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1. Introduction

This work treats a model system of densely packed hard discs in two dimensions undergoing

Brownian motion close to the glass transition. The effect of applying an external shear field will

be studied in the framework of a computer simulation testing theoretical predictions from the

so called mode-coupling theory. Binary hard discs represent a simple model system for colloidal

suspensions, which are dispersions of compact particles, typically 1 nm to 1 µm in size. Colloidal

suspensions are subject to Brownian motion and the internal structure of the particles should

not influence the physical quantities studied. As many products of the food and cosmetics

industry deal with colloidal suspensions the properties of such systems are an interesting topic

to study. In order to motivate this work further, a few things about Brownian motion, dense

systems, the glass transition, the shear flow and the simulation of hard disc systems in general

have to be stated.

1.1. Brownian motion

Brownian motion, named after Robert Brown, who reported about it for the first time in the

year 1828 [1], describes the erratic, fluctuating motion of particles emersed in a solvent whose

velocity distribution follows a Maxwell Boltzmann distribution. This movement of the particles

is called diffusion. About 100 years later Albert Einstein [2] and Marian Smoluchowski [3]

independently explained the Brownian motion theoretically as a Wiener process and deduced

the famous Einstein-Smoluchowski relation.

When considering a system of hard discs confined in two dimensions surrounded by a solvent

it is clear that the Brownian motion in such a liquid sets a timescale τ̂B, through the diffusion

coefficient. Correlation functions for the dilute system decay on this time scale.

On letting the system become denser this de-correlation is hindered by the surrounding particles,

introducing a new timescale τ̂α, given by the structure. On further increasing the density, the

glass transition is approached.

1



2 Chapter 1. Introduction

1.2. The glass transition

Consider a system that is hindered or frustrated to crystallize and stays amorphous (lacking

any long range order) on densification. The timescale τ̂α increases, so that the microscopic

Brownian timescale is much smaller than the structural relaxation (τ̂B ≪ τ̂α): Then, in the

broadest sense, the system is said to approach the glass transition. Formally the transition is

reached when τ̂α diverges. In this case neither discontinuities or singularities of thermodynamic

functions, nor changes in the equilibrium structure appear, as the transition expresses itself

through dynamical quantities only.

The considerable slowing down of the dynamics in the system has been studied for almost a

century and many, mostly phenomenological laws, have been found. Among the most famous

laws are the ones from Kohlrausch [4] and von Schweidler [5], describing the final structural

relaxation. However, in 1984 Bengtzelius, Götze and Sjölander, and Leutheusser [6, 7] developed

a theory today known as mode-coupling theory (MCT). It not only gave reason to the Kohlrausch

and von Schweidler laws, it also made new predictions, which have been tested in numerous

experiments on colloidal suspensions [8–12].

Figure 1.1.: Illustration of the cage effect. The red particle is trapped in the cage formed by the
blue neighbor particles. Every blue particle is trapped on its part by its surrounding neighbors.
Motion can only occur in a collective manner.

The idea, which explains the slowing down of the dynamics in glass forming liquids, is visualized

in figure 1.1. This figure shows a typical disordered liquid made up of hard discs. On increasing

the density, the neighboring particles start to constrain the movement abilities of each other.

This so called ’cage-effect’, where each particle is trapped in a cage of its neighbors, leads to
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certain movement restrictions: A particle can only move, when there is a process of collective

movement of itself and its neighbors. This results in a strong feedback or coupling of different

modes of fluctuations. Furthermore, the system develops a memory, which means that all mo-

tion depends on the history of the system. Note that this is now a non-ergodic system as the

particles cannot explore the full phase space anymore.

At a critical density the caging becomes dominant and the long range motion fully ceases. This

dynamic glass transition in hard sphere systems, along with the divergence of the time scale τ̂α,

is described by MCT.

A foundation for two dimensional MCT analysis was already laid by M. Bayer [13], showing

that, experimental two dimensional data can be understood qualitatively with the theory.

Thus, in this work, we go one step further and perform a full quantitative analysis of MCT

results for a binary model system of hard spheres. Predictions about mixing effects, like the

in- or decrease of the glass transition point on changing the mixture composition, and glass

transition points themselves are tested with extensive simulations for exactly that model system.

1.3. Sheared systems

Introducing shear flow to this system, can break up the cage structure visualized in figure 1.1

and make the system’s correlation functions relax again. This introduces a new time scale in

the system τ̂γ̇ on which the correlators decay. This renders the situation more complex but

unveils the new interesting field rheological properties. Experimental studies on systems under

shear are a topic of current interest [14–16].

For cases where the Brownian time scale is small compared to the shear induced relaxation time

(τ̂B ≪ τ̂γ̇), MCT could be extended by M. Fuchs and M. E. Cates [17] to a theory, known as

mode-coupling theory with integration through transients (MCT-ITT).

Using simulations, the interplay between the time scales τ̂B, τ̂α, τ̂γ̇ will be investigated. The

interesting cases are: τ̂α ≪ τ̂γ̇ where the shear induced relaxation is slower than the actual

structural one, and τ̂α ≫ τ̂γ̇ where the shear rate governs the final relaxation. As a result of

these different time scales involved in these systems at high densities, a variety of properties

as for instance the transition from flow with a constant viscosity to shear thinning, where the

viscosity decreases on increasing the shear flow, can be explained and understood with the

simulations in combination with the theory.
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1.4. Simulation of glassy model systems

The simulation of such a glassy model system of hard discs gives a direct test of the theoretical

predictions in two dimensions for a system that is often referred to as the model glass former.

A crucial point when implementing an algorithm for hard discs under Brownian motion is to avoid

overlaps, but on the other hand, hard discs have to be moved randomly. Chicocki and Hinsen

proposed a Monte-Carlo method [18], drawing random displacements. Moves creating overlaps

are rejected, which leads to a drastic slowdown for high and especially glassy densities. Heyes

and Melrose improved this algorithm [19]. Whenever a disc overlaps after a displacement, it is

withdrawn, until the configuration has no overlaps. Although being rejection free, this method

yields contact values which are too high for the real fluid. The final version of the algorithm

used here was first introduced by Strating [20] and then improved by De Michele [21]. The

idea is that after drawing random displacements, these are interpreted as velocities for a time

interval. During this time interval the discs perform elastic collisions. After that, new random

displacements or velocities are drawn. A linear shear flow can be imposed, along with the

appropriate boundary conditions.

A difficult task in the simulation, is now to work out the separation of the three time scales,

mentioned above.

1.5. Outline of the chapters

The thesis is organized as follows:

Chapter 2 introduces the simulation and the concept of the Brownian time step. Moreover the

technique to impose a linear shear flow is presented. Performance issues and procedures to

reach high densities are explained.

Chapter 3 applies the Brownian dynamics simulation to investigate the change of the glass

transition of binary mixtures with respect to the mixture composition. A special mixture is

investigated in detail. The analysis is done within the framework of MCT. Parts of the results

in this chapter have already been published in reference [22].

Chapter 4 discusses and proves the validity of the algorithm presented in chapter 2 for Brownian

hard spheres under shear.
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Chapter 5 investigates the special mixture, selected at the end of chapter 3 under shear. Rheo-

logical properties are discussed along with theoretical results from MCT-ITT. Parts of the results

in this chapter have already been published in reference [23]. Actual results also appearing in

this work are to be published soon in reference [24].

Chapter 6 finally connects different types of correlators which can appear in a sheared system:

The transient correlator which is measured directly after imposing the shear field on a quiescent

system, and the stationary correlator which is approached when the sheared system reaches its

steady state. As a last step oscillatory shear is introduced and the time dependent stress curves

are discussed. The results from this chapter can be found in the references [25, 26], where they

have been published first.

Chapter 7 gives a summary of the work.





2. Simulation

Molecular dynamics simulations provide a powerful tool to study liquids for which the micro-

scopic interactions between the constituents are known [27]. In general, the interactions in these

systems are expressed in terms of continuous potentials and the equations of motion are then

solved numerically with a discretization algorithm, like the leapfrog or the Verlet algorithm [28].

The hard sphere or hard disc system is arguably the most simple model for a classical dense

liquid. Thus, testing theoretical predictions against simulation of hard spheres [29, 30] and

simulations of quasi hard spheres [31] has emerged to be a valuable criterion to check theories

qualitatively and quantitatively.

Hence, it is desirable to introduce step potentials and let discs interact via collision rules as

hard discs. This is our ’simple’ simulation model which contains the hard core properties of

our constituents. In fact, using such a model is not that digressive, as the earliest simulations

[32, 33] were of this kind.

The dynamics of our system will be pseudo- or semi-event driven, which means that the hard

discs are subject to Newtonian dynamics along with collision rules which ensure energy and

momentum conservation. The introduction of a so called Brownian time step τB, for which all

the velocities of the discs are redrawn from a Gaussian distribution, will ensure a Brownian-like

motion. This ’thermostat’, first introduced in event driven simulations by P. Strating [20], can

be considered as a coupling to a heat bath which also changes our ensemble from the natural

molecular dynamics (E V N)-ensemble to the desired, (T V N)-ensemble. Introducing a bias

for the velocity distribution, depending on a disc’s y-position in the simulation box, along with

Lees-Edwards boundary conditions [34], makes it possible to simulate dense suspensions of hard

discs under shear.

An advantage of event driven simulations is, that it is not necessary to choose a time step for

the integration of the equations of motion. Thus, typical discretization errors for the integration

of the equations of motion are removed. However, introducing the Brownian time step yields a

new source of discretization errors which arouses the question: Is the system really Brownian?

For the non-sheared case the answer is positive, as Lange et al. show in reference [35], but for

7



8 Chapter 2. Simulation

the sheared case the question was still unanswered: It will be worked out in chapter 4, again

with a positive result.

Furthermore, event-driven algorithms tend to be more complex in their implementation, as

dealing with large numbers of collision events in an efficient way, requires careful attention to

the questions of data organization and efficient calculation methods.

The following sections treat the detailed description of the implementation of our semi-event

driven simulation for hard discs which are subject to linear shear flow.

2.1. Event driven simulation

First, the dynamics for times t ≤ τB needs to be characterized. On this timescale, the discs

move uniformly according to Newton’s first law, as long as they do not collide with each other.

Thus, a principal point in the simulation will be the determination of the collision time of two

discs.

We consider a rectangular box of size L with N classical particles as discs. Let two discs named

i and j at time t be given, at positions ri and rj, the velocities vi and vj, the masses mi and

mj, and the radii σ̃i and σ̃j (or diameters di and dj). Then, the answer to the question whether

and when a collision between the discs occurs is given by the solution τij of the quadratic

equation

|ri + viτij − (rj + vjτij)| = |∆rij +∆vijτij| = σ̃j + σ̃i, (2.1)

with the relative velocities ∆vij = vi−vj and the corresponding relative distance ∆rij = ri−rj.

This expresses the condition that the distance between the centers of both discs must be the

sum of both radii when the discs are at contact. The solution of equation (2.1) reads

τij =
−∆rij ·∆vij ±

√

(∆rij ·∆vij)2 −∆v2
ij(∆r2

ij − (σ̃i + σ̃j)2)

∆v2
ij

. (2.2)

In order for a solution to exist, the argument of the square root must be positive. In addition

to that, we require that ∆rij ·∆vij must be negative so that equation (2.2) yields two positive

collision times. Negative collision times correspond to trajectories, that apparently intersected

in the past. Given two positive solutions, one has to select the smaller one as it corresponds

to the time when discs overlap first, while the second time yields the point after both discs

have already inter-penetrated and will separate again. To find the next so called event, in our

dynamics we need to select the first collision time which occurs for all discs
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Figure 2.1.: Illustration of the two solutions for equation (2.2) for two colliding discs.

τc := min
i 6=j∈{1,...,N}

{τij | σ̃j + σ̃i = |∆rij +∆vijτij|}. (2.3)

By using this information, the system can be propagated in time until τc. According to Newton’s

first law, any disc k ∈ {1, ..., N} moves to its new position r∗
k given by the equation

r∗
k = rk + vk · τc, (2.4)

which updates the whole system to the time τc. This leads to the updated relative distance

∆r∗
ij := r∗

i − r∗
j between the colliding discs i and j.

The two discs i and j, whose surfaces are now in direct contact, undergo a collision. Using

momentum and energy conservation, we can calculate the velocities after the collision event

[27]:

v∗
i = vi − 2

∆vij ·∆r∗
ij

(

1 + mi

mj

)

|∆r∗
ij|

v∗
j = vj + 2

∆vij ·∆r∗
ij

(

1 +
mj

mi

)

|∆r∗
ij|
. (2.5)

Repeating this procedure solves the equations of motion for a system obeying Newtonian dy-

namics and provides realizations of the microcanonical ensemble ((E V N) given) for hard discs.

The collision equations demand energy conservation, the number of discs is kept constant and

the volume is fixed.

Figure 2.2 shows the measured pressure for N = 1000 monodisperse (ds ≡ di = 1 for all
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i ∈ N) hard discs for various packing fractions along with the prediction from Baus and Colot

[36, 37], which reads

Pd2s
kBT

=
4ϕ

π

6∑

n=0

cnϕ
n

(1− ϕ)2
, (2.6)

with c0 = 1, c1 = 0.128, c3 = 0.0018, c4 = −0.0507, c5 = −0.0533 and c6 = −0.0410.

The pressure follows the theoretical prediction until the known phase transition for hard discs

at ϕ ≈ 0.69 sets in. Basically, two methods are used to determine the pressure. They are

explained in detail in appendix A.3 and A.4. The reproduction of the known result from Baus

and Colot shows that the equation of state is correctly sampled by the simulation as long as no

crystallization takes place.

 0

 2

 4

 6

 8

 10

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8

P
d

s2
/k

B
T

ϕ

Simulation
Baus Colot

P from contactvalue

Figure 2.2.: Dimensionless pressure Pd2s/kBT extracted from a simulation with N = 1000 hard
discs via the contact value of the radial distribution function and the direct evaluation of the
stress in the system (s. Appendix A.3 and A.4).

2.2. Introducing Brownian motion

As already pointed out in the previous section, the ’natural’ ensemble of the event driven

algorithm is the (E V N), the microcanonical ensemble. However, as we are interested in

simulating hard discs immersed in a fluid which will act as a heat bath, we have to introduce

a thermostat which changes the ensemble to the canonical one (T V N). The thermostat is a
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method which replaces the microscopic interactions of the solvent with a general less calculation

intensive procedure. In addition to that, applying a shear field to the system will increase the

total energy of the system and thus makes a coupling to a heat bath desirable, as it will detract

the additional energy.

Figure 2.3 shows the system consid-

Figure 2.3.: Two hard discs with corresponding velocities,
surrounded by solvent particles.

ered with two hard discs surrounded

by solvent particles. The basic idea

of the thermostat is that the inter-

actions of the solvent particles lead

to a redistribution of the discs ve-

locities. Therefore a timescale τB

is introduced which determines the

time, when all the discs loose their

memory and new velocities will be

assigned to them. This introduces a

new, although artificial event, called

the Brownian time step. When the

system reaches an integer multiple of the time τB, all velocities for all discs have to be freshly

drawn according to a Gaussian distribution with density

f(v) =

(√
m

2πkBT

)2

exp

(
mv2

2kBT

)

. (2.7)

Thus, in order to propagate the system in time, the next collision has to be found, as in equation

(2.3) and with τ ∗ := min{τc, τB} the system can be propagated according to equation (2.4),

where τ ∗ replaces τc. After that, either the collision rules of equation (2.5) apply or the velocities

of all N discs are freshly drawn from a Gaussian with the distribution given in equation (2.7).

In the following, for the sake of simplicity the discs will have their masses and diameter set to

unity. When discussing polydisperse systems (systems with different radii) the smallest disc will

always have the diameter set to unity. Additionally, we will set kBT to unity.

Figure 2.4 shows the mean squared displacement (MSD), of a system of monodisperse (N =

1000) hard discs with varying Brownian time steps τB ∈ {0.1, 0.01, 0.001}. It was calculated

via 〈(r(t)− r(0))2〉 = 〈1/N
∑N

i=1(ri(t) − ri(0))
2〉 and the brackets 〈...〉 are interpreted as

an average over different simulations. For times t ≤ τB, the system follows the Newtonian

short time asymptote (∝ (〈v2x〉+ 〈v2y〉)t2). After having undergone several Brownian time steps
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τB ≪ t ≪ τm but still at times when many-body interactions are not dominant (t ≪ τm), the

short time dynamics enters the Brownian short time regime and follows the asymptote ∝ 4D0t.

D0 is connected to τB via 4D0 = τB〈v2〉 [20]. The timescale τm = τm(ϕ) which depends on

the packing fraction ϕ provides an upper limit to τB for the algorithm to yield the Brownian

short time asymptote.
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Figure 2.4.: Left: Mean squared displacements for different Brownian time steps τB. The time

units are rescaled by the Newtonian short time scale set by ds/
√

〈v2x,y〉. The solid lines show the

corresponding short time asymptotes for Newtonian and Brownian dynamics. Arrows show the
times when the Brownian time step sets in first, and an estimate for τm. Right: Mean squared
displacements for different Brownian time steps τB with time units rescaled by the Brownian
short time diffusion coefficient D0. The solid line shows the short time asymptote for Brownian
dynamics.

Implementing shear flow in computer simulations is in general achieved by modifying the bound-

ary conditions and changes in the thermostat. Concerning the boundary conditions we choose

Lees-Edwards boundary conditions [34] to simulate an infinitely large sheared system (see sec-

tion 2.3). The problem of the increasing energy of the system by the driving force was already

solved by the proposed thermostat, as the velocities are freshly drawn after each time step τB

and consequently the temperature is kept constant. Nevertheless, drawing random numbers

from a Gaussian distribution comes along with the total loss of any memory about the velocities

before, and thus essentially destroys the flow field. As the flow field in our system shall be linear,

we modify the thermostat so that this special flow field is enforced. Therefore, after having

assigned new Gaussian distributed velocities to the discs, we simply add the linear shear profile

to the disc by setting

v∗i,x := vi,x + γ̇ri,y (2.8)
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which modifies the x component of the ith disc’s velocity, depending on its y-position ri,y

in the simulation box. The constant γ̇, the so called shear rate, gives the velocity gradient

∂vsolvent/∂y of the solvent molecules acting on the discs. This motivates calling the y-axis the

gradient and the x-axis the shear or flow direction. Unlike in three dimensional systems, no

neutral direction appears.
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Figure 2.5.: Left: Illustration of two hard discs under the influence of the shear gradient. Right:

Measured averaged velocities in the simulation box with size L. The velocities for different shear
rates have been divided by γ̇L and the y-coordinate by L. The expected linear relation holds.

Shearing a solvent between two plates at constant speed (not too high to generate turbulence)

will, after undergoing a transient period, result in a steady state linear shear profile. This

substantiates the enforcement of the shear profile by the thermostat.

The left panel of figure 2.5 illustrates the simulation box with diffusing discs and the added

shearprofile along with the corresponding gradient (y) and shear (x) direction. The right panel

shows actual measurements, proving that the velocity profile indeed is linear with the correct

prefactor.

Necessarily, the discs’ diffusion in the x-direction is affected by the shear flow. When measuring

autocorrelation functions, it will turn out to be more convenient to subtract this trivial part of

the flow field, as our main focus lies on the nonlinearities caused by the interaction between

the discs. This issue is addressed in section 5.1.2 with the introduction of the advected wave

vector in equation (5.8).
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2.3. Boundary conditions

In this work, we are interested in the behavior of an infinitely large system of hard discs under

Brownian motion. In general, MCT treats such bulk systems although recently MCT could

also be extended to treat finite systems [38]. This leads to the question: Which boundary

conditions should be used for the simulation box? An artificial barrier, with reflecting walls

at the simulation box boundaries with about N ≈ 1000 discs, is not modeling the infinite

system considered in MCT. Thus, periodic boundary conditions in the case of the quiescent,

and Lees-Edwards boundary conditions for the sheared system, are used.

Figure 2.6.: Simulation box (grey) with three discs, surrounded by the corresponding eight image
boxes. Particle P1 leaves the simulation box and re-enters on the opposite side. Particles P2 and
P3 collide with the corresponding image disc.

To implement periodic boundary conditions, the simulation box is considered as being sur-

rounded by periodic images of itself. During the simulation, as a molecule moves in the original

box, its periodic image in each of the neighboring boxes moves in the same way. Whenever a

disc leaves the original box, one of its images will enter at the opposite side. In order to avoid
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overlaps, the discs collide with image discs from the surrounding boxes. Figure 2.6 shows the

simulation box surrounded by its eight image boxes. Particle P1 leaves the simulation box at

the upper side and thus has to re-enter at the lower side. Particle P2 and P3 cannot leave

the simulation box, as they are colliding with image discs. The collision with image discs is

governed by the same equations ((2.1) and (2.5)) as for ’real’ collisions. Nevertheless, the

relative distances in equation (2.1) and equation (2.5) have to be changed, according to

∆r∗
ij = ∆rij − ⌊2∆rij/L⌋ · L (2.9)

with ⌊...⌋ denoting the floor function. For making the disc re-enter, equation (2.4), which has

already been modified in section 2.2 has to be adapted to

r∗k,l =







rk,l + vk,l · τ ∗ − L if rk,l + vk,l · τ ∗ > L

rk,l + vk,l · τ ∗ + L if rk,l + vk,l · τ ∗ < 0

rk,l + vk,l · τ ∗ if 0 ≤ rk,l + vk,l · τ ∗ ≤ L

(2.10)

with l ∈ {x, y} and k ∈ {1, ..., N}.
Using these equations, it is not necessary to store the image boxes, just the simulation box itself.

It should be added that all fluctuations with wavelength greater than L will be suppressed in

our system as a consequence of enforcing the periodic boundary conditions [39].

Introducing shear flow comes along with a modification of the periodic boundary conditions.

Motivated by experiments, one could just make the upper and lower boundaries of the simulation

box reflective and give the discs a bias speed in shear direction. However, reflecting walls induce

surface effects that are not contained in our MCT models so far. Thus, we choose so called

Lees-Edwards [34] boundary conditions (LEBC) to simulate a bulk system experiencing shear

flow. The LEBC do not change the periodic image boxes in x-direction, but the images in

y-direction: Image boxes connected to the upper or lower side of the simulation box move

with the speed γ̇L and −γ̇L respectively in x-direction. This creates the image of ’sliding

bricks’, depicted in Figure 2.7. Again the simulation box is surrounded by the corresponding

eight image boxes. While the left and right image box are the same ones as in the original

picture (figure 2.6) the upper and lower image boxes are already shifted forwards or backwards,

respectively. Two discs P1 and P2 are shown. Particle P2 leaves the simulation box to the right

side and enters at the corresponding left side. Unlike disc P2, disc P1 leaves the simulation box

through the upper side, but appears in the shifted image box, which results in an re-entry at a
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shifted position through the lower side of the simulation box. As the image boxes are moving

with a certain velocity the re-entry from the upper/lower to the lower/upper side requires a

transformation of the disc’s velocity in x-direction. In order to avoid overlaps after re-entering

the simulation box, collisions with discs in image boxes have to be taken into account. Again,

the collisions with image discs are governed by almost the same equations ((2.1) and (2.5))

with a few modifications: Taking into account the shifted boxes, the relative distances change

to

∆r∗ij,y = ∆rij,y − ⌊2∆rij,y/L⌋ · L. (2.11)

and

∆r∗ij,x = ∆rij − ⌊2∆rij,x/L⌋ · L+ (γ̇tmod 1) · ⌊2∆rij,y/L⌋ · L. (2.12)

Figure 2.7.: Simulation box (grey) with two disc surrounded by the corresponding eight image
boxes. Particle P2 leaves the simulation box on the right side and re-enters at the corresponding
place through the left side. Particle P1 leaves the simulation box through the top side and
re-enters coming from the shifted image box through the bottom side.
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For the re-entry equation (2.4) has to be adapted to

r∗k,y =







rk,y + vk,y · τ ∗ − L if rk,y + vk,y · τ ∗ > L

rk,y + vk,y · τ ∗ + L if rk,y + vk,y · τ ∗ < 0

rk,y + vk,y · τ ∗ if 0 ≤ rk,y + vk,y · τ ∗ ≤ L

(2.13)

and

r∗k,x =







rk,x + vk,x · τ ∗ − L+ (γ̇τ ∗ mod 1) · L if rk,y + vk,y · τ ∗ > L

rk,x + vk,x · τ ∗ + L− (γ̇τ ∗ mod 1) · L if rk,y + vk,y · τ ∗ < 0

rk,x + vk,x · τ ∗ if 0 ≤ rk,y + vk,y · τ ∗ ≤ L

(2.14)

In addition to that, the velocities need to be adapted

v∗k,x =







vk,x − γ̇L if rk,y + vk,y · τ ∗ > L

vk,x + γ̇L if rk,y + vk,y · τ ∗ < 0

vk,x if 0 ≤ rk,y + vk,y · τ ∗ ≤ L

(2.15)

as the discs coming from boxes situated above or below the simulation box originate from a

moving reference system.

2.4. Approaching high densities

As our main focus in this work lies on glassy systems, we need to grapple with densely packed

systems in which the relaxation of particles is frustrated as the particles’ movement is blocked by

their neighbors. Moreover, the system should be amorphous which entails having no long range

order. Unfortunately, monodisperse systems crystallize in a hexagonal lattice, when the packing

fraction is chosen higher than ϕ ≈ 0.69, a density still too low to observe glassy behavior. The

remedy to this hitch is to choose a size distribution for the discs in the simulation. This can

prevent the crystallization or at least shift the timescale for the transition to times much larger

than our observation time. The possible distributions are multifarious and range from multi-

disperse (fixed M numbers of species in different concentrations), over symmetric distributions

(Gauss distribution, uniform distribution) or even the more sophisticated Schulz distribution,

which comes closer to actual experimental systems. In this work, we put our main focus on

bidisperse distributions exploiting two major advantages: First, the diameter ratio δ and the

number concentrations named xs = N s/N for the small and xb = N b/N for the big discs
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determine the system and thus the number of parameters is manageable. Second, theoretical

calculations with a finite number of different particle species can be performed in MCT, and

hence a direct comparison with the same model system treated with MCT is possible.

Creating such an amorphous dense system comes with a few technical difficulties: Having no

a priori knowledge about the positions of the discs, one would be tempted to try a Monte

Carlo approach: Fill the simulation box with discs until an overlap occurs. Unfortunately,

this procedure is highly inefficient for high densities, as almost no valid configuration (without

overlaps) will be found. Therefore, the following algorithm is proposed:

First generate a system on a lattice with a lower density ϕ < 0.69. After being generated,

the system will be given some time to leave the positions by applying the general dynamics

described in the preceding sections. The system is now in an amorphous, liquid state but still

at a too low density. The following inflation or swelling process is sketched by figure 2.8.

Figure 2.8.: Two exemplary discs (blue and red) are deflated (blue) or inflated (red) respectively.
In the first step, the blue disc reaches the desired radius while the red disc can’t be inflated to its
desired radius (dashed line) and thus is inflated to the largest possible one. In the second step,
the red disc has enough place to reach the desired radius.

We now try to inflate and deflate the discs’ diameters di, according to the desired distribution

with the desired total packing fraction ϕ :=
∑N

i=1 πd
2
i /(4V ) under the condition that no overlap

is allowed. If an overlap would occur due to the inflation of discs, the discs are inflated to the

maximum radius still possible. After this inflation step the system will undergo the general

dynamics described in the preceding sections. Then the process of inflation and free dynamics

is repeated until all discs have reached their desired radius (see figure 2.8 for an exemplary two

step swelling process).

After having finished the swelling process the system needs time to equilibrate so that all time

correlation functions are independent on the beginning of the correlation process.
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2.5. Enhancing the performance

Unlike in the early times of computer simulation (see [32, 33]), memory is not the constraining

factor. But in order to conduct long simulation runs for glassy systems, a few optimizations

are required to decrease the calculation time. Thus, we implement two structures using more

memory but reducing the calculation time drastically. Both ideas, the next neighbor cells and

the event calender are already mentioned in [33], but were not implemented due to memory

constraints. In addition to that, a short section about random number generators follows, as

the implementation of the Brownian time step requires a vast number of random velocities to

be drawn.

2.5.1. Next neighbor cells

The system propagates in time by an ordered sequence of collision events. After a collision has

occurred, the next collision time must be determined. This necessitates O (N2) calculations,

as all discs must be checked with each other. The evaluation of the square root in equation

(2.2) or its modifications needs most of the calculation time.

Dividing the simulation box into quadratic cells with an edge length larger than the biggest

disc diameter ensures that collisions can only occur between discs in the same and adjacent

cells. If the cells are small enough, it is clear that only about one disc is occupying such a cell.

This reduces the problem to O (N), as for all discs only a constant number of partners has to

be checked, at the expense of introducing an additional structure. We have to keep track of

which disc belongs to which cell. Thus, after putting all discs into the virtual cells, we have to

calculate the time, when a disc leaves its cell through one of the four sides and then update

the cell information. This procedure actually increases the computational work and the use of

memory, but it doesn’t outweigh the gain made by it.

In addition to that, the subdivision into cells makes it possible to use local time variables for

each disc or cell, as it is only necessary to update the discs to their current position via equation

(2.4) or its modifications, when an actual collision with the cell or another disc happens. This

provides another possibility to save calculation time. Of course when a snapshot of the system

is required, the entire system needs to be updated.
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2.5.2. Event calender

So far, all calculations focused on the event (collision, Brownian time step, cell crossing) that

happens next, while ignoring anything happening after that. But finding the next event also

involves calculating all other possible collision and cell crossing events and comparing them

to the next Brownian time step. It is desirable to make use of this information and store it.

Therefore, it is reasonable to introduce and modify a structure which is called ’binary search

tree’ in computer science. Mainly this structure helps to collect and order all events with respect

to the time when the event occurs which gives reason to the name: event calender.

The calender consists of data-nodes which contain a variable for the time and one for the

information what happens at that time. Practically, this can be achieved by two integers

encoding either disc numbers, cell crossings or Brownian time steps and a float variable for

the time. The data nodes (parent) are connected (with pointers) to one left ’child’-node and

one right child-node. The child-node left of the data node contains a smaller time than the

parent and the right child-node. The right-child node contains a larger time than the parent

and the left child-node. Many of these data-nodes, which are all obeying the two rules, build

up our event calender. A result of this structure is that all left/right subtrees considered have

a smaller/larger time than the parent node’s time. We end up with a time ordered structure.

Possible events (nodes) are:

• collision between two discs

• cell crossing of a disc

• Brownian time step

• inflation/swelling time step

• administrative events like saving snapshots of the system.

As not all events are independent this standard structure must be modified to become our

event calender and fulfill the needs of the simulation. After a collision the velocities of two

discs change and all events concerning these two discs are obsolete. Thus, the nodes containing

information about the two discs (collision events and cell crossings) have to be connected with

circles (pointers) to find them effectively. Hence inserting a new collision or cell crossing event

into the tree comes with linking that event into the circle. An easy way to find all existing

circles fast, is to have a list with pointers, each pointing to one element in the corresponding

circle.
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Collisions or cell crossings with times larger than that of the Brownian time step or swelling

time step don’t have to be inserted, as the collision times are altered by changing the velocities

or the radii.

After having calculated and inserted all possible events into the calender, the event with the

smallest time can be found at the most left node. The node is deleted and the following steps

must be performed:

In case of a Brownian time step or swelling event, all collision times have to be recalculated. All

collisions and cell crossings, which means all elements in the circles, have to be removed. After

applying the Brownian time step or swelling event, the new collision times and cell crossings

must be inserted into the calender.

In case of a collision, the collision rules for the particles have to be applied, and all events con-

nected with the two discs have to be removed. After changing the velocities, all new possible

collisions for both discs have to be inserted into the calender. For both discs, also the new cell

crossings have to be included.

