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Introduction and Summary

This dissertation consists of four self-contained research papers that have been

written during the time from October 2004 to October 2007, while I was participant

of the “Doctoral Programme in Quantitative Economics and Finance” at the Uni-

versity of Konstanz. I have two major research interests. The first covers questions

of optimal economic policy, with a special focus on optimal taxation and social in-

surance. The contributions in Chapters 1 and 2 belong to this area. My second field

of interest concerns more basic questions of individual economic behavior and its

foundations. Chapters 3 and 4 address such issues. This section provides a brief

introduction to the following chapters and summarizes the main results.

Chapter 1 is the result of joint work with Florian Scheuer (Massachusetts Insti-

tute of Technology). Parts of it have been published under the title “Taxation, Insur-

ance and Precautionary Labor” in the Journal of Public Economics, Vol. 91, 2007, p.

1519-1531. We examine optimal taxation and social insurance with adverse selec-

tion in competitive insurance markets. In a previous literature, it has been shown

that, with perfect insurance markets, social insurance improves welfare since it is

able to redistribute without creating distortions. This result has been taken as ro-

bust to the introduction of adverse selection as this would only provide additional

justifications for social insurance. We show, however, that adverse selection can

weaken the case for social insurance compared to a situation with perfect mar-

kets. Whenever social insurance mitigates private underinsurance, it also causes

welfare-reducing effects by decreasing precautionary labor supply and hence tax

revenue. In addition, adverse selection may substantially reduce the redistribu-

tive potential of social insurance. We illustrate our general results using different

equilibrium concepts for the insurance market.

Chapter 2 addresses the question of optimal taxation if individual property

rights are costly to enforce, due to potential crime. The level of crime is often
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Introduction and Summary

claimed to be correlated with the degree of inequality in a society, and redistribu-

tion is suggested as a remedy. A producer-predator model of theft in large hetero-

geneous societies is analyzed, and the effect of public redistribution on individual

incentives and consumption levels is examined. It turns out that redistribution of

income by moving from a linear to a progressive tax schedule can be Pareto im-

proving under a large variety of circumstances. If the ratio of high-skilled to low-

skilled individuals is small, progressive taxation acts as a substitute for direct law

enforcement. Otherwise, redistribution and law enforcement are complements, in

the sense that the introduction of progressive taxation should go along with stricter

law enforcement. Altogether, the existence of crime is never Pareto efficient as soon

as progressive taxation is admitted.

Chapter 3 explores a general model of the evolution and adaption of hedo-

nic utility. It is shown that optimal utility will be increasing strongly in regions

where choices have to be made often and decision mistakes have a severe impact

on fitness. Several applications are suggested. In the context of intertemporal pref-

erences, the model offers an evolutionary explanation for strong short-run impa-

tience. It also explains the existence of conflicting short- and long-run interests that

lead to dynamic inconsistency. Concerning attitudes towards risk, an evolution-

ary explanation is given for S-shaped value functions that adjust to the decision-

maker’s environment.

Chapter 4 is the result of joint work with Carlos Alós-Ferrer (University of Kon-

stanz). We develop a characterization of stochastically stable states for the logit-

response learning dynamics in games, with arbitrary specification of revision op-

portunities. The result allows us to show convergence to the set of Nash equilibria

in the class of best-response potential games and the failure of the dynamics to se-

lect potential maximizers beyond the class of exact potential games. We also study

to which extent equilibrium selection is robust to the specification of revision op-

portunities. Our techniques can be extended and applied to a wide class of learning

dynamics in games.
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Einleitung und Zusammenfassung

Diese Doktorarbeit besteht aus vier eigenständigen Forschungsarbeiten, die in der

Zeit von Oktober 2004 bis Oktober 2007 geschrieben wurden, während ich Teil-

nehmer am “Doctoral Programme in Quantitative Economics and Finance” an

der Universität Konstanz war. Meine Forschungsinteressen erstrecken sich auf

zwei Gebiete. Das erste beinhaltet Fragen nach der optimalen Wirtschaftspolitik,

und hier insbesondere nach optimaler Besteuerung und Sozialversicherung. Die

Beiträge in den Kapiteln 1 und 2 gehören in diesen Bereich. Zum anderen inter-

essiere ich mich für grundlegende Fragen über individuelles ökonomisches Ver-

halten und dessen Fundierung. Die Kapitel 3 und 4 beschäftigen sich mit solchen

Themen. Dieser Abschnitt stellt eine kurze Einführung in die folgenden Kapitel

dar, und fasst die wichtigsten Ergebnisse zusammen.

Kapitel 1 ist das Ergebnis einer gemeinsamen Arbeit mit Florian Scheuer (Mas-

sachusetts Institute of Technology). Teile davon wurden unter dem Titel “Taxation,

Insurance and Precautionary Labor” im Journal of Public Economics, Vol. 91, 2007,

p. 1519-1531, veröffentlicht. Wir untersuchen optimale Besteuerung und Sozialver-

sicherung wenn auf privaten Versicherungsmärkten adverse Selektion vorliegt. In

der bisherigen Literatur wurde gezeigt, dass Sozialversicherung bei perfekten pri-

vaten Versicherungsmärkten wohlfahrtssteigernd wirkt, da sie Einkommen wie

gewünscht umverteilt, ohne Verzerrungen auszulösen. Es wurde dann davon aus-

gegangen, dass dieses Ergebnis auch für Märkte unter asymmetrischer Information

gelten müsse, da adverse Selektion bekanntermaßen selbst einen Rechtfertigungs-

grund für Sozialversicherung darstellt. Wir zeigen jedoch, dass die Annahme von

adverser Selektion das Argument für Sozialversicherung sogar abschwächen kann,

im Vergleich zu perfekten Märkten. Wenn eine Sozialversicherung tatsächlich das

Problem der privaten Unterversicherung behebt, dann reduziert sie gleichzeitig

“Vorsichtsmotive” und somit das Arbeitsangebot, die Steuereinnahmen und die

3



Einleitung und Zusammenfassung

gesellschaftliche Wohlfahrt. Zudem kann adverse Selektion das Umverteilungs-

potential von Sozialversicherung erheblich reduzieren. Wir veranschaulichen un-

sere allgemeinen Ergebnisse anhand von verschiedenen Gleichgewichtskonzepten

für Versicherungsmärkte.

Kapitel 2 beschäftigt sich mit optimaler Besteuerung unter Berücksichtigung

der Tatsache, dass Eigentumsrechte aufgrund von Kriminalität nicht kostenlos

durchgesetzt werden können. Das Niveau der Kriminalität wird in der öffentlichen

Diskussion häufig mit dem Grad der materiellen Ungleichheit in einer Gesellschaft

assoziiert, und Umverteilung wird als mögliche Lösung vorgeschlagen. Die

vorliegende Arbeit untersucht die Bestimmungsgrößen von Kriminalität anhand

eines “Producer-Predator” Modells einer großen, heterogenen Gesellschaft, und

analysiert den Einfluss von Umverteilung auf individuelle Anreize und materiellen

Wohlstand. Es stellt sich heraus, dass unter vielerlei Umständen der Übergang von

einem linearen zu einem progressiven Steuertarif eine Pareto-Verbesserung her-

beiführen kann. Wenn das Verhältnis von hoch- zu niedrigqualifizierten Personen

klein ist, dann stellt die progressive Besteuerung ein Substitut für direkte Rechts-

durchsetzung dar. Anderenfalls sind progressive Besteuerung und Rechtsdurch-

setzung Komplemente, da mit der Einführung der Progression die zur Rechts-

durchsetzung eingesetzten Steuermittel ausgeweitet werden sollten. Insgesamt ist

es niemals effizient, die Existenz von Kriminalität zu akzeptieren sofern das Instru-

ment der progressiven Besteuerung verfügbar ist.

Kapitel 3 untersucht ein allgemeines Modell der Evolution und Adaption

von kardinalen Nutzenfunktionen. Es wird gezeigt, dass das evolutorisch opti-

male Nutzenniveau besonders stark in Konsumregionen ansteigt, in denen häufig

Entscheidungen getroffen werden müssen und in denen Fehlentscheidungen einen

besonders gravierenden Einfluss auf die biologische Fitness haben. Dieses Ergebnis

wird auf verschiedene Anwendungen übertragen. Im Kontext von intertemporalen

Präferenzen bietet das Modell eine evolutorische Begründung für eine ausgeprägte

Ungeduld bezüglich kurzfristiger Wartezeiten. Es erklärt zudem die Existenz von

eventuell miteinander in Konflikt stehenden kurz- und langfristigen Interessen, die

zu dynamischer Inkonsistenz führen können. In Bezug auf Risikoeinstellungen
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ergibt sich eine Erklärung für S-förmige Wertfunktionen, die sich an die Umgebung

des Entscheidungsträgers anpassen.

Kapitel 4 ist das Ergebnis einer gemeinsamen Arbeit mit Carlos Alós-Ferrer

(Universität Konstanz). Wir entwickeln eine Charakterisierung der stochastisch

stabilen Zustände der “Logit-Response” Lerndynamik für allgemeine Spiele. Der

Prozess, der die Revisionsmöglichkeiten der Spieler bestimmt, muss dabei nicht

den üblichen Beschränkungen unterliegen. Mit Hilfe unseres Ergebnisses ist es

möglich zu zeigen, dass die Logit-Response Dynamik in der Klasse der “Best-

Response” Potentialspiele zur Menge der Nash-Gleichgewichte konvergiert. Das

Ergebnis, nach dem in (exakten) Potentialspielen diejenigen Strategienprofile

stochastisch stabil sind, die die Potentialfunktion maximieren, gilt bereits in der

Klasse der gewichteten Potentialspiele nicht mehr. Wir untersuchen zudem, in-

wiefern die Gleichgewichtsauswahl von der genauen Spezifikation der Revisions-

möglichkeiten abhängt. Die von uns entwickelte Methodik lässt sich erweitern und

kann auf eine große Anzahl von verschiedenen Lerndynamiken angewandt wer-

den.
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Taxation, Insurance and Precautionary Labor
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CHAPTER 1 Taxation, Insurance and Precautionary Labor

1.1 Introduction and Literature

It is known since Mirrlees (1971) that the problem of taxation is fundamentally

linked to asymmetric information between the government and workers. Only

with the assumption that the government cannot observe individual productivities

does the need for distortionary income taxation arise. The contributions of Roth-

schild and Stiglitz (1976) and Wilson (1977) have shown that a similar issue makes

the problem of equilibrium in competitive insurance markets a relevant question.

If insurance companies cannot observe individual risk types, the resulting market

allocation will not in general be efficient. With this article, we aim at providing

a theory that ties together these two branches of information economics and at

highlighting previously ignored interactions between distortionary taxation, social

insurance and imperfect insurance markets.

Our starting point are the existing models of taxation and social insurance, such

as Rochet (1991), Cremer and Pestieau (1996) and Henriet and Rochet (2004). Us-

ing the assumption of perfect insurance markets, this literature has concluded that

social insurance can be a useful instrument for redistribution as it evens out differ-

ences in private insurance premiums without causing distortions. This result has

been taken as robust to the introduction of adverse selection, which would only

constitute an additional justification for social insurance. Indeed, Wilson (1977) and

Eckstein et al. (1985) have shown that the government might be able to Pareto im-

prove upon the market allocation by introducing social insurance in an insurance

market with adverse selection. Social insurance may mitigate the underinsurance

of low risk types and at the same time reduce the average premium for high risk

types, thus making all individuals better off. The simple intuition that equity and

efficiency effects complement one another as motivations for social insurance has

therefore prevailed.

In this chapter, we demonstrate that this reasoning is invalid. It ignores the

interdependencies that emerge when the models of taxation and of insurance mar-

kets are combined thoroughly. The link between the two strands is a theory of

precautionary labor supply that we develop in section 1.2.1 While the theory of

1Our results are based on the insights of Kimball (1990). A detailed discussion of the literature on
precautionary motives is relegated to section 1.2.
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optimal income taxation requires labor supply to be endogenous, models of com-

petitive insurance markets with adverse selection imply that not all uncertainty can

be resolved. It is therefore necessary to derive the determinants of labor supply un-

der uncertainty. We show that, under a broad range of reasonable assumptions,

greater uncertainty leads individuals to increase their labor supply. In section 1.3,

we use this result to demonstrate that adverse selection can weaken the case for

social insurance compared to a situation with perfect markets. Social insurance

might indeed work against the inefficiency of underinsurance. At the same time,

however, individuals faced with less uncertainty will reduce labor supply, and tax

revenues will decline. This negatively affects social welfare. Furthermore, with

adverse selection it is no longer clear whether social insurance can redistribute in-

come at all, as private premiums do not necessarily correspond to individual risks

any more.

In section 1.4, we illustrate our general results using different equilibrium con-

cepts for the insurance markets. Several insights can be drawn from these illus-

trations. Social insurance will alleviate the inefficiency of underinsurance in the

Rothschild-Stiglitz framework but has negative effects in the labor market by re-

ducing precautionary labor supply. This endorses the case for only partial social

insurance or even for complete renunciation. If the equilibrium is of the Wilson

pooling type, social insurance additionally loses its main potential for redistribu-

tion. In case of a second-best Miyazaki-Wilson equilibrium, no positive efficiency

effects of social insurance remain, while it still entails labor supply distortions and

suffers from reduced redistributive power. In sum, we conclude that the case for

social insurance is weakened by the presence of adverse selection in private insur-

ance markets irrespective of the specific equilibrium concept considered.

The most similar existing work is the contribution by Boadway et al. (2006) who

were the first to examine optimal taxation with adverse selection and ex-post moral

hazard in private insurance markets.2 Based on Rothschild-Stiglitz separating equi-

libria they find the case for social insurance strengthened by market inefficiencies.

However, while labor supply is chosen under uncertainty in our model, their re-

sults are based on the assumption that labor supply decisions take place after a

2We refrain from analyzing moral hazard in this article.

8
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possible damage has been realized. This reduces the impact of underinsurance on

individual decisions to income effects. We do not want to eliminate the precaution-

ary effects resulting from labor supply under uncertainty which play a crucial role

in understanding the interaction between taxation and insurance. In addition, as

we will show, results based on the specific Rothschild-Stiglitz equilibrium concept

are not a complete representation for the general case.

1.2 Labor Supply under Uncertainty

In this section, we derive important results on labor supply under uncertainty that

will be used in our model of optimal taxation and social insurance. Making use

of the insights of Kimball (1990), we establish a theory of “precautionary labor”.

While the theory of precautionary savings has received some attention (Sandmo

(1970), Abel (1988), Kimball (1990)), the problem of labor supply under uncertainty

is less explored. Eaton and Rosen (1979) and (1980), Hartwick (2000), Parker et al.

(2005) and Floden (2006) consider the case of endogenous labor with wage uncer-

tainty. Low and Maldoom (2004) show that progressive taxation can negatively

affect labor supply because it reduces such wage risk and hence precautionary mo-

tives. We do not model wage risk but an income independent risk to consumption.

Labor supply is chosen before the risk is realized. This gives rise to the question

whether risk induces people to work more or less than they would in case of cer-

tainty.3

We restrict our attention to Bernoulli random variables that result from a pos-

sible damage D which occurs with probability p. This restriction allows us to

generalize the results of Kimball (1990) to situations with preexisting risk, i.e. to

examine the question how changes in uncertainty affect labor supply in situa-

tions that are already risky.4 Let θ(β) denote such a Bernoulli random variable,

where the parameter β ∈ [0, 1] stands for the share of the damage that is insured.

It can be used to vary both expected value E[θ(β)] = p (1 − β)D and variance

Var[θ(β)] = p (1−p)[(1−β)D]2 of the risk. Furthermore, as throughout the chapter,

an additively separable utility function U(c, L) = u(c) + v(L) is assumed, where c

3Similar effects appear in Stiglitz (1982). However, his contribution lacks the theoretical tools
developed by Kimball (1990), which will allow for a very clear analysis of labor supply under uncer-
tainty in the following.

4For a detailed discussion of “preexisting risk” and its implication for the applicability of standard
measures of risk aversion see Ross (1981).
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denotes consumption and L denotes labor supply.5 The standard conditions u′ > 0,

u′′ < 0, v′ < 0 and v′′ < 0 are assumed to hold. Denote the productivity of an

individual by w. Firms can observe w and pay wages according to marginal pro-

ductivity such that earned income is wL. The individual receives an additional,

exogenous and state independent income T .

The first order condition for labor supply L∗ that maximizes expected utility in

the presence of a given consumption risk θ(β) is

w E
[
u′ (wL∗ + T − θ(β))

]
= −v′(L∗), (1.1)

where E is the expectations operator.6 (1.1) is a standard condition stating that

labor supply is determined so as to equalize expected marginal utility and disutility

from work. To answer the question how risk affects labor supply, we examine

the move from θ(β) to the risk θ(β1) + (β1 − β)pD, which constitutes a change

in variance, leaving the expected value unaffected. We define the corresponding

equivalent precautionary premium Ψ(β, β1) for such a move implicitly as follows:7

E
[
u′ (wL∗ + T − θ(β)−Ψ(β, β1))

]
= E

[
u′ (wL∗ + T − θ(β1)− (β1 − β)pD)

]
.

(1.2)

It has the following interpretation: The compensated change in insurance will have

the same effect on the LHS of (1.1) and therefore on optimal labor supply as a lump-

sum reduction of income by Ψ(β, β1). Both affect the optimality condition in the

same way. Therefore, statements about the effect of risk on labor supply can be

restated as income effects triggered by a decrease of income by Ψ.

Implicit differentiation of (1.2) yields an explicit formulation for ∂Ψ(β, β1)/∂β1.

Most relevant is the evaluation of this derivative at β1 = β, which gives the in-

come change that would have the same effect on labor supply as a small change in

5We need the assumption of separability only to keep the exposition of our labor supply theory
concise. As shown by Kimball (1990), the results can be transferred to the case of nonseparable utility.
In the later sections, separability is not necessary either but only used since we resort to the theory
of labor supply under uncertainty there. We also assume the function v to be at least twice and u at
least three times continuously differentiable. Finally, we do not discuss possible corner solutions for
labor supply or consumption.

6The sufficient second order condition for a maximum is satisfied.
7As shown by Kimball (1990), the discussed premium is simply the equivalent risk premium de-

veloped by Pratt (1964), applied to the first derivative of u.
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insurance, starting from a situation with insurance β. We obtain after a few rear-

rangements

∂Ψ(β, β1)
∂β1

∣∣∣∣
β1=β

=
(
−∆u′′(.)/(1− β)D

E[u′′(.)]

)(
1
2

∂Var[θ(β)]
∂β

)
, (1.3)

where ∆u′′(.) is the difference of u′′(.) between consumption levels in case of no

damage and damage, and E[u′′(.)] is the expected value of u′′(.).8

The first term in brackets on the RHS of (1.3) is the generalized coefficient of abso-

lute prudence ηG(β). As β converges to 1, i.e. the examined situation converges to

a situation without risk, the coefficient ηG converges to the prudence η as defined

by Kimball (1990), which is simply the coefficient of absolute risk aversion for the

function u′(.), i.e. η = −u′′′/u′′. Opposed to the results by Kimball, our secant

formulation of ηG(β) makes it possible to examine situations with preexisting risk

(β < 1). From (1.3) follow first implications for labor supply under uncertainty,

which are summarized in the following lemma.

Lemma 1.1. A marginal increase in insurance coverage which is compensated by an actu-
arially fair premium adjustment, decreases labor supply if and only if ηG(β) > 0.

Proof. By (1.3) and ∂Var[θ(β)]/∂β < 0, the compensated increase in insurance has
the same effect as an increase in income if and only if ηG(β) > 0. With separable
preferences, leisure is a normal good. Hence, an increase in income decreases labor
supply.

Conversely, a higher labor supply will be the reaction to less insurance iff ηG >

0; the individual has a motive for precautionary labor. The size of ηG indicates how

strong this motive is. A sufficient condition for ηG(β) to be positive is that u′′′(.)

is positive in the relevant range of consumption levels. This in turn is a necessary

condition for constant or decreasing risk aversion, both in absolute and relative

terms.9 Therefore, under the common and realistic assumption of non-increasing

risk aversion, precautionary labor effects do exist. If not indicated otherwise, we

will assume this for the rest of the chapter.

The results so far were derived for changes in risk that leave the expected dam-

age unaffected. If this is not the case, additional income effects arise. It is still

8The derivation makes use of the fact that Ψ(β, β) = 0 holds.
9See Appendix 1.A.1 for a proof.
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useful to distinguish between pure risk effects via the variance and income effects

via expected values. Lemma 1.2 demonstrates this decomposition.

Lemma 1.2. The total effect of a marginal increase in β on labor supply is

∂L∗

∂β
=

∂L∗

∂T

[
pD − ∂Ψ

∂β

]
, (1.4)

where ∂L∗/∂T < 0 is the negative income effect and ∂Ψ/∂β stands short for the expression
(1.3).10

Proof. See Appendix 1.A.2.

First, higher coverage increases expected income by pD. This effect would van-

ish if an insurance premium were adjusted actuarially fairly. Second, the change in

the variance has the same effect as a decrease of income by the premium Ψ that is

raised by an increased insurance coverage β. As shown above, this premium will

in general be negative.

1.3 Optimal Taxation and Social Insurance

1.3.1 The Model

This section derives conditions for optimal government policy in the presence of

adverse selection in insurance markets. This is done without an explicit model of

such market imperfections. We demonstrate in section 1.4 that different equilib-

rium concepts can easily be incorporated.

Our model setup is similar to Cremer and Pestieau (1996) and Boadway et al.

(2006). We consider a society that consists of N individuals described by two char-

acteristics: their productivity and their probability of incurring a damage of size

D. There are W different productivity levels wi, i = 1, ..., W and two damage

probabilities pj , j = L,H , with pL < pH . In what follows, the index i will al-

ways refer to productivity while j refers to damage probability. We denote the

proportion of individuals in the population that have productivity wi and dam-

age probability pj by nij . The population average of the risk probability is then

given by p̄ =
∑

i,j nijpj . The average probability within productivity group i is

p̄i = (1/(niL + niH))
∑

j nijpj .

10Throughout the rest of the chapter, we stick to this convention, i.e. we write ∂Ψ/∂β short for the
expression (1.3).
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As commonly assumed in the theory of optimal taxation, the government maxi-

mizes the unweighted utilitarian objective.11 It can neither observe individual pro-

ductivities nor damage probabilities but only knows the joint distribution of both

characteristics. Hours worked are unobservable as well, so that taxes have to be

conditioned on observable labor income and will cause distortions. Unobservabil-

ity of individual risks is not only a realistic assumption but introduces the case for

social insurance in the first place. Otherwise, income taxation could be directly

conditioned on risk as shown by Boadway et al. (2006).

The tax schedule is restricted to a constant marginal tax rate τ and a lump-sum

transfer T .12 In addition, the government can force the citizens to insure a share α

of the possible damage. Such social insurance is financed by a uniform contribution

p̄ αD by each individual. The remaining risk can be insured privately. The contract

that individual ij purchases is denoted by Iij = (βij , dij), where βij is the privately

insured share of the damage and dij is the premium.

The time structure is as follows. First, the government sets its policy P =

(τ, T, α). Taking P as given, individuals simultaneously choose their labor supply

and purchase their insurance contract. They also pay taxes and social insurance

contributions and receive the transfer. Finally, the damage occurs according to the

given probabilities. After possible payments of social and private insurance, con-

sumption takes place.13

1.3.2 Optimal Government Policy

The timing of our model is such that individuals simultaneously choose their la-

bor supply and a private insurance contract. For the sake of exposition, however,

suppose for the moment that an individual’s choice of insurance (β, d) is fixed ex-

ogenously. Then optimal labor supply L∗ij(τ, T, α, β, d) can be determined. It is

implicitly defined by a standard first order condition that can be differentiated to

11Introducing individual weights in the welfare function would not fundamentally change the fol-
lowing results. It would simply induce additional weights on the “social valuations” to be defined
below. Doing so would allow us to construct the whole second-best Pareto frontier.

12A straightforward extension would allow for non-linear taxation. However, we doubt that this
changes the results significantly since the underlying intuition, as will be discussed below, is inde-
pendent of the assumed linearity.

13The assumption that individuals have to decide on labor supply before the risk is realized is
crucial. It is highly realistic for a large class of risks such as longevity, unemployment or illness.
These risks are commonly covered by social insurance.
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obtain comparative static effects as shown in the proof of Lemma 1.2. In our nota-

tion, the derivative of L∗ij with respect to α already includes the effect of the increase

in the social insurance contribution pαD. By contrast, the derivative with respect

to β does not take into account a change in the premium. Where needed, the effect

that accounts for such a change is marked with the letter A:14

∂L∗ij
∂β

∣∣∣∣
A

=
∂L∗ij
∂T

[
pjD − ∂d

∂β
− ∂Ψij

∂β

]
. (1.5)

Substitution of L∗ij into the expected utility function yields the indirect expected

utility function V ∗
ij(τ, T, α, β, d).

The actual private insurance contracts are endogenous and will depend on the

specific equilibrium concept as illustrated in Section 1.4. At this point it is only

necessary to emphasize that they will depend on the policy P , i.e. βij = βij(τ, T, α)

and dij = dij(τ, T, α). For the purpose of comparative statics with respect to the

policy parameters, it will be convenient, however, to express the premium dij as

a differentiable function of the coverage βij , i.e. dij = dij(βij). This is indeed

possible for all equilibrium concepts that we will consider later.15 Functions that

account for such type-specific equilibrium effects are marked by two asterisks, i.e.

L∗∗ij (τ, T, α) = L∗ij(τ, T, α, βij(τ, T, α), dij(βij(τ, T, α))). Indirect utility V ∗∗
ij (τ, T, α)

is defined analogously.16 With this notation, and assuming no exogenous revenue

requirement, the government’s optimization problem is

max
T,τ,α

∑

i,j

nij V ∗∗
ij (τ, T, α) s.t.

