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1 Introduction

When in the antique Greece mountain farmers discovered quartz they considered it
as ice, evolved at such low temperatures that it would not be able to melt anymore.
This belief sustained up to the early medieval times what might seem surprising from
a modern viewpoint. Nevertheless, the diversity of different phenomena in condensed
matter physics is huge, and very often order, periodicity, and symmetry play a crucial
role.

In the following centuries up to the modern age, the discoveries in condensed as well
as soft matter have evolved from the craft of smithing and alloying over advanced semi-
conductor devices and high temperature superconductors up to polymer-based visual
media. The variety of research topics and applications is enormous and the thirst of
scientist is by far not sated. Hence, it is surprising that even today the fundamental
processes in solids or liquids are not completely understood on a microscopic scale.
Every child knows that water freezes at 0◦C and evaporates at 100◦C, however, there
is no physical theory which can predict these temperatures, based on the only relevant
information - the pair interaction between individual atoms or molecules. Fluid or
solid properties are collective phenomena and one has to deal with a lot of particles,
typically 1 mole. But solving 1023 coupled differential equations analytically is simply
impossible. Other concepts are necessary to calculate exact transition temperatures.

In two dimensions, a semi-microscopic melting theory for a crystalline system was
developed, starting in 1972 by Kosterlitz and Thouless [1],[2]. They investigated the
dynamics of thermally activated topological defects on the elastic continuum of the crys-
tal. They found that these defects can unbind at sufficient low temperatures, destroying
the translational order in the system and driving a transition to a fluid phase. This
theory was completed by Halperin, Nelson and Young in the following years (KTHNY
theory) who found that the fluid phase has a remaining orientational order, and that
the transition to the isotropic liquid occurs at a somewhat higher temperature [3]-[5].
This intermediate state, called ’hexatic’, exists only in two dimensions and is a true
thermodynamic phase, confined by two continuous phase transitions. The existence of
the hexatic phase was first demonstrated in a colloidal system, e.g. by Zahn et al. for
superparamagnetic particles [6]. Later, Keim et al. verified the microscopic transition
scenario according to the KTHNY theory [7]. Both used a novel system, where the
colloids are confined to a water/air interface. It ensures the two-dimensional character
and allows to detect time resolved positions of particles which are subject to Brownian
motion.

In 1983, Nelson studied the influence of an induced disorder to two-dimensional
crystalline systems in form randomly quenched impurities with slowly varying con-
centrations which distort the original lattice [8]. He found that, in the presence of
the quenched disorder, transition points may change and transition temperatures are
shifted to lower values. Later, Cha and Fertig developed this theory further and showed
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6 1 Introduction

that, above a certain disorder strength, the system is in a fluid state at any finite tem-
perature [9]. However, below this disorder strength, the system always enters a solid
state at sufficient low temperatures. Further, they found that the aforesaid transition
occurs at equal universal values on the temperature axis (zero disorder) and on the
disorder axis (zero temperature). However, recent simulations by Herrera-Velarde and
von Grünberg showed that the disorder-induced melting at zero temperature may occur
at different quantities, and that the melting mechanism itself is different compared to
the usual temperature-induced process [10].

In this study, we investigate for the first time experimentally the thermodynamics
of two-dimensional, colloidal crystalline systems in the presence of a slowly varying
induced disorder. We adapt the system which was used by Zahn and Keim, how-
ever, confined to a modulated substrate which acts due to gravity like a randomly
distributed, repulsive interaction potential. Freezing the colloidal system, we could
verify the predictions by Cha and Fertig, and show that the continuous character of
the phase transition, predicted by the KTHNY theory, may be destroyed due to the
induced disorder.



2 Theory

The aim of the following chapter is to state the theoretical background to describe
the thermodynamics of a two-dimensional system of particles interacting by a pair
potential with weak restrictions. First, one has to clarify the existence of order in such
a system in a general way. Then, the application of elasticity theory allows to develop
a microscopic melting scenario of a gas of topological defects which can thermally be
activated in the solid phase. These defects drive phase transitions from the solid over
a hexatic phase to an isotropic liquid. This theory, developed by Kosterlitz, Thouless,
Halperin, Nelson and Young, is able to make predictions about melting temperatures,
elastic moduli, and structural characteristics of the different phases. In the end, we
discuss the presence of an induced disorder in the system, namely the interaction with
randomly distributed impurities or potentials.

2.1 Order in crystalline solids

The question about the existence of order related to dimensionality has first been picked
up by Peierls in 1923 [11]. He discussed the existence of a transition temperature from
an ordered to a disordered state. Peierls considered an array of atoms whose relative
positions in respect to their nearest neighbors are subject to thermal fluctuations. He
argued that the magnitude of the superposition of these fluctuations which directly
affect the order is strongly dependent on the dimension itself. This is just due to the
fact that the dimensionality limits the freedom of degrees with which information can
be transported from one atom to another. He considered a line of equidistant atoms,
where the distance of atom 0 and 1 fluctuates with ξ around their average distance
a0. Atoms 1 and 2 fluctuate in the same way and therefore, the positional fluctuation
of atom 2 relative to atom 0 results from the superposition of the independent single
fluctuations, leading to

√
2ξ. A generalization shows that the fluctuations in relative

distance between atom 0 and an arbitrary atom n are proportional to
√
n. Hence,

no matter how low the thermal fluctuations are, the coherence will vanish at high
distances and the system will never maintain or build an ordered state. However, by
increasing the dimension the number of paths with the same length which contribute to
the distance fluctuations of two certain atoms becomes dependent on the distance itself.
Concerning, e.g., a three-dimensional simple cubic lattice, there are two shortest paths
from atom 0 to its second nearest neighbor 2 and six shortest paths to its third nearest
neighbor 3 (Figure 2.1). Therefore, fluctuations between atoms 0 and 3 do not add up
independently. This dependence reduces the probability of anomalous high fluctuations
at large distances dramatically since all the paths have to fluctuate ’in phase’. For three
dimensions, the relative deviations remain finite at arbitrary large distances and are
in the order of neighboring atom distances. For two dimensions, as we will see later,
the relative deviations show a weak divergence with distance, conserving the coherence
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Figure 2.1: Paths of same length between nearest (a) second nearest (b) and third
nearest neighbors (c) for a simple cubic lattice.

locally and leaving a system with a quasi-long-ranged order.

Over forty years later, Mermin and Wagner proved rigorously that there is neither
ferromagnetic nor antiferromagnetic long-range order in one- or two-dimensional spin
Heisenberg models with a finite-range interaction [12]. They took advantage of Ho-
henberg’s extend [13] of Bogoliubov’s inequality [14] and suggested that this method
should be capable to exclude various types of order in one- or two-dimensional sys-
tems. Further, Mermin could show that this absence of long-range order appears in
two-dimensional crystalline systems for any kind of particle interactions, provided their
pair potential U (r) satisfies certain conditions [15]. In the case of a free crystalline
system the given entities are not confined at certain positions (e.g. in contrast to elec-
tron spins in a crystal lattice). Particles might move through the system and interact
with any certain number of others. This arbitrary interaction range requires a modifi-
cation of Bogoliubov’s inequality [16] and causes the mentioned restrictions to the pair
potential.

Mermin considered a system of N = nN1N2 classical particles (n the number of
particles per unit cell) which are interacting via a pair potential U (r) and are confined
in a box with impenetrable wall conditions. The box is spanned by N1a1 and N2a2,
where a1 and a2 are the Bravais lattice vectors of the crystal the particles are supposed
to form. The particle positions are then defined by

r = x1N1a1 + x2N2a2 , (2.1)

with 0 ≤ x1, x2 ≤ 1, and the density of the system is given by

ρ (r) =
N∑
i=1

δ (r− ri) . (2.2)

In reciprocal space, the qth Fourier component of ρ (r) reads

ρq = N−1 〈ρ̂q〉 = N−1

〈∫
Box

dr e−iq·rρ (r)

〉
= N−1

〈
N∑
i=1

e−iq·ri

〉
, (2.3)
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where ρ̂q is the Fourier transformation of the density and the mean value is taken in
the statistical canonical ensemble. The basic criterion for crystalline order is that the
particles are in average confined to their lattice points. In reciprocal space, this means
that ρq has to behave in the following way: if q is a vector of the reciprocal lattice,
spanned by the vectors b1 and b2 with

ai · bj = 2πδij , (2.4)

then ρq should be nonzero in the thermodynamic limit. This is due to the fact that q
and ri can be written as linear combinations of b1, b2 and a1, a2, respectively. Now
every summand in equation (2.3) is close to one by condition (2.4) and the rest of the
argument is trivial1. In the other case, if q is not a reciprocal lattice vector, ρq should
be zero in the thermodynamic limit. This has to hold since ρ̂q is a sum of periodic
functions, which will cancel out by integrating over the ensemble2. We summarize the
conditions for crystallinity with

lim ρq 6= 0 , for at least one q ∈ {b1,b2} , (2.5)

lim ρq = 0 , if q /∈ {b1,b2} , (2.6)

where lim denotes N1, N2 →∞. Mermin’s basic idea was to prove that condition (2.5)
cannot be satisfied in two dimensions. Taking Mermin’s extension of Bogoliubov’s
inequality and choosing the implied continuous differentiable functions properly, it can
be shown that ρq has to satisfy

1

N
〈ρG+qρ−G−q〉 ≥

kBT (G + q)2 (ρG − ρG+2q)2

4q2
(
kBT + 1

2N

∑N
i=1

〈
|∇2U (ri − rj)| (ri − rj)

2
〉) , (2.7)

where G is the least reciprocal lattice vector for which ρG is asked to vanish. In order
to proceed we first have to make sure that the coefficient of q2 in the denominator on
the right side of (2.7) is bounded in the thermodynamic limit. This is the case, when
the potential

Uλ (r) = U (r)− λr2
∣∣∇2U (r)

∣∣ (2.8)

is integrable at infinity and nonintegrable and repulsive at the origin, for λ = 0 and
some λ > 03. Explicitly, it holds

1Of course at a state of finite temperature, the particle positions fluctuate in respect to the perfect
lattice and the summation in equation (2.3) is carried out before averaging. However, these fluc-
tuations which lead to a small tilt of the exponential function in the complex plane are randomly
distributed. Therefore, after summation over all particles, ρ̂q will still point along the real axis.
However, its value will be smaller than N.

2The thermodynamic limit is necessary in both cases. At first, it ensures that the permanent deviations
of the particle positions from their lattice sites at the surface become negligible. Second, it makes
sure that the integral of ρ̂q over the ensemble becomes exactly zero.

3Basically, it can be shown that the term (1/2N)
∑〈∣∣∇2U (ri − rj)

∣∣ (ri − rj)
2〉 in (2.7) can be re-

placed by the difference in free energy densities (f0 − fλ) /λ of two ensembles interacting through
U (r) and Uλ (r). To provide that fλ is bounded in the thermodynamic limit for λ = 0 and some
λ > 0, Uλ (r) has to satisfy the mentioned conditions which has been shown by Fisher [17].
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Uλ (r) ∝ 1

r2+|ε| , for r →∞ , (2.9)

Uλ (r) >
|A|
r2+|ε| , for r → 0 , (2.10)

which is satisfied by any potential of the form

U (r) =
|B|
rm
− |C|
rn

, form > n > 2 + |ε| , (2.11)

e.g. the Lennard-Jones potential. If we no multiply (2.7) by a Gaussian function
centered at G + q = 0 and sum over q, it can be show that in the thermodynamic
limit the left side of (2.7) is bounded. On the right side, the sum can be replaced by
a summation over q-values within the first Brillouin zone and ρG+2q vanishes due to
condition (2.6). The sum over 1/q2 goes to an integral that diverges logarithmically
at q = 0 and therefore ρG has to vanish in the thermodynamic limit. In other words,
thermal long-range fluctuations which are increasing the entropy, cost finite potential
energy even if the system size approaches infinity. Beyond certain system distances
entropy takes over even at very low temperatures and long-wavelength phonons are
excited.

However, the weak divergence of the integral leads to some exceptional behavior [15].
For large but finite systems, it holds

ρG ≤
1

(lnN)1/2
(2.12)

which suggests the possibility of some kind of ordering, even at infinite distances. Look-
ing at the harmonic approximation of a two-dimensional lattice, the bound is

ρG ∝ N−G
2α , (2.13)

and therefore even stronger than in the general case.
The weak bound of ρG leads to a weak divergence of the displacement autocorrelation

function [15], 〈
[u (R)− u (0)]2

〉
∝ ln |R| , for R→∞ , (2.14)

where u (R) is the particle displacement in respect to the sites of the Bravais lattice
R = n1a1 + n2a2. The positional long-range order is destroyed completely leaving the
mentioned quasi-long-range ordered system. However, the orientational order remains
present, even at large distances. It can be described by

〈[u (R + a1)− u (R)] · [u (a1)− u (0)]〉 (2.15)

which is just the scalar product of two vectors connecting neighboring particles at
distance R and averaged over the system. If the directional long-range order was de-
stroyed due to thermal fluctuations, the directions of the distance vector of neighboring
particles should not be correlated to each other and this quantity should vanish when
R→∞. However, it approaches a2

1 which is just the case when the orientation of the
particle’s closest neighborhood is conserved throughout the system.
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2.2 Topological defects and the KTHNY theory

The KTHNY theory is a discrete theory of topological defects in form of thermally
activated dislocation pairs on the elastic continuum of the crystal. We will focus on
the triangular lattice because it is the most dense packed configuration of monoatomic
systems in 2D and favored for any potential with rotational invariance.

Figure 2.2 shows an edge dislocation for the triangular lattice with sixfold transla-
tional and rotational symmetry [18]. It can be created by cutting the crystal from its
edge between two parallel lattice lines up to a certain point inside the lattice and then
stretching the two sides of the cut relative to each other and parallel to the cut with an
amount of the lattice constant. Now, the crystal is ’glued together’ leaving a disloca-
tion, a fivefold coordinated site (green) and a sevenfold coordinated site (orange) at the
tip of the cut (dashed line). When before atom A and B were both nearest neighbors
of the green site, it now loses atom B, whereas the orange site gains atom A as nearest
neighbor in addition to the green site and atom B. This is called the Volterra construc-
tion [19] and the dashed line the Volterra cut. Another equivalent approach is to insert
two half lattice lines (red) with a mutual angle of 30 degrees into the hexagonal crystal
(in the case of the simple cubic lattice it is one half lattice line). The tip atom of these
two lines then becomes the fivefold coordinated site and the atom right in front of it
gains an additional neighbor. Of course, the lattice again has to be stretched to insert
the lines, so one can already see that a dislocation causes tension and therefore costs
a certain energy. Now it is also clear why the defect is called topological since, due to
the insertion of the half lattice lines, it can not be created by any continuous lattice
transformation locally. To quantify the energy and the direction of the tension one can
run an ’enhanced’ unit cell (light blue) around the dislocation by means of going the
two basis vectors forth and back with the same amount of steps. The connection vector
d between the starting and end point (dark blue) is defined by

d = a0b , (2.16)

where a0 is the triangular lattice constant and b is called the Burgers vector. Its
orientation shows the direction of the tension and its length which is a multiple of one
gives the strength .

Another class of topological defects directly connected to an edge dislocation is a
single fivefold or sevenfold coordinated site. These defects are shown in Figure 2.3 and
are called wedge disclinations. They can be created by rotating the two sides of the
Volterra cut relative to each other. This of course is only possible at certain discrete
angles since, to ensure the sixfold coordinated symmetry, the lattice lines have to be
glued together by either removing or adding a sixth part of the whole crystal. One
can imagine this as taking away a part of a fancy cake and quenching it back together
or cutting it and squeezing in an additional piece. Denoting the angle of rotation, the
fivefold coordinated site is called a +π/3 and the sevenfold site a −π/3 disclination.
This deformation again causes a tension and a corresponding energy cost.

As we will see later, the unbinding of dislocations pairs into single dislocations and the
unbinding of dislocations into single disclinations drives phase transitions from the solid
to the hexatic and the hexatic to the isotropic liquid phase, respectively. Therefore, to
quantify the characteristics of these phases, e.g., the elastic constants and correlation
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A

B

Figure 2.2: An edge dislocation with b = 1 in the triangular lattice: the Volterra cut
(dashed line), the five folded (green) and seven folded site (orange), the two
additional half lattice lines (red) and the corresponding Burgers vector b
(dark blue)[18].

functions, and to determine the phase transition points, it is essential to investigate the
development and interaction of these defects in terms of the elastic energy. In order
to evaluate the probability of their existence and unbinding at a certain temperature.
Starting with the elastic free-energy density, one can determine the defect energies and
the corresponding elastic constants.