In case of an administrative event like a saving time step, all discs positions are updated and

their positions are written to a file. It is reasonable to choose a binary format, as pure ASCII

data uses far too much space.

It should be added that in any case, when a collision or cell crossing is added, one has to take

care to insert them into the circle structure.

Figure 2.9.: Event calender with nodes that contain the times t1 < t2 < t3 < t4 < t5 < t6. The
nodes with t2, t3 and t5 are connected.
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Another approach, proposed by Thomas Voigtmann, doesn’t make use of the circle structure

but gives every node an extra counter, counting the collisions that the disc has experienced.

Using this counter, it is possible to decide which events of the tree are still ’valid’ and which are

not. The invalid ones can just be discarded. Using this structure, which is easier to implement,

resulted in a loss of simulation speed of about 3%− 5% in the few tests that have been made.

The reason for this is still unclear but it can presumably found in the slightly bigger search tree.

2.5.3. Random number generators

The Brownian time step needs a large quantity of random numbers, having a Gaussian dis-

tribution. Therefore, we use an efficient algorithm developed by George Marsaglia and Wai

Wan Tsang [40, 41]. The so called Ziggurat algorithm provides Gaussian distributed random

numbers by using uniformly distributed numbers as input. As source for the input, we choose

the Mersenne twister algorithm [42]. Both are implemented in the GNU scientific library GSL.

These generation methods provide long serial periods, and low serial correlation. Tests for

several simulation runs with time correlation functions, showed no noticeable problems.

2.5.4. Avoiding rounding problems

Calculations with computers are subject to numerical

Figure 2.10.: Two discs after a colli-
sion (solid lines). Due to precision errors,
the right disc moved further than possible
(dashed line) and creates a small overlap.

errors as most numbers only have a representation with

finite mantissa and functions as square roots are eval-

uated with an algorithm having a finite precision. Cal-

culating the collision times is of course affected by this.

This introduces two sources of errors into the simula-

tion procedure. The first is, that insufficient precision

may disturb the time ordering. The second is, that

when during a collision two discs should be brought

into contact via equation (2.4) but are instead overlapping or still separated by some space.

We can neglect the first point as this problem only affects timescales much shorter than the

ones considered here.

The second problem, which leads to small overlaps, was tackled by checking if the scalar product

of the relative distances and the relative velocities are smaller than zero (discs moving towards

each other), and if the calculated collision time is positive. Figure 2.10 shows the situation

where, due to a numerical error, the two discs have a small overlap. As the discs are moving



2.6 Conclusion 23

in different directions, the procedure just described will circumvent the problems. The event

driven simulation will continue without producing ’errors’.

However, introducing the Brownian time step hampers the situation. If the Brownian time step

happens at a time when the discs are still entangled as in figure 2.10 the velocities v1 and v2

change. This might lead to a negative scalar product of relative velocity and relative distance,

accompanied by a negative collision time (the time when both spheres entangled). With higher

densities, collisions which occur at almost the same time tend to be more likely. It is easy to

imagine that a collision with a third disc can have the same effect as the Brownian time step

in figure 2.10 and alter the velocities in such a manner that we end up with the same problem.

If not corrected, this leads to further interpenetration of both discs. Thus, the algorithm is

altered by checking the scalar product and the collision times for this event. If such an event is

encountered an immediate collision is triggered which will separate the discs again.

Figure 2.11 demonstrates the procedure schematically using the Brownian time step as an ex-

ample.

Figure 2.11.: The two overlapping discs in figure 2.10 change their velocities due to a Brownian
time step. The correction move initiates an instant collision which changes the velocities again.

In general, it is desirable to increase the numerical precision. This can be achieved by keeping

the collision times small (τc ≈ 1). Hence, for long simulation runs, it is necessary to introduce

a system time, which only reflects the ’age’ of the whole system while resetting all the other

time variables periodically to zero when they become to large. For the simulations presented

here, the resettable times should not grow larger than 104 in absolute numbers. The loss of

four digits in precision increases the appearance of the events just discussed dramatically and

even leads to a slowing down of the simulation due to too many correction moves.

2.6. Conclusion

In this chapter, the simulation method was explained. Starting with the definition of a purely

event driven algorithm, we introduce the Brownian time step, which simulates the collisions of
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the solvent discs with the solved ones. As a first test, it was shown that the mean squared

displacement of a disc grows linearly with time. After that, the sheared system with the

imposed linear shear flow along with Lees Edwards boundary conditions were introduced. For

the quiescent system simple periodic boundary conditions are used.

Amorphous states with high densities can be reached with a disc swelling procedure.

Improving the performance can be achieved by introducing next neighbor cells, an event calender

and by using fast random number generators.

The problem of numerical errors was discussed, while presenting a method, to cope with them.



3. Glass forming binary mixtures in

two dimensions

In this chapter, the mixing effects of binary mixtures in two dimensions, close to the glass tran-

sition, will be discussed. The simulations in the following section were stimulated by a work of

Hajnal et al. [43] and Götze and Voigtmann [44] in which the influence of composition changes

on the glass transition of binary hard discs and spheres mixtures were studied in the framework

of mode coupling theory.

Simulations of simple model systems like these mixtures provide a powerful and important mean

to study the glass transition [45]. Considering a binary mixture of hard discs close to vitrifica-

tion in a computer simulation unveils the opportunity to investigate a system, that is simple

enough, so that the particle interactions can be described theoretically. But it exhibits the

full range of glassy behavior as auto-correlation functions with two step relaxation processes

showing divergent relaxation time scales on approaching the glass transition.

As already alluded in the introduction, in 1984, mode coupling theory, a microscopic theory for

glassy dynamics, was introduced by Bengtzelius, Götze and Sjölander and Leutheusser [6, 7].

Being able to correctly predict many features of the complex dynamics of glass-forming liq-

uids, it was elaborated and studied in great detail in the subsequent two decades by Götze and

coworkers. Detailed reviews can be found in [46, 47].

The basic version of MCT considers isotropic and homogeneous one-component liquids in three

spatial dimensions while the only microscopical dependent input is given by the static structure

factors of the considered liquid. The main prediction of MCT is a dynamic transition from a

liquid into an ideal non-ergodic glassy state, upon decreasing temperature or increasing particle

density below or above some critical point, respectively. One-component (monodisperse) sys-

tems do not serve as good glass-formers in reality, since they tend to form crystals rather than

amorphous solids. Crystallization can be suppressed by using polydisperse systems. The sim-

plest polydisperse system is a binary mixture. Adding a second component to a one-component

25
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liquid may strongly influence both its static and dynamic properties, as Götze and Voigtmann

[44] have investigated systematically for the glass transition behavior of binary hard spheres in

three dimensions. They have found four mixing effects: (i) for small size disparities the glassy

phase is stabilized, (ii) for large size disparities the liquid state is stabilized, upon increasing

the concentration of the smaller particles. At the same time (iii) the plateau values of the nor-

malized correlation functions for intermediate times increase for not too small wave numbers

accompanied by (iv) a slowing down of the relaxation of the correlators of the bigger parti-

cles toward these plateaus. Qualitative agreement with these results can be found with those

from dynamic light scattering experiments [48–50] and molecular dynamics simulations [29, 30].

Many physical phenomena like equilibrium phase transitions, strongly depend on the spatial di-

mensionality and thus, there naturally appears the question about the dimensional-dependence

of the glass transition. Giving a more fundamental approach, there already exist studies con-

cerning glass transitions in high dimensions, see for instance the publications of Schmid and

Schilling [51] or Miyazaki and Ikeda [52] and the references therein. An experimental realization

of a model glass-former in two dimensions was presented by Ebert et al. [53]. They consider

binary mixtures of super-paramagnetic colloidal particles confined at a water-air interface which

interact via repulsive dipole-potentials where the magnetic moments are induced by an external

magnetic field perpendicular to the water interface. Their results for the self-intermediate scat-

tering functions measured by video microscopy, clearly exhibit the stretched relaxation patterns

of glass-forming liquids as König et al. found in [54]. Computer simulation results of Santen

and Krauth [55] for polydisperse hard discs in two dimensions also give strong arguments for

the existence of a dynamic glass transition in two dimensions. Bayer et al. [13] have tackled the

question on the dimensional-dependence of the glass transition by solving the mode-coupling

equations for a one-component system of hard discs in two dimensions. Their analysis yielded

an ideal glass transition which is on a qualitative level, very similar to corresponding MCT

results of Franosch et al. [56] for one-component systems of hard spheres in three dimensions.

The MCT study of Bayer et al. [13] was extended to binary mixtures of hard discs by Hajnal

et al. [43] and also to binary mixtures of dipolar particles in two dimensions [57]. The analysis

of binary hard discs in two dimensions concluded that the same four mixing effects occur as

have been reported before by Götze and Voigtmann [50] for binary mixtures of hard spheres

in three dimensions. In addition to that, the analysis yielded that the glass transition diagram

for binary hard discs in two dimensions strongly resembles the corresponding random close
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packing diagram. So far, the MCT results of Hajnal et al. [43] for the dynamics of binary

hard discs in two dimensions have not yet been tested systematically within the framework of

computer simulations. The following chapter tries to fill this gap with computer simulations

(see also [22]).

First, the existence of the four mixing effects, briefly discussed above and predicted by MCT

are verified. Second, by studying one system in detail it is possible to infer its ideal MCT glass

transition point and to test MCT quantitatively.

As a comparison of the simulation with MCT requires knowledge of the theoretical prediction

a brief review of MCT follows.

3.1. A brief review on MCT for binary mixtures in two

dimensions

Mode coupling theory for binary mixtures (or M -component mixtures) is based upon an exact

equation of motion derived for the matrix Φq(t) of the partial dynamical density correlation

functions with components

Φαβ
q (t) = 〈̺α(q, t)∗̺β(q)〉. (3.1)

whose equal-time values are the partial static structure factors Sαβ
q (t). Here, the labels

α, β ∈ b, s label the components (b-(big) s-(small)) with Nα, Nβ particles, and ρα(q, t) =

N−1/2
∑Nα

k=1 exp[iq · rα
k (t)] are the collective partial-number-density fluctuations at wave vec-

tor q, where rα
k (t) is the position of the k-th particle of species α. Note that these correlation

functions are real-valued and depend on q only through its scalar invariant q, as the system is

isotropic and translational invariant. The brackets indicate the canonical averaging.

3.1.1. Basic equations

After undergoing the Zwanzig-Mori projection formalism with a subsequent application of the

mode coupling approximations, one arrives at [46, 58, 59]

τqΦ̇q(t) + S−1
q Φq(t) +

∫ t

0

dt′Mq(t− t′)Φ̇q(t
′) = 0 (3.2)

for Brownian dynamics. The initial conditions are given by Φq(t = 0) =: Sq.

The components of the matrix of microscopic relaxation times τ are approximated by ταβq =
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δαβ/(q
2D0

αxα) where D0
α is the single-particle short-time diffusion coefficient of a tagged particle

of species α inside the fluid and xα = Nα/N the number concentration. MCT approximates

the memory kernel Mq(t), which embodies the fluctuating quantities and plays the role of a

generalized friction coefficient, by a symmetric bilinear functional

Mq(t) = F [Φq(t),Φq(t)]. (3.3)

For a multicomponent liquid in d ≥ 2 dimensions it reads explicitly [43]

Fαβ[Φq(t),Φq(t)] =
Ωd−1

(4π)d

∑

α′,β′,α′′,β′′

∫ ∞

0

dk

∫ q+k

|q−k|
dp V αβ;α′β′,α′′β′′

q;k,p Φα′β′

q (t)Φα′′β′′

q (t) (3.4)

where the so-called vertices are given by

V αβ;α′β′,α′′β′′

q;k,p =
ρ

xαxβ

kp

qd+2
vαα

′α′′

qkp vββ
′β′′

qkp , (3.5)

vαβγqkp =
(q2 + k2 − p2)cαβp δαγ + (q2 − k2 + p2)cαγq δαβ

[4q2k2 − (q2 + k2 − p2)2](3−d)/4
. (3.6)

cαβq denote the direct correlation functions and Ωd = 2πd/2/Γ(d/2) is the surface of the d-

dimensional unit sphere. Γ(x) is the gamma function. cq is related to Sq via the Ornstein-

Zernike equation (S−1
q )αβ = δαβ/xα − ρcαβq .

3.1.2. The glass transition

Many features of the solutions of the above MCT equations are known, especially concerning

points asymptotically close to MCT glass transitions. Thus, only a summary of the basic results

is given. For a complete detailed overview see Götze et al. [46, 60], Franosch et al. [56] and

Fuchs et al. [61]. The following summary is based on a review of MCT results in Weysser et

al. [31]

The starting point of the asymptotic analysis is to realize that the MCT equations allow for

bifurcation points for the long-time limit of their solutions. By defining the long time limit of

the coherent correlators’ matrix as

Fq := lim
t→∞

Φq(t) (3.7)
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one finds that these long-time limits (synonymously called glass form factors or non-ergodicity

parameters) are determined by a set of coupled, implicit nonlinear equations,

Sq − Fq =
[
S−1

q + F [Fq,Fq]
]−1

. (3.8)

With equation (3.8) the bifurcations can usually be found. Out of the possibly many solutions

to this equation, the long-time limit corresponds to the non-negative real solution that is largest,

according to a straightforward ordering, defined for each q separately and through the positive-

definiteness relation [62, 63]. The glass transitions of MCT are then the bifurcation points,

affecting this largest solution, that arise from smooth changes in the control parameters, and the

most common case is that of a A2 bifurcation where the long-time limit jumps discontinuously

from the trivial zero solution indicating a liquid to a finite value indicating a solid. We will

assume this transition in the following discussions as this generic case is obeyed by the system:

Hard discs surrounded by other hard discs of not too much different size. Moreover we restrict

ourselves to the discussions of coherent properties only.

Generally, the transition points are then defined as the points where the stability matrix C of

the nonlinear equation. (3.8), given by

C[Hq] := 2(Sc
q − F c

q )F
[
F c

q ,Hq

]
(Sc

q − F c
q ) , (3.9)

has a unique critical right eigenvector Hc
q with eigenvalue unity. Hc

q is also called the crit-

ical amplitude. The corresponding left eigenvector Ĥc
q fixes Hc

q uniquely by requiring the

normalization

Ĥc
q : Hq = Ĥc

q :
(
Hc

q (S
c
q − F c

q )
−1Hc

q

)
= 1 (3.10)

with the double-dot operator including a contraction over q. All quantities corresponding to

such a transition point will carry the superscript c.

3.1.3. Scaling laws

On the liquid side of the transition, correlation functions follow a two step relaxation scenario:

for times large compared to the characteristic time of the short-time motion, t ≫ t0, they decay

with a time fractal ∼ t−a to the plateau, which extends until the β-relaxation time scale tσ.

For t ≫ tσ, the decay from the plateau sets in with the von Schweidler law, ∼ −tb, initiating

the final α relaxation that is characterized by a second time scale t′σ.

We proceed the asymptotic analysis by looking at the equation of structural relaxation, where
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time-derivatives that affect only the short-time motion have been dropped,

Φq(t) = SqMq(t)Sq −
d

dt
Sq

∫ t

0

dt′ Mq(t− t′)Φq(t
′) (3.11)

Identifying the distance of the correlator to its plateau value as a small parameter,

σ = Ĥq : [S
c
q − F c

q ](S
c
q)

−1
(
SqF [F c

q ,F
c
q ](Sq − F c

q )− Sc
qF [F c

q ,F
c
q ](S

c
q − F c

q )
)

(3.12)

the separation parameter, one extracts the two time scales that diverge upon letting σ → 0,

tσ = t0|σ|−1/2a , t′σ = t0B
1/b|σ|−γ , (3.13)

where γ = 1/(2a) + 1/(2b), and a > 0 and b > 0 are nontrivial and non universal exponents

determined by the details of the interaction potential (see below). The σ independent constant

B which also depends on the interaction potential. The separation parameter σ is, in leading

order, linearly connected to the change in control parameters [46, 64],

σ = Cε+O(ε2) with ε = (ϕ− ϕc)/ϕc, (3.14)

with ϕc denoting the critical packing fraction at the bifurcation. By convention, ε < 0 is in the

liquid state, and ε > 0 the glass. t′σ/tσ also diverges as σ → 0, so that asymptotically close to

the MCT transition, an increasingly larger window for structural relaxation around the plateau

opens.

In practice, this window is cut short for large −ε by pre asymptotic corrections, and for small

|ε| when the theory fails to describe residual ergodicity-restoring processes in the glass.

For times t̂ = t/tσ where the correlator Φq(t) is close to F c
q one makes the following ansatz

Φq(t̂tσ) = F c
q +

√
σGq(t̂) +O(|σ|) , (3.15)

and the uniqueness of the critical eigenvector at the bifurcation point implies the factorization

theorem, Gq(t̂) = Hc
q ·G(t̂). The function G(t̂) is determined by the β-scaling equation

d

dt̂

∫ t̂

0

dt′ G(t̂− t′)G(t′)− λc(G(t̂))2 + sgn(σ) = 0 . (3.16)

The non universal details of the vertices enter in this equation only through the exponent
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parameter,

λc = Ĥc
q :
(
Sc

q − F c
q

)
F
[
Hc

q ,H
c
q

] (
Sc

q − F c
q

)
. (3.17)

For times t0 ≪ t ≪ tσ the decay to the plateau at the critical point is then governed by the

β-relaxation; in leading order,

Φq(t) = F c
q +Hc

q (t/tσ)
−a +O

(
(t/tσ)

−2a
)

(3.18)

where a is determined as solution 0 < x = a < 1/2 of

λc =
Γ2(1− x)

Γ(1− 2x)
. (3.19)

For times tσ ≪ t ≪ tσ′ and for σ < 0 the decay of the correlator is described by the

von Schweidler law

Φq(t̂) = F c
q −Hc

q (t/tσ)
b +O

(
(t/tσ)

2b
)
. (3.20)

Here b, the von Schweidler exponent, is determined from the negative solution of equa-

tion (3.19), 1 > b = −x > 0 .

In the glass (σ > 0) the non-ergodicity parameters behave like

Fq = F c
q +Hq

√
σ

1− λ
+O(σ) . (3.21)

For time scales t̃ = t/t′σ ∼ 1 and ϕ → ϕc one can derive the α-scaling law [46, 56]

Φq(t) = Φ̃c
q(t̃) +O (|σ|) (3.22)

along with the σ-independent α-master equation

Φ̃c
q(t̃) = Sc

qM
c
q (t̃)S

c
q −

d

dt̃
Sc

q

∫ t̃

0

dt′M c
q (t̃− t′)Φ̃c

q(t
′). (3.23)

These equations state that all correlators should collapse on the same function when rescaled

by an appropriate scaling time t̃. This is due to the invariance of equation (3.23) when rescaled

in time and is the mathematical manifestation of the time-temperature superposition principle.
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3.2. Testing the theory with simulations

To test the theory, a binary mixture of hard discs in two dimensions with diameters dα which are

distributed isotropically and homogeneously with total particle number density ρ is considered.

Consisting of “big” (α = b) and “small” (α = s) particles with the diameters d ≡ ds ≤ db, the

system is coupled to a heat bath with thermal energy kBT and its dynamics is governed by

Brownian motion. The masses mα and the single-particle short-time diffusion coefficients D0
α

are set to ms = mb ≡ m0 and D0
s = D0

b ≡ D0, for simplicity. To make the simulation and MCT

calculations re-producable, the explicit numerical values used are: ds = 1, m0 = 1, D0 = 0.005

and kBT = 1. Nevertheless, all results in figures and numbers will be in dimensionless units.

The thermodynamic equilibrium state of the considered model system depends on three inde-

pendent control parameters. Using this fact we choose them to be the total two dimensional

packing fraction ϕ = ρ(π/4)(xbd
2
b + xsd

2
s), the particle number concentration xs = Ns/N of

the smaller discs, and the size ratio δ = ds/db. As already briefly mentioned in the introduction

to this chapter, MCT predicts the existence of four mixing effects for binary hard discs in two

dimensions [43], which are in detail

(i) For small size disparities the glassy regime is enhanced. For 0.65 . δ < 1 it is ϕc(xs, δ) <

ϕc
0 if 0 < xs < 1, where ϕc

0
∼= 0.697 [13] denotes the critical packing fraction for

monodisperse hard discs in two dimensions. For δ = 5/7, for instance, ϕc(xs) develops a

single minimum located at xs ≈ 0.5.

(ii) For larger size disparities the liquid state is stabilized, i.e. for δ . 0.37 it is ϕc(xs, δ) > ϕc
0

if 0 < xs < 1. This effect is also called plasticization. For δ = 1/3, for instance, ϕc(xs)

develops a single maximum located at xs ≈ 0.85.

(iii) Upon increasing the concentration xs of the smaller particles the non-ergodicity parame-

ters, and thus also the plateau values of the normalized correlation functions Φαα
q (t)/Sαα

q

in the liquid regime for intermediate times, increase for not too small q and all xs.

(iv) Starting with xs = 0 and increasing the concentration xs of the smaller particles leads

for not too large q to a slowing down of the relaxation of the normalized correlators

Φbb
k (t)/S

bb
k of the big particles towards their plateaus in the sense that the Φbb

q (t)/S
bb
q

versus log10(t) curve becomes flatter upon increasing xs.
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Figure 3.1.: Relative variation of the glass transition points calculated with equation (3.9) by
Hajnal et al. [43]. On increasing the concentration of small particles the liquid (blue line) or the
glass (orange line) for large size disparities or small size disparities respectively is stabilized.

To illustrate the first two effects in figure 3.1 a phase diagram, with the relative variation of the

glass transition point with respect to the mono-disperse case, is shown. It was calculated by Ha-

jnal et al. [43]. As input they used the Percus Yevick structure factor. Clearly the stabilization

of the glassy state, effect (i), can be seen for δ = 0.7 (red curve). Also the plastization, effect

(ii) for δ = 0.3 (blue curve) is visible. In between these effects there’s a continuous transition,

making it even possible to find both effects for the same system, depending on the actual con-

centration of xs (green curve). The amplitude of the predicted effects (i) and (ii) is quite small,

the total variation of ϕc(xs, δ) is of the order of 1%. Nevertheless, these small changes in ϕc

may have a strong influence on time-dependent quantities which are accessible to simulations.

We now fix some δ and ϕ such that for all 0 < xs < 1 the condition 0 < [ϕc(xs, δ)−ϕ] ≪ 1 is

satisfied. Then equations (3.13) and (3.22) predict a strong variation in the time scales τα for

the α-relaxation of the correlators Φαβ
q (t). (τα, by convention is the time when the correlator

has fallen below a certain percentage of its plateau value.) Hajnal et al. demonstrated [43]

that an occurring minimum (maximum) in ϕc(xs) is then directly reflected by an occurring

maximum (minimum) in τα. Using this information, we demonstrate in the following that the

mixing effects (i)-(iv) predicted by MCT are indeed observable in the simulation data. In addi-

tion to these effects, it should be noted that Hajnal et al. could also relate the glass transition

to random closed packing results of Okubo and Odagaki [65].
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To test the predictions, we selected systems with radius ratios δ = 5/7 and δ = 1/3. Simula-

tions were performed for xs ∈ {0.1, 0.2, ..., 0.9} and the structure factors and radial distribu-

tion functions were compared with the Percus Yevick results. After also inspecting snapshots

of the systems, it was possible to exclude obvious crystallization effects. For δ = 5/7 and

xs ∈ {0.4, 0.5, 0.6, 0.7} and for δ = 1/3 and xs ∈ {0.5, 0.6, 0.7, 0.8} we found suitable can-

didates, which are still amorphous at high packing fractions ϕ and thus allow us to investigate

the glassy behavior there.
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Figure 3.2.: Left: Averaged structure factors Sq =
∑

αβ Sq for the system with δ = 5/7 at
ϕ = 0.79 and xs = 0.4 (black circles), xs = 0.5 (red squares), xs = 0.6 (green diamonds),
xs = 0.7 (blue triangles) along with two exemplary Percus Yevick results (solid lines). Right:

Averaged structure factors Sq =
∑

αβ Sq for the system with δ = 1/3 at ϕ = 0.81 and xs = 0.5
(black circles), xs = 0.6 (red squares), xs = 0.7 (green diamonds), xs = 0.8 (blue triangles)
along with two exemplary Percus Yevick results (solid lines). In both, panels the Percus Yevick
results are in good accordance with the simulation.

The averaged structure factors Sq =
∑

αβ S
αβ
q of the systems considered are plotted in fig-

ure 3.2. The left panel contains the structure factors for δ = 5/7 at ϕ = 0.79 and xs ∈
{0.4, 0.5, 0.6, 0.7}. Additionally Percus Yevick results, calculated with a program written by

Joseph Brader, are included for xs = 0.4 and xs = 0.7, showing a good overlap with simulation

results which helps to exclude ordering in our systems, as the Percus Yevick approximation lacks

the formation of structure. On increasing the concentration of the small particles the average

next neighbor distance shrinks, leading to a right shift of the main peak. The change of the

distribution also leads to a washing out of the first peak, as its height decreases and broadens

on increasing xs.
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In the right panel, the structure factors for the system with δ = 1/3 are shown for xs ∈
{0.5, 0.6, 0.7, 0.8}. Again, the Percus Yevick results for the extreme values xs = 0.5 and

xs = 0.8 are included as solid lines. Upon increasing the concentration of small particles the

peak still shifts to higher q values, although not as pronounced as in the δ = 5/7 case. The

Percus Yevick result is in good accordance with the simulation, giving reason to the claim that

we consider a homogeneous system with no long range order.

For completeness, figure 3.3 shows the radial distribution functions of the systems from fig-

ure 3.2 with the corresponding Percus Yevick results. In both panels, the three clearly visible

peaks stem from the three different contact values, possible for a two component system. Dif-

ferent compositions of small and big particles express themselves in slight changes at higher

r/d values and, of course in the height of the three principal peaks.
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Figure 3.3.: Left: Radial distribution functions for the system with δ = 5/7 at ϕ = 0.79 and
xs = 0.4 (black circles), xs = 0.5 (red squares), xs = 0.6 (green diamonds), xs = 0.7 (blue
triangles) along with two exemplary Percus Yevick results (solid lines). Right: Radial distribution
functions for the system with δ = 1/3 at ϕ = 0.81 and xs = 0.5 (black circles), xs = 0.6 (red
squares), xs = 0.7 (green diamonds), xs = 0.8 (blue triangles) along with two exemplary Percus
Yevick results (solid lines).

Finally, figure 3.4 contains snapshots of all the systems considered, giving a reasonable check

that no long range order occurs. Nevertheless some clustering appears in the systems: one can

identify regions where small or big particles aggregate and form spatially unordered clusters.

These effects will not be discussed further here and we will use these eight systems to test the

mixing predictions made by MCT.
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Figure 3.4.: Snapshots of the different systems considered. The left column shows the system
with δ = 5/7 and the right column the system with δ = 1/3 for the varying xs. For the left
column the concentrations vary from xs = 0.4 to xs = 0.7 from top to bottom. In the right
column the concentrations vary from xs = 0.5 to xs = 0.8 from top to bottom. Clustering effects
for the different particle types are visible, yet the system shows no long range order.
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As basis for our analysis we calculate the matrix of the partial dynamical density correlation

functions (see appendix A.1) for details):

Φαβ
q (t) =

1

N

〈
Nα
∑

j=1

Nβ
∑

i=1

cos[q(ri(0)− rj(t))]

〉

qi =
2π

L
· ni, i ∈ {x, y} (3.24)

where the brackets 〈...〉 denote averaging over simulation runs and all q values with the same

absolute value |q|, L the simulation box size and ri(t) the position of particle i at time t.

For all coherent correlators shown about 160 independent systems were prepared on a cubic

lattice. As the system starts from a cubic lattice, and is then inflated to the binary system

with the desired packing fraction, it is necessary to wait for the system to relax before mean-

ingful stationary averages can be taken. Equilibration was performed with Newtonian dynamics

(without imposing the Brownian time step) for a the time interval of 105 in units of ds/
√

〈v2i 〉,
i ∈ {x, y}. Correlation functions in Brownian dynamics were measured in a time window of

5 · 103 time steps (in units of d2s/D0).

3.2.1. Statics

The first point we want to address are the non-ergodicity parameters. A common description

of the shape of the α relaxation is in terms of stretched exponential Kohlrausch laws,

Φαβ
q (t) = Aαβ

q exp
[

−(t/ταβq )β
αβ
q

]

, (3.25)

with the stretching exponent βαβ
q , a relaxation time scale ταβq and the amplitude Aαβ

q . For

structural relaxation in equilibrium system βαβ
q < 1 is required. The α-master function from

MCT (equation (3.23)) is different from the Kohlrausch form, however the theory predicts that

for large wave numbers, the two functional forms become identical, and βαβ
q → b [66]. The

relaxation time ταβq is connected by a q-dependent and a density dependent prefactor to the

scaling time t′σ in MCT (equation (3.13)). The Kohlrausch amplitude Aαβ
q provides an estimate

for the MCT non-ergodicity parameter (F c
q )

αβ. Since the α process starts below this plateau

value, |Aαβ
q | ≤ |(F c

q )
αβ| should hold. However, in practice, the separation of the α process

from the β relaxation is not clear enough to fulfill this prediction.

Kohlrausch fits are hindered by some subtle problems: Lacking a clear separation of the α

process, the fit parameters enclose a dependence on the fit range. A priori, it is unclear how

to choose the optimal fit range, as for very long times one expects the relaxation to become

(non stretched) exponential again, and for short times, deviations originating from the β re-
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laxation. Thus the fit range was fixed, so that the parameters only exhibit the weakest (the

region were they are almost constant) dependence on the boundaries. This procedure leads to

tD0/d
2
s ∈ [15; 5000] for δ = 5/7 and ϕ = 0.79 and with the various xs. For δ = 1/3 and

ϕ = 0.81 we used tD0/d
2
s ∈ [12.5; 5000] for the various xs.
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Figure 3.5.: Left: Normalized critical non-ergodicity parameters of the simulated collective den-
sity correlators Φbb

q (t) of the big particles. Right: Normalized critical non-ergodicity parameters
of the simulated collective density correlators Φss

q (t) of the small particles. All non-ergodicity pa-
rameters were extracted from Kohlrausch fits for the size ratio δ = 5/7 and the packing fraction
ϕ = 0.79. For small and big particles the non-ergodicity parameters increase upon increasing xs.
Number concentrations of the small particles are as labeled in the legend. The solid red lines
give the MCT results calculated with a simulated structure factor input at ϕc

MCT = 0.6920 and
xs = 0.5.

Figure 3.5 shows approximate values for the normalized critical non-ergodicity parameters

(F c
q )

bb/(Sc
q)

bb for the big (left panel) and small discs (right panel) at δ = 5/7 and differ-

ent values for xs, extracted from the simulation data via the Kohlrausch fitting method just

discussed. In both panels the MCT critical non-ergodicity parameters for xs = 0.5 are included.

The MCT calculations were performed by David Hajnal with simulated structure factors of

exactly the same system as input, yielding a critical packing fraction of ϕc
MCT = 0.6920. On a

qualitative level, the MCT results are in good agreement with the simulation results concerning

the overall q-dependence. For the big particles, the relation |Aαα
q | ≤ |(F c

q )
αα| is well fulfilled

for all qds except for some outliers. The same holds for the small particles but for qds . 5 the

Kohlrausch fit yields larger estimations for the non-ergodicity parameters. Both particle sizes

show an increase of the amplitudes extracted from simulation results upon increasing xs, which

is on a qualitative level in agreement with the MCT results [43, 44], see also effect (iii) from

above.
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Figure 3.6.: Left: Normalized critical non-ergodicity parameters of the simulated collective den-
sity correlators Φbb

q (t) of the big particles. Right: Normalized critical non-ergodicity parameters
of the simulated collective density correlators Φss

q (t) of the small particles. All non-ergodicity pa-
rameters were extracted from Kohlrausch fits for the size ratio δ = 1/3 and the packing fraction
ϕ = 0.81. A pronounced increase of the non-ergodicity parameters upon increasing xs can be
seen. Number concentrations of the small particles are as labeled in the legend. The solid black
lines give the MCT results calculated with a simulated structure factor input at ϕc

MCT = 0.6991.