∑

i,j

nij (τwiL
∗∗
ij (τ, T, α)− T ) = 0. (1.6)

As common in the theory of optimal taxation, general explicit solutions to the op-

timization problem cannot be obtained, so that we resort to a detailed discussion

of the necessary optimality conditions. Assuming interior solutions, we derive the

first order conditions for problem (1.6) and transform them to obtain the following

14It is assumed in this formulation that the premium d can be derived from the coverage β through
a differentiable function, so that ∂d/∂β is well-defined. This will be further explained below.

15The approach will be modified slightly in Section 1.4.3, to allow for the case that the premium
does also depend on the coverage that other types obtain in equilibrium.

16Although each individual chooses its most preferred contract Iij out of the set of available con-
tracts, the function V ∗

ij is not necessarily an optimal value function with respect to (βij , dij) in the
sense of the Envelope theorem. This would be the case if, for instance, insurance markets were
perfect and each individual purchased full coverage at an actuarially fair premium. With adverse
selection, individuals will not generally be able to purchase such optimal contracts.
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Proposition 1. We use three important concepts. The first is the “net social marginal

valuation of an individual’s income”, bij , well-known from the theory of optimal

taxation,

bij =
1
γ

∂V ∗
ij

∂T
+ τwi

∂L∗ij
∂T

, (1.7)

where γ is the Lagrange multiplier associated with the revenue constraint, whose

optimal value equals the welfare value of a marginal increase in government rev-

enues.17 It captures the effect of an increased transfer T on the objective via the

individual’s utility and via the effect on the budget constraint through labor supply

changes, both measured in terms of government revenues. On our model, govern-

ment policy has additional effects on the objective via the insurance market equi-

librium. Therefore, the concept of “net social marginal valuation of an individual’s

insurance”, gij , is useful:

gij =
1
γ

∂V ∗
ij

∂β

∣∣∣∣
A

+ τwi

∂L∗ij
∂β

∣∣∣∣
A

. (1.8)

It captures the effect of a changing equilibrium contract via utility and via the bud-

get constraint. Finally, the Slutzky decomposition

∂L∗ij
∂τ

= −wiL
∗
ij

∂L∗ij
∂T

− wi

∂Lc
ij

∂wn
i

= −wiL
∗
ij

∂L∗ij
∂T

− εij

L∗ij
1− τ

(1.9)

is used, where wn
i = (1 − τ)wi denotes the net wage, Lc

ij is the Hicksian (compen-

sated) labor supply function, and εij = wn
i /L∗ij × ∂Lc

ij/∂wn
i is the positive elasticity

of Lc
ij with respect to the net wage. With this notation, we have

17If not stated otherwise, expressions such as ∂V ∗
ij/∂T are always evaluated at type ij’s equilibrium

insurance contract in the following.
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Proposition 1.1. Given the government’s problem (1.6), the optimality conditions, assum-
ing interior solutions, are

(T ) : 1 = b̄ +
∑

i,j

nijgij
∂βij

∂T
(1.10)

(τ) :
τ

1− τ
=

−Cov (wL, b) +
∑

i,j

nijgij

(
∂βij

∂τ
+

∂βij

∂T
ȳ

)

∑

i,j

nijwiL
∗
ijεij

(1.11)

(α) : Cov
(

b,
∂d

∂β

)
= −

∑

i,j

nijgij

(
1 +

∂βij

∂α

)
, (1.12)

where ȳ =
∑

i,j nijwiL
∗
ij stands for average labor income, b̄ =

∑
i,j nijbij for the popula-

tion average of bij , and Cov(x, z) =
∑

i,j nij(xij − x)(zij − z) for the covariance between
two variables x and z in the population.

Proof. See Appendix 1.A.3.

Conditions (1.10)-(1.12) generalize the respective conditions that were obtained

by Cremer and Pestieau (1996) for the case of perfect private insurance markets.

They will be discussed in the next subsections.

1.3.3 Optimal Transfer T

We begin with considering condition (1.10). It differs from the condition that Cre-

mer and Pestieau (1996) obtain only by the additional last term
∑

i,j nijgij ∂βij/∂T .

This term actually drops out if insurance markets are perfect. The individual con-

tracts are then given by Iij = (1 − α, pj(1 − α)D), as everybody will buy full cov-

erage for the remaining risk at an individually fair premium. These contracts are

neither affected by T nor by τ . Condition (1.10) then states that the marginal gain

from increasing the transfer, measured in terms of revenue, b, should equal its cost.

In the case of imperfect insurance markets, increasing the transfer can have ad-

ditional effects on the individuals’ equilibrium contracts. For example, increasing

the transfer may increase βij and dij for individuals with a positive marginal valua-

tion of insurance. This would make a higher transfer T desirable.18 To the contrary,

if higher insurance coverage leads to large reductions in labor supply and therefore

18Statements of this type do of course only indicate tendencies of the additional effects due to
market imperfections, since the optimal government policy is jointly determined by all optimality
conditions.
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gij < 0, imperfect insurance markets weaken the case for high transfers. This will

be the case if individuals exhibit a large prudence.

1.3.4 Optimal Tax Rate τ

With the same argument as above, if neither T nor τ have an effect on the insur-

ance market outcome, as for the case of perfect markets, condition (1.11) becomes

the condition obtained by Cremer and Pestieau (1996).19 It reflects the trade-off be-

tween efficiency and equity that is fundamental to the theory of optimal taxation.

The numerator of the RHS reflects the goal of redistribution, since the population

covariance between income and marginal social valuation can be interpreted as a

welfare-based measure of inequality. A large negative covariance makes a higher

tax rate more desirable. The denominator captures the distortionary effect of taxa-

tion. If labor supply reacts strongly to taxation (εij large), optimal tax rates will be

smaller. If taxation did not cause distortions, redistribution should take place until

the correlation between income and marginal social valuation vanishes.

As before, the impact of taxation on the insurance market has to be taken into

account in our more general setup. The term
∑

i,j nijgij(∂βij/∂τ + ȳ∂βij/∂T ) cap-

tures these additional effects. If, for example, the tax rate has a desirable impact on

the insurance market by increasing the insurance coverage for people who have a

positive social marginal valuation of insurance, this effect has to be accounted for

in favor of taxation. It is worth noting why this effect enters (1.11) as an on average

compensated effect, i.e. why we find the term ȳ∂βij/∂T in the brackets. The overall

effect of τ on the market contracts is captured by ∂βij/∂τ . The revenue generated

by a marginal increase in τ has the additional effect ȳ∂βij/∂T in the insurance mar-

ket and can be thought of as the “negative cost” of taxation.

1.3.5 Optimal Social Insurance α

Again, if insurance markets are perfect, condition (1.12) reduces to the respective

condition in Cremer and Pestieau (1996), namely that Cov(b, p) = 0. Social in-

surance then simply crowds out private insurance (∂βij/∂α = −1) so that the

term on the RHS becomes zero. On the other hand, premiums are actuarially fair

and (1.12) therefore states that the covariance between damage probability and

19Cremer and Pestieau (1996) derive the condition with only τ on the LHS but define the elasticity
as εij = wi/L∗ij × ∂Lc

ij/∂wn
i , such that their result is equivalent to ours.
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marginal social valuation should be zero. This reflects that social insurance is a

non-distortionary means of redistribution. High-risks benefit from social insurance

since their private premiums would be larger than the social insurance contribu-

tion. The reverse holds for low-risks, so that increasing α redistributes from low to

high risks and lowers the covariance between risk and marginal social valuation.20

The government should do this until no correlation remains and the potential of

social insurance for redistribution is exhausted.21

Condition (1.12) was derived under the assumption of an interior solution. It

will become an inequality if the optimal α is a corner solution. Indeed, with perfect

markets the optimal share of social insurance will always be one if high productiv-

ity individuals have lower damage probabilities (Cov(p, w) < 0), which is the em-

pirically relevant case.22 With full social insurance, individuals differ only with re-

spect to their productivity, so that high risk types will still have the higher marginal

social valuation due to their productivity disadvantage. Hence Cov(b, p) > 0 for

all values of α and full social insurance is optimal. This leads us to the following

corollary, which is the result found by Cremer and Pestieau (1996):

Corollary 1.1. If Cov (p, w) < 0 and private insurance markets are perfect, the optimal
social insurance level is α = 1.23

The model with perfect markets therefore requires a positive correlation be-

tween productivity and risk for less than full social insurance to be optimal. This

case is empirically unappealing, so the model implies that partial social insurance

is never optimal in real world situations.

Now consider the general version (condition (1.12)). Suppose first that pri-

vate insurance premiums are still adjusted actuarially fairly if government policy

changes the equilibrium coverage (∂dij/∂βij = pjD). Even if the correlation be-

tween risk and social valuation is positive for all values of α, partial social insur-

ance or even α = 0 can now be optimal if the RHS of (1.12) is positive. In particular,

20This statement is true because of concavity of utility, which is the fundamental reason why redis-
tribution is desirable from a utilitarian perspective.

21Note the analogy to the previous section where it was argued that a zero correlation between
social valuation and a variable that the government can use to (indirectly) condition its policy on is
optimal if the respective policy instrument causes no distortion.

22See Henriet and Rochet (2004) for some empirical evidence.
23In fact, the government would want to set α > 1 under these circumstances. We do not consider

this possibility due to strong moral hazard problems associated with overinsurance.
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assume that social insurance indeed increases overall coverage for underinsured

individuals (∂βij/∂α > −1). The often discussed efficiency effect of mitigating un-

derinsurance is then present. It is captured by the first, positive term in gij (see

equation (1.8)): underinsured individuals experience an increase in utility if their

overall coverage grows and premiums are adjusted fairly at the margin. However,

there is a second, negative term in gij which captures the precautionary labor effect:

individuals will react to the reduction of risk by reducing labor supply, as shown in

Lemma 1.1. Since this reduces the revenues from income taxation, it will negatively

affect social welfare. When this effect dominates, the sign of gij is negative and the

RHS of (1.12) becomes positive. The argument for social insurance is then weak-

ened by adverse selection compared to situations with perfect insurance markets.

Finally, the fact that the adjustment of the private premium to changes in cover-

age matters for the covariance in (1.12) points at the logic of redistribution via social

insurance. It is not damage probability per se but the possible savings on private

premiums that matter for redistribution. While both are the same if markets are

perfect, risk and premium can diverge under adverse selection and substantially

change the redistribution effect of social insurance. If, for example, all individuals

pay the same premium in a pooling contract, the covariance in (1.12) is zero. In this

case, there is no justification for social insurance from the point of view of redistri-

bution.

1.4 Imperfect Insurance Markets

While the dependence of the equilibrium insurance contracts on the policy param-

eters has been left unrestricted so far, we now proceed to show how such relations

emerge from endogenizing the insurance market equilibrium.

We assume that insurance companies have no information on individual risks

pj but can observe the individual productivity levels wi. This assumption is to keep

our exposition as simple as possible since otherwise we would have to deal with a

problem of two-dimensional adverse selection.24 It allows us to divide the private

24The same assumption is taken by Boadway et al. (2006). We are aware that it still entails an
informational inconsistency, since government and insurers do not have the same set of information.
A similar inconsistency already underlies the classical income tax model by Mirrlees (1971), where
firms pay wages according to individual productivities whereas the government can only observe
total income. With our information structure, insurance companies have the same information as the
firms on the labor market, so that any asymmetry within the private sector is eliminated.
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insurance market into W sub-markets, one for each productivity level. Adverse

selection in each of those markets can be modeled using a variety of game theoretic

approaches. In the following, we demonstrate how the general optimality condi-

tion for social insurance can be applied to the equilibrium concepts developed by

Rothschild and Stiglitz (1976), Wilson (1977) and Miyazaki (1977).25

Before we proceed, a remark about how to include insurance markets into our

model is necessary. Since labor supply is endogenous, it reacts to both changes in

expected consumption and changes in risk as shown in Section 1.2. This means

that we have to account for variations in labor supply as we move through the

insurance contract space, for example to determine the shape and crossing proper-

ties of indifference curves. A more detailed discussion of this topic is relegated to

Appendix 1.A.4. There we derive sufficient conditions under which the insurance

markets work as in the standard case without endogenous labor supply.26 This will

be assumed for the rest of the chapter.

1.4.1 Rothschild-Stiglitz Separating Equilibria

We first consider separating equilibria as suggested by Rothschild and Stiglitz

(1976) in each of the W private insurance markets, starting in a situation with-

out social insurance. Note that when the separating equilibrium exists for α = 0,

a separating equilibrium of the same type will also exist for all other values of

α ∈ (0, 1).27

High risks obtain full coverage at an individually fair premium, i.e. βiH = 1−α

and diH = pHβiHD. The low risks’ equilibrium contract lies on the low risks’ zero-

profit line and is such that the high risks’ incentive compatibility constraint is just

binding. Formally, βiL solves

V ∗
iH(τ, T, α, 1− α, pH(1− α)D) = V ∗

iH(τ, T, α, βiL, pLβiLD), (1.13)

25A similar analysis (based on their different timing assumption for labor supply mentioned above)
has been performed by Boadway et al. (2006), who only consider Rothschild-Stiglitz equilibria. By
applying the results of Proposition 1.1 to different models of adverse selection, we try to provide a
more general analysis and identify the robust effects.

26In particular, conditions are derived for indifference curves to be concave and single-crossing.
27See for example Eckstein et al. (1985). This property ensures that the government’s problem is

actually continuous. Existence of the Rothschild-Stiglitz equilibrium can be guaranteed by applying
the equilibrium concept developed by Riley (1979).
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which states that high risks cannot do better by choosing the contract (βiL, pLβiLD)

instead of their own contract. Utility from mimicking is given by the RHS of (1.13)

and shall be denoted with the shortcut ṼiH in the following. Clearly, the low risks

are underinsured, i.e. βiL < 1− α.

We first derive the net social marginal valuation of insurance, gij , for the differ-

ent types. As all individuals pay an actuarially fair premium, the premium adjusted

effect of insurance coverage on labor supply reduces to the pure precautionary ef-

fect
∂L∗ij
∂β

∣∣∣∣
A

= −∂L∗ij
∂T

∂Ψij

∂β
< 0. (1.14)

In addition, (1.14) completely vanishes for the high risks because ∂Ψij/∂β = 0 at

full insurance. Next, we need to examine

∂V ∗
ij

∂β

∣∣∣∣
A

=
∂V ∗

ij

∂β
− pjD

∂V ∗
ij

∂T
.

This is again zero for the high risks, a direct implication of the fact that they obtain

their optimal fair contract. The low risks, however, derive positive utility from an

increase in coverage with fair adjustment of the premium. This follows immedi-

ately from risk aversion and the fact that they are underinsured. Hence we have

the following net social marginal valuation of insurance for the two risk types:

giL =
1
γ

(
∂V ∗

iL

∂β
− pLD

∂V ∗
iL

∂T

)
− τwi

∂L∗iL
∂T

∂ΨiL

∂β
and giH = 0. (1.15)

It is zero for the high risks as they obtain their first-best contract. For the low-risks

types, the two counteracting welfare effects of variations in insurance coverage dis-

cussed in section 1.3.5 are present. They benefit from additional coverage at a fair

premium, but at the same time supply less labor due to reduced risk. This reduces

tax revenue and therefore welfare. The overall sign of giL depends notably on the

size of the coefficient of prudence.

To determine the optimal amount of social insurance, we need to know how it

affects individuals’ overall coverage. Clearly, as the high risks are always fully in-

sured, social insurance simply crowds out their private insurance: ∂βiH/∂α = −1.
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For the low risks, implicit differentiation of (1.13) gives after some rearrange-

ments28

∂βiL

∂α
= −

∂ṼiH/∂β −
(
(pH − p̄)∂V ∗

iH/∂T + p̄ ∂ṼiH/∂T
)

D

∂ṼiH/∂β − pLD∂ṼiH/∂T
. (1.16)

The denominator of (1.16) is positive, because the single-crossing property and con-

cavity of indifference curves together imply

∂ṼiH/∂β

∂ṼiH/T
>

∂V ∗
iL/∂β

∂V ∗
iL/T

> pLD.

In addition, due to

(pH − p̄)
∂V ∗

iH

∂T
+ p̄

∂ṼiH

∂T
> pL

∂ṼiH

∂T
,

the numerator is smaller than the denominator in (1.16), which establishes

∂βiL

∂α
> −1. (1.17)

An increase in social insurance unambiguously increases overall coverage for low

risks. We summarize our results in the following Corollary of Proposition 1.1:

Corollary 1.2. With Rothschild-Stiglitz separating equilibria on each of the W private
insurance markets, the optimality condition (1.12) becomes

D Cov (b, p) = −
∑

i

niLgiL

(
1 +

∂βiL

∂α

)
, (1.18)

where giL is given by (1.15) and 1 + ∂βiL/∂α > 0.

Indeed, social insurance redistributes as in the case of perfect markets and ad-

ditionally has positive effects by reducing underinsurance. The negative effect of

reducing labor supply is present as well, however. Even for Cov (p, w) < 0, the

optimal social insurance level α can be less than one if households are sufficiently

prudent. The precautionary labor effect alone can justify interior levels of social

insurance or even complete renunciation of a social insurance system.

28The derivation makes use of the fact that effects of α can be restated as appropriately compen-
sated effects of β as shown in Appendix 1.A.3.
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1.4.2 Wilson Pooling Equilibria

To what extent do the results in the previous subsection 1.4.1 depend on the par-

ticularities of the Rothschild-Stiglitz equilibrium? In order to answer this question,

we now consider an alternative concept going back to Wilson (1977) and examine

the case of pooling equilibria.29

The problem with Wilson pooling equilibria is that after the introduction of so-

cial insurance, separating equilibria might emerge on some of the W private mar-

kets even if there has been pooling in the absence of social insurance. We therefore

would have to account for the fact that, as we gradually increase α, some markets

experience a discrete jump into a separating equilibrium earlier than the others. A

mix of marginal conditions based on pooling and separating equilibria would then

need to be considered. To be able to highlight the effects of pooling in contrast to

the previous subsection, we do not analyze this complication but assume that the

optimal solution entails pooling in all W markets.30 Also, the results are useful

for understanding the next section, which deals with an equilibrium concept that

combines separating and pooling components.

For each productivity group i, the Wilson pooling equilibrium is such that both

risk types choose the low risks’ preferred contract on the zero profit line for the

whole group. Consequently, it is determined by

βi = arg max
δ

V ∗
iL(τ, T, α, δ, p̄iδD). (1.19)

There are two fundamental differences to the Rothschild-Stiglitz separating equilib-

rium. First, the whole population is underinsured. Second, no individual pays an

individually fair premium, but cross-subsidization from low to high risks occurs.

29As was shown by Wilson (1977), if a Rothschild-Stiglitz separating equilibrium exists, it is also an
equilibrium in Wilson’s sense. Otherwise, a pooling equilibrium exists where both risk types choose
the same contract.

30For a single insurance market, Eckstein et al. (1985) have shown that a Wilson pooling equilib-
rium is never efficient. A Pareto improvement can be generated using social insurance, which in
turn induces a separating equilibrium on the remaining market. One may therefore wonder why
optimality conditions should ever be based on pooling equilibria. There are two reasons. First, our
model includes W markets with generally different pooling equilibria. Since social insurance cannot
be differentiated according to productivities, such equilibria can be Pareto efficient in our framework.
Second, precautionary motives can make social insurance harmful and render pooling efficient even
in a single market.
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Turning first to the effect of a premium-adjusted change in βi on labor supply,

we obtain
∂L∗ij
∂β

∣∣∣∣
A

=
(

(pj − p̄i)D − ∂Ψij

∂β

)
∂L∗ij
∂T

. (1.20)

Compared to (1.14), there is an additional income effect from the unfair premium.

High risks unambiguously reduce their labor supply, since both the better than fair

premium and the precautionary effect work in the same direction. The labor effect

is in general undetermined for the low risks but also negative if they are sufficiently

prudent. Similarly, individuals’ utility is affected as follows:

∂V ∗
ij

∂β

∣∣∣∣
A

=
∂V ∗

ij

∂β
− p̄iD

∂V ∗
ij

∂T
.

This expression for the low risks corresponds to the first order condition of (1.19)

and is zero. Single-crossing implies that it is positive for the high risks. Thus, in

a reversal of our findings based on the separating equilibrium, only the high risks

derive a utility gain from increased coverage. With these insights, we can again

summarize the net social marginal valuation of insurance for the two types. For

the low risks, we are left with

giL = τwi

(
(pL − p̄i)D − ∂ΨiL

∂β

)
∂L∗iL
∂T

, (1.21)

which only contains the ambiguous labor supply distortion explained above. The

high risks are characterized by

giH =
1
γ

(
∂V ∗

iH

∂β
− p̄iD

∂V ∗
iH

∂T

)
+ τwi

(
(pH − p̄i)D − ∂ΨiH

∂β

)
∂L∗iH
∂T

. (1.22)

Their net social marginal gain from insurance captures the two opposite effects on

utility and labor supply and is ambiguous as well. Yet, both terms crucially depend

on the strength of the precautionary motive.

Under the Wilson pooling equilibrium, the effect of α on private coverage can-

not be signed without more specific assumptions on utility functions. Because em-

pirical studies suggest that social insurance does not completely crowd out pri-

vate insurance, it seems sensible to focus on the case in which again ∂βi/∂α > −1

holds.31

31See, for example, the work of Cutler and Gruber (1996) who find a crowding-out rate of roughly
50%.
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Corollary 1.3. With Wilson pooling equilibria on each of the W private insurance markets,
the optimality condition (1.12) becomes

D Cov (b, p̄i) = −
∑

i,j

nijgij

(
1 +

∂βi

∂α

)
, (1.23)

where giL is given by (1.21) and giH by (1.22).

The crucial difference to (1.18) relates to the redistributive impact. Instead of

Cov(b, p), we find the covariance between b and the average damage probabilities

for each productivity group. Clearly, social insurance is no longer able to directly

redistribute between risks, as this is already achieved by cross-subsidization in the

market. The only remaining redistributive effect is across productivity classes if

they are characterized by different private insurance premia. The reduced redis-

tributive potential and the already occurring equalization of types in the market

gives rise to a smaller covariance than before and considerably weakens the case

for social insurance.

The results lead us to the conclusion that both the redistribution effect and the

precautionary labor effect work in the same direction and may even make the cor-

ner solution without social insurance optimal.

1.4.3 Miyazaki-Wilson Equilibria

Finally, we examine an equilibrium concept that goes back to Wilson (1977) and

Miyazaki (1977).32 It has two interesting properties. First, as was shown by Crocker

and Snow (1985), it is always second-best efficient. Second, it is a separating equi-

librium which still involves cross-subsidization from low to high risks. Its analy-

sis is therefore essentially a careful combination of the results for the Rothschild-

Stiglitz separating and the Wilson pooling equilibria.

As in Section 1.4.1, high risks will obtain full coverage (βiH = 1−α). Their pre-

mium can, however, contain a subsidy denoted by yi, so that diH = pHβiHD − yi.

This subsidy is paid by the low risks, so that their premium for any given cover-

age δ becomes pLδD + (niH/niL)yi. Their contract must then fulfill the incentive

compatibility constraint

V ∗
iH(τ, T, α, 1− α, pH(1− α)D − yi) = V ∗

iH(τ, T, α, δ, pLδD + (niH/niL)yi), (1.24)

32It is often also associated with Spence (1978).
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where the RHS will again be denoted by ṼiH . Equation (1.24) therefore defines the

subsidy yi(δ) that has to be paid for δ to be incentive feasible for the low risks. To

see how δ and yi relate, implicitly differentiate (1.24) to obtain

∂yi

∂δ
=

∂ṼiH/∂β − pLD ∂ṼiH/∂T

∂V ∗
iH/∂T + (niH/niL)∂ṼiH/∂T

> 0. (1.25)

Increasing the subsidy slackens the incentive constraint and makes it possible to

increase the low risks’ coverage. Equilibrium coverage is then determined as

βiL = arg max
δ

ViL(τ, T, α, δ, pLδD + (niH/niL)yi(δ))

s. t. yi(δ) ≥ 0.
(1.26)

If the constraint is binding, the Miyazaki-Wilson equilibrium is identical to the

Rothschild-Stiglitz separating equilibrium and our results from section 1.4.1 apply

unaltered. Otherwise, the equilibrium differs by the subsidy yi > 0. If the policy

parameters change the low risks’ coverage βiL, the corresponding changes in yi

have to be taken into account in addition to what has been derived in section 1.4.1.

Note first that this makes a slight modification of the optimality condition (1.12)

necessary. In deriving Proposition 1.1 it has been assumed that no interdependen-

cies of this kind exist, i.e. that each type’s premium does only depend on its own

coverage. If the derivations in Appendix 1.A.3 are repeated allowing for this inter-

relation, it turns out that the modified optimality condition becomes

Cov
(

b,
∂d

∂β

)
= −

∑

i,j

nijgij

(
1 +

∂βij

∂α

)
−

∑

i

niHbiH

(
∂yi

∂δ

∂βiL

∂α

)
. (1.27)

This condition captures the fact that whenever βiL increases, the high risks profit

from a larger subsidy, which has to be weighted by their social valuation of income.

The rest of the analysis proceeds as before. As for the high risks’ net social

marginal valuation of insurance, we again find giH = 0, with the same argument

as in Section 1.4.1. Low risks’ utility is not directly affected by a small premium-

adjusted increase in βiL. The first order condition of problem (1.26) implies that

this effect is zero in the considered case in which the constraint is slack. This con-

firms that social insurance can have no positive efficiency impact in case the market

equilibrium is second-best. Yet, the standard distortions of labor supply still remain
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present. The premium change triggered by an increase in βiL can be decomposed

into a marginally fair adjustment and the unfair increase of the subsidy. The latter

is not compensated by a lower expected damage. It counteracts the precautionary

effect but will not dominate if the low risks’ prudence is large. We summarize

giL = τwi
∂L∗iL
∂T

[
−∂ΨiL

∂β
− niH

niL

∂yi

∂δ

]
. (1.28)

As before, signing 1+∂βiL/∂α is not possible in general. It again seems reasonable

to consider the case with less than complete crowding out, so that−1 < ∂βiL/∂α <

0.