In continuum theory, the elastic free-energy density fel of a two-dimensional crystal
is given by

fel =
1

2
λu2

kk + µu2
ij , (2.17)

where the usual summation convention is used and λ and µ are the Lamé coefficients
[20]. They are the exclusive independent elastic constants in two-dimensional crystals,
where the response of a solid to compression or shearing is independent of direction.
The components of the elastic strain tensor4

uij =
1

2

(
∂xiuj + ∂xjui

)
(2.18)

are derived from the particle displacement field u (x, y). It is now convenient to depart

4The elastic strain tensor quantifies the change of displacement in a certain direction. For i = j in
the direction of the displacement itself, for i 6= j in the perpendicular direction. Simple particle
displacements do not necessarily induce strain to the crystal, only the variation of the displacement
field does.
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a b

Figure 2.3: A +π/3 (a) and −π/3 (b) wedge disclination of the triangular lattice with
a fivefold and respectively sevenfold coordinated site in the center [18].

uij into a diagonal and a symmetric traceless tensor [19],

uij =
1

2
δijukk +

(
uij −

1

2
δijukk

)
. (2.19)

Equation (2.17) then reads

fel =
1

2
Bu2

ii + µ

(
uij −

1

2
δijukk

)2

, (2.20)

with B = λ + µ. A gain in elastic energy by a pure compression, where the form of
the crystal does not change, has to be proportional to the sum of the displacement
variations in the direction of the displacement itself. This is represented by the first
term. Hence, B is called the bulk modulus. The second term measures deformations
which do not change the volume of the crystal, naming µ the shear modulus. The
stress needed to sustain the crystal in a certain deformation, is defined by the change
of elastic energy with the strain at constant temperature. The stress tensor

σij =
∂fel

∂uij
= Bδijukk + 2µ

(
uij −

1

2
δijukk

)
(2.21)

can be inverted to give the strain as a function of the stress in the crystal [21],

uij =
1

4B
δijσkk +

1

2µ

(
σij −

1

2
δijσkk

)
. (2.22)

The stress which is induced by a dislocation is dependent on the bulk and the shear
modulus since the crystal has to be compressed or stretched and sheared along the
Volterra cut at once. To quantify this stress we can apply an uniaxial force Fx = Tdl,
where T is the force per unit length, along two sides of the crystal and calculate the
resulting strain as the response. The geometrical dependencies are shown in Figure 2.4.
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The stress tensor is then given by σij = Tδixδjx and the components of the strain tensor
can be calculated [21], reading

uxx =

(
1

4B
+

1

4µ

)
T , (2.23)

uyy =

(
1

4B
− 1

4µ

)
T , (2.24)

uxy = uyx = 0. (2.25)

We can now intuitively interpret the connection to the moduli. Since the crystal is
stretched in the x- and compressed in the y-direction the strains uxx and uyy both
decrease for a higher bulk modulus B at a constant force per unit length. On the
other side, while the strain along the x-direction also decreases with the shear modulus
µ, uyy increases with µ. This is due to the fact that particles move up along the
y-axis into layers which are closer to the crystal center to relieve the strain along the
x-direction. This movement is equivalent to a relaxation of a shear along the y-direction
and therefore increases for a higher shear modulus. The off-diagonal elements of the
strain tensor are zero which just means that the particle displacement in x-direction
does not change along the y-axis, and the other way around. This is quite obvious
since first, the force is applied equally at the sides of the crystal, and second, uyy has
to be homogeneous along the x-axis due to the equidistant particle positions in this
direction. Introducing the Young’s modulus K0 we can give the applied force in terms
of the strain along the same direction as T = K0uxx with

K0 =

(
1

4B
+

1

4µ

)−1

=
4µ (λ+ µ)

λ+ 2µ
. (2.26)

The response of the crystal in the normal direction as the negative strain along the
y-axis in respect to uxx is called the Poisson’s ratio σ, reading

σ = −uyy
uxx

=
λ

λ+ 2µ
. (2.27)

We will see later that Young’s modulus is characteristic for the ordered state. Near
the melting transition it shows a rather unusual behavior, reaches an universal value
at the melting point, and vanishes in the hexatic phase. Then, another elastic constant
KA is representative which is called Frank’s constant. It measures the orientational
stiffness of the crystal and couples the rotational tension to the angular strain. While
being infinite in the ordered state, KA becomes finite in the hexatic phase. This is due
to the unbinding of dislocation pairs which softens the crystal with respect to rotations.

In order to estimate the energy of a single dislocation one first has to calculate
its displacement field. This means solving equation (2.21) at equilibrium conditions
Fi = ∂xjσij , when the force on each area element of the crystal is zero [19], reading

λ
∂ukk
∂xi

+ 2µ
∂uij
∂xj

= 0 . (2.28)
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xF xxu
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TdlF x xxu
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Figure 2.4: Applying an uniaxial force along the x-direction to the primary crystal
(dashed line) leads to a deformation (solid line) and therefore to a strain
uxx and uyy.

Additionally, the displacement field is characterized by a non vanishing contour integral
around the dislocation ∮

du = a0b (r) . (2.29)

With this constraint one finds the solution of equation (2.28) for a dislocation b = b êx
at the origin [19] which is in cylindrical coordinates (r, φ) given by

ux =
ba0

2π

(
φ+

K0

8µ
sin 2φ

)
, (2.30)

and

uy = −ba0

2π

(
µ

λ+ 2µ
ln r +

K0

8µ
cos 2φ

)
. (2.31)

The free energy of a single dislocation can now be calculated by integration of equation
(2.20). However, the continuum theory breaks down at the length scale of the inter-
particle distance and one has to restrict the integration in (2.20) to radii greater than
a certain core radius a ∼ a0,

F =

∫ R

a
fel d2r + Ec =

K0a
2
0b

2

8π
ln

(
R

a

)
+ Ec , (2.32)

where R is the linear dimension of the sample. The core energy Ec can be estimated
by the condensation energy of the ordered state as the increase in free energy due to
the destruction of the order parameter [19]. The dislocation energy diverges for infinite
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crystal sizes which again defines the defect as topological. This divergence is obvious
since an infinite amount of atoms has to be compressed and sheared. Thus, one can
expect that dislocations can only be thermally excited in pairs or higher aggregates
which cancel out the stress in the surrounding crystal. For a single dislocation pair,
this is the case when their Burgers vectors are equal and antiparallel.

Equation (2.32) can be extended to an arbitrary distribution of dislocations with
positions rα and Burgers vectors bα = b (rα) with the constraint∮

du = a0

∑
α

bα , (2.33)

where the contour integral has to enclose all dislocations. One observes for the free
energy [21],

Fdisl = −K0a
2
0

8π

∑
α 6=α′

[
bα · bα′ ln

(rα,α′
a

)
−
[
bα · rα,α′

] [
bα′ · rα,α′

]
r2
α,α′

]
+NdEc , (2.34)

where rα,α′ = rα − rα′ , Nd is the number of dislocations, interactions of triplets or
higher aggregations are neglected. It is important to mention that this Hamiltonian
simply describes a gas of interacting dislocations. The strain tensor which was used to
calculate the elastic free energy did not include the displacement field of the perfect
crystal, e.g. the long wavelength phonons referred to in the previous section. Regarding
the case of a dislocation pair with equal and antiparallel Burgers vectors, one can expect
that the case of finite energy at large distances is given when all Burgers vectors add
up to zero, ∑

α

bα = 0 (2.35)

which is the ’neutrality condition’ of the dislocation gas.

The energy for an arbitrary distribution of disclinations can be calculated in a similar
way. Since disclinations evolve at the transition from the hexatic to the isotropic liquid
phase, their interaction is screened by dislocations. Therefore, one first has to consider a
gas of dislocations and disclinations. The constraint for the disclinations, characterized
by either a +π/3 or −π/3 rotation of the Volterra cut, can be described by a contour
integral over the angle displacement θ of the crystal axes in respect to the perfect lattice∮

dθ =
π

3

∑
α

sα , (2.36)

where sα = ±1. Considering both constraints when solving equation (2.28), and in-
tegrating out the dislocation degrees of freedom one observes the free energy for an
effective disclination-disclination interaction [21],

Fdisc = −KA

4π

(π
3

)2 ∑
α 6=α′

sαsα′ ln

(
Rα,α′

as

)
+NsEs , (2.37)

with the number of disclinations Ns and the disclination core energy Es.
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To involve these calculations into a microscopic melting model we have to make
some assumptions concerning the long-wavelength phonons in two-dimensional crys-
tals. First, we have to neglect their interaction with the topological defects which is
suggestive since the distortion of the lattice due to the phonons happens on a much
larger length scale compared to dislocations and disclinations. Second, we have to as-
sume that the displacement field of the phonons does not change the contour integral
(2.33) which is reasonable. On the one side, the correlation in orientation of the crystal
axis is present even at large distances, and on the other, even if there are deviations
one can adjust each path step to the direction of the previous ones and thereby follow
the distortion of the phonon modes [2].

To define the point of the phase transition, we consider a pair of dislocations with
relative distance r12 and assume they have opposite Burgers vectors b1 = −b2 = b.
Then, equation (2.34) reads

F =
K0a

2
0b

2

4π
ln
(r12

a

)
− K0a

2
0

4π

(b · r12)2

r2
12

+ 2Ec . (2.38)

In contrast to a single dislocation, there is no logarithmic divergence with the system
size. This is due to the fact that the defect pair compensates the lattice distortion at
large distances and keeps the strain finite even for an infinite system. It can be obtained
by a continuous transformation and therefore thermally excited.

Additionally, we see from expression (2.38) that two dislocations attract each other
and favor a certain orientation, namely when the Burgers vector b and the connection
vector r12 become parallel. This reduces the strain energy. The formation and unbind-
ing of such a dislocation pair is shown in Figure 2.5 and described in [21]: when two
neighboring pairs of atoms A,B and A’,B’ on opposite lattice lines are shifted against
each other by a certain amount, atoms A and A’ gain an additional neighbor, while B
and B’ are losing one, leaving two fivefold and two sevenfold coordinated sites. These
kind of dislocation pairs can be excited thermally for a finite time, even at low tempera-
tures. Since the distortion of the lattice lines appears only locally, the quasi-long-range
translational order is conserved throughout the system.

However, at a certain temperature the dislocations pairs can unbind and dissociate
into single dislocations. This behavior is shown in Figure 2.5b, namely when atoms A
and B’ relax a bit and transfer their shift to the next atoms along the drawn lattice
lines. As we can see from the closed lattice line between the dislocations, the transla-
tional order of the system will, at large pair distances, be destroyed completely and the
system enters the hexatic phase. Here, a quasi-long-range orientational order is still
present. This can be seen in Figure 2.5b: except for the region between the pairs, the
bond orientation of atoms along the distorted lattice line between the dislocations is
conserved. It is reasonable to assume that a pair is most likely to emerge when the
Burgers vector b = b1 = −b2 is parallel to the distance vector r12 since this requires
the fewest energy.

Let us now consider only Burgers vectors with b = 1 near the phase transition since
larger dislocation strengths are very unlikely due to their higher energy cost. Then, a
dislocation pair is interacting via a potential energy

U (r) =
K0a

2
0

4π
ln
(r
a

)
. (2.39)
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a b

Figure 2.5: The formation (a) and the unbinding (b) of a dislocation pair. The fivefold
sites are colored green, the sevenfold sites orange.

To estimate the transition temperature Tm from crystalline to hexatic, we can take the
divergence of the mean square distance of a pair as a criterion for the phase transition
[2]. With

〈
r2
〉

=

∫
d2r r2e−βU(r)∫
d2r e−βU(r)

=
2− c
4− c

a2 , (2.40)

where β = (kBT )−1 and

c =
βK0a

2
0

4π
> 4 , (2.41)

the dislocation pair dissociates when c approaches 4 [21],

〈
r2
〉
→∞ :

βK0a
2
0

4π
→ 4 . (2.42)

At sufficient high temperatures thermal energy breaks up dislocations into single
disclinations. Now, even the orientational order is destroyed completely and the sys-
tem enters the isotropic liquid phase. The unbinding temperature Ti of a dislocation,
representing the transition from hexatic to isotropic liquid, can be observed in a similar
way. Regarding equation (2.37), the potential energy of a disclination pair is given by

U (r) =
KAπ

18
ln

(
r

as

)
, (2.43)

leading to

〈
r2
〉
→∞ :

βKAπ

18
→ 4 . (2.44)

Considering the temperature dependence of the elastic constants we can summarize
the conditions for the pair dissociations [21]:

lim
T→T−m

K0 (T ) a2
0

kBT
= 16π , (2.45)
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for a dislocation pair and the transition to the hexatic phase, and similarly we find

lim
T→T−i

KA (T )

kBT
=

72

π
, (2.46)

for a disclination pair and the transition to the isotropic liquid phase, respectively.
Relations (2.45) and (2.46) have an universal character, in a way that they couple
the elastic constants of the solid and hexatic phase to the corresponding transition
temperatures.

First argued by Kosterlitz and Thouless, the transition temperature Tm derived from
(2.46) can, in connection to Young’s modulus given in equation (2.26), only be seen
as an upper bound [2]. This is due to the fact that relation (2.46) is obtained for the
dissociation of a single dislocation pair, ignoring its effect on the rest of the system.
As mentioned above, dislocation pairs with equal and opposite Burgers vectors develop
and vanish already deep in the solid phase. Causing a local deformation of the crystal,
they can relax in the field of each other in a kind of mutual relief. This means that the
formation of a dislocation pair becomes more easy, the more pairs are formed in a certain
time period. This additionally softens the system and therefore reduces the elastic
constant and transition temperature. Young’s modulus K0 has to be renormalized
because it does not only scale down due to temperature, but also due to the number of
dislocation pairs, implicitly.

This renormalization has been done by Nelson and Halperin using certain recursion
relations [5]. They decomposed the free energy F of the crystal into a smoothly varying
part F0 (λ, µ), corresponding to the strain tensor φij (r) of the defect-free lattice, and
the energy of the dislocation gas,

F = F0 + Fdisl =
1

2

∫
d2r

(
λφ2

ii + 2µφijφij
)

+ Fdisl . (2.47)

This Hamiltonian can now be replaced by a single one F0 (λR, µR), but with renormal-
ized elastic constants λR and µR which imply the mutual screening of the dislocations.
This requires recursion relations not only for the elastic constants, but also for the
dislocation core energy which is specified by the fugacity y = e−Ec/kBT , giving the
occurrence probability of a dislocation. With the transformation

K := βK0a
2
0 (2.48)

to get dimensionless quantities, one observes

dK−1 (l)

dl
=

3

2
πy2eK(l)/8πI0

(
K (l)

8π

)
− 3

4
πy2eK(l)/8πI1

(
K (l)

8π

)
, (2.49)

dy (l)

dl
=

(
2− K (l)

8π

)
y (l) + 2πy2eK(l)/16πI0

(
K (l)

8π

)
, (2.50)

where l is the renormalization flow variable and I0 and I1 are modified Bessel functions.
For l = 0 one observes the initial quantities, for l → ∞ the renormalized ones. Figure
2.6 shows numerical calculations of the fugacity and the inverse Young’s modulus as a
function of l, starting from l = 0. The initial conditions presented by the dashed line
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are given by equation (2.49) in which K0 can be estimated in the T → 0 limit and the
dislocation core energy is Ec ∼ K0kBT . At low temperatures, y tends to zero by running
l, what means that the system is stable against free dislocations. Renormalization is
possible and one observes for the renormalized Young’s modulus KR,

1

KR
=

1

K (∞)
. (2.51)

The system is still in the solid state without defects, but since KR < K (0), it is softer
in respect to the unrenormalized conditions. Studying the recursion relations a bit
further, one can estimate the detailed flow of the renormalized elastic constants when
T → T−m . For Young’s modulus KR (T ), one observes

1

KR (T )
≈ 1

16π

(
1− c

∣∣∣∣T − TmTm

∣∣∣∣ν̄) , (2.52)

where c is a positive nonuniversal constant. The exponent has first been calculated
correctly by Young [4], reading

ν̄ ≈ 0.3696. (2.53)

The Lamé elastic constants µR (T ) and λR (T ) also approach a finite limiting value at
Tm with the same cusplike singularity as in equation (2.52) [5].

At a certain temperature, however, y diverges when l → ∞ and renormalization is
not possible any more. The system becomes unstable in respect to defect formation
and enters the hexatic phase. With this in mind, equation (2.46) can be enhanced to

lim
T→T−m

KR (T ) = 16π (2.54)

which was first obtained by Kosterlitz, balancing the energy and entropy of an isolated
dislocation [22], and is called the ’Kosterlitz and Thouless melting criterion’. Since the
shear modulus µR (T ) vanishes in the hexatic phase, Young’s modulus KR (T ) behaves
discontinuous at the phase transition, according to definition (2.26). λR (T ) remains
finite and therefore does the compressibility of the system which, with Frank’s constant,
remains the only elastic constant of the system.

