see section 5.3. We
will also compare different concepts of dynamical decoupling proposed for single-spin
dephasing [69, 70] for SWAP-based sequences, section 5.4. Finally, the chapter will be
concluded in section 5.5.

5.1 Exchange-only qubit in Overhauser field

We should note that the exchange-only qubit is supposed to be controlled solely by elec-
tric potentials. Therefore, one has to be concerned in the first place about the influence
of the noise in the electric signal on the coherence of the quantum information, see [261].
Nevertheless, in this chapter, we focus on the influence of an unknown magnetic field
which can lead to decoherence and leakage. The hyperfine-induced decoherence of an
exchange-only qubit was studied theoretically by Hung et al. [142]. In that work, the
authors considered different cases with regard to the presence of a strong external mag-
netic field and a permanently applied exchange interaction (resonant exchange qubit).
When none of these are applied, an inhomogeneous Overhauser field can lead to leakage
to other spin states. A strong external magnetic field applied in z-direction partially
decouples the states. Those states with different quantum numbers sz for the total spin
in z-direction, are separated in energy. This reduces the possible leakage states to one

1For other possibilities see section 3.7.

78



5.1 Exchange-only qubit in Overhauser field

state, which we call |L〉 in this chapter,

|L〉 =
|↑↑↓〉+ |↑↓↑〉+ |↓↑↑〉√

3
. (5.1)

The qubit subspace is defined by total spin quantum number s = 1/2 and the total
spin projected to the quantization axis sz = 1/2 while the leakage state |L〉 has total
spin s = 3/2 and sz = 1/2. Hung et al. [142] stated that individual spin echo can be
performed in these cases but is not favored as it would demand pulses of a magnetic
field while the concept of the exchange-only qubit relies purely on electric control. The
regime which Hung and coworkers considered to be preferable is the resonant exchange
qubit with strong exchange splitting compared to the Overhauser field and a strong
external magnetic field. This energy splitting can suppress leakage and the established
qubit control might be used for echo sequences similarly to the case of a single-spin
qubit in an Overhauser field. In this chapter, however, we will consider the non-resonant
exchange-only qubit, where an echo sequence has to correct leakage in addition.

An electron spin in a quantum dot exposed to an external magnetic field and to the
Overhauser field evolves in time according to the Hamiltonian

H = (hextez + hO) · σ (5.2)

where hext represents the external field, which is applied in z-direction, and hO stands
for the Overhauser field with unknown absolute value and direction. Albeit, we assume
that the Overhauser field follows a Gaussian distribution and that hext � |hO|. The
time evolution of the spin at time t is given by

U = e−iHt = cos(ωt)− i sin(ωt)n · σ (5.3)

with

ω =
√

(hext + hOz )2 + (hOx )2 + (hOy )2,

n =
hextez + hO

ω
,

(5.4)

while the time evolution without the disturbance of the Overhauser field is given by

U0 = cos(hextt)− i sin(hextt)σz. (5.5)

We obtain the fidelity F of the time evolution U with respect to the undisturbed time
evolution U0. This fidelity is given by [55]

F =
2 + |Tr(U †0U)|2

6
(5.6)

and we find easily

Tr(U †0U) = 2 cos((ω−hext)t)− (cos((ω−hext)t)− cos((ω+hext)t))

(
1− hext + hOz

ω

)
.

(5.7)
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As the expression
(

1− hext+hOz
ω

)
is zero in linear order in hO, we neglect the second

term in equation (5.7). Furthermore, we are not interested in revivals of the fidelity due
to the periodicity of the functions as the frequency is unknown. Instead we concentrate
on the first “decay” of the fidelity as this gives the dephasing time of interest. Thus,
the discussion can be reduced to the first period of the leading cosine. This allows the
approximation

F ≈ 1 + 2 cos2(hOz t)

3
, (5.8)

compare equation (2.19). We see in equation (5.8) that the first decay of the fidelity is
determined by the z component of the Overhauser field, x and y component, i.e., those
orthogonal to the strong external field, can be neglected here.

5.2 West-Fong echo sequence using pairwise SWAP gates

Now, one exchange-only qubit should be encoded in a system of row of three quantum
dots with one electron per dot with electrically controlled exchange interaction between
neighboring dots, i.e., between dots one and two and between dots two and three. A
coupling between dots three and one is not necessary here. The dephasing time T ∗2 is
the relevant time scale regarding the free evolution in the Overhauser field and it is
determined by the different values of this field at different dots. We assume that the
exchange interaction can be applied instantaneously. In fact, an exchange-based SWAP
operation was applied in 350 ps [22] while the dephasing time T ∗2 was found to be ∼ 10 ns
in GaAs [22] and 360 ns for an experiment in a Si-Si/Ge structure [113].2 This means that
SWAP operations, which interchange the spin states between two dots, can be applied
within a negligibly short time interval. West and Fong [43] proposed using those SWAP
gates in order to make every spin spending the same time in each of the quantum dots
with the goal to “globalize” the acquired phase. This can be achieved by applying three
times the pair of operators, SWAP12 and SWAP23, with waiting times T/3 in between,
where the spins evolves freely in the magnetic field. By this sequence, each spin state
is exposed for the same time to each of the magnetic fields at dots one, two, and three.
For the moment, the Overhauser field is assumed to be time-independent within the
time T but inhomogeneous. This will result in the same total Larmor precessions about
the z-axis, of each of the three spins because we only consider the z component of the
magnetic field, i.e., the Hamilton operator commutes for different times. For the qubit,
the spin component in z-direction is sz = 1/2. That means that the operations described
above do not alter the qubit state. The described sequence is

UH = [Uf (t=T/3)SWAP23SWAP12]3 (5.9)

2It is possible to manipulate the nuclear field by pumping and achieve field gradients which yield
rotations in a S-T0 qubit on a time scale of the SWAP gate mentioned above [100], but this is of
course not the goal here.
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where the free evolution Uf is given by

Uf = exp(−i
∑

j=1,2,3

(hextez + hOj) · σj). (5.10)

Here, hOj is the Overhauser field in dot j. Each of the pair of SWAP operations,
SWAP23 SWAP12, permutes the three spins. The global precession of the three spins is
irrelevant for the exchange qubit because the spin projected on the quantization axis is
fixed. Here, the echo sequence contains six SWAP operations, where two of them are
only needed to return to the initial state. The free evolution in the Overhauser field
make the state leave the qubit subspace during the sequence. However, at its end, the
system has returned to the initial state. When more pulses should be applied, there are
several possibilities to arrange the SWAP gates. One could repeat the sequence (5.9) as
often as desired or use a reversed order of SWAP12 and SWAP23 in between. West and
Fong [43] have considered a sequence, where the operation P = SWAP23SWAP12 and
P−1 = SWAP12SWAP23 are used in the order P → P → P−1 → P−1 → P → P →
P−1 → P−1 and so on. We will see in section 5.4 that there are differences in the fidelity
comparing the sequences. In the next section, we will see that errors in SWAP23 and
SWAP12 can be corrected for a special initial state by choosing a proper combination of
SWAP gates.

5.3 Correcting erroneous SWAP gates

Meiboom and Gill have shown that, for a well-known initial state on a Bloch sphere,
e.g., a spin pointing in x-direction, a sequence of π pulses around the x-axis not only
corrects a precession around the z-axis but is as well robust against small errors in those
π pulses, since their influence vanish in first order. This holds under the assumption that
every π pulse has the same error. To have a quantum bit in a well-defined state is not
the typical situation for quantum computing, where the states of the qubits involved are
unknown during the information processing. Known states could be prepared on demand
instead of protect them from decoherence. Nevertheless, this situation is meaningful for
an experiment which aims to measure, with this special initial state, the decoherence
behavior of the system in contrast to measure dephasing. Here, it is shown that, also
for the exchange-only qubit, a sequence exists which corrects first-order errors in the
quantum gates. The initial state is |S〉12 |↑〉3 and the unitary time evolution is

Ucorr |S〉12 |↑〉3 = [SWAP12 Uf (T/6) SWAP23]3[Uf (T/6) SWAP23 SWAP12]3 |S〉12 |↑〉3 .
(5.11)

Note that the pulse sequence contains two sequences which would correct the effect of a
static Overhauser field on their own. One of these sequences is identical with equation
(5.9) and the other is slightly modified. Note that the state can leave the qubit subspace
during the free evolution in the magnetic field and have a non-zero overlap with the
leakage state |L〉. The time for one free evolution before the next SWAP gate is applied
is T/6 to have overall waiting time of T . Nevertheless, the state Ucorr |S〉12 |↑〉3 is again
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|S〉12 |↑〉3 for a quasi static Overhauser field. So, leakage and dephasing is corrected.
The exchange based operations do not cause any leakage.

The SWAP operations in equation (5.11) can be denoted as

SWAP12 = 1− 2 |S〉12〈S| ,
SWAP23 = 1− 2 |S〉23〈S| ,

(5.12)

where |S〉ij〈S| is the projection operator on the subspace with a spin singlet state in the
quantum dots i and j. The operator |S〉12〈S| (|S〉23〈S|) projects on the two-dimensional
subspace, where the spins in the first and second (second and third) dots are in the
singlet state, while the spin state in the third (first) dot is arbitrary. The overlap of this
subspace with the qubit subspace is exactly the state |S〉12 |↑〉3 (|↑〉1 |S〉23). When the
applied exchange interactions contain error-prone SWAP gates, the SWAP operations
in (5.11) are replaced by

U12 = 1+ (ei(π+δ1) − 1) |S〉12〈S| ,
U23 = 1+ (ei(π+δ2) − 1) |S〉23〈S| ,

(5.13)

where we assume that the timing error in the applied exchange interaction, δ1 or δ2, is
the same every time the operation SWAP12 or SWAP23, respectively, should be applied.
We define the non perfect sequences

ŨH = [Uf (t=T/6)U23U12]3, (5.14)

Ũcorr = [U12Uf (T/6)U23]3[Uf (T/6)U23U12]3. (5.15)

Note that Ũcorr = U12ŨHU
−1
12 ŨH . The first order correction for ŨH |S〉12 |↑〉3 is obtained

by straightforward calculation,

ŨH |S〉12 |↑〉3 = |S〉12 |↑〉3 −
iδ1(eih

O
1zT/3 − 1)

2
√

2
|↑↑↓〉 − iδ2(eih

O
3zT/3 − 1)

2
√

2
|↑↑↓〉+O[(δ1/2)2]

(5.16)
where we assumed that hO2z = 0, which is allowed without loss of generality, since only
differences in the fields are relevant for the decoherence and the leakage. Furthermore,
a global phase is neglected. In the next step we find

U−1
12 ŨH |S〉12 |↑〉3 =− |S〉12 |↑〉3 −

iδ1(eih
O
1zT/3 − 1)

2
√

2
|↑↑↓〉

− iδ2(eih
O
3zT/3 − 1)

2
√

2
|↑↑↓〉+O[(δ1/2)2].

