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Und ’ne gute Grundlage für Besserung ist Erkenntnis.
Ihr wisst ja, bisher war Gemecker oft nur Missverständnis!

- Daniel Ebel aka. Dendemann





1. Introduction

The introduction to this thesis is divided into three parts. First, the experimental
background is illuminated. Second, the physical phenomena studied in the scope of
this work are addressed. The third part combines both aspects to explain the structure
of this thesis and give a short overview.

1.1. Colloidal (model) systems

‘Colloidal’ is a term derived from the ancient Greek words κóλλα (kólla) and ειδoς (ei-
dos), translating loosely as glue and appearance, respectively. It was introduced by the
British physicist Thomas Graham in 1861 within the framework of his diffusion exper-
iments to describe the turbidity of the samples he used [Gra61]. Besides the fact that
‘colloidal’ nowadays does not address macroscopic appearance any more, he was also
not the first to experiment with what is called ‘colloidal systems’. Well known, for ex-
ample, are Michael Faradays efforts to understand the coagulation of gold particles in
suspension after addition of the salt sodium chloride from 1857 [Far57]. It took almost
150 years, however, to develop a closed theory capable of explaining this phenomenon
[Der41, Ver48], after Debye and Hückel proposed a theory on polyelectrolytes in 1923
[Deb23]. Research on these kind of systems is still done today [Hen89, Xia00, Cos10].
In a modern understanding, ‘colloidal’ describes small objects of any material or shape
[Dho96]. These are usually suspended in a medium, such that a colloidal system con-
sists of two components: the dispersed material and a continuous carrier. This defini-
tion is pretty loose such that a multitude of systems as emulsions (droplets in a fluid
medium), aerosols (droplets or particles in a gaseous medium) or foams (gas in a fluid
or solid medium) are considered as colloidal.
Common to all these systems is their stability. The constituents do not mix, but also
do not phase separate on a macroscopic scale. The typical colloidal length scale is
limited on the lower end by macromolecules at ≈ 10 nm1 and on the upper end by
granular materials at ≈ 10µm. This lengthscale is termed ‘mesoscopic’, as it separates
the microscopic from the macroscopic/granular world. Colloids are still small enough
to be described with statistical methods, but often large enough to be resolved opti-
cally. An outstanding feature of systems in this realm is that their activation energies
are of the order of a few kBT , where kB = 1.34 · 10−23 J/K is the Boltzmann constant

1Per definition, colloids are no quantum objects, i.e. they must be large (and heavy) enough to
exhibit a vanishing De Broglie wavelength.

7



1. Introduction

and T the temperature. In other words, mesoscopic systems exhibit a rich variety of
degrees of freedom at moderate temperatures. In this, they are comparable to atomic
and molecular systems where activation energies can also be of the order of several
electron volt. The significantly larger length scale, however, leads to a very weak
response to external stress, making colloidal materials very soft [Gom03]. For that,
they are often referred to as soft matter, which is a class of materials also embracing
polymers or complex bio-materials.
Coming back to the temperature susceptibility of mesoscopic systems, it is the origin of
one of the most intriguing phenomena of colloidal suspensions: Brownian motion. The
botanist Robert Brown observed the random motion of pollen in water [Bro28], which
was later attributed to the thermal motion of solvent molecules and their momentum
transfer to mesoscopic particles upon collision [Ein05]. This behavior is unique to
colloids. Larger particles experience an increased amount of collisions and therefore
suffer less from statistical fluctuations in the distribution of the momentum transfer.
Combined with the huge inertial mass this kind of activation is completely suppressed
in granular materials.
Intriguingly, the inherited motion allows colloids to probe the full phase space and
therefore explore many different configurations. They even might self-assemble into
large structures. In particular, they can assume the same states as atomic or molecular
systems, only on a larger lengthscale [Pus89, Pha02, Roy06]. Thus, these are often
called ‘macrofluids’ or ‘macrocrystals’. But in contrast to the atomic case, colloids can
be easily accessed by relatively simple probing techniques as light scattering [Hul82] or
even conventional light microscopy [Ell01], allowing the direct observation of a multi-
tude of phenomena in real space. Because of their size, colloids are also slow enough to
be tracked over time, enabling the acquisition of full phase space information. Thus,
colloidal systems offer themselves as models to study phenomena usually found on a
lengthscale of nanometers, which can hardly be addressed directly.

While the properties stated above are interesting from a physical point of view,
mesoscopic systems are investigated for even more reasons. Although inconspicuous
and not realized by many people, colloidal systems are very much part of everyday
life. It starts with life itself, for the cardiovascular system contains billions of red and
white blood cells, floating around in a mixture of mainly water and some proteins and
minerals. It continues from other biological systems as mud (dirt particles suspended
in water) or milk (fat droplets and protein clusters suspended in water) and other food
to man-made substances like dispersion paint (e.g. acrylic resin in water), toothpaste
(silicates in foaming agent) or cosmetic products (e.g. oil in water). Therefore, insight
in phenomena of colloidal systems is not only sought by fundamental but also by
industrial researchers. Tailoring materials with specific characteristics obviously offers
huge economical potential, but is also of humanitarian value for it may provide new
methods of medication and health care. Finally, tackling the manifold mechanisms
governing this class of (soft) materials might benefit biology and chemistry as well.
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1.2. Glass transition

1.2. Glass transition

Glasses have a long history. Not realized by many, glassy materials have accompanied
mankind for more than 106 years! In the stone age, obsidian, a naturally occurring
volcanic glass was commonly used as a cutting tool and because of its rarity exten-
sively traded [Tho84]. The first man-made silicate glasses were found among other
archeological artifacts in northern Africa and date back to the late bronze age around
1600 BC [Reh05]. The term glass, however, originated only later from the Germanic
word glesum, meaning transparent, during the time of the late Roman empire [Dou72].
In the last century, the production processes for glassware have developed rapidly,
nowadays allowing the casting of highly specialized glasses with specific tailored prop-
erties. Different material compositions and processing methods provide applications
in optics (reaching from wavelength-tailored laboratory lenses over temperature-stable
mirror carriers for astronomical telescopes to aberration-minimizing photography ob-
jectives), in electronics (providing insulation in microscopic solid state devices, circuits
or semiconductors), and even in sports, where the incorporation of ‘liquid metal’ (i.e.
a metallic glass) is supposed to improve the performance (elasticity) of tennis rackets,
skis or baseball bats. Yet, although glasses see such broad use and may be exploited
in many different ways, the basic physics behind the glassy state are not yet fully
understood.

The types of glass described in the last paragraph are solid materials which exhibit
the disordered structure of a liquid, commonly called structural glasses2. With words
from C. A. Angell [Ang95]: “Glass, in the popular and basically correct conception, is
a liquid that has lost its ability to flow.”3 Glasses originate from supercooled liquids
which relax sufficiently slow to equilibrium such that they get trapped in their amor-
phous state before crystallization can generate an ordered assembly [Ang00b, Tan12b].
‘Sufficiently’ here means slow regarding the cooling rate. Indeed, almost every mate-
rial may freeze in an amorphous state, although absurdly high cooling rates might
be necessary4. For the archetypical glass, vitreous silica, cooling rates of 0.1 K/s are
sufficient. For metallic alloys, already 106 K/s are required, while for pure metals,
even rates of the order of 1012 K/s may not be enough [Joh96, Joh99]. Because this
phenomenon highlights the connection between (amorphous) structure and dynamics,
vitrification is often called a kinetic mechanism, expressing that the constituents are

2Besides structural glasses, there also exist other types like spin glasses or orientational glasses. In
those, the persistent disorder is present in spin orientation and director field, respectively.

3A more universal definition would be that one or more generalized coordinates have become non-
ergodic, i.e. can not explore the whole parameter space any more [Ang00a]. This extends the
very brief overview on glassy systems and their application given in the last paragraph towards
(synthetic) polymeric materials, which also are at least partially amorphous, yet solid.

4One exception are two-dimensional colloidal monolayers with vanishing polydispersity. As discussed
in section 2.1.1, there it is possible to realize cooling rates much larger than in atomic systems
(relative to internal dynamics), but still only a polycrystalline state is found [Dil08, Dil11, Dil12].
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a) b)

V,
 H

Figure 1.1.: The glass transition.
a) Plotted in Arrhenius form, the viscosity shows a dramatic increase over
some orders of magnitude in the vicinity of the glass transition temper-
ature TG. It becomes evident that there exist two types of glass former:
strong and fragile, depending on the temperature-dependence of the acti-
vation energy. The inset shows the corresponding heat capacities, which
jump at TG more or less significantly.
b) In the supercooled state, volume V and enthalpy H may be linearly
extrapolated from the liquid. Upon the glass transition, an abrupt but
continuous deviation occurs.
Taken from [Ang95] and [Edi96], with slight modifications.

kinetically not able to relax to the systems crystalline ground state [Tam33].

Usually, glasses are distinguished from the liquid state only by their extraordinary
high viscosity [Deb01], resulting from a severe slow down of (microscopic) dynamics.
The most well-known way to visualize this phenomenon is to plot the logarithmic
viscosity versus the glass transition temperature TG over temperature T , as done in
figure 1.1. Already in this depiction it becomes apparent that glasses do not form
universally. Here, they may be sorted roughly in the two categories of strong or fragile
glass formers, depending on whether they show linearity or even stronger behavior
in a logarithmic plot versus inverse temperature (called Arrhenius or super-Arrhenius
like behavior, respectively). As a rule of thumb, inorganic systems tend to behave
as the former, while organic ones follow the latter form. This is attributed to the
corresponding energy landscape of (chemical) bond forming. For strong glass formers
with constant ‘activation energy’ this is rather homogeneous, whereas for fragile glass
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1.2. Glass transition

formers with a strong increase in ‘activation energy’, it is rather heterogeneous, i.e.
a large number of molecules has to rearrange to allow the system to fall in a lower
energy state [Deb01].
A major drawback of this representation, however, is the arbitrary definition of the
‘glass transition viscosity’ νG = 1012 Pa s, already indicating that the glass transition
does not occur at a well defined temperature. Other quantities often studied are of
thermodynamic nature [Gib58, Ada65], as heat capacity (compare inset of figure 1.1),
enthalpy or entropy. In figure 1.1.b) it is sketched how volume V and enthalpy H
behave discontinuously at the melting temperature Tm upon crystallization in a first
order phase transition. Without seeds, a very pure liquid may be supercooled into a
metastable state, for which V and H are extrapolations from the liquid. They level
continuously upon reaching the glass transition temperature TG, giving again evidence
that the glass transition is no real thermodynamic transition [Edi96]. Here, TG is de-
fined as the intersection between the extrapolation from the glassy and supercooled
state, which might be cooling-rate dependent.

As outlined, the phenomenon glass transition is well studied. It is the origin for this
behavior, however, which is still subject to debate even after many years of intensive
investigations. Accordingly, theories on that matter are manifold. Mode coupling the-
ory (MCT) [Göt09] or free-volume theory [Coh59] study density-density correlations
and transport properties, attributing the dynamical arrest to slow relaxation. Adam-
Gibbs theory [Ada65] deals with cooperative motion, resulting in increasing dynamical
correlation, whereas kinetically constrained models [Hed09] disengage from purely con-
figurational space but rather search for spatio-temporal mechanisms responsible for
the glass transition, trying to tie critical phenomena into the picture. Geometrical
frustration and energy landscape problems are studied within random first order tran-
sition theory (RFOT) [Kob97], which is in close connection to bond-order approaches
[Tan12b] which understand the glass transition as a modified form of crystallization.

In this work, colloidal systems and glassy behavior are linked. This was pioneered by
Pusey and van Megen, who demonstrated that colloidal hard spheres could freeze in a
disordered fashion [Pus87]. The easily accessible nature of colloidal systems allows to
study phenomena accompanying the glass transition in great detail (a small selection of
the nearly infinite number of publications is [Bar94, Che02, Ram05, Ebe08b, Che10]).
In the past, it has been shown that glassy systems in two dimensions exhibit the
same phenomena as bulk systems [Per99, Kön05, Bay07]. This is remarkable, be-
cause the crystallization scenario shows some significant discrepancies like a hexatic
phase in 2D [Hal78] or an absence of long range translational order [Mer66, Mer68].
The universality of the glass transition in this sense offers some major opportunities
for experiments and simulation. By excluding the third dimension, data handling
and evaluation becomes more simple, and sometimes results are easier to interpret.
Against this background, complicated problems are more likely to be solved.
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1.3. Structure of this thesis

In this thesis, a special case of colloidal glass formers is realized. By dispersing two
different sized species of superparamagnetic polystyrene beads in a suspended wa-
ter droplet and letting them sediment down to the water-air interface, a nearly ideal
two-dimensional system without any lateral substrate interaction is realized. With a
typical video microscopy approach, real time/space data is recorded such that the full
phase space information is available. The interesting feature of this experiment is the
instantaneously tunable interaction between colloids via an external magnetic field, ef-
fectively providing a precise temperature control. This allows to cool the system from
a liquid into the glassy state. Additionally, the pair potential between all particles
is known precisely, providing the possibility of computing thermodynamic properties.
With a sophisticated experimental setup, the system may be stabilized for extended
amounts of time, allowing to probe the necessary long time behavior in glassy systems.

In the second chapter, the experiment is introduced and detailed information is
given about the setup. The interaction of all control mechanisms used to stabilize the
sample, allowing an eventual equilibration, is discussed. Because the main features of
the experiment are well known and also can be found in [Ebe09a], emphasis is put on
modifications and novel approaches developed in this thesis.

In the third chapter, the elastic properties of the provided colloidal glass are inves-
tigated. By studying the displacement field relative to equilibrium particle positions,
the dispersion relations of acoustic-like phonons may be extracted. Because those
excitations probe the elastic response of their propagation medium, the latter may
be readily derived from the dispersion bands, illuminating the behavior of the shear
modulus at the glass transition. A finite time and size analysis complete the physical
image obtained in this chapter.

The fourth chapter further engages in the vibrational behavior of the glassy state.
By choosing a different, more abstract approach (principal component analysis), not
only some density of states, but also real space images of the corresponding modes
may be obtained. These results are used to classify the physical assumptions made
in chapter two. Likewise, the dispersion results are used to cross check the density of
states.

In the fifth chapter, the glass transition is studied from the viewpoint of critical
phenomena. For some initial information on the system, established techniques are
utilized. In search of a growing correlation length, a novel technique to investigate the
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1.3. Structure of this thesis

phenomena of dynamical heterogeneity is introduced.

The sixth chapter illuminates the influence of solid substrates on vibrational prop-
erties found in this work, before this thesis is finally concluded by a recapitulation of
the results.
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2. Methods

This chapter covers all experimental details. Information is given on the colloidal
system and the underlying physics and the efforts to control and shape this system to
access the desired properties.

2.1. Colloidal system

All colloidal particles used in this work were polystyrene beads. To provide a system
which exhibits slow dynamics yet structural disorder under certain circumstances, two
different species of particles had to be deployed. They differ in size; type B (‘big’) par-
ticles have a diameter of 4.5µm while type S (‘small’) particles only extend to 2.8µm.
Their most noticeable feature is the magnetic trait. Transmission electron microscope
micrographs (TEM) reveal pores in the cross-linked polystyrene, large enough to allow
the diffusive injection of small iron oxide nanoparticles. Extending only as far as a
couple of nanometers, the maghemite nanoparticles (Fe2O3) contain a single domain
with a magnetic moment. This is susceptible to thermal (rotational) diffusion because
of its small size. Thus, the resulting net magnetization of a bead is zero because of the
random (isotropic) distribution of moments. In an external magnetic field, however,
these moments can be aligned and therefore add up to a macroscopic moment oriented
along the field axis. Because the particles show no remanence but their susceptibility
is comparable to that of ferromagnetic materials, they are called ‘superparamagnetic’.
Although the volume of type B particles is only four times larger than that of the
small particles, their susceptibility (χB ≈ 6.22 · 10−11 Am2/T per bead) is an order of
magnitude larger than that of type S particles (χS ≈ 6.6 · 10−12 Am2/T per bead).
The size polydispersity of type B particles is negligible since of the order of 1 %.
Although the polydispersity of type S particles is much higher (no manufacturer in-
formation available, but estimated by scanning electron (SEM) micrographs), it does
not play a role in the physical behaviour of the system as the particle interactions are
governed by the magnetic properties of the beads. This is further ensured by placing
surfactants onto the bead surface, stabilizing them sterically, i.e. preventing possible
agglomeration caused by Van der Waals forces.
The particles mass densities are 1.5 g/cm3 and 1.3 g/cm3 for B and S type, respec-
tively. They differ because of the uneven iron oxide doping. Yet, both are a little
heavier than pure water, causing them to sediment once put in solution.
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x,y
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θ
r

M1

M2
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r

r

attractive

repulsiveθc

Figure 2.1.: Dipole interaction.
a) Schematics of two point dipoles with magnetic moments M (red ar-
rows), both oriented along the z-axis. They are connected by the vector
r.
b) Depending on the angle θ, the interaction becomes attractive or repul-
sive (green arrows). The critical angle is θc ≈ 54.7◦.

2.1.1. Magnetic interaction

To describe the state of the system, it is instructive to declare a control parameter.
Depending on the mechanism driving a system through its possible states, the usual
thermodynamic variables temperature, pressure or volume/density come to mind. At
first sight, it seems obvious to choose temperature - from an everyday perspective, this
is what controls the melting of solids or the evaporation of fluids, after all. However,
the dawn of colloidal experiments has established the density as the main control pa-
rameter, as it drives an entropic phase transition in hard sphere systems from fluid to
crystal if the volume fraction is pushed beyond ≈ 49 % [Han06]1.
Choosing the right control parameter depends, however, very much on the conception
of the experiment, as well on its purpose, i.e. which questions it asks and how these
can be addressed. For this reason, in the experiments of this work, a control parameter
Γ is introduced, which is universal in a sense that it couples all variables which affect
the state of the system (such as temperature, magnetic field and density).
The starting point for a system containing magnetic components is the magnetic en-
ergy. In this case, the interaction energy between two single particles represented by
magnetic point dipoles M1 and M2 reads

Emagn = −µ0

4π

3(r ·M1)(r ·M2)− r2(M1 ·M2)

r5
,

1The original paper by Pusey and van Megen reports a critical volume fraction of ≈ 40 %, probably
due to residual long-range interactions [Pus86].
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2.1. Colloidal system

where r is the distance between the dipoles and µ0 the vacuum permeability. For
parallel dipoles, this simplifies to

Emagn =
µ0M1M2

4π

(1− 3 cos2 θ)

r3
, (2.1)

where θ denotes the angle between the dipole axis and the connection vector r (see
figure 2.1). It is important to note that here energy is only expended to align the
beads’ inherent magnetic moments. Former works included a factor 1/2 attributed
to simulations, in which the induction of magnetic moments costs additional energy
[Kei05, Ebe08a].
Depending on θ, the interaction might be attractive as well as repulsive. The two
regimes are separated by the critical angle θc ≈ 57.4◦, where Emagn vanishes. For
the 2D case, where all particles are confined to a plane perpendicular to the dipole
axis, the cosine becomes zero. Thus, the magnetic energy is only dependent on the
magnetic moments and the distance between particles. The former is induced by
an external magnetic field to Mi = χiH, where χi is the susceptibility of particle i.
Assuming that all particles within one species have identical properties, equation (2.1)
can be rewritten with an effective susceptibility M = ξ · χS + (1 − ξ) · ξB, where the
species’ susceptibilities are weighted with the relative concentration of small particles
ξ = NS/(NB +NS).
The second variable in equation (2.1), the dipole distance r, is determined by the
density n of the beads in the plane. As all particles try to maximise the distances
to their adjacent counterparts, this will give rise to a well defined mean interparticle
distance a0 which is typical for the respective (area) density. But since in a disordered
state there is no underlying symmetry (lattice), it is unclear how a0 scales with n.
Thus, the easiest way to derive a characteristic length from an area density is to take
a square root of its inverse, a0 =

√
1/n2.

With these prerequisites, the control parameter may be defined by comparing magnetic
energy with thermal energy Etherm,

Γ := γ
Emagn

kBT
=
µ0

4π
· H

2 · (π · n)3/2

kBT
· (ξ · χS + (1− ξ) · χB)2 (2.2)

∝ 1

Tsys

,

where γ is a constant factor aligning Γ with the definition in older works [Ebe08a].
For large magnetic fields H, the interaction strength between particles becomes large
enough to influence the dynamical as well as the structural behaviour of the system. H
may be changed instantaneously (compared to the particles’ inherent Brownian time)
and homogeneously by external means with high precision across the whole sample,
while density and temperature are kept fixed during the experiment. In this sense,

2This is also in accordance with the predicted square lattice of a 50 : 50 binary mixture [For08].
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2. Methods

Γ can be interpreted as an inverse temperature. A large control parameter achieved
by a strong magnetic field corresponds to low temperatures where the system usually
solidifies.

2.2. Experimental setup

2.2.1. Concept of a two dimensional colloidal experiment

To tackle the physics of two dimensional colloidal systems, certain experimental pre-
requisites need to be met. First of all, a flat surface to confine particles on is required.
Second, this surface should not interact with the particles in any other way than a
hard wall. Also, a certain chemical stability is needed. As most probing methods are
optical, transparency in the visible spectrum is also necessary.
For that, most experimentalists fall back on simple solid substrates like plain glass
cover slides [Mur90], polymer films [Bub98] or cleaved materials like mica [Nag93],
where gravity pins particles down. However, since the diffusion coefficient of spheres
is reduced in the vicinity of a solid wall [Bre61, Gol67], measurements on solid sub-
strates always alter the dynamics of the system to some extend. Pinning of particles
can also be an issue, especially for the study of phase transitions [Deu13b]. To avoid
these issues, attempts have been undertaken to create colloidal monolayers on top of
a fluid interface in the pioneering work of Pieranski [Pie80]. By confining the par-
ticles with surface tension, there is virtually no in-plane interaction with any solid
substrate. Taking this a step further, it is also possible to trap the particles inside the
water at the water-air interface by creating a droplet in some kind of orifice [Ono85].
This method has the advantage to prevent electrostatic dipolar interactions between
particles which develop if symmetry breaking leads to an inhomogeneous charge dis-
tribution, mediated by the contact of the spheres to two different media, air and water
[Hur85, Arm89]. If immersed in the fluid, the surface tension will prevent any contact
to the air.
Coming close to ideal two dimensions, the pending water droplet geometry provides
stability only on the expense of intense experimental invest. Inherently metastable,
the system requires active regulation. Because of their mesoscopic length scale the
particles are extremely susceptible to downhill-slope forces generated by the slightest
interface deformations which inevitably kick in after some minutes due to unavoid-
able evaporation of the liquid. Further, heavy vibrations, concussions and inclinations
due to thermal deformations can bring about a droplets doom. Therefore, much ef-
fort has been put into the design of a well-suited experimental setup for more than a
decade. Evolving from the simple idea of using the water-air interface of a pending
water droplet to confine superparamagnetic particles with tunable interactions to two
dimensions [Zah97], the experiment has become more and more complex. Not only
by adding (mechanical) auxiliary components like optical tweezers, motorized sample
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glass plate

external Field H
air

water

Objective

to reservoir

6 mm

6 mm

Figure 2.2.: Sketch of the sample cell (not to scale).
Superparamagnetic particles sediment down to a flat water-air interface.
An external magnetic field H induces magnetic moments (small red ar-
rows), therefore controlling the (dipolar) particle interaction.

stages or high field or in-plane coils to address new physics but also by integrating en-
hanced software support. A fairly recent description of the setup is given in [Ebe09a],
although the evolution has continued up to today.

2.2.2. Realization of a two dimensional colloidal experiment

The setup’s basic geometry is sketched in figure 2.2. A small amount of diluted col-
loidal suspension is inserted into the orifice of a notch on the bottom of a glass plate.
The suspension forms a droplet, its volume accessible by a tiny channel connected to
a water reservoir. The diameter of the notch is 6 mm, its height 1 mm. Sedimenting
particles are confined to the water-air interface by surface tension and gravity, but do
not penetrate the surface. Residual charges on the particles play no role as the ion
concentration in the water is high enough to screen any electrostatic interaction on
the relevant length scales. Using polystyrene spheres with iron oxide doping, magnetic
moments can be induced by the application of an external magnetic field H perpendic-
ular to the water-air interface. This provides the means to control the dipolar particle
interaction in situ. The strength of interactions is expressed by a dimensionless control
parameter Γ, effectively acting as an inverse temperature (see section 2.1.1). By using
two particle species crystallization is suppressed. Instead, an amorphous solid state is
induced upon cooling. Particle positions are recorded by a 8-bit gray scale CCD video
camera coupled to a microscope objective, providing full phase space information on
all relevant time- and length scales.
In figure 2.3, the external components of the setup are sketched. In the following,
detail is given to each part separately.

1. Sample cell. The sample cell, measuring 20×20 mm2, is a high-precision custom
fabrication by Hellma Analytics. To provide a well defined droplet edge, the cell
surface is chemically treated prior to mounting. After a washing procedure in
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sample cell1

water supply2

copper block4

copper coil5

light source6

microscope optics7

sample stage9

inclination sensor8

heavy duty actuators10

piezo table11

spatial light modulator12

tweezers arm13

Peltier elements3

Figure 2.3.: Sketch of the setup (not to scale).
This sketch shows all external pieces of the experimental setup. Computer
controlled components are indicated by the schematic USB plug. Com-
puter controlled micromotors are indicated by arrows, also denoting the
respective degree of freedom.
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acetone and ethanol under ultrasonic conditions for 5 minutes each, the cell is
immersed in a piranha bath (a 50 : 50 mixture of hydrogen peroxide and sulfuric
acid) for 10 minutes, rendering all of the surface hydrophilic. Subsequently,
a thin layer of silane (Amersham PlusOne Repel-Silane ES) is deposited on
the flat glass surface surrounding the orifices of sample volume and reservoir,
causing a strong wetting contrast and therefore preventing the droplet to escape
the notch. Excess silane is washed away afterwards by flushing the cell with
toluene for another 5 minutes.

2. Water supply. To achieve a completely flat water-air interface, the droplets vol-
ume needs to be accurately controlled. This kind of sensitive control is exerted by
sticking the nozzle of a Teflon hose into the water reservoir, coupling the droplet
effectively to a micro actuator (Physik Instrumente, DC Mike 230.25, step in-
crement 50 nm, travel range 25 mm)3 driven glass syringe (Hamilton Gastight
1001, 1 ml volume, sub-minor graduations of 0.01 ml, Teflon piston).

3. Peltier elements. In order to control flow fields inside the droplet, four peltier
elements (QuickCool QC-32-0.6-1.2, heat power 1.2 W at 1.2 A, maximum tem-
perature difference 71 K) are embedded diagonally in the upper cell mount. With
direct heat contact to the cell, temperature gradients along the water-air inter-
face can be introduced. The resulting convection currents can be used to stir the
sample gently in order to facilitate homogenous density distribution and mixing
ratios, as well as to counteract occurring drift in the range of a few µm/s.

4. Copper block. The sample cell is mounted on an approx. 65 × 65 × 15 mm3

(length x depth x height) copper block with a centered hole to allow optical
access. Copper is used due to its large thermal conductance, suppressing unde-
sired temperature gradients around the sample as the droplet is very susceptible
to convective flows. The centered hole (diameter 10 mm) is sealed to create
a laboratory-independent atmosphere. Once saturated with water vapor, the
evaporation rate of the droplet decreases significantly. To seal the top hole,
heat-conductive paste is squished between cell and copper. This also provides
thermal connection of glass and copper. The bottom hole is sealed with an anti
fogging sheet (Pinlock) glued to a microscope cover slip (diameter 12 mm) with
transparent Norland optical adhesive 81. The anti fogging sheet is cut out from
a motorcycle helmet visor, preventing condensation of water vapor on the optical
access.

