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Abstract

The aim of this thesis is to theoretically investigate two possible applications
of semiconductor quantum dots for the growing field of quantum information
and communication. The first one is the generation of entangled photons,
which can be created by the radiative recombination of a quantum dot biex-
citon. This non-classical state of light is for instance used for teleportation
of quantum information over distance. Although other methods of creating
entangled photons exist, they suffer from problems such as inefficiency and
unreliability, and an alternative which can produce an entangled photon pair
on-demand within a given time interval would be most welcome. The sec-
ond application is the implementation of a quantum bit using the intrinsic
angular momentum of a single electron confined to a quantum dot. The
quantum bit is the basic element of any quantum computer and is used to
store quantum information.

The work is divided into four main parts. We begin with an introduc-
tion which contains a short description about entanglement and quantum
information followed by a brief review about the electron structure of semi-
conductors. This review aims to provide knowledge about some key methods
and results from the semiconductor physics, which we will need in the fol-
lowing chapters.

In the second part we will turn our attention to the generation of en-
tangled light by the recombination of semiconductor biexcitons, which are
composed of two excitons. We will discover that the excitons show an en-
ergy structure which requires extending the semiconductor theory from the
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introduction to be able to properly describe the observed effects. Once the
exciton energy structure is known, we will examine a method to improve the
quality of the emitted light with respect to entanglement.

The third part considers effects from interactions between nuclear and
electron spins. Focusing on storing one quantum bit using a single electron
spin, we investigate the possible loss of information caused by interaction
with the nuclear spins. We find that the temporal fluctuations of the nuclear
spins give rise to an upper limit on the electron coherence time, during which
quantum information can be accurately stored. We also investigate possible
techniques to reduce the fluctuations and prolong the coherence time.

In the fourth part we combine knowledge about the nuclear spins with
the biexciton recombination process to investigate what effect exciton-nuclear
spin interaction has on the entangled light. We find that the interaction with
nuclear spins degrades the entanglement of the emitted light. To restore the
quality of the entanglement, we investigate the effect of polarizing the nuclear
spins and find that this can improve the entanglement.



Zusammenfassung

Das Ziel dieser Arbeit ist eine theoretische Untersuchung zweier mögliche
Anwendungen von Halbleiterquantenpunken für das wachsende Gebiet der
Quanteninformation und Quantenkommunikation. Die erste Anwendung ist
die Erzeugung verschränkter Photonen, die durch den strahlenden Zerfall
von Biexzitonen in Quantunpunkten generiert werden können. Dieser nicht-
klassische Lichtzustand kann unter anderem für die Teleportation von Quan-
teninformation über räumlichen Abstand hinweg verwendet werden. Es exis-
tieren auch andere Methoden der Erstellung verschränkter Photonen. Die-
se leiden aber unter Problemen wie Ineffizienz und Unzuverlässigkeit. Eine
Alternative, die ein verschränktes Photonenpaar auf Abruf innerhalb eines
gegebenen Zeitintervalls erzeugen könnte, ist sehr erwünscht. Die zweite An-
wendung ist die Realisierung eines Quantenbits durch das Ausnutzen des Ei-
gendrehimpulses eines in einem Quantenpunkt lokalisierten Elektrons. Das
Quantenbit bildet das Grundelement eines jeden Quantencomputers und wird
zur Speicherung von Quanteninformation verwendet.

Die Arbeit besteht aus vier Kapiteln. Den Anfang bildet eine Einführung,
die eine kurze Beschreibung von Verschränkung und Quanteninformation
enthält, gefolgt von einem Überblick über die Elektronenstruktur von Halblei-
tern. Dieser Überblick soll Kenntnisse über einige der wichtigsten Methoden
und Ergebnisse aus der Halbleiterphysik bereitstellen, die in den folgenden
Kapiteln benötigt werden.

Der zweite Teil wendet sich der Erzeugung von verschränktem Licht durch
die Rekombination von Biexzitonen zu, die aus zwei Exzitonen zusammen-
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gesetzt sind. Es wird sich herausstellen, dass Exzitonen eine Energiestruk-
tur aufweisen, deren korrekte Beschreibung eine Erweiterterung der Halblei-
tertheorie aus der Einführung fordert. Sobald die Energiestruktur der Ex-
zitonen bekannt ist, wird eine Methode zur Verbesserung der Qualität des
emittierten Lichts in Bezug auf die Verschränkung untersucht.

Im dritten Teil werden die Auswirkungen von Wechselwirkungen zwischen
Kern- und Elektronenspins untersucht. Mit Fokus auf die Speicherung eines
Quantenbits mit Hilfe eines Elektronenspins wird der mögliche Verlust von
Quanteninformation durch Wechselwirkung mit den Kernspins analysiert. Es
zeigt sich, dass die zeitlichen Schwankungen der Kernspins zu einer Obergren-
ze für die Elektronenkohärenzzeit führen, während der die Quanteninforma-
tion akkurat gespeichert werden kann. Methoden, um die Schwankungen zu
reduzieren und die Kohärenzzeit zu verlängern, werden ebenfalls untersucht.

Der vierte Teil kombiniert das Wissen über die Kernspins mit dem Biexzi-
tonenzerfall, um die Folgen von Spinwechselwirkung zwischen Exzitonen und
Atomkerne auf das verschränkte Licht zu überprüfen. Die Wechselwirkung
mit Kernspins, so wird festgestellt, reduziert die Verschränkung des emittier-
ten Lichts. Um die Qualität der Verschränkung wiederherzustellen, wird die
Wirkung der Polarisation der Kernspins untersucht und es wird gezeigt, dass
dies die Verschränkung verbessern könnte.
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Introduction

1.1 Quantum Entanglement

In this section, we will discuss some fundamental concepts of quantum en-
tanglement. Since later investigations of this work will concern entanglement
and spin coherence, we will begin with a short description of entanglement
followed by a short introduction to the basic ideas of quantum computation.

1.1.1 A Brief Overview of Entanglement

Entanglement is one of the most thrilling concepts of quantum physics. It has
no counterpart in classical physics and cannot be understood by analogies
based on experiences from everyday life. Entanglement always involves at
least two quantum mechanical observables, often associated with different
quantum mechanical objects. We will always consider at two distinct objects
but there are hardly any requirements regarding the nature of the objects,
which means that entanglement potentially can be found between almost
any two objects having a true quantum mechanical description. At the same
time as the mathematical description of entanglement of only two object is
rather straightforward and clear, an intuitive understanding may be all but
impossible. One attempt of an non-mathematical definition could be

The complete knowledge of an observable given a certain other observable,
without any initial knowledge of any observable.

The first part of the definition establishes a relation between two objects,
similar to the one between a gauge and its monitored quantity, such as the
revolution counter of a car and the actual engine turn over frequency. As-
suming that everything is working as it is supposed to, the observer of the

1



2 Chapter 1. Introduction

gauge may gain information about the operation of the engine. A quantum
mechanical system comes with an extra ingredient due to the concept of su-
perposition of states, which means that a quantum system may be in more
than one eigenstates corresponding to a certain observable at the same time.
Upon measurement, a certain state is determined. Including entanglement,
this would imply that upon measuring one object, some property of the other
object is known with certainty.

At first glance, it may look like this would imply the instant transfer
of some information between the two quantum mechanical objects. In fact,
there is no limitation on the spatial separation of the two objects, so it would
seem as the concept of entanglement could potentially violate the principle
of a maximum velocity of information transfer, being the speed of light. The
question caused debate and disagreement in the physics community and was
finally sorted out by the so-called “no-cloning” theorem [1], which ensures
that regardless of whether information is transmitted or not between the two
entangled objects, it is not accessible for measurement. This restores the
existence of an upper limit of information transfer speed.

Considering now a mathematical description, one way is to use conditional
probabilities. As an example we consider an urn containing one red and one
blue ball. If one ball is drawn, the probability of it being red is 50%. Suppose
now, that we draw two balls (without returning the first), without looking at
either of them. We know with certainty, that we will have one red and one
blue drawn, but the order is not known. However, determining the color of
the first, allows us to predict the color of the second. In other words, if we
let b1, b2 ∈ {red,blue} be the colors of the first and second ball, we have the
conditional probabilities







P (b1 = red |b2 = blue) = 1

P (b1 = blue |b2 = blue) = 0

P (b1 = red |b2 = red) = 0

P (b1 = blue |b2 = red) = 1,

(1.1)

and similar for the conditional probability of b2 given b1. We can write the
joint probability function

P (b1 = red, b2 = blue) = P (b1 = blue, b2 = red) = 1/2, (1.2)

and vanishes otherwise. This probability function cannot be written as the
product of the marginal probability functions for b1 and b2, which means that
b1 and b2 are correlated. Still we are only talking about classical correlation.
In a quantum system, we would also allow superpositions, to that a quantum
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ball could potentially be 1/3 red and 2/3 blue at the same time. We do,
however keep the consideration about marginal probability functions and
make the following statement:

Two quantum mechanical objects are entangled, if their joint state cannot
be written as a product of individual states.

This statement will later serve us, when we find a measure for the quality
of entanglement.

Entanglement is a central ingredient in any quantum computer and quan-
tum communication. Since there are numerous different quantum systems
showing entanglement, there are also many different candidates for an imple-
mented quantum computer. However, when considering quantum communi-
cation, the entangled photons heavily dominate due to excellent propagation
properties. Most quantum communication protocols require an on-demand
source of entangled photons, without considering the creation process. In this
work we will investigate a method for creating entangled photons which has
been shown to be more efficient than traditional methods. Furthermore, will
investigate the quality of the entanglement and some of the degrading mech-
anisms. We will also look at potential methods for restoring and improving
the quality of the emitted light, with respect to entanglement.

1.1.2 Qubits and Quantum Information

A conventional digital computer works with information contained in binary
units called bits. Physically the bits are stored using voltages, currents,
electric charge, or a combination. A classical bit b can take the values b ∈
{0, 1}, where 0 and 1 are really nothing else than names for two states. A
register composed of N bits, can be in one of 2N possible states.

We now consider a quantum mechanical system that has (at least) two
distinct states, which we call |0〉 and |1〉. Physically the states could for
instance be the spin orientation of an electron in which case we would write

|↑〉 = |0〉
|↓〉 = |1〉 , (1.3)

or the two lowest states of an electron in a double quantum dot [2], in which
case we would write

|L〉 = |0〉
|R〉 = |1〉 , (1.4)

which is shown in Fig. 1.1. At this point, it is of less importance what the
physical system is as long as quantum coherence can be preserved, but we
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Figure 1.1: Illustration of the charge qubit, where a double quantum dot
hosts a single electron. There are two degenerate ground states, |L〉 and
|R〉 corresponding to the electron being in the left or right quantum dot.
These two states are used to encode the qubit. (a) The state |L〉 when the
electron is primarily in the left dot. (b) The state |R〉 when the electron is
primarily in the right dot (c) A superposition of the two basis states, when
the electron is 2/3 in the left dot and 1/3 in the right dot at the same time.
This situation would not be possible in a classical description. Furthermore,
there is a possible phase between the two basis states, not visible in this
illustration.

say that the quantum system represents one quantum bit, or qubit. The state
of the quantum system can be written

|ψ〉 = α |0〉+ β |1〉 , (1.5)

where we will always demand |α|2 + |β|2 = 1 for the complex parameters α
and β. Here the first major difference between the classical bit and the qubit
is apparent: whereas the classical bit can be either one of two possible states,
there is an uncountable number of states of the qubit.

In total, there are four real parameters to describe the two complex α and
β. The normalization condition requires that only three are independent. In
addition, there is also a global phase which has no physical importance for
the qubit and can be set to 0. This leaves two real parameters and we can
write the qubit state as

|ψ〉 = cos
θ

2
|0〉+ eiϕ sin

θ

2
|1〉 , (1.6)

where θ and ϕ are real angles. We can visualize the qubit state by the
so-called Bloch sphere, shown in Fig. 1.2. Just as the classical bit can
only have one of two values, there are also only a finite number of distinct
operations. For a qubit there are an uncountable number of operations.
Considering the Bloch sphere, we can visualize the operations as rotations
on the sphere. Often we refer to changes in ϕ as rotations around ẑ, or
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ẑ

ŷ

x̂

|0〉

|1〉

ϕ

θ

Figure 1.2: Visualization of the state of one qubit using the Bloch sphere.
Allowed states are all points on the sphere, forming a two-dimensional con-
tinuum. In this figure, the large black arrow represents one particular qubit
state, and its orientation is given relative to the three axis x̂, ŷ, ẑ via the an-
gles θ and ϕ. The north pole (θ = 0) corresponds to the basis state |0〉 and
the south pole (θ = π) to |1〉. For any other state, the phase ϕ also provides
another degree of freedom, demonstrating why the single qubit state cannot
simply be considered as a point in the real interval [0, 1].
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z-rotations. Analogously we consider rotations around x̂ and ŷ, which in
general involve changes to both θ and ϕ.

Often we use vectors and matrices to denote operations and states in the
qubit space. We can for instance let

|0〉 ↔
(
1
0

)

(1.7a)

|1〉 ↔
(
0
1

)

, (1.7b)

which allows us to write the general state given by Eq. (1.5) as

|ψ〉 ↔
(
α
β

)

. (1.8)

This allows us to express single qubit operations as 2 × 2 matrices. For
instance we have the standard quantum gates

X =

(
0 1
1 0

)

(1.9)

Y =

(
0 −i
i 0

)

(1.10)

Z =

(
1 0
0 −1

)

, (1.11)

which are also given by the Pauli spin matrices, σx, σy, σz. The operation
X corresponds to the classical NOT-gate, whereas the other gates have no
classical analogy. Often we shall also consider the partial application to a
degree φ, by which we obtain

Rx(φ) ≡ e−iφX/2 =

(
cos φ

2
−i sin φ

2

−i sin φ
2

cos φ
2

)

(1.12)

Ry(φ) ≡ e−iφY/2 =

(
cos φ

2
− sin φ

2

sin φ
2

cos φ
2

)

(1.13)

Rz(φ) ≡ e−iφZ/2 =

(
e−iφ/2 0
0 eiφ/2

)

, (1.14)

which are known as rotation operators, also mentioned above. For instance,
a so-called π-rotation around x̂ is really nothing else than a NOT-operation
with an additional unimportant global phase. More interesting would be a
π/2-rotation around x̂ which would have the peculiar property of giving the
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NOT-gate when applied twice1. There are certainly no classical gate with
this property! More generally, with the rotation operators, we can in fact,
realize all unitary operations on the qubit.

If a register of N qubits are considered, there are 2N dimensions of the
quantum state. For two qubits, one basis is given by the states |00〉, |01〉,
|10〉, |11〉, but the quantum register can be in any superposition, for instance

∣
∣φ+
〉
=

|00〉+ |11〉√
2

. (1.15a)

Clearly the quantum state in Eq. (1.15a) is entangled, and this state is
known as a Bell state. There are three other Bell states, given by [3]

∣
∣φ−
〉
=

|00〉 − |11〉√
2

(1.15b)

∣
∣ψ+

〉
=

|01〉+ |10〉√
2

(1.15c)

∣
∣ψ−

〉
=

|01〉 − |10〉√
2

, (1.15d)

and together the Bell states form the Bell basis, which spans the whole two-
qubit space. Entangled qubit states have peculiar consequences when op-
erations are performed. They form the basis for quantum computation by
the so-called quantum parallelism by which several calculations seem to be
performed simultaneously, although only one physical operation was carried
out. The concept of entangled qubits is essential to any quantum computer.

The fact that a qubit can be in any of an uncountable number of states,
is also the source of many problems when implementation is considered. A
classical bit b can for instance be defined from the voltage U over a certain
transistor, depicted in Fig. 1.3. Typical values are U = 0 V represents
b = 0 and U = 5 V represents b = 1. However, one typically considers
all voltages U < 1 V as b = 0 and U > 4 V as b = 1. In between there
is a forbidden region, where the voltage may never enter. This allows for
some voltage to be lost during computation, which later can be restored
by amplification. Also voltage lost due to resistance in larger transmission
networks can be compensated by so-called repeaters. Non of these methods
are possible for qubits2, at least not in the same form, which put completely

1The conventional
√
NOT = 1

2

(
1 + i 1− i
1− i 1 + i

)

differs from R(π/2) by a phase eiπ/4.

This global phase is, however, irrelevant.
2Although there is a concept known as a quantum repeater it works by a completely

different principle.



8 Chapter 1. Introduction

b

U

1

0

Forbidden region

Uin

+ 5 V

U

(a) (b)

Figure 1.3: One possible implementation of a classical bit using a transistor.
(a) shows the circuit scheme, where U is the voltage used to define the value
of the bit and Uin is an input voltage. The input does not need to be at the
full 5 V, but only needs to fully open or close the transistor, which allows
for some loss during transmission and preceding operations. This particular
design actually also contains a NOT-gate, inverting the input. (b) shows
the value of the classical bit b as function of the voltage U . There is an
intermediate region where the value of the bit is undefined. This is essential
to allow stable computation with non-perfect components.

new demands on the implementation of qubits, as well as on the quality of
the physical operations needed to carry out computation. Many times the
quantum system representing a qubit interacts strongly with its environment,
which can cause the qubit state to change over time, and become undefined
or lose coherence. We call this process decoherence and is one of the main
challenges of storing a qubit for longer times. Fig. 1.4 illustrates a special
kind of decoherence, known as dephasing by which the phase of the qubit
is lost. The benefits of quantum computation are however believed to be
enormous, and is one reason why research is very active, despite the many
technical difficulties. Formulated by David DiVincenzo [4], there are five
criteria which any quantum mechanical system necessarily needs to meet in
order to be a suitable candidate for a quantum computer. They are

1. Scalability, meaning that it must be possible to add more qubits using
the same basic design as for fewer qubits.
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ẑ

ŷ

x̂

|0〉

|1〉

ẑ

ŷ

x̂

|0〉

|1〉

(a) (b)

Figure 1.4: Loss of coherence due to dephasing. (a) The initial qubit state
being a superposition of |0〉 and |1〉 with a well-defined phase ϕ. (b) After
interacting with environment, which can be considered as noise, the qubit has
picked up an unknown phase and is no longer sharply defined. In general, the
longer the qubit is left to interact with the environment, the less well-defined
the state gets.

2. Initialization, demanding that is must be possible to put the qubits in
a well-defined initial state.

3. Qubit coherence times exceeding operation time, which means that the
qubit state must remain stable long enough for operations to be carried
out.

4. Existence of a universal set of operations, which ensures that any uni-
tary transformation of a qubit state must be realizable by only finite
set of operations.

5. Read-out, referring to the requirement to measure and obtain a result
of a performed computation.

So far, no demonstration has been made of a system fulfilling all require-
ments, and although quantum computation has been demonstrated using
some systems, i.e. the NMR quantum computer [5] or trapped ions [6], they
fail to fulfill at least one of the criteria.

In Chapter 3 we will consider a qubit represented by the spin of an elec-
tron confined to a quantum dot, first proposed in a famous paper [7] by Loss



10 Chapter 1. Introduction

and DiVincenzo in 1998. This implementation has the advantages of rela-
tively easy qubit manipulation, initialize and read out. Unfortunately, easy
manipulation often means a high sensitivity to noise and one source of noise
in quantum dots is the interaction between the electron spin and the spin of
all the atomic nuclei in the dot.

1.1.3 Quantum Communication and Entangled Pho-

tons

Another application of quantum entanglement is communication. Specifi-
cally a pair of entangled qubits can be used to transfer or teleport the un-
known state of a third qubit, which we will refer to as the message qubit.
Briefly, we assume the existence of two entangled qubits, one at located at
the sender, often called Alice, and one at the receiver, often called Bob. Al-
ice performs a measurement in the Bell basis on the message qubit and her
qubit of the entangled pair, after which she shares the outcome of the mea-
surement with Bob using classical communication channels. Bob then uses
this information to perform suitable local operations to retrieve the message.
It should be noted, that although there are no principle limitations on the
distance between Alice and Bob, information can still not be transmitted
faster than the classical communication allows. The quantum teleportation
protocol requires an entangled pair of qubits to be distributed over distance.
One suitable method is to use a pair of photons which can be entangled in
polarization. In comparison to electrons, photons are relatively insensitive
to noise, which makes them an ideal candidate to carry coherence sensitive
information, such as the state of a qubit. We can denote a single photon
state by |σ±〉 where the positive sign represents left-hand circularly polarized
light and the negative sign represents right-hand circularly polarized light [8].
The two-photon state

∣
∣ψ+

〉
=

|σ+〉 ⊗ |σ−〉+ |σ−〉 ⊗ |σ+〉√
2

(1.16)

is entangled in polarization. As shall investigated in the section 1.2.5, the
entanglement in polarization of light can in principle also be transferred to
an entanglement in electron spin.

Traditionally, entangled photons are created using parametric down-
conversion, which basically involves sending a photon trough an optically ac-
tive, non-linear crystal. With some probability the photon will be converted
into two photons of half frequency, which can be entangled in polarization.
There are, however, two disadvantages with the use of parametric down-
conversion as a source of entangled photons. First, it is very inefficient and
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Alice Bob

Local operations Local operationsSource of Entangled Qubits

Classical communication

Figure 1.5: Sketch of the quantum teleportation. Alice wishes to transmit
an unknown qubit state to Bob, for which they need a distributed pair of
entangled qubits. In the figure, this is represented by a source in the middle,
creating such a pair on demand. Alice can perform local quantum operations
and measurements on her part of the pair and the unknown qubit that she
wishes to send, after which she uses a conventional communication channel to
tell her measurement results to Bob. With this knowledge, Bob can perform
suitable local quantum operations on his part of the entangled pair an recover
the unknown state.
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has a success rate of about 10−9 and second, the time of creation of a pair of
entangled photons is very stochastic, which severely reduces the usefulness in
a quantum communication scheme. In Chapter 2 we will investigate a method
using semiconductor quantum dots to generate entangled light. This method
has several advantages [9] over parametric down-conversion, the most impor-
tant ones being a higher efficiency and a lower degree of uncertainty with
respect to generation time.

1.1.4 Measures of Entanglement

To be able to discuss the quality of entanglement we need some measure
which we can compare. Over the years, there have been several candidates
for this quantity and we will not go through them here, but only consider
two commonly used, the fidelity and the concurrence.