Above Tm a kind of order is still present, characterized by the finiteness of Frank’s
constantKA (T ) which measures the orientational stiffness of the system and is expected
to be infinite in the solid and zero in the liquid phase. However, this orientational order
is limited to short-range distances due to the free dislocation gas. It is controlled by a
bond angle field θ (r) dependent Hamiltonian [5],

HA =
1

2
KA (T )

∫
|∇θ (r)|2 d2r . (2.55)

In the hexatic phase, a free dislocation gas is present. This basically affects the inter-
action of a particular disclination pair and one can neglect the influence of other pairs
in the system. Thus, to calculate KA (T ) one again has to integrate out the dislocation
degrees of freedom as in the case of equation (2.37) [5]. However, this is difficult to eval-
uate just above Tm since it implies that the distribution of Burgers vectors b (r) can be
estimated as a continuous function which is reasonable deep in the hexatic phase, where
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Figure 2.6: The fugacity y (l) and the inverse Young’s modulus K−1 (l) as a function
of the renormalization flow variable l for different system temperatures [5].
Upper curves correspond to higher temperatures.

we can also expect dislocation pairs with large Burgers vectors. Near Tm a consider-
able amount of bound dislocations are present and b (r) can not be treated continuous
anymore. However, far from the transition temperature Tm, Frank’s constant can be
estimated as

KA ≈
2Eca

2

a2
0

, (2.56)

and diverges for T → T+
m as

KA (T )

kBT
∼ e2C/(T−Tm)ν̄ . (2.57)

Despite the fact that the KTNHY theory describes a melting scenario, we can expect
that the considerations above are also valid when freezing a two-dimensional liquid,
at least in a certain finite area of the system. Due to the fact that starting from the
isotropic liquid, there is no guarantee that after melting into the hexatic phase the
neutrality condition of the dislocation gas (2.35) is conserved, there may always remain
isolated dislocations and disclinations even in the solid phase. However, as long as the
freezing happens on a time scale that allows the particles to more or less stay in their
equilibrium position it is possible to observe a defect free crystal in macroscopic sizes.
This time scale is dependent on different quantities like the range and strength of the
pair potential, particle mass, system size or the temperature region in which the phase
transitions occur. For instance, a crystalline system with a long range pair potential
finds equilibrium faster than a system with a screened one or a hard core repulsion.
A large mass leads to a large diffusion coefficient and therefore to a large typical time
scale of the system.
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2.3 Static correlations

After focusing on the microscopic mechanism that drives the phase transitions it is
important to evaluate properties and order in a quantitative way to characterize the
different phases and compare theory with measurement and simulation.

The translational order parameter is defined by

ψG (R) = eiG·u(R) , (2.58)

where G is a reciprocal lattice vector and u (R) the particle displacement in respect to
the triangular lattice with lattice sites R. The corresponding Debye-Waller correlation
function is given by

CG (R) = 〈ψG (R)ψ∗G (0)〉 =
〈
eiG·[u(R)−u(0)]

〉
, (2.59)

where the mean value is taken over all particles in the system. In a three-dimensional
crystal this function approaches a nonzero constant at large R. This is due to the
fact that u (R) − u (0) is always in the order of R + δr, and δr is in the order of a
lattice constant. In two dimensions, the displacement u (R) diverges logarithmically
with R due to thermal long-range fluctuations. The corresponding behavior of the
Debye-Waller correlation function can be determined in the harmonic approximation,
making the cumulant expansion [23]

Cq (R) =
〈
eiq·[u(R)−u(0)]

〉
≈ e−

1
2
qiqj〈[ui(R)−ui(0)][uj(R)−uj(0)]〉 , (2.60)

where qi, qj are the components of the reciprocal vector q and ui, uj the components of
the displacement field, respectively. Using the Fourier transformation of the displace-
ment field û (q) [5] we can write

Cq (R) = exp

[
qiqj
4π2

∫
d2q 〈ûi (q) ûj (-q)〉

(
eiqR − 1

)]
, (2.61)

where the integration is carried out over the first Brillouin zone. In the limit of small
q, the expectation value 〈ûi (q) ûj (-q)〉 is given by the renormalized elastic constants,
reading

lim
q→0

q2 〈ûi (q) ûj (-q)〉 = kBT

[
1

µR
δij −

λR + µR
µR (λR + 2µR)

qiqj
q2

]
. (2.62)

Combining equations (2.62) and (2.63) and setting q = G, one observes an algebraic
decay of the translational order,

CG (R) ∼ R−ηG(T ) , (2.63)

where ηG (T ) is a function of the renormalized elastic constants λR (T ) and µR (T ),

ηG (T ) = kBTG
2 λR + 3µR
4πµR (λR + 2µR)

. (2.64)
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Above the transition Tm, the dissociation of dislocation pairs into free dislocations
destroys the remaining quasi-long-range translational order completely. The Debye-
Waller correlation function shows an exponential decay [5],

CG (R) ∼ e−R/ξ+(T ) , (2.65)

from which we can directly deduce the correlation length ξ+ (T ) of the system. Its
temperature dependence can be estimated by its behavior under a renormalization-
group transformation [24]. When T approaches Tm from above it diverges as

ξ+ (T ) ∼ eC/(T−Tm)ν̄ , (2.66)

where C is a positive nonuniversal constant.

The decay of the Debye-Waller correlation function is reflected directly in the struc-

ture factor S (q) :=
〈
|ρ̂ (q)|2

〉
which is a quantity of particular interest since easily

probed with diffraction experiments. For q near a reciprocal lattice vector G, the
structure factor is in the solid phase approximately given by

S (q) =

〈∑
R,R′

e−iq·(R−R
′)e−iq·[u(R)−u(R′)]

〉
≈
∑
R

e−iq·R
〈
e−iq·[u(R)−u(0)]

〉
, (2.67)

where the sum goes over all lattice vectors R. In a three-dimensional solid this function
is a set of δ-peaks at the reciprocal lattice vectors G. In two dimensions, the decay
of the translational order leads to a quite different behavior. Inserting equation (2.60)
into equation (2.67), one observes a power-law divergence of the structure factor at the
reciprocal lattice vectors [25], reading

S (q) ∼ 1

|q−G|2−ηG
. (2.68)

In the hexatic phase, the exponential decay of CG (R) leads to a finiteness of the Bragg
peaks [5],

S (G) <∞ . (2.69)

Figure 2.7 shows S (q) for a two-dimensional system of colloidal particles [7]. In
the solid phase (c), we see a finite width of the peaks due to the thermal long-range
fluctuations. In the isotropic liquid phase (a), the structure factor is a ring of finite
value. In the hexatic phase (b), S (q) shows finite peaks at the Bragg points.

As already mentioned in the first section, this orientational order which can be char-
acterized by equation (2.15) remains finite even at long-range distances, despite the
absence of long-range translational order. It is now convenient to use a slightly differ-
ent order parameter [5], reading

ψ6 (rj , t) =
1

nj

∑
k

e6iθjk(rj ,t) , (2.70)
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Figure 2.7: Structure factor S (q) for a two-dimensional colloidal system with magnetic
dipole-dipole interaction. The system occupies a isotropic liquid (a), hexatic
(b) and solid phase (c).

where θjk (rj , t) is the angle difference of bonds of a particle at position rj to its nearest
neighbors k in respect to a certain fixed bond. The static orientational correlation
function is then given by

g6 (r) = 〈ψ6 (r)ψ∗6 (0)〉 . (2.71)

Since in the solid phase below Tm the bond orientation is correlated at long-range, the
orientational correlation function approaches a finite value at large r, dependent on the
renormalized shear modulus µR (T ) [[5]]:

g6 (r) ≈ e−9kBT/4πa
2
0µR(T ) . (2.72)

Taking the bond angle field Hamiltonian (2.55) with Frank’s constant given in equation
(2.57), one finds an algebraic decay of the orientational order in the hexatic phase [26],

g6 (r) ∼ r−η6(T ) . (2.73)

The orientational exponent

η6 (T ) =
18kBT

πKA (T )
(2.74)

tends rapidly to zero for T → T+
m , regarding equation (2.57). Approaching the second

transition temperature T → T−i the system gets more and more soft in respect to
rotational deformations. KA (T ) approaches a constant value given in equation (2.46),
leading to η6 (T )→ 1/4, and jumps discontinuously to zero at Ti.

Above Ti, disclination pairs dissociate into single disclinations. The orientational
order is destroyed to be short range, and the system enters the isotropic liquid phase.
Now, the orientational order decays exponentially [22] as

g6 (r) ∼ e−r/ξ6(T ) , (2.75)
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and the orientational correlation length ξ6 (T ) strongly diverges when T → T+
i , reading

ξ6 (T ) ∼ eb/|T−Ti|
1/2

, (2.76)

with a system dependent constant b.

The unbinding of the topological defects occurs at two distinct temperatures and im-
plicates an immediate change in the correlation of the related order parameter. Both,
the translational correlation crossing the solid/hexatic phase boundary, as well as the
orientational correlation crossing the hexatic/isotropic liquid boundary, change from an
algebraic to an exponential decay. This indicates two ’continuous’ phase transitions5.
However, there are arguments that the continuous KTHNY melting scenario may be
preempted by a first-order phase transition. There have been arguments by Chui [27]
and Strandburg [28] that the excitation of grain boundaries, collective strings of dislo-
cations which rotate two patches of the crystal with respect to each other, might lead
to a first-order nature. In addition, there is the possibility of a simultaneous dislocation
and disclination unbinding at sufficient small dislocation core energies what can lead
to a first-order transition [29].

2.4 Dynamic correlations

Beside the static behavior, the dynamic correlations are also of particular interest.
They can be obtained at very large time scales since one is not limited by a finite field
of view as in space resolved correlation functions. In addition, they are insensitive to
static structural inhomogeneities, e.g., grain boundaries or finite size effects.

The dynamic correlation of the orientational order decays due to the dynamic of
topological defects which changes the bond orientation of a single particle during time.
The dynamic orientational correlation function is given by

g6 (t) = 〈ψ6 (t)ψ∗6 (0)〉 . (2.77)

Similar to the static orientational correlation, g6 (t) decays algebraic in the hexatic
phase. However, half fast as in space which was observed by Nelson [30]:

g6 (t) ∼ t−9kBT/πKA(t) ∼ t−η6(T )/2 . (2.78)

As in the static case, we can expect the decay in the liquid phase to be exponential as

g6 (t) ∼ e−t/ξt(T ) , (2.79)

with the orientational correlation time ξt (T ).

Further, the 2D mean square displacement〈
∆u2 (t)

〉
=
〈

[u (t)− u (0)]2
〉

(2.80)

is a powerful tool to characterize the diffusive behavior of the system: in the short
time limit for the individual particles and at long times under the influence of the

5The phase transition is called continuous because the specific heat diverges as ξ6 (T ) and is derivable
infinite times[5].
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particle interactions. In two dimensions, it diverges in the solid phase due to the
thermal long-wavelength phonons. Therefore, it is not suitable to distinguish between
the solid and the liquid phase. An appropriate measure for the particle diffusion on
top of the long-wavelength fluctuations is the 2D dynamic Lindemann parameter γL (t)
which was used by Zahn [6] to set a dynamic criteria for the melting of two-dimensional
systems. It measures the time correlated displacement ∆u (t) = u (t)−u (0) of a particle
j in respect to the center of mass j′ of its nearest neighbors:

γL (t) =

〈[
∆uj (t)−∆uj′ (t)

]2〉
2a2

0

, (2.81)

where a0 is the lattice constant and the average is taken over all particles. In the liquid
phase, the displacements ∆u (t) of particles j and their nearest neighbors are uncorre-
lated: γL (t) diverges and becomes proportional to the mean square displacement [6].
To observe its progress in the solid phase one can rewrite equation (2.78) to

γL (t) ∼ 〈
[
uj (t)− uj′ (t)

]2〉+ 〈
[
uj (0)− uj′ (0)

]2〉
−2
〈[
uj (t)− uj′ (t)

] [
uj (0)− uj′ (0)

]〉
. (2.82)

The last term in equation (2.79) always vanishes for t → ∞ since the particle dis-
placements are not correlated over long times. The relative displacement between
neighboring particles, however, remains finite: γL (t) is bound by the static relative
displacement [6],

γM = 〈
(
uj − uj′

)2〉/a2
0 . (2.83)

In the short time limit, the particle displacements are not correlated at all and one
observes the self-diffusion constant D ∼

〈
∆u2 (t)

〉
/t.

2.5 Systems with induced disorder

The effect of an induced disorder in a two-dimensional triangular system has first been
studied by Nelson [8] in form of randomly distributed impurities (larger or smaller atoms
quenched in the lattice of a solid film). Figure 2.8a shows such a quenched impurity in a
square lattice for simplicity. These impurities effect the crystal in a way that they dilate
or compress the lattice structure and therefore influence the formation and dissociation
of topological defects. The impurities are able to follow the long-wavelength phonons of
the lattice but it is expected that their position is fixed in respect to their surroundings
so that they can not switch their place with neighboring atoms. This assumption is
only valid at sufficient low temperatures where the impurity diffusion constants are
small.

The frozen array of impurities described by their local concentration

c (r) =
∑
i

δ (r− ri) , (2.84)
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causes the additional stress

σimp
ij (r) = (λ+ µ) Ω0δijδ (r− ri) (2.85)

which is proportional the change in crystal area Ω0 due to one defect, and the rigidity
of the lattice represented by the Lamé coefficients λ and µ. We can neglect the singular
character in equation (2.85) if we expect a smoothly varying defect concentration c̃ (r)
which can be written in terms of its fluctuation around an average concentration c0,

δc (r) = c̃ (r)− c0 . (2.86)

One finds for the free-elastic energy of the system [8],

Fel =
1

2

∫
d2r

(
λu2

kk + 2µu2
ij

)
−
∫

d2r σimp
ij uij

=
1

2

∫
d2r

[
λu2

kk + 2µu2
ij − 2 (λ+ µ) Ω0δcukk

]
. (2.87)

We are now interested in the behavior of the quenched disordered system in the
presence but also in the absence of the topological defects. Decomposing the strain
tensor into an extremal part due to dislocations and a smooth deviation φij as in the
case of equation (2.47), one observes

Fel = F0 + Fdisl + Fint , (2.88)

where

F0 =
1

2

∫
d2r

[
λφ2

kk + 2µφ2
ij − 2 (λ+ µ) Ω0δcφkk

]
(2.89)

is the free energy of the crystal in absence of topological defects and Fdisl the usual
energy of the dislocation gas. Fint which comes entirely from the impurity part of
equation (2.87) describes the interaction between dislocations and the quenched defects,

Fint =
µ (λ+ µ) Ω0a0

π (λ+ 2µ)

∫
d2r

∑
α

δc (r)
êz · [bα × (r− rα)]

|r− rα|2
, (2.90)

where êz is a unit vector perpendicular to the crystal plane and the sum goes over the
Burgers vectors and the positions of the dislocations.

To study the the Debye-Weller correlation function in the solid phase, one can neglect
the contribution of dislocations and use for the thermal part of the canonical average
only the decoupled energy F0 of the defect-free crystal. Additionally, one has to av-
erage over the impurity fluctuations which we assume to obey a Gaussian probability
distribution P [δc (r)] with variance σ. An elaborate calculation [8] yields

CσG (r) =
[〈
eiG·[u(r)−u(0)]

〉]
P
∼ r−ησG(T ) , (2.91)
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a b

Figure 2.8: a: dilation of a square lattice due to a quenched impurity. b: deformation
of possible interaction paths between two dislocations (⊥) due to random
impurities of various sizes. [8]

where the thermal average is weighted by exp (−F0/kBT ) for a fixed distribution of
impurities and

ησG (T ) = G2

[
kBT

λ+ 3µ

4πµ (λ+ 2µ)
+
σ (λ+ µ)2 Ω2

0a
2
0

4π (λ+ 2µ)2

]
. (2.92)

Due to the quenched defects, the algebraic decay of the translational order persists in
absence of dislocations even at T = 0 K. This is again a peculiarity of two-dimensional
solids since it is the lower critical dimension in 2D where arbitrarily small concentrations
of quenched impurities can destroy long-range translational order [8]. The variance σ
characterizes the degree of randomness as a ’frozen-in temperature’ by quantifying the
fluctuations in the impurity concentration. For small concentrations c̃ (r), one can
expect the maximum fluctuations (δc)max to be in the order of c0 and finds,

σ ≈
(δc)max

2
∼ c0

2
. (2.93)

Now, one has to understand how the disorder influences the transition to the hexatic
phase, e.g., leading to a disorder dependent phase boundary Tm (σ). As shown in
Figure 2.8b, the quenched impurities produce a strain in the lattice which deform the
interaction paths of dislocation pairs and therefore affect their ability to dissociate.
Young’s modulus K has to be renormalized in the presence of a perturbation in form
of the disorder parameter σ, again leading to recursion relations for K and the fugacity
y. The crucial energy is now given by

Feff = Fdisl + Fint (2.94)

which is simply the free energy of a dislocation gas in the presence of a quenched random
potential. Integrating out the impurity fluctuations in equation (2.90), the renormal-
ization flows for K and y become depended on σ and one finds that the breakdown of
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the renormalization occurs not at one but at two different values of Young’s modulus
K±, as reentrant functions of σ̄ := σΩ2

0/a
2
0 [8]:,

K−1
± (σ̄) =

1

32π

(
1±
√

1− 64πσ̄
)
. (2.95)

The resulting phase behavior of the system is shown in Figure 2.9 in form of a σ−T -
phase diagram. First, concerning equation (2.95) one recognizes that renormalization
is always unstable for

σ̄ > σ̄c =
1

64π
, (2.96)

where thermal excited dislocations dissociate at any temperatures. The system en-
ters the hexatic phase and one can expect an exponential decay of the Debye-Weller
correlation function. Second, the Kosterlitz-Thouless melting criterion for the higher
transition temperature T+

m becomes σ̄ dependent and takes the form

lim
T→T+

m

µR (λR + µR) a2
0

(λR + 2µR) kBT
=
K+ (σ̄)

4
(2.97)

which destroys the universal character of the phase transition. When σ̄ approaches σ̄c,
K+ approaches 32π and one finds

T+
m (σ̄c) =

1

2
Tm , (2.98)

where Tm is the transition temperature in the pure system.

