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Abstract. The usually negligibly small thermoelectric effects in superconducting
heterostructures can be boosted dramatically due to the simultaneous effect of spin
splitting and spin filtering. Building on an idea of our earlier work [Phys. Rev. Lett.
110, 047002 (2013)], we propose realistic mesoscopic setups to observe thermoelectric
effects in superconductor heterostructures with ferromagnetic interfaces or terminals.
We focus on the Seebeck effect being a direct measure of the local thermoelectric
response and find that a thermopower of the order of ∼ 250 µV /K can be achieved
in a transistor-like structure, in which a third terminal allows to drain the thermal
current. A measurement of the thermopower can furthermore be used to determine
quantitatively the spin-dependent interface parameters that induce the spin splitting.
For applications in nanoscale cooling we discuss the figure of merit for which we find
values exceeding 1.5 for temperatures . 1K.
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Since their discovery at the beginning of the 19th century [1, 2, 3, 4], thermoelectric
effects have attracted continued attention in physics, as they provide the basis for a large
variety of devices used in a multitude of fields in physics and engineering connected with
energy management on the nano-scale. The coupling of thermal and electric transport
equations is also a basic concept in non-equilibrium statistical physics, reflected e. g.
in Onsager’s famous reciprocity relations [5]. In the field of quantum transport, a
large number of experiments have investigated the thermopower in quantum dots
[6, 7, 8], Andreev interferometers [9, 10], and single atomic and molecular junctions
[11, 12, 13]. Thermoelectric effects in mesoscopic systems can be understood by
symmetry arguments. Roughly speaking a thermoelectric response is found if the density
of states N (ε) is asymmetric in energy, viz. N (ε) − N (−ε) 6= 0 in a range kB T (kB is
the Boltzmann constant and T the temperature) around the chemical potential.
As consequence, in standard metals, described by Fermi-liquid theory, thermoelectric effects are strongly suppressed at temperatures well below the Fermi temperature,
since the single-particle density of states and the scattering rates vary on a much larger
energy scale than kB T . We note that, in contrast, in nanoscale conductors even in the
simple Landauer picture of free electrons the transmission function may depend considerably on energy, e. g. in quantum dots or due to interaction effects, and can lead to a
sizable thermoelectric effect [14, 15, 16]. The same holds for strongly correlated metals
with strong variation of the density of states at the Fermi level, and for semiconductors
where the Fermi level is near the bottom or top of an energy band.
However, with regard to thermoelectric effects in superconductors the situation
is less favorable. The most widely used Bardeen-Cooper-Schrieffer (BCS) theory of
superconductivity [17] is essentially build on top of a deeply degenerate Fermi gas. This
is reflected in the almost perfect electron-hole symmetry in the standard version of
the theory, appropriate for conventional low-temperature superconductors, suppressing
thermoelectric effects [18, 19]. On the other hand, supercurrents can interfere with
thermal currents and generate a thermoelectric voltage in interferometer geometries [18].
Here the effect is essentially related to the temperature dependence of the supercurrent.
Later this effect was reinvestigated further in mesoscopic Andreev interferometers
[20, 21, 22] and used to explain partially the experimental findings [9].
During the last decade superconductor-ferromagnet heterostructures have attracted
a considerable interest. Driven by the prospect to create, among other perspectives,
unconventional triplet pairing [23, 24, 25, 26, 27], superconducting spin-valves [28, 29]
or to study spin-polarized Andreev reflection [30, 31, 32, 33, 34], many aspects
of superconductor-ferromagnet heterostructures have been investigated theoretically
[35, 36, 37, 38, 39, 40, 41] and experimentally [42, 43, 44, 45, 46, 47, 48, 49, 50, 51,
52, 53, 54, 55, 56, 57, 58]. However, the field of thermoelectricity has remained largely
unexplored.
Recently, we have pointed out the possibility to generate large local and nonlocal
thermoelectric effects [59] in heterostructures of ferromagnets and superconductors
by the combined effect of induced spin splitting and spin-polarized transport. The
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microscopic origin can be traced back to spin-split bands due to an induced exchange
field or an external magnetic field. This effect is well known [60] and has first been
exploited in [29] to predict an absolute spin-valve in a heterostructure. The broken
electron-hole symmetry in each spin channel leads to thermoelectric effects of equal
magnitude but opposite sign for each spin direction, resulting in a vanishing effect.
The new ingredient [59] is to address the spin-split density of states by spin-polarized
contacts, which lift the electron-hole symmetry for the transport coefficients. Hence,
according to the symmetry argument, the combined action of a spin-splitting effect and
a spin-polarization of the contact creates the possibility to obtain thermoelectric effects
in superconductor-ferromagnet heterostructures. We note in passing that the effect of
such spin-asymmetries has been seen experimentally [61], but the aspect of thermal
currents was not discussed at that time. Further works studied the thermoelectric effect
related to impurities in bulk superconductors [62, 63] or to magnetic field or interface
induced spin splitting in tunnel junctions [64, 65]. Note that the latter case the requires
comparatively large spin splittings, for which the Clogston-Chandrasekhar limit [66, 67]
or inhomogenous phases [68, 69] might play an important role.
In the present paper we develop the idea to combine a spin-split density of
states in the superconductor with spin-polarized contacts further and study the
local thermoelectric effect more detailed in experimentally realizable devices of
superconductors, ferromagnetic insulators, and normal metals. We consider two cases.
First we study a simple two-terminal setup where the thermopower is suppressed
especially at small temperatures, since energy currents trough the superconductor can
only be carried by the exponentially suppressed number of quasiparticles above the
gap. Second we discuss an effective two-terminal device, where the energy current is
dissipated trough a second normal metal terminal and the superconductor is only used
to change the spectral properties in the contact region via the proximity effect. To
quantify the thermoelectric response we study the Seebeck coefficient S and find values
up to 100µV/K for realistic parameters. In the context of thermoelectric effects, another
interesting point to discuss is the thermoelectric figure of merit (or ”ZT ”) [76], giving a
measure of the efficiency of refrigerating devices and generators based on thermoelectric
effects. As we show below we achieve values of 1.8, which might be interesting for low
temperature nano refrigeration [77].
1. The Model
The circuit diagram and a sketch of the experimental realization we propose is depicted
in Figure 1. The two-terminal case consists of a node [the yellow circle in the center
of Figure 1(c) denoted ‘c’, and the yellow layer in contact with the superconductor
in each of the figures 1(a) and 1(b)] tunnel-coupled to a superconductor (boundary
conductance GS ) and to a normal metal via a spin-polarized interface (boundary
conductance G1 ), e. g. a thin layer of a ferromagnetic insulator, FI, or, alternatively,
via a tunnel contact with a ferromagnetic metal. The role of the node is to harbor
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Figure 1. (a) and (b) show sketches of possible devices to measure the mesoscopic
thermopower we predict. The yellow layers are normal metals (N) and the green
substrate is the superconductor with gap ∆. The spin-dependent effects are induced
by a thin ferromagnetic insulator (FI) film shown in blue. The contact between the
superconductor and the central normal layer (c) is shown in gray and assumed to be
spin inactive. To measure the two-terminal effects, the simple layered structure (a)
suffices and only the upper normal layer and the superconducting substrate have to be
contacted. In (b) an effective two-terminal setup is suggested, where the two normal
layers have to be contacted and the superconductor only induces the superconducting
correlations but does not need to carry electric current. (c) shows the circuit diagram
used to model the setups (a) and (b). The colors are chosen in correspondence to
(a) and (b). The normal layer between the superconductor and the ferromagnetic
insulating layers is denoted by c and will be called “node” in the main text. The
normal N-terminals with FI interfaces could be replaced by ferromagnetic terminals as
well, since we choose all energy scales to be small enough, that solely interface effects
contribute to the resulting currents. The two-terminal situation is achieved for e. g.
G2 = Gφ2 = GP
2 = 0.

