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Abstract

The scope of this thesis is the coherence of spins in carbon-based nanodevices.
The motivation for this study are the promising spin-related properties of
carbon-based materials, such as weak spin-orbit and hyperfine interaction,
which are advantageous for achieving long spin coherence times. In addition,
carbon based materials such as graphene and carbon nanotubes have a low
mass density and high stiffness which make them well-suited for building
nanomechanical devices.

This thesis consists of three parts. The first part is an introduction to
spin-based quantum computing. We give an overview of the prerequisites for
quantum computing in general and discuss basic concepts of spin quantum
dots, both in conventional semiconductors and in carbon-based devices.

In the second part we study stationary quantum dots made of graphene.
In particular we investigate a gate tunable single-layer graphene quantum
dot. We calculate the spin-relaxation time T1 of an electron confined to
the quantum dot. We find a behavior markedly different from the known
results from quantum dots in conventional semiconductors such as GaAs.
The presence of two independent K-valleys in graphene results in an effective
breaking of time-reversal symmetry of the electronic states in the quantum
dot. This leads to an absence of the so-called Van Vleck cancellation even for
a vanishing magnetic field. As a result the spin-relaxation time depends only
weakly on the magnetic field for low field strengths. At higher fields a cross
over to 1/T1 ∝ B2 and 1/T1 ∝ B4 is predicted. A novel direct spin-phonon
coupling involving the out-of-plane phonons in graphene is found to be an
important contribution to the spin-relaxation.

We also study the coupling of non-neighboring quantum dots in an array
of dots in a graphene nanoribbon. The electronic states in the conduction
band are coupled indirectly via tunneling to a common continuum of delo-
calized states in the valence band. We model the system with a two-impurity
Anderson Hamiltonian which is transformed into an effective spin Hamilto-
nian with the help of a two-stage Schrieffer-Wolff transformation. The result
is compared to that from a calculation using a Coqblin-Schrieffer approach
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Abstract

as well as to fourth-order perturbation theory. We discuss the ranges of va-
lidity of the different models and derive an expression for the long-distance
coupling for the case of an array of quantum dots in a graphene nanoribbon.

The second part of this thesis delves into the study of nanomechanics. We
study the coupling of an electron spin to vibrational motion due to spin-orbit
coupling in suspended carbon nanotube quantum dots. First we show that
with current capabilities, a quantum dot with an odd number of electrons
can serve as a realization of the Jaynes-Cummings model known from cavity
quantum electrodynamics. Using realistic experimental parameters we argue
that the strong-coupling regime can be reached. In the proposed setup, a
quantized flexural mode of the suspended tube plays the role of the optical
mode in cavity quantum electrodynamics and we identify two distinct two-
level subspaces, at small and large magnetic field, which can be used as
qubits in this setup. Using the quantum master equation we show how the
coupling of spin and mechanical motion is imprinted in the amplitude of the
stationary state of the nanotube.

Furthermore we demonstrate how the spin of the electron in system de-
scribed above can be read out by a charge sensing device in the vicinity of
the charged nanotube. We calculate the response of the system to pulsed
external driving of the mechanical motion using a Jaynes-Cummings model.
We show how the spin can be read-out by measuring the current through the
charge sensing device.
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Zusammenfassung

Thema dieser Arbeit ist die Kohärenz von Elektronenspins in kohlenstoffba-
sierten Systemen auf der Nanometerskala. Die Motivation für diese Arbeit
sind die vielversprechenden spin-bezogenen Eigenschaften kohlenstoffbasier-
ter Materialien, wie zum Beispiel die schwache Spin-Bahn- und Hyperfein-
wechselwirkung. Diese deuten darauf hin, dass lange Spinkohärenzzeiten er-
reichbar sind. Außerdem verfügen Materialien aus Kohlenstoff, wie beispiels-
weise Graphen und Kohlenstoffnanoröhrchen, über geringe Massendichten
bei gleichzeitig hoher Steifigkeit. Damit sind sie sehr gut für den Bau von
nanomechanischen Resonatoren geeignet.

Diese Arbeit besteht aus drei Teilen. Der erste Teil geben wir eine Einfüh-
rung in das Quantenrechen mit Spins. Wir geben einen Überblick über die
notwendigen Voraussetzungen für das Quantenrechen im Allgemeinen und
wir diskutieren die grundlegenden Konzepte von Spin-Quantenpunkten so-
wohl in herkömmlichen Halbleitern, als auch in kohlenstoffbasierten Mate-
rialien.

Im zweiten Teil betrachten wir ortsfeste Quantenpunkte aus Graphen.
Insbesondere befassen wir uns mit solchen Quantenpunkten aus einlagigem
Graphen, die sich mit Hilfe von elektrostatischen Gates durchstimmen las-
sen. Für einen solchen berechnen wir die Spinrelaxationszeit T1. Dabei finden
wir ein von Quantenpunkten in herkömmlichen Halbleitern, wie zum Bei-
spiel GaAs, deutlich abweichendes Verhalten. Die Tatsache, dass Graphen
über zwei K-Valleys verfügt, führt zu einer impliziten Verletzung der Zeit-
umkehrsymmetrie der Elektronzustände in dem Quantenpunkt. Daraus re-
sultiert, dass es auch für den Fall eines verschwindend kleinen Magnetfeldes
nicht zu einer sogenannten van-Vleck-Auslöschung kommt. Dies wiederum
führt dazu, das die Spinrelaxationszeit für kleine Feldstärken nur schwach
vom Magnetfeld abhängt. Bei größeren Feldstärken findet ein Übergang zu
1/T1 ∝ B2 und 1/T1 ∝ B4 statt. Eine neuartige direkte Kopplung von
Spins und zur Graphenebene orthogonal polarisierten Phononen liefert einen
großen Beitrag zur Relaxationsrate.

Weiterhin untersuchen wir die Kopplung von nicht direkt benachbarten

iii



Zusammenfassung

Quantenpunkten in einer Anordnung von aneinandergereihten Quantenpunk-
ten in einem Graphen-Nanoband. Die elektronischen Zustände im Leitungs-
band lassen sich durch Tunnelprozesse über ein Kontinuum von delokalisier-
ten Zuständen im Valenzband indirekt koppeln. Wir nutzen eine zweifache
Schrieffer-Wolff-Transformation, um einen effektiven Hamilton-Operator aus
einem Anderson-Modell für zwei Fehlstellen herzuleiten. Mit unserer Theorie
können wir den Gültigkeitsbereich der Ansätze von Coqblin und Schrieffer
aufzeigen, welche dieses Problem im Kontext magnetischer Fehlstellen behan-
delt haben. Ferner vergleichen wir unser Resultat der zweifachen Schrieffer-
Wolf-Transformation mit dem einer Störungsrechnung in vierter Ordnung.
Wir finden klare Unterschiede, welche ihren Ursprung in unterschiedlichen
Annahmen über die Kontinuumszustände haben. Als Anwendung des For-
malismus diskutieren wird die Austauschwechselwirkung zwischen elektro-
statisch definierten Quantenpunkten in Graphennanobändern. Wir zeigen,
dass durch Einstellen der Energien der beiden betrachteten Quantenpunkte
die Reichweite der Austauschwechselwirkung variiert werden kann und dabei
alle anderen Quantenpunkte unbeeinflusst bleiben.

Der zweite Teil dieser Arbeit beschäftigt sich mit dem Gebiet der Nano-
mechanik. Dabei untersuchen wir die Kopplung eines einzelnen Spins an einen
nanomechanischen Resonator. Wir zeigen, dass in einer frei aufgehängten und
elektrisch kontraktierten Kohlenstoffnanoröhre, welche als Quantenpunkt fun-
giert, die Spin-Orbit-Wechselwirkung eine Kopplung zwischen dem Elektro-
nenspin und der Biegungsmode der Nanoröhre induziert. Das System lässt
sich mit Hilfe des Jaynes-Cummings-Modells der Quantenelektrodynamik für
Hohlraumresonatoren beschreiben. Dabei spielt die quantisierte Biegungsmo-
de die Rolle einer optischem Mode im Hohlraumresonator. Unsere Berech-
nungen zeigen, dass es mit aktuellen experimentellen Fertigkeiten möglich ist,
das Regime der starken Kopplung zu erreichen. Die starke intrinsische Kopp-
lung zwischen dem Spin und der mechanischen Bewegung erlaubt sowohl die
Messung als auch die Manipulation des Spin über den Schwingungsfreiheits-
grad.

Des Weiteren zeigen wir, wie sich der Spin in besagtem System mit Hil-
fe eines kapazitiv gekoppelten Ladungssensors auslesen lässt. Dazu nutzen
wir das Jaynes-Cummings-Modell und berechnen die mechanische Antwort
des Resonators auf externe Anregung durch Mikrowellen. Wir zeigen, dass
sich durch Messen der Amplitude des Kohlenstoffnanoröhrchens durch den
Ladungssensor der Spinzustand auslesen lässt.
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1. Introduction

The scope of this thesis is the coherence of the spin of electrons in meso-
scopic devices made of carbon. The motivation for this work are the chal-
lenges which arise when electronic components and devices are further and
further reduced in size. Generally speaking, miniaturization is beneficial
mainly for two reasons: i) Smaller devices can operate at higher speeds,
ii) smaller energy consumption. For the last 55 years, after the invention
of the integrated circuit in 1958, miniaturization of electronics has followed
the famous predictions made by Gordon Moore in 1965. Namely that the
complexity, measured in numbers of components on a single chip doubles
approximately every two years.[1]

In fact, Moore’s prediction has proven to be so accurate that is has been
made a long-term goal for research and development in the microelectronics
industry. But while up to now, higher integration has mainly been achieved
by scaling down conventional and proven devices, whose functionalities and
underlying physical principles are exactly the same on a small scale as on a
large scale,1 at a certain scale this scheme will fail.

It’s an interesting question whether Moore had though about what hap-
pens when the scale of an electronic component becomes comparable to the
atomic scale. At this point bulk properties of semiconductors start to break
down and the continuous band structure is replaced by discrete energy states.
In addition, and partially also due to the discrete energy spectrum, interfer-
ence of wave functions start to play a role on small scales. Electronic trans-
port is not governed by Ohm’s law but coherent tunneling processes become
dominant. These effects are a challenge in miniaturization one the one hand.
On the other hand they open up new possibilities beyond the scope of clas-
sical information processing. In the ultimate limit, each bit of information is
carried by just a single particle or by a certain quantum mechanical degree
of freedom of a single particle, such as the spin. The advantage of using
the latter for processing and storing information is that it is controllable by
means of electric and magnetic fields or lasers.[2] Additionally, while the in-
dividual magnetic moment of a single spin is small, in solids spin can couple
strongly to each other due to the Pauli principle — the exchange interaction.
This ineraction is very useful as it can be employed to couple quantum dots
which is necessary to perform quantum computations with them. Uncon-
trolled coupling of spins in quantum dots to the environment on the other
hand is harmful. The strength of this coupling is determines the coherence of

1A notable exception is the giant magnetoresistance which is a purely quantum me-
chanical effect. It working principle is based on spin-dependent scattering and it allows
read/write heads of (magnetic) disk drives to be make much smaller than conventional
heads. The effect was discovered in 1988 and the first hard drives making use of the effect
were commercially available by 1996.
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a quantum mechanical state and thus the lifetime of information encoded in
it. Generally speaking, for any quantum mechanical system used to process
and carry information, the coherence must be preserved longer than it takes
the information to be processed.[3]

One possibility to prolong the lifetime of spin states is the use of host
materials which provide particularly weak coupling to the information carry-
ing particles. Carbon in its various allotropes, such as graphene and carbon
nanotubes (CNTs), is such a material. The reasons for that are twofold.
Carbon atoms are light compared to atoms of conventional semiconductors
such as silicon or gallium arsenide and thus has a much weaker atomic spin-
orbit interaction. Natural carbon consists of 1% 13C and 99% 12C. The
latter has not net nuclear spin and thus all carbon allotropes have weak hy-
perfine interaction which is the main cause for decoherence in conventional
semiconductors.

This thesis is organized as follows. In chapter 2 we give an introduction
to quantum computing with spins in general. We will discuss what distin-
guishes quantum computers from classical computers and how calculations
are performed using unitary operations. As we have mentioned briefly be-
fore, decoherence plays an important role and thus we will discuss the most
important mechanism which lead to a loss of information. Finally we will
show two examples of promising quantum dots.

In chapter 3, we present the investigation of the spin relaxation time in a
graphene quantum dot.[4] This research is motivated by a proposal for a gate-
tunable spin quantum dot in single layer graphene.[5] We find that a novel
direct coupling of the electron spin to out-of-plane phonons via the intrinsic
spin-orbit coupling is the dominating contribution to the spin relaxation time
T1. For low magnetic fields the relaxation time depends only weakly on the
applied magnetic field. This effect is in stark contrast to quantum dots
in conventional semiconductors, such as GaAs, in which T1 depends very
strongly on B. Furthermore we find that admixture of states with opposite
spin induced by Rashba-type spin-orbit interaction in combination with the
emission of in-plane phonons provides various other relaxation channels via
deformation potential and bond-length change.

In graphene’s dispersion relation the conduction and valence bands touch
at six points, the so-called K-points, of which only two are independent
of each other. The two types of K-points are called valleys and they are
sperated by a relatively large (quasi-)momentum. In the absence of mixing
of the valleys, spin relaxation takes place within each valley separately which
effectively breaks time-reversal symmetry. As a result, without an external
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1. Introduction

magnetic field, the so-called van Vleck cancellation is absent in contrast to
GaAs quantum dots. Both the missing effect of the van Vleck cancellation as
well as the presence of out-of-plane phonons lead to a behavior of the spin-
relaxation rate at low magnetic fields which is markedly different from the
known results for GaAs. For low magnetic fields, we find that the relaxation
time T1 is constant as a function of B and then crosses over to ∝ B2 or ∝ B4

at higher fields.

Being able to safely store information in quantum bits (qubits) is a neces-
sary prerequisite for quantum computing.[3] However, an equally important
question is how to perform calculations, i.e. a series of two-qubit qubit gates,
acting on pairs of spin qubits. In chapter 4 we explore a promising mecha-
nism which is provided by the Heisenberg exchange interaction. It provides
a pairwise coupling between adjacent spins. In the context of quantum-
computational applications it is also necessary to couple qubits which are not
nearest neighbors if one wants to avoid tedious series of pairwise swaps. We
investigate the coupling between two spin qubits in a graphene nanoribbon
via a continuum of states in the valence band. We derive an effective Hamil-
tonian via a two-stage Schrieffer-Wolff transformation from a two-impurity
Anderson-model.[6] With this model we are able to explore the limitations
and regions of validity of the approached used by Coqblin and Schrieffer to
this problem who discussed the Anderson model in the context of magnetic
impurities. In addition we compare the results derived by the two-stage
Schrieffer-Wolff transformation to a derivation using fourth-order perturba-
tion theory and observe distinct differences that originate from different as-
sumptions on the continuum of states. As an application of the formalism,
we discuss the spin exchange interaction between electrostatically confined
quantum dots in a graphene nanoribbon. We show that by adjusting the dot
energies the range of the exchange interaction can be tuned while intermedi-
ate dots can be adjusted such that they are not affected.

In the next two chapters 5 and 6 we shift the focus from spin dynamics in
fixed quantum dots to a system where the spin of an electron is confined to
a nanomechanical resonator. The field of nanomechanics has gained a lot of
momentum in recent years. State-of-the-art manufacturing techniques allow
devices to be operated deeply in the quantum regime.[7, 8, 9] The possibility
to couple mechanical motion of all kinds to various of other systems using
light, magnetic and electric fields or even gravity makes the study of nanome-
chanical resonators worthwile. In chapter 5, we investigate the coupling of a
single spin to a nanomechanical resonator. In the context of quantum com-
puting, such systems could be used as qubits, optical delay lines or phonon
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routers. Other potential applications include sensing devices for masses, ve-
locities, displacements or forces. We show that in a gated and suspended
CNT which forms a quantum dot, the spin-orbit interaction mediates a cou-
pling between the spin of the electron on the dot and the flexural vibration
mode of the tube.[10] With an odd number of electrons on the CNT, the sys-
tem can be described with the Jaynes-Cummings model of cavity quantum
electrodynamics in which a quantized flexural mode of the suspended tube
plays the role of the optical mode. Our estimates show that with current
state-of-the-art experimental capabilities the coupling can be in the strong-
coupling regime. We are able to identify two distinct two-level subspaces, at
small and large magnetic field, which can be used as qubits in this setup.
The strong intrinsic spin-mechanical coupling allows for detection, as well as
manipulation of the spin qubit via the mechanical degree of freedom.

In the last part of this thesis we study a related question. In chapter 6, we
propose a method for reading out the spin state of the above described setup
can be read out using an adjacent charge sensing device.[11] To do so, we
calculate the mechanical response of the CNT as a function of the driving fre-
quency. Unlike in the previous project[10] we calculate the non-equilibrium
dynamics. Coupling of the spin to the resonator leaves a signature on the os-
cillator amplitude. These fluctuations capacitively induce fluctuations in the
effective gate voltage of the charge sensing device. We set up a simple model
to estimate the coupling and show that with realistic parameters the current
fluctuations can be well above the achievable sensitivity limits. Furthermore
we show that a more elaborate driving scheme with varying excitation fre-
quencies can lead to a sizable increase in the amplitude and thus the current
through the charge sensing device.
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Chapter 2

Spin quantum computing

This chapter is adapted from a manuscript in preparation for a chapter of the Book
Handbook on Spintronics by P. R. Struck and G. Burkard.
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2. Spin Relaxation in a Graphene QD

The purpose of this chapter is to provide an introduction and up-to-date
overview of spin-based quantum information processing. We begin with an
introduction to quantum computation where we discuss the main require-
ments which any quantum computer will have to fulfill. Then we show how
spins can be used to implement quantum dots in semiconductors and how
pairs of quantum dots can be coupled to each other. We will then explore
how quantum computation can be performed with the exchange interaction
only. This provides a solution for the problem of time consuming and tech-
nically challenging single-spin rotations. In the following chapters we will
then shift focus to actual implementations of qubits and their properties. In
particular we give an overview of the important problem of decoherence, i.e.
the loss of information stored in the quantum bits. We will see that there
are two types of information destroying processes. First we will discuss the
relaxation of spins into an energetically lower state. This process is mainly
caused by spin-orbit interaction. The other process is the loss of decoherence
of a quantummechanical superposition caused by nuclear spins. Although
the atomic hyperfineinteraction is weaker than the spin-orbit interaction, we
will see that in the case of quantum dots it is in fact the hyperfine interac-
tion that limits the decoherence time. In the last two chapters we will show
two actual implementations of quantum dots. First we discuss the so-called
double quantum dot in which the quantum mechanical bit is encoded in two
individual quantum dot. While at first glace this may seem like a complica-
tion of the problem, we will show that the decoherence properties of double
quantum dots are very promising. In the last chapter of this introduction
we will disuss spin quantum dots in graphene. Up to now their experimental
implementation remains challenging, but theory predicts long decoherence
times due to weak spin-orbit and hyperfine interaction.

2.1 Quantum computation in a nutshell

Before we turn to the physical implementation of quantum computing de-
vices, let us take a moment to review the reasons why it is of interest to
employ the laws of quantum mechanics for computational (more generally,
information processing) tasks. While quantum computers cannot outperform
classical computers in terms of which problems can be solved (computabil-
ity), there is strong evidence that they beat classical computers in terms of
how fast they can solve certain problems. The first statement means that
every task a quantum computer can perform can also be done by a (classical)
Turing machine and therefore any available computer today. This is under-
standable as the quantum machine obeys the rules of quantum mechanics
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2.1. Quantum computation in a nutshell

as we know them and those rules and equations can be formulated in the
language of mathematics which in turn can be formulated as a (classical)
computer program.

However, computability in itself is typically not the main issue in real-
world applications. What is much more important is the efficiency of a
computation which can be expressed mathematically in terms of the com-
plexity of the problem. As we will see, there are problems which require a
time exponentially long in the size n of the input (instance of the problem)
when being solved on a classical computer, or O(en).

What a quantum computer can do is to solve some of these problems much
faster than a classical computer. By “much faster”, one typically means a
speedup from exponential to polynomial complexity, O(nα) with some (hope-
fully not too large) fixed exponent α. Note however, that this is not a general
feature of quantum computers. There is no theorem which states that there’s
a more efficient quantum version of any given classical algorithm. However,
so far, there exist a number of quantum algorithms which are much more
efficient than their known classical counterparts. One of the most striking
examples of a quantum speedup is the algorithm proposed by Peter Shor to
find the prime factors of a given integer number.[12] Many public-key cryp-
tography schemes such as RSA rely on the the fact that factorization of large
numbers is practically impossible with classical computers.

Before we start the discussion of specific implementation of qubits and
quantum gates using spins in solid state, it is instructive to think about the
general requirements for a working and useful quantum computer. David
DiVincenzo proposed five criteria which any system which is a candidate
for a quantum computer must fulfill[13] and which we briefly review in the
following.

i) Many qubits are required for a working quantum computer. Hence
we have to demand scalability, i.e., the possibility to combine an ar-
bitrary number of qubits to form larger registers needed to store and
process information. Solid-state qubits are very promising in this re-
spect because they can be manufactured using conventional semicon-
ductor fabrication techniques. The scalability requirement mathemat-
ically translates to that of a precisely enumerable Hilbert space. This
sensible requirement means that we have to know the exact number of
qubits in which we want to use to store and to manipulate information.
Furthermore, it should be possible to decompose the Hilbert space into
a direct product of the individual qubit Hilbert spaces. As a result,
the dimension of the total Hilbert space grows exponentially and for
10 qubits, i.e. 10 two-level systems, it is already 1024-dimensional. In

9



2. Spin Relaxation in a Graphene QD

principle one can use systems with more than two levels to do quantum
computing but in the following we will always refer to two-level system,
or qubits.

ii) In order to actually start a quantum computation it is necessary to ini-
tialize the system, i.e., prepare the entire qubit register into a known
and well-defined state such as “all qubits ‘zero’ ”. This is easily done in
some systems by simply cooling the qubits to their ground states. How-
ever, if one uses nuclear spins this criterion turns out to be harder than
it sounds, and one may need to resort to active (dynamical) cooling
schemes.

Besides the obvious necessity to initialize the qubits, supplying the sys-
tem with low-entropy states is also important in the context of quan-
tum error correction where it is a means of extracting entropy from the
system which builds up due to (unavoidable) decoherence.[14]

iii) The relevant decoherence times of the qubits must be longer than the
gate operation times. This requirement at first sounds most challenging
for solid-state systems such as the spin qubits we are discussing in this
work. Unlike, e.g., trapped atoms hovering in vacuum, the electron
spin in a solid interacts with a rather noisy environment. Memoryless
decoherence processes of a single qubit can be described using two time
constants: The so-called energy relaxation time T1 and the decoherence
time T2.

The T2 time describes how long it takes until a coherent quantum su-
perposition of |0〉 and |1〉 described by the pure qubit state |ψ〉 =
α|0〉+β|1〉 turns into an incoherent mixture of |0〉 and |1〉 described by
the density matrix ρ = |α|2|0〉〈0|+ |β|2|1〉〈1|, where α and β are com-
plex numbers. In some of the most important semiconductor materials
such as GaAs, the dominant cause for the loss of phase coherence of
electron spin qubits is the hyperfine interaction with the surrounding
nuclear spins. The nuclear spin induced decoherence can be avoided to
a large extent by the use of materials with few or no nuclear spins such
as carbon, silicon, or germanium. This will be discussed in more detail
in section 2.8.

The mechanisms leading to energy-relaxation in spin-qubits will be
discussed in section 2.5.

In order to perform quantum computations, the typical time Top re-
quired to perform an elementary one- or two-qubit operation must be
much smaller than the decoherence time. Another way of stating this

10



2.1. Quantum computation in a nutshell

requirement is to say that the error probability per gate needs to be
small, ε = Top/T2 � 1. The same condition must be fulfilled for the
relaxation time T1, but in most cases T1 & T2 as we will see in section
2.6. The fact that in practice ε > 0 forces us to find ways of coping with
the errors that occur during a quantum computation. This is an inter-
esting and nontrivial issue which deserves a detailed treatment which
we cannot give in this thesis. For a good introduction to quantum error
correction, we refer the reader to [14] or [15]. A chapter on quantum
error correction can also be found in [16]. Let us merely remark that
under certain assumptions regarding the nature of the errors, fault-
tolerant quantum computation has been proven to be possible when
the error rate per gate ε lies below a certain threshold εth. The value
of the threshold depends on the details of the type of errors as well as
on the type of quantum error correction used. Typical values for stan-
dard quantum error correction schemes are εth ≈ 10−4, but recently,
methods to achieve a higher threshold haven been reported.[17]

iv) The fourth criterion provides the link between the hardware and the
the software: A universal set of quantum logic gates needs to be im-
plemented. A quantum logic gate, or just quantum gates for short, is
simply a unitary operation U on a finite number of qubits (one or two
qubits in the following). A quantum algorithm can be understood as a
series of quantum gates UkUk−1 · · ·U2U1 acting on the qubits that form
the memory of the computer.

Generally speaking, the unitary operator describing the quantum gate
is obtained as

U = T exp

(
− i

~

∫ t

0

H(t′)dt′
)

(2.1)

where H(t) describes the time-dependent control Hamiltonian of the
system and T is the time-ordering operator. The exact form of the
Hamiltonian depends on the system under consideration and can in-
volve externally applied magnetic or electric fields. Formally, finding a
Hamiltonian H to perform a desired gate operation U as in Eq. (2.1)
is straight-forward. However, this may lead to unphysical interactions
and therefore the physical implementation can still be challenging, e.g.
including many-body interactions or strong magnetic fields.

