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Foreword 
This PhD Thesis started with the very idea that some information about grain boundaries (GB) 
could be extracted from Light Beam Induced Current (LBIC) maps line scans suggested to me by 
Prof. G. Hahn as a possible subject of interest to someone who likes dealing with theoretical 
problems. 

Starting from the model developed in 1983 by Prof. C. Donolato, further models aiming at 
describing and investigating LBIC line scans of more realistic situations were developed within 
this PhD thesis. These analytical models allowed a more thorough understanding of the charge 
carrier diffusion phenomena occurring during an LBIC measurement. The combination of high 
level mathematical theories and of high computation efforts finally delivered many very 
interesting conclusions. 

Developing these models I saw many times in publications that some part of the 
demonstrations leading to the proposed models were ‘obvious’ or ‘tedious and essentially trivial 
calculation’ and therefore not mentioned. I would not have had any problems with these 
assertions if the final result would have been the correct one and if I would not have had the goal 
to understand in great detail these ‘obvious’ or ‘tedious and essentially trivial calculations’ in 
order to improve such models. 

Therefore, without wanting to blame anyone, I decided to explain in great length these 
‘obvious’ calculations down to the point that they can be followed by someone with an 
undergraduate level in mathematics. Therefore I refer nearly only to undergraduate books of 
mathematics, except for special functions for which the necessary extents to the bachelor level 
are provided.  

It is obvious to me that in applied physics the use of any equation is very limited if one 
cannot compute it. I decided therefore to provide the method I used to compute efficiently some 
equations for which computations issues arose. 

‘An image is worth more than a long talk’ as it is said at least in France. I therefore decided 
to illustrate a lot of issues by means of numerical simulations. The choice of computing 
numerical simulations rather than the result of an analytic expression for these representations 
stems from the fact that most of the represented quantities are not of direct interest regarding 
the final result of the models and are rather complex to derive analytically.  

I then realized that the ‘image’ was not enough by itself for a thorough understanding of 
my message and thus I provided as well the ‘talk’ which, because of the complexity of the 
presented notions, could be ‘long’ in many cases. 

I finally want to say that despite every critic on the model of Donolato, precisely because of 
its lack of applicability in real situations, I tried to provide nearly 30 years later the 
improvements necessary for its wider application in real situations. I hope this contribution to 
be understandable and serious enough to provide a strong and reliable basis to researchers that 
would like to further improve these models, perhaps in 30 years… 

’It is hard to be one in knowledge and practice’ 
Buddha 

‘Knowledge, Consciousness, and Imagination’ 
H. Laborit ‘Decoding the human message’ 
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General introduction 
 

Solar electricity, also known as photovoltaics (PV), is a technology that generates direct current 
(DC) electrical power from semiconductors when they are illuminated by photons 
[HEGEDUS'03]. While the most widespread ways to produce electrical energy presently presents 
problems (and potential problems) in terms of availability of resources (coal, oil, natural gas, 
uranium) and environment (greenhouse effect, unsuccessful recycling of nuclear waste etc.), 
photovoltaics is far less concerned by these problems. The source of energy is the sun light, thus 
essentially infinite, and the most widespread photovoltaics technologies are based on silicon 
that is the second most abundant element in the earth crust.  

The basic working principle of solar cells is the photovoltaic effect that is the absorption 
by a semiconductor of photons with energies larger than the band gap by creation of electron-
hole pairs (ehps). These ehps can be separated and led to opposing terminals where they are 
extracted to perform work in an external circuit. 

In wafer based technology, bricks or ingots of silicon are cut into thin slices (wafers) that 
are processed to solar cells and assembled to solar modules. 

Addressing the high costs of purification of quartz to produce electronic grade silicon, 
photovoltaic research developed cheaper refining processes compared to microelectronics 
leading to sub-ppm densities of impurities without a too large decrease of solar cell efficiency. 
Additionally, the crystallization process was also simplified leading to higher yield and lower 
price at the expense of having multicrystalline silicon (silicon composed of 0.1 mm to 1 cm sized 
crystals) instead of monocrystalline silicon. 

Multicrystalline silicon is therefore of major interest for low cost solar cells. The main 
reason for the lower performance of multicrystalline silicon solar cells in comparison to 
monocrystalline ones is the detrimental influence of the grain boundaries. The grain boundaries 
affect the performance by a current drop due to recombination and by a voltage drop induced 
by local fixed charges as well as a result of the reduced current. 

On the one hand, the global influence of grain boundaries can be investigated by 
monitoring the loss in cell performance. On the other hand it is possible to make an advanced 
investigation of a single isolated grain boundary. 

Semiconductor grain boundaries (GB) have been extensively characterized by [SEAGER'80, 
OUALID'84, MENG'00]. These studies revealed that the transport properties across GBs involve 
complex phenomena like e.g. an injection dependent potential barrier induced by charged 
defects at the GB influencing its recombination strength [OUALID'84]. A complete study 
therefore involves several characterization techniques on one isolated grain boundary like e.g. 
capacitance voltage measurements on a silicon bicrystal [SEAGER'80]. 

In general, a GB can hardly be considered isolated in real multicrystalline silicon and 
therefore spatially resolved measurement techniques like LBIC (light beam induced current) or 
EBIC (electron beam induced current) are often used for a quantitative analysis. As only the 
overall result of all the different phenomena occurring at the GB can be straightforwardly 
investigated using LBIC or EBIC measurements, the effective surface recombination velocity 
(Seff) is the only GB parameter that can be extracted exploiting these measurements. By 
reducing the GB to a discrete surface affected by Seff, analytic models based on the time 
independent minority carrier diffusion equation can be derived and allow the reliable 
extraction of Seff for various GB arrangements encountered in real multicrystalline silicon. 

Donolato derived theoretical expressions for EBIC and LBIC contrast profiles 
[DONOLATO'83] that are profiles normalized to the signal infinitely far from the GB (also called 
plateau level or background current) assuming, among other, that Ldiff is the same on either side 
of the GB. Then, von Roos and Luke [V. ROOS'84] demonstrated that if Ldiff is significantly 
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different from either side of the GB (L1, L2) and the SRV is relatively low, Donolato’s expression 
leads to erroneous results. They later demonstrated, assuming the same diffusion length 
everywhere, that when there is a second GB (with SRV S2) at a distance w of the order of the 
diffusion length or below from the first (with SRV S1), the profiles are strongly distorted and 
Donolato’s expression leads again to erroneous results [LUKE'84]. 

In order to develop a fast method, Donolato suggested extracting Ldiff and Seff from the area 
and variance of the contrast profile [DONOLATO'83]. However, Corkish et al. showed that an 
accurate evaluation of the variance requires data acquired far from the grain boundaries and 
introduced a direct fitting procedure of the profile to solve this problem for EBIC profiles 
[CORKISH'98]. They used, however, the expressions derived by Donolato for cases where Ldiff 
differs on either GB’s side justifying this by the fact that the SRV was high enough to neglect the 
influence of one grain on the other. They, however, recommend, as a useful extension, to use the 
expression of von Roos and Luke in a direct fitting procedure. 

Due to the fact that an electron beam is narrower and induces a more localized spatial 
generation than a laser beam, EBIC is indeed a more precise and reliable method than LBIC for 
this kind of investigation and thus most of the authors in this field developed their technique for 
EBIC. 

The method of Donolato that allows getting the SRVs of GBs and diffusion lengths in grains 
have been criticized on the ground of not giving accurate results when some realistic features, a 
second grain boundary nearby or different diffusion lengths in the neighbouring grains or local 
grain inhomogeneity are present.  

The first analytical model developed and described in this work includes the influence of a 
close second grain boundary and of different diffusion lengths in the neighboring grains for 
fitting LBIC GB contrast profiles. 

This model, however, assumes an infinite wafer thickness like Donolato and von Roos and 
Luke did as well. It is, however, pointed out that in the case of LBIC the penetration of the laser 
can be much longer than the one of an electron beam and that today’s multicrystalline material 
can have diffusion lengths longer than the wafer thickness. Adding to this the trend in 
photovoltaic technology to reduce wafer thickness, the assumption of infinite thickness seems 
presently or will definitively become unreasonable. Surprisingly, however, the fits obtained by 
this infinite thickness model were pretty accurate. 

It is found in this work that the discrepancy between finite thickness and infinite thickness 
theory is very small for short penetrating lasers (assuming a wafer thickness of 250 µm) while it 
increases with the laser penetration depth. Decreasing the wafer thickness this discrepancy can 
become high as is shown in Chapter 3. 

In order to increase the fitting accuracy, a method that involves the fitting of an 
experimental profile obtained by using several laser wavelengths is proposed in this work. This 
method, however, raises the need of taking the back side into account for the most penetrative 
wavelengths at least. 

A second analytical model, denoted as the Finite Thickness Model (FTM), has thus been 
developed to address this issue. However, it could be developed only for the simplest case 
within this thesis: one GB with the same Ldiff everywhere. In order to compare the FTM results 
to the same configuration but considering an infinite wafer thickness, some simplifications of 
the first model are performed in Sec. 2.1.8 leading to the so called Infinite Thickness Model 
(ITM). 

A fundamental question regarding all these models is related to the dependence of Ldiff and 
Seff on the injection level used. When the injection level is known, one could check if considering 
Ldiff and Seff independent of the injection is a reasonable assumption in this particular range of 
injection.  
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While the question has been addressed for EBIC by Corkish et al. [CORKISH'98], who 
maintained very low injection levels by using a very low intensity electron beam, the question 
was, to the author’s knowledge, not addressed for LBIC.  

While an analytical expression for the global maximum of injection cannot be derived for 
this problem, one could nevertheless derive an analytical expression for the depth distribution 
of the injection at the center of the beam from which the global maximum of injection can be 
found by a numerical optimization procedure. 

In Chapter 1, the basics about PDE problems are reviewed as well as the elements used for 
their description (equation domain, boundary conditions, source and solution post processing). 
These elements are then detailed for the particular problems whose solution is sought in this 
work. 

The first model, that is giving the theoretical expression of the LBIC linescan over a two GB 
situation considering an infinite wafer thickness, is explained in Chapter 2 with its derivation, 
implementation, review of the influence of the physical parameters on the profiles, application 
to particular cases and limitations. A simpler version of the model for one GB and the same Ldiff 
everywhere is shown at the end of this chapter and referenced as the Infinite Thickness Model 
(ITM). 

In Chapter 3 the finite thickness model (FTM), considering one GB and the same Ldiff 
everywhere, is addressed with its derivation, influence of the parameters of the back side on the 
profile with comparisons to the ITM, and applications to real cases. 

Finally, in Chapter 4 the problem of the estimation of the injection for the LBIC system used 
is detailed with the range of dependence of Ldiff and SRV on the injection. In order to show the 
role of the type of illumination and of the biasing of the solar cell on the maximum injection 
value, the comparison is made between the laser beam induced injection model (LB2IM, see 
Sec. 4.3) in short circuit condition, the uniform illumination induced injection model (U3IM, see 
Sec. 4.5) in short circuit condition and in open circuit condition for various cases. 

The ambition of this work is to increase the reliability, the robustness and the applicability 
of the method of Donolato applied to LBIC data while keeping an analytical model. 

In other words, building the most relevant, realistic and versatile analytical model for this 
type of investigation up to the point where numerical simulation becomes obviously the most 
relevant investigation mean. 

 
“A computation is a temptation that should be resisted as long as 

possible.” 
— J. P. Boyd, paraphrasing T. S. Eliot 

In J. P. Boyd, “Chebyshev and Fourier Spectral Methods, Second Edition” 
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Chapter 1 Elements of problem description 
The following sections address the present problem: Obtaining a theoretical expression for a 
LBIC linescan perpendicular to a Grain Boundary (GB). 

The laser beam generates carriers into the semiconductor that are driven by diffusion to 
the junction in which they are collected and give rise to a measured collected current. However, 
a significant part of the generated carriers recombines in the volume, at recombinative surfaces 
(see Sec. 1.2.1) or at grain boundaries (see Sec. 1.2.2). Thus, this part of the carriers does not 
contribute to the collected current and its value decreases. Depending on how close the laser is 
located from the grain boundary, the recombination activity of the GB is modified and thus the 
value of the collected current. 

In order to get a quantitative evaluation of the collected current as a function of laser 
position, one needs to solve the minority carrier diffusion equation, a partial differential 
equation (PDE), for the particular setup of this problem. 

To be solved, this PDE problem requires the definition of several elements that are 
represented in Fig. 1-1: 

- The equation itself: The minority carriers diffusion equation that is described in Sec. 1.1 
- The domain on which it is applied: The whole wafer except the space regions as 

described in Sec. 1.1. In this domain of application, the minority carrier diffusion length 
is the parameter that describes alone the volume properties. 

- The boundary conditions (BCs) that describe what phenomenon should be considered at 
the boundaries of the domain as addressed in Sec. 1.2. For this problem one needs to 
consider: 

o The junction in short circuit condition (see Sec. 1.2.3) 
o The grain boundary(ies) (see Sec. 1.2.2) 
o The back side, if it is considered like in Chapter 3 (see Sec. 1.2.1) 

- The source: The volume generation function induced by the laser beam described in Sec. 
1.3 

- The post processing of the solution that is the computation of the short circuit current 
from the distribution of the density of minority carrier obtained by solving the PDE. (see 
Sec. 1.4). 

Fig. 1-1: Sketch of the setup of the problem including domain source and boundaries. 

1.1 The equation and its domain of application 
Within the drift diffusion model [SZE'07] transport of carriers in a semiconductor is governed by 
five equations : 

The Poisson equation relates the local density of charge to the gradient of the electric field (E). 

z 

h 
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Junction BC 
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Diffusion PDE Diffusion PDE 
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EQ. 1-1   ( ) ( )fE q p n Qε∇ = − +


 

with ε the local permittivity, q the charge of the electron, n, p the local density of holes and 
electrons, Qf the local density of fixed charges and ∇  the Del operator. 

The continuity equations for electrons and holes that is a balance equation of the carrier 
flow. The spatial variation of the electrons or holes current density flowing through an element 
of volume equal the variation of carrier density per unit time plus the generation minus the 
recombination in this element. 

EQ. 1-2  
1

n n n
nJ R G

q t
∂

∇ ⋅ = − +
∂



 

EQ. 1-3  
1

p p p
pJ R G

q t
∂

− ∇ ⋅ = − +
∂



 

with Jn,p the current densities, Rn,p the volume recombination rate, Gn,p the volume generation 
rate for electrons and holes, respectively for each quantity. 

And the transport equations for electrons and holes 

EQ. 1-4  
1

n n nJ nµ E D n
q

= + ∇
 

  

 

EQ. 1-5  
1

p p pJ pµ E D p
q

= − ∇
 

   

in which the first term in the right hand side (rhs) corresponds to the current density driven by 
drift under the electric field E, and the second term corresponds to current density driven by 
diffusion when there is a non-zero gradient of the electron/hole density. Thus the denotation: 
”Drift-Diffusion model”. 

The transport equations introduce the mobilities µn,p and the diffusion constants Dn,p that 
are linked through the Einstein relation: 

EQ. 1-6  
p n

T
p n

D D k T U
µ µ q

⋅
= = =

   

 

with k the Boltzmann constant, T the temperature and UT the thermodynamic potential equal 25 
mV at room temperature. 

For a single pn junction with constant doping on each side there are no electric fields 
outside the space charge region (SCR) [SZE'07]. In fact, the coupling of minority and majority 
carriers (because µn ≠ µp and thus Dn ≠ Dp implying the electrons move at different speed than 
the holes) gives rise to an electric field E in the base which is, however, negligible in low level 
injection [FISCHER'03]. One can then disregard the Poisson equation concerning the base. The 
space charge region is very close to the top surface and very narrow (because the emitter is very 
shallow). In the usual manner, minority and majority carriers are treated separately so that it is 
sufficient to consider the minority carrier transport in the base only [FISCHER'03]. The 
transport of minority carriers then occurs exclusively via diffusion.  

For n-type solar cells, assuming E=0 outside the SCR, EQ. 1-5 leads to 

EQ. 1-7  
1

p pJ D p
q

= − ∇


 

That is the general expression of a hole current density when taking only diffusion into account. 
Then inserting EQ. 1-7 in EQ. 1-3 leads to: 
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EQ. 1-8  ( ) ( )D p p p
pp R p G
t

∂
∇ − − = −

∂
∇ ⋅  

The same equations can be used for p-type solar cells just by replacing every reference to p by n 
in all the following equations. 

It is worth mentioning that the recombination (Rp) is dependent of the hole density (p) to 
the contrary of the generation (Gp) that depends only of the characteristics of the light source 
and of the optical properties of the solar cell (see Sec.1.3). 

Assuming that Dp is independent of p, EQ. 1-8 becomes: 

EQ. 1-9  ( )D p p p
pp R p G
t

∂
∆ − − = −

∂
 

with Δ the Laplacian operator. 

Considering that the generation is steady state and that the permanent regime alone is 
sought, EQ. 1-9 can be simplified to be time independent by canceling the time derivative term.  

EQ. 1-10 ( )D p p pp R p G∆ − = −  

In the general case, p is the total density of holes that sum up the equilibrium density p0 and the 
excess carrier density Δp. However, the holes are the minority carriers and so Δp>>p0 at any 
used injection level. Thus one can rewrite EQ. 1-10 as follows: 

EQ. 1-11 ( ) (D )p pp R p G∆ ∆ − ∆ = −   

In order to simplify the notation and avoid the confusion with the Laplacian operator, the excess 
minority carrier density Δp is denoted as p within this work. With this notation convention EQ. 
1-11 becomes the already defined EQ. 1-10. 

The expression of the dependence of the recombination term Rp on p is non linear as a 
result of the combination of the various recombination phenomena (Shockley Read Hall, 
radiative and Auger [FISCHER'03]). 

However if the injection level is very low, only the SRH phenomenon determines the 
recombination and its expression can be simplified to: 

EQ. 1-12 ( )p
p

pR p
τ

=  

Introducing τp, the hole lifetime in low injection. One can rewrite then EQ. 1-10 as:  

EQ. 1-13 D p p
p

pp G
τ

∆ − = −  

As p and Gp are local quantities, they depend on space and the equation can be also written  

EQ. 1-14 2

( )( ) (
D D

)( ) p GG G
G

p p p

G rp r g rp r
L

∆ − = − = −
 

This equation is the minority carrier diffusion equation in steady state that is the basis of all this 
work In which rG is the generalized coordinates of the position that could be expressed in 3-
dimensional Cartesian coordinates by x,y,z, and Lp is the diffusion length for holes defined as: 

EQ. 1-15 Dp p pL τ=
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As stated before in this section this theory applies also top-type solar cells by taking Dn 
instead of Dp, Ln instead of Lp and τn instead of τp. Therefore, Ldiff is taken in this work as a 
general term for diffusion length of the minority carriers.  

For this problem, Gp the volume generation parameter for holes is more simply denoted as 
g for the same reason as above. g describes the volume distribution of the minority carriers 
generated in the base and is called the volume generation function in this work. 

From the mathematical point of view, g(rG) is considered as a source term and treated 
separately from the solution of the PDE without source term. 

As a general rule the domain of application of the minority carrier diffusion equation (EQ. 
1-14) is the part of space where it fully describes alone the carrier distribution (providing 
suitable boundary conditions). It is stated previously in this section that these regions are the 
regions in which there is no, or a negligible, electric field. Therefore, in the present case, the 
domain is the base excluding the space charge regions (originating from the pn-junction and 
from the grain boundaries) for which the Poisson equation should be also considered. 

In a first approximation used for the derivation of the model of Chapter 2, a solar cell of 
infinite surface (infinite in x and y) with an infinite thickness (semi-infinite in z) is assumed. So 
the domain of application is the half space z≥0. 

Further on in Chapter 3, finite thickness is considered resulting in bounding the domain in 
z between 0 and h i.e. the base thickness (see Fig. 1-1). 

1.2 Boundary conditions 

1.2.1 Recombinative surfaces 

1.2.1.1 Theory 
Regarding recombination, surfaces have different properties than the volume. Thus, an adequate 
formulation needs to be found to describe recombination at surfaces. 

Referring to EQ. 1-12 in low injection one could define a characteristic volume 
recombination parameter as: 

EQ. 1-16 
( ) 1
( )

p G

G p

R r
p r τ

=  

An analogous relation can then be derived for surfaces 

EQ. 1-17 
( )

( )
surfp G

p
G

R r
S

p r
Σ

=  

While Rp is the number of holes that recombine in a volume element per unit of volume and time, 
Rsurfp is the number of holes that recombine at a surface element Σ per unit surface and time. 
While τp has the dimension of a time, Sp has the dimension of a velocity and is called the intrinsic 
surface recombination velocity. 

In a region with a negligible electric field, so outside any space charge region, one can 
define the carrier flow density (Fp) that goes toward (or through) the surface Σ considering only 
diffusion. Making use of EQ. 1-7 leads to:  

EQ. 1-18 
1( )p G p nF r J n D p n
q ΣΣ Σ

= ⋅ = − ∇ ⋅


 

 

With n  the unit vector normal to the surface oriented positively in the direction of the axis 
normal to the surface (e. g. direction of z axis for a surface in the xy-plane). 
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The carrier flow density that recombines at this surface (described by Rsurfp) is supplied 
from the volume by diffusion. Thus combining EQ. 1-17 and EQ. 1-18 leads to: 

EQ. 1-19 ( ) ( ) ( )G p surfp G p G pp r S R r F r D p n
Σ ΣΣ Σ

= = = − ∇ ⋅


 

One then defines the reduced intrinsic surface recombination velocity s as: 

EQ. 1-20 
p

p

S
s

D
=  

Making use of s throughout this work, the boundary condition of EQ. 1-19 becomes: 

EQ. 1-21 ( )Gp r s p n
Σ Σ

⋅ = −∇ ⋅




 

EQ. 1-21 is the general boundary condition for a recombinative surface. However, surface 
boundaries are in general charged because of the charged defects induced by the rupture of 
crystal periodicity and atomic rearrangement with local impurities (ambient gases for external 
surface) at the surface [SZE'07]. To conserve global quasineutrality, a narrow space charge 
region builds up near the interface. 

This formalism still correctly describes the situation providing that one refers to the 
carrier and the current density at the boundary of the SCR in EQ. 1-17 to EQ. 1-21. The surface 
recombination velocity defined this way is then an effective SRV [EDMISTON'96]. While the 
intrinsic SRV is directly proportional to the trap density at the surface and independent of the 
injection level, the effective SRV depends as well on the injection level. 

If one defines the boundaries at the edges of the depletion regions of each edge for a 2-
dimensional rectangular domain, the following schematic describes the boundary conditions 
defined by EQ. 1-21 taking in account the sign conventions. 

Fig. 1-2: Boundary conditions of recombinative surfaces in an x-z rectangular domain where 
sright,  left,  front ,back are the reduced effective surface recombination velocities of each respective 
boundary. 

1.2.1.2 Geometric interpretation of recombinative surface alone 
With p(x) representing the carrier density distribution in one dimension and the recombinative 
surface being set at x=0 (it corresponds to the left boundary in Fig. 1-2), it is shown in this 
section that t(x), the line tangent to p(x) at x=0, has interesting properties. The general 
expression of t(x) is obtained straightforwardly by the Taylor expansion to the first order of p(x) 
at x=0: 

EQ. 1-22 
0

0

( ) ( )
x

x

pt x p x x
x=

=

∂
= + ⋅

∂
 

z 

0
0

( )G frontz
z

pp r s
z=

=

∂
=

∂
 

( )G backz h
z h

pp r s
z=

=

∂
= −

∂
 

0
0

( )G leftx
x

pp r s
x=

=

∂
=

∂
 

 

( )G rightx L
x L

pp r s
x=

=

∂
= −

∂
 

L x 

h p

n

∇
  

Volume 

SCR 
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Defining xf as the x value for which t(xf)=0, one obtains straightforwardly from EQ. 1-22: 

EQ. 1-23 0

0

( )
x

f

x

p x
x

p
x

=

=

= −
∂
∂

 

Now making use of the left boundary condition in Fig. 1-2 (considering more generally that 
sleft=seff) in EQ. 1-23 leads to: 

EQ. 1-24 
1

f
eff

x
s

= −
 

which is independent of p(0). 

The geometric interpretation of this demonstration is that the point x=xf is a focal point of 
all the tangent lines as illustrated in Fig. 1-3. 

 
Fig. 1-3: Geometric interpretation of the effective surface recombination velocity using a 
representation of the carrier densities spatial evolution at the surface for various densities inside 
the bulk (assumed constant for simplifying the discussion), of the tangents at the surface, and of 
their focal point at x=xf. 

It can quickly be seen that without surface recombination, xf is located at minus infinity 
because seff=0. Thus all the tangents become horizontal lines and the densities are the same in 
the volume as at the surface (in a 1-dimensional case where the density in considered 
homogeneous in the bulk), which is consistent with the fact that there is no carrier loss at the 
surface. This case is thus equivalent to impose that the derivative of the carrier density at the 
surface is 0. 

If, on the other hand, seff is infinite, xf is located at x=0 which would thus imply all tangents 
to be vertical lines at x=0 to reach an arbitrary p(0) value. This implies an instantaneous change 
of the density at the surface which is physically impossible. As a consequence, it imposes p(0)=0. 
This case is thus equivalent of saying that the surface density is 0 and that the slope of the 
tangent is dictated only by the volume properties. 

1.2.1.3 Geometric interpretation of the interaction of the recombinative surface and 
the volume: critical SRV  

The situation described here includes a semi-infinite semiconductor volume, with diffusion 
length Ldiff, with one top surface affected by an effective SRV seff. Setting as a boundary condition 
that the concentration far from the surface is pv (homogeneous generation), the carrier density 
decay at the surface is purely exponential. 

One characteristic of an exponential decay is that the slope at the origin intersects the 
asymptotic value at an abscissa equal to the decay constant of the exponential. 
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In this case the decay constant in length is the diffusion length. Thus, at one surface the 
following situation appears schematically as described in Fig. 1-4: 

 
Fig. 1-4: Geometric interpretation of the diffusion length using a representation of the evolution 
of carrier densities at the surface for various recombination activities of the surface assuming a 
constant carrier density inside the bulk far from the surface. 

At the surface, this simplified volume theory (with parameter pv and Ldiff explained in 
Fig. 1-4) must describe a value and the slope of the carrier density distribution that equal those 
found by the surface theory (with parameter seff explained in Fig. 1-3). On the one hand the 
volume theory defines a focal point at (pv,Ldiff) for the tangent at x=0. On the other hand the 
surface theory defines a focal point at (0,-1/seff) for the tangent at x=0. The only way for these 
two tangents to be the same is to define them as the line that joins the two focal points of the 
volume and surface theory as represented in Fig. 1-5. 

Then, one can introduce a particular value of seff, the critical reduced effective SRV, seff,crit, 
that equals the inverse of the diffusion length as shown in Fig. 1-5. 

 
Fig. 1-5: Geometric interpretation of the interaction between volume (diffusion length Ldiff and 
density of carriers inside the bulk pv) and surface (effective SRV, seff) at the surface of a 
semiconductor for various recombination activities of the surface assuming a constant density of 
carriers inside the bulk far from the surface. Introduction of the critical reduced SRV seff,crit that 
equals the inverse of the diffusion length (see Sec. 3.2.4 for details). 

From the situation of Fig. 1-5 several conclusions can be drawn: 
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• At seff = 0, the density at the surface is equal to the surface of the bulk (pv). 
• At seff < seff,crit, the density at the surface is higher than pv/2. 
• At seff = seff,crit , the density at the surface equals pv/2. 
• At seff > seff,crit, the density at the surface is lower than pv/2. 
• At seff  ∞, the density at the surface is 0. 

These conclusions are in complete agreement with what is explained earlier in this section about 
the effective SRV. 

One has, however, to be cautious with this representation. It supposes a homogeneous 
density far in the bulk and no other surface. In reality, in one dimension, there is a top and a 
bottom surface for which this methodology could be applied at the first glance. However, the 
decrease of carrier density induced by one surface influences the level obtained at the other 
surface as well as its slope, which still has to match the surface boundary condition. Thus, the 
real solution implies a combination of exponential functions from which the slope at the origin 
does not intersect the asymptotic density at Ldiff. 

This method is then restricted to the case of diffusion lengths that are small in comparison 
to the thickness of the wafer. It gives, however, a geometrical representation to the kind of 
interaction that the volume can have with the surface, even if approximative in most of the cases.  

1.2.1.4 Critical back side SRV and thickness independent carrier distribution: 
geometric interpretation 

The critical SRV defined in the previous section gains a deeper physical meaning when 
considering the case where a constant density p1 is imposed at the front side when the back side 
is described by a recombinative BC with reduced effective SRV sb. This corresponds to the case of 
a biased solar cell in the dark [FISCHER'03].  

In this case, while considering an infinite thickness, the distribution of carriers is a simple 
exponential decay with Ldiff as decay constant. 

EQ. 1-25 ( )1( ) exp / diffp z p z L= −  

One fundamental property of the exponential function leads in this case to 

EQ. 1-26 
( )
'( ) diff

p z L
p z

= −  

Following a similar methodology that the one applied in Sec. 1.2.1.2, one defines tz1, the line 
tangent at an arbitrary point z1, that can be straightforwardly derived using the Taylor 
expansion of EQ. 1-25 to the first order around z1 leading to: 

EQ. 1-27 
1 1 1 1( ) ( ) ( ) '( )zt z p z z z p z= + −  

In order to find zi the intersection of tz1 with the z axis, one equates EQ. 1-27 to 0 which, making 
use of EQ. 1-26, leads to: 

EQ. 1-28 1i diffz z L− =  

Implying that for arbitrary point z1, the intersection point zi is always located at a constant 
distance Ldiff from z1.  

One can show, by a similar demonstration than the one explained in Sec. 1.2.1.2, that if the 
back side boundary is located at an arbitrary point z1, the focal point zf is defined by: 

EQ. 1-29 1
1

f
eff

z z
s

− =  

If one now assumes that sb=sb,crit=1/Ldiff, it follows immediately from EQ. 1-28 and EQ. 1-29 that 
zf=zi whatever the values of z1 and Ldiff. 
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In other words, the condition for the volume alone is the same as the condition for the 
surface alone regardless of the surface location. 

Mathematically speaking, it means that neither the presence of a back side boundary nor 
its location affects the distribution of the carrier density. 

Physically speaking, it means that the current density that recombines at the back side 
(derivative of the carrier density at the back side, or slope of the tangent line) equals the current 
density that would recombine in the volume after the boundary if the volume could extend to 
infinity after the boundary, regardless of the location of the boundary and thus regardless of the 
wafer thickness. 

This situation is represented by the green curve in Fig. 1-6.  
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z [µm]
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1/seff=Ldiff/2 = 100 µm
1/seff=Ldiff    = 200 µm
1/seff=2Ldiff = 400 µm

 
Fig. 1-6: Normalized carrier density distributions obtained considering a density p1 at z=0 for a 
wafer thickness of h=150, 300 and 700 µm considering sb=2∙Sb,crit (red), Sb,crit (green) and Sb,crit/2 
(blue) for Ldiff=200 µm. The tangents to the distribution at the interfaces are represented in 
dashed and dotted lines and the distance of their intersection point from their respective 
boundary are represented by arrows. 

Examining the case of sb>sb,crit (red curves in Fig. 1-6) one can see that the surface BC 
imposes a focal point closer from the interface than for the cases of infinite thickness or sb=sb,crit. 
It thus implies a higher slope of the tangent and thus a higher recombination current at the 
surface. This higher slope imposed by the surface imposes a new constraint to the physics of the 
volume that implies a lowering of the carrier density value at the interface. The equation 
describing the carrier distribution is no more a simple exponential but a combination of 
exponential functions(see EQ. 2-6 and 2-7 in[FISCHER'03]). 
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Examining now the case of sb< sb,crit (blue curves in Fig. 1-6) one can conversely state that 
the surface BC imposes a focal point farther from the interface than for the cases of infinite 
thickness or sb=sb,crit. It thus implies a lower slope of the tangent curve so a lower recombination 
current at the surface. This lower slope forced by the surface imposes a constraint to the physics 
of the volume leading to an increase of the carrier density value at the interface.  

In both cases, the closer the boundary is to the front surface, the higher is the discrepancy 
between the carrier distribution with and without a back side. 

The geometric interpretation of this simple situation allows one to understand that the 
back side could have higher, equal, or lower recombination activity than the volume after the 
back side if the volume could extend to infinity if sb is higher, equal, or lower than sb,crit, 
respectively. As sb,crit depends only of Ldiff, the above statement is valid regardless of the 
thickness of the volume.  

Increasing the thickness just reduces the discrepancy between the carrier density 
distribution of the finite and infinite thickness case but does not change its sign. 

These considerations are of primary importance to understand the differences between 
the finite and infinite thickness model described in Sec. 3.2. 

1.2.2 Grain boundaries 
A GB can be considered as a small region with two recombinative surfaces on which carriers can 
recombine from both sides. A GB is thus affected by a reduced effective SRV sGB that is assumed 
to be the same for both sides. However, the GB boundary condition has to take in account that a 
positive contribution to the recombination current comes from both sides. Because carriers are 
coming from both sides the recombination current is of opposite sign if one considers the left or 
the right side as shown in Fig. 1-7. 

Fig. 1-7: Representation of a GB recombination current density for a vertical GB located at x=0. 

Using the sign convention described in Fig. 1-2 one can then express a first BC as EQ. 1-30. 

Further on, [MARTINEZ'81] stated that because the SCR of a GB is much narrower than the 
grain size, one can approximate it to a plane, therefore assuming the same carrier density on 
both sides which leads to EQ. 1-31. 

EQ. 1-30 
0

0 00 0

( ) ( ) ( ) ( )( ) G G G G
G GBx

x xx x

p r p r p r p rp r s
x x x x+ −+ −

=
= == =

∂ ∂ ∂ ∂
= − = +

∂ ∂ ∂ ∂
 

EQ. 1-31 0 0 0
( ) ( ) ( )G G Gx x x

p r p r p r+ −= = =
= =

 

EQ. 1-30 and EQ. 1-31 define the BC of a GB. 

1.2.3 Junction in short circuit condition 
In short circuit condition one can demonstrate that the density at the edge of the SCR of the 
junction equals the equilibrium density of minority carriers [GREEN'95]. This density p0, already 
discussed in Sec. 1.1, is far lower than p regardless of the generation used. It is thus a very 
reasonable assumption to consider that, in short circuit condition, one has a vanishing carrier 
density at the junction SCR surface. While the real situation is more complicated by series and 
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parallel resistances as well as recombination in the SCR, this idealized situation is nevertheless a 
very good approximation [FISCHER'03, SZE'07]. 

Thus at the SCR boundary (located at z=0) in short circuit condition the following BC is 
assumed: 

EQ. 1-32 0
( ) 0G z

p r
=

=  

One can also think of this BC as a recombinative surface with infinite SRV as shown in 
Sec. 1.2.1.3. 

1.3 The generation source: volume generation function 

1.3.1 Infinite thickness case 
In the case of LBIC, the source is a modulated Gaussian laser beam of wavelength λ that has the 
same characteristic radius σ in the x and the y direction (circular beam). As already mentioned 
in the description of the PDE (see Sec. 1.1), it is assumed that the generation is steady state. 
While this asumption is obviously not true here because the laser is modulated in amplitude at a 
certain frequency f, it is demonstrated in Sec. 2.6.7 that the steady state solution of the problem 
is still relevant for this problem if the modulation pulsation (2πf) is much smaller than the 
inverse of the minority carrier lifetime. One then considers this laser as continuous with a DC 
power value Plaser. 

For a beam centered at x=y=0, the power density distribution (in W·cm-2) is expressed as: 

EQ. 1-33 
2 2

0 2( , ) exp x yx y
σ

 +
Φ = Φ − 

 
 

with σ the beam radius defined as the radius at which the power density has decreased by a 
factor 1/e with respect to the maximum power density (obtained in the beam center). 

While modifying σ could be performed by focusing/defocusing the laser, the total laser 
power, Plaser, is set at a constant value by the laser diode driver in this problem. Remarking that 
Plaser corresponds also to the integrated power density over the whole xy-plane leads to: 

EQ. 1-34 ( , )laserP x y dxdy
∞ ∞

−∞ −∞

= Φ∫ ∫  

Replacing EQ. 1-33 into EQ. 1-34 leads to a double integral that is separable into the product of 
two Gaussian integrals leading to a well known result [GRADSHTEYN'07]: 

EQ. 1-35 
2 2

2
0 0 02 2exp explaser

x yP dx dy σ π σ π πσ
σ σ

∞ ∞

−∞ −∞

   
= Φ ⋅ − ⋅ − = Φ ⋅ ⋅ = Φ   

   
∫ ∫  

Expressing Φ0 as a function of σ and Plaser by means of EQ. 1-35, one can replace its expression in 
EQ. 1-33 leading to: 

EQ. 1-36 
2 2

2 2( , ) explaserP x yx y
πσ σ

 +
Φ = ⋅ − 

 
 

In order to convert the density of power Φ into a photon flux density F (in number of 
photons/cm2/s) one has to divide it by the photon energy. The energy of one photon at 
wavelength λ is given by: 

EQ. 1-37 
p

ph

h c
E

λ
=  
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with hp the Planck’s constant and c the speed of light in vacuum. Making use of EQ. 1-36 and EQ. 
1-37 leads to: 

EQ. 1-38 
2 2

2 2

( , )( , ) explaser

ph p

Px y x yF x y
E h c

λ
πσ σ

 Φ +
= = ⋅ − 

 
 

Then, when this photon flux reaches the solar cell surface one part is reflected (with a reflection 
coefficient Rf) and only the remaining part (with coefficient 1-Rf) contributes to the generation. 
Strictly speaking, a part of the light is absorbed in the space charge region but a sufficiently long 
wavelength is assumed here in order to be able to neglect this absorption. This results in a 
limitation of this theory for a short wavelength laser beam. One can then express Fgen, the photon 
flow density (or flux) that contributes to the generation as: 

EQ. 1-39 ( , ) ( , ) (1 )gen fF x y F x y R= ⋅ −  

Assuming a beam perpendicular to the surface and in the z direction, the distribution of light 
into the semiconductor is then described by the Beer-Lambert Law: 

EQ. 1-40 ( , , ) ( , ) exp( )vol genF x y z F x y zα= ⋅ −  

introducing α, the absorption coefficient of silicon at this particular wavelength. 

The derivative of Fvol in z gives the variation in depth per unit length of the number of 
photons per unit surface and unit time. Thus the derivative of Fvol is a variation of the number of 
photon per unit volume and unit time. If one considers a one to one conversion, the decrease of 
the photon number per unit volume and time due to photon absorption equals the increase of 
the carrier number per unit volume and time due to creation of electron-hole pairs (ehps) that is 
the definition of the generation. 

The one to one conversion between absorbed photons and ehps created is, however, not 
necessarily implied and one has to consider a quantum efficiency factor η that is the number of 
ehps created per one photon. The introduction of η is very formal and, unless proven otherwise, 
η=1 is assumed in the numerical calculations. One can then derive the spatial distribution of the 
generation in the volume g as: 

EQ. 1-41 ( , , ) exp( ) ( , ) exp( ) ( , )gen geng x y z z F x y z F x y
z

η α ηα α∂
= − − = −

∂
 

Expressing finally g as 

EQ. 1-42 
2 2

0 2( , , ) ( ) exp exp( )G
x yg x y z g r g zα

σ
 +

= = − − 
 

 

in which g0 is the maximum generation obtained at the surface in the center of the beam. 

EQ. 1-43 0 2

1 (1 )laser
f

p

Pg R
h c

η αλ
π σ

= ⋅ ⋅ −  

While the first term is purely physical with mathematical constants, the second depends on the 
laser tunable parameters (σ, Plaser), and the third term regroups parameters that depend on the 
wavelength used considering a certain absorbing material and a certain surface reflection 
coefficient. 
1.3.2 Finite thickness case 
In the more realistic case where the wafer has a finite thickness (studied in Chapter 3) one needs 
to consider multiple reflections at the wafer boundaries in z. 

While the reflection at the back side is mostly diffuse (Lambertian reflection), this model 
cannot be analytically integrated in the current approach. 

It is nevertheless possible to integrate a direct internal multireflection scheme as 
demonstrated in this section. 
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Fig. 1-8: Calculation of photon flow densities (normalized to the incoming beam density at the 
front surface) of an incoming beam and its first and second reflection as well as the total intensity 
in a wafer of 300 µm thickness assuming a front and back internal reflection coefficient Rf=Rb=0.8 
and an absorption coefficient α=4 mm-1. 

This time, one has to consider the reflection at the back surface. Considering a smooth 
surface and a thin film, the incoming and reflected beam creates an interference pattern in the 
absorption. Here, however, the wafer being a thick film (h the thickness being much larger than 
λ the wavelength) and the variations in the flatness and parallelism of the two surfaces being an 
appreciable fraction of a wavelength, the aforementioned interferences are destroyed. The 
reflection is then treated as ‘incoherent’ and the resultant intensity is the sum of the various 
intensities instead of the vector sum of the amplitude [MACLEOD'01]. 

The intensity in this multireflection scheme is shown in Fig. 1-8 that represents the photon 
flow density of the incoming beam, its first and second reflection and the resulting flow density 
in the wafer. Knowing the incoming beam photon flow density (Fgen defined by EQ. 1-39), the 
absorption during the first crossing of the wafer is still defined by EQ. 1-40 as represented for an 
arbitrary example by the blue curve in Fig. 1-8. 

Introducing h, the wafer thickness, and Rb, the reflection coefficient of the back side, the 1st 
reflection intensity (red curve in Fig. 1-8) can be expressed as: 

EQ. 1-44 1 ( , , ) ( , ) exp( (2 ))st gen bF x y z F x y R h zα= ⋅ ⋅ − −
 

Introducing Rfi the internal reflection coefficient of the front side, the second reflection intensity 
(green curve in Fig. 1-8) can be expressed as: 

EQ. 1-45 2 ( , , ) ( , ) exp( ( 2 )) exp( 2 ) ( , , )nd gen b fi b fi volF x y z F x y R R z h R R h F x y zα α= ⋅ ⋅ − + = ⋅ − ⋅  

In which use has been made of EQ. 1-40 for Fvol. Analogously, the third reflection is expressed as: 

EQ. 1-46 
2

3 1( , , ) ( , ) exp( (4 )) exp( 2 ) ( , , )rd gen b fi b fi stF x y z F x y R R h z R R h F x y zα α= ⋅ ⋅ − − = ⋅ − ⋅
 

In which use has been made of EQ. 1-44 for F1st. The following reflections involve only multiples 
of Fvol (EQ. 1-40) and F1st (EQ. 1-44) as just shown for F2nd (EQ. 1-45) and F3rd (EQ. 1-46). The 
sum of all these flows (black curve in Fig. 1-8) leads to: 
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EQ. 1-47 
[ ]

( )2

( , , ) ( , ) exp( ) exp( (2 )

1 exp( 2 ) exp( 2 ) ...

multiR gen b

b fi b fi

F x y z F x y z R h z

R R h R R h

α α

α α

= ⋅ − + − −

 ⋅ + ⋅ − + ⋅ − +  
 

One recognizes that the second square bracket in EQ. 1-47 is a geometric series of parameter
0 exp( 2 ) 1b fiR R hα< ⋅ − <  which can be summed up to infinity leading to: 

EQ. 1-48 [ ]
( , )

( , , ) exp( ) exp( (2 )
1 exp( 2 )

gen
multiR b

b fi

F x y
F x y z z R h z

R R h
α α

α
= ⋅ − + − −

− ⋅ −  

One can remark that the geometric series is independent of z and thus its sum is just a 
multiplicative factor in EQ. 1-48. One can also remark that the only occurrence of Rfi in EQ. 1-48 
appears as a multiplicative factor, with the interesting consequence that it does not appear at all 
in the normalized current expression of the finite thickness model of Chapter 3. 

In EQ. 1-48 one can then remark that the density of photon flow considering 
multireflection is only the sum of the incoming beam and its first reflection, however, affected by 
a constant multiplication factor. 

Following the methodology of the preceding section, one obtains the electron hole pairs 
generation distribution by computing the derivative of this density of photon and inverting its 
sign. However, one has to remember that after the first reflection, the reflected beam is oriented 
in the reverse direction of the incoming one. One thus needs to take the opposite sign of the 
derivative so that the contributions of both beams to the generation are positive, leading to: 

EQ. 1-49 [ ]( , , ) ( , ) exp( ) exp( (2 )
1 exp( 2 )multiR gen b

b fi

g x y z F x y z R h z
R R h

ηα α α
α

= ⋅ ⋅ − + − −
− ⋅ −  

which, making use of EQ. 1-39, can be rewritten as:  

EQ. 1-50 [ ]
2 2

0, 2( , , ) ( ) exp exp( ) exp( (2 ))multiR multiR G multiR b
x yg x y z g r g z R h zα α

σ
 +

= = ⋅ − ⋅ − + − − 
   

with  

EQ. 1-51 0
0, 1 exp( 2 )multiR

b fi

gg
R R hα

=
− ⋅ −

 
That is the expression of g in a multireflection scheme. 

1.4 Post processing: the short circuit current 
Neglecting the current losses in the emitter, the density of current at the junction SCR edge is 
equal to the density of current at the top surface of the cell. 

Therefore, referring to the expression of a current density when diffusion is the only 
mechanism involved (EQ. 1-7) the collected current density for a junction at z=0 is expressed as: 

EQ. 1-52 
0

( )( , ) G
coll p

z

p rJ x y qD
z =

∂
=

∂
 

Assuming negligible lateral current loss through series resistance, one needs to integrate this 
current density over the whole top surface to get the measured current by LBIC leading to: 

EQ. 1-53  
0

( )( , ) G
coll p

z

p rI J x y dxdy qD dxdy
z

∞ ∞ ∞ ∞

=−∞ −∞ −∞ −∞

∂
= =

∂∫ ∫ ∫ ∫
 

One needs therefore to compute EQ. 1-53 with the solution of the PDE (p) to obtain the final 
solution of the problem. This step is therefore described as a post processing of the solution of 
the PDE problem. 
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Chapter 2 Two GBs and different Ldiffs 
Fundamentally, the idea is to improve the reliability of the investigation of one GB by taking into 
account the influence of a nearby GB and/or a difference in diffusion lengths between concerned 
neighboring grains. 