We begin with supposing that we know a certain, desired state, for in-
stance one of the Bell states, say |φ+〉, which is considered to be maximally
entangled, and wish to compare a state |x〉 generated by some technique.
The question is, how close is the generated state to the desired one? We can
form the scalar product between the target state and and define3

F (x) =
∣
∣
〈
φ+
∣
∣x
〉∣
∣ , (1.17)

which clearly is a real number between 0 and 1. The generated state may
not necessarily be pure, but instead given by a density operator ρ and we
can easily extend the definition of fidelity to cover this situation by defining

F (ρ) =
√

〈φ+|ρ|φ+〉. (1.18)

We note that for a pure state ρ(x) = |x〉 〈x| we have

F (ρ) =
√

〈φ+|x〉 〈x|φ+〉 =
√

〈φ+|x〉 〈φ+|x〉∗ = F (x), (1.19)

so that the two definitions agree. We can make a further extension and also
consider a mixed desired state given by σ, by which we define

F (ρ,σ) = Tr
{√

ρ1/2σρ1/2
}

, (1.20)

known as the Uhlmann fidelity [3, 10], which can be considered as the simi-
larity between the two states ρ and σ. in Chapter 3 we will use this measure

3In Chapter 3 we will use the quantity |〈φ+|x〉|2, which is sometimes also referred to as
fidelity. However, here we will use the definition in Eq. (1.17) also used in the literature [3].



1.1. Quantum Entanglement 13

between an initial and final state when we discuss using an electron spin for
storing a qubit. In this case there is a very natural candidate for the desired
state, however when using fidelity as a measurement for entanglement, it can
be a disadvantage that it depends on the desired state. All Bell states are
maximally entangled, but for instance

F (φ−) =
∣
∣
〈
φ+
∣
∣ψ−

〉∣
∣ = 0, (1.21)

and the same holds for |ψ+〉 and |ψ−〉. In other words, the fidelity cannot
be used without specifying the desired state carefully. To avoid this, we
start from a more general situation and consider the following general pure
two-qubit state

|a, b, c, d〉 = a |00〉+ b |01〉+ c |10〉+ d |11〉 , (1.22)

and ask the question, for which a, b, c, d is this state entangled? Comparing
to a product state, which we know is completely free of entanglement, we get

(α0 |0〉+ α1 |1〉)⊗ (β0 |0〉+ β1 |1〉)
=α0β0 |00〉+ α0β1 |01〉+ α1β0 |10〉+ α1β1 |11〉 !

= |a, b, c, d〉 ,
(1.23)

from which we find that ad = bc. The concurrence is defined as the difference
C = 2|ad−bc|, which may take values 0 ≤ C ≤ 1. Another way of calculating
C would be

C = 〈a, b, c, d|σy ⊗ σy|a∗, b∗, c∗, d∗〉 , (1.24)

where σy = i |1〉 〈0|−i |0〉 〈1| and a∗ is the complex conjugate to a. We would
now like to extend this definition to handle mixed states given by the density
operator ρ. We will use the quantity

C(ρ) = max{0, λ1 − λ2 − λ3 − λ4}, (1.25)

where λ1 > λ2 > λ3 > λ4 are the eigenvalues to the matrix

R = ρ(σy ⊗ σy)ρ
∗(σy ⊗ σy). (1.26)

This form can be found by considering different decompositions of ρ [11]. We
will use this measurement in Chapter 4 to investigate how the entanglement
is degraded by exciton-nuclear spin interaction.
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1.2 The Physics of Electrons in Semiconduc-

tors

In this section we will give a short introduction to solid state physics, and in
particular to the semiconductors. The topics covered here are by no means
a complete description of all semiconductor physics, but serve as a basis to
understand the following chapters. A more thorough review can be found
in solid state physics textbooks [12, 13]. For us the k · p-theory is especially
important in order to understand the exciton fine structure in Chapter 2.
In principle this section can be understood only from knowledge of basic
quantum mechanics, and we will start by summarizing the very important
example of the hydrogen atom.

1.2.1 The Hydrogen Atom and Similar Systems

In this section we will give a very short summary of some of the main results
for the hydrogen atom. Derivations can be found in most standard textbooks
about quantum mechanics [14–16].

First we have the (unnormalized) energy eigenstates of the Hydrogen
atom

ΨH(re, rp) = exp

(

− 2r

naB

)

rlL2l+1
n−l−1

(
2r

naB

)

Pmz

l (cos θ)eilzϕeiK·R, (1.27)

where eiK·R is the center-of-mass wave function with wave vector K, Pmz

l are
associated Legendre functions, L2l+1

n−l−1 are associated Laguerre polynomials,
and aB is the Bohr radius

aB =
4πǫ0~

2

µe2
, (1.28)

with the effective mass
µ =

memp

me +mp
, (1.29)

andme andmp are the masses of the electron and the proton. We use relative
and center-of-mass coordinates

R =
mere +mprp

me +mp

r = re − rp,

(1.30)

and r, θ and ϕ are the corresponding spherical coordinates belonging to r.
There are three quantum numbers for the internal structure of the hy-

drogen atom, n, l, lz, where we use lz instead of the more common m for
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the magnetic quantum number in order not to confuse it with the electron
mass. With out spin-orbit correction terms, the energy depends only on the
principle quantum number, n

En = − ~
2

2µaBn2
. (1.31)

The hydrogen can become excited from its ground state by the absorption
of a photon and it can also de-excite via the emission of the corresponding
photon. There are rules for which transitions are optically allowed, and they
amount to that ∆l = 1 and ∆lz = 0 or ∆lz = 1. The necessary change
in ∆l can be considered as the conservation of angular momentum, taking
into account that the photon being absorbed or emitted also carries 1 unit
of angular momentum.

The hydrogen wave functions can be adapted to describe other systems
such as positronium, ionized helium, and also excitons, which we will later
investigate.

1.2.2 Periodic Potentials and The Bloch Theorem

a1

a2

Figure 1.6: Atoms (dots) of a two-dimensional crystal arranged periodically
in a lattice. Any point in the crystal can be translated by any integer multiple
of the lattice vectors a1 and a2, to produce an identical point. All points that
are closer to one certain atom than any other atom form one unit cell.

We would now like to develop a theory for the electrons in a crystal, and
here follows a short motivation of the Bloch Theorem. Alternative proofs
can be found in the standard literature [12, 13]. The essential property of a
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crystal is that its atoms are arranged in a periodic fashion, shown in a two-
dimensional example in Fig. 1.6. We neglect possible boundary effects and
claim that there exist spatial vectors a1, a2, a3 such that for any n1, n2, n3 ∈
Z,

V (r0) = V (r0 + n1a1 + n2a2 + n3a3), (1.32)

where V (r) is the potential experienced by any electron in the crystal. This
simply means that crystal will have the same electron properties when spa-
tially translated by any number of a1, a2, a3, known as the primitive vectors
of the crystal lattice. For a crystal containing only one species of atomic
nuclei, r0 might be the location of one atom, and the locations of all the
other nuclei could be given by r + n1a1 + n2a2 + n3a3. Although this is a
rather special case, we shall assume that this is indeed the case for the mo-
ment. From the perspective of an electron, we can consider the nuclei to be
stationary and write the time-independent Schrödinger equation

p2

2m
Ψ(r) + V (r)Ψ(r) = EΨ(r). (1.33)

Somehow, we would like to use the periodicity of the lattice, so we might
investigate the action of the translation operator

TR : f(r) 7→ f(r+R). (1.34)

We choose R = n1a1 + n2a2 + n3a3 and obtain

TRH(r)Ψ(r) =
p2

2m
Ψ(r+R) + V (r+R)Ψ(r+R) = H(r)TRΨ(r). (1.35)

Apparently, TR commutes with H , so they must have a set of mutual eigen-
vectors. We investigate the eigenvalue problem for the translation operator

TRf(r) = f(r+R)
!
= λf(r). (1.36)

Applying the Fourier transform yields

eik·RΨ̃(k)
!
= λΨ̃(k), (1.37)

so that λ = eik·R. Since TR and H commute, we can always write

Ψn(r) = un,k(r)e
ik·r, (1.38)

with un,k(r+R) = un,k(r) so that

Ψn(r+R) = eik·RΨn(r). (1.39)
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This is known as Bloch’s Theorem, or sometimes Floquet’s Theorem, and
un,k(r) is known as the Bloch function [17], and the index n is a quantum
number originating from the fact that the equation for un,k(r), shown later,
has a countable set of solutions. We refer to this quantum number as the
band index. An electron in this kind of state is known as a crystal electron
and comparing to a free electron, we call ~k the crystal momentum of the
electron. The Bloch Theorem allows us to limit our efforts to finding un,k(r)
for a single cell, which are all points that are closer to one particular nucleus
than to any other nucleus4, see Fig. 1.6. This will be the topic of the next
section, but before that we will mention some implications of Eq. (1.39). To
keep track of the different functions we introduce

ψn,k(r) = un,k(r)e
ik·r, (1.40)

which we shall call a Bloch wave function. Here care needs to be taken when
reading different literature. For instance, Kittel [13] refers to this function as
the Bloch function. We will however use the terminology used by Haug and
Koch [17], where the function un,k(r) is referred to as the Bloch function. By
inserting Eq. (1.40) into the Schrödinger equation (1.33) we can in principle
determine all allowed un,k(r) with k as a parameter. Now, suppose that we
consider a special k = K such that

K ·R = 2mπ (1.41)

for some integer m. Then, clearly

Ψn(r+R) = eiK·RΨn(r) = ei2mπΨn(r) = Ψn(r), (1.42)

which means that the case for k = K in some sense in already covered by
the case k = 0. Investigating further, we find that

ψn,k+K(r) = un,k+K(r)e
i(k+K)·r = un,k+K(r)e

iK·r

︸ ︷︷ ︸

un′,k(r)

eik·r, (1.43)

since eiK·r has the same periodicity as the crystal and the primed n′ indicates
that the band index need not be the same. We realize that not all k have
to be considered. Naturally, we would like to find out, what are the possible
K, and we can write a general equation

(n1a1 + n2a2 + n3a3) ·K = 2mπ, (1.44)

4This definition is quite restrictive. In a real crystal there may be different species
of atoms, which may complicate the definition somewhat. In addition, the unit cell can
also be translated to give an alternative unit cell. For more information, see the standard
literature on solid state physics [12, 13]
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for all possible K. We may construct a vector perpendicular to both a2 and
a3 by the vector product5

B = a2 × a3, (1.45)

which inserted into Eq. (1.44) gives

(n1a1 + n2a2 + n3a3) ·B = n1a1 ·B !
= 2mπ. (1.46)

We know that a1 is not a linear combination of a2 and a3, because the set of
a1, a2, a3 must span a three dimensional space. Consequently it follows that
a1 ·B 6= 0. We choose

b1 = 2π
a2 × a3

a1 · (a2 × a3)
, (1.47)

so that

(n1a1 + n2a2 + n3a3) · b1 = 2n1π. (1.48)

Clearly, similar vectors can be defined for a2 and a3 as

b2 = 2π
a3 × a1

a2 · (a3 × a1)
(1.49a)

b3 = 2π
a1 × a2

a3 · (a1 × a2)
. (1.49b)

Now we have for any K = m1b1 +m2b2 +m3b3

K ·R = (n1a1 + n2a2 + n3a3) · (m1b1 +m2b2 +m3b3)

= 2(m1n1 +m2n2 +m3n3)π = 2mπ.
(1.50)

We see that b1,b2,b3 span the space of k fulfilling Eq. (1.42). This space
is known as the reciprocal space of the crystal, and b1,b2,b3 are known as
the primitive vectors of the reciprocal lattice. Returning to Eq. (1.43) we
realize, that it is sufficient to consider only k = κ1b1 + κ2b2 + κ3b3 where
κ1, κ2, κ3 ∈ [−1/2, 1/2]. This region of reciprocal space is known as the first
Brillouin zone.

Although the Bloch Theorem is a general statement about the form of the
electron wave function in a periodic potential, it does not offer any clue how to
actually find un,k(r). In fact, most of the time, we will not be able determine
un,k(r) exactly. In the the next section we will use an approximative method
instead.

5This technique only works in the three-dimensional case. For other number of dimen-
sions we need to use methods such as Gram-Schmidt instead [18, 19].
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1.2.3 The k · p-method

In this section we will investigate one possible method for finding un,k(r).
We begin by inserting Eq. (1.40) into the original Schrödinger equation Eq.
(1.33) and obtain

p2

2m
ψn,k(r) + V (r)ψn,k = En,kψn,k (1.51)

p2

2m
un,k(r)e

ik·r + V (r)un,k(r)e
ik·r = En,kun,k(r)e

ik·r

(1.52)

p2

2m
un,k(r) +

~

m
k · p un,k(r) +

~
2k2

2m
un,k(r) + V (r)un,k(r) = En,kun,k(r)

(1.53)

p2

2m
un,k(r) +

~

m
k · p un,k(r) + V (r)un,k(r) = ǫn(k)un,k(r),

(1.54)

where we have cancelled the exponential factors on both sides in the two last
equations and ǫn(k) = En,k− ~2k2

2m
. The periodic potential is often not exactly

known, but we may for instance take the hydrogen potential centered around
some R and repeat for each cell as an initial approximation. Still, we do not
really know how to actually solve Eq. (1.54) because of the extra k ·p-terms.
For small k we would however suspect that the solutions would be close to
the hydrogen ones. Especially for k = 0 we could actually solve the equation
which would give us un,k=0(r). Since they are the solutions to an eigenvalue
problem for an Hermitian operator, they form an orthonormal set spanning
the set of functions in one unit cell [20], i.e

∫

cell

u∗n,0(r)un′,0(r) dr = δn,n′. (1.55)

We now form a set of new functions by

ϕn,k(r) = un,0(r)e
ik·r, (1.56)

and investigate the inner product6

(ϕn,k, ϕn′,k′) =

∫

V

u∗n,0(r)e
−ik·run′,0(r)e

ik′·r dr. (1.57)

6Here we use the symbol (·, ·) to denote the scalar product between functions or elements
of l2. In principle, we could also use the more common notation in quantum mechanics
〈·|·〉. However, we shall reserve this notation for scalar products between quantum states
rather than functions.
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The Bloch wave functions ψn,k(r) are the solutions to the Schrödinger equa-
tion, which is also an eigenvalue problem with an Hermitian operator. This
means that ψn,k(r) also form an orthonormal set

(ψn,k, ψn′,k′) =

∫

V

u∗n,k(r)e
−ik·run′,k′(r)eik

′·r dr = δn,n′δk,k′. (1.58)

However, the un,k(r) are also solutions to another Hermitian operator eigen-
value problem, in one unit cell, so they also form yet another orthonormal
set, ∫

cell

u∗n,k(r)un′,k(r) dr = δn,n′. (1.59)

Then we can expand

un,0(r) =
∑

l

cnl,kul,k(r), (1.60)

with

cnl,k = (ul,k, un,0) =

∫

cell

u∗l,k(r)un,0(r) dr. (1.61)

Combining the expansion Eq. (1.60) with the definition Eq. (1.56) we obtain

ϕn,k(r) = un,0(r)e
ik·r =

∑

l

(ul,k, un,0)un,k(r)e
ik·r =

∑

l

(ul,k, un,0)ψl,k(r),

(1.62)
so that the new functions ϕn,0(r) can be expanded in Bloch wave functions.
Now we can use the expansion Eq. (1.62) to calculate the inner product Eq.
(1.57)

(ϕn,k, ϕn′,k′) =

(
∑

l

(ul,k, un,0)ψl,k,
∑

l′

(ul′,k′, un′,0)ψl′,k′

)

=
∑

l,l′

(ul,k, un,0)
∗(ul′,k′, un′,0) (ψl,k, ψl′,k′)

︸ ︷︷ ︸
1.58
= δl,l′δk,k′

=
∑

l

(ul,k, un,0)
∗(ul,k, un′,0)δk,k′.

(1.63)

The last summation is just another inner product in l2 between the coeffi-
cients for un,0 and un′,0. Using Parseval’s equation we consequently get

(ϕn,k, ϕn′,k′) =
∑

l

(ul,k, un,0)
∗(ul,k, un′,0)δk,k′ = (un,0, un′,0) δk,k′ = δn,n′δk,k′,

(1.64)
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which shows that ϕn,k(r) also form an orthonormal set in the function space
over V . An equivalent but not identical proof was given by Luttinger and
Kohn in an historical paper [21] marking the birth of k · p-theory, which we
shall now use.

Since ϕn,k(r) also form an orthonormal set, we can just as well use them
as a basis when trying to find solutions to the Schrödinger equation. We now
introduce the slightly more abstract bra-ket form by

〈r|n〉 = un,0(r) (1.65a)

〈r|n,k〉 = ϕn,k(r), (1.65b)

where it is important not to confuse ϕn,k(r) with ψn,k(r). We can now find
the matrix element of the Hamiltonian between two basis states

〈n,k|H|n′,k′〉 = δn,n′δk,k′

(

ǫn(k) +
~

m
k · pn,n′

)

, (1.66)

where ǫn(k) = En +
~
2

2m
k2 and

pn,n′ = 〈n|p|n′〉 . (1.67)

That the momentum operator is k-diagonal is not completely trivial but can
be realized by considering that each component of pun,0(r) can be expanded
in un,0(r). We choose here px and the other components follow analogously

〈n,k|px|n′,k′〉 =
∫

V

e−ik·ru∗n(r) (px un′(r)) eik
′·r dr

=

∫

V

e−ik·ru∗n(r)

(
∑

l

〈l|px|n′〉 um(r)
)

eik
′·r dr

=
∑

l

〈l|px|n′〉 〈n,k|l,k′〉

=
∑

l

〈l|px|n′〉 δn,lδk,k′

= 〈n|px|n′〉 δk,k′.

(1.68)

In other words, we can investigate the eigenvalue problem

H(k)v = Ev, (1.69)

where

H(k) =
p2

2m
+

~

m
k · p+ V (r) (1.70)
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and
v =

∑

n

cn |n〉 , (1.71)

which is an eigenvalue problem in the space spanned by |n〉 with k entering
only as a parameter. Of course, we already know the solution for k = 0,
which are close to the hydrogen states, but the k · p-terms couple states of
different n. We now embrace the central idea of k · p-theory to treat the
k · p-terms as perturbations to the known eigenvalue problem k = 0. We
write

H = H0 +H ′, (1.72)

where

H0 =
p2

2m
+ V (r) (1.73a)

H ′ =
~

m
k · p. (1.73b)

We would now like to remove the explicit terms coupling bands of different
energy. This is achieved by performing a so-called Schrieffer-Wolff transfor-
mation [22, 23] by which we obtain an effective Hamiltonian

H̃ = e−SHeS, (1.74)

which can be made band-diagonal by choosing S properly. A thorough de-
scription can be found in [24], but the main steps consists of expanding the
operator S in successive approximations, S(n). From the S(n) we calculate
approximations of H̃ with increasing accuracy and write

H̃ =

∞∑

n=0

H̃(n), (1.75)

where the term H̃(n) is known as the n-th order perturbation to H0. We shall
always consider elements of the form

〈

n
∣
∣
∣H̃(l)

∣
∣
∣n′
〉

, (1.76)

where n and n′ are in the same band group. For instance, n could be the
spin up 2s orbital and n′ could be the corresponding spin down 2s orbital.
Orbitals belonging to different principle quantum numbers do not belong in
the same group. Neither do orbitals of different angular momentum quantum
numbers (l) because of spin-orbit coupling, which we have not mentioned so
far, but will deal with shortly.
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Using the explicit forms of H0 and H ′ given by Eqs. 2.14 and 2.16 we
can calculate matrix elements of the first few orders of H̃. The zeroth order
is simply given by

〈

n
∣
∣
∣H̃(0)

∣
∣
∣n′
〉

= 〈n|H0|n′〉 = δn,n′

(

En +
~
2

2m
k2

)

. (1.77)

Moving on the first order we have

〈

n
∣
∣
∣H̃(1)

∣
∣
∣n′
〉

= 〈n|H ′|n′〉 = ~

2
k · pn,n′ = 0, (1.78)

because n and n′ are in the same group and has the same kind of symmetry.
This can be compared to selection rules of the hydrogen atom which requires
the l-quantum number to be changed by 1 for optical transitions due to the
momentum operator.

The second order perturbation is given by

〈

n
∣
∣
∣H̃(2)

∣
∣
∣n′
〉

=
~
2

m2

∑

l

(k · pn,l) (k · pl,n′)

En − El
, (1.79)

where l runs over all bands not in the same band group as n and n′, and we
have assumed that En′ = En. We shall not consider higher orders at this mo-
ment but pause for a second to comment on the just derived expression. One
important detail is the denominator, which indicates that states energetically
close contribute the most. Especially we would for instance expect the 3p
state to contribute the most to the corrections to the 4s orbitals. In a solid
containing N electrons per atom, at temperature T = 0 K, all the N lowest
electronic states will be occupied. The uppermost level is referred to as the
valence band(s). Since the energy corrections to these bands decrease quickly
with decreasing band number, we expect that the valence band electrons can
be treated relatively independently of the innermost electrons.