5. Copper coil. The copper block is enclosed by a custom made copper coil,
with its symmetrical axis perpendicular to the water-air interface. The custom
built power supply is controlled by a computer. Construction planning of the

3All other actuators used in the setup are of this type if not stated otherwise.
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power supply emphasized a constant, high precision current mode because the
interaction parameter Γ (see chapter 2.1.1) depends critically on the magnetic
field strength (up to a precision of 0.001 mT). Constant voltage mode is not
an option because inherent electric heating alters the electric resistance of the
coil, leading in turn to a non-linear current increase. The coil was gauged to
deliver a field of strength H = 3.36 mT per Ampere. The actual current during
an experimental run is recorded by a computer connected to an ampere meter
(Keithley Instruments Integra 2700 Multimeter).

6. Light source. Attached to a laterally adjustable arm-like construction, a copper
block houses 24 red LEDs (Thorlabs epoxy encased LED, 635 nm @ 4 mW),
coupled to light guides pointing at the water-air interface at an angle of approx.
40◦. The microscope objective below collects no direct light. The imaging is
rather done in a kind of dark field microscopy, where the advantage of the light
guides geometric alignment lies in the homogeneous intensity distribution all over
the sample4. The intensity can again be controlled via a computer. The LED
array is installed above the sample to avoid the ascending heat flow especially
at high powers. Nevertheless, the light guides ensure sufficient intensity for
microscopy applications.

7. Microscope optics. The colloidal system is observed with a CCD camera (Al-
lied Vision Technologies, Marlin 145B, 10 fps @ 8 bit, FireWire) coupled to a
microscope objective (Zeiss A-Plan, 5×magnification @ NA 0.12, working dis-
tance 9.9 mm). For image projection onto the CCD chip, objective and camera
are connected by a lens tube (Stemmer Imaging, 1×magnification C-mount mi-
croscope tube). A small slit in the tube allows the insertion of an IR filter
(Optics Balzers Calflex X, transmission T @ 1064 nm: ≤ 1 %). The camera
is fixed on a mechanical mount attached to three micro actuators, allowing for
computer controlled positioning. The camera constantly records images which
are analyzed on the fly, providing information on the number of particles in the
field of view and their respective size in real time. Due to this computational
effort, the actual frame rate is reduced to approx. 2.5 frames per second. For
measurements, where these information are written to a hard drive, the frame
rate drops down further to approx. 1.5 frames per second.

8. Inclination sensor. Mounted on the setups baseplate, a sensor (Leica Geosys-
tems AG Nivel20) measures changes in inclination with a precision of up to
1µrad. Because the colloidal system reacts very sensitive to tilting of the water-
air interface, the sensor data is utilized in a feedback loop to actively counter

4As the vertical walls of the sample cell’s notch also scatter some of the incident light, a faint dark
ring is observed in the vicinity of the sample’s edges. This makes it difficult to reliably distinguish
between big and small particles in this region. Measurements however, always conducted in the
middle of the notch, are not affected.
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slow inclination changes/low frequency oscillations, as occurring due to ther-
mal expansion or weight distribution changes of the setups components (motor
displacement).

9. Sample stage. The copper block is mounted onto a computer-controlled trans-
lation stage (Physik Instrumente M-511.DG, maximum load 1000 N). It allows
the movement of the sample relative to the field of view and, more importantly,
relative to the optical tweezers. Computer control permits various movement
patterns, most prominently continuous sine amplitudes.

10. Heavy duty actuators. The setup’s base plate rests on a tripod, consist-
ing of a rigid pin and two heavy duty actuators (Physik Instrumente DC Mike
235.5DG, step increment 100 nm, travel range 50 mm, maximum load 120 N).
This construction allows subtle inclination changes of the whole setup in both
lateral directions, keeping the water-air interface absolutely even.

11. Piezo table. Not shown in figure 2.3, the heavy duty actuators rest on the
surface of a piezo table (HWL Scientific TS150). It damps out high-frequency
vibrations in the range of 0.7 Hz to 1 kHz. Above 10 Hz, the transmissibility
drops below −40 dB. Excitations like foot patter, building vibrations or impact
shocks of falling objects are almost completely damped out. The piezo table
itself is set up on a heavy optical table (Newport PL-2000) with deactivated air
damping. This provides a massive, solid stand, yet does not interfere with the
active damping system.

12. Spatial light modulator. By manipulating the phase of an incident homoge-
neous wave front in a spatially resolved manner, it is possible to shape a light
beam into virtually any pattern. This is usually realized by adding diffractive
optics into the path of light [Duf98]. A versatile approach are spatial light modu-
lators (SLM), basically nothing more than small LCD displays, where each pixel
is able to delay the phase of reflected light [Cur02]. In the setup, an 8-bit device
is used (Holoeye Pluto, 1920× 1080 pixels on 15.3× 8.6 mm2 optimized for near
infrared (NIR) reflection). It is accessible via an HDMI interface.
To exploit the full resolution and minimize image defects, the incident laser beam
(Spectra Physics Millenia IR, max. 6 W @ 1064 nm) is guided through a beam
expander and the polarisation subsequently rotated by a λ/2 wave plate to fall
parallel onto the long axis of the SLM display.

13. Tweezers arm. The construction houses an objective (Leica HC PL Fluotar,
100×magnification @ NA 0.75, working distance 4.7 mm) to project the Fourier
transformed image of the SLM onto the focal plane. Therefore, two lenses con-
vey the manipulated wave front from the SLM to the back focal plane of the
objective. It is adjustable in all three lateral dimensions by micrometer stages
to allow precise positioning of the image in the field of view of the camera.
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Solid substrate

Because of the droplets metastability, some experiments have also been conducted
in closed, custom build sample cells on a solid substrate, promising enhanced and
faster equilibration and less experimental effort. These were mounted in a setup
featuring the same basic geometry as described above. However, it was not equipped
with a motorized sample stage and no optical tweezer. Also, the Peltier elements for
thermoelectric temperature control were not featured. The sample was illuminated
by a single point light source (blue LED), enabling direct bright field microscopy.
The coil to generate the magnetic field had a significantly higher amount of windings
accompanied by a much smaller inner diameter, pushing the possible magnetic field up
to approx. 100 mT. Such a high field strength is necessary to induce glassy dynamics in
very asymmetric binary mixtures, featuring a large number of small particles (ξ ≥ 0.7).
To allow operation at high currents yet prevent any heat flow to the sample cell, the
coil is constructed for water cooling.
As known from total internal reflection microscopy (TIRM) studies [Pri87, Pri90b,
Pri90a], polystyrene spheres in aqueous solutions levitate above any glass surface. In
this case, the colloidal particles are confined by gravity and electrostatic repulsion.
However, as the elevation height only extends to some tenth of nanometers, particles
are occasionally bound (pinned) due to Van der Waals forces. This effect might be
reduced by chemical treatment of the surface. For details, see section 2.3.2.

2.2.3. Digital image analysis

Since the seminal work of Crocker and Grier [Cro96] in 1996, digital image analysis
has become an essential part of experiments on colloidal suspensions. The images not
only directly visualize phenomena in these systems, but their analysis also provides the
full phase space information of all its constituents. This allows for the computation of
any desired quantity.
While in common experiments images are usually written to the hard drive during the
experimental run and analyzed afterwards, the setup described in section 2.2.2 makes
it necessary to process images in situ. The reason is that the setup control mechanisms
(section 2.2.4) require parameters like particle number, particle size and particle den-
sity as input. Unfortunately, common image processing proves to be computationally
too intensive, significantly reducing the achievable frame rate. To provide a satisfac-
tory frame rate nevertheless, a simplification of the analysis routine as deployed in
[Cro96] is implemented. In a first step, the 8 bit gray scale image is converted into a
monochrome image with a certain threshold, which excludes low-intensity noise, i.e.
image elements with an intensity value above the threshold are set to one, while all
other elements are set to zero. The threshold is chosen low enough such that pixels
belonging to particles lie well above.
For further noise reduction, the image is eroded. By setting image elements to zero if
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one of their direct four neighboring elements is zero, the surface of any bright object
is reduced. In other words, a structure mask corresponding to a five pixel cross is
applied. Single elements or lines vanish that way. All nonzero elements now are part
of ‘real’ features of the image.
Particle size is restored in the next step by dilating the image. This procedure is
setting all neighboring elements of pixels with value one to one as well. Application of
these morphological base operations reliably yields low noise images. Connected valid
elements are then merged to consecutively labeled ‘blobs’ (Binary Large OBjects).
Each blob represents one particle and usually contains between 40 to 110 elements,
depending on the particle size, magnification and CCD sensor resolution. By calcu-
lating the center of mass for every blob, particle coordinates can be extracted with a
precision better than the optical resolution given by the illumination wavelength.
With this method, up to ≈ 4000 particles in the field of view can be reliably identified
with a frame rate of approximately two frames per second in the binary system. Higher
particle densities may yield inaccurate results as the overall brightness increases by
mutual particle illumination. As a consequence, large and small particles can no longer
(reliably) be distinguished. The frame rate lies well below intrinsic dynamical time
scales of the studied system and is therefore sufficient.

Because the original tracking code from Crocker was written for rather short mea-
surements of a couple of thousand frames, some work had to be done in order to
adapt the algorithms to larger amounts of data. In 1996, the approach was to load all
data into the memory and construct a network of spatial-temporal bonds, establish-
ing possible connections between particles in time in order to assign them to a single
trajectory (track). With skyrocketing computer power (multicore CPUs, several GB
of memory), this method is still feasible for data sets consisting of 50 · 103 frames,
where each contains positional information of ≈ 2000 particles. Processing this affords
approx. 10 GB of memory, and the computation becomes somewhat slow. For the
measurements done in this thesis, in which the raw data of each run alone takes up
16 GB of disk space (380·103 frames), a different solution was necessary. Here, the data
was split into equal chunks of 1000 frames. As a consequence, tracking was done not
longer simultaneously but rather in a step-by-step fashion. Data from the preceding
and successive chunks would be added to create some ‘overlap’ and secure continu-
ous trajectories, thus allowing extrapolation of temporarily lost particles beyond the
chunk boundaries.

Size discrimination in binary mixtures

While this method offered reliable tracks on short to intermediate timescales, certain
factors could corrupt data for extremely long measurement runs as performed in this
thesis. Long term intensity fluctuations as well as fluctuating densities would shroud
the real particle size. The latter is due to the influence of mutual illumination which is
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enhanced by high density. While the intensity cutoff in the tracking algorithm can be
chosen low enough to ensure continuous particle detection, every calculation of quan-
tities relying on size information suffers severely. For that reason, a solution of this
problem is offered by recording this information along with positional data, allowing
a post-measure correction. This is illustrated in figure 2.4. Graph a) shows roughly
10 % of the field of view and depicts particle coordinates from the first frame of a
measurement run. Size is encoded in red and orange shells for big and small particles,
respectively. The particle size determined by averaging the respective information for
the whole run is depicted as a light and dark green core for big and small particles,
respectively. Especially on the edge, a couple of cases of an initial ‘false’ assignment
can be found - in both directions, i.e. a particle initially perceived as big is later
identified as small and vice versa.

Figure 2.4.b) shows the size fluctuations of representative big and small particles
over time, where the top data is taken from a droplet measurement and the bottom
data from a substrate measurement. Right of the graph, σ indicates the respective
variance. It is smaller in the substrate case because of a smaller magnification and the
resulting loss of optical resolution. For those particular examples, size fluctuations are
small enough to easily distinguish between big and small. This becomes also apparent
in the particle size distribution shown in figure 2.4.c), which was averaged over a mea-
surement run (50·103 frames, 120·103 seconds). The large number of statistics smooths
the histogram and enables a clean distinction between both species, as indicated by
the solid red vertical line. The variance of size fluctuations of a representative single
big/small particle (the same data from top of figure 2.4.b) is indicated by red shading,
and their respective mean is marked by a dashed line.

Positional and size information together allow for a time resolved computation of
the interaction parameter, which is shown fluctuating as a black line in graph d) of
figure 2.4. The left axis denotes Γ, where averaging yields Γ = 423 ± 5. The uncer-
tainty results mainly from the fluctuations of particle size, which in some cases leads
to a confusion of big and small particles5. The extend of this effect is illustrated by
the relative concentration ξ on the right axis. The corresponding gray line shows a
similar percentage of fluctuations as Γ (both about 1 %). The interaction parameter
is strongly affected by this, because the difference in susceptibilities is of a factor 10.
This seems to make the temperature resolution inferior to monodisperse systems,
where δΓ < 1 is possible. However, since particles not really change their respective
sizes/susceptibilities, this large standard deviation is a worst case scenario, and effec-
tive fluctuations are much less. This can be seen later in measurements where the

5Because the calculation of Γ depends on the density n which is accessed by the averaged Voronoi
area, it is of major importance to consider all particles. This poses a problem with tracked
data, because even in the best dataset single particles are lost, yielding a corruption of n. Thus,
untracked data without size correction is used here.
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Figure 2.4.: Particle size separation.
a) Particle tracking with initial (red/orange) and averaged (light/dark
green) size information.
b) Size fluctuation of single big and small particles over time. Top shows
data from the droplet, bottom from the substrate. σ to the right gives
the respective variance.
c) Particle size distribution averaged over 5 · 104 frames. The red vertical
line discriminates between big and small particles. Dashed red lines and
shading indicate the average size of a single big/small particle and it’s
variance, respectively.
d) Time resolved interaction parameter for 120 · 103 seconds (black line).
The fluctuation of the mixing ratio ξ (gray line) illustrates the uncertainty
in particle size for a single frame.

magnetic field is increased by just a tad, leading reliably to an increase in average Γ
significantly smaller than the uncertainty found here.
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Figure 2.5.: Schematic of the modified tracking procedure.
Supposing some artifact generating ‘false’ positional data (light blue) in
the vicinity of a real trajectory (black), the original tracking code would
unambiguously incorporate those false points into the track (red dotted
lines). By averaging over the end parts of existing trajectories and mend-
ing based on the corresponding centers of mass (gray dashed line for the
‘real’ track), the correct tracks are reproduced instead.

Particle tracking on substrates

While the original tracking code written by Crocker nearly 20 years ago yields con-
vincing results for all measurements on a system at the water-air interface (even for
measurement times up to 12 days), reduced image quality and lower spatial resolution
in substrate cells cause a ‘particle loss’ from frame to frame. These ‘optical defects’
are mainly due to impurities in the PMMA coating. As a consequence, the established
bonding network of the tracking code now contains invalid connections between parti-
cles and artifacts. For this reason, the classical algorithm was significantly extended.
In a first run, only extremely obvious spatial-temporal connections were allowed (short
spatial displacement and no time gaps), resulting in an extremely high number of very
short tracks. The main idea was then to mend these short tracks and thus making
it more likely to connect chunks of ‘real’ trajectories. By the introduction of certain
mending criteria, the incorporating of ‘phantom’ positions into longer trajectories is
prevented. This is illustrated by an example in figure 2.5. By averaging over the end
parts of already existing trajectories, two centres of mass were determined for every
track. With a recently developed tracking method based on the linear description of
all tracking possibilities [Wöl13], these centres of mass are effectively treated as parti-
cles and tracked once again. This procedure is repeated multiple times with increased
tolerance towards larger spatial displacements and longer temporal gaps, yielding min-
imal losses even in noisy data. While the original Crocker and Grier routine loses 75 %
of the initial particles in a test run of 50 · 103 frames, this novel approach developed
by Herbert Kaiser for three-dimensional confocal data managed to keep the loss below
10 %.
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2.2.4. Setup control mechanisms

To provide a completely flat two-dimensional interface for unperturbed measurements,
several aspects of the experiment have to be regarded with great care. Of capital im-
portance is the droplet volume regulation. Inaccurate volume control leads to a curved
surface, either convex or concave, resulting in an inhomogeneous density distribution
of the colloids. The same is also true for the inclination control, which comes second.
Since there are no friction forces between particles and interface, any tilt also influ-
ences density. Further, the user requires accurate control over interaction strength
and camera positioning. In the following subsections, details are given on each control
parameter.

Droplet volume regulation

The big challenge of the experiment described in section 2.2.2 is to reach an equi-
librated state, where no other forces besides the direct particle-particle interactions
influence the systems behaviour (excluding gravity and counterforce from the surface
tension). This state is first and foremost realized by providing a completely flat water-
air interface, which acts as an ideal hard wall.
The amount of water in the droplet was controlled by a micro actuator driven syringe.
A continuous regulation in the nanoliter range was necessary to compensate evapo-
ration even in a sealed cell, which would vary with time. Reasons are, for example,
a change in water vapor saturation of the air in the sealed volume below the droplet
interface and adsorption properties of the copper block due to slight temperature
changes. Also, an aging of the anti fogging sheet was observed, altering the amount
of absorbed liquid.
This calls for a somewhat flexible solution. Hence, the regulation mechanism was
based on the number of particles in the field of view. In a perfect spherical geometry,
a decrease of particles indicates flow to the cell edges due to a concave interface, while
an increase of particles corresponds to an inflow and thus a convex interface.
A modified proportional-integral-differential (PID) feedback loop determined the nec-
essary syringe displacement to keep the system in its current state. This worked as
following: First, the desired number of particles would be set (set point value N0) by
the user. From this, the difference ∆Nt to the actual value was determined in every
frame and stored for the time T (approximately two minutes) in an array ∆N(t). The
proportional term grows linearly with ∆Nt: IP = gP · ∆Nt. The differential term
ID = gI · ∂∆N(t)/∂t supports IP if ∆N(t) is growing (i.e. if the system evolves in
the wrong direction away from the set point); else it becomes negative and effectively
damps the evolution towards the set point, thereby preventing overshoots. Finally,
the integral term II = gI ·

∫
∆N(t)dt provides the means to eventually reach the set

point, since a pure proportional and differential loop would always miss it by a small
margin in a non-conservative system (a system with loss) [Opp72]. The constants gP ,
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Figure 2.6.: PID data.
The graph shows the fluctuations of P , I and D-terms and how they react
with respect to one another. The left axis displays the regulation values
for P and D-terms, the right axis those for the I-term, which is much
smaller. The green line is a guide to the eye. For details, see text.

gD and gI are gain factors and have to be determined heuristically. Thus, the syringe
displacement factor adds up to I = IP + ID + II .
In figure 2.6, the proportional, integral and differential terms are plotted over 3500
seconds. The left axis corresponds to data of the P and D-terms, while the right axis
corresponds to the I-term. The P -term (black) starts with a negative value, i.e. the set
point for the particle number is exceeded and the syringe hence needs to be retracted.
Because the slope of the P -term is positive towards the set point, i.e. ∆Nt becomes
smaller, the D-term (blue) ‘brakes’ by attaining a positive value. As the slope of the
black curve becomes smaller again around 11 · 103 seconds, the D-term falls towards
zero. It even becomes negative once the P -term reverses its trend and starts growing
into the negative numbers again at around 11.5 · 103 seconds. For clarity, a guide to
the eye has been introduced (green), averaging out the fluctuations of the D-term.
In the beginning, the I-term (red) drops from an arbitrary starting value of about 2
towards 1.75, because the syringe is retracting. The decay slows, however, once the
set point is reached by the P -term and reverses even in the end, when the P -term
eventually overshoots into positive values, indicating a drop in particle number below
the set point.

Another regulation method focuses on the apparent size of particles. With the
interface leaving the focal plane, the particles appear blurred and therefore ‘larger’.
Setting the experiment up with the focal plane slightly below the interface, an increase
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in particle size translates into the loss of water, as the interface further retracts.
A decrease, on the other hand, indicates an increased droplet volume, because the
interface now draws near the focal plane. This method has been applied in earlier
works [Ebe08a, Kei05, Dil11]. It has turned out, however, that the application of a
direct number control is much easier. This has several reasons. For example, while
it is possible with the size control to keep the interface at a fixed height, its correct
position is not known a priori, i.e. one might accidentally stabilize a curved interface.
This can only be avoided if the approximate density (determined in the preparation
steps as described in section 2.3.1) is known and the water supply directly regulated
onto that. Another issue is the change of apparent size with fluctuating density.
In an indirect illumination as sketched in figure 2.3, where only scattered light is
imaged onto the CCD camera, particles will also mutually shed light onto each other,
increasing the registered brightness. Increased density implies also a rise in scattering,
and thus overall increased intensity, resulting in a virtual growth of particle size.
Further, adequate illumination is another prerequisite to establish this technique. Poor
brightness distorts the typical height-size profile, which should exhibit a pronounced
minimum at the focal plane. Dark and noisy images produce rather flat profiles. While
in general proper illumination is easy to realize, the large tweezers objective mounted
in the setup obstructed the direct optical path, such that the light guides had to be
mounted under a steep angle (see chapter 2.2.2), leaving the images relatively dark.
Thus, the direct number control mechanism worked much more reliable.

Inclination control

When colloids move across the interface, they experience almost no friction. The only
small contribution may be attributed to the deformation of the interface by a parti-
cle’s gravitational force, very much like a marble on an elastic rubber membrane. A
force pushing a particle continuously forward also has to deform the interface con-
stantly, thus trapping the particle in a slight potential well. However, there is another
mechanism modifying dynamics. In contrast to solid substrates, where the presence
of a wall with stick boundary conditions hinders particle motion [Gol67], the water-air
interface enhances diffusion. This behaviour originates from the reduced flow field
around a single particle. The amount of surrounding liquid, which has to be moved
in order to allow particle motion, is basically reduced by a factor of two compared to
the bulk due to the broken symmetry. Without friction between liquid molecules and
a solid surface, it becomes easier for particles to move. The effect somewhat counters
the deformation of the interface.
Since there is virtually no equivalent to adhesion, the system exhibits a very pro-
nounced sensitivity towards inclination. As it turns out, the colloids on the interface
are susceptible to tilting in the microrad regime6.

6Note that 1µrad corresponds to an elevation of 6 nm over the diameter of the cell (6 mm).
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A tilt of the system has various origins. From an experimental point of view, it is
impossible to mount a sample cell with the required precision of horizontal alignment.
Its edges are pressed into thermal conductive paste for airtight sealing, so with each
mounting attempt the tilt will be different. This initial inclination is of the order
of several hundred microrads. It is crucial for the success of the experiment to flat-
ten this out immediately. Otherwise, extreme accumulation of particles on the lower
parts of the cell might deform the interface strongly enough to generate a massive
bucket. Once trapped in there, it becomes impossible to separate the colloids again.
Furthermore, in a binary system, the different mobilities lead to fast demixing, which
is impossible to revoke.
After mounting and eventual alignment, it turns out that the inclination is not stable
over time. Although an air conditioning system7 keeps the laboratory temperature
constant with a precision of approximately ±1 ◦C, thermal deformations of the whole
building accumulate easily up to a few hundred microrads. Thus, a constant inclina-
tion control has to be provided.

This control is realized by mounting the experiment on a base plate supported by
a tripod. Two of its three distantly attached legs are heavy duty actuators, offering
a precision in the micrometer range. An inclination sensor with microrad resolution
was mounted on the base plate as well (see section 2.2.2 for gear details). A software-
based coupling (proportional feedback loop) allows to preserve any given inclination.
In figure 2.7, the sensor data is plotted over a time range of 250 hours along with
actuator displacement. The variance in the angle amounts up to 0.5µrad, whereas
the actuators position changes rather irregularly up to 10 microns to compensate
for the measured changes in tilt. Figure 2.7.a) exhibits three sets of spikes, which
are attributed to the movement of the camera during automated scans (every two
hours, see below). During measurements, the scans are deactivated, i.e. figure 2.7.a)
comprises of three measurements and the successive equilibration times. Figure 2.7.b)
reveals the influence of the day and night cycle on thermal material expansion, as the
spikes show a periodicity of 24 hours.
By taking subsequent images along the x- and y axis of the sample cell and evaluating
the respective particle numbers, density profiles can be extracted, very much like an
extremely precise mason level. This procedure was automated and repeated every two
hours. The evolution of these profiles hints towards the inclination of the interface.
From this, the experimentalist is able to balance out the interface over the course of
some weeks up to a few month by adjusting the actuators accordingly.

7The air condition of the University of Konstanz is actually no real thermostat, but rather a con-
ventional ventilation system offering a certain amount of temperature modification. The air
flow temperature is moderated by water of the Lake Constance which is retrieved at a depth of
16 metres. There, the water temperature is supposedly constant throughout the year.
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a) b)

Figure 2.7.: Inclination data.
a) Data from the inclination sensor. A feedback loop controlling the base
plate motors aims for a user-defined tilt, in this case −100 and −50µrad.
b) Motor positions resulting from the regulation onto the inclination data
presented to the left. To compensate material expansion due to the day
and night rhythm, the motors move as much as 2µm.

Software control

Once a sample is mounted, the experiment is almost fully controllable via computer.
This is only natural as the experiment has to be regulated actively, as described in
prior sections. The software used is written in IDL (Interactive Data Language, ITT
VIS), a script-like programming language specialized in array operations. Up to this
day, the setup control program contains approximately 26000 lines of code.
Besides direct control of the micro actuators driving syringe, camera and inclination,
the user may also alter the current of illumination and magnetic field digitally by ad-
dressing a custom build power supply (Martin Clausen, http://www.rotgradpsi.de/mc
/iconst/index.html) equipped with a serial port. A server instance of a remote access
software (ultraVNC, freeware under the GNU General Public License, www.uvnc.com)
running nonstop allows log in from virtually any computer with Internet connection.
This is necessary for either timing measurement runs remotely or active intervention
on the automated regulation mechanisms in case of a resonant build up. To inform
the experimentalist of an imminent crash of the droplet, the software calls an exter-
nal Windows command line utility (Blat, public domain software, www.blat.net) which
sends an email to the user. By addressing this email to a commercial web service which
provides a short message service (SMS) notification service, the experimentalist may
be alerted by his cellphone. The employment of this cycle is triggered if the set value
of the particle number in the field of view deviates from the actual parameter by a
given amount. Because this mechanism might fail in case of a computer crash/freeze,
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a second computer was used to check on the hard drive activity. Because log files
containing inclination data, particle number etc. were written constantly, any break
could be recognized with a delay of some seconds, triggering the second computer to
send the notification message.

2.3. Sample preparation

2.3.1. Colloidal suspension

Prior to the first experiments, a base solution of dispersed solution was prepared.
From this, a small amount was taken and inserted into the setups sample cell with
a high precision laboratory pipette (Eppendorf Research 100). Usually, a volume of
approx. 15µl filled the cell to a sufficient extend where mounting into the setup would
be possible.
To achieve the desired absolute concentration of particles in the field of view as well
as the mixing ratio of big and small particles aimed for, pre-base solutions for each
individual species were prepared seperately. Given that each of these suspensions had
the doubled absolute concentration aimed for this particular species, mixing equal
amounts of both solutions resulted in a sample with the desired properties. This
procedure proved to yield much more accurate results than the attempt of directly
matching concentrations in a single sample.
To prepare the pre-base solutions, the preserving agent Thimerosal (salt of a mercury
compound) was added to deionized water8. Highly poisonous, it prevents bacteria
growth as the suspensions are needed to stay unperturbed for quite some time9, even
if used in low concentrations (from a 2 % Thimerosal base solution, 1µl/ml was added
to the samples). Both particle species are commercially available (big particles: Dyn-
abeads M-450 Epoxy, small particles: Dynabeads M-270 Epoxy, see figure 2.8 for SEM
micrographs). While the big particles came suspended in a dense aqueous solution,
the small particles were delivered as dried powder and had to be dissolved in the
water-Thimerosal mixture prior to any tuning of the concentration. To prevent aggre-
gation of particles due to Van der Waals forces, the sterically stabilising agent sodium
dodecyle sulfate (SDS, Sigma Aldrich, structure formula C12H25NaO4S) was added.
This anionic surfactant binds with its non-polar end to the epoxy-coated spheres, pre-
venting the approach of two coated spheres entropically. Because SDS is known to
dissolve with time, care was taken to only use freshly synthesized agent (not older
than one year). To provide full coverage of all spheres, the amount of added SDS was

8Taken from a Millipore Sympack 2 water purification apparatus.
9In principle, the sample needs to be mounted only once to perform all desired measurements.

