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Zusammenfassung

Die vorliegende Masterarbeit behandelt die numerische Lösung linear-quadratischer
Optimalsteuerungsprobleme mittels

”
optimality system POD“ (OSPOD) und POD a-

posteriori Fehlerschätzer. Ausgangspunkt ist die Modellreduktion mit einem klassischen
POD Galerkin Ansatz, wobei die Güte des reduzierten Modells durch den a-posteriori
Fehler in der Steuerung sehr gut geschätzt werden kann. Frühere Arbeiten haben ge-
zeigt, dass es für hinreichend genaue Approximationen entscheidend ist, dass die POD
Basis nicht aus beliebigen Zustands- und Steuerungsdaten bestimmt wird, sondern ei-
nigermaßen den optimalen Zustand wiedergibt. Die Idee ist daher, erweiterte, soge-
nannte OSPOD-Optimalitätsbedingungen zu formulieren, sodass die POD Basis optimal
gewählt ist. In der hier verfolgten Strategie wird das Optimalitätssystem ausgenutzt, um
eingangs die Steuerung durch wenige Gradientenschritte anzupassen und so die Basis zu
verbessern. Anschließend hält der a-posteriori Schätzer die benötigte Anzahl an Basis-
funktionen gering.

Während die Theorie für allgemeine linear-quadratische Probleme hergeleitet wird,
beziehen sich die numerischen Tests auf die optimale Steuerung der Wärmeleitungs-
gleichung mit konstanten Koeffizienten, Randsteuerung und festen Steuerungsschranken.
Hierfür ist der beschriebene Ansatz sehr erfolgreich: Ein bis zwei Gradientenschritte
genügen, um deutlich schnellere und exaktere Ergebnisse zu erzielen. Ein Vergleich mit
der zum unkontrollierten Zustand gehörigen POD Basis bestätigt außerdem, dass die
OSPOD Schritte die Basisfunktionen stark in Richtung der optimalen Basis verändern.

Der OSPOD Ansatz kann flexibel für diverse Problemeigenschaften adaptiert werden.
Im Rahmen dieser Arbeit werden verschiedene Parametereinstellungen getestet, insbe-
sondere was die

”
Snapshots“ angeht, die für die POD Basis verwendet werden. Hier stellt

sich heraus, dass wesentlich bessere Ergebnisse erreicht werden, wenn auch während der
Gradientenschritte Informationen vom adjungierten Zustand in die Basis einfließen. Da-
neben variieren wir auch das Zielfunktional, die Ausgangssteuerung, den verwendeten
POD Rang und die Art der projizierten Gradientenschritte und werten die Beobachtun-
gen aus.
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CHAPTER 1

Introduction

The optimization of processes governed by partial differential equations (PDEs) has been
much of interest over the past decades for its various applications in physics, engineering
or economics. Generally spoken, the objective is to determine a state y and a control u in
such a way that they satisfy a given PDE and minimize some cost functional J(y, u). The
differential equation describes how u determines (”controls”) the state. The function J
will usually include a term for y and for u, in the sense that we want to approximate a
desired state as good as possible, and at the same time have to keep the control costs
low. In this thesis we consider linear-quadratic optimal control problems meaning that
the cost functional is quadratic and the control and state variable are related by a linear
PDE. Such linear-quadratic problems are especially interesting as they occur for example
as subproblems in each step of sequential quadratic programming (SQP) methods for
solving nonlinear problems.

Typically, the mathematical modeling of such optimal control problems leads to ex-
tremely high dimensional systems. Hence model reduction techniques have been devel-
oped, among them reduced basis methods [24, 8, 5], balanced truncation [33] and the
method of proper orthogonal decomposition (POD). The latter is based on a Galerkin
projection of the system on a subspace reflecting characteristics of the expected state
dynamics. Unlike classical finite element or finite difference approaches, this property
allows to model the problem with the help of only a very few modes. Another advantage
is that there is a POD a-posteriori error estimate measuring the error between the POD
suboptimal control and the optimal control of the original problem. It has successfully
been tested in terms of accuracy and reliability in diploma thesis [26] and the corre-
sponding article [27]. However, the numerical experiments there showed that the POD
approach is not automatically an efficient tool in optimal control.

Actually, to obtain the state data underlying the POD reduced order model, it is
necessary to solve once the full state system and consequently the POD approximations
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1. Introduction

depend on the chosen parameters for this fundamental solve. To be more precise, the
choice of an initial control turned out to be essential. When using an arbitrary control,
the obtained accuracy in [26] was not at all satisfying even when using a huge number
of basis functions whereas an optimal POD basis (computed from the FE optimally
controlled state) led to far better results. To overcome this problem different techniques
for improving the POD basis have been proposed. Let us mention the use of additional,
optimal state snapshots [20] and trust-region POD [1]. Here, we will apply the so
called optimality system POD (OSPOD) [19]. The idea of OSPOD is straightforward:
include the equations determining the POD basis in the optimization process. A thereby
obtained basis would be optimal for the considered problem. However it would also make
the optimization problem even more complicated. Volkwein and Kunisch thus suggest
to just use the extended optimality conditions to update the POD basis in direction of
the minimum.

In [31] POD a-posteriori error estimator and OSPOD strategy have been combined.
OSPOD is used in a gradient step to compute a better initializing control. The POD
basis is then determined from this control and the a-posteriori error estimate ensures
that the optimal control problem is solved up to a desired accuracy. The intention of
this thesis is to extend the results of [31] on testing the approach for linear-quadratic
optimal control problems. We thereby continue the work of [26].

The thesis is organized as follows: In Chapter 2 we give a precise problem formulation,
derive first order optimality conditions and introduce the finite element discretization
of the upcoming systems. Chapter 3 is dedicated to the reduced-order approach using
POD. The basics of the method are explained, and its application to the optimal control
problem is described. We add a section on the discrete POD method, including the
numerical computation of a POD basis and the low dimensional model. Finally the
a-posteriori error estimate is defined and a first algorithm based on the estimate is
presented. OSPOD theory is developed in Chapter 4. We introduce the augmented
optimization problem, followed by necessary optimality conditions that arise from a
Lagrange approach. With particular care the optimality system is derived in an own
section. The combination of OSPOD and a-posteriori estimator concludes the chapter.
Here we place the main algorithm and some comments on its numerical realization. The
content of Chapter 5 are the numerical experiments. Details on implementation aspects
are given in the beginning. We present a ”nice” example where all the theory works fine,
a more interesting one where we make adjustments on the basic algorithm to improve
the quality of the POD basis even further and an example where we focus on active
control constraints. Conclusions are made in the last chapter.

Most proofs, especially in the first two chapters, are rather sketched since they can be
found in numerous literature on the topic. We always provide the corresponding refer-
ences. The main interest of the thesis is the OSPOD theory and the detailed numerical
analysis of the tests in Chapter 5.
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CHAPTER 2

The linear-quadratic optimal control problem

Throughout this thesis we will consider a class of linear-quadratic optimal control prob-
lems. The first section describes the general setting and introduces an example that
will be used for numerical experiments in Chapter 5. First-order necessary optimality
conditions and the finite element discretization thereof are presented afterwards. We do
not recall basics from functional analysis and the theory of partial differential equations,
those may be found in [7] and [6] for instance. A good introduction to optimal control
problems is given by [29].

2.1 Problem formulation and existence of optimal controls

Let V and H be real, separable Hilbert spaces such that V is densely and compact
embedded in H. Identifying H with its dual H ′, we have the continuous and dense
embeddings V ↪→ H = H ′ ↪→ V ′.

The control space is chosen to be U = L2(D) for D ⊂ Rm an open and bounded
subset. Suppose ua, ub ∈ U such that ua ≤ ub almost everywhere (a.e.) in D. Then we
define the set of admissible controls as

Uad = {u ∈ L2(D) : ua(s) ≤ u(s) ≤ ub(s) for almost all (f.a.a.) s ∈ D},

a closed, convex and bounded subset of U . The appropriate state space will be the space
W (0, T ).

Definition 2.1. For T > 0 we denote by W (0, T ) the space

W (0, T ) = {y ∈ L2(0, T ;V ) : yt ∈ L2(0, T ;V ′)},

where yt is the weak derivative of y. It is endowed with the norm

‖y‖W (0,T ) =

(∫ T

0
‖y(t)‖2V dt+

∫ T

0
‖yt(t)‖2V ′dt

) 1
2

.
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2. The linear-quadratic optimal control problem

Remark 2.2. Let us collect some useful properties of W (0, T ), that are proved in [4,
chapter XVIII, 1.2], for instance.

i) With the inner product corresponding to the above norm, W (0, T ) becomes a
Hilbert space.

ii) W (0, T ) ⊂ C([0, T ];H), meaning that all functions y ∈W (0, T ) are, with eventual
modification on a set of measure zero, in fact continuous from [0, T ]→ H.

iii) For any y, p ∈W (0, T ) the integration by parts formula holds:∫ T

0
〈yt(t), p(t)〉V ′,V dt = 〈y(T ), p(T )〉H − 〈y(0), p(0)〉H −

∫ T

0
〈pt(t), y(t)〉V ′,V dt.

(2.1)

iv) For y ∈W (0, T ) and ϕ ∈ V we have

d

dt
〈y(t), ϕ〉H = 〈yt(t), ϕ〉V ′,V .

To formulate our optimal control problem, we introduce the quadratic cost functional
J : W (0, T )× U → R by

J(y, u) =
1

2
‖y(T )− yΩ‖2H +

γ

2
‖u‖2U (2.2)

for desired end state yΩ ∈ H and some regularization parameter γ > 0.
The constraint for J is given by a linear evolution equation. For that purpose, we

denote by a : V × V → R a symmetric bilinear form which by assumption should be
bounded and coercive. B : U → L2(0, T ;V ′) is supposed to be a continuous, linear
operator.

For y0 ∈ H, f ∈ L2(0, T ;V ′) and u ∈ Uad we then consider the following optimal
control problem

min J(y, u) subject to (y, u) ∈W (0, T )× Uad solve

d

dt
〈y(t), ϕ〉H + a(y(t), ϕ) = 〈(f + Bu)(t), ϕ〉V ′,V ∀ϕ ∈ V a.e. in [0, T ]

〈y(0), ϕ〉H = 〈y0, ϕ〉H ∀ϕ ∈ V

(P)

Example 2.3. The following example is a simplified version of the main problem in
diploma thesis [26]. Consider Ω ⊂ R2 an open and bounded domain with Lipschitz-
continuous boundary Γ = ∂Ω. For T > 0 we set Q = (0, T ) × Ω and Σ = (0, T ) × Γ.
Then we can choose the spaces H = L2(Ω), V = H1(Ω) and the set D = Σ. For given
control u ∈ L2(Σ), f̃ ∈ L2(Q) and some initial condition y0 ∈ V we consider the initial
value problem with Neumann boundary condition

δyt −∇ · (κ∇y) + cy = f̃ a.e. in Q (2.3a)

κ∂ny + qy = u a.e. in Σ (2.3b)

y(0) = y0 a.e. in Ω (2.3c)
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2.1. Problem formulation and existence of optimal controls

where ∂ny denotes the derivative of y in direction of the outward unit normal. We
suppose δ > 0 to be a constant coefficient, κ, c to be coefficient functions in L∞(Ω) and
q ∈ L∞(Γ) respectively. Assume further κ ≥ ε > 0 a.e. in Ω and c and q to be a.e.
nonnegative.

An element y ∈ L2(0, T ;V ) with weak derivative yt ∈ L2(0, T ;V ′) is a weak solution
of (2.3) provided∫

Ω
δyt(t, x)ϕ(x)dx+

∫
Ω
κ(x)∇y(t, x) · ∇ϕ(x)dx+

∫
Ω
c(x)y(t, x)ϕ(x)dx

+

∫
Γ
q(x)y(t, x)ϕ(x)dx =

∫
Ω
f̃(t, x)ϕ(x)dx+

∫
Γ
u(t, x)ϕ(x)dx

for each ϕ ∈ V and f.a.a. t ∈ [0, T ] and the initial condition y(0) = y0 holds [25].
We set f = f̃/δ and introduce the bilinear form a : V × V → R by

a(ϕ,ψ) =
1

δ

(
〈κ∇ϕ,∇ψ〉L2(Ω)2 + 〈cϕ, ψ〉H + 〈qϕ, ψ〉L2(Γ)

)
for ϕ,ψ ∈ V , where we denote by

〈∇ϕ,∇ψ〉L2(Ω)2 = 〈∂x1ϕ, ∂x1ψ〉H + 〈∂x2ϕ, ∂x2ψ〉H .

With the linear operator B : L2(Σ)→ L2(0, T ;V ′), defined as

〈(Bu)(t), ϕ〉V ′,V =
1

δ

∫
Γ
u(t, x)ϕ(x)dx for u ∈ L2(Σ), ϕ ∈ V, t ∈ (0, T ) a.e.,

the weak formulation of (2.3) has the form of the constraint in (P). Note that all
assumptions on a and B hold: a is bounded and coercive and B is continuous.

Here, the cost functional would be

J(y, u) =
1

2

∫
Ω
|y(T, x)− yΩ(x)|2dx+

γ

2

∫ T

0

∫
Γ
|u(t, x)|2dxdt (2.4)

for (y, u) ∈W (0, T )× L2(Σ). ♦

We associate with a the linear mapping A : V → V ′ such that 〈Aϕ,ψ〉V ′,V = a(ϕ,ψ)
holds for ϕ,ψ ∈ V . Alternatively, A can be considered as a linear unbounded self-
adjoint operator in H with domain D(A) = {ϕ ∈ V : Aϕ ∈ H}, compare [19]. Using
A we express the evolution problem in (P) in operator form and formulate our basic
existence result.

Theorem 2.4. For any f ∈ L2(0, T ;V ′), u ∈ U and y0 ∈ H the problem

yt(t) +Ay(t) = (f + Bu)(t) f.a.a. t ∈ [0, T ]

y(0) = y0.
(2.5)

admits a unique solution y ∈ W (0, T ). Furthermore, the solution depends continuously
on the data, i.e. the map

(f, u, y0)→ y

is continuous from L2(0, T ;V ′)× U ×H →W (0, T ).
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2. The linear-quadratic optimal control problem

Proof. A proof can be found in [22, Chapter III, Sections 1.3-1.4.]. As we assume B to
be continuous, the solution depends continuously on u as well.

Remarks 2.5.

i) In view of Remark 2.2, ii) the initial condition in (2.5) makes sense.

ii) Clearly equations (2.5) imply the evolution problem in (P). By Remark 2.2, iv)
we see that also the converse is true. We will therefore use both as equivalent
formulations of the same variational problem.

Notation 2.6.

i) Denote by y(u) the solution of (2.5). By Theorem 2.4, for fixed y0 ∈ H and f ∈
L2(0, T ;V ′), the control-to-state mapping u→ y(u) is well defined and continuous.
Moreover it is affine linear. We will refer to the function in V that y(u) defines at
time t ∈ [0, T ] as y(u)(t).

ii) We write Ĵ(u) := J(y(u), u) for the reduced cost functional.

The optimal control problem (P) now reduces to the quadratic optimization problem

min
u∈Uad

Ĵ(u) (2.6)

in the Hilbert space U .

Theorem 2.7. The optimization problem (2.6) admits a unique solution.

Proof. The set of admissible controls Uad is non-empty, bounded, closed and convex and
therefore weakly sequentially compact in U . The reduced cost functional Ĵ : U → R
is strictly convex and continuous since y depends continuously on u. Consequently
the proof can be led by standard sequence arguments as in Theorem 2.14 in [29], for
instance.

The unique solution of (2.6) is named the optimal control. We have now argued the
existence of a unique optimal solution pair (y, u) ∈ W (0, T ) × Uad to (P). The next
section is dedicated to first-order optimality conditions.

2.2 First-order optimality conditions

Denote by B∗ : L2(0, T ;V ) → U ′ ∼ U the dual operator of B : U → L2(0, T ;V ′)
satisfying

〈Bu, ϕ〉L2(0,T ;V ′),L2(0,T ;V ) = 〈u,B∗ϕ〉U for all (u, ϕ) ∈ U × L2(0, T ;V ).

12



2.2. First-order optimality conditions

Theorem and Definition 2.8. An admissible control u ∈ Uad is optimal if and only if
there are y, p ∈W (0, T ) such that the following optimality system holds

{
yt(t) +Ay(t) = (f + Bu)(t) f.a.a. t ∈ [0, T ]

y(0) = y0

(2.7){
−pt(t) +Ap(t) = 0 f.a.a. t ∈ [0, T ]

p(T ) = yΩ − y(T )
(2.8)

〈γu− B∗p, v − u〉U ≥ 0 for all v ∈ Uad. (2.9)

Conditions (2.7) to (2.9) are termed state equation, adjoint equation and variational
inequality, p is called the adjoint state.

Proof. We give the key ideas, see for instance chapter III, sections 2.2 and 2.4 in [22] for
more details.
Since Uad is convex and Ĵ is Gâteaux-differentiable on U the optimal control is charac-
terized by the variational inequality

〈Ĵ ′(u), v − u〉U ′,U ≥ 0 for all v ∈ Uad

and because Ĵ is convex this condition is also sufficient for u to be minimal (Lemma
2.21 in [29]). For Ĵ(u) = 1

2‖y(u)(T )− yΩ‖2H + γ
2‖u‖

2
U we obtain

〈Ĵ ′(u), v − u〉U ′,U = 〈y(u)(T )− yΩ, y(v)(T )− y(u)(T )〉H + γ〈u, v − u〉U .

