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Abstract

This work deals with population balance equations, investigating on a particle size distribution model
developed by the Research Center Pharmaceutical Engineering in Graz to simulate crystallization
processes. The model outlined in detail in this work consists of coupled population balance equations
with non-local integro terms and takes crystal growth and aggregation processes into account.
Solving the full order model takes a high computational effort, yet various solution snapshot sets
from different parameters are required for investigating on the unknown parameters appearing
in the model. Therefore, a reduced order model is set up from a full order solution snapshot
set by applying the Galerkin projection with a basis computed through the proper orthogonal
decomposition method. Numerical results of the model reduction are presented and further numerical
approaches, for example greedy methods, are discussed.
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Chapter 1

Preface

Population balance equations (PBE) play an important role nowadays for modelling particulate
processes, for example, in pharmaceutical engineering or biology. Through mathematical modelling,
it is possible to describe real world processes or phenomena, such as crystallization or granulation
for example. Not least due to high computational power, the simulation of such complex processes
is possible by combining population balances and computational fluid dynamics. As pointed out in
the annual report over the current status and future prospects of PBEs in [35], the application of
PBEs has taken a steep increase recently, likewise reflected by the number of published articles and
citations.

However, the computational time for such numerical simulations is still quite high, especially when
high grid resolution sizes are used in order to compute large-scaled systems accurately. That is
especially where model reduction is required. The aim is to reduce the computational time of a
simulation with a high resolution grid by solving a low resolution reduced order model (ROM) in
short time but with a result of equally well quality. Moreover, population balance models contain
unknown parameters and parameter estimation techniques can be applied in order to build an
accurate simulation of the process, which requires solution sets for various parameters. This work
applies model reduction via proper orthogonal decomposition (POD), which is an alternative to
reduced basis methods. Model reduction in a similar context of evolution equations can be found,
for example, in [23] or [14].

In this chapter, an English and a German summary is given, since this thesis is submitted at a
German university, including a content overview followed by an overview over commonly used
notations and abbreviations in this thesis.

1.1 English Summary

This thesis is based on a model for seeded crystallization processes implemented by our collaborators
from the Research Center Pharmaceutical Engineering (RCPE) in Graz, Austria. In collaboration
with M. Besenhard and A. Chaudhury, a MATLAB implementation simulating the crystallization
process under temperature change of a solution containing solid and dissolved particles was developed
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Chapter 1 Preface

and builds the initial point of this work. Yet, the original implementation has been manipulated as
per our convenience.

During the simulation of the crystallization process, particles underlie nucleation, growth, aggrega-
tion or breakage processes due to the temperature change in a model reactor. This evolution is
mathematically modelled by population balance equations, which are certain hyperbolic partial
differential equations (PDE) describing particulate processes. The model considered in this work
contains particle growth and aggregation processes (merging of particles). The particle aggregation
causes integral terms in the population balance equation and turns them into non-local partial
integro-differential equation (PIDE).

In Chapter 2, a general introduction to PBEs is given and a one-dimensional population balance
model is described in detail. We will consider two types of equations, the homogeneous growth
equation and the non-homogeneous aggregation equation. They will be presented and outlined
before the semi-discretization in the spatial domain is explained. The discretization leads us to a
set of ordinary differential equations (ODE) which constitute the full order model (FOM) that will
then be solved with common MATLAB routines. Finally, the test reactor framework is outlined in
detail and the solution is presented, both for the homogeneous and non-homogeneous equation.

The solution of the FOM as described in Chapter 2 at each time point is the starting point for
Chapter 3. Starting with the so-called snapshot matrix, which contains the particle size distribution
(PSD) at each time point of the solution, we introduce the proper orthogonal decomposition (POD)
method by applying a singular value decomposition (SVD) to the snapshot matrix. This leads us to
the POD optimization problem, where an optimal approximation of the snapshot matrix is achieved
by constructing a low-order, orthonormal POD basis derived from the snapshot matrix. This can
be done since POD is a method to extract the intrinsic, essential information of a high dimensional
data set into a small set of basis vectors. Finally, we will outline POD for time dependent systems
in its discrete and continuous version before convergence results are mentioned.

In Chapter 4 the reduced order model (ROM) by a POD Galerkin projection is introduced and
the resulting error is analyzed, as well as the application of the projection to our models equation
is explained.

In Chapter 5, the application of POD to the PBE is outlined and its numerical realization is
presented. Further, numerical results considering the POD basis computation as well as the solution
of the ROM are presented.

Chapter 6 is devoted to further numerical approaches and experiments. Multiple snapshot sets
are considered and so-called greedy methods are introduced, underlined by computational results for
different parameters. Moreover, another spatial finite difference scheme is applied and a variation of
the ROM is introduced.

In the end, Chapter 7 gives a conclusion and outline to possible future work.
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Chapter 1 Preface

1.2 German Summary

Diese Arbeit basiert auf einem Modell für Kristallgranulationsprozesse, welches von dem Research
Center Pharmaceutical Engineering (RCPE) in Graz, Österreich vorgelegt wurde. In Zusammenarbeit
mit M. Besenhard und A. Chaudhury wurde eine MATLAB-Implemetierung entwickelt, die den
Kristallationsprozess eines Stoffes in einer Lösung unter Temperatureinfluss simuliert. Dieses
Modell bildet den Ausgangspunkt dieser Arbeit, wobei es jedoch mit gewissen Änderungen unter
Beibehaltung der vorherigen Struktur neu implementiert und angepasst wurde.

Das Modell beschreibt in einer Lösung enthaltene Feststoff- und gelöste Stoffpartikel, welche auf-
grund von Temperaturveränderung im Modellreaktor Wachstums-, Zellbildungs-, Zellteilungs- und
Aggregationsprozessen unterliegen. Der Kristallationsprozess lässt sich mathematisch mit Popula-
tionsgleichungen beschreiben, die der Klasse der hyperbolischen partiellen Differentialgleichungen
zugeordnet werden können. Diese Arbeit beschränkt sich auf die Untersuchung von Gleichungen mit
Partikelwachstums- und Aggregationsprozessen. Letzteres lässt sich durch nicht-lokale Integralterme
in der Populationsgleichung beschreiben, sodass sich die Populationsgleichung als eine partielle
Integro-Differentialgleichung klassifizieren lässt.

Kapitel 2 gibt zunächst eine allgemeine Einführung in Populationsgleichungen und erläutert das
eindimensionale Populationsmodell des RCPE im Detail. Dabei wird die homogene Wachstums-
gleichung sowie die nicht-homogene Aggregationsgleichung erläutert und anschließend die örtliche
Semi-Diskretisierung mit der Upwind-Methode durchgeführt. Diese Diskretisierung führt uns zu
einem System gewöhnlicher Differentialgleichungen, welches dann mit MATLAB-Routinen gelöst
wird. Abschliessend werden Lösungen und numerische Ergebnisse präsentiert.

Die in Kapitel 2 berechnete Lösung des Systems gewöhnlicher Differentialgleichungen an jedem
Zeitpunkt bildet den Ausgangspunkt für Kapitel 3. Ausgehend von der Lösungsmatrix, auch
Snapshotmatrix genannt, wird die Proper-Orthogonal-Decomposition-Methode (POD) anhand der
Singulärwertzerlegung (SVD) der Snapshotmatrix eingeführt und erläutert. Dies führt dann zu
dem POD Optimierungsproblem, in welchem eine optimale Näherung der Snapshotmatrix durch
die Konstruktion einer niedrig-dimensionalen orthonormalen POD Basis aus der Snapshotmatrix
erreicht wird. Durch diese POD Methode lässt sich die wesentliche, dem hoch-dimensionalen System
eigene Information in eine kleine Menge von Basisvektoren konzentrieren. Abschließend wird die
diskrete und stetige POD Methode für zeitabhängige Systeme eingeführt und Konvergenzresultate
werden vorgestellt.

Darauf aufbauend wird in Kapitel 4 das Modell reduzierter Ordnung durch eine POD-Galerkin-
Projektion erhalten und vorgestellt, sowie der dabei entstehende Fehler analysiert. Ferner wird die
Methode auf das dieser Arbeit zugrunde liegende Modell angewendet.

In Kapitel 5 wird die Anwendung von POD auf die Populationsgleichung dargestellt und die
numerische Umsetzung erläutert. Ferner werden numerische Ergebnisse bezüglich der POD Basis-
berechnung und der Lösung des reduzierten, niedrig-dimensionalen Modells vorgestellt.

3
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Kapitel 6 widmet sich weiteren numerischen Ansätzen und Experimenten. Es werden multiple
Snapshot Mengen betrachtet und Greedymethoden eingeführt. Dabei werden numerische Ergebnisse
für verschiedene Parameter präsentiert. Ferner wird eine weitere Ortsdiskretisierung mittels finiter
Differenzenmethode vorgestellt und umgesetzt sowie ein weiterer Ansatz zur Lösung des reduzierten
Modells präsentiert.

Das Kapitel 7 stellt abschließend das Schlusswort dar und gibt einen Ausblick auf mögliche weitere
Forschung auf dem Gebiet dieser Arbeit.

1.3 Notations and Acronyms

In the following we introduce frequently used Notations for symbols and functions and commonly
used Acronyms.

Acronyms

API Active Pharmaceutical Ingredient
ASA Acetylsalicylic Acid (Aspirin)

CSD Crystal Size Distribution

EtOH Ethanol

FOM Full Order Model

MW Molecular Weight

ODE Ordinary Differential Equation

PBE Population Balance Equation
PDE Partial Differential Equation
PIDE Partial Integro Differential Equation
POD Proper Orthogonal Decomposition
PSD Particle Size Distribution

RCPE Research Center Pharmaceutical Engineering
ROM Reduced Order Model

SVD Singular Value Decomposition

4
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Notations

Bagg(ξ, t) Term for birth due to aggregation.

c(t) Function for the APIs concentration in the solvent.

c∗(t) Function denoting the time dependent solubility.

Dagg(ξ, t) Term for death due to aggregation.

∆T The linear cooling rate.

∆t The step size for the temporal discretization.

∆x The step size for the spatial discretization.

G(t, µ) The growth function.

kv The volume shape factor for crystals.

µ The parameter tuple appearing in G(t, µ) with µ = (k1, k2, k3).

mdis Denotes the dissolved mass.

merr Denotes simulations mass error.

msol Denotes the solid mass.

mtotal Denotes total particle mass that was initially put into the system.

m Denotes generally mass.

ρ The density of particles in our model.

S(t) Function denoting the supersaturation.

T Temperature, if not appearing in a clearly other context.

t The time variable.

Vtank The tank volume.

Xc(t) Function for the solubility of ASA in EtOH.

ξ In our class model the particle length.
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Chapter 2

Population Balance Equations

In this chapter, population balance equations are introduced and the test reactor framework of a
particulate model for crystallization processes is presented. Thereby, the dynamic model of this
work based on the implementation from our collaborators at the Research Center Pharmaceutical
Engineering (Graz, Austria) is pointed out in detail and its numerical realization is outlined.
Conclusive, numerical results for the full order population balance model are presented.

2.1 Introduction

Population balance equations (PBE) are defined as a class of PDEs, which are commonly used in
chemistry, biology or engineering to describe the temporal behaviour of discrete physical entities –
such as crystallization processes or cell population models, for example.
The model usually consists of partial differential equations, specifically of partial integro differential
equations (PIDE). These PIDEs contain non-local operators, which is why numerical solutions are
of high interest from a practical point of view.
A standard work dealing with PBEs is [34], where “various aspects of the methodology of pop-
ulation balance necessary for its successful application”1 are presented. In that book, different
multidimensional PBE frameworks are modelled and mathematical solution methods are explored –
thus, [34] is highly recommended from a mathematical point of view. An extensive overview over
the simulation and modelling of different types of PBEs can be found additionally in [29].

In praxis, there is a wide range of different models, depending on which process is modelled and
how the framework is set up. To begin with, we have a look at a very general formulation of a
one-dimensional PBE modelling crystallization processes and describe the contained terms as well
as their physical meaning. The model presented in this work describes temporal evolution of the
particle size distribution (PSD) for a seeded crystallization process in a well mixed reactor. This
solution is cooled or heated over a certain period of time and therefore particles undergo growth,
nucleation or aggregation processes.
A general formulation of that kind of population balance transport equation, as similarly formulated

1[34, p. 4]
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Chapter 2 Population Balance Equations

for the first time in the publications of [15] or [36], can be stated as

∂f(ξ, t)
∂t

+
∂
(
G(ξ, t, µ)f(ξ, t)

)
∂ξ

= Z(ξ, t) (2.1.1)

with the non-homogeneous part

Z(ξ, t) = Bnuc(ξ, t) +Bagg(ξ, t) +Bbreak(ξ, t)−Dagg(ξ, t)−Dbreak(ξ, t).

We call the function f(ξ, t) “number density function”, it describes in our case the particle size
distribution, or rather the number of particles with the internal coordinate ξ at the external time
coordinate t. The variable ξ represents the particle property, for instance, particle mass, length
or volume. In praxis, multidimensional equations combining various properties are considered, see
[12, 21]. Yet, this work will restrict to the one dimensional case with ξ representing the characteristic
particle size of length ξ.
The second term on the left hand side of (2.1.1) contains particle growth, including the growth
function G(ξ, t, µ) > 0, where µ ∈ R3 is a parameter tuple determining the growth function. The
parameter dependence of the growth function G(ξ, t, µ) is emphasized as the parameter µ is crucial
for modelling the process and therefore, in focus of parameter estimations. Examples for parameter
estimations in a similar context of particulate processes can be found, for example, in [13] or [32].

Remark 2.1.1. Throughout this work, we assume that G is not dependent on the particle size, so
it holds that

G(t, µ) = G(ξ, t, µ).

The right hand side of equation (2.1.1) describes birth and death processes the particles undergo.
The term Z(ξ, t) in (2.1) contains in the first to third place functions representing the birth of
particles due to nucleation, aggregation and breakage. The last two terms stand for the death of
particles due to breakage and aggregation. Figure 2.1 illustrates each particle formation process: the
aggregation of two particles, the breakage of one particle, the growth of a particle or the nucleation
of a particle through (usually mostly) non-particle matter.

This work is focused on simultaneous growth and aggregation processes, as similarly done in [2].
Thus, we have either a homogeneous equation with Z(ξ, t) = 0 taking only growth processes into
account, or we have a non-homogeneous equation with Z(ξ, t) = Bagg(ξ, t)−Dagg(ξ, t) combining
growth and aggregation.
Equation (2.1.1) requires initial and boundary conditions, which are generally stated as

f(ξ, t0) = f0(ξ) (2.1.2a)

f(0, t) = 0. (2.1.2b)

The latter condition, the boundary condition, means that there are no particles of zero size, which
is physically reasonable. The initial condition f0 could be, for instance, a log-normal distribution
and is simply the initial particle distribution at the beginning of the experiment.

7



Chapter 2 Population Balance Equations

Figure 2.1: The four basic particle formation processes.

2.2 The Aggregation Equation

The type of aggregation equation dealt within this work models the birth and death due to
aggregation within a crystallization process with non-local integro terms for ξ being the particle
length:

∂f(ξ, t)
∂t

+
∂
(
G(ξ, t, µ)f(ξ, t)

)
∂ξ

= Bagg(ξ, t)−Dagg(ξ, t), (2.2.1)

where

Bagg(ξ, t) := 1
2

∫ ξ

λ=ξmin

β(ξ − λ, λ, t)f(ξ − λ, t)f(λ, t)dλ

Dagg(ξ, t) := f(ξ, t)
∫ ξmax

λ=ξmin

β(ξ, λ, t)f(λ, t)dλ.

Similar types of aggregation equations were investigated as well in the context of model reduction,
for example, in [23].
The initial and boundary conditions are as stated in (2.1.2). The function β(ξ1, ξ2, t) is called
aggregation kernel (or coagulation kernel) and governs the aggregation process. The symmetric,
non-negative kernel describes the collision between two particles of size ξ1 and ξ2 producing a new,
bigger particle. The kernel is the equation’s most crucial parameter and depends on the nature of
the physical application and experiment setting. That is why different kernels, for example, the
Luo aggregation kernel, the shear kernel or the Brownian kernel can be found in literature, see for
example [11, 24, 25, 31] for detailed outlines on aggregation kernels. These kernels can be found by
theoretical considerations, experiments or empirical approaches – various modelling aspects are
given explicit in [30], even different kernels can be used in one model as it is done for example in
[7].

A common definition of the aggregation kernel is to decompose it into a size dependent and a time
dependent function, having the form

β(ξ1, ξ2, t) = β0(t)β̃(ξ1, ξ2). (2.2.2)

8



Chapter 2 Population Balance Equations

Here, the term β̃(ξ1, ξ2) is called the collision frequency, and the term β0(t) is called aggregation
efficiency. This decomposition will be useful with regard to computational aspects later.

For the continuous kernel function, it should hold that it is non-negative and symmetric:

(i) β(ξ1, ξ2, t) ≥ 0 ∀ ξ1, ξ2 ≥ 0

(ii) β(ξ1, ξ2, t) = β(ξ2, ξ1, t).

In this work, Thomson’s kernel as stated in [39, pp. 115] for ξ representing the particle length is
implemented:

β(ξ1, ξ2, t) = Cagg ·G(t, µ)p︸ ︷︷ ︸
β0(t)

·
(

(ξ3
1 − ξ3

2)2

ξ3
1 + ξ3

2
− 2(ξ2

1 + ξ2
2)
)

︸ ︷︷ ︸
β̃(ξ1,ξ2)

, (2.2.3)

where Cagg is the aggregation constant and G(t, µ) the growth function at the time point t raised
to the power of p, in this work we have p = 1.

Remark 2.2.1 (A word on the classification of the birth and death term).
Mathematically, the birth term Bagg can be classified as a non-linear Volterra integral operator, and
the death term Dagg as a quasi-linear Fredholm integral operator (see [29] or [34]).

Before we outline the test reactor framework of this work in detail, the model (2.2.1) is semi-
discretized in the following section. Thereby, the focus lies in discretizing the spatial derivative
term and the integrals on the right hand side of the equation.

2.3 Methods for the Numerical Realization of PBEs

There is a wide range of different methods that are applied to discretize the model. As stated in
[4], our collaborators work with the method of classes (also called method of characteristics) or
the method of moments, which is a finite element method. In general, finite element methods are
supposed to give results of higher accuracy compared to finite difference methods. However, as
mentioned in [27], they have a low computational efficiency, suffer from numerical issues and require
a complex implementation. In this work, the method of classes is implemented in combination with
the cell average technique for the aggregation equation as proposed by Kumar in [17]. Thereby, the
internal coordinate ξ is discretized by an N -dimensional grid for the particle length. Each ξi stands
then for a particle class and we obtain a set of N ODEs which then will be solved numerically. The
implementation was realized in MATLAB R2010a (64-bit version) on Windows 7 Home Premium.

For discretizing the derivative appearing on the left side of (2.1.1), we apply the upwind method.
This method is a fairly simple, but stable and monotone numerical finite difference scheme. It is often
used, for example, for discretizing singularly perturbed equations. The property of monotonicity
prevents oscillations and non-physical solutions. It was found out by our collaborators, that already
with the first-order upwind method sufficiently good results can be achieved. For comparison, we
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Chapter 2 Population Balance Equations

will introduce the Lax-Wendroff scheme later in this work (see also [12] for a comparison of both
methods in a similar context).
Other discretization techniques, namely finite volume methods, finite element methods, Monte
Carlo methods or high resolution schemes are in focus of today’s research and are applied in
praxis as well. An extensive overview over common methods can be found in [17], where several
discretization techniques are outlined in detail and new numerical methods (in particular the cell
average technique) are proposed. For a comparison of various methods see [26, 27, 33, 37].

Remark 2.3.1. With the method of moments, the particle size distribution is discretized by
moments, where the k-th moment is defined as

mk(t) =
∫ ∞

0
ξkf(ξ, t)dξ, k = 0, . . . , N.

Thereby, the PBE will be transformed into a set of ODEs of N moments (for k = 0 we have the
initial condition) which lies closer to the physical nature of the equations. A work on the comparison
of both methods for multidimensional systems can be found in [24].

2.3.1 The Upwind Method

In order to outline the upwind method, we will now consider the following, singularly perturbed
one-dimensional equation for an ε > 0:

−εy′′(x) + b(x)y′(x) = f(x), x ∈ (0, 1) = (xmin, xmax) (2.3.1a)

y(0) = y(1) = 0, (2.3.1b)

where b and f are continuous functions on [0, 1]. In this type of equations, ε is usually very small
and leads to a singular perturbation at the edge of the solution. This usually means, that the
solution does not converge uniformly at the edge.

The first order derivative can be approximated by the upwind method using the backward or
forward scheme stated as

y′(x) ≈


y(x+∆x)−y(x)

∆x =: D+y, if b(x) < 0 (forward approximation)

y(x)−y(x−∆x)
∆x =: D−y, if b(x) > 0 (backward approximation).

For the second order derivative, the central difference can be applied:

y′′(x) ≈ y(x+ ∆x)− 2y(x) + y(x−∆x)
(∆x)2 =: D+D−y.

Inserting the discretized derivatives in the equation with b(x) < 0 in the interval [0, 1] yields to

− ε · y(x+ ∆x)− 2y(x) + y(x−∆x)
∆x2 + b(x) · y(x+ ∆x)− y(x)

∆x ≈ f(x), (2.3.2)

respectively with yi ≈ y(xi), xj = xmin + j∆x, j = 0, . . . , Nx and ∆x := (xmax − xmin)/Nx
(Nx ∈ N) we can write

− ε · yi+1 − 2yi + yi−1

∆x2 + bi ·
yi+1 − yi

∆x ≈ fi (i = 2, . . . , Nx − 1). (2.3.3)

10



Chapter 2 Population Balance Equations

This equation can now be transformed to each yi and we get

(−ε 1
∆x2 + bi

1
∆x︸ ︷︷ ︸

<0

)yi+1 + (ε 2
∆x2 − bi

1
∆x︸ ︷︷ ︸

>0

)yi + (− ε

∆x2︸ ︷︷ ︸
<0

)yi−1 ≈ fi, (2.3.4)

where the sign of each bracket is independent of the choice of ∆x > 0. Figure 2.22 illustrates the
information flow of the method. The discretization can be described with a process matrix A∆x,

Figure 2.2: The upwind scheme information flow.

whose coefficients are positive on the main diagonal, on the upper and on the lower secondary
diagonals, respectively negative. From this it follows directly that A∆x is an L0, respectively an
L-matrix.
Moreover, it can be shown that A∆x is even an M -Matrix – hence we obtain a stable first-order
process without restrictions on ∆x, i.e. we have a stability estimation for the numerical solution
y∆x stated as

‖y∆x‖∞,d ≤ ‖A−1
∆x‖∞,d‖‖f∆x‖∞,d, (2.3.5)

with the discrete maximum norm

‖y∆x‖∞,d := max
0≤i≤Nx

|y∆x(xi)|,

and use the M -Matrix property for further estimations. Further, the upwind method is consistent
of order 1, and we obtain a first-order convergent numerical scheme. For more detailed insight into
the analysis of numerical methods we refer to [38, 40] or, particularly with regard to numerical
methods for PDEs, to [16, 18].