Usually, however, a few attempts until a droplet is stable are necessary. Furthermore, since once
stable, a droplet might stay mounted for a couple of month (ideally more than a year), biologically
and chemically stable suspensions are essential.
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a) b)

Figure 2.8.: SEM micrographs of the colloids used in this work.
a) Type B particles: Dynabeads M-450 Epoxy.
b) Type S particles: Dynabeads M-270 Epoxy.

chosen to be 95 % of the critical micelle concentration (CMC, approx. 2.3 g/l). The
constituents were filled into a teflon vial (Thermo Scientific Nalgene Centrifuge Ware,
Teflon FEP fluorinated ethylene propylene, 8 ml), allowing mixing on a vortex shaker
before attaching to a caroussel, constantly turning the samples and dipping them into
an ultrasonic bath. Keeping this procedure running for two days ensured the sufficient
stabilization of the suspension.
To achieve the desired concentration of particles, a defined volume of the suspension
was taken and put into the sample cell, with the notch facing upward. That allowed
particles to sediment homogeneously to the water-glass interface, where they could
be counted with a microscope. Careful addition of pure water-Thimerosal mixture
and the repetition of the measurement allowed for a rather precise adjustment of the
concentration and eventual mixing ratio.

2.3.2. Substrate cells

Cells were made from two kinds of commercially available cover slips (Menzel, 20 ×
20 mm, thickness 0.5 mm for the base and Plano GmbH, diameter 16 mm, thickness
0.5 mm for the lid), and thin rings custom made from glass tubes (Universität Kon-
stanz, Wissenschaftliche Werkstätten). A larger ring (outer diameter 13 mm, inner
diameter 10 mm) was glued to the lid with UV glue (Norland, optical adhesive 81)
while a smaller ring (outer diameter 9 mm, inner diameter 6 mm) was glued to the
base substrate. The height of the inner ring was chosen slightly larger (1.1 mm vs.
0.7 mm) so that there would be a slit between outer ring and base if the cell was closed.
With the right volume of water (approx. 60µl) in the cell, a meniscus formed and the
lid could be closed without the inclusion of air bubbles. Excess water simply flowed
out. The assembly procedure is sketched in figure 2.9. The lid was irreversibly fixed
to the base with a two component silicone rubber glue (Roth Rhodorsil RTV 3250
LV and Rhodorsil Cata K11). This glue was preferred over the commonly used UV
glue because of its inherently chemical stability. As it turned out in numerous tests,
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a) b) c)
lid

base

outer ring

inner ring

excess water
silicone glue
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Figure 2.9.: Cell assembly (not to scale).
a) An amount of suspension, larger than the cell volume, is put into the
cells base, forming a meniscus.
b) Closing the lid with the attached outer ring pushes the excess water
out, preventing air bubbles from entering the cell.
c) The lid is glued to the base. While it hardens, particles are sedimenting
down and equilibration can begin already.

the not-yet-hardened UV glue dissolved partly in water and influenced the chemical
stability of the particles (details can be found in the next paragraph). However, as
the silicone rubber glue did not provide the necessary long time stability regarding air
tightness, multiple outer layers of UV glue were applied over a timescale of 12 hours.
Prior to assembly, the cover slips had to be chemically treated. First, any dirt had to
be removed as scattered light would interfere with optical perception and distort the
particle tracking algorithms. Second, an untreated glass surface was found to increase
the pinning chance of particles (easily larger than 20 %). This was especially true for
small particles.
Both lid and substrate base were treated following the protocol

• 5 min exposure to acetone in an ultrasonic bath

• 5 min exposure to ethanol in an ultrasonic bath

• 10 min exposure to a piranha bath (50 : 50 hydrogen peroxide and sulfuric acid
mixture)

• 5 min exposure to ethanol in an ultrasonic bath

Between all steps, the cover slips were flushed with either ethanol or deionized water.
While this procedure held optical clean surfaces, a thin film of the polymer poly(methyl
methacrylate) (PMMA, MicroChem 950 PMMA A4, C5H8O2) was deposited onto the
base substrate to improve the particle dynamics above the surface by prohibiting stick-
ing to it. Prior to this procedure, a dehydration bake was performed on a hotplate at
110 ◦C for 10 min, as the adhesion of the polymer to the glass surface suffers signifi-
cantly from traces of water. Approximately 25µl PMMA were spin-coated for 60 s at
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5000 rpm. The substrate was baked afterward for 30 minutes at 170 ◦C. This approach
held a PMMA film thickness of approximately 200 nm, yielding a pinning strength of
≈ 1 %. The film thickness was tested by AFM measurements, where a coated sub-
strate was sliced with a scalpel. The remaining cut would give a good estimation for
the film thickness. A 3D reconstruction of an AFM measurement is shown in figure
2.10.a).
The cells assembled following this method exhibited a lifetime of several month before
air bubbles could penetrate the inner ring and make particle tracking impossible. This
proved to be enough time for equilibration and some measurement cycles.

Suspension stability in substrate cells

The construction of closed substrate cells caused some (chemical) problems with
the stability of the colloidal suspensions, as mentioned in the preceding paragraph.
First, the chemical treatment of the substrate had a substantial impact on pinning
strength. Untreated SiOx-surfaces might capture the terminal Na-ion of the dissolved
SDS [Koh00] and hence develop a positive partial charge, attracting the polar end of
the SDS shell on particles and thus effectively pinning those. Pure glass substrates
indeed exhibited a pinning strength > 20 %.
Treatment with chlorodimethylsilane (CH3)2SiCl2 or propyltrimethoxysilane
C3H7Si(OCH3)3 would partially prevent that, although an increased fraction of small
particles would still bind to the surface. The amount of those pinning particles var-
ied, but was generally of the order of ≈ 10 %. This mechanism, addressing primarily
small particles, is not yet understood. It might be connected with observations made
in earlier works, where the addition of SDS to suspensions of small particles led to
aggregation [Kön03]. Although this issue was resolved later [Ebe08a] by attributing it
to old (degenerated) stabilizing agent, it is possible that it does not bind thoroughly
to small particles10 such that those might suffer from occasional Van der Waals bind-
ing to the surface. Additional evidence for this speculation is found in the fact that
in the case of silanized substrates, the fraction of pinning (small) particles increased
over time. A solution was found, as mentioned already, by coating the substrate with
PMMA.

However, the usage of UV glue proved to be much more problematic. While the
suspensions seemed stable at first, a recessive repulsion could be observed after several
days. Snapshots from such a sample are shown in figure 2.10.b). The micrographs to
the left and right were taken directly after mounting and two weeks after, respectively.
While in the first graph, the system was fluid (Γ = 10), the second graph should show
a frozen glass (Γ = 314). Instead, the particles in the latter do not exhibit any kind

10Note that in [Ebe08a], no sterically stabilizing agent was added to the suspension of small particles.
Yet, they did not aggregate. In this thesis, SDS was added in the same concentration as to the
big particle suspension, causing no problems at all.
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a) b)

Figure 2.10.: Properties of solid substrates.
a) AFM profile of a cut in the PMMA film, revealing a thickness of
≈ 200µm.
b) Micrographs of a UV glued sample cell directly after mounting at
Γ = 10 (left) and after two weeks at Γ = 314 (right).

of interaction, leading to the conclusion that the susceptibility must have decreased
dramatically. An explanation for that peculiar (reproducible) phenomenon may be
given by dissolving terminal groups of the UV glue’s polymer chains upon contact
with water. With free radicals, these microscopic molecules might diffuse into the
polystyrene matrix of the colloidal beads and react with the iron oxide doping. If the
maghemite Fe2O3 is oxidized into magnetite Fe2+(Fe3+)2O4, the magnetic response
decreases dramatically. The effect is stronger for the small particle species due to the
more inhomogeneous doping with increased concentration at the bead edges [Ebe08a]
and maybe less epoxy coating. Therefore, systems with only big particles suffer much
less from this phenomenon [Pol14]. To circumvent this problem, different glues have
been tried. As it turned out, all of them had some drawbacks as low viscosity or an
inadequate air tightness for longer time periods. Therefore, this matter was finally
settled by using a combination of a silicon rubber glue and the UV glue, where the
former shields the suspension from the latter, which in turn provides the necessary
long time stability.
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3. Elasticity of glasses

Traditionally, the diverging relaxation times in non-ergodic systems are associated
with a severe increase in viscosity [Ang95, Deb01]. Coming from the liquid side, a
disordered system has been called a ‘glass’ if its viscosity η exceeds 1013 poise, and
thus defining the glass transition temperature TG. This rather loose definition is dif-
ficult to apply to soft matter systems. On the one hand, this is attributed to their
‘soft’ interaction energy which is lower up to a factor of 1010 in two dimensional sys-
tems (and even 1015 times smaller in three dimensions), which contradicts the idea of
universality. On the other hand, as a macroscopic property, the viscosity is very hard
to determine in mesoscopic soft matter systems. Hence, other quantities might prove
more useful in discerning a liquid from its glassy state. In colloidal systems, a direct
(microscopic) measure of dynamics and relaxation times are mean squared displace-
ment (MSD) or intermediate scattering functions (ISF) [Cha95, Han06]. From those
alone, however, it is difficult to judge on the system’s state because the effects of a
transition in these functions can be subtle. This is problematic especially in experi-
mental data where external perturbations may distort the results. For ideal glasses,
an infinitely long plateau is expected which reflects the divergence of viscosity. Real
glasses, however, will eventually show alpha-relaxation, where the plateau of the MSD
crosses over into a subdiffusive part. This relaxation may have various origins (e.g.
cooperative motion/drift, Mermin-Wagner fluctuations), and may be even affected by
aging phenomena [Gre06, Wol08].

The measure of viscosity inherently considers the medium from the fluid side. Here
it is suggested to change the point of view and start in the solid state. Thinking of
glass as a ‘solid’, it is intuitive to study the elasticity in the transition region. Obvi-
ously, the two states have very distinct and characteristic elastic response functions.
While the bulk modulus, governing the behavior of a system under compression, might
not change significantly, the shear modulus is the quantity which defines the solid. It
is expected to change from zero in the fluid phase (exhibits no resistance to shear) to
a finite value in the amorphous solid phase (has a finite response to shear) [Bar88].
As it turns out, this finite growth is far more easy to measure than the divergence of
any function, be it macroscopic as the viscosity or microscopic as a relaxation time.

The elasticity of glasses naturally has evoked some interest in the community. In
numerous papers, the behavior of the shear modulus µ at the glass transition was dis-
cussed. This subject was tackled for example in [Bar88], where statistical uncertainties
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prevented the authors from drawing a definite conclusion. Recent replica theory ap-
proaches predicted a continuous increase from zero upon cooling [Yos10, Yos12]. These
results coincide with predictions of theory of granular matter. In those athermal sys-
tems, critical fluctuations close to the jamming transition are reported to cause a
growth of shear rigidity which follows an algebraic law [O’H03]. On the other hand,
more recent replica calculations come to the conclusion that µ performs a discontinu-
ous jump at the glass transition [Sza11]. The same scenario is also predicted by mode
coupling calculations [Leu84, Göt85]. This was further backed up by recent hard disc
simulations [Kli12].

The following section gives a short introduction to basic solid state theory [Ash09a]
and introduces the method which is used later to obtain basic results. After a short
introduction to elasticity theory [Lan95], the final results including a discussion are
presented.

3.1. Dispersion curves of phonon modes

3.1.1. The dynamical matrix

The total potential energy of the system is given by the sum over all pair potentials
between all particles:

U(|r− r′|) =
1

2

∑
r,r′

φ(r− r′) .

The particle positions are separated into a static and a dynamic part. The static part
R references the equilibrium position, while the dynamic part expresses the particles
displacement u(R, t):

r(R) = R + u(R, t) .

With this, the systems potential energy at e.g. t = 0 (or any other given time) can be
written as

U(|r− r′|) =
1

2

∑
R,R′

φ(R−R′ + u(R)− u(R′)) .

Expansion of the energy holds

U(|r− r′|) = U0 + Ulin +
1

4

∑
R,R′

[(u(R)− u(R′))∇]2φ(R−R′)

=
1

4

∑
R,R′

∑
µ,ν=x,y

(uµ(R)− uµ(R′))Φµν(R−R′)(uν(R)− uν(R′))
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3.1. Dispersion curves of phonon modes

with Φµν being the second derivative of the interaction potential, where µ, ν ∈ x, y are
the vectorial components in two dimensions:

Φµν(r) =
∂2φ(r)

∂rµ∂rν
.

U0 has an arbitrary value and can therefore be set to zero. The linear term Ulin

contains the sum
∑

R′ ∇φ(R − R′). This corresponds to the negative force exerted
on a particle at an equilibrium position R by all other particles at their respective
equilibrium positions. Since in equilibrium there must be no net force, Ulin is also zero.
By introducing the tensor D with components

Dµν(R−R′) =

(
δR,R′

∑
R′′

Φµν(R−R′′)

)
− Φµν(R−R′) , (3.1)

the expression for the harmonic part of the potential energy simplifies to

Uharm =
1

2

∑
R,R′

∑
µ,ν

uµ(R)Dµν(R−R′)uν(R
′) . (3.2)

D is called the stiffness matrix. Introduction of two identities δR,R′ and δR′′,R′′′ leads
to a notation in which the potential energy is given by the sum over the so-called
‘dynamical matrix’:

Uharm =
1

2

∑
µ,ν

∑
R,R′,R′′,R′′′

uµ(R)δR,R′Dµν(R
′ −R′′)δR′′,R′′′uν(R

′′′)

=
1

2

∑
µ,ν

∑
R,R′,R′′,R′′′

uµ(R)
1

N

∑
q

eiq(R−R′)Dµν(R
′ −R′′)

× 1

N

∑
q′

eiq
′(R′′−R′′′)uν(R

′′′)

=
1

2N2v2
0

∑
µ,ν

∑
q,q′

v0

∑
R

eiqRuµ(R)︸ ︷︷ ︸
u∗µ(q)

∑
R′,R′′

e−iqR
′
Dµν(R

′ −R′′)eiq
′R′′

× v0

∑
R′′′

e−iq
′R′′′uν(R

′′′)︸ ︷︷ ︸
uν(q′)

.

δR,R′ = 1
N

∑
q exp{iq(R−R′)} is the Fourier transformation of the delta function

(the definition of Fourier transformation equations and the resulting identities used
here can be found in the appendix, chapter A). v0 = V

N
is the volume of a unit cell. In

two dimensions, the value for v0 (where volume becomes area) varies depending on the
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underlying structure of the studied system: For a hexagonal crystal with its six-fold
symmetry, it equals an area of

√
3a2

0/2, where a0 denotes the interparticle distance.
For a disordered system, on the other hand, v0 is not well defined. However, it may
be approximated by simply ignoring any geometrical prefactors such that v0 = a2

0

(compare section 2.1.1).
Carrying on with the simplification of Uharm, using the relation R∗ = R′′ −R′, one
sum over q can be eliminated:

Uharm =
1

2V 2

∑
µ,ν

∑
q,q′

u∗µ(q)
∑
R′,R∗

Dµν(R
′ − (R′ + R∗))e−iqR

′
eiq
′(R′+R∗)uν(q

′)

=
N

2V 2

∑
µ,ν

∑
q,q′

u∗µ(q)
∑
R∗

Dµν(R
∗)eiqR

∗ 1

N

∑
R′

eiR
′(q′−q)

︸ ︷︷ ︸
δq′,q

uν(q
′)

=
1

2V

∑
q

∑
µ,ν

u∗ν(q)
1

v0

∑
R′′−R′

Dµν(R
′′ −R′)eiq(R′′−R′)

︸ ︷︷ ︸
Dµν(q)

uν(q) .

Renaming R′′ to R, the Fourier transformed stiffness matrix

D(q) =
1

v0

∑
R−R′

D(R−R′)e−iq(R−R′) (3.3)

is called ‘dynamical matrix’. Making use of equation (3.1), D(q) can be calculated for
a given interparticle potential φ and particle positions R.
As D(R−R′) consists of the second derivatives of the interparticle potential, i.e. the
derivative of the interparticle force (which equals the spring constant in one dimen-
sion), it can be understood as the coupling matrix for the equation of motion. It can
be written as

M
∂2

∂t2
u(R) = −

∑
R′

D(R−R′)u(R′)

with M being the mass of a single particle. This differential equation can easily
be solved if the time-dependent displacements u(R, t) take the form of plane waves
u(R, t) = ε exp{−i(ωt − qR)} with wave vectors q. In this case, the resulting
eigenequation

Mω2ε = λ(q)ε = D(q)ε (3.4)

contains the dispersion relation ωs(q) =
√
λs(q)/M . Here, s indicates polarization

(longitudinal or transverse). One way to obtain the eigenvalues λ a priori is to compute
them directly via the characteristic polynomial χ = det(D(q) − (I · λ)) = 0, where I
is the identity matrix. Another way to measure λ is to make use of the equipartition
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theorem. It assigns the energy of 1
2
kBT to every degree of freedom (kB being the

Boltzmann constant and T the temperature). With equation (3.2) one obtains

1

2
kBT =

〈
1

2
u∗µ(q)Dµν(q)uν(q)

〉
,

since the right side of the equation describes exactly the energy stored in the mode
with wave vector q. Following from that, the eigenvalues of D(q) can be computed
by

λs(q) =
kBT

〈u∗µ(q)uν(q)〉
, (3.5)

where the subscript s (polarization) depends on the choice of components µ, ν = x, y
of u(q).

In colloidal experiments, the displacement uν(R) of particles is caused by collision
with thermally activated solvent molecules and can easily be extracted. R is deter-
mined by averaging the position of a given particle over a defined time window. The
choice of size of this window ∆t depends on the strength of collective motions such as
rotational drift or long range fluctuations [Mer66]. It must be short enough to exclude
these influences, but sufficiently long to allow particles the access to their adjacent
environment, i.e. ∆t must be large enough to prevent an amplitude cutoff. This issue
is discussed in detail later (see section 3.2.3).
To evaluate equation (3.5), the definition of a fixed coordinate system becomes nec-
essary to pay respect to the vectorial character of q. In a crystal, this would happen
under consideration of the symmetry axes. In an amorphous system, however, the ori-
entation of the axes is arbitrary due to the isotropy. For convenience, the wave vector
q is always chosen to be parallel to the x-axis, i.e. because of the plane wave character,
the corresponding eigenvectors ε in equation (3.4) point into (1, 0) (longitudinal) or
(0, 1) (transverse) direction.
To obtain a dimensionless master curve, the measured quantity 〈u∗µ(q)uν(q)〉−1 may
be plotted in units of a2

0/(kBT Γ) (a2
0 enters the equations via the Fourier transform

in equation (3.3), and equation (3.1) implies that D(q) is linear in Γ).

3.1.2. Results

Review of application on crystalline data

This method was successfully applied to crystalline systems in the past [Kei04]. In the
following, the reliability of this approach is proven and compared to a second, more
direct method. Furthermore, an estimation for the underlying errors and the resulting
uncertainty bands is introduced.
In figure 3.1.a), the band structure of a two dimensional colloidal crystal at Γ = 250
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Г M

K

Г M K Г Г M K Гa) b)

Figure 3.1.: Crystalline band structure.
a) Comparison of an analytic T = 0 calculation (green line) with exper-
imental data at Γ = 250 obtained by equation (3.5) (connected black
dots). Upper and lower branch correspond to longitudinal and transverse
polarisation, respectively. The red open symbols were computed by direct
diagonalisation of the dynamical matrix according to equation (3.4). The
inset in the upper left corner shows the Brillouin zone with its symmetry
points, which are also indicated by the red dashed lines in the main figure.
b) Statistics influence on the direct calculation of the dynamical matrix
D(q). After taking into account 4 shells of neighboring particles, the
curves have converged already.

with its hexagonal lattice is reproduced (connected black circles) from 2400 particle
trajectories covering 7200 s (corresponding to 3600 frames or ‘configurations’). To ex-
plore the different symmetry axes, the field of view was downsized and rotated. It
contained the positions of approximately 900 particles after this processing. The equi-
librium lattice positions R were determined by separating every trajectory into time
windows of length ∆t = 150 s and subsequent averaging. This ‘chopping’ is necessary
to exclude drift or long-range positional fluctuations (Mermin-Wagner) which make
the system appear softer.
Because of the finite optical resolution, the measured amplitudes of vibrational motion
are subject to uncertainty. The accuracy for particle positioning is roughly 0.25 pixels
(≈ 150 nm, depending on the used magnification). Error propagation handling and
the respective equations are described in the appendix (chapter B). The result shows
growing error bars at the edges of the Brillouin zone (for the definition of the Brillouin
zone and its symmetry points see inset), where the phonon wavelength becomes com-
parable to the mean interparticle distance a0. Naturally, short wavelength detection
is more prone to errors due to the finite resolution. Consequently, the curve starts to
deviate from an analytic T = 0 calculation (solid green line) only in the vicinity of
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the M -Point at the Brillouin zone edge (symmetry points are indicated by red dashed
lines and corresponding letters above) for qa0 ≥ 2.5. All in all, processing of the
displacement field yields very convincing results. The agreement with the analytical
calculation is quite good, especially since no fit parameter was used for adjustment.
The theoretical curve always lies inside the error bars.
Another method to obtain the dispersion bands is to directly calculate the dynamical
matrix. In contrast to the analysis of the (dynamic) displacement field, this method
relies on a static snapshot of the system. From this, the stiffness matrix D(R) can be
computed for every particle, as the interaction potential between the particles is pre-
cisely known. Averaging over all particles yields information about the overall elastic
responses. Diagonalisation of the Fourier transformed matrix results in the eigenvalues
of the dynamical matrix, which are plotted in figure 3.1 as red empty circles. Here,
yet better agreement with the theoretical curve is found, especially at the Brillouin
zone edge. For the computation, 4 shells of next neighbors were taken into account.
As shown in figure 3.1.b), the dispersion bands converge rather fast to a curve inde-
pendent of the number of shells considered. The smoothness of the curves is achieved
by averaging over a finite amount of snapshots, resulting in the equilibrium lattice
positions of the hexagonal crystal. The time window for the averaging was chosen also
to be ∆t = 150 s, as in the preceding analysis.

Dispersion relation of an amorphous system

As shown in [Ebe08b], the structure of a binary colloidal mixture is governed mainly
by the spatial distribution of big particles. Since their magnetic susceptibility is an
order of magnitude larger compared to the small species, they contribute to the mag-
netic energy roughly a hundred times more. This is directly coupled to the interaction
potential, the ‘spring constant’ between the particles. It was shown, for example,
that members of the small fraction are always positioned on the node points of the
Voronoi cells constructed of only big particles even for moderate system parameters Γ.
The uneven energy contribution of the distinct species will as well have its impact on
propagation of vibrational excitations. The amplitude of small particles in a phonon
will mainly follow the motion of neighboring big particles. Vice versa, due to the low
‘coupling’, the small species influences the propagation of excitations only marginally.
In other words, the elastic behavior of the system is governed by the big particles.
Hence, only the displacement field of big particles was taken into account for the fol-
lowing analysis.

Figure 3.2.a) shows the computed dispersion relations of the system for different
interaction parameters (different temperatures). The data was acquired over at least
36 · 103 seconds each, considering ≈ 13 · 103 statistically independent configurations
(frames) of ≈ 2000 particles. The time window ∆t to determine the equilibrium po-
sitions R was chosen to 18 · 103 seconds. Graphs to the left and right discriminate
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3. Elasticity of glasses

a)

b)

Figure 3.2.: Dispersion relation of an amorphous system.
a) Longitudinal (filled circles, left graph) and transverse (empty circles,
right graph) dispersion bands in an amorphous system, obtained by a
Fourier transformation of the displacement field. Solid lines are the re-
sults of the direct computation of the dynamical matrix and a subsequent
numerical diagonalisation.
b) Normalized versions of the graphs above.
The vertical dashed lines mark the ‘quasi Brillouin zone’ edge at qa0 = π.
For details, see text.

between longitudinal λl and transverse λt phonons, respectively, by regarding only
contributions to the vibrational amplitudes parallel or perpendicular to the x-axis. In
contrast to the crystalline case, where the symmetry restricts data acquisition to three
directions of q (in two dimensions), the isotropy of the amorphous state allows for an
averaging over evenly distributed directions, increasing the statistics significantly. For
that reason, the curves appear much smoother than for lattice data (compare figure
3.1). In agreement with the Debye model1, the dispersion relations initial growth is
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3.1. Dispersion curves of phonon modes

quadratic. This is a manifestation of the perfect plane wave nature for those long
wavelengths. Details can be found in section 4.1. For larger wave vectors, the curves
deviate from this model towards smaller λs, until they reach a maximum in the vicin-
ity of qa0 = π. In contrast to crystals, disordered solids exhibit no symmetry points in
reciprocal space. The only fixture of a lengthscale may be provided by the mean in-
terparticle distance a0. It can be approximated from a Voronoi construction, where v0

is the unit volume determined by the mean Voronoi cell size. The unit volume in two
dimensions then becomes v0 = a2

0 (compare section 2.1.1). The length a0 manifests
itself as a circle with diameter 2π/a0 in reciprocal space. Thus, this region is defined
as a ‘quasi Brillouin zone’ in the system. It is indicated in figure 3.2 as a dashed black
vertical line. Accordingly, it is this particular wave vector where the measured excita-
tions become localized. The growing maximum represents increasing spring constants
λs and mirrors the increasing rigidity upon the decrease in temperature.
Because of the lacking periodicity, there exist no higher Brillouin zones which could
be folded onto the range −π < qa0 < π. Rather, beyond the quasi Brillouin zone edge
at π, the curves exhibit a damped periodic behavior (not shown here). This is a direct
consequence of spatial disorder and yields information about the lengthscale of short
range order, similar to a structure factor.

Since the method described in section 3.1.1 relies on the assumption of plane waves,
the interpretation of data in the vicinity of the Brillouin zone edge should be regarded
with caution. At this point in reciprocal space, excitations exhibit a short wavelength
which is more likely to be perturbed and scattered by the spatial disorder of the sys-
tem. Several works dealt with the question of how acoustic phonon waves propagate
in disordered materials [Cou03, Léo11a, Ruf03, Ruf06]. The influence of non-isotropy
on short lengthscales destroys any well-defined polarisation, thus hampering the tech-
nique applied here. For instance, in atomic and molecular glasses, recent work showed
that long wavelength modes undergo a crossover from propagation to localisation due
to diffraction upon decreasing the wavelength [All99, Haf83]. Also, in colloidal sys-
tems, a disordered ‘swirling’ type of motion for vibrational excitations was claimed to
be found [Gho10, Kay10, Che10]. This topic is discussed in section 4.2, where this
kind of behavior of low frequency/low wavelength modes is proven to be different in
the system studied here. Accordingly, in agreement with classical continuum elasticity
theory [Lan95], for small q the plane wave approximation holds, as the system is con-
sidered a homogeneous structureless solid. This is also suggested in other works which
claim that continuum elasticity theory can be applied up to a certain characteristic
length [Léo06, Léo11a].

1In the Debye model, a constant sound velocity is assumed, resulting in a linear dispersion ω ∝ |q|.
Translated into the spring constants λs calculated in this chapter, this corresponds to a quadratic
growth.
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3. Elasticity of glasses

Having addressed the issue of short wavelength in disordered materials, the focus is
now turned back onto the discussion of figure 3.2.a). The solid lines mark the results
for the dispersion relations of the direct static approach via the dynamical matrix2.
The stiffness matrix D(R) as given by equation (3.1) was calculated for the vicinity of
≈ 1800 particles in 100 statistically independent frames, where each frame consisted
of averaged positions acquired over a time window of again 18 · 103 seconds. Due
to computational limitations, a time coarse graining was applied such that only posi-
tional data every 400 seconds was used. Because of the fast decaying 1/r3 potential of
the magnetic interaction, it was sufficient to incorporate only the next 80 neighbors
of each particle (which corresponds to an area with a diameter of 4a0). After the
Fourier transformation, the data was averaged over all frames and particles, yielding a
generalized D(q). The subsequent diagonalisation, however, yields results (solid lines
in figure 3.2) which are not in agreement with the data from the ‘dynamical’ approach
of equation (3.5) (symbols in figure 3.2). While there is some consistence in the low q
regime, especially for low Γ in the transverse case, the scaling with higher interaction
parameters appears very uniform from the static viewpoint in contrast to a more er-
ratic behavior from the displacement field data. This discrepancy is discussed in the
next paragraph.