We now need to address the question about spin-orbit coupling, which
originates as a correction term from relativistic quantum physics and can be
written in the form

Hso = λL · S, (1.80)

where L is the angular momentum operator and S is the spin operator. This
addition to the Hamiltonian has consequences for all states except those of
S-type, which have l = 0. We are especially considering GaAs for which the
valence band is mostly made up of P-type states, and here there are six pos-
sibilities |lz = ±〉α, |lz = ±〉 β, |lz = 0〉α, |lz = 0〉 β, where lz is the magnetic
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quantum number, sometimes denoted m and α and β are the spin up and
spin down states. Often we will instead consider

|X〉 = − |lz = 1〉+ |lz = −1〉√
2

(1.81a)

|Y 〉 = i
|lz = 1〉+ |lz = −1〉√

2
(1.81b)

|Z〉 = |lz = 0〉 . (1.81c)

Due to the spin-orbit coupling these states are not eigenstates to the Hamil-
tonian, but coupled, and the non-vanishing elements are given by [25]

hXα,Zβ = ihXα,Y α = ihY α,Zβ = hY β,Zα = −hXβ,Zα = −ihXβ,Y β =
∆

3
, (1.82)

where
hAa,Bb = 〈Aa|Hso|Bb〉 , (1.83)

for A,B = X, Y, Z and a, b = α, β and ∆ depends on the material. For
example, in GaAs, ∆ = 0.34 eV which is significant compared to the band
gap of 1.43 eV. From the six P-type states, we can construct states indexed
by the total angular momentum j = l+ s and jz = lz + sz by employing the
so-called Clebsch-Gordan technique. These are given by [25]

|3/2,±3/2〉 = 1√
2
(∓X + iY ) |±〉 (1.84a)

|3/2,±1/2〉 = 1√
6
(∓X − iY ) |∓〉 ±

√

2

3
Z |±〉 (1.84b)

|1/2,±1/2〉 = − 1√
3
[(X ± iY ) |∓〉 ± Z |±〉] , (1.84c)

where we use the notation α = |+〉 and β = |−〉. One important effect
of the spin-orbit coupling is to introduce an energy splitting of ∆ between
the |j = 3/2〉 and |j = 1/2〉 states. We refer to the |j = 1/2〉 states as the
split-off band. In order to fully treat the remaining valence band states, we
should in principle consider the infinite sum of Eq. (1.79), but it is far more
common to instead use experimentally measured effective couplings constants
γ1, γ2, γ3 known as the Luttinger parameters, which leads to the Luttinger
Hamiltonian in the basis |3/2〉 , |1/2〉 , |−1/2〉 , |−3/2〉 (where j = 3/2) given
by

HL =







Hh −c −b 0
−c∗ Hl 0 b
−b∗ 0 Hl −c
0 b∗ −c∗ Hh






, (1.85)
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where

Hh = −~
2k2z
2m

(γ1 − 2γ2)−
~
2(k2x + k2y)

2m
(γ1 + γ2) (1.86a)

Hl = −~
2k2z
2m

(γ1 + 2γ2)−
~
2(k2x + k2y)

2m
(γ1 − γ2) (1.86b)

b =

√
3~2

m
γ3kz(kx − iky) (1.86c)

c =

√
3~2

2m

[
γ2(k

2
x − k2y)− 2iγ3kxky

]
. (1.86d)

Using this Hamiltonian in the Schrödinger equation, we find eigenenergies

E(k) = − ~
2

2m

(

γ1k
2 ±

√

4γ22k
4 + 12(γ23 − γ22)(k

2
xk

2
y + k2xk

2
z + k2yk

2
z)
)

.

(1.87)
For GaAs we have γ1 = 6.8, γ2 = 2.1, γ3 = 2.9 and often we shall consider
γ2 ≈ γ3 which gives us

E(k) ≈ − ~
2

2m
(γ1 ± 2γ2)k

2. (1.88)

Comparing this dispersion relation to the one of a free electron

Efree(k) =
~
2k2

2m
, (1.89)

inspires us to define two effective masses

m∗
h = − m

γ1 − 2γ2
(1.90a)

m∗
l = − m

γ1 + 2γ2
. (1.90b)

From now on, we shall refer to the |±3/2〉 as the heavy valence bands and
|±1/2〉 as the light. We can now summarize what we have discovered regard-
ing the valence bands in GaAs

• The valence band is primarily made up of P-type electrons, however
due to coupling to other bands, states with different angular momentum
and spin have different properties.

• For small crystal momentum vectors k, the energy dispersion is quadratic,
similar to a free electron, but with an effective mass that depends on
the band. For the valence bands we have considered, the effective mass
has turned out to be negative.
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• Just as the effective mass depends on the band, so does the total angular
momentum. Since, this angular momentum is intrinsic with respect to
the crystal electron, it is suitable to refer to it as a spin. We have
discovered both bands of spin j = 1/2 being the split-off bands as well
as j = 3/2 being the heavy and light valence bands.

In addition to an interest in the highest occupied electron levels, we shall
also take an interest in the lowest non-occupied band. This band is normally
called the conduction band, since electrons promoted to this band can move
relatively freely in the crystal and hence transport electric charge. Using sim-
ilar techniques, we can also find an effective mass and spin for the conduction
band electrons. One important difference is, however, that the conduction
band has a positive effective mass. For GaAs, this band is primarily of S-
type which means a spin of s = 1/2. We will use the symbol s to refer to the
conduction band spin and j to the valence band.

Between the valence band and the conduction band there may be a re-
gion of no available states. This forbidden region is known as the band gap
and can be used to characterize a material. A material with a Fermi energy
not located within a band gap, has a partially filled valence band. Little or
no extra energy is required to promote an electron to a state of increased
crystal momentum, which means that electric current can flow more or less
freely. This is known as a conductor. The opposite case is when there is a
large band gap above the Fermi level, and much energy is required to bring
an electron to the conduction band. This is known as an insulator. We
are, however, interested in materials with intermediate band gaps, known as
semiconductors. Strictly speaking, no exact definition exists for how large
or small the band gap needs to be in order to constitute a semiconductor,
but informally one often considers materials with a band gap around 1 eV.
Converted to frequency this corresponds to around 250 THz, i.e. just under
the visible spectrum. This explains how transitions involving photons be-
tween the valence and conduction band of a semiconductors can be used to
harvest and generate visible light. A schematic picture of the band structure
of GaAs is shown in Fig. 1.7, which shows the conduction band, the heavy
and light valence band, and the split-off band.

It should be noted, that the band structure found for GaAs is one of
several possible, depending on the material. GaAs is certainly special in one
important aspect, namely that the minimum of the valence bands coincide
with the maximum of the valence band in k-space. This is known as a direct
band gap and is certainly not always the case. For example, one of the most
important semiconductors Si has an indirect band gap, where the minimum
of the conduction band is located away from the maximum of the valence
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j = 3/2, jz = ±3/2, heavy valence states

j = 3/2, jz = ±1/2, light valence states

j = 1/2, jz = ±1/2, split-off states

Valence bands

Conduction bands

Eg

∆

E
n
er
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kk = 0

Figure 1.7: The effective mass band structure of GaAs, showing the upper
conduction bands in blue, the heavy and light valence bands in green and
the split-off valence band in red. The top of the valence bands are energet-
ically separated from the bottom of the conduction band by the band gap
Eg, where no states are found. The different curvatures of the dispersion
relations correspond to different effective masses. Because of the distance ∆
in energy between the split-off bands and the top of the valence bands, they
are less likely than the other valence bands to participate in exchange with
the conduction bands, and are often excluded from models.

bands. This has important consequences for the optical properties of the
semiconductor.

Finally, we would like to mention that the k ·p-method described here is
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not the only one available. Another commonly used technique is to include
the k · p-terms explicitly between the valence and conduction bands and at
the same time include the effective valence band coupling using the Luttinger
parameters. This gives Kane’s 8 × 8 k · p-Hamiltonian [26], which can be
useful when very large crystal momenta are involved, as in the case of narrow
confinement. The disadvantage is that the solutions are 8-dimensional vec-
tors, and not always very intuitive to work with. There also exist completely
other methods than k ·p-method to calculate the band structure, which can
be found in most standard literature on solid state physics [12, 13].

1.2.4 Electrons in Microstructures and The Envelope

Function

We would now like to consider microstructures, and in particular quantum
dots. However, the wave functions found in the previous sections only ap-
plies to bulk semiconductors. Now, we need to add yet another term to the
Hamiltonian

H = H0 + Vconf(r), (1.91)

where H0 is the bulk Hamiltonian containing all necessary terms to ade-
quately describe the semiconductor bulk properties, and Vconf(r) is a poten-
tial that describes the microstructure. Although the name microstructures
indicates very small structures, the quantum dots are still large compared to
individual atoms. For this reason we will refer to Vconf(r) as a mesoscopic
potential. There is one important difference between this potential and H0,
namely that the former lacks translation invariance, making it impossible to
use the same technique as for the bulk material. However, we may still try a
superposition

Ψn(r) =
∑

k

f̃kϕn,k(r) =
∑

k

f̃kun,0(r)e
ik·r = Fn(r)un,0(r), (1.92)

where
Fn(r) =

∑

k

f̃k(r) (1.93)

is known as the envelope function for which we will now derive an equation.
Using the microstructure Hamiltonian Eq. (1.91) in the Schrödinger equation
we have

H0Fn(r)un,0(r) + Vconf(r)Fn(r)un,0(r) = EFn(r)un,0(r) (1.94)

H0

∑

k

f̃kun,0(r)e
ik·p + Vconf(r)Fn(r)un,0(r) = EFn(r)un,0(r), (1.95)
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where H0 contains the momentum operator and the lattice potential. Using
the effective mass approximation, we know that

H0un,0(r)e
ik·p ≈ ~

2k2

2m∗
n

un,0(r)e
ik·p (1.96)

which inserted into Eq. (1.95) gives

∑

k

f̃k
~
2k2

2m∗
n

un,0(r)e
ik·p + Vconf(r)Fn(r)un,0(r) ≈ EFn(r)un,0(r). (1.97)

Cancelling the Bloch functions un,0(r) we obtain

∑

k

f̃k
~
2k2

2m∗
n

eik·r + Vconf(r)Fn(r) ≈ EFn(r) (1.98)

where we can replace ~
2k2 with the operator p2 operating on eik·r to find

∑

k

f̃k
p2

2m∗
n

eik·r + Vconf(r)Fn(r) ≈ EFn(r) (1.99)

p2

2m∗
n

Fn(r) + Vconf(r)Fn(r) ≈ EFn(r), (1.100)

where we return to our definition of the envelope function Eq. (1.93) in the
last step. Apparently, using the effective mass approximation allows us to
derive an effective Schrödinger equation for the envelope function. This gives
further motivation that the crystal electrons behave like normal electrons
in an effective medium. The mesoscopic potential Vconf(r) can be used to
describe microstructures which partially or completely confine the electrons.
Physically there are several methods to implement a desired potential, and
we shall mainly focus on one concept known as heterostructures. The basic
idea is to use two or more materials with similar but not identical band
structures. For instance, Al0.3Ga0.7As has very similar band structure to
GaAs, but the bottom of the conduction band lies about 0.3 eV higher than
in GaAs. Surrounding a layer of GaAs with Al0.3Ga0.7As will thus create a
region of lower potential. This can be described with the potential

Vc(r) =

{

0, −l/2 < z < l/z

0.3 eV, otherwise
(1.101)

where l is the thickness of the GaAs layer, ẑ is its normal, and the index c
refers to the conduction band. This is of course nothing but the well studied
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x̂

Fn(x)un,0(x)
Fn(x)

Figure 1.8: The electron wave function in one dimension using the envelope
function approach. The blue dots represent atomic positions in the lattice.
The red curve shows the electron wave function Ψn(x) = Fn(x)un,0 and the
green curve shows the envelope function Fn(x). This particular function
could represent the confined electron in a dot or quantum well using the
particle in a box model. From the envelope function, we conclude that the
crystal electron would be in the first excited mesoscopic state, which some-
times is called the P-shell in analogy to the hydrogen atom.

example of a particle in a box with finite potential height. We can construct
the envelope functions by solving the effective Schrödinger equation (1.100)
and we have

F (r) = φn(z)e
ikxx+ikyz, (1.102)

where φn(z) are the solutions to the particle in the finite box problem treated
in most standard introductory text on quantum mechanics [15,16]. We note
that although motion of the electron is free along x̂ and ŷ, it is quantized along
ẑ. This structure is consequently regarded as two-dimensional and called a
quantum well. We note that there are several solutions to the particle in the
box problem, here indexed with n. These have different energies En which
enters the total energy of the electron as an offset. We refer to the different n
as sub-bands and in order to estimate the separation we can use the formula

En =
~
2π2

2m∗l2
n2, (1.103)

which are the eigenenergies for a particle in a one-dimensional box with size
l with infinite confinement potential. Using values for GaAs m∗/m = 0.067
and a l = 10 nm thick well, we obtain

En ≈ n2 × 56 meV, (1.104)
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(a) (b) (c)

ẑ

x̂

ŷ

Figure 1.9: Three commonly considered heterostructures. (a) Shows the
quantum well, where one layer of material is sandwiched between two other,
creating a quasi two-dimensional structure. (b) The quantum wire, where
electrons can move freely only along one direction. (c) The quantum dot,
where no free electron motion is possible, and sometimes is known as zero-
dimensional.

i.e. much smaller than typical energy differences between bands being in the
eV range for semiconductors.

If the electron is confined along two directions, free motion is only possible
along the remaining direction and a one dimensional quantum wire is created.
Further confinement leads to a complete suppression of free motion and a
quantum dot, which only has quantized energy levels. Sometimes quantum
dots are called artificial atoms because of their discrete spectrum. In further
analogy, the ground state of the quantum dot electron is sometimes called the
S-shell, and the first excited state the P-shell. This is a however a mesoscopic
excitation, and should not be confused with the microscopic orbitals from
un,0(r) forming the band.

Quantum dots are often modelled using either a potential barrier (particle
in a box) confinement potential or a harmonic one. The exact shape of the
quantum dots are not always known and some techniques for creating quan-
tum dots rely on lattice mismatches between two materials, used to create
so-called self-assembled quantum dots [27, 28]. Regardless of which confine-
ment potential is considered, the confinement causes an energy quantization.

In the same way that the conduction band electrons can be confined,
so can the valence band electrons. However, when using a heterostructure,
generally the energy difference between the conduction bands does not need
to be the same as for the valence bands. In fact, not even the sign needs to be
the same. In cases when a narrower band gap in completely enclosed within
a wider band gap, we refer to a type I alignment, as opposed to when one
material hosts both the lower valence and conduction band, in which case
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Figure 1.10: Two different kinds of heterostructures, after [29]. (a) Shows the
type I structure, where the smaller band gap is completely enclosed within
the larger. From the view of the potential landscape, the surrounded mate-
rial provides a potential well in the conduction band and a potential peak in
the valence bands. (b) Shows the type II structure, where the surrounded
material serves as a potential well both in conduction and valence band.
Structures of type I can be regarded as a potential well for both conduc-
tion electron and valence holes (described below), whereas the type II only
provides a potential minimum for conduction electrons.
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we talk about a type II alignment [29]. We shall only consider the first kind.
The type I alignment is especially important for optically active quantum
dots, since it allows the simultaneous confinement of both conduction band
electrons and valence band holes.

The confinement has one particularly important consequence for the heavy
and light valence bands. Since they have different effective masses, they will
also have different confinement energy. Using the simple particle in a box
model for a quantum dot of dimensions lx × ly × lz = 10 × 10 × 10 nm3 we
find the ground state confinement energies in GaAs

Eh ≈ 22 meV (1.105a)

El ≈ 138 meV. (1.105b)

The light valence band is brought 116 meV below the heavy valence band,
and for this reason, in many situations it is enough to only consider the heavy
valence band.

1.2.5 Interaction between Light and Semiconductors,

Excitons

In this final section of the introduction we would like to discuss the interaction
between light and semiconductors, causing optical transitions between two
electron quantum states. We are going to use the so-called Fermi’s Golden
Rule, which states that the transition rate between n and n′ due to a light
linearly polarized along ê is given by [15, 16, 29–31]

Wn,n′ =
2π

~

(
eE0

mω

)

|〈n|ê · p|n′〉|2 δ(En − En′ − ~ω), (1.106)

where ω is the angular frequency of the light and E0 is its amplitude. This
form implies that the so-called dipole approximation has been made, by
which we ignore the momentum carried by the photon. This makes the op-
tical transitions k-diagonal. The delta-distribution ensures that energy is
conserved, so that the energy difference between the two quantum states
of the semiconductor electron states is carried by the absorbed or emitted
photon. The k-diagonality imposes restrictions on what semiconductors are
suitable for optoelectronic devices. For instance, as mentioned above, the
direct band gap of GaAs allows a photon of frequency close to the band gap
energy Eg to participate in optical transitions. For an indirect band gap,
such as for Si, a photon alone cannot cause an optical transition at the low-
est energy difference between conduction and valence band since momentum
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Figure 1.11: Interaction between light and electrons in a semiconductor. (a)
Shows the semiconductor ground state, with all electrons (black dots) in the
valence bands. A photon of frequency ν is absorbed and promotes an electron
from the valence to the conduction band to give the situation in (b), where
the electron has left a hole in the valence band. The hole has effectively
opposite spin, charge and momentum as the missing electron, and one can
consider it to be electrons anti-particle. This process can also be reversed,
by which an electron recombines with an existing hole under the emission of
a photon.
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is not conserved. An optical transition at this energy requires the simultane-
ous emission or absorption of a phonon to compensate for the difference in
momentum. This three-particle process is unlikely compared to transitions
involving only electrons and photons, which is one reason why Si are less
used for optoelectronics.

The matrix element 〈n|ê · p|n′〉 depends on the states involved. We
will only consider interband transitions between the valence and conduc-
tion bands. In GaAs the conduction band is mostly of S-type whereas the
valence bands have P-type, which are coupled by the momentum operator.
Often we use the experimentally determined quantity Ep defined by

mEp

2
= | 〈X|px|S〉 |2 = | 〈Y |py|S〉 |2 = | 〈Z|py|S〉 |2 (1.107)

rather than trying to calculate this matrix element. These are the only non-
vanishing matrix elements of the momentum operator between an S and P
type orbital. We note that the actual spin of the electron does not enter
anywhere, so it has to be conserved in optical transitions. This has conse-
quences regarding what transitions are optically allowed. Another parameter
that plays a role is what kind of polarization of the light is used. We will
denote linearly polarized light by σx, σy, σz. Light can only have polarization
components perpendicular to its axis of propagation, and consequently max-
imally two components are necessary to describe the polarization of light. If
the propagation is along ẑ, one often introduces circularly polarized light by

σ± =
σx ± iσy√

2
. (1.108)

Using the Clebsch-Gordan decomposition Eq. (1.84) we can determine which
transitions are allowed, shown in Fig. 1.12.

Considering a bulk semiconductor, if an electron is promoted by optical
excitation from the valence band to the conduction band, it is free to move
around and participate in electric currents. However, in the valence band
there is now one electron missing. The missing electron behaves like a pos-
itively charged particle of opposite spin and momentum, and is known as a
hole. It can also participate in the electric current. The electron and hole can
also recombine under the emission of another photon. The absorption and
emission of photons due to electron-hole creation and recombination forms
the basis for all optoelectronic devices, such as light emitting diodes and
photodiodes [26, 32].

The electron and hole can also attract one another by the Coulomb in-
teraction and form a composite pseudo particle, known as an exciton. Some-
times, one makes a distinction if the electron and hole are located in the
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↑ ↓

(3/2, 3/2)

(3/2,−1/2)

(1/2,−1/2)

(3/2,−3/2)

(3/2, 1/2)

(1/2, 1/2)

σ−
σ− σ−σ+

σ+

σ+

Figure 1.12: Transition scheme for optical transitions between the valence
bands, indicated by (j, jz) and conduction bands (noted by ↑ and ↓) in GaAs
for light propagating along ẑ. The colored arrows show the allowed transi-
tions with polarization of the light indicated. σ+ has positive helicity, mean-
ing that the spin projection of the light along its propagation axis is +1.
Correspondingly, σ− has negative helicity. This gives a natural interpreta-
tion of the transition rules as simply the conservation of angular momentum,
for instance an electron in the jz = 3/2 state can absorb a σ− photon, lower-
ing its angular momentum by 1 and being promoted to the conduction band.
It should be kept in mind that there is a dependence on the propagation axis
of the light as well, and that other rules are valid if the light were propagating
along x̂ or ŷ.
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same unit cell, which is known as a Frenkel exciton, and the case when the
electron and hole are delocalized over several unit cells, but still bound to
each other, called a Wannier exciton or sometimes a Mott exciton. We we
only consider Wannier excitons here7.

Again turning to the effective mass approximation and envelope functions,
we can form hydrogen-like electron-hole functions [33]

F (re, rh) = ΨH(re, rh), (1.109)

where ΨH(re, rh) are the hydrogen wave function given by Eq. (1.27). Like
for the hydrogen atom, we can consider the Bohr radius

aB =
4πǫ0ǫr~

2

µ∗e2
≈ 12 nm (1.110)

where the numerical value is for a heavy exciton in GaAs. The exciton thus
spans over some 2aB ≈ 24 nm, which corresponds to about 42 unit cells using
the lattice constant a = 5.65 Å. Furthermore, we have the binding energy

En = − ~
2

2µaBn2
≈ −4.6 meV

n2
, (1.111)

which means that optical transitions can occur at slightly lower frequencies
than the expected band gap. The situation gets slightly more complicated,
if the exciton is confined to a quantum dot, which is the topic of the next
chapter.

7The Frenkel exciton is mostly considered in materials with only weakly interacting
atoms. We are however considering strongly interacting atoms of semiconductors, which
supports the delocalization of the electron and hole, see [25].





2

Electric Control of the Exciton Fine Structure

in Nonparabolic Quantum Dots

In this chapter we will investigate a scheme for creating entangled photons
using the radiative recombination of a double exciton, a so-called biexciton.
We find that the entanglement of the emitted light is reduced due to the
energy structure of the excitons, and we investigate a possible method of
correcting this problem and restore the entanglement. We will begin with a
general description of excitons confined to a quantum dot.

2.1 Excitons in Quantum Dots

Exciton are the pseudo particles consisting of one electron and one hole,
attracted to each other via the Coulomb interaction. Since the excitons con-
tain within themselves both a particle (electron) and anti-particle (hole) they
may self-annihilate or recombine under the condition that energy, momen-
tum, and angular momentum are conserved. Excitons having a total angular
momentum of ±1 are called bright since their energy and angular momentum
can be carried by a single photon, which is emitted upon recombination of
the exciton. The energy of the emitted photon is given by the band gap
and exciton binding energy. In bulk semiconductors, the excitons may take
a hydrogen-like form and it is possible to define a Bohr radius

aB =
4πǫ0ǫr~

2

µ∗e2
, (2.1)

This chapter is based on E. Welander and G. Burkard, Electric control of the exciton

fine structure in nonparabolic quantum dots, Phys. Rev. B 86, 165312 (2012) [34].
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Dots

to estimate the size of the exciton and adapt the hydrogen wave functions for
the excitonic envelope functions. Furthermore, the well known eigenenergies
of the hydrogen are observable in experiments [35,36] as deviations from the
bare band gap energy expected without any exciton binding energy.

The numerical value for the Bohr radius of a heavy exciton in GaAs is
about 12 nm. A typical quantum dot however, may have dimensions as
small as 3 nm and comparing to the Bohr radius of the free exciton, we
quickly realize that the hydrogen envelope functions cannot well describe
the confined exciton. An analytical solution of the effective Schrödinger
equations including both confinement and Coulomb interaction is often not
known. Instead we normally construct a product envelope function from the
single electron and hole envelope functions and treat the Coulomb interaction
as a perturbation. In many cases, this gives an adequate approximation of
the energy shifts observed in PL experiments but, as we shall see, for some
situations this description is insufficient.