Corollary 1.4. With Miyazaki-Wilson equilibria on each of the W private insurance mar-
kets, the optimality condition for α is

Cov
(

b,
∂d

∂β

)
= −

∑

i

[
niLgiL

(
1 +

∂βiL

∂α

)
+ niHbiH

(
∂yi

∂δ

∂βiL

∂α

)]
(1.29)

where giL is given by (1.28) and ∂yi/∂δ by (1.25).

Two major differences to Section 1.4.1 have to be accounted for when interpret-

ing (1.29). First, giL does no longer include a positive utility effect on the low risks

from higher coverage, but only the labor supply distortions. Second, the redis-

tributive impact of social insurance is reduced due to the “pooling component” in

the equilibrium. The individuals’ marginal savings on private insurance as cap-

tured by ∂d/∂β in the covariance term in (1.29) contain the actuarially fair part pjD

as in the Rothschild-Stiglitz case. For the low risks, however, the additional term

∂yi/∂δ > 0 appears. If social insurance (partially) replaces private insurance, the

subsidy that they already paid to the high risks in the market drops and “private

redistribution” is crowded out. The effect on the beneficiaries of the subsidy is

then captured by the additional positive term on the RHS of (1.29). In this respect,

the present equilibrium indeed represents an intermediate case between the simple

separating and the complete pooling scenarios. The fact that no positive efficiency

effects but only labor supply distortions arise and the redistributive power is re-

duced lets us conclude that a lower level of social insurance compared to a situation

with (first best) efficient insurance markets will again be optimal if precautionary

motives are sufficiently strong.
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1.5 Conclusions

We have developed a theory of optimal taxation and social insurance in the pres-

ence of imperfect private insurance markets. While the problem of taxation re-

quires to model the households’ choice of labor supply endogenously, inefficient

insurance markets imply that they have to take this decision under risk. Hence, a

theory of labor supply under uncertainty provides the basis for our analysis. As

we have shown, there exists a motive for precautionary labor under general and

meaningful circumstances.

The integration of imperfect insurance markets into a model of taxation and so-

cial insurance allowed us to show how the optimality conditions for public policy

based on efficient insurance markets have to be modified. Notably, the strength

of the precautionary labor motive turns out to be crucial in determining whether

social insurance should be higher or lower compared to earlier results. Social insur-

ance might have efficiency-enhancing effects by reducing underinsurance. At the

same time, larger overall insurance coverage leads individuals to reduce their labor

supply, which emerges as an important repercussion. Furthermore, social insur-

ance suffers from substantially reduced redistributive power when equilibria with

cross-subsidization prevail on markets. Finally, even the positive efficiency effects

vanish in a second-best market equilibrium. Using specific equilibrium concepts

for the insurance markets, we illustrated these results and showed that it may even

be optimal to completely renounce on social insurance as a policy device and only

use income taxation to achieve redistributive objectives. This is in stark contrast

to conjectures of a previous literature where social insurance provided a means of

distortion-free redistribution.

Our contribution has raised issues for further research. Our theory of precau-

tionary labor may provide an important and so far unexplored tool for analyzing a

variety of other economic problems such as optimal labor contracts, unemployment

and macroeconomic fluctuations. In addition, the interaction between precaution-

ary labor and precautionary savings might lead to new and interesting effects in

dynamic models that account for the interaction of labor, insurance, and capital

markets.
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1.A Appendix

1.A.1 Risk Aversion and Prudence

The Arrow-Pratt coefficient of absolute risk aversion for u(c) is defined as

rA(c) = −u′′(c)
u′(c)

> 0. (1.30)

Absolute risk aversion is therefore constant or decreasing if

∂rA(c)
∂c

= −u′(c)u′′′(c)− [u′′(c)]2

[u′(c)]2
≤ 0. (1.31)

A necessary condition for this to be satisfied is that the numerator of (1.31) is non-

negative. For this in turn it is necessary that u′′′(c) is positive. Analogously, the

coefficient of relative risk aversion is given by

rR(c) = −c u′′(c)
u′(c)

> 0. (1.32)

Relative risk aversion is constant or decreasing if

∂rR(c)
∂c

= −u′(c)[c u′′′(c) + u′′(c)]− c [u′′(c)]2

[u′(c)]2
≤ 0. (1.33)

With the same argument as above, this can only be satisfied if the numerator is

positive, which requires u′′′(c) to be positive.

1.A.2 Proof of Lemma 1.2

Consider a damage D that occurs with probability p, and of which a share β is

insured (free of charge). This defines a Bernoulli random variable with expectation

p (1 − β)D and variance p (1 − p)[(1 − β)D]2. The first order condition for optimal

labor supply L∗ is

w[p u′(wL∗ + T − (1− β)D) + (1− p)u′(wL∗ + T )] = −v′(L∗). (1.34)

The income effect can be derived by implicitly differentiating (1.34):

∂L∗

∂T
= −w [pu′′(wL∗ + T − (1− β)D) + (1− p)u′′(wL∗ + T )]

SOC
, (1.35)

where SOC stands for the second derivative of the objective with respect to L and

is negative. Therefore, the income effect is negative, which implies that leisure is
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a normal good.33 Implicit differentiation of (1.34) w.r.t. β yields after some rear-

rangements

∂L∗

∂β
=

∂L∗

∂T
pD − w[u′′(wL∗ + T − (1− β)D)− u′′(wL∗ + T )]

SOC
p(1− p)D. (1.36)

The income effect due to decreased expected damage is already visible as the first

term on the RHS of (1.36). Substituting ∆u′′(β) for u′′(wL∗ + T ) − u′′(wL∗ + T −
(1 − β)D), E[u′′(.)] for p u′′(wL∗ + T − (1 − β)D) + (1 − p) u′′(wL∗ + T ), together

with the income effect (1.35) and the first derivative of the variance w.r.t to β, (1.36)

can be transformed to
∂L∗

∂β
=

∂L∗

∂T

[
pD − ∂Ψ

∂β

]
, (1.37)

where
∂Ψ
∂β

=
(
−∆u′′(β)/(1− β)D

E[u′′(.)]

)(
1
2

∂Var
∂β

)
. (1.38)

1.A.3 Proof of Proposition 1.1

Assuming interior solutions, the three first order conditions for problem (1.6) are

(T ) :
∑

i,j

nij

∂V ∗∗
ij

∂T
+ γ

∑

i,j

nij

(
−1 + τwi

∂L∗∗ij
∂T

)
= 0 (1.39)

(τ) :
∑

i,j

nij

∂V ∗∗
ij

∂τ
+ γ

∑

i,j

nij

(
wiL

∗∗
ij + τwi

∂L∗∗ij
∂τ

)
= 0 (1.40)

(α) :
∑

i,j

nij

∂V ∗∗
ij

∂α
+ γ

∑

i,j

nij τwi

∂L∗∗ij
∂α

= 0, (1.41)

where γ is the Lagrange multiplier associated with the revenue constraint.

Consider first the condition for the optimal transfer T . The effect of T on L∗∗ij
can be reduced to effects on L∗ij by explicitly taking into account its effect on the

private insurance market equilibrium:

∂L∗∗ij
∂T

=
∂L∗ij
∂T

+
∂L∗ij
∂β

∣∣∣∣
A

∂βij

∂T
. (1.42)

The same decomposition can be applied to V ∗∗
ij and it is also applicable to the effects

of the other government parameters. Using this, as well as the definition of the two

concepts of marginal social valuation (bij and gij) from section 3, the optimality

condition (1.10) follows after some simple rearrangements.

33This results from the fact that utility is separable.
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Consider next the first order condition for the optimal level of social insurance

α. Again, the effects of α on L∗∗ij and V ∗∗
ij can be reduced to effects on L∗ij and V ∗

ij .

After some rearrangements, one obtains

∑

i,j

nij

(
1
γ

∂V ∗
ij

∂α
+ τwi

∂L∗ij
∂α

)
+

∑

i,j

nijgij
∂βij

∂α
= 0. (1.43)

The first term on the LHS of (1.43) can further be transformed by noting that effects

of α on labor supply can be expressed as effects of β as follows:

∂L∗ij
∂α

=
∂L∗ij
∂β

∣∣∣∣
A

+ (d′ij − p̄D)
∂L∗ij
∂T

, (1.44)

where d′ij stands short for ∂dij/∂βij . Equation (1.44) follows from the fact the

changes in social and private insurance differ only with respect to their different

premiums. The same decomposition holds for indirect utility. Substituting this

into (1.43) yields

∑

i,j

nijgij

(
1 +

∂βij

∂α

)
+

∑

i,j

nijbij(d′ij − p̄D) = 0. (1.45)

After adding and subtracting
∑

i,j nij b̄(d′ij − p̄D) one obtains

∑

i,j

nijgij

(
1 +

∂βij

∂α

)
+

∑

i,j

nij(bij − b̄)(d′ij − p̄D) + b̄
∑

i,j

nij(d′ij − p̄D) = 0. (1.46)

The last term on the LHS of (1.46) is equal to zero since aggregate profits of insur-

ance companies in a competitive market equilibrium are zero. Therefore, higher

insurance coverage for all individuals will be accompanied by adjustments in the

premiums such that additional revenues equal additional expected insurance pay-

ments on the population average.34

Finally, the first order condition for the optimal tax rate τ is to be examined.

Following the same first steps as before yields

∑

i,j

nijgij
∂βij

∂τ
+

∑

i,j

nij

(
1
γ

∂V ∗
ij

∂τ
+ τwi

∂L∗ij
∂τ

)
+

∑

i,j

nijwiL
∗
ij = 0. (1.47)

34This holds under a vast majority of insurance market equilibria, among them all those discussed
in section 1.4.
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Since labor supply is chosen optimally, the effect of τ on V ∗
ij boils down to a pure

income effect. The tax rate effect on labor supply can be transformed using the

Slutzky decomposition (1.9). After some rearrangements one obtains

τ

1− τ
=

∑

i,j

nijgij
∂βij

∂τ
+

∑

i,j

nijwiL
∗
ij −

∑

i,j

nijbijwiL
∗
ij

∑

i,j

nijwiL
∗
ijεij

. (1.48)

According to the first order condition (1.10) for the optimal transfer T , the term

b̄ +
∑

i,j nijgij ∂βij/∂T equals one and can therefore simply be multiplied with the

second sum in the numerator of (1.48). After some rearrangements, the optimality

condition (1.11) follows.

1.A.4 Labor Supply and Demand for Insurance

The first step to understanding individuals’ preferences for insurance is to reexam-

ine how labor supply reacts to variations in the insurance contract. As has been

shown in Section 1.2, actuarially unfair changes in the insurance contract, which

correspond to changes in expected income, trigger standard income effects. In ad-

dition, changes in variance cause precautionary effects. Thus, when considering

an individual’s preferences for insurance, we need to account for changes in labor

supply and thus consumption levels as we move along an indifference curve in the

(β, d)-space. The endogeneity of labor supply may alter the shape of indifference

curves compared to the canonical models.

At a contract (β, d), consumption in case of loss is c0
ij = wiL

∗
ij − (1 − β)D − d

and c1
ij = wiL

∗
ij − d otherwise. Consider the slope of an indifference curve of an

individual with productivity wi and risk pj in this contract

∂d

∂β

∣∣∣∣
V ∗ij=V̄

= MRSij(β, d) =
Dpju

′(c0
ij)

pju′(c0
ij) + (1− pj)u′(c1

ij)
> 0, (1.49)

which is positive as in the standard model.35 Note also that MRSij = pjD at any full

coverage contract (where c0
ij = c1

ij), an additional result that carries over from the

standard model. Next, we examine concavity of indifference curves in the (β, d)-

space. In order to see how (1.49) changes as we move up on an indifference curve

35Clearly, indifference curves are still continuous and differentiable.
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dij(β), we need to evaluate the sign of

∂MRSij(β, dij(β))
∂β

= pj(1− pj)D
u′′(c0

ij)u
′(c1

ij)
∂c0ij
∂β − u′′(c1

ij)u
′(c0

ij)
∂c1ij
∂β

(∂V ∗
ij/∂d)2

. (1.50)

Since both u′′(c0
ij)u

′(c1
ij) and u′′(c1

ij)u
′(c0

ij) are negative, the expression (1.50) is neg-

ative whenever ∂c1
ij/∂β < 0 < ∂c0

ij/∂β, implying concavity of the indifference

curves. This condition is clearly satisfied if labor supply is fixed exogenously, be-

cause the fundamental purpose of insurance is to redistribute from the state with-

out damage to the state where the loss occurs. In the present model with endoge-

nous income, it puts an upper bound on both the precautionary and the income

effect. The income effect in response to an (unfair) increase in the insurance con-

tract along an indifference curve is not allowed to be strong enough to let c0
ij grow.36

On the other hand, the precautionary effect of a reduced risk is not allowed to be

strong enough to let c1
ij shrink.

A second condition that needs to be satisfied to make adverse selection prob-

lems tractable is the single-crossing property. It implies that (within each produc-

tivity group) the high risk type is characterized by a steeper indifference curve

everywhere in the (β, d)-space. Formally, the marginal rate of substitution must

be increasing in pj . As can be seen from (1.49), this would clearly hold if labor

supply did not depend on pj . However, by implicitly differentiating the first order

condition (1.1) of the individual labor choice problem, we obtain for any β < 1

∂L∗ij
∂pj

= −
(1− τ)wi

(
u′(c0

ij)− u′(c1
ij)

)

SOC
> 0 (1.51)

because of risk aversion and the second order condition SOC < 0. Hence at any

given contract with less than full coverage, high risk individuals supply more labor

than low risks, so that c0
iH > c0

iL and c1
iH > c1

iL. If preferences exhibit increasing

risk aversion, this amplifies the effect of damage probability on the marginal will-

ingness to pay for insurance, while there is no effect of labor supply under CARA.37

36The assumption of decreasing absolute risk-aversion would be a sufficient condition for this to
hold.

37These statements are easily proven by considering the effect of increasing labor supply on (1.49).
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In both cases, single-crossing clearly holds. If risk aversion is decreasing, adjust-

ments of labor supply generate an opposite effect on the marginal rate of substi-

tution (1.49). It can easily be shown, however, that single-crossing is still satisfied

when pH is sufficiently large while pL is sufficiently small. This follows because

the marginal rate of substitution converges to D as p → 1 while it converges to 0 as

p → 0, irrespective of the endogeneity of labor supply. Throughout section 1.4 we

assume both concavity and single-crossing.
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2.1 Introduction and Literature

In the western world some provision for those threatened by the extremes of indigence or

starvation due to circumstances beyond their control has long been accepted as a duty of

the community [...] be it only in the interest of those who require protection against acts of

desperation on the part of the needy.

F.A. von Hayek (1964, p. 285).

There is a wide-spread belief that the level of crime in highly polarized soci-

eties is larger than in more equal societies, which is not in the interest of the rich.1

Therefore, measures have to be taken, namely redistribution from top to bottom, to

prevent the ‘needy’ from engaging in appropriative actions. This idea is a particu-

lar aspect of the more general notion that “social peace” is a necessary requirement

for the functioning of societies.2

However, the properties of the respective redistribution scheme are much less

obvious. F.A. von Hayek seems to have had some kind of means-tested basic in-

come in mind. Yet, means-tested basic income lowers incentives to pick up work

and may increase the incentive to spend the time trying to appropriate others’

goods or resources. Therefore, large parts of the later literature on conflict and

redistribution have focussed on the question whether lump-sum transfers work as

law enforcement instruments. Brennan (1973) first mentions that “appeasement

policies”, that increase the standard of living of poor individuals, can reduce their

incentive to engage in “revolutionary activities”.3 Imrohoroglu et al. (2000) and

Demougin and Schwager (2000) and (2003) formalize similar ideas in a context

where property rights are costly to enforce because individuals can decide to be-

come thieves. In their models, government raises an income tax and spends the

revenue on direct law enforcement and on transfers. These transfers are withdrawn

if an individual is caught committing a crime. Hence, though the different papers

1The word “crime” is in fact not the most accurate word to describe the conflict that is concerned
in this chapter, since only theft motivated by the goal to increase consumption is considered. Still,
“crime” and “theft” will be used synonymously in what follows.

2See, for example, the narrative arguments in Mulligan and Sala-i-Martin (1999, p. 28) or
Buchanan (1975, p. 85).

3Acemoglu and Robinson (2000) pick up this idea and argue that the extension of the franchise in
many countries during the nineteenth century might have been a device for commitment to enduring
redistribution, and hence a measure to prevent revolution.
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examine quite different questions4, they share the mechanism by which redistribu-

tion affects crime levels. It goes back to Becker’s (1968) fundamental insight that,

holding fixed the probability of being caught red-handed, a larger fine increases

the expected cost of criminal activities. Paying a transfer that convicted criminals

are deprived of works exactly in this way, i.e. it increases the punishment. This

approach, however, leaves open some important questions. First, imposing more

drastic punishments directly should work as well and will probably be preferred

by the working citizens.5 Second, effective transfers would have to be substantially

larger than the subsistence level, which has to be granted even to criminals. This

is usually not observed in reality. Finally, the approach explains only the level of

redistribution but has to take the shape of the whole tax schedule as given. As Ace-

moglu and Robinson (2000) put it: “...there are also major differences in the form of

redistribution across countries. [...] It is important to understand what might cause

these differences...” (p.1194).

The main contribution of the present work is to offer an explanation why the

whole shape of the tax schedule matters. It will be shown that direct progression

– observed very frequently in reality – can help the well-endowed citizens achieve

their egoistic goals, because it reduces the cost of crime prevention. In addition,

the low-skilled citizens, who might be thieves before redistribution, will also profit

from progressive taxation.

Arguments for why optimal crime policies can involve a distortion of individ-

ual labor supply decisions at the margin have already been given elsewhere. Gross-

man (1995) finds that a wage subsidy given to workers from capital owners can be

in the interest of the latter. Such efficiency wages create several benefits to the em-

ployer. First, they directly increase incentives to work and decrease incentives to

engage in “class-struggle”. Second, higher wages induce an income effect on the

4Imrohoroglu et al. (2000) examine the mix between transfers and expenditures for direct law
enforcement in a political equilibrium. Demougin and Schwager (2000) are interested in the cost-
minimizing mix between these instruments. Comparing their results to the optimal level of redistri-
bution and crime when transfers are based on altruism, Demougin and Schwager (2003) argue that
policies in the United States might be based on “security arguments” while being based on altruism
in Europe.

5In a model of strategic interaction between two players, Kolmar and Bös (2003) assume that any
kind of direct law enforcement and hence punishment is prohibitively costly, such that redistribution
is the only remaining instrument. Benoı̂t and Osborne (1995) argue that the risk of punishing innocent
citizens might put an upper bound on the optimal size of punishments.
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demand for leisure and reduce the willingness of workers to spend their free time

in extralegal activities. Third, the growing overall labor supply raises the interest

rate in Grossman’s general equilibrium model of a closed economy. The model is

based, however, on some specific assumptions that make it hard to transfer the re-

sults to questions of optimal government policies in the presence of crime.6 Most

importantly, Grossman assumes that capital owners do not have the possibility to

enforce their property rights directly, by investing effort into defense against crim-

inals. The indirect way via higher wages is their only means of law enforcement,

whereas any government will be able to decide on an optimal mix between direct

law enforcement and redistribution.

In a paper that is closely related to the present contribution, Grossman and Kim

(2003) actually show that the possibility to enforce property rights directly has an

important impact on the optimal choice of other policies. They argue that gov-

ernments with different law enforcement abilities will choose different educational

policies. A government that is able to enforce property rights directly will favor

an egalitarian educational policy, while an elitist policy will be chosen when the

instrument of public law enforcement is not available. The present contribution is

based on a producer-predator model of the same structure.7 Attention is restricted

to the case where the government’s law enforcement ability is not exogenously

constrained, and the model is solved completely under this assumption.8 To in-

vestigate how different types of individuals are actually affected by redistribution,

the optimal amount of law enforcement without the possibility of redistribution is

determined first. It turns out that government will only find it optimal to prevent

crime completely if the ratio of high-skilled to low-skilled individuals in the so-

ciety is sufficiently small, but not otherwise.9 The main proposition then states

6Among these drawbacks is, for example, the fact that the interest rate effect vanishes in small
open economies, and that financing the wage subsidy is assumed not to cause any distortions.

7This type of model goes back to Grossman (1998). It is assumed that individuals have to decide
whether to become “producers” or “predators”, i.e. it is not possible to earn some legal and some
illegal income. The underlying conflict situation is modeled as a contest, as suggested by Tullock
(1980).

8Grossman and Kim (2003) impose the restriction that the ratio of high-skilled to low-skilled indi-
viduals is small. As will turn out below, the case with only few low-skilled individuals is especially
interesting for the following result.

9This result has also been obtained by Grossman (1998), who is not concerned with redistribution.
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that the introduction of progressive taxation and an appropriate adjustment of di-

rect law enforcement effort can yield a Pareto improvement whenever the ratio of

high-skilled to low-skilled individuals is not too small. This includes cases where

complete prevention of crime was optimal before redistribution, but also all situa-

tions in which it was optimal to let the low-skilled individuals be thieves. In the

first case, progressive taxation acts as a substitute for direct law enforcement effort,

which can be reduced in response to redistribution. In the second case, progres-

sive taxation and direct law enforcement are complementary, because it is optimal

to accept no crime after redistribution. The Pareto improvement result is especially

interesting for this latter case, because former thieves might well suffer from an in-

creased intensity of law enforcement. Also, the result shows that the occurrence of

crime is not Pareto efficient.

The remainder of the chapter is organized as follows. Section 2.2 presents the

basic model and a preliminary result. Section 2.3 derives the optimal amount of

law enforcement effort and the optimal level of crime in the absence of redistribu-

tive taxation. Section 4 introduces the possibility to redistribute income and con-

tains the central result. Section 2.5 concludes. Some proofs are relegated to the

Appendix.

2.2 The Model

Assume there are two types of individuals, differing in their productivity: low-

skilled workers with productivity wl > 0 and high-skilled workers with productiv-

ity wh > wl. When working, each individual supplies one unit of time and is paid

according to its productivity. Also assume that all individuals are risk-neutral.

The number of low-skilled workers is normalized to unity. The ratio of high-

skilled to low-skilled workers is denoted by α > 0. Finally, denote the share of low-

skilled workers that decide not to work but instead become thieves with 0 ≤ sl ≤ 1

and the corresponding share of high-skilled workers with sh. This formulation

presumes that each person either works or is a thief. It is not possible to split total

available time between working and stealing. The total number of criminals is then

equal to sl + αsh. While leisure is not chosen endogenously in the model, it will

become clear that income taxation can still be distortionary.
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If becoming a criminal, each person uses one unit of time trying to appropriate

the income of working people. It is assumed that both low- and high-skilled indi-

viduals have the same “productivity” in stealing, which can then be normalized to

one without loss of generality.10

Modeling contests where many agents try to steal from many other, possibly

heterogeneous agents can be complicated, as it is necessary to specify “...the nature

of the matching process involved in agents’ challenging the initial claims of other

agents.” (Grossman, 2001, p. 349). To keep the analysis tractable some simplifying

assumptions have to be made. First, assume that law enforcement can only be

provided publicly by government, financed through a constant marginal tax 0 ≤
t < 1 on gross income of workers.11 Therefore, the total amount of income available

for law enforcement is equal to

R(sl, sh, t) = t[(1− sl)wl + α(1− sh)wh]. (2.1)

It is assumed that this tax revenue is not subject to appropriation by thieves, either

because it is raised directly in form of law enforcement services, or because material

goods used for law enforcement (such as police cars, court rooms, and surveillance

cameras) are not attractive to thieves.

Second, thieves cannot distinguish workers according to their productivity and

therefore spend equal amounts of their appropriative effort on each of them. Thus,

the same share of net income is stolen from every worker.12 Given that the total

amount of appropriative effort is

A(sl, sh) = sl + αsh (2.2)

10It is straightforward to modify the model to allow for differing criminal skills al and ah. Under
mild assumptions, the results are unchanged. First, wh > wl has to be replaced by the corresponding
“comparative advantage” assumption wh/ah > wl/al. Second, the assumption that wl > 1 below is
rewritten as wl > al. Finally, the assumption that all thieves capture the same amount of goods must
be replaced by the assumption that the loot is distributed in proportion to criminal ability.

11This assumption implies that property can neither be defended privately nor individually-
targeted by the government.

12Another interpretation of the contest environment would be to say that thieves are randomly
matched to workers. In this case, one has to interpret utilities as expected utilities, which does not
make a difference in the present setup but would considerably complicate the analysis with risk-
averse agents.
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and using a standard Tullock contest success function, this share is equal to

p =
A(sl, sh)

A(sl, sh) + R(sl, sh, t)
(2.3)

whenever A(sl, sh) > 0, and p = 0 otherwise.13 The consumption of a working

individual with productivity wi is therefore equal to

cw
i = wi(1− t)(1− p). (2.4)

Per capita consumption of thieves is derived by dividing the total amount of stolen

income by the number of thieves. It is given by

cs =
p(1− t)[(1− sl)wl + α(1− sh)wh]

A(sl, sh)
(2.5)

whenever A(sl, sh) > 0, i.e. whenever thieves exist. The time structure of the

model is as follows. First, government sets a tax rate. Then the equilibrium shares

sl and sh are determined. Workers then produce income and thieves spend their

appropriative effort. Produced income is distributed according to (2.3).

