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Abstract—In this paper we consider a coupled system of nonlinear parametrized partial differential equations (P2
DEs),

which models the concentrations and the potentials in lithium-ion batteries. The goal is to develop an efficient reduced
basis approach for the fast and robust numerical solution of theP2

DE system. Numerical examples illustrate the efficiency
of the proposed approach.
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I. I NTRODUCTION

The modelling of lithium-ion batteries has received an
increasing amount of attention in the recent past. Sev-
eral companies worldwide are developing such batteries
for consumer electronic applications, in particular, for
electric-vehicle applications. To achieve the performance
and lifetime demands in this area, exact mathematical
models of the battery are required. Moreover, the multiple
evaluation of the battery model for different parameter
settings involves a large amount of time and experimen-
tal effort. Here, the derivation of reliable mathematical
models and their efficient numerical realization are very
important issues in order to reduce both time and cost in
the improvement of the performance of batteries.

In the present work we consider a mathematical model
for lithium-ion batteries which describes the transport
processes by a partial differential equation system. This
model is developed in the paper by Popov et al. [17]. The
physical and chemical details can be found in [13] and
[14]. The equation system models a physico-chemical
micro-heterogeneous battery model.

We discretize this by the finite volume method and the
backward Euler method. The reduced basis methodology
for by finite volumes discretized systems can be found
in [10]. The discretized model is reduced by the reduced
basis method [16]. Our numerical tests will illustrate the
efficiency of this approach.

A popular battery model is the one developed by New-
man [4], [15], which was implemented and tested [5]. Let
us also refer to the work [6], where a different battery
model is derived. For an equation system which describes
a physico-chemical macro-homogeneous battery model
the well posedness is shown by Wu et al. [19].

II. BATTERY MODEL

PDE Model

LetΩ ⊂ R be an open interval, which is divided in three
disjunct open sub-intervalsΩc, Ωe, Ωa ⊂ R, see Figure
2.1. For tend > 0 we defineQ ∶= Ω × (0, tend) and let
c, φ ∶ Q → R and α, β, λ, κ ∶ R

2
→ R, the notations

positive electrode
electrolyte

negative electrode

Ωc Ωe Ωa

BUTLER-VOLMER-equation

Fig. 2.1. Structure of the considered battery domain

can be found in Table 1.2 in the appendix. The transport
processes in a battery, i.e. transport of mass and charge,
are described by the equations [17]

∂c

∂t
−∇ ⋅ (α (c, φ)∇c + β (c, φ)∇φ) = 0 (2.1a)

−∇ ⋅ (λ (c, φ)∇c + κ (c, φ)∇φ) = 0 (2.1b)

in Ωc × (0, tend), Ωe × (0, tend) andΩa × (0, tend), where
“∇” denotes the gradient and “∇⋅” the divergence.

The positive electrode isΩc (cathode for discharge),
the electrolyteΩe and the anodeΩa (anode for dis-
charge).

Boundary/Interface Conditions

The boundary conditions are

∂c

∂ν
= 0, φ = 0 on (∂Ω ∩ ∂Ωc) × (0, tend) (2.2a)

∂c

∂ν
= 0,

∂φ

∂ν
= − I

σa

on (∂Ω ∩ ∂Ωa) × (0, tend) (2.2b)

where ν is the outer unit normal vector,I ∶ R
+
→ R

(time-dependent current) andσa ∈ R
+/{0} (electric con-

ductivity multiplied with the cross section). The initial
condition is given by

c(x, t0 = 0) = c0 (x) , x ∈ Ω (2.3)

http://nbn-resolving.de/urn:nbn:de:bsz:352-206769


The interface conditions are given by

− (α (c, φ)∇c + β (c, φ)∇φ)
=
⎧⎪⎪⎨⎪⎪⎩
I (cec, cc, φec, φc) ∣(0,tend)

in (∂Ωc ∩ ∂Ωe)−I (cea, ca, φea, φa) ∣(0,tend)
in (∂Ωe ∩ ∂Ωa) (2.4a)

