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Introduction

Optimal control problems are (descriptively spoken) concerned with the question of how

to influence a process in order to achieve a desired effect. Mathematically translated, this

means to minimize a cost functional (“desired effect”) subject to an ordinary or partial

differential equation (“process”), whose solution (the state variable) can be controlled by

a certain choice of a control variable. The problem settings arise from diverse disciplines

like natural sciences, engineering, economy or medical research, to name a few. This

large range of applications requires an intensive study of theoretical concepts and solu-

tion strategies. The optimal control theory combines various mathematical areas such

as the theory of differential equations, numerical methods to solve these, constrained op-

timization in function spaces and large scale numerics. Due to this complexity, optimal

control problems are currently a vivid field of research.

This diploma thesis investigates a specific optimal control problem consisting of a quad-

ratic cost functional subject to a semilinear heat equation with boundary control as well

as restrictions on the admissible control functions and sets particular emphasis on the nu-

merical realization and discussion. Tying in with the results in [S, StV], we carry out the

following extensions: the linear parabolic equation is replaced by a semilinear parabolic

one and the boundary of the spatial domain is segmented into disjoint parts, on each of

which a time-dependent control intensity operates. The sequential quadratic program-

ming (SQP) method is utilized to solve the underlying nonlinear optimal control problem

numerically. In each SQP level a linear-quadratic programming subproblem (QPk) needs

to be solved, which is essentially obtained from a quadratic approximation of the La-

grange functional and a linearization of the equality constraint (state equation). The

solution to (QPk) is given by the solution of the Karush-Kuhn-Tucker (KKT) system,

which is solved inexactly. Fast local convergence rates (superlinear or even quadratic)

can be achieved by controlling the inexactness in a specific manner [K, NW]. Due to the

nonlinearity, the optimal control problem is non-convex. This causes the discussion of

second order sufficient conditions [CT] and the need for globalization strategies.

For the numerical implementation we utilize the finite element method (FEM) for spa-

tial discretization and the implicit Euler method as the time integration scheme. This

yields to very large scale systems, which have to be solved repeatedly within the SQP

frame. In view of this, model reduction techniques such as proper orthogonal decompo-

sition (POD) [V2, GV] become important in order to ensure efficient performance. The
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Introduction

discussion of the POD based SQP method is a key area of this diploma thesis. Two

strategies of a-posteriori error estimations are followed: an a-posteriori error estimation

after termination of the POD based SQP method, which gives an upper bound for the

error between the optimal and the POD suboptimal control [KTV] and an a-posteriori

error estimation, which is built in the SQP algorithm and allows to control the accuracy

within each SQP step [KV].

Let us give a brief overview of the organization of this thesis: In Chapter 1, the ground-

work is laid, which is necessary for the theoretical analysis of the optimal control problem.

We recall functional analysis concepts and investigate the solvability of the semilinear

heat equation as well as the linearized equation. Chapter 2 considers the optimal con-

trol problem. The existence of an optimal solution is shown and first order necessary

and second order sufficient optimality conditions are derived. The inexact SQP method

is introduced in Chapter 3 and applied to the optimal control problem. Several issues

like inexactness, different inner solvers, Lagrange multiplier updates and globalization

strategies give rise to a number of variants of the SQP approach. Chapter 4 is concerned

with the model reduction utilizing POD. We give a short summary of the continuous and

discrete version of the POD method and derive a reduced order model for the optimal

control problem. Finally, Chapter 5 is devoted to the numerical realization and presents

a collection of numerical tests. We mainly focus on the nonlinearity y3(t, x), but also

have a look at −0.5 ⋅ y3(t, x), which is a more critical one, since it does not exactly fit

into our solution theory. The numerical results for the SQP method without and with

the use of model reduction are discussed in detail. Constraints on the admissible set of

control functions are handled by means of the primal-dual active set strategy (PDASS).
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1 Fundamentals and the semilinear heat equation

1.1 Function spaces and differentiability

Let us first recall basic functional analysis tools and introduce important function spaces.

We only state definitions and characteristics here, which are needed in this thesis. For

proofs and further information about functional analysis concepts especially in the con-

text of optimal control of partial differential equations we recommend the lecture of [T],

[AF], [W] and [E], which are the basis of this section.

1.1.1 Definition (Lipschitz domain). Let Ω denote a bounded open subset in

RNx , Nx ≥ 2, with a regular (Lipschitz continuous) boundary Γ = ∂Ω ensuring all needed

Sobolev embedding properties. Roughly speaking, Γ needs to be a smooth (Nx − 1)−
dimensional manifold, such that Ω lies on only one side of its boundary. This domain

Ω is called Lipschitz domain. For more details on the geometric requirements on the

domain we refer to [AF, Ch.4], [W, Ch.2] or [T, Ch.2].

1.1.2 Definition (Lp spaces). Let Ω ⊂ RNx be a non-empty, bounded Lebesgue

measurable set. We denote by Lp(Ω), 1 ≤ p <∞, the quotient space of the set

{f ∶ Ω→ R ∣ f is Lebesgue-measurable and ∥ f ∥Lp(Ω)<∞}

with respect to equality relation almost everywhere on Ω. The norm ∥ ⋅ ∥Lp(Ω) for each

representative f of a class in Lp(Ω) is given by:

∥ f ∥Lp(Ω) ∶= (∫
Ω

∣f ∣p dx)
1/p

(Lp(Ω),∥ ⋅ ∥Lp(Ω)) is a Banach space.

1.1.3 Definition (weak derivative). Let α ∈ NNx0 be a multi-index. We use the

notation Dα = Dα1 ⋯ DαNx = ∂α1/∂xα1
1 ⋯ ∂αNx /∂xαNxNx

. A function f ∈ L1
loc(Ω) (locally

integrable, i.e. f is Lebesgue integrable with respect to any compact subset of Ω) has a

αth-weak partial derivative w ∈ L1
loc(Ω) (written Dαf = w), if

∫
Ω
w(x)ϕ(x)dx = (−1)∣α∣∫

Ω
f(x)(Dαϕ(x))dx ∀ϕ ∈ C∞

0 (Ω)

where C∞
0 (Ω) ∶= {f ∈ C∞(Ω) ∣ supp(f) is compact in Ω} denotes the space of test

functions and supp(f) ∶= {x ∈ Ω ∣ f(x) ≠ 0} is the support of f .
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1 Fundamentals and the semilinear heat equation

1.1.4 Definition (Sobolev spaces). Let k ∈ N0, p ∈ [1,∞)
(i) The Lp-Sobolev space of order k is denoted by

W k,p(Ω) ∶= {f ∈ Lp(Ω) ∣Dαf ∈ Lp(Ω),0 ≤ ∣α∣ ≤ k}

and is endowed with the norm ∥ f ∥Wk,p(Ω)=
⎛
⎝ ∑0≤∣α∣≤k

∫
Ω
∣Dαf(x)∣pdx

⎞
⎠

1/p

.

(W k,p(Ω),∥ . ∥Wk,p(Ω)) is a Banach space.

(ii) We define Hk(Ω) ∶=W k,2(Ω). In Hk(Ω) we introduce the inner product

⟨f, g⟩Hk(Ω) ∶= ∑
0≤∣α∣≤k

⟨Dαf,Dαg⟩L2(Ω)

(Hk(Ω), ⟨⋅, ⋅⟩Hk(Ω)) is a Hilbert space.

(iii) Explicitely for k = 1 we get with Di ∶= ∂/∂xi, i.e. Di =Dα with α = ei for

i ∈ {1, ...,Nx}

H1(Ω) = {f ∈ L2(Ω) ∣ Dif ∈ L2(Ω), i = 1, ...,Nx}

endowed with the norm ∥ f ∥H1(Ω)= (∫
Ω
∣f ∣2 + ∣∇f ∣2dx)

1/2

where ∣∇f ∣2 =
Nx

∑
i=1

(Dif)2 and the inner product is given by

⟨f, g⟩H1(Ω) = ∫
Ω
f g dx + ∫

Ω
∇f ⋅ ∇g dx.

Of importance in the investigations of boundary value problems is the existence of

traces, i.e. a suitable (natural) definition of functions on low dimensional subspaces.

1.1.5 Theorem (trace theorem). For p ∈ [1,∞] there exists a unique, linear and

continuous trace operator

T ∶W 1,p(Ω)→ Lp(Γ) with Tu = u∣Γ for all u ∈W 1,p(Ω)

Tu is called trace of u on Γ. Note that for p = 2 we get T ∶H1(Ω)→ L2(Γ). Remark: In

the sequel, we write u(x) instead of (Tu)(x) almost everywhere on Γ and we denote by

ds the surface measure.

The concept of abstract function spaces (Bochner spaces) is a common tool for the in-

vestigations of evolution equations. Any map f ∶ [a, b] ⊂ R→W k,p(Ω), k ∈ N0, p ∈ [1,∞),
is called an abstract function. Hereby, the basic idea is to switch our viewpoint by

associating with a function y = y(t, x) a mapping

y ∶ [0, T ]→W k,p(Ω), [y(t)](x) ∶= y(t, x), 0 ≤ t ≤ T

That means, for every fixed t, y(t) is an element of a Sobolev space W k,p(Ω).

1.1.6 Definition (Fréchet derivative). Let X,Y be normed spaces, U ⊂ X an open

subspace, f ∶ U → Y and x0 ∈ U . We call f Fréchet differentiable in x0, if there exists an
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1.1 Function spaces and differentiability

operator A ∈ L(X,Y ) with

lim
h→0

∥ f(x0 + h) − f(x0) −A(x0)h ∥Y
∥ h ∥X

= 0

The operator A is called Fréchet derivative of f at x0 and we write A = f ′(x0).

1.1.7 Definition (abstract Lp spaces). Let I ⊂ R be an interval and X a Sobolev

space. We denote by Lp(I;X), 1 ≤ p <∞, the quotient space of the set

{f ∶ I →X ∣ f is measurable and ∥ f ∥Lp(I;X)<∞}

with respect to equality relation almost everywhere on I. The norm ∥ ⋅ ∥Lp(I;X) for each

representative f of a class in Lp(I;X) is given by

∥ f ∥Lp(I;X) ∶= (∫
b

a
∥ f ∥pX dt)

1/p

(Lp(I;X),∥ ⋅ ∥Lp(I;X)) is a Banach space.

Particularly, we are interested in the abstract Hilbert space L2(0, T ;H1(Ω)) endowed

with the norm

∥ y ∥L2(0,T ;H1(Ω))= (∫
T

0
∥ y ∥2

H1(Ω) dt)
1/2

= (∫
T

0
∫

Ω
(y(t, x)2 + ∣∇y(t, x)∣2) dxdt)

1/2

1.1.8 Theorem (Riesz representation theorem). Let (X, ⟨⋅, ⋅⟩X) be a Hilbert space.

For every f ∈X ′ there exists a unique yf ∈X with

⟨f, x⟩X′,X = ⟨yf , x⟩X for all x ∈X

1.1.9 Definition (Gelfand triple). Let V and H be real separable Hilbert spaces such

that there is a dense and compact embedding V ↪H. The dual spaceH ′ can be identified

with H by the Riesz representation theorem. The Gelfand triple is V ↪ H = H ′ ↪ V ′.

The embedding H ↪ V ′ is also dense and continuous and V ′ is a Hilbert space. Note

carefully that we do not identify the space V with its dual. The Gelfand triple we are

using in this thesis is V =H1(Ω) with dual space V ′ =H1(Ω)′ and H = L2(Ω).

1.1.10 Definition (W (0, T )). Let V and H be as in Definition 1.1.9. The space

W (0, T ) is defined by

W (0, T ) ∶= {y ∈ L2(0, T ;V ) ∶ yt ∈ L2(0, T ;V ′)}

and endowed with the norm

∥ y ∥W (0,T ) ∶= (∫
T

0
(∥ y(t) ∥2

V + ∥ yt(t) ∥2
V ′) dt)

1/2
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1 Fundamentals and the semilinear heat equation

The related inner product is

⟨u, v⟩W (0,T ) =
T

∫
0

⟨u(t), v(t)⟩V dt +
T

∫
0

⟨ut(t), vt(t)⟩V ′ dt

(W (0, T ), ⟨⋅, ⋅⟩W (0,T )) is a Hilbert space. There exists a continuous embeddingW (0, T )↪
C([0, T ];H), which implies that the functions in W (0, T ) are (eventually after changing

on a zero set) continuous functions with values in H. Therefore, the existence of values

y(0) or y(T ) makes sense. Further information can be found e.g. in ([W], IV § 25).

1.1.11 Definition (weak convergence). Let (X, ⟨⋅, ⋅⟩X) be a Hilbert space. A se-

quence {xn}n∈N ⊂X converges weakly to an element x ∈X, xn ⇀ x, n→∞, if

lim
n→∞

⟨f, xn⟩X′,X = ⟨f, x⟩X′,X

holds for all f ∈ X ′. By the Riesz representation theorem we even get that a sequence

{xn}n∈N ⊂X converges weakly to an element x ∈X, if

lim
n→∞

⟨y, xn⟩X = ⟨y, x⟩X

holds for all y ∈X. It can be shown that a bounded sequence in a Hilbert space contains

a weakly convergent subsequence. If xn ⇀ x, n→∞, then ∥ x ∥X ≤ lim
n→∞

inf ∥ xn ∥X .

1.1.12 Definition (weakly lower semi-continuous). Let X be a Hilbert space.

A function f ∶ X → R is called weakly lower semi-continuous, if for any sequence

{xn}n∈N ⊂X with xn ⇀ x for n→∞ we have

f(x) ≤ lim inf
n→∞

f(xn).

1.2 State equation and linearized state equation

The dynamics of our optimal control problem are described by the semilinear heat equa-

tion

(SE)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

cpyt(t, x) −∆y(t, x) +N (t, x, y(t, x)) = f(t, x) in Q

∂ny(t, x) + qy(t, x) = u(t, x) on Σ

y(0, x) = y0(x) in Ω

This state equation (SE) is a parabolic initial-boundary value problem with boundary

condition of third type (Robin boundary condition).

Following [RZ], [C] and [T] we make the following assumptions:

(A1) Assumptions on space and time. Throughout this thesis, let T > 0 be a

fixed end time. We denote by Q the time-space cylinder Q ∶= (0, T ) ×Ω, where Ω ⊂ RNx
is a bounded, open Lipschitz domain specified in Definition 1.1.1. The lateral surface is

denoted by Σ ∶= (0, T ) × Γ with Γ ∶= ∂Ω.
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1.2 State equation and linearized state equation

(A2) Assumptions on the nonlinearity. The mapping y(⋅, ⋅) ↦ N (⋅, ⋅, y(⋅, ⋅)) is a

Nemytskii-operator (superposition-operator), cf. [T, Section 4.3] and the nonlinearity

N ∶ Q ×R→ R, ((t, x), y)↦ N (t, x, y) fulfills the Carathéodory type conditions:

(i) For every fixed y ∈ R, N (⋅, ⋅, y) is Lebesgue measurable in Q.

(ii) For almost all (t, x) ∈ Q, N (t, x, ⋅) is twice continuously differentiable with

respect to y and locally Lipschitz continuous of order 2 with respect to y, i.e.

there exists L(M) > 0, such that

∣Nyy(t, x, y1) −Nyy(t, x, y2)∣ ≤ L(M)∣y1 − y2∣ f.a.a. (t, x) ∈ Q
holds for all y1, y2 ∈ R with ∣y1∣ ≤M, ∣y2∣ ≤M and Nyy denotes the second

order parital derivative of N with respect to y.

The nonlinearity is uniformly bounded and monotone increasing in the following sense:

(iii) There exists a constant C > 0 with

∣N (t, x,0)∣ + ∣Ny(t, x,0)∣ + ∣Nyy(t, x,0)∣ ≤ C f.a.a. (t, x) ∈ Q.

(iv) It holds 0 ≤ Ny(t, x, y) f.a.a. (t, x) ∈ Q, all y ∈ R, where Ny denotes the first

order partial derivative of N with respect to y.

Remark: These conditions imply the corresponding assumptions in [RZ], [C], [T]. The as-

sumption (ii) is not necessarily needed for the solvability of the state equation (SE), but

we need it later for the Lagrange technique and the SQP method. Note that condition

(ii) and (iii) imply local Lipschitz continuity ofN andNy with respect to y, cf. [T, p.159].

(A3) Assumptions on the data. The forcing term f = f(t, x) ∶ Q → R is in Lq(Q)
with q > Nx/2+1. The boundary control u = u(t, x) ∶ Σ→ R is in Lσ(Σ) with σ > Nx +1.

The initial state function fulfills y0 ∈ C(Ω̄) and cp > 0, q ≥ 0 are given constants.

In the following we work in the state space Y =W (0, T )∩C(Q̄) and the control space

U = Lσ(Σ). Recall that W (0, T ) = {y ∈ L2([0, T ];H1(Ω)) ∣ yt ∈ L2([0, T ];H1(Ω)′)} is

a Hilbert space and continuously embedded in C(Q̄). The space Y is a Banach space

endowed with the norm

∥ y ∥Y = ∥ y ∥W (0,T ) + ∥ y ∥C(Q̄) for y ∈ Y

We use the notation V =H1(Ω) and H = L2(Ω) and obtain the Gelfand triple V ↪H =
H ′ ↪ V ′ (recall Definition 1.1.9).

Motivation for the definition of a weak solution. In order to motivate the

following definition of a weak solution, let us first fix a function v ∈ L2(0, T ;V ) and

multiply the state equation (SE) by v, integrate with respect to space and time and

apply Green’s formula, to find:

∫
T

0
cp⟨yt(t), v(t)⟩V ′,V dt + ∫

T

0
∫

Ω
(∇y ⋅ ∇v +N (⋅, ⋅, y(⋅, ⋅)) v) dxdt + ∫

T

0
∫

Γ
q y v dsdt

= ∫
T

0
∫

Ω
f v dxdt + ∫

T

0
∫

Γ
u v dsdt

and y(0) = y0.
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1 Fundamentals and the semilinear heat equation

For the sake of clarity, we left out the arguments here. Note that yt(t) ∈ V ′ for almost

every time 0 ≤ t ≤ T and ⟨⋅, ⋅⟩V ′,V denotes the dual pairing of V ′ and V . We make use

of the trace theorem to define boundary values, ds denotes the surface measure on Γ

and because of the continuous embedding of W (0, T ) in C([0, T ];H) the initial value

y(0) belongs to H and is therefore valid. Since y ∈ C(Q̄) it even holds true y(t) ∈ C(Ω̄).
These considerations motivate the following definition.

1.2.1 Definition (weak solution). Suppose that (A1)-(A3) hold. A function y ∈ Y is

called weak solution of (SE), if it satisfies the variational formulation

∫
T

0
cp⟨yt(t), v(t)⟩V ′,V dt + ∫

T

0
∫

Ω
(∇y ⋅ ∇v +N (⋅, ⋅, y(⋅, ⋅)) v) dxdt + ∫

T

0
∫

Γ
q y v dsdt

= ∫
T

0
∫

Ω
f v dxdt + ∫

T

0
∫

Γ
u v dsdt (1.2.1)

for all v ∈ L2(0, T ;V ) and y(0) = y0.

We quote the following existence and uniqueness result from [RZ, Theorem 3.1], where

a detailed proof can be found.

1.2.2 Theorem. Suppose that (A1)-(A3) hold. Then the semilinear heat equation

(SE) is well-posed, that means there exists a unique weak solution y ∈ Y of (SE) and the

solution depends continuously on the given data, i.e. the solution satisfies the estimate

∥ y ∥Y ≤ C (∥ f −N (⋅, ⋅,0) ∥Lq(Q) + ∥ u ∥Lσ(Σ) + ∥ y0 ∥C(Ω̄)) (1.2.2)

with a constant C = C(Nx,q, σ,Ω, T ).

1.2.3 Remark. (i) Theorem 1.2.2 shows that for every control function u ∈ Lσ(Σ)
there exists a unique weak solution y ∈ Y of the state equation (SE). Hence we define

the control-state solution operator S by

S ∶ Lσ(Σ)→ Y, u↦ y(u).

We call y(u) the associated state with control u.

(ii) If the initial condition y0 belongs to L∞(Ω), we can not expect y to be in Y, but we

get y ∈W (0, T ) ∩L∞(Q), cf. [RZ, Theorem 3.1].

1.2.4 Remark (aspects about the control function). So far we have left the

control function quite general – it only needs to fulfill the assumption in (A3). Moti-

vated from engineering, it appears to be practical if we have access to different parts of

the boundary separately. This opens the possibility to set control on each part independ-

ently. Therefore we investigate the case, where the boundary Γ is divided into k ∈ N
disjoint segments Γk:

Γ =
k

⊍
k=1

Γk

In this case the control function has the special form

8



1.2 State equation and linearized state equation

u(t, x) =
k

∑
k=1

uk(t)χk(x)

where χk (1 ≤ k ≤ k) denote the characteristic functions (control shape functions)

χk(x) ∶= { 1 for x ∈ Γk
0 else

The time-dependent control intensities uk ∈ Lσ(0, T ) can be expanded by means of the

control shape functions χk ∈ Lσ(Γ), so that we get

u(t, x) =
k

∑
k=1

uk(t)χk(x) ∈ Lσ([0, T ];Lσ(Γ)) ≃ Lσ(Σ).

The control (intensities) space is given by U = Lσ([0, T ];Rk). The variational formula-

tion (1.2.1) differs in the summand

∫
T

0
∫

Γ
u v dsdt = ∫

T

0
∫

Γ

k

∑
k=1

uk(t)χk(x)v(t, x)dsdt = ∫
T

0

k

∑
k=1

uk(t)∫
Γ
χk(x)v(t, x)dsdt.

Linearized state equation. Important for applying our numerical methods to solve

the optimal control problem is a linearized version of (SE). That is because we need to

solve an associated linear-quadratic subproblem in each SQP step. This linearized state

equation (LSE) can easily be derived by a small auxiliary calculation. By linearizing a

mapping F in ωk = (yk, uk) we mean to approximate F (ω) by

F (ω) ≈ F (ωk)+F ′(ωk)(ω −ωk) (1.2.3)

Applying this to the state equation (SE) leads to

(LSE)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

cpyt −∆y +N (⋅, ⋅, yk) +Ny(⋅, ⋅, yk)(y − yk) = f in Q

∂ny + qy = u on Σ

y(0, ⋅) = y0 in Ω

For simplicity reasons we leave out the arguments. The following result guarantees the

existence of a unique weak solution to linear parabolic partial differential equations of

the same type like (LSE). Again, for a proof we refer to [RZ] or to ([W], Ch.26).

1.2.5 Theorem. Suppose that (A1) and (A3) hold. Let a ∈ Lq(Q) with a(t, x) ≥ 0

almost everywhere in Q be a bounded potential. Then there exists a unique weak solu-

tion y ∈W (0, T ) of the linear initial-boundary value problem

(1.2.4)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

cpyt(t, x) −∆y(t, x) + a(t, x)y(t, x) = f(t, x) in Q

∂ny(t, x) + qy(t, x) = u(t, x) on Σ

y(0, x) = y0(x) in Ω

which satisfies the variational formulation of (1.2.4) given by

9



1 Fundamentals and the semilinear heat equation

∫
T

0
cp⟨yt(t), v(t)⟩V ′,V dt + ∫

T

0
∫

Ω
(∇y ⋅ ∇v + a y v) dxdt + ∫

T

0
∫

Γ
q y v dsdt

= ∫
T

0
∫

Ω
f v dxdt + ∫

T

0
∫

Γ
u v dsdt

for all v ∈ L2([0, T ];V ) and y(0) = y0.

Moreover, there exists a constant C = C(Nx,q, σ,Ω, T ) such that the weak solution y of

(1.2.4) satisfies

∥ y ∥Y ≤ C (∥ f ∥Lq(Q) + ∥ u ∥Lσ(Σ) + ∥ y0 ∥C(Ω̄))

1.2.6 Remark. (i) For the solvability of the linear problem (1.2.4) it is even enough to

postulate f, a ∈ L2(Q), u ∈ L2(Σ) and y0 ∈ L2(Ω).
(ii) Notice for considering (LSE) that a(t, x) = Ny(t, x, yk) ≥ 0 is fulfilled almost every-

where in Q because of assumption (A2, iv).

10



2 The semilinear parabolic optimal control problem

2.1 Problem formulation

In this thesis we investigate the semilinear optimal control problem given by

(P)

minimize
(y,u)∈Y×U

J(y, u) ∶= 1

2
∫

Ω
∣y(T ) − yd∣2dx +

γ

2
∫

T

0
∫

Γ
∣u(t, x)∣2dsdt

subject to

(SE)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

cpyt(t, x) −∆y(t, x) +N (t, x, y(t, x)) = f(t, x) in Q

∂ny(t, x) + qy(t, x) = u(t, x) on Σ

y(0, x) = y0(x) in Ω

and

u ∈ Uad ⊂ U

A general introduction to the theory and numerics of optimal control of partial differ-

ential equations is given by [T]. The aim of problem (P) is to minimize the given cost

functional J subject to a semilinear heat equation and a restriction to the admissible

control functions given by the set Uad.

(A4) Assumptions on the cost functional. Minimizing the cost functional J =
J(y, u) ∶ Y × U → R means (descriptively spoken) that we try to find a function y ∈ Y,

which differs as little as possible from the given desired distribution yd ∈ C(Ω̄) at the

final time t = T . At the same time we try to keep the control costs minimal. The

parameter γ > 0 is called regularization parameter. This tracking-type form of the cost

functional fulfills all needed assumptions on smoothness, convexity and growth stated

in [RZ], [C] and [T]. We want to point out that J is a quadratic, convex function and

twice continuously Fréchet differentiable with respect to y and u.

(A5) Assumptions on the set Uad of admissible control functions. We define

the set Uad ⊂ L∞(Σ) by

Uad ∶= {u ∈ L2(Σ) ∣ ua(t, x) ≤ u(t, x) ≤ ub(t, x) f.a.a. (t, x) ∈ Σ}

where all inequalities are understood componentwise and ua, ub ∈ L∞(Σ) with ua(t, x) ≤

11



2 The semilinear parabolic optimal control problem

ub(t, x) for almost all (t, x) ∈ Σ are given lower and upper bounds (box restriction func-

tions). Note that Uad is a non-empty, bounded, convex and closed subset of L∞(Σ).

2.1.1 Remark (aspects about the control function). Continuing Remark 1.2.4,

we want to specify the case, in which the control function has the form

u(t, x) =
k

∑
k=1

uk(t)χk(x)

due to the segmentation of the boundary Γ of the domain Ω. The cost functional differs

in the summand

γ

2
∫

T

0
∫

Γ
∣u(t, x)∣2dsdt = γ

2
∫

T

0

k

∑
i=1

(∫
Γi

∣
k

∑
k=1

uk(t)χk(x)∣2ds)dt

= γ

2
∫

T

0

k

∑
i=1

(∫
Γi

∣ui(t)χi(x)∣2ds)dt

= γ

2
∫

T

0

k

∑
i=1

(∣ui(t)∣2∫
Γi

∣χi(x)∣2ds)dt

= γ

2
∫

T

0

k

∑
i=1

∣ui(t)∣2 ⋅ γ̃i dt

= 1

2

k

∑
k=1

γk ∫
T

0
∣uk(t)∣2dt

where γ̃i = ∣Γi∣ with Lebesgue measure ∣ ⋅ ∣ and γi = γ ⋅ γ̃i > 0 for 1 ≤ i ≤ k.

Recall from Remark 1.2.4 that the control intensities space is given by U = Lσ([0, T ];Rk).
The set of admissible controls is

Uk
ad = {u ∈ L2([0, T ];Rk) ∣ ua(t) ≤ u(t) ≤ ub(t) f.a.a. t ∈ (0, T )}

with box restriction functions ua, ub ∈ L∞([0, T ];Rk), ua(t) ≤ ub(t) for almost all

t ∈ (0, T ). All inequalities are interpreted in the pointwise almost everywhere sense.

The state equation. The state equation (SE), which describes the relationship be-

tween the state y and the control u, is investigated in Section 1.2, where all necessary

requirements for the existence of a unique weak solution of (SE) are stated, cf. (A1)-

(A3). At this point we want to emphasize that the control u only acts on the boundary

Γ of the given domain Ω. Recall, that we work in the state space Y = W (0, T ) ∩C(Q)
and control space U = Lσ(Σ). The governing state equation (SE) is understood in a

weak sense.

To write the state equation (SE) in a compact form, we use the notation X = Y ×U , set

Z = L2([0, T ];V )×H and have the dual Z ′ of Z as the space L2([0, T ];V ′)×H. Associ-

ated with the equation (SE) we define the nonlinear state equation operator e ∶ X → Z ′

by

⟨e(ω), v⟩Z′,Z = ∫
T

0
cp⟨yt(t), v1(t)⟩V ′,V dt+∫

T

0
∫

Ω
(∇y ⋅ ∇v1 +N (⋅, ⋅, y(⋅, ⋅)) v1 − f v1)dxdt

+∫
T

0
∫

Γ
(qy − u) v1dsdt + ∫

Ω
(y(0) − y0)v2dx (2.1.1)

12



2.2 Optimal control and optimal state

for v = (v1, v2) ∈ Z and ω = (y, u). The feasible set Fad of problem (P) is given by

Fad (P) := {ω = (y, u) ∈ X ∣ e(ω) = 0, u ∈ Uad}

Now, we can write the optimal control problem (P) in a more abstract way, which will

later be helpful in the discussion of constrained optimization in function spaces:

minJ(ω) s.t. ω ∈ Fad(P)

2.1.2 Theorem. Let the operator e ∶ X → Z ′ be defined by (2.1.1). Then, e is twice

continuously Fréchet differentiable and the second order Fréchet derivative is locally Lip-

schitz continuous.

Proof. The first and second order Fréchet differentiability of e can be shown directly by

a recalculation of Definition 1.1.6. Alternatively, one can follow the strategy in [T, Satz

5.15], where a nonlinear operator equation for e(ω) = 0 is formulated, which is twice

continuously differentiable due to (A2, ii). It is e′′(y, u) = Nyy(⋅, ⋅, y(⋅, ⋅)), which is Lip-

schitz continuous by assumption (A2, ii). ◻

2.1.3 Remark. Note that the state y and the control u are considered as independent

variables. Alternatively, one could eliminate the state y via the state equation (SE), i.e.

y = y(u). This is possible since for each control function u, there exists a unique solution

y(u) to (SE), see Theorem 1.2.2. Therefore, one could formulate a reduced problem

min
u∈Uad

Ĵ(u)

where Ĵ denotes the reduced cost functional given by Ĵ(u) ∶= J(y(u), u). In order to solve

this reduced optimization problem numerically, one could apply e.g. Newton’s method

to the first-order optimality condition Ĵ ′(ū) = 0. This approach is followed by [R].

2.2 Optimal control and optimal state

In Section 1.2 we have seen that under assumptions (A1)-(A3) there exists a unique weak

solution y(u) ∈ Y for every control function u ∈ U . This section concerns the solvability

of the optimal control problem (P). Remark: In this thesis, a bar indicates optimality.

2.2.1 Definition (optimal control, optimal state). A control ū ∈ Uad and the

associated state ȳ(ū) ∈ Y are called optimal, if

J(ȳ(ū), ū) ≤ J(y(u), u) (2.2.1)

is satisfied for all u ∈ Uad. A control ū ∈ Uad and the associated state ȳ(ū) ∈ Y are called

locally optimal, if there is an ε > 0, so that inequality (2.2.1) is fulfilled for all u ∈ Uad

with

∥ u − ū ∥U ≤ ε

13



2 The semilinear parabolic optimal control problem

Basically, we are interested in optimality conditions for problem (P) which require the

existence of locally optimal controls. However, we briefly take a look at the existence

of globally optimal controls, as this is an important aspect for the well-posedness of

the optimal control problem (P). The following theorem is taken from [T, Satz 5.7] and

ensures the existence of an optimal solution.

2.2.2 Theorem (existence of an optimal solution). Let (A1)-(A5) be satisfied.

Then there exists at least one (global) solution (ȳ, ū) ∈ Y × Uad to the optimal control

problem (P).

Proof. A detailed proof can be found in [T]. We just sketch the key ideas here. Since Uad

is bounded in L∞(Σ), it is bounded in any space Lσ(Σ) and it follows with inequality

(1.2.2) that y is uniformly bounded. This together with assumptions (A4) and (A5)

implies that the cost functional J is bounded below, which allows the existence of an

infimum ζ > 0:

ζ ∶= inf{J(ω) ∶ ω ∈ F(P)}

We can find a weakly convergent minimizing sequence {yn, un}n∈N in Y × Uad with

ζ = limn→∞ J(yn, un) and e(yn, un) = 0 for all n ∈ N. As Lσ(Σ) is reflexive and Uad fulfills

assumptions (A5), Uad is weakly sequentially compact, i.e. one can find a subsequence

{unk}k∈N with unk ⇀ ū ∈ Uad, k → ∞. It can be shown that (maybe after choosing

a subsequence) {yn}n∈N converges strongly to ȳ ∈ C(Q̄) and that ȳ is the weak solu-

tion associated with ū. The optimality of ū follows from the convexity and weakly lower

semicontinuity (see Definition 1.1.12) of the cost functional J . ◻

Remark. Since problem (P) is non-convex, the uniqueness of (ȳ, ū) ∈ Y × Uad is not

given in general. Hence, multiple solutions are possible.

2.3 Optimality conditions

If the state equation (SE) is linear (i.e. N (t, x, y) is linear in y), the optimal control

problem (P) is a convex programming problem. But because of the nonlinearity N ,

the control-state solution operator S ∶ u ↦ y(u) is nonlinear and causes (P) to be non-

convex. That is why first order necessary conditions are not sufficient and we need to

discuss second order sufficient conditions to ensure local optimality of the solution. For

the numerical experiments this means that we need to discuss globalization strategies

in order to avoid that the iteration sequence generated by numerical methods fails to

converge.