Remark 2.3.2. In our case, the Courant-Friedrichs-Lewy condition (CFL condition) for numerical
stability, stated for the upwind scheme applied to the homogeneous equation as

c =
∣∣∣∣G(t, µ)∆t

∆x

∣∣∣∣ ≤ 1. (2.3.6)

was violated for certain parameter combinations in µ. We tried to avoid this as far as possible by
using appropriate discretization step sizes and parameters.

2.3.2 Discretization of the Growth Equation

In the first step, we consider the homogeneous PBE as formulated in equation (2.1.1) where
Z(ξ, t) = 0 and outline the application of the upwind method. The discretization of the internal

2graphic from http://www.exp.univie.ac.at/cp1/cp1-6/node70.html
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Chapter 2 Population Balance Equations

variable ξ has the following general form for the inner points:

G(t, µ) ·
∂
(
f(ξ, t)

)
∂ξ

→ G(t, µ) · f(ξi, t)− f(ξi−1, t)
ξi − ξi−1

, 2 ≤ i ≤ Nx − 1.

Here, we apply the backward upwind method to the spatial derivative because it holds that G(t, µ) >
0 for the growth function. Then the process matrix A∆x for the fixed step size ∆x = ξi+1 − ξi has
the form

A∆x = 1
∆x


1 0 · · · 0

−1
. . . . . .

...
...

. . . 1 0
0 · · · −1 0

 ∈ RNx×Nx ,

with the border points being already added to the matrix (in the last class, particles can be only
added in the class model). Defining the vector

y(t) :=
(
f(ξ1, t), . . . , f(ξNx , t)

)T
,

we get an ODE system of the form

d
dty(t) = −G(t, µ) ·A∆x · y(t), t ∈ (0, tend] (2.3.7)

with the sparse matrix A∆x and the initial distribution y(t0) = f0(ξ). This system is called full
order model (FOM) and we call the solution of this system the FOM-solution (or FD-solution
because finite differences are used for discretization). This discretization is moreover close to the
physical nature of the equation: the particles "move" so to speak from the classes i = 1, . . . , Nx − 1
(here, particles are "subtracted") to the classes i = 2, . . . , Nx (where particles are "added"). In our
case, an equidistant grid is used, where non-equidistant grids are possible as well and realized, for
example, in [10].

To solve this system, we can use MATLAB functions like ode45 or ode23s. This leads to a sufficiently
good solution within a short computing time, because the matrix A∆x is sparse – even if we consider
big systems. It showed out that ode45 worked better computing a solution of the full system –
therefore, only this solver will be applied in this work if not mentioned otherwise.

Looking at the aggregation equation, things are quite different. The terms Bagg and Dagg are not
zero and consequently, the discretization produces full lower triangular matrices implementing the
non-local operators in Z(ξ, t). The result is a high computational complexity even for small systems
– that is why we are especially interested in a POD approach. The POD method enables us, to
set up a reduced order model and solve this instead of the full order model. Yet, details will be
outlined later, first let us turn to the discretization of the aggregation equation.

2.3.3 Discretization of the Aggregation Equation

Since the growth equation forms part of our aggregation equation (2.2.1), the numerical implemen-
tation follows two steps: first, the homogeneous part is set up, then the computed integrals of the
non-homogeneous part are added before the equation is solved by an ODE solver.

12



Chapter 2 Population Balance Equations

The discretization of the birth and death rate is based on the formulation for the change of the
discrete number density yi as formulated in [10] or [34]. However, the discretization is not straight
forward since mass conservation should be taken into account in order to receive solutions that are
physically sense full. This can be checked by verifying the total number of particles or the total
particle mass at each point of time.

The aggregation birth term considers the aggregated particles, while in the death term we want to
consider only those particles, that have aggregated in deed. Maintaining the systems total mass
during the whole aggregation process requires therefore special solution techniques, which is not the
straight forward implementation of the equation. In the following, two mass conservative and related
approaches are presented: The approach of the original implementation from our collaborators
follows basically the outlines of [10, 34], which was realized with loops in the implementation. Then,
the modified implementation using the cell average technique is explained oriented on the outlines in
[17]. In the implementation of this work, the general structure of our collaborators’ implementation
was maintained as far as possible, but for example, using pre-computation and avoiding loops could
reduce the computational time for solving the aggregation equation.

The idea is similar in both cases, based on partitioning the aggregated particles (volume based) in
the adjacent classes. In [10], the discretization is formulated as follows:

dyi
dt = 1

2

i−1∑
k=1

β(ξk, ξj)ykyj︸ ︷︷ ︸
Bagg,i

− yi
Nx∑
k=1

β(ξk, ξi)yk︸ ︷︷ ︸
Dagg,i

, i = 1, . . . , Nx. (2.3.8)

The class j of collision partner ξj is related to the other class k of ξk by

ξj = (ξ3
i − ξ3

k) 1
3 (2.3.9)

(and therefore given implicit), which assumes ξk being the aggregated particle on the grid. But
since ξj may not be on the grid, this computation would lead to a mass error. That is why every
possible combination of particles ξi and ξj has to be taken into account. The resulting particle after
a successful collision of ξi with ξj would then be

ξres = (ξ3
i + ξ3

j ) 1
3 , (2.3.10)

being located between two adjacent particle classes: ξres ∈ (ξp, ξp+1]. This resulting particle is then
partitioned between those two classes ξp and ξp+1, taking mass conservation into account.

ξ3
res = w1ξ

3
p + w2ξ

3
p+1, (2.3.11)

with the weights w1 and w2, where it holds that

w1 + w2 = 1. (2.3.12)

The weights are then calculated as follows:

w1 =
ξ3

res − ξ3
p+1

ξ3
p − ξ3

p+1
, (2.3.13)

w2 = 1− w1. (2.3.14)

13
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Finally, both birth rates Bagg,p and Bagg,p+1 are increased by the contributions due to the collision
of particles of classes i and j:

∆Bagg,i,j,p = w1

2 β(ξi, ξj)yiyj (2.3.15)

∆Bagg,i,j,p+1 = w2

2 β(ξi, ξj)yiyj . (2.3.16)

Then the total birth rate results in the sum of the contributions of collision partners ξi and ξj that
are smaller than the particles in class ξp:

Bagg,p =
p−1∑
i=1

∆Bagg,i,j,p, (2.3.17)

with the relation (2.3.10) for the classes i and j. Implementing the cell average technique as proposed
by Kumar in [17], a lot of pre-computation for the particle aggregation can be done and more
accurate results were be achieved. The method is based on averaging the particles volume of all
aggregated particles within the cells and is outlined shortly in the following.

Practically, all possible particle aggregations are computed initially and a location matrix containing
the corresponding classes ξp and ξp+1 of the aggregation is found. Then, the birth term is computed
for all possible combinations, but only the corresponding classes as defined in the location matrix
are summed. In the next step, the average cell volume is calculated and all possible aggregation
combinations are partitioned to the corresponding adjacent classes, before the result is summed to
receive the birth rate. As stated in [17], the birth rate for the p-th cell can be written as

Bagg,p =
j≥k∑
j,k

ξp<ξj+ξk≤ξp+1

(1− 1
2δj,k)β(ξj , ξk)yjyk, p = 1, . . . , Nx (2.3.18)

which means, that all possible aggregation combinations up to the p-th cell are taken into account
(the Dirac-delta function avoids counting twice for j = k). In order to calculate the average volume
of all newborn particles in the p-th cell, the net flux of volume Vagg,p in the p-th cell is required.
This can be calculated as a result of the aggregations by

Vagg,p =
j≥k∑
j,k

ξp<ξj+ξk≤ξp+1

(1− 1
2δj,k)β(ξj , ξk)yjyk(ξ3

j + ξ3
k). (2.3.19)

Afterwards, the average volume v̄p is stated as

v̄p = Vagg,p

Bagg,p
(2.3.20)

and is used for the weights when partitioning the particles to the adjacent classes as follows:

B+
i =

v̄i−1 − ξ3
i−1

ξ3
i − ξ3

i−1
Bagg,i−1, i = 2, . . . , Nx, (2.3.21)

B−i =
ξ3
i+1 − v̄i
ξ3
i+1 − ξ3

i

Bagg,i, i = 1, . . . , Nx − 1. (2.3.22)

Finally, the whole aggregation term is computed as

Bagg = B+ +B−. (2.3.23)
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Computing the death term as

Dagg,i = yi

Nx∑
k=1

β(ξk, ξi)yk, i = 1, . . . , Nx, (2.3.24)

we end up finally with a discretized equation (2.2.1).

2.4 The 1-D Model for Crystallization

The MATLAB implementation contains many different variables that are fed into the population
balance model. Physical parameters such as the solubility of a substance in a solution, the form of
materials, the molecular weight or size variation of the particle classes are known in advance or can
be determined, while the initial distribution of the particles is selected according to the experience
and constants in the growth function G are estimated. An overview over recent advances and new
directions in crystallization modelling with focus on crystallization control is given in [28]. Some
of the following explanations are partially based upon [6], a work investigating on optimization
algorithms and numerical techniques based on the same model from our collaborators. Models with
similar equations in the same context are investigated also in [1, 8].

The modelling framework is restricted to the outline provided by our collaborators at RCPE,
however, the implementation has been manipulated as per our convenience.

2.4.1 The Test Reactor Framework

The general framework of our model is a test reactor simulation. Before going into detail, let us
recall the homogeneous equation (2.1.1), with Z(ξ, t) = 0 and the initial condition f0:

∂f(ξ, t)
∂t

+G(t, µ)
∂
(
f(ξ, t)

)
∂ξ

= 0, (2.4.1a)

with f(ξ, 0) = f0(ξ) and f(0, t) = 0. (2.4.1b)

The model describes a crystallization process, where the internal coordinate ξ represents the crystal
(or particle) size – if not otherwise mentioned, the particles length. Further on, we consider cubic
crystals for the entire process. They have a constant density of ρ = 1 [kg/l]. The model describes a
well mixed seeded batch of active pharmaceutical ingredients (API), in our case acetylsalicylic acid
(ASA), also known as aspirin, in a liquid model solvent, in our case ethanol (EtOH).

This crystal solution is then cooled down linearly, starting at the initial temperature of T0 = 50◦C
to the final temperature of Tend = 35◦C during a simulation time of tprocess = tend = 600 seconds.
Therefore, the actual temperature is written as a time-dependent function T (t) = t0 − ∆T · t
including the linear cooling rate ∆T .

Table 2.1 lists the material constants relevant for the model and gives thus an overview over the
parameters of the crystallization model.
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In all examples, the initial crystal size distribution (CSD) of the crystals seed is a log-normal

Constant Description

MWASA = 180.16 Molecular weight (MW of model API (ASA) in [g/mol]
MWEtOH = 46.07 Molecular weight of solvent (Ethanol) in [g/mol]

ρ = 1 Density of particles in [kg/l]
kv = 1 Volume shape factor for cubic particles
Vtank = 1 Tank-volume
mtotal = 0.5 Total mass of API (solid and dissolved) in [kg]
ξmin = 1 Smallest particle class in [µm]

ξmax = 1000 Biggest particle class in [µm]
Nx Number of particle classes

∆x = ξmax − ξmin

Nx
Discretization step size in ξ (class size)

t0 = 0 Initial time-point
tend = tprocess Final time-point (process time in [s])

Nt Time discretization size
∆t = t0−tend

Nt
Time discretization step size

T0 = 50 Initial temperature in the reactor in ◦C
∆T = 0.025 Linear temperature cooling rate in ◦C/s

Tend = t0 −∆T · tprocess Final temperature in ◦C
µ = (k1, k2, k3) Parameters in the growth function G(t, µ)

Table 2.1: Material constants and system settings.

distribution of the form

f0(ξ) = 1
σln
√

2π
exp

−1
2

(
ln( ξ

ξ50
)

σln

)2, (2.4.2)

with σln = 0.4 and ξ50 = 100 [µm] and ξ representing the particle length in [µm].
The total initial solid mass minit resulting from f0 can be computed by

minit = 10−15 · ρ ·
∫ ξmax

ξmin

(kvξ3) · f0(ξ)dξ in [kg], (2.4.3)

where ξmin is the smallest and ξmax the greatest particle length, kv the volume shape factor (in our
case for cubic particles) and ρ the density of particles in [kg/l]. Note that we have to integrate over
the volume of a particle to get the total mass of particles being already in the crystalline phase.
Consequently, we can compute the amount of solid mass at any time point by

m(t) = 10−15 · ρ ·
∫ ξmax

ξmin

(kvξ3) · f(ξ, t)dξ in [kg], t > 0. (2.4.4)

It is essential that during the whole process the mass equality

mtotal = msolid +mdissolved (2.4.5)

holds – otherwise, the whole model would not make that much sense from a physical point of
view. This makes it possible to calibrate the model while conserving the quantities. If, for example,
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unfavourable constants were chosen, this was again reflected numerically.
All experiments in this work will use the same initial ratio of model API and model solvent.
Hence, the initial seed mass m0 (which is the non dissolved amount of solid ASA) and the initial
concentration of the dissolved particles c0 = c∗(t0) (see below for the definition of c∗) depend only
on the solubility at the initial temperature at the time point t0. In fact, the initial solid mass is
calculated as the difference between the solid mass and the mass of the dissolved particles, i.e.

m0 = mtotal − c0 ·MWASA · 10−3︸ ︷︷ ︸
mdiss(t0)

. (2.4.6)

Note that this requires an adjustment regarding the mass minit resulting from f0.

Remark 2.4.1. In our collaborators implementation, the initial distribution was levelled with
f0(ξk) = 0 from a certain index k. This index k could depend for example on the maximal size of a
particle (e.g. k = ξmax

2 ). In this works implementation, this levelling of the initial distribution was
discarded because of the negative effect on the POD method resulting from that tiny discontinuity.
However, levelling seems not mandatory if the initial distribution is adopted to fit the initial particle
mass. This adjustment can be done by

f̃0 = m0

minit
· f0,

with the initial solid mass m0 and the from f0 calculated initial mass minit. The only disadvantage
is the accumulation of particles in the final class resulting from the narrowness of the discrete model,
which was not reflected that strongly as by using the cell average technique.

The models growth function was developed by Lindenberg et al. ([20]) and has the form

G(t, µ) = G
(
S(t), T (t), µ

)
= k1 · exp

(
− k2

RT (t)

)(
106c∗(t) · (S(t)− 1)k3

)
in [m/s]. (2.4.7)

Note that in our model G(ξ, t, µ) = G(t, µ) holds. Therefore, we have no influence of the particles
length ξ on the growth function. The parameter estimation would focus on the empiric parameters
k1 in [m/s], k2 in [J/mol] and k3, gathered in the parameter tuple µ = (k1, k2, k3). Then we have
R = 8.314472 and the time dependent temperature T (t) measured in Kelvin (this means T in
◦C + 273.15) in the reactor. The function S(t) denotes the supersaturation and c∗(t) denotes the
solubility (see equation (2.4.9) and (2.4.10) for their definitions). For simplicity, we write only
G(t, µ) instead of G(S(t), T (t), µ) to emphasize the time and parameter dependence.

Remark 2.4.2. The models growth rate presented in this work is based on particle length and is a
ξ-independent function, but other definitions can be found in literature and praxis as well: In [11],
the growth rate based on particle length (denoted as ξL) is introduced as

GL(ξL, t) := ∂ξL
∂t

.

The relationship between the growth rate based on particle length ξL and particle volume ξV is
defined as

GV (ξL, t) = 3kvξ2
LG(ξL, t, µ), due to GV (ξV , t) := ∂ξV

∂t
.

However, the particle volume can be calculated from the particle length by ξv = kvξ
3
L with the volume

shape factor kv.
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The temperature dependent solubility of the model API in the model solvent is orientated on the
solubility of aspirin dissolved in ethanol. This solubility can be described by a Nyvlt model as
stated in [22] for the temperature T (in Kelvin):

Xc(t) = 10(N1+N2
T +N3·log (T )) in [mol/l], (2.4.8)

with the constants N1 = 27.769, N2 = −2500.906 and N3 = −8.323.
The supersaturation S(t) = S

(
T (t)

)
being a temperature dependent function is defined by the

fraction of the temperature dependent APIs solubility c∗(t) and its actual concentration c(t) in the
solvent:

S(t) = S
(
T (t)

)
= c(t)
c∗(t) in [mol/l]. (2.4.9)

The solubility c∗(t) = c∗
(
T (t)

)
is also temperature dependent and consists of various parameters

defined in Table 2.1. The function is implemented as

c∗(t) = 103 ·
(

ρ ·Xc(t)
MWASAXc(t) +MWEtOH · (1−Xc(t))

)
in [mol/l]. (2.4.10)

Lastly, the change in the concentration of dissolved API due to growth is described by the additional
balance equation

dc(t)
dt

= 10−15
(

ρ · kv
MWASA · 10−3

)
︸ ︷︷ ︸

=:γ

∫ ξmax

ξmin

ξ3 ·G(t, µ)∂f(ξ, t)
∂ξ

dξ in [mol/l per s], (2.4.11)

which is coupled with equation (2.4.1).

The right hand side of equation (2.4.1) is discretized using the upwind method by

dc(t)
dt

= γ
(
(ξ3)TA∆x

)
G(t, µ)y(t), (2.4.12)

where ξ = (ξ1, . . . , ξNx) With regard to pre-computation, we define

HC := γ
(
(ξ3)TA∆x

)
. (2.4.13)

In summary, we get as the resulting set of Nx + 1 ODEs, where we have to solve the dynamic
system given in the following definition.

Definition 2.4.3 (The homogeneous case). The following discretized system is solved when we
refer to the homogeneous case, including only growth:

dy(t)
dt

= −G(t, µ)A∆xy(t), (2.4.14a)

dc(t)
dt

= G(t, µ)HCy(t), (2.4.14b)

with
y(t) = f(ξ, t), ξ = (ξ1, . . . , ξNx)T and t ∈ (0, tend],

HC as defined in (2.4.13), and the initial conditions both for y(ξ, t) and c(t) stated as

y(0) = y0 and c(0) = c0.
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Remark 2.4.4 (A word on particle density and on the growth functions parameters).

a) A distinction of the particle density can be done between the different phases, but we assume
equal density for the crystalline phase as well as for the pure solvent and the solvent containing
dissolved species of the crystalline phase (see [6]).

b) The range of the parameters k1, k2 and k3 in µ = (k1, k2, k3) of the growth function is quite
wide. According to [6], we have

0 < k1 < 5 · 102

0 < k2 < 105

0 < k3 < 10.

In order to avoid unrealistic combinations, this work concentrates on parameters that appear
in [6] or [4] and the experiments focus on a restricted range for each parameter.

Having described the model, we will now have a first look at the numerical solution of (2.4.1). This
run was conducted with the parameters displayed in Table 2.2. Figure 2.3 shows the solution of

Model 1
µ = (k1, k2, k3) (3.21 · 10−3, 2.58 · 104, 1)

(Nx, Nt) (200, 600)
tprocess 600

(T0, Tend) (50, 35)

Table 2.2: The parameters of Model 1.

the homogeneous equation over the whole time grid displaying the evolution of the particle size
distribution. The left axis (ξ-axis) describes the particle size distribution, where ξ ∈ [ξmin, ξmax].

(a) Mesh plot (b) Transport view

Figure 2.3: Solution of the growth equation.

The distribution of ξ is allocated in Nx = 200 classes. The right axis is the time axis displaying the
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time steps Nt = 600 over the interval [t0, tend] = [0, 600], or equivalently the temperature evolution
from T0 = 50◦C to Tend = 35◦C. In image (a) of Figure 2.3 the mesh plot is presented, while image
(b) of Figure 2.3 shows the transport view plot, which enables to observe well the transport flow
of the initial condition by the equation (2.4.1). As we can see, the initial distribution is moved
“forward” during the process and larger particles are produced slowly. This gets even clearer in the
left image of Figure 2.4, where the crystal size distribution is displayed at the time points t = 0
(initial distribution, green), t = 300 (half process time, red) and t = 600 (final time, blue). The
amount of particles in a class goes up to 106, which means, the solver is calculating with huge
numbers of particles. That may quickly lead to computational in-accurateness, so when considering
any error measure here, we should keep in mind the systems size.
As it was mentioned before, the conservation of mass plays a central role in the model – the equation

(a) Crystal size distribution at three time points (b) Mass error during the whole process

Figure 2.4: The CSD and the mass error for the growth equation.

for the mass error
merr = mtotal −msolid −mdissolved (2.4.15)

should be close to zero during the whole process. By using pre-computation and sparse matrices,
very accurate results were achieved. However, this depends strongly on the chosen parameters,
which may lead to different results for other models. The total particle mass during the whole
process is 0.5 [kg] whereof 0.38768 [kg] were dissolved ASA and 0.11232 [kg] were in the solid phase.
After a simulation time of 0.389 [s] on an HP notebook with an 2.4 GHz Intel i3 core, the amount
of dissolved ASA was 0.337356 [kg] and 0.162644 [kg] solid mass, with a final mass error beyond
computational accuracy being zero. In image (b) of Figure 2.4, the mass error during the whole
process is shown – lying in the range of 10−16, the error is practically not existent.

Figure 2.5 shows the development of dissolved ASA in [mol/l] on the top and the supersaturation
profile on the bottom. It can be seen how the amount of dissolved ASA decreases from 2.152 [mol/l]
to 1.873 [mol/l] during the process, while the solutions supersaturation increases from 1 to 1.243
[mol/l]. Having in mind that the solution is considered to be saturated at S = 1, the solution gets
supersaturated up to 1.243.
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Figure 2.5: The profile of the amount of dissolved ASA and supersaturation for Z(ξ, t) = 0.

2.4.2 The Model with Aggregation

Taking into account the aggregation birth and death terms, the right side of equation (2.4.1)
becomes non-homogeneous and is formulated as in the following definition.

Definition 2.4.5 (The non-homogeneous case). The following discretized system is solved when
we refer to the non-homogeneous case, including growth and aggregation:

dy(t)
dt

= −G(t, µ)A∆xy(t) +Bagg −Dagg (2.4.16a)

dc(t)
dt

= G(t, µ)HCy(t), (2.4.16b)

with
y(t) = f(ξ, t), ξ = (ξ1, . . . , ξNx)T and t ∈ (0, tend],

and the initial conditions both for y(ξ, t) and c(t)

y(0) = y0 and c(0) = c0.

with the terms Bagg and Dagg as defined in (2.3.23) and (2.3.24), and HC as stated in (2.4.13).