Upon scaling the dispersion bands with the coupling parameter Γ, the curves do
not collapse onto a single master curve within the error bounds, as shown in figure
3.2.b) (left and right graph with filled and empty symbols for longitudinal and trans-
verse polarisation, respectively). This feature is surprising at first glance, because the
spring constants should directly scale with H2 and thus go linearly with Γ, as it was
shown for crystals [Kei04]. Besides the magnetic field, Γ only depends on intrinsi-
cally fixed parameters, determined by the experiment’s geometry3. However, since the
the strength of particle-particle interaction (the spring constant) depends crucially on
their respective distance, a subtle change in structure might explain the peculiar (non)
scaling behavior. While in the crystalline lattice all positions for each and every par-
ticle are ultimately defined for all temperatures, the equilibrium positions of particles
in a disordered solid are not fixed and may be changing slightly with an increasing
interaction potential, mirroring the tendency of the system to minimize the total po-
tential energy. This adaptation of the structure to altered conditions, leading to an
adjustment of the average interparticle stiffness, occurs without affecting the fixed
area density n but merely by rearrangements. However, it is stressed that this effect

2The connotations ‘static’ and ‘dynamic’ concerning the possible approaches towards dispersion
data correspond to the fact that in the former case, only averaged particle positions are required
(which coincide with the equilibrium lattice positions in the crystalline case), while the latter case
relies upon information encoded in the displacement field generated by vibrational dynamics of
the system.

3In fact, it is mostly chemistry involved in either sample preparation or material properties which
determines fixed values for mixing ratio ξ, sample area density n or susceptibility χ.
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3.2. Elastic constants

is very subtle, such that curves once moderately deep in the glass (Γ ≥ 232) show
overlapping error bars. The phenomenon is much more pronounced in the vicinity of
the glass transition, where particles are still more mobile to explore their vicinity (for
details on how the interaction parameter is related to the different states, see section
3.2.2). In this, a similarity to the structure factor can be found. This quantity is also
known to change very slightly with temperature in disordered states [Ben84].

This effect caused by a subtle structural feature also sheds some light on the dis-
crepancy between the curves obtained by displacement field analysis (symbols) and
dynamical matrix diagonalisation (solid lines). In the latter case, the data collapses for
the most part even in the vicinity of the glass transition temperature around Γ = 185.
In the fluid, transverse modes can no longer propagate because of the lacking shear
response. Hence, at least transverse excitations (‘shear waves’) should show precur-
sors of the immanent breakdown. Thus, it can be inferred that the amplitude of these
curves is solely governed by the strength of the applied magnetic field (compare also
graph a). Because this method relies on averaged structural information (the compu-
tation in the glassy state is identical with that in the crystalline state, as described
in section 3.1.2, last paragraph), the subtle structural rearrangements apparent from
the displacement field analysis are not picked up here. Instead, only the overall static
structure is considered, which does not differ in the fluid and arrested state.
These results suggest that the dynamical matrix may not be generalized in amorphous
solids. Because the local structure is disordered, there is no way to predict the prop-
agation of excitations over larger lengthscales from (averaged) information obtained
at short range. This is in contrast to crystalline systems, where the regular local ar-
rangement of particles governs even the long range vibrational properties. For that
reason, the green curve from the static approach in figure 3.1.a) fits the data so well
while it does not for structural disorder.

3.2. Elastic constants

3.2.1. Elasticity theory

The strain tensor describes the impact of deformation of an isotropic macroscopic
body on a microscopic scale [Lan95]. The lateral transformation of the unit length in
the system and can be written as

uµν ≈
1

2

(
∂uµ
∂xν

+
∂uν
∂xµ

)
.
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With this, the free energy of a deformed system may be described by

F =
1

2

∑
q,µ,ν,σ,τ

u∗µν(q)Cµνστuστ (q)

=
1

2

∑
q,ν,τ

u∗ν(q)Kντuτ (q) ,

where Kντ = Cµνστqµqσ and Cµνστ = λδµνδστ + µ(δµσδντ + δµτδνσ) is the elasticity
tensor. The quantities λ and µ are called Lamé-coefficients. They represent the only
non-vanishing components of the elasticity tensor in highly symmetric crystals4. It
is now possible to use the Fourier transformed displacement field u(q) to compute
the elastic properties of the system. Using the equipartition theorem, one obtains the
formula

〈uν(q)uτ (−q)〉 = kBTK
−1
ντ (q) . (3.6)

With this, a formula is derived which works qualitatively like formula (3.5). The
dynamical matrix D(q), which describes local bonding properties, is replaced by a
modified elasticity tensor K(q), which describes macroscopic properties under defor-
mation. Since both quantities are governed by the microscopic interactions between
the building blocks of the studied solid, it is not surprising that both can be connected
to the displacement field which mirrors these interactions.
In two dimensions, λ+ µ gives the bulk modulus whereas µ gives the shear modulus.
By choosing the subscripts ν, τ in equation (3.6) adequately, one obtains two equations
which connect the elastic constants directly to the displacement field [vG04]:

a2
0(2µ+ λ)

kBT
= lim

q→0

1

q2〈|u‖(q)|2〉
, (3.7)

a2
0µ

kBT
= lim

q→0

1

q2〈|u⊥(q)|2〉
. (3.8)

Since elasticity theory is a continuum theory, both equations are only valid in the
limit q → 0. The meaning behind the above formulas is illustrated well by inter-
preting q = 0 as a plane wave with infinite wavelength. Hence, the corresponding
excitation becomes a macroscopic translation because all oscillators are displaced si-
multaneously. Thus, such large wave vectors obviously will probe the full macroscopic
response. According to their respective geometry, longitudinal modes address the bulk
modulus, whereas transverse modes probe the shear modulus.

As the normalized 〈|u‖(q)|2〉 and 〈|u⊥(q)|2〉 in equation (3.7) and (3.8) offer exactly
the eigenvalues λl(q) and λt(q) of the dynamical matrix as evaluated in figure 3.2,

4The only structure more symmetric than a crystal is in fact a disordered system, which may be
perceived as a continuum and therefore is perfectly isotropic at sufficiently large lengthscales.
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extrapolation

extrapolation

bulk

shear

Figure 3.3.: Extrapolation of dispersion bands at Γ = 423.
Elastic moduli are given by the intercept of an extrapolation (indicated
by red arrows). The bulk and shear modulus are derived from the longi-
tudinal and transverse dispersion bands (filled and empty black circles),
respectively. Green shading marks the region used for linear regression.
The inset shows the same plot with logarithmic scaling to highlight the
goodness-of-fit in the extrapolation region.

the elastic moduli are obtained by a simple division of these curves with q2. Because
λ ∝ | sin(qa0)|2 [Ash09a] and the expansion

| sin(x)|2

x2
= 1− x2

3
+

2x4

45
+O(x6)

is quadratic in second order, the intercept of an according regression calculation pro-
vides the macroscopic moduli at q = 0. The extrapolation was performed in an
intermediate q regime (0.8 ≤ qa0 ≤ 2.0) where the reduced dispersion relations reli-
ably showed a quadratic behavior. Besides higher order terms, deviations from this
model may be attributed to finite size effects for very low q, while for high q around
the Brillouin zone edge, the plane wave approximation might not hold. Additionally,
due to the discrete nature of particle positions and the finite optical resolution, the
dispersion relations are generally subject to increased uncertainty in this region, as
already discussed in section 3.1.2.
The extrapolation procedure is demonstrated in figure 3.3. Empty and filled symbols
represent transverse and longitudinal data, respectively. The extrapolation is indi-
cated by red solid lines, for which only data in the green shaded region was used. The
intercept determining the macroscopic moduli is marked by red arrows. The inset
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3. Elasticity of glasses

shows a logarithmic reproduction of the plot, demonstrating the goodness-of-fit in the
extrapolation region.
The error of the obtained moduli is composed of the systematic uncertainty in the
dispersion relation and the statistical error of the extrapolated intercept. While the
latter is directly delivered by the fitting (and is almost negligibly small, see figure
3.3), the former has its origin in the limited resolution of particle positions and can be
estimated by an error progression calculation. Some thought has to be put into the
handling of systematic uncertainties in the measurements. A derivation of an equation
estimating the systematic error in the extrapolation region of the dispersion bands can
be found in the appendix (chapter B). Here it is only noted that by measuring a bilin-
ear quantity the error is always positive. Accordingly, the extracted moduli can only
be overestimated.

3.2.2. Results

In the following, the system is analyzed with the technique described in the last few
paragraphs at different interaction parameters Γ, effectively probing the elastic be-
havior at different temperatures. Old data acquired by F. Ebert [Ebe08a] indicated
a transition temperature of 180 . ΓG . 240. For that reason it was focused on a
particularly good temperature resolution in this region. In the end, 30 measurement
runs at different temperatures each covering at least 18 ·103 seconds in the ergodic and
36 · 103 seconds in the nonergodic state were performed.

In figure 3.4.a) the evaluated moduli are plotted versus the system parameter Γ. At
high temperatures, where the system is still a fluid, the shear modulus (red circles)
is zero within the error bounds, regardless of the applied external magnetic field. At
Γ ≈ 190, however, it rises from zero to a finite value. From this point on, the system
shows a resistance against shear forces - it has become solid. As a guide to the eye,
the transition is indicated by the shading in the background, where red implies the
ergodic state (high temperatures), while blue indicates the frozen, non-ergodic state
(low temperatures). The linear increase in the shear modulus for low temperatures
Γ > 200 illustrates the stiffening of the system upon further cooling. The bulk modu-
lus exhibits the same low temperature behavior. Below Γ ≈ 190, however, it does not
drop to zero but remains finite with a constant value because fluids are incompressible.
To investigate the behavior of the shear modulus in more detail, figure 3.4.b) presents
a magnified version of graph a). Here, the discontinuous nature of µ at the transition
becomes apparent. This is highlighted by the dashed white line.
The width of the ‘jump region’ is most likely due to the existence of heterogeneous
dynamics (compare chapter 5), which are shown to fluctuate in time. For this reason,
the interaction parameter is averaged for all contributions to 40 < µ + λ < 150 and
10 < µ < 35, resulting in ΓG = 197± 5.
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a) b)

�uid solid

Figure 3.4.: Temperature dependence of the elastic moduli.
a) By cooling the system below a temperature corresponding to Γ ≈ 190,
a finite shear response is evoked as µ rises from zero to a finite value.
The bulk modulus jumps from a constant value in the ergodic and then
increases linearly, mirroring the growing rigidity.
b) A zoom on the shear modulus exhibits a discontinuous behavior as well.
For decreasing temperature, µ also grows linearly. This is indicated by
the white dashed line, which is a guide to the eye.
In both graphs, the background shading indicates the systems state.

With this, the predicted discontinuity of shear elasticity of the glass transition has
been backed up by experimental evidence. As stated in the introduction to this chap-
ter, simulation data supports this [Kli12]. In this paper it has also been confirmed
that the time evolution of the stress-stress-correlation function,

G(t) = lim
q→0

Gq(t) =
n

kBT
〈σ0(t)∗σ0〉 ,

gives the same results for the shear modulus as the analysis of displacement fluctua-
tions. By this cross-check the results of figure 3.4 are secured. From the cited work, it
becomes also possible to comment on the slight rise of µ before the transition, which
is apparent from graph b). The origin of this behavior is an artifact of the method,
which involves measurement times. Depending on the probing time, even fluids ex-
hibit a finite shear resistance5 [Jeo87]. Thus, the lower the temperature, the longer
this measurement time has to be chosen in order to pick up the final decay to zero.
Because the instability (drift) of the experimental system in the fluid state, a suffi-
ciently large time window can not be provided. This finite time effect is studied in
more detail in the following section.

5This is impressively illustrated during summer in every open air pool by crying children after
accidentally belly-flopping from the three-metre springboard.
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3.2.3. Finite time effects

As sketched out in section 2.2.2, a lot of effort is put into the reduction of perturba-
tions of the measurements. Yet, it is impossible to decouple the colloidal ensemble
completely from the enviroment. These perturbations, like i.e. temperature gradient
induced drifts, mechanical vibrations or destabilization due to thermal material ex-
pansion, however, will inevitably lead to structural relaxation processes not originally
inherent to the system’s current state. In two dimensions, there is even another mech-
anism that will cause increased long-time dynamics. The Mermin-Wagner theorem
states that in systems with dimension d ≤ 2, long-range fluctuations can be created
with little energy cost [Mer66, Hoh67]. While these long wavelength perturbations
will distort any kinetic measurement on long time scales, they will leave the system
unaffected at short timescales. In the following, the influence of these effects on the
measured elastic constants is studied by performing time resolved measurements.
By changing the time frame ∆t used to determine the equilibrium positions of all
particles, different frequency regimes are probed. In figure 3.5.a), the time-dependent
behavior of the elastic moduli is shown for the ergodic state with an interaction pa-
rameter of Γ = 102. Short averaging times yield a significant increase in the elastic
moduli, reflecting the expected stiffening at high frequencies even for fluids [Jeo87].
For low frequencies (large ∆t), however, the shear modulus (red filled symbols) decays
to zero within the error bounds. The bulk modulus also decays, although it remains
finite. Figure 3.5.b) shows the same for the frozen state at Γ = 287. For high probing
frequencies, elasticity responds similar to the fluid. Larger time windows, however,
reveal the distinction between fluid and solid. µ no longer decays to zero but asymp-
totically saturates into a plateau indicated by a dashed blue line. This marks the
macroscopic shear resistance even for times up to 105 seconds. The bulk modulus, on
the other hand, exhibits only a lesser pronounced, very short plateau and starts to
decay again at larger time windows ∆t > 2 · 104 s.
The insets of both graphs show the respective high frequency behavior in a logarithmic
scaling. The data exhibits some power law signature and may be fitted with exponents
−1

3
and −3

4
for bulk and shear modulus, respectively. The power laws are indicated

by the solid blue lines. As of yet, there is no theoretical description for this scaling.

Coming back to perturbations, all of those are likely to reduce the measured mod-
uli, because they decrease the relaxation times. This is commonly observed in mean
squared displacements or intermediate scattering functions, where experiments almost
always show a slow alpha relaxation process even for the most frustrated systems.
With this background, the stability of the measured shear modulus over some orders
of magnitude in time apparent from figure 3.5.b) is quite remarkable. The bulk modu-
lus apparently is more sensitive to increased dynamics as it decays again for very long
averaging times. This might be a consequence of the small amplitude of longitudinal
compression waves. Here, even tiny perturbations tamper with the displacement field,

54



3.2. Elastic constants

a) b)

Figure 3.5.: Finite time effects.
a) For reduced sampling times in the fluid (Γ = 102), the expected growth
of bulk and shear modulus (black and red symbols, respectively) is ob-
served. For longer time windows, µ decays to zero.
b) The glassy state (Γ = 287) also exhibits growing moduli for short ∆t.
For low probing times, however, the shear modulus asymptotically satu-
rates into a plateau, indicated by a blue dashed line.
The green arrows indicate the time window used in section 3.2.2. The
insets show the high frequency region with a logarithmic scaling, exhibit-
ing a power law behavior with exponents −1

3
and −3

4
for bulk and shear

modulus, respectively.

leading to distorted wavefronts and hence to the corruption of any derived quantity.
In contrast, transverse modes have amplitudes ten times larger, which filters out small
dynamical anomalies. This also explains why the error bars for the bulk modulus are
larger.

In this context, the discussion of the already mentioned mean squared displacement
may offer valuable insight into the dynamics of the system. It is defined as

〈
∆r2(τ)

〉
=

1

T
·

T∑
t=1

(r(t)− r(t+ τ))2 ,

and its root gives the average distance traveled by a particle after the lag time τ . For
very short times, when a particle is supposed to perform ballistic motion, 〈∆r2(τ)〉
grows quadratic6. This changes to a linear behavior for free diffusion. If the dynamics
are obstructed, this decreases further. For the extreme case of full frustration, the

6This time regime is out of the temporal resolution of the experiment.
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Figure 3.6.: Mean squared displacement.
〈∆r2(τ)〉 develops a shoulder upon increasing frustration which slowly
crosses over to a plateau. By means of this data, however, it is impossible
to distinguish between solid and fluid. The solid black line allows com-
parison to free diffusion (it has a slope of one). The faint dotted vertical
line indicates the size of the time window ∆t used to calculate the results
of figure 3.4.

mean squared displacement crosses over towards a constant (plateau) value.
Figure 3.6 shows the mean squared displacement for a wide temperature range, starting
in the fluid at Γ = 64 and going up deep into the frozen state to Γ = 423. In the
ergodic state, where particles are free to diffuse, 〈∆r2(τ)〉 is almost linear. It exhibits a
slight shoulder at τ ≈ 102 seconds due to the subtle influence of neighboring particles.
Upon increasing interactions, the diffusivity is reduced and the shoulder becomes more
pronounced. In the glassy state, where the particles are confined to cages consisting of
their next neighbors, the shoulder crosses over into a plateau, which opens up again if
the cage is broken at very long times. The corresponding timescale is called the alpha
relaxation time. It becomes larger and larger the deeper the system is frozen, until
for the Γ = 423 case, it reaches the order of the measurement duration. Comparing
those long-time dynamics of the deeply cooled system with the shear modulus in figure
3.5.b) (Γ = 287), it stands out that the plateau of the latter extends far into the α-
regime, where particle rearrangements already induce a significant divergence in the
MSD by almost one order of magnitude measured in units of a0. The bulk modulus,
on the other hand, reacts in a similar fashion to the MSD as can be seen by its slight
decay for low frequencies. Apparently, the shear modulus is much more insensitive to
structural rearrangements which makes it well-suited for studying the glass transition.
To ensure that the measured shear modulus in section 3.2.2 is not affected by long-time
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Figure 3.7.: Finite size effects.
The abscissa shows the fraction of the original field of view of the system
at Γ = 287 used to compute both bulk- and shear modulus (black and
red symbols, respectively). For the original window size, the results have
converged towards a constant value. Dashed lines are guides to the eye.
The red shading indicates the region with insufficient statistics for reliable
error calculation.

dynamics, the length of the time interval is always chosen to be ∆t = 18000 seconds.
This is indicated in both figures 3.5 and 3.6 by green arrows on top and bottom and
a vertical dotted black line, respectively. This line also separates the plateau of the
mean squared displacement from the α-regime for Γ > 230.

3.2.4. Finite size effects

A restricting element of the method is due to experimental limitations. The finite
lateral dimension of the field of view imposes a limit to the resolvable size of excitations.
Studying the influence of this constraint is of significant importance, particularly in
the case of disordered solids. In this case the underlying medium is not continuous,
and elasticity theory is only valid in the long wavelength limit. This directly affects
the propagation of plane waves, which remain unperturbed only if the disorder can
not be resolved by the wave, i.e. if it has a far smaller lateral dimension than the
wave itself. The results presented so far all rely on the validity of elasticity theory,
because the Fourier transformation of the displacement field projects plane waves onto
the medium. Therefore, the dependence of the acquired elastic constants on the size
of the field of view is studied in figure 3.7 for the system at Γ = 287. Apparently, the
bulk modulus (black symbols) is stable within the error band down to half the original
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size of the field of view. For even smaller sizes, it starts to decay. The shear modulus
(red symbols) extends its continuum value also down to roughly 0.5 before it starts to
inflate. The convergence towards constant values for the original size of the field of
view is indicated by dashed lines.
For small lateral dimensions, the resolution in reciprocal space starts to become very
low, such that only three or two data points fall into the interval 0.8 ≤ qa0 ≤ 2.0.
Thus, the extrapolation statistics become extremely sparse. Accordingly, for a window
size of 0.3 and below, it is not possible to compute a meaningful error. Also, the
extrapolation window had to be enlarged up to qa0 = 3.
From this analysis, the length scale below which vibrational excitations are influenced
by the disorder of the propagation medium can be estimated. If the limit is assumed
to be 50 % of the original window size (which is 735×735 pixel, 507×507µm2 or 20.5×
20.5 a2

0), this translates into a value of qa0 ≈ 0.5 in reciprocal space. Excitations with
a wavelength smaller than λ0 ≈ 300µm are already perturbed by the disorder. The
extend of this perturbation, however, remains unclear. The amplitude and smoothness
of the dispersion curves in figure 3.2 suggest a weak influence, which only grows in the
vicinity to the Brillouin zone edge. This is backed up by the error bars which are still
small at qa0 ≈ 0.5 but grow into significance above qa0 ≈ 2.0, when the perturbations
cross over from weak to strong. These findings back up the claim of a ‘continuous
colloidal medium’ at length scales of the original field of view.
It is also noted that the inflation of the shear modulus is much less pronounced than
the decay of the bulk modulus, i.e. the former is less affected by a finite sized field of
view. This can be attributed again to the larger amplitudes of transverse waves, which
are in return more insensitive to the microscopic local (dis)order of the medium.

3.2.5. Long time stability

Further, time resolved results of the displacement field analysis of one and the same
measurement are studied. This gives a feeling for the reliability of the technique and
is another way to access information about the actual accuracy.

For measuring the elastic properties of one state multiple times, very long data sets
are necessary in order to preserve good statistics. In the following, the measurement
run covered 106 seconds (11.5 days) at Γ = 395. The trajectories were split into ten
chunks of equal length. To provide equal statistics in the ∆t = 18 · 103 s averaging
time window, 90 · 103 seconds where evaluated respectively. In figure 3.8.a), the mean
squared displacement is shown for each of those chunks. The plateau value shows
almost no variation, indicating equal cage dynamics, i.e. frustration at all times. A
slight deviation kicks in in the alpha regime at τ > 104 seconds, but is statistically
distributed among the measurement time. It is close to diffusive behavior, so this is no
aging effect but merely a consequence of the low statistics for those long times where
single particles with high dynamics thus might contribute more. Also, effects of the
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a) b)

Г 395

Figure 3.8.: Temporal stability of the elastic constants.
a) Mean squared displacement for ten trajectory chunks of a single mea-
surement at Γ = 395.
b) Time-dependent Bulk and shear modulus (black and red symbols, re-
spectively). The solid horizontal lines indicate the mean of all measure-
ments. While the corresponding error of µ is too small for a reasonable
depiction, the standard deviation for the bulk modulus is given as a shaded
band around the mean. The green horizontal lines represents the values
of the complete measurement. The right axis gives Γ(t) which is indicated
by the faint gray ‘noisy’ line.

Mermin-Wagner fluctuations might play a role here. It is also noteworthy that even at
105 seconds in the alpha regime, the value for 〈r2(τ)〉 has not exceeded 60µm2, which
corresponds to a length of only 0.4 interparticle distances.
In figure 3.8.b), the results of the elasticity of every trajectory chunk are shown. The
bulk modulus (black circles) fluctuates around a mean value, indicated by the solid
black horizontal line. This value is higher then the single result obtained by calculat-
ing µ+λ for the whole undivided trajectory, indicated by a solid green horizontal line,
by roughly 14 %. This is comparable to the respective error. The mean lies within the
error of each data point. Likewise, the standard deviation of the mean, indicated by
the gray shaded band bordered by dashed black lines, covers each data point, with a
two exceptions at ≈ 3.1 · 105 and ≈ 7.5 · 105 seconds.
The shear modulus (red symbols) also fluctuates slightly around a mean value, indi-
cated by the red solid horizontal line. Here, the mean is also captured by the individual
error bands and only marginally deviates from the single value of the full data analysis.
The standard deviation for the mean is not indicated because it is too small at the
given resolution.
To prove that the fluctuations of elasticity are inherent to the dynamical fluctuations of
the system (compare also chapter 5 on dynamical heterogeneities), the time-dependent
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3. Elasticity of glasses

Figure 3.9.: Hysteresis of the elastic moduli.
Top and bottom graph show bulk and shear modulus, respectively. Black
symbols denote comparatively short measurements (18 · 103 s− 126 · 103 s)
upon cooling. Red symbols identify a heating cycle with long measure-
ments (each 106 s). Apparently, the shear modulus remains finite towards
higher temperatures (lower Γ).

interaction parameter Γ(t) is also given by the faint gray ‘noisy’ line. Its value at time
t (top axis) can be read from the right axis. Fluctuating around Γ = 395 (mainly due
to number fluctuations), it apparently shows no correlation in time with the measured
elastic constants, therefore decoupling µ+ λ and µ from any external quantity.

These results prove the long-time stability of the elastic constants within the calcu-
lated error bars. Neither the results for the mean squared displacements nor bulk and
shear modulus hint towards any form of aging on the timescale studied here since the
system was well equilibrated (typically 24 hours before data acquisition). Because all
temperature (magnetic field) changes were performed in rather small steps, the system
could always considered being an ‘aged’ glass.
The results also highlight the stability of the shear modulus, which exhibits signif-
icantly reduced fluctuations once more. Again, this is attributed to the disparate
sensitivities of longitudinal and transverse plane waves to distortions of their wave-
fronts.

3.2.6. Hysteresis

As a final analysis, the behavior of the elastic moduli at the transition on the depen-
dence of the crossover direction is studied. The results in figure 3.4 were acquired for
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increasing Γ, i.e. cooling. In figure 3.9, the same results are plotted again in black
for bulk and shear modulus in top and bottom graph, respectively. Because of large
dynamics in the ergodic state and initial low resistance against drift, measurements
were limited to comparatively short times (18 · 103 s − 126 · 103 s). Once deep in the
nonergodic state, the system could be stabilized further which enabled measurement
times of 106 seconds (≈ 12 days). Those are indicated for decreasing Γ (increasing
temperature) as red symbols. Over a large temperature range down to Γ = 300, both
directions result in similar values for the elastic moduli within the error bars. In the
transition region around Γ ≈ 197, however, the red symbols still unambiguously indi-
cate a solid state, while the red symbols fluctuate rather strongly. Only at Γ = 186
the former eventually starts to drop. Although not rigorous poof, these results point
towards a hysteresis in the glass transition temperature which stresses the history de-
pendence of these systems. Additional temperature cycles would be necessary to back
up these findings7.

In the following chapters, where evaluation methods demand large statistics or ex-
tended time information, the data from the heating cycle is used unless stated other-
wise. This implies a transition temperature of Γ ≈ 186.