(5.17)

Note the changed sign for the 0th order term |S〉12 |↑〉3, which results in different signs
for the first order terms induced by the second operation ŨH in the sequence. This leads
to the final result

Ũcorr |S〉12 |↑〉3 = |S〉12 |↑〉3 +O[(δ1/2)2], (5.18)

where the error is zero in linear order. Quantum gate sequences, which correct errors
in the gates, for arbitrary initial states as demanded for quantum computing have been
found by Hickman et al. [143]. The sequence considered here is significantly shorter.
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5.4 Comparing dynamical decoupling sequences

In order to determine the decoupling from the Overhauser field for different pulse se-
quences, we first calculate the gate fidelity F . We start with the time evolution for
the states |↑↑↓〉, |↑↓↑〉, and |↓↑↑〉 in a time-dependent magnetic field in the z-direction
and find that they all acquire different phase factors, e−i(φ1+φ2−φ3), e−i(φ1−φ2+φ3), and
e−i(−φ1+φ2+φ3), respectively. The phases are determined by the time-dependent mag-
netic field which the three individual spins experience. We track the spin state when
it is transferred to another dot. For the spin initially in the first dot we have the time
evolution

U1(T ) = e−iφ1σ1z with φ1 =

∫ T

0
dt h1(t) (5.19)

where σ1z is the Pauli matrix for the individual spin. The field h1(t) is the magnetic
field in the dot which is occupied at time t by the spin labeled as spin one. This label
of the spin is chosen according to the dot which hosts the spin at time t = 0. In full
analogy we define U2(T ) and U3(T ). The discussion can be restricted to the subspace
with sz = 1/2. The qubit basis states are defined by

|±〉 =
|↑↑↓〉+ e±i2π/3 |↑↓↑〉+ e∓i2π/3 |↓↑↑〉√

3
. (5.20)

Then, in the basis {|+〉 , |−〉 , |L〉}, the time evolution is given by the matrix

1

3

 eiϕ3+eiϕ2+eiϕ1 eiϕ3+ei(ϕ2+ 2π
3

)+ei(ϕ1− 2π
3

) eiϕ3+ei(ϕ2− 2π
3

)+ei(ϕ1+ 2π
3

)

eiϕ3+ei(ϕ2− 2π
3

)+ei(ϕ1+ 2π
3

) eiϕ3+eiϕ2+eiϕ1 eiϕ3+ei(ϕ2+ 2π
3

)+ei(ϕ1− 2π
3

)

eiϕ3+ei(ϕ2+ 2π
3

)+ei(ϕ1− 2π
3

) eiϕ3+ei(ϕ2− 2π
3

)+ei(ϕ1+ 2π
3

) eiϕ3+eiϕ2+eiϕ1


(5.21)

where we introduced ϕj = 2φj − φ1 − φ2 − φ3. The upper left 2× 2 block in this 3× 3
matrix is denoted by UQ(T ). It describes the dynamics within the qubit subspace, but
it is not unitary due to leakage. The fidelity of UQ relative of the unchanged qubit is
given by [55]

F =
Tr(U †QUQ) + |Tr(UQ)|2

6

=
1

9
[3 + 2 cos(2(φ1−φ2)) + 2 cos(2(φ2−φ3)) + 2 cos(2(φ3−φ1))]

+
1

27
[3 + cos(2(φ1−φ2)+2π/3) + cos(2(φ2−φ3)+2π/3) + cos(2(φ3−φ1)+2π/3)

+ cos(2(φ1−φ2)−2π/3) + cos(2(φ2−φ3)−2π/3) + cos(2(φ3−φ1)−2π/3)] .

(5.22)

For a Gaussian distribution of the fields, we obtain

〈cos(2(φ1 − φ2))〉 = e−2〈(φ1−φ2)2〉,

〈cos(2(φ1 − φ2)± 2π

3
)〉 = −1

2
e−2〈(φ1−φ2)2〉,

(5.23)
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compare the calculation for a single spin [72], For the calculation of 〈(φ1−φ2)2〉 we follow
West and Fong [43] and introduce functions fj(t), j = 1, 2, 3. These functions are related
to the positions of the spin states within the three dots: If the positions are (1,2,3) where
the numbers 1, 2, 3 indicate the initial spin position, we have {f1, f2, f3} = {1,−1, 0}; af-
ter one permutation, the positions are (2,3,1) and the functions {f1, f2, f3} = {−1, 0, 1};
and after another permutation for the positions (3,2,1), they are {f1, f2, f3} = {0, 1,−1}.
The Overhauser field at dot number j is now denoted by Bj(t) with the Hamiltonian
Hj = Bj(t)σjz acting on the spin state, which is in dot j at time t. Then we obtain [43]

φ1(T )− φ2(T ) =

∫ T

0
dt [h1(t)− h2(t)] =

∫ T

0
dt [f1(t)B1(t) + f2(t)B2(t) + f3(t)B3(t)]

(5.24)
and up to permutations of the indices of fj(t) the same for φ2−φ3 and φ3−φ1. For the
variance, the formula is

〈(φ1(T )− φ2(T ))2〉 =

〈∫ T

0
dt1 [f1(t1)B1(t1) + f2(t1)B2(t1) + f3(t1)B3(t1)]

×
∫ T

0
dt2 [f1(t2)B1(t2) + f2(t2)B2(t2) + f3(t2)B3(t2)]

〉
=

∑
i,j∈{1,2,3}

∫ T

0
dt1

∫ T

0
dt2fi(t1)fj(t2) 〈Bi(t1)Bj(t2)〉︸ ︷︷ ︸

=:gij(t1−t2)

=
1

π

∑
i,j∈{1,2,3}

∫ ∞
0

dω yi(ωT )y∗j (ωT )
pij(ω)

ω2
,

(5.25)

where yj(ωT ) = ω
i

∫ T
0 dt eiωtfj(t) is the filter function related to the switching function

fj(t), j = 1, 2, 3. We assume that pij(ω), which is the power spectrum of gij(t), pij(ω) =
2
∫∞

0 dt cos(ωt)gij(t), fulfills pij(ω) = δijp(ω). This means, the Overhauser fields in the
dots are independent of each other with the same variance and power spectrum. With
this assumption the variances of the phase differences read

〈(φ1(T )− φ2(T ))2〉 = 〈(φ2(T )− φ3(T ))2〉 = 〈(φ3(T )− φ1(T ))2〉

=
1

π

∫ ∞
0

dω [|y1(ω)|2 + |y2(ω)|2 + |y3(ω)|2]︸ ︷︷ ︸
=FF (ωT )

p(ω)

ω2
, (5.26)

where FF (ωT ) is the filter function for the SWAP-based echo sequence. Note that the
static external field is not considered here, because it has no influence on the phase
differences. For the one-spin case see section 2.4.2. For the fidelity, we obtain

F =
4

9
+

5

9
e−2〈(φ1−φ2)2〉. (5.27)

The task is now to calculate 〈(φ1−φ2)2〉 for a given noise spectrum p(ω) in dependence
of the chosen pulse sequence. We consider two kinds of noise spectra, Ohmic noise,

pOhm(ω) = ωΘ(ω1 − ω) (5.28)
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5.4 Comparing dynamical decoupling sequences

where Θ(·) is the Heaviside function and ω1 is a sharp cutoff, and Lorentzian noise,

pLorentz(ω) =
ω1

1 + ( ωω1
)2
, (5.29)

which is assumed to be relevant for noise caused by a nuclear spin bath [269]. The
relative noise strength is set to 1 because the crucial question is the fidelity dependence
on time relative to the parameter ω1. Following Uys et al. [70], the integrals can be
expressed by dimensionless variables T ′ = Tω1 and ω′ = ω/ω1. Then the variance of the
phase difference reads

〈(φ1 − φ2)2〉 =

∫ ∞
0

dω′ FF (ω′T ′)
p̃(ω′)

ω′2
(5.30)

with the rescaled noise spectrum

p̃(ω′) = p̃Ohm(ω′) = ω′Θ(1− ω′) or p̃(ω′) = p̃Lorentz(ω
′) =

1

1 + ω′2
. (5.31)

Different SWAP sequences lead to different filter functions because the switching func-
tions fj(t), j = 1, 2, 3, are different. For repeated application of the same permutation
P = SWAP23SWAP12 at every time Tδj , j = 1, . . . , n, the switching functions have
period three with respect to j due to the three even permutations of three spins in three
dots. Then, the switching functions are

{f1(t), f2(t), f3(t)} =


{1,−1, 0} if t/T ∈ [δj , δj+1) with j mod 3 = 0,

{−1, 0, 1} if t/T ∈ [δj , δj+1) with j mod 3 = 1,

{0, 1,−1} if t/T ∈ [δj , δj+1) with j mod 3 = 2.