Changing t into T − t in (2.8) and applying Theorem 2.4, we conclude that for any
u ∈ U there is a unique solution p ∈W (0, T ) to the adjoint equation (2.8) for y = y(u).
Applying the operators on both sides of (2.8) to y(v) − y(u) and integrating from 0 to
T with use of formula (2.1) and the state equation (2.7) yields

〈y(u)(T )− yΩ, y(v)(T )− y(u)(T )〉H =

∫ T

0
〈−B(v − u)(t), p(t)〉V ′,V dt (2.10)

and thus we can formulate the optimality condition in terms of the adjoint state as
claimed. Note that (2.10) holds because here A = A∗, as the bilinear form a is symmetric
(otherwise we would need the operator A∗ instead of A in the adjoint equation).

Remark 2.9. Let us continue the discussion of Example 2.3 by specifying the optimality
conditions. Following Theorem 2.8 the adjoint equations are given by

−δpt −∇ · (κ∇p) + cp = 0 a.e. in Q (2.11a)

κ∂np+ qp = 0 a.e. in Σ (2.11b)

p(T ) = yΩ − y(T ) a.e. in Ω (2.11c)
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2. The linear-quadratic optimal control problem

and the variational inequality reads∫ T

0

∫
Γ

(
γu(t, x)− 1

δ
p(t, x)

)
(v(t, x)− u(t, x)) dxdt ≥ 0 for all v ∈ Uad. (2.12)

Here

〈B∗p, u〉U =
1

δ

∫ T

0

∫
Γ
p(t, x)u(t, x)dxdt

and thus B∗ : L2(0, T ;V )→ U is defined by (B∗p)(t, x) = 1
δp(t, x) f.a.a. (t, x) ∈ Σ.

Remark 2.10. An alternative way to prove optimality conditions for (P) is by using
Lagrange techniques. The adjoint state p is the Lagrange multiplier for the state equa-
tion. We will follow this approach in Chapter 4 when we derive an optimality system
for the augmented OSPOD problem.

2.3 Finite element discretization

Whenever in this thesis we turn to the numerical methods involved in solving the op-
timality system, we consider again the more concrete situation of Example 2.3 where
H = L2(Ω) and V = H1(Ω) for a given domain Ω ⊂ R2. Thus we have to discretize
both the space and the time variable. For the spatial discretization we apply a finite
element (FE) Galerkin scheme. Let us briefly introduce it for Example 2.3 and refer
to [25, 2, 3, 28] for more details on the FE method. We have found the optimality
conditions (2.3), (2.11) and (2.12), in weak formulation{

d
dt〈y(t), ϕ〉H + a(y(t), ϕ) = 〈(f + Bu)(t), ϕ〉V ′,V f.a.a. t ∈ [0, T ], ∀ϕ ∈ V
〈y(0), ϕ〉H = 〈y0, ϕ〉H ∀ϕ ∈ V

(2.13){
− d
dt〈p(t), ϕ〉H + a(p(t), ϕ) = 0 f.a.a. t ∈ [0, T ],∀ϕ ∈ V
〈p(T ), ϕ〉H = 〈yΩ − y(T ), ϕ〉H ∀ϕ ∈ V

(2.14)

〈γu− p/δ, v − u〉U ≥ 0 ∀v ∈ Uad. (2.15)

Suppose we are given a triangulation of Ω. Let ϕ1, . . . , ϕN ∈ H1(Ω) denote linear
independent FE functions and Vh = span{ϕ1, . . . , ϕN} the finite dimensional subspace
of V . The Galerkin projection of the state equation (2.13) on the FE space Vh is given
by

d

dt
〈yh(t), ϕ〉H + a(yh(t), ϕ) = 〈(f + Bu)(t), ϕ〉V ′,V f.a.a. t ∈ [0, T ],∀ϕ ∈ Vh

〈yh(0), ϕ〉H = 〈y0, ϕ〉H ∀ϕ ∈ Vh
(2.16)

for an approximation yh(t) ∈ Vh. For t ∈ [0, T ] we therefore expand the state in the FE
basis as

yh(t, x) =

N∑
j=1

ȳj(t)ϕj(x) for x ∈ Ω.
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2.3. Finite element discretization

with coefficient functions ȳj : [0, T ]→ R for 1 ≤ j ≤ N . Inserting this ansatz into (2.16)
and testing with the basis ϕ1, . . . , ϕN instead of all ϕ ∈ Vh results in the system

Mȳ′(t) +Kȳ(t) = F (t) + (Bu)(t) in [0, T ]

Mȳ(0) = y̆0,
(2.17)

where we set for 1 ≤ i, j ≤ N

• the mass matrix M ∈ RN×N with entries Mi,j = 〈ϕi, ϕj〉H ,

• the stiffness matrix K ∈ RN×N with

Ki,j = a(ϕi, ϕj) =
1

δ

(
〈κ∇ϕi,∇ϕj〉L2(Ω)2 + 〈cϕi, ϕj〉H + 〈qϕi, ϕj〉L2(Γ)

)
,

• the operator B : U → L2(0, T ;RN ) defined by (Bu)(t)i = 〈(Bu)(t), ϕi〉V ′,V ,

• the vectors F (t) ∈ RN with F (t)i = 〈f(t), ϕi〉H ,

• y̆0 ∈ RN with y̆0,i = 〈y0, ϕi〉H

• and the FE coefficient vector ȳ(t) = (ȳ1(t), . . . , ȳN (t))T ∈ RN with time derivative
ȳ′(t) ∈ RN .

In Section 3.3 we will use (2.17) to determine snapshots for a POD basis. In optimal
control context however we also have to expand the control in the FE basis in order to
determine it by the optimality system. Let NB be the number of boundary nodes. We
make the ansatz

uh(t, x) =

NB∑
j=1

ūj(t)ϕkj (x) for (t, x) ∈ Σ (2.18)

where ϕk1 , . . . , ϕkNB
are those FE basis functions that are non-zero on the boundary and

ūj : [0, T ] → R for 1 ≤ j ≤ NB are the corresponding coefficients. Analogously to ȳ we
introduce also the vector valued coefficient function ū = (ū1, . . . , ūNB

) : [0, T ] → RNB .
With the boundary mass matrix

MB ∈ RN×NB defined by MBi,j =
1

δ
〈ϕkj , ϕi〉L2(Γ)

for i = 1, . . . , N and j = 1, . . . , NB, this results in

Mȳ′(t) +Kȳ(t) = F (t) +MB ū(t) in [0, T ]

Mȳ(0) = y̆0.

An analogue proceeding, using the ansatz ph(t, x) =
∑N

j=1 p̄j(t)ϕj(x) for (t, x) ∈ Q
with coefficients p̄ : [0, T ]→ RN , yields

−Mp̄′(t) +Kp̄(t) = 0 in [0, T ]

Mp̄(T ) = y̆Ω −Mȳ(T ),

for the adjoint equation. Here, y̆Ω ∈ RN is again the vector of L2-projections y̆Ω,i =
〈yΩ, ϕi〉H on the FE basis.
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2. The linear-quadratic optimal control problem

Remark 2.11. Instead of y̆0 and y̆Ω we could also use

y̆0 = Mȳ0 and y̆Ω = MȳΩ

with the FE coefficient vectors ȳ0, ȳΩ ∈ RN defined by ȳ0,i = y0(Pi) and ȳΩ,i = yΩ(Pi).

The Pi’s (1 ≤ i ≤ N) stand for the triangulation nodes and
∑N

i=1 ȳ0,iϕi and
∑N

i=1 ȳΩ,iϕi
are the approximations of y0 and yΩ in Vh.

For solving (P) we need also a time discretization and have to include the variational
inequality in our considerations. A short overview of possible numerical techniques is
for instance given in [29]. In our experiments we will apply the implicit Euler method
and the so called primal-dual active set strategy. We come back to these in Chapter
5. For a motivation of the next chapter, just note here that this approach requires to
solve multiple times a system of size 2N(n+ 1)× 2N(n+ 1), with n being the number
of time steps. A more or less fine discretization will therefore lead to extremely high
dimensional problems. That is why we now turn to model reduction.
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CHAPTER 3

Model reduction using POD Galerkin discretization

3.1 The POD method

To obtain a low dimensional model for (P), we will apply a Galerkin approach based
on Proper Orthogonal Decomposition (POD). The theory is taken from [10] and the
monograph [13].

We choose some reference control u such that the corresponding state y = y(u) belongs
to C([0, T ];V ) and denote by V = span{y(t) : t ∈ [0, T ]} the subspace of V with
dimension d = dim(V) ≤ ∞.

Definition 3.1. A POD basis of rank ` ≤ d is the solution to the minimization problem

min
ψ1,...,ψ`∈V

T∫
0

∥∥∥y(t)−
∑̀
i=1

〈y(t), ψi〉V ψi
∥∥∥2

V
dt s.t. 〈ψj , ψi〉V = δij for 1 ≤ i, j ≤ `. (3.1)

A POD basis of rank ` thus consists in a set of ` orthonormal functions ψ1, . . . , ψ` ∈ V
such that the expansion of y in this subbasis differs as little as possible from the original
trajectory y in the L2(0, T ;V ) norm. Note that the basis depends on the reference
control u.

Let us define the bounded linear operator R : V → V by

Rψ =

∫ T

0
〈y(t), ψ〉V y(t)dt for ψ ∈ V.

In [10, Lemma 2.12] it is shown that R is self-adjoint, compact and nonnegative. By
the Riesz-Schauder and Hilbert-Schmidt Theorems [10, Theorems 2.4 and 2.5] it follows
that there exists an orthonormal basis ψ1, . . . , ψd for V and corresponding non-negative
eigenvalues λ1 ≥ λ2 ≥ . . . ≥ λd ≥ 0 satisfying

Rψi = λiψi for 1 ≤ i ≤ d.

17



3. Model reduction using POD Galerkin discretization

Theorem 3.2. For ` ≤ d the POD basis of rank ` is given by the eigenfunctions
ψ1, . . . , ψ` of R corresponding to the ` largest eigenvalues. Moreover∫ T

0
‖y(t)−

∑̀
i=1

〈y(t), ψi〉V ψi‖2V dt =

d∑
i=`+1

λi.

Proof. Proceeding by finite induction over ` ∈ {1, . . . , d} [10] or setting up the Lagrange
functional for the minimization problem (3.1) and deriving first-order necessary opti-
mality conditions [13] yields the eigenvalue problem for R.

Remark 3.3. Introducing the bounded linear operator Y : L2(0, T )→ V by

Yϕ =

∫ T

0
ϕ(t)y(t)dt for ϕ ∈ L2(0, T )

and its Hilbert adjoint Y∗ : V → L2(0, T ) given by

(Y∗ψ)(t) = 〈ψ, y(t)〉V for ψ ∈ V, a.a. t ∈ [0, T ]

the operator R can be expressed as R = Y∗Y.
We define K : L2(0, T )→ L2(0, T ) as

K = YY∗

or explicitly

(Kϕ)(t) =

∫ T

0
〈y(s), y(t)〉V ϕ(s)ds for ϕ ∈ L2(0, T ).

Also K is compact, self-adjoint and nonnegative. It possesses the same eigenvalues as R
and v ∈ L2(0, T ) is an eigenfunction of K if and only if Yv is an eigenfunction of R (see
[19], Prop. 2.1).
Therefore the POD basis can alternatively be computed by solving the orthonormal
eigenvalue problem for K and setting the normalized eigenvectors ψi = 1√

λi
Yvi for 1 ≤

i ≤ ` if λi 6= 0.

3.2 Reduced order model for the optimal control problem

Suppose we have determined a POD basis ψ1, . . . , ψ` of rank ` ≤ d. We define the
`-dimensional linear space

V ` = span{ψ1, . . . , ψ`} ⊂ V

endowed with the norm induced by V .
Since ψ1, . . . , ψd is an orthonormal basis of V

y(t) =

d∑
i=1

〈y(t), ψi〉V ψi

18



3.2. Reduced order model for the optimal control problem

holds for all t ∈ [0, T ] and for ` < d

y`(t) =
∑̀
i=1

〈y`(t), ψi〉V ψi =
∑̀
i=1

ŷi(t)ψi (3.2)

is an approximation for y(t) in V `, where we denote by ŷi = 〈y`(·), ψi〉V the coefficient
functions from [0, T ] to R. The Galerkin approximation for (P) is given by the projection
on the POD subspace V `

min J(y`, u) s.t. (y`, u) ∈ H1(0, T ;V `)× Uad solve{
d
dt〈y

`(t), ψ〉H + a(y`(t), ψ) = 〈(f + Bu)(t), ψ〉V ′,V f.a.a. t ∈ [0, T ],∀ψ ∈ V `

〈y`(0), ψ〉H = 〈y0, ψ〉H ∀ψ ∈ V `.

(P`)

For any data f ∈ L2(0, T ;V ′), y0 ∈ H problem (P`) admits a unique solution (y`, u) ∈
H1(0, T ;V `)× Uad (see [31]) that is interpreted as a suboptimal solution to (P).

In order to formulate the evolution problem in (P`) for the coefficients ŷ(t) ∈ R`, we
introduce the following notations.

Notation 3.4. Set V (`) =
⊗`

i=1 V and define for 1 ≤ i, j ≤ `, and ϕ,ψ ∈ V (`)

M : V (`) × V (`) → R`×`, M(ϕ,ψ)i,j = 〈ϕi, ψj〉H and M(ϕ) = M(ϕ,ϕ),

K : V (`) × V (`) → R`×`, K(ϕ,ψ)i,j = a(ϕi, ψj) and K(ϕ) = K(ϕ,ϕ),

B : V (`) → (U → L2(0, T ;R`)), (B(ϕ)u)(t)i = 〈(Bu)(t), ϕi〉V ′,V for u ∈ U, t ∈ [0, T ],

F : V (`) → L2(0, T ;R`), F (ϕ)(t)i = 〈f(t), ϕi〉V ′,V f.a.a. t ∈ [0, T ],

ŷ0 : V (`) → R`, ŷ0(ϕ)i = 〈y0, ϕi〉H .

Given these abbreviations, inserting the ansatz (3.2) into the cost functional (2.2) and
(P`) and taking inner products with respect to the basis ψ := (ψ1, . . . , ψ`) only, yields

min J `(ŷ, ψ, u) s.t. (ŷ, ψ, u) ∈ H1(0, T ;R`)× V (`) × Uad solve (3.3){
M(ψ)ŷ′(t) +K(ψ)ŷ(t) = (F (ψ) +B(ψ)u)(t) f.a.a. t ∈ [0, T ]

M(ψ)ŷ(0) = ŷ0(ψ)
(3.4)

Here, J ` : L2(0, T ;R`)×V (`)×U → R is the semi discretization of the cost functional

J `(ŷ, ψ, u) = J(y`, u)
(3.2)
= ŷ(T )T (M(ψ)ŷ(T )− 2ŷΩ(ψ)) + ‖yΩ‖2H +

γ

2
‖u‖2U

with ŷΩ : V (`) → R` defined by ŷΩ(ψ)i = 〈yΩ, ψi〉H for 1 ≤ i ≤ `. For ` � d the
optimization problem (3.3)-(3.4) is a reduced order model (ROM) for (P).

For error estimates and convergence results for the reduced order models of the state
equation and problem (P) we refer to [30] or [12], for instance. Here we focus on an
a-posteriori error estimate for the suboptimal control that we will use in practical com-
putations. This is the subject of Section 3.4. Before, however, let us explain the POD
method for a discrete context.
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3. Model reduction using POD Galerkin discretization

3.3 The discrete POD method

How do we determine a POD basis in real computations? First of all, we have to modify
the minimization problem (3.1) characterizing the POD basis, as we do not know the
whole trajectory y(t) for all t ∈ [0, T ]. The proceeding is taken from [10], a good

summary is given in [27]. Suppose we have computed approximations y
(j)
h ≈ y(tj) in a

finite dimensional subspace Vh ⊂ V at given time instances 0 ≤ t0 < t1 < . . . < tn ≤ T .

We set Vn = span{y(0)
h , . . . , y

(n)
h } with dimension dn ≤ n+ 1. The goal of describing the

set {y(j)
h }

n
j=0 as well as possible by a POD basis of rank ` ≤ dn is then expressed by

min
ψ1,...,ψ`∈Vh

n∑
j=0

αj‖y(j)
h −

∑̀
i=1

〈y(j)
h , ψi〉V ψi‖2V dt s.t. 〈ψj , ψi〉V = δij for 1 ≤ i, j ≤ `.

(3.5)
instead of (3.1), where the αj ’s denote the trapezoidal weights

α0 =
t1 − t0

2
, αj =

tj+1 − tj−1

2
for 1 ≤ j ≤ n− 1, αn =

tn − tn−1

2

for approximating the time integral. We set D = diag(α0, . . . , αn) ∈ R(n+1)×(n+1).

Analogously to the continuous version in Section 3.1, the solution to (3.5) can be
characterized by an eigenvalue problem. For that purpose, we introduce the time discrete
analogon of the operator R on page 17 in the next theorem.

Theorem 3.5.

i) The operator Rn : Vh → Vn, defined by

Rnψ =

n∑
j=0

αj〈y(j)
h , ψ〉V y(j)

h for ψ ∈ Vh

is linear, bounded, compact, self-adjoint and nonnegative.

ii) The solution to (3.5) is given by the orthonormal eigenfunctions ψ1, . . . , ψ` of Rn
corresponding to the ` largest eigenvalues.