Now, we have a look at the system with radius ratio δ = 1/3. Figure 3.6 contains the ap-

proximate values for the normalized critical non-ergodicity parameters (F c
q )

bb/(Sc
q)

bb for the big

discs (left panel) and for the small discs (right panel) and different values for xs, extracted from

the simulation correlators with the Kohlrausch fitting procedure. Additionally in both panels

the critical non-ergodicity parameters calculated with MCT were included for the system with

xs = 0.5.

Again the MCT calculations were performed by David Hajnal with simulated structure factors

of exactly the same system as input, giving a critical packing fraction of ϕc
MCT = 0.6991. For

the present value of δ, we observe that the MCT calculations yield systematically smaller values

for the non-ergodicity parameters, compared to the estimation from the simulation results. The

underestimation of the non-ergodicity parameters may be attributed to the underestimation of

ϕc: MCT predicts arrest at lower densities, but the non-ergodicity parameters may increase

with density as the denser glass is stiffer with respect to density fluctuations. However, sim-

ulation results in both panels indicate a systematic increase in the non-ergodicity parameters

upon increasing xs which is, as expected, more strongly pronounced than for the case δ = 5/7.

Again on a qualitative level an agreement with MCT predictions, which was called effect (iii)

above [43, 44], can be found.
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Let us investigate the critical amplitude (following equation (3.9)) as a further interesting static

quantity.
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Figure 3.7.: Left: Critical amplitudes obtained by equation (3.26) for the big and small particles
with q0d = 1.9. The data were extracted from the collective correlators at ϕ = 0.79, δ = 5/7 and
xs = 0.5. Right: Critical amplitudes for δ = 1/3 and xs = 0.5 obtained by equation (3.26) for
the big and small particles with q0d = 1.8. Solid black and red lines depict MCT results obtained
with the same structure factors as in figure 3.5 and figure 3.6 respectively.

In order to determine the critical amplitudes from the simulation correlators, one can define the

function [67]:

Y αβ
q =

∑n/2
j=1Φ

αβ
q (tj)−

∑n
j=n/2+1 Φ

αβ
q (tj)

∑n/2
j=1Φ

αβ
q0 (tj)−

∑n
j=n/2+1 Φ

αβ
q0 (tj)

=
(Hc

q )
αβ

(Hc
q0
)αβ

(3.26)

with tj chosen in the β-scaling regime which in our case is determined to tj ∈ [0.93; 16.245]

for δ = 5/7 and tj ∈ [2.41; 67.87] for δ = 1/3 . The last equality follows from equation (3.15)

and thus allows us to extract the critical amplitudes (Hc
q )

αβ up to a factor (Hc
q0
)αβ.

In the left panel of figure 3.7 the values for the normalized critical amplitudes (Hc
q )

αα/(Sc
q)

αα

are shown. They are estimated from the simulation correlators with the method described for

both the big and the small discs at δ = 5/7 and xs = 0.5.

Corresponding results for δ = 1/3 are shown in the right panel of figure 3.7.

While, beside the numerical uncertainty at low qds, the simulation data for δ = 1/3 are in a

good agreement with the corresponding results from MCT, for the case δ = 5/7 we observe

larger discrepancies for all qds. Again for both MCT calculations simulated structure factors of

the considered system were used as input.
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3.2.2. Dynamics

In this section the most important quantity for MCT, the coherent density correlators, will

be discussed. The left panel of figure 3.8 shows the normalized collective density correlators

Φbb
q (t)/S

bb
q from the simulation for the big particles at δ = 5/7, ϕ = 0.79, and qds = 6.1 for

different concentrations xs of the smaller discs. Similar results for Φss
q (t)/S

ss
q are shown in the

right panel of figure 3.8.
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Figure 3.8.: Left: Simulated normalized collective correlation functions of the big particles.
Right: Simulated normalized collective correlation functions of the small particles. All correlators
have the size ratio δ = 5/7 at ϕ = 0.79 and qds = 6.1 for varying xs ∈ {0.4, 0.5, 0.6, 0.7} as
labeled in the legend. In both panels exemplary Kohlrausch fits to the system with xs = 0.4
(black solid line) and xs = 0.7 (blue solid line) were added.

Focusing on the data for Φbb
q (t)/S

bb
q in the left panel of figure 3.8, we can state that the correla-

tors exhibit the same three mixing effects as the ones from MCT predicted in the work of Hajnal

et al. [43], namely (iii) an increase in the plateau values accompanied by (iv) a slowing down

of the relaxation towards these plateaus and (i) an additional slowing down of the α-relaxation

process upon increasing xs.

However, there are some deviations: from figure 3.1 and reference [43] we would expect that

the slowest α-relaxation process occurs at xs
∼= 0.5. The simulation data, however, exhibit the

slowest α-relaxation at the highest investigated value xs = 0.7. Unfortunately, the simulation

systems at higher xs exhibit crystallization which makes them unsuitable for the MCT compari-

son rendering this region ’unaccessible’ for the simulation. A possible source of this discrepancy

could be that an approximative theory, the Percus Yevick structure factor, was used as input

to the MCT calculations.
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Furthermore, for δ = 5/7, MCT predicts a critical packing fraction 0.686 < ϕc
MCT < 0.6910

for all xs. The simulation data, however, imply ϕc
sim & 0.79 which means that MCT under-

estimates the critical packing fraction by about 15%. The Percus Yevick approximation surely

contributes its part to this overestimation, but even when simulated structure factors are used

as input it is known that MCT will underestimate the critical packing fraction in three and

two dimensions [13, 31]. Concerning the right panel of figure 3.8 we find basically the same

scenario, although a bit less pronounced, as expected from MCT calculations [68].

Now we turn our focus to the system with the big size disparity. The left panel of figure 3.9

shows normalized collective density correlators Φbb
q (t)/S

bb
q from the simulations for δ = 1/3,

ϕ = 0.81, and qds = 3.0 for different concentrations xs of the smaller discs. Similar results for

Φss
q (t)/S

ss
q are shown in the right panel of figure 3.9.
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Figure 3.9.: Left: Simulated normalized collective correlation functions of the big particles.
Right: Simulated normalized collective correlation functions of the small particles. All correlators
have the size ratio δ = 1/3 at ϕ = 0.81 and qds = 3.0 for varying xs ∈ {0.5, 0.6, 0.7, 0.8} as
labeled in the legend. In both panels exemplary Kohlrausch fits to the system with xs = 0.5
(black solid line) and xs = 0.8 (blue solid line) were added.

First we have a closer look at Φbb
q (t)/S

bb
q in the left panel of figure 3.9. On a qualitative level,

the data for the three lowest values for xs are fully consistent with all MCT results from the

work of Hajnal et al. [43]:

Upon increasing xs, the simulation data exhibit the mixing effect (iii) an increase in the plateau

values accompanied by (iv) a slowing down of the relaxation towards these plateaus. Further-

more, increasing xs from 0.5 to 0.7 leads to (ii) a speeding up of the α-relaxation. Thus, the

three correlators corresponding to the lowest values for xs exhibit a pair-wise crossing. A further

increase in xs to 0.8 leads again to a slowing down of the α-relaxation process, although from
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the MCT results in figure 3.1 one would expect the fastest α-relaxation at xs
∼= 0.85.

For the small particles, shown in the right panel of figure 3.9 we observe the similar albeit less

pronounced effects. This is consistent with MCT calculations. The fact that the simulation data

at δ = 5/7 and ϕ = 0.79 and the ones at δ = 1/3 and ϕ = 0.81 show very similar α-relaxation

times is an a qualitative level consistent with the MCT result ϕc(xs, δ = 5/7) < ϕc(xs, δ = 1/3)

for 0 < xs < 1.

On a qualitative level the four mixing effects predicted by MCT for the binary hard disc model

in two dimensions [43] are also observable in the computer simulations with differences on

the quantitative level. An improvement on the quantitative side could be achieved if simulated

structure factors are used as input for MCT. As the demands to the structure factors concerning

quality are quite sophisticated this would be a lumbering but viable work.

3.2.3. The glass transition of a selected mixture

In this section, we select one of the systems (δ = 5/7, xs = 0.5) from the preceding sections

and perform a more profound MCT analysis with the aim to check some asymptotic results and

to determine the ideal glass transition point within MCT. Having gathered all that information

about our system we will have laid the foundation to drive the system away from equilibrium

by applying external forces in chapter 5.

An approach to testing the the factorization theorem given by equation (3.15) is to consider

the function [69]

Xαβ
q (t) =

Φαβ
q (t)− Φαβ

q (t′)

Φαβ
q (t′)− Φαβ

q (t′′)
(3.27)

with fixed times t′ < t′′ to be chosen appropriately from the β-scaling regime. This is in analogy

to equation (3.26). Then equation (3.15) predicts

Xαβ
q (t) =

G(t)−G(t′)

G(t′)−G(t′′)
+O(|σ|) (3.28)

not to be dependent on wave number, to leading order in the separation parameter σ. Hence,

superimposing the functions Xαβ
q (t) for different qds, one should be able to fix the two times

t′ and t′′ uniquely such that a time window appears where all Xαβ
q (t) collapse. An advantage

of this procedure is that the critical amplitude drops out and does not need to be fitted.

Figure 3.10 shows the simulation results for Xαα
q (t) at ϕ = 0.79, δ = 5/7, xs = 0.5, t′ = 1.5,

and t′′ = 17.9 for different wave numbers qds. Indeed, within the numerical accuracy of our

simulations, for both α = b and α = s the data for different qds collapse onto each other within
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a time window of about two decades, similar to previous results for binary Lennard-Jones mix-

tures in three dimensions from Gleim et al. [69] and multi-component analyses of polydisperse

quasi hard spheres of Weysser et al. [31].
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Figure 3.10.: Functions Xαα
q (t) calculated from equation (3.27) at ϕ = 0.79, δ = 5/7, and

xs = 0.5 by fixing t′ = 1.5 and t′′ = 17.9 for the big (upper panel) and the small (lower panel)
particles. The MCT factorization theorem is validated by observing the data collapse for different
qds in a time window spanning [t′; t′′]. Arrows indicate both times t′ and t′′.

A more sensitive test of MCT asymptotics is the so-called ordering rule: As in the next-to-

leading order corrections to the factorization theorem the same q dependent correction ampli-

tudes appear, the deviations before the collapse regime must be in the same direction as after

the collapse window. Hence, correlators entering the collapse region in a certain order when

numbered from top to bottom should leave the collapse window in exactly that ordering [56]. In

a nutshell: The ordering from top to bottom is preserved. Figure 3.10 confirms this prediction.

Now, we test the validity of the α-scaling law given by equations (3.23) and (3.22). According

to these equations plotting the correlators as a function of t/t′σ should make the data collapse

for long times on a master curve on approaching ϕ → ϕc from the liquid.

To determine a relaxation time τϕ with τϕ/τ
∗ ∝ |σ|−γ from the simulation the averaged nor-

malized correlators Φq(t) ≡ ∑

αβ Φ
αβ
q (t)/

∑

αβ S
αβ
q at qds ≈ 6 (at the structure factor peak

of
∑

αβ S
αβ
q ) with ϕ < 0.79 have been shifted to coincide in the final decay with the highest
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packing fraction ϕ = 0.79. The highest packing fraction thereby defines τϕ=0.79/τ
∗ = 1 and

is our best approximation for the α-master function. Checking that τϕ/τ ∗ is independent on q

we can validate the α-scaling. We have chosen qds ≈ 6 at the structure factor peak, as the

strength of the α-process is maximal and a separation from the β-process can be achieved. The

right panel of 3.11 shows the exemplary result of the scaling for two different wave numbers.

The data clearly exhibit the two-step relaxation pattern of glass-forming liquids with increasingly

stretched plateaus upon increasing the packing fraction. The shifted correlators approach an

α-master curve with the highest densities collapsing over almost three decades in time.
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Figure 3.11.: Left: Normalized total collective correlators from simulations for δ = 5/7, xs =
0.5, and qds = 6.06. The solid lines show corresponding MCT results where the packing fractions
have been mapped according to equation (3.29). The inset shows the α-relaxation timescales
and the fitted power law τϕ/τ

∗ = A|ϕ − ϕc
sim|−γ with γ = 2.4969 (fixed from MCT), A =

1.63303 · 10−6, and ϕc
sim = 0.79481. Right: Rescaled correlators for ϕ < 0.79 to collapse on

one α-master function at long times. The rescale times are independent on qds.

After checking a few asymptotic results full numerical MCT calculations will be presented. As

input simulated static structure factors were used for MCT to calculate the critical packing

fraction ϕc
MCT

∼= 0.6920 and the exponent γ = 2.4969. The obvious mismatch in ϕc neces-

sitates a comparison at equal separation from the transition point. That entails matching the

separation parameter σ which is not easy to obtain from the simulation, but a peculiarity of

this special system helps us to circumvent the problem.

In the left panel of figure 3.11 the simulation results, for the normalized total collective corre-

lators Φq(t) are shown at δ = 5/7, xs = 0.5, and qd = 6.1 for different packing fractions ϕ

within the liquid regime close to vitrification.

The inset of the left panel of figure 3.11 shows the results for τϕ/τ ∗ obtained from the shift-
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ing process seen in the right panel of figure 3.11. The straight line shows the result from a

power-law fit τϕ ∼ |ϕϕ − ϕc
sim|−γ with fixed γ = 2.4969 which yields the extrapolated value

ϕc
sim

∼= 0.79481 for the critical packing fraction which is approximately 15% larger than the

value predicted by MCT. For |ϕ− ϕc
sim| . 0.01 the ϕ-dependence of τ is excellently described

by the MCT exponent γ.

Although MCT underestimates the critical packing fraction, it nevertheless describes very well

the ϕ-dependence of the α-relaxation process in the liquid regime close to the glass transition.

Using this information, a quantitative comparison of time-dependent correlation functions from

MCT to those from the simulations can be done. For this purpose one has to take into account

that MCT overestimates glass formation. It is well known that this results in predicting the

glass transition at a too low critical packing fraction ϕc. Hence, the relevant parameter when

comparing MCT and simulation results is the separation parameter σ (see equation (3.12))

which depends linearly on the distance parameter via σ = Cε. As the constant C is evaluated

at the critical packing fraction with the corresponding structure factor, it is reasonable to assume

that MCT does not yield the same prefactor as the simulation. For instance Flenner and Szamel

found that both prefactors differ in a three dimensions binary Lennard Jones mixture [70]. In

order to construct a mapping of the packing fractions ϕsim used in the simulation onto some

appropriate ϕMCT to be used for the corresponding MCT calculations, we postulate that the

separation parameters for both systems must be equal. This leads us to the ansatz

εMCT = (Csim/CMCT ) εsim ≡ Aεsim (3.29)

with some appropriately chosen constant A, which in this special case can be found empirically

as A ∼= 1. With this, all input parameters for the MCT equations are uniquely determined.

The solid lines in the right panel figure 3.11 represent MCT results for the normalized total

collective correlation functions corresponding to the simulation data represented by symbols.

Corresponding results for the normalized partial correlators Φαα
q (t)/Sαα

q are shown in the two

panels of the second row of figure 3.12. It can be observed that for the chosen wave number

MCT tends to underestimate the correlation functions in the transient time regime t ∼= 2.5 ·
10−3 and overestimates the plateau values at times within the β-scaling regime. Beside these

quantitative deviations, MCT describes very well the qualitative t and ϕ dependences of the

simulated correlation functions for ϕ ≥ 0.78. Note especially that in this parameter regime

MCT describes the final part of the α-relaxation process also on the quantitative level correctly.
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Figure 3.12.: Normalized collective correlators from the simulations for δ = 5/7, xs = 0.5, qds =
4.57 (top), qds = 6.07 (middle) and qds = 9.3 (bottom). The solid lines show corresponding
MCT results where the packing fractions have been mapped according to equation (3.29) which
is also used in figure 3.11. The left column shows the small particles’ normalized correlator
Φss
q (t)/Sss

q while the right column shows the big particles’ correlator Φbb
q (t)/S

bb
q . A connection

between overestimating/underestimating the plateaus, and overestimating/underestimating the
α-relaxation is most obvious for the top and bottom panel.
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Of course, the grade of quantitative compliance of the simulation and MCT results is also

dependent on the wave number q selected and the different particles composing the mixture.

This is demonstrated in figure 3.12 for Φαα
q (t)/Sαα

q at qds = 4.6 (upper panels), at qds = 6.06

(middle panels) and at qds = 9.3 (lower panels). The right column shows the correlators for the

big, the left column the ones for small particles. For instance, MCT strongly overestimates the

plateau values and also the α-relaxation times for Φbb
q (t)/S

bb
q at both qds = 4.6 and qds = 9.3.

For Φss
q (t)/S

ss
q at qds = 4.6, on the other hand, MCT underestimates both the plateaus and the

α-relaxation times. Whereas Φss
q (t)/S

ss
q at qds = 9.3 MCT slightly overestimates the plateaus,

but excellently describes the α-relaxation processes.

The middle panels of figure 3.12 give a more detailed picture of the left panel of figure 3.11.

Both, small and big particles’ α-relaxation time is captured well by MCT, with a slight overesti-

mation for the small particle ones’. For both particle types the plateau values are overestimated

by a few percent. All these data indicate a connection between the overestimation (underesti-

mation) of the plateaus and the overestimation (underestimation) of the α-relaxation times by

MCT as the relaxation time in-/decreases on in-/decreasing the plateau value.
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Figure 3.13.: Left: Kohlrausch βαα
q for the big (α = b) and the small (α = s) particles. Right:

Kohlrausch τααq for the big (α = b) and the small (α = s) particles. Both extracted from the
correlators at ϕ = 0.79. The MCT von Schweidler exponent b = 0.5571 is included as dashed
black line.

For completeness the remaining Kohlrausch parameters are shown in figure 3.13. In the left

panel the Kohlrausch βαα
q stretching exponent for the big (α = b) and the small (α = s) particles

is shown. For large q the stretching exponent converges to βαα
q → 0.6 ± 0.05. Unfortunately

noisy data prevents a more precise determination of the high q limit. Nevertheless the high q

limit is in good accordance with MCT’s von Schweidler exponent, equation (3.20), calculated

to b = 0.571 with the simulated structure factors.

The τααq relaxation times in the right panel show that the Kohlrausch fits presented before
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are reliable, if one accepts a few outliers at low q (which is also the case for the stretching

exponents). They smoothly vary, showing an overall decrease from the highest relaxation

times for low q to the lowest for high q in accordance to what is known for three dimensional

systems [31].

3.2.4. Going beyond the MCT glass transition

Going beyond the MCT glass transition at ϕc = 0.7948 the simulation correlators loose the

α-scaling property which results in intersecting correlators when they are rescaled by their

relaxation times.
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Figure 3.14.: Averaged normalized coherent correlators (rescaled by τϕ) above the MCT glass
transition point at ϕ = 0.80 (blue triangles down) and ϕ = 0.795 (red triangles up) together with
the highest liquid density at ϕ = 0.79 (black circles). The correlators do not have the scaling
property as in figure 3.11 anymore. The plateau values increase on going deeper into the glass.
Additionally, a non rescaled correlator ϕ = 0.81 is shown, which does not decay on the time scale
accessible with Brownian dynamics.

Figure 3.14 shows an example of averaged coherent normalized correlators Φq(t) above the MCT

glass transition point. Clearly one can see that the plateaus of the correlators are increasing.

This leads to intersecting correlators and proves that the correlators do not collapse on a master

function anymore. Additionally, a non rescaled correlator ϕ = 0.81 is shown, which does not

decay on the timescale accessible with Brownian dynamics. However with Newtonian dynamics
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a larger time window can be observed, in which the correlator’s relaxation time could be esti-

mated with a Kohlrausch fit to 7.6 · 106 at qds ≈ 6 with a total (Newtonian) equilibration time

of 1.6 · 106 (see also figure 3.16 and discussion beneath). It should be reminded that the times

in Newtonian dynamics are set by the variance of the Gaussian distribution with ds/
√

〈∆v2i 〉.
We stress again that the correlator was obtained by running Newtonian simulations (without

Brownian time step) until the correlator becomes stationary with respect to the choice of the

time origin.

Furthermore relaxation processes, not captured in MCT make the correlators beyond the MCT

glass transition point decay to zero for long times. At this point it should be stressed that even

though this decay to zero is not included in MCT, MCT still gives an explanation for the rise

of the non-ergodicity parameters above the glass transition. (see also Reinhardt et al. in [71]).

Actually this decay of the correlators to zero, which also restores the ergodicity, is observed in

the most simulations and experiments. An explanation often given for this behavior includes so

called ’hopping processes’ in which a particle, activated by phonons uses that activation energy

to hop out of the cage formed by its neighbors. These processes let the system avoid the glass

transition singularity. Nevertheless, MCT can be extended to include these processes (see also

Götze and Sjögren in [72]), but this invokes including an additional relaxation mechanism.

As MCT gives a qualitative explanation for the increase of the plateaus, the question how well

a quantitative comparison works is reasonable.

Figure 3.15 shows additional simulations performed above the ideal MCT glass transition, equi-

librated the same way as above, for the densities ϕ = 0.796 and ϕ = 0.798 along with the ones

from figure 3.14. The wave vector was chosen to qds = 10.06. Estimates for the plateau values

fq, with fq =
∑

αβ F
αβ
q /

∑

αβ S
αβ
q , have been added as black filled symbols. For the densities

in the glass all plateau values were measured at tD0/d
2
s = 15, but included in the graph at

slightly shifted positions to make them non overlapping. The error is estimated to 0.02. No spe-

cial fitting routine was applied, as Kohlrausch fits were too insensitive, giving almost the same

value for ϕ = 0.795 and ϕ = 0.796. The estimate for the density in the liquid was obtained

at tD0/d
2 = 5, which yields the critical plateau value f c

q ≈ 0.32 (qds = 10.06) and f c
q ≈ 0.59

(qds = 6.06). A Kohlrauschfit using this plateau value as input gives a good overlap with the

final decay. According to equation (3.21) the non-ergodicity parameters develop a square root

dependence close to the glass transition. Fitting f c
q +A

√
ε with A = 1.786 (qds = 10.06) and

A = 1.691 (qds = 6.06) to the plateau values shows in the inset, that the simulation follows
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MCT’s prediction up to ε ≈ 0.01, with the last point, corresponding to ϕ = 0.81 already falling

outside this regime. The values for qds = 6.06 were obtained in exactly the same way, as

described for qds = 10.06.
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Figure 3.15.: Averaged coherent correlators above the MCT glass transition point at ϕ = 0.81
(cyan diamonds), ϕ = 0.8 (magenta triangles down), ϕ = 0.798 (blue triangles up), ϕ = 0.796
(green circles) and ϕ = 0.795 (red squares) at qds = 10.06. Additionally a correlator at ϕ = 0.79
(orange pentagons) is shown with a Kohlrauschfunction using the estimated plateau value (black
dotted). The estimations for the plateau values are added as black filled symbols. The inset
shows estimates for qds = 6.06 (upper curve) and qds = 10.06 (lower curve) with the function
f c
q + A

√
ε with A = 1.786 (qds = 10.06), and A = 1.691 (qds = 6.06), coinciding with the

simulation results up to ε ≈ 0.01.

The fact that the prefactor for qds = 6.06 is lower than the one for qds = 10.06 is astonishing,

as the critical amplitudes as only q-dependent quantity in this prefactor, should be decreasing

as in figure 3.7. This is an issue which should be investigated in detail in the future.

Finally, we discuss the equilibration in the glass for very high densities as ϕ = 0.81 more in

detail. The left panel of figure 3.16 shows the averaged normalized coherent correlators Φ(t, tw)

at ϕ = 0.81 with measurements taken from the set up of the system until the correlators do

not show any waiting time dependence anymore. As the equilibration was performed with

Newtonian dynamics, all waiting times tw depicted in the legend are in Newtonian units. For

the actual measurement of the correlators, Brownian dynamics was employed again. For small
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waiting times the correlators exhibit a strong dependence on the waiting time tw: The final

relaxation time increases upon increasing tw along with the plateau values. Also the relaxation

towards the plateau changes slightly on increasing tw as the correlators with longer waiting

times relax faster to the plateau. For tw & 5 · 105 the correlators show hardly any dependence

on the waiting time.
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Figure 3.16.: Left: Averaged coherent correlators Φ(t, tw) at ϕ = 0.81 for different waiting
times tw, from setting up the system until the correlators are independent of waiting time. All
tw are given in Newtonian units. Right: Comparison of Newtonian dynamics correlators (solid
lines) with Brownian dynamics ones (symbols) at packing fractions ϕ = 0.81 (black), ϕ = 0.795
(blue), ϕ = 0.79 (red) and ϕ = 0.785 (green). The Newtonian dynamics correlators were scaled
by a factor of 0.0155, exhibiting the same structural relaxation as for the Brownian dynamics.
The gray dashed curve is a Kohlrausch fit to the ϕ = 0.81 curve for Newtonian dynamics, to get
an estimate for the α relaxation time.

The right panel of figure 3.16 contains a comparison between averaged normalized coherent

correlators Φq(t) obtained with Newtonian and Brownian dynamics simulation, from equilibrated

systems at ϕ = 0.81, ϕ = 0.795, ϕ = 0.79 and ϕ = 0.785. Shifting the Newtonian dynamics

correlators by a factor of 0.0155 confirms that the structural relaxation is independent of the

underlying microscopic as Gleim et al. already showed in [73] for a binary Lennard Jones system

in three dimensions. Both correlators coincide well with their counterpart, after having reached

the plateau. The Newtonian correlators show a different relaxation to the plateaus than the

Brownian ones, as the microscopic relaxation is still influencing the decay. Note that it is

expected that the relaxation towards the plateaus should be independent on the microscopics.

Nevertheless, as Gleim et al. already found in [73] the microscopic transients in Newtonian

dynamics make it difficult to achieve a full separation of timescales. Fitting a Kohlrausch

function to the highest density ϕ = 0.81 in Newtonian dynamics makes it possible to estimate

the α relaxation time to 7.6 · 106 in Newtonian units.
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3.3. Conclusion

Simulations for binary mixtures of hard discs have been performed in order to test the predic-

tions of MCT for this specific model system [22] in a systematic manner. Such a systematic

test, comparing collective density correlation functions from both approaches, has not been

carried out before for a two dimensional model system. The main result is that MCT seems to

be capable to capture many qualitative features of the glass transition behavior of binary hard

disc mixtures in two dimensions. In particular, all four mixing effects predicted by MCT are

indeed observable in the simulations. Furthermore, investigating one selected mixture in detail,

the validity of the factorization theorem given by equation (3.15) and the α-scaling law given

by equation (3.22) and (3.23) could be shown. The MCT exponent γ = 2.4969 describes well

the dependence of the α-relaxation process on the packing fraction ϕ in the liquid regime close

to the glass transition. Finally, MCT describes very well the qualitative t and ϕ dependences

of the simulated collective correlation functions close to the glass transition if one rescales the

packing fraction according to equation (3.29). All these facts give a nicely closed overall picture

supporting both, the quality of MCT in two dimensions and the simulation of the model system.

The range of validity of the asymptotic scaling law is comparable to previous results for hard

spheres in three dimensions.

Going beyond the extrapolated glass transition at ϕc
sim

∼= 0.7948 the simulation correlators

loose the α-scaling property which results in intersecting correlators when they are rescaled by

their relaxation times. It could be shown that the plateaus increase according to a square root,

starting at the critical value, following MCT’s prediction in equation (3.21).

On the quantitative level, some discrepancies between MCT and simulation results have been

found. For instance, MCT underestimates the absolute value for the critical packing fraction for

vitrification by about 15%, similar to previous results for hard spheres in three dimensions. As in

earlier works, it is possible to suppress the influence of this error on time-dependent quantities

by introducing a linear map according to equation (3.29), at least for packing fractions close

to the glass transition. Quantitative deviations of the simulation results have been found for

the non-ergodicity parameters and the critical amplitudes from the corresponding MCT results.

For a better understanding of these deviations it would be necessary to investigate the leading

order corrections to the asymptotic scaling laws presented in section 3.1.3.





4. Short time behavior of Brownian

hard spheres

The question to be addressed in this chapter is to what extend does the algorithm, described

in chapter 2, solve the problem of hard discs undergoing Brownian motion in a shear field. In

contrast to the previous chapter, the focus lies on the short time behavior.

Although the structural part of the relaxation is mostly independent on the short time behavior,

confirming that the algorithm truly yields Brownian dynamics for short times, gives a much

better foundation for our argumentation. Moreover one should note that, when considering

special scenarios of time dependent shear as in chapter 6, the short time behavior might have

an influence on structural relaxation [25].

Unlike for continuous potentials for hard discs or spheres arises an interesting feature, as the

shear modulus diverges for t → 0 as ∝ 1/
√
t, as Lionberger and Russel show in reference [74].

Their approach yields an exact expression for the short time asymptote not containing any free

or fit parameter.

The simulation shows this divergence with the corresponding prefactor, when the discretization

is chosen small enough, by lowering the Brownian time step, as shown by Lange et al. in [35],

for the three dimensional quiescent system.

In the following section the argumentation of Lionberger and Russel is recycled by going through

exactly the same steps, which yields an analogous expression for the sheared case.

4.1. Theoretical background

The complete statistical mechanical description of a system undergoing Brownian motion gives

the many particle distribution function, whose time evolution is governed by the Smoluchowski

equation, in the full phase space. It is a reasonable assumption that the dynamics for very

short times is governed by the interactions between pairs of particles, given by the two-particle

55
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Smoluchowski operator

∂tΨ(r1, r2, t) = Ω(2)Ψ(r1, r2, t) (4.1)

where r1, r2 denote the positions of the two particles and Ψ(r1, r2, t) the two-particle density

distribution while the two-particle Smoluchowski operator Ω(2) yields the full equation of motion

∂tΨ(r1, r2, t) = [∂r1 (∂r1 + F (r1, r2)− κr1)

+ ∂r2 (∂r2 + F (r2, r1)− κr2)] Ψ(r1, r2, t). (4.2)

with kBT and D0 set to unity. For simplicity a monodisperse system with particles having the

diameter d is considered. κ = γ̇x̂ŷT denotes the shear rate tensor.

With the adjoint Smoluchowski operator

Ω†
(2) = (∂r1 − F (r1, r2) + κTr1)∂r1 + (∂r2 − F (r2, r1) + κTr2)∂r2 (4.3)

the shear modulus can be calculated via

G(t, γ̇) =
1

V 2

〈
(r1F

T (r1, r2) + r2F
T (r2, r1)) exp[Ω

†t] ...

× (r1F
T (r1, r2) + r2F

T (r2, r1))
〉

(4.4)

while the average 〈...〉 =
∫
d2r1d

2r2 goes over the two-particle phase space. A transformation

to relative coordinates

r = r2 − r1 and R =
1

2
(r1 + r2) (4.5)

yields the corresponding transformations for the derivatives

∂

∂r1
=

∂

∂r

∂r

∂r1
+

∂

∂R

∂R

∂r1
=

1

2
∂R − ∂r and

∂

∂r2
=

1

2
∂R + ∂r (4.6)

which let us write the equation of motion for the probability density distribution as

∂tΨ(r1, r2, t) =

[
1

4
∂2
R − ∂R∂r + ∂2

r +

(
1

2
∂R − ∂r

)(

F (r1, r2)− κ
(

R− r

2

))

+
1

4
∂2
R + ∂R∂r + ∂2

r +

(
1

2
∂R + ∂r

)

...