First order necessary conditions. Formally, we are able to derive necessary op-

timality conditions by means of the Lagrange technique. This Lagrange approach is an

intuitive and reliable guide to get an idea of possible necessary optimality conditions.

14



2.3 Optimality conditions

Moreover, the Lagrange functional is an essential tool in the discussion of the SQP

method. The formal Lagrange principle is based on an exact mathematical concept,

which will not be further discussed at this point, but we refer the interested reader to

e.g. [J, Chapter 5]. Rather, our primary objective is to determine the adjoint equation,

which is later needed for the proof of the optimality conditions. The Lagrange functional

associated with problem (P) is introduced by

L ∶ Y × U ×Z → R
(y, u;p) ↦ J(y, u) + ⟨e(y, u), p⟩Z′,Z

Note that the Lagrange functional L is twice continuously differentiable with locally

Lipschitz continuous second order derivative due to (A4) and Theorem 2.1.2. According

to the Lagrange theory, a local optimal pair (ȳ, ū) must satisfy together with the asso-

ciated adjoint state p̄ the following Karush-Kuhn-Tucker (KKT) criteria:

(KKT 1) Ly(ȳ, ū; p̄)y = 0 ∀y ∈ Y with y(0) = 0

(KKT 2) Lu(ȳ, ū; p̄)(u − ū) ≥ 0 ∀u ∈ Uad

We proceed by calculating all needed derivatives for (KKT 1) and (KKT 2) and will

figure out that (KKT 1) is equivalent to the weak formulation of the adjoint equation

and that (KKT 2) is equivalent to the variational inequality.

Let v = (v1, v2) ∈ Z. The first order Fréchet derivatives of e in the directions yδ and uδ
are given by:

● ⟨ey(y, u)yδ, v⟩Z′,Z = ∫
T

0
cp⟨yδ,t(t), v1(t)⟩V ′,V dt + ∫

T

0
∫

Ω
(∇yδ ⋅ ∇v1 +Ny(y) yδ v1)dxdt

+∫
T

0
∫

Γ
q yδ v1 dsdt + ∫

Ω
yδ(0) v2 dx

● ⟨eu(y, u)uδ, v⟩Z ′,Z = −∫
T

0
∫

Γ
uδ v1 dsdt

Together we have:

⟨e′(ω)ωδ, v⟩Z′,Z = ∫
T

0
cp⟨yδ,t(t), v1(t)⟩V ′,V dt + ∫

T

0
∫

Ω
(∇yδ ⋅ ∇v1 +Ny(y) yδ v1)dxdt

+∫
T

0
∫

Γ
(qyδ − uδ)v1 dsdt + ∫

Ω
yδ(0) v2 dx

The first order Fréchet derivatives of J in the directions yδ and uδ are given by:

● Jy(y, u)yδ = ∫
Ω
(y(T ) − yd) yδ(T ) dx

● Ju(y, u)uδ = γ ∫
T

0
∫

Γ
u uδ dsdt

Together we have: J ′(ω)ωδ = ∫
Ω
(y(T ) − yd) yδ(T ) dx + γ ∫

T

0
∫

Γ
u uδ dsdt

15



2 The semilinear parabolic optimal control problem

Joining the appropriate parts together leads to:

Ly(y, u;p)yδ = ∫
Ω
(y(T ) − yd) yδ(T ) dx + ∫

T

0
cp⟨yδ,t(t), p1(t)⟩V ′,V dt (2.3.1)

+∫
T

0
∫

Ω
(∇yδ ⋅ ∇p1 +Ny(y) yδ p1)dxdt + ∫

T

0
∫

Γ
q yδ p1 dsdt

+∫
Ω
yδ(0) p2 dx

Lu(y, u;p)uδ = ∫
T

0
∫

Γ
(γ u − p1) uδ dsdt (2.3.2)

2.3.1 Remark (motivation for the adjoint equation). From (KKT 1) we can

formally derive the adjoint equation (AE). By doing this, we will use differential opera-

tors like −∆ or ∂n in the next few lines and assume that the function y, the Lagrange

multiplier p and all derivatives are smooth enough (i.e. quadratically integrable). The

application of Green’s formula to (2.3.1) and integration by parts lead to:

Ly(ȳ, ū; p̄)y = ∫
Ω
(ȳ(T ) − yd) y(T ) dx + ∫

Ω
cp (y(T ) p̄1(T ) − y(0) p̄1(0)) dx

+∫
T

0
∫

Ω
(−cp p̄1,t −∆p̄1 +Ny(ȳ) p̄1) y dxdt + ∫

T

0
∫

Γ
(qp̄1 + ∂np̄1) y dsdt

+∫
Ω
y(0) p̄2 dx

Note that the use of p1,t, ∆p̄1 and ∂np̄1 is mathematically unclean and only formally to

be considered.

Step 1: Take y ∈ C∞
0 (Q̄) with y(0) = 0 and y(T ) = 0 and get:

∫
T

0
∫

Ω
(−cpp̄1,t −∆p̄1 +Ny(ȳ)p̄1) y dxdt = 0 ⇒ −cpp̄1,t −∆p̄1 +Ny(ȳ)p̄1 = 0

Step 2: Waive y(T ) = 0 and get:

∫
Ω
(ȳ(T ) − yd)y(T )dx + ∫

Ω
cpy(T )p̄1(T )dx = 0 ⇒ cp p̄1(T ) = −(ȳ(T ) − yd)

Step 3: Waive y∣Σ = 0 and get: ∫
T

0
∫

Γ
(qp̄1 + ∂np̄1) y dsdt = 0 ⇒ qp̄1 + ∂np̄1 = 0

Step 4: Waive y(0) = 0 and get: ∫
Ω
−cp y(0) p̄1(0) + y(0) p̄2dx = 0 ⇒ cp p̄1(0) = p̄2

We set p̄ ∶= p̄1 and get p̄2 = cpp̄1(0).

2.3.2 Remark (well-posedness of (AE)). The adjoint equation (AE) given by

(AE)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−cppt(t, x) −∆p(t, x) +Ny(t, x, ȳ(t, x))p(t, x) = 0 in Q

∂np(t, x) + qp(t, x) = 0 on Σ

cpp(T,x) = −(ȳ(T,x) − yd(x)) in Ω
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2.3 Optimality conditions

is well-posed. This can be seen using the following trick: apply a transformation in time

in the sense p̂(τ, ⋅) = p(T − τ, ⋅), τ ∈ [0, T ], to the adjoint equation (AE) and get

(ÂE)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

cpp̂t(τ, x) −∆p̂(τ, x) + N̂y(τ, x, ˆ̄y(τ, x))p̂(τ, x) = 0 in Q

∂np̂(τ, x) + qp̂(τ, x) = 0 on Σ

cpp̂(0, x) = −(ˆ̄y(0, x) − yd(x)) in Ω

Notice carefully, that we have used the relation

∫
T

0
∫

Ω
−cp pt dxdt = ∫

T

0
∫

Ω
cp p̂t dxdτ

This equation has a unique weak solution p̄ ∈ W (0, T ) due to Theorem 1.2.5. Back-

substitution concludes the argumentation. Higher regularity for p̄ is valid, if yd ∈
C(Ω̄). Then it follows from ȳ ∈ C(Q̄), that −(ȳ(T ) − yd) ∈ C(Ω̄) holds. In this case,

p̄ ∈W (0, T ) ∩C(Q̄) holds.

We refer to p(u) as the unique associated adjoint state with u.

From (KKT 2) we can derive the variational inequality stated in the following theorem.

2.3.3 Theorem (first order necessary optimality condition for a local mini-

mizer). Let (A1)-(A4) hold and suppose that (ȳ, ū) ∈ Y × U is a local optimal solution

to problem (P). Then the primal variables (ȳ, ū) satisfy together with the adjoint state

p̄ ∈W (0, T ) ∩C(Q̄) from (AE) the variational inequality

(VI) ∫
T

0
∫

Γ
(γū(t, x) − p̄(t, x))(z(t, x) − ū(t, x))dsdt ≥ 0 ∀z ∈ Uad

Proof. A detailed elaboration can be found e.g. in [T]. Let us briefly sketch the basic

strategy. It is possible to eliminate the state variable y by means of the control-state

solution operator S, i.e. y = S(u) (cf. Remark 1.2.3(i)). Therewith, the reduced problem

minu∈Uad
Ĵ(u) can be formulated following Remark 2.1.3. Since ū is a local optimal

solution to (P), the variational inequality

Ĵ(ū)(u − ū) ≥ 0 ∀u ∈ Uad

is fulfilled, which coincides with (VI), if we define p̄ as the solution of (AE). As a result,

existence, uniqueness and regularity of the Lagrange multiplier is ensured by the adjoint

equation. ◻

Remark. The existence of the Lagrange multiplier can also be followed from the

KKT-theory in Banach spaces. For this we need a constraint qualification (regular point

condition), which is related to the surjectivity of e′(ω), cf. [ZK, Theorem 4.1].

Let us summarize the first order optimality system for problem (P):
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2 The semilinear parabolic optimal control problem

First order optimality system (2.3.3):

(SE)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

cpyt(t, x) −∆y(t, x) +N (t, x, y(t, x)) = f(t, x) in Q

∂ny(t, x) + qy(t, x) = u(t, x) on Σ

y(0, x) = y0(x) in Ω

(AE)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−cppt(t, x) −∆p(t, x) +Ny(t, x, ȳ(t, x))p(t, x) = 0 in Q

∂np(t, x) + qp(t, x) = 0 on Σ

cpp(T,x) = −(ȳ(T,x) − yd(x)) in Ω

(VI) ∫
T

0
∫

Γ
(γu(t, x) − p(t, x))(z(t, x) − u(t, x))dsdt ≥ 0 ∀z ∈ Uad

2.3.4 Remark (projection formula). If ū is locally optimal for (P) and p̄ = p̄(ū)
is the associated adjoint state, then it can be shown by a pointwise discussion of the

variational inequality (VI) (cf. [T]), that (VI) is equivalent to the projection formula

realized by

(PF) ū(t, x) = P[ua(t,x), ub(t,x)] {
1
γ p̄(t, x)} f.a.a. (t, x) ∈ Σ

where P[a,b] ∶ R→ [a, b] denotes the projection of R onto the interval [a, b].

Second order sufficient conditions. Let us first explicitly calculate the second order

derivative of the Lagrange functional L with respect to (y, u).
The second order Fréchet derivatives of e in the directions yδ and uδ are given by:

● ⟨eyy(y, u)[yδ, yδ], v⟩Z′,Z = ∫
T

0
∫

Ω
Nyy(y)[yδ, yδ] v dxdt

● ⟨euu(y, u)[uδ, uδ], v⟩Z′,Z = 0

Together we have: ⟨e′′(ω)[ωδ, ωδ], v⟩Z′,Z = ∫
T

0
∫

Ω
Nyy(y)[yδ, yδ]v dxdt

The second order Fréchet derivatives of J in the directions yδ and uδ are given by:

● Jyy(y, u)[yδ, yδ] = ∫
Ω
yδ(T )2dx

● Juu(y, u)[uδ, uδ] = γ ∫
T

0
∫

Γ
u2
δ dsdt

Together we have: J ′′(ω)[ωδ, ωδ] = ∫
Ω
yδ(T )2dx + γ ∫

T

0
∫

Γ
u2
δ dsdt

Note, that all mixed derivatives vanish. This leads to

L′′(y, u;p)[(yδ, uδ), (yδ, uδ)] = ∫
Ω
yδ(T )2dx + γ ∫

T

0
∫

Γ
u2
δ dsdt

+ ∫
T

0
∫

Ω
Nyy(y)[yδ, yδ] p dxdt
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2.3 Optimality conditions

Pointwise discussion of the variational inequality shows that the control ū reaches its

lower or upper bounds ua or ub iff ∣γ ū(t, x) − p̄(t, x)∣ > 0. In order to ensure stability

with respect to ū, we introduce the set Aτ for τ > 0 arbitrary small but fixed by

Aτ(ū) ∶= {(t, x) ∈ Σ ∶ ∣γ ū(t, x) − p̄(t, x)∣ > τ}.

Aτ is called the set of strongly active constraints.

2.3.5 Theorem (second order sufficient condition (SSC)). Let (ȳ, ū) ∈ Y × U
together with the associated adjoint state p̄(ū) from (AE) fulfill the first order necessary

optimality system stated in (2.3.3). If there exist κ > 0 and τ > 0, so that the second

order sufficient condition

(SSC) L′′(ȳ, ū; p̄)(y, u)2 ≥ κ ∥ u ∥2
L2(Σ) ∀u ∈ Cτ(ū) and e′(ȳ, ū)(y, u) = 0

is fulfilled, then (ȳ, ū) is locally optimal. Here, Cτ denotes the τ -critical cone containing

all u ∈ U with

u(t, x)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

= 0 if (t, x) ∈ Aτ(ū)
≥ 0 if ū(t, x) = ua(t, x) and (t, x) ∉ Aτ(ū)
≤ 0 if ū(t, x) = ub(t, x) and (t, x) ∉ Aτ(ū).

Remark. A detailed proof of Theorem 2.3.5 can be found in [CT, Theorems 3.1, 3.2,

Corollary 3.3], where general optimization problems in Sobolev spaces are investigated

or in [RT, Theorem 6.1], where second order sufficient optimality conditions for nonlin-

ear parabolic control problems are discussed.

2.3.6 Remark. Revisiting Remark 1.2.4 and 2.1.1 we get for a segmented boundary:

● ⟨eu(y, u)uδ, v⟩Z ′,Z = −∫
T

0

k

∑
k=1

uδ,k(t)∫
Γ
v(t, x) χk(x)dsdt

● Ju(y, u)uδ =
k

∑
k=1

γk ∫
T

0
uδ,k(t)uk(t)dsdt

● Juu(y, u)[uδ, uδ] =
k

∑
k=1

γk ∫
T

0
uδ,k(t)2dt

and the variational inequality and projection formula are given by

(VIk)
k

∑
k=1
∫

T

0
(γkūk(t) − ∫

Γ
p(t, x)χk(x)ds) (uk(t) − ūk(t))dt ≥ 0 ∀u ∈ Uk

ad

(PFk) ūk(t) = P[ua,k(t), ub,k(t)] {
1
γk ∫Γ

p(t, x)χk(x)ds} f.a.a. t ∈ (0, T ), k = 1, ..., k
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3 The inexact SQP method

3.1 SQP method in Banach spaces

The sequential quadratic programming (SQP) method is an efficient technique to solve

nonlinear constrained optimization problems. The basic idea of the SQP method in

finite dimensions (like Rn) can be transferred and extended to optimization problems in

Banach spaces. That is why a good knowledge of SQP methods in Rn is substantial.

For this purpose we recommend the lecture of [NW], [GK] and [V1]. The generalization

of the SQP method in Banach spaces is investigated e.g. in [HPUU, Chapter 2].

Apart from fast convergence rates, the great advantages of the SQP method lie in the

fact that inequality constraints such as box restrictions on the control variable can easily

be adapted and many problem-specific modifications are possible.

For the following passage, let us consider the abstract equality constrained optimization

problem
(P-SQP) minJ(ω) s.t. e(ω) = 0

where ω ∈ X , X is a Banach space, e ∶ X → Z ′ and Z is a Banach space. Basically, there

are two approaches to motivate the SQP method, which are locally equivalent.

Approach 1: Lagrange-Newton method. The principal idea of the Lagrange-

Newton approach is to solve the KKT-system of (P-SQP) with Newton’s method. For

this purpose, we introduce the Lagrange functional associated with (P-SQP) by

L ∶ X ×Z → R
(ω;p) ↦ J(ω) + ⟨e(ω), p⟩Z′,Z

Suppose ω̄ ∈ X is a local optimal solution to (P-SQP) and a constraint qualification holds

(e.g. e′(ω̄) is surjective). Applying the Lagrange technique leads to the KKT system

∇L(ω̄, p̄) = (Lω(ω̄, p̄)
Lp(ω̄, p̄)

) = (J
′(ω̄) + e′(ω̄)∗p̄

e(ω̄)
) != 0 in X ′ ×Z ′ (3.1.1)

where p̄ ∈ Z is the unique Lagrange multiplier. The nonlinear equation (3.1.1) can be

solved with Newton’s method, i.e.

(ωk+1, pk+1) = (ωk, pk) + (ωkδ , p
k
δ) (3.1.2a)
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3 The inexact SQP method

where the Newton step (ωkδ , p
k
δ) in (3.1.2a) is obtained by solving the Newton equation

∇2L(ωk, pk)(ω
k
δ

pkδ
) = −∇L(ωk, pk) in X ′ ×Z ′ (3.1.2b)

with

∇2L(ωk, pk) = (Lωω(ω
k, pk) e′(ωk)∗

e′(ωk) 0
) ∶ X ×Z → X ′ ×Z ′

The regularity condition needed for the well-definedness of this method is that e′(ωk) is

surjective for ωk close to ω̄ and Lωω(ωk, pk) is coercive on the null space of e′(ωk).

A great advantage of this motivation is that theoretical results of Newton’s method like

the rate of convergence can be adopted (cf. Section 3.3).

Approach 2: Sequential quadratic programming. Consider the following mini-

mization problem (SQP subproblem)

(QPk)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

minimize
ωk
δ
∈X

Lω(ωk, pk)ωkδ +
1

2
Lωω(ωk, pk)[ωkδ , ω

k
δ ]

s.t. e(ωk) + e′(ωk)ωkδ = 0

This linear-quadratic problem (QPk) is obtained by a quadratic approximation of the

Lagrange functional L and a linearization of the equality constraint e(ω) = 0. The

solution of (QPk) is given by the solution of the following KKT-system associated with

(QPk)

⎧⎪⎪⎨⎪⎪⎩

Lω(ωk, pk) +Lωω(ωk, pk)ωkδ + e
′(ωk)∗λk = 0

e(ωk) + e′(ωk)ωkδ = 0

with a Lagrange multiplier λk ∈ Z. This is equivalent to

(Lωω(ω
k, pk) e′(ωk)∗

e′(ωk) 0
)(ω

k
δ

λk
) = −(Lω(ω

k, pk)
e(ωk)

) (3.1.3)

The existence of a unique solution to (QPk) is ensured, if the operator Lωω(ωk, pk) is

coercive on the null space of e′(ωk) and e′(ωk) is surjective in a neighbourhood of ω̄.

Hence, (ωkδ , λ
k) ∈ X ×Z solves (QPk) if and only if (ωkδ , p

k
δ) solves (3.1.2b). This means,

the Lagrange-Newton method and the SQP method are locally equivalent and the La-

grange multiplier λk and pkδ coincide.

This second motivation has its advantages in the fact that it provides a practical algo-

rithm for numerical applications and that inequality constraints can easily be considered.

Remark. The quadratic programming subproblem (QPk) is equivalent to the problem
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3.2 Application to the optimal control problem

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

minimize
ωk
δ
∈X

J ′(ωk)ωkδ +
1

2
Lωω(ωk, pk)[ωkδ , ω

k
δ ]

s.t. e(ωk) + e′(ωk)ωkδ = 0

since it holds true

Lω(ωk, pk)ωkδ = J ′(ωk)ωkδ + ⟨e′(ωk)ωkδ , p
k⟩Z′,Z

= J ′(ωk)ωkδ + ⟨−e(ωk), pk⟩Z′,Z

and the term −⟨e(ωk), pk, pk⟩Z′,Z is constant, so that it does not influence the minimiza-

tion.

For convenience, we summarize the basic SQP algorithm as Algorithm 1:

Algorithm 1 (Lagrange-SQP method).

1: Initialization: choose (ω0, p0) ∈ X ×Z sufficiently close to (ω̄, p̄) ∈ X ×Z
2: Set k = 0

3: while (a given stopping criterium is not satisfied)

4: Solve the quadratic problem

(QPk)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

minimize
ωk
δ
∈X

Lω(ωk, pk)ωkδ +
1

2
Lωω(ωk, pk)[ωkδ , ω

k
δ ]

s.t. e(ωk) + e′(ωk)ωkδ = 0

5: Determine update (ωk+1, pk+1) = (ωk, pk) + (ωkδ , p
k
δ)

6: Set k = k + 1

7: end(while)

3.1.1 Remark. Various modifications of Algorithm 1 are conceivable. We choose to

investigate the following ideas:
(i) Consider additional inequality constraints (cf. Section 3.2).

(ii) Specify stopping criteria (cf. Section 5) – an indicator for the goodness of

the solution will be the residual Res(k) ∶=∥ ∇L(ωk, pk) ∥X ′×Z′ . Note, that in

product spaces X × Y we introduce the norm by ∥ ⋅ ∥X×Y ∶=∥ ⋅ ∥X + ∥ ⋅ ∥Y .

(iii) Discuss different ways to determine the Lagrange multiplier update (cf. Sec-

tion 3.2).

(iv) Solve the quadratic subproblem (QPk) inexactly (cf. Section 3.3).

(v) Apply a globalization strategy, which consists of ensuring a descent direction

and using an Armijo backtracking line search for the l1-merit function (cf.

Section 3.4).

3.2 Application to the optimal control problem

In contrast to investigating a reduced problem (recall Remark 2.1.3), which can be solved

e.g. utilizing Newton’s method (black-box algorithm) cf. [R], we consider the state vari-
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3 The inexact SQP method

able y and control variable u as independent. Hence, the SQP method falls into the

category of all-at-once algorithms.

Let us first consider the case, in which the lower and upper bound ua, ub ∈ L∞(Σ) are

chosen in such a way (so low respectively so high) that the optimal control ū is inactive.

Then, the feasible set of problem (P) is given by

F(P) = {ω = (y, u) ∈ X ∣ e(ω) = 0}.

Here, X denotes again the space X = Y × U as defined in Section 1.2. We can directly

apply the SQP method developed in Section 3.1 to the optimal control problem

minJ(ω) s.t. ω ∈ F(P)

All needed derivatives can be found in Section 2.3.

Let us interprete the system of equations (3.1.3), which has to be solved in each SQP

iteration. The first line block

Lωω(ωk, pk)ωkδ + e
′(ωk)∗pkδ = −Lω(ω

k, pk)

is equivalent to

⟨Lωω(ωk, pk)ωkδ + e
′(ωk)∗pkδ +Lω(ω

k, pk), v⟩X ′,X = 0 ∀v ∈ X (3.2.1)

With an analog technique like the one used in Remark 2.3.1 to derive the adjoint equa-

tion, we can deduce from (3.2.1) the linearized adjoint equation (LAEk)

(LAEk)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−cp(pk + pkδ)t −∆(pk + pkδ) +Ny(⋅, ⋅, y
k)(pk + pkδ) = −Nyy(⋅, ⋅, yk)ykδ p

k in Q

∂n(pk + pkδ) + q(p
k + pkδ) = 0 on Σ

cp(pk + pkδ)(T ) = −((yk + ykδ )(T ) − yd) in Ω

and the formula for the control update (CFk) given by

(CFk) ukδ(t, x) = −u
k(t, x) + 1

γ (p
k + pkδ)(t, x) f.a.a. (t, x) ∈ Σ

Remark. To unburden the notation, we neglect the arguments in (LAEk). An alter-

native way to obtain (LAEk) is to apply the technique (1.2.3) to the adjoint equation

(AE). Note that the formula (CFk) coincides with the projection formula (PF) in the

case Uad = L∞(Σ).

Analogously we proceed with the second line block e′(ωk)ωkδ = −e(ω
k),

which is equivalent to the linearized state equation (LSE) in Section 1.2, in detail

(LSEk)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

cp(yk + ykδ )t −∆(yk + ykδ ) +N (⋅, ⋅, yk) +Ny(⋅, ⋅, yk)ykδ = f in Q

∂n(yk + ykδ ) + q(y
k + ykδ ) = uk + ukδ on Σ

(yk + ykδ )(0) = y0 in Ω
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3.2 Application to the optimal control problem

Again, we leave out the arguments. Hence, the local SQP algorithm for our optimal

control problem (P) in the case Uad = L∞(Σ) is given by:

Algorithm 2 (Local SQP method for optimal control problems).

1: Initialization: choose (ω0, p0) ∈ X ×Z sufficiently close to (ω̄, p̄) ∈ X ×Z
2: Set k = 0

3: while (a given stopping criterium is not satisfied)

4: Solve

⎧⎪⎪⎨⎪⎪⎩

(LSEk)

(LAEk)

Determine control step by (CFk)

5: Determine update (ωk+1, pk+1) = (ωk, pk) + (ωkδ , p
k
δ)

6: Set k = k + 1

7: end(while)

Box restriction and PDASS. We now turn to considering additional inequality con-

straints for the control variable, i.e. Uad ⊊ L∞(Σ). This situation can be handled by

means of the primal-dual active set strategy (PDASS), which practical behavior is like an

infeasible algorithm: the iterates violate the constraints and often only the last iteration

is feasible. The algorithm stops at a feasible and optimal point.

In the following, we apply the PDASS to the linear SQP subproblems (QPk). The theory

of PDASS for linear optimal control problems is developed e.g. in [T, BIK, S, KR]. In

particular we would like to point out that in [HIK] it is shown that the PDASS and

a specific semismooth Newton method lead to the same algorithms, which is why su-

perlinear convergence rate can be achieved locally. Since PDASS can be understood as

a semismooth Newton method, there exists a PDASS strategy for nonlinear problems,

which is precisely examined in [HVD].

Recall the projection formula (cf. Remark 2.3.4) given by

(PF) ū(t, x) = P[ua(t,x), ub(t,x)] {
1

γ
p̄(t, x)} f.a.a. (t, x) ∈ Σ

We define the dual variable µ by

µ(t, x) ∶= 1

γ
p̄(t, x) − ū(t, x) f.a.a. (t, x) ∈ Σ

From the projection formula (PF) it follows

ū(t, x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ua(t, x) if 1
γ p̄(t, x) < ua(t, x) ⇔ µ(t, x) < 0

1
γ p̄(t, x) if 1

γ p̄(t, x) ∈ [ua(t, x), ub(t, x)] ⇔ µ(t, x) = 0

ub(t, x) if 1
γ p̄(t, x) > ub(t, x) ⇔ µ(t, x) > 0

respectively
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3 The inexact SQP method

ū(t, x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ua(t, x) if ū(t, x) + µ(t, x) < ua(t, x)
1
γ p(t, x) if ū(t, x) + µ(t, x) ∈ [ua(t, x), ub(t, x)]
ub(t, x) if ū(t, x) + µ(t, x) > ub(t, x)

(3.2.2)

So we can see that ū + µ is an indicator for the activity or inactivity of inequality con-

straints. Now we can set up the algorithm utilizing PDASS (Algorithm 3).

Remark. In Algorithm 3, χan, χ
b
n denote the characteristic functions of the active sets

Aan,A
b
n. Note that the formula in line 9 is equivalent to the formula (3.2.2). A possible

stopping criterium for PDASS (line 5) is that the active sets do not differ anymore, i.e.

Aan+1 = Aan and Abn+1 = Abn (provided that n ≥ 1).

Algorithm 3 (SQP method with PDASS).

1: Initialization: choose (ω0, p0) ∈ X ×Z sufficiently close to (ω̄, p̄) ∈ X ×Z
2: Set k = 0

3: while (a given stopping criterium for SQP is not satisfied)

4: Set uk0 = uk, pk0 = pk, set µ0 = 1
γ p

k
0 − uk0 and set n = 0

5: while (a given stopping criterium for PDASS is not satisfied)

6: Determine active / inactive sets
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Aan+1 = {(t, x) ∈ Σ ∶ ukn(t, x) + µn(t, x) < ua(t, x)}
Abn+1 = {(t, x) ∈ Σ ∶ ukn(t, x) + µn(t, x) > ub(t, x)}
In+1 = Σ / (Aan+1 ∪Abn+1)

7: Solve

⎧⎪⎪⎨⎪⎪⎩

(LSEk) ⇒ ykδ

(LAEk) ⇒ pkδ,n
8: Determine adjoint adjustment by pkn+1 = pkn + pkn,δ
9: Determine control adjustment by

ukn+1 = χan+1ua + χbn+1ub − (1 − χan+1 − χbn+1) ⋅ (− 1
γ p

k
n+1)

10: Set µn+1 = 1
γ p

k
n+1 − ukn+1 and n = n + 1

11: end(while)

12: Determine update (ωk+1, pk+1) = (ωk, pk) + (ωkδ , p
k
δ)

13: Set k = k + 1

14: end(while)

3.2.1 Remark. Continuing Remarks 1.2.4, 2.1.1, 2.3.6 we need to make the following

changes for k = 1, ..., k:

● (CFk k) ukk,δ(t) = −u
k
k(t) +

1
γk ∫Γ

(pk + pkδ)(t, x)χk(x)ds
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3.3 Convergence analysis

● (LSEk k)
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

cp(yk + ykδ )t −∆(yk + ykδ ) +N (⋅, ⋅, yk) +Ny(⋅, ⋅, yk)ykδ = f in Q

∂n(yk + ykδ ) + q (yk + ykδ ) =
k

∑
k=1

(ukk + u
k
k,δ)(t)χk(x) on Σ

(yk + ykδ )(0) = y0 in Ω

● µk(t) = 1
γk ∫Γ

p(t, x)χk(x)ds − ūk(t)

● ūk(t) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ua,k(t) if ūk(t) + µk(t) < ua,k(t)
1
γk ∫Γ

p(t, x)χk(x)ds if ūk(t) + µk(t) ∈ [ua,k(t), ub,k(t)]

ub,k(t) if ūk(t) + µk(t) > ub,k(t)

(3.2.1k)

where the superscript k denotes the k-th SQP step and the subscript k denotes the con-

trol part on the k-th boundary segment Γk, which we have printed here in bold letters

for a better distinction.

Lagrange multiplier updates. Different Lagrange multiplier updates may lead to

different rates of convergence. For the scope of this thesis we are satisfied in just using

the Newton multiplier update, i.e. pk+1 = pk + pkδ and vary it utilizing an Armijo step

size (see Section 3.4). Another possible choice for an Lagrange multiplier update is a

Lipschitz continuous one given by pk+1 = argminp ∥ J ′(ωk+1) + e′(ωk+1)∗p ∥X ′ , which is

considered in [SV], for instance.

3.3 Convergence analysis

Recall the Newton equation (3.1.2b)

∇2L(ωk, pk)(ω
k
δ

pkδ
) = −∇L(ωk, pk)

Depending on the fineness of discretization in the numerical realization, it turns out that

solving (3.1.2b) for large-scale settings reaches the limits of computational capacity.

One way to overcome this difficulty is to solve the SQP subproblems approximately

(inexactly). Concerning the accuracy of the approximate solution (ω̂kδ , p̂
k
δ) we suppose,

that the following condition is satisfied

∥ ∇2L(ωk, pk)(ω̂kδ , p̂
k
δ)
T +∇L(ωk, pk) ∥X ′×Z′ ≤ ηk ∥ ∇L(ωk, pk) ∥X ′×Z′

where ηk ∈ [0, η̄] and η̄ ∈ [0,1). We refer to {ηk}k as the forcing sequence which forces

the residual

rk ∶=∥ ∇2L(ωk, pk)(ω̂kδ , p̂
k
δ)
T +∇L(ωk, pk) ∥X ′×Z′

to be sufficiently small. A very important aspect is that the convergence results for

inexact Newton methods are only based on the choice of the forcing sequence {ηk}k and

independent of the particular technique used to calculate (ω̂kδ , p̂
k
δ). Hence, the choice of
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the forcing sequence {ηk}k controls the local convergence rate. The following theorem

is based on [K, Theorem 6.1.2] and [NW, Theorem 11.3], where the result is stated and

shown for inexact Newton methods in Rn. We transfer their ideas to our problem setting.

3.3.1 Theorem (convergence rate). Suppose that ∇L(ω̄, p̄) = 0 and Lωω(ω̄, p̄) is

coercive on the kernel of e′(ω̄). Let {ηk}k ⊂ [0, η̄] with η̄ ∈ [0,1) sufficiently small. If

(ω0, p0) is sufficiently close to (ω̄, p̄), then the inexact Newton iteration (ωk+1, pk+1) =
(ωk, pk) + (ω̂kδ , p̂

k
δ) converges linearly to (ω̄, p̄). Moreover,

● if ηk → 0 for k →∞, then the convergence is superlinear and

● if ηk ≤ Cη ∥ ∇L(ωk, pk) ∥X ′×Z′ for some Cη > 0 and ∇2L(⋅) is locally

Lipschitz continuous in a neighbourhood of (ω̄, p̄) , then the convergence

is quadratic.

3.3.2 Remark. There exists a large selection of possible forcing sequences {ηk}k, see

e.g. [NW, DES, EW]. The following two issues are important for the choice: ensure

fast local convergence results and avoid “oversolving”. By the latter we mean, that if

ηk is too small at an early stage of the iteration, we postulate an accuracy, that is too

high for the model at this point causing the system to be solved to a precision, which is

unnecessary or even counterproductive. Oversolving effects the efficiency and robustness

of the method, since ∥ ∇L(⋅) ∥X ′×Z′ will only decrease little and stagnation might occur.

In practice, we decide to pick

ηk = min{η̄, ρ ⋅ ( ∥ ∇L(ωk, pk) ∥X ′×Z′
∥ ∇L(ωk−1, pk−1) ∥X ′×Z′

)
q

}

with ρ ∈ [0, η̄], η0 ∈ [0,1). Linear convergence is achieved for the choice q = 1, superlinear

convergence for q ∈ (1,2) and quadratic one for q = 2 (cf. [EW, Theorem 2.3]). This

choice for {ηk}k ensures that ηk ∈ [0, η̄] for all iterates k and reflects the reduction rate

from (ωk−1, pk−1) to (ωk, pk). Moreover, a safeguard is built in by modifying ηk through

ηk = max{ηk, ρη2
k−1}, whenever ρη2

k−1 > 0.1 in order to prevent oversolving.