2.1 Theory 

2.1.1 Problem description  
In this description two GBs are assumed: GB1 of effective SRV S1 located at x=0 and GB2 of 
effective SRV S2 located at x=w .Therefore the two GBs are separated by a distance w. These two 
GBs divide the volume into three regions of diffusion length L1, L2, and L3. A Laser beam centered 
at x=x0 is then moving in the x-direction. 

 

Fig. 2-1: Schematic of the diffusion problem. 

Referring to the last chapter, the problem can be stated formally as finding the collected 
current measured by LBIC (EQ. 1-53) for which the density of carriers p is the solution of the 
minority carrier diffusion equation (EQ. 1-14) with the following boundary conditions : 

For the junction in short circuit condition: 

EQ. 2-1  z 0
p 0( )Gr =

=  

For GB1: 

EQ. 2-2  
x 0 x 0

p( ) p( )G Gr r+ −= =
=  

EQ. 2-3  1 x 0
x 0 x 0

p p s p( )
x x Gr

+ −
=

= =

∂ ∂
− =

∂ ∂
 

And for GB2: 

EQ. 2-4  
x w x w

p( ) p( )G Gr r+ −= =
=   

EQ. 2-5  2 x w
x w x w

p p s p( )
x x Gr

+ −
=

= =

∂ ∂
− =

∂ ∂
 

With s1, s2 the reduced effective SRVs for GB1 and GB2 as defined by EQ. 1-20. 
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2.1.2 Green’s function method, reduction to two dimensions and spatial 
restrictions 

An elegant way to solve this PDE problem is called the Green’s function method (see 
Appendix A).  

This method is performed in 2 steps: 

1. Solve the PDE considering that the source is a discrete point source located at (xp,yp,zp) 
within the domain of definition: The Green’s function of the problem by definition. 

2. Convolve the derived Green’s function with the original source of the problem over the 
whole domain of definition to obtain the solution of the problem. 

The advantage of using this method for solving this class of problem is fourfold: 

a) The Green’s function has a physical meaning: It is the limit of the solution if the source is 
infinitely small. 

b) The solution for any source can be easily derived from the Green’s function (that is 
source independent). 

c) It is possible to avoid the derivation of the explicit solution of the PDE (that is more 
complex) to get the value of the current (see Appendix A.2). 

d) The problem being invariant in y, it can be reduced to two dimensions: x and z. (see 
Appendix A.3). 

Making use of the Green’s function method for this problem, the current is expressed 
equivalently by: 

EQ. 2-6  
0

I q ( , ) ( , )p p p p p pdx dzQ x z H x z
∞ ∞

∞−

= ⋅∫ ∫
 

where H is the projection of the volume generation function g (see Sec. 1.3.1) on the xz-plane: 

EQ. 2-7  ( )( , ) , ,p p p p p pH x z g x y z dy
∞

∞−

= ∫
 

and Q is the 2-dimensional collection probability function defined as: 

EQ. 2-8  
z 0

, ( ,( ) dx 
z

, , )p p p px z G x x zQ z
∞

∞
=

−

∂
=

∂∫  

where G the Green’s function of the 2-D problem defined, in a general way, as the solution of: 

EQ. 2-9  ( ) ( )
2 2

2
2 2 p p
G G G x x z z

x z
δ δ∂ ∂

+ − Λ = − − −
∂ ∂

 
in which δ is the Dirac delta function and  

EQ. 2-10 
1

diffL
Λ =  

The domain is, however, divided into three regions of different diffusion lengths. The region m is 
defined as the region extending in x from xm-1 to xm (see Table 2-1) and in z from 0 to infinity, m 
going from 1 to 3. 
Table 2-1: List of the boundaries in the x-axis. 

m 0 1 2 3 

xm -∞ 0 w +∞ 
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One has now to introduce the restriction Gi,j of G defined as the 2-dimensional Green 
function for region i when the point source is located in region j at (xp,zp). 

Considering that Gi,j are solutions of EQ. 2-9 for region i, the diffusion lengths to be 
considered in EQ. 2-9 are Li and their inverse Λi that are used instead of Λ. 

Considering the solutions for region i, the right hand side (rhs) of EQ. 2-9 (the source 
term) exists only when the point source is located in this same region. This implies that the 
source term exists only when j=i. One thus needs an operator that equals 1 when i=j and 0 
otherwise. Mathematically, this operator is by definition the Kronecker delta symbol δij. 

With the above mentioned considerations, EQ. 2-9 can be rewritten for the Gi,js as:  

EQ. 2-11 ( ) ( )
2 2

, , 2
, p p2 2 x zi j i j

i i j ij

G G
G x x

x z
δ δ δ

∂ ∂
+ − Λ = − − −

∂ ∂  

with i=1,2,3, j=1,2,3 and  

EQ. 2-12 
1

i
iL

Λ =  

In order to solve the problem, one needs to find the nine functions Gi,j by solving the system of 
nine coupled PDEs defined by EQ. 2-11. Graphical representations and comments about Gi,j are 
presented in the next section for a representative case. 

With these considerations, the boundary conditions of EQ. 2-2, EQ. 2-3, EQ. 2-4 and EQ. 2-5 
become 

EQ. 2-13a-d

1, j 2, jx 0 x 0

2, j 3, jx w x w

2, j 1, j
1 1, j x 0

x 0 x 0

3, j 2, j
2 2, j x w

x w x w

G G

G G

G G
s G

x x

G G
s G

x x

= =

= =

=
= =

=
= =

 =

 =

 ∂ ∂ − =

∂ ∂


∂ ∂ − = ∂ ∂

 

and EQ. 2-1 becomes 

EQ. 2-14 i, j z 0
G 0

=
=   

Concerning the point source carrier collection probability function defined by EQ. 2-8, the 
partition of the Gi,j imposes the introduction of a partition for Q as well. Therefore, the point 
source carrier collection probability function when the point source is located in region j, named 
Qj, is expressed by making use of EQ. 2-8 and adding the current contribution of each region. 

EQ. 2-15 ( )
i

i 1

x3
i, j

j p p
i 1 x z 0

G
Q x ,z dx

z
−= =

∂
=

∂∑ ∫  

The total current collected for a non discrete source can then be considered as the sum of the 
contribution of all the points of this source and therefore involves Q1,2,3 when the source has a 
non zero value in the three regions of the semiconductor. Therefore EQ. 2-6 becomes 

EQ. 2-16 ( ) ( )
j

j 1

x3

j p p p p p p
j 10 x

I q Q x ,z H x ,z dx dz
∞

−=

= ⋅∑∫ ∫
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2.1.3 Point source solutions: carrier collection probability functions Qj 

2.1.3.1 Theoretical expressions 

The resolution of EQ. 2-11 (see Appendix B) is performed by using the sine Fourier transform, 
that respects the boundary condition of EQ. 2-14 in z. This transformation allows a reduction of 
EQ. 2-11 to ordinary differential equations (ODEs) in x that are solved by means of the Fourier 
transform. The various constants appearing in the solutions are found by using the boundary 
conditions in x (EQ. 2-13 a-d). 

Finally, by replacing the general solutions of EQ. 2-11 into EQ. 2-15, it is demonstrated in 
Appendix B that Qj can be expressed as: 

EQ. 2-17 ( ) ( ) ( )*
p p p p px , z = J z - Q xQ ,zj j j  

In which Jj is defined as the current that would be generated without grain boundaries and 
lateral carrier transfer, and Qj* as the current variations induced by the grain boundaries and the 
lateral carrier transfers. 

While a general expression for Jj can be expressed as follows: 

EQ. 2-18 ( ) ( ) j pz
j p p2 2

0

2 kJ z  sin z k dk
kj

e
π

∞
−Λ= =

Λ +∫  

there is no general expression for the expression of Qj*. 

Therefore, the demonstration presented in Appendix B shows that, for region 1, Qj* can be 
expressed as: 

EQ. 2-19 ( ) ( )1 pμ x* 1
1 p p p

0

(k)2Q x ,z = ×e sin z k dk
π ( )

f
D k

∞

∫  

with 

EQ. 2-20 

( ) ( )
( )

( ) ( )

2

2

2
3 2 3 2 2 2 1 1

2 2
1 1 3 3 2 2

1
2 2

3 3 2 2 2 1 2 1

-

( ) 2 -

- - -

w

w

s s
kf k e s

e s s

µ

µ

µ µ µ µ µ µ

µ µ µ µ
µ

µ µ µ µ µ µ

−

−

  + + +    = + +  
 

 + +   

 

and  

EQ. 2-21 
( )( )

( )( )2

1 2 1 2 3 2
1 2 3 2

1 2 1 3 2 2

( )
- - -w

s s
D k

e s sµ

µ µ µ µ
µ µ µ

µ µ µ µ−

 + + + +
=  + + 

 

and  

EQ. 2-22 2 2 2
2

1
i i

i

k k
L

µ = + Λ = +  

Applying the procedure explained in Appendix B for region 2 leads to  

EQ. 2-23 ( ) ( ) ( )2 2* 21 22
2 p p

0

( ) ( )2Q x ,z  sin
( ) ( )

p pwx x
p

f k f ke e z k dk
D k D k

µ µ

π
−

∞
− 

=  
 

+∫
 

with 
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EQ. 2-24 
( ) ( )

( ) ( )

2 2
3 2 3 2 2 1 1 1

21 2
2 1 1 1 2 3 2 3 2

( )
we s skf k

s s

µ µ µ µ µ µ µ

µ µ µ µ µ µ µ

−  + − − +  =  
 + + + + −   

 

and 

EQ. 2-25 
( ) ( )

( ) ( )

2 2
1 1 1 2 2 3 2 3

22 2
2 3 2 2 3 1 1 1 2

( )
we s skf k

s s

µ µ µ µ µ µ µ

µ µ µ µ µ µ µ

−  + − − +  =  
 + + + + −   

 

and D(k) already defined by EQ. 2-21. 

Finally applying the procedure to region 3 leads to: 

EQ. 2-26 ( ) ( ) ( )3 pμ w-x* 3
3 p p p

0

(k)2Q x ,z = e sin z k dk
π ( )

f
D k

∞

⋅∫  

with 

EQ. 2-27 

( ) ( )
( )

( ) ( )

2

2

2
1 2 1 1 2 2 2 3

2 2
3 3 1 1 1 2

3
2 2

1 1 2 1 2 2 2 3

-

( ) 2 -

- - -

w

w

s s
kf k e s

e s s

µ

µ

µ µ µ µ µ µ

µ µ µ µ
µ

µ µ µ µ µ µ

−

−

  + + +    = + +  
 

 + +   

 

2.1.3.2 Representations 

In order to get more insights in the theoretical expressions of the previous section, this section 
shows a representation of the nine Gi,js, their gradient and the Qjs obtained from numerical 
simulation for the following situation: 
Table 2-2: Point source simulation parameters. 

Parameter [unit] L1 [µm] S1 [cm/s] L2 [µm] S2 [cm/s] L3 [µm] 
Value 100 104 500 2.5·103 200 

GB1 is located at x1=200 µm, GB2 at x2=400 µm and the point source is located at 
zp=100 µm regardless of the region in which it is located.  

The point source is then located in x at xp=150 µm for region 1, xp=300 µm for region 2, 
and xp=450 µm for region 3. 

The carrier density and its gradient are represented using a logarithmic scale in order to 
better visualize the phenomena occuring in the various regions. 

The Qjs are represented to show the contribution of the three associated Gi,j as expressed 
by EQ. 2-15. 
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Point source in region 1 
 
Due to the boundary condition 
at z=0 (EQ. 2-14), the density is 
forced to 0 at the top surface.  
Carriers generated at the point 
source spread in every 
direction by volume diffusion. 
The density is reduced at the 
GBs but a carrier transfer from 
region 1 to 2 occurs. Even if 
weaker, one can observe the 
carrier transfer from region 2 
to region 3 as well. (see 
Appendix B for a 3-dimensional 
representation). 
 
A large part of the current flow 
(arrows) goes toward the 
junction. The strongest gradient 
is obtained radially pointing 
outward from the point source. 
Deeper in the volume one can 
observe that carriers that 
crossed GB1 into region 2 tend 
to flow backward towards GB1. 
This situation is possible 
because region 2 has a very 
high diffusion length and thus 
carriers ‘see’ the influence of 
GB1 much more than of the 
volume in terms of 
recombination. 
 
The maximum of the collected 
current density is observed 
nearby the point source 
position. The current density 
then shows a steep decrease 
toward GB1 because of its large 
SRV and the relatively low Ldiff 
in this region. The decrease is 
smoother in region 2 because of 
the longer Ldiff. The current 
collected is the integral of the 
current density and thus 
corresponds to the filled 
surface under the curves. The 
total filled surface is the current 
collected when the point source 
is in region 1. By definition this 
is Q1. 
 

Fig. 2-2: Representation of carrier density, current flow density and top surface collected current 
for a point source located in region 1. 
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Point source in region 2 
 
The influence of the different 
diffusion lengths in the three 
regions is visible observing the 
smoother distribution in depth for 
longer diffusion lengths (L2>L3>L1). 
A stronger density variation in the 
x direction is observed around GB1 
with respect to GB2 in agreement 
with the fact that S1>S2. From 
region 2 carriers spread in the 
three regions because of carrier 
transfer at the GBs. S1,2 are chosen 
low enough to obtain a non 
negligible carrier transfer. 
However, for strongly 
recombinative GBs, this carrier 
transfer is negligible. 
 
One can observe the carriers 
turning backward at the GBs, like 
for the preceding case, however, 
more pronounced in region 3 than 
in region 1. In region 1 the 
diffusion length is smaller than in 
region 3 so that carriers recombine 
more easily in the volume and the 
relative influence of the GB on the 
direction of flow is weaker.  

 

 

In region 2, the current density 
drop is sharper towards region 1 
than towards region 3 because of 
S1>S2. The decrease with distance 
is slightly steeper in region 1 than 
in region 2 because L3>L1. 
The total surface underneath the 
curve is then Q2 by definition for a 
point at zp=100 µm and xp=300 µm. 
The derived expression from Q2 is, 
however, for an arbitrary position 
of the point source within region 2. 
 

Fig. 2-3: Representation of carrier density, current flow density and top surface collected current 
for a point source located in region 2. 
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Point source in region 3 
 
 
 
 
 
The density is homogeneously 
distributed around the point 
source in region 2 and 3 because 
of the weak influence of GB2 that 
allows a large carrier transfer 
between the two regions and of 
their high diffusion length. 
 
 
 
 
 
 
 
 
In region 2, it is clearly visible 
that carriers are going towards all 
region boundaries while being 
injected from the right side. 
The carriers, however, get sooner 
more oriented towards GB1 than 
towards GB2 because of the 
asymmetry of the SRVs (S1>S2). 
 
 
 
 
 
 
 
 
In region 2 the current drops very 
smoothly on both sides and its 
decrease is nearly unaffected by 
GB2 for the same reason as 
explained above for the carrier 
density. One can even remark that 
it decreases less sharply in 
region 2 than in region 3 because 
L2>L3. 
 

Fig. 2-4: Representation of carrier density, current flow density and top surface collected current 
for a point source located in region 3. 
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2.1.4 Plateau level I0 and the 1-dimensional model  
It has been seen in the last section that Qj had two components (see EQ. 2-17): 

1. Jj: that is independent of xp and of s1,2. 

2. Qj*: that regroups the influence of the grain boundaries and carrier transfers. 

In order to show the meaning of these two components in the case of a non discrete source (the 
laser beam) the convolution operator is used as well as its linearity property. 

Therefore, the current collected from a non discrete source can be written from EQ. 2-6 in 
a short notation form as: 

EQ. 2-28 ( ) ( )I q Q , H ,p p p px z x z= ⋅ ⊗
 

using ⊗  the convolution product operator over the whole domain of definition. Analogously to 
EQ. 2-17 one can write more generally: 

EQ. 2-29 ( ) ( )*Q , =J( )-Q ,p p p p px z z x z  

Making use of EQ. 2-29 and of the property of linearity of the convolution product one can 
rewrite EQ. 2-28 as: 

EQ. 2-30 ( ) ( ) ( )*
0I q J( ) H , -q Q , H ,p p p p p p p GBz x z x z x z I I= ⋅ ⊗ ⋅ ⊗ = −

 introducing I0 the so called plateau level value and IGB the current loss induced by the grain 
boundaries. I0 was defined formerly [DONOLATO'83] as the current collected infinitely far from 
the GB. However, it is shown later in this section that this definition should be extended because 
of the possibility of differing Ldiff in the various regions.  

If one now considers than the laser position is shifted in x by an amount x0, g becomes 
centered around x=x0 instead of being centered around x=0. 

As this operation affects only the x variable by a shift of x0, the integration over the y 
variable leading to H in EQ. 2-7 is not affected implying that H has an identical distribution only 
shifted by x0. One can then rewrite EQ. 2-30 as: 

EQ. 2-31 ( ) ( ) ( )*
0 0 0 0 0 0I(x ) q J( ) H , -q Q , H , (- )- ) (p p p p p p p GBz x x z x z x x z I x I x= ⋅ ⊗ ⋅ ⊗ = −  

implying that I, I0, and IGB become functions of x0. 

I(x0) represents the evolution of the collected current as a function of the position of the 
laser. Thus, by definition I(x0) is the theoretical expression for the LBIC linescan over the GB 
situation described by this model (see Fig. 2-1). 

Using the expression of g established for the infinite case (EQ. 1-42) in EQ. 2-7, it leads to 
the following expression: 

EQ. 2-32 ( ) ( )
2

0 2, xH x z g exp exp zπ σ α
σ

 
= − − 

 
 

Taking in account the partition of J, I0(x0) as defined by EQ. 2-31 is now expressed in an extended 
form:  

EQ. 2-33 ( )
1

3
0 0 0 p p1

0

I ( ) H - ,z d dz( )
j

j

x

j p pj
x

px q J x x xz
−

∞

=
= ⋅∑∫ ∫  

Making use of EQ. 2-32 and EQ. 2-18 in EQ. 2-33 and using the fact that the variables are 
separable leads to: 
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EQ. 2-34 ( ) ( )
1

2
3 0

0 0 0 j p p21
0

I (x ) ( ) dz dx
j

j

x
p

pj
x

x x
q g exp z expπ σ α

σ
−

∞

=

 − = − + Λ −
 
 

∑ ∫ ∫
 

While the integral in z is readily solvable, the integral in x leads to error functions from which, 
using some of their symmetries and properties (see Appendix C), I0(x0) can be finally expressed 
after some rearrangements as: 

EQ. 2-35 ( ) 2 0 3 2 02 2 1
0 0 0

2 1 1 3

1 1I x q 2
2

x w xg erfc erfcαπσ
α α α σ α σ

    Λ − Λ −+ Λ Λ − Λ    = − − −       + Λ + Λ + Λ + Λ          

I0 still depends on the position of the laser beam x0 and thus can vary from place to place.  

It is suggested that the plateau level I0 represents the solution to the 1-dimensional 
problem along z. 

This statement implies that one neglects the influence of any carrier flowing laterally (in 
the x direction) towards GBs or towards other regions of different Ldiffs.  

The dependence of I0 in x0 is only due to the fact that the three regions have different Ldiffs 
and thus different collection currents. It can indeed be observed that if one assumes L1=L2=L3 
and thus Λ1=Λ2=Λ3, the two erfc terms present in EQ. 2-35 vanish and the expression is 
independent of x0.  

Keeping the formulation with three different Ldiffs, a reference level independent of x0 can 
be obtained considering that the laser beam is located infinitely far in region 1. This reference 
level named I01, corresponding to the plateau level of region 1, is obtained by making x0 tending 
to minus infinity in EQ. 2-35 (see Appendix C for the limits of the erfc function) that leads to: 

EQ. 2-36 
1

2
01 0

1

1(1 )I q q laser
f

p

g P R
h c

π η αλσ
α α

= =
+ Λ + Λ

−
 

in which the second expression of I01 is obtained by replacing g0 by its expression (EQ. 1-43). I01 
is used as a profile normalization level for this investigation for reasons detailed in Sec. 2.1.6 . 

It is, however, to be mentioned that, in theory, this level can never be reached by any 
profile and thus its estimation is performed making use of the level in the profile that is 
considered constant enough to be very representative of I01. 

However, regarding the profile obtained between two GBs, that is a general case in mc-Si, 
it requires a very large distance between the two GBs (more than 4·Ldiff for the laser at 
λ=833 nm, even more for more penetrative lasers) to consider that the maximum value obtained 
in the profile is a reasonable approximation of the plateau value (this issue is described more in 
detail in Sec. 2.4.8). 

As this large distance is rarely available, it is preferred in this work to introduce the notion 
of “Quasi-plateau region” defined as a region where the profile amplitude varies by less than 1% 
for the range of the diffusion length that are relevant to fit the profile. The procedure to fit in an 
optimal way with the quasi-plateau is detailed in Sec. 2.2. 

Coming back to the meaning of I01, it is interesting to notice that the number of holes 
collected by the junction per unit time is: 

EQ. 2-37 01

1

1(1 )I
q

laser
f

p
h

P R
h

n
c
λ ηα

α+ = −=
+ Λ

 

and the number of photons entering the device after reflection per unit time is: 
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EQ. 2-38 (1 ) (1 )ph
laser laser

f f
pph

n P PR
hE

R
c
λ

− = −=  

Thus, the internal quantum efficiency in short circuit condition can be expressed as: 

EQ. 2-39 
1

h

ph

nIQE
n

α
α

η+= =
+ Λ

  

Or introducing the absorption length Lα=1/α and assuming η=1 leads to: 

EQ. 2-40 

1

1

1IQE L
L

α
=

+
 

which is the formulation explained by [FISCHER'03] for the IQE in one dimension when: 

- The absorption length is smaller than the bulk thickness. 
- The diffusion length is an effective diffusion length taking in account the back surface 

effect. 

The diffusion length can then be extracted by a linear fit of: 

EQ. 2-41 
1

1( ) 11 f L L
IQE Lα α

 
= = + ⋅ 

 
 

For an infinitely thick wafer (the assumption used here) the first condition is fulfilled and the 
effective diffusion length is equal to the diffusion length.  

It is emphasized here that the simplified formulation of EQ. 2-40 and EQ. 2-41 is valid in a 
strictly 1-dimensional case assuming a homogeneous diffusion length: monocrystalline 
materials or in the center of large grains in multicrystalline material. It is likely not to be 
relevant for small grained multicrystalline materials. 

Details about the applicability of 1-, 2- and 3-dimensional models are given in Sec. 2.3.2. 

2.1.5 Grain boundary term IGB and the 2-dimensional model  
Taking in account the domain partition the grain boundary term IGB(x0) (EQ. 2-31) can be 
expressed in an expanded form leading to: 

EQ. 2-42 ( ) ( )3
0 , 01GB GB jj

I x I x
=

= ∑  

in which IGB,j(x0) is the contribution of region j to the grain boundary term that is expressed as: 

EQ. 2-43 ( ) ( )
1

*
, 0 0 p p

0

H - ,z d dz( )
j

j

x

GB j j p p
x

pI x q Q x x xz
−

∞

⋅= ∫ ∫  

Making use of EQ. 2-19 and EQ. 2-32 in EQ. 2-43 with j=1 and using the fact that the resulting 
triple integral has separable variables leads to: 

EQ. 2-44 ( ) ( ) ( )2
0

0
GB,1 0 1 1 2

0 0
0

2I ( )  sin expp pz
p p p p

x x
q g f k e z k dz x dx kx dασ µ

σπ

∞ ∞
−

−∞

 −
 = ⋅ ⋅ ⋅ −
 
 

∫ ∫ ∫
 

The integral on zp and xp in EQ. 2-44 have an analytical solution leading to: 
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EQ. 2-45 ( )
2

2 01 1
GB,1 00 1 1 02 2

0

I ( )
2 2

xkq g f k exp xx erfc dk
k

µ σ µ σσ µ
α σ

∞     = ⋅ ⋅ ⋅ + +    +      
∫

 
An analogous procedure is performed for j=2,3 and the three contributions are subtracted from 
I0(x0) to form the collected current.  

2.1.6 Normalization and final solution  
All these contributions include g0 that contains parameters difficult to estimate in an absolute 
way like the local front reflectance Rf and the power of the laser Plaser. Assuming that they are 
constant for the whole problem their influence could be removed by normalizing the profile by 
the plateau level of region 1 (I01). This allows one to write the final solution of the problem as: 

EQ. 2-46 
( ) ( ) ( )3

, 010 0 0

01 01 01

xx I x
I I I

GB jj
II == −

∑
 

Making use of EQ. 2-35, EQ. 2-36 and EQ. 2-45 in EQ. 2-46 leads after various rearrangements to: 

 
EQ. 2-47

 

That is the final expression for the advanced model. 

2.1.7 Numerical computation of the solution: the “exp(y²)·erfc(y)” terms 
The numerical evaluation of the improper integral in EQ. 2-47 is a difficult task because of the 
complexity of the function. It is performed most efficiently using the Gauss-Kronrod quadrature 
with an algorithm described in [SHAMPINE'08]. Like all numerical algorithms to evaluate 
integrals, this procedure needs several evaluations of the function to be integrated (the 
integrand) for defined values of the integration variable (here k) all lying in the integration 
interval. As the upper bound is infinity in this case, one can say that the algorithm requires 
probably the value of the function for some pretty large values of k. 

The integral is fully defined on the integration interval and is converging implying that the 
integrand tends to 0 at infinity. One has, however, to remark that, for k tending to infinity (the 
upper bound of this integral), some terms of the integrand are composed of functions that 
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diverge strongly (exponential with positive arguments) multiplied by functions that tend to 0 
slightly more quickly (erfc). Thus, these terms tend slowly to 0, as required, when k tends to 
infinity. However, computationally speaking, the expression is termwise evaluated and these 
terms lead to a “Not A Number” resulting from the operation “∞·0” for large values of k. 

Thus, EQ. 2-47 is put in a form where these problematic terms are isolated: Rearranging 
the equation to make appear a majority of exponential functions with negative argument (that 
are computationally problem free when k tends to infinity) and regrouping the exponential of 
positive arguments with the erfc terms. 

These last described terms cannot be computed termwise and thus require a suitable 
computational procedure. 

The first of these terms in EQ. 2-47 is examined to determine its dependence to k when k 
tends to infinity: 

EQ. 2-48 
2

0
0

1 1
1lim exp erfc

2 2k
xxµ σ µ σµ
σ→∞

     ⋅ +    
     

+  

One can first remark that if x0 tends to infinity (beam infinitely far from the GB) it is also a 
critical case similar to the aforementioned one independently from k. 

Then, in the limit of k tending to infinity, one can see in EQ. 2-22 that µi reduces to k except 
for Li=0 which is not physically relevant. In this case the first term transforms into: 

EQ. 2-49 
2

0
0lim exp erfc

2 2k
xk kkxσ σ
σ→∞

     ⋅ +    
     

+  

Then, the limits of polynomial expressions at infinity are dictated by their terms of highest 
power. In this case it allows the expression to be further simplified to: 

EQ. 2-50 1
2 2

01
01lim exp erfc lim exp erfc

2 2 2 2k k
x k kxµ σ µ σ σ σµ
σ→∞ →∞

         ⋅ + = ⋅         
            

+  

So a term of the form “exp(k²)·erfc(k)” is obtained and one can show by an identical 
demonstration than the five other terms of this kind in EQ. 2-47 behave the same way when k 
tends to infinity. 

These problematic terms are computed making use of the continued fraction expansion of 
the erfc function. This expansion (Eq. 7.1.14 in [ABRAMOWITZ'72]) contains an exp(-k2) that 
cancels the exp(k2) term when used in EQ. 2-50. Details about this procedure are given in 
Appendix D. 

2.1.8 Infinite Thickness Model (ITM) 
A special case of the present model is obtained considering one has only one GB (implying s2=0) 
of reduced SRV s=s1 and the same diffusion length Ldiff=L1=L2=L3=1/Λ everywhere in the 
structure (implying µ1=µ2=µ3=µ making use of EQ. 2-22). Under this simplification EQ. 2-47 
becomes: 
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EQ. 2-51 
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∫
 

EQ. 2-51 is referenced in this work as the Infinite Thickness Model (ITM) and used for 
comparison with the Finite Thickness Model (FTM) that is developed in Chapter 3 with the same 
considerations but a finite structure thickness. 

2.2 Implementation 
A Matlab code was created to use EQ. 2-47 as a fitting expression on a measured LBIC profile 
linescan over a GB and normalized to the left side plateau level in which L1, L2, L3 and s1, s2 are 
fitting parameters. Due to some critical aspects, mostly related to plateau level evaluations as 
detailed in Sec. 2.6.2, it is observed that standard optimization methods, like e.g. the Nelder and 
Mead simplex [LAGARIAS'98] or the Levenberg-Marquardt algorithm [MORÉ'77], lead to 
unrealistic estimations of the diffusion lengths for high diffusion lengths. A trial and error 
method is therefore presented in this work. 

Studying the plateau value in each region if these regions have an infinite width, one realizes 
that the plateau value expressions obtained differ only by the diffusion length. Thus, one can 
write more generally EQ. 2-36 for an arbitrary region j as: 

EQ. 2-52 2
0 0

1I q
j

j gσ π
α

= ⋅
+ Λ

 

Deciding arbitrarily to normalize the profile, and thus the various plateau values, by the plateau 
value of region 1 (I01) it is easy to show from EQ. 2-52 that: 

EQ. 2-53 
02,3 1

2,3
01 2,3

I
P

I
α

α
+ Λ

= =
+ Λ

 

with P2,3, the normalized plateau values for region 2 and 3. 

It is worth mentioning that, according to EQ. 2-53, P2 and P3 have a maximum value of 
Pmax=1+1/(αL1) corresponding to Λ2,3=0 that is equivalent to infinite L2 or L3 (see EQ. 2-12). 
Therefore, higher plateau values are physically inconsistent. 

As P2,3 depend on L1 and L2,3, a variation of one or the other diffusion length influences it. 
However, P2 and P3 are straightforwardly extractible quantities corresponding to slight 
overestimations of the maximum value observed in the respective region on the normalized 
profile. Using EQ. 2-53 and EQ. 2-12 and one can express L2,3 as a function of L1 and P2,3: 

EQ. 2-54 ( )
1 2,3

2,3
1 2,31 1

L P
L

L Pα
=

+ −
 

Therefore, the determination of L1,2,3 is equivalent to the determination of L1 and P2,3 making use 
of EQ. 2-54. However, as P2,3 are straightforwardly extractable for the reason mentioned above, 
only L1 remains as non straightforwardly extractible parameter instead of L1,2,3 in the direct 
approach. This procedure therefore simplifies the determination of the diffusion lengths when 
they differ. 
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Regarding the estimation of L1, one can observe that using slightly different values for the 
left plateau level value, still lying within the uncertainty of the determination of the plateau, 
results in a better fitting of the overall profile. Therefore, for each value of L1 one would have to 
adjust the plateau to an optimal value and analyze the residual error to determine its suitability 
(see Sec. 2.3.7). 

Instead of estimating each time an optimal plateau value, an interval as large and constant 
as possible (regardless of the noise) is chosen on which various reasonable estimations of the 
diffusion length change the residual error by only less than 1%. This interval or ‘quasi-plateau 
region’ like defined in Sec. 2.1.4 allows the computer to finely tune the plateau value on a least 
square sense. 

Indeed, if one discards the influence of an offset current as well as the measurement noise 
and assumes the fit to be perfect, the theoretical profile (Ith) should be proportional to the 
measurement profile (Imeas) with an unknown scaling factor A. 

EQ. 2-55 th measI A I= ⋅  

This scaling factor can be estimated in the least square sense for the set of points of the quasi 
plateau by making use of: 

EQ. 2-56 
, ,

2
,

meas i th i
i

meas i
i

I I
A

I

⋅
=

∑
∑



 

The estimated A (Â) obtained by EQ. 2-56 is then used to rescale the whole profile using EQ. 
2-55. 

2.3 Presentation of the method 

2.3.1 LBIC map acquisition 
The LBIC system used in this investigation is equipped with four modulated lasers (at 
wavelengths λ=635, 833, 910, and 980 nm) and allows a sharp focusing of the lasers (σ<8 µm) as 
well as a step size as small as 1 µm in x and y direction. The system performs a lock-in 
measurement of the short circuit current as well as of the front reflectance for each wavelength. 

It has to be mentioned that, within the framework of the present model, only the laser at 
λ=833 nm and at λ=910 nm can be used for exploitation. Indeed, the laser at λ=635 nm has a too 
small penetration and thus generates carriers to large extend in the emitter which is not 
described by the model. Concerning the laser at λ=980 nm, the penetration depth is of the order 
of the wafer thickness and thus the influence of the back side cannot be neglected like assumed 
in the present model. This laser is, however, of interest while using a model that includes the 
back side (see Sec. 3.3). 

For this investigation, it is beneficial to use a sharply focused laser (small beam radius σ) 
to enhance the contrast at the GBs. Indeed, if the beam is broad, a relatively large amount of 
carriers is collected when the beam is in the surroundings of the GB and results in a broadening 
of the dip in the profile that prevents the detailed observation of small features. Another 
consequence is a decrease of the relative amplitude of the dip that decreases the accuracy of the 
determination of Seff. Both aforementioned influences of a broad laser beam are detailed in Sec. 
2.4.6. 

Another mandatory condition is a high spatial resolution or, in other terms, a small step 
size (<5 µm). A large number of points in a region guarantees that even small features are 
captured and that the measurement noise is better evaluated allowing to reduce its influence on 
the fit accuracy in a more reliable manner. 
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Because of the long duration of a high resolution measurement, a map at low resolution is 
acquired first. On this map, regions of interest are determined and remeasured at high 
resolution. An example of a high resolution LBIC measurement is shown in Fig. 2-5. 

 

Fig. 2-5: High resolution LBIC map of the short circuit current at λ=833 nm with a step size of 
2 µm. The dashed line indicates the linescan perpendicular to the GB under investigation 
extracted from this map whereas the two bold vertical lines belong to the metallization grid. 

2.3.2 Profile selection 
Concerning the selection of a suitable GB profile, one has to consider that the investigated GB is 
relatively straight and relatively far from other differently oriented GBs in order to fulfill the 
assumption of invariance along the y-axis. For the laser at λ=833 nm, at least one of the 
neighboring grains should be larger and longer than 5·Ldiff in order to extract the plateau value 
(see Sec. 2.4.8 for details). 

To generalize this idea one can say that a suitable linescan should  

1) be perpendicular to a grain boundary,  
2) include regions described by a 2-dimensional theory (around the GB) 
3) as well as, at least, one region described by a 1-dimensional theory (plateau) 
4) but no regions described by a 3-dimensional theory. 

If a metallization finger is present in the linescan, one has to remark that it induces no significant 
change in the diffusion process underneath and thus the intensity goes to 0 only because the 
laser is entirely reflected on the metal and thus induces no generation. Thus, a finger can be 
included in a profile and does not alter the relevance of the fitting except at its own location.  

One has to remind that, without assumptions, the theory describing this problem is 3-
dimensional. However, if one assumes invariance of the geometry (boundaries), of the material 
properties (Ldiff in the present case) and of the source (the laser in the present case) in one or 
two directions of space, the problem can be described by a 2- or 1-dimensional theory, 
respectively. In the present case the source is purely 3-dimensional and thus no dimension 
reduction is possible at the first glance. However, because only an integrated value of the 
solution in two dimensions is sought (see Sec. 1.4), it can be demonstrated that the quantity 
sought can be described by a 2-dimensional theory assuming an invariance of the geometry and 
of the material properties in one direction of space (see Appendix F). 

The invariance in space of Ldiff is a reasonable assumption within one grain in mc-Si. 

2 mm 
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The invariance of the geometry is strictly never fulfilled because of the finite size of the 
grains; however, it could be reasonable to assume it if the situation is invariant in one or two 
directions for several times Ldiff. 

While a full 3-dimensional theory is analytically solvable only for very simple cases and 
requires numerical simulation in most of the realistic situations encountered, a 2-dimensional 
theory (like developed here) has a complex but analytical solution that includes the further 
reduced 1-dimensional theory.  

The sketch of Fig. 2-6 represents schematically the region that needs mandatorily a 3-
dimensional model and the one that could be described reasonably by a 2- or 1-dimensional 
model on a hypothetic multicrystalline wafer solar cell, in which a majority of GBs is assumed to 
be straight. 

The rules of constructions are the following: 

In each grain, of diffusion length Ldiff, one defines the region between each straight GB of 2 
to 2.5 times the Ldiff of distance inside the grain. The region so defined is the zone in which the 
GB has most of its influence. At the first glance, all these zones (represented in green in Fig. 2-6) 
can be investigated reasonably by a 2-dimensional theory. 

There are, however, some restrictions to be taken into account: When the zone of 
influence of two non parallel GBs overlaps, the overlapping zone can be described only by a 3-
dimensional theory (represented in red in Fig. 2-6). The case when these two aforementioned 
GBs would be parallel is described by the present 2-dimensional model. 

A non straight GB could be formally represented only by a 3-dimensional theory. However, 
if the change of direction of the GB is not so pronounced, one can assume that it is locally straight 
and thus apply a 2-dimensional theory. 

The remaining regions are free from the influence of any GB and thus can be described by 
a 1-dimensional theory (represented in blue). 

Following the rules described above, one can thus determine the possible linescans. 

 
Fig. 2-6: Schematic of the various areas of a LBIC map where a 1-, 2-, or 3-dimensional theory 
describes the situation to a good accuracy for the same grain configuration in a large, medium, 
and low Ldiff wafer. 

The same grain configuration is represented in Fig. 2-6 for different average diffusion length. 

• For the small Ldiff situation, nearly every grain boundary could be studied and in 
the majority of cases a 1-dimensional model is enough (see Sec. 2.1.4). 

• For the medium Ldiff situation, some grains are smaller than 5·Ldiff in both 
directions and thus require a full 3-dimensional theory to study them.  

o Additionally, some linescans are not possible because they cross regions 
that could be modeled only by a 3-dimensional theory.  
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• For the large Ldiff case, few linescan possibilities are remaining. However, even 
fewer region of validity of the 1-dimensional theory are available. Thus this 
method still allows getting more accurate estimations of the diffusion length than a 
1-dimensional theory. 

When the linescan is selected, a “quasi-plateau region” is determined and used for the 
automatic profile normalization (see Sec. 2.2). 

2.3.3 Laser beam radius estimation 
The laser beam radius is evaluated by fitting linescans perpendicular to the busbars of the front 
side metallization of the solar cell. Linescans over metallization fingers can be also suitable 
providing that the fingers are broader than three times the beam radius σ. If the beam profile is 
Gaussian, this profile can be fitted automatically using a scaled complementary error function as 
demonstrated below.  

Making use of the demonstration for the advanced model, if one considers that there is no 
GB (s1=s2=0) and that the diffusion length is the same anywhere in the structure (L1=L2=L3=Ldiff) 
one can make use of EQ. 2-17 to EQ. 2-27 to show that Q1=Q2=Q3=J1=J2=J3=J. 

If now one assumes that the region of positive x is fully covered by metal (finger or 
busbar) the integration in x of EQ. 2-33 is performed on the silicon side only (from minus infinity 
to 0) because the generation (and thus H its projection on the xz-plane) equals 0 on the metal 
side leading to: 
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This leads straightforwardly to: 
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To generalize to a more realistic situation, a possible offset in current (Ioff) and an arbitrary 
position of metal edge (xc) are assumed leading to: 
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Fig. 2-7: Computed theoretical linescan perpendicular to a busbar with σ=8 µm.
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One has to notice that in this problem there is no interest in evaluating Ioff, xc and I01. These 
constants are however needed to be included in order to fit more reliably σ which is the 
parameter of interest. However, one can observe in Fig. 2-7 that these three constants are 
readily evaluated from asymptotic values of the measured profile. Therefore the optimization 
algorithm (Nelder and Mead simplex [LAGARIAS'98] using EQ. 2-59 as a model) estimates 
quickly and accurately these three constants and σ, even if one has very distorted experimental 
profiles. 

One must keep in mind the fact that this model assumes a perfectly sharp edge which is 
never the case. This leads to a systematic overestimation of σ and thus the minimum value 
obtained from several fittings is the most accurate estimation of σ. Fortunately, the high speed of 
the optimization procedure allows one to fit automatically 100 linescans extracted 
perpendicularly to a busbar in a limited time. One can then take an average of the five minimum 
values of σ as a good approximation of σ. 

2.3.4 Profile normalization and setting the origin of the x0 scale 
To normalize the profile, one first determines the quasi plateau region at the edge of region 1 
(left of the linescan left) and selects it in the developed fitting software as the confidence 
interval. This software automatically computes the best normalization scaling factor in the least 
square sense (see Sec. 2.2) on this confidence interval and performs automatically the 
normalization on the whole profile. 

It is then assumed that the location of the minimum of the first dip in the profile 
corresponds to the location of GB1. And thus this location becomes the origin of the x0 axis. 

From practical considerations, it has to be mentioned that it is not guaranteed that one 
point of the profile corresponds to a situation where the laser spot is perfectly centered at GB1. 
If it is not the case, one should finely tune the origin of the axis in order to distribute the fitting 
error equally between both sides. In any case a high spatial resolution allows reducing the 
impact of this problem on the fitting result. 

From theoretical considerations, the minimum of the profile only corresponds exactly to 
x0=0 if there is no difference between L1 and L2 (see Sec. 2.5.2) nor the presence of a second GB 
(see Sec. 2.5.3). One has, however, to remark that these two aforementioned features induce 
only a small displacement of the minimum location with respect to x0=0 and only when 
considering very different L1 and L2 (factor two or more) or a very close second GB (w < Ldiff/5 
and less) that are very rare situations in real materials. It is therefore a very good approximation 
to consider the minimum of the dip to be centered at the GB.  

2.3.5 Profile fitting 
While the influence of material and LBIC tool is studied in detail in Sec. 2.4 a short overview is 
given in the present section. 

At a given laser wavelength, one can summarize qualitatively by the schematic of Fig. 2-8 
the various zones of influence of each parameter when all the others are kept constant. 

Starting from the outermost part of the profile (the plateau), the first parameter that has 
an influence on the shape is the diffusion length (Ldiff). A long diffusion length implies that a not 
negligible fraction of the carriers that are generated relative far from the GB diffuses towards it 
and recombines when reaching it. Ldiff determines from how far the collected current begins to 
decrease significantly and how smooth this decrease is: The higher the Ldiff, the farther from the 
GB the current decreases and the smoother it decreases. Close to the GB, Seff has a larger 
influence on the profile than Ldiff. Thus the main influence of Ldiff on the profile shape is located in 
its outer region (relatively far from the dip). 

In the inner part of the dip Seff influences mainly the slope of the wall of the dip: The higher 
the Seff the steeper are the walls of the dip. 
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Fig. 2-8: Zone of influence of each fitting parameter when all the others are set constant. 

Finally, due to a more or less extended generation around the GB, the laser beam radius σ is a 
parameter that influences directly the depth of the dip, and should therefore be well determined 
in order to determine Seff accurately. 

As a general rule, the zone in which the most important discrepancy occurs is an 
indication of the parameter that should be readjusted in a trial and error method. The area close 
to the GB is the area of highest sensitivity towards errors. 

It is therefore suggested to perform a rough fit by starting from the innermost part of the 
dips. Having set σ to its estimated value (see Sec. 2.3.3), one then tunes the Seff values to obtain 
the best match of the depth of the dips. While roughly tuning Seff, one needs to adjust roughly Ldiff 
(L1 and P2,3 in a two GB case (see Sec. 2.4.4)) to match the shape because the diffusion lengths 
have a weak, but not negligible influence on the depth of the dips. 

Thus one needs to readjust the Seff values after adjusting the diffusion lengths. This 
procedure usually reduces the residual error to rather low values. However, one can observe 
that values of diffusion lengths have an uncertainty of 20-100% without drastically affecting the 
resulting RMS (root mean square) error of the fit. To tackle this issue, a more advanced residual 
error analysis is proposed in Sec. 2.3.7 allowing increasing the accuracy of the fitted parameters. 

This procedure is performed firstly on the LBIC profiles obtained with the laser at 
λ=833 nm because the quasi-plateau region is larger with the shorter wavelength than with 
more penetrating laser with higher wavelength (see Sec. 2.4.3). 

2.3.6 Simultaneous fitting of profiles based on different laser wavelengths for 
carrier generation 

An inherent problem with the diffusion length evaluation by this method occurs when the 
diffusion length is large because of the collection efficiency approaching unity [CORKISH'98]. 

On the one hand, short wavelength profiles provide an accurately determined quasi-
plateau region but suffer from a large uncertainty in the evaluated parameters (L1,2,3 and S1,2) 
because of the reduced contrast and the reduced lateral extension of the profile. 

On the other hand, long wavelength light, by penetrating deeper into the wafer, results in a 
broader and deeper profile (see Sec. 2.4.3) allowing a more accurate determination of the 
aforementioned parameters but suffers from smaller quasi-plateau regions that reduces the 
probability of finding a suitable one for the investigation. Additionally, because of the higher 
penetration of the laser the influence of the back side of the cell on the profile is less negligible 
and the assumption of infinite thickness is less valid (this point is detailed in Sec. 2.6.4). 

It is therefore proposed in this work to fit a short wavelength profile simultaneously with 
a longer wavelength profile.  
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The successful fitting of both profiles gives therefore more reliable parameters than the 
fitting of only one profile alone. This method could be extended to three different wavelengths of 
the LBIC system, further enhancing its reliability and accuracy. 

One has, however, to take care that the penetration depth is in any case much smaller than 
the wafer thickness. If the residual error is significantly larger for one wavelength than for the 
other despite using the same set of parameters, a possible explanation is that the wafer or the GB 
is not homogeneous in depth. The kind of discrepancy encountered can bring some information 
about the change of wafer quality with depth in the linescan region. For the two lasers at 
λ=833 nm and λ=910 nm, the absorption coefficients are set to α833=65 mm-1 and α910 =27 mm-1 
[GREEN'95], respectively. 

