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We consider the dynamics of a quantum phase-slip junction (QPSJ), a dual Josephson junction, connected to a
microwave source with frequency ωmw. With respect to an ordinary Josephson junction, a QPSJ can sustain dual
Shapiro steps, consisting of well-defined current plateaus at multiple integers of eωmw/π in the current-voltage
(I -V ) characteristic. The experimental observation of these plateaus has been elusive up to now. We argue that
thermal as well as quantum fluctuations can smear the I -V characteristic considerably. In order to understand
these effects, we study a current-biased QPSJ under microwave irradiation and connected to an inductive and
resistive environment. We find that the effect of the fluctuations is governed by the resistance of the environment
and by the ratio of the phase-slip energy and the inductive energy. Our results are of interest for experiments
aiming at the observation of dual Shapiro steps in QPSJ devices for the definition of a new quantum current
standard.
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I. INTRODUCTION

The Josephson junction (JJ) is one of the most used
superconducting devices in low-temperature condensed matter
experiments. A single JJ is the building block of various
sensors and electronic components [1–5] and plays an im-
portant role in quantum computation and information [6–10].
On a more fundamental level, JJs with small capacitance have
become paradigmatic systems for studying decoherence and
dissipation of a quantum particle coupled to the external world
and for analyzing the transition from quantum to classical
states [11–20].

Many of the JJ applications are based on the Josephson
effect: a Cooper-pair tunneling current IJ can flow through a
JJ in the absence of an applied bias voltage. The amplitude
of this supercurrent is a nonlinear function of the phase
difference ϕ between the two superconductors of the junction
IJ = Ic sin(ϕ). The critical current Ic is the maximum Cooper-
pair current that can be carried by the junction. A voltage
drop VJ = (�/2e)dϕ/dt appears across the junction when ϕ

changes as a function of time. The classical dynamics of ϕ is
ruled by the equations of motion for a fictitious particle moving
in a tilted washboard potential. In particular, a phase-locking
effect can occur when the JJ is irradiated with microwaves
of frequency ωmw [21]. Then, the so-called Shapiro steps
of constant voltage VJ,m = m(�/2e)ωmw, with m integer,
appear in the current-voltage characteristic in addition to the
zero-voltage supercurrent state [22,23]. These steps are related
only to the fundamental constants of physics (the Planck
constant � and the electron charge e) and are used in metrology
to define the quantum voltage standard [24–27]. The necessary
metrological accuracy is reached at low temperatures and using
junctions with large Josephson energy EJ = �0Ic/(2π ) ∼
100 meV [�0 = h/(2e) is the superconducting flux quantum]
and small charging energy EC = e2/2C ∼ 10 neV, where the
capacitance of the junction C plays the role of the inertial mass
in the dynamics of the phase. Moreover, the JJ is typically
embedded in a circuit whose resistance R � RQ, with RQ =
h/(4e2) = 6.45 k� the superconducting resistance quantum.

Under these conditions, thermal and quantum fluctuations of
the phase ϕ are suppressed efficiently [21,28].

The Josephson junction has an exact dual counterpart,
the so-called quantum phase-slip junction (QPSJ) [29–38].
Physical realizations of QPSJ that have been discussed in
the literature are a single Josephson junction with a finite
capacitance [29–32,37–39] or a linear chain of such Joseph-
son junctions [38,40–43], and a narrow superconducting
nanowire [44–50]. With respect to an ordinary JJ, the role
of the phase and the charge in a QPSJ is interchanged.
Specifically, Cooper-pair tunneling is replaced by its dual
process, i.e., the slippage by 2π of the phase difference
between two well-defined superconducting regions of the
device. As a consequence, the relations governing the behavior
of a QPSJ are exactly dual to the usual Josephson relations.
The voltage VJ = Vc sin(πq/e) across the QPSJ is a nonlinear
function of the charge variable q, where the critical value Vc

is the maximum voltage that the junction can sustain. The
Cooper-pair current IJ = dq/dt is different from zero only
for time-dependent q. As a consequence, under microwave
irradiation, a QPSJ should sustain a set of current steps, i.e.,
the dual Shapiro steps IJ,m = m eωmw/π [32,33].

Although the occurrence of coherent phase-slip events has
been reported for small Josephson junctions irradiated with
microwaves [51–53], a clear experimental evidence of the dual
steps has been elusive so far. Indeed, the dual Josephson rela-
tions pertain to a QPSJ with a relatively well-defined charge q,
achieved when phase slips are produced at an appreciable rate,
a condition which is not easily compatible with the existence
of a well-defined underlying superconducting state. Actual
realizations of a QPSJ are typically operated in a regime where
Vc is not large, so that charge fluctuations are important, and
may well mask the dual Shapiro steps.

In this paper, we study the role of both thermal and quantum
fluctuations of charge on the properties of the dual Shapiro
steps. We present the results of a combined analytical and
numerical analysis of a QPSJ irradiated with microwaves and
embedded in a resistive (R) and inductive (L) electromagnetic
environment. We will see, in particular, that an important role is
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FIG. 1. (Color online) (a) Circuit of a current-biased QPSJ with
phase-slip energy U0 = eVc/π embedded in a resistive (R) and
inductive (L) electromagnetic environment. The total bias current is
the sum of a DC component I0 and an AC one Imw(t). (b) Dual Shapiro
steps corresponding to m = 0, 1, and 2 for a QPSJ in the absence of the
environment (R = ∞). Parameters: α = 1.4 and �ωmw/2πU0 = 1.

played by the inductance L, the quantity dual to the capacitance
C of a usual Josephson junction. By duality, we expect that the
fluctuations of the charge q are governed by the ratio U0/EL

of the characteristic phase-slip energy U0 = 2eVc/(2π ), dual
to the Josephson coupling energy EJ , and the inductive energy
EL = �2

0/(2L), dual to the charging energy EC of a Josephson
junction [36]. The larger L, the smaller EL, and the larger
the ratio U0/EL, thus favoring a well-defined charge state
of the QPSJ. Recent experiments on nanowires [47,50] and
chains of Josephson junctions [43] typically achieve U0/EL

ratios that are of the order of 10−2–10−1. We will analyze
the microwave response of a QPSJ in this regime in detail
and study in particular the resolution and accuracy of the dual
Shapiro steps.

II. QUALITATIVE DISCUSSION OF THE MAIN RESULTS

We consider a current-biased QPSJ, with critical voltage
Vc = πU0/e, which is connected in parallel to a resistive
(R) and inductive (L) electromagnetic environment, and is
driven by both a DC source I0 and an AC one Imw(t) =
Imw cos ωmwt with amplitude Imw and microwave frequency
ωmw [see Fig. 1(a)]. This circuit is related to the voltage-biased
version by the Thévenin-Norton theorem setting I0 = V0/R

and |Imw| = |Vmw|/√R2 + L2ω2
mw. The results for the IJ -VJ

curve of the QPSJ of Fig. 1(a) that will be discussed in the
following are independent of the specific choice of the external
bias.