In the numerical experiments (cf. Chapter 5) we try different iterative methods to

calculate the inexact Newton steps. GMRES is probably one of the most common tech-

niques and delivers reliably good results for various problems. That is why we only give

the key ideas of GMRES here. This passage is inspired by [K, Chapter 3 and 6], where

also further details on other iterative methods can be found.

GMRES. The generalized minimum residual (GMRES) algorithm is an iterative method,

which solves a given system of linear equations Ax = b up to a chosen accuracy. Here,

A ∈ Rn×n denotes a non-singular matrix and b is in Rn. We are given a starting iterate

x0 and an initial residual r0 = b − Ax0. The k-th iteration step of GMRES consists of

solving the least squares problem

minimize ∥ b −Ax ∥2
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3.4 Globalization strategies

over the affine Krylov space x0 +Kk(A, r0), where the k-th Krylov subspace is given by

Kk(A, r0) ∶= span{r0,Ar0, ... ,A
k−1r0}, k ≥ 1

The GMRES iteration terminates, if

∥ rk ∥2 ≤ η ∥ b ∥2

where η > 0 is a chosen accuracy parameter. It is shown in [K, Theorem 3.1.2] that the

GMRES algorithm finds the solution within n iterations. If A is even diagonalizable

and A has l distinct eigenvalues, then GMRES terminates in at most l iterations [K,

Theorem 3.1.4].

In our numerical experiments we use the code gmres provided by the collection of

Matlab codes and use a suitable preconditioner (cf. Section 5.2).

3.4 Globalization strategies

We use a globalization strategy made from two ingredients: ensuring a descent direc-

tion and using an Armijo backtracking line search for the l1-merit function in order to

guarantee convergence of the SQP algorithm for arbitrary starting values.

Positive definiteness. As mentioned in Section 3.1, we need the second order term

Lωω(ωk, pk) to be coercive on the kernel of e′(ωk) in order to ensure well-definedness

of the algorithm. A possible way to incorporate this condition into our algorithm is to

damp the nonlinear terms in the state equation by a parameter γ ∈ [0,1) in a back-

tracking manner and solve again for this modified SQP subproblem until the positive

definiteness is fulfilled. To remain simple in the numerical applications we choose γ = 0,

if Lωω(ωk, pk) is not positive definite on ker(e′(ωk)), i.e. we “switch off” the trouble

causing nonlinear parts, so that the positive definiteness is guaranteed.

Line search. Even if Lωω(ωk, pk) is coercive on the kernel of e′(ωk), the SQP algorithm

may fail to converge. One way to overcome this issue is to apply a line search strategy.

In order to determine whether a SQP step (ωkδ , p
k
δ) is acceptable, we have to evaluate its

quality. In contrast to unconstrained optimization, where the value of the cost functional

is the only criteria, we now must take into account both the descent of the cost functional

J and the reduction of the equality constraint e(ω) = 0. A compromise considering

both aspects is realized by a penalty function. There are many suggestions for penalty

functions, see for example [B, Section 4.3]. We use the l1-merit function (exact penalty

function) given by

Φ(ω;µ) ∶= J(ω) + µ ∥ e(ω) ∥Z′

where µ > 0 denotes a suitable penalty parameter. Obviously, Φ is not differentiable, but

the directional derivative D(Φ) can be computed. The basic idea of how to determine a

good step length parameter tk ∈ (0,1] is given as follows:
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3 The inexact SQP method

STEP 1: Find a (suitable) descent direction of Φ (i.e. find µ sufficiently big, such

that the directional derivative is sufficiently negative: D(Φ(ωk;µ);ωkδ ) <
c < 0 for some c > 0).

STEP 2: Determine the step size tk by an Armijo backtracking line search for Φ

(with µ from STEP 1).

3.4.1 Lemma. The directional derivative of the l1-merit function Φ at ωk along the

SQP step ωkδ satisfies

D(Φ(ωk;µ);ωkδ ) ≤ J
′(ωk)ωkδ −µ ∥ e(ω

k) ∥Z′ (3.4.1)

Proof. Let t > 0.

Φ(ωk + tωkδ ;µ) −Φ(ωk;µ) = J(ωk + tωkδ ) − J(ω
k) + µ (∥ e(ωk + tωkδ ) ∥Z′ − ∥ e(ω

k) ∥Z′)
≤ tJ ′(ωk)ωkδ + µ (∥ e(ωk) + te′(ωk)ωkδ ∥Z′ − ∥ e(ω

k) ∥Z′) + o(t)
= tJ ′(ωk)ωkδ − tµ ∥ e(ω

k) ∥Z′ +o(t)

(we used Taylor series, triangle inequality and (KKT 2) e(ωk)+ e′(ωk)ωkδ = 0). Dividing

both sides by t and taking the limit as t → 0 yields to the claim (note that o(t)/t →
0 for t→ 0). ◻

3.4.2 Remark (STEP 1). A linearization of Φ is given by

Φk
l (t

k) = J(ωk) + tkJ ′(ωk)ωkδ + µ (∥ e(ωk) + tke′(ωk)ωkδ ∥Z′)
= J(ωk) + tkJ ′(ωk)ωkδ + µ(1 − t

k) ∥ e(ωk) ∥Z ′

where we used (KKT 2) e(ωk) + e′(ωk)ωkδ = 0 again. With this we can write in (3.4.1)

J ′(ωk)ωkδ − µ ∥ e(ω
k) ∥Z′ = Φk

l (1) −Φk
l (0)

Hence, for STEP 1 it is sufficient to check whether

Φk
l (1) −Φk

l (0) ≪ 0 for all µ ≥ µ̄ (3.4.2)

(where µ̄ > 0 is a sufficiently large penalty parameter), increase µ if (3.4.2) is not fulfilled

and check (3.4.2) again. If (3.4.2) is satisfied, go on to STEP 2.

Remark. In practice it is often demanded that

J ′(ωk)ωkδ − µ ∥ e(ω
k) ∥Z′ ≤ −% ⋅ µ ∥ e(ωk) ∥Z′

holds for a % ∈ (0,1). This suggests the choice of

µ ≥
J ′(ωk)ωkδ

(1 − %) ∥ e(ωk) ∥Z′
. (3.4.3)

3.4.3 Remark (STEP 2). Determine the step size tk from the Armijo rule (see e.g.

[NW]) given by
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3.4 Globalization strategies

Φ(ωk + tkωkδ ;µ) −Φ(ωk;µ) ≤ α tk (Φk
l (1) −Φk

l (0)) with α ∈ (0, 1
2) fixed (3.4.4)

using a backtracking strategy tk = βn, n = 0,1,2..., with e.g. β = 0.5 and stop as soon

as (3.4.4) is fulfilled. Again, we used the inequality (3.4.1) for an approximation of the

directional derivative.

The globalized SQP algorithm is summarized in the following Algorithm 4.

Algorithm 4 (Globalized SQP method for optimal control problems).

1: Initialization: choose an arbitrary initial guess (ω0, p0) ∈ X ×Z
2: Set k = 0

3: while (a given stopping criterium is not satisfied)

4: Solve the quadratic problem

(QPk)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

minimize
ωk
δ
∈X

Lω(ωk, pk)ωkδ +
1

2
Lωω(ωk, pk)[ωkδ , ω

k
δ ]

s.t. e(ωk) + e′(ωk)ωkδ = 0

5: If Lωω(ωk, pk)[ωkδ , ω
k
δ ] < 0, then “switch off” all nonlinear parts and go

back to 4.

6: Determine a step size parameter tk ∈ (0,1] by an Armijo backtracking

line search for the l1-merit function.

7: Determine update (ωk+1, pk+1) = (ωk, pk) + tk(ωkδ , p
k
δ)

8: Set k = k + 1

9: end(while)
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4 Model reduction utilizing POD

In the numerical realization of solving the optimal control problem (P) we are faced

with the challenge of tackling a large-scale problem due to spatial and temporal discreti-

zation. Depending on the fineness of discretization, this may easily lead to computational

troubles: high storage capacity and (too) long calculation times are needed. One way

to overcome this difficulty is to reduce the problem to a model of low dimension while

retaining the characteristic dynamics of the high-dimensional system. The model re-

duction can be carried out by means of different techniques like reduced-basis method,

POD method or linearizing and using balanced truncation method (see e.g. [SVR]). For

problem (P) we follow a reduced-order approach utilizing POD.

A general introduction to the POD method and reduced-order modeling is given by [V2].

Let us also mention [HLBR, Chapter 3]. Its application to linear-quadratic optimal con-

trol problems is topic of [GV]. We directly transfer their ideas to our problem setting

and provide the needed theoretical results as we progress.

4.1 Abstract problem formulation and Galerkin schemes

Let us write the state equation (SE) as an abstract semilinear evolution problem. For

this purpose, we derive another variational formulation by choosing V = H1(Ω) as the

space of test functions and integrating only over the space Ω. For a compact notation

we introduce the symmetric bilinearform a ∶ V × V → R by

a[v1, v2] = ∫
Ω
∇v1 ⋅ ∇v2 dx + ∫

Γ
q v1 v2 ds v1, v2 ∈ V

Note, that we make use of the trace theorem to define boundary values and write v

instead of Tv for v ∈ V and T ∶ H1(Ω) → L2(Γ) (trace operator). For y ∈ W (0, T ) and

v ∈ V it holds
⟨yt(t), v⟩V ′,V = d

dt
⟨y(t), v⟩H

Now we can fomulate the state equation (SE) as an abstract initial-value problem (i.e.

Cauchy problem):

(CP)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

cp
d

dt
⟨y(t), v⟩H + a[y(t), v] + ⟨N (t, y(t)), v⟩V ′,V = ⟨f(t), v⟩H + ⟨u(t), v⟩L2(Γ)

⟨y(0), v⟩H = ⟨y0, v⟩H

for all v ∈ V and for almost all t ∈ [0, T ].
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4 Model reduction utilizing POD

The idea of Galerkin methods is to replace the space of test functions V by a finite di-

mensional subspace Vh with basis functions {vi}ni=1 and to approximate the state variable

y by means of the Galerkin ansatz

y(t, x) ≈ yh(t, x) =
n

∑
i=1

αi(t)vi(x) (4.1.1)

where {αi(t)}ni=1 denote appropriate mode coefficients. The Galerkin scheme for (CP)

is given by

(CPh)
⎧⎪⎪⎪⎨⎪⎪⎪⎩

cp
d

dt
⟨yh(t), v⟩H + a[yh(t), v] + ⟨N (t, yh(t)), v⟩V ′,V = ⟨f(t), v⟩H + ⟨u(t), v⟩L2(Γ)

⟨yh(0), v⟩H = ⟨y0, v⟩H

for all v ∈ Vh and for almost all t ∈ [0, T ].

4.1.1 Remark. The solvability of (CPh) is not obvious, as the Galerkin approximation

of y might destroy the monotonicity of the nonlinearity N , which is required for the

solvability. In this case, we need to think about a suitable truncation. Otherwise, for

every u ∈ U there exists a unique solution yh ∈ H1([0, T ];Vh) ↪ W (0, T ) of (CPh), see

e.g. [O, Theorem 3.5].

We assume the basis functions {vi}ni=1 to be known a-priori. Choosing v = vi for

i = 1, ..., n and utilizing the structure of the Galerkin ansatz (4.1.1) leads to an

n-dimensional semilinear ordinary differential equation system for the coefficients

(α1(t), ..., αn(t)) =∶ α(t), which can be written in matrix-vector form:

(4.1.2) { cpM
nα̇(t) +Anα(t) +Nn(t, α(t)) = Fn(t) +Bnu(t)

Mnα(0) = α0

using the following notations:

Mn ∈ Rn×n with Mn
ij = ⟨vi, vj⟩H

An ∈ Rn×n Anij = a[vi, vj] = ⟨∇vi,∇vj⟩L2(Ω)2 + q⟨vi, vj⟩L2(Γ)

Nn(t, α(t)) ∈ Rn×1 Nn(t, α(t))j = ⟨N (t,∑ni=1 αi(t)vi), vj⟩V
Fn(t) ∈ Rn×1 Fn(t)j = ⟨f(t), vj⟩H
Bn ∶ U → L2([0, T ];Rn) (Bnu)(t)j = ⟨u(t), vj⟩L2(Γ)

α0 ∈ Rn×1 (α0)j = ⟨y0, vj⟩H

In the context of finite element (FE) discretization, the spatial basis functions {vi}ni=1

are chosen as simple piecewise polynomials correlating with the space grid, whereas in

the context of proper orthogonal decomposition (POD), the basis functions {vi}ni=1 are

derived a-posteriori from snapshots of a solution data set. Therefore POD basis functions

contain information about the dynamics of the equation, which makes POD an effective

strategy to compute reduced-order solutions of very small dimensions.
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4.2 Continuous version of POD method

4.2 Continuous version of POD method

According to Theorem 1.2.2, there exists a unique weak solution y ∈ Y =W (0, T )∩C(Q̄)
to the state equation (SE) for every data triple (f, u, y0) ∈ Lq(Q) × Lσ(Σ) × C(Ω̄). To

avoid the trivial case, we suppose that y0 ≠ 0. We can identify the space C(Q̄) with the

abstract space C([0, T ];C(Ω̄)), so that for every fixed time t ∈ [0, T ] the function y(t)
belongs to the pre-Hilbert space C(Ω̄). Recall that we use the real separable Hilbert

spaces V =H1(Ω) and H = L2(Ω).

The idea of the POD method is to describe the trajectory (orbit) V given by

V ∶= span{y(t) ∣ t ∈ [0, T ]} ⊆ C(Ω̄) ⊂ V ↪H

by means of few orthonormal functions {ψi}`i=1 ⊂ X with ` ≤ d ∶= dimV ∈ [1,∞], where

X denotes either the space V or the space H and y(t) is the associated solution to (SE)

for a chosen data triple (f, u, y0).
To be more specific, our goal is to determine a POD basis of rank ` ≤ d, which solves

the following constrained minimization problem

(4.2.1)

minimize
ψ1,...,ψ`∈X

∫
T

0
∥ y(t) −

`

∑
i=1

⟨y(t), ψi⟩X ψi ∥2
X dt

subject to

⟨ψi, ψj⟩X = δij for 1 ≤ i, j ≤ `

Consequently, the optimal solution {ψ̄i}`i=1 of (4.2.1) accomplishes that the trajectory

y(t) differs as little as possible from the projection P` of y(t) ∈ X onto the subspace

X` = span{ψ̄1, ..., ψ̄`}, which is given by the corresponding `-th partial Fourier expansion

in the subbasis {ψ̄i}`i=1, i.e. P`y(t) = ∑`i=1⟨y(t), ψ̄i⟩X ψ̄i. In order to solve (4.2.1), we

introduce some important operators and state their properties:

● Y ∶ L2(0, T )→X, Yϕ ∶= ∫
T

0
ϕ(t)y(t)dt for ϕ ∈ L2(0, T )

Y is bounded and linear

● Y⋆ ∶ V → L2(0, T ), (Y⋆ψ)(t) = ⟨ψ, y(t)⟩X for ψ ∈X, f.a.a. t ∈ [0, T ]
Y⋆ is the Hilbert space adjoint of Y

● R ∶= YY⋆ ∶X → V ⊂X, Rψ = ∫
T

0
⟨ψ, y(t)⟩Xy(t)dt for ψ ∈X

R is bounded, compact, non-negative and selfadjoint cf. [V2, Lemma 2.1.3] or

[GV, Lemma 2.12]

Having completed all preparations, we are able to solve problem (4.2.1) or (to see it

from another viewpoint) we are able to characterize the eigenvalues and eigenfunctions

of R by the following theorem.
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4 Model reduction utilizing POD

4.2.1 Theorem (cf. [V2, Theorem 2.1.5]). Let {λi}∞i=1 with λ1 ≥ λ2 ≥ ... and

limi→∞ λi = 0 denote the eigenvalues of R and {ψi}∞i=1 ⊂ X denote the corresponding

eigenfunctions of R. For every ` ∈ N, the first ` eigenfunctions {ψi}`i=1 solve the con-

strained minimization problem (4.2.1). In addition, the approximation error is

∫
T

0
∥ y(t) −

`

∑
i=1

⟨y(t), ψi⟩Xψ ∥2
X dt =

∞
∑
i=`+1

λi.

Proof. Since R is a self-adjoint and compact operator on the Hilbert space X, we can

apply the Hilbert-Schmidt theorem [RS, Theorem VI.16], which says there is a complete

orthonormal basis {ψi}∞i=1 for X so that Rψi = λiψi and λi → 0 as i → ∞. W.l.o.g. we

can assume that λ1 ≥ λ2 ≥ ... holds. It remains to show that the ` eigenfunctions {ψi}`i=1

corresponding to the ` largest eigenvalues λ1 ≥ λ2 ≥ ... ≥ λ` ≥ 0 solve problem (4.2.1). For

this purpose we reformulate the minimization problem as an equivalent maximization

problem and utilize the Lagrange framework. There are `2 equality constraints with

corresponding Lagrange multipliers λij , 1 ≤ i, j ≤ `. The first order necessary optimality

conditions (which are sufficient) are given by setting the first order Fréchet derivative of

the Lagrange functional equal to zero. Using induction one can conclude λik = λki = 0

for i ≠ k and we set λi = λii for 1 ≤ i ≤ `, such that the first order necessary optimality

conditions are given by the eigenvalue problem Rψi = λiψi for 1 ≤ i ≤ `. For further de-

tails we refer to [V2, Theorem 2.1.5]. ◻

4.2.2 Remark. (i) Note that the POD basis depends on the chosen data. In this thesis

we fix an initial condition y0 and a source term f , such that the POD basis only depends

on the control u which we refer to as usg (“snapshot generation”) in the sequel.

(ii) An alternative way to compute the POD basis is carried out in the following manner:

define the integral operator K as

K = Y⋆Y ∶ L2(0, T )→ L2(0, T ), (Kφ)(t) = ∫
T

0
⟨y(s), y(⋅)⟩V φ(s)ds for φ ∈ L2(0, T )

The operator K = R⋆ is bounded, compact, non-negative and self-adjoint. It pos-

sesses the same eigenvalues as R, so that we can also solve the eigenvalue problem

Kφi = λiφi, 1 ≤ i ≤ ` and determine the POD basis by setting ψi = 1
σi
Yφi with singular

values σi =
√
λi for 1 ≤ i ≤ `.

4.3 Reduced-order modeling (ROM)

Suppose, we have computed a POD basis {ψi}`i=1 ⊂X according to the strategy of Section

4.2. In order to obtain the POD Galerkin surrogate of (P) we follow the Galerkin strategy

of Section 4.1: pick the subspace Vh ∶= X` = span{ψ1, ..., ψ`} and approximate the state

y by the Galerkin ansatz

P`y(t) = y`(t) =
`

∑
i=1

⟨y`(t), ψi⟩X
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶ y`i(t)

ψi f.a.a. t ∈ [0, T ] (4.3.1)
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4.4 Discrete version of POD method

where P` denotes the projection of y(t) onto X` and y` ∶= (y`1, ..., y
`
`) ∶ [0, T ] → R` de-

notes the time-dependent coefficient function. The POD Galerkin scheme (reduced-order

model) for problem (P) is given by:

(P`)

minimize
(y`,u)∈H1([0,T ];V `)×U

J(y`, u) ∶= 1

2
∫

Ω
∣y`(T ) − yd∣2dx +

γ

2
∫

T

0
∫

Γ
∣u(t, x)∣2dsdt

subject to

(CP`)

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

cp
d

dt
⟨y`(t), ψ⟩H + a[y`(t), ψ] + ⟨N (t, y`(t)), ψ⟩V ′,V = ⟨f(t), ψ⟩H

+⟨u(t), ψ⟩L2(Γ)
⟨y`(0), ψ⟩H = ⟨y0, ψ⟩H

for all ψ ∈ V `, for almost all t ∈ [0, T ] and u ∈ Uad ⊂ U

Analog to (4.1.2) we formulate problem (P`) in matrix-vector form by choosing ψ = ψi
for i = 1, ..., ` and utilizing the structure of the Galerkin ansatz (4.3.1):

minimize
(y`,u)∈H1([0,T ];R`)×U

J `(y`, u) = 1

2
(y`(T ) − y`d)

TM `(y`(T ) − y`d) +
γ

2
∥ u ∥2

L2(Σ)

(4.3.2) { cpM
`ẏ`(t) +A`y`(t) +N `(t, y`(t)) = F `(t) +B`u(t)

M `y`(0) = y`0

using the following notations:

M ` ∈ R`×` with M `
ij = ⟨ψi, ψj⟩H

A` ∈ R`×` A`ij = a`[ψi, ψj]

N `(t, y`(t)) ∈ R`×1 N `(t, y`(t))j = ⟨N (t,∑`i=1 y`i(t)ψi), ψj⟩V
F `(t) ∈ R`×1 F `(t)j = ⟨f(t), ψj⟩H
B` ∶ U → L2([0, T ];R`) (B`u)(t)j = ⟨u(t), ψj⟩L2(Γ)

y`0 ∈ R`×1 (y`0)j = ⟨y0, ψj⟩H
y`d ∈ R

`×1 (y`d)j = ⟨yd, ψj⟩V

Remark: Note that the matrix M ` is the identity matrix, if X =H is chosen.

4.4 Discrete version of POD method

The discrete POD method can be developed in an analog way to the continuous version.

The first step is to consider spatial discretization, the second step is to apply temporal

discretization. Since this procedure can be read parallel to the strategy for the continu-

ous version, we simply provide the resulting discrete POD version which is needed for

the numerical application and refer to [V2] and [GV] for more details.
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4 Model reduction utilizing POD

Suppose, we have chosen a suitable spatial discretization with N degrees of freedom

and set up an equidistant timegrid {tj}nj=0 in [0, T ] with time increment ∆t = T /n. The

analogon of the trajectory space V in Section 4.2 is given as

Vh,n ∶= span{y(0), ..., y(n)} ⊂ RN

with dh,n ∶= dimVh,n ≤ min{N,n + 1}. The snapshots y(i) are samples of the trajectories

at the time points t0 ≤ ti ≤ tn, i.e. y(i) ≈ y(ti), and can be chosen in different ways,

which is discussed later (see Remark 4.4.4). For a symmetric, positive definite matrix

W ∈ RN×N we define the weighted inner product

⟨u, v⟩W ∶= uTWv = ⟨u,Wv⟩RN = ⟨Wu,v⟩RN

for u, v ∈ RN and the associated norm

∥ u ∥W= (⟨u,u⟩W )1/2

Then, a POD basis of rank ` ≤ dh,n is given as the solution to the following constrained

minimization problem

(4.4.1)

minimize
ψh,n1 ,...,ψh,n

`
∈RN

n

∑
j=0

αj ∥ y(j) −
`

∑
i=1

⟨y(j), ψh,ni ⟩W ψh,ni ∥2
W

subject to

⟨ψh,ni , ψh,nj ⟩W = δij for 1 ≤ i, j ≤ `

The integration over the time interval [0, T ] in (4.2.1) is represented in (4.4.1) by a

quadrature rule using trapezoidal weights

α0 = αn =
∆t

2
, αj = ∆t for j = 1, ..., n − 1 (4.4.2)

to ensure
n

∑
j=0

αj ∥ y(j) ∥2
W → ∫

T

0
∥ y(t) ∥2

W dt as ∆t→ 0 (4.4.3)

In order to solve (4.4.1) we introduce a discrete counterpart to the operator R by

Rh,n ∶ RN → RN , Rh,nu ∶=
n

∑
j=0

αj⟨y(j), u⟩W y(j) = Y DY TWu for u ∈ RN

where Y ∶= [y(0) ∣ ... ∣ y(n)] ∈ RN×(n+1) and D ∶= diag(α0, ..., αn) ∈ R(n+1)×(n+1). It can

easily be shown that the operator Rh,n is linear, bounded, non-negative and selfadjoint.

4.4.1 Theorem. Let {λh,ni }Ni=1 with λh,n1 ≥ ... ≥ λh,nN ≥ 0 denote the eigenvalues of

Rh,n and {ψh,ni }Ni=1 ⊂ RN denote the corresponding eigenvectors of Rh,n. For every ` ∈ N
with ` ≤ dh,n and dh,n = dimVh,n, the first ` eigenvectors {ψh,ni }`i=1 solve the constrained

minimization problem (4.4.1). In addition, the approximation error is
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4.4 Discrete version of POD method

n

∑
j=0

αj ∥ y(j) −
`

∑
i=1

⟨y(j)
N , ψh,ni ⟩W ψh,ni ∥2

W dt =
dh,n

∑
i=`+1

λh,ni

Proof. Basically, we use the same ideas as in Theorem 4.2.1. Utilizing the Lagrange

framework leads to the optimality conditions given by the eigenvalue problems

Rh,nψh,ni = Y DY TWψh,ni = λh,ni ψh,ni for i = 1, ..., `

For effective computation, this non-symmetric eigenvalue problems can be reformulated

as a symmetric problem: setting ψ̄i ∶=W 1/2ψh,ni , i = 1, ..., ` (recall that W is symmetric

and positive definite) and multiplying Y DY TWψh,ni = λh,ni ψh,ni by W 1/2 from left yields

to Rh,n = Ȳ Ȳ T = Ȳ Ȳ T ψ̄i = λiψ̄i for i = 1, ..., ` and ⟨ψh,ni , ψh,nj ⟩W = ⟨ψ̄i, ψ̄j⟩RN with Ȳ =
W 1/2Y D1/2. ◻

4.4.2 Remark (POD basis computation). There are three possible ways to de-

termine the solution {ψh,ni }`i=1 of (4.4.1):

(i) See Theorem 4.4.1: Solve the symmteric N ×N eigenvalue problems

Rh,nψh,ni = Ȳ Ȳ T ψ̄i = λh,ni ψ̄i, 1 ≤ i ≤ `

and set ψh,ni =W −1/2ψ̄i.

(ii) Method of snaphots: Solve the symmetric (n + 1) × (n + 1) eigenvalue problems

Kh,nφ̄i = Ȳ T Ȳ φ̄i = λh,ni φ̄i, 1 ≤ i ≤ `

and set ψh,ni = 1√
λh,ni

Y D1/2φ̄i.

(iii) Compute the singular value decomposition (SVD) (see e.g. [V2]) for Ȳ , i.e.

Ȳ = Ψ̄ΣΦ̄T

with orthogonal matrices Ψ̄ = [ψ̄1, ..., ψ̄N ] ∈ RN×N , Φ̄ = [φ̄1, ..., φ̄n+1] ∈ R(n+1)×(n+1)

and the matrix Σ = diag(σ1, ..., σdh,n ,0, ...,0) ∈ RN×(n+1) and set ψh,ni =W −1/2ψ̄i

and λh,ni = σ2
i for 1 ≤ i ≤ `.

4.4.3 Remark (choice of number `). In general, there is no a-priori rule for the

choice of the POD rank `, but rather it is based on heuristic considerations and on

observing the ratio ε of modeled and total energy, which is contained in the system Y :

ε(`) ∶= ∑
`
i=1 λ

h,n
i

∑d
h,n

i=1 λh,ni
= ∑`i=1 λ

h,n
i

trace(Ȳ Ȳ T )
∈ [0,1]

In numerical experiments we try to achieve ε(`) ≥ 0.99.

4.4.4 Remark (choice of snapshots). Obviously, the choice of the snapshot ensem-

ble, which represents the dynamics of the state equation at specific time instances, is

fundamental for the approximation quality of the POD basis. There are many variations

conceivable:
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4 Model reduction utilizing POD

(i) Different choices for the time grid: To remain simple in the presentation,

we fix an equidistant, fine time grid in the sequel.

(ii) Discuss different choices for the control usg for the snapshot generation

(see Section 5.3).

(iii) Enrich the snapshot ensemble by adding samples of the adjoint state,

i.e. Vh,n = span{y(0), ..., y(n),p(0), ...,p(n)} ⊂ RN (see Section 5.3).

(iv) Determine separate POD basis functions for the state variable from the

snapshot set {y(j)}nj=0 and for the adjoint variable from {p(j)}nj=0. This

idea is not followed in this thesis.

4.4.5 Remark (perturbation theory). The choice of the time weights {αi}ni=0 in

(4.4.2) plays an important role in the relation between the continuous and discrete

version of POD, which is hinted by (4.4.3). In [KuV, Section 3.2] and [GV, Lemma 2.16

and Theorem 2.17] it is shown that the following convergence results hold true, if the

parameters {αi}ni=0 are chosen as in (4.4.2):

● lim
n→∞

∥Rh,n −R ∥L(X)= 0

● lim
n→∞

∣ λh,ni − λi ∣ = 0 for 1 ≤ i ≤ `

● lim
n→∞

∥ ψh,ni − ψi ∥X= 0 for 1 ≤ i ≤ `

● lim
n→∞

dh,n

∑
i=`+1

λh,ni =
d

∑
i=`+1

λi

where L(X) denotes the space of all bounded linear operators from X to X equipped

with the usual operator norm ∥ ⋅ ∥L(X).

4.5 Empirical interpolation methods

The strength of the POD method besides efficient limitation of the dynamical system

(while capturing the dominant information) lies in the aspect of linear representation of

the given data by finite sums. This makes the POD method computational attractive,

since only standard matrix computations are needed. However, nonlinearities can de-

stroy this advantage. A possible remedy is given by empirical interpolation methods. In

the following, we focus on the discrete empirical interpolation method (DEIM).

Suppose, we have chosen a finite element (FE) discretization with basis functions {ϕi}Ni=1

for the spatial variable and computed a POD basis {ψh,ni }`i=1 following any of the strate-

gies presented in Remark 4.4.2. Then, the computation of the matrices and vectors in

(4.3.2) can be done just by multiplications with Ψ = [ψh,n1 ∣ ... ∣ ψh,n` ] ∈ RN×` (see Section

5.1 for more details), especially it is

N `(t, y`(t)) = ΨTNN(t,Ψy`(t)) ∈ R`

with (NN(t,Ψy`(t)))j = ⟨N (t,∑Ni=1(Ψy`(t))iϕi), ϕj⟩V ≈ (WN (t,Ψy`(t)))j
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4.5 Empirical interpolation methods

The evaluation of the nonlinear term is computational expensive: First, the variable

y`(t) ∈ R` is expanded to a vector of full dimension N , second, the nonlinearity is

evaluated and third the result is reduced back to the low dimension `. We see: the

reduced-order model is not independent of the full dimension N . When applying the

SQP method, we additionally need the Jacobian and Hessian of the nonlinearity, which

results in even larger computational expenses.

The idea of empirical interpolation methods to overcome this difficulty is to interprete

NN(t,Ψy`(t)) as snapshots, i.e. define b(t) ∶= NN(t,Ψy`(t)) ∈ RN for t ∈ [0, T ] and

utilize a Galerkin ansatz

b(t) ≈
`DEIM

∑
k=1

φkck(t) = Φc(t)

with c(t) = [c1(t), ..., c`DEIM(t)]T ∈ R`DEIM
and Φ = [φ1 ∣ ... ∣ φ`DEIM] ∈ RN×`DEIM

, which

leads to the approximation

ΨTNN(t,Ψy`(t)) = ΨT b(t) ≈ ΨTΦc(t)

The vector c(t) can be computed as follows: Let ι ∈ R`DEIM
be an index vector and

P ∈ RN×`DEIM
a matrix, which chooses those p rows with indices ι from Φ, such that

Φι = P TΦ ∈ R`DEIM×`DEIM
is regular. Note that P T b(t) = P TΦc(t) = Φιc(t) holds. Then

we compute

c(t) = (P TΦ)−1P T b(t) = (P TΦ)−1P TNN(t,Ψy`(t)) = (P TΦ)−1NN(t, P TΨy`(t))

assuming in the last step that P T can be moved into the nonlinearity. The matrices

P TΨ ∈ R`DEIM×`, P TΦ ∈ R`DEIM×`DEIM
and ΨTΦ ∈ R`×`DEIM

can be precomputed (“off-

line”) and are independent of the full dimension N . Note that this approach is an

interpolation and therefore exact at the interpolation points.

The matrix Φ and the index vector ι can be computed by Algorithm 5 (DEIM):

Algorithm 5 (DEIM, [V2, Algorithm 7]).

Input: `DEIM, N= [NN(t0, y(0)) ∣ ... ∣ NN(tn, y(n))] ∈ RN×(n+1)

1: Compute POD basis Φ = [φ1 ∣ ... ∣ φ`DEIM] ∈ RN×`DEIM
for N

2: idx = arg maxj=1,...,N ∣(φ1){j}∣
3: U = [φ1] and ι = idx

4: for i = 2 to `DEIM

5: u = φi
6: Solve Uιc = uι
7: r = u −Uc
8: idx = arg maxj=1,...,N ∣(r){j}∣
9: U = [Uu] and ι = [ι, idx]
10: end (for)

The matrix Φι generated by the DEIM method has no special structure. An alternative

to DEIM is EIM (empirical interpolation method, cf. [V2, Algorithm 6]), where the
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4 Model reduction utilizing POD

matrix Φι is an upper triangular matrix, which makes solving for c(t) computational

cheap. On the other hand, the basis computation in EIM is more expensive than the

DEIM basis computation and the EIM basis is not orthonormal.

4.6 A-posteriori error computation for the control

Assume, we are given an arbitrary control up ∈ U which could be, for example, a guess

for a local optimal control ū to problem (P), a numerical approximation of ū or a POD

suboptimal control. Without actually knowing the exact control ū, we intend to derive

an upper error bound for the difference

∥ ū − up ∥L2(Σ)

in order to evaluate the quality of up. We like to point out that the a-posteriori error

estimator considered hereinafter is independent of the method used to determine up. In

the numerical experiments (Section 5) we use the a-posteriori error estimator to quantify

the difference between the local optimal control ū and the POD suboptimal control ū`.

4.6.1 Remark (a-priori error estimation.). In [HV] an a-priori error estimation

for linear-quadratic optimal control problems is investigated. It is shown that error

estimates for p̄ − p̄` directly lead to an error estimate for ū − ū`. However, in real com-

putations the convergence results are usually not available. This is because the POD

basis is determined utilizing the optimal state and adjoint state, which are in general

unkown. Furthermore, a-priori estimates generally depend on the control usg which is

used to build the snapshots.