7The heating process and the respective long-time measurements repeatedly suffered from several
interruptions due to external construction work on the university campus. Measurements below
Γ = 186 could not be performed because the experiment crashed eventually and during the
following month the system could not be stabilized again.
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The theoretical considerations of the preceding chapter have demonstrated that vi-
brational properties of periodic systems are well understood. Their excitations can
be regarded as plane-wave phonon modes which propagate unperturbed along a crys-
tal’s symmetry axes. In the case of finite systems, the corresponding wave vectors are
quantized. It is, however, a completely different matter with amorphous systems. At
some point the wavelength becomes similar to the scale of disorder and excitations
cannot propagate unperturbed any longer. The continuous scattering leads to a loss
of defined polarization and makes these modes hard to describe.
For that reason, amorphous materials exhibit a set of peculiar features which dis-
tinguishes them from their crystalline counterparts [Phi81]. In atomic or molecular
systems like oxide semiconductors, metallic glasses or organic polymers these phenom-
ena are well documented. The most often stated of these universal anomalies is a peak
in the temperature dependence of the reduced specific heat Cp/T

3 at low temperatures
(around 10− 30 K). Also at those temperatures, disordered solids exhibit a plateau in
the thermal conductivity. For even lower temperatures T < 1 K, a linear increase in
specific heat is found in contrast to the expected T 3 prediction by the Debye model.
There is consensus that many of these features are connected to the anomalous excess
of low frequency excitations over the Debye prediction, measured by inelastic Raman
or neutron scattering [Kri53, Mal86, Buc86, Sok95, Ruf06] in various materials as
polymer glasses [Duv03], silica [Duv04] or metallic glasses [Ara99]. The vibrational
density of states runs through a maximum if scaled by the angular frequency ω, which
is called the ‘boson peak’. This is one key feature of disordered solids and believed to
explain their odd low temperature behavior. Much work has been put into clarifying
the role and origin of the boson peak [Phi81, Ang95, Mal86, And95], but there still
exists no unifying model. While some facts appear well backed up by simulations and
experiments, others are still subject to debate. For example, it is well known that
the boson beak comprises mainly of transverse excitations [Win75, Shi08]. However,
attempts to associate the boson peak frequency with some other prominent features,
for example the Ioffe-Regel1 limit, have led to ambivalent results [Ruf06, Sco06, Shi08].
As well, it is not yet clear whether the boson peak is of an acoustic or non-acoustic
nature [Dov97, Ruf08].
It has been only recently that vibrational properties of glasses have come into focus

1The Ioffe-Regel limit marks the wavelength of phonons which corresponds to their mean free path.
I.e. excitations with shorter wavelength are constantly scattered and propagate only in a diffusion-
like fashion.
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of colloidal soft matter research. Taking advantage of well controlled and understood
mechanics, the boson peak has been connected to structural features in these sys-
tems by both experiments [Tan12a] and simulation [Shi08]. Other work could identify
excess vibrations with soft modes [Che10] and associate their localisation to particle
rearrangements [Che11].
Much of this recent research is based on a method known as principal component
analysis (PCA) [Dun89]. Although the principles are known since the dawn of the
last century [Pea01], it has been put to use in colloidal physics only very recently
[Gho10, Che10, Kay10]. It evolves around finding large eigenvalues and correspond-
ing eigenvectors of the correlation matrix of the system’s displacement field. Those
covariance-like eigenvalues represent the principal components of the system and pro-
vide the number of excitations.

In the following section, a short revision of the vibrational properties of idealized
solids is given. The next section introduces principal component analysis. A more de-
tailed and very intuitive description of this technique can be found in [Shl09]. Further,
the application to colloidal systems is studied, followed by the presentation of results.
Then, an alternative approach for obtaining the spectrum of vibrational excitations is
discussed, followed again by results. Finally, the emerging picture is discussed.

4.1. Debye model

Owned to the nature of the experiment (section 2.2.2), only the two-dimensional case
is discussed. In this system, a number of N2 oscillators are considered. They sit on a
quadratic lattice inside a square box with length L and periodic boundary conditions.
The wave vector q of excitations is then restricted to specific values:

qx, qy = 0,±1 · 2π

L
,±2 · 2π

L
, . . . ,±N · 2π

L
.

In q-space, the smallest resolvable distance is 2π/L. Therefore the unit area is 4π2/L2,
and there is exactly one permitted value of q in this unit area. Accordingly, a circle
with radius q in q-space covers

n =
πq2(
2π
L

)2 =
L2

4π
q2

q vectors. The density of states is defined as the number of modes n per frequency,
that is with neglecting any directional dependence

D(ω) =
dn

dω
=

dn

dq

dq

dω
=

dn

dq
(∇qω)−1 =

L2

2π

q

∇qω
. (4.1)
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Here, q is of course a function of omega - the inverse function of the dispersion relation.
vg(q) = ∇qω is the sound (group) velocity and can be calculated from the dispersion
relation ω(q). In the Debye model, the sound velocity is assumed to be constant such
that ω = vD·q, which is a reasonable assumption in a homogenous, continuous medium.
vD is the Debye-velocity and determined by 1/v2

D = 1/v2
⊥ + 1/v2

‖, the sound velocities
perpendicular and parallel to the direction of propagation, respectively. Hence, in this
model the density of states takes the form

D(ω) = L2ω/2πv2
D . (4.2)

Note that in two dimensions, D(ω) is linear in ω for low frequencies. This remarkable
feature is called ‘Debye behavior’.

4.2. Principal component analysis

Principal component analysis is used to structure, simplify and illustrate complicated
sets of data. This is achieved by expressing multiple statistical variables through less,
yet significant linear combinations (principal components). Application yields data
free of noise and redundant information and reveals otherwise ‘hidden’ features.

The mathematical approach is based on finding a better basis for the original data:

PX =

p1
...

pm

 · (x1 · · · xn
)

=

p1 · x1 · · · p1 · xn
...

. . .
...

pm · x1 · · · pm · xn

 = Y ,

where P is a transformation matrix, consisting of the set of m new basis vectors
{p1, . . . ,pm} for expressing the columns {x1, . . . ,xn} of the original data set X2. In
other words, the rows of P will become the principal components of X. They are
chosen with the intention of reducing redundancy and noise in X.
This is motivated by recognizing the dimension with the highest signal-to-noise ratio
SNR = σ2

signal/σ
2
noise, i.e. largest variance σ, as a natural basis for X (supposing

that the data quality is good, i.e. σ2
signal � σ2

noise). In other words, the direction in
which the variance is large indicates a direction in which a variable in the data set is
physically ‘changing’ (fluctuating). This can be checked for all dimensions of the data
simultaneously by defining their covariance matrix:

CX :=
1

n
XXT .

2Each column vector xi with i = 1, . . . , n represents one complete measurement of all m variables
(it therefore consists of m components). The set X contains all samples of these variables. That
means each row of X has n entries (for n samples) and represents the measurement of one variable,
called a measurement type. Therefore, X is the data set containing every information available.
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It operates as the central quantity in PCA. It contains the variance σ2
xi

= 1
n

∑
k(x

i
k)

2 of
the ith row (the ith measurement type) of X in its diagonal terms, and the covariance
σ2
xixj

= 1
n

∑
k(x

i
k)(x

j
k) between measurement types i and j in its off-diagonal terms.

The absolute magnitude of the covariance is a measure of redundancy, because it is
large when data is correlated (correlation of measurement types means redundancy,
because they ‘measure the same’), and likewise small if data is uncorrelated. Hence
it is the goal to maximise the signal and eliminate redundancy by transforming CX

into a form CY where all off-diagonal elements become zero. It can be shown that
the transformation matrix for this operation is the exact same matrix that converts
X into Y, i.e. it is obtained CY = PCXPT . Furthermore, a matrix is diagonal in
the basis of its own eigenvectors, i.e. the eigenvectors of CX are the wanted principal
components of the original data X.

Ghosh et al., Chen et al. and Kaya et al. have shown that this can be applied
to video microscopy data of colloidal systems [Gho10, Che10, Kay10]. The goal is to
filter out correlated vibrations of particles hidden amidst their Brownian motion. To
describe their amplitudes, the displacement field u is calculated from some interme-
diate ‘equilibrium positions’ R (see section 3.1.1). Now the covariance matrix C is
given by

Cij = 〈ui(t)uj(t)〉 , (4.3)

where the average 〈. . .〉 is taken over all sampled times. ui(t) is the displacement of
particle i at time t, i.e. the matrix is of size 2N × 2N (where N is the number of
particles) and takes the form

Cij(t) =


ux1u

x
1 uy1u

x
1 ux1u

x
2 uy1u

x
2 · · ·

ux1u
y
1 uy1u

y
1 ux1u

y
2 uy1u

y
2 · · ·

ux2u
x
1 uy2u

x
1 ux2u

x
2 uy2u

x
2 · · ·

ux2u
y
1 uy2u

y
1 ux2u

y
2 uy2u

y
2 · · ·

...
...

...
...

. . .

 .

Large eigenvalues λ∗ of this matrix indicate correlated displacement involving a large
number of particles. The corresponding eigenvectors are the principal components of
the system and illustrate that correlation spatially. Henkes et al. [Hen12] have shown
that C is related to the dynamical matrix D by the relation

Dij =
Kij

mi

= kBT
(C−1)ij
mi

,

where Kij is the so-called stiffness matrix and mi the mass of particle i. As such,
the eigenvalues of Cij are interpreted as the inverse of the frequencies of modes in the
system:

ω ∝
√

1

λ∗
. (4.4)
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Here, it is worth pointing out that since the elements of Cij are a product of two
length, the frequencies as computed in the last equation will have 1/m as their unit.
The corresponding eigenvectors represent the ‘amplitudes’ of the modes but cannot
be connected to a wavelength. In other words, this state of the covariance matrix will
only give information about mode shape and the associated weighting of contribution
to the whole spectrum. Because so far only spatial but no temporal information is
incorporated into the covariance matrix, no prediction on real (angular) frequencies
can be made, which is a major drawback. That is why the inverse of the eigenvalues can
only be interpreted as something like frequencies, assuming a (yet unknown) dispersion
relation to exist.
Further, this relation is only valid for virtual particles in a ‘shadow system’. It is
constructed from the same configuration of the colloids with the same interactions,
but neglects the damping of the surrounding fluid. The extracted modes therefore
only describe some kind of instantaneous momentum of the real system.

4.2.1. Results

Application of PCA

As a first approach towards the application of principal component analysis, it is in-
structive to study the spectrum of eigenvalues of the covariance matrix. Figure 4.1.a)
shows data from a system at Γ = 200, thus a little bit below the glass transition
temperature at Γ ≈ 1863, where eigenvalues are sorted by decreasing numerical value
(indexed by the ‘mode number’ m). Different colors correspond to finite measurement
times which is discussed in more detail below. The corresponding covariance matrix
contains entries from more than 2250 particles, providing sufficient statistics. Starting
at very large values for the first few diagonal elements of the covariance matrix, the
spectrum drops very fast (consider the logarithmic plot) before gradually turning into
a more homogenous distribution close to zero. Because large eigenvalues indicate the
most principal components, figure 4.1.a) already conveys an important feature of the
studied system: The displacement field, which serves as the input for the analysis, can
be described to a large extend by only a few basic patterns (these are contained in
the eigenvectors which will be discussed later). In other words, if the principal com-
ponents are interpreted as modes, the system is dominated by only a small number of
elementary excitations, because only less than 100 eigenvalues out of more than 4500
have numeric values significantly larger than zero.
As discussed in [Hen12], principal component analysis depends strongly on the avail-
able statistics. This is expressed by the quantity r = 2N/Nτ , where N is the number
of particles considered (thus showing 2N degrees of freedom which also corresponds
to the number of modes) and Nτ is the sample number. In figure 4.1, the available

3Compare section 3.2.6. Throughout this chapter, the data from the heating cycle is used unless
explicitly stated.
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a) b)

Figure 4.1.: Spectrum of eigenvalues and corresponding frequencies.
The legend applies to both graphs.
a) The graph shows the distribution of eigenvalues λ∗m for different tra-
jectory lengths Nτ . It suggests the dominance of only a few principal
components, as it decays rather dramatically over the first couple of eigen-
values (mode numbers) and saturates for trajectories longer than 3.2 · 104

frames.
b) Frequency conversion according to equation (4.4). The dominating
eigenvalues translate into low frequency excitations.

trajectories were shortened artificially. It needs large statistics with r < 0.14 (this
corresponds to ≈ 3.2 · 104 frames) for the spectrum to converge. For larger r, large
eigenvalues get overestimated. Although this effect is quite severe, it must not neces-
sarily play a crucial role on the route towards the density of states. This might become
more clear in figure 4.1.b), where by equation (4.4) the eigenvalues λ∗m are assigned
to frequencies ωm. Because the conversion is inverse, the impact of overestimated
eigenvalues becomes negligible in the spectrum of frequencies. As a result of this, the
curves in graph b) all converge towards small m and ωm.
On the other hand, insufficient statistics also cause the underestimation of small eigen-
values, leading to a proliferation of high frequency modes (red to green curves). In
fact, taking this to an extreme, for r > 1.0 the covariance matrix exhibits eigenvalues
of zero, resulting in a shortened spectrum (red, orange and yellow curve). However,
it should be noted that the corresponding eigenvalues are not amidst the most princi-
pal components. Thus, it may be concluded that slowly oscillating, long wavelength
excitations govern the vibrational properties of the system, although their number is
limited. The proliferation of high frequency modes has little global influence. Here,
insufficient statistics would lead to an overestimation of frequencies.

On a side note, the smaller number of eigenvalues found for smaller r up to 0.56
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Figure 4.2.: Density of states.
DOS of the system at Γ = 200. The weak double peak structure hints
toward Van Hove type singularities. The inset shows the reduced DOS.
The plateau at small frequencies suggests Debye behavior.

(barely visible by shortened curves in graph b) is an artifact originating from difficul-
ties to track all particles over such long timescales. If particles are lost, for example
because they diffuse out of the field of view, the resulting covariance matrix will be of
smaller dimension, yielding a smaller amount of eigenvalues, thus showing a shorter
spectrum.

From the spectrum of frequencies, the density of states may be obtained. By binning
into a histogram, the slope of figure 4.1.b) determines the number of vibrational states
at a given frequency. This is shown in figure 4.2 again for Γ = 200 with a normalisation
to the degrees of freedom 2N , where the trajectories consisted of 1.28 · 105 frames,
corresponding to r = 0.04 and covering approximately T = 4 days. The time window
used to determine the intermediate ‘equilibrium’ positions was set to ∆t = 3600 s,
a value below the relaxation time τα but well in the plateau exhibited by the mean
square displacement. This secures the system is in a metastable state. The binsize
was chosen to ∆ω = 0.052µm−1 which smooths figure 4.2 to a reasonable extend.
Otherwise, the choice is somewhat arbitrary. Although the influence of ∆ω onto the
overall shape of the DOS is not severe (for an intermediate binsize), the need to study
this aspect remains. This is tackled later in this section as well as in section 4.3.1,
where a cumulative quantity much less dependent on the binsize is computed.

The density of states plotted in figure 4.2 emerges from zero and grows almost lin-
early. This culminates in a pronounced peak at ≈ 0.8µm−1. The subsequent drop
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wears out into a plateau, terminated by the residual of a second peak at ≈ 2.25µm−1

before dropping rapidly all the way down to zero. Although faint, the distinctive
double peak structure in the density of states suggests underlying Van Hove type
characteristics, where the singularities originate from the vanishing of group velocity
at the Brillouin zone edge of transverse and longitudinal waves, respectively [Hov53].
In order to distinguish between these two types of excitations, however, the corre-
sponding modes need to exhibit plane wave behavior. The shape of the depicted
density of states therefore already suggests a strong portion of plane waves in the vi-
brational spectrum. For these excitations, the system might be treated in the limit of
continuum theory. More evidence to that is revealed if the density of states is scaled
with the frequency. The inset of figure 4.2 demonstrates the striking linear growth
of D(ω) for small frequencies, which suggests that the Debye picture (in particular
equation 4.2) is applicable. In this reduced representation, the second peak of the Van
Hove singularities manifests itself as a shoulder, before the number of states becomes
zero for high frequencies.

Considering the experimental finite resolution of particle positions, not all data
from the covariance matrix might be reliable. Because it comprises of products of
length, eigenvalues smaller than the squared smallest resolvable displacement must be
subject to noise. Thus, all data above the corresponding frequency may be consid-
ered unreliable. With a precision of 0.2 pixel this translates into a critical frequency of
ω > 7.2µm−1. As evident from figure 4.2, this limit is not reached for the present data.

Statistics and mode structure

The influence of statistics on the eigenvalue spectrum was already discussed in the
preceding paragraph and visualized in figure 4.1. Nevertheless, the study of the de-
pendence of the density of states yields even further information.
Figure 4.3.a) shows the results on varying trajectory length, revealing that the number
of states initially increases with growing statistics. This is caused by the zero eigen-
values which do not contribute to the histogram at large r. While the frequencies are
spread out for short trajectories, they start to concentrate in a region below 3µm−1 as
better statistics become available. Note that ‘better’ corresponds to already as much
as 5 · 104 samples! It is not until r = 0.07 when the distribution develops the second
peak and therefore reveals the plane wave dominance. It is noteworthy, however, that
at r = 0.03 the second peak starts to vanish again. For a trajectory this long (12
days!), the system does not remain in the same metastable state, and particle rear-
rangements are to be expected. This can be seen in the corresponding mean square
displacement (figure 3.6), where at this point the alpha-relaxation has already started.
This randomizes the covariance matrix to a certain extend, destroying the underly-
ing long wavelength correlation of plane waves and diminishing the second peak. In
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a) b)

Figure 4.3.: Density of states for different trajectory lengths and time win-
dows.
a) Only for long trajectories (Nτ > 64000) the density of states exhibits
the double peak structure. For very long times, however, this feature is
lost again.
b) Dependence on the choice of the time window ∆t for which the in-
termediate ‘equilibrium positions’ are determined. The inset shows the
spectrum of eigenvalues (compare figure 4.1.a).

contrast, the curve for r = 0.04 contains only 1.28 · 105 samples which translates to
3.3 · 105 s. This is just at the onset of the alpha-relaxation, where particles on average
have not traversed more than 1/3 of the mean interparticle distance a0, promoting the
restriction of trajectory length to times T ≤ τα.
Figure 4.3.b) shows the dependence of the density of states on the time interval ∆t
used to compute the particles intermediate ‘equilibrium’ position. Apparently the dis-
tribution of modes is not affected. This result seems intuitive, because ∆t only affects
the magnitude of the entries of the covariance matrix. Interestingly though, the corre-
sponding eigenvalue spectrum given in the inset shows a dependence on ∆t. However,
the lower part of the corresponding frequency spectrum (not shown) remains mostly
unaltered, because the conversion is inverse, i.e. the same argument made in the first
paragraph of this section holds. As long as all samples (frames) which contribute to
the covariance matrix originate from the same metastable state, i.e. are taken from
trajectories shorter than the alpha-relaxation, the window size ∆t does not matter for
determination of the density of states.

Since the eigenvalues of the covariance matrix are only the indicators of the true
components, it is instructive to look at the eigenvector structure as well. Figure
4.4.a-e) visualizes the patterns for frequencies ω = 0.03, 0.08, 0.19, 0.39, 0.81µm−1, re-
spectively. If the principal components of the displacement field were to be interpreted
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a) b)

c) d)

e) f )

ω = 0.03 ω = 0.08

ω = 0.19 ω = 0.39

ω = 0.81

Figure 4.4.: Structure of the principal components.
a-e) The eigenmode patterns show decreasing coherence up to the fre-
quency of the first peak.
f) DOS with indication of eigenmode frequencies.
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as modes, particles would perform the presented motion in an undamped ‘shadow sys-
tem’. The eigenmode structure yields no surprises and exhibits the expected features:
For very low frequency (a-b), motion is largely correlated and homogenous. This rep-
resents the behavior of plane waves. The same structure of one large vortex is also
typical for crystalline samples [Gho11] indicating that in this particular glassy system
at hand low energy excitations can be approximated as plane waves.
For increasing frequency (c-d), the number of vortices grows as their diameter de-
creases, introducing more and more randomization. The structure also shows features
hinting towards slight localisation, indicated by single or clumped up large arrowheads.
This is a manifestation of waves scattered by the disorder of the system [Léo11b] and
might be connected to the Ioffe-Regel criterion [Shi08]. This type of pattern was also
reported in other works. Here, it corresponded to the largest eigenvectors or most
principal components [Ash09b, Gho10, Che10, Gho11, Tan12a] and not to intermedi-
ate frequencies. This might be a first hint that the softness of the potential present in
the experiments conducted in this thesis also allows for much softer modes. Because
of their vortex-like appearance, the (abstract) dynamics of these modes was termed
‘swirling motion’ [Gho10].
Going up to frequencies of modes contributing to the first peak, the coherent character
of the components is eventually lost, even on short lengthscales. There appears to be
no underlying structure in the excitations, leading to a breakdown of the Debye model
(see figure 4.2, inset) from this point on. The patterns can no longer be regarded
as principal constituents of the displacement field. Yet, it is these modes that make
up the majority of the vibrational excitations picked up by PCA. It is also worth
noting again that the distribution of eigenvector components at ω = 0.81µm−1 is not
random, because the corresponding eigenvalue is still larger than any noise. Indeed,
a quantitative description in the next paragraph will reveal some correlation even in
figure 4.4.e).
The position of the described mode patterns in the distribution of states is finally
visualized in figure 4.4.f). The stated frequencies correspond to modes number 1, 12,
66, 307 and 1151.

To quantize the decay of coherence up to position (e) at the first peak, a simple
scalar product was deployed on the eigenvector components for different frequencies.
Between two normalized components eim and ejm of mode number m, the quantity

Θij(rij) = eim · ejm
measures their alignment. For parallel and antiparallel normalized vectors, Θij will
become positive and negative unity, respectively. For orthogonal vectors the scalar
product is zero. If there exists an underlying coherence, Θ is dependent on the dis-
tance rij of components i and j.
Figure 4.5.a) shows the average 〈Θ〉 in dependence of r, where the average was taken
over intervals ∆r = 3.45µm which corresponds to 12 % of the mean interparticle
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a) b) c)

Figure 4.5.: Measure of coherence and mode population.
a) The r-dependence of an averaged scalar product of eigenvector com-
ponents gives a measure for the degree of orientation correlation and
its spatial extension. The dashed lines are fits with the model f(x) =
cos(A · r) · exp{B · r}.
b) Fit parameters A and B of the model. The periodicity A (filled black
circles) obeys a power law (dashed black line).
c) The participation ratio p(ωm) measures the population of mode m. In
the background, the density of states is plotted again for mapping fre-
quencies. For details, see text.

distance a0. This quantity becomes zero for a random distribution of orientations.
Application to the mode structure in figure 4.4, however, yields oscillatory behavior
that decays towards zero only for large distances. This is already numerical evidence
for correlation in the eigenvectors em. It is striking that even for the highest frequency
ω = 0.81µm−1, where the corresponding mode pattern appears to be random, 〈Θ(r)〉
exhibits some structure and suggests coherence to a small degree on short lengthscales
(blue circles).
The data yields quantitative results if fitted with a model f(r) = cos(A ·r) ·exp{B ·r},
where the fit parameters A and B reveal periodicity and decay length, respectively.
The fits are shown also in figure 4.5.a) as dashed lines. Apparently, the assumed model
fails in the description of the data at the first peak by overestimation, i.e. the corre-
lation is weaker than found by the model at short distances. Further, the position of
extrema suffers from uncertainty of ≈ 5 %. For the highest frequency, the agreement
is even worse (blue curve) due to scattered data points at r < a0. Nevertheless the
decay of 〈Θ(r)〉 to zero, i.e. the extension of correlation, and the overall periodicity
are reproduced reasonably well.
Because negative values of 〈Θ(r)〉 correspond to anticorrelation, the distance π/A from
maximum to minimum gives a measure for the spatial size of the vortices. In figure
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4.5.b), the fit parameters A and B are plotted versus frequency. A fit to the period-
icity (filled black circles) reveals algebraic behavior of vortex size with an exponent
of −0.95± 0.03 (dashed black line). The fit is quite convincing, merely the bad data
point for the ω = 0.81µm−1-data is a bit off. The fit parameter for the decay length
(empty circles), however, does not show such a clear dependence. This reflects failure
of the model to reproduce the correct peak height in graph a), upsetting the confidence
in this particular parameter.

Another, maybe more analytic tool for mode pattern analysis is the participation
ratio p(ωm) [Bri10, Che10]. It measures the degree of spatial localisation of a mode m
and is defined by

p(ωm) =
1

N

(
∑

i |em,i|2)2∑
i |em,i|4

,

where em is again the according eigenvector of the covariance matrix. The sum runs
over all N particles, accumulating all individual components. The participation ratio
effectively compares a quantity of the ensemble with a quantity of single particles.
For localized modes, which turn up in the patterns as significantly enlarged arrows
(see for example in figure 4.4.c), the participation ratio becomes ≈ 1/N , i.e. only a
couple of particles oscillate in these modes. For a relatively homogenous distribution
of amplitudes, which corresponds to delocalized modes, p(ωm) approaches unity.
As can be seen in figure 4.5.c), the majority of modes in the system is moderately
extended. For low frequencies, however, the long wavelength character demands a rise
in p(ωm). The grayed out density of states in the background indicates this to be
only true for the modes contributing to the build up of the first peak. For very high
frequencies, the modes finally become localized, which accounts for residual motion in
the displacement field not captured by the more principal components.

Behavior towards the glass transition

To capture all aspects of vibrational behavior in the system, the dependence of the
density of states on temperature is shown in figure 4.6.a). All of the pictured curves
feature the same statistics, i.e. all deviations have a physical origin. For low tem-
peratures, the distribution of excitations becomes very broad, featuring much high
frequency modes which show tendencies to localize. Upon reducing the frustration in
the system by lowering the external magnetic field, more excitations accumulate in the
low frequency region, emphasizing the first peak. When entering the vicinity of the
melting temperature, the second peak degrades to a shoulder and vanishes completely
upon reaching TG. This reflects the transition into the fluid state, which is not able
to support shear stress and therefore does not allow the existence of transverse sound
modes. However, even for Γ = 186, the structure of the most principal components
has not changed yet but instead still exhibits large correlation. This is visualized in
figure 4.6.b). The patterns are only broken for temperatures below Γ = 180, where
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4. Density of states

a) b)

Г 186

Г 178

Figure 4.6.: Temperature dependence of the density of states.
a) Low temperatures cause a broad distribution of excitations. Unfreez-
ing results in an increase of low frequency modes, while the second peak
degrades to a shoulder and vanishes at the melting point Γ = 186.
b) Mode patterns in the vicinity of the transition temperature.

they also show slight localisation (the data for Γ = 178 is taken from the cooling cycle,
compare 3.2.6).
On a side note, the density of states for the fluid is not shown in figure 4.6.a) because
in the droplet, it is not possible to collect the necessary statistics due to arising drift.
However, since the mode patterns do not change significantly with the number of
frames (not shown), the loss of coherence evident from figure 4.6.b) is not an artifact.

4.3. Derivation from dispersion relations

Besides the covariance matrix, dispersion relations acquired by the method described
in [Kei04] contain information on the vibrational spectrum of the system under the
assumption of plane wave like excitations as well. This was indirectly tackled in sec-
tion 4.1 of this chapter already. The central statement of equation (4.1) concerns the
dependence of the density of states on the increase of q vectors in a frequency interval,
i.e. the dispersion slope. In other words, the mode wavelength affects their distri-
bution in the frequency spectrum. By this, the results obtained in chapter 3 should
enable an alternative route to mode analysis.