A common starting point is to only consider the ground state of the
particles involved. For the discussion we assume that the single electron wave
functions in the quantum dot are known, at least to a suitable approximation.
More specifically we assume that the electron wave functions fulfill

Hn |n〉 = En |n〉 , (2.2)

where Hn is an effective Hamiltonian that depends on the index n, which
labels both the band and the spin, and En is the smallest energy possible
fulfilling Eq. (2.2). For the cubic semiconductor we shall primarily consider
|sz = ±1/2〉, being the electron states in the conduction band with spin pro-
jection sz along ẑ, and |jz = ±3/2,±1/2〉 being the heavy and light hole
states with spin projection jz . In principle, we could also include the split-
off holes, but because they are relatively far away in energy from the heavy
and light holes we may omit these states. We form the 8 product states
|sz, jz〉 = |sz〉 ⊗ |jz〉 to serve as basis states for the excitons.

Similar to the optical transitions between valence band and conduction
band, the electron and hole can recombine by the electron returning to the
state of the hole. However, care need to be taken, since the hole is really a
missing electron. We suppose that the wave function of the exciton can be
written using a joint envelope function as

Ψne,nh
(re, rh) =Fne,nh

(re, rh)une
(re)unh

(rh)

=
∑

ke,kh

f̃ke,kh
eike·re+ikh·rhune

(re)unh
(rh), (2.3)
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sz = 1/2 jz = −3/2

jz = −1

Figure 2.1: The recombination of an electron and a hole under the emission
of a photon. The sum of crystal momentum vanishes before and after the
recombination, valid under the assumption that the photon carries negligible
momentum. Also the total angular momentum along ẑ is conserved and is
equal to −1 before and after the recombination.

where we let un(r) = un,k=0(r). Now, in order to find the recombination rate,
we consider a single basis vector

eike·re+ikh·rhune
(re)unh

(rh). (2.4)

From Fermi’s Golden Rule Eq. (1.106), we know that the transition rate
between a conduction band state n and a valence band state n′ is proportional
to

W ∝ | 〈n|ê · p|n′〉 |2δk,k′, (2.5)

and is k-diagonal. However, this is true for two electron states. Normally
when we specify properties like angular and linear momentum of the hole, we
regard it as the antiparticle of the missing electron. For this reason we need
to apply the time-reversal operator Θ to the hole quantum state before using
Fermi’s Golden Rule. The time-reversal operator is carefully treated in [14],
but for the problem at hand, we need only to remember that angular and
linear momentum is reversed, and a complex conjugation is to be carried out
on the hole Bloch function. This leads us to instead consider the combination
rate proportional to

W ∝ | 〈ne|ê · p|Θnh〉 |2δke,−kh
. (2.6)

The Kronecker delta ensures that the total linear momentum vanishes both
before and after recombination, illustrated in Fig 2.1. Now, rather than
considering transition rates, we consider the recombination amplitude t, and
we sum the contributions from all possible values of k to obtain

t ∝
∑

k

f̃k,−k =

∫
∑

k,k′

f̃k,k′ei(k+k′)·r dr =

∫

Fne,nh
(r, r) dr, (2.7)
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and in all we find a recombination rate proportional to

Wne,nh
=

2π

~

(
eE0

mω

)

|〈ne|ê · p|Θnh〉|2
∣
∣
∣
∣

∫

Fne,nh
(r, r) dr

∣
∣
∣
∣

2

, (2.8)

where we have omitted the energy conservation factor. We see that even if a
transition is optically allowed due to angular momentum conservation rules,
it is not necessarily allowed for an exciton in a quantum dot. The integration
over the envelope function can be regarded as a matching condition using an
overlap integral between the electron and the hole. For instance, so-called
indirect excitons in type II heterostructures, where the electron and hole are
located in different materials, can have a large spatial separation between
electron and hole, which means that the overlap integral will be close to
vanishing. Considering only the optical transition rules and applying the
time-reversal operator, there are four bright exciton basis states with total
angular momentum equal to 1,

|−1/2, 3/2〉 , |1/2,−3/2〉 , |1/2, 1/2〉 , |−1/2,−1/2〉 ,

and four dark ones with total angular momentum different from 1,

|1/2, 3/2〉 , |−1/2,−3/2〉 , |1/2,−1/2〉 , |−1/2, 1/2〉 .

2.2 The biexciton cascade recombination

Adding another exciton to a quantum dot already containing one creates a
biexciton. Limiting the discussion to only include heavy holes, there are in
total four particle states in the quantum dot: the two electron states and the
two heavy hole states. Since no two identical fermions may occupy the same
quantum state at the same time, the biexciton ground state is non-degenerate
and given by |↑↓⇑⇓〉, where |↑ (↓)〉 is the electron state sz = 1/2(−1/2) and
|⇑ (⇓)〉 is the heavy hole state jz = 3/2(−3/2).

The biexciton recombines in two steps via an intermediate exciton state.
Considering only bright excitons, there are two possibilities: |↓⇑〉 and |↑⇓〉
corresponding to a total exciton spin of ±1, respectively. Each recombination
step produces one photon and because the two intermediate excitons carry
opposite spin, the biexciton recombines under the emission of two oppositely
polarized polarization. This can be compared to the example of the urn
containing only two balls in the introduction 1.1.1. However, because of
the quantum nature of the photon emission the order in which the photons
are emitted need not be definite, but can be a superposition of the two.
Schematically, the decay chain may be written
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|↓⇑〉 |↑⇓〉

|↓⇑〉

|↑⇓〉

|0〉e

δ1

σ−

σ− σ+

σ+

Figure 2.2: Energy diagram of the excitonic states in the quantum dot. The
top-most level is the biexciton state |↓⇑〉 |↑⇓〉 consisting of two excitons. The
two intermediate levels are the exciton levels |↓⇑〉 and |↑⇓〉 separated in
energy by the FSS δ1. The lowest level |0〉e is the electronic ground state
containing no excitons. The biexciton recombines to one of the intermediate
exciton states under the emission of a photon with polarization depending on
the exciton state. The exciton state then recombines under the emission of
another photon of opposite polarization. In the ideal situation, this creates
a pair of photons entangled in polarization, given by the two-photon state
(|σ+〉 |σ−〉+ |σ−〉 |σ+〉)/

√
2, where σ+ and σ− denotes left and right circularly

polarized light, respectively. The existence of a FSS can degrade the entan-
glement by revealing the “which-way” information if ~ω > Γ where Γ is the
linewidth of the emitted light.
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|0〉ph ⊗ |↓⇑〉 |↑⇓〉
↓

|σ+〉 ⊗ |↑⇓〉+ |σ−〉 ⊗ |↓⇑〉√
2

↓
|σ+〉 |σ−〉+ |σ−〉 |σ+〉√

2
⊗ |0〉e

where |σ±〉 are photon states of circularly polarized light, and |0〉ph(e) is the
photon(electron) vacuum. We see that under ideal conditions, the final state
is a Bell state, vital for many protocols in quantum communication. This
way of creating entangled photons was proposed in 1999 [9] and has advan-
tages over the traditional way involving parametric down-conversion, and has
been experimentally demonstrated [37–45]. Unfortunately, the two interme-
diate exciton states are normally not degenerate but energetically separated
by a quantity known as the fine structure splitting (FSS). The FSS destroys
the entanglement of the emitted photons either in combination with the
stochastic recombination time of the intermediate exciton which causes an
acquisition of an unknown, stochastic relative phase between the two exci-
ton states, or if the FSS is larger than the linewidth of the emitted light,
the “which-way”-path can be revealed by a frequency measurement, which
eliminates the possibility of entanglement in polarization [46]. The effects of
the stochastic phase will be considered in greater detail in Chapter 4. Here
we will now focus on understanding how the FSS comes about and possible
methods of reducing it. There have been several of previous studies which fo-
cus on different causes of a FSS, which include the crystal orientation [47–50],
piezoelectric effects [51], and the quantum dot geometry [52–54]. Here we
will extend the single electron k · p-method and derive an expression from
the higher order perturbations to the two-electron wave functions.

2.3 Origins of the fine structure splitting

The coupling between two exciton states of opposite spin cannot be explained
by simply adding the Coulomb interaction to the effective mass Hamiltonian,
since the Coulomb operator conserves spin. Clearly, there is something miss-
ing and in order to find it, we need to return to the k ·p-theory, and we start
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with a bare two-electron Hamiltonian of the form

H =
p2
1 + p2

2

2m
+ U(r1) + U(r2) + V (r1, r2), (2.9)

where U(r) is the single electron periodic lattice potential, and

V (r1, r2) = − e2

4πǫ0ǫr|r1 − r2|
(2.10)

is the Coulomb interaction term taking into account the effective permittivity
of the dot material via the relative permittivity ǫr. In principle, ǫr may be
a function of r1, r2 but we shall only consider a homogeneous medium and
take ǫr as a constant.

The task is to solve the (time independent) Schrödinger equation

HΨ(r1, r2) = EΨ(r1, r2) (2.11)

and we now proceed in analogy with the k · p-method we write the wave
function in the form

Ψ(r1, r2) = un1,n2,k1,k2
(r1, r2)e

ik1·r1+ik2·r2, (2.12)

where uk1,k2
(r1, r2) is a function with the same periodicity as the lattice in

both parameters. Inserting Eq. (2.12) into Eq. (2.11) and cancelling the
exponential factors we obtain an equation for un1,n2,k1,k2

(r1, r2):

(
p2
1 + p2

2

2m
+ U(r1) + U(r2)−E + ~

2k
2
1 + k2

2

2m

)

un1,n2,k1,k2
(r1, r2)

= −
(
~k1 · p1

m
+

~k2 · p2

m
+ V (r1, r2)

)

un1,n2,k1,k2
(r1, r2).

(2.13)

We set

H0(k1,k2) =
p2
1 + p2

2

2m
+ ~

2k
2
1 + k2

2

2m
+ U(r1) + U(r2) (2.14)

and assume that the equation

H0(k1,k2)un1,n2
(r1, r2) = En(k1,k2)un1,n2

(r1, r2) (2.15)

can somehow by solved, where un1,n2
(r1, r2) = un1,n2,k1=k2=0(r1, r2), and treat

the remaining part of the Hamiltonian,

H ′(k1,k2) =
~k1 · p1

m
+

~k2 · p2

m
+ V (r1, r2), (2.16)
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as a perturbation. We see that Eq. (2.15) is actually separable in r1 and r2
which means we can just as well assume the knowledge of the solutions to

(
p2

2m
+ U(r)− En(k)−

k2

2m

)

un(r) = 0, (2.17)

where un(r) = un,k=0(r), as before, are the periodic Bloch functions and n is
an index of the solutions which denotes the band. As for the single electron
case, we define single electron wave functions as

〈r|n,k〉 = ϕn,k(r) = un(r)e
ik·r (2.18)

which are an orthonormal set since un(r), see Eq. (1.64) and the preceding
discussion. We may further define two-electron wave functions as

|n1, n2,k1,k2〉 =
|n1,k1〉 ⊗ |n2,k2〉 − |n2,k2〉 ⊗ |n1,k1〉√

2
, (2.19)

where the anti-symmetric form ensures the Pauli exclusion principle. Since
we are studying excitons consisting of one electron in the conduction band
and one hole (which we are treating as an electron at this stage) in the
valence band, we have a natural way of ordering n1 and n2. We introduce nc,
nv and their primed counterparts n′

c, n
′
v for the conduction and valence band

electrons, respectively. We also introduce the two sets Nc and Nv containing
all the conduction band and valence band indices and assume that the indices
also keep track of the spin of the electrons. We will call the sets Nc and Nv

band groups.
The so-far neglected part of the Hamiltonian H ′ contains the band con-

serving term V (r1, r2) as well as the band coupling terms ~k1 · p1/m and
~k2 · p2/m. Using the perturbative method described in 1.2.3 we make a
transformation to remove the explicit k · p-terms, and expand the trans-
formed Hamiltonian in orders. The zeroth order is simply given by

〈

nc, nv,k1,k2

∣
∣
∣H̃(0)

∣
∣
∣n′

c, n
′
v,k

′
1,k

′
2

〉

= 〈nc, nv,k1,k2|H0(k1,k2)|n′
c, n

′
v,k

′
1,k

′
2〉

=δnc,n′
c
δnv,n′

v
δk1,k′

1
δk2,k′

2

(

Enc
+ Env

+
~
2k2

1

2m
+

~
2k2

2

2m

)

.

(2.20)

where Enc
and Env

are the conduction and valence band energies at k = 0.
Most of the time, we will set Env

= 0 and Enc
= Eg Moving on the to the

first order we have
〈

nc, nv,k1,k2

∣
∣
∣H̃(1)

∣
∣
∣n′

c, n
′
v,k

′
1,k

′
2

〉

= 〈nc, nv,k1,k2|H ′(k1,k2)|n′
c, n

′
v,k

′
1,k

′
2〉 ,

(2.21)
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containing the single electron term

Ak·p =

〈

nc, nv,k1,k2

∣
∣
∣
∣

k1 · p1

m
+

k2 · p2

m

∣
∣
∣
∣
n′
c, n

′
v,k

′
1,k

′
2

〉

(2.22)

and the two-electron Coulomb term

AC = 〈nc, nv,k1,k2|V (r1, r2)|n′
c, n

′
v,k

′
1,k

′
2〉 . (2.23)

We can now evaluate the terms in detail but the procedure will be slightly
different from the normal single-electron k ·p-method because the perturba-
tion H ′(k1,k2) contains the Coulomb term which is not confined to one unit
cell of the lattice. Therefore, we need to keep the exponential factors and
integrate over the whole sample volume V . For the k · p-terms we obtain

〈

n,k

∣
∣
∣
∣

~k · p
m

∣
∣
∣
∣
n′,k′

〉

= 0, (2.24)

since n and n′ are in the same band group. Through calculations explicitly
shown in Appendix B.1, we find the first order Coulomb matrix element

AC = δnc,n′
c
δnv,n′

v
δk1+k2,k′

1+k′
2
Ṽ (k′

1 − k1), (2.25)

where Ṽ (k) is the non-unitary Fourier transform of the Coulomb potential

Ṽ (k) =

∫

V

V (r)eik·r dr. (2.26)

Before we go on with the higher order perturbations, it is beneficial to note
a few things with the terms we just calculated. First of all we note that the
k · p terms do not couple bands within one group, stated in Eq. (2.24) and
illustrated in Fig. 2.3. Next, Coulomb term is band-diagonal and certainly
does not couple different band groups. The higher orders always contain
virtual transitions via forbidden states, i.e. two electrons in the valence bands
or similar, and therefore a lot of unnecessary calculations can be avoided by
first identifying what the possible couplings are. For instance we notice, that
neither can there be any mixed contribution from k·p and V of second order,
nor any third order contribution from k · p-terms alone.

We are now ready to investigate the higher order perturbations and we
have for the second order

〈

nc, nv,k1,k2

∣
∣
∣H̃(2)

∣
∣
∣n′

c, n
′
v,k

′
1,k

′
2

〉

=
∑

l 6∈Nv

〈nc, nv,k1,k2|H ′|nc, l,k1,k2〉 〈n′
c, l,k

′
1,k

′
2|H ′|n′

c, n
′
v,k

′
1,k

′
2〉

Eg

+
∑

l 6∈Nc

〈nc, nv,k1,k2|H ′|l, nv,k1,k2〉 〈l, n′
v,k

′
1,k

′
2|H ′|n′

c, n
′
v,k

′
1,k

′
2〉

Eg
.

(2.27)
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Vq
Vq

k · p

Allowed states Forbidden states

Figure 2.3: Schematic illustration of the two kinds of perturbation terms.
The k ·p-terms cause interband transitions and couple the considered states,
i.e. one electron in the conduction bands and one in the valence bands to
the uninteresting ones, i.g. two electrons in the conduction band. From
this simple figure we quickly realize that there cannot be any odd order
contribution from the k ·p-terms alone, since a chain of odd order would not
return to the initial space.

Now, following the considerations above, the Coulomb term is band-diagonal
and the k ·p-terms are single particle operators, which means we can imme-
diately write

〈

nc, nv,k1,k2

∣
∣
∣H̃(2)

∣
∣
∣n′

c, n
′
v,k

′
1,k

′
2

〉

= −δnc,n′
c
δk1,k′

1
δk2,k′

2

~
2

2

∑

l 6∈Nv

(k2 · 〈nv|p|l〉)(k2 · 〈l|p|n′
v〉)

Eg

−δnv,n′
v
δk1,k′

1
δk2,k′

2

~
2

2

∑

l 6∈Nc

(k1 · 〈nc|p|l〉)(k1 · 〈l|p|n′
c〉)

Eg
,

(2.28)

which is nothing else than the standard k ·p-terms. Still we have not uncov-
ered any terms that can explain the coupling between different exciton states
and therefore we continue and include the third order terms. The calcula-
tions [55] of the third order terms are however rather long and we will only
state the result involving the terms of interest which involves first splitting
the effective third order Hamiltonian into

H̃(3) = H̃a + H̃b (2.29)

where H̃a contains the terms responsible for the FSS and H̃b are additional,
band-diagonal correction terms. We will not consider H̃b further, but focus
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on H̃a which has the elements
〈

nc, nv,k1,k2

∣
∣
∣H̃a

∣
∣
∣n′

c, n
′
v,k

′
1,k

′
2

〉

=
∑

α,β

~
2

m2

pαnc,n′
v
pβnv,n′

c

E2
g

(kα1 − k′2
α
)(kβ1 − kβ2

′
)Ṽk′

1−k2
δk1+k2,k′

1+k′
2
,

(2.30)

where the α, β = x, y, z and pαnc,nv
is the momentum operator matrix element

between band nc and nc. These terms can couple different sets of band indices
and may consequently cause the FSS.

It is now time to leave the electron-electron picture and go over to the
electron-hole picture. In the appendix A we derive the relations between
the matrix elements of a Hamiltonian in the electron-hole picture and the
corresponding Hamiltonian in the electron-electron picture which in summary
are

He
n,n′ = −Hh

n,n′ (2.31)

for a single hole matrix element and

Heh
vc,v′c′ = −Hee

Θv′c,Θvc′ (2.32)

for a electron-hole matrix element. Θ is the time-reversal operator, which
among other things ensures that a hole carrying spin mj = 1/2 or mj = 3/2
corresponds to a missing electron carrying spin mj = −1/2 or mj = −3/2.
A complete description can be found in standard literature [14] and will not
be repeated here. When applied to the electron-electron exchange operator
elements in Eq. (2.30) we obtain the electron-hole exchange operator for
bulk excitons

〈

ne, nh,ke,kh

∣
∣
∣H̃a

∣
∣
∣n′

e, n
′
h,k

′
e,k

′
h

〉

=
∑

α,β

~
2

m2

pαne,Θnh
pβΘn′

h
,n′

e

E2
g

(kαe + kαh )(k
β
e + kβh)Ṽk′

e+k′
h
δke−k′

h
,k′

e−kh

=
∑

α,β

~
2

m2

pαne,Θnh
pβΘn′

h
,n′

e

E2
g

KαKβṼK′δK,K′,

(2.33)

where we have introduced the total k-vectors K = ke +kh and K′ = k′
e +k′

h

and change the band indices to ne for the electron and nh for the hole.
This result was also presented by Pikus and Bir [55] in 1971. The interband
operator elements pαne,Θnh

look somewhat unusual since they couple two band
with either primed or unprimed indices, which is a consequence of the fact
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that the hole is a missing electron. Furthermore, this electron-hole exchange
operator can be traced back to the anti-symmetric two-electron states given
by Eq. (2.19), and further demonstrates the particle-antiparticle nature of
the electrons and holes.

2.4 Exciton fine-structure splitting in quan-

tum dots

Now we have found a term that couples different exciton states, and we
can investigate what consequences this term will have on the excitons in
a quantum dot. We begin with noting that the zeroth and second order
perturbation together form the standard k · p-terms and there are many
sophisticated simulations and estimations done already. We have no interest
in re-inventing the wheel, but instead use already found results, given by the
well-known effective mass approximation. On top of this, we will include the
first order perturbations as well as the third order electron-hole interaction.

The first step is to expand the electron and hole wave functions

Ψn(r) =
∑

k

f̃k,ne
ik·run(r) = Fn(r)un(r), (2.34)

where the f̃k,n are the Fourier coefficients of the envelope function Fn(r).
Making use of the effective mass approximation, we let the Fn(r) be the
solutions to the effective Schrödinger equation

p2

2m∗
n

Fn(r) + Vn(r)Fn(r) = ǫnFn(r), (2.35)

wherem∗
n is the effective mass for band n, Vn(r) is a band dependent potential

describing the confinement and ǫn is a confinement energy. We form product
states for the electron and the hole as

〈re, rh|ne, nh〉 = Ψne,nh
(re, rh) = Ψne

(re)Ψnh
(rh) (2.36)

and we may now calculate the electron-hole exchange between two exciton
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states

〈

ne, nh

∣
∣
∣H̃a

∣
∣
∣n′

e, n
′
h

〉

=
~
2

m2

∑

α,β

∑

ke,kh

k′
e,k

′
h

f̃ ∗
ke,ne

f̃ ∗
kh,nh

f̃k′
e,n

′
e
f̃k′

h
,n′

h
KαKβṼK′δK,K′

pαne,Θnh
pβΘn′

h
,n′

e

E2
g

=
~
2

m2

∑

α,β

∑

K,K′

k,k′

f̃ ∗
k,ne

f̃ ∗
K−k,nh

f̃k′,n′
e
f̃K′−k′,n′

h
KαKβṼK′δK,K′

pαne,Θnh
pβΘn′

h
,n′

e

E2
g

=
~
2

m2

∑

α,β

∑

K,k,k′

f̃ ∗
k,ne

f̃ ∗
K−k,nh

f̃k′,n′
e
f̃K−k′,n′

h
KαKβṼK

pαne,Θnh
pβΘn′

h
,n′

e

E2
g

.

