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AN ANALYSIS OF HANSSON’S DYADIC DEONTIC LOGIC’ 

0. INTRODUCTIONANDSUMMARY 

Recently, Bengt Hansson presented a paper about dyadic deontic logic,* 
criticizing some purely axiomatic systems of dyadic deontic logic and pro- 
posing three purely semantical systems of dyadic deontic logic which he 
confidently called dyadic standard systems of deontic logic (DSDLI-3). 
Here I shall discuss the third by far most interesting system DSDL3 which is 
operating with preference relations. First, I shall describe this semantical 
system (Sections 1. l- 1.3). Then I shall give an axiomatic system (Section 
1.4) which is proved to be correct (Section 2) and complete (Section 3) with 
respect to Hansson’s semantics. Finally, in face of these results Hansson’s 
semantics will be discussed from a more intuitive standpoint. After emphasiz- 
ing its intuitive attractiveness (Section 4.1) I will show that two objections 
often discussed in connection with preference relations do not apply to it 
(Section 4.2 and 4.3); more precisely, I will show that the connectedness 
condition for preference relations can be dropped and that, in a sense, it is 
not necessary to compare two possible worlds differing in infinitely many 
respects. (What exactly is meant by this, will become clear later on.) Yet 
there is a third objection to Hansson’s semantics which points to a real 
intuitive inadequacy of DSDL3. A way of removing this inadequacy, which 
corresponds to Hansson’s own intuitions as well as to familiar metaethical 
views, is suggested, but not technically realized (Section 4.4). In the last 
section (Section 4.5) I shall briefly show that DSDL3 is decidable, as 
expected. 

1. THEFORMALSYSTEMDSDL3 

1.1 The Basic Language. Our starting point is the basic language (BL), as 
Hansson calls it,3 which we assume, without loss of generality, to be the 
ordinary propositional logic with propositional variables ‘p’, ‘q’ etc. and with 
the usual logical connectives ‘l’, ‘A’, ‘V ‘, ‘+’ and ‘++‘. As variables for formulas 
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of BL we shall use ‘A’, ‘B’ and ‘@ with or without subscripts. Throughout 
this paper ‘t’ and ‘k’ are to stand for a certain tautology and a certain con- 
tradiction of BL respectively, say ‘pip and ‘p~llp’. 

Further, we shall need some semantical concepts for BL: ‘1’ and ‘0’ are 
used as the truth value ‘true’ and ‘false’ respectively. As variables for Boolean 
valuations of BL we shall use ‘/I’ with or without subscripts. Then we define 
for all formulas A of BL: a = (01 p(A) = l}. Thus, a is the set of all Boolean 
valuations of BL which make A true; i is the set of all Boolean valuations of 
BL and f is the null set; we have further e.g. A?B = a n & and the fact 
that A logically implies B can be simply expressed by ‘A C@. 

1.2 The SJVI~UX of DSDL3. The concept of formula is then recursively 

defined for DSDL3 by the following rules: 
Fl: If A and B are formulas of BL, then ‘O(B I A)’ is a formula of 

DSDL3. 
F2: If D and E are formulas of DSDL3, so are ‘lD’, ‘(D AE)‘, 

‘(D vE)‘, ‘(D -+ E)’ and ‘(D * E)‘. 
F3: ‘P(B IA)’ will be used as an abbreviation for ‘lO(lB I A)‘. 

We shall employ the usual rules for omitting parentheses. As will be noticed, 
the syntax of DSDL3 is a rather weak one; no mixed formulas (e.g. 
‘p A O(q 1~)‘) and not iterations of the deontic operators are allowed. 
‘O(B IA)’ is to be read as ‘B is obligatory under circumstances A’ or, in 
order to bring out the purely descriptive character of the formulas of DSDL3, 
as “according to a not mentioned, but throughout fixed person or institution 
(legal, social, political or moral) X, B is obligatory under circumstances A’ 
or simply as ‘This X wants B to be the case under circumstances A’. 