Proof. From i) it follows that there are nonnegative eigenvalues λn1 ≥ λn2 ≥ . . . ≥ λndn ≥
λndn+1 = . . . = λnn = 0 of Rn with corresponding eigenfunctions ψ1, . . . , ψdn that form
an orthonormal basis of Vn. Like sketched in Section 3.1, it can be shown that the
POD basis is given by these eigenfunctions, see for example [18], where also the relation
between the eigenvalue problems for R and Rn was studied.

In the following suppose again V = H1(Ω) like in Example 2.3 and Vh is the FE space
generated by the FE basis functions ϕ1, . . . , ϕN (remember Section 2.3).

Notation 3.6. We define some notations concerning the full discretization of (3.5).
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3.3. The discrete POD method

• Solving the ODE system (2.17), for instance with the implicit Euler method, yields
the snapshots ȳ(0), . . . , ȳ(n) ∈ RN such that

y
(j)
h (x) =

N∑
i=1

ȳ
(j)
i ϕi(x) (3.6)

holds for x ∈ Ω. Let us collect these coefficients in the snapshot matrix

Y = [ȳ(0), . . . , ȳ(n)] ∈ RN×(n+1).

• Expanding the POD basis functions ψ1, . . . , ψ` in the same manner yields

ψj(x) =
N∑
i=1

Ψijϕi(x) for x ∈ Ω, 1 ≤ j ≤ `

for a FE coefficient matrix Ψ ∈ RN×`. We call the columns of Ψ POD basis vectors
and write Ψ:,i for the i-th basis vector.

• If we set W = M + A for A =
(
〈∇ϕj ,∇ϕi〉L2(Ω)2

)
1≤i,j≤N and define the inner

product
〈u, v〉W = uTWv for u, v ∈ RN ,

the V -topology in the FE space corresponds to the W -topology in the coefficient
space, meaning that for instance

〈y(j)
h , ψi〉V = 〈ȳ(j),Ψ:,i〉W (3.7)

holds since Wi,j = 〈ϕj , ϕi〉V for 1 ≤ i, j ≤ N .

Using these definitions we can formulate the following result.

Lemma 3.7. The eigenvalue problem

Rnψi = λiψi for 0 ≤ i ≤ n (3.8)

for the POD basis functions is equivalent to

Y DY TWΨ:,i = λiΨ:,i for 0 ≤ i ≤ n (3.9)

for the POD basis vectors.

Proof. Let i ∈ {0, . . . , n}. By (3.6) and (3.7) we have

Rnψi =
n∑
j=0

αj〈ȳ(j),Ψ:,i〉W

(
N∑
k=1

ȳ
(j)
k ϕk

)
=

N∑
k=1

(Y DY TWΨ:,i)k ϕk
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3. Model reduction using POD Galerkin discretization

For the last equality we used

n∑
j=0

αj〈ȳ(j),Ψ:,i〉W ȳ(j)
k =

n∑
j=0

αjYkj〈ȳ(j),Ψ:,i〉W

=

N∑
ν=1

n∑
j=0

N∑
l=1

αjYkjYljWlνΨνi = (Y DY TWΨ:,i)k.

As ϕ1, . . . , ϕN are linearly independent (3.8) thus turns into (3.9).

Note that the POD basis functions ψ1, . . . , ψ` are V -orthonormal while the basis vec-
tors Ψ:,1, . . . ,Ψ:,` are W -orthonormal.

Corollary 3.8. (POD basis computation) Set Ȳ = W 1/2Y D1/2 ∈ RN×(n+1). Then
the POD coefficient matrix Ψ can be computed as follows:

1. Solve the symmetric N ×N eigenvalue problem

Ȳ Ȳ Tui = λiui, 1 ≤ i ≤ ` with uTi uj = δij , 1 ≤ i, j ≤ `

for the largest eigenvalues λ1, λ2, . . . , λ` > 0 and set Ψ:,i = W−1/2ui.

2. Alternatively, if n < N , solve the symmetric eigenvalue problem

Ȳ T Ȳ vi = λivi, 1 ≤ i ≤ ` with vTi vj = δij , 1 ≤ i, j ≤ `

of size n+ 1 for the ` largest eigenvalues and set Ψ:,i = Y D1/2vi/
√
λi.

3. Or compute the singular value decomposition (SVD)

Ȳ = UΣV T

with orthogonal matrices U ∈ RN×N , V ∈ R(n+1)×(n+1) and Σ ∈ RN×(n+1) of the
form

Σ =

(
Σ1

0

)
, N ≥ (n+ 1) Σ =

(
Σ1 0

)
, N ≤ (n+ 1).

Here, Σ1 is a diagonal matrix containing the singular values σ2
i = λi for i =

1, . . . , dn in descending order. It is Ψ:,i = W−1/2ui for the ` largest singular
values, where ui denotes the i-th column of U .

Proof. Inserting Ψ:,i = W−1/2ui in (3.9) and multiplying by W 1/2 from the left yields
possibility 1). 2) and 3) are obtained by SVD, see [32] for more details.

Remark 3.9. Using Ψ as a projection matrix, we can compute the matrices and vectors
in the reduced order model (3.4) from their FE representations (compare Section 2.3):

M(ψ) = ΨTMΨ, K(ψ) = ΨTKΨ, F (ψ)(t) = ΨTF (t), t ∈ [0, T ] and ŷ0(ψ) = ΨT y̆0.

If u gets expanded in the FE basis as well, like introduced in (2.18), B(ψ)u analogously
turns into ΨTMB ū. Moreover note that the FE coefficients are obtained from the POD
coefficients by

ȳ(t) = Ψŷ(t) for t ∈ [0, T ].
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3.4. A-posteriori error estimate

3.4 A-posteriori error estimate

In Theorem 2.8 we have seen that an optimal control u ∈ Uad satisfies the variational
inequality

〈γu− B∗p, v − u〉U ≥ 0 for all v ∈ Uad.
The basic idea for the following estimate is, that for ũ 6= u there exists a function

ζ ∈ U such that
〈γũ− B∗p+ ζ, v − ũ〉U ≥ 0 for all v ∈ Uad (3.10)

holds, meaning that ũ satisfies the optimality condition of a perturbed optimal control
problem. By this, one can argue that

‖u− ũ‖U ≤
1

γ
‖ζ‖U

and a pointwise discussion of inequality (3.10) allows to construct ζ explicitly. This was
studied in [30], following an idea of [23] in the context of optimal control for ordinary
differential equations. Let us cite the main result (Theorem 4.11) of [30] here.

Theorem 3.10. Suppose that (y, u) ∈ W (0, T ) × Uad is the optimal solution to (P)
and p ∈ W (0, T ) the associated adjoint state. For an arbitrary ` ≤ d let (y`, u`) ∈
H1(0, T ;V `)×Uad be the optimal solution to (P`) and let p̃ ∈W (0, T ) be the solution to
the adjoint equation (2.8) with y = y(u`).

i) Define the residual function ζ` ∈ U = L2(D) by

ζ`(s) =


−min(0, (γu` − B∗p̃)(s)) on A`− = {s ∈ D : u`(s) = ua(s)}
−max(0, (γu` − B∗p̃)(s)) on A`+ = {s ∈ D : u`(s) = ub(s)}
−(γu` − B∗p̃)(s) on I` = D \ (A`− ∪ A`+)

(3.11)

Then the estimate

‖u− u`‖U ≤
1

γ
‖ζ`‖U

is satisfied.

ii) For given f ∈ L2(0, T ;V ′) and y0 ∈ V suppose that the optimal states y, p as-
sociated with u belong to H1(0, T ;V ). Let {ψi}∞i=1 be the extension of the POD
basis to a complete orthonormal basis for V . Then the sequences {u`}` and {B∗p̃}`
converge to u respectively B∗p in U as `→∞ and

‖ζ`‖U → 0 (`→∞).

Part ii) of Theorem 3.10 shows that the optimal solution of (P`) converges to the
optimal solution of (P) and it allows us to proceed as follows: Build a reduced order
model (P`), compute the suboptimal control and the a-posteriori error estimate (3.11).
As long as its norm does not reach a desired tolerance we simply increase the number
of used POD ansatz functions. Theorem 3.10 guarantees that the tolerance is reached
provided ` is taken sufficiently large. We present this strategy in Algorithm 1.
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3. Model reduction using POD Galerkin discretization

Algorithm 1 POD reduced order method with a-posteriori estimator

1: Input: Choose a reference control u ∈ Uad, a maximal number `max of POD ansatz
functions, an initial POD basis rank `initial < `max and a stopping tolerance ε > 0.

2: Solve the state equation for y = y(u) as well as the adjoint equation for p with y(u)
to compute a POD basis of rank `max approximating y and p.

3: Set ` = `initial.
4: while ` ≤ `max do
5: Build the reduced order model (P`) of rank ` and compute u`.
6: Determine the a-posteriori error estimate ‖ζ`‖U/γ as follows:
7: Solve the state equation with control u` to get y(u`).
8: Solve the adjoint equation with state y(u`) to get p̃.
9: Utilizing u` and p̃ compute ζ` as defined in (3.11).

10: if ‖ζ`‖U/γ < ε then
11: Return `, the suboptimal control u` and STOP.
12: else
13: Set ` = `+ 1.
14: end if
15: end while

Remarks 3.11.

i) Note that in steps 7 and 8 of Algorithm 1 we have to solve the full forward and
backward system for y(u`) and p̃, not their POD approximations, to compute the
estimate ‖ζ`‖U/γ. In the numerical realization this is rather expensive, as we will
see in Chapter 5. In [5] and [8], in the context of reduced basis methods, alternative
error estimates are given that do not need these time intensive FE solves. Yet, the
obtained a-posteriori bounds are not as accurate in approximating the real error.

ii) In [26] and [27] Algorithm 1 was tested for linear-quadratic optimal control prob-
lems. Even when using the FE optimal control as reference control, snapshots from
only the state equation were not sufficient for getting good results. This is why we
decide to solve both the state and the adjoint equation in step 2 and compute a
richer POD basis approximating y and p. Another possibility not considered here
would be to use two different bases.

iii) Nevertheless, in the numerical test in [26] and [27] the a-posteriori error turned
out to be very reliable and accurate for a linear-quadratic optimal control problem
like the one considered by us in Example 2.3. It does not only provide an upper
bound for the error in control but also stays very close to it. Moreover, in [9] the
estimate was successfully tested for optimal control problems with mixed control-
state constraints.

iv) There are different possibilities to realize each step in the above algorithm, for
example we did not specify how to solve the reduced order optimization problem
(P`). Details on our approach are given in Chapter 5.
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CHAPTER 4

Optimality system POD

4.1 The augmented optimization problem

In order to briefly summarize our reduced order approach for solving (P), let P `V ′ : V ′ →
V ` ⊂ V ′ denote the orthogonal projection on the POD subspace

P `V ′ =
∑̀
i=1

〈ϕ,ψi〉V ′,V ψi for ϕ ∈ V ′

and P `H : H → V ` the projection with respect to the H-norm

P `Hϕ =
∑̀
i=1

〈ϕ,ψi〉Hψi for ϕ ∈ H,

that we use for the POD approximation of the initial condition y0 ∈ H. Note that
the projections depend on the state and hence on the reference control at which the
eigenvalue problem for the POD basis ψ1, . . . , ψ` is solved. So far, the procedure was as
follows:

1. Choose a reference control uref and determine a POD basis by{
yt(t) +Ay(t) = (f + Buref )(t) f.a.a. t ∈ [0, T ]

y(0) = y0R(y(uref ))ψi =
T∫
0

〈y(uref )(t), ψi〉V y(uref )(t)dt = λiψi for 1 ≤ i ≤ `

〈ψi, ψj〉 = δij for 1 ≤ i, j ≤ `
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4. Optimality system POD

2. Then solve the projected optimal control problem

min J(y`, u) s.t. (y`, u) ∈ H1(0, T ;V `)× Uad solve{
y`t (t) + P `V ′(uref )Ay`(t) = P `V ′(uref )(f + Bu)(t) f.a.a. t ∈ [0, T ]

y`(0) = P `H(uref )y0

where we now indicate the dependence of the projections P ` and the operator R on the
control uref .

The main interest when applying a POD reduced order model, naturally is to obtain
really good approximations with only a few ansatz functions. This is possible due to the
fact that the POD basis functions, unlike for example finite element ansatz functions,
reflect the dynamics of the system as they are computed using a reference trajectory
y(t), t ∈ [0, T ].

In optimal control context however, this advantage might get lost if the reference
trajectory is chosen poorly. Starting with an arbitrary control like proposed above,
often results in state dynamics that are significantly different from those corresponding
to the optimal control. As a consequence the convergence of the a-posteriori estimate
‖ζ`‖U is very slow and a huge number of ansatz functions has to be included in the
reduced order model. In that case Algorithm 1 is rather inefficient.

To overcome this problem of unmodelled dynamics, Kunisch and Volkwein propose in
[19] to consider the extended problem

min J(y`, u) s.t. (y`, u) ∈ H1(0, T ;V `)× Uad solve{
y`t (t) + P `V ′(u)Ay`(t) = P `V ′(u)(f + Bu)(t) f.a.a. t ∈ [0, T ]

y`(0) = P `H(u)y0{
yt(t) +Ay(t) = (f + Bu)(t) f.a.a. t ∈ [0, T ]

y(0) = y0{
R(y(u))ψi = λiψi for 1 ≤ i ≤ `
〈ψi, ψj〉 = δij for 1 ≤ i, j ≤ `.

(4.1)

The first three lines coincide with (P`), the remaining equations represent the POD
basis calculation: solution of the infinite dimensional system and eigenvalue problem.
The main difference to the conventional approach is, that the POD basis is now deter-
mined from the state corresponding to the optimal control and thus the above described
weakness is removed. However (4.1) is even more complicated than our original opti-
mization problem (P). Therefore we will have to justify this new approach in Section
4.4.
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4.1. The augmented optimization problem

Denote by λ = (λ1, . . . , λ`) ∈ R`. Using Notation 3.4 we can formulate (4.1) as an
optimization problem in the variables (ŷ, y, ψ, λ, u) as follows

min J `(ŷ, ψ, u) s.t. (ŷ, ψ, u) ∈ H1(0, T ;R`)× V (`) × Uad solve{
M(ψ)ŷ′(t) +K(ψ)ŷ(t) = (F (ψ) +B(ψ)u)(t) f.a.a. t ∈ [0, T ]

M(ψ)ŷ(0) = ŷ0(ψ){
yt(t) +Ay(t) = (f + Bu)(t) f.a.a. t ∈ [0, T ]

y(0) = y0{
R(y(u))ψi = λiψi for 1 ≤ i ≤ `
〈ψi, ψj〉 = δij for 1 ≤ i, j ≤ `.

(P`OSPOD)

Alternatively we could consider (P`OSPOD) in the reduced sense with u the only indepen-
dent variable and (ŷ, y, ψ, λ) defined by the equations in (P`OSPOD).

Theorem 4.1. Let ` ≤ d. Suppose that the following assumptions hold:

(A1) For every u ∈ Uad the unique solution y = y(u) to the state equation belongs to
L2(0, T ;D(A)) ∩H1(0, T ;V ) and there exists a constant c > 0 such that

‖y(u)‖L2(0,T ;D(A))∩H1(0,T ;V ) ≤ c (1 + ‖u‖U ) for all u ∈ Uad.

(A2) For u ∈ Uad the eigenvalues λ1 ≥ . . . ≥ λ` of R(y(u)) are strictly positive.

(A3) D(A) embeds compactly into V .

Then (P`OSPOD) admits a unique solution (ŷ, ψ, u) ∈ H1(0, T ;R`)×V `×Uad with (λ, y) ∈
R` × (L2(0, T ;D(A)) ∩H1(0, T ;V )), and y = y(u).

Proof. Given assumptions (A1)-(A3) the existence is stated in Theorem 2.2 in [19], where
a proof can be found in the appendix. Note that actually [19] treats a more general class
of optimal control problems including a nonlinearity of Navier-Stokes type. Yet we do
not bother about formulating less strong sufficient assumptions here, since the result is
especially valid for our linear problem. Additionally we have to consider box constraints
on the control given by the admissible set Uad. Like in Theorem 2.7, the fact that Uad
is bounded, closed and convex ensures the existence of an optimal control u ∈ Uad. The
uniqueness of the minimizing element follows from the strict convexity of the reduced
cost functional and the convexity of Uad.

We continue by deriving first-order necessary optimality conditions for (P`OSPOD).
Since it is again a convex optimization problem like (P) first-order conditions are also
sufficient for optimality.
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4. Optimality system POD

4.2 First-order optimality conditions

We follow the Lagrange approach developed in [19] and refer to [14] for Lagrange theory
in the context of PDE constrained optimization.

As R is self-adjoint, for different eigenvalues λi 6= λj of R the identity

λi〈ψi, ψj〉V = 〈Rψi, ψj〉V = 〈ψi,Rψj〉V = λj〈ψi ψj〉V

implies 〈ψi, ψj〉V = 0. For simplicity of the presentation let us assume that the eigen-
values of R = R(y) with y the optimal state of (P`OSPOD) are distinct. Then we can
replace the condition 〈ψi, ψj〉V = δij , 1 ≤ i, j ≤ ` for the optimal basis functions by
‖ψi‖V = 1 for 1 ≤ i ≤ `. Else we would have to keep the orthonormality relation as an
explicit constraint.