The model is solved backwards. Given a tax rate t, the shares sl and sh can be

endogenized. Since everyone has the opportunity to switch from being a criminal

to being a worker, the incomes cw
i and cs have to be equal if the equilibrium share is

0 < si < 1. If cw
i > cs (cw

i < cs) for all small (large) values of si, then si = 0 (si = 1)

will be an equilibrium.

Lemma 2.1. Given a tax rate 0 ≤ t < 1, the equilibrium share of thieves among individu-
als with productivity wi, i = l, h, is given by

s∗i ∈





{0} if t > 1/wi

[0, 1] if t = 1/wi

{1} if t < 1/wi.

Proof. See Appendix, Section 2.A.1.

Some interesting implications follow immediately. First, if the tax rate is smaller

than 1/wh nobody will work. This is intuitively reasonable: even if all high-skilled

individuals worked, such small tax rates would not generate enough revenue for

13While appropriation and guarding efforts enter (2.3) without relative weights, the relative effi-
ciency of law enforcement can still be varied by changing the parameters wl and wh of the model,
holding the ratio wh/wl fixed.
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law enforcement to make it profitable to be a worker. Second, if the low-skilled

individuals have a very low productivity wl ≤ 1, they can never be induced to

become workers. This rather unappealing case will be excluded in the following

by the assumption that wl > 1. Finally, if t = 1/wi holds for some i, any share of

thieves within group i can occur in equilibrium, while the equilibrium share within

in the other group will be uniquely determined. However, as will become clear

when the government’s objective is discussed in the next section, a situation with

t = 1/wi and an interior value for si will never be optimal. Government will always

have an incentive to raise the tax rate slightly above 1/wi to get rid of criminals

at negligible additional costs for the previous workers. To circumvent technical

complications associated with such considerations, it will be assumed from now

on that s∗i = 0 if t = 1/wi. The effect of the tax rate t can then be summarized as

follows. For low tax rates t < 1/wh nobody produces, with a resulting consumption

of zero for everyone (case I). As the tax rate is increased, high-skilled workers start

to produce beginning with t = 1/wh. For rates 1/wh ≤ t < 1/wl the low-skilled

workers are still thieves (case II), but higher tax rates reduce the stolen share p. If

the tax reaches t = 1/wl < 1, low-skilled workers also start to produce (case III).

2.3 The Optimal Level of Crime

2.3.1 The Government’s Problem

Deriving an optimal tax rate and therefore an optimal level of crime requires the

specification of government’s objective. For example, government might want to

maximize per-capita consumption of the high-skilled individuals. This approach is

used in comparable papers such as Demougin and Schwager (2000) and (2003) and

Grossman and Kim (2003). It is especially appealing because the later case for re-

distribution is strongest if based on an objective that incorporates no considerations

of equity whatsoever.

Alternatively, the maximization of workers’ per-capita consumption could be the

goal of government. This objective can be justified from a political economy per-

spective, assuming that criminals do not participate as political citizens. A prob-

lem, however, arises from the fact that the group of worker-voters is endogenous

and reacts to the tax rate as outlined in the previous section. Depending on the ex-

act specification of the political process, more than one political equilibrium could
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exist. In the present context, maximization of workers’ per-capita consumption is

not a well-defined objective.

Finally, government might be interested in maximizing the overall level of con-

sumption or production. Moreover, the objective of production maximization is

equivalent to an aversion to crime as a matter of principle. In both cases govern-

ment will want to circumvent any theft irrespective of what share of production

must be invested in law enforcement.

Throughout this section it will be assumed that the tax rate t is chosen as to

maximize per-capita consumption of the high-skilled. The robustness of the results

with respect to the other objectives is discussed in section 2.3.5.

Observe that the government’s objective is not continuous, since raising the tax

rate to 1/wi induces a drop of si from one to zero. This problem will be solved as

follows. First, the optimal tax rate will be determined for each of the three cases

outlined above. The resulting optimal consumption levels of the high-skilled are

then compared to find the global optimum.

2.3.2 Case I: No Production

From the previous section it is clear that a tax rate 0 ≤ t < 1/wh is not optimal for

any of the discussed government objectives. Raising it to t = 1/wh makes every-

body better off since production starts at this level.

2.3.3 Case II: Production and Theft

Set sl = 1 and sh = 0. Using these conditions together with (2.3) and (2.4) yields

consumption of the high-skilled as:

cw
h (t) =

t(1− t)αw2
h

1 + αtwh
. (2.6)

The first derivative of (2.6) with respect to t is given by

∂cw
h

∂t
=

αw2
h[1− 2t− αt2wh]
(1 + αtwh)2

. (2.7)

Inspection of the second derivative reveals that cw
h is strictly concave in t through-

out. The first-order condition of the problem therefore characterizes an optimal tax

rate t̃∗. Furthermore, if t̃∗ ≤ 1/wh, the optimal rate of the case II problem, t∗, is

given by the corner solution t∗ = 1/wh. For values 1/wh < t̃∗ < 1/wl the optimal
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tax rate t∗ is equal to t̃∗. If t̃∗ ≥ 1/wl, a solution to the problem does not exist, but

the value cw
h (1/wl) corresponds to the supremum of (2.6) under case II. From the

first order condition (2.7),

t̃∗ =
1

1 +
√

1 + αwh
. (2.8)

Setting t̃∗ ≤ 1/wh and simplifying yields

α ≥ wh − 2 =: α. (2.9)

Hence, if the ratio of high-skilled to low-skilled workers is sufficiently large, it will

be optimal for a government that is restricted to case II to impose the lower-bound

tax rate t∗ = 1/wh.14 In such societies, relatively few thieves cause too little damage

to spend any additional effort on law enforcement. Equivalently, solving t̃∗ ≥ 1/wl

yields

α ≤ wl

wh
[wl − 2] =: α. (2.10)

Observe that α < α whenever α is actually positive. If the ratio of high-skilled to

low-skilled workers is sufficiently small, government will want to impose a tax rate

as high as possible, because in such societies the harm that criminal low-skilled do

to the high-skilled workers is large and justifies high levels of law enforcement.

To summarize, a government that maximizes per-capita consumption of the

high-skilled and is restricted to case II chooses the low tax rate t∗ = 1/wh if α ≥ α

and a rate as close as possible to 1/wl if α ≤ α. For α < α < α it chooses t∗ = t̃∗ as

given in (2.8). It can easily be shown that this rate is strictly decreasing and convex

in α.

Before examining the next case it is necessary to derive the high-skilled con-

sumption supremum under case II, denoted by cII . This can later be compared to

consumption under complete deterrence of crime. After substitution of the optimal

tax rate as described above and some simplifications

cII =





w2
hα(wl−1)

wl(αwh+wl)
if α ≤ α

2+αwh−2
√

αwh+1
α if α < α < α

α(wh−1)
1+α if α ≥ α.

(2.11)

14If wh ≤ 2 this will always be the case, because α ≤ 0 while α > 0.
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Some properties of (2.11) deserve further attention. First, cII is strictly increasing

in α for all values of α > 0, given that 1 < wl < wh. It is also continuous in α.

It is sketched in Figure 1 for the case that α > 0, together with some results from

the next section. The three functions that define cII stepwise as given in (2.11) are

represented as dotted curves. The function cII itself is highlighted by a solid line.

Figure 2.1: Consumption under optimal taxation

2.3.4 Case III: No Theft

Setting the tax rate to 1/wl deters even the low-skilled individuals from engaging

in criminal activities. Larger tax rates can never be optimal, since there is no more

crime to prevent and any additional law enforcement effort would be a waste of

resources. Consumption of a high-skilled individual is then given by

cIII = wh

(
1− 1

wl

)
, (2.12)
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due to p = 0. This is evidently independent of α, and hence cIII is depicted as a

horizontal line in Figure 1. Together with the results from the previous section a

critical level αCV follows, from which on the high-skilled workers’ consumption is

larger under optimization within case II than under case III, and vice versa. It is

obtained by setting expression (2.12) equal to (2.11). To begin with, use cII for α in

between α and α. The resulting critical value is

αCV = 4
wl

wh
(wl − 1). (2.13)

Given that wl > 1, expression (2.13) is positive and also larger than α.15 It is, how-

ever, possible that (2.13) is also larger than α, in which case (2.13) does not provide

the correct critical value. The correct one is then derived by setting (2.12) equal to

cII for α larger than α. This gives

αCV =
wh

wh − wl
(wl − 1). (2.14)

2.3.5 Summary and Robustness

Proposition 1 summarizes the results from the previous subsections.

Proposition 2.1. There exists a unique critical value αCV > α, given by either (2.13)
or (2.14), so that government that maximizes per-capita consumption of the high-skilled
chooses the law enforcement tax rate

topt =





1/wl if α < αCV

t̃∗ if α ≥ αCV ∧ α < α

1/wh if α ≥ αCV ∧ α ≥ α,

(2.15)

where t̃∗ is given by (2.8).

It will only be optimal to completely prevent crime if there are few high-skilled

individuals, since only the tax rate 1/wl is large enough to deter all potential crim-

inals. This is optimal as otherwise the large number of criminal low-skilled indi-

viduals would do much harm to the working high-skilled. Overall, the optimal tax

rate (weakly) decreases in the ratio of high- to low-skilled individuals.

15The fact that αCV > α shows that the range of (2.11) where it does not give the maximum
consumption but the supremum is never globally optimal.
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How do the results change if government uses a different objective function? Of

course, for maximization of production or with complete crime aversion the opti-

mal rate would always be equal to 1/wl, so that all potential criminals are deterred

and become workers instead. The picture is less clear-cut if total consumption, i.e.

aggregate production less law enforcement effort was to be maximized, indepen-

dent of its distribution among workers and thieves. Starting from a situation in

which Proposition 1 prescribes an interior tax rate topt = t̃∗, decreasing the tax rate

down to 1/wh reduces law enforcement effort, affecting the distribution of produc-

tion but not its aggregate level. Hence total consumption goes up. On the other

hand, setting t up to 1/wl induces an upwards jump in production, which might

overcompensate for the larger levels of law enforcement effort. The optimal tax rate

would therefore be equal to either 1/wl or 1/wh, depending on the specific parame-

ter constellations. Qualitatively, results remain similar. With many low- compared

to high-skilled individuals, the gain of many extra workers will be decisive, making

the large rate 1/wl optimal.

2.4 Crime and Redistribution

So far, taxes are only raised to finance law enforcement. This section is concerned

with the question whether government can do even better by additionally redis-

tributing income.

Most models discussed in the introduction assume that government can distin-

guish honest and criminal individuals with positive probability, with law enforce-

ment affecting this probability. Individuals can then be treated conditional on their

observed status. Uncovered criminals receive punishment, while all others receive

a positive transfer. The difference between these two treatments works as the effec-

tive punishment, and larger transfers as well as stronger direct punishments reduce

crime levels.

The mechanism in Grossman and Kim (2003) differs from this approach. The

complex process of crime and law enforcement is completely summarized in the

success function (2.3). In this framework it would be inconsistent to assume that

policies can directly condition on an individual’s status of being criminal. It then

becomes clear that neither means-tested minimal income nor lump-sum transfers
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to all individuals can help in accomplishing the government’s goal. Minimal in-

come is awarded to citizens who cannot claim enough legal income, the thieves

among them. It therefore lowers incentives to work legally and is counterproduc-

tive. A lump-sum transfer to all individuals, financed through a larger tax rate, also

reduces returns to work and does not make crime less attractive. In this sense the

model highlights an effect which often seems to be ignored in the public discussion

about inequality and crime. It is certainly not a trivial truth that any measure aimed

at equalizing standards of living will reduce incentives to engage in appropriative

actions and hence crime levels.16

A different redistribution scheme is more promising, namely a positive

marginal tax on high incomes and a negative marginal tax on low incomes, which

amounts to the introduction of progressive taxation. This measure makes work

more attractive to low-skilled individuals, and less law enforcement effort is re-

quired to prevent them from being thieves. Hence progressive taxation lowers the

cost of complete crime deterrence. If complete deterrence was optimal even with-

out such redistribution, a mix of direct law enforcement effort and redistribution

may be less costly to the high-skilled than law enforcement alone. In this case,

progressive taxation serves as a substitute for direct law-enforcement, because law

enforcement effort can be reduced in response to redistribution. If complete de-

terrence was not optimal without redistribution, it may become optimal because

redistribution reduces its cost. Redistribution is then a complement to law enforce-

ment, which becomes stricter as taxation becomes progressive.

In any case, the search for the optimal redistribution scheme will take place

under the assumption that nobody steals. With the low-skilled remaining crimi-

nals, there is no sensible effect of progressive taxation because nobody will claim

the “wage subsidy”. The utility levels with optimal redistribution and complete

prevention of crime will then have to be compared to the utility levels without re-

distribution but optimally chosen law enforcement expenditures as given in the

previous section.

16There exist, however, model modifications under which minimal income could again have posi-
tive effects. These modifications could include non-linearities in the utility functions, such as a sub-
sistence level of income. Guaranteeing this minimal standard might alleviate the problem of theft.
Satiation might play a similar role.
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Assume that government does not accept any theft, i.e. it sets the tax rate to

1/wl, which depends inversely on the low-skilled wage. If this wage can be in-

creased, law enforcement effort can be saved. This establishes the trade-off that

serves as justification for progressive taxation. Consider an additional tax τ > 0

which is imposed on high incomes. Assuming gross income to be the tax base of τ ,

the “new productivity” of the high-skilled workers becomes

ŵh(τ) = wh(1− τ). (2.16)

As before, government can collect this tax before individual income is subject to

possible appropriation effort by thieves. Put differently, the assumption that only

individuals’ net income can be stolen is maintained, possibly because taxes are de-

ducted at source. A difference to taxes generated for law enforcement arises, how-

ever, when it comes to expenditure. Assume that the revenue generated by τ is

paid to the low-skilled by means of a subsidy γ(τ) on gross income, so that

ŵl(τ) = wl(1 + γ(τ)) (2.17)

is their new productivity after redistribution. Redistribution raises the low-skilled

workers’ income, and the received transfers are thus potentially exposed to theft.

The relation between τ and γ is established by the government’s budget constraint

γ(τ) =
αwh

wl
τ. (2.18)

Clearly, the additional restriction that ŵl(τ) ≤ ŵh(τ) has to be imposed, i.e. redis-

tribution should not reverse the order of incomes, since high-skilled individuals

would otherwise decide to become thieves. This defines a maximal redistributive

rate τ = (wh − wl)/(wh(1 + α)) > 0, at which ŵl(τ) = ŵh(τ) = (αwh + wl)/(1 + α)

holds.

For a given rate τ , the new rate t̂(τ), whose revenue is still exclusively spent on

law enforcement, is now equal to 1/ŵl(τ), which decreases in τ . Starting from the

initially linear tax schedule, the introduction of τ and γ(τ) amounts to the intro-

duction of progression. Workers’ net incomes become

ĉw
h (τ) = wh(1− τ)(1− t̂(τ)) and ĉw

l (τ) = wl(1 + γ(τ))(1− t̂(τ)). (2.19)
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Hence the effective tax rate on high incomes is t̂+τ− t̂τ but only t̂+ t̂γ−γ on low in-

comes.17 As the following proposition establishes, the introduction of progression

can lead to a Pareto improvement in a large range of cases. In deriving the result it

is assumed that the government chooses the redistributive tax rate that again max-

imizes utility of the high-skilled. This assumption is not restrictive here, because it

turns out that the low-skilled are never made worse off with this approach.18

Proposition 2.2. If α > (wl/wh)(wl − 1), the introduction of the optimal redistributive
rate for the high-skilled,

τ∗ = min
{√

αwh + wl − wl

αwh
, τ

}
> 0, (2.20)

accompanied by an adjustment of topt to 1/ŵl(τ∗), yields a Pareto improvement. If α ≤
(wl/wh)(wl − 1), progressive taxation cannot be Pareto improving.

Proof. See Appendix, Section 2.A.2.

Observe first that the critical value (wl/wh)(wl − 1) is smaller than αCV , irre-

spective of whether αCV is given by (2.13) or (2.14). Hence progressive taxation ac-

companied by complete prevention of crime can always be Pareto improving when

it was optimal to accept some crime before redistribution. This fact is interesting

for two reasons. First, the Pareto improvement result is especially surprising in

this case, where redistribution and law enforcement act as complements. The word

“complements” so far has been used to indicate that the introduction of progressive

taxation is accompanied by complete prevention of crime. As can easily be shown,

the overall effort invested in law enforcement does also increase.19 It is therefore

not obvious that former thieves will also profit from the “carrot and stick” policy

change. Second, it implies that the acceptance of crime as derived in section 2.3 is

17After substitution of (2.18), the effective rate on low incomes turns out to be smaller than the
rate on high incomes whenever t̂ < 1, which is satisfied. Note that the effective rate on low incomes
might both be positive or negative.

18If the optimal rate for the high-skilled did not lead to a Pareto improvement because the low-
skilled were made worse off, a Pareto improvement might still be possible by choosing a different,
possibly larger rate.

19This is trivially fulfilled if α ≥ α, so that the low law enforcement tax rate 1/wh was optimal
before redistribution. In that case, the law enforcement rate is raised to 1/ŵl > 1/wh and the number
of tax payers increases as well. The statement also holds if αCV ≤ α < α, so that the law enforcement
rate might decrease from t̃∗ to 1/ŵl but the number of tax payers still increases in equilibrium.
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never Pareto efficient once government has the instrument of progressive taxation

available in addition to the option of direct law enforcement.

If α and/or wh are small, progression will not be desirable from point of view

of the high-skilled. This holds due to the influence of α and wh on the budget con-

straint (2.18). If there are too many low-skilled workers, who in turn would have

to be subsidized by relatively few high-skilled, the instrument of redistribution is

ineffective in lowering the cost of crime prevention.

Consider finally the optimal rate τ∗. As shown in the proof of Proposition 2.2,

there exists a unique value α̃ > α so that the maximal rate τ will be optimal if and

only if α ≥ α̃. Hence if the share of low-skilled individuals is small enough, it

will be optimal to redistribute until all incomes in the society are equalized. This is

another interesting implication of the above proposition. It again holds due to the

budget constraint: if α is large, even small rates τ already facilitate large subsidies

γ, making redistribution an effective instrument to lower the cost of direct law

enforcement.

2.5 Conclusions

This contribution analyzes a model of theft in heterogeneous societies. It first solves

the problem of optimal law enforcement when redistribution of income through

progressive taxation is not an available policy instrument. It is shown that the ac-

ceptance of some crime is optimal when the share of high-skilled individuals in the

society is sufficiently large. Otherwise, any crime should be deterred. It then turns

out that the introduction of progressive taxation, accompanied by an appropriate

adjustment of direct law enforcement effort, can yield a Pareto improvement under

a large variety of circumstances, because redistribution lowers the costs of keep-

ing the low-skilled from engaging in appropriative actions. The model therefore

provides an explanation not only for some level of redistribution in the presence

of social conflict, but is able to justify a directly progressive shape of the whole tax

schedule based on pure efficiency arguments.

In particular, a Pareto improvement is always possible if it was optimal to accept

crime before redistribution. In this case, progression and direct law enforcement act

as complements, because no crime should be accepted after redistribution. Both
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workers and former thieves will profit from this policy reform. The acceptance of

crime is therefore not efficient.

A weakness of the model is that the redistributive tax induces only a discrete

distortion. Excessive redistribution would lead high income earners to stop work-

ing and switch to criminal activities. The welfare improving effect of redistribu-

tion might therefore be overstated.20 Still, the fundamental idea remains valid in

a model that allows for a labor-leisure trade-off or a continuous division of time

between production and appropriation. The same holds for a model extension that

would allow for more than two types; the intuition of the results does not hinge on

this assumption.

A useful extension would consider different matching of criminals to workers

as well as the possibility to privately invest in the defense of property rights. Work-

ing might be more profitable for the low-skilled if they are targeted by less intense

appropriation effort than the rich. Within an intertemporal extension of the model

with uncertainty, the effects of public policy instruments such as social security and

social insurance may finally generate interesting insights.

20One should keep in mind, however, that labor supply is highly more elastic on the extensive
margin than on the intensive margin (see e.g. Heckman (1993)). This evidence suggests that the
present model may well be appropriate, despite its restriction on labor supply decisions.
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2.A Appendix

2.A.1 Proof of Lemma 2.1

The result follows directly from deriving the difference ∆ci = cw
i − cs using (2.1)-

(2.5). It is defined whenever 0 < si < 1 and given by

∆ci =
(1− t)(twi − 1)[α(1− sh)wh + (1− sl)wl]

sl + αsh + t[α(1− sh)wh + (1− sl)wl]
. (2.21)

First, the denominator of (2.21) is positive whenever 0 < si < 1. The sign of

(2.21) is therefore equal to the sign of its numerator. If t = 1, then ∆ci = 0 since any

possible production is spent for law enforcement. Any profile of shares would then

be an equilibrium. This irrelevant case has been excluded by the assumption that

t < 1. The sign of the numerator is then equal to the sign of twi − 1. Specifically,

this holds irrespective of the share of criminals in the own and in the other group.

2.A.2 Proof of Proposition 2.2

Given τ , set t̂(τ) = 1/ŵl(τ) to completely deter crime. Consumption of a high-

skilled worker is then

ĉw
h (τ) = ŵh(τ)

(
1− 1

ŵl(τ)

)
. (2.22)

Using (2.16), (2.17) and (2.18), it is easy to show that ĉw
h (τ) is strictly concave in τ .

Maximizing (2.22) with respect to τ , without any additional restrictions, yields an

optimal rate

τ̃∗ =
√

αwh + wl − wl

αwh
. (2.23)

Clearly, τ̃∗ > 0 if and only if α > (wl/wh)(wl− 1). Therefore, if α ≤ (wl/wh)(wl− 1)

progressive taxation is not part of an optimal policy mix and a Pareto improvement

is impossible. Observe that the critical value (wl/wh)(wl − 1) is smaller than αCV ,

irrespective of whether αCV is given by (2.13) or by (2.14).

Assume that α > (wl/wh)(wl − 1). Concerning the other possible corner solu-

tion, the condition that τ̃∗ ≥ τ can be rearranged to

√
αwh + wl ≤ 1 + α. (2.24)

This is clearly not satisfied at α = (wl/wh)(wl − 1), where τ̃∗ = 0 and

τ > 0. On the other hand, it will be satisfied for α sufficiently large, since

limα→∞
√

αwh + wl/(1 + α) = 0. Given that the RHS of (2.24) is increasing linearly
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in α while the LHS is continuous and strictly concave in α, it follows that there

must be a unique value α̃ > (wl/wh)(wl−1) so that τ̃∗ ≥ τ if and only if α ≥ α̃. The

critical value α̃ is the largest value that solves (2.24) as an equality, and is given by

α̃ = 1
2(wh − 2) + 1

2

√
(wh − 2)2 + 4(wl − 1). Observe that α̃ > α = wh − 2 because

wl > 1.

Assume first that α < α̃, so that τ̃∗ from (2.23) is the optimal redistributive tax

rate from point of view of the high-skilled, under complete deterrence of crime.

Then,

ĉw
h (τ̃∗) =

1 + αwh + wl − 2
√

αwh + wl

α
. (2.25)

The consumption of the low-skilled workers is given by

ĉw
l (τ̃∗) =

√
αwh + wl − 1. (2.26)

Consider now the case in which complete deterrence of crime is optimal even

without redistribution, i.e. the case α < αCV . Clearly, high-skilled workers profit

from progression whenever τ̃∗ > 0. In this case, low-skilled workers are better off

as well. They profit from both the subsidy γ(τ̃∗) > 0 and the lower crime enforce-

ment rate t̂(τ̃∗) = 1/ŵl(τ̃∗).

Consider next the case αCV ≤ α < α, where complete deterrence of crime is not

optimal without redistribution. The value of (2.25) now has to be compared to the

respective consumption before redistribution from (2.11),

cII =
2 + αwh − 2

√
αwh + 1

α
. (2.27)

The condition ĉw
h (τ̃∗) > cII can be rewritten as

wl − 1 > 2
(√

αwh + wl −
√

αwh + 1
)
. (2.28)

Set α = 0 and rearrange to obtain (wl − 1)2 > 0, which is satisfied because wl > 1.

Next observe that the RHS of (2.28) is decreasing in α, so that (2.28) is satisfied for

all values of α > 0. As for the low-skilled, their consumption under the optimal

regime from section 3 is given by

cs =
√

αwh + 1− 1, (2.29)
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which is strictly smaller than (2.26) because wl > 1.

Finally, consider the case α ≤ α ∧ αCV ≤ α. We now need to compare

cII =
α(wh − 1)

1 + α
(2.30)

from (2.11) to (2.25). Examine the difference ∆ch = ĉw
h (τ̃∗) − cII , which can be

rearranged to

∆ch =
wh + α

1 + α
+

1 + wl − 2
√

αwh + wl

α
. (2.31)

Note first that (2.31) is strictly increasing in wl because αwh + wl > 1. Hence, to

show that the whole expression (2.31) will always be positive, set wl as small as

possible, i.e. examine the case where wl = 1. Solving ∆ch = 0 for α then yields

α = α as the unique solution. Since α ≥ α, wl > 1, ∆ch is continuous in α (where

α > 0) and limα→∞∆ch = 1, it follows that (2.31) is strictly positive within the

given range of α. Consumption of the low-skilled thieves before redistribution is

given by

cs =
α(wh − 1)

1 + α
. (2.32)

The corresponding difference ∆cl = ĉw
l (τ̃∗)− cs can be rearranged to obtain

∆cl =
√

αwh + wl − αwh + 1
1 + α

. (2.33)

As before, this expression is increasing in wl, so the case where wl = 1 is examined.

Solving ∆cl = 0 for α again gives α as a solution, in addition to 0 and −1/wh.

Continuity and the fact that limα→∞∆cl = +∞ imply that ∆cl > 0 for the relevant

parameter constellations.