1.3. The Semantics of DSDL3. With the.aid of the given semantical 
notions of BL we are in a position to define the central semantical concepts 
for DSDL3: 

A relation C is a connected preference relation for BL (CPR) iff the 
following five conditions are fulfilled: 

Pl: The field of Q is a subset of i, i.e. Q C i x i, 
P2: C is reflexive, i.e. for all j3 E 3 /3 Q p, 
P3: C is transitive, i.e. for all or, /Is, &,E i, if /3r C flz and flz d &, 

then PI Q Ps, 
P4: C is connected, i.e. for all pi, 0~ E i we have 0, Q flz or Bz C /3r 

(or both), 



AN ANALYSIS OF HANSSON’S DYADIC DEONTIC LOGIC 239 

PS: If d is not empty, so is {/3 I p E A A A /.I’@ E A + /I’ < 0)). 

For any a C_ t^ and any CPR C we define Max.&) to be the set appearing in 
P5, i.e. the set {/3lflEA A A /3’(/3 Ed -+ p’ C fl)}. This is the set of maximal 
members ofd with respect to the reflexive order relation Q. PS then 
excludes, so to say, that the wishes of a person or institution who has a CPR 
grow unceasingly. 

Now we define the concept of valuation for DSDW: Q is the valuation 
of DSDI.3 belonging to the CPR Q iff the following two conditions are 
fulfilled : 

VI : Q is a Boolean valuation of the set of all formulas of DSDL3, 
V2: @(O(B IA)) = 1 iff Max<(A) Ci. 

The reader will easily verify that there is exactly one valuation of DSDL3 
belonging to Q, for every CPR Q; so the use of the definite article is justified. 
In the following the valuation of DSDL3 belonging to the CPR Q is denoted 
by a~. Intuitively V2 says that according to the CPR Q B is obligatory 
under circumstances A iff B excludes no possible world (i.e. Boolean valua- 
tion of BL) in A which is most preferable or most ideal within d according 
to C. Equivalently, B is permitted under circumstances k according to d iff 
there is at least one possible world which is most preferable or most ideal 
within A according to C and in which B is true. 

Now, a formula D of DSDW is satisfiable iff there is at least one CPR Q 
such that QG(D) = 1, A formula D of DSDL3 is valid iff @e(D) = 1 for all 
CPRQ. 

1.4 The Calculus of DSDL3. Hansson offers only this semantics and some 
valid and invalid formulas.4 But one does not yet see clearly which are the 
valid formulas and which the invalid ones. For this reason I have proved the 
following calculus to be correct and complete with respect to the given 
semantics: 

First we have the axioms of the standard system of ordinary deontic logic 

carried over to the dyadic case: 
AQ: O(A IA) 

Al: lO(kIA), ifd # c 

A2: O(B A CIA) i+ O(B IA) A O(CIA) 

A3: O(B IA) * O(B’IA’), ifA^ = d’ and b = k’. 
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The only specific axiom of dyadic deontic logic is the axiom 

A4: P(B IA) + (U(CIA A B) f, U(B + CIA)) 

which after a bit of reflection the reader will surely find intuitively accept- 
able. 

Then we need of course 

A5: a correct and complete set of propositional axioms and rules. 

The calculus of DSDL3 then consists of the axioms and rules AO-AS. 
The concepts of proof, provability or theoremhood, refutability, inference 
etc. may then be defined for DSDL3 in the usual fashion. 

2. THECORRECTNESSOFTHECALCULUSOFDSDL3 

Here we have to’show: For each theorem D of DSDL3 we have Q<(D) = 1 
for all CPR Q. 

We will prove this by induction on the length of the proof for D. Thus 
we first assume that D is one of the axioms of the calculus of DSDL3: 

(0) Let D be of the form O(A IA). Since Maxc(d) cd for all CPR Q per 
definitionem, we have (P+(D) = 1 for all CPR Q. 

(1) Now let D be of the form lU(klA), whered # i. Then (a,(D) = 1 
holds for all CPR 4, since for each CPR C we have Max<.(d) # i because of 
P.5. 

(2) Now let D be of the form of A2. Because of B? = b I? ewe have 
Max< (A) C B'% iff Max+(A) C_ k and Max<.@) C k, for all CPR Q; thus 
a<(D) = 1 for all CPR C. 

(3) If D is of the form of A3, then the assertion is trivially true on account 
of the assumptions in A3 about the form of D. 

(4) Now let D be of the form of A4. Then we have @d(D) =‘l for all 
CPR Q which is seen in the following way: 

If @G(P(B IA)) = 0, there is nothing to prove. So let us assume that 
@&'(B IA)) = 1, i:e. that 

(4 Max<(A) fl b # 0. 