The set of quantum gates to be implemented needs to be universal, i.e.,
any unitary operation on an arbitrary number of qubits needs to have
a (finite) decomposition into a product of unitaries from this set. It is
known [18] that a universal set can be made from all (unitary) one-qubit
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2. Spin Relaxation in a Graphene QD

operations U ∈ SU(2), which can be identified with spin rotations, in
combination with one appropriate two-qubit operation U(2)

1 , i.e.

S = {U(2)} ∪ SU(2). (2.2)

One popular choice for the two-qubit operator U(2) is the CNOT gate,
which is the quantum version of the XOR gate [19]. CNOT is short for
controlled NOT and it is one instance of the general set of two-qubit
gates in which the state of one qubit, let’s say the first one without loss
of generality, acts as a control parameter of an operation performed on
the second qubit, the so-called target qubit. In this case, the second
qubit is flipped if the first qubit is in the state |1〉1, where |i〉j with
i, j = 0, 1 denote the basis states. If the control qubit is in the state
|0〉1 the gate acts as an identity operator, i.e. nothing happens. The
effect of the CNOT gate on all four basis states is the follwoing

|0, 0〉 → |0, 0〉 (2.3)

|0, 1〉 → |0, 1〉 (2.4)

|1, 0〉 → |1, 1〉 (2.5)

|1, 1〉 → |1, 0〉. (2.6)

In this basis it is easy to write down the matrix representation of the
gate

UCNOT =


1

1
0 1
1 0

 . (2.7)

We would like to stress at this point once more the difference between
classical and quantum bits. For the former, the CNOT gate is nothing
but an XOR gate where the target bit is the result of the addition
modulo 2. In the quantum case, the input and output states can be
much more intricate. For example, consider the effect of a control state
in a superposition |ψ〉1 = 1√

2
(|0〉1 + |1〉1) on a target state |ψ〉2 = |0〉2.

The initial state can be written as a product state

|ψ〉1 ⊗ |ψ〉2 =
1√
2

(1, 0, 1, 0)T . (2.8)

1This came somehow as a surprise in the early days of quantum computing because in
reversible classical computing three-bit gates are necessary to form a universal set.
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The final state is easily calculated as

UCNOT (|ψ〉1 ⊗ |ψ〉2) =
1√
2

(1, 0, 0, 1)T (2.9)

=
1√
2

((
1
0

)
⊗
(

1
0

)
+

(
0
1

)
⊗
(

0
1

))
.

which cannot be written as a product state anymore. We have created
an entangled state which is impossible with classical bits.

Alternatively to the CNOT gate, the square-root of SWAP gate to-
gether with one-qubit rotation also forms a universal set of quantum
gates.[3] We will come back to this gate in the section on universal
quantum computing with exchange interactions.

v) After the computation, individual qubits have to be measured. In the
case where the measurement takes place in the computational basis
given by |0〉 and |1〉, the associated observable to be measured is the
Pauli matrix

σz =

(
1 0
0 −1

)
. (2.10)

After this description of the requirements that a system has to meet in
order to be useful for quantum computations, we now give an example of a
quantum algorithm that could run on such a machine. We will introduce the
Deutsch algorithm as an instructive example, and refer the reader to Refs. [14,
16] for a thorough introduction into quantum computation. The quantum
algorithm with most practical relevance known so far is arguably the Shor
algorithm for efficiently factoring large integer numbers [12]. Perhaps even
more relevant are the prospects of efficiently simulating quantum systems
with a quantum computer, which typically turns out to be very hard when
using conventional computers (see [20] for a review).

Let us introduce the notation for the computational process. A quantum
gate acting on states of a number of qubits is described by a unitary trans-
formation U. In the simplest case of single-qubit operations U is a 2 × 2
matrix. Unitaries necessarily describe reversible functions, but we can also
use them to compute arbitrary functions f by retaining the input state |x〉
together with the output state |y〉 as |x〉|y〉 and write the transformations
as matrices acting on both states. The unitary transformation acting on the
two states can be written as

Uf (|x〉|y〉) = |x〉|y ⊕ f(x)〉 (2.11)
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where ⊕ denotes the XOR operation2 or bitwise addition modulo 2. If the
output register is set to zero at the beginning we find

Uf (|x〉|0〉) = |x〉|f(x)〉, (2.12)

and therefore the output state contains the desired function of the input
state.

As an instructive example, let us now turn to the Deutsch algorithm[21]
whose task is to determine if a given function f(x) : {0, 1} → {0, 1} is
balanced (f(0) 6= f(1)) or constant (f(0) = f(1)). One can think about this
task in terms of classical objects. This illustration is not just useful for the
purpose of making things more understandable, but it also highlights the
point that although the actual computation of a quantum computer follows
the laws of quantum mechanics, the input and output are always classical.
Let’s suppose we have a coin and want to find out whether it is biased or
not, i.e. wether it shows head or tail on both sides or not. The easiest way
is to look on one side, turn the coin and compare to the other side. So one
needs two elementary operations (here, observations of one side of the coin),
or two evaluations of the function f(x) to find an answer. And obviously
two is also the minimum number of evaluations or operations that suffices to
complete the task.

Deutsch showed that by means of quantum mechanics it is possible to
do the same in one single step3 The basic idea is to use a superposition of
both states as an input state, let the algorithm operate on this superposition
of both possible inputs, and then do the read-out. A superposition of basis
states is often required in quantum computing and it is therefore instructive
to learn about the quantum gate that does the job. The gate is called the
Hadamard gate4 and has the form

H =
1√
2

(σx + σz) =
1√
2

(
1 1
1 −1

)
. (2.13)

If we let H act on one of the two basis states, we obtain the superpositions

H|0〉 =
1√
2

(|0〉+ |1〉), H|1〉 =
1√
2

(|0〉 − |1〉). (2.14)

To solve the problem, Deutsch suggested to use an initial state which contains
all possible combinations of input and output states at the same time, i.e. as

20⊕ 0 = 1⊕ 1 = 0, 1⊕ 0 = 0⊕ 1 = 1
3In the original algorithm, this is possible only with a success rate of 1/2. Later it was

shown that is also possible to get an answer in a single step every time.
4After the French mathematician Jaques Salomon Hadamard (1865-1963)
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2.2. The Loss-DiVincenzo proposal

a superposition. As just shown, this state can be made by using Hadamard
gates

|ψ〉 = (H ⊗H) (|1〉|1〉) =
1√
2

(|0〉 − |1〉) 1√
2

(|0〉 − |1〉)

=
1

2
(|0〉|0〉 − |1〉|0〉 − |0〉|1〉+ |1〉|1〉) . (2.15)

The unknown function Uf is now applied to this state. Following Eq. (2.12)
and making use of |0 ⊕ f(x)〉 = |f(x)〉 and |1 ⊕ f(x)〉 = σx|f(x)〉, where σx
is the single-qubit NOT operation, one obtains

(H ⊗ 1)U |ψ〉 =
1

2
√

2

(
|0〉 (|f(0)〉 − |f(1)〉)− |0〉σx (|f(0)〉 − |f(1)〉)

+|1〉 (|f(0)〉 − σx|f(1)〉) + |1〉 (|f(1)〉 − σx|f(0)〉)
)
(2.16)

=
1√
2

{ |1〉 (|1〉 − |0〉) , f balanced,
±|0〉 (|1〉 − |0〉) , f constant.

The output state contains exactly what we wanted to know: Whether f is
constant or balanced. This would not have been possible with any classical
computer or algorithm. The key feature of quantum mechanics that has been
used to obtain this result is sometimes called quantum parallelism. Note,
however, that we could not have obtained both values of f at once, because
this information cannot be extracted from the final state (a global phase
cannot be measured). So, the output state contains exactly what we wanted
to know, and not a bit more (literally!).

2.2 The Loss-DiVincenzo proposal

In their proposal for electron spin-based quantum information processing,
Loss and DiVincenzo showed how a universal set of one- and two-qubit gates
can be implemented on a register of coupled spin-qubits located in an ar-
ray of quantum dots.[3] As will be shown in detail below, the entangling
two-qubit unitary gate U(2) directly emerging from the exchange interaction
between spins in adjacent quantum dots is the square-root-of-swap gate. A
combination of square-root-of-swap gates and single-spin rotations can then
also produce the more standard CNOT gate. Single-spin rotations gener-
ated by some local magnetic interaction form the set SU(2) which completes
the universal set of gates. As described above, this combined set of gates
is universal in the sense that they can be combined in a quantum circuit,
i.e., a sequential application of quantum gates to perform arbitrary quantum
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algorithms. There exist other variants of this proposal that rely on the same
type of exchange interactions, e.g., involving the nuclear or electron spins
of donor atoms buried in a silicon substrate[22], or electron spins in SiGe
quantum dots[23], electrons trapped by surface acoustic waves[24], and spins
of paramagnetic impurities[25].

One can model these spin qubits in a quantum dot array using the well-
known Hubbard model in which the tunnel hopping strengths tij are pulsed,
i.e. are functions of time t. High tunnel barriers effectively switch the cou-
pling between neighboring qubits off (tij = 0), while for a coupling parameter
much smaller than the on-site Coulomb repulsion (charging) energy U , i.e.,
tij � U , the description can be restricted to the charge sector with one
electron per dot (half-filling of the Hubbard model). The spins experience a
Heisenberg coupling

H(t) =
∑
〈ij〉

Jij(t)Si · Sj, (2.17)

with a time-dependent exchange coupling Jij(t) = 4t2ij(t)/U . We can identify
the projection operator onto the spin singlet state formed by the spins on
sites i and j as P S

ij = |Sij〉〈Sij| = 1/4− Si · Sj, and rewrite the Hamiltonian
as

H(t) = −
∑
〈ij〉

Jij(t)P
S
ij =

∑
〈ij〉

Hij(t), (2.18)

where Hij(t) = −Jij(t)P S
ij and where a (time-dependent) term proportional

to the identity has been omitted since it only produces an irrelevant global
phase. Making use of the projector identity (P S

ij )
2 = P S

ij , we can easily find
the time evolution operator for coupling two specific qubits i and j (while
all other couplings are set to zero) by exponentiating the Hamiltonian. We
obtain

Uij(φ) = e−
i
~

R t
0 dt
′Hij = 1 + (eiφ − 1)P S

ij , (2.19)

where

φ = ~−1

∫ t

0

dt′Jij(t
′). (2.20)

A π-pulse of the exchange interaction, defined as

φ =
1

~

∫
dtJij(t) = π mod 2π, (2.21)

will implement a SWAP gate,

SWAPij = U(π) = 1− 2P S
ij , (2.22)
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Figure 2.1: Schematic of a lateral spin quantum dot array with one excess
electron per dot. The spin of the electron on each quantum dot represents a
qubit.[3] Indicated here are only two adjacent spins while a quantum register
would consist of a large array of qubits. Such a quantum dot array can be
realized in various semiconductor heterostructure such as the popular GaAs.
A layer of Si doped AlGaAs is grown on top of a GaAs substrate. The free
electrons caused by the doping form a two-dimensional electron gas (2DEG)
of ≈ 10 nm thickness at the interface of the heterostructures which is located
50–100 nm below the surface[2]. Regions of confinement can be created by
applying voltages to the metallic gates on top (as shown) or on the bottom
of the heterostructure. A constant magnetic field is used to induce a Zeeman
splitting, varying magnetic and electric fields may be used to manipulate
the spins. The Heisenberg exchange interaction can be employed to couple
adjacent quantum dots. The size of such a device is approximately on the
order of 100–1000 nm.
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which precisely interchanges the states of the qubits i and j. While the
SWAP gate by itself is not useful for quantum computation, it can be used
to shuttle around qubits, and thus to overcome the locality of the exchange
interaction in situations where distant qubits need to be coupled. There-
fore, while the Hamiltonian 2.17 solely couples neighboring qubits directly, a
series of SWAP-gates which exchange the states in two neighboring qubits,
in principle allows for operations between two arbitrary qubits can be ac-
complished. As we will see in section 2.3, there are also proposals how to
couple distant qubits and thus avoiding the extra time required for a series
of SWAP-operations.

To implement a useful entangling gate for universal quantum computa-
tion, one can pulse the interaction such that

φ =
1

~

∫
dtJij(t) = ±π

2
mod 2π. (2.23)

Such a pulse generates a square-root of SWAP gate (up to an irrelevant global
phase factor). With equation (2.23), the square-roots of SWAP gates S± is
obtained as5

S±ij = U(±π/2) = 1 + (±i− 1)P S
ij =

1± i
2

+
1∓ i

2
SWAPij. (2.24)

Let us pick the positive sign and omit the fixed indices i and j in what follows.
The gate S = S+ together with single-qubit rotations is just as universal as
the above-mentioned XOR gate. In fact, together with single spin rotations
Ui(φ) = exp(iφSi) about axis i with an angle φ the square-root of swap gates
can be converted into a controlled phase flip gate [3]

UCPF = eiπ/2e−iπ/2S
z
1eiπ/2S

z
2Se−iπS

z
1S (2.25)

which in turn is equal to the XOR gate up to a basis change.
So far we have discussed how a number of spin-qubits coupled via the

exchange interaction can be used to construct a universal set of quantum
gates which is a necessary requirement for a working quantum computer. As
we have learned in section 2.1 another requirement is that the gate operation
time is much shorter than the decoherence time of the spins involved. But in
any case there will be some amount of decoherence during a gate operation.
In addition to the proposal described above, in Ref. [3] the nonideal situation
of a SWAP operation during which the spins are coupled to a magnetic
environment is studied using a (quantum) master equation.

5The other two square roots are obtained by changing the overall sign of the unitary.
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2.3 Universal quantum computing with the

exchange coupling

In the previous section, we discussed how the exchange interaction between
two qubits can be used to implement a universal set of quantum gates. The
relative strength, short range, and large on-off ratio of the Heisenberg ex-
change coupling allow for fast gate operations. When we introduced the
Heisenberg model (2.17) we have sailed around an important detail. The full
Hamiltonian one needs for universal single-spin qubit operation consists of
two terms

H(t) =
∑
〈i,j〉

Ji,j(t)Si · Sj + µB
∑
i

giB(ri) · Si = Hex +HZ , (2.26)

where HZ is the local Zeeman term necessary for the single-spin rotations.
We are now going to address to question whether the exchange coupling

alone might be sufficient for universal quantum computation. The straight-
forward answer to this question is “no”, because the Heisenberg interaction
preserves both the total angular momentum and the magnetic quantum num-
ber,

[Hex, S
2] = [Hex, Sz] = 0 (2.27)

which immediately means that without supply of additional single-qubit op-
erations it cannot be universal. The reason is that when one starts with a
state having a certain sharp value of, say, total Sz as an input of the compu-
tation, then only states with that same value of Sz could result from the time
evolution under the exchange interaction. However, for universal quantum
computing, every final state would have to be reachable in principle, since
this might be demanded by the quantum algorithm.

There are more practical motivations to do without the single-spin rota-
tions. If one needs control over individual qubits which might be located very
close to each other then single-qubit rotations are challenging. It requires the
the local (de)tuning of the Zeeman splitting gµBB away from resonance, so
that Rabi oscillations are suppressed.

Theoretically, one easy way to rotate spins is by using a time dependent ,
i.e. pulsed, magnetic field.Applying pulses only locally, on a scale of a couple
of 10 to 100 nanometer however requires more advanced techniques such as
using the magnetic scanning-probe tip.[3] Another way to achieve a local
magnetic field is to make use of the nuclear spins surrounding the quantum
dot in question. When the nuclear spins are locally dynamically polarized
(which is general is a useful method to reduce decoherence as we will see
in section 2.6) the resulting Overhauser field can be used to rotate a spin.
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Using a uniform magnetic field instead requires a method of switching on
and off the coupling to the field of individual qubits. This can in principle be
accomplished by a switchable g-factor.[23] Experimentally, neither of these
is easy. In addition, the single-spin operations are often significantly slower
and they may increase the decoherence. Using microwaves to flip individual
spins may also heat up the system which generally is something one wants
to avoid.[23]

A clever way how to circumvent the problem is not to use a single spin
1/2 as a qubit but to to use multiple spins 1/2 which remain in a two-
dimensional sub-space of the Hilbert space for which the angular momentum
quantum numbers are fixed. The smallest number of quantum dots one needs
to encode a qubit for which the Heisenberg interaction alone is universal
is three.6 In this case two of the spins form either a singlet (S = 1) or
triplet (S = 0). Together with the third spin the total spin of the three
qubits is either S = 1/2 or S = 3/2. One can choose for example the
two states with S = 1/2 and Sz = 1/2 as the computational basis. The
Heisenberg interaction conserves these quantum numbers one does not need
to worry about the other non-computational states. At least this is the case
in materials with weak spin-orbit coupling. In the presence of the latter the
exchange coupling (2.26) can acquire anisotropic terms which of course do
not conserveSz.[26] However, it turns out that in first order it is possible to
eliminate these terms by using time-symmetric gate pulses.[27] An explicit
choice for the basis states of the encoded qubit could is[28]

|0〉 = |S〉| ↑〉 =
1√
2

(| ↑↓〉 − | ↓↑〉) | ↑〉 (2.28)

|1〉 =

√
2

3
|T+〉| ↓〉 −

√
2

3
|T0〉| ↑〉

=

√
2

3
| ↑↑〉| ↓〉 −

√
1

6
(| ↑↓〉+ | ↓↑〉) | ↑〉. (2.29)

The states |S〉 and |T),+〉 refer to the singlet and any linear combination
of triplet states respectively. Such a state can be prepared by applying a
magnetic field during the initialization which is large enough to align the
third spin, i.e. gµBB > kBT , but smaller to not destroy the singlet, i.e.
gµBB < Jij.

With such an encoding for a set of qubits the problem of exchange-only
quantum computing is in principle solved. However, one important questions

6Note that the general scheme of quantum computing using only the exchange coupling
is not only restricted to quantum dots using electronic spins but can be applied to other
systems described by isotropic exchange coupling.
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remains: What is the computational overhead one has to accept, i.e. how
many more operations are necessary to do implement a chosen set of universal
gates? The answer to this question is not easy to give because the calculations
get long and tedious very quickly. The implementation of a two-qubit gate
with three spins encoding each qubit means one in principle has to deal
with a Hilbert space of dimension 22·3 = 64. However, leaving out the non-
computational subspace already provides some relieve. The question of how
much overhead the use of encoded qubits produces can be reformulated by
asking how can one produce a two-qubit gate on the encoded qubits which
is equivalent to a CNOT gate. Or more quantitatively: how many two-
spin exchange interactions, so called pulses, are necessary to produce a two-
qubit gate which is equivalent to a CNOT gate. In the seminal work which
introduced the concept of encoded (spin) qubits a sequence of 19 pulses was
found numerically.[13] It was later confirmed analytically that this sequence
indeed produces a CNOT gate.[29] It should be mentioned however, that
this only works if the qubits are in a specific subspace of the computational
subspace. It takes additional steps to produce this necessary initial state.
Sequences which do not have this requirement have been found with length
23[30], 39, and 40 pulses.7

It should be said that there are other ways how to use the exchange
interaction to implement quantum gates. If a locally changing g-factor is
assumed, which can be implemented by an appropriate choice of the mate-
rial surrounding a qubit, it is sufficient to use pairs of spins to implement
logical qubits. Also the computational overhead is reduced as only two gate
operations are needed for a controlled π-phase flip.[31]

Instead of using a locally varying g-factor one can also use the anisotropic
XY interaction on a set of spins to construct encoded qubits. The advantage
is again a smaller number of gate operations in comparison to the Heisenberg
exchange-only proposal.[32] In [33] it is shown how single- and two-qubit
gates can be implemented for a generalized exchange Hamiltonian.

One requirement in the DiVincenzo proposal is the scalability. Operations
not just between adjacent qubits but distant coupling with variable range
necessary. This will be discussed in section 1.5.5 in detail. Here we focus on
the general idea how to couple two quantum dots.

7Manuscript under preparation by D. Zeuch and G. Burkard. Even shorter sequences
of 19 pulses have been found but they do not permit a continuously variable degree of
entanglement between qubits and require magnetic fields for initialization[13].
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2.4 Exchange interaction in quantum dots

So far, we have learned from the fourth diVincenzo criterion that in order to
implement arbitrary quantum algorithms a universal set of quantum gates
is necessary. Luckily such a set is easy to find — at least on paper. A
suitable two-qubit gate together with one-qubit rotations is sufficient. We
have also introduced the controlled NOT gate, or CNOT gate for short, as
one particular choice for a two-qubit gate. The major motivation to study
exchange-interaction-only quantum computing was to eliminate the tedious
single-spin rotations. They require strongly localized magnetic fields, switch-
able g-factors and other experimental challenging techniques (cf 2.3).

Here we want to show how a two-qubit gate – a CNOT gate to be precise
– can actually made. We start by noting that this gate can be written as[16]

CNOT = HCCPFH (2.30)

where H denotes a certain single-spin rotation called the Hadamard gate. As
we have discussed in section 2.3, these single-spin rotations can in turn be
mapped to pairwise operations on the ancillary spins. The two-qubit gate
CCPF is called a controlled phase-flip operation, or controlled z-operation,
which in the basis {|00〉, |01〉, |10〉, |11〉} is given by the matrix

CCPF =


1

1
1 0
0 −1

 (2.31)

As with the CNOT-gate the first qubit serves as the control qubit and it
is not altered during the application of the gate. The target qubit acquires
a phase-shift depending on the state of the control qubit, hence the name
controlled phase flip. For our purpose of finding an experimental realization
of the gate it is convenient to express it in terms of Pauli matrices

CCPF = −1

2

(
1− σc

zσ
t
z + σc

z + σt
z

)
(2.32)

where the superscripts c and t refer to the control and target qubit respec-
tively. As this is a unitary operation we can express it in terms of an expo-
nential of a generating (hermitian) Hamiltonian

CCPF = exp[−iHt/~] ∝ exp
[
i
(−σc

zσ
t
z + σc

z + σt
z

)]
(2.33)

We only care about proportionality here as a global phase does not change
the physics. A controlled phase-flip gate can thus be constructed by letting

22



2.5. Spin relaxation in quantum dots

only the z-components of the two spins interact. This anisotropic interac-
tion is known as Ising interaction and unfortunately it is rather hard to
implement experimentally as one has to find ways how to prevent the x-
and y-components of the spins to prevent from interacting. At least this is
the case in non-ferromagnetic materials which we assume here. As we have
learned, a much more handy interaction is the exchange interaction which is
isotropic. Together with two magnetic fields along the z-direction B1 and B2

acting locally on the spins 1 and 2 respectively, the exchange Hamiltonian
has the form

H = Jσ1 · σ2 +B1σ
1
z +B2σ

2
z (2.34)

which already looks promising. The parameter J is the exchange coupling
strength. In [34] it was shown that possible to choose the parameters B1,2, J ,
and the interaction time t such that (2.34) indeed gives rise to a controlled
phase-flip gate.

As scalability is one important requirement for any implementation of
qubits to be useful for quantum computing. As quantum registers become
larger the task of having distant qubits talk to each other becomes more chal-
lenging. In principle swap operations can be used for arbitrary permutations
of qubit states and therefore it would be sufficient to perform operations only
on two neighboring sites. Obviously this becomes very tedious when working
with larger systems. It is therefore desirable to be able to have way to couple
qubits with a tunable range.

2.5 Spin relaxation in quantum dots

So far we have only considered perfect qubits, i.e. those which perfectly
maintain their quantum mechanical state as long as they are not operated
on or read out. In reality this is never the case. In fact, decoherence is one of
the biggest issues in building a usable quantum computer. However, not all
is lost as we have learned in chapter 2.2; the third DiVincenzo criterion tells
us that the decoherence has to be maintained longer than the gate operation
time and not infinitely long. To fulfill this requirement two things can be
done. First, the gate operations must be performed as fast as possible, and
second, a system has to be chosen which exhibits only weak decoherence. The
latter is the reason why this book is dedicated to spin quantum computing.
Charge qubits for example have very short decoherence times of the order of
nanoseconds.

Before we go into the details of spin relaxation processes we need to clarify
what we mean by decoherence. So far we have used the term to describe any
process which destroys or alters the qubit states in a non-controllable way
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2. Spin Relaxation in a Graphene QD

both during and in between gate operations. But strictly speaking decoher-
ence only refers to a transition of a coherent superposition of states, e.g. of
the |0〉 and |1〉 of the qubit, into a statistical mixture of states. The other two
processes which we use the general term decoherence for are the spin relax-
ation and the dephasing. To be more quantitative the quantum computing
community has borrowed the terminology know from spin-resonance. The
three time scales of interest are the relaxation time T1, the decoherence time
T2, and the inhomogenous decoherence time T ?2 . These are time constants
which describe the time scales of decays which do not necesaryly need to be
exponential. Spin relaxation refers to the process of a fliping of | ↑〉 to | ↓〉.
The decay is usually exponential. Decoherence, as we already mentioned is
the transition of a coherent transverse state, e.g. an σx eigenstate, into an
incoherent mixture | ↑〉〈↑ | + | ↓〉〈↓ |. This decay can be exponential as well
but for the case of a specially prepared nuclear spin bath can be much more
complicated as we will see in section 2.6. In that chapter we will also explain
the desphasing time which the results of an averaging over an ensemble of
nuclear spin bath configurations.