To check if the aggregation works correctly, the ratio of the birth and death of all classes should
be checked at each point of time, since it should hold that Bagg

Dagg
= 1

2 . This mirrors the physical
background, since in this model two particles aggregate and form a new, bigger particle. A further
model verification method is to check the mass conservation: the total number of particles during
the whole process must stay constant.
The aggregation constant appearing in the aggregation kernel is set to Cagg = 2.2 · 10−16 and the
aggregation kernel is consequently formulated as

β(ξ1, ξ2, t) = 2.2 · 10−16 ·G(t, µ)β̃(ξ1, ξ2), (2.4.17)

following the definition in (2.2.3).
The implementation uses pre-computation where possible, for example the size dependent part
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(a) Mesh plot (b) Transport view

Figure 2.6: Solution of the aggregation equation.

of the kernel, β̃(ξ1, ξ2), is extracted and computed offline, as well as the location matrix for the
corresponding new particles.

Figure 2.6 presents the results of a solution of the aggregation equation, conducted with the
parameters mentioned in Table 2.2. Like before, the right axis represents the temporal temperature
change, while the left axis represents the particle classes. For the non-homogeneous equation, the
computing time is much higher: it took 118.9 seconds to solve the system. The final dissolved mass
of ASA is 0.339714 [kg], and the final solid mass ASA is 0.160286 [kg], again with no mass error at
the final point of time.

In Figure 2.6, image (a) it can be seen, how strongly the initial distribution decreases with progressing
time. At the right, the transport view shows clearly how the initial distribution peak vanishes and
bigger particles result, compared to image (b) in Figure 2.5.

(a) Crystal size distribution at three time points (b) Mass error during the whole process

Figure 2.7: CSD and mass error for the aggregation equation.

The CSD of the aggregation equation is displayed in image (a) of Figure 2.7 at the three different
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time points. There it gets very obvious, how agglomeration influences the population balance and a
higher number bigger particles agglomerate (e.g. ξ with length=300), while the amount of particles
with a small length (e.g. around 50) decreases and the initial distribution is compressed. On the
right hand side, the computational error is shown – it is still about the range of 10−16, but with
more oscillations and a little bit higher than in the homogeneous case due to the higher complexity
of the equation.

Figure 2.8 shows the development of dissolved ASA in [mol/l] on the top and the supersaturation
profile on the bottom. It can be seen how the amount of dissolved ASA decreases during the
process from 2.152 to 1.886 [mol/l], while the solutions supersaturation increases, analogous to the
homogeneous case, from 1 to 1.252 [mol/l].

Figure 2.8: The profile of the amount of dissolved ASA and supersaturation for Z(ξ, t) 6= 0.

Remark 2.4.6. (i) In our collaborators implementation, aggregated particles that had a larger
volume than the discretization grid were fitted into the largest particle class. This could not be
maintained in that way with regard to the model reduction. Using the cell average technique
and adequate parameters, this issue was reduced and the error resulting from the final class
could be kept comparatively small.

(ii) By avoiding loops and using pre-computation, the computation time could be reduced signifi-
cantly even for the FOM compared to the implementation this work is based on. However, the
time refers to the time for solving the ODE system with ode45 leaving aside pre-computations
and system initializations. Further, a higher computational accuracy was gained.
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Chapter 3

Proper Orthogonal Decomposition

This chapter explains the principle of model reduction by proper orthogonal decomposition (POD).
The idea of POD is first derived by the close relationship with the singular value decomposition
(SVD), so the actual POD optimization problem can be comprehended easier. Secondly, we in-
vestigate the POD optimization problem in the Euclidean space RNx as well as with a weighted
inner product, which is more relevant in numerical applications. In the next step, we then consider
time-dependent ODE systems and discuss the convergence of the POD solutions to discrete and
continuous ODE systems.
The explanations in this chapter are based on the lecture “Model Reduction using Proper Orthogonal
Decomposition”, see [41] for details.

3.1 The POD Method in RNx

First of all, we want to procure the basic idea of POD. The POD method initially sets up where the
last chapter ended. We require so-called snapshots for each time step, this means yj ≈ y(tj) ∈ RNx

for 1 ≤ j ≤ Nt. As a start, this will be the numerical solution of our PBE problem, summarized in
a matrix Y ∈ RNx×Nt . Take into account that we can apply POD to these snapshots, regardless of
which discretization has been used to solve the original problem.
In the Euclidean space, each of these snapshots has the representation as a generalized Fourier
series by the unit vectors ei ∈ RNx and the scalar product of ei and yj in RNx :

yj =
Nx∑
i=1
〈yj , ei〉ei, j = 1, . . . , Nt.

Consequently, the starting position for POD is, that we have given snapshots yj ≈ y(tj) ∈ RNx , 1 ≤
j ≤ Nt combined in a matrix

Y = [y1, . . . , yNt ] ∈ RNx×Nt ,

with rank(Y ) = d ≤ min(Nx, Nt). The idea of the POD method can now be formulated as follows:
For any ` ≤ d find orthonormal vectors {ψi}`i=1 ∈ RNx that approximate

span{y1, . . . , yNt}, yi ∈ RNx
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in an optimal way.
This results in the best possible projection y` of y on the POD subspace V ` = span{ψ1, . . . , ψ`}
with the generalized Fourier representation of y by these ` basis vectors:

y`j =
∑̀
i=1
〈yj , ψi〉ψi, j = 1, . . . , Nt.

Given the basic idea, we will now outline the POD method in detail and start with a closer look to
the close connection between POD and SVD.

3.1.1 Singular Value Decomposition

As we will see now, SVD is directly related to POD. But beside that, this technique is often used in
numerical mathematics, for example, for principal component analysis (PCA) or Karhunen-Loeve
decomposition in stochastics.

Theorem 3.1.1. For any arbitrary matrix Y ∈ RNx×Nt of rank d ≤ min{Nx, Nt}, the SVD gives
us the existence of so-called singular values

σ1 ≥ . . . ≥ σd > 0

of descending order and associated orthogonal matrices

Ψ = [ψ1, . . . , ψNx ] ∈ RNx×Nx as well as Φ = [φ1, . . . , φNt ] ∈ RNt×Nt ,

for which holds

ΨTY Φ =
(
D 0
0 0

)
=: Σ ∈ RNx×Nt (3.1.1)

with a matrix D = diag(σ1, . . . , σd) ∈ Rd×d and zero-matrices of appropriate dimensions.

This singular value decomposition characterizes a matrix similar like the eigenvalue decomposition.
A great advantage of SVD is, that the existence is given for any arbitrary matrix Y . For more
detailed discussion of SVD, we would like to refer for instance to [9].

Multiplying equation (3.1.1) by Ψ from left leads to

Y Φ = ΨΣ, (3.1.2)

since it holds that ΨT = Ψ−1 due to orthogonality of Ψ. This gives us the following equations for
the singular values σi and the eigenfunctions ψi ∈ RNx as well as φi ∈ RNt with 1 ≤ i ≤ d:

Y φi = σiψi (SNt)

Y Tψi = σiφi. (SNx)

If we multiply (SNt) with Y T and insert (SNx) in (SNt), we get the Nt-dimensional system

Y TY φi = σ2
i φi, (ENt)
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therefore this approach will be applied if Nt � Nx. For Nx � Nt, we proceed analogously and get
the Nx-dimensional system:

Y Y Tψi = σ2
i ψi. (ENx)

We see that {ψi}di=1 and {φi}di=1 are the eigenvectors of Y Y T and Y Y T , respectively, with the
singular values being the square roots of their positive eigenvalues λi = σ2

i > 0 for i = 1, . . . , d,
whereas the vectors {ψi}Nxi=d+1 and {φi}Nti=d+1 (if d < Nx respectively d < Nt) are eigenvectors of
Y Y T and Y TY with the eigenvalues being zero.
Thus, we get the Fourier representation of y through the d basis vectors:

yj =
d∑
i=1
〈yj , ψi〉ψi, j = 1, . . . , Nt.

The goal of POD is now, to choose only `� d eigenfunctions {ψi}`i=1, so that y is approximated as
well as possible:

yj ≈
∑̀
i=1
〈yj , ψi〉ψi with `� d.

This choice of ` eigenvectors can be seen as the reduction of data expressing their essential
information. In summary, the POD optimization problem can be formulated as follows:

Definition 3.1.2 (POD Optimization Problem).
Find to a given matrix Y = [y1, . . . , yNt ] ∈ RNx×Nt with rank d ≤ min{Nx, Nt} orthonormal vectors
{ψi}`i=1 ∈ RNx by solving the optimization problem

min
ψ1,...ψ`∈RNx

Nt∑
j=1

αj

∥∥∥∥∥yj − ∑̀
i=1
〈yj , ψi〉Wψi

∥∥∥∥∥
2

W

s.t. 〈ψi, ψj〉W = δij , 1 ≤ i, j ≤ `. (P`W )

with the weights αj > 0 and the matrix-weighted scalar product 〈ψ, ψ̃〉W := ψTWψ̃ where W ∈
RNx×Nx is a positive definite and symmetric matrix. In (P`W ), we denote by δij the Kronecker
symbol satisfying δij = 1 for i = j and δij = 0 otherwise. Moreover, the associated induced norm is
denoted by ‖ψ‖W =

√
〈ψ,ψ〉W for ψ ∈ RNx . The optimal solution {ψi}`i=1 of (P`W ) is called POD

basis of rank `.

In this definition, we consider the general case of a weighted scalar product at once, as well as the
minimization of the weights αj . It is apparent that the sum over this weights already represents a
certain integral discretization. A suitable choice of the weights would be the summed trapezoidal
rule for the integration over the discretized time interval, i.e.

α0 = t1 − t0
2 , αk = tk+1 − tk, k = 1, . . . , Nt − 1, and αNt = tNt − tNt−1

2 .

We will come back to that later, for the moment we could think of W = INx to maintain the
Euclidean scalar product and weights αj = 1 for all j to simplify the term. Nevertheless, we have
the following statement for the minimization error:

Theorem 3.1.3 (Error). For the error of the solution {ψi}`i=1 of (P`W ), we have:

Nt∑
j=1

αj

∥∥∥∥∥yj − ∑̀
i=1
〈yj , ψi〉Wψi

∥∥∥∥∥
2

W

=
d∑

k=`+1
λk (3.1.3)

with the descending eigenvalues λk.
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This naturally raises the question of how to compute the POD basis {ψi}`i=1. Therefore, we will
derive the optimality conditions of (P`W ) in a simplified way in the following section, and it will
show, that they lead up again to the eigenvalue equation of the SVD method.
Summarizing now, we have three possibilities to compute the POD basis {ψi}`i=1 of rank ` ≤ d for
a given matrix Y ∈ RNx×Nt :

1. Compute the SVD of Y in (SNt) and take (ψ1, . . . , ψ`) ∈ RNx from the orthogonal matrix Ψ
as basis.

2. Solve the Nx-dimensional eigenvalue problem (ENx) for i = 1, . . . , `, with λi = σ2
i being the

biggest eigenvalues of Y Y T .

3. Solve the Nt-dimensional eigenvalue problem (ENt) for i = 1, . . . , `, with λi = σ2
i being the

biggest eigenvalues of Y TY and set ψi = 1
σi
Y φi to build the POD basis. This method is also

called “method of snapshots”.

The first method is practically used for small systems, because the SVD method is quite stable in
a sense, that small perturbations in Y cause only small perturbations in the matrices Ψ,Φ and
Σ. A disadvantage of the first method is, that the full system is solved, and then, only the first `
eigenvectors are chosen. Therefore, one would prefer method two or three in praxis for huge systems,
method two in case of Nx ≤ Nt and method three respectively if Nt ≤ Nx.

3.1.2 Derivation of the Optimality Conditions

To convey the idea that everything works well, we simplify by setting αj = 1 and W = INx :

min
ψ1,...,ψ`∈RNx

Nt∑
j=1

∥∥∥∥∥yj − ∑̀
i=1
〈yj , ψi〉RNxψi

∥∥∥∥∥
2

RNx

s.t. 〈ψi, ψj〉 = δij , 1 ≤ i, j ≤ `. (P`I)

The Fourier representation yj =
∑d
i=1〈yj , ψi〉ψi (1 ≤ j ≤ Nt) and ψTi ψj = δij leads to the

following equivalent optimization problem:

Lemma 3.1.4. The minimization problem (P`I) is equivalent to the maximization problem

max
ψ1,...,ψ`∈RNx

Nt∑
j=1

∑̀
i=1

∣∣〈yj , ψi〉RNx ∣∣2 s.t. 〈ψi, ψj〉 = δij , 1 ≤ i, j ≤ `. (P`)

Proof. Let j ∈ {1, . . . , Nt}. Writing (P`I) out and using the orthogonality of the POD basis gives us∥∥∥∥∥yj − ∑̀
i=1
〈yj , ψi〉ψi

∥∥∥∥∥
2

=
〈
yj −

∑̀
i=1
〈yj , ψi〉ψi, yj −

∑̀
i=1
〈yj , ψi〉ψi

〉

= 〈yj , yj〉 −
∑̀
i=1
〈yj , ψi〉〈yj , ψi〉 −

∑̀
i=1
〈yj , ψi〉〈ψi, yj〉

+
∑̀
i,k=1
〈yj , ψi〉〈yj , ψk〉〈ψi, ψk〉
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= ‖yj‖2 − 2
∑̀
i=1
|〈yj , ψi〉|2 +

∑̀
i=1
〈yj , ψi〉〈yj , ψi〉

= ‖yj‖2 −
∑̀
i=1
|〈yj , ψi〉|2.

Hence, we see that the minimization problem is truly equivalent to the maximization problem. Note
that, in case of a weighted inner product like in Definition 3.1.2, this works analogously.

Let us have a closer look at (P`) now, considering only one basis vector – this means, we set ` = 1:

max
ψ∈RNx

Nt∑
j=1

∣∣〈yj , ψ〉RNx ∣∣2 s.t.
∥∥ψ∥∥2

RNx = 1. (P1)

In order to solve this maximization problem, we first rephrase the problem and define the objective
function J(ψ) and constraints e(ψ) as

J(ψ) :=
Nt∑
j=1

∣∣〈yj , ψ〉RNx ∣∣2,
e(ψ) := 1−

∥∥ψ∥∥2
RNx .

Using these definitions, we set up the link to the common optimization context and receive the
general formulation

max
ψ∈RNx

J(ψ) s.t. e(ψ) = 0.

Then we build the associated Lagrange function L : RNx × R→ R, L(ψ, λ) = J(ψ)− λ · e(ψ) to
the problem, with the Lagrange multiplier λ. Writing the term out gives us

L(ψ, λ) =
Nt∑
j=1

∣∣〈yj , ψ〉RNx ∣∣2 + λ(1−
∥∥ψ∥∥2

RNx ).

The first-order necessary conditions ∇L(ψ, λ) = 0 yield to

∂L
∂ψi

(ψ, λ) = ∂

∂ψi

 Nt∑
j=1

∣∣∣∣∣
Nx∑
k=1

Ykjψk

∣∣∣∣∣
2

+ λ

(
1−

Nx∑
k=1

ψ2
k

)
= 2

Nt∑
j=1

(
Nx∑
k=1

Ykjψk

)
Yij − 2λψi

= 2
Nx∑
k=1

 Nt∑
j=1

YijY
T
jkψk

− 2λψi

= 2(Y Y Tψ − λψ),

and give us consequently the following equations

∂L
∂ψi

(ψ, λ) = 0 ⇔ Y Y Tψ = λψ, (3.1.4a)

∂L
∂λ

(ψ, λ) = 0 ⇔
∥∥ψ∥∥2

RNx = 1. (3.1.4b)
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Here, ∂L
∂ψi

denotes the Lagrange function’s partial derivative respective to the i-th component of the
vector ψ ∈ RNx . The first equation is identical with the equation (ENx), which we derived from the
SVD factorization at the beginning of this section. The second equation gives us the optimization
constraints – hence, ψ1 solves (3.1.4).
Notice that the symmetric matrix Y Y T ∈ RNx×Nx is positive semi-definite, because we have

ψT (Y Y T )ψ = (Y Tψ)TY Tψ = ‖Y Tψ‖RNt ≥ 0 ∀ ψ ∈ RNx .

Therefore, Y Y T has Nx non-negative eigenvalues λ1 ≥ λ2 ≥ . . . ≥ λNx ≥ 0 and we can choose
pairwise orthonormal corresponding eigenvectors. The following theorem underlines the importance
of the fast decay of the eigenvalues.

Theorem 3.1.5. For the solution ψ1 of (P1) holds:

Nt∑
j=1

∣∣〈yj , ψ1〉RNx
∣∣2 = λ1.

Proof. We derive this fact simply by reformulation and using the orthonormality of ψ1.

Nt∑
j=1

∣∣〈yj , ψ1〉RNx
∣∣2 =

Nt∑
j=1
〈yj , ψ1〉RNx 〈yj , ψ1〉RNx =

Nt∑
j=1
〈〈yj , ψ1〉RNx yj , ψ1〉RNx

=
〈
Nt∑
j=1
〈yj , ψ1〉RNx yj , ψ1

〉
RNx

=
〈
Nt∑
j=1

(
Nx∑
k=1

Ykj(ψ1)k

)
yj , ψ1

〉
RNx

=
〈
Nx∑
k=1

 Nt∑
j=1

Y·jY
T
jk(ψ1)k

 , ψ1

〉
RNx

= 〈Y Y Tψ1, ψ1〉RNx

= λ1〈ψ1, ψ1〉RNx = λ1.

So, if we solve (P1) and insert the solution ψ1, we exactly get the corresponding eigenvector λ1. Let
us now investigate the second-order necessary conditions.

Theorem 3.1.6. The tuple (ψ1, λ1) satisfies the second order condition for positive semi-definiteness

∇ψψL(ψ, λ) = 2(Y Y T − λINx) ≤ 0 (∈ RNx×Nx), (3.1.5)

but not the necessary second order optimality condition ∇ψψL(ψ, λ) < 0. However, ψ1 solves (P1).

Proof. Let ψ ∈ RNx be an arbitrary vector. Because Y Y T is symmetric, there exist Nx orthonormal
eigenvectors ψ1, . . . , ψNx of Y Y T , which satisfy Y Y Tψi = λiψi for i = 1, . . . , Nx. By Fourier
representation, we can write the arbitrary ψ in the form

ψ =
Nx∑
i=1
〈ψ,ψi〉RNxψi.
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Using that for the eigenvalues, it holds that λ1 ≥ λ2 ≥ . . . ≥ λ ≥ 0, we can show negative
semi-definiteness of ∇ψψL(ψ, λ) at (ψ1, λ1):

〈ψ,∇ψψL(ψ1, λ1))ψ〉RNx = 2
〈
ψ, (Y Y T − λ1INx)ψ

〉
RNx

= 2
Nx∑
i=1

Nx∑
j=1
〈ψ,ψi〉RNx 〈ψ,ψj〉RNx 〈ψi, (Y Y T − λ1INx)ψj〉RNx

= 2
Nx∑
i=1

Nx∑
j=1

(λj − λ1)〈ψ,ψi〉RNx 〈ψ,ψj〉RNx 〈ψi, ψj〉RNx

= 2
Nx∑
i=1

(λj − λ1)
∣∣〈ψ,ψi〉RNx ∣∣2 ≤ 0.

Hence, (ψ1, λ1) does not satisfy the second order necessary conditions for a maximum, the semi-
definiteness is not sufficient. Therefore, we have to show that there is no other arbitrary ψ̃ ∈ RNx

with ‖ψ̃‖RNx = 1 that solves (P1). For this purpose, we again consider the Fourier representation of
ψ̃ by the orthonormal basis {ψi}Nxi=1.
We denote 〈·, ·〉 := 〈·, ·〉RNx and get

Nt∑
j=1

∣∣〈yj , ψ̃〉∣∣2 =
Nt∑
j=1

∣∣∣∣∣
〈
yj ,

Nx∑
i=1
〈ψ̃, ψi〉ψi

〉∣∣∣∣∣
2

=
Nt∑
j=1

Nx∑
i=1

Nx∑
k=1

(〈
yj , 〈ψ̃, ψi〉ψi

〉
·
〈
yj , 〈ψ̃, ψk〉ψk

〉)
=

Nt∑
j=1

Nx∑
i=1

Nx∑
k=1

(
〈yj , ψi〉〈yj , ψk〉〈ψ̃, ψi〉〈ψ̃, ψk〉

)

=
Nx∑
i=1

Nx∑
k=1


〈
Nt∑
j=1
〈yj , ψi〉yj︸ ︷︷ ︸
λiψi

, ψk

〉
〈ψ̃, ψi〉〈ψ̃, ψk〉


=

Nx∑
i=1

Nx∑
k=1

〈λiψi, ψk〉︸ ︷︷ ︸
λiδik

〈ψ̃, ψi〉〈ψ̃, ψk〉


=

Nx∑
i=1

λi|〈ψ̃, ψi〉|2 ≤ λ1

Nx∑
i=1
|〈ψ̃, ψi〉|2

= λ1‖ψ̃‖2 = λ1 =
Nt∑
j=1
|〈yj , ψ1〉|2.

Accordingly, ψ1 solves (P1) and argmax (P1) = σ2
1 = λ1.

Afterwards, we can go on searching a second vector ψ̃ orthogonal to ψ1 by solving

max
ψ̃∈RNx

Nt∑
j=1

∣∣〈yj , ψ̃〉RNx ∣∣2 s.t.
∥∥ψ̃∥∥2

RNx = 1 and 〈ψ̃, ψ1〉 = 0. (P2)

The vector ψ2 solves the first order necessary conditions (3.1.4) and SVD implies that ψ2 is a
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solution to (P2) and argmax(P2) = σ2
2 = λ2. Moreover, we have

Nt∑
j=1
|〈yj , ψ̃〉RNx |2 ≤ λ2 =

Nt∑
j=1
|〈yj , ψ2〉RNx |2 for ψ̃ =

Nx∑
i=2
〈ψ̃, ψi〉RNxψi ∈ span{ψ1}⊥.

The principle is continued by finite induction and leads us to the POD basis {ψi}`i=1. As a summary,
we quote Theorem 1.1.1 in [41] – the proof can be found on pp. 9-11.