the non-equilibrium distribution of quasiparticles as well as the proximity induced
superconducting correlations. Its distribution functions and spectral functions will be
determined self-consistently by the procedure described below. It is also the place where
the spin-polarization of the pair amplitudes takes place via the spin-dependent reflection
phases at the ferromagnetic interfaces.
In the effective two-terminal case an additional normal (or ferromagnetic) conductor
is coupled to the node (G2 ), and we assume here that the two contacts are identical
(G1 = G2 ). We call this the “effective two-terminal case” since only the two normal
leads are contacted. Hence, the setup is similar to a transistor with the normal leads
being the source and the drain electrodes. The basis is formed by the contact (via the
node) with a proximity induced pair potential through the superconductor. The leakage
of coherence in the node is described by an inherent dwell time related to the inverse of
the contact’s Thouless energy εTh .
The spin-polarized contacts are quantified by a conductance parameter GP =
(1/2)(G↑ − G↓ ), where G↑(↓) is the conductance for spin-up (spin-down) particles (the
quantization axis in the contact is given by its interface magnetic moment), and
G = G↑ + G↓ . The spin-polarized interfaces are described by complex transmission and
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reflection amplitudes, which are spin-dependent. The necessarily leads to the appearance
of spin-dependent scattering phases, also called spin-mixing angles [23]. The importance
of these spin-mixing phases for singlet-triplet conversion in superconductor-ferromagnet
heterostructures gives rise to a mechanism for transport through ferromagnets with
strong exchange splitting of their bands [27]. The necessity to include these effects into
quasiclassical theory lead to recent formulations of new sets of boundary conditions for
the Eilenberger equation [70] and the Usadel equation [71, 59]. An alternative way to
arrive at analogous boundary conditions is to introduce a ferromagnetic layer close to
the boundary [72]. The spin-dependent phase shifts are the crucial input for obtaining
the new type of thermoelectric effects discussed in Ref. [59].
The spin-dependent scattering phases at the interface give rise to an induced
exchange field in the node which is proximity coupled to the superconductor. This effect
is quantified by a conductance parameter Gφc , arising from spin-dependent phase shifts
in the reflection amplitudes at the ferromagnetic contacts of the node. For a relation of
the conductance parameters to the microscopic interface properties, see [59]. Note that
the description in terms of the quantum circuit theory [73, 74] is very general as only
the topology of the circuit enters. E. g. the magnetic exchange interface can be on the
superconducting side in the form of a thin magnetic insulator, a homogeneous (but weak)
exchange field in the node or in the terminal, or it can be an externally applied field
which does not exceed the critical field of the superconductor (the latter statement was
explicitly confirmed in a recent publication [65]). Furthermore, it is easily possible to
study more general contacts using generalized boundary conditions for Usadel equations
[59], or to exploit similar effects for the case of ballistic hybrid structures [59, 75]. Hence,
the suggested experimental setup is only one possible realization.
2. Spin-dependent quasiclassical theory in the dirty limit
Here we will give a more detailed description of our calculations. In the stationary
case the non-equilibrium Keldysh Green function in Fourier presentation Ǧ(~r, ~r0 , ε) =
R
dt/~ Ǧ(~r, ~r0 , t − t0 ) exp (iε(t − t0 )/~) reads:
!
R
0
K
0
Ǧ (~r, ~r , ε) Ǧ (~r, ~r , ε)
Ǧ(~r, ~r 0 , ε) =
(1)
0
Ǧ A (~r, ~r 0 , ε)
with
Dn
oE
Ǧ R/A (~r, ~r 0 , t − t0 ) = ∓ iθ(±(t − t0 )) Ψ̂(t, ~r), Ψ̂† (t0 , ~r 0 )
Dh
iE
K
0
0
† 0
0
Ǧ (~r, ~r , t − t ) = − i Ψ̂(t, ~r), Ψ̂ (t , ~r ) .