Any kind of spin relaxation or decoherence process requires the spin to
couple to some other degree of freedom within the system under considera-
tion. In the following we will examine the coupling of the spin of an electron
to its orbital degree of freedom. The latter can then in turn couple to phonons
for example. It is also possible under certain conditions that the spin can
couple directly to phonons.[35] When we discuss desphasing we will see that
the coupling to nuclear spins can be a serious problem both to theoretically
as well as experimentally as one has to cope with a large number of nuclear
spins all at once.

Let’s begin with spin relaxation. As already mentioned, a popular host
material for quantum dots is the 2 dimensional electron gas (2DEG) formed
at the interface between a layer of GaAs and Si doped AlGaAs. Instead
of electron hole in quantum dot can also be used as qubits. While the spin
relaxation time T1 very strongly on the applied B-field,[36] relaxation times of
more than 0.2 ms have been measured for self-assembled heavy-hole quantum
dots in InGaAs.[37, 38] In GaAs and in many others as well, the main source
of spin flips is the spin-orbit interaction. Another important ingredient is
the electron phonon coupling which is also relatively strong in GaAs due to
the piezoelectric coupling to acoustic phonons. Other semiconductors of the
same III-V type show similar behavior as GaAs.

Other spin relaxation mechanisms which do not rely on spin-orbit in-
teraction have been studied already in the context of impurities before the
advent of quantum dots.[39, 40] In the case of weak spin-orbit interaction
spin flips can be generated by fluctuations in the hyperfine interaction be-
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2.5. Spin relaxation in quantum dots

T1

|0� = | ↑� |1� = | ↓�

T2

∝ e−t/T1

∝ 1
2

cos (gµBBt/�) e−t/T2

| ↑��↑ | + | ↓��↓ |

2 4 6 8 10
t �a.u.�

�1�2

1�2�sx�
2 4 6 8 10

t �a.u.�
�1�2
1�2�sz�

|1� + |0�

Figure 2.2: This figure illustrates the two processes which lead to loss of
information of a qubit. On the right hand side Bloch spheres are used to
illustrate the spin states in a QD. The states | ↑〉 and | ↓〉 are eigenstates
of σz with are separated in energy by an external magnetic field along the
z-direction. The first row depicts a spin relaxation process in which a spin
prepared in an σz eigenstate flips due to exchange of energy with the envi-
ronment. It is characterized by an exponential decay with relaxation time
T1. The second row illustrates the decoherence which describes the decay of
quantum mechanical superpositions in to statistical mixtures when the sys-
tem initially is in a eigenstate of ,e.g., σx. The time scale for this process is
given by the decoherence time T2. Note that T2 describes the decay of a sin-
gle system. An experimentally more useful measure is the dephasing time T ∗2
which arises form averaging over an ensemble of nuclear spin configurations.
It is often considerable shorter than T2.

tween the electron in the dot and the vibrating nuclei in the lattice which
cause a fluctuating magnetic field. We will discuss these nuclear spin related
decoherence effects in section 2.6. This mechanism has been studied for the
case of impurities in bulk material[39] but has also been applied to QDs in
GaAs. It has been shown that in the latter case the relaxation rate Γ ∝ B3 is
several orders of magnitude smaller than the dominating spin orbit induced
mechanism which dominates at experimentally relevant field strengths.[35]

Another mechanism without spin orbit interactions is the direct coupling
between the spin in the QD and the (free) conduction electrons in the sur-
rounding host material or the leads. Similarly the surrounding conduction
electrons can also create a fluctuating magnetic field which can cause spin
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2. Spin Relaxation in a Graphene QD

flips.[39, 40] Both mechanisms have been shown to be very small.
The dominating mechanism for spin relaxation in QD in which a pair of

Zeeman sublevels of the lowest orbital state is used as a qubit is described
in the following. It should be noted that the following calculation is done
for single-spin qubits. In the case of double dots the situation might be
different as the Coulomb and exchange interaction between the two electrons
has to be taken into account. The (spin) quantum dot itself is described by
a Hamiltonian of a single particle in the presence of magnetic field and a
confining potential H = H0 + 1

2
gµBB+U(r) where the exact form of U only

has a minor influence on the relaxation time as has been argued by Khaetskii
and Nazarov.[35] The eigenstates and eigenenergies of H satisfy

En = (E(0)
n ±∆EZ), (2.35)

with EZ the Zeeman energy and the sign corresponding to the two spin
eigenstates σ =↑ and σ =↓. In the absence of structural inversion symmetry
in the crystal hosting the 2DEG a spin-orbit interaction of the Rashba type is
present HR = ∆R(−σxpy+σypx).[41] As a consequence the Zeeman sublevels
which form the qubit are not product states of up and down spin with one
orbital level anymore. Instead each sublevel acquires a small admixture of
states with a different orbital momentum and opposite spin. The amount
of this admixture is given by the spin-orbit coupling ∆R and due to the
smallness of this parameter the problem of finding the new eigenstates can
be treated perturbatively by

|nσ±〉 = |nσ±〉(0) +
∑
m 6=n

(0)〈mσ∓|HSO|nσ±〉(0)

En − Em ∓∆EZ
|mσ∓〉(0) (2.36)

These new eigenstates are still orthogonal but with the help of electron-
phonon coupling a transition becomes possible.

〈nσ±|HEPC|nσ∓〉 =
∑
m6=n

((HEPC)mn (HSO)↑↓nm
En − Em −∆EZ

+
(HSO)↑↓mn (HEPC)nm
En − Em + ∆EZ

)
(2.37)

A more descriptive way how to think about this spin relaxation mechanism
is imagining the electron in the energetically higher level being flipped and at
the same time promoted to a higher orbital state by the spin-orbit interaction
HSO. This virtual state then decays in a second step by emitting a phonon
which is the task of HEPC.

In principle with the above equation the spin-relaxation rate can be cal-
culated by using Fermi’s Golden Rule

Γ = Adot2π

∫
d2q

(2π)2
|〈n ↓ |HEPC|n ↑〉|2 δ(Eph − gµBB) (2.38)
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2.6. Nuclear-spin induced decoherence

with the dot area Adot and the phonon energy Eph. The latter is usually
linear in the phonon momentum q for the small energies in quantum dots as
is the case in GaAs[35] but can also be quadratic which is the case for the
out-of-plane acoustic modes in graphene.[42, 43]

This is not the end of the story however. As with all things interesting,
the devil is in the details. In the limit of a vanishing B-field, i.e. ∆EZ = 0,
equation (2.37) vanished. The electron-phonon matrix elements is symmetric
with respect to exchange of the indices, while the spin-orbit matrix element is
antisymmetric. This so-called Van Vleck cancellation[44] is a consequence of
Kramers theorem and it reduces the matrix element at small values of B by a
factor ∝ B and thus the relaxation rate by a factor of B2[35] The cancellation
can be traced back to the time-reversal invariance of H and its eigenstates,
i.e., the fact that both spin-orbit interaction and electron-phonon coupling
preserve time-reversal symmetry. In particular, the spin relaxation takes
place from one state to its partner where both are linked by time reversal.
Note that this is the case in GaAs and many other semiconductors but there
are cases where time-reversal symmetry can be broken by a specific choice
of states for the qubit. We will see in a later section 2.8 that for example
in graphene one can pick two states of opposite spin from one of the two
K-valleys as a qubit. These states are not time-reversed partners and thus
Van Vleck cancellation does not occur.

2.6 Nuclear-spin induced decoherence

So far we have seen how spin-flips between Zeeman sublevels in quantum dots
set a limit to the allowed operation times of quantum gates. The timescale
on which these processes happen is given by the spin-relaxation time T1. Ex-
perimentally it has been shown that is can be on the order of 1s or more[45]
for solid state qubits which is a very long time in the quantum computa-
tion world. We have also seen that the spin relaxation depends on material
properties such as the spin-orbit coupling and also on the phonon properties.

However, spin-orbit interaction cannot only cause spin relaxation but
also decoherence (in its actual sense as discussed earlier). Experimentally
one usually finds T2 � T1. For an n-doped GaAs bulk semiconductor ensem-
ble decoherence times T ∗2 of 100 ns have been measured.[46] Is again SOI to
blame and if so, is there an upper limit to the single spin decoherence time T2?
These questions have been studied by Golovach et al. for the case of a GaAs
quantum dot.[47] They consider the case of a laterally confined electron in
the the presence of both Dresselhaus (intrinsic) and Rashba-type (extrinsic)
spin-orbit interaction. In addition the deformation potential and piezoelec-
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2. Spin Relaxation in a Graphene QD

tric electron-phonon coupling are taken into account to allow for an energy
transfer away from the quantum dot by phonons. For low temperatures, i.e.,
T � ~ω0 with ω0 the dot quantization-energy, and weak intrinsic spin-orbit
interaction an effective Hamiltonian is obtained by means of a Schrieffer-Wolf
transformation which corresponds to a direct spin-phonon coupling

Heff =
1

4
gµB (B + δB(t)) · s (2.39)

The time dependent field δB(t) corresponds to the fluctuations which can
be caused e.g. by noise of a gate voltage or coupling to particle-hole ex-
citations, or any other noise source.[47] Interestingly these fluctuations are
always transverse to the applied field, i.e., B ⊥ δB irrespective or their origin.

Using the Bloch equations to calculate the relaxation and dephasing
times, one finds that for the case of purely transverse B-field fluctuations
δB the relation 2T1 = T2 holds. This is in stark contrast to known cases of
unbound electrons scattering off nuclei or impurities.[48] Furthermore for the
special case of equal strength of intrinsic and extrinsic spin-orbit interaction
T1 becomes infinitely long. In this limit, other processes such as direct spin-
phonon coupling[49] and dephasing via higher-order spin-orbit terms become
dominant.

Another material feature is the strength of the hyperfine interaction which
is the main contribution to spin decoherence. It mainly dephases the spin but
just as spin-orbit interaction can also cause spin relaxation. Although the
nuclear magnetic moment is about three orders of magnitude smaller than
the magnetic moment of an electron, because of the fact that a quantum
dot consists of about 104− 106 atoms, the overall contribution of the nuclear
spins to the decoherence is usually not negligible. Interestingly, the nuclear
spin bath itself experiences slower decoherence than the electron spin which
indicates that the dipole-dipole interaction between the individual nuclear
spins can be neglected in lowest order.[50]

To obtain an understanding of how hyperfine interaction can cause deco-
herence, let’s have a look at its origin. First, there is the atomic hyperfine
interaction, i.e. the interaction between a spinful nucleus and a single elec-
tron. There are two ways how to derive a Hamiltonian. A non-relativistic
derivation starts from a hydrogen atom with an additional vector potential
A = µ0

4π
M×r
r3

with M the magnetic dipole moment of the nucleus and µ0 the
permeability of free space. A enters the Hamiltonian via minimal coupling
and in the form of an additional term which couples the electron’s spin to
the magnetic field B = ∇×A. After making use of Gauss’ law and taking
the limit of the radius of the proton being zero one arrives at the hyperfine
Hamiltonian which has three contributions
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2.6. Nuclear-spin induced decoherence

• a coupling between the nuclear spin and the electron spin HL
HF ∝ I ·L

which resembles the (regular) spin-orbit interaction.

• a dipole-type spin-spin interaction between the nucleus and the electron
spin which consists of two terms Hdip,1

HF ∝ I·S and Hdip,2
HF ∝ (I · r) (S · r).

• a contact interaction Hc
HF ∝ I · Sδ(r).

A more elegant derivation starts from the relativistic Dirac equation in
the presence of the same vector potential A as before. The equation can
be rewritten into an eigenvalue problem for the electron part of the four-
component spinor. Taking the non-relativistic limit E � mc2 one obtains
the same terms of the hyperfine interaction. In addition this derivation also
gives rise to the spin-orbit interaction as we have seen in a previous section
2.5.

In a quantum dot, the situation is a bit different. A single electron, or hole
for that matter, is not bound to a single nucleus, but it ”feels” the spins of
about 104–106 nuclei. Of the three types of hyperfine interaction mentioned,
not all contribute equally to decoherence. When the electron’s wave function
is of s-type symmetry, the contact interaction Hc

HF ∝ I · Sδ(r) is dominant.
The other terms decay strongly with the distance r like HL

HF ∝ r−3 and
∝ r−5. The generalization of the atomic hyperfine interaction to the case
of many nuclei is straight-forward by taking the sum over all nuclei. Also,
the electron spin operator is replaced by the spin density operator S(r). The
hyperfine interaction in a QD then takes the form∑

k

AkIk · S = gµBBn · S. (2.40)

Note that the coupling constants Ak generally depend on the position of the
corresponding nucleus in the QD. This is due to the fact that the electron
wave function is not homogeneous. Also it is common to define an effective
magnetic field Bn =

∑
k AkIk/(gµB) which the combined nuclei exert on

the electron. This is the so-called Overhauser field. For the case of a fully
polarized nuclear spin bath in the QD, the absolute value of the magnetic
field can be quite large. For example, in GaAs where A ≈ 90µeV and
I = 3/2 one finds Bmax

n ≈ 5 T.[51, 52] Note that field strength does not
depend on the size of the QD. In equilibrium however, the nuclear spins will
be far from being polarized. Only a relatively small number of spins will
be aligned along the external B-field. The distribution of the polarization
in thermal equilibrium is given by a Boltzman distribution with fluctuation
around Bn given by ≈ Bmax

n /
√
N which amounts to a value of a few mT for

a number of nuclear spins N ≈ 104–106.[52] These random fluctuations are
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2. Spin Relaxation in a Graphene QD

the key to decoherence. If the Overhauser field was fixed, no decoherence
would occur.[2]

There are two important microscopic origins for the fluctuations of Bn =∑
k AkIk. The first is the inter-nuclear magnetic dipole-dipole interaction.

It causes flip-flop processes, i.e. two spins simultaneously change their mag-
netic quantum numbers such that the total spin is conseved, between nuclei
with different values of Ak.[53, 54, 55] The second cause is the hyperfine in-
teraction between the electron and the nuclei which leads to changes in the
net polarization of the nuclei

∑
k Ik.[50, 56, 57]

Just like spin-orbit interaction, the hyperfine interaction can cause both
spin dephasing and spin relaxation. But where spin orbit interaction domi-
nates the relaxation time T1, hyperfine interaction mainly limits the dephas-
ing time T2. By rewriting equation (2.40) as

1

2

∑
k

AkIk · S =
1

4

∑
k

Ak
(
I+
k S

+ + I−k S
− + 2IzkS

z
)

(2.41)

with I± the nuclear spin and S± the electron spin raising and lowering op-
erators, we see that spin flips are caused by the nuclear field Bx,y

n when the
external magnetic field B0 is assumed to be along the z-direction. However,
typically Bx,y

n � B0 and thus the energy transfer is very small compared to
the level distances of the electron in the QD. Thus the contribution of this
process to the spin relaxation time T1 is small. This effect has been observed
in a double quantum dot.[58]

Spin relaxation can also occur in a nuclear spin-orbit type interaction.
Bx,y
n depends on the orbital symmetry of the electron’s wave function via

the coupling constants Ak. They in turn depend on the overlap of the wave
function with the nuclei. In effect, the spin and orbital degree of freedom are
mixed and in analogy to the case of ”actual” spin-orbit interaction, relaxation
is possible via the emission of a phonon. While this effect typically weak,
it is the limiting factor for the spin relaxation time T1 at very low magnetic
fields. As we have seen in chapter 3 the van Vleck cancelation leads to a
diverging T1 in GaAs QDs.[35]

The main contribution of the hyperfine interaction to decoherence is the
dephasing caused by fluctuations in both amplitude and phase of the longi-
tudinal component of the Overhauser field Bz

n. These random fluctuations
give the electron spin a random phase over the time in which it evolves. The
exact law of the dephasing depends on the details of the distribution of the
nuclear spin. When Bz

n is randomly chosen from a Gaussian distribution,
the dephasing would also be of a Gaussian type, i.e. ∝ exp[−t2/(T ∗2 )2]. For
typical fluctuations of ≈ 1 mT the resulting dephasing time is on the order
of ns.[59, 60, 50]
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Here, we want to point out that the hyperfine interaction as presented
before is in principle similar for electrons and holes. However, the coupling
constants are different in the case of holes. Their wave functions have a
p-type symmetry and thus vanish at the origin, i.e. at the position of the
nucleus. For this reason the contact hyperfine interaction does not play a role
for hole QDs. Instead the anisotropic term and the coupling to the orbital
degree of freedom of the electron dominate. A difference exists between light
and heavy holes. The coupling of the latter to the nuclear spin bath takes
the form of a Ising interaction

∑
k AkI

z
kS

z
k instead of the isotropic Heisenberg

coupling.
So nuclear spins are the main cause for decoherence in electron and hole

quantum dots. Unlike spin relaxation which is mainly caused by spin-orbit
interaction which can only be altered in a very limited sense8, the hyper-
fine interaction can be controlled by manipulation of the nuclear spin bath.
One way to minimize decoherence would be the full polarization of the nuclei.
This way no flip-flop processes between nuclei happen and spin relaxation via
flipping of a nuclear spin change the Overhauser field only weakly.[61, 59, 62]
However, to gain a factor of 10 in the spin decoherence time, a polarization
of 99% is required.[56] This is a very ambitious goal and so far polarization
up to 70% have been experimentally achieved.[63, 64, 65] Another method to
reduce decoherence is to narrow the nuclear spin distribution, i.e to reduce
the fluctuation in the Overhauser field. The so-called dynamic nuclear polar-
ization makes use of the transverse part of equation (2.41). Using repeated
flip-flop processes between the electron spin and nuclear spins allows for a
step-by-step polarization of the nuclei. Dynamic nuclear polarization can be
performed by various means: electrical[66, 67], optical[63], and magnetic[68]
driving amongst others. These methods can lead to improvements in the
decoherence times of several orders of magnitude. Theoretically they make
calculations a lot more complicated. Instead of a simple exponential decay
several different decay laws, each valid in different periods of time after the
initial state preparation. Partly to blame is the non-Markovian behavior of
the system due to the nuclear bath coherence time which is much longer than
the dephasing time T ∗2 .[69]

2.7 Singlet-triplet qubits

In the following we will discuss qubits encoded in two coupled QDs, a so-
called double quantum dot. These consist of two QDs next to each other

8The Rashba spin-orbit interaction depends on a structural inversion asymmetry, e.g.
caused by an applied electric field.
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Figure 2.3: An illustration of a typical GaAs double quantum dot as used in
[70]. The coupling of the two dots in the center of the device can be tuned by
the two long gates in the middle. For the read-out of the spin states, a spin
to charge conversion based on Pauli spin-blockade is used. The two quantum
point contacts (QPCs) on both sides sense how many electrons, i.e. 0, 1 or
2, are in each quantum dot. The current is measured at the Ohmic contacts
at the corner of the device.

with a tunable tunnel barrier in between. Furthermore, the individual dot
can be independently loaded by lowering the energy level of the respective
dot with electrostatic gates. Figure 2.3 shows an example of a double QD.
An example of such a dot can be found in [70]. For quantum computing
applications only certain charge configurations are of interest, i.e. only the
ones with two electrons in total. Using a simple notation (n,m) where n
and m correspond to the electrons in each of the dots, the two-electron con-
figurations are (2, 0), (1, 1), and (0, 2). When two electron’s wave functions
overlap, the combined states can be categorized according to the spin orien-
tation, i.e. one singlet state S and three triplet states T0,+,−. In a double
QD the degeneracy the finite potential barrier between the dots allows for
exchange interaction which lifts the degeneracy of the triplet states. Further-
more, for quantum computation the dot energies are adjusted such that the
triplet states in the configurations (2, 0) and (0, 2) are energetically unfavor-
able and can be neglected. The actual qubit is then encoded in the singlet
and a triplet

S =
1√
2

(| ↑↓〉 − | ↓↑〉) , T0 =
1√
2

(| ↑↓〉+ | ↓↑〉) (2.42)
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For the initialization the energy of the second QD is lowered that only a
charge configuration of (2, 0) is favorable. When two electrons are then loaded
into the first dot, they will be in a singlet state which is lower in energy than
the triplet state T0. As mentioned before, the triplets T± are negligible
as they would require the two electrons to occupy different orbital states.
To perform operations the system is brought into the (1, 1) configuration.
Coherent rotations S ↔ T0 can be performed by magnetic field gradients
which can be created either by dynamic nuclear polarization (as discussed in
section 2.6) or micromagnets brought in vicinity of the double QD. Reading
out the spin state can be accomplished by spin to charge conversion. This
works similar to the initialization. The energy of the first dot is lowered
again. When the qubit in the (1,1) configuration is in a singlet state S(1, 1),
a transition to S(2, 0) is energetically favorable. However, when the qubit
is in a state T0(1, 1) due to the Pauli principle the configuration T0(2, 0)
would require one of the electrons to occupy a higher orbital level which is
energetically not possible. Thus when measuring the charge in the first QD,
only one electron will be detected.

The actual read-out can be performed by quantum point contacts (QPC)
as shown in figure 2.3. The conductance of a QPC is quantized and when
the it is tuned very close to a transition between two conductance plateaus,
very small changes in the charge of a capacitively coupled device lead to
measurable changes in current through the QPC.[71]

Using double QDs has several advantages over single QDs. First, the
decoherence time T2 can be up to 500 times longer which corresponds to
≈ 280µs. On top of that double QDs allow for faster operation times τop
and thus allow more operations to be performed before coherence is lost.
Up to T2/τop ≈ 9 × 103 operations for the double QD versus ≈ 22 for the
single QD. A good overview of state-of-the-art performance numbers can be
found in [72]. Additionally, double QDs feature a higher read-out fidelity
≥ 90%. On the other hand there are two (minor) disadvantages. On is the
added complexity in building and operating a double dot. The other is a
significantly shorter spin relaxation time of T1 ≈ 5 ms versus T1 > 1 s in a
single dot[45].

2.8 Spin qubits in graphene

So far we have considered implementations of quantum dots in “conventional”
semiconductors, such as GaAs. These system are mature and well under-
stood, and the feasibility of all required operations for a quantum computer
has been experimentally demonstrated.[2] As mentioned before, spin relax-
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ation times of more than one second[45] and decoherence times sufficiently
long to allow for 9×103 operations[72] have been measured. However, having
to cope with with nuclear spins adds complexity to qubits. In this light, it
seems natural to use graphene as a host material.[73] The carbon allotrope
consists of 99% of the carbon isotope 12C which has no nuclear spin, hence
the hyperfine interaction is expected to play only a minor role. Furthermore,
spin-orbit interaction in graphene is expected to be relatively weak[74] due
to the low atomic mass of carbon and therefore long relaxation times are
expected.

Aside from all those promising properties there is one major issue with
graphene that has to be solved in order to build a quantum dot: The linear
dispersion relation does not allow for electrostatic confinement, i.e. charged
particles cannot be kept in check by simple electrostatic gates due to the
absence fo a gap. The culprit is the so called Klein Paradox. Originally said
paradox was discovered by Oskar Klein who studied the Dirac equation which
at that time was just about a year old.[75] It was introduced by Dirac as a
relativistic equation from which, unlike the Schrödinger equation, the spin
degree of freedom of the electron follows naturally. An interesting feature is
that it also predicts the existence of an antiparticle - the positron. Klein who
studied Dirac’s equation found out that it predicts highly relativistic electron
(and other particles as well) to experience only very weak backscattering
unlike in classical physics. Even for an infinitely high potential barrier the
reflection propability vanished completely.

To understand this striking effect, let us look at the microscopic structure
of graphene. It can be thought of as a single layer of graphite. In fact, that’s
already one simple (at least in theory) recipe to produce it. Just use adhesive
tape to peel of a single layer of graphite which consists of carbon atoms
arranged in a hexagonal lattice. It should be said, that the term graphene
originally just referred to the one atom thick layer of graphite, but at least
since 2010 when the Nobel Prize was awarded to Andre Geim and Konstantin
Novoselov for the discovery of graphene, it seems more fashionable to also
call thin graphite films bilayer, trilayer, and multilayer graphene. To be fair,
this is not unjustified as the band structures of these materials still are more
like that of graphene and not graphite.

The carbon atoms in the graphene lattice are bonded via hybridized sp2

orbitals, i.e. one s-orbital and the px and py orbitals hybridize to three
σ orbitals which lie within a plane and form the bonds between the carbon
atoms. The electron in the remaining pz orbital is weakly bound and therefore
responsible for the curious peculiar electronic properties of graphene.

Another important ingredient is the hexagonal lattice structure (see Fig.
2.4). It is no Bravais lattice itself but rather a triangular (Bravais) with a
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Figure 2.4: Graphene is made of a hexagonal lattice of carbon atoms with a
bond length of 0.142 nm. Because this cannot be described as a Bravis lattice
it is thought of as two triagonal (Bravais) sublattices (denoted by A and B)
or one triagonal lattice with a two-atomic basis. The first Brioullin zone has
the same symmetry as the lattice. At the six corners the conduction and
valence bands touch in single points, two of which are independend. They
are denoted by K and K ′. The dispersion relations around these points are
also referred to as valleys.

two-atomic basis. Another way to think about it is two triangular sublattices
made of carbon atoms placed within each other. In fact, the latter point of
view is usually preferred and the two sublattices are called A and B for
simplicity. The reciprocal lattice of graphene is also a hexagonal lattice and
at the six corners the conduction and valence bands touch in single points.
Only two of these points are independent, These points are denoted by K
and K ′. As an interesting consequence, when the Fermi energy is tuned such
that it lies on these points, i.e. the charge neutrality point, the Fermi surface
is a set of six (0D) point. This is the case for pristine graphene.