From this we have% prove that Max.& II i) C d iff Max&) c G U k. 
Since Max<(d) C 7B U diff Max+(d) n h C k’, this is proved when we 
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have proved that 

(b) Max& fI k) = Max&) n i, i.e. that 

(4 {PIPEAn~AAA’(~Edn~~~~:)}= 

{PIPEA~~AAP'C~'EA~P'~P)}, i.e.that, 
since the right side of(c) is obviously a subset of the left side of (c), 

Now we want to derive a contradiction from the additional assumption 
that (e) does not hold. So let us assume that there exist /3e and /3r with 

(0 &,EdfIh and Ap'(p'Ehi&3'qo) and 

(9) PrEa and lo,<&,. 

Then we have: 

09 ~~ax<.(A)n~={~IPEdn~AAP’(P’Ed~p’CP)) 
(ex definitionem) 

={pIPEdn~AAP’(P’EA~p’cp)Apcp,) (with(f)) 

=(PIPEAn~AAp'(p'Ed~p'~:)r,lp,~:} (with(g) 

zz 8, and P3) 

since /Jr EA. But (h) is a contradiction to our assumption (a). 
(5) Finally, let D be one of the axioms of propositional logic. Then 

Q<(D) = 1 holds for all CPR Q, since each @P<. is a Boolean valuation of 
DSDL3. 

The induction step is trivial too: Our only inference rules are those of 
propositional logic. Hence, the fact that for all CPR Q a’<- is a Boolean 
valuation of DSDW assures that if @G assigns ‘1’ to all premisses of any 
application of any inference rule, then it assigns ‘1’ to the conclusion of that 
application. 

This completes the proof of correctness. 
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3. THE COMPLETENESS OF THE CALCULUS OF DSDL3 

Now we want to prove that each formula D of DSDL3 for which cP&) = 1 
holds by all CPR C is provable in the calculus of DSDW. To that end we 
show that for each formula D of DSDL3 which is not provable in the cal- 
culus of DSDL3 there exists a CPRQ with Q<(D) = 0. This proof will not 
be as easy as the last one, in fact it is rather complicated, though it is 
wholly constructive and uses only elementary means despite its set-theoretic 
formulation. It is composed of six parts: 

(1) Let D be a formula of DSDL3 which is not provable in the calculus 
of DSDW. Then lD is not refutable in the calculus of DSDW. Now we 
form a disjunctive normal form of lD; one member of this disjunction must 
then be not refutable in the calculus of DSDW; let ge be the set of the con- 
junction members of this disjunction member. 

Further, let @be a set of formulas of BL containing nothing but exactly 
one formula logically equivalent to each formula of BL built up only of 
propositional variables of BL occurring in the formulas of 3,. Since these 
are finitely many propositional variables it is obvious that 8 is a finite set. 

Now a a-formula is defined to be a formula of DSDL3 of the form 
O(B IA) or P(B IA) where A, B E @ . Since @ is finite, there are only finitely 
many @-formulas. Now, we may assume without loss of generality that 9, 
is a set of a-formulas. (If 9, should not be a set of Q-formulas, then 3, is 
to transform to a set of a -formulas logically equivalent to 9, only by F3 
and A3.) 

Let 9 then be a set of Q-formulas with the following three properties: 
(1.1) a,cLil, 
(l-2) either P(B IA) E 9 or O(lB l-4) E 9 holds for all A, B E @ ,’ 
(1.3) 9 (i.e. the finite conjunction of all members of 3) is not refut-, 

able in the calculus of DSDW. 

Such a set may be constructed in the following way: We start from 9,. 
Then we form the set 3 bof all @-formulas which are derivable from 90 in 
the calculus of DSDL3. Thus 3 b is not refutable in the calculus of DSDL3. 
If ~~fulfills (1.2) our construction ends. If there are A, B E a with neither 
P(BIA)EabnorO~IA)Eab,wethendefine~l=abU{P(BIA)}.~, 
is likewise not refutable in the calculus of DSDL3. Then we form the set fD ‘1 
of all a-formulas which are derivable from 9, in the calculus of DSDL3, 
and so on. Since there are only finitely many a-formulas, this procedure 
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must stop after finitely many steps. This construction also shows that there 
really are sets which fulfill (1 .l)-( 1.3). 