A-posteriori error estimation for linear-quadratic optimal control problems.

In [TV] and [S] a comprehensive derivation of a POD a-posteriori error estimator for

linear-quadratic optimal control problems is carried out and numerically tested. It turns

out that this error estimator not only provides reliably an upper bound for the distance

between the optimal control and the POD suboptimal control, but also stays very close

to it. The following theorem is based on a perturbation ansatz.

4.6.2 Theorem (cf. [TV, Theorem 3.1]). Let (ȳ, ū) ∈ Y ×U be the optimal solution

to (P) in the case that the governing state equation is linear (i.e. N (t, x, y) is linear in

y). Suppose that up ∈ Uad is chosen arbitrary, ỹ = y(up) ∈ Y is the associated state with

up and p̃ = p(up) the associated adjoint state. Then there exists a function ζ ∈ U , such

that the inequality

∫
T

0
∫

Γ
(γup(t, x) − p̃(t, x) + ζ(t, x))(u(t, x) − up(t, x)) dsdt ≥ 0 ∀u ∈ Uad (4.6.1)

is satisfied and it holds

∥ ū − up ∥L2(Σ) ≤
1

γ
∥ ζ ∥L2(Σ)
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4.6 A-posteriori error computation for the control

4.6.3 Remark. Pointwise discussion of inequality (4.6.1) yields an effective strategy to

construct the residual function ζ ∈ U (cf. [TV, Proposition 3.2]):

ζ(t, x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−min(0, γup(t, x) − p̃(t, x)) on A− = {(t, x) ∈ Σ ∶ up(t, x) = ua(t, x)}
−max(0, γup(t, x) − p̃(t, x)) on A+ = {(t, x) ∈ Σ ∶ up(t, x) = ub(t, x)}
−γup(t, x) + p̃(t, x) on I = Σ / (A− ∪A+)

4.6.4 Remark. In case the boundary Γ is segmented and the control function up has

the form up(t, x) = ∑k
k=1 up,k(t)χk(x), we get

k

∑
k=1
∫

T

0
(γkup,k(t) − ∫

Γ
(p̃(t, x) − ζ(t, x))χk(x)ds)(uk(t) − up,k(t))dt ≥ 0 ∀u ∈ Uk

ad

(4.6.1k)

and for k = 1, ..., k we construct the residual function ζ on each boundary part as follows

ζ ∣Γk(t, x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−min(0, γ up,k(t) − p̃(t, x)) on A−k = {t ∈ [0, T ] ∶ up,k(t) = ua,k(t)}
−max(0, γ up,k(t) − p̃(t, x)) on A+k = {t ∈ [0, T ] ∶ up,k(t) = ub,k(t)}
− γ up,k(t) + p̃(t, x) on Ik = [0, T ] / (A−k ∪A

+
k)

Having deduced a general a-posteriori error bound for the deviation of an arbitrary

control up ∈ U compared to the optimal control ū of (P), we now set our sights on the

POD suboptimal control ū`, i.e. we choose up = ū`. In this case, convergence results

in dependence of the number ` of used POD basis functions can be achieved and are

summarized in the following theorem.

4.6.5 Theorem (cf. [TV, Theorem 3.11]). Suppose, all partial differential equations

of interest are linear (i.e. N (t, x, y) is linear in y). Assume that for ` ≤ d a POD basis

of rank ` is computed using an arbitrary control usg ∈ U . Let ū` be the optimal control

to the reduced-order model (P`), let ỹ = y(ū`) and p̃ = p(ū`) be the associated state

and associated adjoint state, respectively. Moreover, let ū ∈ U be the optimal control

to problem (P). For up = ū` and p̃ we construct the residual function ζ` ∈ U following

Remark 4.6.3. Then it holds true

(i) ū` → ū as `→∞
(ii) ∥ ζ` ∥L2(Σ)→ 0 as `→∞

4.6.6 Remark. (1) Note that we have to solve the full-size linear state and adjoint

equation to get ỹ = y(ū`) and p̃ = p(ū`) and we do not solve their POD approximations.

(2) We assume that the partial differential equations are solved exactly to determine

ỹ and p̃. Of course, this is not possible in numerical experiments due to discretization

errors.

(3) Part (i) of Theorem 4.6.5 ensures the convergence of a POD suboptimal control ū`
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4 Model reduction utilizing POD

to the optimal control ū of problem (P). This fact motivates the following strategy: For

a fixed number ` determine a POD basis of rank `. Find the suboptimal control ū`1

for `1 < ` and check if the desired exactness is reached utilizing the a-posteriori error

estimate. If this is not the case, increase the number `1 of used POD basis functions

and repeat until either the desired exactness or the maximal number ` of POD basis

functions is reached.

A-posteriori error estimation for nonlinear optimal control problems. For

nonlinear optimal control problems however, the situation is more complicated. Ex-

tending the just described perturbation ansatz to problems containing nonlinear terms

quickly becomes problematical and we need new ideas. Following [KTV] we make use of

second order information on a local optimal control to derive a suitable error estimator.

For this reason, we recall the second order sufficient condition (Theorem 2.3.5)

(SSC) L′′(ȳ, ū; p̄)(y, u)2 ≥ κ ∥ u ∥2
L2(Σ) ∀u ∈ Cτ(ū) and e′(ȳ, ū)(y, u) = 0

4.6.7 Theorem. Let (ȳ, ū) ∈ Y ×U be a locally optimal solution to (P) with associated

adjoint state p̄ = p(ū). Suppose that up ∈ U is a suboptimal control which is sufficiently

close to ū, i.e. ∥ ū − up ∥L2(Σ) < ε for ε > 0 small enough, ỹ = y(up) ∈ Y is the associated

state with up and p̃ = p(up) the associated adjoint state. Then there exists a constant

κ′ with 0 < κ′ < κ, such that it holds

∥ ū − up ∥L2(Σ) ≤
1

κ′
∥ ζ ∥L2(Σ)

where ζ ∈ U is constructed as in Remark 4.6.3.

Proof. For the subsequent argumentation, we need the following identities and refer

to [T, Chapter 5] for explanation:

● (4.6.2) Ĵ ′(u) = Lu(y, u;p), if y = y(u) and p = p(u)
● (4.6.3) Ĵ ′′(u)[uδ, uδ] = L′′(y, u;p)[(yδ, uδ), (yδ, uδ)] with yδ being the solution

to the linearized state equation, i.e. e′(y, u)(yδ, uδ) = 0

Remember, we denote by Ĵ the reduced cost functional introduced in Remark 2.1.3.

The triple (ȳ, ū, p̄) fulfills the first order necessary optimality system (2.3.3), in particular

the variational inequality (VI) which is equivalent to (KKT 2):

Lu(ȳ, ū; p̄)(u− ū) ≥ 0 ∀u ∈ Uad (4.6.4)

Since up belongs to the ε-neighbourhood of ū, there exists a perturbation function ζ ∈ U
with

Lu(ỹ, up; p̃)(u − up) + ⟨ζ, u − up⟩L2(Σ) ≥ 0 ∀u ∈ Uad (4.6.5)

Picking u = up in (4.6.4) and u = ū in (4.6.5) and adding both leads to
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4.6 A-posteriori error computation for the control

−(Lu(ȳ, ū; p̄) −Lu(ỹ, up; p̃))(ū − up) + ⟨ζ, ū − up⟩L2(Σ) ≥ 0

(4.6.2)
⇔ −(Ĵ ′(ū) − Ĵ ′(up))(ū − up) + ⟨ζ, ū − up⟩L2(Σ) ≥ 0

According to the mean value theorem, there exists a function

uθ ∈ {u ∈ Uad ∣ u = ū + t(up − ū), t ∈ (0,1)}

such that

−Ĵ ′′(uθ)(ū − up)2 + ⟨ζ, ū − up⟩L2(Σ) ≥ 0

Since the Lagrange functional L is twice differentiable with locally Lipschitz continuous

second order derivative, it is stable with respect to perturbations of the control variable.

As uθ belongs to the ε-neigbourhood of ū, there exists a κ > κ′ > 0 such that

L′′(yθ, uθ;pθ)(y, u)2 ≥ κ′ ∥ u ∥2
U ∀u ∈ Cτ(uθ) and e′(yθ, uθ)(y, u) = 0 (4.6.6)

Now, we can conclude

⟨ζ, ū − up⟩L2(Σ) ≥ Ĵ ′′(uθ)(ū − up)2

(4.6.3)= L′′(yθ, uθ;pθ)(y, ū − up)2

≥ κ′ ∥ ū − up ∥2
L2(Σ)

Application of the Cauchy-Schwarz inequality implies the claim. ◻

4.6.8 Remark. (1) The numerical realization of the theoretical estimation in Theorem

4.6.7 involves two essential difficulties: what is ε, what is κ′? Concerning the ε-

neighbourhood of ū, we have no other choice than trusting in the quality of the subop-

timal control up and in the well-behavior of our problem in a neighborhood of ū. To

deal with the coercivity constant in numerical computations, we determine the smallest

eigenvalue of the discrete version of the reduced second order derivative Ĵ ′′(up). Gen-

erally, we must confess that this approach might not be reliable and also computationally

expensive.

(2) Analog to Remark 4.6.6(1) we like to emphasize that determining ỹ and p̃ involves

two full PDE solves. Again, we suppose this is done exactly and neglect the discretiza-

tion errors.

Remark 4.6.8 shows that the a-posteriori error estimation for nonlinear problems con-

tains certain heuristic arguments, what makes it a current field of research. Algorithm 6

suggests a possible strategy for solving the semilinear optimal control problem (P) uti-

lizing POD with an a-posteriori error estimator which computes an upper error bound

for ∥ ū` − ū ∥L2(Σ) after termination of the POD based SQP algorithm. Of course,

it would also be possible to restart the algorithm with a POD basis of larger rank or

with a POD basis of better quality, if the desired approximation quality was not achieved.
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4 Model reduction utilizing POD

Algorithm 6 (POD optimization for semilinear problems

with a-posteriori error estimation).

Input: control usg ∈ Uad for snapshot generation, POD basis rank `,

tolerance ε

1: Determine solution ȳ = y(usg) to (SE)

2: (Optional) determine solution p̄ = p(usg) to (AE)

3: Compute POD basis of rank `

4: Derive a reduced-order model of rank ` for (QPk)

5: Calculate the suboptimal solution (ȳ`, ū`)
6: Compute ζ` by Remark 4.6.3 (requires full solves of (SE), (AE))

7: Find an estimation for κ′

8: Calculate a-posteriori error estimation 1
κ′ ∥ ζ

` ∥L2(Σ)
9: Restart with ˜̀> ` or with a better control usg, if 1

κ′ ∥ ζ
` ∥L2(Σ)≥ ε

A-posteriori error estimation in each SQP level. Another approach to control the

approximation quality of the POD solution with regard to the FE solution is to apply

an error estimation in each SQP level. This technique is presented in [KV] and there

applied to bilinear elliptic optimal control problems. The idea is to use a POD reduced

order model for each linear quadratic subproblem (QPk) and control the accuracy of

the suboptimal solution by the a-posteriori error estimation for linear-quadratic optimal

control problems (i.e. Theorem 4.6.2). The great advantage of this approach is that the

accuracy of the POD solution is regulated within the SQP solution process, whereas the

above explained error estimation (Algorithm 6) happens after termination of the SQP

algorithm and needs a restart if the results are not satisfying.

Let us briefly sketch the main steps presented in [KV]. In each SQP level of Algorithm

1 (Lagrange-SQP method) in Section 3.1, the following linear-quadratic subproblem has

to be solved:

(QPk)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

minimize
ωk
δ
∈X

Lω(ωk, pk)ωkδ +
1

2
Lωω(ωk, pk)[ωkδ , ω

k
δ ]

s.t. e(ωk) + e′(ωk)ωkδ = 0

The optimality system for this linear-quadratic subproblem (QPk) can be derived uti-

lizing the Lagrange technique like in Section 2.3 and is given by the linearized state

equation (LSEk), the linearized adjoint equation (LAEk) and the linearized variational

inequality, which coincides with the variational inequality:

(VIk) ∫
T

0
∫

Γ
(γ(uk + ūkδ) − (pk + p̄kδ))(u − ū

k
δ) dsdt ≥ 0 ∀u ∈ Uad

In each SQP level k, a POD reduced-order model of rank ` for (QPk) is derived and

a POD suboptimal solution (ȳ`δ, ū
`
δ, p̄

`
δ) is computed. Therefore, the inexactness in the
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SQP algorithm arises due to the inexact POD reduced solution of the optimality system

for (QPk). We can control the inexactness by means of an a-posteriori error estimation

for linear-quadratic problems in the following manner: for the suboptimal control ū`δ we

estimate the error

∥ ūδ − ū`δ ∥L2(Σ)≤
1

γ
∥ ζ` ∥L2(Σ)

with

(4.6.7) ζ` =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−min(0, γ(uk + ū`δ) − (pk + p̃`δ)) on A− = {(t, x) ∈ Σ ∶ uk + ū`δ = ua}
−max(0, γ(uk + ū`δ) − (pk + p̃`δ)) on A+ = {(t, x) ∈ Σ ∶ uk + ū`δ = ub}
−γ(uk + ū`δ) + (pk + p̃`δ) on I = Σ / (A− ∪A+)

and p̃`δ = p(ū
`
δ) denoting the associated solution of (LAEk) (full-size) with the control

ū`δ. To unburden the notation, we left out the arguments in (4.6.7).

If a desired accuracy ηk is not achieved, i.e. 1
γ ∥ ζ

` ∥L2(Σ)≥ ηk, we increase the number `

of utilized POD basis functions and solve the reduced-order model (QPk) with the new

choice for `. Note that we use a fixed POD basis and only tune the number ` of used

POD ansatz functions. We summarize this strategy in Algorithm 7.1 (POD method for

(QPk) with a-posteriori error estimation).

Algorithm 7.1 (POD method for (QPk) with a-posteriori error

estimation).

Input: current SQP iterate (yk, uk, pk), maximal POD basis rank `max,

`initial < `max, tolerance ηk
1: Set ` = `initial

2: while (` < `max and 1
γ ∥ ζ

` ∥L2(Σ)≥ ηk)
3: Derive reduced-order model of rank ` for (QPk)

4: Calculate POD suboptimal control ū`δ
5: Compute ζ` by (4.6.7)

6: Set ` = ` + 1

7: end(while)

Having determined an appropriate suboptimal control ū`δ with the associated solution

ỹ`δ = y(ū
`
δ) of the full-size linearized state equation (LSEk) and the solution p̃`δ = p(ū

`
δ)

of the full-size linearized adjoint equation (LAEk) (which are calculated within step 5 of

Algorithm 7.1), we compute the new SQP iterate (yk+1, uk+1, pk+1) as

(yk+1, uk+1, pk+1) = (yk, uk, pk) + (ỹ`δ, ū
`
δ, p̃

`
δ)

The core question which arises now is whether the sequence of inexact solutions {ỹ`δ, ū
`
δ, p̃

`
δ}`

converges to the optimal solution (ȳδ, ūδ, p̄δ) of (QPk) for each SQP level k. With similar

arguments as in [KV] and using Theorem 4.6.5(ii), it can be shown that it holds true
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∥ ∇2L(yk, uk;pk)(ỹ`δ, ū
`
δ, p̃

`
δ)
T +∇L(yk, uk;pk) ∥X ′×Z ′ ;≤

C

γ
∥ ζ` ∥L2(Σ)→ 0 (`→∞)

for a constant C > 0. Combining Algorithm 1 and Algorithm 7.1 leads to a POD a-

posteriori based inexact SQP method (Algorithm 7.2).

Algorithm 7.2 (POD a-posteriori based inexact SQP method).

Input: initial value (y0, u0, p0) ∈ Y×U×Z, control usg ∈ Uad for snapshot

generation, maximal POD basis rank `max, `initial < `max, η0

1: Determine solution ȳ = y(usg) to (SE)

2: (Optional) determine solution p̄ = p(usg) to (AE)

3: Compute POD basis of rank `max

4: Set k = 0

5: while (SQP stopping criterium is not fulfilled)

6: Call Algorithm 7.1 with (yk, uk, pk), `max, `initial, ηk
7: Determine update (yk+1, uk+1, pk+1) = (yk, uk, pk) + (ỹ`δ, ū

`
δ, p̃

`
δ)

8: Set k = k + 1

9: end(while)

Remark. Indeed, it is possible to incorporate a globalization strategy to Algorithm

7.2 just as in Algorithm 4. We left it out for the sake of clarity.

4.6.9 Remark. Another approach to control the accuracy in each SQP level is realized

by a residual based error estimation. Here, we can follow Algorithm 7.2 except that we

do not estimate the error in the control variable by an a-posteriori error estimator, but

we verify if

∥ Ak(Ψȳ`δ, ū
`
δ,Ψp̄

`
δ) − bk ∥X ′×Z′≤ ηk ∥ bk ∥X ′×Z′

is fulfilled, where Ψ denotes the matrix containing the POD basis functions in the

columns, Ak ∶= ∇2L(yk, uk;pk) and bk ∶= −∇L(yk, uk;pk). If the inequality is not satis-

fied, we increase the number of utilized POD basis functions.
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5 Discretization and numerical experiments

5.1 Finite element discretization and implicit Euler method

In order to obtain a full discrete problem setting as a basis for the numerical realization,

we follow the “optimize then discretize” methodology, i.e. we discretize the optimality

system (2.3.3) by proceeding as follows: in the first step we derive a semi-discrete version

using a vertical line method utilizing the finite element (FE) method; in the second step

we apply a suitable time integration scheme (implicit Euler method).

Finite element discretization. The finite element discretization offers various benefits

due to flexible grid generation (even for complex domains) and simple ways to refine the

grid and exchange the used finite elements. Although the following scheme can be done

for arbitrary finite elements, we focus on the following choice: the considered finite

element (T , P1,Λ) consists of a triangle T , the space of linear polynomials P1 and the

set Λ containing linear independent nodal basis functionals on P1. After generating a

regular triangulation we can construct a conform subspace Vh ⊂ V with basis {ϕi}Ni=1 by

specific restrictions on the degrees of freedom on the touching edges of the triangles. Now

we can follow the Galerkin strategy of Section 4.1 and approximate the state, adjoint

state and control variable by the Galerkin ansatz

y(t, x) ≈ yh(t, x) =
N

∑
i=1

yi(t)ϕi(x) and p(t, x) ≈ ph(t, x) =
N

∑
i=1

pi(t)ϕi(x) for x ∈ Ω

u(t, x) ≈ uh(t, x) =
NB

∑
i=1

ui(t)ϕji(x) for x ∈ Γ

whereNB ≤ N denotes the number of boundary nodes. We set y(t) = (y1(t), ..., yN(t))T ∈ RN ,

p(t) = (p1(t), ...,pN(t))T ∈ RN and u(t) = (u1(t), ...,uNB(t))T ∈ RNB .

The Cauchy problem for (LSEk) is given by:

(CPLSEk) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

cp
d

dt
⟨(yk + ykδ )(t), v⟩H + a[(yk + ykδ )(t), v] + ⟨N (t, yk(t)), v⟩V ′,V

+ ⟨Ny(t, yk(t))ykδ (t), v⟩V ′,V = ⟨f(t), v⟩H +⟨(uk+ukδ)(t), v⟩L2(Γ)

⟨(yk + ykδ )(0), v⟩H = ⟨y0, v⟩H

for all v ∈ V and for almost all t ∈ [0, T ]. Choosing v = ϕi for i = 1, ...,N and utilizing
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5 Discretization and numerical experiments

the structure of the Galerkin ansatz for the state and control variable leads to the

N -dimensional ordinary differential equation system written in matrix-vector form:

(LSEkFE)

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

cpM(yk + ykδ )
′(t) +A(yk + ykδ )(t) +N

k(t, yk(t))

+ dNk(t, yk(t))ykδ (t) = F (t)+MB(uk+ukδ)(t)

M(yk + ykδ )(0) = y0

using the following notations:

M ∈ RN×N with Mij = ⟨ϕi, ϕj⟩H
A ∈ RN×N Aij = a[ϕi, ϕj] = ⟨∇ϕi,∇ϕj⟩L2(Ω)2 + q⟨ϕi, ϕj⟩L2(Γ)

Nk(t, yk(t)) ∈ RN×1 Nk(t, yk(t))j = ⟨N (t, yk(t)), ϕj⟩V ′,V
dNk(t, yk(t)) ∈ RN×N dNk(t, yk(t))ij = ⟨Ny(t, yk(t))ϕi, ϕj⟩V ′,V
F (t) ∈ RN×1 F (t)j = ⟨f(t), ϕj⟩H
MB ∈ RN×NB MBij = ⟨ϕi, ϕij ⟩L2(Γ)

y0 ∈ RN×1 (y0)j = ⟨y0, ϕj⟩H

Remark. M is called mass matrix, A is a system matrix including the stiffness matrix S

with Sij ∶= ⟨∇ϕi,∇ϕj⟩L2(Ω)2 .

Analog proceeding for (LAEk) leads to the system:

(LAEkFE)

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

−cpM(pk + pkδ)
′(t) +A(pk + pkδ)(t) + dN

k(t, yk(t))(pk + pkδ)(t)

+ ddNk(t, yk(t),pk(t))ykδ (t) = 0

cpM(pk + pkδ)(T ) = −(M(yk + ykδ )(T ) − yd)

using the following notations:

ddNk(t, yk(t),pk(t)) ∈ RN×N with ddNk(t, yk(t),pk(t))ij =

⟨Nyy(t, yk(t))pk(t)ϕi, ϕj⟩V ′,V
yd ∈ RN×1 (yd)j = ⟨yd, ϕj⟩H

Remark. For more details about finite element discretization we refer to e.g. [D] or [Br].

5.1.1 Remark. In case the boundary Γ is segmented and the time and space variables

in the control function are in separate terms like u(t, x) = ∑k
k=1 uk(t)χk(x), we do not

make use of a Galerkin ansatz for the control and define the matrix MB ∈ RN×k by

MBjk = ⟨ϕj , χk⟩L2(Γ).

Implicit Euler method. The systems (LSEkFE) and (LAEkFE) are stiff systems, which

is why we need an A-stable numerical method like the implicit Euler method (see e.g.

[Re]). For a general differential equation of the form
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5.1 Finite element discretization and implicit Euler method

y′(t) = f(t, y(t)), y(0) = y0

the approximative solution at the next time step y(k+1) ≈ y(tk+1) can be computed

following the iteration rule:

y(k+1) = y(k) +∆tf(tk+1, y
(k+1)) for k = 0, ..., n

and y(0) = y0. We set up an equidistant time grid {tj}nj=0 in [0, T ] with time increment

∆t = T /n and apply the implicit Euler method for (LSEkFE):

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

My
k,(0)
δ = −Myk,(0) + y0

and for j = 0, ..., n − 1:

(cpM +∆tA +∆t dNk(tj+1, y
k,(j+1)))y

k,(j+1)
δ = cpMy

k,(j)
δ + cpMyk,(j)

+ ∆t (MB(u
k,(j+1)
δ + uk,(j+1)) + F (tj+1) −Nk(tj+1, y

k,(j+1)))

+ (−cpM −∆tA)yk,(j+1)

For a clear presentation we introduce the matrix-vector notation for all time steps at

once:

FEY ykδ = rhs + B̃(ukδ + uk) − FEYcyk

with ykδ = (y
k,(0)
δ , ..., y

k,(n)
δ )T ∈ R(n+1)N , yk = (yk,(0), ..., yk,(n))T ∈ R(n+1)N

ukδ = (u
k,(0)
δ , ...,u

k,(n)
δ )T ∈ R(n+1)NB , uk = (uk,(0), ...,uk,(n))T ∈ R(n+1)NB

with FEY =

⎛
⎜⎜⎜⎜
⎝

M

−cpM cpM +∆tA+∆t dNk(t1, yk,(1))
⋱ ⋱
−cpM cpM +∆tA+∆t dNk(tn, yk,(n))

⎞
⎟⎟⎟⎟
⎠

,

rhs =

⎛
⎜⎜⎜⎜
⎝

ŷ0

∆t (F (t1) −Nk(t1, yk,(1)))
⋮

∆t (F (tn) −Nk(tn, yk,(n)))

⎞
⎟⎟⎟⎟
⎠

, FEYc =

⎛
⎜⎜⎜⎜
⎝

M

−cpM cpM +∆tA

⋱ ⋱
−cpM cpM +∆tA

⎞
⎟⎟⎟⎟
⎠

,

B̃ =

⎛
⎜⎜⎜⎜
⎝

0

∆tMB

⋱
∆tMB

⎞
⎟⎟⎟⎟
⎠

Note that all blue marked parts are caused by the nonlinearity and change in each SQP

iteration.
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5 Discretization and numerical experiments

Analog we get for (LAEkFE) the scheme:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

cpMp
k,(n)
δ = −cpMpk,(n) −My

k,(n)
δ −Myk,(n) + yd

and for j = n − 1, ...,0:

(cpM +∆tA +∆t dNk(tj , yk,(j)))p
k,(j)
δ = cpMp

k,(j+1)
δ + cpMpk,(j+1)

+ ∆t (− dNk(tj , yk,(j))pk(j) − ddNk(tj , yk,(j),pk,(j))y
k,(j)
δ )

+ (−cpM −∆tA)pk,(j)

Written in matrix-vector notation for all time steps at once it is:

FEPpkδ = PQSykδ − FEPpk + pqs

with pkδ = (p
k,(0)
δ , ...,p

k,(n)
δ )T ∈ R(n+1)N , pk = (pk,(0), ...,pk,(n))T ∈ R(n+1)N

FEP =

⎛
⎜⎜⎜⎜
⎝

cpM +∆tA+∆t dNk(t0, yk,(0)) −cpM
⋱ ⋱
cpM +∆tA+∆t dNk(tn−1, y

k,(n−1)) −cpM
cpM

⎞
⎟⎟⎟⎟
⎠

PQS =

⎛
⎜⎜⎜⎜
⎝

−∆t ddNk(t0, yk,(0),pk,(0))
⋱

−∆t ddNk(tn−1, y
k,(n−1),pk,(n−1))

−M

⎞
⎟⎟⎟⎟
⎠

, pqs =

⎛
⎜⎜⎜⎜
⎝

0

⋮
0

yd −Myk,(n)

⎞
⎟⎟⎟⎟
⎠

The new control step is calculated by

ukδ = −uk + 1
γ R (pkδ + pk) (5.1.1)

with Rp = p∣Σ, R ∈ R(n+1)NB×(n+1)N .

5.1.2 Remark. Continuing Remark 5.1.1 for controls of the form u(t, x) = ∑k
k=1 uk(t)χk(x),

the new control step is computed by the formula (CFk k) given by

(CFk k) ukk,δ(t) = −u
k
k(t) +

1
γk ∫Γ

(pk + pkδ)(t, x)χk(x)ds

Inserting the Galerkin ansatz for the adjoint state results in

ukk,δ = −ukk +
1
γk
R(pkδ + pk).

with Rp = p∣Σ, R ∈ R(n+1)k×(n+1)N where the superscript k denotes the k-th SQP step

and the subscript k denotes the control part on the k-th boundary segment Γk, which

we have printed here in bold letters for a better distinction.

Putting all appropriate pieces together yields the full discrete equation system for all

time steps at once:
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5.1 Finite element discretization and implicit Euler method

(DP)

⎛
⎜⎜
⎝

−PQS 0 FEP

0 γI −R
FEY −B̃ 0

⎞
⎟⎟
⎠

⎛
⎜⎜
⎝

ykδ
ukδ
pkδ

⎞
⎟⎟
⎠
=
⎛
⎜⎜
⎝

pqs

0

rhs

⎞
⎟⎟
⎠
+
⎛
⎜⎜
⎝

0 0 −FEP

0 −γI R

−FEYc B̃ 0

⎞
⎟⎟
⎠

⎛
⎜⎜
⎝

yk

uk

pk

⎞
⎟⎟
⎠

At this point it is important to recall the KKT-system (3.1.3) associated with the SQP

subproblem (QPk) in order to see the corresponding parts to (DP):

( Lωω(ωk, pk) e′(ωk)∗

e′(ωk) 0
)(ω

k
δ

pkδ
) = −(Lω(ω

k, pk)
e(ωk)

)

respectively

⎛
⎜⎜
⎝

Lyy(yk, uk;pk) 0 ey(yk, uk)∗

0 Luu(yk, uk;pk) eu(yk, uk)∗

ey(yk, uk) eu(yk, uk) 0

⎞
⎟⎟
⎠

⎛
⎜⎜
⎝

ykδ
ukδ
pkδ

⎞
⎟⎟
⎠
= −

⎛
⎜⎜
⎝

Ly(yk, uk;pk)
Lu(yk, uk;pk)
e(yk, uk)

⎞
⎟⎟
⎠

However, in numerical applications we solve the following (smaller) equation system

instead of (DP)

(
FEY − 1

γBR

−PQS FEP
)(ykδ

pkδ
) = (rhs

pqs
) + (

−FEYc 1
γBR

0 −FEP
)(yk

pk
) (5.1.2)

and compute the control by (5.1.1). This equation system (5.1.2) is derived easily by

eliminating the control ukδ in (DP).

5.1.3 Remark. (1) The equation system (DP) is of size (2(n+ 1)N + (n+ 1)NB)2, the

equation system (5.1.2) has the size (2(n + 1)N)2.

(2) It is well known that the implicit Euler method has a local truncation error of order

one. Hence, the full discrete system has a truncation error of order

O(h2 +∆t)

when using linear finite elements (see for instance [D]), where h denotes the maximal

edge length.

PDASS in the discrete context. In case there are box restrictions on the control we

follow Algorithm 3 (line 9) to compute:

ukn+1 = χan+1ua + χbn+1ub − (1 − χan+1 − χbn+1)(− 1
γpkn+1)

with χan, χ
b
n denoting the characteristic functions of the active sets Aan,A

b
n. The transla-

tion of active and inactive sets into the discrete context is:

Aan+1 = {m ∈ {1, ..., (n + 1)NB} ∶ ukn + µn < ūa}
Abn+1 = {m ∈ {1, ..., (n + 1)NB} ∶ ukn + µn > ūb}
In+1 = {1, ..., (n + 1)NB} / (Aan+1 ∪Abn+1)
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5 Discretization and numerical experiments

Define matrices:

(Xan+1) ∈ R(n+1)NB×(n+1)NB with (Xan+1)jj = 1 if j ∈ Aan+1

(Xbn+1) ∈ R(n+1)NB×(n+1)NB (Xbn+1)jj = 1 if j ∈ Abn+1

(Xin+1) ∈ R(n+1)NB×(n+1)NB (Xin+1)jj = 1 if j ∈ In+1

and all other entries are zero. Thereby we get

ukn+1 = (Xin+1) ⋅ ( 1
γRpkn+1) + (Xan+1)ũa + (Xbn+1)ũb

µn+1 = 1
γRpkn+1 − ukn+1

POD in the discrete context. Suppose, we have computed a POD basis {ψni }`i=1 ⊂ RN

following any suitable strategy presented in Remark 4.4.2. The relation between POD

and FE basis functions is given by

ψj(x) =
N

∑
i=1

Ψijϕi(x) for j = 1, ..., ` (5.1.3)

with Ψ = [ψn1 , ..., ψn` ] ∈ RN×`. Thus, the computations of the matrices and vectors in

(4.3.2) can be done just by multiplications with the matrix Ψ:

M ` = ΨTMΨ Al = ΨTAΨ N `(t, y`(t)) = ΨTN(t,Ψy`(t))
F `(t) = ΨTF (t) B` = ΨTB y`0 = ΨT y0

y`d = ΨT yd

For a POD based SQP method we also need the matrices and vectors:

ddN `(t, y`(t)) = ΨTddN(t,Ψy`(t))Ψ dN `(t, y`(t)) = ΨTdN(t,Ψy`(t))Ψ

Exemplarily, we recalculate

M `
ij = ⟨ψi, ψj⟩H

(5.1.3)=
N

∑
k=1

N

∑
l=1

ΨkiΨlj⟨ϕk, ϕl⟩H =
N

∑
k=1

N

∑
l=1

ΨT
ljMklΨki

= (ΨTMΨ)
ij

5.2 Aspects about the implementation

All coding is done in Matlab R2014a using routines from the PDE Toolbox for the

computation of the finite element discretization. The computations are performed on a

2.50GHz computer.

(1) Spatial and temporal discretization. The geometry specification of the domain

is created with the PDE Toolbox. In all numerical examples we focus on the unit square

(0,1)×(0,1) for the domain Ω. The triangulation is generated by initmesh which allows

to determine the size of the triangles by the “hmax” property.

Figure 5.1 shows exemplarily the triangulation with a maximal edge size hmax = 0.06

and the center of mass of each triangle is indicated. The time interval for all following
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Figure 5.1: Triangulation and centers of mass for hmax =0.06

numerical experiments is chosen to be [0, T ] = [0,1]. For the temporal discretization we

pick an equidistant time grid {tj}nj=0 in [0,1] with time increment ∆t = 1/n for a fixed

n ∈ N.

(2) Boundary and control function. We distinguish between three cases: In the first

case, the boundary is not segmented and the control function u belongs to ∈ L2(Σ). This

case is referred to as ’B1’. In the second and third case, the boundary Γ of the domain

Ω is separated into k ∈ [1,NB] boundary segments, where NB denotes the number of

boundary nodes and the control function is of the specific form u(t, x) = ∑k
k=1 uk(t)χk(x)

(cf. Remark 1.2.4). The segmentation can be done in an equidistant and non-equidistant

way. The idea of the equidistant segmentation, which we refer to as ’B2’, is to divide the

boundary into its four edges which can further be divided into equidistant pieces causing

the boundary weights {γk}kk=1 to be equal. However, the number k must be divisible

by 4. The non-equidistant approach, which is denoted by ’B3’, divides the boundary

into k non-equidistant segments (possible for any k ∈ [1,NB]) and the values {γk}kk=1

are computed according to Remark 2.1.1. Each segment starts and ends at a boundary

node point.