It is, however, to be mentioned that if one has to fit one profile alone, the one obtained 
using the laser at λ=833 nm has to be chosen because of the higher probability to find a reliable 
quasi-plateau. The profile obtained at λ=910 nm can be used only as an additional profile to 
refine the parameters obtained by the fitting of the profile obtained at λ=833 nm, but never 
alone. 

It is important to notice that the simultaneous fitting of profiles based on different laser 
wavelengths implies using several laser beams simultaneously. In general these laser beams are 
not identically focused. It is therefore of primary importance to estimate the beam radii of each 
laser using the method described in Sec. 2.3.3. 

In other words, the fitting parameters corresponding to a GB situation are: 

• S1 and S2, the SRVs of the GBs  
• L1, L2, L3, the diffusions lengths of the three different regions of the profile  
• w the distance between the two GB  

These parameters are the same for all profile wavelengths used 

For each wavelength λ one has to add the following specific parameters: 

• αλ, the absorption coefficient of silicon at wavelength λ (known from literature) 
• σλ, the beam radius of the laser at wavelength λ (estimated by the method of 

Sec. 2.3.3) 

2.3.7 Residual error analysis 
After performing a rough adjustment of the profile parameters as described in the last section, 
the residual error is the sum of several weak sources of errors that are hardly separable because 
of their comparable amplitude. They can be, however, more easily discriminated regarding the 
position at which they occur in the linescan and regarding the range on which they span: 

• Short range correlated (1-10 µm) 
 LBIC measurement errors and local inhomogeneities in the reflection (see 

Sec. 2.6.6) 
• Medium range correlated (30-100 µm) 

 Tilted GB (see Sec. 2.6.3) 
 Material inhomogeneities 

• Long range correlated (100-300 µm) 
 Back side effect if the wafer thickness h<Ldiff (see Sec. 2.6.4) 
 Ldiff not correctly adjusted 

• Whole profile correlated 
 Quasi-plateau not correctly selected 

In order to study the range of the correlation of a signal, the normalized autocorrelation function 
is a powerful tool (see Appendix E). Used in conjunction with the residual, the normalized 
autocorrelation function allows a finer tuning of the fitted parameters. 
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The influence of a homogeneous back side on the profile, that is not taken into account in 
the present model, is symmetrical on both sides of the minimum of the linescan (dip). In this 
situation one observes that one Ldiff value allows a more precise fit close to the plateau and 
another Ldiff value allows a more precise fit closer to the center of the dip. If one tries to fit the 
profile with a value of Ldiff between the two aforementioned values, the theoretical profile can in 
some cases cross the measured profile. This phenomenon is characteristic of a back side 
influence and is explained in detail in the chapter dealing with the Finite Thickness Model (see 
Chapter 3). 

Asymmetries in the residual error between theoretical and measured profile can be 
attributed to lateral inhomogeneities in Ldiff or to tilted GBs. In the case of a tilted GB, however, 
the asymmetry has a peculiar shape (see Sec. 2.6.3) that could be distinguished from material 
inhomogeneities if the GB is tilted by more than 20°. 

This residual error analysis allows analyzing more clearly the origin of the deviations from 
the model prediction and refining the parameters thus improving the overall fit accuracy. This 
method is proposed as an alternative to the fit of the Fourier transform of the profile introduced 
by [MITTIGA'87]. 

2.4 Influence of material and measurement device parameters on GB 
profiles 

2.4.1 Physical quantities of interest and their representations 
It has been shown in the last sections that the position of the laser is linked to a value of 
collected current through several physical quantities. These quantities are linked between each 
other through physical mechanisms that translate into mathematical operations. This whole 
process can be represented as a chain in which each newly introduced quantity is a consequence 
of the previous one. 

It has to be pointed out that computing each quantity requires the knowledge of additional 
parameters that are assumed to be constant within one profile. This process chain, detailed 
below, is represented in Fig. 2-9.  

Starting from the position of the laser, the first of these quantities is the spatial 
distribution of the photon flux density of the laser, namely, the laser profile (EQ. 1-38). 
Calculating it requires the knowledge of the beam radius σ as well as the wavelength λ and the 
total laser power Plaser. Providing the profile is normalized, only σ is needed. While the position is 
just a value of dimension 0, the laser profile is 2-dimensional (along x and y) that is reduced to 
one dimension (along x) because of the invariance along the y axis.  

The beam then enters the semiconductor and is absorbed to create electron hole pairs. 
The next quantity is then the volume generation function (EQ. 1-42) in which the knowledge of 
the absorption coefficient α is needed and, if not normalized, the reflection coefficient of the 
front surface Rf and a quantum conversion coefficient η that is assumed to be 1 in this work. This 
quantity is 3-dimensional but reduced to two dimensions (along x and z) because of the 
invariance along the y axis (EQ. 2-32). 

The generated minority carriers then diffuse and recombine in volume (characterized by 
L1,2,3) and at the grain boundaries (characterized by S1,2) or are collected at the junction. Thus, 
the next quantity is the spatial distribution of the excess minority carriers that is usually 3-
dimensional but is reduced to two dimensions (along x and z) because of the invariance along 
the y-axis. If the first GB is arbitrarily set at the origin of the x-axis, then one only needs 
additionally w, the distance between the two GBs.  

In the present case, the current flow originates only from the gradient of the excess 
minority carrier density that needs therefore to be derived. This quantity needs no additional 
knowledge to be derived and is represented by a 3-dimensional vector field indicating for each 



Two GBs and different Ldiffs 

41 

point of the volume the direction and the magnitude of the current flow density. It is reduced to 
two dimensions for the same reason of invariance along the y-axis as mentioned before. 

At the top surface (the junction) the normal component of the gradient corresponds to the 
collected current density (EQ. 1-52). This quantity is scalar and 2-dimensional but reduced to 
one dimension. It is worth noticing that the same procedure could be applied to the GB to give its 
recombination current density. 

Finally, integrating this quantity over the whole junction, that is the xy-plane in two 
dimensions (EQ. 1-53) or the x-axis when reduced to one dimension gives the total current 
measured by the LBIC system. This current is just a value and so it is 0-dimensional. 

To show the evolution of the collected current with the distance, the progressively 
collected current from the right to the left of the graphic is represented. This representation 
allows observing more clearly where the loss of current occurs than by comparing the density of 
currents. It has to be strongly emphasized, however, that only the final value at the left of the 
graphic (the total collected current) has a physical meaning. The current is indeed collected at 
every point simultaneously and thus a progressive collection, as suggested by this diagram is not 
the physical reality. 

While all these phenomena are included in the general model formula (EQ. 2-47) in a very 
compact form, it is useful to visualize them separately in order to understand the influence of 
each parameter on the final profile.  

All these aforementioned intermediate quantities are represented in one compact graphic 
(the resulting graph at the bottom of Fig. 2-9) for one particular position (x0) of the laser beam 
and for one particular GB situation. 

The position is set at the location where the studied parameter has the maximum of 
influence on the profile or, in other words, where the difference is the largest between profiles 
obtained at various values of the studied parameters. The parameters investigated have usually 
their maximum of influence on different parts of the profile and thus the location of the studied 
point is different in each case, but always indicated in the profile comparison. 

An important point should be mentioned about the representation of the volume generation 
function, the carrier densities and current flow density when they are reduced from three to two 
dimensions because of the invariance along the y-axis: It is demonstrated in Appendix F that the 
reduction of this problem from three to two dimensions, because of the invariance along the y-
axis, is fully correct only if one considers the reduced problem to be expressed in terms of a new 
variable being the variable used in the 3-dimensional problem (here the excess carrier density) 
integrated along the y axis. 

The represented numerically simulated quantities in Fig. 2-9, that have their 
dimensionality reduced by one, correspond to the integration along the whole y-axis of the 
physical 3-dimensional corresponding quantities as demonstrated in Appendix F. Therefore, 
these represented quantities do not correspond to the standard definition of the quantities: 

• The generation volume function that is given in number of carriers/cm3/s is represented 
in two dimensions by a quantity in number of carriers/cm2/s. 

• The carrier density that is given in number of carriers/cm3 is represented in two 
dimensions by a quantity in number of carriers/cm2. 

• The carrier flow density that is given in number of carriers /cm2/s is represented in two 
dimensions by a quantity in number of carriers/cm/s. 

It is thus emphasized that the represented quantities do not represent neither 
quantitativaly nor qualitatively the 3-dimensional quantities in the plane y=0 (if the laser beam 
center moves in this plane) as one might think, but the sum of the 3-dimensional quantity over 
all the y-planes for each x and z value. 

This last point is valid for all 2-dimensional maps of Chapter 2 and Chapter 3. 
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Fig. 2-9: Quantities and parameters involved in the derivation of the collected current from the 
position of the laser beam. 

A type of representation like the resulting graph in Fig. 2-9 is extensively used in this section to 
describe the influence of the parameters. In order to put some additional information and to 
improve the consistency of the representation, some modifications and normalizations have 
been integrated in these graphs. The additional features of the final graph type presented in  

Fig. 2-10 are described below:  
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• The additional graph on the left represents the density of currents at the GB in which one 
has to distinguish: 

o The total density of current flowing towards the GB represented in a filled green 
surface. The source generating only on the right side of the GB, it is assumed that 
the right side current density represents the total current density coming to the 
GB. One should, however, remark that this representation is not correct if the 
volume generation function has a comparable magnitude on both sides of the GB 
e.g. when the beam is centered at the GB. This representation is also critical when 
the current components that succeed in crossing the GB come back towards it 
because of the high Ldiff of the grain on the other side of the GB. This last 
mentioned effect is, however, very weak and does not harm the discussion 
presented in this work. 

o The current density that recombines at the GB, represented in an overlapping red 
filled surface, is the difference of current densities between both sides of the GB.  
Using this representation, the visible green filled surface represents the part of 
the current density that succeeds to cross the GB while the red filled surface 
represents the part that recombines. 
 

• The central graph shows a superposition of: 
o The line contour plot of carrier density in logarithmic scale and arbitrary units. 
o The vector field plot of the carrier density gradient that represents the carrier 

flow density. The magnitudes of the vectors are represented in logarithmic scale 
and arbitrary units while the vector orientations are preserved. 
 

• The top graph shows: 
o The laser profile in linear scale and arbitrary units with a maximum set at 0.5 

that is represented by a yellow curve. 
o The normalized current density collected at the junction without GB with a 

maximum normalized to 1 that is represented in a red filled surface. 
o The normalized current density collected with a GB that is represented in an 

overlapping blue filled surface. 
All current densities (GB and top surface collected) are arbitrarily scaled to the 
maximum of the current density collected without GB. 

o The progressively collected current without GB starting from right to left side of 
the graph that is represented by a pink curve. 

o The progressively collected current with the GB is represented by a cyan colored 
curve. Both progressively collected current curves are normalized to the 
maximum of collected current for the case without GB. With this normalization, 
the maximum level of the cyan curve corresponds to the current value in the 
normalized GB profile for the investigated x0 position. 
 

• The right graph represents the filled contour plot of the volume generation function 
induced by the laser in logarithmic scale and arbitrary units. 
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Fig. 2-10: Example of the compact representation of carrier density and carrier flow (central 
plot), recombination and transfer current density at the GB (left plot), progressively collected 
currents (top plot), and volume generation function (right plot) for an LBIC measurement at a 
laser position x0. 

2.4.2 Position of the laser beam x0 
It is obvious from the previous sections that when the beam gets closer to the GB the collected 
current drops like shown in Fig. 2-11. However, a closer look at the various quantities previously 
defined for various laser positions x0= 100, 50, 25 and 8 µm (see Sec. 2.1.1) allows a deeper 
understanding of the phenomena that take place in the solar cells during a LBIC measurement. 
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Fig. 2-11: Simulation of GB LBIC profiles at λ=833 nm assuming σ=8 µm and Seff=106 cm/s for 
Ldiff=100 µm. 
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Fig. 2-12: Representation of the various quantities described in Fig. 2-10 for the situation of 
Fig. 2-11 at x0=100 µm. 

One can observe in Fig. 2-12 that with σ=8 µm the laser beam is relatively narrow (yellow curve 
on the top graphic) and the laser at λ=833 nm has a relatively small penetration depth of 
Lα=1/α=15 µm as can be seen in the laser generation profile (right graph).  

This localization of the generation function induces, however, a pretty wide distribution of 
the carrier density (central contour plot) limited by the top surface (where the density is forced 
to 0) and the GB that is strongly recombinative (density close to 0 and nearly no transfer of 
carriers). When not limited by the boundaries (GB and junction) the width of this extension is 
controlled by the diffusion length that is 100 µm in the present case. This full extension can be 
observed in the bottom right quadrant of the contour plot where the GB and the top surface have 
only a weak influence. 

At x0=100 µm, the beam is, however, relatively far from the GB and thus the current that 
recombines at the GB is weak (left graph). One can observe on the vector field representation 
that the current flow tends to go towards the GB or towards the top surface (junction) 
depending on which interface is the closest from the considered location. At the GB or at the 
junction, one can observe that the gradient is approximately normal to these surfaces. 

For this value of x0, the collected current densities are almost identical with or without a 
GB present (top graphic). One can observe as well that the distributions of these current 
densities seem almost Gaussian (like the laser beam) with, however, a much broader standard 
deviation than for the laser. This is explained by the fact that the spreading of the carriers is 
controlled by the diffusion length that is much larger than the laser beam radius. This standard 
deviation is, however, smaller than Ldiff because most of the carrier are generated very close to 
the surface where they are almost immediately collected by the junction.  

It can be seen that the major loss in collected current occurs at the position of the grain 
boundary where the current that can be collected without the GB is in any case low. This small 
decrease of the normalized current results in a value close to 1. 
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Fig. 2-13: Representation of the various quantities described in Fig. 2-10 for the situation of 
Fig. 2-11 at x0=50 µm. 

Considering now x0=50 µm in Fig. 2-13, a more important fraction of the carriers are driven 
towards the GB (see vector plot and the current density recombining at the GB). Thus the left tail 
of the collected current density is cut out more sharply at the GB and thus the collected current 
curves decrease more sharply than in the previous case. The normalized collected current is 
thus lower than in the previous case as one can see in the normalized profile (Fig. 2-11). 

 
Fig. 2-14: Representation of the various quantities described in Fig. 2-10 for the situation of 
Fig. 2-11 at x0=25 µm. 
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Studying now the case where x0=25 µm (Fig. 2-14), one can observe in the vector plot that, deep 
in the volume, carriers that originally went to the right toward the volume are changing 
direction to the left toward the GB where they recombine. The GB is chosen with a so strong 
recombination activity that nearly all the current that reaches the GB recombines. This can be 
observed in the left graph where no green surface is visible meaning that Jtotal ≈Jrec and thus only 
a negligible current succeeds in crossing the GB (however, visible in the contour plot because of 
the logarithmic representation). Taken apart the left tail of the collected current that is cut off, 
the collected current density is slightly lowered on the whole profile and thus the final value is 
considerably lower than in the previous case as one can see in Fig. 2-11.  

 

Fig. 2-15: Representation of the various quantities described in Fig. 2-10 for the situation of 
Fig. 2-11 at x0=8 µm. 

Finally at x0=8 µm (Fig. 2-15) the laser profile begins to overlap both sides of the GB (yellow 
curve on top graphic). Thus one can see a current collected from both sides of the GB. Therefore, 
even when the beam is centered at the GB, that is the most detrimental case with respect to the 
loss of collected current, no collection at all is impossible except if the beam radius tends to 0, Seff 
tends to infinity and the beam is centered at the GB (x0=0). While Seff tending to infinity can be 
obtained in real situations, σ tending to 0 is shown in this work to be an unrealistic assumption if 
one wants to fit accurately the bottom of the dip and thus one has to take into account a 
minimum of the collected current that is strongly depending on the radius of the beam σ as it is 
shown more in detail in Sec. 2.4.6. Therefore, except in the centers of large fingers or busbars, 
any LBIC profile never reaches a zero value even at the center of the dip. 

2.4.3 Absorption coefficient α 
The profiles obtained for the same GB situation with the values of α corresponding to the four 
laser wavelengths of the LBIC system are represented in Fig. 2-16. One can observe that the 
larger the wavelength (and so the smaller the α) the broader and the deeper the profile 
becomes. In order to deepen the understanding of this phenomenon the values of the various 
quantities of interest as defined in Sec. 2.4.1 are represented for these various α values when the 
laser beam is located at x0=25 µm. 
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Fig. 2-16: Simulation of GB LBIC profiles assuming σ=8 µm, Seff=106 cm/s and Ldiff=100 µm for 
laser wavelengths of λ=635, 833, 910 and 980 nm. The vertical black line indicates the position 
x0=25 µm. 

 
Fig. 2-17: Representation of the various quantities described in Fig. 2-10 for the situation of 
Fig. 2-16 at x0=25 µm for α635=325 mm-1. 
For the laser at λ=635 nm (Fig. 2-17) the penetration depth Lα (inverse of the absorption 
coefficient α) is so small that the largest fraction of the carriers is generated very close to the 
surface (see the right graph). Thus, even with the laser being close to the GB, very few carriers 
can reach the GB or diffuse in the volume because most of them are collected by the junction 
before. 

Thus, even if the GB is strongly recombinative and the diffusion length is large, a majority 
of the carriers is collected in the immediate surroundings of the location of the generation. 

There is very little difference between the current collected with and without the GB and 
the normalized current is close to 1 as one can see as well in Fig. 2-16. Therefore, the laser 
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should be located even closer to the GB in order to observe a significant decrease of the collected 
current. 

For this laser, the carriers are generated so close to the solar cells surface that one is not 
able to neglect the part of the light that is absorbed in the space charge region of the junction. 
This makes this theory not applicable and this figure not fully realistic. It is, however, very 
informative and in qualitative agreement with experiments. 

The case of the laser at λ=833 nm, that is already shown in Fig. 2-14 for another purpose, 
shows a trend that is explained in the case of the laser at λ=910 nm and at λ=980 nm where it is 
even more pronounced. 

 
Fig. 2-18: Representation of the various quantities described in Fig. 2-10 for the situation of Fig. 2-16 at 
x0=25 µm for α910=27 mm-1. 

For the laser at λ=910 nm (see Fig. 2-18) the penetration depth is much higher because of the 
lower α (see right graph). This induces a smoother and higher carrier density in the volume with 
a maximum that shifts toward higher depth. This phenomenon has two consequences:  

• There is a significant contribution to the collected current of carriers coming from very 
deep in the volume. Generated very deep, these carriers diffuse on a larger distance in 
every direction which broadens their range of collection at the surface when not limited 
by a GB. And thus, even if the beam is relatively far from the GB, a significant part of 
carriers reaches it and recombines. The main consequence of this phenomenon is the 
broadening of the profile dip (see Fig. 2-16). 

• When the beam is close to the GB, a higher carrier density and more homogeneous 
carrier density distribution in depth induce a recombination at the GB that is higher and 
more homogeneously distributed in depth. Thus, the enhanced recombination activity of 
the GB (the current that recombines at the GB) induces a higher decrease of the 
normalized collected current that makes a deeper dip in the GB profile (see Fig. 2-16). 
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Fig. 2-19: Representation of the various quantities described in Fig. 2-10 for the situation of Fig. 2-16 at 
x0=25 µm for α980=9 mm-1. The small oscillations in the recombination current density at the GB 
(red filled surface in the left graphic) are simulation artifacts.  
For the laser at λ=980 nm (see Fig. 2-19) the trend described in the previous case is further 
enhanced. However, assuming a thickness of 250 µm, one has to remark that while only a 
negligible part of the laser generation occurs at the back side for the laser at λ=910 nm, it is not 
the case for the laser at λ=980 nm. Thus, this theory that considers an infinite thickness cannot 
be applied for the laser at λ=980 nm. Fig. 2-19 is, however, informative considering that the 
profiles obtained by the present infinite thickness theory for this wavelength are qualitatively in 
agreement with experimental profiles but not quantitatively. The FTM theory explained in 
Chapter 3 shows a more quantitative agreement. 

2.4.4 Diffusion length Ldiff 
Some profiles obtained for identical GB situations but different characteristic values of Ldiff are 
represented in Fig. 2-20. One can observe that the larger the diffusion length the smaller the 
normalized current. However, the larger the diffusion length the higher is the absolute current. 

In order to deepen the understanding of this phenomenon the values of the various 
quantities of interest as defined in Sec. 2.4.1 are represented for the two extreme cases of 
Fig. 2-20 (Ldiff=50 µm and Ldiff=500 µm) when the laser beam is located at x0=50 µm. 

Only these two cases are studied because, as one can see from Fig. 2-20, the influence of 
the diffusion length is relatively weak in comparison to other parameters studied in the present 
section and thus useful conclusions can be more easily drawn by comparing the extreme cases. 
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Fig. 2-20: Simulation of GB LBIC profiles assuming σ=8 µm, Seff=105 cm/s and a laser wavelength of 
λ=833 nm for Ldiff=50, 100, 200 and 500 µm. 

 
Fig. 2-21: Representation of the various quantities described in Fig. 2-10 for the situation of 
Fig. 2-20 at x0=50 µm for Ldiff=50 µm. 

In the case where Ldiff=50 µm, the loss in collected current is located only around the GB. This GB 
has a SRV of 105 cm/s, which is strong but not very strong, and thus a small fraction succeeds in 
crossing the GB. This explains that Jtotal coming to the GB is slightly higher than Jrec recombining 
at the GB. One can additionally observe that the carrier distribution is only slightly asymmetric 
in x around x0 which is, of course, induced by the GB. However, the fact that the asymmetry is 
only weak is explained by the fact that x0 is of the same order than Ldiff. Therefore, most of the 
carriers are relatively free to diffuse symmetrically in both x directions without being too much 
disturbed by the presence of the GB. 
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Fig. 2-22: Representation of the various quantities described in Fig. 2-10 for the situation of 
Fig. 2-20 at x0=50 µm for Ldiff=500 µm. 

In the case where Ldiff=500 µm, the decrease of the collected current density is observed for the 
whole top surface (even if stronger around the GB). Because of the longer diffusion length, 
carriers can diffuse on a longer distance without recombining in the volume and thus have a 
higher probability to be driven to the collecting or the recombining surfaces. In the present case, 
the data being normalized to the collected current without GB, one sees carriers recombining at 
the GB that originate far away from the GB. There is thus an increase of the recombination 
current at the GB and thus a decrease of the collected current density on a larger extend.  

One can observe here that the current density distribution in x is really asymmetric 
around x0. Indeed, while for x>x0 (right of the beam) carriers can diffuse freely with a diffusion 
length Ldiff=500 µm, for x<x0 (left of the beam) their diffusion is prevented by the GB located at 
only 50 µm<<Ldiff. Another interesting phenomenon is the fact than when carriers diffuse in 
depth, they ‘see’ less the junction and ‘see’ more the GB and are finally more attracted by the GB. 
This causes current that is oriented outward the GB to change progressively the orientation 
while going deeper in the volume to be finally oriented toward the GB like represented by the 
white arrow in Fig. 2-22. 

This phenomenon occuring in the volume has, however, only little influence on the 
normalized current that is collected by the junction. It is undeniable that the diffusion length 
plays a role in the profile shape. It is, however, emphasized here that it is not a major role. This 
means that large variations in the diffusion length have only a relatively small influence on the 
profile shape. As a consequence, the accurate determination of Ldiff using this method is difficult. 

It has, however, to be remarked that if one increases the penetration depth the effect of a 
difference of the diffusion length is more pronounced. Exploiting this phenomenon to improve 
the accuracy of the Ldiff determination requires, however, a LBIC profile extracted on a longer 
distance because the dip of the profile is broader for higher penetration depth and the 
application of the present fitting method requires including a quasi-plateau region in the profile 
in order to perform the profile normalization. Therefore, if the grains are not large enough it 
could be impossible to find a quasi-plateau region (see Sec. 2.2) and consequently to apply the 
method. 
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A combination of a LBIC profile acquired using a laser with a deep and another with a 
shallow penetration fitted simultaneously can solve this dilemma as pointed out in Sec. 2.3.6. 

A more critical issue is the influence of the back side with increasing laser penetration 
depth and diffusion length. This issue is addressed by the finite thickness model (see Chapter 3). 

2.4.5 Grain boundary effective surface recombination velocity Seff 
Some profiles obtained for the same GB situation but different characteristic values of Seff are 
represented in Fig. 2-23. One can see that Seff influences directly the depth of the dip but a more 
precise statement is that it influences directly the slope of the wall of the dip. It is shown in the 
next section that the beam radius (σ) is the parameter that influences alone the depth of the dip 
when Seff is set while the wall of the dip does not change too much. 

In order to deepen the understanding of this phenomenon the values of the various 
quantities of interest as defined in Sec. 2.4.1 are represented for the three different cases shown 
in Fig. 2-23 when the laser beam is located at x0=15 µm. 
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Fig. 2-23: Simulation of GB LBIC profiles assuming σ=8 µm, Ldiff=200 µm and laser at λ=833 nm for 
Seff=106, 3·104 and 103 cm/s. 
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Fig. 2-24: Representation of the various quantities described in Fig. 2-10 for the situation of 
Fig. 2-23 at x0=15 µm for Seff =106 cm/s. 

In the case of Seff=106 cm/s, no current crosses the GB (or equivalently every carrier that reaches 
the GB recombines) as can be seen on the left graph. The left tail of the collected current density 
is simply cut off at the GB position and its global amplitude is strongly reduced because of the 
high diffusion length (see Sec. 2.4.4) and of the proximity of the laser beam to the GB. It 
corresponds then to the smallest normalized current collected. 

 

Fig. 2-25: Representation of the various quantities described in Fig. 2-10 for the situation of 
Fig. 2-23 at x0=15 µm for Seff =3·104 cm/s. 
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In the intermediate case of a moderately active GB with Seff=3·104 cm/s, one can observe in 
Fig. 2-25 that the collected current density at the junction is reduced at the GB location but not 
cancelled. This is also observable by the fact that a fraction of the carriers crosses the GB (green 
area on the left graph) and thus can be collected on the other side. It could be remarked as well 
that the total density of carriers coming to the GB is higher than for the previous case while the 
density that recombines is slightly lower. Therefore, the total amount of collected carriers is 
higher than in the previous case and thus the normalized value is higher in the profile of Fig. 
2-23. 

 

Fig. 2-26: Representation of the various quantities described in Fig. 2-10 for the situation of 
Fig. 2-23 at x0=15 µm for Seff =103 cm/s. 

Considering finally a low activity GB with Seff=103 cm/s, one can observe in Fig. 2-26 that the 
collected current density with the GB is hardly distinguishable from the one collected without 
GB. The difference could be observed a little more clearly while observing the finally collected 
current for both cases. One can also observe that the distributions of the carriers and of the 
current flow density are only slightly disturbed by the presence of the GB. Therefore the profile 
is expected to be almost completely flat as one can observe in Fig. 2-23. 

2.4.6 Beam radius σ 
One can see in Fig. 2-27 that σ influences directly the depth of the dip. However, as mentioned in 
the previous section, the slope of the walls of the dips is only slightly modified on the contrary to 
the influence of Seff. 

In order to deepen the understanding of this phenomenon, the values of the various 
quantities of interest as defined in Sec. 2.4.1 are represented for the four different cases shown 
in Fig. 2-27 when the laser beam is located at x0=5 µm. 
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Fig. 2-27: Simulation of GB LBIC profiles assuming, Ldiff=200 µm, Seff=105 cm/s and a laser of 
wavelength of λ=833 nm for σ=4, 8, 16 and 32 µm. 

 

Fig. 2-28: Representation of the various quantities described in Fig. 2-10 for the situation of 
Fig. 2-27 at x0=5 µm for σ=4 µm. 

Considering in Fig. 2-28 the generation induced by a narrow (or sharply focused) laser beam of 
σ=4 µm, only a very small part of the carriers are generated on the left side of the GB and the 
collected current is only slightly asymmetric referring to the center of the generation 
distribution. One can observe that the grain boundary reduces drastically the current density on 
the whole top surface with a more pronounced reduction at the GB location. One thus obtains 
the highest current drop in the collected current referring to the case without GB. 
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Fig. 2-29: Representation of the various quantities described in Fig. 2-10 for the situation of 
Fig. 2-27 at x0=5 µm for σ=8 µm. 

Increasing σ to 8 µm, the laser profile overlaps both sides of the GB (yellow curve) as shown in 
Fig. 2-29. While more carriers recombine at the GB because of its locally higher carrier density, 
more carriers are also collected at a larger distance from the GB because they are initially 
generated further from the GB. Here, these two phenomena balance each other making the final 
normalized collected current roughly the same as for the laser with σ=4 µm (see Fig. 2-27). 

 
Fig. 2-30: Representation of the various quantities described in Fig. 2-10 for the situation of 
Fig. 2-27 at x0=5 µm for σ=16 µm. 
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Increasing σ to 16 µm, a larger part of the carriers is generated further away from the GB and is 
thus more easily collected which results in an increase of the normalized current value. 

 
Fig. 2-31: Representation of the various quantities described in Fig. 2-10 for the situation of 
Fig. 2-27 at x0=5 µm for σ=32 µm. 

Finally, with σ=32 µm, carrier density and collected current are approximately balanced on both 
sides of the GB and an even larger part of the carriers is generated farther from the GB. These 
carriers are thus more easily collected which results in an increase of the normalized current 
value. 

In general, it is shown that σ influences the minimum value of the profile because, when 
the beam is centered at the GB, σ determines the lateral extension of the generation. Thus, σ 
determines the fraction of carriers generated sufficiently far from the GB to be collected by the 
junction rather than to recombine at the GB.  

Thus the main influence of σ in a profile is located in an interval of ±σ around the GB and 
its influence is negligible elsewhere. 

While mainly Seff, but also Ldiff, determine the maximum contrast that can be reached in a 
profile, increasing σ smoothes the bottom of the dip in the region of ±σ around the GB and 
reduces its contrast. Thus the walls of the dip that are farther than σ from the center of the GB 
are nearly unaffected by the σ value and are determined nearly only by Seff mainly and Ldiff in a 
lesser manner. It is important to notice that this statement is correct only if Ldiff>>σ which is the 
case in this work. 

Without considerations of injection levels that are addressed in Chapter 4 an accurate 
determination of the SRV implies having the highest contrast possible in the profile and thus the 
lowest σ value independently from the step size used to acquire the LBIC map. 

The variation of the minimum value of the profile depending on a large part on σ, it is as 
important to have a very accurate estimation of the σ value as to have a low value for σ in order 
to extract a precise value of the SRV from the contrast profile of the GB. 
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2.4.7 One grain boundary and different diffusion lengths: side coupling 
If the diffusion lengths of the grains on both sides of the GB differ from each other, there is a 
coupling between both sides of the GB because some carriers transfer from each side to the 
other. It is shown in Sec. 2.1.4 that in a 1-dimensional case (in z) the current collected and the 
maximum of the carrier density are increasing with increasing diffusion length. 

Therefore, a change of diffusion length in x changes the density of carriers in the x-
direction and consequently results in a non zero carrier density gradient that induces a carrier 
flow in x. Thus, this problem, even without a grain boundary, implies mandatorily a 2-
dimensional theory to describe correctly the profile in the transition between zones of different 
diffusion lengths. Therefore, the plateau term in EQ. 2-47, that describes the 1-dimensional 
solution of this problem, does not represent a measurable quantity. 

A simplified form of the solution of EQ. 2-47 considering L2=L3 (no difference of diffusion 
lengths around the second GB) and S2=0 (no second GB) is: 
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To demonstrate the coupling of both sides of the GB in this simplified model, one needs to 
express EQ. 2-60 in the form of the sum of three terms each having a physical meaning: 

EQ. 2-62 
( )0

01
s coupling

I x
P I I

I =∞= − +   

In which  

EQ. 2-63 02 1

2

1 2
2

xP erfc
α σ

  Λ − Λ  = − −    + Λ    
 

EQ. 2-64 ( )
2

1 2
1 2 2 2

20
2

1

1
s

U UkI dk
k

α
π α µ µ

∞

=∞

 
= Λ + ⋅ + +  

∫
 

EQ. 2-65 ( ) ( )
2

1 2
1 1 22 2

2 1 1 20

1 1
coupling

kI U U dk
k s

µ µα
π α µ µ µ µ

∞ +
= Λ + ⋅ ⋅ ⋅ +

+ + +∫   

P is the normalized plateau level corresponding to the current obtained without GB, considering 
a purely 1-dimensional model. 

Taken apart the normalization term that refers only to region 1, Is=∞ is a sum of two terms 
(Un/µn2) that contains respectively only the dependence to the respective side of the profile. 
Therefore, in this equation both sides of the profile are decoupled except in the vicinity of the GB 
(x0= ±few σ).  

The Is=∞ term corresponds to the normalized current collected in the case where no carrier 
can cross the GB or in other words, when s tend to infinity (see Sec. 2.4.5). Thus, the carriers 
generated on one side ‘see’ only the GB and not the other side. When the beam generates a 
comparable amount of carriers on both sides, both sides contribute significantly to the collected 
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current and this term does not correspond to two fully decoupled parts. This unavoidable 
coupling due to the non-zero value of σ influences, however, only the narrow region of the 
profile around the GB (see Sec. 2.4.6). 

Considering this term only, it implies that both sides of the dip can be fitted independently 
using a uniform diffusion length model except around the GB.  

The coupling term Icoupling expresses the correction that one needs to add to take into 
account the carrier transfer between both sides when s≠∞. The smaller the Seff value (and so the 
s value), the higher the correction. Because Icoupling is a correction to the case that includes the 
highest recombination activity of the GB, a less active GB allows in any case more carriers to be 
collected and thus this correction term is always positive. 

Fig. 2-32: Simulation of GB LBIC profiles assuming laser at λ=910 nm, σ=8 µm and L1=200 µm (left 
side) for Seff=0, 103, 3·104, and 106 cm/s and for L2=50, 100, 200, and 500 µm (right side) with 
plateau term represented. 
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• No GB activity. 

One can observe the variation of 
the plateau term P2 in the L2 region 
for which one can distinguish three 
cases: 

- L2>L1 (black curve) P2>1  

- L2=L1 (red curve) P2=1 

-.L2<L1 (green & blue curves) P2<1 

The profile is, however, different 
from the plateau value when L1≠L2 
because of a lateral carrier transfer 
from one region to the other that 
smoothes the transitions between 
the two sides of the profile. 

• Weak GB activity 

The dip induced by the GB is so 
weak that it is clearly visible only 
when the difference between L1 
and L2 is weak or not existing. For 
the other cases, one can only 
observe a weak amplitude 
reduction and a change in the 
profile slope at the GB location. 

• Moderate GB activity 

The dip induced by the GB is clearly 
marked and the influence of a 
different L2 onto the L1 side is weak 
but still present. 

• High GB activity 

L2 does not influence the L1 side at 
all. Both parts of the profile could 
be studied separately. 
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In order to illustrate the described coupling effect, different profiles obtained with various L2 
and various Seff are presented in Fig. 2-32 considering L1=200 µm σ=7 µm and α=α910=27 mm-1. 
As only the current flowing in the z direction is considered in the plateau term and the GB 
influences only the current flowing in the x direction (see EQ. 2-2 to EQ. 2-5) the activity of the 
GB does not affect the plateau term. The plateau term is reproduced in the following four graphs 
of Fig. 2-32 to give a reference level that simplifies the comparison between the different cases. 

In order to gain a deeper understanding of the phenomena described in Fig. 2-32 the 
carrier density and flow distribution is represented considering a laser located on the right side 
(at x0=25 µm) and left side (at x0=-25 µm) of the GB for the largest difference of diffusion length 
(namely L1=200 µm and L2=50 µm) and considering a weak GB (Seff=103 cm/s) and a strong GB 
(Seff=106 cm/s). 

In order to establish some links with the graphs of Fig. 2-32, the collected current density 
without the GB is represented when the diffusion lengths on both sides are equal to 200 µm (red 
filled area) and to 50 µm (green filled area). In addition, the current density taking in account the 
GB and the diffusion length difference is represented by a blue filled area. All these curves are 
normalized to the maximum of the red curve. 

The same procedure is applied to the progressively collected currents keeping the 
correspondence of the colors (blue/red/green filled area curves for current densities translate 
into light blue/red/green curves for the progressively collected current). 

 
Fig. 2-33: Representation of the various quantities described in Fig. 2-10 for the situation of 
Fig. 2-32 at x0=25 µm (right side) for Seff=103 cm/s. 

For a weakly GB with the laser located on the right side, one can observe in Fig. 2-33 that a large 
part of the carriers succeeds in transferring to the left region of the GB (see the Jtotal compared to 
Jrec in the left graph). These carriers have indeed a higher collection probability in the left region 
(Ldiff=200 µm) than in the right region (Ldiff=50 µm). This phenomenon added to the fact that the 
GB is nearly not preventing the carrier transfer between both regions induces a final collected 
current density value with the GB that lies between the collected current density value obtained 
for the case where Ldiff=200 µm everywhere and Ldiff=50 µm everywhere cases, without the GB. 

This phenomenon can be also observed in Fig. 2-32 where the collected current value 
obtained for this configuration is between the right and the left plateau value. 
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One can additionally observe that close to the junction, the current seems to turn around 
in the surroundings of the GB as shown by the white arrow in Fig. 2-33. This could be explained 
by the fact that a large part of the carriers crosses the GB near the depth of the maximum of 
injection that is relatively shallow. These transferred carriers diffuse more easily in the x and z 
directions on the left side and induce a locally increased carrier density in depth. Then, this 
difference of carrier density in depth between the right and the left side induces a carrier 
transfer back to the right region. 

 

Fig. 2-34: Representation of the various quantities described in Fig. 2-10 for the situation of 
Fig. 2-32 at x0=25 µm (right side) for Seff=106 cm/s. 

If, however, the GB is strong as represented in Fig. 2-34, no current is transferred (Jtotal=Jrec) and 
the collected current is in any case lower than the current collected if the injection is only in a 
region with Ldiff=50 µm. This phenomenon can also be observed in Fig. 2-32 where the collected 
current is below the right and the left plateau. 

One can see this phenomenon in another way: 

• The generation occurs only in the right region of Ldiff=50 µm. 
• There is no carrier transfer possible from the right to the left region. 
• Thus, the current collected is the same as the current that would be collected if 

Ldiff=50 µm on the whole domain (green) minus the part that recombines at the GB. 
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Fig. 2-35: Representation of the various quantities described in Fig. 2-10 for the situation of 
Fig. 2-32 at x0=-25 µm (left side) for Seff=103 cm/s. 
If now the laser injects in the left region (Ldiff=500 µm) at x0=-25 µm as shown in Fig. 2-35, the 
phenomenon described for Fig. 2-33 appears, however, amplified by the fact that the normalized 
collected current is higher due to the higher diffusion length. 

In this case, the carrier density is always higher in the region of injection because of its 
longer diffusion length and thus the current flow at the right of the laser center is always 
oriented toward the right region. One can observe this also by remarking that the amplitude of 
the current density that crosses the GB is higher in this case that in case of Fig. 2-33. 

Thus, the current collected is higher than in case of Fig. 2-33 even if the laser beam is 
equally distant from the GB. This, thus, induces an asymmetry in the GB profile. 
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Fig. 2-36: Representation of the various quantities described in Fig. 2-10 for the situation of 
Fig. 2-32 at x0=-25 µm (left side) for Seff=106 cm/s. 

If one considers now a strongly active GB, represented in Fig. 2-36, no current is transferred 
(Jtotal=Jrec) and thus the collected current with the presence of the GB is in any case lower than the 
current collected if the injection is only in a region with Ldiff=200 µm as can be observed also on 
Fig. 2-32. 

An interesting fact deserves to be mentioned: While the current that recombines at the GB 
is higher than in case of a laser injection on the other side (see Fig. 2-34) the collected current is 
slightly higher as well. This is because both phenomena are only linked to the diffusion length 
when seff is the same as it is detailed below. 

A higher Ldiff induces an increase of the carrier density around the GB and thus a higher 
recombination current density at the GB (see EQ. 1-30). At the same time this higher diffusion 
length allows carriers to diffuse further away from the GB where they have more chance to get 
collected. In other words, while the current loss at the GB increases, the current loss by volume 
recombination reduces by a slightly larger amount resulting in a slightly higher current to be 
collected. 

2.4.8 Two grain boundaries: distance in between w 
When a second GB is close to the studied one, both GBs influence the region in between and thus 
finding a quasi-plateau region could be impossible. 

In the region in between, carriers are driven toward left and right which has the 
consequence to lower the carrier density and the collected current in comparison to the case 
where there is only one GB. 

Close to the first GB (at x0=0) in Fig. 2-37, one can observe that the profiles are not very 
much affected by the presence of the second GB and the minimum of the dip stays roughly the 
same whatever the distance to the next GB is (except if very close). 

The main difference in profile shape between the influence of a second GB and the 
influence of a change in diffusion length is located close to the GB: 

• For a second GB the inner part of the dip stays symmetrical (see Fig. 2-37). 
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• For a different Ldiff, the inner part is not symmetrical (see Fig. 2-32). 
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Fig. 2-37: Simulation of GB LBIC profiles assuming Ldiff=100 µm everywhere, S1=S2=106 cm/s, with 
a laser at λ=833 nm and σ=4 µm for w=50, 100, 200, 300 and 500 µm. 

To simplify the discussion, a simplified case considering that S1=S2=Seff and L1=L2=L3=Ldiff is 
presented in this section. This is justified by the fact that the effect of differing L1,2,3 can be 
inferred from the present case making use of the remarks in Sec. 2.4.7 while differing S1,2 can be 
inferred only considering the effect of Seff on the profile which is detailed in Sec. 2.4.5. 

In this simplified case, the minimum w necessary to consider a part of the region in 
between as a quasi-plateau region depends on Seff, α the absorption coefficient, and on Ldiff. 

A situation in which α is moderate and the GBs have a very strong recombination activity 
(deep and large profile dips) considering a realistic diffusion length of 100 µm is studied in 
Fig. 2-37. It is therefore a case where the quasi-plateau region between the GBs is considerably 
reduced which thus gives some indications about the minimum distance between GBs that is 
necessary to consider them isolated with a laser at λ=833 nm.  

For this situation one can see in Fig. 2-37 that the w should be at least of 5 times Ldiff to 
have a quasi-plateau region in between. 

If one considers a deeper penetrative laser and/or a larger diffusion length, this distance 
increases substantially. 

On the other hand, if the GBs are less recombinative than the considered ones, this 
distance is reduced substantially. 

The carrier density and the carrier flow are observed in the following figures for various 
values of w when the laser is located at x0=w/2. 
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Fig. 2-38: Representation of the various quantities described in Fig. 2-10 for the situation of 
Fig. 2-37 at x0=150 µm for w=300 µm. 

Considering w=300 µm, shown in Fig. 2-38, the current that recombines at the GB is weak and 
the deviation between the collected current with and without GB is only of 2-3 %. 

 

Fig. 2-39: Representation of the various quantities described in Fig. 2-10 for the situation of 
Fig. 2-37 at x0=50 µm for w=100 µm. 
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When decreasing w to the value of Ldiff, shown in Fig. 2-39, the loss is clearly visible on both sides 
of the collected current density leading to a difference of more than 15 % in the collected current 
between the case with GBs and without GBs. 

 

Fig. 2-40: Representation of the various quantities described in Fig. 2-10 for the situation of 
Fig. 2-37 at x0=25 µm for w=50 µm. 

In the case where w=50 µm, one can see in Fig. 2-40 that due to the significant loss of carriers 
recombining at the GBs, the carrier density decreases more drastically in depth than in the two 
previous cases. It can be deduced that the backside has a smaller influence on the profile 
between the two GBs in the two GB case than in the one GB case because of the lower carrier 
density present at the back side level that can be affected by a back side boundary condition. 
Therefore, the assumption of an infinite thickness should be less detrimental to the model 
accuracy in a two GB situation between the two GB than in a one GB situation providing that the 
penetration depth remains smaller than the wafer thickness. 
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2.5 Applications to special cases 
The presented model [MICARD'10] can overcome some of the restrictions of former models, 
providing that model parameters are adapted to the specific case as described in Table 2-3. 
Table 2-3: Overview of the different scenarios for fitting Ldiff and s values and their labeling. 

N° Model name L1 s1 L2 s2 L3 

1 “One Ldiff“ 
[DONOLATO'83] 

Ldiff s Ldiff 0 Ldiff 

2 “Two Ldiffs”                         

[V. ROOS'84, MICARD'08] 
L1 s L2 0 L2 

3 “Two Seffs”       
[LUKE'84, MICARD'09] 

Ldiff s1 Ldiff s2 Ldiff 

4 “Defect Region” 
[MICARD'10] 

L1 0 Ldef 0 L2 

2+3 “General model” 
[MICARD'10] 

L1 s1 L2 s2 L3 

2.5.1 Scenario 1: “One Ldiff” 
2.5.1.1 High Seff 

The profile of a highly active isolated GB is extracted from the LBIC maps obtained using the 
laser at λ=833 nm and the laser at λ=910 nm. After normalization, the simultaneous fitting 
shown in Fig. 2-41 is in a very good agreement with the measurements. 
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Fig. 2-41: Simultaneous fitting of a GB presenting a high Seff at λ=833 nm and λ=910 nm with 
Seff=1.4·105 cm/s and L1=L2=180 µm. 

In this work, it is referred to high Seff when the normalized depth of the dip, or the grain 
boundary contrast, is larger than 0.5, corresponding generally to a Seff above 105 cm/s for a 
sharply focused laser (σ<10 µm). 

A high Seff GB presents two attractive features: 
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• The recombination activity is so high that local diffusion length inhomogeneities due to 
defect clusters or precipitates in the vicinity of the GB can be discarded. 

• If Ldiff is different in the grains on each side of the GB, a high Seff allows studying both 
sides of the dip independently due to a negligible carriers transfer (see Sec. 2.4.7). 

2.5.1.2 Low Seff 

A GB with a low Seff is more difficult to fit accurately due the non validity of the two attractive 
features presented for the case of high Seff. Thus, the use of several wavelengths is recommended 
to improve the accuracy of the estimations. A fit of a GB with low Seff is presented in Fig. 2-42. 
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Fig. 2-42: Simultaneous fitting of a GB presenting a low Seff at λ=833 nm and λ=910 nm with 
Seff=5.6x103 cm/s and L1=L2=200 µm. 