The first step is to convert the eigenvalues λ(q) of the dynamical matrix D to
frequencies ω. They are directly proportional, as given by equation (3.4), so that by

76



4.3. Derivation from dispersion relations

taking the square root, frequencies are obtained. Because the field of view determines
an accessible length scale for the wave vector4 and the mass of the colloids used in
the experiments is known5, equation (3.4) delivers real frequencies [ω] = rad/s. The
dispersion relation as obtained from the conversion in shown in figure 4.7.a).
In order to close down on the density of states, the Debye velocity demanded by
equation (4.2) may be extracted by a linear fit to the small wavevector region of the
transverse and longitudinal branches, where the plane wave approximation holds and
therefore the Debye model applies. This is indicated by blue lines in figure 4.7.a). The
goodness of the fits (error ≈ 3 %) demonstrates the accuracy of the Debye model in
the dispersion data. This procedure yields v‖ = 0.0062 m/s and v⊥ = 0.0028 m/s for
longitudinal and transverse sound velocities, respectively. These values may be put
together to obtain the Debye velocity vD = v‖v⊥ · (v2

⊥+ v2
‖)
− 1

2 = 2.55 · 10−3 m/s which
determines the density of states in the Debye model.
For application of equation (4.1) beyond the Debye model, however, this approach is
not sufficient. To obtain the exact wave vector dependent sound velocities v(q), the
derivatives of the dispersion curves may be computed by utilizing the five-point stencil
of the original data. This method from numerical analysis uses four neighbors and the
data point itself to make up a more smooth grid of data [Abr70]. The first derivative
of ω(q) then reads

ω′(q) =
−ω(q + 2h) + 8ω(q + h)− 8ω(q − h) + ω(x− 2h)

12h
,

where h is the spacing between two data points (given by the smallest wave vector
qmin = 2π/L). The result is shown in figure 4.7.b) as black and red circles for longi-
tudinal and transverse polarization, respectively. Blue horizontal dashed lines mark
sound the velocities from the fit in figure 4.7.a). They agree reasonably well with the
transverse sound velocity and to a lesser extend to the longitudinal sound velocity in
the long wavelength limit.
There is yet a third method to obtain the wavevector-dependent sound velocities. Here,
a model from the analytical textbook approach for the dispersion relation is assumed.
As derived for example in [Ash09a], a solution for the particles equation of motion
leads to the dispersion ω(q) = 2 ·

√
λ/M

∣∣sin(1
2
qa)
∣∣, where λ is the force constant of

the system (eigenvalue of the dynamical matrix), M the particle mass and a the lattice
constant. Fitting graph a) with a corresponding model ω(q) = A · |sin(B · q)| + C · q
yields constants A,B and C, which in turn can be used in an analytic derivative to
calculate the corresponding sound velocities v(q). The linear term is added to account
for the structure of the dispersion curves in q space, as the periodicity beyond the

4Since the dispersion relations are averaged over different directions, the field of view is chosen to
508×508µm2, which is smaller than the actual available field of view of the camera. This restricts
resolution of the wavevector to 1.79 m−1.

5With an effective density of %eff = %Coll − %H2O = 0.5 g/cm3, the mass of particles amounts to
2.39 · 10−15 kg.
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a) b)

Figure 4.7.: Sound velocities.
a) Linear and model fits (solid blue and dashed green lines, respectively)
of the dispersion curves ω(q) =

√
λs/M to obtain the sound velocities of

longitudinal (black) and transverse (red) waves.
b) The computation of the first numerical derivative ∇qω yields longi-
tudinal and transverse sound velocities (filled circles). Another route is
taken by fitting the dispersion data with a model and obtaining the sound
velocities by analytic derivation (solid lines). Dashed blue horizontal lines
correspond to the Debye velocities obtained by the linear fit in a). The
inset shows the ‘original’ dispersion relation for the system at Γ = 200,
taken from chapter 3.

quasi Brillouin zone does not decay to zero. The actual fits are shown in graph a)
as dashed green lines up to the qa0 = π which is indicated by a dotted vertical black
line. The results for the corresponding sound velocities vs(q) are shown in graph b) as
solid lines. They agree with the data obtained by the five-point stencil very well. In
addition, they provide information even in the low q regime, where no derivative can
be computed due to the lack of neighboring data.

4.3.1. Results

Because the density of states contains all vibrational excitations, contributions from
both longitudinal and transverse waves have to be accounted for. In textbook ap-
proaches, this is realized by simply adding up the respective number of states per wave
vector. With experimental data, which may be sparse or exhibit nonlinear spacing,
this may be achieved by computing D(ω) with equation (4.1) separately for longitu-
dinal and transverse branches. Subsequently, the data is sorted into frequency bins
accumulating the respective contributions. The evaluation procedure is sketched in
figure 4.8.a). The blue bars in the background indicate the resulting histogram, giving
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D
(ω
)

ω

a) b)

Figure 4.8.: Density of states from dispersion relations.
a) Sketch of the evaluation procedure. Data from both branches (black
and red symbols) are computed separately before merged in a histogram
(indicated as blue bars in the background).
b) Density of states from dispersion relations. Two peaks are reminiscent
of the vanishing sound velocities at the quasi Brillouin zone edge. The
inset shows the scaled DOS, which is compared to the prediction of the
Debye model (blue line).

a distinctive shape to the density of states. Figure 4.8.b) shows the results of the
computation. The most distinctive feature are the two peaks. They originate from
the flat plateau of the dispersion curves at the quasi Brillouin zone edge and indicate
a significant increase in mode density in the frequency spectrum. With an infinite
resolution in q space, these peaks would grow into real Van Hoove singularities. The
manifestation of the peaks therefore indicates the quality of the field of view.
The existence of peaks in the distribution also raises questions regarding normalisa-
tion, because the frequently used approach of referring to the area under the curve
depends strongly on the shape of the peaks. The more pronounced the singularities,
the lower the baseline becomes. In the case of colloidal experiments, however, the
number of involved particles can be determined, which allows the normalisation re-
garding the available degrees of freedom.
The inset of figure 4.8.b) shows the reduced density of states. By scaling with the
frequency, Debye behavior as given by equation (4.2) is obtained. For comparison, the
prediction from the Debye model with sound velocities obtained by the linear fits in
figure 4.7.a) is indicated by a straight blue line. The model succeeds in catching the
average distribution up to the first peak. Especially in the region around 200 rad/s,
the two curves coincide. However, the fifth bin of the histogram clearly is subject to
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incorrect filling. The difficulty here is to achieve a homogenous distribution. Because
of sparse q values (their density is given by the size of the field of view), the binsize
may not become too small. In this case, the binsize was chosen to ∆ω = 20.7 rad/s.
A solution to this dilemma is given in the next paragraph.

Cumulative density of states

A potentially more clear quantity for measuring the population of modes is the cumu-
lative density of states (cDOS) DC(ω). Here, all contributions to the DOS are added
up with increasing frequency. This approach prevents production of misleading trends
in the DOS by ‘unfortunate’ data binning. Debye behavior is indicated by a quadratic
increase of the cDOS. This can be seen easily by writing down the functional depen-
dence of the (Debye-like) DOS D(ω) = D∗ ·ω, where ω = 0, 1 ·∆ω, 2 ·∆ω, . . . , N ·∆ω
and D∗ = L2/2πv2

D can be read from equation (4.2). The value N = ωmax/∆ω takes
into account the discretization of frequencies by sorting the data into bins of finite
binsize ∆ω (see section 4.2.1). Then, with ω = n ·∆ω, the cumulative DOS is nothing
more than an arithmetic progression:

DC(ω) = D∗∆ω + 2D∗∆ω + . . .+ nD∗∆ω

= D∗∆ω
n∑
i=1

i

= D∗∆ω
n(n+ 1)

2

=
D∗

2

(
ω2

∆ω
+ ω

)
.

Any excess of modes beyond the Debye model will result in a stronger growth.

In figure 4.9.a), this quantity is shown for the inverse eigenvalues λ∗ of the covariance
matrix (black line). The red line is a quadratic fit for the interval indicated by the
shaded region. The only fit parameter m with its uncertainty is given in the lower
right corner of the graph. Judging from the convincing agreement between fit and
original data for 0 < ω < 0.75µm−1 (the error only amounts to 2 %), Debye behaviour
is present indeed (as already suggested earlier, compare the inset of figure 4.2). At
the highest frequencies, the cDOS converges towards one, indicating a decay to zero
in the DOS.
In figure 4.9.b), the cumulative DOS is plotted for the data obtained by the derivation
of the dispersion curves (black line). Again, the red line is a quadratic fit. Agreement
is found up to ω ≈ 200 rad/s. Here, the error also only amounts to 2 %, confirming
Debye behavior. At higher frequencies, however, a clear excess of modes becomes
apparent, representing excitations contribution to the first peak. The same is true for
the upper end of the spectrum. The non-continous differentiability at ω ≈ 275 rad/s is
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a) b)

m 0.378 ± 0.009 m 3.40x10-6 ± 8x10-8

Figure 4.9.: Cumulative density of states.
a) cDOS of the inverse eigenvalues obtained by PCA (black curve, compare
figure 4.2).
b) cDOS of data from dispersion curves (connected black symbols).
The shaded regions indicate the interval used to fit a quadratic function
f(x) = m · x2 (red solid lines). The fit parameter is given in the lower
right corner. In both graphs, the low frequency region obeys the Debye
model with a deviation of only 2 %.

a striking feature and conveys the fact that this peak will turn into a real singularity
for higher resolution in ω. Between the two peaks at ≈ 450 rad/s, the distribution re-
engages the fit, hence approaching again Debye-like behavior. This is not surprising
as a vital assumption for the dispersion computations was a spectrum of plane waves
in the first place.

4.4. Comparison of PCA with dispersion data

To conclude matters, a comparison between the density of states obtained by principal
component analysis and by derivation of the dispersion curves is worthwhile. Prior to
this, some comments have to be made on the substance of PCA data.
PCA as well as the Fourier approach only process lengthscales. Accordingly, the re-
sults can only be interpreted as snapshots of the underlying dynamics. In section 3.1.1,
the excitations were assumed to be of plane wave character, fulfilling equation (3.4),
and thus providing the means to connect the spatial correlations (i.e. wave vectors)
to a temporal domain (i.e. frequencies). For the original PCA data, this coupling is
not intrinsically given.
Nevertheless, a couple of publications associate real frequencies to the principal compo-
nents [Che10, Gre11, Tan12a]. The derivation of this approach is given in a manuscript
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by Henkes et. al. [Hen12]. There, the relation

ω =

√
kBT

m · λ∗
, (4.5)

is developed where kBT is the thermal energy of the system, m the particle mass and
λ∗ the eigenvalues of the covariance matrix. A vital assumption6 made is that the
solution of the respective equation of motion always features an exponential, time-
dependent term exp {−ikt}, where k depends on the case but always is proportional
to a frequency ω. In other words, plane wave behavior is assumed here as well.
This assumption is a delicate point in some of the cited works, because the boson
peak reported there is explicitly attributed to non-planar waves (‘swirling motions’).
This is a very good example for how carefully the results of PCA should be interpreted.

Having found much evidence for plane wave behavior in the system at hand, equa-
tion (4.5) is applied here. This allows a comparison of PCA-data with the density
of states derived from the experimentally determined dispersion relation by matching
the respective units of the ‘frequency’ axis. In figure 4.10.a), both data are shown. In
either case, the same system was analyzed (Γ = 200, 508×508µm2, only big particles)
and the curves are normalized with respect to the contributing number of particles.
Because both evaluation schemes rely on the accumulation of data in histograms and
PCA offers more statistics to those bins, its actual density of states appears higher.
Better agreement is obtained by normalization with respect to the area under the
curve [Hen12]. However, the results then become very susceptible to the peak height
of the reminiscent Van Hove singularities, which in turn depends on the binsize ∆ω
of the applied histogram. For high q resolution of the dispersion relations, where the
peaks come much closer to real singularities, the initial agreement is also lost. There-
fore, the former normalization proves to be more solid and is applied to the results in
this work regardless of its initially bad agreement.
In either case, however, the positions of the first peak at ≈ 250 rad/s agree very well.
This fact is striking, as both methods use two thoroughly different approaches. Appar-
ently, key features of the studied system are picked up either way, which is somewhat
reassuring and validates many results of this work.
Figure 4.10.b) compares the cumulative density of states, which does not depend
strongly on the choice of external parameters. Thus, the good agreement of the curves
for frequencies below 200 rad/s immediately comes to attention. The distribution of
long wavelength modes is therefore adequately described by both approaches. By com-
parison to the prediction of the Debye model (blue line) it is clear that these modes
are of a plane wave character. Significant differences only emerge at large frequencies,
where PCA underestimates the amount of excitations. In fact, here the DOS from the

6This was treated in different cases with underlying Newtonian or overdamped Langevin dynamics
or even athermal systems.
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a) b)

Figure 4.10.: Comparison of the density of states.
a) Both curves are computed for the same system and are normalized
with respect to the number of degrees of freedom.
b) The cumulative density of states shows very good agreement for the
low frequency/long wavelength region between the two methods. The
red curve is the quadratic fit from figure 4.9.b), while the blue curve
indicates the Debye prediction from the inset of figure 4.8.b).

dispersion relation also deviates slightly from the Debye prediction. This is due to the
two different fit models applied (linear and sine, see section 4.3), resulting in a small
but distinctive discrepancy (compare quadratic fit, red line).

4.5. Discussion

With the two approaches established, the attention may now be turned toward the
relevance of the data to the glass transition or the glassy state in general.
As demonstrated, much of the vibrational excitations present in the system are of
plane wave character. This picture is conveyed by evidence in the density of states
(Van Hove singularities), the eigenvector structure and the agreement of PCA data
with the plane wave Fourier approach. The latter also solidifies the results from chap-
ter 3.
These findings challenge the universality of recently published results, which found
even the lower part of the frequency spectrum to consist mainly of short-ranged
‘swirling motions’, i.e. non-planar excitations [Che10, Gho10]. Parts of those modes
were also described as localized. This discrepancy in vibrational behavior might have
its origin in the significantly different nature of the studied systems. While in the
present case those properties are governed by very long ranged soft repulsion (dipolar
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1/r3), PMMA hard spheres were used in [Gho10]. Additional perturbations might be
induced there also by the three-dimensional nature of this system (coupling to out-
of-plane excitations). The treatment of dimensionality in this case is still a matter of
discussion [Gho11, Lem12] and therefore also affects the results of [Kay10] where the
mode spectrum of a ‘disordered crystal’ made of PNIPAM particles was investigated
in three dimensions. Here, the soft short ranged repulsions additionally might ham-
per the propagation of planar wavefronts, as will the friction found in these systems
[Sti14]. In intrinsically two-dimensional experiments with PNIPAM particles [Che10],
the altered hydrodynamics due to confinement between two cover slides most likely
also impact the formation of modes (compare chapter 6).

The nature of excitations has also an impact on their spectrum. In the experiments
performed here, no proliferation of modes beyond the Debye model at low frequencies
was found. Apparently, soft long ranged interactions in almost ideal two dimensional
glass formers promote vibrational behavior similar to crystalline systems. Correspond-
ingly, none of the ‘anomalous behavior’ discussed in the introduction is supposed to be
found here. This questions the universality of the findings in [Che10, Gho10, Kay10].
Instead, the (colloidal) glass transition is described here, in accordance to the results
from chapter 3, as the crossover from a rigid/solid to a soft/fluid state, where the
latter is not able to support transverse (shear) waves. Evidence for this picture is
found in the vanishing of the second peak in the density of states as well as the decay
of orientational correlation of vibrational amplitudes at the transition temperature.
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5. Dynamical heterogeneity

Driving a system towards its glass transition translates into increasing its inherent
dynamical relaxation time. Various works over the past two decades have revealed
the development of a structure in the spatial distribution of these relaxation times,
evident from the correlation of dynamics on the approach to the nonergodic state
[Miy88, SR91, Kob97, Wee00, Keg00].
The relaxation times may be associated with particle mobilities and described by a
mobility field. While distributed randomly in space in a homogeneous fluid, they
appear clustered in disordered solids. This phenomenon is called ‘dynamical hetero-
geneity’ and shows that structural relaxation is a nontrivial dynamical mechanism in
these systems.

A first explanation for the occurrence of dynamical heterogeneity evolved from the
efforts of Kauzmann to connect the glass transition temperature TG to the entropy
difference between the supercooled liquid and the stable crystal [Kau48], yielding
the famous ‘entropy crisis’ and the corresponding Kauzmann-temperature TK . The
relaxation of the liquid, identified as a dynamical process, was later related to con-
figurational entropy by Adam and Gibbs [Ada65]. Configurational entropy counts
the number of stable configurations accessible by the system. As the supercooled
liquid becomes nonergodic with decreasing temperature, the configurational entropy
also drops, because the increased frustration limits the available configuration space.
In other words, the number of sites a single particle can travel to decreases, because
neighboring particles begin to obstruct movement (known as the ‘cage effect’ from
mode coupling theory [Bar89]). In fact, in order to move at all, neighboring particles
have to rearrange themselves in order to let the initial particle pass through. This set
of particles was termed ‘cooperatively rearranging region’, illustrating the underlying
mechanism of this simple model pretty well. It also becomes clear from those consid-
erations that these regions are expected to grow with decreasing temperature, because
an increasing amount of (coordinated) rearrangement is needed for a single particle to
move. This fact is also captured in recent theoretical work [Gar02].

The study of dynamical heterogeneity has also led to considerations about perceiving
the glass transition as a nonequilibrium phase transition. Because of its fluctuation-
dominated character, it reminds of critical phenomena with a growing static correla-
tion length. The theoretical tools like renormalization group or field theory would be
applicable if this correlation length could be determined in glassy systems. At the first
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glance, it seems rather obvious to pick up on the length scale of those cooperatively
rearranging regions introduced in the preceding paragraph. However, these turn out
to be hard to determine for the following reason: The distinction between mobile and
immobile particles is not static, but dynamical. In other words, all attempts to grasp
this content via standard methods as density correlation (for example by scattering
experiments) are bound to fail. Usually, the studied functions only depend on den-
sities at two different locations, but only one single point in time. The additional
dimension time is at most used for averaging. Vice versa, common functions studying
the dynamical properties of a system average over spatial distributions.
A possible approach are so-called four-point functions, which correlate the information
available at two points, each at two times [Das91, Sil99, Glo00]. In other words, rather
than an ensemble of snapshots, an ensemble of ‘movies’ (i.e. linked trajectories) has to
be investigated, as the phase transitions broken symmetry would be located in space
time (trajectory space) rather than real space.

In order to study heterogeneous dynamics with the experiment described in this
thesis, the timescale on which those appear has to be determined first, since earlier
investigations yielded static results in the glassy state [Maz11]. For this, it is reverted
to an established method before the question of a correlation length is tackled.

5.1. Overlap order parameter and susceptibility

As a starting point to describe spatial-temporal correlations, usually a function

f(t) =

∫
dr1dr2ρ(r1, 0)ρ(r2, t)δ(r1 − r2)

is considered. Here,

ρ(r, t) =
N∑
i=1

δ(r− ri(t))

is the point density of N particles in a volume V . This function simply correlates the
density at two different points in time and must therefore still be considered two-point.
Yet, f(t) will indicate a timescale which is related to four-point quantities as shall be
seen later. For short times, f(t) contains information about the number of particles
with slow dynamics. In fact, only particles which overlap their initial position or ran-
domly travel to the starting point of another particle contribute to the integral. Thus,
this function will decay very rapidly due to the vibrational motion of particles. How-
ever, the correlations one is interested in occur at longer time scales. This was tackled
in the literature [Fra99, Glo00] with the discussion of a coarse-grained approach, which
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also addresses experimental issues1. By introducing an overlap function

w(|r1 − r2|) =

{
1 if |r1 − r2| ≤ a

0 if |r1 − r2| > a

in terms of a paramter a, f(t) may be rewritten as

Q4(t) =
N∑
i=1

N∑
j=1

w(|ri(0)− rj(t)|) (5.1)

and acts as an order parameter. In the computation of this quantity, a may be asso-
ciated with some characteristic length as cage size, vibrational amplitude or particle
diameter. Because the decay behavior of the order parameter depends crucially on
a, figure 5.1.a) shows 〈Q4(t)〉/N for different values, where the average is taken over
time2. The emerging function can be interpreted as the fraction of particles overlap-
ping with their initial position in a later frame. For very short times, where all particles
still remain at their respective starting position, Q4(t → 0)/N obviously equals one.
For later times, this function does not decay to zero because the probability that a
particle overlaps the starting position of a neighboring particle does not vanish. The
fraction of those particles is exactly given by the long time limit of 〈Q4(t → ∞)〉/N .
Accordingly, this value becomes larger for increasing a, as apparent from the graph.
Because the data conveys dynamical information, a two step process typical for glassy
systems becomes visible for a ≥ 1.725µm. This corresponds roughly to the diameter of
small particles. The curves drop to a plateau, which indicates arrest. In other words,
only a fraction 1− 〈Q4(t)〉/N of particles is mobile enough to rearrange significantly.
In figure 5.1.b) 〈Q4(t)〉/N is shown for different states below the glass transition tem-
perature. The overlap parameter was chosen to be a = 4.485µm, which is about the
diameter of the big particles. The reason for that choice is discussed later in this
section.
For low temperatures (high interaction strength), the plateau extends over more than
two decades at a very large value. Almost all particles remain localized. While this
does not give any information about the correlation of these particles yet, it determines
the timescale on which these correlations might occur. The upper bound is given by
the eventual decay of the plateau at t ≈ 105 seconds. For longer times, the initial
structure is lost, i.e. all particles have left their starting positions and the overall dy-
namics is thus uncorrelated as in a fluid (it is stressed here again that this conclusion
depends on the choice of a).
Figure 5.1.b) confirms the perception that the persistence time of a cage (in the mode

1Because of limited spatial resolution in experiments, the decay of 〈Q4(t)〉/N evaluated with a
point density is vastly accelerated, giving misleading results. Instead, ρ(r, t) should rather be
interpreted in terms of a volume fraction, paying respect to the finite size of particles.

2Compare section 3.2.6. Throughout this chapter, data from the heating cycle is used.
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a) b)

Figure 5.1.: Order parameter Q4(t).
a) For Γ = 207, decreasing the overlap parameter a (given in microns)
accelerates the decay of Q4(t). For values comparable to the particle
diameter σS = 2.5µm of the small species, a two step relaxation process
marked by a plateau emerges. The mobile fraction of particles might be
spatially correlated on timescales given by the plateau.
b) Temperature dependence of Q4(t) with a = 4.485µm. The plateau
value drops with increased temperature, indicating a smaller fraction of
static particles. The onset of the plateau is constant for all temperatures,
as indicated by the black dashed line. The choice of a will become clear
later.

coupling picture) extends for lower temperatures, facilitating a prolonged correlation
time, as the plateau grows in length for increasing Γ. The same result is somewhat
conveyed by the alpha relaxation in mean squared displacement data (figure 3.6, sec-
tion 3.2.3).
The lower bound of a possible correlation time is given by the onset of the plateau,
where only a fraction of particles rearranges (possibly cooperatively). It is noteworthy
that the onset of the plateau/shoulder occurs always at the same time, as indicated
by the black dashed line. This persists although the overall dynamics is increased for
lower Γ, as indicated by the faster initial drop of those curves. This intriguing fact
suggests a short correlation time window for low Γ, while deep in the glassy state, the
distribution of lifetimes of ‘dynamical clusters’ might be much more extended. For
times t < 100 seconds, the short time diffusion is visible (compare again the MSD in
figure 3.6).

Because of the high computational effort for such extremely long sets of data, a
coarse graining was applied, where only frames of every 100 seconds were evaluated.
To probe the short time regime nevertheless, a second calculation with high temporal
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resolution (but significantly shorter dataset) was done as well. The data shown in
figure 5.1 incorporates both.

Next, the connection between the timescales contained in Q4(t) and four-point quan-
tities is outlined. For this, the four-point time dependent density correlation function

G4(r1, r2, r3, r4, t) = 〈ρ(r1, 0)ρ(r2, t)w(|r1 − r2|)ρ(r3, 0)ρ(r4, t)w(|r3 − r4|)〉
− 〈ρ(r1, 0)ρ(r2, t)w(|r1 − r2|)〉 × 〈ρ(r3, 0)ρ(r4, t)w(|r3 − r4|)〉

is considered. The corresponding radially averaged four-point correlation function
g4(r, t) is the time-dependent analogue to the well known static density correlation
function g(r), also called the pair correlation function [Lac02]. It picks up dynamically
changing structures. Theoretical work [Lac03] showed that

g4(r, t) =

〈
Q4(t)

N

〉2

g?4(r, t) ,

where g?4(r, t) contains the structural information of the initial configuration, but only
considers particles which are found overlapping at time t. That is, g?4(r, t) = gex(r)−1
where, depending on the time t, certain particles are excluded from the calculation of
g(r) (indicated by the subscript ‘ex’).
Intriguingly, this means that Q4(t) acts as an envelope for the amplitude of the four-
point density correlation function, i.e. Q4(t) governs whether there may be possible
spatio-temporal correlations or not, and if so, how strong they might be.

Theoretical consideration of these kind of functions are manifold [Fra99, Don02,
Glo00, Lac02]. A noteworthy achievement is the equation for a quantity χ4(t),

χ4(t) =

∫
dr1dr2dr3dr4G4(r1, r2, r3, r4, t) ,

which is the spatio-temporal analogue to the isothermal compressibility κT = − 1
V

(∂V
∂P

)T ,
because the latter is proportional to the volume integral over g(r)− 1 [Han06]. Thus,
the temporal dependence of the four-point density correlation function is contained in
χ4(t). Interestingly, χ4(t) can also be expressed by fluctuations of the overlap function
[Lac03]

χ4(t) =
〈
Q4(t)2

〉
−
〈
Q4(t)

〉2
. (5.2)

This shows again that Q4(t) contains the temporal component of possible spatial cor-
relations. Extended theoretical analysis [Lac03] finds χ4(t) as a function growing from
zero into a peak, where the peak position reflects the correlation time. For decreasing
temperature in the supercooled regime, this peak becomes more pronounced and shifts
to longer times.
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5. Dynamical heterogeneity

a)

d)

b)

c)

Figure 5.2.: Susceptibility of the four-point correlation function.
a-c) For Γ = 603, 207, 189, increasing a (given in microns) yields growing
fluctuations up to a value of roughly the diameter σB = 4.5µm of large
particles, where χ4(t) saturates. Thus, a = 4.485µm is chosen for all
calculations in this section.
d) χ4(t) for different temperatures. Noisy data prevents the unambiguous
identification of correlation times.

In figure 5.2.a-c), the results for χ(t) are plotted in dependence of the overlap pa-
rameter a for three different temperatures as indicated in the upper right corner of
the graphs. Equation (5.2) was evaluated by binning the 〈Q4(t)〉/N -data as presented
in figure 5.1.a) into time intervals of ∆t = 200 seconds and computing the respective
squared averages. Naturally, the fluctuations of Q4(t) initially grow with a. Except
the case Γ = 603 deep in the frozen state, reaching the diameter of big particles σB
gives the larges signal, i.e. the area under the curves is maximized. This furthers the
notion that the vibrational amplitude is about the size of σB and only slightly becomes
smaller deep in the glassy sate (compare graph a). Thus, a = 4.485µm was also used
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in figure 5.1.b).
Figure 5.2.d) shows χ4(t) for different temperatures. The data is rather noisy such that
peaks indicating different correlation times can not be identified unambiguously (with
the exception of Γ = 603). Yet, it seems like the distribution is bordered by the high-
est and lowest interaction strength as would be expected. Therefore, the correlation
timescale is located between 4·103 and 4·105 seconds as indicated by the green shading.

The bad quality of figure 5.2.b) is a consequence of noisy Q4(t) data. For a smooth
order parameter, χ4(t) would only pick up the steep decaying part of the curve (as it
is the case in the present data only for Γ = 603, see figure 5.1.b). In other words, χ4(t)
should be sensitive to significant changes in Q4(t), not to its small-scale fluctuations
due to uncertainty. Especially because statistics get sparse for times above 105 s, the
curves become unreliable in this region, as demonstrated by the overlap found in figure
5.1.b) at the upper end of the timescale. This effect is dramatically magnified in the
fluctuation data, thus limiting the interpretation of χ4(t).

5.2. RMS spatial correlation function

Since Q4(t) and χ4(t) only study the temporal behavior of dynamical patterns, other
quantities tackling the spatial distribution have to be developed. For a measure of
local dynamics, the root mean square (RMS) of vibrational amplitudes

Ui(Ri) =
√〈
|Ri − ri(t)|2

〉
∆t

(5.3)

is a good quantity. It is calculated per particle i and reflects its average ‘activity’ dur-
ing the time interval ∆t. As in section 3.1.1, Ri denotes the averaged particle position
and ri is the particle position at time t ∈ ∆t. Although it is not explicitly denoted
in equation (5.3), Ui(R) is of course dependent on the length of ∆t, implied by the
time dependence of R. For short times being of the order of vibrational timescales, U
will be distributed homogeneously among all particles. This is expected to change if
accessing the region where χ4(t) grows above zero (compare figure 5.2). Furthermore,
it is an interesting quantity because it is also dependent on time t if the assumed hete-
rogeneities are not static. Thus, for a reasonable evaluation of U(R), it is eminent to
extend the measurement timescale t well above ∆t. Otherwise, the RMS of vibrational
amplitudes will convey only a static picture. Former experiments, which investigated
a similar quantity3, could not resolve the fluctuating nature of dynamic heterogeneity

3Dynamical heterogeneities were studied using an integrated square displacement (ISD) ci =
1
M

∫ τ
0

∆r2i (τ)dt, where M =
∑N
j=0

∫ τ
0

∆r2j (τ)dt is the normalization factor and ∆r2j (τ) is the
individual squared displacement of particle j for a lag time τ .
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because measurements ‘only’ extended to one or two days [Maz09, Maz11]. Appar-
ently, the system alters its dynamics on even longer timescales.