Let us first consider the case when the environment is
absent, R → ∞, in the circuit of Fig. 1(a). Then, the dual
Josephson relations describing the current-biased QPSJ can
be straightforwardly integrated yielding

V
(mw)
J (ωB) = Vc

+∞∑
m=−∞

Jm(α) sin (πq0/e + ωBt + mωmwt),

(1)
where Jm is a Bessel function of the first kind. We defined
the parameters α = πImw/(eωmw) and ωB = πI0/e. From this
result we see that whenever the DC bias current I0 equals
meωmw/π , the QPSJ will sustain a charge-dependent DC
voltage VJ,m = VcJm(α) sin(πq0/e). In other words, phase

locking occurs, leading to the appearance of a dual Shapiro
step in the DC current-voltage characteristic of the QPSJ which
is located at IJ,m = meωmw/π , and whose width is given by
2VcJm(α) [see Fig. 1(b)].

When the resistance R of the environment is restored, it
is generally a challenging task to analyze the behavior of the
QPSJ, due to the interplay of quantum dissipative dynamics,
nonlinearity, and a time-dependent signal. The combined effect
of the application of microwaves and the presence of charge
fluctuations induced by the resistive-inductive environment
was discussed in literature in several limits. For instance,
assuming the charge has a classical dynamics, one can study
a Langevin equation (see Appendix A) as discussed in the
seminal work [29]. Quantum corrections were considered in
Ref. [37] but in the absence of microwaves. A full quantum
approach of the dynamics of the junction in the presence of
microwaves was discussed in Refs. [33,39] using a density-
matrix approach. Thermal and quantum fluctuations play a
crucial role as they significantly affect the shape of the
current-voltage characteristic.

We are now in a position to state the main results of this
paper. We use an approach that is nonperturbative in both the
environmental coupling strength g, defined as g = RQ/R, and
the microwave coupling strength α, i.e., a generalization of the
so-called P (E) theory [54] in the dual regime [37,55]. As we
will see in the following, this implies that analytical results
can only be obtained in the limit U0/EL < 1. On the other
hand, this corresponds to the relevant experimental situation
where QPSJs are studied with relatively low phase-slip rates
and not too large inductances. In the limit U0/EL < 1, we
find that, at the first order in U0, the QPSJ’s current-voltage
characteristic in the presence of microwaves can be straight-
forwardly obtained from the DC result without microwaves
(see Appendix B):

V
(mw)
J (ωB) =

+∞∑
m=−∞

J 2
m(α) V

(DC)
J (ωB + mωmw), (2)

in agreement with a general result recently demonstrated
in Ref. [56]. Here, V

(DC)
J is given by Eqs. (B1) and (B2)

and corresponds to the voltage as obtained by means of the
P (E) theory, as discussed in Appendix B. Specifically, this
result implies that the current-voltage characteristic of a QPSJ
with U0/EL < 1 under microwave irradiation is obtained
by replicating the known DC characteristic of the QPSJ in
the absence of microwaves at the positions of the current
plateaus IJ,m = meωmw/π , which are expected for a QPSJ
in the absence of the environment. Equation (2) was derived
previously in Ref. [33] for the particular case where the
QPSJ is a Josephson junction. In this paper, we analyze the
consequences of Eq. (2) in detail. In particular, we discuss
the role of the inductance L of the external impedance in view
of the accuracy of the Shapiro steps and consider the effect of
Joule heating produced in the resistive environment.

We focus on the case g < 1, for which dual Shapiro steps
clearly appear in the I -V curve. Figure 2 displays typical
current-voltage characteristics obtained in this situation, taking
g = 0.2. We see that the current-voltage characteristics are
strongly modified in the simultaneous presence of microwaves
and charge fluctuations induced by the environment: Rather
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FIG. 2. (Color online) IJ -VJ characteristic obtained from the nu-
merical evaluation of Eq. (29) in the low-conductive regime g = 0.2.
Parameters: kBT /U0 = 0.25, α = 1.4, and �ωmw/2πU0 = 1. The
three curves are obtained using three different values of the inductance
of the environment such that U0/EL = 0.013 (red dashed line),
U0/EL = 0.051 (blue solid line), U0/EL = 0.141 (green dotted line).
The inset shows the relative deviation δIm = πIJ /meωmw − 1 for the
first step m = 1.

than being a set of discrete steps, the QPSJ’s IJ -VJ characteris-
tic is a continuous curve, connecting subsequent steps, bending
back towards a zero-voltage state in-between them. In other
words, in the presence of microwaves, a replica of the relevant
QPSJ’s DC current-voltage characteristic (see Appendix B and
Fig. 8) is found for each dual Shapiro step. As expected, in
the presence of charge fluctuations, the width of the steps is
smaller than the value 2VcJn(α), found for g = 0; also, the
dual steps are no longer strictly horizontal but acquire a small
but finite linear slope. Note the role played by the inductance
L, which limits the effects of the charge fluctuations. As it
is clearly seen in Fig. 2, the larger L, the larger the width of
the steps, and the smaller their slopes. This can be seen in
particular in the inset of Fig. 2, which presents the relative
accuracy δIm ≡ (IJ − IJ,m)/IJ,m = πIJ /meωmw − 1 for the
first Shapiro step m = 1. The inset also shows that the accuracy
of the dual step is not only limited by charge fluctuations,
but also by a systematic shift of the step position, down by
about 0.0015 in relative accuracy. This is due to the finite
overlap of the various replicas. The shift can be reduced
by increasing the microwave frequency so that the replicas
are more separated along the IJ axis, thus reducing their
overlap.

The rest of the paper is structured as follows. In Sec. III,
we introduce the model Hamiltonian for a QPSJ connected
to a microwave source. We also show the results of the
perturbation theory for the dissipative coupling with the
external environment and for the coupling with the applied
microwaves. In Sec. IV, we develop the nonperturbative
approach. In Sec. V, we discuss the results to the leading
order in the U0 expansion focusing on the accuracy of the dual
Shapiro steps and on the Joule heating effects. We draw our
conclusions in Sec. VI.

III. CURRENT-BIASED QPSJ

A. QPSJ Hamiltonian

The Hamiltonian of the current-biased QPSJ in the circuit
depicted in Fig. 1(a) is given by

Ĥ =−U0 cos

[
π

e
(q̂ + Q̂RL)

]
− �I (t)

2e
ϕ̂ + Ĥenv[{Q̂λ},{ϕ̂λ}].