(2)
(3)

Here R/A/K labels the retarded, advanced, and Keldysh part respectively. We choose
the spinor basis


Ψ̂† (t, ~r) = Ψ†↑ (t, ~r), Ψ†↓ (t, ~r), Ψ↓ (t, ~r), −Ψ↑ (t, ~r) .
(4)
In the following, ~σ̌ and σ̌0 denote the vector of Pauli matrices and the unit matrix in
spin space, respectively, and τ̌z denotes the third Pauli matrix in Nambu space. In this
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basis the quasiclassical isotropic Green functions [78] of a bulk BCS superconductor (S),
and a ferromagnet/normal metal (F/N) are given by (δ > 0, δ → 0)
!
±sign(ε)
(ε ± iδ)
∆
R/A
ǦS (ε) = p
⊗ σ̌0
(5)
−∆∗
−(ε ± iδ)
(ε ± iδ) − |∆|2
R/A

R/A

ǦN (ε) = ǦF

(ε) = ±τ̌z ⊗ σ̌0 .

(6)

Here, ∆ is the superconducting order parameter. Note that the retarded and advanced
quasiclassical Green functions for ferromagnets and normal metals are equal. The
exchange splitting enters in the former case via spin-dependent density of states and
diffusion constants, and it enters the boundary condition via spin-dependent phase shifts
and interface polarization effects. Following, e. g. [79], the Keldysh component can be
written as
Ǧ K (ε) = Ǧ R (ε)ȟ(ε) − ȟ(ε)Ǧ A (ε),

(7)

with the distribution matrix (the electrochemical potential of each terminal is measured
from the electrochemical potential of the superconductor, with the difference defining
the voltage V )
!
ε−eV
0
tanh 2T
⊗ σ̌0 .
(8)
ȟ(ε) =
0
tanh ε+eV
2T
Here we have set kB = ~ = 1 and the electric charge to e = −|e|.
We describe the systems shown in Figure 1 in the discretized version of a quantum
circuit theory [80, 73]. The system is divided into terminals, nodes, and connectors.
Within a node the Green function Ǧc obeys the normalization condition Ǧc2 = 1 and is
determined by the boundary conditions in the form of a matrix current conservation,
where the form of the matrix current depends on the type of connector. We use the
boundary conditions derived in [59], which are valid for arbitrary spin polarizations Pn
for each channel n with the average transmission probability Tn . The boundary condition
depends on the magnetization direction unit vector m
~ of the interface, the ferromagnet,
or of an external field. It enters the equations below via the matrix κ̌ = τ̌z ⊗ (m
~ ~σ̌ ). In
linear order in Tn the matrix current between terminals and/or nodes, labeled j and k,
on the side k of the contact is written explicitly as