Theorem 3.1.7. Let Y = [y1, . . . , yNt ] ∈ RNx×Nt be a given matrix with rank d ≤ min{Nx, Nt}.
Further, let Y = ΨΣΦT be the singular value decomposition of Y , where Ψ = [ψ1, . . . , ψNx ] ∈
RNx×Nx , Φ = [φ1, . . . , φNx ] ∈ RNt×Nt are orthogonal matrices and the matrix Σ ∈ RNx×Nt has the
form as (3.1.1). Then, for any ` ∈ {1, . . . , d} the solution to

max
ψ1,...,ψ`∈RNx

Nt∑
j=1

∑̀
i=1

∣∣〈yj , ψi〉RNx ∣∣2 s.t. 〈ψi, ψj〉 = δij for 1 ≤ i, j ≤ ` (P`)

is given by the singular vectors {ψi}`i=1, i.e. the first ` columns of Ψ. Moreover it holds that

argmax (P`) =
∑̀
i=1

σ2
i =

∑̀
i=1

λi.

This theorem gives us another formulation for the definition of the POD optimization problem in
Definition 3.1.2 – without a weighted inner product. Note that this coincides with the corresponding
minimization problem in Definition 3.1.2, as well as with the error formula in Theorem 3.1.3.

3.2 Properties of the POD Basis

The following corollary collects two notable properties of the POD basis, the proofs can be found
in Chapter 1, Section 2 in [41].

Corollary 3.2.1 (Optimality of the POD basis).
Let all hypotheses of Theorem 3.1.7 be satisfied. Suppose that Ψ̂d ∈ RNx×d denotes a matrix with
pairwise orthogonal vectors ψ̂i ∈ RNx and that the expansion of the columns of Y in the basis
{ψ̂i}di=1 is given by

Y = Ψ̂dCd where Cdij = 〈ψ̂j , yj〉RNx for 1 ≤ i ≤ d, and 1 ≤ j ≤ Nt.

Then for every ` ∈ {1, . . . , d} we have

‖Y −Ψ`B`‖F ≤ ‖Y − Ψ̂`C`‖F , (3.2.1)

with

Ψ` = [ψ1, . . . , ψ`] ∈ RNx×`, B` = (〈yj , ψi〉) i=1,...,`
j=1,...,Nt

∈ R`×Nt ,

and similarly for C` and Ψ̂`. By ‖ · ‖F we denote the Frobenius norm for a matrix A ∈ RNx×Nt

given by

‖A‖F =

√√√√Nx∑
i=1

Nt∑
j=1
|Aij |2 =

√
trace(ATA).
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This result means, that for any ` ≤ d the approximation Ψ`B` of the columns {yj}Ntj=1 of Y by the
first ` singular vectors {ψi}`i=1 is optimal in the mean among all orthonormal rank ` approximations
of the columns of Y . Therefore, for any other set of orthonormal vectors {ψ̂i}`i=1 we have:

∑̀
i=1

Nt∑
j=1
|〈yj , ψi〉RNx |2 =

∑̀
i=1

σ2
i =

∑̀
i=1

λi ≥
∑̀
i=1

Nt∑
j=1
|〈yj , ψ̂i〉RNx |2.

Corollary 3.2.2 (Uncorrelated POD coefficients).
Let all hypotheses of Theorem 3.1.7 be satisfied. Then we have

Nt∑
j=1
〈yj , ψi〉RNx 〈yj , ψk〉RNx =

Nt∑
j=1

B`ijB
`
kj = σ2

i δik for 1 ≤ i, k ≤ `,

which means that the POD coefficients are uncorrelated.

3.3 The POD Method with a Weighted Inner Product

We already introduced the general POD optimization problem in Definition 3.1.2 at the beginning
of this section. The procedure of solving the optimization problems using a weighted inner product
works analogously as well as the proofs for the optimality conditions. We just want to outline briefly
some aspects of the POD computation with a weighted inner product, because of its practical
relevance.
First of all, let us recall the formulation of the optimization problem in Definition 3.1.2, setting the
weights αj = 1:

min
ψ1,...ψ`∈RNx

Nt∑
j=1

∥∥∥∥∥yj − ∑̀
i=1
〈yj , ψi〉Wψi

∥∥∥∥∥
2

W

s.t. 〈ψi, ψj〉W = δij , 1 ≤ i, j ≤ `. (3.3.1)

Practically, the matrix W contains the step size h = 1
Nx−1 of a spatial discretization given by

xi = (i − 1)/h, i = 1, . . . , Nx – for example, the step size used for the spacial grid of our PBE
problem. There we set

W = diag (h/2, h, . . . , h, h/2) ∈ RNx×Nx . (3.3.2)

Since W is a symmetric, positive definite matrix, it possesses an eigenvalue decomposition with a
diagonal matrix D ∈ RNx×Nx and an orthogonal matrix Q ∈ RNx×Nx :

W = QDQT .

More precisely, D = diag(η1, . . . , ηNx) contains the Nx positive eigenvalues η1 ≥ . . . ηNx ≥ 0 of W .
Defining

Wα = Qdiag(ηα1 , . . . , ηαNx)QT for α ∈ R, (3.3.3)

gives us in the case of (3.3.2)

Wα = diag (hα(1/2α, 1, . . . , 1, 1/2α)) ∈ RNx×Nx
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and we can build the matrix square root of W by W 1
2 = QD

1
2QT = Qdiag(√η1, . . . ,

√
ηNx)QT .

Note that (Wα)−1 = W−α and Wα+β = WαW β for α, β ∈ R and especially W 1
2W

1
2 = W .

Then the weighted inner product can be written as

〈ψ, ν〉W = ψTWν = ψTW
1
2W

1
2 ν = (W 1

2ψ)T (W 1
2 ν) = 〈W 1

2ψ,W
1
2 ν〉RNx for ψ, ν ∈ RNx .

If we now set ψ̄ = W
1
2ψ ∈ RNx and Ȳ = W

1
2Y ∈ RNx×Nt , we can insert this into equation (3.3.1)

and solve the optimization problem as usual. This gives us the following generalization of Theorem
3.1.7:

Theorem 3.3.1. Let Y ∈ RNx×Nt be a given matrix with rank d ≤ min {Nx, Nt} and W be a
symmetric, positive definite matrix. We define Ȳ := W

1
2Y and choose ` ∈ {1, . . . , d} arbitrarily.

The singular value decomposition of Ȳ is then given by Ȳ = Ψ̄ΣΦ̄T with the orthogonal matrices
Ψ̄ = [ψ̄1, . . . , ψ̄Nx ] ∈ RNx×Nx and Φ̄ = [φ̄1, . . . , φ̄Nt ] ∈ RNt×Nt and the matrix Σ ∈ RNx×Nt given
by

Ψ̄T Ȳ Φ̄ =
(
D 0
0 0

)
= Σ ∈ RNx×Nt .

Then the solution to

max
ψ̃1,...,ψ̃`∈RNx

Nt∑
j=1

∑̀
i=1

∣∣〈yj , ψ̃i〉W ∣∣2 s.t. 〈ψ̃i, ψ̃j〉W = δij for 1 ≤ i, j ≤ ` (P`W )

is given by the vectors ψi = W−
1
2 ψ̄i, i = 1, . . . , ` and we have

argmax(P`W ) =
∑̀
i=1

σ2
i =

∑̀
i=1

λi.

Proof. The proof works analogously to (3.1.7), for ` = 1 can be found in [41].

Like in Section 3.1.1 of this chapter, we have again three possibilities to compute an optimal basis
of rank ` to approximate the data given in matrix Y = [y1, . . . , yNt ], with respect to a weighted
inner product:

1. Compute the SVD of Ȳ = W
1
2Y like mentioned in Theorem 3.3.1 and set ψi = W−

1
2 ψ̄i for

1 ≤ i ≤ `.

2. If Nx � Nt solve the eigenvalue problem

Ȳ Ȳ T ψ̄i = λiψ̄i, 1 ≤ i ≤ Nx

and set
ψi = W−

1
2 ψ̄i.

3. If Nt � Nx solve the eigenvalue problem

Ȳ T Ȳ φ̄i = λiφ̄i, 1 ≤ i ≤ Nt

and set
ψi = W−

1
2 ψ̄i = 1√

λi
W−

1
2 Ȳ φ̄i = 1√

λi
Y φ̄i.
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Remark 3.3.2.

• The equations in Number 2 are directly derived by building the gradient of the Lagrange
function L associated to the problem in Theorem 3.3.1.

• The method of snapshots, see Number 3 above, may be faster here, because we do not need
to compute W 1

2 or W− 1
2 : neither for computing the basis vectors ψi, nor for the eigenvalue

problem since we have Ȳ T Ȳ = Y TW
1
2W

1
2Y = Y TWY .

3.4 POD for Time-dependent Systems

Now, we will apply POD to time dependent ODEs, firstly outlining the discrete case and secondly
the continuous case. Finally, convergence results will be mentioned.
To outline the POD method for time-dependent systems, we consider the semi-linear initial value
problem for tend > 0 with the initial condition y0 ∈ RNx and the function f : [t0, tend]×RNx → RNx :

ẏ(t) = Ay(t) + f(t, y(t)), t ∈ (t0, tend) (3.4.1a)

y(t0) = y0 ∈ RNx . (3.4.1b)

Further, let f be continuous in both arguments and locally Lipschitz continuous in the second
argument (which guarantees us local existence in time), and let A ∈ RNx×Nx be a given matrix. To
this ODE, we know the unique classical solution y ∈ C1([t0, tend];RNx) ∩ C([t0, tend];RNx) having
the form

y(t) = etAy0 +
∫ t

t0

e(t−s)Af(s, y(s))ds, with etA =
∞∑
k=0

tkAk

k! . (3.4.2)

3.4.1 The Discrete Version of POD

It is now assumed that we know the solution of (3.4.1) to given time points tj , which deliver the
snapshots yj = y(tj) (1 ≤ j ≤ Nt) on the time grid t1 < . . . < tNt .
The POD basis of rank ` < d with d = dim(span(y1, . . . , yNt)) is determined by solving the weighted
minimization problem

min
ψ1,...ψ`∈RNx

Nt∑
j=1

αj
∥∥yj − ∑̀

i=1
〈yj , ψi〉Wψi

∥∥2
W

s.t. 〈ψi, ψj〉W = δij , 1 ≤ i, j ≤ `. (P̂Nt,`W )

As in Section 3.1, we build the Lagrange functional L : RNx × · · · × RNx︸ ︷︷ ︸
`−times

×R`×` → R:

L(ψ1, . . . , ψ`,Λ) =
Nt∑
j=1

αj

∥∥∥∥∥yj − ∑̀
i=1
〈yj , ψi〉Wψi

∥∥∥∥∥
2

W

+
∑̀
i=1

∑̀
j=1

Λij(1− 〈ψi, ψj〉W )
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with ψ1, . . . , ψ` ∈ RNx and Λ ∈ R`×`.
Then the first-order optimality conditions are

∇ψiL(ψ1, . . . , ψ`,Λ) != 0 ∈ RNx (1 ≤ i ≤ `), (3.4.3a)

〈ψi, ψj〉W
!= δij (1 ≤ i ≤ `). (3.4.3b)

The first equation gives us
Y DY TWψi = λψi for 1 ≤ i ≤ `, (3.4.4)

with the time-weight matrix D = diag(α1, . . . , αNt) ∈ RNt×Nt . Like in the last section, we insert
ψi = W−

1
2 ψ̄i in (3.4.4) and multiply with W 1

2 from the left to obtain

W
1
2Y DY TW

1
2 ψ̄i = λiψ̄i, 1 ≤ i ≤ `. (3.4.5)

Using the symmetry of W and D and setting Ȳ := W
1
2Y D

1
2 ∈ RNx×Nt , we get the symmetric

Nx ×Nx eigenvalue problem

Ȳ Ȳ T ψ̄i = λiψ̄i (1 ≤ i ≤ `) and 〈ψ̄i, ψ̄j〉RNx = δij (1 ≤ i, j ≤ `), (ĒNx)

where the second condition is delivered directly from (3.4.3b) by writing out the weighted scalar
product. In case of Nt � Nx, we will prefer the method of snapshots and solve the symmetric
Nt ×Nt eigenvalue problem

Ȳ T Ȳ φ̄i = λiφ̄i (1 ≤ i ≤ `) and 〈φ̄i, φ̄j〉RNt = δij (1 ≤ i, j ≤ `). (ĒNt)

Another advantage is that we do not have to compute the matrix W− 1
2 or W 1

2 because it holds

Ȳ T Ȳ = D
1
2Y TWYD

1
2 ∈ RNt×Nt .

Due to SVD, we can set

ψi = W−
1
2 ψ̄i = 1√

λi
W−

1
2 Ȳ φ̄i = 1√

λi
Y D

1
2 φ̄i, 1 ≤ i ≤ `.

Note that the POD basis vectors ψ1, . . . , ψ` ∈ RNx are orthonormal with respect to the weighted
inner product, this means for 1 ≤ i, j ≤ `:

〈ψi, ψj〉W = ψTi Wψj

= 1√
λiλj

ψ̄Ti D
1
2Y TWYD

1
2 φ̄j

= 1√
λiλj

ψ̄Ti Ȳ
T Ȳ φ̄j

= λi√
λiλj

φ̄Ti φ̄j = λiδij√
λiλj

.

Now, we want to introduce a reformulation of (ĒNx) using the discrete operator RNt : RNx → RNx

defined by

RNtψi :=
Nt∑
j=1

αj〈yj , ψi〉W yj , 1 ≤ i ≤ `.
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This definition follows directly from the left side of the equation (3.4.4) since

Y DY TWψi = Y D


yT1 Wψi

...
yTNtWψi

 = Y


α1〈y1, ψi〉W

...
αNt〈yNt , ψi〉W

 =

 Nt∑
j=1

Ykjαj〈yj , ψi〉W

Nx

k=1

=
Nt∑
j=1

αj〈yj , ψi〉W yj , 1 ≤ i ≤ `.

Consequently, the Nx ×Nx-dimensional eigenvalue problem has the form

RNtψi = σ2
i ψi, 1 ≤ i ≤ `. (3.4.6)

In advance, it should be said that this discrete operator has the same properties as the identically
defined continuous operator R, which we will examine in the following section: RNt is linear,
non-negative, bounded, compact and self-adjoint. To get a deeper insight into this, let us now
investigate the continuous case.
Note that, since we have the solution only on the time grid, the POD basis {ψi}`i=1 and the
corresponding eigenvalues {λi}`i=1 particularly depend on the Nt time instances. Therefore, we will
write

ψi = ψNti and λi = λNti , 1 ≤ i ≤ `

when we refer to the discrete basis and eigenvalues.

3.4.2 The Continuous Version of POD

Now the snapshots y(t), which represent the solution to (3.4.1), are given for all t ∈ [t0, tend].
The POD basis of rank ` < d with d = dimV < ∞, V = {y(t)|t ∈ [t0, tend]} is then given by the
solution of the following minimization problem

min
ψ1,...ψ`∈RNx

∫ tend

t0

∥∥y(t)−
∑̀
i=1
〈y(t), ψi〉Wψi

∥∥2
W

dt s.t. 〈ψi, ψj〉W = δij , 1 ≤ i, j ≤ `. (P̂ `W )

The procedure of solving (P̂ `W ) goes analogously to the last section – for ` = 1 we get the
minimization problem

min
ψ∈RNx

∫ tend

t0

∥∥y(t)− 〈y(t), ψ〉Wψ
∥∥2
W

dt s.t. ‖ψ‖2W = 1. (P̂ 1
W )

Let us suppose that {ψi}Nxi=2 is selected in such a way, that {ψ,ψ2, . . . , ψNx} build an orthonormal
basis in RNx respective to the inner product 〈·, ·〉W . Then we can write y(t) as

y(t) = 〈y(t), ψ〉Wψ +
Nx∑
i=2
〈y(t), ψi〉Wψi, ∀ t ∈ [t0, tend]. (3.4.7)

After that, the equivalence of (P̂ 1
W ) to the maximization problem

max
ψ∈RNx

∫ tend

t0

|〈y(t), ψ〉W |2dt s.t. ‖ψ‖2W = 1 (3.4.8)
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follows directly because we have∫ tend

t0

∥∥y(t)− 〈y(t), ψ〉Wψ
∥∥2
W

dt =
∫ tend

t0

∥∥ Nx∑
i=2
〈y(t), ψi〉Wψi

∥∥2
W

dt =
Nx∑
i=2

∫ tend

t0

∣∣〈y(t), ψi〉W
∣∣2dt.

The Lagrange functional L : RNx × R→ R associated to (P̂ 1
W )is

L(ψ, λ) =
∫ tend

t0

|〈y(t), ψ〉W |2dt+ λ(1− ‖ψ‖2W ),

and the first-order necessary conditions are given by

∇L(ψ, λ) = 0. (3.4.9)

Hence, the partial derivative of L with respect to the i-th component ψi of ψ can be derived as

∂L
∂ψi

(ψ, λ) = ∂

∂ψi

∫ tend

t0

∣∣∣ Nx∑
k=1

Nx∑
j=1

yk(t)Wkjψj

∣∣∣2dt+ λ
(

1−
Nx∑
k=1

Nx∑
j=1

ψkWkjψj

)
= 2

∫ tend

t0

Nx∑
k=1

Nx∑
j=1

yk(t)Wkjψj

 Nx∑
l=1

yl(t)Wlidt− 2λ
Nx∑
k=1

Wikψk

= 2
(∫ tend

t0

〈y(t), ψ〉WWy(t)dt− λWψ

)
i

, i = 1, . . . , Nx.

Thus, ∇ψL(ψ, λ) = 0 ∈ RNx gives us the equation,∫ tend

t0

〈y(t), ψ〉WWy(t)dt = λWψ ∈ RNx , (3.4.10)

and by multiplying W−1 from the left we conclude the eigenvalue problem

Rψ = λψ ∈ RNx (3.4.11)

with the operator R : RNx → RNx defined by

Rψ :=
∫ tend

t0

〈y(t), ψ〉W y(t)dt, ψ ∈ RNx .

Lemma 3.4.1. The operator R is

1. linear and bounded (therefore continuous),

2. non-negative: 〈Rψ,ψ〉W ≥ 0 ∀ ψ ∈ RNx ,

3. self-adjoint (symmetric): 〈Rψ, ψ̃〉W = 〈ψ,Rψ̃〉W ∀ ψ, ψ̃ ∈ RNx .

Proof. See [41, Chapter 1, p. 24].

From this lemma it follows, that R possesses eigenvectors {ψi}Nxi=1 and associated real eigenvalues
{λi}Nxi=1 for which it holds that

Rψi = λiψi, i ≤ 1 ≤ Nx and λ1 ≥ λ2 ≥ . . . ≥ λNx ≥ 0.

37



Chapter 3 Proper Orthogonal Decomposition

In particular, we have for 1 ≤ i ≤ Nx∫ tend

t0

|〈y(t), ψi〉W |2dt =
∫ tend

t0

〈〈y(t), ψi〉W y(t), ψi〉Wdt = 〈Rψi, ψi〉W = λi‖ψi‖2W = λi,

and the error for the solution {ψi}`i=1 of the optimization problem can be written as∫ tend

t0

∥∥y(t)−
∑̀
i=1
〈y(t), ψi〉Wψi

∥∥2
W

dt =
d∑

i=`+1
λi.

Summarizing, we conclude the following theorem with respect to the POD basis:

Theorem 3.4.2. Let y : [t0, tend]→ RNx be the unique solution to (3.4.1). Then, the POD basis of
rank ` solving the minimization problem (P̂ `W ) is given by the eigenvectors {ψi}`i=1 of the operator
R corresponding to the ` largest eigenvalues λ1 ≥ . . . ≥ λ`.

Introducing the operator Y : L2(t0, tend)→ RNx defined by

Yφ =
∫ tend

t0

φ(t)y(t)dt for φ ∈ L2(t0, tend),

we can write R = YY∗ with the Hilbert space adjoint Y∗ : RNx → L2(t0, tend). This sets the
connection to section one in this chapter, where Ȳ was the weighted snapshot matrix and can be
seen as discrete counterpart to Y . To explain how we derived this representation of R, let us have a
closer look at the Hilbert space adjoint. By definition it holds for all (ψ, φ) ∈ RNx × L2(t0, tend)
that

〈Y ∗ψ, φ〉L2(t0,tend) = 〈ψ,Yφ〉W = 〈ψ,
∫ tend

t0

φ(t)y(t)dt〉W =
∫ tend

t0

φ(t)〈ψ, y(t)〉Wdt

and therefore we get

(Y∗ψ)(t) := 〈ψ, y(t)〉W for ψ ∈ RNx and almost all t ∈ [t0, tend].

Consequently, then we have

YY∗ψ =
∫ tend

t0

〈ψ, y(t)〉W y(t)dt = Rψ for all ψ ∈ RNx .

Just recall that in the last section, we used to consider Ȳ Ȳ T and Ȳ T Ȳ to compute the POD basis,
depending on whether Nx � Nt or vice versa. We denote the corresponding counterpart to Ȳ T Ȳ
by K : L2(t0, tend)→ L2(t0, tend). More precisely, K = Y∗Y because of

(Y∗Yφ)t) =
〈∫ tend

t0

φ(s)y(s)ds, y(t)
〉
W

=
∫ tend

t0

〈y(s), y(t)〉Wφ(s)ds =: (Kφ)(t)

for all φ ∈ L2(t0, tend) and almost all t ∈ [t0, tend]. The operator K possesses the same properties as
R and is compact. Therefore the POD basis can also be determined by computing the eigenvectors
of K and their corresponding eigenvalues λ1 ≥ . . . ≥ λ` > 0: Solve the symmetric eigenvalue
problem

Kφi = λiφi 1 ≤ i ≤ ` with respect to
∫ tend

t0

φi(t)φj(t)dt = δij , 1 ≤ i, j ≤ `, (3.4.12)
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in the function space L2(t0, tend) and set

ψi = 1√
λi
Yφi = 1√

λi

∫ tend

t0

φi(t)y(t)dt for i = 1, . . . , `.

After having done this, we denote the obtained POD subspace for the variable y by

V` = span{ψ1, . . . , ψ`}.

3.4.3 Convergence of the POD Method

Now, we shortly want to summarize the essential about the convergence of the operators R and
RNt . For detailed outlines, the reader is referred to [41], p. 26-29, where further references on the
spectral analysis of compact operators can be found as well.

Theorem 3.4.3. Considering the ODE system (3.4.1), we assume that it has a unique solution
y : [t0, tend]→ RNx . Let {(ψi, λi}Nxi=1 and {(ψNti , λNti )}Nxi=1 be the eigenvector-eigenvalue pairs given
by the following equations for i = 1, . . . , Nx:

Rψi =
∫ tend

t0

〈y(t), ψi〉W y(t)dt = λiψi,

RNtψNti =
Nt∑
j=1

αj〈y(tj), ψNti 〉W y(tj) = λNti ψNti ,

where it holds for the eigenvalues that

λ1 ≥ . . . ≥ λ` ≥ . . . λd > λd+1 = . . . = λNx = 0,

λNt1 ≥ . . . ≥ λ
Nt
` ≥ . . . λ

Nt
d(Nt) > λNtd(Nt)+1 = . . . = λNtNx = 0.