(3)

Here, the charge and phase operators q̂ and ϕ̂ are canonically
conjugate, satisfying the commutation relation [ϕ̂,q̂] = 2ei.
As a consequence, q̂ satisfies the equation of motion ˙̂q = I (t)
and thus corresponds to the total charge injected into the
parallel combination of the QPSJ and the R-L environment.
The first term in Eq. (3) describes the nonlinear QPSJ with
phase-slip energy U0, which carries the charge q̂ + Q̂RL,
where the charge variable Q̂RL = ∑

λ Q̂λ accounts for the
charge of the dissipative R-L environment. We model it using
an infinite ensemble of harmonic oscillators (Caldeira-Leggett
model) [12,13], described by the third term of Hamiltonian (3):

Ĥenv[{Q̂λ},{ϕ̂λ}] =
+∞∑
λ=1

[
Q̂2

λ

2Cλ

+ 1

2Lλ

(
�ϕ̂λ

2e

)2]
. (4)

The charge Q̂λ and the phase ϕ̂λ represent the momen-
tum and position, respectively, of the λ oscillator with
characteristic frequency ωλ = 1/

√
LλCλ. According to the

fluctuation-dissipation theorem, (1/2)〈[ÎRL(t),ÎRL(0)]+〉ω =
�ω Re[Y (ω)] coth(�ωβ/2), where ÎRL = ˙̂QRL is the fluctu-
ating current in the R-L environment and [. . . , . . .]+ denotes
the anticommutator. This yields the relation

Re[Y (ω)] = πω2
∑

λ

√
Cλ

Lλ

δ
(
ω2 − ω2

λ

)
, (5)

linking the parameters of the Caldeira-Leggett bath with the
environmental admittance of the circuit in Fig. 1(a):

Y (ω) = 1/(R − iωL). (6)

Finally, the coupling between the charge operator q̂ and the
bias current I (t) is given by the second term in (3).

Hamiltonian (3) has been used to describe QPSJs based
on nanowires [36], Josephson junctions [37], and chains of
Josephson junctions [38]. In Appendix C, we show how Eq. (3)
can be obtained starting from the well-known Hamiltonian of
a current-biased single Josephson junction connected to a R-L
impedance.

B. Current-voltage characteristic

The DC current IJ flowing through the QPSJ element is
given by the difference between the total DC current I0 and
the current flowing through the R-L impedance of the circuit
of Fig. 1(a),

IJ = I0 − VJ /R . (7)

Here, VJ is the DC component of the voltage drop across the
QPSJ element. Using the Josephson relation between ϕ̂ and
VJ and the Heisenberg equation of motion for the operator ϕ̂
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FIG. 3. (Color online) Wannier-Stark ladder. The tilt provided by
the bias current I0 induces an energy separation �ωB between adjacent
phase states indicated by red horizontal bars. (a) Phase locking occurs
when the resonant condition ωB = mωmw is satisfied. For m = 1, a
photon with energy �ωmw is exchanged with the microwave source.
(b) Environment-assisted transitions between adjacent states in the
Wannier-Stark ladder lead also to the appearance of a finite voltage
across the QPSJ element. (c) Wannier-Stark ladder in the presence of
both microwave and environmental photons with energies �ωmw and
�E, respectively.

generated by the Hamiltonian Ĥ , this potential reads as

VJ = �

2e

〈
dϕ̂

dt

〉
DC

= Vc

〈
sin

[
π

e
(q̂ + Q̂RL)

]〉
DC

. (8)

The symbol 〈. . . 〉 denotes the quantum statistical average for
the system described by the Hamiltonian Ĥ [Eq. (3)].

1. Dual Shapiro steps in the absence of environment

By setting Q̂RL = 0 in Eq. (3), the coupling with the
environment vanishes and the system corresponds to an ideal
current-biased QPSJ whose Hamiltonian Ĥ0 contains only the
first two terms of Ĥ . Introducing a complete set of discrete
phase states for the QPSJ, |φn〉 = 2π |n〉 with n integer, we
can express Ĥ0 as

Ĥ0 = −U0

2

∑
n

(|n〉〈n + 1| + H.c.) − �I (t)

2e

∑
n

2πn|n〉〈n|,
(9)

in the phase representation. When Imw = 0, Eq. (9) corre-
sponds to the well-known Wannier-Stark ladder problem for a
particle moving in a tilted tight-binding lattice (see Fig. 3). The
tilt I0 provides an energy difference equal to �ωB between two
adjacent phase states. The term proportional to U0 induces
transitions between adjacent phase states, i.e., phase-slip
events. In the absence of microwaves or a coupling to the
environment, we have only coherent Bloch oscillations and the
associated energy difference �ωB can not be accommodated
by the system. Hence, no finite DC component is found for the
voltage VJ in this case.

Switching on the microwave field, the tilted lattice acquires
an additional, oscillatory slope with amplitude Imw 	= 0. For
this problem, the unitary evolution operator can be evaluated
exactly and it reads as [57,58]

Û (t) = eiQ(t)n̂ei
U0
2�

∫ t

0 dt ′[K̂ exp(iQ(t ′))+K̂† exp(−iQ(t ′))], (10)

in which we set

Q(t) = ωB t + α sin(ωmwt). (11)

In Eq. (10), we also introduced the number operator n̂ =∑
n n|n〉〈n| and the ladder operator K̂ = ∑

n |n〉〈n + 1|. After
some algebra, the expectation value of the voltage operator
in Eq. (8) on the state Û (t)|q0〉, the time-evolved initial
quasicharge state |q0〉 is

V
(mw)
J (t) = Vc sin[πq0/e + Q(t)]

= Vc

+∞∑
m=−∞

Jm(α) sin

(
πq0

e
+ ωBt + mωmwt

)
.

(12)

Equation (12) coincides with Eq. (1) and describes the ideal
dual Shapiro steps: a nonvanishing DC-voltage now appears
each time the bias current I0 = IJ satisfies the condition
IJ = meωmw/π , as shown in Fig. 1(b). The dual Shapiro
steps, labeled with the index m = 0, ±1, . . . , are replicas
of the zero-voltage state obtained with m = 0 and α = 0,
rescaled with the corresponding Bessel function of the first
kind Jm(α). The coherent emission/absorption of microwave
photons with energy �ωmw is at the origin of this phenomenon.
The local phase states undergo a coherent quantum tunneling
upon exchanging the energy �ωmw with the microwave field
[see Fig. 3(a)].

2. Perturbation theory

We next analyze the current-voltage characteristic of the
QPSJ in terms of perturbation theory in microwave interaction
α and dissipative coupling g. We show that this approach
systematically leads to divergent behavior. For simplicity, we
assume the bath to be at zero temperature.