− (λ (c, φ)∇c + κ (c, φ)∇φ)
=
⎧⎪⎪⎨⎪⎪⎩
J (cec, cc, φec, φc) ∣(0,tend)

in (∂Ωc ∩ ∂Ωe)−J (cea, ca, φea, φa) ∣(0,tend)
in (∂Ωe ∩ ∂Ωa) (2.4b)

where cea is the concentration in the electrolyte at the
negative electrode interface:

cea (t) = lim
h→0

c (x∣
Ωe∩Ωa

− h, t)
and h > 0 is small enough, i.e.x∣

Ωe∩Ωa
− h ∈ Ωe.

Analogously

cec (t) = lim
h→0

c (x∣
Ωe∩Ωc

+ h, t)
cc (t) = lim

h→0

c (x∣
Ωe∩Ωc

− h, t)
ca (t) = lim

h→0

c (x∣
Ωe∩Ωa

+ h, t)
for sufficient smallh > 0. The variablesφc, φa, φec, φea
are defined in the same way. We writecs for the concen-
tration in the solid part, i.e. in the negative and positive
electrode, andce for the concentration in the electrolyte,
φs andφe are analogously denoted. The scalar functions
I ∶ R4

→ R andJ ∶ R4
→ R are defined by

I (ce, cs, φe, φs) =J (ce, cs, φe, φs)
F

J (ce, cs, φe, φs) =k
√

ce

c0e

√
cs

c0s

√
1 − cs

cs,max

⋅ 2 sinh( F

2RT
(φs − φe −U0 (cs)))

where F = 96486 A⋅s
mol

is the Faraday constant,R =
8.314 A⋅V ⋅s

K⋅mol
is the gas constant andT > 0 [K] is the

temperature. The functionU0 ∶ R → R is the over
potential and depends on the concentrationc in the
electrodes. The coefficient functions are defined as

α (c, φ) ∶=De (c, φ) + RT

F 2

(t+ (c, φ))2 κ (c, φ)
c

[cm2

s
]

β (c, φ) ∶= κ (c, φ) t+ (c, φ)
F

[ mol

V ⋅ cm ⋅ s]
λ (c, φ) ∶= RT

F

t+ (c, φ)κ (c, φ)
c

[A ⋅ cm2

mol
]

where the transference numbert+ is zero in the elec-
trodes and larger than zero in the electrolyte andκ
is the ionic/electric conductivity;κ, t+, De ∶ R

2
→ R.

To measure the battery parameters experimentally it is
assumed, that they are polynomials inc andφ.

The homogeneous Neumann boundary conditions for
the concentration (2.2) mean that no flux of lithium(-ions)

can pass through. The inhomogeneous Neumann bound-
ary condition for the potential is Ohm’s law, the homo-
geneous Dirichlet boundary condition have no physical
meaning. It ensures the uniqueness of the solution if one
exists.

The interface conditions describe the exchange of the
lithium-ions at the interfaces which are modeled by the
Butler-Volmer-equation [1].

For physical reasons we assume that

c (x, t) ≥ 0∀x ∈ Ω, t ∈ (0, tend)
We remark that the coefficient functionsα and κ are

larger than zero for physical reasons: the diffusivityDe

and the conductivityκ are larger than zero. Because of
the definition of the transference numbert+ the coeffi-
cient functionsβ andλ are equal or larger than zero.

Discretization of the Problem

We discretize the partial differential equation system
(2.1a)-(2.1b) with the appropriate boundary (2.2) and
interface conditions (2.4) by the cell centered finite
volume method. We divide thereforeΩc in Nc ∈ N, Ωe in
Ne ∈ N andΩa in Na ∈ N,ND = Nc+Ne+Na, equidistant
control volumes of the width∆x. We use the method of
lines and solve the equation system for every time step.
The time step size is∆t. The integrals over the spatial
we approximate by the middle point rule, the integrals
over the time by the backward Euler method, for details
cf. [17]. These discretized equations are implemented in
MATLAB 7.10.0 (R2010a).