A simple but sufficient theoretical description of the band structure is
obtained from a tight-binding model. It is assumed that the weakly bound
electrons in the pz orbitals can hop to their nearest neighbors with a certain
amplitude t. Since all three neighboring sites of any given atom are of the
contrary sublattice type, hopping only occurs between different sublattices
to a good approximation.

The dispersion relation obtained from the tight-binding model is

E(k) = ±γ
√

1 + 4 cos

√
3aky
2

cos
akx
2

+ 4 cos2
akx
2

(2.43)

where a = 2.46× 10−10 m is the lattice constant and γ = 2.8 eV the nearest-
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Figure 2.5: On the left, the band structure of graphene as obtained from
a tight-binding model including only nearest neighbor hopping is shown. It
reflects the hexagonal symmetry of both the lattice and the reciprocal lattice.
The energy is given in units of the next-nearest neighbor hopping energy
t = 2.8 eV, a = 1.42Å. Around each of the K-point where the conduction
and valence bands touch, the band structure can be approximated by linear
dispersion E(k) = ±~vF |k| as shown on the right. This approximation is
valid for energies . 1 eV. Thus the charge carriers in graphene behave like
massless relativistic fermions.

neighbor hopping energy. As can be seen in fig. (2.5) the dispersion relation
reflects the symmetry of the lattice. To a good approximation around the six
K-points the dispersion relation can be treated as linear in the momentum k

E(k) = ±~vF |k| (2.44)

with vF = 106 m/s the Fermi velocity. As we see, the charge carrier, i.e.
electrons and holes, in graphene behave just like ultrarelativistic particles.
Furthermore they don’t have an effective mass. Hence, they can be described
by the Dirac equation for massless particles

H0ψ = −i~vFσ · ∇ψ = Eψ (2.45)

where vF ≈ 106 m/s is the Fermi velocity. It is much smaller than the speed
of light which is found in the equation for ultra-relativistic electrons. The
vector σ consists of the Pauli matrices σx and σy which act on the pseudo
spin. Solutions to this equation – for free particles – have the form

ψ(x, y) =

(
ψ1(x, y)
ψ2(x, y)

)
= eikxxeikyy

(
1
seiφ

)
(2.46)
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with eigenenergies E = ±~vF|k| where plus and minus stand for electrons
and holes respectively, and kx = |k| cosφ and ky = |k| sinφ. Again, note the
spinor structure of the wave function which is due to the two sub-lattices. If
we now add an additional potential barrier it is diagonal in sublattice space,
i.e. it does not mix the pseudo-spin.

To find the wave function in the presence of a barrier one has to solve
the equation in each region separately and put the pieces together at the
interfaces just like a standard textbook excercise. However, there’s a twist.
Because unlike the Schrödinger equation, which is of second order, the Dirac
equation is of first order. As a consequence it is not necessary for the deriva-
tives of the wave functions, or to be more precise it’s spinor components. The
solutions can therefore be be discontinuous in the derivatives. If one then
calculates the transmission coefficient as a function of the incident angle one
find a longish expression which when plotted for different heights of the po-
tential barrier looks like the one shown in figure (2.6). One can see that
irrespective of the barrier heights electrons arriving at a right angle always
pass the barrier as if it wasn’t there.[76]

The reason why we discussed the Klein paradox is clear: With graphene
as a host material, building qubits is not as straight forward as it is the case
for “regular” semiconductors. One has to come up with clever ways how to
trap and guide charge carriers. In the following we will present three ways
how to deal with this. In addition to the Klein paradox there is another
issue in graphene which we have briefly mentioned before. The first Brillouin
zone has the same structure as the lattice itself and therefore it has two
independent K-points. The eigenstates of a free charge carrier are degenerate
in this degree of freedom which is not desirable if the aim is to build a pure
two-level system which serves as a qubit. In fact, a lifted valley degeneracy
is necessary for the Heisenberg exchange interaction to appear.

One promising idea how to circumvent both aforementioned problems
was presented in 2007 by Trauzettel et al.[73] among others. If one cuts
graphene in narrow strips, so called nanoribbons, one can create two different
edges.[77] If each atom on an edge is of the same sublattic the edge has
a zigzag structure. Such a ribbon only supports edge states which decay
exponentially away from the boundary. The other, more suitable, alternative
are ribbons where the edges are composed of atoms of alternating sublattices.
This is called the armchair configuration. Its electronic nature depends on
the exact width of the ribbon. For widths W = (3M + 1)a0 with integer
values of M one obtains a gapless, i.e. metallic spectrum. Ribbons of other
width are semiconducting with the size of the gap inversely proportional to
the width. Besides the gap another feature of the semiconducting armchair
ribbons is the lifted valley degeneracy.[78]
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Figure 2.6: This figure illustrates the Klein-paradox in (gapless) graphene.
When an electron with energy E and momentum k hits the barrier of height
V0 head-on, it is not backscattered. In the middle the dispersion relations
outside (left) and inside (right) the barrier are shown. The green and red
lines, which lie on cones, show the origin of the linear spectrum, i.e. the
crossing between the energy bands associated with the two sublattices. The
dotted line marks the Fermi energy up to which all states are occupied.
As the charge carriers are chiral, the pseudospin (black arrow) is along the
direction of the momentum and fixed to one branch of the cone. The electron
entering the barrier continues its propagation as a hole or vice versa. On the
right hand side, the transmission |t|2 of an electron with energy E = 80 meV
through a barrier of thickness 100 nm is shown as a function of the barrier
heights 100 meV (red), 200 meV (orange), and 300 meV (blue) are shown.

In [73] it is shown how a semiconducting armchair nanoribbon can be used
to build a QD using electrostatic gates due to the finite gap. For a width of
30 nm a gap of ≈ 60 meV is opened. This is a fairly small value compared to
conventional semiconductors. As a results, only a small number of confined
states can exist in the dot. The length of the ribbon as well as the back gate
voltage can be used to adjust the number of bound states. A logical extension
to one QD on a graphene ribbon is an array of dots next to each other. Such a
would be a good candidate for a quantum register. But for that, the question
how to couple two QDs to each other has to be answered. As discussed in
section 2.3 the Heisenberg exchange interaction can be used to construct a
universal set of quantum gates. In fact the spins in the quantum dots in
an armchair nanoribbon are coupled by exchange interaction, courtesy to
the lifted degeneracy between of states at the two independent K-points.
The reason is that the exchange interaction is based on the hopping of two
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2.8. Spin qubits in graphene

electrons with opposite spin, i.e. a singlet state, which is allowed where as
hopping of electrons in a triplet state is forbidden due to the Pauli principle.
This generates a splitting between singlet and triplet with the associated
exchange energy J . If however, the triplet configuration in the ground state
is degenerate, as is the case in bulk graphene, the exchange energy vanishes.

One challenge in the proposal discussed above is the fact that very small
nanoribbons, only a few nm wide and with clean edges pose an experimental
challenge. Life would be much easier if one could just take a substrate covered
with a layer of graphene and just use standard lithographic techniques to
make quantum dots with electrostatic gates.

Such a proposal has been made in Ref. [5]. The underlaying trick is
to let the substrate do the work. If graphene is deposited on a substrate
which has a similar bipartite lattice structure, such as boron nitride, the
two sublattices of graphene are subject to different potentials. It has been
shown in ab-initio calculations that this induces a gap which can be larger
than room temperature and therefore more than sufficient to get rid of Klein
tunneling.[79] Experimentally it has been observed[80] that the same effect
occurs to graphene which is epitaxially grown on a silicon carbide substrate
which too shares the bipartite lattice structure. The gap observed is only half
the size of what has been predicted for boron nitride, but it still comparable
to room temperature. In terms of the tight-binding model the effect of the
substrate is very easy to describe

Hgap = −i~vF (σx∂x + σy∂y) + τ∆σz (2.47)

where ∆ determines the size of the gap and τ is ±1 for the K and K’-
point respectively. In ([5]) a quantum dot made by circular electrostatic
confinement is considered and the solutions in the presence of a magnetic
field perpendicular the the graphene layer. It turns out that the magnetic
field lifts the degeneracy between the valleys and of course also provides the
Zeeman splitting necessary for spin qubits.

Drawbacks of using the substrate to open up an energy gap in the spec-
trum are that it is not dynamically controllable and one might have to choose
a substrate which has other undesirable properties.

Another approach also proposed in [5] is therefore the use of bilayer
graphene which is just two layers of graphene stacked on top of each other,
or from an alternative point of view, just the thinnest form of graphite. It
has been shown both theoretically[79, 80] and experimentally[81, 82] that
applying a electrostatic field gradient between the two layers can open up a
gap.

The experimental realization of quantum dots in graphene remains chal-
lenging due to reasons like smallness of the gap, edge roughness, disorder due
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2. Spin Relaxation in a Graphene QD

to the substrate among others. Recently[83] an experiment has circumvented
the latter two by using a suspended sheet of bilayer graphene subject to an
electric field to implement a quantum dot.
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Chapter 3

Effective time-reversal
symmetry breaking in the spin
relaxation in a graphene
quantum dot

This chapter is adapted from P. R. Struck and G. Burkard, Phys. Rev. B 82, 125401
(2010)
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3. Spin relaxation in a graphene QD

3.1 Summary

We study the relaxation of a single electron spin in a circular gate-tunbable
quantum dot in gapped graphene. Direct coupling of the electron spin to out-
of-plane phonons via the intrinsic spin-orbit coupling leads to a relaxation
time T1 which is independent of the B-field at low fields. We also find that
Rashba spin-orbit induced admixture of opposite spin states in combination
with the emission of in-plane phonons provides various further relaxation
channels via deformation potential and bond-length change. In the absence
of valley mixing, spin relaxation takes place within each valley separately
and thus time-reversal symmetry is effectively broken, thus inhibiting the
van Vleck cancellation at B = 0 known from GaAs quantum dots. Both the
absence of the van Vleck cancellation as well as the out-of-plane phonons
lead to a behavior of the spin relaxation rate at low magnetic fields which
is markedly different from the known results for GaAs. For low B-fields, we
find that the rate is constant in B and then crosses over to ∝ B2 or ∝ B4 at
higher fields.

3.2 Introduction

The electronic spin degree of freedom is under intense investigation as a
possible implementation of a qubit [3]. While the feasibility of all required
operations has been experimentally demonstrated for GaAs quantum dots
(QDs) [2], the decoherence caused by the surrounding nuclear spins in the
host material remains challenging. Regarding the use of the electron spin as
a qubit in quantum computation devices, spin decoherence and relaxation
are limiting factors. In general, a necessary condition for a working qubit is
that the time required to perform an operation is significantly shorter than
the decoherence and relaxation times. Motivated by this, the implementation
of qubits in QDs in graphene has been proposed [73]. Graphene consisting
of natural carbon comprises 99% of the carbon isotope 12C which has no
nuclear spin, hence the hyperfine interaction is expected to play only a minor
role. Furthermore, spin-orbit interaction (SOI) in graphene is expected to be
relatively weak and therefore long decoherence times are expected. However,
for spins localized in QDs in carbon nanotubes, SOI has turned out to be
unexpectedly strong [84, 85] due to curvature-induced effects. It has also
been shown theoretically that van Hove singluarities in the phonon density
of states in one dimension can lead to strong variations in the spin relaxation
rate [86]. It is therefore important to investigate the spin relaxation time in
graphene QDs. The form of the SOI in graphene, both intrinsic and Rashba
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Figure 3.1: (Color online) a) The two states of a spin qubit (blue solid arrows)
reside in the same valley, as opposed to a Kramers qubit (empty red arrows),
formed by a Kramers pair related by time-reversal symmetry (T ). While
in single-valley semiconductors such as GaAs these two cases are identical,
in graphene the Kramers qubit involves states in different valleys (K and
K ′). b) The B-field orientation is given with spherical coordinates θ and φB
relative to the normal to the graphene plane. The propagation direction of
the emitted phonon (red wavy arrow) is described by the angle φq.

type, is known [87], and there are several works on its strength depending
on various parameters such as curvature or electric field [88, 74]. There have
also been experimental [89] and theoretical [90] studies on spin relaxation of
extended states in graphene.

In this chapter we determine theoretically the spin relaxation time T1

for an electron confined to a circular QD in gapped graphene as a func-
tion of the external magnetic field B. It has been predicted previously that
such QDs can be formed with electrostatic confinement in either single-layer
graphene with a substrate-induced band gap or bilayer graphene with an
electrically controlled gap [5]. At B = 0, the states in these QDs have a
two-fold valley degeneracy which can be lifted in a perpendicular magnetic
field. Being a centro-symmetric crystal, phonons in graphene do not cou-
ple piezo-electrically, thus leaving three possible electron-phonon coupling
(EPC) mechanisms: deformation potential, bond length change, and direct
spin-phonon coupling. From these EPC mechanisms, we derive two spin re-
laxation mechanisms. One such mechanism involves the admixture of states
of opposite spin and excited orbitals into the dot eigenstates due to SOI, in
combination with energy relaxation via phonon emission [44, 35]. It turns
out that to lowest order in the EPC, this only involves in-plane phonons
coupled via the deformation potential and bond-length change. The second
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3. Spin relaxation in a graphene QD

mechanism directly couples the spin to out-of-plane phonons via curvature
induced SOI. For comparison, in a parabolic GaAs QD, a strong dependence
∝ B5 has been predicted for both mechanisms [35]. Relaxation times in the
millisecond range at a field B = 1 T have been predicted and even longer
T1 exceeding one second have been experimentally verified [45]. The predic-
tion for graphene QDs looks markedly different because of the absence of
the van Vleck cancellation for spin qubits in a single valley as opposed to
“Kramers qubits” (see Fig. 3.2a), as well as the absence of piezo phonons
and the two-dimensional nature of phonons.

3.3 Model

To study spin relaxation in a circular and gate-tunable QD in single-layer
graphene, we assume the host graphene layer to be sufficiently large to ensure
that the edges do not induce inter-valley mixing. The QD can be described
with the Hamiltonian [5],

H0 = vF (p + eA⊥) · σ +
1

2
gµBB · s + U(r) + τ∆σz, (3.1)

where the first term is the well-known Dirac Hamiltonian for graphene [91] in
the presence of a vector potential A⊥ with B⊥ = ∇×A⊥ = (0, 0, B cos θ) be-
ing the perpendicular component of an arbitrarily oriented B-field (Fig. 3.2b).
The second and third terms describe the Zeeman coupling of the electron spin
to the total B-field and the smooth and circularly symmetric confinement po-
tential U(r). The last term opens a band gap 2∆ which can e.g. arise due to
the influence of the substrate [?, 80]. Here, τ = ±1 denote the K and K ′ val-
leys. In the absence of valley-scattering, we can restrict ourselves to a single
valley, e.g. τ = +1. Weak inter-valley coupling can arise from atomic defects
or boundaries [91], or from the hyperfine interaction with the remaining 13C
atoms [92].

The eigenstates |n, s〉(0) of H0 in Eq. (3.1) with energy En+ sgµBB/2 are
simultaneously eigenstates of the total angular momentum j ∈ Z + 1

2
, i.e.

orbital quantum number and pseudo-spin, with spinor wavefunctions (in the
K valley),

〈r, φ|n; s〉 = ψn(r, φ) = ei(j−1/2)φ

(
χj,νA (r)

χj,νB (r)e−iφ

)
. (3.2)

The spinor components χj,νσ (r) can be given in closed form for a step-like
potential U(r) = U0θ(r − R) [5], however the eigenenergies En have to be
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evaluated numerically. Each eigenstate is characterized by a pair (n, s) where
s =↑, ↓= ±1 is the spin and where n = (ν, j) has a radial and angular
momentum part.

3.4 In-Plane Phonons

In order to study processes based on the admixture mechanism, we begin with
the Hamiltonian H = H0+HSO+HEPC, where H0 describes the graphene QD
without SOI as explained above, HSO describes the SOI, and HEPC describes
EPC. The effect of the SOI is to weakly mix the eigenstates Eq. (3.2). In this
manner, e.g. the QD ground state, say |n = (0, 1/2), ↑〉(0) acquires compo-
nents of the excited states |n′, ↓〉(0) with n′ = (ν ′, j′) 6= n and opposite spin,
to first order in HSO,

|n ↑〉 = |n ↑〉(0) +
∑
n′ 6=n

(0)〈n′ ↓|HSO|n ↑〉(0)

En − En′ − 1
2
gµBB

|n′ ↓〉(0), (3.3)

and similarly for |n ↓〉. With this admixed state the spin-conserving EPC
can cause spin relaxation,

〈n ↑ |HEPC|n ↓〉 ≡ (HEPC)↑↓nn =∑
n′ 6=n

[
(HSO)↑↓nn′ (HEPC)n′n
En − En′ − 1

2
gµBB

+
(HEPC)nn′ (HSO)↑↓n′n
En − En′ + 1

2
gµBB

]
. (3.4)

For sufficiently small B-fields this can be expanded around B = 0. In the
case of GaAs, the expression Eq. (3.4) vanishes for B = 0 due to the sym-
metry (HSO)↑↓nm = − (HSO)↑↓mn and (HEPC)nm = (HEPC)mn. This van Vleck
cancelation [44, 35] is one of the reasons for the high power of B that ap-
pears in the spin relaxation rate in GaAs QDs and can be traced back to the
time-reversal invariance of H and its eigenstates, i.e., the fact that both SOI
and EPC preserve time-reversal invariance. In particular, the spin relaxation
takes place from one state, say |n↑〉, to its partner |n↓〉 within a Kramers
pair, which are linked by time reversal.

In our case, the states |n↑〉 and |n↓〉 lie in the same valley and therefore do
not form a Kramers pair (see Fig. 3.2a). The time-reversed partner of |n↑〉 is
|n↓〉′, where the prime denotes the opposite valley. Since neither the EPC nor
the SOI lead to inter-valley mixing, spin-relaxation is effectively constrained
to a single valley. Therefore the selection of spin qubit states within the
same valley breaks time-reversal symmetry and leads to the absence of the
van Vleck cancelation. We now proceed to the evaluation of the matrix

45



3. Spin relaxation in a graphene QD

elements of the SOI and the EPC in Eq. (3.4) in order to calculate the spin
relaxation rate.

We divide the SOI Hamiltonian into its intrinsic and Rahsba terms [87],

HSO = Hi +HR = ∆iτσzsz + ∆R(τσxsy − σysx), (3.5)

where σi and si denote the Pauli matrices acting on the pseudo-spin and real
spin. We use a spin quantization axis aligned with the external B-field (see
Fig. 3.2b) and corresponding spinors |↑B〉 and |↓B〉 and obtain

fx ≡ 〈↑B|sx|↓B〉 = cos2 θ

2
− e−2iφB sin2 θ

2
, (3.6)

fy ≡ 〈↑B|sy|↓B〉 = −i(cos2 θ

2
+ e−2iφB sin2 θ

2
). (3.7)

First we consider HR and calculate its matrix elements with states |n ↑B〉
and |n′ ↓B〉. The two spin states we use are orthogonal, i.e. 〈↑B | ↓B〉 = 0 but
they are not sz eigenstates. In principle this allows both the intrinsic and
Rashba SOI to provide a relaxation channel in the admixture mechanism.
However, due to the circular symmetry of the dot, selection rules for j apply.
In the case of HR only dipole transitions (|j − j′| = 1) are allowed, whereas
the matrix element of Hi gives rise to selection rules j = j′ which turns out
to be incompatible with the selection rule |j − j′| = 1 for the EPC.

The matrix element of HR can be written as

(HR)↑↓nn′ =2π∆R[
f y(δjj′+1N

AB
nn′ + δjj′−1N

AB
n′n )− ifx(δjj′+1N

AB
nn′ − δjj′−1N

AB
n′n )

]
,

(3.8)

where NAB
nn′ =

∫
dr r χnAχ

n′
B . The matrix element (HR)↑↓nn′ is neither symmetric

nor antisymmetric in contrast to the case of GaAs where an antisymmetry
leads to van Vleck cancelation.

We consider two different EPC mechanisms which correspond to different
changes in the lattice induced by phonons. The deformation potential is
caused by an area change of the unit cell, whereas the bond-length change
mechanism corresponds to a modified hopping propability [93, 94]. Because
we work in the low-energy regime, we only consider acoustic phonons. In
principle there are six possible relaxation channels: (i) longitudinal acoustic
(LA), transversal acoustic (TA), transversal out-of-plane (ZA) phonons, and
(ii) deformation potential (g1) and bond-length change (g2) mechanisms. In
lowest order in the atomic displacement, the EPC has the form [93, 94]

HEPC =
q√

Aρωq,µ

(
g1a1 g2a

∗
2

g2a2 g1a1

)(
eiqrb† − e−iqrb

)
, (3.9)
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with a1 = i and a2 = ie2iφq for LA phonons, and a2 = e2iφq and a1 = 0 for TA
phonons, and A the area of the graphene sheet. The vanishing of a1 is due
to the fact that in the regime of linear atomic displacements the coupling of
the TA mode is a two-phonon process. Here, we restrict our considerations
to one-phonon processes. For a B-field of B = 1 T and a sound velocity of
s = 2 × 104 m/s [95], we obtain from gµBB = ~sq a phonon wavelength of
λ ≈ 300 nm which is an order of magnitude larger than a typical QD size
of 25 nm [73], thus justifying the use of the dipole approximation for typical
laboratory fields.

For the matrix element for LA phonon coupling via the deformation po-
tential we find(

HLA
EPC

)
nn′

= − g1π√
AρsLA

q3/2Mnn′
(
δjj′+1e

−iφq + δjj′−1e
iφq
)

(3.10)

with Mnn′ =
∫

dr r2
(
χnA
∗χn

′
A + χnB

∗χn
′
B

)
. The dependence on the phonon

emission angle φq disappears upon summation over final states. For the TA
phonons we find that the coupling via the deformation potential is a two-
phonon process which will not be discussed here.

The bond-length change mechanism leads to similar results for both LA
and TA phonons,

(HEPC)nn′ = Diq
1/2
(
δjj′+1e

−2iφqNAB
nn′ ± δjj′−1e

i2φqNAB
n′n

)
(3.11)

with DLA = −i2πg2/
√
AρsLA and DTA = 2πg2/

√
AρsTA, and where the plus

(minus) sign corresponds to LA (TA). In linear order in the atomic displace-
ment the ZA mode is decoupled from the other modes. The Hamiltonian
Eq. (3.9) cannot account for a coupling to the out-of-plane mode.

With the matrix elements derived above, we can write the transition rates
using Fermi’s golden rule as

1/T1 ≡ Γ = 2πA

∫
d2q

(2π)2

∣∣∣(HEPC)↑↓nn

∣∣∣2 δ(sq − gµBB). (3.12)

For all mechanisms we find the same dependence on the orientation of the
B-field, f(θ) = cos4(θ/2) + sin4(θ/2) = (3 + cos(2θ))/4. We find for the
relaxation rate from the deformation potential

ΓLA
g1

=
16π4g2

1∆2
R

ρ

(gµBB)4

s6
LA

f(θ)

×
∣∣∣∣∣∑
n′ 6=n

Mnn′Rnn′(δjj′+1N
AB
nn′ + δjj′−1N

AB
n′n )

∣∣∣∣∣
2

, (3.13)

47



3. Spin relaxation in a graphene QD

ν = 1 ν = 2 ν = 3

j = −0.5 1.1× 104 2.6× 10−2 1.3× 10−3

j = 1.5 1.6× 104 1.2× 101 9.3× 10−2

Table 3.1: Individual relaxation rates in units of s−1 for LA phonons via the
deformation potential at B = 1 T. For higher quantum numbers ν, the rate
decreases quickly.

while for the bond-length change mechanism, we have

ΓLA,TA
g2

=
64π4g2

2∆2
R

ρ

(gµBB)2

s4
LA,TA

f(θ)

×
∣∣∣∣∣∑
n′ 6=n

Rnn′
(
δjj′+1(NAB

nn′ )
2 + δjj′−1(NAB

n′n )2
)∣∣∣∣∣

2

, (3.14)

with Rnn′ = (En − En′)−1. For numerical evaluation, we assume a QD size
of R = 25 nm and ∆ = 10δ where δ = v/R is the average level distance. The
depth of the quantum well is also set to U0 = 10δ. The Rashba SOI constant
can be adjusted by an external electric field [74] or by using different types
of substrates. We chose a value of ∆R = 48µeV to calculate the relaxation
times displayed in Fig. 3.4. For the EPC constants we assume g1 = 30 eV
and g2 = 1.5 eV [93]. We use as sound velocities sLA = 1.95 × 104 m/s and
sTA = 1.22×104 m/s [95]. The overlap integrals NAB

nn′ and Mnn′ are calculated
numerically. The sum over n′ runs over all states, including the continuum.
As shown in Table 3.1, the contributions from higher levels vanish quickly
so that we only take the first three levels into account. The relaxation rate
T1 = 1/Γ is plotted in Fig. 3.4.