(2.37)

The application of Eq. (2.37) requires the knowledge of the Fourier coef-
ficients f̃k,n to the envelope functions Fn(r), which are not always directly
available. In order to avoid having to first calculate the Fourier coefficients
explicitly, we seek an expression involving Fn(r) directly. We start by re-
calling that the the Fourier coefficients are in fact a unitary transformation
between a function defined in some set V and l2. More specifically we have
Parseval’s theorem [56] stating that

∑

n

a∗nbn =

∫

V

A∗(ξ)B(ξ) dξ (2.38)

where an(bn) are the Fourier coefficients to A(ξ)(B(ξ)) and n is a generalized
index. Keeping this in mind, we now set

aK =
∑

α,β

KαKβ
∑

k,k′

f̃ ∗
k,ne

f̃ ∗
K−k,nh

f̃k′,n′
e
f̃K−k′,n′

h
(2.39a)

bK = ṼK (2.39b)

and we may now write

〈

ne, nh

∣
∣
∣H̃a

∣
∣
∣n′

e, n
′
h

〉

=
~
2

m2

∑

α,β

pαne,Θnh
pβΘn′

h
,n′

e

E2
g

∫

V

A∗(r)B(r) dr. (2.40)

We still need to determine A(r) and B(r) and start by recognizing the con-
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volution in Eq. (2.39a), which means that

∑

k

f̃ ∗
k,ne

f̃ ∗
K−k,nh

=

∫

V

Fne
(−r)Fnh

(−r)e−iK·r dr (2.41a)

∑

k′

f̃k′,n′
e
f̃K−k′,n′

h
=

∫

V

Fn′
e
(r)Fn′

h
(r)e−iK·r dr. (2.41b)

Furthermore, we have for a function f(x) and its corresponding Fourier co-
efficients f̃k that

−ikf̃k =

∫

V

∂f(x)

∂x
e−ikx dx. (2.42)

In all we find the functions A(r) and B(r) as

A∗(r) =

(
∂2Fne

(−r)Fnh
(−r)

∂rα∂rβ

)

∗
(
Fn′

e
(r)Fn′

h
(r)
)

=

∫

V

∂2Fne
(−r′)Fnh

(−r′)

∂r′α∂r′β
Fn′

e
(r− r′)Fn′

h
(r− r′) dr′,

(2.43)

where

f(r) ∗ g(r) =
∫

V

f(r′)g(r− r′) dr′ (2.44)

is the convolution of the functions f and g, and

B(r) = V (r). (2.45)

Finally we insert Eqs. (2.43) and (2.45) into Eq. (2.40) and obtain

〈

ne, nh

∣
∣
∣H̃a

∣
∣
∣n′

e, n
′
h

〉

=
~
2

m2

∑

α,β

pαne,Θnh
pβΘn′

h
,n′

e

E2
g

×
∫∫

V 2

∂2Fne
(−r′)Fnh

(−r′)

∂r′α∂r′β
Fn′

e
(r− r′)Fn′

h
(r− r′)V (r) dr′ dr

=
~
2

m2

∑

α,β

pαne,Θnh
pβΘn′

h
,n′

e

E2
g

×
∫∫

V 2

∂2Fne
(r1)Fnh

(r1)

∂rα1∂r
β
1

Fn′
e
(r2)Fn′

h
(r2)V (r1 − r2) dr1 dr2,

(2.46)

also reported elsewhere [53]. Eq. (2.46) is a general expression for excitons
in any bands. The interband matrix elements pαne,Θnh

generally depend on
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the bands considered. For a cubic semiconductor, such as GaAs, we shall
consider only the heavy, light and split-off valence bands. The heavy and
light holes have an effective spin j = 3/2 with spin projections jz = ±3/2
and jz = ±1/2, respectively. The split-off holes have j = 1/2 and jz = ±1/2.
To find the interband matrix elements we decompose these states using the
Clebsch-Gordan coefficients [25] into

|3/2,±3/2〉 = 1√
2
(∓X + iY ) |±〉 (2.47a)

|3/2,±1/2〉 = 1√
6
(∓X − iY ) |∓〉 ±

√

2

3
Z |±〉 (2.47b)

|1/2,±1/2〉 = − 1√
3
[(X ± iY ) |∓〉 ± Z |±〉] , (2.47c)

using the notation |j, jz〉 and |+(−)〉 corresponds to the electron spin ↑(↓),
and X, Y, Z are linearly polarized P type orbitals. The conduction band con-
sists primarily of S-type electronic orbitals and it is possible to experimentally
determine

〈X|px|S〉 = 〈Y |py|S〉 = 〈Z|py|S〉 (2.48)

up to an irrelevant phase. There are tabulated values for the quantity

Ep =
2

m
|〈X|px|S〉|2 (2.49)

in the literature [25] which allow us to replace unknown interband matrix
elements in Eq. (2.46) with known values. If we restrict our discussion to
bright, heavy excitons we have the two states |↓〉 |⇑〉 and |↑〉 |⇓〉 and a FSS
given by

δ1 =
~
2Ep

E2
g

∫∫

V 2

∂2Fe(r1)Fh(r1)

∂x21
Fe(r2)Fh(r2)V (r1 − r2) dr1 dr2

−~
2Ep

E2
g

∫∫

V 2

∂2Fe(r1)Fh(r1)

∂y21
Fe(r2)Fh(r2)V (r1 − r2) dr1 dr2

+2i
~
2Ep

E2
g

∫∫

V 2

∂2Fe(r1)Fh(r1)

∂x1∂y1
Fe(r2)Fh(r2)V (r1 − r2) dr1 dr2,

(2.50)

where we have assumed a spin-independent confinement potential and Fe(r)
and Fh(r) are the envelope functions for electrons and holes, respectively.
We make the following observations from Eq. (2.50):

• For envelope function even or odd in either x or y, such that F (x, y, z) =
±F (−x, y, z) or analogously for y, the last integral vanishes and the
FSS is real.
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• For symmetric envelope functions, such that F (x, y, z) = F (y, x, z), for
both electrons and holes, the FSS vanishes.

The second point is especially important and helps explain why different
quantum dots with the same chemical composition and crystal orientation
can have very different FSS. It also explains why quantum dots with high
in-plane symmetry lack a FSS.

2.4.1 Analytical Calculation of the FSS

Here we will now calculate the FSS for an example quantum dot of spatial
dimensions lx× ly × lz. We will use a harmonic confinement to model the dot
and use the envelope function

F (x, y, z) =

√

lxlylz
π3/2

exp

(

− x2

2l2x
− y2

2l2y
− z2

2l2z

)

, (2.51)

for both electrons and holes and focus especially on the symmetry of the
dot, i.e. the ratio between the in-place confinement lengths lx and ly. We
make the approximation that the volume extends over all space and using
Eq. (2.50) we find that we need to calculate objects like

Ixx =
e2

ǫ4π

l2xl
2
yl

2
z

π3

~
2Ep

E2
g

×
∫∫ ∂2 exp

(

−x2
1

l2x
− y21

l2y
− z21

l2z

)

∂x21

exp
(

−x2
2

l2x
− y22

l2y
− z22

l2z

)

√

|r1 − r2|
dr1 dr2.

(2.52)

Introducing relative and total coordinates

x = x1 − x2

X = x1 + x2
(2.53)

and similar for y and z leads to

x2 +X2 = 2x21 + 2x22, (2.54)

and

∂2

∂x21
=

∂2

∂x2
+ 2

∂2

∂x∂X
+

∂2

∂X2
(2.55)

J =
1

2
, (2.56)
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where J is the Jacobian determinant. We introduce r = (x, y, z)T and R =
(X, Y, Z)T and insert into Eq. (2.52), which gives

Ixx =
e2

ǫ4π

l2xl
2
yl

2
z

8π3

~
2Ep

E2
g

×
∫∫ [(

∂2

∂x2
+ 2

∂2

∂x∂X
+

∂2

∂X2

)

e
− x2

2l2x
− y2

2l2y
− z2

2l2z
−X2

2l2x
− Y 2

2l2y
− Z2

2l2z

]

× dr dR
√

x2 + y2 + z2
.

(2.57)

The terms involving the second and last differential operations, ∂2

∂x∂X
and

∂2

∂X2 , do not give finite contributions, so we have

Ixx =
e2

ǫ4π

l2xl
2
yl

2
z

8π3

~
2Ep

E2
g

×
∫∫ [

∂2

∂x2
e
− x2

2l2x
− y2

2l2y
− z2

2l2z
−X2

2l2x
− Y 2

2l2y
− Z2

2l2z

]
dr dR

√

x2 + y2 + z2

=
e2

ǫ4π

lxlylz√
8π3

~
2Ep

E2
g

∫ [
∂2

∂x2
e
− x2

2l2x
− y2

2l2y
− z2

2l2z

]
dr

√

x2 + y2 + z2
.

(2.58)

The integral can be considered an inner product in L2, defined as

(f, g) =

∫ ∞

−∞

f ∗(x)g(x) dx, (2.59)

and now we use the fact that the Fourier transform can be made unitary
with respect to this inner product, i.e.

(f, g) = (Ff,Fg), (2.60)

which means that

Ixx = − e2

8π3ǫ

~
2Ep

E2
g

∫

k2x
e−

l2xk2x
2

−
l2yk

2
y

2
−

l2zk
2
z

2

k2x + k2y + k2z
dk, (2.61)
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where k = (kx, ky, kz)
T . The evaluation of this integral is given in Appendix

B.2 and after using Eq. (B.23) we obtain

Ixx − Iyy = − e2

r3π3/2ǫ sin2 α(cos2 α− sin2 β)

~
2Ep

E2
g

[

(cos2 α− sin2 β) cosα sin β

cos2 β
+

sin2 α sin β

cosα
+ cosα sin β

− i sin
2 α

cos β
F



i arcsinh

√

sin2 β

cos2 α− sin2 β
,

√

cos2 α− sin2 β

cos2 β





−1 + cos2 α− 2 sin2 β

cos β
E

(
sinα

cos β

)

+
1 + cos2 α− 2 sin2 β

cos β
iE



i arcsinh

√

sin2 β

cos2 α− sin2 β
,

√

cos2 α− sin2 β

cos2 β





+ 2
cos2 α− sin2 β

cos β
K

(
sinα

cos β

)]

,

(2.62)

where we set r = lx, r cosα = ly, r sin β = lz, and K(x) and F (x, k) are the
complete and incomplete elliptic integral of the first kind, E(x) and E(x, k)
are the complete and incomplete elliptic integral of the second kind [57].
Before going into detail, we note that r appears in the denominator to the
third power, confirming the scaling of inverse volume of the FSS also reported
elsewhere [53]. We can also make an estimate about the order of magnitude
by considering the prefactor

e2

r3π3/2ǫ

~
2Ep

E2
g

≈ 241 µeV, (2.63)

when we use Ep = 25.7 eV, Eg = 1.424 eV, and r = 10 nm as typical values
for GaAs [25]. We can make another estimate about the energy separation
between heavy and light holes due to confinement and find

El −Eh =
3~ωl

2
− 3~ωh

2
=

3~2

2mll
2
l

− 3~2

2mhl
2
h

≈ 47 meV, (2.64)

where we use ml = 0.082m0 for the light hole and mh = 0.51m0 for the heavy
hole, and m0 is the bare electron mass. By comparing Eqs. (2.63) and (2.64)
we see that it is justified to consider the heavy excitons alone, as long as
no other coupling mechanisms are present. Figure 2.4 shows the FSS as a
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Figure 2.4: The exciton fine structure splitting calculated for an example
quantum dot using a harmonic confinement with characteristic lengths lx ×
ly × lz. Here lx = 25 nm and lz = 5 nm are kept constant and ly is allowed
to vary. As expected, the FSS vanishes when ly → lx. In this example the
FSS diverges when ly → 0 which corresponds to an infinite asymmetry lx/ly.
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function of ly when lx = 25 nm and lz = 5 nm are kept constant. We can see
that the FSS vanishes when lz approaches lx for which the quantum dot is
in-plane symmetric.

Equation (2.62) is not always convenient for evaluation, and we can make
an approximation for short dots (β ≪ π/2) close to having in-plane symmetry
(α≪ π/2), which gives the result

δ1 ≈
e2

ǫ

~
2Ep

E2
g

sin2 α

r3

(

−3π

16
+ sin β − 15π

32
sin2 β

)

=
e2

ǫ

~
2Ep

E2
g

l2x − l2y
lx

(

−3π

16
+
lz
lx

− 15π

32

l2x
l2z

)

,

(2.65)

which can be used to give a rough estimate of the FSS for QD with given
composition and geometry.

2.5 Tuning the fine structure splitting

With the FSS known we can now start investigating various methods of
modifying it and preferably tuning it to zero. A Hamiltonian containing
only the heavy bright excitons has the matrix form

H =
1

2

(
EC δ1
δ∗1 EC

)

, (2.66)

in the basis {|↓⇑〉 , |↑⇓〉}, where EC is the exciton binding energy originating
from the quantum dot confinement and Coulomb interaction. We would like
to examine the possibility of tuning δ1 within the bright exciton subspace,
and upon closer inspection of Eq. (2.50) we realize that the FSS depends
on both the electron and hole envelope functions and their curvature. So in
order to manipulate the exciton envelope function directly, we introduce an
in-plane electric field. It should be mentioned that there are also many other
methods of reducing the FSS, for instance by strain [48, 58], vertical electric
fields [37, 58–61] as well as proposals to recover the entanglement in the
presence of a finite FSS such as spectral filtering [45,62], time reordering [63],
or embedding the quantum dot in an optical cavity [64].

When including the in-plane electric field, care must be taken when choos-
ing the confinement potential for the quantum dot. A common model for a
quantum dot is to assume a parabolic confinement potential so that the total
mesoscopic potential in the effective Schrödinger equation (in 1D) has the
form

Vn(r) =

(
∑

α

m∗
nω

2
nα

2
r2α

)

− qnE · r. (2.67)
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where qn is the charge of the considered particle (−e for electrons and e
for holes). The solutions to the effective Schödinger equation are displaced
harmonic oscillator wave functions

ψax,ay ,az(r) = ψlxn
ax

(
x− lEnx

)
ψlyn
ay

(
y − lEny

)
ψlzn
az

(
z − lEnz

)
(2.68)

with characteristic lengths lαn =
√

~/m∗
nωnα defining the spread of the wave

function and lEnα = eEα/m
∗
nω

2
nα, the electric displacement, ax, ay, az are meso-

scopic integer quantum numbers, and

ψl
a(x) = (2aa!)−1/2

√

l√
π
e−x2/2l2Ha(x/l), (2.69)

where Ha(x) are the Hermite polynomials [16]. We note that the electric field
effectively separates the electron from the hole by a distance l = |lEe + lEh |.
Except for very small electric fields, this is not very physical since the electron
and the hole can be displaced well outside the region of the physical quantum
dot. Instead we must consider some confinement having a more hard-wall
character which prevents the electron and hole from escaping. The natural
choice falls on the particle in a (finite) box model for which the confinement
potential is given by

Vn(r) = −∆En

(
∏

α

χ[−lα/2,lα/2](rα)

)

− qnE · r, (2.70)

where ∆En is the band offset and χA(r) is the characteristic function of the
set A. The solutions to the effective Schrödinger equation are again product
states

φax,ay ,az(r) = φax(x)φay(y)φaz(z), (2.71)

with

φax(x) =







c1e
κx x < −lx/2

aAi
(

eExx−ǫx
ǫ0

)

+ bBi
(

eExx−ǫx
ǫ0

)

−lx < x < lx

c2e
−κx x > lx/2

, (2.72)

where [29] ǫ0 = 3
√

(eEx~)2/2m∗, κ =
√

2m∗(ǫx −∆E)/~, and the constants
c1, c2, a, b, and ǫx generally have do be determined numerically from continu-
ity conditions. Here we actually pretend that the electric field is only applied
to the dot region to avoid having to deal with the infinite negative potentials
appearing at infinity if the electric field were to extend over all space.
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Figure 2.5: Hole envelope functions with, FE
h (r), and without, Fh(r), applied

electric field Ex in x-direction, for (a) harmonic and (b) hard-wall confine-
ment. For the case of harmonic confinement, the wave functions are trans-
lated by lEh and are no longer inside the physical region of the dot when a
field Ex is applied but retain their shape. For the hard-wall potential, the
main effect of the electric field is to deform the wave functions; this is ac-
companied by a relatively small shift that leaves the particles inside the dot.
The deformation affects the second derivative of FE

h (r) which determines the
FSS, see Eq. (2.50).

The difference between the two confinement potentials is illustrated in
Figure 2.5 which demonstrates the nonphysical, unrestricted displacement of
the harmonic potential confinement and the more realistic hard wall confine-
ment, for which the electron and holes remain within the dot.

In order to investigate the dependence of the FSS on the applied field, we
consider a dot composed of In0.2Ga0.8As surrounded by GaAs. This is a het-
erostructure of type I, meaning that the electron and hole both experience a
potential minimum in the dot. We examine both the hard-wall confinement
potential as well as the harmonic one and solve the effective Schrödinger
equation numerically. We calculated the FSS numerically using Eq. (2.50)
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Figure 2.6: The FSS δ calculated for an harmonically confined InGaAs dot
with characteristic lengths 30 × 20 × 7 nm3 and various directions of the
electric field. Regardless of the direction of the field, the FSS is monotonically
decreasing and vanishes only asymptotically.

and when we compare the FSS as a function for the two confinement poten-
tials we find a significant difference. For the harmonic potential, shown in
Fig. 2.6, the FSS decreases for any direction of the electric field. Further-
more, the FSS vanishes asymptotically but is never completely eliminated.
This does not agree with experimental observations [65,66], in which both the
complete elimination as well as non-monotonic behaviour was reported. If
we instead consider the same situation for the hard wall confinement, shown
in Fig. 2.7, we can see a clear dependence on the direction along which the
electric field is applied. In addition, depending on the direction, the FSS may
in fact increase. Finally we also note that this choice of confinement potential
allows the complete elimination of the FSS, also observed in experiments.
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Figure 2.7: The FSS δ calculated for In0.2Ga0.8As/GaAs dot of dimensions
55× 50× 7 nm3 with a hard-wall confinement in the presence of an electric
field applied in various directions. The FSS is sensitive to the direction in
which the field is applied: In the x̂-direction the FSS decreases and changes
sign at a critical field strength where δ = 0 (here, at Ex ≃ 35 kV/m). When
the field is applied in the ŷ-direction, the FSS increases instead.
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2.6 Summary

In this chapter we investigated the possibility of generating light entangled
in polarization using the biexciton recombination cascade, which has sev-
eral advantages over the more traditional method using parametric down-
conversion. Since the exciton fine structure splitting may destroy the en-
tanglement by revealing the “which-way” information, we took a particular
interest in understanding where the FSS comes from. We started from a
general crystal Hamiltonian and used perturbation techniques to derive an
expression for the exciton FSS in bulk. This expression was then used to find
a corresponding expression for excitons in quantum dots. Finally we inves-
tigated the possibility to eliminate the FSS using an in-plane electric field.
We found that this is indeed possible, in agreement with experiments [65,66].
We also pointed out the importance of choosing the confinement potential to
the describe the quantum dot properly. Specifically we found that the widely
used harmonic confinement is not suitable for the case of an in-plane electric
field.





3

Influence of Nuclear Quadrupole Moments on

Electron Spin Coherence in Semiconductor

Quantum Dots

Electrons and holes are not the only objects possessing spin in a semicon-
ductor quantum dot. Depending on the number of protons and neutrons,
the atomic nucleus may also posses an intrinsic angular momentum, a spin.
In a simple picture, each spin gives rise to an effective magnetic field which
can couple to other magnetic fields. Some of the most studied examples
concerning nuclear spins are:

• An applied static magnetic field which causes a Zeeman splitting be-
tween the different eigenstates of the nuclear spin operator along the
axis of the magnetic field [68–72].

• An applied oscillating magnetic field perpendicular to an applied mag-
netic field, causing resonant transitions between the nuclear Zeeman
levels, known as nuclear magnetic resonance (NMR) [72–79].

• The magnetic field from one nuclear spin coupling to the magnetic field
from other nuclear spins, which may cause spin dynamics in a nuclear
ensemble [80–87].

• The hyperfine interaction between a nuclear spins and the spin of an
electron or a hole being in proximity to the nucleus [83, 85, 88–94].

Of the examples above, we shall investigate the last two in detail.

This chapter is based on E. Welander, E. Chekhovich, A. Tartakovskii, and G.
Burkard, Influence of Nuclear Quadrupole Moments on Electron Spin Coherence in Semi-

conductor Quantum Dots, arXiv:1405.1329 (2014), submitted to Phys. Rev. B [67].
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3.1 Nuclear Spin Dynamics

Two nuclear spins couple to each other via their effective magnetic fields.
The effective magnetic fields may be expressed using a multipole expansion,
which to the lowest order contains only the dipole terms. In the same way the
lowest order nuclear magnetic Hamiltonian contains only the dipole-dipole
coupling and has the form

HD =
∑

n<m

γnγm~
2µ0

4π

(

I(n) · I(m)

r3nm
− 3

[
I(n) · rnm

] [
I(m) · rnm

]

r5nm

)

, (3.1)

with the nuclear gyromagnetic ratios γn, rnm = rn−rm, rn being the position
of the nucleus with index n, and rnm = |rnm|. In the presence of a strong
magnetic field B the nuclear spin states having different total spin projection
along the magnetic field have different Zeeman energies. This causes mech-
anisms corresponding to terms of Eq. (3.1) not preserving the total nuclear
spin projection along B to be strongly suppressed. Assuming B = B0ẑ we
can make the secular approximation

HD′ =
∑

n<m

γnγm~
2µ0(1− cos2 θnm)

4πr3nm

(

I(n)z I(m)
z − I

(n)
+ I

(m)
− + I

(n)
− I

(m)
+

4

)

,

(3.2)
where θnm is the angle between rnm and ẑ. where γn is the gyromagnetic
ratio of the nuclear spin n. The last two terms are known as the flip-flop
terms by which spin can be transferred between different nuclei.