III. R EDUCED BASIS METHOD

Initial Point

We consider a parametrized PDE which we want to
solve for many parameter sets, e.g. for parametric studies.
The better the numerical model approximates the phys-
ical phenomenon, the more expensive the computation
gets. So in some cases e. g. a parameter analysis needs
too much effort, because a single computation is too
expensive. Therefore one has to develop a reduced model
to get cheap solutions.

The reduced basis method is based on the discretized
model: the idea is to compute a “few” times an expensive
solution to different parameter sets which are in the range
of interest. With the knowledge of these so called “true”
solutions basis vectors are computed. The approach is
that the reduced solutions in the parameter set of interest
are linear combinations of these basis vectors.

An assumption is that the error between the “exact”
analytical solution and the “true” numerical solution is
small in contrast to the error between the “true” and the
“reduced” solution.

A big advantage of the present method is that you
determine the error between the true and reduced solution
during “developing” your reduced model (→ Greedy
algorithm). A further property is that the method has
two phases: the offline computation in which the reduced



model is set which fulfills the given error tolerance and
in which the needed true solutions are computed and
the online phase in which the reduced solution(s) are
computed. The offline part is expensive and the online
phase is cheap.

Approach

In the following we have to resolve how to choose the
true solution and how to estimate the error between the
reduced and true solution. The (POD-)Greedy algorithm
ensures both issues.

We now describe how to apply the reduced basis
method on our battery model. The transport equations of
the battery (2.1a)-(2.1b) depend on many parameters: on
geometrical parameters (e.g. the width of the electrode)
on state parameters (e.g. temperature) and on battery
parameters (e.g. the diffusion coefficient). We note these
parameters withµ ∈ D and assume that all these different
parameters are polynomials inc and φ, some are of
course constant and so polynomials of the degree zero.

We write uN ∈ XN for a piecewise linear functions,
its coefficient are denoted withuN ∈ R

N . The discretized
problem is now the following: Find auN ∈ XN so that

F
N (uN ;µ) =0

⇔ ⟨FN (uN
;µ) , vN ⟩W =0 ∀vN ∈ XN (3.1)

where the mass matrixW is in the present case given by
W =∆x ⋅ 1 ∈ R

N×N .
We approximate the finite volume space by aN -

dimensional spaceXN which is spanned by “snapshots”.
A snapshot is a true solution to a specific parameter set
µ ∈ D and time nodet ∈ (0, tend). We assume now, that
we have a (orthonormalized) basisΞ = (ξ1, . . . , ξN) ∈
R
N×N of this space and that the reduced solution can be

written as

u
N (µ) = N

∑
j=1

θ
uN

j (µ) ξj (3.2)

If we replaceuN in equation (3.1) byuN of equation
(3.2) and choosevN = ξi ∈ R

N we get:

Ξ
T ⋅W ⋅ FN (θuN (µ) ⋅Ξ;µ) = ∶ FN (θuN (µ))

=0 (3.3)

The start vector for the coefficient vector for Newton’s
method one can get by

u
start

coeff (µ) = ΞT ⋅W ⋅ uN (⋅, t0 = 0;µ)
To find a basis we use for our time dependent problem

the POD-Greedy algorithm, cf. algorithm 1 and [10]. It
consists of two loops: the outer loop is the “standard”
Greedy, cf. for instance [16], which finds the new pa-
rameter set to which the error between the reduced and

true solution is the largest. For this we need a problem
specific error estimator; an error estimator for a linear
by finite volumes discretized problem can be found in
[10]. The inner loop reduces the trajectoryuN (⋅, tn;µ∗)
in time with the POD (proper orthogonal decomposition)
algorithm. This algorithm returns for each snapshot ma-
trix uN (µ) ℓ ∈ N eigen-/basis vectors. One can state the
number of basis vectors or the projection error of the
POD method. For details to the POD algorithm cf. for
instance [11], [18].