3.5 Direct Spin-Phonon Coupling

In flat graphene the acoustic phonons with perpendicular (ZA) polarization
are decoupled from the in-plane modes (LA,TA). We extend the SOI Hamil-
tonian Eq. (3.5) for the case of a graphene layer which is curved due to ZA
phonons. For displacements much smaller than the wavelength the normal
vector of the graphene plane can be written as n̂(z) ≈ ẑ +∇uz(x, y) where
uz(x, y) is the displacement field representing the ZA-phonons. Rotating the
spin matrices into the local frame determined by the normal vector n̂(z) we
obtain in linear order in u(z) a generalized SOI Hamiltonian HSO = Hi +HR
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Figure 3.2: (color online) Log-log plot of the spin relaxation time T1 as a
function of an external B-field perpendicular to the plane (θ = 0) defined by
the graphene sheet. The radius of the dot is R = 25 nm, both energy gap and
depth of the dot are 260 meV. The individual relaxation channels are the
coupling to LA in-plane phonons via deformation potential (g1, red dotted
line) and the coupling to LA and TA phonons via bond-length change (g1,
blue dashed and green dot-dashed lines), as well as the direct coupling to the
out-of-plane (ZA) phonons (purple, long-dashed line). The black solid line
represents the sum of all four processes. Inset: Dependence of the relaxation
rate on the inclination angle θ of the B-field.

with

Hi = H
(0)
i + ∆i (∂xuzsx + ∂yuzsy)σzτ, (3.15)

HR = H
(0)
R + ∆R (−σy∂xuz + τσx∂yuz) sz, (3.16)

where H
(0)
i and H

(0)
R are the SOI Hamiltonians for flat graphene given in

Eq. (3.5). We evaluate these expressions for transverse out-of-plane (ZA)
phonons, with a quadratic dispersion relation ωq = µq2 where µ =

√
κ/ρ

with κ = 1.1 eV the bending rigidity and ρ = 7.5 · 10−7 kg/m2 the mass area
density [95, 43]. The EPC Hamiltonian is then obtained by substituting the
displacement operator for the ZA phonons uz =

√
1/Aρωq

(
eiq·rb† + e−iq·rb

)
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3. Spin relaxation in a graphene QD

into Eqs. (3.15) and (3.16). For the intrinsic SOI we obtain the matrix
element

(Hi)
↑↓
nn = i∆i

√
1/Aρωq (qx〈↑ |sx| ↓〉+ qy〈↑ |sy| ↓〉) 〈n|σzeiq·r|n〉.

When evaluating the orbital matrix element only the lowest order in the
dipole approximation contributes. All higher orders contain a factor ∝ eiφq

which averages to zero when the integration over φq is carried out.
Finally, Fermi’s Golden Rule is used to find the relaxation rate

ΓZA =
2π2∆2

i

ρµ2
f(θ)

∣∣∣∣∫ dr r
(|χnA|2 − |χnB|2)∣∣∣∣2 , (3.17)

which is independent of B. The Matrix element itself depend only weakly
on B. For the numerical evaluation we use ∆i = 12µeV [96] and sZA =
1.59×103 m/s [95]. The same calculation for the Rashba SOI yields vanishing
matrix elements and therefore no additional contribution. In some cases,
boundary conditions may lead to a linear dispersion relation for the ZA-
phonons. We find that in this case the contribution due to ZA-phonons
is negligible compared to the in-plane phonon contributions. For a more
detailed derivation of the direct spin-phonon coupling, see appendix A.

3.6 Conclusion

We have calculated the electron spin relaxation time T1 in a gate-tunable
graphene QD arising from the combination of SOI and EPC. We have re-
stricted ourselves to the zero-temperature case, i.e. pure phonon emission
which is realistic at 0.1 T and 100 mK and higher temperatures for larger
fields. We have taken into account two mechanisms: Admixture mechanism
and direct spin-phonon coupling. Due to selection rules in a circular QD,
the admixture mechanism only leads to spin relaxation in combination with
the Rashba SOI. The deformation potential EPC with LA phonons leads to
a spin relaxation rate scaling as B4 (Fig. 3.4), while the bond length change
EPC with both LA and TA phonons results in B2 dependencies. The rela-
tively low powers compared to GaAs QDs can be traced back to the absence
of the van Vleck cancelation, in combination with the 2D phonon density of
states. The direct coupling of electronic spins to ZA phonons only leads to
spin relaxation in combination with the intrinsic SOI whose rate does not
depend on the applied B-field (in lowest order) and thus leads to a B-field
dependence at low fields which is markedly different from that in GaAs QD.
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Chapter 4

Spin exchange interaction with
tunable range between
graphene quantum dots

This chapter is adapted from M. Braun, P. R. Struck, and G. Burkard, Phys. Rev. B
84, 115445 (2011)
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4. Long-range spin exchange

4.1 Summary

We study the spin exchange between two electrons localized in separate quan-
tum dots in a graphene nanoribbon. The electronic states in the conduction
band are coupled indirectly by tunneling to a common continuum of delocal-
ized states in the valence band. As a model, we use a two-impurity Anderson
Hamiltonian which we subsequently transform into an effective spin Hamilto-
nian by way of a two-stage Schrieffer-Wolff transformation. We then compare
our result to that from a Coqblin-Schrieffer approach as well as to fourth or-
der perturbation theory and compares the ranges of validity of the different
approaches.

4.2 Introduction

Spins in quantum dots (QDs) are under intense investigation as a possi-
ble realization of qubits.[3] Among the currently most advanced solid-state
structures are top-gate patterned two-dimensional electron gases in GaAs
heterostructures.[2] However, in this host material hyperfine interaction be-
tween the spin of the electron and that of the atomic nuclei of the host
material leads to relatively short coherence times. A promising way to cir-
cumvent this problem is the use of carbon as a host material for spin qubits.
Natural carbon comprises 99% of the carbon isotope 12C which has no nu-
clear spin. This gives carbon based devices the advantage that decoherence
due to hyperfine interaction is suppressed by the small abundance of nuclear
spins. Carbon is also a relatively light element, therefore spin-orbit coupling
is expected to be weaker than in GaAs. One can expect a significant im-
provement of spin coherence times in carbon based structures. Graphene
[98] is a promising host material for spin qubits[99, 89]. It naturally cre-
ates a perfect confinement of electrons in one dimension. Moreover, in con-
trast to carbon nanotubes,[100, 101] the ability to lithographically pattern
graphene allows for a deterministic device preparation, which is necessary
for scalability.[3] Graphene has a very interesting electronic structure with
a gapless and linear dispersion around the Fermi energy. Furthermore, the
electronic eigenstates carry an additional internal degree of freedom, dubbed
pseudospin, which is always aligned with the direction of the momentum.
These properties imitate the behavior of relativistic chiral massless Dirac
particles.[102] These relativistic-like properties lead to the phenomenon of
Klein tunneling,[76] which actually prohibits any electrostatical confinement
of electrons, i.e. prohibits the formation of quantum dots.

Among the most promising ideas to overcome Klein tunneling is to use
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Figure 4.1: One-dimensional quantum dot array on an armchair graphene
nanoribbon (drawing not to scale). Due to the ribbon structure, the disper-
sion relation of graphene can exhibit a gap, which scales inversely with the
ribbon width. This gap allows for electrostatic confinement of electrons in
quantum dots. As the bandgap is small compared to regular semiconductors,
the spin exchange mechanism between the quantum dots is not dominated
by RKKY-type processes alone, and superexchange processes contribute sig-
nificantly.

graphene nanoribbons or constrictions instead of extended graphene as host
material,[99, 103, 104] see Fig. 4.1. In clean graphene nanoribbons with
armchair boundaries, the additional confinement can lead to the opening
of a small energy gap at the Fermi energy.[105] The size of the gap is in-
versly proportional to the width of the ribbon. In the presence of such
a gap, the pseudo-relativistic behavior of the charge carriers is lost, and
the material resembles a regular gaped semiconductor, enabling electrostatic
confinement.[99] However, it has been shown both experimentally and theo-
retically that rough edges are sufficient to open op a gap.

The exchange interaction has been identified as an underlying mecha-
nism to mediate the necessary interactions for two-qubit gates among spin
qubits.[61] Given in the form Hx =

∑
〈i,j〉 Ji,jsi · sj it provides a pairwise cou-
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4. Long-range spin exchange

pling between two adjacent qubits. In the context of quantum-computational
applications it is also necessary to be able to couple qubits which are not
nearest neighbours. Such a long-range interaction has been proposed for cav-
ity QED system[61]. Here we discuss how a coupling between non-adjacent
qubits can be implemented in a solid-state system, namely a graphene nanorib-
bon.

Following Ref. [99], we consider a system as shown in the upper part
of Fig. 4.1 where several electric gates are placed on top of an armchair
nanoribbon. By applying a gate voltage, the dispersion relation of the mate-
rial below the gates can be shifted in energy, see the lower part of Fig. 4.1. If
at a certain energy extended states could exist in one section, but not in the
neighboring ribbon sections, additional size quantization along the ribbon
leads to single localized states. In the energy interval above and below the
gap, the states are extended and form a continuum. With a suitable adjust-
ment of the chemical potential, the localized states can be filled with one
electron each, forming a one-dimensional array of qubits. In the following,
we calculate the Heisenberg spin interaction between two such spin qubits.

The RKKY-interaction [107] between localized magnetic moments is well
discussed for extended graphene, see Refs. [108, 109], and after the experi-
mental discovery of graphene revisited in Refs. [110, 111, 112, 113, 114]. Here,
we study a graphene nanoribbon where a gap opens at the Fermi energy. Due
to this gap, the spin exchange problem we are interested in resembles less the
one in extended graphene but more the case in ordinary semiconductors in
reduced dimensionalities, [115, 116, 117] like quantum wells [118] or quantum
wires. [119] However, compared to conventional semiconductors, the band
gap can be unusually small, on the order of 1− 100 meV. Therefore, by ap-
plying gate voltages, one can realize an arbitrary alignment of the quantum
dot energy level relative to the valence and conduction band. Due to the
proximity of the band edges of valence and/or conduction band, the band
edges must be taken into account.[120]
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4.3. Transformation of the Hamiltonian

4.3 Transformation of the Hamiltonian

4.3.1 Model

We model the system as two Anderson impurities, which are both in contact
with a common energy band. The Hamiltonian for our model is

H = H0 +HT , (4.1)

H0 =
∑
i=1,2

(∑
σ=↑,↓

εia
†
iσaiσ + Uia

†
i↑ai↑a

†
i↓ai↓

)
+
∑
kσ

εkc
†
kσckσ, (4.2)

HT =
∑
ikσ

(
tik(ri)c

†
kσaiσ + t?ik(ri)a

†
iσckσ

)
. (4.3)

The first part of H0 describes the two independent quantum dots i = 1, 2,
containing one electronic level each. The fermionic operators aiσ and a†iσ
create and annihilate electrons on dot i with spin σ. Due to the low electro-
static capacity of a quantum dot, double occupation of one individual dot is
associated with a substantial charging energy Ui. For quantum computation
applications one is interested in a parameter regime where the quantum dots
are occupied with one electron each to form a spin 1/2 qubit.

The second part of H0 models the contacting continuum of states as a
large reservoir of noninteracting electrons. Here ckσ, c

†
kσ denote the annihi-

lation and creation operators for electrons in the continuum with (orbital)
quantum numbers k and spin σ. The continuum is assumed to be unpolarized
and at zero temperature (filled valence band). The tunneling Hamiltonian
HT describes spin-conserving tunneling between the two dots and the con-
tinuum. The tunnel amplitudes tik(ri) depend on the dot and the continuum
quantum numbers i nd k, as well as on the position ri of the quantum dots.
However, the exact form of tik(ri) depends on the system under considera-
tion.

The two-impurity Anderson model and the strongly related Anderson
lattice model is extensively discussed in the literature in the context of
rare earth compounds,[121, 122, 123, 124, 125, 126, 127, 128] dilute mag-
netic semiconductors,[129] high temperature superconductors.[130, 132, 131]
Numerous theoretical techniques were used to study these models, includ-
ing variational wave functions,[133, 134] equations of motion,[124, 125] fi-
nite [135, 136, 123, 130] and infinite perturbation expansions,[137] Bethe-
ansatz studies,[138] higher-order Schrieffer-Wolff transformations,[139, 140,
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4. Long-range spin exchange

141, 142, 143, 131, 132] or, most common, a mixture of a first-order Schrieffer-
Wolff transformation and perturbation theory,[144, 147, 145, 122, 148, 129,
149, 146, 128] originally proposed by Coqblin and Schrieffer in Ref. [144].

4.3.2 Schrieffer-Wolff Transformation

Following Refs. [141, 142, 139, 140] we use a two-stage or nested Schrieffer-
Wolff transformation to derive an effective spin Hamiltonian. In contrast to
previous works we do not assume equal energy levels in the two Anderson
impurities, as the confinement of the quantum dots can be modified indi-
vidually. By keeping track of the dot indices it is also possible to identify
different physical processes in the final result, and enables us to compare our
result to higher-order perturbation theory.

The Schrieffer-Wolff transformation[150, 147, 151, 152, 126] is based on
a canonical transformation of the Hamiltonian,

H(1) = eiS H e−iS = H + [iS,H] +
1

2
[iS, [iS,H]] + . . . . (4.4)

The division of the Hamiltonian H into a free Hamiltonian H0 and a small
perturbation HT , allows us to choose a transformation S1, fullfilling the re-
lation [iS1, H0] = −HT and leading us to the effective Hamiltonian

H(1) = H0 +
1

2
[iS1, HT ] +

1

3
[iS1, [iS1, HT ]] +

1

6
[iS1, [iS1, [iS1, HT ]]] + ... (4.5)

where the lowest-order tunneling term is canceled. Since S also has to be of
first order in the tunneling amplitudes, S1 ∝ HT , the interaction now appears
(at least) in second order.

By a subsequent Schrieffer-Wolff transformation with the generator S2

fulfilling [iS2, H0] = −1
2
[iS1, HT ], also the second order interaction term can

be removed. Note that now, S2 ∝ H2
T . At the end we project the resulting

Hamiltonian on the subspace where both quantum dots are occupied by
one electron. As all odd-order interactions do not conserve the occupation
numbers of the quantum dot, they can be neglected, as they will be projected
out at the end of the calculation. Combining both steps, we arrive at the
effective Hamiltonian

H(2) = H0 +
1

4
[iS2, [iS1, HT ]] +

1

8
[iS1, [iS1, [iS1, HT ]]], (4.6)

where corrections in sixth and higher orders in the tunneling amplitudes have
been neglected. After projecting out the continuum degrees of freedom, and
in addition to unimportant level renormalizations, which we do not discuss,
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we find a Heisenberg-like interaction JS1 ·S2, which couples the two quantum
dot spins Si =

∑
αβ a

†
iα σαβ aiβ, consistent with Refs. [139, 140]. A detailed

calculation is presented in the appendix B. After non-trivial regrouping of
terms [153], one can separate the spin-interaction into parts originating from
different virtual tunneling processes defined by their intermediate virtual
quantum state with the explicite shape:

J = 2
∑
k,q

t?1,kt2,kt1,qt
?
2,q e

i(k−q)·(R1−R2) ( J1 + J2 + J3 + J4 ), (4.7)

J1 =

(
1

εk − ε1

− 1

εq − ε1 − U1

)
nk − nq
εk − εq

×
(

1

εq − ε2

− 1

εk − ε2 − U2

)
, (4.8)

J2 =

(
1

εk − ε1

+
1

εq − ε2

)
× 1− nq
εk + εq − ε1 − ε2

(
1

εq − ε1

+
1

εk − ε2

)
, (4.9)

J3 =

(
1

ε1 + U1 − εk +
1

ε2 + U2 − εq

)
+nq

ε1 + U1 + ε2 + U2 − εk − εq
×
(

1

ε1 + U1 − εq +
1

ε2 + U2 − εk

)
, (4.10)

J4 =

(
1

εk − ε1

+
1

εk − ε2 − U2

) −nq
ε2 + U2 − ε1

×
(

1

εq − ε1

− 1

εq − ε2 − U2

)
+

1

εk − ε1

+1

ε2 + U2 − ε1

1

εq − ε1

+ (1↔ 2) . (4.11)

The first term J1 resembles an RKKY-interaction.[107] The interaction
is mediated by a virtual particle-hole excitation in the electron gas, see
Fig. 4.2(a). Therefore the energy of the intermediate excitation is given
by εq − εk. The second and third contributiosn to the spin-spin interaction
originate from virtual two-particle(hole) excitations in the continuum Fermi
sea, see Fig. 4.2(b) and (c). Two electrons tunnel coherently from or to
the quantum dots. Thus, as intermediate virtual states, the two quantum
dots are both doubly occupied (empty). Afterwards, the electrons tunneling
crosswise back, interchanging the spins of the quantum dots. This process
leads to the interactions J2 and J3.

Finally, the last contribution J4 is caused by the possibility of a direct
tunneling of one dot electron to the other dot. The virtual intermediate
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Figure 4.2: Several virtual tunnel processes contribute to the spin-spin inter-
action between the dots. These processes can be classified by the intermediate
state of the system. While particle-hole excitation (a) leads to an RKKY-like
interaction, the processes (b)-(d) are usually summarized as superexchange.
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state is therefore one double occupied dot and one empty dot. The tunneling
can happen through filled as well as empty states in the electron gas, see
Fig. 4.2(d)

4.3.3 Relation to Coqblin-Schrieffer Model

In Ref. [144] Coqblin and Schrieffer presented their widely used approach
[122, 154, 138, 145] to the two-impurity Anderson model. They performed a
single Schrieffer-Wolff transformation, and project the resulting Hamiltonian
of the single-occupied impurities. With this, they transform the two indi-
vidual Anderson models into two individual s-d models or Kondo impurities.
The spin of one quantum dot Si is coupled to the bath electron spins by

HKondo =
∑
kq,σσ′

J ikqSi · c†kσσσσ′cqσ′ , (4.12)

see appendix B for details. By treating that Hamiltonian in second order
perturbation theory, they compute a RKKY-like spin-spin interaction[107]
of the form ∑

kq

J1
kqJ

2
qk

nk − nq
εk − εq S1 · S2. (4.13)

Even though Eq. (4.13) captures the basic features of Eq. (4.8), it is an
expansion inconsistent in the order of the tunnel amplitudes. First, the initial
Schrieffer-Wolff transformation generates not only terms of second order, but
also the term [iS1, [iS1, [iS1, HT ] which contributes in fourth order,[146] see
Eq. (4.6). Actually contributions from this higher-order term cancel several
parts in Eq. (4.13), leading to Eq. (4.8). By truncating the transformation
at second order, these contributions to the spin interaction are lost.

Second, the initial Schrieffer-Wolff transformation does not only generate
the Kondo-Hamiltonian, but also terms in second order of the form a†1a2,
which describe direct tunneling between the two quantum dots.[126] In a
subsequent second order perturbation theory, these terms also lead to a inter-
dot spin interaction. In Ref. [144] these interactions are neglected due to the
premature projection of the result of the Schrieffer-Wolff transformation on
the single occupied dot subspace.

Interestingly, in the limit of energy levels far away from the Fermi energy,
i.e., when one assumes that the spin coupling J ikq approaches a constant, the
Coqblin-Schrieffer approach generates the correct result. However, nowadays
the Anderson model is extensively used to describe quantum dots.[119, 149,
145] In contrast to rare earth compounds or true atomic systems, the typical
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energy scale of the quantum dot level spectrum is several orders of magnitude
smaller. Therefore in these artificial systems the application of the Coqblin-
Schrieffer model needs to be handled with care.

4.3.4 Relation to fourth order perturbation theory

Starting from the two-impurity Anderson model, one can also derive a fourth
order dot spin-spin interaction by perturbation theory,[155, 128, 123, 135,
136] with or without diagrammatical help. The perturbation approach nearly
reproduces our results Eq. (4.8)-(4.11) with one exception: the structure of
the Fermi functions. Via perturbation theory one would expect for exam-
ple that the two-lead-particle excitation, see Fig. 4.2(c), only happens if the
two electron gas states k and q are empty, therefore the spin coupling J2

should be proportional to (1 − nk)(1 − nq). In contrast, the contribution
from a Schrieffer-Wolff transformation is proportional to (1 − nq), and in-
dependent of nk. By counting the operator commutators, one can directly
determine that the spin-spin coupling derived by a two-stage Schrieffer-Wolff
transformation can not generate terms, which contain four lead operators,
which would be necessary for a product term like nknq. The reason for this
discrepancy between fourth order perturbation theory and Schrieffer-Wolff
transformation lies in the procedure of integrating out the lead degrees of
freedom, i.e., by the replacement of the thermal average of lead operators
〈c†kck〉th by the Fermi function nk. In the case of the perturbation theory, the

operators c†k, ck refer to the bare unperturbed electronic states of the lead,
i.e., one assumes, that the lead is actually not perturbed by tunneling. Af-
ter the Schrieffer-Wolff transformation, the lead operators refer to new lead
states, which are hybridized with the localized dot states. By performing the
thermal average, one therefore assumes that these new hybridized lead states
are in thermal equilibrium, not the bare lead states. Therefore, it is not sur-
prising that the results of a Schrieffer-Wolff transformation and perturbation
theory differ. However, it is surprising that one can express the result of the
Schrieffer-Wolff transformation in the same functional form one would ex-
pect from perturbation theory, except for the Fermi functions. Only due to
this structure of terms one actually can, in the spirit of Feynman diagrams,
assign virtual processes as shown in Fig. 4.2. For this reason, the grouping of
terms in Eq. (4.8)-(4.11) is physically plausible but to some extent arbitrary.
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4.4 Application to graphene nanoribbon quan-

tum dots

Up to now, the computed result in Eq. (4.8-4.11) is general for the spin
coupling of two qubits by a common continuum of states labeled by the
indeces k and q. In the following, we specify this continuum to the electronic
structure of a graphene nanoribbon aligned along the y-direction.

4.4.1 Band structure

Bulk graphene has two independent Fermi points at the momenta K and
K ′ in reciprocal space, generating the valley degeneracy. Due to the arm-
chair boundary conditions of the ribbon, the propagating wave states with
momentum K + k and K ′ + k are coupled.[105, 156] The confinement in
x-direction leads to a further quantization of the transverse wave vector
kx ≡ kn = (n ± 1/3)π/W with W denoting the ribbon’s width and n ∈ N.
Therefore the continuum states can be characterized by the subband index n
and the momentum component ky ≡ k along the ribbon. Close to the Fermi
energy, the dispersion relations becomes

εk,n = ~vF
√
k2 + k2

n, (4.14)

with the Fermi velocity vF of graphene. This dispersion resembles the dis-
persion of a massive relativistic particle.

The transverse confinement determines the energy gap 2εg = 2~vFk0,
which scales inversely with the ribbon width.[106] Due to this gap, elec-
trons can be confined by electrostatic gates, in analogy to conventional
semiconductors.[99] We assume the applied electric potential to be inde-
pendent of the x-coordinate (see Fig. 4.1), therefore the band index n is
conserved. Therfore we only need to consider the continuum subband with
the same band index as the bound state(s). Even if this symmetry is broken,
the generalization to multi-subbands is straight forward.[101] As a further
simplification, we assume that by applying electrostatic gates, the dispersion
relation of the extended states is still described by Eq. (4.14).

4.4.2 Tunnel amplitudes

The spin exchange is proportional to the product of the four tunnel am-
plitudes t?1,k(r1)t2,k(r2)t1,q(r1)t?2,q(r2). In analogy to most cases studied in
literature, we assume that the amplitude of the overlap of the bound states
and the extended states does not explicitely depend on the momentum k of
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the extended states. This assumption is valid if the wave function of the
bound state is localized on a length scale smaller than the wave length of
the extended state. However, in quantum dots in semiconductors in general,
and in particular in the vicinity of a band edge, this assumption may not be
valid. As k-independent tunnel amplitudes lead to a shorter spin exchange
range, the spin exchange range derived in the following can be seen only as
lower bound. Although the magnitude of the tunnel amplitude does not de-
pend on k within this approximation, the fact that the two quantum dots are
separated in space gives rise to a relative phase. While in ordinary isotropic
metals this phase is simply given by eik·ri , in graphene the valley degeneracy
has to be taken into account. In nanoribbons, the energy eigenstates are
phase-locked superposition of states of both valleys. Therefore, the overlap
of the wave functions[99, 156] leads to a tunnel amplitude of the form

t1,k(r1) = t1e
−ik·r1

e−iK·r1 + e−iK
′·r1

√
2

. (4.15)

The spin coupling therefore will always contain a contribution which oscil-
lates on inter-atomic distances, and one contribution, which varies on the
length scale of the envelope wave function. As the quantum dots under con-
sideration are not spatially defined with lattice site precision, we expect that
the oscillating contribution to the spin exchange will average out.

4.4.3 Spin-exchange range

Which of the virtual tunnel process (see Fig. 4.2) dominates the spin exchange
between two quantum dots depends on the alignment of the dot energy levels,
band gap, and edges. Roughly speaking, the virtual process requiring the
lowest excitation energy will dominate. As we assume the graphene nanorib-
bon to be nearly undoped, the Fermi energy of the system lies within the band
gap. Therefore the valence band is entirely filled, and the conduction band
is empty. The RKKY-like exchange interaction via a particle-hole excitation
in the continuum will be suppressed by the band gap 2εg, and superexchange
processes will dominate. In order to maximize the non-local exchange be-
tween remote spins, we will focus on the scenario shown in Fig. 4.3, where
the quantum dot level lies close to the valence band, and the charging energy
is smaller than the band gap.