In the following, snapshots of the system at different temperatures are shown, ex-
hibiting a spatial distribution of dynamics. Dynamics are indicated by symbol size,
where large symbols correspond to large root mean square vibrational amplitudes.
Figure 5.3.a) shows the system at Γ = 395, deep in the glassy state. The RMS was
computed over a time interval of ∆t = 6.4 · 104 seconds, while the whole measurement
lasted for 106 s ≈ 12 days. It becomes evident immediately that dynamics are hetero-
geneously distributed, as some ‘active’ regions are visible in the lower half. They are
generated by cooperatively moving particles, such that their respective ‘cage’ (energy
minimum) shifts significantly more than a vibrational amplitude. There is also no
separation between large and small particles, indicated by two different colors (big -
red, small - blue). Both species contribute to a comparable extend to the heterogene-
ity. Besides regions of increased motion, some single particles also show a large RMS
(upper center). These may be attributed to single events, where a particle breaks its
cage. In this case, the RMS becomes equal to half of the distance traveled, which
is multiples of the vibrational amplitude. This does not affect neighboring particles
[Maz11].
Figure 5.3.b) shows the system state at Γ = 186, close to the glass transition tem-
perature at Γ ≈ 185 (compare chapter 3). The dynamics are still distributed het-
erogeneously, with highly active regions in the bottom, the top left and in the top
right. In contrast to the deeply frozen system, however, the regions have grown in size
significantly, up to a point where they connect in some places.
The intermediate case is shown in figure 5.4 for Γ = 200. The heterogeneities appear
only marginally larger than for Γ = 395, but certainly are more numerous. Single
events are almost completely suppressed, they appear occasionally pairwise (three
pairs can be found in graph a) in the center), although this is, technically, no longer a
single event. Both Graphs a) and b) originate from the same measurement run but are
computed for trajectories 134 hours apart. Apparently, the structure of dynamics has
changed during this period, meaning that it is not static on this timescale. Rather,
the dynamics fluctuate, such that active regions become inactive and vice versa.
This spatio-temporal character of dynamic heterogeneities can best be grasped in form
of movies, where each frame contains a distribution of RMS as shown in figures 5.3 and
5.4. Each successive frame constitutes of slightly changed averaged particle positions
R and incrementally growing or shrinking respective RMS values. Thus, a sequence
of these images reflects a simplified view on the system, where spatial fluctuations of
particles are damped due to the averaged particle positions. Instead, the information
of vibrations is encoded in the particle size which appear to grow or shrink depend-
ing on their ‘activity’. In the following, certain aspects of these movies are evaluated
quantitatively.
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a)

b)

Figure 5.3.: Dynamic heterogeneities.
a) The RMS of particles at Γ = 395 deep in the glassy phase. Besides
regions of increased activity, also single events occur.
b) The RMS of particles at Γ = 186 just above the glass transition
temperature.
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5. Dynamical heterogeneity

a)

b)

Figure 5.4.: Time evolution of dynamic heterogeneities.
Snapshots of the distribution of vibrational amplitudes for the system at
Γ = 200. Graphs a) and b) are obtained with the same parameters, but
134 hours apart.
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5.2. RMS spatial correlation function

5.2.1. Correlation length

One avenue towards the determination of the spatial expansion of the observed dy-
namic heterogeneities is the application of correlation techniques known from scatter-
ing experiments. In dynamic light scattering (DLS), for example, one aims to access
the dynamics of the investigated system by studying the intensity fluctuations of scat-
tered coherent and monochromatic light. The idea behind this approach is such that
any change in structure of the sample will cause altered conditions for constructive
or destructive interference, thus changing the scattered intensity in a fixed direction.
Within this intensity fluctuation, information about the scatterers’ dynamics is con-
tained. From a recorded time series of the intensity, the first step to derive the desired
information is to generate the normalized intensity autocorrelation function

g2(τ) =
〈I(t) · I(t+ τ)〉
〈I(t)〉2

. (5.4)

Here, I(t) is the measured intensity at time t, while τ describes a lag time. Of course,
g2(τ) is implicitly also dependent on the wave vector q of the scattered light. However,
this quantity is usually kept fixed. For short delay times (compared to the system’s
internal dynamics timescale) this function retains its value because the system has not
changed much, i.e. lim

τ→0
〈I(t)I(t + τ)〉 = 〈I2(t)〉. For longer delay times, on the other

hand, this function is expected to decay. For very long delay times the intensities
become uncorrelated such that lim

τ→∞
〈I(t)I(t + τ)〉 = 〈I(t)〉2. Therefore, a decay to

unity is expected.
Much of the theory on how decaying correlation functions are connected to dynamical
features, however, deals with the electric field. To align theory and experimental data,
the Siegert relation [Sie43]

g2(τ) = 1 + β [g1(τ)− 1]2 (5.5)

is used, which connects the intensity autocorrelation function (sometimes called a
second-order autocorrelation function) with the field autocorrelation function (first-
order autocorrelation function).

This approach might also be utilized for the studies of dynamical heterogeneities by
exchanging the time dependence with a spatial one such that I(τ) becomes U(r) where
U denominates the RMS at vector r. Hence, for every frame, each particles vicinity is
correlated with its RMS. In the following, this function is called the normalized RMS
spatial correlation function. For the application to experimental data, however, some
considerations have to be done first.
Because a direct approach is computationally too demanding, the Wiener-Khintchin-
theorem will be used instead. It connects the power spectrum of a time series x de-
scribing a stationary process with its expected value E [x(t)x?(t− τ)] [Wie30, Khi34].
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5. Dynamical heterogeneity

Since equation (5.4) expresses such an expected value, g2(r) may be calculated by two
consecutive Fourier transformations F :

g2(r) =

〈
F−1

(
|F(U(r))|2

)〉
〈U(r)〉2

, (5.6)

where F−1 denotes an inverse Fourier transformation. A more detailed demonstration
of the above application of the Wiener-Khinchin-theorem is given in the appendix C.
The spatial Fourier transformation F , however, demands an equidistant spaced grid.
So far, only discrete (averaged) particle positions are available which are randomly
distributed. Therefore, it is necessary to interpolate the spatial distributions of the
RMS, as shown in figures 5.3 and 5.4, onto a regular lattice. This is achieved by the
application of quintic polynomials to the triangulated particle positions [Aki78]. The
result of the interpolation of figure 5.4.a) is shown in figure 5.5.a). An extrapolation
grid of 1392×1040 cells was used, corresponding to the camera resolution used during
the data acquisition process. Light red color corresponds to a large RMS, while dark
colored regions indicate relative immobility. The features visible in the original image
are well reproduced. The extrapolation is normalized with the mean value of U(r).
Because the triangulation obviously extends only to the particle positions bordering
the field of view, the edges have to be excluded from any calculations. Considering
this, Fourier (back) transformation of this yields the desired g2(r).
Figure 5.5.b) shows the result after performing a time average over all frames. In the
color map, red corresponds to large values (i.e. high correlation) and blue/purple to
low values (i.e. low correlation). Apparently, g2(r) spikes at the center and decays
rather fast. For a grasp of length, the black bar (highlighted by a white background for
better visibility) in the lower right corner corresponds to a mean interparticle distance
a0, so that the peak in the center can be attributed to the RMS of a probe particle,
correlated with itself. The increased correlation indicated by the green and turquoise
colors (compared to the average value given by the blue/magenta area), which extends
over some few mean particle distances, hence may be traced back to the average size
of a dynamically active region.
To keep the computational effort in reasonable boundaries, a coarse graining was
applied to the time series. Only frames taken every 800 seconds are used in the com-
putation of g2(r). This was checked to have no impact on the results, because the
time interval used to determine the equilibrium positions was chosen much larger. It
was made sure that still 80 frames contributed to each U(r).

For a more quantitative analysis, the spatial distribution of g2(r) may also be av-
eraged radially because of the isotropy of the system. This becomes apparent from
figure 5.5.b) which exhibits radial symmetry. Thus, the normalized RMS spatial cor-
relation function becomes g2(r) and is plotted in figure 5.6.a), top graph. It exhibits
an intercept just above 1.08 and decays to unity. This is a typical behavior for in-
tensity autocorrelation functions g2(t), where the corresponding field does not follow
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a)

b)

Figure 5.5.: Extrapolation of discrete RMS values.
a) Snapshot of the quintic extrapolation onto a regular grid of the data
shown in figure 5.4.a). The color code indicates regions of increased dy-
namics by light red, while dark color corresponds to a small RMS value.
b) g2(r) computed via equation (5.6). Red corresponds to large correla-
tion, blue/purple to low correlation.
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a) b)

Figure 5.6.: RMS spatial correlation function g2(r) for Γ = 200.
a) (Top graph) g2(r) exhibits the features of a typical normalized intensity
autocorrelation function with an intercept between 2 and 1. (Bottom
graph) The normalized g2(r) in a half logarithmic representation exhibits
a double exponential decay over some average interparticle distances. The
red line is a fit. For details, see text.
b) Normalized RMS autocorrelation function for different time windows
∆t. The curves show convergence towards averaging times between 32·103

and 128 · 103 seconds. The first inset (top left) shows the distribution of
the averaged RMS which exhibits an exponential tail. The second inset
(top right) is an extrapolation of RMS, where only particles contributing
to the tail were taken into consideration.

a Gaussian distribution. For convenience, g2(r) is always plotted as g2(r)−1
g2(0)−1

in the
following, thus normalized in a fashion similar to the Siegert relation. In a plot with
logarithmic y-axis (figure 5.6.a) bottom graph), g2(r) exhibits a double exponential
decay for a length up to ten interparticle distances. This is indicated by the red
line which is a three parameter fit to the data. The model used here is given by
f(x) = A [exp{− x

r1
}+exp{− x

r2
}] with the resulting fit parameters A = 0.51, r1 = 1.86

and r2 = 6.42. In both cases, the fit accuracy is better than 99 %. The deviation of the
model from the data for r ≥ 10 a0 is not as severe as it seems on the first glance, but
merely a consequence of the logarithmic representation. For the correlation length ob-
tained by the fit, the model is in very good agreement with the data and can be made
even better if only the region up to r = 10 a0 is fitted. To understand the existence of
two correlation lengths rather than a single one, it is instructive to take another look
at the snapshots in figure 5.4. As already discussed, ‘single events’ occur, where two
particles exchange positions. These are visible in graph a) as pairs of enlarged blue
blobs. Obviously, because of the increased dynamics far above average, these particles
contribute well to the RMS. The respective correlation length, however, only extends
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as far as two interparticle distances (the distance between the two particles plus two
times half the distance to their respective neighbors), which is in agreement with the
fit parameter r1 = 1.86. As mainly small particles (blue color code) are involved in
this procedure, the decay length r1 may be attributed to a structural feature generic to
systems with soft long ranged interactions. Previous works found a clustering of small
particles at the vertices of the Voronoi cells of big particles [Ebe08b, Ebe09b]. Because
the interaction energy between two small particles is 100 times less than between two
big particles, this particular (static) structural arrangement allows for the described
specific rearrangement mechanism responsible for the twofold exponential decay of the
normalized RMS spatial correlation function.
The second decay length r2 = 6.42, on the other hand, represents the extension of the
much larger dynamically active areas. This gives some quantitative measure of the
size of the dynamical heterogeneities in the system. As can be seen from figure 5.4,
they extend indeed some couple of interparticle distances. However, the heterogenei-
ties appear in rather irregular shapes, some of them being more compact while others
take elongated forms. Thus, the correlation length r2 only describes some average size.
Nevertheless, it should quantify the system characteristically for a given temperature.

Finite time effects

Before the temperature dependence of r2 is addressed, some attention should be payed
towards the finite time behavior of the normalized RMS spatial correlation function.
As already discussed when introducing g2(r), it is not only dependent on the time t
(the heterogeneities are not static), but also on the time window ∆t which is used to
calculate the intermediate particle positions and the respective RMS. Therefore, ∆t
was varied for the data set of Γ = 200. The resulting correlation functions are shown
in figure 5.6.b). For short time windows (red, yellow and orange colored curves), the
heterogeneities appear smaller as g2(r) decays faster. This phenomenon is due to
‘cooperative rearrangements’ occurring on a slower timescale, because heterogeneous
dynamics involve the shift of average particle positions. From figure 5.4 it is evident
that the strongest ‘cooperative rearrangements’ occur in the center of the heteroge-
neities, and are gradually ebbing out towards the edges. Consequently, very small
displacements at the ‘edges’ of heterogeneities can not be properly resolved within
short time windows because they are buried by the homogenous background noise.
The shorter the time window, the more of the dynamically active regions is ‘melted’
away.
For longer time windows up to 512 · 103 seconds, the curves converge. On this time
scale, the size of the heterogeneities is not affected by the choice of ∆t. Merely, the
difference in RMS between particles belonging to a rearranging region and those who
do not becomes smaller, because dynamically active times start to be averaged out.
For the time windows shown in figure 5.6.b) this does not yet occur, but for longer
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a) b)

�t region

Figure 5.7.: Lengthscale of dynamic heterogeneities.
a) Temperature dependence of the normalized RMS spatial correlation
function. The inset shows the respective RMS distribution.
b) g2(r) in a log-lin representation to clarify the decay stages. The corre-
lation length is obtained by a fit in the shaded region.

times it becomes more and more difficult to distinguish between fast and slow dynam-
ics. Eventually, a homogenous distribution is expected because all dynamics will be
averaged out for ∆t→∞.
The inset of figure 5.6.b) shows the distribution of RMS for the different time windows
discussed above. It exhibits an exponential tail towards large RMS, which grows for
larger ∆t as expected. As it turns out, the dynamical heterogeneities are composed of
particles with an RMS contributing to the tail. In other words, the exponential tail in
the RMS distribution is a signature of dynamical heterogeneity. This illustrates the
argument that for large ∆t, RMS values belonging to heterogeneities become indistin-
guishable from those who do not, because eventually the whole distribution contributes
to the tail. The extrapolated RMS distribution for only those particles of the tail is
shown in the second inset of figure 5.6.b). It shows the same dynamically active re-
gions as figure 5.5.a). Because of a different mean RMS value, the normalization has
slightly changed such that the image appears much smoother.

Temperature dependence

The technique developed in the last paragraphs was applied to data at different tem-
peratures. As expected, the spatial expansion of dynamical heterogeneities is directly
affected by the resulting rigidity of the system. Coming from the deeply frozen state,
figure 5.7.a) indicates that dynamically active regions grow in size upon approaching
the melting point as the curves for higher temperatures shift to the right. It is note-
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worthy that the data fall in basically one of three categories. Deep in the glassy state
(i.e. Γ = 603, 395), it is difficult to distinguish between the different g2(r), i.e. the
structure of dynamics does not change much. Upon lowering the particle interaction
energy down to the glass transition (compare chapter 3), the curves begin to loose
their characteristic s-shape (which is responsible for the two step decay and result-
ing in two distinct correlation length r1 and r2). For Γ = 207 − 189, the curves are
largely indistinguishable in the present representation. The last curve at Γ = 186
then extends significantly further to the right, although Γ has only decreased by a
value of ∆Γ = 3. This indicates a considerable jump in the average size of dynamical
heterogeneities and is investigated further below.
The inset shows the respective RMS distribution. As expected, its peak shifts to larger
values for increasing temperature (decreasing Γ). This reflects the growth of thermal
vibrations. An interesting feature to note is the increase in particles contributing to
the exponential tail, which is a natural consequence of growing heterogeneities. Strik-
ingly, the curve for Γ = 186, which lies at the verge of the transition, has a significantly
different shape compared to the ones deeper in the glassy state as basically all particles
have started rearranging. This is in accordance to figure 5.3.b).

Figure 5.7.b) presents the same data as figure 5.7.a) with logarithmic y-axis to
identify the decay behavior. As in a), the high Γ curves somewhat collapse, as do the
curves around Γ = 200. They start to deviate at about six interparticle distances.
This reflects an inaccuracy of the method, which implicitly assumes a spherical shape
of the heterogeneities. In the extrapolation and successive averaging steps, the true
fractal nature (apparent from the snapshots in figures 5.3 and 5.4) is lost. Considering
the limited field of view which only captures a small number of dynamically active
regions, the statistics for larger correlation distances are sparse. Thus, any erratic
behavior in this region should be no surprise. Therefore, the attention is focused on
distances r ≤ 5 a0.
Coming from the arrested state, the remarkable step exponential decay is well visible.
It vanishes upon entering the vicinity of the transition temperature. As the cause of
this first decay was identified with small particles interchanging their positions, it may
be derived from this data that this mechanism is absent at high temperatures, although
it might be simply hidden beneath the overall increased dynamics. In either case, this
first decay in g2(r) is not caused by the spatial extension of dynamically active regions.
To extract those, the curves are fitted with a single exponential f(x) = A · exp{−x

ξ
}

in the region indicated by red shading. This restricts the fit to a lengthscale above
the first decay at higher Γ but below the erratic deviations at larger r.

In figure 5.8, the correlation length ξ, which determines the average size of the
dynamical heterogeneities, finally is presented. It is extracted from g2(r) by a fit.
Details to this procedure are given below. Coming from low temperatures, ξ increases
moderately down to Γ = 189. Here, it suddenly ramps up severely. This marks the
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Figure 5.8.: Correlation length of dynamical heterogeneities.
Correlation length ξ for different temperatures extracted by fitting a single
exponential to the middle part of g2(r). Shading distinguishes between
ergodic (red) and non-ergodic (blue) state.

transition from the dynamically arrested to the ergodic state, which is indicated by
the underlying shading (red = fluid, blue = arrested).

The finite size of the field of view and the consequential limited number of obser-
vable heterogeneities is also held responsible for the non-monotonic behavior of ξ(Γ).
The overall trend, however, which indicates a slow increase of ξ up to the transition
temperature becomes clear from the data. The sudden growth at Γ = 186 also lies
beyond any statistical error.

5.2.2. Discussion

As it turns out, the experiments conducted in this thesis suggest a growing lengthscale
in spatio-temporal dynamics upon approaching the glass transition temperature from
the frozen state. This finding is exceptional in a sense that the literature is usually
concerned with regarding the transition from the fluid side, where such a growing
lengthscale is discussed. The nature of the experiment and the corresponding mea-
surement time scale demanded by the technique developed in this chapter make it
very hard to tackle the problem on the fluid side.

As mentioned in the introduction, the theoretical framework of critical fluctuations
and continuous phase transitions demands the discussed lengthscale to diverge. The

102



5.2. RMS spatial correlation function

results of this chapter can not support this claim due to several reasons. First, be-
cause the final, crucial increase in ξ(Γ) is only represented by a single data point,
a statement about the nature of this growth can not be made. Second, the peak
height, although representing a 60 %-increase above the preceding values, only mea-
sures about 100 micron, that is 6 % of the diameter of the field of view. On this note,
it is questionable to which extend the limitations of the field of view allow to grasp
the explosive spatial expansion of dynamical heterogeneities in the first place. A true
divergence, caused by fluctuations on all length scales, would imply a growth up to
the lengthscale of the whole sample, which obviously can not be resolved with the
much smaller dimensions of the camera chip. In fact, if the correlation length exceeds
the field of view, the local dynamics would appear homogenous again. This limits
the measurable correlation length to a fraction of the field of view, and evidence for
diverging behavior can only be derived from the shape of the growth. Because the
accuracy of temperature for the binary system only lies within ±3 units of Γ, a higher
temperature resolution than achieved here already is not feasible.

In conclusion, the data acquired in the scope of this thesis prove the existence of
dynamics heterogeneously distributed in space-time. Established approaches via the
overlap function Q4(t) and the corresponding susceptibility χ4(t) allow the estimation
of a time scale for the lifetime of these heterogeneities. The development of a novel
approach utilizing correlation techniques from scattering physics revealed their length-
scale, which was found to be growing in the vicinity of the glass transition. However,
statements about the strength of the growth could not be made due to experimental
restrictions.
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6. Measurements on substrates

As a side project, some measurements have been conducted on solid substrates (com-
pare section 2.3.2). Compared to droplet experiments, first attempts with monodis-
perse systems showed a significantly improved steady state with drift rates lower more
than an order of magnitude [Deu13b, Pol14]. On a first glance, this makes these types
of system ideal to tackle the glass transition from the fluid side, because it becomes
very easy to conduct long-time measurements even in the nonergodic state. These
data would provide a rounded picture of the density of states below TG. On the other
hand, the influence of pinning or the altered bead dynamics above a surface might
bias the data, especially the studies of vibrational phenomena, which is a interesting
physical perspective in itself.

6.1. Dynamics on substrates

First of all, the handling of pinned particles has to be determined. Similar to the
method described in [Wil12, Deu13a], immobile beads were identified by their area
coverage1 in trajectory space, i.e. a circle covering the trajectory for every par-
ticle was constructed. The corresponding distribution of (trajectory) diameters is
shown in figure 6.1.a) for the system at Γ = 192. It exhibits a pronounced maximum
between 10 and 15µm, with a tail towards larger diameters for a measurement of
T ≈ 3500 seconds. For smaller trajectories, the distribution decays rapidly, marking
the immobility of pinned particles. This is indicated by red shading. The inset shows a
small part of the field of view containing some exemplary trajectories for 3500 seconds.
Two of those only appear as small dots because of their binding to the substrate. The
rest can diffuse rather freely, resulting in a large area coverage. This is indicated by
the green circle, the diameter which contributed to the main figure. By setting a cutoff
value (here: 7µm) excluding contributions to the left hand of the distribution’s flank,
pinned particles were determined. For different measurements at varying interaction
strength, the cutoff value had to be carefully tuned. A ‘pinning strength’ of about
1.25 % of rather immobile particles was found for all data acquired on the substrate.
It has to be considered that the pinning fraction of particles is not unambiguously
separable from the mobile ones. Even perfectly immobile particles have a finite area
coverage due to overlapping effects of finite optical resolution, electronic noise of the

1‘Area coverage’ means the area a particle diffuses over in a given amount of time. In other words,
it is the lateral extension of its trajectory.
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a) b)

Figure 6.1.: Dynamics on solid substrates.
a) Distribution of trajectory diameter for Γ = 192 after T ≈ 3500 seconds.
The red shading indicates pinning particles, the cutoff is given by the red
dashed line. Inset: Trajectories including two pinning particles. The green
circle exemplary indicates the area coverage of an unbound particle.
b) As in the ideal system without substrate interaction, 〈∆r2(τ)〉 devel-
ops a shoulder for increasing interaction strength, which crosses over into
a plateau marking dynamical arrest. The quality of the data enables
the unambiguous identification of a decreasing plateau value for lower
temperatures.

CCD and intensity fluctuations (to which also the constantly rearranging environment
contributes, causing differences in mutual illumination). Yet, diameters of 5µm and
above can not be explained by mere noise. Rather, it seems that certain bounds are
‘flexible’ to some extend, such that affected particles perform Brownian motion but
are constricted to a very localized portion of the sample. Apparently, those particles
are anchored to the substrate in some way. This binding mechanism is not understood,
but might be due to some flexible polymer linking the bead to the substrate. Further,
it was observed that in some cases, the bonds are not permanent, i.e. particles may
break free from or become trapped by the surface after a finite amount of time. This
makes it somewhat difficult to unambiguously distinguish between free and pinned
particles, and the method presented here turns out to be the best shot. On this ac-
count it is noted that different mobility criteria were tested, the trajectory diameter
being one of them. Integrated mean squared displacements and box area (covering
trajectories in rectangles rather than circles) yielded a nearly identical distribution
and hence similar results.

In figure 6.1.b), the mean squared displacement (compare figure 3.6, section 3.2.3)
is shown. Contributions of immobile particles were excluded as described above. The
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a) b)

Figure 6.2.: Density of states on substrates.
a) The decreasing temperature facilitates the formation of a second peak
in the distribution of inverse eigenvalues of the covariance matrix. This
result is identical to the substrate-less case.
b) Participation ratio of modes in the supercooled and frozen state.

data is of remarkable quality, exhibiting a continuous decrease of the plateau value for
increasing interaction strength, accompanied with a delayed onset of alpha relaxation.
This illustrates the physical picture of a rising number of caged particles, where the
cage size simultaneously shrinks.

6.2. Vibrations on substrates

To study the influence of a solid substrate and pinning particles on vibrational excita-
tions , trajectories of N = 2200 particles in Nτ = 6·104 frames covering a measurement
time of T = 2 · 105 seconds were evaluated. Again, immobile particles were excluded
prior to any analysis. From this data, the covariance matrix Cij was computed and
diagonalized. Concerning the statistics, it was found r = 2N/Nτ ≈ 0.07 which is low
enough to yield converging results (compare section 4.2.1). Considering the slower
dynamics, the averaging window was chosen to 8000 seconds, although this quantity
has little influence on the resulting distribution of inverse eigenvalues (compare section
4.2.1). The corresponding spectrum is plotted in figure 6.2.a) for varying tempera-
tures, ranging from fluid Γ = 144 to deeply frozen Γ = 449. The data shows the
development of a shoulder upon increasing interaction parameter, bestowing a shape
to the spectrum similar to that in section 4.2.1. The main difference, however, is
that the shoulder does not evolve further into a peak; the discussed Van Hoove-type
singularities are less pronounced in this case.
The dashed vertical line marks the limit of physical relevance, above which the prod-
uct of fluctuations in Cij becomes smaller than the optical resolution, thus attributing
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this part of the spectrum to noise.
Figure 6.2.b) presents the participation ratio p(ωm) of modes in the supercooled
Γ = 192 and glassy Γ = 398 state. Intriguingly, the distribution decays for low
frequencies, indicating a localization. This is contradictory to the results in chap-
ter 4.2.1. There, an increase of p(ωm) was found which indicated correlation of the
mode patterns. This was attributed to the plane wave character of long wavelength
excitations. Stunningly, the disordered nature of modes on a substrate becomes more
pronounced upon cooling.

Now, the structure of the modes contributing to the density of states is analyzed
in more detail. In figure 6.3, the eigenvectors corresponding to the most principal
component of the spectrum at different temperatures are shown. Arrows correspond
to amplitudes of particles in this particular mode, and red dots indicate the position of
pinned particles. On the fluid side (graphs a) and b), Γ = 144, 192 respectively), the
mode structure appears largely uncorrelated, in amplitude as well as in orientation.
This is equivalent to the findings in chapter 4, where the system below Γ = 185 exhib-
ited ‘swirling motions’ that are largely uncorrelated at larger lengthscales (compare
figure 4.6). Quite natural, the low interaction strength does not support the propa-
gation of well-polarized elastic excitations. For increasing interaction strength in the
glassy state, the orientational correlation increases, but never becomes comparable to
the extension found in the system supported by the water-air interface. Additionally,
increasing localization is found in this temperature range even for low frequency exci-
tations indicated by the clustering of large arrows. This illustrates the findings of the
participation ratio above.

While the occurrence of immobile, yet interacting particles most likely contributes
to the less coherent nature of the mode patterns identified here, there might be even
more generic mechanisms at work. Since the dynamics of a bead in front of a wall scale
with the distance and Brownian motion probes a portion of elevations [Pri90b, Pri90a],
the displacement field determining the components of the covariance might be biased.
To some extend, this can be compensated by using a large averaging window ∆t. How-
ever, since this effect is supposed to be spatially heterogeneous due to non-uniform
surface and particle charge distributions [vG01], a residual bias will always remain.
Depending on the lengthscale of this chemical inhomogeneity, diffusion of particles
might also happen in an Arrhenius-like fashion, such that particles need (thermal)
activation energy to propagate from one place to another, resulting in a ratchet-like
motion. With sufficient resolution to pick up this effect, it would again bias the dis-
placement field very strongly.