Applying the unitary transformation Ûenv = exp[−iϕ̂Q̂RL/

2e] to Hamiltonian (3), we obtain the QPSJ Hamiltonian in the
form Ĥ

′
s = Ĥ0 + Ĥint in which we consider as the unperturbed

Hamiltonian

Ĥ0 = −U0 cos

(
π

e
q̂

)
− �I0

2e
ϕ̂, (13)

and the interaction term

Ĥint = −�Imw

2e
cos(ωmwt)ϕ̂ + Ĥenv[{Q̂λ},{ϕ̂λ + ϕ̂}]. (14)

In this canonical form, the voltage across the QPSJ is given by

VJ = Vc

〈
sin

(
π

e
q̂

)〉
DC

. (15)

Using the interaction picture, we expand the unitary time-
evolution operator in terms of Ĥint [Eq. (14)] to calculate
VJ [Eq. (15)]. After some algebra, for vanishing microwave
strength α = 0, we obtain for the DC component of the voltage

V
(DC)
J = gV 2

c /(2RQI0) . (16)

This result is linear in g and corresponds to the first-order
expansion of the solution of the classical Langevin equation
for the charge [see Eq. (A3) in Appendix A]. Its validity
requires VJ /Vc � 1, hence, I0 � gVc/RQ. We conclude that
perturbation theory breaks down in the limit of vanishing DC
current bias.
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In the presence of microwaves, α 	= 0, the result (16)
generalizes to

V
(mw)
J = gV 2

c

2RQ

+∞∑
m=−∞

J 2
m(α)

I0 + meωmw/π
, (17)

which shows that the divergent behavior found for I0 → 0 is
repeated at the positions I0 → meωmw/π at which the dual
Shapiro steps are expected.

Although the perturbative approach is divergent and is
inappropriate to describe the dual Shapiro steps in the presence
of dissipation, it is useful for giving a simple picture of the
QPSJ’s dynamics: The incoherent tunneling of the localized
phase states in the Wannier-Stark ladder generally occurs via
the combined emission and/or absorption of a certain number
of photons with energy �ωmw of the microwave source and the
exchange of an amount of energy �E with the thermal bath
(see Fig. 3). One expects that the interplay between the photon-
assisted and environment-assisted phase slippage causes the
smearing of the ideal dual Shapiro steps. Indeed, the sharp
resonance condition �ωB = �ωmw associated to the single
microwave photon emission can not be fulfilled anymore as
the QPS junction can now dissipate the energy �ωB at any bias
current because the energy difference �E = �(ωB − ωmw) is
emitted in the environment (see Fig. 3).

IV. DUAL SHAPIRO’S STEPS:
NONPERTURBATIVE APPROACH

We now develop a theory to describe the combined effect
of charge fluctuations induced by the environment on one
hand and microwave irradiation on the other hand, which is
nonperturbative in both g and α. To determine the current-
voltage characteristic of the QPSJ by means of Eq. (7), we need
the DC component VJ of the potential across the QPSJ given
by Eq. (8). The quantum statistical average in the right-hand
side of Eq. (8) can be calculated by means of the Keldysh
formalism [37,59–61]. Introducing the so-called Keldysh
closed-time contour Ck which goes from t = −∞ to t0 and
back to t = −∞ and treating the cosine term in Eq. (3) as a
perturbation, one can obtain an exact series expansion in terms
of the QPSJ energy U0. In this expansion, the contribution of
the oscillators forming the harmonic bath decouples from the
contribution of the QPSJ charge q so that one can evaluate the
quantum statistical averages exactly to each order. We have
generalized this solution taking into account the presence of
the microwave signal. The time-dependent voltage across the
QPSJ reads as

VJ (t0)

Vc

=
+∞∑
n=0

(−1)n

2i

(
U0

�

)

×
2n+1∑
{ηk}

∫ t0

−∞
dt1 . . .

∫ t2n

−∞
dt2n+1Fenv Fq, (18)

where the term Fenv,

Fenv = e
∑2n+1

k=1

∑k−1
k′=0 ηkηk′M(tk′−tk )

2n+1∏
k=1

sin

[
k−1∑
k′=0

ηk′A(tk′ − tk)

]
,

(19)

accounts for the environment-assisted phase-slip events and
Fq,

Fq = ei
∑2n+1

k=0 Q(ηktk )

= exp

{
i

2n+1∑
k=0

[ωBηktk + α sin(ωmwηktk)]

}
, (20)

is related only to the free dynamics of the charge q as
given by Eq. (11). The dichotomic variables ηk = ±1, with
k = 0,1, . . . ,2n + 1, satisfy the constraint

∑2n+1
k=0 ηk = 0 and

the sum
∑

{ηk} over all the possible configurations of ηk stands
for the product of the 2n + 2 sums

∑
η1=± . . .

∑
η2n+1=±.

The functions of time M(t) and A(t) in Eq. (19) describe
the exchange of energy between the QPSJ and the external
electromagnetic environment. They determine

J (t) = −M(t) − i sign(t)A(t), (21)

i.e., the charge-charge correlation function

J (t) =
∑

λ

〈Q̂λ(t)Q̂λ(0) − Q̂2
λ(0)〉, (22)

which quantifies the fluctuations of the tunneling phase due to
the thermal bath [54,62]. In particular, J (t) gives the coupling
strength between the QPSJ and the environment. For the
current-biased configuration of Fig. 1(a), we have

J (t) = 2RQ

∫ +∞

−∞

dω

ω
Re[Y (ω)]

(
e−iωt − 1

1 − e−�ωβ

)
, (23)

with β = 1/kBT the inverse temperature. An exact calculation
yields [37,60]

A(t) = πg(1 − e−ωRL|t |), (24)

M(t) = 2g
π |t |
�β

− A(t) cot

(
�ωRLβ

2

)

+ 2g

+∞∑
n=1

1

n

1 − e−νn|t |

1 − (νn/ωRL)2
. (25)

Here, νn = 2πn/�β is the nth Matsubara frequency, and
ωRL = R/L is the frequency scale characterizing the envi-
ronment fluctuations at vanishing temperature.

The Jacobi-Anger expansion exp[iα sin(x)] = ∑+∞
m=−∞

Jm(α) exp[imx] allows us to cast Fq in terms of the Bessel
functions of the first kind Jm(α):

Fq =
+∞∑

m0=−∞
Jm0 (α) · · ·

+∞∑
m2n+1=−∞

Jm2n+1 (α)

× exp

[
i

2n+1∑
k=0

(ωB + ωmwmk)ηktk

]
. (26)

Performing the change of variables τk = tk−1 − tk , each time
tk can be expressed as tk = t0 − ∑k

h=1 τh with k � 1. Then,
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Eq. (26) becomes

Fq =
∑
{mk}

(∏
mk

Jmk

)
exp

(
iωmwt0

2n+1∑
k=0

ηkmk

)

× exp

[
−i

2n+1∑
k=0

(ωB + ωmwmk)ηk

k∑
h=1

τh

]
, (27)

where we used the sum rule
∑

k ηk = 0. Unlike the functions
M(tk′ − tk) and A(tk′ − tk) in Eq. (19) which depend only on
the time difference tk′ − tk = ∑k

h=1 τh − ∑k′
h′=1 τh′ , Eq. (27)

is a function of the time t0 at which we calculate the voltage
across the QPSJ. From Eq. (27), we observe that the frequency
spectrum of Eq. (18) at the time t0 involves integer components
of the single fundamental frequency ωmw applied to the dual
junction. This frequency mixing is due to the QPSJ which
operates as a nonlinear capacitance, i.e., it is related to the
cosine dependence of the QPSJ energy as a function of the
charge q. Thus, in the steady-state regime, we can extract the
DC component by considering the time average of the general
signal as f (t) = (1/Tmw)

∫ ti+Tmw

ti
dt f (t) over a microwave

period Tmw = 2π/ωmw where ti is an arbitrary initial time.
Then, the DC voltage reads as

VJ

Vc

= V (t0)

Vc

= · · ·Fq(t0)

= · · · 1

Tmw

∫ ti+Tmw

ti

dt0 eiωmwt0
∑2n+1

k=0 ηkmk . (28)

The latter quantity is different from zero only if the sum rule∑2n+1
k=0 ηkmk = 0 is satisfied for each arbitrary configuration

of the variables {ηk} at given set of the integers {mk} associated
to the expansion of the Bessel functions.