(3) Offline and online matrices. The coefficient block matrix in (5.1.2) can be

separated into an “offline” part, i.e. a matrix which can be assembled before the SQP

iteration process starts and an “online” part which changes in each SQP iteration level:

(
FEY 1

γBR

−PQS FEP
) = (

FEYc 1
γBR

−PQSc FEPc
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
offline

+( FEYv 0

−PQSv FEPv
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
online

. (5.2.1)

In the offline matrix all blue marked components of the block matrices in (5.1.2) are left

out, whereas the online matrix consists only of those.

In order to assemble the mass matrix M , the system matrix A, the boundary matrix
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5 Discretization and numerical experiments

MB and the vector F (t) we use the routines assema and assemb from the PDE Toolbox.

(4) Preconditioning. Since the equation system (5.1.2) is solved in each SQP iteration,

it is crucial to find an effective solver. This makes preconditioning relevant. The idea is

to construct an equation system which is equivalent to (5.1.2), but easier to solve. This

is done by a two-sided preconditioning. We compute the preconditioner as follows: We

use the Matlab routine ilu to compute an incomplete LU-factorization of the offline

matrix in (5.2.1), which returns the preconditioner matrices L and U . Matlab offers

the possibility to declare specific parameters by the option setup. We fix a tolerance of

tolILU = 10−15 by setup.droptol. Various other ways of preconditioning are conceiv-

able, see e.g. [BS].

(5) Iterative solvers for the equation systems. We test four different iterative

methods for solving the equation system: gmres,qmr,cgs and bicgstab. For all meth-

ods use the above explained matrices L and U for preconditioning. For qmr,cgs and

bicgstab we set the maximal number of iteration maxit = 50 and for gmres we set

restart = 50 and maxit = 10.

(6) Forcing sequence {ηk}k. According to Theorem 3.3.1 the convergence rate of the

SQP algorithm solely depends on the choice of the forcing sequence {ηk}k. We use the

forcing sequence from Remark 3.3.2 with the explained safeguard.

(7) Assemble the terms containing the nonlinearity. The online matrix of (5.2.1)

has to be assembled in each SQP iteration level. Therefore it is important to find a fast

assembling strategy. We investigate three variants:

In the first variant, which we refer to as ’N1’, we make use of the PDE Toolbox. The

pdeintrp routine interpolates linearly the value at the center of mass for each triangle

from the value at the node points. This result is handed over to assema.

The second variant, which we refer to as ’N2’, is an approximative approach utilizing

the mass matrix:

(Nk(t, yk(t)))j = ⟨N (t, yk(t)), ϕj⟩L2(Ω) = ⟨N (t,
N

∑
i=1

yki (t)ϕi), ϕj⟩L2(Ω)

≈ ⟨
N

∑
i=1

N (t, yki (t)) ϕi, ϕj⟩L2(Ω) =
N

∑
i=1

N (t, yki (t)) ⟨ϕi, ϕj⟩L2(Ω)

= (MN (t, yk(t)))j

Hence, the approximations are given as follows:

Nk(t, yk(t)) ≈M ⋅N (t, yk(t))

dNk(t, yk(t)) ≈M ⋅ diag(Ny(t, yk1(t)), ...,Ny(t, ykN(t)))

ddNk(t, yk(t)) ≈M ⋅ diag(Nyy(t, yk1(t)), ...,Nyy(t, ykN(t)))
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5.2 Aspects about the implementation

The third variant, which we refer to as ’N3’, uses an approximation utilizing a node

based quadrature formula (cf. [Sc, Chapter 2f]). The idea is to derive a quadrature

formula of type

Q(g) =
N

∑
i=1

g(Pi)wi

for g ∈ C(Ω̄), weights wi = ∫Ωϕidx and nodal points {Pi}Ni=1 by using the interpolation

operator

I(g) =
N

∑
i=1

g(Pi)ϕi.

Note that this approximation is exact at the interpolation points. We get:

Nk(t, yk(t)) ≈W ⋅N (t, yk(t))

dNk(t, yk(t)) ≈W ⋅ diag(Ny(t, yk1(t)), ...,Ny(t, ykN(t)))

ddNk(t, yk(t)) ≈W ⋅ diag(Nyy(t, yk1(t)), ...,Nyy(t, ykN(t)))

with W = diag(w1, ...,wN). Exemplarily, we recalculate

(Nk(t, yk(t)))j = ∫
Ω
N (t,

N

∑
i=1

yki (t)ϕi(x))ϕj(x)dx

≈
N

∑
k=1

wk(N (t,
N

∑
i=1

yki (t)ϕi(Pk))ϕj(Pk))

=
N

∑
i=1

wk(N (t,
N

∑
i=1

yki (t)δik)δjk) = wj N (t, ykj (t))

(8) Stopping criteria for the SQP algorithm. The stopping criteria considered are:

● ’C1’: stop the SQP algorithm as soon as

Res(k) =∥ ∇L(yk, uk;pk) ∥L2(Q)3< tolSQP
or the maximal number of SQP iterations maxSQP is reached.

● ’C2’: stop the SQP algorithm as soon as

Res(k) < εa + εr ∥ ∇L(y0, u0;p0) ∥L2(Q)3

with absolute and relative error tolerances εa and εr, respectively, or

the maximal number of SQP iterations maxSQP is reached.

● ’C3’: stop the SQP algorithm as soon as

max{∥ Ly(yk, uk;pk) ∥L2(Q),∥ e(yk, uk) ∥L2(Q)} < tolSQP
or the maximal number of SQP iterations maxSQP is reached.

Aspects about model reduction using POD:

(9) Control usg for snapshot generation. The dynamics of the POD bases are

determined by the choice of the control usg to build the snapshot ensemble. We discuss

four possible choices for usg: u
(1)
sg = 0 (no control), u

(2)
sg = ulr (linear approximation of

ūFE), u
(3)
sg = ūLSE (FE solution of the linear optimal control problem with N (t, x, y) ≡ 0)

and u
(4)
sg = ūFE (FE optimal control).
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5 Discretization and numerical experiments

(10) Choice of the snapshot ensemble. The choice of the snapshot ensemble is fun-

damental for the approximation quality of the POD basis. We investigate two different

choices for the snapshot ensemble:

● Z(1) = Y with Y denoting the matrix, which contains columnwise the

FE solution for the state equation associated with the control

usg for all time steps

● Z(2) = [Y ∣ P ] enriched snapshot ensemble by adding the solution of the ad-

joint equation system for all time steps organized in the ma-

trix P

(11) POD basis computation. We compare the two possible choices for POD ba-

sis computation: (a) method of snapshots utilizing the Matlab routine eigs to com-

pute only the ` largest eigenvalues and corresponding eigenvectors of the correlation

matrix and (b) compute the singular value decomposition with the Matlab routine

svd. We also test the impact of the Gram-Schmidt (GS) orthonormalization on the

W−orthonormality of the POD basis vectors.

(12) ROM solver. Whenever we apply a model reduction strategy, we use the same

implementation choices as in the FE solver to ensure consistency in the comparison.

(13) Empirical interpolation methods. With the aim to reduce computational

complexity in the evaluation of the terms originating from the nonlinearity, we apply an

empirical interpolation method and restrict ourselves on the investigation of DEIM.

(14) PDASS. Whenever the control variable is restricted by box constraints, we apply

the primal-dual active set strategy. In this case the stopping criteria have to be adapted

since a desired accuracy might not be attainable due to the restrictions on the control

variable.

(15) Accuracy. The errors between the FE optimal solution (ȳFE, ūFE) and the POD

suboptimal solution (ȳ`, ū`) are measured using the following time-averaged absolute

and relative errors:

εyabs(`) =
n

∑
j=0

αj ∥ ȳFE(tj) − ȳ`(tj) ∥L2(Ω)

εyrel(`) =
n

∑
j=0

αj
∥ ȳFE(tj) − ȳ`(tj) ∥L2(Ω)

∥ ȳFE(tj) ∥L2(Ω)

εuabs(`) =
n

∑
j=0

αj ∥ ūFE(tj) − ū`(tj) ∥L2(Γ)

εurel(`) =
n

∑
j=0

αj
∥ ūFE(tj) − ū`(tj) ∥L2(Γ)

∥ ūFE(tj) ∥L2(Γ)

with αj (0 ≤ j ≤ n) denoting the trapezoidal weights specified in (4.4.2). In case the
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boundary Γ is segmented and the control function is of the form u(t, x) = ∑k
k=1 uk(t)χk(x),

we measure the errors in the control as follows:

εuabs(`) =
n

∑
j=0

αj ∥ ūFE(tj) − ū`(tj) ∥Rk

εurel(`) =
n

∑
j=0

αj
∥ ūFE(tj) − ū`(tj) ∥Rk

∥ ūFE(tj) ∥Rk

5.3 Numerical results

The investigation of the numerical results for selected test examples is presented in this

section. Let us briefly outline the structure:

In Test Example 1 we start with the application of Algorithm 2 (Local SQP method

for optimal control problems) from Section 3.2 to solve the optimal control problem (P)

with Uad = L2(Σ) and later we apply a globalization strategy according to Algorithm

4 (Globalized SQP method for optimal control problems) from Section 3.4. No model

reduction is used in this first example. The objectives of the studies are to identify the

effect of the nonlinearity N (t, x, y(t, x)) = y3(t, x) in the state equation in comparison

to a linear optimal control problem, to find an accurate and effective way of implemen-

tation and in particular to analyze the inexact SQP method with respect to different

iterative solvers, use of a preconditioner, different stopping criteria, convergence rate

and the globalization strategy.

In Test Example 2 we extend Test Example 1 by additionally considering inequality

constraints for the control variable. This is handled by means of the primal-dual active

set strategy and leads us to the application of Algorithm 3 (SQP method with PDASS)

from Section 3.2. No model reduction is used either.

In Test Example 3 we apply a model reduction for the optimal control problem of

Test Example 1 utilizing the POD Galerkin strategy explained in Chapter 4. Since the

purpose of model reduction lies in the shortening of computational time while neverthe-

less achieving suboptimal solutions of good approximation quality, we discuss different

choices for the control usg for snapshot generation, the snapshot ensemble itself, the

number ` of POD basis functions and the methods used to determine the POD basis.

The POD based inexact SQP method is investigated in detail and the results for the

a-posteriori error estimation strategies of Section 4.6 are presented.

In Test Example 4 we apply a POD based model reduction for the optimal control

problem of Test Example 2.

In Test Example 5 we test the performance of the POD based inexact SQP method

for another nonlinearity given by N (t, x, y(t, x)) = −0.5 ⋅ y3(t, x). No box constraints for

the control variable are used.

59



5 Discretization and numerical experiments

▸ Test Example 1

In this first test example we focus on solving the optimal control problem (P) numerically

with a FE based solver. All problem data of Test Example 1 are given as follows:

Problem Data Test Example 1:

● Space and time Ω = (0,1) × (0,1) ⊂ R2, [0, T ] = [0,1]
● Cost functional yd(x1, x2) = 2 + 2 ∣ 2x1 − x2∣, γ = 0.01

● State equation N (t, (x1, x2), y(t, (x1, x2))) = y3(t, (x1, x2)),
f(t, (x1, x2)) ≡ 0, y0(x1, x2) = 3 − 4(x2 − 0.5)2

cp = 10, q = 0.01

● Admissible control set Uad = L2(Σ)

We can easily confirm that all assumptions (A1)-(A3) from Chapter 1 as well as the

assumptions (A4)-(A6) from Chapter 2 are fulfilled. Especially we like to point out that

the nonlinearity N is monotone increasing, since Ny(t, x, y) = 3y2 ≥ 0 (condition (A2,

iv)) and Nyy is (globally) Lipschitz continuous, because

∣Nyy(t, x, y1) −Nyy(t, x, y2)∣ = ∣6y1 − 6y2∣ ≤ 6∣y1 − y2∣

holds for almost all (t, x) ∈ Q and for all y1, y2 ∈ R. Note that there are no box restric-

tions on the control variable, which means that the SQP update for the control can be

computed by the formula (CPk) from Section 3.2 and PDASS is not needed.

Figure 5.2 shows the initial state y0 and the desired end state yd. The “sharp kink”

of the desired end state, which originates from the absolute value, leaps off the figure

for yd. It is well known for heat equations to have a smoothing effect. That is why we

expect yd to be not attainable and to be hard to resemble.
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Figure 5.2: Initial state y0 (left) and desired end state yd (right)

Unless otherwise noted, we make the following choices for the numerical implementation:
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Implementation Choices Test Example 1:

● Discretization hmax = 0.06, ∆t = 0.004

● Boundary ’B1’, i.e. no segmentation

● Nonlinear terms ’N2’, i.e. approximation with mass matrix M

● SQP algorithm Initialization: (y0, u0, p0) = (0,0,0)
Stopping criterium: ’C1’ with tolSQP = 10−10 and maxSQP = 15

Preconditioning with tolILU = 10−15

Iterative solver: gmres with restart = 50, maxit = 10

Forcing sequence: η0 = 10−02, ρ = 0.9, η̄ = 10−02, q = 2

If we set N (t, x, y) ≡ 0, this Test Example 1 coincides with the linear-quadratic Example

III in [S], which is investigated carefully with particular interest in the application of the

POD strategy. We are able to build upon this work and extend the linear case to our

semilinear problem.

Let us briefly outline the way of proceeding in this Test Example 1: part (a) contains

a comparison of the linear optimal control problem with the semilinear problem. For

this purpose we apply Algorithm 2 (Local SQP method for optimal control problems) of

Section 3.2. In part (b) we like to light on some aspects in order to find an accurate and

effective way of implementation. Part (c) focuses on the analysis of the SQP algorithm in

detail. Since the local SQP algorithm might fail to converge, we apply the globalization

strategy of Section 3.4 in part (d). Finally, part (e) introduces the case in which the

boundary Γ of the unit square Ω is segmented into k parts.

(a) Linear optimal control problem in comparison with the semilinear prob-

lem. The investigation of the linear optimal control problem is important, because it

occurs in each level of the SQP method and it makes clear how the nonlinear term affects

the optimal solution. In view of this, we make a comparison between the linear optimal

control problem (P) with N (t, x, y) ≡ 0 and the semilinear case with N (t, x, y) = y3.

Figure 5.3 illustrates a direct comparison between the FE optimal state for the linear

problem and the FE optimal state for the semilinear problem. As expected, neither in

the linear nor in the semilinear case, the “sharp kink” in the desired end state yd can be

reflected in the FE solutions. The impact of the nonlinearity N on the shape of the FE

end state is optically noticeable: The right plot in Figure 5.3 looks a lot more bulged

and arched than the left plot. Obviously, the optimal state at end time of the linear

problem is more similar to the desired end state yd shown in Figure 5.2 (right) than

the semilinear solution. Table 5.1 (column 2) contains the numerical verification. The

corresponding FE optimal adjoint states for the linear and semilinear case respectively

are visualized in Figure 5.4. Be aware of the different ranges of the adjoint states. We

can recognize complementary properties of the adjoint states to the corresponding states
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Figure 5.3: FE optimal state at end time t = T in case N (t, x, y) ≡ 0 (left) and in case

N (t, x, y) = y3 (right)
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Figure 5.4: FE optimal adjoint state at end time t = T in case N (t, x, y) ≡ 0 (left) and

in case N (t, x, y) = y3 (right)

N ∥ y(T ) − yd ∥L2(Ω) ∥ u ∥L2(Γ) J(y, u)
0 0.1551 24.3015 0.199076

y3 1.0343 66.8548 0.851419

Table 5.1: Comparison between the linear and semilinear optimal control problem con-

cerning the similarity of the FE optimal state at end time to the desired end

state yd, the control costs and the value of the cost functional

especially in the aspect of arch in the semilinear case. Let us have a closer look at the

linear optimal control problem: setting N (t, x, y) ≡ 0 causes all terms originating from

the nonlinearity to vanish such that the state equation operator becomes linear(∗) and

the linearized state equation as well as the linearized adjoint equation coincide with the

state and adjoint equation respectively(∗∗). In detail we calculate:
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Lω(ωk+1, pk+1) (def)= J ′(ωk+1) + e′(ωk+1)∗pk+1

(∗)= J ′(ωk) +Lωω(ωk, pk)ωkδ + e
′(ωk)∗pk + e′(ωk)∗pkδ

(def)= Lω(ωk, pk) +Lωω(ωk, pk)ωkδ + e
′(ωk)∗pkδ

(KKT)= −Lωω(ωk, pk)ωkδ − e
′(ωk)∗pkδ +Lωω(ω

k, pk)ωkδ + e
′(ωk)∗pkδ = 0

and e(ωk+1) (∗)= e(ωk) + e(ωkδ )
(KKT)= −e′(ωk)ωkδ + e(ω

k
δ )

(∗∗)= −e(ωkδ ) + e(ω
k
δ ) = 0

Therefore, the right hand side of the SQP subproblem (QPk) which is

−∇L(ωk+1, pk+1) = −(Lω(ωk+1, pk+1), e(ωk+1))

equals zero, if (QPk) is solved exactly. This is why we choose η0 = 10−10 for the linear

case and the SQP algorithm terminated after iteration number 1.

In contrary, the semilinear problem terminated after iteration number 5. The perfor-

mances of the SQP algorithm for both the linear and the semilinear case are summarized

in Table 5.2. The first column indicates the SQP level k, the second and third columns

list how accurate the current iterates (yk, uk, pk) fulfill the adjoint equation and state

equation, respectively, and the last column presents the residua Res(k). Note that

∇Lu(y, u;p) = 0 is guaranteed due to (5.1.1). Therefore, we do not have to check it

numerically. The results for the SQP algorithm for the semilinear problem will be dis-

cussed in detail in part (c).

N (t, x, y) = 0

k ∥ Ly(y, u;p) ∥L2(Q) ∥ e(y, u) ∥L2(Q) ∥ ∇L(y, u;p) ∥L2(Q)3

0 1.53 ⋅ 10−05 1.20 ⋅ 10−05 2.73 ⋅ 10−05

1 1.02 ⋅ 10−14 9.75 ⋅ 10−14 1.08 ⋅ 10−13

N (t, x, y) = y3

k ∥ Ly(y, u;p) ∥L2(Q) ∥ e(y, u) ∥L2(Q) ∥ ∇L(y, u;p) ∥L2(Q)3

0 1.53 ⋅ 10−05 1.20 ⋅ 10−05 2.73 ⋅ 10−05

1 6.88 ⋅ 10−06 2.56 ⋅ 10−04 2.63 ⋅ 10−04

2 1.92 ⋅ 10−06 3.56 ⋅ 10−05 3.75 ⋅ 10−05

3 1.05 ⋅ 10−07 6.04 ⋅ 10−07 7.08 ⋅ 10−07

4 1.09 ⋅ 10−10 9.27 ⋅ 10−10 1.04 ⋅ 10−09

5 5.73 ⋅ 10−16 6.34 ⋅ 10−15 6.95 ⋅ 10−15

Table 5.2: Performance of the SQP algorithm for linear optimal control problem (top)

and semilinear optimal control problem (bottom)
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Another interesting aspect in the comparison of the linear optimal control with the

semilinear problem is the FE optimal control variable. For this purpose we have a look

at Figure 5.5 which shows the FE optimal control at end time for both problems and

we also have a look at the space-time diagrams for the four edges of the unit square

displayed in Figure 5.6 (linear) and 5.7 (semilinear). Although similarities in the shape

of the plots for the linear and semilinear case can be detected, the different ranges of

the control are striking. The FE optimal control for the semilinear problem shows much

more activity than for the linear problem. This observation can be found again in the

control costs, cf. Table 5.1 (column 3).
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Figure 5.5: FE optimal control at end time t = T in case N (t, x, y) ≡ 0 (left) and in case

N (t, x, y) = y3 (right)
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Figure 5.6: Control evolution over time for the four boundary parts in case N (t, x, y) ≡ 0
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Figure 5.7: Control evolution over time for the four boundary parts in caseN (t, x, y) = y3

(b) Accurate and effective implementation.

Discretization. According to Remark 5.1.3 (2), the discretization choice of hmax = 0.06

in space and ∆t = 0.004 in time results in a truncation error of size O(h2
max + ∆t) =

7.6 ⋅ 10−3. The choice of hmax = 0.06 leads to N = 498 finite elements and ∆t = 0.004

leads to n = 250 time steps. Hence, the size of the equation system (5.1.2), which needs

to be solved in each SQP iteration, is (2(n+1)N)2 = (2 ⋅251 ⋅498)2 ≈ 6.25 ⋅1010. In order

to improve the accuracy of the numerical results it is possible to use a finer grid. On

the other hand, using a finer grid means solving a larger equation system (in each SQP

level), which leads to longer computing times. Therefore, we are content with fixing

the parameters hmax = 0.06 and ∆t = 0.004 since this discretization quality provides

satisfying results in appropriate calculation times. It would also be possible to switch on

the “jiggle” option in initmesh in order to adjust the node positions and increase the

quality of the mesh. For the sake of clarity, we abstain from this option since it delivers

only tiny improvements.

Implementation of the terms which originate from the nonlinearity. Table 5.3

shows a direct comparison between the three variants ’N1’, ’N2’ and ’N3’ to assemble

the terms, which originate from the nonlinearity N (cf. Section 5.2 (7)), in terms of

accuracy and efficiency. The indicated residua and values of the cost functional refer to

the results after termination of the SQP algorithm (i.e. after iteration number 5). The

column “average CPU time” indicates an average value of the times needed to assemble
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variant ∥ ∇L(y, p, u) ∥L2(Q)3 J(y, u) average CPU time total CPU time

’N1’ 2.63 ⋅ 10−11 0.851552 3.42 sec 17.11 sec

’N2’ 6.95 ⋅ 10−15 0.851419 0.27 sec 1.37 sec

’N3’ 8.30 ⋅ 10−11 0.852073 0.12 sec 0.59 sec

Table 5.3: Comparison between the different methods to assemble the terms which ori-

ginate from the nonlinearity N (t, x, y) = y3

all terms which originate from the nonlinearity per SQP level, whereas the column “to-

tal CPU time” states the sum of all assembling times of the nonlinear parts for all SQP

steps together.

As we can see from Table 5.3, variant ’N1’, which utilizes the PDE Toolbox to assem-

ble the nonlinear terms, takes an unacceptably long time compared to the alternatives

’N2’ and ’N3’: the approximative approach ’N2’ is about 12 times faster than ’N1’ and

approach ’N3’ is even 29 times faster than ’N1’. Since the results of both approaches

’N2’ and ’N3’ are satisfying, we do not follow variant ’N1’ anymore and stick to the

approximative alternatives.

(c) Analysis of the SQP algorithm.

Iterative solvers for the equation systems. Four different iterative methods for

solving the equation system (5.1.2) are compared in Table 5.4. Recall that we con-

trol the level of accuracy by the forcing sequence {ηk}k and use an incomplete LU-

factorization for preconditioning (cf. Section 5.2). For qmr,cgs and bicgstab we choose

the maximal number of iterations maxit = 50 and for gmres we set restart = 50 and

maxit = 10. Column two in Table 5.4 contains chronologically the numbers of inner itera-

tions, which the iterative method needs to find an approximative solution with relative

residuum smaller than ηk. Column three lists the associated durations needed to calcu-

late the solution of the equation system per SQP level and column four tabulates the

sum of all solving times for all SQP steps together. Column five contains the residua

after termination. All four iterative methods have the following properties in common:

each method needs 5 SQP steps to terminate, the cost functional after termination is

J(y, u) = 0.851419 and the longest computation times for solving the SQP subproblem

are at the last SQP steps, because there the demanded accuracy ηk gets very small.

Table 5.4 shows clear differences in the calculation times: Method cgs turns out to be

the fastest solver, 3 times faster than qmr which is the slowest one.

Preconditioning. Using an effective preconditioner together with an iterative method

is fundamental. If we leave out the preconditioner, from the first SQP iteration level on

gmres stops at outer iteration 10 (inner iteration 50) without converging to the desired

tolerance ηk, because the maximal number of iterations is reached. Hence, the SQP al-

gorithm stops, because the maximal number of iterations is reached and not because the
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method inner iterations CPU times (sec) total (sec) ∥ ∇L(y, u;p) ∥L2(Q)3

gmres 12, 7, 8, 14, 18 1.3, 1.0, 0.7, 1.5, 2.4 6.9 6.95 ⋅ 10−15

qmr 15, 9, 10, 17, 22 1.4, 1.6, 1.9, 2.7, 3.3 10.9 1.74 ⋅ 10−15

bicgstab 8, 5.5, 5.5, 10, 11.5 0.5, 0.7, 0.5, 1.1, 1.2 4.0 9.34 ⋅ 10−16

cgs 10, 6, 7, 10, 13 0.5, 0.6, 0.6, 1.0, 1.1 3.8 1.43 ⋅ 10−15

Table 5.4: Comparison of four iterative solvers

residuum Res(k) =∥ ∇L(y, u;p) ∥L2(Q)3 drops below the tolerance tolSQP. The other

iterative methods qmr,bicgstab and cgs show the same behavior. Therefore, the use

of the LU -preconditioner is indispensable.

Stopping criteria. We present two alternative stopping criteria to criterium ’C1’,

which has been used so far. The first alternative is ’C2’, which means that we stop the

SQP algorithm as soon as the condition Res(k) < εa + εr ∥ ∇L(y0, u0;p0) ∥L2(Q)3 with

tolerances εa = 10−10 and εr = 10−08 is fulfilled or the maximal number of SQP itera-

tions is reached. The second alternative is denoted by ’C3’ and demands the maximum

max{∥ Ly(y, u;p) ∥L2(Q),∥ e(y, u) ∥L2(Q)} to be smaller than the tolerance 10−10. Both

alternatives ’C2’ and ’C3’ lead to the same results as criterium ’C1’: the SQP algorithm

terminates after 5 iterations with residuum Res(5) = 6.95 ⋅ 10−15 and the value of the

cost functional is J(y, u) = 0.851419. We have also tested to use a lower tolerance for

tolSQP. The results are stated in Table 5.5. Column two indicates the number of needed

SQP iterations and the listed residua and values of cost functional in columns three and

four refer to the values after termination. We use the iterative method gmres.

tolSQP # SQP it. Res(k) J(y, u)
10−08 4 1.04 ⋅ 10−09 0.851417

10−07 4 1.04 ⋅ 10−09 0.851417

10−06 3 7.08 ⋅ 10−07 0.849407

Table 5.5: Comparison of different tolerances tolSQP, criterium ’C1’

Iteration history of the SQP method. Coming back to the performance of the SQP

method summarized in Table 5.2, we like to get a better feeling for the SQP iteration

process. Figure 5.8 visualizes the decrease of the residuum Res(k) for the semilinear op-

timal control problem on a semilogarithmic scale. We can identify fast reduction of the

residuum Res(k) from the order of 10−05 down to the order of 10−15 within 5 iteration

steps.
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Figure 5.8: Decrease of Res(k) on a semilogarithmic scale

Convergence behavior of the SQP method. The theoretical analysis of the con-

vergence behavior of the SQP method is discussed in Section 3.3. Now we deliver the

numerical verification. For the numerical test runs we use the Implementation Choices

for Test Example 1 again stated in the beginning. Since the exact solution of the optimal

control problem (P) is unknown, we use the numerical optimal state and optimal control

as reference, which are indicated in Table 5.6 and Figure 5.9 as y5 and u5 (recall that 5

SQP steps are necessary to find the locally optimal solution). Table 5.6 permits draw-

ing the conclusion that the local SQP method performs a local quadratic convergence

behavior. This is expected since we chose the forcing sequence {ηk}k just to achieve a

local quadratic convergence rate by setting q = 2 (compare Remark 3.3.2).

Figure 5.9 visualizes the progress of the SQP iteration in order to achieve a numerical

optimal solution. The decrease takes a quadratic shape.

k ηk ∥ yk − y5 ∥L2(Q) ∥ uk − u5 ∥L2(Γ)
∥ (yk, uk) − (y5, u5) ∥

∥ (yk−1, uk−1) − (y5, u5) ∥2

0 1.00 ⋅ 10−02 2.43 ⋅ 10+00 7.29 ⋅ 10+00 –

1 1.00 ⋅ 10−02 5.56 ⋅ 10−01 4.45 ⋅ 10+00 5.30 ⋅ 10−02

2 1.00 ⋅ 10−02 6.25 ⋅ 10−02 1.56 ⋅ 10+00 6.46 ⋅ 10−02

3 3.21 ⋅ 10−04 2.44 ⋅ 10−03 3.99 ⋅ 10−02 1.61 ⋅ 10−02

4 1.93 ⋅ 10−06 3.98 ⋅ 10−06 4.99 ⋅ 10−05 3.00 ⋅ 10−02

Table 5.6: Convergence behavior of the SQP method

Initialization. Recall that the initial guess (y0, u0, p0) needs to be sufficiently close to

the exact optimal solution (ȳ, ū, p̄) in order to find a numerical locally optimal solution

(cf. Section 2 and 3). As we do not know the exact optimal solution, we chose the initial

triple (y0, u0, p0) = (0,0,0). Note that (0,0,0) is feasible with respect to the control

variable since Uad = L2(Σ). This is a good initialization for the SQP method, because

in this case the first SQP iteration coincides with the linear optimal control problem
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Figure 5.9: Progress of the SQP method on a semilogarithmic scale concerning the state

(left) and the control (right)

with N (t, x, y) ≡ 0. Therefore, the next SQP iteration level starts with the (inexact)

numerical solution of the linear problem.

Another possible initialization could be, for instance, to choose a specific control func-

tion (e.g. u0 = 0) and determine y0 = y(u0) and p0 = p(u0) with Newton’s method.

Obviously, this initialization requires the effort of solving the state equation and the

adjoint equation, which is costly.

It is possible that the SQP iteration diverges for a different initial guess. To ensure

global convergence we apply Algorithm 4 (Globalized SQP method for optimal control

problems) from Section 3.4 in part (d).

Computational expenses. To finish part (c) we like to give a summary of all CPU

times for the individual components of our implementation.

CPU time (sec)

Discretization 0.45

Offline matrix 0.53

SQP solver 9.65

● ilu 0.12

● online matrix 1.37

● gmres 6.90

Total 10.63

Table 5.7: CPU time measured in seconds for each component of the implementation of

the SQP solver

(d) Globalized SQP algorithm. So far, we have used a local SQP algorithm and

have been lucky that the chosen initial guess has obviously been close enough to the

optimal solution. But the convergence of the above explained test run might fail for a
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different initial value or a different problem setting (for example, other choices for yd
or f). In order to ensure global convergence we apply Algorithm 4 (Globalized SQP

method for optimal control problems) from Section 3.4. The Problem Data as well as

the Implementation Choices for Test Example 1 stay the same. The parameters for the

globalization strategy are as follows:

● penalty parameter µ as stated in (3.4.3) with % = 0.8

● α = 0.01 and β = 0.5 for the Armijo rule.

The first ingredient of the globalization strategy discussed in Section 3.4 is to en-

sure the coercivity of the second order term Lωω(ωk, pk) on the kernel of e′(ωk). If

Lωω(ωk, pk)[ωkδ , ω
k
δ ] becomes negative, we “switch off” all parts which originate from

the nonlinearity N (t, x, y) = y3 and determine a new search direction to this modified

SQP subproblem. Table 5.8 shows the numerical results. The coercivity is never violated.

k 0 1 2 3 4

Lωω(ωk, pk)[ωkδ , ω
k
δ ]

∥ ωkδ ∥
2
X

1.82 ⋅ 10−01 5.35 ⋅ 10−02 1.37 ⋅ 10−02 1.27 ⋅ 10−02 1.68 ⋅ 10−02

Table 5.8: Evaluation of the second order derivative of the Lagrange functional at the

current SQP iterate in search direction

The second ingredient of the globalization strategy of Section 3.4 is an Armijo backtrack-

ing line search for the l1-merit function. The step length for each SQP iteration level

equals tk = 1, so each update (ωk+1, pk+1) is a Newton update and fast local convergence

is ensured. Hence, solving the optimal control problem (P) with Algorithm 4 delivers the

exact same SQP iteration process and ensures global convergence of the SQP method as

the local SQP method. The computation time for the globalization is 0.54 seconds per

SQP iteration level, so for this case with 5 SQP iterations, the globalized SQP algorithm

needs 2.69 seconds longer than the local SQP algorithm.

Now we like to test the limits of our SQP algorithm. Therefore, we choose very bad

initial points for (yk, uk, pk) in the sense that they are far away from the locally optimal

solution. We pick yk ≡ −20, pk ≡ 20, uk ≡ 0. This really challenges our SQP algorithm. If

we look back to the matrix “PQS” of Section 5.1, which is part of the discretized version

of the second order derivative of the Lagrange functional, “PQS” might not be positive

definite depending on the values for the iterates yk and pk. As we can see in Table

5.9, this is the case for this particular choice of initial guess. In the first SQP iteration

level, we must “switch off” the nonlinear parts and solve the linear problem instead.