×
(

−F (r1, r2)− κ
(

R− r

2

))]

Ψ(r1, r2, t)

=

[
1

2
∂2
R + 2∂2

r − 2∂rF (r)− ∂RκR− ∂rκr

]

Ψ(R, r, t). (4.7)
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Where we have used, that the transformation to relative coordinates also results in the forces to

be only dependent on the relative vector between the two particles, F (R, r) = F (r). Assuming

that the distributions of the center of mass part and the relative part are independent, we can

make a separation ansatz

Ψ(R, r, t) = Ψ(R, t)Ψ(r, t). (4.8)

The ansatz leads to

Ψ(r, t)∂tΨ(R, t) + Ψ(R, t)∂tΨ(r, t) = Ψ(r, t)ΩRΨ(R, t) + Ψ(R, t)ΩrΨ(r, t), (4.9)

defining the operators for the center of mass motion

ΩR =
1

2
∂2
R − ∂RκR, (4.10)

and the relative coordinate

Ωr = 2∂2
r − 2∂rF (r)− ∂rκr. (4.11)

This leads to the decoupling into two equations via

1

Ψ(R, t)
(∂tΨ(R, t)− ΩRΨ(R, t)) = − 1

Ψ(r, t)
(∂tΨ(r, t)− ΩrΨ(r, t)) = Γ, (4.12)

with the left one describing the free, shear advected motion of the center of mass, and the

right one describing the motion of the relative coordinate, being a bit more complicated as it

contains the two-particle interactions.

The constant Γ has to be set to zero as Ψ(R, t) and Ψ(r, t) should not diverge for t → ∞
and Γ is appearing in both equations with opposite sign.

The equation of motion for the density of the relative part is then governed by

∂tΨ(r, t) =

[

2∂r(∂r − F (r)− γ̇

2
x̂y

]

Ψ(r, t). (4.13)

Again using the adjoint Smoluchowski operator

Ω† =

[(
1

2
∂R + ∂RκR

)

+
(
2∂2

r + 2F ∂r + ∂rκr
)
]

(4.14)
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and using the relative coordinate again with r1 − r2F (r1, r2) = −rF (r) the shear modulus

can be written as

G(t, γ̇) =
1

V 2

∫

d2R d2r Ψ(r)Ψ(R) rF T (r) exp
[
Ω†

rt
]
rF T (r). (4.15)

With the normalization
∫
d2RΨ(R) = 1 of the density for the center of mass, and the definition

Ĝ(ω, γ̇) = iω

∞∫

0

dt exp[iωt]G(t, γ̇) (4.16)

this directly leads to

iω

∞∫

0

dt exp[iωt]Ĝ(t, γ̇) = − iω

V 2

∫

d2rΨ(r)rF T (r)
1

iω + Ω† rF
T (r).

︸ ︷︷ ︸

:=f(ω,r)

(4.17)

To find the short time behavior of the stress a solution for the differential equation for the 2×2

tensor f(ω, r)

[2 (∂r + F (r)) ∂r + γ̇y∂x + iω]f(r, ω) = rF T (r) (4.18)

is needed. For r > d this equation reads

[
2∂2

r + γ̇y∂x + iω
]
f(r, ω) = 0 (4.19)

with the boundary condition at r = d

2F (r)∂rf(r, ω) = rF T (r) (4.20)

The force acting between the particles can be written as F (r) = F (r)r̂ and has clearly no

angular dependence. Moreover, using polar coordinates with f(r, ω) = f(r, ϕ, ω) and r̂∂r = ∂r

one can reformulate the boundary condition as

2∂rf(r, ω) =
1

r
rrT , for r = d. (4.21)

and when neglecting the angular dependence of f(r, ω) in equation (4.19) one arrives at

[
2∂2

r + γ̇y∂x + iω
]
f(r, ω) = 0, (4.22)
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which is for ω ≫ γ̇ a simple diffusion equation. Thus the solution obeying the boundary

condition in equation (4.21) must have the asymptote

f(r, ϕ, ω) = d r̂r̂T exp

[

−
√

−iω

2
(r − d)

](

−
√

1

−2iω

)

+O (γ̇/ω) (4.23)

∼
︸︷︷︸

ω≫1

−d r̂r̂T

√

1

−2iω
, (4.24)

for ω ≫ γ̇, where the last approximation gives the high frequency part. With the equa-

tion (4.13), when integrating over a circular disc K, containing the circle with radius d, and

the condition F (r) = 0 for |r| 6= d one finds

0 =

∫

K

d3r ∂r

[(

∂r − F (r)− γ̇

2
x̂y

)

Ψ(r, t)

]

(4.25)

=

∫

∂K

dA r̂

[(

∂r −
γ̇

2
x̂y

)

Ψ(r, t)

∣
∣
∣
∣
|r|>d

−
(

∂r −
γ̇

2
x̂y

)

Ψ(r, t)

∣
∣
∣
∣
|r|<d

]

. (4.26)

As the density of the probability distribution vanishes as Ψ(|r| < d) = 0 and r̂∂r = ∂r holds,

the condition

∂rΨ(|r| → d+) =
γ̇

2

xy

r
Ψ(|r| → d+), r = d (4.27)

has to be fulfilled, and for the radial part of the current it is required that

(

∂r − F (r)− γ̇

2

xy

r

)

Ψ(r, t) = 0. (4.28)

Using the information from equation (4.27), which states that Ψ(r, t) has a finite discontinuity

at r = d in its derivative, we know that Ψ(r, t) itself is smooth enough so that

Ψ(d+, t) =

d+ǫ∫

d−ǫ

dr F (r)Ψ(r, t) +
γ̇

2

d+ǫ∫

d−ǫ

dr
xy

r
Ψ(r, t)

︸ ︷︷ ︸

=0

(4.29)
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holds, which yields F (r) = r̂δ(r − d) as in the equilibrium case, and thus the shear modulus

can be written as

Ĝ(ω → ∞, γ̇) =
iω

V 2

∫

dr2
rrT

r
Ψ(r)δ(r − d)

√

1

−2iω

rrT

r
(4.30)

=
iω√
2V 2

〈

rrT

r
δ(r − d)

√

1

−iω

rrT

r

〉

(4.31)

where the short time asymptote in equation (4.24), and the definition
∫
d2rΨ(r).... = 〈...〉

entered. With the assumption that with times, short enough, the problem decomposes into

two-particle interactions, the high frequency limit is applied for all pairs of particles.

Ĝ(ω → ∞, γ̇) = i
iω√
2V 2

〈

1

2

∑

i 6=j

rijr
T
ij

rij
δ(rij − d)

√

1

−iω

rijr
T
ij

rij

〉

(4.32)

=
iω√
8V 2

∫

d2r
rrT

r
δ(r − d)

1√
−iω

rrT

r

〈
∑

i 6=j

δ(r − rij)

〉

(4.33)

which gives the many particle shear modulus for high frequencies. Using the definition for the

pair distribution function as

g(r) =
V

N2
〈
∑

i 6=j

δ(r − rij)〉, (4.34)

finally leads to

Ĝ(ω → ∞, γ̇) = iω
N2

√
8V 3

d3
2π∫

0

dθ ere
T
r g(d, θ)

1− i

2
√
ω
ere

T
r . (4.35)

where the r-dependence was integrated out.

The real space result for the xy component is easily obtained with
∞∫

0

dt exp[iωt] 1√
t
=

√
π√
t
:

Gxy(t → 0, γ̇) =
N2d3√
8πV 3

1√
t

∫

dθ cos2 θ sin2 θ g(d, θ). (4.36)
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4.2. Simulation results

In the simulation the stress auto correlation is a difficult and noisy quantity to determine. But

the shear viscosity can be obtained from the simulation via (see also Alder et al. in [75] or

Appendix A.5)

ηxy(t) =
V

2

d

dt

〈



t∫

0

σxy(t
′)dt′





2〉

=
1

V

d

dt

〈


∑

coll∈[0;t]
∆ryij(tc)∆vxij(tc))





2〉

. (4.37)

where the sum runs over all collisions up to time t and ∆ryij(tc) denotes the y-component of

the relative distance and ∆vxij(tc) relative velocity of two particles at the collision time tc. The

brackets 〈...〉 denote the average over different simulation runs. This useful connection between

the collisions and the viscosity will be used later to determine the γ̇ → 0 viscosity from the

quiescent state in chapter 5.

With the result from the preceding section in equation (4.36) one finds employing the Green-

Kubo relation along with the packing fraction ϕ = πNd2/(4V ), for the shear viscosity

ηxy(t → 0, γ̇) = V

∫ t

0

dt′Gxy(t
′ → 0, γ̇) =

2
√
2ϕ2

dπ3/2

√
t

∫

dθ cos2 θ sin2 θ g(d, θ). (4.38)

For the cases using γ̇ 6= 0 the shear viscosity goes like ηxy(t) → V 〈σxy〉2 t =: αt for t → ∞
which might render the short time square root invisible, and hence this term will be subtracted

in the following graphs.

The left panel of figure 4.1 shows the shear viscosity for different Brownian time steps τB =

10−1, 10−2, 10−3 and 10−4 (in simulation units d/
√

〈∆v2x〉) or in dimensionless units τBD0/d
2 =

5 · 10−3, 5 · 10−5, 5 · 10−7 and 5 · 10−9 and packing fractions ϕ = 0.4, 0.5, 0.6 and 0.66 for

N = 1000 discs with radius d. Every simulation curve shows results from averaging 600

independent equilibrated systems which were all equilibrated for ≈ 102tD0/d
2 time steps. The

short time asymptotes according to equation (4.38) are added as solid lines. The contact value

was obtained from the equation of state (2.6) and with P = 4ϕ
d2π

+ 8ϕ2

d2π
g(d) (see also Hansen

and McDonald [76] or also Appendix A.4) as

g(d, θ, ϕ) = g(d, ϕ) = P (ϕ)
π

8ϕ2
d2 − 1

2ϕ
, (4.39)
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entering in the asymptotic prediction. After exhibiting a constant regime, the simulated shear

viscosities collapse on the predicted asymptote and leave it for long times to a density depen-

dent plateau. The constant regime, which is followed by the Brownian short time asymptote

results from the Newtonian dynamics, which governs the microscopic dynamics for times small

compared to the Brownian time step [35, 77]. For the lowest τB chosen, the collapse on the

asymptote holds for a window spanning almost six decades. On increasing τB, this window

shrinks until it almost vanishes for τBD0/d
2 = 5 · 10−9.
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Figure 4.1.: Left: Shear viscosity η(t) for different Brownian time steps τBD0/d
2 = 5 · 10−3

(diamonds), τBD0/d
2 = 5 · 10−5 (triangles down), τBD0/d

2 = 5 · 10−7 (circles), τBD0/d
2 =

5 · 10−9 (triangles up) and packing fractions ϕ = 0.4 (black), 0.5 (red), 0.6 (green) and 0.66
(blue). Short time asymptotes are included as solid lines, color coded as the simulations. After a
constant regime ending with the inset of the Brownian time step the simulation data falls on the
short time asymptote. Right: The shear viscosity η(t) for different bare Peclet numbers Pe0 = 0
(squares), 2 · 10−2 (triangles up), 2 · 10−1 (circles), 2 · 100 (diamonds) and different packing
fractions ϕ = 0.4 (black), 0.66 (red). Short time asymptotes are included for the quiescent case
as solid lines in the corresponding color. Again the simulation data collapse on the short time
asymptote for several decades.

The right panel of figure 4.1 contains the shear viscosity for different shear rates Pe0 = 0,

2 · 10−2, 2 · 10−1 and 2 · 100 for two different packing fractions ϕ = 0.4 and ϕ = 0.66. Here

Pe0 = d2γ̇/D0 denotes the bare Peclet number, relating Brownian diffusive motion of the

shear driven flow. For ϕ = 0.4 the Brownian time step was chosen to τBD0/d
2 = 2 · 10−5

(τB = 10−3) and 300 independent systems were set up. For ϕ = 0.66 the Brownian time

step was set to τBD0/d
2 = 2 · 10−6 (τB = 10−4) with 150 independent systems. Runs

to obtain stationary systems have been performed under the assumption that stationarity for

both densities is achieved for γ̇t > 1, when the strain exceeds unity. For all shear rates, the
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curves having the same density, collapse on the short time asymptote for about four to five

decades. Again the short time asymptotes from equation (4.38) are included, with the quiescent

result from equation (4.39), neglecting the angular dependence in the contact value for sheared

systems. In the presentation chosen in the figure the different prefactors resulting from the

angular dependence in g(d, θ) would be hardly visible.

To obtain more information about how well the prediction of the shear rate dependent prefactor

in equation (4.38) is, we multiply it with t−
1

2 which results in a constant regime, where the

value of this constant is given by the theory.
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Figure 4.2.: Left: Shear viscosity η(t) multiplied with t−1/2 for ϕ = 0.4 and bare Peclet numbers
Pe0 = 2 · 10−2 (blue triangle), Pe0 = 2 · 10−1 (red diamond) and Pe0 = 0 (black square).The
asymptotes for the different shear rates are included as solid lines in the same color, using a
contact value from simulation. Additionally dashed line shows the contact value from Baus and
Colot’s equation (4.39). Right: Shear viscosity η(t) multiplied with t−1/2 for ϕ = 0.66 and bare
Peclet numbers Pe0 = 2 · 10−1 (blue triangle), Pe0 = 2 · 100 (red diamond) and Pe0 = 0 (black
square).The asymptotes for the different shear rates are included as solid lines in the same color,
using a contact value from simulation. The Pe0 = 0 and Pe0 = 2 ·10−1 results fall on top of each
other. Again the dashed line shows the contact value from Baus and Colot’s equation (4.39).

Figure 4.2 shows the viscosity multiplied with t−
1

2 for ϕ = 0.4 in the left panel and ϕ = 0.66

in the right panel with the same data from the right panel of figure 4.1. The constants
2
√
2ϕ2

dπ3/2

∫
dθ cos2 θ sin2 θ g(d, θ) were added as solid lines. Additionally, the result from equa-

tion (4.39) was included for comparison. The angular dependent contact value was calcu-

lated according to appendix A.4 with a shell size of 0.005 and an angular discretization of

δθ = 2π/60.0. Both panels show that, extrapolating the correct contact value is difficult and

underestimates the result from Baus and Colot (dashed line), as the solid black line, giving the

angle dependent constant, lies clearly below the dashed line. Note that in the right panel the
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black line coincides with the blue line and is thus not visible. Neglecting this underestimation

and using the quiescent estimation (solid black line) as starting point two findings can be stated:

First, the increase of shear results in an increase of the prefactor. Second, the change in this

prefactor is quite small, implying that the projection in the integral on cos2 θ sin2 θ roughly

leads to a prefactor π/4 for all shear rates. This is interesting as it gives information about

the distortion of the structure and its symmetries. The projection on this function seems to be

quite independent of shear rate. Projections on cos θ sin θ, appearing in chapter 5 show that

here the result can be the major contribution in the shear rate dependence of the shear stresses,

obtained from the angular dependent contact value. Unfortunately the simulation data in both

panels is too noisy to confirm the trend of the increasing plateau on increasing the shear rate.

It should also be mentioned that the variance for averaging the different contact values from

the simulation, determined to ≈ 0.02 is still larger than or almost as big as the actual difference

between the different constants.

For future work further simulations should be run, using up to ≈ 103 configurations to make a

quantitative comparison.

4.3. Conclusion

Using the approach of Lionberger and Russel [74] for the high frequency modulus for hard spheres

it was possible to extend the result of Lange et al. [35]: The algorithm proposed in chapter 2

does not only yield the correct short time asymptote for the quiescent system as shown by Lange

et al., but it also keeps this property for the sheared states. As the theoretical prediction matches

the simulation without any fit parameter this gives further confidence that the algorithm really

models the dynamics of Brownian hard discs under shear, i.e. the dynamics governed by the

Smoluchowski operator. Furthermore an interesting property about the distorted structure for

the low densities considered here could be found, as the integral, projecting the contact value

on cos2 θ sin2 θ is almost independent on the shear rate.
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under shear

This chapter deals with applying an external constant shear field to the system discussed in the

last sections of chapter 3. Shear flow can drive such a system into states far from equilibrium

which makes a theoretical description, within standard equilibrium MCT, impossible. Especially

of interest is the possibility to shear melt colloidal solids, in particular colloidal glasses and gels,

and to investigate shear-melted (yielding) colloidal glasses. The question if yield stress exists is

of special interest [78]. The explanation of shear thinning is another one. Observing the motion

of a tagged particle in its mean squared displacement, the so called Taylor dispersion will be

investigated, which also occurs for a single Brownian particle under shear. Also, super diffusive

motion can be found for such a particle [79]. As the fluctuating forces in the gradient direction

make the particles experience varying solvent flows, shearing also speeds up the random motion

in the flow direction. Therefore random displacements along the gradient direction lead to an

increase of the displacements in flow direction. Going to high densities renders the situation

more complex.

Many theoretical studies build up on low density expansions as Morris and Brady in [80]. Ex-

periments, for instance by Eisenmann et al. [81] and Besseling et al. [14] have been conducted

to study systems under shear, near glass transition. Also the simulations of Zausch et al. [16]

and Foss and Brady [82] treat this topic. At high densities, the mean squared displacements

in gradient direction have been found diffusive at long times. The diffusion constants depend

on shear rate in contrast to the single particle case. Particle interactions make a transfer from

the gradient to the shear direction possible. Even more for dense system the flow direction

the mean squared displacement grows indeed cubically in time for dense systems. So far a

quantitative relation between the different directions has not been demonstrated.

Lately MCT could be generalized to the case of steady shearing by Fuchs and Cates [17, 83, 84]

65



66 Chapter 5. Binary mixtures in two dimensions under shear

by using the integration through transients approach (ITT). Furthermore the ITT approach

provides generalized Green-Kubo relations which yield an exact reformulation of non equilibrium

averages (with a unknown non equilibrium probability density) in terms of equilibrium averages.

Given the equilibrium structure factor of the system the MCT-ITT equations form a closed set of

equations determining the rheological properties of the system with the use of these generalized

Green-Kubo relations. MCT-ITT is able to make predictions on the shear rate dependent

behavior of shear stresses (including shear thinning), dynamical yielding and the distortion of

the structure factors. Moreover, dynamical predictions like the super diffusive motion and

about the interplay of structural and shear driven correlation functions, are possible. All these

predictions will be investigated with simulation results in the following sections.

A short review of MCT-ITT results follows to define the quantities investigated. An elaborate

review can be found in [85].

5.1. MCT for sheared two dimensional systems

The theory is based on the N -particle Smoluchowski equation, a special case of the Fokker-

Planck equation [86], which describes the temporal evolution of the distribution function

Ψ({ri}, t) of the particle positions

∂tΨ({ri}, t) = ΩΨ({ri}, t) (5.1)

with the Smoluchowski operator

Ω =
N∑

j=1

[

D0 ∂rj ·
(

∂rj −
1

kBT
Fj({ri})− κrj

)]

, (5.2)

with D0, diffusion coefficient of a single particle and the shear rate tensor with components

καβ = γ̇x̂ŷT , which employs in this case a linear flow profile. Particle interactions are encoded

in the forces Fj({ri}). The form of the Smoluchowski operator gives reason to the definition

of the bare Peclet number Pe0 = γ̇/D0d
2
s, already used in chapter 4, which compares the affine

motion of the shear flow with the Brownian motion of a particle to diffuse its diameter ds.

As in chapter 3, ds is the diameter of the smaller particles in a binary mixture, which will be

considered in the following sections.

The Smoluchowski equation can be rewritten, to have the form of a conservation law for the

probability current. Stationary distributions will have a zero time derivative, but a non vanishing
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probability flux, contrary to the equilibrium distribution. This defines the terms ’stationary non-

equilibrium’ and ’equilibrium’ within the theoretical MCT-ITT approach. In the simulation we

will call the distribution stationary, when all two time correlation functions are independent of

the time origin. This is also called a ’weak stationary’ process in stochastics.

5.1.1. Generalized Green-Kubo relations

Assuming that the distribution reaches a unique stationary state at long times Ψ({ri}, t →
∞) := Ψs({ri}) and starts from the equilibrium distribution Ψe({ri}) after switching on the

shear flow, we can formally write down the solution of equation (5.1) and obtain the time

evolution of the distribution function:

Ψ({ri}, t) = exp[Ωt] Ψe({ri}). (5.3)

The equilibrium distribution Ψe({ri}) ∝ exp[ −U
kBT

] is the time independent solution of equation

(5.1) for γ̇ = 0. Derivating and integrating equation (5.3) up to infinity one finds [84, 87]

Ψs({ri}) = Ψe({ri}) +
γ̇

kBT

∞∫

0

dtΨe({ri}) σxy exp[Ω†t], (5.4)

with the adjoint Smoluchowski operator

Ω† =
N∑

j=1

[

D0

(

∂rj +
1

kBT
Fj({ri})

)

+ γ̇∂xj
yj

]

∂rj , (5.5)

which is originating from a partial integration over the particle positions and using the incom-

pressibility condition Trκ = 0. σxy = −∑N
i=1 F

x
i yi is the potential part of the stress tensor.

The operator will act on quantities which have to be evaluated with Ψs({ri}). For the sake of

simplicity the energy scale kBT is set to unity and also d2/D0 is used as unit time.

With equation (5.4) it is possible to formulate averages 〈...〉γ̇ performed with Ψs({ri}) in terms

of equilibrium averages 〈...〉 with Ψe({ri}). Let now f(r) be an arbitrary density with Fourier

transform at q = 0, fq=0 =
∫
dr f(r), then the generalized Green-Kubo relation

f(γ̇) :=
〈fq=0〉γ̇

V
=

〈fq=0〉
V

+
γ̇

V

∞∫

0

dt 〈σxy exp[Ω†t] ∆fq=0〉 (5.6)
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holds. Here, ∆fq=0 = fq=0 − 〈fq=0〉 denotes the fluctuations of the density. All mean values

drop out of the ITT integrals, leaving only the fluctuations. Due to translational invariance of

the equilibrium distribution, only the q = 0 fluctuations contribute [83].

5.1.2. MCT-ITT equations for coherent dynamics

MCT-ITT yields equations of motion for the coherent transient density correlator

Φq(t) =
〈̺(q, t = 0)∗̺(q(t), t)〉

Sq

, (5.7)

the density fluctuation is as usual ̺(q, t) = N−1/2
∑N

k=1 exp [iq · rk(t)]. The theory makes

the simplification not to consider a mixture of particles explicitly, hence the summation in the

density fluctuations is just ignoring the different particles sizes and runs over all particles which

gives the relation ̺(q, t) =
∑M

α=1 ̺
α(q, t). As already mentioned in the preceding section, the

average in equation (5.7) is performed over the equilibrium Gibbs-Boltzmann ensemble. Thus,

the normalization of the initial value Φq(0) = 1 is given by the equilibrium structure factor Sq.

In order to obey the translational invariance two-time correlation functions have to be formed

with the time-dependent or shear-advected wave vector

q(t) = q − q · κt (5.8)

appearing in equation (5.7).

The advected wave vector eliminates the affine particle motion with the flow field, and yields

Φq(t) ≡ 1 in the absence of Brownian motion, when neglecting interaction terms in equation

(5.1). The advected wave vector’s y-component decreases with time (qy(t) = qy − γ̇tqx)

which corresponds to a decreasing wavelength of the shear-advected fluctuation in y-direction.

Figure 5.1 illustrates the shear advection for a density fluctuation neglecting Brownian motion.

For the quiescent non-sheared state, the definition (3.1) is connected to definition (5.7) via

Φq(t) = Φq(t) =

∑

αβ Φ
αβ
q (t)

∑

αβ S
αβ
q

, (5.9)

to the averaged normalized equilibrium correlator Φq(t) (note the non-bold q in the subscript),

with the averaged structure factor Sq =
∑

αβ S
αβ
q .

The interplay of shear flow coupled to random motion causes Φq(t) to decay. The shear
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induced affine motion alone is not sufficient to cause the correlator to decay. On the other

hand Brownian motion alone leads to a slow structural process which may arrest at long times

in a glassy state. Shear forces destroy this structural arrest.

Figure 5.1.: Visualization of a shear advected fluctuation [83] with wave vector q(t) initially
pointing in x-direction at time t = 0, perpendicular to the light blue bars. The wave vector at a
later time t > 0 is shown perpendicular to the tilted dark blue bars. Shear is in x-direction. The
wavelengths in x, y-direction λx and λy obey λx/λy = γ̇t . The absolute magnitude of the wave
vector, q(t) = q

√

1 + (γ̇t)2, increases with time.

By undergoing the Zwanzig Mori projection formalism [88], one finds an (exact) equation of

motion containing a retarded friction kernel which arises from the competition of particle caging

and shear advection of fluctuations

Φ̇q(t) + Γq(t)

{

Φq(t) +

∫ t

0

dt′ mq(t, t
′) Φ̇q(t

′)

}

= 0 , (5.10)

where the initial decay rate contains Taylor dispersion, as Γq(t) = q2(t)/Sq(t) for low densities.

The generalized friction kernel mq(t, t
′), which is an autocorrelation function of fluctuating

stresses, is approximated, following MCT approximation [83, 84, 87] and reads then

mq =
1

2N

∑

k

Vqkp(t, t
′)Φk(t)(t− t′)Φp(t′)(t− t′) (5.11)
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with abbreviation p = q− k, ρ the particle density, and a vertex function given by

Vqkp(t, t
′) =

Sq(t)Sk(t′) Sp(t′)

q2(t) q2(t′)
Vqkp(t

′)Vqkp(t) (5.12)

Vqkp(t) = q(t) ·
(
k(t)ρck(t) + p(t)ρcp(t)

)
(5.13)

where ck is the Ornstein-Zernike direct correlation function ck = (1− 1/Sk)/ρ. An additional

memory kernel is neglected [83]. The equilibrium structure factor, Sq which encodes the particle

interactions and introduces the experimental control parameters like density and temperature,

is like in quiescent MCT, the only input needed to close the equations.

The potential part of the stress σαβ(γ̇) = 〈σαβ〉(γ̇)/V in the non-equilibrium stationary state

(neglecting the diagonal contribution that gives the pressure) is approximated assuming that

stress relaxations can be computed from integrating the transient density correlations

σαβ(γ̇) =
ρkBT

2

∫ ∞

0

dt

∫
d2q

(2π)2
∂Sq(−t)

∂t

qαqβ
q

∂cq
∂q

Φ2
q(−t)(t) . (5.14)

Flow also leads to the build up of shear-induced micro-structural changes, which, again inte-

grating up the transient density correlators, can be found from

Sq(γ̇) = Sq +

∫ ∞

0

dt
∂Sq(−t)

∂t
Φ2

q(−t)(t) . (5.15)

A far smaller isotropic term in Sq(γ̇) (see Fuchs and Cates in [83]) is neglected here, as it is of

importance for the plane perpendicular to the flow only.

5.1.3. MCT-ITT for incoherent dynamics

When considering a single tagged particle MCT states that all information about the dynamics

of that tagged particle is contained in the incoherent density correlator. Thus, for MCT-ITT

the transient incoherent density correlator is defined via [89]

Φs
q(t) = 〈̺s∗(q, t = 0)̺s(q(t), t)〉 , (5.16)

with the single particle density ̺s(q, t) = exp [iq · rs(t)] with the tagged particle position rs(t).

The transient incoherent density correlator can be seen as the natural continuation of the tran-

sient coherent correlator in equation (5.7) and contains the advected wave vector defined in
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equation (5.8), originating from the translational invariance of the system. As Φs
q(0) = 1 holds

by definition, a normalization by the structure factor is not needed.

The derivation of an equation of motion for Φs
q(t) is analogous to the derivation of the one for

Φq(t) and can be found in [89]. After the two step Zwanzig Mori projection and the subsequent

mode coupling approximation one arrives at

∂tΦ
s
q(t) + Γs

q(t)

{

Φs
q(t) +

∫ t

0

dt′ms
q(t, t

′)∂t′Φ
s
q(t

′)

}

= 0, (5.17)

with the tagged particle kernel

ms
q(t, t

′) =
1

N

∑

k

k(t− t′) · q(t− t′)

q2(t− t′)

k · q
q2

n2csk(t−t′)c
s
kSk Φ

s
k−q(t− t′)Φk(t− t′). (5.18)

Initial conditions are given by ∂tΦ
s
q(0) = 0 and Φs

q(0) = 1.

The memory function (5.18) depends on t′ and t − t′, which presumably originates from the

fact that the equation describes the transient regime which is not time translationally invariant

[90]. An equation for the stationary correlator should contain a memory function depending on

t− t′ only. Φs
q(t) is coupled to the transient coherent density correlator Φq(t), hence to solve

equation (5.17), equation (5.10) has to be solved first. The following MCT-ITT results are a

summarizing the work of Matthias Krüger [89].

Using the equation for the incoherent density correlator under shear, it is possible to deduce the

ones for the MSD of the tagged particle. Moreover, the asymptotic solutions for long times for

the different spatial directions can be found . The transient MSDs describe a particle’s motion

after switching-on the shear at time t = 0 averaged over equilibrium initial conditions.

δy2(t) ≡
〈
[y(t)− y(0)]2

〉
= 2 lim

q→0

1− Φs
qey(t)

q2
. (5.19)

The equation of motion follows by the same procedure

δy2(t) +

∫ t

0

dt′m0
y(t− t′)δy2(t′) = 2t, (5.20)
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with the memory function in the low q limit

m0
y(t) =

∑

k

ky(t)ky F (k,0, t), (5.21)

and

F (k,0, t− t′) =
1

N
ρ2csk(t−t′)c

s
kSk Φ

s
k(t− t′)Φk(t− t′). (5.22)

By using the Laplace transformation of equation (5.20), δy2(z) =
∫∞
0

dt e−z tδy2(t), and using

the small-z part one obtains

lim
t→∞

δy2(t) =
2t

1 +m0
y(z = 0)

, (5.23)

the expected asymptote for the y-direction. Unlike in the equilibrium case, is m0
y(z = 0)

always finite under shear and the MSD is always diffusive at long times. In the glass, we have

limγ̇→0 m
0
y(z = 0) ∝ |γ̇|−1 (see also the α-scaling equation in Ref. [17]) leading to the scaling

relation at small shear rates

lim
t→∞

δy2(t) = 2βy|γ̇|t ≡ 2D(γ̇)
y t, (5.24)

with the coefficient βy = (|γ̇|m0
y(z = 0))−1, being asymptotically independent of shear rate as

γ̇ → 0. The long time diffusivity D
(γ̇)
y = βy|γ̇| is proportional to the shear rate and independent

of the short time diffusivity D0.

In this manner, shear flow forces the particle to diffuse also perpendicular to the flow, which

is an indicator that flow fully melts the glass. The affine average particle motion de-correlates

the non-ergodic structural relaxation, it becomes ergodic in all directions and for all variables

that would be non-ergodic in the glass.