We consider the variables

z := (ŷ, y, ψ, λ, u) ∈ Z := H1(0, T ;R`)×W (0, T )× V (`) × R` × U.

To describe the equality constraints in (P`OSPOD) let us introduce

e1 : Z → L2(0, T ;R`), e1(z) = M(ψ)ŷ′ +K(ψ)ŷ − F (ψ)−B(ψ)u,

e2 : Z → R`, e2(z) = M(ψ)ŷ(0)− ŷ0(ψ),

e3 : Z → L2(0, T ;V ′), e4(z) = yt +Ay − f − Bu,
e4 : Z → V (`), e4(z) = ((R− λ1I)ψ1, . . . , (R− λ`I)ψ`),

e5 : Z → R`, e5(z) = (‖ψ1‖2V − 1, . . . , ‖ψ`‖2V − 1)

for z ∈ Z and the space of adjoint variables

Ξ := L2(0, T ;R`)× R` × L2(0, T ;V )× V (`) × R`

with generic element ξ = (p̂, p̂0, p, µ, η) ∈ Ξ.

The Lagrange function L : Z × Ξ→ R is given by

L(z, ξ) =J `(ŷ, ψ, u) + 〈e1(z), p̂〉L2(0,T ;R`) + 〈e2(z), p̂0〉R` + 〈e3(z), p〉L2(0,T ;V ′),L2(0,T ;V )

+ 〈e4(z), µ〉V ` + 〈e5(z), η〉R` for (z, ξ) ∈ Z × Ξ.

The optimal solution z with Lagrange multipliers ξ has to satisfy the optimality condi-
tions

DŷL(z, ξ)δŷ = 0 for all δŷ ∈ H1(0, T ;R`), (4.2a)

DyL(z, ξ)(δy − y) ≥ 0 for all δy ∈W (0, T ) with δy(0) = y0, (4.2b)

DψL(z, ξ)δψ = 0 for all δψ ∈ V (`), (4.2c)

DλL(z, ξ)δλ = 0 for all δλ ∈ R`, (4.2d)

DuL(z, ξ)(v − u) ≥ 0 for all v ∈ Uad (4.2e)
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4.2. First-order optimality conditions

where DyL(z, ξ) denotes the Gâteaux derivative of L at (z, ξ) with respect to y and
analogously for the other variables. Setting δy = δy − y and taking into account that
also −δy belongs to the admissible set, condition (4.2b) simplifies to

DyL(z, ξ)δy = 0 for all δy ∈W (0, T ) with δy(0) = 0. (4.2f)

Note that we explicitly include the initial condition (4.2b) in the constraints, because it
depends on ψ which is now also a variable. For the full state equation however, we can
as well carry the initial condition as condition on δy. The system that arises from (4.2)
is presented in the following theorem. We denote by B(ψ)∗ : L2(0, T ;R`)→ U ′ ∼ U the
dual operator of B(ψ) and by I : V → V ′ the Riesz isomorphism.

Theorem 4.2. Let all assumptions of Theorem 4.1 hold and let

z = (ŷ, y, ψ, λ, u) ∈ Z := H1(0, T ;R`)×W (0, T )× V (`) × R` × Uad

denote the optimal solution to (P`OSPOD). Suppose that the eigenvalues of R(y) are
distinct and that {

vt +Av − f − Bũ = w for t ∈ [0, T ]

v(0) = v0

admits a solution (v, ũ) ∈W (0, T )×Uad for any (w, v0) ∈ L2(0, T ;V ′)×H. Then there
exist Lagrange multipliers (p̂, p, µ, η) ∈ L2(0, T ;R`) × L2(0, T ;V ) × V (`) × R` such that
the following optimality system holds:

{
−M(ψ)p̂′(t) +K(ψ)p̂(t) = 0 f.a.a. t ∈ [0, T ]

M(ψ)p̂(T ) = ŷΩ(ψ)−M(ψ)ŷ(T ),
(4.3)−pt(t) +Ap(t) =

∑̀
i=1
〈y(t), µi〉V Iψi + 〈y(t), ψi〉V Iµi f.a.a. t ∈ [0, T ]

p(T ) = 0.

(4.4)

{
ηi = −1

2〈Gi(ŷ, ψ, u, p̂), ψi〉V ′,V

(R− λiI)µi = −I−1Gi((ŷ, ψ, u, p̂)− 2ηiψi for 1 ≤ i ≤ `.
(4.5)

〈γu−B(ψ)∗p̂− B∗p, v − u〉U ≥ 0 for all v ∈ Uad (4.6)

with G : H1(0, T ;R`)× V (`) × U × L2(0, T ;R`)→ (V (`))′, defined for ψ ∈ V (`) as

〈G(ŷ, ψ, u, p̂), δψ〉(V (`))′,V (`) = ŷ(T )T (M(ψ, δψ)ŷ(T )− ŷΩ(ψ))

+

∫ T

0
p̂(t)T [(M(ψ, δψ) +M(δψ, ψ))ŷ′(t) + (K(ψ, δψ) +K(δψ, ψ))ŷ(t)

− (F (δψ) +B(δψ)u)(t)]dt+ p̂(0)T [(M(ψ, δψ) +M(δψ, ψ))ŷ(0)− ŷ0(ψ)] (4.7)

29



4. Optimality system POD

and

〈Gi(ŷ, ψ, u, p̂), δψi〉V ′,V := 〈G(ŷ, ψ, u, p̂), δ̃ψi〉(V (`))′,V (`) ,

(δ̃ψi)j =

{
0 if j 6= i

δψi if j = i.

(4.8)

for 1 ≤ i, j ≤ `.

Remark 4.3. Remember the operator K that was defined in Remark 3.3. In [19] there
is also a version of Theorem 4.2 using K instead of R. It results in a change of the
adjoint equation (4.4) for p and a modified condition for µ. This might be useful when
K is of smaller dimension than R.

4.3 Derivation of the optimality system

The steps of the proof of Theorem 4.2 are as follows: In [19] it is argued that the lin-
earization e′(z) : Z → Ξ′ of the constraints e at z ∈ Z is surjective. Then the existence
of a Lagrange multiplier ξ ∈ Ξ such that conditions (4.2) are satisfied, follows from du-
ality theory. Here we focus on deriving the system (4.3) to (4.6) that arises from these
optimality conditions in a more detailed way than in [19].

1. DŷL(z, ξ)δŷ = 0 for all δŷ ∈H1(0, T ;R`) with δŷ(0) = 0
yields p̂0 = p̂(0) and the adjoint equation (4.3). It is the standard one for the POD
reduced order model as ŷ only occurs in J `, e1 and e2, i.e. in (P`). (4.3) can be found
analogously to the adjoint equation for y which we explain in more detail in step 2, or
alternatively, by an approach like we did in Theorem 2.8 for problem (P). Note that
the adjoint equation for the reduced state equation (3.4) is the same that a Galerkin
approach for the full adjoint equation (2.8) would yield. Thus first discretizing and than
computing the adjoint or proceeding the other way round leads to the same result.

2. DyL(z, ξ)δy = 0 for all δy ∈W (0, T ) with δy(0) = 0

DyL(z, ξ)δy = Dy(〈e3(z), p〉L2(0,T ;V ′),L2(0,T ;V ))δy +Dy(〈e4(z), µ〉V `)δy

with

Dy(〈e3(z), p〉L2(0,T ;V ′),L2(0,T ;V ))δy

= Dy

(∫ T

0
〈yt(t) +Ay(t)− f(t)− Bu(t), p(t)〉V ′,V dt

)
δy

=

∫ T

0
〈δyt(t) +Aδy(t), p(t)〉V ′,V dt
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4.3. Derivation of the optimality system

since the derivative of a linear operator is the linear operator itself. Moreover, we note
that by definition of R

Dy(〈R(y)ψi, µi〉V )δy = Dy

(〈∫ T

0
〈y(t), ψi〉V y(t)dt, µi

〉
V

)
δy

= Dy

(∫ T

0
〈y(t), ψi〉V 〈y(t), µi〉V dt

)
δy

for 1 ≤ i ≤ `. We use the product rule and sort the terms as∫ T

0
〈δy(t), ψi〉V 〈y(t), µi〉V dt+

∫ T

0
〈y(t), ψi〉V 〈δy(t), µi〉V dt

=

∫ T

0
〈〈y(t), µi〉V ψi, δy(t)〉V dt+

∫ T

0
〈〈y(t), ψi〉V µi, δy(t)〉V dt

which is equal to ∫ T

0
〈〈y(t), µi〉V Iψi + 〈〈y(t), ψi〉V Iµi, δy(t)〉V ′,V dt

Hence we have

Dy(〈e4(z), µ〉V (`))δy = Dy

(∑̀
i=1

〈(R(y)− λiI)ψi, µi〉V

)
δy

=
∑̀
i=1

∫ T

0
〈〈y(t), µi〉V Iψi + 〈y(t), ψi〉V Iµi, δy(t)〉V ′,V dt.

So the optimality condition (4.2f) turns into∫ T

0
〈δyt(t) +Aδy(t), p(t)〉V ′,V dt

+
∑̀
i=1

∫ T

0
〈〈y(t), µi〉V Iψi + 〈y(t), ψi〉V Iµi, δy(t)〉V ′,V dt = 0 (4.9)

holding true for all δy ∈ W (0, T ) with δy(0) = 0. From (4.9) we can derive the adjoint
equation for p: We first apply the integration by parts formula to see∫ T

0
〈δyt(t), p(t)〉V ′,V = 〈δy(T ), p(T )〉H −

∫ T

0
〈pt(t), δy(t)〉V ′,V . (4.10)

Now, (4.9) especially holds true for δy ∈ C∞0 (0, T ;V ). Using (4.10) and remembering
that A is selfadjoint, the remaining terms are∫ T

0
〈−pt(t) +Ap(t), δy(t)〉V ′,V dt

+

∫ T

0

∑̀
i=1

〈〈y(t), µi〉V Iψi + 〈y(t), ψi〉V Iµi, δy(t)〉V ′,V dt = 0
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4. Optimality system POD

and since C∞0 (0, T ;V ) is dense in L2(0, T ;V ), we find

−pt(t) +Ap(t) =
∑̀
i=1

〈y(t), µi〉V Iψi + 〈y(t), ψi〉V Iµi f.a.a. t ∈ [0, T ].

If we stop considering δy(T ) = 0, it follows with the just found identity that

〈δy(T ), p(T )〉H = 0

and therefore p(T ) = 0. Summarizing, (4.2f) implies the adjoint equation (4.4). Note
that the equation for p contains information of the linearization of R while the adjoint
equation (4.3) for the finite dimensional system contains the linearization of the cost
functional J ` since R depends on y and J ` on ŷ.

3. DuL(z, ξ)(v− u) ≥ 0 for all v ∈ Uad
involves the terms e1, e3 and J `. We have

DuJ
`(z, ξ)(v − u) = γ〈v, v − u〉U

and using the definition of e1

Du(〈M(ψ)ŷ′ +K(ψ)ŷ − F (ψ)−B(ψ)u, p̂〉L2(0,T ;R`))(v − u)

= 〈−B(ψ)(v − u), p̂〉L2(0,T ;R`)

because B(ψ) is linear. Analogously for e3

Du

(∫ T

0
〈yt(t) +Ay(t)− f(t)− Bu(t), p(t)〉V ′,V dt

)
(v − u)

= 〈−B(v − u), p〉L2(0,T ;V ′),L2(0,T ;V )

holds. Hence we find the variational inequality (4.6).

4. DλL(z, ξ)δλ = 0 for all δλ ∈ R`
Here we only have to consider e4. From

Dλ(〈(R− λiI)ψi, µi〉V )δλ = 〈−δλiψi, µi〉V

for 1 ≤ i ≤ `, we easily derive

DλL(z, ξ)δλ = −
∑̀
i=1

δλi〈ψi, µi〉V = 0

for arbitrary δλ ∈ R` and thus we have the orthogonality relation

〈ψi, µi〉V = 0 for 1 ≤ i ≤ `. (4.11)
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4.3. Derivation of the optimality system

5. DψL(z, ξ)δψ = 0 for all δψ ∈ V (`)

involves J ` and all constraints except for e3. We try to derive conditions for the remaining
adjoint variables µ and η. Starting with e4 and e5, we find

Dψ

(∑̀
i=1

〈(R− λiI)ψi, µi〉V

)
δψ =

∑̀
i=1

〈(R− λiI)δψi, µi〉V

and

Dψ

(∑̀
i=1

〈‖ψi‖2V − 1, ηi〉R

)
δψ = 2

∑̀
i=1

〈δψi, ψi〉V ηi.

Let us turn to J `, e1, and e2, the constraints that describe the POD reduced problem.
We first note that

DψM(ψ)δψ = M(ψ, δψ) +M(δψ, ψ),

DψK(ψ)δψ = K(ψ, δψ) +K(δψ, ψ),

DψF (ψ)δψ = F (δψ),

DψB(ψ)δψ = B(δψ),

(4.12)

and

ŷ(T )TM(δψ, ψ)ŷ(T ) = (ŷ(T )TM(δψ, ψ)ŷ(T ))T = ŷ(T )TM(ψ, δψ)ŷ(T ). (4.13)

Using (4.12) and (4.13) we compute the derivatives Dψ and collect the resulting terms
in G : H1(0, T ;R`)×V (`)×U ×L2(0, T ;R`)→ (V (`))′, operating on δψ ∈ V (`) as defined
in (4.7). So far, we have turned DψL(z, ξ)ψ = 0 into

0 = 〈G(ŷ, ψ, u, p̂), δψ〉(V (`))′,V (`) +
∑̀
i=1

〈(R− λiI)δψi, µi〉V + 2
∑̀
i=1

〈δψi, ψi〉V ηi. (4.14)

Now, G can also be expressed as a sum, namely

〈G(ŷ, ψ, u, p̂), δψ〉(V (`))′,V (`) =
∑̀
i=1

〈Gi(ŷ, ψ, u, p̂), δψi〉V ′,V

with 〈Gi(ŷ, ψ, u, p̂), δψi〉V ′,V given by (4.8) for δψi ∈ V , 1 ≤ i ≤ `. Since R is self-adjoint
we conclude from (4.14)

(R− λiI)µi + 2ηiψi = −I−1Gi(ŷ, ψ, u, p̂) for 1 ≤ i ≤ `.

Taking inner products with respect to ψi, and using (4.11), finally yields the claim
(4.5).
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4. Optimality system POD

4.4 Combination with POD a-posteriori error estimation

As mentioned before, in (P`OSPOD) we have ended up with a problem of higher complexity
than (P). Therefore we will not properly solve (P`OSPOD), but rather use its information
for an efficient POD basis update.

Similar to Ĵ in Chapter 2 we can consider the cost functional in a reduced sense as

Ĵ `(u) = J `(ŷ(u), ψ(u), u).

Regarding the variational inequality (4.6), it is again possible to express the gradient of
Ĵ ` in terms of the two adjoint states:

(Ĵ `)′(u) = γu−B(ψ)∗p̂− B∗p = γu− B∗(p` + p). (4.15)

In the second equality we go back from the POD coefficients p̂ to the function p` :=∑`
i=1 p̂iψi using that for any u ∈ U

〈u,B∗p`〉U = 〈Bu, p`〉L2(0,T ;V ′),L2(0,T ;V ) =
∑̀
i=1

p̂i〈Bu, ψi〉L2(0,T ;V ′),L2(0,T ;V )

= 〈p̂, B(ψ)u〉L2(0,T ;R`) = 〈u,B(ψ)∗p̂〉U

holds. The function p` is the adjoint state corresponding to y`. (4.15) allows us to
update a given control in direction of the minimum of J `, computed from the optimal
POD basis.

In [19] this was used as follows: Start with an arbitrary POD basis, compute the
suboptimal solution u` to the reduced order problem (P`) with corresponding adjoint
state p̂. Then determine p by (4.4) and (4.5) and use (4.15) in a gradient step to obtain
a new control unew. Using unew the POD basis is recomputed and the procedure is
iterated until the suboptimal controls converge within a given tolerance.

Here we follow another approach, suggested in [31]. We have argued, that Algorithm 1
needs many iterations if the POD basis is chosen poorly because the state dynamics
corresponding to the reference control differ a lot from the optimal ones. That is where
(P`OSPOD) comes in: Before starting Algorithm 1, we perform a projected gradient step
using (4.15) to update the reference control, and thus the initial POD basis, in direction
of the optimal one (for details on the projected gradient method see [16]). The strategy
is described in Algorithm 2.

By P we denote the pointwise projection on the set of admissible controls

P : U → Uad = {u ∈ L2(D) : ua(s) ≤ u(s) ≤ ub(s) for almost all (f.a.a.) s ∈ D}

defined as

P(u)(s) =


ua(s) if u(s) < ua(s)

u(s) if ua(s) ≤ u(s) ≤ ub(s)
ub(s) if u(s) > ub(s)

for s ∈ D. (4.16)

Since the initialization steps are costly, k should be small. For k = 0 no gradient step
is performed at all and Algorithm 2 coincides with Algorithm 1. In the following we
present some possible variants of Algorithm 2.
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4.4. Combination with POD a-posteriori error estimation

Algorithm 2 POD a-posteriori estimator with OSPOD initialization

1: Input: Choose an initial control u0 ∈ Uad, a maximal number `max of POD basis
functions, a rank `OSPOD ≤ `max for the reduced order models, and a number k ≥ 0
of projected gradient steps.