1 0
Ǐj,k (ε) =
G Ǧj (ε) + GP κ̌, Ǧj (ε) + G1 κ̌Ǧj (ε)κ̌ − iGφk κ̌, Ǧk (ε) , (9)
2
with Ǧj (ε) denoting the Green functions on either side of the connector. We introduced
the conductance parameters

p
e2 X 
G0 =
Tn 1 + 1 − Pn2 ,
(10)
h n

p
e2 X 
G1 =
Tn 1 − 1 − Pn2 ,
(11)
h n
e2 X
GP =
Tn Pn ,
(12)
h n
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(13)

Here the spin mixing angles δφkn originate from reflection amplitudes on the k-side of
the interface. For the setup in Figure 1(c) the indices j and k are replaced by a terminal
j ∈ {S, 1, 2} and the node c, respectively.
For the connector between the superconductor and the node, G1 = GP = Gφk = 0
P
and G0 = 2(e2 /h) n Tn (the sum is over the number of channels between the
superconductor and the node). Thus, the corresponding boundary condition reads

GS 
(14)
ǏS,c (ε) =
ǦS (ε), Ǧc (ε)
2
with GS = G0S is just the standard conductance of the contact to the superconductor.
Here, and in the following we assign to the boundary conductance parameters for the
connector between terminal j and the node c for simplicity the index j (remembering
that it is always the interface with the node that is considered).


For the ferromagnetic contacts we have Ǧj , κ̂j = 0. Thus the terms with G0
and G1 can be combined into one term with the usual conductance G = G0 + G1 =
P
2(e2 /h) n Tn . The simplified boundary condition reads for j = 1, 2:
i
1h
(15)
Ǐj,c (ε) = Gj Ǧj (ε) + 2 GPj κ̌j Ǧj (ε) − iGφj c κ̌j , Ǧc (ε) .
2
In the following we will drop for notational simplicity the subscript ‘c’ in φc , remembering
that this spin-mixing parameter refers to the node side of the connector (j, c).
Interestingly, the Gφj term can be large compared to G0j and G1j since channels with
Tn = 0 contribute due to spin-dependent reflection phases. On the other hand the
GPj term is limited, since GPj = (1/2)(Gj↑ − Gj↓ ) = Pj Gj /2 with the polarization
Pj = (Gj↑ − Gj↓ )/(Gj↑ + Gj↓ ), and thus Pj ∈ [−1, 1].
The loss of superconducting correlations in the node region is described by a virtual
leakage terminal,
e2 iε
(16)
[τ̌z ⊗ σ̌0 , Ǧc (ε)],
h 2εTh
with the Thouless energy εTh . Note that the Thouless energy in thin layers as we discuss
here depends on the contact conductances and we will therefore adapt the Thouless
energy to match the appropriate mini gap in the density of states.
The Green function of the contact region, Ǧc , is determined by the matrix current
conservation [74]
X
ǏLeak (ε) +
Ǐj,c (ε) = 0,
(17)
ǏLeak (ε) = −

j∈(S,1,2)

which can be written in the form [M̌, Ǧc ] = 0. We solve this equation by diagonalizing
M̌ via M̌ = Ǔ diag(M̌)Ǔ −1 and then calculate Ǧc = Ǔ sign[Re diag(M̌)]Ǔ −1 . This
ensures that Ǧc2 = 1̌, and that the eigenvalues ±1 of Ǧc are continuously connected to
those of the normal state solution (Equations 6 and 7)
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Knowing Ǧc we calculate all matrix currents Ǐj,c . The charge (I q ) and energy
currents (I ε ) are now obtained from the Keldysh component of the matrix current [81]:
Z


1
q
K
Ij =
Tr (τ̌z ⊗ σ̌0 ) Ǐj,c
(ε) dε ,
(18)
8e
Z
 K 
1
(ε) dε .
(19)
Ijε = 2 ε Tr Ǐj,c
8e
The density of states in the contact region is obtained from the retarded Green function
GcR like
1
N (ε) = < Tr[(τ̌z ⊗ σ̌0 ) ǦcR (ε)].
(20)
4
3. Thermopower
To keep things simple, in the following we will consider the linear response coefficients
only. With Einstein summation convention the corresponding currents are (i, j ∈ [1, n],
with the number of normal terminals n = 1, 2)
!
!
!
qT
eV
L
LqV
Iiq
j
ij
ij
.
(21)
=
εT
∆Tj /T
L
LεV
Iiε
ij
ij
Here ∆Tj = Tj − T and eVi are the temperature and the electrochemical potential
differences measured relative to the temperature T and the electrochemical potential of
the superconductor, respectively. Note that the Onsager relation [5] is satisfied since
the conduction matrix is fully symmetric [59].
The thermoelectric effects in our setups can be qualitatively understood from the
spin-dependent density of states (SDOS). In Figure 2(a) we plot the SDOS in the node,
for the two-terminal case. The plot shows the total density of states with colors encoding
the spin polarization from red (100% spin down) to green (100% spin up). Without
spin active interface (Gφ = 0) we observe a peak at the superconducting gap ∆ = ∆(T )
and another, broader peak defining the so-called minigap, which is of the order of the
Thouless energy. This is also shown in the lowest panel of Figure 2(b). Here all curves
are normalized to the normal state DOS. The effect of the spin-active interface parameter
Gφ is to spin-split the subgap states similarly as in the presence of a Zeeman interaction
or an exchange field.
As can be seen in Figure 2(a) for increasing Gφ the spin-dependent minigaps shift
in opposite directions in energy for the two spin species. Thus, with increasing spin
mixing the minigap in the total DOS shrinks, resulting in two bands of almost fully
spin-polarized states (the green and red regions in Figure 2(a)). These plateaus are
formed by the continuum of one spin species inside the minigap of the other one. As
we can see they are bound by one (and above the a critical value Gφ where the minigap
closes by two) peak(s) with opposite spin-polarization. At Gφ = ∆/εTh the peaks beyond
the plateau cross the ∆ peak as can be seen also in the middle panel of Figure 2(b).
For higher values of Gφ the spin-polarized bands shrink as the minigap peaks within
the superconducting gap asymptotically approach the peak at ∆. A similar picture of