In this level alignment, direct tunneling processes via the valence band
dominate the spin exchange. The resulting integrals can be computed by
Cauchy’s integral formula. The exchange due to direct tunneling turns out
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ε1

ε1+U1 εg

ε2

ε2+U2

εg

Figure 4.3: If the quantum dot level lies close to the valence band, and the
charging energy is smaller than the band gap, direct tunneling processes will
dominate the spin exchange between the quantum dots.

to be

J = −|t1|
2|t2|2

4∆E2

1

ε2 + U2 − ε1

(ε2 + U2)2

ε2
g − (ε2 − U2)2

×e−2

√
ε2g−(ε2+U2)2

~vF
∆r

+ (1↔ 2) (4.16)

with the quantum dot distance ∆r = |r1 − r2|. The energy ∆E = ~vF/L
is the energy splitting of the continuum states, with L being the length of
the ribbon. As the tunnel amplitudes ti decrease with the real space particle
density of the band states with 1/

√
L, the strength of the spin exchange is

independent of the overall length of the ribbon.
The strength of the spin coupling driven by direct tunneling diverges

within 4th order, if the single occupied state of one dot becomes resonant
with the double occupied state of the other dot. The range

λ = ~vF/2
√
ε2
g − (ε2 + U2)2 (4.17)

of the coupling Eq. (4.16) on the other side is controlled by the energy sep-
aration between the double occupied state of the one dot, and the valence
band edge at energy −εg. If one assumes, that the single occupied states
of the two dots are close to the band edge (εg ≈ εi), the exchange range
scales as ~vF/

√
8εgUi. For a graphene nanoribbon with width of 50 nm and
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4. Long-range spin exchange

a quantum dot with a charging energy of 4 meV,[103] this length is of order
50 nm, i.e. comparable to the quantum dot length.

If one assumes that, in analogy to a capacitor, the charging energy of a
quantum dot scales inversely with its area,[103] then the range of the spin
exchange interaction scales linearly with the width of the nanoribbon.

4.4.4 Further considerations

The lower bound for the spin exchange range between quantum dots in a
graphene nanoribbon is given by the ribbon width. For this result we con-
sidered only virtual tunnel processes via free continuum states. In addition,
also direct tunneling between the quantum dot states can occur. If the quan-
tum dot level approaches the band gap, the bound electron leaks further and
further into the barrier due to the weakening of the confinement. Therefore
it can happen that two neighboring quantum dot wave functions can ac-
quire a non-vanishing overlap, and direct tunneling becomes possible. Direct
tunneling is accompanied also by a spin-exchange interaction.[99]

Furthermore, we assumed so far that the graphene nanoribbon is infinitely
long. This assumption is hidden in the approach to treat the continuum states
with momentum k independent on the state −k. However, if a finite ribbon
length leads to a defined phase relation of the forward and backward prop-
agating states, then one part of the tunnel amplitude will become entirely
independent on the momentum k, and therefore on the distance ∆r.[99] (cf.
also the discussion of section 4.4.2.) If this case, the range λ of the spin ex-
change is not determined by the dephasing of the exchange contributions of
different states within the Fermi sea, but only on the phase coherence length
of the extended states.

4.5 Conclusions

In this paper, we discussed the spin exchange between localized states which
are only indirectly coupled via a continuum of states. Using a 2-stage
Schrieffer-Wolff transformation, we transformed a 2-impurity Anderson model
into an effective spin Hamiltonian. Based on our result, we discussed the va-
lidity of the Coqblin-Schrieffer approach to this problem. Furthermore, by a
re-ordering the terms, we were able to directly compare the Schrieffer-Wolff
result to perturbation theory, and observe distinct differences that originate
from different assumptions on the continuum of states.

As an application of the formalism developed here, we discussed the spin
exchange interaction between electrostatically confined quantum dots in a
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graphene nanoribbon, as shown in Eq. (4.16). As a lower bound, we derive a
range of this spin exchange of the order of the nanoribbon width. However,
the dot energies can be adjusted in such a way as to extend the exchange
coupling to longer distances.
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Chapter 5

Spin-orbit-induced strong
coupling of a single spin to a
nanomechanical resonator

This chapter is adapted from A. Pályi, P. R. Struck, M. Ruder, K. Flensberg, and G.
Burkard, Phys. Rev. Lett. 108, 206811 (2012)
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5. Spin-phonon coupling in a CNT

5.1 Motivation

We theoretically investigate the deflection-induced coupling of an electron
spin to vibrational motion due to spin-orbit coupling in suspended carbon
nanotube quantum dots. Our estimates indicate that, with current capabili-
ties, a quantum dot with an odd number of electrons can serve as a realization
of the Jaynes-Cummings model of quantum electrodynamics in the strong-
coupling regime. A quantized flexural mode of the suspended tube plays the
role of the optical mode and we identify two distinct two-level subspaces, at
small and large magnetic field, which can be used as qubits in this setup.
The strong intrinsic spin-mechanical coupling allows for detection, as well
as manipulation of the spin qubit, and may yield enhanced performance of
nanotubes in sensing applications.

5.2 Introduction

Recent experiments in nanomechanics have reached the ultimate quantum
limit by cooling a nanomechanical system close to its ground state [7]. Among
the variety of available nanomechanical systems, nanostructures made out of
atomically-thin carbon-based materials such as graphene and carbon nan-
otubes (CNTs) stand out due to their low masses and high stiffnesses. These
properties give rise to high oscillation frequencies, potentially enabling near
ground-state cooling using conventional cryogenics, and large zero-point mo-
tion, which improves the ease of detection [8, 9].

Recently, a high quality-factor suspended CNT resonator was used to
demonstrate strong coupling between nanomechanical motion and single-
charge tunneling through a quantum dot (QD) defined in the CNT [157].
Here, we theoretically investigate the coupling of a single electron spin to
the quantized motion of a discrete flexural mode of a suspended CNT (see
Fig.5.1), and show that the strong-coupling regime of this Jaynes-Cummings-
type system is within reach. This coupling provides means for electrical ma-
nipulation of the electron spin via microwave irradiation, and leads to strong
nonlinearities in the CNT’s mechanical response which may potentially be
used for enhanced functionality in sensing applications [158, 159, 160].

In addition to their outstanding mechanical properties, carbon-based sys-
tems also possess many attractive characteristics for information processing
applications. The potential for single electron spins in QDs to serve as the
elementary qubits for quantum information processing [3] is currently be-
ing investigated in a variety of systems. In many materials, such as GaAs,
the hyperfine interaction between electron and nuclear spins is the primary
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nanotube
u(z)

x
z

electron

support

gate

Figure 5.1: Schematic of a suspended carbon nanotube (CNT) containing
a quantum dot filled with a single electron spin. The spin-orbit coupling
in the CNT induces a strong coupling between the spin and the quantized
mechanical motion of the CNT.

source of electron spin decoherence which limits qubit performance (see e.g.,
[161]). However, carbon-based structures can be grown using starting mate-
rials isotopically-enriched in 12C, which has no net nuclear spin, thus practi-
cally eliminating the hyperfine mechanism of decoherence [73], leaving behind
only a spin-orbit contribution [86, 4]. Furthermore, while the phonon contin-
uum in bulk materials provides the primary bath enabling spin relaxation,
the discretized phonon spectrum of a suspended CNT can be engineered to
have an extremely low density of states at the qubit (spin) energy splitting.
Thus very long spin lifetimes are expected off-resonance [162]. On the other
hand, when the spin splitting is nearly resonant with one of the high-Q dis-
crete phonon “cavity” modes, strong spin-phonon coupling can enable qubit
control, information transfer, or the preparation of entangled states.

The interaction between nanomechanical resonators and single spins was
recently detected [163], and has been theoretically investigated [164, 165]
for cases where the spin-resonator coupling arises from the relative motion
of the spin and a source of local magnetic field gradients. Such coupling is
achieved, e.g., using a magnetic tip on a vibrating cantilever which can be
positioned close to an isolated spin fixed to a nonmoving substrate. Creating
strong, well-controlled, local gradients remains challenging for such setups.
In contrast, as we now describe, in CNTs the spin-mechanical coupling is
intrinsic, supplied by the inherent strong spin-orbit coupling [166, 167, 168,
169] which was recently discovered by Kuemmeth et al. [84].

Another theoretical work that describes the theory of the spin-phonon
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5. Spin-phonon coupling in a CNT

coupling in a CNT resonator QD, and its consequences in the spin blockade
transport setup can be found in [170].

5.3 Qubit-phonon coupling

Consider an electron localized in a suspended CNT quantum dot (see Fig. 5.1).
Below we focus on the case of a single electron, but expect the qualitative
features to be valid for any odd occupancy (see Ref. [171]). We work in the
experimentally-relevant parameter regime where the spin-orbit and orbital-
Zeeman couplings are small compared with the nanotube bandgap and the
energy of the longitudinal motion in the QD. Here, the longitudinal and sub-
lattice orbital degrees of freedom are effectively frozen out, leaving behind a
nominally four-fold degenerate low-energy subspace associated with the re-
maining spin and valley degrees of freedom (see Ref. [172] and the appendix
C.1).

A simple model describing the spin and valley dynamics in this low-energy
QD subspace, incorporating the coupling of electron spin to deflections asso-
ciated with the flexural modes of the CNT [173, 174], was introduced in Ref.
[175]. In principle, the deformation-potential spin-phonon coupling mech-
anism [86] is also present. The deflection coupling mechanism is expected
to dominate at long phonon wavelengths, while the deformation-potential
coupling should dominate at short wavelengths (see discussion in [175]). For
simplicity we consider only the deflection coupling mechanism, but note that
the approach can readily be extended to include both effects.

The Hamiltonian describing this system is [175, 176]

H =
∆so

2
τ3(s · t) + ∆KK′τ1 − µorbτ3(B · t) + µB(s ·B), (5.1)

where ∆so and ∆KK′ denote the spin-orbit and intervalley couplings, τi and si
are the Pauli matrices in valley and spin space (the pseudospin is frozen out
for the states localized in a QD), t is the tangent vector along the CNT axis,
and B denotes the magnetic field. For more details on the effective Hamilto-
nian, see appendix C.1. Note that the spin-orbit coupling has contributions
which are diagonal and off-diagonal in sublattice space [167, 168, 169, 171].
When projected onto to a single longitudinal mode of the quantum dot, the
effective Hamiltonian given above describes the coupling of the spin to the
nanotube deflection at the location of the dot (appendix C.2).

For a nominally straight CNT we take t pointing along the z direction,
giving s · t = sz and B · t = Bz. Here we find the low-energy spectrum shown
in Fig. 5.2. The two boxed regions indicate two different two-level systems
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Figure 5.2: Energy levels of the four dimensional (due to spin and valley)
orbital ground state subspace of the QD, as a function of the magnetic field
parallel (B‖) and perpendicular (B⊥) to the CNT axis. The boxed areas
indicate the working regime for the spin qubit (S) and Kramers qubit (K),
the latter being operated either in a longitudinal (Kz) or perpendicular (Kx)
magnetic field. Parameter values [85]: ∆so = 170µeV, ∆KK′ = 12.5µeV,
µorb = 330µeV/T.

that can be envisioned as qubit implementations in this setup: we define a
spin qubit [3] (S) at strong longitudinal magnetic field, near the value B∗ of
the upper level crossing, and a mixed spin-valley or Kramers (K) qubit [176],
which can be operated at low fields applied either in the longitudinal (Kz)
or perpendicular (Kx) directions.

We now study how these qubits couple to the quantized mechanical mo-
tion of the CNT. For simplicity we consider only a single polarization of
flexural motion (along the x-direction), assuming that the two-fold degen-
eracy is broken, e.g., by an external electric field. A generalization to two
modes is straightforward.

A generic deformation of the CNT with deflection u(z) makes the tangent
vector t(z) coordinate-dependent. Expanding t(z) for small deflections, we
rewrite the coupling terms in Hamiltonian (5.1) as s · t ' sz + (du/dz)sx
and B · t ' Bz + (du/dz)Bx. Expressing the deflection u(z) in terms of the
creation and annihilation operators a† and a for a quantized flexural phonon
mode, u(z) = f(z) `0√

2
(a+ a†), where f(z) and `0 are the waveform and zero-

point amplitude of the phonon mode, we find that each of the three qubit
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5. Spin-phonon coupling in a CNT

types (S, Kx, Kz) obtains a coupling to the oscillator mode which we describe
as

H

~
=
ωq
2
σ3 + g(a+ a†)σ1 + ωpa

†a+ 2λ(a+ a†) cosωt. (5.2)

Here the matrices σ1,3 are Pauli matrices acting on the two-level qubit sub-
space, and we have included a term describing external driving of the oscil-
lator with frequency ω and coupling strength λ, which can be achieved by
coupling to the ac electric field of a nearby antenna [157]. Below we describe
the dependence of the qubit-oscillator coupling g on system parameters for
each qubit type (S, Kx, or Kz). The derivation of Eq. (5.2) is detailed in
appendix C.2.

For the spin qubit (S), the relevant two-fold degree of freedom is the spin
of the electron itself. Therefore in Eq.(5.2) we have σ3 = sz and σ1 = sx,
and the qubit levels are split by the Zeeman energy, measured relative to the
value B∗ where the spin-orbit-split levels cross, ~ωq = µB(B − B∗). A spin
magnetic moment of µB is assumed, and B∗ ≈ ∆so/2µB for ∆KK′ � ∆so.
For the qubit-resonator coupling, we find g = ∆so〈f ′〉`0/2

√
2, independent of

B. Here, 〈f ′〉 is the derivative of the waveform of the phonon mode averaged
against the electron density profile in the QD.

For a symmetric QD, positioned at the midpoint of the CNT, the coupling
matrix element proportional to 〈f ′〉 vanishes for the fundamental and all even
harmonics (the opposite would be true for the deformation-potential coupling
mechanism). The cancellation is avoided for a QD positioned away from the
symmetry point of the CNT, or for coupling to odd harmonics. Here, for
concreteness, we consider coupling of a symmetric QD to the first vibrational
harmonic of the CNT. Using realistic parameter values [84, 85, 177, 157],
L = 400 nm, `0 = 2.5 pm, ∆so = 370 µeV, ∆KK′ = 32.5 µeV, µorb =
1550 µeV/T, and ωp/2π = 500 MHz, we find g/2π ≈ 0.56 MHz, irrespective
of the magnetic field strength B along the CNT.

For the Kramers qubits (Kx and Kz), both ωq and g depend on B. The
qubit splitting for the Kx qubit is controlled by the perpendicular field, ~ωq =
µB(2∆KK′/∆)Bx, while for the Kz qubit, it is controlled by the longitudinal
field ~ωq = (µB + µorb(∆so/∆))Bz, where ∆ =

√
∆2

so + 4∆2
KK′ denotes the

zero-field splitting between the two Kramers pairs. Resonant coupling occurs
when ωq = ωp. This condition sets the relevant value of Bx (Bz) in the case of
the Kx (Kz) qubit; the parameters above yield Bx ≈ 103 mT (Bz ≈ 0.6 mT).

The qubit-cavity coupling for the Kx qubit increases linearly with the
applied perpendicular field,

~g = −(〈f ′〉`0/
√

2)(µorb∆so/∆ + µB∆2
so/∆

2)Bx, (5.3)
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Figure 5.3: (Continued on the following page.)
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5. Spin-phonon coupling in a CNT

Figure 5.4: Response of the spin-oscillator system. (a) Phonon number prob-
ability distribution P (n, δω), (b) average phonon occupation n̄ and root mean
squared displacement X of the uncoupled driven CNT resonator (g = 0), as
functions of the drive frequency–oscillator frequency detuning δω = ω − ωp.
The parameters are T = 50 mK, ωp/2π = 500 MHz, Γ = 5 · 104 s−1 and
λ/2π = 0.027 MHz. The same quantities are plotted in (c) and (d) for a reso-
nantly coupled qubit-oscillator system (i.e., ωq = ωp), with coupling constant
g/2π = 0.5 MHz and further parameters as in (a) and (b). (e) Steady-state
oscillator response from the semiclassical calculation, corresponding to the
parameters of (c) and (d). The green solid (purple dashed) lines describe
stable (unstable) solutions. (f) Bimodal phonon number distribution, taken
along the dashed vertical line of (c). (g,h) Root mean squared value X of
the resonator amplitude in the coupled spin qubit - oscillator system at (g)
T = 0 and (h) T = 50 mK, as functions of magnetic field detuning δB
(detuning the qubit frequency away from resonance with the oscillator) and
drive frequency–oscillator frequency detuning δω.

while for the Kz qubit it scales with the longitudinal field,

~g = (〈f ′〉`0/
√

2)(µorb2∆KK′∆so/∆
2)Bz. (5.4)

Using the values of Bx and Bz obtained above, we estimate couplings of
g/2π ≈ 0.49 MHz for the Kx qubit, and g/2π ≈ 0.52 kHz for the Kz qubit.
Thus the coupling for the Kx qubit is comparable to that of the spin qubit,
while the coupling of the Kz qubit is much weaker. Therefore, we restrict
our considerations to the spin and Kx qubits below.

Ref. [157] reports the fabrication of CNT resonators with quality factors
Q ≈ 150,000. We take Q = 63,000 for the following estimate. Together
with the oscillator frequency ωp/2π = 500 MHz, this value of Q implies an
oscillator damping rate of Γ ≈ 5 · 104 s−1 � g. Because of the near-zero
density of states of other phonon modes at ωq, it is reasonable to assume
a very low spontaneous qubit relaxation rate γ. These observations suggest
that the so-called “strong coupling” regime of qubit-oscillator interaction,
defined as Γ, γ � g, can be reached with CNT resonators.

To quantify the system’s response in the anticipated parameter regime, we
study the coupled qubit-oscillator dynamics using a master equation which
takes into account the finite lifetime of the phonon mode as well as the non-
zero temperature of the external phonon bath. For weak driving, λ � ωp,
and ωp ≈ ωq ≈ ω � g, we move to a rotating frame and use the rotating
wave approximation (RWA) to map the Hamiltonian, Eq.(5.2), into Jaynes-
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5.3. Qubit-phonon coupling

Cummings form [178]

HRWA

~
=
ω̃q
2
σ3 + g(aσ+ + a†σ−) + ω̃pa

†a+ λ(a+ a†), (5.5)

where ω̃i = ωi − ω. Including the nonunitary dynamics associated with the
phonon-bath coupling, the master equation for the qubit-oscillator density
matrix ρ reads:

ρ̇ = − i
~

[HRWA, ρ] + (nB + 1)Γ
(
aρa† − 1

2
{a†a, ρ})

+ nBΓ
(
a†ρa− 1

2
{aa†, ρ}), (5.6)

where nB = 1/(e~ωp/kBT − 1) is the bath-mode Bose-Einstein occupation
factor, and kB is the Boltzmann constant.

Because of the phonon damping, in the long-time limit the system is
expected to tend towards a steady state, described by the density matrix ρ̄.
We study these steady states, found by setting ρ̇ = 0 in Eq.(5.6), using both
numerical and semiclassical analytical methods. In Figs. 5.4a,c we show
the steady-state phonon occupation probability distribution P (δω, n) as a
function of the drive frequency–phonon frequency detuning δω = −ω̃p and
the phonon occupation number n, for the case where the qubit and oscillator
frequencies are fixed and degenerate, ωq = ωp (see caption for parameter
values). Panels a and c compare the cases with and without qubit-oscillator
coupling. In Figs. 5.4b and 5.4d we show the averaged phonon occupation
number n̄(δω) =

∑
n nP (δω, n), which is closely related to the mean squared

resonator displacement in the steady state: X2 = x2 = `2
0(n̄+ 1

2
). For g 6= 0,

we observe a splitting of the oscillator resonance, which is characteristic of the
coupling to the two-level system, and can serve as an experimental signature
of the qubit-oscillator coupling. For drive frequencies near the split peaks, the
phonon number distribution is bimodal (Fig. 5.4f) showing peaks at n ≈ 0
and at high-n, indicating bistable behavior (see below).

For strong excitation, where the mean phonon occupation is large, we
expect a semiclassical approach to capture the main features of the system’s
dynamics [179, 180]. Extending the approach described in [179] to include
distinct values of the qubit, oscillator, and drive frequencies, ωq, ωp, and ω,
we derive semiclassical equations of motion for the mean spin and oscillator
variables (see appendix C.1). The steady-state values of the mean squared
oscillator amplitude obtained from the resulting nonlinear system are shown
in Fig. 5.4e. In the vicinity of the split peak we find two branches of sta-
ble steady-state solutions, indicative of bistable/hysteretic behavior [157].
The semiclassical results in Fig. 5.4e are in correspondence with the phonon
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5. Spin-phonon coupling in a CNT

number distribution in Fig. 5.4c, and explain its bimodal character. Simi-
lar oscillator instabilities have been used as the basis for a sensitive readout
scheme in superconducting qubits [181], and may potentially be useful for
mass or magnetic field sensing applications where small changes of frequency
need to be detected.

To predict the oscillator response to be detected via a charge sensor (see
below), we solve for the stationary state of Eq. (5.6) directly for a range of
driving frequencies, qubit-oscillator detunings (set by the magnetic field), and
temperatures T . In Figs. 5.4(g) and 5.4(h), we show the T = 0 and T = 50
mK root mean squared oscillator amplitude X ∝ √n̄+ 1/2 as function of
magnetic field B and drive frequency, for the case of a spin (S) qubit. The
value δB = 0 corresponds to resonant coupling ωq = ωp. These results also
apply for the Kx qubit, if the magnetic field axis is adjusted appropriately.
In the zero-temperature case, only half of the eigenstates ~ω± ≈ ~ωp ∓
~g2/(ωp−ωq) of Eq. (5.5) can be efficiently excited by the drive at fixed δB,
giving rise to the upper (lower) feature in Fig. 5.4g for δB < 0 (δB > 0).
However, for T & ~ωq, both branches of the Jaynes-Cummings ladder can be
efficiently excited (Fig. 5.4h). This is a distinct and experimentally accessible
signature of the strong coupling at finite temperature. Note that the vacuum
Rabi splitting is also observed (see arrows in Fig. 5.4d), but features arising
from nonlinearity in the strongly driven system dominate by more than 2
orders of magnitude.

5.4 Detection of the qubit-phonon coupling

Displacement detection of nanomechanical systems is possible using charge
sensing [158, 182], where the conductance of a mesoscopic conductor, such as
a QD or quantum point contact, is modulated via capacitve coupling to the
charged mechanical resonator. Furthermore, the qubit state itself can be read
out using spin-detection schemes developed for semiconductor QDs [183], or
by a dispersive readout scheme like that commonly used in superconducting
qubits coupled to microwave resonators [184]. The dispersive regime can be
rapidly accessed by, e.g., tuning the resonator frequency using dc gate pulses
which control the tension in the CNT [157].

5.5 Conclusion

In summary, we predict that strong qubit-resonator coupling can be real-
ized in suspended CNT QDs with current state-of-the-art devices. The cou-
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pling described here may find use in sensing applications, and in spin-based
quantum information processing, where the CNT oscillator enables electrical
control of the electron spin, and, with capacitive couplers, may provide long-
range interactions between distant electronic qubits [185, 165]. Combined
with control of the qubit via electron-spin-resonance [186], the mechanism
studied here could be utilized for ground-state cooling and for generating
arbitrary motional quantum states of the oscillator [164].
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Chapter 6

Nanomechanical read-out of a
single spin

This chapter is adapted from P. R. Struck, H. Wang, and G. Burkard, arXiv:1212.1569
(2012).
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6. Single Spin Read-Out

6.1 Summary

The spin of a single electron in a suspended carbon nanotube can be read
out by using its coupling to the nano-mechanical motion of the nanotube. To
show this, we consider a single electron confined within a quantum dot formed
by the suspended carbon nanotube. The spin-orbit interaction induces a
coupling between the spin and one of the bending modes of the suspended
part of the nanotube. We calculate the response of the system to pulsed
external driving of the mechanical motion using a Jaynes-Cummings model.
To account for resonator damping, we solve a quantum master equation, with
parameters comparable to those used in recent experiments, and show how
information of the spin state of the system can be acquired by measuring
its mechanical motion. The latter can be detected by observing the current
through a nearby charge detector.

6.2 Introduction

In the past few years, advanced manufacturing techniques have spawned
new interest in nano-mechanical devices. These are of interest for funda-
mental research as well for possible applications. In various experimental
setups the cooling of a nanomechanical resonator to its ground state has
been achieved.[7, 195, 194] It is now possible to study quantum features such
as the zero-point motion of objects much larger than the atomic scale.[196] As
mechanical motion can be coupled via a wide range of forces, nanomechani-
cal systems have been proposed for various applications such as mass[197, 8],
force[198], and motion[199] sensing. This versatility also makes hybrid sys-
tems of mechanical devices coupled to other systems possible candidates for
various applications in quantum information and communications. For ex-
ample, nanomechanical resonators have been proposed as qubits[200], optical
delay lines[201], quantum data buses[165], and quantum routers[202] among
others.

One of the challenges in building sensitive nano-electromechanical sys-
tems is to control thermal fluctuations. Only if the device operates at ener-
gies significantly higher than the thermal energy, one can expect to observe
quantum mechanical behavior in equilibrium. In this context, carbon is a
very promising building material because the resulting structures are very
light and stiff which leads to high resonance frequencies. Resonators made
of suspended carbon nanotubes (CNTs) are of special interest. They can be
produced almost free of defects and with radii on the scale of ≈ 1 nm and
lengths up to 1µm and in addition their bending mode is easily excited. Ex-
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perimentally it has been demonstrated that frequencies of more than 4 GHz
and quality factors of more than 100, 000 are achievable.[177, 157]

Coupling a localized electron spin to a nanomechanical resonator is of
particular interest because such a system may be used as a quantum memory
due to the relatively long spin lifetimes.[3] Carbon based materials with their
weak spin-orbit coupling due to the relatively low atomic mass of carbon and
the presence of only few nuclear spins is a promising material.[73] Recently
the readout of a single spin of the NV center in diamond has been used
to read out the oscillatory motion of the magnetized tip of an atomic force
microscope.[204, 164, 203, 205] However, the well-defined local field gradient
required for this setup is quite challenging. CNTs provide an entirely different
arena for the coupling of single spins to nanomechanical resonators and they
can potentially be integrated into scalable (2D) semiconductor structures.