The results above hold for Pe0 ≪ 1. The shear destroys the localization of particles in a

quiescent glass and causes structural relaxation. The length scale which contributes the most

important part is the localization length that can be read off from the quiescent MSD and

corresponds to the Lindemann length at solidification [91]. It is often connected to the picture

of ’cages’ that have to be broken by the shear. For Pe0 ≫ 1 shear dominates over Brownian

motion on all length scales except for, in a (extremely) narrow boundary layer close to particle

contact.
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To obtain the MSD in flow direction, it is important to understand that space-translational

invariant quantities are needed. The expression 〈[x(t)− x(0)]2〉, which is the same as for

the quiescent system, is not space-translational invariant and hence not appropriate (it de-

pends on y(0)). Quantities which fulfill this invariance are 〈[x(t)− γ̇ty(t)− x(0)]2〉 and

〈[x(t) + γ̇ty(0)− x(0)]2〉. One can show that the two are identical for small densities, but

for finite densities this doesn’t have to hold and one definition has to be selected [89]. There-

fore, the natural choice is the MSD obtained from the transient incoherent density correlator

via

δx2(t) ≡
〈
[x(t)− γ̇ty(t)− x(0)]2

〉
= 2 lim

q→0

1− Φs
qex(t)

q2
, (5.25)

with the transient incoherent density correlator in x-direction

Φs
qex(t) = 〈exp [iq(xs(t)− ixs(t)− γ̇tys(t))]〉 . (5.26)

Again, by expanding the correlator in equation (5.26) in q and performing the limit q → 0, the

following equation can be obtained [89]:

∂tδx
2(t) +

∫ t

0

dt′m0
x(t, t

′)∂t′δx
2(t′) = 2

Γs
qex(t)

q2
. (5.27)

The memory kernel in this limit is given by

m0
x(t, t

′) =
∑

k

[kx − γ̇tky(t− t′)]
kx − γ̇t′ky
1 + (γ̇t′)2

F (k,0, t− t′), (5.28)

with F (k,0, t− t′) defined in equation (5.22). The right hand side of equation (5.27) is given

by

2
Γs
qex(t)

q2
= 2 + 2γ̇2t2. (5.29)

By using the Laplace transformation of equation (5.27) of δx2(t) along with a polynomial ansatz

[89] it is possible to derive the leading long time term of δx2(t) which reads

lim
t→∞

δx2(t) =
2γ̇2

3 + 3m0
y(z = 0)

t3, (5.30)

and can be regarded as the Taylor dispersion for Brownian particles in a shear melted glass.

The MSD in x-direction grows cubically in time and the coefficient for the t3-term is connected

to the long time diffusivity for the y-direction, which is rather astonishing. This can be further
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illustrated by writing

lim
t→∞

δx2(t) =
2

3
δy2(t)γ̇2t2 =

2

3
D(γ̇)

y γ̇2t3. (5.31)

This relation originates from the fact that for long times, δx2 is governed by m0
y(t − t′). A

physical intuitive explanation of the t3-term is the following: On moving in y-direction, the

particle receives a boost in x-direction due to the shear flow. Hence it is plausible that the

t3 term is proportional to D
(γ̇)
y , but the result that the very same relation holds as in the low

density limit is nontrivial.

The long time term in equation (5.30) is independent of the bare diffusivity D0 (set to unity

here) and obeys the yield scaling law

lim
t→∞

δx2(t) =
2

3
βyγ̇

2|γ̇|t3, (5.32)

again, with the same βy as in equation (5.24).

In the system under shear, there is a correlation between x and y which is not present without

shear. Using the translationally invariant formulation from above, we define it the following

way:

δxy(t) ≡ 〈[x(t)− x(0)− γ̇ty(t)] [y(t)− y(0)]〉 . (5.33)

It can be derived considering the correlator for the diagonal direction q(t = 0) = (q, q, 0)T

leading to

δxy(t) = lim
q→0

1− Φs
q(ex+ey)

(t)

q2
− δx2(t) + δy2(t)

2
. (5.34)

The leading order of δxy(t) is proportional to t2, as in the low density case (see equation (5.37)),

lim
t→∞

δxy(t) = − γ̇

1 +m0
y(z = 0)

t2 = −D(γ̇)
y γ̇t2. (5.35)

The last step invokes the result for the long time diffusion in y-direction. δy2(t) and δxy(t) are

related to each other as they are in the low density limit, except for the minus sign which comes

from the definition in equation (5.33). Note that defining δxy(t) = 〈[x(t)− x(0) + γ̇ty(0)] [y(t)− y(0)]〉
instead would yield a plus sign in (5.35).

The scaling relation in glassy states as γ̇ → 0 is then given by,
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lim
t→∞

δxy(t) = −βy|γ̇|γ̇t2 +O(t), (5.36)

with the same βy as in equation (5.24). The sign of δxy(t) depends on the sign of γ̇, which is

expected, since inverting the direction of shearing corresponds to inverting either x or y.

Finally it is interesting to mention the connection between the long time asymptotes in the

dense and the dilute case. The Taylor dispersion for a single Brownian particle exposed to shear

yields the connections (D0 = 1) [92]

〈[x(t)− x(0)]2〉(γ̇) = 2t+ y2(0)γ̇2t2 +
2

3
γ̇2t3

〈[y(t)− y(0)]2〉(γ̇) = 2t

〈[x(t)− x(0)][y(t)− y(0)]〉(γ̇) = γ̇t2. (5.37)

Setting the memory kernels m0
y to zero in equations (5.23) and (5.33), recovers these results.

For the shear direction, the result is recovered with the use of equation (5.30) and (5.29),

except for the missing y2(0) term, which is a result of the translationally invariant formulation.

The connection between gradient and shear direction already existing in the dilute limit, is still

existent in the high density case.

5.2. Correlators at the glass transition

As already pointed out in section 3.1.2, the coherent correlators in equilibrium undergo a

bifurcation scenario defining the non-ergodicity parameters in equation (3.7). This bifurcation is

preserved in the sheared case. The non-ergodicity parameters for the multi-component mixture

in chapter 3 are connected via

∑

αβ

F αβ
q

∑

αβ

Sαβ
q

= fq = lim
t→∞

Φq = lim
t→∞, γ̇→0

Φq, (5.38)

with the one-component MCT-ITT transient coherent correlator Φq for γ̇ → 0, according to

equation (5.9). In analogy to that, the incoherent correlator undergoes a similar bifurcation

scenario defining

f s
q = lim

t→∞
Φs

q = lim
t→∞, γ̇→0

Φs
q. (5.39)
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Here, it is explicitly assumed, that both bifurcations are connected to a ’single’ glass transition

point at ϕc, neglecting the fact, that in principle the incoherent dynamics can decouple from

the coherent, and hence undergo a different bifurcation [93, 94].

For the non-quiescent system, both f s
q and fq in equation (5.38) and (5.39) become dependent

on q. While the glass transition is a cooperative effect, i.e., it happens for all wave vectors

q at the same density, the shape of Φs
q (for both with and without shear) depends on q. As

already stated in chapter 3, for densities below the glass transition, i.e. ε < 0, the correlator for

the system without shear decays to zero with time scale τα, the α-relaxation time. The effect

of shear does then depend on the dressed Peclet or Weissenberg number Pe= γ̇τα. For small

shear rates, the effect vanishes, as

lim
ταγ̇→0

Φq → Φq lim
ταγ̇→0

Φs
q → Φs

q, (5.40)

holds in the liquid. Above or at the critical density, the correlator of the system without shear

stays on the plateaus. At the transition, fq and f s
q still jump discontinuously from zero to a

finite value. Thus we assume the same generic transition scenario as in section 3.1.2 with the

incoherent dynamics following the generic case. The system under shear, however, is always

ergodic, since shear melts the glass, the correlators Φq and Φs
q decay to zero for any finite γ̇.

The final decay from the plateau to zero is governed solely by shear, for arbitrarily small γ̇ → 0

in a glassy system. The dressed Peclet number is then always infinite because the intrinsic τα

is formally infinite.

5.3. β-scaling

Again, the the dynamics near the critical plateau can be investigated by the so called β-

analysis. In analogy to equation (3.15) for the quiescent system a non-linear stability analysis

of the frozen-in structure is done by expanding the equations of motion, equation (5.16) and

equation (5.10), around the critical plateau value f s,c
q = f s

q (ε = 0) and f c
q = fq(ε = 0)

respectively, [60] defined in equations (5.38) and (5.39). Fuchs and Cates showed in [17] that

the coherent transient density correlator Φq(t) can be written near the critical plateau as

Φq(t) = f c
q + hc

qG(t), (5.41)
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with hc
q the critical amplitude for the one-component system, which is related to the quiescent

multicomponent case in section 3.1.2 via
∑

αβ(H
c
q )

αβ/
∑

ij S
αβ
q = hc

q. Here an anisotropic

function Ganiso
q (t) was neglected [95], as its theoretical background is currently worked on [96].

The q-independent function G(t), the β-correlator reappears. But its equation of motion differs

from that in section 3.1.2 (see [17]),

σ − c(γ̇)(γ̇t)2 + λG2(t) =
d

dt

∫ t

0

dt′G(t− t′)G(t′). (5.42)

Here, the separation parameter’s proportionality factor in σ = Cε could be determined to

C ≈ 3.36 for the system that will be considered in the following analysis (see section5.5).

Equation (5.42) is nonlinear (quadratic) at the critical point. This is explained in great detail

in [60]. The short time behavior of G(t) must be matched to the short time dynamics of the

correlator, G(t → 0) = (t0/t)
a, where the matching time t0 is determined by the coherent initial

decay rate. The critical exponent a obeys the relation given in equation (3.19) from section

3.1.3 with the appropriate one-component analogons. From equation (5.42), we see that the

β-correlator is of order
√
σ or

√
ε and |γ̇t|, a fact which is used below. In the work of Fuchs

and Cates [17] and the work of Hajnal and Fuchs [43] more details can be found on the two

parameter scaling relation for γ̇t and ε. The β-correlator takes for ε ≥ 0 the solution for long

times [17],

G(t ≫ tb) = −
√

c(γ̇)

λ− 1
2

|γ̇|t ≡ −τ̃ . (5.43)

Equation (5.43) gives the initialization of the final shear induced decay from the plateau to

zero. Therefore tb =
√
ε/|γ̇| for ε > 0 and tb = t0 for ε = 0 has to be chosen. According

to [17], the coherent dynamics near the critical plateau is isotropic in space even under shear.

However latest results imply that this might not be the final finding [95].

Nevertheless the β-analysis for the incoherent transient correlator was performed by Matthias

Krüger [89], and considers only the case of ε ≥ 0, because for ε < 0, the dynamics is indepen-

dent of shear for γ̇ → 0 and the equilibrium discussion is recovered [61]. For 0 ≤ ε ≪ 1 and

γ̇t ≪ 1, the incoherent correlator is expanded near the critical plateau [89]

Φs
q = f sc

q + (1− f sc
q )2Gs

q(t) +O(ε). (5.44)

The correlator near the critical plateau contains an isotropic part given by the coherent β-
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correlator G(t) as well as an anisotropic part G(s,aniso)
q (t),

Φs
q = f sc

q + hsc
q

(
G(t) + G(s,aniso)

q (t)
)
+O(ε). (5.45)

The critical amplitude hsc
q is equal to the one at γ̇ = 0 [61]. The anisotropic term, contains

the memory function in equation (5.18) and is of the order,

G(s,aniso)
q (t) = G(q) γ̇t+O(γ̇t)2. (5.46)

The terms of order (γ̇t)2 must be omitted in the linear equation for Gs
q(t). From expanding the

memory function equation (5.18), G(q) can be determined to

G(q) =
(1− f sc)2

hs
q

1

N

∑

k

n2
cc

sc
k S

c
kf

c
kf

sc
|k−q|

∂

∂γ̇t

k(t) · q(t)
q2(t)

k · q
q2

csck(t)

∣
∣
∣
∣
γ̇t=0

. (5.47)

It is worth noting that a possible anisotropic contribution in the coherent β-correlator does not

change equation (5.45) [89].

5.4. α-scaling

For ε ≥ 0 and γ̇ → 0 with γ̇t = const., it is assumed that the incoherent and coherent transient

correlators approach scaling functions Φs+
q (τ̃) and Φ+

q (τ̃) respectively, with

τ̃ =

√

c(γ̇)/(λ− 1

2
)γ̇t ≡ c̃γ̇t, (5.48)

which depend only on the timescale set by γ̇, i.e., they are independent of the short time

dynamics set by D0 [17]. The rescaled time τ̃ corresponds to the accumulated strain, since

switch-on of shear, and the scaling law for Φ+
q (τ̃) and Φ+

q (τ̃) expresses that the de-correlation

is a function of the strain only. At the moment the analytical discussion of this scaling is still

a matter of actual research, but numerical and simulation results support the claim. [90, 95].

As for the quiescent state, it is plausible to investigate the master functions by fitting of

compressed exponentials of the form

lim
γ̇→0,γ̇t=O(1)

Φs
q = Φs+

q (t̃) ≈ Aq exp
[
−(t/τ (γ̇)q )βq

]
, (5.49)
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to the incoherent correlator. The same is done for the coherent case. As in the quiescent case,

the value of the fit parameter Aq is very close to fq, while Aq < fq should hold in the liquid.

Now both the resulting relaxation timescale τ
(γ̇)
q as well as the stretching exponent βq may

depend on the wave vector and the separation parameter σ and thus on ε.

5.5. The model system

As already pointed out, the MCT-ITT approach uses structural equilibrium correlations as its

only input. Given the equilibrium structure it is possible to compute the transient structural

density correlators which encode the competition between flow-induced and Brownian motion.

With the correlators one can calculate all stationary properties from time-integrals over the

transient fluctuations. In this section, the input and intermediate quantities of the theoretical

calculations are presented and discussed along with the model systems used.

Due to numerical constraints MCT-ITT calculations were performed for a model system of

monodisperse hard discs with diameter ds at a packing fraction ϕ = πNd2s/(4V ). The

simulated binary system uses a diameter ratio of δ = 5/7, at a total packing fraction of

ϕ = πN/(4V )(xbd
2
b + xsd

2
s) and xs = xb = 0.5 with N = 1000 particles, the system discussed

in detail in section 3.2.3 of chapter 3.
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Figure 5.2.: Left: Modified hyper-netted chain structure factor, used as input quantity to
MCT-ITT, for ε = −10−2 (red), 10−5 (black) and 10−3 (blue). The critical packing fraction is
ϕc = 0.69899. Right: Averaged structure factors for the simulated binary system. The packing
fractions are ϕ = 0.72, 0.74, 0.76 and ϕ = 0.79. The critical packing fraction is ϕc ≃ 0.7948, as
determined in 3.2.3. The inset shows the four selected q directions whose color code will be used
later on.
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The equilibrium structure factor Sq varies smoothly with density or temperature, but leads to the

transition from a shear-thinning fluid to a yielding glassy state at a glass transition density ϕc.

The left panel of figure 5.2 shows modified hyper-netted chain structure factors of monodisperse

hard discs in d = 2 as used by Bayer et al. [13], which were used in the MCT-ITT calculations.

All MCT-ITT calculations were performed by Henrich et al. [23]. For comparison, the averaged

structure factors obtained from the binary mixture simulation are shown in the right panel.

For the modified hyper-netted chain structure factor, the value of the glass transition density

ϕc = 0.69899 is included in the curves in figure 5.2, along with the highest liquid density, still

accessible with the simulations at ϕ = 0.79. The simulation structure factor’s distance to the

critical point can be estimated to ε = −6 · 10−3 with the critical point from section 3.2.3 of

chapter 3.

Only smooth changes in Sq are noticeable. The short range order at the average particle

distance, depicted by the position of the primary peak of Sq, increases with densification.

Differences in the structure between the mono- and the bidisperse system are visible beyond the

primary peak, and especially beyond the second peak in Sq, as contributions of different species

lead to destructive interference which leads to an almost constant part for qds ∈ [12; 17]. Also

the height of the primary peak in Sq around ϕc differs, indicating that the averaged structure

factor in the bidisperse system does not characterize the local structure and caging in the

simpler system well, and that a comparison with a bidisperse MCT-ITT calculation should be

performed. The main numerical constraint is the memory available, as the memory kernel carries

an additional time dependence and looses symmetries in the sheared system, which makes the

multicomponent approach impossible, with the hardware available at present. The anisotropic

structure will be investigated along the spatial directions indicated in the inset.

5.6. Stresses and viscosities under shear

The quantity of most interest in nonlinear rheology is the shear stress σxy(γ̇). We call the stress

as a function of the shear rate a ’flow curve’.

The shear stress as function of the shear rate can be obtained in the simulations by different

means. In general, the stress in the simulation is calculated by observing the collisions within

a certain time window ∆τc. Then, forces may be extracted using the change of momentum

which occurs during the observation time.
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This leads to the evaluation algorithm (see also Lange et al. in [35])

σxy(γ̇) =
1

V

〈

1

τc

∑

coll

∆vxij(tc)∆ryij(tc)

〉

, (5.50)

where the summation is over all collisions of particles i and j at time tc within the time window

τc. The procedure effectively sums up the momentum changes ∆vxij in the x-direction multiplied

by the relative distance of the particles ∆ryij in the y-direction. Here and below the brackets

〈...〉 denote the average over different simulation runs.

Additionally the shear stress can be computed via the contact value of the pair distribution

function g(r), (for r = d) (see appendix A.4):

σxy(γ̇) =
8kBT

π2
ϕ2

∑

i,j∈{1,2}

1

d2ij

2π∫

0

dθ cos(θ) sin(θ)gij(r, θ), (5.51)

where g11(r, θ), g12(r, θ)... denote the θ-dependent partial contact values of the two components

and d11, d12, ..., the minimal distance between two particles. θ is the polar angle.

The Green-Kubo relation

ηxy =
1

kBTV

∞∫

0

〈σxy(0)σxy(t)〉dt (5.52)

holds for the non-sheared system. Thus the γ̇ → 0 shear viscosity can be extracted from the

simulation via (see also Alder et al. in [75] or appendix A.5)

η0 =
V

2kBT
lim
t→∞

1

t

〈



t∫

0

σxy(t
′)dt′





2〉

=
1

2kBTV
lim
t→∞

1

t

〈


∑

coll∈[0;t]
ryij(tc)∆vxij(tc)





2〉

,

(5.53)

where the sum runs over all collisions up to time t. Again the the brackets 〈...〉 denote the

average over different simulation runs.

The flow curves within the MCT-ITT approach were calculated (by Oliver Henrich) with equa-

tion (5.14), using the transient correlators calculated with the modified hypernetted chain

structure factors from section 5.5. Figure 5.3 shows the flow curves obtained from both, the

simulation and the MCT-ITT approach.
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The shears tress increases linearly σxy(γ̇ → 0) = η0 · γ̇ upon increasing the shear rate for small

Pe0 values, which is expected for a liquid showing mainly dissipative behavior. Shear thinning

in which the stress increases less than linearly with γ̇, sets in at Pe of the order of unity, and

this crossover shifts to lower and lower Pe0 for increasing density.

At the density around ϕ ≈ 0.79, the crossover leaves the shear rate window accessible by the

simulations. This is due to the fact that the simulations are then too close to the ideal MCT

glass transition density, which was estimated to ϕc = 0.7948 in section 3.2.3, and hence the

final relaxation time and the quiescent viscosity (η0 ∝ τ) diverge.
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Figure 5.3.: Shear stress σxy(γ̇) versus shear rate given as Peclet number Pe0 = γ̇D2/D0

in MCT-ITT and simulation: The data points give simulation results for the densities de-
noted in the legend. Empty symbols show the results obtained via equation (5.51) and
filled symbols the results from equation (5.50). The Pe0 → 0 (black solid lines) were cal-
culated according to equation (5.53). The solid lines show calculations in MCT-ITT for
ǫ = 10−2, 10−3, 10−4, 10−5,−10−4,−10−3 and −10−2 (from top to bottom; blue ε > 0, red
ε ≈ 0, green ε < 0). MCT-ITT results are shifted downwards by a factor 0.1 to match the
simulation results.

Furthermore, on going beyond this density the flow curves change from a characteristic S shape

in the fluid, to showing a γ̇-independent plateau on extrapolating the shear rates to zero. This

characteristic change is the hallmark of the transition in MCT-ITT between a shear thinning

fluid and a yielding glass (see also Siebenbürger et al. in [97]).

The numerical MCT-ITT solutions show the same transition scenario. Again, as already men-



5.6 Stresses and viscosities under shear 83

tioned in section 3.2.3, because of the approximations involved, MCT-ITT yields a different

critical density than the simulations. Even if the theory used the binary structure factor, a dif-

ference in critical packing fraction would be expected as is well known also in three dimensions

(see Voigtmann et al. [98] ). Going over to multicomponent calculations within MCT-ITT does

not yield a better quantitative estimation of the critical point either, as seen in section 3.2.3

and for three dimensions (see Weysser et al. [31]).

Thus, all MCT-ITT calculations match the relative separation ε from ϕc in order to compare

with the simulations. As MCT-ITT is built to describe the long time structural motion, errors

might arise in its description of short time properties. This is obvious in real dispersions, where

hydrodynamic interactions (neglected in MCT-ITT) affect the short time diffusion coefficient

Ds. Note that the simulation is explicitly neglecting hydrodynamic interactions. Nevertheless,

a rescaling of the effective Peclet number Peeff0 = γ̇d2s/Ds would correct for this change in Ds

in a real system. In order not to introduce additional fit parameters , and as the simulation is

set up without hydrodynamics, we refrain from doing so, but anticipate that future comparisons

may require Ds 6= D0.

Using the information given in figure 5.3 we can also have a look at the shear dependent vis-

cosities η(γ̇) = σxy/γ̇, presented in figure 5.4.

The viscosity already falls below its so called Newtonian plateau value η0 = σxy(γ̇ → 0)/γ̇

(Newtonian fluids have a constant shear independent viscosity) when the shear rate is in-

creased, for small Pe0. The more the liquid is sheared or exposed to external forces the easier it

is to impose shear flow, an effect that characterizes a shear thinning liquid. The crossover from

the (constant) Newtonian value η0 to shear thinning is density dependent and sets in earlier for

higher densities.

At larger shear rates, the flow curves from simulation appear to approach a second Newtonian

plateau which, presumably, strongly depends on the hard-core character of excluded volume

interactions and is outside the reach of the present MCT-ITT. The latter, by using its sole

input Sq rather than pair potential, is not directly aware of hard-core constraints. However,

checks have been performed, that the states remain homogeneous and random up to the Pe0
values shown.

The approach to a yield scaling law, where the final decay of the transient correlators depends

on the accumulated strain only predicts the existence of a dynamical yield stress σ+
xy(ε) =

σxy(γ̇ → 0, ε), which characterizes the shear melted glass.
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Figure 5.4.: Viscosity η(γ̇) versus shear rate given as Peclet number Pe0 = γ̇d2s/D0 in MCT-
ITT and simulation. The color codes are the same as in Figure 5.3. Again, the empty symbols
show the results of equation (5.51) and filled symbols the results from equation (5.50) while the
Pe0 → 0 (black solid lines) were calculated according to (5.53). MCT-ITT results are shifted
downwards by a factor 0.1 to match the simulation results.

In the bidisperse hard disc mixture, in the simulation around the glass transition, it takes the esti-

mated critical value σ+,c
xy = σ+

xy(ǫ = 0) ≈ 0.3kBT/d
2
s, where both flow curves below (ϕ = 0.79)

and above (ϕ = 0.80) the glass transition point were used for this estimation. Below the glass

transition, the yield stress discontiously jumps to zero, σ+
αβ(ǫ < 0) = 0.

The quantitative prediction turns out to be difficult for theory, because equation (5.14) shows

that an accurate calculation of the shear driven relaxation process is required. MCT-ITT over-

estimates the critical yield stress σ+,c
xy by roughly a factor 10 because, presumably, the decay of

the transient correlators is too slow. However, the difference between the monodisperse system

in the MCT-ITT calculation and the bidisperse simulated system contributes in a still unknown

way to the error. It seems reasonable that mixing two species reduces the stresses under flow,

which could explain a part of the deviation.

After having compared the shear stress, we go over to the normal components in figure 5.5, in

which the left panel shows the normal stress differences σxx − σyy and the right panel shows
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the normal stress divided by the squared shear rate. Reassuringly, the same rescaling factor

of 0.1 as for the shear stress brings theoretical and simulation normal stress differences, to an

overlap. The normal stress differences are positive (indicating that the dispersion would swell

after flowing through a nozzle), and show similar behavior to the stress: An increase according

to γ̇2 in the fluid for small shear rates, while approaching a plateau in the yielding glass.
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Figure 5.5.: Left: Normal stress differences for the system at the densities given
in the legend. The lines show MCT-ITT results at separation parameters ε =
10−2, 10−3, 10−4, 10−5,−10−4,−10−3 and −10−2 (from top to bottom) scaled by a factor 0.1
to match the simulation results. Right: Normal stress differences for the system divided by
Pe20. Color codes and scaling factors are the same as in the left panel. In both panels empty
symbols show the results obtained via equation (5.51) while filled symbols were calculated with
equation (5.50).

5.7. Structure factor under shear

The macroscopic stresses in the flowing dispersion are experimentally most important, yet,

they only give an averaged description of the local effects of shear. Thus, we would like to

resolve spatial information, which can be obtained from the distorted structure factor δSq(γ̇) =

Sq(γ̇)− Sq, which in MCT-ITT is connected to the stress via

σαβ =
ρ kBT

2

∫
d2q

(2π)2
qαqβ
q

∂cq
∂q

δSq(γ̇) , (5.54)

as can be deduced from equations (5.14) and (5.15).
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From the simulation, the distorted structure factor can be obtained by exploiting that Sq(γ̇) =

〈 1
N

∑

i,j exp(iq(ri − rj))〉(γ̇) is a real quantity, and thus is given by

Sq(γ̇) =

〈

1

N

∑

(i,j)∈NI

cos(q(ri − rj))

〉

(5.55)

where the double sum runs over all pairs of particles i and j using the nearest neighbor image

convention. The pairs (ij) are determined by the Lees-Edwards boundary conditions and the

constraint of having the lowest distance among all possible image particles in the surrounding

boxes (see appendix A.1 for details).

For low Peclet numbers in fluid states, the pair distribution function g(r) can be expanded:

g(r) = g0(r) + 2Pe0
xy

r2
g1(r) +O(Pe20). (5.56)

This result can be used to derive the relative distortion of the structure factor in the linear

response regime (see also Strating in reference [20] and Lange in reference [99]),

δSq(γ̇ → 0) = 2Pe0

∫

dr rg1(r)

∫

dθ cos(θ) sin(θ)e[i(rqx cos(θ)+rqy sin(θ))] (5.57)

while g1(r) can be obtained via

g1(r) =
2π

Pe0

∫

dθ g(r) cos(θ) sin(θ) = g1(r) +O(Pe20 · xy/r2). (5.58)

For more details on the calculation of equation (5.57) see appendix A.2.

Figure 5.6 shows color-coded structure factors Sq(γ̇) as function of the two-dimensional wave

vector q, with qx in the direction of flow and qy along the gradient direction. We are comparing

simulation data in the left panels to panels in the right column obtained in MCT-ITT. Structure

factors in the top row are in the linear response regime in the fluid (see equation (5.57)), almost

giving the equilibrium structure factors already shown in figure 5.2. The middle row contains

the structure factors at high shear in the glass, with all densities in the shear thinning region.

Finally the bottom row, again in the glass, at low shear rate, the yielding glassy state is tested.

While one can see that the fluid Sq(γ̇) is isotropic for small Pe0 (top row), as required by lin-

ear response theory, increasing Pe0 to values around unity, leads to an ellipsoidal scattering ring.
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Figure 5.6.: Left column: Distorted structure factor S(q, γ̇) from the simulation. Right column:
Distorted structure factor from the theory. In the top row the states are: In linear response regime
in the liquid (simulation ϕ = 0.78, ε ≈ −2 · 10−2 and Pe0 = 2 · 10−4 MCT ε = −10−2 and
Pe0 = 10−4). Middle Row: In the glass at high shear rate (simulation ϕ = 0.80, ε ≈ 6 · 10−3

and Pe0 = 2, MCT ε = 10−3 and Pe0 = 10−2). Bottom row: In the glass at small shear rate
(simulation ϕ = 0.80, ε ≈ 6 · 10−3 and Pe0 = 2 · 10−4, MCT ε = 10−3 and Pe0 = 10−4).
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Being stretched along the so-called ’compressional axis’ qx = −qy, and more narrow along the

’extensional axis’ qx = qy, the ellipsoid indicates that shear pushes particles together along

the compressional and pulls particles apart along the extensional diagonals (see also Vermant

and Solomon in [100]). Theory and simulation qualitatively agree in the panels except for that

MCT-ITT overestimates the anisotropic distortion of the glass structure at low Pe0. The sim-

ulation results are almost symmetrical.

We have a more careful look onto the distorted microstructure which can be achieved by in-

vestigating q-dependent cuts through Sq(γ̇) along the directions color-coded as in figure 5.2.

Important for the direction qx = 0 (red) is the need, present in both simulation and theory,

to average Sq(γ̇) over a small but finite angle, as exactly at qx = 0 the structure factor is

compromised by noise.

Of special interest is the case in the bottom row of figure 5.6, where the stationary structure

of the shear melted solid is studied. To inspect a cut we go over to the density ϕ = 0.79 which

is not yet high enough to lie in the glass, but close enough to the glass transition so that the

correlations at at Pe0 = 2 · 10−4, closely resemble the ones of glassy states at very low shear

rates. While good statistics for stresses at Pe0 = 2 · 10−5 can be obtained for all densities,

structure factors can not be sampled sufficiently there. A further advantage is that at this

density of ϕ = 0.79 also the equilibrium structure factor Sq can be obtained in long simulation

runs, and the (relative) difference (Sq(γ̇, ε)−Sq)/Sq can thus be determined. Figure 5.7 shows

this quantity for two states in order to scrutinize the distorted structure of the shear melted

glass in detail. The following discussion is based on the hypothesis that Pe0 = 2 · 10−4 at

ϕ = 0.79 captures a glass-like state in the limit of low bare Peclet number.

The cuts shown in figure 5.7 procure a sensitive test of the quantitative and qualitative accuracy

of the theoretical predictions. The lower left panel shows the structure factor at vanishing shear

rate. The theory states, that Sq(γ̇ → 0) jumps discontinuously at the glass transition while

Sq(γ̇ → 0) → Sq holds in the fluid. In the glass Sq(γ̇ → 0) 6= Sq holds. Relative deviations

(Sq(γ̇ → 0) − Sq)/Sq of about 20% remain. The simulation finds quite isotropic deviations

which show a maximum on the low-q side of the primary peak in Sq (see figure 5.2). According

to MCT-ITT no linear response regime should occur in Sq(γ̇) as function of the shear rate

in the glass, which can be derived from the existence of the yield scaling law in the transient

correlators. As γ̇ sets the time scale for the final relaxation into the stationary state, the limit

γ̇ → 0 is different from the quiescent result γ̇ = 0.
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Figure 5.7.: Direct comparison of the relative distortion (S(q, γ̇) − Sq)/Sq between simulation
and MCT. The selected orientations are: qx = 0 (red), qx = qy (green), qy = 0 (blue) and
qx = −qy (magenta) for ϕ = 0.79, ε ≈ −6 · 10−3 in the simulation (left column). The Pe0
numbers are 4 ·10−4 (top row), 2 ·10−1 (middle row) and 2 ·10−3 (bottom row). For MCT (right
column) the values are: ε = −10−2, Pe0 = 10−4 (top row), ε = 10−3, Pe0 = 10−2 (middle
row) and ε = 10−3, Pe0 = 10−8 (bottom row). In the linear response case (top row) results
were normalized by the shear rate γ̇. All structure factors are averaged over a small angle in
the q direction: For an absolute |q|-value and an angle θ a small section ∆q and ∆θ is defined
and then all q values lying within the defined section are used for the averaging. The values are:
∆θsim = 5◦, ∆|qsim| = 0.4, ∆θMCT = 15◦, ∆|qMCT| = 1.0. qp marks the position of the main
peak of the corresponding structure factor.
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Quantitatively, MCT-ITT overestimates the distortion again by a factor up to 10. A noticeable

anisotropy can be seen, as discussed in context with figure 5.6. While the difference between

the bidisperse and the monodisperse system might lead to differing results, we think that the

major origin of the error is that MCT-ITT gives a too low estimate for increase of speed in the

structural rearrangements caused by shear. Thus transient correlators, being too slow, become

anisotropic because the accumulated strain γ̇ t becomes too big before structural correlations

have decayed.

