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Summary

This dissertation consists of three essays on matching estimators which I have written

at the University of Konstanz between October 2004 and November 2007. Thereby,

the class of local polynomial matching estimators is the central object of investiga-

tion. Local polynomial matching estimators are mean functionals of local polynomial

regression estimators which constitute a broad research field in the nonparametric

literature. This allows one to draw on solution approaches proposed for certain

local polynomial regression problems in order to solve corresponding problems for

the matching estimator, like the choice of an optimal smoothing parameter. An im-

portant theoretical property of local polynomial matching estimators is that, even

though local polynomial regression is a nonparametric estimation method, the mean

functionals can be shown to be
√

n-consistent (see Cheng (1994) and Heckman,

Ichimura, and Todd (1998)).

With local polynomial matching as the method of interest, each of the three essays

constitutes one of the following three chapters. Regarding their scientific contribu-

tions, the essays can be roughly classified into two categories. Chapter 1 concentrates

on applying local polynomial matching methods in order to account for missing data

when estimating parametric conditional mean functions. The other two essays con-

tained in the Chapters 2 and 3 provide a closer link at the nonparametric regression

literature by developing data-driven smoothing parameter selection algorithms for

the matching estimator. Therefore, the last two chapters are closely connected with

respect to the research question. More details on the objects of investigation and on

the proposed methods are provided in the following summary.

Chapter 1 is a version of the working paper Accounting for Missing Data in M-

Estimation: A General Matching Approach. Thereby, M-estimation of conditional

mean functions when observations are missing at random is addressed. The usual ap-

proach of correcting for missing data, when the missing data mechanism is ignorable,
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SUMMARY

is inverse probability weighting which goes back to Horvitz and Thompson (1952).

An alternative semiparametric M-estimator which involves local polynomial propen-

sity score matching techniques is proposed and its asymptotic distribution is derived.

The estimator is basically an extension of the GMM approach proposed by Frölich

(2006) by yielding a higher degree of robustness against model misspecification. This

property is especially useful in the context of program evaluation. For example, like

inverse probability weighting, the proposed estimation approach is double robust

(Scharfstein, Rotnitzky, and Robins (1999)) for the estimation of average treatment

effects, i.e., it yields consistent treatment effect estimates provided that either the

propensity score model or the conditional mean function is correctly specified. An-

other extension to Frölich’s approach constitutes the fact that the semiparametric

M-estimator allows the exclusion of covariates from the outcome equation. This can

be especially of interest when estimating structural models or when the aim is to

perform predictions based on a subset of covariates. The essay also contains a Monte

Carlo study, from which the results suggest slightly better finite sample properties

of the semiparametric M-estimator relatively to inverse probability weighting. In

order to stress the importance of the proposed estimator for research questions of

actual empirical economic interest, a version of the proposed estimator is applied

to estimate the impact of noncognitive skills on wages in Germany for two differ-

ent educational treatment regimes. The empirical results indicate that in addition

to cognitive skills, noncognitive skills also matter in the wage determination process.

Chapter 2 is based on the paper Empirical Bias Bandwidth Choice for Local Poly-

nomial Matching Estimators which addresses the choice of an optimal smoothing

parameter for local polynomial matching. Standard bandwidth selectors for non-

parametric regression like cross-validation aim to minimize the Mean Integrated

Squared Error (MISE) of the conditional mean function estimator. However, the

bandwidths optimal in terms of the MISE are not necessarily optimal for the match-

ing estimator, which is basically an average of conditional mean function estimates.

In this case, an appropriate optimality criterion would be the Mean Squared Er-

ror (MSE) of the matching estimator. In this chapter, a version of Empirical Bias

Bandwidth Selection (EBBS) proposed by Ruppert (1997) is applied to account for

the MSE computation of the matching estimator. To my best knowledge, this is

the first study in developing a smoothing parameter selection algorithm for local

polynomial matching which is based on the MSE as optimality criterion. In addi-

2



SUMMARY

tion, an estimator for the large sample variance of the local polynomial matching

estimator is also provided. The distinctive feature of the proposed method lies in

the bias estimation of the matching estimators. Thereby, the aim is to estimate

a preasymptotic MSE approximation. Preasymptotic approximations minimize the

use and, therefore, the estimation of components of the asymptotic MSE expression

by using natural prelimit expressions (see Doksum, Peterson, and Samarov (2000)).

This class of approximations are based on Taylor Series expansions of the bias part

around a bandwidth value of zero. For local polynomial conditional mean function

estimators, preasymptotic Taylor-Expansion-based selectors have been proposed by

Fan and Gijbels (1995), Fan et al. (1996), and Fan and Huang (1999). These

methods have in common that they require only few estimates of the components

of the asymptotic bias approximation.1 The EBBS approach can be also considered

a preasymptotic bandwidth selector. However, it completely avoids the necessity of

estimating complicated asymptotic approximations of the bias model since the bias

is estimated by fitting a model to the data. This can result in more accurate bias

approximations in finite samples. A Monte Carlo study indicates better small sam-

ple performance of nonparametric matching estimators when the bandwidth choice

is based on EBBS instead on cross-validation. Furthermore, the method is applied

to estimate the treatment effect on the treated of the National Supported Work

(NSW) Demonstration. The empirical results indicate that using EBBS leads to

more stable estimates of the experimental benchmark compared to estimates based

on cross-validated bandwidths.

Chapter 3 results from the paper titled Optimal Bandwidth Choice for Matching Es-

timators by Double Smoothing where, analogous to Chapter 2, a data-driven band-

width selection algorithm for local polynomial matching estimators is proposed. The

difference to the EBBS selector lies in the estimation of the bias term which is based

on the Double Smoothing (DS) approach going back to Müller (1985) and Här-

dle, Hall, and Marron (1992). Contrary to the EBBS method or other selectors

based on preasymptotic MSE approximations, the DS method involves a “naive”

bias estimator (Doksum, Peterson, and Samarov (2000)) which does not rely on any

Taylor-Expansion-based bias model. This bears two advantages over the EBBS ap-

proach: First, the estimated MSE does not converge to zero when the bandwidth

gets large, which allows to better account for local minima of the MSE function. Sec-

1See Doksum, Peterson, and Samarov (2000) for a comparison of these methods for local polynomial

regression estimators and for an alternative bandwidth selector.
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SUMMARY

ond, the DS selector is also applicable to trimmed versions of the local polynomial

estimators, especially when using kernels with bounded support. This means that

the proposed bandwidth selector takes into account the selection bias which arises

when dropping observations from the target group. It is shown that the DS selector

exhibits a faster rate of convergence than cross-validation selectors for local poly-

nomial regression estimators. A Monte Carlo study reveals that using the proposed

algorithm can reduce the MSE of matching estimator compared to the MISE based

cross-validation procedure. Furthermore, the estimated MSE nicely approximates

the true MSE of the matching estimator.

Although the proposed DS selector seems applicable to a wider class of local poly-

nomial matching estimators, compared to the EBBS selector described in Chapter

2, it does not imply that DS should be generally preferred to EBBS. A detailed

comparison of both bandwidth selectors regarding their theoretical and finite sam-

ple performances still needs to be carried out. For the moment, a comparison of

the results in Chapter 2 and 3 leads to the conclusion that one has to be aware

whether trimming is applied in local polynomial matching when deciding on which

bandwidth selector to apply. Estimators based on trimming rules generally do not

allow selection algorithms which rely on estimating asymptotic bias approximations

resulting from a Taylor Series expansion around a smoothing parameter value of

zero. In this case the bandwidth selection approaches would bear the risk of under-

smoothing. This important distinction has not been made so far when analyzing

optimal smoothing parameter choice for matching estimators. It also explains the

Monte Carlo results by Frölich (2005), where the asymptotic MSE approximations

are not very reliable in small bandwidth regions for matching estimators based on the

Epanechnikov kernel. The results from the two essays on optimal bandwidth choice

can therefore be regarded as a basis for developing further smoothing parameter

selectors (also based on asymptotic MSE approximations), which still constitutes an

under-researched field in the matching context despite its importance for practical

implementation.

4



Zusammenfassung

Die vorliegende Dissertation besteht aus drei Aufsätzen über Matching Verfahren, die

ich zwischen Oktober 2004 und November 2007 an der Universität Konstanz verfasst

habe. Den zentralen Untersuchungsaspekt der Aufsätze bildet dabei die Klasse der

lokal polynomialen Matching-Schätzer. Lokal polynomiale Matching-Schätzer sind

Mittelwertfunktionale von lokal polynomialen Regressionsschätzern. Eine wichtige

theoretische Eigenschaft lokal polynomialer Matching-Schätzer ist, dass die Mittel-

wertfunktionale
√

n-konsistent sind, obwohl sie auf nichtparametrischen Schätzern

basieren (siehe Cheng (1994) und Heckman, Ichimura und Todd (1998)).

Jeder der drei Aufsätze bildet dabei eines der drei folgenden Kapitel. Aufgrund ihrer

wissenschaftlichen Beiträge können die Aufsätze grob in zwei Kategorien eingeteilt

werden. In Kapitel 1 werden lokal polynomiale Matching-Methoden angewendet, um

für fehlende Daten bei der Schätzung von parametrischen bedingten Erwartungswert-

funktionen zu korrigieren. Die anderen beiden Aufsätze, die in Kapitel 2 und 3 en-

thalten sind, stellen eine engere Verbindung zu der nichtparametrischen Regression-

sliteratur her, indem sie datenbasierte Algorithmen zur Auswahl des Glättungspa-

rameters für den Matching-Schätzer behandeln. Mehr Details über die einzelnen

Untersuchungsgegenstände und über die vorgeschlagenen Methoden liefert die fol-

gende Zusammenfassung.

Kapitel 1 ist eine Version des Arbeitspapiers Accounting for Missing Data in M-

Estimation: A General Matching Approach. Darin wird die M-Schätzung von bed-

ingten Erwartungswertfunktionen behandelt, wenn Beobachtungen “zufällig fehlen”

(“missing at random”). Ein weit verbreitetes Korrekturverfahren, wenn der die

fehlenden Daten generierende Mechanismus ignorierbar ist, stellt die Gewichtung

durch die inverse Wahrscheinlichkeit dar, welche auf Horvitz und Thompson (1952)

zurückgeht. Es wird eine semiparametrische Alternativmethode vorgeschlagen, die

auf der lokal polynomialen Propensity Score-Technik basiert und die asymptotische

5



ZUSAMMENFASSUNG

Verteilung des Schätzers hergeleitet. Der Schätzer ist im Grunde eine Erweiterung

des GMM-Ansatzes von Frölich (2006), indem er einen höheren Grad an Robus-

theit gegen Modellfehlspezifizierung aufweist. Diese Eigenschaft kann vor allem im

Bereich der ökonometrischen Programmevaluation von Nutzen sein. Zum Beispiel

ist das Verfahren doppelt robust (Scharfstein, Rotnitzky und Robins (1999)) für die

Schätzung von durchschnittlichen Maßnahmeneffekten. Dies bedeutet, dass konsis-

tente Maßnahmeneffektschätzungen erzielt werden, wenn entweder das Propensity

Score-Modell oder die bedingte Erwartungswertfunktion korrekt spezifiziert sind.

Eine zweite Erweiterung zu Frölichs Methode stellt die Tatsache dar, dass der semi-

parametrische M-Schätzer den Ausschluss von Variablen aus der Strukturgleichung

erlaubt. Dies kann beispielsweise von Interesse sein, wenn man Vorhersagen auf Ba-

sis einer Teilmenge von Kovariaten durchführen will. Der Aufsatz enthält auch eine

Monte-Carlo-Studie, aus der sich, verglichen mit der Methode der Gewichtung durch

die inverse Wahrscheinlichkeit, leicht bessere endliche Stichprobeneigenschaften des

vorgeschlagenen Schätzers ergeben. Als empirisches Anwendungsbeispiel des semi-

parametrischen M-Schätzers dient die Schätzung des Einflusses von nichtkognitiven

Fähigkeiten auf Löhne in Deutschland.

Kapitel 2 basiert auf dem Papier Empirical Bias Bandwidth Choice for Local Poly-

nomial Matching Estimators, das auf die Wahl des optimalen Glättungsparame-

ters für lokal polynomiale Matching-Schätzer abzielt. Gewöhnliche Bandbreiten-

wahlalgorithmen für nichtparametrische Regressionsschätzer, wie z.B. die Kreuzva-

lidierung, sind nicht notwendigerweise optimal für Matching-Verfahren. In diesem

Kapitel wird daher eine Methode vorgeschlagen, die eine auf Matching-Schätzer

erweiterte Version der Empirical Bias Bandwidth Selection (EBBS)-Methode von

Ruppert (1997) ist. Zudem wird ein Schätzer für die asymptotische Varianz des

lokal polynomialen Matching-Schätzers vorgeschlagen. Das Besondere des EBBS-

Ansatzes liegt in der Schätzung der Verzerrung des Matching-Schätzers. Anstatt

auf die Schätzung asymptotischer Approximationen zurückzugreifen, wird die Verz-

errung dadurch geschätzt, dass ein Modell an die Daten angepasst wird. Zusammen

mit dem Verzerrungsschätzer und dem Varianzschätzer lässt sich ein Schätzer des

Mittleren Quadratischen Fehlers (MSE) konstruieren, aufgrund dessen schließlich

die optimale Bandbreite gewählt wird. Die Ergebnisse einer Monte-Carlo-Studie

deuten auf bessere endliche Stichprobeneigenschaften von Matching-Schätzern hin,

wenn die Bandbreitenwahl auf EBBS basiert, verglichen mit Schätzern, die auf

6



ZUSAMMENFASSUNG

dem Kreuzvalidierungsverfahren basieren. Die vorgeschlagene Methode wird zudem

bei der Schätzung des Maßnahmeneffektes der National Supported Work (NSW)

Demonstration angewendet. Die Resultate zeigen, dass der EBBS Ansatz zu sta-

bileren Schätzungen des experimentellen Richtwerts im Vergleich zu der Kreuzvali-

dierungsmethode führt.

Kapitel 3 resultiert aus dem Papier Optimal Bandwidth Choice for Matching Es-

timators by Double Smoothing. Analog zu Kapitel 2 wird ein datenbasiertes Ver-

fahren zur Bandbreitenwahl für lokal polynomiale Matching-Schätzer vorgeschla-

gen. Der Unterschied zur EBBS-Methode liegt in der Schätzung der Verzerrung der

Matching-Methode. In diesem Fall basiert sie auf dem Double Smoothing (DS)-

Ansatz, der auf Müller (1985) und Härdle, Hall und Marron (1992) zurückgeht.

Im Gegensatz zur EBBS-Methode, die ein asymptotisches Modell an die Daten

anzupassen versucht, beinhaltet die DS-Methode einen“naiven”Bias-Schätzer (Dok-

sum, Peterson und Samarov (2000)), der nicht auf einem, aus einer Taylorreihenen-

twicklung resultierenden, Modell basiert. Dies führt zu Vorteilen gegenüber dem

EBBS-Ansatz: Erstens konvergiert der geschätzte MSE nicht gegen Null wenn die

Bandbreite größer wird, womit man besser für lokale Minima der MSE Funktion

kontrollieren kann. Zweitens ist die vorgeschlagene Methode auch auf getrimmte

Versionen des Matching-Schätzers anwendbar, insbesondere wenn man Kernfunk-

tionen mit beschränktem Träger verwendet. Das heißt, die DS-Methode berück-

sichtigt die Selektionsverzerrung, welche entsteht, wenn man Beobachtungen aus

der Zielgruppe bei der Schätzung ausschließt. Es wird auch gezeigt, dass der DS-

Algorithmus eine schnellere Konvergenzrate aufweist als Kreuzvalidierungsalgorith-

men für lokal polynomiale Regressionsschätzer. Eine Monte-Carlo-Studie zeigt auf,

dass der vorgeschlagene Ansatz, verglichen mit der Kreuzvalidierungsmethode, zu

MSE-Reduktionen des Matching-Schätzers führt. Darüber hinaus approximiert der

geschätzte MSE relativ gut den wahren MSE des Matching-Schätzers.

Obwohl das DS-Verfahren im Vergleich zu dem in Kapitel 2 beschriebenen EBBS-

Algorithmus auf eine breitere Klasse von lokal polynomialen Matching-Schätzern an-

wendbar scheint, impliziert dies nicht, dass DS gegenüber EBBS generell vorzuziehen

ist. Ein detaillierter Vergleich beider Bandbreitenselektoren steht noch aus. Vorerst

führt eine Gegenüberstellung der Resultate aus Kapitel 2 und 3 zu der Schlussfol-

gerung, dass man in Betracht ziehen muss, ob es sich um einen getrimmten Schätzer

7



ZUSAMMENFASSUNG

handelt, wenn man über die Bandbreitenwahlmethode entscheidet. Schätzer, die

auf Trimmungsregeln basieren, erlauben im Allgemeinen keine Auswahlalgorithmen,

die auf asymptotischen Verzerrungsapproximationen basieren, welche sich aus einer

Taylorreihenentwicklung um einen Bandbreitenwert von Null ergeben. In diesem

Fall würden die Bandbreitenselektoren das Risiko beinhalten, zu kleine Bandbre-

iten zu wählen. Dieser wichtige Unterschied wurde bisher bei der Analyse der

Bandbreitenwahl für Matching-Verfahren nicht angesprochen. Dies erklärt auch

die Monte-Carlo-Ergebnisse von Frölich (2005), wonach sich die asymptotischen

MSE-Approximationen für kleine Bandbreiten und Matching-Schätzer mit einem

Epanechnikov-Kern als nicht reliabel erweisen. Die Resultate der beiden Aufsätze

über die Bandbreitenwahl können daher als Ausgangspunkt für die Entwicklung weit-

erer Glättungsparameterselektoren (auch basierend auf asymptotischen Approxima-

tionen) angesehen werden. Die datenbasierte Bandbreitenwahl stellt im Matching-

Kontext immer noch ein wenig erforschtes Gebiet dar, trotz ihrer Bedeutung für die

praktische Implementierung der Schätzer.
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1. ACCOUNTING FOR MISSING DATA IN M-ESTIMATION: A GENERAL
MATCHING APPROACH

1.1 Introduction

Estimating conditional expectation functions of an outcome variable Y given a vec-

tor of covariates X, E [Y |X], is of great relevance in many fields of empirical re-

search. In this context, missing data constitute a severe problem for conventional

statistical analysis. In panel surveys, for example, the same units are observed re-

peatedly over time. However, observation units may drop out of the panel during

the period of investigation such that the analysis sample consists of the remaining

observations in the corresponding panel waves. This is the case of panel attrition

or unit-nonresponse. Another type of nonresponse is item-nonresponse, where the

individual or household refuses to answer a specific question. The missing data

problem also applies to the field of program evaluation concerning identification and

estimation of average treatment effects. In this context, it is also known as the

fundamental problem of causal inference: If one defines a causal effect as the differ-

ence between the potential outcomes under each treatment regime, the researcher

can only observe one potential outcome for each individual at the same time. Now,

if the factors that determine the missing data process correlate with the outcome

variable being investigated, estimates of E [Y |X] are biased due to selection un-

less further assumptions are imposed. In order to solve these kinds of missing data

problems, a large body of literature relies on the assumption that Y is missing at

random (MAR). Equivalently, one assumes that the missing data mechanism is ig-

norable. This assumption goes back to Rubin (1976, 1977) and basically means

that the variables which drive both the missing data process and the outcome vari-

able of interest can be observed by the researcher, such that they can be included

as further covariates in the estimation procedure in order to control for selection bias.

In this paper we focus on the M-estimation framework when the missing data mech-

anism is ignorable. Thereby, a common method to correct for missing data is in-

verse probability weighting (see for example Robins and Rotnitzky (1995), Robins,

Rotnitzky, and Zao (1995), Fitzgerald, Gottschalk, and Moffit (1998), Hirano, Im-

bens, Ridder, and Rubin (2001), Abowd, Crepon, and Kramarz (2001), Wooldridge

(2002b) and Inkmann (2005)). We propose instead to use local polynomial propen-

sity score matching techniques which have been suggested by Heckman, Ichimura,

and Todd (1998) and are commonly applied in the treatment effect literature. We

believe that the value added of this paper is threefold. First, it shows how to com-

bine propensity score matching techniques with M-estimation in order to account for

10
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missing data as an alternative to inverse probability weighting. Thereby, the result-

ing empirical objective function of the estimator is nicely interpretable as an average

of observed components and estimated conditional moments. Second, this paper ex-

tends the semiparametric GMM estimator proposed by Frölich (2006), which is also

based on local polynomial propensity score matching methods. One extension is

that it yields a higher degree of robustness against functional form misspecification

of both the regression and propensity score model. The other extension consists of

the fact that the method proposed in this paper allows the exclusion of conditioning

variables relevant for the MAR assumption from the outcome equation in order to

estimate structural models. Third, by choice of an appropriate smoothing param-

eter, the semiparametric M-estimator may outperform M-estimation with inverse

probability weighting in its finite sample properties in special cases. For example,

the inverse probability weighting estimator can be very imprecise when the condi-

tional probability estimates are extremely low.

The proposed estimator offers a variety of application possibilities. Especially in

the context of program evaluation, one can make use of an interesting property

of the estimator. It is shown in this paper that the proposed semiparametric M-

estimator has the double robustness property (Scharfstein, Rotnitzky, and Robins

(1999)) in estimating average treatment effects in program evaluation. This means,

for a certain class of parametric models, that if either the propensity score or the

conditional mean function is correctly specified, one gets a consistent estimate of

the unconditional average treatment effect. Recently, there has been also a growing

interest in optimal treatment assignment procedures (see for example Black, Smith,

Berger, and Noel (2003), Manski (2000, 2004), Dehejia (2005) or Frölich (2007b)).

By modeling the expected potential outcomes, a more structural approach is taken

and allows one to make out of sample predictions, which may be useful, for example,

to conduct assignment into the treatments based on the predicted outcomes of the

individuals.

This paper is organized as follows. Section 1.2 introduces the basic model setup

and the proposed matching approach. Furthermore, the asymptotic distribution of

the semiparametric M-estimator is derived and some application possibilities are

described. In order to investigate the finite sample properties of the proposed esti-

mator, a small Monte Carlo study is carried out in Section 1.3. Section 1.4 provides

11
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an empirical application example where the estimation approach is applied to ana-

lyze the effect of noncognitive skills on wages for two different educational treatment

regimes. Finally, Section 1.5 summarizes the main results and addresses further re-

search questions.

1.2 Theory

1.2.1 A General Matching Approach

The model and derivations in this paper are stated for cross sections but they can

also easily be extended to the panel context in order to account for panel attrition.

Let Y ∈ R be the outcome variable of interest, and X ∈ Rd a d-dimensional vector

of explanatory variables. Furthermore, denote as T ∈ Rs a s-dimensional vector of

covariates. T may contain X or also lagged values of the dependent variable if we

consider a panel data set. It is assumed that in a sample of size n some observations

on Y are missing but X and T are observed completely. Therefore, the incomplete

sample {Yi, Xi, Ti, Di}n
i=1 is observed where Di = 0 if Yi is missing and Di = 1 oth-

erwise.1

The interest lies in estimating parameters of the conditional expectation function,

E [Y |X]. Therefore, define as µ(X, θ) a function depending on the covariate vector

X and a k-dimensional parameter vector θ, where θ ∈ Θ ⊂ Rk and µ(·, ·) is assumed

to be known. In order to introduce the M-estimation framework, let q(Z, θ) be an

objective function, where Z = (Y,X ′)′. As a start, suppose that there are no missing

observations on Y . Then the standard identification assumption for M-estimators is:

Assumption 2.1: θ0 uniquely solves the population problem

min
θ∈Θ

E [q(Z, θ)] . (1.1)

If θ0 also satisfies E [Y |X] = µ(X, θ0), i.e., the conditional mean function is correctly

specified, E [Y |X] is parametrically identified. However, in order to also allow for

misspecified outcome equations, we only rely on Assumption 2.1 unless otherwise

noted. Based on Assumption 2.1, the M-estimator θ̂ of θ0 is defined as the solution

1As long as X is not a subset of T , there may be also missing observations on X. For example, in

the case of panel attrition, time dependent variables in X will be missing.
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to the problem

min
θ∈Θ

n−1

n∑
i=1

q(Zi, θ).

Under specific regularity conditions, the M-estimator can be shown to be consis-

tent and asymptotically normally distributed (see for example Wooldridge (2002a),

Chapter 12). The sample average of q(Zi, θ) is an estimator for the population ob-

jective function, E [q(Z, θ)].

When observations on Y are missing, the population moment cannot be identified

unless certain additional assumptions hold. The M-estimator based on a complete

case analysis solves the problem

min
θ∈Θ

n−1

n∑
i=1

Diq(Zi, θ)

The corresponding estimator θ̂ is only consistent for θ0 if θ0 is the unique solution

to

min
θ∈Θ

E [Dq(Z, θ)] . (1.2)

However, without further assumptions the solutions of (1.2) and (1.1) are not the

same. It is now assumed that the data on Y are missing at random (MAR) by

applying the following conditional independence assumption (CIA):

Assumption 2.2

Z⊥D|T,

where ⊥ stands for independence. As already mentioned, T and X may be distinct.

Application examples where this could be the case are given in Section 1.2.4.

Identification under the MAR assumption requires a support condition:

Pr(D = 1|T ) > 0.

This condition ensures that, in order to identify the population moment, there are

no individuals whose conditional selection probability into the sample is zero. Since

the identification of the expected counterfactual objective function is restricted to

the T support for the observations in the sample, the support region is restricted to

the support for the non-missing observations.
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By using panel data, selection on unobservable factors is also allowed for certain fixed

effects estimators, where it is assumed that the unobservable individual component

which affects the individual outcome and the missing data mechanism stays constant

over time. The MAR assumption in the fixed effects case can then be stated as

Zt⊥Dt|Tt, c

where t stands for a specific time period or panel wave and c is an unobserved,

time constant factor. See also Frölich (2007a) for a similar argument. Compared to

Heckman-type approaches which account for selection due to unobservable factors,

no exclusion restrictions are needed. Furthermore, approaches that correct for sam-

ple selectivity are only applicable to special nonlinear models, like the exponential

model (see for example Wooldridge (1997)). Since rich data sets are required in order

to observe the relevant covariates, data collecting institutions carry out nonrespond-

ing surveys on a more regular basis. In Germany one example is the Mannheim

Innovation Panel (MIP) carried out by the Centre of European Economic Research

(ZEW). Such a type of nonresponse analysis makes the use of methods based on the

MAR assumption more attractive.

Now, consider first the special case when T = X, such that

Z⊥D|X.

Given that the conditional expectation function is correctly specified, one can strengthen

Assumption 2.1 in the following sense:

Assumption 2.3: Assume that E [Y |X] = µ(X, θ0) and θ0 solves

min
θ∈Θ

E [q(Z, θ)|X] .

This implies that θ0 is also the solution to

min
θ∈Θ

E [Dq(Z, θ)] .

Assumption 2.3 is easily shown to hold for the least squares objective function. It also

holds, for example, for quasi-maximum likelihood problems in the linear exponential

family when the conditional expectation function is correctly specified. Wooldridge

(2002b, 2004) refers to estimation methods which only use the data of the respon-

dent population as the unweighted estimators. However, if the distribution of the X’s
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differs in the respondent and nonrespondent population, the unweighted approach

leads to biased estimates of the regression plane in the nonrespondent population.

A semiparametric approach to encounter this problem is presented by Frölich (2006)

for the General Method of Moments (GMM) setup. The proposed method consists

of including two types of moment functions in the optimization framework. One set

of moment functions accounts for the regression in the responding population, while

the other set of moment functions accounts for the average bias of the parametric

regression plane in the nonresponding population. However, if T and X are dis-

tinct, the unweighted M-estimation approach as well as the semiparametric GMM

approach proposed by Frölich (2006) do not identify θ0 anymore.