Assume now that α ≥ α̃, so that τ is the optimal redistributive tax rate for

the high-skilled under complete deterrence of crime, and incomes are equalized.

Consumption of both types of individuals is then given by

ĉ(τ̄) =
α(wh − 1) + (wl − 1)

1 + α
. (2.34)

Again consider the case where α < αCV . The fact that the introduction of τ

together with a reduction of t from 1/wl to 1/ŵl(τ) is Pareto improving follows as

above when α < α̃ was assumed to hold.
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The case αCV ≤ α < α cannot occur together with α ≥ α̃ because α̃ > α.

Finally, consider again the case α ≤ α ∧ αCV ≤ α. Consumption of both types

under the optimal regime without redistribution is given by the identical expres-

sions (2.30) or (2.32), which are obviously strictly smaller than (2.34).
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3.1 Introduction and Literature

This chapter is based on the hypothesis that individual decisions are guided by

hedonic utility. An individual who faces several alternatives will choose the one

that promises the greatest pleasure, or happiness. Then, given that the properties

of a hedonic utility function determine individual behavior, and individual behav-

ior determines biological fitness, evolutionary forces will have shaped our utility

during the long time in which the modern human being evolved.

In this sense, utility can be considered as a “reward system” that induces in-

dividuals to make evolutionary optimal choices, a view which is supported both

by theory and evidence from neuroscience (Damasio (1994), Bechara et al. (1997),

Gazzaniga et al. (1998)). As Kupfermann et al. (2000, p. 1007) express it: “Pleasure

is unquestionably a key factor in controlling the motivated behaviors of humans”.

For the economist, the interesting question is then about the properties of the evolu-

tionary optimal reward system, and how these properties adapt to the environment

in which individuals make choices.

The present work reconsiders and solves a general model of the evolution of

utility suggested by Robson (2001a), which predicts how cardinal properties of util-

ity functions should adapt to the decision environment. It turns out that the optimal

utility function will be steep in regions where decisions have to be made frequently,

and where wrong decisions would lead to large losses in fitness. In those regions,

even small changes in consumption will cause large changes in happiness.1

The general model suggests several applications. In the context of intertempo-

ral preferences, it predicts that individuals should be especially impatient concern-

ing waiting times which they face often. Under the assumption that more imme-

diate judgements are necessary more frequently, the immediate future should be

discounted at a higher rate than the distant future. This explains why additional

waiting time causes large discomfort in the short-run but much less in the long-run.

As a corollary, one should expect patience to increase as children grow up and have

to make more far-reaching decisions.

1In the present contribution, evolution of utility is examined in a non-strategic environment.
Koçkesen et al. (2000a) and (2000b) and Dekel et al. (2007) model the evolution of preferences in
strategic environments. Koçkesen et al. (2000b) and (2000b) identify classes of games in which neg-
atively interdependent preferences can lead to an advantage for the respective players. Dekel et al.
(2007) explore the role of observability of preferences for the evolution of subjective payoffs in games.
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The simultaneous evolution of several different utility functions is then shown

to be optimal whenever the decisions which our ancestors had to make arrived

in distinct choice situations. In the context of time preferences, this may have

led to the development of different utility functions for short-run and for long-

run decisions. The model therefore provides an evolutionary justification for the

“multiple-selves” approach to time discounting (see Frederick et al. (2002) for an

overview), where dynamic inconsistency arises from a conflict between different

decision mechanisms. This view has been corroborated by the results of McClure

et al. (2004), who show that different parts of the brain are active in short-run and

in long-run decisions. The present model predicts that conflict between the “my-

opic” and the “farsighted” mechanism is more likely to occur if the decision-maker

is used to small payoffs in the short-run. It also sheds light on the evolutionary role

of self-commitment as introduced by Strotz (1955).

In the context of attitudes towards risk, the model highlights an influence of

environmental randomness on individual preferences which has not yet been dis-

cussed by the literature. Risk attitudes will not only be influenced by the tech-

nology that converts consumption into fitness, as in Robson (1996) and (2001b),

but also by the distribution according to which opportunities arise for the decision

maker.2 The model then offers an immediate evolutionary rationale for S-shaped

value functions as in prospect theory (Kahneman and Tversky (1979)). Most inter-

estingly, it identifies the individual’s reference point with the peak of the density

that describes the availability of alternatives. This provides a clear prediction of the

reference point even in highly stochastic environments.

The contributions by Rayo and Becker (2007a) and (2007b) also deal with the

evolution and adaption of hedonic utility. In their model, optimal happiness de-

rived from income is a step function with a unique jump, which can be interpreted

as the aspiration level an agent wants to achieve. The aspiration level can then be

shown to adjust over time and in accordance with income levels of a peer group,

given that payoffs are correlated over time and across individuals. This offers an

evolutionary explanation for habit formation and peer comparisons, phenomena

2The literature, including Cooper and Kaplan (1982), Robson (1996), Bergstrom (1997) and Curry
(2001) has also highlighted the role of aggregate risk, which makes deviations from standard expected
utility maximization evolutionarily optimal.
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frequently observed in happiness surveys.3 The present contribution addresses dif-

ferent questions, making use of a different model. While the underlying adaption

mechanisms share similarities – in the sense that utility adjusts to the decision envi-

ronment like an eye to the ambient brightness (Frederick and Loewenstein (1999)) –

the model outlined below derives utility as a tool to make reasonable comparisons

between any pair of alternatives, as opposed to identifying only the best out of a

large set. For the analysis of time preferences and attitudes towards risk, this turns

out to be an appropriate starting point.

The chapter is organized as follows. The general model and its solution are

presented in section 3.2. Section 3.3 is devoted to the evolution of intertemporal

preferences. Section 3.4 is concerned with attitudes towards risk. Section 3.5 con-

cludes. A longer proof can be found in the Appendix.

3.2 A General Model

3.2.1 Description

The model in this section has been suggested by Robson (2001a). It has been solved

there for an approximate evolutionary criterion, the probability of mistakes criterion.

In the following, it will be solved under the correct objective, the expected loss crite-

rion.

Assume an agent repeatedly has to make choices between alternatives from a

set X = [a, b], which are identified with fitness. Thus, alternative x ∈ X yields fit-

ness x, where fitness can simply be thought of as the number of offspring.4 When

making a decision, the agent does not face the whole set X , but only two alterna-

tives that are independently drawn from X according to the same random distri-

bution. The agent has to choose one of these alternatives. Assume that the random

distribution can be represented by a bounded density f with finitely many discon-

tinuities. Denote the corresponding distribution function by F .

The distribution represents the agent’s environment by describing the availabil-

ity of different alternatives. For example, during good times, in fertile geograph-

ical regions, or under a favorable climate, large fitness alternatives will available

3Samuelson (2004) shows that relative consumption effects can be an evolutionarily optimal way
for the decision-maker to utilize information about the state of nature contained in the consumption
of others.

4The case where alternatives are not directly equated with fitness levels is considered later in this
section.
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with greater probability than otherwise. Changes in the environment can later be

modeled through changing distributions. For the moment, the distribution is con-

sidered as fixed.

The agent is endowed with a hedonic utility function that assigns a level of

pleasure or happiness to each element in X . The alternative that promises larger

pleasure will be chosen. The question now is: which utility function leads to the

largest expected fitness? It is motivated by the idea that evolution will eventually

have “discovered” and selected this optimal function.

Without any restrictions on the set of admissible functions, the problem is triv-

ial. Any strictly increasing utility function ensures that the better of any two al-

ternatives will correctly be identified. This is, on the other hand, not a realistic

assumption. Happiness cannot be perceived in arbitrarily fine shades, due to lim-

itations of human sensory abilities.5 This constraint can be modeled by assuming

that utility can only take discrete, albeit extremely many values. In the following,

the set of admissible utility functions is thus restricted to the set of increasing step

functions with N ∈ N jumps of size 1/N each, where 0 < N < ∞. As a result,

the agent cannot distinguish two alternatives located on the same step of the util-

ity function. Any choice between such alternatives will have to be random and a

mistake can occur. Clearly, different step utility functions will then lead to different

levels of expected fitness.

The size of N measures the degree of the perceptual constraint, which vanishes

as N → ∞.6 The assumption that each jump corresponds to a utility increment of

size 1/N ensures that utility is normalized to the interval [0, 1] for all values of N . In

the following, results will be derived for the limiting case where N →∞, motivated

by the presumption that perceptual constraints do exist but are extremely small.

Also, the optimal limiting utility function turns out to be continuous. It is thus an

easy-to-deal-with approximation for a step function with a huge number of steps.

The problem of finding the optimal step utility function is equivalent to the

problem of locating N thresholds in the set X , where two alternatives can only be

distinguished if there is at least one threshold between them.7 Whenever two al-
5See, for example, Kupfermann et al. (2000, p. 421 ff.).
6The assumption of a large but finite N is analogous to the limited perception constraint by Rayo

and Becker (2007a) and (2007b).
7This representation of the problem is in fact the one used by Robson (2001a).
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ternatives are drawn from in between two neighboring thresholds, the agent will

choose the worse one with probability 1/2. Robson (2001a) has analyzed the prob-

lem of locating the thresholds to minimize the probability of such mistakes, obtain-

ing a simple and intuitive solution, which will be replicated below. The appropriate

evolutionary criterion, however, is the maximization of expected fitness, or, equiv-

alently, the minimization of the expected loss due to wrong decisions.

3.2.2 Solution

The problem is solved here in three steps. First, the density f is approximated by a

sequence of step densities with finitely many steps, in a way that ensures uniform

convergence to f as the number of steps grows to infinity. Second, the problem of

optimal threshold location is considered for each of these step densities, yielding

utility functions for the limit as N →∞.8 Finally, the behavior of these functions is

examined as the step densities converge to f .

Assume without loss of generality that f is left-continuous and consider a step

density f̂S that approximates f as follows. Let yi, i = 1, ..., D − 1, be the points

where f is discontinuous, and define y0 := a and yD := b, where D ≥ 1. Hence X

can be partitioned into D intervals on which f is continuous. Each of these intervals

is then decomposed into S ≥ 1 steps of equal length, so that there are S · D steps

altogether. For i = 1, ..., SD − 1, let π(i) = bi/Sc be the largest integer smaller or

equal to i/S. Then define x0 := a, xSD := b and for each i = 1, ..., SD − 1,

xi := yπ(i) + (i− π(i) · S)
(

yπ(i)+1 − yπ(i)

S

)
.

Now let X0 := ∅ and for i = 1, ..., SD define Xi := {x ∈ X|x ≤ xi}\
⋃i−1

j=0 Xj .

Clearly, f is continuous on each step Xi, i = 1, ..., SD. Denote by L(Xi) := xi−xi−1

the length of step Xi. Now define

f̂S :=
SD∑

i=1

IXifi

8It is easy to show that an optimal solution to the problem exists for any number of thresholds N .
Let T = {t ∈ [a, b]N |a ≤ t1 ≤ ... ≤ tN ≤ b} be the domain of the optimization, where tk denotes
the position of the k-th smallest threshold in [a, b]. Clearly, T is compact. Since the loss function as
defined in the Appendix is continuous, the statement follows from the Weierstrass Theorem. Should
there be several solutions, the following results hold for any selection of them.
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where IXi is the indicator function of Xi, and fi := (1/L(Xi))
∫ xi

xi−1
f(y)dy is a

value taken by f(x) somewhere on Xi (by continuity of f on Xi), which makes

sure that f̂S is again a density. It also follows that f̂S converges uniformly to f on

X as S →∞.9

To obtain the utility of an alternative x ∈ X for a fixed profile of N thresh-

olds, the number of thresholds below x has to be multiplied by 1/N . Denote then

by θN,S(x) the number of thresholds below x given that N thresholds have been

located to maximize expected fitness under the step density f̂S . The resulting util-

ity is given by UN,S(x) = θN,S(x)/N . For comparison, let ϑN,S(x) be the number

of thresholds below x if the probability of mistakes is minimized, yielding utility

VN,S(x) = ϑN,S(x)/N . The main result of this section can now be stated as follows:

Theorem 3.1. For each x ∈ X

V (x) := lim
S→∞

lim
N→∞

VN,S(x) =

x∫

a

f(y)dy = F (x),

and

U(x) := lim
S→∞

lim
N→∞

UN,S(x) = c

x∫

a

f(y)2/3dy,

where c = (
∫ b
a f(y)2/3dy)−1 is a normalizing constant.

Proof. See Appendix, Section 3.A.1.

The limiting utility function V (x), which follows from minimizing the proba-

bility of mistakes, equals the distribution function F (x). The same result has been

obtained by Robson (2001a), who solves for the optimal threshold positions di-

rectly.10 Intuitively, when only the mistake probability is concerned, many thresh-

olds should be allocated to regions of X where decisions have to be made with

large probability, i.e. where the density f(x) is large. Avoiding mistakes in this

region is particularly beneficial. The limiting utility function will then be steep in

this region, resembling the distribution function.

9This is a direct implication of the fact that f is continuous and bounded on each of the D intervals
defined above.

10When the mistakes probability is minimized, the problem can be solved without the detour via
step densities. This approach is not transferable to the case of loss minimization.

67



CHAPTER 3 Evolution of Time Preferences and Attitudes Towards Risk

Evolution maximizes expected fitness, for which the size of mistakes matters

as well. As shown in the Appendix, the expected size of a mistake between two

thresholds depends on the cube of the distance between them. For this reason,

strong variations in the distances between thresholds will be undesirable, making

the evolutionary optimal distribution of thresholds more even than indicated by

the first result. In particular, this implies that the slope of U(x) will not vary as

much as the slope of F (x), which is achieved by the concave transformation of

f(x) in the definition of U(x).11

Besides Theorem 3.1, the threshold model delivers an intuitive interpretation

for the slope of a utility function. Since a large slope derives from a dense alloca-

tion of thresholds, one can think of the local steepness of a utility function as the

degree of attention devoted to this area. The curvature properties of utility then

correspond to changes in attention.

3.2.3 Extensions

The analysis above proceeded under the assumption that choices are made between

fitness levels directly. Assume instead that the individual makes choices between

alternatives from a set Y ⊆ R, which are not identified with fitness levels. In a

decision situation, two alternatives are independently drawn from Y according to

a distribution function G. They are then mapped to fitness by a function ψ : Y →
[a, b], which again induces a distribution of fitness levels in X , for which an optimal

utility function can be derived. The utility assigned to alternative y ∈ Y becomes

U(ψ(y)), which will simply be denoted by U(y) (or V (y), respectively) with some

abuse of notation.

For Theorem 3.1 to be applicable, the induced distribution of fitness levels needs

to to be representable by a bounded density f(x) with finitely many discontinu-

ities. This requirement is not very restrictive and can be ensured by various dif-

ferent joint assumptions on Y , ψ and G. For example, make the following (strong)

assumption.

Assumption 3.1. Y = [d, e], ψ is continuously differentiable with ψ′(y) > 0 for all
y ∈ Y , ψ(d) = a and ψ(e) = b, and the distribution on Y can be represented by a
continuous density g.

11Clearly, U(x) and V (x) coincide for a uniform fitness distribution.
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Assumption 3.1 is by no means necessary for the theorem to be applicable, but

it ensures that the induced fitness density f(x) is continuous, producing continu-

ously differentiable utility functions. The utility functions defined on Y are

U(y) = c

ψ(y)∫

a

f(x)2/3dx

for the expected loss criterion and

V (y) = F (ψ(y)) = G(y)

for the probability of mistakes criterion. Closer inspection of U(y) reveals the fol-

lowing result:

Proposition 3.1. Under Assumption 3.1, the function U(y) is continuously differentiable
with

U ′(y) = c g(y)2/3ψ′(y)1/3.

U(y) is twice differentiable at each y ∈ Y where g(y) and ψ′(y) are differentiable and
g(y) > 0, with

U ′′(y) =
2
3
c

(
ψ′(y)
g(y)

)1/3

g′(y) +
1
3
c

(
g(y)
ψ′(y)

)2/3

ψ′′(y).

Proof. Derive the induced fitness distribution function F (x) first. Since ψ is strictly
increasing, F (x) = G(ψ−1(x)) clearly holds. F (x) is continuously differentiable
under Assumption 3.1, with derivative F ′(x) = f(x) = g(ψ−1(x))(∂ψ−1(x)/∂x) =
g(ψ−1(x))/ψ′(ψ−1(x)). Hence

U ′(y) = c ψ′(y)f(ψ(y))2/3 = c g(y)2/3ψ′(y)1/3,

from which the statement about U ′′(y) follows immediately.

The proposition shows that the slope of U(y) at y corresponds to a normalized

weighted geometric mean of the slope of the distribution function G(y) and of the

slope of the fitness function ψ(y). The utility function U(y) therefore represents

an intermediate case between the actual fitness function ψ(y) (properly normal-

ized) and the distribution function G(y). Intuitively, utility should again be steep

in regions of Y where decisions have to be made often. However, since the size of

mistakes – measured in fitness – matters as well, it should also inherit properties of
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the fitness function ψ. Specifically, when ψ is steep somewhere, thresholds should

be spaced closely there, because a wrong decision is severely damaging even if the

two alternatives at choice are very close to each other. On the other hand, mistakes

are not very damaging in regions where ψ is almost flat and all alternatives yield

very similar fitness levels.

The second derivative of U(y), if it exists, corresponds to a weighted average

of g′(y) and of ψ′′(y).12 If, for example, the fitness function ψ(y) is concave, utility

can still be convex if G(y) is convex.

So far, the assumption of a one-dimensional set of alternatives Y ⊆ R has been

made. The model can be extended to higher-dimensional sets Y ⊆ Rn, though, as

long as there is a single-valued fitness function ψ : Y → [a, b] and a distribution

function G on Y that induces a bounded fitness density f(x) with finitely many

discontinuities.13 As above, the optimal utility from an alternative y = (y1, ..., yn) ∈
Y then becomes

U(y1, ..., yn) = c

ψ(y1,...,yn)∫

a

f(x)2/3dx.

Under the respective differentiability conditions, the following partial derivatives

can be obtained:
∂U(y)
∂yi

= c
∂ψ(y)
∂yi

f(ψ(y))2/3

for all i = 1, ..., n. It then immediately follows that for all i, j = 1, ..., n, the marginal

rates of substitution between yi and yj according to U(y) will coincide with those

according to ψ(y); indifference curves will coincide with fitness isoquants. The

partial derivatives of U(y) and of ψ(y), however, while having the same sign, will

not in general coincide. Second partial derivatives can also be examined. Omitting

the dependency on y for notational simplicity, it holds for all i = 1, ..., n that

Uii = cf(ψ)2/3ψii +
2
3
c ψ2

i f(ψ)−1/3f ′(ψ),

12Observe that the weights change with y. Whenever g(y) is small compared to ψ′(y), the curvature
of G(y) is relatively more important. When ψ′(y) is large, the curvature of ψ(y) matters more.

13The combination of a multi-dimensional set of alternatives and a single-valued fitness function
is referred to as a “fitness landscape” in biology (Wright (1932)).
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where indices denote partial derivatives. Hence the local curvature properties of

U(y) are again influenced by those of the fitness function and of the distribution

function.

3.2.4 Hedonic Adaption

If our ancestors’ environment as described by G varied in a systematic way during

a human lifetime, evolution should have selected individuals whose utility func-

tions accommodate to change.14 An adaption mechanism can be thought of as a set

of different utility functions together with a rule that specifies which function will

become active at what point in time. In general, adaption of utility will have to be

triggered by perceivable changes in the environment, which were (and might still

be) correlated with changes in the density G, which is itself not directly observ-

able. For example, an accumulation of large payoffs will generally indicate that the

environment has developed in a favorable way.15 Realized payoffs are, however,

not the only possible trigger for hedonic adaption. If, for example, the nature of

decision problems changed systematically with individual age or with the seasons,

utility should be expected to differ between age groups or between summer and

winter. Some of these different triggers will be discussed in the following.

3.3 Intertemporal Preferences

3.3.1 A Simple Model of Impatience

To apply the results of section 3.2 to intertemporal preferences, start with a very

simple model with continuous time, where the agent has to choose between

prospects that yield a fitness payoff normalized to 1 after a waiting time of t ≥ 0,

which starts right after the decision has been made. Waiting times are drawn from

Y = [0, T ] according to a continuous density g.

Assume that the fitness of an alternative with waiting time t, evaluated at the

point in time where the decision is made, is given by the exponential function

ψ(t) = e−δt, where δ > 0 is a constant discount factor. There are various rea-

sons for discounting delayed payoffs in such a way. If, for example, there is a

constant hazard that the payoff vanishes while the agent waits for it, as in Sozou
14The case of changing fitness functions ψ or changing sets of alternatives Y will be taken up in

section 3.3.
15This is essentially the adaption mechanism at work in Rayo and Becker (2007a) and (2007b),

where realized payoffs contain information about environmental change due to correlation of payoffs
across time and individuals.
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(1998) or Dasgupta and Maskin (2005), the expected fitness of an alternative with

waiting time t is calculated as above, where δ is the hazard rate of the underlying

failure distribution. Alternatively, population growth is a reason for discounting,

as shown by Hansson and Stuart (1999) and Robson and Samuelson (2007).

Setting X = [a, b] = [e−δT , 1] ensures that a modified version of Assumption 3.1

applies, where ψ′ > 0 is replaced by ψ′ < 0, and ψ(0) = b and ψ(T ) = a holds. It

then immediately follows that U(t) is continuously differentiable with

U ′(t) = −c g(t)2/3(−ψ′(t))1/3 < 0.

The derivative of U(t) is a local indicator for impatience, since it measures the

effect on happiness of having to wait a little longer. The two most interesting ques-

tions are then how U ′(t) is affected by the decision environment in general, and

specifically how impatience varies with waiting time t. A natural reference point

for such considerations could be the impatience of a person that discounts expo-

nentially. The condition that U ′(t) < ψ′(t), i.e. that U(t) exhibits greater impatience

than ψ(t) at t, can easily be rearranged to c3/2g(t) > −ψ′(t). Consider, for exam-

ple, a case where g(t) is very large for small values of t but decreases quickly. It

then follows that impatience will be larger for small waiting times but smaller for

long waiting times, compared to impatience from exponential discounting. The

described situation is one where choices between short-run alternatives are more

frequent than between long-run alternatives, which is likely to be an adequate de-

scription of our ancestors’ environment. Compared to today, for example, hunter-

gatherers’ planning horizons were undoubtedly shorter, due to lack of information

and prediction possibilities, technologies for storage, and possibly shorter life ex-

pectancy. The general insights of section 3.2 hence apply to impatience in a straight-

forward way: if more immediate judgements are necessary more frequently, the

near future will be discounted at a higher rate than the remote future.

Now consider a model where the optimal utility function U(t) can be derived

explicitly. Assume that Y = [0,∞), X = [0, 1] and that waiting times are drawn

according to an exponential distribution with g(t) = λe−λt and λ ≥ δ > 0.16 The

16The assumption that λ ≥ δ is necessary for the induced fitness density to be bounded in the
present model where waiting times are not bounded.
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parameter λ can be used to vary the decision environment. Larger values of λ imply

that more probability mass is concentrated on short waiting times.

Proposition 3.2. If waiting times are drawn from [0,∞) according to the density g(t) =
λe−λt with λ ≥ δ, then U(t) = e−γt, where γ = 2

3λ + 1
3δ.

Proof. Proceeding as in the proof of Proposition 3.1 yields the induced fitness
density f(x) = λ

δ x(λ
δ
−1), which is bounded whenever λ ≥ δ. It then follows

that c, as defined in Theorem 3.1, is given by c = ( δ
λ)2/3(2λ+δ

3δ ). The function
U(t) = c

∫ ψ(t)
0 f(x)2/3dx can now easily be derived explicitly, yielding the desired

result.

The proposition shows that hedonic utility will take an exponential form when-

ever waiting times are distributed exponentially. If λ = δ, it follows that γ = δ

and thus U(t) = ψ(t) = e−δt. This result is based on the fact that induced fitness

levels are uniformly distributed when λ = δ. If λ > δ, i.e. small waiting times and

hence larger fitness levels occur relatively more often, the future is discounted at

the larger rate γ > δ.17

As a final remark, note that the results presented in this initial section cannot

yet explain behavior such as preference reversals and dynamic inconsistency. After

all, optimal utility will be increasing in the fitness of an alternative.18 The results

can, however, be tested by assessing self-reported measures of impatience and how

these measures change over time. It is reasonable to assume, for example, that

hunter-gatherer children did generally not have to make many long-run decisions,

but increasingly more of them as they grew up. In the context of the above ap-

proach, this could be modeled as a decrease of λ during adolescence. The reader

can now form an own opinion about the prediction that impatience should decline

over the life-cycle, at least up to a certain age.

3.3.2 The Discrete Time Model

The following simple model allows alternatives to differ both in waiting time t and

in fitness payoff v, which realizes after the waiting time has passed.

17Consider again the local impatience measure U ′(t) = −γe−γt. For λ > δ it follows that U ′(t) <
ψ′(t) if t < t∗ and U ′(t) > ψ′(t) if t > t∗, where t∗ = (ln γ − ln δ)/(γ − δ) > 0. This again illustrates
that short-run impatience will be larger than under standard discounting if short-run decisions have
to be taken relatively more often.

18An exception would be the case where the density g(t) is zero on a range of waiting times, yield-
ing a flat utility function there. Preference reversals could then occur based on indifference in the
initial decision.
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Assume that time is discrete and both waiting times and payoffs are bounded,

such that Y = {0, 1, ..., T} × [0, 1]. The fitness of an alternative y = (t, v) ∈ Y is

given by ψ(t, v) = δtv, where 0 < δ < 1 is again a discount factor.19 Alternatives

are drawn from Y as follows. First, a waiting time t ∈ {0, 1, ..., T} is drawn accord-

ing to strictly positive probabilities p0, p1, ..., pT . Conditional on having drawn t, a

payoff v ∈ [0, 1] is chosen according to a distribution function Gt(v) with continu-

ous density gt(v). Issues related to returns on investment can be captured by the

assumption that the densities gt change with t in a systematic way. This setup will

be referred to as the “discrete time model” in the following.