The notation d(Nt) emphasises the dependence of Y on the time grid. Suppose that ` ∈ {1, . . . , Nx}
is fixed such that

λ` 6= λ`+1,

Nx∑
i=`+1

λi 6= 0 and
Nx∑

i=`+1
|〈y0, ψi〉W |2 6= 0

hold. Then we have convergence in the Banach space L(RNx):

lim
Nt→∞

‖RNt −R‖L(RNx ) = sup
‖ψ‖W=1

‖RNtψ −Rψ‖W = 0,

which implies

lim
Nt→∞

|λNti − λi| = lim
Nt→∞

‖ψNti − ψi‖W = 0 for 1 ≤ i ≤ `,

lim
Nt→∞

Nx∑
i=`+1

(λNti − λi) = 0 and lim
Nt→∞

Nx∑
i=`+1

|〈y0, ψ
Nt
i 〉W |

2 =
Nx∑

i=`+1
|〈y0, ψi〉W |2.

Remark 3.4.4. The weights αj have to be chosen appropriately to ensure the convergence

Nx∑
i=1

λNti =
Nt∑
j=1

αNtj ‖yj‖
2
W

∆t→0−→
∫ tend

t0

‖y(t)‖2Wdt =
Nx∑
i=1

λi.
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A possible choice would be the trapezoidal weights

αNt1 = αNtNt = ∆t
2 , and αj = ∆t for j = 2, . . . , Nt − 1.

Formally, the trapezoidal rule for Nx subintervals is given by∫ b

a

f(t)dt = b− a
Nx

(1
2f(a) +

Nx−1∑
i=1

f(xi) + 1
2f(b)

)
+R[f ], (3.4.13)

with the error R[f ], for which it can be shown that

R[f ] = − (b− a)3

12N2
x

f ′′(ξ) with ξ ∈ (a, b)

for twice continuously differentiable functions f .
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Chapter 4

Reduced Order Modelling

4.1 The POD Galerkin Projection

In this section we discuss the idea of reduced order modelling. Computing the POD basis by the
technique outlined in the last chapter can be seen as the first step. The next step is to build a
reduced order model (ROM) of the ODE system via a so-called Galerkin projection. Doing this
gives us a low-dimensional model of the initial value problem (4.1.1). Due to our POD computation,
we expect sufficient information of the system already being contained in the basis vectors, so that
solving a low order model leads to satisfying results.
The outlines of the Galerkin projection will remain in a mathematical context following [41, Chapter
3]. Afterwards, the theory will be applied concretely to this works PBE equation, before the resulting
error for the ROM will be analysed.

Considering our well-known time-dependent, Nx-dimensional ODE system

ẏ(t) = Ay(t) + f(t, y(t)), t ∈ (t0, tend)

y(t0) = y0 ∈ RNx ,
(4.1.1)

we will now derive the POD Galerkin approximation.
After having computed the POD basis {ψi}`i=1 of rank ` with ` � Nx, our goal is to get an
approximation y`(t) of the solution y(t), which should be as good as possible:

y(t) =
Nx∑
i=1

yi(t)ei ≈ y`(t) =
∑̀
j=1
〈y`(t), ψj〉Wψj .

Yet, {ei}Nxi=1 represent the canonical unit vectors. For y(t), we have as well the representation by
the entire basis {ψi}Nxi=1 (since it is an orthonormal basis):

y(t) =
Nx∑
j=1
〈y(t), ψj〉Wψj ∀ t ∈ [t0, tend].

Now inserting the approximation y` in (4.1.1) yields to the system

ẏ`(t) = Ay`(t) + f (t, y`(t)), t ∈ (t0, tend)

y`(t0) = y0 ∈ RNx .
(4.1.2)
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Defining y`j(t) := 〈y`(t), ψj〉W (therefore y`(t) =
∑`
j=1 y

`
j(t)ψj), we can write the system as

∑̀
j=1

ẏ`j(t)ψj =
∑̀
j=1

y`j(t)Aψj + f
(
t,
∑̀
j=1

y`j(t)ψj
)
, t ∈ (t0, tend)

∑̀
j=1

ẏ`j(t0)ψj = y0 ∈ RNx .

(4.1.3)

This system is over-determined, because it is an initial value system in RNx for `� Nx unknown
coefficients y`j with 1 ≤ j ≤ `.
Hence, we project by a Galerkin projection the Nx-dimensional system on the `-dimensional subspace
V ` = span {ψi}`i=1, which is spanned by the basis functions.
This Galerkin projection leads to〈∑̀

j=1
ẏ`j(t)ψj , ψi

〉
W

=
〈∑̀
j=1

y`j(t)Aψj , ψi

〉
W

+
〈
f
(
t,
∑̀
j=1

y`j(t)ψj
)
, ψi

〉
W〈∑̀

j=1
ẏ`j(t0)ψj , ψi

〉
W

= 〈y0, ψi〉W ,

(4.1.4)

for 1 ≤ i ≤ `, t ∈ (t0, tend]. Note that 〈ψj , ψi〉W = δij holds.

Definition 4.1.1 (POD Galerkin Projection).
The `-dimensional system for y`j(t) := 〈y`(t), ψj〉W of the form

ẏ`(t) = A`y`(t) + f `(t, y`(t)), t ∈ (t0, tend]

y`(t0) = y`0
(4.1.5)

with

y` =


y`1
...
y``

 : [t0, tend]→ R`, y`0 =


〈y0, ψ1〉W

...
〈y0, ψ`〉W

 ∈ R`

and the matrix
A` = ((a`ij)) ∈ R`×` mit a`ij = 〈Aψj , ψi〉W

and the non-linear mapping f ` = (f `1 , . . . , f `` )T : [t0, tend]× R` → R` with

f `i (t, y`) =
〈
f
(
t,
∑̀
j=1

y`jψj

)
, ψi

〉
W

, t ∈ [t0, tend]

is called POD Galerkin projection. This system builds a low-dimensional model for the ODE
system (4.1.1).

The goal of this model reduction is consequently, to compute the POD basis {ψi}`i=1 once and then
resort to the `-dimensional system to maintain a best possible approximation in short computation
time by solving only the low-order system.
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4.2 Derivation of the ROM for the Aggregation Equation

Before we analyse the resulting error of the ROM, we will outline now the derivation of the reduced
order equations for the non-homogeneous case. The growth equation is explained, of course, at once
outlining the equations of the aggregation case. Further aspects considering the implementation
will be mentioned in the next chapter – for now, our goal is to explain the derivation of the reduced
model equations by applying the Galerkin projection. Derivations of a similar reduced order model
of PBEs can be also found in [23].
In the following, we suppose that we have found a POD basis of rank ` and derive the reduced
order equations of the PBE with aggregation.

The Galerkin projection of the complete population balance equation for i = 1, . . . , ` is then:〈
∂y(ξ, t)
∂t

, ψi

〉
W

=−
〈(

∂G(t, µ)y(ξ, t)
∂ξ

)
, ψi

〉
W

+
〈

1
2

∫ ξ

λ=ξmin

β (ξ − λ, λ, t) y (ξ − λ, t) y(λ, t)dλ, ψi

〉
W

−

〈
y(ξ, t)

∫ ξmax

λ=ξmin

β(ξ, λ, t)y(λ, t)dλ, ψi

〉
W

.

(4.2.1)

Now keep in mind that we have y(t) ≈ y`(t) =
∑`
i=1 y

`
i(t)ψi with y`i(t) := 〈y`(t), ψi〉W . Inserting

this in (4.2.1), we get the following connection between each term in (4.2.1) and the rearranged
projection terms for j = 1, . . . , `:〈

∂y(ξ, t)
∂t

, ψj

〉
W

=
dy`j(t)
dt

(4.2.2)〈(
∂G(t, µ)y(ξ, t)

∂ξ

)
, ψj

〉
W

= G(t, µ)
∑̀
i=1

y`i(t)
〈
∂ψi
∂ξ

, ψj

〉
W︸ ︷︷ ︸

=:Ã`
ij

, (4.2.3)

〈
1
2

∫ ξ

λ=ξmin

β (ξ − λ, λ, t) y (ξ − λ, t) y(λ, t)dλ, ψj

〉
W

=
∑̀
i=1

∑̀
k=1

β0(t, µ)y`i(t)y`k(t)〈∫ ξ

λ=ξmin

1
2 β̃(ξ − λ, λ)ψi (ξ − λ)ψk(λ)dλ , ψj

〉
W︸ ︷︷ ︸

=:B`agg,jki

,
(4.2.4)

〈
y(ξ, t)

∫ ξmax

ξmin

β(ξ, λ, t)y(λ, t)dλ, ψj

〉
W

=
∑̀
i=1

∑̀
k=1

β0(t, µ)y`i(t)y`k(t)〈∫ ξmax

λ=ξmin

β̃(ξ, λ)ψi(ξ)ψk(λ)dλ, ψj

〉
W︸ ︷︷ ︸

=:D`agg,jki

.
(4.2.5)

Note that the aggregation kernel β(ξ, λ, t) = β0(t, µ)β̃(ξ, λ) is split into the time dependent part
β0(t, µ) = CaggG(t, µ) and the size dependent part β̃(ξ, λ).
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For the change of concentration, we derive the equation

dc(t)
dt

= G(t, µ)
∑̀
i=1

y`i(t) γ
∫ ξmax

ξmin

(ξ3)∂ψi
∂ξ

dξ︸ ︷︷ ︸
=:H`

C,i

. (4.2.6)

The computation of the coefficients Ã`ij , H`
C,i, B

`
agg,jki and D`

agg,jki is quite expensive, but can be
done, however, in advance since the integrals depend only on the basis functions. Computing them
offline means that their computation will not slow down the runtime of the reduced model and
they can be seen as constant matrices for the reduced model. Further, the cell average technique as
stated in Chapter 2 is applied here offline as well with the POD basis respectively.
In the following definition, we use directly the discrete notation A`ij = 〈Aψi, ψj〉W with the
discretization matrix A instead of Ã`.

Definition 4.2.1 (Discrete ROM). The set of equations for the reduced order model for j = 1, . . . , `
is

∂yj
∂t

= −G(t, µ)
∑̀
i=1

A`ijy
`
i + β0(t, µ)

∑̀
i=1

∑̀
k=1

(
B`agg,jki −D`

agg,jki
)
y`i(t)y`k(t), (4.2.7a)

dc(t)
dt

= G(t, µ)
∑̀
i=1

H`
C,iy

`
i (4.2.7b)

in the non-homogeneous case and

∂yj
∂t

= −G(t, µ)
∑̀
i=1

A`ijy
`
i , (4.2.8a)

dc(t)
dt

= G(t, µ)
∑̀
i=1

H`
C,iy

`
i (4.2.8b)

in the homogeneous case, with the initial conditions

y`(t0) = y`0 and c(t0) = c0. (4.2.9)

4.3 Error Analysis of the ROM Solution

The central question is, of course, how good is the approximation we got by solving the low-
order system. In order to analyse this mathematically, we suppose, that y ∈ C([t0, tend];RNx) ∩
C1([t0, tend],RNx) is the unique solution to the ODE system (4.1.1) and {ψi}`i=1, the POD basis of
rank `, solves (P̂ `W ):

min
ψ1,...ψ`∈RNx

∫ tend

t0

∥∥y(t)−
∑̀
i=1
〈y(t), ψi〉Wψi

∥∥2
W

dt s.t. 〈ψi, ψj〉W = δij , 1 ≤ i, j ≤ `. (4.3.1)

The reduced order model for (4.1.1) is given by (4.1.5) introduced in the last section. Now, we want
to analyze and estimate the error ∫ tend

t0

‖y(t)− y`(t)‖2Wdt.
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Therefore, we introduce the finite-dimensional space V ` = span {ψ1, . . . , ψ`} ⊂ RNx and the
mapping

P ` : RNx → V `, ψ 7→ P `ψ =
∑̀
i=1
〈ψ,ψi〉Wψi. (4.3.2)

Theorem 4.3.1. The mapping P ` defined by (4.3.2) is a linear and bounded projection.

Proof. 1. The mapping P ` is linear, i.e. for α1, α2 ∈ R and ϕ1, ϕ2 ∈ RNx it holds that

P `(α1ϕ1 + α2ϕ2) =
∑̀
i=1
〈α1ϕ1 + α2ϕ2, ϕi〉Wϕi =

∑̀
i=1

(α1〈ϕ1, ϕi〉W + α2〈ϕ2, ϕi〉W )ϕi

= α1P
`ϕ1 + α2P

`ϕ2.

2. P ` is bounded:

‖P `‖2L(RNx ) = sup
‖ψ‖W=1

‖P `ψ‖2W = sup
‖ψ‖W=1

∑̀
i=1
|〈ψ,ψi〉W |2

≤ sup
‖ψ‖W=1

Nx∑
i=1
|〈ψ,ψi〉W |2 = sup

‖ψ‖W=1
‖ψ‖2W = 1.

3. P ` is a projection:

(P `)2ψ = P `(P `ψ) =
∑̀
i=1

〈∑̀
j=1
〈ψ,ψj〉Wψj , ψi

〉
W

ψi = P `ψ, ψ ∈ RNx ,

because the basis {ψi}`i=1 is orthonormal, i.e. 〈ψi, ψj〉W = δij .

Remark 4.3.2. (i) Since P ` is linear and bounded, it is continuous.

(ii) Moreover, P ` is self-adjoint and therefore an orthonormal projection (see [41, Appendix A.9]).

(iii) From the boundedness it follows directly for ψ ∈ V ` that ‖P `ψ‖W = ‖ψ‖W ⇒ ‖P `‖L(RNx ) = 1.

Introducing the definitions %`(t) := y(t) − P `y(t) and ϑ`(t) := P `y(t) − y`(t), we can build the
decomposition

y(t)− y`(t) = %`(t) + ϑ`(t), (4.3.3)

which we will use to prove the following theorem:

Theorem 4.3.3. Let y ∈ C([t0, tend];RNx) ∩C1([t0, tend],RNx) be the unique solution to the ODE
system (4.1.1) and {ψi}`i=1 the POD basis of rank ` for a fixed ` ∈ {1, . . . , Nx} solving (P̂ `W ).
Further, let y` be the unique solution to the reduced order model (4.1.5) satisfying

‖y`(t)‖W ≤ C for all t ∈ [t0, tend] (4.3.4)
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with a constant C ≥ 0 independent of t. Then we have for C > 0 the estimation∫ tend

t0

‖y(t)− y`(t)‖2W ≤ C
Nx∑

i=`+1

(
λi +

∫ tend

t0

|〈ẏ(t), ψi〉W |2dt
)
, (4.3.5)

provided f is locally Lipschitz continuous with respect to the second argument and both y and y`

being bounded. (Note that in the context of PBEs, f(t, y(t)) contains the birth and death terms Bagg

and Dagg as stated in Chapter 2, so we get the local Lipschitz continuity of f with respect to y from
the differentiability of f with respect to y.)

Proof. First of all, note that with the definitions of %`(t) and ϑ`(t), we have∫ tend

t0

‖y(t)− y`(t)‖2Wdt =
∫ tend

t0

‖%`(t) + ϑ`(t)‖2Wdt, (4.3.6)

which is what we want to estimate.
For the optimization error of the POD basis {ψi}`i=1 (the error term of the basis computation), we
have ∫ tend

t0

‖y(t)−
∑̀
i=1
〈y(t), ψi〉Wψi‖2Wdt =

∫ tend

t0

‖y(t)− P `y(t)‖2Wdt =
∫ tend

t0

‖%`(t)‖2Wdt,

which we can express directly by the eigenvalues (like shown in the previous chapter):∫ tend

t0

‖%`‖2Wdt =
Nx∑

i=`+1
λi. (4.3.7)

The more complex part is to get an estimation of ϑ`(t), with the purpose to estimate afterwards
the whole term (4.3.6).
Considering (4.1.1) and (4.1.5), we get for every ψ` ∈ V ` and for every t ∈ (t0, tend]

〈ϑ̇(t), ψ`〉W = 〈P `ẏ(t)− ẏ(t), ψ`〉W + 〈ẏ(t)− ẏ`(t), ψ`〉W
= 〈P `ẏ(t)− ẏ(t), ψ`〉W + 〈A(y(t)− y`(t)) + f(t, y(t))− f(t, y`(t)), ψ`〉W

(4.3.8)

Choosing ψ` = ϑ` ∈ V `, we can conclude from (4.3.8) the estimation

1
2

d
dt‖ϑ

`(t)‖2W ≤ ‖A‖(‖%`(t)‖W + ‖ϑ`(t)‖W )‖ϑ`(t)‖W

+ ‖P `ẏ(t)− ẏ(t)‖W ‖ϑ̇`(t)‖W
+ ‖f(t, y(t))− f(t, y`(t))‖W ‖ϑ`(t)‖W ,

(4.3.9)

with the matrix norm
‖A‖ := max

‖ψ‖W=1
‖Aψ‖W

induced by the vector norm ‖ · ‖W and the notation

1
2

d
dt‖ϑ

`(t)‖2W = 〈ϑ̇`(t), ϑ`(t)〉W , t ∈ (t0, tend].

In particular, note that for all t ∈ (t0, tend] we have

‖P `ẏ(t)− ẏ(t)‖2W =

∥∥∥∥∥
Nx∑

i=`+1
〈ẏ(t), ψi〉Wψi

∥∥∥∥∥
2

W

=
Nx∑

i=`+1
|〈ẏ(t), ψi〉W |2.
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In order to estimate (4.3.9) further, we need the local Lipschitz continuity of the function f with
respect to the second argument and the boundedness of y and y`.
From y ∈ C([t0, tend];RNx) and (4.3.4) it follows that there is a constant C̃ > 0 with

max{‖y(t)‖W , ‖y`‖W } ≤ C̃ for all t ∈ [t0, tend]. (4.3.10)

Then, we derive from the local Lipschitz continuity of f with respect to y that

‖f(t, y(t))− f(t, y`(t))‖W ≤ Lf (C̃)‖y(t)− y`(t)‖W (4.3.11)

for a constant Lf (C̃) depending on C̃. Then we derive from (4.3.9)

1
2

d
dt‖ϑ

`(t)‖2W ≤
‖A‖

2 (‖%`(t)‖2W + ‖ϑ`(t)‖2W ) + ‖A‖‖ϑ`(t)‖2W

+ 1
2(‖P `ẏ(t)− ẏ(t)‖2W + ‖ϑ`(t)‖2W )

+ Lf‖%`(t) + ϑ`(t)‖W ‖ϑ`(t)‖W

≤‖A‖2 ‖%
`(t)‖2W +

(
3
2(‖A‖+ Lf ) + 1

2

)
‖ϑ`(t)‖2W

+
Nx∑

i=`+1
|〈ẏ(t), ψi〉W |2 + Lf‖%`(t)‖W ‖ϑ`(t)‖W

≤‖A‖+ Lf
2 ‖%`(t)‖2W +

(
3
2(‖A‖+ Lf ) + 1

2

)
‖ϑ`(t)‖2W

+
Nx∑

i=`+1
|〈ẏ(t), ψi〉W |2,

and therefore the estimation

1
2

d
dt‖ϑ

`(t)‖2W ≤ (3(‖A‖+ Lf ) + 1) ‖ϑ`(t)‖2W + (‖A‖+ Lf )‖%`(t)‖2W

+
Nx∑

i=`+1
|〈ẏ(t), ψi〉W |2.

(4.3.12)

Now we can use Gronwall’s Lemma, which gives us an estimation of the time derivative of ϑ`(t).
With the equation (4.3.7) and by applying Gronwalls Lemma, we then get

‖ϑ`(t)‖2W ≤c1
(
‖ϑ`(t0)‖2W + (‖A‖+ Lf )

∫ t

t0

‖%`(s)‖2Wds
)

+ c1

Nx∑
i=`+1

∫ t

t0

|〈ẏ(s), ψi〉W |2ds

≤c2

(
‖ϑ`(t0)‖2W +

Nx∑
i=`+1

(
λi +

∫ tend

t0

|〈ẏ(t), ψi〉W |2dt
))

,

(4.3.13)

by defining the constants c1 = exp ((3(‖A‖+ Lf ) + 1)tend) and c2 = c1 ·max {‖A‖+ Lf , 1}.
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Having done this, the claim follows by (4.3.7), (4.3.13) and ϑ`(t0) = P `y0 − y`(t0) = 0, i.e. we get∫ tend

t0

‖y(t)− y`(t)‖2W =
∫ tend

t0

‖%`(t) + ϑ`(t)‖2W

≤ 2
∫ tend

t0

‖%`(t)‖2W + ‖ϑ`(t)‖W 2

≤ 2
Nx∑

i=`+1
λi + c3

Nx∑
i=`+1

(
λi +

∫ tend

t0

|〈ẏ(t), ψi〉W |2dt
)

≤ C
Nx∑

i=`+1

(
λi +

∫ tend

t0

|〈ẏ(t), ψi〉W |2dt
)

with c3 = 2c2 and C = 2 + c3.

Remark 4.3.4. Note that in Theorem 4.3.3, we can not estimate the term
Nx∑

i=`+1

∫ tend

t0

|〈ẏ(t), ψi〉W |2dt

by the sum over the eigenvalues, this means by
∑Nx
i=`+1 λi. But, in order to end up with such an

estimation, we can include the time derivatives in the snapshot ensemble. Therefore, we replace
(P̂ `W ) by

min
ψ1,...ψ`∈RNx

∫ tend

t0

∥∥y(t)−
∑̀
i=1
〈y(t), ψi〉Wψi

∥∥2
W

+
∥∥ẏ(t)−

∑̀
i=1
〈ẏ(t), ψi〉Wψi

∥∥2
W

dt

s.t. 〈ψi, ψj〉W = δij , 1 ≤ i, j ≤ `,

(4.3.14)

and get then for C̃ > 0 ∫ tend

t0

‖y(t)− y`(t)‖2Wdt ≤ C̃
Nx∑

i=`+1
λ̃i.

Consequently, the operator R̃ : RNx → RNx for the eigenvalue problem

R̃ψ̃i = λ̃iψ̃i (1 ≤ i ≤ Nx and λ̃1 ≥ . . . λ̃Nx ≥ 0),

with which we compute the POD basis {ψi}`i=1, has to be replaced by

R̃ψ =
∫ tend

t0

〈y(t), ψ〉W y(t) + 〈ẏ(t), ψ〉W ẏ(t)dt, ψ ∈ RNx .