(5.32)

Here, δ0 = 0 and δn+1 = 1. For the sequence which alternates pairs of P and P−1,
P → P → P−1 → P−1 → P → P → P−1 → P−1 → . . ., the period is four,

{f1(t), f2(t), f3(t)} =


{1,−1, 0} if t/T ∈ [δj , δj+1) with j mod 4 = 0,

{−1, 0, 1} if t/T ∈ [δj , δj+1) with j mod 4 = 1 or 3,

{0, 1,−1} if t/T ∈ [δj , δj+1) with j mod 4 = 2.

(5.33)

For comparison, also individual spin echoes are considered, where on each spin a σx gate
is applied at time δjT , j = 1, . . . , n. Regarding the technical concept of an exchange-
only qubit, this procedure is not favored because magnetic manipulation of the spin is
required which is not included for the gates of the exchange-only qubit itself. In this
section, the fidelity is calculated for different choices of {δ1, . . . , δn}:

(i) When the pulses are applied at times according to δ1 = 1/(2n), δj = δj−1 +1/n for
j = 2, . . . , n, the sequence is called CPMG sequence, referring to the publications
by Carr and Purcell [47] and by Meiboom and Gill [48]. This means, the waiting
times between two consecutive pulses equal each other while they are twice as long
as the waiting time between initialization and the first pulse and between the last
pulse and the end of the final state at time T .
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5 Echo sequences for exchange-only qubits

(ii) The waiting times according to Uhrig dynamical decoupling (UDD) [69] are defined
by the condition that the filter function has to be zero in an order m, i.e.,

(
∂

∂(ω′T ′)

)k
FF (ω′T ′)

∣∣∣∣∣
ω′T ′=0

= 0 ∀k = 0, . . . ,m. (5.34)

For a single spin, a solution with n = m pulses given by a simple formula, see
section 2.4.2 and [69]. For the SWAP-based sequence for the exchange-only qubit,
n = 2m pulses are necessary and a closed expression for δj is unknown [43]. The
solutions depend on the choice of the SWAP sequence, i.e., they are different for
P → P → P . . . and P → P → P−1 → P−1 . . ., see table 5.1.

(iii) Optimized filter function dynamical decoupling (OFDD) [70] aims to minimize the
integral ∫ 1

0
dω′ FF (ω′T ′) (5.35)

in order to find a set {δ1, . . . , δn} which should also lead to a high fidelity.

Note that the integrals (5.35) and (2.4.2) for the noise spectra considered here do not
need to be solved numerically as they can be expressed by well-known functions, for
which efficient implementations are included in libraries for mathematical software,

∫ 1

0
dω′ cos(ω′T ′δj) =

sin(T ′δj)

T ′δj
− 1,∫ 1

0
dω′

1− cos(ω′T ′δj)

ω′
= Cin(ω′T ′δj),∫ ∞

0
dω′

1− cos(ω′T ′δj)

ω′2(1 + ω′2)
=
π

2
(1− T ′δj − e−T

′δj ),

(5.36)

here, Cin(t) =
∫ t

0 dt
′ 1−cos(t′)

t′ is the so-called cosine integral. Note that there is no cutoff
frequency for the Lorentzian spectrum. In this case, the parameter ω1 determines the
width of the Lorentzian noise spectrum, see equation (5.29).

Results are presented in figure 5.4. As in the single spin case [70], the more advanced
switching times gained by OFDD and UDD perform better and OFDD can outperform
UDD for Ohmic noise while UDD and OFDD do not lead to a significant improvement
over CPMG for the low-frequency noise. For the same number of pulses, the individual
echo sequence can reach a higher order within the UDD framework. This is also repre-
sented by the results in figure 5.4. The comparison of the two SWAP-based operations
shows that there are indeed differences with the simple sequence of using the same pulse
at every time δjT , j = 1, . . . , n, performing typically slightly better than the sequence
using P and P−1.
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Figure 5.1: Infidelity 1 − F of an exchange-only qubit with respect to unity for three
different types of echoes, CPMG echoes (a,b), UDD echoes (c,d), and OFDD
echoes (e,f) and for two different noise spectra, Ohmic noise pOhm(ω′) =
ω′Θ(1 − ω′) (a,c,e) and Lorentzian noise pLorentz(ω

′) = 1
1+ω′2 (b,d,f). The

echoes are realized by single-spin rotations (dashed lines), SWAP operations
performing P =SWAP12SWAP23 in each step (solid lines), and a SWAP-
based sequence with alternating applications of pairs of P and P−1 (dotted
lines). The echo sequence contains n+ 1 intervals where the colors indicate
the number of pulses n: n = 2 (blue), n = 3 (cyan), n = 4 (green), n = 6
(red), and n = 10 (black). As expected, UDD and OFDD lead to a more
significant improvement for the high frequency noise (a,c,e) than for the
Lorentzian noise (b,d,f). UDD pulses enabling a filter function with Taylor
coefficients being zero up to mth order, are provided by m + 1 intervals of
free evolution for individual echoes and 2m+1 intervals for the SWAP-based
sequences. Thus, the dashed lines are far below the solid and dotted lines
of the same color in (c) and also in (e). When comparing the same order
of UDD, e.g., the blue dashed (n = 2) with the solid and dotted green lines
(n = 4), we see that the single-spin rotations performs minimally worse. The
simple P → P → P → . . . sequence has typically slightly better results than
the sequence with alternating pairs of P and P−1 for UDD and OFDD. For
n = 2 they are identical by definition. For the CPMG like switching times,
the simpler sequence is remarkably better. For n being a multiple of 3, the
squared order in the filter function of the P → P → P → . . . sequence (by
chance) vanishes. Therefore, at short times T ′ these curves in (a,b) have a
steeper slope.
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number of pulses n δj always P alternating pairs of P and P−1

2

δ1
1
3

1
3

δ2
2
3

2
3

4

δ1
3−
√

5
6

1
6

δ2
1
3

1
3

δ3, δ4 δj = 1− δ5−j δj = 1− δ5−j

6

δ1
3−
√

6
9

4−
√

10
9

δ2
9−
√

33
18

5−
√

10
9

δ3
6−
√

6
9 4/9

δ4, δ5, δ6 δj = 1− δ7−j δj = 1− δ7−j

10

δ1 0.0197219731840097 0.0422244245173296

δ2 0.0671399277438179 0.0940587956886883

δ3 0.1583859791807335 0.2172228408817372

δ4 0.27816415473255296 0.2838895075484039

δ5 0.42457938477024890 0.4518343711713587

δ6, . . . , δ10 δj = 1− δ11−j δj = 1− δ11−j

Table 5.1: Solutions for the UDD condition that the filter function is zero up to mth
order in its Taylor expansion in (ωT ) or (ω′T ′) for the SWAP sequences.
Here for the number of pulses, n, the relation n = 2m holds. For n = 2, the
sequences are identical. The numerical results for n = 10 in the very right
column are from [43].

5.5 Conclusions

In this chapter, the simple idea to “average” out the influence of different Overhauser field
in different dots by applying SWAP operations, as suggested by West and Fong [43], has
been discussed with respect to differences arising from differently arranging the SWAP
operations. It has been shown that there are indeed changes in the behavior of the
fidelity as a function of time with respect to the chosen echo sequence. Two strategies
for finding optimized filter functions, UDD and OFDD, could be adapted for the system
of three spins considered here. For a fixed initial state, first order errors in the SWAP
gate can be corrected in a sequence with twelve SWAP gates.
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6 Quantum state tomography with two
spin qubits in a double quantum dot

With respect to qubits represented by single electron spins in quantum dots as pro-
posed by Loss and DiVincenzo [21], see section 3.1, two-qubit operations by exchange
interaction [22] and single-qubit rotations by ESR [23] have been successfully performed.
Brunner et al. [120] succeeded to perform both, single-qubit rotations for the individual
spins as well as the two-qubit exchange gate, in a DQD. They also performed combina-
tions of these quantum gates on a well-prepared initial state. The next logical step in
characterizing this DQD system with respect to its potential for quantum computing is
to fully describe the system’s quantum state and the quantum operations by quantum
tomography, see section 2.5. In this chapter, we focus on quantum state tomography.
The goal is to find a minimal set of measurements which allow for reconstruction of the
density matrix. Such a minimal set of observables is called quorum. Here, the situa-
tion is special in the sense that the spins are not measured individually, but projective
measurements on quantum states within the two-qubit space are performed, see section
6.1. Such a projective measurement has only two outcomes, 1 and 0, and it contains
a three-fold degeneracy for one of the outcomes. This means, the quorum, which is
needed to reconstruct the 4 × 4 Hermitian density matrix ρ with unit trace, consists
of 15 measurements, see section 6.2. Furthermore, section 6.3 provides a scheme for
realizing these measurements in the DQD system by combining elementary projective
measurements with quantum gates. Finally, the effect of erroneous operation on the
reconstruction will be considered in section 6.4 before the chapter will be concluded in
section 6.5.

The results of this chapter have been published in N. Rohling and G. Burkard,
Phys. Rev. B 88, 085402 (2013) [44].