2.5.2 Scenario 2: “Two Ldiffs” and carrier transfer 
The “two Ldiff” scenario leads to the phenomenon of carrier transfer between both sides of the 
grain boundary as described in Sec. 2.4.7. 

In Fig. 2-43, a fit performed on an experimental profile is shown with the normalized 
plateau level and with the profile that would result without a GB. 

Due to the small amplitude of the signal (normalized level between 0.9 and 1), the various 
sources of noise described in Sec. 2.3.7 and the influence of material inhomogeneities, this fit is 
of lower quality than the ones presented in the previous sections. 

However, one can clearly observe the asymmetry in the measured profile. The fact that the 
measured profile shape matches the fitted one in the dips and in the plateaus leads to the 
conclusion that the asymmetry can be undoubtedly attributed to a difference in the diffusion 
length. The fitted diffusion lengths are also in a reasonable range for this kind of material which 
reinforces the previous conclusion. However, due to the non ideality of the case there is a large 
uncertainty on the determined parameter even if the order of magnitude is right. 
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Fig. 2-43: Fitting of a “two Ldiff” situation using the laser at λ=833 nm with Seff=2.3·103 cm/s, 
L1=1 mm and L2=340 µm. The plateau dependence on the position is shown as well as a profile 
obtained for such diffusion lengths but without GB (Seff=0). 

2.5.3 Scenario 3: “Two Seffs” 
In this section the fitting of the linescan shown on the LBIC map of Fig. 2-5 is presented in 
Fig. 2-44. This profile presents two GBs that are separated by a distance w that is too short to 
allow the study of each GB independently (Fig. 2-44). 
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Fig. 2-44: Simultaneous fitting of two GBs for the lasers at λ=833 nm and at λ=910 nm with 
S1=2·104 cm/s, S2=1·104 cm/s and L1=L2=900 µm and L3=320 µm. 
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The overall fit is quite good, however, a small but long range correlated error appears on the 
fitting of the laser at λ=910 nm. This could be attributed to the back side effect as described in 
Sec. 2.6.4 and is explained in Chapter 3. 

2.5.4 Scenario 4: “Defect Region” 
On some profiles, an accurate fit can be obtained only by assuming a rather large laser beam 
radius σ>30 µm which is not in agreement with experimentally estimated σ values (σ<10 µm). 

One possible explanation is the presence of a narrow defective region around the GB. In 
this case, these defects lower the diffusion length in the immediate surroundings of the GB which 
induces a small broadening of the dip profile. 

If the SRV of this GB is relatively weak, the recombination of these defects can exceed the 
recombination of the GB. In this case, the effect of the GB on the profile could be neglected in 
comparison to the effect of the surrounding defects, and the profile dip could be modeled, in a 
reasonable approximation, by a narrow region with low Ldiff of width wdef centered at the bottom 
of the dip. Even if the present model can consider only abrupt transitions of Ldiff, a good 
agreement can be found adapting the w=wdef and L2=Ldef in the present model to fit the bottom of 
the dip accurately. Then, wdef and Ldef provides some information about the defective region. 

It is observed that fitting accurately the walls of the dips as well as its bottom for a given σ 
requires a defined couple wdef, Ldef. Within this approximation of the defective region, the 
transition between regions of different diffusion lengths does not contain any grain boundaries 
and therefore one sets S1=S2=0. 

A question that arises is how to compare a GB to a narrow defective region in terms of 
recombination activity. An attempt to derive an expression of equivalence is presented below, 
assuming that the width of the region wdef is small. 

It is also assumed that the recombination activity in the defective region varies so little in 
the x-direction that it can be considered approximately constant in the x direction. This implies 
that the carrier density is homogeneous in the x-direction (see EQ. 1-16). Integrating the volume 
recombination activity of the defective region Rp in x over its whole width gives the current 
density coming at the region boundary to recombine in the region or, in other word, the 
equivalent surface recombination activity of the region. 

EQ. 2-66 ,
0

defw

surf p p p defR R dx R w= ⋅ ≈ ⋅∫  

Introducing this equivalence into EQ. 1-16 and EQ. 1-17 leads to 

EQ. 2-67 
def

eq
p

w
S

τ
≈  

in which Seq is the equivalent surface recombination velocity of the defective region. Now using 
EQ. 1-15, one could rewrite EQ. 2-67 as: 

EQ. 2-68 2
def

eq p
def

w
S D

L
≈ ⋅

 

Or using reduced SRVs like defined in EQ. 1-20 leads to: 

EQ. 2-69 2
def

eq
def

w
s

L
≈  

This simple relation is consistent with two physical facts: 

• If wdef increases the recombination increases as well and thus seq increases.  
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• If Ldef increases the recombination activity reduces as well and thus seq decreases.  

Even if it is perhaps not quantitatively accurate (the assumption used to derive EQ. 2-66 is 
probably too rough) this relation can nevertheless give a simple equivalence between a narrow 
defective region and an equivalent GB. 

Now a typical case of a defective region is shown in Fig. 2-45 with an attempt to fit it by a 
simple GB and by a defective region. 
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Fig. 2-45: Simultaneous fitting of a GB profile obtained with the laser at λ=833  nm and the laser at 
λ=910 nm with L1=200 µm, L2=175 µm. The fits considering a GB with Seff=8.8·103 cm/s are shown 
in full lines and the fits considering a narrow defective region with wdef=35 µm and Ldef=32 µm 
corresponding to Seq=9.5·103 cm/s are shown in dashed lines. 

Fig. 2-45 shows the typical fitting discrepancy that occurs if one considers a GB instead of a 
defective region while fitting accurately the outer curvature (influenced by Ldiff) and the bottom 
of the dip (influenced by Seff and σ although σ is known). Considering a defective region with 
wdef=35 µm and Ldef=32 µm, one can observe a much better agreement with the measurement. 

One can also observe that Seq obtained when one considers a defective region has nearly 
the same value as the estimated Seff would have if one considers a GB. The fact that Seq is slightly 
higher than Seff is consistent with the fact that the dip is broader and thus more recombination is 
present. However, the evaluation of both values is associated with an uncertainty that is of the 
same order or higher than the difference between them. Thus, this explanation on the difference 
between Seq and Seff has to be taken with caution. 

2.5.5 Depth inhomogeneity 
One can observe in Fig. 2-46 that while fitting accurately the profile obtained with the laser at 
λ=833 nm, the profile obtained with the laser at λ=910 nm is underestimated. This phenomenon 
could be explained by a higher recombination activity in the depth of the bulk. Indeed, only by 
generating deeper in the bulk, and thus using a laser with a longer wavelength, deeper regions of 
the bulk can be probed. This phenomenon could be explained by a surface gettering or 
hydrogenation effect reducing Seff of the GB at the surface while keeping essentially a higher 
value in depth. However, taking this phenomenon into account in the present model would 
require a much more advanced investigation on the gettering or passivation effect. 
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Fig. 2-46: Simultaneous fitting of a GB at λ=833 nm and λ=910 nm with L1=L2=200 µm and 
Seff=4.6·103 cm/s showing a discrepancy between the two laser fittings which might indicate a 
depth inhomogeneity at the GB. 

2.6 Limitations 

2.6.1 Necessity of a long and straight GB 
The strong requirement of the invariance of the problem along the y-axis (see Sec. 2.1.2) is a 
main cause of limited applicability of this theory for the majority of GBs in a relatively small 
grained material (see Sec. 2.3.2). One of the best materials suited for this model is therefore 
vertically grown silicon ribbon material like EFG and String Ribbon [HAHN'04] for which the 
very elongated grains provide this condition. This model can as well be applied to 
multicrystalline silicon in which the grains are large enough compared to Ldiff to fulfill this 
condition. 

2.6.2 Necessity of a long plateau 
The necessity of normalizing the profile to one plateau value explained in Sec. 2.1.6 imposes the 
mandatory condition of a very accurate estimation of a plateau level. This condition is made less 
limiting by the use of the ‘quasi-plateau region’ as detailed in Sec. 2.2. One has, however, to be 
cautious on the fact that the quasi-plateau region should not significantly undergo the influence 
of another GB and that the influence of the studied one is already weak. For a maximum accuracy 
of the method, one grain should be of the order of 5 Ldiff for the laser at λ=833 nm (less if the GB 
are not very active) as pointed out in Sec. 2.4.8 while the simultaneous fitting with the laser at 
λ=910 nm allows a fine tuning of the parameters. However, as pointed out by [CORKISH'98] a 
variation of 1% of the plateau value can induce an error of 100% on the diffusion length value 
when the diffusion length is high. The proposed method has improved the reliability of 
parameter extraction in comparison to the work of [CORKISH'98], however, this aspect remains 
a fundamental limitation of this type of methods. 

2.6.3 Tilted GB 
Another reason for asymmetry can be the non perpendicularity of the GB to the wafer surface. 
Simulations of Fig. 2-47 show that for up to 20° of tilt angle, this influence could be neglected. 
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One can observe that this influence is more pronounced when increasing the wavelength of the 
laser. This phenomenon is due to a higher penetration depth that induces deviations on a larger 
distance scale. In the case of an asymmetric profile with the same plateau on both sides (no 
differing diffusion lengths) and no close GB, one can deduce that the grain boundary is tilted and 
is not accurately fitted with any model that does not take into account the tilt angle. 
Unfortunately, a non perpendicular grain boundary is a problem that cannot be solved 
analytically [MITTIGA'88] and thus it requires fully numerical methods. 
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Fig. 2-47: Simulation of a GB contrast profile when the GB is tilted by an angle θ=0°, 20°, 45°, and 
60° with Seff=106 cm/s and Ldiff=100 μm on a 250 μm thick structure for λ=910 and 833 nm. 

2.6.4 Long diffusion length and back side effect 
In the case of high Ldiff, the collection efficiency approaches unity and therefore the profile does 
not change significantly between two very different Ldiff fittings [CORKISH'98]. Additionally, due 
to the fact that a non negligible part of the carriers diffuses towards the back side of the cell, the 
approximation of an infinite thickness of the wafer becomes incorrect, particularly when the 
penetration depth of the light is large. For the laser wavelengths of 833 and 910 nm (Lα is 
approximately 15 and 37 µm respectively) the penetration depths are well below typical wafer 
thicknesses of around 200 µm. Therefore, the proposed model can strictly speaking only be 
applied for cases where the wafer thickness is larger than the laser penetration depth and Ldiff. 
Only a new model taking the finite thickness into account and therefore adding the back side to 
the present model can satisfactorily solve this problem. This model is developed in this work 
and explained in Chapter 3. 

2.6.5 Injection level 
Due to the various phenomena mentioned in the introduction, Seff is strongly injection 
dependent in the intermediate and high injection regime and weakly dependent in the very low 
injection regime (n<1013 cm-3) [OUALID'84]. The maximum injection level in the present case is 
evaluated by the theory presented in Chapter 4 to be of the order of n≈3·1013 cm-3 for a large Ldiff 
of 1 mm considering the four lasers of the LBIC system to be finely focused to σ=8 µm (maximum 
possible injection with the LBIC setup without bias light).  

Considering that the wafer doping, and so the majority carrier density, is of the order of 
1015-1016 cm-3, the measurement is performed in very low injection condition. According to 
[OUALID'84] this injection level is unfortunately in the range where Seff is still significantly 
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dependent on the injection level. Therefore, it is only possible to compare extracted Seff values 
between them for the same condition of injection e. g. comparable σ, Plaser and, to a lesser extend, 
comparable Ldiff (see Chapter 4). 

2.6.6 Non constant reflection over the profile 
Local inhomogeneities of the semiconductor surface can cause small (of the order of 1-2%) short 
range variations of the front reflection (Rf) in the experimental profile. As the plateau value is a 
very sensitive parameter, a variation of this order could perturb the results of this method. 

These variations that appear like an increased noise on the profile could in principle be 
avoided by normalizing the profile by (1-Rf). Indeed (1-Rf) appears in the expression of the left 
plateau level I01 (see EQ. 2-36).  

The LBIC system used can measure the reflectance associated with each laser, however, 
only in a relative manner. The use of integral reflection data measured in an absolute manner by 
a spectrophotometer can provide a calibration for the LBIC reflection data and would allow 
performing this normalization procedure. 

However, one should consider that these variations are probably caused by the varying 
orientations of the microscopic small features of the semiconductor surface (e.g. pyramids 
resulting from a chemical texturing). Therefore, a phenomenon associated with non 
perpendicularity of the internal beam, like the changes in the generation volume function g(r), 
cannot be taken into account by this simple procedure. 

2.6.7 Laser modulation frequency 
As mentioned in Sec. 1.1 the minority carrier diffusion equation is assumed to be time 
independent. However, the LBIC system uses power modulated lasers at some reference 
frequencies. As a result, the short circuit current is composed of the respective spectral 
component corresponding to each laser modulation frequency and thus each laser wavelength. 
These various current components are measured by a lock-in amplifier to give the short circuit 
current associated to each wavelength. 

Thus, the generation is time dependent and, strictly speaking, one should then solve the 
time dependent minority carrier diffusion equation. 

The goal of this section is to demonstrate that the present approach is nevertheless a 
reasonable approximation providing that that the frequencies used for the laser modulation are 
lower than a certain critical value. 

Assuming the laser modulation to be sinusoidal with a time independent offset, one can 
express the power of the laser with the help of complex exponentials as: 

EQ. 2-70 2
mod( ) i ft

laser offP t P P e π= + ⋅  

In which Pmod is the amplitude of the power modulation, Poff is the power offset, f the laser 
modulation frequency and i the imaginary unit defined as i²=-1. 

Replacing EQ. 2-70 in EQ. 1-43 leads to a new expression of the generation function (see 
EQ. 1-42) as: 

EQ. 2-71 2
mod( , ) ( ) ( ) i ft

G off G Gg r t g r g r e π= + ⋅  

gmod(rG) corresponds to the amplitude of modulation of the generation and goff(rG) the time 
independent generation offset, both terms having a spatial dependence identical to the time 
independent generation expressed in EQ. 1-42. 

Reminding that g is a source term and that the diffusion equation with the present 
assumptions (time dependent or not) is a linear PDE (see Sec. 1.1), the superposition principle 
can be applied: The solution of the PDE for g(rG) is the sum of the solutions obtained for each 
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term of g(rG) considered independently. The short circuit current from the PDE solution is 
obtained through spatial integration of the gradient at the surface of the solution (see EQ. 1-53). 
Both aforementioned operations are also linear which implies: 

EQ. 2-72 ( ) ( )off modI t I I t= +  

In which Ioff is the measured current offset that is the solution of the problem considering only 
goff as a source term, and Imod(t) is the measured modulated current that is the solution of the 
problem only considering the time dependent term in the generation. 

The lock-in measurement of the current takes only the time dependent part of the current 
and thus only the modulation term in the generation has to be considered to ascertain the 
relevance of the present theory. 

Focusing on the time dependent minority carrier diffusion equation (EQ. 1-9), the solution 
is assumed to be of the form 

EQ. 2-73 
( )2

mod( , ) ( ) i ft
G Gp r t p r e π φ+= ⋅  

in which a phase shift (φ) with the generation signal is introduced. Then, replacing EQ. 2-73 in 
EQ. 1-9 leads after rearrangements to: 

EQ. 2-74 ( ) mod
mod mod2

1 2 ( )( ) ( )
D

i
p G

G G
diff p

i f g r ep r p r
L

φπ τ − +
∆ − = −  

 
 

In which the time dependent exponential vanished. EQ. 2-74 can also be written as: 

EQ. 2-75 ( ) mod
mod mod2

( )1( ) ( )
D

i
G

G G
diff p

g r ep r p r
L

φ−

∆ − = −
  

Defining the complex diffusion length as: 

EQ. 2-76 
1 2

diff
diff

p

L
L

i fπ τ
=

+


 

Taken apart the phase shift term in the right hand side (rhs) of EQ. 2-75, which can be put in the 
multiplicative prefactor in the expression of EQ. 1-42, this equation is the same as the time 
independent minority diffusion equation of EQ. 1-10 assuming a complex diffusion length as 
defined in EQ. 2-76. 

One can observe that the condition to be able to consider the problem as time independent 
that could be expressed as diff diffL L≈   leads to: 

EQ. 2-77 1 2 pfπ τ>>  

And thus 

EQ. 2-78 2

1
2 2

p

p diff

D
f or

Lπτ π
<<  

For a material in which the diffusion length is of 300 µm corresponding to a lifetime of 32 µs 
(assuming Dp =28 cm²/s) it makes f << 5 kHz . 

Considering that the highest modulation frequency of the lasers of the LBIC system is 
around 1.2 kHz, the approximation of time independence is acceptable for this material and all 
those of lower diffusion length. It could be, however, critical when investigating a material of 
higher quality (like monocrystalline float zone or Czochralski Si).  
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2.7 Conclusion 
 

The limits of the method of extracting values of Ldiff and Seff around a GB by using LBIC data 
pioneered by Donolato [DONOLATO'83] and improved by Corkish et al. [CORKISH'98] were 
pushed further. An advanced model that aimed at fitting various GB contrast profiles situations 
was developed. The presented model was implemented in a Matlab graphical interface making it 
a powerful tool for GB investigation. Advances in the determination of the plateau level by 
means of a ‘quasi-plateau’ region as well as in the simultaneous fitting of several laser 
wavelengths, assuming an in-depth invariance of the surface recombination velocities leads to a 
more accurate determination of the diffusion lengths compared to previous methods.  

The application of the model to several GB situations was demonstrated and showed a 
very good agreement between measurements and fitted curves. The analysis of the 
discrepancies between measurement and fitting can reveal the presence of features like 
inhomogeneities in the depth of the grain or narrow defective regions at the GB that are nearly 
impossible to access by other measurement and interpretation means. 

One limitation of the model, namely the influence of the back side when the diffusion 
length and/or the light penetration depth are of the order of the wafer thickness or larger can be 
integrated in a more complete analytical model that is presented in the next chapter. 
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Chapter 3 Finite Thickness Model (FTM) 
In this chapter, a model including the back side influence for a simple configuration (one GB and 
the same Ldiff on both sides) is presented. 

Concretely, the domain is in this case limited in the z direction by an interface located at 
z = h, h being the thickness of the wafer. 

This interface, that is the back side, is described mathematically by a recombinative 
boundary condition (see Sec. 1.2.1) thus introducing Sb, the back side SRV. 

From the optical point of view, the back side acts also as a reflector with a reflection 
coefficient Rb. This back side reflection of the incoming light modifies the light distribution in the 
wafer and consequently the volume generation as described in Sec. 1.3.2. 

Firstly, the FTM derivation is described followed by a study of the influence of the three 
newly introduced parameters (h, Sb, Rb) on the carrier density and current flow in the structure 
and ultimately on the profiles. 

Finally, some fittings of special cases are presented and discussed. 

3.1 Theory 

3.1.1 Problem description 

x

z

0

Light-Beam

pn-Junction G
rain Boundary (S

)eff

x0

Ldiff Ldiff

Back Side (S ,R )b b
Hh

 

Fig. 3-1: Schematic of the diffusion problem while including a back side. 

Referring to Sec. 2.1.1, the problem remains essentially the same: 

- same PDE to be solved (EQ. 1-14).  
- same boundary conditions (for GB1 only this time) 

o the junction BC at z=0 is still defined by EQ. 2-1 
o the GB BC at x=0 is still defined by EQ. 2-2 and EQ. 2-3 

However, the back side BC is introduced at z=h as a recombinative surface BC (see Sec. 1.2.1 for 
details): 

EQ. 3-1  ( )b z h
z h

Gr
ps p
z=

=

∂
⋅ −

∂
=  
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in which sb=Sb/Dp is the reduced back side SRV. As already mentioned in Sec. 1.3, the optical 
reflection of the back side affects the distribution of light in the sample and thus the volume 
generation function g. Thus, the formulation of g that includes a multireflection scheme (EQ. 
1-50) is used for this case. 

3.1.2 Separation of variables: separation constant and the characteristic 
equation 

The Green’s function method applied in Appendix A to transform the problem of Chapter 2 can 
also be applied here. So one has to find the 2-dimensional Green’s function Gi,j that solves the 2-
dimensional PDE of EQ. 2-11 with the BCs defined by EQ. 2-13 a and c for the GB, EQ. 2-14 for the 
junction and EQ. 3-1, transformed by the procedure indicated in Appendix A, for the back side. 

Using the Green’s function method, one solves the same problem with a point source 
instead of a continuous source and consequently the BC remains unchanged. Considering that 
EQ. 3-1 is a BC in z, and that the introduced partition Gi,j of the Green function is a partition in x, 
it can be stated that this BC is valid and unchanged for all i,j combinations leading to: 

EQ. 3-2  
,

,
i j

b i j z h
z h

G
s G

z=
=

∂
⋅ −

∂
=  

However, considering that the diffusion length is the same for both sides, there is no need to 
distinguish the diffusion length of the right and left side of the GB and thus Li=Ldiff and Λi=Λ in 
EQ. 2-11. 

In the infinite thickness case, the z direction is treated by using the sine Fourier transform 
(see Sec. 2.1.3) that respects the junction BC in z. 

However, the sine Fourier transform does not respect the back side BC which makes this 
procedure invalid in the finite thickness case and obliges one to build its own mathematical 
transformation to respect the boundary condition at the junction and at the back side. 

Like for the ITM, the PDE should be reduced to one or several ODEs. Nevertheless, a more 
general method needs to be introduced for this purpose: The method of separation of variables. 

It is assumed that Gi.j that depends on x and z can be written in the form of a product of ui,j, 
a function that depends only on x, and vi,j, a function that depends only on z [LOGAN'04]. Then it 
follows that: 

EQ. 3-3  i, j i, j i, jG ( , ) ( ) ( )x z u x v z= ⋅
 

Introducing reduced notations defined as 

EQ. 3-4  
2 2

i, j i, j i, j i, j
i, 2 2j i, j

( ) ( ) ( ) ( )
; ; ; ; ;x xx z zz

u x u x v z v z
u u u u v v v v

x x z z
∂ ∂ ∂ ∂

= = = = = =
∂ ∂ ∂ ∂

 

EQ. 2-11 without rhs becomes: 

EQ. 3-5  2 0xx zzu v u v vu⋅ + ⋅ − Λ ⋅ =
 

Dividing EQ. 3-5 by u·v leads to: 

EQ. 3-6  2 0xx zzu v
u v

+ − Λ =  or 2xx zzu v
u v

− Λ = −
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In the second form of EQ. 3-6 one can remark that the rhs depends only of x while the left hand 
side (lhs) depends only on z. 

It has been demonstrated that this equality is valid for any z and any x if and only if the second 
form of EQ. 3-6 equals a constant named K (see details in [LOGAN'04]) leading to: 

EQ. 3-7  2xx zzu vK
u v

− Λ = = −
 

In which K is called the separation constant of the problem. 

From EQ. 3-7 one can transform the PDE of EQ. 2-11 without rhs into a system of ODE 
linked by the separation constant K: 

EQ. 3-8a-b 
( )2 0

0
xx

zz

u K u

v Kv

 − Λ =

+ =

+

  

Using EQ. 3-3 one can easily show that the junction BC (EQ. 2-14) and back side BC (EQ. 3-2) that 
are in z and should be valid for any x, become respectively: 

EQ. 3-9  (0) 0v =  

EQ. 3-10 ( ) ( )z bv h s v h− =
 

It is demonstrated in Appendix G that K is strictly positive allowing one to use the more 
convenient notation K= k2. Then, rewriting EQ. 3-8b leads to: 

EQ. 3-11 2 0zzv k v+ =
 

The general solution of this homogeneous ODE is then 

EQ. 3-12 ( ) ( )v A sin kz B cos kz= ⋅ + ⋅  

with A and B two arbitrary constants that have to be determined with the BCs. Using the BC of 
EQ. 3-9 allows to determine that B=0 and to rewrite EQ. 3-12 as: 

EQ. 3-13 ( )v A sin kz= ⋅  

Introducing EQ. 3-13 in the back side BC of EQ. 3-10 leads to 

EQ. 3-14 cos( ) sin( )bkh s A hk kA− =⋅ ⋅
 

in which no information on A is gained (it vanishes from both sides of the equation). It allows, 
however, getting a condition on the allowed values of k (named kn). Rewriting EQ. 3-14 in a more 
compact form leads to: 

EQ. 3-15 tan( )n
n

b

k h
s

k− =
 

EQ. 3-15 is known as the characteristic equation of the problem. 

This equation is transcendental (it equates a linear to a transcendental function, the tangent, of 
the same variable) and has an infinite number of solutions (or roots) as one can visualize in 
Fig. 3-2. 
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Fig. 3-2: Graphic representation of an example of the characteristic equation (EQ. 3-15) for 
arbitrary values of h and sb showing its first five roots. 

In this context, the kns are by-products of the separation of variable method used explicitly to 
decouple the problem in the x and z direction. In the infinite thickness model, the decoupling of 
the problem in the x and z direction is obtained by means of the sine Fourier transform that 
introduces the integration variable k. Therefore k and kn have the same mathematical meaning, 
however, their physical meaning is less clear. 

k or kn, in their respective context, are the mathematical links between the solution of an 
ODE in x and an ODE in z used together to solve the PDE problem in x and z described by the 
system EQ. 3-8a-b. 

While in the infinite thickness problem k could take any positive value (as expressed by 
the integration boundary between 0 and infinity of the sine Fourier transform), in the finite 
thickness problem k takes only the positive values that are solutions (or roots) of the 
characteristic equation (EQ. 3-15). 

Intuitively, one can represent itself that what is an improper integral in k (between 0 and 
infinity) in the infinite thickness model becomes an infinite sum of functions parametrized by 
the kn. 

By definition, this problem is an eigenvalue problem where kn are the eigenvalues and 
sin(kn·z) are the eigenfunctions [LOGAN'04]. 

This kind of problem is named Sturm Liouville problem because of their description by the 
Sturm Liouville Theory [LOGAN'04]. 

In order to evaluate an arbitrary number of positive solutions of the characteristic 
equation an efficient and robust algorithm is explained in Appendix H. 
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3.1.3 Expression of Gi,j and Qj as generalized Fourier series 
As briefly mentioned at the end of the last section, the present problem is an eigenvalue problem 
described by the Sturm Liouville theory.  

It means concretely that the solution to this problem can be written as a generalized 
Fourier series of the form [LOGAN'04]: 

EQ. 3-16 , ,
1

( , ) ( ) ( )i j n i j n
n

G x z C x sin k z
∞

=

= ⋅∑
 

This Fourier series is called generalized because the kn are not defined by a linear relationship 
like in classical Fourier series. 

For this solution to be valid, meaning that the coefficients Cni,j are uniquely determined, 
one needs to check that the set of functions used for its expansion, the sin(kn·z), is orthogonal on 
the interval [0,h]. This demonstration is explained in Appendix I.1. 

This expression of Gi,j is then replaced in the original PDE (EQ. 2-11). This PDE has, 
however, a non-zero rhs. In order to determine the coefficients Cni,j one needs to expand the rhs 
into the aforementioned generalized Fourier series as explained in Appendix I.2. This method of 
solving is called the eigenfunction expansion method [LOGAN'04]. 

Each terms of EQ. 2-11 are then expressed as generalized Fourier series, and an 
identification of the Cni,j coefficients is possible (see Appendix I.3) leading to the following 
expression: 

EQ. 3-17 
( )

( ) ( )
2 2

, , , , 2 2

1( )  sinn nn pn b x xx x
n i j n i j n i j i j p n

nb n b

k s
C x A e B e z k e

s h k s
µµ µ δ

µ
− −−

+
= + +

+ +
  

In which 

EQ. 3-18 2 2 2
2

1
n n n

diff

k k
L

µ = + Λ = +  

Replacing EQ. 3-16 in the BCs in x defined in Sec. 3.1.1, one can see that these equations remain 
unchanged, just replacing Gi,j by Cni,j . 

Thus the constants Ani,j and Bni,j are found by a similar (and simpler) procedure than the 
one explained in Appendix B. 

Then Qj, the point source collection probability function when the point source is region j, 
is defined the same way as for the previous problem. Thus, replacing EQ. 3-16 in EQ. 2-15 leads 
to: 

EQ. 3-19 ( ) ( )
i i

i 1 i 1

x x2 2

j p p , ,
1 1i 1 i 1x xz 0

Q x , z ( ) =
z n i j n n n i j

n n
C sin k z dx k C dx

− −

∞ ∞

= == ==

∂
= ⋅

∂∑ ∑∑ ∑∫ ∫
 

Then replacing the Cni,j coefficients (EQ. 3-17) in EQ. 3-19 and replacing the constants Ani,j and 
Bni,j by their values leads to: 

EQ. 3-20 ( ) ( ) ( ) 1
2 2

( 1)
j p p 2 2 2
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   Q x , z 2 1
2    

j
n pxn n b
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To the contrary of the advanced case presented in Appendix B, Qj can be written here in one 
expression valid for any j because the problem has a simple symmetry around the GB: The 
diffusion length is the same everywhere in the structure and one considers only one GB. 

3.1.4 Normalized profile expression 
Like for the previous problem, the collected current is defined as the convolution of Q by HmultiR: 
the projection of the generation volume function that uses a multireflection scheme gmultiR on the 
y axis over the volume of study of the problem. The main difference arises from the fact that the 
domain of definition and thus the volume of integration is this time fully bounded in z from 0 to 
h and not semi-bounded from 0 to infinity. Then, EQ. 2-16 is modified to 

EQ. 3-21 

( ) ( ) ( )

( ) ( )
1

0 0

2

0
10

, , ,

, , ,
j

j

p p multiR p p

xh

j p p multiR p p p p
j x

I x qQ x z H x z x

q Q x z H x z x dx dz
−

=

= ⊗

= ⋅∑∫ ∫
 

In which HmultiR is defined analogously to H using gmultiR defined by EQ. 1-50 instead of g in EQ. 
2-7 leading to: 

EQ. 3-22 [ ]
2

0, 2( , ) exp exp( ) exp( (2 ))multiR mult R bi
xH x z g z hR zσ π α α
σ

 
= − ⋅ − + ⋅ − − 

   

Making use of EQ. 3-22 one can then rewrite EQ. 3-21 as 
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in which one can see that the integral in zp can be straightforwardly computed as: 

EQ. 3-24 
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One can remove one trigonometric function in EQ. 3-24 by using the characteristic equation (EQ. 
3-15) leading to the following more compact form: 

EQ. 3-25 ( ) ( ) ( )2
2 2

α1 cos 1 1h hn
b n b b

n b

k R e e hk R R
k s

α α

α
− −  

⋅ + − + − −  +    
 

The second integral in xp in EQ. 3-23 with j =1 leads to: 
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EQ. 3-26 
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The same procedure leads to an analogous expression for j=2. Replacing EQ. 3-25 and EQ. 3-26 
in EQ. 3-23 leads to 
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and 
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Like for the preceding model, one needs to express the plateau value I0 for the purpose of profile 
normalization. Following what is already mentioned in Sec. 2.1.4 about the plateau level, I0 is 
independent of x0 in this case because the diffusion length is the same everywhere in the 
structure. I0 is then only the values of the current obtained infinitely far from the grain boundary 
and is thus obtained by the limit of EQ. 3-27 when x0 tends to infinity. 

One can show using the limiting values at infinity of the exponential and erfc functions 
(see Appendix C) that Bn tends to 0 when x0 tends to infinity. Making use of this property in EQ. 
3-27 leads to: 
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Normalizing EQ. 3-27 by I0 leads to: 
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That is the final expression of the FTM. 
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3.1.5 Numerical computation of the solution 
Firstly a large number (typically 105) of positive roots of the characteristic equation (kns) is 
computed using an algorithm detailed in Appendix H. 

Because the An terms (EQ. 3-28) are independent of the beam position (x0), they are 
evaluated only once at the beginning of the procedure for all computed roots, stored for use in 
the next step of the algorithm, and summed up to give the denominator of EQ. 3-31.  

Then for each x0 in the profile, a variable (and lower) number of Bn terms is evaluated 
using the procedure described in Appendix D for the evaluation of the ‘exp(y²)·erfc(y)’ terms. 

The computed Bn are multiplied by the An obtained in the last step and summed up until 
the criteria defined by EQ. 3-32 is fulfilled. 

EQ. 3-32 7

1

10n n
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k kk

A B
A B

−

=

<
∑

 

This procedure implemented in the ‘C’ programming language insures an accurate and fast 
computation. 

One has to remark that the relative tolerance of 10-7 in EQ. 3-32 is very low considering 
the desired relative accuracy of 10-3 -10-4. This tolerance has to be set so low because the An and 
Bn series converge quite slowly for low n value making their sum always evolving by a small but 
relatively constant amount until a threshold in n is reached. After this threshold, An converges 
asymptotically in 1/n2  and Bn in 1/n which is not a very fast convergence rate but an acceptable 
one. Empirically it is observed that 10-7 is a relative tolerance needed for reaching a relative 
numerical accuracy of 10-3 -10-4 on the theorical contrast profile. 

3.2 Discrepancies between finite and infinite thickness models 
In this section, comparisons between profiles obtained by the infinite thickness model 

(ITM) and profiles obtained by the finite thickness model (FTM) with the same values of 
parameters common to both models (Ldiff, α, σ and Seff) but possibly varying parameters specific 
to the FTM (h, Sb and Rb) are discussed. The discrepancy between profiles computed the FTM 
and ITM obtained in the aforementioned conditions is referred more briefly to the discrepancy 
between the two models. Additionally, the fact that the profile obtained by the ITM presents 
lower/higher normalized current values than the profile obtained by the FTM for the studied 
laser location or over the whole profile is referred to as the ITM under/overestimating the FTM 
for the studied laser location or over the whole profile. 

The influence of the parameters on the profile shape is studied in Sec. 2.4 for the ITM by 
discussing the various quantities of interest (laser beam profile, volume generation function, 
carrier density, current density at the front surface and collected current) for a defined position 
of the laser beam x0 and various values of the parameter of study. Concerning the discrepancy 
between the FTM and the ITM it is stressed that, for usual values of the parameters of studies, 
the difference in terms of the various aforementioned quantities is in general very weak. 
Therefore, interpreting these quantities from the type of represention used in Sec. 2.4 is not 
suitable to observe most straightforwardly the phenomena appearing when one considers finite 
thickness instead of infinite thickness. 

For this type of comparison, it is shown in this section that the unique quantity of interest 
can be the carrier density distribution in the volume normalized to its maximum value. 
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It is shown in Sec. 3.2.1 that the difference of lateral extension of the normalized carrier 
density distributions in the x direction between situations involving two different values of the 
parameter of study but same position of the laser beam referring to the GB is directly linked to 
the difference in normalized profile amplitude at the studied laser position. 

The influences of the beam radius (σ) and the SRV of the GB are alike regardless of the 
model used because these parameters are linked to quantities that vary exclusively in the x 
direction (σ varies the distribution of carrier in x and the SRV is linked to the GB boundary 
condition that is exclusively in x) and the difference between these two models lies in the 
treatment of the z direction. 

Therefore, a beam radius σ of 8 µm, corresponding to the σ value of finely focused laser of 
the LBIC system, and a Seff value of 105 cm/s corresponding to a strong GB are set constant for all 
the comparisons of this section. 

However, the diffusion lengths Ldiff and the absorption coefficient α are linked to quantities 
that vary in z (exclusively z for α, and x and z for Ldiff). One can thus expect particular kinds of 
discrepancies between the two models depending on α and Ldiff additionally to the newly 
introduced parameters (h, Sb, and Rb) that are specific to the finite thickness model. 

It is shown in Sec. 3.2.2 that the critical back SRV as defined in Sec. 1.2.1.4 and the Ldiff 
shrinkage as described in Sec. 3.2.3 are two useful and relevant concepts to understand the 
discrepancy between FTM and ITM. 

The comparisons are thus performed for each parameter while keeping the other 
constants at standard values defined as: 

• α=27 mm-1: corresponding to a medium range penetration in Si of a laser at λ=910 nm. 
• Ldiff=200 or 500 µm: corresponding to standard multicrystalline Si or float zone mc-Si 

solar cells passivated with SiN, respectively. 
• Sb= 300 cm/s: corresponding to a standard passivation for the back surface. 
• h=200 µm: corresponding to a standard wafer thickness. 
• Rb=0.8: corresponding to an average BSF reflection in the spectral range from λ=800 to 

1000 nm. 

3.2.1 The lateral extension of the carrier density and the collected current 
value 

It is shown in this section that the interpretation of the discrepancy between FTM and ITM 
computed profiles at the considered laser position is explained straightforwardly in terms of the 
difference of the lateral extension in the x direction of the carrier density distribution 
normalized to its maximum value. In order to understand the relationship between these two 
aforementioned quantities, a qualitative discussion on Fig. 3-3 is developed in this section. 

To represent schematically the distribution of carriers in the volume during laser 
illumination, an isodensity line for a low but constant relative value of the excess carrier density 
e.g. at 5% of the maximum injection value, is sketched in Fig. 3-3. It is therefore assumed that 
most of the excess minority carriers in the volume are present in the color filled surface defined 
by this isodensity line. For the comparisons of influences of parameters in Sec. 3.2.4 to Sec. 3.2.7 
this isodensity line is represented as a light grey level on the 2-dimensional simulation of the 
carriers density. 
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Reminding that the collected current is the integral of the gradient of the carrier density at 
the top surface, the lateral extension in x of this isodensity line gives a qualitative criterion of the 
lateral extension in x of a non negligible gradient of the carrier density at the top surface and 
thus a qualitative criterion for the normalized collected current. 

In Fig. 3-3, the situation of a material inducing a large extension (green) and a shorter one 
(blue) depending only on the material parameters is represented when the laser is far away 
from the GB and when it is close. It is intended to show the link between the difference of the 
lateral extension in x and the difference in the normalized current at a given laser position 
comparing the laser position near to and far away from the GB. 

 
Fig. 3-3: Influence of the difference of width of the lateral extension (red arrow in the carrier 
distributions) of the carrier density on the difference of normalized collected current in the 
profile (red arrow on the profiles). An identical normalized carrier density level is represented 
when the laser is far from the GB (thus the density is not influenced by it) on the right part of the 
figure for a large extension case (top graph in green) and a small extension case (bottom in blue). 
The same level is represented when the laser is close to the GB showing the difference to the level 
obtained far from the GB in dashed line and the difference of surface in orange for large extension 
case and yellow for small extension case. This surface loss relative to the total surface obtained 
far from the GB corresponds to a loss in normalized current in the profile shown by an orange and 
yellow arrow, respectively. 
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Reminding that the currents in the profile are normalized to the plateau values, so without 
the influence of the GB, the extension does not play any role in the final value normalized current 
like represented on the left side of Fig. 3-3. 

If the laser is not too close to the GB, one can assume that the GB modifies the distribution 
of carriers on the left side of the laser beam but not significantly enough on the right side to be 
qualitatively very different from the case without GB. Therefore, comparing the right side lateral 
extensions of both cases is qualitatively equivalent as comparing the lateral extension for both 
cases without GB.  

However, one has to remind that without the GB, the carrier distribution is symmetrical 
around the center of the beam. Therefore referring to the isodensity line obtained for the case 
far from the GB, a virtual extension of the carrier distribution is represented in dashed line at the 
right of the beam center when the beam is close to the GB. The difference of the virtual and the 
real extension on the right side is, therefore, a carrier loss due to recombination at the GB which 
is represented in yellow for the large extension case and in light orange for the shorter lateral 
extension case in Fig. 3-3.  

The carrier loss (yellow or orange surface) normalized to the total number of carriers 
(green or blue surface far from the GB) is a qualitative, but direct, indication of the carrier loss in 
the profile referring to the plateau value. It is therefore represented as a yellow or orange arrow 
respectively, in the comparison of the profiles for the value at the studied laser position. 

Because the laser distance to the GB is the same for small and large extension case, one can 
then observe that the extension on the left side of the beam is similar. While extensions become 
alike on the left side, and thus are not very relevant for a direct comparison, they are assumed to 
be equal to the case where the the beam is far from the GB on the left side. It, however, implies 
that a larger numbers (orange area) of carriers have recombined in the case of the large 
extension in comparison to the case of small lateral extension (yellow area).  

One can summarize the reasoning implied in Fig. 3-3 as follows: 

• The lateral extension of the carrier distribution on the right side of the center of the laser 
beam is larger for situation 1 than for situation 2 (red arrow on the carrier distribution). 
 The virtual lateral extension of the carrier distribution on the left side of the center of 

the laser beam is larger for situation 1 than for situation 2 because it is symmetric to 
the right side. 

 But the real lateral extension on the left side is similar for both situations. 
 Therefore, the difference between virtual and real lateral extension on the left 

side is higher for situation 1 than for situation 2. 
 This difference corresponds directly to a carrier loss and therefore, the carrier 

loss for situation 1 (orange area) is higher than the carrier loss for situation 2 
(yellow area). 
 The carrier loss in the volume translates immediately to a current loss in 

the profile referring to the case far from the GB. 
 Therefore, the current loss at the considered position of the laser in the 

profile referring to the case where the laser beam is far from the GB is 
higher for situation 1 (orange arrow) than for situation 2 (yellow arrow). 
 Because the profiles are normalized to the current collected when 

the laser beam is far from the GB, this reference normalized value is 
identical for situation 1 and 2. 
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 Therefore the normalized current value collected in situation 1 is 
smaller than in situation 2 (red arrow in the profile). 

3.2.2 The critical back SRV as a concept for comparing FTM and ITM 
This section describes the influence of Ldiff and the back SRV on the LBIC profile shape obtained 
by the FTM in comparison to the ones obtained by the ITM. 

A very useful concept for the interpretation is the reduced critical SRV defined as the 
inverse of the diffusion length. It is shown in Sec. 1.2.1.4 that if sb=sb,crit the carrier distribution 
obtained by an infinite thickness model case is the same as the one obtained by a finite thickness 
model. 

Therefore, one could think naively that when sb = sb,crit the FTM gives the same LBIC profile 
as the ITM assuming the same value of the parameters common to both models. However, the 
critical sb value is defined for a 1-dimensional diffusion problem in which the front surface is 
kept at a constant, non zero, carrier density value (see Sec. 1.2.1.4). This 1-dimensional problem 
being much simpler than the FTM, the relevance of using this parameter as a concept to study 
the FTM results is questionable at the first glance. 

One has, however, to notice two things: 

• The domain of the present problem has the same boundaries in z as the 1-
dimensional problem and the GB is the only boundary involving the x variable. 

o Therefore, both models are qualitatively equivalent if not strictly 
quantitatively equivalent if one is interested in the carrier distribution not 
too close to the GB. 

• Even if the source of carriers is different for both models (a constant density of 
carriers at the surface for the 1D model and the volume generation function of a laser 
beam for the present model) one can see in Fig. 3-4 that the distributions of carriers 
are qualitatively the same close to the back surface providing that the laser light is 
not too deeply penetrating. 

o Therefore, both models are again qualitatively equivalent if not strictly 
quantitatively equivalent if one is interested in the carrier distribution close 
to the back surface. 

For the 1-dimensional model, it is shown in Fig. 1-6 that the discrepancy in the carrier density 
distribution between finite and infinite thickness is mainly localized close to the back surface. 

Therefore, making interpretations about the discrepancies located not too close to the GB 
between FTM and ITM, both aforementioned conditions are fulfilled and the critical Sb value is a 
relevant concept for this study. 

Analogously as in Sec. 1.2.1.4, one defines the effective back SRV sb,crit and the reduced 
effective back SRV Sb,crit as:  

EQ. 3-33 
,

,
1b crit

b crit
p diff

S
s

D L
= =  

While sb,crit, is defined for a material having a defined diffusion length, it is possible to reverse EQ. 
3-33 and define a Ldiff,crit for a surface having a defined back SRV Sb: 
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EQ. 3-34 ,
1p

diff crit
b b

D
L

S s
= =  

It is shown in Sec. 1.2.1.4 that for a given Ldiff value, there is change of regime depending if 
Sb>Sb,crit or the contrary with respect to the infinite thickness model: In the first case the carrier 
density is lower in the finite thickness case than in the infinite thickness case. In the second case, 
it is the contrary.  

The same consequence can be drawn in the comparison between FTM and ITM with the 
extension that increasing the density in the FTM with reference to the ITM (case Sb<Sb,crit) has 
the side effect to increase the lateral extension of the carrier distribution. 
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Fig. 3-4: Relative carrier density distributions in z obtained with two models that are 1-
dimensional and consider infinite thickness. The first considers a monochromatic illumination at 
λ=833, 910 and 980 nm in short circuit condition (see Sec. 4.5) while the second considers no 
illumination but a constant junction voltage that imposes a constant front surface carrier density 
(see Sec. 1.2.1.4). 

Additionally, one can see in the graph of Sec. 1.2.1.4 (Fig. 1-6) that the larger the thickness, 
the lower the gain or loss of carrier density because of Sb>Sb,crit or Sb>Sb,crit. Therefore it is spoken 
in the following of this section of potential gain or loss of carrier density. 

Because of their interdependence through Sb,crit and Ldiff,crit, the study of the influence of Ldiff 
and Sb on the profile is presented in the same section (Sec. 3.2.4). 

The values of Sb,crit and Ldiff,crit for the various values of the Ldiff and Sb used in this section 
are regrouped in Table 3-1. 

Table 3-1: Ldiff,crit and Sb,crit for the common values of Sb and Ldiff used in this section assuming 
(Dp=28 cm2/s). 

Ldiff [µm] Sb,crit [cm/s]  Sb [cm/s] Ldiff,crit [µm] 
100 2800  10 28000 
200 1400  100 2800 
500 560  300 933 

1000 280  1000 280 



Finite Thickness Model (FTM) 

92 

3.2.3 Ldiff shrinkage when Ldiff>h as a concept for comparing FTM and ITM 
In the 1-dimensional model in which sb,crit is defined (see Sec. 1.2.1.4), the effective diffusion 
length is also defined as [FISCHER'03]: 

EQ. 3-35 

1 tanh

tanh

b diff

p diff
eff diff

b diff

p diff

S L h
D L

L L
S L h

D L

 
+   

 =
 

+   
 

 

If Sb =Sb,crit (see Sec. 1.2.1.4), one can demonstrate that Leff=Ldiff. 