Lemma 3.1. In the discrete time model, fitness levels are distributed in X = [0, 1] accord-
ing to the density

f(x) =
t̂(x)∑

t=0

pt

δt
gt

( x

δt

)
,

where t̂(x) is the largest waiting time t for which x ≤ δt holds.

Proof. Conditional on having drawn t ∈ {0, 1, ..., T}, the fitness levels are dis-
tributed in [0, δt] according to the distribution function Ft(x) = Gt(x/δt). Uncon-
ditionally, fitness levels are thus distributed in [0, 1] according to the distribution
function

F (x) =
t̂(x)∑

t=0

pt Gt

( x

δt

)
+

T∑

t=t̂(x)+1

pt,

where t̂(x) is the largest waiting time t for which x ≤ δt still holds. For waiting
times larger than t̂(x), even the best attainable fitness level will be smaller than x.
It then follows immediately that F (x) is differentiable everywhere except (possibly)
at the points x = δt for t = 1, ..., T , with derivative f(x) as given in the Lemma.

Observe that the fitness density f(x) is left-continuous with possible down-

wards jumps at the points x = δt for t = 1, ..., T . A jump occurs because slightly

larger fitness levels than x are no longer attainable with a waiting time of t̂(x) if

x = δt, i.e. t̂(x) is a step function with downwards jumps at x = δt, t = 1, ..., T .

Still, continuity of f(x) at x = δt will hold if limv→1 gt(v) = 0.

19As in the previous section, the discount factor represents the probability that the reward vanishes
in any given period, or that the decision-maker dies.
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A modified version of the discrete time model will be used in the next section,

where it provides a simple framework to analyze dynamic inconsistency. Section

3.4 will also revert to it.

3.3.3 Dynamic Inconsistency

A choice situation as described above consists of a set of alternatives Y , a fit-

ness function ψ, and a distribution function G on Y . From this, a utility function

U : Y → [0, 1] can be obtained. Hedonic adaption has been interpreted as an adjust-

ment of utility to a changing environment as described by G. Apparently, choice

situations can also differ in the set of available alternatives Y . Hunter-gatherers are

frequently confronted with typical hunt decisions, involving the choice between

different hunting strategies (which animal to hunt, which technique to use). The

choice between different foraging strategies appears as a different decision prob-

lem, which can clearly be distinguished from the first one. Yet another choice situ-

ation will have involved the long-run choice between different areas of habitation.

If individuals are capable of distinguishing these situations, evolution should

have endowed them with different utility functions, each one tailored to a specific

problem, and activated by the recognition of the respective choice situation. The

same assumption has been made in the context of hedonic adaption, where util-

ity changes over time. In the present context it is more convenient to envisage the

simultaneous existence of several choice mechanisms, which generate optimal de-

cisions in their respective area of specialization.

Consider the following modified version of the discrete time model. Assume

that an agent is faced with two possible choice situations. The first one involves

short-run alternatives with waiting time t = 0 and payoffs v that are drawn from

[0, 1] according to the density g0. The second situation involves alternatives with

waiting times t ∈ {1, 2}, where t = 1 occurs with probability 0 < p < 1 and

t = 2 occurs with probability 1 − p. Payoffs are drawn from [0, 1] conditional on

waiting time according to the densities g1 and g2. The type of decision situation

(short-run or long-run) is revealed to the agent before the actual choice, so that

the optimal utility function can be activated. The crucial difference to the standard

model from the previous section is therefore that the function U(0, v) evolves in-

dependently from the function U(t, v) for t = 1, 2. The resulting two functions, or
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decision mechanisms, can be interpreted as the “multiple selves” proposed by Win-

ston (1980), Schelling (1984) and Ainslie and Haslam (1992).20 In a recent study, Mc-

Clure et al. (2004) find that there are actually two different neural systems involved

in intertemporal decision-making. Functional magnetic resonance imaging reveals

that the limbic system is especially active when immediate payoffs are evaluated,

while the lateral prefrontal cortex is relatively more engaged in long-run decisions.

The present model thus offers an evolutionary rationale for the evolution of

multiple selves, and explains “why either type of agent emerges when it does”

(Frederick et al., 2002, p. 376). As will become clear in the next section, it also

sheds light on the question why “farsighted selves often attempt to control the be-

haviors of myopic selves, but never the reverse” (ibid.). The crucial assumption

behind the result is that the individual either faces two short-run or two long-run

alternatives. While being a strong assumption, it is by no means less natural then

the assumption that decisions have to be made between any two arbitrary alterna-

tives, projects, or bundles of goods. It involves, however, the implicit assumption

that choices are irreversible. An initial choice between two alternatives (1, v1) and

(2, v2) appears as a choice between (0, v1) and (1, v2) one period later. If the ini-

tial choice could be reconsidered, short- and long-run decision would no longer be

separate. Irreversibility will be assumed for the rest of this subsection.

The fitness of short-run alternatives is distributed in [0, 1] according to the den-

sity fS(x) = g0(x). In long-run decisions, fitness levels are distributed in [0, δ]

according to

fL(x) =





(p/δ) g1(x/δ) if x > δ2

(p/δ) g1(x/δ) + ((1− p)/δ2) g2(x/δ2) if x ≤ δ2.

The utility function used to evaluate short-run alternatives is thus given by

U(0, v) = cS

v∫

0

fS(x)2/3dx,

while

U(t, v) = cL

δtv∫

0

fL(x)2/3dx

20Elster (1985) and Read (2001) model the “strategic interaction” between multiple selves explicitly.
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obtains for t = 1, 2. Now consider two long-run alternatives:

Definition 3.1. The decision between y1 = (1, v1) and y2 = (2, v2) creates regret if (i)
U(1, v1) ≤ U(2, v2), and (ii) U(0, v1) > U(1, v2).

Regret refers to a case in which the agent initially prefers the alternative with the

larger waiting time, but, after one period has passed and the earlier alternative has

moved to the present, would prefer to reverse the decision.21 The main proposition

in this section states that regret will arise whenever the agent is accustomed to

sufficiently small payoffs in the short run. To be able to formalize “sufficiently

small”, it makes use of the following definition.

Definition 3.2. Let h(v; λ) be a family of continuous densities on [0, 1], parameterized by
λ > 0, that satisfies that for all y > 0

lim
λ→∞

∫ y
0 h(v; λ)2/3dv∫ 1
0 h(v; λ)2/3dv

= 1.

According to the definition, raising λ shifts probability mass to the left, in the

sense that the whole relative area under the function h(v; λ)2/3 concentrates below

y as λ → ∞, for any strictly positive y. This property is satisfied by several well-

known distributions. Consider, for example, the truncated exponential distribution

where h(v; λ) = (λe−λv)/(1 − e−λ) and thus (
∫ y
0 h(v; λ)2/3dv)/(

∫ 1
0 h(v; λ)2/3dv) =

(1 − e−
2
3
λy)/(1 − e−

2
3
λ). Another simple example that is in line with Definition 3.2

is the triangular distribution with h(v; λ) = 2(λ + 1) − 2(λ + 1)2v if v ≤ 1/(λ + 1),

and h(v; λ) = 0 otherwise.

Proposition 3.3. Assume that g1(v) > 0 for all v ∈ [0, 1]. Then for any v1, v2 ∈ (0, 1)
with v1 ≤ δv2, there exists a value λ̄(v1, v2) ∈ R such that the decision between y1 =
(1, v1) and y2 = (2, v2) creates regret if g0(v) = h(v;λ) for any λ > λ̄(v1, v2).

Proof. The condition that v1 ≤ δv2, or ψ(1, v1) ≤ ψ(2, v2) immediately implies that
U(1, v1) ≤ U(2, v2), which is condition (i) in the definition of regret. The assump-
tion that g1(v) > 0 for all v ∈ [0, 1] implies that fL(x) > 0 for all x ∈ [0, δ]. This in
turn implies that 0 < U(1, v2) < 1, because 0 < v2 < 1. Optimal short-run utility is
given by

U(0, y) =

∫ y
0 h(v; λ)2/3dv∫ 1
0 h(v;λ)2/3dv

.

21The difference between U(0, v1) and U(1, v2) could be interpreted as disutility from temptation
as in Gul and Pesendorfer (2001).
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According to Definition 3.2, limλ→∞ U(0, y) = 1 for all y > 0. Therefore, there exists
a λ̄(v1, v2) such that U(0, v1) > U(1, v2) for all λ > λ̄(v1, v2), which is condition (ii)
in the definition of regret.

If the agent is mostly confronted with small payoffs in short-run decisions, it

will experience large levels of pleasure U(0, v) even if v is small. This is a direct

implication of the general insights derived in Section 3.2. Conflict between the

farsighted and the myopic self will then occur. While the individual preferred the

alternative with longer waiting time in the original decision, the earlier alternative

becomes exceptionally tempting as soon as it has moved to the presence and is

evaluated according to short-run utility. Note, however, that the original decision

will always be optimal in an evolutionary sense.

3.3.4 Conflict and Self-Awareness

The regret considered so far is of purely seductive nature. The agent would like to

reverse the initial decision, but is not able to do so by assumption. Irreversibility ap-

pears as a reasonable assumption for many day-to-day decisions in hunter-gatherer

societies. In particular, many of the examples that economists refer to in the context

of dynamic inconsistency involve the existence of easily transferable money, such

as the premature spending of savings that were intended to finance Christmas gifts

(Strotz (1955)). On the other hand, as pointed out by Laibson (1999, p. 444), “all

illiquid assets provide a form of commitment”, and storage is necessarily illiquid

in hunter-gatherer societies. In particular, a large share of storage in primitive so-

cieties takes the form of somatic capital (Robson and Kaplan (2007)), which makes

any savings decision irreversible.

Observed preference reversals are therefore likely to be the result of a maladap-

tion to a world in which decisions have become increasingly reversible. Dasgupta

and Maskin (2005) argue that reversals will be the consequence of adaption to a

world in which the relative fitness of two alternatives actually changed as time

went by.22 The advantage of the present approach is that it sheds light on the phe-

nomenon of “self-awareness” (Strotz (1955) and Pollack (1968)) and the farsighted

22They assume that payoffs can always realize earlier than expected. If early realization does not
occur, the later alternative becomes relatively less fit. Sozou (1998) also discusses the evolution of
non-exponential discounting, but the model does not explain dynamic inconsistency as considered
here.
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self’s urge to constrain future choices of the myopic self. Such commitment makes

long-run decisions irreversible and thus allows the maintenance of specialized de-

cision mechanisms. One should therefore expect the emergence of self-awareness

as a substitute in a world of increasing reversibility. From there, the coexistence

of multiple selves and the ability to foresee future choice inconsistencies is not as

paradoxical as it may appear: different utility functions make better choices possi-

ble, and self-constraints prevent wrong utility functions from interfering later.

As already mentioned at the end of the last section, the initial decision between

alternatives (1, v1) and (2, v2) is always optimal regarding fitness. It is then clear

that the farsighted self should try to constrain the myopic self, but evolution should

not endow the myopic self with a desire to constrain the farsighted self.

3.4 Attitudes Towards Risk

Now turn to the evolution of attitudes towards risk. Some first implications for the

curvature properties of evolutionarily optimal utility functions follow immediately.

Assume that individuals choose between fitness levels from X = [a, b] directly,

which are drawn and offered according to the density f(x). It follows immediately

that both U(x) and V (x) will be concave, i.e. exhibit risk-aversion globally, if f(x) is

strictly decreasing. This corresponds to a situation in which choices between alter-

natives with small payoffs have to be made more often than between alternatives

with large payoffs.

It also follows that U(x) will in general exhibit less risk-aversion than V (x), i.e.

its slope varies less than that of V (x). This can most easily be seen by calculating

the Arrow-Pratt coefficients of absolute risk-aversion RAU and RAV for the two

functions U and V , under the assumption that the density f(x) is differentiable:

Corollary 3.1. If f(x) is differentiable and f(x) > 0, then

RAV (x) = −f ′(x)
f(x)

and RAU (x) = −2
3

f ′(x)
f(x)

.

Assume, for example, that X = [0, b], b > 0, and alternatives are drawn from

X according to a truncated exponential distribution with rate parameter λ > 0, so

that f(x) = (λe−λx)/(1− e−λb). The parameter λ measures how frequently choices

involve small fitness levels. As λ grows, probability mass is shifted towards smaller
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alternatives. It now follows from Corollary 3.1 that RAV = λ and RAU = 2
3λ; both

U(x) and V (x) exhibit constant absolute risk-aversion. Risk-aversion is, however,

still decreasing in the sense that a decrease in λ, which corresponds to a shift of

probability mass to larger payoffs, reduces risk-aversion.

Assume instead that f(x) is single-peaked with peak in the interior of X . This

seems to be a sensible description of both hunter-gatherers’ environment and to-

day’s decision situations, where most opportunities involve middle-sized rather

than extremely small or large payoffs.

Corollary 3.2. If f is continuous and single-peaked with peak at x̂ ∈]a, b[, then both U(x)
and V (x) are S-shaped with inflection point x̂.

A utility function as described in the corollary resembles the value function

used in prospect theory. Clearly, x̂ can be interpreted as the decision maker’s “ref-

erence point”, because decisions involving alternatives close to x̂ are most likely

and the agent will be accustomed to decisions at this level. The advantage of the

present approach is first that it gives an evolutionary rationale for S-shaped value

functions in general23, and second that it explains how an individual’s reference

point is determined. Even though the environment is stochastic and agents’ pay-

offs will fluctuate over time, the reference point does not adjust to any newly ex-

perienced payoff, but should remain fixed as long as the density f(x) remains the

same. Adjustments of the reference point should therefore not be expected in re-

sponse to random payoff realizations of exceptional size, but only to systematic

changes of the environment, which in turn might be indicated by an accumulation

of previously uncommon payoffs.

An additional feature of prospect theory is “loss aversion”, captured by a down-

ward kink of the value function at the reference point. In the present framework,

this requires a downward jump of the fitness density at its peak, which may appear

as a rather ad hoc assumption. There are, however, reasonable models in which ex-

actly this discontinuity arises. Reconsider the discrete time model from Section 3.3,

with just two time periods (T = 1). To capture the idea that instantaneous payoffs

are usually smaller than later payoffs, for example due to natural growth, assume

23Rayo and Becker (2007a) show that their step function can become S-shaped if evolution cannot
incorporate all relevant information into the happiness function.
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that g0(v) is strictly decreasing while g1(v) is strictly increasing in v. It then immedi-

ately follows that the induced fitness density f(x) is decreasing in x for x > δ. If, in

addition, g1(v) is increasing strongly enough, f(x) will be increasing in x for x ≤ δ.

The density f(x) will then be single-peaked with a downward jump at the peak

x̂ = δ,24 and the utility U(0, v) exhibits loss aversion. In addition to discounting,

there are other interpretations of the model that should be pointed at. An alter-

native (0, v) could represent a project with payoff v that an agent can carry out by

itself, while the project (1, v) requires the help of a collaborator who receives a share

1 − δ of the payoff. The assumption that large payoffs are more frequent in team

projects than in individual projects is then again sensible. Similar conclusions can

be derived from other models in which alternatives differ with respect to a binary

characteristic.

Finally, assume that alternatives are drawn from a set Y and mapped into fitness

by a function ψ, where Assumption 3.1 is again made for convenience. Also assume

that ψ is twice differentiable and strictly concave. The elements of Y could, for

example, represent bundles of food containing different amounts of nutriments,

so that concavity of ψ amounts to the natural assumption of decreasing returns of

nutrition with respect to fitness production. Concavity of ψ is clearly a potential

reason for risk-aversion. Assume, for example, that Y = X = [0, 1] and g(y) = 1,

i.e. alternatives are drawn uniformly from Y , so that Proposition 3.1 implies

U ′′(y) =
1
3
c ψ′(y)−2/3ψ′′(y).

In this case, the curvature properties of U(y) are directly inherited from ψ. This

result is, however, driven by the assumption of a uniform distribution, which elim-

inates effects of environmental randomness. If g(y) is single-peaked, U(y) can be

S-shaped even if the fitness function is concave. It follows from Proposition 3.1 that

this will be the case whenever g′(y) is sufficiently large and/or g(y) is sufficiently

small for small values of y. The inflection point will then always be left of the peak

of g. Consider the following example, where Y = X = [0, 1] and the fitness func-

tion is given by ψ(y) =
√

y. Assume that alternatives are drawn from Y according

to a symmetric beta distribution with parameters α = β = 2, which implies that

24Since g1 is increasing, the jump discontinuity does actually exist.
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the density g(y) = 6y − 6y2 is single-peaked with peak at ŷ = 1
2 . It is now an easy

exercise to show that U ′′(y) > 0 if 0 < y < 3
7 and U ′′(y) < 0 if 3

7 < y < 1. Hence

utility is again S-shaped, with inflection point at 3
7 , which lies somewhat to the left

of ŷ.

3.5 Conclusions

Under the assumption that human decisions are motivated by the pursuit of hap-

piness, this chapter derives optimal hedonic utility functions as situation-specific

tools for evolutionary success. If utility can only be perceived in discrete shades,

different utility functions are differently well adapted to a choice situation. Evo-

lution will select a function which is steep in regions where decisions have to be

made frequently and errors are especially harmful. If these characteristics differ

between choice situations, hedonic utility will adjust. Application of this insight

yields evolutionary explanations for well-documented patterns of risk attitudes,

for changing degrees of impatience, and for the coexistence of potentially conflict-

ing utility functions.

The general model of hedonic adaption reveals that the slope of utility can be

interpreted as the degree of attention devoted to the respective area. The central

result then confirms the intuition that maximal fitness can be attained by allocating

attention according to cost-benefit considerations. This economic argument might

provide explanations for several behavioral patterns that present anomalies for the

standard economic approach, among them what has been described as “mental ac-

counting” (Thaler (1999)) or “choice bracketing” (Read et al. (1999)). Both theories

are related to the multiple selves approach to time discounting (Shefrin and Thaler

(1988)), and the present results might help to understand why different “accounts”

or “brackets” exist and under which circumstances they become active.
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3.A Appendix

3.A.1 Proof of Theorem 3.1

Given a density f , the expected fitness loss due to wrong decisions can be written as

follows. Assume a first alternative x ∈ [tk, tk+1] has been drawn from between two

neighboring thresholds (or a boundary, respectively) that are located at positions tk

and tk+1, where tk ≤ tk+1. Then

L(x|tk, tk+1) =

tk+1∫

tk

1
2
|y − x|f(y)dy

is the expected loss conditional on x. The unconditional expected loss between tk

and tk+1 becomes

L(tk, tk+1) =

tk+1∫

tk

L(x|tk, tk+1)f(x)dx.

The overall loss of a threshold allocation is obtained by adding this expression for

all intervals between thresholds (and the boundaries).

Now consider the step density f̂S as defined in section 3.2 and examine two

neighboring thresholds at tk, tk+1 ∈ Xi for some i ∈ {1, ..., SD}. It follows that

L(tk, tk+1) =
1
6
(fi)2(tk+1 − tk)3.

Consider first the problem of optimal threshold positions under the constraint

that exactly Ni thresholds are allocated to step i = 1, ..., SD. Whenever fi = 0 on

some step i, Ni = 0 will clearly be optimal. All following arguments then apply

unaltered by simply passing over this step. Hence for the moment assume fi > 0

and Ni ≥ 1 for all i = 1, ..., SD. Whenever Ni ≥ 3, all thresholds in Xi must

clearly be equidistant. This follows from observing that the distance between two

thresholds enters the loss as a cubic term. Hence whenever Ni ≥ 2, the thresholds

span Ni − 1 intervals of length li in the interior of Xi, where the dependency of li

on the whole profile N1, ..., NSD is omitted for notational simplicity. There is one

additional interval between a and the first threshold, and one additional interval

between the largest threshold and b. Furthermore, for each i = 1, ..., SD−1 there is

one interval between the largest threshold in Xi and the smallest threshold in Xi+1.
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Let N1(N), ..., NSD(N) describe the optimal number of thresholds on each step

if N thresholds are available altogether, which satisfies
∑SD

i=1 Ni(N) = N .25 As

N → ∞, clearly Ni(N) → ∞ for at least one step i, which implies limN→∞ li = 0.

Assume that one interior threshold is removed from Xi, while all other thresholds

remain unchanged. This increases the loss by 1
6(fi)2(2li)3 − 2

6(fi)2(li)3 = (fi)2(li)3,

which goes to zero as N → ∞. This implies that the distance between any two

neighboring thresholds (or the boundaries a or b respectively) has to go to zero

as N → ∞. If it did not for two thresholds tk and tk+1, relocating an interior

threshold from Xi to ]tk, tk+1[ would eventually (for large enough N ) decrease the

overall loss. Hence, Ni(N) → ∞ as N → ∞ for all i = 1, ..., SD. Furthermore,

limN→∞(Ni(N)− 1)li = L(Xi).

Now consider a stronger necessary condition for optimality of Ni(N), i =

1, ..., SD, where N is assumed to be large enough to imply Ni(N) ≥ 3 for all

i = 1, ..., SD. After taking one interior threshold out of step Xi, keep only the

smallest and the largest threshold in Xi fixed, and rearrange the remaining thresh-

olds in between to make them equidistant again. This increases the loss by

1
6
(fi)2(li)3(Ni − 1)3

[
1

(Ni − 2)2
− 1

(Ni − 1)2

]
.

Similarly, keep the largest and smallest threshold in Xj , j 6= i, fixed, add the addi-

tional threshold in between, and rearrange to equidistant positions. This decreases

the loss by
1
6
(fj)2(lj)3(Nj − 1)3

[
1

(Nj − 1)2
− 1

(Nj)2

]
.

The condition for this not to decrease the overall loss can be rearranged to

(
Nj

Ni − 1

)2 (
Nj − 1
Ni − 2

)2 (
2Ni − 3
2Nj − 1

)
≥

(
fj

fi

)2 [
(Nj − 1)lj
(Ni − 1)li

]3

. (3.1)

If the same argument is repeated for the relocation of a threshold from step j to step

i, one obtains
(

Nj − 1
Ni

)2 (
Nj − 2
Ni − 1

)2 (
2Ni − 1
2Nj − 3

)
≤

(
fj

fi

)2 [
(Nj − 1)lj
(Ni − 1)li

]3

. (3.2)

25The dependency of Ni, i = 1, ..., SD, on N will sometimes be omitted for notational simplicity
in the following.
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As N →∞, the identical RHS of (3.1) and (3.2) converges to (fj/fi)2(L(Xj)/L(Xi))3

from the above considerations. Denote the LHS of (3.1) by aij(N) and the

LHS of (3.2) by bij(N). Since Ni, Nj → ∞ as N → ∞, it follows that

limN→∞(aij(N)/bij(N)) = 1. It then follows by a straightforward argument that

limN→∞ aij(N) = limN→∞ bij(N) = (fj/fi)2(L(Xj)/L(Xi))3 must hold, since oth-

erwise either (3.1) or (3.2) would be violated for large N . Given existence of this

limit, it also holds that limN→∞ aij(N) = limN→∞ bij(N) = limN→∞(Nj/Ni)3, so

that the limit optimality condition becomes

lim
N→∞

Nj(N)
Ni(N)

=
(

fj

fi

)2/3 (
L(Xj)
L(Xi)

)
(3.3)

for all i, j = 1, ..., SD, i 6= j.

By fixing i and adding (3.3) for all j = 1, ..., SD, it follows that

lim
N→∞

Ni(N)
N

=
f

2/3
i L(Xi)∑SD

j=1 f
2/3
j L(Xj)

for all i = 1, ..., SD. This condition now also applies to steps where fi = 0.

Now examine UN,S(x) := θN,S(x)/N . Denote by σS(x) the number of the step

on which x is located, i.e. x ∈ XσS(x). It now follows that

US(x) := lim
N→∞

θN,S(x)
N

=

∑σS(x)−1
i=1 f

2/3
i L(Xi) + γ(x, S)f2/3

σS(x)∑SD
j=1 f

2/3
j L(Xj)

where γ(x, S) = x−xσS(x)−1 is the distance between x and the lower end of the step

on which it is located. Observe that f
2/3
i is a value taken by the function f(x)2/3

somewhere on Xi, because fi is taken by f(x) somewhere on Xi. Furthermore,

f(x)2/3 is Riemann-integrable since it is bounded and has finitely many disconti-

nuities on [a, b]. We thus obtain

U(x) := lim
S→∞

US(x) = c

x∫

a

f(y)2/3dy,

where c = (
∫ b
a f(y)2/3dy)−1 is a normalizing constant.

The result on V (x) stated in Theorem 3.1 follows easily by repeating all previous

steps for the probability of mistakes, where the probability of a mistake between
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two thresholds tk, tk+1 ∈ Xi is P (tk, tk+1) = 1
2(fi)2(tk+1 − tk)2, analogously to

L(tk, tk+1) above. Hence for this case, the technique used here yields the same

result that Robson (2001a) obtained.
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4.1 Introduction and Literature

Models of learning in games typically start with the specification of a basic behav-

ioral rule on the side of the players, e.g. myopic best reply, truncated fictitious play,

or a variant of imitation. Since such basic dynamics exhibit a multiplicity of rest

points (e.g., any Nash equilibrium is a rest point for a myopic best reply dynam-

ics), it is necessary to perform a stability test.

Within the class of discrete-time, finite population models, one of the most suc-

cessful paradigms in the literature performs this test by adding noise to the basic

dynamics and studying the long-run outcomes as noise vanishes. Formally, the

basic dynamics is a Markov chain1 with multiple absorbing sets, which is made

irreducible by the addition of noise. Probably the best-known example of this

methodology is the mistakes model, essentially introduced by Kandori et al. (1993)

(for an imitation rule), Young (1993), and Kandori and Rob (1995) (for myopic best

reply). In this model, agents are assumed to have a certain probability (indepen-

dent across agents and periods) of making mistakes, where a mistake is defined

as choosing some strategy at random, with a full-support probability distribution.