2: for i = 0 to k − 1 do
3: Compute y = y(ui) and a POD basis of rank `max approximating y.
4: Build the reduced order models of rank ` = `OSPOD for the state and adjoint

equation to determine ŷ and p̂.
5: Use ŷ, p̂, ui and the POD basis to compute µ.
6: Determine p, the solution of the adjoint equation (4.4) with right hand side

depending on µ.

7: Set (Ĵ `)′(ui) = γui −B(ψ)∗p̂− B∗p.
8: By an Armijo linesearch determine a stepsize t for sufficient decrease,
9: and perform a projected gradient step ui+1 = P(ui − t(Ĵ `)′(ui))

to obtain a new control.
10: end for
11: Call Algorithm 1 with reference control uk, rank `max and a tolerance ε to solve (P`).

• We could even go further in combining OSPOD and a-posteriori estimator: A
comparison shows, that for both methods we have to solve the full state equation
and the adjoint equation with different right-hand sides (equations (2.8) and (4.4)).
Thus in step 6 we could solve simultaneously both adjoint equations and include
an a-posteriori error estimate for ui. If the error already reaches a given tolerance
we might then return the suboptimal control and stop.

• However, when k is chosen small and u0 arbitrary, it is rather unlikely that the
a-posteriori error for the control undermatches any satisfying tolerance. Solving
the expensive adjoint equation ”only for the a-posteriori estimate” does then not
pay out. The situation is different when we determine the solution of the adjoint
equation (2.8) already in step 3 and use it for a richer POD basis approximating
both the dynamics of y and the adjoint state like it is done in Algorithm 1. Doing
so, we loose of course the time advantage of a simultaneous solve for the two
adjoints. Moreover this approach differs from our theoretically treated problem
(P`OSPOD) where the POD basis is computed only from y. Nevertheless it will turn
out to yield considerably better results in our experiments.

• Instead of the a-posteriori error, we could also include other stopping criteria for
the number k of projected gradient steps, such as

‖ui+1 − ui‖U < τ or |Ĵ `(ui+1)− Ĵ `(ui)| < τ

for appropriate values τ or simply stop if a small stepsize t indicates, that we do
not achieve relevant changes anymore.
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4. Optimality system POD

Remark 4.4. Let i ∈ {1, . . . , `}. The definition of Gi involves terms like for instance

p̂(0)TM(ψ, δψi)ŷ(0).

Note that M(ψ, δψi) has non-zero entries only in column i and therefore

p̂(0)TM(ψ, δψi)ŷ(0) = 〈p̂(0)i,
∑̀
j=1

ŷ(0)jψj , δψi〉H

holds. Proceeding this way, the explicit form of Gi is found to be

Gi(ŷ, ψ, u,p̂) = ŷ(T )i

∑̀
j=1

ŷ(T )jψj − yΩ


+

∫ T

0

p̂(t)i∑̀
j=1

ŷ′(t)jψj + ŷ′(t)i
∑̀
j=1

p̂(t)jψj

 dt

+

∫ T

0

p̂(t)i∑̀
j=1

ŷ(t)jAψj + ŷ(t)i
∑̀
j=1

p̂(t)jAψj − p̂(t)i(f + Bu)(t)

 dt

+ p̂(0)i
∑̀
j=1

ŷ(0)jψj + ŷ(0)i
∑̀
j=1

p̂(0)jψj − p̂(0)iy0,

(4.17)

where the first line comes from the cost functional, the next two lines reflect the reduced
state equation and the last line the corresponding initial condition. Resorting the terms,
using y` =

∑`
j=1 ŷjψj and p` =

∑`
j=1 p̂jψj respectively and applying integration by

parts to
∫ T

0 ŷ′(t)ip
`(t)dt, the above formulation of Gi turns into

Gi(ŷ, ψ, u, p̂) =

∫ T

0
p̂(t)i

(
y`t (t) +Ay`(t)− (f + Bu)(t)

)
dt+ p̂(0)i(y

`(0)− y0)∫ T

0
ŷ(t)i

(
−p`t(t) +Ap`(t)

)
dt+ ŷ(T )i(p

`(T )− (yΩ − y`(T ))).

Here, we recognize that Gi is composed of the ”residuals” caused by setting in the reduced
order solutions into the respective full systems.

For the discretization of Gi suppose we are given the FE matrices and vectors defined
in Section 2.3 and the time grid t0 < . . . < tn of Section 3.3. We denote by ŷ(j) the
approximations for ŷ(tj), 0 ≤ j ≤ n and analogously for the time derivative ŷ′(j). From
(4.17) we then derive

Gi :=
(
〈Gi, ϕj〉V ′,V

)
j=1,...,N

∈ RN
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4.4. Combination with POD a-posteriori error estimation

for 1 ≤ i ≤ ` as follows

Gi = ŷ(T )i(MΨŷ(T )−MȳΩ)

+
n∑
s=0

αs(p̂
(s)
i MΨŷ′(s) + ŷ

′(s)
i MΨp̂(s))

+

n∑
s=0

αs(p̂
(s)
i KΨŷ(s) + ŷ

(s)
i KΨp̂(s) − p̂(s)

i (F +MB ū))

+ p̂(0)iMΨŷ(0) + ŷ(0)iMΨp̂(0)− p̂(0)iMȳ0.

(4.18)

Remark 4.5. Conditions (4.5) imply

(R− λiI)µi = −(I−1Gi(ŷ, ψ, u, p̂)− 〈I−1Gi(ŷ, ψ, u, p̂), ψi〉V ψi)

for 1 ≤ i ≤ `. Thus, we could replace (4.5) by

(R− λiI)µi = −(I−1Gi(ŷ, ψ, u, p̂)) ∈ span{ψi}⊥. (4.19)

Note that ker(R− λiI) = span{ψi}, thus µi is well defined by (4.19) and it follows from
(R− λiI)ψj ∈ span{ψj} for 1 ≤ i, j ≤ `, i 6= j that

〈µi, ψi〉V = 0

holds, what we had already seen when computing DλL in Section 4.3.

We use this property to approximate µi for 1 ≤ i ≤ ` by the following projection
(suggested in section 4.2 of [21])

µi ≈
`max∑

j=1,j 6=i
γjψj =: µ`i , (4.20)

where ψ1, . . . , ψ`max is the POD basis of maximal rank that we have computed. To
determine the coefficients γj we insert the ansatz (4.20) into (4.19) and project onto
span{ψj}`max

j=1,j 6=i.

On computational level this results in

Ψ̊T
i W (Y DY TW − λiI)Ψ̊iγ = −Ψ̊T

i (Gi − (ΨT
:,iWGi)Ψ:,i) (4.21)

with Gi as defined in (4.18) and Y DY TW standing for the discrete version of R (remem-
ber Lemma 3.7). The matrix Ψ̊i contains all POD basis vectors in the columns except
for Ψ:,i

Ψ̊i = (Ψ:,1| . . . |Ψ:,i−1|Ψ:,i+1| . . . |Ψ:,`max) ∈ RN×`max−1.

Note that the columns of Ψ are the W -orthonormal eigenvectors of Y DY TW and thus

Ψ̊T
i WYDY TW Ψ̊i = diag(λ1, . . . , λi−1, λi+1, . . . , λ`max)
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4. Optimality system POD

is diagonal. Moreover Ψ̊T
i W Ψ̊i = I`max−1 is the identity matrix. Hence the left hand

side of (4.21) reduces to

diag(λ1 − λi, . . . , λi−1 − λi, λi+1 − λi, . . . , λ`max − λi) γ

and system (4.21) can be solved by a simple division of the components. Without the
projection, the discretization of equation (4.19) for µ would have resulted in a system of
size N ×N with N being the number of finite elements. Consequently the ansatz (4.20)
turns out to be numerically very efficient.
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CHAPTER 5

Numerical experiments

5.1 Numerical strategy

Remember the linear-quadratic optimal control problem that was introduced in Example
2.3. Throughout all experiments we consider the unit square Ω = (0, 1)× (0, 1) ⊂ R2 as
spatial domain with time interval [0, T ] = [0, 1] and choose the parameters δ = 10, κ =
1, c = 0, q = 0.01 and f̃ = 0. This results in

min
(y,u)∈W (0,T )×L2(Σ)

J(y, u) =
1

2

∫
Ω
|y(T, x)− yΩ(x)|2dx+

γ

2

∫ T

0

∫
Γ
|u(t, x)|2dxdt (5.1a)

subject to u ∈ Uad ⊂ L2(Σ) and the heat equation

10yt −∆y = 0 in Q = (0, 1)× Ω

∂ny + 0.01y = u on Σ = (0, 1)× Γ

y(0) = y0 in Ω.

(5.1b)

The initial value function will be y0 : Ω → R, x = (x1, x2) 7→ y0(x) = 3 − 4(x2 − 0.5)2

and can be seen in Figure 5.1. The set of admissible controls is described by constant
box constraints Uad = {u ∈ L2(Σ) : ua ≤ u(t, x) ≤ ub f.a.a. (t, x) ∈ Σ} for ua ≤ ub ∈ R.

The adjoint equation is given by

−10pt −∆p = 0 in Q

∂np+ 0.01p = 0 on Σ

p(T ) = 0.1(yΩ − y(T )) in Ω

and the variational inequality is∫ T

0

∫
Γ

(γu(t, x)− p(t, x))(v(t, x)− u(t, x))dxdt ≥ 0 for all v ∈ Uad.
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5. Numerical experiments

Figure 5.1: Initial state.

Note that we now prefer to include the factor 1/δ = 1/10 in the initial condition of
the backward adjoint equation and not in the variational inequality, i.e. compared to
Remark 2.9 we scale the adjoint state by the factor 1/δ which is possible due to the
linearity of the equation.

Let us briefly recall our strategy for solving (5.1): We start by an OSPOD initializa-
tion process, that should provide us with a POD basis reflecting well the optimal state
dynamics. We then solve the so obtained POD reduced order model for (5.1), where
the a-posteriori estimator ensures that we do not use more POD basis functions than
necessary for good approximation results.

In the following, we sum up the main steps. All notations have already been defined
in previous chapters. For more clarity, here we do not present details of the occurring
equations, those may be found in Algorithms 1 and 2 on page 24 and 35.

Choose a control u0. For i = 0, . . . , k − 1 repeat the OSPOD initialization steps 1 to 3:

1. Solve the full state (and adjoint) equation with ui and determine a POD basis of
rank `max.

2. Compute all necessary variables for a gradient step, including the solutions ŷ, p̂ of
the ROMs of size `OSPOD, G, µ and the solution p2 of the full adjoint equation
with right hand side depending on µ.

3. Perform a projected gradient step to get a better control ui+1.

With the new control uk, start the main algorithm:

4. Solve the full state and adjoint equation with uk and compute a POD basis of rank
`max. Set ` = `initial.

5. Solve the ROM (P`) for the suboptimal control u`.

6. Solve the full state and adjoint equation to compute the a-posteriori error estimate
for u`. If ‖ζ`‖/γ > ε set ` = `+ 1 and go back to 5.
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5.1. Numerical strategy

So far we did not specify the numerical methods behind each step because the used
techniques are not essential for the approach. In fact, there are many possibilities to
realize the above algorithm. In our numerical experiments we make the following choices.
For the implementation we use the Matlab R2013a software.

Discretization As mentioned before, we discretize the space variable by a FE Galerkin
scheme. Thus in steps 1 and 4 we face the FE models of the state and the adjoint
equation, i.e. systems of ordinary differential equations of size N , with N being
the number of finite elements. In all experiments we use the Matlab PDE toolbox
with piecewise linear finite elements of maximal edge length h = 0.06, resulting in
N = 498 degrees of freedom.

ODE solver To compute the snapshots for the state in steps 1 and 4 we solve the ODE
systems by the implicit Euler method with an equidistant time grid 0 = t0 < t1 <
. . . < tn = T where ti = i∆t and ∆t = 1/n. The time increment is chosen to be
∆t = 0.004 ≈ h2, meaning that we use n = 250 time steps so that the discretization
error with respect to the spatial and the time variable is of the same order O(∆t).
Also the reduced order models in step 2 are solved by the implicit Euler method.

POD basis computation The computation of the POD basis in steps 1 and 4 is carried
out either by solving the eigenvalue problem Ȳ T Ȳ v = λv with the Matlab routine
eigs or by use of the singular value decomposition of the weighted snapshot matrix
Ȳ . Both methods were derived in Corollary 3.8.

In step 4 both the state and the adjoint equation are used for the POD basis
(remember Remark 3.11) whereas in step 1 we distinguish two versions of the
OSPOD initialization step: In the ”basic” version we will compute the POD basis
only from snapshots of the state equation (’snapshots 1’). There is no a-posteriori
estimate then. If we need to enrich the approximation quality, however, we will
use also the adjoint state for the basis in step 1 (’snapshots 2’). And once the
adjoint equation is solved, we can as well use it for an a-posteriori error estimate
of the control ui.

Gradient projection Given a current control ui, we make the update

ui+1 = P

(
ui − t

(Ĵ `)′(ui)

‖(Ĵ `)′(ui)‖U

)

with the normalized negative gradient as descent direction. Here, the projection
P : U → Uad of (4.16) simplifies to

P(u)(t, x) =


ua if u(t, x) < ua

u(t, x) if ua ≤ u(t, x) ≤ ub
ub if u(t, x) > ub

for (t, x) ∈ Σ.
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5. Numerical experiments

The steplength parameter t is given by the Armijo rule [16]: Starting with t = 1
we set t = t/2 as long as the sufficient decrease condition

Ĵ `(ui+1)− Ĵ `(ui) ≤
−α
t
‖ui − ui+1‖2U (5.2)

is not satisfied. We use α = 10−4.

Optimization Finally, the solution of the optimality system for (P`) in step 5 requires to
solve the combined system of state and adjoint equation using the full POD implicit
Euler discretization, i.e. ŷ and p̂ are each represented as `(n + 1)-dimensional
vectors. To handle the control constraints, we apply the primal-dual active set
strategy (PDASS). It uses a dual variable defined from the variational inequality
to adjust the active sets for the control constraint in an iterative procedure. In [17]
the algorithm is derived for a general class of constrained optimal control problems
and applied to a linear-quadratic parabolic problem similar to (5.1). Following [11]
the primal-dual active set strategy can be interpreted as a semismooth Newton
method implying local superlinear convergence under appropriate assumptions.

In order to evaluate the accuracy and efficiency of our approach we compare the results
to a FE-PDASS solution of (5.1). The respective system in each PDASS iteration is now
of size 2N(n + 1) × 2N(n + 1) due to the combined FE implicit Euler discretization of
the state and the adjoint variable. This system is solved by a preconditioned GMRES
method [15] with tolerance 10−15. We make use of the implementation of the FE-PDASS
solver and ROM solvers that arose from Diploma thesis [26], where also a very detailed
presentation of the above methods’ application to problem (5.1) may be found.

To approximate µ in step 2, we use the projection that was introduced in Remark 4.5.

The examples are structured as follows: We begin with the unconstrained problem
and a sine-function as desired end state. This example is chosen nicely so that the
algorithm works fine. We investigate how the basis functions change during the OSPOD
process and vary the parameter γ in the cost functional. In Example II we replace the
desired end state by a more interesting absolute value function. Now the basic OSPOD
algorithm of Example I is extended with different strategies for enriching the POD basis
and the computational effort for these variants is studied in detail. Finally, active control
constraints will be the interest of Example III. There we look also at the impact of the
rank `OSPOD used within the OSPOD process.

5.2 Example I: Unconstrained optimal control

We set γ = 0.1 and consider the unconstrained control problem for the desired state
yΩ : Ω → R, x 7→ yΩ(x) = − sin(2π(x1 − 0.25))/2. The FE end state of the uncon-
trolled equation and the desired state are presented in Figure 5.2. The value of the cost
functional in the uncontrolled case is J(y(0), 0) = 3.5915.

As explained before, we first compute a FE reference solution. The course of the FE
optimal control uFE at some chosen time points is depicted in Figure 5.3. At time t = 0
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5.2. Example I: Unconstrained optimal control

Figure 5.2: Uncontrolled final state and desired final state.

Figure 5.3: FE optimal control at three chosen timepoints.

the control forces the state down to the level of the desired one around zero while later
on it models also the form of yΩ. Active controlling like this leads to an optimal cost
functional value of 2.6469.