3.2 Hyperfine interactions and the Overhauser

field

The electron spin couples to the nuclear spins via the so-called hyperfine
interaction. Although a full description would require many more terms,
to a good approximation [91] we may consider only the so-called contact
hyperfine interaction given by the expression

HHF =
M∑

n=1

AnS · I(n), (3.3)

where M is the number of nuclear spins and An are the hyperfine coupling
constants. The coupling constants typically depend on nuclear species and
are proportional to An ∝ |F (rn)|2, where F is the electron or hole envelope
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Figure 3.1: Illustration of the QD containing many nuclear spins (black ar-
rows) each with corresponding operator I(n). The nuclear spins couple to an
electron spin (red ball with arrow) via the hyperfine Hamiltonian and give
rise of an effective magnetic field (large blue arrow). Because of the trans-
fer of nuclear spin between different nuclei and the inhomogeneous hyperfine
coupling strength, the effective magnetic field is fluctuating in time and is
given by the stochastic vector BO(t).

function and rn is the location of the n-th nucleus. Rewriting Eq. (3.3) by
moving the electron spin operator S in front of the sum we end up with

S ·
M∑

n=1

AnI
(n) = µBgeS ·BO, (3.4)

where BO acts like an effective magnetic field known as the Overhauser field.
A typical quantum dot contains on the order of 105 − 106 atomic nuclei [92],
and solving equations involving BO is by no means trivial. One common
approach to include the Overhauser field in the electron spin dynamics is to
consider BO to be a stochastic magnetic field acting on the electron spin.
It should, however, be kept in mind that BO is not an effective applied
magnetic field but actually an operator acting on both electron and nuclear
spins1. However, often when the electron spin has the central role in a certain
physical model, such as using it for implementing a qubit, the action of
the electron spin on the nuclear spins is of less importance, and therefore
BO may be taken as a stochastic variable. Using a simple model where
each component of the individual nuclear spins are independent, stochastic
variables with identical probability distribution for every nuclear spin it may

1This is particularly important when for instance studying nuclear spin transfer medi-
ated by electron spins [95], or the dynamic nuclear spin polarization via optical pumping
involving an exciton or trion [95–98].
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be shown, as done in Appendix C, that each component of BO for most sets
of An converge in distribution to a normal distribution for large numbers of
nuclear spins M . Therefore, we may to a good approximation take

Bα
O ∼ N(Mµα, σ

2), (3.5)

where N(µ, σ2) denotes a normal distribution with mean value µ and variance
σ2, α ∈ {x, y, z}, µα is the expectation value of the α-component for each
nuclear spin, and σ2 depends on An and the probability distribution of each
nuclear spin. σ2 often has to be determined experimentally.

3.2.1 Electron Spin Decoherence

Considering the Overhauser field to be a stochastic magnetic field with Gaus-
sian distribution, we may now investigate its effect on an electron confined
to a quantum dot. We form a simple Hamiltonian consisting of a single
stochastic Zeeman term

H(Ω) =
~Ω

2
σz, (3.6)

where we assume that any proportionality constants are already included in
Ω. A suitable basis for the electron spin is the eigenvectors to Sz given by
|sz = ±1/2〉. We will also use synonymously ↑ and ↓ instead of sz = 1/2 and
sz = −1/2. The solution to the Schrödinger equation is given by

|t〉 = c↑e
−iΩt/2 |↑〉+ c↓e

iΩt/2 |↓〉 , (3.7)

where c↑ and c↓ are constants given by initial conditions. If we instead
consider the density matrix we have

ρ(t) =

(
|c↑|2 c↑c

∗
↓e

−iΩt

c∗↑c↓e
iΩt |c↓|2

)

, (3.8)

and we can consider the purity

Tr{ρ2} = |ρ↑|4 + 2|ρ↑|2|ρ↓|2 + |ρ↓|4 = (|ρ↑|2 + |ρ↓|2)2 = 1, (3.9)

since |ρ↑|2 + |ρ↓|2 = 1. In other words, the purity of a system is conserved
under unitary time evolution. However, so far we have not considered the
randomness of the stochastic Hamiltonian. For simplicity we assume a Gaus-
sian distribution for Ω, which has the probability density function

fΩ(ω) =
1

σ
√
2π

exp

(

−(ω − µ)2

2σ2

)

, (3.10)
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where µ is the mean and σ the standard deviation [99]. We can calculate the
expected density matrix by

〈ρ(t)〉 =
∫ ∞

−∞

fΩ(ω)ρ(t) dω =

(
|c↑|2 c↑c

∗
↓e

−iµt−σ2t2/2

c∗↑c↓e
iµt−σ2t2/2 |c↓|2

)

. (3.11)

The purity is given by

Tr
{
〈ρ〉2

}
= |ρ↑|4 + 2|ρ↑|2|ρ↓|2e−σ2t2 + |ρ↓|4 ≤ 1, (3.12)

with equality only at t ≫ 1/σ. We see that purity is lost because of the
uncertainty in Hamiltonian. In fact, for t → ∞ the density matrix ρ lacks
off-diagonal terms and describes a statistical mixture rather than a coherent
state. This is bad news for any application relying on the quantum nature
of the electron spin, such as quantum information processing. Methods to
prevent the loss of electron spin coherence have been suggested [84, 100–
107] and tested [92, 108–117], and include reducing the uncertainty of the
Hamiltonian, which corresponds to minimizing the standard deviation σ or
restoring the electron spin state, which is the topic of the next section.

3.2.2 The Electron Spin Echo

The spin echo [72, 118] is a technique by which a coherent state can be
recovered after evolving in a noisy environment by performing a spin rotation
which causes a rephasing, illustrated in Fig. 3.2. A typical echo-experiment
starts by bringing a spin to a coherent superposition. Due to the noisy
environment, the state dephases during time evolution and loses coherence.
At time T/2 a rotation is performed which leads to refocusing of the coherent
state at time T . Mathematically this can be described by the use of density
matrices. We consider the same kind of stochastic Hamiltonian given by Eq.
(3.6) which gives the density matrix at time t = T/2

ρ(T/2) =

(
|c↑|2 c↑c

∗
↓e

−iΩT/2

c∗↑c↓e
iΩT/2 |c↓|2

)

= U(T/2)ρ(0)U †(T/2), (3.13)

where

U(t) =

(
e−iΩt/2 0

0 iΩt/2

)

(3.14)

is the time evolution operator. We apply a π-pulse to rotate around the x̂
axis which is given by the unitary operator (see the introduction, 1.1.2)

Rx(π) =

(
0 i
i 0

)

. (3.15)
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Figure 3.2: The electron spin echo. (a) The electron spin, which represents
a qubit, starts in a coherent superposition of |0〉 and |1〉 with a well defined
phase ϕ. (b) At time t = T/2, the electron spin has interacted with the
environment and picked up an unknown phase, which means that coherence
has been lost due to dephasing. A π pulse is applied around x̂, which flips
all spin components. (c) Right after the π-pulse is applied, the qubit is in a
mirrored state of just before the π-pulse with respect to the x̂ axis, and the
interaction with the environment continues. (d) At time t = T , the qubit
has rephased due to the cancellations of the unknown phase before and after
the π-pulse was applied, and is now again in a coherent state. The original
state can be recovered by applying another π-pulse around x̂.
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This gives us the new density matrix

Rx(π)U(T/2)ρ(0)U
†(T/2)R†

x(π) =

(
|c↓|2 c∗↑c↓e

iΩT/2

c↑c
∗
↓e

−iΩT/2 |c↑|2
)

. (3.16)

Finally we let the electron spin evolve for another duration T/2 and obtain

U(T/2)Rx(π)U(T/2)ρ(0)U
†(T/2)R†

x(π)U
†(T/2) =

(
|c↓|2 c∗↑c↓
c↑c

∗
↓ |c↑|2

)

. (3.17)

This is just the original density matrix with a π-pulse applied to it, i.e.
Ux(π)ρ(0)U

†
x(π), so applying another π-pulse will completely restore the orig-

inal density matrix. However, this result is only valid for the case when the
Hamiltonian is time-independent. From Eq. (3.2) we see that nuclear spin
can be transferred between the different nuclei and unless the hyperfine cou-
pling constants An in Eq. (3.4) are all equal, we would expect a time-varying,
or fluctuating Overhauser field from Eq. (3.4). Taking this into consideration
we choose a slightly more general Hamiltonian

H(t) =
~Ω(t)

2
σz, (3.18)

which gives the solutions to the Schrödinger equation

|t〉 = c↑ exp

(

− i

2

∫ t

0

Ω(t′) dt′
)

|↑〉+ c↓ exp

(
i

2

∫ t

0

Ω(t′) dt′
)

|↓〉 . (3.19)

Now we have for t = T/2

|T/2〉− = c↑ exp

(

− i

2

∫ T/2

0

Ω(t′) dt′

)

|↑〉+ c↓ exp

(

i

2

∫ T/2

0

Ω(t′) dt′

)

|↓〉 ,

(3.20)
and right after the π-pulse we have2

|T/2〉+ = c↓ exp

(

i

2

∫ T/2

0

Ω(t′) dt′

)

|↑〉+ c↑ exp

(

− i

2

∫ T/2

0

Ω(t′) dt′

)

|↓〉 .

(3.21)

2In fact, the state vector also has picked up a global phase π/2. However, this is
irrelevant for quantities like purity and absolute value of the scalar product with other
states, so we will not include it.
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Now we let the spin evolve for another duration of T/2 which gives

|T 〉 =c↓ exp
(

i

2

∫ T/2

0

Ω(t′) dt′

)

exp

(

− i

2

∫ T

T/2

Ω(t′) dt′
)

|↑〉

+ c↑ exp

(

− i

2

∫ T/2

0

Ω(t′) dt′

)

exp

(
i

2

∫ T

T/2

Ω(t′) dt′
)

|↓〉

=c↓ exp

(

i

2

∫ T/2

0

Ω(t′) dt′ − i

2

∫ T

T/2

Ω(t′) dt′

)

|↑〉

+ c↑ exp

(

− i

2

∫ T/2

0

Ω(t′) dt′ +
i

2

∫ T

T/2

Ω(t′) dt′

)

|↓〉

=c↓ exp

(

− i

2

∫ T

0

Ω(t′) dt′ + i

∫ T/2

0

Ω(t′) dt′

)

|↑〉

+ c↑ exp

(

i

2

∫ T

0

Ω(t′) dt′ − i

∫ T/2

0

Ω(t′) dt′

)

|↓〉

(3.22)

Now we define

ϕ(t) =
1

2

∫ t

0

Ω(t′) dt′, (3.23)

and write

|T 〉 = c↓e
−iϕ(T )+2iϕ(T/2) |↑〉+ c↑e

iϕ(T )−2iϕ(T/2) |↓〉 . (3.24)

After applying another π-pulse, we can project onto our initial state to find
the fidelity and obtain

〈0|T 〉 = |c↑|2e−iϕ(T )+2iϕ(T/2) + |c↑|2eiϕ(T )−2iϕ(T/2). (3.25)

Calculating the absolute value gives

〈0|T 〉2 = |c↑|4 + 2|c↑|2|c↑|2 cos [2ϕ(T )− 4ϕ(T/2)] + |c↑|4 (3.26)

which can take values from 0 to 1 corresponding to the condition 2ϕ(T ) −
4ϕ(T/2) = π/2+nπ and 2ϕ(T )−4ϕ(T/2) = nπ for some n ∈ Z, respectively.
We see that depending on the temporal fluctuations of the Hamiltonian,
the electron spin echo is in general not perfect. We now need to further
investigate how the Overhauser field varies in time.
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3.3 Modeling the Overhauser Field Fluctua-

tions

To investigate how different parameters influence the nuclear spin dynamics
we need a way to take the quantum nature of the spin fluctuations into
account. We use the different terms described previously in this chapter and
form a total nuclear-electron spin Hamiltonian

H = HD′ +HHF +HZ, (3.27)

where

HZ = ~B ·
(

γeS+ γ
∑

n

I(n)

)

, (3.28)

is the combined electron and nuclear Zeeman term with the electron gyro-
magnetic ratio γe = geµB/~, where ge is the electron g-factor and µB is the
Bohr magneton. In principle, the time-evolution of the an initial state vector
|t = 0〉 can now be found by

|t > 0〉 = e−iHt/~ |t = 0〉 , (3.29)

where e−iHt/~ is the matrix exponential. For a system containing N nuclear
spins, the Hilbert space of |t〉 has dimension 2(2I +1)N , where the prefactor
2 comes from the electron spin. No analytical expression of Eq. (3.29) is
known, except for simple cases such as I = 1/2, N = 1, and we need to
resort to numerical methods. Even for the smallest possible I = 1/2 the
size of the Hilbert space grows very rapidly and there is no realistic way the
full state vector a system of N ≈ 105 can be evolved or even stored using
a conventional computer. We therefore artificially separate the electron and
nuclear spin problems from each other. The simulated nuclear spins will then
be used as input to the electron spin problem.

From the eigenstates of I
(n)
z for each nuclear spin we construct initial

product states |m0, t = 0〉 = |m0〉, where |m〉 =
∣
∣
∣m

(1)
z , m

(2)
z . . .m

(M)
z

〉

=
∣
∣
∣m

(1)
z

〉

⊗
∣
∣
∣m

(2)
z

〉

⊗ · · · ⊗
∣
∣
∣m

(M)
z

〉

and m
(n)
z is the eigenvalue of the projection

of the n-th nuclear spin on ẑ. The product states are eigenstates of the total
nuclear spin projection operator along ẑ, Iz =

∑M
n=1 I

(n)
z with eigenvalues

∑M
n=1m

(n)
z , and are evolved directly by |m0, t > 0〉 = e−iH′t/~ |m0〉, where

H ′ = HD′ + HZ′ is the Hamiltonian of the nuclear spins, with HZ′ = ~B ·
γ
∑

n I
(n) being the Zeeman term of the nuclear spins.

It is now time to relate the time-evolved nuclear spin state vectors to the
time varying Overhauser field, to be used as input to the electron spin prob-
lem. It is not obvious how to do this because due to our artificial separation
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of the electron spin from the nuclear spins we have abandoned the possibil-
ity of treating the Overhauser field as a true quantum mechanical operator,
acting on both electron and nuclear spins at once. Instead we need to find
a map B(|t〉) that takes a nuclear state vector to an effective magnetic field,
i.e.

BO(t) = B(|t〉). (3.30)

A natural candidate would be the expectation value of the Overhauser field
operator in Eq. (3.4), by which we would give

BO(t) = 〈m0, t|BO|m0, t〉 . (3.31)

However, it turns out that this choice is not a very good one, because it
completely fails to include the quantum mechanical uncertainty associated
with each state. Instead we take a different approach and consider a fictive
measurement of the nuclear spin state in the product basis described above.
This would give the result |m〉 with probability

pm0
(m, t) = | 〈m|m0, t〉 |2, (3.32)

and from this probability function we define a stochastic vector m(t) =

(m
(1)
z (t), m

(2)
z (t) . . .m

(M)
z (t))T . The effective magnetic field from any product

state |m〉 is then given by

BO(m) = B(m)ẑ (3.33)

where

B(m) =

〈

m

∣
∣
∣
∣
∣

M∑

n=1

AnI
(n)

∣
∣
∣
∣
∣
m

〉

=

M∑

n=1

Anm
(n)
z . (3.34)

B naturally has vanishing components along x̂ or ŷ since
〈
m
∣
∣I(n)x

∣
∣m
〉
=
〈
m
∣
∣I(n)y

∣
∣m
〉
= 0 (3.35)

for any m and n. By using the previously defined stochastic m(t) we now
can define a discrete valued stochastic magnetic field

B(t) = B(m(t)) (3.36)

which has non-Markovian dynamics. Thus we have found a way to include
all possible, time varying Overhauser fields including their probability, and
we can now proceed with the electron spin dynamics.

For a given B(t), finding the electron spin dynamics is straight-forward
by considering the Hamiltonian

He(t) = γeSz(B(t) +B0), (3.37)
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which describes the time-evolution of an initial state by

|t > 0〉 = e−i
∫ t

0
He(t′) dt′/~ |t = 0〉 . (3.38)

The effects of the static magnetic field B0 is completely cancelled by the
electron spin echo and hence this term may be excluded from the dynamics.
Formally this can be achieved by going over to the rotating frame [72, 119].
In this frame we have the Hamiltonian

He(t) = γeSzB(t) =
~γe
2
B(t)σz, (3.39)

which we can map to our previously studied Hamiltonian given in Eq. (3.18)
by choosing Ω(t) = γeB(t). We choose the initial state to be c↑ = c↓ = 1/

√
2

and using Eq. (3.25) we denote the projection onto the initial electron state
by

λ[B(t)](T ) = 〈0|T 〉 = cos[2ϕ(T/2)− ϕ(T )], (3.40)

which gives a measure of the quality of the electron echo as a function of
echo time.

We now need to average over all possible realizations of B(t). An ana-
lytical approach could be to introduce a probability density functional that
takes the different B(t) as argument [120]. Averaging λ[B(t)](T ) with this
functional as weight would then give an average fidelity. However, finding
the probability density functional requires exact knowledge of the probability
density function pm0

(m, t) which in our case has to be calculated numerically,
which makes an analytical expression for the averaging unavailable. We could
in theory construct a limited functional which takes a function only defined
at certain times as argument, and then average over all times and values of
m. This methods is also unrealistic since the mathematical space containing
m together with any reasonable time resolution is vast. To get around this,
we deal with the time evolution for a given initial state m0 by the virtue
of random walks. For each time in a discrete set t ∈ {n∆t} for n ∈ Z we
choose a m with probability pm0

(m, t). This gives one possible realization
for the Overhauser field Bk(n∆t) indexed by k. Using Bk(n∆t), ϕ(n∆t) can
be calculated by numerical integration, and performing several random walks
we can find an average electron spin echo for the given initial state m0 as

f̃m0
(T ) =

1

K

K∑

k=1

λ[Bk(t)](T ), (3.41)

and K is the number of samples. This differs from a typical random walk of
Monte-Carlo type since the steps are chosen from a time dependent proba-
bility distribution leading to non-Markovian dynamics.
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We now need to also average over different initial states. We handle this
in a similar way an choose initial states ml indexed by l from a thermal
distribution

p(m) =
1

Z
exp

[

−~γB0

∑

nm
(n)
z

kBTN

]

, (3.42)

where we have used the partition sum

Z =
∑

m

exp

[

−~γB0

∑

nm
(n)
z

kBTN

]

, (3.43)

where TN is the nuclear spin temperature. We may define polarization as
η = −〈Iz〉 /NI with 〈Iz〉 =

∑

m p(m)
∑N

n=1m
(n)
z which leads to the relation

η = tanh
gNµ0B0

2kBTN
(3.44)

between η and B0/TN .
Finally we can average over the randomly chosen ml

F (T ) =
1

L

(
L∑

l=1

f̃ml
(T )

)2

, (3.45)

where L is the number of initial states. In all, this gives us an average electron
spin echo fidelity for a given nuclear spin polarization η.

Using ensembles of 6 spins I = 3/2, arranged on a line with rn = anx̂
for n = 1 . . . 6 and a = 5.56 Å to match GaAs, for each set of parameters
we performed K = 10000 random walks for each of L = 1000 random initial
states producing typical fidelity vs. echo time curves shown in Fig. 3.3. We
used the hyperfine couplings An = Ae−n2/62 to model the varying coupling
strength for an electron in a QD, which would correspond to an harmonic
confinement. A was adjusted to give a typical [121] electron spin coherence
time of 1 ms for the unpolarized case and without quadrupolar shifts. Rather
than in the absolute coherence time, we are primarily interested in the change
of the coherence time due to polarization and later introduced quadrupolar
shifts.

3.4 Reduction of the Spin Dynamics

From Figure 3.3 we see that the electron coherence vanishes, despite the
electron echo, because of the fluctuations of the Overhauser field. In order
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Figure 3.3: Typical electron spin echo curves for various nuclear parameters.
The cyan line shows the electron spin echo without quadrupolar moments
and nuclear polarization. The red line shows the effect of including a homo-
geneous quadrupolar shift of 2 kHz. The blue and green lines show the the
effect of 2 kHz random and linear inhomogeneous quadrupolar shift, where
the inhomogeneity is characterized by a random distribution and linear gradi-
ent respectively, described below. The purple line shows the effect of nuclear
spin polarization of 80%. We observe that for a highly polarized nuclear spin
ensemble, as for the situation with large inhomogeneous quadrupolar shifts,
the echo fidelity does not vanish completely even at long times.
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Figure 3.4: Effect of increased nuclear spin polarization. When the nuclear
spin polarization is increased, both electron coherence time T2 and asymp-
totic fidelity F∞ increase. Not shown in the figure is the situation of η = 1,
which would lead to a unit asymptotic fidelity or infinite electron coherence
time.

to systematically study the effects of polarization and quadrupole moments,
which we will introduce later, we fit the echo curve to the function

f(T ) = (1− F∞) exp(−T 4/T 4
2 ) + F∞, (3.46)

where T2 will be called the coherence time and F∞ is an asymptotic fidelity.
Physically, the two terms can be regarded as the nuclear spin ensemble having
both a fluctuating part causing the decaying term and a static one giving rise
to the asymptote F∞. The form of the exponential T 4 decay can be found by
considering low-frequency noise [122]. We can now examine different ways
of reducing the fluctuations and thereby prolonging electron spin coherence.
One of the natural parameters to investigate is the polarization η of the
nuclear spins given by Eq. (3.44.) Increasing the polarization will lead to a
skew distribution of the population of the nuclear spins and can reduce the
number of available transitions and thereby also the nuclear spin dynamics.
In Figure 3.4 we see the effect when η is increased, which leads to both longer
electron coherence times as well as an higher asymptotic fidelity. However,
experimentally achieving high degrees of polarization among nuclear spins
has turned out to be very challenging and so far the maximum reported
degree is 65% [115]. More would be required to increase the coherence time
to levels necessary for quantum computation. This leads us to investigate
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Figure 3.5: Energy levels scheme of two nuclear spins I = 3/2 under the in-
fluence of an external magnetic field B0 along ẑ and quadrupolar shifts. The
external magnetic field causes a Zeeman splitting of ~γB0 between spin levels
differing by ∆Iz = 1. (a) Without any quadrupolar shifts, any two neighbor-
ing energy levels differ by the same energy, thus allowing any transition for
which the total nuclear spin along B is conserved. (b) With homogeneous
quadrupolar shifts, all energy levels are shifted by an amount proportional to
I2z and transitions with different sets of initial and final states are inhibited.
(c) With inhomogeneous quadrupolar shifts the energy levels of different nu-
clei are shifted by different amounts and only the −1/2 ↔ 1/2 transitions
are energetically allowed. Here we have omitted any constant shift in energy,
i.e. not depending on Iz, since it does not contribute to the nuclear spin
dynamics.

other means of slowing down the nuclear spin fluctuations. One thing to
notice, is that the polarization is simply a way of changing the probability
distribution of initial states m0 to be as close to deterministic as possible
but does not change in what way nuclear spin is transferred. Our next
goal is to investigate one method to slow down the nuclear spin transfer by
making some transitions energetically forbidden and consequently strongly
suppressed.