Consider now again the general case where T 6= X and where θ0 can be the pa-

rameter vector of a misspecified outcome equation. One method to identify the

population moment when the missing data mechanism is ignorable is Inverse Prob-

ability Weighting (IPW):

E

[
q(Z, θ)

D

Pr(D = 1|T )

]
= E [q(Z, θ)]

This method weights the observed objective functions by the inverse of the individual

response probability, given a vector of certain covariates. IPW goes back to Horvitz

and Thompson (1952), and is applied in the context of nonresponse, for example,

by Robins and Rotnitzky (1995), Robins, Rotnitzky, and Zao (1995), Fitzgerald,

Gottschalk, and Moffit (1998), Hirano, Imbens, Ridder, and Rubin (2001), Abowd,

Crepon, and Kramarz (2001), Wooldridge (2002b) and Inkmann (2005). However,

one problem of the weighting estimator is the fact that if the observations in the

sample have very low estimated response probabilities, they receive large weights

and become highly influential in the estimation (see Little and Rubin (2002), Chap-

ter 3). This can lead to imprecise parameter estimates.2

In order to propose an alternative to the weighting estimator while still allowing for

T 6= X, lets express the expectation of the objective function by means of the MAR

2See also the Monte Carlo study in Frölich (2004) where the weighting estimator behaves poorly

compared to other program evaluation estimators.
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assumption as follows:

E [q(Z, θ)] = Pr(D = 1) E [q(Z, θ)|D = 1]

+(1− Pr(D = 1)) E [q(Z, θ)|D = 0]

= Pr(D = 1) E [q(Z, θ)|D = 1]

+(1− Pr(D = 1)) E [E [q(Z, θ)|T, D = 1]|D = 0]

It is evident that the expected counterfactual objective function, E [q(Z, θ)|D = 0],

can be identified nonparametrically by E [E [q(Z, θ)|T, D = 1]|D = 0]. However, in

practice one has to rely on a large set of covariates to fulfill conditional independence.

For further results, we therefore refer to the propensity score theorem of Rosenbaum

and Rubin (1983) in order to achieve dimension reduction in nonparametric estima-

tion.

Lemma 1.2.1 (Unconfoundedness given the propensity score).

Let P (T ) = Pr(D = 1|T ) be the conditional response probability. Then the following

relationship holds:

Z⊥D|T ⇒ Z⊥D|P (T ).

From an asymptotic point of view, it is shown by Hahn (1998) and Heckman,

Ichimura, and Todd (1998) that there is no advantage of matching on the propen-

sity score compared to local polynomial matching on T . Nevertheless, multivariate

nonparametric estimation can behave poorly in finite samples when the dimension

of the covariates is large.

Now the population moment of the missing observations, E [q(Z, θ)|D = 0], can

be estimated by local polynomial propensity score matching methods in order to

account for missing data in the empirical objective function. Heckman, Ichimura,

and Todd (1998) show that local polynomial matching estimators are
√

n-consistent,

provided the smoothing parameter converges sufficiently fast to zero. Let I1 be

the set of n1 completely observed observations, and I0 be the corresponding set

of n0 observations with D = 0. Furthermore, let P̂ (Ti) denote an estimator of

P (T ). In addition, let mθ(P (T )) = E [q(Z, θ)|P (T ), D = 1] and let m̂θ(P̂ (T )) be the

corresponding estimator. A local polynomial propensity score matching estimator
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of E [q(Z, θ)|D = 0] can be defined in terms of a linear smoother:

Ê[q(Z, θ)|D = 0] =
1

n0

∑
i∈I0

m̂θ(P̂ (Ti))

=
1

n0

∑
i∈I0

∑
j∈I1

Wh(P̂ (Tj), P̂ (Ti))q(Zj, θ), (1.3)

where Wh(P̂ (Tj), P̂ (Ti)) represents a weighting function depending on the estimated

propensity scores, a smoothing parameter h and on the specific order of the local

polynomial.3

Based on (1.3), the empirical objective function can be expressed as:

Qn(θ) =
1

n

n∑
i=1

q̃(Zi, θ, m̂θ(P̂ (Ti))),

where

q̃(Zi, θ, m̂θ(P̂ (Ti))) = Diq(Zi, θ) + (1−Di)m̂θ(P̂ (Ti)).

This expression leaves space for a nice interpretation of the MAR assumption in

the context of M-estimation. Compared to the usual empirical objective function,

when the full sample is available, the unobserved values are imputed by nonpara-

metric estimates of the expected counterfactual objective function conditional on

the propensity scores. Since, given the propensity scores, the data are “missing at

random”, the estimated conditional expectations serve as a good substitute for the

counterfactual functions.

The semiparametric M-estimator θ̂ is obtained by searching for the solution to the

minimization problem:

θ̂ = arg min
θ

Qn(θ).

Investigating the asymptotic properties of the estimator is complicated in two ways

with respect to the standard case. First, the empirical objective function depends on

3This representation of the matching estimator is based on the assumption that the support condition

is fulfilled, i.e., P (T ) > 0. In cases where realizations of T do not belong to the support of

T in the responding population, S = {t : P (t) > 0}, the identification of the counterfactual

objective function, E [q(Z, θ)|D = 0], has to be restricted to S such that only ES [q(Z, θ)|D = 0]

is nonparametrically identified. In this case, following Heckman, Ichimura, and Todd (1998) or

Frölich (2006), Estimator (1.3) should be augmented by a trimming function in order to restrict

Ê[q(Z, θ)|D = 0] to observations in the estimated support region Ŝ. However, for simplicity,

throughout this paper it is assumed that the support condition is fulfilled.
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the estimated propensity scores. Second, the objective function involves a nonpara-

metric estimate which itself is based on the estimated propensity scores. In deriving

consistency and the asymptotic distribution of the semiparametric M-estimator, we

follow Heckman, Ichimura, and Todd (1998) and Frölich (2006). In the appendix it

is shown that under certain regularity conditions, which are also stated in the ap-

pendix, the semiparametric M-estimator is consistent and asymptotically normally

distributed:

θ̂
p→ θ0

n1/2(θ̂ − θ0)
d→ N (0, A−1 E [JJ ′] A−1)

where A = E
[

∂2q̃(Zi,θ0,mθ0
(P (Ti))

∂θ∂θ′

]
and

J = s(Z, θ0,Mθ0(P (T )))

+λ−1 E [ψm(Z, D, P (T ); P (T2))(1−D2)|Z, D, P (T )]

+ E
[
ψ∗p(Z, D, T ; T2)(1−D2)

∣∣Z, D, T
]
,

with

s(Z, θ0,Mθ0(P (T ))) = D
∂q(Z, θ0)

∂θ
+ (1−D)Mθ0(P (T ))

and

Mθ0(P (T )) = E

[
∂q(Z, θ0)

∂θ

∣∣∣∣ P (T ), D = 1

]
.

ψm and ψ∗p are influence functions of the propensity score matching estimator and

0 < λ = limn→∞ n1/n < ∞. The corresponding expectation operators for ψm and

ψ∗p refer to T2 and D2. See the appendix for more details on the components of

J . The class of admissible matching estimators is restricted to estimators which

are asymptotically linear (see again the appendix). This property is shown to hold

for local polynomial regression estimators by Heckman, Ichimura, and Todd (1998).

The widely applied k-nearest neighbor estimator does not belong to the class of

asymptotically linear estimators.4

If E [Y |X] = µ(X, θ0), the semiparametric M-estimator is a consistent and asymp-

totically normally distributed estimator of the conditional mean function. If the

outcome model is misspecified, θ0 can still be interpreted as parameters of a well-

defined approximation to E [Y |X] for certain classes of objective functions. For

4For large sample properties of the k-nearest neighbor matching estimator, see Abadie and Imbens

(2006).
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example, for the least squares case, θ0 is the parameter of the best least squares

approximation of µ(X, θ) to E [Y |X] (see White (1981)). If the objective function

results from a maximum likelihood problem, θ0 is the parameter which minimizes

the Kullback-Leibler Information Criterion (see White (1982)).

The semiparametric M-estimator is of course also applicable to the case where T =

X. Differences in the distribution of X are accounted for by means of nonparametric

estimates of the expected counterfactual objective function. This leads to a gain

in robustness, which can offset the efficiency loss due to semiparametric estimation

compared to a fully parametric complete case analysis. If T 6= X, the semiparametric

M-estimator allows the exclusion of covariates from the structural part and to include

them in the propensity score. This is similar to the modeling setup suggested by

Hirano and Imbens (2001) in the context of estimating treatment effects, where a

regression function is estimated by weighted least squares.

1.2.2 A Simple Semiparametric Linear Regression Estima-

tor

Imposing linearity for the regression function allows one to compute a direct and

simple semiparametric least squares estimator which accounts for missing data. Sup-

pose that µ(X, θ) is a linear parametric function: µ(X, θ) = X ′θ. The empirical least

squares objective function based on the propensity score matching correction is

Qn(θ) =
1

n

∑
i

Di(Yi −X ′
iθ)

2 + (1−Di)m̂θ(P̂ (Ti)), (1.4)

where

m̂θ(P̂ (Ti)) =
∑

j

Wh(P̂ (Tj), P̂ (Ti))Dj(Yj −X ′
jθ)

2.

In order to simplify expressions, we introduce matrix notation. Let Y = (Y1, ..., Yn)′

denote the n-dimensional vector of dependent variables while X = (X ′
1, ..., X

′
n)′ is

the n× k matrix of explanatory variables. In addition, let

Ŵh = diag

(∑
i

Wh(P̂ (X1), P̂ (Xi))D1(1−Di), ...,
∑

i

Wh(P̂ (Xn), P̂ (Xi))Dn(1−Di),

)

be a diagonal matrix of dimension n with diagonal elements corresponding to the

weights for the specific observations in I0 and I1 and let D = diag(D1, ..., Dn). Now,
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(1.4) can be expressed as

Qn(θ) = (Y −Xθ)′D(Y −Xθ) + (Y −Xθ)′Ŵh(Y −Xθ)

The estimator θ̂ is defined through

∂Qn(θ̂)

∂θ
= 0. (1.5)

Solving (1.5) for θ̂ yields

θ̂ = (X′DX + X′ŴhX)−1(X′DY + X′ŴhY). (1.6)

It can be seen that the estimator in (1.6) augments the complete sample linear

least squares estimator by weighted correction terms in order to impute the missing

cross-moments. Under the assumption that the propensity score model is correctly

specified, Estimator (1.6) is a semiparametric estimator of the best linear predictor.

1.2.3 Estimation of Treatment Effects and Double Robust-

ness

In the treatment effect literature, weighting, matching and regression methods are

widely applied to estimate average treatment effects. Each method applied sepa-

rately may yield consistent and even efficient estimates. Recent research, however,

focuses on mixed approaches of these methods. Hirano and Imbens (2001) and

Wooldridge (2002b, 2004), for example, combine weighting and regression meth-

ods. The advantage of such a combination is a special case of the double robustness

property (Scharfstein, Rotnitzky, and Robins (1999)) in estimating the unconditional

mean, E [Y ]. This means that if either the regression function or the propensity score

model is correctly specified, a consistent estimate of E [Y ] is obtained. Therefore,

if the researcher is interested foremost in consistent estimation of the unconditional

average treatment effect, the weighted regression approach may be the appropriate

method. In the following it is shown for a general class of models that the semipara-

metric M-estimator also shares the double robustness property. Thereby, we derive

the property for estimation of E [Y ] when the missing data mechanism is ignorable

and explain afterwards how it can be exploited if the missing data problem is the

fundamental problem of causal inference.
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It is assumed that observations are missing at random conditional on X, such that

T = X and

Z⊥D|X (1.7)

Applying the reasoning of Section 1.2.1, the empirical objective function reduces to

1

n

n∑
i=1

[
Diq(Zi, θ) + (1−Di)m̂θ(P̂ (Xi))

]
, (1.8)

where m̂θ(P̂ (Xi)) is a consistent estimator for mθ(P (X)) = E[q(Z, θ)|P (X), D = 1].

Let τ(X, γ) be a parametric model for P (X) = Pr(D = 1|X), where γ ∈ Γ, Γ ⊂ Rm.

If for some γ0 ∈ Γ, P (X) = τ(X, γ0), the conditional probability model is correctly

specified. Assume first that τ(X, γ) is a misspecified model of the propensity score

but the conditional expectation function is correctly specified such that E [Y |X] =

µ(X, θ0), θ0 ∈ Θ. The objective function in this case,

1

n

n∑
i=1

[Diq(Zi, θ) + (1−Di)m̂θ(τ(Xi, γ̂))] ,

converges to:

E [Dq(Z, θ)] + E [(1−D) E [q(Z, θ)| τ(X, γ0), D = 1]] , (1.9)

provided that m̂θ(τ(Xi, γ̂)) is a consistent estimator for E [q(Z, θ)| τ(X, γ0), D = 1]

with γ0 = plim γ̂, P (X) 6= τ(X, γ0). In order to show robustness against misspecifi-

cation of the propensity score, we need Assumption 2.3. Therefore θ0 is assumed to

solve

min
θ∈Θ

E [q(Z, θ)|X] .

By applying the CIA and the Law of Iterated Expectations, the objective function

in (1.9) can be rewritten as

E [P (X) E [q(Z, θ)|X]] + E [(1−D) E [E [q(Z, θ)|X]| τ(X, γ0), D = 1]]

Due to Assumption 2.3, the following inequality holds:

E [P (X) E [q(Z, θ0)|X]] + E [(1−D) E [E [q(Z, θ0)|X]| τ(X, γ0), D = 1]]

≤ E [P (X) E [q(Z, θ)|X]] + E [(1−D) E [E [q(Z, θ)|X]| τ(X, γ0), D = 1]] , θ ∈ Θ.

Hence, the conditional mean function can be consistently estimated and therefore

a consistent estimator for E [Y ] would be the mean over the estimated conditional
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expectations, 1
n

∑n
i=1 µ(Xi, θ̂).

5

Consider now the case where the propensity score model is correctly specified but

µ(X, θ) is a misspecified model for E [Y |X] and our interest is to estimate E [Y ]. If

E [Y |X] is misspecified as being linear, we note that E [Y ] = L[Y ] = L[L[Y |X]] with

L[·] denoting the linear projection operator. Since the semiparametric M-estimator,

with q(Z, θ) being the least squares objective function, consistently estimates L[Y |X]

because of (1.7) and since X is observed for every observation, L[Y ] is obtained as

the expectation of L[Y |X]. As for the IPW approach (see Wooldridge (2004)),

this result can be extended to certain types of generalized linear models (GLM).6

Note that one characteristic of a GLM is that the parametric model belongs to

the linear exponential family. A second characteristic is that there exists a link

function g(·) with continuously differentiable inverse such that g(µ(X, θ)) = X ′θ.

One can perform quasi-maximum likelihood (quasi-ML) estimation to get consistent

parameter estimates for a GLM. Thereby, the objective function is the negative

log-likelihood function for the GLM:

q(Zi, θ) = −{c + [ηi(θ)Yi − b(ηi(θ))]} ,

where ηi(θ) = g∗(µ(Xi, θ)) is the canonical parameter with canonical link function

g∗(·) and c is an arbitrary constant. b(·) is assumed to be a strictly convex and

twice continuously differentiable function. Now, if θ0 is the unique solution to the

minimization problem

min
θ∈Θ

E [q(Z, θ)|X] ,

and if the link function g(·) is canonical, i.e., g(·) = g∗(·), and X includes an inter-

cept, then the following model can be stated:

Y = µ(X, θ0) + U, E [U ] = 0.

5Note that the semiparametric GMM estimator proposed by Frölich (2006) is not robust against

misspecification of the propensity score model. To see this consider the additional empirical moment

function in order to account for the bias in the nonresponding population,

gn(θ) =
1
n

n∑

i=1

(
µ(Xi, θ)(1−Di)− Ê[Yi|P (Xi), Di = 1](1−Di)

)
,

where Ê[Yi|P (Xi), Di = 1] is an estimator of E [Y |P (X), D = 1]. Now, if E [Y |P (X), D = 1] is

estimated by propensity score matching and the propensity score model is misspecified, gn(θ0) will

converge to an expression with non-zero expectation. Therefore, the moment condition required

for identification of θ0 is not satisfied.
6See for example Peracchi (2001), Chapter 17.4, for a brief introduction to generalized linear models.
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Those models arise, for example, from the binary response log likelihood when

µ(X, θ) = exp(X ′θ)/(1 + exp(X ′θ)), and X includes a constant or from the Pois-

son log-likelihood where µ(X, θ) = exp(X ′θ), and X includes a constant. In this

cases we have E [Y ] = E [µ(X, θ0)] whether or not µ(X, θ) is a correctly specified

model for the conditional expectation function. Consequently, under a correctly

specified propensity score model but misspecified outcome model, the semiparamet-

ric M-estimator θ̂ consistently estimates the pseudo true parameter θ0. Therefore, a

consistent estimator of E [Y ] can be provided. The above results can be summarized

in the following proposition:7

Proposition 1.2.1 (Double Robustness). Assume that

(i) the link function of the GLM is canonical and the model includes an intercept,

(ii) θ0 uniquely maximizes the conditional log-likelihood of the GLM,

(iii) the regularity conditions for consistency of the semiparametric quasi-ML esti-

mator are fulfilled such that θ̂
p→ θ0, θ0 ∈ Θ,

(iv) the estimator of the parameters of the propensity score model τ(X, γ) converges

in probability: γ̂
p→ γ0, γ0 ∈ Γ.

Then,
1

n

n∑
i=1

µ(Xi, θ̂)
p→ E [Y ]

if either E [Y |X] = µ(X, θ0), θ0 ∈ Θ or P (X) = τ(X, γ0), γ0 ∈ Γ.

This result can now be applied to the estimation of the average treatment effect in

program evaluation. Define as Y1 the potential outcome if an individual is assigned

to a certain treatment and Y0 the potential outcome in the non-treatment state. The

interest lies in estimating the average treatment effect (ATE), ∆ATE = E [Y1]−E [Y0].

The specific missing data problem we have in this case is the fundamental problem of

causal inference: both potential outcomes cannot be observed for the same person at

the same time.8 Here, the missing data indicator corresponds to the binary treatment

variable D, where D = 1 if the individual participates in the treatment, and D = 0

7We do not provide a strict proof of the proposition and follow a more intuitive approach. For a

strict mathematical proof we refer to the corresponding literature on double robustness.
8There may be of course other missing data problems like item nonresponse or panel attrition. In

this example, however, we only focus on the problem that for each individual one potential outcome

is missing.
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otherwise. For example, for estimating E [Y1] we only can observe the outcomes for

persons who participate in the treatment (D = 1). For persons who are not in the

same treatment state (D = 0), the information on the potential outcome is missing.

This means that for each individual, we observe only

Yobs = DY1 + (1−D)Y0.

In order to identify the ATE, we assume that treatment assignment is strongly

ignorable given X:

(Y1, Y0)⊥D|X

0 < Pr(D = 1|X) < 1.

In this case, the propensity score is the conditional probability of receiving the

treatment. Assume also that the potential outcomes can be modeled as being linear

in X:

Y1 = X ′β1 + U1

Y0 = X ′β0 + U0.

Principally, we can apply the M-estimation approach to both potential outcome

equations and estimate E[Y1] and E[Y0]. The practical implementation consists in

minimizing the objective function in (1.8). The double robustness property makes

the semiparametric M-estimator more useful in many cases than the pure matching

or pure regression approach for the estimation of the unconditional ATE. The match-

ing approach based on a parametrically estimated propensity score is not robust to

model misspecification. In case the propensity score model is correctly specified,

both the pure matching approach and the semiparametric M-estimation approach

yield consistent estimates of the ATE. In addition, the covariates of the treatment

and the matched control group are only rarely balanced exactly after matching.

Therefore, the observational groups may still differ in some moments of their covari-

ate distributions (see Ho, Imai, King, and Stuart (2007)). This would mean that

D and X are still related after matching such that taking a simple mean difference

between the observed outcomes of the treatment and the matched control group may

yield biased results. Thus, the semiparametric M-estimator can be used to remove

the remaining bias resulting from non-perfectly balanced samples.
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1.2.4 How to choose X and T?

The model setup stated so far allows that X and T may contain distinct variables

and T enters solely in the model for the nonresponse process. Excluding variables

from the outcome equation can be of importance for several reasons. One could

be a merely structural one. Instead of estimating E [Y |X, T ] the researcher can be

interested only in E [Y |X] = µ(X, θ0), where µ(X, θ0) could be explicitly derived

from an economic model.9 For example, we may be interested in an earnings func-

tion given contemporaneous variables X, but may need to include past values of Y

and X in T to control for selective nonresponse. Another example arises in program

evaluation where it could be of interest to estimate specific potential outcome mod-

els for different treatment regimes. Section 1.4 contains an empirical application for

the latter case.

In the context of missing data, it could be interesting to estimate structural func-

tions for the respondents and the nonrespondents in order to shed light on possible

structural differences between both populations. This is equivalent to analyzing

both selected samples. In survey research, for example, one could be interested in

statistical characteristics of nonrespondents. In the M-estimation framework, this

amounts to identifying the expected factual and counterfactual objective function,

E [q(Z, θ)|D = 1] and E [q(Z, θ)|D = 0]. The factual moment function is trivially

identified by the respondent sample. Under Assumption 2.2, the counterfactual

objective function is also identified:

E [q(Z, θ)|D = 0] = E [E [q(Z, θ)|T, D = 1]|D = 0] .

Using the proposed matching methods, it is possible to consistently estimate the

parameters for respondents and nonrespondents. This, however, requires that there

are some variables in T which are not included in the conditioning set X. Therefore,

the semiparametric M-estimator (as well as the IPW-estimator) allows to estimate

models also for populations, for which data are missing or unobserved.

A final reason why it can be of interest to exclude covariates from the outcome

equation can be prediction purposes. Consider as an example the case of optimal

9Note that this is not the same as an exclusion restriction in instrumental variable models. There,

the instrument is not permitted to affect the outcome variable directly. Here, the excluded variables

are permitted to affect Y .
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statistical treatment assignment, where the aim is to allocate individuals to treat-

ments on the basis of predicted potential outcomes. Adopting the notation of Frölich

(2007b), let Y j
i,t+τ be the potential outcome under treatment status j for individual

i at time t + τ . The potential outcome can be, for example, the employment status

at time t + τ under different treatment options j ∈ [0, ..., J ] like job search training,

language training or computer training. The optimal treatment for each individual

i can be chosen as

j∗i = arg max
j

Y j
i,t+τ for j = 1, ..., J

which cannot be observed ex-ante. However, observing some covariates Xit, like

gender or age, optimal treatment allocation can be carried out on the basis of the

predicted potential outcomes:

j∗i (Xit) = arg max
j

E
[
Y j

i,t+τ

∣∣Xit

]
for j = 1, ..., J.

Therefore, the conditional expectation functions, µ(X, θj
0) = E [Y j|X], have to be

estimated from data on previous treatment recipients. Since there may be more

factors like gender or age which influence treatment choice and potential outcomes,

a large set of covariates has to be taken into account to guarantee the validity of the

conditional independence assumption such that, generally, T 6= X. Nevertheless, at

the time predictions have to be made, the additional variables included in T may not

be available and thus one has to rely on the more parsimonious prediction models

µ(X, θj
0) than on models for E [Y j|T ], where all covariates enter the conditioning

set in the outcome model.

1.3 Monte Carlo Study

In order to get insight into the finite sample properties of the semiparametric M-

estimator, we run a small Monte Carlo simulation. Here it is of special interest how

the matching approach performs compared to applying the conventional IPW ap-

proach under certain types of misspecifications of the conditional expectation model.

Regarding the data generating processes, we consider three outcome equations:
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Table 1.1: Design of the outcome equations

Model Outcome Equation

OI Y = 1 + X1 + X2 + X3 + ε

OII Y = 1 + X1 + X2
2 + X3 + ε

OIII Y = 1 + X1X2 + X2 + X3 + ε

where X1, X2, X3, and ε are N (0, 1) variables which are independent of each other.

For the missing-data mechanism we also consider three different designs:

Table 1.2: Design of the missing data mechanisms

Model Missing data mechanism

PI U = X1 + X2 + X3 + v

PII U = X1 + X2X3 + X3 + v

PIII U = −1 + X2
1 + X2 + X3 + v,

with

D = 1l{U > 0},
where v is drawn from a N (0, 4) distribution. The mean of D is always 0.5.

The interest lies in estimating E [Y |X1, X2]. Therefore, in this simulation study,

X = (X1, X2)
′ and T = (X1, X2, X3)

′. Thus, excluding X3 from the outcome models

in Table 1.1, we use three different specifications for each outcome equation:

Table 1.3: Specifications of the estimation equation

Specification Regressors

1 const., X1, X2

2 const., X1, X2
2

3 const., X1X2, X2.

Since X3 is independent of the other covariates, a linear regression approach would

yield consistent parameter estimates if the data on Y would not be missing. There-

fore, the biased results in the Monte Carlo study when applying a complete case

regression can be exclusively related to the missing data problem. By simulation of
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the data generating process, we create samples of size 500 and 1000. The number

of replications of the Monte Carlo experiment is 1000. Since all regression models

are linear in the parameters, we can apply Estimator (1.6) in order to implement

the semiparametric M-estimation approach. An important issue when implement-

ing matching estimators is the choice of the bandwidth. Note that the estimator

proposed in this paper relies on the assumption that the matching estimator is
√

n-

consistent. This in turn requires the bandwidth to converge sufficiently fast to zero

(see Heckman, Ichimura, and Todd (1998)). Developing a data-driven bandwidth

selection approach for the proposed estimator which satisfies the theoretical require-

ments is left as a future research topic.10 The bandwidth selection algorithm applied

in this study is rather heuristic and consists of choosing the optimal bandwidth to

be the argument minimizing the mean squared prediction error of the local polyno-

mial regression estimator for E [Y |P (T ), D = 1]. Thereby, the bandwidth is chosen

by cross-validation. The search grid for the cross-validation algorithm consists of

50 bandwidth values in 0.01, 0.02, ..., 0.49,∞. Estimation is performed with kernel

matching (KM) by using a Gaussian kernel.11 The propensity scores are estimated

by a probit regression. As reference methods for the semiparametric M-estimator,

estimation with IPW and OLS is also performed. The results for the MSE of the

conditional expectation functions and the unconditional means are given in Tables

1.4-1.6.

We first consider the estimates of the conditional mean, E [Y |X]. First of all, IPW

and KM perform clearly better than OLS, no matter if the regression model is cor-

rectly or incorrectly specified. This means that both methods work well in removing

selection bias when the missing data mechanism is ignorable. When the regression

is misspecified, the improvement can be especially seen in terms of bias, where IPW

and KM estimate the best linear predictor. This holds for both sample sizes. Com-

paring the results for KM and IPW when the regression model is correctly specified,

it can be seen that KM performs better than IPW both in terms of bias and MSE

most of the times. This becomes also evident regarding the results when using a

misspecified regression function. The described patterns can be observed for n = 500

as well as for n = 1000.