We can conclude that at intermediate temperatures T+
m (σ̄c) < T < T+

m (0) the
quenched impurities increase the polarizability of dislocation pairs what lowers the
transition temperature to the hexatic phase at finite disorder strengths σ̄ < σ̄c. The
second bough in Figure 2.9 suggests that at temperatures T < T+

m (σ̄), the influence of
the impurities becomes dominant and the quenched random potential itself breaks up
dislocation pairs. The hexatic phase can persist down to T = 0K what means that the
system is at zero temperature unstable in respect to dislocation unbinding at arbitrarily
small disorder strengths. However, it has been argued more than ten years later by Cha
and Fertig [9] that at low temperatures this behavior is not correct. In fact, the usual
expansion of system parameters in the fugacity y breaks down for large and negative
disorder-dislocation interaction energies Fint at low temperatures. The origin of the
discrepancy to Nelson’s work was explained by Stahl [31] and the adjusted recursion
relations predicting the correct behavior can also be found in [32].

Here, we will present a different approach to estimate the zero and finite temperature
behavior of the disordered system, based on the original argument of Kosterlitz and
Thouless for the dislocation mediated melting in pure systems [2]. The basic idea is
to balance the probability that a given lattice sight is occupied by a dislocation with
the number of available sites. This was first evaluated by Cha and Fertig [9] and
is outlined precisely in [31] and [10]: suppose, a finite system of area A occupies the
ground state in the absence of dislocations. Then, the formation of a single dislocation is
only favorable if its creation energy Fdisl ∼ lnA overcompensates its interaction energy
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Figure 2.9: Phase behavior of a two-dimensional triangular crystalline system in respect
to disorder strength σ and temperature T observed by Nelson ([8]).

with the random impurities Fint. The probability distribution P (Fint) related to the
distribution of impurity fluctuations P [δc (r)] can be computed exactly [9], reading

P (Fint) =
1√
2πη

e−F
2
int/2η , (2.99)

where

η =

(
K0Ω0a

2
0

4π

)2
σπb2

2
lnA . (2.100)

The probability p of a certain site being favorable to be occupied by a dislocation is
then given by the integration of P (Fint) over all energies smaller than −Fdisl, and one
finds for large A,

p =

∫ −Fdisl

−∞
P (Fint) dFint ∼ e−F

2
disl/2η = A−b

2/16πΩ2
0σ . (2.101)

If one considers that the number of possible sites scales with A, the probability that
any sites is occupied by a dislocation is given by

p̃ ∼ A1−b2/16πΩ2
0σ (2.102)

which for infinite sample sizes diverges if

σ >
b2

16πΩ2
0

. (2.103)

This clearly identifies a phase transition of the ground state from the solid to the
hexatic phase at a certain disorder strength. In addition, it has to be mentioned that
this critical disorder strength might further be affected by screening between dislocation
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pairs, similar to the renormalization of Young’s modulus for pure systems. Also, one
has to anticipate that the hexatic to solid transition my result in a state with grain
boundaries [29].

To generalize this approach to a range of finite temperature one can include energy
terms even larger than −Fdisl to the integral in equation (2.101), but assign a thermal
probability [9]

P (T ) =
1

1 + e(Fdisl+Fint)/kBT
, (2.104)

leading to

p→ ptherm =

∫ ∞
−∞

P (Fint)

1 + e(Fdisl+Fint)/kBT
dFint . (2.105)

ptherm can be computed by separating the integral for energies smaller or larger than
−Fint, and expanding the thermal factor. To ensure that this expansion is reasonable
it has to be done in powers of e(Fdisl+Fint)/kBT for the first term and e−(Fdisl+Fint)/kBT

for the second, reading

ptherm ≈
∫ −Fdisl

−∞
P (Fint)

[
1− e(Fdisl+Fint)/kBT

]
dFint

+

∫ ∞
−Fdisl

P (Fint) e
−(Fdisl+Fint)/kBTdFint . (2.106)

Here one might already notice the misjudgment in Nelson’s studies. The expansion
in powers of the fugacity e−Ec/kBT in the renormalization group analysis would be
equivalent to expanding expression (2.104) simply in powers of e−(Fdisl+Fint)/kBT . This
would lead to infinite probabilities at low temperatures, and in the presence of disorder
configurations with large and negative values of Fint.

Setting b = 1 and defining σ̄ = σΩ2
0, and J = K0a

2
0, one finds for large areas A a

probability of the form p̃therm ∼ A1−α [10], with

α =


1

16πσ̄ for σ̄ > 2kBT
J ,

1
16πσ̄

[
J

kBT
− σ̄

4

(
J

kBT

)2
]

for σ̄ < 2kBT
J

 . (2.107)

Again, arguing with the divergence of p̃therm at an infinite area A, one observes the
phase boundary shown in Figure 2.10,

σ̄∗ (T ) =

{ 1
16π for T < T ∗ ,

4kBT
J − 64π

(
kBT
J

)2
for T > T ∗

}
(2.108)

which separates the ordered phase (solid) from the disordered one (hexatic). At low
temperatures, the critical disorder stays constant with a value of σ̄∗ (0) = (16π)−1

what means that only the disorder has influence on the unbinding of dislocation pairs
not the thermal energy. At a certain temperature kBT

∗/J = (32π)−1, the thermal
energy starts to break up pairs endorsed by the disorder which has to be decreased
to maintain the solid state. For σ̄ = 0, one observes the usual transition temperature
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Figure 2.10: Phase behavior of a two-dimensional crystal in respect to randomness σ
with σ ↔ σ̄ and temperature T [10].

kBT
∗/J = (16π)−1 for the dislocation mediated melting in two dimensions as predicted

by the KTHNY theory.
It has been made a lot of effort to verify this behavior, mostly in terms of simulations.

Cha and Fertig performed molecular dynamics simulations of a crystalline system in the
presence of an attractive and random Gaussian potential [9]. In the limit of low temper-
atures, they found a strong divergence of the translational correlation length and sharp
drop of the number of isolated dislocations below a certain disorder strength. Herrera-
Velarde and Grünberg performed simulations of particles with a magnetic dipole-dipole
interaction subject to a similar random disorder [10]. They evaluated the system at
zero temperature with varying disorder strength and for comparison the pure system at
different temperatures. They found evidence that the melting for kBT/J = 0, σ̄ > 0 in
respect to kBT/J > 0, σ̄ = 0 does not occur at same values as predicted in the former
model. In addition, the melting mechanism itself seems to be different: in the case of
zero disorder they found no bound dislocation pairs, neither in the ordered nor in the
disordered state. These bound pairs are present in the usual melting scenario at zero
disorder, in the solid as well as in the hexatic phase.
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The length and time scale of atomic solids and liquids hinders the direct and detailed
observation of their structure and dynamics. First, the particles and interparticle dis-
tances are to small to determine their exact positions by optical microscopy. Second,
the motion of atoms is very fast due to their low mass which makes the time-resolved
observation of their individual dynamics very difficult. The probably most powerful tool
to investigate the properties of condensed matter is to use scattering of electromagnetic
waves of adequate frequencies. Looking at the diffraction of a coherent light source k1

by a periodic structure, the additivity of electromagnetic waves leads to interference in
a direction k2. The constructive or destructive, in terms of the question if

q = k2 − k1 (3.1)

is a reciprocal lattice vector or not and, reflects the symmetry of the system. The
measured quantity, the structure factor S (q), reveals even more information. The
shape of the Bragg peaks is related to the number and kind of impurities in the system,
and measuring the time-dependent structure factor S (q, t), e.g., in a medium where
the average particle positions are not fixed, one can observe dynamics.

However, the static and time-dependent scattering of condensed matter is an average
over a big amount of atoms and therefore reveals a macroscopic information, by means
of a missing localization of structural inhomogeneities or local dynamics. Often, this
knowledge is not necessary anyway since the most significant phenomenological theories
describing a three-dimensional solid or liquid tell us that the overall properties of the
system are not dependent on the detailed microscopic behavior. At the phase transition,
this theories often break down and they can not predict, e.g., transition temperatures.
However, one can expect that the detailed understanding of the microscopic melting
mechanism is essential for the reliable prediction of macroscopic quantities. As outlined
in the previous chapter, microscopic theories exist in two dimensions (even for systems
with impurities). Despite being a theory of topological defects and not the atoms per
se, it depicts the full set of macroscopic quantities as transition temperatures and the
elastic constants of the different phases.

To prove this theory experimentally, one can make use of colloids, artificial spheres
with a size in the order of (sub)micrometers. The two-dimensionality of the system
can be achieved by placing the colloids on a solid substrate which confines them in
the vertical direction due to the gravitational force. A spin coating process is used
to prepare a randomly modulated substrate surface. The colloids are big enough to
be monitored by video microscopy and tracking routines allow to determine the time
resolved position of every particle, giving the complete phase space information of the
system.

33
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3.1 Colloidal system and its interaction

Our particular colloidal system consists of superparamagnetic spheres, composed of
polystyrene with a size of approximately 4.5 µm1. The spheres are coated with an epoxy
resin and doped with hematite domains (Fe2O3) of approximately ten nanometers.
The colloids are supplied in a dense water solution with a concentration of 4 · 108

beads/ml and have to be diluted with deionized water to observe the required density
for the measurement. The bead concentration of the final solution has to be matched
to the area of the sample cell in a way that after the gravitational sedimentation the
colloids have enough space to build a monolayer. To avoid aggregation of the beads
due to attractive van der Waals forces, the surfactant Sodium Dodecyle Sulfate (SDS)
is added to the deionized water. It is a carbon chain molecule with an hydrophilic SO−4
tail whose unpolar part attaches to the colloid. This gives a sterical stabilization due
to the depletion force since overlapping of the molecules would decrease the entropy.
The concentration of SDS has to be high enough to cover most of the surface of the
beads, but is kept below the critical micelle concentration cCMC which is 2.4 mg SDS
per ml H2O. Above this concentration, the molecules start to aggregate by building
spheres with the polar tail at the surface. The growth of bacteria in the solution is
suppressed by adding the toxin thimerosal. Since a certain degree of aggregation of
beads exist in the supplied solution due to sedimentation, the final solution has to be
stored under ultrasonic treatment. To avoid sedimentation later on, it is kept under
permanent rotation.

To force the colloidal system into a crystalline state we use the magnetic dipole-dipole
interaction which determines the pair potential and the inner energy. The ferromag-
netic domains in the synthetic beads are small enough that they lose their magnetic
correlation due to thermal fluctuations and behave paramagnetic. However, with a
large magnetic susceptibility χ due to the ferromagnetic character of the magnetic do-
mains, indicated as superparamagnetism. Applying an external magnetic field, the
superparamagnetic domains align parallel to minimize their potential energy (Figure
3.1). Every bead gains the magnetic moment

m = χaBext . (3.2)

where χa is the absolute magnetic susceptibility in respect to the external magnetic
flux Bext with [χa] = Am2/T. Each bead produces a magnetic flux at a distance r
(inset of Figure 3.1),

B (r) =
3µ0

4π

r (m · r)− r2m

r5
, (3.3)

where µ0 is the vacuum permeability. The energy of a magnetic moment i in the field
of j is given by2

Eijmagn = −mi ·Bj = −3µ0

4π

(mi · r) (mj · r)− r2 (mi ·mj)

r5
. (3.4)

1Dynabeads R© M-450 Epoxy, Invitrogen Corporation, http://www.invitrogen.com.
2The usual factor of 1/2 disappears since the magnetic moments of the domains are permanent. They

do not have to be induced, but just aligned what decreases the magnetic energy.
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Figure 3.1: The alignment of a two-dimensional system of paramagnetic spheres in an
external magnetic field. The magnification shows the geometrical relations
leading to an angle dependent magnetic dipole-dipole interaction.

If we estimate the magnetic moments of the beads equal, we can write the magnetic
energy of two colloids as

Emagn =
µ0χ

2
aB

2
ext

4π

1− 3 cos2 (φ)

r3
, (3.5)

where φ is the angle between Bext and the connection vector r. The interaction has
cylindrical symmetry, is repulsive for angles 54.7◦ < φ < 125.3◦, and attractive other-
wise.

Considering Mermin’s restrictions to the pair potential, we see that

Emagn (r, λ) = Emagn (r)− λr2

∣∣∣∣( ∂2

∂r2
+

2

r

∂

∂r

)
Emagn (r)

∣∣∣∣ ∼ 1− λ
r3

(3.6)

satisfies conditions (2.9) and (2.10), and we can expect to have only quasi-long-range
order in the system.

If we neglect the thermal movement of the particles in the vertical direction which is
in the order of a few dozen nanometers [33], we can leave out the angular dependence
in equation (3.5). In addition, we estimate the magnetic energy of the system in terms
of the particle density and take r as the mean particle distance. To get a reasonable
comparison between solid and liquid we assign an average area to every particle and
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define the particle density n as r := (πn)−1/2. The average magnetic energy between
two particles then reads

Ēmagn =
µ0 (πn)3/2

4π
χ2
aB

2
ext . (3.7)

The magnetic interaction will force the colloidal system to built solid or fluid like states,
in terms of the symmetry of the particle distribution. It is used to model the behavior of
a thermal ensemble of monodisperse particles interacting via a spherical pair potential.
The state and symmetry of the system can be determined by the particle correlation
functions and is dependent on the external magnetic field and the temperature. The
latter one is set by the solvent which plays the role of a thermal bath and makes sure
that the thermal energy of the colloids will be comparable to the potential energy of
the magnetic dipole interaction.

Usually, temperature is the obvious parameter to manipulate many-body systems and
induce phase transitions. In colloidal models, it is often quite intricate to regulate the
temperature: first, the particle system is always coupled quite strong to the laboratory
which usually is at room temperature. Second, one could expect that the thermal
energy to freeze or melt the colloidal system might be below or above the freezing or
boiling point of the solvent what practically would either prevent the colloids from
moving or simply melt the beads. However, one is able to regulate the interaction
energy itself by increasing or decreasing the external magnetic field. This manipulation
is effective uniformly within the whole system, in contrast to temperature changes
where one usually melts or freezes ’from the surface’. To characterize the ensemble, it
is convenient to use the interaction parameter

Γ =
Ēmagn

kBT
=
µ0 (πn)3/2

4π

χ2
aB

2
ext

kBT
(3.8)

which relates the potential energy to the thermal energy kBT and acts like an inverse
system temperature. This way, one can leave the colloidal system at room temperature,
but is able to reach any ’temperature limits’, e.g.,

Γ → 0 , forBext = 0 T , (3.9)

Γ → ∞ , forBext →∞ . (3.10)

Of course it is not possible to reach arbitrary high magnetic fields. However, the
magnetic energy of our particular system is, e.g., for Bext = 10mT in the order of
10−17J which is four orders of magnitude larger then the thermal energy at room
temperature, kBTroom ∼ 10−21J. The basic experiment is then to prepare the system
in an equilibrium state and record the positions of the colloids in a finite part of the
system during a certain time. Additionally, it has to be mentioned that in respect to
atomic systems the colloids move and react due to their large mass on a much longer
time scale. This means, that after varying the parameter Γ, e.g., about ten percent,
it takes at least a few hours up to one day until the colloidal system is in equilibrium
again.