ROM approach using Algorithm 1. To get an idea of how many POD ansatz
functions we should use, we compute a POD basis with u = 0 and have a look at
the decay of eigenvalues because the ratio (

∑`
i=1 λi)/(

∑d
i=1 λi) is interpreted as the

percentage of modeled to ”total energy” contained in the snapshots. The eigenvalues as
well as the squared singular values, scaled by the sum of all eigenvalues, are displayed
on the left hand side of Figure 5.4. ”Trace” stands for tr(Ȳ T Ȳ ) =

∑d
i=1 λi, the sum of

the eigenvalues of the matrix Ȳ T Ȳ . While the first 25 eigenvalues are equal, we observe
that for SVD they keep decreasing afterwards and for ’eigs’ they stagnate. When using
more than 60 basis functions, we can even identify an instability of the ’eigs’ method as
the eigenvalues start to increase again. Usually, the stagnation of eigenvalues goes along
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5. Numerical experiments

Figure 5.4: Decay of eigenvalues for POD basis computed from u = 0 (left) and from u2

after 2 gradient steps (right).

with a loss of orthonormality and from that number on the approximation errors do
not improve anymore. For SVD all information is contained in around 60 eigenvalues.
The determination of a POD basis of rank 30 takes 0,4 seconds with ’eigs’, but 2,9
seconds when using the method SVD. We choose the less expensive method ’eigs’ and
as parameters for Algorithm 1 `initial = 5 and `max = 30. The stopping tolerance is set
to ε = 0.004, which is motivated by the discretization error of the FE and implicit Euler
method the POD calculations are based on. In a first try we initialize the algorithm with
u = 0. It stops after 53.25 seconds CPU time because the maximal number of ansatz
functions `max = 30 is reached, but the a-posteriori error 1

γ ‖ζ
`‖U = 0.0059 > ε.

In order to see if we can improve this result by using a better POD basis, we next
compute a POD basis out of the state snapshots corresponding to the FE optimal control
uFE. The results are considerably better: The algorithm stops after 6.35 seconds CPU
time and only ` = 7 ansatz functions are used to obtain an a-posteriori error of 0.0026.
We can therefore conclude that an appropriate POD basis and hence the choice of the
initializing control is essential for good approximation results.

OSPOD approach (Algorithm 2). Now let us test what we can achieve by the
OSPOD ansatz. We use the most basic variant of OSPOD: The snapshots for the POD
basis computation in the initialization steps are taken only from the state variable and
consequently no a-posteriori estimate is computed there. We start with u = 0 and
perform up to three gradient steps with ROM rank `OSPOD = 5 to improve the control.
The control after k gradient steps is named uk. Before entering the algorithm we first
investigate the question whether the POD basis is significantly changed by the OSPOD
steps. In Figures 5.5 to 5.7 we compare the first four POD basis functions obtained
either with u = 0, u2 or with uFE.

In the first POD basis functions associated with the uncontrolled equation (u = 0)
we recognize the initial condition of Figure 5.1 (remember that the algebraic sign of a
POD mode does not matter). The controlled state is richer in dynamics since it now
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5.2. Example I: Unconstrained optimal control

Figure 5.5: POD basis functions associated with the uncontrolled heat equation.

Figure 5.6: POD basis functions associated with the control after two OSPOD steps.

Figure 5.7: POD basis functions associated with the optimal FE control.
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5. Numerical experiments

develops in direction of the desired end state. This is reflected by a different shape
of the POD basis functions. We observe that the basis obtained after two OSPOD
steps has changed significantly and at least the first three basis functions resemble the
optimal ones. Moreover we can expect the eigenvalues for the basis associated with u2

to decay slower than for the basis computed from the uncontrolled state, because more
information has to be modeled by the POD basis. This is confirmed by the right plot of
Figure 5.4.

When we start the algorithm after one OSPOD gradient step with u1 we need ` = 21
ansatz functions to reach the tolerance ε. By using two gradient steps the algorithm
terminates with 10 ansatz functions, and after three gradient steps even with 7 basis
functions, i.e. as fast as in the optimal case. We summarize this in Table 5.1. In the
first line ` denotes the required number of basis functions to reach the tolerance for
the a-posteriori error, CPU is the total CPU time in seconds. Each gradient step takes

k = 0 k = 1 k = 2 k = 3 with uFE

required ` 30 21 10 7 7
CPU 53.25 s 32.83 s 14.87 s 13.05 s 6.35 s

Table 5.1: Algorithm efficiency when initialized with k OSPOD gradient steps or with
FE optimal control.

around 2 seconds. A third gradient step is therefore not really beneficial anymore even
though less modes are needed. In any ROM case the needed CPU time is far better than
with the FE approach that takes 189.2 seconds.

The final errors between the suboptimal pair (u`, y`) produced by the algorithm with
none and one gradient step compared to the FE optimal solution are listed on the left
in Table 5.2. We use a time-averaged L2(Γ)-norm, defined as

‖u‖Γ =

n∑
j=0

αj‖u(tj)‖L2(Γ) for u ∈ L2(Σ)

and the error quantities

euabs =
n∑
j=0

αj‖uFE(tj)− u`(tj)‖L2(Γ) = ‖uFE − u`‖Γ

eurel =
n∑
j=0

αj
‖uFE(tj)− u`(tj)‖L2(Γ)

‖uFE(tj)‖L2(Γ)
,

where α0, . . . , αn denote again the trapezoidal weights. The state errors eyabs and eyrel

are computed similarly in a time-averaged L2(Ω)-norm. The first two columns of Table
5.2 reveal that the OSPOD ansatz does not only fasten the computation of a satisfying
solution but also yields to less final errors. The improvement can especially be seen in
the state variable: While the final control error is divided in half by one gradient step,
the error in the state decreases even by a factor of 1/10. Note that more gradient steps
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5.2. Example I: Unconstrained optimal control

final errors ` = 15
k = 0 k = 1 k = 0 k = 1 k = 2 k = 3

‖ζ`‖/γ 7.85 · 10−3 3.55 · 10−3 1.31 · 10−2 5.99 · 10−3 2.59 · 10−3 8.31 · 10−4

euabs 6.66 · 10−3 3.20 · 10−3 1.11 · 10−2 5.45 · 10−3 2.45 · 10−3 8.07 · 10−4

eurel 1.97 · 10−3 9.77 · 10−4 3.32 · 10−3 1.67 · 10−3 7.37 · 10−4 2.39 · 10−4

eyabs 2.40 · 10−2 2.26 · 10−3 3.34 · 10−2 3.67 · 10−3 1.37 · 10−3 4.90 · 10−4

eyrel 1.05 · 10−2 1.08 · 10−3 1.47 · 10−2 1.75 · 10−3 6.58 · 10−4 2.26 · 10−4

Table 5.2: Left: Final errors for algorithm with POD basis from uncontrolled snapshots
(k = 0) or after one OSPOD step. Right: Error comparison for the chosen
ROM rank ` = 15.

lead to similar final errors because we stop the algorithm at the desired tolerance ε.
More interesting than the final errors is a look at the error course for increasing `. The
difference in the a-posteriori error estimate for the control and the absolute error in state
can be seen in Figure 5.8 where we compare the considered approaches for k = 0, . . . , 3
gradient steps with the ROM solutions based on the FE optimal control. On the right
in Table 5.2 we present detailed error information exemplary for the rank ` = 15. The
comparison shows that the a-posteriori estimator is in fact a good indication for the
accuracy of our reduced models. It is close above the absolute error in control and as
‖ζ`‖/γ decreases also the state error decreases. By using the improved POD bases we
achieve considerably better results. Yet also the quality of these bases is limited. In
Figure 5.8 we see how the errors decrease further with each gradient step, but except
for the ”optimal” basis they stagnate at some level of approximation. This illustrates
clearly the problem of Algorithm 1: If this level is bigger than the discretization error (the
tolerance ε) the algorithm has no chance to reach it by including more ansatz functions
in the model. By means of OSPOD we can force the errors down to the desired level.
The improvement is even much better in the state than in the control as can be seen
when comparing the two plots of Figure 5.8. This is not surprising since the POD basis
is computed to approximate the state snapshots.

Variation of γ. If we look at the FE optimal state at time T = 1 it is not at all
close to the desired one yΩ, but still resembles more the uncontrolled end state on the
left of Figure 5.2. This is due to our choice of the regularization parameter γ in the cost
functional. For γ = 0.1 active control of the state has a relatively high impact on the
cost functional. The smaller γ, the more we can spend on the control without producing
high control costs. Figure 5.9 and Table 5.3 should give a first impression of this effect.
There we confront the FE optimal state y(T ) for γ = 0.1 and γ = 0.01. As expected,
for γ = 0.01 the optimal end state looks different. The initial condition can still be
recognized but the state is now closer to yΩ both in shape and height. Additionally
regard Table 5.3 with the contributions to the optimal cost functional value for different
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Figure 5.8: Comparison of errors for POD suboptimal solutions. The snapshots for the
POD basis are generated either with u = 0, uk after k gradient steps or uFE.

Figure 5.9: FE optimal end states y(T ) for γ = 0.1 (left) and γ = 0.01 (right).

sizes of γ. Remember how the cost functional is defined:

J(y, u) =
1

2
‖y(T, ·)− yΩ‖2L2(Ω) +

γ

2
‖u‖2L2(Σ).

Instead of ‖u‖L2(Σ) we present again the value of the optimal control in time-averaged
L2(Γ)-norm.

Let us test how the same OSPOD approach like before works for the optimization
problem with smaller γ. We use again `OSPOD = 5, snapshots only from the state
variable and compute up to k = 6 gradient steps in our initialization process. Afterwards
we solve the ROMs with the so obtained POD basis. In Table 5.4 we display the
resulting a-posteriori errors for some chosen ROM ranks. Since we want to look at
50 ansatz functions, we now compute the POD basis with the more stable method
SVD. We emphasize the first values that reach the tolerance ε = 0.004. For γ = 0.01
the error estimate is not satisfying even with 50 ansatz functions, but stagnates at
a high level. It does not even improve after six gradient steps. For γ = 0.05 the

48



5.2. Example I: Unconstrained optimal control

γ = 0.1 γ = 0.05 γ = 0.01

‖yFE(T, ·)− yΩ‖2L2(Ω) 3.9574 2.6451 0.7224

‖uFE‖2Γ 13.3227 32.0256 110.4399
min J 2.6469 2.1288 0.9375

Table 5.3: Comparison of optimal contributions to the cost functional for different γ.

k = 3 k = 6
` γ = 0.01 γ = 0.05 γ = 0.1 γ = 0.01 γ = 0.05

5 6.53 · 10−1 2.76 · 10−2 1.04 · 10−2 5.66 · 10−1 1.22 · 10−1

10 5.09 · 10−1 1.57 · 10−2 2.45 · 10−3 2.41 · 10−1 1.05 · 10−2

20 1.62 · 10−1 3.53 · 10−3 4.24 · 10−4 1.52 · 10−1 5.01 · 10−3

30 1.91 · 10−1 4.62 · 10−3 4.35 · 10−4 1.25 · 10−1 1.47 · 10−3

40 1.36 · 10−1 4.69 · 10−3 6.50 · 10−4 3.92 · 10−2 1.08 · 10−3

50 3.94 · 10−2 1.47 · 10−3 3.21 · 10−4 2.74 · 10−2 7.62 · 10−4

Table 5.4: A-posteriori error for different values of γ.

situation looks better and for γ = 0.1 we have already seen that we get very good
results with few basis functions. Obviously the POD basis does not fit to the problem
in case of γ = 0.01. Besides, we can observe in Table 5.4 that the a-posteriori error
does not decrease monotonously which is no problem since there are no such theoretical
statements. However, for γ = 0.01 OSPOD should work as well, so what happens?

The significant difference in performance can be explained by looking at the control.
In Figure 5.10 we show the FE optimal control for γ = 0.01. Note the different scaling
compared to Figure 5.3. This correlates with Table 5.3 where we have already inves-
tigated the optimal control contributions to the cost functional. On the one hand the
optimal control in case of γ = 0.01 is much farer away from the initial guess u = 0
and thus the optimal state dynamics will differ more from the uncontrolled than with
γ = 0.1. We can simply not expect to reach a similar quality for the POD basis with
few gradient steps. On the other hand we should also take into account that the opti-
mal state dynamics are richer, remember Figure 5.9. This means that we will anyhow
need more ansatz functions to reach the same accuracy like in the ”clearer” situation of
γ = 0.1.

Let us focus a moment on the OSPOD gradient steps and check how the control
gets changed. In Table 5.5 we compare the deviation of uk to the optimal control in
time-averaged L2(Γ)-norm and the corresponding cost functional values J(y(uk), uk) for
γ = 0.1 or γ = 0.01 and k gradient steps. The table emphasizes that we update the
control in direction of the minimum, but at the same time shows that for smaller γ
more gradient steps are necessary to come from u = 0 near the optimal control. Given
these results it is not surprising that we did not reach the tolerance when running the
algorithm for γ = 0.01 with u6 like in Table 5.4. To use OSPOD also for γ = 0.01 in
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Figure 5.10: FE optimal control for γ = 0.01 at three chosen timepoints.

γ = 0.1 ‖uk − uFE‖Γ J(y(uk), uk)

k = 0 3.65 3.59
k = 1 2.66 3.15
k = 2 1.67 2.84
k = 3 0.69 2.68

γ = 0.01 ‖uk − uFE‖Γ J(y(uk), uk)

k = 0 10.51 3.59
k = 3 7.76 2.28
k = 6 5.11 1.42
k = 9 2.53 1.01

Table 5.5: Direct impact of k OSPOD gradient steps on the control error and cost func-
tional value, compared for γ = 0.1 and γ = 0.01.

an efficient way we have to make adjustments on our basic setting. For instance the
gradient steps should converge faster if we use the following changes.

1. Increase the initial stepsize for the Armijo rule by trying t = 2 instead of t = 1.

2. Suppose we have already an idea of the optimal control, then start nearer to the
optimum. In our example we replace the initial guess u = 0 by the constant
function u = −6 because this is more or less the optimal value of u at time t = 0.

3. Improve the basis used within the gradient steps by utilizing also snapshots of the
adjoint state.

Remember that afterwards, in the POD reduced PDASS optimization, we already use
snapshots from both the state and adjoint variable. How these suggestions change the
absolute error of uk to the FE optimal control during the OSPOD steps is presented in
Table 5.6. We use SVD for POD basis computation and `OSPOD = 25 to reduce eventual
errors in the gradient algorithm produced by bad POD approximations. The influence
of `OSPOD is investigated further in Example III. As expected, increasing the stepsize
(1.) yields to a faster error decrease. Much more effective is the better guess for the
initializing control (2.). However, we should not invest to much in this guess since our
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k ”basic” 1. 2. 1.+2. 1.+2.+3.

0 10.51 10.51 2.74 2.74 2.74
1 9.58 9.90 2.39 2.29 (2) 2.09
2 8.66 8.10 2.04 1.65 (2) 1.45
3 7.76 6.39 1.67 1.52 (0.5) 1.21
4 6.83 4.74 1.33 1.29 (1) 1.17

Table 5.6: Errors ‖uk−uFE‖Γ in control after k OSPOD gradient steps with different pa-
rameters. 1,2 and 3 stand for the items in the text, the number in parenthesis
is the used stepsize.

original aim was to improve an arbitrary initial control by applying OSPOD steps. The
idea must of course not be to replace the problem of finding a good control for POD
basis generation by the problem of finding a good control for OSPOD. Nevertheless,
OSPOD reduces the need for an almost optimal guess - which is often impossible -
to a more or less appropriate guess, like here u = −6. To illustrate that the bigger
stepsize is still relevant when starting with u = −6 (1.+2.), we there display the used
stepsize in parenthesis. Naturally, combining all ideas (1.+2.+3.) yields the best result.
When we start the algorithm with the so obtained control, it stops with ` = 35 ansatz
functions because the a-posteriori error estimate for the control ‖ζ35‖/γ = 0.0039 < ε
reaches the tolerance. The real absolute error in control is even smaller: euabs = 0.0019.
Remembering Table 5.4 this result is really gratifying as it shows that the combined
OSPOD and a-posteriori approach does also work fine in case of γ = 0.01. Yet Table
5.6 is somehow misleading since it suggests that the absolute error in uk was alone a
good indication for the quality of the resulting POD basis. This is not the case: After
k = 4 gradient steps with ”1.+2.” uk seems to be as good as after three gradient steps
when using ”1.+2.+3.”. When starting the algorithm afterwards, however, in the first
case it does not terminate even with `max = 50 ansatz functions and the a-posteriori
error stagnates at around 0.1. This is similar to the ”basic” situation of Table 5.4. With
` = 25 ansatz functions ‖ζ25‖/γ = 0.5926 for example. When also snapshots from the
adjoint variable are used, the algorithm performs totally different: ‖ζ25‖/γ = 0.0095 and
with 39 basis functions the tolerance is reached. In the following example we therefore
investigate further the importance of the snapshot ensemble.

Summing up our experiments concerning γ, we can say that observations on the im-
provements through the OSPOD approach are easier to make with ”big” values of γ.
For smaller γ it does work as well, but we have to invest more in the gradient steps and
search for adjustments in the parameter setting. For simplicity we thus keep to consider
γ = 0.1 in the following experiments.

5.3 Example II: Enriching the snapshot ensemble

We now consider as desired end state yΩ : Ω → R, x 7→ yΩ(x) = 2 + 2 |2x1 − x2|. It
is shown in Figure 5.11. The cost regularization parameter is again set to γ = 0.1.
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5. Numerical experiments

Figure 5.11: Desired end state yΩ in Example II and III.

Figure 5.12: FE optimal control for Example II at three chosen timepoints.

Without controlling, the cost functional takes a value of J(y(0), 0) = 0.6735.

Like before, we start by computing a FE solution as best available reference. The
FE solver takes 170.56 seconds CPU time and gives an optimal cost functional value
of 0.5225. In Figure 5.12 we plot the FE optimal control at three chosen time points.
At time t = 1 we recognize the shape of yΩ in the control. Additionally Figure 5.13
shows how the control develops over time along the different boundary parts. The non
differentiable knee in the graph of yΩ can best be discovered at the boundary x2 = 1
near t = 1.