The mistake distribution is typically assumed to be uniform, although this is of no

relevance. The important feature of the model is that the shape of this distribution

is independent of the noise level.

The mistakes model has delivered important messages, ranging from the almost

universal selection of risk-dominant equilibria (as opposed to Pareto efficient ones)

in coordination games (Kandori et al. (1993), Young (1993)), to the dynamic rele-

vance of “perfectly competitive” outcomes in aggregative games (Vega-Redondo

(1997), Alós-Ferrer and Ania (2005)). One of the most attractive features of the

mistakes model is that, thanks to a result due to Freidlin and Wentzell (1988), it is

possible to provide a simple characterization of the set of long-run outcomes. These

outcomes, called stochastically stable states, are those having positive probability in

the limit invariant distribution as noise vanishes. The well-known characterization

relies on minimizing the number of mutations associated to the transitions depicted

in certain graphs (trees) defined on the state space.

1Throughout this chapter, the term “Markov chain” refers to a discrete-time Markov chain with
stationary transition probabilities and finite state space.
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This approach is not exempt of critiques. First and foremost, selection results

are based on the number of mistakes necessary to destabilize a given state, but, in

a sense, all mistakes are treated equally. For example, choosing a strategy which

delivers almost a best response is a mistake at the same level as choosing a strategy

which delivers payoffs far away from the optimum. Thus, the approach only re-

lies on the (cardinal) payoffs of the game to a limited extent. Second, Bergin and

Lipman (1996) observed that, if the distribution of mistakes is allowed to be state-

dependent, the model can be twisted to select any pre-specified rest point. Thus, it

becomes necessary to have a well-justified theory on the origin of mistakes. In van

Damme and Weibull (2002), mistake probabilities are derived from a rationalistic

model where agents can control mistakes at a cost, but it is prohibitive to com-

pletely eliminate them. Blume (2003) responds to the critique by characterizing

the class of noise processes that lead to the selection of risk-dominant equilibria in

coordination games.

The mistakes model, though, is not the only model where noise can be reason-

ably used as a selection device. One particular model which is immune to Bergin

and Lipman’s (1996) critique is the logit response dynamics, which was introduced in

Blume (1993). In this dynamics, players adopt an action according to a full-support

distribution of the logit form, which allocates larger probability to those actions

which would deliver (myopically) larger payoffs. Thus, this dynamics is based on

a specific theory about the origin of mistakes which in turn takes the magnitude of

(suboptimal) payoffs fully into account. Noise is incorporated in the specification

from the onset, and it governs directly the distribution of actions itself. As noise

vanishes, that distribution concentrates on the best responses.

Due to the specification of noise, the logit-response dynamics is not a particu-

lar case of the mistakes model, and thus cannot benefit from the characterization

of long-run outcomes mentioned above. Indeed, results for the logit-response dy-

namics are harder to obtain and are often restricted to particularly well-behaved

classes of games. For example, binary action games (as in Blume (2003) or Maruta

(2002)) give rise to a birth-death chain whose invariant distribution can be char-

acterized directly. Further, as shown by Blume (1997), if the base game admits an
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exact potential, the process is reversible and again the invariant distribution can be

characterized directly.

An additional criticism to the literature of learning in games, and the mistakes

model in particular, is the sensitivity of the results to the specification of the dy-

namics, most notably revision opportunities (e.g. inertia). It is often the case that

“who learns when” is as important as “who learns how”.

In this chapter we develop a characterization of the long-run outcomes of the

logit-response dynamics for arbitrary finite normal-form games. Furthermore, our

result applies to a generalization of the original logit-response dynamics. In partic-

ular, we allow for an arbitrary specification of revision opportunities, encompass-

ing e.g. independent revision opportunities (as in most versions of the mistakes

model) and asynchronous learning (as in Blume’s (1993) model). In order to obtain

our results, we build on the analysis of Freidlin and Wentzell (1988) to characterize

the invariant distribution of the logit-response dynamics for fixed noise levels, and

use it to develop a characterization of the stochastically stable states.

In order to illustrate the method and its applicability, we proceed to study the

convergence of the logit-response model for the various generalizations of the con-

cept of potential game. Our method allows us to offer simple answers to several

open questions. We find that, first, convergence to the set of Nash equilibria can-

not be guaranteed for Monderer and Shapley’s (1996) generalized ordinal potential

games, but, second, convergence does obtain for Voorneveld’s (2000) best-response

potential games. We also show that the latter result is robust to the specification of

revision opportunities under an additional condition which is satisfied both by in-

dependent inertia and asynchronous learning models. Third, we study the value of

potential maximizers as an equilibrium refinement and find that the selection of po-

tential maximizers (which obtains for exact potential games under Blume’s (1993)

asynchronous learning dynamics) fails two robustness tests. First, it fails even for

exact potential games if revision opportunities do not fall into the asynchronous

learning category. Second, it fails for any generalization of potential games even if

revision opportunities are asynchronous.

The chapter is organized as follows. Section 4.2 reviews the logit-response dy-

namics and introduces our generalized dynamics. Section 4.3 presents our charac-
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terization of stochastically stable states, whose (technical) proof is relegated to the

Appendix. Section 4.4 applies this characterization to the logit-response dynam-

ics in best-response potential games. Section 4.5 discusses a generalization of our

results. Section 4.6 concludes.

4.2 The Logit-Response Dynamics

4.2.1 The Logit Choice Function

Let Γ = (I, (Si, ui)i∈I) be a finite normal-form game with player set I =

{1, 2, ..., N}, strategy sets Si and payoff functions ui defined on the set of pure strat-

egy profiles S = S1 × ... × SN . For a given player i, denote by S−i =
∏

j 6=i Sj the

set of pure strategy profiles of i’s opponents. Following convention, we denote

s = (si, s−i) ∈ S and ui(si, s−i) = ui(s).

The game is played by boundedly rational players, who behave as myopic best

repliers, but tremble in their decisions. Every period, some set of players is chosen

to update their actions. We will further specify revision opportunities below.

When given the chance to revise, player i observes the actions s−i of the oppo-

nents. The probability of choosing action si given the current profile s−i is given by

the logit choice function

pi(si, s−i) =
eβui(si,s−i)

∑
s′i∈Si

eβui(s′i,s−i)
, (4.1)

where 0 < β < ∞.

The scalar β can be interpreted as an inverse measure of the level of noise

in players’ decisions. As β → ∞, the described rule converges to the myopic

best reply rule. For any 0 < β < ∞, players choose non-best replies with pos-

itive probability, but actions that yield smaller payoffs are chosen with smaller

probability. The dynamic adjustment process defines an irreducible and aperiodic

Markov chain {Xβ
t }t∈N on the state space S, with stationary transition probabilities

P β
ss′ = Prβ(st = s′|st−1 = s) and (unique) invariant distribution µβ .

For any specification of revision opportunities, we will refer to this dynam-

ics as a logit response dynamics. Consider the particular case where exactly one
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player is randomly selected each period to revise his strategy,2 and let qi > 0 de-

note the probability that player i is selected. For this case, which we will refer to

as asynchronous learning, the dynamics was first introduced by Blume (1993)3 and

has been further developed in e.g. Blume (1997, 2003), Young (1998), and Baron,

Durieu, Haller, and Solal (2002a, 2002b). Taken as a behavioral rule, the underlying

logit choice function (4.1) is rooted in the psychology literature (Thurstone (1927)).

From the microeconomic point of view, it can be given a justification in terms of a

random-utility model (see e.g. McKelvey and Palfrey (1995) for details). Hofbauer

and Sandholm (2002, Section 2) observe that it is also the only choice function of

the “quantal” form

Ci(ui) =
w(ui(si, s−i))∑

s′i∈Si
w(ui(s′i, s−i))

with w(·) an increasing and differentiable function of the payoffs, which can be

derived as the result of both a stochastic and a deterministic perturbation of the

payoffs.4 Thus, the logit-response dynamics exhibits solid decision-theoretic foun-

dations.

4.2.2 Asynchronous Logit Response in Potential Games

The game Γ is a potential game5 (Monderer and Shapley (1996)) if there exists a

function ρ : S → R, called the potential, such that for each i ∈ I , si, s
′
i ∈ Si,

s−i ∈ S−i

ui(si, s−i)− ui(s′i, s−i) = ρ(si, s−i)− ρ(s′i, s−i).

The global maximizers of the potential function ρ form a subset of the set of

Nash equilibria of Γ. If Γ is a potential game, it follows that ui(si, s−i) = ρ(si, s−i)+

λ(s−i), where λ(s−i) is independent of si.6 Thus (4.1) can be simplified to

pi(si, s−i) =
eβui(si,s−i)

∑
s′i∈Si

eβui(s′i,s−i)
=

eβρ(si,s−i)

∑
s′i∈Si

eβρ(s′i,s−i)
. (4.2)

2This can be interpreted as a reduced form (technically, the embedded chain) of a continuous-time
model where players receive revision opportunities according to “Poisson alarm clocks.”

3Blume (1993) refers to this dynamics as log-linear response.
4Mattsson and Weibull (2002) and Baron, Durieu, Haller, and Solal (2002a, 2002b) show that logit-

response arises in the framework of van Damme and Weibull (2002) when control costs adopt a
specific functional form.

5Also called partnership games. See Hofbauer and Sigmund (1988).
6Fix a strategy s0 ∈ Si, and define λ(s−i) = ui(s0, s−i)− ρ(s0, s−i).
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It is then straightforward to show (see Blume (1997)) that the invariant distri-

bution of the logit-response dynamics adopts a Gibbs-Boltzmann form, i.e. the po-

tential function becomes a potential for the stochastic process. The proof (which is

included for completeness only) takes advantage of the fact that the reformulation

(4.2) implies that the process is reversible.

Proposition 4.1. Let Γ be a potential game with potential ρ. The invariant distribution of
the logit-response dynamics with asynchronous learning is

µβ(s) =
eβρ(s)

∑
s′∈S eβρ(s′) .

Proof. It is enough to show that µβ as given in the statement satisfies the detailed
balance condition, i.e. µβ(s)P β

ss′ = µβ(s′)P β
s′s for all s, s′ ∈ S. This is clearly fulfilled if

s = s′, and also if s and s′ differ in more than one coordinate, since P β
ss′ = P β

s′s = 0
in this case. Hence assume w.l.o.g. that s and s′ differ exactly in coordinate i, that
is si 6= s′i and sj = s′j for all j 6= i. It follows that

µβ(s)P β
ss′ =

eβρ(s)

∑
s′′∈S eβρ(s′′) qi

eβρ(s′i,s−i)

∑
s′′i ∈Si

eβρ(s′′i ,s−i)
= µβ(s′)P β

s′s.

where the last equality holds due to s−i = s′−i.

As β → ∞, the invariant distribution of the process converges to an invariant

distribution of the best-reply dynamics. We say that a state s ∈ S is stochastically

stable if limβ→∞ µβ(s) > 0. An immediate consequence of Proposition 4.1 is

Corollary 4.1. Let Γ be a potential game. The set of stochastically stable states of the
logit-response dynamics with asynchronous learning is equal to the set of maximizers of ρ.

This Corollary provides of course a readily applicable result.7 In our view, it is

also important for two additional reasons. First, it is a convergence result. The asyn-

chronous logit response dynamics always converges to the set of Nash equilibria

in the class of exact potential games. Second, it is a selection result. In particular,

the logit-response dynamics provides support for treating the set of potential max-

imizers as an equilibrium refinement for potential games.

7For example, Sandholm (2007) relies on this result to build a model of evolutionary implementa-
tion.
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The latter finding has motivated a large part of the literature of learning in

games in recent years, and indeed the selection of potential maximizers has be-

come a test of the reasonability of a learning dynamics.8 It is therefore important

to know how robust both parts of Corollary 4.1 are. That is, we pose the ques-

tion of whether the convergence to Nash equilibria and the selection of potential

maximizers extend to more general classes of games and dynamics.

Proposition 4.1 (and hence Corollary 4.1), however, rely on the knife-edge tech-

nical fact that the exact potential of the game allows to identify the invariant dis-

tribution of the stochastic process for positive noise level. Clearly, the proof cannot

be generalized any further. In the next section, we develop a framework which will

allow us to provide exact results for both more general games and more general

dynamics.

4.2.3 Revision Processes and a Generalized Dynamics

The existing results for the logit-response rule (as e.g. Corollary 4.1) rely on the

asynchronicity assumption to establish the convenient Gibbs-Boltzmann form for

the invariant distribution. Here we will consider a more general approach allowing

for arbitrary specification of updating opportunities. We illustrate this by consid-

ering a general class of revision processes. The motivation for the generalization is

as follows. In our view, a learning dynamics in games is made of a behavioral rule

and a specification of revision opportunities (i.e. the speed of the dynamics). Thus,

it is important to know which results are due to the behavioral rule and which ones

hinge on the exact specification of the revision process. Studying general revision

processes for a given dynamics therefore becomes an important robustness check.

Definition 4.1. A revision process is a probability measure q on the set of subsets of I ,
P(I), such that

∀ i ∈ I ∃J ⊆ I such that i ∈ J and qJ > 0 (4.3)

where, for each J ⊆ I , qJ = q(J) is interpreted as the probability that exactly players in J

receive revision opportunities (independently across periods).

Condition (4.3) merely specifies that every player has some probability of being

able to revise in some situation. No further restriction is placed on the revision

8See e.g. Hofbauer and Sorger (1999).
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process, which allows for a wide range of models to be considered. We list now

three leading examples.

Let Rq = {J ⊆ I|qJ > 0} denote the set of revising sets, i.e. sets of players

which might obtain revision opportunity (as a whole) with positive probability. If

Rq = {{i}|i ∈ I}, we say that the dynamics exhibits asynchronous learning and write

qi = q{i}. As commented above, this includes the asynchronous logit-response

dynamics of Blume (1993).

If Rq = P(I), we speak of independent learning. That is, every subset of players

has positive probability of being able to revise. For example, a standard version of

the mistakes model (see e.g. Sandholm (1998)) is a particular case which postulates

independent inertia, i.e. each player revises with a fixed, independent probability

0 < p < 1. Thus qJ = p|J | (1− p)N−|J | > 0 for each subset J .

We can also consider a model of instantaneous learning, where all players receive

revision opportunities every period, i.e. Rq = {I}. Other examples could include

specific correlation in revision opportunities among certain groups of players,9 or

bounds to the number of players revising each period.

Fix a revision process q. For any two strategy profiles s, s′ ∈ S, let Rs,s′ = {J ∈
Rq|s′k = sk∀ k /∈ J} be the set of revising sets potentially leading from s to s′. Note

that from a given s ∈ S, different alternative revising sets might give rise to the

same transition, because players selected to revise might stay with their previous

action. However, under asynchronous learning |Rs,s′ | ≤ 1 for all s 6= s′. We say

that a transition from s to s′ is feasible if Rs,s′ 6= ∅.

The logit-response dynamics with revision process q is a Markov chain on the

state space S with stationary transition probabilities given by

Ps,s′ =
∑

J∈Rs,s′

qJ

∏

j∈J

eβ·uj(s
′
j ,s−j)

∑
s′′j ∈Sj

eβ·uj(s′′j ,s−j)
.

Define UJ(s′, s) =
∑

j∈J uj(s′j , s−j). Let RJ
s = {s′ ∈ S|s′k = sk∀ k /∈ J} be the set

of states potentially reached from s when the revising set is J . We can then rewrite

9Since we do not restrict attention to symmetric games, this possibility might be of independent
interest, e.g. for buyers-sellers models as in Alós-Ferrer and Kirchsteiger (2007).
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the transition probabilities as

Ps,s′ =
∑

J∈Rs,s′

qJ
eβ·UJ (s′,s)

∑
s′′∈RJ

s
eβ·UJ (s′′,s) . (4.4)

4.3 Stochastic Stability

Given a general revision process q, the logit-response dynamics is in general not a

birth-death chain. Even if this were the case (e.g. under asynchronicity in binary ac-

tion games), unless the game is an (exact) potential game an exact characterization

of the invariant distribution was until now not available. We now develop a char-

acterization of the set of stochastically stable states of the logit-response dynamics

which relies precisely on such a characterization of the invariant distribution.

Given a state s, define an s-tree to be a directed graph T such that there exists a

unique path from any state s′ ∈ S to s. The key concept for our characterization is

as follows:

Definition 4.2. A revision s-tree is a pair (T, γ) where

(i) T is an s-tree,
(ii) (s, s′) ∈ T only if Rs,s′ 6= ∅ (only feasible transitions are allowed), and

(iii) γ : T → P(I) is such that γ(s, s′) ∈ Rs,s′ for all (s, s′) ∈ T .

Thus, there are two differences between a revision tree and a tree as used in

the characterization for the mistakes model. First, in a revision s-tree, edges cor-

responding to unfeasible transitions are not allowed.10 Second, in a revision s-tree

(T, γ), γ labels each edge of T with a revising set which makes the corresponding

transition potentially feasible.

Remark 4.1. Suppose that a revision process satisfies that for all s, s′ ∈ S, s 6= s′,

either Rs,s′ = ∅ or |Rs,s′ | = 1. This is e.g. true for asynchronous learning and

instantaneous learning. Then, for each link (s, s′) in a revision tree there exists

exactly one revising set making the transition from s to s′ feasible. In other words,

given a tree T using feasible transitions only, there exists a unique mapping γ such

that (T, γ) is a revision tree.

10Thus, actually the concept of revision tree depends on the revision process q. We drop this de-
pendency for notational simplicity.
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4.3.1 A Characterization

Let T (s) denote the set of revision s-trees. The waste of a revision tree (T, γ) ∈ T (s)

is defined as

W (T, γ) =
∑

(s,s′)∈T

(
max
s′′∈S

Uγ(s,s′)(s
′′, s)

)
− Uγ(s,s′)(s

′, s).

or, equivalently,

W (T, γ) =
∑

(s,s′)∈T

∑

j∈γ(s,s′)

(
max
s′′j ∈Sj

uj(s′′j , s−j)− uj(s′j , s−j)

)
.

In words, the waste of a revision tree adds all the individual (ex-ante, myopic)

payoff wastes generated across the transitions depicted in the tree, relative to the

payoffs that could have been reached by adopting best responses. Obviously, a

transition generates zero waste in this sum if and only if it involves only best re-

sponses.

Intuitively, the waste of a revision tree is an inverse measure for its likelihood in

the logit-response dynamics. It is analogous to the concept of costs in the mistakes

model, with the obvious difference that wastes are real numbers, rather than natu-

ral ones (number of mistakes).11 The stochastic potential of a given state is obtained

by minimizing waste across revision trees rooted in that state.

Definition 4.3. The stochastic potential of a state s is

W (s) = min
(T,γ)∈T (s)

W (T, γ).

As mentioned above, a state is stochastically stable if it has positive probability

in the limit invariant distribution of a noisy process as noise vanishes (in our case,

when β →∞). Our characterization of stochastically stable states is as follows.

Theorem 4.1. Consider the logit-response dynamics (with any revision process). A state
is stochastically stable if and only if it minimizes W (s) among all states.

11An alternative name for the waste would be regret. We prefer to avoid this name for two reasons.
First, there is a growing game-theoretic literature where players choose actions according to their as-
sociated regret (see e.g. Hart and Mas-Colell (2000)). For us, the waste is rather a technical device and
not an objective target. Second, except in the case of asynchronous learning, the waste of a player’s
choice is only potential regret, since the corresponding payoff will not actually be experienced due to
other players simultaneously updating their choices.
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Proof. See Appendix, Section 4.A.1.

The proof of Theorem 4.1 is itself based on an exact characterization of the in-

variant distribution for finite β (Lemma 4.1 in the Appendix). Theorem 4.1 yields

a “tree-surgery” technique for the characterization of stochastically stable states of

the logit-response dynamics, for arbitrary finite normal-form games and with arbi-

trary revision processes. It is analogous to the statement that stochastically stable

states are those having trees involving a minimal number of mistakes in the mis-

takes model. In our framework, the number of mistakes is replaced by the sum of

payoff losses from transitions which are not possible in the limit as β →∞.

This result makes it possible to focus on minimal waste revision trees to exam-

ine stochastic stability. If the set of revising sets is a singleton for every possible

transition, as is the case e.g. for asynchronous and instantaneous learning, there is

exactly one revision tree per tree involving feasible transitions only, and thus we

can directly examine minimal waste trees.

4.3.2 A Radius-Coradius Result

One of the most powerful results for the actual analysis of models based on the mis-

takes formulation is the Radius-Coradius theorem due to Ellison (2000). In order to

support our tractability claim for the logit model, we now prove a result analogous

to Ellison’s (2000) Radius-Coradius Theorem in our framework. A directed graph

P on S is a path if there exists a finite, repetition-free sequence (s0, s1, ..., sn) of states

in S with n = |P |, such that (sm, sm+1) ∈ P and Rsm,sm+1 6= ∅ for all m = 0, ..., n−1.

The state s0 is the initial point of the path, the state sn is the terminal point. Since

the logit response dynamics is irreducible for any revision process, the set of paths

between any two given states is nonempty.

Note that a path as described above is an sn-tree on the subset of states

{s0, ..., sn} and thus a revision path (P, γ) can be defined as a revision tree, where

P is a path. Denote the set of all revision paths with initial point s and terminal

point s′ by P(s, s′). The waste W (P, γ) of a revision path (P, γ) ∈ P(s, s′) is simply

its waste as a revision tree.
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The basin of attraction12 of a state s, B(s) ⊆ S is the set of all states s′ such that

there exists a revision path (P, γ) ∈ P(s′, s) with W (P, γ) = 0. The limit set of state

s is the set of states which are connected back-and-forth with s at zero waste, i.e.

L(s) = {s′ ∈ s|s′ ∈ B(s) and s ∈ B(s′)}.

The Radius of a state s is defined as

R(s) = min{W (P, γ)|s′ /∈ B(s), (P, γ) ∈ P(s, s′)}

and is a measure of how easy it is to leave state s. Since the waste is based on payoff

differences and not number of mistakes, it takes into account not only the size but

also the “depth” of the basin of attraction. The Coradius of s is given by

CR(s) = max
s′ /∈B(s)

min{W (P, γ)|s′′ ∈ B(s), (P, γ) ∈ P(s′, s′′)}

and is a measure of how hard it is to reach s.

Proposition 4.2. Suppose a state s ∈ S is such that R(s) > CR(s). Then, the stochasti-
cally stable states are exactly those in L(s).

Proof. Let s∗ ∈ S, s∗ /∈ B(s). Let (T ∗, γ∗) ∈ T (s∗) solve min(T,γ)∈T (s∗) W (T, γ).
Consider the tree T ∗ and the complete path from s to s∗ in this tree. Since

s∗ /∈ B(s), this path eventually leaves the basin of attraction of s. Let s1 be the first
state in this path which is not in B(s). Delete the part of the path from s to s1. For
all states but s that have become disconnected, the fact that they are in B(s) allows
to connect them to s (adding the corresponding transitions) with waste zero. If this
creates any duplicated edges in the graph, delete the duplicate, but keep only the
revising set which ensures waste zero. This saves a waste weakly larger than R(s)
(by definition of Radius).

Add to the revision tree a revision path (P, γ) ∈ P(s∗, s) which solves
min{W (P, γ)|s′′ ∈ B(s), (P, γ) ∈ P(s∗, s′′)}. Delete any duplicated transitions cre-
ated when adding (P, γ), keeping the revising sets in γ. This increases the waste by
weakly less than CR(s) (by definition of Coradius).

After these two operations we have constructed a new revision tree, rooted in
s. If CR(s) < R(s), the total waste has been strictly reduced. It follows that the
stochastic potential of s is strictly smaller than the stochastic potential of any s∗

12There is a subtle difference between our result and Ellison’s (2000). Ellison defines the basin of
attraction of a state s as the set of states from which the (unperturbed) dynamics will eventually lead
to s with probability one, whereas we define the basin of attraction of s as the set of states such that
the unperturbed dynamics (i.e. that involving zero-waste transitions only) leads to s with positive
probability.
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not in the basin of attraction of s, thus the latter can not be stochastically stable by
Theorem 4.1.

Consider now a state s∗ ∈ B(s) such that s /∈ B(s∗). Consider a minimal-waste
s∗-revision tree. Since s /∈ B(s∗), in the path connecting s to s∗ contained in this
tree there exists some transition, say from s1 to s2, which causes strictly positive
waste. Delete it. Since s∗ ∈ B(s), there exists a zero-waste revision path from s∗ to
s. Add this path to the revision tree, deleting duplicated transitions. The result is
an s1-revision tree with strictly smaller waste, thus again by Theorem 4.1, s∗ cannot
be stochastically stable.

Last, consider any state s∗ ∈ L(s), s∗ 6= s. Clearly, minimal waste revision
trees for both states must have the same waste. In summary, no state out of L(s)
can be stochastically stable, but all states in L(s) have the same stochastic potential.
Since there are finitely many states, there must exist states with minimum stochastic
potential and the conclusion follows.

Following Ellison (2000), it is possible to extend this result in two ways. The

first would allow to apply the analysis to sets of states rather than a single state.

The second would deal with the concept of “modified coradius”, which subtracts

the radius of intermediate states when computing the coradius, thus providing a

more involved but stronger result.

4.4 Learning in Best-Response Potential Games

In this Section, we illustrate the use of our characterization and provide definite

answers to the questions we posed above, that is, to which extent are the findings

of convergence to Nash equilibria and selection of potential maximizers robust.

To check robustness with respect to the dynamics, we will consider arbitrary revi-

sion processes as discussed above. To check robustness with respect to the class

of games, we will consider the various generalizations of the concept of potential

game.