Melting a colloidal crystal of this particular system confined to a water/air interface
([34]) has been used in recent years to determine the wave-vector-dependent normal
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mode spring constants ([35]), the Lamé elastic constants and Young’s modulus ([36]),
the interaction energy of dislocation pairs ([37]) and Frank’s constant ([7]), in agreement
with the predictions of the KTNHY theory. In comparison with simulations, the phase
transition from the isotropic liquid to the hexatic phase has been located at Γi ≈ 57.5,
and the transition from the hexatic to the crystalline phase at Γm ≈ 60.

3.2 Spin coating process

The glass plate which will be covered by the colloidal system is spin coated with a
negative epoxy-based photoresist3. This prevents the colloids from pinning and reduces
the friction on the substrate [38]. Further, it will be used to generate a randomly
modulated surface to induce disorder to the system.

To improve the adhesion of the resist, the glass plate is evaporated with a titan
layer of few nanometer thickness. The resist itself consists of a descendant glycidyl
ether of bisphenol A (C15H16O2) which is a polymer with eight epoxy groups (Figure
3.2), a solvent and a photosensitive component. The series SU-8 2005 includes the
solvent cyclopentatone and a Lewis acid as the photosensitive component. It has a
cinematic viscosity of 45 mm2/s and a mass density of 1.164 g/ml. Before coating, it
is recommended to heat the plate at 150 ◦C to evaporate water which condenses on
the substrate. The spin coating process is given in many references and will partly be

Figure 3.2: SU-8 polymer with eight epoxy groups. A photosensitive acid can induce
cross-links between the groups leaving a chemically and thermally stable
image [39].

3SU-8 2005, MicroChem Corporation, http://michrochem.com.
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consulted from the suppliers manual for the corresponding resist series [40]: a glass plate
of the size 20x20x0.5 mm is wedded uniformly with approximately 350 µl resist and
then coated 10 seconds with a velocity of 500 rpm, and right after that 30 seconds with
2000 rpm. With this procedure the thickness of the cured layer should be approximately
6 µm (Figure 3.3). After the coating, the substrate is subject to a ’soft bake’ at 95 ◦C
for 5 minutes which evaporates the solvent and hardens the resist. Now, the hardened
substrate is exposed to UV radiation for 30 seconds which converts the photosensitive
component to an acid. This disconnects hydrogen atoms from the epoxy resist molecules
which then can crosslink. This ’curing’ is thermally driven by a ’hard bake’ at 200 ◦C
for 15 minutes. After cooling down the substrate, a thermally and chemically stable
layer is generated. During the coating, baking and curing it is strongly recommended
to work in a clean and dust-free environment to avoid an irreversible contamination of
the resist during its liquid phase.

With the spin coating process, we produced a slightly modulated resist layer in form
of ’hills’ on a flat plane. The reason why this modulated surface occurred was not
investigated more precisely. It might be due to the fact that the glass plate was still
steamed by droplets of condensed water before coating. The spin coated layer is quite
thin and might show a roughness after coated over the plate. In addition, the resist
might peel off from the glass on particular regions. This modulated layer acts like a
random repulsive potential due to the gravitational force. It is used to induce disorder
to the system and will be characterized further in the next chapter.

Figure 3.3: Resist layer thickness for different SU-8 series as a function of coating speed
[40]. Our treatment is marked by the red circle. This data corresponds to
a coating time of 30 s with a prior coating with 500 rpm for 10 s.
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3.3 Sample cell

To perform long term experiments, the colloidal system is confined in a glass cell. This
has to be sealed on a continuing basis to prevent evaporation of the solution. In addi-
tion, all components of the cell have to be cleaned accurately to avoid contamination.

The completed sample cell is prepared in the following way, illustrated in Figure 3.4:
a glass cylinder with an inner diameter of 6 mm and height of 1.2 mm is glued on the
coated square glass cover slip with an UV glue and hardened. This forms the confined
two-dimensional surface. After that, a certain amount of the colloidal solution is given
into the cylinder in a way that a little meniscus pokes out. This is necessary to avoid
air bubbles inside the cell. Then, the second part of the sample, a round glass cover
slip with a diameter of 13 mm glued together with a glass cylinder with a diameter of
10 mm is imposed on the first part. The height of the larger glass cylinder has to be a
bit smaller than the other to allow the spare solution to flow out. The remaining space
between the upper and lower cover slip has to be sealed with UV glue and hardened.
This ’sandwich structure’ ensures that the inner part of the cell is not contaminated
with the glue and remains airtight during the sealing. The hardening process takes a
few hours and it is recommended to do this in the presence of a magnetic field around
0.4 mT to ensure an homogeneous distribution of the colloids within the 2D-plane.
However, it is important to apply the magnetic field a few minutes after sealing the
sample, giving the beads time to sediment down completely to one layer. Otherwise,
the vertical attractive interaction of the magnetic moments leads the beads to sit on
top of each other.

Solution

Resist
Glass

Bead

ba

(1)

(2)
UV glue

(1)Bead

Solution

Figure 3.4: a: top sight of the lower part of the sample cell (1) already including the
colloidal system. b: lateral sight of the completed and sealed cell with lower
part and upper part (2). Magnifications are not to scale.
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3.4 Experimental setup

The colloidal system is regulated and monitored with a setup illustrated in detail in
Figure 3.5. The inclination platform (1) is placed on a piezo table4 (2), which com-
pensates fast vibrations (> 1 Hz) from the environment very accurately. The platform
is connected to the piezo table at three points, where the one in the back is fixed. At
the two points in the front, the inclination of the platform can be adjusted by two high
performance motors5 (3) which can be moved by a fraction of a micrometer. They
are coupled and controlled directly by an inclination sensor6 (4) which can measure
the slope of the platform with an accuracy of ±1 µrad. This ensures a very precise
horizontal alignment that is necessary to prevent drifts of the whole bead system dur-
ing long time measurements. The sample cell is placed into the sample holder (5), a
copper block with a persistent cylindrical bore of 12 mm in diameter. Additionally,
it has a quadratic bore of 20 mm length on the top to fix the sample cell. The cell
can be enclosed by a magnetic coil (6) to induce the magnetic dipole-dipole interaction
between the beads, providing magnetic fields up to 10 mT. Common power supplies
usually have an accurate voltage output but slight fluctuations in the current. However,
the magnetic field and so the current has to be constant, since it directly determines
the interaction strength between the beads. Therefore a homemade power supply7 is
used which regulates the current itself. In addition, the actual current is measured with
a 61

2 -digit datalogger8. The cell is illuminated from below by a LED (7) whose beam
is guided through two lenses (8) and reflected on a mirror (9). The lenses are aligned
in the Köhler illumination [41] which parallelizes the light rays passing the sample to
avoid an image of the light source in the sample plane. A certain sample region is
now monitored by a gray scale 8-bit CCD camera9 (10) which is connected by a 1x
microscope tube (11) to a 4x microscopic objective10 (12). The monitored region as
well as the focus can be adjusted by three high performance motors11 (13), moving the
camera in the horizontal plane and in the vertical direction. The adjustment of the
monitored region (horizontal position and focus), the sample illumination, as well as
the physical parameters, like the inclination and magnetic field, can be controlled by a
single program. It is written in IDL12 (Interactive Data Language) and developed over
several years by Ebert and Dillmann [34].

4AVI-90 XL, JRS Scientific Instruments.
5M-230.25, Physik Instrumente.
6Nivel20, Leica Geosystems.
7Stromkonstanter, built by Martin Clausen (http://www.rotgradpsi.de/mc/iconst/index.html).
8Model 2700, Keithley.
9Marlin F-145B IRF, Allied Vision Technologies.

10PLN 4x, Olympus Corporation.
11M-235.5DG, Physik Instrumente.
12ITT Visual Information Solutions (http://www.ittvis.com).
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Figure 3.5: Top and lateral sight of the setup: inclination platform (1), piezo table (2),
inclination motors (3), inclination sensor (4), sample holder (5), magnetic
coil (6), LED (7), lenses (8), mirror (9), camera (10), microscope tube (11),
microscope objective (12) and position motors (13).
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3.5 Image processing and data acquisition

The region which is magnified by the microscope objective and detected by the CCD
camera has the size of 1158x865 µm2 with a resolution of 1392x1040 pixel, giving a
conversion factor of 0.832 µm/pixel. First, a greyscale picture is recorded (Figure
3.6a). For a reasonable data evaluation, the bead system has to be recorded every
second which, with a particle number in the order of thousands, results for long time
measurements in an unpractical storage amount. However, the raw image is not needed
to determine the bead trajectories. By setting a certain cutoff in the greyscale, every
pixel is assigned with black or white giving a binary image of ’blobs’ as continuous
regions of white pixels (Figure 3.6b). The size of the blobs is now calculated by their
amount of pixels and labeled with a number. The particle positions are determined by
their center of mass of the blobs. Their coordinates can be displayed and combined
with the raw data image (Figure 3.6c). Blobs which are cut by the confinement of the
field of view are excluded from the processing since their size and position can not be
calculated exactly.

Beside this classical image processing we used additional software features [34] to
treat and characterize the colloidal system: a filter is used to exclude aggregates of
particles or impurities, by setting a minimum and maximum blob size. Further, the
transition parameter Γ, calculated from the particle density of the labeled blobs and
the adjusted magnetic field, is displayed. Additionally, a voronoi construction13 and
information of the number of next neighbors of every particle is given14(Figure 3.8d).
This whole image processing takes approximately one second, dependent on the number
of particles. It is repeated and imaged steadily, giving a good view of the particle
motions. These can also be pictured as a position trajectory of the blobs.

It is possible to scan the bead system in all three axis, showing the particle number
as a function of position in the horizontal plane and the blob size as a function of
the vertical position. The latter one is used to focus the microscope objective exactly
in the plane of the colloids. The horizontal scan helps to adjust the inclination of
the sample cell. Due to the small drift constant of the beads one has to wait at
least a few hours before changing parameters of the inclination again. Additionally,
turbulences can be excited which might suggest a false impression of the overall drift
motion. The inclination of the setup platform and the process of the parameters are
recorded separately.

The main data acquisition is the storage of the particle positions for a certain time
period. The time step τ between two captures can be adjusted by adding a certain
’delay’ to the time the software needs for processing. The result is a (NpNτ x 3) floating
point data array where Np is the number of particles and Nτ the number of time steps.
This array includes the x- and y-coordinates of the colloids at certain absolute times
and therefore covers the complete phase space information of the colloidal system. For
further data processing, it is advantageous to replace the floating point time variables
by integer time steps. In addition, the colloidal particles have to be tracked from one

13A voronoi construction assigns to every particle a region whose points are more close to this particle
than to any other. This is done by drawing a perpendicular bisector of the sides between a particle
and all its next neighbors. The voronoi cell is the first confined region around the particle.

14The number of nearest neighbors is assigned by the color of the particle. The raw data color for six,
yellow for five, green for seven and blue for any other number of next neighbors.
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time step to the next, to measure their motion: the two particles with the closest
distance between two data steps are assigned with the same label. This results in a
(NpNτ x 4) floating point array with x- and y-coordinates and particle labels for all time
steps. This data allows to evaluate every required static or time dependent correlation
function of the colloidal system.

Figure 3.6: Image processing of the colloidal system: a greyscale picture (a) is inverted
into a binary image (b) to determine the particle positions by the center of
mass of the ’blobs’. The positions can be displayed in the raw data picture
indicated with red circles (c). Additionally, a Voronoi construction can be
given including a color code for the number of next neighbors, grey for six,
yellow for five and green for seven next neighbors. (d) shows the Voronoi
construction of an isolated dislocation surrounded by hexagonal symmetry.





4 Results and discussion

We investigated and evaluated four different samples: #19, #27, #28 and #29, indi-
cated by their serial numbers. For each sample we located and monitored a certain
sample region for a couple of weeks up to a few months. The duration of the single
measurements varies between 2000 s and 10000 s, and the waiting time between two
measurements is between one and three days. The criteria for choosing the field of view
were the following: first, a minimum number of colloidal aggregates and external impu-
rities, e.g., dust particles or glass splints. Second, we tried to stay close to the center of
the sample to avoid the influence of edge effects due to the confining glass cylinder. At
last, we chose regions with a desired disorder strength due to the modulated substrate.
For all samples we froze the colloidal system which means we increased the magnetic
field changing the ’system temperature’ from large to small values.

4.1 Stability of the samples

Before focusing on the physics of our results, we will discuss some points concerning
the cleanness and stability of the colloidal system. Figure 4.1 shows different kinds
of impurities which occurred frequently: at high magnetic fields, the colloids tend
to jump upon each other and built clusters due to their attractive interaction in the
vertical direction (Figure 4.1a). These clusters are either identified as one particle or not
recognized by the software at all. They can already evolve during the preparation of the
colloidal solution and appear at the beginning of the measurement series (Figure 4.1b).
Additionally, there is pollution due to glass splints from the sample cell preparation
(Figure 4.1c) or simply dirt (Figure 4.1d). We have to expect that these impurities
disturb the phase behavior of the colloidal system. However, their number is small
compared to the number of particles in the system which limits their influence on
many-body correlation functions.

(a) (d)(c)(b)

Figure 4.1: Different kinds of unwanted impurities: clusters of colloids in the solid (a)
and liquid phase (b), glass splints (c) and dirt (d).
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Figure 4.2: Particle number in the monitored sample region as a function of Γ. Since the
system was always cooled down, the x-axis also implies a time scale. Filled
symbols: at the beginning of the measurement. Open symbols: particles
which stay in the monitored region during one measurement.

The most important preparative parameter is the horizontal inclination of the sample.
It minimizes the drift of the particles to make sure that their motion is only determined
by temperature, the potential of the pair interaction, and the induced disorder. The
filled symbols in Figure 4.2 show the number of monitored particles at the beginning
of the measurement. For small Γ-values, all samples fluctuate because their inclination
was not balanced yet. Afterwards, the particle numbers are more or less stable. In the
end, the particle numbers decrease due to the colloidal aggregation at high magnetic
fields. There are additional fluctuations in the middle part of the measurement series.
These come from a certain instability of the substrate which is described in the next
section.

A constant particle number is advantageous since it ensures that the system tempera-
ture is primarily changed by the magnetic field and one can continuously freeze or melt
the ensemble. However, it does not directly show whether there is a collective particle
drift, especially during one measurement. This can be tested considering the tracking
of the particles which are labeled by the software. The open symbols in Figure 4.2
show the number of particles which stay in the monitored sample region during one
measurement. At the beginning of the series, the difference to the starting number is
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in the order of hundreds. Thus, there might still be some particle drift caused by the
imbalance of the inclination. Of course, in the fluid phase, particles may also leave
the field of view due to diffusion. At high Γ-values, the inclination is stable and the
difference is in the order of ten.

4.2 Characterization of the disorder

As mentioned in the last chapter, the spin coating process produced a randomly modu-
lated substrate. This leads to randomly distributed and repulsive interaction potential
due to gravitation. Figure 4.3 shows the monitored regions of the different samples at
the beginning of the measurement series. The external magnetic field is set to small
values, where the colloidal system is in a fluid state. The colloids avoid the hills to
minimize their potential energy which reveals them as empty regions. Assuming a con-
tinuous Gaussian-like profile, the height of the hills has been determined by measuring
the angle under which a light source is reflected from the substrate. The height varies
in the range of a few up to several colloidal diameters.

The purpose of this section is to find a reasonable measure for the disorder as a
function of the substrate parameters: the concentration, diameter and height of the
hills. In Nelson’s approach [8], the strength of the induced disorder is defined as

σ̄ :=
σΩ2

0

a2
0

, (4.1)

where σ is the variance of the probability distribution P [δc (r)] of the fluctuation in the
impurity concentration, Ω0 the change in crystal area, and a0 the lattice constant in
the presence of disorder. In our case, the configuration of disorder is slightly different.
First, our impurities are penetrable. At sufficient high magnetic fields, the colloids can
move up the hills by repelling each other. This movement comes with a decrease of
Ω0 which raises the problem that one is not able to change interaction strength and
disorder independently. The sensitivity of this mutual dependence is affected by the
form of the hills. At small heights and radii the colloids cover the hills before entering
the solid state and the low temperature limit comes with an inevitable drop of Ω0.
Second, the impurities are fixed in space and not able to follow the long-wavelength
phonons in two dimensions. One has to consider that these long-range fluctuations
might be suppressed or at least weakened, what can change the behavior of particle
correlation functions. In addition, the monitored area is not a confined system. If the
configuration of hills in the rest of the sample is different, particles might leave or enter
the monitored area when the magnetic field is increased, just due to the fact that the
disorder in other regions is smaller or larger. This influences the significance of Ω0

which is only properly defined when the strength of disorder is similar within the whole
sample.