In the left middle panel of figure 5.7 qualitative aspects of the anisotropy predicted by MCT-ITT

can be found in the simulations at only slightly larger shear rates, like at Pe0 = 0.2. Along

the two axis- and the extensional diagonal direction, the low-q wing of the primary peak in

Sq(γ̇) becomes enhanced under shear. But along the compressional axis (magenta) the low-q

gets suppressed, and the high-q wing is pushed up. In the simulation also the peak height

is lowered all directions. MCT-ITT reproduces this along the diagonal directions only. Again

the anisotropy and the magnitude of the distortions predicted by MCT-ITT is too large but

the deviation decreases. The differences between the systems which result in quite different

equilibrium structure factors Sq in the simulated and in the calculated system, should be taken

into account in future work. This would imply to work out a multicomponent MCT-ITT.

5.8. Incoherent dynamics

Having checked and compared the static quantities in the system we go over to discuss the

incoherent dynamics of the simulation, and compare it to the incoherent MCT-ITT results.

Among the interesting results are the q-dependent anisotropy, the Taylor dispersion and the

collapse on a universal master function in the glass obeying a scaling with γ̇t.

5.8.1. Correlators

In the simulation, transient correlators can be calculated, by first preparing a quiescent system,

that is in equilibrium, which is assumed when all time dependent correlation functions don’t

depend on their time origin or the waiting time tw when the correlation process starts. Then

the shear is instantaneously switched on at tw = t0. Figure 5.8 gives a visualization.
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Figure 5.8.: Illustration of the time axis for the simulation. Starting from the equilibrium state,
the shear is turned on at tw = t0 and correlation functions become tw dependent. After tw = 1/γ̇
the steady state is reached and the correlation functions loose the tw dependence.

The incoherent correlators can be extracted via

Φs
q(t, tw) =

〈

1

N

N∑

i=1

exp [i (q · ri(t+ tw)− qxγ̇yi(t+ tw)t− q · ri(tw))]
〉

, (5.59)

where ri(t) is the position of the i-th particle for a given time t and the brackets 〈...〉 averaging

over simulation runs. Also other times than tw = t0, are possible. For the so called stationary

correlator, defined by t∞ = tw → ∞, it is assumed that γ̇t∞ > 1 suffices to be in the stationary

state.

As the correlator should be a real valued quantity it is possible to save calculation time and

rewrite equation (5.59) to

Φs
q(t, tw) =

〈

1

N

N∑

i=1

cos [i (q · ri(t+ tw)− qxγ̇yi(t+ tw)t− q · ri(tw))]
〉

. (5.60)

By choosing the q-values with one of the restrictions qx = 0, or qy = 0, or qx = qy, or qx = −qy

and choosing qx,y = n · 2π/L the calculation can be simplified immensely. For technical details

see appendix A.1.

In figure 5.9, the simulated transient incoherent correlation function for the liquid (ϕ = 0.79)

at different shear rates are shown. The correlators exhibit the familiar two step relaxation,

from a short time relaxation onto a plateau and then going over to structural or shear induced

relaxation. For increasing wave number, the plateau values decrease monotonously as expected.
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Figure 5.9.: Transient incoherent density correlators for the absolute wave vector |q|d = 3.0
(top left), |q|d = 6.06 (top right), |q|d = 9.34 (bottom left) and |q|d = 15.06. All panels show
correlators in the liquid for ϕ = 0.79, ε = −6 · 10−3 with directions qx = 0 (red), qy = 0 (blue),
qx = qy (green) and qx = −qy (magenta). Pe0 numbers are 2 · 100, 6 · 10−1, 2 · 10−1, 6 · 10−2,
2 · 10−2, 6 · 10−3, 2 · 10−3, 6 · 10−4, 2 · 10−4 and Pe0 → 0 (quiescent system) from left to right.
For the correlators with the two lowest bare Peclet numbers the interplay of structural and shear
induced relaxation can be observed as the dressed Peclet number is of order unity (ταγ̇ ≈ 1).
The ordering of the relaxation times for the directions naming the slowest first is qx = 0, qy = 0
and then qx = −qy. The qx = qy direction takes a position dependent on the Pe0 number while
relaxing as slowest direction for Pe0 > 2 · 10−2.
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Figure 5.10.: Left: Transient incoherent density correlators calculated with MCT-ITT in the
liquid at ε = −10−3 with Pe0 = 10−2, 10−3, ... 10−7 from left to right while the two smallest
shear rates coincide and Pe < 1 holds. Right: Transient incoherent density correlators calculated
with MCT-ITT at ε = 10−3 and Pe0 = 10−2, 10−3, ... 10−9 from left to right. For Pe0 = 10−9

the only qx = 0 direction with a compressed exponential fit βq is shown. Correlators in both
panels were calculated by Matthias Krüger [24] at |q|d = 6.6 for the directions qy = 0 (blue),
qx = 0 (red), qx = qy (green) and qx = −qy (magenta).

When comparing the correlators in figure 5.9 to the theoretical MCT-ITT curves calculated by

Matthias Krüger [24], in the left panel of figure 5.10 we can find analogons to the theory. As in

the theoretical prediction the final decay in the simulation is dominated by shear and the curves

are anisotropic for large dressed Peclet numbers Pe= γ̇τα (see also section 5.2). Concerning the

isotropy the simulation shows two qualitatively different results: In the regime of large dressed

Peclet numbers (Pe≫ 1) and large bare Peclet numbers (Pe0 & 2 · 10−2) the qx = qy direction

is the slowest, followed by the qx = 0, the qy = 0 and then the qx = −qy direction. For small

bare Peclet numbers (Pe0 . 2 · 10−2) the ordering changes: Now the qx = 0 direction is the

slowest, followed by the qy = 0, the qx = qy and then the qx = −qy direction. If one neglects

the qx = qy direction the ordering is always qx = 0, qy = 0, qx = −qy and the position of

qx = qy is determined by the bare Peclet number. In the MCT-ITT calculations the direction

qx = qy is in principle the slowest, whereas the directions qx = 0, qy = 0 and then qx = −qy

decay slower in that order as seen in the left panel of figure 5.10. Thus concerning the qualita-

tive behavior only the qx = qy is different in MCT-ITT and the simulation. For Pe≪ 1, as well

in the simulation and in the MCT-ITT calculations, the correlator is indistinguishable from the

equilibrium correlator and isotropic.

Figure 5.11 shows the simulated incoherent transient correlators for the glassy density (ϕ =

0.81). The curves were obtained by switching on the shear for the equilibrated configurations
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presented in section 3.2.4 of chapter 3. The plateau values increase compared to figure 5.9

(the same wave numbers are considered). Again three directions are ordered, as qx = 0, then

qy = 0 and finally qx = −qy, naming the slowest first. Depending on the bare Peclet number

the qx = qy direction is the slowest (Pe0 & 2 · 10−2) or almost the fastest (Pe0 ≈ 2 · 10−4.).

This is, except for the qx = qy direction, in accordance with the MCT-ITT calculations for the

glassy state, shown in the right panel of figure 5.10 (see [24]).
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Figure 5.11.: Transient incoherent density correlators for the absolute wave vector |q|d = 3.0
(top left), |q|d = 6.06 (top right), |q|d = 9.34 (bottom left) and q|d = 15.06. All panels show
correlators in the glass for ϕ = 0.81, ε = 2 · 10−2 with directions qx = 0 (red), qy = 0 (blue),
qx = qy (green) and qx = −qy (magenta). Pe0 numbers are 2 · 100, 6 · 10−1, 2 · 10−1, 6 · 10−2,
2 · 10−2, 6 · 10−3, 2 · 10−3, 6 · 10−4, 2 · 10−4 and Pe0 → 0 (quiescent system) from left to right.
The correlators exhibit higher plateau values than in figure 5.9 and the quiescent system shows
no relaxation without shear, while all the others have a purely shear induced relaxation. Pe≫ 1
holds for these correlators in the glass. The ordering of the relaxation times for the directions
naming the slowest first is qx = 0, qy = 0 and then qx = −qy. The qx = qy direction takes a
position dependent on the Pe0 number while relaxing as slowest direction for Pe0 > 2 ·10−2. The
right top panel contains an MCT-ITT curve (dashed line) and arrows, indicating the start (up)
and end (down) of the stress overshoot.
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As the system is in the glass (τα → ∞), the correlator for Pe0 → 0 does not decay to zero in

the window accessible within the simulations. Thus Pe ≫ 1 always holds and the final decay is

governed by shear induced relaxation only.

Additionally to the discussion of the liquid curves, we observe the emergence of feet for the

smallest shear rates: For the directions qx = 0 and qy = 0, the correlators drastically slow

down at the end of the final relaxation process. Since this slowing down appears at roughly

γ̇t = 0.1, i.e., in the region where the stress in the overshoot scenario is near its maximum [25],

it might be connected to the slowing down after the stress overshoot (compare figure 5.23 and

discussion beneath). Remarkably, these feet also exist in MCT-ITT, compare [24]. MCT-ITT

predicts them most pronounced at a direction between qx = qy and qy = 0.

In the top right panel of figure 5.11, one MCT-ITT curve is shown for roughly the same

parameters for a quantitative comparison. The small difference in plateau heights is expected

as we are comparing simulations for a binary mixture to theory for a monodisperse system. Apart

from that, the time scale of the initial deviation from the glassy plateau for the Pe0 = 10−3

curve agrees well with that of the Pe0 = 2 · 10−4 simulation curves, i.e., MCT-ITT differs at

most by a factor of five in shear rate. But for larger times, the simulation curves are much

steeper (compare the compressing exponents in figure 5.15 in section 5.8.3) compared to the

theory. We attribute this effect of large compressing exponents to the stress overshoot scenario

after switch-on . While the MCT-ITT curves qualitatively capture this compressing effect,

the exponents in figure 5.15 are greater than unity, it quantitatively underestimates it. The

memory function 5.18 in equation (5.17) does become negative for certain parameters (leading

to slightly negative correlators at long times), but the effect is much smaller compared to the

simulation. As is seen in figure 5.11, the described underestimation leads to a larger deviation

of the timescales at long times which can also be seen in figure 5.15 in section 5.8.3.

5.8.2. Factorization

The behavior of the incoherent transient correlators in the β regime shall be investigated here.

Since the critical amplitude and the non-ergodicity parameters are not a priori known the β-

correlators have to be extracted directly from the correlators via the X-functions [69] also used

in section 3.2.3 of chapter 3. However, the anisotropic part of the β- correlator makes the
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situation more complicated as

Xq(t) =
Φs

q(t)− Φs
q(t

′)

Φs
q(t

′)− Φs
q(t

′′)
=

G(t) + G(s,aniso)
q (t)− G(t′)− G(s,aniso)

q (t′)

G(t′) + G(s,aniso)
q (t′)− G(t′′)− G(s,aniso)

q (t′′)
, (5.61)

gives aq · (G(t) + G(s,aniso)
q (t)) + bq with t′ and t′′ in the β-scaling regime. The constants

aq =
(
G(t′) + G(s,aniso)

q (t′)− G(t′′)− G(s,aniso)
q (t′′)

)−1
(5.62)

bq = aq ·
(
−G(t′)− G(s,aniso)

q (t′)
)

(5.63)

are q dependent and thus we can only determine the β- correlators up to an angle dependent

prefactor, shifted by another angle dependent constant.

Figure 5.12 contains the X-functions in the liquid at ϕ = 0.79 (left panel) and in the glass at

ϕ = 0.81 (right panel), both at Pe0 = 2 · 10−3.
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Figure 5.12.: Left: The β-correlator for the incoherent transient density correlators extracted
from the correlators in figure 5.9 at Pe0 = 2 · 10−3 and |q|ds = 3.0 (dotted line), |q|ds = 6.06
(solid line) and |q|ds = 9.34 (dashed line) in the liquid. Right: The β-correlator for the incoherent
transient density correlators extracted from the correlators in figure 5.11 at Pe0 = 2 · 10−3 and
|q|ds = 6.06 (solid line) and |q|ds = 9.34 (dashed line) in the glass. The directions are qx = 0
(blue), qy = 0 (red), qx = qy (green) and qx = −qy (magenta) for both panels shown. Arrows
indicate t′D0/d

2
s = 1.5 and t′′D0/d

2
s = 8.34 (left), t′′D0/d

2
s = 6.3 (right). All times in the β-

scaling regime.

In the liquid, the wave vectors with absolute value |q|ds ∈ {3.0, 6.06, 9.34} are shown for the

usual four directions. Choosing t′D0/d
2
s = 1.5 and t′′D0/d

2
s = 8.34 makes the correlators nicely

collapse for all directions within a decade. This also ensures that the constants aq and bq only
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give a small contribution. On entering the collapse region for the wave vectors considered, the

qy = 0 and the qx = −qy almost fall on top of each other, as the qx = 0 and qx = qy direction.

The qy = 0 and the qx = −qy direction decay slower towards the collapse region, than the

other two directions. On leaving the collapse region the qx = qy direction relaxes the slowest,

followed by the qy = 0, the qx and finally the qx = −qy direction. The three directions qy = 0,

qx = 0 and qx = qy are almost coinciding, which makes the determination of the decay order

difficult. Clearly qx = −qy is relaxing on the fastest time scale.

In the glass, the wave vectors with absolute value |q|ds ∈ {6.06, 9.34} are plotted for the usual

four directions. Again for t′D0/d
2
s = 1.5 and t′′D0/d

2
s = 6.3 the correlators collapse for all

directions, although more compromised by statistical noise. Due to the noise it turns out to

be difficult to deduce a general statement, except for, that the qy = 0 and qx = qy directions

decay slower towards the collapse region than the other direction, but on leaving the region

they decay faster.

MCT-ITT results are currently worked on [90], but are not available at the moment.

5.8.3. α-master curves

As mentioned in section 5.4, MCT-ITT gives plausible reasons to assume that correlation func-

tion approach a master curve for small shear rates and states close to the glass transition. More

precisely said: In states with Pe0 ≪ 1 and Pe≫ 1, these master curves depend on time only

via accumulated strain γ̇t.

Figure 5.13 shows the transient incoherent correlators from figure 5.9 rescaled by γ̇t. The left

panel shows the qy = 0 and the right panel the qx = qy direction. Although the correlators are

as close as ε = −6 · 10−3 to the glass transition, they do not collapse on rescaling them by γ̇t.

Unfortunately Pe0 ≪ 1 and Pe≫ 1 can’t be fulfilled, as τα is too small, and thus the structural

relaxation still to fast, to find the scaling for the shear induced relaxation.
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Figure 5.13.: Left: Transient incoherent density correlators for the qx = 0 direction. Right:

Transient incoherent density correlators for the qx = qy direction. Both panels show the correlators
in the liquid ϕ = 0.79 rescaled by γ̇t, for the absolute wave vector |q|d = 6.06 (black) and
|q|d = 16.22 (blue). The shear rates are from left to right Pe0 = 2 · 10−4, 6 · 10−4, 2 · 10−3,
6 · 10−3, 2 · 10−2 and 6 · 10−2. The correlators don’t collapse on the master function, as the
structural relaxation obviates Pe≫ 1 and Pe0 ≪ 1 at the same time.

Going over the glassy system with ϕ = 0.81 in figure 5.14, demonstrates that the simulation

curves indeed approach a master function for the system for this density. Here Pe≫ 1 always

holds as τα is infinite or large compared to the window accessible in the simulation.
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Figure 5.14.: Left: Transient incoherent density correlators for the qx = 0 direction. Right:

Transient incoherent density correlators for the qx = qy direction. Both panels show the correlators
in the glass ϕ = 0.81 rescaled by γ̇t, for the absolute wave vector |q|d = 6.06 (black) and
|q|d = 16.22 (blue). The shear rates are from left to right Pe0 = 2 · 10−4, 6 · 10−4, 2 · 10−3,
6 · 10−3, 2 · 10−2 and 6 · 10−2. For Pe0 . 6 · 10−3 the correlators approach a master function.
The red dashed line shows examples of the compressed exponential fits. The fit parameters are
the same in left and right panel.
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Comparing the properties of the master curves with MCT-ITT results directly, it is important to

note that in both theory and simulation, only parts of the final relaxation process, depending on

the direction, can be well fitted by a compressed exponential defined as in equation (5.49). The

direction qx = qy and qx = −qy can be well fitted in the simulation, and thus these directions

can be used for a comparison of the compression exponents. On the other hand in MCT-ITT

the qx = 0 direction is suitable for a fit and will thus be used for the comparison. As already

pointed out in the simulation, figure 5.9 and 5.11, the curves are almost isotropic and well

described by a compressed exponential up to γ̇t = 0.1. For γ̇t > 0.1 the qx = 0 and qy = 0

develop a rather stretched exponential foot, while the qx = qy and the qx = −qy direction can

still be fitted by the compressed exponential. Due to the isotropy the results for the exponent

and the relaxation times are almost the same for qx = qy and the qx = −qy direction.

In the left panel of figure 5.15, a comparison of the relaxation timescale obtained from this

fitting procedures between MCT-ITT and simulation results is shown.
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Figure 5.15.: Left: The relaxation time scale τ
(γ̇)
q of the master function from the simulation at

ϕ = 0.81 for all wave vectors. MCT-ITT results from [24] are included. MCT-ITT overestimates
the simulation by a factor of about 70 to 5 for small q and for large q respectively. Right: The
Kohlrausch compressing exponent βq of the master function at ϕ = 0.81 for all wave vectors.
MCT-ITT results from [24] are included.

For the simulations, the fit was done with the smallest shear rate (Pe0 = 2 · 10−4) accessible,

which will be the ’master function’. The figure shows that, while the overall shape of the time

scale as function of q is the same in the theory and simulation, the theory overestimates the

relaxation time by about a factor of 70 for the smallest q. For large q, the agreement is much

better as there is roughly a factor of 5 difference. For q = 6.6, the difference is roughly a factor
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20, i.e. 4 times larger than the deviation for the initial decay from the plateau, as discussed

for figure 5.11. This additional factor of 4 can hence be attributed to the underestimation of

compressed exponentials in theory.

This argument can also be observed in the right panel of figure 5.15, where the stretching

exponent (in our case rather a compressing exponent) for the master functions are compared.

As discussed before, the fact that the exponent is larger than unity can be interpreted as a

signature of non-stationarity, as it seems to only appear for transient quantities [16, 24]. While

MCT-ITT correctly captures this nontrivial feature on a qualitative basis, the exponent appears

much larger in the simulations. We additionally see that the exponent in the simulations has

a maximum as function of q, which can again be understood as an effect of the stress over-

shoot: For large q, the functions have relaxed to zero before the overshoot sets in (compare

the timescales in the left panel of figure 5.15), hence they do not feel the effect of overshoot

and they are less compressed. As mentioned above, this effect seems not to be captured by the

theory, as the exponents increase steadily with q. This effect might also explain the approach

of theory and simulation for large q as seen in both panels of figure 5.15. It should also be

emphasized that the direction qx = 0 has for most cases the least steep curves, for other direc-

tions, exponents as large as nearly 2 can be observed in theory.

Finally, the anisotropy for different wave vectors will be discussed. Figure 5.16 shows the

master curve obtained at ϕ = 0.81 and Pe0 = 2 · 10−4 shifted by different timescales γ̇ ∈
{100, 10−2, 10−4, 10−6}. The correlators for the qy = 0 and qx = 0 direction develop a foot

in their final decay phase. For very low q, this foot takes up about 40% of the relaxation from

the plateau, while for higher q the foot only governs the last 20% of the final relaxation. These

approximate values can be found by comparing the plateau height with the point, where the

correlators start to split in the final decay. Unlike in the theory, seems this effect not to vanish

for high q and to become rather constant, saturating at about 15− 20% of the plateau height.

This is in contrast to the MCT-ITT curves shown in [24]. Here the correlators also develop

an angle dependent foot at long times, and the shape of the curves is very different from a

stretched exponential. Unlike in the simulation is the foot more pronounced for small wave

vectors, but almost vanishes for larger wave vectors. Also, the oscillation below zero seen in

figure 5.16 for the final decay of the qx = qy and qx = −qy directions doesn’t appear in the

MCT-ITT curves.
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Figure 5.16.: Final decay of the transient incoherent correlators at ϕ = 0.81 in the glass for
all the directions qx = 0, qy = 0, qx = qy and qx = −qy for wave vectors with |q|d = 2.99,
|q|d = 6.63, |q|d = 8.96 and |q|d = 12.6 from right to left. All correlators are at the lowest
shear rate accessible Pe0 = 2 · 10−4 but shifted by a factor (γ̇ = 100, 10−2, 10−4 and 10−6 from
right to left) to make them fall apart.

5.8.4. Mean squared displacements

As last tagged quantity, the mean squared displacements will be discussed. Given the definitions

δxi(t, tw) = xi(t+ tw)− γ̇tyi(t+ tw)− xi(tw)

δyi(t, tw) = yi(t+ tw)− yi(tw) (5.64)

for the displacement at time step t for a particle i in x, y-direction one can calculate the MSDs.

These definitions for the MSDs are in a similar manner as in equations (5.19), (5.25) and

(5.33). The waiting time tw depicts transient tw = t0 and stationary case t∞ = tw → ∞ (here

we assume that γ̇t∞ & 1 yields stationarity), which is analogous to equation (5.59). Note that

correlation functions for t∞ become independent on the time origin. With the definitions (5.64)
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tw dependent MSDs can then be obtained via

δy2(t, tw) =

〈

1

N

N∑

i=1

δyi(t, tw)δyi(t, tw)

〉

,

δx2(t, tw) =

〈

1

N

N∑

i=1

δxi(t, tw)δxi(t, tw)

〉

,

δxy(t, tw) =

〈

1

N

N∑

i=1

δxi(t, tw)δyi(t, tw)

〉

. (5.65)

The connection between transient, waiting time dependent t0 < tw < t∞, the quiescent equi-

librium and the stationary curves is discussed in chapter 6.1 and in Krüger et al. [24] for the

liquid case. Here in this chapter, only the transient and stationary curves are considered.

The left panel of figure 5.17 shows δy2(t, tw) in the liquid for ϕ = 0.79. The stationary and

transient correlators approach each other for long times. This is expected, as the transient

MSD should reach the steady state for long times t → ∞ and thus should fall on top of the

steady state curve. Furthermore this supports that the result in equation (5.23) indeed gives

the long time diffusivity of the steady state. Note that the difference between transient and

stationary curves vanishes as Pe ≈ 1 is approached.
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Figure 5.17.: Left: Stationary (red) and transient (black) MSDs for the gradient (y) direction
in the liquid (ϕ = 0.79). Right: Stationary (red) and transient (black) MSDs for the gradient
direction in the glass (ϕ = 0.81). The magenta curve shows an MCT-ITT fit curve. For both
panels the shear rates are from left to right: 2 · 100, 6 · 10−1, 2 · 10−1, 6 · 10−2, 2 · 10−2, 6 · 10−3,
2 · 10−3, 6 · 10−4, 2 · 10−4. The asymptotes 2D(γ̇)t are shown as dashed blue lines.
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The right panel of figure 5.17 shows the same plot for the glassy case. Another prediction from

the theory can be verified here: The difference between stationary and transient curves prevails

up to arbitrarily small shear rates (as long as Pe≫ 1 holds). This is a nontrivial statement

which is in agreement with MCT-ITT calculations [24]. Yet there are qualitative differences

between theory and simulations concerning the transient curves. The simulations show super

diffusive behavior connected to the stress overshoot [16, 25] which is underestimated in the

theory (see also section 6.1). The memory function in equation (5.20) is always positive [24].

There is no mathematical reason for this positivity inherent in the structure of the MCT-ITT

equations [90], and indeed it seems simple coincidence that m0
y(t) is positive for all t: Changing

its structure slightly can lead to negative values for long times and yield super diffusive motion.

As was the case for the relaxation time scales in the left panel of figure 5.15, this underesti-

mation of the theory gives rise to rather large deviations of the long time diffusivities from the

simulation values. In the right panel of figure 5.17, additionally the theoretical transient curve

for Pe0 = 10−3 is shown. It demonstrates a scenario equivalent to figure 5.11. While there is

in principal no free parameter in MCT-ITT, both axis of the theoretical data have to be shifted

by a factor of 1.22, which sets the plateau values equal. They are naturally slightly different in

the binary mixture compared to the monodisperse theory. It has no effect on the timescales of

the curves which is discussed here: The theory curve for Pe0 = 10−3 leaves the glassy plateau

at the same time as the simulation curve for Pe0 = 2 · 10−4, which is in agreement to what can

be observed in figure 5.11.

Again, up to this point, theory and simulation agree up to a factor of roughly 5 in Pe0. Going

to larger times, the memory function m0
y(t) in equation (5.20) doesn’t become negative and

the theory curves are not steep enough [24]. As seen in the plot, the long time diffusivity differs

then by roughly a factor 55 (hence roughly 10 times more than initially). Regarding again the

result for the long time diffusivity in equation (5.23), it seems plausible that a negative part in

m0
y(t) could possibly render m0

y(z = 0) much smaller giving larger values for the diffusivities.

In both panels of figure 5.17 the long time asymptotes 2D(γ̇)t are included as dashed blue lines.

The coefficient 2D(γ̇) was determined by a fit and is density and, of course, shear dependent

(see also figure 5.20).

There are a few more things to test in the simulations regarding the flow direction presented in

the left panel of figure 5.18 (liquid, ϕ = 0.79) and in the right panel (glass, ϕ = 0.81). One

can clearly see that the simulations, as expected, show the glass Taylor dispersion, as the MSDs

follow 2/3D
(γ̇)
x γ̇2t3 for long times. Second, transient and stationary curves also merge for the
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flow direction at long times, i.e. the expression (5.30) holds for both transient and stationary

curves as the transient MSD has to go over to the stationary for long times, as argued above.

Third, the simulations indeed confirm the nontrivial statement of equation (5.31) for both liquid

and glass: The t3 term is connected to the diffusivity for the y direction as in the low density

case. Note that the asymptotes (blue dashed lines) shown in both panels of figure 5.18 use

the same coefficient D
(γ̇)
x = D

(γ̇)
y for the corresponding densities and shear rates as extracted

from figure 5.17. This confirms the prediction, that there actually exists one single coefficient

for both directions (see equation (5.23) and (5.30)).
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Figure 5.18.: Left: Stationary (red) and transient (black) MSDs for the flow (x) direction in
the liquid (ϕ = 0.79). Right: Stationary (red) and transient (black) MSDs for the flow direction
in the glass (ϕ = 0.81). The magenta curve shows an MCT-ITT fit. For both panels the shear
rates are from left to right: 2 ·100, 6 ·10−1, 2 ·10−1, 6 ·10−2, 2 ·10−2, 6 ·10−3, 2 ·10−3, 6 ·10−4,
2 · 10−4. The asymptotes 2/3D(γ̇)γ̇2t3 are shown as dashed blue lines. The D(γ̇) are the same
as in figure 5.17 for the corresponding densities and shear rates.

In three dimensional systems, where diffusivities are slightly anisotropic for the two directions

perpendicular to the flow [16], this prediction means that the t3-term is connected to the gra-

dient direction rather than to the neutral direction.

Inspecting the cross-correlators δxy(t, tw) further predictions of the theory can be confirmed.

The left panel of figure 5.19 shows the cross correlator for the liquid, the right panel for the

glass. Again for long times transient and stationary correlators coincide as expected. Further-

more the connection between the shear and gradient direction can be seen, as the long time

asymptote (shown as blue lines) D
(γ̇)
y γ̇t2 uses the same D

(γ̇)
y as in figure 5.17 for the corre-

sponding densities and shear rates. This confirms again the theoretical prediction expressed
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in equation (5.34) and (5.35). Note that in the figure the short times have been cut off, as

δxy(t, tw) is zero there, which results from the fact that for short times no correlation between

both directions exits.
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Figure 5.19.: Left: Stationary (red) and transient (black) correlation between displacement
in flow (x) and gradient (y) direction in the liquid (ϕ = 0.79). Right: Stationary (red) and
transient (black) correlation between displacement in flow (x) and gradient (y) direction in the
glass (ϕ = 0.81). For both panels the shear rates are from left to right: 2 · 100, 6 · 10−1, 2 · 10−1,
6 · 10−2, 2 · 10−2, 6 · 10−3, 2 · 10−3, 6 · 10−4, 2 · 10−4. The asymptotes D(γ̇)γ̇t2 are shown as
dashed blue lines. The D(γ̇) are the same as in figure 5.17 for the corresponding densities and
shear rates.

In figure 5.20, the long time diffusion coefficients for the y-direction (D(γ̇)
y as defined in equa-

tion (5.24)) are presented, as a function of shear rate. For large shear rates, the diffusivities

for the different densities are very close together, a behavior which is known also from the

macroscopic shear viscosities [17].

As the shear rate gets smaller, the diffusivities for the liquid densities finally approach a con-

stant value given by the diffusivity of the un-sheared suspension. The decrease of the γ̇ → 0

diffusion coefficient with the density results from approaching the glass transition for the two

dimensional system, where it finally vanishes. On the glassy side, the approach of the scaling

regime can be observed, where the diffusivities are linear in shear rate. Simulation and theory

agree with respect to all these findings. Quantitatively, there is a factor of roughly 55 between

theory and simulation, which was already discussed in connection with the figures 5.18 and 5.17.
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Figure 5.20.: Long time diffusion coefficient as a function of Pe0 for different densities as
labeled in the legend. Solid lines show the MCT-ITT results with ε = −10−3, 0, 10−3 from top
to bottom. The MCT-ITT data has been shifted by a factor of 55. The dashed bar shows the
slope of unity and the dashed horizontal lines show the Pe0 → 0 asymptotes obtained from the
quiescent system.

As a further and more sensitive test of the scaling property in equation (5.32) and (5.24) the

quantities 3δx2(t, tw)/(2γ̇
3t3) and δy2(t, tw)/(2tγ̇) are shown in figure 5.21, for the transient

and stationary curves. Removing the leading time dependence by division should then result in

a constant which depends on the shear rate. In the limit γ̇ → 0 these shear rate dependent

constants should then approach scaling constant βy, independent on γ̇. Indeed, for long times

the MSDs for shear- and gradient direction collapse on a constant D
(γ̇)
y /γ̇ for the two high-

est shear rates as expected, while the two lowest shear rates already show the correct trend,

presumably reaching their asymptote outside the window accessible in the simulation. The

inset of figure 5.21 shows a magnified version of the gradient direction of the transient and

stationary MSDs. The super diffusive regime of the transient MSDs expresses itself by strong

minimum before reaching the long time asymptote. The curves approach the scaling constant

D
(γ̇)
y → βy for γ̇ → 0 as determined to βy ≈ 1.4, indicated by the dashed black line. Although

the convergence to βy is supported by this figure, the simulation is still in a regime, where the

shear rate is too high to determine the constant to a precision higher than ±0.2.
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Figure 5.21.: The quantities 3δx2(t, tw)/(2γ̇
3t3) and δy2(t, tw)/(2tγ̇). Symbols denote the

stationary, lines the transient curves. The dots and the solid lines show the shear and the
triangles and the dashed lines the gradient direction. The Pe0 numbers are 2 · 10−1 (green),
2 · 10−2 (black), 2 · 10−3 (red) and 2 · 10−4 (blue). For the two highest shear rates, shear and
gradient direction collapse on a constant for long time. The inset shows the curves for the gradient
direction magnified. The curves show convergence to the constant βy indicated by a horizontal
black dashed line.