Usually we take an error estimator to estimate the error
between the true and reduced solution to each parameter
of the discretized parameter set. Until now we have no
error estimator for the present problem, so we compare
the true solution to a parameter set of the training set,
to the reduced solution computed by the so far reduced
basis vectors. The functionu(i)RB (µj) is the reduced
solution constructed byi basis functions evaluated at the
parameter setµj ∈ Dtrain ⊂ D.

Algorithm 1 POD-Greedy algorithm, c.f [10]
Require: ● Limit the parameter range, discretize the

parameter setDtrain = {µ1, . . . , µNP
}

● Ξtrain = {uN (µ1) , . . . , uN (µNP
)}, uN (µi) ∈

R
Nx×Nt , ∀i ∈ {1, . . . ,NP }

● Choose a tolerance for the Greedy:TOLGreedy

● Choose the exactness for the POD basisper ∈
[0,1], it is just a measurement for the projection
error (or directly choose the number of POD
basis elements in each “Greedy step”ℓ).

Ensure:
1: Initializing:

● Chooseµ(1) ∈ Dtrain→ ξ̃(1) ∈ Ξtrain

ξ(1) = POD (ξ̃(1)) ∈ R
Nx×ℓ(1) , with the POD

toleranceper
● Set: i = 2, ǫ = 1

2: while i ≤ NP andǫGreedy> TOL do
3: [µ(i), ǫ] =maxj∈{1,...,NP } ∣u(i−1)RB (µj) − uN (µj) ∣
4: ξ̃(i) = POD (uN (µ(i)))NT

n=0
∈ R

Nx×ℓ(i) , where
uN (µ(i)) ∈ Ξtrain

5: (ξ(1), . . . , ξ(i))
= Gram-Schmidt(ξ(1), . . . , ξ(i−1), ξ̃(i))

6: end while

An essential property of the reduced basis method is
that you can decompose the computation into an offline
and online phase.

Offline: After determination of the set of parameter
sets and the accuracy of the reduced solutions,
we start the Greedy algorithm to compute the
basis vectors, the true solutions to the chosen
parameters respectively. The offline phase is
computationally expensive and so the reduced
basis method is only worth if you want to solve
the equation system many times.

Online: In the present case we have to compute the



coefficient vector for the basis to the different
parameter sets. We get it by the damped New-
ton’s method. This phase is cheap.

The big advantage of the reduced solution is that
you know how good your reduced solution approximates
the true solution. A big disadvantage is, that if you
change your parameter ranges you usually have to do
the expensive offline computation again.

RBM applied on the battery model

In the following we explain how to apply the reduced
basis method on our discretized problem (3.1).

We denote byFN1 (C,Φ) ∶ RN × R
N
→ R

N equation
(2.1a) with boundary and interface conditions discretized
by the finite volume method, analogouslyFN2 (C,Φ) ∶
R
N × R

N
→ R

N stands for the finite volume discretized
equation (2.1b) with the boundary and interface condi-
tions.
We choose a parameter training set forC andΦ1:

Ξ
C
train = (cN (µ1) , . . . , cN (µNP

))
Ξ

Φ

train = (φN (µ1) , . . . , φN (µNP
))

Let us assume that we have a basis matrix forC

ΨC = (ψc
1, . . . , ψ

c
NBC
) ∈ R

ND×NBc and for Φ ΨΦ =

(ψφ
1
, . . . , ψ

φ
NBφ

) ∈ R
ND×NBφ then the reduced models,

reduced functions respectively, are given by

(Ψc)T ⋅W ⋅ (FN1 (Ψc
Ccoeff ,Ψ

φ
Φcoeff)) != 0 (3.4a)

(Ψφ)T ⋅W ⋅ (FN2 (Ψc
Ccoeff ,Ψ

φ
Φcoeff)) != 0 (3.4b)

We should add that the snapshots forΨc and Ψφ are
taken at the same parameter sets (outer POD-Greedy),
but the number of the POD basis elements could differ
to achieve the same accuracy (inner POD-Greedy).