Here, we propose a method for an all-electrical readout of the state of
a single electronic spin. We assume that the spin is confined to an os-
cillator consisting of a doubly clamped, suspended CNT. While previous
experiments[177, 157] make use of a charge transport measurement throught
the CNT, here we focus on the measurement of the amplitude of the vibrating
CNT via a close-by charge sensor, which could be a quantum point contact
(QPC) or a quantum dot (QD). Those devices have been shown to be sen-
sitive to charge fluctuations of far less than one elementary charge.[70, 206]
The coupling of the spin to the vibrational motion allows the read-out of the
spin state via measurements of the amplitude of the mechanical vibration.[10]
This scheme does not require optical access to the probe or time-dependent
magnetic fields which makes it potentially scalable.

6.3 Model

6.3.1 Setup

The setup under study is shown in Figure (6.1). It consists of a CNT sus-
pended over a trench with contacts on both sides and electrostatic gates
responsible for the electron confinement. Since the nanotube carries a net
charge, a constant (dc) voltage applied to a back gate can be used to tune
the mechanical resonance frequency. Furthermore, an ac voltage applied to
an external antenna or the back gate can be used to drive the motion of the
charged resonator [157, 10].

In order to obtain a well defined qubit, the fourfold degeneracy due to
the valley and spin degree of freedom of the CNT has to be lifted (note that
for the localized electron, the sublattice degree of freedom is frozen out).
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charge detector
back gate

nanotube antenna
electron

gate

Ī(t)

Figure 6.1: Schematic of the proposed setup of the carbon nanotube (CNT)
resonator with a quantum dot containing a single electron. The gates on both
sides of the CNT can be electrostatically adjusted to control the number of
confined electrons. The backgate is used to tune the resonance frequency of
the CNT into resonance with the splitting of the Zeeman sublevels of the
electron which make up the qubit. The charge sensing device in the vicinity
to the vibrating nanotube serves as a detection device for changes in the
amplitude due to the coupling of the spin to the vibrational motion. It can
be a quantum point contact (QPC) or a quantum dot (QD) which needs to
be operated in a regime where the current depends non-linearly on the gate
voltage. A current meter is used to measure a nonlinear current I which
flows through the device.

A magnetic field B parallel to the CNT axis in combination with the spin-
orbit coupling serves this purpose. Around a field of B∗ ≈ ∆SO/2µB two
orthogonal spin states within the same valley are split by the Zeeman en-
ergy ~ωq = µB(B−B∗). Here ∆SO refers to the intrinsic spin-orbit coupling
strength; the intervalley coupling ∆KK′ is assumed to be much smaller. In
the following we assume ∆SO = 370µeV and ∆KK′ = 65µeV as realistic
parameters.[84] The corresponding states in the opposite valleys are energet-
ically well seperated. Thus we can treat the system as an effective two level
system.

For the detection of the nano-mechanical oscillation we propose to use
that the position x(t) of the oscillating charged CNT modulates the current
through the charge sensor in a (generally) nonlinear way, i.e. I(t) = I0 +
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I1x(t)+I2x
2(t)+O(x3). This is the case, for example, when a QD is operated

at the maximum of a Coulomb blockade peak. This situation will be assumed
for following discussion. Furthermore, we assume that the frequency ωp of the
oscillator is much larger than the tunneling rate through the charge sensing
device. In this case, in lowest order the latter only probes a time averaged
squared displacement X2 = 1

τ

∫ τ
0
dtX2(t) where X2(t) = 〈x2(t)〉 = Tr(x2ρ(t))

with the oscillator density matrix ρ. In the expansion of I(t), only even-order
terms in x appear because xn = 0 for n odd. Higher order terms n > 2
are neglected because they contribute only weakly to the current for small
displacements x(t). Our goal in this chapter is to calculate the time-averaged
current I through the charge sensing device as a function of the spin state of
the electron.

6.3.2 Hamiltonian

In the following, we restrict our considerations to one polarization of the
bending mode of the CNT. The generalization to two modes is straight-
forward. When quantized, the resonator displacement x can be written as
x = l0√

2
(a + a†), where a and a† are phonon creation and annihilation op-

erators and l0 is the zero-point motion amplitude of oscillator. In principle
there are two ways in which the flexural phonons can couple to the spin. At
large phonon energies the usual deformation potential is dominant as it is
proportional to q2 where q is the phonon wave number. For lower energies
however the spin-orbit mediated deflection coupling ∝ q to flexural phonons
dominates.[175]. The resulting coupling strength g will be proportional to
both the spin-orbit coupling ∆SO and the zero-point amplitude l0.[?]

The system is described by the Jaynes-Cummings Hamiltonian

H = H0 +Hd (6.1)

with

H0 =
~ω̃q
2
σz + ~g(aσ+ + a†σ−) + ~ω̃pa†a, Hd = ~λ(a+ a†), (6.2)

where σz is a Pauli matrix acting on the spin qubit while a and a† are the
creation and annihilation operators for the phonons. The qubit and oscillator
frequencies in the rotating frame, ω̃q = ωq −ω and ω̃p = ωp−ω, are given as
detunings from the driving frequency ω. The driving strength λ is assumed
to be weak, i.e., λ � ωp. In the Jaynes-Cummings model a rotating-wave
approximation is incorporated which is valid as long as the driving frequency
ω is comparable to ωq and ωp.

83



6. Single Spin Read-Out

6.3.3 Master equation

In addition to the unitary evolution we include the damping of the CNT with
a rate Γ which can occur on the same timescale as the read-out via the charge
detection device. The spontaneous qubit relaxation γ = 1/T1, where T1

denotes the spin relaxation time, is neglected because of the very low density
of other phonon modes in the vicinity of the bending mode at frequency
ωp. Previously[10] we have shown that with state-of-the-art experimenental
techniques the strong-coupling regime, i.e. g � Γ, γ, is within reach. The
non-unitary dynamics are described by the quantum master equation for the
time evolution of the density matrix ρ

ρ̇ =− i

~
[H, ρ]

+ (nB + 1)Γ(aρa† − 1

2
{a†a, ρ})

+ nBΓ(a†ρa− 1

2
{aa†, ρ}).

(6.3)

Here nB = 1/(e~ωp/kBT − 1) refers to the Bose-Einstein occupation factor of
the phonon bath at temperature T . The Lindblad terms ∝ Γ correspond to
emission (absorption) of a phonon to (from) the phonon bath.

6.3.4 Analytical solutions

While solutions of the quantum master equation (6.3) cannot be given in
closed form, it is worthwhile studying the eigenstates of H0 first,

|ψn,+〉 = cos
α

2
| ↑ n− 1〉+ sin

α

2
| ↓ n〉, (6.4)

|ψn,−〉 = − sin
α

2
| ↑ n− 1〉+ cos

α

2
| ↓ n〉,

for n ≥ 1 and the special case of the ground state n = 0: |ψ0〉 = |0 ↓〉. Here,
we use the notation |nσ〉 for eigenstates of H0 with g = 0, i.e., a†a|nσ〉 =
n|nσ〉 and σz|nσ〉 = σ|nσ〉 and σ =↑, ↓≡ ±1. The mixing angle α is defined

by tanα = 2g
√
n

ω̃p−ω̃q
. In the resonant case α→ π/2. The eigenenergies are

En,± = ~ω̃p(n− 1

2
)± ~

√(
ω̃p − ω̃q

2

)2

+ g2n (6.5)

for n ≥ 1 and E0 = −~ ω̃q

2
. For n = 0, we have | ↓ 0〉 as the ground state.

The energy splitting between adjacent eigenstates (see Figure (6.2a)) in the
resonant case ω̃p = ω̃q is En+1,± − En,± = ± (~ω̃p + ~g(

√
n+ 1−√n)

)
and

En,+ − En,− = 2~g
√
n.
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Figure 6.2: (a) The eigenenergies of H0 are shown in red. The black dotted
lines correspond to the uncoupled, i.e. g = 0, case. Note that the ground
state is not modified by the coupling g. The coupling introduces a splitting
2g
√
n which is nonlinear in the phonon number n. (b) The time averaged

squared resonator displacement as a function of the detuning of the driving
frequency δω = ω− ωp for a fixed integration time of τ = 100µs. The upper
(lower) blue dashed line is the evolution at T = 0 mK of the initial state
| ↑ 0〉 (| ↓ 0〉). The strongest difference between the amplitudes of the two
aforementioned initial states is found for a detuning of δω/2π = ±0.07 MHz
(see mark C ). The upper and lower red solid lines correspond to the same
initial spin states at a temperature of T = 30 mK. The other parameters are
λ/2π = 0.04 MHz, ωp/2π = ωq/2π = 1.5 GHz, Γ = 5 · 104s−1, and g/2π =
0.3 MHz. At 30 mK the thermal energy kBT is 2.4 times smaller than ~ωq.
The letter A in both figures marks the transition from the ground state to the
first excited state with positive detuning. The line marked B corresponds to
the next transition between states with positive parity. A transition between
the states with negative parity requires a negative detuning. In between A
and B only two-phonon transitions can occur. The main peak around C at
δω ≈ 0.07 MHz is due to several transitions with the main contribution from
transtion between eigenstates |ψ4,+〉 → |ψ5,+〉. This is consistent with the
magnitude of the main peak around n ∼ X2/l20 ∼ 4. (Inset) The squared
amplitude of the CNT is shown as a function of time t for a detuning of the
driving frequency of δω/2π = 0.07 MHz. Within the first 10 ns the fast Rabi
oscillations with the frequency of the coupling strength g are damped and
following oscillations are caused by the driving strength λ. The resonator
reaches a steady state after an interaction time 1/Γ.
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6. Single Spin Read-Out

6.3.5 Initial states

Since we are interested in the read-out of the electron spin, we assume an
initial state in which the latter is in one of the two σz eigenstates. In the
case of T = 0 and an empty QD the osciallator is in its ground state |0〉 with
the zero-point amplitude l0. Directly after loading with an electron the state
of the system is |0 ↑〉 or |0 ↓〉. At temperatures T > 0, the distribution of
phonons obeys Bose-Einstein statistics and we obtain

|Ψ(σ)〉T = |σ〉 ⊗ 1

Z

∞∑
n=0

e−n~ωp/kBT |n〉 (6.6)

as a initial state, where σ =↑, ↓ and Z =
∑∞

n=0 e
−n~ωp/kBT is the parti-

tion function. Experimentally, the state preparation could be performed
using techniques that have been established in conventional semiconductor
QDs.[207] Raising one of the gates well above the two Zeeman-split qubit
levels allows an electron to hop onto the CNT. Provided gelµBB � kBT, g,
where gel is the electron g-factor, µB the Bohr magneton, and B the mag-
netic field, the probability for finding either Zeeman sublevel to be populated
is 1/2. A subsequent measurement will then reveal which state was pre-
pared. If the measurement is delayed by a time τ , then the population of the
higher-energy spin state will decay as ∼ exp(−τ/T1).[70]. To demonstrate
the coupling between spin and phonon and to study the read-out this random
filling method is sufficient. For possible application in quantum computing,
a controlled state preparation is necessary. In this case ferromagnetic leads
could be used as has already been demonstrated for nanotubes deposited on
a substrate.[208]

6.4 Results

6.4.1 Continuous driving

We first solve the master equation (6.3) for the case of T = 0 numerically and
calculate the squared oscillator displacement which is proportional to the cur-
rent through the charge detection device, in this case a QD. We assume that
the oscillator frequency of the fundamental bending mode of the nanotube
ωp/2π = 1.5 GHz is matched by the Zeeman splitting ωq/2π of the electron
spin (the zero point motion for this case amounts to l0 = 2.5 pm). At this
frequency the ground state energy of the oscillator is 2.4 times smaller than
the thermal energy at T = 30 mK. Experimentally, frequencies of suspended
nanotubes between 120 MHz and 4.2 GHz have been reported.[177, 209] The
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coupling strength is chosen to be g/2π = 0.3 MHz which is much larger
than the damping of the CNT, Γ = 0.05MHz. Together with the sponta-
neous relaxation of the qubit γ which is negligible the device can be op-
erated in the strong-coupling regime, i.e. g � Γ, γ. The driving strength
λ/2π = 0.04 MHz is chosen to be large enough to compensate for the damp-
ing but weak enough not to dominate over the effect of the spin-phonon
coupling.

In the inset of Figure (6.2b) the response of the oscillator at temperature
T = 0 is plotted as a function of the driving time t beginning from the initial
preparation of the spin state as described above. The driving frequency
is detuned from the resonant oscillator and qubit frequencies ωp = ωq by
δω = ω − ωp. The value of δω/2π = 0.07 MHz is found to give the largest
difference in amplitude with respect to both initial spin orientations as we
discuss below.

A considerable difference between different initial spin states in the squared
amplitude (and therefore in the measured current) can be observed. For the
initial state |0 ↑〉, see inset of Figure (6.2b), after the inital fast Rabi oscil-
lations with a frequency g disappear (on a timescale ≈ 10 ns), the dynamics
are governed by the slower Rabi oscillations at the frequency of the drving
strength λ. The evolution of the initial state |0 ↓〉 shows only little effect
of the driving. This can be explained by the nonlinearity introduced by the
(strong) spin-phonon coupling in the Jaynes-Cummings Hamiltonian (6.1).
When driving with frequencies detuned less than (

√
2 − √1)g ≈ 0.12 MHz

from resonance, the probability to leave the ground state is much less than
for all other states.

Typically, the charge detector is too slow to follow the instantaneous
motion of the resonator, and it will thus detect an averaged signal I ∝ X2

caused by the vibrating charge. In the main part of Figure (6.2b) we plot
the integrated averaged squared resonator displacement X2 as a function of
the detuning of the driving frequency δω. As an integration time we choose
τ = 100µs; however, any integration time τ of more than 30µs was found to
yield a useful signal.

The peaks can be explained with the help of the spectrum (Figure (6.2a))
of the Jaynes-Cummings Hamiltonian (6.2). Whenever the driving frequency
hits a resonance, energy is absorbed by the oscillator which results in an
increased amplitude. While only positive detuning are shown here, note
that the result for negative detunings is exactly the same. The peak at
δω/2π = 0.3 MHz = g/2π, denoted by A, for initial state | ↓ 0〉 for example
is caused by a strong resonant coupling between the ground state | ↓ 0〉 and
the dressed state |ψ1,+〉. Note that the smaller peaks between A and B are
due to two-phonon processes which are less pronounced because of the weak
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6. Single Spin Read-Out

driving. The main peak C centered around 0.07 MHz is due to transitions
between states of equal parity, i.e. |ψn,+〉 → |ψn+1,+〉 with n ≥ 1. The line
B marks the transitions |ψ1,+〉 → |ψ2,+〉 which corresponds to a detuning
of the driving frequency of δω ≈ 0.12 MHz. The main contribution to the
large peak C comes from the transition |ψ4,+〉 → |ψ5,+〉 which corresponds
to 0.07 MHz. This is consistent with the peak hight of X2 ≈ 25 pm which
in turn corresponds to a phonon number n ∼ X2/l20 ∼ 4. The individual
transitions cannot be resolved because the lines are broadened due to the
finite damping of the CNT. Note however that a finite damping is essential
to allow for non-resonant transitions which enable population of higher state.
The large energy gap between the ground state and the first excited state
due to the nonlinearity of the spectrum is the reason why the two spin states
| ↑〉 and | ↓〉 can be resolved.

In Figure (6.2b) the solid red lines show the integrated amplitude in the
case of a finite temperature of T = 30 mK. Qualitatively, the same features
are observed as for T = 0 but in this case the integrated amplitude for the
initial state |ψ(↓)〉 is larger because of the thermal distribution of oscillator
in |ψ(↓)〉, containing a small admixture of |1 ↓〉 and higher states, in addition
to |0 ↓〉. We also note that the width of the peak is only little affected by
the finite temperature and is still goverend by the damping of the CNT.

6.4.2 Variable driving

To achieve the most efficient read-out scheme we strive to increase the con-
trast in the integrated amplitude between spin up and down. A way to
achieve this is to change the driving frequency as a function of time. This
compensates for the fact that the frequencies of higher transitions are smaller
than those of the lower transitions. From Figure (6.2a) we see that the tran-
sition frequencies between states of same parity scales with g

(√
n+ 1−√n)

(see above). For the sake of simplicity in the following we change the fre-
quency once to demonstrate the principle, but this method could be opti-
mized to further increase the contrast. To achieve the maximum contrast,
i.e. the difference between the integrated amplitudes for the two initial states
with different spin orientations, we switch the frequency at the point right
before the squared amplitude reaches its maximum. The parameters used
are the same as in the case of continuous driving. The time at which the
driving frequency is switched from 1500.070 MHz to 1500.036 MHz is 19µs.

The result is shown in Figure (6.3a). We clearly observe an increase in the
squared amplitude of the resonator for the case of the initial state |ψ ↑〉 while
the evolution of the other initial state is barely affected. To demonstrate the
effectiveness of the driving scheme, we also plot the response of the system
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Figure 6.3: (a) The squared amplitude as a function of the elapsed time t
is shown for the cases of continuous (dashed blue), pulsed (dotted yellow),
and variable (solid red) driving. The same parameters are used as in Figure
(6.2). The driving frequency ω is changed at the time t = 19µs right be-
fore the amplitude is largest. (b) The three curves corredspond to the same
modes of driving. Each curve shows the difference between the two corre-
sponding squared amplitudes (on the left y-axis) and current (on the right
y-axis) integrated over an interval given by the time τ in the x-axis, which
is proportional to the average current I↑ − I↓ through the QD. The variable
driving scheme results in an increase in current by a factor of about 2.
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when the driving is switched off at 19µs. As expected, this causes the current
to decay exponentially with a rate Γ. This pulsed driving results in lower
contrast as long as the integration time τ is on the same order as the time
scale 1/Γ given by the damping and not considerably longer.

To demonstrate the feasiblility of our proposal we use a simple model
of a QD capacitively coupled to the vibrating charge distribution on the
CNT to derive an estimate for the current fluctuations. In the linear (low-
bias voltage) regime, the current is given by I(Vgate) = VsdG(Vgate). The
conductance G(Vgate) is assumed to be a Lorentzian as a function of the gate
voltage which, due to capacitive coupling of QD and charged CNT, in turn
depends on the squared average displacement X2 of the CNT. The average
displacement X itself is zero. To get an estimate of the capacitance we use
a simple toy model in which both the QD and he charged CNT are tubes
of finite length l and equal diameter. While this is a relatively crude model,
it gives a lower limit as we show in the Appendix. Expanding both the
capacitance as well as the current I up to second order in X and in the limit
of a tube radius much smaller (1 nm) than the distance between the CNT
and the QPC (d = 50 nm) we obtain

I(X) = I0 + I2X2 = VsdG0

(
1− 4e2

π2∆V 2ε2
0l

2d2
X2

)
, (6.7)

where G0 is the maximum conductance G0 = 2e2/h and ε0 the vacuum
permittivity. We assume ∆V = 0.1 mV[210], Vsd = 250µV,[70] and l =
100 nm. With these values we find a constant background current I0 ≈ 20 nA.
The change in current for a maximum average squared amplitude of 83 pm
(cf. Figure (6.3a)) is I2X2 ≈ −0.83 nA, which corresponds to a fluctuaction
in the current of about 4.2% to be detected. In Figure (6.3b) we show
both the integrated difference in average squared amplitude as well as the
corresponding current for the two different initial states for the three kinds
of driving as.

6.5 Conclusion

In conclusion, we have theoretically shown how the spin state of an electron
coupled to a nanomechanical resonator can be read out through an adjacent
charge sensor. Here, we have studied the case where the charge sensor is
a quantum dot, but similar considerations hold for the case of a quantum
point contact, with a slightly altered value of I2. The read-out scheme is
all-electrical and requires no optical access to the device nor any magnetic
field gradients which is a promising in view of its potential for scaling to
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many qubits. We presented a numerical study of the read-out using realistic
experimental parameters. We use a simplified model of the QD and the
system geometry to demonstrate that with currently available experimental
techniques spin read-out via the mechanical motion should be possible. For
small detuning of the driving frequency we observe a maximum contrast
between initial states with spin-up and spin-down. The contrast decreases
with increasing temperature but is still significant at dilution refrigerators
temperatures. We have also shown that more elaborate driving schemes in
which the driving frequency is a function of time can lead to a large increase
in contrast. Additional refinements may be used to further increase the
amplitude of the resonator and thus the sensitiveity and speed of the spin
readout.

91



6. Single Spin Read-Out

92



Appendix A

Direct spin-phonon coupling

93



A. Direct spin-phonon coupling

A.1 Generalized spin-orbit coupling

In flat graphene the (acoustic) phononic modes with perpendicular polarisa-
tion (ZA-modes) are decoupled from the in-plane modes. It can be shown
that they do not contribute to a spin-relaxation process via the admixture
mechanism.

We extend the well-known spin-orbit Hamiltonians[87] for the case of a
curved graphene layer. Such a curvature can be either static or induced
by phonons or zero-point fluctuations. For small distortions, i.e. long wave-
lengths, the normal vector of the graphene plane can be written as

n̂(z) = ẑ +∇uz(x.y) (A.1)

where uz(x.y) is the strain field representing the Z-phonons. With this we
can write down the generalised spin-orbit Hamiltonians

Hint = n̂ · s σzτ (A.2)

= ∆int

0
0
1

+

∂xuz∂yuz
0

 ·
sxsy
sz

σzτ (A.3)

= ∆intszσzτ + ∆int [∂xuzsx + ∂yuzsy]σzτ (A.4)

= H1
int +H2

int (A.5)

with si and σi being Pauli matrices acting on the real and pseudo spin re-
spectively. Similarly, we obtain for the Rashba term

HR = ∆R (s× σ) · n̂ (A.6)

= ∆R

sxsy
sz

×
σxσy

0

 ·
∂xuz∂yuz

1

 (A.7)

= ∆R (syσx − sxσy) ·∆R (−σy∂xuz + σx∂yuz) sz (A.8)

= H1
R +H2

R (A.9)

A.2 ZA phonons

The phonon operator for graphene1 can be written in its general form as

u(x, y) =

√
~√

2NMωq

ε
(
eiq·rb† + e−iq·rb

)
(A.10)

1Mind the factor of 2 in the denominator which comes from the fact that the triagonal
Bravais lattice has a two-atomic basis.
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A.2. ZA phonons

where ε is the polarisation vector which is is simply (0, 0, 1). It seems not to
be entirely clear how the exact dispersion relation of the ZA phonons looks.
Some literature [95] claims that the ZA phonons have a quadratic dispersion
relation ωq = µq2 with a constant µ =

√
C44ρ which depends on the force

constant 2 C44 = 1.1 eV and the 2d density ρ = 3.8 kg/m2. Due to finite
size effects a linear linear dispersion ωq = sZAq for small values of q might
occur at small energie. This has been shown theoretically for graphenen
nanoribbons.[97] So to be on the safe side we calculate results for both cases.

With this we can calculate

∂x,yuz =
i
√

~√
2NMµ

qx.y
|q|
(
eiq·rb† − e−iq·rb) (A.11)

for a quadratic dispersion relation and

∂x,yuz =
i
√

~√
2NMsZA

qx.y√
q

(
eiq·rb† − e−iq·rb) (A.12)

for a linear dispersion relation. Terms which contain the phonon destruction
operator b will drop out in our calculations because we the initial state is
assumed to be the phonon vacuum. Furthermore, due to the absence of in-
tervalley scattering we restrict our calculations to the K-valley and therefore
set τ = +1. Thus we can write

Hint =
i∆int

√
~√

2NMωq

(qxsx + qysy)σze
iq·rb† (A.13)

HR =
i∆R

√
~√

2NMωq

(qyσx − qxσy) szeiq·rb† (A.14)

2Sometimes also refered to as κ.
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B. Schrieffer-Wolff Transformations

B.1 First Schrieffer-Wolff Transformation

The generator of the first Schrieffer-Wolff transformation must fullfill the
relation [iS1, H0] = −HT . As the part of the Hamiltonian H0 only contain
number operators, i.e., is quadratic or quartic in the fermion operators, one
can deduce, that iS must have the same structure as the tunnel Hamiltonian
HT , up to a prefactor containing either constants or number operators. With
such an ansatz, the generator of the first Schrieffer-Wolff transformation is
found to be

iS1 = (B.1)∑
i,k,σ

ti,k
εk − εi − Uiniσ̄ c

†
kσaiσ −

t?i,k
εk − εi − Uiniσ̄ a

†
iσckσ

=
∑
i,k,σ

ti,k

[
1− niσ̄
εk − εi +

niσ̄
εk − εi − Uiniσ̄

]
c†kσaiσ − h.c.

This transformation removes the interaction term of first order in the tun-
neling amplitude, but instead generates higher order interactions starting in
second order of t. The new interaction Hamiltonian H

(1)
T = 1

2
[iS1, HT ]+O(t3)

becomes

H
(1)
T =

∑
i,kq,σ

J ikqSi · skq (B.2)

+
−1

2

∑
ij,k,σ

Akija
†
iσajσ

+ dot double empty/filling terms

+ spin independent lead scattering-terms

The first term resembles the Kondo model. The spin of the quantum dot
Si =

∑
σσ′ a

†
iσ σσσ′ aiσ′ couples to the band spin skq =

∑
σσ′ c

†
kσ σσσ′ cqσ′ .