V. LOWEST-ORDER RESULTS

A general analysis of the U0 expansion Eq. (28) is only
possible in limiting cases. We focus here on the experimentally
most relevant limit of relatively small QPSJ energy U0,
typically encountered in Josephson-junction-based QPSJs.
Then, Eq. (28) can be approximated with its first term. We
discuss the range of validity of this approximation in the
following.

A. Microwave-irradiated QPSJ

Considering n = 0 only, the nonzero dichotomic variables
are η0 = ± and η1 = ±. Since they have to satisfy the
constraint

∑
k ηk = η0 + η1 = 0, it follows that the allowed

configurations {ηk} = (η0,η1) are (−,+) and (+,−), i.e., η0

and η1 have opposite sign. This means that the time average
given by Eq. (28) is different from zero if the indices m0 and
m1 of the two possible sums of Bessel functions in Eq. (26)
are equal. Then, Eq. (28) can be written as

V
(mw)
J (ωB) =

+∞∑
m=−∞

J 2
m(α)V (DC)

J (ωB + mωmw), (29)

where V
(DC)
J is the voltage across the QPSJ in the absence of

the microwaves [see Eq. (B1) of Appendix B]. Thus, under the
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FIG. 4. (Color online) IJ -VJ characteristics obtained from the
numerical evaluation of Eq. (29) in the high-conductive regime
g = 4.2. Parameters: kBT /U0 = 0.25, α = 1.4, and �ωmw/2πU0 =
20. The three curves are obtained using three different values of the
inductance such that U0/EL = 0.013 (red dashed line), U0/EL =
0.051 (blue solid line), U0/EL = 0.141 (green dotted line). The inset
shows the relative deviation δIm = πIJ /meωmw − 1 of the structure
found for m = 1 with respect to a perfect, first step obtained for
m = 1.

effect of the microwave radiation, the first-order voltage across
the QPS junction is the superposition of an infinite number of
zero-microwave potentials shifted by an integer multiple m of
ωmw. Unlike Eq. (12), the weight of the mth term in Eq. (29)
is determined by the squared first-kind Bessel function of the
mth order J 2

m(α). This result is in agreement with the general
theorem proved in Ref. [56] and was previously reported in
Ref. [33] for the particular case of a Josephson junction. Since
the sum rule

∑+∞
−∞ J 2

m(α) = 1 holds, the larger is α, the smaller
is the amplitude of the voltage corresponding to m = 0 and
consequently the more important is the contribution of the
higher-order terms. In other words, changing the amplitude α,
the constant total weight redistributes among the infinite terms
of Eq. (29).

Using Eq. (7) in combination with Eq. (29), we find that
the IJ -VJ characteristic of the QPSJ consists of (mωmw)-
shifted and rescaled copies of the QPSJ’s characteristic in
the absence of microwaves [Eq. (B1)], obtained for Imw =
0. These features occurring at IJ,m = m eωmw/π represent
the dual Shapiro steps smeared by quantum and thermal
fluctuations induced by the thermal bath. These results are
shown in Fig. 2, obtained by direct numerical evaluation
of Eq. (B1) in combination with Eq. (29) for g < 1. The
plotted smeared IJ -VJ curves result from the competition and
interference between the environment-assisted phase slippage
and the pure photon-assisted tunneling of the phase induced
by the microwave field. In order for these features to be
resolved, the microwave frequency ωmw has to be much larger
than ωmax

B ≈ 2πg/(�β), the bias current corresponding to the
back-bending point (V (DC)

J /Vc)max [see Eq. (B5)].
When g > 1, the current-voltage characteristics of the

microwave-irradiated QPSJ typically look like the ones plotted
in Fig. 4. We find that they consist of replicas of the smeared
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current-voltage characteristics for g > 1 and Imw = 0 (see
Fig. 8) centered around the positions of the ideal dual Shapiro
steps. Since the IJ -VJ characteristics for g > 1 are more
smeared than the ones found in the low-conductive case, a
higher microwave frequency �ωmw/2πU0 = 20 has been used
to resolve the various replicas in Fig. 4. When increasing the in-
ductance L for g > 1, the smearing effects are reduced. The in-
set of Fig. 4 shows the relative accuracy δIm = πIJ /meωmw −
1 of the structure found at m = 1 when compared to a perfect,
dual step. We see that the high conductance case does not
produce single dual steps, but rather a doublet of two steps,
located symmetrically around the value meωmw/π . Combining
Eq. (29) and the asymptotic result (B6), we expect the positions
of the steps of the doublets to approach their asymptotic
values meωmw/π ± �0/2L with increasing conductance g.
Eventually, a single dual step is recovered for L → ∞.

B. Accuracy of the current steps

The reduction of quantum and thermal fluctuations af-
fecting the current steps is crucial for their experimental
observation as well as their potential applications, such as in
metrology. In this respect, it is important to analyze the accu-
racy of the dual steps. We focus on the relevant regime of low
conductance g < 1, where actual well-defined dual Shapiro
steps are found and examine the smearing of the mth step by
considering the relative deviation δIm ≡ (IJ − IJ,m)/IJ,m =
πIJ /meωmw − 1. Based on the asymptotic results of Eqs. (B4)
and (B5), we expect a minimal smearing when T and g are
chosen as small as possible and L large.

The behavior of δIm as a function of some of the relevant
system parameters is studied numerically in Figs. 5 and 6
for the first dual Shapiro step m = 1. In these figures, the
solid, dashed, and dotted lines correspond to three different
microwave strengths α = 1.4, 2.2, and 3.2. Also shown
(dashed-dotted line) is the behavior of the unperturbed dual
Shapiro step for α = 2.2, i.e., J 2

1 (2.2) × V
(DC)
J (ωB − ωmw),

obtained by subtracting the contributions from all the other
steps corresponding to m 	= 1 from the signal.