Furthermore we can observe that the line search is active in the first few iterates, before

the step length becomes 1 at later iterates in order to provide fast convergence rate.
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k ∥ ∇L(y, p, u) ∥L2(Q)3
Lωω(ωk, pk)[ωkδ , ω

k
δ ]

∥ ωkδ ∥
2
X

tk

0 3.69 ⋅ 10−01 −8.19 ⋅ 10−02

solve linear problem 0.5

1 1.06 ⋅ 10−01 4.85 ⋅ 10−02 0.5

2 5.81 ⋅ 10−01 9.52 ⋅ 10−02 1

3 1.58 ⋅ 10−02 3.12 ⋅ 10−02 1

4 4.66 ⋅ 10−03 2.76 ⋅ 10−02 1

5 1.63 ⋅ 10−03 2.40 ⋅ 10−02 1

6 6.77 ⋅ 10−04 2.12 ⋅ 10−02 1

7 2.73 ⋅ 10−04 1.86 ⋅ 10−02 1

8 8.18 ⋅ 10−05 1.97 ⋅ 10−02 1

9 1.89 ⋅ 10−05 1.64 ⋅ 10−02 1

10 1.17 ⋅ 10−06 1.69 ⋅ 10−02 1

11 6.41 ⋅ 10−09 1.58 ⋅ 10−02 1

12 2.02 ⋅ 10−13 – –

Table 5.9: Performance of the globalized SQP method for the starting point (yk, uk, pk) =
(−20,0,20) using gmres

The local SQP algorithm does not converge within 15 SQP iterations, which shows the

necessity of globalization.

(e) Segmented boundary. As we have already announced in the theortical part of this

thesis, we are interested in the case in which the boundary Γ of the domain Ω is divided

into k disjoint segments and the control function has the form u(t, x) = ∑k
k=1 uk(t)χk(x),

cf. Remarks 1.2.4, 2.1.1, 2.3.6 and 3.2.1. With the Problem Data and Implementation

Choices for Test Example 1 we test two approaches to implement the segmentation:

an equidistant division ’B2’ and a non-equidistant one ’B3’. For all feasible choices of

k, the SQP algorithm stopped after 5 iterations. The corresponding values of the cost

functional after termination for selected numbers of k are tabulated in Table 5.10. We

notice that the larger the number k is, the closer is the value of the cost functional to

the value J(y, u) = 0.851419 for the non-segmented boundary. For a large number of

boundary segments, e.g. k = 40, the evolution of the control function over time (see

Figure 5.10) can be well compared to Figure 5.7. Moreover, Figure 5.11 demonstrates

clearly the different control intensities on the corresponding boundary parts at end time

t = T for k = 4 and k = 40 boundary parts using the equidistant segmentation ’B2’ and

can be viewed parallel to Figure 5.5 (right).

Since the case k = 4 is not only quite simple, but has also motivation from practical

engineering and turns out to be illustrative for the investigation for the POD technique,

we deliver the results for k = 4 and ’B2’ in detail. Figure 5.12 visualizes the FE optimal

state and FE optimal adjoint state at end time. Table 5.11 summarizes the SQP iteration

performance. The CPU time for the optimization is 9.39 seconds.
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k J(y, u) for ’B2’ J(y, u) for ’B3’

4 0.902248 0.902248

20 0.853193 0.853250

40 0.851856 0.851948

60 0.851613 0.851659

Table 5.10: Cost functional for two different segmentation approaches ’B2’ and ’B3’ for

selected numbers k of boundary segments
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Figure 5.10: Control evolution over time for k = 40 boundary segments and equidistant

partition ’B2’
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Figure 5.11: FE optimal control at end time t = T in the case k = 4 and ’B2’ (left) and

k = 40 and ’B2’ (right)

72



5.3 Numerical results

0

0.5

1

0

0.5

1
2

3

4

5

6

x
1
−axisx

2
−axis 0

0.5

1

0

0.5

1
−0.2

−0.1

0

0.1

0.2

x
1
−axisx

2
−axis

Figure 5.12: FE optimal state (left) and FE optimal adjoint state (right) at end time

t = T for k = 4, ’B2’

k ∥ Ly(y, u;p) ∥L2(Q) ∥ e(y, u) ∥L2(Q) ∥ ∇L(y, u;p) ∥L2(Q)3

0 1.53 ⋅ 10−05 1.20 ⋅ 10−05 2.73 ⋅ 10−05

1 8.40 ⋅ 10−06 2.44 ⋅ 10−04 2.52 ⋅ 10−04

2 2.17 ⋅ 10−06 3.23 ⋅ 10−05 3.44 ⋅ 10−05

3 1.10 ⋅ 10−07 6.60 ⋅ 10−07 7.70 ⋅ 10−07

4 9.36 ⋅ 10−11 9.50 ⋅ 10−10 1.04 ⋅ 10−09

5 3.61 ⋅ 10−16 2.16 ⋅ 10−15 2.52 ⋅ 10−15

Table 5.11: Performance of the SQP algorithm for k = 4 and ’B2’

▸ Test Example 2

In Test Example 2 we choose the same Problem Data and Implementation Choices of

Test Example 1 with the only difference that this time we set up box restrictions for the

control variable. To be more precise, we choose the admissible set of controls:

Uad = {u ∈ L2(Σ) ∣ ua(t, x) ≤ u(t, x) ≤ ub(t, x) f.a.a. (t, x) ∈ Σ}

with lower bound ua(t, x) ≡ 0 and upper bound ub(t, x) ≡ 5. This situation is numeri-

cally handled by means of the primal-dual active set strategy (PDASS). Hence, we

apply Algorithm 3. We use the stopping criterium ’C1’ and add the following aspect:

since we expect that the desired accuracy of tolSQP = 10−10 might not be attainable

because of the restrictions on the control variable, we consider the reduction rate of

the residuum Res(k) = ∇L(ωk;pk) and stop the SQP process as soon as the value

red = abs (1− ∥ ∇L(ωk;pk) ∥ / ∥ L(ωk−1;pk−1) ∥) drops below 10−04. For the PDASS al-

gorithm we set the maximal number of PDASS iterations maxPDASS = 30.

Figure 5.13 shows the FE optimal state and FE optimal adjoint state at end time t = T .

When comparing Figure 5.13 with the optimal state in Figure 5.3 (right) and adjoint
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5 Discretization and numerical experiments

state in Figure 5.4 (right), one can clearly notice differences in the apprearance. Because

of the restrictions on the control variable, the desired state yd can not be approximated

as well as it is done without the restrictions. The numerical verification is given in Table

5.12.
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Figure 5.13: FE optimal state (left) and FE optimal adjoint state at end time t = T

(right) for the semilinear problem with box restrictions on the control

box constraints ∥ y(T ) − yd ∥2
L2(Ω)

no 1.0343

yes 1.4353

Table 5.12: Deviation of the optimal state at end time t = T from the desired end state

yd with and without box restrictions on the control

Figure 5.14 illustrates the evolution of the control function over time for the four edges

of the unit square and Figure 5.15 shows the FE optimal control at end time t = T . In

both Figures, we can clearly identify non-empty upper and lower active sets.

The numerical results are presented in Table 5.13. We denote by Aa(%) the relative

amount of active points, i.e. Aa(%) = 100% ⋅(#Aa)/(#Σ); for Ab(%) analog. Column 6

contains the CPU time needed for all PDASS iteration together per SQP iteration level.

The value of the cost functional after termination is J(y, u) = 0.936730 and the CPU

time for the SQP-PDASS program is 80.8 seconds.

k ∥ ∇L(yk, uk;pk) ∥L2(Q)3 PDASS steps Aa(%) Ab(%) CPU time

0 2.73 ⋅ 10−05 30 44.16 8.78 53.1 sec

1 2.80 ⋅ 10−04 7 0.76 18.78 9.2 sec

2 1.03 ⋅ 10−04 5 0.62 21.98 5.9 sec

3 9.92 ⋅ 10−05 4 0.63 22.03 4.7 sec

4 9.90 ⋅ 10−05 4 0.63 22.03 5.8 sec

5 9.90 ⋅ 10−05 - - - -

Table 5.13: Performance of the SQP method with PDASS
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Figure 5.14: Control evolution over time for the four boundary edges
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Figure 5.15: Optimal control at end time t = T

▸ Test Example 3

In this Test Example 3, we utilize a POD based model reduction. For the POD based

inexact SQP algorithm, we use the same Problem Data and Implementation Choices of

Test Example 1 with the only difference, that we divide the boundary into k = 4 equidis-

tant segments (’B2’).

Let us investigate our numerical results in a systematic procedure: we explore some

central questions (marked by circled letters Q ), which guide us step by step through

the main aspects.
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Q1 Question 1: How do the different ways of POD basis computation differ

in practical applications?

Recalling Remark 4.4.2, there are three possible ways to determine the POD basis func-

tions. Let Z be the snapshot matrix and Z̄ =W 1/2ZD1/2.

(i) Solve the symmteric N ×N eigenvalue problems Z̄Z̄T ψ̄i = λh,ni ψ̄i, 1 ≤ i ≤ `

and set ψh,ni =W −1/2ψ̄i.

(ii) Method of snapshots: Solve the symmetric (n+1)×(n+1) eigenvalue problems

Z̄T Z̄φ̄i = λh,ni φ̄i, 1 ≤ i ≤ ` and set ψh,ni = 1√
λh,ni

ZD1/2φ̄i.

(iii) Compute the singular value decomposition (SVD) for Z̄, i.e. Z̄ = Ψ̄ΣΦ̄T with

orthogonal matrices Ψ̄ = [ψ̄1, ..., ψ̄N ] ∈ RN×N , Φ̄ = [φ̄1, ..., φ̄n+1] ∈ R(n+1)×(n+1)

and the matrix Σ =diag(σ1, ..., σdh,n ,0, ...,0) ∈ RN×(n+1) and set ψh,ni =W −1/2ψ̄i
and λh,ni = σ2

i for 1 ≤ i ≤ `.

Since we choose N >> n in our numerical experiments, we solve the smaller eigenvalue

problems in (ii) instead of those in (i). Method (i) is interesting for long-time studies.

Theoretically, both variants (ii) and (iii), which we will from now on refer to as ’eigs’

and ’svd’ respectively, should yield the same results. But in practice, differences can be

made out.

For the following numerical tests we consider the space X = H, i.e. the weighting ma-

trix for the inner product ⟨⋅, ⋅⟩W is W =M , we use Gram-Schmidt orthogonalization in

order to orthogonalize the POD basis after computation, pick u
(1)
sg = 0 for the snapshot

generation and take Z(2) = [Y ∣ P ] as the snapshot matrix. Other possible choices will

be compared later.

Eigenvalues and squared singular values. In Figure 5.16 the resulting normalized

eigenspectrum of the correlation matrix C ∶= Z̄T Z̄ as well as the normalized squared

singular values are shown. By a “normalized” eigenvalue and squared singular value we

mean λi/trace(C) and σ2
i /trace(C) respectively.

We can recognize that about the first 27 eigenvalues determined by ’eigs’ coincide with

the squared singular values determined by ’svd’. The visualized eigenvalue decompo-

sition shows that the steepest descent occurs in the first few numbers. Columns two

and three of Table 5.14 contain the eigenvalues and squared singular values for selected

indices. Note carefully the drop from λ1 = σ2
1 = 4.43 ⋅ 10+00 to λ2 = σ2

2 = 3.81 ⋅ 10−03.

From ` = 28 on, the methods deliver different results: the eigenvalues (’eigs’) stagnate

nearby the order of machine precision (2.2204 ⋅ 10−16), whereas the squared singular val-

ues (’svd’) keep decreasing. Another interesting aspect we can identify from column 2 of

Table 5.14 is the instability of method ’eigs’, which happens for large numbers of `: the

eigenvalues start to oszillate. This is a numerical issue. Since the correlation matrix C

is symmetric and positive semidefinite, it only possesses non-negative real eigenvalues.

But due to rounding errors of values close to the order of machine precision, negative
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Figure 5.16: Normalized eigenvalues determined by ’eigs’ and normalized squared sin-

gular values determined by ’svd’ on a semilogarithmic scale, X =H

or complex eigenvalues can be determined erroneously. We deal with this problem by

taking the absolute real value abs(real(λi)) of the determined eigenvalue. In contrast,

’svd’ performs robustly. Since we are interested in an efficient reduction of computa-

tional expenses, we pick a small number ` of POD basis functions. Therefore, the gain

in accuracy by method ’svd’ is not decisive. The comparison of the computational times

for the POD basis generation is a more determining factor: while only the ` largest

eigenvalues and corresponding eigenvectors are determined by ’eigs’, the method ’svd’

determines the whole singular value spectrum. Moreover, ’svd’ needs the (costly) com-

putation of W 1/2 done by sqrtm. Hence, ’eigs’ is a more efficient method. For ` = 5

method ’eigs’ takes 0.17 sec for POD basis generation whereas ’svd’ takes 0.20 sec. For

a higher discretization fineness, larger differences in computational times can be made

out (e.g. hmax = 0.04, dt = 0.0025 leads to 0.33 sec for ’eigs’ and 1.64 sec for ’svd’).

Hence, method ’eigs’ is less expensive than ’svd’, which is an influencial argument to

opt for ’eigs’.

W =M W =M +A
i λi σ2

i λi σ2
i

1 4.43 ⋅ 10+00 4.43 ⋅ 10+00 4.57 ⋅ 10+00 4.57 ⋅ 10+00

2 3.81 ⋅ 10−03 3.81 ⋅ 10−03 1.64 ⋅ 10−01 1.64 ⋅ 10−01

5 2.62 ⋅ 10−05 2.62 ⋅ 10−05 1.16 ⋅ 10−03 1.16 ⋅ 10−03

10 1.75 ⋅ 10−08 1.75 ⋅ 10−08 8.96 ⋅ 10−06 8.96 ⋅ 10−06

28 1.34 ⋅ 10−15 1.18 ⋅ 10−15 7.72 ⋅ 10−13 7.72 ⋅ 10−13

30 7.29 ⋅ 10−16 2.71 ⋅ 10−16 2.71 ⋅ 10−13 2.71 ⋅ 10−13

38 1.65 ⋅ 10−16 3.85 ⋅ 10−19 1.34 ⋅ 10−15 5.89 ⋅ 10−16

50 1.63 ⋅ 10−15 4.03 ⋅ 10−23 2.02 ⋅ 10−15 3.70 ⋅ 10−20

Table 5.14: Eigenvalues and squared singular values, u
(1)
sg = 0, Z(2) = [Y ∣ P ]
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W -Orthonormality. Recalling the minimization problem (4.4.1), we look for a POD

basis which fulfills

⟨ψh,ni , ψh,nj ⟩W = δij for 1 ≤ i, j ≤ `

i.e. the POD basis vectors ψh,ni , 1 ≤ i ≤ `, are piecewise orthonormal with regard to the

inner product ⟨⋅, ⋅⟩W . In numerical practice this condition might not be satisfied exactly.

Define Ψ ∶= [ψh,n1 , ..., ψh,n` ] ∈ RN×` and let I` be the ` × ` identity matrix. We estimate

the orthogonality

ΨT ⋅W ⋅Ψ != I`

by the 2-norm of the matrix ΨT ⋅W ⋅Ψ−I` with use of the Matlab routine normest. Recall

that we use W = M as the weighting matrix; the choice W = M +A is discussed later.

In Table 5.15 columns two and four, the results for both methods ’eigs’ and ’svd’ are

presented. Again, method ’svd’ turns out to be more accurate. The W -orthonormality

error stays at order 10−15 when increasing the number of POD rank `. On the contrary,

the W -orthonormality error when using ’eigs’ increases strongly up to an unaccaptably

high order, especially from ` = 28 on, where the stagnation of eigenvalues starts. That is

why we make use of the Gram-Schmidt (GS) orthonormalization strategy with respect

to the weighted inner product ⟨⋅, ⋅⟩W in order to orthonormalize the determined POD

basis. The results for the W−orthonormality with the application of Gram-Schmidt are

listed in columns three and five of Table 5.15. Major improvements are achieved, such

that the method eigs with GS is of comparable precision to svd. Since the computation

time for the Gram-Schmidt orthogonalization is low (e.g. for ` = 30 it takes only 0.02

sec), we recommend using it.

W =M W =M +A
` eigs eigs with GS svd svd with GS eigs with GS

1 9.99 ⋅ 10−16 2.22 ⋅ 10−16 1.33 ⋅ 10−15 2.22 ⋅ 10−16 1.27 ⋅ 10−14

2 9.10 ⋅ 10−15 5.66 ⋅ 10−16 1.44 ⋅ 10−15 9.02 ⋅ 10−16 1.37 ⋅ 10−14

5 6.46 ⋅ 10−12 9.09 ⋅ 10−16 1.95 ⋅ 10−15 8.95 ⋅ 10−16 7.73 ⋅ 10−15

10 9.95 ⋅ 10−10 7.22 ⋅ 10−16 2.28 ⋅ 10−15 7.00 ⋅ 10−16 5.42 ⋅ 10−15

20 3.93 ⋅ 10−06 1.05 ⋅ 10−15 3.80 ⋅ 10−15 9.14 ⋅ 10−16 1.07 ⋅ 10−14

28 9.95 ⋅ 10−01 7.10 ⋅ 10−16 4.22 ⋅ 10−15 9.19 ⋅ 10−16 7.75 ⋅ 10−15

50 1.00 ⋅ 10+00 1.50 ⋅ 10−07 5.36 ⋅ 10−15 9.68 ⋅ 10−16 4.55 ⋅ 10−09

Table 5.15: W -orthonormality measured by normest(ΨT ⋅W ⋅Ψ−I`) for different methods,

u
(1)
sg = 0, Z(2) = [Y ∣ P ]

Different choices for the weighting matrix W . So far we have concentrated on

the choice W = M for the weighting matrix, which originates from the choice X = H
(cf. Section 4.2). Now we like to investigate the influence of the choice W = M + A
on the results meaning we work in the space X = V . Figure 5.17 illustrates the decay

of the normalized eigenvalues determined by ’eigs’ and normalized squared singular
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values determined by ’svd’ on a semilogarithmic scale when using W = M + A. For a

better comparison, the corresponding values for the choice W =M (cf. Figure 5.15) are

indicated in gray color. We are able to see a similar decay behavior with the differences

that the eigenvalues are larger when using W = M + A. The decay rate especially for

the first few indices is not as steep and the “kink” happens at a larger index at about

` = 38 (instead of ` = 28 with W =M). The eigenvalues and squared singular values are

listed in Table 5.14 colums four and five. It is particularly interesting to note that the

drop from λ1 to λ2 is only of factor 28 with W =M +A, whereas for W =M the factor

is 1.2 ⋅ 103. The W -orthonormality for W = M + A is of comparable quality as for the

case W =M so that we restrict ourselves in simply providing the results for ’eigs’ with

GS in Table 5.15 column 6.
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Figure 5.17: Normalized eigenvalues determined by ’eigs’ and normalized squared sin-

gular values determined by ’svd’ on a semilogarithmic scale, X = V

Approximation quality. For a better comparison of method ’eigs’ with ’svd’ we look

at the approximation errors. Table 5.16 summarizes the relative errors between the FE

solution for the control and state variable and the POD suboptimal control and state for

different methods, weighting matrices and number ` of used POD basis functions. We

can observe that method ’eigs’ with GS delivers the exact same results as ’svd’ with GS

for ` < 28 and differs slightly for larger numbers of `. This observation goes along with

the “kink” in the eigenvalue spectrum, which has been investigated above. Moreover, the

use of the other option for the weighting matrix (i.e. W =M +A) leads to relative errors

of comparable quality. On the whole, the errors are unacceptably high: the relative

errors in the control variable as well as in the state variable can not be further reduced

than to the order of 10−02, even if we increase the POD rank `. This is due to the poor

choice of the control u
(1)
sg = 0 for generation of the POD basis. We recognize the necessity

of the discussion of better choices for the control usg in order to improve the quality of

the POD basis and thereby decrease the errors between the FE optimal solution and the

POD suboptimal solution. This aspect is investigated in the following Question 2.
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W =M W =M +A
eigs with GS svd with GS eigs with GS

` εurel(`) εyrel(`) εurel(`) εyrel(`) εurel(`) εyrel(`)
1 4.20 ⋅ 10−01 1.00 ⋅ 10−01 4.20 ⋅ 10−01 1.00 ⋅ 10−01 4.20 ⋅ 10−01 1.00 ⋅ 10−01

2 4.18 ⋅ 10−01 6.67 ⋅ 10−02 4.18 ⋅ 10−01 6.67 ⋅ 10−02 4.15 ⋅ 10−01 6.81 ⋅ 10−02

5 1.42 ⋅ 10−01 4.92 ⋅ 10−02 1.42 ⋅ 10−01 4.92 ⋅ 10−02 1.41 ⋅ 10−01 4.94 ⋅ 10−02

10 1.43 ⋅ 10−01 4.62 ⋅ 10−02 1.43 ⋅ 10−01 4.62 ⋅ 10−02 1.45 ⋅ 10−01 4.84 ⋅ 10−02

20 7.02 ⋅ 10−02 2.37 ⋅ 10−02 7.02 ⋅ 10−02 2.37 ⋅ 10−02 6.99 ⋅ 10−02 2.37 ⋅ 10−02

28 6.51 ⋅ 10−02 2.19 ⋅ 10−02 6.44 ⋅ 10−02 2.17 ⋅ 10−02 6.54 ⋅ 10−02 2.20 ⋅ 10−02

50 4.47 ⋅ 10−02 1.64 ⋅ 10−02 4.42 ⋅ 10−02 1.65 ⋅ 10−02 4.60 ⋅ 10−02 1.71 ⋅ 10−02

Table 5.16: Approximation quality for different methods, u
(1)
sg = 0, Z(2) = [Y ∣ P ]

Q2 Question 2: How does the choice for the control usg affect the approxi-

mation quality of the POD suboptimal solution?

For the following test runs, we pick the snapshot ensemble Z(2) = [Y ∣ P ] containing

information from both the state and the adjoint state, we use eigs with GS for POD

basis computation and work in the space X =H.

In Remark 4.4.4(ii), we have already indicated that we want to discuss different choices

for the control usg. Let us clarify the importance of a good choice for usg: from the

control usg we create the snapshot ensemble by determining the associated state y(usg)
(and associated adjoint state p(usg)) at all node points at all times. From this snapshot

ensemble the POD basis functions are built. Since the choice of the control usg has a

direct influence on the dynamics of the state equation (and thus also on the adjoint

equation), we aim to choose it in such a manner, so that the resulting snapshots reflect

the dynamics of the state equation (and possibly of the adjoint equation) as well as

possible. We have seen in Table 5.16 that the choice of u
(1)
sg = 0 leads to poor results.

As we do not know the exact analytical solution for the optimal control, the best choice

for the control usg in this sense is the numerical optimal FE solution ūFE. This choice

leads to a snapshot ensemble consisting of the FE optimal state and FE optimal adjoint

state. The drawback of this choice is that we need to solve the full FE system once.

That is why we try to look for alternatives. To be concrete, we consider four options for

the control usg in the numerical experiments:

● u
(1)
sg (t) = 0 f.a.a. [0, T ] no control

● u
(2)
sg (t) = ulr(t) f.a.a. [0, T ] with ulr denoting a specific admissible control

function which is specified below

● u
(3)
sg (t) = ūLSE(t) f.a.a. [0, T ] with ūLSE denoting the numerical optimal solu-

tion of the linear optimal control problem, i.e.

N (t, x, y) ≡ 0

80



5.3 Numerical results

● u
(4)
sg (t) = ūFE(t) f.a.a. [0, T ] with ūFE denoting the numerical optimal solu-

tion of the semilinear optimal control problem

The above mentioned control function ulr is an approximation of the FE optimal control

ūFE in the way that ulr
i is the linear regression line with regard to the corresponding

norm in the control space for ūFE
i for i = 1, ...,4. So, ulr is the best linear approximation

for ūFE. We calculated the “linear regression control” ulr from the FE optimal control

ūFE by solving the corresponding weighted least-squares problem. The resulting control

ulr is given by:

ulr(t) =

⎛
⎜⎜⎜⎜
⎝

5.94 ⋅ t + 0.85

9.86 ⋅ t + 0.21

2.30 ⋅ t + 1.32

1.48 ⋅ t + 1.04

⎞
⎟⎟⎟⎟
⎠

The control intensities u
(2)
sg , u

(3)
sg and u

(4)
sg are visualized in Figure 5.18. The approxi-

mative control u
(2)
sg is – due to linearity – not able to capture the special shape of the

optimal control ūFE towards the end of the time interval. Notice carefully that the range

of ūLSE differs significantly from the range of ūFE.
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Let us now have a look at the numerical results and start with a direct comparison be-

tween the worst control u
(1)
sg and the best control u

(4)
sg . Table 5.17 lists the absolute and

relative errors in the control variable as well as the relative errors in the state variable

for selected POD ranks `. Obviously, the improvement when using u
(4)
sg = ūFE instead of

u
(1)
sg is enormous – as expected. In fact, it needs ` = 10 POD basis functions to reduce

the relative error in u below the order of 10−02 and even only ` = 4 POD basis functions

to reduce the relative error in y below the order of 10−02. If we increase the number of

POD basis functions, the relative errors in control and state drop down to the order of

10−09 and 10−10 respectively and do not stagnate.

u
(1)
sg = 0 u

(4)
sg = ūFE

` εuabs(`) εurel(`) εyrel(`) εuabs(`) εurel(`) εyrel(`)
1 3.33 ⋅ 10+00 4.20 ⋅ 10−01 1.00 ⋅ 10−01 2.95 ⋅ 10+00 3.73 ⋅ 10−01 5.99 ⋅ 10−02

2 3.31 ⋅ 10+00 4.18 ⋅ 10−01 6.67 ⋅ 10−02 2.94 ⋅ 10+00 3.71 ⋅ 10−01 6.00 ⋅ 10−02

4 1.21 ⋅ 10+00 1.52 ⋅ 10−01 5.38 ⋅ 10−02 6.06 ⋅ 10−01 7.65 ⋅ 10−02 6.46 ⋅ 10−03

10 1.13 ⋅ 10+00 1.43 ⋅ 10−01 4.62 ⋅ 10−02 3.92 ⋅ 10−02 4.95 ⋅ 10−03 3.09 ⋅ 10−04

20 5.57 ⋅ 10−01 7.02 ⋅ 10−02 2.37 ⋅ 10−02 6.63 ⋅ 10−04 8.37 ⋅ 10−05 4.63 ⋅ 10−06

28 5.13 ⋅ 10−01 6.51 ⋅ 10−02 2.19 ⋅ 10−02 6.02 ⋅ 10−05 1.54 ⋅ 10−06 1.63 ⋅ 10−07

50 3.59 ⋅ 10−01 4.47 ⋅ 10−02 1.64 ⋅ 10−02 2.81 ⋅ 10−08 3.55 ⋅ 10−09 1.21 ⋅ 10−10

Table 5.17: Approximation errors in the control and state when using u
(1)
sg = 0 and

u
(4)
sg = ūFE respectively

Table 5.18 lists the results for the other controls for snapshot generation given by ulr

and ūLSE. If we compare the results for u
(2)
ref = ulr with the results for u

(4)
ref = ūFE, we

clearly notice that for small numbers of ` the errors are only sightly different. Again,

we only need ` = 4 POD basis functions to drop the relative error in y below the order

of 10−02. Hence, ulr is a good alternative for ūFE. The quality of the control u
(3)
sg lies in

between the quality of u
(1)
sg and u

(2)
sg .

A common element for all cases can be detected: the approximation errors in the control

function are higher than in the state. This is due to the fact that we use the POD ansatz

for the state variable, whereas the control is not POD reduced. The POD control u` is

computed from the POD adjoint state through the relation (CFk).

An illustration for the relative approximation errors is done by Figure 5.19. We can

clearly identify the stagnation of u
(1)
sg at a high level. Better results are achieved for

u
(3)
sg . The curves for u

(2)
sg and u

(4)
sg are at some points hard to distinguish graphically.

Another possibility to analyze the error in the POD suboptimal solution in comparison

with the FE optimal solution is to calculate the residuum given by

res(`) = ∥ ∇2L(ȳ, ū; p̄)(Ψȳ`δ, ū
`
δ,Ψp̄

`
δ)
T +∇L(ȳ, ū; p̄) ∥X ′×Z′

82



5.3 Numerical results

u
(2)
sg = ulr u

(3)
sg = ūLSE

` εuabs(`) εurel(`) εyrel(`) εuabs(`) εurel(`) εyrel(`)
1 2.94 ⋅ 10+00 3.71 ⋅ 10−01 6.01 ⋅ 10−02 2.50 ⋅ 10+00 3.15 ⋅ 10−01 8.70 ⋅ 10−02

2 3.34 ⋅ 10+00 4.22 ⋅ 10−01 2.47 ⋅ 10−02 2.49 ⋅ 10+00 3.15 ⋅ 10−01 6.33 ⋅ 10−02

4 6.14 ⋅ 10−01 7.75 ⋅ 10−02 7.20 ⋅ 10−03 1.19 ⋅ 10+00 1.50 ⋅ 10−01 3.94 ⋅ 10−02

10 7.68 ⋅ 10−02 9.69 ⋅ 10−03 2.75 ⋅ 10−03 5.60 ⋅ 10−01 7.06 ⋅ 10−02 1.62 ⋅ 10−02

20 2.56 ⋅ 10−02 3.23 ⋅ 10−03 1.05 ⋅ 10−03 2.07 ⋅ 10−01 2.61 ⋅ 10−02 5.94 ⋅ 10−03

28 1.77 ⋅ 10−02 2.23 ⋅ 10−03 8.36 ⋅ 10−04 8.61 ⋅ 10−02 1.09 ⋅ 10−02 3.94 ⋅ 10−03

50 1.16 ⋅ 10−02 1.46 ⋅ 10−03 3.80 ⋅ 10−04 1.83 ⋅ 10−03 2.31 ⋅ 10−04 4.92 ⋅ 10−04

Table 5.18: Approximation errors in the control and state when using u
(2)
sg = ulr and

u
(3)
sg = ūLSE respectively
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Figure 5.19: Relative errors in the control variable (left) and in the state variable (right)

for different controls usg on a semilogarithmic scale

which means that we prolongate the POD suboptimal solution utilizing the POD basis

functions (organized in the matrix Ψ) and insert the prolongated solution into the FE

optimal KKT system. The results for the four different choices for the control usg for

snapshot generation are listed in Table 5.19 and approve the fundamental differences in

the approximation quality.

We are also interested in revealling the impact of the different choices for the controls

usg on the value of the cost functional J at the POD suboptimal solution, which is

indicated by (ȳ`, ū`). Table 5.20 lists these values J(ȳ`, ū`) depending on the used

reference control for selected numers ` of POD basis functions. For ` ≥ 1 the difference

J(ȳFE, ūFE)−J(ȳ`, ū`) for the reference control u
(4)
sg = ūFE is already smaller or equal to

the order of 10−03, which is in the range of the discretization error O(h2+∆t) = 7.6⋅10−03.

When using ` ≥ 28 POD basis functions and u
(4)
sg = ūFE, the values of the cost functional

at the POD suboptimal solution (ȳ`, ū`) and FE optimal solution (ȳFE, ūFE) are exactly
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` u
(1)
sg = 0 u

(2)
sg = ulr u

(3)
sg = ūLSE u

(4)
sg = ūFE

1 2.20 ⋅ 10−04 1.30 ⋅ 10−04 1.81 ⋅ 10−04 1.31 ⋅ 10−04

2 1.99 ⋅ 10−04 9.26 ⋅ 10−05 1.70 ⋅ 10−04 9.14 ⋅ 10−05

4 2.01 ⋅ 10−04 2.85 ⋅ 10−05 1.46 ⋅ 10−04 2.17 ⋅ 10−05

10 1.72 ⋅ 10−04 1.46 ⋅ 10−05 5.27 ⋅ 10−05 2.60 ⋅ 10−06

20 1.60 ⋅ 10−04 6.60 ⋅ 10−06 3.24 ⋅ 10−05 8.05 ⋅ 10−08

28 1.53 ⋅ 10−04 4.92 ⋅ 10−06 2.38 ⋅ 10−05 4.29 ⋅ 10−09

50 1.44 ⋅ 10−04 3.47 ⋅ 10−06 3.47 ⋅ 10−06 8.88 ⋅ 10−12

Table 5.19: Residua res(`) for different choices for the controls u
(1)
sg

` u
(1)
sg = 0 u

(2)
sg = ulr u

(3)
sg = ūLSE u

(4)
sg = ūFE

1 1.032750 0.897016 0.882571 0.899098

2 1.002442 0.866468 0.803127 0.874968

4 0.840302 0.900091 0.878641 0.900293

10 0.842383 0.902092 0.897343 0.902158

20 0.884002 0.902266 0.902765 0.902247

28 0.886760 0.902257 0.902620 0.902248

50 0.891797 0.902243 0.902315 0.902248

J(ȳFE, ūFE) = 0.902248

Table 5.20: Values of the cost functionals J(ȳ`, ū`) at the POD suboptimal solution for

different choices for the controls usg

the same. Again, u
(1)
sg is the worst performing choice since we do not get closer than

10−02 to the optimal value J(ȳFE, ūFE).

Q3 Question 3: How does the choice for the snapshot set affect the approxi-

mation quality of the POD suboptimal solution?

Once we have made a decision about which control usg to generate the snapshots is

suitable for our purposes, we have two options for the snapshot set Z from which the

POD basis functions are computed: either we pick Z(1) = [Y ] which consists of the

snapshots y(ti), where y solves (SE) with u = usg or we can enrich the snapshot ensemble

Z by adding information about the adjoint state: Z(2) = [Y ∣ P ]. The snapshots p(ti) are

obtained from the adjoint equation (AE) with ȳ = y(usg). Experiences show that usually

variant Z(2) outperforms variant Z(1) (see e.g. [S] or [G]). For the sake of completeness

we verify the improvements for our problem, which are made by choosing Z(2) instead

of Z(1). As control usg we take u
(4)
sg = ūFE, i.e. we take the FE optimal solutions ȳFE

and p̄FE as snapshots. This way the snapshot set Z includes as much information about
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` εurel(`) εyrel(`)
1 3.72 ⋅ 10−01 5.98 ⋅ 10−02

2 4.23 ⋅ 10−01 2.34 ⋅ 10−02

4 3.27 ⋅ 10−01 2.12 ⋅ 10−02

10 1.36 ⋅ 10−01 1.56 ⋅ 10−02

20 4.96 ⋅ 10−02 4.64 ⋅ 10−03

28 2.02 ⋅ 10−02 1.34 ⋅ 10−03

50 9.92 ⋅ 10−03 9.84 ⋅ 10−04

Table 5.21: Relative errors in control and state for the choices X =H, eigs+GS, u
(4)
sg =

ūFE and Z(1) = [Y ]

the system as possible. The comparison of Table 5.21 with columns 6 and 7 from Table

5.18 confirms the necessity of using Z(2) as the snapshot set.