4.4.1 Generalized Potential Games

As mentioned in Section 4.2.2, a finite normal form game Γ = (I, (Si, ui)i∈I) is an

(exact) potential game if there exists a function ρ : S 7→ R (the potential) such that

ui(si, s−i)− ui(s′i, s−i) = ρ(si, s−i)− ρ(s′i, s−i) (P)

for all i ∈ I , si, s
′
i ∈ Si, and s−i ∈ S−i. The set of potential maximizers has been

shown to be an appealing equilibrium refinement for this class of games. However,
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it can also be argued that the class of potential games is relatively narrow. Monderer

and Shapley (1996) generalized this class as follows. Γ is a weighted potential game

if (P) is replaced by ui(si, s−i) − ui(s′i, s−i) = wi (ρ(si, s−i)− ρ(s′i, s−i)) for fixed

weights wi > 0, i ∈ I . Further, Γ is an ordinal potential game if (P) is replaced by the

property that ui(si, s−i) − ui(s′i, s−i) and ρ(si, s−i) − ρ(s′i, s−i) have the same sign.

Last, Γ is a generalized ordinal potential game if (P) is replaced by the property that

ui(si, s−i)− ui(s′i, s−i) > 0 implies that ρ(si, s−i)− ρ(s′i, s−i) > 0.

The appeal of generalized ordinal potential games rests on the following char-

acterization. A finite game is generalized ordinal potential if and only if it has the

Finite Improvement Property, that is, if any path of states generated through unilat-

eral deviations involving strict improvements is necessarily finite.

Obviously, every potential game is a weighted potential game, every weighted

potential game is an ordinal potential game, and every ordinal potential game is

generalized ordinal potential. Voorneveld (2000) has provided a different general-

ization of the class of ordinal potential games, and has shown that it is neither in-

cluded in nor includes the class of generalized ordinal potential games. The game

Γ is a best-response potential game if there exists a function ρBR : S → R such that

∀i ∈ I , and s−i ∈ S−i,

arg max
si∈Si

ui(si, s−i) = arg max
si∈Si

ρBR(si, s−i).

Best-response potential games admit a characterization as follows (see Voorn-

eveld (2000, Theorem 3.2)). A normal form game with finitely many players and

countable strategy sets is a best-response potential game if and only if any path

of states generated through unilateral best responses, and containing at least one

strict improvement, is non-cyclic.

4.4.2 A Convergence Result

We turn now to the question of convergence to Nash equilibria.13 Theorem 4.1

allows the following first, immediate observation. In generalized ordinal poten-
13Hofbauer and Sandholm (2002) use stochastic approximation techniques to study convergence

of closely-related dynamics to the set of Nash equilibria in potential and supermodular games. The
strategy is taking the limit as the population size grows to infinity and the time interval goes to
zero, and approximating the paths of the dynamics through a differential equation. In contrast, we
study convergence directly on the finite, fixed-population-size, discrete-time dynamics. Baron et al.
(2002a) have established convergence of the asynchronous logit-response dynamics to partial Nash
configurations, i.e. strategy profiles where at least one player is choosing a best response.
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tial games, convergence to Nash equilibria is not guaranteed, even under asyn-

chronous learning. In other words, non-Nash states can be stochastically stable. To

see this, consider the following example.

Example 4.1. Consider asynchronous learning. The following 2 × 2 game (left-

hand-side table) is Example 4.1.(a) in Voorneveld (2000).

a b

a 0,0 0,1

b 0,1 1,0

a b

a 0 1

b 3 2

Payoff Table G.O. Potential

The only pure-strategy Nash equilibrium is (b, a). This game has a generalized

ordinal potential ρ given by the right-hand-side table. However, the game exhibits

a best-response cycle, and hence is not a best-response potential game. This best-

response cycle contains the links (aa, ab), (ab, bb), (bb, ba), and (ba, aa). Since each of

these transitions is a best response for the updating player, we can construct a zero-

waste revision tree for all four states. In conclusion, all four states are stochastically

stable, even though only one of them is a Nash equilibrium.14

This example shows that non-Nash states can be stochastically stable in general-

ized ordinal potential games under the logit-response dynamics with asynchronous

learning. Thus, the next question of interest is when does convergence to Nash equi-

libria obtain. The example above shows that the answer is negative for the class of

generalized ordinal potential games.

As an application of Theorem 4.1, though, we can answer this question in the

affirmative for best-response potential games, and hence ordinal potential games.

We will also simultaneously perform a robustness check of the convergence result

to variations in the way players are chosen to update strategies. Say that a revision

process is regular if q{i} > 0 for all i ∈ I . Both standard revision processes in the

learning literature, asynchronous learning and independent learning, are clearly

regular.

14In particular, state ab is among the stochastically stable states, even though the set of Nash equi-
libria is {[(p, 1− p), a] |0 ≤ p ≤ 1

2
}, i.e. player 2 never plays strategy b in an equilibrium.
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Theorem 4.2. If Γ is a finite best-response potential game, the set of stochastically stable
states of the logit-response dynamics with any regular revision process is contained in the
set of Nash equilibria.

Proof. Fix a state s0 ∈ S which is not a Nash equilibrium of Γ, and hence there exists
a coordinate i ∈ I such that maxsi∈Si ui(si, s

0
−i) > ui(s0). Consider any revision tree

(T 0, γ0) ∈ T (s0) with associated waste W (T 0, γ0). Construct a revision tree (T 1, γ1)
from (T 0, γ0) as follows. Let s1 = (s1

i , s
0
−i) where s1

i ∈ arg maxsi∈Si ui(si, s
0
−i). Add

the link (s0, s1) with revising set {i} (which is possible by regularity of the revision
process) and delete the link (s1, s2) leaving s1 in T 0. The new graph is a tree T 1 ∈
T (s1). The additional transition from s0 to s1 causes no waste by definition of s1. If
the contribution of the deleted link (s1, s2) to W (T 0, γ0) was positive, W (T 1, γ1) <

W (T 0, γ0) holds.15

If the contribution was zero and thus W (T 1, γ1) = W (T 0, γ0), proceed as fol-
lows. Add a link (s1, ŝ2) with revising set {i} where ŝ2 = (s2

i , s
1
−i) for some

i ∈ γ0(s1, s2) such that s2
i 6= s1

i . This causes zero waste because (s1, s2) caused
zero waste. Delete the link (ŝ2, s3) leaving ŝ2 in T 1. The new (labelled) graph is a
revision-tree (T 2, γ2) ∈ T (ŝ2), with zero waste for the link (s1, ŝ2).

Iterate the described procedure until deletion of a positive waste link (ŝn, sn+1)
occurs, i.e. move along a best-response compatible path of states. Since Γ is a best-
response potential game, any such path, which started with a strict improve-
ment for a player, is non-cyclic (Voorneveld (2000, Theorem 3.2)), such that it-
eration actually ends with a revision tree (Tn, γn) ∈ T (ŝn) where ŝn 6= s0 and
W (Tn, γn) < W (T 0, γ0). Hence no (T, γ) ∈ T (s0) can have minimum waste and,
by Theorem 4.1, s0 is not stochastically stable.

This result generalizes both the class of potential games and the class of logit-

response dynamics for which convergence to Nash equilibria obtains. The proof

relies crucially on the characterization of finite best-response potential games, that

is, the property that any path of states generated through unilateral best responses,

containing at least one strict improvement, is non-cyclic. This property is not nec-

essarily fulfilled by generalized ordinal potential games (e.g. it fails in Example

4.1.)

The assumption of regularity of the revision process is necessary for the result to

obtain. To see this, consider the case of instantaneous learning, where every player

receives revision opportunity with probability one. In this case, convergence to

Nash equilibria can fail even for exact potential games.

15We use the term “waste of a link” as a shortcut for “waste of the revision tree formed by a single
link and the chosen revising set”.
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Example 4.2. The following 2×2 game is symmetric, and hence an exact potential

game (and also a best-response potential game). It has two strict Nash equilibria,

(a, a) and (b, b).

a b

a 1,1 0,0

b 0,0 1,1

a b

a 1 0

b 0 1

Payoff Table Exact Potential

Under asynchronous learning, both Nash equilibria are stochastically stable,

since they both maximize the potential. With our approach it is easy to verify that

the same holds under independent learning. Now consider instantaneous learning.

Once a Nash state is reached, a waste of 1 is required to leave it, i.e. one of the

updating players needs to make a mistake to move to either (a, b) or (b, a).16 Once

the process reaches either (a, b) or (b, a), it alternates between these two states if

nobody makes a mistake. Leaving this cycle again causes a waste of 1. Hence the

stochastic potential of all states is 2, and they are all stochastically stable. That is,

convergence to Nash equilibria might fail even for exact potential games.

4.4.3 The Irrelevance of Potential Maximizers

This leads us to the second question of interest, namely whether potential maxi-

mizers are selected by the logit response dynamics in general. The following ex-

ample illustrates that states which globally maximize the potential function of a

weighted potential game will not generally be stochastically stable. Thus, although

all stochastically stable states of the logit-response dynamics are Nash equilibria for

best-response potential games, stochastic stability does not support the use of po-

tential maximizers as an equilibrium refinement for any generalization of potential

games, even with asynchronous learning.

Example 4.3. Let Γ be an asymmetric, pure-coordination, 2× 2 game with strat-

egy sets S1 = S2 = {a, b} and payoffs as given in the following (left-hand-side)

table:
16Moving directly from one of the Nash states to the other causes a waste of 2, because both players

must make a mistake.
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a b

a 2,2 0,0

b 0,0 10,1

a b

a 2 -6

b 0 4

Payoff Table Weighted Potential

This game has a weighted potential ρ given by the right-hand-side table and

weights w1 = 1 and w2 = 1/4. The equilibrium (b, b) is the (unique) potential

maximizer.

Consider asynchronous learning. It is straightforward to construct the

minimum-waste trees. Note that, since the game is a strict coordination game,

states (a, b) and (b, a) can be connected to either of the pure Nash equilibria at zero

waste. Thus the minimum waste of a (b, b) tree is equal to the minimum waste

necessary to leave (a, a), and vice versa. The waste of the link (a, a) 7→ (b, a) is

w1 · (2 − 0) = 2; the waste of the link (a, a) 7→ (a, b) is w2 · (2 − (−6)) = 2. Thus

the stochastic potential of (b, b) is 2. Consider now state (b, b). The waste of the

link (b, b) 7→ (a, b) is w1 · (4 − (−6)) = 10; the waste of the link (b, b) 7→ (b, a) is

w2 · (4 − 0) = 1. Hence the stochastic potential of (a, a) is 1 and we conclude that

(a, a) is stochastically stable, despite not maximizing ρ. This result can also be de-

rived using the Radius-Coradius Theorem. Obviously, R(a, a) = CR(b, b) = 2 and

CR(a, a) = R(b, b) = 1, implying that (a, a) is stochastically stable.

This example shows that the selection of potential maximizers for the asyn-

chronous logit-response is not robust even to slight generalizations of the class of

potential games. Now we consider whether the result is robust to generalizations

of the class of revision processes.

There are two major differences between the asynchronous-learning case and,

say, a process with independent learning. First, the set of revision trees for each

state grows, since transitions between any two states become possible. Second,

each transition in which not all N players change their action becomes possible via

more than one revising set.

Concerning stochastic stability, though, this second issue raises no difficulties.

Consider the link (s, s′) where the players in J change their action, and assume that
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a revising set J ′ ⊃ J is selected for this transition. It is easy to see that the corre-

sponding waste can only be larger than if the revising set J was selected instead,

because sticking to their action might be a non-best response for players in J ′ \ J .

Hence, when computing the stochastic potential of a state, we can restrict atten-

tion to selections for trees that pick the most “parsimonious” revising sets, which

prescribes a unique selection for each tree.17

The larger set of trees can, however, substantially change other results. We

proceed to show that, under independent learning, potential maximizers may fail

to be selected even in exact potential games. Thus the result of Corollary 4.1 is not

robust to changes in the specification of revision opportunities either.

Example 4.4. Consider a 3 × 3 × 2-game with exact potential as given below.

Player 1 chooses rows, player 2 chooses columns, and player 3 chooses tables. The

payoffs of pure-strategy Nash equilibria are marked by an asterisk.

g

d e f

a 10∗ 6 0

b 6 0 0

c 0 0 9∗

h

d e f

a 0 0 0

b 0 1∗ 1∗

c 0 1∗ 1

Under asynchronous learning, the potential maximizing state (a, d, g) is stochasti-

cally stable by Corollary 4.1. Consider independent learning instead. The basin

of attraction of state (c, f, g) contains all states except (a, d, g), (a, e, g) and (b, d, g).

Any minimal waste path from (c, f, g) to one of these states, for example the path

((c, f, g), (a, f, g), (a, d, g)) or ((c, f, g), (c, f, h), (c, d, h), (b, d, g)) is associated with a

waste of 9, such that R(c, f, g) = 9. The transition ((a, d, g), (b, e, g)), though, has an

associated waste of only 8 when players 1 and 2 switch simultaneously. The states

(a, e, g) and (b, d, g) can be connected to B(c, f, g) at an even lower waste, such that

CR(c, f, g) = 8. Proposition 4.2 then implies that (c, f, g) is stochastically stable,

despite the fact that it does not maximize the exact potential.

17Essentially, that is the reason why Theorem 4.2 holds for any regular revision process.
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4.5 Generalizations and Extensions

Although we have focused on the logit-response dynamics, our approach to

stochastic stability is susceptible of generalization to a wider class of learning pro-

cesses. In this Section, we briefly report on this generalization.

Consider a Markov chain {Xt}t∈N on a finite state space Ω. Denote the sta-

tionary transition probabilities by Pω,ω′ = Pr(Xt = ω′|Xt−1 = ω). A transition

mechanism from state ω is a mapping Q : Ω → R+. The interpretation is that from

a given state ω, there might be different, alternative processes giving rise to a tran-

sition to other states. Conditional on the transition mechanism Q being selected, a

state ω′ ∈ Ω will be reached from ω with probability

Q(ω)/
∑

ω′′∈Ω

Q(ω′′).

Denote by Mω the set of transition mechanisms available at ω, and let M =
⋃

ω∈Ω Mω. Note that the sets Mω need not be pairwise disjoint, so that a transition

mechanism might be available at several or even all states (e.g. a random mutation).

Further, let Mω,ω′ = {Q ∈ Mω|Q(ω′) > 0}, i.e. the set of mechanisms which are

available at ω and may lead to ω′.

Definition 4.4. Let Xt be a Markov chain on the finite state space Ω. A decomposition
of Xt is a tuple (Mω, qω)ω∈Ω such that, for each ω ∈ Ω,

(i) Mω is a nonempty, finite set of transition mechanisms,
(ii) qω ∈ ∆Mω is a full-support probability measure on Mω, and

(iii) for each ω′ ∈ Ω,

Pω,ω′ =
∑

Q∈Mω,ω′

qω(Q)
Q(ω′)∑

ω′′∈Ω Q(ω′′)
.

Obviously, any finite Markov chain admits a trivial (and not very useful) de-

composition with Mω = {Qω} and Qω(ω′) = Pω,ω′ for all ω′.

Definition 4.5. A log-linear Markov family is a family of finite Markov chains Xβ
t with

β ∈ [1,+∞[, defined on a common state space Ω, such that

(i) the chain Xt = X1
t is irreducible and admits a decomposition (Mω, qω)ω∈Ω,

(ii) each Xβ
t with β > 1 admits a decomposition (Mβ

ω , qω)ω∈Ω given by

Mβ
ω = {Qβ

ω|Qω ∈ Mω}

where ln Qβ
ω(ω′) = β ·ln Qω(ω′) whenever Qω(ω′) > 0 (and Qβ

ω(ω′) = 0 otherwise).
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A log-linear Markov family can be seen as an interpolation between the X1
t

chain (the “pure noise” chain) and a “limit chain” as β → ∞. Irreducibility of the

pure-noise chain implies irreducibility of all chains in the family, but not of the limit

chain. A state ω is stochastically stable if limβ→∞ µβ(ω) > 0, where µβ is the invariant

distribution for β > 0.

Example 4.5. Consider the logit-response dynamics with revision process q. Its

decomposition corresponds to equation 4.4. That is, the transition mechanisms QJ

available at a state s correspond to the revising sets J , and QJ(s′) = eβ·UJ (s′,s). The

pure-noise chain corresponds to the β = 1 case, and the limit chain is the best-

response dynamics.

Given a log-linear family, a transition tree is defined analogously to a revision

tree, i.e. a pair (T, γ) where T is a tree such that (ω, ω′) ∈ T only if Mω,ω′ 6= ∅ and

γ : T 7→ M is such that γ(ω, ω′) ∈ Mω,ω′ for each (ω, ω′) ∈ T . That is, γ selects

a transition mechanism for each link in the tree. Denote the set of all transition

ω-trees by T (ω).

Analogously to Lemma 4.1 in the Appendix, straightforward but cumbersome

computations allow to give an exact characterization of the invariant distribution

µβ(ω). This in turn allows to establish the analogue of Theorem 4.2. The waste of a

revision tree (T, γ) ∈ T (ω) is defined as

W (T, γ) =
∑

(ω,ω′)∈T

(
max
ω′′∈Ω

Qγ(ω,ω′)(ω
′′, ω)

)
−Qγ(ω,ω′)(ω

′, ω).

The stochastic potential of a state ω is defined as W (ω) = min(T,γ)∈T (ω) W (T, γ).

Theorem 4.3. Consider a log-linear Markov family. A state ω is stochastically stable if
and only if it minimizes W (ω) among states.

Log-linear Markov families can be used to analyze a large variety of learning

models. Alternative transition mechanisms might not only correspond to alterna-

tive revision opportunities, as in the case of the logit-response dynamics, but can

also be used to model different behavioral rules of the agents, for example imitation

rules.

In this chapter, we have centered on the logit-response dynamics and hence

it is natural to consider log-linear Markov families as a generalization. It would
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of course be possible to further generalize the framework to allow for perturba-

tions which are not of the log-linear form. Such a framework would allow to en-

compass e.g. the mistakes model as a particular case (with the pure noise chain

being the mutation process and the limit chain myopic best reply). Related ap-

proaches have been pursued by Myatt and Wallace (2003) and Beggs (2005), who

consider families of Markov chains with transition probabilities P β such that the

limits limβ→∞− 1
β ln P β

ω,ω′ are well-defined.18

4.6 Conclusions

The mistakes model of Kandori et al. (1993) and Young (1993) is analytically flexible

due to the well-known graph-theoretic characterization of the stochastically stable

states. It has been often criticized, e.g. by Bergin and Lipman (1996), due to the

sensitivity of the results to the specification of the noise process. Other dynamics,

like the logit-response dynamics of Blume (1993), present more solid foundations

but analytical results can be derived only for particularly convenient frameworks.

Here we have presented a characterization of the stochastically stable states of

a generalization of the logit-response dynamics. This new characterization is in the

spirit of the mistakes model. We have illustrated the approach studying conver-

gence to the set of Nash equilibria of the logit-response dynamics in general classes

of games. Convergence obtains for best-response potential games but fails for gen-

eralized ordinal potential games. The selection of potential maximizers in exact

potential games appears to be a fragile result, robust neither to generalizations of

the considered game class nor to the specification of revision opportunities.

18Myatt and Wallace (2003) examine stochastic stability in a learning model where payoffs are per-
turbed by normally distributed shocks. They show that the addition of a strictly dominated strategy
can change the selection result. Following the approach in Ellison (2000), Beggs (2005) uses graph-
theoretic arguments to obtain general results on waiting times.
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4.A Appendix

4.A.1 Proof of Theorem 4.1

The proof proceeds as follows. First, we introduce a few auxiliary concepts. Then

we use these concepts to provide an exact (but cumbersome) characterization of the

invariant distribution for fixed, finite β in Lemma 4.1. Last, we use this characteri-

zation to prove Theorem 4.1.

Given a graph G on the state space S, a mapping

γ : G 7→ P(I)

such that γ(s, s′) ∈ Rs,s′ for each (s, s′) ∈ G is called a revision selection for G. For

each transition in G, a revision selection for G picks exactly one of the possible

revising sets making that transition (potentially) possible. Thus, a revision tree is a

pair (T, γ) made of an s-tree involving only feasible transitions under the revision

process q, and a revision selection γ for T .

Denote the set of all revision selections for a graph G by S(G).

Let M = S × Rq denote the set of all pairs made of one state and one revising

set. Consider a subset N ⊆ M . A realization r for N is a mapping r : N 7→ S such

that r(s, J) ∈ RJ
s for all s ∈ S and all J ∈ Rq, J 6= ∅. The set of all realizations for

N is denoted R(N). A complete realization is just a realization for M .

A completion of a revision tree (T, γ) is a complete realization such that

r(s, γ(s, s′)) = s′ for all (s, s′) ∈ T . In words, a completion assigns a feasible out-

come for each state and each possible revising set such that, whenever the revising

set is the one specified by the selection for the (unique) arrow leaving the state in

the tree, the outcome is precisely the state this arrow leads to. Let C(T, γ) be the set

of all completions of (T, γ).

If γ is a revision selection for a tree T and Nγ = {(s, γ(s, s′))|(s, s′) ∈ T}, then

R(Nγ) can be interpreted as the set of possible realizations of the selection γ.
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Lemma 4.1 (The Decomposition Lemma). The invariant distribution µ of the logit-
response dynamics with revision process q satisfies for each s∗ ∈ S

µ(s∗) ∝
∑

(T,γ)∈T (s∗)

P (T, γ)
∑

r∈C(T,γ)

eQ(r), (4.5)

where
P (T, γ) =

∏

(s,s′)∈T

qγ(s,s′)

and
Q(r) =

∑

s∈S

∑

J∈Rq

UJ(r(s, J), s).

Proof. Let T0(s∗) be the set of all s∗-trees. By Freidlin and Wentzell (1988, Lemma

3.1),

µ(s∗) ∝
∑

T∈T0(s∗)

∏

(s,s′)∈T

Ps,s′ .

Note that s-trees including transitions which are not feasible under q contribute

zero to the sum above. Fix a tree T ∈ T0(s∗) such that all transitions are feasible

under q. Using the decomposition of the transition probabilities (4.4),

∏

(s,s′)∈T

Ps,s′ =
∏

(s,s′)∈T


 ∑

J∈Rs,s′

qJ
eUJ (s′,s)

∑
s′′∈RJ

s
eUJ (s′′,s)


 .

Expanding the RHS yields

∑

γ∈S(T )


 ∏

(s,s′)∈T

qγ(s,s′)
eUγ(s,s′)(s

′,s)

∑
s′′∈R

γ(s,s′)
s

eUγ(s,s′)(s′′,s)


 =

=
∑

γ∈S(T )


P (T, γ)

e
P

(s,s′)∈T Uγ(s,s′)(s
′,s)

∏
(s,s′)∈T

∑
s′′∈R

γ(s,s′)
s

eUγ(s,s′)(s′′,s)


 .

Expanding the denominator in the last expression yields

∑

γ∈S(T )


P (T, γ) e

P
(s,s′)∈T Uγ(s,s′)(s

′,s)


 ∑

r∈R(Nγ)

e
P

(s,s′)∈T Uγ(s,s′)(r(s,γ(s,s′)),s)



−1

 .

We multiply and divide the last expression by

∑

r∈R(M\Nγ)

e
P

(s,J)∈M\Nγ UJ (r(s,J),s)
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and obtain

∑

γ∈S(T )


P (T, γ)


 ∑

r∈C(T,γ)

e
P

(s,J)∈M UJ (r(s,J),s)





 ∑

r∈R(M)

e
P

(s,J)∈M UJ (r(s,J),s)



−1

 .

The last term in brackets is a constant which is independent of both γ and T , and

hence is irrelevant for proportionality of µ(s∗). The proof is completed observing

that
∑

(s,J)∈M UJ(r(s, J), s) = Q(r). ¤
We are now ready to prove Theorem 4.1, i.e. stochastically stable states are those

where the waste is minimized across revision trees.

Proof of Theorem 4.1. Fix a revision process q. Let µβ denote the invariant dis-

tribution of the logit response dynamics for noise level β. By Lemma 4.1 we have

that, for every state s,

µβ(s) ∝
∑

(T,γ)∈T (s)

P (T, γ)
∑

r∈C(T,γ)

eβ·Q(r),

where Q(r) =
∑

s∈S

∑
J∈Rq UJ(r(s, J), s), and P (T, γ) > 0 for all (T, γ). As β →

∞, only the completion r which maximizes Q(r) among all completions for all

revision trees (T, γ) ∈ T (s) matters for stochastic stability of state s, since its effect

dominates for large β. Specifically, stochastically stable states, i.e. those satisfying

that limβ→∞ µβ(s) > 0, are exactly those states s ∈ S for which the expression

max
(T,γ)∈T (s)

max
r∈C(T,γ)

Q(r)

is maximal among all states.

For any given revision tree (T, γ), the completion r∗ which maximizes Q(r)

among all completions r ∈ C(T, γ) clearly involves only best responses for all re-

vising players on all pairs (s, J) /∈ Nγ , i.e. in state-revising set pairs not used for

transitions in the revision tree.

Let rmax be a complete realization involving only best responses. It fol-

lows that a state s ∈ S maximizes max(T,γ)∈T (s) maxr∈C(T,γ) Q(r) if and only

if it maximizes max(T,γ)∈T (s)

∑
(s,s′)∈T

(
Uγ(s,s′)(s′, s)− Uγ(s,s′)(rmax(s, γ(s, s′)), s)

)
.

Since
∑

(s,s′)∈T

(
Uγ(s,s′)(s′, s)− Uγ(s,s′)(rmax(s, γ(s, s′)), s)

)
= −W (T, γ), it follows

that stochastically stable states are those having minimal stochastic potential

min(T,γ)∈T (s) W (T, γ). ¤

115



References of Chapter 4
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