Giant thermoelectric effects in a proximity-coupled SF-device

9

total

spin up
Gφ /GS

2

spin down
=2

1.5
N(ε ) 1
0.5
0
2

Gφ /GS = 1

1.5
N(ε ) 1
0.5
0
2

Gφ /GS = 0

1.5
N(ε ) 1
0.5
0

(a)

(b)

-2

-1.5

-1

-0.5

0
ε

0.5

1

1.5

2

Figure 2. Density of states (DOS) N (ε) at T = 0.5 Tc in the node of the two-terminal
contact for G1 = 0.1GS and the Thouless energy εTh = ∆0 , with ∆0 = ∆(T = 0).
In (a) a surface plot of the total DOS depending on Gφ is shown. The color code
describes the spin polarization (green/red for 100% spin up/down). In (b) the DOS
and the SDOS are shown for three selected values of Gφ (all curves are normalised to
the normal state DOS).

the DOS and of the SDOS for the case with three terminals has been discussed in [59].
Thus, Gφ 6= 0 leaves the total DOS symmetric but breaks electron-hole symmetry for
each spin direction. As we show below combining this with spin-dependent tunneling
(i.e GP 6= 0) results in a finite thermoelectric effect, i.e. a nonzero LqT .
In the case of a pure two-terminal device, Equation (21) describes the total
current through the junction. Therefore we define the thermopower in this case as
qV
S = −V1 /∆T1 = (1/eT ) LqT
11 /L11 using the usual open circuit boundary condition
I q = 0. In the effective two-terminal case we assume that only the two normal leads (see
Figure 1) are contacted and the superconductor is used to induce proximity amplitudes
in the normal conducting node. This already results in the condition I1q = −I2q for
the charge current. Motivated by recent experiments [82] we will assume a temperature
difference (∆Ti where i ∈ {1, 2} labels the side) on one side of the junction. The resulting
thermopower over the whole structure can be divided in two contribution, defined as
(V = V1 − V2 ):
V
Si = (−1)
∆Ti
i

qV
qV
qV
qT
qV
1 LqT
2i (L11 + L12 ) − L1i (L12 + L22 )
= (−1)
.
qV
qV 2
T
LqV
11 L22 − (L12 )
i

I1q =0

(22)

Here we have again used the open circuit boundary conditions I1q = I2q = 0. The two
contributions S1 and S2 are generally not equal since they depend on the magnetization
strength and directions as well as on the tunneling conductance of both interfaces. We
assume here for simplicity that both contacts to terminal 1 and 2 are characterized by
the same parameters (GP1 = GP2 = GP , Gφ1 = Gφ2 = Gφ , κ̌1 = κ̌2 , and G1 = G2 ). For this
choice the Onsager matrix in Equation (21) has more symmetries that dictated by the
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(b)
Figure 3.
Thermopower for the two-terminal (a) and the effective two-terminal
(b) case, depending on the interface spin-mixing parameter Gφ (providing an effective
Zeeman splitting) and on the interface polarization GP . In (a) we choose G1 = 0.1 GS
and in (b) both contacts are chosen to be equal at the ratio G1/2 = 0.01 GS . The other
parameters are εTh = 2∆0 and T = 0.5 Tc in panel (a) and εTh = ∆0 and T = 0.2 Tc
in panel (b).