ROM approach. For the basic ROM approach we compute a first POD basis from
the uncontrolled state. The decay of the normalized eigenvalues with both methods
’eigs’ or SVD can be seen on the left in Figure 5.14. Compared to Example I here the
eigenvalues decay slower. We choose for Algorithm 1 a POD rank between `initial = 10
and `max = 40 and compute the basis with the method SVD. The stopping tolerance
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5.3. Example II: Enriching the snapshot ensemble

Figure 5.13: Course of the FE optimal control at the boundary parts over time.

Figure 5.14: Decay of eigenvalues for POD basis computed from u = 0 (left) and after
k = 2 gradient steps with ’snapshots 2’ (right).

for the a-posteriori error of the suboptimal control is again set to ε = 0.004. Using this
POD basis, Algorithm 1 takes 83.59 seconds and requires `max = 40 ansatz functions,
but the a-posteriori estimate 0.0106 > ε is still far above the discretization error.

A comparison with the results obtained with an optimal POD basis reveals again the
need to improve the initial control: When we determine the basis from uFE, i.e. as ap-
proximation of the optimally controlled state snapshots, the algorithm stops after 11.69
seconds with only ` = 13 basis functions. The a-posteriori error ‖ζ13‖/γ = 0.0026 < ε
indicates that the suboptimal solution is already satisfying.

OSPOD approach. We continue by testing the combination of the a-posteriori error
approach with the OSPOD strategy to improve the POD basis. As parameters for the
initializing gradient steps we use `OSPOD = 10, the initial stepsize t = 1 and take only
snapshots from the state variable. The results are poor: By three gradient steps we can

53



5. Numerical experiments

snapshots 1 snapshots 2
k = 0 k = 5 k = 1 k = 2 with uFE

‖ζ`‖/γ 1.06 · 10−2 7.89 · 10−3 3.94 · 10−3 3.13 · 10−3 2.56 · 10−3

euabs 9.44 · 10−3 7.04 · 10−3 3.57 · 10−3 3.06 · 10−3 2.56 · 10−3

eurel 5.24 · 10−3 4.01 · 10−3 2.25 · 10−3 2.07 · 10−3 1.76 · 10−3

eyabs 1.91 · 10−2 9.44 · 10−3 1.36 · 10−3 9.55 · 10−4 1.05 · 10−4

eyrel 6.85 · 10−3 3.40 · 10−3 4.88 · 10−4 3.43 · 10−4 3.80 · 10−5

required ` 40 40 36 13 13
CPU 83.59s 101.21 72.77s 23.56s 11.69s

Table 5.7: Final errors and efficiency comparison for algorithm with POD basis from
uncontrolled snapshots (k = 0), after k = 5 OSPOD steps with ’snapshots
1’ and after one and two gradient steps with ’snapshots 2’. The last column
shows the errors made with the optimal POD basis.

not improve the quality of the POD basis significantly. The algorithm still runs until the
maximum number of ansatz functions `max = 40 is reached and the a-posteriori error
stagnates around 0.01 like without any gradient step. After five gradient steps we observe
a slight improvement, but can neither satisfy the tolerance. The final a-posteriori error
is then given by 0.0079. In the first two columns of Table 5.7 we present more details on
the final errors obtained either with none or five gradient steps. We might have expected
that at least the state errors decrease, but except for the relative error in state that gets
half sized we can see no real improvement through the OSPOD steps. The performance
seems even worse because we need more computation time (caused by the five gradient
steps) to obtain a comparable result. On the left in Figure 5.15 we display the course of
the a-posteriori error for increasing rank ` depending whether none, three or five gradient
steps are used. The effort of the gradient steps does not pay out: the error decreases
only little and stagnates at a similar level like when using the basis computed from the
uncontrolled state.

Enriching the snapshots. Given these rather poor results, we try if we can compute
more efficient gradient steps by using a richer snapshot ensemble for the involved POD
basis. Note that afterwards we anyhow utilize snapshots of the state and adjoint variable,
so this change effects only the OSPOD steps. Instead of Y we now consider the snapshot
matrix [Y |P ] for the POD basis generation where P are the snapshots of the adjoint state
p(y), defined in an analogue manner as Y on page 21. We call this variant ’snapshots
2’ and the former approach ’snapshots 1’. The other parameters for the gradient steps
stay the same, especially we make again use of a POD basis of size `OSPOD = 10. The
consequences for the algorithm are astonishing. With one gradient step based on the
richer POD basis the algorithm terminates after 72.77 seconds. ` = 36 < `max ansatz
functions are needed to reach an a-posteriori estimate of ‖ζ36‖/γ = 0.003941 < ε. Figure
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5.3. Example II: Enriching the snapshot ensemble

Figure 5.15: A-posteriori errors for POD suboptimal solutions when the initializing gra-
dient steps are computed with ’snapshots 1’ (left) or ’snapshots 2’ (right).
The control for POD basis generation is uk, after k gradient steps.

5.16 shows how this first gradient step already changes u = 0 in direction of the optimal
control (compare Figure 5.13). However, it is beneficial to perform also a second gradient
step: it reduces the effort to only ` = 13 basis functions and a CPU time of 23.56 seconds.
That is already comparable with the result for the optimal POD basis obtained from uFE

where also ` = 13 modes were used. The obtained a-posteriori error of 0.003133 satisfies
the desired tolerance ε. Detailed information on the absolute and relative final errors
are again listed in Table 5.7. It confirms once more the accuracy of the a-posteriori
estimation for the control and shows that ’snapshots 2’ also yields to better results in
the state variable. For a better comparison of the efficiency we also present the required
number of basis functions by the algorithm and the total CPU time. Each gradient step
with ’snapshots 2’ takes around 6 seconds. A further analysis of the computational effort
is given later on.

In Figure 5.15 we confront the course of the a-posteriori error with increasing ` for both
snapshot variants. While we observed before the stagnation in the left plot for ’snapshots
1’, the right plot now underlines the improvement made by the richer snapshot choice.
The a-posteriori error decreases further and stagnates at a lower level. Additionally
regard Table 5.8, where we present information on the absolute error in state for some
chosen ROM ranks depending on the different snapshot variants that were considered
during the gradient steps. For comparison the results obtained with a POD basis from
the uncontrolled state are given in the first column. The table shows that the state error
decreases simultaneously with the a-posteriori error of Figure 5.15, hence the latter is
indeed a good indicator for the quality of our reduced order models.

In order to further point out the good quality of the POD basis obtained with 2
gradient steps and ’snapshots 2’, we present the decay of eigenvalues on the right of
Figure 5.14 and compare the first four POD basis functions with the ones computed
from the uncontrolled as well as the FE optimal state in Figures 5.17 to 5.19. Note
that these are the bases used for the POD model of the optimization problem (i.e. step
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Figure 5.16: Course of the control u1 after one gradient step with ’snapshots 2’.

snapshots 1 snapshots 2
` u = 0 k = 5 k = 1 k = 2

5 3.44 · 10−2 2.94 · 10−2 1.18 · 10−2 6.05 · 10−3

10 3.37 · 10−2 1.95 · 10−2 7.61 · 10−3 1.07 · 10−3

15 3.22 · 10−2 1.84 · 10−2 5.50 · 10−3 8.66 · 10−4

20 2.64 · 10−2 1.57 · 10−2 3.77 · 10−3 8.22 · 10−4

30 2.05 · 10−2 1.32 · 10−2 2.72 · 10−3 6.48 · 10−4

40 1.91 · 10−2 9.44 · 10−3 7.36 · 10−4 1.72 · 10−4

Table 5.8: Absolute error eyabs in the suboptimal state for chosen ROM ranks ` and
different POD bases during the OSPOD gradient steps.

4 on page 40), and not within eventual gradient steps (this would be step 1 on page 40).
That means that for instance the basis corresponding to u = 0 contains information of
the uncontrolled state y(0) and the adjoint p(y(0)). This explains why we can clearly
recognize the shape of the desired end state yΩ in the third basis function of Figure 5.17
even though we assume no active controlling in direction of yΩ.

This fact reveals the problem of the approach ’snapshots 1’ for the OSPOD gradient
steps. By ’snapshots 1’ we try to update the control in direction of the minimum but
miss direct information of the adjoint state in the POD basis. The ansatz corresponds to
our formulation of the OSPOD theory: Theoretically, u is the only independent variable
and thus the adjoint state and especially yΩ enter the gradient calculations indirectly.
The critical point is the solution of the ROM for the adjoint equation to prepare the
gradient. When this is accomplished with a POD basis based only on y, already the
initial condition for the adjoint state

p(T ) = 0.1(yΩ − y(T )) in Ω
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Figure 5.17: POD basis functions associated with the uncontrolled heat equation.

Figure 5.18: POD basis functions associated with the control u2 after two OSPOD steps
with ’snapshots 2’.

Figure 5.19: POD basis functions associated with the optimal FE control.
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Figure 5.20: POD approximation of yΩ with ’snapshots 1’ (left) or ’snapshots 2’ (right).

gets modeled poorly. Figure 5.20 shows the POD projection of yΩ depending on the
chosen snapshot variant and in Figures 5.21 and 5.22 we compare the resulting solution
of the adjoint equation corresponding to the uncontrolled state y = y(0) using either
’snapshots 1’ or ’snapshots 2’ for the underlying POD basis. The POD basis rank
in both cases is ` = 10. We can see that the POD basis computed only from y is
not able to approximate the non differentiable initial condition of the adjoint equation
and consequently the model for the adjoint state does not capture its characteristic
dynamic. The computed solution differs significantly from the one obtained with a
snapshot ensemble including p. In Example I this problem did not show up because
the desired end state was chosen nicely and of small total height such that it was less
important for the optimal course of the state and adjoint. We therefore got satisfying
results with ’snapshots 1’. For the dependence of the control error on the approximation
of the adjoint compare the estimates in [10], for instance.

Analysis of computing time. Compared to the basic POD approach, the OSPOD
gradient steps require an additional computational effort. To conclude this section we
therefore want to investigate in more detail how the computation time is distributed to
the components of the OSPOD process and how the considered variants differ. In Table
5.9 we display the numbers for one typical initializing OSPOD step using ’snapshots 2’.
Each such step requires at the beginning the computation of the snapshot ensemble and of
the POD basis. In parenthesis the corresponding time for ’snapshots 1’ is given. The first
difference occurs of course in the required time for the generation of the snapshots. In
case of ’snapshots 2’ the full state and adjoint equation have to be solved, for ’snapshots
1’ only the state equation is needed. The numbers are taken of one exemplary run
and can vary from one solve to another between 0.4 and 1 second, so we cannot make
too detailed comparisons with this data. Note that also the following computation of
the POD basis is cheaper when we use the smaller snapshot set (’snapshots 1’). It is
remarkable that the method ’eigs’ is much faster than SVD. Actually, when we regard
the whole OSPOD step, the SVD makes the main contribution to the computational
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Figure 5.21: Solution of ROM for adjoint equation with y = y(0) using a POD basis of
’snapshots 1’.

Figure 5.22: Solution of ROM for adjoint equation with y = y(0) using a POD basis of
’snapshots 2’.
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snapshots 2 (1)

snapshot generation 1.55 (0.45)
computation of POD basis with...

... eigs 0.42 (0.23)

... SVD 2.80 (2.03)
preparations for OSPOD gradient

solve ROM for state and adjoint equation 0.14
compute G 0.42
compute µ 0.03
solve full adjoint equation 0.81

a-posteriori error estimate 0.03 (-)
gradient step 0.41

PDASS with ` = 15 0.67
PDASS with ` = 30 1.72
a-posteriori error estimate 0.97
FE-PDASS solve 173.19

Table 5.9: Exemplary CPU times in seconds.

snapshots 1 snapshots 2

eigs 2 s 3.5 s
SVD 4 s 6 s

Table 5.10: Average CPU time for one OSPOD gradient step, depending on the chosen
snapshot variant and the method for POD basis computation.

effort besides the snapshot determination. The averaged total time for one step with
’snapshots 2’ is 6 seconds where almost half of the time is consumed by the SVD.
Recalling the right plot of Figure 5.14, we see that - unlike in the uncontrolled case on
the left - the eigenvalues decay up to ` = 40 basis functions and the instability sets in
later. That means that we could also have used ’eigs’ instead of the time intensive SVD
in our experiments. One OSPOD step would then be done in around 3.5 seconds (see
Table 5.10). This is, however, due to the improvement in quality that we achieved with
’snapshots 2’. For the uncontrolled situation and also for ’snapshots 1’, the POD basis
computed with ’eigs’ was not satisfying for the desired rank `max = 40. Whether ’eigs’
or SVD is the better choice depends on the maximal ROM rank the algorithm should
use and has to be decided on the concrete problem. The remaining computations for
the OSPOD gradient step need on the order of 1.5 seconds. The main part is again
the solve of the full adjoint equation, this time with the right hand side depending on
µ. By the technique explained in Remark 4.5 the effort for computing µ is very small,
sometimes it is not even measured. Because the adjoint equation is already solved during
the snapshot generation with ’snapshots 2’, the a-posteriori error can then be computed
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with quasi non extra effort and provides an interesting additional information. It is not
really needed for the gradient, however, so with ’snapshots 1’ we leave it out.

How long a typical a-posteriori error estimation takes, when the state and adjoint
equation still have to be solved, can be seen below. There we provide the numbers for
the POD reduced optimization that follows the OSPOD steps. Remember that there
are no constraints on the control, so the PDASS for P` terminates after one iteration.
Algorithm 1 combines the PDASS solve with the a-posteriori error to estimate the quality
of the suboptimal solution and increases the ROM rank if necessary. Depending on
10 ≤ ` ≤ 40 such a combination of optimization and a-posteriori estimate takes between
1.4 and 2.8 seconds CPU time. This is still less than one typical OSPOD step, but we
should take into account that the OSPOD steps reduce the number of needed iterations
by the algorithm. From a total point of view, the initialization with OSPOD is therefore
very efficient. For comparison we also provide the time the FE solver needs.

Comparing the two considered snapshot variants, we observe that ’snapshots 2’ is more
time intensive due to the extra solve of the adjoint equation and the more complex basis
computation. Figures 5.20 to 5.22 suggest that instead of using [Y |P ] as snapshot matrix
for the POD basis, it might be sufficient to include the desired state yΩ in the snapshot
ensemble, i.e. to use [Y |yΩ]. Proceeding this way, we could save the computational effort
of solving the full adjoint equation for P , but it might still be possible to approximate
well the initial condition for the adjoint. We test this idea by a last algorithm run.
The same OSPOD parameters like before are used, i.e. `OSPOD = 10, `initial = 10 and
`max = 40. With a first gradient step the final a-posteriori error reduces already to a level
of 0.005, which is half of the error obtained without gradient steps or with ’snapshots
1’. After k = 3 gradient steps and with a POD rank of ` = 40 we are able to reach a
satisfying a-posteriori error of 0.003968 < ε for the suboptimal control. However, the
required CPU time is 93.83 seconds, so the approach is not really promising. Though the
performance is significantly better compared to ’snapshots 1’, compared to ’snapshots 2’
the advantage of saving time with the snapshots gets lost through the high ROM rank
that is necessary to satisfy the tolerance.

Summing up, snapshots from both the state and adjoint variable turned out to be the
best alternative for the POD calculations during the OSPOD gradient steps.

5.4 Example III: Active control constraints

In our last experiment let us consider the same problem parameters as in Example II,
but now with active box constraints for the control:

ua(t, x) = 0 and ub(t, x) = 1 for all (t, x) ∈ Σ. (5.3)

Like before, the desired end state is yΩ : Ω → R, x 7→ yΩ(x) = 2 + 2 |2x1 − x2| and we
set γ = 0.1.

Without control constraints the optimal cost functional value was J(yFE, uFE) =
0.5225. The course of the optimal control along the four boundary parts was shown
in Figure 5.13. To handle the constraints (5.3) the FE-PDASS solution now needs five
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iterations and 860.75 seconds. With 0.5344 > 0.5225 the optimal value of the cost is only
a little higher than in the unrestricted case. How the optimal control develops within
the allowed box can be seen in Figure 5.23.

Figure 5.23: Course of the FE optimal control with active constraints for Example III.

We observe that both constraints are active at the boundary x2 = 0. At the other
boundary parts it is either the lower or the upper bound that causes the relevant restric-
tion of the control. To get an impression of the effect that active controlling has, even
if it is restricted, we plot the FE optimal state in Figure 5.24. It is clearly changed in
direction of the desired state yΩ. We can therefore expect that a POD basis computed
from a more or less optimally controlled state will once again significantly differ from
the basis corresponding to the uncontrolled state.

ROM approach. To compute a classical POD solution using Algorithm 1 we set the
stopping tolerance ε = 0.004 again to the level of the discretization error, use `initial = 10
and `max = 40. The active control constraints do not affect the POD basis computed from
the admissible control u = 0, so the information on the decay of eigenvalues provided by
the left plot of Figure 5.14 is still valid and we can use the same parameters as for the
ROM run of Example II. As only difference we now choose the method ’eigs’ for POD
basis computation. A look on the optimal control of Figure 5.23 suggests that a POD
basis computed from the uncontrolled state and adjoint variable might here perform
better than in the unrestricted situation of Example II. For the choice of ua = 0 and
ub = 1, the optimal control is now nearer to u = 0 than before. This is confirmed by
our first run of Algorithm 1: It stops with ` = 35 < `max ansatz functions because the
a-posteriori error of the suboptimal control 0.0034 < ε satisfies the desired tolerance.
The result is already quite good. However, the required CPU time is 110.77 seconds.
Each ROM solve needs four or five PDASS iterations to determine the suboptimal pair
(y`, u`). This is why the computational effort of the algorithm is several times higher
than it was for the unrestricted examples. Here, using a better POD basis is thus
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Figure 5.24: Course of the FE optimal state at some chosen time points.

particularly interesting from the computational point of view.