One can also derive a discrete matrix representation of the corresponding discrete operator RNt ,
but we refer the reader at this point to [41, p. 52].

The discrete version of this theorem is quoted in the following. The proof is quite large, but works
analogous to the analytical one – it can be found in [41, pp. 53–56].
Summarizing, let us present the discrete version for a fixed step size ∆t = tend/(Nt − 1) and
tj = (j − 1)∆t for 1 ≤ j ≤ Nt on a given equidistant time grid in the interval [t0, tend].

First of all, we compute a POD basis {ψi}`i=1 of rank ` of the discrete minimization problem (P`W )

min
ψ1,...ψ`∈RNx

Nt∑
j=1

αj

∥∥∥∥∥yj − ∑̀
i=1
〈yj , ψi〉Wψi

∥∥∥∥∥
2

W

s.t. 〈ψi, ψj〉W = δij , 1 ≤ i, j ≤ `. (P`W )
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Following Definition 4.1.1, we derive the reduced order model and have the solution

y`(t) =
∑̀
i=1

y`i(t)ψ
Nt
i , t ∈ [t0, tend]

of the POD Galerkin projection for 1 ≤ i ≤ `

〈ẏ`(t), ψNti 〉W = 〈Ay`(t) + f(t, y`(t)), ψNti 〉W , t ∈ (t0, tend],

〈y`(t0), ψNti 〉W = 〈y0, ψ
Nt
i 〉W .

(4.3.15)

This system can be solved by applying the implicit Euler method, which yields to the following system
in V `Nt = span{ψNt1 , . . . , ψNt` } for the approximation {y`j}`j=1 of y` at the time tj , 1 ≤ j ≤ Nt:〈

y`j − y`j−1

∆t , ψNti

〉
W

= 〈Ay`j + f(t, y`j), ψ
Nt
i 〉W , i = 1, . . . , `, 2 ≤ j ≤ Nt,

〈y`1, ψ
Nt
i 〉W = 〈y0, ψ

Nt
i 〉W , i = 1, . . . , `.

(4.3.16)

Theorem 4.3.5. Let y ∈ C([t0, tend];RNx) ∩C1([t0, tend],RNx) be the unique solution to the ODE
system (4.1.1) satisfying ÿ ∈ L2([t0, tend];RNx) and let {ψNti }`i=1 be the POD basis of rank ` for a
fixed ` ∈ {1, . . . , Nx} solving the discrete version of P̂ `W . Further, let {y`j}

Nt
j=1 be the unique solution

to the discrete system (4.3.16). Then there exists a constant C > 0 such that

Nt∑
j=1

αj‖y(tj)− y`j‖2W ≤ C

(∆t)2 +
Nx∑

i=`+1

λNti +
Nt∑
j=1

αj |〈ẏ(tj), ψNti 〉W |
2

 , (4.3.17)

provided ∆t is sufficient small and f is Lipschitz continuous with respect to the second argument.

Note that this error estimate contains the error O((∆t)2) resulting from the Euler method. The
proof of this estimation can be found in [41, p. 57].
Now we will turn to the numerical realization of the POD method and outline the implementation
of the reduced order model.
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Chapter 5

Numerical Realization of the ROM with the
POD Method

In the following, we will apply model reduction using the POD method to the population balance
equation. At first, we will present a basic POD algorithm to compute the POD basis for a single
snapshot set. Then we will have a look at different MATLAB solvers for the eigenvalue equation
and will present the results of computations to different parameter sets of the PBE. In the end, we
will present results to the ROM for Model 1 from Chapter 2. Throughout, the resulting error to
different parameter sets and different discretization sizes will be discussed.
For further reading, we refer to [23], where a model reduction via POD is conducted to a crystalliza-
tion model in a comparable way, or to [42], where a similar model reduction procedure is applied to
a cell population model.

5.1 Application of POD to the PBE

As a reminder, our starting point is the system stated in Definition 2.4.3 for the homogeneous
case or as stated in Definition 2.4.5 for the non-homogeneous case respectively. The FOM of these
systems deliver us the snapshot set Y = [y1, . . . , yNt ] ∈ RNx×Nt , from which we will compute a
POD basis.
As mentioned in Chapter 2, the discretization matrix A∆x remains not sparse in case of Bagg, Dagg 6=
0 and therefore, solving the one-dimensional case already takes high computational effort. In order
to accelerate this computation, we apply the POD method to the snapshot matrix Y and solve the
following problem:

min
ψ1,...ψ`∈RNx

Nt∑
j=1

αj
∥∥yj − ∑̀

i=1
〈yj , ψi〉Wψi

∥∥2
W

s.t. 〈ψi, ψj〉W = δij , 1 ≤ i, j ≤ `. (5.1.1)

This minimization problem gives us, referring to the discrete version of POD for dynamical systems,
various opportunities to compute the POD basis for the snapshot matrix Y :

1. Solve the FOM in Definition 2.4.3 by an appropriate method to obtain the numerical solution
yj (1 ≤ j ≤ Nt) at given time steps t1 < . . . < tNt ∈ [t0, tend], for example an equidistant
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time grid chosen by tj = t0 + (j − 1) ·∆t, with ∆t = tend−t0
Nt−1 .

Then set up the snapshot matrix Y = [y1, . . . , yNt ] ∈ RNx×Nt and the time-weight matrix
D = diag(α1, . . . , αNt), where the weights αj can be taken as the trapezoidal weights defined by
α1 = αNt = ∆t

2 , αj = ∆t for j = 2, . . . , Nt−1. As (5.1.1) considers the weighted inner product,
we also need the spatial discretization matrixW given byW = diag(∆x/2,∆x, . . . ,∆x,∆x/2),
where ∆x = ξmax−ξmin

Nx−1 is the step size of the spatial grid for the PBE.

2. Now solve the eigenvalue equations depending on the dimension of Y :

• If the dimension Nx < Nt is small, we define

Ȳ := W
1
2Y D

1
2 ∈ RNx×Nt (5.1.2)

and can compute the eigenvalues of Ȳ by SVD. Note that this method solves the full
system – for high dimensional problems, an iterative solver will be more suitable, following
the outlines of the cases below.

• If Nx � Nt: Solve the symmetric Nx ×Nx eigenvalue equation

W
1
2Y DY TW

1
2 ψ̄i = λiψ̄i for 1 ≤ i ≤ `, (5.1.3)

and set ψi := W−
1
2 ψ̄i for i = 1, . . . , `. Note that λ1 ≥ · · · ≥ λ` > 0 are the ` largest

eigenvalues of the Nx ×Nx matrix W 1
2Y DY TW

1
2 . Referring to the first case, this is the

corresponding eigenvalue problem for Ȳ Ȳ T .

• If Nt � Nx: Solve the symmetric Nt ×Nt eigenvalue problem

D
1
2Y TWYD

1
2 φ̄i = λiφ̄i for 1 ≤ i ≤ `, (5.1.4)

and set ψi := 1√
λi
Y D

1
2 φ̄i for i = 1, . . . , `. Here, λ1 ≥ · · · ≥ λ` > 0 are the ` largest

eigenvalues of the Nt ×Nt-matrix D 1
2Y TWYD

1
2 . To refer again to the first case, this is

the corresponding eigenvalue problem for Ȳ T Ȳ .
Note that this method, the method of snapshots does not require the computation of the
matrix W 1

2 or W− 1
2 .

The Algorithm 1 gives us a basic algorithm to compute the POD basis of rank `.
If we set flag = 0, the minimization problem (5.1.1) is solved with the MATLAB function svd.
For large systems, this function will not be that suitable, because the whole system is solved and
one will prefer an iterative solver like eigs. In this case, if the solver eig (or eigs) is chosen, a
computational distinction depending of the sizes Nx and Nt will be made.

5.1.1 Numerical Results Considering the POD Basis

In order to analyse the error resulting from the POD basis computation, primarily the eigenvalues
are considered. For those, it holds that

Nt∑
j=1

αj
∥∥yj − ∑̀

i=1
〈yj , ψi〉Wψi

∥∥2
W

=
d∑

i=`+1
λi,
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Algorithm 1 (POD basis of rank `)

Require: Snapshots {yj}Ntj=1 ∈ RNx , ` ≤ d, in Y = [y1, . . . , yNt ] ∈ RNx×Nt , flag variable
1: Ȳ ←W

1
2Y D

1
2 ∈ RNx×Nt

2: if flag=0 then
3: [Ψ̄,Σ,Φ]←svd(Ȳ )
4: ψi = W−

1
2 Ψ̄·,i and λi = Σ2

ii for 1 ≤ i ≤ `
5: else if flag=1 and Nx � Nt then
6: R = Ȳ Ȳ T ∈ RNx×Nx

7: [Ψ̄,Λ]← eig(R)
8: ψi = W−

1
2 Ψ̄·,i and λi = Λii for 1 ≤ i ≤ `

9: else if flag=1 and Nt ≤ Nx then
10: K = Ȳ T Ȳ ∈ RNt×Nt

11: [Φ̄,Λ]← eig(K)
12: ψi = 1

σi
Y D

1
2 Φ̄·,i and λi = Λii for 1 ≤ i ≤ `

13: end if
14: Compute projection error ε(`)
15: return POD basis {ψi}`i=1, the corresponding eigenvalues {λi}`i=1, and the error ε(`)

or in a shorter notation

‖y − P `y‖2W =
d∑

i=`+1
λi, (5.1.5)

with the projection P ` : RNx 7→ span(ψ1, . . . , ψ`) defined as P `y =
∑`
i=1〈yj , ψi〉Wψi for a fixed

POD basis {ψi}`i=1 and the D-norm using the matrix D as introduced before. Since we will refer to
the numerical results of that error coefficients, we introduce further following short notations:

ε`P (y) := ‖y − P `y‖2W and ελ :=
d∑

i=`+1
λi. (5.1.6)

Moreover, it should hold for the eigenvalue error quotient ε(`) that

ε(`) =
∑`
i=1 λi∑d
i=1 λi

≥ 99%,

which means basically, that the first ` eigenvalues already contain the essential information. The
quotient ε(`) is also called “energy term” and gives us a decision basis for the choice of `, for which
there are no general valid rules yet. This energy term resulted to be small already with only a few
basis vectors in all cases.

But before outlining the results, let us have a look at the first three POD basis vectors computed
with svd for Model 1 (see 2.2) with (Nx, Nt) = (200, 600) using the weighted scalar product. In
Figure 5.1, image (a) we can see, how the basis for i = 3 (blue curve) already is sine-like, while the
red curve for i = 1 has only one wave and the black curve for i = 2 has two waves.

The magnitude of the energy term basically depends on how quickly the eigenvalues decrease. Figure
5.1 (b) shows the normalized eigenvalues of our computation corresponding to the POD basis above,
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(a) The first three POD basis vectors (b) The eigenvalues

Figure 5.1: The first three POD basis vectors (a) and the snapshots normalized eigenvalues (b).

plotted in a logarithmic scale. We can see how quickly the eigenvalues decrease, their normalized
magnitude is less then 10−15 from the ninth eigenvalue on, so we can control the projection error in
(5.1.5) very well by choosing enough basis vectors.

Comparison of the MATLAB Solvers svd, eig and eigs

In the following setting, different discretization grids were used to compute the POD basis of rank `
for the homogeneous equation. The parameter used for computing was µ1 = (3.21 ·10−3, 2.58 ·104, 1)
(model 1) and the process time was set to tend = 600 seconds.
The computations follow Algorithm 1, where the variable flag is used to steer whether svd or eig

(or eigs, which is not denoted in the algorithm) is used.
Table (5.1) shows obviously, how the time increases significantly for a higher discretization size. As
an example, computing with svd a POD basis of rank ` = 7 for a grid of size (Nx, Nt) = (200, 400)
took only 0.07 seconds, while using grid of size of (Nx, Nt) = (2000, 4000), 92.6 seconds were needed
for one basis computation. This tendency is observable for all three solvers. Moreover we can see a
higher computational effort, if Nx � Nt, compared to Nt � Nx.

(Nx, Nt) (200, 400) (500, 500) (400, 200) (2000, 4000) (4000, 2000)
eig 0.048 0.68 0.08 29.87 34.92
eigs 0.020 0.09 0.02 4.64 5.55
svd 0.074 0.53 0.08 92.56 130.97

Table 5.1: Computing time in [s] for different grids with ` = 7.

Throughout, the solver eigs seems to be the fastest, even though for small grid sizes not that
significant than for large grid sizes. However, one should keep in mind that the eigs routine
(designed for sparse matrices) offers directly the computation of only ` basis vector, whereas eig
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and svd always solve the full system. However, all three solvers perform within a short computation
time, if the system is small.
For large grid sizes, the svd solvers computation time increases the most compared to time that
is needed for a small dimensional system, it increases from 0.07 to 130 seconds. Having seen
this, one could think the eigs solver is the best choice in every case. Let us have a look at the
W -orthonormality of the POD basis {ψi}`i=1 for different `. Therefore, we can verify the equation∥∥ΨTWΨ− I`

∥∥ = 0 with Ψ = [ψ1, . . . , ψ`] . (5.1.7)

The result is shown in Table 5.2, on the left hand side for µ1 as mentioned above and on the right
hand side for µ2 = (6.5 · 10−2, 2.5 · 104, 1). The orthogonality is shown for different ` and the three
solvers. We can see that for higher `, the orthogonality gets lost no matter which method is used.

µ1

` svd eig eigs

2 2.23 · 10−14 2.35 · 10−14 2.30 · 10−14

7 1.51 · 10−13 8.24 · 10−08 1.13 · 10−08

15 4.31 · 10−05 1.69 0.91

µ2

` svd eig eigs

2 4.23 · 10−14 4.14 · 10−14 4.10 · 10−14

7 2.92 · 10−13 1.01 · 10−10 5.63 · 10−11

15 1.71 · 10−12 0.84 0.28

Table 5.2: Orthogonality of the POD basis for different µ computed with (Nx, Nt) = (200, 400).

However, this depends also on the parameter µ, different parameters give better or worse results
here: For µ1, for example, the orthogonality computed with svd is worse for ` = 15 than for µ2,
which shows the impact of the systems eigenvalues on the basis computation. Figure 5.2 illustrates
clearly the difference in the decrease of the normalized eigenvalues, for µ1 (blue) they decay faster
than for µ2 (red) – at ` = 15, the normalized logarithmic scale is 1.95 · 10−30 for µ1, where for µ2,
we have 1.38 · 10−23.

Figure 5.2: Eigenvalue comparison for µ1 and µ2 (normalized logarithmic plot).

In general, computing the basis with svd, the orthonormality of the basis is maintained for higher `
than computing with eigs or eig, where the orthonormality is practically lost in our examples for
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` = 15. Therefore, the eigs or eig routine is only suitable for small ` in our case or rather in the
case of solving large systems with a high discretization size – in praxis, an orthogonalization by the
Gram-Schmidt process would be applied if these routines were used.

This fact was mirrored in the error analysis in the next section – the computation with eigs only
worked well for small `. Please note that, to be on the save side considering the orthogonality of the
POD basis, the svd solver is used to compute the POD basis throughout this work if not mentioned
otherwise.

Remark 5.1.1. Besides, there is another mentionable fact: solving the full system with different
grid sizes leads to different final mass results. Figure (5.3) illustrates the oscillation in the final
mass difference: the resulting final mass is higher in general for a low grid size, while it is lower for
a high grid size (with variations). To know which result is expectable, this should be compared to the
“real” final mass resulting from real experiments.

Figure 5.3: Final solid mass for different grid sizes.

Example 1: The Homogeneous Equation

In the following, we investigate three different parameter models as given in Table 5.3, where the
solution y1 corresponds to model 1 with the growth function G1 = G(t, µ1), and the other two
models respectively. Throughout, we will compute with the grid size (Nx, Nt) = (200, 600) and use
initially the svd solver. The process time is 600 seconds.
To get an impression of the influence of the different parameters, the final dissolved and final solid
mass are stated for the FOM of the growth equation as well (in [kg]): µ1 and µ2 lead to a stronger
growth than µ3, therefore the final solid mass is much higher in these two cases, being around 0.22
[kg] compared to 0.11 [kg] for µ3.

Table 5.4 shows various error coefficients for different `, computed as follows: Utilizing the snapshots
of y1(tj), the POD basis {ψi}`i=1 is computed. In column two, the numerical error resulted by the
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model dissolved mass in [kg] solid mass in [kg]
µ1 = (6.5 · 10−2, 2.5 · 104, 1) 0.273913 0.226087
µ2 = (5 · 10−2, 2.35 · 104, 1.01) 0.27302 0.22698
µ3 = (3.21 · 10−4, 2.58 · 104, 1) 0.381477 0.118523

Table 5.3: Different model parameters and mass results.

POD optimization is presented, while column three shows the error determined by the eigenvalues.
Then, the relative error is shown in column four, which sets into relation the systems size. The last
two columns give us then the numerical error for the approximation y2 and y3 with the corresponding
parameters, but under the projection with the POD basis computed from y1.

` ε`P (y1) ελ ε`P (y1)/‖y1‖W ε`P (y2)/‖y2‖W ε`P (y3)/‖y3‖W
2 1.36 · 1014 1.36 · 1014 1.36 · 10−3 1.36 · 10−3 4.53
3 3.49 · 1012 3.49 · 1012 3.50 · 10−5 3.55 · 10−3 9.96 · 10−5

7 1.15 · 106 1.15 · 106 1.15 · 10−11 1.25 · 10−11 2.95 · 10−11

20 1.11 · 102 4.35 · 10−14 1.11 · 10−15 1.14 · 10−15 2.37 · 10−17

Table 5.4: Error of the POD basis different models (homogeneous case).

We can see that for greater `, the error in the approximation by the POD basis decreases. For
` = 7, the numerical error corresponds still nearly exactly with the expected error, the sum over
the eigenvalues – but for greater `, the two error results are not corresponding any more (even for
` = 50, there is no noteworthy improvement).
The accurateness of the absolute error remains about 102, while the sum over the remaining
eigenvalues decreases continuously. This mirrors the decreasing of the eigenvalues towards zero,
while the orthogonality does not improve due to computational inaccuracy for higher `.
Nevertheless, we have to attend to the magnitude of the system: The range of the amount of
particles goes up to 106, so a relative approximation error in the range 10−15 for ` = 20 is quite
satisfying, even though the absolute error is still in the range of 102.
The fifth column shows that also the approximation of y2 with the POD basis corresponding to y1

has worked very well: throughout we have qualitatively an equivalent good approximation of the
model with µ2 and µ3 using the POD basis of model µ1.

However, computing the basis the other way around, which means, compute first the POD basis
for model µ3 and then calculate the projection error for model µ1, the quality of the approximation
for y1 is better for small `, but worse for greater `, compared to the results shown in Table 5.4
(even though the relative error for y3 is smaller). Again, this reflects the eigenvalue behaviour for
different parameters.
The relative error for y3 and y1, using the basis computed from y3, is shown in Table 5.5. However,
increasing the size of the POD basis to ` = 50 leads here to better results approximating y1 with
the basis from y3 compared to the other way around, where no improvement for ` = 50 was assessed.
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` ε`P (y3)/‖y3‖W ε`P (y1)/‖y1‖W
2 5.06 · 10−8 3.73 · 10−2

3 9.10 · 10−12 9.14 · 10−3

7 2.56 · 10−17 5.52 · 10−5

20 2.37 · 10−17 1.57 · 10−6

50 2.37 · 10−17 3.68 · 10−8

Table 5.5: Relative error of the POD basis for model µ3 and µ1 (growth).

Example 2: The Non-Homogeneous Equation

The model including the aggregation terms was solved with the same parameters as the growth
example before, using a grid size of (Nx, Nt) = (200, 600) and a process time of 600 seconds. The
solution for µ1 and µ3 is shown in Figure 5.4 for comparison, in order to illustrate how strong
different parameters influence the equation. For µ3, the initial condition is compressed due to
aggregation processes, while the model with µ1 seems similar to the growth equation, the aggregation
terms don’t show strong influence on the first view.

(a) Solution for µ1 (b) Solution for µ3

Figure 5.4: Plot of the solution for µ1 and µ3.

The final solid and dissolved mass, as well as the CPU time for solving with ode45 is presented in
Table 5.6. Obviously, the computation time varies significantly: for the model using µ3, it took only

model dissolved mass solid mass mass error CPU time
µ1 0.274901 0.225099 −1.11 · 10−16 272.9
µ2 0.273684 0.226316 1.11 · 10−16 317.2
µ3 0.38152 0.11848 1.11 · 10−16 28.1

Table 5.6: Mass results to different parameters.

28.1 seconds for solving, while for µ2 or µ3 it took about 300 seconds. However, the resulting mass
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error was throughout close to zero.

` ε`P (y1) ελ ε`P (y1)/‖y1‖W ε`P (y2)/‖y2‖W ε`P (y3)/‖y3‖W
2 1.89 · 1014 1.89 · 1014 3.79 · 10−3 3.87 · 10−3 5.81 · 10−3

3 7.53 · 1012 7.53 · 1012 1.51 · 10−4 1.57 · 10−4 1.96 · 10−4

7 5.11 · 107 9.01 · 106 1.02 · 10−9 1.18 · 10−9 2.16 · 10−10

20 5.43 · 107 4.93 · 10−9 1.08 · 10−9 1.26 · 10−9 2.89 · 10−16

50 3.87 · 107 1.02 · 10−15 7.78 · 10−10 9.01 · 10−10 2.06 · 10−16

Table 5.7: Error of the POD basis different models (non-homogeneous case).

Table 5.7 shows, that also in the aggregation case, the POD basis computation worked similarly
well as in the homogeneous case of the growth equation. The relative error ε`P (y1)/‖y1‖W decreases
from 3.79 · 10−3 to 1.08 · 10−9 by increasing ` from two to twenty. The quality of the approximation
is maintained until circa ` = 7, we have ε`P (y1) ≈

∑d
i=`+1 λi. However, increasing ` to ` = 20, this

analytical relation gets lost, we get ε`P (y1) ≈ 5 · 107 while ε` ≈ 5 · 10−9. Even for increasing the
basis size, no significant improvement could be determined.
The relative error for y2, using the basis computed from y1 remains in the same range as the relative
error for y1, which is quite satisfying. For y3 there is even an improvement. This means, it should
be possible to compute a basis from y1 and use it for the reduced order model, since the basis
contains already the “essential information”.

Having a quick look at what happens if we compute the basis the other way around, the results in
Table 5.8 are comparable to the homogeneous case: the approximation of y3 shows better results,
but the approximation of y1 is slightly worse than in Table 5.7.