10An optimal bandwidth selection algorithm for conditional mean function estimation would be to

choose the smoothing parameter with respect to some optimality criterion regarding µ(X, θ̂).
11We don’t consider local linear matching because of its tendency to have poor finite sample properties

when a global bandwidth is used (see Seifert and Gasser (1996) and Frölich (2004)).
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Table 1.4: Simulation results, Propensity Score Model PI

µ(X, θ̂) Ê[Y ]

Bias MSE Bias MSE

Mod. Spec. OLS IPW KM OLS IPW KM OLS IPW KM OLS IPW KM

n=500

OI

1 0.143 0.013 0.011 0.186 0.055 0.044 0.369 0.022 0.025 0.149 0.017 0.015

2 0.445 0.024 0.014 1.637 1.127 1.096 0.662 0.052 0.058 0.452 0.027 0.019

3 0.479 0.023 0.013 1.650 1.100 1.064 0.688 0.045 0.051 0.486 0.026 0.017

OII

1 0.047 0.031 0.027 2.357 2.157 2.121 0.178 -0.005 -0.012 0.053 0.035 0.031

2 0.118 0.013 0.011 0.146 0.053 0.043 0.338 0.027 0.036 0.129 0.019 0.017

3 0.246 0.036 0.029 3.440 3.172 3.129 0.486 0.005 0.009 0.256 0.040 0.032

OIII

1 0.045 0.020 0.020 1.149 1.089 1.078 0.174 -0.005 -0.009 0.046 0.023 0.023

2 0.344 0.021 0.018 2.524 2.115 2.101 0.575 0.027 0.026 0.344 0.024 0.021

3 0.114 0.013 0.011 0.141 0.055 0.045 0.325 0.018 0.024 0.117 0.016 0.015

n=1000

OI

1 0.141 0.008 0.006 0.172 0.033 0.023 0.369 0.009 0.013 0.142 0.010 0.008

2 0.441 0.013 0.007 1.612 1.073 1.046 0.660 0.028 0.034 0.442 0.016 0.009

3 0.481 0.013 0.007 1.651 1.065 1.037 0.690 0.024 0.030 0.482 0.016 0.009

OII

1 0.040 0.017 0.014 2.308 2.071 2.050 0.176 -0.013 -0.016 0.041 0.020 0.017

2 0.115 0.008 0.006 0.133 0.032 0.024 0.331 0.008 0.017 0.117 0.012 0.009

3 0.247 0.021 0.015 3.404 3.080 3.055 0.486 -0.008 -0.002 0.246 0.024 0.017

OIII

1 0.038 0.011 0.010 1.128 1.051 1.038 0.177 -0.006 -0.010 0.039 0.013 0.013

2 0.337 0.011 0.009 2.489 2.057 2.044 0.574 0.012 0.012 0.337 0.014 0.011

3 0.114 0.008 0.006 0.131 0.033 0.024 0.331 0.009 0.014 0.115 0.010 0.008

Note: 1000 replications. Correct conditional mean specifications are denoted in italics.
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Table 1.5: Simulation results, Propensity Score Model PII

µ(X, θ̂) Ê[Y ]

Bias MSE Bias MSE

Mod. Spec. OLS IPW KM OLS IPW KM OLS IPW KM OLS IPW KM

n=500

OI

1 0.097 0.014 0.010 0.183 0.056 0.041 0.301 0.025 0.038 0.104 0.019 0.015

2 0.110 0.013 0.011 1.157 1.047 1.042 0.315 0.004 0.005 0.117 0.017 0.016

3 0.347 0.025 0.013 1.419 1.094 1.065 0.585 0.043 0.063 0.356 0.029 0.018

OII

1 0.103 0.025 0.020 2.207 2.129 2.091 0.308 -0.001 0.001 0.113 0.031 0.025

2 0.099 0.014 0.011 0.129 0.052 0.040 0.309 0.030 0.044 0.110 0.021 0.018

3 0.337 0.034 0.021 3.433 3.146 3.097 0.577 0.006 0.019 0.351 0.040 0.027

OIII

1 0.078 0.026 0.019 1.386 1.115 1.082 0.256 0.032 0.054 0.081 0.029 0.022

2 0.088 0.017 0.014 2.147 2.071 2.057 0.273 0.009 0.021 0.090 0.020 0.017

3 0.080 0.014 0.010 0.175 0.056 0.043 0.044 0.020 0.033 0.084 0.018 0.014

n=1000

OI

1 0.095 0.009 0.006 0.170 0.031 0.021 0.301 0.012 0.026 0.097 0.011 0.008

2 0.107 0.008 0.006 1.133 1.023 1.017 0.318 -0.001 0.003 0.109 0.010 0.008

3 0.347 0.015 0.007 1.410 1.057 1.036 0.586 0.025 0.043 0.349 0.017 0.009

OII

1 0.102 0.016 0.012 2.176 2.059 2.034 0.308 -0.015 -0.010 0.104 0.019 0.014

2 0.097 0.009 0.006 0.116 0.030 0.021 0.303 0.010 0.024 0.099 0.012 0.009

3 0.344 0.021 0.013 3.407 3.068 3.036 0.579 -0.009 0.002 0.344 0.025 0.015

OIII

1 0.073 0.016 0.011 1.362 1.062 1.039 0.259 0.022 0.040 0.075 0.018 0.013

2 0.084 0.011 0.008 2.109 2.029 2.018 0.279 0.009 0.019 0.085 0.013 0.010

3 0.079 0.009 0.006 0.164 0.032 0.022 0.273 0.011 0.021 0.081 0.011 0.008

Note: 1000 replications. Correct conditional mean specifications are denoted in italics.
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Table 1.6: Simulation results, Propensity Score Model PIII

µ(X, θ̂) Ê[Y ]

Bias MSE Bias MSE

Mod. Spec. OLS IPW KM OLS IPW KM OLS IPW KM OLS IPW KM

n=500

OI

1 0.115 0.015 0.014 0.136 0.049 0.040 0.329 0.016 0.071 0.121 0.019 0.018

2 0.371 0.025 0.031 1.521 1.119 1.107 0.605 0.045 0.144 0.379 0.029 0.036

3 0.122 0.017 0.016 1.166 1.049 1.039 0.333 0.018 0.072 0.130 0.021 0.020

OII

1 0.039 0.033 0.019 2.351 2.140 2.087 0.157 -0.011 0.002 0.045 0.037 0.023

2 0.098 0.015 0.018 0.113 0.047 0.037 0.309 0.022 0.103 0.109 0.021 0.025

3 0.043 0.035 0.021 3.367 3.140 3.085 0.157 -0.015 -0.001 0.051 0.037 0.024

OIII

1 0.118 0.019 0.018 1.163 1.060 1.045 0.323 0.011 0.065 0.122 0.022 0.021

2 0.374 0.029 0.035 2.554 2.142 2.123 0.601 0.041 0.140 0.376 0.031 0.038

3 0.115 0.015 0.014 0.137 0.051 0.043 0.325 0.013 0.067 0.118 0.018 0.018

n=1000

OI

1 0.114 0.009 0.008 0.128 0.029 0.024 0.331 0.008 0.052 0.115 0.011 0.010

2 0.372 0.014 0.019 1.507 1.068 1.062 0.606 0.026 0.109 0.374 0.016 0.020

3 0.116 0.009 0.009 1.156 1.027 1.022 0.332 0.009 0.052 0.119 0.011 0.011

OII

1 0.032 0.019 0.011 2.308 2.065 2.035 0.152 -0.014 -0.013 0.033 0.021 0.013

2 0.096 0.008 0.011 0.104 0.027 0.022 0.303 0.007 0.075 0.098 0.011 0.013

3 0.034 0.019 0.012 3.331 3.066 3.033 0.152 -0.017 -0.015 0.035 0.021 0.014

OIII

1 0.115 0.011 0.010 1.152 1.027 1.020 0.329 0.006 0.051 0.118 0.013 0.011

2 0.374 0.016 0.020 2.532 2.072 2.062 0.605 0.024 0.109 0.375 0.018 0.022

3 0.113 0.009 0.008 0.128 0.029 0.025 0.330 0.008 0.052 0.115 0.011 0.010

Note: 1000 replications. Correct conditional mean specifications are denoted in italics.
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Considering the results for the estimators of the unconditional mean, E [Y ], IPW and

KM again perform strikingly better than OLS. Here it can also be nicely seen that

IPW and KM are both robust to misspecification of the regression model, since the

best linear predictor is estimated, which provides a basis for consistent estimation

of the unconditional mean. As for the estimation of the conditional mean function,

KM performs better than IPW in terms of MSE. However, in many cases this is be-

cause KM estimates the parameter of interest more precisely than IPW. Regarding

the bias, the latter method often shows slightly better results. Similar simulation

results can be found in Frölich (2007a).

In summary, it can be said that the semiparametric M-estimator based on KM for the

most part performs better than the IPW-estimator when estimating the conditional

mean function, both under correct and incorrect model specification. For the case

of estimating the unconditional mean, the semiparametric M-estimator using KM in

most cases leads to an efficiency gain with respect to the IPW-estimator. One expla-

nation for the generally better performance of KM compared to IPW could be that

for small values of the propensity score, the weights can get very large and therefore

lead to imprecise estimates of the parameters. The semiparametric M-estimation ap-

proach considers the difference between the estimated propensity scores. The results

are in line with a Monte Carlo study presented by Frölich (2004), which indicates

poor small sample performance of the weighting estimator compared to matching

techniques for estimating counterfactual means. Finally, it has to be stressed that

for conditional and unconditional mean function estimation, both the IPW and the

semiparametric M-estimator turn out to be effective methods in removing selection

bias when the data are missing at random and in robustly estimating E [Y ].

1.4 Empirical Application

The proposed semiparametric M-estimator will now be applied to estimate the im-

pact of cognitive and non-cognitive skills on wages in Germany for two different

educational treatment regimes. In the last years the role of cognitive and noncog-

nitive skills on economic behavior has become a highly important research topic.

Concerning cognitive skills, a large body of research finds a significant influence on
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labor market outcomes.12 The role of noncognitive skills like self-esteem, endurance,

discipline, motivation or social skills on labor market success has only recently re-

ceived growing interest. For example, the studies by Carneiro and Heckman (2003),

Carneiro, Hansen, and Heckman (2003), Cunha, Heckman, and Navarro (2005) and

Heckman, Stixrud, and Urzua (2006) establish that noncognitive skills are an im-

portant factor in predicting labor market success. For Germany, a recent study

by Rauber (2007) also finds that noncognitive skills play an important role in the

wage determination process. This is a policy relevant research area since economic

success is already partly determined in early childhood and policy interventions like

childcare-programs for parentally disadvantaged children mainly tend to have a pos-

itive effect on noncognitive skill formation, while IQ-formation seems to be a process

more difficult to influence by policy interventions (see Heckman (2005)).

The research topic described above requires a careful investigation of appropriate

research designs which allow to identify the relevant effects. An example consti-

tutes the panel used by Rauber (2007) for investigating the impact of cognitive and

noncogntive skills on economic success. Thereby, skill measurements as well as in-

formation on family background and school related topics were collected for about

3000 10th grade students attending the upper secondary school in North Rhine-

Westphalia in the year 1970. The pupils were sampled from 121 classes at 68 upper

secondary schools. Thereby, the data contain information from student, parents

and teacher questionnaires. The interviews were then conducted at two later time

points, namely when the individuals were at age 30 (1984) and at age 43 (1998).

Thereby, information on labor market outcomes was also collected. The sample size

was reduced to about 1600 persons at age 43.

The point of departure for the following study builds the analysis of the causal effect

of obtaining an upper secondary school degree on earnings relative to the state of

dropping out of upper secondary school after the 10th grade. The estimation of the

causal effect of schooling on earnings has been a widely investigated research area

in the empirical economic literature. For a corresponding survey for Germany, see

Flossmann and Pohlmeier (2006). However, we are not only interested in the causal

effect of finishing upper secondary school on earnings but also in the role cognitive

and noncognitive skills are playing for the potential outcomes in each treatment sta-

12See Cawley, Heckman, and Vytlacil (2001) for a survey.
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tus. Table 1.7 lists the variables used in the analysis.

Table 1.7: Variable description

Label Description

WAGE Logarithm of net hourly wage at average age 43 (in 1998)

ABITUR =1 if persons obtained an upper secondary school degree,

0 otherwise

FEMALE =1 if female, 0 otherwise

IQ IST-score measured 1970

LUCK Importance of luck for success in school on a scale

from 0 (not important) to 5 (very important) in 1970

DILIGENCE Importance of diligence for success in school on a scale

from 0 (not important) to 5 (very important) in 1970

FAMILY Importance of the family for success in school on a scale

from 0 (not important) to 5 (very important) in 1970

INTER FINAL Dummy for parental interest in the students’ final year grades

INTER EXAM Dummy for parental interest in the students’ exam grades

MATH Last final math grade, measured 1970

GERMAN Last final German grade, measured 1970

AGE Age of the person (in years)

DIFF GRADES =1 if person had difficulties with grades in school, 0 otherwise

M HIGH =1 if mother obtained at least an upper secondary school degree,

0 otherwise

F HIGH =1 if father obtained at least an upper secondary school degree,

0 otherwise

In order to construct the earnings variable, we use earnings information of the in-

dividuals who participated in the last survey at average age 43.13 The variable IQ

serves as a cognitive skill measure and is constructed from results of a standard psy-

chometric Intelligence Structure Test (IST) (see Amthauer (1953)), which has been

conducted as a class-room test in the 10th grade.14 In order to capture a certain

dimension of noncognitive skills, we rely on the variables DILIGENCE, LUCK and

FAMILY which refer to individual attribution of success in school. These measures

13Net monthly income and hours are truncated at the 95 percent quantile due to outlier problems.
14Following Rauber (2007), we aggregate the number of correctly solved test questions in order to

construct an IQ measure.
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are strongly related to the concept of locus of control introduced by Rotter (1966),

which describes an individual’s outlook on life and his beliefs on whether achieve-

ment in life comes from the individual himself or is determined by luck and destiny.

According to these beliefs individuals can be classified into two extreme types of

personalities: the “internaliser” and the “externaliser”. While the first one thinks

that he has control over his life and is responsible for success and failure, the latter

believes that he cannot influence his destiny. Now, regarding noncognitive skills, it

can be assumed that externalisers don’t have much confidence in their possibilities,

don’t see themselves as responsible for their life, and therefore don’t have much mo-

tivation for pushing themselves through difficult situations. Therefore, this type of

individuals is more likely to have low noncognitive skills. Inversely, internalisers have

more self-esteem, are more motivated and are more disposed for delay of gratifica-

tion, thus, we can assume them to be highly noncognitively skilled persons. Hence,

persons regarding family or luck as important for success should be classified as ex-

ternalisers whereas individuals regarding diligence as important can be classified as

internalisers. The variables MATH, GERMAN, REPEAT and DIFF GRADES are

measures for success in school. Finally, INTER FINAL, INTER EXAM, M HIGH

and F HIGH are variables which describe the parental background of the individuals.

The variable AGE should capture, on the one hand, the event that the individual

repeated or skipped a class and, on the other hand, later school enrollments.

After dropping all observations with missing data in any of the variables of interest

and restricting the sample to individuals who received an income at the time of the

last survey, we obtain a total sample of 1118 observations. The treatment group is

defined as the group of individuals who obtained an upper secondary school degree.

The control group consists of individuals who did not finish upper school after having

attended the 10th grade. This sample of individuals is special in the sense that the

control group consists of the individuals who dropped out of the upper secondary

school in order to finish with an intermediate or secondary school degree. The de-

scriptive statistics for the observed earnings variable and the relevant covariates are

contained in Table 1.8. The table presents also the p-values from t-tests of group

mean equality for the corresponding variables.

The t-tests indicate that the treatment and control group differ significantly in all

covariates. This already suggests that treatment assignment is highly confounded
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Table 1.8: Descriptive statistics

Variable
ABITUR=1 ABITUR=0

p-value
Mean Std.Err Mean Std.Err.

WAGE 3.207 0.477 3.942 0.478 0.000

FEMALE 0.383 0.486 0.521 0.500 0.000

IQ 41.970 9.496 39.528 8.121 0.000

LUCK 2.097 1.560 2.305 1.665 0.059

DILIGENCE 4.048 1.074 4.223 0.954 0.009

FAMILY 2.014 1.529 2.282 1.515 0.009

INTER FINAL 0.611 0.488 0.515 0.501 0.004

INTER EXAM 0.781 0.414 0.669 0.471 0.000

AGE 15.277 0.827 15.895 0.886 0.000

MATH 3.269 0.936 3.823 0.886 0.000

GERMAN 3.360 0.762 3.662 0.703 0.000

DIFF GRADES 0.413 0.493 0.688 0.464 0.000

M HIGH 0.157 0.364 0.066 0.248 0.000

F HIGH 0.280 0.450 0.124 0.331 0.000

n 813 305
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by observable factors. Since the application of the proposed method requires the as-

sumption that treatment assignment is ignorable, we need to find covariates which

influence both individual earnings as well as the probability of obtaining an upper

secondary school degree. Due to this strong requirement on high quality data, there

are only a few studies which rely on the ignorability assumption in order to estimate

educational program effects (see for example Blundell, Dearden, and Sianesi (2005)).

Beside the ignorability assumption another important requirement for identification

of a causal effect is to avoid conditioning on covariates which are influenced by the

treatment variable. Otherwise, the true treatment effect would be masked. For the

present application this would mean that the decision to leave the upper secondary

school should not have an impact on the variables used as controls in the analysis.

Since the decision to drop out could have been already made before the interviews

were carried out, several variables obtained from the survey could be affected by this

decision. Therefore, it has to be clarified whether the covariates listed in Table 1.8

beside the obviously exogenous variables describing parental education, sex, age and

IQ can be regarded in fact as pre-treatment measures. Concerning the noncognitive

skill measures it seems to be unlikely that the decision to drop out of the upper sec-

ondary school after the 10th grade should change the individuals’ causal attribution

of success in school. The same should also hold for the previous final grades in math

and German. It is also implausible that the drop-out decision had an impact on the

parental behavior and interest with respect to the individuals’ previous performance

in school. Therefore, disposing of a variety of pre-treatment measures on cognitive

and noncognitive skills as well as on the family background of the individuals, we

are confident regarding the validity of the conditional independence assumption in

the present application.

Further insights into the selection process can be gained from the propensity score

model, which is estimated by a logit regression. The results are given in Table 1.9.

All coefficients measuring the impact of success in school are highly significant with

their expected signs. The last grades in German and in math have a significant influ-

ence on the probability of obtaining a secondary school degree. They capture a great

part of the influence of individual IQ such that the IQ coefficient estimate turns out

to be insignificant.15 Furthermore, difficulties in school because of grades have a neg-

ative influence on the decision of obtaining an upper secondary school degree. The

15When the grade variables are left out from the estimation, IQ has a highly significant positive

influence on the probability of finishing upper secondary school.
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Table 1.9: Logit estimation of the propensity score

Variable Coef. Std.Err. t-value

FEMALE -1.187 0.177 -6.72

IQ -0.003 0.009 -0.29

LUCK -0.030 0.049 -0.62

DILIGENCE -0.083 0.078 -1.05

FAMILY -0.035 0.051 -0.68

INTER FINAL 0.213 0.156 1.36

INTER EXAM 0.271 0.174 1.56

MATH -0.451 0.094 -4.81

AGE -0.850 0.096 -8.83

GERMAN -0.449 0.118 -3.82

DIFF GRADES -0.689 0.167 -4.14

M HIGH 0.216 0.317 0.68

F HIGH 0.822 0.241 3.40

CONSTANT 18.453 1.793 10.29

n=1118

age variable is also highly significant with a negative sign which certainly expresses

effects of grade repetition and of later school enrollment. Regarding the influence

of the family background, the education of the parents plays a significant role in

determining the probability of finishing upper secondary school. Upper secondary

school pupils with high-educated parents have a higher probability of finishing with

a degree than upper secondary school pupils whose parents have a low educational

background. Finally, girls are less likely to finish upper secondary school than boys,

holding all other variables constant. On the contrary, the coefficients of noncognitive

skill measures turn out to be insignificant.

Based on the estimated propensity scores, we obtain estimates of the potential out-

come equation by the semiparametric least squares estimator. Since we are interested

in estimating the effects of cognitive and noncognitive skills on earnings, we have to

be aware of not running into reverse causality problems when including control vari-

ables in the outcome equation, which could be influenced also by the skill measures.

Therefore, in order to get direct effect estimates, we only include the skill variables

of interest. This yields a parsimonious potential outcome model and the estimates
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provide at least a best linear predictor model for the potential outcomes. Under the

assumption that the propensity score model is correctly specified, estimation of the

average treatment effect (ATE) of finishing upper secondary school on earnings is ro-

bust against misspecification of the conditional expectation model. As in the Monte

Carlo study, kernel matching with a Gaussian kernel is applied and the bandwidths

are chosen again by cross-validation in the grid 0.01, 0.02, ..., 0.49,∞. The standard

errors of the coefficients are estimated by the bootstrap method. Table 1.10 contains

the results.

Table 1.10: Estimation of the potential outcome model

Variable
Y1 Y0

Coef. t-value Coef. t-value

FEMALE -0.127 -2.884 -0.299 -3.821

IQ 0.005 2.620 0.003 1.113

LUCK 0.039 2.355 0.016 0.757

DILIGENCE 0.022 1.288 0.003 0.080

FAMILY -0.015 -1.037 -0.000 -0.009

CONSTANT 2.919 24.701 2.950 14.896

∆̂ATE=0.201, t-value: 4.939

Note: the t-values are computed based on bootstrapped standard errors (1000 replica-

tions).

Looking at the model estimates for the potential outcome under the status of obtain-

ing an upper secondary school degree, Y1, first note that women earn less than men.

Regarding the role of cognitive skills, it can be seen that IQ has a significant impact

on earnings at the 1% level. Furthermore, the coefficient for LUCK is significant

at the 5% level while the effect of DILIGENCE and FAMILY is insignificant. This

means that individuals attributing success to luck would get higher earnings which,

at the first view, looks like a contradiction to the locus of control hypothesis that

internalisers are more successful than externalisers. Following Rauber (2007) and

the citations of the psychological literature therein, an explanation for this some-

what counterintuitive result could be the time stability of success attribution and

its motivational consequences. According to Weiner et al. (1971) and Bierbrauer

(1996), success can be attributed to unstable and task specific factors like diligence

or to stable factors like ability. Thereby, following Meyer (1973) and Abramson,

Metalsky, and Alloy (1989), failure experiences of individuals with an attribution
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pattern to time stable factors can reduce the expectations of future success and thus

lead to a destruction of self-esteem. Therefore, individuals who attribute success to

luck are less prone to internal attribution of failure and its negative motivational

consequences.

In the non-treatment state, neither the cognitive nor the noncogntive skill variables

show an significant impact on the potential outcome. For some coefficients like IQ

this might be due to the small sample size of the control group. As in the treatment

state, women earn again significantly less than men.

The result for the ATE implies that randomly assigning individuals from the popu-

lation of upper secondary school pupils at the 10th grade to obtain the final degree

would increase their wage by 20.1% relative to the state if they were assigned to

drop out of upper secondary school. At the end, it has to be mentioned that an

analysis explicitly carried out for male observations probably would have been more

informative because of the highly non-random selectivity of women into the labor

market. However, sample size limitations prevent us from following this approach.

1.5 Conclusion

In this paper matching methods are proposed as an alternative to inverse probability

weighting in order to account for sample selection issues like panel attrition, item

nonresponse or the fundamental missing data problem in program evaluation when

estimating conditional mean functions in the M-estimation framework. It can be

shown that the resulting semiparametric M-estimator is consistent and asymptoti-

cally normally distributed. Like inverse probability weighting, the semiparametric

M-estimator has the double robustness property in estimating the unconditional

mean of the outcome variable. The Monte Carlo study indicates that the proposed

estimator can lead to a better finite sample performance compared to inverse proba-

bility weighting. The proposed estimator is applied to estimate both the causal effect

of obtaining an upper secondary school on earnings and the corresponding potential

earnings equations as a function of cognitive and noncognitive skills. Thereby, the

recent findings in the empirical literature that noncognitive skills matter for eco-

nomic success are confirmed.
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The results and findings in this paper lead to the conclusion that the semiparamet-

ric M-estimator can be regarded as an attractive alternative to inverse probability

weighting and should at the very least be applied for the purpose of sensitivity anal-

ysis. A future research topic is to develop an appropriate data-driven bandwidth

selection algorithm.
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1.A Appendix

In the following, the asymptotic properties of the semiparametric M-estimator are derived.

For proofing consistency and asymptotic normality we essentially follow Frölich (2006).

Theorem 1.A.1 (Consistency). Let mθ ≡ mθ(P (T )) and let B(mθ) be an arbitrarily

small ball around mθ. Assume that

(1) E [q̃(Z, θ, µθ)] is uniquely minimized at (θ0,mθ0),

(2) θ0 ∈ Θ, with Θ compact,

(3) there exists a function l(Z) such that |q(Z, θ)| ≤ l(Z) for all θ ∈ Θ and E [l(Z)] < ∞,

(4) E [q̃(Z, θ, µθ)] is continuous,

(5) m̂θ is a consistent estimator of mθ,

then θ̂
p→ θ0.

Proof. In order to show consistency, we have to show that the empirical objective function

converges uniformly in Θ to E [q̃(Z, θ, µθ)] for all µθ ∈ B(mθ). Note that due to Assumption

3,

|q̃(Z, θ, µθ)| = |Dq(Z, θ) + (1−D)µθ|
≤ |Dq(Z, θ)|+ |(1−D)µθ|
≤ D|q(Z, θ)|+ (1−D)|mθ|+ (1−D)|µθ −mθ|
≤ Dl(Z) + (1−D)|E [ |q(Z, θ)||P (T )] |+ (1−D)|µθ −mθ|
≤ Dl(Z) + (1−D) E [ l(Z)|P (T )] + (1−D)|µθ −mθ|.

The expectation of the last line is finite due to Assumption 3 and since we consider an

arbitrarily small ball B(mθ). Therefore, following Lemma 2.4 of Newey and McFadden

(1994), Qn(θ) = n−1
∑n

i q̃(Z, θ, µθ) converges in probability to E [q̃(Z, θ, µθ)], uniformly

over θ ∈ Θ, for all µθ ∈ B(mθ). Now, from Corollary 1 of Frölich (2006), it follows that

θ̂
p→ θ0.

¤

To show asymptotic normality of the estimator, we follow Heckman, Ichimura, and Todd

(1998) and Frölich (2006), who rely on the asymptotic linear representation of the local

polynomial regression function estimator. Since the asymptotic normality proof involves

local polynomial matching estimators of Mθ(P (t)) = E
[

∂q(Z,θ)
∂θ |P (T ) = P (t), D = 1

]
, the

asymptotic linear expression will be stated for these estimators. Following Heckman,

Ichimura, and Todd (1998), under the assumptions that
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(i) sampling of (Yi, Xi, Ti, Di) is i.i.d.,

(ii) Mθ(P ), P ≡ P (t), is p̄−times continuously differentiable and its p̄-th derivative sat-

isfies Hölder’s condition, where p̄ > 1, and

(iii) the bandwidth h satisfies satisfies nh/ log n →∞ and nh2p̄ → c < ∞ for some c ≥ 0,

and

(iv) the kernel function K(·) is symmetric, supported on a compact set, and Lipschitz

continuous,

the local polynomial regression estimator M̂θ(P (t)) of Mθ(P (t)) with polynomial order p̄

is asymptotically linear:

M̂θ(P (t))−Mθ(P (t)) = n−1
1

∑

j

ψm(Zj , Dj , P (Tj);P (t)) + b̂m(P (t)) + R̂m(P (t)), (1.10)

where ψm(Zj , Dj , P (Tj);P (t)) is the local influence function of M̂θ(P (t)) with

E [ψm(Zj , Dj , P (Tj);P (T ))|P (T ) = P (t)] = 0. In addition, b̂m(P (t)) = o(hp̄),

plim n−1/2
∑

i R̂m(P (Ti)) = op(1) and

ψm(Zj , Dj , P (Tj);P (t)) = Dj

(
∂q(Zj , θ)

∂θ
−Mθ(P (Tj))

)
K∗

(
P (Tj)− P (t)

h

)
.

Here, K∗(·) denotes the equivalent kernel function of the local polynomial regression esti-

mator. Note that in this case, the influence function ψm constitutes a random vector of

dimension k. In order to derive asymptotic linearity also for local polynomial estimators

with polynomial order p̃ < p̄, p̃ ≥ 0, like for example the Kernel regression estimator, we

need to impose further assumptions:

(v) K(·) has moments of order 1 through p̄− 1 that are equal to zero,

(vi) f(P ) is p̄-times continuously differentiable with its p̄-th derivative Hölder continuous,

and

(vii) a point at which Mθ(P (t)) is being estimated is an interior point of the support of

P (Ti).

Under Assumptions (i)-(vii), the local polynomial regression estimator is asymptotically

linear (1.10) with b̂m(P (t)) = O(hp̄) and plim n−1/2
∑

i R̂m(P (Ti)) = op(1).

In order to guarantee asymptotic linearity of M̂θ(P̂ (T )), let P̄ (t) be a function defined by

a Taylor Series expansion of M̂θ(P̂ (t)) around P (t).16 It is further assumed that

16M̂θ(P̂ (t)) = M̂θ(P (t)) + ∂M̂θ(P̄ (t))
∂P (P̂ (t)− P (t)).
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(viii) P̂ (t) is asymptotically linear:

P̂ (t)− P (t) = n−1
n∑

j=1

ψp(Zj , Dj , Tj ; t) + b̂p(t) + R̂p(t),

(ix) ∂M̂θ(P (t))/∂P and P̂ (t) are uniformly consistent and converge to ∂Mθ(P (t))/∂P

and P (t), respectively and ∂Mθ(P (t))/∂P is continuous,

(x) plimn1→∞n
−1/2
1

∑
i b̂m(P (Ti))Di = bm and

plimn→∞n−1/2
∑

i ∂Mθ(P (Ti))/∂P · b̂p(P (Ti)) = bmp,

(xi) plimn→∞n−1/2
∑

i[∂M̂θ(P̄ (Ti))/∂P − ∂Mθ(P (Ti))/∂P ] · R̂p(Ti) = 0, and

(xii) plimn→∞n−3/2
∑

i

∑
j [∂M̂θ(P̄ (Tj))/∂P − ∂Mθ(P (Tj))/∂P ] · ψp(Zj , Dj , Tj ; Ti) = 0.