(2) Now, the completeness of the calculus of DSDL3 is proved when we 
find a CPR C such that @&‘) = 1 for all E E 9). For then we have Q.&F) = 
1 for all E E 9 e and hence Q<(W) = 1 and @e(D) = 0. 

By defining 
(2.1) ;I = n@lO(BlA)E5Jffor allA E a 

we reduce our task to constructing a CPR Q such that 
(2.2) Max&) = 2 for all A E8 , 

as can be seen in the following way: 
The formulas in 9 are of the form O(B IA) or of the form P(B IA). If 

O(B IA) E a, then2 Ch by (2.1) and Max.&) Ci by (2.2), hence 
@<(O(B IA)) = 1. If P(B IA) E 9, then 0(X IA) $9 by (1.2); thus we have 
2 $E7i), since otherwise O(lR 1A)would be derivable from (O(ClA) lO(ClA) 
E fu} by A2 and A3 and hence be in d , which contradicts (1.3). Thus 
2 n h # 8 holds, which implies Max&) n h # $4 by (2.2), which means 
that Q4(P(B IA)) = 1. 

(3) Before this construction can be realised we have to prove some 
theorems: 

(3.1) Jv2IAA . . .,P(A.IA._,)andP(AIIA.)implyP(A.IA,)in 
the calculus of DSDL3. 

This we prove by deriving a contradiction from the formulas in the first 
column of the diagram below. How this derivation works is shown by the 
double arrows, whereby the deontic axioms essentially used are specified, 
and B is used as an abbreviation of A 1 V. . . v A,: 

P(A~IA,)~~~(~~~B)v~O(A~~~A~~B)~~OC~A~~B) 

The members of the last column, excluding the first, yield together 
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U(lA,A...AlA,1A,V.. . VA,) by A2. This contradicts Al by A0 and 
A2 provided that at least one di # i. Otherwise there is of course nothing 
to prove. 

A trivial corollary of (3.1) is: 

(3.2) P(A21A,), . . .,P(A.IA,-,),P(A1lA.)andP(AjlAi)imply 
P(A ilAj) in the calculus of DSDL3 (i,i = 1, . . . , n). 

Remark: One obtains a helpful graphic representation of this and other 
statements by representing the relevant formulas of BL (in this case the Ai, 
in other cases the a-formulas) by points and marking among these points 
the deontic operators regarded as relations between the obligatory or per- 
mitted or forbidden (respectively) and the circumstances. 

(4) Now we need one further theorem: 

(4.1) LetP(A21A,)E~, . . . ,P(A,IA,-,)E21andP(A,IA.)E~. 
Then@,U.. .U&$-L& =&(k= l,..., n). 

Proofi Trivially 2, C (2 r U . . . U J?,) fl d, holds. For proving the converse 
we show first: 

(4.2) Under the assumptions of (4.1)Ai C Gj U Aj for all 
i,j= l,..., n. 

If C(lAjIAi) E 9, then (4.2) is trivial. If not, then P(AjIAi) E 3 according 
to (1.2). This implies P(AiIAj) E 9 by the assumptions, (3.2) (1.2) and 
(1.3). These two facts yield by A4, (1.2) and (1.3): 

O(Aj+CIAJE~iff0(CIA~r\Aj)EI:forallC,and 
U(CIAi A Aj) E %’ iff O(Ai + CIAj) E $.for all C. 

The first implies 

2.i CGj UAzj, 

the second implies 

These together yield (4.2). 
According to (4.2) we have therefore: 

Aic(-ZlluiI,)n... n(~,ua,)foralli=l,...,n, 

and hence 

A,U.. .ua.r(-21,ua,)n...nc~,ua,,. 
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In view of the fact that (%& U 2,) rl A, = Ak, this yields: 

(&U.. .~;l.)nA^~CClAl~u31~)n...n~a,ua,)n 
A, a,. 

(5) Now we are in a position to construct a suitable CPR Q, i.e. a CPR Q 
fulfilling (2.2). To that end we define the following relation in 

(5.1) A ,=AAziffP(A2\A1)E$orthereareB1,...,B,(m>1) 
such thatP(BrlA,)E fD,P(B,IB,)E%‘, . . .,P(B,IB,-,)E%’ 
and P(A2 IB,) E 9, and conversely P(A i IA,) E 3 or there are 

Cl,*.*, C,,(n>l)suchthatP(CrlA,)EI),P(C~lCr)E~,..., 
P(C,IC,-,)Eg andP(ArIC,)E!$). 