If one now considers that Ldiff >> h, or h/Ldiff << 1, one can then use the Taylor expansion to 
the first order of the hyperbolic tangents in EQ. 3-35 leading after reordering to: 

EQ. 3-36 
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1 b

p
eff diff
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p diff

S h
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In the condition of Ldiff >> h and considering Sb not too small it is possible to further simplify EQ. 
3-36 assuming Sb/Dp >> h/Ldiff2 leading after rearrangements to: 

EQ. 3-37 2

1p
eff eff diff b

b b diff

D hL h or L h when L h and s
S s L

≈ + ≈ + >> >>

 One can observe, in these conditions, that Leff is independent of Ldiff and is directly equal to h 
with a correction dependent on Sb. It is interesting to observe in EQ. 3-37 that Leff has a minimum 
value equal to h when Sb tends to infinity which increases with decreasing Sb. 

One can additionally observe that while Ldiff can become very large Leff remains limited by 
h and sb. Reminding that EQ. 3-37 is obtained providing that sb is not too small and consequently 
1/sb is not too large. Therefore the correction to h provided by sb in the Leff value is small and 
thus one can say in this framework that Leff<<Ldiff. This phenomenon is thus named Ldiff 
shrinkage because the obtained carrier density is similar to one obtained if Ldiff would have 
shrinked to Leff. 

In the 1-dimensional model, this shrinkage of Ldiff in z has the direct consequence to 
reduce the global carrier density in the volume and the in-depth extension of the carrier 
distribution. Reminding that the material is assumed to have a homogeneous value of Ldiff in the 
volume and thus the diffusion phenomenon is isotropic providing that the diffusion coefficient is 
independent of the direction (the case here), a shrinkage of the difusion length in z (and so of 
lateral extension of the carrier distribution in z) reduces the global density of carriers and thus 
reduce the lateral extension of the carrier distribution in x (so an apparent shrinkage of Ldiff in x). 

Therefore, the shrinkage of Ldiff in x (that can be observed by the lateral extension in x) is a 
consequence of the shrinkage in z and is described (quantitatively for the 1-dimensional model 
but only qualitatively for the 2-dimensional model) correctly by the behavior of EQ. 3-37. 

This concept of apparent shrinkage of Ldiff is therefore relevant and useful in interpreting 
the lateral extension of the carrier distribution in x from which one can infer its influence on the 
profile comparison as shown in Sec. 3.2.1.  
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3.2.4 Influence of the diffusion length (Ldiff) and the back SRV (Sb) 
Because the influences of Ldiff and Sb on the profile are shown to be interdependent through the 
concept of critical sb,crit=1/Ldiff, both are treated in this section apart from other parameters that 
are treated individually in the following sections. 

3.2.4.1 Diffusion length (Ldiff) 

When Sb=Sb,crit, one can observe in Fig. 3-5 that the FTM gives a higher relative current value 
than the one computed with the ITM, regardless of the position or the diffusion length. Many 
other comparisons not shown here indicate that the previous statement is valid regardless of the 
value of any parameters used in both models.  
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Fig. 3-5: Simulation of GB LBIC profiles assuming σ=8 µm, Seff=105 cm/s for laser at λ=910 nm for 
Ldiff=100, 200, 500 µm showing the discrepancy between the FTM (with h=200 µm, Sb=Sb,crit=2800, 
1400, and 560 cm/s, and Rb=0.8) and the ITM. 

Then, the influence of Ldiff on the profiles for sb=300 cm/s is shown in Fig. 3-6. 
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Fig. 3-6: Simulation of GB LBIC profiles assuming σ=8 µm, Seff=105 cm/s for laser at λ=910 nm for 
Ldiff=100, 200, 500 and 1000 µm showing the discrepancy between the FTM (with h=200 µm, 
Sb=300 cm/s, and Rb=0.8) and the ITM. The arrows indicate the differences between the FTM and 
the ITM for the three cases studied in Fig. 3-7 when the laser is located at x0=200 µm. The arrows 
are green when the difference is positive, red when negative. 

One can see in Fig. 3-6 that depending whether Ldiff is higher or lower than Ldiff,crit, the ITM under- 
or overestimates the ITM, respectively on one part of the profile when not the whole profile. 

The case of Ldiff=500 µm < Ldiff,crit is interesting because close to the dip (at x=0) the ITM 
very slightly oversestimates the FTM (see the inset in Fig. 3-6) while further away on the profile 
the ITM clearly underestimates the FTM. It is observed empirically that such crossing can appear 
when Ldiff is close to but lower than Ldiff,crit but it never appears if Ldiff is higher than Ldiff,crit. 

One can additionally remark that the discrepancy between FTM and ITM close to the dip 
drops quickly to low values regardless of Ldiff. 

For both models taken independently, the differences between profiles at Ldiff=100, 200, 
and 500 µm are relatively high, while the difference between ITM and FTM for each Ldiff is 
relatively small (at least in the profile part from x0= 0 to 200 µm in the case of Ldiff=500 µm). On 
the other hand, there is only a small difference between the profiles at Ldiff =500 µm and 
Ldiff=1000 µm computed with the FTM while the difference keeps being large with the ITM. This 
is a consequence of the Ldiff shrinkage as it is developed later in this section. 

An attempt to understand the various phenomena pointed out in the description of Fig. 
3-6 is presented in Fig. 3-7. For this purpose, the carrier distribution obtained when the beam is 
at x0=200 µm is represented. As required in Sec. 3.2.1, the beam location is chosen not too near 
to the GB so that one can compare the lateral extension of a reference low level (represented in 
light grey) on the left side of the beam center (the right side being too strongly influenced by the 
GB) for the FTM and the ITM. 
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Fig. 3-7: Comparison of the distribution of carrier density distributions for finite (h=200 µm) and 
infinite thickness, and for the Ldiff=200, 500, and 1000 µm when the laser beam is located at 
x0=200 µm, with conditions described in Fig. 3-6. Particular attention is given to the maximum 
lateral extension of the carrier distribution at the same relative reference level (represented in 
light grey) for all cases, the difference between the lateral extension of the reference level 
between the finite and infinite thickness case is indicated by a green arrow when positive and a 
red one when negative. 

One can firstly remark that the high density regions (red to green) have nearly identical 
lateral extensions in the finite or infinite thickness case. These regions have an influence on the 
GB profile when the beam is closer to the grain boundary than presented. The fact that they are 
identical gives a qualitative explanation of why the inner part of the dip is quasi identical for 
both models. In other words, when the beam is close to the GB, the loss of carriers due to 
recombination at the GB is much larger than the potential loss or gain of carriers induced by the 
back side implying that the influence of the back side becomes negligible.  

In order to understand the discrepancies between both models, one has then to focus on 
the low levels (shades of blue to pink) in which a level area is marked in light grey to ease the 
comparison of its lateral extension in x. 

For Ldiff=200 µm, one can observe that the lateral extension of the grey reference level is 
less pronounced for the ITM than for the FTM. Therefore, as it has been explained in Sec. 3.2.3, 
the relative current collected for the studied laser position is higher for the ITM than for the FTM 
as one can see in Fig. 3-6 at x0=200 µm. In the case of the ITM the relatively small diffusion 
length does not allow the carriers to diffuse far in the volume and thus the lateral extension in x 
and z is limited. Because Ldiff=200 µm < Ldiff,crit or equivalently sb < sb,crit the local relative density 
of carriers is higher for the FTM in comparison to the ITM (see Sec. 1.2.1.4.) which then induces 
a larger lateral extension in x (grey level). 

For Ldiff = 500 µm in the case of the ITM, the carriers can extend laterally much more in 
depth and to the right than for the preceding case because of the longer Ldiff. Because h is smaller 
than Ldiff the carriers can diffuse in depth only within the wafer thickness which has the indirect 
consequence that they diffuse laterally on a distance that is of the order of h while being slighty 
larger. This observation is consistent with the description of the Ldiff apparent shrinkage given in 
Sec. 3.2.3. 
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Here, Sb becomes more comparable to Sb,crit because the increase of Ldiff has decreased the 
value of Sb,crit (see EQ. 3-33). The direct consequence is that the potential increase of carrier 
density (and thus of lateral extension in x) induced by the fact that sb < sb,crit  in the previous case 
is now reduced. In parallel, Ldiff is now larger than h that induces a loss of carrier density by Ldiff 
shrinkage that is nearly zero in the previous case. Therefore, the weak gain of carrier density 
because sb < sb,crit is now overridden by the high loss of carrier density induced by Ldiff shrinkage 
resulting in an overall loss of carriers and thus of the lateral extension in x as can it be observed 
in Fig. 3-7. 

For Ldiff =1000 µm, one can observe clearly a very similar lateral extension than for 
Ldiff=500 µm. This is agreement with the demonstrated fact (see Sec. 3.2.3) that the apparent 
shrinkage of Ldiff depends on h and sb when Ldiff >> h which is true for both cases. Then, for the 
ITM the lateral extension is larger than the preceding case while it stays the same for the FTM. It 
thus increases the discrepancy between the two models for larger Ldiff. 

3.2.4.2 Back SRV (Sb) 
Some profiles obtained by the ITM and FTM for various values of Sb, higher and lower than Sb,crit, 
are presented in Fig. 3-8. Ldiff is chosen equals to h in order to neglect the Ldiff shrinkage and both 
quantities much smaller than the light penetration depth Lα in order to neglect the back side 
reflection. 
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Fig. 3-8: Simulation of GB LBIC profiles assuming σ=8 µm, Ldiff=200 µm, Seff=105 cm/s for the laser 
at λ=910 nm showing the discrepancy between the FTM (with h=200 µm, Sb=10, 100, 300, 1000, 
5000 cm/s, and Rb=0.8) and the ITM. 

In Fig. 3-8 one can see that GB profiles obtained by the ITM overestimates the ones obtained by 
the FTM for Sb=10, 100, 300 cm/s <Sb,crit and underestimates the one obtained for Sb=5000 cm/s 
>Sb,crit. In the case of Sb=1000 cm/s <Sb,crit ,the ITM profile crosses the FTM profile. 
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In order to understand the influence of Sb in Fig. 3-8, the lateral extension of the grey level 
for h=200 µm and for various Sb is represented in Fig. 3-9 in comparison to grey level obtained 
for the infinite thickness case. 

For Sb=10 cm/s <Sb,crit, the recombination losses at the back surface are very low which 
results in an increase of the density of carriers in depth in comparison to the infinite thickness 
case. This increase in depth results in a larger lateral extension of the grey level in Fig. 3-9 and 
thus a broader dip as can be observed in Fig. 3-8. 

For Sb=300 cm/s <Sb,crit, the recombination at the back surface is higher than for the 
preceding case and thus the lateral extension is smaller than for the preceding case but remains, 
however, larger than for the infinite thickness case. 

For Sb=5000 cm/s >Sb,crit, the recombination at the back surface is higher than for the 
preceding cases inducing an even smaller lateral extension. For this case, however, the lateral 
extension is also smaller than for the the infinite thickness case in agreement with the fact that 
Sb>Sb,crit. 
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Fig. 3-9: Comparison of the distribution of carrier densities for finite (h=100, 200, 300 µm) and 
infinite thickness, and for the Sb=10, 300 cm/s <Sb,crit and 5000 cm/s >Sb,crit when the laser beam 
is located at x0=200 µm, with conditions described in Fig. 3-8. The difference in lateral extension 
of the reference level (represented in light grey) between the finite and infinite thickness case is 
indicated by a red arrow when positive and a green one when negative. The row of h=200 µm is 
described in the present section while the columns Sb=300 and 5000 cm/s are described in Sec. 
3.2.5. 

3.2.5 Wafer thickness h 
As explained in the previous section Sb and Ldiff determine the typical behavior of the difference 
between GB profiles computed by the FTM and the ITM independently from the thickness. 
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Therefore, from the electrical point of view, the reduction of the thickness enhances the 
influence of the back surface and thus the increase of the deviations between FTM and ITM 
without changing its nature that is determined by Sb and Ldiff only. This point is developed in this 
section by describing the difference between FTM and ITM profiles varying the thickness for two 
typical values of Sb at constant Ldiff that are shown in Fig. 3-10. 
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Fig. 3-10: Simulation of GB LBIC profiles assuming σ=8 µm, Ldiff=200 µm, Seff=105 cm/s for laser at 
λ=910 nm showing the discrepancy between the FTM (with h=100, 200, and 300 µm for Sb=300 
and 5000 cm/s, and Rb=0.8) and the ITM. The arrows indicate the values and the differences 
between FTM at Sb=300 and 5000 cm/s for the three thicknesses considered when the laser is 
located at x0=200 µm. 

One can see in Fig. 3-10 that for Sb=5000 cm/s >Sb,crit (full lines) the ITM underestimates the FTM 
on the whole profile and that this phenomenon is more pronounced for decreasing thickness. 

For Sb=300 cm/s <Sb,crit (dashed lines), the ITM can under or overestimate the FTM. 
Decreasing the thickness tends to increase the width of regions where the ITM underestimates 
the FTM and to increase the FTM values within these regions. 

The carrier densities associated with these situations are represented in Fig. 3-9 in the 
two last columns.  

Starting with the case where Sb=5000 cm/s (right column of Fig. 3-9), one can observe that 
a reduction of the thickness always induces a reduction of the lateral extension of the carrier 
density. If one starts from the bottom of the column (infinite thickness) reducing thickness 
induce a reduction of the carrier density decrease because Sb>Sb,crit (see Sec. 3.2.2). Further 
reducing to h<200 µm, then Ldiff=200 µm <h induces an additional carrier loss by Ldiff shrinkage. 
This additional loss leads to an even sharper decrease of the lateral extension for h<200 µm. As a 
consequence, the ITM always underestimates the FTM and the discrepancy is more sharply 
increasing for h<200 µm. 
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In the case where Sb=300 cm/s (middle column of Fig. 3-9), one can observe that a 
reduction of thickness first induces an increase of the lateral extension, then a decrease referring 
to the ITM. If one starts from the bottom of the column (infinite thickness) reducing the 
thickness induces an increase of the carrier density decrease because Sb<Sb,crit (see Sec. 3.2.2). 
Further reducing to h<200 µm, then Ldiff=200 µm <h inducing a carrier loss by Ldiff shrinkage. 
This loss compensates the gain in carrier density because Sb<Sb,crit and, when h becomes small 
enough, it overrides it so that the overall result becomes a loss of carrier density. As a 
consequence, the ITM overestimates the FTM when h>200 µm and underestimates the FTM for 
lower thickness.  

3.2.6 Absorption coefficient α 
In order to enhance the effect of α on the shape of the GB profile, a relatively large value for Ldiff 
is chosen (Ldiff=500 µm) for the theoretical profiles of Fig. 3-11. In order to avoid crossing of the 
ITM and FTM profile (that depends only on Ldiff and Sb as detailed in Sec. 3.2.4) a value of 
Sb=103 cm/s> Sb,crit is chosen for these simulations. 
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Fig. 3-11: Simulation of GB profiles assuming σ=8 µm, Seff=105 cm/s and Ldiff=500 µm for laser at 
λ=833, 910 and 980 nm showing the discrepancy between the FTM (with h=200 µm, Sb=103 cm/s, 
and Rb=0.8) and the ITM. The arrows indicate the values and the differences between FTM and 
ITM for the three wavelengths when the laser is located at x0=200 µm. 

One can see from Fig. 3-11 that the difference between the two models is increasing while going 
to higher wavelengths. This phenomenon is studied in Fig. 3-12 by comparing the lateral 
extension in the various cases. 

As one can see in Fig. 3-12, increasing the penetration depth increases the relative density 
in depth at the center of the dip in agreement with the explanations of Sec. 2.4.3 for the ITM. At 
large diffusion lengths, carriers generated in depth travel longer distances than the ones 
generated more shallowly because shallow generated carriers are faster collected by the 
junction. 
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If, however, the thickness is low enough in comparison to Ldiff, one can observe that 
carriers that are generated deeply can only travel laterally (providing that they do not 
recombine at the back and thus that Sb is not too large) and thus have a higher chance to be 
collected by the junction while it changes almost nothing for carriers generated shallowly. In 
general this phenomenon reduces the lateral extension of the carrier density distribution if the 
thickness is limited. 
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Fig. 3-12: Comparison of the distribution of carrier densities for finite (h=200 µm) and infinite 
thickness, and for the three wavelengths when the laser beam is located at x0=200 µm, with 
conditions described in Fig. 3-11. Particular attention is given to the maximum lateral extension 
of the carrier distribution at the same relative reference level (grey level) for all cases. 

In this framework a highly penetrative laser induces a larger proportion of carrier 
generated deeply in the volume and thus the limited thickness plays a more important role. This 
explains the increasing difference between the two models with increasing wavelength. 

One can remark in Fig. 3-11 that there is almost no difference between the FTM and ITM 
profiles in the case of the laser with λ=833 nm corresponding to the same lateral extension of 
the carriers (grey levels in Fig. 3-12) because the penetration of this laser is in any case much 
smaller than the studied thickness. 

3.2.7 Back side reflection Rb 
A significant influence of the back side reflection occurs only when a significant fraction of the 
incoming light (more than 5%) reaches the back side. In the present case this can occur when 
using the longest laser wavelength (λ=980 nm) or with a less penetrative laser (λ=910 nm) but a 
low thickness (h<100 µm). In order to study the influence of the back side reflector, profile 
simulations for the laser at λ=980 nm are shown in Fig. 3-13 considering Ldiff=500 µm and 
Sb = 103 cm/s > Sb,crit for the reasons explained in the last section. 
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Fig. 3-13: Simulation of GB LBIC profiles assuming σ=8 µm, Seff=105 cm/s and Ldiff=500 µm for 
laser at λ=980 nm showing the discrepancy between the finite thickness model (with h=200 µm, 
Sb=103 cm/s, and Rb=0, 0.5, 1) and the infinite thickness model. The location of the laser at 
x0=200 µm is indicated by a dashed line. 

As can be observed in Fig. 3-13 the influence of Rb is very small. It could actually be neglected for 
most of the cases. It consists of a non homogeneous slight decrease of the normalized current 
values over the whole GB profile with increasing Rb. 
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Fig. 3-14: Comparison of the distribution of carrier densities for finite (h=200 µm) and infinite 
thickness, and for Rb=0, 0.5 and 1 when the laser beam is located at x0=200 µm, with conditions 
described in Fig. 3-13. Particular attention is given to the maximum lateral extension of the 
carrier distribution at the same relative reference level for all cases. 
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Rb influences mainly the value of the generation close to the back surface. A higher reflection 
coefficient increases the generation close to the back surface that results in a slight increase of 
the carrier density close to the back side as one can observe in Fig. 3-14. Increasing the density 
around the location of the beam has the side effect of increasing the lateral extension of the 
carrier density as one can see in Fig. 3-14. 

Considering that for the laser at λ=980 nm, only around 5% of the light is still not 
absorbed when reaching the back side of the 200 µm thick cell, the influence of Rb is only 
operating on this 5% of light that results in increasing the back side density of carriers. As only 
the carriers collected on the front side are measured, this effect is even smaller than for a 
general density increase over the whole wafer thickness. 

3.2.8 Summary 
The influence of Ldiff, Sb, h and α on the difference between profiles obtained by the FTM and 
profiles obtained by the ITM for the same values of the parameters common to both models has 
been studied in the previous sections and showed a complex interdependence of these 
parameters on their influence on the carrier distribution and thus on the profiles. 

Two regimes could be identified in the interplay of Ldiff and Sb: 

• When sb>sb,crit=1/Ldiff: The carrier density is lower considering a finite thickness than 
considering an infinite thickness. The FTM overestimates the ITM on the whole profile. 

• When sb≤sb,crit=1/Ldiff: The carrier density is higher or equal considering a finite thickness 
than considering an infinite thickness. The FTM underestimates the ITM on some parts 
of the profile or on the whole profile. 

These two regimes are independent from the values of other parameters. 

Additionally, when Ldiff>>h, the influence of h on the profile could be described by an 
apparent shrinkage of the diffusion length linked to the value of the thickness corrected by sb but 
independent of Ldiff. This apparent shrinkage reduces in any case the overall carrier density. 

Evaluating carrier density gain or loss in the FTM in comparison to the ITM, one can 
directly link this quantity to an increase or a decrease of the lateral extension of the carrier 
distribution, respectively. It is shown in Sec. 3.2.1 that one could then link the increase or 
decrease of the lateral extension of the carrier density distribution to the under- or 
overestimation of the ITM by the FTM respectively. This leads to another way of presenting the 
problem: 

• When there is a gain of carrier density in the case of the FTM with respect to the ITM, it 
implies that the FTM underestimates the ITM.  

• When there is a loss of current in the case of the FTM with respect to the ITM, it implies 
that the FTM overestimates the ITM.  

The advantage of presenting the comparisons between FTM and ITM in terms of carrier density 
loss or gain in the volume allows adding the contribution of the Ldiff shrinkage and of the regime 
imposed by the sb value. 

The complex interplay between h, sb and Ldiff can be summarized in Table 3-2 in which red 
bars correspond to carrier density  losses and blue bars to carrier density gains, both with 
respect to the ITM.  
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While the Ldiff shrinkage can induce only a loss of carrier density and is therefore always 
represented by a vertical red bar, the regime imposed by sb, higher or lower than sb,crit, can 
induce a loss (horizontal red bar) or a gain (horizontal blue bar) of carrier density respectively.  

One has, however, to mention that the larger the thickness the farther the back side is 
from the carrier source and thus the lower the influence of the back side on the carrier density 
(see Sec. 3.2.2). Thus the horizontal bars are represented in a gradient of shades (red or blue) 
tending both to white (no influence) with increasing thickness. 

Table 3-2: Summary of the influence of h, sb and Ldiff on the carrier density gain or loss between 
the ITM and the FTM. 

 
One can see in Table 3-2 that most of the cases leads to the overestimation of the carrier density 
by the ITM with respect to FTM. Indeed considering that the Ldiff shrinkage leads only to carrier 
density loss and the sb influence can lead to carrier density gain or loss, the resulting influence of 
both leads in most of the cases to a carrier density loss. 

One has, however, to remark the case of where Ldiff is of the order of h (indicated as Ldiff#h 
in Table 2-3) and sb<<1/Ldiff (in violet) in which, on the one hand the Ldiff shrinkage is very low 
and thus induces a very small current loss, and on the other hand sb is so low that there is a large 
carrier density gain being not too much hindered by a too large thickness. This results in a 
maximum carrier density gain for this situation because a lower value of h induces a higher loss 
induced by Ldiff shrinkage not compensated by the weak gain induced by the low sb, and a higher 
value of h induce a large reduction of the gain of carrier density due to low sb that is not 
compensated by the even weaker reduction of the loss due to a lower Ldiff shrinkage. 

In all the cases when h tends to infinity all possible gains or losses reduce to 0 and the FTM 
and ITM lead to the same profiles as expected. 

In this picture, α plays the role of varying the amplitude of the discrepancy between FTM 
and ITM which sign is governed by h, sb and Ldiff as described in Table 3-2. Decreasing α (and 
thus increasing Lα so that Lα becomes a more and more significant fraction of h) increases the 
fraction of carriers generated close to the back side which enhances the effect of the back side 
(gain or loss) and thus enhances the differences between the two models. 
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Rb enhances the differences between the two models for the same reason described for α. 
However, the influence of Rb on the carrier density is significant only if α is small and/or h is 
small. Therefore, in the majority of the cases the influence of Rb is negligible. 

3.3 Application to special cases 
The first studied case is the case of a multicrystalline Float Zone (mc-FZ) solar cell in which a 
linescan perpendicular to the GB is extracted from a high resolution LBIC map. In order to 
determine very accurately the plateau level, a large grain is investigated and a long linescan is 
extracted for the three different lasers of the LBIC system. A comparison of fitting by the FTM 
and by the ITM is performed in Fig. 3-15. 
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Fig. 3-15: Comparison of fittings of an experimental normalized GB profile of a mc-FZ solar cell for 
the three lasers considering σ833=σ910=σ980=8 µm, Ldiff=900 µm, and Seff=3·104 cm/s between the 
ITM (dashed lines) and the FTM (solid lines) with h=250 µm, Sb=500 cm/s and Rb=0.8 (upper zone 
magnified). 

For the laser at λ=833 nm, the discrepancy between measurements and the two models is hardly 
noticeable because of the small penetration depth of the light. Most of the carriers are generated 
so close to the junction that they are directly collected which keeps the fraction that reaches the 
back side negligible.  

For the laser at λ=910 nm, the FTM fits the upper part of the profile much more accurately 
than the ITM considering a Sb=300-700 cm/s with an average estimation around 500 cm/s. 

For the laser at λ=980 nm, one can observe that while the ITM fit crosses the experimental 
profile and is therefore unreliable, the FTM always overestimates the measured profile. This 
discrepancy could be attributed to a laser instability during the measurement as one can see 
from the large noise of the profile. Another responsible phenomenon could be the too simple 
mirror-like multireflection assumed in the model. 
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Fig. 3-16: Comparison of fittings of an experimental normalized GB profile in standard mc-Si for 
the three lasers considering σ833=σ910=6 µm and σ980=11 µm, Ldiff=140 µm, and Seff=6·105 cm/s 
between the ITM (dashed lines) and the FTM (solid lines) with h=250 µm, Sb=100 cm/s and Rb=0.8. 

In Fig. 3-16, the case of a mc-Si material with a smaller Ldiff=140 µm <h is studied. The difference 
between the models is hardly noticeable for the lasers at λ=833 and 910 nm. For the laser at 
λ=980 nm, one can observe that the fit is much better with the FTM. One observes, however, that 
a fit considering an unrealistic value for Sb (close to 0) is hardly distinguishable from the 
presented fit. 

3.4 Limitations 
While the limitations presented in Sec. 2.6 still holds for this model, the limitation concerning 
the finite thickness of the wafer (Sec. 2.6.4) is far less detrimental. 

Even if the back side reflection plays in general a negligible role for an intermediate range 
penetrating laser (λ=910 nm) at common thicknesses, the discrepancies observed for the most 
penetrative laser light of the LBIC setup (λ=980 nm) could be due to the too simple description 
of the back side reflection. 

In order to allow the use of the highest penetrative laser at λ=980 nm, one therefore needs 
to include a more realistic description of the back side reflection, which includes a diffuse 
reflection (Lambertian reflection) in addition to the direct reflection. But the influence of diffuse 
reflection on the carrier density cannot be integrated analytically within the FTM and is 
therefore obtained only by numerical simulation.  

Concerning an accurate determination of Sb, one would need a large in-depth injection and 
thus a long penetrating laser for which the aforementioned limitation applies. 
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3.5 Conclusion 
The FTM has in general improved the accuracy of fitting of the λ=910 nm laser profile, 

staying consistent with the λ=833 nm laser profile. The problem spotted in fitting the measured 
profile obtained by the laser at λ=980 nm could be due to many causes e.g. too simplistic 
description of the back side reflection, inhomogeneity of the back side that has a more 
pronounced influence using this high penetrative laser, laser instability etc. 

It is, however, to be mentioned that even if not fitting the λ=980 nm laser as accurately as 
the others, the fitting result is in any case more consistent than with the ITM.  

In general it should be mentioned that adding three parameters to the fitting procedure (h, 
Sb and Rb) increases the probability of finding a suitable set of parameters that allows a more 
precise fit of the experimental data. It unfortunately allows also finding more easily several sets 
of parameters that lead to the same overall value of the fitting errors but differently distributed 
in space. It is therefore even more important for the FTM to fit profiles obtained at several 
wavelengths than for the ITM. 

On these three parameters, h is supposed to be known and Rb does not have a large 
influence (see Sec. 3.2.7) and thus could be set to a generic value corresponding to an average 
value of the back side reflection at the considered wavelength. Therefore, Sb is the only new 
fitting parameter in comparison to the ITM.  

Due to its small influence on the profiles, it is difficult to fit Sb accurately. However, the 
influence of Sb on the carrier density cannot be distinguished from the influence of Ldiff if one 
considers the 1-dimensional model because the influence of Sb is included along with h and Ldiff 
in the effective diffusion length (see EQ. 3-35). The effective diffusion length is then estimated by 
using only the current obtained at various wavelengths for the same position of the laser beam. 
The presence of a GB makes the 1-dimensional model quantitatively inapplicable, however the 
2-dimensional model of this situation, that presents an expected increased complexity, allows to 
discriminate weakly but significantly the influence of Ldiff and the influence of sb. On the other 
hand, fitting the spectral response of a whole solar cell, one can estimate global averaged values 
of sb and Ldiff [FISCHER'03]. The FTM is therefore one of the rare methods allowing to estimate sb 
locally. 
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Chapter 4 Injection: laser beam and uniform 
illumination 

4.1 Introduction 
It is explained in Sec. 1.2.1 that the effective surface recombination velocity of a surface or a GB 
depends on the injection level. This aspect is studied in detail by Oualid et. al. [OUALID'84] who 
demonstrated a dependence down to very low injection (p<1013 cm-3). On the other hand, the 
effective lifetime and thus the effective diffusion length are as well injection dependent down to 
low injection values. The study performed here assumes that Seff and Ldiff are independent of the 
injection which is only strictly valid at very low injection levels. It is therefore important to 
quantify the injection level induced by the lasers to ascertain the full or restricted validity of the 
theories developed in the preceding chapters. The maximum of injection reached in the volume 
for a given source and a given material in short circuit condition is, therefore, the main topic of 
this chapter. If the maximum injection level is lower than 1013 cm-3 the model presented here is 
valid without any restriction regarding the injection level. 

A literature survey showed that some approximations of the maximum of injection are 
described for EBIC in [CORKISH'98], but none was found for LBIC. 

Another theoretical expression exists for describing the carrier density distribution 
induced by a spatially uniform monochromatic light in a solar cell in short circuit condition 
[SZE'07], but nothing for the case of a Gaussian laser beam could be found. 

As it is detailed later in this chapter, the main difference between a uniform illumination 
(see Sec. 4.5) and a Gaussian beam illumination (see Sec. 4.3) lies in the fact that the diffusion 
occurs in one dimension (1D) or in three dimensions (3D), respectively. Therefore, the carriers 
spreading is expected to be higher if the carrier can diffuse in 3D in comparison to the 1D case 
leading in steady state condition to a lower carrier density for the maximum injection of a laser 
beam in comparison to the maximum injection of a spatially uniform illumination. 

To get more insight into this problem, this chapter presents a theoretical derivation of the 
maximum injection induced by a Gaussian laser beam and by a uniform illumination in a solar 
cell in short circuit condition that allows a direct comparisons of these two types of injections in 
defined conditions to be stated precisely. 

A last part is dedicated to the comparison of the injection obtained in open and short 
circuit condition for the same uniform illumination power density. Many measurement types 
applied for the analysis of solar cells require the knowledge of the injection level. Most of them 
are operating in open circuit condition. 

4.2 Assumptions and goals 
It has to be stated precisely that the injection level depends explicitly on the generation 
parameters (Plaser, Rf, σ and α for an infinitely thick wafer, and Rb and h additionally for one with 
finite thickness) and on the semiconductor parameters (Ldiff alone for an infinitely thick wafer 
with no GB, otherwise one should add sb, h). 

If seeking an absolute quantitative value for the injection level, it is not possible to 
normalize the result to any parameter like the plateau level for the FTM and the ITM (see 
Sec. 2.1.6 and 3.1.4). Because of the multiplicity of the parameters and their associated 
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uncertainty combined with the non ideality of the investigated situation, the analytical 
calculation of the injection level has in any case only a poor accuracy. 

As mentioned in the introduction, in very low injection (p<1013 cm-3) Seff and Ldiff are 
assumed independent of the injection and thus the extracted values are not dependent of the 
laser parameters (Plaser and σ) determining the injection level.  

Therefore ascertaining that the maximum injection value obtained is below the 
aforementioned threshold (p < 1013 cm-3) guarantees that Ldiff and Seff extracted from the models 
are independent of the laser parameters. 

The main idea of this study is therefore to give an upper boundary of the maximum 
injection possible regarding some typical situations. 

Several non-ideality aspects that influence the injection level are reviewed below as well 
as their implications for the assumption of the injection models: 

• Inhomogeneities and grain boundaries  
o GBs can lead only to a decrease of the injection value. Therefore GBs are 

discarded in the present model. 
o Inhomogeneity can be viewed as local decrease of Ldiff referring to the 

maximum value of Ldiff in the studied region. Therefore, the present model 
delivers an upper boundary for the injection value assuming a homogenous 
diffusion length Ldiff over the whole volume that is set to the maximum 
value of Ldiff of the inhomogeneous situation. 

• Back side influence 
o As already shown in Sec. 3.2.8, a majority of the situations considering a 

back side leads to an overall carrier density lower than their equivalent 
infinite thickness situations. For these cases, an infinite thickness theory 
delivers an overestimated value and thus an upper boundary for the 
injection value. 

o In the rare situations where considering a back side leads to an overall 
carrier density higher than their equivalent infinite thickness situations, 
the gain in carrier density is, however, limited and an infinite thickness 
model gives a good approximation of the upper boundary. 

o Therefore assuming an infinite thickness in the present model is assumed 
to give a reasonable approximation of the upper boundary of the injection. 

• Front side optical assumptions 
o The issue of local non-perpendicularity of the beam to the semiconductor 

surface, because of the pyramid surfaces of the front texture, can lead only 
to a decrease of the density of carriers because more carriers are 
generated closer to the junction where they are collected more easily. 
Therefore, the perpendicular beam assumption is reasonable while only 
seeking the upper boundary of the injection. 

o Because the local reflectance is not accurately known, Rf=0 is assumed to 
obtain the sought upper boundary of the injection. 

• Absorption in the emitter 
The light absorption in the emitter can only reduce the injection value by 
reducing the generation in the bulk. The absorption in the emitter can 
therefore be considered to be zero in order to obtain an upper boundary of the 
injection. 



Injection: laser beam and uniform illumination 

109 

4.3 Laser Beam Induced Injection Model (LB2IM) 
The approach used to develop the Laser Beam Induced Injection Model (LB2IM) implies solving 
the minority carrier diffusion equation in steady state. The obtained solution is the distribution 
of the injected carriers in the volume from which the maximum value and its location has to be 
extracted. However, as mentioned in Sec. 2.1.2, deriving the explicit solution of the diffusion 
equation is avoided for the derivation of the FTM and ITM thanks to the use of the Green’s 
function method and to the fact that only the current at the top surface needs to be determined. 
Having as a goal to find the maximum value of the density of carriers, the explicit solution 
becomes mandatory and requires somehow higher level mathematics than for the FTM or the 
ITM derivations. 

4.3.1 Problem description: cylindrical symmetry and reduction to two 
dimensions 

The 3-dimensional steady state minority carrier diffusion equation (EQ. 1-14) is solved explicitly 
on the half space z>0 (infinite thickness condition as mentioned in the last section) with the 
volume generation function g induced by a Gaussian laser beam defined by EQ. 1-42 as the 
source term leading in Cartesian coordinates to: 

EQ. 4-1  
2 2

2 0
2D D

( )( ) ( ) exp exp( )G
G G

p p

g r g x yp r p r zα
σ

 +
∆ − Λ = − = − − − 

   

The domain is the half space z≥0 on which the boundary condition at z=0 comes from the short 
circuit condition (see Sec. 1.2.3) and is expressed like: 

EQ. 4-2  0
( ) 0G z

p r
=

=  

The general boundary conditions in x, y, and z are a vanishing density of carriers when x or y 
tends to plus or minus infinity and when z tends to plus infinity. 

It is interesting to note that g has a cylindrical symmetry as can be observed from Fig. 4-1. 

The equivalence relations between the cylindrical and the Cartesians coordinates are 

EQ. 4-3  cos( )
sin( )

z z
x r
y r

θ
θ

=
 =
 =  

with r the radius and θ the angle in the xy-plane (see Fig. 4-1). 

Now transforming g(rG) (EQ. 1-42) into cylindrical coordinates making use of EQ. 4-3 leads to 

EQ. 4-4  ( ) ( ) ( )
2

0 2, , ,rg r z g exp exp z g r zθ α
σ

 
= − − = 

   

that is independent of θ. Thus, by definition, g has a cylindrical symmetry. It is also easy to see 
that the boundary condition of EQ. 4-2 is independent of θ while transforming to cylindrical 
coordinates. 
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Fig. 4-1: 3-dimensional representation of some isogeneration surfaces of the generation volume 
function g of a Gaussian laser beam in arbitrary unit and scale showing its cylindrical symmetry 
(left) and the cylindrical coordinate system (right). 

Now transforming EQ. 4-1 in cylindrical coordinates making use of the expression of the 
Laplacian operator in cylindrical coordinates (Sec. 10.612 EQ. 5 in [GRADSHTEYN'07]) leads to: 

EQ. 4-5  
( )2 2 2

2
2 2 2 2

,1 1

p

g r zp p p p p
r r r r z Dθ

∂ ∂ ∂ ∂
+ + + − Λ = −

∂ ∂ ∂ ∂  

According to the fact that g is independent of θ as well as the unique boundary condition 
of the problem (EQ. 4-2) it can be stated that p, the solution of this problem, is also independent 
of θ implying: 

EQ. 4-6  0p
θ

∂
=

∂
 

Replacing EQ. 4-6 into EQ. 4-5 leads to: 

EQ. 4-7  
( )2 2

2
2 2

,1

p

g r zp p p p
r r r z D

∂ ∂ ∂
+ + − Λ = −

∂ ∂ ∂  

The 3-dimensional original problem is now fully reduced to a 2-dimensional problem in r and z. 

4.3.2 The modified Bessel equation 
Then, the Green’s function method is used to solve this problem which requires firstly the 
derivation of the analythical expression of the Green’s function (see Sec. 2.1.2). It is reminded 
that the Green’s function G is the solution of the PDE with a point source located at (rp,zp) as a 
right hand side. Therefore one can write from EQ. 4-7 that: 

EQ. 4-8  
2 2

2
2 2
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G G G G r r z z
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δ δ∂ ∂ ∂
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Because EQ. 4-8 still describes a 3-dimensional situation, but invariant in θ, the left hand side is a 
point source located at (rp, zp) but for all values of θ. Therefore the source term in EQ. 4-8 could 
be named a ‘ring’ source instead of a point source because it corresponds to a circle of radius rp 
which center is at the center of the plane z = zp. 

G is then used to compute the desired explicit solution of the problem as a convolution 
product (see Appendix A.2): 

EQ. 4-9  
0 0

( , ) ( , , , ) ( , )p p p p p pp r z G r r z z g r z dr dz
∞ ∞

= ⋅∫ ∫  

With the boundary condition of EQ. 4-2 being the only BC of this problem, one can define b(r,k), 
the sine Fourier transform of G(r,z) in z (see Appendix B for details) as: 

EQ. 4-10 ( ) ( ) ( )
0

, z b ,k sin z k dkG r r
∞

= ∫  

Making use of EQ. 4-10 allows transforming EQ. 4-8 with a procedure analogous to the one 
explained in Appendix B into the following ODE in r 

EQ. 4-11 
2

2
2

b b b1 ( )pA r r
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µ δ−
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in which ( )2 sin pA z k
π

=  and 2 2kµ = Λ + . 

It is now necessary to rewrite this ODE in another form to demonstrate its kind. With a 
change of variables introducing the dimensionless variables R = µ·r and Rp = µ·rp, one can 
demonstrate using the chain rule that the differential operators in the ODE of EQ. 4-11 become 

EQ. 4-12 
R

r r R R
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= =
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 and 

EQ. 4-13 
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Using the following property of the Dirac delta function [BRACEWELL'00]: 

EQ. 4-14 ( )p
p

R R
R Rδ µ δ

µ
− 

= − 
   

One finally replaces EQ. 4-12, EQ. 4-13 and EQ. 4-14 into EQ. 4-11 which leads after some 
rearrangements to: 

EQ. 4-15 ( )
2 2

2 2
2 p
b b RR R R b A R R

R R
δ

µ
∂ ∂

+ − = ⋅ −
∂ ∂  

The change of variables R=µ·r and Rp=µ·rp allowed rewriting EQ. 4-11 as a modified Bessel 
equation of order 0 (see EQ. 9.6.1 in [ABRAMOWITZ'72]). 

It is then demonstrated in Appendix J that the solution of EQ. 4-15 is a piecewise function 
which, coming back to the original variables, is expressed as 
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EQ. 4-16 0 0( ) ( ) ( )p p pb r r Ar K µr I µr− < = −
 

EQ. 4-17 0 0( ) ( ) ( )p p pb r r Ar I µr K µr+ > = −
 

with I0 and K0 the modified Bessel functions of the first and second kind of order 0 (see 
Appendix J). 

4.3.3 Explicit problem solution for the line at r=0 
One can see in Fig. 4-2 the cylindrical symmetry of the distribution of the carrier density and 
that the maximum is located in any case in the center of the xy-plane (x=0, y=0 or r=0) at a depth 
that depends of the parameters (Ldiff, σ and α). This is not surprising considering that the 
generation has its maximum at the center of xy-plane and considering the cylindrical symmetry 
of the problem. 

As only the maximum value is sought, the problem could be simplified by looking at the 
solution on the line at r=0 only in which the injection maximum for the whole volume is located. 

 
Fig. 4-2: 3-dimensional representation of the carrier density distribution p for arbitrary 
parameters showing its cylindrical symmetry. 

The point source solution for b as described by EQ. 4-16 and EQ. 4-17 is a sine Fourier transform 
of the distribution of the carriers in r when a point source is located at rp. One can now state that 
the contribution of all the point sources in the volume is sought only for the points of the line 
r=0. 

As only the solution for r=0 is sought and as the point sources are located between r=0 and 
infinity one can state that in any case r<rp which implies that only b- is of interest in EQ. 4-16. 

Replacing r=0 in EQ. 4-16 and making use of the property of EQ. J-3 leads to: 

EQ. 4-18 00
( )p pr

b Ar K µr
=

= −
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Reconstructing the Green’s function by means of EQ. 4-10 in the case of r=0 and replacing A by 
its value defined for EQ. 4-11 leads to: 

EQ. 4-19 ( ) ( )0
0

2(0, , , ) sin z k d( ) ksinp p p p pG r z z r K µr z k
∞

π
−= ∫

 

Replacing G in EQ. 4-9, assuming that the integral could be permuted, leads to: 

EQ. 4-20

( ) ( ) ( ) ( )
2

0
0 2

00 0

sin z k dk2(0, ) sinp
p p p p p p

rgp z r K r exp dr exp z z k dz
D

∞

µ α
π σ

∞ ∞ 
⋅ 

 

   
= ⋅ ⋅ − − ⋅ ⋅        

∫ ∫∫
 

While the integral in zp has an already seen analytical solution (see EQ. 2-44 and EQ. 2-45), the 
integral in rp is more elaborated. Mathematica® gives its analytical solution as 

EQ. 4-21 ( )
2 2 2

0

2

0 2 0,
2 2 2

p
p p p

r
r K r exp dr exp

∞ σ µσ µσµ
σ

          ⋅ ⋅ − = ⋅ ⋅Γ                         
∫

 

With Γ(a,b), the incomplete Euler Gamma function (see Chap. 6.5 in [ABRAMOWITZ'72]). 

The fact that the first argument of the incomplete Euler Gamma function is 0 allows a 
further simplification using EQ. 6.5.15 in [ABRAMOWITZ'72] that leads to 

EQ. 4-22 ( )
2 2 22

0 12
0

.
2 2 2

p
p p p

r
r K r exp dr exp E

∞ σ µσ µσµ
σ

          ⋅ − = ⋅                         
∫

 

with E1(a) the exponential integral function (see Chap. 5.1 in [ABRAMOWITZ'72]). 

While the analytic expression of this integral cannot be found in [ABRAMOWITZ'72], the 
analytic expression of a similar integral can be found in Sec. 6.631 EQ. 3 of [GRADSHTEYN'07]. 
However, this solution involves a Whittaker function with three parameters and thus requires 
additional calculations to be simplified for this particular case making use of EQ. 13.1.33 and EQ. 
13.6.30 in [ABRAMOWITZ'72] leading in the end to EQ. 4-22. 

Finally making use of EQ. 4-22 and EQ. 2-44 into EQ. 4-20 leads to: 

EQ. 4-23 ( )
2 22

0
12 2

0

sin z k dk(0, )
2 2 2

g kp z exp E
D k

σ µσ µσ
π α

∞       = ⋅         +       
∫  

Observing that the integral is dimensionless and rearranging the terms leads to 

EQ. 4-24 
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in which, replacing g0 by its definition obtained in EQ. 1-43, p00,Laser can be expressed as: 
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EQ. 4-25 ( )2
p

2
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R
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ππ

λασ
= −=  

While still requiring the numerical evaluation of a single integral and an optimization procedure 
on one parameter for an exact evaluation (to be compared to a full 3-dimensional simulation or 
at least 2-dimensional with cylindrical symmetry), it is possible to give straightforwardly an 
order of magnitude of the maximum of injection point from p00,Laser. 

It is interesting to note that p00,Laser does not depend on the beam radius σ whose 
contribution is exclusively in the integral. If one assumes σ tending to zero in EQ. 4-23 the 
exponential term tends to 1 but the exponential integral term tends to infinity indicating that 
regardless of all other parameters p(0,z) tends to infinity when σ tends to 0.  

One has nevertheless to note that σ cannot be made arbitrarily low because of the 
phenomenon of diffraction. If one considers an unfocused parallel laser beam of wavelength λ 
with an initial beam radius σp that is focused by a lens of focal length df, the minimum σ value at 
the focal point can be evaluated as (chap 2.6 and 10.2 in [THYAGARAJAN'10]): 

EQ. 4-26 min
f

f p
p

d
if d

λ
σ σ

π σ
⋅

≈ >>
⋅

 

Physically, this also means that the density of power cannot be set arbitrarily high for a given 
setup. 

One could additionally notice that while σ has such an important contribution to the 
integral, the contribution of Ldiff comes only from the ratio (σ/2Ldiff)2. As in general Ldiff is much 
larger than σ, this ratio is very small and varies few with Ldiff for small values of σ. This explains 
that Ldiff does not play a major role in the injection value as long as Ldiff>> σ. 