Finally the question of further orders O(t) or O(t2) in the MSD in shear direction shall be

discussed. Higher powers or fractional powers are not expected, as the initial decay rate (equa-

tion (5.29)) does not contain such terms.

MCT-ITT predicts the possible appearance of an O(t2), again with a prefactor depending on

the memory kernel my at z = 0, its derivatives at z = 0 and a contribution from the diagonal

memory kernel [89]. To find the next-to-leading order in the simulation results the leading order

asymptote has to be subtracted, as it might render the next-to-order term invisible.

Figure 5.22 shows the transient and stationary MSDs in shear direction, while the O(t3) asymp-

tote 2
3
D

(γ̇)
y γ̇2 t3 has been subtracted and the result has been divided by t. D

(γ̇)
y was obtained

from the gradient direction as for figure 5.20. Both, the transient and stationary curves ap-

proach a constant for long times. The transient curve exhibits a pronounced minimum, before

reaching its asymptote. This minimum is connected to the super diffusive regime. Dividing

the MSDs after the subtraction of the leading order asymptote by t2 doesn’t yield a constant

regime. Thus, either the constant of the t2 term is quite small or even zero. This has to be
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investigated further in the framework of MCT-ITT calculations and additional simulations.
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Figure 5.22.: Mean squared displacements in the glass ϕ = 0.81 in flow direction subtracted
the asymptote 2/3Dγ̇

y γ̇2t3 and divided by t for the Pe0 numbers (from top to bottom): 6 · 10−1,
2 · 10−1, 6 · 10−2, 2 · 10−2 and 6 · 10−3, 2 · 10−3, 6 · 10−4, 2 · 10−4 . The curves show a constant
asymptote which makes a ∝ t next-to-leading order asymptote likely.

5.9. Transient stress

In this section the (time dependent) transient stress σxy(t, t0), which can be measured after

switching on the shear, is discussed. While in equilibrium the shear stress is zero, it has a non

zero value for the stationary state. Hence, when seeking for information about the crossover

from quiescent to the stationary state, the transient stress has to be investigated as it gives

information on the transition to the stationary state. It provides information, how stress is built

up in the system and how these stresses relax. Figure 5.23 shows in the left panel the transient

stress for the liquid system at ϕ = 0.79 and in the right panel for the glassy system at ϕ = 0.81

for different shear rates. The stresses are shown as a function of the strain γ̇t.
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Figure 5.23.: Left: Transient stress σxy(t) for ϕ = 0.79 in the liquid. The overshoot is lost
for Pe0 → 0. Right: Transient stress σxy(t) for ϕ = 0.81 in the glass. The stresses show the
approach to a master function for Pe0 → 0. Both panels show the shear rates Pe0 = 2 · 10−1,
2 ·10−2, 2 ·10−3, 2 ·10−4. The dashed lines show the stationary results, obtained from figure 5.3.

In the liquid and in the glass the stress shows the elastic behavior of a solid state body for

small strain γ̇t ≪ 1, where the stress increases linearly with the applied strain. The elastic

constant (i.e. the slope) slightly depends on the shear rate. For strains γ̇t ≫ 1 the stress

reaches the steady state value also seen in figure 5.3. The steady state values are shear rate

dependent, which can be seen by the increase of plateau height upon increasing the shear rate

indicating that higher shear flow induces higher stresses. This steady state region, the regime of

plastic deformation, is attained for strains of about γ̇t & 0.5, being reached slightly earlier for

smaller shear rates. The crossover between both regimes exhibits a stress overshot, where the

stress exceeds the stationary value and then falls back on it. The maximum of the overshoot is

mainly located between 0.03 . γ̇t . 0.1, occurring systematically earlier for lower shear rates.

This general behavior has also been found in simulations by Varnik et al. , Heyes, Rottler et

al. and Zausch et al. [16, 101–103], and also in experiments by Osaki et al. and Letwimolnun

et al. [104, 105].

The curves in the liquid (left panel of figure 5.23) loose the overshoot for low Pe0 numbers.

This is connected to the fact that Pe ≫ 1 doesn’t hold anymore (compare figure 5.13) and

thus the structural relaxation, acting on timescales comparable to 1/γ̇, prevents a build up of

stresses beyond the steady state stress. Furthermore, the stress curves do not collapse on a

master curve as it is expected in the glass: The stress is related to the shear modulus G(t, t0)

via

σxy(t, t0) = γ̇

t∫

t0

dt′G(t′, t0). (5.66)
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In the liquid G(t, t0), for Pe . 1, the shear modulus’ time scale is determined by structural

relaxation, rendering σxy(t, t0) dependent on τα. This is not the case for the glass phase, where

Pe ≫ 1 holds. Here, the shear modulus is a function of γ̇t, for Pe0 ≪ 1, which results in

σxy(t, t0) approaching a master function, making the transient stress collapse on the master

function, when rescaled by γ̇t [95]. In the glass (right panel of figure 5.23) the curves with the

two lowest shear rates indeed show that the build up of stress is independent on the shear rate,

being a function of the strain only, but for larger strains both curves still deviate. Nevertheless,

when one considers the overall behavior, an asymptotic behavior of the curves can be deduced.

This is supported by the fact that the steady state values in figure 5.3 approach a constant for

ϕ = 0.81 and shear rate approaching zero. Note that this steady state value has to be reached

for long times by both curves.
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Figure 5.24.: Left: Mean squared displacements in gradient direction for Pe0 = 2 · 10−3 (solid
lines) and Pe0 = 2 ·10−4 (dashed lines) in the glass at ϕ = 0.81 as function of the strain γ̇t. Red
lines show the stationary, black lines the transient curves. Additionally, the stress as a function of
strain is plotted for Pe0 = 2 ·10−3 (values on the right axis). The super diffusive regime coincides
with the stress overshoot. Arrows estimate, where the stress exceeds the stationary value and
when it reaches it. Right: Exponents obtained via d ln δy(t, tw)/d ln t. Arrows indicate the
same strains as in the left panel. They give a good estimate of the super diffusive regime with
exponents larger than one.

The overshoot in the shear stress is in connection to the super diffusive regime in the transient

MSDs shown in figures 5.18, 5.17 and 5.19 (see also Zausch et al. [16]). The left panel of

figure 5.24 shows a direct comparison of the MSDs for Pe0 = 2 · 10−3 and Pe0 = 2 · 10−4 for

the transient and stationary curves and the stress in the glass at ϕ = 0.81. Here the transient

curves follow the stationary ones for strains γ̇t . 10−3 then the transient curve stays longer on
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the plateau but shows a slope larger than one (super diffusive) when leaving the plateau and

finally falling on the stationary one for strains γ̇t & 0.1. The super diffusive part roughly sets in,

when the stress curve reaches values larger than the stationary ones at γ̇t & 0.01 and ends when

the stress curve falls on the stationary value at γ̇t & 0.1. This supports the image that built up

stresses are relaxing through fast particle motions, when the local cage structure of surrounding

particles is broken. The right panel of figure 5.24 shows the exponents δy(t, tw) ∝ ta governing

the MSD. They can be obtained via d ln δy(t, tw)/d ln t. The figure demonstrates that the

super diffusive regime, i.e. where the exponent exceeds one, almost coincides with the region

of the stress overshoot, marked with arrows.

5.10. Coherent dynamics

In the following, coherent dynamics of the simulation will be discussed, and compared to the

incoherent MCT-ITT results. Coherent correlation functions pose a larger problem to the

simulation when it comes to achieve adequate statistics. Numerically the correlators can be

obtained via

Φq(t, tw) =

〈

1

N

N∑

i=1

N∑

j=1

exp [i (q · ri(t+ tw)− qxγ̇yj(t+ tw)t− q · rj(tw))]
〉

,

=

〈

1

N

N∑

i=1

N∑

j=1

cos [i (q · ri(t+ tw)− qxγ̇yj(t+ tw)t− q · rj(tw))]
〉

(5.67)

using that the correlators are real quantities. Again r{i,j}(t) is the position of the i, j-th particle

for a given time t. In the case i 6= j the nearest neighbor convention is used, for i = j the

particle is tracked from the beginning to the end of the correlation. The brackets denote 〈...〉
averaging over simulation runs and averaging over a small absolute q value ∆|q| and a small

angle ∆θ. Averaging over ∆|q| and ∆θ decreases noise drastically. In the following ∆|q| = 0.4

and ∆θ = 2.5 is used. For more details on the calculation see appendix A.1. The correlators

are all normalized to Sq, the stationary averaged structure factor.

For the following correlators 1200 independent systems were independently created for the liq-

uid (ϕ = 0.79) and the glassy case (ϕ = 0.80), for every shear rate shown. Again stationarity

is assumed for t∞γ̇ ≈ twγ̇ & 1.
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Figure 5.25.: Stationary coherent density correlators for the absolute wave vector |q|d = 3.0
(top left), |q|d = 6.2 (top right), |q|d = 10.2 (bottom left) and |q|d = 15.0 (bottom right). All
panels show correlators in the liquid for ϕ = 0.79, ε = −6 · 10−3 with directions qx = 0 (red),
qy = 0 (blue), qx = qy (green) and qx = −qy (magenta). Pe0 numbers are 2 · 100, 2 · 10−1,
2 · 10−2, 2 · 10−3, 2 · 10−4 and Pe0 → 0 (quiescent system) from left to right. For the correlators
with the two lowest bare Peclet numbers the interplay of structural and shear induced relaxation
can be observed as the dressed Peclet number is of order unity (ταγ̇ ≈ 1). The plateau values
are non-monotonic in q as expected from the coherent dynamics.

Figure 5.25 contains the stationary coherent correlators Φ(t, t∞) for the liquid system at

ϕ = 0.79, for different wave vectors at |q|d = 3.0 (top left panel), |q|d = 6.2 (top right

panel), |q|d = 10.2 (bottom left panel) and |q|d = 15.0 (bottom right panel), for shear rates

Pe0 = 2 · 100, 2 · 10−1, 2 · 10−2, 2 · 10−3, 2 · 10−4 and Pe0 → 0 (quiescent system). All

correlators show the familiar two step relaxation process as in the incoherent case. The plateau

values vary non-monotonic with the wave vectors, as the plateau values rise from |q|d = 3.0 to

|q|d = 6.2 and then fall again for |q|d = 10.2. For high Pe0 numbers (Pe0 > 2 · 10−2) shear

dominates the relaxation as Pe ≫ 1 holds here. For Pe0 = 2 · 10−4 Pe ≈ 1 is reached and

the intrinsic α process interferes with the shear induced relaxation. As in the incoherent case,
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the q dependent α process dominates earlier higher q values, over the non-q dependent shear

induced relaxation. As expected for the stationary case, the correlators are almost isotropic in

the final relaxation. Note that this is also the case for the incoherent correlators, which weren’t

shown for the stationary case.

For very low |q| before the structure factor peak (see left top panel of figure 5.25) the qy = 0,

qx = 0 and qx = qy correlators show strong re-correlation, increasing with Pe0 number, before

relaxing on the plateau. The qx = −qy direction on the other hand seems to relax faster from

the plateau.
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Figure 5.26.: Stationary coherent density correlators for the absolute wave vector |q|d = 3.0
(top left), |q|d = 6.2 (top right), |q|d = 10.2 (bottom left) and |q|d = 15.0. All panels show
correlators in the liquid for ϕ = 0.80, ε = 6 · 10−3 with directions qx = 0 (red), qy = 0 (blue),
qx = qy (green) and qx = −qy (magenta). Pe0 numbers are 2 · 100, 2 · 10−1, 2 · 10−2, 2 · 10−3,
2 · 10−4 from left to right. For all correlators the final relaxation is shear induced as ταγ̇ ≫ 1
holds for all shear rates inspected. The plateau values are non-monotonic in q as expected from
the coherent dynamics.
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The glassy state is shown in figure 5.26 with correlators for the same wave vectors and bare

Peclet numbers as in figure 5.25. As expected the plateau values are slightly higher than in the

liquid, but vary as in the liquid phase with q. The correlator from the quiescent system shown

as black line, exhibits the inset of an relaxation process. Note that this correlator lies above

the ideal MCT glass transition ϕc = 0.7948 extracted in chapter 3, but shows decay processes

not contained in MCT as discussed in section 3.2.4 of chapter 3. For all bare Peclet numbers

available Pe ≫ 1 holds, and thus the relaxation is purely shear induced. For low |q| the same

re-correlation effect as for the liquid case can be observed, when the correlators relax towards

the plateau. For long times all correlators are very isotropic as in the liquid case.

In both figures the short time relaxation seems to be dependent on the shear rate. Please

note that this can be seen for all the stationary correlation functions as for example in fig-

ures 5.18, 5.17 and 5.19. This might be connected to the distorted structure of the systems

[106], as the correlation functions have to reach slightly different plateau values than they have

to in the transient case.

5.11. Conclusion

For the first time, a fully quantitative analysis of MCT-ITT results was performed using a

simulation for a model system of hard discs, that is comparable to the one MCT-ITT uses.

Analyzing the distorted microstructure and the stresses in the stationary case qualitative pre-

dictions like the shear thinning, the distortion of the structure and the appear of a yield stress

could be verified. Quantitatively the theory overestimates the stresses appearing by a factor of

10. Also, the quantitative distortion in the structure is overestimated roughly by a factor of 10.

In addition to that the anisotropy of the structure is stronger in the theory.

Going over to incoherent dynamics qualitative features about the interplay of intrinsic and shear

induces relaxation could be verified. Incoherent correlation functions in the liquid decay on a

time scale set by the shear rate, if this time scale is small compared to the α relaxation time.

On lowering the shear rate, purely intrinsic α relaxation dominates and renders the correlation

function shear rate independent. For the glassy case it was shown that the relaxation is al-

ways shear induced and that the correlation functions obey a scaling law, stating that a master

function exists for γ̇ → 0 on which all correlators collapse when they rescaled as a function of

strain γ̇t.

Analyzing the β-scaling regime made it possible to obtain the β-correlator along with its

anisotropic part. A comparison with MCT-ITT results is still a current topic to be worked
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out. Explicit microscopic MCT-ITT calculations show that the simulation correlators can well

be fitted (Pe0 numbers differ by factor 5) in the β relaxation window, but the final relaxation in

the theory is far too slow. This is also expressed by the compression exponents which are about

three times higher in the simulation. A connection between the stress overshoot in the transient

stresses and high compression exponents could be pointed out. The compression exponents are

underestimated by the theory by about a factor of 3.

The anisotropy of the simulation and the theory are qualitatively almost the same, except for

the qx = qy direction, where the simulation’s behavior in that direction has a strong depen-

dence on the shear rate. Moreover, the last part of the final relaxation in the glass was found

to be highly anisotropic in the simulations. An analysis of the q dependence showed that this

anisotropy is higher for low q values as in MCT-ITT, although the anisotropy doesn’t vanish

for high q-values as in the theory.

An analysis of the mean squared displacements in different directions unveiled the connection

between the dilute and high density case, where the long time asymptotes have the same t-

dependence: The gradient direction grows proportional to t, the flow direction proportional to

t3 and the cross correlators proportional to t2. Again verifying predictions from MCT-ITT it

could be shown, that the diffusion in gradient and shear direction are connected by the same

diffusion constant D(γ̇)
y . Furthermore, the scaling of these diffusion constants was investigated:

On the liquid side D
(γ̇)
y reaches a density dependent, but shear independent constant, the qui-

escent diffusion constant for γ̇ → 0, whereas the diffusion constant scales proportional to γ̇

in the glass for γ̇ → 0. The scaling constant could be determined to βy ≈ 1.4, with the two

lowest Pe0 numbers investigated (Pe0 = 2 · 10−3, Pe0 = 2 · 10−4), being in the scaling regime.

A more detailed analysis of the simulation for the flow direction found the next-to-leading order

asymptote to be proportional to t rather than to t2, as claimed by the theory.

Using the connection of the compressed exponentials with transient stress a connection between

the compression exponents, the super diffusive regime and the stress overshoot was pointed

out. Also the stress overshoot can be connected to the anisotropy in the qx = 0 and qy = 0

directions in the simulation.

Finally, coherent correlators under shear in the stationary state were presented. This chapter

mainly shows that, with great numerical effort it is possible to obtain these correlators from

the simulation. Also, possibilities to calculate the correlators from simulations with satisfying

results for the statistics, have been introduced. However, a discussion of coherent correlators

should be performed for the transient correlation functions, which are not available at present.

Being currently worked on this will make a comparison with MCT-ITT feasible.





6. Time dependent shear

The following sections contain simulation results for the waiting time dependent correlation

functions. The connection between the transient and the stationary correlation functions will

be discussed in section 6.1, again backed up by theoretical results from the ITT approach.

Then, in section 6.2, we apply an oscillatory shear flow to a glassy system.

6.1. From equilibrium to steady state

As already pointed out in section 5.8.1, when considering a quiescent system for which the shear

field at the time t0 is turned on, we need to consider correlation functions that depend on the

time origin or waiting time tw that marks the starting point of the correlation. In section 5.8.1

the stationary correlators, tw → ∞ and the transient correlator tw = t0 have been studied. This

arouses the question how both correlators are related, which will be discussed for the system

chosen in section 5.5 of chapter 5.

6.1.1. Basic ITT equations

With the ITT approach it is possible to infer the relation between the transient incoherent

correlator Φs
q(t, t0) , the tw dependent incoherent correlator Φs

q(t, tw) and the equilibrium in-

coherent correlator Φq(t) from the quiescent system. Formulated to give a solution for the

transient incoherent correlator it reads [25]:

Φs
q(t, tw) ≈ Φs

q(t, t0)

{

1 + σ̃(tw)
d

dt

[
ln |Φs

q(t, t0)| − ln |Φs
q(t)|

]
}

. (6.1)

117
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As derivatives are more difficult to treat in numerics, especially when it comes to noisy simulation

data, a reformulated version of this equation giving the transient correlator can be used:

Φs
q(t, t0) = exp[−t/σ̃(tw)]Φ

s
q(t) + Φs

q(t)

t∫

0

exp[−(t− s)/σ̃(tw)]

σ̃(tw)

Φs
q(s, tw)

Φs
q(s)

ds. (6.2)

Also the transient mean squared displacement δy2(t, t0) , the tw dependent mean squared dis-

placement δy2(t, tw) and the equilibrium mean squared displacement δy2(t) from the quiescent

system can be connected via [25]:

δy2(t, tw) ≈ δy2(t, t0) + σ̃(tw)
d

dt

[
δy2(t, t0)− δy2(t)

]
, (6.3)

or the numerically more stable version

δy2(t, t0) = δy2(t) +

t∫

0

exp[−(t− s)/σ̃(tw)]
δy2(s, tw)− δy2(s)

σ̃(tw)
, (6.4)

where the integrated normalized shear modulus is entering via

σ̃(tw) =

tw∫

0

ds
〈σxy(0)σxy(s)〉
〈σxy(0)σxy(0)〉

. (6.5)

Note that the shear modulus diverges for hard spheres undergoing Brownian motion [17, 74],

but it is only required that the integral converges, and indeed it can be regularized [25].

For short waiting times (tw → 0) the the integrated normalized shear modulus can be expanded

and yields σ̃(tw) = tw + O(t2w). This makes it possible to solve equation (6.2) and (6.4)

without any additional parameters. However, σ̃(tw) is a quantity which can be determined in

simulations, but obtaining it with enough statistics turns out to be difficult and thus it will be

a fitting parameter when considering large waiting times.

6.1.2. Qualitative features

The left panel of figure 6.1 shows the incoherent density correlators in the liquid at ϕ = 0.79 at

Pe0 = 2 · 10−2 for different wave vectors in the gradient direction for different waiting times tw
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after the shear field has been switched on. The quiescent correlation functions, shown as dotted

lines for comparison, decay on a time scale which is of about two orders of magnitude slower

than the sheared ones. This gives an estimate for the dressed Peclet number of about Pe ≈ 2

(compare also section 5.8.1). Hence, the final relaxation is governed by the shear field. The

different waiting times are given in dimensionless units γ̇tw. The scaling with twγ̇ is supported

by the theoretical approach (see [25]). Qualitatively the picture given by the left panel figure 6.1

is the same as already found by Zausch et al. in [16], using a Newtonian dynamics simulation.

The tw dependent correlators stay with the quiescent one and deviate the earlier, the longer the

waiting time. All correlators relax to their plateau value, but on leaving the plateau the different

waiting times tw show their physical relevance. After relaxing from the plateau, the correlators

affected by shear approach each other. The transient correlator (tw = t0) stays close to the

equilibrium correlator up to γ̇(t− tw) ≈ 0.01, although this depends somewhat on the q-value,

with higher q-values deviating earlier. This is consistent with the picture that for fluctuations

with smaller length scales, the accumulated strain can be smaller to deviate from the quiescent

state.
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Figure 6.1.: Left: Incoherent correlators for wave numbers qd = 1.5, 4.8, 9.7 and qd = 14.6,
all in gradient direction qx = 0 for Pe0 = 2 · 10−2. Right: Mean squared displacements in the
gradient direction for different Peclet numbers: Pe0 = 2 · 10−2, 2 · 10−3 and 2 · 10−4 from left
to right. Both panels at ϕ = 0.79 . Different waiting times tw after switching on the shear are
marked by different line styles. The solid line gives the transient, the dotted the quiescent curve.

On increasing tw, the stationary correlator is approached for γ̇t & 0.1, this is somehow later

than schematic MCT models assume [25]. This can directly be addressed to the fact that the

stress σ(tw) reaches its steady state value at γ̇t & 0.1 and not earlier (compare also figure 5.23

for various shear rates, and also the inset of figure 6.2).
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In general all the correlators seem to merge again at long times. Fitting compressed exponentials

to the transient correlators as in section 5.8.3 yields exponents of βq = 1.1, 1.8, 1.8 and 1.4

for the four different wave vectors shown. The exponents in figure 5.15, in the glass have the

tendency to be a bit higher. Molecular dynamics simulations performed by Zausch et al. found

compression exponents ranging from βq = 1.2 up to βq = 2.4 increasing with increasing wave

number [107].

The right panel of figure 6.1 shows the MSD, for ϕ = 0.79 in the liquid, at various Pe0 while

Pe > 1 still holds. Being in qualitative agreement with Newtonian dynamics results, and also

with MSDs measured with confocal microscopy in colloidal suspensions [16], the curves collapse

for different tw for short and long times on the stationary one, when keeping the shear rate (bare

Peclet number) constant. Again the transient curve is the first to deviate from the equilibrium

curve, followed by the curves one after another with increasing waiting time. The transient

MSD leaves the equilibrium curve at about γ̇t ≈ 0.02 and shows a super diffusive crossover

regime to the stationary curve. The super diffusivity has an effective exponent which can be

determined using the logarithmic derivative of the MSD d ln δy2/d ln t, as in figure 5.24. For

the largest γ̇ shown in the right panel of figure 6.1 one obtains δy2 ≈ t1.9, which is comparable

to the one found in [16] for the colloidal suspension, but also a bit smaller than the Newtonian

simulation one’s with 2.1 as exponent [25]. Schematic MCT models are currently in qualitative

agreement with the general picture given by figure 6.1 concerning the crossover from transient

to stationary correlation functions. But the schematic models currently miss the super diffusive

regime, which is connected to the stress overshoot in the transient stress, not present in current

schematic models.

This lack of a feature in schematic models leads to another interesting effect: In the simula-

tion, as well as in microscopic MCT-ITT calculations σ̃(tw) is not necessarily a monotonically

increasing function, as in the schematic models. The stress overshoot is followed by a decrease

of the transient stress, resulting in a negative part in the transient shear modulus (see also

[16, 17]). Equations (6.1) and (6.3) show that the image given by figure 6.1 is not complete,

as all waiting time dependent correlation functions fall between the stationary and the transient

ones and show ordering monotonous in the waiting time. The equations yield the possibility

that due to the negative shear modulus this ordering might be broken in a small tw window, and

that in particular the correlation functions might be falling outside the transient and stationary

correlators for some fixed tw obeying γ̇tw ≈ 0.1. Indeed the simulations show such an effect,

which is best observable in the incoherent correlators, but less pronounced in the mean squared

displacements.
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Figure 6.2 shows the correlators Φs
q(t, tw) with tw appropriately chosen to sample the γ̇tw region

around the stress overshoot. The correlator corresponding to the tw at the maximum stress

is intersecting, and then falling below the stationary correlator. This cannot be found for tw

before the stress maximum (magenta curve). For large tw the curves fall on top of the stationary

correlator. Although this is giving credibility to the approximations leading to equation (6.1)

and (6.3) in [25] it also indicates, that σ̃(tw) only appearing as a factor in these equations is a

simplification: For example at γ̇tw ≈ 0.04 the stress during buildup already reaches its steady

state value, before entering the overshoot region. But the correlators Φs
q(t, tw) still differ from

the stationary one (Φs
q(t, t∞)).
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Figure 6.2.: Waiting time dependent incoherent correlator for |q|d = 4.8 with qx = 0 at ϕ = 0.79
for different waiting times at Peclet number Pe0 = 2 ·10−2. Note that the dressed Peclet number
is Pe > 1. The inset shows the time dependent stress σxy(t) exhibiting a stress overshoot. The
colored dots mark the accumulated strains twγ̇ and correspond to the ones of the correlators.

After this mere qualitative analysis a more quantitative test of equation (6.1) and (6.3) is

desirable. As already pointed out the equations containing the derivatives are difficult to

treat numerically as statistical oscillations compromise the numerical derivative and because

of cancellations of small terms, when all correlators come close to their plateaus. Hence for the

numerical treatment equation (6.2) and (6.4) are used, which contain a more stable numerical

integration. These mathematical equivalent equations give the transient correlator Φq(t, t0)

while using the quiescent equilibrium correlator Φq(t) and the correlator for waiting time tw as
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input Φq(t, tw). σ̃(tw) appearing in these equations is not known and simulations to determine

it, require long calculation times. It will thus remain as a q-independent fitting parameter.

However, as already mentioned after the definition (equation (6.5)), for small tw it can be

replaced by its first order expansion and hence the equations do not contain any free parameter

anymore.

6.1.3. Quantitative comparison
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Figure 6.3.: Left: Parameter-free calculation of the transient incoherent correlation functions
(blue solid lines) with equation (6.2). Dashed red lines are the small-tw correlation functions, at
Pe ≈ 100, Pe0 = 0.02 , and γ̇tw = 0.01 with the same parameters as in figure 6.1. Dashed
black lines are the equilibrium correlators. The simulation results for the transient correlators are
given as circles. Right: Parameter-free calculation of the mean squared displacements in gradient
direction for the same system as in the left panel and with the same color and line coding. The
transient mean squared displacement (blue solid line) was calculated with equation (6.4).

Figure 6.3 demonstrates that equations (6.2) and (6.4) even quantitatively give a highly ac-

curate relation between the three correlation functions in the case where σ̃(tw) = tw +O(t2w)

holds. In the left panel of figure 6.3 the equilibrium, the transient and the correlator with

γ̇tw = 0.01 are shown for the density ϕ = 0.79 and Pe0 = 2 · 10−2. Several wave vectors are

shown, as in equation (6.2) the q dependence comes only from the waiting time dependent

correlator Φs
q(t, tw) and the equilibrium correlator Φs

q(t).

In the right panel of figure 6.3 the mean squared displacements in the gradient direction for

the same system are shown. Again equation (6.4) yields a similar good agreement between the

theoretical prediction and simulation results.

This overall accordance shows explicitly the accuracy of the approximations which lead to equa-

tions (6.2) and (6.4), as the projection onto stresses, involved in the derivation, becomes exact

for small waiting times [25].
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After having verified that the two equations give a quantitatively correct description for the

relation between equilibrium, waiting-time dependent (for short waiting times) and transient

correlation functions, we have a look at the t → ∞ limit. Investigating the relationship be-

tween stationary, equilibrium, and transient dynamics, again, equations (6.2) and (6.4) will

be used, rather than equations (6.1) and (6.3) for numerical reasons. Hence the transient

incoherent correlation functions and the transient MSD are determined by the equilibrium and

stationary ones in the theory, and then compared to the explicit simulation results in order to

test the validity of both equations.
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Figure 6.4.: Left: Calculation of the transient incoherent correlation functions with equa-
tion (6.2). Dotted and dashed lines are the equilibrium and the stationary tw → ∞ curves.
The bare and dressed Peclet numbers are the same as in figure 6.3. The parameter σ̃(tw → ∞)
has to be fitted as 0.04. Right: Calculation of the mean squared displacements in gradient
direction for the same system as in the left panel. The transient mean squared displacement was
calculated with equation (6.4) with the same fitted σ̃(tw → ∞) as in the left panel.

Unfortunately these equations need the full σ̃(tw → ∞), which can in principle be calculated,

but will be a fit parameter in the further discussion. It should be well noted that this fit pa-

rameter is q- independent and consequently must be fixed for all calculations for different wave

numbers.

The left panel of figure 6.4 now shows the calculation of the transient incoherent correlator

calculated with equation (6.2). Again the system for ϕ = 0.79 (Pe ≈ 100, Pe0 = 0.02) was

chosen, with the assumption that the stationary correlator is reached after γ̇tw > 1. As fit

value γ̇σ̃(tw → ∞) = 0.04 yields the best result. The agreement between the simulated and

calculated correlator is still very good, but somehow less precise, as the approximations leading

to equation (6.2), which decouple two time dependences, is of course better for small tw [25].
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Deviations are most pronounced for large q. Here the decay of the theoretical curves is too

slow. In general the theoretical curves seem to be too fast in the first part of the decay, but

then relaxing too slowly.

Qualitatively this matches the results from the comparison of the transient MSDs in gradi-

ent direction of the theory and the simulation in the right panel of figure 6.4. Again the

same system with the same parameters is considered, with the stationary curve obtained for

γ̇tw > 1. Transient curves have been calculated using equation (6.4) with the fit parameter

σ̃(tw → ∞) = 0.04, the same as for the transient incoherent correlators.

The theoretical curve describes the simulated curve well in a qualitative aspect. Quantitative

deviations are most pronounced in the region of the super diffusive regime, where the super

diffusivity is slightly underestimated. Nevertheless the super diffusivity is recovered by the the-

oretical approach as in figure 6.3.

It should be remarked that this analysis which is part of the publication [25] was also performed

for a Newtonian dynamics simulation by Krüger et al. and included in [25]. The qualitative

picture is the same as for the Brownian dynamics simulation here, but quantitatively the theory

is showing less accordance with Newtonian dynamics. This is an interesting finding, as for the

equilibrium case, the structural relaxation is independent of the microscopic dynamics. Hence

this might not be completely true for systems far from equilibrium.

6.2. Oscillatory shear

In this section we apply an oscillatory shear field to a glassy system. Comparing the shear stress

with predictions from a schematic MCT model a connection between the stationary stress,

particularly the yield stress, can be pointed out. Note that we put focus on a special result

here. A a more detailed analysis involving methods of Fourier transform rheology developed by

Wilhelm and co-workers [108] can be found in the work of Brader et al. [26].

6.2.1. Simulation for oscillatory shear

The basic concept of the algorithm stays, in principle the same. Some small adaptations have

to be made: Now the shear rate γ̇(t) := γ0 cos(ωt) is time dependent, rendering the shear flow

a time dependent quantity. The simulation is discretized by the Brownian time step τB. Hence,
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during the Brownian time step at the time tB with tB mod τB = 0, the shear rate is set to the

new value

γ̇(tB) = γ0 ω cos(ωtB), (6.6)

and all particle velocities are freshly drawn from the Gaussian distribution with 〈v2〉 = 2 and

〈v〉 = γ̇(tB)y(tB), which adapts the shear flow to the corresponding value. The LEBC must

be adapted in the same way. Between two Brownian time steps the shear rate is kept constant.