3.4.1 The Effect of Nuclear Quadrupole Moments

An atomic nucleus having a non-uniform charge distribution may posses an
electric quadrupole moment [72,119,123] which couples to electric field gradi-
ents (EFGs) which causes a shift in energy, known as the quadrupolar shift.
The EFGs can be external, originate from neighboring atoms not partici-
pating in the nuclear spin transfer processes, or due to strain. We focus
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on the special case for which the EFGs have in-plane symmetry and where
the symmetry axis coincides with the axis of an externally applied magnetic
field, B = B0ẑ. This leads to a quadrupolar shift in energy proportional
to I2z + c0, where I = (Ix, Iy, Iz)

T is the nuclear spin operator and c0 is a
constant. The constant c0 does not affect the spin dynamics and will be
excluded from further equations. We therefore model the quadrupolar shifts
by the Hamiltonian

HQ =
N∑

n=1

QnI
(n)2
z , (3.47)

where Qn are the quadrupolar shifts. The main effect of the quadrupolar
shifts is that the different spin levels does not need to be separated by equal
energy differences anymore, as shown in Figure 3.5 [72, 116, 119]. There is
also a difference if all the Qn are equal, in which case we will talk about
a homogeneous QP shift, or if the Qn vary between the different nuclei,
in which we will talk about an inhomogeneous QP shift. Shown in Figure
3.5 are the three situations, without quadrupolar shifts where all transitions
are energetically allowed, with homogeneous QP shifts where only transitions
involving the same set of initial and final states are allowed, and the situation
with inhomogeneous QP shifts, when only the transitions involving the spin
levels Iz = ±1/2 are allowed.

Because of the reduced number of allowed transitions, we would expect
the rate of nuclear spin exchange to decrease, and therefore also the fluctua-
tions of the Overhauser field. We investigate this by extending our simulation
to include one of three possible Hamiltonians

HQ =hνQ

M∑

n=1

I(n)z

2
(3.48a)

HQ =
2hνQ
M − 1

M∑

n=1

(n− 1)I(n)z

2
(3.48b)

HQ =
hνQ
Y

M∑

n=1

XnI
(n)
z

2
, (3.48c)

whereXn ∼ U(0, 1) are uniformly distributed random variables in the interval
(0, 1), and Y =

∑M
n=1Xn/M . Eq. (3.48a) corresponds to a homogeneous QP

shift, Eq. (3.48b) a linear chain of inhomogeneous shifts, and Eq. (3.48c) are
random inhomogeneous shifts. For all Hamiltonian, the mean QP shift is hνQ
which allows us to also investigate the effect of different QP distributions.
Experiments [124–129] report QP shifts up to several MHz, and in initial



3.4. Reduction of the Spin Dynamics 81

calculations we investigated QP shifts in the MHz range. However, we found
that the electron spin coherence does not change significantly when exceeding
2 kHz, and thus we limit the quadrupolar shifts to 2 kHz in our calculations.
The results for different quadrupolar shifts vQ are shown in Figure 3.6. The
coherence time T2 increases in all cases and there is little difference between
the different distributions of quadrupolar shift. Concerning the asymptotic
fidelity F∞ there is a clear difference between homogeneous in inhomogeneous
QP shifts. For the inhomogeneous QP shift, F∞ increases and at νQ = 2
kHz the situation resembles the case of 70% polarization without any QP
shift. There does not seem to be much difference between the linear and
random distribution of the QP shifts, but the effect is all but absent for the
homogeneous QP shift.

The introduction of inhomogeneous QP shifts, leads to longer electron co-
herence times but it is still insufficient for the needs of quantum computation.
On the other hand, with inhomogeneous QP shifts, all transitions except be-
tween the spin states Iz = ±1/2 are suppressed, and further improvement of
the electron spin coherence time should be possible if these states could be
avoided. This suggests combining the technique of nuclear spin polarization
with inhomogeneous QP shifts, which would confine the bulk of the nuclear
spin population to the Iz = 3/2 and Iz = 1/2 states between which no tran-
sitions are energetically allowed. The advantage would be that a full nuclear
spin polarization is not required and thus already existing techniques could
be used. Figure 3.7 shows the electron fidelity versus echo time curves as
function of quadrupolar strength νQ for the different QP distributions and
η = 70% polarization. We see that there is almost no effect of the homoge-
neous quadrupolar shifts. For the inhomogeneous QP shifts, there is a large
effect especially in the shape of the fidelity curve. There seems to now be
two time scales which leads us to modify our fitting function to

f(T ) = Fae
−T 4/T 4

2a + Fbe
−T 4/T 4

2b + F∞, (3.49)

where Fa+Fb+F∞ = 1. T2a will now correspond to the decoherence from the
part of the nuclear ensemble fluctuating rapidly by the unsuppressed −1/2 ↔
1/2 transitions and T2b corresponds to the slowly fluctuating part exchanging
spin via the inhibited transitions. In the Figure 3.8 we see that there is
a strong effect on the slow decoherence process T2b when inhomogeneously
distributed quadrupolar shifts are introduced to a partially polarized nuclear
spin ensemble. The asymptotic fidelity also increases, which is shown in
Figure 3.9. Together, the quadrupolar shifts and partial polarization of η =
70% the electron coherence time reaches and exceeds values corresponding
to a η = 90% degree of nuclear spin polarization without QP shift, which so
far has not been achieved experimentally.
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Figure 3.6: Electron coherence time and asymptotic fidelity including homo-
geneous (red curves, Eq. (3.48a)) and linear (green curves, Eq. (3.48c)) and
random (blue curves, Eq. (3.48c)) inhomogeneous shifts. Upper panel: Elec-
tron coherence times T2. For high quadrupolar strengths, the inhomogeneous
shift leads to marginally longer electron coherence times since all transitions
except between Iz = −1/2 and Iz = 1/2 are energetically forbidden. For
small quadrupolar strengths, the inhomogeneous shift may lead to a smaller
change in electronic coherence times than for the homogeneous shift due to
the fact that there are parts of the nuclear system experiencing a relatively
small shift in transition energy. Lower panel: The asymptotic fidelity of
the electron spin. At higher quadrupolar shifts, the inhomogeneous case re-
sembles the effects of increased nuclear spin polarization. There is almost
no difference between the linear and random inhomogeneous shifts but the
effect is not observed for homogeneous quadrupolar shift.
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Figure 3.7: Echo fidelity for a nuclear spin ensemble of polarization η = 0.7
with linear (green curve) and random (blue curve) inhomogeneous quadrupo-
lar shifts as well as with homogeneous (red curve) QP shift and without
quadrupolar shift (purple curve). The inclusion of inhomogeneous quadrupo-
lar shifts lead to a significant change in the coherence of the electron. There
is a clear change in slope at around 2 ms corresponding to the transitions
between the two different time scales. The homogeneous quadrupolar shifts
does not have a large effect on the electron coherence.
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Figure 3.8: The two coherence times for homogeneous (red curve), lin-
ear inhomogeneous (green curve) and random inhomogeneous (blue curve)
quadrupolar shifts including η = 70% nuclear polarization. Upper panel: The
slow decoherence T2b corresponding to inhibited transitions which strongly
increases with increasing quadrupolar strength νQ. There is little difference
between linear and random inhomogeneous distribution. For the homoge-
neous QP distribution, there is no observed slow decoherence, and no T2b
can be found. Lower panel: The fast decoherence T2a corresponding to
the −1/2 ↔ 1/2 which remains relatively constant when the quadrupolar
strength is increased.
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Figure 3.9: The two coherence weights for difference quadrupolar strengths
and distributions when using η = 70% nuclear polarization. The upper panel
shows the Fb/Fa which is the ratio between slow and fast electron decoher-
ence. For increasing quadrupolar strength, there is a small increase in the
slow part, but little difference between linear and random quadrupolar shift
distribution. The lower panel shows the asymptotic fidelity F∞. For both
distributions of inhomogeneous quadrupolar shifts, there is a clear increase
with increasing quadrupolar polar strength while the homogeneous distribu-
tion remains practically constant.
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3.5 Summary

In conclusion we have investigated the influence of the nuclear spins on an
electron spin confined to a quantum dot. We found that the effective stochas-
tic magnetic field, known as the Overhauser field, which originates from con-
tact hyperfine interaction between electron and nuclear spins significantly
contributes to the decoherence of the electron spin due to dephasing. We
found that the nuclear quadrupolar shifts cause a retardation of the nuclear
spin dynamics by energetically forbidding certain transitions, which allows
for longer electron spin coherence times when combined with the spin echo
technique. In the case of inhomogeneously distributed QP shifts, the effect
is larger than if an homogeneous distribution is used. The actual inhomo-
geneous distribution seems less important. Furthermore, combined with a
partial nuclear spin polarization, the effect of the inhomogeneous QP shifts
is strongly amplified since most of the nuclear spin population is distributed
in states that lack allowed spin transitions with other states. This leads
to a strong suppression of the nuclear spin dynamics and fluctuations of the
Overhauser field. The prolonged electron spin coherence times would be most
welcome when considering the electron spin as a possible implementation of
a qubit.



4

Influence of Hyperfine Interaction on the

Entanglement of Photons Generated by

Biexciton Recombination

In Chapter 2 we discussed the origins of the exciton FSS that can destroy
the entanglement of light produced by the biexciton cascade recombination
process by revealing the “which-way” information. Even if the FSS is smaller
than the line-width of the light, the entanglement can still be degraded be-
cause of the unknown time before the exciton recombines which leads to the
acquisition of an unknown relative phase between the two exciton states. In
this chapter we will investigate what influence the nuclear spins discussed in
the previous chapter has on the excitons and a possible method to minimize
the loss of entanglement.

4.1 Loss of Entanglement

In order to understand how entanglement is lost during the recombination
chain we need to consider how the final state is created. We begin by consid-
ering the idealized recombination chain, described in Chapter 2 and repeated

This chapter is based on a manuscript in preparation by E. Welander, J. Hildmann,
and G. Burkard.
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|↓⇑〉 |↑⇓〉

|↓⇑〉

|↑⇓〉

|0〉e

~ω

σ−

σ− σ+

σ+

Figure 4.1: Energy diagram of the excitonic states in the quantum dot. The
highest level is the biexciton state |↓⇑〉 |↑⇓〉 consisting of two excitons which
can recombine via one of the intermediate exciton levels |↓⇑〉 and |↑⇓〉 to
the ground state |0〉e. The exciton states are energetically separated by
the FSS, here referred to as ~ω, which can depend on the built-in FSS δ1
described in Chapter 2 and an applied magnetic field. Furthermore, the
exciton energies are not sharply defined because of the effective stochastic
magnetic field originating from interactions between the nuclear spins and
the exciton. This uncertainty can lead to degradation of the entangled light
emitted via the biexciton recombination even if the FSS is eliminated on
average.
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here for clarity, which can be written

|0〉ph ⊗ |↓⇑〉 |↑⇓〉
↓

|σ+〉 ⊗ |↑⇓〉+ |σ−〉 ⊗ |↓⇑〉√
2

↓
|σ+〉 |σ−〉+ |σ−〉 |σ+〉√

2
⊗ |0〉e

where |σ±〉 are photon states of circularly polarized light, and |0〉ph(e) is the
photon(electron) vacuum. In reality the intermediate state undergoes a time
evolution before the exciton has recombined, which can be described by as
density matrix

ρX =

(
p γ
γ∗ 1− p

)

, (4.1)

where p and 1−p are the populations of the states |σ+〉⊗|↑⇓〉 and |σ−〉⊗|↓⇑〉,
and γ is the off-diagonal matrix element required to describe a quantum
mechanical superposition of the basis states. The final density matrix of the
two photons can be written in the basis of |σ+σ−〉 , |σ−σ+〉 , |σ+σ+〉 , |σ−, σ−〉
as

ρ =

(
ρX 0

0 0

)

. (4.2)

Clearly, there is a direct link between the exciton density matrix ρ and
the entanglement of the emitted light. We now go on with calculating the
concurrence from the formula (1.25), and the first step is to investigate the
effect of σy ⊗ σy when operating on |σ+σ−〉 and |σ−σ+〉. We find that

σy ⊗ σy |σ+σ−〉 = |σ−σ+〉 (4.3a)

σy ⊗ σy |σ−σ+〉 = |σ+σ−〉 , (4.3b)

which means that

(σy ⊗ σy)ph = (σx)X , (4.4)

i.e. the spin-flip operator σy ⊗ σy in the two-photon basis corresponds to
a NOT-operator in the exciton subspace. We now need to find the four
eigenvalues to

R =

(
ρXσxρ

∗
Xσx 0

0 0

)

, (4.5)
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and notice that two eigenvalues are necessarily λ3 = λ4 = 0. The others can
simply be determined from the 2× 2 eigenvalue problem

det {ρXσxρ
∗
Xσx − λE} = 0, (4.6)

which after insertion of Eq. (4.1) gives

λ1 = p(1− p) + |γ|2 +
√

p(1− p)|γ| (4.7a)

λ2 = p(1− p) + |γ|2 −
√

p(1− p)|γ|, (4.7b)

from which we find the concurrence

C = 2
√

p(1− p)|γ|, (4.8)

also reported elsewhere [62]. We see that the off-diagonal matrix elements γ
are essential to the entanglement.

4.2 Effect of a Magnetic Field

We can now begin with investigating the exciton system in greater detail.
Here we will take the intrinsic FSS as parameters for a certain quantum
dot. In addition to this we will add an external magnetic field, which can
be used to mix the bright and dark excitons, and create new exciton states.
The energy difference between the two lowest excitons will be called the
effective FSS and denoted ~ω. Under the influence of a magnetic field B =
(Bx, By, Bz)

T the exciton system is described by the Hamiltonian [52]

H =
1

2







δ0 − hz− δ1 he hh
δ1 δ0 + hz− h∗h he
h∗e hh −δ0 + hz+ δ2
h∗h h∗e δ2 −δ0 − hz+






, (4.9)

in the heavy exciton basis {|↓⇑〉 , |↑⇓〉 , |↑⇑〉 , |↓⇓〉}, where δ0 is the splitting
between bright and dark excitons, δ1(2) is the FSS for bright(dark) excitons,

hz± = µBBz(g
z
e ± gzh) (4.10a)

he(h) = µB

(

Bxg
x
e(h) + iByg

y
e(h)

)

, (4.10b)

and gαe(h) are effective g-factors for electrons(holes) along the α-axis. The
FSS between the dark excitons cannot be obtained by the theory developed
in Chapter 2 but require even higher orders of perturbation to be taken into
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account. An analytical diagonalization of the Hamiltonian in Eq. (4.9) is in
the general case not known, but since we are mainly interested in the bright
excitons, we again turn to the perturbation technique used in Chapter 1.2.3
and eliminate the explicit dependence on the dark excitons. To the second
order, we obtain the effective Hamiltonian

H̃ = H̃(0) + H̃(2) (4.11)

where

H̃(0) =
1

2

(
δ0 − hz− δ1

δ1 δ0 + hz−

)

(4.12)

and

H̃(2) =
1

4

(
|he|2

δ0−γe
+ |hh|

2

δ0+γh

δ0heh∗
h

δ20−γ2
e
+

δ0heh∗
h

δ20−γ2
h

δ0h∗
ehh

δ20−γ2
e
+ δ0h∗

ehh

δ20−γ2
h

|he|2

δ0+γe
+ |hh|

2

δ0−γh

)

, (4.13)

where γe(h) = µBBzg
z
e(h). The total FSS ~ω can now be found by solving the

eigenvalue problem
H̃ |n〉 = En |n〉 (4.14)

for n = 1, 2 and taking the difference ~ω = |E1−E2|. Using the explicit form
of H̃ given by Eqs. (4.12) and (4.13) we find

~ω =
√

Ω2
1 + Ω2

2, (4.15)

where

Ω1 = hz− − 1

2

|he|2γe
δ20 − γ2e

+
1

2

|hh|2γh
δ20 − γ2h

(4.16)

Ω2 =

∣
∣
∣
∣
δ1 +

1

4

δ0h
∗
ehh

δ20 − γ2e
+

1

4

δ0h
∗
ehh

δ20 − γ2h

∣
∣
∣
∣
. (4.17)

Inspecting Eq. (4.15) we realize that ω = 0 only if Ω1 = 0 and Ω2 = 0.
Furthermore, Eq. (4.17) reveals that h∗ehn < 0 is a necessary criterion for the
existence of a magnetic field such that Ω2 = 0. In turn, this requires that
the in-plane g-factors of the electron and hole have opposite signs and this
implies that not all quantum dots can be tuned to support degenerate bright
excitons, also noted in experimental work [130].

Now, returning to the question about the loss of concurrence, there are
two main sources: the fine-structure splitting combined with the stochastic
exciton life time, discussed in Chapter 2, and the stochastic Overhauser field.
Both lead to the acquisition of an unknown phase. To investigate further we
consider the effect on the density operator of the intermediate exciton state.



92
Chapter 4. Influence of Hyperfine Interaction on the Entanglement of Photons

Generated by Biexciton Recombination

We choose the diagonal basis |1〉 , |2〉, which are the two eigenvectors to H̃
found from solving Eq. (4.14), and define an initial density operator in matrix
form as

ρX(t = 0) =

(
ρ11 ρ12
ρ21 ρ22

)

, (4.18)

where ρ11+ρ22 = 1 and ρ∗12 = ρ21. We can now determine the time-evolution
for the density operator by Heisenberg equation of motion:

i~ρ̇X = [ρX , H̃] (4.19)

which has the solution

ρX(t > 0) =

(
ρ11 ρ12e

iωt

ρ21e
−iωt ρ22

)

(4.20)

with the FSS ω given by Eqs. (4.15)-(4.17). If the FSS is stochastic as
one would expect from an Overhauser field we may find its contribution by
statistical averaging

〈ρX〉 =
∫ ∞

−∞

fΩ(ω)

(
ρ11 ρ12e

iωt

ρ21e
−iωt ρ22

)

dω, (4.21)

where fΩ(ω) is the probability density function of the FSS. For the special
case of a Gaussian distribution we have fΩ(ω) = e−ω2/2σ2

/σ
√
2π and we

obtain the averaged density matrix

〈ρX〉 =
(

ρ11 ρ12e
−σ2t2/2

ρ21e
−σ2t2/2 ρ22

)

, (4.22)

and by using Eq. (4.8) we can see that the concurrence

C(t) = 2
√
ρ11ρ22|ρ21|e−σ2t2/2 (4.23)

is lost for t ≫ 1/σ. To consider the effect of the stochastic exciton life
time we consider a Poissonian recombination process which corresponds to
an exponential life time T with probability density function fT (t) = e−t/τ/τ
where τ is the average life time. Again calculating the statistical average of
the density matrix we get

〈ρX〉 =
∫ ∞

0

e−t/τ

τ

(
ρ11 ρ12e

iωt

ρ21e
−iωt ρ22

)

dt

=

(
ρ11

ρ12
1+iωτ

ρ21
1−iωτ

ρ22

)

,

(4.24)
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which also has decaying concurrence

C1(τ) = 2
√
ρ11ρ22

∣
∣
∣
∣

ρ21
1 + iωτ

∣
∣
∣
∣

(4.25)

for ω 6= 0. This suggests making ω ≪ 1/τ in order to maximize the concur-
rence. For the quantum dot we assume a stochastic Overhauser field with
Gaussian distribution. However, the FSS does not have a Gaussian distri-
bution because of the nonlinear way the FSS ω(B) depends on an applied
magnetic field, given by Eqs. (4.15 - 4.17). Therefore, the statistical averag-
ing is performed by considering a Gaussian distribution for the Overhauser
field with probability density function

fB(B) =
1

σxσyσz(2π)3/2
e−B2

x/2σ
2
x−B2

y/2σ
2
y−B2

z/2σ
2
z , (4.26)

where σx, σy, σz are the standard deviations of the Overhauser field along x̂,
ŷ, ẑ. We numerically evaluate

〈ρX〉 =
∫ ∞

−∞

fB(B)

(
ρ11 ρ12e

iω(B)t

ρ21e
−iω(B)t ρ22

)

dω, (4.27)

using the parameter values given in Table 4.1, from which we can extract
the concurrence C2(t) and the results are shown in Fig. 4.2. We can see that
there is a target conflict when applying a magnetic field along x̂. For a criti-
cal magnetic field strength Bx = Bcr the fine structure splitting is eliminated
and C1(τ) has a maximum, but the concurrence C2(t) when considering a
stochastic magnetic field from the nuclear spins has a minimum. The reason
is that the FSS is most responsive to changes in the magnetic field at this
point. To obtain a more complete picture we need to take both sources of
decoherence into account at once, which we achieve by averaging the con-
currence in Eq. (4.25) using the probability distribution for the stochastic
magnetic field fB(B) given by Eq. (4.26), which is done numerically by
evaluating

C(τ) =

∫ ∞

−∞

fB(B)

1 + iω(B)τ
dB. (4.28)

In order to improve the concurrence we first establish which source of
decoherence causes more loss of concurrence: the stochastic recombination
time or the Overhauser field? From Fig. 4.2 it is not obvious, because at
Bx = Bcr the FSS is minimized but the decoherence caused by the Overhauser
field is maximized. Taking both into account and allowing a magnetic field to
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Figure 4.2: Comparison between the concurrence of a finite FSS with a
stochastic recombination time C1(τ), and the concurrence of a stochastic FSS
with a definite recombination time C2(t). The upper panel shows the concur-
rence of the entangled light C2(t), when a stochastic Overhauser field causes
an unknown relative phase between the exciton states when the exciton un-
dergoes time-evolution of t = 1 ns. The lower panel shows the concurrence of
the entangled light C1(τ) when the known FSS causes an unknown relative
phase between the exciton states when the exciton undergoes time-evolution
for a stochastic recombination time, which on average is given by τ = 1 ns.
We see that there is a trade-off when attempting to minimizing both sources
of decoherence since at Bx = Bcr ≈ 1 T, C1(τ) has a maximum, while C2(t)
has a minimum. This indicates that both sources of decoherence have to be
taken into consideration simultaneously.

gxe gxh gye gyh gze gzh δ0 δ1 τ
1.21 −0.13 1.21 −0.13 0.44 −2.6 50 µeV 10 µeV 1 ns

Table 4.1: Table of the parameters for InAs quantum dots used in the nu-
merical calculations. We use values taken from experiments [130], but other
values have also been reported [131]. The condition that gxe g

y
h < 0 is neces-

sary to allow the elimination of the FSS.
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Figure 4.3: Concurrence C(τ) when the combined effect of decoherence from
a stochastic magnetic field and stochastic exciton life time is considered. The
maxima occur when the FSS is eliminated and reach values limited by the
decoherence from the stochastic Overhauser field. This indicates that the
dominant source of decoherence is the FSS combined with the stochastic life
time of the exciton and that the maximal concurrence could be improved by
reducing the Overhauser field fluctuations.

be applied along ẑ as well we find the concurrence as function of the applied
magnetic field depicted in Fig. 4.3.