Since P(A IA) is a theorem of DSDW, we have P(A IA) E 9 for A E 8 by 
(1.2) and (1.3), i.e. = is reflexive. Trivially, = is symmetrical. By looking at 
(5.1) perhaps with aid of the suggested graphic representation, it is easily 
seen that = is also transitive. Therefore = is an equivalence relation in Q. Let 
8 be divided by x into the r equivalence classes c r , . . . ,c ,.. Within 

& . . . ,C_ r) we define another relation: 

(5.2) ei before c i iff i # j and there are A E C i and B ECj such 
thatP(BlA)Eg. 

Now we assume that the indication of thee i (i = 1, . . . , r) is such that 
the following holds: 

(5.3) notejbeforeeiforalli,j=l,...,rwithi<j. 

Such an indication is always possible, since by (5.1) and (5.2) it is excluded 
that there are il, . . . , 
and eik before C!i, . 

ih such thatc i, before ei, and . . . and Cik-, before C!ik 

At last we define certain sets 

(5.4) ~2,=U~lAECh}(k=1,...,r) and fl=?\$JrQkand 

a certain relation 

(5.5) pr C /3? if and only if there are i and j with i > j such that 
plERiandpzEStj,orifp,E~. 

This is the desired CPR. 

(6) The only thing we still have to show is that the relation Q defined in 
(5.5) really is a CPR and fulfills (2.2). This may be done in the following way: 
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By (5.3) (5.2) and (1.2) we have: 
0(1BIA)E~forallAECiandBEej,wherei<j,henceaC1Bforall 
A ECi andBEej, h w erei<j,henceU@IAECi}clBforallBECi 
and all i <j, hence 

(6.1) ~n~i=Q1forallBECjandalli<i. 

Further - and now our efforts are rewarded - we can use (4.1) and con- 
clude, on account of the definition of the ej and (5 .l), that 

knU(;rIAEfj}=B forallBEej,i.e.that 

(6.2) h n Sij =B for allB EC/. 

Finally, (6.1) yields byB Ch: 
B n ai = 8 for all B EC/ and all i <i, hence s2j n fii = 9 for all i < j, hence 

(6.3) ~;2in52i=9foralli,j=l,...,rwithi#j. 

By (6.3) and the definition of Q in (5 5) it is trivial that Q is a CPR. 
Metaphorically, Rr consists of the most preferable or most ideal possible 
worlds according to < !& consists of the second most preferable 
ones,. . . , 52,. consists of the second least preferable ones and R consists of 
the least preferable ones, if it is not empty. By (6.1) and (6.2) it is equally 
trivial that (2.2) holds, i.e. that Max& = B for all B E 8 for the CPR C 
defined in (5.5). 

This finishes the proof of completeness and thus of adequacy of the 
calculus of DSDL3.6 

4. DISCUSSION AND CONCLUSIONS 

4.1. Now, correctness and completeness results are usually of some formal 
interest.But apart from that, did Hansson’s semantics really deserve this 
much effort? I think so. There is no doubt that it represents considerable 
progress for dyadic deontic logic; for in this field to date intuitions have 
been converted into axioms in a relatively uncontrolled manner, and where 
this can lead has been shown impressively by Hansson himself.’ But Hansson’s 
semantics does for dyadic deontic logic even more, I think, than Kripkean 
semantics like Hintikka’s’ do for (iterated) monadic deontic logic. The 
reason is, I believe, the following: 

Semantical procedures are meant to back our intuitions in certain fields. 
And surely, in deontic logic, monadic and dyadic, our intuitions are in need 



ANANALYSISOFHANSSON'SDYADICDEONTICLOGIC 247 

of that support. How well do the semantics in question serve this purpose? 
If we understand Hansson’s semantics, we know what it means that A is 
obligatory under circumstances B according to some CPR. If we understand 
Hintikka’s semantics for monadic deontic logic, we know what it means that 
A is obligatory according to some model system. Now these things are at 
most of indirect interest. Interpreting the obligation operator descriptively, 
as we do, we are in the first place interested in the notion ofA being 
obligatory (under circumstances B) according to some (not mentioned) 
person or institution. Hence the semantics serve their purpose only when 
the CPRs or the model systems can somehow be associated with that person 
or institution. With CPRs this presents no intuitive difficulties, but with 
model systems it does. Indeed, in both cases we are thrown back upon our 
intuitions. But this is no surprise. Somewhere the intuitions must enter the 
picture. But the ways in which they enter are totally different for Hansson’s 
semantics and Hintikka’s. With Hansson’s semantics we move from the 
intuitively unreliable field of the (conditional) obligatory to the more reliable 
field of preference relations, whereas Hintikka’s semantics leads one into a 
terrain which is in any case no more reliable. And because this is so, 
Hansson’s semantics may be readily discussed on intuitive grounds, as will 
be done now. 