4.3.4 Numerical computation of the solution 
The term ‘exp(x2)·E1(x2)’ in EQ. 4-23 presents the same kind of difficulty for numerical 
evaluation as the term ‘exp(x2)·erfc(x)’ already seen in Sec. 2.1.7: A strongly diverging term is 
multiplied with an even stronger converging term when x tends to infinity. 

This problem is solved in a similar manner than for the ‘exp(x2)erfc(x)’ term (see 
Appendix D) considering that the continued fraction expansion of the exponential integral is 
EQ. 5.1.22 in [ABRAMOWITZ'72] (for the notation used for the continued fraction, see 
Appendix D): 

EQ. 4-27 1
1 1 1 2 2 3 3( ) ...

1 1 1
xE x e

x x x x
−  =  + + + + + + + 

 

The expression of an ‘exp(x2)·E1(x2)’ term becomes: 

EQ. 4-28 2 2
1 2 2 2 2

1 1 1 2 2 3 3exp( ) ( ) ...
1 1 1

x E x
x x x x

=
+ + + + + + +

 

This continued fraction is computed without convergence problem for large x values by the 
Lentz algorithm [LENTZ'76] while for small x one could compute E1(x2) and exp(x2) 
independently and multiply them together. 

Computationally speaking, the main difference between this integral and the one of the 
ITM (see Sec. 2.1.8) is the presence of a sine function in the integrand. 
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The function to integrate is oscillatory and thus difficult to evaluate on a semi infinite 
interval. The best method remains the Gauss-Kronrod quadrature [SHAMPINE'08] already used 
for the ITM which, however, cannot be computed to the desired accuracy for certain extreme 
sets of parameters. 

4.4 Results of the LB2IM: maximum injection point location and amplitude 
As already said in Sec. 4.2, the maximum injection values are computed considering no reflection 
at the front surface as well as no dead layer in the emitter. These two parameters could, 
however, be taken in account easily by multiplying the value given in the following graphs by a 
suitable proportionality factor of (1-Rf) and exp(-αtdead), respectively, with tdead the estimated 
thickness of the dead layer. 

As mentioned in Sec. 4.3.3, it is expected that the maximum of injection depends only 
weakly on the diffusion length as long as Ldiff>> σ which is in general the case for finely focused 
lasers as recommended for the use in this context. It is, however, expected to depend strongly on 
the absorption coefficient α and of the beam radius σ. The other factors (Plaser, Dp, λ, η and Rf) are 
just scaling factors entering the formulation of p00,Laser (see EQ. 4-25) and thus do not affect 
qualitatively the distribution. 

It is therefore chosen to represent contour plots of the amplitude pmax and position zmax of 
the maximum of injection for varying σ and α in the cases of Ldiff=10, 100, and 1000 µm. For 
practical purpose, it is found more convenient to reference these curves in terms of the laser 
wavelength rather than in terms of absorption coefficient. As α in silicon is a known function of 
the wavelength λ (shown in Fig. 4-3) this representation is straightforward. 
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Fig. 4-3: Absorption coefficient α and penetration depth Lα of light in silicon as a function of the 
wavelength λ (taken from [GREEN'95]). 

For practical purpose the LB2IM is expressed as a function of Plaser that is assumed to be 1.5 µW 
corresponding to the power of each laser in the LBIC system. The injections values are, however, 
directly proportional to the power used (see EQ. 4-25) and thus the following graphs in this 
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section can be used for an arbitrary power using a suitable proportionality factor (providing that 
the power of the laser remains low enough to consider low injection condition). 

However, as a one to one conversion from photons to electron-hole pairs is assumed, the 
influence of Ldiff, σ and α on pmax and zmax is more straightforwardly established while 
considering a constant laser photon flux rather than a constant laser power. Considering a 
varying wavelength but constant laser power it implies that long wavelengths delivers a higher 
photon flow than shorter wavelengths because their photons are less energetic (see EQ. 1-37). 

It is, however, easy to demonstrate that the condition of a constant photon flux only 
modifies g0 (EQ. 1-42) and is thus only a scaling factor. Therefore, considering that the front side 
reflection Rf is neglected, that the conversion efficiency η is assumed to be 1, and that one speaks 
of a constant photon flow Flaser instead of constant laser power Plaser, the prefactor g0 (see EQ. 
1-43) needs to be modified to: 

EQ. 4-29 0, 2 2 ,laser laser laser
pht laser

p

F F Pg with F
L h cα

α λ
πσ πσ

= = =
 

Then, one just needs to replace g0 by g0,pht in EQ. 4-25 to obtain the expression of the injection at 
constant photon flow. 

Flaser is arbitrarily set to 4.76·1012 pht/s corresponding to the photon flow obtained for 
λ=630 nm with the value of Plaser already considered previously (Plaser=1.5 µW).  

Therefore, the diagrams of the next sections represent various quantities at constant Flaser 
while diagrams at constant Plaser, which can be used as reference for a certain laser power, are 
presented in Appendix K. 

A summary of the phenomenon observed including the influence on the carrier 
distribution is given at the end of this section. 

4.4.1 Ldiff=1000 µm: non Ldiff limited case 

4.4.1.1 Study of pmax  

The colored contour plot of Fig. 4-4 represents pmax the maximum injection value obtained in the 
volume as a function of the laser beam radius σ and of the laser light wavelength λ considering a 
constant diffusion length Ldiff=1000 µm and a constant photon flow Flaser=4.76·1012 pht/s.  

One can observe in Fig. 4-4 that the highest maximum injection is obtained at small σ because at 
constant photon flow g0,pht ∝1/σ2 (see EQ. 1-36) and thus further reducing σ increases the 
generated carrier density at the center of the beam (EQ. 1-43). 

One can therefore make a first statement: 

Statement 1: For a given laser at wavelength λ1 (and so one penetration depth Lα1) pmax is 
maximized when the beam radius σ1 is minimized. 

Then, considering a laser of a certain radius σ2: 

• On the one hand the maximum injection decreases at high λ because deeper 
generation allows the lateral diffusion process to be more efficient (the generation 
occurs over a larger depth) which reduces the maximum value of carrier density. 



Injection: laser beam and uniform illumination 

117 

 

650 700 750 800 850 900 950 1000
5

10

15

20

25

30

35

40
pmax [cm-3]

λ [nm]

σ 
[µ

m
]

2.0E+11

2.2E+12

4.2E+12

6.1E+12

8.1E+12

1.0E+13

1.2E+13

1.4E+13

σ = Lα=1/α 

 

 

Flaser= 4.76 1012 pht/s
Ldiff=1000 µm

 
Fig. 4-4: Simulation of the maximum injection value for a laser beam for various beam radii σ and 
various laser wavelengths λ in a crystalline silicon solar cell considering Ldiff=1000 µm, a constant 
photon flow of Flaser=4.76·1012 pht/s and no reflection at the surface. The line σ=Lα  plotted in red 
follows exactly the maximums of the isodensity lines in λ. 

• On the other hand, the maximum of injection decreases also at small λ because 
most of the carriers are generated so shallowly (because of the high α or small Lα) 
that they are immediately collected by the junction and thus do not contribute to 
the maximum of injection. 

Therefore, concurrently to statement 1 one can make the following statement. 

Statement 2: For a given laser of beam radius σ2, there is one particular wavelength λ2 (and so 
one penetration depth Lα2) that maximizes pmax. 

One has to note that nothing is declared in statement 2 about the probable dependence of 
λ2 to σ2. One can then observe in Fig. 4-4 that the line defined by σ=Lα (in red) seems to 
superpose perfectly with the line that would connect all the points of coordinate (λ2, σ2) defined 
by statement 2. 

Therefore, in the case of a diffusion length larger than any other characteristic length of 
the problem (Ldiff >> σ, Lα) the value of pmax is maximized at constant λ when σ≈Lα. 

Therefore, when not limited by the diffusion length the maximum injection is found when 
the lateral and the in depth carrier gradients are of comparable magnitude. This point is 
discussed more in detail in Sec. 4.4.4. 
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4.4.1.2 Study of zmax 

The colored contour plot of Fig. 4-5 represents zmax, the location in z of the maximum injection, 
whose value is represented in Fig. 4-4 as a function of the laser beam radius σ and of the laser 
light wavelength λ. 
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Fig. 4-5: Simulation of position of the maximum of injection for the conditions described in Fig. 
4-4. The line σ=Lα is plotted in red and the plain black arrows indicate for σ=10, 20 and 37.5 µm 
the location of the maximum on the map where σ=Lα. Then the dashed arrows indicate the 
correspondence between the color found at the aforementioned location and their level in the 
zmax color scale.  

Some general observations on Fig. 4-5 are: 

• zmax increases by increasing λ (and so Lα). 
• zmax increases by increasing σ.  

The first observation can be explained starting from the fact that a deeper generation results in a 
higher carrier density in depth. Therefore, a significant fraction of carriers are generated farther 
from the junction where they are less susceptible to be collected and constitute a maximum of 
density. Therefore, the deeper the carriers are generated from the junction the deeper the 
maximum is located. This consideration is, however, fully valid only if the volume recombination 
is not too high implying that Ldiff is high. 

In order to explain the second observation one needs a more elaborated reasoning. 
Considering the 3-dimensional diffusion process involved in this case, one can state for the 
region in the center of the beam that increasing σ reduces the contribution of the lateral 
diffusion with respect to the depth diffusion because of the associated decrease of the lateral 
carrier density gradient. Therefore, the recombination activity in the volume becomes less 
detrimental by increasing σ with respect to the collection activity of the junction. One can then 
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represent himself that the maximum of carriers tends to be ‘pushed’ toward the less detrimental 
source of carrier loss that is the volume in this case and thus zmax increases. 

Besides, it is interesting to observe in Fig. 4-5 that on the red line of σ = Lα the values of 
zmax are almost equal to the σ values (shown for σ=10, 20 and 37.5 µm by the black arrows). 
Thus, one can say that when Ldiff>>(σ, Lα), p=pmax for σ≈Lα ≈ zmax. 

4.4.2 Ldiff=100 µm: Ldiff only weakly limiting 

4.4.2.1 Study of pmax 

The colored contour plot of Fig. 4-6 represents pmax as a function of σ and of λ considering a 
constant diffusion length Ldiff=100 µm and a constant photon flow Flaser = 4.76·1012 pht/s. 
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Flaser= 4.76 1012 pht/s
 Ldiff=100 µm

 

Fig. 4-6: Simulation of the maximum injection value for a laser beam for various beam radii σ and 
various laser wavelengths λ in a crystalline silicon solar cell considering Ldiff=100 µm and a 
constant photon flow of Flaser=4.76·1012 pht/s and no reflection at the surface. The line σ=Lα is 
plotted in red and the white line follows the positions of the isodensity lines maximums in λ when 
it diverges from the red line. 

Concerning the case where Ldiff=100 µm represented in Fig. 4-6 the carrier densities are similar 
to the preceding case, however, the line going through the maximum of the isodensity lines in λ 
follows perfectly the σ=Lα line (red line) only at small values of σ. One can then observe, to the 
contrary of the preceding case, that the line going through the maximum of the isodensity lines 
in λ (white line) begins to deviate from the σ=Lα line slightly when σ gets of the order of Ldiff/2 to 
Ldiff/3. One can then say that Ldiff is only weakly limiting the maximum value of pmax. 
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4.4.2.2 Study of zmax 

The colored contour plot of Fig. 4-7 represents zmax, the location in z of the maximum injection, 
whose value is represented in Fig. 4-6, as a function of the laser beam radius σ and of the laser 
light wavelength λ. 
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Fig. 4-7: Simulation of position of the maximum of injection for the conditions described in Fig. 
4-6. 

One can see that the diagram of Fig. 4-7 is nearly identical to the preceding case (Fig. 4-5). The 
only important difference is on the global amplitude of zmax that is slightly lower than for the 
preceding case (maximum of the map at zmax = 72 µm to be compared with zmax = 88 µm on the 
preceding case for the point at σ = 40 µm and Lα = 156 µm at λ = 1000 µm). Considering that the 
diffusion length is smaller, the recombination losses in depth are higher implying that the 
maximum value is located closer to the surface. 

  



Injection: laser beam and uniform illumination 

121 

4.4.3 Ldiff=10 µm: Ldiff limited case 

4.4.3.1 Study of pmax 

The colored contour plot of Fig. 4-8 represents pmax as a function of σ and of λ considering a 
constant diffusion length Ldiff=10 µm and a constant photon flow Flaser= 4.76·1012 pht/s. 
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Fig. 4-8: Simulation of the maximum injection value for various laser beam radii σ and various 
laser wavelengths λ in a crystalline silicon solar cell considering Ldiff=10 µm, with 
Flaser=4.76·1012 pht/s corresponding to Plaser=1.5 µW at λ=630 nm. One can then define a vertical 
line corresponding to Ldiff=Lα=10 µm (in pink), a horizontal line corresponding to Ldiff=σ=10 µm, a 
curve corresponding to σ=Lα=f(λ) (in red) and a curve connecting the maximums of injection at 
constant σ (in white). 

Coming to the case where Ldiff becomes comparable to the characteristic lengths of the problems 
(Lα and σ), two additional lines are interesting to be represented in Fig. 4-8: the horizontal line 
σ = Ldiff in orange and the vertical line Lα = Ldiff in pink.  

If one then considers that the orange and the pink line define a new system of axes the following 
observations can be drawn:  

• The bottom left quadrant corresponds to the case of Ldiff>(σ, Lα) 
o the pmax values are comparable to the ones observed is the same region for the 

other values of Ldiff (see Fig. 4-4 and Fig. 4-6). 
• The bottom right quadrant corresponds to the case of Lα>Ldiff>σ 

o the pmax values are significantly lower than the ones observed is the same region 
for the other values of Ldiff (see Fig. 4-4 and Fig. 4-6). 

• The top left quadrant corresponds to the case of σ>Ldiff>Lα 
o the pmax values are slightly lower than the ones observed is the same region for 

the other values of Ldiff (see Fig. 4-4 and Fig. 4-6). 
• The top right quadrant corresponds to the case of Ldiff<(σ, Lα) 
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o the pmax values are much lower than the ones observed is the same region for the 
other values of Ldiff (see Fig. 4-4 and Fig. 4-6). 

Therefore one can conclude that: 

• Increasing σ or Lα above Ldiff leads to a decrease of the pmax value 
o σ or Lα increase leads to a broadening of the generation profile larger than Ldiff in 

x or z direction, respectively, which leads in both cases to an increase of the 
recombination losses that decreases the value of pmax. 

• Increasing Lα above Ldiff has a larger impact on the pmax value than increasing σ above 
Ldiff. 

o Increasing σ above Ldiff has the result of shifting laterally the zone of high lateral 
diffusion that has a width of the order of Ldiff. Thus the injection in the center of 
the beam is only very slightly altered by this process.  

o However, increasing Lα above Ldiff implies that much more carriers are generated 
at a depth larger than Ldiff in which they are “relatively free” from the influence of 
the junction but diffuse very efficiently in three dimensions that maximizes the 
recombination losses at low Ldiff. 

o In other words, because of the presence of the junction on top, increasing σ 
increases the diffusion in the xy-plane that is a 2-dimensional diffusion process 
while increasing Lα implies increasing a 3-dimensional diffusion process. It is 
thus to be expected that the recombination is higher when allowing carriers to 
recombine in three dimensions than when allowing them to recombine in two 
dimensions. 

It is finally interesting to observe in Fig. 4-8, that the red and the pink line act like asymptotes for 
the white line connecting all the isodensity lines maximums in λ. It therefore means that when σ 
becomes large, the penetration depth Lα that maximizes pmax tends to Ldiff while staying lower 
than Ldiff. 

It is already mentioned in Sec. 4.4.1.1 that at constant σ, pmax is maximized when σ ≈ Lα 
with Ldiff>(σ, Lα). In addition, it is already mentioned in this section that increasing Lα above Ldiff 
is much more detrimental from the recombination point of view than increasing σ above Ldiff. 
Therefore, when the balance of the lateral and in-depth carrier gradient (that are of comparable 
magnitude when Ldiff>(σ, Lα) if σ≈L α) is not possible because σ or Lα exceeds Ldiff, the least 
detrimental situation is obtained when Lα does not exceed Ldiff. Therefore, regardless of the value 
of σ the maximum of injection is reached in this case when Lα<Ldiff and thus Ldiff limits the 
maximum value reachable regardless of the other parameters. 
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4.4.3.2 Study of zmax 

The colored contour plot of Fig. 4-9 represents zmax, the location in z of the maximum injection, 
whose value is represented in Fig. 4-8, as a function of the laser beam radius σ and of the laser 
light wavelength λ. 
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Fig. 4-9: Simulation of position of the maximum of injection for the conditions described in Fig. 
4-8. The irregularities of the contour lines are estimation artifacts due to the high smoothness of 
the carrier distribution around the maximum and to the difficulty to estimate accurately the 
integral in EQ. 4-24. 

In general, the position of the injection maxima (zmax) represented in Fig. 4-9 are much lower 
than for the preceding cases (the maximum for zmax is of 27 µm obtained for a penetration depth 
of Lα=156 µm at λ=1000 µm). This could be attributed to the small diffusion length that induces a 
sharp increase of the diffusion losses for carriers generated deeper than Ldiff. 

It is interesting to observe for large σ that zmax is of the order of Ldiff when Ldiff=Lα. Thus one 
can say that when Ldiff<<σ, p=pmax for Lα≈Ldiff≈zmax. 

It is also interesting to observe that regardless of λ: 

• For σ<2·Ldiff=20 µm, zmax decreases with decreasing σ. 
• For σ>2·Ldiff=20 µm, zmax is nearly independent of σ. 

A tentative explanation of this phenomenon is the following: 

• For σ<2·Ldiff=20 µm, the situation is identical to the one already described and 
explained in Sec. 4.4.1.2. 

• For σ>2·Ldiff=20 µm, the beam is broad enough to consider the gradient at the 
center small enough not to be affected by lateral diffusion. Therefore, the strength 
of the diffusion process at the center is only affected by Ldiff and Lα that are 
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constant. However, changing σ at constant Flaser modifies g0 and so pmax but only by 
a scaling factor that does not alter the distribution and thus the maximum position. 

4.4.4 Carrier density distribution 

In order to illustrate and to deepen the understanding of the phenomena mentioned in the last 
sections the carrier density distribution of some characteristic cases are presented in Fig. 4-10. 

Because of the cylindrical symmetry the carrier distributions of Fig. 4-10 are obtained 
through 2-dimensional simulations in cylindrical coordinates. 
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Fig. 4-10: Various carrier density distributions induced by a laser beam at Ldiff=100 µm for σ>Ldiff, 
σ<Ldiff and σ<<Ldiff and for Lα<<σ, Lα=σ and Lα>>σ. The distributions are normalized to the 
maximum values obtained in each row (at constant σ). 

• When σ=15 µm <<Ldiff (bottom row in Fig. 4-10). 
o If Lα=σ, the maximum pmax for this value of σ is obtained like mentioned in Sec. 

4.4.1.1 and 4.4.2.1 and one can see the gradients of the carrier density are 
balanced in r and z. 

o If Lα=6 µm <<σ, the injection value decreases because a more important fraction 
of carriers are generated closer to the junction where they are more easily 
collected. In other words, the gradients become more important in r because of 
the larger contribution of the junction. 
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o If Lα=30 µm >>σ, the injection value decreases because a more important fraction 
of carriers are generated deeper in the volume where they diffuse more leading 
to a decrease of the injection. In other words, the gradients become more 
important in r because of the larger contribution of the volume. 

• When σ=40 µm <Ldiff (middle row in Fig. 4-10). 
o The same considerations than for the preceding case can be drawn. 

• When σ=200 µm >Ldiff (top row in Fig. 4-10). 
o The case where Lα=σ is not the one that delivers the highest pmax of the row to the 

contrary of the two previous cases. If Lα is higher than Ldiff, a large fraction of 
carriers is generated in depth at a distance larger than Ldiff from the surface. 
These carriers recombine at high rate in three dimensions which largely reduces 
the carrier density. 

o The case where Lα=300 µm >σ amplifies the aforementioned carrier loss and thus 
further reduces the carrier density. 

o The case where Lα=Ldiff<σ presents the optimal compromise between the carrier 
loss in the volume by recombination and the carrier loss by collection at the 
junction. This case presents then the maximum of injection on a criteria that is 
independent of σ provided that σ > Ldiff. 

o The case where Lα<Ldiff<σ presents a decrease of injection because of the much 
larger amount of carriers collected at the junction. This case is therefore typical 
of the Ldiff limited case studied in Sec. 4.4.3. 

4.4.5 Summary 
It has been shown that, at a constant σ value, there is a particular value of λ corresponding 

to a value of Lα that maximizes pmax: 

• When σ<<Ldiff, pmax is maximized for σ=Lα  
o One can consider this situation as a balance between the lateral recombinative 

loss (governed by σ) and the depth recombinative loss (governed by Lα). 
o However, the pmax value is much more influenced by Lα, whose variations 

influence mainly a 3-dimensional diffusion process, than by σ, whose variations 
influence mainly a 2-dimensional diffusion process (see Sec. 4.4.3.1). 

o And in any case Ldiff plays a negligible role for the value of pmax and zmax. 
• When σ>>Ldiff, pmax is maximized for Ldiff=Lα: Ldiff limited case 

o The pmax value in the center of the beam is weakly affected by the lateral 
diffusion. 

o Variations of σ just influence the maximum value of injection by varying the 
maximum generation density (EQ. 4-29). 

o Therefore, the value of the injection in the center can be approximated correctly 
by making use of the power density (or photon flow density) at the center of the 
beam as a spatially uniform power density in a 1-dimensional simulation (in z). 
This phenomenon is shown in detail in the next sections. 
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4.5 Uniform Illumination Induced Injection Model (U3IM) 
The resolution of the 1-dimensional (in z) steady state minority carrier diffusion equation (EQ. 
1-14) on the half space z>0 is presented in this section. 

Considering the illumination to be spatially uniform in x and y, the generation function g 
obeys only the Beer-Lambert Law in z (see Sec. 1.3.1), leading to: 

EQ. 4-30 ( )
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With the short circuit boundary conditions at z=0: p(0)=0 (see Sec. 1.2.3) 

Assuming infinite thickness to allow a direct comparison with the previously developed 
model for laser beam injection, the second boundary condition is a vanishing carrier density 
when z tends to infinity. 

The surface generation value g0,uni can be expressed in a similar way as g0 demonstrated in 
Sec. 1.3.1. However, the constant quantity becomes the density of power Φuni instead of the total 
power (Plaser) for the laser injection case (see Sec. 4.6 for further implication on this difference 
between the two models). Therefore, the expression is referenced to the density of power Φuni 
and not the power Plaser of the illumination source leading to: 
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The solution to EQ. 4-30 is derived in Appendix L.1 and reads: 
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By equating the derivative of EQ. 4-32 to 0, one can find the position of maximum of injection at: 
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Replacing EQ. 4-33 in EQ. 4-32 leads to the maximum value of injection 

EQ. 4-34 
( )1

0,
max 00,2 11

diff

diff

L
L

diffuni
uni

p diff

Lg
p p

D L

α
α α

α
α

α
α α

Λ−

−
 
 Λ = ⋅ =

Λ ++
Λ

 

in which  

EQ. 4-35 
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However, one can remark that EQ. 4-32 presents a singularity for α=Λ which is also a realistic 
case. In this case the carrier distribution can be obtained by taking the limit of EQ. 4-32 as α 
tends to Λ. The expression of EQ. 4-32, EQ. 4-33 and EQ. 4-34 for this particular case are 
presented in Appendix L.1.  
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4.6 Comparisons between LB2IM and U3IM 
The first fundamental issue to address is the choice of the reference quantity type and value that 
has to be used for comparison of LB2IM and U3IM. It is shown in the preceding sections that the 
LB2IM refers to the total power of the laser (Plaser=1.5 µW per laser diodes for the LBIC setup) 
while the U3IM refers to a constant power density Φuni. As both reference quantities are not of 
the same type, one cannot strictly speaking compare both models assuming the same conditions 
for both. 

If one wants nevertheless a comparison between both models, one should find a quantity 
of reference that is of the same type for both models. 

If one considers the total power to be the reference quantity, one needs to define a 
characteristic surface, on which the U3IM is applied, that has a physical meaning in the LB2IM. 
Considering that the power density spreads over the whole xy-plane in the LB2IM, this 
characteristic surface should be the whole xy-plane and thus be infinite which would lead to an 
infinite power for the U3IM.  

If now one considers the power density to be the reference quantity for both models, one 
should define for the LB2IM a characteristic location in the xy-plane at which the power density 
(that varies for the laser in the xy-plane) equal the reference power density in the U3IM. One 
sees immediately that this second possibility is the most realistic one and therefore the power 
density is chosen to be the reference quantity to compare both models. 

It is demonstrated in Appendix M that when σ tends to infinity the expression of the 
LB2IM reduces to the expression of the U3IM if one considers in the LB2IM expression that Φ0 
the power density of the laser at the center of the beam defined in Sec. 1.3.1 equals Φuni, the 
spatially uniform power density used in the U3IM expression. With this consideration it 
becomes obvious that the characteristic location introduced in the last paragraph is most 
suitably the center of the beam and thus, the comparisons between the LB2IM and the U3IM are 
made on the basis that Φuni = Φ0. 

The second fundamental issue to address is which value to choose for Φuni= Φ0. 

For the U3IM, a reference value for Φ is the sun illumination on earth as defined by the 
American Society for Testing and Materials (ASTM) for a location at the latitude of 37°, 
corresponding to an Air Mass (AM) of 1.5 on average over a year, on a 42° tilted surface 
considering a direct normal and a hemispherical exposition. Integrating this solar spectral 
irradiance spectrum, called the AM1.5G spectrum [ASTM'08], on the whole available wavelength 
range (280 to 4000 nm) leads to a value of ΦAM1.5Gfull=100.4 mW/cm2. However, if one considers 
the relevant wavelength range for solar cell applications to be restricted from 300 to 1200 nm, 
the integration of the AM1.5G spectrum on this range leads to ΦAM1.5G=83.6 mW/cm2 that is the 
value taken in this work. In order for Φuni=Φ0=ΦAM 1.5G with Plaser=1.5 µW it implies that the beam 
radius of the laser is σ1sun,pow=23.9 µm making use of EQ. 1-35. 

This σ value is, however, pretty large in comparison to recommended values for the FTM 
and the ITM where the laser should be as finely focused as possible. As a maximum focusing of 
the lasers in the LBIC setup has been estimated experimentally to be σmin=7 µm for the laser at 
λ=833 nm, it would be interesting to compare also both models at this implied level of injection. 

Then the U3IM is computed for comparison with the LB2IM using the power density value 
of Φuni=Φ0=Φmax=947 mW/cm2 = 11.32·ΦAM1.5G that is obtained making use of EQ. 1-35 with 
σ=σmin. 
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The comparison is performed for the three relevant laser wavelengths of the LBIC setup 
(λ=833, 910 and 980 nm) for Ldiff ranging from 10 µm to 1 mm.  

4.6.1 Distribution in z  
In this section the distribution of the injection in depth is studied as a function of the diffusion 
length: 

• At the center of laser beam for the LB2IM  
• To be compared to the U3IM that is independent of x and y. 

One has to precise that while changing the Φuni value in the U3IM, only the injection 
amplitude changes (see EQ. 4-34 and EQ. 4-35). On the other hand, changing σ in the LB2IM 
changes the injection distribution shape (see EQ. 4-24). 

It would be therefore only of very little value to represent the U3IM results for 
Φuni=ΦAM1.5G and Φmax as the only difference is a scaling factor, to the contrary of the LB2IM 
where different σ values lead to different depth distributions that deserve to be represented 
both. 

As a general remark for both models, the fact that the injection is studied in short circuit 
condition (p=0 at z=0) in conjunction with the fact that the generation decay with depth (p tends 
to 0 when z tends to infinity) leads to a depth distribution of the injection that has a unique 
maximum with the location (zmax) and amplitude (pmax) depending mainly of α, σ and Ldiff. The 
evolution of this maximum as a function of Ldiff is represented by the white line in the graphs 
presented in this section. 

The carrier distribution in z obtained for λ=833 and 910 nm is discussed in the next 
sections while the distribution obtained for λ=980 nm is reported in Appendix N.   
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4.6.1.1 λ=833 nm 

The results of the U3IM for the light at λ=833 nm are shown in Fig. 4-11 using EQ. 4-32 while the 
results of the LB2IM are shown in Fig. 4-12 and Fig. 4-13 using EQ. 4-24.  

 

Fig. 4-11: Carrier density distribution in z as a function of the diffusion length Ldiff using the UI3M 
for Φuni=ΦAM1.5G=83.6 mW/cm2 at λ=833 nm. The white line connects the points of coordinates 
(zmax, pmax) for various Ldiff values.  

One can observe in Fig. 4-11 that increasing Ldiff leads to a global increase of the density with 
emphasis in the depth region. Increasing Ldiff implies indeed to reduce the volume recombination 
losses (that globally increases the carrier density) and allows carriers to diffuse on a longer 
distance (that leads specifically to a higher density in depth than close to the surface). 

One observes additionally that zmax and pmax depend strongly on Ldiff as already mentioned 
in Sec. 4.3.3. 

With increasing Ldiff, pmax and zmax increase as observed in Fig. 4-11 (white line). 
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Fig. 4-12: Carrier density distribution in z as function of Ldiff using the LB2IM with σ=7 µm and 
Plaser=1.5 µW at λ=833 nm corresponding to Φ0=Φmax=947 mW/cm2. The white line connects the 
points of coordinate (zmax, pmax) for various Ldiff values. 

With Φ0=Φmax, one can observe in Fig. 4-12 that most of the carriers present in the material are 
located in the first 50 µm in depth, regardless of Ldiff. One can also observe that the maximum 
values obtained are in general comparable to the one observed for the U3IM except for the 
smallest Ldiff for which the injection remain nearly unchanged for the LB2IM while it drops by 
one order of magnitude for the U3IM (see Fig. 4-11). One has, however, to take into account that 
the U3IM is computed considering Φuni=Φ0/11.32=ΦAM1.5G so a power density more than one 
order of magnitude lower than for the LB2IM. If both models were computed considering 
Φuni=Φ0 then the U3IM would have an injection one order of magnitude larger than the LB2IM 
for large Ldiff , and comparable injection at small Ldiff as it is described in Sec. 4.6.2.1. 

The main difference between the two models is on the kind of illumination used. The very 
localized generation of the laser beam allows generated carriers to spread in three dimensions 
far from the generation source (provided that Ldiff>>σ) while a uniform illumination allows 
generated carriers to diffuse only in one dimension. Therefore, the carriers generated by a laser 
beam spread much more than in the case of a uniform illumination, which has the direct 
consequence to reduce the maximum density in the volume. 

The pmax and zmax values stay relatively constant for large values of Ldiff and begin both to 
decrease slightly for small Ldiff values. This supports the observation made at the end of Sec. 4.3.3 
that the distribution is weakly dependent on Ldiff as long as Ldiff>>σ (=7 µm in the present case). 

The fact that the penetration depth is small (Lα=15 µm) as well as σ implies a very 
localized volume generation function, close to the surface. Therefore, the maximum density is 
much lower than for the uniform illumination case because most of the generated carriers are 
collected by the junction or spread in the volume in three dimensions. 
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Fig. 4-13: Carrier density distribution in z as function of Ldiff using the LB2IM with σ=23.9 µm and 
Plaser=1.5 µW at λ=833 nm corresponding to Φ0=ΦAM1.5G=83.6 mW/cm2. The white line connects the 
points of coordinates (zmax, pmax) for various Ldiff values. 

One can observe in Fig. 4-13 that pmax decreased globally by a factor three in comparison to the 
preceding case (Fig. 4-12), however, considering a reduced value of Φ0 of more than a decade. A 
higher σ reduces the lateral carrier gradients and thus reduces the lateral current diffusion 
density. Therefore, a larger fraction of the carriers generated at the center remains there leading 
to a relative increase of pmax that explains only a factor three of decrease of the carrier density 
with a generation that is more than ten times lower. This relative increase of pmax induces then 
an increase of zmax as mentioned in Sec. 4.4.1.2. 

As σ=23.9 µm in this case, there is a narrower range of Ldiff for which the condition Ldiff>>σ 
is valid. Therefore, one can observe that zmax and pmax decrease both starting from a higher Ldiff 
value. 
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4.6.1.2 λ=910 nm 

The results of the U3IM for the light at λ = 910 nm are shown in Fig. 4-14 using EQ. 4-32 while 
the results of the LB2IM are shown in Fig. 4-15 and Fig. 4-16 using EQ. 4-24.  

 

Fig. 4-14: Carrier density distribution in z as function of the diffusion length Ldiff using the UI3M 
for Φuni=ΦAM1.5G=83.6 mW/cm2 at λ=910 nm. The white line connects the points of coordinates 
(zmax, pmax) for various Ldiff values. 

One can observe in Fig. 4-14 in comparison to Fig. 4-11 (that is computed with a smaller Lα) that 
the density is globally higher in the large Ldiff range by a factor two. In the case of a higher 
penetration depth more carriers are generated far from the junction and thus are not collected. 
A large Ldiff implies that these carriers recombine weakly and thus contribute to a higher carrier 
density value. For small Ldiff values, the carriers generated in-depth recombine so strongly that 
the density does not depend much on Ldiff as long as Ldiff << Lα. 

One can observe additionally that zmax increases more sharply at high Ldiff than for the 
smaller value of Lα presented in the last section. 
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Fig. 4-15: Carrier density distribution in z as function of Ldiff using the LB2IM with σ=7 µm and 
Plaser=1.5 µW at λ=910 nm corresponding to Φ0=Φ0,max=947 mW/cm2. The white line connects the 
points of coordinates (zmax, pmax) for various Ldiff values. 

One can see in Fig. 4-15, that increasing Lα has the effect of more homogeneously distributing the 
carriers in depth resulting in a lower maximum value more deeply located (see Fig. 4-12 for 
comparison). 

 

Fig. 4-16: Carrier density distribution in z as function of Ldiff using the LB2IM with σ=23.9 µm and 
Plaser=1.5 µW at λ=910 nm corresponding to Φ0=ΦAM1.5G=83.6 mW/cm2. The white line connects the 
points of coordinates (zmax, pmax) for various Ldiff values. 
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One can see in Fig. 4-16 that increasing Lα has slightly increased the maximum from ≃ 3.8 to 
4.2·1012 cm-3 in the high Ldiff range in comparison to Fig. 4-13. 

This result is consistent with the fact that in Lα833=15.5 µm < σ=23.9 µm and that 
Lα910=37 µm >σ=23.9 µm. Reporting this situation in Fig. 4-4, one can observe that Lα910 is closer 
to the maximum pmax at constant σ=23.9 µm than Lα833. 

4.6.2 Maximum injection: position and amplitude 

In this section the quantitative values of position and amplitude of maximum injection 
corresponding to the white line in the graphs of the preceding section (Fig. 4-11 to Fig. 4-16) is 
addressed. 

Additionally to the comparison of pmax values obtained by the LB2IM and the U3IM for 
Φuni=Φ0=Φ0,max and ΦAM1.5G , it would be of interest to add a comparison of both models for the 
same photon flow density regardless of the wavelength. Integrating the solar irradiance 
spectrum expressed in photon flow density per unit wavelength from 300 to 1200 nm leads to 
FAM1.5G=2.9·1017 photons/cm2/s the total photon flow density at one sun in the relevant range for 
solar cells. Imposing the photon flow regardless of λ implies that the corresponding power 
density depends on λ (see EQ. 1-37 and EQ. 1-38). Therefore, FAM1.5G leads to 
Φuni,pht=Φ0,pht=69.1, 63.3, and 58.8 mW/cm2 for λ=833, 910, and 980 nm, respectively. 

Computing the LB2IM with these values of Φ0,pht implies at Plaser =1.5 µW that σ= 26.3, 27.5, 
and 28.5 µm for the three aforementioned wavelengths. 

4.6.2.1 λ=833 nm 

A comparison between the maximum injection obtained by the U3IM and the LB2IM as a 
function of Ldiff is shown in Fig. 4-17 for the light at λ=833 nm and for three different maximum 
power density values defined in the beginnings of Sec. 4.6 and of Sec. 4.6.2. 

One can see on Fig. 4-17 that pmax is much more sensitive to Ldiff variations for a uniform 
illumination than for a laser beam illumination. Indeed, the fact that σ<<Ldiff for most of the 
investigated implies that pmax mainly depends on σ and very weakly on Ldiff. This explains the 
large plateau value of pmax for Ldiff between 100 and 1000 µm >>σ for the LB2IM computed 
curves. One can observe additionally that, for the LB2IM, the difference between the plateau 
value of pmax and the value at Ldiff=10 µm is smaller in the case of σ=7 µm (red arrow) than in the 
case of σ=26.3 µm (blue arrow). This is in agreement with the fact that for σ=7 µm <Ldiff=10 µm 
the pmax value is only weakly influenced by Ldiff. However, for σ=26.3 µm >Ldiff=10 µm, the pmax 
value is more strongly influenced by Ldiff. It is already shown in the previous sections that the 
pmax values obtained by the U3IM are in any case very much influenced by Ldiff. 

It is interesting to observe that for large σ and small Ldiff the difference between the U3IM and 
the LB2IM is small (green arrow in Fig. 4-17). While a large σ implies that, around the center of 
the beam where the injection maximum is located, the illumination gets closer to the uniform 
case, a small Ldiff implies that the carriers generated by the laser beam do not diffuse far laterally. 
Both conditions together lead to the fact that the density in the center of the beam is close to 
uniform illumination condition and isolated from the rest of the volume by the small diffusion 
length as already mentioned in Sec. 4.6.1.1. It is then not too surprising to find the same order of 
magnitude for pmax between laser beam and uniform illumination in this case. 
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Fig. 4-17: Simulation of pmax as a function of Ldiff using the U3IM (uniform illumination) and LB2IM 
(laser beam illumination) at λ=833 nm for Φuni=Φ0=Φmax, ΦAM1.5G and Φuni,pht implying σ=7, 23.9, 
and 26.3 µm respectively for the LB2IM. 

If however, one considers a small σ value (implying sharp lateral gradients of p) with a 
large value of Ldiff (that drives the carrier away because of this sharp gradient), the discrepancy 
between the two kinds of illumination is maximum (red arrow in Fig. 4-17) and can reach more 
than one decade. 
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Fig. 4-18: Simulation of zmax for the maxima obtained for the conditions of Fig. 4-17. 
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As a general remark on Fig. 4-18, zmax is lower for the LB2IM than for the UI3M, regardless of σ 
and Ldiff. This is because the 3-dimensional diffusion process allowed by the laser beam 
illumination is more efficient than the 1-dimensional diffusion process allowed by the uniform 
illumination. Therefore, the recombination activity in the volume is more detrimental in 
comparison to the collection activity of the junction in a laser illumination case than in the 
uniform illumination case. As the maximum of carriers density tends then to be ‘pushed’ toward 
the less detrimental source of carrier loss, the maximum is located closer to the junction for the 
laser beam illumination than for the uniform illumination when Lα is identical for both. 

Because the diffusion is a 1-dimensional process in z for the uniform illumination, 
increasing Ldiff allows carriers to diffuse more freely in the z direction and thus ‘pushes’ the 
maximum more easily into the z direction. In the case of the laser illumination, when Ldiff>>Lα 
which is the majority of the cases in this work, zmax has a value between Lα and σ as one can 
observe in Fig. 4-18. This is consistent with the fact that Lα=σ≈zmax as observed in Sec. 4.4.1.2 
when Lα=σ. 

4.6.2.2 λ=910 nm 

A comparison between the maximum injection obtained by the U3IM and the LB2IM as a 
function of Ldiff is shown in Fig. 4-19 for the light at λ=910 nm and for three different maximum 
power densities values defined in the beginnings of Sec. 4.6 and of Sec. 4.6.2. 
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Fig. 4-19: Simulation of pmax as a function of Ldiff using the U3IM (uniform illumination) and LB2IM 
(laser beam illumination) at λ=910 nm for Φuni=Φ0=Φmax, ΦAM1.5G and Φuni,pht implying σ=7, 23.9 
and 27.5 µm respectively for the LB2IM. 

Increasing Lα, one can observe in Fig. 4-19 in comparison to Fig. 4-17 that 

• at low Ldiff 
o the U3IM values are reduced slightly  
o the LB2IM values are reduced slightly  
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• at high Ldiff 
o the U3IM values are increased significantly 
o the LB2IM values are reduced very slightly 

When Ldiff < Lα, increasing Lα has the influence to increase the numbers of carriers generated 
farther than Ldiff from the junction. These carriers recombine more in the volume which reduces 
the maximum density regardless of the type of illumination. Therefore, values of pmax for the 
U3IM and LB2IM are reduced at low Ldiff. 

When Ldiff>Lα, a higher Lα implies less carriers to be collected at the junction while the loss 
by recombination in the volume do not increase much if one considers only a 1-dimensional 
diffusion process. Therefore, the global density is increased for the U3IM. If, however, the 
diffusion is 3-dimensional like in the case of the LB2IM, the more efficient diffusion process 
leads in any case to high carrier losses by recombination in the volume which are not 
compensated by the lower carrier collection of the junction. Thus, the carrier density decreases 
in this case. 

For the LB2IM considering the case of Lα>>σ, it seems that Lα limits the maximum value to 
a saturation value for every Ldiff>Lα. This phenomenon is very clear for the curve at σ=7 µm and 
less for the curves at σ=23.5 and 27.5 µm where the condition Lα>>σ holds less. This fact is not 
observed so clearly for shorter Lα (see Fig. 4-17) because the generation is too close to the 
surface that presents the very strong boundary condition of p(0)=0. 
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Fig. 4-20: Simulation of zmax for the maxima obtained for the conditions of Fig. 4-19. 

Generally speaking, one can see in Fig. 4-20 that all values of zmax have increased with increasing 
Lα which is consistent with the fact that the in-depth generation is higher. 

It has to be mentioned this time that zmax is lower than Lα for the three curves of the 
LB2IM. This is consistent with the fact that σ for these three cases is lower than Lα. One can 
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observe here that zmax has a value between Lα and σ when Ldiff>>(Lα, σ) as already mentioned in 
Sec. 4.6.2.1. 

One can, however, observe that because of the increase of Lα referring to the previous case, 
the condition Ldiff>>(Lα, σ) is satisfied only for larger Ldiff values and thus the extension of the 
plateau of zmax is shrunken in comparison to the previous case (see Fig. 4-18). 

4.6.2.3 λ=980 nm 

A comparison between the maximum injection obtained by the U3IM and the LB2IM as a 
function of Ldiff is shown in Fig. 4-21 for the light at λ=980 nm and for three different maximum 
power densities values defined in the beginnings of Sec. 4.6 and of Sec. 4.6.2. 

 U3IM Φ1=Φuni,max=9470 W/m2 
 U3IM Φ2=Φuni,1sun=836 W/m2 (one sun power)
 U3IM Φ3=Φuni,pht=588 W/m2 (one sun photon flow)
 LB2IM Plaser=1.5 µW with σ=7 µm equivalent Φ0=Φ1 
 LB2IM Plaser=1.5 µW with σ=23.9 µm equivalent Φ0=Φ2 
 LB2IM Plaser=1.5 µW with σ=28.5 µm equivalent Φ0=Φ3
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Fig. 4-21: Simulation of pmax as a function of Ldiff using the U3IM (uniform illumination) and LB2IM 
(laser beam illumination) at λ=980 nm for Φuni=Φ0=Φmax, ΦAM1.5G and Φuni,pht implying σ=7, 23.9 
and 28.5 µm respectively for the LB2IM. 

The remarks made for Fig. 4-19 are still valid for Fig. 4-21. One can, however, add that the 
difference in pmax amplitude at various σ at high Ldiff shrinks with increasing Lα. This could be 
explained considering that while the light penetrates deeper (large Lα), and thus allows carriers 
to move a long distance (large Ldiff), the size of the source does not have a large influence on the 
maximum value, as long as σ is small against Lα and Ldiff.  

One can observe in Fig. 4-22 that the values of zmax are increased as a direct consequence of the 
increase of the depth of generation. 

The plateau of the zmax values is reached for much longer Ldiff because Lα has to be much smaller 
than Ldiff to reach the plateau and in this case Lα is large. 

One can finally observe that the difference between the plateau values of zmax and Lα is larger 
than for smaller Lα. This could be due to the fact that Lα>>σ in this case and therefore the 
respectively lower value σ prevent a large increase of zmax. 
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Fig. 4-22: Simulation of zmax for the maxima obtains in the condition of Fig. 4-21. 

4.7 Comparison between U3IM in open and short circuit condition 

Many very common measurements of lifetime dependence on the injection level like microwave 
detected Photoconductance Decay (µPCD) or Quasi-Steady State Photoconductance (QSSPC) are 
performed in open circuit condition (see [FISCHER'03] for details). It is therefore of interest to 
compare the maximum injection obtained in short circuit (SC) condition and in open circuit (OC) 
condition for the same type and amplitude of generation. In comparison to the SC condition the 
carrier density is higher in OC condition because the generated carriers, which are driven in the 
external circuit in SC condition, remain in the volume in OC condition. 

In order to allow the comparison of the UI3M in SC and OC conditions, the U3IM in OC 
condition is also derived using the approximation of infinite thickness. 

The main argumentation for the use of the infinite thickness assumption in the derivation 
of the LB2IM is based on the fact that it leads only to a ‘slight’ overestimation of the carrier 
density in most of the case (which is acceptable as only an upper boundary of the injection is 
sought) and to an even slighter underestimation in the other cases (which can be neglected) (see 
Sec. 4.2). One reason why the under- or overestimation is only slight is because the junction 
draws most of the carriers out of the structure and only the remaining ones far from the junction 
are influenced by the back side (providing long enough diffusion length and or penetration 
length). 

While this argument can be applied also to the U3IM in SC condition precisely because SC 
condition is assumed, it can become problematic for the OC condition. Indeed, in OC condition 
the carriers are not drawn away by the junction, and thus remain in the volume where they 
recombine. However, in this case, if the diffusion length is larger than the thickness of the wafer 
the influence of the back side becomes much more important than in the SC case because of the 
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larger amount of carrier that reach the back side. Therefore, the present model gives an 
acceptable approximation of the maximum carrier density only if Ldiff ≤ h. 