Under Assumptions (i)-(xii), the local polynomial estimator M̂θ(P̂ (T )) is asymptotically

linear:

M̂θ(P̂ (t))−Mθ(P (t))

= n−1
1

∑

j

ψm(Zj , Dj , P (Tj);P (t)) +
∂Mθ(P (t))

∂P
n−1

∑

j

ψp(Zj , Dj , Tj ; t) + b̂(t) + R̂(t),

(1.11)

with plimn→∞n
−1/2
1

∑
i b̂(Ti) = bm + bmp. Note that for a parametric estimator P̂ (t) of

P (t), the bias function b̂p(t) is zero and Conditions (viii)-(xii) are satisfied.

Based on the asymptotic linear representation of M̂θ(P̂ (t)), asymptotic normality of the

semiparametric M-estimator can be derived:

Theorem 1.A.2 (Asymptotic Normality). Assume that in addition to the conditions

stated for the consistency proof in Theorem 1.A.1, the following regularity conditions hold:

(1) The estimator M̂θ(P̂ (t)) is asymptotic linear, with bias term b̂(t) of order op(1).

(2) Let ψm(Zj , Dj , P (Tj);P (Ti))(l), l = 1, ..., k, denote the lth element of the vector

ψm(Zj , Dj , P (Tj);P (Ti)). It is assumed that V[ψm(Zj , Dj , P (Tj);P (Ti))(l)] and

V[ψ∗p(Zj , Dj , Tj ;Ti)] are of order o(n) for each l = 1, ..., k, where ψ∗p(Zj , Dj , Tj ; Ti) =
∂Mθ(P (Ti))

∂P ψp(Zj , Dj , Tj ; Ti).

(3) θ0 is in the interior of Θ.

(4) q(Z, θ) is twice continuously differentiable on the interior of Θ.

(5) E
[
supµθ∈B(mθ) supθ∈Θ ‖∂2q̃(Z,θ,µθ)

∂θ∂θ′ ‖
]

< ∞.
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(6) limn→∞ n1
n = λ with 0 < λ < ∞.

(7) A ≡ E
[
∂2q̃(Zi, θ0,mθ0(P (Ti)))/∂θ∂θ′

]
is a nonsingular matrix.

Then the semiparametric M-estimator θ̂ is asymptotically normally distributed.

Proof. Let

Qn(θ) =
∑

i

q̃(Zi, θ, m̂θ(P̂ (Ti)))

be the empirical objective function, where q̃(Zi, θ, m̂θ(P̂ (Ti))) = Diq(Zi, θ)+(1−Di)m̂θ(P̂ (Ti)).

Minimization of Qn with respect to θ and evaluation at θ̂ yields:

0 =
∂Qn(θ̂)

∂θ
=

∑

i

Di
∂q(Zi, θ̂)

∂θ
+ (1−Di)M̂θ̂(P̂ (Ti)),

where M̂θ(P̂ (Ti)) is an estimator for Mθ(P (T )) = E[∂q(Z,θ)
∂θ |P (T ), D = 1]. Define

s(Zi, θ̂, M̂θ̂(P̂ (Ti))) = Di
∂q(Zi, θ̂)

∂θ
+ (1−Di)M̂θ̂(P̂ (Ti)).

Now, a Taylor Series expansion of s(Zi, θ̂, M̂θ̂(P̂ (Ti))) around θ0 gives:

n1/2(θ̂ − θ0) = −
(

n−1
∑

i

∂2q̃(Zi, θ̃, m̂θ̃(P̂ (Ti)))
∂θ∂θ′

)−1

×
[
n−1/2

∑

i

s(Zi, θ0, M̂θ0(P̂ (Ti)))

]
,

(1.12)

and θ̃ = θ0 + α(θ̂− θ0), 0 ≤ α ≤ 1. Since the semiparametric M-estimator involves a local

polynomial propensity score matching estimator of Mθ(P (Ti)), one has to account for the

additional variability arising from this first estimation step. Therefore, rewrite (1.12) as:

n1/2(θ̂ − θ0) = −
(

n−1
∑

i

∂2q̃(Zi, θ̃, m̂θ̃(P̂ (Ti)))
∂θ∂θ′

)−1

×
[
n−1/2

∑

i

s(Zi, θ0,Mθ0(P (Ti))) + n−1/2
∑

i

(1−Di)(M̂θ0(P̂ (Ti))−Mθ0(P (Ti)))

]
.

(1.13)

Relying on the definition of an asymptotic linear estimator (1.11), the last term in rectangle

brackets can be rewritten as:

n−1/2
∑

i

(1−Di)[n−1
1

∑

j

ψm(Zj , Dj , P (Tj);P (Ti)) + n−1
∑

j

ψ∗p(Zj , Dj , Tj ;Ti) + b̂(Ti) + R̂(Ti)],

(1.14)
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where for ease of exposition we use ψ∗p(Zj , Dj , Tj ; Ti) = ∂Mθ0
(P (Ti))

∂P ψp(Zj , Dj , Tj ; Ti). Now,

(1.14) can be reformulated as:

=
n3/2

2n1



n−2

∑

i

∑

j

ψj,i
m (1−Di) + ψi,j

m (1−Dj)





+
n1/2

2



n−2

∑

i

∑

j

ψ∗j,ip (1−Di) + ψ∗i,jp (1−Dj)





+n−1/2
∑

i

b̂(Ti)(1−Di) + n−1/2
∑

i

R̂(Ti)(1−Di),

where ψm(Yj , Xj , Dj , P (Tj);P (Ti)) and ψ∗p(Yj , Xj , Dj , Tj ;Ti) are abbreviated as ψj,i
m and

ψ∗j,ip respectively. The last term and the third term are of order op(1). To derive the

asymptotic properties of the terms in brackets, we make use of the properties of U-statistics

(Hoeffding (1948)) and V-statistics (also called von Mises-statistics). Note that the terms

in brackets are von Mises-statistics, since they build a symmetric function of combinations

of random variables. These terms are asymptotically equivalent to the projection of the

corresponding U-Statistics, if

E
[
‖ ψj,i

m(l)(1−Di) + ψi,j
m(l)(1−Dj) ‖2

]
= V[ψj,i

m(l)(1−Di) + ψi,j
m(l)(1−Dj)] = o(n)

E
[‖ ψ∗j,ip (1−Di) + ψ∗i,jp (1−Dj) ‖2

]
= V[ψ∗j,ip (1−Di) + ψ∗i,jp (1−Dj)] = o(n)

hold, where ψm(l) = ψm(Zj , Dj , Tj ; Ti)(l), l = 1, ..., k. But these conditions are implied by

Assumption 2 (see Frölich (2006)). Applying the U-statistics projection theorem, (1.14)

equals:

=
n1/2

n1

∑

i

E [ψm(Zi, Di, P (Ti);P (Tj))(1−Dj)|Zi, Di, P (Ti)]

+n−1/2
∑

i

E
[
ψ∗p(Zi, Di, Ti; Tj)(1−Dj)

∣∣Zi, Di, Ti

]

+n−1/2
∑

i

b̂(Ti)(1−Di) + n−1/2
∑

i

R̂(Ti)(1−Di) + op

(
n

n1

)
+ op(1).

Now, a central limit theorem can be applied to (1.14). Define

Ji = s(Zi, θ0,Mθ0(P (Ti)))

+λ−1 E [ψm(Zi, Di, P (Ti);P (Tj))(1−Dj)|Zi, Di, P (Ti)]

+ E
[
ψ∗p(Zi, Di, Ti; Tj)(1−Dj)

∣∣Zi, Di, Ti

]
,

where n1/n converges to λ by Assumption 6. Given that certain regularity conditions

hold (E [JiJ
′
i ] < ∞ ∀i, all mixed third moments of the multivariate distribution are finite,

limn→∞ n−1
∑n

i=1 E [JiJ
′
i ] is a finite and positive definite matrix, and

limn→∞(
∑n

i=1 E [JiJ
′
i ])
−1 E [JiJ

′
i ] = 0 ∀i), we can apply the multivariate Lindeberg-Feller
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central limit theorem, such that the second term in (1.13) is asymptotically normally

distributed:

n−1/2
∑

i

s(Zi, θ0,Mθ0(P (Ti)))+n−1/2
∑

i

(1−Di)(M̂θ0(P̂ (Ti))−Mθ0(P (Ti)))
d→ N (0, E

[
JJ ′

]
).

Turning to equation (1.13), by applying a law of large numbers, the term in round brackets

converges to a non-stochastic limit:

n−1
∑

i

∂2q̃(Zi, θ̃, m̂θ̃(P̂ (Ti)))
∂θ∂θ′

p→ A.

Hence,

n1/2(θ̂ − θ0)
d→ N (0, A−1 E

[
JJ ′

]
A−1).

¤
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Chapter 2
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Estimators

51
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2.1 Introduction

In the last years, a variety of matching methods have been proposed in the liter-

ature in order to provide non- or semiparametric estimators of certain parameters

when a part of the data is missing at random (for an overview see for example De-

hejia and Wahba (1999), Heckman, Ichimura, and Todd (1997) or Smith and Todd

(2005)). Missing data problems arise, for example, because of survey nonresponse or

in estimating treatment effects because of the fundamental problem of causal infer-

ence. Thereby, two often applied matching estimators are nearest neighbor matching

and local polynomial matching. The latter, suggested by Heckman, Ichimura, and

Todd (1998) in the context of causal inference, bears several advantages over simple

nearest neighbor matching. From an asymptotic point of view Heckman, Ichimura,

and Todd (1998) show that local polynomial matching is
√

n-consistent whereas the

nearest neighbor matching is in general not
√

n-consistent (see Abadie and Imbens

(2006)). From a practical point of view, local polynomial matching is based on more

control observations which may lead to efficiency gains in finite samples.

However, the practical implementation of local polynomial estimators requires the

choice of a smoothing parameter. Thereby, many applications rely on subjectively

chosen parameters (see for example Heckman, Ichimura, and Todd (1997) and Smith

and Todd (2005)). For objectivity reasons, a data-driven bandwidth choice ap-

proach would be desirable. Asymptotically, the squared bias of the matching es-

timator has to be at most of order n−1 in order to achieve
√

n-consistent estima-

tion. Standard data-driven selectors like cross-validation which aim to minimize the

Mean Integrated Squared Error (MISE) of the regression function estimator balance

the squared bias and the variance of the conditional mean estimator such that the

squared bias converges at a slower rate than required. This means that in the case

of the local polynomial matching estimator,
√

n-consistent estimation of the true

parameter requires some undersmoothing with respect to the optimal bandwidth

chosen by cross validation. In general, bandwidths minimizing the MISE of the lo-

cal polynomial regression estimator are not necessarily optimal bandwidths for the

local polynomial matching estimator.

To our knowledge, there exist only two studies in the literature concerned with de-

veloping data-driven bandwidth selection algorithms for the case of local polynomial

matching. Frölich (2005) derives first and higher order Mean Squared Error (MSE)
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approximations for kernel and local linear matching and investigates its performance

as a basis for a plug-in bandwidth choice in finite samples. The reliability of these

approximations in small samples is not very high and conventional cross-validation

performs relatively well. Furthermore, choosing the optimal bandwidth with a plug-

in bandwidth selector requires nonparametric estimation of unknown quantities, such

as the density and the derivative of the regression function. This may lead to impre-

cise estimates in small samples. Therefore, Galdo, Smith, and Black (2007) propose

the use of two weighted versions of the cross-validation criterion in order to account

for the location of the treated units. The results of a Monte Carlo study reveal that

there can be efficiency gains when accounting for the location of the treated units in

the estimation of treatment effects. However, from a theoretical point of view, the

approach presented by Galdo, Smith, and Black (2007) only accounts for the loca-

tion problem, but not for the additional smoothing process involved in estimating

the unconditional, expected counterfactual. Therefore, since the proposed band-

width selection criterion is only a weighted version of the cross-validation criterion,

it is not consistent since the bandwidths chosen are asymptotically larger than the

bandwidths required to guarantee asymptotic undersmoothing for the
√

n-consistent

matching estimator.

In order to come up with the problems of data-driven bandwidth choice mentioned

and presented in the literature, we propose a version of Empirical Bias Bandwidth

Selection (EBBS) from Ruppert (1997). The original algorithm is modified such

that it fits the estimation of the MSE of local polynomial matching. Thereby, the

bias as a function of the smoothing parameter is estimated by fitting a model to

the data, which resembles the bootstrap principle. The idea of modeling the bias

empirically is very common in the nonparametric literature. An alternative is based

on the Double Smoothing approach which goes back to Müller (1985) and Härdle,

Hall, and Marron (1992).

We believe that the value added of this paper is threefold: First, a data-driven band-

width selection algorithm for local polynomial matching estimators is proposed that

does not require estimates of complicated asymptotic approximations. Second, as a

byproduct, an estimator for the large sample variance of local polynomial matching

estimators is presented. Third, the proposed algorithm leads to a smoothing pa-

rameter choice which shows up in a better finite sample performance of the kernel
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and local linear matching estimator compared to smoothing parameter selection by

cross-validation.

This paper is organized as follows. Section 2.2 briefly introduces the model of po-

tential outcomes and the relevant matching techniques. In Section 2.3, asymptotic

approximations of the MSE of matching estimators are given and the proposed

smoothing parameter selection algorithm is presented. Section 2.4 sketches the

asymptotic properties of the empirical bias estimator. The finite sample proper-

ties of kernel and local linear matching based on smoothing parameters chosen by

EBBS are investigated in Section 2.5. Section 2.6 contains an empirical application

of the matching estimator to the evaluation of the NSW Demonstration. Finally,

Section 2.7 summarizes the main results and addresses further research questions.

2.2 Local Polynomial Matching

Let Y ∈ R be the outcome variable and X ∈ Rk a k-dimensional vector of covariates.

It is assumed that some observations on Y are missing in the sense that observations

on (Y, X) are drawn independently from a source population and observations on X

are drawn independently from a target population.1 In order to treat missing values,

let D be a binary random variable that equals one if the observation belongs to the

target population and zero if it belongs to the source population. The parameter of

interest is the expected outcome for the target population, µ1 = E [Y |D = 1]. There

is a missing data problem in the sense that only the outcome for the source popu-

lation is observed. This model setup is quite general and describes both standard

missing data problems as well as the fundamental missing data problem in causal

inference.

One way to identify µ1 is to impose the following assumptions:

Y⊥D|X (2.1)

Pr(D = 1|X) < 1, (2.2)

where ⊥ means independence. The statistical missing data literature defines As-

sumption (2.1) as the “missing at random” or “ignorability” assumption (see Rubin

1This formulation of the missing data problem is adopted from Frölich (2005).
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(1976, 1977). In the evaluation literature, this assumption is also known as the Con-

ditional Independence Assumption (CIA).2 (2.2) constitutes a support condition.

According to Theorem 3 of Rosenbaum and Rubin (1983), the CIA implies that:

Y⊥D|X ⇒ Y⊥D|P (X)

where P (X) = Pr(D = 1|X) is the scalar propensity score. Therefore, in the follow-

ing, X is treated as one-dimensional. This is not restrictive because one could also

condition on the one-dimensional propensity score in the multivariate case. Further-

more, let f0(x) and f1(x) be the respective densities of X in the source and target

population.

Now, given that Assumptions (2.1) and (2.2) hold, µ1 is nonparametrically identified:

µ1 = E [Y |D = 1] = E [E [Y |X, D = 0]|D = 1]

Now, let m(X) = E [Y |X,D = 0]. Heckman, Ichimura, and Todd (1998) propose

to estimate m(X) by local polynomial smoothing such that µ1 is estimated by a

locally weighted regression algorithm. Let I0 be the set of observations in the source

sample and I1 the set of observations in the target sample. In addition, let n0 and

n1 be the number of observations in the source and target group, respectively. Local

polynomial matching estimators can be written in terms of a linear smoother:

µ̂1(h) =
1

n1

∑
i∈I1

∑
j∈I0

Wh(Xj, Xi)Yj, (2.3)

where Wh(Xj, Xi) represents a weighting function, which depends on a smoothing

parameter h. Two popular cases of local polynomial matching are kernel matching

(KM) and local linear matching (LLM). In the case of KM, the weighting function

is specified as:

Wh(Xj, Xi) =
K(

Xj−Xi

h
)∑

k∈I0
K(Xk−Xi

h
)
,

where K(·) is a kernel function. For the representation of the weighting function for

LLM, let Kij ≡ K((Xj −Xi)/h). Then the weighting function can be written as:

Wh(Xj, Xi) =
Kij

∑
k∈I0

Kik(Xk −Xi)
2 − [Kij(Xj −Xi)][

∑
k∈I0

Kik(Xk −Xi)]∑
j∈I0

Kij

∑
k∈I0

Kik(Xk −Xi)2 − (∑
k∈I0

Kik(Xk −Xi)
)2 .

2One could weaken the assumptions even more by restricting the conditional independence to hold

only for certain moments. An example would be the widely used conditional mean independence

assumption. However, it is often difficult to argue from a theoretical point of view why mean

independence should hold and the CIA not. See Lechner (2001).
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Heckman, Ichimura, and Todd (1998) show, that under certain regularity conditions,

local polynomial matching is
√

n-consistent.

2.3 Optimal Smoothing Parameter Choice

The application of Estimator (2.3) requires the researcher to select a bandwidth

h. For illustrative purposes, we first present asymptotic bias and variance approx-

imations for KM and LLM which can be used as a basis for a plug-in bandwidth

choice. Thereafter we briefly discuss the problems of cross-validation in the matching

context in order to present EBBS as an alternative selection algorithm.

2.3.1 Asymptotic Properties of KM and LLM

In order to present bias and variance approximations for the kernel and local linear

matching estimator, let the following assumptions hold:

A1) (Yi, Xi, Di) are independently identically distributed.

A2) m(x) and f0(x) are twice continuously differentiable with second derivative

Hölder continuous.

A3) The bandwidth h satisfies n0h/ log n0 →∞ and n0h
4 → c < ∞ for some c ≥ 0.

A4) The Kernel function K(·) is symmetric, supported on a compact set, and Lip-

schitz continuous with
∫

K(u)du = 1,
∫

uK(u)du = 0 and
∫

u2K(u)du = ν2 <

∞.

Then, under Assumptions A1-A4 and if x is in the interior of the support of Xi,

i ∈ I0, the first-term bias approximations and the variance approximations of KM
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and LLM are:

BiasKM(µ̂1(h)) ≈ h2ν2

∫ (
m′′(x)

2
+

f ′0(x)m′(x)

f0(x)

)
f1(x)dx

(2.4)

BiasLLM(µ̂1(h)) ≈ h2ν2

∫
m′′(x)

2
f1(x)dx (2.5)

V[µ̂1(h)] ≈ 1

n1

∫
[m(x) + bh(x)]2f1(x)dx

− 1

n1

(

∫
[m(x) + bh(x)]f1(x)dx)2

+
1

n1n0h

∫
σ2(x)

f0(x)
f1(x)dx

∫
K2(u)du +

1

n0

∫
σ2(x)

f 2
1 (x)

f0(x)
dx,

(2.6)

where bh(x) = h2ν2

(
m′′(x)

2
+

f ′0(x)m′(x)

f0(x)

)
for KM and bh(x) = h2ν2

m′′(x)
2

for LLM and

σ2(x) = V[Y |X = x]. The proof of (2.4)-(2.6) can be found in Frölich (2005), where

the bias and variance approximations are also derived when accounting for bound-

ary points, referred to as the two-term approximation. Cheng (1994) derived similar

approximations and showed that the optimal bandwidth is of order O
(
n
−2/5
0

)
. On

basis of the asymptotic approximations, the optimal smoothing parameter in terms

of the MSE criterion E [(µ̂1(h)− µ1)
2] = [Bias(µ̂1(h))]2 + V [µ̂1(h)] can be derived.

However, the Monte Carlo evidence in Frölich (2005) indicates that the asymptotic

MSE approximations are not sufficiently reliable in finite samples to serve as a basis

for a plug-in bandwidth choice.

2.3.2 Cross-Validation

One of the most popular data-driven smoothing parameter selectors is cross-validation,

which chooses the optimal smoothing parameter to be the argument minimizing the

average squared prediction error:

ĥcv = arg min
h

1

n0

∑
i∈I0

[Yi − m̂h(X−i)]
2, (2.7)

where m̂h(X−i) is the “leave one out” estimator of m(X) with the ith observation

deleted from the sample. Under certain convergence properties, the bandwidth min-
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imizing the average squared prediction error also minimizes the MISE:3

E

[∫
[m̂h(x)−m(x)]2dx

]
.

Asymptotically, the order of magnitude of the optimal bandwidth chosen by the

algorithm in (2.7) is such that the squared bias is of order O((n0h)−1). In the case

of kernel and local linear regression, the MISE optimal bandwidth is at most of

order n
−1/5
0 . As already mentioned, however, the order of magnitude of the squared

bias of µ̂1(h) has to be of order O(n−1
0 ) to guarantee

√
n-consistency of the match-

ing estimator. The theoretical non-optimality of the cross-validation criterion can

especially be seen by considering two aspects. First, in the matching context, addi-

tional smoothing takes place by averaging the estimated means over different sim-

ulated counterfactual values. An optimal selection technique would be to choose

a smoothing parameter which minimizes the MSE of µ̂1(h) and not the MISE of

m̂h(Xi). Another reason why conventional cross-validation could lead to a non-

optimal smoothing parameter is the fact that the cross-validation criterion depends

only on the mass of control observations that could be allocated outside the common

support region. This problem, however, can be accounted for by using a weighted

version of the cross-validation criterion, where the weights depend on the location

of the treated units (see Galdo, Smith, and Black (2007)).

2.3.3 EBBS

In the following we will propose a bandwidth selection algorithm for local polynomial

matching which accounts for both the smoothing and the location problem, with-

out the need for estimating asymptotic approximations of the bias. The smoothing

parameter selection algorithm consists of three steps. The first step is estimating

the bias empirically as a function of h and the second step is estimating V[µ̂1(h)].

Finally, the MSE as a function of h is estimated and the optimal bandwidth is chosen

to minimize the estimated criterion function.

3A more general version of this squared distance measure would be E
[∫

[m̂h(x)−m(x)]2w(x)dx
]
,

where w(x) denotes some weight function. This implies a weighted cross validation criterion. See

for example Härdle and Marron (1985) for asymptotic optimality results of the cross-validation

procedure.
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Estimation of the Bias Term

Let h0 be a bandwidth, at which the bias of µ̂1(h) is to be estimated. Define

h0,1, h0,2, ..., h0,Jb
to be a neighborhood of h0, where Jb > 1 is some integer value.

Then µ̂1(h0,j) is calculated for j = 1, 2, ..., Jb. By applying OLS, the following curve

is fitted to the data (h0,j, µ̂1(h0,j)):

µ̂1(h) ≈ γ0 + γp+1h
p+1 + ... + γp+th

p+t,

where p is the degree of the polynomial applied for local smoothing and t denotes

the number of terms used for the approximation. An estimator for the bias of µ̂1(h0)

is then:

B̂ias(µ̂1(h0)) = γ̂p+1h
p+1
0 + ... + γ̂p+th

p+t
0 .

The bias model follows from asymptotic theory when applying Taylor Series approx-

imations of the corresponding order. Examples are the first-term approximations

(2.4) and (2.5) for p = 0 and p = 1, respectively. For the choice of the number of

terms included in the bias model, Ruppert (1997) recommends t = 2. He further

suggests not setting γj for j odd to zero, contrary to the true bias model. One reason

is that if x is a boundary point, γj does not vanish for j odd. Since in practice it is

very likely that boundary problems are present, γj for j odd should be included in

the empirical bias model.4 Aside from the number of approximation terms, two other

tuning parameters, J1, J2, have to be chosen in order to confine the neighborhood

of h0, [h0,j−J1 , ..., h0,j+J2 ], where J1 and J2 are two integers with Jb = 1 + J1 + J2,

J1 + J2 ≥ t and J2 positive. The EBBS algorithm requires no estimates of asymp-

totic expressions for the bias part. That means that we neither need to estimate

derivatives of m(x) nor unknown densities like f0(x) or their derivatives. Similar to

the bootstrap method, the bias is estimated empirically.

Estimation of the Variance

One appealing feature of the EBBS procedure proposed by Ruppert (1997) for local

polynomial regression is the fact that it does not require the estimation of compli-

cated asymptotic approximations, but the estimation of the conditional finite sample

expression for the variance. In order to adapt this strategy for the matching estima-

tor, we derive a simple estimator for the large sample variance of µ̂1(h). Therefore,

4In program evaluation, for example, boundary problems may arise because of different covariate

supports for the treatment and control group.
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the following notation is introduced: let

Vµ1(h) = V[µ̂1(h)|X] +
V [E [m̂h(Xi)|X]|Di = 1]

n1

=
1

n2
1

∑
j∈I0

(∑
i∈I1

Wh(Xj, Xi)

)2

σ2(Xj)

+
1

n1

V

[∑
j∈I0

Wh(Xj, Xi)m(Xj)|Di = 1

]
,

where X = (X1, ..., Xn)′. It is shown in the appendix that in large samples,

Vµ1(h) ≈ V[µ̂1(h)].

Hence, an estimator for the large sample variance of µ̂1(h) would be

V̂µ1(h) =
1

n2
1

∑
j∈I0

(∑
i∈I1

Wh(Xj, Xi)

)2

σ̂2(Xj)

+
1

n2
1

∑
i∈I1

(∑
j∈I0

Wh(Xj, Xi)m̂h∗(Xj)

)2

− 1

n1

(
1

n1

∑
i∈I1

∑
j∈I0

Wh(Xj, Xi)m̂h∗(Xj)

)2

. (2.8)

The conditional expectation, m(Xi), is estimated by local polynomial regression

using a bandwidth h∗. Nonparametrically regressing the squared residuals, r2
i =

(Yi − m̂h∗(Xi))
2, on Xi yields an estimate of the conditional variance, σ2(Xi). Rup-

pert, Wand, Holst, and Hössjer (1997) and Fan and Yao (1998) show that, under

certain conditions, the bias contribution of m̂h∗(Xi) to the estimation of σ2(Xi) is

negligible, which allows the application of standard bandwidth selection algorithms.5

Therefore, the bandwidths for estimating both the conditional mean and variance

functions are chosen by cross-validation.

5For example, the bias of m̂h∗(Xi) has only a second order effect on the asymptotic performance of

σ̂2(Xi) if h∗ is chosen optimally and if the polynomial order for estimating the conditional mean

function and for smoothing the squared residuals is the same (see Ruppert, Wand, Holst, and

Hössjer (1997)).
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Bandwidth Selection

Let J∗1 = max{0, J1}. The following bandwidth selection algorithm is proposed:

1. Construct an equally spaced grid of M bandwidths, say [h1, ..., hM ], based on

user supplied lower and upper bounds on the bandwidths, ha and hb.

2. Start from h = h1+J∗1 , and estimate the MSE by

M̂SE(h) = [B̂ias(µ̂1(h))]2 + V̂µ1(h).

3. Let Cgrid = (hM − h1)/(M − 1) be the length between two consecutive points

in the grid. Repeat Step 2 for h = h1+J∗1 + k ∗ Cgrid, (k = 1, 2, ...), until

M̂SE(h) increases consecutively a certain number of times, say nINC , or when

h > hM−J2 .

4. Let H be the grid of bandwidths at which M̂SE(h) has been computed. The

optimal smoothing parameter is chosen by

ĥebbs = arg min
h∈H

M̂SE(h).