4.2. A familiar objection is concerned with the connectedness condition. As 
just mentioned, we are not interested in the concept of being obligatory 
according to a CPR, but rather in the concept of being obligatory according 
to some person or institution which has a CPR. Therefore, one may argue 
against Hansson’s semantics that it seems inadequate insofar as it demands 
of that person or institution that it compares any two possible worlds with 
respect to their preferability (connectedness of CPRs); and it is rather diffi- 
cult to fulfill this condition. It seems more adequate to define ordinary 
preference relations (OPR) as fulfilling exactly the conditions Pl , P2, P3 
and P5 and then proceed in the same way. But, as I will show now, it makes 
no difference which semantics we accept; the same formulas are valid for 
both. 

First, by examining the correctness proof it is easily seen that all the 
axioms AO-A5 are valid in the semantics with OPR; at no place there did 
we need the connectedness condition P4. Consequently the set of theorems 
of DSDL3 and thus, by the completeness result, the set of valid formulas 
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with respect to the semantics with CPR is a subset of the valid formulas with 
respect to the semantics with OPR. The converse, of course, also holds 
simply because the set of all CPR is a subset of the set of all OPR, so that 
a formula which is true under all valuations of DSDL3 belonging to a OPR 
is, a fortiori, true under all valuations of DSDL3 belonging to a CPR. 

4.3. Yet in another respect, demanding a CPR of a person or institution 
seems to be asking too much, because one may have to compare two possible 
worlds which differ in infinitely many respects, i.e. two Boolean valuations 
of BL which assign different truth values to infinitely many propositional 
variables. But we are able to diffuse even this argument, in a certain way. 
To that end let us define: Q is a preference relation for BL representable by 
a finite set of formulas of,BL (FPR) iff there exist finitely many formulas 
A . . ..A.ofBLwithdif7Aj=@fori#fandUz=.dj=tsuchthat 
flrlk 02 holds iff there are i and i with i >i such that /3r E di and /3z E Aj. 
Again, as at the end of the completeness proof it is clear that each FPR 
is a CPR. Now, if we compare this definition with (5.4), (6.3) and definition 
(5.5) in Section 3, and if we consider that the set 9 and all setser in Section 
3 were finite and that consequently formulas A r, . . . , A, and A can be 
found for a,, . . . , S& and-S2 from (5.4) such that Ak = Q (k = 1, . . . ,r) 
and A = S2, then the completeness proof shows that each satisfiable finite 
set of formulas of DSDL3 is satisfiable even by a valuation belonging to a 
FPR. That is, we may formulate Hansson’s semantics with FPRs instead of 
CPRs without changing the logic, i.e. the set of valid formulas. 

With the FPRs we have not succeeded in avoiding the comparison of 
two Boolean valuations of BL which assign different values to infinitely 
many propositional variables, as suggested.above. But we have attained 
something similar: Since each FPR is given by a finite set of formulas of BL 
(with certain properties) and since the formulas of this set contain only 
finitely many propositional variables, one has to judge the preferability of 
each Boolean valuation of BL only with respect to the truth values it assigns 
to these finitely many propositional variables. Differences in the valuation of 
the other propositional variables are irrelevant insofar as two Boolean valua- 
tions of BL which assign the same values to these finitely many propositional 
variables automatically have the same preferability. 

4.4. Having refuted two possible objections we have not yet saved Hansson’s 
semantics. As I see it, the crucial point is the validity of the formula O(A IA). 
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Surely most people would accept ‘A is obligatory under circumstances A 
(according to a certain person or institution)’ neither as being analytically 
true nor as criterion of rationality, especially in the case where A is some- 
thing primarily forbidden, i.e. something forbidden under tautological 
circumstances. This smacks a little bit like justifying the factual. On the 
other hand it is perfectly intelligible that according to the semantical 
determination of the dyadic deontic operators O(A IA) is bound to be valid. 
So Hansson has either got different intuitions than most other people or 
something has gone wrong with the formalization of his intuitions. 