Considering these points we estimate the disorder strength as follows: for the prob-
ability distribution one can divide the sample area As ≈ 0.01cm2 into equal parts and
determine their impurity concentrations. Since the number of hills in the monitored
area is rather small, a reasonable statistic in terms of an Gaussian fit is hardly possible.
Nonetheless, we will use this method to determine the fluctuations in the impurity con-
centration in a slightly different way: after splitting the sample area in l equal parts,
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Figure 4.3: Monitored regions of the different samples at smallest applied magnetic
fields. For #19: Γ = 38, #27: Γ = 24, #28: Γ = 64 and #29: Γ = 76. The
scale is 100 µm.

we average over the distribution of fluctuations δci of the individual concentrations ci
from the average impurity concentration c0 = n/As,

(δc)m =
1

l

l∑
i=1

|c0 − ci| . (4.2)

The number of windows l is inversely proportional to the length scale on which (δc)m
is determined. In the long-wavelength limit we can expect the concentration c (r) to be
smoothly varying as assumed by theory. To stay in this limit we set l = 16, where the
linear dimension of one window is approximately 50 particle diameters and the number
of particles varies between 300 and 700. The resulting values are given in the following
table. Errors come from counting the impurities by the eye:

c0

[
mm−2

]
(δc)m

[
mm−2

]
#19 (19± 1) (10± 1)

#27 (136± 4) (25± 4)

#28 (30± 1) (10± 1)

#29 (13± 1) (10± 1)
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All samples show different average concentrations, #27 much higher than the others.
The fluctuations of the samples #19, #28 and #29 are the same within the error
range. This seems reasonable when looking at the pictures in Figure 4.3. Sample #27
has a much higher fluctuation than the others. This might seem odd when looking
at its image which appears to show a rather homogeneous distribution of hills. This
impression is affected by the size of the hills which is in fact more homogeneous then
in the other samples. However, in terms of impurity concentrations, sample #27 shows
higher fluctuations.

At small interaction strengths, when the hills are not occupied by colloids, the change
in crystal area Ω0 due to the disorder is given by the empty regions. At high interaction
strengths, when the hills are occupied, it is difficult to define Ω0 in the same manner.
Figure 4.4 shows the monitored regions at the largest applied magnetic fields. Here,
the change in crystal area is additionally given due to the reduced density of colloids,
covering the hilly regions. To estimate Ω0 in a consistent way, we use the voronoi
tessellation of the colloidal system and define our change in crystal area as

Ωm := As −NAv , (4.3)

where As is the area of the monitored region, N the number of particles and Av the
mean voronoi cell in the flat regions of the sample. This way we approximate Ωo with

Figure 4.4: Monitored regions at largest applied magnetic fields. For #19: Γ = 1915,
#27: Γ = 1237, #28: Γ = 1333 and #29: Γ = 1520. The density of the
colloidal system is reduced on the hilly regions.
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Figure 4.5: Disorder strength σm as a function of inverse temperature Γ. The peaks
for #19 and #27 occur due to detaching of the substrate, the decrease at
higher values of Γ due to the covering of the hills.

the excess voronoi area of every particle in respect to the voronoi cells in the bulk of the
sample. The advantage of this description is that we include the height of the hills in
Ωm which would be larger for higher hills. Now, we can define our disorder parameter
as

σm :=
(δc)m Ω2

m

Av
. (4.4)

The values are shown in Figure 4.5 as a function of the interaction parameter Γ. All
data points represent single measurements at intervals of one to three days. Beside the
error in the fluctuation of impurity concentration, we assume an additional uncertainty
of δAv ≈ 3µm2. Sample #19 and #28 show similar values of σm at small Γ-values
which is consistent with their images in Figure 4.3. Sample #27 starts with a higher
disorder strength due to the higher value of (δc)m and a change in crystal area which
is approximately 25% larger than in the other samples. #19 and #27 show a large
peak which occurrs due to a partial detaching of the photoresist in the middle of the
measurement series. In the sequel, all samples show the expected behavior: the disorder
strength decreases with increasing values of Γ. For sample #29 the photoresist peeled
off the glas plate almost everywhere except in the monitored region which is indicated
at the upper right edge of its picture in Figure 4.4. Therefore, we expect it to have a
large disorder strength, however, not comparable to the other samples in terms of Ωm.
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4.3 Local dynamics

We want to investigate the thermodynamics of a quasi-two-dimensional disordered crys-
talline system modeled by colloidal particles on a solid modulated substrate. Therefore,
we first have to determine the influence of the substrate on the local dynamics of the
particles, e.g., due to mechanical friction or Coulomb interactions between the photore-
sist and the surface of the colloids.

To observe the mobility in the flat regions as well as in the vicinity and upon the hills
we calculate the summed displacement of every particle i in a time period tN , defined
as

di (tN ) =
N−1∑
n=0

|ri (tn+1))− ri (tn)| , (4.5)

where the sum goes over all time resolved particle positions ri (tn) at discrete times
tn. The lower bound of the delay time is dependent on the time the software needs
to record the positions and therefore strongly depends on the number of particles. It
ranges between one and four seconds which is small enough to approximate the particle
movement during the delay time as straight-lined.

Figure 4.6: Particle trajectories for sample #28 after tN = 500 s, and at Γ = 64. The
color code represents the summed particle displacement di from black (zero)
over green to white (maximal). The local dynamics is homogeneous and not
constrained by the modulated substrate.
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Figure 4.7: Particle trajectories after tN = 500 s, and at Γ = 446. The color code is the
same as in Figure 4.6. The particle motion on hilly regions is larger than
in the bulk due to a lower magnetic energy.

Figure 4.6 shows di in a color coded trajectory plot for sample #28, at a interaction
strength of Γ = 64. The color code ranges from black (zero displacement) over green
(intermediate) to white (maximum displacement). The time period is tN = 500 s and
the delay time tn+1 − tn ≈ 2.8 s. The plot shows a quite homogeneous distribution of
trajectories, except for a small particle drift in the upper right region of the sample.
The amount of pinned particles which appear as small black spots is approximately
0.05%. The motion of particles is not constrained by the elevation of the substrate.
For instance, there are no collective jams or flows near the hills which would lead
to unwanted non-equilibrium states. Figure 4.7 shows the trajectory plot for the same
sample at a higher interaction strength of Γ = 446, and with a delay time tn+1−tn ≈ 2.4
s. The thermal motion is reduced due to the increasing magnetic potential. There is
already an indication of crystalline order and the magnetic interaction is high enough
that particles start to cover the hills. One can clearly see that the motion in this
regions is larger than in the bulk. This is due to the fact that the reduced density of
the colloidal system and the angle dependence of the magnetic dipole-dipole interaction
lowers the magnetic energy locally.

In the end, we can expect that the self-diffusion-coefficient will be slightly reduced
due to the presence of the solid substrate compared to the liquid/air interface [34], but
no pinning occurs on a relevant scale.
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4.4 Freezing scenario

To identify the different phases we will focus on the structure and correlation in the
colloidal system. The influence of the modulated substrate on the phase behavior is
described in a qualitative as well as in a quantitative way. The latter one by studying
the change in correlation decay as a function of induced disorder.

The translational correlation function CG (R) decays in every phase of a two- dimen-
sional crystalline system. In the isotropic liquid and hexatic phase, the translational
order is destroyed on short range due to free disclinations and/or dislocations. This
leads to an exponential decay of CG (R) with a temperature dependent translational
correlation length ξ+ (T ), given by equation (2.66). In the solid phase, the dislocations
are bound into pairs and the translational order is destroyed only on long range due to
thermally excited long-wavelength phonons. This leads to an algebraic decay of CG (R)
and a finite Young’s modulus KR (T ), given by equation (2.52). To distinguish between
all three phases we will focus on the orientational order described by the bond order
parameter

ψ6 (r, t) = e6iθ(r,t) (4.6)

which is significant in every phase. In addition, we investigate the behavior of relative
displacement correlations which at long times should stay finite only in the solid phase1.

4.4.1 Static orientational order

Figure 4.8 illustrates sample #28 at a interaction strength of Γ = 64, where the colloidal
system is in the liquid state. A characteristic of orientational symmetry is the number of
nearest neighbors which is calculated by the voronoi tessellation: sites with six nearest
neighbors are colored grey, five or seven nearest neighbors red or green, and blue for any
other number. The system contains free dislocations (pairs of green and red sites) and
free disclinations (single green and red sites). The total number of particles with more
or less than six nearest neighbors is approximately 23%. Higher aggregates of fivefold or
sevenfold coordinated sites are no elemental excitations but rather occur due to the high
density of dislocations and disclinations. Blue sites are basically aggregates of colloids
which are bigger then single ones and therefore assemble more nearest neighbors. At
this system temperature, the elevations of the substrate are not occupied by colloids.
However, the influence of induced disorder can assumed to be crucial: increasing the
magnetic field, the system tries to reduce the induced strain by binding free disclinations
into dislocations. This dynamic is hindered because disclinations are not free to move
in arbitrary directions.

Figure 4.9 depicts the colloidal system for Γ = 137. The number of particles with
other than six neighbors has decreased to approximately 11% and we find almost no
isolated disclinations. At this point, the influence of the modulated substrate becomes

1The translational correlation is only suitable to distinguish between fluid and solid. Additionally,
its calculation requires a reciprocal lattice vector of the solid phase which is not clearly defined in
the presence of the long-wavelength phonons. It also raises a problem in the data processing since
particles have to be assigned unambiguously to their ideal lattice sites. At large displacements this
is only possible if one is able to prepare an initial state where the particles sit on their ideal lattice
sites, e.g., at T=0 K.
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Figure 4.8: Illustration of sample #28 for Γ = 64. Particles with six nearest neighbors
are colored grey, five and seven nearest neighbors green and red, others blue.
The system contains isolated fivefold and sevenfold coordinated sites.

even more evident: the binding of free dislocations into pairs requires a much higher
correlation than in the case of disclinations. First, Burgers vectors have to be an-
tiparallel in order to bind. Second, approaching the transition to the solid state the
concentration of dislocations reduces what increases the distance they have to over-
come. This correlation is lost or at least weakened dramatically along the modulations
of the substrate, dependent on their height and size. Indeed, the system might start
to crystallize in the bulk, but the induced disorder hinders the crystalline regions to
orient themselves in respect to each other. The result can be seen in Figure 4.10: for an
interaction strength of Γ = 1333 the bulk system is in a crystalline state and contains
grain boundaries, strings of dislocations separating crystalline parts with different ori-
entations. As expected, it seems that these grain boundaries mostly connect or at least
emanate from substrate elevations. This can be seen very clearly for the largest hill in
the middle which is connected by grain boundaries to the two smaller hills in the lower
left of the sample.

As long as the disorder strength is small compared to the magnetic energy, the
particles stay in the flat regions and sense the hills as insuperable boundaries. The
’temperature’ distribution in the system is homogeneous. However, when the magnetic
energy is strong enough that particles can move up the hills, the particle density is
reduced locally. This can clearly be seen in Figure 4.10: as the bulk is in a crystalline
state, the ensemble on the hills has not crystallized yet. We probably observe a phase
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equilibrium between the solid and hexatic phase and have to consider a first order phase
transition. This ’density-induced’ change in the order of the phase transition can be
excluded for the transition between the isotropic liquid and the hexatic state: at an
interaction strength of Γ = 137 (Figure 4.9) where the ensemble shows strong hexatic
characteristics, the elevations of the substrate are barely covered and voronoi-cells are
almost identical.

The contribution of first-order effects due to a reduced particle density is strongly
dependent on the size and height of the hills. For instance, hills with a very small
diameter to height ratio have a small influence to the order of the phase transition. The
same in the case of a very large ratio. Only if these two parameters are comparable
one observes strong fluctuations in the particle density and the ensemble freezes out of
the flat regions. It is also possible that the system crystallizes completely in the bulk,
e.g., to a state with grain boundaries, but subsequently enters a solid/hexatic phase
equilibrium when particles start to cover the elevations of the substrate.

To get a more quantitative picture, we calculate the static orientational correlation
function

g6 (r) = 〈ψ6 (r)ψ∗6 (0)〉 =

〈(
1

nj (rj)

∑
k

e6iθjk(rj)

)(
1

nj (0)

∑
l

e6iθjl(0)

)〉
, (4.7)

where the mean is taken over all particles j and time. In addition, we sum over the

Figure 4.9: Illustration of sample #28 for Γ = 137. The system contains almost no
isolated disclinations.
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Figure 4.10: Illustration of sample #28 for Γ = 1333. The bulk is in in the crystalline
state with grain boundaries: strings of single dislocations connect the ele-
vations of the modulated substrate.

bond angles θjk to all nj nearest neighbors in respect to a fixed reference bond. Fig-
ure 4.11 shows g6 (r) at different interactions strengths for sample #28. The lower
y-intercept with decreasing interaction strengths is due to the higher number of fivefold
and sevenfold coordinated sites. Their bond angle summation of e6iθ fluctuates around
zero and therefore has no contribution to g6 (r). Sites with six nearest neighbors con-
tribute a value slightly below 1/N due to the thermal movement. This leads to a small
lowering of g6 (r) at all system temperatures.

In a monocrystalline system, g6 (r) decays exponential in the liquid phase, algebraic
in the hexatic phase, and approaches a constant value in the solid phase, described by
equations (2.75), (2.73) and (2.72). Below a value of Γ = 137 we observe a strong decay
and can expect at least parts of the system to be still in a liquid state. At high Γ-values,
the decay is on a much larger length scale. For the algebraic decay in the hexatic
phase, one should observe a linear behavior in the log-log plot which is not visible,
at least for large r. This might be an indication for ’orientational’ grain boundaries
which would force g6 (r) to decay to finite values, representing regions with different
orientational order. We are talking about orientational grain boundaries because we do
not necessarily have to be in a crystalline state to see a finite long-range behavior of
g6 (r). We can not exclude a disorder induced ’polyhexatic’ state, where regions without
translational correlation but different and stable orientational order lead to finite values
of g6 (r →∞). In addition, we have to consider a phase equilibrium between hexatic
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and polycrystalline, where the linear decay of the hexatic phase is superposed on long
range by the decay due to grain boundaries, or a pure polycrystalline phase.

The influence of the orientational grain boundaries can be seen more clearly in Figure
4.12 for the linear plot. Curves that show a strong decay to zero are characteristic for a
pure liquid, hexatic state or a coexistence of those. Curves that fluctuate and approach
a finite value at large r indicate the occurrence of polyhexatic or polycrystalline regions.
For sample #28, this first happens considerably at Γ = 162, where g6 (r) decays to a
large negative value, e.g., for two patches where ψ6 is twisted by an angle of π/6, g6 (r)
decays to a value of minus one2. For sample #19, the first observed appearance of
polyhexatic or polycrystalline patches is at Γ = 122, where g6 (r) decays to a small
positive value. For sample #27 this happens at Γ = 210. At higher Γ-values, we see
that the limits vary which means that by increasing Γ, (orientational) grain boundaries
can move and change the orientational order of different regions.
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Figure 4.11: Log-log plot of the orientational correlation function g6 (r) for sample #28
at different interaction strengths.

2The sixfold director-field is anti-correlated for θjk = (2n+ 1)π/6 and correlated for θjk = 2nπ/6
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Figure 4.12: Linear plot of the orientational correlation function g6 (r) at different in-
teraction strengths. First occurrence of crystalline regions are indicated
with a finite positive or negative value at large r.
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4.4.2 Dynamic orientational order

Since grain boundaries destroy orientational order in space, we focus on dynamic orien-
tational correlation functions to investigate the transition temperatures more precisely.
These are unaffected by the boundaries, as long as their dynamic occurs on a sufficient
large time scale.

Figure 4.13 illustrates the dynamic of the grain boundaries on long range for sample
#28. Plotted are fivefold and sevenfold coordinated sites for different measurements.
The color assigns the single measurements with a time delay of approximately 2 days:
red for Γ = 254, orange for Γ = 446, green for Γ = 722, blue for Γ = 1027 and purple for
Γ = 1333. The hills are indicated with larger black dots. A strong dynamic is present as
the distribution of grain boundaries changes dramatically. For Γ = 254 (red) we can see
several boundaries connecting the hills in the bottom, the middle, and the upper left.
For Γ = 1333 (purple) we observe one quite dominant boundary connecting the hills in
the lower left with the one in the middle. In addition, we see slight movements, e.g., the
boundary connecting the two hills in the upper left is moving leftwards. Figure 4.14
shows the dynamic of the grain boundaries on the time scale of one measurement.
Since we can expect that this dynamic slows down at higher interaction strengths we
illustrate the dynamic for Γ = 254, the smallest value plotted in Figure 4.13. The

Figure 4.13: Fivefold and sevenfold coordinated sites for sample #28. The color assigns
the different measurements, separated by approximately 2 days.
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Figure 4.14: Fivefold and sevenfold coordinated sites for a single measurement at
Γ = 254. The color assigns different moments of the single measurement,
separated by approximately 800s.

color assigns moments of the measurement separated by approximately 800 seconds
from red to purple. We observe only a slow dynamic. The boundaries are pinned to the
hills and ’vibrate’ a few particle diameters, however, on a time scale of 3200 seconds.
They seem to move or disappear (merge) only if the interaction strength is changed,
representing the new equilibrium configuration. Nonetheless, the particle movements
are affected and we have to check if this slow dynamic influences the decay of certain
dynamic correlation functions.