If one models the front surface as a recombinative surface with reduced SRV sf (see 
Sec. 1.2.1), the fundamental difference between these conditions is: 

• p(0)=0 (no carrier at the front surface) in SC or equivalently sf = ∞ 
• dp/dz(0)=0 (no current at the front surface) in OC or equivalently sf = 0 

In reality, in the OC condition sf is small but not 0. However, to give a simple expression of the 
upper boundary of the maximum of injection in OC, assuming sf = 0 is very convenient. 

The derivation of the U3IM assuming OC condition is presented in Appendix L.2 and leads to the 
following expression for the maximum of injection (that is always located at the surface z=0). 
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With p00,uni already defined by EQ. 4-35. This expression has to be compared with the following 
expression obtained for SC condition (EQ. 4-34). 
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One can then observe that the ratio of both pmax values depends only on the product α·Ldiff and 
reads: 
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As expected, one can see in Fig. 4-23 that the maximum carrier density is always higher for the 
OC condition in comparison with the SC condition. 

One can additionally observe that the discrepancy between both conditions is a continuously 
decreasing function of the α·Ldiff product.  

When the penetration depth is large (and so α is small) carriers are injected deeply. If 
additionally Ldiff is small, these deeply injected carriers cannot reach the front surface because 
they recombine in the volume before reaching it. Therefore, the presence of the front surface 
does not affect the maximum value of the carrier density whenever this surface is infinitely 
recombinative or not. Therefore, for very small α·Ldiff product, pSC,max ≈ pOC,max as one can see in 
Fig. 4-23.  

On the other hand if carriers are generated very close to the front surface (small Lα or high α) a 
large fraction can be collected in SC condition or remain in the volume in OC condition. If 
additionally the not collected carriers can diffuse on a large distance (large Ldiff), a large fraction 
of them can be collected or remain in the volume depending on the condition. Therefore, for a 
large α·Ldiff product, the maximum carrier density in the volume is much higher in OC condition 
than in SC condition. 
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Fig. 4-23: Evolution of maximum of injection value in short circuit condition (normalized to the 
maximum injection in open circuit condition) as a function of the α·Ldiff product. The points 
corresponding to some typical values of α·Ldiff are indicated on the curve for the three lasers of 
the LBIC system at λ=833, 910 and 980 nm and for Ldiff=10, 100 and 1000 µm and are labelled as λ-
Ldiff. 

Typical cases investigated in Chapter 4 are shown in Fig. 4-23 and one can see than for a typical 
multicrystalline material (Ldiff between 100 and 400 µm) the density of carriers is approximately 
of one order magnitude lower for the SC condition referring to the OC condition. 

4.8 Summary and outlook 
In this chapter the maximum injection induced by a laser beam (see Sec. 4.4.5 for a detailed 
summary about the laser beam injection characteristics) and the maximum injection induced by 
a spatially uniform illumination in short circuit condition, have been studied leading to the 
following conclusion: 

• If Ldiff is smaller than the laser beam radius σ, both models lead to a similar value for the 
maximum of injection.  

• If Ldiff is larger than σ, the injection induced by the laser is much smaller by one to two 
orders of magnitude increasing with increasing Lα than the one of the uniform 
illumination, and becomes nearly independent of Ldiff. This is explained by the fact that 
the 3-dimensional diffusion in the volume (laser beam case) is much more efficient in 
spreading the carriers than the 1-dimensional diffusion (uniform illumination case). 
Increasing Lα increases the number of carriers generated deep in the volume which 
diffuse directly in one or three dimensions, and thus the discrepancy between the two 
models is increasing. 
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Comparing now the maximum of injection induced by a uniform illumination in short circuit and 
open circuit condition, the short circuit condition induces always a lower injection than the open 
circuit condition and the difference between both conditions increases continuously with the 
α·Ldiff product and could be of one order of magnitude for typical Ldiff and α values. 

It is worth then to mention that between the injection induced by a laser beam in short 
circuit condition (p is typically of the order of 1012-1013 cm-3 under 1 sun illumination and thus it 
is a very low injection) and the injection induced by a uniform illumination in open circuit 
condition (p is typically of the order of 1015-1016 cm-3 under 1 sun illumination and thus it is a 
normal to high injection) there is a discrepancy of two to three orders of magnitude. Therefore, 
one should take these large discrepancies into account while comparing lifetime or diffusion 
length values obtained from methods using different illumination types and/or cell biasing. 

With the present LBIC system, the maximum injection is found to be around 4·1013 cm-3 
considering the four lasers. This value unfortunately lies in the range where most of the GBs 
present a high dependence of their effective SRV on the injection according to Oualid et al. 
[OUALID'84]. From the theoretical point of view, modifying the beam radius by a factor two 
could modify the injection by a factor two to four and the effective SRV by a factor two to four as 
well. It is therefore very important to compare effective SRVs at very similar values of σ. Another 
possibility is to implement a bias light that increases globally the injection to an injection range 
in which Seff is less dependent of the injection caused by the laser.  
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General summary and outlook 
 

The quantitative investigation of the recombination activity of grain boundaries (GBs) in 
multicrystalline silicon solar cells is very useful regarding e.g. the evaluation of the effectiveness 
of a hydrogenation step in a solar cell process. The method developed within this doctoral thesis 
allows extracting the effective surface recombination velocity (SRV) of the GB and the diffusion 
length (Ldiff) of the neighbouring grains from a Laser Beam Induced Current (LBIC) linescan. 

The first goal of this thesis was to improve the reliability and robustness of former models 
based on a solution of the steady state excess minority carrier diffusion equation in two 
dimensions. These models were developed for Electron Beam Induced Current (EBIC), therefore 
the first task was to adapt them to LBIC by developing and using the specific volume generation 
function describing the spatial distribution of the laser beam generated electron hole pair in the 
volume.  

The theoretical expression (model) mathematically describing a LBIC linescan contains 
parameters difficult to estimate in an accurate and absolute way like the local reflectance of the 
grains and the power of the laser. Assuming that they are constant for the whole problem their 
influence could be removed by normalizing the line scan by the so called ‘plateau level’. ‘The 
plateau value’ is defined as the current that is obtained infinitely far from the GB. Therefore, 
strictly speaking, these models allow the investigation of LBIC linescans normalized to the 
‘plateau value’, which are also called ‘GB contrast profiles’, or more simply ‘profiles’.  

To adapt the former models to LBIC and to improve their reliability and robustness, the 
advanced model developed and presented in this work presents new features allowing: 

• To take into account the influence of one additional neighbouring grain boundary and to 
consider different diffusion lengths in the three grains in which the two grain boundaries 
divide the volume. 
 Not taking into account these above mentioned features was the documented 

origin of large errors in the estimation of diffusion lengths and effective SRVs of 
GBs. 

 This allows estimating the diffusion length in a very narrow grain provided that 
the neighbouring grain has a size of several Ldiff. 

 This allows treating GBs that include a relatively broad density of defects in their 
surrounding (failure of the assumption of considering GBs as recombinative 
surfaces) as defect regions from which a Ldiff value and a region width can be 
estimated. An expression was developed to compare the recombination activity 
of the defective region with an equivalent effective SRV. 

• A direct fitting of the GB contrast profile. 
 In comparison to former methods which extracted the SRVs of the GBs and Ldiff 

values from the area and the variance of the profile, a direct fitting allows getting 
more robustness against local material inhomogenities and allows treating the 
case of different Ldiffs on each side of the GB. 

• To improve the accuracy of plateau value determination by selecting a region of the 
profile which is called a ‘quasi plateau’ that is considered as an interval of confidence. 
 The plateau value estimation is very critical for the accurate determination of the 

diffusion length that is therefore much improved by the aforementioned 
procedure. 



General summary and outlook 

144 

• The simultaneous fitting of the profiles obtained in the same region by lasers of different 
wavelengths. 
 Combining the profile resulting from lasers with shorter and longer wavelengths 

allows determining Ldiff more reliably (particularly when Ldiff is large). 
• To reduce the determination of diffusion lengths in the three different regions to the 

determination of Ldiff in one region and of the normalized plateau on the two others. 
 Determining three values of Ldiff is difficult because modifying the value of one of 

them influences the profile shape in its own region but also, in a lesser manner, 
in the other two regions. Therefore determining only one Ldiff (profile shape in 
one region) and two levels (maximum level in the two other regions) allows 
achieving a fitting of the profile of a certain accuracy much faster when the 
differing Ldiff situations are considered. 

A detailed understanding of the influence of the material parameters (Ldiff, Seff but also α the 
optical absorption of silicon at the laser wavelength λ) and of the laser parameters (λ and σ the 
laser beam radius) on the profile shape, was presented in this work including generated carrier 
density and carrier flow density distributions for relevant positions of the laser beam. 

The obtained theoretical profiles were in agreement (1 to 2% error) with measured 
profiles and the extracted Ldiff and Seff values were realistic with respect to the material 
investigated. 

Further on, a second model taking into account the finite thickness of the wafer, the so-
called finite thickness model or FTM, has been developed introducing the wafer thickness h, the 
back side SRV Sb and the back side reflection coefficient Rb as new physical parameters. 

This second model became necessary because the assumption of infinite thickness used in 
all former models including the first one of this work is justified only when addressing situations 
in which Ldiff and the light penetration depth Lα=1/α are much smaller than the wafer thickness 
h. This applicability condition is no more fulfilled in many cases, considering that: 

• Today’s mc-materials have diffusion lengths of 200-300 µm which is increasing with the 
trend to improve the mc-materials quality. 

• The accurate estimation of Ldiff requires a not too small Lα in comparison to Ldiff  
 The profile shape becomes insensitive to Ldiff variations if Ldiff>>Lα which justifies 

the use of a higher penetrative laser to improve the Ldiff estimation. 
• The trend in photovoltaic is to reduce the wafer thickness (from 250 µm down to 180 µm 

and even 100 µm in future cell concepts). 

While the influence of the various material and laser parameters on the profile shape could be 
explained without too much effort for the first model (infinite thickness), the introduction of a 
finite thickness gave rise to a more complex interdependence between Ldiff, Sb, h and α 
influencing the profile shape. In order to interpret qualitatively the discrepancy between the 
theoretical profiles obtained by the infinite and the finite thickness model, two concepts 
inherited from the 1-dimensional model without a grain boundary were of great usefulness: 

• The concept of Ldiff shrinkage allowed understanding the influence of h, more specifically 
addressing situations when Ldiff>>h. 

• The concept of critical back SRV allowed understanding the specific interdependence 
between Ldiff and Sb. 
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This shows that 1-dimensional models can sometimes be useful to interpret qualitatively 
phenomena arising in 2-dimensional models. 

From the experimental point of view, the use of the finite thickness model improved the 
fitting of contrast profiles generated by using a laser with medium penetration depth (reducing 
the discrepancy from 1-2% to less than 0.5% in a majority of case) while staying consistent with 
the data deduced from the application of a laser with low penetration depth. Using a laser with a 
deep penetration into the silicon wafer, however, the discrepancy between measured and fitted 
profiles is reduced but stays relatively high in comparison to the shorter wavelength profiles. It 
is believed that the mirror like optical reflection assumed for the back side of the device is a too 
simple model for correctly describing the back side reflection. The Lambertian diffuse reflection 
model, that would be more suitable, cannot be integrated analytically in the present model and 
thus would require a full numerical simulation. Another explanation lies in the relative 
instability of the used highly penetrative laser that could alter the measurement reliability. 

LBIC has in common with other measurement methods related to solar cells that the 
injection or carrier density value plays an important role in the interpretation because of the 
dependence of the recombination rate on it. For the same maximum optical power density the 
injection value can vary for different measurement techniques for some decades depending on 
the type of illumination (spatially uniform for Quasi-Steady State Photoconductance (QSSPC), 
Spectral Response (SR) etc. or laser beam for microwave detected Photoconductance Decay 
(µPCD) and LBIC). In addition, the carrier density depends also on the cell biasing (short circuit 
for LBIC and SR or open circuit for QSSPC and µPCD). Therefore suitable models to evaluate the 
injection for these various conditions were presented in this work and compared. 

The two presented models for LBIC profile fitting assume both that the diffusion length 
and the effective SRV of the GB are independent of the injection in the range of injection used. In 
order to fulfil this condition it has been shown by some authors that the injection should be very 
low (of the order of 1013 cm-3 and below). To estimate the maximum injection induced by a laser 
beam, pmax, one model based on the explicit solution of the 3-dimensional diffusion equation (the 
Laser Beam Induced Injection model or LB2IM) was developed and presented in this work for 
the first time. 

A general consideration is the fact that, for the same maximum optical power density the 
maximum injection induced by a laser beam pmax is always smaller than pmax induced by a 
uniform illumination of the entire wafer (according to the developed Uniform Illumination 
Induced Injection Model or U3IM) regardless of Ldiff, σ and α. This is a consequence of the fact 
that the diffusion process in three dimensions, considered for the laser beam illumination, 
spreads the generated carriers much more efficiently than the 1-dimensional diffusion process 
implied for the spatially uniform illumination.  

Making use of the LB2IM in the case of the present LBIC setup it was demonstrated that an 
upper boundary to the pmax value is of the order of 4·1013 cm-3. One should therefore be aware of 
a possible dependence of Seff and Ldiff on pmax which, for a given solar cell and laser power, can be 
modified simply by modifying the laser focusing and thus the laser beam radius σ. 

Studying the influence of σ, Ldiff and Lα on pmax, it is observed that pmax is maximized at 
constant σ and Ldiff when σ≈Lα if Ldiff>>(Lα, σ). This phenomenon was understood as a balance of 
the diffusion process in the x- or y-direction (conditioned mainly by σ) and in the z-direction 
(conditioned mainly by Lα). 
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If, however, the condition Ldiff>>(Lα, σ) does not hold, pmax is maximized at constant σ when 
Ldiff≈Lα. It was shown that when the diffusion process spreads the generated carriers with a 
different efficiency in the various space direction, an increase of Lα beyond Ldiff favours a 3-
dimensional diffusion process that is stronger than the 2-dimensional diffusion process in the x 
and y direction favoured by a decrease of σ. Therefore, maximizing pmax in this condition is 
governed by the minimization of the strongest diffusion process and thus the condition Ldiff≈Lα 
dominates over any influence of σ-values. 

Comparisons between LB2IM and U3IM showed that, when σ>>Ldiff, the U3IM delivers a 
fairly good approximation of the LB2IM. When σ<<Ldiff, it was shown from the analysis of the 
analytical expression of the LB2IM that pmax becomes independent of Ldiff to the contrary of the 
results obtained by the U3IM where pmax is an increasing function of Ldiff. Therefore, while the 
difference between the two models is small at small Ldiff, it can reach one to two decades for 
large Ldiff depending of Lα and σ.  

Studying the difference in the maximum injection between the UI3M in short circuit (SC) 
and in open circuit (OC) condition it was demonstrated that the ratio of the pmax obtained in 
respective cases is a decreasing function of the α·Ldiff product. While for a small α·Ldiff product 
the U3IM leads to similar values of pmax for both operating conditions, the difference can reach 
also one to two decades for a large α·Ldiff product.  

Finally, to get even more realistic and robust models for quantitative investigation of grain 
boundaries, further developments should include features like Lambertian back side reflection, 
additional grain boundaries, non spatial uniformity of Ldiff, GBs not perpendicular to the wafer 
surface, dependence of Ldiff and Seff on the injection, possible time dependence of the carrier 
density for very high lifetime material etc. 

These features have in common that they are difficult, or even impossible, to be integrated 
in analytical models. Therefore, the numerical simulation becomes now the most obvious mean 
to be used for further investigations and an algorithm that could integrate most of these features 
is currently being developed by mathematicians specialized in applied mathematics. 

The development of analytical models up to the present point where the need of numerical 
simulations becomes obvious allowed nevertheless a deeper understanding of the physical 
phenomena involved in these situations. In addition, a more fundamental theoretical basis and 
an enhanced applicability to the quantitative investigation of grain boundaries from LBIC 
contrast profiles have been provided.  
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Zusammenfassung 
 

Die quantitative Untersuchung von Korngrenzen (grain boundaries, GB) in multikristallinen 
Silizium-Solarzellen ist z. B. im Hinblick auf die Effektivität eines Passivierungsschrittes mit 
atomarem Wasserstoff im Zellprozess sehr hilfreich. Die in dieser Arbeit dargelegte Methode 
umfasst die Extraktion der effektiven Oberflächenrekombinationsgeschwindigkeit (surface 
recombination velocity, SRV) der Korngrenze und die Diffusionslängen (Ldiff) der benachbarten 
Körner aus einem LBIC (Laser Beam induced Current) Linienscan.  

Das erste Ziel dieser Arbeit war es, die Verlässlichkeit und Robustheit von existierenden 
Modellen, die auf der Lösung der Gleichgewichts-Überschuss-Minoritätsladungsträger-
Diffusionsgleichung in zwei Dimensionen basieren, zu verbessern. Die Modelle wurden für EBIC 
(Electron Beam induced Current)-Messungen entwickelt und demnach bestand die erste 
Aufgabe darin, sie für die LBIC Methode zu adaptieren, indem die spezifische Volumen-
Generationsfunktion, die die räumliche Verteilung der Laser-generierten Elektron-Loch-Paare 
im Volumen beschreibt, entwickelt und angewendet wurde. 

Der theoretische Ausdruck im Modell, der den Linienscan mathematisch beschreibt, 
enthält Parameter, deren Absolutwerte schwierig abzuschätzen sind, wie z.B. die lokale 
Reflexion der einzelnen Körner und die Leistung des Anregungslasers. Wird jedoch 
angenommen, dass diese Parameter für das betrachtete Problem konstant sind, kann deren 
Einfluss eliminiert werden, indem der Linienscan auf einem Plateau-Wert normalisiert wird. Der 
Plateau-Wert ist dabei der Strom unendlich weit weg von der Korngrenze. Genaugenommen 
erlauben somit diese Modelle die Untersuchung von LBIC Linienscans, die auf den Plateau-Wert 
normalisiert sind und in dieser Arbeit „Korngrenzen-Kontrast-Profile“ oder einfach „Profile“ 
genannt werden. 

Um die existierenden Modelle an die LBIC-Methode anzupassen und deren Verlässlichkeit 
und Robustheit zu verbessern, wurden neue Charakteristiken in das erweiterte Modell dieser 
Arbeit aufgenommen, die Folgendes erlauben: 

• Die Berücksichtigung des Einflusses von einer zusätzlichen benachbarten Korngrenze 
und die Betrachtung von verschiedenen Diffusionslängen in den drei Körnern, die an die 
zwei Korngrenzen angrenzen. 
 Würden die obengenannten Details nicht berücksichtigt ergäben sich die 

dokumentierten großen Fehler in der Bestimmung der Diffusionslänge und der 
effektiven Oberflächenrekombinationsgeschwindigkeit der Korngrenze. 

 Dies erlaubt die Abschätzung der Diffusionslänge in einem sehr schmalen Korn, 
vorausgesetzt, das benachbarte Korn hat eine Ausdehnung von mehreren Ldiff. 

 Es wird ermöglicht, Korngrenzen zu untersuchen, die eine relativ ausgedehnte 
Defektdichte in ihrer Umgebung aufweisen (d. h. wenn die Annahme nicht mehr 
gilt, dass Korngrenzen rekombinationsaktive Oberflächen sind) sowie 
defektreiche Regionen aus denen ein Ldiff-Wert und deren Ausdehnung 
abgeschätzt werden kann. Es wurde ein mathematischer Ausdruck  entwickelt, 
um die Rekombinationsaktivität der defektreichen Region mit einer effektiven 
SRV zu beschreiben. 

• Ein direktes Fitten eines GB-Kontrast-Profils. 
 Im Vergleich zu früheren Methoden, bei denen die SRVs der Korngrenzen und die 

Ldiff-Werte aus der Fläche und der Varianz des Profils extrahiert wurden, erlaubt 
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ein direktes Fitten sowohl eine höhere Robustheit bezüglich lokaler Material-
Inhomogenitäten als auch die Behandlung von verschiedenen Diffusionslängen 
auf jeder Seite der GB. 

• Die Verbesserung der Genauigkeit der Bestimmung des Plateau-Wertes durch Auswahl 
einer Region des Profils, die „Quasi-Plateau“ genannt wird und als Konfidenz-Intervall 
dient. 
 Die Bestimmung des Plateau-Wertes ist sehr kritisch bezüglich der akkuraten 

Bestimmung der Diffusionslänge. Durch das genannte Verfahren (interval of 
confidence) wird deren Bestimmung signifikant verbessert. 

• Das simultane Fitten von Profilen der gleichen Regionen, die jedoch mit 
unterschiedlichen Laserwellenlängen des LBIC-Anregungslasers ausgenommen wurden. 
 Die Kombination der Profile von Laserwellenlängen mit kleinerer und größerer 

Wellenlänge erlaubt eine verlässlichere Bestimmung von Ldiff, insbesondere 
wenn Ldiff groß ist. 

• Die Reduktion der Bestimmung von den drei Diffusionslängen in den drei 
unterschiedlichen Regionen auf die Bestimmung der Diffusionslänge in einer einzigen 
Region und die der normalisierten Plateaus der zwei übrigen Regionen. 
 Die Bestimmung von drei Ldiff-Werten ist schwierig, da die Variation eines Wertes 

die Profilform in der eigenen Region ändert aber auch, in abgeschwächter Form, 
in den zwei übrigen Regionen. Da die Bestimmung nur eines Ldiff-Wertes (Profil-
Form in einer Region) und zweier normalisierter Plateaulevel (Maximal-Level in 
den zwei anderen Regionen) direkt d.h. mit weniger gegenseitiger Beeinflussung 
erfolgen kann, ist ein Fit des Profils mit einer bestimmten Genauigkeit viel 
schneller erstellt. 

Ein detailliertes Verständnis des Einflusses der Materialparameter (Ldiff, Seff aber auch der 
optischen Absorptionskonstante α von Silizium bei einer bestimmten Laser-Wellenlänge λ) und 
der Laser-Parameter (λ und σ, der Radius des Laserstrahls) auf die Profilform wurde in dieser 
Arbeit behandelt, inklusive generierter Ladungsträgerdichten und Ladungsträger-Flussdichte-
Verteilungen für relevante Positionen des Anregungslasers. 

Die so erhaltenen theoretischen Profile stimmen mit den gemessenen Profilen (1 bis 2% 
Fehler) überein und die daraus extrahierten Ldiff- and Seff-Werte sind realistisch im Hinblick auf 
das untersuchte Material. 

Das „finite thickness model“ (FTM) wurde als ein weiteres Modell entwickelt, um die 
endliche Dicke des Wafers (h) sowie die rückseitige Oberflächenrekombinationsgeschwindigkeit 
Sb und die Rückseitenreflexion Rb als physikalische Parameter zu berücksichtigen. 

Die Entwicklung dieses zweiten Modells wurde notwendig, da die Annahme einer 
unendlichen Waferdicke, die alle früheren Modelle inklusive dem ersten in dieser Arbeit 
beinhalteten, nur gerechtfertigt ist, wenn Situationen, in denen Ldiff und die Eindringtiefe des 
Lichts Lα=1/α sehr viel kleiner als die Waferdicke h sind, betrachtet werden. Diese 
Anwendungsbedingung ist aber in vielen Fällen nicht erfüllt, wenn berücksichtigt wird, dass: 

• Heutige mc-Materialien Diffusionslängen von 200-300 µm aufweisen, die sich im Zuge 
der Verbesserungen der Materialqualität noch erhöhen dürften. 

• Die akkurate Bestimmung von Ldiff ein nicht zu kleines Lα im Vergleich zu Ldiff erfordert. 
 Die Profilform wird unempfindlich gegenüber Ldiff Variationen, wenn Ldiff>>Lα, 

Die Verwendung eines Lasers mit höherer Eindringtiefe wird somit 
gerechtfertigt, um die Ldiff Bestimmung zu verbessern. 
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• Der Trend in der Photovoltaik zu geringeren Waferdicken hin geht (von 250 µm zu 
180 µm und sogar 100 µm für zukünftige Zellkonzepte). 

Während der Einfluss der verschiedenen Material- und Laser-Parameter auf die Profilform für 
das erste Modell (infinite thickness) relativ problemlos erklärt werden konnte, hat die 
Einführung einer endlichen Waferdicke eine komplexere Abhängigkeit zwischen Ldiff, Sb, h und α 
erzeugt, die die Profilform beeinflusst. Um die qualitativen Unterschiede zwischen den 
theoretischen Profilen der zwei Modelle (infinite und finite thickness model) interpretieren zu 
können, wurden zwei Konzepte aus dem eindimensionalen Modell ohne Korngrenze näher 
betrachtet und erwiesen sich als sehr nützlich: 

• Das Konzept der Diffusionslängen-Verkleinerung erlaubte das Verständnis des 
Einflusses von h, genauer, das Verständnis von Situationen für die gilt Ldiff>>h. 

• Das Konzept einer kritischen Rückseiten-SRV ermöglichte das Verständnis der 
spezifischen Abhängigkeit zwischen Ldiff und Sb. 

Dies zeigt, dass eindimensionale Modelle manchmal nützlich sein können, um qualitativ 
Phänomene interpretieren zu können, wie sie in zweidimensionalen Modellen auftreten können. 

Vom experimentellen Standpunkt aus hat das „finite thickness model“ das Fitten von 
Kontrast-Profilen, die mit einem Laser mittlerer Eindringtiefe aufgenommen wurden 
(Reduzierung der Diskrepanz von 1-2% auf weniger als 0,5% in der Mehrzahl der Fälle) 
verbessert, während das Ergebnis konsistent blieb für Daten, die von Messungen stammen, die 
mit einem Laser kleiner Eindringtiefe aufgenommen wurden. Bei einem Laser mit einer hohen 
Eindringtiefe in den Siliziumwafer jedoch ist die Diskrepanz zwischen gemessenem und 
simuliertem Profil zwar reduziert aber dennoch relativ hoch im Vergleich zu Profilen kürzerer 
Wellenlänge. Es wird angenommen, dass die spiegelartige optische Reflexion, die für die 
Zellrückseite angenommen wurde, ein zu stark vereinfachtes Modell für die korrekte 
Beschreibung der Rückseitenreflexion ist. Ein Lambert‘sches diffuses Reflexions-Modell, welches 
geeigneter wäre, kann jedoch analytisch nicht in das bestehende Modell intergiert werden und 
würde daher eine voll numerische Simulation erfordern. Eine weitere Erklärung liegt in der 
relativen Instabilität des verwendeten Lasers mit hoher Eindringtiefe, der die Verlässlichkeit der 
Messung beeinflusst haben könnte. 

Die LBIC-Methode hat mit anderen Messmethoden in Bezug auf Solarzellen gemeinsam, 
dass die Injektions- oder Ladungsträgerdichte durch die Abhängigkeit der Rekombinationsrate 
von selbigen eine wichtige Rolle bei der Interpretation der Messungen spielt. Bei gleicher 
maximaler optischer Leistungsdichte kann der in verschiedenen Messmethoden zu 
berücksichtigende Injektionswert über mehrere Größenordnungen variieren, abhängig von der 
Art der Beleuchtung (flächig gleichmäßig für QSSPC, Spectral Response (SR), etc. oder 
Laserstrahl für Microwave detected Photoconductance Decay (µPCD) und LBIC). Außerdem 
hängt die Ladungsträgerdichte auch vom Arbeitspunkt der Solarzelle ab, d. h. 
Kurzschlussbedingung bei LBIC und SR oder offene Klemmenspannung bei QSSPC und µPCD. 
Daher werden in dieser Arbeit passende Modelle für die Bestimmung des Injektionsniveaus 
unter den verschiedenen Bedingungen präsentiert und verglichen. 

Die zwei präsentierten Modelle für das Fitten von LBIC-Profilen beinhalten beide die 
Annahme, dass die Diffusionslänge und die effektive SRV der Korngrenze unabhängig von der 
Injektion im betrachteten Injektionsbereich sind. Um diese Bedingung zu erfüllen, haben einige 
Autoren gezeigt, dass das Injektionsniveau sehr klein sein sollte (im Bereich 1013 cm-3 und 
darunter). Um die maximale Injektion eines Laserstrahls (pmax) abzuschätzen, wurde ein Modell, 
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das auf der expliziten Lösung der dreidimensionalen Diffusionsgleichung basiert (das „Laser 
Beam Induced Injection Model“, LB2IM), entwickelt und in dieser Arbeit erstmalig präsentiert. 

Eine generelle Betrachtung liefert, dass für dieselbe maximale optische Leistungsdichte 
die maximale Injektion durch einen Laserstrahl pmax immer kleiner ist als pmax, hervorgerufen 
durch eine homogene Beleuchtung der gesamten Oberfläche (entsprechend des entwickelten 
"Uniform Illumination Induced Injection Model“, U3IM), unabhängig von Ldiff, σ und α. Dies ist 
eine Konsequenz des Diffusionsprozesses, der im Fall einer Beleuchtung mit dem Laserstrahl in 
drei Dimensionen erfolgt, so dass sich die generierten Ladungsträger so effizienter verteilen 
verglichen mit einem eindimensionalen Diffusionsprozess, den eine flächig gleichmäßige 
Beleuchtung generieren würde. 

Unter Verwendung des LB2IM wurde für den Fall des verwendeten LBIC Setups  
demonstriert, dass die obere Grenze für den pmax-Wert in der Größenordnung 4·1013 cm-3 liegt. 
Man sollte daher beachten dass es eine mögliche Abhängigkeit von Seff und Ldiff auf pmax gibt, 
welche sich für eine gegebene Solarzelle und Laserintensität einfach durch eine Variation des 
Laser-Fokus und damit der Variation des Laserstrahl-Radius σ ändert. 

Bei der näheren Betrachtung des Einflusses von σ, Ldiff und Lα auf pmax wurde beobachtet, 
dass pmax für σ≈Lα maximal wird, falls Ldiff>>(Lα, σ). Dieser Effekt wurde als ein Ausgleichen des 
Diffusionsprozesses in x- oder y-Richtung (hauptsächlich durch σ beeinflusst) und z-Richtung 
(hauptsächlich durch Lα beeinflusst) verstanden. 

Wenn jedoch die Bedingung Ldiff>>(Lα ,σ) nicht gilt, wird pmax bei konstantem σ für Ldiff≈Lα 
maximal. Es wurde gezeigt, dass wenn der Diffusionsprozess die generierten Ladungsträger mit 
unterschiedlicher Effizienz in die verschiedenen Raumrichtungen verteilt, ein Anstieg von Lα 
über Ldiff hinaus einen dreidimensionalen Diffusionsprozess begünstigt, der über den 
zweidimensionalen in x- und y-Richtung, der durch eine Verringerung von σ bevorzugt wäre, 
dominiert. Deshalb ist eine Maximierung von pmax beherrscht von der Minimierung des stärksten 
Diffusionsprozesses und damit dominiert die Bedingung Ldiff ≈ Lα über alle Einflüsse der σ-
Werte. 

Vergleiche zwischen den Modellen LB2IM und U3IM haben gezeigt, dass das U3IM eine 
gute Näherung des LB2IM für σ>>Ldiff ist. Für σ<<Ldiff wurde über die Analyse des analytischen 
Ausdruckes des LB2IM gezeigt, dass pmax unabhängig von Ldiff wird und im Widerspruch zu 
Ergebnissen steht, die mit dem U3IM generiert wurden, wonach pmax eine ansteigende Funktion 
von Ldiff ist. Der Unterschied zwischen den zwei Modellen in Abhängigkeit von Lα und σ ist für 
kleine Ldiff klein, kann jedoch für große Ldiff eine oder zwei Größenordnungen groß werden. 

Ein Vergleich der pmax-Werte bestimmt mit dem UI3M unter Kurzschluss- (SC) und offener 
Klemmenspannung-Bedingung (OC) hat gezeigt, dass das Verhältnis der pmax-Werte der beiden 
Fällen eine abfallende Funktion des α·Ldiff Produktes ist. Während für ein kleines α·Ldiff Produkt 
das UI3M in beiden Arbeitspunkten zu ähnlichen Werten für pmax führen, kann die die Differenz 
für ein großes α·Ldiff Produkt ein bis zwei Größenordnungen betragen. 

Um schließlich ein noch realistischeres und robusteres Modell zur quantitativen 
Untersuchung von Korngrenzen zu erhalten, sollten weitere Entwicklungen zusätzliche 
Verfeinerungen berücksichtigen, wie eine Lambert‘sche Rückseitenreflexion, zusätzliche 
Korngrenzen, eine nicht räumliche Konstanz von Ldiff, Korngrenzen, die nicht senkrecht zur 
Waferoberfläche liegen, eine Injektions-Abhängigkeit von Ldiff und Seff, eine mögliche 
Zeitabhängigkeit der Ladungsträgerdichte für ein Material mit sehr hoher Lebensdauer, etc. 
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Die genannten Punkte haben gemeinsam, dass sie schwierig oder sogar unmöglich in 
analytische Modelle zu integrieren sind. Deshalb ist die numerische Simulation das Werkzeug der 
Wahl für weitere Untersuchungen und Algorithmen, die die genannten Punkte integrieren 
könnten. Dies wird momentan durch auf angewandte Mathematik spezialisierte Mathematiker 
umgesetzt. 

Die Entwicklung von analytischen Modellen bis zum jetzigen Stand, an dem die 
Notwendigkeit numerischer Simulationen offensichtlich wird, ist zweifelsohne gerechtfertigt, da 
die analytischen Modelle ein tieferes Verständnis der physikalischen Phänomene, die der 
betrachteten Situation zugrundeliegen, erlauben. Zusätzlich gewährleisten sie eine 
fundamentalere Basis und eine erweiterte Anwendbarkeit für quantitative Untersuchungen von 
Korngrenzen aus LBIC-Kontrast-Profilen. 
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A Transformations of the diffusion problem by means of 
the Green’s function 

A.1 Problem statement 
In Cartesian coordinates the minority diffusion equation in three dimensions is expressed as EQ. 
1-14 and repeated here for readability reasons: 

EQ. A-1  
( )2 2 2

2 2
2 2 2 D

, ,

p

g x y zp p pp p p
x y z

∂ ∂ ∂
∆ − Λ = + + − Λ = −

∂ ∂ ∂
 

With Δ the Laplacian operator (expressed here in Cartesian coordinates), p the minority carrier 
density, Λ the inverse of the diffusion length, Dp the diffusion coefficient and g(x,y,z) the volume 
generation function. 

From the mathematical point of view the diffusion equation can be written in a more 
general form by defining rG the generalized coordinate that stands for (x,y,z) in Cartesian 
coordinates and considering Δ and Λ2 as linear operators acting on the function p by means of 
the variable rG leading to  

EQ. A-2  ( ) ( )( )2 ( )
DG

G
r G

p

g rp p r∆ − Λ = = −

 

with 
Gr
  a linear operator acting on the function p by means of the variable rG. 

With this new form of the original PDE one can now explain the method used to solve this 
problem: the Green’s function method. 

A.2 Green’s function  
The Green’s function is the solution of the PDE one wants to solve when the second member is a 
discrete point source, so a Dirac delta function or impulse symbol (see Chap. 5 in 
[BRACEWELL'00]), located at an arbitrary position (xp,yp,zp) denoted in short as rp. Because the 
distribution of the density described by the Green’s function evolves in space, the Green’s 
function depends on rG but also on rp the location of the point source in space. Therefore, the 3-
dimensional Green’s function G3D is then defined by: 

EQ. A-3  ( )( )3 , ( )
Gr D G p G pG r r r rδ= − −

 
Now integrating EQ. A-3 multiplied by g(rG)/Dp with respect to the point source location rp over 
V the whole domain of application of the PDE (see Sec. 1.1 for its definition and its value for the 
presents problems) leads to: 

EQ. A-4  ( )3

( ) ( ) ( )( , ) (
D D

)
DG

p p G
r D G p p G p p

p p pV V

g r g r g rG r r dr r r drδ= − − = −∫∫∫ ∫∫∫

 

In which use has been made of the fact that the point source lies in any case in the domain of 
application and of one property of the Dirac delta function (see Chap. 5 in [BRACEWELL'00]). 

Now the rhs of EQ. A-4 can be identified in EQ. A-2 which allowed EQ. A-4 to be rewritten 
as: 

EQ. A-5  ( )( ) ( )3

( )
( , )

DG G

p
r G r D G p p

pV

g r
p r G r r dr= ∫∫∫ 
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Remarking that as the linear operator 
Gr
 acts only on rG, it can be put out of the integral leading 

to:  

EQ. A-6  ( )( ) 3

( )
( , )

DG G

p
r G r D G p p

pV

g r
p r G r r dr

 
=   

 
∫∫∫ 

 

And this suggests: 

EQ. A-7  3

( )
( ) ( , )

D
p

G D G p p
pV

g r
p r G r r dr= ∫∫∫

 

A physical way to understand EQ. A-7 is to say that the carrier density distribution obtained for a 
non-discrete source is the sum of carrier density distributions for all the discrete sources (the 
Green’s functions) composing the non discrete source. 

While EQ. A-7 and EQ. A-3 are used to derive an explicit solution for p(rG) in Sec. 4.3, the 
mathematical treatment of the particular problem of the current collected in an LBIC 
measurement (that is the subject of Chapter 2 and 0) by the Green’s function method does not 
require the derivation of the explicit solution for p as shown below. 

Stating that only the current collected at the junction as defined by EQ. 1-53 and repeated 
here for readability reason is sought. 

EQ. A-8  
z 0

I qD dxdy
zp
p∞ ∞

∞ ∞ =− −

∂
=

∂∫ ∫
 

Replacing p in EQ. A-8 by its expression of EQ. A-7 leads to: 

EQ. A-9  

z 0

3

( )
I qD dxdy

z D
( , ) p

p D G p p
pV

g r
G r r dr

∞ ∞

∞ ∞− − =

∂
=

∂ ∫∫∫ ∫∫
 

Assuming the volume and surface integral as well as the derivative operator z can be 
permutated and observing that Dp vanishes, EQ. A-9 can be rewritten as:

 
EQ. A-10 ( )I q ( ) p p

V
p dr rQ g r= ∫∫∫

 

Where Q(rp) is the dimensionless collection probability function for a point source located at rp 
defined as: 

EQ. A-11 
z 0

3( ( , )) dxdy
z pp D GG rQ r r

∞ ∞

∞ ∞ =− −

∂
=

∂∫ ∫
 

A.3 Invariance along the y-axis 
If one assumes now that the configuration is invariant with respect to the y-axis, it implies that 
the carrier distribution has the same form irrespective of the value of yp or equivalently that G3D 
depends on y and yp only through their difference [DONOLATO'83] leading to: 

EQ. A-12 3 3( , ) ( , , , , )D G p D p p pG r r G x x y y z z= −
 

Using this property in EQ. A-12 leads to: 

EQ. A-13 
z 0

3 ( , , , , )( ) dxdy
z D p p pp G x x y y z zQ r

∞ ∞

∞ ∞ =− −

= −
∂
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On which assuming that the integrals and the derivative operator can be permutated leads to: 

EQ. A-14 3 z 0
( , , , , )( ) dy dx 

z D p p pp G x x y yQ r z z
∞ ∞

∞ ∞
=

− −

 ∂
= 


− ∂ 

∫ ∫
 

Making a change of variables in EQ. A-14 from y to η=y-yp one can define a new function, G2D, 
that does not depend on yp.  

EQ. A-15 3 3 2( , , , , ) ( , , , , )dy= d ( , , , )D p p p D p p D p pG x x y y z z G x x z z G x x z z
∞ ∞

∞ ∞

η η
− −

− =∫ ∫
 

G2D is the Green’s function of the 2-dimensional version of this problem assuming invariance of 
the geometry along the y-axis. The subscript 2D is added to differentiate between the 3- and the 
2-dimensional Green’s function, however, the text dealing only with the 2-dimensional Green’s 
function, this differentiation is no more necessary. Therefore, G2D is more simply named as G in 
the text. 

With this transformation Q (EQ. A-14) becomes 

EQ. A-16 2 z 0
( ) d, ( , , , ) x 

zp p D p px z G x x z zQ
∞

∞
=

−

∂
=

∂∫
 

as shown in the text as EQ. 2-8. 

Using EQ. A-16 in EQ. A-10 and rearranging the integration order by taking in account the 
fact that Q (EQ. A-16) does not depend any more on yp and thus the integration on yp of EQ. A-10 
applies only to g(rp) leads finally to 

EQ. A-17 ( )
z2 0

0

( , , , ) , ,I q dx
z D p p p p p p p pG x x z z g x y z dy dx dz

∞ ∞ ∞ ∞

∞ ∞ ∞
=

− − −

  ∂
=   

∂  
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that one can rewrite as 

EQ. A-18 
0

I q ( , ) ( , )p p p p p pdx dH zQ x z x z
∞ ∞

∞−

= ∫ ∫
 

as shown in the text by EQ. 2-6, with H being the projection of g on y defined as 

EQ. A-19 ( )( , ) , ,p p p p p pH x z g x y z dy
∞

∞−

= ∫
 

as shown in the text by EQ. 2-7. 

Using this formulation, deriving an expression for I the collected current requires the 
derivation of the collection probability function Q (see EQ. A-18) that depends only of the 2-
dimensional Green’s function of the problem G2D (see EQ. A-16). The derivation of the explicit 
solution of the original PDE in three dimensions is avoided and replaced by the derivation of the 
explicit solution for the 2-dimensional Green’s function of the problem. 
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B Point source collection probability functions (Qj): 
infinite thickness case 

One first defines bi,j the sine Fourier transform of Gi,j, that respects the BC of EQ. 2-14 as: 

EQ. B-1  ( ) ( ) ( ), i, j
0

x, z b x,k sin z k dki jG
∞

= ∫  

Then, inserting EQ. B-1 into the PDE of EQ. 2-9 leads to:  

EQ. B-2  
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Making use of the following identity [DONOLATO'83] 

EQ. B-3  ( ) ( ) ( )p p
0

2z sin z k sin z k dkz
∞

δ
π

− = ∫   

and assuming that the integral and devivative operators can be permuted, EQ. B-2 becomes: 
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That could be rewritten as 

EQ. B-5  
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leading finally to: 
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Using the property that EQ. B-6 should be valid for any z [LOGAN'04], it imposes that 

EQ. B-7  ( ) ( ) ( )
2

2 2
i, j i, j p p2

2b k b x sin z k 0i ij x
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π

∂
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and so introducing µi=(Li-2+k2)1/2 = (Λi2+k2)1/2 allows to rewrite EQ. B-7 as 

EQ. B-8  ( ) ( )
2

2
i, j i, j p p2

2b b x sin z ki ij x
x

µ δ δ
π

∂
− = − −

∂
 

which is an Ordinary Differential Equation (ODE) in x.  

The solution of the homogeneous ODE of EQ. B-8 is: 
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EQ. B-9  ,hom , ,
i ix x

ij i j i jb A e B eµ µ−= +  

Where Ai,j and Bi,j are some constants which have to be determined using the GBs boundary 
conditions. Because the BCs of EQ. 2-13a-d involve only the x-variable and because the sine 
Fourier transform affects only the z-variable, these BCs remain unchanged through the sine 
Fourier transform and the boundary conditions of these ODEs are only EQ. 2-13a-d replacing Gi,j 
by bi,j. 

As the source term in EQ. B-8 is a Dirac delta function (and thus a generalized function or a 
distribution in its mathematical sense [BRACEWELL'00]) one of the most suitable way to get the 
particular solution for EQ. B-8 is to use an integral transformation. Observing that the variable x 
is an unbounded spatial variable, this integral transform should be bilateral. Therefore, the 
particular solutions of these ODEs are found most adequately by using the Fourier transform. 

Thus, taking the Fourier transform of EQ. B-8 leads to 

EQ. B-10 ( )
.

2 2
p 2

2 sin z k
pj x

ij i ij ij
e ω

ω µ δ
π π

−

− − = − 
 

With ij(ω) the Fourier transform of bij(x) that can now be expressed as: 

EQ. B-11 ( )
.

p 2 2

1 sin z k2 pj x

ij ij
i

e ω

δ
π π ω µ

−

=
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Finally taking the inverse Fourier transform of EQ. B-11 leads to the particular solution of the 
ODE of EQ. B-8: 

EQ. B-12 ( ), ,
1  sin i px x

ij p i j p
i

b z k e µδ
πµ

− −=  

The general solutions of EQ. B-8 are the sum of the particular and homogeneous solutions thus 
summing EQ. B-9 and EQ. B-12 leads to: 

EQ. B-13 ( ), , , ,
1 sin i pi i

x xx x
i j i j i j i j p

i

b A e B e z k e µµ µ δ
πµ

− −−= + +  

For convergence reasons at infinity B1,j and A3,j have to be 0. 

Inserting EQ. B-13 into EQ. 2-13a-d, one treats the absolute value by taking into account 
the position of the considered GB BC(xb=0 for GB1 and xb=w for GB2) and changing the 
exponential expression sign if (xb-xp)<0. 

For j=1 inserting EQ. B-13 in EQ. 2-13a-d in which Gi,j is replaced by bi,j leads to the 
following system in matrix form 

EQ. B-14 
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1
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.
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µ µµ
µ µµ
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−−

 −   
   + − +     ⋅ =    −
   +−       

  

in which 

EQ. B-15 ( )1 sin pC z k
π

=   

Using EQ. B-1 in EQ. 2-15, Qj can be expressed as: 
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EQ. B-16 ( ) ( )
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For j=1 using EQ. B-13 in EQ. B-16 and taking the absolute value into account by separating the 
range of integration leads to: 

EQ. B-17 ( ) ( ) ( )
2

1 321,1 2,1 2,1 3,1
1 p p 2

1 1 2 30

Q x , z 2 1 k dkp

w
x wwA B A e BC e e e

µ∞
µ µµ

µ µ µ µ
−− +

= − − + − + 
  

∫   

The tedious system of EQ. B-14 is solved and the constants replaced in EQ. B-17 by use of the 
Mathematica© software package leading to the expressions of EQ. 2-17 to EQ. 2-27 in the text. 