A further issue is how to choose the next parameter
in the (POD-)Greedy algorithm. The error estimation we
have to do for two functionsc and φ. So we usually
get two different parameter valuesµc and µφ, where
the L2-errors of the concentration and of the potential,
respectively, attain their maximum values. Then, we
choose the parameterµ ∈ {µc, µφ} corresponding to the
greaterL2-error of both.

IV. N UMERICAL EXPERIMENTS

In this section we apply the reduced basis method to
the discretized equations describing the transport pro-
cesses in a lithium-ion battery (3.1). The step size in
spatial is∆x = 1µm, the time step size∆t = 5s and we
computeNt = 10 time steps. The Newton tolerance to
compute the true solution is set10−6 relatively and10−9

absolutely. The discretization error of the finite volume
solution isǫFVM = O ( 1

100
).

1One can also choose different training set, e.g. cf. [7]

pos. electrode electrolyte neg. electrode

De, [ cm
2

s
] 1.0 ⋅ 10−9 7.5 ⋅ 10−7 3.9 ⋅ 10−10

κ, [ A
V ⋅cm

] 0.038 0.002 1.0

c0, [mol
cm3
] 0.020574 0.001 0.002639

cmax, [mol
cm3
] 0.02286 0.02639

U0, [V ] 0.001 0

t+, [−] 0 0.2 0

k, [ A
cm2
] 1.3716 ⋅ 10−4 5.2780 ⋅ 10−7

N⋅, [−] 10 30 10

A⋅, [cm2] (50 ⋅ 10−4)2 (50 ⋅ 10−4)2

TABLE 4.1
BATTERY PARAMETERS, [17]

The Newton tolerance for the reduced solution is10−5.
So theL2-error between the finite volume and reduced
solution is at best less than

ǫL2 = 10−5 ⋅Nx ⋅Nt = 0.005 =∶ ǫGreedy

The tolerance of the POD method is set99%, cf. for the
POD method for instance [18].

Our “standard” battery parameter set is listed in table
4.1, notations can be found in Table 1.2 in the appendix.
We charge the battery with1.5913 ⋅ 10−8A which corre-
sponds to1C-rate and set the temperatureT = 300K.

Test 1

In this subsection we variate the open circuit voltage
in the positive electrode:µ = Uc ∈ [0.001,4.501]. We
discretize this parameter set with the equidistant step
width∆Uc = 0.1V . So we have a46-dimensional training
set for the parameter. All the other parameters are fixed,
cf. Table 4.1.

In Figure 4.1 and 4.2 the finite volumes solutions
chosen by the first two iterations of algorithm 1 are
presented. The associated parameters areUc = 3.001V

andUc = 4.501V . The concentration seems to be less sen-
sitive to the circuit voltage than the electrical potential.
TheL2-error for the concentration becomes worse after
the second Greedy step, but already after the first Greedy
step the error is smaller than theL2-error tolerance
ǫL2 and stays smaller; theL2-error for the electrical
potential gets denotative smaller with the information of
a second true solution, cf. Figure 4.3 and 4.4. The same
observation can be done for theL∞-error which is not
presented here. The basis functions are shown in Figure
4.5: they have the same “structure” as the finite volume
solutions for one fixed time step and there is just one
basis function for each Greedy step.

The speed up of the reduced solution in comparison
to the true solution is17.54.