Remark. We have calculated the solution y(usg) of (SE) by solving the linearized state

equation iteratively. We have also tested to compute y(usg) following Newton’s method.

The differences were negligible small. The same applies to solving the adjoint equation.

Q4 Question 4: What is a good choice for the number ` of POD basis func-

tions?

One option to find a good choice for the rank ` of the used POD basis is to apply an

a-posteriori adaptive strategy, which starts at a low level of POD ansatz functions and

increases the number, if the a-posteriori error estimation is not satisfying or we could in-

corporate an a-posteriori error estimation for each linear SQP subproblem, which allows

to regulate the number ` of used POD bases within the SQP process. These strategies

are particularly interesting, so that they will be investigated separately in Question 7.

Another option is based on energy considerations with a pitch of heuristic flavor. A

first indication of what number ` of POD ansatz functions is reasonable, is given by the

“kink” in the decay of the eigenvalues in Figure 5.16. We have already found out that

from ` = 28 on the eigenvalues stagnate around the order of machine precision and no

new information content will be added to the POD basis, if enlarging the number `.

Moreover, rounding errors and instability may lead to arguable results. Thus, ` = 28 can

be seen as a guess for a suitable (or possibly upper bound for the) number of POD bases

needed for good approximations.

Along with these considerations, we get an idea of a suitable number ` by investigating

the energy content given by

ε(`) = ∑
`
i=1 λi

∑di=1 λi
= ∑

`
i=1 λi

trace(C)

(recall Remark 4.4.3). The quantity ε(`) denotes the percentage of modeled energy to

85



5 Discretization and numerical experiments

total energy contained in the snapshots. The aim is to get ε(`) to be close to 1, e.g.

ε(`) = 0.99. Moreover, the information defect is given by

1 − ε(`) = ∑
d
i=`+1 λi

∑di=1 λi

We also look at the difference between total energy and modeled energy given by

errλ(`) ∶= trace(C) −∑`i=1 λi = ∑di=`+1 λi

Table 5.22 contains the numerical results for the energy considerations. Note that for the

choice X = H (i.e. W = M), only ` = 4 POD basis functions are needed to incorporate

more than 99.99 % of the total energy contained in the system. Moreover, for ` = 28 the

information defect is sufficiently small. For larger numbers of ` the results are arguable, if

not even unusable, because the information defect becomes negative. This would create

the contradiction that we have modeled more energy in the POD basis than the system

actually possesses.

The comparison between the results for X = H and X = V shows that we need more

POD basis functions for the choice X = V than for the choice X = H in order to model

the same amount of energy. This is expected since the eigenvalues are larger when using

X = V (cf. Figure 5.17). Again, we notice negative values of the information defect

when picking large numbers of `.

W =M W =M +A
` 1 − ε(`) errλ(`) % energy 1 − ε(`) errλ(`) % energy

1 4.95 ⋅ 10−03 2.94 ⋅ 10−02 99.50 1.10 ⋅ 10−01 1.20 ⋅ 10+00 88.98

2 3.64 ⋅ 10−04 2.16 ⋅ 10−03 99.96 9.52 ⋅ 10−03 1.04 ⋅ 10−01 99.05

3 6.58 ⋅ 10−05 3.90 ⋅ 10−04 99.99 1.98 ⋅ 10−03 2.16 ⋅ 10−02 99.80

4 9.51 ⋅ 10−06 5.65 ⋅ 10−05 > 99.99 1.03 ⋅ 10−03 1.12 ⋅ 10−02 99.90

5 2.64 ⋅ 10−06 1.57 ⋅ 10−05 > 99.99 3.56 ⋅ 10−04 3.89 ⋅ 10−03 99.96

10 3.17 ⋅ 10−08 1.88 ⋅ 10−07 > 99.99 1.05 ⋅ 10−05 1.15 ⋅ 10−04 > 99.99

28 2.98 ⋅ 10−14 1.77 ⋅ 10−13 > 99.99 1.52 ⋅ 10−11 1.66 ⋅ 10−10 > 99.99

50 −1.33 ⋅ 10−15 −7.99 ⋅ 10−15 > 99.99 −4.44 ⋅ 10−16 −5.33 ⋅ 10−15 > 99.99

Table 5.22: Energy considerations for selected numbers of ` with weighting matrices

W =M (X =H) and W =M +A (X = V )

Since we have observed that the first few POD basis functions are the most important

ones regarding the captured information, we visualize the first four POD ansatz functions

for the choices u
(1)
sg = 0 and X = H in Figure 5.20 and Figure 5.21 shows the first four

POD bases for the choice u
(4)
sg = ūFE. Note that the POD bases are unique up to the

sign. We can recognize the dynamics of the uncontrolled state in the first and second

POD basis functions related to the choice u
(1)
sg = 0 (top plots of Figure 5.20) and the

third POD basis function (bottom left plot of Figure 5.20) is similar to the uncontrolled

adjoint state (not visualized in this thesis). In contrary, the first two POD basis functions
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Figure 5.20: First four POD basis functions for the choices u
(1)
sg = 0 and X =H
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Figure 5.21: First four POD basis functions for the choices u
(4)
sg = ūFE and X =H
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(top plots of Figure 5.21) related to the choice u
(4)
sg = ūFE correspond to the controlled

optimal FE state at later times and the fourth POD basis (bottom right plot of Figure

5.21) is similar to the controlled adjoint state.

Q5 Question 5: How does the POD based inexact SQP method perform in

comparison to the FE optimization?

For this test run, we choose X = H, use u
(4)
sg = ūFE for the snapshot generation and

determine ` = 15 POD basis functions with method eigs + GS. Table 5.23 contains the

iteration history for the POD based inexact SQP method and can be read parallel to

the results for the inexact FE-SQP algorithm given in Table 5.11. Like in the FE opti-

mization process, the POD based inexact SQP algorithm terminates after 5 iterations.

The value of the cost functional at the POD suboptimal solution is J(ȳ`, ū`) = 0.902333,

which is very close to the value of the cost functional at the FE solution, which is

J(ȳFE, ūFE) = 0.902248.

k ∥ Ly(y, u;p) ∥L2(Q) ∥ e(y, u) ∥L2(Q) ∥ ∇L(y, u;p) ∥L2(Q)3 ηk
0 6.93 ⋅ 10−03 5.37 ⋅ 10−03 1.23 ⋅ 10−02 1.00 ⋅ 10−02

1 3.62 ⋅ 10−03 1.11 ⋅ 10−01 1.14 ⋅ 10−01 1.00 ⋅ 10−02

2 8.70 ⋅ 10−04 1.34 ⋅ 10−02 1.43 ⋅ 10−02 1.00 ⋅ 10−02

3 5.58 ⋅ 10−05 7.19 ⋅ 10−04 7.75 ⋅ 10−04 4.20 ⋅ 10−03

4 2.10 ⋅ 10−07 4.10 ⋅ 10−06 4.31 ⋅ 10−06 9.40 ⋅ 10−06

5 2.49 ⋅ 10−12 6.66 ⋅ 10−11 6.91 ⋅ 10−11 4.24 ⋅ 10−11

Table 5.23: Performance of the POD based inexact SQP algorithm for the semilinear

optimal control problem

Figure 5.22 visualizes the relative deviation of the POD suboptimal state ȳ` from the

FE optimal state ȳFE at end time t = T , i.e. ∣ȳFE(T ) − ȳ`(T )∣/∣ȳFE(T )∣.

Of particular importance is the computational efficiency of the POD based SQP method.

In Table 5.24 we compare the FE process with the POD optimization with regard to the

computational times. The computation time for the SQP algorithm without use of model

reduction is 9.39 seconds, where the most time consuming steps are the generation of the

online matrix and the solving of the equation systems with gmres. The preparation time

for the reduced order model is 3.01 seconds and includes the snapshot generation and

the POD basis computation. The computation time for the POD based SQP algorithm

is 2.91 seconds, which is 3.2 times smaller than the FE procedure. But we have to be

careful in the comparison: the reduction of computational time for the solving of the

equation systems is from 6.00 seconds to 0.12 seconds (factor 50), whereas the calculation

time to assemble the online matrix in the POD-SQP algorithm is 1.8 times larger than

the time needed in the FE algorihm. This extra time is caused by the nonlinearity: its

evaluation is expensive, since first the reduced variable y` ∈ R` has to be expanded to a
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Figure 5.22: Relative deviation of the POD suboptimal state from the FE state at end

time t = T when using u
(4)
sg = ūFE and ` = 15

CPU time (sec)

FE-SQP algorithm 9.39

● online matrix 1.33

● gmres 6.00

snapshot generation 2.81

● state 1.95

● adjoint state 0.86

POD basis computation 0.20

POD-SQP algorithm 2.91

● online matrix 2.39

● gmres 0.12

Table 5.24: CPU time measured in seconds for the FE-SQP optimization compared to

the POD-SQP strategy, ` = 15, eigs+GS

vector of full dimension, then the nonlinearity can be evaluated and last it has to be

transformed back to the low dimension `. Actually, this transformation process is the

major time consuming part in the POD based SQP algorithm (2.39 of 2.91 seconds) and

alleviates the computational efficiency of the POD based SQP method. This leads us to

the next question, which investigates empirical interpolation methods (see Section 4.5)

with the intention to improve the efficiency of the POD based SQP algorithm.

Q6 Question 6: Is it possible to increase the efficiency of the POD solver by

applying empirical interpolation methods?

As we look back to Section 4.5, we remember that the evaluation of the nonlinearity
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5 Discretization and numerical experiments

causes costly computational efforts: first the low-dimensional variable y`(t) ∈ R` is ex-

panded to the full dimension N , second the nonlinearity is evaluated and third the result

is reduced back to dimension `. The results for the computational times given above

(Table 5.24) confirm this issue. The idea is to apply the discrete empirical interpolation

method DEIM given by Algorithm 5 in Section 4.5 in order to reduce the calculation

work and to accomplish that the reduced order model is completely independent of the

full dimension N . Our first sight falls on the eigenvalue decomposition of the correlation

matrix associated with DEIM, which is shown in Figure 5.23.
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Figure 5.23: Normalized eigenvalues determined by ’eigs’ and normalized squared sin-

gular values determined by ’svd’ on a semilogarithmic scale, DEIM

The ’kink’ happens at `DEIM = 24 which will be the number of basis functions chosen

for the interpolation method in the sequel. We will also use eigs+GS for DEIM basis

computation. In Table 5.25 the results for solving the reduced order model with and

without use of DEIM are listed. For the POD snapshot generation we use u
(4)
sg = uFE.

If we compare the absolute errors in state and control for the reduced-order model

(ROM) with those for ROM-DEIM, we can discover that for small numbers of `, the

corresponding errors are of comparable quality. However, if we increase the number `

of used POD basis functions, ROM-DEIM delivers clearly poorer approximation results:

the absolute error in the state variable stagnates at order 10−02 and the absolute error

in the control variable stagnates at order 10−01. Recall that the approximation errors

when using u
(1)
sg = 0 for the snapshot generation were in the same range (cf. Table 5.17).

Let us have a quick glance at the computational times before discussing possible ways

to increase the approximation quality of ROM-DEIM.

Table 5.26 gives an overview over the computational times for all numerical processes.

Note that the DEIM snapshot set N = [N(t0, y(0)) ∣ ... ∣ N(tn, y(n))] ∈ RN×(n+1) has al-

ready been calculated during the FE solution process.

The computational time for the DEIM preparation is 0.06 seconds. The reduction in time

90



5.3 Numerical results

ROM ROM-DEIM

` εyabs(`) εuabs(`) εyabs(`) εuabs(`)
1 1.48 ⋅ 10−01 2.95 ⋅ 10+00 1.48 ⋅ 10−01 2.95 ⋅ 10+00

2 5.72 ⋅ 10−02 2.94 ⋅ 10+00 5.72 ⋅ 10−02 3.36 ⋅ 10+00

4 1.56 ⋅ 10−02 6.06 ⋅ 10−01 2.42 ⋅ 10−02 6.63 ⋅ 10−01

10 7.51 ⋅ 10−04 3.92 ⋅ 10−02 4.25 ⋅ 10−02 8.07 ⋅ 10−01

20 4.63 ⋅ 10−06 6.63 ⋅ 10−04 3.24 ⋅ 10−02 6.54 ⋅ 10−01

28 3.99 ⋅ 10−07 6.02 ⋅ 10−05 4.42 ⋅ 10−02 9.16 ⋅ 10−01

50 4.85 ⋅ 10−10 2.81 ⋅ 10−08 1.20 ⋅ 10−02 3.28 ⋅ 10−01

Table 5.25: Absolute errors in the state and control variable when solving the reduced

order model with and without DEIM

CPU time (sec)

ROM POD snapshot generation 2.81

POD basis computation 0.20

SQP 2.91

● online matrix 2.39

● gmres 0.12

ROM-DEIM POD snapshot generation 2.81

POD basis computation 0.20

DEIM basis computation 0.06

SQP 1.12

● online matrix 0.66

● gmres 0.12

Table 5.26: CPU times measured in seconds for ROM and ROM-DEIM with ` = 15,

`DEIM = 24, eigs+GS

for assembling the online matrix is obvious: the application of DEIM yields to a decrease

from 2.39 to 0.66 seconds (speedup factor 3.6). Thus, the reduction in calculation time

is satisfactorily fulfilled.

But still we need to find a way to increase the approximation quality. The primary

cause of this issue is the failure of the DEIM basis functions to resemble the first order

derivative of the nonlinearity in a good manner. If we leave out the application of

the DEIM strategy to the first order derivative of the nonlinearity, we achieve good

approximation results:

` = 10: εyabs(10) = 7.55 ⋅ 10−04, εuabs(10) = 3.92 ⋅ 10−02

` = 20: εyabs(20) = 1.16 ⋅ 10−05, εuabs(20) = 6.63 ⋅ 10−04

` = 28: εyabs(28) = 4.02 ⋅ 10−07, εuabs(28) = 1.22 ⋅ 10−05

But obvioulsy the benefits of DEIM vanish. We have tested several approaches to im-
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prove the ROM-DEIM approximation quality: First we have tried to enrich the snapshots

N = [N(t0, y(0)) ∣ ... ∣ N(tn, y(n))] ∈ RN×(n+1) by adding information about the first or-

der derivative Ny. Second, we have used separate DEIM bases for the evaluation of

N and Ny. Both ideas could not lead to better results. With the EIM algorithm we

could experience a similar behavior. Thus, an accurate (and still) efficient way to reduce

the computational effort caused by the nonlinearity can be a field of future investigations.

Q7 Question 7: How much does the POD suboptimal control deviate from

the optimal control?

To answer this question, we apply the ideas from Section 4.6 about a-posteriori error

computation. For the linear optimal control problem with N (t, x, y) ≡ 0 and ’B1’, this

has already been done successfully in [S]. It is shown that the a-posteriori error estimator

is not only a reliable upper bound for the absolute error in the control variable, but also

stays very close to it. In [G], the same example is taken up with the only difference that

the regularization parameter γ is set to γ = 0.1 (instead of γ = 0.01) and an a-posteriori

based adaptive strategy is applied to determine the number ` of needed POD basis func-

tions, for which the a-posteriori error is below a given tolerance. Actually, ` = 13 POD

basis functions are needed to get 1
γ ∥ ζ

` ∥L2(Γ)< ε with ε = 0.004 (when using the FE

optimal control as the control usg for snapshot generation).

A-posteriori error estimation for the linear optimal control problem. Before

moving on to the error estimation for the semilinear control problem, we like to deliver

the results for the linear case with segmented boundary ’B2’. Table 5.27 confirms the

results from [S] and [G]: the a-posteriori error bound is reliable and close to the absolute

error in the control variable. The CPU time for determining the a-posteriori error bound

u
(1)
sg = 0 u

(4)
sg = ūFE

` εuabs a-post εuabs a-post

1 3.78 ⋅ 10+00 1.04 ⋅ 10+01 3.39 ⋅ 10+00 9.42 ⋅ 10+00

2 3.79 ⋅ 10+00 1.04 ⋅ 10+01 2.06 ⋅ 10+00 4.09 ⋅ 10+00

4 8.12 ⋅ 10−01 1.66 ⋅ 10+00 7.24 ⋅ 10−01 9.11 ⋅ 10−01

7 7.82 ⋅ 10−01 1.47 ⋅ 10+00 2.39 ⋅ 10−01 2.54 ⋅ 10−01

10 7.85 ⋅ 10−01 1.42 ⋅ 10+00 5.47 ⋅ 10−02 5.63 ⋅ 10−02

15 5.95 ⋅ 10−01 1.06 ⋅ 10+00 1.15 ⋅ 10−02 1.16 ⋅ 10−02

20 5.14 ⋅ 10−01 9.36 ⋅ 10−01 8.41 ⋅ 10−04 8.52 ⋅ 10−04

25 4.88 ⋅ 10−01 8.32 ⋅ 10−01 4.42 ⋅ 10−05 4.43 ⋅ 10−05

30 4.74 ⋅ 10−01 8.10 ⋅ 10−01 7.07 ⋅ 10−06 7.09 ⋅ 10−06

40 4.36 ⋅ 10−01 6.83 ⋅ 10−01 9.45 ⋅ 10−08 9.45 ⋅ 10−08

Table 5.27: A-posteriori error estimation for the linear optimal control problem with

N (t, x, y) ≡ 0 and a-post = 1/γ ∥ ζ` ∥L2(Γ)
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given by 1
γ ∥ ζ

` ∥L2(Γ) is 1.23 sec, which includes the time for solving the full size state

equation and full size adjoint equation. If we apply an adaptive strategy analog to [G]

(with γ = 0.01), we need ` = 19 POD bases in order to achieve 1
γ ∥ ζ

` ∥L2(Γ)< ε with

ε = 0.004 (if usg = ūFE).

A-posteriori error estimation for the semilinear optimal control problem.

Now let us turn to the a-posteriori error estimation for the semilinear control problem

and start with a summary of the main steps of our proceeding:
(i) Compute the associated state y(ū`) and the associated adjoint state p(ū`)

with the POD suboptimal control ū` (requires one full solve of (SE) and one

full solve of (AE) done by Newton’s method)

(ii) Determine the residual ζ` of the optimality system according to Remark 4.6.4

(iii) Compute the discrete version H of the reduced second order derivative Ĵ ′′(ū`)
(iv) Estimate the coercivity constant κ of H

(v) The quantity 1
κ′ ∥ ζ ∥L2([0,T ];Rk) with 0 < κ′ < κ is an upper bound for the

absolute error in the control variable

As mentioned in Remark 4.6.8 (1), it is a serious obstacle to estimate the coercivity

constant κ in step (iv). We have to assume that H is symmetric and positive definite.

According to Rayleigh’s principle, it holds that

(ū` − ū)TH(ū` − ū) ≥ λmin ∥ ū` − ū ∥2
2

By heuristic arguments, we claim

(ū` − ū)TH(ū` − ū) ≈ Ĵ ′′(ū`)[ū` − ū, ū` − ū]

Because of the approximation using a simple quadrature formula:

∥ u ∥2
L2(0,T ;Rk)= ∫

T

0
⟨u(t), u(t)⟩Rkdt ≈ ∆t ∥ u(t) ∥2

2

we finally conclude

Ĵ ′′(u`)[ū` − ū, ū` − ū] ≈ (ū` − ū)TH(ū` − ū)
≥ λmin ∥ ū` − ū ∥2

2

≈ λmin ⋅
1

∆t
∥ ū` − ū ∥2

L2([0,T ];Rk)

and approximate κ ≈ λmin

∆t
. Thus, the a-posteriori error estimation in step (v) is realized

by

∥ ū` − ū ∥L2([0,T ];Rk) ≤
∆t

λmin
∥ ζ` ∥L2([0,T ];Rk)

Remark. In fact, we do not estimate ∥ ū` − ū ∥L2([0,T ];Rk), but we actually estimate

∥ ū` − ūh ∥L2([0,T ];Rk). For a complete investigation, the discretization error should also

be taken into account, which we neglect.
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Computation of the smallest eigenvalue λmin of H. As we know from (4.6.3) the

second order derivative of the reduced cost functional Ĵ(u)[uδ, uδ] coincides with the

second order derivative of the Lagrange functional L′′(y, u;p)[(yδ, uδ), (yδ, uδ)] with yδ
being the solution to the linearized state equation, i.e. e′(y, u)(yδ, uδ) = 0.

Situation 1: If the second order derivative of the Lagrange functional was coercive for

any direction (yδ, uδ) ∈ Y × U , it would especially be coercive for all directions (yδ, uδ) ∈
ker(e′(y(u), u)). Or spoken in the discrete context: if the block matrix

HL = (−PQS 0

0 γI
)

in (DP) was positive definite, it would in particular be positive definite on the null

space of [FEY ∣ − B̃], cf. (DP). This situation could be treated easily: obviously, the

smallest eigenvalue of HL is given by λmin(HL) = min{λmin(−PQS), γ}. The numerical

computation of λmin(HL) could be carried out either by using eigs, which delivers com-

paratively quickly the approximated smallest eigenvalue or we could exploit the structure

of (-PQS): it is a block-diagonal matrix. Therefore, the smallest eigenvalue of (-PQS)

is the smallest value of the smallest eigenvalues of the block matrices. This motivates

the strategy to compute the smallest eigenvalue of each block matrix of (-PQS) with the

Matlab routine eig (which is applicable since the dimension of each block of (-PQS)

is only N ×N) and determine the minimum of all these smallest eigenvalues.

However, in our particular example, the matrix HL is indefinite, which leads us to situ-

ation 2.

Situation 2: In general, the second-order derivative of the Lagrange functional is only

assumed to be coercive on the null space of e′(ω). We introduce the linear matrix

operator

T (y(u), u) ∶= ( −e−1
y (y(u), u)eu(y(u), u)

idU
) ∈ L(U ,Y × U)

The definition of T is justified, since the operator ey(ω) is bijective. The application of

T (y(u), u) to a control function uδ is given by

T (y(u), u)uδ = ( −e−1
y (y(u), u)eu(y(u), u)uδ

uδ
) = ( yδ

uδ
) for uδ ∈ U

with yδ ∶= −e−1
y (y(u), u)eu(y(u), u)uδ ⇔ ey(y(u), u)yδ + eu(y(u), u)uδ = 0, which means

that yδ is the solution to the linearized state equation associated with uδ. We can identify

Ĵ ′′(u) ∼ (T (y(u), u)⋆ ⋅Lωω(y(u), u;p(u)) ⋅ T (y(u), u))

For the numerical implementation we need to find a basis for the null space of the

continuous operator e′(y(u), u). This is a serious difficulty since the function space U is

infinite dimensional and it is not clear how to choose a good finite basis representation.
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Therefore, we concentrate on the approach to find a basis for the discretized operator.

As we deal with large-scale sparse matrices, the computation of the null space is an

actual obstacle. Theoretically, we have the options to compute a null space basis of

[FEY ∣ − B̃] by utilizing a qr-factorization or by applying singular value decomposition

(following the Matlab routine null and replacing svd with svds since we deal with

sparse matrices). However, it is not enough to determine just any possible null space

basis since the eigenvalues of Ĵ ′′(u) depend on the particular choice of the null space

basis (consider e.g. scalar multiples of the basis vectors). Our concept reads as follows:

We denote by Z the discrete pendant to the operator T , i.e. the columns of Z constitute

a basis for the null space of [FEY ∣ − B̃] in the way

Z ∶= ( −FEY−1 ⋅ (−B̃)
I

)

with the identity matrix I. Obviously, [FEY ∣ − B̃] ⋅Z = 0 holds true. Since we deal with

large-scale sparse matrices, the computation of FEY−1 ⋅ B̃ is too expensive or even not

possible with the usual Matlab tools. Therefore, we make use of the SuiteSparseQR

package (cf. [FD]), which delivers a range of suitable sparse algorithms such as sparse

qr-factorization and related operations and requires a C/C++ compiler. The calculation

of FEY−1 ⋅B̃ is done with spqr solve and the calculation of the smallest eigenvalue of the

discrete reduced hessian matrix H = ZT ⋅HL ⋅Z is done with eigs. For the discretization

choices hmax = 0.06 and ∆t = 0.004, we exemplarily present one specific result:

` εuabs(`) a-post λmin

28 6.02 ⋅ 10−05 6.05 ⋅ 10−05 4.00 ⋅ 10−05

Table 5.28: A-posteriori error estimation for the semilinear optimal control problem with

N (t, x, y) = y3, hmax = 0.06, ∆t = 0.004, a-post = ∆t/λmin ∥ ζ` ∥L2([0,T ];Rk),

u
(4)
sg = ūFE

We observe that the a-posteriori error estimation delivers an upper error bound for the

absolute error in the control variable. Nevertheless, the reason why we only state the

result for one specific example is the immense computational expense. The most time

consuming steps are the computation of the matrix Z (128 seconds), the matrix-matrix-

multiplication to set up the reduced Hessian matrix (2084 seconds) and the computation

of the smallest eigenvalue (35 seconds). This point opens up the possibility for further

research on increasing the efficiency for large sparse computations. In order to show

that our ideas about a-posteriori error estimations deliver good results, we decrease the

discretization fineness to hmax = 0.1 and ∆t = 0.01 resulting in a discretization error of

O(h2
max +∆t) = 0.02. Table 5.29 contains the computed smallest eigenvalues λmin of the

reduced Hessian matrixH, the a-posteriori error estimations for FE optimal control when

using u
(1)
sg = 0 and u

(4)
sg = ūFE respectively for snapshot generation as well as the absolute

errors in the control variable for comparison. The computational time for computing

the null space matrix Z is 2.1 seconds, for setting up the reduced Hessian matrix is
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7.6 seconds and for determining the smallest eigenvalue is 0.3 seconds. The whole a-

posteriori error estimation program takes 11.3 seconds on average. For comparison: the

FE-solver for this discretization fineness computes an optimal solution in 1.0 seconds.

Table 5.29 confirms that the a-posteriori error estimation given by

∥ ū` − ū ∥L2([0,T ];Rk)≤
∆t

λmin
∥ ζ` ∥L2(0,T ;Rk)

is satisfied and stays reliably close to the actual absolute error in the control.

u
(1)
sg = 0 u

(4)
sg = ūFE

` εuabs(`) a-post λmin εuabs(`) a-post λmin

1 3.32 ⋅ 10+00 6.39 ⋅ 10+00 9.98 ⋅ 10−05 2.95 ⋅ 10+00 5.72 ⋅ 10+00 9.98 ⋅ 10−05

2 3.31 ⋅ 10+00 6.36 ⋅ 10+00 9.98 ⋅ 10−05 3.36 ⋅ 10+00 6.38 ⋅ 10+00 9.99 ⋅ 10−05

4 1.23 ⋅ 10+00 1.94 ⋅ 10+00 1.00 ⋅ 10−04 6.19 ⋅ 10−01 7.44 ⋅ 10−01 1.00 ⋅ 10−04

7 1.10 ⋅ 10+00 1.83 ⋅ 10+00 1.00 ⋅ 10−04 1.53 ⋅ 10−01 1.73 ⋅ 10−01 1.00 ⋅ 10−04

15 9.50 ⋅ 10−01 1.61 ⋅ 10+00 1.00 ⋅ 10−04 2.85 ⋅ 10−03 3.02 ⋅ 10−03 1.00 ⋅ 10−04

20 5.59 ⋅ 10−01 9.67 ⋅ 10−01 1.00 ⋅ 10−04 2.08 ⋅ 10−04 2.11 ⋅ 10−04 1.00 ⋅ 10−04

25 4.97 ⋅ 10−01 8.54 ⋅ 10−01 1.00 ⋅ 10−04 6.36 ⋅ 10−05 6.40 ⋅ 10−05 1.00 ⋅ 10−04

30 4.78 ⋅ 10−01 8.20 ⋅ 10−01 1.00 ⋅ 10−04 1.85 ⋅ 10−06 1.86 ⋅ 10−06 1.00 ⋅ 10−04

40 4.68 ⋅ 10−01 8.04 ⋅ 10−01 1.00 ⋅ 10−04 2.65 ⋅ 10−07 2.66 ⋅ 10−07 1.00 ⋅ 10−04

Table 5.29: A-posteriori error estimation for the semilinear optimal control problem with

N (t, x, y) = y3, hmax = 0.1, ∆t = 0.01 and a-post = ∆t/λmin ∥ ζ` ∥L2([0,T ];Rk)

The value of the smallest eigenvalue λmin attracts attention. In all test runs it is ap-

proximately λmin ≈ 1.00 ⋅ 10−04. This can be explained as follows: our numerical results

confirm the observation in [Ka] that the smallest eigenvalue λmin is decisively influenced

by the term

k

∑
k=1

γk ∫
T

0
uk(t)2dt

in the reduced Hessian. With our particular choice of k = 4 yielding to γk = 4/k ⋅ γ = 0.01

and ∆t = 0.01, we notice that it just holds true γ ⋅∆t = 1.00 ⋅ 10−04. Other choices for γ

and ∆t support the vague and rough approximation λmin ≈ γ ⋅∆t in this context. This

could be of interest for large scale settings, but should be handled very cautiously.

A-posteriori error estimation in each SQP level. In view of the high compu-

tational effort which the a-posteriori error estimation strategy presented above needs,

we strongly believe that the approach to estimate the error in each SQP level is a

more efficient strategy with the great advantage that we have the possibility to regulate

the accuracy within the solving process. For the application of Algorithm 7.2 (POD

a-posteriori based inexact SQP method) of Section 4.6 we need to adjust the SQP algo-

rithm regarding two aspects: the choices for η0 and η̄ in the construction of the forcing

sequence {ηk}k and the choice for tolSQP. Looking back to Table 5.27 which contains
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the a-posteriori error estimations for the linear optimal control problem, we can see that

the choice of η0 = η̄ = 10−2 (which has been used so far) is not a realistic upper bound

for the a-posteriori error estimation, since it would require a far too large number ` in

the first SQP levels. On top of that it does not make sense to postulate an a-posteriori

error bound which is smaller than the discretization error, so we additional postulate for

ηk to fulfill ηk ≥ 7.6 ⋅ 10−03. Table 5.19, which contains the residua, gives us an idea for

a suitable error tolerance tolSQP. We test two diffferent settings:

Setting 1: u
(1)
sg = 0, η0 = η̄ = 0.9, tolSQP = 10−05, `max = 50, `initial = 15

Setting 2: u
(4)
sg = ūFE, η0 = η̄ = 0.5, tolSQP = 10−06, `max = 50, `initial = 5

The numerical results for these settings are summarized in Table 5.30 and Table 5.31,

respectively, which also list the errors in the control and state variables.

k ∥ ∇L(y, u;p) ∥L2(Q)3 ηk ` a-post

0 2.73 ⋅ 10−05 9.00 ⋅ 10−01 18 7.46 ⋅ 10−01

1 2.51 ⋅ 10−04 9.00 ⋅ 10−01 18 8.05 ⋅ 10−01

2 3.53 ⋅ 10−05 7.29 ⋅ 10−01 46 6.68 ⋅ 10−01

3 8.21 ⋅ 10−06 4.78 ⋅ 10−01 - -

εuabs εurel εyrel

4.06 ⋅ 10−01 5.12 ⋅ 10−02 1.83 ⋅ 10−03

Table 5.30: A-posteriori error estimation in each SQP level as well as absolute and rela-

tive errors in the state and control, Setting 1

k ∥ ∇L(y, u;p) ∥L2(Q)3 ηk ` a-post

0 2.73 ⋅ 10−05 5.00 ⋅ 10−01 13 4.39 ⋅ 10−01

1 2.52 ⋅ 10−04 5.00 ⋅ 10−01 6 4.13 ⋅ 10−01

2 3.33 ⋅ 10−05 2.25 ⋅ 10−01 7 1.65 ⋅ 10−01

3 3.56 ⋅ 10−06 1.03 ⋅ 10−02 14 9.36 ⋅ 10−03

4 2.01 ⋅ 10−07 7.60 ⋅ 10−03 - -

εuabs εurel εyrel

8.96 ⋅ 10−03 1.13 ⋅ 10−03 6.23 ⋅ 10−05

Table 5.31: A-posteriori error estimation in each SQP level as well as absolute and rela-

tive errors in the state and control, Setting 2

Table 5.30 shows that even in the first few SQP levels, a comparatively high number `

of POD basis functions is needed to achieve a moderate accuracy of ηk = 0.9. This, once

again, is caused by the bad choice of the control u
(1)
sg = 0 for the snapshot generation.

The comparison of the errors in the control and state variable with the results listed

in Table 5.17 shows that the absolute and relative errors are comparable with those in
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5 Discretization and numerical experiments

Table 5.17 for ` = 50, but the error in the state variable (Table 5.30) is of better quality,

even though we keep in mind that we use ` = 46 POD basis functions only in the last

SQP level and the lower number ` = 18 in the first few SQP levels. This approves the

strength of this a-posteriori error strategy. The disadvantage of the approach lies in the

determination of the suitable number ` of used basis functions. The comparison of the

errors in control and state given in Table 5.31 with those in Table 5.17 delivers similar

observations. Notice carefully that only ` = 6 and ` = 7 POD basis functions are needed

in the second and third step and the number ` is increased in later steps. The reason

why we need ` = 13 POD bases in the first SQP level is due to the choice of u
(4)
sg = ūFE

to generate the snapshots, which contain the dynamics of the semilinear heat equation.

If we had chosen the control u
(3)
sg = ūLSE for snapshot generation, a smaller number `

of POD basis functions would have been needed in the first SQP step (actually, ` = 10

POD bases).