Now being that Hansson has defended the validity of O(A IA), let us look 
there. He says: “Obligations of the form O(A IA) and 0(X IA) will play 
a special role in those logics. What does it mean to say O(74 IA)? Let A 
be ‘Smith robs Jones’. It seems rather pointless to say ‘Smith ought to refrain 
from robbing Jones in the circumstance where he actually robs him’. If 
Smith has robbed Jones, he cannot ‘undo’ it. He can restore what he robbed 
(and this is obligatory under circumstance A in normal norm systems) but 
this act is not the act of refraining from robbing Jones. We may perhaps 
claim that the sentence in question only means that he should not have 
done what he did, but then there would be no reason to mention the 
circumstances; no matter what he actually did, he should not rob Jones.“’ 
Then Hansson discusses the same point with another example and concludes 
thereupon “that formulas like O(B IA) shall never be true if A and b are 
disjoint”.” 

Unfortunately Hansson’s argument is inconclusive in two respects. First, 
Hansson only argues for not accepting O(lA IA) as satisfiable, i.e. for 
accepting P(A IA) as valid; he has not said anything about the validity of the 
stronger O(A IA). Secondly - and this is much more important - he may 
be understood in quite another way than he seems to understand himself. 
His argument “it seems rather pointless . ..“. cited above, need not be under- 
stood as saying that it is false or impossible or irrational that 74 is obliga- 
tory under circumstances,4, it can rather be understood as saying that it is 
vain and meaningless to say that 74 .is obligatory under circumstances A. 
This is, as I think, the better of the two interpretations. According to it one 
has to regard Om IA) not as logically false, but as meaningless and, conse- 
quently, O(A IA) not as valid, but also as meaningless. 

That is, I suggest applying Hansson’s semantics, only to formulas in which 
the obligatory state of affairs lies in the future relative to the time the 
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obligation is in force; or more precisely, that O(B 1.4) qualifies as prime 
formula of DSDL3 only if t2 is later than Cl and tl is later than to where t2 
is the point or interval of time referred to by B, tl is the point or interval of 
time referred to by A, and to is the point or interval of time at which this 
obligation is in force. Both O(lA IA) and O(A IA) would then not qualify 
as prime formulas and would be outside the scope of Hansson’s semantics, 
the diesirability of which was just acknowledged. 

Now, why should this be more than a mere ad hoc ruling of the matter 
and how does this go together with the fact that it is obviously meaningful 
to say that things ought to be, or have been, different from what they are, 
or were? First, let me say that for Hansson this could scarcely be a mere ad 
hoc ruling, for it expresses exactly his initial intuition, which he formulates 
in this way: “The problem of conditional obligation is what happens if 
somebody nevertheless performs a forbidden act. Ideal worlds are excluded. 
But it may be the case that among the still achievable worlds some are better 
than others. There should then be an obligation to make the best out of the 
sad circumstances.” l1 Hansson’s formal translation of the last sentence is 
that (according to a certain person or institution) something is obligatory 
under certain circumstances if and only if it is true in all possible worlds 
most preferable within these circumstances, e.g. these possibly very sad 
circumstances themselves. No doubt, one might interpret the obligation 
operator in this way; but it would definitely be more adequate to interpret 
it in the way which seems also to be expressed in the last of the sentences 
just cited: namely that something is obligatory under certain circumstances 
if and only if it continues these circumstances as optimally as possible. 
Hence Hansson’s intuition cannot be adequately formalized without regard 
to the temporal relations involved, and above I have only suggested just 
what these temporal relations are. 

And there are also good philosophical reasons for anyone to look upon 
it as more than a mere ad hoc ruling. At least it is a widespread metaethical 
view that all ethical judgements, part of which the obligation operator is 
meant to explicate, are essentially concerned with guiding human action 
and thus are looking to the future. Dewey, for instance, says that “morality 
is largely concerned with controlling human nature”,12 and Stevenson is 
quite explicit about the point in saying “that ethical judgements look mainly 
to future actions”.13 Similar views could be found in many other places. 