Regarding equations (2.78) and (2.79), we locate the transition point from isotropic
liquid to the hexatic phase, studying the dynamic orientational correlation function,

g6 (t) = 〈ψ6 (t)ψ∗6 (0)〉 =

〈(
1

nj (t)

∑
k

e6iθjk(t)

)(
1

nj (0)

∑
l

e6iθjl(0)

)〉
, (4.8)

where the mean is taken over all particles j at the time t. Figure 4.15 shows g6 (t)
in a log-log plot for sample #28 at different interaction strengths. The decay in the
first few seconds is dominated by the thermal motion of the particles and not by the
dynamic of the topological defects. This is illustrated in Figure 4.16, where g6 (t) is
given for high Γ-values in a linear plot. The strong decay in the first 50 seconds is
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the loss of correlation due to the Brownian motion of the colloids. For instance, the
correlation between the first and the second time step, during which the particle has
moved a fraction of its diameter, decreases rapidly due to the change of the bond order.
The correlation to larger times remains constant because the particle displacement in
respect to the first ’snapshot’ does not change in average. This also holds for the hexatic
and liquid phase since the Brownian motion happens on a short time scale compared to
the long-time decay due to topological defects. However, at lower interaction strengths,
it becomes difficult to keep these two effects apart which can be seen in Figure 4.16 for
the lower Γ-values.

The long-time decay occurs entirely due to the diffusion of the topological defects. In
the presence of single disclinations in the isotropic fluid, the orientational self correlation
in time is destroyed on short scales due to the fact that a moving disclination changes the
orientational order of its surrounding permanently. The correlation is lost immediately
and g6 (t) decays exponentially. The straight-lined diffusion of single dislocations in
the hexatic phase does not change the orientational order of particles aside of the
dislocations moving path. Only particles on the diffusion path lose their self correlation
by becoming a fivefold or sevenfold coordinated site. This loss of correlation happens
on a different and longer time scale, leading to an algebraic decay of g6 (t).
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Figure 4.15: Log-log plot of the dynamic orientational correlation function g6 (t) at dif-
ferent interaction strengths for sample #28. At small Γ-values we observe
a switch of the decay from non-linear to linear.
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Figure 4.16: Linear plot of g6 (t) at high Γ-values for sample #28. The small (note the
interval of the y-axis), but fast decay in the first few seconds is caused by
Brownian motion.

With this in mind we can again focus on the log-log plot in Figure 4.15. For Γ = 64
and Γ = 85, we can expect the system to be completely in the liquid state. The decay
is very fast compared to higher Γ-values and g6 (t) approaches zero already after 1000
s. At the transition to the hexatic phase, the decay should switch to algebraic with
a maximal exponent η6 (Ti) /2 = 0.125 which was proposed by Nelson [30] and shown
experimentally by Zahn et al. [42]. We plotted an algebraic decay with this exponent
(dashed curves) for the next three Γ-values to illustrate the behavior in the vicinity of
the transition point. The prefactors of the theoretical curves are chosen such that they
collapse with the experimental ones at 50 seconds. At Γ = 110, the decay is stronger
than linear (in the log/log plot), but much weaker than the first to curves. At Γ = 137,
the decay fits to the exponent at the transition point, however, we still observe a small
non-linear behavior. For these two Γ-values, the decay is neither purely exponential,
nor purely algebraic and we classify the system to be in a ’mixed’ state. At Γ = 162,
the decay has clearly switched to linear. The algebraic exponent is smaller than 0.125
and we can expect not to be in the liquid state anymore. Figure 4.17 and 4.18 show
g6 (t) for sample #19 and #27. The curves reveal a similar characteristic. For sample
#19, the system is in a well defined state below Γ = 104 and above Γ = 122 and for
#27 below and above Γ = 143.
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Figure 4.17: Log-log plot of g6 (t) for sample #19 at different interaction strengths.

100 1000
0,01

0,1

1

 =1237    =143
 =602      =101
 =473      =74
 =396      =24
 =288      const.*t-0,125

 =210

 

 g 6(t)

t [s]
200050

Figure 4.18: Log-log plot of g6 (t) for sample #27 at different interaction strengths.
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To make sure that the long time decay occurs mainly due to the dynamic of the topo-
logical defects, we have to consider some points. First, it is difficult to investigate the
influence of the slow dynamic of the grain boundaries in a quantitative way. However,
we can expect that their effect on g6 (t) is small. The orientation of patches confined by
boundaries which are pinned to the hills is stable in time and therefore do not influence
the behavior of g6 (t). However, freely diffusing boundaries might lead to a decay of
g6 (t), even in the polycrystalline phase. Second, for the particles directly around the
hills, the bond order summation in g6 (t) makes no sense since neighboring particles
are on the other side and not interacting with the previous one. However, the amount
of these particles is very small and they are mostly fivefold or sevenfold coordinated
and do not contribute to g6 (t) anyway. Figure 4.15 illustrates this for sample #28
at Γ = 137. The plot shows g6 (t) for the whole colloidal system (black) and for two
cutouts, without (red) and with ’border’ particles (blue). Beside the larger fluctuations
for the smaller systems one might notice only a small decrease in decay from the cutout
without to the cutout with border particles.

To locate the transition from the isotropic liquid to the hexatic state, we fit g6(t)
exponential and algebraic. The fit procedure is supplied by IDL and computes a non-
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Figure 4.19: Dynamic orientational correlation g6 (t) for sample #28 at Γ = 137. The
decay behavior does not differ between the whole sample with border par-
ticles (black) and a cutout without them (red).
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Figure 4.20: Ratio of the chi-squared goodness-of-fit statistic χ2
alg/χ

2
exp for all samples

at a function of Γ. The drop below a value of one (the red line) indicates
the algebraic as the better fit.

linear least square fit using a gradient-expansion algorithm. The specified functions are

fexp (t) = a1e
−a2t , (4.9)

and
falg (t) = b1t

−b2 , (4.10)

with constants a1, a2, b1 and b2. To fade out the influence of the thermal motion at
short time scales as well as the divergence of the algebraic decay at t = 0, we cut the
first 50 seconds of the data set for all curves. Figure 4.18 shows the ratio of the reduced
chi-squared goodness-of-fit statistic χ2

alg/χ
2
exp, with

χ2
red =

1

N − n− 1

∑
t

(d (t)− f (t))2

σ2
, (4.11)

where d (t) is the data set, σ2 its variance, f (t) the fitted function, N the number of
data points, and n the number of fitted parameters. We can expect the algebraic to
be the better fit if χ2

alg/χ
2
exp becomes smaller than one. For sample #28, this happens

between Γ = 110 and Γ = 137. At Γ = 137, χ2
alg/χ

2
exp has a value of 0.09. This is sur-
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Figure 4.21: Exponential, algebraic and a combination fit for sample #19 in the
isotropic liquid (Γ = 59), the coexistence phase (Γ = 104) and in the hex-
atic phase (Γ = 166). At (Γ = 104) only a combination of an exponen-
tial and algebraic function fits well, indicating a coexistence between the
isotropic liquid and the hexatic phase.
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prising because it indicates that the algebraic function fits much better then the expo-
nential, but regarding Figure 4.15 the decay is not completely linear, even for t > 50 s.
For sample #19 it is even more inconvenient. The switch of χ2

alg/χ
2
exp to a value below

one is at Γ = 122. However, the corresponding curve in Figure 4.17 shows a non-linear
decay. For sample #27, we have no data in this particular region and the curves are
consistent with the goodness-of-fit statistic. Figure 4.20 illustrates this more precisely
for sample #19. The plot shows fits for different interaction strengths. At Γ = 104, just
before χ2

alg/χ
2
exp switches below one, neither the exponential nor the algebraic function

fits very well. However, a combination fit of the form

fea (t) = c1e
−c2t + d1t

−d2 , (4.12)

fits very good. This might characterize the ’mixed’ state as a coexistence between the
isotropic liquid and the hexatic phase: single disclinations have bound to dislocations
only in particular regions. In this regions the orientational symmetry is not broken
and the orientational order parameter ψ6 is finite. Figure 4.21 shows the goodness-of-
fit parameter χ2

red for the combined and the single fits. For small and high Γ-values,
the combined function fits as good as the single ones. This is expected since in case
of doubt, the prefactors for the improper function of the combined fit get arbitrarily
small. For the single fits, χ2

red diverges when approaching a certain Γ-region, revealing
the coexistence phase, with the combined function as the proper fit.

The misleading of χ2
alg/χ

2
exp can be explained as follows: approaching the transition

to the hexatic phase, the exponential decay becomes more and more flat indicating the
increasing orientational correlation time ξt (T ). In the hexatic phase, the decay switches
to algebraic and is quite strong due to the small value of Frank’s constant KA (T ), see
equation (2.78). This is the reason why the algebraic function fits much better than
the exponential, even in the presence of both phases.

To visualize the coexistence between the hexatic and the liquid phase, we discuss
some snapshots of the colloidal system. The figures illustrate the orientational order in
the isotropic liquid at Γ = 64 (Figure 4.23), and in the coexistence and hexatic phase at
Γ = 110 and Γ = 162 (Figure 4.24). Sites with six nearest neighbors are indicated with
an arrow which characterizes the orientational bond order parameter ψ6 for a single
particle,

ψ6 (rj) =
1

nj

∑
k

e6iθjk(rj) . (4.13)

The direction and length of the arrow illustrates the direction and length of ψ6. Sites
with five nearest neighbors are colored green, seven nearest neighbors orange, and blue
for lower or higher coordinated sites. For the defects, ψ6 is very small, but their density
and conformation indicates the phase of the system. At Γ = 64, we see the typical
arrangement of the isotropic liquid. Defects and sixfold coordinated sites are distributed
homogeneously and only very few regions show spatial orientational order which in
addition are very small. At Γ = 110 (top of Figure 4.24), the system has changed to
the coexistence state. On the one side, we observe large areas with spatial orientational
order. On the other, there are still liquid regions: areas with a homogeneous distribution
of single disclinations, single dislocations and orientational
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Figure 4.22: Reduced goodness-of-fit parameter χ2
red at different interaction strengths.

The coexistence phase between isotropic liquid and hexatic is assigned by
the divergence of χ2

red for the single exponential and algebraic fits.
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Figure 4.23: The orientational order in the system at Γ = 64. Sixfold coordinated
sites are indicated with arrows, reflecting the direction and length of ψ6.
Else coordinated sites are colored, green for five nearest neighbors, orange
for seven, and blue for any other number. We observe a homogeneous
distribution of defects and sixfold coordinated sites.

uncorrelated, sixfold coordinated sites. Unfortunately, we might have a density gradient
from the upper right to the lower left. This also triggers a coexistence phase. However,
the phase equilibrium is obviously also present on a local scale. For instance, in the
upper right there are few liquid areas, indicated by a high density of defects and uncor-
related sites. It is self-evident that the coexistence is induced by the random potential
of the modulated substrate. The typical fluctuations on all length scales which lead
to a second or higher order phase transitions are suppressed along the modulations.
Orientational correlation is not able to spread homogeneously through the system, e.g.,
regions of orientational order which end at the same hill edges are often uncorrelated,
despite their mutual vicinity.

As long as particular regions are in the isotropic liquid phase, the orientational cor-
relation time ξt is finite. We can extract its value in the pure isotropic liquid from
equation (4.9) with ξt = 1/a2 and in the liquid/hexatic coexistence phase from equa-
tion (4.12) with ξt = 1/d2. Figure 4.24 shows ξt for Γ-values up to the point where
we found an exponent ≤ 0.125 and a pure algebraic decay. This is for sample #19
below Γ = 148, for #27 below Γ = 210, and for #28 below Γ = 162. Leaving the
coexistence phase, the correlation time diverges strongly, indicating a complete change
in the orientational self correlation of the system.
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Figure 4.24: Illustration of defects and the orientational order similar to Figure 4.22.
For Γ = 110 (top), the system is in a coexistence phase of large regions
with spatial orientational order and areas including single defects and un-
correlated sites. For Γ = 162 (bottom), the system has left the liquid phase
completely to a polyhexatic state.
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Figure 4.25: Orientational correlation length ξt for all samples. ξt diverges strongly
when leaving the liquid/hexatic coexistence phase.

At Γ = 162 (bottom in Figure 4.24), the system has switched entirely to a state
without single disclinations and we observe very large spatially correlated regions with
differing orientational order. However, we can not clearly postulated the existence of a
pure polyhexatic phase. The reason is that, in terms of the decay of g6 (t), it is difficult
to distinguish between a hexatic state and and phase equilibrium between hexatic and
solid. More precisely, crystalline regions would just give a higher offset to the developing
of g6 (t). The behavior of g6 (r) is even more difficult to interpret since its long range
behavior does not differ for a pure polyhexatic, a coexistence, and a pure polycrystalline
state. The most illustrative indication of the phase presence is the occurrence of single
and free (moving) dislocations for polyhexatic and single dislocations forming grain
boundaries for polycrystalline. Looking at the bottom plot in Figure 4.24, we can
see that grain boundaries have evolved and we can expect to be already in a phase
equilibrium between hexatic and solid. Figure 4.25 illustrates the dynamic correlation
more precisely. The plot shows two overlaid snapshots at the beginning and the end
of the measurement, separated by 3500 s, and at Γ = 162. The arrows indicate the
orientation of sixfold coordinated sites at the beginning (grey) and at the end (dark
grey). The colored sites indicate the dynamic of the defects in the same manner (from
red to blue). We observe freely diffusing dislocations as well as grain boundaries which
show the earlier investigated slow dynamic. Almost all spatially correlated areas are
also correlated in time. The direction of the arrows changes only slightly due to the
Brownian motion. Regions in the vicinity of grain boundaries show a strong change in
the orientation, induced by the slight movement of the grain boundaries.
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Figure 4.26: Dynamic of the orientational order for sample #28 at Γ = 162. The plot
shows two overlaid snapshots of the system with a delay time of 3500 s.
The orientation of sixfold coordinated sites is indicated with arrows at the
beginning (grey) and at the end (dark grey), the defects are colored in
the same manner (from red to blue). A dynamic of free defects and grain
boundaries is visible.

4.4.3 Lindemann criterion

Displacement correlations are very characteristic when one has to distinguish between
a fluid and a solid. For instance, in three dimensional crystalline systems, the mean
square displacement is finite in the solid phase whereas it diverges in the isotropic
liquid. In two dimensions it diverges in all phase, even in the solid, due to thermal
long-wavelength phonons. We can make these long-wavelength fluctuations transparent
when we take the relative displacement of the particles j in respect to the center of
mass j′ of their nearest neighbors, given by the dynamic Lindemann parameter in 2D,

γL (t) =

〈[
∆uj (t)−∆uj′ (t)

]2〉
2a2

0

. (4.14)

Bedanov, Gadiyak and Lozovik found that at long times, γL (t) is finite in the solid
phase, and that this limit approaches a certain critical value of γc = 0.033 at the
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transition between hexatic and solid3, and diverges afterwards [43]. Zahn et al. verified
this for a 2D colloidal system confined to a water/air interface and could localize the
transition from the hexatic to the solid state between Γ = 59.5 and Γ = 62.5 [42].

Figure 4.27 shows γL (t) for sample #28 at different interaction strengths. We took
the mean over all particles in the system and additionally averaged over several starting
points to get a better statistic. At small Γ-values, γL (t) is not finite and drops more
and more when increasing Γ. At short times, the motion of particles is uncorrelated
due to Brownian motion and the critical value γc = 0.033 is exceeded around 50 s. We
can expect to have the same value of γc in the presence of our modulated substrate.
It is a pure local parameter which quantifies the positional fluctuations around the
average particle positions in the solid phase and is therefore barely affected by long-
range correlations.

Using the dynamic melting criteria of g6 (t), we could assign the system to the
isotropic liquid phase for Γ = 64 and Γ = 85 and found a liquid/hexatic coexistence at
Γ = 110 and Γ = 137. This is consistent with the behavior of γL (t). For the isotropic
liquid we observe a crossover at 40 s and 60 s and for the coexistence phase at 100 s and
180 s. In the following, the behavior is not as expected for a monocrystalline system.
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Figure 4.27: The dynamic Lindemann parameter γL (t) for sample #28. We see the
expected divergence at short times, when γL (t) crosses γc around 50 s.