The coupling strength is given by

J ikq = t?i,qti,k

[
1

εk − εi −
1

εk − ε1 − U1

+
1

εq − εi −
1

εq − ε1 − U1

]
. (B.3)

The second term describes a direct tunneling of one quantum-dot electron to
another dot with the effective coupling strength

Akij = t?i,ktj,k

[
1− niσ̄
εk − εi +

niσ̄
εk − εi − Ui +

1− njσ̄
εk − εj +

njσ̄
εk − εj − Uj

]
(B.4)
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B.2. Second Schrieffer-Wolff Transformation

with σ̄ denoting the opposite spin orientation of σ. This term can also lead
to a spin exchange in fourth order, so it is not negligible. The further parts
of Eq. (B.2) include processes, which change the occupation of one quantum
dot by two electrons, and spin-independent scattering of continuum electrons
at one dot.

B.2 Second Schrieffer-Wolff Transformation

For the second Schrieffer-Wolff Transformation, the procedure is very sim-
ilar. Using the ansatz for iS2 that resembles the second order part of the
interaction term, derived by the first transformation. However, as one is in
the end interested in the fourth-order parts of the Hamiltonian, which couple
two quantum dot spins and conserve the quantum dot occupation number,
one only needs to consider the first two parts of Eq. (B.2). The generator for

the transformation therefore can be written as iS2 = iS
(a)
2 + iS

(b)
2 with

iS
(a)
2 =

∑
i,kq,σ

1

εk − εq J
i
kqSi · skq (B.5)

iS
(b)
2 =

−1

2

∑
ij,k,σ

1

εi + Uiniσ̄ − εj − Ujnjσ̄A
k
ija
†
iσajσ

The other second order terms finally drop out in the end, when the Hamil-
tonian is projected on the subspace of single occupied quantum dots. For
the regrouping of terms in Eq. (4.7-4.11), one needs the symmetry of the
expressions under the replacement 1↔ 2 and k ↔ q.
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C. Details of the spin-phonon coupling calculations

C.1 Effective quantum dot Hamiltonian

In the following, we derive Hamiltonian (1) of the main text, which describes
the spectrum of a quantum dot formed in a straight, suspended carbon nan-
otube, in the absence of phonons (i.e. in a static tube). As usual, we start
from a tight-binding description of a graphene sheet, which is then rolled up
with the condition of periodic boundary conditions. Using the conventions as
in Weiss et al. [187], this gives the following Hamiltonian for the longitudinal
degree of freedom

H0 = vFpzσ2 + ∆gσ1 + t̂ · s τ3(σ1∆1 + ∆0) + V (z). (C.1)

Here z and t̂ represent the coordinate and unit vector in the direction of the
tube, vF is the Fermi velocity, σi,τi, and si are Pauli matrices in sublattice,
valley and spin spaces, respectively. Note that to translate between the
convention used here and that used in e.g. Ref. [190], σ1 must be replaced
by τ3σ1. The energy gap between the valence band and the conduction band
is 2∆g, where ∆g = ~vF (ν/3R) + ∆c with 2∆c being the curvature induced
minigap, which is typically of order 10 meV, but proportional to cos 3θ, where
θ is the chiral angle of the tube. For nominally metallic tubes, ν = 0. The
spin-orbit interaction has two terms, one that is diagonal in sublattice (the ∆0

term) and one which is off-diagonal (the ∆1 term). The spin-orbit interaction
connects the spin projection along the tube axis to the K,K ′ (valley flavor)
quantum number through the prefactor (t̂ · s)τ3. The microscopic derivation
of this Hamiltonian can be found in Refs. [188, 189, 190]. Finally, the term
V (z) describes the confining potential of the quantum dot. It is assumed to
be smooth on the atomic scale and hence has no sublattice structure.

Furthermore, an applied magnetic field couples to both the spin and or-
bital degrees of freedom. The coupling to the orbital degree of freedom
appears through the Aharonov-Bohm flux, which modifies the boundary con-
dition of the circumferential wave vector and hence changes ∆g. In total, the
Hamiltonian due to magnetic field is

HB = Horb +Hs, Horb = −µB(l/~)σ1τ3t̂ ·B, Hs =
1

2
gµB s ·B, (C.2)

where l = mvFR.
There are several ways to arrive at the Hamiltonian in Eq. (1) in the

main text. Here we will assume a hierarchy of energy scales, typical of many
experimental realizations of nanotube quantum dots, namely

∆g � EL � EB, ESO, EKK′ , (C.3)
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C.1. Effective quantum dot Hamiltonian

where EL is the level spacing due to longitudinal quantization and EB, ESO,
and EKK′ are the energy changes due to the external magnetic field, spin-
orbit coupling, and valley mixing, respectively. This allows us to first solve
for the dot wavefunction in absence of these three contributions and then
project onto a single longitudinal mode.

In passing we note that in order to get more information about depen-
dence of the orbital magnetic moment and spin-orbit coupling on the number
of electrons in the quantum dot, one has to be more precise and use a spe-
cific form of the confining potential, e.g. assuming a square well potential,
as in Refs. [86, 187]. This was done in Refs. [191, 192], where a method to
experimentally extract the two spin-orbit parameters ∆0 and ∆1, as well as
µorb, was shown.

Now imagine that one has solved for the case without magnetic field,
spin-orbit coupling, and mixing between K and K ′. This gives a set of
longitudinal wavefunctions, each one four-fold degenerate due to the spin
and valley degrees of freedom. The energy splitting between these shells is
EL � EB, ESO, EKK′ . We label these states by the valley and spin quantum
numbers τ = ±1 and s = ±1, respectively, which indicate corresponding
eigenvalues under τ3 and sz. Projected onto eigenstates of the spatial coor-
dinates z and c (the circumferential coordinate), the wave function in the
envelope-function representation has the form[187]

〈(z, c)|τ, s〉 =
eiτk⊥c√

2πR
φ(z)ησ ⊗ χs ⊗ χτ , (C.4)

where k⊥ = − ν
3R

is the wave vector associated with the gap, ησ = 1√
2
(1 1)T

is a pseudospinor describing the sublattice degrees of freedom, χs and χτ
describe the spin and valley degrees of freedom, respectively, χ+ = (1 0)T

and χ− = (0 1)T, and the precise form of the envelope wave function φ(z)
depends on the confining potential.

We can now take matrix elements with respect toHB andHSO = t̂ · sτ3(σ1∆1+
∆0) and also a term describing the microscopic disorder that couples valleys:
HKK′ = VKK′ , where VKK′ is a short-range disorder potential depending on
the longitudinal and circumferential coordinate operators. (Note that short-
range disorder can be systematically incorporated into the envelope-function
description, see e.g., Refs. [193, 172].) This procedure will produce a Hamil-
tonian of the form in Eq. (1) in the main text,

H =
∆so

2
τ3(s · t) + ∆KK′τ1 − µorbτ3(B · t) + µB(s ·B),

103



C. Details of the spin-phonon coupling calculations

with

∆so = 2〈+|σ1∆1 + ∆0|+〉, (C.5)

∆KK′ = 〈−|VKK′|+〉, (C.6)

µorb =
evFR

2
〈+|σ1|+〉. (C.7)

Here the kets |±〉 stand for the orbital states with τ = ±1. Note that in
general, the valley-mixing term can include both τ1 and τ2, but an appropriate
unitary transformation in the valley space can be used to put it into the form
above with real ∆KK′ .

C.1.1 Derivation of the coupling to vibrations

Next we look at how the vibrations couple to the four states of the quan-
tum dot. The amplitude of the tube is in terms of the harmonic oscillator
raising/lowering operators given by

u(z) = f(z)
`0√

2

(
a+ a†

)
, (C.8)

where we focus on a single vibrational mode. The coupling to the spin is via
the change of the tangent direction given by

δt̂ =
du

dz
x̂, (C.9)

where x̂ is perpendicular to the tube and in the plane of the vibration. The
interaction Hamiltonian then becomes

Hs,vib = δt̂ · s τ3(σ1∆1 + ∆0)− µorbτ3σ1δt̂ ·B. (C.10)

As above, we now project onto a single longitudinal mode, thus taking matrix
elements of Hs,vib in the basis |τ, s〉. Such matrix elements involve form
factors like

〈τ, s|σif ′(z)|τ ′, s′〉 = δττ ′〈τ, s|σif ′(z)|τ, s′〉 = δττ ′δss′Fi,τ . (C.11)

At this point we note that the coupling is small for a symmetric dots and
even harmonics, because the F factors then tend to cancel, see discussion
in the main text. The effective Hamiltonian for coupling between the four
states of the quantum dot and the vibration now becomes

Hs,vib =
`0√

2

(
a+ a†

) {sxτ3(F1∆1 + F0∆0)−Bxτ3µorbF1} . (C.12)
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C.2. Qubit-phonon couplings

We see from Eq. (C.12) that the coupling of the vibrations to quantum dot
states have different form factors from what one would get by simply setting
(C.9) into Eq. (1) of the main paper. However, when the energy scales are
clearly separated as in (C.3) the eigenstates |τ, s〉 are eigenstates of σ1 (which
can be seen from (C.1)) and therefore F0 = F1 (for the conduction band).
Therefore, we do not need to take into account the different form factors in
(C.12), which simplifies the analysis and we can write F0 = F1 = 〈f ′〉. In
this language Eq. (C.12) becomes

Hs,vib =
`0√

2

(
a+ a†

) {sxτ3∆SO −Bxτ3µorb} 〈f ′〉 , (C.13)

which is the result used in the main text.
As mentioned the expression (C.13) was derived under the assumption

that the gap dominates over the longitudinal size quantization energy, which
is valid for few-electron quantum dot. However, it is important to note
that one could easily extend this to the more general case at higher energies
by including the difference in form factors F0 and F1 without changing the
conclusions and structure of our results qualitatively.

C.2 Qubit-phonon couplings

We treat three different qubit realizations in the main text: the spin qubit (S),
the Kramers qubit in a magnetic field perpendicular to the carbon nanotube
(CNT) (Kx), and the Kramers qubit in a parallel-to-CNT magnetic field
(Kz). Below, we express the three qubit Hamiltonians H̄s, H̄Kx and H̄Kz

as functions of system parameters and CNT deformation. To clarify the
correspondence with the Jaynes-Cummings Hamiltonian in Eq. (2) of the
main text, we list the formulas for the qubit frequency, the qubit-phonon
coupling, as well as numerical estimates for the latter, in Table C.1.

C.2.1 Spin-phonon coupling

At the finite value

B∗ =
∆so

2µB

√√√√1− 4∆2
KK′

∆2
so

(
µ2

orb

µ2
B
− 1
) (C.14)

of a longitudinally-applied magnetic field, the quantum dot (QD) energy
spectrum shows a crossing of the energies of a pair of spin states belonging
to the same valley (see Fig. 2 of the main text). Around this point these two
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C. Details of the spin-phonon coupling calculations

levels are energetically well separated from the other QD levels. We call this
two-level system the spin qubit (S). If the dynamics is restricted to these two
levels, it can be described by the following effective Hamiltonian:

Hs = µBsz(B −B∗) +
∆so

2

du

dz
sx (C.15)

where we assume that the effect of valley-mixing is negligible, ∆KK′ = 0.
Averaging over the z coordinate using the charge density n(z) of the electron
occupying the CNT QD yields

H̄s ≡
∫
dzn(z)Hs(z) = µBsz(B −B∗) +

∆so

2
sx

∫
dzn(z)

du

dz

≡ µBsz(B −B∗) +
∆so

2
sx

〈
du

dz

〉
. (C.16)

C.2.2 Kramers qubit-phonon coupling in a perpendic-
ular magnetic field

At zero magnetic field, the ground state of the CNT QD, i.e., the ground
state of the Hamiltonian H in Eq. (1) of the main text, is formed by a pair
of time-reversed states (Kramers pair). The twofold degeneracy is main-
tained even in the presence of spin-orbit interaction and valley mixing. At
small enough magnetic field these two states split up, but they remain en-
ergetically well separated from higher-lying states. We call this two-level
system the ‘Kramers qubit’ [176] in a perpendicular field (Kx). [Similar con-
siderations hold for the first excited Kramers pair, i.e., the two higher-lying
energy eigenstates of H in Eq. (1) of the main text.] These energetically split
states, in the absence of CNT deformation, will be denoted here as |+〉 and
|−〉. Starting from the Hamiltonian H in Eq. (1) of the main text, averaging
over z using the electron density n(z), and incorporating the effect of the
two higher-lying states on |+〉 and |−〉 via a second-order Schrieffer-Wolff
transformation, we find that the dynamics restricted to the Kramers qubit
in the presence of an external magnetic field B = Bxx̂ and CNT deformation
u(z) is described by the Hamiltonian

H̄Kx =Bx

[
σ3

2µB∆KK′√
∆2

so + 4∆2
KK′

− σ1

〈
du

dz

〉(
µorb∆so√

∆2
so + 4∆2

KK′

+
µB∆2

so

∆2
so + 4∆2

KK′

)]
.

(C.17)

Here, σ1,3 are the Pauli matrices in the qubit basis, i.e., σ3 = |+〉〈+|−|−〉〈−|
and σ1 = |+〉〈−|+ |−〉〈+|.
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C. Details of the spin-phonon coupling calculations

C.2.3 Kramers qubit-phonon coupling in longitudinal
magnetic field

In the absence of CNT deformation, a parallel-to-CNT magnetic field splits
two low-energy Kramers doublet of H in Eq. (1) of the main text. We call
this two-level system the Kz qubit, and denote the two qubit states as |+〉
and |−〉 in this subsection. Starting from the complete Hamiltonian H in Eq.
(1) of the main text, averaging over z using the electron density n(z), and
applying a second-order Schrieffer-Wolff transformation to describe the effect
of the higher-lying Kramers pair to the Kz qubit, we find that the dynamics
of the latter in the presence of an external magnetic field B = Bzẑ and CNT
deformation u(z) is described by the Hamiltonian

H̄Kz = Bz

[
σ1

〈
du

dz

〉
µorb2∆KK′∆so

∆2
so + 4∆2

KK′
− σ3

(
µB +

µorb∆so√
∆2

so + 4∆2
KK′

)]
.

(C.18)
As before, σ1,3 are the Pauli matrices in the qubit basis, i.e., σ3 = |+〉〈+| −
|−〉〈−| and σ1 = |+〉〈−|+ |−〉〈+|.

C.2.4 Deformation of the CNT

All three qubit-phonon Hamiltonians H̄s, H̄Kx and H̄Kz resemble the Jaynes-
Cummings Hamiltonian of cavity quantum electrodynamics. This becomes
more apparent if we express the z-dependent displacement u(z) in terms of
phonon annihilation a and creation a† operators:

u(z) = f(z)
`0√

2
(a+ a†). (C.19)

Here f(z) is a dimensionless function describing the shape of the standing-
wave bending phonon mode under consideration (normalization:

∫
f 2(z)dz =

L) and `0 is the ground-state displacement of that mode.

As apparent from Table C.1, the qubit-phonon coupling vanishes if g ∝
〈f ′〉 ≡ ∫

dz df(z)
dz
n(z) = 0. Therefore, g vanishes if the setup is perfectly

left-right symmetric along the CNT (z) axis and a bending mode with an
even number of nodes is considered. To have a finite qubit-phonon coupling,
either the left-right symmetry of the setup must be broken or a flexural mode
with odd number of nodes should be considered. In the main text and also
here we treat the second case: we investigate the coupling of the first excited
flexural phonon (1 node) to the various qubits.
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C.3. Semiclassical equations of motion

The displacement field of the first harmonic of the resonator can be ap-
proximated by

f(z) = −
√

2 sin

[
2π

L

(
z +

L

2

)]
, (C.20)

where we assume that the CNT is suspended at points z = −L/2 and z =
L/2. Approximating the charge density with a step function symmetrically
covering the length fraction ξ of the suspended part of the CNT, we obtain

〈f ′〉 = −
∫ ξL/2

−ξL/2
dz

1

ξL

2π

L

√
2 cos

[
2π

L

(
z +

L

2

)]
=

2
√

2

L

sin πξ

ξ
(C.21)

The fraction sin(πξ)/ξ is ∼ 1 if ξ is smaller than 1, and therefore we make
the approximation 〈f ′〉 ≈ 2

√
2/L in the numerical estimates appearing in

the main text and in Table C.1.

C.3 Semiclassical equations of motion

In this section we develop semiclassical equations of motion for the cou-
pled qubit-oscillator system, valid in the regime of large oscillator excitation.
We follow the procedure of Ref.[179], this time allowing for different qubit
(ωq), oscillator (ωp), and drive (ω) frequencies. Our aim will be to find a
closed set of equations for the time dependence of the expectation values of
the oscillator and qubit coordinates, 〈a〉, 〈σ−〉, and 〈σz〉. We evaluate the
time derivatives of these observables using d

dt
〈O〉 = Tr[ρ̇O], with the time-

dependence of the density matrix given by Eq.(4) of the main text (below
we set ~ = 1),

ρ̇ = −i [HRWA, ρ]+(nB+1)Γ

(
aρa† − 1

2
{a†a, ρ}

)
+nBΓ

(
a†ρa− 1

2
{aa†, ρ}

)
,

with nB = 1/(eωp/kBT − 1) and HRWA = ω̃q

2
σ3 + g(aσ+ + a†σ−) + ω̃pa

†a +
λ(a + a†). Here, in the rotating frame, the reduced frequencies are given by
ω̃i = ωi − ω. The qubit-phonon coupling is denoted by g, and the strength
of the external driving field is denoted by λ.

Using the commutation rule aa† = a†a+ 1 and the cyclic property of the
trace, Tr[AB] = Tr[BA], we find:

〈ȧ〉 = (−iω̃p − Γ/2) 〈a〉 − iλ− ig 〈σ−〉〈
σ̇−
〉

= −iω̃q
〈
σ−
〉

+ ig 〈aσ3〉
〈σ̇3〉 = −2ig

(〈
aσ+

〉− 〈a†σ−〉) .
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We close this set of equations by neglecting correlated fluctuations between
the qubit and oscillator degrees of freedom, factoring the averages as 〈aσ3〉 ≈
〈a〉 〈σ3〉 and 〈aσ+〉 ≈ 〈a〉 〈σ+〉. Using 〈σ+〉 = 〈σ−〉∗ and

〈
a†
〉

= 〈a〉∗, and as
in Ref.[179] defining the complex variables z = 〈a〉 and v = 2 〈σ−〉, and a
real variable m = 〈σ3〉, we obtain

ż = −(iω̃p + Γ/2)z − i

2
gv − iλ (C.22)

v̇ = −iω̃qv + 2igmz (C.23)

ṁ = −ig(zv∗ − vz∗). (C.24)

In this representation, the real and imaginary parts of z describe the oscilla-
tor coordinate and momentum, the complex variable v describes the x and
y Bloch vector components of the qubit state, and m describes the qubit
polarization.

The dynamics described by the nonlinear system in Eqs. (C.22)–(C.24)
can be quite complex. Here we focus on steady state solutions, ż = 0, v̇ =
0, ṁ = 0. Setting v̇ = 0 in Eq. (C.23), and introducing over-bars to indicate
steady state values, we obtain

v̄ =
2g

ω̃q
m̄z̄. (C.25)

Note that ṁ = 0 is automatically satisfied under this condition, see Eq. (C.24).
Within the semiclassical description, and in the absence of decoherence

acting directly on the spin, the variables v and m describe a vector of unit

length, |v|2 +m2 = 1. Using Eq. (C.25) for v̄, we find m̄2 =
(

1 + 4g2

ω̃2
q
|z̄|2
)−1

.

Taking the square root of both sides gives

m̄± = ±
(

1 +
4g2

ω̃2
q

|z̄|2
)−1/2

, (C.26)

where the subscript ± indicates two branches of solutions to the square root.
Setting ż = 0 in Eq. (C.22), and using Eqs. (C.25) and (C.26), we find that
the oscillator amplitude in the steady state satisfies the relation

λ2

|z±|2 = (Γ/2)2 +

ω̃p ± g2√
ω̃2
q + 4g2|z±|2

2

. (C.27)

Self-consistent solutions to Eq. (C.27) can easily be found numerically.
In many parameter regimes, multiple solutions exist due to the non-linearity
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introduced by the qubit-oscillator coupling. As shown in Fig.3e of the main
text, the branches of stable fixed points match well with the peaks in the
phonon number distribution, indicating the utility of the semi-classical ap-
proach.

Along with the presence of multiple solutions, we expected the typical
manifestations of multistable behavior, such as hysteresis and sharp instabil-
ities. The sensitivity to the steady state oscillator amplitude near instability
points where stable steady-state solutions disappear may be useful for sens-
ing applications. Closely related behavior has already proved quite useful in
providing a sensitive read-out mechanism for superconducting qubits.[181]

C.4 Interpretation of results for charge-sensing-

-based detection

As stated in the main text, the oscillatory motion of the CNT resonator
can be detected using a charge sensing scheme in which the conductance of
a mesoscopic conductor, such as a QD or quantum point contact, is mod-
ulated via capacitive coupling to the charged mechanical resonator. At a
given source-drain bias on the mesoscopic conductor, the current depends
on the displacement u of the resonator due to their capacitive coupling. A
nonlinear dependence of the current on the resonator displacement is desired
for displacement sensing, I(t) ≈ I0 + I1u(t) + I2u

2(t). Such a dependence is
present in, e.g., a QD tuned to the middle of a Coulomb-blockade peak (cor-
responds to I1 = 0 and I2 < 0), or to the onset of a Coulomb-blockade peak
(I1 > 0 and I2 > 0). Here we show that under such conditions, and neglect-
ing detector back-action on the oscillator, the steady-state time-averaged
current 〈I〉 through the charge-sensing mesoscopic conductor is sensitive to
the steady-state average number n̄ of phonons in the oscillator. Therefore,
the results plotted in Fig. 3b, d, g, h of the main text can be interpreted
as being proportional to the measured signal 〈I〉 − I0 in the charge-sensing
setup described above, hence that setup would allow for the experimental
confirmation of the predicted features.

The steady-state time-averaged current 〈I〉 through the charge-sensing
conductor is given by

〈I〉 = lim
τ→∞

1

τ

∫ τ

0

dt I(t) = I0 + I2 lim
τ→∞

1

τ

∫ τ

0

dt u2(t). (C.28)

The instantaneous square displacement is expressed with the steady-state
density matrix ρ̄ and the position operator x(t), both represented in the
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rotating frame, as

u2(t) = Tr
{
ρ̄x2(t)

}
= Tr

{
ρ̄

[
`0√

2
(ae−iωt + a†eiωt)

]2
}

(C.29)

Substitution of this expression to Eq. (C.28) yields

〈I〉 − I0 = I2`
2
0

(
n̄+

1

2

)
, (C.30)

as stated above.
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Capacitve coupling of nanotube
and charge sensor
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D. Capacitve coupling of nanotube and charge sensor

Based on the physical properties of the CNT resonator, we have calcu-
lated its spin-dependent mean squared resonator amplitude X2 after external
driving. We propose to read out the spin via the influence of the oscillating
resonator on the current through a carge sensing device in the vicinity of the
CNT. Here, we provide a simplified electrostatic model of the system which
we use to estimate the capacitive coupling. In the following we assume the
charge sensing to be performed by a QD (similar considerations hold for the
case of a quantum point contact).

The measured curent is given by I(Vgate) = VsdG(Vgate) with a fixed bias
voltage Vsd and a conductance G(Vgate). The latter depends on the gate
voltage Vgate and it is modulated by the oscillating charged CNT due to the
capacitive coupling to the QD. We assume the QD to be operate in the low-
bias regime so that only a single energy level is within the bias window. In
this case the (two-terminal) conductance G as a function of the gate voltage
is given by a Lorentzian

I(Vgate) = VsdG(Vgate) = VsdG0
∆V 2

∆V 2 + 4(Vgate − V0)2
(D.1)

where the conductance at resonance is one unit of the quantum of con-
ductance, G0 = 2e2/h, with a factor of 2 accounting for the spin. The
width of the Coulomb peak around the center voltage V0 is assumed to
be ∆V = 0.1 mV.[210] At 30 mK a broadening of the conductance due to
temperature is therefore negligible. The gate voltage which depends on
the displacement x in the case of a single charged CNT is simply given by
Vgate = −e/C(d+ x).

To find a simple analytical expressions for the the capacitance for the
proposed setup, we use a simple toy model which captures the most essential
features of our proposed setup. The shapes of both the charge distribution
on the CNT as well as the conducting island of the QD are approximated as
tubes of length l and diameter a. In the case of d = 50 nm, a = 2 nm, and
l = 100 nm, i.e., a < d < l, the capacitance is given by C(d + x) = πε0l

ln( d+x
a

)

where ε0 is the vacuum permittivity. A plate capacitor of equal area of the
plates would have a smaller capacitance for all values of d as long as the
condition d � a holds for the two wires. Because in the proposed setup
the conducting island of the QD resembles more a plate than a wire our toy
model underestimates the actual capacitance and the result should be taken
as an estimate of a lower limit.

To get a simpler expression we want to expand Eq. (D.1) up to second
order in x. We show that this is a good approximation by comparing the
fluctuation in gate voltage caused by the oscillating CNT δVgate to the width
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of the Coulomb peak ∆V . As shown in Figure (6.3b), the maxium x is less

than 10 pm. For this value we find δVgate = −e
(

1
C(d+x)

− 1
C(d−x)

)
≈ 0.02 mV

which is much smaller than ∆V = 0.1 mV. Expanding Eq. (D.1) up to
second order in x yields Eq. (6.7), where I0 is the current with the CNT at
rest. For a bias voltage of Vsd = 250µV we find I0 ≈ 20 nA. The change
in current for a maximum average squared amplitude of 83 pm (cf. Figure
(6.3a)) is I2X2 ≈ −0.83 nA. In Figure (6.3b) we plot the difference between
the currents for the states with initial spin orientation ↑ and ↓ where the
background current I0 cancels.
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