If this widely accepted view is really correct, then it is clear that my 
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suggestion above is not ad hoc, but quite natural - all the more as Hansson’s 
semantics is apparently designed for such future-oriented obligations, as just 
seen. But that is not to say, and the philosophers quoted would not wish to 
maintain, that moralizing about the past is meaningless. It is only that this 
past-oriented use of ethical terms including the obligation operator is a 
secondary derivative use possibly following a different or more complicated 
logic. For instance, an important problem accruing to past-oriented obliga- 
tions is that one has to consider from which of the past events one must 
start and which may be ignored - provided that one does not wish to ignore 
past events completely, simply describing a perfectly ideal past; something 
that could be done even with a monadic obligation operator. Future-oriented 
conditional obligations, on the contrary, can start from the situation given 
and say that if this and this happens, that or that should subsequently happen. 
Of course, it would be nice, if there were one logic for all sentences of the 
form O(B IA) (and logical compounds thereof). But in looking for such a 
logic one must be prepared to deal with two apparently quite different 
uses of the obligation operator. So we may safely conclude that the sugges- 
tion above picks out just those sentences to which Hansson’s semantics can 
be meaningfully applied. 

The technical realization of this suggestion, however, is another question. 
This would require a combination of deontic and temporal logic thus involv- 
ing many technical problems which I do not want to discuss now. This plea 
for temporal relations is only meant to indicate a way of making dyadic 
deontic logic intuitively more adequate. 

4.5. Finally, I shall show that the correctness and completeness proof also 
yields the decidability of the set of valid formulas of DSDL3. On the one 
hand the set of provable formulas of DSDL3 and thus the set of valid 
formulas of DSDL3 is recursively enumerable, of course. On the other hand 
the set of satisfiable formulas of DSDL3 is also recursively enumerable, as 
can be seen in the following way: First, the set of all finite sets M of form- 
ulas of BL such that U A EMa = i and such that for all typographically 
different A, B E Md n i = 0 holds, is decidable because of the decidability 
of propositional logic. Hence, the set of all FPRs is recursively enumerable. 
Thus we gain the desired fesult by the fact that for each FPR Q the set of 
all formulas D of DSDW with Q+(D) = 1 is decidable and by the fact that 
each satisfiable formula can be satisfied by a FPR. But by this we do not 
have a convenient decision procedure. 
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NOTES 

’ This paper is part of my unpublished master thesis ‘Zur deontischen Logik und 
Wollenslogik’, Munich 1973. 
2 Hansson [3] 
: Hansson [3], p. 121. 

’ 
Hansson [ 31, p. 143ff. 
Here, as in the following, a statement of the form C(C,lC,) E 0 is often made 

without it being assured that C, E Q and C, E U . However, in these cases there will 
always be exactly one C,’ E Q and exactly one C; E Q logically equivalent to C, and C, 
respectively; that is, such a statement is then to read as 0 (C; I C;) E 0 or 
P(c;Ic;) E 0. 
6 Using theorem 7 from Hansson [ 21 it would have been possible to shorten the com- 
pleteness proof at the end. For (4,2) yields: Under the assump$ons of (4.;) we have- 
AiCIAj UJj, hencez(nAjcAj,and thereforeTinAj nAi=JinAjSJj nAi. 
By putting first i = k and i = k + 1, and then i = k + 1 and j = k in the last inclusion 
we obtain: 

(*) Under the assumptions of (4.1) zh n Ak+r = Ak n A”k+, holds for 
k= l,...,n-1. 

With (*) it is easily verified that tV, f) with V = (p^ IA E (i }and f(d) = A” for all 
A E V is a M-choice structure in the sense of definition 6 of Hansson [ 21, which implies 
by theorem 7 of Hansson [2] that there exists a CPR such as we were looking for. 

Nevertheless my proof seems preferable, since it proceeds constructively, enabling 
the reader to understand how the desired CPR is really constructed, whereas Hansson’s 
theorem, because of its much greater generality, requires, as inconstructive means, the 
axiom of choice. Furthermore, my construction is essential for the argument put 
forward in Section 4.3. 
’ Hansson [3], pp. 133-141. 
8 Hintikka [4], pp. 67-73. 
9 Hansson [3], p. 141f. I took the liberty of adjusting Hansson’s notation to mine. 
lo Hansson 131, p. 142. 
r1 Hansson [3], p. 143. 
l2 Dewey [l],p. 1. 
l3 Stevenson [S], p. 302. 
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