6.1 Measurement in the double quantum dot

Within this chapter, the measurement of the spin states in the two-electron DQD always
comprises a spin-to-charge conversion. The following measurement of the charge state
has the possible outcomes of a charge distribution (1,1) or (0,2), see section 3.6. The
system is described by the Hamiltonian

H =
ε

2
(n̂1 − n̂2) +

U

2

∑
i=1,2

n̂i(n̂i − 1) + t
∑
σ=↑,↓

(ĉ†2σ ĉ1σ + ĉ†1sĉ2σ)

+
∑
i=1,2

∑
σ,σ′

(hi · σ)σσ′ ĉ
†
i,στ ĉi,σ′τ ,

(6.1)
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where ĉ
(†)
iσ annihilates (creates) an electron with spin σ being ↑ or ↓ in dot i. The

operator n̂i =
∑

σ ĉ
†
iσ ĉiσ determines the particle number in dot i and U is again the

additional Coulomb energy for two electrons occupying the same dot. The effect of
the magnetic fields is represented by the fields h1 and h2. The qubits are the spin
states when the system is approximately in the (1,1) charge regime, ε � U . Spin-
to-charge conversion means that the detuning ε is changed in a way that the S(0, 2)
state becomes lowest in energy. During this operation one state |ψ〉 out of the four-
dimensional two-qubit space is transferred to the state S(0, 2). Therefore, measuring
the charge distribution (0,2) is effectively a projection onto this state |ψ〉. With other
words, the charge measurement is a projective measurement described by the projection
operator P|ψ〉 = |ψ〉 〈ψ|. This operator P|ψ〉 projects onto a one-dimensional subspace
of the qubit space with expectation value 〈φ|P|ψ〉 |φ〉 = | 〈ψ|φ〉 |2 when |φ〉 is the state
before the spin-to-charge conversion. The state |ψ〉 depends on the parameters of the
system and especially on how fast the detuning ε is changed. In this chapter, the system
parameters are supposed to fulfill the following conditions:

(i) For ε = 0, in the Hamiltonian (6.1), the absolute value of ∆hz = h1z − h2z

dominates over the singlet triplet splitting of approximately 4t2/U , i.e., ∆hz �
4t2/U , see section 3.2. Then the energy eigenstates with (1,1) charge distribution
are approximately |T+〉 = |↑↑〉, |T−〉 = |↓↓〉, |↑↓〉, and |↓↑〉, see figure 6.1.

(ii) Other values of the detuning ε lead to approximate energy eigenstates |T+〉, |S〉 =
(|↑↓〉 − |↓↑〉)/

√
2, |T0〉 = (|↑↓〉+ |↓↑〉)/

√
2, and |T−〉 still with (1,1) charge configu-

ration.

(iii) The Zeeman fields should fulfill h1z < h2z < 0 and |hix|, |hiy| � |hiz|.

(iv) Importantly, the spectrum is supposed to have an avoided crossing between the
states |S〉 and |T+〉, which is induced by small differences in the directions of the
Zeeman fields h1 and h2.

Three kinds of spin-to-charge conversion are distinguished here, leading to projective
measurements with the state |ψ〉, onto which the measurement is projecting, being |T+〉,
|S〉, and |↑↓〉. An adiabatic process is slow compared to the time scales given by the
inverse of the relevant energy, which is, e.g., for the S-T+ anticrossing given by the
difference between the energy eigenstates at this avoided crossing. If the system is
initially in its ground state, it stays in its ground state during the whole process. This
means an adiabatic transition maps |T+〉 to |S(0, 2)〉. If the process is slow at small
values of ε until reaching the regime where |S〉 is an eigenstate, but fast at the S-T+

anticrossing, this yields |ψ〉 = |↑↓〉. If the transition is fast at the S-T+ anticrossing the
state |S〉 is mapped to |S(0, 2)〉 and if the transition was also fast for small values of ε,
then |S〉 is mapped onto itself by this diabatic process. Note that this process is not
fast with respect to the charge state as it would be the case for an instantaneous change
of the parameter ε where the S(0, 2) state is not changed. For general considerations
of the S-T+ avoided crossing as a Landau-Zener process see [171, 270]. The processes

90



6.1 Measurement in the double quantum dot
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Figure 6.1: (a) Energy eigenvalues of a system described by equation (6.1) fulfill-
ing the requirements (i-iv) from the text. The blue dotted line indi-
cates the value of ε at the point of the avoided crossing of |S〉 and
|T+〉. (b) Three different projective measurements are realized by differ-
ent speeds in changing ε as a function of time, mapping |↑↓〉 (dash-dotted
green line), |S〉 (dashed red line), or |↑↑〉 (solid cyan line) to the state
|S(0, 2)〉, which can be detected by a charge measurement. Figure first
published in N. Rohling and G. Burkard, Phys. Rev. B 88, 085402 (2013),
http://dx.doi.org/10.1103/PhysRevB.88.085402 c©2013 American Physical
Society.
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6 Quantum state tomography with two spin qubits in a double quantum dot

introduced above are only the extreme cases of an adiabatic and an diabatic passage. A
state tomography scheme based on this measurements requires a quorum, which consists
of 15 different projection operators, see section 6.2. Projections onto a state |ψ〉 which
are not realizable directly by the transition explained above, have to be implemented
by applying quantum gates mapping |ψ〉 onto one of the states |↑↑〉, |S〉, or |↑↓〉. The
exchange interaction allows for SWAP and

√
SWAP gates, see section 3.1, while single-

qubit rotations can be realized by ESR, see section 3.3. In the tomography scheme which
will be proposed in section 6.3, ESR has to be used for not more than one π/2 rotation of
one of the spins per measurement. We consider the qubits in a rotating frame, rotating
with frequency 2h1z, i.e., the Zeeman splitting in dot one, about the z-axes of the Bloch
spheres. The difference in the Zeeman field z components ∆hz then induces, in this
picture, z rotations for the spin in dot two. The different directions of h1 and h2 should
be negligible for the quantum gates.

6.2 Basis states for the density matrix

The quantum state of a two-qubit system is described by a 4×4 density matrix ρ ∈ C4×4.
This matrix is Hermitian, ρ† = ρ, and has unity trace, Tr(ρ) = 1. A scalar product for
4× 4 complex matrices is defined by

〈A|B〉M = Tr(A†B), (6.2)

which is the Euclidean scalar product, when considering each matrix as a 16-dimensional
vector. A basis for C4×4 is, for example,

{Dk =
σ1i ⊗ σ2j

2
, k = 4i+ j; i, j = 0, 1, 2, 3} (6.3)

with σ1i⊗σ2j being a Kronecker product of two Pauli matrices with σn0 = 1, σn1 = σnx,
σn2 = σny, and σn3 = σnz for the first (n = 1) and second (n = 2) qubit. This basis is
orthonormal with respect to the scalar product (6.2),

〈Dk|Dl〉M =
Tr(σbk/4cσbl/4c) Tr(σ(k mod 4)σ(l mod 4))

4
= δkl. (6.4)

The density matrix ρ can be expressed by

ρ =

15∑
k=0

ρkDk, (6.5)

where ρk = 〈ρ|Dk〉M is a real number, since ρ and Dk are Hermitian. From Tr(ρ) = 1 it
follows that ρ0 = 1/2 as D0 is the only non-traceless matrix in the basis (6.3). The other
ρk = Tr(ρDk) = Tr(ρ σi ⊗ σj)/2 (k = 1, . . . , 15; i = bk/4c; j = k mod 4) have to be
estimated from measurements. Here, bk/4c denotes the largest integer number smaller or
equal k/4. Although ρk is the expectation value of the Hermitian operator Dk, it cannot
be determined directly from the relative frequencies of an experimental outcome. The
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reason is that the available measurements are restricted to projections on single states
in this chapter and Dk 6= D2

k = 1/4 (k = 1, . . . , 15) is not a projection. The projection
operators/matrices Pj = |ψj〉 〈ψj | fulfill P 2

j = Pj and 〈Pj |D0〉 = 1/2. The goal is to find
a set of 15 states |ψj〉 (j = 1, . . . , 15) such that the traceless part of the corresponding
projection operators, Pj−1/4, are a basis in the space of traceless 4×4 matrices. Then,
the density matrix ρ can be estimated from the relative frequencies of the corresponding
measurement outcomes, which are an experimental result for 〈ρ|Pj〉 = | 〈ψj | ρ |ψj〉 |2.

6.2.1 Evaluation of the measurement set

In order to evaluate the suitability of the set {P1, . . . , P15} for estimating ρ1, . . . , ρ15, we
consider the 15× 15 matrix P,

Pjk = 〈Pj |Dk〉 (6.6)

with j, k = 1, . . . , 15. Here, {P1− 1/4, . . . , P15− 1/4} is a basis in the space of traceless
4 × 4 matrices. Then, P is invertible and a naive reconstruction (see section 2.5 for an
overview of reconstruction concepts) can be done by measuring

Tr(Pjρ) = 〈Pj |ρ〉M =

15∑
k=1

〈Pj |Dk〉M 〈Dk|ρ〉M + 〈Pj |D0〉M 〈D0|ρ〉M =

15∑
k=1

Pjkρk +
1

4
.

(6.7)
As the measurement cannot offer exact values, the measurement results for Tr(Pjρ) are
denoted by mj . Then an estimation ρ̃ for the density matrix ρ is given by ρ̃1

...
ρ̃15

 = P−1

 m1 − 1/4
...

m15 − 1/4

 , (6.8)

while ρk is connected in the same way to the quantum mechanical expectation values
Tr(Pjρ), ρk =

∑15
j=1(P−1)kj(Tr(Pjρ) − 1/4). Although more advanced reconstruction

procedures exist, equation (6.8) is considered here in order to estimate the uncertainty
of the estimated density matrix ρ̃ in dependence of the set {P1, . . . , P15}. First, note
that the covariance matrix B of the actual measurement of Tr(Pjρ) with Nj repetitions
is given by

Bji = E([mj − Tr(Pjρ)][mi − Tr(Piρ)]) =
δji Tr(Pjρ)[1− Tr(Pjρ)]

Nj
, (6.9)

where E(·) is the expectation value of a random variable. The probability distribution of
this variable is is given by the quantum state ρ and the measurement which is performed.
A binomial distribution describes each measurement with number j with the probability
Tr(Pjρ) for measuring the (0,2) charge state and the probability 1−Tr(Pjρ) for measuring
the (1,1) charge distribution. This binomial distribution is independent of the other
measurements which are not included in determining mj , since each measurement starts
with a new well-prepared initial state ρ. As the parameters ρ̃k are determined indirectly
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6 Quantum state tomography with two spin qubits in a double quantum dot

from the measurement outcomes, their covariance matrix C has a more complicated
expression,

Ckl = E[(ρ̃k − ρk)(ρ̃l − ρl)]