It is important to note that M̂SE(h) → 0 for h → ∞. This is because for large

bandwidths the information on µ̂1(hj), j = 1, 2, ..., Jb is largely smoothed away, such

that the bias is greatly underestimated. In order to account for this problem in local

polynomial regression, Ruppert (1997) restricts the optimal bandwidth to be the

value at the first local minimum of the estimated MSE. However, the Monte Carlo

evidence in Frölich (2005) indicates that the true MSE curve sometimes can involve

local minima. Hence, a bandwidth selection rule based on the first local minimum

would not be suited for the matching case. Therefore, we adopt the stopping rule

algorithm by Fan and Gijbels (1995) which bears two advantages: First, by fixing

nINC appropriately one can partly account for certain local minima before the global

minimum. Second, since M̂SE(h) is not necessarily computed for the whole values in

the search grid, computational time is reduced. In this paper, we choose nINC = 7.

2.3.4 Application to Program Evaluation

The application possibility of the proposed approach shall now be considered in the

context of program evaluation. Thereby, making use of the model of potential out-

comes, let Yd ∈ R be the outcome under the respective treatment status d, d = 0, 1.
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D equals one if the treatment is observed and zero otherwise. One causal parameter

of interest is the Treatment Effect on the Treated (TT): ∆TT = E [Y1 − Y0|D = 1].

Thereby, µ1 = E [Y0|D = 1] is not identified because Y0 is not observable for the tar-

get sample (here: the participants).6 Identification requires that (Y1, Y0)⊥D|X, i.e.,

treatment assignment is ignorable given X. The corresponding matching estimator

can be written as follows:

∆̂TT (h) =
1

n1

∑
i∈I1

Y1i − 1

n1

∑
i∈I1

m̂h(Xi),

where

m̂h(Xi) =
∑
j∈I0

Wh(Xj, Xi)Y0j.

In this case, I1 (I0) denotes the set of n1 (n0) observations in the treatment (control

group). In order to implement the EBBS selector for ∆̂TT (h), a variance estimator is

needed. By similar arguments as above one can derive a large sample approximation

for V[∆̂TT (h)], which is denoted by VTT (h):

VTT (h) =
1

n2
1

∑
i∈I1

σ2
1(Xi) +

1

n2
1

∑
j∈I0

(∑
i∈I1

Wh(Xj, Xi)

)2

σ2
0(Xj)

+
1

n1

V

[
E[Y1i|Xi]−

∑
j∈I0

Wh(Xj, Xi)m(Xj)|Di = 1

]
,

σ2
d(Xi) = V[Ydi|Xi], d = 0, 1. Now, an estimator for the large sample variance of

∆̂TT (h) is

V̂TT (h) =
1

n2
1

∑
i∈I1

σ̂2
1(Xi) +

1

n2
1

∑
j∈I0

(∑
i∈I1

Wh(Xj, Xi)

)2

σ̂2
0(Xj)

+
1

n2
1

∑
i∈I1

(
Ê[Y1i|Xi]−

∑
j∈I0

Wh(Xj, Xi)Ê[Y0j|Xj]

)2

− 1

n1

[
1

n1

∑
i∈I1

(
Ê[Y1i|Xi]−

∑
j∈I0

Wh(Xj, Xi)Ê[Y0j|Xj]

)]2

, (2.9)

where Ê[Ydi|Xi] and σ̂2
d(Xi) are estimators of E[Ydi|Xi] and V[Ydi|Xi], d = 0, 1,

respectively. The estimation can be carried out again by standard local polynomial

regression techniques. By using V̂TT (h) instead of V̂µ1(h), the EBBS procedure can

now be implemented in the same way as described in Section 2.3.3.

6For ease of exposition, we focus on the TT in this paper when discussing treatment effects. The

corresponding derivations and expressions can easily be extended to the estimation of the Average

Treatment Effect (ATE), E [Y1 − Y0].
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2.4 Asymptotic Theory

This section will shed some light on the large sample properties of the bias estimator

in order to get an idea of how to choose the tuning parameters J1 and J2, which

define the neighborhood of h0. Similar to Ruppert (1997) we consider the exemplary

case of the local linear matching estimator and therefore p = 1. Therefore, we have

to strengthen Assumption A2 to A2’ in order to allow for higher order Taylor Series

expansions of the mean function:

A2’) f0(x) is twice continuously differentiable with second derivative Hölder contin-

uous and m(x) is five times continuously differentiable with second derivative

Hölder continuous.

We derive the results by accounting for boundary points. Therefore, denote the

boundaries of the support of X as a and b where −∞ < a < b < ∞. Furthermore

we introduce the equivalent kernel function K∗(·). Let

ητ (x, h) =

b−x
h∫

a−x
h

uτK(u)du.

Then the equivalent kernel of the local linear regression estimator is

K∗
(

Xj − x

h
, x, h

)
=

η2(x, h)− η1(x, h)
Xj−x

h

η0(x, h)η2(x, h)− η2
1(x, h)

K

(
Xj − x

h

)
.

For a derivation of the equivalent kernel see Fan and Gijbels (1996), Chapter 3.

The first proposition considers the expectation of the local linear matching estimator.

Proposition 2.4.1 (Expectation of the LLM-estimator). Under the assumption that

n
−1/2
0 h3/2 = o(h5),

E [µ̂1(h)] = µ1 + γ2h
2 + γ3h

3 + γ4h
4 + Op(h

5).

Proof. Note that the expectation of the matching estimator can be expressed as:

E [µ̂1(h)] = E [E [ µ̂1(h)|X]]

= E [E [m̂h(Xi)|X]] ,

where X = (X1, ..., Xn)′. Following Ruppert (1997), the conditional expectation of

m̂h(Xi) given X = x can be expanded to

E [m̂h(Xi)|X = x] = m(x)+c2(x)h2+c3(x)h3+c4(x)h4+Op(h
5+n

−1/2
0 h3/2). (2.10)
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This expansion also considers the case where x is a boundary point and, therefore,

c3(x) is not zero. Since n
−1/2
0 h3/2 = o(h5) and integrating (2.10) with respect to the

covariate distribution of the target population yields

E [µ̂1(h)] = µ1 + γ2h
2 + γ3h

3 + γ4h
4 + Op(h

5),

where γs =
∫

cs(x)f1(x)dx, s = 2, 3 or 4.

¤

Now assume that the neighborhood in the empirical bias estimation procedure is

determined by

hj = αjn
−δ
0 ,

where j = 1, ..., Jb, δ ∈ (0, 1) and 0 < α1 < ... < αJb
. Furthermore, define a Jb × Jb

matrix S with entries

Sij =
1

αiαj

b−x

n−δ
0∫

a−x

n−δ
0

K∗
(

u

αi

, x, hi

)
K∗

(
u

αj

, x, hj

)
du.

For the local linear matching estimator, the model used for empirical bias estimation

is

µ̂1(hj) ≈ γ0 + γ2h
2
j + ... + γt+1h

t+1
j , j = 1, ..., Jb, (2.11)

where t ∈ [1, 2, 3] and Jb ≥ t+1. Define also the matrices D = diag(1, n−2δ
0 , ..., n

−(t+1)δ
0 )

and

A =




1 α2
1 ... αt+1

1

. . .

. . .

. . .

1 α2
Jb

... αt+1
Jb




.

In addition, denote the vector of estimates for each bandwidth value as

µ̂ = (µ̂1(h1), ..., µ̂1(hJb
))′.

Fitting (2.11) by least squares yields the estimated bias coefficients:

γ̂ = D−1(A′A)−1A′µ̂,

where γ̂ = (γ̂0, ..., γ̂t+1)
′. The expectation and the variance of γ̂ are given in the next

proposition, which is proven in the appendix.
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Proposition 2.4.2 (Expectation and Variance of γ̂).

E [γ̂] = γ + D−1Rn0

V[γ̂] ≈ D−1(A′A)−1A′
∫

σ2(x)

f0(x)
Sf1(x)dxA(A′A)−1D−1 1

n1n
1−δ
0

+D−1(A′A)−1D−1 1

n0

∫
σ2(x)

f 2
1 (x)

f0(x)
dx +

V[c(X)|D = 1]

n1

,

where c(X) = (m(X), c2(X), ..., ct+1(X))′ and Rn0 = Op(h
t+2), for t ∈ [1, 2, 3],

provided that n
−1/2
0 h3/2 = o(ht+2). If t = 1 and x is an interior point, Rn0 = Op(h

4),

provided that n
−1/2
0 h3/2 = o(h4).

Following Ruppert (1997), the optimal δ is chosen such that the squared bias and

the variance terms involving δ in the asymptotic MSE of the estimated bias coeffi-

cients are of the same order of magnitude. Remember that n = n1 + n0 and assume

that limn→∞ n1/n0 = θ < ∞. Let t∗ = t, except that t∗ = 2 if t = 1 and x is an

interior point. If δ < 1/(1 + 2t∗), then n
−1/2
0 h3/2 = o(ht∗+2). Then the order of

magnitude of the squared bias of γ̂j, j = 2, ..., (t + 1), is n
−2δ(t∗+2)+2jδ
0 . The order

of magnitude of the variance of γ̂j is n−1+2jδ
0 , for n → ∞. Therefore, setting the

orders of magnitude of the variance term and the squared bias equal and solving

for δ yields the optimal parameter δ0 = 1/(2t∗ + 4) for t∗ = 1, 2, or 3. With δ0,

the asymptotic MSE of γ̂j is Op(n
−(2t∗+4−2j)/(2t∗+4)
0 ). Note that for the case of the

conditional mean function estimator, m̂h(x), the optimal δ is 1/(2t∗ + 5) and yields

a MSE of the bias coefficients which is Op(n
−(2t∗+4−2j)/(2t∗+5)
0 ) (see Ruppert (1997)).

This means that the empirical bias estimator for the matching estimator converges

at a faster rate compared to the local polynomial regression case. Furthermore, the

bandwidths used in the neighborhood when estimating the bias at h0 for the match-

ing estimator are smaller, which reflects some undersmoothing compared to the case

of conditional mean function estimation.

However, similar to the case of local linear regression, the asymptotic results for

the empirical bias coefficients of the matching estimator suggest the same policy of

choosing the tuning parameters J1 and J2. Since the MSE optimal bandwidth of the

matching estimator is of order O
(
n
−2/5
0

)
and the optimal δ is 1/(2t∗ + 4), it would

be asymptotically optimal to use only values of h larger than h0. The simulation

results presented in Section 2.5 do not reveal a particular sensitivity with respect to

the choice of tuning parameters. Furthermore, the Monte Carlo evidence presented

by Ruppert (1997) does not suggest that choosing only larger bandwidth values

65



2. EMPIRICAL BIAS BANDWIDTH CHOICE FOR LOCAL POLYNOMIAL
MATCHING ESTIMATORS

in the neighborhood is an optimal strategy in finite samples. If, for example, the

conditional mean function is of rapidly changing curvature, it is advisable to use h

on both sides of h0. We therefore also apply this strategy in our simulation study

and empirical application.

2.5 Monte Carlo Study

In this section, the finite sample properties of the proposed bandwidth selection

algorithm are subject to a Monte Carlo study. The focus of this simulation study is

to investigate how the EBBS method compares to CV in small samples for different

tuning parameters. The design of the study is basically taken from Frölich (2005).

Thereby, the covariates for the source and target population are drawn from two

truncated normals which are depicted in Figure 2.1.

Figure 2.1: Design densities N1 and N2 of X

Note: Density distributions from which source and target samples are drawn. From left to right:

N1(u) = 1.1 exp(−(u − 0.3)2/2σ2
x) · 1l [0,1](u)/

√
2πσ2

x and N2(u) = 1.1 exp(−(u − 0.7)2/2σ2
x) ·

1l [0,1](u)/
√

2πσ2
x with σ2

x = 0.05

The support of X is always between zero and one. These two density combinations

evidence the location problem of many real data applications. The mass of the

treated or target units is allocated in a region, where the amount of nontreated

or source units is sparse. While cross-validation only depends on the mass of the

source units, the EBBS algorithm also accounts for the location of target units. The

outcome equations by which we simulate Y are given in Table 2.1.
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Table 2.1: Design of the outcome equations

Model Outcome Equation

1 Y = 0.15 + 0.7x + ε

2 Y = 0.2 +
√

x− 0.6(x− 0.1)2 + ε

3 Y = 0.1 + 2(x− 0.35)2 + ε

4 Y = 0.4 + 0.25 sin(8x− 5) + 0.4 exp(−16(4x− 2.5)2) + ε

Here, ε is drawn from a mean zero uniform distribution with standard deviation 0.1.

In this simulation the focus is on kernel and local linear matching, despite the often

revealed poor finite sample properties of the latter approach when a global band-

width is used.7 For both matching estimators we use the Gaussian kernel.8 The

reason for choosing a kernel function with infinite support is the following: When

applying a kernel function with finite support, an additional source of bias arises for

small bandwidths because the estimator may not be defined for covariate regions in

the source sample where the amount of data is sparse. In this case some target units

would have to be excluded. This source of common support bias is not accounted

for in the proposed bandwidth selection algorithm because it is assumed that for

h → 0, the bias also converges to zero.

Two sample sizes are considered: n0 = n1 = 200 and n0 = n1 = 500. We fix

ha = 0.01 and hb = 0.56 as lower and upper bounds for the EBBS-procedure and

H = [0.02, 0.03, ..., 0.50] as search grid.9 The search grid for the cross-validation

procedure is the same. Monte Carlo designs are used with J1 = 1 and J2 = 4, 5 and

6. The number of replications is 1000 for n0 = n1 = 200 and 500 for n0 = n1 = 500.

Tables 2.2-2.5 contain the MSE of the simulation results. The last column of each

7See for example the Monte Carlo evidence by Frölich (2005) where kernel matching clearly outper-

forms local linear matching when a global bandwidth is used. In general, local linear regression

may have poor finite sample properties in regions of sparse data when using a global bandwidth

(see Seifert and Gasser (1996)). However, considering a variable bandwidth selection approach is

beyond the scope of this paper.
8For estimating the variance of µ̂1(h), we use kernel regression in order to avoid negative variance

estimates.
9Because of numerical problems, the LLM estimator can sometimes not be computed for h = 0.01

and 0.02. In this case the corresponding target units are dropped. This has only a negligible effect

on the estimation results since a Gaussian kernel is applied and therefore the amount of target

units dropped is low.
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Table 2.2: Simulation results for kernel matching, n0 = n1 = 200

Mod. Dens. J2

ĥebbs ĥcv

MSEebbs MSEcv τ
Mean Std.Err Mean Std.Err

1

N1-N2

4 0.04 0.02

0.05 0.01

0.73

0.77

94.8

5 0.04 0.02 0.71 92.2

6 0.04 0.02 0.71 92.2

N2-N1

4 0.04 0.02

0.05 0.01

0.71

0.74

95.9

5 0.04 0.02 0.70 94.6

6 0.03 0.01 0.69 93.2

2

N1-N2

4 0.11 0.05

0.04 0.01

0.37

0.46

80.4

5 0.11 0.05 0.37 80.4

6 0.11 0.04 0.38 82.6

N2-N1

4 0.04 0.04

0.06 0.02

0.94

1.25

75.2

5 0.04 0.03 0.90 72.0

6 0.04 0.02 0.88 70.4

3

N1-N2

4 0.03 0.01

0.04 0.01

1.46

1.75

83.4

5 0.03 0.01 1.42 81.1

6 0.03 0.01 1.40 80.0

N2-N1

4 0.10 0.04

0.03 0.01

0.47

0.57

82.4

5 0.10 0.04 0.48 84.2

6 0.10 0.04 0.48 84.2

4

N1-N2

4 0.05 0.03

0.02 0.01

0.79

0.72

109.7

5 0.05 0.03 0.77 106.9

6 0.05 0.02 0.76 105.6

N2-N1

4 0.06 0.05

0.02 0.00

0.77

0.90

85.6

5 0.06 0.05 0.81 90.0

6 0.05 0.04 0.81 90.0

Note: 1000 replications. The MSE of the matching estimator is multiplied by 1000. τ =

MSEebbs/MSEcv ∗ 100.
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Table 2.3: Simulation results for local linear matching, n0 = n1 = 200

Mod. Dens. J2

ĥebbs ĥcv

MSEebbs MSEcv τ
Mean Std.Err Mean Std.Err

1

N1-N2

4 0.29 0.18

0.38 0.17

0.56

4.57

12.3

5 0.30 0.18 0.54 11.8

6 0.30 0.18 0.52 11.4

N2-N1

4 0.30 0.18

0.37 0.17

0.60

1.57

38.2

5 0.30 0.18 0.57 36.3

6 0.30 0.18 0.57 36.3

2

N1-N2

4 0.13 0.04

0.07 0.03

0.63

6.98

9.0

5 0.13 0.04 0.61 8.7

6 0.13 0.04 0.61 8.7

N2-N1

4 0.13 0.05

0.11 0.04

0.84

2.16

38.9

5 0.12 0.04 0.82 37.9

6 0.12 0.04 0.80 37.0

3

N1-N2

4 0.12 0.03

0.07 0.02

0.98

6.68

14.7

5 0.12 0.03 0.96 14.4

6 0.12 0.03 0.97 14.5

N2-N1

4 0.12 0.03

0.07 0.02

0.78

5.08

15.4

5 0.12 0.03 0.77 15.2

6 0.11 0.03 0.79 15.6

4

N1-N2

4 0.12 0.06

0.03 0.01

2.01

48.94

4.1

5 0.11 0.05 2.03 4.1

6 0.11 0.05 2.08 4.3

N2-N1

4 0.10 0.03

0.03 0.01

1.03

58.03

1.8

5 0.10 0.03 1.06 1.8

6 0.10 0.03 1.08 1.9

Note: 1000 replications. The MSE of the matching estimator is multiplied by 1000. τ =

MSEebbs/MSEcv ∗ 100.
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Table 2.4: Simulation results for kernel matching, n0 = n1 = 500

Mod. Dens. J2

ĥebbs ĥcv

MSEebbs MSEcv τ
Mean Std.Err Mean Std.Err

1

N1-N2

4 0.03 0.01

0.04 0.01

0.31

0.34

91.2

5 0.03 0.01 0.31 91.2

6 0.03 0.01 0.30 88.2

N2-N1

4 0.03 0.01

0.04 0.01

0.29

0.32

90.6

5 0.03 0.01 0.28 87.5

6 0.03 0.01 0.27 84.3

2

N1-N2

4 0.11 0.05

0.03 0.01

0.15

0.21

71.4

5 0.11 0.05 0.15 71.4

6 0.10 0.04 0.16 76.2

N2-N1

4 0.03 0.01

0.05 0.01

0.36

0.54

66.7

5 0.03 0.01 0.35 64.8

6 0.03 0.01 0.34 63.0

3

N1-N2

4 0.02 0.01

0.03 0.01

0.52

0.67

77.6

5 0.02 0.00 0.51 76.1

6 0.02 0.00 0.50 74.6

N2-N1

4 0.10 0.04

0.03 0.00

0.17

0.21

81.0

5 0.09 0.04 0.17 81.0

6 0.09 0.04 0.16 76.2

4

N1-N2

4 0.05 0.02

0.02 0.00

0.40

0.33

121.2

5 0.05 0.02 0.39 118.2

6 0.04 0.02 0.38 115.2

N2-N1

4 0.03 0.02

0.02 0.00

0.27

0.28

96.4

5 0.03 0.02 0.27 96.4

6 0.03 0.02 0.27 96.4

Note: 500 replications. The MSE of the matching estimator is multiplied by 1000. τ =

MSEebbs/MSEcv ∗ 100.
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Table 2.5: Simulation results for local linear matching, n0 = n1 = 500

Mod. Dens. J2

ĥebbs ĥcv

MSEebbs MSEcv τ
Mean Std.Err Mean Std.Err

1

N1-N2

4 0.29 0.18

0.37 0.17

0.22

0.38

57.9

5 0.29 0.18 0.22 57.9

6 0.29 0.19 0.22 57.9

N2-N1

4 0.29 0.18

0.38 0.17

0.21

0.28

75.0

5 0.29 0.19 0.21 75.0

6 0.29 0.19 0.21 75.0

2

N1-N2

4 0.12 0.04

0.05 0.02

0.25

0.62

40.3

5 0.11 0.04 0.25 40.3

6 0.11 0.04 0.25 40.3

N2-N1

4 0.11 0.03

0.08 0.03

0.29

0.40

72.5

5 0.10 0.03 0.29 72.5

6 0.10 0.03 0.29 72.5

3

N1-N2

4 0.11 0.03

0.06 0.01

0.40

0.71

56.3

5 0.11 0.03 0.39 56.1

6 0.11 0.02 0.38 53.5

N2-N1

4 0.10 0.03

0.06 0.01

0.25

0.45

55.5

5 0.10 0.03 0.26 57.8

6 0.10 0.03 0.26 57.8

4

N1-N2

4 0.09 0.04

0.03 0.01

0.61

8.62

7.1

5 0.08 0.04 0.59 6.8

6 0.08 0.03 0.66 7.7

N2-N1

4 0.10 0.03

0.02 0.01

0.39

7.11

5.5

5 0.09 0.03 0.42 5.9

6 0.09 0.03 0.44 6.2

Note: 500 replications. The MSE of the matching estimator is multiplied by 1000. τ =

MSEebbs/MSEcv ∗ 100.
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table gives the percentage of the MSE of the matching estimator based on EBBS

relatively to the MSE of the matching estimator based on CV.

Considering the results for the smaller sample size, n0 = n1 = 200, EBBS slightly

outperforms CV with respect to the MSE of the kernel matching estimator except for

Model 4 (N1-N2). For the local linear matching estimator, the results are more strik-

ing. Thereby, the small sample performance based on cross-validated bandwidths is

poor. Furthermore, it becomes evident that the cross-validated bandwidths can be

very different from the bandwidths chosen by EBBS. For kernel matching, this can

be seen for Model 2 (N1-N2) and Model 3 (N2-N1). For local linear matching, the

average chosen bandwidths differ considerably for Model 2 (N1-N2) and Models 3

and 4. Regarding the sensitivity of the results with respect to the choice of the tun-

ing parameter J2, the proposed procedure seems to be quite robust. This observed

robustness seems to be stronger for the local linear matching estimator than for the

kernel matching estimator. Furthermore, for kernel matching, the results are mostly

slightly better for J2 = 6.

When analyzing the results for the larger sample size, n0 = n1 = 500, the pattern

described above remains nearly the same. Except for kernel matching, Model 4

(N1-N2), EBBS chooses bandwidths leading to a smaller MSE for both matching

estimators. For local linear matching, the performance difference is not as extreme

as for the smaller sample size, but still considerable and larger than for the kernel

matching estimator. The results are now even more robust to the choice of the local

neighborhood parameter J2. For kernel matching, using a larger J2, and therefore

more bandwidths to the right of h0, seems to be again more favorable.

2.6 Empirical Application

In order to evaluate the proposed bandwidth algorithm on the basis of real data,

the job training program data set, which was first analyzed by LaLonde (1986), is

used. The same data also formed the basis of several studies in econometric eval-

uation research, like the work of Heckman and Hotz (1989), Dehejia and Wahba

(1999), Smith and Todd (2005) or Abadie and Imbens (2002). The reason for the

widespread use of this data set is the availability of an experimental data set from

the “National Supported Work Program” (NSW). The experimental data are ob-
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tained by randomly assigning the treatment to eligible participants. It consists of

information on earnings, treatment status, background characteristics like ethnicity

or age, and also earnings before treatment. Due to the randomness of treatment

assignment, estimates based on the NSW data set can be regarded as a benchmark

for nonexperimental program evaluation.

Dehejia and Wahba (1999) use the NSW data to evaluate the performance of propen-

sity score matching methods. They come to the conclusion that the experimental

results can be replicated very well by nonparametric estimates based on observa-

tional data. One data set that Dehejia and Wahba (1999) use is a subset of the

NSW data of 185 treated units and 2490 control observations of the “Panel Study

of Income Dynamics” (PSID). Following LaLonde (1986), they also use Weststat’s

Matched Current Population Survey-Social Security Administration File (CPS) as

control sample which contains 15992 observations.

Table 2.6: Propensity score specifications

Model Covariates

DW99PSID Age, Age2, Education, Education2, Married, Hispanic, Black,

Earnings 1974 (RE74), RE742, Earnings 1975 (RE75), RE752,

Black*1l {RE74 = 0}
DW04PSID Married, Black, Hispanic, Age, Education, Married*1l {RE75 = 0},

Nodegree*1l {RE74 = 0}, RE74, RE75

DW99CPS Age, Age2, Age3, Education, Education2, Married,

Black, Hispanic, RE74, RE75, 1l {RE74 = 0}, 1l {RE75 = 0},
Education*RE74

DW04CPS Married, Black, Hispanic, Age, Education, RE74, RE75,

Black*Age

Note: The variable labels are adopted from Dehejia and Wahba (1999, 2004).

Using the same data we estimate the TT by KM and LLM and compare the results

to the experimental benchmark. Following Dehejia and Wahba (1999, 2004), the

propensity scores are estimated by a logit model. Two different models are consid-

ered. One is the model applied by Dehejia and Wahba (1999) (therefore DW99)

and the other one is applied by the same authors in 2004 (therefore DW04). Each

specification of the propensity score equation is chosen such that it balances the

distribution of the covariates over both treatment groups. Table 2.6 contains the
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variables included in the logit models.

As in the Monte Carlo study, we compare EBBS and CV for kernel matching and

local linear matching for different choices of the tuning parameter J2 by using a

Gaussian kernel. The search grid for the EBBS and the CV procedure is again

H = [0.02, 0.03, ..., 0.50]. The standard errors of the treatment effect estimators are

computed by Estimator (2.9). The results are given in Table 2.7 below.

When looking at the results for the kernel matching estimator, there does not seem

to be any considerable advantage of using EBBS instead of CV when taking the

closeness to the experimental benchmark as performance measure. Only for the

DW99PSID propensity score do the EBBS and CV bandwidths of the kernel match-

ing estimator differ largely. In this case, the EBBS matching estimator is closer

to the experimental benchmark. For the local linear matching results, the chosen

bandwidths differ considerably. It appears that cross-validation chooses bandwidths

which are too small and which, except for the DW04CPS propensity score, lead to

treatment effect estimates that are not as close to the experimental benchmark as

the corresponding estimates based on EBBS bandwidths. This is especially striking

for the DW99PSID propensity score, where the local linear matching estimator yields

a negative estimate. The large difference in the chosen bandwidths for local linear

matching can be explained by the fact that the cross-validation procedure does not

account for the location of the treated units. Since the number of treated units is

very small compared to the number of control units, procedures which are only based

on the control sample will yield very small bandwidths. Finally, as in the Monte

Carlo simulation, the EBBS results are quite robust with respect to the choice of

the tuning parameter J2.

2.7 Conclusion

In this paper, a bandwidth selection algorithm based on empirical bias estimation

for local polynomial matching is proposed. The proposed algorithm accounts for

the location of the target units and for the additional smoothing process in estimat-

ing the expected counterfactual. Its finite sample properties with respect to kernel

matching and local linear matching are investigated by a Monte Carlo study. The

results indicate that the proposed method can lead to efficiency gains compared to

74



2. EMPIRICAL BIAS BANDWIDTH CHOICE FOR LOCAL POLYNOMIAL
MATCHING ESTIMATORS

Table 2.7: Nonexperimental estimates based on the PSID and CPS control samples

Data J2

KM LLM

∆̂ebbs
TT ∆̂cv

TT ĥebbs ĥcv ∆̂ebbs
TT ∆̂cv

TT ĥebbs ĥcv

DW99PSID

4
1408 | 0.08 | 1784 | 0.14 |
(872) (871)

5
1408 1266

0.08 0.02
1795 -34

0.13 0.03
(872) (929) (872) (1289)

6
1497 | 0.07 | 1795 | 0.13 |
(872) (872)

DW04PSID

4
2106 | 0.02 | 1921 | 0.08 |
(751) (726)

5
2106 2106

0.02 0.02
1921 2068

0.08 0.02
(751) (751) (726) (883)

6
2106 | 0.02 | 1921 | 0.08 |
(751) (726)

DW99CPS

4
1643 | 0.02 | 1650 | 0.19 |
(682) (676)

5
1643 1643

0.02 0.02
1650 1545

0.19 0.02
(682) (682) (676) (702)

6
1643 | 0.02 | 1650 | 0.19 |
(682) (676)

DW04CPS

4
1066 | 0.03 | 1185 | 0.07 |
(601) (599)

5
1094 1094

0.02 0.02
1187 1151

0.06 0.02
(601) (603) (600) (605)

6
1094 | 0.02 | 1187 | 0.06 |
(603) (600)

Note: Estimated standard errors in parenthesis. Experimental Estimate: 1794
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the widely used cross-validation algorithm, which is not optimal in the matching

context. Furthermore, the simulation evidence and the empirical results are not

particularly sensitive to the choice of tuning parameters. Therefore, we believe that

this study leads to two main conclusions: First, the proposed method constitutes

an appropriate data-driven bandwidth algorithm for local polynomial matching es-

timators and should be applied for reasons of objectivity and comparability across

studies instead of subjective bandwidth choice. Second, cross-validation does not

necessarily lead to optimal bandwidths for local polynomial matching estimators

and should be applied as a rule-of-thumb algorithm only with caution.