We illustrate the possible difference in effort by initializing Algorithm 1 with the
FE optimal control uFE. With only ` = 13 basis functions an a-posteriori estimate of
0.0019 < ε for the suboptimal control is reached. The necessary CPU time is 11.48
seconds, that is ten times faster than with the POD models based on u = 0.

OSPOD approach. Now let us test how the OSPOD approach works in case of
active restrictions for the control. Given the results of Example II, we use the richer
snapshot ensemble consisting of state and adjoint snapshots, i.e. the variant that was
called ’snapshots 2’. We consider again a rank of `OSPOD = 10 and the method ’eigs’
for the POD computations during the OSPOD steps. Note that this is the first example
where we really need projected gradient steps like described in the theory. We try two
variants of projection: The first approach - let us call it ’restrictive’ - is identical with
our formulation of Algorithm 2 on page 35. Let k denote the number of gradient steps
and P the projection onto Uad, then for i = 0, . . . , k − 1 in every OSPOD iteration the
control ui is updated by

ui+1 = P(ui − t(Ĵ `)′(ui)).

Remember that Ĵ ` stands for the reduced cost functional and t for the stepsize computed
with an Armijo linesearch. In the second variant the update is a normal gradient step

ui+1 = ui − t(Ĵ `)′(ui),

and the projection is accomplished in the end, i.e. the reference control for Algorithm
1 is u = P(uk). We refer to this strategy as ’nonrestrictive’. For k = 1 the methods are
identical.

The first thing, we are interested in, is how the control gets changed by the projected
gradient steps. In Figures 5.25 to 5.27 we compare the deviation of uk from the FE
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u1 u2 restrictive u2 nonrestrictive uFE

uk = ua 1321 (1321) 2211 (2159) 1814 (1812) 2233
uk = ub 986 (986) 5200 (3891) 3632 (3627) 3891

Table 5.11: Number of restricted node values. In parenthesis the number of nodes, where
uk = uFE = ua or ub respectively.

optimal control uFE. After one gradient step we can already observe where the restric-
tions are modeled correctly. Especially at the boundary of x1 = 1 this part widens with
the second gradient step. However, the order of the error is still 0.4 when the second
gradient step is computed by the restrictive method. In the nonrestrictive case it reduces
to the half.

The computations are done with 68 triangulation nodes at the boundary and 251 time
steps, that is a total amount of 68∗251 = 17068 boundary nodes in the time interval [0, T ].
The FE optimal control is restricted by ua at 2233 and by ub at 3891 nodes. In Table
5.11 we provide the number of nodes where uk is restricted to the lower or upper bound
and, in parenthesis, how many of these nodes are actually restricted correctly, i.e. equal
to uFE. It strikes that the total amount of restriction is a lot higher with the restrictive
gradient steps. When it comes to the right ones, the difference is not as significant
anymore, but still the restrictive strategy achieves more nodes with correct active box
constraints. This might indicate that it is the more efficient approach. A comparison of
Figures 5.26 and 5.27 and the fact that the nonrestrictive steps do almost only restrict
where it is correct suggests the contrary. More than 99% of the set restrictions hold also
for uFE whereas in the restrictive case 25% of the restrictions are too strong. We test
which aspect dominates by going into the algorithm with the obtained controls.

When we initialize Algorithm 2 with restrictive gradient steps we observe a seeming
weakness at the beginning because after one or two gradient steps the tolerance ε is not
reached with the available `max = 40 basis functions. Yet after a third gradient step
the algorithm terminates with a ROM rank of ` = 14 and after four gradient steps even
with ` = 13 like in the optimal case. In Table 5.12 we provide the required CPU times
and final errors. It gives an overview of the considered variants. Particularly interesting
are the results for k = 1 and k = 2 restrictive gradient steps. Though we make an effort
in direction of the optimal control the algorithm seems to perform worse than with the
basis corresponding to the uncontrolled state. This can be seen in the higher control
errors that cause the algorithm to run up to `max = 40 ansatz functions. We can see,
however, that the errors in the suboptimal state are one order smaller than without
gradient steps, so the POD basis did improve after all. Next, we try the nonrestrictive
approach. It turns out to be more efficient: Here k = 2 gradient steps are sufficient
to reach the tolerance with a POD model of size ` = 13 in the following optimization.
The produced errors in the suboptimal solution are comparable with the run after three
restrictive gradient steps, but this goal is reached in less time.

Additionally regard Table 5.13, where we compare the errors for the POD suboptimal
solutions for fixed rank ` = 15. This is done exemplary for k = 1 and k = 2 nonrestrictive
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Figure 5.25: Deviation |u1(t, x)− uFE(t, x)| after one projected gradient step.

Figure 5.26: Deviation |u2(t, x)− uFE(t, x)| after two restrictive gradient steps.

Figure 5.27: Deviation |u2(t, x)− uFE(t, x)| after two nonrestrictive gradient steps.
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restrictive nonrestrictive
k = 0 k = 1 k = 2 k = 3 k = 2 with uFE

‖ζ`‖/γ 3.43 · 10−3 1.14 · 10−2 8.49 · 10−3 3.55 · 10−3 2.82 · 10−3 1.94 · 10−3

euabs 3.15 · 10−3 9.53 · 10−3 7.33 · 10−3 3.07 · 10−3 2.62 · 10−3 1.93 · 10−3

eurel 2.45 · 10−3 7.73 · 10−3 5.99 · 10−3 2.49 · 10−3 2.15 · 10−3 1.59 · 10−3

eyabs 1.59 · 10−2 3.10 · 10−3 2.52 · 10−3 8.37 · 10−4 7.55 · 10−4 1.92 · 10−4

eyrel 5.75 · 10−3 1.12 · 10−3 9.08 · 10−4 3.01 · 10−4 2.73 · 10−4 6.97 · 10−5

required ` 35 40 40 14 13 13
CPU 110.77s 147.14s 149.08s 23.33s 18.39s 11.48s

Table 5.12: Algorithm efficiency when initialized with k OSPOD gradient steps or with
FE optimal control.

k = 0 k = 1 k = 2 with uFE

‖ζ`‖/γ 2.50 · 10−2 1.45 · 10−2 2.27 · 10−3 1.59 · 10−3

euabs 2.06 · 10−2 1.19 · 10−2 2.07 · 10−3 1.59 · 10−3

eurel 1.65 · 10−2 9.65 · 10−3 1.67 · 10−3 1.30 · 10−3

eyabs 2.59 · 10−2 6.34 · 10−3 6.42 · 10−4 6.91 · 10−5

eyrel 9.34 · 10−3 2.29 · 10−3 2.32 · 10−4 2.51 · 10−5

different ua 96 67 15 16
different ub 63 38 6 4

∆J 2.92 · 10−5 8.26 · 10−6 6.42 · 10−8 −1.29 · 10−7

Table 5.13: Comparison of POD suboptimal solutions for ` = 15 and k nonrestrictive
OSPOD steps.

OSPOD steps. Here, we also provide the number of nodes that are restricted by the box
constraints either in the suboptimal control u15 or in the FE optimal control uFE, but
not in both. It tells us, so to say, how many of the restricted nodes are mistaken. This
number goes down to amazing 21 by the gradient steps.

In the last line we present the difference in the cost functional value ∆J = J(y(u15), u15)−
J(yFE, uFE), where y(u15) is the solution of the full state equation with u15, not the POD
approximation. Thus (y(u15), u15) is really an admissible pair for the optimization prob-
lem. The value ∆J decreases with each gradient step, but anyhow we are talking about
very small error quantities in the cost functional. Even the solution with the POD basis
corresponding to u = 0 is very precise in detecting the minimum. This is why we did
not compare the cost functional values in the previous examples. When using enough
basis functions to come near the discretization error with the a-posteriori estimate, the
deviation in the cost functional value is always far below. The negative value obtained
with uFE means that the POD optimal cost functional value is below the FE minimum.
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5.4. Example III: Active control constraints

Figure 5.28: Comparison of eigenvalue decay for POD basis generated with uk after k
nonrestrictive gradient steps or with uFE.

Remember that the FE solution itself can differ from the exact solution on the order of
the discretization error.

Finally, let us illustrate the changes achieved in the POD basis by one and two nonre-
strictive OSPOD steps in Figures 5.28 and 5.29. The first graphic shows how the decay
of normalized eigenvalues differs depending on the used control for snapshot generation.
All computations are done with the variant ’eigs’. The eigenvalues corresponding to the
uncontrolled state decay faster and further than those corresponding to the more or less
optimal controlled state and increasing the utilized rank further than ` = 35 yields no
more improvement. The difference caused by one gradient step is significant. A lot more
basis functions contain still relevant information for the reduced order models. After
the second gradient step the course is equal to the optimal situation, at least for the
considered rank ` ≤ 40. Figure 5.29 shows the a-posteriori error for the suboptimal
control and the absolute error in state eyabs obtained for different POD ranks with the
respective bases of Figure 5.28. The left plot confirms what we observed before. By one
gradient step the control error first decreases, but then stagnates at this level. Though
without any gradient step, the error is higher at the beginning, between 30 and 35 basis
functions it jumps down once more and therefore the algorithm can reach the tolerance.
The absolute error in state, however, stays far above the OSPOD results (right Figure).

So far, we have always started our considerations from u = 0 as reference control
for the basic POD approach. Now, given the box constraints ua = 0 and ub = 1 and
supposing that active controlling is beneficial, the easiest admissible guess for the control
would be to take at least the mean value u = 0.5 instead of no controlling at all. We
want to test this idea in two last algorithm runs. We initialize Algorithm 1 with u = 0.5
and without any gradient steps. It takes 153.53 seconds and the maximum number of
ansatz functions `max = 40, but with 0.0134 > ε the a-posteriori error does not reach
the tolerance. The basis associated with u = 0.5 is thus not as good as the one with
u = 0 (compare the first column of Table 5.12). One OSPOD step, made before the
algorithm, totally changes the performance: With a rank of ` = 13 the desired mark for
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5. Numerical experiments

Figure 5.29: Comparison of errors for POD suboptimal solutions (left: a-posteriori error,
right: eyabs). The snapshots for the POD basis are generated either with
u = 0, uk after k nonrestrictive gradient steps or uFE.

the a-posteriori error is satisfied. We find ‖ζ13‖/γ = 0.0022 < ε. With 14.60 seconds
the required CPU time is 10 times smaller than without the gradient step and we are
strongly reminded of the comparison with the optimal POD basis at the beginning of
this section. Once more, the strategy of using OSPOD for a gradient update of the
control turns out to be extremely efficient.

Concerning the computational effort of the OSPOD approach, the projection adds no
relevant contribution to the gradient steps. We therefore refer to the detailed analysis
in Example II.

Role of `OSPOD. There is a last aspect we want to study, namely the impact of the
rank `OSPOD used for the POD calculations during the OSPOD steps. On the one hand
`OSPOD should be chosen small to hold the computational effort as little as possible,
on the other hand we usually need a minimum of ansatz functions for a reasonable
approximation quality. In Table 5.14 we confront the suboptimal solutions that are
obtained for the fixed rank ` = 15 when the POD basis is computed from the control
u2 after two nonrestrictive gradient steps with different values of `OSPOD. We try some
relatively small ranks and display for comparison also the results that are achieved with
the rank `max = 40. We can observe an improvement between the small ranks, for
instance with `OSPOD = 5 the a-posteriori error satisfies the tolerance ε whereas with
`OSPOD = 3 it is still one order above. Using `OSPOD = 8 the errors are very similar to the
ones we got in our experiments with `OSPOD = 10 (compare the column k = 2 in Table
5.13). A look on the column for `OSPOD = 40 shows that increasing the rank further
does not really lead to better approximations. To get an impression of the difference in
computational effort, we provide the CPU time for one typical gradient step with the
respective value of `OSPOD. As long as we use less than 10 basis functions and only few
gradient steps there is no relevant speed up by a smaller `OSPOD. So utilizing a POD
rank around `OSPOD = 8 seems to be optimal for our problem.
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`OSPOD 3 5 8 40

‖ζ`‖/γ 1.14 · 10−2 2.87 · 10−3 2.47 · 10−3 2.18 · 10−3

euabs 9.92 · 10−3 2.59 · 10−3 2.23 · 10−3 1.97 · 10−3

eurel 8.09 · 10−3 2.11 · 10−3 1.79 · 10−3 1.59 · 10−3

eyabs 5.06 · 10−3 1.44 · 10−3 7.63 · 10−4 6.78 · 10−4

eyrel 1.83 · 10−3 5.22 · 10−4 2.75 · 10−4 2.44 · 10−4

CPU 2.39s 2.47s 2.89s 5.36s

Table 5.14: POD suboptimal solutions for ` = 15 and k = 2 nonrestrictive OSPOD steps
depending on the used rank `OSPOD. CPU stands for the computation time
of one exemplary OSPOD gradient step.

`OSPOD 3 5 8 40

k = 1 0.3522 0.3083 0.3115 0.3107
k = 2 0.2823 0.0849 0.0405 0.0405
k = 3 0.2487 0.1637 0.0375 0.0344

Table 5.15: Error ‖uk−uFE‖Γ of the control uk after k OSPOD gradient steps with POD
rank `OSPOD.

Let us mention another weakness of a too small rank `OSPOD. For the Armijo rule
(5.2), we have to evaluate the reduced cost functional at the proposed iterates for the
control. In our implementation, this is done with ` = `OSPOD. If the approximation by
`OSPOD is bad, it can happen that ui+1 is accepted as new control though the exact value
of the cost functional is higher than before. In Table 5.15 we compare the deviation
‖uk − uFE‖Γ of the control after k nonrestrictive gradient steps from the FE optimal
control, again depending on the chosen rank `OSPOD during the gradient calculations.
In the third OSPOD step with `OSPOD = 5 the described problem shows up: the control
is updated away from the minimum due to POD approximation errors. A possibility to
remove this weakness is to use `OSPOD = 5 only for the preparative computations and
to use a higher rank for the reduced cost functional J `. In practice we do not know
what is ”high enough”, so we suggest to take `max. However, in the test this approach
increases the time consumed by one gradient step from former 2.47 seconds to now 3.17
seconds. The combination of small `OSPOD and `max is therefore only advisable when
we need many gradient steps and have to insure that we really go in direction of the
minimum. Besides, Table 5.15 underlines what we already said from Table 5.14: a more
precise OSPOD approximation yields to better results, but increasing the rank further
than 8 does not significantly improve the control anymore.
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CHAPTER 6

Conclusion

We have presented a combination of adaptive OSPOD basis computation and a-posteriori
error estimation for solving linear-quadratic optimal control problems. The considera-
tions started from a basic POD Galerkin approach where the quality of the reduced order
model is controlled by an a-posteriori error estimate. In the context of optimal control it
turned out to be important that the POD basis is not computed from arbitrary control
and state data, but models more or less their optimal course. As illustration we referred
to the experiments in [27]. Now, the idea was to formulate optimality conditions for the
extended OSPOD problem, where an optimal POD basis is used, and to update the ini-
tial control in direction of this optimum. For the numerical solution we then combined a
few OSPOD gradient steps to improve the basis with the a-posteriori estimate to adapt
the utilized POD rank.

The theory was derived for a general class of linear-quadratic optimal control prob-
lems that includes different possible control-state relations and various types of control
constraints. Originally, OSPOD is developed also for nonlinear problems [19], so the
approach could be extended to a wider range of problems. In the numerical experiments
of this thesis we specified on the optimal control of the heat equation with constant
coefficients, boundary control and fixed box constraints.

With respect to the studied examples, our solution strategy proved to be very suc-
cessful. By one or two OSPOD gradient steps we can make a considerable speed up and
obtain more accurate suboptimal solutions. The comparison of the POD basis with the
basis from the uncontrolled state on the one hand and the optimal state on the other
hand shows that the gradient steps change the basis significantly in such a way that it
comes close to the optimal one.

The OSPOD calculations are flexible in their adaption to various problem characteris-
tics. Required inputs that should be chosen appropriately are for instance the initializing
control, the snapshot ensemble for POD basis generation, the used ROM rank and the
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type of gradient projection. In principal, the initial control can be arbitrary. When the
regularization parameter γ in the cost functional is very small, however, this choice is
still of some importance if OSPOD should be efficient. The used snapshots turned out
to be crucial for the results. As soon as the desired state differs strongly from the initial
condition, it is compulsive to include snapshots from the adjoint state in the basis com-
putation. If this is not done, the gradient steps fail to approximate the optimal control.
Concerning the rank `OSPOD, observations showed that for the POD approximation of
the cost functional it should not be chosen too small, but it is no problem to calcu-
late fast and accurate reduced order models. Finally there are of course possibilities to
modify the gradient steps and the involved line search. Especially, using intermediate
non admissible controls turned out to be more efficient than projecting in each gradient
step onto Uad. All in all, we succeeded in providing convincing numerical tests for the
combination of OSPOD and a-posteriori error analysis.
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