= E


15∑
j=1

(P−1)kj [mj − Tr(Pjρ)]
15∑
i=1

[mi − Tr(Piρ)](P−1)li


=

15∑
j=1

(P−1)kjBjj(P−1)lj

(6.10)

or C = P−1B(P−1)T . In quantum state tomography, the knowledge about the density
matrix is supposed to be as high as possible. Consequently, |Ckl| should be small. The in-
verse of P can be expressed with the help of the adjugate matrices, P−1 = adjP/(detP)
with (adjP)kl = (−1)k+l det(P/l/k) (k, l = 1, . . . , 15). Here, P/l/k is the 14 × 14 matrix
obtained when the lth row and the kth column of P are deleted. The maximal value of
|Bjj | in dependence of Tr(Pjρ) is 1/(4Nj), which is reached for Tr(Pjρ) = 1/2. With
these results we can write

|Ckl| =

∣∣∣∣∣∣
15∑
j=1

(P−1)kj(P−1)ljBjj

∣∣∣∣∣∣ ≤
15∑
j=1

|(adjP)kj(adjP)lj |
4Nj det(P)2

. (6.11)

The length of the row vectors of the matrix P is given by
√
〈Pj − 1/4|Pj − 1/4〉M =√

3/4. Any determinant is unchanged by applying the Gram-Schmidt orthogonalization
process yielding an upper limit for the elements of the adjugate matrix, |(adjP)kj | ≤
(3/4)14/2. We assume for simplicity that N1 = N2 = . . . = N15 =: N and obtain

|Ckl| ≤
15(3/4)14

4N det(P)2
≈ 0.06682

N det(P)2
. (6.12)

In reference [44], we used this estimation to argue that finding P1, . . . , P15 with a large
value of det(P) is useful as this leads to a small upper limit for |Ckl|. Actually, we will see
later that the values of |Ckl| can be far below this upper limit due to the rough estimate for
the adjugate matrices. Nevertheless, measurement sets with large values of | det(P)| are
favorable because in those sets the measurement operators are “well distributed” in the
space of 4×4 matrices. In contrast, a value of | det(P)| ≈ 0 indicates a situation, where at
least two of the projections Pj are very similar, i.e., 〈Pi|Pj〉M ≈ 0 for i 6= j. The trace of
the covariance matrix will serve as a further measure of the suitability of the measurement
set in the following examples, see subsections 6.2.3 and 6.2.4. The covariance matrix
is positive semi-definite and the trace equals the sum of the eigenvalues. The length of
the row vectors of P limits the determinant to det(P) ≤ (3/4)15/2 ≈ 0.1156. The next
subsection shows that this value cannot be reached.
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6.2 Basis states for the density matrix

6.2.2 No orthogonal basis in traceless matrix space by projectors

For the reconstruction (6.8) it would be ideal if the traceless parts of P1, . . . , P15 were
orthogonal with respect to 〈·|·〉M , i.e., for i 6= j

0
!

= 〈Pj − 1/4|Pi − 1/4〉M ⇔ 〈Pj |Pi〉M = 1/4 ⇔ | 〈ψj |ψi〉 |2 = 1/4. (6.13)

Under the assumption that the rows of P are orthogonal to each other, P is unitary
up to the factor

√
4/3. The trace of a matrix is invariant under the change of a basis.

Thus, we obtain Tr(C) = TrP−1B(PT )−1 = 4 Tr(B)/3. Note that for a single qubit
the corresponding problem would be to find a set of states {|ϕ1〉 , |ϕ2〉 , |ϕ3〉} where the
projection operators Pϕi = |ϕi〉 〈ϕi| (i = 1, 2, 3) lead to an orthogonal basis in the space
of traceless 2 × 2 matrices, i.e., Tr([Pϕi − 1/2][Pϕj − 1/2]) = 0 ⇔ | 〈ϕi|ϕj〉 |2 = 0 for

i 6= j. This is solved, e.g., by {|↑〉 , |↑x〉 = (|↑〉 + |↓〉)/
√

2, |↑y〉 = (|↑〉 + i |↓〉 /
√

2}. The
orthogonality condition is equivalent to orthogonality of vectors represented on the Bloch
sphere. For the two-qubit space considered here, the problem (6.13) is not solvable:

Theorem. In a four-dimensional Hilbert space H, there is no set of fifteen vectors
|ψ1〉 , . . . , |ψ15〉 ∈ H which fulfill pairwise orthogonality of the traceless parts of their
projection operators with respect to 〈·|·〉M , i.e., there is no set fulfilling | 〈ψi|ψj〉 |2 =
(1 + 3δij)/4.

The proof we will use the following lemma relating the dimensions of subspaces to the
projections of orthogonal basis vectors onto these subspaces.

Lemma. Let {v1,v2, . . . ,vn1+n2} be an orthonormal basis of Rn1+n2 with n1, n2 ∈ N>0

and with the Euclidean product. Furthermore, the components vji of the basis vector vj
fulfill

∑n1
i=1 v

2
ji = c ∀j = 1, . . . , n1 + n2. Then,

c

1− c =
n1

n2
.

Proof of the lemma. From the conditions in the lemma we easily obtain

n1+n2∑
j=1

n1∑
i=1

v2
ij =

n1+n2∑
j=1

c = (n1 + n2)c

and

n1+n2∑
j=1

n1+n2∑
i=n1+1

v2
ij =

n1+n2∑
j=1

(1− c) = (n1 + n2)(1− c).
(6.14)

On the other hand, calculating these sums in opposite order using that the rows of a
matrix, where the vectors v1,v2, . . . ,vn1+n2 are the columns, form an orthonormal basis
of Rn1+n2 as well, yields

n1∑
i=1

n1+n2∑
j=1

v2
ij =

n1∑
i=1

1 = n1 and

n1+n2∑
i=n1+1

n1+n2∑
j=1

v2
ij =

n1+n2∑
i=n1+1

1 = n2. (6.15)
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6 Quantum state tomography with two spin qubits in a double quantum dot

Finally, the ratio of these expressions leads to the desired result,∑n1+n2
j=1

∑n1
i=1 v

2
ij∑n1+n2

j=1

∑n1+n2
i=n1+1 v

2
ij

(6.14)
=

c

1− c
(6.15)

=
n1

n2
.� (6.16)

Proof of the theorem. This proof will show that assuming the existence of a set fulfilling
the conditions named in the theorem leads to inconsistencies. We use {|↑↑〉 , |↑↓〉 , |↓↑〉 , |↓↓〉}
as a basis of H. Without loss of generality, we can choose |ψ1〉 = |↑↑〉. If this were not
the case, a unitary transformation could change the basis accordingly. We express the
other vectors in the general form

|ψj〉 = aj |↑↑〉+ bj |↑↓〉+ cj |↓↑〉+ dj |↓↓〉 (j = 2, . . . , 15). (6.17)

From a1 = 1, we find with | 〈ψj |ψ1〉 |2 = 1/4 (j = 2, . . . , 15) that a2 = a3 = · · · = a15 =
1/2 when we neglect the irrelevant global phase. The matrix elements of the matrix P
as defined in equation (6.6) are for j = 2, . . . , 15 given by

Pj1 =
Re bj+c

∗
jdj+d

∗
jcj

2
, Pj2 =

Im bj+c
∗
jdj−d∗jcj
2i

, Pj3 =
1
4−|bj |2+|cj |2−|dj |2

2
,

Pj4 =
Re cj+b

∗
jdj+d

∗
jbj

2
, Pj5 =

Re dj+b
∗
jcj+c

∗
jbj

2
, Pj6 =

Im dj−b∗jcj+c∗jbj
2i

,

Pj7 =
Re cj−b∗jdj−d∗jbj

2
, Pj8 =

Im cj+b
∗
jdj−d∗jbj
2i

, Pj9 =
Im dj+b

∗
jcj−c∗jbj

2i
,

Pj10 =
b∗jcj+c

∗
jbj−Re dj

2
, Pj11 =

Im cj−b∗jdj+d∗jbj
2i

, Pj12 =
1
4+|bj |2−|cj |2−|dj |2

2
,

Pj13 =
Re bj−c∗jdj−d∗jcj

2
, Pj14 =

Im bj−c∗jdj+d∗jcj
2i

, Pj15 =
1
4−|bj |2−|cj |2+|dj |2

2
.

(6.18)

Now, another basis for the space of traceless 4× 4 matrices is introduced,

G1 =
σ2z + σ1z + σ1zσ2z

2
√

3
, G2 =

σ1x + σ1xσ2z

2
√

2
, G3 =

σ2x + σ1zσ2x

2
√

2
,

G4 =
σ1y + σ1yσ2z

2
√

2
, G5 =

σ2y + σ1zσ2y

2
√

2
, G6 =

σ1xσ2x − σ1yσ2y

2
√

2
,

G7 =
σ1xσ2y + σ1yσ2x

2
√

2
, G8 =

σ1x − σ1xσ2z

2
√

2
, G9 =

σ2x − σ1zσ2x

2
√

2
,

G10 =
σ1y − σ1yσ2z

2
√

2
, G11 =

σ2y − σ1zσ2y

2
√

2
, G12 =

σ1xσ2x + σ1yσ2y

2
√

2
,

G13 =
σ1xσ2y − σ1yσ2x

2
√

2
, G14 =

σ1z − σ2z

2
√

2
, G15 =

σ1z + σ2z − 2σ1zσ2z

2
√

6
,

(6.19)

which is again orthogonal, 〈Gk|Gl〉 = δkl. We can rewrite Pj (j = 2, . . . , 15) using this
basis, Pj =

∑15
i=1 〈Gi|Pj〉Gi + 1/4 with

〈G1|Pj〉M = 0, 〈G2|Pj〉M =
Re cj√

2
, 〈G3|Pj〉M =

Re bj√
2
, 〈G4|Pj〉M =

Im cj√
2
,

〈G5|Pj〉M =
Im bj√

2
, 〈G6|Pj〉M =

Re dj√
2
, 〈G7|Pj〉M =

Im dj√
2
.