The strain γ(t) can therefore be obtained by

γ(t) =
∑

τB∈[0,t]
γ̇(tB)τB , (6.7)

which leads to γ(t) =
∫ t

0
dt γ̇(t) in the limit of τB → 0. During every Brownian time step, the

part γ̇(tB)y(tB) guarantees a linear velocity profile as a linear shear flow is imposed on every

particle, depending on its y-position.

Again the system from section 3.2.3 in chapter 3 with the radius ratio δ = 5/7, equal number

concentration at a packing fraction ϕ = 0.81 in the glass will be used. For the technical

details we note that in all simulations the frequency was set to ω = 0.001 along with τB =

0.01. Again a dimensionless quantity can be defined by Peω = ωd2s/4D0, which sets the

shear induced oscillation in relation with Brownian motion. For the simulated system this

leads to Peω = 0.05. A total number of 4000 independent sets for each amplitude γ0 ∈
{0.01, 0.05, 0.08, 0.1, 0.2, 1.0, 5.0} have been prepared. Stationarity was achieved after four full

oscillation periods and the stresses which were calculated, as described in appendix A.3, are

periodic.

6.2.2. A schematic MCT model

Recently extensions of MCT by Brader et al. [109, 110] made it possible to make predictions for

the time dependent rheological behavior of colloidal suspensions, and thus also for the systems

considered in this work. However, a numerical solution of these equations turned out to be too

difficult. Nevertheless a schematic model, presented in [111] sets up a simplified model, which

still contains all essential physics and is numerically tractable. The equation of motion neglects
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any q-dependence and reads

∂tΦ(t, t
′) + Γ



Φ(t, t′) +

t∫

t′

dsm(t, s, t′) ∂sΦ(s, t)



 = 0 (6.8)

with the low density decay rate Γ setting the time scale. Resulting from formal microscopic

calculations [109, 110] memory function contains three time arguments and reads

m(t, s, t′) = h(t, t′)h(t, s)[v1Φ(t, s) + v2Φ
2(t, s)]. (6.9)

with the two coupling constants v1 and v2 replacing the structure factor, as in the F12 model

[59]. They are chosen to v2 = 2 and v1 = 2(
√
2 − 1) + ε/(

√
2 − 1). A glassy state with

ε = 0.001 will be used in the following. The function h models the loss of memory through the

shear. A simple ansatz, obeying the invariance with respect to the flow direction is given by

h(t, t′) =
γ2
c

γ2
c +

[
t∫

t′
ds γ̇(s)

]2 . (6.10)

Then the time dependent shear stress can be calculated via

σ(t) =

t∫

−∞

dt′ γ̇(t′)vσΦ
2(t, t′), (6.11)

which involves the coupling parameter vσ, that relates the shear modulus to the correlator. This

fit parameter will be set to vσ = 100 in the following. Furthermore it is Peω = ω/Γ = 0.025.

All calculations for the schematic model were done by Joseph Brader.

6.2.3. Simulation and MCT results

In figure 6.5 examples for the time dependent stress tensor are shown. The left panel contains

the numerical solutions for the schematic MCT model for the amplitudes γ0 = 0.01, 0.03, 0.05,

0.07, 0.10, 0.15 and 0.20, the right panel the simulation results for the amplitudes γ0 = 0.01,

0.05, 0.08, 0.1, 0.2, 1.0 and 5.0. Both systems being in the glass exhibit a yield stress which is

determined to σc+
xy = 0.2763 [26] for the schematic model and σc+

xy ≈ 0.7 [23] (figure 5.3) for

the simulation. For both, the simulation and the MCT results the system reacts elastically for
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amplitudes γ0 ≤ 1, giving a pure sinusoidal curve. Increasing the amplitude above γ0 = 1 in

MCT, comes along with deviations from the sinusoidal shape. For the simulation the inset of

higher harmonics contributing to the stress appears a bit later at γ ≈ 0.03. The MCT curves

suggest, that higher harmonics become significant, when the maximum value of the shear stress

σxy(t) exceeds, or comes close to the yield stress.
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Figure 6.5.: Left: Numerical solutions to the stress from the schematic MCT model [26] for
amplitudes γ0 = 0.01, 0.03, 0.05, 0.07, 0.10, 0.15 and 0.20 for ε = 0.001 and Peω = 0.025.
Right: Simulation results for the amplitudes γ0 = 0.01, 0.05, 0.08, 0.1, 0.2, 1.0 and 5.0 for
ϕ = 0.81. In both panels the red horizontal broken lines give the yield stress σc+

xy = 0.2763
(MCT) and σc+

xy ≈ 0.7 (simulation). The blue dotted lines provide an upper bound for the time
dependent stress.

This can be understood in the following way: Consider a glassy state, which is exposed to

oscillatory shear, with a vanishing small frequency. On increasing the strain the system will

show a steady increase of the stress up to a yield point, beyond which the system starts to flow.

Then the system falls on its steady state, the yield stress value, showing the flattened curve
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seen in the figure. Note that this is a somehow simplified picture, as we neglect the possible

occurrence of stress overshoots as discussed in section 5.9 of chapter 5.

The simulation results support this argumentation, as higher harmonics set in when the stress

goes beyond the yield stress. Although simulating at Peω = 0.05 the ideal glassy behavior with

a total flat curve when approaching the yield region is not reached. Presumably frequencies of

at least one decade less are needed to observe this behavior.

Additionally to the yield stress, the maximal stress the curves can attain, is shown. It can be

taken from the flow curves in [26] and 5.3. Note that the maximal stress is estimated by

σmax = σ(γ0ω), bounding σxy(t) from above in the figure. In the limit of vanishing shear this

stress becomes equal to the yield stress, giving another explanation for the flattening of the

curve.

The MCT curves’ stresses are all smaller than the maximum stress. For the simulation this

does not necessarily have to hold, as the time dependent stress may well exceed its stationary

value as in the case of transient stresses with the stress overshoot. The tendency of a slight

overshoot can be seen for γ0 = 0.08−0.2 in the simulation curves. Nevertheless the blue curves

give a good estimate for the upper bound for the simulation.

6.3. Conclusion

In this chapter the gap between transient and stationary correlation functions was closed by

investigating the effect of time dependent shear on a system. Along with theoretical results

it was possible to point out a connection between the stationary, the equilibrium and the

correlation functions for waiting times tw after switching on the shear. The integrated shear

modulus, being connected to the transient stress is entering in the formula connecting the three

quantities. Again the stresses, and the stress overshoot could be connected to super diffusive

behavior.

The correlation functions vary smoothly in tw after switch on, having the transient and the

stationary correlators as their t0 or t∞ limit respectively.

For short times tw the connection between the three quantities yields excellent quantitative

results: The transient correlators calculated via the equilibrium and the waiting time dependent

correlators match perfectly with the simulation results for the transient one.

For large waiting times the integrated shear modulus had to be fitted. The prediction for the

transient correlators was less accurate. Nevertheless it could be confirmed, that the fitting

constant is q independent.
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Going over to oscillatory sheared systems a connection between the yield stress property in a

glassy system, and the occurrence of non elastic behavior could be pointed out. As soon as

the stress response of the system exceeds the yield stress value, higher harmonics appear in the

shear stress. The system starts to flow and shows dissipative behavior rather than an elastic

solid state like reaction. Another finding is that an estimate for the bounds of the stress can

be read off from the stationary flow curves. This connects another steady state property with

the time dependent stress.





7. Final conclusion and outlook

In this thesis the properties of binary mixtures of hard discs, undergoing Brownian motion, have

been studied. Two major cases have been considered: First the approach of the glass transition

for a binary mixture along with the effect of changes in the composition within that mixture.

For one selected mixture a detailed discussion of its transition followed. Second the rheological

properties of this selected mixture were investigated by focusing on the distorted microstructure

and the dynamical correlation functions of mainly tagged quantities. Finally time dependent

shear flows were investigated.

Performing simulations for different binary mixtures at the glass transition was motivated by

recent results of MCT for two dimensions. With the simulations it was possible to confirm

four mixing effects, predicted by MCT for these binary mixtures, by David Hajnal. It could be

shown that for big radius ratios when we keep the total packing fraction constant, the increase

in the concentration of the small particles leads to a melting of the glass, the plasticization.

For small radius ratios the increase in the concentration of small particles at constant volume

fraction leads to an even stronger glass. Both remaining effects, the increase of non-ergodicity

parameters, and the slowing down of the relaxation towards the non-ergodicity parameters on

increasing the small particles concentrations could be confirmed. These qualitative effects, es-

pecially the first two ones, are not only of theoretical interest, as industrial applications of so

called plasticizers show.

Going into detail for a selected mixture made it possible to determine the ideal MCT glass

transition point. Along with the verification of the factorization close to the critical point, the

α-scaling and even the increase of the plateaus according to a square root law could be vali-

dated. The simulation shows additional decay processes, leading to a decay of the correlation

functions even above the ideal glass transition. This is not in accordance with MCT, however,

the rise of the plateau values can be explained. This analysis closes a gap in the field of the

glass transition as: First, a quantitative test for exactly the model system MCT uses was per-

formed, and second to the knowledge of the author, no such analysis for a this two dimensional

131
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glass former has been performed before. With the characterization of the considered system

the foundation for the rheological part was laid.

That the simulation algorithm yields Brownian motion for the quiescent system was known

before from the work of Erik Lange. This thesis goes one step further and shows, with the

same arguments, that even for the sheared case the algorithm is still in accordance with short

time expansions of the Smoluchowski equation for the shear modulus. The significance here is,

that even on the two particle level used in the theoretical derivation, the simulation agrees in

its short time asymptote with the theoretical findings.

Having ensured that the simulation actually solves the Smoluchowski equation for Brownian

motion under shear, and having characterized the glass transition for one special mixture in

the preceding chapters, the rheological properties of exactly that mixture could be probed. In

the framework of an extended MCT, MCT-ITT, which was developed by Matthias Fuchs and

Michael Cates, the microscopic structure was investigated. The appearance of a yield stress,

shear thinning and the distortion of the structure factor in the simulation can be qualitatively

explained by MCT-ITT and the interplay of different relaxation time scales involved in the glass

and in the liquid. Quantitatively we found that MCT-ITT overestimates the distortion of the

structure and the resulting shear stresses and viscosities by about a factor of 10. However,

it should be remarked that a simplified monodisperse MCT-ITT calculation was used, which

could explain a part of the deviation. Future works should consider using a multi-component

approach, as used for the analysis of the mixture effects in this thesis.

Scrutinizing the tagged particle correlation functions, the interplay between purely structural

relaxation and shear induced relaxation could be observed in detail in the simulation: For cor-

relators in the liquid, the shear induced decay competes with the intrinsic decay, whereas in

the glassy system the time scale is always set by the shear field. The relaxation in the shear

melted glass thus follows a master function which could be found for very low shear rates in

the simulation.

The famous Taylor dispersion, expressing itself, for example, through a cubic growth in the

mean squared displacement in the shear direction could be found in the simulations. The

MCT-ITT prediction, that actually the shear and the gradient direction are connected via one

single long time diffusion coefficient, could be confirmed. Furthermore the MCT-ITT scaling

properties of these coefficients, stating that they scale linearly with the shear rate in the limit

of vanishing shear, could be worked out with the simulation. Yet, the Taylor dispersion still
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leaves a riddle, as next-to-leading order asymptotes in MCT-ITT and the simulation seem to

differ: A term proportional to the square of time couldn’t be found as proposed by MCT-ITT

in the simulations, which propose a next-to-leading order dependence that is linear in time.

Along with the discussion of the mean squared displacement, a connection between the super

diffusivity and the overshoot in the transient stress could be pointed out. Also the stress over-

shoot is connected to the anisotropy in the correlation functions for certain directions.

Coherent correlators for the stationary state have been shown. In principle they show that simu-

lating this quantities, although it requires a lot more numerical tricks and computational power,

is possible. Calculating the transient correlators, which are the main quantity in MCT-ITT, will

be a task for the near future, and will make further tests possible.

Finally in the last chapter with a method, developed by Matthias Krüger, it was possible to

close the gap between stationary and transient correlation functions. The simulation showed

that for small waiting times the connection given between transient, stationary and equilibrium

correlator is perfectly reproduced by Krüger’s relation. Furthermore, it could be shown, that

even for large waiting times reasonable results can be achieved, although the shear modulus

entered as a fitting parameter.

Extending the simulation to oscillatory shear a connection between the yield stress of a glassy

system and its non-linear reaction upon oscillatory shear for low frequencies could be inferred.

The results support the theoretical results from a schematic MCT model invented by Joseph

Brader. For time dependent stresses below the yield stress the system shows the elastic behavior

of a solid state body. Above the yield stress the system shows the dissipative properties of a

liquid accompanied by higher harmonics in the stress response. An upper bound for the stress

can be estimated from the flow curves.





Zusammenfassung

In dieser Arbeit wurden die Eigenschaften von Mischungen harter Scheiben mit Brownscher

Molekularbewegung untersucht. Dabei wurden zwei prinzipielle Fälle betrachtet: Erstens wurde

der Glasübergang einer binären Mischung unter Berücksichtigung der Zusammensetzung dieser

Mischung untersucht. Detailliert wurde dabei der Glasübergang für eine ausgewählte Mischung

diskutiert. Zweitens wurden die Fließeigenschaften dieser ausgewählten Mischung untersucht,

wobei der Schwerpunkt auf der verzerrten Mikrostrukutur und den dynamischen Korrelations-

funktionen, hierbei insbesondere bei den inkohärenten Korrelatoren, lag.

Kürzlich erzielte Ergebnisse aus der Modenkopplungstheorie haben den Anstoß zu den Simu-

lationen für Mischungen binärer harter Scheiben gegeben. Mit den Simulationen konnten vier

Mischungseffekte, die von den Modenkopplungsergebnissen von David Hajnal vorhergesagt wur-

den, bestätigt werden. Es wurde gezeigt, dass bei konstantem totalen Packungsbruch, für große

Radienverhältnisse, das Erhöhen der Konzentration der kleinen Partikel, zum Schmelzen des

Glases, zur sogenannten Plastifizierung, führt. Für kleine Radienverhältnisse führt das Erhö-

hen der Konzentration der kleinen Partikel bei festem Packungsbruch zu einer Verstärkung des

Glases. Die beiden weiteren verbleibenden Effekte, das Ansteigen der Nichtergodizitätsparame-

ter und das Verlangsamen der Relaxation auf die Nichtergodizitätsparameter beim Erhöhen der

Konzentration der kleinen Partikel konnten bestätigt werden. Diese qualitativen Effekte, speziell

die ersten beiden, sind nicht nur von Interesse für die Theorie, wie die industrielle Anwendung

sogenannter Plastifizierer oder Weichmacher zeigt.

Die detaillierte Untersuchung einer ausgewählten Mischung ermöglichte es, für diese den idealen

Glasübergangspunkt innerhalb der Modenkopplungstheorie zu bestimmen. Zusammen mit der

Bestätigung der Faktorisierung, dem α-Skalengesetz konnte sogar das Ansteigen der Plateaus

gemäß eines Wurzelgesetzes gezeigt werden. Die Simulation enthält weitere Zerfallsprozesse, die

zu einem Zerfall der Korrelatoren oberhalb des Glasübergangspunkts führen. Dies ist nicht im

Einklang mit der Modenkoppungstheorie, jedoch kann der Anstieg der Plateaus erklärt werden.

Diese Analyse schließt eine Lücke auf dem Gebiet des Glasübergangs: Erstens konnte genau
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das Modellsystem, das die Modenkopplungstheorie benutzt, einer quantitativen Prüfung unter-

zogen werden und zweitens wurde, nach Kenntnis des Autors, bis jetzt keine derartige Analyse

für einen solchen zweidimensionalen Glasbildner durchgeführt. Mit der Charakterisierung dieses

Systems wurde der Grundstein für eine Analyse des Fließverhaltens gelegt.

Dass die Simulation Brownsche Dynamik für das ungescherte System erzeugt, wurde bereits in

der Arbeit von Erik Lange gezeigt. Diese Arbeit geht einen Schritt weiter, und zeigt mit den

selben Argumenten, dass der Algorithmus sogar im gescherten Fall mit der Kurzzeitentwicklun-

gen der Smoluchowski-Gleichung für den Schermodul übereinstimmt. Bedeutend ist dabei, dass

bei der theoretischen Betrachtung, die auch Zweipartikelwechselwirkungen mit einbezieht, die

Kurzzeitasymptote mit denen der Simulationen übereinstimmt.

Nachdem sichergestellt wurde, dass die Simulation tatsächlich die Smoluchowski-Gleichung der

Brownschen Bewegung unter Scherung löst, und der Glasübergang der speziellen Mischung

der vorangegangenen Kapitel charakterisiert wurde, konnte das Fließverhalten genau dieser Mi-

schung untersucht werden. Die mikroskopische Struktur wurde im Rahmen einer erweiterten

Modenkopplungstheorie, die von Matthias Fuchs und Michael Cates entwickelt wurde, unter-

sucht. Das Auftreten einer Fließspannung, der Scherverdünnung und die Verzerrung des Struk-

turfaktors können qualitativ mit der erweiterten Modenkopplungstheorie und den verschiedenen,

unter Scherung auftretenden Zeitskalen erklärt werden. Die erweiterte Modenkopplungstheorie

überschätzt die Verzerrung der Struktur, woraus ungefähr um den Faktor zehn zu große Schervis-

kositäten und Scherspannungen folgen. Es sollte hinzugefügt werden, dass in diesem Fall jedoch

ein vereinfachtes einkomponentiges Modell für die Modenkopplungsrechnungen verwendet wur-

de, was einen Teil der Abweichungen erklären kann. Zukünftige Arbeiten sollten in Erwägung

ziehen, Vielkomponentenrechnungen für die erweiterte Modenkopplungstheorie durchzuführen,

so wie für die Mischungseffekte in dieser Arbeit.

In der Simulation konnte mit den inkohärenten Korrelatoren das Zusammenspiel reiner struktu-

reller Relaxation und der scherinduzierten Relaxation detailliert untersucht werden: Bei Korre-

latoren in der Flüssigkeit konkurriert der scherinduzierte Zerfall mit dem intrinsischen Zerfall.

Tief genug im Glas wird der Zerfall immer von der Scherung eingeleitet. Die Korrelatoren im

schergeschmolzenen Glas fallen deshalb auf eine Masterfunktion, die auch in der Simulation für

kleine Scherraten gefunden wurde.

Die bekannte Taylordispersion, die sich z.B. durch ein kubisches Anwachsen im mittleren Ver-

schiebungsquadrat in Scherrichtung bemerkbar macht, konnte in der Simulation nachgewiesen

werden. Die Voraussage, der erweiterten Modenkopplungstheorie, dass die Scher-und Gradien-
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tenrichtung über den selben Diffusionskoeffizienten verknüpft sind, konnte bestätigt werden.

Außerdem wurde das von der Modenkopplungstheorie vorhergesagte Skalenverhalten, das be-

sagt, dass die Diffusionskoeffizienten für kleine Scherraten linear mit der Scherrate skalieren,

herausgearbeitet. Dennoch hinterlässt die Taylordispersion ein letztes Rätsel, da die Ordnung

nach der führenden Ordnung in der Simulation und der Theorie unterschiedlich sind: Ein qua-

dratischer Term, der in den Modenkopplungsergebnissen vorkommt, konnte in der Simulation

nicht gefunden werden.

In Verbindung mit der Diskussion der mittleren Verschiebungsquadrate konnte ein Zusammen-

hang zwischen dem Überschwingen der Spannungen und der Superdiffusivität hergestellt wer-

den. Das Überschwingen der Spannungen steht auch in Verbindung mit der Anisotropie der

Korrelatoren in bestimmte Richtungen.

Weiter wurden Kohärente Korrelatoren für den stationären Fall berechnet. Damit wird gezeigt,

dass es möglich ist, diese Größen aus der Simulation zu berechnen, obwohl es eines erheblich

größeren numerischen Aufwands und einiger numerischer Tricks bedarf. Die Berechnung der

transienten Korrelatoren, die die Hauptgrößen in der erweiterten Modenkopplungstheorie dar-

stellen, ist eine Aufgabe, die in Bälde gelöst werden kann, was einen Vergleich mit der Theorie

möglich machen wird.

Schlussendlich wurde im letzten Kapitel mit einer Methode, die von Matthias Krüger entwickelt

wurde, die Lücke zwischen stationären und transienten Korrelatoren geschlossen. Die Simulation

konnte zeigen, dass für kurze Wartezeiten der Zusammenhang, der zwischen den transienten,

stationären und Korrelatoren des Ruhesystems besteht, in perfektem Einklang mit der Gleichung

von Krüger steht. Außerdem konnte sogar für große Wartezeiten ein gutes Ergebnis erzielt wer-

den, obwohl hierbei der Schermodul als Fitparameter einging.

Eine Erweiterung der bestehenden Simulation auf oszillatorische Scherung zeigt eine Verbin-

dung zwischen der Fließspannung und der nichtlinearen Antwort auf oszillatorische Scherung

bei kleinen Frequenzen auf. Dies unterstützt die theoretischen Vorhersagen eines schematischen

Modenkopplungsmodells, das von Joseph Brader entwickelt wurde. Für dynamische Scherspan-

nungen unterhalb der Fließspannung reagiert das System mit linearer Antwort, oberhalb der

Fließspannung reagiert das System als dissipative Flüssigkeit und zeigt höhere harmonische

Anteile in der Spannungsantwort. Eine obere Schranke für die Spannungen kann durch die

Fließkurven abgeschätzt werden.





A. Appendix

A.1. Treatment of the correlation functions

The basic ideas and tricks to calculate the correlation functions are presented. For the following

sections the following quantities shall be defined:

tl is a discrete point of time in the simulation, and t0 = 0

M is the total number of simulations

N the total number of particles in the system

rik(tl) the position of particle i in the k-th simulation run, for the time step tl

and ∆rxikjk(tl) := x̂rik(tl)− x̂rjk(0)− γ̇tlŷrik(tl), ∆ryikjk(tl) := ŷrik(tl)− ŷrjk(0)
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A.1.1. Coherent scattering functions

The coherent scattering function for the sheared case is defined via

Φq(t) =
〈̺(q, t = 0)∗̺(q(t), t)〉

Sq

, (A.1)

with ̺q(t)(t) = 1/
√
N
∑N

i=1 exp [iq(t)ri(t)] and q(t) = q − qxγ̇ŷt. The normalization by the

structure factor can be performed after calculating the time dependent part itself. Using the

fact that we have to calculate a real quantity this reduces to calculate

Sq · Φq(tl) ≈ 1

M

M∑

k=1

1

N

N∑

i=1

N∑

j=1

cos [(qrik(tl)− qxγ̇tlŷrik(tl)− qrjk(0))]

=
1

M

M∑

k=1

1

N

N∑

i=1

N∑

j=1

(
cos[qx∆rxikjk(tl)] cos[qy∆ryikjk(tl)]

− sin[qx∆rxikjk(tl)] sin[qy∆ryikjk(tl)]
)

(A.2)

where the last trigonometric equality is motivated by the fact that qx, qy = 2π/L ·n holds.With

sin[nθ] = 2 cos[θ] sin[(n− 1)θ]− sin[(n− 2)θ]

cos[nθ] = 2 cos[θ] cos[(n− 1)θ]− cos[(n− 2)θ] (A.3)

the number of trigonometric operations can then be reduced which enhances the performance

significantly.

All relative distances ∆r
{x,y}
ikjk

(tl) have to obey the nearest neighbor image convention, except

for the tagged case i = j. For i 6= j the nearest out of the 8 possible image particles in the

image boxes has to be selected, according to the boundary conditions.

After the numerical evaluation of equation (A.2) on the q-grid with qx, qy = 2π/L · n, (L size

of the simulation box) averages over absolute values falling into |q|±∆|q| and directions falling

into θ±∆θ have to be made in order to eliminate noise (θ = arctan 2[ qy
qx
]). ∆|q| defines rings

in q-space, which are divided into equal ring sectors by ∆θ.

The quiescent, non-sheared case can be obtained by setting γ̇ = 0 and ∆θ = 2π, which just

uses that the system is isotropic and can thus be averaged over the whole shell defined by ∆|q|.
The Calculation of the structure factor is then a special case of the quiescent coherent correlator.
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Setting tl = 0 and considering every time point as a single simulation run one arrives at

Sq =
1

#tl

∑

#tl

1

M

M∑

k=1

1

N

N∑

i=1

N∑

j=1

(
cos[qx∆rxikjk(0)] cos[qy∆ryikjk(0)]

− sin[qx∆rxikjk(0)] sin[qy∆ryikjk(0)]
)

(A.4)

Generalizations for multicomponent systems are straightforward.

A.1.2. Incoherent correlation function

The incoherent scattering function is defined via

Φs
q(t) = 〈̺s∗q(0)(0) ̺sq(t)(t)〉 (A.5)

with ̺sq(t)(t) = exp [iq(t)rs(t)] and q(t) = q − qxγ̇ŷt.

To calculate the incoherent correlators from the simulation data we use an analogous way and

use all the particles for averaging:

· Φs
q(tl) ≈ 1

M

M∑

k=1

1

N

N∑

i=1

cos [(qrik(tl)− qxγ̇tlŷrik(tl)− qrik(0))]

=
1

M

M∑

k=1

1

N

N∑

i=1

(
cos[qx∆rxikik(tl)] cos[qy∆ryikik(tl)]

− sin[qx∆rxikik(tl)] sin[qy∆ryikik(tl)]
)

(A.6)

Note that for the tagged particle quantities ∆r
{x,y}
ikik

no nearest neighbor image convention is

implied, the particles have to be ’traced’ from the beginning, until the end of the correlation.

Again equation (A.6) can be calculated directly from the x and y positions of the particles.

qx and qy have to be multiples of 2π/L, where L denotes the size of the simulation box. No

averaging over the q-grid is necessary.
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A.1.3. Mean squared displacement

The calculation of the mean squared displacement is analogous to the incoherent correlation

functions. Again the average over the N particles enters:

〈δxδy〉(tl) ≈ 1

M

M∑

k=1

1

N

N∑

i=1

∆rxikik(tl) ·∆ryikik(tl), (A.7)

〈δx2〉(tl) ≈ 1

M

M∑

k=1

1

N

N∑

i=1

∆rxikik(tl) ·∆rxikik(tl) and (A.8)

〈δy2〉(tl) ≈ 1

M

M∑

k=1

1

N

N∑

i=1

∆ryikik(tl) ·∆ryikik(tl). (A.9)

As for all tagged quantities, no nearest neighbor convention is applied.

A.2. Linear response result for the structure factor

under shear

In the limit of low shear rates it can be shown [20, 112] that the pair distribution function can

be expanded in the shear rate or bare Peclet number:

g(r) = g0(r) + 2Pe0
xy

r2
g1(r) +O(Pe20). (A.10)

g0(r) and g1(r) bear no angle dependence. g1(r) coming with a prefactor xy
r2

= cos θ sin θ, can

be obtained by projecting on this prefactor. We assume that all terms containing higher orders

like cos2n θ sin2n θ are negligible as the shear rates are at least of the order O(Pe20). And thus

we have

2

Pe0π

2π∫

0

dθ g(r) cos θ sin θ = g1(r) +O(Pe20). (A.11)
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According to Hansen and McDonald [76] the structure factor can be written as

Sq = 1 + ρ

∫

d2r (g(r)− 1) exp[iqr] (A.12)

= 1 + ρ

∞∫

0

dr

2π∫

0

dθ r(g0(r)− 1) exp[i(qxr cos θ + qy sin θ)]

︸ ︷︷ ︸

=:S0
q

(A.13)

+ 2Pe0ρ

∞∫

0

dr

2π∫

0

dθ rg1(r) cos θ sin θ exp[i(qxr cos θ + qy sin θ)] (A.14)

which yields now our linear response result for the distortion of the structure factor:

δSq(γ̇ → 0) = Sq − S0
q

= 2Pe0ρ

∞∫

0

dr rg1(r)

2π∫

0

dθ cos θ sin θ exp[i(qxr cos θ + qy sin θ)] (A.15)

A.3. Extracting the the stress tensor from collisions

To extract the stress tensor, the virial equation for the potential part of the stress

〈σxy〉 = − 1

2V

〈
N∑

i,j

∆F x
ij∆ryij

〉

(A.16)

has to be used. The forces have to be replaced by their impulsive limits and one obtains

[27, 113]

〈σxy〉 = − 1

2V

〈
N∑

i,j

∆F x
ij∆ryij

〉

≈ − 1

V

1

τc

∑

#coll

∆vxij(tc)∆ryij(tc) (A.17)

for all collisions at the collision time tc and velocity exchanges ∆vxij in the time τc and assuming

masses are set to unity as in all the simulations shown here.

To calculate the stress tensor, during a collision event equation (A.17) has to be evaluated.
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A.4. Calculating the stress from contact value for a

binary mixture under shear

Again we start with the virial equation for a binary mixture. Indexing the particles with

{1, ...NA, NA + 1, ..., N} with 1...NA small and NA + 1...N yields

〈σxy〉 =

〈

− 1

2V

(
NA∑

j=1

NA∑

i=1

∆rxij∆F y
ij +

N∑

j=NA+1

N∑

i=NA+1

∆rxij∆F y
ij

+ 2

NA∑

j=1

N∑

i=NA+1

∆rxij∆F y
ij

)〉

(A.18)

which can be written as

〈σxy〉 =

〈

− 1

2V

∫

d2r

(

rxF y

NA∑

j=1

NA∑

i=1

δ(r −∆rij)

+ rxF y

N∑

j=NA+1

N∑

i=NA+1

δ(r −∆rij)

+ 2rxF y

NA∑

j=1

N∑

i=NA+1

δ(r −∆rij)

)〉

(A.19)

With Nα and Nβ denoting the number of particles of each species the partial pair distribution

function is given by

gαβ(r) =
V

N2

〈
NαNβ
∑

i 6=j

δ(r −∆rij)

〉

. (A.20)

With F y = y
r
δ(|r| − dαβ) · 1/kBT , motivated by chapter 4 one obtains

〈σxy〉 =
8kBT

π2
ϕ2
∑

α,β

1

d2αβ

2π∫

0

dθ cos θ sin θ g((dαβ, θ) (A.21)

with dαβ = (dα+dβ)/2, the contact value obtained with both particle diameters, and the total

packing fractions ϕ = π
4V

∑

α d
2
αN

α.

To obtain the angular dependent contact values g(dαβ, θ) in the simulation, one has to consider

shells of the size ∆|r| and divide these shells into sections ∆θ. Counting the number of particles

falling into the shell sections, and normalizing them according to the prefactor in equation (A.20)
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yields the pair distribution in polar coordinates. The contact value can be read off from it. Note

that to extrapolate the correct contact value, the shell size has to be tweaked, so that a stable

result can be obtained.

A.5. Calculating the shear viscosity

Using the equalities

d

dt

〈



t∫

0

dt′σxy(t
′)





2〉

=

〈

2





t∫

0

dt′σxy(t
′)



 σxy(t)

〉

=

〈

2





t∫

0

dt′σxy(t
′)σxy(t)





〉

= 2





t∫

0

dt′ 〈σxy(t
′)σxy(t)〉



 (A.22)

for the stress tensor one obtains

V

kBT

d

dt

〈



t∫

0

dt′σxy(t
′)





2〉

= 2η(t). (A.23)

By approximating the integrated stress with

t∫

0

dt′σxy(t
′) ≈

∑

coll∈[0;t]
∆vxij(tc)∆ryij(tc) (A.24)

with all the collisions occurring until t, one can obtain the shear viscosity from the simulation.
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