However, there remain further research topics. In this paper we follow a global

bandwidth approach. It would be interesting to investigate how variable bandwidth

selection could be applied in the matching context. Especially for the case of lo-

cal linear matching, a variable bandwidth approach could be promising given the

poor finite sample performance of local linear regression in regions with sparse data.

Finally, it would be worthwile to explore whether parameter selection by empirical

bias estimation could be extended to the choice of parameters of other matching

estimators, such as the number of neighbors in nearest neighbor matching.
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2.A Appendix

2.A.1 Proof of Proposition 2.4.2

The expectation of the empirical bias estimator γ̂ under the assumption that hj = αjn
−δ
0

for 0 < α1 < ... < αJb
and δ ∈ (0, 1) follows from

E [γ̂] = D−1(A′A)−1A′ E [µ̂]

= D−1(A′A)−1A′ [ADγ + Op

(
ht+2

)]

= γ + D−1Rn0 ,

where t∗ = t, t ∈ [1, 2, 3], except that t∗ = 2 if t = 1 and x is an interior point.

In order to derive the asymptotic variance, first note that

V[γ̂] = D−1(A′A)−1A′V[µ̂]A(A′A)−1D−1 (2.12)

Following Frölich (2005) we rely on the asymptotic linear representation of the local poly-

nomial matching estimator developed by Heckman, Ichimura, and Todd (1998). Let m̂h(x)

denote a nonparametric estimator of m(x) on the basis of {Yj , Xj}j∈I0 . Then, m̂h(x) is

asymptotically linear if it can be expressed as

m̂h(x)−m(x) = n−1
0

∑

j∈I0

ψh(Yj , Xj ; x) + bh(x) + Rh(x), (2.13)

where ψh(Yj , Xj ; x) is a local influence function with E [ψh(Yi, Xi; x)|X = x] = 0. The

stochastic term bh(x) is the local bias term arising from nonparametric estimation with the

property plim n
−1/2
0

∑
i∈I0

bh(Xi) < ∞. Rh(x) is a residual term with n
−1/2
0

∑
i∈I0

Rh(Xi) =

op(1). Since the asymptotic properties of nonparametric estimators depend on smoothing

parameters, ψh(·), bh(x) and Rh(x) contain the subscript h. From the results in Heckman,

Ichimura, and Todd (1998) it follows that, under Assumptions A1-A4, the kernel and local

linear matching estimator have an asymptotic linear representation.

By applying (2.13) to the elements of µ̂, it can be shown after some algebraic manipulations

that V[µ̂] can be decomposed into three parts:

V[µ̂] ≈ 1
n1

V1 +
1
n0

V2 +
1

n1n0
V3, (2.14)

where V1,V2 and V3 are Jb × Jb matrices of the following forms:

V1 = (Cov[m(Xi) + bhs(Xi), m(Xi) + bht(Xi)|Di = 1])1≤s,t≤Jb
(2.15)

V2 = (E [ψhs(Yj , Xj ; Xk)ψht(Yj , Xj ; Xl)])1≤s,t≤Jb
k 6= l (2.16)

V3 = (E [ψhs(Yj , Xj ; Xi)ψht(Yj , Xj ; Xi)])1≤s,t≤Jb
(2.17)
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Let us first focus on V1. Denote as m̃(Xi) = (m(Xi) + bh1(Xi), ..., m(Xi) + bhJb
(Xi))′ the

vector of asymptotic approximations of E
[
m̂hj

(Xi)
∣∣X]

, j = 1, ..., Jb. Furthermore, let

c(Xi) = (m(Xi), c2(Xi), ..., ct+1(Xi))′. Then it follows that

V1 = V [m̃(Xi)|Di = 1]

= V [ADc(Xi)|Di = 1]

= ADV [c(Xi)|Di = 1]DA′. (2.18)

We now analyze further V2. Thereby, the equivalence kernel representation of the influence

function is used. Following Heckman, Ichimura, and Todd (1998), the local influence

function can be approximated as

ψh(Yj , Xj ; x) ≈ εj

hf0(x)
K∗

(
Xj − x

h
, x, h

)
, (2.19)

where εj = Yj − m(Xj), j ∈ I0. Using Approximation (2.19), and following equivalent

steps as in Frölich (2005), it can be shown that

V2 ≈
∫

σ2(x)
f2
1 (x)

f0(x)
dx× IJb

, (2.20)

where IJb
is the identity matrix of dimension Jb.

Finally, consider V3. Let m̂(x) = (m̂h1(x), ..., m̂hJb
(x))′. By applying Approximation

(2.19) to (2.17) it can be derived that

V3 ≈ n0

∫
V[m̂(x)]f1(x)dx, (2.21)

where

V[m̂(x)] ≈ σ2(x)
n1−δ

0 f0(x)
S.

By inserting (2.18), (2.20) and (2.21) into (2.14) one gets

V[µ̂] ≈ 1
n1

ADV [c(Xi)|Di = 1]DA′

+
1
n0

∫
σ2(x)

f2
1 (x)

f0(x)
dx× IJb

+
1

n1n
1−δ
0

∫
σ2(x)
f0(x)

Sf1(x)dx. (2.22)

Plugging (2.22) into (2.12) yields the asymptotic variance of the empirical bias estimator.

¤

2.A.2 Variance Approximation

In the following we will proof that

Vµ1(h) = V[µ̂1(h)|X] +
V [E [m̂h(Xi)|X]|Di = 1]

n1

≈ V[µ̂1(h)]. (2.23)
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Note that by applying the asymptotic linear representation in (2.13),

V[µ̂1(h)|X] ≈ 1
n2

1

V


∑

i∈I1

m(Xi) + bh(Xi) + n−1
0

∑

j∈I0

ψh(Yj , Xj ; Xi)

∣∣∣∣∣∣
X




=
1

n2
1n

2
0

∑

i∈I1

V


 ∑

j∈I0

ψh(Yj , Xj ; Xi)

∣∣∣∣∣∣
X




+
1

n2
1n

2
0

∑

k∈I1

∑

l∈I1
k 6=l

Cov


 ∑

j∈I0

ψh(Yj , Xj ; Xk)ψh(Yj , Xj ; Xl)

∣∣∣∣∣∣
X




=
1

n2
1n

2
0

∑

i∈I1

∑

j∈I0

E
[
ψh(Yj , Xj ;Xi)2

∣∣ Xj , Xi

]

+
1

n2
1n

2
0

∑

k∈I1

∑

l∈I1
k 6=l

∑

j∈I0

E [ψh(Yj , Xj ; Xk)ψh(Yj , Xj ; Xl)|Xj , Xk, Xl] ,

where the last equalitys follow from the properties of the local influence function, namely

E [ψh(Yj , Xj ;Xi)|X = x] = 0 and E [ψh(Ys, Xs; Xi)ψh(Yt, Xt; Xi)|X = x] = 0, for s 6= t.

Since the data are iid, it follows from the properties of U-statistics (see for example van

der Vaart (1998)) that

1
n2

1n
2
0

∑

i∈I1

∑

j∈I0

E
[
ψh(Yj , Xj ; Xi)2

∣∣Xj , Xi

]
=

1
n1n0

E
[
ψh(Yj , Xj ; Xi)2

]
+ op

(
1

n1n0

)

and

1
n2

1n
2
0

∑

k∈I1

∑

l∈I1
k 6=l

∑

j∈I0

E [ψh(Yj , Xj ; Xk)ψh(Yj , Xj ; Xl)|Xj , Xk, Xl]

=
1
n0

E [ψh(Yj , Xj ; Xk)ψh(Yj , Xj ; Xl)] + op

(
1
n0

)
.

Now one can apply exactly the same derivations as in Frölich (2005) such that finally one

can show that

V[µ̂1(h)|X] ≈
∫

σ2(x)
n1n0hf0(x)

b−x
h∫

a−x
h

K∗2(u)duf1(x)dx +
1
n0

∫
σ2(x)

f2
1 (x)

f0(x)
dx

It remains to analyze the second term of the approximation, V [E [m̂h(Xi)|X]|Di = 1] /n1.

By applying the same logic, it is easy to show that

V [E [m̂h(Xi)|X]|Di = 1]
n1

≈ V [m(Xi) + bh(Xi)|Di = 1]
n1

,
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such that

V[µ̂1(h)|X] +
V [E [m̂h(Xi)|X]|Di = 1]

n1
≈ V [m(Xi) + bh(Xi)|Di = 1]

n1

+
∫

σ2(x)
n1n0hf0(x)

b−x
h∫

a−x
h

K∗2(u)duf1(x)dx

+
1
n0

∫
σ2(x)

f2
1 (x)

f0(x)
dx.

This is the same variance approximation as derived by Frölich (2005). This completes the

proof of (2.23).

¤
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3.1 Introduction

Matching methods constitute a popular tool in applied statistical and econometric

evaluation research for estimating counterfactual moments. Another field of applica-

tion of matching estimators is the statistical treatment of missing data problems. In

this paper we focus on local polynomial matching, proposed by Heckman, Ichimura,

and Todd (1998). Even though the method is nonparametric, the local polynomial

matching estimator is
√

n-consistent (see Heckman, Ichimura, and Todd (1998)).

For such estimators, however, a smoothing parameter has to be chosen. In this

paper a new data-driven smoothing parameter selection algorithm for local polyno-

mial matching estimators is proposed. The main idea relies on estimating the bias

part of the Mean Squared Error (MSE) criterion by the Double Smoothing (DS)

procedure. This procedure has been introduced in the nonparametric literature by

Müller (1985) and Härdle, Hall, and Marron (1992) and further analyzed by Heiler

and Feng (1998), Feng (1999) and Beran, Feng, and Heiler (2001).

In order to introduce the matching estimator, let Y ∈ R be the outcome variable

and X ∈ Rk a k-dimensional covariate vector. It is assumed that observations on

(Y,X) are drawn independently from a source population and observations on X

are drawn from a target population. Define a random variable D, which equals

one if the observation is member of the target population, and zero if it belongs

to the source population. The parameter of interest is the expected outcome for

the target population, µ1 = E [Y |D = 1]. There is a missing data problem in

the sense that only the outcome for the source population is observed.1 In order

to identify µ1, it is assumed that conditional on X, Y is independent of D such

that µ1 = E [E [Y |X, D = 0]|D = 1] is identified.2 Since under the conditional

independence assumption it is sufficient to condition on the scalar propensity score

Pr(D = 1|X), we will treat X as one-dimensional in the following.3 Now, let I0

be the set of observations in the source sample and I1 be the set of observations in

the target sample. In addition, let n0 and n1 be the number of observations in the

source and target sample, respectively, and let n = n0 + n1. The local polynomial

matching estimator can be expressed in terms of a linear smoother with polynomial

1In causal inference, D would be the treatment variable and Y the potential outcome for the

individuals who do not participate in the treatment.
2This condition is called the “ignorability” assumption and goes back to Rubin (1976, 1977). Iden-

tification of µ1, furthermore, requires a support condition: Pr(D = 1|X) < 1.
3The sufficiency property of the propensity score is shown by Rosenbaum and Rubin (1983).

84



3. OPTIMAL BANDWIDTH CHOICE FOR MATCHING ESTIMATORS BY
DOUBLE SMOOTHING

order p:

µ̂1(h) =
1

n1

∑
i∈I1

∑
j∈I0

Wh(Xj, Xi)Yj, (3.1)

where Wh(Xj, Xi) represents a weighting function depending on a smoothing pa-

rameter h and on the specific order of the local polynomial. For example, for p = 0,

(3.1) is the kernel matching estimator, where the weighting function is the weighting

function of the Nadaraya-Watson estimator:

Wh(Xj, Xi) =
K(

Xj−Xi

h
)∑

k∈I0
K(Xk−Xi

h
)
,

where K(·) is a kernel function. Another special case of (3.1) arises for p = 1, which

is local linear matching. Thereby, the weighting function is

Wh(Xj, Xi) =
Kij

∑
k∈I0

Kik(Xk −Xi)
2 − [Kij(Xj −Xi)][

∑
k∈I0

Kik(Xk −Xi)]∑
j∈I0

Kij

∑
k∈I0

Kik(Xk −Xi)2 − (∑
k∈I0

Kik(Xk −Xi)
)2 .

where Kij ≡ K((Xj − Xi)/h). The question is now how to choose optimally the

bandwidth h. Data-driven smoothing parameter choice for local polynomial match-

ing estimators has only recently been tackled in the statistical literature.4 While

the literature on nonparametric regression offers a variety of bandwidth selection

approaches, these algorithms are only optimal for bandwidth selection for the regres-

sion function estimator but not for the matching estimator. Galdo, Smith, and Black

(2007), for example, propose the use of two weighted versions of the cross-validation

criterion in order to account for the location of the target observations. However,

this method is not consistent for the matching estimator since the bandwidths cho-

sen are asymptotically larger than the bandwidths required to guarantee asymptotic

undersmoothing for the
√

n-consistent matching estimator. This approach basi-

cally selects the bandwidth minimizing a weighted Mean Integrated Squared Error

(MISE) criterion for the nonparametric regression function. The first study that

concerns optimal bandwidth choice for matching estimators is by Frölich (2005).

First and higher order MSE approximations for kernel and local linear matching are

4Recently, smoothing parameter choice has also been considered for alternative evaluation esti-

mators. Ichimura and Linton (2005) derive higher order expansions for the weighting estimator

proposed by Hirano, Imbens, and Ridder (2003), when the weights are estimated by local polyno-

mial regression. Based on the asymptotic results, optimal bandwidth choice is discussed. Imbens,

Newey, and Ridder (2005) develop MSE approximations for certain weighting and regression im-

putation estimators which are based on series regression and develop a data-driven algorithm for

choosing the number of basic functions.
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derived therein, and its performance as a basis for a plug-in bandwidth choice in

finite samples is investigated. However, the reliability of these approximations in

small samples is not very high and conventional cross-validation performs relatively

well. Flossmann (2007) proposes a version of Empirical Bias Bandwidth Selection

(EBBS) due to Ruppert (1997), in order to estimate the MSE without the necessity

of sticking to asymptotic approximations of the bias term. This method performs

quite well in finite samples. One drawback of the EBBS method, however, is that

the estimated MSE tends towards zero for large bandwidths. Therefore, one chooses

the bandwidth located at the first local minimum, or one uses a conservative range

for the bandwidth search grid.

Similar to the EBBS approach, the DS procedure proposed in this paper does not

require the estimation of asymptotic expressions of the bias of µ̂1(h). The main

advantage of this method compared to EBBS is that the MSE estimates do not

converge to zero for increasing bandwidth values. Furthermore, for kernel and lo-

cal linear regression, data-driven smoothing parameters based on conventional MISE

based approaches like cross-validation converge to their optimum at a rate as slow as

n−1/10 (see Härdle, Hall, and Marron (1988) and Li and Racine (2004)). In this pa-

per it is shown that the bandwidth selected by the proposed DS algorithm exhibits a

faster rate of convergence than bandwidths chosen by cross-validation. Furthermore,

this method accounts for the trimming bias arising in local polynomial matching with

bounded support kernels when a small bandwidth value is chosen. The finite sample

performance of the proposed algorithm is analyzed by replicating parts of the Monte

Carlo study by Frölich (2005) for the kernel matching estimator. The results show

that in many settings, DS outperforms the MISE based cross-validation approach

in choosing the optimal bandwidth and in yielding a lower MSE of the matching

estimator. Furthermore, the MSE estimates implied by the DS approach nicely ap-

proximate the true MSE curves.

This paper is organized as follows. In Section 3.2, the bandwidth selector based on

double smoothing is proposed. Section 3.3 analyzes the asymptotic properties of

the estimator for a special sample version of the parameter of interest. In Section

3.4, the finite sample performance of the proposed MSE based selection algorithm

is compared to cross-validated bandwidths in a Monte Carlo study. Finally, Section

3.5 summarizes the results and points towards further research.
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3.2 A Double Smoothing Bandwidth Selector

In this paper, the MSE of the local polynomial matching estimator constitutes the

criterion function for optimal bandwidth selection. Denote as M(h) the MSE of

µ̂1(h) such that

M(h) = E
[
(µ̂1(h)− µ1)

2
]

= B(h) + V (h), (3.2)

and let h0 be the bandwidth at which M(·) is minimized. The first term in (3.2)

constitutes the squared bias of µ̂1(h): B(h) = (E [µ̂1(h)]− µ1)
2. The second term is

the variance of the matching estimator: V (h) = V[µ̂1(h)]. In the following we will

propose estimators for B(h) and V (h) in order to construct a bandwidth selection

algorithm.

3.2.1 Bias Estimation

Regarding the bias of the matching estimator, note that

E [µ̂1(h)]− µ1 = E [E [ µ̂1(h)|X]]− E [m(Xi)|Di = 1]

≈ E [bh(Xi)|Di = 1] , (3.3)

where X = (X1, X2, ..., Xn)′ and m(X) = E [Y |X, D = 0]. The term bh(X) denotes

the conditional bias term of the local polynomial regression estimator, m̂h(X) =

Ê[Y |X, D = 0]:5

bh(Xi) = E [m̂h(Xi)|X]−m(Xi)

=
∑
j∈I0

Wh(Xj, Xi)m(Xj)−m(Xi)

The Double Smoothing (DS) procedure can now be applied to estimate (3.3). The

basic approach goes back to Müller (1985). Härdle, Hall, and Marron (1992) fur-

ther analyzed the asymptotic properties of the DS bandwidth selector for kernel

regression, while Feng (1999) extends the asymptotic results to local polynomial re-

gression. The principle idea is to introduce a different local polynomial smoother

with weighting function W ∗
g (·, ·), based on the kernel function L(·) and the pilot

5See Ruppert and Wand (1994) for the approximate conditional bias term expressions of local

polynomial regression estimators.
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bandwidth g:6

m̂g(Xi) =
∑
j∈I0

W ∗
g (Xj, Xi)Yj.

The conditional bias term is then estimated by

b̂h(Xi) =
∑

k∈I0

Wh(Xk, Xi)m̂g(Xk)− m̂g(Xi).

The conditional bias estimator can be also written in terms of a linear smoother.

Let

Aj(Xi) =
∑

k∈I0

Wh(Xk, Xi)
[
W ∗

g (Xj, Xk)−W ∗
g (Xj, Xi)

]
.

Then,

b̂h(Xi) =
∑
j∈I0

Aj(Xi)Yj. (3.4)

For the case of local polynomial regression, Estimator (3.4) can be used to estimate

the bias part of the Mean Average Squared Error (MASE) of m̂h(Xi).
7 This is

actually done in the nonparametric literature when applying the DS idea to local

polynomial regression. However, in this paper, the focus is on estimating the MSE

of µ̂1(h) which amounts estimating the squared bias term B(h). An estimator for

the squared bias of µ̂1(h) would therefore be:

B̂(h) =

(
1

n1

∑
i∈I1

∑
j∈I0

Aj(Xi)Yj

)2

. (3.5)

In the appendix it is shown that the bias estimator (3.5) involves two variance terms,

n−2
1

∑
i∈I1

∑
j∈I0

σ2(Xj)Aj(Xi)
2, and (3.6)

n−2
1

∑
i∈I1

∑

l∈I1
i6=l

∑
j∈I0

σ2(Xj)Aj(Xi)Aj(Xl), (3.7)

6Throughout the study it is assumed that the kernel functions K(·) and L(·) are of second order,

i.e. ∫
K(u)du = 1,

∫
uK(u)du = 0, and

∫
u2K(u)du < ∞.

7The (conditional) MASE is defined as:

MASE(h) = n−1
1

∑

i∈I1

E
[
(m̂h(Xi)−m(Xi))

2
∣∣∣X

]

= n−1
1

∑

i∈I1

bh(Xi)2 + n−1
1

∑

i∈I1

V [m̂h(Xi)|X] .
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where σ2(X) = V [Y |X]. A variance term also arises in the estimation of the bias

part of the MASE. Härdle, Hall, and Marron (1992) suggest subtracting this term.

Feng (1999) shows that under certain conditions, this can improve the convergence

rate of the DS selector for local polynomial regression estimators.8 However, the

asymptotic results in Section 3.3 indicate that subtracting the variance terms from

B̂(h) does not improve the convergence rate of the DS selector for µ̂1(h). Fur-

thermore, estimating and subtracting these terms would unnecessarily increase the

computational burden. Therefore, the corresponding terms remain included.

3.2.2 Variance Estimation

It is shown in Chapter 2, Section 2.3.3, that the asymptotic variance of the matching

estimator can be approximated by

V (h) ≈ 1

n2
1

∑
j∈I0

(∑
i∈I1

Wh(Xj, Xi)

)2

σ2(Xj) +
1

n1

V

[∑
j∈I0

Wh(Xj, Xi)m(Xj)|Di = 1

]
.

To get an estimate of V (h), we use the following estimator:

V̂ (h) =
1

n2
1

∑
j∈I0

(∑
i∈I1

Wh(Xj, Xi)

)2

σ̂2(Xj)

+
1

n2
1

∑
i∈I1

(∑
j∈I0

Wh(Xj, Xi)m̂h∗(Xj)

)2

− 1

n1

(
1

n1

∑
i∈I1

∑
j∈I0

Wh(Xj, Xi)m̂h∗(Xj)

)2

. (3.8)

where σ̂2(Xi) is an estimator for σ2(Xi). Thereby, m(Xi) is estimated by local

polynomial regression based on a pilot bandwidth h∗. A nonparametric regression

of the squared residuals, r2
i = (Yi − m̂h∗(Xi))

2, on Xi yields an estimate of the

conditional variance, σ2(Xi).

8In the literature cited above, the MASE is derived under the assumption of an homoscedastic error

term, i.e., σ2(X) = σ2.
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3.2.3 Bandwidth Selection

Based on Estimators (3.5) and (3.8), an estimator of (3.2) is

M̂(h) = B̂(h) + V̂ (h)

The MSE optimal bandwidth ĥ is now chosen by

ĥ = arg min
h

M̂(h).

In order to consider the bandwidth selection algorithm as truly “data-driven”, a

data-driven selector ĝ of the pilot bandwidth g is required. For the nonparametric

regression case, data-driven approaches have been presented by Heiler and Feng

(1998), Feng (1999) or Beran, Feng, and Heiler (2001). However, analogous to

the case of bandwidths for matching estimators, procedures which are optimal for

nonparametric regression function estimation may not be optimal for the matching

estimator. Although not necessarily optimal theoretically, in the following we choose

the pilot bandwidth by cross-validation (CV). For the purpose of this paper, this

approach has an intuitive appeal: Since the performance of the MSE based DS

procedure shall be compared to the performance of the MISE based CV procedure,

the question can be raised whether one can improve on the MSE of MISE based

approaches by using them as inputs for an alternative bandwidth selection algorithm.

3.2.4 Bandwidth Selection for Trimmed Matching Estima-

tors

The aspect of kernel choice for the local polynomial matching estimator deserves

further attention in the context of bias estimation. When a kernel function with

bounded support is applied, like for example the Epanechnikov or the Quartic kernel,

Estimator (3.1) may not be defined for small bandwidth values since there may be

Xs in the covariate support of the target sample for which the denominator of the

weighting function Wh(·, x) is zero. In this case one would have to use a trimmed

version of µ̂1(h), µ̂tr(h), where the target units, for which the weighting function is

not defined, are dropped. Consider for example the kernel matching estimator. The

trimmed version can be written as :

µ̂KM
tr (h) =

1

ntr
h

∑
i∈I1

m̂h(Xi)1l

{∑
j∈I0

K

(
Xj −Xi

h

)
> 0

}
,
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where ntr
h =

∑
i∈I1

1l
{∑

j∈I0
K ((Xj −Xi)/h) > 0

}
.9 However, trimming introduces

another source of bias in estimating µ1, which is due to sample selection by drop-

ping observations from the target group. Therefore, the bias of µ̂KM
tr (h) does not

necessarily decrease for h → 0 but can increase because of increasing selection bias.

This makes the application of bandwidth selection methods based on asymptotic

approximations difficult as well as the EBBS method proposed in Flossmann (2007),

since these methods are based on estimators of bias models which imply that the

bias converges to zero for h → 0. But this condition is likely to be violated for

µ̂KM
tr (h) in finite samples such that the methods just mentioned bear the risk of

undersmoothing, simply because the bias will be underestimated for small h.10

The DS selector, however, can account for the trimming bias since it does not involve

any bias estimator B̂(h), where B̂(h) → 0 for h → 0. In order to construct a

corresponding bias estimator for µ̂KM
tr (h) let

µ̂KM
tr (g) =

1

ntr
g

∑
i∈I1

m̂g(Xi)1l

{∑
j∈I0

L

(
Xj −Xi

g

)
> 0

}
,

where ntr
g =

∑
i∈I1

1l
{∑

j∈I0
L ((Xj −Xi)/g) > 0

}
. µ̂KM

tr (g) is a trimmed local poly-

nomial matching estimator with Kernel L(.) and bandwidth g. The bias part of the

MSE can now be estimated as follows:

B̂tr(h) =

(
1

ntr
h

∑
i∈I1

∑
j∈I0

Wh(Xj, Xi)m̂g(Xj)1l

{∑
j∈I0

K

(
Xj −Xi

h

)
> 0

}
− µ̂KM

tr (g)

)2

.

(3.9)

Note that if ntr
h = ntr

g = n1, Estimator (3.9) is identical to Estimator (3.5). Analo-

gously to (3.9), bias estimators can be also formulated for trimmed versions of other

local polynomial matching estimators. Regarding the variance of µ̂KM
tr (h), Estima-

tor (3.8) is adjusted by restricting it to the trimmed sample. However, it has to be

pointed out again that the performance of B̂tr(h) and therefore of the DS selector

9This trimmed estimator is comparable to the trimming estimator suggested by Heckman, Ichimura,

and Todd (1998) in order to restrict the matching procedure to an estimated common support

region. Note that 1l {∑j∈I0
K ((Xj − x)/h) > 0} = 1l {(n0h)−1

∑
j∈I0

K ((Xj − x)/h) > 0} can be

regarded as an estimator for 1l {f0(x) > 0} which in turn is equivalent to 1l {Pr(Di = 1|Xi = x) < 1}.
Thus, using a smaller bandwidth is equivalent to imposing a stronger support restriction (see also

Blundell, Dearden, and Sianesi (2005)) .
10The application of the EBBS selector is possible, for example, when using a kernel with unbounded

support like the Gaussian kernel or when restricting the minimum of the bandwidth choice grid to

be the minimum bandwidth value at which the matching estimator is defined for all Xi, i ∈ I1.
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depends, of course, on the choice of the pilot bandwidth g. In this case, choosing g

larger than h would be preferable in order to get information about the trimming

bias.

3.3 Asymptotic Theory

In order to analyze the asymptotic properties of ĥ, we consider the derivations of

the MSE and of the asymptotic behavior of the proposed DS approach as being

conditional on X = (X1, X2, ..., Xn)′. This is a common assumption in the non-

parametric literature. Imbens, Newey, and Ridder (2005), for example, impose this

assumption for developing a MSE criterion in order to choose the number of basic

functions of several nonparametric treatment effect estimators based on series re-

gression. For simplicity, we focus on µ̂1(h) and not on the trimmed estimator. Note

that conditional on X, the parameter of interest is redefined as

µ1 =
1

n1

∑
i∈I1

m(Xi).

Following Imbens (2004), this parameter can be regarded as the conditional sample

mean of the target population.11 Both the population mean and the sample mean

estimator converge to the same parameter. They only differ in their variances be-

cause the variance of the population mean estimator contains an additional variance

term (see also below). The corresponding bias term of the MSE of µ̂1(h) is redefined

as

B(h) = (E [ µ̂1(h)|X]− µ1)
2

=

[
1

n1

∑
i∈I1

(E [m̂h(Xi)|X]−m(Xi))

]2

=

[
1

n1

∑
i∈I1

bh(Xi)

]2

,

where bh(Xi) = E [m̂h(Xi)|X]−m(Xi). Furthermore,

V (h) = V [ µ̂1(h)|X]

=
1

n2
1

∑
j∈I0

(∑
i∈I1

Wh(Xj, Xi)

)2

σ2(Xj).