qT
qT
qT
Onsager symmetry alone (e. g. LqT
21 = L12 and L11 = L22 ). As consequence we obtain
S = S1 = S2 .
In Figure 3 we show the dependence of the thermopower on the polarization of the
interface GP and the spin-mixing effect Gφ for both considered setups. We have chosen
slightly different parameters in both plots to obtain the maximal Seebeck coefficient in
each case. For the two-terminal case (Figure 3a) we observe a strong increase of the
thermopower for large polarizations, while the thermopower in the effective two-terminal
(Figure 3b) case depends linear on GP . This is expected since in the two-terminal case
only quasiparticles above the superconducting gap can contribute to an energy current
into the superconductor. Hence, for low temperatures the nonzero coefficients LqT = LεV
in the two terminal case are solely due to the small fraction of excitations above the
superconducting gap. On the other hand LqV is mainly the Andreev conductance,
which is predominantly due to transport at energies below the superconducting gap.
For a large interface polarization Andreev processes are strongly suppressed, leading to
an increase of the thermopower. The maximal Seebeck coefficient is reached roughly
at Gφ /GS = ∆/εTh as can be seen even better in Figure 4a. This is understood from
Figure 2, since this corresponds to the point when the outer subgap peak (dispersing
from the peaks defining the minigap at Gφ = 0 towards the superconducting gap edges)
in the DOS crosses the peak at the superconducting gap ∆ and hence contributes to
thermal transport into the superconductor. In the limit of Thouless energies εTh  1
the unpolarised minigap at Gφ = 0 merges with the superconducting gap and thus also
results in a vanishing Seebeck coefficient.
The Seebeck coefficients in Figure 3b and Figure 4b are much larger over a wider
range of parameters. The reason is another mechanism that creates the thermoelectric
response. In the pure two-terminal case only quasiparticles above the superconducting
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(b)
Figure 4. Thermopower depending on the Thouless energy εTh and on the spinmixing parameter Gφ (providing an effective Zeeman splitting) for (a) the two-terminal
and (b) the effective two-terminal case. In both cases P = 0.9, the temperature and the
conductance are in (a) T = 0.5 Tc , G1 = 0.1GS and in (b) T = 0.2 Tc , G1/2 = 0.01GS .

gap contributed to the thermopower. In the effective two-terminal case, when both
leads are normal, also subgap states can contribute to the thermal transport. The
main contribution comes from the strong energy asymmetry in the almost fully spinpolarized bands (red and green regions in Figure 2). Hence, the thermopower is carried
by a rather broad spin-polarized energy band, which is driven by the quasiparticles in
the most important energy range kB T . This is one of our main results and justifies
to study the more complicated lateral structure which has to be used for the effective
two-terminal geometry.
Now the different signs of the dominating peak in the Seebeck coefficient between
the two-terminal and the effective two-terminal cases becomes clear. If one e. g.
considers only the upper half-plane (positive Gφ ) in Figure 2, the main asymmetry
in spin is created from the plateaus which are formed by spin-up particles (green) for
positive energies and spin-down particles (red) for negative energies. But in the pure two
terminal case only quasiparticles contribute with |ε| > |∆|. Their spin is the opposite
(down for positive and up for negative energies) compared to the once forming the
plateau. Hence, for equal polarization the thermoelectric coefficients have a different
sign in the two cases. In the same way the sign of the second small peak in the Gφ
dependence of Figure 3b is understood: In the DOS in Figure 2 at ε = 0.2∆ (which
roughly matches the relevant energy range at 0.2 Tc ) one sees for increasing Gφ that
the DOS first is unpolarized, reaches a rather broad spin-up plateau, then a small
spin-down peak, and finally for ε  ∆ both spin directions become equal again. This
exactly matches the first large peak and a second very small peak with opposite sign.
In Figure 4b the thermopower for a fixed polarization is shown. The maximum is found
roughly at εTh = 0.5∆ and Gφ = 0.25GS . Here the plateau in the SDOS becomes
maximal. We considered T = 0.2 Tc since higher temperatures lead to an increasing
contribution of the quasiparticles above the minigap which produce a thermoelectric
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effect with opposite sign with respect to the contribution from the plateau, and hence
reduce the total effect. Note that only in the two-terminal case the thermopower vanishes
for εTh → ∞, whereas the spin-polarized plateaus in the effective two-terminal case
remain. This is in agreement with the statement of a vanishing local thermopower for
two terminals in the clean limit [59].
4. Figure of Merit
The commonly used definition of the figure of merit is ZT = GS 2 T /κ = GS 2 T /(κ0 −
GS 2 T ) with the conductance G and the zero current thermal conductance κ. In the two
εT
terminal case we have G = eLqV
11 , κ0 = L11 and the definition of S given in the previous
section. Then we can express the figure of merit through the linear response coefficients
as
(LqT )2
(23)
ZT = qV εT 11 qT .
L11 L11 − (L11 )2
Due to the second law of thermodynamics, the conduction matrix in Equation (21) is
positive definite [5, 83]. Accordingly, the figure of merit takes values between zero and
infinity where infinity corresponds to Carnot efficiency.
In the effective two-terminal system we use the same conditions as in the previous
section. From the condition that the superconductor is electrically isolated we obtain
the conductance for the whole junction as
qV
qV 2
I1q
LqV
11 L22 − (L12 )
.
(24)
= qV
qV
V
L11 + 2LqV
12 + L22
Now we assume a temperature difference ∆T1 6= 0 and hence use the definition S1 for the
thermopower. Since the leakage of heat current to the superconductor and the substrate
cannot be controlled easily (even though the superconductor is a good thermal insulator
at low temperatures) we would like to avoid definition requiring a control of thermal
currents. Therefore the choice of the thermal conductance is not unique. The energy
currents at zero charge current in the normal terminals can be expressed in terms of the
previously defined thermopowers like

G=

Iiε = κi ∆T1 = (−1)i (GSi S1 T − κ0i )∆T1 .