To probe these influences on the analysis described in chapter 3, the dispersion
relations for strictly plane wave like excitations were calculated. Figure 6.4.a) shows
longitudinal (filled symbols, top) and transverse (empty symbols, bottom) bands. Due
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b)

d)

a)

c)

Figure 6.3.: Mode structure on substrates.
The eigenvector structure of the most principal component is shown for
a) Γ = 144, b) Γ = 192, c) Γ = 259 and d) Γ = 398. Red dots indicate
the position of pinned particles.
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a) b)

Figure 6.4.: Displacement field analysis on substrates.
a) Dispersion bands for longitudinal (filled symbols, top) and transverse
(empty symbols, bottom) excitations. The data is noisy (not visible in
this representation due to scaling) and does not exhibit Debye behavior.
b) Temperature dependent elastic moduli. The transition from liquid to
solid appears continuous, as indicated by the shading.

to scaling, the roughness of the curves is not visible very well. However, it becomes
apparent in graph b) where the subsequently extracted moduli are plotted. As a
consequence, this data gives no indication about a discontinuous transition from the
liquid to the solid state, i.e. on solid substrates, the transition appears continuous.

6.3. Discussion

In summary, it becomes clear that solid substrates are inferior to the water-air inter-
face when it comes to the study of long-ranged vibrational excitations. Pinning and/or
profound hydrodynamic interactions severely influence the propagation of modes and
effectively induce scattering even at longer wavelengths. Therefore, any well-defined
polarization is lost. As a result, the structure of modes as determined by PCA shows
a lack of coherence but strong localization. While it seems intuitive that immobile
particles facilitate the latter phenomenon, it must be pointed out that figure 6.3 does
not show such a correlation directly.
This might also concern results on the density of states of colloidal systems obtained
by other groups [Che10]. There, the proliferation of low frequency modes in the spec-
trum might also be caused by the substrate influence, as those modes appear to be
of non-planar nature. This affects the discussion about the notorious boson peak, be-
cause the results of this thesis deliver evidence for a non-universal vibrational behavior
of glassy two-dimensional colloidal systems.
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6.3. Discussion

These results underline the importance of interfaces in two-dimensional systems. In
order to facilitate unperturbed mode patterns, i.e. provide the necessary wave front
stability in the long wavelength limit, lateral interactions between particles and sub-
strate should be minimized. This may be realized by deploying a water-air interface,
which conveyed a coherent picture of long-ranged vibrational excitations in chapter 3
and 4.
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In this thesis, experiments were performed on a colloidal glass former. Two species
of superparamagnetic polystyrene beads (diameters σB = 4.5µm and σS = 2.8µm)
were confined by gravity on a completely flat water-air interface, providing an almost
ideal two-dimensional system. Thermal excitations perpendicular to the plane are
only of a few per mille of the particles’ diameter, and in-plane particle-substrate in-
teractions are absent. The dipolar pair interaction between particles is tunable via
an external magnetic field, enabling an in situ control of the effective system tem-
perature and providing the interaction energy between all particles at all times. A
sophisticated computer program autonomously controls the setup, keeping the system
in a metastable state for times up to several months. Video microscopy allows for the
continuous tracking of ≈ 2000 particles up to 106 seconds (almost 12 days).
Complementary experiments have been conducted on solid substrates with the goal of
providing even more stability for measurements in the fluid phase. To reduce pinning
strength and provide a chemically homogenous background, measurement cells were
spincoated with PMMA. To avoid oxidation of superparamagnetic beads by UV-glue,
the cells were sealed in two consecutive steps.

It is generally acknowledged that glasses in two dimensions behave like their three-
dimensional counterparts. Nevertheless, there might be yet undocumented phenomena
specific to monolayers, for example long-ranged Mermin-Wagner fluctuations. Results
of the present thesis highlight the intrinsic influence of the substrate, which possibly
alters the system’s behavior dramatically.

In both studied cases (solid and water-air interface), the system exhibited a slowing
down of dynamics with increasing interaction parameter, as indicated for instance by
the mean squared displacement. The emergence of a plateau marked dynamical arrest,
typical for (disordered) solids. At the same time, the amorphous structure of a fluid
was preserved.

Experimental data was acquired for different temperatures to study the emergence
of rigidity at the glass transition. By defining and analyzing the displacement field
of thermal vibrations in Fourier space, dispersion relations of acoustic waves were
extracted. This effective plane wave approximation is expected to hold in the long
wavelength limit, where the local disorder of the system becomes negligible. Isotropy
was exploited to enhance statistics, resulting in very smooth data and allowing a pre-
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cise extrapolation towards infinite wavelength (q → 0). This yields the macroscopic
elastic response by virtue of continuum elasticity theory. The high stability of the
sample (i.e. strikingly low collective motion like drift) allowed for a precise determi-
nation of the glass transition temperature ΓG = 197 ± 5 by finding a sharp onset in
the temperature-dependent shear modulus µ. This confirms a discontinuous transition
scenario, in accordance with simulation and theoretical work recently published.
In a further analysis of the method applied here, finite time behavior was tackled, show-
ing striking stability of the shear modulus. The emerging plateau extends into times
in the alpha relaxation regime, i.e. times where structural relaxation and Mermin-
Wagner fluctuations kick in. This was attributed experimentally to the comparatively
large amplitude of shear waves, such that the corresponding wavefronts are less likely
to be deformed by local disorder of the system. Both bulk and shear modulus exhibit
an algebraic scaling for high frequencies, which is not yet theoretically described.

Vibrational excitations were tackled further in a principal component analysis (PCA),
a tool gaining recent attention in colloidal systems. By calculating the covariance ma-
trix from the particle displacement field, modes are accessed by its eigenspectrum.
Measurements providing outstanding statistics (38 · 104 configurations) could provide
evidence for two peaks in the resulting density of states, which are identified as residues
of Van Hove singularities. Upon decreasing the interaction strength, the second peak
vanished, attributed to the failing support for shear waves. Interestingly, no evidence
for an excess of low frequency modes in the density of states was found at any temper-
ature, a feature commonly seen in atomic and molecular glasses at low temperatures
and recently reported to exist in colloidal glass formers as well.
By analyzing the eigenvector structure of the covariance matrix, the mode pattern
could be visualized. For the most principal components of the covariance matrix, it
becomes evident that the system promotes highly correlated motions at long wave-
length, capturing the plane wave character in the continuum limit. These results
further validate the Fourier approach to elasticity discussed in the last paragraph,
which rounds up the image of vibrational excitations in the system.
Effort was put into the connection of dispersion data with the covariance eigenspec-
trum, yielding a distribution governed by two Van Hove singularities originating from
the vanishing sound velocities at the Brillouin zone edge in both cases. The cumula-
tive density of states showed good agreement in the low frequency region. Both data
follow the Debye model very well, again highlighting the continuum character of the
soft dipolar system.

Additionally, the phenomenon of heterogeneous dynamics was studied. Utilization
of an overlap order parameter Q4(t) and the associated four point density correlation
susceptibility χ4(t) hinted towards a timescale of possible spatial correlation roughly
between 4·103 and 4·105 seconds. In the experiments of this thesis, long-time data was
used to calculate the root mean square of vibrational amplitudes, a quantity which
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showed spatio-temporal fluctuations on timescales of the order of 6.4 · 104 seconds, in
good agreement with the χ4(t) data. Extrapolation onto a regular grid and subsequent
application of correlation methods known from light scattering experiments suggested
a growing length scale of fractal regions exhibiting increased dynamical activity in
the vicinity of the transition temperature ΓG. Yet upon melting the system from the
non-ergodic state, no evidence for critical behavior was found.

Finally, attempts were made to study the glass transition on solid substrates with
a pinning strength of about 1 %. The Fourier displacement field analysis could not
locate the transition temperature unambiguously. Within the given resolution, the
discontinuity was not detectable. Studying the mode structure by PCA, it became
apparent that even in the long wavelength limit, clean plane waves are not supported.
This effect is believed to be caused by the presence of the substrate, e.g. by pin-
ning facilitating localization. This might explain the discrepancy found in the density
of states reported by other groups. In turn, this yields evidence that the notorious
excess modes often discussed are not as universal as widely believed and motivates
once again the tremendous experimental effort undertaken to produce a water-air in-
terface without lateral interactions. Hence, the experiments on colloidal monolayers
performed here are unrivaled worldwide and present the best realization of a quasi
two-dimensional system.

In this regard, it could be interesting to quantify the influence of pinning on the
disordered mode structure. For this, new droplet experiments with immobile particles
induced by optical tweezers would be required. While clarifying the role of the ‘boson
peak’ in two dimensions, these results could also be used to follow a recent approach to
the glass transition discussed in the literature [Cam12, Kob13]. There it is proposed
to artificially induce static disorder (for example due to pinning) in order to reduce
the configurational entropy of the liquid state. It is theorized that this might enable
a delay of the glass formation by preventing a premature fall out of equilibrium, such
that one would enter a temperature regime close to the Kauzmann temperature TK .
This could allow the study of a transition very similar in nature to the debated ther-
modynamic one at TK . The pinning strength proposed are of the order of 20 % which
could be realized also on substrates. Considering the improved stability, taking this
route might easily be fruitful.

Another intriguing, yet unanswered question is that of hysteresis in the glass transi-
tion, commonly associated with the specific heat [Coh79, Jäc86]. The cooling-heating
cycle performed in this thesis gives a first clue towards a hysteresis of rigidity as well,
where TG shifts to higher temperatures when coming from the frozen state. The data
on this is sparse, however, and this matter would need to be illuminated further in
more experiments.
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Another approach to study glassy elasticity is to probe excitations of particles from
their ‘equilibrium position’ locally. By taking a triangular set with optical tweezers
and rotating it over a defined angle in analogy to a disk in an elastic continuum, the
shear modulus may be acquired, because the corresponding relaxation time is depen-
dent on the deformation energy [Wil02]. This results in a idealized shear modulus
of a system without any defects and a glass can be regarded as a system consisting
of only defects, the comparison with the macroscopic shear modulus obtained in this
thesis would be interesting. Yet another way to probe rigidity would be to devise
micro-rheology experiments, where an object (possibly some particles held together
by optical tweezers) is dragged through the colloidal glass, enabling to study compres-
sional and shear-induced rupture on a single particle scale.

As the phenomena accompanying the glass transition are numerous, the experiment
described here may be used to study many more of them. In the following, some ideas
are sketched without going into much detail. Due to the possible ultrafast regulation
of interactions, aging effects could be investigated [vM05, Pra07]. While slow cooling
did not provide any evidence on the timescale of weeks, measurements of a fast quench
to low temperatures might shed some light on these phenomena. Closely related are
memory effects [Jon98, Sas05], implying that structure and dynamics are dependent
on the preparation history. This issue could be tackled by measurements quenching
Γ over various amounts of time and comparison of the results. Further, experiments
could be conducted probing the dependence of the glass transition on confinement
[Jac96, Sch04]. The different geometries could be provided again by optical tweez-
ers, effectively pinning down ‘walls’ of particles. Alternatively, on substrates, desired
obstacles (walls, circles, cylinders etc.) made of glass could be simply glued into the
cell.
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Zusammenfassung

In dieser Arbeit wurden Experimente an einem kolloidalen Glasbildner durchgeführt.
Darin werden zwei Arten von superparamagnetischen Polystyrolkugeln (mit Durchmes-
sern σB = 4.5µm und σS = 2.8µm) durch Gravitation auf eine Wasser-Luft-Grenz-
fläche gedrückt. Damit steht ein fast ideales zweidimensionales System zur Verfügung,
in dem die thermische Bewegung senkrecht zur Grenzfläche nur wenige Promille des
Teilchendurchmessers beträgt und es keinerlei laterale Wechselwirkung mit der Grenz-
fläche gibt. Durch das Anlegen eines externen Magnetfeldes kann die dipolare Wech-
selwirkung zwischen den Teilchen in situ geändert werden, was einer effektiven Tem-
peraturänderung gleichkommt. Gleichzeitig ist die Wechselwirkungsenergie zwischen
den Teilchen genaustens bekannt. Um das System für mehrere Monate in einem
metastabilen Zustand zu halten, wird der Versuchsaufbaus durch ein komplexes Com-
puterprogramm automatisiert gesteuert. So werden Videomikroskopiemessungen von
106 Sekunden (fast 12 Tage) möglich, in denen über 2000 Teilchen ununterbrochen ver-
folgt werden können.
Mit dem Ziel einer erhöhten Langzeitstabilität wurden komplementäre Experimente
auf festen Substraten durchgeführt, um so umfangreichere Messungen auch in der
flüssigen Phase durchführen zu können. Um Pinning zu minimieren und chemische
Homogenität zu gewährleisten, wurden die Substrate mit PMMA beschichtet. Oxi-
dation der Teilchen durch UV-Kleber wurde durch eine zweilagige Versiegelung der
Messzellen verhindert.

Es ist allgemein akzeptiert, dass Glasbildner in zwei und drei Dimensionen die
gleiche Phänomenologie besitzen. Trotzdem sind Einflüsse bisher nicht diskutierter
Eigenschaften von Monolagen denkbar. Ein Beispiel hierfür sind Mermin-Wagner-
Fluktuationen. Ergebnisse der vorliegenden Arbeit beleuchten den intrinsischen Ein-
fluß des Substrates, der das Verhalten des Systems in einigen Fällen dramatisch
verändert.

In beiden untersuchten Fällen (festes Substrat und Wasser-Luft-Grenzfläche) zeigte
das System eine Verlangsamung der Dynamik bei steigendem Plasmaparameter, sicht-
bar z.B. im mittleren Verschiebungsquadrat (MSD). Die Ausbildung eines Plateaus
markiert hier den glastypischen dynamischen Arrest. Gleichzeitig wurde die amorphe
Struktur der Flüssigkeit konserviert.

Es wurden Daten bei verschiedenen Temperaturen gesammelt, um die Verfestigung
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beim Eintritt in den glasartigen Zustand zu studieren. Durch die Definition und an-
schließende Analyse des von thermischen Vibrationen erzeugten Verschiebungsfeldes
im Fourierraum wurden die Dispersionsrelationen von akustischen Phononen gewon-
nen. Die damit einhergehende implizite Näherung als ebene Welle sollte im langwelli-
gen Limes Bestand haben, wenn die lokale Unordnung des Systems vernachlässigbar
wird. Die Isotropie des (zweidimensionalen) Raumes wurde zur Verbesserung der
Statistik genutzt, was in deutlich geglätteten Kurven resultierte. Damit konnte eine
präzise Extrapolation der Dispersionsrelationen in den langwelligen Limes q → 0 erfol-
gen, was laut Elastizitätstheorie die makroskopischen elastischen Module liefert. Die
hohe Stabilität der Probe, d.h. bemerkenswert niedrige kollektive Teilchenbewegungen
wie etwa Drift, ermöglichten eine genaue Ermittlung der Glasübergangstemperatur zu
ΓG = 197± 5, die durch ein plötzliches Anwachsen des temperaturabhängigen Scher-
modules gekennzeichnet ist. Der enge Bereich dieses Anwachsens deutet auf ein diskon-
tinuierliches Übergangsszenario hin, welches in jüngst veröffentlichten Arbeiten ebenso
von Simulationen gefunden und von theoretischen Überlegungen gefordert wird.
Um die Zuverlässigkeit der hier verwendeten Methode zu überprüfen, wurde der Ein-
fluß endlicher Zeitskalen untersucht. Es wurde eine bemerkenswerte Stabilität des
Schermodules gefunden. Das beobachtete Plateau besteht auch in der alpha-Relaxa-
tion, d.h. zu Zeiten, in denen strukturelle Relaxation oder Mermin-Wagner-Fluktu-
ationen einsetzen. Dies wird in der verhältnismäßig großen Amplitude von transver-
salen Scherwellen begründet, so dass die betreffenden Wellenfronten weniger drastisch
durch lokale Unordnung deformiert werden. Sowohl Scher- als auch Kompressions-
modul zeigten außerdem ein von der Theorie bisher unbeschriebenes algebraisches
Wachstum bei hohen Frequenzen (d.h. im Kurzzeitlimes).

Vibratorische Anregungen wurden darüber hinaus mit der Prinzipalkomponenten-
analyse (PCA) studiert. Durch die Berechnung der Kovarianzmatrix aus dem Ver-
schiebungsfeld einzelner Teilchen ergeben sich die einzelnen Schwingungsmoden aus
dem Spektrum der Eigenwerte. Messungen mit hohem statistischen Inhalt (38 · 104

Konfigurationen) ergaben so eine Zustandsdichte mit zwei Maxima, die auf Van Hove-
Singularitäten zurückgeführt wurden. Bei abnehmender Wechselwirkungsstärke (stei-
gende Temperatur) verschwand der zweite Peak, was das Zusammenbrechen der Scher-
stabilität widerspiegelt. Die üblicherweise in atomaren und molekularen Gläsern bei
niedrigen Temperaturen gefundene Häufung von niederfrequenten Moden in der Zu-
standsdichte konnte hier nicht beobachtet werden, obwohl dieser sogenannte “Boson
Peak” zuletzt auch in kolloidalen Gläsern identifiziert wurde.
Durch die Analyse der Eigenvektorstruktur der Kovarianzmatrix kann die Modenstruk-
tur visualisiert werden. Aus den Prinzipalkomponenten wurde eine hoch korrelierte
Verteilung von Auslenkungen bei langen Wellenlängen deutlich, welche das Verhalten
von ebenen Wellen im langwelligen Limes widerspiegelt. Diese Resultate bedeuten
auch eine Bestätigung des Fourier-Ansatzes zur Elastizitätsbestimmung im letzten
Abschnitt, was das Bild vibratorischer, elastischer Anregungen abrundet.
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Weiterer Aufwand wurde betrieben, um die Dispersionsdaten mit dem (inversen)
Eigenspektrum der Kovarianzmatrix in Verbindung zu bringen. Die resultierende
Verteilung wird in beiden Fällen von zwei Van Hove-Singularitäten dominiert, die
durch die verschwindenden Schallgeschwindigkeiten am Brillouinzonenrand verursacht
werden. Es zeigte sich, dass die kumulative Zustandsdichte eine gute Übereinstimmung
der beiden Ansätze im niederfrequenten Teil des Spektrums ergibt. Beide Kurven re-
produzieren das Debye-Modell sehr gut. Dies kehrt abermals den kontinuierlichen
Charakter dieses weichen, dipolaren Systems hervor.

Ein weiterer Aspekt dieser Arbeit war die Untersuchung von dynamischen Hetero-
genitäten. Die Berechnung eines Überlappparameters Q4(t) und der verwandten Vier-
punkt-Dichtekorrelationssuszeptibilität χ4(t) deutete auf eine Zeitskala von räumlichen
Korrelationen hin, die grob zwischen 4 · 103 und 4 · 105 Sekunden liegt. In den Experi-
menten dieser Arbeit konnten Langzeitdaten zur Berechnung eines Root Mean Squares
(RMS) vibratorischer Amplituden genutzt werden, welches raumzeitliche Fluktuatio-
nen auf Zeitskalen der Größenordnung 6.4 · 104 Sekunden zeigt. Dies passt hervorra-
gend in den durch die χ4(t)-Daten vorausgesagten Rahmen. Extrapolation der RMS-
Amplituden auf ein gleichmäßiges Gitter und die folgende Anwendung von Korrela-
tionsmethoden aus der Lichtstreuung ergab die ungefähre Ausdehnung der fraktalen
Regionen mit erhöhter dynamischer Aktivität. Die gefundene Temperaturabhängigkeit
auf der Glasseite deutete ein Anwachsen der entsprechenden Längenskala in der Nähe
der Glasübergangstemperatur an, wobei aber keine Hinweise auf kritisches Verhalten
auftraten.

Schließlich wurden noch Versuche, den Glasübergang auf festen Substraten mit einer
Pinningstärke von etwa 1 % zu untersuchen, unternommen. Durch die Fourier-Analyse
des Verschiebungsfeldes konnte die Übergangtemperatur nicht eindeutig festgelegt wer-
den. Innerhalb der vorhandenen Auflösung ist ein Sprung des Schermodules nicht
festzustellen. Eine Analyse der Modenstruktur mit PCA machte deutlich, dass ebene
Wellen sogar im langwelligen Limes nicht propagieren. Dies wird als eine Folge des
Substrates vermutet, welches z.B. durch Pinning die Lokalisierung von Moden fördert.
Dieser Umstand könnte auch die Diskrepanz mit der in anderen Gruppen gefunde-
nen Zustandsdichte erklären. Im Rückschluss liefert dies Hinweise auf eine Nicht-
Universalität der oft diskutierten niederfrequenten Überflussmoden und motiviert ein-
mal mehr den immensen experimentellen Aufwand, der betrieben wird, um eine la-
teral wechselwirkungsfreie Wasser-Luft-Grenzfläche herzustellen. Damit ist die hier
beschriebene kolloidale Monolage weltweit konkurenzlos und die beste Realisierung
eines quasi-zweidimensionalen Systems.
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A. Fourier transformation

A function f(x) can be expanded into a Fourier series:

f(x) =
∑
q

ψq(x)f(q) .

From this starting point the Fourier transformation equations can be derived. With
the same conventions as in [Cha95], they read in two dimensions:

f(r) = AV

∫
d2q

(2π)2
eiqrf(q)

AV=1→
∫

d2q

(2π)2
eiqrf(q) (A.1)

f(q) =
1

AV

∫
d2r e−iqrf(r)

AV=1→
∫

d2r e−iqrf(r) , (A.2)

where V is the two dimensional volume (area) and A an arbitrary normalization con-
stant of the function ψq(r) = Aeiqr, which is chosen to be A = V −1. For a function f(r)
given only on a finite interval [0,L], the q-values reduce to a discrete set: qx = 2π/Lx,
qy = 2π/Ly. Hence, the integral in reciprocal space transforms into a sum:∫

Vq

d2q

(2π)2
→ 1

V

∑
q

.

Additionally, for a function f(R) defined only at points on a regular lattice consisting
of N points, the integral in real space also transforms into a sum:

1

V

∫
V

d2r → 1

N

∑
R

.

Swapping the integrals in A.1 and A.2 with the sums, one obtains discrete Fourier
transformation equations

f(R) =
1

V

∑
q

eiqRf(q) (A.3)

f(q) = v0

∑
R

e−iqRf(R) , (A.4)
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A. Fourier transformation

where v0 = V/N is the unit volume in real space.
The orthogonality and completeness conditions further deliver two very handy identi-
ties:

1

N

∑
R

ei(q−q
′)R = δq,q′

1

N

∑
q

e−iq(R−R′) = δR,R′ .
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B. Error calculation

The extrapolation q→ 0 of the dispersion relation results in a statistical error σ. The
finite resolution of particle positions, on the other hand, leads to uncertainty δ in the
displacement field and therefore in the dispersion relation itself. Consequently, the
resulting error in the extrapolated moduli is a composition of both parts and taken
into account as follows:

δµs
|µs|

=

√(
σs
|µs|

)2

+

(
δλs
|λs|

)2

,

where the index s discriminates between bulk and shear modulus, such that µs is
the respective moduli and δλs the corresponding systematic error in the dispersion
relation.
δλs/|λs| is determined by simple error progression calculations. First, it is assumed
that

δλs
|λs|

=
δ 〈|u(q)|2〉
〈|u(q)|2〉

=
δ|u(q)|2

|u(q)|2
.

〈. . .〉 denotes the ensemble average (here, in practical terms, the time average). Since
the time average results in a statistical error which is accounted for in the extrapolation
process, it is neglected here. The absolute value of the complex Fourier transformed
displacement field is dependent on two not precisely know quantities, the displacement
field u(R) and the equilibrium position (‘lattice site’) R. Thus,

δ|u(q)|2 =

√(
∂|u(q)|2
∂R

δR

)2

+

(
∂|u(q)|2
∂u(R)

δu(R)

)2

.

To evaluate this equation, the expression |u(R)|2 can be separated into real and
imaginary part |u(q)|2 = | 1√

N

∑
u(R) exp {−iqR}|2 = Re{u(q)}2 + Im{u(q)}2 with

Re{u(q)} = 1√
N

∑
u(R) cos(qR) and Im{u(q)} = − 1√

N

∑
u(R) sin(qR). Now, cal-

culating the derivatives is easy:

∂|u(q)|2

∂R
= 2 Re{u(q)} ·

(
− q√

N

∑
u(R) sin(qR)

)
+ 2 Im{u(q)} ·

(
− q√

N

∑
u(R) cos(qR)

)
= 2 q Re{u(q)} · Im{u(q)} − 2 q Im{u(q)} · Re{u(q)}
= 0
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B. Error calculation

and

∂|u(q)|2

∂u(R)
= 2 Re{u(q)} ·

(
1√
N

∑
cos(qR)

)
+ 2 Im{u(q)} ·

(
1√
N

∑
sin(qR)

)
.

Defining the error of the displacement field as δu(R) =
√

(δr(t))2 + (δR)2 =
√

2 δR,
the equation to estimate the systematic error in the dispersion relations reads

δλs =
|λs|2

|µs|2

√(
∂|u(q)|2
∂u(R)

δu(R)

)2

=
√

8

[
Re{u(q)} ·

(
1√
N

∑
cos(qR)

)
+ Im{u(q)} ·

(
1√
N

∑
sin(qR)

)]
δR .

To take into account that only an interval qa0 ∈ [0.8, 2.0] is evaluated in the ex-
trapolation q → 0, the uncertainty in the dispersion relation is averaged over in this
region.
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C. Application of the
Wiener-Khinchin-theorem

The Wiener-Khinchin-theorem states that the expected value E [x(t)x?(t+ τ)] of a
stationary time series x(t) may be given in terms of its power spectrum [Wie30, Khi34].
To prove that an autocorrelation function may be expressed by two consecutive Fourier
transformations F , the former is defined as

C(τ) :=

∫
x?(t)x(t+ τ)dt ,

while the latter transformation from the freqency domain x(ν) into the time domain
x(t) is conducted as

x(t) =

∫
x(ω)e−iωtdω ,

where 2πν = ω was already used. Replacing x(t) in the upper definition yields

C(τ) =

∫ ∫
x?(ω)eiωtdω

∫
x(ω′)e−iω

′(t+τ)dω′dt

=

∫ ∫ ∫
x?(ω)x(ω′)e−i(ω

′−ω)te−iω
′τdtdωdω′

=

∫ ∫
x?(ω)x(ω′)δ(ω′ − ω)e−iω

′tdωdω′

=

∫
x?(ω)x(ω)e−iωtdω

= F−1
(
|x(ω)|2

)
= F−1

(
|F(x(t))|2

)
,

where δ(ω′ − ω) is the delta function.
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[Ruf06] B. Rufflé, G. Guimbretière, E. Courtens, R. Vacher, and G. Monaco. Glass-
Specific Behavior in the Damping of Acousticlike Vibrations. Physical Re-
view Letters 96, 045502 (2006).
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[Wöl13] D. Wöll, C. Kölbl, B. Stempfle, and A. Karrenbauer. A novel method for
automatic single molecule tracking of blinking molecules at low intensities.
Physical Chemistry Chemical Physics (Incorporating Faraday Transactions)
15, 6196 (2013).

[Wol08] P. G. Wolynes. Spatiotemporal structures in aging and rejuvenating glasses.
Proceedings of the National Academy of Sciences of the United States of
America 106, 1353 (2008).

[Xia00] Y. Xia, B. Gates, Y. Yin, and Y. Lu. Monodispersed colloidal spheres: old
materials with new applications. Advanced Materials 12, 693 (2000).

139



Bibliography
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