(6.20)
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6.2 Basis states for the density matrix

The normalization 1 = 〈ψj |ψj〉 = |aj |2 + |bj |2 + |cj |2 + |dj |2 leads to

7∑
i=2

〈Gi|Pj〉2M =
|bj |2 + |cj |2 + |dj |2

2
=

1− |aj |2
2

=
3

8
, (6.21)

while 1 = 〈Pj |Pj〉M = 1/4 +
∑15

k=1 〈Gk|Pj〉2M results in

15∑
i=8

〈Gi|Pj〉2M =
3

4
−

7∑
i=2

〈Gi|Pj〉2M =
3

8
. (6.22)

Comparing these sums finally reveals that∑7
i=2 〈Gi|Pj〉2M∑15
i=8 〈Gi|Pj〉2M

= 1 6= 6

8
. (6.23)

Regarding the lemma, we see that the columns of the matrix constructed by the elements
〈Gk|Pj〉M (k, j = 2, . . . , 15) are not pairwise orthogonal as normalization does not change
the ratio in the equation above. Therefore, {P1 − 1/4, . . . , P15 − 1/4} is no orthogonal
basis for the space of traceless 4× 4 matrices.�

6.2.3 Quorum by James et al.

In reference [85], James and coworkers suggested a set of measurements suitable for
quantum state tomography where two qubits are encoded in the polarization of photons.
With regard to our problem with spin qubits measured by projections on quantum states,
the set by James et al. would be given by projections on the states {|↑↑〉, |↑↓〉, |↓↑〉, |↓y↑〉,
|↓y↓〉, |↑x↓〉, |↑x↑〉, |↑x↓y〉, |↑x↑x〉, |↓y↑x〉, |↑↑x〉, |↓↑x〉, |↓↑y〉, |↑↑y〉, |↓y↑y〉} with |↑y〉 =
(|↑〉 + i |↓〉)/

√
2, |↓y〉 = (|↑〉 − i |↓〉)/

√
2, and |↑x〉 = (|↑〉 + |↓〉)/

√
2. The state |↓↓〉 was

additionally included in reference [85]. But for a quorum, 15 states are enough as long
as leakage does not occur. The determinant of the corresponding matrix P is given by
det(P) = 1/512 ≈ 2×10−3, much smaller than the upper limit of about 0.12. The trace of
the covariance matrix according to equation (6.10) is Tr(C) = 4 Tr(B)+2(B11+B66+B88).

6.2.4 Using mutually unbiased bases

As a reminder, two orthonormal bases of a Hilbert space with dimension n, {|φ1〉, . . .,
|φn〉} and {|χ1〉, . . ., |χn〉}, are called mutually unbiased, if they fulfill,

| 〈φi|χj〉 |2 =
1

4
∀ i, j = 1, . . . , n. (6.24)

When n is the power of a prime number, e.g., n = 4 = 22, there exists a set of (n + 1)
mutually unbiased bases [104], {|φ11〉, . . ., |φ1n〉}, {|φ21〉, . . ., |φ2n〉}, . . ., {

∣∣φ(n+1)1

〉
, . . .,∣∣φ(n+1)n

〉
}. Typically, for each basis of such a set, an observable Oj (j = 1, . . . , n + 1)

exists whose eigenvectors are the vectors of this basis and repeated measurements of this
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6 Quantum state tomography with two spin qubits in a double quantum dot

observable yield approximately the expectation values Tr(|φji〉 〈φji| ρ) (j = 1, . . . , n+ 1,
i = 1, . . . , n) in the non-degenerate case, see section 2.5. In this chapter, the situation
is different, as the observables are projections on quantum states. With other words,
measuring the charge distribution (1,1) is a three-fold degenerate measurement result.
Therefore, for the situation described here, 15 different measurements have to be per-
formed. For this, we just select three out of four basis states from each of the five bases
of a set of mutually unbiased bases. The set of bases is adapted from literature [106],
see figure 6.2. The resulting projection operators are

σ10σ1xσ1yσ1z
σ20

σ2x
σ2y
σ2z

|ψ1〉=|↑↑〉

σ10σ1xσ1yσ1z
σ20

σ2x
σ2y
σ2z

|ψ2〉=|↑↓〉

σ10σ1xσ1yσ1z
σ20

σ2x
σ2y
σ2z

|ψ3〉

σ10σ1xσ1yσ1z
σ20

σ2x
σ2y
σ2z

|ψ4〉

σ10σ1xσ1yσ1z
σ20

σ2x
σ2y
σ2z

|ψ5〉

σ10σ1xσ1yσ1z
σ20

σ2x
σ2y
σ2z

|ψ6〉

σ10σ1xσ1yσ1z
σ20

σ2x
σ2y
σ2z

|ψ7〉

σ10σ1xσ1yσ1z
σ20

σ2x

σ2y
σ2z

|ψ8〉

σ10σ1xσ1yσ1z
σ20

σ2x

σ2y
σ2z

|ψ9〉

σ10σ1xσ1yσ1z
σ20

σ2x

σ2y
σ2z

|ψ10〉

σ10σ1xσ1yσ1z
σ20

σ2x

σ2y
σ2z

|ψ11〉

σ10σ1xσ1yσ1z
σ20

σ2x

σ2y
σ2z

|ψ12〉

σ10σ1xσ1yσ1z
σ20

σ2x

σ2y
σ2z

|ψ13〉

σ10σ1xσ1yσ1z
σ20

σ2x

σ2y
σ2z

|ψ14〉

σ10σ1xσ1yσ1z
σ20

σ2x

σ2y
σ2z

|ψ15〉

Figure 6.2: Visualization of a quorum given by 15 quantum states |ψ1〉 , . . . , |ψ15〉. The
histograms show the operators Pj = |ψj〉 〈ψj |, see equation (6.25), repre-
sented with Pauli matrices, i.e., in the basis (6.3). The 16 matrices in this
bases belong to a position on a 4 × 4 lattice where the rows stand for one
qubit and the columns for the other qubit. Note that the contribution pro-
portional to 1 is always 1/4. Further note that from the other matrices, only
three contributions are non-zero for each state.
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P1 =
1+ σ1z + σ2z + σ1z ⊗ σ2z

4
,

P2 =
1+ σ1z − σ2z − σ1z ⊗ σ2z

4
,

P3 =
1− σ1z + σ2z − σ1z ⊗ σ2z

4
,

P4 =
1+ σ1x + σ2x + σ1x ⊗ σ2x

4
,

P5 =
1− σ1x + σ2x − σ1x ⊗ σ2x

4
,

P6 =
1+ σ1x − σ2x − σ1x ⊗ σ2x

4
,

P7 =
1+ σ1y + σ2y + σ1y ⊗ σ2y

4
,

P8 =
1− σ1y + σ2y − σ1y ⊗ σ2y

4
,

P9 =
1+ σ1y − σ2y − σ1y ⊗ σ2y

4
,

P10 =
1− σ1z ⊗ σ2x − σ1x ⊗ σ2y − σ1y ⊗ σ2z

4
,

P11 =
1− σ1z ⊗ σ2x + σ1x ⊗ σ2y + σ1y ⊗ σ2z

4
,

P12 =
1+ σ1z ⊗ σ2x + σ1x ⊗ σ2y − σ1y ⊗ σ2z

4
,

P13 =
1+ σ1y ⊗ σ2x − σ1z ⊗ σ2y + σ1x ⊗ σ2z

4
,

P14 =
1− σ1y ⊗ σ2x − σ1z ⊗ σ2y − σ1x ⊗ σ2z

4
,

P15 =
1− σ1y ⊗ σ2x + σ1z ⊗ σ2y + σ1x ⊗ σ2z

4
.

(6.25)

Here, P1+3j , P2+3j , P3+3j belong to the same basis for j = 0, 1, 2, 3, 4. Note that the
first three bases, that means the projectors P1, . . . , P9 belong to separable states, while
the remaining two bases, i.e., the projectors P10, . . . , P15, belong to maximally entangled
states. With respect to the traceless 4 × 4 matrices, each of the operators from the
basis {Dk, k = 1, . . . , 15}, see (6.3), does only occur in the projectors of one of the
basis. This means that an estimate for ρk from the measurement outcomes, i.e., find
the inverse of P can be calculated blockwise. Consider, for example, the connection of
the measurement values m1,m2,m3 from measuring Tr(P1ρ), Tr(P2ρ), Tr(P3ρ) with the
estimated coefficients ρ̃3, ρ̃12, ρ̃15,

 m1 − 1/4
m2 − 1/4
m3 − 1/4

 =
1

2

 1 1 1
−1 1 −1
1 −1 −1

 ρ̃3

ρ̃12

ρ̃15

 . (6.26)
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The inverse relation is ρ̃3

ρ̃12

ρ̃15

 =

 1 1 0
1 0 1
0 −1 −1

 m1 − 1/4
m2 − 1/4
m3 − 1/4

 (6.27)

For the corresponding parts of the covariance matrix this results in C3,3 C3,12 C3,15

C12,3 C12,12 C15,15

C15,3 C15,12 C15,15

 =

 B11 + B22 B11 −B22

B11 B11 + B33 −B33

−B22 −B33 B22 + B33

 , (6.28)

where Bii is given by equation (6.9). For the other four bases the behavior is completely
analogous. The determinant of P can be calculated by applying the Gram-Schmidt
process to each of the five blocks, which leaves the determinant invariant. This yields,
in each 3 × 3 block, row vectors with length 1/

√
2,
√

2/3, and
√

3/4 and |det(P)| =
(
√

1/2
√

2/3
√

3/4)5 = 1/32. The trace of the covariance matrix is Tr(C) = 2 Tr(B).
This value obtained for Tr(C) is always smaller than the value found for the quorum by
James et al.