(25)

Here we defined
(−1)i
κ0i =
T

!
qT
qT
qT
(LqT
+
L
)(L
+
L
)
11
21
1i
2i
− LεT
.
i1
qV
qV
qV
L11 + 2L12 + L22

(26)

One possible choice is to define κ via I ε = −I2ε = κ∆T1 , which is very much in the sense
of the mentioned experiment [82]. This results in the figure of merit
GS12 T
ZT =
.
(27)
κ02 − GS1 S2 T
Another reasonable choice is I ε = (I1ε − I2ε )/2 = κ∆T1 which accounts for the energy
current which is flowing from terminal 1 to terminal 2. In this case the figure of merit
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(b)
Figure 5. Thermoelectric figure of merit for the local transport parameters at the
ferromagnetic contact, depending on the strength of the Thouless energy and on the
spin-mixing parameter Gφ (which causes an effective Zeeman splitting) for (a) the
two-terminal and (b) the effective two-terminal case. The parameters are chosen as
P = 0.9 and G1/2 = 0.01 GS the temperature is (a) T = 0.5 Tc and (b) T = 0.2 Tc .

is given by
GS12 T
.
(28)
(κ01 + κ02 )/2 − GS1 T (S1 + S2 )/2
Since we have symmetric contacts, in our case κ01 and κ02 differ only in the parameter
LεT
i1 . In the following we choose the first definition (27) for all plots.
Figure 5 shows the figure of merit of both setups depending on the strength of the
spin-mixing parameter and the Thouless energy. Not surprisingly, the figure of merit
reaches it’s maximum for roughly the same parameters as the thermopower (compare to
Figure 4). In the two terminal case the maximum appears in Figure 5 for relatively large
Thouless energies (i. e. εTh ∼ ∆). The reason is that the peaks defining the minigap for
this case are shifted close to the superconducting gap ∆ and therefore small values of Gφ
can already shift a considerable part of the spin-polarized peak to energies larger than
the superconducting gap (see Figure 2). Consquently for lowering the Thouless energy
the peaks defining the minigap are shifted towards zero energy and correspondingly
larger spin splitting is required to maximize ZT . Overall, we note that the maximal ZT
in our two terminal setup is . 0.05 and therefore comparatively low.
In the view of thermoelectric figure of merit, the effective two-terminal case is
much more interesting. Here a peak in ZT appears with it’s height reaching and even
exceeding 1.5 (see Figure 5b). This maximum is achieved at the same parameters for
which the thermopower is also maximal. An important parameter to optimize ZT is
the coupling strength G1/2 /GS , since weaker coupling of the normal metals leads to
sharper peaks and more pronounced gaps in the DOS. It is generally known [84] that
the combination of a narrow distribution functions and a high amount of charge and
energy carriers in the peaked region of the DOS leads to high efficiencies. Therefore we
have chosen rather weakly coupled normal leads. We can achieve much higher values of
ZT than in the two terminal case since all the highly polarized subgap density of states
ZT =
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Figure 6. Temperature dependence of the independent linear response coefficients
and the corresponding thermopower in the two-terminal case for εTh = 2∆0 , P = 0.9
and Gφ = 0.5 GS . (a) and (d) show the usual electrical (G) and thermal conductances
(κ0 ). (b) shows the Seebeck coefficient S, and (c) the thermoelectric figure of
εT
merite ZT . G = LqV
11 and κ0 = L11 /T are normalized to their normal state
P
values G(T ≥ Tc ) = σ=↑,↓ GS Gσ /(GS + 2Gσ ) and κ0 (Tc ) = G(Tc )Tc (π 2 /3). The
thermopower is shown in units µV /K. The color code labels different couplings G1 /GS .

contributes to the current. The optimal values of Thouless energy and spin mixing are
explained by the fact that they on one hand maximize the width of the spin polarized
energy bands in the DOS of the node and on the other hand shift them into the optimal
energy window kB T . It is interesting to note that even for very small nodes, i. e. large
Thouless energy a sizable figure of merit remains. In this limit the relevant energy for
the spin splitting is given by the superconducting gap ∆.
5. Temperature Dependence
Following the argumentation of Section 3 we expect a strong temperature dependence
of the response parameters. In Figure 6 we plot the temperature dependence of the
independent conductances (G, κ0 ), the local thermopower, and the figure of merit in
the two terminal case. Figure 6 (a) and (d) show the usual electrical and thermal
conductances. Both decrease with lowering the temperature, but due to the Andreev
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Figure 7. Temperature dependence (T /Tc with T ≡ TS ) of the effective transport
coefficients, the thermopower and the figure of merite in the effective two terminal
case for εTh = ∆0 and Gφ = 0.3 GS . (a) and (d) show the effective electrical and
thermal conductances. (b) shows the thermopower, and (c) the figure of merit. The
conductances are normalized to their normal state values. The thermopower is shown
in units µV /K. The color code labels different couplings G1/2 /GS .