11Imbens (2004) particularly focuses on conditional sample average treatment effects (CATE).
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It can be seen that the variance of the conditional sample mean estimator is lower

than the variance of the population mean estimator, which additionally includes the

variance of E [ µ̂1(h)|X]. The corresponding variance estimator is therefore

V̂ (h) =
1

n2
1

∑
j∈I0

(∑
i∈I1

Wh(Xj, Xi)

)2

σ̂2(Xj). (3.10)

For further analysis, define the equivalent kernel functions of Wh(·, ·) and W ∗
g (·, ·) as

K∗(·) and L∗(·), respectively.12 It is assumed that the equivalent kernels K∗(·) and

L∗(·) are of orders r or s, respectively. This means that there exist kernel constants

κr = (−1)r(r!)−1

∫
urK∗(u)du > 0,

and

λs = (−1)s(s!)−1

∫
usL∗(u)du > 0,

and the moments of order 1 to r − 1 or s − 1 are equal to zero. If the point, at

which m(·) is being estimated, is an interior point in the support of Xi, i ∈ I0, and

if the polynomial degree p is odd, the equivalent kernel is of order p+ 1. For even p,

the equivalent kernel evaluated at interior points is of order p + 2 (see Ruppert and

Wand (1994)).

Now, the derivations of the results in this section are based on the following assump-

tions:

A1) The equivalent kernel functions K∗(·) and L∗(·) are symmetric, supported on

a compact set, and K∗′(·) and L∗(r+1)(·) are bounded.

A2) Let p̄ = max(r, s). It is assumed that m(x) is (r + p̄)-times continuously

differentiable.

A3) h → 0 and n0h →∞, as n0 →∞. The same is assumed for the pilot bandwidth

sequence g.

A4) σ2(x), f0(x) and f1(x) are continuously differentiable.

12See Ruppert and Wand (1994) or Fan and Gijbels (1996), Chapter 3, for the precise definition of

an equivalent kernel function.
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A5) A point at which m(·) is being estimated is an interior point in the support of

Xi, i ∈ I0,

A6) The pilot bandwidth g satisfies h/g → 0.

A7) 0 < limn→∞ n1/n0 = θ < ∞.

A8) n−1
0

∑
j∈I0

σ̂2(Xj)f0(Xj)
−2f1(Xj) is a

√
n-consistent estimator for∫

σ2(x)f0(x)−1f1(x)dx with conditional variance

V

[
n−1

0

∑
j∈I0

σ̂2(Xj)f0(Xj)
−2f1(Xj)

∣∣∣∣∣X
]

= Cn−1
0 + op(n

−1
0 ),

where C denotes some constant.

A1-A4 simply constitute smoothness assumptions. A5 is stated for computational

simplicity and can be relaxed in order to account for boundary points. A6 is the

same assumption as imposed by Härdle, Hall, and Marron (1992) who took h/g → 0

as an obvious fact. See also Feng (1999). A7 states that the numbers of observa-

tions in the target and source sample go to infinity at the same rate. A8 concerns

the convergence rate of n−1
0

∑
j∈I0

σ̂2(Xj)f0(Xj)
−2f1(Xj), which, for simplicity, is

assumed to be
√

n. For example, based on the results of Ruppert, Wand, Holst,

and Hössjer (1997) and Fan and Yao (1998), A8 should hold for local polynomial

regression estimators of σ2(x) with bandwidths shrinking sufficiently fast to zero. In

practice, however, this constitutes another bandwidth selection problem for which a

data-driven selector is not yet available. In this paper, we choose the corresponding

bandwidths for the conditional variance function estimator by cross-validation which

implies that the bias of n−1
0

∑
j∈I0

σ̂2(Xj)f0(Xj)
−2f1(Xj) converges at a slower rate

than required for
√

n-consistency. Since this bias does not depend on g, a slower

convergence rate does not change the results about optimal pilot bandwidth choice

derived in this section. Furthermore, the derived convergence rate of (ĥ− h0)/h0 is

the same unless n−1
0

∑
j∈I0

σ̂2(Xj)f0(Xj)
−2f1(Xj) converges at a slower rate.13

We first derive an asymptotic MSE approximation for µ̂1(h). Thereby, the following

lemma is proven in the appendix:

13An alternative simplification would be, of course, to assume homoscedasticity, i.e., σ2(X) = σ2. In

this case, no additional bandwidth would have to be chosen and
√

n-consistent estimators of σ2

are readily available (see for example Feng (1999)).
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Lemma 3.3.1. Under Assumptions A1-A5, an asymptotic approximation for the

MSE of µ̂1(h) is

M(h) ≈ h2r

[
κr

∫
m(r)(x)f1(x)dx

]2

+
1

n0n1h

∫
K∗(u)2du

∫
σ2(x)

f1(x)

f0(x)
dx +

1

n0

∫
σ2(x)

f1(x)2

f0(x)
dx.

Lemma 3.3.1 allows one to derive the MSE optimal bandwidth h0:

h0 = Ch(n0n1)
−1/(2r+1),

where

Ch =

(∫
K∗(u)2du

∫
σ2(x)f1(x)f0(x)−1dx

2r[κr

∫
m(r)(x)f1(x)dx]2

)1/(2r+1)

.

Note that because of Assumption A7, h0 = O
(
n
−2/(2r+1)
0

)
. Therefore, the MSE op-

timal bandwidth of the matching estimator is asymptotically smaller than the MISE

optimal bandwidth for the local polynomial regression function estimator, which can

be shown to be O
(
n
−1/(2r+1)
0

)
. For the kernel and local linear matching estimator

(r = 2), the order of magnitude of the optimal bandwidth has been already derived

by Cheng (1994). Note also that the optimal bandwidth is of the same order of

magnitude as the optimal bandwidth derived by Ichimura and Linton (2005) for a

bias corrected nonparametric weighting estimator based on local linear regression

(i.e., r = 2).

In order to derive the asymptotic properties of the bandwidth selector we need a

result which follows from Lemma 3.3.1: under Assumptions A1-A5 it can be shown

that there exist positive constants c1 and c2 such that

M ′′(h0) ≈ c1(n1n0h
3
0)
−1 ≈ c2h

2r−2
0 . (3.11)

Now, the following theorem is proven in the appendix:

Theorem 3.3.1. Under Assumptions A1-A8,

(ĥ− h0)/h0 = n−1
0

∑
j∈I0

[
σ̂2(Xj)− σ2(Xj)

]
f0(Xj)

−2f1(Xj)γ1

+
(
γ2n

−2
0 g−4r + γ3n

−1
0 g−2r

)1/2
Zn

+γ4g
s + op(g

s) + γ5n
−1
0 g−2r + γ6(n0n1)

−1g−(2r+1)(1 + op(1)),

(3.12)
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where Zn is asymptotically standard normal and γj, j = 1, ..., 6, are constants given

by

γ1 = c−1
1

∫
K∗(u)2du,

γ2 = 8c−2
2 r2κ4

r

[∫
σ2(x)f1(x)2f0(x)−1dx

]2 [∫
L∗(r)(u)du

]4

,

γ3 = 16c−2
2 r2κ4

r

∫
σ2(x)f1(x)2f0(x)−1dx

[∫
m(r)(x)f1(x)dx

]2 [∫
L∗(r)(u)du

]2

,

γ4 = −4c−1
2 rκ2

rλs

∫
m(r)(x)f1(x)dx

∫
m(r+s)(x)f1(x)dx,

γ5 = −2c−1
2 rκ2

r

∫
σ2(x)f1(x)2f0(x)−1dx

[∫
L∗(r)(u)du

]2

, and

γ6 = −2c−1
2 rκ2

r

∫
σ2(x)f1(x)f0(x)−1dx

∫ (
L∗(r)(u)

)2
du.

Theorem 3.3.1 can now be used to derive optimal choices of the pilot bandwidth

g and to calculate the rate of convergence of the bandwidth selector. Therefore,

the MSE of (ĥ − h0)/h0 has to be investigated. Note that the first two terms on

the right hand side of (3.12) constitute the asymptotic variance part, while the

remaining terms constitute the asymptotic bias part of (ĥ−h0)/h0. The asymptotic

mean squared error (AMSE) is therefore

AMSE = γ1Cn−1
0 + γ2n

−2
0 g−4r + γ3n

−1
0 g−2r

+
(
γ4g

s + γ5n
−1
0 g−2r + γ6(n0n1)

−1g−(2r+1)
)2

.

Now, the optimal choice of g results from balancing the dominant terms involving

g. In this case these dominant terms are the third variance and the first bias term.

This amounts to minimize

γ3n
−1
0 g−2r + γ2

4g
2s

with respect to g. It results that the optimal value is g0 = Cgn
−1/(2r+2s)
0 , where

Cg =

(
2rγ3

2sγ2
4

)1/(2s+2r)

.

Using g0 yields the following convergence rate:

(ĥ− h0)/h0 = Op

(
n
−s/(2r+2s)
0

)
.

In practice, it is common to apply kernel matching or local linear matching. If,

in addition, m̂g(x) is a kernel or local linear regression estimator, the order of the

equivalent kernel functions is r = s = 2 and

(ĥ− h0)/h0 = Op

(
n
−1/4
0

)
.
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For r = s = 2, the convergence rate is slower than the corresponding convergence

rates of the MISE based DS selector for local polynomial regression which range

between n−2/7 and n−4/13 (see Feng (1999)). However, the resulting convergence

rate of the DS selector is much faster than the convergence rate achieved by cross-

validation selectors for kernel and local linear regression estimators which is n−1/10

(see Härdle, Hall, and Marron (1988) and Li and Racine (2004)). Note also that

the contribution of the variance terms in B̂(h), (3.6) and (3.7), to the AMSE is

contained in the terms γ2
6(n0n1)

−2g−(4r+2) and γ2
5n

−2
0 g−4r, respectively. Since both

terms are of smaller order than γ3n
−1
0 g−2r (for n−1

0 g−2r → 0), subtracting the vari-

ance terms from the bias estimator would not improve on the convergence rate.

Theorem 3.3.1 yields the basis for constructing a plug-in pilot bandwidth selector.

This would amount to estimate the components of g0, i.e., γ3 and γ4. We leave the

development of a complete data-driven bandwidth selector as a future research topic.

Though the asymptotic results in this section have been derived for the conditional

sample mean of the target group, some conclusions can be also drawn regarding the

DS selector when the mean of the target population is the parameter of interest. In

large samples, the additional term contained in the population variance of the match-

ing estimator is of negligible order. Therefore, the results stated in this section hold

also for the estimation of the population parameter when using only the conditional

variance estimator (3.10). However, in finite samples it may be of advantage to use

the variance estimator (3.8) instead of (3.10), since the first one estimates a more

accurate approximation of the asymptotic variance of µ̂1(h). Furthermore, when

X is assumed to be the propensity score and therefore has compact support, the

results should also hold for the trimmed estimator, provided that Pr(D = 1|X) < 1.

However, a more detailed analysis still needs to be carried out.
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3.4 Monte Carlo Study

In the following, we will replicate parts of the Monte Carlo study by Frölich (2005).

Thereby, we draw the covariates from two different densities, N1 and N2, which are

depicted in Figure 3.1.

Figure 3.1: Design densities N1 and N2 of X

Note: Density distributions from which source and target samples are drawn. From left to right:

N1(u) = 1.1 exp(−(u − 0.3)2/2σ2
x) · 1l [0,1](u)/

√
2πσ2

x and N2(u) = 1.1 exp(−(u − 0.7)2/2σ2
x) ·

1l [0,1](u)/
√

2πσ2
x with σ2

x = 0.05

The support of X is always between zero and one. These two density combinations

reflect many real data situations in evaluation research where the mass of the treated

units is allocated in a region where the amount of control observations is very sparse.

Furthermore, these density combinations are regarded as the more difficult density

combinations in Frölich (2005), such that they represent a challenging setting in

order to investigate the finite sample properties of the DS procedure. Observations

on Y are simulated by eight different outcome equations:
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Table 3.1: Design of the outcome equations

Model Outcome Equation

1 Y = 0.4 + 0.25 sin(8x− 5) + 0.4 exp(−16(4x− 2.5)2) + ε

2 Y = 0.5− 4(x− 0.2)2 − 1.2 ln(1.1− x) + ε

3 Y = 0.2 + 2(x− 0.9)2 + 5(x− 0.7)3 + 100(x− 0.6)10 + ε

4 Y = 0.5 + 0.3 exp(−2x) sin(16x) + ε

5 Y = 0.2 +
√

x− 0.6(x− 0.1)2 + ε

6 Y = −0.1 + 0.25(x + 0.3)−1 + 0.4 exp(−24(x− 0.25)2) + ε

7 Y = 0.15 + 0.7x + ε

8 Y = 0.1 + 2(x− 0.35)2 + ε

Here, ε is drawn from a mean zero uniform distribution with standard deviation 0.1.

There are two possible combinations of source and target populations, (N1, N2) and

(N2, N1). Together with the eight outcome equations we have 16 different Monte

Carlo designs. We focus on the performance of the DS approach for the kernel

matching estimator since local linear matching tends to have poor finite sample

properties when a global bandwidth is used (see Seifert and Gasser (1996) or Frölich

(2005)). Throughout the study, the Epanechnikov-Kernel is used for the matching

estimator such that the trimmed bias estimator (3.9) has to be applied. Since, in this

simulation study, the aim is to estimate the mean of the target population, we use

the estimator of the unconditional variance of µ̂1(h) given by (3.8). In addition, the

same bandwidth selection procedure is applied using only the conditional variance

estimator as described in Section 3.3. In both cases, σ2(X) is estimated by kernel

regression. As a reference case to the DS approach, CV is also performed where

the bandwidth is selected as minimizing the mean squared prediction error for the

regression function in the source sample:

ĥcv = arg min
h

1

n0

∑
i∈I0

[Yi − m̂h(X−i)]
2,

where m̂h(X−i) is the “leave one out” estimator of m(X) with the ith observation

deleted from the sample.14 As already pointed out in Section 3.2, the cross-validated

bandwidth is also used as pilot bandwidth for the DS procedure.15 Furthermore, CV

14Under certain convergence properties, the bandwidth minimizing the mean squared prediction error

also minimizes the MISE of the regression function: E
[∫

[m̂h(x)−m(x)]2dx
]
.

15The search grid for both the DS and the CV procedure consists of 50 bandwidth values in

[0.01,0.02,...,0.50] for n1 = n0 = 200 and [0.0075,0.0150,...,0.3750] for n1 = n0 = 1000.
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is used to the select the bandwidths for the variance estimators.

The estimated MSE curves by the DS approach with the unconditional variance

estimator and the true MSE curves together with the true bias curves are plotted

in Figures 3.2-3.9 in the appendix.16 The true MSE and bias curves are computed

by Monte Carlo simulations with 1000 replications. First it should be noted that

for most of the models, the bias increases considerably for h → 0, especially for

n1 = n0 = 200. This reflects the bias arising from sample selection when applying

the trimmed estimator. It can also be seen that this bias mostly constitutes the

main part of the MSE increase in small bandwidth regions. However, the bias in-

crease for small bandwidths is captured by the DS approach, as can be seen from

the corresponding figures. For n1 = n0 = 200, the estimated MSE already approx-

imates the true MSE well. Exceptions are the estimated MSE curves for Model

1 (N2-N1) (Figure 3.2), Model 4 (Figure 3.5), Model 5 (N1-N2) (Figure 3.6), and

Model 8 (N2-N1) (Figure 3.9), where the estimated MSE curves do not resemble the

true MSE curves. On the one hand, this may be due to the slow convergence rate.

On the other hand, this may be due to an inappropriate choice of the pilot band-

width. When looking at the figures for n1 = n0 = 1000, one can see that in most

cases, the goodness of approximation of the true MSE curves by the DS method

increases. The only exceptions are the estimated MSE curves for Model 4 (N1-N2)

(Figure 3.5) and Model 5 (N1-N2) (Figure 3.6) which seem to be quite different with

respect to the true MSE curve. Since the sample size is already relatively large, this

result can be explained by a non-optimal pilot bandwidth. What seems to be most

important is that for n1 = n0 = 1000, the minima of the estimated MSE curves are

very close to the minima of the true MSE curves. Furthermore, even at very low

bandwidth values, where the MSE sometimes tends to explode, the estimated MSE

shows the required sensitivity. This is an important result since the MSE approxi-

mations by Frölich (2005) generally do not capture the increase of the MSE for very

small bandwidths such that selecting the bandwidths by a plug-in method based on

these approximations would bear the risk of extreme undersmoothing.

Further simulation results are given in Tables 3.2-3.5. The third and fourth column

of the tables contain the means and the standard errors of chosen bandwidths by DS

and CV, respectively. For n1 = n0 = 200, it can be seen that the mean bandwidths

16The shapes of the estimated MSE curves when using the conditional variance estimator (3.10) are

nearly the same.
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Table 3.2: Simulation results, unconditonal variance estimator, n0 = n1 = 200

Mod. Dens.
ĥds ĥcv

h0 MSEds MSEcv τ
Mean Std.Err Mean Std.Err

1
N1-N2 0.12 0.06 0.07 0.03 0.08 0.63 0.64 98.4

N2-N1 0.30 0.13 0.07 0.04 0.44 1.29 1.31 98.5

2
N1-N2 0.12 0.06 0.08 0.03 0.10 0.59 0.57 103.5

N2-N1 0.32 0.17 0.10 0.04 0.11 1.26 1.13 111.5

3
N1-N2 0.10 0.05 0.10 0.03 0.09 0.54 0.56 96.4

N2-N1 0.13 0.08 0.11 0.03 0.03 0.45 0.42 107.1

4
N1-N2 0.33 0.17 0.07 0.03 0.50 0.31 0.36 86.1

N2-N1 0.31 0.17 0.09 0.03 0.50 0.84 0.85 98.8

5
N1-N2 0.28 0.13 0.09 0.03 0.35 0.30 0.34 88.2

N2-N1 0.12 0.05 0.14 0.05 0.10 1.12 1.34 83.6

6
N1-N2 0.10 0.04 0.09 0.03 0.09 0.72 0.74 97.3

N2-N1 0.09 0.03 0.10 0.03 0.09 0.54 0.53 102.9

7
N1-N2 0.10 0.04 0.12 0.03 0.10 0.86 0.95 90.5

N2-N1 0.10 0.03 0.12 0.03 0.10 0.81 0.91 89.0

8
N1-N2 0.10 0.04 0.10 0.03 0.10 2.47 2.78 88.8

N2-N1 0.19 0.11 0.09 0.03 0.29 0.45 0.47 95.7

Mean 0.18 0.09 0.10 0.03 0.19 0.82 0.87 96.0

Median 0.12 0.06 0.10 0.03 0.10 0.68 0.69 96.9

Note: 1000 replications. The rows ’mean’ and ’median’ give the mean and the median,

respectively, over the 16 designs. The MSE of the matching estimator is multiplied by

1000. τ = MSEds/MSEcv ∗ 100.
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Table 3.3: Simulation results, conditional variance estimator, n0 = n1 = 200

Mod. Dens.
ĥds ĥcv

h0 MSEds MSEcv τ
Mean Std.Err Mean Std.Err

1
N1-N2 0.09 0.06 0.07 0.03 0.08 0.62 0.64 96.9

N2-N1 0.29 0.15 0.07 0.04 0.44 1.37 1.31 104.6

2
N1-N2 0.11 0.06 0.08 0.03 0.10 0.58 0.57 101.8

N2-N1 0.31 0.18 0.10 0.04 0.11 1.26 1.13 111.5

3
N1-N2 0.09 0.04 0.10 0.03 0.09 0.53 0.56 94.6

N2-N1 0.11 0.08 0.11 0.03 0.03 0.44 0.42 104.8

4
N1-N2 0.31 0.18 0.07 0.03 0.50 0.32 0.36 88.9

N2-N1 0.30 0.18 0.09 0.03 0.50 0.86 0.85 101.2

5
N1-N2 0.27 0.14 0.09 0.03 0.35 0.31 0.34 91.2

N2-N1 0.11 0.05 0.14 0.05 0.10 1.11 1.34 82.8

6
N1-N2 0.08 0.04 0.09 0.03 0.09 0.70 0.74 94.6

N2-N1 0.09 0.03 0.10 0.03 0.09 0.54 0.53 102.9

7
N1-N2 0.10 0.04 0.12 0.03 0.10 0.85 0.95 89.5

N2-N1 0.09 0.03 0.12 0.03 0.10 0.81 0.91 89.0

8
N1-N2 0.10 0.04 0.10 0.03 0.10 2.45 2.78 88.1

N2-N1 0.17 0.12 0.09 0.03 0.29 0.46 0.47 97.9

Mean 0.16 0.09 0.10 0.03 0.19 0.83 0.87 96.3

Median 0.11 0.06 0.10 0.03 0.10 0.66 0.69 95.8

Note: 1000 replications. The rows ’mean’ and ’median’ give the mean and the median,

respectively, over the 16 designs. The MSE of the matching estimator is multiplied by

1000. τ = MSEds/MSEcv ∗ 100.
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Table 3.4: Simulation results, unconditional variance estimator, n0 = n1 = 1000

Mod. Dens.
ĥds ĥcv

h0 MSEds MSEcv τ
Mean Std.Err Mean Std.Err

1
N1-N2 0.06 0.04 0.05 0.02 0.02 0.14 0.14 100.0

N2-N1 0.17 0.14 0.04 0.02 0.07 0.20 0.17 117.6

2
N1-N2 0.07 0.03 0.05 0.02 0.08 0.14 0.13 107.7

N2-N1 0.07 0.03 0.05 0.02 0.06 0.18 0.18 100.0

3
N1-N2 0.05 0.03 0.05 0.02 0.07 0.14 0.13 107.7

N2-N1 0.08 0.06 0.07 0.02 0.01 0.10 0.09 111.1

4
N1-N2 0.25 0.12 0.04 0.01 0.38 0.09 0.11 81.8

N2-N1 0.14 0.11 0.06 0.01 0.07 0.13 0.11 118.2

5
N1-N2 0.26 0.10 0.05 0.02 0.32 0.08 0.10 80.0

N2-N1 0.06 0.02 0.09 0.02 0.06 0.15 0.23 65.2

6
N1-N2 0.06 0.02 0.06 0.02 0.06 0.18 0.17 105.9

N2-N1 0.05 0.02 0.07 0.01 0.05 0.18 0.21 85.7

7
N1-N2 0.06 0.02 0.08 0.02 0.05 0.15 0.18 83.3

N2-N1 0.06 0.02 0.08 0.02 0.06 0.11 0.14 78.5

8
N1-N2 0.05 0.02 0.07 0.02 0.06 0.32 0.43 74.4

N2-N1 0.23 0.07 0.06 0.01 0.27 0.07 0.08 87.5

Mean 0.11 0.05 0.06 0.02 0.11 0.15 0.16 94.0

Median 0.06 0.03 0.06 0.02 0.06 0.14 0.14 93.8

Note: 100 replications. The rows ’mean’ and ’median’ give the mean and the median,

respectively, over the 16 designs. The MSE of the matching estimator is multiplied by

1000. τ = MSEds/MSEcv ∗ 100.
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Table 3.5: Simulation results, conditional variance estimator, n0 = n1 = 1000

Mod. Dens.
ĥds ĥcv

h0 MSEds MSEcv τ
Mean Std.Err Mean Std.Err

1
N1-N2 0.06 0.04 0.05 0.02 0.02 0.14 0.14 100.0

N2-N1 0.17 0.14 0.04 0.02 0.07 0.19 0.17 111.8

2
N1-N2 0.06 0.03 0.05 0.02 0.08 0.14 0.13 107.7

N2-N1 0.07 0.03 0.05 0.02 0.06 0.18 0.18 100.0

3
N1-N2 0.05 0.03 0.05 0.02 0.07 0.14 0.13 107.7

N2-N1 0.07 0.07 0.07 0.02 0.01 0.10 0.09 111.1

4
N1-N2 0.24 0.12 0.04 0.01 0.38 0.09 0.11 81.8

N2-N1 0.13 0.11 0.06 0.01 0.07 0.13 0.11 118.2

5
N1-N2 0.26 0.10 0.05 0.02 0.32 0.08 0.10 80.0

N2-N1 0.06 0.02 0.09 0.02 0.06 0.14 0.23 60.9

6
N1-N2 0.05 0.02 0.06 0.02 0.06 0.18 0.17 105.9

N2-N1 0.05 0.01 0.07 0.01 0.05 0.18 0.21 85.7

7
N1-N2 0.06 0.02 0.08 0.02 0.05 0.15 0.18 83.3

N2-N1 0.05 0.02 0.08 0.02 0.06 0.11 0.14 78.5

8
N1-N2 0.05 0.02 0.07 0.02 0.06 0.32 0.43 74.4

N2-N1 0.22 0.09 0.06 0.01 0.27 0.08 0.08 100.0

Mean 0.10 0.05 0.06 0.02 0.11 0.15 0.16 94.2

Median 0.06 0.03 0.06 0.02 0.06 0.14 0.14 100.0

Note: 100 replications. The rows ’mean’ and ’median’ give the mean and the median,

respectively, over the 16 designs. The MSE of the matching estimator is multiplied

by 1000. τ = MSEds/MSEcv ∗ 100.
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chosen by DS are, on average, closer to the optimal bandwidth than the bandwidths

chosen by CV. Especially for Model 1 (N2-N1), Model 4 (N1-N2), Model 5 (N1-N2)

and Model 8 (N2-N1), CV yields bandwidths rather below the optimal value while

DS selects bandwidths closer to it. However, for Model 2 (N2-N1), and Model 3 (N2-

N1), choosing the smoothing parameter by DS leads to bandwidths much higher than

the optimal one. For Model 2 (N2-N1) this result can be explained by the fact that

the true MSE has two local minima with similar MSE values and where one of the

minima is located at h = 0.50. A possible explanation for the high average chosen

bandwidth for Model 3 (N2-N1) could be the fact that the corresponding MSE curve

is very flat around the minimum, such that a data-driven bandwidth selector chooses

the optimal value with a high variance. This is also reflected by the high standard

errors. In general, the standard errors of the DS bandwidths are on average higher

than the standard errors of cross-validated bandwidths, primarily because the MSEs

do not display extreme curvature around the minima. This problem is of course

more pronounced for small sample sizes. The sixth and the seventh column of Ta-

bles 3.2-3.5 give the MSEs of the matching estimators based on the DS approach

and on cross-validated bandwidths, respectively. Furthermore, the percentage of the

MSE for the DS approach relative to the MSE of the CV procedure is given in the

last column. For n1 = n0 = 200, it can be seen that in most cases the MSE of

the matching estimators based on bandwidths chosen by DS is slightly lower than

the MSE of matching estimators with cross-validated bandwidths. Comparing the

results for the different variance estimators used in the DS procedure, there seems

to be hardly any difference.

When looking at the results for the larger sample with n1 = n0 = 1000, the per-

formance of the DS selector clearly improves compared to the results based on the

smaller sample size. Again, the DS approach selects bandwidths which are on average

closer to the optimal value compared to CV most of the time. As for n1 = n0 = 200,

this is striking for Model 4 (N1-N2), Model 5 (N1-N2) and Model 8 (N2-N1) and

indicates that the cross-validated bandwidths can be quite different from the opti-

mal matching bandwidths. In most cases, the standard errors of ĥds decrease when

the sample gets large. For Model 1, Model 3 (N2-N1) and Model 4 (N2-N1), the

average DS bandwidths are clearly above the optimal value. Thereby, for Model 1

(N1-N2) and Model 3 (N2-N1), this is certainly due to the flatness of the true MSE

curve around the minimum but can be also due to an inappropriate pilot smoothing
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parameter. For Model 1 (N2-N1) and Model 4 (N2-N1), the large average chosen

bandwidths may be also explained by the fact that the MSE curves have local min-

ima at h = 0.38. The MSEs of the matching estimators based on bandwidths chosen

by DS are usually lower than or equal to the MSE of matching estimators with

cross-validated bandwidths. For n1 = n0 = 1000, the MSE gains by applying DS

compared to CV can be considerable. Finally, as for n1 = n0 = 200, the results

based on the different variance estimators are mostly the same. This means that,

at least in this simulation study, there are no finite sample advantages in using the

estimator for the more accurate variance approximation of µ̂1(h).