One sees that two phenomena generally limit the accuracy
of the steps: (i) they are smeared around the actual plateau
value and (ii) their position is offset with respect to the expected
one. The latter phenomenon is absent for the unperturbed step:
indeed, the shift of the step position is due to the finite overlap
of the m = 1 replica of the Bloch nose with all the other
replicas m 	= 1. This suggests that increasing the microwave
frequency should yield a better accuracy of the step position as
it separates the replicas more, thereby reducing their overlap
and, at the same time, improving their individual resolution.
The result of an increasing of ωmw on the step position can
be seen by comparing Fig. 5(b) with Fig. 6. We notice, for
instance, that when α = 2.2 the relative offset reduced from
about 0.02 in the former to about 0.0004 in the latter by
increasing ωmw by a factor of 10.

It is interesting to investigate why the curve for α = 2.2 is
less affected by the offset than the one for α = 1.4, although
the step size is the same for both curves. Indeed, the value of
the squared Bessel functions J 2

1 (α) determining the m = 1 step
width is almost equal for the two curves. However, the value
J 2

0 (α) is very different: J 2
0 (2.2)≈0.01 whereas J 2

0 (1.4)≈0.32.
In other words, the m = 0 dual Shapiro step will strongly
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FIG. 5. (Color online) Relative deviation δIm =πIJ /meωmw− 1
for the first current step m = 1 for kBT /U0 = 0.1 and �ωmw/2πU0 =
0.16. The ratio U0/EL is equal to 0.0032 for the plotted curves in panel
(a) and 0.013 for the ones in (b). In both panels, the I -V characteristics
have been obtained using three values of the microwave strength α:
1.4 (red dashed line), 2.2 (blue solid and dotted-dashed lines), and
3.2 (green dotted line). The (blue) dotted-dashed line corresponds to
the unperturbed current step for α = 2.2 (see text).

influence the step m = 1 for α = 1.4, leading to a large offset,
whereas it influences the m = 1 step much less for α = 2.2.
The step corresponding to α = 3.2 is more or less structureless,
as its weight is very small, J 2

1 (3.2) ≈ 0.07.
As far as the smearing is concerned around the actual

plateau position, a comparison between Figs. 5(a) and 5(b)
shows the effect of the inductance. Increasing the inductance
by a factor of 4 reduces the relative width of the step from
about 0.1 in Fig. 5(a) to about 0.05 in Fig. 5(b).

C. Effect of Joule heating

In this section, we discuss an important aspect related to
the experiment aimed to detect dual Shapiro steps, namely,
the effect of Joule heating in the I -V characteristic of the
QPSJ [43,47,49,50].

184512-7



A. DI MARCO, F. W. J. HEKKING, AND G. RASTELLI PHYSICAL REVIEW B 91, 184512 (2015)

0.10 0.05 0.00 0.05 0.10
0.3

0.2

0.1

0.0

0.1

0.2

0.3

VJ Vc

π
I J

e
ω

m
w

1

0.10 0.00 0.10
3

2

1

0

1

2

3
10 3

α
1.4
2.2
3.2

FIG. 6. (Color online) Relative deviation δIm =πIJ /meωmw− 1
for the first Shapiro step m = 1 for kBT /U0 = 0.1, �ωmw/2πU0 = 2,
and U0/EL = 0.013. The plotted I -V characteristics have been
obtained using three values of the microwave strength α: 1.4 (red
dashed line), 2.2 (blue solid and dotted-dashed lines) and 3.2
(green dotted line). The (blue) dotted-dashed line corresponds to
the unperturbed Shapiro step for α = 2.2 (see text). The inset shows
a close view of the steps plotted in the main panel.

As we have seen above, we expect to approach the ideal
dual Shapiro steps of Fig. 1(b) under the condition g � 1. This
means that the QPSJ is ideally embedded in a highly dissipative
environment. Such an environment is expected to produce
also unwanted Joule heating which in turn would enhance
the smearing of the steps. Indeed, in the low-conductance
limit R � RQ, quantum effects due to the external bath
become small, whereas thermal ones induced by heating may
become dominant. In this context, the effective electronic
temperature Teff of the R-L series can be much larger than
the phonon temperature Tph. For the circuit of Fig. 1(a), the
current flowing through the R-L branch is VJ /R, then the
power dissipated by the resistance is PI = V 2

J /R, where VJ

is a function of the temperature [see Eq. (29)]. It follows
that the effective temperature Teff can be estimated by the
self-consistent equation [63]

T 5
eff = T 5

ph + V 2
J (Teff,ωB)/(R ��). (30)

In this last relation, � is the material-dependent electron-
phonon coupling constant, and � the volume of R. Figure 7(a)
shows the I -V curve of a QPSJ embedded in an environment
with g � 1 and fixed temperature kBT /U0 = 0.25, where the
Joule heating is not taken into account, together with the
dual Shapiro steps smeared by the voltage-dependent effective
temperature Eq. (30) which accounts for the exchange of
energy between the electrons and the phonons in the resistance
R. We notice a reduction of the width of the steps, as one
expects. From the inset of Fig. 7(a), we see that Teff follows
the oscillating trend of VJ . In particular, it coincides with
Tph whenever VJ = 0 and reaches its relative maxima for the
values of VJ around the maximum amplitude of the steps: the
wider are the steps in the absence of Joule heating, the larger
is their effective thermal smearing.
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FIG. 7. (Color online) Effect of Joule heating on the dual Shapiro
steps obtained from the numerical evaluation of Eq. (29) in the
low-conductive regime g = 0.2 for (a) the current-bias circuit
Fig. 1(a) and for (b) the equivalent voltage-bias circuit. In both
panels, for the (red) dashed IJ -VJ curves the temperature is fixed
to kBT /U0 = 0.25. The (blue) solid curves in (a) and (b) have
been determined using the effective temperatures Teff which are
the solutions of Eqs. (30) and (32), respectively, with kBTph/U0 =
0.25, and U0 = 4 GHz. The electron-phonon coupling constant
and the volume of the resistance R are � = 109 Wm−3 K−5 and
� = 10−19 m3, respectively [49]. All the I -V characteristics in (a)
and (b) are determined setting U0/EL = 0.141, �ωmw/2πU0 = 1,
and α = πImw/(eωmw) = πVmw/(eωmw

√
R2 + L2ω2

mw) = 1.4, as for
the green dotted line in Fig. 2. The insets show the rescaled effective
temperature Teff/T as a function of the current through the QPSJ.