6.3 Quorum for two spin qubits by one-dimensional projections
and their realization

In this section, we consider a quorum constructed from a set mutually unbiased bases
as explained above and visualized in figure 6.2. As the central result of this chapter,
for each state from the quorum, short quantum circuits are presented connecting this
state to one of the states |↑↑〉, |S〉, or |↑↓〉. As discussed in section 6.1, onto these
three states projective measurements can be performed directly via the spin-to-charge
conversion. The quantum circuits include exchange-based gates, SWAP and

√
SWAP as

well as single qubit rotations, which can be realized via ESR. We consider the qubits in a
rotating frame with the frequency 2h1z. The ESR rotations need to distinguish rotations
about the x- and about the y-axes. An ESR pulse applied to a qubit can be described
by the Hamiltonian HESR(t) = hzσz + hx cos(2hzt+ φshift)σx. Within the rotating wave
approximation the time evolution reads

UESR(t) = eihztσzeihxt/2[cos(φshift)σx+sin(φshift)σy ] (6.29)

in the laboratory frame. In the rotating frame, which we use here, the contribution
eihztσz , which describes a fast rotation about the z-axis, vanishes for the first dot and
is reduced to a slower rotation e−i∆hztσz for the second dot, where the frequency is
determined by the difference of the Zeeman energies, ∆hz = h1z − h2z. Control over
the phase φshift is required to distinguish the x (for φshift = 0, π) and the y (for φshift =
π/2, 3π/2) rotations. Both rotations occur in the measuring scheme below. In this
rotating-frame representation by the three basic projections and the quantum gates, the
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quorum1 is the following:

|ψ1〉 = |↑↑〉 ,
|ψ2〉 = |↑↓〉 ,
|ψ3〉 = SWAP |↑↓〉 = |↓↑〉 ,
|ψ4〉 = ei

π
2
σ2z
√

SWAPei
π
4
σ1x |S〉 = |↑x↑x〉 ,

|ψ5〉 =
√

SWAPe−i
π
4
σ1x |S〉 = |↓x↑x〉 ,

|ψ6〉 =
√

SWAPei
π
4
σ1x |S〉 = |↑x↓x〉 ,

|ψ7〉 = ei
π
2
σ2z
√

SWAPei
π
4
σ1y |S〉 = |↑y↑y〉 ,

|ψ8〉 =
√

SWAPe−i
π
4
σ1y |S〉 = |↓y↑y〉 ,

|ψ9〉 =
√

SWAPei
π
4
σ1y |S〉 = |↑y↓y〉 ,

|ψ10〉 = e−i
π
4
σ2zei

π
4
σ1x |S〉 ,

|ψ11〉 = ei
π
4
σ2ze−i

π
4
σ1x |S〉 ,

|ψ12〉 = ei
π
4
σ2zei

π
4
σ1x |S〉 ,

|ψ13〉 = e−i
π
4
σ2zei

π
4
σ1y |S〉 ,

|ψ14〉 = ei
π
4
σ2ze−i

π
4
σ1y |S〉 ,

|ψ15〉 = ei
π
4
σ2zei

π
4
σ1y |S〉 ,

(6.30)

The necessary quantum circuits are drawn in figure 6.3. This sequences of elementary
quantum gates needed here are relatively short, at most one measurement needs three
elementary gates. Note that no more than one π/2 rotation of one of the spin qubits has
to be performed per measurement. In reference [120], where both, exchange interaction
and ESR have been demonstrated in the same DQD, the ESR rotations were slower than
the exchange based gates. Under the assumption that the potential error by ESR gates
is higher than the error by exchange operations, it is important to limit the ESR gates
included in the scheme to a minimum. Furthermore, the ESR pulses have to be applied
to one of the spins only. This is of practical relevance as Brunner et al. [120] found
that in their sample the ESR pulses performed better in one dot than in the other. The
potential errors are considered in the next section.

6.4 Limited fidelity

In this section, we want to determine the influence of non-perfect operations on the reli-
ability of the experimental outcome. To do so, the perfect projections Pj from equation
(6.25) are replaced by by imperfect operators P ′j , which are not necessarily projection op-

erators anymore, i.e., (P ′j)
2 6= P ′j is possible. The imperfect projections can still be used

for reconstruction of the density matrix applying self-consistent tomography [102, 271].

1Note that reference [44] contains a typo regarding the construction of |ψ14〉, where the gates are are
applied to the state |ψ13〉 but have to applied to the state |S〉.
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|ψ2〉

|↑〉

|↓〉
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|↑〉
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W
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P

|ψj〉
j = 4, . . . , 9

RAj
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j
2

(b)

|S〉 |ψj〉
j = 10, . . . , 15

RZθ
j
2

RAj
θj1

ESR

(c)

Figure 6.3: Quantum circuits for realizing the quorum in equation (6.30). (a) A SWAP
gate translates the state |↑↓〉 to |↓↑〉. No single-qubit rotations are neces-
sary. (b) The circuits for the states |ψ4〉 , . . . , |ψ9〉. The axes of the ESR
rotation are A4 = A5 = A6 = X and A7 = A8 = A9 = Y while the an-
gles of the rotations are θ

(4)
1 = θ

(6)
1 = θ

(7)
1 = θ

(9)
1 = −θ(5)

1 = −θ(8)
1 = π/2

and θ
(4)
2 = θ

(7)
2 = π, θ

(5)
2 = θ

(6)
2 = θ

(8)
2 = θ

(9)
2 = 0. (c) The circuits

for the states |ψ10〉 , . . . , |ψ15〉. The rotation axes for the first qubit are
A10 = A11 = A12 = X and A13 = A14 = A15 = Y . The rotation an-
gles are θ

(10)
1 = θ

(12)
1 = θ

(13)
1 = θ

(15)
1 = −θ(11)

1 = −θ(14)
1 = π/2 and

θ
(11)
2 = θ

(12)
2 = θ

(14)
2 = θ

(15)
2 = −θ(10)

2 = −θ(13)
2 = π = π/2. For panels

(b) and (c), the initial state of the circuit is the spin singlet |S〉. Note that
|ψ1〉 , . . . , |ψ9〉 are product states while |ψ10〉 , . . . , |ψ15〉 are maximally entan-
gled as single-qubit gates are applied to the maximally entangled state |S〉
and single-qubit gates do not change the entanglement. The ESR rotations,
which allow for rotations about the x- and the y-axes, are limited to one π/2
rotation applied to the first spin. In the measurement scheme, the circuits
have to be performed in reverse order because the state at the left side of the
circuit is the one, which allows for a projective measurement. Panel (a) first
published in N. Rohling and G. Burkard, Phys. Rev. B 88, 085402 (2013),
http://dx.doi.org/10.1103/PhysRevB.88.085402 c©2013 American Physical
Society.
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6.4 Limited fidelity

For this, the states operators P ′j are considered to be unknown and have to be estimated
from experiment as well. An experimenter might prepare the system in the state P ′i ,
which is achieved just by reversing the measurement procedure number i in time with
an initial state |S(0, 2)〉 and then perform the measurement for operator P ′j . From this,
the matrix elements

Mij =
〈
P ′i |P ′j

〉
M

(i, j = 1, . . . , 15) (6.31)

can be obtained. Regarding the matrix M, maximum likelihood algorithms [102, 271]
can be used to estimate P ′j . Note that M is invariant under a unitary operation. This
means that the estimation of the operators is ambiguous. However, this is actually no
serious problem as also other expectation values and, thus, the experimental results are
invariant under this unitary operation. In other words, the basis of the Hilbert space
which is fixed in the estimation can be used throughout all experiments done with the
system. Further note that this self-consistent tomography needs less measurements than
quantum process tomography [271].

While self-consistent tomography is a general concept, one might also use knowledge
about the physical processes which are applied within the measurement scheme. The
quantum gates and, thus, the measurements might depend on a set of n noisy parameters
α1, . . . , αn. Experimentally, the distributions of these parameters, p(α1, . . . , αn), have
to be determined. In practice, those parameters might describe electric and magnetic
fields, see reference [102]. In reference [23], an ESR experiment is fitted with suitable
parameters. The measurement operators P ′j(α1, . . . , αn) depend on α1, . . . , αn. Actu-
ally, for reconstruction only the mean operator, which is denoted again by P ′j without
dependence, has to be known,

P ′j =

∫
dα1 . . . dαn p(α1, . . . , αn)P ′j(α1, . . . , αn). (6.32)

If the parameters have independent Gaussian distributions, only the mean values 〈αi〉
and 〈α2

i 〉 for i = 1, . . . , n have to be determined. Determining the distributions of the
parameters incorrectly leads to systematic errors in the later performed state tomogra-
phy. If the distribution is well-known but broad, the state tomography is more difficult
than in the ideal case. To see this, we consider the example where the operators P ′j are
given by

P ′j =
1− f2

j

3
1+

4f2
j − 1

3
Pj (6.33)

where fj = Tr[(
√
PjP

′
j

√
Pj)

1/2] is the fidelity of the, in general, mixed quantum state
P ′j with respect to the pure state Pj = |ψj〉 〈ψj |. For fj = 1, the ideal case of P ′j = Pj is
realized. For fj = 1/2, equation (6.33) yields the completely mixed state P ′j = 1/4, which
is useless for state tomography. Let us consider, as an example within the reconstruction,
the component ρ3, see equation (6.27). For the imperfect measurements, we gain under
the assumption f1 = f2 =: f

ρ3 =
3{[Tr(P ′1ρ) + Tr(P ′2ρ)]− 1}

2(4f2 − 1)
. (6.34)
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6 Quantum state tomography with two spin qubits in a double quantum dot

The reconstruction using the measurement results m′1 and m′2 for the operators Tr(P ′1ρ)
and Tr(P ′2ρ), leads to ρ̃3 = (3{[m′1 +m′2]− 1})/(2(4f2− 1)). Furthermore, it is assumed
that m′1 and m′2 are statistically independent with the same value for the statistical error
denoted by δ′. Then the statistical error δ of ρ̃3 is related to δ′ via

δ′ =
(4f2 − 1)δ

3
√

2
. (6.35)

A Chernoff bound [272, 273] provides an upper limit for the probability Pout that the
inequality |m′1/2−Tr(P ′1/2ρ)| > δ′ is fulfilled for a given number of runs Nrun [274,275],

Pout ≤ 2 exp

(−2δ′2

Nrun

)
. (6.36)

If the reconstruction should provide a precision in a way that |ρ̃3 − ρ3| > δ does occur
with a probability smaller than Plimit, this means that, for measuring m′1 and m′2, the
number of experimental runs has to be

Nrun =
ln(2/Plimit)

2δ′2
=

9 ln(2/Plimit)

δ2(4f2 − 1)2
(6.37)

each. To summarize, repeating the experiment often compensates for a low fidelity
f > 1/2. We also see that for the extreme case f = 1/2 such a compensation is not
provided, because using the completely mixed state 1/4 as the measurement operator
does not provide any information about the quantum state.