Test 2
In this section we variate a few parameters:

µ = {Dec,Dee,Dea, t+, kc, ka}
The subscriptc denotes the parameter in the pos-

itive electrode, e in the electrolyte anda in the
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Fig. 4.1. Test 1: Finite volume solution fort the concentration (left)
and the potential (right) forUc = 3.001V
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and the potential (right) forUc = 4.501V
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concentration (left) and the potential (right).
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Fig. 4.5. Test 1: Basis functions for the first Greedy step forthe
concentration (left) and the potential (right).

negative electrode. We choose the following param-
eter set range: for the diffusion coefficientsDec ∈[1.0 ⋅ 10−9,1.1 ⋅ 10−9], Dee ∈ [7.5 ⋅ 10−7,7.6 ⋅ 10−7],

Dea ∈ [3.9 ⋅ 10−10,4.0 ⋅ 10−10], the transference num-
ber t+ ∈ [0.2,0.3] and the reaction rateskc, ka ∈
[0.02,0.022]. We discretize the parameter set in the
following way: for the diffusion coefficients we choose
the boundary values, for the other parameters we also
take the boundary values and a value in between. With
this discretization we get a216-dimensional trainings
set. All the other parameters are fixed like in table 4.1
noted, but in contrast to the previous subsection the POD
tolerance is set1 − 1 ⋅ 10−8%.

The graphical results are listed in the Figures 4.6 and
4.7: In Figure 4.6 the finite volume solutions for the first
parameter set can be seen. The first parameter set is the
one denoted in table 4.1. TheL2-error of the reduced
solutions in comparison to the finite volume solution
is for the concentration smaller than10−5 and for the
electrical potential10−4 to all 216 parameter sets. The
L∞-error is smaller than10−3 for the concentration as
well as for the potential after one Greedy step. The basis
functions are plotted in Figure 4.7: there are four basis
functions for the concentration and three for the potential.
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Fig. 4.7. Test 2: Basis functions after the first Greedy step for the
concentration (left) and the potential (right).

TheL2-error between the reduced solution and the true
solution is after one Greedy step smaller than theL2-error
toleranceǫL2 to all 216 parameter set. That means that
just the information of one computational expensive true
solution is needed to compute the reduced solutions to
all 216 parameter sets with an acceptable error.

The speed up of the reduced solution in comparison
to the true solution is12.37.

V. D ISCUSSION

In the present document we do the same approach like
in [10].

The reduced basis approach works for the transport
equation in a lithium-ion battery: in the above numerical



Notation
c, [mol

cm3
] concentration of the lithium/lithium-ions

φ, [V ] electrical potential

α, [ cm
2

s
] coefficient function

β, [ mol
V ⋅cm⋅s

] coefficient function

λ, [A⋅cm
2

mol
] coefficient function

I, [A] current

De, [ cm
2

s
] diffusion coefficient

κ, [ A
V ⋅cm

] electric/ionic conductivity
c0, [mol

cm3
] start concentration of lithium in the

electrodes/electrolyte
cmax, [mol

cm3
] maximum of lithium the electrode can store

U0, [V ] open circuit potential
t+, [−] transference number
k, [ A

cm2
] reaction rates

N⋅, [−] number of control volumes
A⋅, [cm2] cross section

TABLE 1.2
NOTATIONS OF THE BATTERY PARAMETERS

tests there are at most two Greedy steps needed to reach
theL2-error toleranceǫL2 . If the knowledge of all finite
volume solutions to the training set is needed, the method
would not be sufficient. In the above numerical tests
we see that the limiting factor is the potential: for the
concentration one Greedy step is sufficient but for the
potential we need in some cases an additional Greedy
step.

The application of the reduced basis method to this
problem is not completed yet: We have to develop an
a posteriori error estimator so that we do not have to
compute all true solutions to the discretized parame-
ter set. Further the computational time of the reduced
solutions in comparison to the finite volume solutions
for the presented numerical tests are fast but not so
fast as it could be. In every Newton step we have to
evaluate the nonlinearities completely. Also we have no
affine parameter dependence. If you have a linear(ized)
affine parameter dependent problem you can separate the
parameter dependence from the bilinear form and from
the linear form. To get an affine parameter dependent
problem as well as a linearized problem we have to
apply the (discrete) empirical interpolation method, cf.
for instance [2], [3].
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APPENDIX

NOTATION

In Table 1.2 one can find some notations for the battery
parameters.
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