On the other hand, Joule heating affects differently the
dual Shapiro steps appearing in the I -V characteristic of a
voltage-biased QPSJ. In this configuration, the power PV =
I 2
J R, which is dissipated by the resistance R, is determined

by the current flowing through both R and the QPSJ, i.e.,

IJ = (V0 − VJ )/R. (31)
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Here, VJ = VJ (T ,V0) is obtained from Eq. (29) replacing I0

with V0/R and |Imw| with |Vmw|/√R2 + L2ω2
mw. As a result,

the effective temperature of the environment can be written as

T 5
eff = T 5

ph + I 2
J (Teff,V0)R/(��). (32)

Inserting into Eq. (31) the temperatures Teff obtained by
solving self-consistently Eq. (32) for different values of the
DC voltage bias V0, we obtain the (blue) solid QPSJ’s I -V
characteristic shown in Fig. 7(b). Notice that this curve is
more smeared than the one found in the current-biased case and
plotted in Fig. 7(a) using the same set of parameters. As shown
in the inset of Fig. 7(b), Teff increases with |IJ | and is equal to
Tph only when IJ = 0. In particular, the effective temperature
given by Eq. (32) is much larger than Tph when IJ is close
to eωmw/π . Consequently, the Joule heating affects the steps
for m 	= 0 more than the one occurring for m = 0, as one can
see from Fig. 7(b), thereby compromising their experimental
observation. The reduction of this effect is possible, for
instance, with the decreasing of the microwave frequency ωmw.
However, the use of smaller ωmw leads also to the increasing
of the offset of the steps which we discussed in Sec. V B.

In principle, Joule effect can be reduced by increasing the
inductance L of the environment rather than the resistance R. L
plays the same role of R in the reduction of the fluctuations, as
shown previously. As the dual Shapiro steps are replicas of the
I -V characteristic at low current, we can estimate the leading
dependence for the smearing by considering Eq. (B4). We
obtain the slope G0RQ ≈ 2g(kBT /U0)2(EL/U0)2g for g � 1.
We observe that the smearing due to the temperature can
partially be compensated by increasing the inductance of the
environment.

VI. CONCLUSIONS

In this paper, we discussed the microwave response of a
QPSJ embedded in an inductive-resistive environment. We
focused on the regime of relatively small ratio of phase-slip
energy U0 over inductive energy EL. The response consists
of a series of well-defined current Shapiro steps, located
at multiples of eωmw/π , if the environmental resistance is
sufficiently large, such that the dimensionless conductance
g < 1. These steps are in fact replicas of the QPSJ’s Bloch
nose, observed in the absence of microwaves. Charge fluc-
tuations induced by the environment smear the steps. This
smearing can be reduced by decreasing the dimensionless
environmental conductance g, decreasing the dimensionless
temperature kBT /U0, and increasing the ratio U0/EL, which
can be achieved by increasing the environmental inductance L.
Finally, we showed that the conductance g can not be decreased
indefinitely, as heating effects may develop in the environment.

The results presented in this paper are relevant for re-
cent experiments on Josephson junction chains [43] and
nanowires [47,50]. In these works, typical phase-slip energies
U0 are in the range of 1–10 GHz, whereas the environmental
inductances L are 50–500 nH. This motivated the parameter
choices used in this paper: U0/EL ranges from 0.001–0.1; at
typical cryostat temperatures kBT /U0 ∼ 0.1–0.2. We found
that, although dual Shapiro-type features could be visible
experimentally for these parameters, their relative accuracy
remains limited to about 0.001 by fluctuation effects.

To date, a systematic evidence for the existence of dual
Shapiro steps is still lacking. The reason for this might well
be that fluctuation effects have so far masked the steps for
QPSJs with intermediate ratios of the parameter U0/EL and
not too small conductance g. Work on nanowire-based QPSJs
with larger values of the ratio U0/EL and lower conductances
g seems promising [48,64]. At the same time, these systems
suffer from substantial heating effects [49]. We conclude that
further work is necessary, both on nanowires and on Josephson
junction chains.
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APPENDIX A: CLASSICAL DYNAMICS AND LANGEVIN
EQUATION FOR THE CHARGE

After a unitary transformation in Eq. (3), it is possible to
show that the charge qJ on the QPSJ satisfies the Langevin
equation

dqJ /dt = I0 + Imw(t) − IRL(t) + δI (t), (A1)

as discussed in previous works, e.g., in Ref. [29]. Notice
that dqJ /dt = IJ corresponds to the current flowing through
the QPSJ. The first and second terms in the right-hand side
of Eq. (A1) give the total bias current. The third term is
the current flowing through the resistive-inductive branch
of the circuit IRL(t) = ∫

dt ′Y (t − t ′)VJ (t ′), where VJ (t) =
Vc sin[πqJ (t)/e] and Y (t) is the inverse Fourier transform
of the admittance Eq. (6). The last term of the right-hand
side in Eq. (A1) is a fluctuating current δI (t) of zero average
whose Fourier component satisfies the fluctuation-dissipation
theorem

〈δI (ω)δI (ω′)〉 = 2πδ(ω + ω′)�ω Re[Y (ω)] coth(�ω/2kBT ),

(A2)

where T is the temperature of the environment. When Imw = 0,
Eq. (A1) reduces to the well-known Langevin problem of the
quasicharge dynamics in the overdamped regime. Then, the
DC current-voltage characteristic of the QPSJ corresponds to
the so-called Bloch nose (see Fig. 8).

Disregarding, for instance, the fluctuation δI = 0 and
considering the limit gU0/EL � 1 in Eq. (A1), by direct
integration, one obtains the following DC voltage:

V
(δI=0)
J = RQI0

g
− θ

(
RQI0

g
− Vc

)√(
RQI0

g

)2

− V 2
c ,

(A3)
where θ (V ) is the Heaviside step function. The corresponding
current-voltage characteristic is shown in the inset of Fig. 8.
It consists of a zero-current branch at finite voltage up to
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FIG. 8. (Color online) Current-voltage characteristics of a QPSJ
embedded in an inductive-resistive environment in the absence of
microwaves. Parameters: kBT /U0 = 0.25, U0/EL = 0.013. Curves
from bottom to top correspond to g = 0.2, 4.2, and ∞. The inset
shows the I -V curve obtained by means of Eq. (A3).

Vc which bends back to a low-voltage, finite current branch.
Finite, classical charge fluctuations δI (t) 	= 0 prevent the for-
mation of a sharp feature in the current-voltage characteristic,
even for small g, and yielding a smearing of the Bloch nose.

APPENDIX B: QPSJ IN THE ABSENCE OF MICROWAVES

In this Appendix, we consider the current-voltage char-
acteristics of a QPSJ without microwave irradiation using
Eqs. (18) and (28), and recall some of the results provided by
the P (E) − theory [54], which describes the phase slippage in
the presence of an external environment [37,55]. Setting α = 0
in Eq. (28), and retaining the term n = 0 only, the voltage drop
on the QPSJ as a function of ωB reads as

V
(DC)
J

Vc

(ωB) � π

2
U0[P (�ωB) − P (−�ωB )], (B1)

where we defined the function [54]

P (�E) ≡ 1

2π�

∫ +∞

−∞
dτ eJ (τ ) e

i
�

�Eτ . (B2)

The function P (�E) represents the probability density that
the QPSJ absorbs (�E > 0) or emits (�E < 0) an amount of
energy |�E| from or to the external environment, respectively,
during a phase-slip event. We see that an incoherent phase
slippage by �ϕ = 2π in the Wannier-Stark ladder takes
place only if the system exchanges the energy �E = �ωB =
(�ϕ)�I0/(2e) with the environment [see Fig. 3(b)]. As the
energy spectrum of the bath is continuous, the QPSJ has a
dissipative behavior for any value of the applied DC current I0.