6.5 Conclusions

In this chapter, we have considered a state tomography scheme for two spin qubits
hosted in one DQD. The measurements are spin-to-charge conversions followed by a
measurement of the charge state. This leads to a situation where the measurement
operators are projections on quantum states in contrast to a setup where each spin,
or any other qubit, can be measured individually, see for example [101] for spin qubits
and [85] for photons. In this context, a quorum consists of 15 such measurements. It
has been shown in this chapter that no quorum exist where the traceless parts of the
projection operators are a basis in the space of traceless 4× 4 matrices, which would be
ideal with respect to a small statistical error. A set of mutually unbiased bases provides
states for constructing a quorum. It is of significant practical relevance that the quantum
circuits suggested for the realization of the included measurements are relatively short.
Each measurement contains no more than one π/2 rotation which has to be performed
by applying an ESR pulse to one of the spin qubits. In general, all operations are
erroneous and the error has to be determined experimentally as well. A statistical error
within the measurement operations enlarges the statistical error of the measurement
outcomes, which is anyway not zero because quantum mechanics does in general not
provide precise predictions for a measurement but measurement probabilities. While
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6.5 Conclusions

this can be compensated by a larger number of experimental runs, errors in determining
the distributions of the operations or of the parameters describing them, would lead to
systematic errors in the state tomography scheme.

It remains an open question what is the optimal scheme with respect to minimal
errors in the reconstruction. The answer should significantly depend on the errors of
the different operations, which have to be performed during the measurement process.
Another question for further investigations is whether the reconstruction can be improved
by performing more than 15 different measurements.
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7 Outlook

The results presented in chapters 4, 5, and 6 are solutions to selected problems within
the field of quantum computing with quantum dots: the quest for universal quantum
gates in quantum registers with spin and valley qubits, optimizing echo sequences for an
exchange-only qubit, and the search for a quantum state tomography scheme tailored
for two spin qubits in a DQD. For all these results, generalizations and extension are
conceivable.

In chapter 4, the exchange interaction acts as a four-qubit interaction if each spin
and each valley state of a two-electron DQD is considered to be a qubit. Nevertheless,
in combination with single-qubit operation, a two-qubit gates can be constructed by
this interaction. But a general description for the four-qubit interaction is not provided.
Especially it is unclear whether the exchange interaction can be used to directly entangle
one single-spin and one single-valley qubit. The coupling in the registers considered in
sections 4.2 and 4.3 was achieved in a subspace where a qubit is defined by the spin
or valley states of two electrons. In contrast, two-qubit operations are characterized by
no more than three real parameters given by the Makhlin invariants, see section 2.2.
More general insights in four- and other multi-qubit couplings can be very useful for
constructing quantum gates from these interactions.

Due to its relevance for silicon quantum dots, which are currently under intense inves-
tigation because of their long spin lifetimes, the valley DOF in these systems will almost
certainly be subject to further research in these systems. The model which was consid-
ered in this thesis to describe the spin and valley quantum computing might be extended
for example by including the effects of spin-orbit interaction, a model for the dependence
of the valley states on the interface roughness and disorder in silicon quantum dots, see
e.g. [214,245], or by considering additional terms coupling the spin and the valley DOFs
of the same electron directly, e.g., by the valley dependent g-factor found in [186]. The
latter term can even result in spin-valley two-qubit gates in a single quantum dot.

The echo sequences of chapter 5 were dedicated to the noise originating from a nuclear
spin bath. In isotopically purified silicon quantum dots, this effect is suppressed by
eliminating the nuclear spins in advance [276]. For charge noise, which is then most
likely the dominating source of decoherence, echo sequences are also tools to reduce
decoherence, but is not efficient for fast fluctuating terms [276]. Echo sequences can also
be used for noise spectroscopy along the lines of [172].

The state tomography scheme in chapter 6 is proposed for two single-spin qubits in a
DQD where the measurement of the spin states is realized by spin-to-charge conversion
within this DQD in contrast to individual qubit readout, which allows for state tomog-
raphy by analyzing the correlation data as implemented in [101]. The optimal choice
of a tomography scheme highly depends on the performance of the available quantum
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7 Outlook

gates and measurements. This means the scheme should be optimized for the device in
which it is supposed to be implemented. Possible extensions of the scheme presented in
this thesis are state tomography for spin and valley states stored in the same DQD and
quantum process tomography.

Basic concepts of quantum computing with quantum dots are well-established nowa-
days. One might have the impression that the main remaining challenges are mainly of
experimental and engineering character regarding the realization of high fidelity quan-
tum gates and the construction of scalable quantum dot arrays. Nevertheless, on the
path to this achievements, theoretical physics is of considerable relevance with respect
to understanding of the phenomena limiting the coherence and the fidelity and finding
suitable solutions to overcome these difficulties.
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[256] G. Csiszár and A. Pályi. Orbital hyperfine interaction and qubit dephasing in
carbon nanotube quantum dots. Phys. Rev. B 90, 245413 (2014). URL http:

//dx.doi.org/10.1103/PhysRevB.90.245413.

[257] X. Hu and S. Das Sarma. Charge-Fluctuation-Induced Dephasing of Exchange-
Coupled Spin Qubits. Phys. Rev. Lett. 96, 100501 (2006). URL http://dx.doi.

org/10.1103/PhysRevLett.96.100501.

131

http://dx.doi.org/10.1038/nnano.2013.140
http://dx.doi.org/10.1038/nnano.2013.140
http://dx.doi.org/10.1038/nnano.2013.151
http://dx.doi.org/10.1038/nnano.2013.151
http://dx.doi.org/10.1103/PhysRevB.90.125302
http://dx.doi.org/10.1103/PhysRevB.90.195440
http://dx.doi.org/10.1103/PhysRevB.81.195418
http://dx.doi.org/10.1103/PhysRevB.81.195418
http://dx.doi.org/10.1103/PhysRevLett.108.206811
http://dx.doi.org/10.1103/PhysRevLett.108.206811
http://dx.doi.org/10.1103/PhysRevB.88.235414
http://dx.doi.org/10.1103/PhysRevB.88.235414
http://dx.doi.org/10.1038/nnano.2012.160
http://dx.doi.org/10.1103/PhysRevB.89.115409
http://dx.doi.org/10.1103/PhysRevB.89.115409
http://dx.doi.org/10.1103/PhysRevB.90.245413
http://dx.doi.org/10.1103/PhysRevB.90.245413
http://dx.doi.org/10.1103/PhysRevLett.96.100501
http://dx.doi.org/10.1103/PhysRevLett.96.100501


Bibliography

[258] O. E. Dial, M. D. Shulman, S. P. Harvey, H. Bluhm, V. Umansky, and A. Yacoby.
Charge Noise Spectroscopy Using Coherent Exchange Oscillations in a Singlet-
Triplet Qubit. Phys. Rev. Lett. 110, 146804 (2013). URL http://dx.doi.org/

10.1103/PhysRevLett.110.146804.

[259] E. Nielsen, R. W. Young, R. P. Muller, and M. S. Carroll. Implications of simul-
taneous requirements for low-noise exchange gates in double quantum dots. Phys.
Rev. B 82, 075319 (2010). URL http://dx.doi.org/10.1103/PhysRevB.82.

075319.

[260] T. Hiltunen, H. Bluhm, S. Mehl, and A. Harju. Charge-noise tolerant exchange
gates of singlet-triplet qubits in asymmetric double quantum dots. Phys. Rev. B
91, 075301 (2015). URL http://dx.doi.org/10.1103/PhysRevB.91.075301.

[261] M. Russ and G. Burkard. The asymmetric resonant exchange qubit under the in-
fluence of electrical noise. preprint (2015). http://arxiv.org/abs/1502.06109.

[262] U. Hohenester. Optimal quantum gates for semiconductor qubits. Phys. Rev. B
74, 161307 (2006). URL http://dx.doi.org/10.1103/PhysRevB.74.161307.

[263] P. Cerfontaine, T. Botzem, D. P. DiVincenzo, and H. Bluhm. High-Fidelity Single-
Qubit Gates for Two-Electron Spin Qubits in GaAs. Phys. Rev. Lett. 113, 150501
(2014). URL http://dx.doi.org/10.1103/PhysRevLett.113.150501.

[264] K. I. Kugel and D. I. Khomskii. Crystal structure and magnetic properties of
substances with orbital degeneracy. Zh. Eksp. Teor. Fiz 64, 1429 (1973). URL
http://www.jetp.ac.ru/cgi-bin/e/index/r/64/4/p1429?a=list.

[265] M. Russ. Universelles Quantenrechnen mit Spin und Valley in Singulett-Triplett-
Qubits. Bachelor thesis, Universität Konstanz (2013).

[266] D. Culcer, X. Hu, and S. Das Sarma. Interface roughness, valley-orbit coupling,
and valley manipulation in quantum dots. Phys. Rev. B 82, 205315 (2010). URL
http://dx.doi.org/10.1103/PhysRevB.82.205315.

[267] J. Güttinger, F. Molitor, C. Stampfer, S. Schnez, A. Jacobsen, S. Dröscher, T. Ihn,
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