A nice representation of Q1 is presented below in Fig. B-1. 

 
Fig. B-1: 3-dimensional representation of Q1 for the situation described in Sec. 2.1.3.2 with 
amplitude in logarithmic scale. 
   

x [µm] 

z [µm] 

Log(Q1) 
[a. u.] 
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C Gaussian distribution, error function and 
complementary error function  

A simple expression of the Gaussian distribution is: 

EQ. C-1  
2

2( ) xf x exp
σ

 
= − 

 
 

Stricly speaking, a Gaussian distribution makes reference to the normal law in statistics where 
its definition, when the distribution is centered, is (see EQ. 26.2.9 in [ABRAMOWITZ'72]): 

EQ. C-2  
2

2( )
2 stat

xf x exp
σ

 
∝ − 

 
 

One can see, however, that assuming 2 statσ σ= , EQ. C-1 and EQ. C-2 are equivalent. Thus, to 
avoid having unnecessary factors within the equations, σ is called the radius of the distribution 
(of the laser beam power density in the present case) while strictly speaking σstat is the definition 
of the standard deviation of the Gaussian distribution.  

About the Gaussian distribution, one can demonstrate that 

EQ. C-3  
2

2

xexp dx σ π
σ

∞

−∞

 
− = 

 
∫  

EQ. C-3 is called the Gaussian Integral when σ=1. However, because the Gaussian distribution is 
an even function one can also write: 

EQ. C-4  
0 2 2 2

2 2 2
0

1
2 2

x x xexp dx exp dx exp dx σ π
σ σ σ

∞ ∞

−∞ −∞

     
− = − = − =     

     
∫ ∫ ∫  

There exists however no analytical expression for EQ. C-3 or EQ. C-4 if the integral bounds are 
different from 0 or ±∞. Thus, the integral of the Gaussian distribution from 0 to an arbitrary 
boundary is a function defined by an integral called the error function (erf) where the integral 
has been normalized to have a maximum of 1, thus: 

EQ. C-5  ( )2

0

2( )
x

erf x exp t dt
π

= −∫  

Making a change of variables X=x/σ and breaking the integral in two parts one can see that EQ. 
C-3 can be expressed with arbitrary boundaries x1 and x2 as: 

EQ. C-6  

( ) ( )
2 2 1

1

/ /2
2 2

2
0 0

2 1

2

x x x

x

xexp dx exp X dX exp X dX

x xerf erf

σ σ

σ
σ

σ π
σ σ

  
− = − − −       

    = −    
    

∫ ∫ ∫
 

While the erf corresponds to the normalized integral of the Gaussian distribution from 0 to x, 
one can also be interested in the remaining normalized integral of the Gaussian distribution 
from x to infinity. The function defined this way is called complementary error function erfc and 
thus is expressed as: 
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EQ. C-7  ( )22( )
x

erfc x exp t dt
π

∞

= −∫  

0
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erfc(x1)
x1

 

 

erf(x1)

 
Fig. C-1: Graphical representation of the normal (red area) and complementary (green area) error 
function of x1. 

Having in mind that the integral in the erf is normalized by half the Gaussian integral value, the 
following properties are obvious: 

EQ. C-8a-c 

( ) 1
(0) 0
( ) 1

erf
erf
erf

−∞ = −
=

∞ =
 

One can prove making use of the definition of erf (EQ. C-5), the definition of erfc (EQ. C-7) and 
the Gaussian integral (EQ. C-3) or simply observe from the graph of Fig. C-1 that: 

EQ. C-9  ( ) 1 ( )erfc x erf x= −  

Making use of this property in EQ. C-8 a-c leads to: 

EQ. C-10a-c 

( ) 2
(0) 1
( ) 0

erfc
erfc
erfc

−∞ =
=

∞ =
 

One could then also express EQ. C-6 in terms of erfc functions: 

EQ. C-11 
2

1

2
1 2

2 2

x

x

x xxexp dx erfc erfcσ π
σ σ σ

      − = −      
     

∫  

From the symmetry property of the Gaussian function (even function) one can write the 
following symmetry relation for the erf (odd function). 

EQ. C-12 ( ) ( )erf x erf x− = −  

One can write an analogous relation between erfc(x) and erfc(-x) making use of EQ. C-9 and EQ. 
C-12 leading to: 
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EQ. C-13 ( ) 2 ( )erfc x erfc x− = −  

These symmetry relations and properties are extensively used during this work to simplify 
expressions containing erf and erfc as well as for deducing values for limiting cases. 

While the erf or erfc can be used equivalently in any equation, only the erfc is used in this work 
because it leads to the most compact expressions and allows using some stable and efficient 
computational procedures in limiting cases (see Appendix D). 
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D Numerical evaluation of “exp(y²)·erfc(y)” terms 
Computing “exp(y2)·erfc(y)” terms when y tends to infinity requires the use of another 
expression for erfc(y) (see Eq. 7.1.14 in [ABRAMOWITZ'72]) involving a continued fraction 
CF(y): 

EQ. D-1
2 2 1 1/ 2 1 3 / 2 2 12 ( )  01/ 2

1
3 / 2

2

ty

y

e e dt CF y with y
y y y y y y

y
y

y
y

∞
− = = = >

+ + + + +… +
+

+
+

+…

∫   

Making use of EQ. D-1 and of the definition of the erfc (EQ. C-7) one can write: 

EQ. D-2  ( ) ( )2yerfc y e CF yπ−=  

Then replacing EQ. D-2 in “exp(y2)·erfc(y)” leads to: 

EQ. D-3  ( )2

( )y e ye rfc CF yπ=⋅  

In which “exp(y2)·erfc(y)” denotes just the dependency of the exponential and erfc when y tends 
to infinity as demonstrated in Sec. 2.1.7. 

The usefulness of EQ. D-3 is to allow replacing the whole term “exp(y2)·erfc(y)” by the 
computation of CF(y) that does not diverge when y tends to infinity and is thus computationally 
stable. 

A more general expression is, however, needed to evaluate any terms of this form in which 
the argument of the erfc differs slightly from the square root of the argument of the exponential. 
To this aim a simple manipulation making use of EQ. D-3 leads to: 

EQ. D-4  ( ) 2

( )a a be rfc b e CFe bπ −= ⋅⋅   with b>0 

One can notice that if b2=a, EQ. D-4 becomes straightforwardly EQ. D-3. Even if EQ. D-4 works for 
all b>0, the convergence of the continued fraction is slow when b is small that is the opposite 
case if one evaluates the erfc using the Taylor series around 0. Therefore, for practical purpose, if 
|b|<2 (that is free of divergence problems) the Taylor series approximation of the erfc is 
computed and multiplied by the exponential term. For b>2, EQ. D-4 is used to evaluate the whole 
term. However, for b<-2, the continued fraction evaluation has to be used for speed of 
convergence reasons. Because EQ. D-4 is valid only for positive values of b, this equation needs 
to be modified to handle negative argument. Using the symmetry property of the erfc function 
(EQ. C-13) in EQ. D-4 leads to: 

EQ. D-5  ( ) 2

2 ( )a a a be rfc b e e F be Cπ −= − −  with b<0 

The evaluation of the Continued Fractions is performed using Lentz’s method [LENTZ'76] that is 
free of a convergence problem. 
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E Mathematical tools for residual error analysis 
One defines the residual error ri at abscissa i, denoted more simply as the residual, as the 
difference between the theoretical profile and the measured profile at abscissa i: 

EQ. E-1  , , 1, 2,.., 1,i meas i p ir y y with i n n= − = −  

From this definition one can take as a criterion of fit accuracy the minimization of the root mean 
square (RMS) of the residual, defined as:  

EQ. E-2  2

1

1 n

RMS i
i

err r
n =

= ∑  

This criterion can, however, be inadequate when one wants to minimize variations smaller than 
the noise but spanning on a large interval. For this purpose, a criteria based on the 
autocorrelation sequence of the residual is introduced as a refinement procedure. If one 
considers a profile with n points the unbiased normalized autocorrelation sequence of the 
residual r is defined as (see Chap. 3.3 in [PRIESTLEY'81]): 

EQ. E-3  ( ) ( )( )
1

1 0,1,.., 2, 1
n k

rr i i k
i

R k r r r r with k n n
n k

−

+
=

= − − = − −
− ∑  

Where r is the arithmetic mean of the ri. 

Interestingly, one can recognize that the first term of the autocorrelation function (for k=0) is 

the square of the RMS error as defined in EQ. E-3 if r =0. This term corresponds to the 
correlation of each sample with itself, while the next terms of rank k indicate the correlations of 
the sequence with itself when shifted by k. 

In Fig. E-1 a typical example of a residual error is presented in which a white noise with an 
RMS value of 0.28 is superposed to a sine component that has an RMS value of 0.11. The 
complete residual has an RMS value of 0.31. Thus, in a fitting procedure, the difference between 
the case of the white noise alone and the white noise plus the sine is weak using a RMS error 
criterion. 

If, however, one represents the autocorrelation sequence of the noise itself and the noise 
plus the sine component (see Fig. E-2) normalized to the first element, one can distinguish more 
easily the correlated components. When one takes the RMS value of the autocorrelation 
sequence excluding the first component (always normalized to 1) and the last samples (the 
normalization by the number of samples in EQ. E-3 leads to unrealistic values at the end of 
autocorrelation because of the few numbers of samples considered in the calculation) the 
difference between the pure noise case (Rrms=0.119) and the noise plus the sine case 
(Rrms=0.052) is much more significant. 

Therefore, when trying to refine a fit that is already very good regarding the RMS mean of 
the residual, the RMS mean of the autocorrelation sequence of the residual is a more adapted 
tool. 
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Fig. E-1: Example of a white noise residual error (very short range correlated) on which a small 
sine component (long range correlated) with smaller amplitude is added. 
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Fig. E-2: Normalized autocorrelation sequence of the signal of Fig. E-1 (noise+sine) and of the 
noise alone with RMS value of both autocorrelation sequence.  
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F Reduction to two dimensions and integrated 
quantities along the y-axis. 

The diffusion equation as stated in EQ. 1-14 is expressed in Cartesian coordinates as: 

EQ. F-1  
2 2 2

2 2 2 2

( , , )

diff p

p p p p g x y z
x y z L D

∂ ∂ ∂
+ + − = −

∂ ∂ ∂
 

Integrating EQ. F-1 along the whole y-axis leads to: 

EQ. F-2  
2 2 2

2 2 2 2

1 1 ( , , )
diff p

p p pdy dy dy pdy g x y z dy
x y z L D

+∞ +∞ +∞ +∞ +∞

−∞ −∞ −∞ −∞ −∞

∂ ∂ ∂
+ + − = −

∂ ∂ ∂∫ ∫ ∫ ∫ ∫
 

The second derivative terms over x and z are not affected by the integration along y and thus one 
can put the derivative operator outside the integrals leading after rearrangements to: 

EQ. F-3  
2 2

2 2 2

1 1 ( , , )
diff p

ppdy pdy pdy g x y z dy
x y z L D

+∞+∞ +∞ +∞ +∞

−∞ −∞ −∞ −∞−∞

 ∂ ∂ ∂
+ + − = − ∂ ∂ ∂ 

∫ ∫ ∫ ∫  

Because the source is localized and the problem is a physical problem, p should tend to 0 when y 
tends to infinity (plus and minus). This function is additionally continuously decreasing in y like 
an exponential decay (that is a basic solution for this kind of PDE) and thus its derivative tends 
also to 0 when y tends to infinity (plus and minus). This implies that the second term of the left 
hand side of EQ. F-3 vanishes. 

Then defining two new quantities: 

• P pdy
+∞

−∞

= ∫   

• ( , ) ( , , )H x z g x y z dy
+∞

−∞

= ∫   (already defined in EQ. A-19) 

EQ. F-3 can be rewritten as: 

EQ. F-4  
2 2

2 2 2

( , )

diff p

P P P H x z
x z L D

∂ ∂
+ − = −

∂ ∂
 

That is a fully 2-dimensional problem equivalent to the original 3-dimensional problem if the 
boundary conditions remain unchanged. As no boundary condition of the original problem 
depends on y (see EQ. 2-1 to EQ. 2-5 and EQ. 3-1) the problem is fully reduced to two dimensions 
providing that the variable of the PDE is no more p but P and the source is no more g but H. The 
problem is stated correctly in two dimensions but all information about the distribution of p in y 
is lost through the integration. 

Concerning the gradient of the carrier density corresponding to the current flow density 
(see EQ. 1-7) it can be expressed in Cartesian coordinates as 
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EQ. F-5  
p p pp i j k
x y z

∂ ∂ ∂
∇ = + +

∂ ∂ ∂

  

 

with , ,i j k
  

 the base vectors of the orthonormal system of axes x, y, z. Integrating EQ. F-5 over y 
leads to: 

EQ. F-6  ( ) p p pp dy i dy j dy k dy
x y z

+∞ +∞ +∞ +∞

−∞ −∞ −∞ −∞

∂ ∂ ∂
∇ = + +

∂ ∂ ∂∫ ∫ ∫ ∫
  

 

in which using the same argument as for EQ. F-2 it could rearranged as: 

EQ. F-7  ( ) [ ]p dy i pdy j p k pdy
x z

+∞ +∞ +∞
+∞

−∞
−∞ −∞ −∞

∂ ∂
∇ = + +

∂ ∂∫ ∫ ∫
  

 

in which using the same argument and new quantities as for EQ. F-3 it can be further simplified 
to 

EQ. F-8  ( ) P Pp dy i k
x z

+∞

−∞

∂ ∂
∇ = +

∂ ∂∫
 

 

corresponding to the gradient expression for the 2 dimensional problem of EQ. F-4. Therefore, 
the current density map obtained by the gradient of the integrated density of carriers defined by 
the 2-dimensional problem corresponds to the gradient of the density of carriers in the 3-
dimensional problem integrated over y. 

Finally, the goal of this problem is to get the collected current defined as (EQ. 1-53): 

EQ. F-9  
0

( , )coll p
z

pI J x y dxdy qD dxdy
z

∞ ∞ ∞ ∞

=−∞ −∞ −∞ −∞

∂
= =

∂∫ ∫ ∫ ∫  

That can be rearranged as: 

EQ. F-10 
00

p p
zz

PI qD pdy dx qD dx
z z

∞ ∞ ∞

=−∞ −∞ −∞=

 ∂ ∂
= = ∂ ∂ 

∫ ∫ ∫
 

One can see that the information lost about the distribution of p in y is unnecessary for reaching 
the goal of obtaining the collected current. Indeed the integration in y is part of the definition of I 
and thus this information is lost anyway. 
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G Demonstration of the strict positiveness of K 
This appendix deals with the sign of K the separation constant of the finite thickness problem 
(see Sec. 3.1.2). 

The case of K=0 is considered first. 

In this case EQ. 3-8b reduces to  

EQ. G-1  0zzv =  

And thus the solution is 

EQ. G-2  v A z B= ⋅ +
 

with A and B two constants to be determined using the boundary conditions. 

Applying the first boundary condition of EQ. 3-9 leads to: 

EQ. G-3  (0) 0v B= =
 

Applying the second boundary condition of EQ. 3-10 considering B=0 from EQ. G-3 leads to: 

EQ. G-4  bhA As− = ⋅  

That is valid for any Sb and h if and only if A=0.  

Thus, v(z)=0 is a trivial solution and thus K has to be different from 0. 

The case of K>0 is then considered. 

To demonstrate that K must be positive an energy argument is presented here. One starts from 
EQ. 3-8b, multiplies both sides by v and integrates over z from 0 to h (the domain of the problem 
in z) leading to: 

EQ. G-5  2

0 0

0
h h

zzv v dz K v dz+ =∫ ∫
 

Integrating the square of a real function can lead only to positive values unless if v=0 that is the 
trivial solution that has been just discarded previously. One can thus write: 

EQ. G-6  2

0

0
h

v dz >∫
 

An integration by part on the first integral terms in EQ. G-5 leads to: 

EQ. G-7  [ ] 2
0

0 0

h h
h

zz z zv v dz v v v dz= −∫ ∫
 

In which one can say for the same reason as explained for EQ. G-6 that: 

EQ. G-8  2

0

0
h

zv dz >∫
 

To get information about the remaining term, the boundary conditions are used. 

Expanding the first term of the rhs of EQ. G-7 leads to: 

EQ. G-9  [ ]0
( ) ( ) (0) (0)h

z z zv v v h v h v v= −
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Using EQ. 3-9 the second term of the right hand side of EQ. G-9 vanishes. 

Using EQ. 3-10 on the remaining term of the rhs of EQ. G-9 leads to: 

EQ. G-10 [ ] 2
0

( ) ( ) ( )h
z z bv v v h v h s v h= = −

 
Rearranging EQ. G-5, using EQ. G-7 and EQ. G-10 one can see that: 

EQ. G-11 

2 2

0

2

0

( )
0

h

B z

h

s v h v dz
K

v dz

+
= >∫

∫  

q. e. d. 
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H Computation of solutions of the characteristic 
equation 

If one defines Kn=kn·h, the characteristic equation of the problem (EQ. 3-15) becomes: 

EQ. H-1  t1 an( )n n
b

K
h s

K
 
 − =
 ⋅

  

As the tangent is a periodic function of period π and its value has to be negative (as h, sb, and Kn 
are positive, the lhs of EQ. H-1 is negative and therefore the tangent on its rhs must be negative 
as well), one can limit the search of the solutions to the interval [π/2, π] by substracting n·π for 
the (n+1)th solution. EQ. H-1 becomes then 

EQ. H-2  ( )t' ( 1) ' ( 1)an tan( ' )n
n

b
nKK n K n

h s
π π−

 + −
+ − =

 
=

⋅ 
 

with K’n+1 the reduced solutions that are all located in the interval [π/2, π] as shown in Fig. H-1. 
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Fig. H-1: Representation of the reduced solutions of the characteristic equation 

Close to π/2, the tangent has a so important increase rate that one needs a special procedure to 
evaluate the reduced solutions there. Therefore, reduced solutions between π/2 and 6π/10 (the 
choice of 6π/10 is justified later in this appendix) are evaluated by a procedure described later 
in this appendix. The reduced solutions between 6π/10 and π are found using the bisection 
algorithm (see Chap. 4.3 in [HAMMING'86]), that is computational problem free thanks to the 
monotonous increase of the tangent in this interval of search. In this algorithm, the zero of a 
monotonous function is found by dividing the interval of search by 2 at each step. In order to 
match this requirement, EQ. H-2 needs to be rewritten as 
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EQ. H-3  
' ( 1)tan )( ' ) ( ' 0

.
n

n n
b

K K
h s

n fK π+ −
=+ =  

in which one searches for the value of K’n that cancel f(K’n), more usually called the zero of f. As a 
prerequisite, the zeros of the function f should be in the initial interval of search. As the function 
f is monotonous, it implies that the value of the function evaluated at each boundary of the initial 
search interval should be of opposite sign as illustrated in Fig. H-2. According to the sign of f at 
the middle point of the interval, this point becomes the right or left boundary of the new interval 
of search. The procedure is repeated until the interval of search becomes of the order of the 
accuracy that one wants to reach for the root. This search process is illustrated in Fig. H-2. 
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Fig. H-2: Illustration of the bisection algorithm working principle for EQ. H-3. 

While in this problem the right boundary (in π) delivers always a positive value for the function, 
it can happen that the left boundary delivers a positive value, too. It then means that the zero is 
between π/2 and 6π/10 and so in the highly increasing branch of the function.  

In this interval the K’ns are directly evaluated making use of the Taylor expansion of order 
2 of the tangent around π/2 in the expression of EQ. H-2 leading to: 

EQ. H-4  
' ( 1) ' / 21tan( '

2.
)

' / 3
n

nb

n
n

K n KK
Kh s

π π
π

 + − −
= ≈ − +

−
− 

 
 

This approximation, valid only for K’n close to π/2, leads to a polynomial of order 2 in K’n that 
can be solved analytically. The only relevant root of this polynomial is then: 

EQ. H-5  
( ) ( ) ( )

( )

229 6 2 9 1 2 48 3
'

4 3
b b b

n
b

n h s n h s h s
K

h s
π π− + + − + +

=
+

 

This formula allows computing directly all further reduced zeros. 
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It is observed that this polynomial approximation of the solution has a relative accuracy of 
10-5 when K’n equals 6π/10 and becomes better while getting closer to π/2. Setting the relative 
accuracy of the bisection algorithm (minimum length of interval of search that is constant 
regardless of the value of K’n) to 10-5, both methods insure a continuity of the estimation 
precision providing that the boundary above which the bisection is used and below which the 
polynomial approximation is used is set at 6π/10. 

Retrieving the Kns from the reduced zeros K’ns is performed straightforwardly by: 

EQ. H-6  ' ( 1)n nK K n π= + −
 

When n becomes large, K’n can be so close to π/2 that it becomes even simpler to consider that: 

EQ. H-7  '
2nK π

=  

The simplification of EQ. H-7 is used for all further zero calculations when one zero satisfies: 

EQ. H-8  7
'

2 10
n

n

K

K

π
−

−
<  

Finally, one retrieves the kn from the Kn making use of: 

EQ. H-9  n
n

Kk
h

=
 

For n tending to infinity one can see that considering EQ. H-7 and EQ. H-6 leads to:  

EQ. H-10 limn nK nπ→∞ =
 

And thus with EQ. H-9 leads to  

EQ. H-11 limn n
nk
h
π

→∞ =
 

that is linear in n. Thus the characteristic equation is non-linear for small n and becomes more 
and more linear for growing n. 
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I Expansion of Gi,j and Qj in generalized Fourier series  
I.1 Proof of orthogonality of the eigenfunctions 
For a unique determination of the coefficient of the generalized Fourier series, by which one 
wants to express the solution of the problem, one has to make sure that the eigenfunctions set 
used for this generalized Fourier series expansion (the sin(kn·z) functions) are orthogonal on the 
interval [0,h] (the domain of definition of the problem in z). Proving the orthogonality of this set 
of functions on the interval [0,h] is equivalent of proving that the following equation is true for 
all n≠m 

EQ. I-1  ( ) ( )
0

0
h

n msin k z sin k z dz for all n m= ≠∫  

implying, thus, that 

EQ. I-2  ( ) ( ) ( ) ( ) ( ) ( )
( )

n n m m m n
2 2

0 m n

k cos hk sin hk k cos hk sin hk
0

k k

h

n msin k z sin k z dz
−

= =
−∫  

and thus: 

EQ. I-3  ( ) ( ) ( ) ( )n n m m m nk cos hk sin hk k cos hk sin hk=  

EQ. I-3 can then be rewritten making use of the characteristic equation (EQ. 3-15) leading to: 

EQ. I-4  
( )
( )

( )
( )

( )
( )

n m mm m

n n m n n

cos hk sin hk tan hkk k
k sin hk cos hk tan hk k

m

B

n

B

k
s
k
s

−
= = = =

−
 

q. e. d. 

I.2 Eigenfunction expansion of the second member of EQ. 2-11 
Looking for the expansion of a function F(z) into a generalized Fourier series implies finding an 
expression for the coefficient En in the expression below 

EQ. I-5  ( ) ( )p p
1

( ) z ( )ij n n
n

F z x x z E sin k zδ δ δ
∞

=

= − − − = ∑  

in which the En coefficients are found through [LOGAN'04]:  

EQ. I-6  
( )

( )
0

2

0

( ) ( )
( ), ( )
( ), ( )

( )

h

n
n

n h
n n

n

F z sin k z dz
F z sin k z

E
sin k z sin k z

sin k z dz
= =

∫

∫
 

In which the notation (a(z),b(z)) refers to the dot product of function a(z) by b(z) on the interval 
[0,h]. 

Making use of EQ. I-5 in EQ. I-6 leads to: 
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EQ. I-7  ( )
( )p

0
p

2

0

z ( )

( )

h

n

n ij h

n

z sin k z dz
E x x

sin k z dz

δ
δ δ

−
= − −

∫

∫
 

As zp (the z abscissa of the point source) is between 0 and h (so within the solar cell) it 
straightforwardly implies that (see Chap. 5 in [BRACEWELL'00]): 

EQ. I-8  ( )p p
0

z ( ) ( z )
h

n nz sin k z dz sin kδ − =∫
 

While the integral at the denominator of EQ. I-7 presents no difficulty, making use of EQ. I-8 one 
can rewrite EQ. I-7 as: 

EQ. I-9  ( ) ( )
p

p

4 sin( z )
2 sin 2

n n
n ij

n n

k k
E x x

hk k h
δ δ= − −

+  

Making use of the fact that (see EQ. 4.3.24 in [ABRAMOWITZ'72]) 

EQ. I-10 ( ) ( )
( )2

2 tan
sin 2

1 tan

a
a

a
=

+
 

and of the characteristic equation (EQ. 3-15), EQ. I-9 can be rewritten with less trigonometric 
functions as: 

EQ. I-11 ( ) ( )
( )

2 2

p2 2

2
sin( z )n b

n ij p n
b n b

k s
E x x k

s h k s
δ δ

+
= − −

+ +
 

I.3 Expression of the Cni,j coefficients 
By means of EQ. 3-16, EQ. I-5and EQ. I-11, one can rewrite EQ. 2-11 as 

EQ. I-12 

( ) ( )
( )

2 2

, ,2 2
1 1

2 2
2

, p2 2
1 1

( ) ( )

2
( ) sin( z ) ( )

n i j n n i j n
n n

n b
n i j n ij p n n

n n b n b

C sin k z C sin k z
x z

k s
C sin k z x x k sin k z

s h k s
δ δ

∞ ∞

= =

∞ ∞

= =

∂ ∂
+ −

∂ ∂

+
Λ = −

+ +

∑ ∑

∑ −∑  

leading to 

EQ. I-13 

( ) ( )
( )

2

, ,2
1 1

2 2

p

2

2
, 2 2

1 1

( ) ( )

2
( ) sin( z ) ( )

n i j n n n i j n
n n

n b
n i j n ij p n n

n n b n b

C sin k z k C sin k z
x

k s
C sin k z x x k sin k z

s h k s
δ δ

∞ ∞

= =

∞ ∞

= =

∂
− −

∂

+
Λ = −

+ +

∑ ∑

∑ −∑  

and finally: 

EQ. I-14 ( ) ( )
( )

2 22
2

, , p2 2 2
1

2 )
2

( sin( z ) ( ) 0n b
n i j n n i j ij p n n

n b n b

k s
C k C x x k sin k z

x s h k s
δ δ

∞

=

 +∂ − Λ + − =
∂ + +

+
  

∑
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Defining µn2=kn2+Λ2. EQ. I-14 is valid for any z if and only if [LOGAN'04]: 

EQ. I-15 ( ) ( )
( )

2 22
2

, , p2 2 2

2
sin( z )n b

n i j n n i j ij p n
b n b

k s
C C x x k

x s h k s
µ δ δ

+∂
− = − −

∂ + +  

That is the same ODE for the Cni,j as defined for the bi,j in EQ. B-8 with boundary conditions in x 
identical to what is described in Appendix B. One difference that, however, does not change the 
technique of solving of the equation, is in a different multiplicative factor of the δ(x-xp) on the 
right hand side. Using the procedure explained in Appendix B for solving EQ. B-8, one derives 
EQ. 3-17 straightforwardly. 
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J Resolution of the modified Bessel equation with 
second member 

A usual and straightforward way to solve an ordinary differential equation when the second 
member (source term) is a distribution involves the use of an integral transform (Fourier or 
Laplace transform) as mentioned in Appendix B. 

In this case, however, the solution in the Fourier or the Laplace space is not 
straightforwardly invertible to the real space (if even possible). 

Therefore, referring to the theory of Green’s function (see [GERLACH'07]) another method 
can be used. This demonstration, that uses the fundamental theorem of Green’s function, is 
presented in this appendix. 

The homogeneous (without source term) modified Bessel Equation presented in Sec. 4.3.2 
is: 

EQ. J-1  
2

2 2hom hom
hom2 0b bR R R b

R R
∂ ∂

+ − =
∂ ∂

 

The two linearly independent solutions of this equation are the modified Bessel Functions of 
order 0 (See Chap. 9.1 in [ABRAMOWITZ'72]), I0(R) and K0(R), which are represented in Fig. J-1. 
Therefore, the homogeneous solution to EQ. J-1 can be written as  

EQ. J-2  hom 1 0 2 0( ) ( ) ( )b R C I R C K R= +
 

with C1 and C2, two constants that have to be determined from boundary conditions. 

 
Fig. J-1: Modified Bessel functions of order 0 (K0(x) and I0(x)) and of order 1 (K1(x) and I1(x)) 
(taken from [ABRAMOWITZ'72]) (left), and sketch of the particular solution of EQ. J-8, 11 (right).

 
Some useful properties of I0 and K0 are presented below: 

EQ. J-3  0 (0) 1I =
 

EQ. J-4  0lim ( )R I R→+∞ = +∞
 

C3I0(R) 

C4K0(R) 

Rp R 

bp 
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EQ. J-5  0 0lim ( )R K R→ = +∞
 

EQ. J-6  0lim ( ) 0R K R→+∞ =
 

• Considering that for r (and so R) tending to infinity, b must vanish (no carriers are 
present infinitely far from the source) it imposes considering EQ. J-4 that C1=0. 

• Considering that for r (and so R) tending to 0, b should remain finite (the carrier density 
is finite everywhere in the volume) it imposes considering EQ. J-5 that C2=0. 

These two statements combined in EQ. J-2 lead to: 

EQ. J-7  hom ( ) 0b R =
 

That is consistent with the fact that without a source there is no excess carrier present in the 
volume and thus, the solution to the inhomogenous ODE is only the particular solution. 

According to the fundamental theorem of Green’s function (see chapter Green’s Function 
theory in [GERLACH'07]) the desired particular solution is piecewise (see its schematic 
representation in Fig. J-1) and one needs to distinguish the two following cases: 

1. When R < Rp 

Only the boundary condition relevant for all R<Rp (so the boundary at R=0) is taken into 
account. As only I0 remains finite at R=0 (see EQ. J-3 and EQ. J-5) the piece of b for R<Rp is 
expressed as: 

EQ. J-8  3 0( ) ( )p pb R R C I R− < =
 

With C3 a constant that is determined later in the demonstration. 

2. When R>Rp  

Only the boundary condition relevant for all R>Rp (so the boundary at R tending to infinity) is 
taken in account. And thus as only K0 remains finite at R tending to infinity (see EQ. J-4 and EQ. 
J-6) the piece of b for R<Rp is expressed as: 

EQ. J-9  4 0( ) ( )p pb R R C K R+ > =
 

With C4 a constant that is determined later in the demonstration. 

In order to find the constants C3 and C4 one needs two equations linking them. 

The first equation is obtained by using the fundamental theorem of Green’s function that 
states that the particular solution is continuous at Rp (see chapter Green’s Function theory in 
[GERLACH'07]) implying that: 

EQ. J-10 ( ) ( )p p p pb R b R+ −=  

And thus making use of EQ. J-8 and EQ. J-9 in EQ. J-10 leads to: 

EQ. J-11 3 0 4 0( ) ( )p pC I R C K R=
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One has then to be aware that while the piecewise solution is continuous at Rp, its derivative is 
not continuous in Rp as one can see in the sketch of Fig. J-1. 

Getting a second equation from the derivative of bp+ and bp- at R=Rp requires to write the 
ODE of EQ. 4-15 in its Sturm Liouville form (see chapter Sturm Liouville theory in 
[GERLACH'07]). This special form of the ODE is obtained by first dividing EQ. 4-15 by R leading 
to: 

EQ. J-12 ( )
2

2 p
b b RR Rb A R R

R R
δ

µ
∂ ∂

+ − = −
∂ ∂  

and regrouping the second and the first derivative into one term leading to: 

EQ. J-13 ( )p
b RR Rb A R R

R R
δ

µ
∂ ∂

− = −
∂ ∂  

The jump in derivative of the particular solution is found through integrating both sides of the 
differential equation in the Sturm Liouville form (EQ. J-13) between Rp-ε and Rp+ε and taking the 
limit when ε tends to 0. 

With these operations, the right hand side (rhs) of (EQ. J-13) leads to: 

EQ. J-14 ( )0lim
p

p

R
p

p
R

RRA R R dR A
µ µ

ε

ε
ε

δ
+

→
−

− =∫
 

Applying these operations to the left hand side (lhs) one has to decompose it into two integrals 
leading to: 

EQ. J-15 0 0 0lim lim lim
p p p

p p p

R R R

R R R

b bR R b dR R dR R b dR
R R R R

ε ε ε

ε ε ε
ε ε ε

+ + +

→ → →
− − −

∂ ∂ ∂ ∂ − ⋅ ⋅ = − ⋅ ⋅ ∂ ∂ ∂ ∂ ∫ ∫ ∫
 

Because bp is continous in Rp the second term of the rhs of EQ. J-15 vanishes as shown below: 

EQ. J-16 0lim 0
p

p

R

R

R bdR
ε

ε
ε

+

→
−

=∫
 

The first term of the rhs of EQ. J-15 can be rearranged as: 

EQ. J-17 0 0lim lim
p p

pp p p

R R
p p

p
RR R R R R

b bb bR dR R R
R R R R R

ε ε

ε ε
εε

+ + + −

→ →
−− = =

 ∂ ∂∂ ∂ ∂   = = −   ∂ ∂ ∂ ∂ ∂ 
 

∫
 

Equating EQ. J-14 and EQ. J-15 and making use of EQ. J-16 and EQ. J-17 leads to: 

EQ. J-18 

p p

p
p

R R R R

Rb bR A
R R µ

+ −

= =

 ∂ ∂ − =
∂ ∂    

Making use of EQ. J-8 and EQ. J-9 in EQ. J-18 as well as EQ. 9.6.27 in [ABRAMOWITZ'72] for the 
derivatives of K0 and I0 leads to the second equation linking C3 and C4 
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EQ. J-19 ( )4 1 3 1( ) ( ) p
p p p

R
R C K R C I R A

µ
− − =

 

with I1 and K1 the modified Bessel functions of order 1 (see their representation in Fig. J-1). 

Combining EQ. J-11 and EQ. J-19 leads to the final system to be solved 

EQ. J-20 
4 1 3 1

4 0 3 0

( ) ( )

( ) ( ) 0

p p

p p

AC K R C I R
µ

C K R C I R

 + = −

 − =

 

which has the following solution for C3,4: 

EQ. J-21 

0
4

1 0 0 1

0
3

1 0 0 1

( )
( ) ( ) ( ) ( )

( )
( ) ( ) ( ) ( )

p

p p p p

p

p p p p

I RAC
µ K R I R K R I R

K RAC
µ K R I R K R I R


= − +


 = − +  

One can remark that the denominators of the second term in the expressions of C3 and C4 in EQ. 
J-21

 is the Wronskian of K0(Rp) and I0(Rp) and thus can be simplified according to (EQ. 9.6.15 in 
[ABRAMOWITZ'72]) 

EQ. J-22 1 0 0 1
1( ) ( ) ( ) ( )p p p p

p

K R I R K R I R
R

+ =
 

leading to: 

EQ. J-23 

4 0

3 0

( )

( )

p
p

p
p

R
C A I R

µ
R

C A K R
µ


= −



 = −  

Finally replacing EQ. J-23 in EQ. J-8 and EQ. J-9 leads to the following 

EQ. J-24 0 0( ) ( ) ( )p
p p

R
b R R A K R I R

µ
− < = −

 

EQ. J-25 0 0( ) ( ) ( )p
p p

R
b R R A I R K R

µ
+ > = −

 

or using the original variables to the following  

EQ. J-26 0 0( ) ( ) ( )p p pb r r Ar K µr I µr− < = −
 

EQ. J-27 0 0( ) ( ) ( )p p pb r r Ar I µr K µr+ > = −
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K Study of pmax at Plaser=1.5 µW 

K.1 Case of Ldiff=10 µm 
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Fig. K-1: Maximum injection simulation for various laser beam radius σ and various laser 
wavelengths λ in crystalline silicon solar cell considering Ldiff=10 µm, Plaser=1.5 µW and no 
reflection at the surface. One can then define a vertical line corresponding to Ldiff=Lα=10 µm (in 
pink), a horizontal line corresponding to Ldiff=σ=10 µm, a curve corresponding to σ=Lα=f(λ) (in 
red) and a curve connecting the maximums of injection at constant σ (in white). 
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K.2 Case of Ldiff=100 µm 
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Fig. K-2: Maximum injection simulation for a laser beam for various beam radius σ and various 
laser wavelengths λ in crystalline silicon solar cell considering Ldiff=100 µm, Plaser=1.5 µW and no 
reflection at the surface. The line σ=Lα is plotted in red. 

K.3 Case of Ldiff=1000 µm 
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Fig. K-3: Maximum injection simulation for a laser beam for various beam radius σ and various 
laser wavelengths λ in crystalline silicon solar cell considering Ldiff=1000 µm, Plaser=1.5 µW and 
no reflection at the surface. The line σ=Lα is plotted in red. 
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L Carrier density distribution with spatially uniform 
illumination (U3IM) 

L.1 Short circuit condition  
The solution to the homogeneous ODE of EQ. 4-30 is: 

EQ. L-1  hom 1 2( ) ( ) ( ) exp( ) exp( )p z Ap z Bp z A z B z= + = −Λ + Λ  

In which p1 and p2 are the two linearly independent solutions to the homogeneous ODE. 
Considering that the solution should vanish when z tends to infinity, it imposes B=0. If 
additionally the solution should vanish at z=0, it imposes A=0. The homogeneous solution is 
therefore the trivial solution phom(z)=0. 

In order to find the particular solution, that is not an obvious solution, the method of the 
variation of the parameter is used here. 

Assuming that the constants A and B in EQ. L-1 are some functions of z to be determined 
one could rewrite EQ. L-1 as: 

EQ. L-2  1 2( ) ( ) ( ) ( ) ( )p z A z p z B z p z= +  

It is demonstrated that these functions are solutions of the following system (see Chap. 3.4.4 in 
[LOGAN'11]) 

EQ. L-3  
1 2

1 2

( ) ( ) 0

( )

dA dBp z p z
dz dz

dp dpdA dB f z
dz dz dz dz

 + =

 + =


 

with f(z) the second member of the inhomogeneous ODE. In the present case, the system 
becomes 

EQ. L-4  
0,

exp( ) exp( ) 0

exp( ) exp( ) exp( )uni

p

dA dBz z
dz dz

gdA dBz z z
dz dz D

α

 −Λ + Λ =

− −Λ + Λ = − −

Λ

 

leading to the following solutions for the derivatives of A(z) and B(z): 

EQ. L-5  

( )( )

( )( )

0,

0,

exp
2

exp
2

uni

p

uni

p

gdA z
dz D

gdB z
dz D

α

α


= − − Λ Λ


 = − − + Λ Λ

 

Integrating this result gives 

EQ. L-6  

( ) ( ) ( )( )

( ) ( ) ( )( )

0,
1

0,
2

exp
2

exp
2

uni

p

uni

p

g
A z z C

D
g

B z z C
D

α
α

α
α


= − − − Λ + Λ − Λ


 = − + Λ + Λ + Λ
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with C1 and C2, two constants that have to be determined using the boundary conditions. Then, 
replacing EQ. L-6 in EQ. L-2 leads to 

EQ. L-7  
( ) ( ) ( )0,

1 2
1 1( ) exp exp( ) exp( )

2
uni

p

g
p z z C z C z

D
α

α α
 

= − − + −Λ + Λ  Λ + Λ − Λ 
 

that could be simplified to: 

EQ. L-8  ( )0,
1 22 2

/
( ) exp exp( ) exp( )uni pg D

p z z C z C zα
α

= − + −Λ + Λ
Λ −

 

Considering that the solution should vanish when z tends to infinity, it imposes C2=0. 

If additionally the solution should vanish at z=0, replacing z=0 in EQ. L-8 leads to: 

EQ. L-9  0,
1 2 2

/uni pg D
C

α
= −

Λ −
 

Replacing C1 and C2 in EQ. L-8 leads to: 

EQ. L-10 
( )0,

2 2

exp exp( )
( ) uni

p

g z z
p z

D
α

α
 − − −Λ

=  Λ − 
 

That is the general result of the U3IM. 

One can observe that EQ. L-10 presents a singularity for α=Λ. While it is possible to solve 
the ODE with this condition, one could also take the limit of EQ. L-10 when α tends to Λ. This 
second method is presented here. Then rewriting EQ. L-10 into another form leads to: 

EQ. L-11 
( )

( )( )
0, exp ( ) 1

lim ( ) lim exp( )uni

p

g z
p z z

Dα α

α
α α→Λ →Λ

 − − Λ −
= −Λ   Λ − Λ +   

When α tends to Λ, α-Λ tends to 0 and one can take the first order Taylor expansion of the 
exponential function in EQ. L-11 leading to 

EQ. L-12 ( ) ( )( )
0,

0
1 ( ) 1lim ( ) lim exp( )uni

p

g zp z z
Dα α

α
α α→Λ −Λ →

 − − Λ −
= −Λ   Λ − Λ +   

that simplifies to: 

EQ. L-13 ( ) ( )( )
0,

0
( )lim ( ) lim exp( )uni

p

g zp z z
Dα α

α
α α→Λ −Λ →

 Λ −
= −Λ   Λ − Λ +   

Making use of the fact that α tends to Λ leads finally to: 

EQ. L-14 
0, 0,lim ( ) lim exp( ) exp( )

2
uni uni

p p

g gzp z z z z
D Dα α α→Λ →Λ

 = −Λ = −Λ Λ + Λ   

That is the expression of the U3IM when α=Λ. Now taking the derivative in z of EQ. L-14 and 
equating it to 0 leads to: 

EQ. L-15 max
1

diffz L= =
Λ
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Finally replacing EQ. L-15 in EQ. L-14 leads to the maximum value for the injection when α=Λ 
that reads 

EQ. L-16 0, 00
max 22 2

uni

p

g pp
e D e

= =
Λ

  

in which p00 is defined as: 

EQ. L-17 
2 2

0,
00 (1 )uni diff uni diff

f
p p p

g L L
p R

D h cD
η

αλ
Φ

= = −  

L.2 Open Circuit condition 
If one now considers the case where no current flows through the junction (the open circuit 
condition) implying dp/dz(z=0)=0, the demonstration stays the same down to the determination 
of C1 (EQ. L-9) which becomes: 

EQ. L-18 0,
1, 2 2

/uni p
OC

g D
C α

α
= −

Λ Λ −  

Replacing EQ. L-18 in EQ. L-8, the expression for p in open circuit condition becomes: 

EQ. L-19 
( ) ( )0,

2 2

exp / exp( )
( ) uni

OC
p

g z z
p z

D
α α

α
 − − Λ −Λ

=  Λ −   

Where the maximum is located at z=0 because of the open circuit condition (see above) and 
therefore replacing z=0 in EQ. L-19 leads to: 

EQ. L-20 
( ) 2

0,0,
,max 002 2

1 / 1 1
1 1

uni diffuni
OC

p p diff diff

g Lg
p p

D D L L
α

α α α
 − Λ

= = = Λ − + +   

One sees that EQ. L-19, like EQ. L-10, presents a singularity for α=Λ. By an analogous procedure 
than the one explained in the last section, one can show that: 

EQ. L-21 
( )0, 1

lim ( ) exp( )
2

uni
OC

p

g z
p z z

Dα →Λ

+ Λ
= −Λ

Λ Λ
 

That has its maximum at z=0 leading to: 

EQ. L-22 
0, 00

,max 2lim ( )
2 2

uni
OC

p

g pp z
Dα →Λ = =

Λ
 

One can remark that EQ. L-22 could have also been deduced directly from EQ. L-20 that presents 
no singularity for α=Λ=1/Ldiff. 
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M Limit of the LB2IM equation when σ tends to infinity 
Starting from the LB2IM equations (EQ. 4-24 and EQ. 4-25) the carrier density at the line r=0 is 
expressed as 

EQ. M-1  
( )

( )

22

2 2

220

1

2
p

1
dk

h c
si

2 2
lim (0, )

n z

li

k

m
2

2 2

laser f

p

diff

diff

k kExp
k L

p z
kE

P R
D

L

σ σ

ηλ

σ σ
α

σ

α

π σ

∞

→∞ →∞

    ⋅ +      +     = ⋅
    ⋅ +

 
 
 −  
 
 
 
  

⋅         

∫

 

in which one can see that when σ tends to infinity, one can take the limit of the term in 
‘exp(x)·E1(x)’ when x tends to infinity. The limit of the asymptotic expansion of the exponential 
integral E1(x) (see EQ. 5.1.51 in [ABRAMOWITZ'72]) when x tends to infinity leads to the fact 
that ‘exp(x)·E1(x)’ is tending to 1/x leading to 

EQ. M-2 
( ) ( )22

p
22 2

0

1
sin z k dk

h
1lim (0, ) lim

2

2

c

2 di

laser f

p

ff

kp z
k k

L

P R
Dσ σ

ηλα

π α σ σ

∞

→∞ →∞= ⋅ ⋅ ⋅
+    +        

−
∫  

which leads after rearrangements to: 
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In which σ can be fully removed making used of definition of Φ0 (EQ. 1-35) leading to: 
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The fraction in the integral could be decomposed in elementary fractions leading to: 
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The two terms in the integral are individually solvable (see EQ. 2-18) leading to: 
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Leading after rearrangements to  
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which is the U3IM expression (see EQ. 4-32) if Φuni = Φ0.  
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N Distribution in z of the LB2IM and the U3IM for 
λ=980 nm 

 

Fig. N-1: Carrier density distribution in z as function of Ldiff using the LB2IM with σ=7 µm and 
Plaser=1.5 µW at λ=980 nm. The white line connects the points of coordinates (zmax, pmax) for 
various Ldiff values. 

 

Fig. N-2: Carrier density distribution in z as function of Ldiff using the LB2IM with σ=23.9 µm and 
Plaser=1.5 µW at λ=980 nm. The white line connects the points of coordinates (zmax, pmax) for 
various Ldiff values. 
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Fig. N-3: Carrier density distribution in z as function of the diffusion length Ldiff using the UI3M for 
Φuni=ΦAM1.5G at λ=980 nm. The white line connects the points of coordinates (zmax, pmax) for 
various Ldiff values. 
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