We summarize the behavior of Eqs. (B1) and (B2) combined
with Eqs. (6) and (23) in the main panel of Fig. 8 where we
plotted the QPSJ’s current-voltage characteristic for various
values of g at low temperature as obtained by direct numerical
integration.

The validity of Eq. (B1) is given by the condition
V

(DC)
J /Vc � 1, yielding U0max[P (�ωB)] � 1 [62]. Analyt-

ical results are available, for instance, in the limit of low
temperature and small conductance so that βEL/2π2g � 1
and βEL/2π2g2 � 1. Then [37,62],

V
(DC)
J

Vc

(ωB) � u
|�(g + iβ�ωB/2π )|2

�(2g)
sinh(β�ωB/2), (B3)

where u = (βU0/4π )(βELeγ /2π2g)−2g with γ = 0.577 . . .

the Euler constant. Hence, we find a linear conductance G0 at
vanishing current IJ and voltage VJ (�ωBβ/2π � 1), given
by

G0RQ ≈ 4(U0β)2(g−1)

(
EL

U0

)2g( 1

2π2g

)2g
�(2g)

�2(g)
e2gγ − g.

(B4)

We note that G0 ∼ T 2−2g and thus decreases with decreasing
temperature; similarly G0 ∼ E

2g

L ∼ 1/L2g and thus decreases
with increasing inductance. Moreover, G0 decreases with
decreasing g. Increasing ωB until ωmax

B ≈ 2πg/(�β), we reach
the back-bending point corresponding to the maximum value(

V
(DC)
J

Vc

)
max

≈ π u = 1

4
(βU0)1−2g

(
U0

EL

)2g

(2π2g)2ge−2γg,

(B5)

for g � 1. We see that the lower the temperature T , the larger is
the inductance L, and the smaller the conductance g, the closer
(V (DC)

J /Vc)max is to the maximum value Vc. Beyond the back-
bending point, corresponding to the maximum voltage, the
system enters into the Bloch oscillation branch where the bias
energy �ωB becomes dominant with respect to both quantum
and thermal fluctuations and the DC voltage VJ decreases
exponentially to zero.

When the resistance R is reduced so that g > 1, the current-
voltage characteristic is smeared into a smooth curve with a
maximum voltage at finite current. In the high-conductance
regime g � 1, we have that the Bloch nose broadens into a
Gaussian:

P (�E) � 1√
4πELkBT

exp{−(�E − EL)2/(4ELkBT )}.

(B6)

As a result, phase-slip events in a current-biased QPSJ can
only occur if the energy �πI0/e exchanged with the inductive
environment equals EL, viz., the current IJ at which the QPSJ
sustains the largest voltage approaches the value �0/2L. This
phenomenon is dual to the Coulomb blockade found in a
Josephson junction in a highly resistive environment, where
the voltage at which the Josephson junction sustains the largest
current approaches the value 2e/2C [37].

APPENDIX C: QPSJ HAMILTONIAN FOR AN
UNDERDAMPED JOSEPHSON JUNCTION

In this Appendix, we will study the Hamiltonian of the
circuit of Fig. 9, which is formed by a Josephson junction (JJ),
biased by a time-dependent current I (t) = I0 + Imw cos ωmwt ,
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C EJ

L

R

Imw(t)I0

FIG. 9. (Color online) Current-biased Josephson junction with
Josephson energy EJ in parallel with a capacitance C and embedded
in a resistive (R) and inductive (L) electromagnetic environment. The
circuit is biased with a time-dependent current I (t).

in parallel with a capacitance C and an external electro-
magnetic environment composed by a resistance R and an
inductance L in series. In particular, we will show that this
Hamiltonian reduces to the QPSJ Hamiltonian (3) used in the
main text under suitable conditions.

Neglecting the contribution of the quasiparticle excitations,
the Hamiltonian corresponding to the circuit of Fig. 9 is given
by the sum of the charging energy of the capacitance C, the
nonlinear Josephson energy and the energy of the environment

Ĥs = 1

2C

[∫ t

−∞
dt ′I (t ′) + Q̂RL + Q̂

]2

− EJ cos(ϕ̂) + Ĥenv.

(C1)
The phase operator ϕ̂ is the phase difference between the
two superconductors forming the junction and Q̂ is its conju-
gate charge operator [ϕ̂,Q̂] = 2e i, i.e., the charge tunneling
through the junction. In Eq. (C1), we also introduced Q̂RL =∑

λ Q̂λ which accounts for the charge noise produced by the
R-L environment, as discussed in the main text.

The equivalence between Hamiltonian (C1) and QPSJ
Hamiltonian (3) can be demonstrated through the fol-
lowing steps. First, we apply the gauge and the uni-
tary transformations Ûg(t) = exp[−iϕ̂

∫ t
dt ′I (t ′)/2e] and

Ûenv = exp[−iϕ̂Q̂RL/2e], respectively, to Eq. (C1) and we get

Ĥ
′
s = Q̂2

2C
− EJ cos(ϕ̂) − �I (t)

2e
ϕ̂ + Ĥenv[{Q̂λ},{ϕ̂λ + ϕ̂}].

(C2)

Here, the first and second terms correspond to the standard
Hamiltonian ĤJ of an isolated JJ. In the tight-binding regime
EJ � EC , Ĥ

′
s becomes

Ĥ
′′
s = −U0 cos

(
π

e
q̂

)
− �I (t)

2e
ϕ̂ + Ĥenv[{Q̂λ},{ϕ̂λ + ϕ̂}],

(C3)

where q̂ is the quasicharge operator and U0 =
8
√

EJ �ωp/π exp (−√
8EJ /EC) = eVc/π the half-bandwidth

of the first Bloch band of ĤJ . Within this limit, an energy
gap of the order of the plasma frequency �ωp = √

8EJ EC

separates the first from the second Bloch band. We neglect
the possibility of interband Landau-Zener transitions
assuming the low temperature and bias current limit
(kBT ,�I0/2e,�Imw/2e) � �ωp as well as considering an
off-resonance microwave field ωmw � ωp.

Finally, we apply the inverse unitary transformation Û−1
env to

Eq. (C3) and we obtain the effective low-energy Hamiltonian

Ĥ = −U0 cos

[
π

e
(q̂ + Q̂RL)

]
− �I (t)

2e
ϕ̂ + Ĥenv[{Q̂λ},{ϕ̂λ}].

(C4)

This is the energy operator (3) of the main text describing
a current-biased quantum phase-slip junction coupled to an
external R-L electromagnetic environment, as depicted in
Fig. 1(a).
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