3.5 Conclusion

In this paper a bandwidth selector for local polynomial matching estimators based

on the double smoothing idea has been proposed. For a conditional sample ver-

sion of the parameter of interest, it is shown that the bandwidth selector exhibits a

relatively fast convergence rate compared to cross-validation selectors for local poly-

nomial regression estimators. The proposed bandwidth selection approach is also

applicable to trimmed versions of the local polynomial matching estimator when

using kernels with bounded support. The Monte Carlo study indicates that the

bandwidths chosen by the proposed algorithm are, on average, closer to the optimal

bandwidth than the smoothing parameters chosen by cross-validation. Moreover,

the MSE estimates implied by the double smoothing approach nicely approximate

the true MSE curve of the matching estimator. Contrary to the MSE approxima-

tions by Frölich (2005), the estimated MSE shows the required sensitivity at low

bandwidth values. Furthermore, the Monte Carlo evidence suggests that selecting

the pilot bandwidth by cross-validation might be a reasonable choice.

These results indicate that it is promising to focus on MSE based bandwidth selection

approaches rather than on algorithms, which are based on minimizing the MISE of

the nonparametric regression function. A future research topic is of course to develop

an optimal data-driven pilot bandwidth selection algorithm for the DS approach. It

could also be of interest if the DS procedure is applicable for selecting the number of

neighbors for nearest neighbor matching. Furthermore, developing similar smoothing

parameter selectors for nonparametric estimators of other causal parameters, like

the quantile treatment effect or the local average treatment effect, would be an
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interesting topic.

Bibliography

Beran, J., Y. Feng, and S. Heiler (2001): “Modifying the Double Smoothing Band-

width Selector in Nonparametric Regression,” CoFE Discussion Paper, University of

Konstanz.

Blundell, R., L. Dearden, and B. Sianesi (2005): “Evaluating the Impact of Edu-

cation on Earnings in the UK: Models, Methods and Results from the NCDS,” Journal

of the Royal Statistical Society, Series A, 168, 473–512.

Cheng, P. (1994): “Nonparametric Estimation of Mean Functionals With Data Missing

at Random,” Journal of the American Statistical Association, 89, 81–87.

Fan, J., and I. Gijbels (1996): Local Polynomial Modelling and Its Applications. Chap-

man & Hall.

Fan, J., and Q. Yao (1998): “Efficient Estimation of Conditional Variance Functions in

Stochastic Regression,” Biometrika, 85, 645–660.

Feng, Y. (1999): Kernel- and Locally Weighted Regression With Application to Time

Series Decomposition. Verlag für Wissenschaft und Forschung, Berlin.

Flossmann, A. (2007): “Empirical Bias Bandwidth Choice for Local Polynomial Match-

ing Estimators,” Working Paper, University of Konstanz.
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3.A Proofs

For the following proofs we rely on approximations for Wh(Xk, Xi) and W ∗
g (Xk, Xi). Note that

by applying a Taylor Series expansion around the point x, f0(x + uh) = f0(x) + O(h), for h → 0.

Using this result and the approximations derived by Ruppert, Sheather, and Wand (1995), the

following approximations hold:

Wh(Xk, Xi) ≈ (n0h)−1K∗
(

Xk −Xi

h

)
f0(Xi)−1 ≈ (n0h)−1K∗

(
Xk −Xi

h

)
f0(Xk)−1

W ∗
g (Xk, Xi) ≈ (n0h)−1L∗

(
Xk −Xi

g

)
f0(Xi)−1 ≈ (n0h)−1L∗

(
Xk −Xi

g

)
f0(Xk)−1.

3.A.1 Proof of Lemma 3.3.1

In order to derive an expression for M(h) we need approximations for the bias and variance term.

First note that the conditional bias term of the local polynomial regression estimator m̂h(x) can

be approximated by

bh(x) ≈ κrh
rm(r)(x).

See Ruppert and Wand (1994) for a proof. Therefore, by using the weak law of large numbers, an

approximation for the bias term of µ̂1(h), can be derived:

E [ µ̂1(h)− µ1|X] =
1
n1

∑

i∈I1

bh(Xi)

≈ κrh
r

∫
m(r)(x)f1(x)dx.

For the conditional variance of µ̂1(h) note that

V (h) ≈ n−2
1 (n0h)−2

∑

i∈I1

∑

j∈I0

K∗
(

Xj −Xi

h

)2

f0(Xj)−2σ2(Xj)

+n−2
1 (n0h)−2

∑

i∈I1

∑

l∈I1
i 6=l

∑

j∈I0

K∗
(

Xj −Xi

h

)
K∗

(
Xj −Xl

h

)
f0(Xi)−1f0(Xl)−1σ2(Xj)

≈ (n0n1h)−1

∫
K∗(u)2du

∫
σ2(x)f1(x)f0(x)−1dx + n−1

0

∫
σ2(x)f1(x)2f0(x)−1dx,

where it is taken into account that f1(x− uh) = f1(x) + O(h). Thus, the population MSE can be

approximated by

M(h) ≈ h2r

[
κr

∫
m(r)(x)f1(x)dx

]2

+(n0n1h)−1

∫
K∗(u)2du

∫
σ2(x)f1(x)f0(x)−1dx + n−1

0

∫
σ2(x)f1(x)2f0(x)−1dx.

¤
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3.A.2 Proof of Theorem 3.3.1

In the following steps we closely follow the proofs by Härdle, Hall, and Marron (1992) and Feng

(1999). By using Taylor series expansions,

0 = M̂ ′(ĥ)

= [M̂ ′(h0)−M ′(h0)] + (ĥ− h0)M̂ ′′(h0) + o[(ĥ− h0)]

= [M̂ ′(h0)−M ′(h0)] + (ĥ− h0)M ′′(h0) + o[(ĥ− h0)/h0],

where it is taken into account that M̂ ′′(h0) = M ′′(h0) + o(h−1
0 ). Hence,

(ĥ− h0) ≈ −[M̂ ′(h0)−M ′(h0)]/M ′′(h0). (3.13)

Therefore, the focus is on the asymptotic properties of M̂ ′(h0)−M ′(h0). Note that

M̂(h)−M(h) ≈ D1(h) + D2(h),

where D2(h) = B̂(h)−B(h) and, by using the weak law of large numbers,

D1(h) ≈ n−2
1 (n0h)−2

∑

i∈I1

∑

j∈I0

K∗
(

Xj −Xi

h

)2

f0(Xj)−2
[
σ̂2(Xj)− σ2(Xj)

]

+n−2
1 (n0h)−2

∑

i∈I1

∑

l∈I1
i 6=l

∑

j∈I0

K∗
(

Xj −Xi

h

)
K∗

(
Xj −Xl

h

)
f0(Xi)−1f0(Xl)−1

[
σ̂2(Xj)− σ2(Xj)

]

≈ (n0n1h)−1

∫
K∗(u)2dun−1

0

∑

j∈I0

[
σ̂2(Xj)− σ2(Xj)

]
f0(Xj)−2f1(Xj)

+n−2
0

∑

j∈I0

[
σ̂2(Xj)− σ2(Xj)

]
f1(Xj)2f0(Xj)−2, (3.14)

where it is taken into account that f1(x− uh) = f1(x) + O(h). Noting that Yi = m(Xi) + εi,

D2(h) =



n−1

1

∑

i∈I1

∑

j∈I0

[m(Xj) + εj ]Aj(Xi)





2

−B(h) (3.15)

= T1 + T2 + T3 + 2T4 + T5 + T6 + T7 + T8 + 2T9 + T10,
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where

T1 = n−2
1

∑

i∈I1

{[
∑

j∈I0

m(Xj)Aj(Xi)]2 − bh(Xi)2}

T2 = n−2
1

∑

i∈I1

∑

j∈I0

[ε2j − σ2(Xj)]Aj(Xi)2

T3 = n−2
1

∑

i∈I1

∑

j∈I0

∑

k∈I0

j 6=k

εjεkAj(Xi)Ak(Xi)

T4 = n−2
1

∑

i∈I1

∑

j∈I0

∑

k∈I0

εjAj(Xi)m(Xk)Ak(Xi)

T5 = n−2
1

∑

i∈I1

∑

j∈I0

σ2(Xj)Aj(Xi)2

T6 = n−2
1

∑

i∈I1

∑

l∈I1
i 6=l

{[
∑

j∈I0

∑

k∈I0

m(Xj)Aj(Xi)m(Xk)Ak(Xl)]− bh(Xi)bh(Xl)}

T7 = n−2
1

∑

i∈I1

∑

l∈I1
i 6=l

∑

j∈I0

[ε2j − σ2(Xj)]Aj(Xi)Aj(Xl)

T8 = n−2
1

∑

i∈I1

∑

l∈I1
i 6=l

∑

j∈I0

∑

k∈I0

j 6=k

εjεkAj(Xi)Ak(Xl)

T9 = n−2
1

∑

i∈I1

∑

l∈I1
i 6=l

∑

j∈I0

∑

k∈I0

εjAj(Xl)m(Xk)Ak(Xi)

T10 = n−2
1

∑

i∈I1

∑

l∈I1
i 6=l

∑

j∈I0

σ2(Xj)Aj(Xi)Aj(Xl).

Note that T2, T3, T4, T7, T8 and T9 are mean zero random variables. It follows that

M̂ ′(h)−M ′(h) = D′
1 + T ′1 + T ′2 + T ′3 + 2T ′4 + T ′5 + T ′6 + T ′7 + T ′8 + 2T ′9 + T ′10. (3.16)

In order to compute the derivatives, approximations for the following sequences are derived:

α1j = n−1
1

∑

i∈I1

Aj(Xi)2,

α2j = n−2
1

∑

i∈I1

∑

l∈I1
i 6=l

Aj(Xi)Aj(Xl),

α1jk = n−1
1

∑

i∈I1

Aj(Xi)Ak(Xi),

α2jk = n−2
1

∑

i∈I1

∑

l∈I1
i 6=l

Aj(Xi)Ak(Xl),

β(Xi) =
∑

k∈I0

m(Xk)Ak(Xi),

β1j = n−1
1

∑

i∈I1

∑

k∈I0

m(Xk)Aj(Xi)Ak(Xi),

β2j = n−2
1

∑

i∈I1

∑

l∈I1
i 6=l

∑

k∈I0

m(Xk)Aj(Xi)Ak(Xl).
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Assuming that h/g → 0,

Aj(Xi) =
∑

k∈I0

Wh(Xk, Xi)
[
W ∗

g (Xj , Xk)−W ∗
g (Xj , Xi)

]

≈ n−2
0 (hg)−1

∑

k∈I0

K∗
(

Xk −Xi

h

)
f0(Xk)−1

[
L∗

(
Xj −Xk

g

)
− L∗

(
Xj −Xi

g

)]
f0(Xj)−1

≈ (n0g)−1f0(Xj)−1

∫
K∗(u)

[
L∗

(
Xj −Xi

g
− hg−1u

)
− L∗

(
Xj −Xi

g

)]
du

≈ κr(n0g)−1 (h/g)r
f0(Xj)−1L∗(r)

(
Xj −Xi

g

)

≈ κr(n0g)−1 (h/g)r
f0(Xi)−1L∗(r)

(
Xj −Xi

g

)
≈ Ai(Xj).

Hence,

α1j ≈ n−1
1

∑

i∈I1

[
kr(n0g)−1 (h/g)r

f0(Xj)−1L∗(r)
(

Xj −Xi

g

)]2

≈ κ2
rn
−2
0 h2rg−(2r+1)

∫ (
L∗(r)(u)

)2

duf1(Xj)f0(Xj)−2. (3.17)

It also follows that

α2j ≈ n−2
1

∑

i∈I1

∑

l∈I1
i 6=l

[
κr(n0g)−1 (h/g)r]2

f0(Xi)−1f0(Xl)−1L∗(r)
(

Xj −Xi

g

)
L∗(r)

(
Xj −Xl

g

)

≈ κ2
rn
−2
0 h2rg−2r

[∫
L∗(r)(u)du

]2

f1(Xj)−2f0(Xj)−2. (3.18)

Observe also that

α1jk ≈ n−1
1

∑

i∈I1

[
κr(n0g)−1 (h/g)r]2

f0(Xj)−1f0(Xk)−1L∗(r)
(

Xj −Xi

g

)
L∗(r)

(
Xk −Xi

g

)

≈ κ2
rn
−2
0 h2rg−(2r+1)

∫
L∗(r)(u)L∗(r)

(
u +

Xk −Xj

g

)
duf1(Xj)f0(Xj)−1f0(Xk)−1,

(3.19)

and

α2jk ≈ n−2
1

∑

i∈I1

∑

l∈I1
i 6=l

[
κr(n0g)−1 (h/g)r]2

f0(Xi)−1f0(Xl)−1L∗(r)
(

Xj −Xi

g

)
L∗(r)

(
Xk −Xl

g

)

≈ κ2
rn
−2
0 h2rg−2r

[∫
L∗(r)(u)du

]2

f1(Xj)f0(Xj)−1f1(Xk)f0(Xk)−1. (3.20)

Consider also that β(Xi) = E
[
b̂h(Xi)

∣∣∣X
]
, which is the bias in estimating E [m̂g(Xi)|X] by a

kernel regression of m̂g(Xi) on Xi with kernel K∗(·) and bandwidth h. Since m̂g(Xi) ≈ m(Xi) +

λsg
sm(s)(Xi),

β(Xi) ≈ κrh
rm(r)(Xi) + κrλsh

rgsm(r+s)(Xi).
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Therefore,

β1j = n−1
1

∑

i∈I1

∑

k∈I0

m(Xk)Aj(Xi)Ak(Xi)

= n−1
1

∑

i∈I1

Aj(Xi)β(Xi)

≈ (n1n0g)−1f0(Xj)−1
∑

i∈I1

β(Xi)
∫

K∗(u)
[
L∗

(
Xj −Xi

g
− hg−1u

)
− L∗

(
Xj −Xi

g

)]
du

≈ (n0g)−1f0(Xj)−1

∫ ∫
β(z)K∗(u)

[
L∗

(
Xj − z

g
− hg−1u

)
− L∗

(
Xj − z

g

)]
f1(z)dzdu

≈ n−1
0 f0(Xj)−1f1(Xj)

∫ ∫
[β(Xj − gy − hu)− β(Xj − gy)] L∗(y)K∗(u)dydu

≈ κ2
rn
−1
0 h2rm(2r)(Xj)f1(Xj)f0(Xj)−1. (3.21)

and with bh(Xi) ≈ κrh
rm(r)(Xi),

n−1
1

∑

i∈I1

[
β(Xi)2 − bh(Xi)2

] ≈ 2κ2
rλsh

2rgs

∫
m(r)(x)m(r+s)(x)f1(x)dx

+κ2
rλ

2
sh

2rg2s

∫ [
m(r+s)(x)

]2

f1(x)dx. (3.22)

Observe also that

n−2
1

∑

i∈I1

∑

l∈I1
i 6=l

[β(Xi)β(Xl)− bh(Xi)bh(Xl)] ≈ κ2
rλsh

2rgsn−2
1

∑

i∈I1

∑

l∈I1
i 6=l

m(r)(Xl)m(r+s)(Xi)

+κ2
rλsh

2rgsn−2
1

∑

i∈I1

∑

l∈I1
i 6=l

m(r)(Xi)m(r+s)(Xl)

+κ2
rλ

2
sh

2rg2sn−2
1

∑

i∈I1

∑

l∈I1
i 6=l

m(r+s)(Xi)m(r+s)(Xl)

≈ 2κ2
rλsh

2rgs

∫
m(r)(x)f1(x)dx

∫
m(r+s)(x)f1(x)dx

+κ2
rλ

2
sh

2rg2s

[∫
m(r+s)(x)f1(x)dx

]2

. (3.23)

Furthermore,

β2j = n−2
1

∑

i∈I1

∑

l∈I1
i 6=l

Aj(Xi)β(Xl)

≈ κ2
rh

2rn−1
0 g−rf0(Xj)−1f1(Xj)

∫
L∗(r)(u)du

∫
m(r)(x)f1(x)dx. (3.24)

The above approximations allow the calculation of the first derivatives D
′
1, T

′
1, ..., T

′
10. Therefore,
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define the following terms:

C1 =
∫

K∗(u)2du,

C2 = 4rκ2
rλs

∫
m(r)(x)m(r+s)(x)f1(x)dx,

C3 = 2rκ2
rλ

2
s

∫ (
m(r+s)(x)

)2

f1(x)dx,

C4 = 2rκ2
r

∫
σ2(x)f1(x)f0(x)−1dx

∫ (
L∗(r)(u)

)2

du,

C5 = 4rκ2
rλs

∫
m(r)(x)f1(x)dx

∫
m(r+s)(x)f1(x)dx,

C6 = 2rκ2
rλ

2
s

[∫
m(r+s)(x)f1(x)dx

]2

,

C7 = 8r2κ4
r

[∫
σ2(x)f1(x)2f0(x)−1dx

]2 [∫
L∗(r)(u)du

]4

,

C8 = 16r2κ4
r

∫
σ2(x)f1(x)2f0(x)−1dx

[∫
m(r)(x)f1(x)dx

]2 [∫
L∗(r)(u)du

]2

,

C9 = 2rκ2
r

∫
σ2(x)f1(x)2f0(x)−1dx

[∫
L∗(r)(u)du

]2

.

Now, from (3.14),

D
′
1 = −(n0n1)−1h−2C1n

−1
0

∑

j∈I0

[
σ̂2(Xj)− σ2(Xj)

]
f0(Xj)−2f1(Xj). (3.25)

With (3.22),

T ′1 =
∂

∂h
n−2

1

∑

i∈I1

[
β(Xi)2 − b(Xi)2

]

≈ C2n
−1
1 h2r−1gs + C3n

−1
1 h2r−1g2s. (3.26)

With (3.17),

V [T ′2|X] = n−2
1

∑

j∈I0

V
[
ε2j

∣∣ Xj

] (
α′1j

)2

≈ O(n−2
1 n−3

0 h4r−2g−(4r+2)). (3.27)

With (3.19),

V [T ′3|X] = 4n−2
1

∑

j∈I0

∑

k∈I0

j<k

σ2(Xj)σ2(Xk)
(
α′1jk

)2

≈ 8r2k4
rh4r−2g−(4r+2)n−2

1 n−4
0

×
∑

j∈I0

∑

k∈I0

j 6=k

[∫
L∗(r)(u)L∗(r)

(
u +

Xk −Xj

g

)
du

]2

σ2(Xj)σ2(Xk)f2
1 (Xj)f−2

0 (Xj)f−2
0 (Xk)

≈ 8r2k4
rh4r−2g−(4r+1)n−2

1 n−3
0

×
∑

k∈I0

∫ [∫
L∗(r)(u)L∗(r) (u + z) du

]2

dzσ4(Xk)f2
1 (Xk)f−3

0 (Xk)

≈ O
(
n−2

1 n−2
0 h4r−2g−(4r+1)

)
, (3.28)
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where it is taken into account that σ2(x + gz) = σ2(x) + O(g). With (3.21),

V [2T ′4|X] = 4n−2
1

∑

j∈I0

σ2(Xj)(β
′
1j)

2

≈ O
(
n−2

1 n−1
0 h4r−2

)
. (3.29)

With (3.17),

T ′5 = n−1
1

∑

j∈I0

σ2(Xj)α
′
1j

≈ C4(n0n1)−1h2r−1g−(2r+1). (3.30)

With (3.23),

T ′6 =
∂

∂h
n−2

1

∑

i∈I1

∑

l∈I1
i 6=l

[β(Xi)β(Xl)− b(Xi)b(Xl)]

≈ C5h
2r−1gs + C6h

2r−1g2s. (3.31)

Noting (3.18),

V [T ′7|X] =
∑

i∈I0

V
[
ε2j

∣∣ Xj

]
(α′2j)

2

≈ O
(
n−3

0 h4r−2g−4r
)
, (3.32)

and with (3.20),

V [T ′8|X] = 4n−2
1

∑

j∈I0

∑

k∈I0

j<k

σ2(Xj)σ2(Xk)(α′2jk)2

≈ C7n
−2
0 h4r−2g−4r. (3.33)

With (3.24),

V [2T ′9|X] = 4
∑

j∈I0

σ2(Xj)(β
′
2j)

2

≈ C8n
−1
0 h4r−2g−2r, (3.34)

and noting (3.18),

T ′10 =
∑

j∈I0

σ2(Xj)α′2j

≈ C9n
−1
0 h2r−1g−2r. (3.35)

Since n0g →∞, the following relations hold:

V [T ′2|X] = op (V [T ′8|X])

V [T ′3|X] = op (V [T ′8|X])

V [T ′7|X] = op (V [T ′8|X])

V [T ′4|X] = op (V [T ′9|X]) .
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Therefore, T ′2, T
′
3, T

′
4 and T ′7 are asymptotically negligible. T ′8 and T ′9 represent zero mean random

variables which are asymptotically independent and normally distributed. Now, by (3.16), (3.25)-

(3.35),

M̂ ′(h)−M ′(h) ≈ −n−1
0

∑

j∈I0

[
σ̂2(Xj)− σ2(Xj)

]
f0(Xj)−2f1(Xj)(n0n1)−1h−2C1

+h2r−1
(
C7n

−2
0 g−4r + C8n

−1
0 g−2r

)1/2
Zn

+h2r−1
(
C2n

−1
1 gs + C3n

−1
1 g2s + C4(n0n1)−1g−(2r+1) + C5g

s + C6g
2s + C9n

−1
0 g−2r

)
,

where Zn is asymptotically standard normally distributed. Evaluating the above expression at h0

and dividing by M ′′(h0) ≈ c1(n1n0h
3
0)
−1 ≈ c2h

2r−2
0 yields

(ĥ− h0)/h0 ≈ n−1
0

∑

j∈I0

[
σ̂2(Xj)− σ2(Xj)

]
f0(Xj)−2f1(Xj)c−1

1 C1 + c−1
2

(
C7n

−2
0 g−4r + C8n

−1
0 g−2r

)1/2
Zn

−c−1
2

(
C2n

−1
1 gs + C3n

−1
1 g2s + C4(n0n1)−1g−(2r+1) + C5g

s + C6g
2s + C9n

−1
0 g−2r

)
.

Theorem 3.3.1 follows from this result.

¤

117



3. OPTIMAL BANDWIDTH CHOICE FOR MATCHING ESTIMATORS BY
DOUBLE SMOOTHING

3.B Figures

The following figures show for each model the estimated MSE (left), the simulated

MSE (right, solid) and the simulated squared bias (right, dashed), for density com-

binations (N1,N2) (top) and (N2,N1) (bottom).
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Figure 3.2: Estimated and Simulated MSE curves for Model 1

Estimated MSE Simulated Bias2 (dashed) and MSE (solid)

n0 = n1 = 200

n0 = n1 = 1000
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Figure 3.3: Estimated and Simulated MSE curves for Model 2

Estimated MSE Simulated Bias2 (dashed) and MSE (solid)

n0 = n1 = 200

n0 = n1 = 1000
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Figure 3.4: Estimated and Simulated MSE curves for Model 3

Estimated MSE Simulated Bias2 (dashed) and MSE (solid)

n0 = n1 = 200

n0 = n1 = 1000
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Figure 3.5: Estimated and Simulated MSE curves for Model 4

Estimated MSE Simulated Bias2 (dashed) and MSE (solid)

n0 = n1 = 200

n0 = n1 = 1000
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Figure 3.6: Estimated and Simulated MSE curves for Model 5

Estimated MSE Simulated Bias2 (dashed) and MSE (solid)

n0 = n1 = 200

n0 = n1 = 1000
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Figure 3.7: Estimated and Simulated MSE curves for Model 6

Estimated MSE Simulated Bias2 (dashed) and MSE (solid)

n0 = n1 = 200

n0 = n1 = 1000
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Figure 3.8: Estimated and Simulated MSE curves for Model 7

Estimated MSE Simulated Bias2 (dashed) and MSE (solid)

n0 = n1 = 200

n0 = n1 = 1000
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Figure 3.9: Estimated and Simulated MSE curves for Model 8

Estimated MSE Simulated Bias2 (dashed) and MSE (solid)

n0 = n1 = 200

n0 = n1 = 1000
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in 22 Bänden, ed. by H. Selg, and D. Ulich. Kohlhammer, Stuttgart.

Black, D., J. Smith, M. Berger, and B. Noel (2003): “Is the Threat of Reemploy-

ment Services More Effective than the Services Themselves? Evidence from Random

Assignment in the UI-System,” American Economic Review, 93, 1313–1327.

Blundell, R., L. Dearden, and B. Sianesi (2005): “Evaluating the Impact of Edu-

cation on Earnings in the UK: Models, Methods and Results from the NCDS,” Journal

of the Royal Statistical Society, Series A, 168, 473–512.

Carneiro, P., K. Hansen, and J. Heckman (2003): “Estimating Distributions of

Counterfactuals with an Application to the Returns to Schooling and Measurement of

the Effect of Uncertainty on Schooling Choice,” International Economic Review, 44,

361–422.

127



BIBLIOGRAPHY

Carneiro, P., and J. Heckman (2003): “Human Capital Policy,” in Inequality in Amer-

ica: What Role for Human Capital Policies?, ed. by J. Heckman, A. Krueger, and

B. Friedman. Cambridge, MA: MIT Press.

Cawley, J., J. Heckman, and E. Vytlacil (2001): “Three Observations on Wages

and Measured Cognitive Ability,” Labour Economics, 8(4), 419–442.

Cheng, P. (1994): “Nonparametric Estimation of Mean Functionals With Data Missing

at Random,” Journal of the American Statistical Association, 89, 81–87.

Cunha, F., J. Heckman, and S. Navarro (2005): “Separating Uncertainty from Het-

erogeneity in Life Cycle Earnings,” Oxford Economic Papers, 57(2), 191–261.

Dehejia, R. (2005): “Program Evaluation as a Decision Problem,” Journal of Economet-

rics, 125, 141–173.

Dehejia, R., and S. Wahba (1999): “Causal Effects in Nonexperimental Studies: Re-

Evaluating the Evaluation of Training Programs,” Journal of the American Statistical

Association, 94, 1053–1062.

(2005): “Practical Propensity Score Matching: A Reply to Smith and Todd,”

Journal of Econometrics, 125, 355–364.

Doksum, K., D. Peterson, and A. Samarov (2000): “On Variable Bandwidth Selec-

tion in Local Polynomial Regression,” Journal of the Royal Statistical Society. Series B,

62, 431–448.

Fan, J., and I. Gijbels (1995): “Data-Driven Bandwidth Selection in Local Polynomial

Fitting: Variable Bandwidth and Spatial Adaptation,” Journal of the Royal Statistical

Society. Series B, 57, 371–394.

Fan, J., and I. Gijbels (1996): Local Polynomial Modelling and Its Applications. Chap-

man & Hall.

Fan, J., I. Gijbels, T. Hu, and L. Huang (1996): “A Study of Variable Bandwidth

Selection for Local Polynomial Regression,” Statistica Sinica, 6, 113–127.

Fan, J., and L. Huang (1999): “Rates of Convergence for the Pre-Asymptotic Substi-

tution Bandwidth Selector,” Statistics and Probability Letters, 43, 309–316.

Fan, J., and Q. Yao (1998): “Efficient Estimation of Conditional Variance Functions in

Stochastic Regression,” Biometrika, 85, 645–660.

Feng, Y. (1999): Kernel- and Locally Weighted Regression With Application to Time

Series Decomposition. Verlag für Wissenschaft und Forschung, Berlin.

128



BIBLIOGRAPHY

Fitzgerald, J., P. Gottschalk, and R. Moffit (1998): “The Impact of Attrition in

the Panel Study of Income Dynamics on Intergenerational Analysis,”Journal of Human

Resources, 33, 300–344.

Flossmann, A. (2007): “Empirical Bias Bandwidth Choice for Local Polynomial Match-

ing Estimators,” Working Paper, University of Konstanz.

Flossmann, A., and W. Pohlmeier (2006): “Causal Returns to Education: A Survey

on Empirical Evidence for Germany,”Jahrbuecher fuer Nationaloekonomie und Statistik,

226/1, 6–23.
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