` ε`P (y3)/‖y3‖W ε`P (y1)/‖y1‖W
2 9.54 · 10−8 4.94 · 10−2

3 1.99 · 10−11 1.54 · 10−2

7 2.23 · 10−16 4.33 · 10−4

20 2.27 · 10−15 1.57 · 10−5

50 2.25 · 10−16 2.32 · 10−6

Table 5.8: Relative error of the POD basis for model µ3 and µ1 (aggregation).

The conclusion is to say, that for the error the choice of ` is essential. This will be a important
criterion to put up the reduced system of rank ` of the model – because, if there is already a big
projection error, the solution of the low-dimensional system can not be that good. However, it seems
that we will be able to use a POD basis, once computed for a certain snapshot set, for different
parameters.
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5.2 Numerical Results Considering the ROM Solution

In the following, we will present the numerical results of the ROM solution to Model 1 as stated
in Table 2.2. Therefore, we will use, among others, the following error coefficients: the relative
approximation error of the whole solution εy and the difference of the final solid mass εm, which
are stated as

εy := ‖y
FOM − yROM‖W
‖yFOM‖W

, (5.2.1)

εm := mFOM
sol −mROM

sol , (5.2.2)

and further the total mass error for the ROM, defined as

mROM
err := mtotal −mROM

dis −mROM
sol (5.2.3)

with mROM
dis and mROM

sol referring to the final dissolved and solid mass resulting in the ROM
simulation.

Results of the Growth Equation

In the homogeneous case, the implementation of the ROM is straight forward following the outlines
in Definition 4.2.1. To reduce the online computation times, pre-computation can be done to
compute the integrals and projections as mentioned in the previous Chapter.

Figure 5.5 shows the result of the computation from Chapter 2 with the grid size (Nx, Nt) =
(200, 600), a process time of 600 seconds and the parameter µ = (3.21 · 10−3, 2.58 · 104, 1) with a
POD basis of size ` = 2. The black, dotted line is the FOM distribution at the time points t = 0,
t = 300 and t = 600 seconds. On the first look, approximation looks very accurate – but differences
get clearer having a closer look at the numerics.

Figure 5.5: The CSD comparing the results of the ROM and the FOM for ` = 2.
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The ROM computing time for ode45 was only 0.066130 seconds with 0.004 seconds for pre-
computation, where the FOM computing time was 0.377 seconds. As stated in Chapter 2, the FOM
gives us 0.337356 [kg] of dissolved and 0.162644 [kg] of solid mass. The ROM leads to 0.337378 [kg]
dissolved mass and 0.158321 [kg] solid mass, with a mass error of mROM

err = 4.30 · 10−3. The relative
error for the difference of the whole solution as defined in (5.2.1) is εy = 1.14 · 10−4.

The approximation can be improved, of course, by using more basis vectors. Increasing the POD
basis size to ` = 5 gives us already εy = 5.64 ·10−11. The final resulting mass is here 0.337356 [kg] of
dissolved and 0.16264 [kg] of solid mass , with an error ofmROM

err = 4.23·10−6. Thus, the computation
time increased to 0.13 seconds for ode45, while the pre-computation time remained equally short.
Figure 5.6 shows the relative difference of the ROM to the FOM (defined as (yFOM− yROM)/‖y‖W )
for ` = 5 over the whole grid, lying in the range of 10−16. After circa the class one hundred the error
vanishes, since this is roughly where the peak decays, corresponding to ξ ≈ 500 in Figure 5.5.

Figure 5.6: The relative difference error between the ROM and the FOM for ` = 5 (growth).

From a practical point of view, mass conservation or respectively, in the homogeneous case of only
growth, the total amount of particles plays further an important role in our model. The evolution
over time is shown for both values as an overview in Figure 5.7, for ` = 2 and ` = 5. The total
mass of particles (image (a) and (b)) should stay constantly mtotal (as fed initially into the system),
therefore the error mROM

err should be zero. The result depends naturally on the basis size, for ` = 2,
the range is 10−3, for ` = 5 already 10−6.

The systems total amount of particles should neither change during the simulation, the result is
plotted in image (c) and (d) of Figure 5.7, for the ROM in blue and, for comparison, the FOM in
red. As expected, the amount of particles in the FOM remains nearly constant around 3.38 · 107,
but there occurs an oscillation in the ROM during the simulation in an appropriate range and
corresponding to the mass error oscillation.

Let us now have a short look at how good a basis computed to a reference solution can approximate
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(a) Mass conservation for ` = 2 (b) Mass conservation for ` = 5

(c) Amount of particles for ` = 2 (d) Amount of particles for ` = 5

Figure 5.7: Amount of particles and mass conservation in the homogeneous ROM for ` = 2, 5.

other parameter models. For demonstration, we will use the tuple µ1 = (6.5 · 10−2, 2.5 · 104, 1) and
a process time of 600 seconds with a grid of (Nx, Nt) = (1000, 1600). The POD basis is computed
from the snapshot set y1 which includes the parameter µ1, then the ROM for the parameters µ2

and µ3 is solved. The results considering the error coefficients and the CPU time are shown in
Table 5.9.

model mFOM
err mROM

err εm εy CPU FOM CPU ROM
µ1 0 2.11 · 10−7 2.10 · 10−7 3.90 · 10−13 0.86 0.29
µ2 1.11 · 10−16 4.40 · 10−8 4.28 · 10−8 3.70 · 10−5 0.64 0.31
µ3 0 1.66 · 10−8 1.51 · 10−8 0.1983 0.60 0.08

Table 5.9: Comparison of three models with a pre-computed basis of rank ` = 9.

As expected, the computation works well considering the mass error mROM
err – it is very small being

in the range of 10−7. The solid mass difference εm between the FOM and the ROM is equivalently
small, which seems to be a good result since we are interested in the resulting mass in praxis
simulations.
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However, the relative difference error over the whole solution, strongly depends on the parameters.
For model µ2, the error quotient already increases from 3.9 · 10−13 to 4.2 · 10−8, even though the
parameters are quite close to each other. This gets worse for model µ3, here the value is 0.198. The
CPU time is, as expected, always shorter for the ROM computation than for the FOM, especially
for the parameter µ3, where we have only 0.08 [s] CPU time for the ROM, instead of 0.60 [s] for
the FOM.

Summed up one could say, that the ROM solving works very well considering the final solid mass.
The results are nearly the same, but the relative difference error over the whole simulation strongly
depends on the chosen parameters.

Combined Aggregation and Growth Results

In the non-homogeneous case, the computational advantage of the model reduction shows to be
even more clearly. The same model is initially solved with a POD basis of size ` = 2. Figure 5.8
shows a comparison of the CSD resulting from the FOM (black dotted line) and the ROM (blue
line). Since only two basis vectors are used, the result is not expected to be very accurate. However,
the CSD is already approximated not too bad, we have εy = 2.08 · 10−4 for the final relative error
in the W -Norm and a final mass error of 1.44 · 10−2, with a final dissolved mass of 0.339839 [kg]
and a final solid mass of 0.149025 [kg].

Figure 5.8: The CSD of the ROM for ` = 2 and the FOM solution.

The computing time was only 2.64 [s] for pre-computations and 0.08 [s] for the ode45 solver.
Increasing the POD basis size to ` = 5, the result of the ROM computation is already quite accurate:
We get εy = 1.57 · 10−10, with a a final mass error of 1.25 · 10−5, a final dissolved mass of 0.339714
[kg] and a final solid mass of 0.160271 [kg]. Compared to the final solid mass of the FOM, 0.160286
[kg], this result can be considered as well. So is the result considering the final dissolved mass, we
get a final difference of εm = 9.89 · 10−9.
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Figure 5.9 shows the resulting relative difference error over the whole time grid. Being in the range
of 10−16, this is very good: the error is similar to the homogeneous case and not significantly higher.
Note that there is still a small error peak in the final class, which means, that the PSD in this final
class is not approximated that well. That phenomena appears due to the high particle gain in the
last class in the aggregation case (since there is no bigger particle class). This could be worked
around by reserving “empty” particle classes from the beginning for bigger particles that result
from aggregation (see Remark 2.4.1 in Chapter 2 about the levelling of the initial distribution).

Figure 5.9: The relative error between the ROM and the FOM for ` = 5 (aggregation).

However, the computation time increases: 38 [s] were needed for pre-computations and 0.28 [s] for
MATLABs ode45 routine. Compared to the computing time of 108.83 [s] for the FOM, this is still
very short. Different runs have shown, however, that the pre-computation time increases strongly
for greater `, but the time required by ode45 remains short. Since this pre-computation can be done
offline, once a sufficiently good POD basis is found, this fact can be accepted (the advantage shows
in particular for solving ROMs with other parameters µ with the basis that was computed once).

Figure 5.10 shows the amount of particles and the relative total volume of particles at each point of
time. The latter enables us to verify whether the aggregation is calibrated correctly or not in the
case that the growth part of the equation is set to zero – it should remain constant.
The mass conservation showed the same characteristics as in the homogeneous case and is therefore
not illustrated here. In image (a) of Figure 5.10 the decrease of particle amount due to aggregation
can be seen. For ` = 2 there is a clear difference in the ROM compared to the FOM, for ` = 5, the
approximation is better as illustrated in image 5.10 (b). Note that this behaves reversed to the
total particle volume in case the growth term is not set to zero.

For verifying the aggregation part (with the growth part set to zero), image 5.10 (c) and (d) are
presented. The difference arising here is clearly visible, especially in the end the volume for the
ROM approximation gets worse – however, the relative range is 10−3, both for ` = 2 and for ` = 5,
showing a smaller error in Figure 5.10 (d) for ` = 5.
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(a) Amount of particles for ` = 2 (b) Amount of particles for ` = 5

(c) total volume for ` = 2 (d) total volume for ` = 5

Figure 5.10: Amount of particles and their total volume in the non-homogeneous ROM for ` = 2, 5.

In summary, one could say that the ROM with a certain basis size leads to equivalently well
results, whether the homogeneous growth equation or the non-homogeneous aggregation equation
is considered. Initially, a higher solid mass error εm in the aggregation case was expected due to
the higher computational effort for coagulation. However, this did not show.

The POD approach shows great performance in both cases, but the advantage of using a ROM
is more evident in the aggregation case resulting in very short computation time, compared to
the FOM. Yet, due to computational inaccuracy, using a real higher POD basis size like ` = 50,
does not significantly improve the approximation compared to the computing time. Nevertheless,
accurate results where achieved without scaling the FOM snapshot set – in comparison to [42],
where generating a useful ROM was not possible with unscaled data (investigating on similar
equations, but on a different model).

Before we turn to further numerical approaches, we present the ROM results for different parameters
in Table 5.10. The FOM was solved on a grid of size (Nx, Nt) = (400, 800) with a process time of
600 seconds. Initially, the POD basis of size ` = 9 was computed for the parameter µ1, then the
ROM using the other parameters was solved with this basis.

64



Chapter 5 Numerical Realization of the ROM with the POD Method

model mFOM
err mROM

err mFOM −mROM εy CPU FOM CPU ROM
µ1 5.55 · 10−17 −6.63 · 10−4 −6.63 · 10−4 2.46 · 10−9 2540 3.34
µ2 −2.22 · 10−16 −7.02 · 10−4 −7.02 · 10−4 1.28 · 10−4 2775 1.74
µ3 0 5.29 · 10−7 5.43 · 10−7 0.59 276.29 0.256

Table 5.10: Comparison of three models with aggregation and a pre-computed basis of rank ` = 9.

The first and second columns show the models resulting mass error, for the FOM in the first place
and then for the ROM. The error in the ROM computation is higher, but being for µ1 and µ2 in
the range of 10−4, this is acceptable. The same holds for the mass difference between the ROM and
the FOM, and in both cases, for µ3 the range of 10−7 is reached.
However, the results for the coefficient εy seem surprising: For µ1, we get a very good relative ROM
error with 2 · 10−9. In the approximation of the model using µ2, we get 1.2 · 10−4 and then for
µ3 0.59. This is interesting, since, considering the mass error, we get a better performance for µ3,
while the relative error seems to show a worse performance. This may be investigated by further
sensitive analysis, where the range of the parameters is taken into account.

Overall, the CPU time comparison is astonishing: over 2500 seconds are needed to solve the FOM
for µ1 and µ2, where as the ROM performs in less then four seconds in both cases. However, the
time needed for pre-computations was 4394 seconds in the first case, which is high, but is done
only once offline. In order to deal with the computational costs, a further approach would be, to
compute the non-linear birth and death terms by the empirical interpolation method (EIM) as
introduced in [3], or in its discrete version (DEIM) as considered in [5, 41]. The µ3 FOM model is
solved in 276 seconds while the ROM is solved in 0.25 seconds. In the end, it is outstanding what
can be done here with POD – the final solid and dissolved masses computed by the ROM are so
close to the FOM, that it should be possible to work with ROM simulations instead of solving the
FOM each time.
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Chapter 6

Further Numerical Approaches and
Experiments

In this chapter, several numerical approaches and experiments are presented and their results are
discussed. First of all, we consider multiple snapshot sets and introduce a POD greedy approach,
which we expand to a greedy ROM over a parameter set. Besides, we compare the previous FOM
results using the upwind scheme with the Lax-Wendroff scheme and present results for the FOM.
Then, another approach to the ROM is applied to improve the quality of the reduced order solution
by inserting a reference snapshot set into the ROM.

6.1 Multiple Snapshot Sets

Our starting point for computing the POD basis was only one snapshot set for one parameter set
so far. In praxis, a lot of times multiple snapshot sets for different parameters are available at once
and the idea lies close to use all these snapshot sets to generate the best possible POD basis and
therefore, a better ROM.
In the following, we outline how multiple snapshot sets can be handled and present a POD algorithm
based on the greedy procedure, where the POD basis functions are generated iteratively. This
approach is often used in reduced basis methods and an application within a more general context
can be found in [19], where the following explanations are based on.

Let us denote the Ns different snapshot sets (FOM solutions) as

Yk = [yµk1 , . . . , yµkNt ] for k = 1, . . . , Ns and µk ∈ Γµ,

with the parameter set Γµ = {µ1, . . . , µNs} containing all testing parameters (usually a parameter
grid). Note that we indicate with the sub-index µi the dependence of y on the parameter µi. Further
we assume that the size of the spatial and time discretization is the same for all snapshot sets.

The procedure of computing the POD basis is the same as in the case of one snapshot set, but with
different matrices being set up. We consider all snapshot sets as one big snapshot set, introducing
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the matrix Y = [Y1, . . . , YNs ]. Then we can set up the correlation matrix K̃ as

K̃ = D̃
1
2 YTWYD̃

1
2 ∈ RNsNt×NsNt ,

with D̃ = diag(D, . . . ,D) ∈ RNsNt×NsNt and D being the time-weight matrix as introduced at the
beginning of this chapter. Of course, if we take many snapshot sets into account, the matrix K̃ can
become very large. Therefore, the approach

R̃ = W
1
2 YD̃YTW

1
2 ∈ RNx×Nx

might be better, if Nx � NsNt ×NsNt holds. The problem of these approaches is, that computing
the matrix K̃ or R̃ is computationally very expensive. For this reason, let us now have a closer look
at the greedy type approach.

We will use the greedy algorithm to extract a basis from the given snapshot sets. Utilizing greedy
methods in order to compute the POD basis functions for the ROM is often used in the reduced
basis method for parametrized systems and belongs to the group of strong greedy procedures, as
mentioned in [19].
As an error indicator, we will use the true projection error instead of rapid computable error
estimators here, which are used in weak greedy procedures. The advantage in using the approach
presented here is, that the equation, which we investigate can easily be exchanged without changing
the algorithm. Another advantage is, that it is computationally efficient, since it extracts a basis of
already computed snapshots.

Algorithm 2 (The greedy POD Algorithm)
Require: Ns snapshot sets Yk = [yµk1 , . . . , yµkNt ] associated to different parameter settings µk ∈ Γµ,

an initial basis size number ` and a number L for the number of additional basis vectors, a
tolerance εPOD for the projection error

1: Ψ← POD`(Y1), V `y = span(Ψ)
2: Compute projection error for all Ns snapshot sets using the basis Ψ

Ek = ‖Yk − P `(Yk)‖2W =
Nt∑
j=0

αj‖yµkj − P
`(yµkj )‖2W

3: while max(Ek) > εPOD do
4: k ← argmaxi=1,...,Ns Ei

5: Ψ← PODL(Yk − P `(Yk)), Ψ← Ψ ∪Ψ, V ` = span(Ψ)
6: Recompute projection errors Ek for all Ns snapshot sets using Ψ with ` = `+ L.
7: end while
8: return POD basis Ψ

The greedy POD algorithm is given in Algorithm 2. It builds the basis {ψi}`i=1 iteratively by
choosing the worst approximated snapshot set in every iteration to enrich the POD basis. By P ` we
denote the orthogonal projection on V ` with respect to the weighted inner product. Further, the
function PODL extracts the first L POD basis functions solving the minimization problem (5.1.1)
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using either of the approaches of Algorithm 1. So the dimension of the POD basis does not have to
be set priorly (only a initial basis of size `), because it is determined by the algorithm.

Note that the implementation of the projection error can be done very efficiently, because the
evaluation can be done parallel since each Ek only depends on Yk, which is given in advance.
Apart from that, Algorithm 2 does not require an orthogonalization after computing the basis in
theory, since it returns always an orthonormal basis. This is because the basis is computed of the
projection residuals, which are orthogonal to the previously obtained basis – it is even preserved in
the case that a snapshot set is selected twice or more – however, in praxis, an orthogonalization
was necessary due to computational errors.

In the following, the non-homogeneous FOM is solved for different parameters in order to build
a multiple snapshot set and compare the results of a POD computation with a greedy POD
computation. Table 6.1 shows Ns = 5 snapshot sets for different parameters µ and the CPU
computing time solving the FOM and the ROM, presenting in each case the error εgreedy

y for εy
resulting from the ROM with a basis computed by the POD greedy algorithm, and εPOD

y for εy
resulting from the ROM computed by the standard POD algorithm respectively.
As we can see, the CPU computing time varies a lot due to different parameter choices: between
561 seconds for the FOM of µ5 and 24 seconds for µ4, and for the ROM between 0.65 seconds and
0.05 seconds respectively. This shows again, how sensitive the system is and how strong a variation
of the parameters can impact the equation.

Having computed each FOM snapshot set, we build the multiple snapshot matrix Y = [yµ1 , . . . , yµ5 ]
and run the greedy POD algorithm with a tolerance of 10−4. The algorithm takes 1.74 seconds to
compute the POD basis, by computing each time L = 1 additional basis vectors. Initially, the basis
is computed from µ1, then the maximal projection error lies in µ4 and µ5 (twice), ending up in the
range of 10−6 for the relative projection error. In fact, the parameters with the shortest and the
highest computational time were chosen. The computation time can be accelerated by choosing
L = 2 for example, and adding two basis vectors each time. The resulting basis will be a similar
shaped basis, however, we may end up with a larger basis then necessary.

model CPU FOM CPU ROM εgreedy
y εPOD

y

µ1 = (6.5 · 10−2, 2.5 · 104, 1) 272 0.34 7.16 · 10−6 4.78 · 10−6

µ2 = (5 · 10−2, 2.35 · 104, 1.01) 317 0.42 7.40 · 10−6 5.06 · 10−6

µ3 = (3.21 · 10−4, 2.58 · 104, 1) 28 0.07 2.34 · 10−6 6.65 · 10−15

µ4 = (3.21 · 10−3, 9.21 · 104, 0.95) 24 0.05 2.29 · 10−15 1.49 · 10−17

µ5 = (10−3, 9.87 · 103, 0.97) 561 0.65 7.83 · 10−6 5.36 · 10−6

Table 6.1: Model parameters with (Nx, Nt) = (200, 600) and a process time of 600 [s].

The approximation error over the whole snapshot set εy is presented both for the greedy POD basis
(which was calculated from the whole snapshot set) and the usual POD basis (which was calculated
separately for each snapshot set).

The pre-computations for the ROM require around 19 seconds for this grid size, a single POD basis
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calculation with ` = 4 took around 11 seconds. The quality of the basis approximation depends on
the decay of the snapshots eigenvalues. Computations have shown, that for µ3 and µ4, two POD
basis vectors were sufficient, which leads to a very good approximation using four basis vectors
in this example. These models where approximated consequently more precisely by a POD basis,
computed separately from the associated snapshot set, since no information of other snapshot sets
is contained in this basis. Nevertheless, the greedy basis performed sufficiently precise as well, the
relative error is in the range of 10−6 or better for all models, where the separately computed basis
is not significantly better in most of the cases.

This leads us to the conclusion, that, if several snapshot sets are available, the greedy POD
algorithm can be applied sufficiently well once by computing a basis from all snapshots sets. Then
the pre-computations for the ROM are to be done only once, which saves a lot of time in high
order models, even though the basis computation itself requires more time than a single POD basis
computation. However, the results strongly depend on the range of the parameters that are used.
We can expect parameters, where “more” aggregation happens to influence the basis more than the
parameters, where “less” happens.

6.2 The ROM Greedy Approach

The ROM greedy approach works over a complete grid for the parameter µ, denoted as Γµ. It
is basically an approach to find the parameters in the grid, where an error measure is high and
consider these as part of a full dimensional solution set Y building a snapshot set for a POD basis.
The computing time in this experiment is quite high, because we require for each tuple the FD
solution of the non-homogeneous equation in order to compare it to the ROM solution, but as a
result we get a good POD basis for further computations.
For each parameter tuple, a corresponding POD basis of size ` = 2 was computed initially from the
corresponding FOM in order to identify the parameter tuple µ̂ leading to the worst approximation.
Then the POD greedy algorithm is used to compute a POD basis with a given tolerance εgPOD,
before Γµ is looped through with that basis in, identifying the worst approximation, until the exit
condition εgROM being the tolerance for the greedy ROM algorithm is reached.

This experiment was conducted on the parameter grid Γµ = [6 · 10−4, 6 · 10−3]× [2 · 104, 3 · 104]× 1,
using a linear spaced discretization with Nk1 = 100 and Nk2 = 10 discretization steps for the
corresponding parameter. The systems settings were (Nx, Nt) = (50, 100) with a process time of
600 seconds. The tolerance for the POD greedy algorithm for µ̂ is set to εPOD = 10−4 with L = 1,
where the exit condition for the greedy ROM is set to εgROM = εy = 10−10.