We see that the two maxima are located at (Bx = ±Bcr, Bz = 0) which in-
dicates that the FSS is a stronger source of decoherence than the Overhauser
field. Still, the concurrence does not reach not unity but is rather close to the
minimum observed in Fig. 4.2. From these observations we conclude that in
order to maximize the concurrence, we should keep Bx = Bcr to eliminate
the FSS and now focus on reducing the uncertainty of the Overhauser field.
One way of achieving this is to polarize the nuclear spins, as described in the
next section.

4.3 Using Nuclear Spin Polarization to in-

crease Entanglement

It is clear that when the FSS is eliminated, the loss of concurrence originates
from the Overhauser field. To investigate how the fluctuations of the Over-
hauser field vary as function of the nuclear spin polarization we consider a
simple model for the Overhauser field along one direction

B =
M∑

n=1

Anβn, (4.29)



96
Chapter 4. Influence of Hyperfine Interaction on the Entanglement of Photons

Generated by Biexciton Recombination

where M is the number of nuclear spins, βn are binary stochastic variables
taking the values ±1 with probability function

pβ(±1) =
e±S

eS + e−S
, (4.30)

where

S =
µBgNB0

kBTN
, (4.31)

gN is the nuclear g-factor, B0 is an external magnetic field and TN is the
nuclear spin temperature. The polarization η is given by

η = 〈β〉 = eS − e−S

eS + e−S
= tanhS, (4.32)

and the variance is consequently

σ2 =
〈
β2
〉
− tanh2 S = sech2 S = 1− η2. (4.33)

In Appendix C it is shown that

B ∼ N(Mη,C(1− η2)), when M → ∞, (4.34)

where N(µ, σ2) is a Gaussian distribution with mean µ and standard devi-
ation σ, M is the number of nuclear spins, and C depends on M and An.
Typically, C will have to be determined experimentally or by numerical sim-
ulations and we do not attempt to calculate it here, but Eq. (4.34) shows
that the qualitative relation between the Overhauser field fluctuations and
the nuclear spin polarization does not depend on the specific QD which de-
termines An. Since the fluctuations of the Overhauser field decrease with
increasing polarization we now assume that the nuclear spins are polarized
to degree η along n̂ = (nx, ny, nz)

T , n2
x + n2

y + n2
z = 1. This gives an effective

magnetic field
BO = Bmaxη (nxx̂+ ny ŷ + nz ẑ) , (4.35)

with variances

(σ2
x, σ

2
y , σ

2
z) =

(
Cx[1− η2n2

x], Cy[1− η2n2
y], Cz[1− η2n2

z)]
)

(4.36)

from which it is clear that the fluctuations of all components cannot be fully
eliminated simultaneously for any polarization. Together with the applied
magnetic field Bext = (Bext

x , Bext
y , Bext

z )T the total magnetic field depends
on 7 variables: Bext

x , Bext
y , Bext

z , nx, ny, nz, and η. In order to narrow the
search for optimal parameters, we make the following observations: first,
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Figure 4.4: Concurrence C(τ) as function of nuclear polarization angle and
applied magnetic field Bext

x along x̂. We assume a fixed degree of η = 90%
polarization along (nx, 0, nz) = (sinϕ, 0, cosϕ). The total magnetic field is
given by B = (Bext

x + ηBmax sinϕ, 0, 0), which implies an applied magnetic
field Bext

z = −ηBmax cosϕ along ẑ. For every angle of polarization, there are
two external magnetic field maximizing the concurrence, which are located
at Bext

x + ηBmax sinϕ = Bcr, which minimizes the FSS.

magnetic field components along x̂ and ŷ are equivalent and we set ny =
By = 0. Second, Fig. 4.3 shows that the FSS has its minimum for a Bz = 0
and since dephasing from a finite FSS combined with the stochastic exciton
recombination time seems to be the dominant source of decoherence we set
Bext

z = −Bmaxηnz. Finally we let tanϕ = nx/nz and the total effective
magnetic field is given by

B = (ηBmax sinϕ+Bext
x )x̂. (4.37)

For η = 0.9 the result is shown in Fig. 4.4 and we find that for every ϕ there
are two applied magnetic fields along Bx locally maximizing the concurrence.
As expected from the discussion in the previous section, these occur when
Bx = Bcr. We may thus set Bx = Bcr and study concurrence as a function
of the polarization angle ϕ which is shown in Fig. 4.5, where we see that the
concurrence is maximized by minimizing fluctuations along ẑ. Finally we can
investigate the concurrence as a function of polarization, shown in the inset
of Fig. 4.5. Not surprisingly we find that an increased nuclear polarization
along ẑ leads to an increased concurrence. We also see that polarization
perpendicular to ẑ has almost no effect on the concurrence.
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Figure 4.5: The concurrence C(τ) under the condition (Bx, By, Bz) =
(Bcr, 0, 0) for different degrees η and angles ϕ of the nuclear spin polarization.
The nuclear spins are polarized along (sinϕ, 0, cosϕ) and we can observe a
strong dependence on the angle, where the exciton spin quantization axis
is ẑ. For a polarization along x̂ (ϕ = ±π/2) the increase of concurrence is
almost absent in comparison to a polarization along ẑ (ϕ = nπ, n ∈ Z).
Inset: Concurrence C(τ) as function of the nuclear spin polarization along x̂
(purple) and ẑ (cyan). A nuclear polarization along ẑ leads to a significant
improvement in concurrence whereas this effect is all but absent in the case
of polarization along x̂. Although polarization along any direction b would
lead to a reduction of the fluctuations of the Overhauser field along n, the
sensitivity of the FSS is different for different directions.
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4.4 Summary

In this chapter we investigated the light produced by the biexciton cascade
recombination introduced in Chapter 2 in greater detail, and how the en-
tanglement can be degraded due to the FSS and the interaction between
intermediate exciton and the effective stochastic magnetic field from the nu-
clear spins (Overhauser field). The degradation due to a finite FSS is more
severe than degradation from the Overhauser field. We found that an applied
magnetic field along x̂ can mix the bright and dark exciton and effectively
eliminate the FSS. Due to the uncertainty of the Overhauser field, the entan-
glement is still degraded, and we find that polarizing the nuclear spins can
reduce the uncertainty and improve the quality of the entanglement of emit-
ted light. We also found that the direction along which the nuclear spins are
polarized is important, and that a polarization along ẑ leads to a significant
improvement over a polarization along x̂ or ŷ.





5

Summary and Outlook

In this work we have studied how entangled photons can be created by the
recombination of a biexciton via an intermediate exciton in a quantum dot.
We found that the state of the emitted light depends on the structure of
excitons. By using the well-known k · p-method and extending it to third
order perturbations we found that there is an effective coupling between ex-
citons of different spin, which gives rise to the so-called exciton fine structure
splitting. Since this splitting degrades the quality of the entangled light, we
investigated the possibility of using an in-plane electric field to eliminate the
FSS and restore the entanglement of the light. We found that this is indeed
possible.

We further investigated how an electron spin in a quantum dot can be
used to represent a qubit and how its interaction with the nuclear spins
degrades the information stored. We found that the qubit state could be
partially restored using an electron spin echo, but that the duration after
which the information can be restored is limited due to the exchange of spin
between the nuclei. To prevent this, we examined the influence of nuclear
electric quadrupole moments and found that a combination of strain-induced
electric field gradients and nuclear spin polarization can significantly prolong
the coherence time of the electron spin.

Finally we studied the effects of nuclear spins on the generation of entan-
gled light and found that the nuclear spins can degrade the entanglement of
the emitted light. We found that polarizing the nuclear spins can improve
the concurrence of the light, and that it is important along which direction
the nuclear spins are polarized.

Possibly future work could involve gaining an even better understanding
of the complex nuclear spin dynamics.
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A

The electron-hole picture

In this appendix we will relate matrix elements of a Hamiltonian in the
electron-electron picture to the ones in an electron-hole picutre. In order to
find the matrix elements in this picture, we briefly turn to the second quan-
tization and define an electron annihilation operator en which annihilates
an electron in state n (which here collects the band index, momentum and
anything else needed to label the state). These operators obey the normal
ferminionic anti-commutator relations

{en, en′} = 0 (A.1a)

{e†n, e†n′} = 0 (A.1b)

{en, e†n′} = δn,n′, (A.1c)

where {a, b} = ab + ba is the anti-commutator between the operators a and
b. Using this description we convert a quite general Hamiltonian H1 given
in the first quantization into the corresponding operator H2 in the second
quantization:

H2 =
∑

n,n′

H1
n,n′e†nen′ +

∑

n1,n2,n′
1,n

′
2

H1
n1,n2,n′

1,n
′
2
e†n1
e†n2

en′
1
en′

2
, (A.2)

where
H1

n,n′ =
〈
n
∣
∣H1

∣
∣n′
〉

(A.3)

are the single particle matrix elements and

H1
n1,n2,n′

1,n
′
2
=
〈
n1, n2

∣
∣H1

∣
∣n′

1, n
′
2

〉
(A.4)
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are the two-particle matrix elements. When going over to the electron-hole
picture, we first need to define a corresponding hole annihilation operator

hn ≡ e†Θn, (A.5)

where Θ is the time-reversal operator and Θn refers to the time-reversed state
to n. We now investigate the consequences for the single particle operators
by making use of the anti-commutator relations Eqs. (A.1)

h†n′hn = eΘn′e†Θn = δΘn,Θn′ − e†ΘneΘn′ (A.6)

We see that the off-diagonal matrix elements of a single hole operator are
simply the transposed ones of the corresponding electron operator with a
sign change. For a hermitian operator such as the Hamiltonian we have
Hn,n′ = H†

n′,n. The complex conjugation is typical for the transition from
particles to anti-particles. We will also set our reference energy to the match
the energy of the top of the valence band, i.e. the holes at the Gamma point.
Then we have

He
n,n′ = −Hh

n,n′ (A.7)

for any two states n and n′, where the superscripts e and h denotes the
electron and the hole, respectively.

We now repeat the calculations for the two-particle terms, where we con-
sider one hole and one electron. We here denote the conduction band indices
c,c′ and the valence band indices v, v′ and we obtain

h†ve
†
chv′ec′ ≡eΘve

†
ce

†
Θv′ec′ = −e†ceΘve

†
Θv′ec′

=− δΘv,Θv′e
†
cec′ + e†ce

†
Θv′eΘvec′

=− δΘv,Θv′e
†
cec′ − e†Θv′e

†
ceΘvec′ ,

(A.8)

from which we identify the relations

Heh
vc,v′c′ = −Hee

Θv′c,Θvc′. (A.9)



B

Evaluation of certain Integrals

B.1 The band-diagonal Coulomb matrix ele-

ment

Here we show an explicit calculation of the Coulomb matrix element needed
in Section 2.3. The Coulomb term is given by

AC =

∫

V

e−ik1·r1−ik2·r2u∗nc
(r1)u

∗
nv
(r2)V (r1, r2)e

ik′
1·r1+ik′

2·r2un′
c
(r1)un′

v
(r2) dr1 dr2.

(B.1)
The Bloch functions un(r) have the same periodicity as the lattice and vary
on a microscopic scale, while the long-range Coulomb potential V (r1, r2)
varies on the mesoscopic scale. To a good approximation we may let the
Coulomb potential be constant over one unit cell and transform the integral
into the product of two, i.e.

AC ≈
∫

cell

u∗nc
(r1)u

∗
nv
(r2)un′

c
(r1)un′

v
(r2) dr1 dr2

×
∫

V

e−ik1·r1−ik2·r2V (r1, r2)e
ik′

1·r1+ik′
2·r2 dr1 dr2

=δnc,n′
c
δnv,n′

v

∫

V

e−ik1·r1−ik2·r2V (r1, r2)e
ik′

1·r1+ik′
2·r2 dr1 dr2.

(B.2)
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We use the fact that the Coulomb potential only depends on the difference
r1 − r2 and change variables

r = r1 − r2

R =
r1 + r2

2
J = 1,

(B.3)

where J is the Jacobian determinant, and we obtain

ACδnc,n′
c
δnv,n′

v

∫

V

e−ik1·(R+r/2)−ik2·(R−r/2)V (r)eik
′
1·(R+r/2)+ik′

2·(R−r/2) dr dR

= δnc,n′
c
δnv,n′

v

∫

V

ei(−k1−k2+k′
1+k′

2)·R+i(−k1+k2+k′
1−k′

2)·r/2V (r) dr dR

= δnc,n′
c
δk1+k2,k′

1+k′
2
δnv ,n′

v

∫

V

ei(−k1+k′
1)·rV (r) dr dR

= δnc,n′
c
δnv,n′

v
δk1+k2,k′

1+k′
2
Ṽ (k′

1 − k1).

(B.4)

B.2 The Gaussian-Coulomb Integral

In order to calculate the fine structure splitting for a harmonically confined
exciton in Section 2.4.1 we encountered the following integral, which we will
here evaluate

∫
e−ax2−by2−cz2x2

x2 + y2 + y2
dx dy dz = − ∂

∂a

∫
e−ax2−by2−cz2

x2 + y2 + y2
dx dy dz = − ∂

∂a
I(a, b, c),

(B.5)
where we assume a ≥ b ≥ c, which is always possible since the order does
not matter. We begin by considering the integral

I(u, v, w) =

∫
e−(u+v)x2−(u+w)y2−uz2

x2 + y2 + y2
dx dy dz, (B.6)

and differentiate with respect to u, to get

∂

∂u
I(u, v, w) = −

∫

e−(u+v)x2−(u+w)y2−uz2 dx dy dz = − π−3/2

√

(u+ v)(u+ w)u
,

(B.7)
so that

I(u, v, w) = −
∫

π−3/2

√

(u+ v)(u+ w)u
du+ f(v, w). (B.8)
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We determine the intermediate integral separately:

∫
du

√

(u+ v)(u+ w)u
=

/
u = w sinh2 θ
du = −2w cosh θ sinh θ

/

(B.9)

=

∫
2w cosh θ sinh θ dθ

√

(v + w sinh2 θ)(w + w sinh2 θ)w sinh2 θ
(B.10)

=

∫
2 dθ

√

(v + w sin2 θ)
(B.11)

=
2√
v

∫
dθ

√

1 + (w/v) sinh2 θ
=

−2i√
v
F (iθ,

√

w/v) + C (B.12)

=
−2i√
v
F
(

i arcsinh
(√

u/w
)

,
√

w/v
)

+ C, (B.13)

where F (θ,m) is the incomplete elliptic integral of the first kind [57], and
C is a constant which we will let be absorbed by f(v, w). We note that for
v > 0, w > 0, F (0, m) ≡ 0 so that

I(0, v, w) =f(v, w) =

∫
e−vx2−wy2

x2 + y2 + z2
dx dy dz (B.14)

=π

∫
e−vx2−wy2

√

x2 + y2
dx dy (B.15)

=π

∞∫

0

2π∫

0

e−r2(v cos2 ϕ+w sin2 ϕ) dϕ dr (B.16)

=
π3/2

2

2π∫

0

dϕ
√

v cos2 ϕ+ w sin2 ϕ
(B.17)

=
π3/2

2
√
v

2π∫

0

dϕ
√

1− (1− w/v) sin2 ϕ
(B.18)

=
2π3/2

√
v

π/2∫

0

dϕ
√

1− (1− w/v) sin2 ϕ
(B.19)

=
2π3/2

√
v
K
(√

1− w/v
)

, (B.20)
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where K(m) is the complete elliptic integral of the first kind [57]. In all, we
have managed to find the integral

I(u, v, w) =
2π3/2i√

v
F
(

i arcsinh
√

u/w,
√

w/v
)

+
2π3/2

√
v
K
(√

1− w/v
)

.

(B.21)
We can now set u = c, v = a− c, w = b− c, which ensures v > 0, w > 0 and
we get

I(a, b, c) =
2π3/2i√
a− c

F

(

i arcsinh

√
c

b− c
,

√

b− c

a− c

)

+
2π3/2

√
a− c

K

(√

a− b

a− c

)

.

(B.22)
We can now find the original integral by differentiating. Especially we need

∫
e−ax2−by2−cz2x2

x2 + y2 + y2
dx dy dz −

∫
e−ax2−by2−cz2y2

y2 + y2 + z2
dx dy dz

=− ∂

∂a
I(a, b, c) +

∂

∂b
I(a, b, c)

=
π3/2

√

bc/a

(a− b)(a− c)
+

π3/2
√

bc/a

(a− b)(b− c)
+

π3/2
√
c√

ab(b− c)

+
π3/2(a+ b− 2c)

(a− c)(b− c)
√
a− b

(

iE

(

i arcsinh

√
c

b− c
,

√

b− c

a− c

)

−E

(√

a− b

a− c

))

−
iπ3/2F

(

i arcsinh
√

c
b−c
,
√

b−c
a−c

)

√
a− c(b− c)

+ 2
π3/2K

(√
a−b
a−c

)

(a− b)
√
a− c

.

(B.23)

As a bonus, we also note that I(a, b, c) corresponds to the Coulomb matrix
element of two electrons in a harmonically confined quantum dot.



C

The Probability Distribution of the

Overhauser Field in a Quantum Dot

In this section we show that probability distribution of a weighted sum of
N identical stochastic variables approaches a Gaussian distribution when
N → ∞. The aim is to find the probability density function for the sum

Y =

N∑

n=1

anXn, (C.1)

where Xn are identically distributed strochastic variables with expectation
value E[X ] and variance σ2, and an are finite coefficients which, in general,
also depend on N . For a QD we may choose the coefficients to match the
electron position probability density function:

an =
|Ψ (nl/N) |2

N
, (C.2)

which implies that

lim
N→∞

N∑

n=1

an = lim
N→∞

N∑

n=1

|Ψ (nl/N) |2
N

=

∫ l

0

|Ψ (x) |2 dx = 1,

(C.3)

where l is the size of the quantum dot. We introduce the new variables with
vanishing expectation value

X̃n = Xn − E[Xn], (C.4)
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and form the new sum

Ỹ =

N∑

n=1

anX̃n, (C.5)

which is related to Y by

Y = Ỹ + Σ(N)E[X ], (C.6)

where

Σ(N) =
N∑

n=1

an. (C.7)

The characteristic function of Ỹ is given by

ϕỸ (t) =

N∏

n=1

ϕX̃ (ant) ≈
N∏

n=1

(

1− a2nσ
2t2

2

)

, (C.8)

where ϕX̃ is the characteristic function of any of the X̃n which we expand
Taylor series to the second order in the second step. Now we consider

ϕỸ (t) ≈ exp

[
N∑

n=1

ln

(

1− a2nσ
2t2

2

)]

(C.9)

and

N∑

n=1

ln

(

1− a2nσ
2t2

2

)

= −
N∑

n=1

∞∑

k=1

a2kn σ
2kt2k

2k
(C.10)

≈− S1σ
2t2

2N
−

∞∑

k=2

Skσ
2kt2k

2kN2k−1
, (C.11)

where

Sk =

∫ l

0

|Ψ(x)|4k dx. (C.12)

We make the restriction that |Ψ(x)|2 is bounded on [0, l] which means that
there is some contant C such that |Ψ(x)|2 ≤ C. This also ensures the ex-
istence of all Sk and for N approaching infinity we may keep only the first
term in Eq. (C.11) and we get

ϕỸ (t) ≈ exp

(

−S1σ
2t2

2N

)

(C.13)
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and we obtain the probability density function of Ỹ as

fỸ (y) =

√
N

σ
√
2πS1

exp

(

− Ny2

2S1σ2

)

, (C.14)

which is a Gaussian distribution with variance S1σ
2/N . S1 depends on the

the coefficients an but the general form is always a Gaussian distribution
regardless of what wave function is considered.
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[83] L. Cywiński, W. M. Witzel, and S. Das Sarma, “Electron spin dephas-
ing due to hyperfine interactions with a nuclear spin bath,” Phys. Rev.
Lett., vol. 102, p. 057601, Feb 2009.

[84] W. Yao, R.-B. Liu, and L. J. Sham, “Theory of electron spin deco-
herence by interacting nuclear spins in a quantum dot,” Phys. Rev. B,
vol. 74, p. 195301, Nov 2006.

[85] S. K. Saikin, W. Yao, and L. J. Sham, “Single-electron spin decoherence
by nuclear spin bath: Linked-cluster expansion approach,” Phys. Rev.
B, vol. 75, p. 125314, Mar 2007.



Bibliography 121

[86] P. Robyr, B. Meier, and R. Ernst, “Radio-frequency-driven nuclear spin
diffusion in solids,” Chemical Physics Letters, vol. 162, no. 6, pp. 417
– 423, 1989.

[87] D. E. Woessner, “Nuclear transfer effects in nuclear magnetic resonance
pulse experiments,” The Journal of Chemical Physics, vol. 35, no. 1,
pp. 41–48, 1961.

[88] S. I. Erlingsson, Y. V. Nazarov, and V. I. Fal’ko, “Nucleus-mediated
spin-flip transitions in gaas quantum dots,” Phys. Rev. B, vol. 64,
p. 195306, Oct 2001.

[89] I. A. Merkulov, A. L. Efros, and M. Rosen, “Electron spin relaxation
by nuclei in semiconductor quantum dots,” Phys. Rev. B, vol. 65,
p. 205309, Apr 2002.

[90] A. V. Khaetskii, D. Loss, and L. Glazman, “Electron spin decoher-
ence in quantum dots due to interaction with nuclei,” Phys. Rev. Lett.,
vol. 88, p. 186802, Apr 2002.

[91] W. A. Coish and J. Baugh, “Nuclear spins in nanostructures,” physica
status solidi (b), vol. 246, no. 10, pp. 2203–2215, 2009.

[92] J. R. Petta, A. C. Johnson, J. M. Taylor, E. A. Laird, A. Yacoby, M. D.
Lukin, C. M. Marcus, M. P. Hanson, and A. C. Gossard, “Coherent ma-
nipulation of coupled electron spins in semiconductor quantum dots,”
Science, vol. 309, no. 5744, pp. 2180–2184, 2005.

[93] W. A. Coish and D. Loss, “Hyperfine interaction in a quantum
dot: Non-markovian electron spin dynamics,” Phys. Rev. B, vol. 70,
p. 195340, Nov 2004.

[94] J. Fischer, M. Trif, W. Coish, and D. Loss, “Spin interactions, relax-
ation and decoherence in quantum dots,” Solid State Communications,
vol. 149, no. 3536, pp. 1443 – 1450, 2009. Fundamental Phenomena
and Applications of Quantum Dots.

[95] P. Maletinsky, A. Badolato, and A. Imamoḡlu, “Dynamics of quantum
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