3These authors defined the lattice constant a0 slightly different, and originally found a value of 0.12.
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Figure 4.28: Log-log plot of γL (t) for sample #28. The crossing of the critical value
γc seems to happen on three time scales. For the fluid phases (liquid and
hexatic) at short times (Γ = 64 up to Γ = 137), on an intermediate time
scale for the hexatic/solid coexistence (for Γ = 160 at 600 s), and on a
larger time scale due to the dynamic of grain boundaries (from Γ = 189
above 1000 s.)

The critical value is also exceeded at higher Γ-values, e.g., for Γ = 162 at approximately
600 s. To investigate this long-time behavior more precisely we take the log-log plot in
Figure 4.28. We clearly see that, even at very large Γ-values, γL (t) shows a tendency
to cross the value of γc. Only at very low system temperatures, e.g., at Γ = 1333, γL (t)
seems to stay below the critical value. In general, there are two processes causing this
behavior. First, as we have investigated earlier, the colloids start to cover the hills be-
low a certain system temperature, e.g. for sample #28 at approximately Γ = 250. The
ensemble on the hills shows a reduced particles density which might lead to particular
regions with liquid or hexatic characteristics, even if the bulk system is already in a
solid phase. Although this regions are very small, they might lead to a slight deviation
in γL (t) compared to a system which is completely a crystalline state. Second, as was
shown by Keim [18], the crossing of γc at larger times occurs due to the dynamic of
grain boundaries. He studied the water/air system without induced disorder and found
that, at Γ ≈ 65 just below the freezing point, γc is exceeded at approximately 400 s.
There, the grain boundaries were able to diffuse freely. In the present case, most of the
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Figure 4.29: Log-log plots of γL (t) for samples #19 and #27. The phase classifica-
tions by the different time scales above the liquid/hexatic coexistence is
obviously visible, even in the log-log plot where the scale covers orders of
magnitude.
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boundaries are pinned to the hills and show a slower dynamic. Thus, we can expect
that the exceeding of γc occurs on a longer time scale. Indeed, this is visible in the
behavior of γL (t): at Γ = 162, the critical value is exceeded after more than 10 minutes
and we can assign this to grain boundary activated motion or a phase equilibrium
between hexatic and solid. For Γ = 189, the exceeding occurs approximately at 1600
s, and one might notice that we increased Γ up to now in almost equidistant steps. At
this point, we can expect the bulk system to be completely in a polycrystalline state
without freely diffusing dislocations. At larger Γ-values, the dynamic of the boundaries
is reduced more and more, and at very large values in the order of Γ = 1000, γL (t)
seems to be bounded.

Figure 4.29 shows log-log plots of γL (t) for sample #19 and #27. Here, we see a
similar behavior. For sample #19, γc is exceeded for the pure liquid and liquid/hexatic
coexistence approximately between 50 s and 150 s ( for Γ = 38 up to Γ = 122). For
the hexatic/solid coexistence a crossover between 310 s and 1150 s (for Γ = 148 up
to Γ = 204), and can expect a pure polycrystalline phase above Γ ≥ 219 where γc is
exceeded after 1700 s. For sample #27 we identified the isotropic liquid phase from
Γ = 24 up to Γ = 101, where γc is exceeded between 30 s and 75 s. We found a
liquid/hexatic coexistence for Γ = 143, where γc is exceeded at 130 s. From Γ = 210
up to Γ = 396, we might identify the hexatic/solid coexistence. Here, γc is exceeded
between 300 s and 1300 s. At larger Γ-values, the exceeding of γc seems to be later
than 2000 s and we can assume to be in the polycrystalline state.

These classifications are restricted to the bulk system, the particles in the flat regions.
We have to expect that particular substrate elevations are still in a different phase and
have to consider that these particles are not negligible in correlation functions in the
presence of unlikely high hills.

4.4.4 Phase diagram

Nelson studied the influence of randomly quenched impurities to a crystalline system
for the first time quantitatively [8]. He found that the transition from the hexatic to the
solid state is dependent on the induced disorder, quantified by the fluctuations in the
impurity concentration σ (Figure 2.9). He postulated that the corresponding transition
temperature Tm (σ) is, at intermediate temperatures, a decreasing function of σ.

We were able to verify this behavior. While Zahn et al. [6] and Keim et al. [7] showed,
that for a colloidal crystal, the solid/hexatic and hexatic/liquid phase transitions occur
in the system temperature region around Γ ≈ 60, we found that these temperatures
are shifted in terms of Γ to higher values. The classification due to the dynamic
Lindemann parameter indicated a complete transition to the solid phase for sample
#28 at 162 < Γ < 189, for #19 at 204 < Γ < 219, and for #27 at 396 < Γ < 473. At
the corresponding system temperatures, the three samples show an increasing disorder
strength from #28 over #19 to #27 (see Figure 4.5). In addition, we found that the
liquid/hexatic transition is affected by the disorder as well, however, less crucial than
in the hexatic/solid case. Samples #19 and #28 showed the first hexatic behavior at
interaction strengths between Γ ≈ 85 and Γ ≈ 110. In this region, sample #27 had
a higher disorder strength compared to the other two samples and developed hexatic
characteristics between Γ ≈ 101 and Γ ≈ 143.
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Further, Nelson argued that below a certain disorder strength, the system may show
a reentrant melting scenario, when coming to low temperatures and subsequently en-
ters the hexatic phase at any finite value of σ. Cha and Fertig argued that Nelson’s
expansion of certain renormalized quantities breaks down at large and negative inter-
action energies between the disorder and topological defects, and revised the reentrant
melting at low temperatures [9]. They found that at sufficient low temperatures, the
crystalline system will always build a solid state as long as σ does not exceed a certain
critical value, leading to a ’melting at zero temperature’ (Figure 2.10). Herrera-Velarde
and von Grünberg verified this with simulations of a crystalline system with paramag-
netic pair interaction [10]. Among other things, they investigated the system at zero
temperature by varying the strength of disorder and found that the system undergoes
a solid to hexatic phase transition.

Our experiments are in favor of these investigations. Although we are not able to
reach arbitrarily small temperatures, we found that at finite disorder and high inter-
action strength, the colloidal system shows strong characteristics of a solid. As can be
seen in Figure 4.28 for sample #28, the dynamic Lindemann parameter is for Γ = 1333
clearly bounded at long times.
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Figure 4.30: Observed phase diagram for sample #19 (circles), #27 (triangles), and
#28 (squares). The appearance of different phases and the width of the
phase equilibria is dependent on the disorder strength σm and the system
temperature 1/Γ.
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Further, we investigated that the continuous character of the phase transitions pre-
dicted by the KTHNY melting scenario may be destroyed to be first-order. We observed
phase equilibria for the liquid/hexatic as well as for the hexatic/solid transition. We
found indications that the phase coexistence is triggered by the induced disorder, in a
way that it hinders the system to change the thermodynamic phase at all length scales.
Unfortunately, we were not able to identify a pure hexatic phase and have to consider,
that even the two phase equilibria might overlap. In addition, the induced disorder
influences the broadness of the phase coexistence and seems to be more crucial for the
hexatic/solid as for the liquid/hexatic transition. The hexatic/solid coexistence region
can be limited for sample #28 at 137 < Γ < 189, for #19 at 122 < Γ < 219, and for
#27 at 143 < Γ < 473, again for an increasing disorder strength from #28 over #19
to #27. For sample #19, the region of liquid/hexatic coexistence can be located at
85 < Γ < 148 which is smaller than in the hexatic/solid case.

Figure 4.30 illustrates these results in a phase diagram. The plot reveals the ther-
modynamic phase for all samples as a function of the disorder strength σm and the
system temperature 1/Γ. The samples are indicated with different symbols, circles for
sample #19, triangles for sample #27, and squares for sample #28. Unfortunately,
we observed strong fluctuations in the disorder strength and where not able to change
system temperature and disorder independently. Nonetheless, we were able to cover
a large region of the phase space. The phase boundaries of the transition from the
isotropic liquid to the phase equilibria and to the pure solid state are illustrated with
lines. The dashed part of the line indicates the large error in this region, where we can
not predict the developing of the phase boundary very precisely. One can clearly see
a shift of the phase transitions to lower temperatures at higher disorder strengths, for
the entrance in the liquid/hexatic coexistence as well as for the transition to the pure
solid. In addition, we see an indication that below a certain value of σm the solid phase
remains stable at low system temperatures.



5 Conclusions and outlook

We investigated the thermodynamics of two-dimensional colloidal systems in the pres-
ence of induced disorder. The disorder was generated by confining the colloids on a
substrate with slowly varying modulations which act, due to gravity, as a repulsive
and random potential. While freezing the systems, we tracked the particle positions in
equilibrium states and studied the structure and dynamic as a function of disorder to
investigate the phase behavior. Therefore, orientational correlation functions in space
and time were analyzed as well as a modified 2D dynamical Lindemann parameter.
Since the behavior of those functions indicated differences to the undisturbed system,
snapshots of particle positions and local director fields were discussed in real space.

We showed that the first occurrence of hexatic characteristics as well as the transition
to a crystalline state are, triggered by the induced disorder, shifted to lower tempera-
tures which is in agreement with theories by Nelson [8], and Cha and Fertig [9]. Further,
we found that, at finite disorder and high interaction strengths, the system occupies
a solid state. This verifies simulations by Herrera-Velarde and von Grünberg [10], as
well as Cha and Fertig’s reconsiderations of Nelson’s theory. The latter postulates a
re-entrance from the solid to the hexatic phase at low temperatures for arbitrary small
disorder strengths what was not seen in our experiment. In addition, we observed the
developing of phase equilibria indicating first-order characteristics which also seem to
be induced by disorder and showed that their range is also dependent on the disorder
strength.

We probed this kind of system with long wavelength perturbations for the first time
experimentally. Other systems have been investigated with disorder on short length
scales in form of a random pinning potential induced by rough surfaces [44]. It has
been found evidence for an isotropic liquid for intermediate and strong pinning.

Considering the theoretical models, we have to expect that the assumptions on the
impurity distribution are crucial, and that the system might behave different in respect
to the character of the impurity fluctuations. Our realization of disorder is consistent
with Nelson’s considerations, however, regarding only the length scale of the disorder.
He assumed impenetrable quenched impurities and we induced random Gaussian-like
potentials which interact with the crystalline system on a longer range. However this
might not be a discrepancy as long as the range of the induced potential is small enough
to be approximated as an ’impurity’.

For future research, 3D lithography might be a powerful tool to prepare disorder
landscapes which can be created with high resolution on a sub-micrometer scale. Then,
the resulting disorder can be quantified more precisely and allows to cover the disorder-
temperature phase space completely. The form of the landscapes can not only be
adjusted perfectly to previous theories or simulations, but one would also be able to
create new types of disorder with a huge variety. For instance, one could prepare a
substrate with high and impenetrable pillars which would lead to a ’stiff’ distribution of
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disorder. In addition, one could investigate the ’soft’ disorder of this work more precisely
by creating slight substrate modulations with different height and size. Further, 3D
lithography allows to prepare colloidal spheres of arbitrary size and form. These can
be inserted in the usual monodisperse system which probably would come as close as
possible to the impurities in Nelson’s first approach.

It would also be interesting to melt such a disordered system to investigate if hys-
teresis of the transition temperatures occur for cooling and heating cycles. If hysteresis
is formed, this would be another strong indication that continuous melting on a flat
substrate is changed to be a first-order transition - induced by disorder.

Further, it would be of particular interest to investigate if induced disorder might in-
fluence fundamental collective phenomena. For instance, a comparison between the
dynamic Lindemann parameter and the mean square displacement would reveal if
Mermin-Wagner fluctuations are suppressed [12].



Summary

In dieser Forschungsarbeit wurden zweidimensionale, kolloidale System untersucht, die
einer induzierten Unordnung ausgesetzt sind. Die Kolloide wurden auf ein Substrat
platziert, das eine langsam variierende räumliche Modulation der Oberfläche aufweist,
welche durch die Gravitationskraft wie eine willkürlich verteilte Potenziallandschaft
wirkt. Wir haben das System schrittweise abgekühlt und zwischen den einzelnen Schrit-
ten die Trajektorien der Teilchen bestimmt. Aus diesen Trajektorien haben wir den
Einfluss der Unordnung auf die Struktur und Dynamik des Systems untersucht um
das zugehörige Phasendiagramm zu bestimmen. Diesbezüglich wurden örtliche und
zeitliche Orientierungskorrelationsfunktionen analysiert, sowie der dynamische Linde-
mannparameter in zwei Dimensionen. Da der Verlauf der Funktion Unterschiede zu
ungestörten Systemen gezeigt hat, haben wir Momentaufnahmen der Teilchen und
deren Orientierung genauer betrachtet.

Wir haben gezeigt, dass die induzierte Unordnung das erste Auftreten hexatischer
Bereiche sowie den Übergang in die kristalline Phase zu niedrigeren Temperatuten ver-
schiebt, was mit Theorien von Nelson, Cha und Fertig übereinstimmt [8], [9]. Des Weit-
eren haben wir herausgefunden, dass das System bei endlicher Unordnung und tiefen
Temperaturen einen kristallinen Zustand annimmt. Dies verifiziert Simulationen von
Herrera-Velarde und von Grünberg [10] und bestätigt Chas und Fertigs Verbesserun-
gen von Nelsons Modell. Letzterer hatte postuliert hatte, dass das System bei beliebig
kleinen Unordnungsstärken und tiefen Temperaturen wieder in die hexatische Phase
übergeht. Dies war bei uns nicht der Fall. Zusätzlich sind Phasengleichgewichte aufge-
treten, welche durch die Unordnung induziert und von deren Stärke beeinflusst wurden.

Dieses System mit langsam modulierter Unordnung wurde das erste Mal experi-
mentell untersucht. Bisher wurden nur Systeme mit kurzreichweitiger Unordnung in
Form von rauen Oberflächen analysiert, an denen sich Teilchen festsetzen können [44].
Dort wurde herausgefunden, dass das System bei mittlerer und starker Unordnung
Charakteristiken einer isotropen Flüssigkeit zeigt.

Wenn wir die theoretischen Modelle betrachten, müssen wir erwarten, dass die An-
nahmen bezüglich der Unordnung entscheidend sind, und dass sich Systeme mit un-
terschiedlicher Verteilung der Unordnung anders verhalten. Im Prinzip stimmt die
Realisierung unserer Unordnung mit Nelsons Überlegungen durch undurchdringbare
Fremdatome überein, jedoch nur bezüglich seiner Längenskalen. Unsere willkürlich
verteilten Modulationen wechselwirken mit dem kristallinen System auf einer etwas
größeren Längenskala. Dies sollte jedoch zu keinen Unstimmigkeiten führen solange
das induzierte Potential klein ist und als ’Fremdatom’ betrachtet werden kann.

Für die weitere Forschung wäre 3D Lithographie eine gute Möglichkeit, um unge-
ordnete Substrate herzustellen, welche mit einer Auflösung im Submikrometer-Bereich
fabriziert werden könnten. Die Unordnung dieser Substrate könnte dann quantitativ
noch besser beschrieben werden um das Phasenverhalten bezüglich Unordnung und
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Temperatur-Phasenraum komplett abzudecken. Die Form des Substrates könnte nicht
nur perfekt an Theorien und Simulationen angepasst werden, man wäre außerdem in
der Lage eine Vielfalt an neuen Arten von Unordnung zu erzeugen. Man könnte eine
’starre’ Unordnung durch hohe und schmale Säulen realisieren oder den Einfluss der
eher ’weichen’ Unordnung in dieser Arbeit genauer untersuchen, indem man die leichten
Modulationen in ihrer Höhe und ihrem Durchmesser variiert. Des Weiteren erlaubt
3D Lithographie kolloidale Teilchen beliebiger Größe und Form herzustellen. Diese
können in das monodisperse System involviert werden, was Nelsons ursprünglichen
’Fremdatomen’ wohl am nächsten kommen würde.

Weiterhin wäre es sehr interessant, das System mit induzierter Unordnung zu schmelzen
um nachzuprüfen ob hier eine Hysterese der Übergangstemperaturen auftritt. Is dies
der Fall, wäre es ein weiteres Anzeichen dafür, dass das kontinuierliche Schmelzszenario
von Kosterlitz, Thouless, Halperin, Nelson und Young durch ein Substrat, dass auf
beliebig kleinen Längenskalen immer Unordnung induziert, zu einen Phasenübergang
erster Ordnung wechselt.

Zusätzlich wäre von großem Interesse, ob induzierte Unordnung grundlegende kollek-
tive Phänomene beeinflusst. Ein Vergleich mit dem Verhalten des dynamischen Lin-
demannparameters und des mittleren Verschiebungsquadrates eines Systems auf einem
extrem flachen Substrat würde zum Beispiel zeigen, ob Mermin-Wagner Fluktuationen
durch statische Unordnung unterdrückt werden [12].
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