Table 6.2 shows the results for a run, where two different error measures are compared: The error
εy over the whole snapshot and the mass error εm, displaying the values of the uniform norm
as well as the euclidean norm. Both error measures detected initially, that the parameter 991
(6 · 10−3, 2 · 104, 1) lead to the worst approximation by a POD basis of size ` = 2, so the starting
POD basis for the algorithm was computed from that snapshot by the greedy POD algorithm with
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a tolerance of εgPOD = 10−4, resulting in ` = 4 basis vectors.

index ‖εy‖2 ‖εm‖2 ‖εy‖∞ ‖εm‖∞ `

initial Iteration 991 2.64 · 10−2 8.78 · 10−1 1.92 · 10−3 5.43 · 10−2 2
result with εy 991, 10, 1000 5.29 · 10−10 3.81 · 10−3 3.69 · 10−11 2.71 · 10−4 9
result with εm 991, 181, 651, 541, 742, 702, 711 1.54 · 10−10 3.29 · 10−3 1.73 · 10−11 2.39 · 10−4 10

Table 6.2: The ROM greedy approach with the error measure εy and εm.

Depending on which error measure was used, the maximal error was located at different snapshots,
sometimes several times at the same parameter. Using εy, the tolerance was reached with ` = 9
basis vectors, where ` = 10 vectors where necessary when using εm. However, both error measures
lead to a decrease of the maximal error: εy decreased from the range of 10−3 to 10−11, where εm
decreased from the range of 10−2 to 10−4. Supplementary, the euclidean norm for all parameters
is displayed in the second (εy) and third column (εm), underlying the improvement of the basis
approximation for all parameters (with a decrease from 10−2 to 10−10 for εy and from 10−1 to
10−3 for εm respectively).

Additionally, Figure 6.1 emphasises the results, where image (a) shows εy (corresponding to the
third row in Table 6.2) and image (b) shows εm (corresponding to the fourth row in Table 6.2) for
all tested parameters at different iterations, with the values being sorted by magnitude. A clear
decreasing can be determined from the initial identification of the worst approximated snapshot
(cyan) to the approximation with the final POD basis (red).
In summary, it would be very interesting to run the greedy ROM approach on a set predefined

(a) error measure εy (b) error measure εm

Figure 6.1: The error coefficients εy in (a) and εm in (b) (logarithmic plot).

parameter combinations or a more precise range of parameters, that could be determined using
physical experiments in comparison. The main difference in using either εy or εm is, that the
maximal error was detected at different snapshots during the loop, but all in all, the qualitative
results are quite comparable.
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6.3 The Lax-Wendroff Scheme

In this section, another explicit, second-order multi-step FD scheme, the Lax-Wendroff scheme, is
presented. It is used for solving hyperbolic equations – further outlines can be found in [18], where
different numerical methods for partial differential equations are presented. Here, we will focus
on its application to the non-homogeneous equation, comparing computational results of various
simulations (also see [12]).

The integration step is based on central differences, but using half-step points instead of full step
points, which means, we evaluate the function y both at ti± 1

2
and xi± 1

2
and build the derivation in

x as a central difference as shown in Figure 6.23.

Figure 6.2: The Lax-Wendroff information flow.

The mathematical formulation then is as follows:

y
(i+ 1

2 )
j+ 1

2
= 1

2(y(i)
j+1 + y

(i)
j )− ν∆t

2∆x (y(i)
j+1 − y

(i)
j ), (6.3.1)
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ν∆t
∆x (y(i+ 1
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2
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2 )
j− 1

2
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In our case, we can even formulate an united representation inserting the half steps into the
integration step and maintain

y
(i+1)
j = y

(i)
j −

α

2

(
y

(i)
j+1 − y

(i)
j−1 − α

(
y

(i)
j+1 − 2y(i)

j + y
(i)
j−1

))
, (6.3.4)

with α = ν∆t
∆x being the Courant-number and assuming a ν being constant in this reformulation.

With this formulation we can easily build the discretization matrix analogously to the upwind
discretization matrix in Chapter 2, which then has the general form for the inner points

ALW = α

2


2α 1− α · · · 0

−(1 + α)
. . . . . .

...
...

. . . . . . 1− α
0 · · · −(1 + α) 2α

 .

In this implementation, ν = 1
∆t was chosen, so we have α = 1

∆x .

3graphic from http://www.exp.univie.ac.at/cp1/cp1-6/node72.html
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6.3.1 Numerical Results to the Non-Homogeneous Equation

In the following, we present the results of simulations of the non-homogeneous equation for different
grid sizes. In the experiment, first the FOM model was solved with the upwind method, then a
POD basis of size ` = 7 was built and the corresponding ROM was solved. The same procedure
was done with the Lax-Wendroff discretization method, and different values where presented in the
table: the final solid mass msol, the final dissolved mass mdis and the mass error merr, as well as
the resulting mass difference εm and the quality of the ROM approximation measured by εy as
defined in (5.2.1). Additionally, the error in dissolved mass stated as εd := mFOM

dis −mROM
dis is shown

as well. The values for mdis and msol are shown for completeness, without physical experiments we
can not say, which approximation is closer to the real result.

Throughout, the process time was set to 600 seconds starting with a total mass of 0.5 [kg], whereof
0.38768 [kg] where in the dissolved phase and 0.11232 [kg] where solid. The computational time
varied strongly depending on the grid size, however, the Lax-Wendroff method took a higher (but
not significantly) computational effort. Table 6.3 shows the results of this experiment. Independent
of the grid size, the upwind method performed constantly well as we have a mass error in the range
of 10−16 for the FOM and around 10−5 for the ROM. In comparison, the accuracy of the FOM
solution of the Lax-Wendroff method augmented with higher grid sizes: merr decreases from the
range of 10−5 for (Nx, Nt) = (50, 100) to 10−7 for (Nx, Nt) = (200, 400) and then to 10−10 for
(Nx, Nt) = (400, 600). The mass error for the ROM remains in the range of 10−5.
Both for the upwind and the Lax-Wendroff method, εm remains in the range of 10−5, but there is
a difference in εy: While the upwind method remains throughout quite accurate in the range of
10−13, εy of the Lax-Wendroff method decreases from the range of 10−8 over 10−10 to 10−13.

The experiment leads us to the assumption, that the Lax-Wendroff method does not give us a great
advantage for the solution of our PBE, even though it shows its strength for high grid sizes: these
lead to small ∆t and ∆x, and therefore we gain a higher accuracy, which is comparable to the
upwind method.

(Nx, Nt) Discretization Model merr mdis msol εm εy εd

(50, 100)
Upwind

FOM 2.22 · 10−16 0.332618 0.167382
2.27 · 10−5 7.80 · 10−14 1.76 · 10−9

ROM −2.27 · 10−5 0.332618 0.167405

Lax-Wendroff
FOM −1.49 · 10−5 0.336406 0.163609

3.26 · 10−5 8.07 · 10−8 6.44 · 10−6
ROM 1.12 · 10−5 0.336413 0.163576

(200, 400)
Upwind

FOM 1.11 · 10−16 0.33572 0.16428
1.65 · 10−5 3.38 · 10−13 6.74 · 10−11

ROM −1.65 · 10−5 0.33572 0.164297

Lax-Wendroff
FOM −1.58 · 107 0.336539 0.163461

2.58 · 10−6 9.63 · 10−10 3.02 · 10−7
ROM −3.04 · 10−6 0.33654 0.163463

(400, 600)
Upwind

FOM −2.22 · 10−16 0.336237 0.163763
1.55 · 10−5 8.67 · 10−13 1.30 · 10−10

ROM −1.54 · 10−5 0.336237 0.163778

Lax-Wendroff
FOM −5.44 · 10−10 0.336546 0.163454

1.58 · 10−5 9.10 · 10−13 2.21 · 10−9
ROM −1.58 · 10−5 0.336546 0.16347

Table 6.3: Comparison of the Upwind-/Lax-Wendroff-Method for different grid sizes.
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6.4 A Further Approach to the ROM

In this section, an ansatz to improve the ROM solution is investigated. Therefore, the ROM solution
y` is decomposed into a fixed part ŷ which refers to a FOM solution with a reference parameter
µ̂, and another new part involving a basis ψ. The idea is basically to put more information into
the ROM in advance. Then, the solution of different parameters will be compared. The results
have shown, that the decomposition worked well considering the solid mass error coefficient εm but
resulted in a higher computational effort and a higher error in εy in most cases.

6.4.1 The ŷ-Decomposition

Our starting point is the semi-discretized ODE for the growth equation, that is

ẏ(t) = A(t, µ̂)y(t) ∈ RNx

y(0) = y0
(6.4.1)

with A(t, µ̂) := −G(t, µ̂) ·AFD being the discretization of the growth term in (2.4.1) with a matrix
AFD ∈ RNx,Nt corresponding to any finite difference scheme, for example. Solving this equation, we
get the reference FOM solution ŷ(t) := y(t, µ̂). This solution corresponds to a reference parameter µ̂
building the snapshot matrix Ŷ = [ŷ1, . . . , ŷNt ] at each point of time. The idea is then, to decompose
the solution for other parameters µ 6= µ̂ into

y(t, µ) ≈ ŷ(t) + Ψy`(t), (6.4.2)

where y` ∈ R` as defined in Definition 4.1.1 and Ψ = [ψ1, . . . , ψ`] is a POD basis computed from
the difference ỹ(t, µ) = y(t, µ)− ŷ(t, µ̂). We insert this decomposition in the equation (6.4.1) and
derive with the Galerkin projection the following formulation due to the W -orthonormality of Ψ:

˙̂y(t) + Ψẏ`(t) = A(t, µ)ŷ(t) +A(t, µ)Ψy`(t)
∣∣ ·ΨTW

ΨTWΨẏ`(t) = ΨTW
(
A(t, µ)ŷ(t)− ˙̂y(t)

)
+ ΨTWA(t, µ)Ψy`(t)

ẏ`(t) = A`(t, µ)y`(t) + ΨTW
(
A(t, µ)ŷ(t)− ˙̂y(t)

)︸ ︷︷ ︸
=:g`(t)

.

The first term on the right side is the familiar right hand side as in Definition 4.1.1. The term g`(t)
on the right hand side is additional in the ŷ-ROM, which leads us in summary to

ẏ`(t) = A`(t, µ)y`(t) + g`(t). (6.4.3)

Now there is the issue that we have ŷ at discrete time points t0, . . . , tNt , but for solving the ODE
the time point t might not coincidence with these discrete points, since the ODE solver uses any
suitable time points between [t0, tend ].
Consequently, an interpolation of ŷ(t) is required for t ∈ (ti, ti+1] with i = 0, . . . , Nt − 1 which can
be stated as

g`(t) = ΨTW
(
A(t, µ)−A(t, µ̂)

)(( t− ti+1

ti − ti+1

)
ŷ(ti) +

(
t− ti

ti+1 − ti

)
ŷ(ti+1)

)
(6.4.4)
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since for ŷ(t, µ̂), the equation (6.4.1) holds and ˙̂y can therefore be substituted by the right side.

Calculating the whole matrices of the form ΨTWA(t, µ) in each step resulted in a high computational
effort, that is why the function g` was slightly simplified within the framework of this work:

1. In our case, we have equi-distant time discretization with step size ∆t

2. The matrix ΨTW and can be pre-computed

3. The term A(t, µ)−A(t, µ̂) can be simplified since A(t, µ) = −G(t, µ) ·AFD with a fixed AFD

holds.

Applying these facts, we get in the first step

g`(t) = ΨTW
(
A(t, µ)−A(t, µ̂)

)(( t− ti+1

ti − ti+1

)
ŷ(ti) +

(
t− ti

ti+1 − ti

)
ŷ(ti+1)

)
=
(
−G(t, µ) +G(t, µ̂)

)
·ΨTWAFD

((
t− ti+1

−∆t

)
ŷ(ti) +

(
t− ti
∆t

)
ŷ(ti+1)

)
.

Introducing the definitions

τ1(t) := t− ti+1

−∆t
, τ2(t) := t− ti

∆t
for t ∈ (ti, ti+1]

and
LFDψ := ΨTWAFD as well as P̂ := LFDψ Ŷ ,

we get the formulation

g` =
(
−G(t, µ) +G(t, µ̂)

)
·
(
τ1(t)P̂·,i + τ2(t)P̂·,i+1

)
. (6.4.5)

In this representation of g`, the matrices LFDψ and P̂ can be pre-computed, the first by the POD
basis and the discretization matrix (which we use to build A` as well), the latter with the FOM
solution matrix Ŷ to a reference parameter µ̂.

Additionally, we also have to consider the change in the concentration of dissolved API due to
growth described by the balance equation

∂c(t)
∂t

= γ

∫ ξmax

ξmin

ξ3 ·G(t, µ)∂f(ξ, t)
∂ξ

dξ in [mol/l per s], (6.4.6)

which is coupled with equation (6.4.1) (with γ as defined in (2.4.11)). Using the discretized
formulation from above G(t, µ)∂f(ξ,t)

∂ξ ≈ −A(t, µ)y(t) and inserting the decomposition (6.4.2) we
get

∂c(t)
∂t

= γ ·
∫ ξmax

ξmin

ξ3 · (−A(t, µ))
(
ŷ + Ψy`

)
dξ

= γ ·
∫ ξmax

ξmin

G(t, µ) · (ξ3AFDŷ︸ ︷︷ ︸
=:Ĉ

+ ξ3AFDΨ︸ ︷︷ ︸
=H`

C

y`)dξ

= γ ·
∫ ξmax

ξmin

G(t, µ)(Ĉ +H`
Cy

`)dξ,

where the matrices Ĉ = ξ3AFDŷ and H = ξ3AFDΨ can be pre-computed. Again, an interpolation
as done in (6.4.5) is necessary for Ĉ, since we have the solution ŷ only at different discrete points
of time.
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6.4.2 Numerical Results to the Homogeneous Equation

The following experiment is conducted with a grid size of (Nx, Nt) = (200, 400) and the reference
parameter µ̂ = (6.5 · 10−4, 2.5 · 104, 1), which refers to the FOM solution ŷ. For the ŷ-ROM, a POD
basis of size ` = 2 was computed from the snapshot difference ỹ(t, µ) = y(t, µ)− ŷ(t, µ̂), while it
was computed from y(t, µ) in the standard ROM approach for comparison. Both approaches are
compared by solving the ROM with ŷ and without ŷ. Table 6.4 shows the results of the ŷ-ROM
compared to the standard ROM and the FOM for different parameters.

Parameter Model merr mdis msol εm εy εd

µ1 = (6 · 10−2, 3 · 104, 1)
FOM 2.22 · 10−16 0.292461 0.207539
ROM 1.19 · 10−2 0.292815 0.195269 1.22 · 10−2 8.22 · 10−4 −3.53 · 10−4

ŷ-ROM −9.05 · 10−3 0.291795 0.217257 −9.71 · 10−3 1.30 · 10−3 6.65 · 10−4

µ2 = (5 · 10−4, 1.4206 · 104, 1.1)
FOM 1.11 · 10−16 0.273283 0.226717
ROM 1.44 · 10−2 0.273375 0.212197 1.45 · 10−2 1.23 · 10−3 −9.16 · 10−5

ŷ-ROM −1.36 · 10−2 0.273195 0.240426 −1.37 · 10−2 2.51 · 10−3 8.86 · 10−5

µ3 = (3.21 · 10−3, 2.58 · 104, 0.9)
FOM 5.55 · 10−17 0.370917 0.129083
ROM 5.30 · 10−4 0.370916 0.128554 5.28 · 10−4 2.30 · 10−6 1.51 · 10−6

ŷ-ROM −9.10 · 10−5 0.370912 0.129179 −9.60 · 10−5 1.92 · 10−7 4.99 · 10−6

Table 6.4: Comparison of the standard ROM and the ŷ-ROM solving the homogeneous equation.

The ansatz with ŷ is applicable and lead to a more precise approximation considering the final
solid mass – consequently, the error εm is smaller in the ŷ-ROM model. Besides, merr resulted to
be smaller as well. Considering the final dissolved mass, or εd respectively, the measures resemble
each other – except for µ2, the result of the standard ROM is a little bit better, being in the range
from 10−4 to 106. The resulting snapshot error εy resulted to be higher for ŷ-ROM, except for µ3,
where a more accurate result was achieved.
The results show that the ŷ approximation depends crucially on the parameters – both the reference
parameter µ̂ and the parameters of the ŷ-ROM as well as of the POD basis size. Using a POD basis
of higher size resulted in a better performance of the ROM in all cases with the contrary effect on
the results of the ŷ approximation in comparison.

The ŷ decomposition was applied in the following to the equation with aggregation as well, which
is outlined briefly in the following subsection.

6.4.3 Numerical Results to the Non-Homogeneous Equation

Inserting the decomposition into the ROM aggregation equation, we get

ẏ`(t) = A`(t, µ)y`(t) + g`(t) + ψTW ·
(
B̂agg(ξ, t)− D̂agg(ξ, t)

)
︸ ︷︷ ︸

h`(ξ,t)

, (6.4.7)

where

B̂agg(ξ, t) := 1
2

∫ ξ

λ=ξmin

β(ξ − λ, λ, t)
(
ŷ(ξ − λ, t) + ψ(ξ − λ, t)y`(t)

)
·
(
ŷ(λ, t) + ψ(λ, t)y`(t)

)
dλ
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and

D̂agg(ξ, t) :=
∫ ξmax

λ=ξmin

β(ξ, λ, t)
(
ŷ(ξ, t) + ψ(ξ, t)y`(t)

)
·
(
ŷ(λ, t) + ψ(λ, t)y`(t)

)
dλ.

The terms B̂agg and D̂agg can be expanded, which leads us to the terms in h`(ξ, t) as follows:

h`(ξ, t) = 1
2ψ

TW

∫ ξ

λ=ξmin

β(ξ − λ, λ, t)ŷ(ξ − λ, t)ŷ(λ, t)dλ︸ ︷︷ ︸
B′agg

+ y`(t) 1
2ψ

TW

∫ ξ

λ=ξmin

β(ξ − λ, λ, t)ŷ(ξ − λ, t)ψ(λ, t)dλ︸ ︷︷ ︸
B′′agg

+ y`(t) 1
2ψ

TW

∫ ξ

λ=ξmin

β(ξ − λ, λ, t)ŷ(λ, t)ψ(ξ − λ, t)dλ︸ ︷︷ ︸
B′′′agg

+ y`(t)y`(t) 1
2ψ

TW

∫ ξ

λ=ξmin

β(ξ − λ, λ, t)ψ(ξ − λ, t)ψ(λ, t)dλ︸ ︷︷ ︸
B`agg

− 1
2ψ

TW

∫ ξ

λ=ξmin

β(ξ, λ, t)ŷ(ξ, t)ŷ(λ, t)dλ︸ ︷︷ ︸
D′agg

− y`(t) 1
2ψ

TW

∫ ξ

λ=ξmin

β(ξ, λ, t)ŷ(ξ, t)ψ(λ, t)dλ︸ ︷︷ ︸
D′′agg

− y`(t) 1
2ψ

TW

∫ ξ

λ=ξmin

β(ξ, λ, t)ŷ(λ, t)ψ(ξ, t)dλ︸ ︷︷ ︸
D′′′agg

− y`(t)y`(t) 1
2ψ

TW

∫ ξ

λ=ξmin

β(ξ, λ, t)ψ(ξ, t)ψ(λ, t)dλ︸ ︷︷ ︸
D`agg

.

Here, all under-braced terms can be pre-computed, which is computationally expensive, but doesn’t
affect our ROM computation time. For all terms, where ŷ appears, moreover an interpolation is
done.

Parameter Model merr mdis msol εm εy εd

µ1 = (6 · 10−2, 3 · 104, 1)
FOM 0 0.296219 0.203781
ROM 3.79 · 10−2 0.297556 0.164523 3.92 · 10−2 1.16 · 10−3 1.33 · 10−3

ŷ-ROM 8.25 · 10−3 0.296419 0.195329 8.45 · 10−3 1.01 · 10−3 −1.99 · 10−4

µ2 = (5 · 10−4, 1.4206 · 104, 1.1)
FOM 1.11 · 10−16 0.273916 0.226084
ROM 5.80 · 10−2 0.274395 0.167517 5.85 · 10−2 2.68 · 10−3 −4.78 · 10−4

ŷ-ROM 2.12 · 10−2 0.273919 0.204788 2.12 · 10−2 1.03 · 10−2 −2.86 · 10−6

µ3 = (3.21 · 10−3, 2.58 · 104, 0.9)
FOM −1.11 · 10−16 0.370725 0.129275
ROM 1.34 · 10−3 0.370723 0.127929 1.34 · 10−3 4.02 · 10−6 2.07 · 10−6

ŷ-ROM −8.50 · 10−3 0.370543 0.137961 −8.68 · 10−3 2.18 · 10−3 1.81 · 10−4

Table 6.5: Comparison of the standard ROM and the ŷ-ROM solving the aggregation equation.
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Table 6.5 shows the results for different parameters, using the same setting as in the homogeneous
case. The results are comparable to the homogeneous case: For the parameters µ1 and µ2, better
results where achieved with ŷ-ROM considering merr, εm and εd. Regarding εy, the error for µ1 is
better, but for µ2 worse than using the standard ROM approach. Again, µ3 shows how parameter
dependent the results are, better results where achieved with the standard ROM here.

Since the model is very parameter sensitive, it is difficult to say a priori whether the ŷ-decomposition
will work better than the standard ROM or not. Nonetheless, the final solid mass can be computed
more precise in many cases, if a slightly higher error in εy can be condoned – the same holds for
the final dissolved mass in most cases.
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Chapter 7

Conclusion

In this thesis we investigated in the application of POD based model reduction to population balance
equations of particulate processes. The model was provided by our collaborators at the Research
Center Pharmaceutical Engineering in Graz, however, it was modified as per our convenience and is
outlined in detail in this work as well as its numerical realization is presented. The dynamic model
consists of non-local PIDEs and describes crystallization processes in a model reactor.

The POD method was successfully applied to the full order model and the reduced order model
enables significant advantages in runtime. Numerical examples underline the efficiency of the method
applied in this work. Further, multiple snapshot sets where considered for a greedy POD method,
which enables us to further determine the number of used basis vectors by a given specification,
since there are no general rules yet.
Additionally, a greedy method was conducted over a whole parameter grid, where a POD basis
was successfully constructed iteratively by identifying the worst approximations in the grid until a
desired tolerance was reached. Finally, a further ROM approach was realized by a decomposition
with a reference parameter in order to put additional information into the ROM in advance, which
worked well considering the final solid mass of the simulations.

It was found that the reduced order modelling can be applied successfully, however, the results are
very parameter dependent. A sensitivity analysis would help here to optimize the POD basis for
certain parameter sets. Apart from that, parameter estimation techniques could be applied to the
equations in order to localize reference parameters.

Nevertheless, an extension of the model to more dimensions seems natural, as it is done in praxis as
well. Other discretization methods, like finite element methods could be applied. We only considered
growth and aggregation, an extension of the equations including nucleation and breakage as they
occur in real world experiments would be a good complement to the inclusion of several dimensions
for the interior coordinate.
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