▸ Test Example 4

In this Test Example 4 we apply a POD based model reduction to Test Example 2. This

means, we use the same Problem Data and Implementation Choices as in Test Example

2. Especially we like to recall that the admissible set of control functions is restricted

by the box constraints with lower bound ua(t, x) ≡ 0 and upper bound ub(t, x) ≡ 5, the

boundary is treated with approach ’B1’, i.e. no segmentation takes place and we use

the stopping criterium ’C1’ with the modification concerning the reduction rate in the

residuum, which is specified in Test Example 2.

In order to maintain a clear presentation, we simply restrict ourselves in providing the

results for the POD based SQP-PDASS solver with the following choices: Z(2), X = H
and eigs+GS.

The numerical results with the choice of ` = 15 POD basis functions and using u
(4)
sg = ūFE

for snapshot generation are presented in Table 5.32. Recall that we denote by Aa(%)
and Ab(%) the relative amounts of active points. Column 6 contains the CPU time

needed for all PDASS iteration together per SQP iteration level.

k ∥ ∇L(yk, uk;pk) ∥L2(Q)3 PDASS steps Aa(%) Ab(%) CPU time

0 6.93 ⋅ 10−03 30 45.29 10.55 7.2 sec

1 3.40 ⋅ 10−03 4 0.49 14.76 2.0 sec

2 1.49 ⋅ 10−03 4 0.68 21.85 1.6 sec

3 1.17 ⋅ 10−04 5 0.65 22.01 1.9 sec

4 2.83 ⋅ 10−06 4 0.65 22.02 1.9 sec

5 5.46 ⋅ 10−08 - - - -

Table 5.32: Performance of the inexact POD-SQP method with PDASS, ` = 15,

u
(4)
sg = ūFE
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The value of the cost functional after termination is J(ȳ`, ū`) = 0.936718.

The relative errors in the control and state variable depending on different choices for

the control usg for selected numbers of ` are listed in Table 5.33. Again, the choice of

usg = ūFE (with ūFE denoting the FE-PDASS optimal solution) yields the best approxi-

mation results.

u
(1)
sg = 0 u

(4)
sg = ūFE

` εurel(`) εyrel(`) εurel(`) εyrel(`)
1 3.53 ⋅ 10−01 9.94 ⋅ 10−02 3.19 ⋅ 10−01 5.70 ⋅ 10−02

5 7.11 ⋅ 10−02 4.26 ⋅ 10−02 9.67 ⋅ 10−02 5.85 ⋅ 10−03

10 6.86 ⋅ 10−02 3.95 ⋅ 10−02 1.86 ⋅ 10−02 1.19 ⋅ 10−03

15 5.43 ⋅ 10−02 3.62 ⋅ 10−02 5.30 ⋅ 10−03 2.72 ⋅ 10−04

20 4.89 ⋅ 10−02 2.17 ⋅ 10−02 2.23 ⋅ 10−03 8.53 ⋅ 10−05

30 4.73 ⋅ 10−02 1.88 ⋅ 10−02 3.40 ⋅ 10−04 1.10 ⋅ 10−05

40 3.10 ⋅ 10−02 1.64 ⋅ 10−02 1.34 ⋅ 10−04 4.37 ⋅ 10−06

Table 5.33: Relative errors between the FE-PDASS optimal solution and the POD-

PDASS suboptimal solution depending on different choices for usg

Computational efficiency. The computational time for the SQP-PDASS full-size

solver (Test Example 2) is 80.8 seconds, whereas the CPU time the POD based SQP-

PDASS solver takes 17.7 seconds, which gives a speedup factor of 4.6. The time for the

POD precomputations is 3.18 seconds, which includes the solving of the state equation

(2.2 seconds), the solving of the adjoint equation (0.8 seconds) and the POD basis com-

putation (0.18 seconds).

▸ Test Example 5

So far we have focused on one specific problem setting specified by Problem Data Test

Example 1. We have varied the admissible control set Uad by adding box constraints

and we have discussed different choices for the boundary Γ of the domain Ω. Now we

like to certify that our inexact SQP algorithm works reliably for a wide range of optimal

control problems. Therefore, we choose the nonlinearity

N (t, x, y(t, x)) = −0.5 ⋅ y3(t, x)

which does not exactly fit into our solution theory presented in Chapter 1. Recalling as-

sumption (A2,iv), the nonlinearity needs to be monotonely increasing, i.e. Ny(t, x, y) ≥ 0

for almost all (t, x) ∈ Q, all y ∈ R. Obviously, this is not fulfilled for N (t, x, y) = −0.5 ⋅y3.

However, there exists a solution theory for the solvability of the state equation (see e.g.

[QS, Chapter II, Section 15]). Like described there, a so-called “blow-up” can happen,
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5 Discretization and numerical experiments

which means that a solution exists only locally in time, whereby the time interval de-

pends on the data (right hand side of the PDE and initial condition).

For the following investigation we use the same Problem Data of Test Example 1 except

for the difference that we exchange the nonlinearityN (t, x, y) = y3 byN (t, x, y) = −0.5 ⋅ y3.

Also, the Implementation Choices for Test Example 1 stay the same. For the inexact

FE-SQP method we like to proceed analog to Test Example 1 and for the POD based

inexact SQP method we follow the documentation in Test Example 3. In order to avoid

a mere repetition, we like to keep the subsequent documentation short and focus on

presenting the results.

FE optimal solution. Figure 5.24 shows the FE optimal state (left plot) as well as

the FE optimal adjoint state (right plot) at end time t = T . Remember that the desired

state yd is visualized in the right plot in Figure 5.2. If we compare the FE optimal state

corresponding to the nonlinearity N (t, x, y) = −0.5 ⋅ y3 with the FE optimal state for

the control problem with nonlinearity given by N (t, x, y) = y3 (see right plot in Figure

5.3), we can recognize that this time the optimal FE state looks not as arched as in Test

Example 1 and resembles the desired state in a better way. This is verified numerically

in column 2 of Table 5.34. In fact we notice that the deviation of the FE optimal state

is even smaller than for the linear optimal control problem and also the control costs are

lower (compare to Table 5.1).

The FE optimal control at end time is shown in Figure 5.25 and demonstrates less

activity than the FE optimal control in Test Example 1 (cf. Figure 5.5). The evolution

of the control function over time for the four boundary edges is visualized in Figure

5.26 and can be compared to Figure 5.6 (linear optimal control problem) and Figure 5.7

(nonlinearity N (t, x, y) = y3).
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Figure 5.24: FE optimal state (left) and FE optimal adjoint state (right) at end time

t = T in case N (t, x, y) = −0.5 ⋅ y3
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5.3 Numerical results

N ∥ y(T ) − yd ∥L2(Ω) ∥ u ∥L2(Γ) J(y, u)
−0.5 ⋅ y3 0.1220 20.9198 0.165607

Table 5.34: Similarity of the FE optimal state at end time t = T to the desired end state

yd, control costs and value of the cost functional at the FE optimal solution
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Figure 5.25: FE optimal control at end time t = T in case N (t, x, y) = −0.5 ⋅ y3
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Figure 5.26: Control evolution over time for the four boundary parts for the semilinear

optimal control problem with N (t, x, y) = −0.5 ⋅ y3

Performance of the inexact SQP algorithm. The inexact SQP algorithm termi-

nates after iteration number 4, i.e. it needs one iteration level less than for Test Example

1. Table 5.35 summmarizes the optimization process.
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k ∥ Ly(y, u;p) ∥L2(Q) ∥ e(y, u) ∥L2(Q) ∥ ∇L(y, u;p) ∥L2(Q)3

0 1.53 ⋅ 10−05 1.20 ⋅ 10−05 2.73 ⋅ 10−05

1 3.37 ⋅ 10−06 1.28 ⋅ 10−04 1.32 ⋅ 10−04

2 7.84 ⋅ 10−07 6.21 ⋅ 10−06 7.00 ⋅ 10−06

3 6.57 ⋅ 10−09 5.53 ⋅ 10−08 6.18 ⋅ 10−08

4 1.01 ⋅ 10−12 9.46 ⋅ 10−12 1.05 ⋅ 10−11

Table 5.35: Performance of the inexact SQP algorithm for the semilinear optimal control

problem with N (t, x, y) = −0.5 ⋅ y3

Iterative solvers for the equation system. Again, we compare four different

methods for solving the equation system (5.1.2) in Table 5.36. For each method, the

cost functional after termination equals J(y, u) = 0.165607. Method cgs again turns out

to be the fastest solver, 2.6 times faster than qmr, which is the slowest one.

method inner iterations CPU times (sec) total (sec)

gmres 12, 15, 19, 29 1.3, 1.7, 2.4, 4.8 10.2

qmr 15, 24, 5, 34 2.0, 3.3, 3.3, 4.5 13.1

bicgstab 8, 14.5, 18.5, 33 0.7, 1.2, 1.6, 2.8 6.3

cgs 10, 15, 18, 23 0.8, 1.2, 1.4, 1.7 5.1

Table 5.36: Comparison of four iterative solvers

Computational expenses. All processes in the FE-SQP solver take approximatively

the same times as in Test Example 1 (recall Table 5.7) except for the calculation time

of gmres. In this example, gmres needs 10.20 seconds for all steps together (instead of

6.90 seconds in Example 1). This leads to a total computation time of 13.77 seconds.

Globalization strategy. The coercivity is never violated (see Table 5.37) and the step

length for each SQP iteration level equals tk = 1. The computation time for the globali-

zation is 0.54 seconds per SQP iteration level.

k 0 1 2 3

Lωω(ωk, pk)[ωkδ , ω
k
δ ]

∥ ωkδ ∥
2
X

1.82 ⋅ 10−01 1.24 ⋅ 10−02 1.06 ⋅ 10−02 1.16 ⋅ 10−02

Table 5.37: Evaluation of the second-order derivative of the Lagrange functional at the

current SQP iterate in search direction

Segmented boundary. Before moving on to the POD based inexact SQP method, we

like to deliver the results for the case in which the boundary is segmented into k = 4
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5.3 Numerical results

equidistant parts utilizing method ’B2’. Figure 5.27 shows the FE optimal state (left)

and FE optimal control (right) at end time t = T . Table 5.38 contains the SQP iteration

performance. Again, the inexact SQP method terminates after 4 iterations. The cost

functional at end time equals J(y, u) = 0.234563. The CPU time for the optimization is

12.96 seconds.
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Figure 5.27: FE optimal state (left) and FE optimal control (right) at end time t = T
for the semilinear optimal control problem with N (t, x, y) = −0.5 ⋅ y3, ’B2’,

k = 4

k ∥ Ly(y, u;p) ∥L2(Q) ∥ e(y, u) ∥L2(Q) ∥ ∇L(y, u;p) ∥L2(Q)3 ηk
0 1.53 ⋅ 10−05 1.20 ⋅ 10−05 2.73 ⋅ 10−05 1.00 ⋅ 10−02

1 4.17 ⋅ 10−06 1.22 ⋅ 10−04 1.26 ⋅ 10−04 1.00 ⋅ 10−02

2 8.35 ⋅ 10−07 7.06 ⋅ 10−06 7.90 ⋅ 10−06 3.51 ⋅ 10−03

3 8.19 ⋅ 10−09 4.70 ⋅ 10−08 5.52 ⋅ 10−08 4.39 ⋅ 10−05

4 3.65 ⋅ 10−13 2.80 ⋅ 10−12 3.16 ⋅ 10−12 2.96 ⋅ 10−09

Table 5.38: Performance of the inexact SQP algorithm for the semilinear optimal control

problem with N (t, x, y) = −0.5 ⋅ y3, gmres, ’B2’, k = 4

Remark. We have also tried to vary the factor c = 0.5 in N (t, x, y) = −c ⋅ y3. For values

of c below 1, our inexact SQP algorithm has no troubles in performance. If we choose

c larger than 1, the line search strategy intervenes and for large values for c, the SQP

method even fails to converge.

Reduced order modeling. Like in Test Example 3, our first sight falls on the eigen-

value spectrum in order to get a feeling for a suitable choice for the number ` of needed

POD basis functions to achieve good approximation results. Figure 5.28 shows the de-

cay of the normalized eigenvalues determined by eigs as well as the normalized squared

singular values determined by svd on a semilogarithmic scale. We can observe that the

“kink” happens at about ` = 30, which is a little bit larger than it was in Example 3.

That is why we probably need some more POD basis functions than in Example 3 to
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Figure 5.28: Normalized eigenvalues determined by ’eigs’ and normalized squared sin-

gular values determined by ’svd’ on a semilogarithmic scale, X =H, u
(1)
sg = 0

u
(1)
sg = 0 u

(4)
sg = ūFE

` εurel(`) εyrel(`) εurel(`) εyrel(`)
1 7.67 ⋅ 10−01 1.49 ⋅ 10−01 9.75 ⋅ 10−01 7.13 ⋅ 10−02

2 4.62 ⋅ 10−01 8.76 ⋅ 10−02 5.75 ⋅ 10−01 3.60 ⋅ 10−02

5 1.22 ⋅ 10−01 3.91 ⋅ 10−02 7.52 ⋅ 10−02 4.06 ⋅ 10−03

10 1.44 ⋅ 10−01 3.62 ⋅ 10−02 2.04 ⋅ 10−02 1.21 ⋅ 10−03

20 8.15 ⋅ 10−02 2.77 ⋅ 10−02 1.46 ⋅ 10−04 5.50 ⋅ 10−06

30 7.53 ⋅ 10−02 2.71 ⋅ 10−02 5.81 ⋅ 10−06 1.18 ⋅ 10−07

50 5.15 ⋅ 10−02 2.07 ⋅ 10−02 3.05 ⋅ 10−08 2.13 ⋅ 10−09

Table 5.39: Approximation quality for different choices for usg

get approximation results of the same range.

We have achieved qualitatively good approximations in an efficient way using X = H,

i.e. the weighting matrix is W = M , using Z(2) for the snapshot ensemble and using

eigs+GS for POD basis computation. This is why we are content with this choice and

deliver merely the results for two different choices for the control usg for snapshot genera-

tion in Table 5.39: u
(1)
sg = 0 and u

(4)
sg = ūFE. The optimal control intensities ūFE

k ,1 ≤ k ≤ 4,

are displayed in Figure 5.29 and show clearly different shapes than the optimal control

intensities of Example 3 (cf. Figure 5.17, top left). Again, most control activity takes

place at later time points.

As the first few POD basis functions are the most important ones regarding the content

of information, it is interesting to visualize them. Figure 5.30 shows the first four POD

basis functions corresponding to the choice u
(1)
sg = 0. Recall that the POD bases are

unique up to the sign. The first and third POD basis functions resemble the dynamics
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of the uncontrolled state and the second and fourth POD bases correspond to the un-

controlled adjoint state. In contrary, the POD basis functions visualized in Figure 5.31,

which correspond to the choice u
(4)
sg = ūFE, have a different appearance. The first two

POD basis functions are similar to the optimal state at later times and the fourth POD

basis function is related to the controlled adjoint state.
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Figure 5.29: Control u
(4)
sg = ūFE
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Figure 5.30: First four POD basis functions for the choices u
(1)
sg = 0 and X =H
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Figure 5.31: First four POD basis functions for the choices u
(4)
sg = ūFE and X =H

A summary of the iteration history of the POD based inexact SQP method is given in

Table 5.40. It sticks out that the POD based algorithm needs one more SQP step to

terminate than the FE solver. The residuum Res(4) =∥ ∇L(y, u;p) ∥L2(Q)3 is slightly

larger than the desired tolerance of tolSQP = 10−10, which is why one more iteration

needs to be done.

k ∥ Ly(y, u;p) ∥L2(Q) ∥ e(y, u) ∥L2(Q) ∥ ∇L(y, u;p) ∥L2(Q)3 ηk
0 6.93 ⋅ 10−03 5.37 ⋅ 10−03 1.23 ⋅ 10−02 1.00 ⋅ 10−02

1 1.90 ⋅ 10−03 5.56 ⋅ 10−02 5.75 ⋅ 10−02 1.00 ⋅ 10−02

2 3.77 ⋅ 10−04 3.34 ⋅ 10−03 3.72 ⋅ 10−03 5.56 ⋅ 10−03

3 7.35 ⋅ 10−06 4.08 ⋅ 10−05 4.81 ⋅ 10−05 1.40 ⋅ 10−04

4 7.38 ⋅ 10−10 6.74 ⋅ 10−09 7.47 ⋅ 10−09 1.34 ⋅ 10−08

5 1.34 ⋅ 10−16 2.57 ⋅ 10−15 2.71 ⋅ 10−15 1.17 ⋅ 10−13

Table 5.40: Performance of the POD based inexact SQP algorithm for the semilinear

optimal control problem with N (t, x, y) = −0.5 ⋅ y3, k = 4, ’B2’, ` = 15,

usg = ūFE, X =H

Let us turn to analysis of the computational efficiency. The computational times for the

main steps in the FE-SQP algorithm as well as for the POD based solver are tabulated in

Table 5.41. Although the POD based SQP algorithm needs one more iteration than the

FE-solver, the CPU time required for the POD solver together with the POD precom-
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putations is 7.04 seconds. This is about 1.8 times smaller than the CPU time needed for

the FE-SQP algorithm. The most time consuming part in the FE-solver is the solving

of the equation systems with gmres. The average time to solve the KKT system per

SQP level is 2.55 seconds, whereas the average time in the POD based solver is 0.03

seconds leading to a speedup factor of 85 just for solving each equation system. Like

in Test Example 3, we can observe that assembling the online matrix in each SQP level

of the POD based solver is comparatively high due to the complexity of the evaluation

of the nonlinearity. We have applied the DEIM technique with the aim to reduce com-

putational time. However, the same behavior can be observed like in Test Example 3:

the application of the DEIM algorithm leads to a speedup factor of about 3.5 for the

assembling process of the online matrix, but at the same time the approximation quality

for larger numbers of ` is not satisfying.

CPU time (sec)

FE-SQP algorithm 12.96

● online matrix 1.19

● gmres 10.20

snapshot generation 3.39

● state 2.34

● adjoint state 1.05

POD basis computation 0.17

POD based SQP algorithm 3.65

● online matrix 2.48

● gmres 0.17

Table 5.41: CPU time measured in seconds for the FE-SQP optimization compared to

the POD based SQP strategy, ` = 15, eigs+GS

A-posteriori error estimation. We like to conclude our investigations of Test Ex-

ample 5 by presenting the results for the a-posteriori error estimation for the control

variable. The proceeding to determine the upper error bound ∆t
λmin

∥ ζ` ∥L2([0,T ];Rk) is

performed analog to the strategy explained in Example 3. Like in Example 3, the matrix

HL is indefinite and we need to apply the time consuming null space method. For the

discretization choices hmax = 0.06 and ∆t = 0.004, we exemplarily present one specific

result:

` εuabs a-post λmin

28 3.76 ⋅ 10−05 3.82 ⋅ 10−05 3.94 ⋅ 10−05

Table 5.42: A-posteriori error estimation for the semilinear optimal control problem

with N (t, x, y) = −0.5 ⋅ y3, u
(4)
sg = ūFE, a-post = ∆t/λmin ∥ ζ` ∥L2([0,T ];Rk),

hmax = 0.06, ∆t = 0.004

The computational time for computing the null space matrix Z is 174 seconds, the
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5 Discretization and numerical experiments

matrix-matrix-multiplication to set up the reduced Hessian matrix is 1737 seconds and

the computation of the smallest eigenvalue is 28 seconds. The whole a-posteriori program

takes 2424 seconds. In view of the high calculation effort, we present in Table 5.43 the

results for the a-posteriori error estimation using a rougher grid with hmax = 0.1 and

∆t = 0.01. Table 5.43 contains the computed smallest eigenvalues λmin of the reduced

Hessian matrix, the a-posteriori error estimations for FE optimal control when using

u
(1)
sg = 0 respectively u

(4)
sg = ūFE for snapshot generation as well as the absolute errors in

the control variable for comparison. We can observe that the a-posteriori estimation is a

reliable upper bound for the absolute error in the control variable and stays quite close

to it when increasing the number ` of used POD basis functions.

u
(1)
sg = 0 u

(4)
sg = ūFE

` εuabs a-post λmin εuabs a-post λmin

1 3.49 ⋅ 10+00 2.35 ⋅ 10+01 7.89 ⋅ 10−05 3.90 ⋅ 10+00 2.73 ⋅ 10+01 8.65 ⋅ 10−05

2 2.10 ⋅ 10+00 4.79 ⋅ 10+00 9.92 ⋅ 10−05 2.60 ⋅ 10+00 1.12 ⋅ 10+01 9.67 ⋅ 10−05

4 5.77 ⋅ 10−01 1.44 ⋅ 10+00 9.90 ⋅ 10−05 7.28 ⋅ 10−01 1.08 ⋅ 10+00 9.87 ⋅ 10−05

7 5.06 ⋅ 10−01 1.51 ⋅ 10+00 9.89 ⋅ 10−05 2.54 ⋅ 10−01 3.71 ⋅ 10−01 9.85 ⋅ 10−05

15 3.80 ⋅ 10−01 9.91 ⋅ 10−01 9.86 ⋅ 10−05 1.03 ⋅ 10−02 1.11 ⋅ 10−02 9.84 ⋅ 10−05

20 3.78 ⋅ 10−01 9.69 ⋅ 10−01 9.86 ⋅ 10−05 2.62 ⋅ 10−04 2.68 ⋅ 10−04 9.84 ⋅ 10−05

25 3.58 ⋅ 10−01 8.60 ⋅ 10−01 9.86 ⋅ 10−05 6.84 ⋅ 10−05 6.96 ⋅ 10−05 9.84 ⋅ 10−05

30 3.57 ⋅ 10−01 9.50 ⋅ 10−01 9.86 ⋅ 10−05 5.63 ⋅ 10−06 5.72 ⋅ 10−06 9.84 ⋅ 10−05

Table 5.43: A-posteriori error estimation for the semilinear optimal control problem with

N (t, x, y) = −0.5 ⋅ y3, hmax = 0.1, ∆t = 0.01, a-post = ∆t/λmin ∥ ζ` ∥L2(0,T ;Rk)

On average, the computation time to generate the null space matrix with this discretiza-

tion choice is 2.0 seconds, the matrix-matrix-multiplication to set up the reduced Hessian

matrix takes 7.7 seconds and the determination of the smallest eigenvalue is done in 0.2

seconds. The whole a-posteriori program needs 10.7 seconds. For comparison: the FE

optimal solution is computed within 1.0 seconds. We can also notice here that the small-

est eigenvalue λmin is quite close to γ ⋅∆t = 10−4.

A-posteriori error estimation in each SQP level. Finally, we like to present

the results for the application of Algorithm 7.2 (POD a-posteriori based inexact SQP

method) of Section 4.6. Hereby, we restrict ourselves on Setting 2 of Example 3, which

is given by u
(4)
sg = ūFE, η0 = η̄ = 0.5,tolSQP = 10−06, `max = 50, `initial = 5. The numerical

results are summarized in Table 4.44. We use the original discretization with hmax = 0.06

and ∆t = 0.004.
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5.3 Numerical results

k ∥ L(y, u;p) ∥L2(Q)3 ηk ` a-post

0 2.73 ⋅ 10−05 5.00 ⋅ 10−01 15 4.51 ⋅ 10−01

1 1.25 ⋅ 10−04 5.00 ⋅ 10−01 15 3.89 ⋅ 10−01

2 1.39 ⋅ 10−05 2.25 ⋅ 10−01 9 1.20 ⋅ 10−01

3 3.18 ⋅ 10−06 4.68 ⋅ 10−02 12 3.78 ⋅ 10−02

4 9.99 ⋅ 10−07 8.88 ⋅ 10−02 - -

εuabs εurel εrely

2.82 ⋅ 10−02 6.17 ⋅ 10−03 3.23 ⋅ 10−04

Table 5.44: A-posteriori error estimation in each SQP level as well as absolute and rela-

tive errors in the state and control, Setting 2, N (t, x, y) = −0.5 ⋅ y3
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Conclusion and Outlook

This Diploma thesis was focused on the application of a POD based inexact SQP method

to an optimal control problem governed by a semilinear heat equation.

The theoretical foundation for the solution theory of the optimal control problem was

laid by discussing the unique solvability of the state equation, investigating the exis-

tence of an optimal solution and deriving necessary optimality conditions utilizing the

Lagrange technique. Due to the nonlinearity, the discussion of second order sufficient

optimality criteria was needed.

The numerical solution of the optimal control problem was realized by an inexact SQP

method. To illustrate the presented SQP strategy, numerical test examples were carried

out and discussed in detail. For the spatial discretization, we applied the classical finite

element method and used the implicit Euler method as the time-integration scheme.

The numerical results showed that the SQP method performed efficiently, since only few

iteration numbers were needed to find a local solution. However, we experienced that for

a ’bad choice’ of the starting point in the sense that it was far away from an (unknown)

local optimal solution, the SQP algorithm failed to converge. This issue was expected,

as the problem under consideration was non-convex. To ensure convergence for arbitrary

initialization, we applied a globalization strategy consisting of an Armijo backtracking

line search for the l1-merit function and a modification of the second order derivative

of the Lagrange functional, if its positive definiteness was not given. Due to the par-

ticular choice of the forcing sequence, which controlled the inexactness and thereby the

convergence rate, we confirmed local quadratic convergence. Various modifications of

the SQP method concerning the used inner solver, the stopping criteria and the use of

a preconditioner were discussed. We also incorporated box restrictions on the control

variable utilizing the primal-dual active set strategy.

These comprehensive investigations of the numerical results for the non-reduced, FE-

SQP algorithm not only provided a solid base for the analysis of the POD based SQP

algorithm. It also delivered the FE solutions, which we used to evaluate the quality of

the POD suboptimal solutions. The POD based model reduction persued the aim to

decrease computational complexity of the high-dimensional FE systems while providing

solutions of good accuracy.

Concerning the efficiency of the POD based SQP method we observed that a high

speedup factor for solving the equation systems could be achieved, especially when using

a low number of POD bases. However, the evaluation of the nonlinearity was computa-
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tional complex. In order to remove this obstacle, empirical interpolation methods were

applied. The efficiency could be improved, but only at the expense of the accuracy.

Thus, an effective way to reduce the computational effort caused by the nonlinearity

could be a field of future work.

Concerning the accuracy of the POD suboptimal solution, we found out that the approxi-

mation quality was essentially influenced by the choice of the control function, which was

used for the snapshot generation. Furthermore, it was fundamental to include informa-

tion about the adjoint state into the snapshot ensemble. Two approaches to determine

a POD basis, namely the method of snapshots and singular value decomposition, were

compared.

In order to evaluate the quality of a POD suboptimal solution without the use of the

FE optimal solution, we applied two different a-posteriori error estimation strategies. In

the first strategy, an upper error bound for the error in the control variable after termi-

nation of the POD based SQP algorithm was calculated. The numerical results showed

that the a-posteriori error estimator delivered a reliable error bound, which was close

to the actual absolute error in the control variable. However, this approach contained

certain heuristic arguments and required an approximation of the smallest eigenvalue of

the reduced Hessian matrix, which was computational costly, such that this approach

offers opportunities for future studies. In a second a-posteriori strategy, we applied an

a-posteriori error estimation for each linear-quadratic subproblem in each SQP level. By

doing so, we could control the inexactness that arised due to POD reduced solution of

the optimality system and tune the number of POD bases if the postulated accuracy

was not fulfilled. The numerical results showed that only a small number of POD bases

were needed in the beginning and increased in the last SQP levels.

112



Zusammenfassung

In der vorliegenden Diplomarbeit geht es darum, ein Optimalsteuerungsproblem mit

semilinearer Wärmeleitungsgleichung numerisch mithilfe eines inexakten SQP-Verfahrens

zu lösen und Methoden der Modellreduktion anzuwenden. Das Modellproblem setzt

sich aus drei wesentlichen Bausteinen zusammen: einem zu minimierenden quadra-

tischen Zielfunktional, einer semilinearen Zustandsgleichung mit Anfangs- und Randbe-

dingungen sowie punktweisen Steuerungsrestriktionen. Ziel der Steuerung ist es, eine

bestmögliche Approximation einer gewünschten Temperaturverteilung zum Endzeitpunkt

zu bewirken bei gleichzeitiger Minimierung der Kontrollkosten. Dabei agiert die Steuer-

ung auf dem Rand des Ortsgebiets und ist durch Boxrestriktionen eingeschränkt. Wir un-

tersuchen die eindeutige Lösbarkeit der Zustandsgleichung, die Existenz einer optimalen

Steuerung mit assoziiertem optimalen Zustand und leiten mithilfe des Lagrange-Kalküls

die notwendigen Optimalitätskriterien her. Die Nichtlinearität in der Zustandsgleichung

verursacht die Nichtkonvexität des Problems, was die Diskussion von hinreichenden Opti-

malitätsbedingungen zweiter Ordnung notwendig macht. Mit der Analyse dieser Aspekte

ist die theoretische Grundlage für die Lösung des Optimalsteuerungsproblems geschaf-

fen.

Die numerische Lösung wird mit einem inexakten SQP Verfahren realisiert. Die Grund-

idee dazu ist, das Problem als unendlich-dimensionales restringiertes Optimierungspro-

blem zu formulieren. In jedem SQP Schritt wird ein linear-quadratisches Teilprob-

lem gelöst, welches im Wesentlichen aus einer quadratischen Approximierung des La-

grangefunktionals und einer Linearisierung der Gleichungsnebenbedingung resultiert.

Die Lösung dieses Teilproblems ist gegeben durch die Lösung des Karush-Kuhn-Tucker

Systems, welches inexakt gelöst wird. Hohe lokale Konvergenzraten (superlinear oder

sogar quadratisch) können durch das Kontrollieren der Inexaktheit mittels einer Forcing-

Sequence erzielt werden. Aufgrund der Nichtkonvexität des Problems untersuchen wir

Globalisierungsstrategien, um die Konvergenz des SQP Algorithmus für beliebige Start-

werte sicherzustellen. Dabei verfolgen wir zum einen die Idee, die zweite Ableitung der

Lagrangefunktion geeignet zu modifizieren, um positive Definitheit zu garantieren und

zum anderen benutzen wir eine Armijo Liniensuche für die l1-Straffunktion.

Für die numerische Implementierung verwenden wir die klassische Finite-Elemente-

Methode zur räumlichen Diskretisierung und wählen das implizite Eulerverfahren als

Zeitintegrationsschema. Die Komplexität der so erhaltenen diskretisierten Systeme sowie

das wiederholte Lösen der SQP Teilprobleme zeigt den Bedarf an Verfahren der Mo-
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dellreduktion auf. Mit der Methode der Proper Orthogonal Decomposition (POD) wird

durch geeignete POD Basen ein reduziertes Optimierungsmodell aufgestellt, mit dem

Ziel Rechen- und Speicheraufwand erheblich zu reduzieren bei gleichzeitiger Bewahrung

einer guten Approximationsqualität. Eine mögliche Überprüfung der Approximations-

eigenschaften nach Berechnung einer suboptimalen Lösung sowie die Steuerung der Ap-

proximationsgüte innerhalb des SQP-Verfahrens durch eventuelle Erhöhung der Anzahl

der POD Basisfunktionen ist durch a-posteriori Strategien möglich.

Zahlreiche numerische Testbeispiele werden präsentiert und detailliert untersucht, ins-

besondere in Hinblick auf die Analyse des SQP-Verfahrens, verschiedene innere Löser

für das KKT-System, Konvergenzgeschwindigkeit und Globalisierungsstrategien. Die

Steuerungsrestriktionen werden mittels der primal-dualen aktiven Mengenstrategie um-

gesetzt. Bei der Anwendung der Modellreduktion mit POD werden verschiedene Möglich-

keiten für die Wahl der Snapshots und der Bestimmung der POD Basis systematisch ver-

glichen, wie zum Beispiel die Bestimmung der POD Basis durch das Lösen von Eigenwert-

problemen und Singulärwertzerlegung, Anreicherung der Snapshots mit Informationen

über den adjungierten Zustand und unterschiedliche Wahlen der Kontrollfunktion zur

Generierung der Snaphots. Eine Gegenüberstellung der suboptimalen POD Lösungen

und der nichtreduzierten optimalen numerischen Lösungen sowie der jeweils benötigten

Rechenzeiten zeigt die Stärke der durchgeführten Modellreduktion. Es wird der Ver-

such gestartet eine weitere Reduktion des Rechenaufwands durch empirische Interpola-

tionsverfahren zu bewirken. A-posteriori Fehlerschätzungen für die Steuerungsfunktion

liefern zuverlässig obere Fehlerschranken, aber sie enthalten zum Teil gewisse heuris-

tische Annahmen und verursachen Schwierigkeiten bei der rechnerischen Umsetzung, so

dass dieser Aspekt Raum für zukünftige Forschungen bietet.
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[KTV] Kammann, E., Tröltzsch, F., Volkwein, S., A-posteriori error estima-

tion for semilinear parabolic optimal control problems with application to

model reduction by POD, Mathematical modelling and numerical anal-

ysis, 47:555-581, 2013

[KV] Kahlbacher, M., Volkwein, S., POD a-posteriori error based inexact SQP

method for bilinear elliptic optimal control problems, Computational Op-

timization and Applications, 44:83-115, 2009

116



References

[KuV] Kunisch, K., Volkwein, S., Galerkin proper orthogonal decomposition

methods for a general equation in fluid dynamics, SIAM J. Numer. Anal.

40:492-515, 2002

[L] Lions, J.-L., Optimal control of systems governed by partial differential

equations, Springer-Verlag, Berlin, 1971

[NW] Nocedal, J., Wright, S. J.: Numerical optimization, second edition,

Springer-Verlag, New York, 2006

[O] O’Regan, D., Existence Theory for Nonlinear Ordinary Differential

Equations, Kluwer Academic Publishers, Galway, 1997

[QS] Quittner, P., Souplet, P., Superlinear Parabolic Problems: blow-up,

global existence and steady states, Birkäuser-Verlag, Basel, 2007
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