contribution the electrical conductance G = LqV
11 remains finite at very low temperatures.
With increasing the coupling G1 to the normal leads the Andreev conductance increases.
The thermopower (S) and the figure of merit (ZT ) have a non-monotonous temperature
dependence, as shown in Figure 6 (b) and (c), respectively. They obviously vanish
in the low temperature limit as well as above the critical temperate Tc . To increase
the maximal thermopower it is favorable to choose a small coupling G1 to the normal
terminal. Physically this can be understood, since a stronger coupling G1 leads to a
smearing of the sharp features in the spin-resolved densities of states and, hence, to a
reduction of the effective spin-polarization, which is responsible for the thermoelectric
effect in our device. The maximum of LqT
11 (not shown) is roughly at a temperature when
∆(T ) matches the minigap. For our parameter set this is achieved at T ∼ 0.7 Tc . But the
maximum of S is reached below since the conductance is rising for higher temperatures.
In Figure 7 we plot the temperature dependent thermoelectric response coefficients,
the effective conductance parameters (G, κ02 ) and the thermoelectric figure of merit in
the effective two terminal geometry. We observe that the conductance is much less
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suppressed than in the two terminal case. The reason is that charge transport for
subgap energies here also is due to quasiparticles, which can propagate between the two
normal terminals. A pronounced thermopower and large figure of merit is achieved for
comparatively low temperatures around 0.1 − 0.2 Tc . At the same time, a large peak
appears in the heat conductance below Tc for small values of G1/2 /GS .
As pointed out before, we expect different temperature dependences of the
thermoelectric response in the two setups shown in Figure 1 (a) and (b), since in the
effective two terminal case two contributions are competing. The main one is coming
from the almost fully spin-polarized plateaus seen in the DOS (Figure 2, green and red
bands), and the second one comes from the minigap peaks and has the opposite sign
due to the opposite spin polarization. Since the second contribution becomes stronger
for higher temperatures and at the same time the conductance increases, the maximal
thermopower is achieved at lower temperatures, compared to the pure two terminal case.
Another factor reducing the figure of merit ZT for temperatures ∼ 0.5 Tc (especially
for G1/2 /GS = 0.01) is the high value of the thermal conductance, that is due to the
strongly peaked DOS around energies of the order of kB T . Still, for T ∼ 0.15 Tc , ZT
reaches values ∼ 1.8.
6. Conclusions
We have shown that large thermoelectric effects can be achieved in mesoscopic
superconductor-ferromagnet heterojunctions. We have studied two realistic setups. One
is a two terminal device where the thermoelectric effects are solely due to quasiparticle
excitations above the superconducting gap. The second setup is an effective two
terminal device with normal leads allowing for subgap energy currents. Interestingly,
in both cases we found large values of the Seebeck coefficient for strong interface spin
polarizations. With a view on possible applications we calculated the figure of merit.
For the effective two terminal setup we find large efficiencies for reasonable interface
parameters. In the pure two terminal case such high efficiencies cannot be achieved since
only weakly spin-polarized quasiparticles above the superconducting gap contribute. We
believe our suggested setups can be readily realized combining ferromagnetic insulator
heterostructures [58] and local caloric techniques [82].
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[21] Virtanen P and Heikkilä T T, 2004, Phys. Rev. Lett. 92, 177004; 2007, Appl. Phys. A 89, 625
[22] Titov M, 2008, Phys. Rev. B 78, 224521
[23] Tokuyasu T, Sauls J A, and Rainer D, 1988, Phys. Rev. B 38, 8823-8833
[24] Bergeret S F, Volkov A F, and Efetov K B, 2001, Phys. Rev. Lett. 86, 4096;
[25] Kadigrobov A, Shekhter R I, and Jonson M, 2001, Europhys. Lett. 54, 394
[26] Halterman K and Valls O T, 2001, Phys. Rev. B 65, 014509
[27] Eschrig M, Kopu J, Cuevas J C, and Schön G, 2003, Phys. Rev. Lett. 90, 137003
[28] Tagirov G L, 1999, Phys. Rev. Lett. 83, 2058
[29] Huertas-Hernando D, Yu. Nazarov V, and Belzig W, 2002, Phys. Rev. Lett 88, 047003
[30] de Jong M J M and Beenakker C W J, 1995, Phys. Rev. Lett. 74, 1657
[31] Kashiwaya S, Tanaka Y, Yoshida N, and Beasley M R, 1999, Phys. Rev. B 60, 3572
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